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Preface

Students of physics and engineering, after having completed the standard
course in calculus through differential equations, are faced with the problem
of deciding what additional mathematics to take. Some leave mathematics
out of their curriculum altogether, only to discover, after they have embarked
on a program of graduate study, that they must go back and take under-
graduate courses in order to acquire the mathematical background and
maturity necessary to understand work being done in modern physics and
engineering. Others, in their haste to pick up additional techniques not
covered in the elementary calculus course, take courses in advanced engi-
neering mathematics which cover such topics as Fourier series, Laplace
transforms, partial differential equations, boundary-value problems, and
complex variables. These topics are often presented in a very heuristic
fashion, because the students lack a solid background in analysis. In fact,
many of these mathematical techniques are taught in the same heuristic
manner in courses in physics and engineering when they are needed in
specific applications. Eventually, however, most graduate students will need
a thorough understanding of applied mathematics if they are going to be able
to read the literature in their own field and use mathematics effectively in
their own work.

It is my opinion that a student who intends to do graduate work in physics
or in some branches of engineering should develop a broad mathematical base
for his graduate studies when he is an undergraduate. He should do this by
taking a course in what has traditionally been called advanced calculus,
followed by an introduction to mathematical physics based on the advanced
calculus. Without the burden of presenting applications, advanced calculus
can be a course which carefully develops the concepts of function, limit,
continuity, differentiation, integration, infinite series, improper integrals, and
possibly functions of a complex variable. Then, with this as a background,
the applications can be presented in the mathematical physics course, and
the students will be capable of understanding thoroughly the mathematics
involved. This book has been written to fill the need for a textbook for the
latter course.

vii



viii PREFACE

The student is assumed to have had elementary calculus through differential
equations, some elementary mechanics, plus the kind of advanced cal-
culus course described above, including vector analysis. Some knowledge
of functions of a complex variable is very helpful but not essential. The bulk
of material can be understood without prior knowledge of complex variable
analysis. The necessary higher algebra is developed from the beginning, so
that no more than elementary college algebra is needed.

This material is taught in a course at Case Institute of Technology to
seniors majoring in mathematics and physics and to some graduate students
studying engineering and physics. For most students of physics this could
very well be a terminal mathematics course, for it gives them the necessary
maturity and background to do graduate work in quantum mechanics and
modern theoretical physics. For the mathematics student it acts as a survey
of some of the methods of applied mathematics and will, I hope, interest some
in doing graduate work in applied mathematics. It should not take the place
of pure mathematics courses in real and complex variables, modern algebra,
ordinary and partial differential equations, functional analysis, etc., but on the
other hand, it is adequate preparation for most beginning graduate courses
in elasticity, plasticity, and fluid mechanics. Thus a student of applied
mathematics would be in a position to develop early his interests in these fields.

Chapter 1 presents the algebraic preliminaries necessary for the develop-
ment of the rest of the book. It includes determinants, linear equations,
matrices through the simultaneous reduction of a pair of hermitian forms,
eigenvalues and eigenvectors, and the concept of a vector space, which is
important to the understanding of linear problems. There is also an intro-
duction to infinite-dimensional vector spaces, Hilbert space, and Fourier
analysis. Chapter 2 discusses the calculus of variations and its appli-
cations. Hamilton’s principle is used to introduce the methods of the
calculus of variations into the study of small vibrations and boundary-value
problems in mathematical physics. The eigenvalue-eigenfunction problem
is formulated in the calculus of variations, including the minimax definition
of the eigenvalue and its usefulness in proving general theorems about the
behavior of the eigenvalues. Chapter 3 develops the method of separation
of variables for the solution of boundary-value problems. The Sturm-
Liouville problem is discussed along with the related problem of expanding
functions in series of orthogonal functions. Some special functions, such as
Bessel functions, Legendre functions, and spherical harmoniecs, are discussed.
Chapter 4 presents the Green’s function method of solving boundary-value
problems. Nonhomogeneous boundary-value problems are discussed,
including some which arise in potential theory and diffraction theory. The
equivalence between a boundary-value problem and a problem in integral
equations is established. Chapter 5 extends the discussion of integral
equations, including the Hilbert-Schmidt and Fredholm theories. Chapter
6 introduces transform methods, with special emphasis on Fourier and



PREFACE ix

Laplace transforms. This subject is introduced late so that its applications,
not only to ordinary and partial differential equations, but also to integral
equations, can be discussed.

I have specifically not tried to make the various chapters self-contained,
realizing full well that this might limit the book somewhat in its use as a
reference. It seems to me that the interrelations between the various parts
of the theory should be emphasized, so that the reader does not get the im-
pression that applied mathematics is a collection of disjointed topics. There
are many recurring themes which thread their way through the whole
development. One of these is the vector space concept, which gives a frame-
work for linear problems in general. Another is the eigenvalue problem,
which is first met in an algebraic context but later reappears in the study of
ordinary and partial differential equations and integral equations. The
calculus of variations presents a unified method of handling many problems.
The same can be said of transform techniques. The method of constructing
Green’s functions is applicable to many types of boundary-value problems,
and it allows one to formulate problems in terms of integral equations, thus
opening up new possibilities for solution.

There is more than enough material here for an average class to cover in a
two-semester course meeting three hours a week. Since Chap. 6 depends most
heavily on the complex variable theory, a course based on Chaps. 1 to 5 might
be designed for a group of students without this background. On the other
hand, if the class has had a semester of complex variable analysis and has a
greater interest in integral transform techniques, one could go directly from
Chap. 4 to Chap. 6.

The exercises which follow every section are generally of three types:
(1) those which test the understanding of the material just covered, (2) those
which extend the results to new situations, and (3) those which lay the
groundwork for new concepts to be introduced later. Those which fall into
the third category will be marked with an asterisk, not necessarily because
they are more difficult, but as a guide to the reader.

Most of the material is standard, and so I have not attempted to cite
specific references throughout. Each chapter is followed by a list of some of
the standard references on the subject. I should like to acknowledge the help
and encouragement of my colleagues at Case Institute of Technology, espe-
cially Profs. Sidney W. McCuskey, Robert A. Clark, and Louis J. Green. By
allowing me to develop the course in methods of mathematical physics as a
key course in the mathematics curriculum, they gave me the stimulus to write
this book. I also wish to thank my many classes of students who studied so
patiently from the preliminary material, worked the many exercises, and made
many helpful suggestions. Finally, I want to thank Mrs. Francine Schwab
and Miss Pauline Tolar for their patience and efficiency in typing the
manusecript.

John W. Dettman
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Chapter 1. Algebraic Preliminaries

1.1 Linear Equations. Summation Convention

The problem of solving systems of linear algebraic equations frequently
arises in analysis and in its applications to physical problems. Such a system
can be written as

A%y + ATy + 00 a2, =6

Ag1%y + ey + ** * + g, T, = Cp

amlxl + am2x2 + e + a’mnxn = Cm
The problem is: Given constants @, @y, . . ., @y, and €q, €y, . . ., C,y, under
what conditions will there exist a set x;, o, . .., ®, which simultaneously

satisfies the system of equations, and how may this set of unknowns be deter-
mined? Before we turn to the solution of this problem, let us first consider
some alternative ways of writing the system of linear equations.

By use of the X notation for summation, the system can be written as follows:

M s
)
ey
-.&
i
iy

g, T, = Co

1M

-

........

Realizing that the first subscript on the a’s and the subscript on the ¢’s agree
in each equation and that in the system this subscript takes on the values 1 to

m, successively, we can write

n
> a;x, = 1=1,2,3,...,m
=1

1



2 ALGEBRAIC PRELIMINARIES

Furthermore, we note that the X is really not necessary, since in each equation
the summation takes place over the repeated subscript j; i.e., in the left-hand
side of each equation j takes on the values 1 through n, and the terms are then
summed. For this reason we now drop the ¥ and adopt the following conven-
tion, known as the summation convention. If in a given term in an ex-
pression a Latin! subscript is repeated, a summation over that subscript ts implied.
The term is the sum of all possible such terms with the repeated subscript taking on
the successive values 1 throughn. The value of » must be stated, unless it is
understood ahead of time and no ambiguity can arise. By use of the summa-
tion convention, the system of linear equations can be written simply as

a,r; = ¢, r=1,2,...,m

j:l,2,...,n

The summation convention can be a very useful tool and can produce a
great saving in writing. Skillful use of it will shorten many proofs and clarify
one’s thinking involving lengthy expressions, where one might get bogged
down in details if the expressions are written out in full. However, until
thoroughly familiar with its use, one must be careful to learn exactly what
operations involving the summation convention are legitimate. The following
discussion and examples may help to clarify some of these points.

The repeated subscript is often called a dummy subscript, because the
letter designating it can be changed without changing the expression, provided
it is understood that the new letter takes on the same values in the summation
as the old. For example, the system of linear equations can just as well be
written as

X, =Cc, 1=1,2,...,m

k=12,...,n

i.e., the dummy j has been changed to k without affecting the system of equa-
tions, since the same summation takes place because of the repeated k. Or
as another example,

ab;, =ab;, = ab, + ah, + -+ ayd,

A subscript which is not repeated in the same term of an equation is called
afreesubscript. Forexample,ina,,x, = c,,iisafreesubscript. Therange
1 to m of 7 indicates the number of different equations in the system, while the
range 1 to » of j indicates the number of terms in the summation which occurs
in each equation. When ¢ takes on the value 10, it refers to the tenth equation
in the system. In the equation

a, + b, =¢

1 Here we are anticipating certain cases where we may need a repeated subscript
without summation. In this case, we shall use Greek subscripts, having made the
summation convention apply specifically to Latin subscripts.



Sec. 1.1 SumMMATION CONVENTION 3

1 is a free subscript. Although it is repeated on the left-hand side of the
equation, it is not repeated in a single term. However, in an expression like

c(a, + b)) = ¢i(a; + by) + cy(ay + b)) + + - - + ¢,(a, + b))
it is a dummy, and a summation is implied.
Unless it is otherwise stated, “numbers” like the a’s, ¢’s, and 2’s which appear

in expressions like a,,#, = ¢, come from a field where the following rules of
algebra hold :

1. Associative law of addition: (a + b) +c=a + (b + ¢)
2. Commutative law of addition:a +- b =b + a
3. Associative law of multiplication: (ab)c = a(bc)
4. Commutative law of multiplication: ab = ba
5. Distributive law: a(b + ¢) = ab + ac
Assuming “‘numbers” from a field, it is not difficult to prove the following
statements involving the summation convention:
ab, = ba,
az(bz +c¢) = atbz + ac,
(@,b,)(c,d)) = (a,c,)(bd,)
The proof of the third in the case where ¢ and j take on the value 1, 2, 3 would
proceed as follows:

(a,b,)(c,d;) = (ayby + agby + aghs)(cydy + cody + cads)
= ayb,0,d; + a,by6dy + aybiCydy
+ agbatydy + agbytody + asbacsds
“F aghseydy + agbycad,y + aghyydy
= a,0,b:dy + a,05b,dy + a,03b,dy
+ @alibydy + agCobydy + agCabydy
4 @g6,0ady + agCobydy + agCabads o
= (a,c,)(b,d))
In this expression there is a summation over s and j, so that both are dummies.
A subscript should never be repeated more than once in the same term, or
confusion may arise. For example, one might be tempted to write
(a,b,)(¢,d,) = (a,b,)(c.d,)
= (a.c;)(bd,)
= (a,c,)(b;d;)

1 For the other postulates of a field consult a book on algebra such as G. Birkhoff and
S. Maclane, ““A Survey of Modern Algebra,” The Macmillan Company, New York, 1949.
Some examples of a field are the real numbers and the complex numbers. The field of
complex numbers includes the field of the real numbers and is called an extension of the
real-number field.



4 ALGEBRAIC PRELIMINARIES

This, of course, is incorrect and can be avoided by careful observation of the
rule that a dummy may be repeated only once in a single term. Upon substitu-
tion from one expression into another it may be necessary to change the “‘name”
of a dummy in order to adhere to this rule. For example, if y, = a,;z, and
z; = byx,, then yz, = a;x.b,7, = a,b,xx,. Here, the dummy j is changed
to k in one expression in order to avoid the second repetition of j in the final
expression. We cannot express something like a;b;c; + ayb,c, + agbyc, using
the summation convention, but this does not turn out to be a serious penalty
to pay.

The identities illustrated above are true for finite sums but would not
necessarily hold for infinite sums. For this reason, we shall not apply the

Y

summation convention to infinite sums but shall go back to the notation Y,
i=1

when we wish to write an infinite sum. Otherwise the summation convention

will be vmplied, unless the contrary is stated.
The summation convention can also be used to some advantage in ex-
pressions involving partial derivatives. For example, if w(z;2,.2;,. . .,%,) i8

a function of z,, %,, . . ., z,,, which are in turn functions of a parameter ¢, then
dw  owdy,
dt  Ox, dt

Here the summation in the usual “chain rule” is implied by the repetition of
the subscript ¢. As another example, consider a vector V with components
v;, vy, V3 Which are functions of three space variables x,, z,, z;. Then the
divergence of V, written V - V, is
V:V= .a_v_l + 2‘0_2 + % = %
oxr, 0Oz, Or, O
Exercises 1.1

1. Write out and hence verify the identities a,b, = b,a; and
a;b; + ¢;) =ab; +ag,

*2. If y; = bz, and z; = a,;y;, show that z; = ¢, where ¢;; = a;;b;;.

*3, If Qi = Qj; and btl = ""bji, show that a”bij = 0.

*4, We define the Kronecker delta §,; as follows: d;; = 1if¢ = j; and d,; =
if ¢ # j. Show that a;,0;;, = a; = d;;a45, where 4, j, and k take on the values 1,
2,...,n.

5. Ifz,, z, . . . , %, are a set of independent variables which are in turn functions
of a set of independent variables y;, ¥, - - - , Yp, 1.0., T; = 2,(¥4,Y3,- - -,Yn), and the
Jacobian of the transformation is not equal to zero, show that

ox; ox; oy,
Oy = — = — —
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*6. We define ¢, ;; as follows: e, = 0if ¢ =j,j =k,or ¢ =k; e;;;, = 1if 3,4, k

are an even permutation of the numbers 1, 2, 3; ande,,, = —1if¢,j, k are an odd
permutation of 1, 2, 3. Show that €;,,a,,a,,03;, = €;;38,10;0;3 =

Q4 Q13 O3

Qg1 Qo Qy3

A3y Q33 0agg

7. If Uand V are vectors with components u,, u,, u3 and v,, v,, v4, and
UV =up,

and the components of U x V are ¢,;,u,v,, show the following, using subscript
notation and summation convention:

U-V=V-U
UxV=-VxU
U (UxV)=0

Ve (UxV)=0
8. If U is a vector function of the three space variables x,, x,, 25, show that the

. ou,
components of the curl of U, written V x U, can be expressed as e;,; ?E, where
%y, Uy, Ug are the components of U. Zj

9. Using subscript notation, prove the following vector identities:

U Uy Ug
U (VxW)=|v, v, w3
w, wy wg

V- (UxW) =-W+(VxU)
0

U (VxW)
V(v x U)

Il

1.2 Matrices

Another way of writing a system of linear algebraic equations is in terms
of matrices. A matrixisanm X narray of elements! from a field arranged

in rows and columns as follows:

G An
A=\ = o
An1 Omg Amn

and which obeys certain laws of equality, addition, subtraction, and multi-
plication, which we shall state presently. If we want to specify the elements
of 4, we write a,;,1=1,2,...,m, j=1,2,...,n The first subscript
designates the row and the second the column from which the element is
taken. If m = n, then we have a square matrix of order n.

1 For our purposes it will be sufficient to assume that the elements are from the field
of complex numbers, which of course includes real numbers.
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Two matrices are equal if and only if their corresponding elements are equal.
We may write this as follows:
A = Bifandonlyifae,; =b,, i=12,...,m
i=12,...,n
The sum of two matrices is the matrix formed by adding corresponding
elements, or
A+ B=_Cifandonlyifa,; 4 b, =c; 1=1,2,...,m
i=L2,...,n
The difference of two matrices is the matrix formed by subtracting corre-
sponding elements, or
A — B=Cifandonlyifa, —b; = c,; 1=1,2,...,m
i=L2...,n

The product ofanm X nand ann X p matrixisanm X p matrix, formed
as follows:

AB = Cifandonlyifc, =aub,;, t=12,...,m
i=12...,p
k=1,2,...,n

Clearly we can add and subtract only matrices with the same number of
rows and columns, and we can multiply matrices only where the matrix on
the left has the same number of columns as the matrix on the right has rows.

If we define an m X n matrix A, with elements a,,, ann X 1 matrix X, with
elements 2, z,, . . ., x,,andanm X 1 matrix C, with elementsc¢;, ¢y, . . ., €y,
and use the definitions for matrix multiplication and equality, we can write
the system of equations a,;x, = ¢; as

"3
AX =C

In terms of linear algebraic equations, we see that the definitions of addition,
subtraction, and multiplication do make sense. Forexample, ifa;x; = ¢, and
b,x; = d,, then¢, + d, = a,2; + b,x; = (a; + b;;)z; and

¢; — d, = a;x; — bz = (a,; — by,
In matrix notation these statements can be written
AX = C,BX = Dimplies(4 + B)X=C+ Dand(4 —B)X =C—D
Also, if y; = ayz; and z, = by;, then z, = b, @, = c,;x;, wherec,; = bikak,.lV
In matrix notation this can be written :
Y = AX,Z = BY implies Z = B(AX) = (BA)X = CX, where BA = C

1 See exercise 2, Sec. 1.1.
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By working with elements and their algebraic properties, one can easily
show that the matrix operations satisfy the following laws:

1. Associative law of addition: (4 + B) + C = 4 + (B + 0)

2. Commutative law of addition: 4 + B=B + A4

3. Associative law of multiplication: (4B)C = A(BC)

4. Distributive laws: A(B + C) = AB + AC; (B+ C)A = BA + C4

Multiplication is not, in general, commutative, since a,;b;;, # b,;;,, even if
the multiplication makes sense both ways. This is the reason why it was
necessary to state two distributive laws, i.e., A(B 4+ C) # (B + C)A4.

A zero matrix O is a matrix every one of whose elements is 0. It has the
following obvious properties:

A—A=0
A4+0=4
O4A =A40=0

which hold for all matrices 4 for which these operations make sense.
The identity matrix 7 is the n X n matrix with elements d,; (Kronecker
delta, defined in Exercises 1.1). It has the property

Al =IA=A4

for all » X n matrices A (see Exercises 1.1).

The transpose A’ of a matrix 4 is the matrix formed by interchanging the
rows and columns of 4. If Aism X n,then A" isn X m. We can express
the elements of A’ as follows:

Ay = Ay,

The following theorem is easily proved. The transpose of the product of two
matrices 18 the product of their tmnsposes in the opposite order, or (AB) = B'A’.
Let C = AB; then ¢, = a,by; Clp = Cpy = Ay, = by = bjaj;,.  There-
fore, (AB) = C' = B'4’. The multiplications make sense, since, if 4 is
m X nand Bisn X p,then A’isn x mand B"is p X n, and B’ and 4" can
be multiplied in that order.

Multiplication of a matrix 4 by a scalar k from the field which contains the
elements of A results in a matrix whose elements are the elements of 4 multi-
plied by k, i.e., B = kA if and only if b;; = ka;; fori =1,2,...,mand j =
1, 2,...,n. The negative of a matrix, —A4, is that matrix formed by
multiplying each element by —1, or equivalently, by changing the sign of each
element, i.e., —A has elements —a,;. We now see that we could have defined
subtraction in terms of addition of the negative.

A—B=A4+4 (—B)
Ann X » matrix 4 is symmetric if and only if it is equal to its transpose,
ie., A= A4',ora;=a,.
An n X n matrix A4 is skew-symmetric if and only if it is equal to the
negative of its transpose, i.e., 4 = —4’, ora,; = —ay,.
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If a matrix 4 has complex elements, then we define its conjugate 4* as
the matrix formed from 4 by taking the complex conjugate of each element,
i.e., A* has elements a}. Matrices with complex elements are important in
quantum mechanics. Of particular importance are those called hermitian
matrices. A hermitian matrix is a matrix which is equal to the transpose
of its conjugate, i.e., 4 = (4*)’, or a;; = a};. If all the elements happen to
be real, then the hermitian property is the same as the symmetry property.

Exercises 1.2

1. Verify the associative and commutative laws for matrix addition, the associ-
ative law for matrix multiplication, and the two distributive laws.

2, Construct an example to show that matrix multiplication is not, in general,
commutative.

*3, If A and B are n X n matrices and AB = O, does this imply that 4 = O
or B = 0? Explain.

*4, Show that every square matrix with complex elements can be written as the
sum of a symmetric matrix and a skew-symmetric matrix. Hint: Write 4 as
34 + 4%) + 34 — 4.

*5. If X is a column matrix (a matrix with one column) with elements x;, x,, 3
being the three rectangular cartesian coordinates of a point in three-dimensional
space, 4 is a 3 X 3 matrix of real constants, B is a 1 X 3 row matrix of real
constants, and k is a real constant, show that the general equation of a quadric

surface is
X'AX + BX +k =0

Also show that only the symmetric part of A enters the equation (see exercise 4).

*6. A diagonal matrix is ann X n matrix with zero elements except along the
principal diagonal (upper left to lower right). Show that the elements of a di-
agonal matrix can be written as a,, = d,J, 5 where d;, d, . .., d, are the diagonal
elements. Also show that every diagonal matrix is symmetric and that multi-
plication of two diagonal matrices is commutative.

7. Prove that if A and B are symmetric and AB = D, D diagonal, then
AB = BA.

8. If A and B are hermitian, show that —¢(AB — BA) is hermitian.

1.3 Determinants

Before we return to the problem of solving systems of linear algebraic equa-
tions, we must first discuss determinants.

Every » X m matrix has associated with it a determinant which is a number
from the field which contains the elements of the matrix. The determinant
of the matrix 4, written :

@1 G " Oy,
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or more simply |4/, is a number given by the following expression:

|4] = €ijigig - - - 1,010, %2:, X3¢ * Oy
€,yiqiy i, = 0 if any pair of subscripts are equal
= 1ifi4,, 4, ...,¢,is an even permutation! of 1,2,3, ..., %
= —1if4;, 4, ...,1,is an odd permutationof 1,2,3,...,n

Note that the expression for | 4] is a single number because of the summations
over the repeated subscripts iy, ¢y, . .., 4,. The definition can be stated as
follows: Form all possible products of n elements from A4, selecting first an
element from the first row, second an element from the second row, and so on
until one from each row has been selected for a given product, but being careful
that no two elements come from the same column. Then attach a plus or
minus sign to each product according to whether the column subscripts of the
elements chosen form an even or an odd permutation of the integers 1 to n.
Finally, add all such products with their attached signs. The resulting sum
is the value of the determinant. Since for each product there are n ways of
selecting a factor from the first row, n — 1 ways of selecting a factor from the
second row, n — 2 ways of selecting a factor from the third row, etc., the
number of terms in the sum which gives the value of the determinant is n!.
It is not hard to show that the above definition can be changed by replacing
the word “‘row” with “column” and the word ‘‘column’ with ‘“row”’ through-
out. In other words, starting from the definition, we can show that
|A| = ezli,ta" . 1”aillatz2ata3 Tt at"n
or simply |4| = |4'|. Sincee,,; ..., is zero if any pair of subscripts are
equal, for the terms which appear in either of the above expansions the set of
numbers i, %y, . . . , i, must include all the integers from 1 to ». Consider a
particular term e, ..., @, 10,5 8;p (no summations) in the expansion.
We do not change the value of this product if we rearrange the factors so that
the row subscripts are in normal order, i.e.,

@;1;00;3° " " Bipn = Gy5,02;, 055, * * " Cnj,

This rearrangement of factors induces the permutation of the column sub-
SCTipts jy, jg» - - - »jn- The term on the left appears once, and only once, in
one expansion, while the term on the right appears once, and only once, in the

1 A permutation of n different integers is an arrangement of the integers. There are,
for example, six different permutations of the integers 1, 2, 3, ie., 1, 2, 3; 2, 3, 1;
3,1,2;1,3,2;2 1, 3;and 3, 2, 1. An inversion of the order of a pair of adjacent
integers changes the permutation. If it takes an even number of inversions to change a
given permutation to the normal order 1,2, 3. ..., n, then the permutation is said to
be even. If an odd number of inversions is required to restore to normal order, then
it is odd. Hence, 1, 2, 3; 2, 3, 1; and 3, 1, 2 are even, while 1, 3, 2; 2, 1, 3;and 3,2, 1
are odd. It can be shown that evenness and oddness are independent of the specific
get of inversions used to change the permutation to normal order.
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other expansion. Therefore, the expansions will be equal, provided the
corresponding terms appear with the same sign, orife, , ..., = €54y -4, TOT

corresponding terms. This will be the case, because %,, 4, . . ., 1, is restored
to normal order by an even or an odd number of inversions, the same number
of which are applied to the normal order to produce jj, js, - - - 5 J,-

This result is extremely important, for it indicates that any property of a
determinant which depends on a property of a row or an operation on rows can
be stated equally well for columns.

The following properties of determinants are easily proved from the defini-
tion:

1. If every element in a given row (or column) of a square matrix is zero, its
determinant is zero.

2. If every element in a given row (or column) of a square matrix is multi-
plied by the same number k, the determinant is multiplied by k.

3. If any pair of rows (or columns) of a square matrix are interchanged, the
sign of its determinant is changed.

4. If two rows (or columns) of a square matxix are proportional, its deter-
minant is zero.

5. If each element of a given row (or column) of a square matrix can be
written as the sum of two terms, then its determinant can be written as the
sum of two determinants, each of which contains one of the terms in the
corresponding row (or column).

6. If to each element of a given row (or column) of a square matrix is added
k times the corresponding element of another row (or column), the value of its
determinant is unchanged.

By way of illustration, we shall prove property 3. We begin by showing
that if two adjacent rows are interchanged, the sign of the determinant is
changed.

|4] = €opig gyt 1,310,828, T G Prer1y,, O,
=€ iy M08, T D1y, ki, T O,
This follows because the order of multiplying the a’s in each term is unimpor-
tant. Now ¢, and 4, ; are dummy subscripts, so we replace 7, by 7,,, and
U1 OY .
4] = Cidye iy i i B0 %20 " D1 B 7 O,
= iyl i, 010,024, T Cer1 Py, T Oy
The minus sign in the last line is necessary because the inversion of i, and ¢,
ine,; ... Gy yia -+ i, COUSES EVEry even permutation of subscripts to become odd
and every odd permutation of subscripts to become even. Thelastline, except
for the minus sign, is the expansion of the determinant of the matrix formed
from A4 by interchanging the kth and the (k + 1)st rows. Property 3 now
follows by observation that any pair of rows can be interchanged by a succes-
sion of an odd number of interchanges of adjacent rows, each of which changes
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the sign of the preceding determinant. For example, if we wish to inter-
changethejth and the kthrows, k > j, we can accomplish this by interchanging
the jthrow successively with the k — j — 1 intervening rows, by interchanging
the jth and the kth rows (now adjacent), and finally by interchanging the kth
row with the ¥ — j — 1 rows between its present position and the original
position of the jth row. This requires a total of 2(k —j — 1) + 1 inter-
changes of adjacent rows, which is always an odd number.

An interesting outcome of defining matrix multiplication as we did is that
the determinant of the product of two square matrices is the product of their
determinants, i.e.,

|AB| = |4] |B|

To prove this, we begin by defining

Cirig- 1,090, %igry " Wi,
Ifj1,Jos - - - Jn = 1,2, ..., nin normal order, then this expression gives the
value of the determinant of 4 by definition. If any pair of the j’s have the
same value, then the value of the expression is zero, since it will then represent
a determinant with two rows equal. If j;, j5,...,J, i8 a permutation of
1,2,...,n, then the expression gives either plus or minus the determinant
of 4, depending on whether it takes an even or an odd number of interchanges
of rows to arrive at the expression for |4|. This can be summarized as follows:
Ty, = !Al €)ig in

= |4]e

I3dg Ip

elﬁz te ’nai'ﬂla’z‘z o
Similarly, Criy i, Taiy iy " Wiy, =
The desired result now follows:

4] 1B] = 4] e i ... Bisbia ™" bun

== € gg 0Ty, Bagry T “1,,i,,bil1bi,2 t bi,,n
= ehfn"‘-"'n(aﬁllbhl)(aﬁiabiﬂ) T (a'fninbin")
= |4B|

Another way of expanding the determinant of a square matrix is the so-
called expansion by cofactors. Starting from the definition, we can write

|AI = ezli,"'InalilaZt, e am‘n

= 0148y -0, 028 " P,
= “u,Aul
where Alil = €y i, B0y " O,

are the cofactors of the elements in the first row. In general,

Aﬁ, =€, ey yrgig g iatey T By Bitaey,, T Oy
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is the cofactor of the element in the jth row, ¢,th column, and the expansion by
cofactors of the jth row is given by

4] = a4, (no summation on j)
We also have an expansion by cofactors of column elements, as follows:

4] = a,,4

iy (no summation on j)

The cofactors themselves are, except possibly for a sign change, determinants
of (n — 1) X (» — 1) square matrices formed from A by striking out one row
and one column. Beginning from the definition of the cofactor, we have the
following:

— (—1)i1 - -
Au, = (—=1) Ciyiyigrrig_yigyy 1,008,024, Qi 1i;_ i1y, i,

Here we have moved the subscript i; ahead of the others by j — 1 inversions,

hence the factor (—1)’-1. If it takes p inversions to put ¢}, 4y, ..., 4, ,,
%4415+ - - » I, in Normal order except for the missing integer ¢;, then it takes
P + 3; — 1 inversions to put ¢,, ¢;, ¢y, . . ., 3,4, %;,4, - - - , ¢, i NOrmal order.

Hence, we can write

PN . . o= (—1)4—1

e’;’l"z 1ttt ( 1) eklkn"'kn-—l

where %, ky, . . ., k,_, is the set of n — 1 integers obtained from 7y, 45, . . .,
;1) V41> - - - » U, DY Tepeating an integer if it is less than ¢,, and reducing by 1

any integer which is greater than ;. It now follows that
Agy = (=1%o, b Do, - 0 b

The b’s are the elements of an (n — 1) X (n — 1) matrix formed from 4 by
striking out the jth row and the 4,th column. The final result is that the co-
factor 4;; is (—1)’*% times the determinant of the matrix formed from 4 by
omitting the jth row and ¢;th column.!

The next question is what happens if we write down a cofactor expansion
using the elements of a given row but the cofactors of a different row. In
other words, what is the value of

n— n—1k,_;

% Ak,
where j 7~ k? Using the expression for the cofactor, we have
Qs Api, = B38040 i O " Qg gy, Grgry,, " O,
= Cigig o0, Aniy T Qg T By " O
=0

because the resulting expression is the expansion of a determinant with two
rows equal. This result and the cofactor expansion of |4| can be combined
together in the single statement

@Az = |4| 8

! This determinant is called the minor of a,,,.
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If |4] # 0, then we can write

or

In terms of matrices, what we have just shown is that for every square matrix
A for which |4| # 0 there exists a right inverse matrix 4~!, with elements

such that Ad 1 =1

Starting from the cofactor expansion by column elements, it is not difficult to
show that

Al

|—Af? Qg 6,,,
or, in other words,

A4 =1

Therefore, this right inverse is also a left inverse, and we may refer to it simply
as the inverse of 4. The inverse is unique, for, if another inverse B existed,
then AB = I and

A'AB=IB=B =41 = A"

If a matrix 4 has an inverse, then
AA =
and |4 147Y = |44 = |I| =1

Therefore, |A| # 0, and we have the following theorem : 4 square matriz A has
an tnverse if and only if |[A| # 0. Such a matrix is called nonsingular.

We are now partially able to solve systems of linear algebraic equations.
Suppose that

AX =C

is a system of » linear algebraic equations in » unknowns and that |4| # 0.
Since A4 is nonsingular, it has an inverse, A~1. If the system of equations
has a solution, it can be found by multiplication on the left by 4-1, i.e.,

AMAX =1IX =X = 471C
In terms of elements,
|4]
The numerators in this expression are determinants of n X n matrices formed
from A by replacing the ith column with the column of ¢’s. We have shown



14 ALGEBRAIC PRELIMINARIES

so far that, if there is a solution, it is given by 4-1C. To show that the
solution actually satisfies the equations, we substitute as follows:
Ay ﬁ ¢; = 0p,C; =
We have arrived at Cramer’s rule: If a system of n linear algebraic equations
in n unknowns,
ai%; = ¢,
has a nonsingular coefficient matriz A, then the system has a unique solution
given by
z, = Aus
| 4]

We still have to resolve the question in the case where the coefficient matrix
is singular and in the case where the number of unknowns and the number of
equations are different. These cases will be taken up in the next section.

We conclude this section with the definition of two special nonsingular
matrices, which are defined in terms of their inverses. The first of these is the
orthogonal matrix, which is a square matrix whose transpose is its inverse,
ie.,

A= 41

When we are dealing with matrices with complex elements, the counterpart
of an orthogonal matrix is a unitary matrix, which is a square matrix the
transpose of whose conjugate is its inverse, i.e.,

(%) = 4~

Exercises 1.3

1. Prove properties 1, 2, and 5 of determinants, starting from the definition.

2. Assuming properties 3 and ', prove properties 4 and 6 of determinants.

3. Expand the following determinant, using (a) the definition, (b) cofactor
expansions, and (¢) properties 1 to 6 to reduce the problem to simpler deter-
minants:

1 3 -1 2

2 1 3 1
-1 2 -1 3
-2 1 2 -3
*4, If A is orthogonal, prove that |4| = +1.
*5. If A and B are nonsingular n X n matrices, show that (4B)"! = B-14-1,
6. The adjoint of a square matrix 4 is the transpose of the matrix of the
cofactors of 4. Show that if A is nonsingular, the determinant of its adjoint is
equal to |4|" L
*7. We define as elementary row operations on a matrix the following: (a)

interchange of two rows; (b) multiplication of a row by a number k # 0; (c)
addition of two rows.
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Show that each of these operations can be performed on ann x n matrix, 4, by
multiplying on the left by an elementary matrix, E, which is obtained from the
identity matrix by the same operation. Show that if 4 is nonsingular, 4 can be
reduced to the identity matrix by a finite number of elementary row operations
and that 4! can be computed by performing the same operations in the same
order on the identity matrix.

*8. Rephrase the results of exercise 7 in terms of elementary column operations.

1.4 Systems of Linear Algebraic Equations. Rank of a Matrix

We now return to the problem of solving a system of linear algebraic equa-
tions. Recall that we were able to write this system in the matrix form

AX =C

where 4 is the given m x n coefficient matrix, C is a column matrix of given
constants, and X is a column matrix representing the solution (if it exists).
We define the augmented matrix B as the m X (n 4 1) matrix formed from
A by adding the column of ¢’s as the last column.

Every matrix contains certain square matrices formed by deleting rows or
columns or both. We define the rank of a matrix as the order of the highest-
order square matrix with a nonvanishing determinant contained in the matrix.
It is obvious that the rank of the coefficient matrix is less than or equal to the
rank of the augmented matrix, because every square matrix contained in the
former is also contained in the latter.

We are now ready to prove the following theorem: The system of linear
algebraic equations has a solution if and only if the rank of the augmented matriz
18 equal to the rank of the coefficient matriz.

We begin the proof of this theorem by considering elementary row opera-
tions and elementary matrices. We define an elementary row operation
as one of the following operations on a matrix: (1) the interchange of a pair
of rows, (2) the multiplication of arow by a nonzero number, or (3) the addition
of two rows. It is not difficult to show that any of these operations can be
performed on an m X n matrix by multiplying on the left by an elementary
m X mmatrix, obtained from the identity matrix by the corresponding opera-
tion.! If we multiply both sides of the system of algebraic equations by an
elementary matrix E, i.e.,

AX =EAX =EC=C

we retain the equality and the general form of the equations. We have a new
coefficient matrix 4 and a new augmented matrix B, with

A=EA
B =EB

1 See Exercises 1.3.
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Multiplication on the left by elementary matrices has the following effects
on the system of equations, corresponding to the three row operations listed
above: (1) interchanges a pair of equations, (2) multiplies an equation through
by a nonzero number, and (3) adds two equations together. These are the
three operations required for the Gauss-Jordan reduction, which we shall
now outline. First, arrange the equations so that a;; 7 0. Then multiply
the first equation by 1/a,,. Next, add to the second equation (—a,,) times
thefirst. Thismakes the coefficient of , in the second equationzero. Repeat
the process until the coefficients of x, in all equations but the first are zero.
The next step is to rearrange the equations so that the coefficient of z, in the
second equation is nonzero, divide through the second equation by this
coefficient, and proceed as before to make the coefficient of z, in all equations
but the second zero. After a finite number of steps, the system of equations
reduces to

Ty + G Bry + 00 0%, =6

Ty + Ggpir®ryy + * 0+ Gpa®p = Cp

z, + a’rr—!—lxr+1 + e + Ay Ty = Cy
0= ér-l-l
0= ér+2
0=¢,

From this reduction, it is clear that if one or more of the ¢, ,, . . . , ¢,, arenot
zero, there will be no solution, and we say that the system of equations is
inconsistent. Ifé¢ , =¢,.,,="--=¢, = 0, then we can write the solu-
tion

Ty =0 = Gpa¥ryy — 77 T A1y
Tg = Cp — Ooryy¥pyq — 7 dgp¥p
Ty = Cp — Qppy¥pyy — = Gy,

In this case we say that the equations are consistent. If r = n, there is a
uniquesolution. Ifr < n,z;,%,, ..., z,canbewrittenintermsofz, ,, ..., z,,
which can be assigned arbitrarily: In this case there is an (» — r)-fold in-
finity of solutions.

If r = m = n, the solution is unique and is given by Cramer’s rule. Thus

AX =C
IAX = IC
B, B,EJAX = E,- - E,E,IC
A1AX = A-C

X = 4-1C
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Here £\, E,, .. ., E, are the elementary row matrices which are involved in
the reduction, and 1
E,---EE I = A"

Finally, we state these results in terms of the ranks of the coefficient and
augmented matrices. The reduction was performed by a finite number of row
operations, none of which changes the rank of a matrix. Suppose M is a
matrix of rank  and M is a matrix obtained from M by a row operation. If
D is an (r 4 1)st-order determinant from #, then:

Case 1. D = D or D = —D, where in each case D is an (r + 1)st-order
determinant from M. But D = 0, since M is of rank r.

Case 2. D = D or D = kD, where k 5 0 and D is an (r + 1)st-order deter-
minant from M. But D = 0, since M is of rank 7.

Case 3. D= D or D = D + D, where D and D are (r + 1)st-order deter-
minants from M. But D = D = 0, since M is of rank r.

Therefore, a row operation cannot increase the rank of a matrix. Likewise,
a row operation cannot decrease the rank of a matrix, for in this case M can
be obtained from M by a row operation which cannot increase the rank.

If we write the reduced form of the system of equations as

AX =C
then
1 0.0 -+ 0 @y Gyg "0 Ggp
010 0 Gor+1 Qor+g dzn
A =0 0 0 1 drr+1 drr+2 drn
0 00 0o 0 0 0
0 00 0 o0 0 0
and
100 0 Gyir Gyyie . &
010 0 dyi1 Gyrse Ggn G
B=|0 o 1 Gy Gy a,, ¢,
0 0 0 0 0 ¢.4q
000 - --0 0 o - 0 é,
Obviously 4 isof rank r. Ifé,,., = é,.5 = * - = ¢,, = 0, then the system of

equations has a solution and the rank of B is also r. If one or more of the
é,41 %0 &, are not zero, then the rank of B is greater than r and the system of
equations has no solution. This completes the proof of the theorem.

1 See Exercises 1.3.
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A case of particular importance is the case where¢;, = ¢y, =+ =¢, =0.
In this case, we say we have a system of homogeneous linear equations.
Adding a column of zeros to the coefficient matrix cannot affect its rank;
therefore the augmented matrix always has the same rank as the coefficient
matrix, and such a system always has a solution. This is not surprising, since
2, =%y = -+ =&, = 0is obviously a solution. This is called the trivial
solution. We are often concerned about whether the system has a non-
trivial solution, where at least one of the x’s is not zero. From the above
discussion follow two important corollaries, the proofs of which will be left for
the reader.

A system of m homogeneous linear algebraic equations in n unknowns always
has a nontrivial solution if m < n.

A system of n homogeneous linear algebraic equations in n unknowns has a
nontrivial solution if and only if the determinant of the coefficient matriz is zero.

Exercises 1.4

1. Prove the two corollaries at the end of this section.

2. Prove that multiplication of an m X n matrix 4 on the right by ann x n
elementary matrix obtained from the identity by an elementary column operation
cannot change the rank of 4.

3. Solve the system, if it has a solution:

2 +y —2 +u = -2
r—y—2+u=1
x —4y — 22 + 2u =6
dr +y — 32 + 3u = —1
*4, Determine the values of A for which the following system has a nontrivial
solution:

9 — 3y = Az
—3x + 12y — 3z = Ay
-3y + 92 = 1z

Find the nontrivial solution in each case.

*5, If X = X, isasolutionof AX = O, show that X = kX is also a solution for
any k.

*6. If X is a solution of AX = O and X, is a solution of AX = C, show that
kX, + X, is also a solution of AX = C. State a criterion for uniqueness of the
solution of AX = C.

1.5 Vector Spaces

It is assumed that the reader is familiar with three-dimensional vector
analysis. The collection of vectors encountered there follows certain laws of
combination which make it an example of an algebraic system called a vector
space. We shall want to define and use the concept of vector space, but first
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let us recall some of the familiar notions about vectors from three-dimensional
vector analysis.

One of the easiest ways to denote a three-dimensional vector is in terms of
its three components. Let U be a vector with real components (%,,u,,u4) and
V be a vector with real components (v;,v5,v5) ;! then the vector sum U 4+ V has
components (%, + v, Uy + ¥y, U3 + v3). We note at once that the sum is a
vector and has the properties

U+V=V+4+U
(U+V)+W=U+ (V+ W)
We define the zero vector 0 as the vector with all three components 0. Then
obviously,
U+0=10U
forall U. The negative vector of the vector U, denoted by — U, is the vector
with components (—u,,—u,,—u,). Clearly,
U+ (—=0U)=0
Multiplication by a real scalar a is defined as follows:
aU = (au,,au,,0u,)
This operation leads to a vector and has the following properties:
a(U + V) =aU + aV
(@ 4+ B)U = aU + bU
(ab)U = a(bU)
1U=U

These familiar properties suggest the postulates of a vector space, which
we now define. A4 vector space over a field is a set of vectors together with two
operations, addition and multiplication by a scalar from the field, satisfying the
Sollowing postulates :

1. Closure under addition: For every pair of vectors U and V thereis a
unique sum denoted by U + V, which is a vector.
2. Addition is associative: (U + V) + W= U + (V + W).
3. Addition is commutative: U + V=V 4+ U.
4. A zero vector 0 exists, such that U 4+ 0 = U for all U.
5. A negative vector —U exists for all U, such that U + (—U) = 0.
6. Closure under multiplication by a scalar: For every scalar a from
the field and every vector U there is a unique vector aU.
7. a(U + V) = aU +'aV.
8. (@ + b)U = aU + bU.
9. (ab)U = a(hU).
10. 1U =TU.
1In terms of the familiar i, j, k notation,
U =wuid + upj + ugk and V = v, + 0, + vk
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From these ten postulates many theorems can be proved. For example,
the connection between the zero scalar and the zero vector is

oUu=0
for all U. This can be proved as follows:

(1 +0)U =1U + 0U

1U=U+4 0U
U=U+0U

U+ (-U)=U+ (-U) +0U
0=0+0U
0=0U

The negative of the field and the negative vector are connected by the
relation
(—1)U=—-U

for all U. This is easy to demonstrate.
1—-1)U0=10+4 (1)U
oU=U+ (—1)U

0=U+ (—1)U
—U+0=—-U+ U+ (=1)U
—U=(-1U

The proofs of some other useful properties will be left for the exercises.

We have already seen that the vectors of three-dimensional vector analysis
formavectorspace. Thereare many otherexamples. Consider, for example,
the set of n-tuples of complex numbers. They form a vector space over the
field of complex numbers, if we define addition and multiplication by a scalar
as follows. If U= (u,uy,...,u,) andV = (v,v,, ..., v,), then

U+ V=(u;+ vy, u +0...,u, 4+ 7,)
If a is a complex scalar, then
aU = (au,,au,, . . ., au,)

Obviously, we have closure under addition and multiplication by a scalar.
Also, from the properties of complex numbers it is easy to verify postulates
2,3,7,8,9, and 10. The zero vector is defined as 0 = (0,0, ..., 0), and it
clearly satisfies postulate 4. The negative of U is defined as

—U = (—uy,—uy, ..., —U,)

and it satisfies postulate 5.
As another example, consider the set of continuous real-valued functions of
the real variable x defined on the interval 0 < <'1. This is a vector space
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over the field of real numbers, if we define sum as f + g = f(z) + g(x), and
multiplication by a scalar as af = af(z). The zero vector is the function
which is identically zero in the interval, and the negative is defined by
—f = —f(x). Itisnot difficult to show that the ten postulates of a vector
space are satisfied.

A set of vectors X, X,, . .., X, is said to be linearly dependent if there
exists a set of scalars ¢;, ¢y, . . ., ¢, not all zero, such that

¢ X, =0
If a set of vectors is not linearly dependent, then it is said to be linearly
independent. In other words, if X, X,, ..., X, are independent, then
¢,X, = 0 implies that ¢, = 0 for all 5.
A set of vectors X, X,, .. ., X, in a vector space is said to span the space
if every vector i the space can be written as a linear combination of the set,
i.e., for every U in the space there exists a set of scalarsc;, ¢,, . . . , ¢,,, such that

U = ¢ X,

A set X, X,, ..., X, may span & vector space and still not be linearly
independent. However, if it is dependent we can select from the set a
subset which is linearly independent and also spans the space.! Suppose
X,, X, ..., X, are dependent; then there exists a set of scalars ¥,, ¥, - - -, ¥»
not all zero, such that

7:X; =0
Without loss of generality, we can assume that y, # 0, and we can solve for
X, intermsof X, X,, ..., X, ;.

Xn=_'y‘1‘ 1"‘“2)‘2‘X2_"'""y—":‘lxn—1
Vn 1) Vn
Hence, for any U in the vector space

U=eX;+ X+ +0,9X,y

+cn[_7_ixl__72xz_..._7"_-lxn_l:l
Yn 12 VYn
Therefore, the subset X;, X,, . . ., X, _; spans the space. If this subset is not

independent, we can repeat the process again. Eventually we shall arrive at
a subset X, X,, . .., X, with m < », which spans the space and is linearly
independent.

We define the dimension of a vector space as the minimum number of
nonzero vectors which span the space.2 For example, in the vector space of
n-tuples of complex numbers we may choose the vectors X; = (1,0,0, . ..,0),
X,=(01,0,...,0),...,X,=(000, ...,1). They span the space, for

1 Here we must exclude the so-called null space, consisting of just the zero vector.

The null space is spanned by the zero vector which is dependent.
* According to this definition the null space has a dimension of zero.
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any vector U = (uy,u5,us, . . . , %,) can be written as a linear combination of
the X’s, i.e.,
U=uX; + X5 + uXg + -+ + %,X,

The X’s are linearly independent, for
X, + Xy + 63X5 + -+ 6,X, = (€1,€9,C3, - - -5 C,) =0

implies that ¢, = ¢y =c¢3 =-+-=¢, = 0. As we shall show, this implies
that » is the minimum number of vectors which span the space, and therefore
the dimension of the space is n.

It may not be possible to find a finite number of vectors which span the
space. For example, the vector space of continuous functions on the interval
0 <z <1 is not spanned by a finite number of vectors.! We say that a
vector space is finite-dimensional if and only if it is spanned by a finite
number of vectors. Otherwiseitis infinite-dimensional. At first, we shall
confine our attention to finite-dimensional vector spaces. Some things have
to be modified in the case of infinite-dimensional vector spaces, and we shall
return to this case in a later section.

A basis of a vector space is a set of linearly independent vectors which
spans the space. We have already shown that from any finite set of vectors
which spans the space we can select a linearly independent subset which spans
the space. Such a subset forms a basis for the space. There may be many
bases for the same vector space. For example, we have already given a basis
for the vector space of n-tuples of complex numbers, but another one would
consist of the vectors

Y, = (1,00,...,0) Y, =(1,1,0,...,0)
Y, =(1,1,1,0,...,0),... Y,=(L11,..,1)

However, it is easily shown that every basis must contain the same number
of vectors.

Suppose that we have two bases X;, X,,...,X, and Y,, Y,,..., Y.
Since the X’s span the space, Y, can be expressed as a linear combination of
the X’s, i.e.,

N Y, =X, + X, + - +¢,X,

where at least one of the ¢’s is not zero. Assumec, 5 0 (otherwise renumber
the X’s so that it is). Then :

1
X, == X — Xy — —c,1X,4]
Therefore, the set of vectors Y, X;, X,, . . . , X, _, spans the vector space, and

Y, can be expressed as a linear combination of this set, i.e.,
Y, =bY; + X+ 7. Xo + - + vun Xy

! The functions 1, z, 23, . . . are all continuous and independent.
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Here at least one of the y’s is not zero. Otherwise Y; and Y, would not be
independent. Solve for one of the X’s whose coefficient is not zero in terms
of Y,, Y,, and the » — 2 other X’s which span the vector space. After
repeating this process m times, we arrive at a set of vectors Y;, Y,,...,Y,,
and n — m of the X’s which span the space. From this we conclude that
n > m. The same argument can be applied with the roles of the X’s and
Y’s interchanged, leading to the conclusion that m > n. The final result that
n = m follows.

To find the dimension of a finite-dimensional vector space it is sufficient to
demonstrate any basis and count the number of vectors in the set. This
verifies our conclusion that the space of n-tuples of complex numbers is an
n-dimensional space.

The fact that a basis spans a vector space means that every vector in the
space has a representation as a linear combination of basis vectors. The fact
that the basisis a set of linearly independent vectors implies that the representa-
tion in terms of a given basis is unique. Suppose that U has tworepresentations
in terms of the basis X;, X,, ..., X,,

U=aX, =bX,
Then 0=U—U= (g —b)X,

But the X’s are independent, so that a, = b, for all 5.

Suppose that we have an n-dimensional vector space over the field of com-
plex numbers, with a basis X, X, ..., X,. Relative to this basis every
vector in the space has a unique representation in terms of n scalars. There
is, therefore, a one-to-one correspondence between the vector space and the
vector space of n-tuples of complex numbers. Furthermore, if U = ¢,X, and
V =5X,thenU + V = (a, + ,)X,. Ifcisacomplexscalar,cU = (ca,)X;.
Therefore, addition of vectors and multiplication of a vector by a scalar
correspond to addition and multiplication by a scalar of the corresponding
vectors in the space of n-tuples. Such a relation between two vector spaces
is called an isomorphism.

A subspace of a vector space is the space consisting of all possible linear
combinations of a subset X; of vectors from the vector space. That every
subspace is also a vector space is derived from the fact that every vector in the
subspace can be expressed as a linear combination of vectors. For example,
if U=¢aX,V=0X,and W= ¢,X,, then

U+ V=(a; +0)X,=(b; +a)X;, =V + U
(U+V)+ W=[(a,+b)+c]X; =[a; + (b, + ¢)]X; = U + (V+ W)
The subspace always contains the zero vector

0 = 0X, + 0X, + - - - + 0X,,
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and a negative for every vector in the subspace, i.e., if U = a,X,, then
—U = (—a,)X
Multiplication of a vector U by a scalar ¢ is defined by
cU = (ca),X|

and the remaining postulates follow immediately.

If the subset X is a basis of the vector space, then the subspace is the whole
space. If the subset X, is linearly independent and not a basis, then the sub-
space is a proper subspace. i.e., is not the whole space. An example of a
subspace would be the space spanned by the vectors (1,—1,0) and (0,1,—1)
in three-dimensional euclidean space. This two-dimensional subspace con-
sists of the plane containing the two given vectors and the origin.

Exercises 1.5

1. Establish the following statements:

a. The collection of complex numbers is a two-dimensional vector space over
the field of real scalars.

b. The collection of n X 1 column matrices with complex elements is an n-
dimensional vector space over the field of complex scalars.

c. The collection of all polynomials of degree three or less is a four-dimensional
subspace of the vector space of continuous real-valued functions of the real vari-
able x defined on the interval 0 < = < 1.

d. The collection of all m X » matrices with complex elements is an mn-
dimensional vector space over the field of complex scalars.

2. Prove the following theorems pertaining to vector spaces:

. The zero vector is unique.

. The negative of a vector is unique.

. a0 = 0 for any scalar a.

. If aU = 0, then either a = 0, or U = 0, or both.

. Are the vectors (0, —1,0), (0,1,—1), (1,—2,1) linearly independent? Can
(—2,1,—3) be expressed as a linear combination of these three? Express your
result both geometrically and in terms of solutions of linear algebraic equations.

4. Prove that two finite-dimensional vector spaces which are isomorphic have
the same dimension.

*5. An n-dimensional vector space over the field of complex scalars is isomorphic
to the vector space of n-tuples of complex numbers. If m vectors are given with
m < n, state a test for linear dependence in terms of the rank of an n X m matrix
formed by using the m n-tuples as columns. What happens in the case m > n?

*6. Prove that in an n-dimensional vector space any set of n 4 1 vectors is
linearly dependent.

W e o8

1.6 Scalar Product

In three-dimensional vector analysis we define the scalar product of two
vectors as a
(U,V) = wy; + ugvy + uzvy
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This is directly related to the magnitudes of the vectors and the cosine of the
angle between the two vectors. It has the following properties, which are
easily verified.

(U, V) = (V,U)

(UV + W) = (U,)V) + (UW)

(@U,V) = a(U,V)

(U,0) =0

(U,U) =0,ifand only if U = 0

The concept of scalar product can be generalized to vector spaces other than
the familiar one mentioned above. We shall retain essentially the same
properties only slightly modified to include the possibility of the scalar product
being a complex number. In the applications we are usually concerned with
vector spaces over the field of complex numbers, and in this case we define a
scalar product! (U,V) which has a complex value and satisfies the following
postulates:

1. (U,V) = (V,U)*

. (U,V 4+ W) = (U,V) + (U,W)
(aU,V) = a*(U,V)

. (U,U) >0

. (U,U)=0ifand only if U = 0

Properties 4 and 5 are equivalent to the statement that the scalar product
of a vector with itself is positive-definite. Recall that, in three-dimensional
vector analysis, the scalar product of a vector with itself is the square of the
length of the vector. Although “length of a vector” does not have the usual
meaning in a generalized vector space, we still define length, or more commonly
norm, of a vector as

SN LR

101 = v(U,U)

and it turns out that this has most of the properties we usually associate with
length or distance.

From the postulates for scalar product, we can prove some additional useful
properties. For example,

(U,aV) = a(U,V)
This is proved as follows:

(U,aV) = (aV,U)* = [a*(V,U)]* = a(V,U)* = a(U,V)
The proofs of the following two properties will be left for the exercises.
(U+V, W)= (UW) + (VW)
U]l = |al | U}

1 Sometimes referred to as an inner product.
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A very important property is Schwarz’s inequality
TV <101V
This can be proved as follows. For any scalar a
0 <||U+ aV||2=(U+4aV, U 4 aV)
= (U,U) + (aV,U) + (U,aV) + (aV,aV)
= |U|I? + a*(V,U) + a(U,V) + |af? | V||
Now let a = A(U,V)*/|(U,V)|, with A real. This is possible if (U,V)#0,
but if (U,V) = 0, then Schwarz’s inequality is trivial. Making this substi-
tution in the above, we have
0 <|UJI2 + 24 [(UV)| + 22| V|?
This is a quadratic expression in the real variable 4 with real coefficients.
Therefore, the discriminant must be less than or equal to zero. Hence,
4|(UV)2—4|UJ2|V]? <0
or (U V)] < U]V
From Schwarz’s inequality follows another important inequality, known as
the triangle inequality,
10+ VI < Ul + [V
For any pair of vectors
U+ V|2 = |U|2 + V]2 + (G,V) + (V.U)
< U2+ (V)2 + 2 |(U,V)]
< U2+ V2 + 2 1U] VI
< (Ul +1vip?
from which it follows that
10+ VI <0l + [V

Let us now consider some examples of scalar products. Consider the vector
space of n-tuples of complex numbers. Here we can define a scalar product as

(U,V) = ufvl + u;vz 44 u:vn = ui*v,
Then (V.U) = o'y, = wp” = (u'v)" = (UV)*
(U, V 4+ W) = o, + w) = w'v, + u]w,
= (U,V) + (UW)
@U,V) = (aw)*v, = a*uv, = a*(U,V)
(UU) = w'u; = fu® 4 Jal® + -+ - + [ [?
Since (U, U) is a sum of squares of real numbers, it will be greater than or equal

to zero, and it will be zero if and only if 4, = uy = -+ = u, = 0. Hence,
we have verified that this definition of scalar product satisfies all the postulates
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and therefore the other properties follow without further proof. For example,
Schwarz’s inequality says
o] < V() (0] v))

and the triangle inequality says
\/(“i + ”i)*(ui +v) = \/“:'*uz + \/”:”i

As another example, consider the set of complex-valued functions of the real
variable z defined on the interval 0 < « < 1 which are integrable and square

1 1
integrable, i.e., for whichf f(z) dz andf |f(z)|? dz exist.! We define
0 0

addition in the space by
f+g=/)+ga) O0<z<]1

At every point in the interval

If+gl2=(*+g*)f+9
=|fI> + 1912 + f*g + g*f
<IfI®+ 1912 + 21 f*gl
<IfI> + lgI* + 2|fl gl

Also (Ifl = lgh2 =IfI2 + 1912 — 2|fllgl =0
Therefore, 2(flgl <IfI®+ lgI®
and hence If + g1 <2 (f12 + lg]?)

at every point in the interval. Therefore,

1 1 1
[ir+oeaz <2['ippde 1 2] g a
0 0 0

This shows that if f and g are square integrable, then f 4+ g is as well, for the
only way that these integrals can diverge is for the defining limits to be infinity.
But if | f|2 and |g|? are integrable

1
f|f|2dx<oo

0

1
Jlglzdx< 0

0

1
and therefore, f |f + gl2dxr <
0

! In more advanced treatises this integral is usually taken to be the Lebesgue integral,
and this class of functions is referred to as the class L,(0,1). For our purposes we shall
consider only integration in the Riemann sense. A sufficient condition for integrability
in the Riemann sense is that the function be piecewise continuous, i.e., the interval
0 < 2 < 1 can be divided up into a finite number of subintervals in each of which the
function is continuous and has limits as x approaches the end points of all the
subintervals.
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This proves the closure property for addition.
Multiplication by a complex scalar is defined as

af = af(x) 0<z<l1

Closure under multiplication by a scalar is easily demonstrated.

1 1 1
[t ae = [t a0 = a2 02 < o
0 0 0

The other postulates of a vector space are easily verified.
For scalar product in this space,! we define

1
(f.8) =fof*g de
This quantity exists for every pair of square integrable functions, for

[f*gl =11 lgl < 3(1f1* + lg1®)

1 1
and fo |f*g) dz < -; fo(lfl2 + g/} dz < o

and a function which is absolutely integrable is integrable.
This scalar product satisfies the postulates since

1 * 1
(8.0)* = Uﬂg*fdx:l =f0 (9%)* dx

1

=J;f*9 dx = (£,8)
1

(£, 8¢ + h) =£f*(g + k) d=

1 1

:J‘f*g dx +ff*h dx
0 0

1= e =[ \s1ae =0

0 0

If (£f) = 0, then f(x) = 0 almost everywhere. By this we mean that
f(x) = 0 except on a set of points which do not contribute to the integral. For
example, suppose f(z) = 0 except at the points 0, £, 3, #, 1 wheref(x) = 1;then

1
f \fl*dz =0
0

1
1 We have to assume integrability to ensure the existence of (1,8) =f f (z) de.
0
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even though f(x) = 0 everywhere. This is by no means the most general set
of points on which the function can differ from zero and still not change the
value of the integral. However, if f is piecewise continuous, there are at most

1
a finite number of points on which it differs from zero if f IfI2dz = 0.
0

Schwarz’s inequality for this space takes the form

SR ENING ar,f [Vt a

and the triangle inequality is

[+ omas) <[ [ireae] + [ [loias]

In a vector space we sometimes refer to a vector as a point. We then
define the distance between two points as the norm of the difference of the
two vectors, i.e.,

d(U,V) = |U - V|

We see that this definition of distance satisfies all the usual properties which
we associate with a distance, i.e.,

1. The distance is positive unless the two points coincide.
U—V| =0
JU—V|=0ifandonlyif U=V

2. The distance is symmetric.

IU—V|=|V—-U|

3. The triangle inequality is satisfied.

U=V <|U—-W|+|W-—-YV|

A vector space in which distance between points is defined with these three
properties is called & metric space.l A vector space may be a metric space
without having a scalar product (see exercises 5 and 6).

In the case of the vector space of z-tuples of complex numbers, the distance
formula is ‘

d(U,V) = \/(ui —v)*(u; —v,) = |U—=V]|

In the case of the vector space of square integrable functions,

T
ate = [ —orar=1e— e

14(U,V) is called the metric for the space.
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In this case d = 0 implies f = g almost everywhere. Here two functions are
considered equal even though they may differ on a set of points which does not
contribute to the integral.

Exercises 1.6

1. Prove the following properties of scalar product from the postulates:
a. (U + V, W) = (U,W) + (V,W)
b. |laU] = |a| Ul
2. Prove the following statements for a vector space with a scalar product:
a. The parallelogram rule
U+ V[*+ U =V[2=2]|U|2 + 2|V|?

s

The Pythagorean theorem
U + V|2 = U2 + |[V]2if (U,V) =0

c. U =V[=[U] -V

3. Show that Schwarz’s inequality is an equality if and only if the two vectors
are proportional.
4. Show that the triangle inequality is an equality if and only if the two vectors
are proportional and the constant of proportionality is a nonnegative real number.
*5. Suppose that in a vector space over the field of real numbers a positive-
definite norm is defined for each vector which satisfies the triangle inequality and
laU]|| = |a| ||[U||. Show that a real-valued scalar product can be defined as

follows:
(U, V) = U 4+ V|2 — Uj2 - [[V]E

which satisfies the postulates, if the following identity is satisfied by the norms:
U+ V|2 + U = V|2 =2[U|2 + 2|V|?

*6. Consider the vector space of n-tuples of real numbers with norm defined by
O = luy] + lug| + -+ + |u,|. Show that this has the desired properties of a
norm, i.e., positive-definiteness, |aU|| = |a| |U||, and triangle inequality, but that
one cannot define from it a scalar product as in exercise 5.

1.7 Orthonormal Basis. Linear Transformations

We have already seen that in an n-dimensional vector space there are many
bases, all of which are sets of # linearly independent vectors which span the
space. If in the space we.can define a scalar product, we can select certain
bases with special properties. The most important of these is known as an
orthonormal basis.

Two vectors are orthogonal if and only if their scalar product is zero. A
vector is said to be normalized if its norm is one. A set of vectors X, is
orthonormal if

(X X)) = by
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Suppose in an n-dimensional vector space we have a set of » orthonormal
vectors which span the space; then they must be linearly independent, for
aX, =0
implies that a; = 0 for all ¢, since
0= (X,,0) = (X,,a,X,) = a,0;, = a,
Therefore, the set of vectors X, is a basis. Having such a basis is very con-
venient, because the representation of any vector in the space is very easy to

find in terms of an orthonormal basis.
Suppose U is a vector with a representation

U =X,
in terms of the orthonormal basis X,. Then
(Xj)U) = uz(xj’xi)
= utéﬂ
= uj

We call the u; the components of U relative to the orthonormal basis X,;. If
we have another vector V with representation

V= v,-Xl
then (U,V) = (»,X,v,X))
== u,,*vj(xi’x.’f)
= u:‘v,-dﬁ
*
= ui vz

Recall that we have an isomorphism between the n-dimensional vector space
and the space of n-tuples of complex numbers and that the scalar product in
the space of n-tuples for a pair of vectors (u,u,, . .., u,) and (v;,05, ..., v,)
isulv,. Wenow see that under this isomorphism scalar product is preserved,
ie.,

(UV) = o'y,

We now show that from any linearly independent set of vectors which span
the vector space we can construct an orthonormal basis. This process is
known as the Schmidt process. Let Y, be a set of linearly independent
vectors not orthonormal. Then compute

X, is then normalized, for

YY)
X 2=( vl
1%l Y, |12
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Next compute X, = Y, — X,
1Yy — ¢, X4l
where ¢, is determined so that (X;,X,) = 0, i.e.,
X,Y,) —¢
(xlaxg) == (—]-'—2—)—1- —
1Yy — e, Xyl
¢ = (X,Yy)
Next compute X, = Y5 — 6X) — 6 Xp
Y3 — coX; — c3 X
with ¢y = (X,,Y5)

¢z = (XpYy)

This process is continued until all the Y’s are used up and as many X’s are
computed as there are Y’s. None of the X’s can be the zero vector, because
that would imply that a linear combination of the Y’s gives the zero vector,
contradicting the linear independence of the Y’s.

Let us now consider the possibility of changing the representation of a
vector space by a change of basis. Let X, and Y, be two bases for the same
vector space; then any vector U has a representation in terms of each basis.

U = uX,
U =4,Y,

Also the X’s have representations in terms of the Y’s.
X, =a,Y,

Substituting, we have
U=1aY, =uX, =ua,Y, = a,uY,
Since the representation of a vector in terms of a given basis is unique, we have

U, = a,u,

Let U be a column matrix with elements u,, U be a column matrix with
elements %,, and A be a square matrix with elements a,;; then the change of
representation can be written in terms of matrices as

U =AU
If « is any scalar, then ‘
oU = au,X; = au,Y;
and the change of representation can be written as
A(aU) = «(AU) = aU

If we have two vectors U and V, then

U+ V= (u; + v)X; = (¢, + 9,)Y,
and AU+ VY=AU+ AV =U4+7V
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Putting the last two statements together, we have
AU + BV) = AU + BAV = aU + BV

In summary, we can say that the change of representation, which can be
characterized by the square matrix 4, is a linear transformation of the
vector space.

Operators which have the property
O(ap + Bg) = «0(p) + BO(g)

are called linear operators. Beside the one considered above, some familiar
examples are the derivative and the integral, i.e.,

[af(x )+ fa(e)] = a} f@) + ﬂ-—q(x)

f[otf(x) + fa(z)] dw = Otff (x) dr + ﬂfq(x) dzx

Now let us specialize to the case where we change from one orthonormal
basis X, to another orthonormal basis Y;. We have the relation

X, =a,Y,
and O = (X Xy) = (a i Y 5@ Y o)
= “;amk(YﬁYm)
= a*amké,m
= a“a,,c
= (a:j)’“ak
or (4*)A =1

This says that 4 is a unitary matrix. If we are working with a vector space
over the field of real numbers, the matrix 4 will be real and 4 will be orthog-
onal. A transformation of a vector space
U=A4U
where A is unitary is called a unitary transformation.
One of the important properties of a unitary transformation is that it leaves
the scalar product invariant, i.e.,
a}v, = (U*)'P = (A*U*)AV |
= (U*)'(A*) AV
= (U*'IV
= (U*'V
Since the length or norm of a vector can be expressed in terms of the scalar

product, we sometimes say that a unitary transformation is a norm preserving
transformation.
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Exercises 1.7

1. Test the following set of vectors for linear independence and construct from
it an orthonormal basis: (1,0,1,0), (1, —1,0,1), (0,1, —1,1), (1, —1,1,—1).

*2. Consider two sets of rectangular cartesian-coordinate systems for euclidean
three space, with a common origin. Unit vectors in the direction of the three
coordinate axes for the two coordinate systems serve as two different orthonormal
bases. In terms of the cosines of the angles between the two sets of axes, find the
matrix A relating the two coordinate systems

X =4Xx
and show that A4 is orthogonal.
3. Given two bases X, and Y, such that X; = a,,Y;. Prove that the matrix 4
with elements a;; is nonsingular. Hence, find the inverse transformation.
4. Consider the set of all linear transformations of a finite-dimensional vector
space, corresponding to change of bases. Define the product of two transfor-

mations as follows. If U = AU and U = BU, then U = BAU = CU, where
C = BA. Prove the following:
a. The product of three transformations is associative.
b. There exists an identity transformation such that AI = IA4 = A forevery A.
¢. For every transformation A there exists an inverse 4-1, such that

A714 = A4t =

Hence, the set of transformations is a group.
*5. A set of functions f,(z) is said to be orthonormal on the interval a < x < b,
if

b
f/‘;‘(x) F(®) A = O

Show that f,(x) = (1/V'#) sin nz is orthonormal on the interval 0 < z < 2.

*6. The set of functions 1, z, 2%, ..., 2", ...is linearly independent. It
is not, however, orthonormal. Construct the first four of a set of polynomials
from these which are orthonormal on the interval —1 < a < 1. These poly-
nomials are proportional to the Legendre polynomials (see Sec. 3.3).

7. Given an m-dimensional subspace in an n-dimensional vector space, show
that any vector in the vector space can be uniquely represented as the sum of a
vector in the subspace and a vector orthogonal to every vector in the subspace.

*8. Find¢;, ¢ =1, 2, ..., m, which minimize ||[U — ¢;X,||?, where U is a given
vector in n-dimensional vector space, and X, is a set of m orthonormal vectors.
Also prove Bessel’s inequality

101 =3 (X, O)

When does Bessel's inequality become an equality?
*9. Prove Parseval’s equation for a finite-dimensional vector space with scalar
product ’
(U:V) = (xi’U)*(xivv)

where X; is an orthonormal basis.

*10. A matrix A represents a self-adjoint linear transformation if, for every
vector pair X and Y on which it may act, (Y,4X) = (4Y,X). Prove that 4 is
hermitian if and only if it is self-adjoint in the whole space.
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1.8 Infinite-dimensional Vector Spaces. Function Space

Except for the space of continuous functions mentioned in Sec. 1.5 and the
space of square integrable functions mentioned in Sec. 1.6, we have considered
only finite-dimensional vector spaces so far. The easiest way to construct an
infinite-dimensional vector space is to generalize the space of n-tuples of com-
plex numbers to the space of infinite sequences of complex numbers. We
shall define a vector in this space as follows:

U = (uy,uug, . . .)

If we try to define a norm in this space as a direct extension of the definition
in the space of n-tuples, we have

U = 3

Since this involves an infinite-sum, not all sequences will define vectors with

finite norms. Therefore, we shall include in our space only those sequences
for which

St < o
1

1=

We still must define addition and multiplication by a scalar and show that
the postulates of a vector space are satisfied. If U = (u;,u5ug, . ..) and

e} [e o]

V = (v,,05,05, . . .) are vectors such that Y |u,|2 < oo and Y |v,|2 < co, then
i=1 i=1

the vector sum is U+ V = (u; + vy, uy + v, U3 + v3,...). To prove

closure, we have to show that > |u, + v,|2 < 0. The proof follows.
For every i i=1

o + o) = (" + o)), + )
= qu|2 + |’l),|2 + ul*vi + uivz*
< Jwf? + [v]2 + 2 |uv,|

<l (o2 + 2w vy
We also have

(Ju,] — o3)% = |u,|2 + |v,]2 — 2 |u,| |v,| =0
so that |2 + |v,|2 =2 |uy |v,]
Therefore, lu; + 042 < 2{|w,|2 + |v,|2}

a0 - o} [+o]
and Slu +v2< 23 |u|?+ 23 vl < ©
i=1 =1 =1
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Multiplication by a complex scalar a is defined as
aU = (au, auyaug, . . .)

Closure under this operation is easily verified.

o]

Y
2 lau|® =3 lal® |u,|®
=1

o]
= [a]*3 |ul* <

The zero vector is defined as =
0 =(0,0,0,...)
and the negative
—U = (—uy,—uy,—ug, . . .)

The other eight postulates are easily verified. Obviously one cannot find a
finite number of vectors which span the space, and therefore it is infinite-
dimensional.

A scalar product can be defined in this space as follows:

*
U, v

(U.V) =

ng

We can show that for every pair of vectors in the space this scalar product
exists. For every ¢

lufo = lu |v,] < H{lw,|? + |v,)%}
Therefore, Z |u}v,| converges, since absolute convergence implies convergence.
Thesetofvectorle (1,0,0,...),X, = (0,1,0,...),X3 = (0,0,1,...),...

is orthonormal, and it spans the space in the following sense. If

U, = i u,X,
i=1

Lo}
then "Un_U”2= z Iu;’2_>0
=%
asn — c0. We write o
@
U =Y 4X,
i=1

and say that u, is the component of U relative to the orthonormal basis X,
ie.,u, = (X,,U)

A sequence of vectors {X"}in a metric space is said to be a Cauchy sequence
if for every ¢ > 0 there exists an N(e) such that

AX"X™) < €
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whenever n > N and m > N. A sequence {X"} has a limit in the space if
there exists a vector X in the space such that for every € > 0 there exists an
N(e) such that

dX,X") < €

whenever » > N. If a sequence has a limit, then it is a Cauchy sequence,
for given €/2 there exists an N(e) such that

dX,X") < 3 dX,X™ < é‘

whenever n > N and m > N. Then by the triangle inequality we have
dX"X™) <d(X,X") 4+ d(X,X™) < €

whenever n > N and m > N. However, the converse may not be true, i.e.,
a Cauchy sequence may not have a limit, unless the space is complete.

A metric space is said to be complete if every Cauchy sequence has a limit
in the space. As is well known from analysis, the space of real numbers is
complete where the metric is d(z,y) = | — y|. With this fact it is not
difficult to show that the k-tuples of complex numbers is a complete metric
space under the metric

dXY) =V —yH)e, —y) i=12..k

We now show that the space of infinite sequences of complex numbers is a
complete metric space.

Let {X"} be a Cauchy sequence. Then for every e > 0 there exists an
N(e) such that

© ¥
d(X"X™) = [z | — x{"l{l <e
1=1
whenever n > N and m > N. This implies that for each 1
[ — 2| < €

or that each sequence of components is a Cauchy sequence. Hence for every
¢ there exists an «; such that

lim 2! = =,
n=*w

Now define X = (2,25, . . .)
It remains to show that d(X,X") — 0 as n — oo and that X is in the space,

o]
te, |z,|2 < .
i=1
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M
For some fixed M consider 3 |z, — }|2. Now
=1

M M
2,|xi - x?lz=2 lo; — " + 2 —
i=1 i=1

M
|z, — 2" + 23 |2 — [
1=1

Mz

<2

]

i=1

We can determine an N (e) such that

M E2
Slar — 2P <<
=1 4

&
|xz__ x?qz <
aM
whenn > N and m > N. Then

M
Dl — 2P < €
i=1

This is possible for arbitrary M. Therefore we can let M — o0, and we have

© ¥
(X, X" = [2 |e; — x,"|2] <e
1=1
whenn > N. Finally .

20 [} e}
Dzl <23 fo, —afP + 22 [af]? <
1=1 i=1 1=1

so that X is in the space.

We have seen that the space of infinite sequences of complex numbers
described above is a complete metric space with a scalar product. Such a
space is known as a Hilbert space and is of basic importance in applied
mathematics, particularly in the study of quantum mechanics. We have seen
that normed spaces do not necessarily have scalar products (see Exercises 1.6).
However, if a norm is defined, we can define Cauchy sequences and discuss
completeness. A complete normed vector space is called a Banach space.

Now let us turn our attention to another infinite-dimensional vector space,
the space of square integrable functions defined in Sec. 1.6. We have already
seen that this is a vector space. That it is infinite-dimensional will become
apparent as we proceed. We say that a set of functions ¢, ¢y, ¢g, ... 18
orthonormal on the interval a <« < bif

b
(bup)) =f 95:95: dz = 0,
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Consider the problem of approximating by the method of least squares a square
integrable function f(z) by a linear combination of the functions from the
orthonormal set, i.e., we wish to choose ¢;, ¢,, . . . , ¢, to minimize

f: 1=3 e

Expanding this quantity, we have

2
dx

b n n b n b
f IfI*dz + 3 le® —Eciff*ﬁ da —Zé'f $.f dx
a i=1 1=1 vYa =1 a

The minimum occurs when

Lblflzdx Jréllc,l2 —éjlc,.f: f*é,dx _z] Py f: fo* dx

2

n b b b n b
*4, Fde = 2  — *
+1§1 RA dquf«ﬁ; dx J IfIF dz +,§1 G £f¢, dz

is minimum. Clearly this can be minimized by choosing

6= f $11de = .

The actual minimum value is then

b n
N
a =1
The quantity on the left is a positive nonincreasing function of n. This does
not imply, however, that, as » increases without bound, this quantity neces-
sarily goes to zero. In any case, we do have Bessel’s inequality

b 2 o)
f fPde = 3 |e)?
« a 1=1

so that the series Y |c,|2always converges. Therefore, corresponding to every
i=1

square integrable function f(x) there isa vector in the space of infinite sequences.

Bessel’s inequality becomes an equality if and only if, for every square

integrable function,

b n 2
lim f—Xcd|dxe=0
n—o vYa 1=1
In this case we say that ¢,, ¢s, &3, . . . is a complete set of functions and

0
> c;¢; converges in mean to f(z). Convergence in mean does not imply

i=

convergence at each point of the interval. Consider, for example, a square
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integrable function g(x) which differs from f(x) on a set of points which does
not contribute to the integral. Then

b b
o= girar = sty
a a

and the series which converge in mean to the two functions are indistinguish-

able. Ingeneral, it will require stronger conditions on f(z) than merely square

integrability to prove pointwise convergence. For example, if f(z) and ¢,(x)
@

are continuous and > ¢,$; converges uniformly, then

=1
n 2
lim —>cd,| dr
n—+o vYa i=1
[ lr-ef
{ If —g|dz =0
0 va
whereg = > c,¢, and g is continuous. Butf — gis continuous, and therefore
=1
* 0
f =g= z ci¢1
1=1

everywhere in the intervala < x < b.
Unfortunately, f(z) will not always be continuous, and E ,¢,; will not

i=1
necessarily converge uniformly. Therefore, the problem of finding expansions
of arbitrary square integrable functions in terms of orthogonal sets of functions
needs further discussion. We shall return to this problem in the next section
and in Chaps. 2, 3, and 5.
If the orthonormal set of functions ¢,, @,, 3, . . . is complete, then Bessel’s
inequality becomes an equality:
b ©
[stde =3 e
a i=
This is called the completeness relation. [t can be stated more generally,
ie., if

b =[ 8t rd= @0

o =f¢? gdz = (d;8)
then f; fI2 de =§1|b‘|2
[l e =3 e
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‘We also have
If + glI2 = [IflI2 + Ig/2 + 2 Re (f,8)

I + 8] = If]% + ||g]2 — 2 Im (f,8)
Therefore,  (f,8) = Re (f,g) + i Im (f,g)
= H{If + 8II> — 1> — [18]%}
— {lIf + g — 1> — ||8|%}

1 (=] [*] o0
= 5{2 b6; + C:'|2 - Z|b1|2 ~Z |01|2}
i=1 =1 =1
1.]2 . e el
~ Lol Zp e S =3 )
i=1 1=1 =1

= 3 (4], + ¢fb)) — dilib]e; — ic}b,)]

b ] © b b
or f frgdz =3 bl =3 f f*$, da f 99, d
a 1=1 i=1va a

This is Parseval’s equation.!

We have already seen that the space of functions integrable and square
integrable on the interval a'< 2 < b is a metric space. If the set of ortho-
normal functions ¢,, ¢y, P, . . . is complete, and we define

n

fn(z) = z C‘(ﬁ{

i=1
where ¢; = (P,f)
b
then If— £,2 =f |f —£,|2dz—0
a

as n — 0o. Therefore, the sequence of functions {f,(x)} has a limit f(z) in

the space and is therefore a Cauchy sequence. The content of the Riesz-

Fischer theorem,? formulated in terms of the Lebesgue integral, is that the

space Ly(a,b) is complete, i.e., that every Cauchy sequence has a limit in the

space and is therefore a Hilbert space. Now suppose ¢;, ¢g, b3, . .. is an
1 Compare with exercise 9, Sec. 1.7.

8ee E. C. Titchmarsh, ‘“The Theory of Functions,” Oxford University Press, New
York, 1939, pp. 386-388.



42 ALGEBRAIC PRELIMINARIES

arbitrary set of orthonormal functions in Ly(a,b) and ¢;, ¢,, ¢, . .. is any
sequence of complex numbers such that

z |Ci|2 < ®©
i=1
Let Su(@) =Zlc,.¢,-

Then f, is in Ly(a,b) for any n. Furthermore,

n
If, — £al" = 3 lef*—>0
i=m+1
as mand n — 0o. Hence { f,}is a Cauchy sequence. Therefore there exists
a function f(z) in Ly(a,b) such that

b
lim |[f, — £l =1lim | |f—f,|2de =0
a

n=*o n-* oo

Furthermore, by Schwarz’s inequality

(£ — 1, &)l < f —£,[| >0
as n — 00, 8o that
¢ = lim (pp.f,) = (¢.f)
n—+ow

This is not to say that the set of functions ¢,, ¢y, ¢g, . .. is complete, for
although there is a limit function associated with every sequence c,, ¢, c3, . . .,
some functions in Ly(a,b) may not be producible in this way. There is, how-
ever, an equivalent definition to completeness for a set of orthonormal func-
tions which we shall now state.

A set of orthonormal functions ¢,, ¢y, @3, ... is said to be closed if no
normalized function is orthogonal to every function in the set. If a set of
Sunctions is complete, then it is closed. If it is not closed, then there exists a
normalized function f(x) such that

b
2 =f 957 fdz =0
for all 2. Furthermore, ‘

lim

b
n—w vYa

n 2 b
=2 e dx=f If|?de = 1
i=1 a

which contradicts the completeness assumption. Therefore, the set must be
closed. The converse is also true, i.e., if a set s closed, it 1s complete. For if
it is not complete, there exists a function f(z) such that

b 0
f IfiPde — X lc)*> 0
a i=1
where c; = (f)



Skc. 1.8 INFINITE-DIMENSIONAL VECTOR SPACES 43

n
However, the function g, = > c$; converges in mean to a g(z) such that

q=

¢ = ($.,8) = (d.f)
Therefore, the function h = g — f is orthogonal to all the ¢, and

Ihj =g — 1 >|lg — .l — If —g.l]|>0

and A is & normalizable function. Hence, the set cannot be closed.
Suppose we have two complete sets of orthonormal functions, ¢;, ¢y, ¢s, . . .
and ¥, Wy, W5, . ... The expansion coefficients of f(2) relative to ¢, are

c, f ¢}'f dz, and the expansion coefficients relative to V', are d, f V¥ da.

If we apply Parseval’s equation to ¢, and f, we have

¢ = (uf) =j2 (b, F,)(¥,f) = Z a; d,
where a; = ($,¥,)
By applying the Parseval relation to ¥'; and f, we also have

8

=§ () *(dy0) =Z=: s =

(@* )iis

Furthermore, 9;; = (b, ¢,) =§: (pu¥)* (¥ b)) ¢i! (P Ee)*

Summarizing in terms of infinite matrices,

C = AD
D = (4%)C
A(A*) =1

which is to say that the change of representation going from one complete
orthonormal set of functions to another corresponds to a unitary transforma-
tion of the vector space of infinite sequences of complex numbers. It is this
fundamental fact that makes unitary transformations of basic importance in
quantum mechanics.

Exercises 1.8

*1. Show that the set of functions ¢,, = (1/ V') sin na is not a complete set on
the interval 0 < =z < 2.
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*2. Let f(x) be continuous on the interval 0 < z < 2, and f(0) = f(2#), and
0

have a piecewise continuous derivative f’(x). Show that series z n2(a + b2),
where n=1
1 2m
a, =-| f(x)cos nxdx
7Jo
2
b, == f(x)sin nx dx
mJo

converges. HINT: Apply Bessel’s inequality to the function f'(x).

*3, Show that the set of functions ¢, = (1/V2r)e™, n = 0, +1, +2,...,is an
orthonormal set on the interval 0 < z < 27.

*4, If the functions of exercise 3 are a complete set, show that a series repre-
sentation of a square integrable function f(x) is

@
a_20 + z (a, cos nx + b, sin nx)
n=1

2m 1 (2~
where a,, = - f(x) cos nx dx and b, = - f(z) sin nz dx.
0 0

-

5. If f(z) is an analytic function of the complex variable z in the region

2]
R, < |z| < Ry, show that f(rei®) = 3 c,ei"® where
n=— o

1 2w
e =73 f(rei®)e™in0 dg R, <r <R,
™ Jo
HinT: Start with the Laurent expansion for f(z).
6. Consider the space of continuous functions on the interval a <z <b.

b
Let ¢,, ¢, 3, - - - be a complete set of orthonormal functions. Let ¢; =f ¢3f dz,
a

[

and assume that z ¢;$; converges uniformly. Prove that the correspondence
i=1

f ~ (€1,69,Cg, . - .) i8 an isomorphism between the space of continuous functions and

the space of infinite sequences, which preserves scalar product.

7. Prove that the space of infinite sequences of complex numbers with

)

101 =3 i < o0

1=

is a Banach space.

1.9 Fourier Series

Perhaps the best known example of a complete set of orthonormal functions
1 1 1
is that afforded by the trigonometric functions —=, —= cos x, —= sin z,
y g V2rn' Va Va

1 1
—=cos 2z, —=sin 2z, .. .. We shall show in two steps that this set is com-
o ™

plete with respect to real-valued functions defined on the interval 0 <z < 2=
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which are piecewise continuous and have a piecewise continuous deriva-
tive. OQur first theorem will handle the completeness for the subspace of
functions which are continuous and for which f(0) = f(2#). The second
theorem will extend the result to piecewise continuous functions. In the
process of proving completeness we shall obtain the conventional pointwise
convergence theorems of Fourier analysis.

We first must show that the set of functions is orthonormal. This is easily
established as follows:

27
L der =1

27 Jo

27 o . 2
-l-f cos2kxdx=51- f (1 + cos 2kx)dx = 1 + l:sm%zJ =1
T Y0

m Jo 4k Jo
2r 2r : 2r
-l-f sin? kz de = 1 f (1 — cos 2kx) dx =1 — [sm2kx] =1
Yo 27 Jo 4k Jo
If m # n,
2n 27
- f cos mz cos nx dr = — [eos (m + n)x + cos (m — n)z] dx
wJo 2m Jo
_ l[sin (m + n)z n sin (m — n)xjr": 0
2m m-+n m—n 0
2r 27
- j sin ma sin nx dr = — [cos (m — n)x — cos (m + n)x]dx
7 Jo 27 Jo

1 \:sin (m —n)x  sin (m + n)x]”__

= — =0
2m m—n m+n 0

27 27
1 j sin mx cos nx dx = 2—1-f [sin (m + n)z + sin (m — n)z] dz
mJo

_ _1_[cos (m + n)x i cos (m — n)x}z"
27 m 4+ n m-—mn 0

=0

1 2 1 27
- sin mx cos mx dx = — sin 2 mx dx
Jo 2m Jo

1 27
=——[—cos2mx:| =0
4mm 0

1 1
Theorem 1. The set of functions ——, —=cos kx, —=sinkx, k. = 1,2, 3,
Ver' vV ™

.. is a complete set with respect to functions f(z), 0 < z < 27, which are
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continuous and have a piecewise cohtinuous first derivative, and for which
f(0) = f(2m).

Proof. We first note that f’(z) is integrable and square integrable. Hence,
by Bessel’s inequality

© 2
PACE A ifo |f'@)* de

o N) Py
Y

where o = L f'(x) cos kx dx
T
1 2r k 27
== [f(x) cos kx:| + =1 f(=)sin kx dx
T o mYo
= kb,
1
Br ="~ f () sin kx dx
m

1 2r k 27
= -|:f(x) sin kx:| — =] f(x) cos kx dx

™ o wdo
= —ka,

where a, and b, are the Fourier coefficients of f(z), i.e.,

27
a, = 1 f(x) cos kx dx
m Jo

1 2
b, == f(x)sinkxdx

m v

© 2r
Therefore S (KPaj + k%62 < 1 f |f'(x)]? dz
mJo

k=1
a @
We can show that —2—0 + X (a, cos kx + b, sin kx) converges uniformly.
E=1
n
Consider |S,, — S,,|2 where S, = %‘-’ —+ kE (@, cos kx + b, sin kz). Then
=1

n 2

18 —8ul> =] 3 (a cos kx + b, sin kz)
k=m+1
< k k
-| Zﬂ[(’m) coskz | (ib,) sin x]
n n ‘n l
< K + k%3 J 2d -
k=.§+1( %+ k)k % lr:2 @ :c +1 k2
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[ n 1
The series - converges. Hence, > —~—>0asmandn— co. There-
K=1k k=m+1k

fore, |S, — §,,|2 — 0 as m and » — oo uniformly in z, and we have the Cauchy
criterion for uniform convergence of the series. Next we show that the series
converges to f(x).

8, = +2 (ay, cos kx + b, sin kx)
k=1

?
27

f(t)[% + cos (x —t) + cos2 (x —t) + - -+ + cosn(x — t)] dt
f t) Re[l + gite—t) 4 eRile- t)_+_ te nalz—1) _ 3] dt
t(n+1)(w -t) -1 1
f t) Re |: 1(:c t) —1 5] di

i(n+1/2)(a: —-t) —ilz—t)/2
—e 1
ke * Y

1(:c /2 -1(a: t)/2 2

: sin (n 4+ 1/2)(x — ¢) dt

T 2 sin [(z — t)/2]

1 [#-* sm (n 4+ 1/2)u
-1 sin(n + 120 g

2m f( e sin u/2 ¢

In the last integral we have made the change of variable u = ¢ — z. At this
point we must extend the definition of f(z) outside the interval 0 < x < 2.
We do this by the periodic extension, i.e., for any —o0 < z < o0 we de-
fine f(x) = f(x + 27p) where p is the appropriate integer chosen so that
0 < + 2pm < 27. We note that by the condition f(0) = f(27) the periodic
extension is continuous and also that the derivative is piecewise continuous
in any finite interval. We can now write

2Zm . sin (n + 1/2)u

1
S, =— 1 flu+ du
27 Jo

sin u/2
since the integrand is periodic with period 27. We also note that
1 fz' sin (n + 1/2)u

sin u/2
27
=f(x)|:lf (3 + cosu+cos2u +---+ cosnu)du]
 Jo

= f(=)
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Hence, S” -—-f(x) = l— fz' [‘M] sin (n + %)u du
0

2m sin u/2

_1 f“[f(_xj_u__)m cos ] T
2m sin /2 2
+ L "1 + w) — f(z)] cos nu du
m Yo
flz + ) — f(z)

Now f(x + u) — f(z) is continuous in u and -
sin /2

continuous. The latter follows from

€08 18 piecewlse
-

lim

u=0+ % 2 sin u/2

im 2@ T W =@ v w2 o)
u=0- u 2 sin u/2

Therefore, S, — f(x) can be expressed as the sum of Fourier coefficients of a
continuous and a piecewise continuous function. Hence, by Bessel’s in-
equality

']‘1_1.1; (8, — f(@)] "jl_‘lg o Jm [W:I cos -2- sin nu dz

+ lim 1 [f x + u) — f(x)] cos nu du

n—+owo &
=0
and we have

f(@) = % +1§1(ak cos kx + b, sin kx)

and the convergence is uniform. We can multiply the series by (1/)f(x) and
integrate term by term, thus obtaining the completeness relation

1 2r 2 (1,02 © 3 2
= | f@Pde=2+ 3 (@, + b)
mJ0 2 k=1
We note that in proving theorem 1, we have obtained the following corollary.

Corollary 1.1. Iff(x)is a continuous periodic function with period 2, with
a piecewise continuous derivative, it can be expanded in a uniformly con-
vergent series

(a;, cos kx + by sin kx)

=%
f() 2 1

Tst

where f f(x) cos kx dx

f f(x) sin kz dx
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Next we show that the same orthonormal set of trigonometric functions is
complete with respect to a larger class of functions.

Theorem 2. Thesetof functlons _— cos ch, sm kx,k=1,2,3,

. . . is a complete orthonormal set w1th respect to functlons f(2),0 <z < 2m,
which are piecewise continuous and have a piecewise continuous derivative.
The Fourier series converges pointwise as follows :

Hf(x+) + flx—)] = i (ay, cos kx + b, sin kx)

%
2
where f(0—) = f(2r—) and f(27+) = f(0+). The convergence is uniform in
any closed interval not containing a discontinuity of the function.

Proof. We shall prove the pointwise convergence part of the theorem first.
To this end we again extend the function by periodicity, i.e., f(z) = f(z + 27p)
where p is the appropriate integer chosen so that 0 < = + 27p < 27. With
this extension we have f(z) defined as a periodic function with period 27 which
has but a finite number of discontinuities in each period. Suppose that f(x)
has but one discontinuity in each period. Let f(z) have discontinuities
at § 4 2mm, m=0,1,2,... with 0 < & <27. Then lim f(z) = f(§+),

1i?f(x) = f(§—), and f(6+) # f(E—). amet
g

We can put the discontinuity at the origin by translating the z axis, i.e.,
t =ax — & This will not affect the Fourier coefficients of f(z) since it is
periodic. Let F(t) = f(t 4 &) and

1
9(t) = F(t) — 5 [f(§+) — F(E—)Th()

where A(t) = (1/m)(m — t) for 0 <t < 27 and is extended periodically for
other values of t. A(?) is continuous except at 0, +-27, +4, . . ., and there-
fore g(t) is continuous except possibly at these points. Actually g(t) is con-
tinuous everywhere, since

lim ) = F(0+) — §f(§+) —f (6]
=fE+) — HFEH) — ¢
= HF(E+) +F(E-)]

lim ) = F(0—) + 4/ (¢+) — f(6-)]
=f(6=) + HI(E+) — £(E-)]
= Hf(E+) + F(E]
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By periodicity g(f) is continuous at { = 42w, 4-4m,.... Therefore, the
Fourier series representation for g(¢) converges uniformly. It remains toshow
that the Fourier series for A(f) converges and hence that the series for F(t) and
f(x) converge. We shall show that the series for A(f) converges to zero at
t = 0, which will show that the series for f(x) converges to

9(0) = [ f(E+) +f(6—)]
atx = &.

The function A(t) is odd and, therefore,

1 2
¢, =— | h(t)cos kt dt
a Jo

=-1-f h{t) cos kt dt = 0

™

Its other Fourier coefficients are

27
dk=lzf ( — t) sin kt dt
m Yo

1 ': o ¢ sin kt:|2"
= — | — —cos kt + - cos kt —

m? k T k k2 Jdo
=2

km

Now consider the function H(t) = (1 — cos?) A(t). This function is con-
tinuous, odd, and periodic. Therefore, it has a uniformly convergent Fourier
series with coefficients

27

ve=1 | Ht) cos kt dt
mJo
1 T

==—f H(t)cos ktdt = 0

-7
1 (% .

) =—f (1 — cos t)h(t) sin kt dt
m Jo

27
=d, — 1 h(t) cos ¢ sin kt dt
0

T
1 27 1 27

=d, — — h(t) sin (k + 1)t dt — — f h(t) sin (k — 1)t dt
27 Jo 27 Jo

= dk - 'Hdlc+1 + dk—l] k= 2, 3, 4, e
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Fork=1,6,=d, — }d,. Let

8, =72 O sinkt = (d, — ¥d,)sint + [dy — }(ds + d,)] sin 2t
k=1

R o [dn—l - %(dn + dn—2)] sin (n — 1)t
+ [dn - %(dn+1 + dn—l)] sin n¢

and 0p=2 dysinkt =dysint + dysin 2 + - - - + d,, sin nt

Then i

(1 —cost)a, = (d, — }d,)sint + [d, — }(dy + d,)]sin 2¢

+r+ @, — $dpsy + d,_)]sinnt + }d, . sinnt — 3d, sin (n + 1)t
=8, + (—n:—l)nsinnt — :—Trsin (n+ 1)t

We know that lim S, = H(t) = (1 — cos ¢) h(t), uniformly in ¢. Further-
more, n—o

|1 — cosit| |, — A(t)| = |8, — H(t) +

T sin nf — ’—:;sin (n + 1)

1S, — H(t)| + 2/nm

Therefore, lo, — R(t)] <
|1 — cost|

Suppose ¢ lies in some closed interval not containing ¢ = 0, 427, +-4m,...;
then |l — cost| = M > 0. Therefore, in such an interval |, — h(t)| — 0 as
n — oo, uniformly in¢. Hence, the Fourier series for k(t) converges uniformly
to the function in every closed interval not containing ¢t = 0; 4-27; +4r, ..
At the exceptional points the series converges to zero, since it contains only
terms in sin kf. This completes the proof for one discontinuity. It can
clearly be extended to include the possibility of a finite number of discontinu-
ities in a given period.

In the present case we do not have uniform convergence in the interval
0 <z < 27. Therefore, we cannot make use of the termwise integration of
the series to obtain the completeness relation. However, we can show that
the space is closed with respect to the set of trigonometric functions, and if the
space is closed, it is complete.

Let f(x) be a function in the space which is orthogonal to all the functions in
the given set, i.e.,

27
a,c=l f(z) coskxdz =0
T Jo

27
be =1 | f(o) sin ke dz = 0
mJo
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-
. .0 .
Hence, the Fourier series Eo + kzl (a, cos kx + b, sin kx) converges everywhere

tozero. Therefore, f(z) is equal to zero almost everywhere. For the space of
piecewise continuous functions, ‘‘almost everywhere’’ means everywhere ex-

1 27
cept at a finite number of points. Hence, — f |f(z)|2dz = 0. This shows
w Jo

that the space is closed, since there are no normalizable functions in the space

which are orthogonal to every member of the given set of orthonormal func-
tions.

Exercises 1.9

1. Obtain the Fourier series for f(z) = /27, 0 < 2 < 2r. What does the series
converge to at x = 0 and z = 2#?

2. Show that, if f(x) is an even periodic function with period 2« satisfying the
conditions of theorem 2, its Fourier series contains no terms in sin kz. Also show
that, if it is odd, its Fourier series contains no cos kx terms.

3. Obtain a Fourier series for f(z) = /27, 0 < x < 7, which contains no terms
in sin kz. Obtain a Fourier series for the same function which contains no terms
in cos kz.

o]
4. If f(x) satisfies the conditions of theorem 1, show that f(z) = > ce *®in
2 k= — o

which ¢, = P f(z)e#*= dx and the convergence is uniform in z.
0

5. Show that, if f(z) is periodic with period 2L, is continuous, and has a piece-
wise continuous derivative in any period,

_% , 3 e in 7%
flz) =3 +L~Z1 (akcosLx + by sin —

1 (2L enx

where @ =7 L fl(x) €08 —~ dx
2L kmx

blc =-i A f(.’l?) sm—L-—-dx

HinT: Make the change of variables x = Lt/[x.

6. Prove that, if f(x) is periodic with period 27 and has continuous derivatives
up to the (n — 1)st and a piecewise continuous nth derivative, then its Fourier
coefficients have the property '

lim k"a; =0

k—+©

lim k%, =0

k=

7. Prove that, if f(z) is periodic and continuous and has piecewise continuous
first and second derivatives, then except at points of discontinuity of f'(z) its
derivative can be computed by termwise differentiation of its Fourier series.
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1.10. Quadratic Forms. Hermitian Forms

In terms of three-dimensional rectangular cartesian coordinates z,, z,, 23, we
can write the equation of the most general quadric surface as!

X'AX+BX +k=0

where
£51

X ==
Z3

is a column matrix representing the vector from the origin to & point with
coordinates x;, Z,, x5 on the surface. A isa 3 X 3 symmetric matrix of real
constants; Bis al X 3 row matrix of real constants; and k is a real constant.
The first term in this equation, .

Q= X'AX = ay2] + 0% + a3523 + 2015217y + 20,575 + 20577,
is a quadratic form in the three variables. A standard problem in analytic

geometry is to determine an orthogonal transformation of coordinates (rota-

tion of axes)
X=T1X

which will reduce @ to the diagonal form
Q=XTATX = X' DX = 4,3} + A7 + A7

This problem occurs frequently in other applications, so we shall study it in
its more general form in #»-dimensional vector space.

Let
z
Ty
X =
xﬂ
be a column matrix representing the n-dimensional vector (2, 2, . . . , z,) with
real components.
: Q=X'AX
is a quadratic form in 2, y, . . . , #,, where A isann X nreal matrix. With-

out loss of generality, we can assume that 4 is symmetric, for
Q=X[}4+4)+ 4 - 4"NX
= X'[}(4 + 41X

1 See exercise 5, Sec. 1.2.
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and §(4 + A') is symmetric. The problem is to find an orthogonal trans-

formation
X=1X

which will reduce the quadratic form @ to the diagonal form
Q=XAX = XT'ATX = X'DX = )72 + M@t + -+ - + 4,7

In other words, the problem reduces to finding a matrix 7' such that 7"AT =D,
where D is diagonal. This can always be done for a real symmetric matrix
A. The proof follows.

Since we are assuming that 7' is orthogonal, we havel

TT'AT = AT =TD
Biitia = bisyy = Aokis
Let the ath column of T'be Y, a column matrix ; then the last equation becomes
AY,= 1Y,
Dropping the subscript «, we are seeking vectors Y such that
AY =2Y
This equation can also be written
(A—ANY =0
This equation will have a nontrivial solution if and only if
[4 —AIl=0

This is called the characteristic equation. It is an nth degree polynomial
equation in A, which has exactly n roots, 4;, 4,, . . . , 4,. These are called the
characteristic roots or eigenvalues of the matrix 4.

We first show that all eigenvalues are real. For each eigenvalue A there is
a nontrivial eigenvector Y such that

AY =1Y

Taking the conjugate of both sides of the equation, we have

AY* = A*Y*
Taking the transpose,
(Y*)A = A%(Y*)
Then (Y*YAY = A%(Y*)'Y = A* |Y||?

1 Recall that the summation convention applies only to Latin subscripts. Therefors,
there is no summation on «.
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Also (Y*YAY = (Y*)'Y = 4 |Y|2
Subtracting, (A*—2)Y|I2=0

from which we conclude that 2 is real.
Next we show that for two different eigenvalues the corresponding eigen-
vectors are orthogonal. Assuming 4, 7 4, then

AY, =17,
AY, = 1,7,
YA =17,

Y, AYy = 2,Y, Y, = A,(Y,Y,)

YiAY, = 2, Y, Y, = 2,(Y,.Y,)
Subtracting, (Ao — A5)(Yy,Y5) =0
Therefore, (Y,,Ys) =0

If all eignevalues are different, then the columns of 7', treated as n-dimensional

vectors, are orthogonal to one another. They can also be normalized, since,
if

AY =AY
then -—-Y— = l

Y| 1Yl
Therefore, T =1

and in this case our problem is solved. The diagonal elements of D are the
n different eigenvalues of 4.

If some of the eigenvalues are equal, then we have to proceed differently. In
this case, we can select a subset of eigenvalues 45, 4y, . . . , 4, Withl < m < n,
which are all different. The corresponding eigenvectors Y;, Y,, ..., Y,, are
an orthonormal set. Now we define an orthogonal matrix

S=|YYy - Y,Z,Zy---Z,_,l|

where the Z’s are column matrices obtained by solving the equations
(YuZ) =0 1=12,...,m
(Zp,Z) =0 k=12,...,j—1

These equations always have a nontrivial solution, since they are a set of
m 4+ k homogeneous linear equations in » unknowns with m 4+ k <=n. We
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also assume that the Z's have been normalized. If we perform the multiplica-
tion 8’48, we have

s 0 O 0 0
0 0 0 0 0
0 0 1A 0 0 .
S’A8=)0 0 0 --- 2, 0 0 vee 0
0 0 0 ‘n C12 Cin-m
0 0 Co1 Ca2 Can—m
0 0 0 -+ 0 Cpmi Cpome Crn-mn-m

The matrix C is a real symmetric (n — m) X (n — m) matrix. It is not
diagonal, because the Z’s do not satisfy the eigenvector equation. Under the
orthogonal transformation X = SX the quadratic form becomes

Q=X8A488 =12 + 7+ -+ 4,7 + @

where

8!
3
+
-

8l

m+2

¢g=UCU U=

Tn

The eigenvalues of C are also eigenvalues of 4, since
|AS;’AS — M| =|8'4A8 — A8'I8|
= 18'118] 14 — a1
= — Nl — A (A, — 1) |C — Al

Therefore, the eigenvalues of C are the repeated eigenvalues of A.

The next step is to reduce @ to diagonal form by finding an orthogonal
matrix R such that R'CR = D, a diagonal matrix. - This is just the problem
we had before, only in an (n — m)-dimensional space. For simplicity, let us
assume that the eigenvalues of C are distinct. If not we can repeat the above
process again. The eigenvalues of C and corresponding eigenvectors satisfy

CVy=4V, oa=m+lm+2...,n
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Consider the matrix

1 00 0 0 0 0
010 0 0 0 0
0 01 0 0 0 0

R = 00 1 0 0 0
000 411 T12 Tin-m
0 0 0 0 7y Tog Ton—m
000 -0 Tn-mi Tn-me "n-m n—-m

Since R is orthogonal, it is easily shown that Ris orthogonal. Ifthe orthogonal
transformation R’ is applied to X, it does not affect the part of the quadratic
form already diagonalized, but it does diagonalize §. Therefore, we have

X =8X =SRX =TX
a transformation which reduces @ to diagonal form. 7 is orthogonal, since
T-1= (SR 1=PR181=RS8 = SR =T

Therefore, T is the desired orthogonal transformation. The columns of 7' are
the complete set of eigenvectors. Since orthonormal vectors are linearly in-
dependent, the eigenvalue problem leads to precisely n linearly independent
vectors, whether there are repeated eigenvalues or not. If a certain eigen-
value is a multiple root of the characteristic equation, we say that the eigen-
value is degenerate. If it occurs as a root m times, we say that it is m-fold
degenerate. Nevertheless, there are still m linearly independent eigen-
vectors, each satisfying the eigenvector equation for the same value of 1, and
these vectors span an m-dimensional subspace.

Since the eigenvectors associated with a given real symmetric » X n matrix
are a set of n linearly independent vectors, they form a basis for the n-dimen-
sional space. Therefore, any vector in the space can be expanded as a linear
combination of the eigenvectors. This fact allows us to solve certain systems
of equations in terms of the eigenvectors of a matrix appearing in the equations.
Consider, for example, the nonhomogeneous system of equations

AX - X =C

where X isann X 1 column matrix representing the » unknowns, 4 is a given
n X n real symmetric matrix, 4 is a given constant, and C is a givenn X 1
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column matrix of real constants. Since X is an n-dimensional vector, it can
be written as a linear combination of the eigenvectors Y, of 4, i.e.,

Then the system of equations becomes
Azyaya - }“z'}/aYa =C
a=1 a=1

la‘yaYa - }‘Z YaYa =C

1 a=1

M=

n n
3 hr¥a¥y) = 13 7:(YY,) = (CY))

Agvs — Ayp = (G,Yy)

lﬁ - l

Thus the problem is solved, provided 4 # Az forany . If A = A, for some §,
then there is no solution to the problem unless (Y;,C) = 0. In this case, y;is
arbitrary, and there are infinitely many solutions.

A real quadratic form is said to be positive-definite if Q = X'4X > 0
unless X = 0. Obviously, if @ is in the diagonal form

~

Vs

Q= A} + Aywy + -+ + 4,75,

and all the A’s are positive, then @ = 0 implies ) =2y =+ =2, =0, or
X = 0. Otherwise @ > 0, and therefore @ is positive-definite. If @ is not
in diagonal form, it can nevertheless be reduced to diagonal form by an orthog-
onal transformation X = TX. Under this transformation

Q=X'AX = X'DX = \Z} + A%z + ** * + 2,72

where A;, 4y, . . . , 4, are the eigenvalues of A. If all the A’s are positive, then
Q > O unless X = 0. But under the transformation, X = T0 = 0, so that
@ is positive-definite if all the eigenvalues of A are positive. On the other
hand, if any one eigenvalue 4, < 0, then there exists a nonzero vector X which
will make @ < 0. The corresponding X = 7'X is also nonzero, and therefore
@ is not positive-definite. The conclusion is that a quadratic form Q@ = X'AX
18 positive-definite if and only if all the eigenvalues of A are positive.

A pair of quadratic forms @, = X'4AX and @, = X'BX can be simul-
taneously reduced to diagonal form if one of them is positive-definite. Let
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@, be positive-definite; then there exists an orthogonal transformation
X = TX which reduces it to the diagonal form

@ = NF + ATy + -+ + 1,7,
with all the A’s positive. The transformation X = SY, with

)_1—‘} 0 0 ++¢ <o+ 0

0 12——1 0 +++ oo 0
g0 o

0

0 O ¢+ o+ 0 }m—%

reduces @, to )
G=9nt+y+ typ=Y7Y
The same transformation X = T'SY changes @, to
Q, = Y'ST'BTSY = Y'CY
C is real and symmetric since
C'=8T'B'T"S" =8'T'BTS = C
so that @, is a quadratic form in ¥ which can be reduced to diagonal form by
an orthogonal transformation ¥ = RY, giving
Qe =y + talla + ** + Bl
The transformation ¥ = RY does not affect the form of Q,, since
Q]. = Y’Y = Y,R/RY = YIY

Hence, the total transformation X = TSRY reduces @, and @, simul-
taneously to diagonal form. The transformation is not, in general, orthog-
onal.

The problem corresponding to reduction of quadratic forms in the space of
vectors with complex components is the problem of reducing hermitian forms
to diagonal form. A hermitian form is an expression of the form

H = (X*)4X
where 4 is hermitian, i.e., (4*)) = A. The value of H is always real, for
H* = (H*) = (X'A*X*) = (X*)'(4*)'X = (X*Y4AX =H

The main theorem dealing with hermitian forms is that a hermitian form can
always be reduced to diagonal form by a unitary transformation. The proof
follows,
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We seek a unitary transformation X = TX, such that (T'*)' = T-1, which
will reduce H to diagonal form, i.e.,

H = (X% AX = (X*)(T*)ATX = (X*/DX
=M || + A B2 + - - - + 4, |71

In other words, we wish to find a unitary matrix, such that (7*)’AT = D or
AT = TD. In subscript notation this is a,t,, = At,,. Let Y, be the ath

column of T'; then
AY,=4,Y,

Thus we are led to the eigenvalue problem AY = 1Y and the characteristic
equation |4 — AI| = 0. The characteristic equation has n solutions 4;, 4,,
..., A, not necessarily distinct.

Since A has complex elements, the eigenvectors Y, have complex com-
ponents. However, because A is hermitian, the eigenvalues are real.

AXY* = *Y*
(Y*)(4%) = (Y*)A = IX(TY*)
(Y*)AY = 2%(Y*)'Y = A* |Y|?
(Y*YAY = AY*) 'Y = A||Y2

Subtracting, (A* — 1) |Y||2 = 0, and since |Y|2 > 0, Ais real. Also, for two
different eigenvalues the eigenvectors are orthogonal, If A, # 4,

AY, =AY,
(Y2 (4% = (Y24 =AY}
(Y:)’A Yﬂ = 'z'a( Y:)’ Yﬂ = )'a(Ya’YB)
(YI)AY, = A(¥]) Yy = A5(Y,,Y,)

Subtracting, (4, — 44)(Y,,Ys) = 0, and therefore (Y,,Ys) = 0.

If all the eigenvalues are distinct, we have a set of n orthogonal eigenvectors.
The eigenvectors can also be normalized, and therefore they constitute an
orthonormal set of vectors. The matrix

T=|Y, Y, - Y|

is therefore unitary, and this is the matrix which reduces H to diagonal form,
If some of the eigenvalues are equal, we have the degenerate case, and we
proceed in a manner quite similar to that used in the case of the quadratic
form. The details will not be given.
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Exercises 1.10

1. Show that the general equation of a quadric surface in three-dimensional
euclidean space,
X'AX + BX +k =0

can be reduced to the form Y’AY = ¢ if 4 is nonsingular.
2. On the basis of the eigenvalues of 4, classify the quadric surfaces

XAX + BX +k =0

into ellipsoids, hyperboloids, paraboloids, and cylinders.
3. Find an orthogonal transformation which will reduce

Q =2z} + 22} + 22} — 22, — 27,
to diagonal form.
4. Find a transformation which will simultaneously reduce

@ =32} — 22,7, + 323

and @, = x,7, to diagonal form.

5. Show that & pair of hermitian forms can be simultaneously reduced to
diagonal form if 6ne of them is positive-definite.

6. The n X n matrix A4 is said to be equivalent to the n X n matrix B,
written 4 ~ B, if there exist nonsingular matrices S and 7' such that SAT = B.
Show that this equivalence relation satisfies the three required properties:

a. Reflexive: forall 4, A ~ 4.

b. Symmetric: if 4 ~ B, then B ~ A.

¢. Transitive: if 4 ~ Band B ~C, then A ~C.

7. If T is nonsingular, T-! AT is called a similarity transformation. Show
that if 4 and B are equivalent to diagonal matrices under the same similarity
transformation, then 4 and B commute.

8. If Ay, 4, ..., A, are the eigenvalues of a real symmetric matrix 4 with
corresponding normalized eigenvectors Y3, Y, . .., Y, show that the following
equations are satisfied:

a. (A — 4I)a, Y, =0

b (A — AINA — A )@, Y, + ayY,) =0

c. (A —-24,I)A4 — A I) (4 — AI)a Yy +agYy + -+ +a,Y,) =0
for arbitrary a,, ay, . . . , @,. Hence show that F(4) = O, where

FA) =4 —2)4 —2p4) (A= 2) =0

is the characteristic equation of A. This is a special case of the Cayley-Hamilton
theorem.
*9, Let A be an m X n matrix with elements a,;(f) which are differentiable
funetions of £. If we define the derivative of 4 by
dd _ . A@+ A — A®)
At—0 At

d4 d
show that % has elements 7o

*10. Let H(X) = (X*)’AX be a positive-definite hermitian form. Define the
associated bilinear form H(X,Y) = (X*)’AY. Show that H(X,Y) satisfies
the postulates for a scalar product.
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1.11. Systems of Ordinary Differential Equations.
Vibrations Problems

As an application of some of the ideas developed in the previous sections,
we now consider the problem of solving certain systems of ordinary differential
equations. The sys’oem of differential equations

dx.
+rt ey d_tl = 0y %) + A%y + ¢+ W%y

dgm— 1

d™z, d™ g, dx
U =l Oy = A =2 = Ay + Gy - Gy,

dat di dt

"z, ™'z,

—+ Oy 4+ 4a =a,,% +a 4 - ]
m dtm m-1 dim1 1 dt n1*1 n2¥e n

where o, &y, . . . , «,, and a;, are real constants, is a system of » linear ordinary

differential equations in #» unknowns. This system can be written in matrix
notation as

92X = AX
am dm-l d
h 9 = —_— [ — oo —
where oy o + oy Lo + + oy %

is an mth-order linear differential operator. If A is symmetric, we know that
there exists an orthogonal matrix 7' such that 7" AT = D, where D is diagonal.
This fact leads to a solution of the system.

Let X = TX; then 9X = T 92X = ATX. Multiplying on the left by 7"
gives 92X = T"ATX = DX. In termsof the componentsof X, 9%, = A,%,,
where the s are the eigenvalues of 4. In terms of X the variables are
separated, so the problem reduces to solving » mth-order ordinary differential
equations. Each Z; contains m arbitrary constants, so that the general solu-
tion of the system has mn arbitrary constants.

Problems of this type occur frequently in the theory of small vibrations.
The general theory of small vibrations will be treated in Chap. 2, but we can
consider some examples here. Inthe case of undamped vibrations, the oper-
ator 9 is just thesecond derivative, and thesystem of differential equations can
be written as

d*x

=— =4X
dt 2
Under the orthogonal transformation X = TX, the system becomes
d’z,
iz = %

which has the solution
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where c; and ¢, are arbitrary constants. The solution of the original system
is X = TX, and the 2n constants c; and ¢, are evaluated in terms of the initial
conditions on the z’s.

1f the initial conditions are preperly chosen, it is possible to make ¢; = 1 and
¢; = 0fori #= . Forsuch a choice of initial conditions we have the particular

solution

Tig = tu B = t:ﬂ sin (v _}'ﬁt + ¢ﬂ)
= Yip sin (V —Agt + &)

where the y,; is the ith component of the Sth eigenvector of 4, which satisfies
the eigenvalue problem AY; = 4;Y;.  We notice that this particular solution
is one in which every component of the solution has the same circular frequency
wg = v -——-l_ﬂ Such a solution is called a normal mode of the system, with a
natural frequency w;. The normal modes are directly related to the eigen-
values and eigenvectors of 4 by the equation
X; = Y sin (wgt + ¢p)
When we substitute X into the system of differential equations, we have

Et-zX = —wp Y, sin (wpt + ¢p) = AY, sin (wst + ¢p)

or AY; =AY,

the eigenvalue problem. Anticipating this result, we could have started out
by seeking those particular solutions all of whose components have the same
frequency. This would have led to the eigenvalue problem 4Y = 1Y and
characteristic equation |4 — AI| = 0, the roots of which give the natural
frequencies. The general solution is then a linear combination of the normal
modes X = ¢,X;. The normal modes are orthogonal, i.e., for « #

(xa,Xﬁ) (YwYﬁ) sin (L) t + ¢a) sin ((I)ﬂt + ¢ﬁ =0

because the eigenvectors are orthogonal. This makes it easy to evaluate the
unknown constants in terms of the initial conditions:!

=Y ¢, Y,sin ¢,
a=1
[X(0),Ys] = ¢, sin ¢,

X(0) = (dX) = i ©,6,Y, €08 ¢,
dt /1= 0 a=1

[X(0),Y5] = wsey cos .

}'ﬁ

— tan-! wp[X(0),Y,]

te = R0,

1 The value of tan™1 is chosen to give cos ¢P and sin ¢ the correct sign.
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As an example of the foregoing discussion, let us consider the small vibra-
tions of the following system of masses and springs:

Z,

X2

FIGURE 1

The differential equations governing the motion are
mE = —kx, + k(ry — ;)
mEy = —k(x, — 2,) + k(rg — 7,)
miy = k(xy — 23) — kg
In matrix form they are X = AX, where
—20 0
« —2a a
0 o —2a
o = k/m. The characteristic equation is
—(A 4 2a) 4 2024 + 2a) =0
and it hasroots 4, = —2«, 4y = (—2 + \/i)a, Ag=(—2— \/‘_2)0(, giving the
natural frequencies w, = \/§7c/_m, Wy = J(2 — \/§)Ic/m, Wy = ~/(2 + \/g)k/m.
The corresponding normal modes are

4=

sin (wyf + $1)

sin (wyt + b,)

- sin (w
Xy = N (wgt + &5)
1

The first mode represents a motion in which the center mass remains fixed and
the masses on the sides move in opposite directions with equal amplitude. In
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the second mode all masses move in the same direction, the side masses moving
with equal amplitude, and the center mass moving with an amplitude v/’ 2 times
the amplitude of the others. The third mode is like the second, except that
the center mass moves in the opposite direction from the side masses. Any
other possible motion of the system is a linear combination of these normal
modes.

The case of forced vibrations with periodic forcing functions can also be
handled very readily. Suppose in the above example each mass has an
external periodic force acting on it, i.e.,

Ji = by sin (gt + 6y)
Jo = by sin (ugt + 0,)
fs = by sin (ugt + 65)

are the forces acting on masses with displacements 2, #,, x5, respectively. The
differential equations can now be written

X=AX 4+ F, +F, + Fy

where
2} 0
" b
F, =1l ¢ |[sin (ut + 6,) Fy = i sin (uyt + 0,)
0 0
and
0
Fy=|| 0 |/sin (st + 6)
b
m

We have the system of nonhomogeneous differential equations

X —AX=F, +F, + F,
There is a complementary solution X ,whichsatisfies the homogeneous differen-
tial equations X, — 4 X, = 0 and contains six arbitrary constants. Further-
more, there are three particular solutions Z,, Z,, Z, which satisfy the equations
2,— AZ,=F,i=1,2,3. Sincetheequations arelinear,
satisfies the differential equations X — AX = F; + F, + F, and has the

required number of arbitrary constants, and it is, therefore, the general solu-
tion. Our problem is thus one of solving for a particular solution

2 — AZ = F = Csin (ut + 0)
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Let Z = Bsin (ut + 0); then Z = — u2Bsin (ut + 6),and —u?B — AB = 0.1
B can be written as a linear combination of the eigenvectors of 4, i.e.,

Substituting for B,
n n
_”22171 Ya —4 zlya Ya =C
a= a=

_'/“2 Zlya Ya - lea% Ya =C

—#* 2 7aYo¥y) — 3 Zir(Ya¥p) = (CY)

—#2719 — Agyp = (C,Yy)
— (C»Yﬂ)

T e,

provided Ag # —u% If —u? = A; for some f, then we have the case of
resonance where the amplitude of vibration builds up with time, and this
must be handled in a different way.

In the case of resonance, —u? = A; for some £, the problem can still be
solved by diagonalizing the matrix A4, assuming 4 is real and symmetric.
There exists an orthogonal transformation Z = 7'Z which reduces the equa-
tions to

Zy — AZ, = Cysin (ut + 0)

Particular solutions for these equations are

= Ca .

Zy —,uz Yy sin (ut + 0)
except for o = f§, where the method of undetermined coefficients gives the
particular solution

Z =2 ¢ cos (ut + 6)
—2u

The particular solution Z = T'Z is a linear combination of the particular solu-
tions one of which builds up in amplitude with the factor¢. This is typical of
resonance without damping.

If the applied forces are not sinusoidal but are periodic, then they can be
expanded in Fourier series. Then the response to each component can be
calculated by the methods just described. Since the problem is linear, the
total response can be calculated by adding the responses of all the components,
provided the resulting Fourier series can be shown to converge.

! Compare with the nonhomogeneous linear equations in Sec. 1.10.
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Exercises 1.11

1. Three equal masses are attached to a string at equal distances from one
another and from the ends, which are fastened to supports so that there is a
tension 7' in the string. Compute the normal modes and natural frequencies
of small transverse vibrations about equilibrium. Describe the normal modes.
HiINT: Assume the tension constant, neglect gravity, and assume the string
weightless.

2. In the example of the three masses mounted on springs given in the text,
assume that the system is started from rest in the equilibrium position by a force

mg sin 2V E/Tn ¢t acting on the center mass. Find the complete solution for the
motion.
3. Assuming damping forces —p2z;, —p%i,, and —p%, acting on the three
masses in exercise 2, find the transient solution for arbitrary initial conditions.
4. Do exercise 2 with damping forces as in exercise 3 and with force mg sin

V' 2k/m t acting on the center mass.
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Chapter 2. Calculus of Variations

2.1 Maxima and Minima of Functions. Lagrange Multipliers

One of the fundamental theorems of analysis tells us that a continuous func-
tion defined over a bounded closed region takes on a mazimum and minimum value
somewhere tn the region. This maximum and minimum may occur on the
boundary of the region or at an interior point. At an interior point we may
have a relative maximum or a relative minimum. The condition for a
relative maximum of the function f(x;,2,, . . . ,#,) at a point with coordinates
(2y,%g, . . . ,x,) is that there exist some neighborhood of the point for which

flx, + Axy, 2o + A2y, . .., z, + Az,) — f(2,75, ... 2,) <O

for arbitrary Az;, Az,, ..., Az,. For a relative minimum there must exist
some neighborhood of the point throughout which

flzy + Azy, 2 + Axy, ..., x, + Az,) — fl2,25, . .. %) =0

If the function f(z,,,, . .. ,x,) has first partial derivatives at a relative
maximum or relative minimum, then it is easy to find necessary conditions for
such a point. For example, in some neighborhood of a relative maximum

J@y, .. 2 + Ay, . 2,) — (2%, . T L ,T)

Az <0
BT
for positive Az,. Also
f@ptg, ..., 2 + Ay, ..., 2,) — f(2,2 ... ,a:k,...,z,,)zo
Az
)
. . of . N
f(}):; Az, negative. But the existence of ™ at the point (2,,z,, . . . ,2,) implies
that x
]im f(xl,xg, o ,xk + Axk, ey zn) —f(xl,xa, o .. ,xk, oo ,x”)
A2,~0 | Az,

68
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exists and is independent of whether Az, approaches zero through positive or
through negative values. Therefore, aaxj; = 0 at a relative maximum point,
and this is true for all . The necessary condition for a relative minimum
point is the same, and the proof is quite similar.

The fact that -—a—f- = 0 for all k is not a sufficient condition for a relative

Oz,
maximum or minimum, as is seen by the example f(z,,2,) = z,z,.
) 0
—f —f =0 atr;, =2, =0
0x, Oz,

but f(x,,z,) takes on positive values in the first and third quadrants and nega-
tive values in the second and fourth quadrants. Hence the origin can be
neither a maximum nor a minimum point., In this case, the origin is called

2
a saddle point. In any case, we say that 5£ = ( is a necessary condition
Ly

for a stationary value of the function. The sufficient conditions for rela-
tive maxima and minima involve, in addition to the first partial derivatives’
being zero, inequalities containing higher-order derivatives.!

The necessary conditions for a relative maximum or minimum can be
phrased in another way. Assuming that f(z;,2,, . . . ,z,) has continuous first
partial derivatives in a neighborhood of the extremum point, we can write

Af = f(x, + Azy, 2y + A2y, . . ., 2, + Az,) — f (21,2, - - - ,2,,)

aaf Az, + = 9 A 3+---+aaiAx"+£1Axl+£2Ax2+'--+5,,Ax,,

iz, Oz, Z,
af Az, + & Az,

where &, — 0 as Az; — 0. The first-order change, or more simply, the first

a
variation of f is df = a—f dz;, where we have replaced Az; by the differen-
Ly

tials dx;. The necessary condition for a relative maximum or minimum of a
Junction with continuous first partial derivatives is that the first variation df
vanish for arbitrary changes dx; in the independent variables z,.

Ifthe variablesx,, z,, . . . , ,, are not independent but satisfy some condition
or conditions of constraint, the extremum points can usually be found by a
straightforward procedure of differentiation and solution of simultaneous
equations, or by the method of Lagrange multipliers. To illustrate the
equivalence of these two methods, we consider first the problem of extremizing

18ee R. Creighton Buck, ‘“‘Advanced Calculus,” McGraw-Hill Book Company, Inc.,
New York, 1956.
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a function of two variables subject to one constraint. We shall then generalize
to the case of a function of n variables subject to k constraints.

Suppose we are asked to locate a relative maximum or minimum of f(z,,x,)
subject to the constraining condition g(z,,#;) = 0. In principle we can solve
g(2;,2,) = O for x, in terms of z,, i.e., x, = G(x,). Substituting in f(z,,z,), we
have

fl2,G(2))] = F(y)
a function of the single variable x, to be maximized or minimized, a necessary
condition for which is F'(z;) = 0. Hence, we can locate the stationary value
by solving simultaneously
Py =L+ Law =0
0z, axz

g(x1,25) = 0
From the constraint we have

9 g + 9 4wy — 0
Oz, 0z,
from which we have
d
@ (z,) = dz, _ _ 99/0%,
5 dx, 0g/0x,
provided 537 # 0. Hence the equations we are left to solve are
2
Ox, 0y Oxy 0%,
g(xy,25) =0
Consider the problem of maximizing or minimizing the function
H(xl:xzil) = f(x11x2) + lg(xl’z2)

as a function of the three variables z,, z,, A subject to no constraint. The
necessary conditions for a stationary value are

o0H of . 0g

—_— = = A—= = 0

Oz, Oz, + oz,

OH_o 0%,

Oz, 0Oz, Oz,

OH

al = g(21,%p) = 0
Eliminating A, we arrive back at the system of equations

of 99 _ o 9%

Oz, 0z, O, 0z,
9(xy,2) =0
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Thus the two methods are equivalent. The second is called the method of
Lagrange multipliers, and the A is called the Lagrange multiplier.
More generally we can consider the problem of maximizing or minimizing

a function f(x,,2,, . . . ,,) subject to constraints

g1(y, 25, ... ,2,) =0

Goly, 9, . . . ,x,) =0

Gr(1,25, ... 2,) =0
with & < n. Inprinciple we could solve the constraints for  of the variables
in terms of the other n — k, substitute into f(x;,x,, . . . ,2,), and arrive at a

function of n — kindependent variables to be extremized. Alternatively, we

)
can proceed as follows. The first variationdf = a—f dz; must vanish, but now,
. i
because of the k constraints, only n — k of the differentials dx, are independ-
ent. The differentials must satisfy & conditions of constraint, i.e.,

2qldar:,:O 1=1,2,...,n

Z;
i=12 ...k
Multiplying these equations by 4, and summing, we have

i a_g,.) _

(axi A o) =0

which is true for arbitrary A’s and arbitrary values of n — k of the differentials.
We pick the A’s so that k of the expressions in the parentheses vanish. The
remaining expressions in parentheses must also vanish, since the n — k re-
maining differentials are arbitrary. We arrive at the following necessary
conditions for a relative maximum or minimum:

of g, .
_+l—=0 1=1,2,...,n
Oz, 2
gy .. 2,)) =0  j=12,...,k
This gives n + k equations to solve for z;, z,,...,z, and Ay, 4y, ..., 4.

These equations are the necessary conditions for a relative maximum or mini-
mum of
H(xy, 29, . o o Zpyhyshg, - oo A) = f(@,2, - . . ,2,) + Ag5(20, %, - - . ,2,)

To illustrate the use of Lagrange multipliers, consider the problem of finding
the minimum distance from the plane ax; + bz, 4 cxs + d = 0 to the origin.
Geometrically it is clear that such a minimum exists. The problem is to
minimize f(x,,2,,2;) = #F + 22 + 2% subject to the constraint

g(y,%9,%5) = axy + by + c23 +d =0
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In the method of Lagrange multipliers, we minimize

The necessary conditions for the minimum are

a£=2x1+al=

0z,

ai{=2z2+bl—0

07,

aH =2z +¢cl=0

axa

aail ax, + bxy 4 crg +d =20

Solving for A, we have
2d

“Frrra
The minimum occurs at the point
z, = —ad/(a® 4 b2 + ¢?) z, = —bd[(a® + b% + ¢2)
zg = —cd[(a® + b% + ¢?)
and the actual minimum is equal to|d|/(a% + 52 + ¢2)}.
As another example, consider the real quadratic form
Qg . . . x,) = X'AX

where A is real and symmetric. If we divide @ by X’X, which is positive
unless X = O, we have a function

f(X) =f(xpx2; “ e ,Z”) =w =XAX

2,2, X'X
If Y is an eigenvector of 4 corresponding to an eigenvalue A, then
Y'AY iAY'Y
YN=r——"F=——=1
1) Y Y'Y

and, furthermore, f is stationary with respect to small changes of X about Y,
ie.,

if = [(ykyk)( is) = (auyky»@y.-)] iz,
YmYm)?

[(ykykxzzy,) - (zy,y,xzy,)] dz,
YmYm)®

0
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This suggests that the eigenvalues of 4 can be found by finding the stationary

values of f.
Recall that the eigenvalues of 4 are all real and that there are a finite number

of them. Hence they can be ordered as follows:

}'l Slg S%S"' Sln
assuming Aisn X n. Any vector X can be expressed as a linear combination
of the normalized eigenvectors Y, i.e., X = ¢,Y;, so that

(. Y)A(c,Y)) ,gl gl(ci Y)es(4,Y ;)

f(X) = - = -
(ck Yk)(cm Ym) ckcm Yk Ym
2 2 Agiesdy Zl.-cf
_ i=1§=1 _i=1
chmékm x 02
P NH p R
Now == and  i,="=
P 2. <
k=1 k=1
z (;“l - j’l)cg
so that h—fX)="—— <0
>k
k=1
z (;'n - )'i)ct
Ay —f(X) == 20
pX
k=1
or )'1 Sf(X) < )'n

for an arbitrary vector X. This inequality allows one very quickly to obtain
an upper bound for 4, and a lower bound for 4,,, and also indicates that one can
find 4, by minimizing f(X) and 4, by maximizing f(X). If we wish to find 4,,
we can proceed as follows. Minimize f(X) over the subspace of vectors orthog-
onal to Y;. In this case X can be expressed as a linear combination of
Y, Y, ..., Y,, and we have

2 it
f(X) = ‘=:
P
’ k=2
and the inequality A <f(X) <4,

Therefore, the minimum of the function over the subspace yields 4, and the
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corresponding eigenvector Y,. The next eigenvalue A5 can be found by mini-
mizing f(X) over the subspace orthogonal to Y; and Y,. This iterative pro-
cedure yields all the eigenvalues and eigenvectors as solutions to problems in
the calculus of variations.

The method of Lagrange multipliers yields all the eigenvalues and eigen-
vectors in one step. We attempt to find the stationary values of @(X) subject
to the constraint g(X) = X'X — 1 = 0. The problem is to extremize

H(X) = Q(X) — 29(X)
The necessary conditions are
2a,2; — 22, =0  wx; =1
The first of these is the eigenvalue problem
AX = AX
which leads to the characteristic equation
|4 — Al =0

which yields the n eigenvalues 4, 4y, . . ., 4,. The eigenvectors Y;, Y,, ...,
Y, are determiined by solving
AY,=1,Y,

subject to (Y,,Y,) = 1. That the eigenvectors are orthogonal follows as in
Sec. 1.10.

There is still another way to characterize the eigenvalues of 4 as a varia-
tional problem. Let 4, be the kth eigenvalue from the sequence of ordered
eigenvalues; then '

n
2
—f(X) = E—

2

i=1
This expression can be made nonnegative by choosing

Gy = Cppa = " =€, =0
We choose the remaining ¢’s to satisfy the ¥ — 1 conditions
(X’VI) = (X7v2 == (X,V;4) =0

°
where V,, V,, ..., V,_, is any set of linearly independent vectors. These
are ¥ — 1 homogeneous linear algebraic equations in k¥ unknowns. These
equations always have a nontrivial solutlon, which is determined to within
a constant of proportionality. This constant does not affect A, — f(X), since
it appears as a common factor in both the numerator and the denominator
of the above expression. Alternatively one could require that

k
X[ = z2, = ‘Zlcf =1
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which would determine ¢;, ¢, . . . , ¢, exactly. Since ¢, ¢y, . . ., ¢, are deter-
mined for a given set of vectors V,, V,, . . ., V,_;, and since choosing ¢, ,;, ¢y,
, ¢, different from zero cannot increase 4, — f(X), we have

min f(X) < 4,

where X is orthogonalto V,, V,, . .., V,_;. Now we know from previous con-
siderations that,if V, = Y,,V, =Y,,...,V,_, =Y, ., then min f(X) = 4,.
Therefore,

2 = max [min f(X)]

astheset V;,V,, ..., V,_,isallowed to change. Thisis called the minimax
definition of the eigenvalue. The vector which defines the kth eigenvalue is
the kth eigenvector, for then

2

. . .
(X,Y,):l(ZGYY)_cj=O forj <k

—c;=1 forj=F%

The advantage of this definition is that we can define the kth eigenvalue con-
ceptually without first knowing the ¥ — 1 preceding ones.

Exercises 2.1

1. Using the method of Lagrange multipliers, find the points on the surface of
the ellipsoid
922 4 1222 + 923 — 6ay@, — By — 25 = 0

which make the distance from the origin stationary. Show that these points are
on mutually orthogonal axes through the origin.

2. Let @(X) = X’AX be a positive-definite quadratic form with 4 real a.nd
symmetric, and N(X) = X’X. Wae have already shown that the eigenvalues of 4
are the stationary values of @Q(X) subject to N(X) = 1. Show that the eigen-
values of 4 can be found by finding the stationary values of N(X) subject to
Q(X) = 1. ‘What is the relation between the stationary values of N and the
eigenvalues of 47 N(X) is just the square of the distance from the origin to the
surface Q(X) =

*3. Let @(X) = X’AX be areal quadratic form and E(X) = X’BX be a positive-
definite real quadratic form. A and B are both » X n real symmetric matrices.
Show that the stationary values of Q(X) subject to E(X) = 1 are the solutions of
the characteristic equation |4 — AB| = 0. How is this problem related to the
problem of simultaneous reduction of E and @ to diagonal form discussed in
Sec. 1.10? .

*4, If Q(X) = X’AX is a real quatﬁatic form, Q(X,Y) = X’AY is called the
associated bilinear form. Show the following:

a. QX,Y) = Q(Y,X). .

b. QX,Y) = {QX + ¥) — QX — Y)]

¢. If 1is an eigenvalue of 4 and Y is the corresponding eigenvector,

QX,Y) - AN(X,Y) =0
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for arbitrary X. Here N(X,Y) refers to the bilinear form N(X,Y)= X'Y asso-
ciated with N(X) = X'X.

d. N(U,V) = N(U,Y,)N(V,Y,) where Y,,i = 1,2,3,...,n, are the n eigen-
vectors and U and V are any vectors in the n-dimensional vector space.

8. Let H(Z) = (Z*)’AZ be a hermitian form, with 4 a hermitian matrix with
eigenvalues 4, < A3 < 43 < --- < ,. Show that

W<f2Z) <2y

where f(Z) = H(Z)/(Z*)'Z, and that the stationary values of H(Z) subject to
(Z*)Z = 1 are the eigenvalues of 4. HinT: In the second part let

ak, = ak, + iﬁk} and zj = ﬁj + 'l:y,.

2.2 Maxima and Minima of Functionals. Euler’s Equation

The types of problems considered in Sec. 2.1 can be handled by the ordinary
calculus. The subject matter of the calculus of variations deals, on the other
hand, with the problem of maximizing or minimizing functionals (usually
integrals) which depend on the definition of some function or functions. In
Sec. 2.1, we extremized functions in some finite-dimensional vector space. In
this section, we shall treat the problem of extremizing functionals in an infinite-
dimensional function space. Some examples of this kind of problem are the
following:

1. Find the shortest curve y = y(x) in the zy plane connecting the points
(0,0) and (a,b). To solve this we must minimize

(a,sd) a 27+
o [P ae (s ()]
(0,0) 0 dzx
subject to the conditions y(0) = 0 and y(a) = b.

2. Find the shortest curve lying in the surface z = z(z,y) and connecting the
points (2y,4;,2;) and (xg,y5,25) on the surface. Here we must minimize

(@g,¥3,23) (23,v3,23)

8= ds = (=) + (dy)® + (=)}
(21,¥1,21) (21,¥1,21)
(23,vs) 27 ¢
= [ aor 4 agp 4 (2o + Zayf]
(@1,91) ox oy

Suppose we seek parametric 6qua.tions of the curve

s=a) y=yl) z=Hdz)yl)] O0<t<]l
such that
20 =2 Y0 =y, z2zry) =2
and
2(l) =2, y(l)=1y, 2(%gYg) = 29
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Then the problem is to minimize

1 dz\ | . 0z\? 929z .\
v (G e [ (@] o 224
-[){[ t oz S oy vt 8:cayxy

3. A massslides on a frictionless wire connecting points P and Qin a vertical
plane. For what shape of the wire is the time of descent a minimum? Energy
is conserved, so that the potential energy lost in the descent is equal to the
kinetic energy gained. Taking the point P to be the origin of the plane and

measuring y positively down, we have mv? = mgy or v = V/2gy. We wish
to find the curve y = y(x) which minimizes

Jra=l 2 =[]

and which passes through the points (0,0) and (a,b).

4. Find the positive function y = y(z) > 0 whose graph passes through the
points (a,b) and (¢,d) which produces the surface of revolution about the z axis
with least area. We wish to minimize

[sofi+ (8T

subject to y(a) = b and y(c) = d.

5. Fermat’s principle states that a light ray passes through a medium along
a path which minimized the transit time. Let #(z,y) be the index of refraction
in a two-dimensional medium, i.e., v(z,y) = ¢/n(z,y), where ¢ is a constant
(velocity of light in a vacuum). Then the time of transit between points (0,0)
and (a,b) is given by

i
d—s—lf’?(%y)[l + ( )2] dz
[

where y = y(x) is the curve along which light is transmitted. The problem is
to find the function y(x) which minimizes this integral.

6. Find the shape of a uniform hanging cable of a given length. The cable
will hang in a position which minimizes the potential energy. The potential
energy is proportional to the coordinate of the centroid in the direction of the
gravitational force. Take the y axis in the vertical direction. The problem
is then to minimize

1 (e 1 (e dy\?}
y LJ;y i A el P i B

subject to the condition

o[ @7

and with y(0) = 0 and y(a) = b.
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7. Find the closed curve of given length in the zy plane which encloses the
largest area. The parametric equations of the curve are x = z(t), y = y(?),
0 <t <1, with z(0) = z(1) and y(0) = y(1). The area enclosed is

ffdxdy:%éxdy——ydx
g c

by use of Green’s lemma. Thus we wish to maximize

1
%fo (xy — y) dt

1
subject to L =f (@2 + )t dt
0

It is understood that certain continuity conditions on the functions and/or
their derivatives must beprescribed in each case in order to make the extremum
meaningful. This serves to define the function space in which the extremum
is sought. It may be that there exists no solution of the variation problem
within the class of admissible functions, i.e., that function space in which
the extremum is sought. For example, if we seek the positive continuous
function y = y(x) passing through (a,c) and (b,d) which minimizes the area
between the curve and the x axis, there is no solution. This is because the
function corresponding to the lower bound

b
fydx:O

isy(x) = 0,0 < z < b, y(a) = ¢, y(b) = d, and this is not a continuous function
as prescribed by the variational problem. Continuous functions can be found
which will make the area arbitrarily close to zero, but it cannot be made exactly
zero for any continuous function.

The problem of finding sufficient conditions for the solution of a variational
problem is one of the more difficult aspects of the calculus of variations. We
shall be content to deal only with necessary conditions, i.e., assuming that a
maximizing or a minimizing function exists, to find the conditions it must
satisfy, and hence to find a function which satisfies these conditions. One can
usually show that it is the requxred extremizing function within the context of
the individual problem.

Problems 1, 3, 4, and 5 can all be put in the form of the following problem

tO mlnlmlze
-[lb ( d )
’ 2

by the proper choice of ¥ = y(z), which goes through the end points y(a) = ¢
and y(b) = d. Under suitable restrictions on F and on the class of functions
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admitted to competition, we shall derive necessary conditions for the mini-
mizing function, assuming that it exists in the class of admissible functions.
Let F have continuous second partial derivatives with respect to its arguments

d,
z, y, and d_y Let y have continuous second derivatives. Assuming that
2

there is a function ¢(x), which has continuous second derivatives, passes
through the given points, and makes the functional take on its minimum
value, we have

e)—f F(x, ¢ + en, ¢' + en’) dx > 1(0) f F(x,¢,¢') dx

where we have set y(x) = ¢(z) + en(z). e is a small scalar, and 7(x) is an
arbitrary function in the class of admissible functions, i.e., has continuous
second derivatives. Furthermore,
o _dy _db  dy :
Y tl:v—(zl.f4:_+—€clyc—¢-{_677
Also, since y(a) = ¢(a) and y(b) = ¢(b), then 5(a) = 5(b) = 0.
I(¢) takes on a minimum value at € = 0. Therefore, I'(0) = 0, and we use
this to derive necessary conditions for ¢(x) to be the minimizing function.

I'(0) = lim () — 1(0)

=0 €
— lim ”[F(oe, $+en ¢+ en) — F(x,¢,¢'>} e
e~20va €

Since F has continuous first partial derivatives, we can write

I'(0) = lim [F z, ¢+ Oen, ¢’ + F (2, §, ¢ + Oyen’)y’1 dz

€0
where F, refers to the partial derivative of ' with respect to its second argu-
ment and F,. refers to the partial derivative of F with respect to its third
argument. Here0 < 6, < 1,and 0 < 6, < 1. The fact that the integral is
a continuous function of ¢ allows us to take the limit under the integral sign,
and we have

b
1'(0) =f [Fu(%¢,¢')77 + Fv'(x’¢’¢')77'] dz =0

We can integrate the second term by parts, giving

= I:F,,'(z,ﬁﬁ,‘ﬁ')ﬂ:l: —f:[ g; F,(z4,4") — Fﬂ(x’qg,qy)jl,? de

Because 7(a) = 7(b) = 0, we have

b
f l:dd—x Fy’(z’¢’¢’) - Fv(xa¢)¢l)]n dz =0
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% .

d
The function o F,(2,4,¢') — F,(2,4,¢') is a continuous function of z. When

it is multiplied by an arbitrary continuous function #(z), which vanishes at the
end points, and is integrated, the result is zero. This means that

;}F,-(x,qb,qb') — P4 ¢') =0
X

in the whole interval. If this were not so, the function would be different from
zero at some point. The continuity implies that it is of the same sign in some
neighborhood of that point. Then 7 can be chosen with the same sign in all
or part of this neighborhood and with the value zero elsewhere. This would
imply that the integral of a positive continuous function is zero, which is
clearly impossible.

The necessary condition for y = ¢(z) to be the minimizing function is thus

L Febd) — Badd) =0
x

which is Euler’s equation. It is a second-6rder differential equation for ¢
which, along with the boundary conditions ¢(a) = ¢ and ¢(b) = d, generally
will yield the desired solution.

As an example, let us solve problem 1. Here

2%
Fyy') = [1 + (@) }
dx

hThe Euler equation yields
d ¢
o v 0
) dz [1 + (¢')]
Integrating this equation, we have
. "
L S— A
[+ ()%
which can be solved for ¢’ as follows: L4
‘ k
' — 2 K
alrys 2%
Integrating and using the boundary conditions ¢(0) = 0 and ¢(a) = b, we have

$=122
a

which is to say that the straight line is the shortest curve connecting two poiﬁts
in the plane.
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Problems 3 and 4 can likewise be solved, but first let us note a useful proiwrty
of the Euler equation when F does not depend explicitly on the independent
variable 2. In this case,

d;'dx(y’Fy' '—\F) = y”Fu’ +y,5d;‘pﬂ' - Fuy, _Fv’:’/” =y’(§;Fv' - Fv) =0
when y = ¢, the minimizing function. This implies that
¢’Fﬂ'(xr¢s¢,) - F(x:¢’¢') =k
where £ is a constant.
In problem 3,
' F=y14 @)
which does not depend explicitly on z. Thereforga,

(@)%l + (P — i + (¢ =k

— =1 =k = 1
, {#11 + (¢} K
Solving for d«, we have
__¢#dg
e

Making the substitution ¢ = K2 sin? ¢, we have
z = 2K2ft sin®t dt = K“(t — M)
0 2
z = }K*(2t — sin 2¢)
é = 3K*(1 — cos 2¢)
Therefore, the solution is a cycloid, with the constant K determined by the

condition that the curve pass through the point (a,b).
Problem 2 is of the following type: to minimize

b
f F(tzy,%,y) dt
d

by chooéing properly functions z(t) and y(t) passing through given end values
x(a) = z,, y(a) = ¥,, and 2(b) = =z, y(b) = y,. This is a special case of the
following problem in n dependent variables: to minimize

b
f F(tzyzg, . .+, X,%,%, . . . ,&,) dt
a

by choosing properly function z;(¢), Z4(£), . . . , z,(t) passing through given end
points. It ispossible to find necessary conditions for the minimizing functions
in this more general case. - We shall do this in the case of two dependent
variables, and the extension to n dependent variables will be immediate.
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Let F have continuous second partial derivatives with respect to its argu-
ments ¢, z,y, %, and §, and let () and y(t) have continuous second derivatives.
Assuming that ¢(t) and y(t) are the actual minimizing functions,

b .
I(ey.¢,) =f F(t, b+ em, v + €y, ¢ + €1, Y + €30) di
a

has a minimum at €; = ¢, = 0. Here ¢, and ¢, are scalars, and #,(¢) and 7,(t)
are arbitrary functions with continuous second derivatives. Under the hy-
potheses, we can compute partial derivatives of I(e,,¢,) asin the simpler case of
only one dependent variable. We have

b . .
1,,(0,0) =f (Fo(t.b.9.0,9)m1 + Falt,b,9.,9)0]dt =0

b N - N » .
1.,(0,0) =f [F,(6,0.9.0.9)m2 + Fult.d,v,6,9)i] dt = 0
Integrating by parts gives

b b d

[Fx"'h] —f (Jt- Fy — Fz)?h dt =0
b b d

|:Fv?72:| —f (d—t Fy — Fv)ﬂz dt =0

Using the fact that 7, and %, vanish at the end points but are otherwise
arbitrary, we arrive at the pair of Euler equations

d d
—F;—F,=0 —F;,—F, =0
a0 a
as necessary conditions for the minimizing functions ¢(¢) and (). They
represent a system of second-order differential equations for the unknown
functions ¢ and %. Inthe general case with n dependent variables the neces-
sary conditions are
d

—F; —F, =0 1=12,...,n
a ‘

For purposes of illustration, let us solve problem 2 in the case of the cylindri-
cal surface z = (1 — #%)!. The problem is to minimize

1 2%
f[z2+y2+(@ab+@y)] dt
0 0x oy

here F=[Q1—a%) 14 g2}
oF 1 ax? oF
i i AR = =0
oxr F (1 —ax?)? oy
oF 1 i oF 1 .

8 F(1—a? 9 F
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It is well known that there are many ways of describing a curve parametrically.
So far, what we have said holds for a general parameter t. We can simplify
the problem by picking a particular parameter s, the length of arc along the
shortest curve. With this choice of parameter,

P = [0 - (%) (2] =

The Euler equations, written in terms of the parameter s, become
YA N S
¢2 (1 — ¢2)2 1— 4,2 (1 —_ ¢2)2
dz

=0
dsw

.d '
where ¢ = Z?' The second equation can be integrated directly, giving

v =as + b. Also, from the condition
] 2
N (d_zp) =1—a?

1— ¢2 ds
¢2
we have ¢ = —4) e = —(1 —a?¢
Therefore, ¢ = c cos (\/1 —a?s +d)

Ifa=1,yp =35+ band ¢ =k, and we have a straight line parallel to the
yaxis. Ifa=0,p=>band ¢ =ccos(s+d). However,
¢?sin® (s + d)
1 — c%cos? (s + d)

implies that ¢ = 1. In this case we have a circle in a plane perpendicular to
the axis of the cylinder. If0 < a < 1, we again must have ¢ = 1 in order that
the condition

(1 — a?)?sin? (v1 — a?s + d)
1 — c?cos? (v/1 — a®s + d)

=1 — a2

be satisfied. The parametric equations of the curve are therefore
¢>=cos(\/f—_a?s+d)
y=as+b
l:sin(\/l__:_ﬁs+d)

and we have a spiral.
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An alternative approach to the solution of the last problem is a technique
related to the Lagrange multiplier method of extremizing functions subject to
constraints. In the present case we wish to minimize

b
I =f F(tz,y,2,%,9z2) dt
a
subject to a condition (constraint)
G(zyz2) =0

Assuming that there are minimizing functions ¢(¢), y(t), {(t), then the first
variation

dI = I,(0,00), + I,(0,0,0)¢; + I,,(0,0,0)¢,

b . .
=f [Fg(t,¢:'ﬂ,§»¢:¢’£) - d_dt F:t(t:¢"ps€:¢:¢;c):| Elﬂl(t) at
b -, d ..
+J. [Fy(t’¢’w7€a¢>y)12) - Zl_t' Fﬂ(t’¢>w:§:¢,w:z):]€2ﬂ2(t) dat

b . .
+f [Fz(t,¢,'/’,€,¢,¢,§) - d—i Fz(¢=¢,w,C,¢,¢, Z):lfaﬂa(t) dat

must vanish. In this case, however, the variations €,%;, €7, €;7; are not
independent, but must satisfy the constraint

QP + em, p + €ana § + €g75) =0
Therefore, dG = G (¢, y,0)exm + Gy (b:y.0)ens + Gu(by,0)egns = 0

Multiplying by an arbitrary function A(t) and integrating, we have

b
f (AGem; + AG,€mg + AG,eq7g) dt = 0
a

Adding this to dI,

3 : b

f (F, - %m + za,,) e dt + f [F, - %F,, + }.G,:l ey dt
b d

A is arbitrary, so we choose it to make

d
F,—&;F¢+1G,=O
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Two of the variations €,7, and €7, are arbitrary, so that

d
F,——F;+ G, =0
v g 0T A

F,—in+AG,=O
dt

A can be eliminated between two of these equations, leaving two equations
to be solved, say for ¢ and y. { is then determined from the condition

G(WP:Z) =0.
To determine the shortest curves on the cylindrical surface of the above

example, we must minimize
b
fw+f+%wt
a
subject to Gx,yz) =22 +22—-1=0
Then F = (%2 + 42 + 22)}, and the equations become

d¢
=% 240
ar M
_29_
it F
d ¢
— 22 9r=0
ar M

Changing to the parameter s, the arc length on the shortest curve, we have the
equations

¢ =214 $=0 ¢ =21
d
where the dot now refers to s The second equation can be integrated to give

y=as+b
We can show in this case that 4 is a constant, for
$+r=1
$6+ L =0
¢+ U+ g2+ 2=0
WP+ )= —1=a*—1
a® —1
2
Therefore, ¢ = (a2 — 1)¢, { = (a® — 1){, and we have

¢ =cos (V1 —a®s+d) { =sin (V1 —a2s+d)

the same solution as before.

A=
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Still another alternative is to work the problem in ¢ylindrical coordinates,
since the calculus-of-variation technique is independent of the particular set
of coordinates used to describe the surface. Let us minimize

b
f (2 + 26% + )} dt

subject tor = 1, wherex = r cos 0, y = y, 2z = rsin 6.*
Because of the constraint, # = 0, and hence we are to minimize

(] bRk
Jl+ G
0, fi]
This is the same as problem 1 above, and therefore
py=Acos’' ¢+ B

e

which is the spiral solution obtained by the other methods.
In problems 6 and 7, we are to minimize a certain integral subject to a sub-
sidiary condition. The problem is to minimize

b
f F(zy.y') dx

b
subject to f Gxyy')de =k

k being a constant. Let F and G both have continuous second partial deriva-
tives with respect to their arguments, and let y have a continuous second
derivative.

If ¢(x) is the solution of the problem, then

>
I(eys€,) =f F(x, ¢ + ey + €ana, ¢ + €y + €m3) d

has a minimum at ¢, = €, = 0, while
b

J(ep€s) =f Gz, ¢ + ey + €y, ¢ + €y + emp) dx =k

a
This is equivalent to a problem in Lagrange multipliers, i.e., to minimize
I(€;,€;) subject to J(e;,€5) = k.. If this has a solution for ¢, = ¢; = 0, then

ER
€1=€3=0

ail a€1

oI aJ)

— 4+ i =0
(a€2 + a€2 €1=€=0

(J = B)gmqymo =0

* These are not the usual cylindrical coordinates because of the choice of the y axis
as the axis of the cylinder.
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The first of these equations gives

o (d d
Lr,—F)+a(Ee, —6)|nd=0
a dx dx

b

d
Unless o Gy — G, = 0, 7, can be chosen so that f (d-d_x G, — G,,) m dx #0,

This equation can then be used to define 4. Using this 4 in the second equa-
tion, we have

b
[T(Er, - £) + (20, - 6) s —o
a d dx

for arbitrary #, vanishing at the end points. Hence, our necessary condition is

d 0 2
——(F+i)——F+16)=0
dxay’( + @) ay( + 16)

which is the necessary condition for a minimum of the functional

fb(F + AQ) dx

without regard to the subsidiary condition. In actual practice, the param-
eter A is determined from the condition

f bG(x,¢>,¢') dr =k

after we have first solved the Euler equation for ¢ in terms of A.
To illustrate the problem of the calculus of variations with a subsidiary
condition, let us solve problem 7. Let

H="F + G = }(zy — yz) + A#2 + 42}

Then a—H=§y'
ox
%%I=—éy+(i—2f—y,z);

If we now pick a special parameter s, the arc length along the solution curve,
then (¢2 + $2)! = 1, and the Euler equations become

M —p=0
A+ =0
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Integrating these, we have

H—y=¢
W+ d=c
Eliminating v, we have .
P+ d—c=0

which has the solution
p=4 sin%s + Bcos%s +ec
Solving for y, we have

1 1
Y= Acos=s+ Bsin=-s —¢
A A !

Let ¢(0) =c,; then B =0, and y(0) =4 — ¢;. Finally, ¢(0) = ¢(L),
¥(0) = y(L) implies that sin (1/))L =0 and cos(1/A)L =1, so that
A = L[27 and the desired maximizing curve is a circle.

Before this section is concluded, a few words about notation are in order.
Going back to the first class of problem treated in this section, we asked for
necessary conditions for stationary values of the functional

b
f F (x,y, ﬂ) dx
a dx

Assuming the existence of an extremizing function ¢(z), we let

y(z) = ¢(z) +-en(x) = $(z) + dy(=)

b
Then I(e) = f F(z, ¢ + by, ¢' + &y') dx

has a stationary value at e = 0, a necessary condition for which is that the
first variation

8 = I'(0)e =f° [:F,(x,¢,¢’) - dir,,(x,¢,¢')]en dz =0
a X

from which the Euler equation follows, since €7 is arbitrary. This argument
is often abbreviated as follows:

b 3 b d
6I=6dex=f OF dx =f (Fv“é'Fv') dydz =0
a a e X

This notation has become standard, so that the reader should be able to use it
without losing sight of the basic arguments behind it.

Exercises 2.2

1. Show that if F(z,y,y’) does not depend explicitly on y, then the Euler
equation has a first integral F,, = c.
2. Solve problem 4 of the text.
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3. Find the light ray passing through the two-dimensional medium between the
points (0,0) and (a,b) if the index of refraction is n(x,y) = k(z + 1).

4. Find the geodesics (shortest curves) on the surface of a sphere.

5. Find the geodesics on the surface of a cone.

6. Solve problem 6 of the text.

7. What are the necessary conditions for an extreme value of

b dy d¥
J; F(x,y, s @) dx

for functions y(x) with continuous fourth derivatives passing through the points
(a,c) and (b,d) and having specified first derivatives at # = a and 2 = b?

2.3 Hamilton’s Principle. Lagrange’s Equations

One of the reasons the calculus of variations plays such an important role in
mathematical physics is that a large number of problems in mechanics can be
stated in terms of a variational principle known as Hamilton’s principle.
Consider a system of » particles with masses m,, m,, . . . , m, and displacement
vectors X, X,, . . ., X, referred to some inertial (unaccelerating) coordinate
system. Under the action of forces Fy, F,, . . . , F,, referred to the same co-
ordinate system, Newtonian mechanics tells us that the equations of motion of
the system are

maxa=F¢ «a=123,...,n

Each displacement vector consists of a triple of numbers, each of which is, in
general, a function of time. Hence, the configuration (the positions of all the
particles) of the system can be described at any time by 3z coordinates.
However, the system may be subject to certain constraints, which would imply
that not all the 3n coordinates are independent. Suppose that there are k
relations of the type

$iXp X, .. X, ) =0 i=1,2...,k

which must be satisfied by the coordinates due to the constraints.! Then
there are only 3n — k = p independent coordinates, and we can find a set of p
independent generalized coordinates g;, in terms of which the displacement
vectors can be written

X, = X019 - - - 9pt)
The forces acting on the particles consist of applied forces F* and forces of
constraint F©), so we may write
m, = B 4

1 When this is the case, the constraints are called holonomic. For a discussion of
nonholonomic constraints, see Herbert Goldstein, ‘‘Classical Mechanics,”” Addison-
Wesley Publishing Company, Reading, Mass., 1950.
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Let the actual path of the system between times ¢, and £, be given by the
functions X (). Now consider some virtual (fictitious) path
X, (8) + €Y, (t) = X,(t) + 8X,(t)
between ¢, and ¢, slightly different from the actual motion, but having the
same configuration at the ends of the time interval, i.e.,
0X,(t) = 60X, (t,) =0

We shall also require that the virtual displacements satisfy the constraints.
We can now write

ﬁ [my(X,.0X,) — (F?,6X,) — (F,6X)] =0

If we restrict ourselves to systems in which the forces of constraint do no work,!
the last term in this expression vanishes, and we have

f [ma(x.a’éxa) - (F;a)’éxa)] =0
a=1

for any time ¢, This is known as D’Alembert’s principle. Integrating
between ¢, and £,, we have

z my(X,,0X,) — (F,0X)]dt = 0

1 a=1

Integrating the first term by parts,

Lzm (X,.0X, } z[m (X,,0X,) + (F6X,)]dt =0

1 a=1

Making use of the fact that the virtual displacements vanish at £, and f,, we
have

"3 Imy(X,0K,) + (F,8X,)]dt = 0

tya=1

We define the kinetic energy T as follows:

T—_—_lfm(x X,)
2¢=1

Then the first-order change in the kinetic energy induced by the virtual dis-
placements is

o =3 my(X,6%,)
a=1

1 For example, the normal reaction of a plane on a particle constrained to move on &
plane surface, the tension in an inextensible pendulum cord, the internal forces in a
rigid body, etc.
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Hence we have

ta n
f |:6T +3 (Ff;",éX,)j’ dt =0
t1 a=1

Ifthe applied forces are derivable from a potential function V,i.e., if the force
field is conservative, then?!

Fo — _ (a_" v a_V)
: axal ’ axﬂ ’ axaa
and S (F9 6X,) = —oV
a=1
173 173
Then fé(T——V)dt:éf(T—V)dt:O
t1 t1

This is Hamilton’s principle for a conservative system. It may be stated
as follows : The motion of a conservative system between time t, and t, proceeds in

such a way that f T — V) dtis stationary with respect to arbitrary small changes

in the motion consistent with the constraints and vanishing at t, and t,.
From Hamilton’s principle we can derive Lagrange’s equations. We first
define the Lagrangian function

L=T-7V

which can be defined in terms of the generalized coordinates g;, gy, - - . , qp
We have

Xa=a—X“q',- Q—X" a=12,...,n

0g; ot
i=L2...,p
n

Hence T = % Zlma(xa'xa) == T(quz, c ey qwq.laq'z’ LI aq.pst)
Likewise, V=VX.X, ..., X)) = V(@192 - - - qp:t)

so that L is a function of the generalized coordinates ¢;, the generalized
velocities ¢;, and time. Using the notation of the calculus of variations, we

have
af Ldt_f (—_ia”)a dt =0
dt 94,

Since the dg, are independent, we have

i?é——a—L=O 1=1,2,...,p
dtd¢; og;
These are the Lagrange equations for a conservative system.

! Here %4, q3, Tos are the three rectangular cartesian coordinates of the ath particle.
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As an example of the use of Lagrange’s equations, consider the small vibra-
tions of the following system of coupled pendulums, assuming the pendulum
rods weightless:

FIGURE 2

The generalized coordinates can be taken as 0;, 0,, ;. The kinetic and
potential energies are then
T = 2ma*(6; + 03 + 03)
V = }ka®(sin 6, — sin 6,)% + }ka’(sin 6, — sin 6,)*
+ 2mga[(l — cos 6,) + (1 — cos 0,) + (1 — cos 65)]
For small vibrations we can make the approximations sin § ~ 6 and

62
1— 0 =2sin? -~ —
cos sin® 2 & 5

Then
V = }ka®[(6; — 0,)% + (0, — 65)%] + mga(6; + 63 + 63)
and the equations of motion are
4ma®l, = —ka?6, — 0,) — 2mgab,
4ma2, = —ka%0; — 0,) — 2mgab,
The solution can then be found by the methods developed in Sec. 1.11. We
shall return to the general theory of small vibrations in the next section.

It is possible to derive Lagrange equations even if the field is not conserva-
tive. In the absence of a potential function V, we can write

n
ZI(F,‘:’,ax,) =Qdbg, k=12,...,p

with 0X, = X, 0q;
0g,
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so that Q, = i (Fia)x a_x_a_:)
a=1 aqk

We call @, the generalized forces. They do not necessarily have the dimen-
sions of a force, since the dg, do not necessarily have dimensions of length.
However, @,dg, must have the dimensions of work.

Introducing the generalized forces, we have

ta
£ (0T + Qubqy) dt = 0

u(oT d oT )
—_—— - — 0q, dt =0
or ftl (aqk dt 94, + Q) O
Thus 11_ 21-' — —6—7-1 =Q,
dt 0, 04,

are the equations of motion when the field is not conservative.
Consider next a conservative system in which the constraints are not func-
tions of time, and hence

Xi = Xi(Qme L sqp)

are not explicitly functions of time. In this case, V is not explicitly a function
of time, nor is it a function of the generalized velocities ¢,. Then

dL _ 9L, L.

dt = 5;' 9 -a—q: q.
From Lagrange’s equations we have
oL _d oL
dq; dtdg,
dL d oL oL d (.0L
ot L _(280), oL, 4 (,00)
% @ \aag) + 2, "~ ar g,
Hence we have 4 (q‘, oL _ L) =0
dt \"" 0g;
which implies that g g—L —L=H
9

where H is a constant. This statement can be put in a simpler form, for under
the given hypotheses,
oL oT

i, 9,
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and we have H—q,Q—T-{—V
04;
But T= l z ma(Xa’Xa)
2 a=1
. (axaaxﬂ
= - m —_—
2a§1 “\9g, ' 9g,/ """
= $0,(q192 - - - ) 4,9k
and 4 QZ = 0,94, = 2T
04;

Hence, we have the conservation-of-energy principle

T+V=H
a constant.

There are many reasons why the formulation of mechanics as a variational
principle is extremely important. First, it gives us a formulation which is
independent of the particular coordinate system in terms of which the motion
is described. In other words, if we change the generalized coordinates to a
new set by a coordinate transformation

7 = (019 - - - 90) 1=12...,p

then Hamilton’s principle

6f(T —V)dt =

will yield the equations of motion
a9L_3L_
dt aqz an

and the form of the equations is the same, as it should be if the theory is to be
independent of the particular mathematical description.

Second, the variational calculus approach is one which is more easily
generalized to situations other than the equations of motion as such. Indeed
new theories have been developed in areas unrelated to mechanics by means of
variational principles. For example, various field theories can be based on
variational principles.

Third, it gives us numerical techniques for approximating certain physmal
constants by means of establishing upper and lower bounds, which are easily
computed from the functionals involved in the variational problem. Some
of these methods will be illustrated in Sec. 2.9.
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Exercises 2.3

1. Rework the example of this section, taking into account the mass of the rods
and assuming the linear density of the rods uniform. The kinetic energy of the
rods can be expressed as the rotational kinetic energy 3162, where I is the moment
of inertia about the point of rotation.

2. Assume a change of generalized coordinates §; = 7,(¢1,95 - - - »g,) and show
the following:

- a-' . o aq e
a. 9; =3q‘;qi and q; =a7-;‘1;
og; %, .

" oq;  ag,00,
Hence, show directly that the form of Lagrange’s equations is independent of the
coordinate system.

3. The notion of generalized coordinates can be used to derive equations of
motion in various coordinate systems. In spherical coordinates
n
T =3} my(ig + 13 sin $,07 + rid})

a=1

Use this to derive equations of motion for a system of particles referred to
spherical coordinates.
4. Suppose that additional conditions of constraint

(91,99 - - - 5q,) =0 t1=12,...,k<p

are imposed on a system. Derive the equations of motion

d oT oT 2,
LA 2 S 1
dtag;  aq; 0 i,

j=L4L2...,p

orT
5. Define the generalized momentum p; = a—q— and the Hamiltonian for
i

a conservative system H = p,4, — L. Show that

oH
a. — = 0
04,
oH
b, — =g,
P, q;
. oH p
" 9gy !
aH oL
o

On the basis of these equations give an alternative proof of conservation of energy
when the constraints do not depend explicitly on time.
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2.4 Theory of Small Vibrations

We next turn our attention to the general theory of small vibrations of con-
servative systems near a position of stable equilibrium.! Consider a conserva-
tive system in which the constraints are not functions of time and hence the
potential energy is not explicitly a function of time. Suppose the system isin
a configuration of stable equilibrium. Equilibrium occurs when the forces on
all the particles are zero. Hence, in a small virtual displacement at equilib-
rium

n

SW =3 (F,.0X,) =

a=1

=3 (B + B 5%) =0

a=1
n
=3 (F@,6X,)

since the forces of constraint are assumed to do no work. In terms of genera-
lized forces @, and generalized coordinates g,

6W = Qkéqk = 0

for arbitrary dg, at equilibrium. Hence the condition for equilibrium can be
stated as

=——=O
“ 0q;.

Therefore, V is stationary at equilibrium. That it is a relative minimum
follows from the fact that we are assuming stable equilibrium. Ifnot, a small
displacement would decrease ¥ and hence increase T', sinceenergy H =7 + V
is conserved. This would imply that a small displaeement would cause the
system to run away, contrary to assumption. .

If we choose the generalized coordinates so that they: vanish in the equilib-
rium position and choose V so that it vanishes at equilibrium, then

‘ 1 %
V(4,00 - - - 10p) =
(91,92 ) 2 %0, 04,
= $a,9.9;

neglecting higher-order terms in the small displacements from equilibrium.
The a,; are constants, since the second partial derivatives are evaluated at the

qlqj

1 This means that, if the system is slightly displaced, it will tend to return to the
equilibrium state rather than run away.
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equilibrium position ¢; = ¢y =+ = ¢, = 0. The square matrix 4 with
elements a,; is real and symmetric. The potential energy is, therefore, a
quadratic form in the displacements.

Since the constraints do not depend on time, the kinetic energy is

T= %biaq.iq.i
where by = i m, (%‘ ) aﬁ“)
a=1 dq; 0g;

In the case of small vibrations about equilibrium, we can evaluate b,; at the
equilibrium position. Hence, the b,; are constants and the matrix B with
elements b, is real and symmetric. From the definition of kinetic energy we
see that it is positive unless all the velocities are zero. Therefore, B has only
positive eigenvalues.

The Lagrangian is equal to

L=T-7V = {44, — 32,99,
and the Lagrange equations yield
bid; + aiq; =0

Suppose we attempt to separate out the time-dependent part of the solution,
i.e., we look for a solution of the form

9; = y,;f(¢)
Then the equations of motion become
b;,-y,f‘ + ay;f =0

For each ¢ we can then write

f %Y, 2

from which it follows that
7 + Aty =0
ay; = Ab,y,
We are thus led to the eigenvector problem

AY = JABY
with characteristic equation
|4 — AB| =0

which has p real solutions. There are thus p separation constants 4, corre-
sponding to » normal modes of vibration of the system

ydffa(t) =ya18in (\/;'—at+¢a) a=1,2.. P
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The general solution is a linear combination of these normal modes:

P —
- g = z Col i sin (\/}'at + ¢a)

a=1
P —
for q! = - z Aacayaj sin (\/}'at + ¢a)
a=1
P —
a’nd bqui = - leacabkjya;ﬂ sin (\/jut + ¢¢)

- Zlcaak:‘yai sin (\/)‘_at + ¢a)

= —0q;
Alternatively, we could have performed the coordinate transformation
q; = .,
Qz = t,@

a

which will simultaneously reduce the potential and kinetic energy quadratic
forms to the diagonal form

T = 10,3

V = 3d,,4.9;
Then the equations of motion give

@+ A3, =0

The §’s are called the normal coordinates for the system. We solve for
them as follows:

9z = Cq sin (\/l—at + ¢a)

That the A's are positive follows from the fact that V is positive-definite.

A third approach is to obtain the normal modes as a solution of a problem
in the calculus of variations. The normal modes are characterized by the fact
that they are solutions with periodic time dependence. Let

¢ =y;sin (VI + ¢)
Then 2T = Aby,y, cos? V2t + é)
2V = a,yy; sin® V7t + é)
If y, are the components of one of the eigenvectors of the problem
 AY=1BY
then 2V = Aby .y, sin® V2t + ?)
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and V = T, where 7 and 7T are the mean potential and kinetic energies over
one period 7 in periodic motion.

op =1 f 'a,yy, sin® (VA& + ) dt
T Y0

= lf Abyyy; cos? (At + ) dt
T9Y0

Then %Yy _ Z —2
buy:y:‘ U
where T = AU. For a normal mode with a natural frequency V/A/27
V=AU

and furthermore, 4 is a stationary value of V/U or, alternatively, a stationary
value of ¥ subject to U = 1. These properties have already been developed
inSec.2.1. Thus, the eigenvalues and eigenvectors can be deﬁned by any one
of three problems in the calculus of variations:

|4
1. Minimize = = ‘Z”x'x’ subject to X'BY, = 0,j =1,2,...,k — L.
zz; =1 and X'BY, =0,

(2200 e}

2. Minimize V = a,,z; subject to U = b,z
i=L2,...,k—1

3. Find the minimum of VU subject to X'BV; =0,j=1,2,...,k—1,
where V; are any set of linearly independent vectors. Then find the maximum
of the minima as the V’s are allowed to change.

(¥ Jad s

Exercises 2.4

1. Find the natural frequencies and normal modes of small vibrations about
equilibrium of the double pendulum with identical masses and rods, assuming
plane motion.

2. Find the natural frequencies and normal modes of small transverse vibrations
of a system consisting of two identical rods hinged together and supported by -
three identical springs, one at the hinge and the others at the ends of the rods.
Assume plane motion. HiNT: The kinetic energy of a rod is the sum of the
translational energy of the center of mass and the rotational energy about the
center of mass.

3. A simple pendulum is suspended from a point and is free to move so that
the mass remains on the surface of a sphere with a diameter equal to the length of
the pendulum rod. Analyze small vibrations about equilibrium.

2.5 The Vibrating String

Most of the above ideas for systems of particles can be carried over to the
case of continuous distributions of mass. Consider, for example, a string of
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uniform density p stretched between two fixed points # = 0 andz = L, witha
tension ¢. The density and tension will be assumed constant, and we shall
ignore the weight of the string. The kinetic energy per unit length is }py?,
where y is the displacement from equilibrium. Hence, the total kinetic energy
is

L
o[

The potential energy can be computed as the negative of the work done in the
displacement. Consider an element of string subject to tension ¢ on the ends.

01 _ m\— 02_
%y(x, t) }y(n-Ax, t)
|

x+Ax

x |-

FIGURE 3

The force in the direction of the displacement is
F = ¢(sin 0, + sin 0,) ~ o(tan 0, + tan 6,)
Therefore, F ~ o[—y'(z + Az) + ¢ ()]

~ —oy'(z) Ax = —o’pz—;’Am

where p = y’. The work done per unit length is then

v 2 - 2
_,,fpéf_’dy= P =)
o dy 2 2

The total potential energy is thus
L
V= %J‘ o(yﬂzckv
0
The equilibrium position is a stationary value of V. Therefore,
' L
oV = %6] o(y)dx =0
0

will tell us what the equilibrium configuration is. The Euler equation for this
problem is " = 0, which implies that y = 0 for equilibrium, assuming that
the ends are on the z axis.

Hamilton’s principle for this problem states the following:

ts (L
df f (3p9® — toy?) dadi =0
‘l (]
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Let y(x,t) = p(z,t) + en(z,t), where ¢ is assumed to be the solution of the
variational problem. The boundary conditions are

Y(0,t) = $(0,t) = y(Lt) = $(Lt) = 0

Hence, 7(0,t) = n(L,t) = 0. Also we must have 5(zt,) = n(zt,) = 0. We
know that

ts (L )
I(e) =£ fo [3p(¢ + €n)® — 3o($' + en')*) dw dt

has a stationary value at ¢ = 0. Therefore,

ts (L |
I'0) =£ fo lpp?) — o¢'n’ldzdt =0

Integrating by parts and using the boundary conditions, we have

afL
f f (pp — ad"mdzdt =0
t: Jo

Since 7 is arbitrary, the Euler equation becomes the following partial differen-

tial equation:

Pé_ p3¢

0z o of
This is the wave equation which must be satisfied by the displacement func-
tion on the string. To determine the solution, we must also have boundary
conditions and initial conditions. In this case the boundary conditions are
#(0,t) = ¢(L,t) =0. Theinitial conditionsare $(z,0) = g(x)and $(z,0) = h(z),
where g(x) and A(x) are some prescribed functions which give the initial displace-
ments and initial velocities along the string.

We can solve the string problem by techniques analogous to those used in

the case of systems of particles. We attempt to find fundamental solutions

in the form of simple periodic functions by performing a separation of variables.
Let ¢(x,t) = p(x)f(t). Then

fo=Lyf
ag
so that £=£[= —A
vy of

The time-dependent part f(f) must then satisfy the equation
f+Z5=0
p

and the space-dependent part w(z) must satisfy the equation
Y +Ady=0
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If 1 = 0, then y = ¢;z + ¢,, and the boundary conditions would imply that
¢, and ¢, are both zero. If A were negative, then

y = ¢, sinh V —Az + ¢, cosh V — Az

and again the boundary conditions would imply that ¢; = ¢, =0. For 4
positive

() =csin(\/ix+ 0) = AsinV iz + Bcos Vix
(0) = 0 implies B = 0, and y(L) = 0 implies

PR e
L2
There are, therefore, an infinite number of discrete separation constants
possible with k =1,2,3,....
The time-dependent part of the fundamental solution is

S = sin (it + 6,)

knr [o
with w, = Tﬂ —. These are the natural frequencies corresponding to

P
the normal modes

¢ = ¢, 8in kE’T z sin (w + 6)

Any linear combination of normal modes will satisfy the partial differential
equation and the boundary conditions. We must find out which of all possible
such functions satisfies theinitial conditions. To this end, we use the theory
of Fourier series developed in Sec. 1.9. Consider the series

$(x,t) = sin I_cqg_z: (@ cos wyt + by, sin w,)
K=1

If this represents the solution, then

< . kmx
$(2,0) = g(x) = 3 a sin A
If this is the Fourier sine series for g(z), then

2 J‘L . kmx ‘
a, = — ) sin — dx
) R g(x) I
Also, we must have

$(x,0) = h(z) = 3 w;b, sin i
k=1 L
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L
and b = 2 | h(z)sin ¥ da
w,L Jo L

These series will converge to the given functions g(x) and A(z) if both are
continuous and have a piecewise continuous derivative.

We have thus obtained an infinite series which converges to the given initial
conditions. To show that this is the solution to our problem, we proceed as
follows:

2 E"[sm—L— (x — ct) —|—sm-lfl—l-(x+ct):|

-{-z [icoskz x—-ct)—cos&L—(x-i—ct):I

where ¢ = V/o/p. Since a, is the Fourier coefficient of g(z), the first sum is
obviously i[g(x — ¢t) + g(x + ¢t)], where we must extend the definition of
g(z) to the interval —L < x < 0 as an odd function and from there to any
other interval as a periodic function with period 2L. The other series can also
be summed in closed form. To see this, extend the definition of A(x) first to
the interval —L < z < 0 as an odd function and then to any other interval
as a periodic function with period 2L. Define

H) = fo he) de

Then H(z) is continuous, even, and periodic with perod 2L and has a con-
tinuous derivative and a piecewise continuous second derivative. Now

H(x + ct)—H(x — ct) =fz+ath(§) d&

x+et o 5
= z wyb, sin — d§

x—ct k=
&, kmr km

=c b[cos—x—-ct—cos—x ct]
kglk L( ) L( + ct)

x+ect

Hence, d(xt) = Hgx — ct) + glx + ct)] + — f k(&) d&

It can be shown by direct substitution that this is a solution of the problem if
g(x) is twice differentiable and A(x) is once differentiable.

We can analyze the natural frequencies and normal modes of the string
problem, using the calculus of variations.
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For a fundamental solution ¢, the average potential and kinetic cnergies
over one period 7, are equal, i.e.,

rn (L .2
T=Tl J;kj; %‘psinzl%xcosz(wkt + 6,) dz dt
3

olpL
8

1 ffk fL(kw)za ok,
== =) = cos®— zsin® (w,t + 6,) dx dt
=y L () G ot main® et + 00

L
f y2dx
so that —02 -lL——— =1
Py f y2dx
0
2 2
or ) =(o,ff—)=kﬂ; =l
N(y) o L7
L L
where Q(v) =f yidz and  N(yy) =J; v dz
0

We are led to speculate that the eigenvalues A, are stationary values of
Q(y)/N(y) or, alternatively, stationary values of @(y) subject to N(y) = 1.
This is indeed the case, as,we shall now show.

Let F be the function space of real-valued functions defined on the interval
0 < z < L, which are continuous and have piecewise continuous first and
second derivatives! and vanish at « = 0 and z = L. Then 4, = k**/L?,

1 Using more sophisticated methods, we would not have to assume the piecewise
continuity of the second derivative.
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k=1,2,3,...arestationary values of Q(f) over F subject to N(f) = 1 and
N(fy;) =0,j=1,2,3,...,k — 1, where

Y = (g)}sin@
AL L

are the eigenfunctions of the variational problem. We prove this as follows.

We first extend the definition of every function in F into the interval
—L <z <0 as an odd function. Then, since the trigonometric functions
sin (kwz)/L are complete with respect to this set of odd functions,

1 L ©
—f [f @ de = 3 b2
LJ-L k=1
1 (£ . kmx
where b, = — f z) sin — dzx
v=1 ) s
Furthermore, f'(z) is even, and the functions cos (k#nz/L), k = 0,1, 2, ... are

complete with respect to this set of functions. Hence,

1 L 0 _ ©
LLLU(HM +3ai

where =1 f f'(z) cos km dx
L L
_1 bl (2 ) b
=7 [f(x) cos I ]_L + Iz _Lf(x)sm I dx
k
= fﬂb"
Therefore, Q) =fL[f (@) do = %f [f'(@)]* dz
_L S,
T2 kzl L2 e
N(f) = | [f )] dx = if f@)? dz ,
LS

2 5
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3
Now consider wl(x) = (?L_) sin"—'E

2 (L
Tr 27
= (1+°°S’L‘) dz
11,2

For any normalized f(z) in F

L 0
N(f)=7 3ot =1
2 k=1
L = k2 2 L = 2
and QN — Q) == =3 T
2 K=1 2 k=1
L & (k¥ — 1)’
== b >0
2 kz2 2 k=
This proves that Q(y,) = 7%/L?is the minimum over the whole space subject
to N(f) = 1.
Next consider the subspace of F' such that N(f) = 1 and N(f,3;) = 0. The

2\t | 2w
latter condition implies that b, = 0. Let yy(z) = (Z) sin A Then

2
Npg=1 Qw)="%
0 kz 2 L x4 2
a—Qw =3 3 58— 3 Ton

This proves the @(y,) = 4w?(L? is the minimum over the subspace More
generally, consider the subspace such that N(f) =1 and N(f,y,) =0,
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2\ | jmx
J=12,3,....,k—1, where y, = (-—) sin—. The latter conditionimplies

L L 3 kmz
that by = by =---=b,_, =0. Let y,z) = (l_}) sin A
Then Npd=1 Q)= 'i;”;
o —ew) =% 3 ™ g, — >3 By,
- g’ ] gﬂ (m? ;2’“2)”2 B2 >0

This proves that Q(y,) is a solution of the kth minimum problem.

Notice that by the fortuitous choice of the trigonometric functions as the
complete set of functions in the space F we obtained the quadratic forms Q(f)
and N(f)in diagonal form. For another complete set of functions these forms
would not have been diagonal. Hence, the variational problem is essentially
equivalent to the simultaneous reduction of Q(f) and N(f) to diagonal
form.

It should also be mentioned that the eigenvalues and eigenfunctions of the
variational problem can be formulated in terms of a minimax definition.

Exercises 2.5

1. A string of length L and fixed ends is started into oscillation with no initial
velocity but with an initial displacement g(z) = ex(L — z). Find the displace-
ment for any time ¢ > 0.

2

1\% LI
*2. Using direct methods (not Euler’s equation), show that (z) s (E) cos %—x ,

k =1,2,3,...aresolutions of the following variational problem: Over the space
of real-valued functions defined on the interval 0 < x < L, which are continuous
and have piecewise continuous first and second derivatives, minimize

L
QS =J:) [f"(@)]? de
L
subject to N( f) =f [f@®)2dz =1and N (f,y;) =0,j =0,1,2,...,k — 1, where
0
1\} 2\¥  gmx
ARG

*3. Formulate and establish the minimax definition of the eigenvalues and eigen-
functions for the string problem with fixed ends.



108 CALCULUS OF VARIATIONS

*4, If a force of linear density f(x) is applied to a string stretched between two
fixed points with tension o, show that the total potential energy is

NEER

Hence show that the equation for the equilibrium deflection of the string is
e )
I‘5. Obtain the differential equation for the longitudinal displacement y of the
cross section of a rod with fixed ends, if the potential energy per unit length is
}EA g—-: 2, where E is Young’s modulus and 4 is the area of the cross section.

*6. Obtain the differential equation for the transverse displacement y of a beam
built in at the ends, if the potential energy per unit length is

(3

where E is Young’s modulus and I is the moment of inertia of the cross section.
The boundary conditions are y(0,t) = y(L,t) = y’(0,¢) = y’(L,t) = 0.

2.6 Boundary-value Problems of Mathematical Physics

In the last section, we arrived at the partial differential equation for the
displacement of a stretched string in small vibrations by an application of
Hamilton’s principle to the continuous system of masses representing the
string. By a similar analysis we can obtain the equation for the displacement
of a stretched elastic membrane. Let us say that the membrane covers the
region R in the zy plane, bounded by a simple closed curve! C. The displace-
ment from equilibrium is measured in the z direction. The membrane is
assumed to have uniform and constant density p, and, therefore, the total

kinetic energy is given by
0z\?
ip P Y
R

The tension g, in small vibrations, is assumed constant, and by an extension
of the argument given for the string the total potential energy is

r=wf[[E + (3]s

1 By a simple closed curve we mean & curve consisting of a finite number of arcs with
continuously turning tangents, joined at the end points, but not crossing over itself.
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Hamilton’s principle then states

o TG = o (G + @]} e =o

If we assume that there is a function ¢(z,y,t), with continuous second partial
derivatives, which makes this integral stationary, then

ty
I(e) =£ ff{P(‘ﬁ: + en,)? —ol(¢, + en,)? + (¢, + en,)?1} dz dy dt
R

has a stationary value at ¢ = 0. Let us assume that the membrane is held
fixed to the boundary curve C. Hence, the solution ¢ and the virtual dis-
placement ¢ + ez must vanish on €. Also in the formulation of Hamilton’s
principle #(x,y.t,) = n(x,yty) = 0. Otherwise 7 is arbitrary, except that it
must have continuous first partial derivatives. The necessary condition for I
to have a stationary value at e = 0 is

I'(O)=ft'ff(p%-a—¢.—-o'-a—éa—n—o'a¢aﬂ) dzdydt =0
o ot ot O0x 0z Oy dy

Integrating the first term by parts with respect to ¢ and using the conditions
n(z.y,t) = n(x,y,t) = 0, we have

f th ( a1t ove Vn) dz dy] dt=0

Next we use the following Green’s identity:

fJ-Vu Vodz dy = ——ﬂ.vV"’u dx dy +f 0 P s
R R c dn

plus the fact that 7 vanishes on C to allow us to write

f .U ( a;tf 32:25 ng)n drdydt =0

Since 7 is arbitrary, we have the necessary condition
pdp _ 3¢ P4 _
- +—==V
ot o2 oy ¢

which is the wave equation in two dimensions.
To solve for the displacement of the membrane, we can again try a separation
of the time-dependent part of the function and write

d(z,y.t) = p(xy)f(t)
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Substituting, we have

Viy - Bf= —2
y of
where A is a constant. If this is to hold
f+Zar=o0
P
Vi 4+ Ay =0

The first equation is a simple second-order ordinary differential equation which
will yield a sinusoidal solution if A is positive. That 1 is positive follows, since

}.fftpz dedy = —fftpV%p dx dy
R R
dy
=||Vy -Vydedy —| y—Lds
r c dn

=ff||Vw|lz dedy >0
3

The line integral over the boundary curve C vanishes because of the boundary
condition y =0on C. If

Jz;fllvwll2 dz dy =£ [(aa—':)z + (%)2] dzdy =0

oy 0
then -a—w = —a—% = 0 in R, which implies that p = k, a constant, in B. To
z
satisfy the boundary condition, £ would then have to be zero. This leads to
the trivial solution ¢ = 0 in R.
The space-dependent functions y and the separation constants 4 are deter-

mined by solving the following boundary-value problem:!
Viy +Ap=0 inR
=0 onC

The solution will depend on the geometry of the region B. We shall find, in
general, an infinite set of nontrivial fundamental solutions (eigenfunctions)
Y1 Yo Y3, . . . corresponding to a discrete set of separation constants (eigen-
values) 0 < 4, <4, <43 <.... The general solution is then a superposi-
tion of these eigenfunctions multiplied by the corresponding time-dependent

functions .
f. = A,sin w,t + B, cos w,t

1 The first equation is a partial differential equation known as Helmholtz’s equation.
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where W, = | g Aa
P

or d(z.yt) = EI(A, sin w,t + B, cos w,t)y,(z.y)

4, and B, are determined by the initial conditions. Under suitable restric-
tions on the initial conditions, the infinite series will converge and represent
the displacement of the membrane. Before turning to the solution of this
problem, we shall cite several other physical problems which lead to this type
or related types of boundary-value problems, hence indicating that the anal-
ysis to follow is really much more general than we have already indicated.

In a large number of physical situations we seek a solution of the wave
equation with various boundary conditions prescribed and subject to certain
prescribed initial values of the function and its first derivative with respect to
time. The wave equation in rectangular coordinates is

26 Rp PH 1%
V3 = —L 4 L 4 =L
¢ ox? + oy? + Al

Some of these situations are the following:

1. The Vibrating String. We have already seen in Sec. 2.5 that the displace-
ment of the string satisfies the one-dimensional wave equation. The boundary
condition forafixedendis¢ = 0. If the end is completely free, the boundary

0
condition is —¢ = 0, since there will then be no force exerted at this point, and

Ox
the force is proportional to the first derivative of the displacement. Ifthe end
is only partially free, i.e., if the end is held by an elastic support, then by
Hooke’s law for the support, the restoring force is proportional to the displace-
ment, and this is equal to the force on the end of the string, which in turn is

proportional to the derivative of displacement. Hence, %é = —a¢ is the
boundary condition for an elastically supported end. *

2. The Vibrating Membrane. We have seen in this section that the displace-
ment of the membrane satisfies the two-dimensional wave equation. The
boundary condition for a fixed boundary is ¢ = 0 on C, the boundary curve.
If a part of the boundary is free, then there is no force at the boundary, and
hence g% = 0. For an elastically supported boundary, g—g = —ag.

3. Acoustic Problems. In acoustics the velocity potential for the flow of
fluid through which sound is being transmitted is a scalar function whose
gradient gives the velocity of the flow. The velocity potential satisfies the
three-dimensional wave equation where a is the velocity of sound in the
medium. Forarigid boundary thereis no flow at right angles to the boundary,
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d
and hence the boundary condition Z?; = 0 must be satisfied. The opposite of

a rigid boundary is a boundary at which all the flow is normal. This would
imply that ¢ = k, a constant, on such a boundary. Then ® = ¢ — k would

satisfy the wave equation and satisfy @ = 0 on the boundary. Fora “soft”
d
boundary, the appropriate boundary condition is Eq_S = —ag.
n

4. Longitudinal Vibrations of an Elastic Rod. The longitudinal displace-
ment of a cross section of an elastic rod in small vibrations satisfies the one-
dimensional wave equation

¢ _ p 04
02 EA of

where p is the linear density, £ is Young’s modulus, and 4 is the cross-sectional
0
area. At a fixed end ¢ = 0. At a free end a_tﬁ = 0, and at an elastically
z

supported end%‘—i = —uad.

5. Electromagnetic Cavity. The electric field E and the magnetic field H
satisfy the three-dimensional wave equation in a vacuum in the absence of

charge and dielectric, i.e., . | B
VE=Ga
1 °H
¢ o
where c¢ is the velocity of light in a vacuum. In addition, they must satisfy
V-E=0
V-H=0

VZH =

On a boundary consisting of a perfect conductor
nxE=0
n-H=0

where n is a unit vector normal to the boundary.

In the case of the heat or diffusion equation, the first derivative with
respect to time enters; i.e.,
¥ Vi = 1 Qf

a® ot
However, a separation of the time dependence still yields Helmholtz’s equa-
tion, with the time-dependent part satisfying the first-order equation

f+a%f=0
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yielding a solution f = Ce~*"¥. In the case of heat flow, ¢ represents the
temperature. At a boundary of constant temperature, the zero of tempera-
ture may be so chosen that ¢ = 0. Flow of heat takes place in the direction
of negative temperature gradient. Therefore, at a perfectly insulated bound-

dé

ary, T 0, since there is no flow of heat across such a boundary. For a
n

partially insulated boundary, the appropriate boundary condition is

a4
=

The partial differential equation governing the flow of electricity along a
cable is the telegrapher’s equation
¢ ¢

a%

P T
Both the current I and the voltage V satisfy an equation of this type. At a
point where the cable is shorted, the boundary conditions are ¥ = 0 and
oI
oz

I=Oand—I-]=0.
ox

In each of the above examples, we are attempting to solve a partial differen-
tial equation of the general type

= 0. At a point where the cable is open, the boundary conditions are

¢
Vi =a b —d’
p=a+b= oy
subject to boundary conditions of one of the types
¢ dé
$=0 o= or = + adg=0

Such a problem is an example of a homogeneous problem.! The differ-
ential equation and the boundary conditions are said to be homogeneous.
Such a problem has the following important property. If ¢, and ¢, are both
solutions of the differential equation satisfying the boundary conditions, then
Y191 + Ya¢s, Where y; and y, are constants, also satisfies the differential equa-
tion and boundary conditions, for

(Vz —a—b 9_ at”) (1191 + 7262)

ot
(o o _ 74
—%(V ¢ —agd, — b ot atg)
2 0%y 0¢s) _
+7’2(V¢2““¢2—b"5t‘2 at’)_

1 Nonhomogeneous boundary-value problems will be treated in Chap. 4.
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and V191 + Vepa =0
dé,

dd, , 9%y _
dn

dn

or (d—d;b + a) (y1h1 + P2d) = yl(% + wﬁl) + yg(%‘i—’ + a¢2) =0

d
or d—- (7’1451 + v292) = 7 + 72
n

Because of this property, we expect to find the general solution of the
boundary-value problem as a superposition of fundamental solutions. To
determine the particular solution which fits a given physical situation, one
must specify initial conditions on the solution and its first derivative with
respect to time. The fundamental solutions of the boundary-value problem
are found by separating out the time dependence. Let

¢(x’y1z’t) = w(x’y,z)f(t)
Vy_af+ b+,

Then

¥ f
or of +b0f+ @+ Af=0
and Vip + Ay =0

The boundary conditions on y will be one of the following types: y = 0,

d d

d—w =0, 51-: + ay = 0, or a mixture of these. We shall consider the solution
n

of the boundary-value problem for the space-dependent part in the next sec-

tion, from the point of view of the calculus of variations.

There are many other problems which do not exactly fit the above general
theory but nevertheless are quite closely related. Some of these are listed
below according to the basic partial differential equation involved.

1. Schrédinger’s Wave Equation. In nonrelativistic quantum mechanics
the fundamental equation is Schrédinger’s wave equation

2
ik % = — ¥ V2§ 4+ V(z.y,2)é
2m

where & = h/2m, his Planck’s constant, V is the potential energy, and m is the
mass of the particle whose wave function is ¢. ¢ has the interpretation that
|$|2 dz dy dz is the probability that the particle may be found in the volumie
element dx dy dz at any particular time. It must satisfy the normalizing
condition

j|¢|2dxdydz =1

all space
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Although only the first derivative with respect to time enters the equation,
by assuming a complex time dependence of the form e ¥/ where E is con-
stant, we get a separation of variables which leads to the equation

2
X vyt B —vw=0
2m

for the space-dependent part of the wave function. If V is zero, we have
Helmholtz’s equation. In any case, the requirement that y satisfy certain
boundary conditions may lead to discrete values of E, i.e., discrete quantum
energy states. The eigenvalue problem is hence fundamental in quantum
mechanics.

2. Laplace’s Equation. Laplace’s equation, V3¢ = 0, is satisfied by the
equilibrium deplacement of a membrane when the displacement on the bound-
ary curve is specified, by the temperature in steady-state heat flow in the
absence of sources or sinks of heat, by the velocity potential for an incom-
pressible, irrotational, homogeneous fluid in the absence of sources or sinks,
by the electrostatic potential in the absence of charge, by the gravitational
potential in the absence of mass, and in many other situations. This is a
special case of Helmholtz’s equation with A equal to zero. Hence, it appears
as though the eigenvalue problem does not occur here. However, separation
of space variables may lead to eigenvalue problems quite similar to those for
the Helmholtz equation.

3. Poisson’s Equation. Poisson’s equation, V3¢ = f(z,y,2), where f(z,y,z) is
a known function, is satisfied by the equilibrium displacement of a membrane
under distributed forces, by the electrostatic potential in the presence of dis-
tributed charge, by the velocity potential for an incompressible, irrotational,
homogeneous fluid in the presence of distributed sources or sinks, by the
gravitational potential in the presence of distributed matter, by the steady-
state temperature in the presence of distributed sources or sinks of heat, and
in many othersituations. Thisis anonhomogeneous problem, and its solution
will be discussed when we take up the general study of nonhomogeneous
problems and their solutions by Green’s functions. It is mentioned here
merely for completeness.

4. Biharmonic Wave Equation. Inelasticity the biharmonic wave equation
is extremely important. For example, the displacement of a thin flat elastic
plate in small vibrations satisfies the equation

) 82¢) 1 0%¢
14 — V2V2 =V2(—- oe)_ _10%
vié ¢ ox? + oy? a® ot?

d
The boundary conditions for a clamped plate are ¢ = 0 and ?di) = 0 on the
n

boundary. The corresponding problem in one space variable is the transverse
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vibrations of an elastic beam built in at the ends. Here the differential equa-
tion is

where p is the linear density, £ Young’s modulus, and I the moment of inertia

0
of the cross section. The end conditions are ¢ = —a% = 0. If an end were

2 3
free, the boundary condition would be g;t; = %ﬁ = 0. Ifanend were hinged,
2
the boundary condition would be ¢ = —aa—xz = 0.

Exercises 2.6

*1. Assuming a separation of space variables for a rectangular membrane of
length @ and width b, write y(z,y) = X(x)Y(y) and find the normal modes of
vibration and the natural frequencies if the membrane is (@) clamped on the edges
and (b) free on the edges.

*2. Consider acoustic vibrations of a rectangular room with dimensions a, b,
and ¢. Assume the walls to be rigid boundaries. Find the normal modes and
natural frequencies of the room.

*3. Suppose a certain boundary-value problem for a partial differential equation
leads to the Helmholtz’ equation for the space-dependent part of the function

Viyp + 2y =0

. L. d .
with the boundary condition =% + ay = 0 with « > 0. Show that the sepa-
ration constant 4 is positive.

*4. If an external force of density f(z,y,t) is acting on an elastic membrane, a

term
- f f S(x,y,t)z do dy
R

must be added to the potential energy. Use Hamilton’s principle to derive the
differential equation

%4
P—atT - 6V2¢ = f(@,y;t)
for forced vibrations of the membrane with clamped edges.

*5. If an external force of density f(x,y) is acting on an elastic membrane, derive
the equation for the equilibrium displacement of the membrane

1
Vig = — p Sf(=,y)

from the minimum prineciple for potential energy.
*6. Suppose the boundary of a membrane is elastically supported. If a part of
the boundary of length ds is displaced by an amount z, the restoring force is kz ds.
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Add the appropriate term to the potential energy and show that the boundary

d k
condition ﬁ =-3 ¢ can be derived directly from Hamilton’s principle. When

this is the case, we say that it is a natural boundary condition.

2.7 Eigenvalues and Eigenfunctions

In this section, we shall investigate the solution of the boundary-value
problem .
Vip + 2y =0

in a three-dimensional region R, which has a boundary! sufficiently regular so
that the divergence theorem applies for sufficiently well-behaved functions

dy
as integrands, subject to the boundary condition % 4+ ay = 0 on 8, the

boundary of R. We shall characterize the solutions of this boundary-value
problem as solutions of any one of the following problems in the calculus of
variations:

1. Among all functions f which are continuous and have piecewise con-
tinuous first derivatives in B (i.e., R can be subdivided into a finite number of
subregions in each of which the first partial derivatives of f are continuous
and have limits as the boundary is approached from the interior), minimize

the ratio?
a_ fff(Vf Vf) av +ff f2 ds

NG g ffz e

The minimum will be equal to the lowest eigenvalue 4, and the minimizing
function will be the first eigenfunction y,. Next minimize Q(f)/N(f) subject

toff fy,dV = 0. This minimum will be equal to the next eigenvalue 4,,

and the mlmmlzmg function will be the second eigenfunction 1. Since we
have added a constraint to the first problem, 4, is at least as large as ;, and
thus 4, < 4;. For the kth eigenvalue and eigenfunction we minimize @(f)/N(f)

subject tofff Sp;dV=0,5=1,2,...,k— 1. We therefore arrive at a
R .

1 For quite general conditions on the boundary see Oliver D. Kellogg, “Foundations of
Potential Theory,” Dover Publications, New York, 1953.

* & can be & function of position on the surface of R but must be nonnegative every-
where on S.
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sequence of eigenvalues ; < 1, < 4; < - - - and corresponding eigenfunctions
%1, ¥, ¥g - - - - The eigenfunctions will constitute an orthogonal set but will
not necessarily be normalized. However, one can construct from them an
orthonormal set, since the problem is homogeneous.

2. Among all functions f which are continuous and have piecewise con-
tinuous first derivatives in R, minimize Q(f) subject to N(f) = 1. The mini-
mum will be equal to the first eigenvalue 4, and the minimizing function will
be the first eigenfunction y,, which will be normalized, i.e., N(y,) = 1. The
kth eigenvalue and eigenfunction are found by minimizing @(f) subject to

N(fi=1 andff fy;dV=0,5=1,2,...,k — 1. The solution of this

problem generates a sequence of eigenvalues 4, <4, <43 <--- and an
orthonormal set of eigenfunctions v, y,, ¥s, . . . .

3. Among all functions f which are continuous and have piecewise con-
tinuous first derivatives in R, minimize Q(f) subject to N(f) = 1 and

J;! fv, dV =0

where v;,,1 =1, 2,...,k — 1,is any set of k — 1 linearly independent func-
tions which are piecewise continuous in E. For all possible choices of the
set v, choose the maximum of the minima of @(f). This maximum will be the
kth eigenvalue, and the function which produces the maximum will be the kth
eigenfunction. This is the minimax definition of the kth eigenvalue and
eigenfunction. It has the advantage that one can characterize the kth eigen-
value directly without going through £ — 1 previous variational problems, as
in the other two cases, and gives us the means to compare the eigenvalues of
different problems.

‘We shall be content here to derive only necessary conditions for the solution
of the variational problems. The sufficient conditions for the existence of a
solution and the proof that the solution has continuous second partial deriva-
tives in R are beyond the scope of this book.!

The solutions of problems 1 and 2 can be handled together. Assume that
there exists a solution ¥, to the first minimum problem, in each case, with
continuous second derivatives in . Then

Qyy + en) = 4 N(yp; + en)

where ¢ is an arbitrary constant and 7 is an arbitrary function from the class
of adrnissible functions, i.e., is continuous and has piecewise continuous
first derivatives in R. Since y, is the solution to the minimum problem,

1 8ee Richard Courant and David Hilbert, “Methoden der mathematischen Physik,”
Springer-Verlag, Berlin, 1937, vol. II, chap. 7.
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Q) = MN(y;). Expanding the above inequality and using this fact,
we have!

2e[Q(wy,m) — M N(yw1.m)] + Q) — AN()] =0

This must be true for arbitrary e. Therefore

Qy1m) — AN (ppn) =0

for arbitrary . Otherwise, given an ), we could choose an e sufficiently small,
and of the proper sign, so that

2¢[Q(yy.m) — AN (pm)] + €RQ(n) — AN(7)] <0

contradicting the above 1nequality. Consequently we have

ff Vy, - Vi dv +ffoupm a8 — 21_”]"/’1’7 av =10
R s R

v, has continuous second derivatives in R, and % has piecewise continuous
first derivatives in R; therefore we may use Green’s identity, giving us

d
ff (:i% + 0"/’1)77 as —J:U(ngl + ApndV =0
s @ R

for arbitrary 5. Since 7 is arbitrary, we can first pick it to be zero on the
boundary but otherwise arbitgary in the interior of R. The surface integral
then must vanish, and we have

ff (V2 + Ly dV =0

implying that Vp, + llzpl = 0 in the interior of R But this implies that
the volume integral vanishes, and hence

[+
g dn

d
This implies that % + oy, = 0on 8. Therefore, the solution to the first
n
variational problem is also a solution of the boundary-value préblem.
d
Notice that we arrived at the boundary condition dlnl + ay; =0 as a

hecessary condition for the solution of the variational problem without re-
quiring that this condition be satisfied by all the functions in the class of

1Q(f,9) and N( f,g) are the associated bilinear forms

QL) = ﬂfw' Vgdv + f f afg dS and N(f,g) = ﬂ fgdv
R S ok
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admissible functions. Such a boundary condition is called a natural bound-

d
ary condition. If « = 0 everywhere on §, then 7% = 0 is the natural
boundary condition. On the other hand, if we want our solution to satisfy
the boundary condition y; = 0 on 8, we have to require that f = 0 on S for
every function in the class of admissible functions. In this case

o =|[[vs-wrav
R

and p, = 0 on § is a consequence of y, being in this class of functions. This
is then a prescribed boundary condition, as opposed to a natural boundary
condition.

Next we solve the same minimum problem, but with the further condition

e N(yy, f) =fff’/’1fdv =0
R

Let us assume that this problem has a solution y, with continuous second
partial derivatives. Then Q(y,) = A,N(y,), N(yy,p,) = 0, and

Q(yy + €n) = AN(y, + €n)

This time, however, 7 is not completely arbitrary, since N(y,,n7) = 0. There-
fore, starting with an arbitrary function { in the class of admissible functions,
we can construct an % by subtracting out the part not orthogonal to ¥, i.e.,

n=1{_{—cy
where c= Niyy,0)
N(yy)
Then we have
Q('Pz + el — ecy,) = lzN('Pa + e — ecy,)
or Q(yg,0) — AN (y5,0) — cl@(w2, 1) — AN(yap))] =0

by the same kind of argument as before. Now we know that N(y,,p,) =0
and that
Q(‘Plrl) - }'IN('PI:;) =0

for arbitrary {, from the previous variational problem. Letting { = y,, we
have Q(y,,y3) = 0. Therefore, Q(y;,{) — A;N(y5,{) = 0 where { is arbitrary.

Hence Vey, + Ay, =0 in R

d—%—i-oup,:O onS
dn

We continue in this way generating successive eigenvalues and eigenfunctions.
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To establish the minimax definition of the kth eigenvalue and eigenfunction,
we first note that the minimum of Q(f) = 4, when v, =y, ¢t =1,2,...,
k

k — 1. Also, if v; # p,, the minimum of Q(f) < 4, for f = 3 ¢y, produces
a value =1

k
AN =3 <

k
because N(f) =Y c? = 1. The ¢’s are uniquely determined by the ¥ — 1
i=1 k
conditions N(f,»,) = 0 plus > q? = 1. We therefore know that for every

choice of v;, the minimum of @ is less than or equal to 4,. Yet the minimum of
@ is equal to 4, for the particular choice v, = y,, from which it must follow
that 4, is equal to the maximum of the minima of @, and this maximum is
taken on when f = . .

The characterization of eigenvalues in terms of variational problems gives a
powerful tool for comparing eigenvalues for different problems. The basis for
these comparisons is in the following two theorems.

Theorem 1. Let A, be the kth eigenvalue of a variational problem in
which Q(f) is minimized over a certain class of admissible functions F. Let YN
be the kth eigenvalue of a variational problem in which ¢)( f) is minimized over
a class of admissible functions F resulting from the addition of certain con-
straints to F. Then 4, < ,.

The proof of this theorem follows from the minimax definition of the eigen-
value. Since the v, need only be piecewise continuous in R, the same sets can
be chosen for either problem. Therefore, the minimum of Q(f) is less than or
equal to the minimum of Q(f) for every choice of v;, From this it follows that
the maximum of the minima of @(f) is less than or equal to the maximum of
the minima of Q(f), or 4, < 4,. Notice that this result is not obtainable from
variational problems 1 or 2 because the eigenfunctions of one problem are not
the same as for the other. Therefore, except for the lowest eigenvalue, the
constraints in the two problems are not directly comparable.

Theorem 2. Let A, be the kth eigenvalue of a variational problem in which
Q(f) is minimized over a class of admissible functions F. Let 1, be the kth
eigenvalue of a variational problem in which Q(f) is minimized over the same
class of functions, but Q(f) < Q(f) for every function in F. Then 4, < A
The proof of this theorem will be left for the exercises.

To illustrate the use of these theorems, consider the following examples.

Let v, = V/(o/p)A; bea natural frequency of an elastic membrane under tension
o and with density p. Suppose the membrane covers the region E in the zy
plane and is clamped to the boundary curve C. Let us now take a smaller
membrane over a region R contained in R and clamped on its boundary C.
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The natural frequency 7, = V/(a/ )% of the smaller membrane would tend to
be larger, or at least not smaller, than »,. This follows from theorem 1. We
get 4, by minimizing

o = [[vs-vrazay
R

over a class of functions which vanish on C. By comparison, we get 1, by
minimizing @ over a class of functions which vanishes on C, C, and the region
between C and C. But this class of functions has additional restrictions
beyond those imposed on the first class of function. Hence, 4, < 4.

As another example, consider a membrane over the region R and attached
to the boundary curve C by elastic supports. The boundary condition is
dy
dn
increase the modulus of elasticity on some part of the boundary. The natural
frequencies will tend to increase, or at least not decrease. This follows from
theorem 2. We get A, for the first problem by minimizing

+ ay = 0 on O, where « is the modulus of elasticity. Suppose we now

o) =[5 Spazay + [ o as
, c
We get 4, in the second problem by minimizing

) = ffo Vfdzdy + fcafz ds
R

over the same class of functions, where & > « on C. Therefore, Q < @ for
every f, and hence 4, < 1,.

Theorems 1 and 2 are also useful in telling us what the general behavior of
the sequence of eigenvaluesis. Consider the boundary-value problems for the
same simply connected region R but under three different boundary condi-
tions. Let A,, 4, and 7, be the kth eigenvalues for the three problems corre-

dy dy
W _0,ana 2 —o,
dn e +ay
respectively. By theorem 2 we know that i, < ,, since we are minimizing
functionals

o =|[[vr-vrav <ap = [[[5r-vrav + [asras
R R S

over the same class of admissible functions. By theorem 1 we know that
X < A, since we are minimizing the same functional §, but for 1, we prescribe

sponding to the boundary conditions y =0,
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the condition f = 0 on S on the class of admissible functions. Therefore, we
have
h<X<i

We shall show that lim 4, = oo using theorem 1. Let R’ be a rectangular
k—
parallelepiped containing R with dimensions a, b, and ¢ and surface §'.

Consider the eigenvalue problem
Py Py Py

+ + =
o2 oy 02

with p = O onS’. By separating the variables, we obtain solutions

+up=20 in R’

. mmx . nwy . pmz
¥, = 8in —— sin —= sin =—
a b c

m2 p?
witheigenvalues,uk.——w( + + ) m=123,...,=1,23,...,
p=12,3,.... Obviously hm M = o0, and since the partial differential

k— o0

equation is the Euler equation for the variational problem
minff Vf-Vfdv  f=0 ong’
gt

there is a subsequence of the sequence {u,} whose members are respec-
tively lower bounds for 1,. Since every subsequence of {u;} is unbounded,

lim }'k =
k— o
Actually lim 4, = o0 and lim 1, = o0, but we shall have to wait until Chap.

k— k—®

5, which deals with integral equations, to show this. The fact that the
sequence of eigenvalues approaches infinity is important in the proof of the
completeness of the set of eigenfunctions of the variational problem. It also
implies that an eigenvalue of the variational problem can have only a finite
degeneracy, i.e., if a single eigenvalue corresponds to more than one linearly
independent eigenfunction, it can correspond to at most a finite number of
them.

The analysis of this section is quite a bit more general than we have already
indicated. The important features of the variational problem are the follow-
ing:

1. @(f) and N(f) must be real quadratic functionals. This means that

QS +9) + Q(f — 9) = 2Q(f) + 2Q(9)
N(f+9) + N(f— g9) = 2N(f) + 2N(g)
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When this is the case, we can define associated bilinear forms

Qf.g) = HAS+ 9) — Q(f) — Q@]
= HO(f+9) — Qf —9)]

N(f.g9) = 3N(f + 9) — N(f) — N(g)]
= HN(f+9) — N(f—9)]

with the properties!
Q(f9) = Q9.f)

Qlerfy + cafas 9) = 1Q(f1,9) + ¢2Q(f2:9)

and the corresponding properties for N.

2. N(f)is positive-definite, i.e., N(f) > 0 unless f = 0.

3. Q(f) is bounded from below (or above).

Let us assume that Q(f) is bounded from below. In this case we minimize
Q(f)subjecttoN(f) = 1. [IfQ(f)isbounded from above, we maximize Q(f).]
Assuming that there is a minimizing function y;, for which @ takes on the
value 4,, we have

Qlyy) = A4, N(y,)
Qlyy + en) = 4N (p, + en)
for arbitrary e and . Then

2¢[Q(py,m) — L N(yym)] + €2Q(n) — 4L N(m)] =0
from which it follows that2
Qyyn) = 4 N(yym)

for arbitrary # in the class of admissible functions. Continuing in this way,
we define a sequence of problems in the calculus of variations leading to a
sequence of eigenvalues 4, <4, < A3 < --- and corresponding eigenfunc-
tions v, ¥, ¥, . . . satisfying

Qyon) = AN(y,m)

Qy) = A
N(yuy) = 8,

In the next section, we shall discuss the compléteness of the set of ;igen-
functions and the expansion of arbitrary admissible functions in series of
eigenfunctions.

1 S8ee exercise 5, Sec. 1.6.
2 Compare with exercise 4, Sec. 2.1.
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Exercises 2.7

1. Prove theorem 2 of this section.
*2, Prove directly from the differential equation V2y + iy = 0 and boundary

d
conditiona-'-:: + ay =0, « > 0, that if 2; # 4, then
N(ypy;) =0
3. Show that the eigenvalues and eigenfunctions of the boundary-value problem
d
Viy —Ay =0in R,y = E% = 0 on C, arising in the study of vibrations of a

clamped elastic plate can be obtained from the solution of the following vari-

ational problem: to minimize
ff(sz )2 dz dy
e _®r

N(f) ffzéxdy
3

over the class of admissible functions f with piecewise continuous second deriv-
d
atives which satisfy f = é = 0 on C, subject to N(f,y,) = 0, where y,, ¢ =1,

2,...,k — 1, are the eigenfunctions already found. Assume that the solution of
the variational problem exists and has continuous fourth derivatives in R.

4. An elastic membrane over the region R is clamped on its edge, the boundary
curve C. Indicate with reasons whether the following will tend to increase or
decrease the natural frequencies of the membrane:

a. Part of the boundary is unclamped.

b. An interior point is held down.

¢. The membrane is cut along an interior curve.

d. A particle of mass m is attached to an interior point.

5. Consider the transverse vibrations of an elastic beam. The partial differ-

P 1%

ential equation for small displacements is — 3 w‘ prirn s The boundary
9
conditions for a built-in end are ¢ = 9 = 0, for a hinged end are ¢ = 55; =0,
2 _ P
and for a completely free end are —; PRl 0. Show that the natural fre-

quencies can be derived from a variational principle based on the functional

aun - [

Which boundary conditions are natural and which must be prescribed? If one
end of the beam is built in, compare the natural frequencies for three conditions on
the other end: free, hinged, and built in.

2.8 Eigenfunction Expansions

In the last section we showed that eigenvalues and eigenfunctions for certain
boundary-value problems can be obtained from variational problems. We
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have yet to show that all the eigenvalues and eigenfunctions of a given
problem can be so obtained. We can do this if we can show that the
eigenfunctions of the appropriate variational problem form a complete
get. If there exists an eigenfunction of the boundary-value problem corre-
sponding to an eigenvalue not found by the variational problem, then it is
orthogonal to every one of a complete set! and is therefore identically zero.
If there exists an eigenfunction i of the boundary-value problem corre-
sponding to an eigenvalue A found by the variational problem, then a set
of constants ¢,, 1 =1,2,...,n, where n is the multiplicity of this eigen-
value of the variational pfoblem, can be found such that
g=1vy—Cy; i=1,2,.'..,n

is orthogonal to every y;, i.e., those eigenfunctions corresponding to the eigen-
value A. This can be done with

ci=N(1/),1pi) 1=1,2,...,n

Then g is orthogonal not onlyQto the eigenfunctions torresponding to 4, but to
all the eigenfunctions of the variational problem corresponding to different
eigenvalues. It is therefore orthogonal to every member of a complete set.
It must therefore be identically zero, implying that y is a linear combination
of the y,. Consequently, the variational problem furnishes all the eigen-
functions. We have therefore to show that the eigenfunctions of the varia-
tional problem form a complete set.

Let f be an arbitrary function from the class of admissible functions in the
variational problem. If we attempt to get an approximation for f in terms of
a linear combination of eigenfunctions c¢,p,, ¢ =1, 2, ..., m, we know from
Chap. 1 that we get the best approximation in the least-mean-square sense
if we choose the c; as
' ¢; = N(fp)

Let fm=Ff—cw, 1=12,...,m

where the ¢, are defined in this way. Then f,, is an admissible function for the
variational problem defining the (m + 1)st eigenvalue 4,,,,, for

N(fpp) = N(fp) —edyy  j=12...,m

=c¢—c¢ =0
Therefore, Qf ) = AN (f )
Qfm) }s bounded, since N
Q) = Qfm) + Qlespy) + 2Q(cpifm)
= Q(fm) + Qlesyd)

1 See exercise 2, Sec. 2.7.
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This follows from the relatiort Q(y;,n) — A4,N(y;,n) = 0, which is true for y;
and an arbitrary admissible function . If we let = f,,, then

Ny, fn) = Qyifm) =0

OSQ(fm)= f) a'l’:
=Qf)~

A2 is positive and nondecreasing with m. @Q(f) exists and is independent
of m. Thus, @(f,,) is bounded as m increases. This implies, since 4,, , —
as m — oo, that

Therefore, we have

N(f,) < Ufm) —>0asm—> ©
m+1
N(f,) =N(f) —>c2—>0asm— oo
i=1 .
or N =3
1=1

which is the completeness relation. The y, therefore are a complete set in
the class of admissible functions.
By arguments similar to those givenin Sec. 1.8, we get Parseval’s Equation

N(f.9) =§:1"ibi

wherec;, = N(f,p;) and b, = N(g,p,) and f and g are any pair of functions from
the class of admissible functions.

We must remember that completeness of a set of orthonormal functions,
which is equivalent to convergence in mean of a series to an arbitrary function,
is not the same as pointwise convergence. However, based on completeness,
we can often establish pointwise or even uniform convergence. For example,
consider the problem of the vibrating string stretched hetween z = 0 and
x = L. The eigenvalues of the problem are 1, = k27%/L2 and the eigenfunc-

2\t k& :
tions are y, = (Z) sin f‘” z. From the variational problem we know then

that the eigenfunctions are a complete set with respect to continuous functions
which vanish at z = 0 and 2 = L and have piecewise continuous first deriva-

@
tives. Consider the series Y ¢,y;, where
=1

By Schwarz’s inequality,
? ? 2 @ © w:
(3on)<3ans B<San3 o
| k=n k='n lk k=1 k=n )'k
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We have already shown that

0 < Qf) = Q) —kﬁlciak

-}
Therefore, the series Y czA, converges. Also
k=1

f i 2L i sin® (kw/L)x

krmx 1
converges umformly, since sin? A <1 and the series z 5 converges.
v

Therefore, z approaches zero as n approaches 1nﬁn1ty umformly in z.
k=n k

P 2
This implies that ( > ckzp,,) approaches zero as n approaches infinity uniformly
k=n

in z for every p > 1;, and by the Cauchy criterion for convergence the series
e}

> ¢, converges uniformly. The series must therefore converge uniformly

k=1

to f by the completeness of the eigenfunctions.!

P 2 P 2
The same argument would hold if we replaced( > cktpk) by( A |1ka) .
k=n k=n

-]
Therefore, we also have absolute convergence of the series Y ¢y,
k=1
Thus we have been able to show that every continuous function, with piece-

wise continuous first derivatives, which vanishes at x = 0 and = L can be
expanded in a uniformly convergent series of sine functions, i.e., the eigen-
functions of the string with fixed ends. This, however, depends on the com-
pleteness of the set of eigenfunctions, which in turn depends on the existence
of the solution of the variational problem.2 However, if the completeness
property has already been shown, then the expansion theorem can be proved
directly. We shall return to the problem of expanding arbitrary functions in
terms of orthonormal sets of functions in Chap. 3, when we discuss the
Sturm-Liouville problem.

Exercises 2.8

1. Obtain a uniformly convergent series of sine functions which converges to
flz) == 0<z<}
f@)=1—-2 3}<2<1
What does the series converge to for —1 < x < 0?

1 See Sec. 1.8,
* See Sec. 1.9.
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2. Consider the vibrating-string problem with free ends. What are the eigen-
values and eigenfunctions? With respect to what class of functions are the eigen-
functions a complete set? Obtain a uniformly convergent series of cosine
functions which converges to the function of problem 1. What does the series
converge to for —1 <z < 0?

2.9 Upper and Lower Bounds for Eigenvalues

The characterization of the eigenvalues of a boundary value by variational
principles allows one to develop procedures for approximating eigenvalues
when the corresponding eigenfunction is not known. For example, we know
that A, is the minimum of the ratio of two functionals in a certain function
space. Therefore, if we take any function in the space and evaluate this ratio,
we shall obtain an upper bound for 4,. As an example, consider the string
problem with fixed ends. The first eigenvalue 4, is the minimum of

1
Q(f)zfo(f ) de
N(f) 12d

Jiras

over the class of functions which are continuous,! vanishat t = O0andz =1,
and have a piecewise continuous derivative. Such a function is

$h(®) == 0<z<}
h)=1—2 }<z<1

An elementary calculation leads to

Q(g,) —12> 1, = o
N(gy)
As another example, we might take
g2 = z(1 — )

This function leads to an upper bound

Qg _ ¢
N(g,)

which is a better approximation for 2.

What is needed is a procedure for systematically improving the approxima-
tion afforded by the upper bound. Because the function space is a linear
vector space, any linear combination of functions in the space is also in the
space. Therefore, we may take a linear combination ¢,g, + ¢49, to determine

1 For convenience we have taken a string of unit length.
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an upper bound for 4,. However, now ¢, and ¢, are arbitrary and so can be
chosen to give the smallest possible upper bound over the subspace spanned by

¢, and g,. We have
! ? < Qcy91 + o)

' N(cygy + co95)
for any ¢, and ¢,. Expanding, we have

Qegs + cag) _ 10 + 26104Q(01.05) + ¢59A52)

N(cygy + caga)  GN(gy) + 26,6, (91.95) + 3N (g2)
The problem of minimizing the ratio of two quadratic forms where the de-
nominator is positive-definite we have met before in exercise 3, Sec. 2.1. We

are led to the characteristic equation
Qg) — AN(G)  Q9r92) — AN(G19) | 0

Q(91,92) — AN(91:92) Q(g2) — AN(g5)

to solve for the stationary values of the ratio. In the present example, the
characteristic equation becomes

312 — 4161 4 3,840 =0

The smaller of the roots of this equation is approximately 9.944, as compared
with 72, which is approximately 9.870. The procedure outlined here is known
as the Rayleigh-Ritz method. We shall now discuss it in a more general
framework.

We wish to find an upper bound for the smallest eigenvalue of the boundary-
value problem

Vey +Ay=0 inR
dy +ap=0 onS
dn

We know from the variational principle that

Hfo -Vfav +ﬂa 72 ds

2
R

where f is any continuous function with piecewise continuous first derivatives
in R. Let f=c,p, t=1,2,...,n, where ¢, are any set of linearly
independent functions in the space of admissible functions. Evaluating the
functionals involved, we have

Qe @) %084

— e ———

TN (c;p)  bisecy
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where a,, = Q(¢,,¢,) and b;, = N(¢;,¢;). We note that the matrices 4 with
elements a;; and B with elements b;, are both real and symmetric. N(f) is
never negative, and it is zeroonly if f = c,p; = 0. But the p,areindependent,
so that b,c,c; = 0 only if ¢, = 0 for all <. Therefore, b,;c;c, is a positive-
definite quadratic form.

We now pick the ¢’s to give us the ““best’’ upper bound. Thisis the problem
of minimizing the ratio of two quadratic forms, the denominator of which is
positive-definite. -Thestationary values of this ratio are given by the solutions
of the characteristic equation

|4 — uB| =0

There are n stationary values, all of which are real. The smallest of these
will give us the best upper bound for 4, over the subspace spanned by the func-
tions g;.

We next ask ourselves what is the relation between the other stationary
values and eigenvalues of the boundary-value problem other than ;. Let C,
and Cj be eigenvectors of the problem

AC = uBC
corresponding to different eigenvalues u, and us. Then
ACy = paBCy
ACs = upBCy
CpACs = uaCpBC.
C4ACs = upCuBCp
0 = (o — pp)CpBCa

Since u, 7% pg CsBC, = 0. Let 0, = c,,p,, where c,; is the jth component of
the ith eigenvector. The 0, are an orthogonal set for

N (01,01) = N(CsPrCimPm) = CirCim (PpsPrm) = CiCimOkm = O’;BC, =0

Even if there is arepeated eigenvalue, it will correspond to a finite-dimensional
subspace in which we can construct an orthogonal basis, and we will have a set
of n orthogonal eigenvectors.

We can go another step in the approximation procedure if we add another
function to the set already used. Since the 0, are an orthogonal set in the
function space, let us use these and add a new function ,,,, which we assume
is constructed orthogonal to the others. We shall also assume that the 6’s are
normalized. We then have

N(01,05)=6“ 'I:=1,2,...,n+1
i=L1L2,...,n+41
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Thus at each stage in the approximation the functions which produce station-
ary values are a linear combination of an orthonormal set. If we consider the
kth stationary values in each of the successive approximations, we find that
they form a nonincreasing sequence. This can be seen from a minimax
definition of the stationary value.

w™ = max min 1?7((‘; ))

where f is in the subspace S spanned by 6,, 6,, . .., 0,, and N(fv,) =0,
i=12,...,k—1, and v, are any set of k¥ — 1 piecewise continuous func-
tions.

e
N(f)

where [ is in the subspace § spanned by 6,, 0,, ..., 6,,; and N(fv,) =0,
1=1,2,...,k— 1. Now we know that S is contained in §, since any func-

ptY = max min——=

tion in 8 can be written as a linear combination of 6y, 0,, ..., 0,,; with
Cns1 = 0. Therefore, uf**? < WP, k=1,2,...,n. Weknow also that

every stationary value is greater than or equal to 4, which is the maximum
of the minima of Q/N in the whole space. Therefore, we have

AkS' Slu’ini-ﬂ) ﬂ;ﬂﬂ) S”;cn)

and the set of kth stationary values forms a nonincreasing sequence bounded
from below by the kth eigenvalue of the boundary-value problem. Such a
sequence always has a limit. We have also shown that the function which
produces the kth stationary value can be expressed as a linear combination of
a set of orthonormal functions. If this is a complete set, then 6 converges
in mean to y,, the kth eigenfunction of the boundary-value problem, i.e.,

lim N(y, — ") =0

n- o

It can be shown that this implies that

hm ‘u,(‘") = }hk

n-+w
but this involves some methods of functional analysis which are beyond the
scope of thisbook. ~As a matter of fact, the Rayleigh-Ritz procedure has more
than just a computational interest, for it can be used as a starting point for a
proof of the existence of the solution of the variational problem. This is what
Courant and Hilbert refer to as the “‘direct method”’ of the calculus of varia-
tions.! We shall not attempt to discuss these methods further here.

18ee Richard Courant and David Hilbert, ‘‘Methods of Mathematical Physics,”

Interscience Publishers, Inc., New York, 1953, vol. I, pp. 174-176. See also Richard
Courant and David Hilbert, ‘‘Methoden der mathematischen Physik,” vol. II, chap. 7.
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So far we have discussed only upper bounds for eigenvalues. One can also
get lower bounds. Assume, for example, that

Vif=y
where both f and g are admissible functions in the variational principle which

defines the eigenvalues for the problem with boundary condition ¢y = Oon 8.
By Parseval’s equation we have

Nf) =3
k=1

N (f 9) =kzlckbk

where ¢, = N(f,y,) and b, = N(g,,). From Green’s theorem,
b= [[[rwrar =[[[enser-+ [ (ndh —r52) as
= _Akff Wf AV = — A,
R -]
so that N(f9) = NSV = —Qf) = — 3 ek

Furthermore, D(f) = N(V%,V%) = N(g.9) = i by = i Ak
=10 k=1

Let A=Q(ﬁ=éﬁ
() ic?é
k=1
Then M_12=2_1§=D—1Q
N(f) N N N
D—21Q+1Q_ D—2iQ+ N

N N
z c2(A2 — 244, + 2P
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where A, is the eigenvalue closest to 4. Then

D _ ¢ D_¢
A= a2 <h<i+ |z -%
N EHETNY T

As an example, consider the function g,, which gave us an approximation of
10 for A, = #%.  We have D(g,) = 4, N(g,) = s, so that

10 — V20 < 4, = 7% <10 + V20

These are not very good bounds in this case. For a procedure which leads to
better bounds see Bernard Friedman, “Principles and Techniques of Applied
Mathematics,” page 212.

It may happen that the value of some functional is directly related to some
physical quantity whose value is to be determined. Then finding upper and
lower bounds for this functional is a good means of approximating that quan-
tity. For example, in electrostatics, for a typical capacitor the electrostatic
potential ¢ satisfies

Vip =0 in R
p=1 on 8,
=0 on S,

where R is the region between two surfaces S; and S, which are perfect con-
ductors and form the boundaries of .1 This is a Dirichlet problem, and its
solution is the solution of the following minimum problem : to minimize

o = [[[vr-wrav
R

over the class of functions continuous in R and on S, with piecewise continuous
first derivatives in R, and taking on the given boundary values on S, and ;.

o e F o o .
Q(f) is positive-definite, for if Q(f) = 0, then P a—?-/ =% 0in R. This

implies that f is constant in R and on 8, but this is not possible if f = 0 onS§,
and f = 1 on 8, and is continuous. Therefore,

min Q(f) = 4 > 0
Assume that the problem has a solution ¢, and then @(¢) = 1 and
Qlp + en) =2
where € and 7 are arbitrary, except that 7 = 0 on §. Hence

2¢Q(p,m) + €2Q(n) =0

1 Actually, to fit the present formulation of the problem, we have to think of these
boundary values as an idealization of a continuous function which makes the transition
from 0 to 1 in a small region of the boundary where S, and S, are joined.
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This implies, since e is arbitrary, that @(p,n) = 0. By Green'’s theorem,

— 2 de
Qo) = fﬂnV pav +ﬂ - s
R S
R

Since 7 is arbitrary in R, V2p = 0 in R; and since ¢ is in the function space,
it must satisfy the boundary conditions ¢ = 1 on §; and ¢ = 0 on S,

Now 1 is not an eigenvalue of the differential equation, but in this case it is
proportional to the capacity of the capacitor. Therefore, we are interested in
its value, which we can approximate by getting upper and lower bounds. The
Rayleigh-Ritz procedure for obtaining upper bounds is as follows. Let f, be
any admissible function which satisfies the boundary conditions, and let

fuisfos - - - » [ be any set of continuous functions with piecewise continuous first
derivatives which satisfy the boundary conditionf, = OonS,7 =1,2,...,n.
Then

f=h+el

is admissible, and @(f) = A. The ¢’s are arbitrary and hence can be adjusted
to give the smallest upper bound.

A method due to Trefftz for getting lower bounds is the following. Let g be
any function satisfying the differential equation V2g = 0in R. By Schwarz’s
inequality,

[Qe.9)]) < Q@)Q(9)
By Green'’s theorem,

(p.g) = —f_”anzg av +ﬂ<pZ—st
-8
SIEE

[ff 2as|
ﬂ Vg Vg dv

For a method of getting successively better lower bounds, see the paper by
J. B. Diaz, “Upper and Lower Bounds for Quadratic Functionals,” Pro-
ceedings of the Symposium on Spectral Theory and Differential Problems,
Oklahoma A. & M., Stillwater, Okla., 1951. :

Therefore,

<Qp) =12
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Exercises 2.9

1. Find the best upper bound for the smallest eigenvalue of the string problem
for one end (x = 0) fixed and one end (x = 1) free over the subspace spanned by
the functions g, = # and g, = 2.

2. Prove that N(9,,6,) = 0if lim N(6{™ — 6,) = 0, lim N(6{™ —6,) = 0, and
N(@O™,6§m) = 0 for all . e e

3. If ¢ is the solution of the boundary-value problem V3p = —p, p a known
function in R, and ¢ = 0 on 8, the boundary of R, then show that

-]

=F - <Qp) <Q)

Q(u)
where Q( f) =fffo- VfdV,f#0in R, and V% = —p in R, and u =0 on S.
R

Hint: Use Schwarz’s inequality.
4. Under the conditions for the lower bound derived in this section, show that

where § is any number less than 4, and N — @ > 0. Let f =39 < 4n? = ],
and find a lower bound for 4, = #?%in the string problem using g, = z(1 — z) as the

o0
comparison function. HiNT: > (4, — A;)(4; — Bl > 0.
=1
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Chapter 3. Boundary-value Problems.
Separation of Variables

3.1 Orthogonal Coordinate Systems. Separation of Variables

In the last chapter, we characterized the eigenfunctions of the Helmholtz
equation as solutions of variational problems. Although this was very instruc-
tive and it led to several interesting theorems, as well as to approximation
procedures, it is not very constructive as a method of finding explicit eigen-
functions. The method of separation of variables is one of the most
important for finding explicit solutions of the Helmholtz and related partial
differential equations. The Helmholtz equation separates into ordinary
differential equations in eleven different orthogonal coordinate systems,!
and these are sufficient to solve many problems of practical significance.
Therefore, we shall restrict our discussion to orthogonal coordinates and
avoid the difficulties of completely general coordinate transformations.

We shall assume that ours is a three-dimensional euclidean space, so that
there exists a line element

(ds)? = (dz)® + (dy)® + (dz)*
in terms of the usual orthogonal euclidean coordinates (z,y,2). We consider
a coordinate transformation to new coordinates (u,v,w) by

u = u(2,y,2)
v = v(2,Y,2)
w = w(z,y,2)

1 See Chester H. Page, “Physical Mathematics,” D. Van Nostrand Company, Inc.,
Pripoeton, N.J., 1956.

l 137
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where u, », w are single-valued, continuous, differentiable functions. At
points where the Jacobian

or Oy 0z

dv Ov Ov
J= or Oy Oz #0

w o

0xr Oy 0Oz

the transformation has a unique inverse:
x = x(u,v,w)

y = y(uvw)

z = z(u,v,w)

A coordinate surface is a surface on which one of the coordinatesis constant,
80 that u = ug, v = vy, and w = w, define three coordinate surfaces which
intersect in the point (uy,v,,w,). A coordinate curveis a curve along which
only one of the coordinates varies. For example, if we set v = voandw = w,
we have the intersection of two coordinate surfaces, which is a coordinate
curve along which only » varies. We call this the u-coordinate curve. At
the point (ug,vq,w,) We have the intersection of three coordinate curves (see

Fig. 4).

w-coordinate
curve
ty uU=ug
V= Vo
(uOIVO: WO) ipy
v—-coordinate
iy curve
w=wp

u - coordinate
curve

FIGURE 4

Let us draw unit tangent vectors to each of the coordinate curves at the point
(ug:gswo). An orthogonal coordinate system is defined as one in which
these three vectors are always mutually perpendicular, or equivalently, one in
which the coordinate curves always meet at right angles.



Skc. 3.1 ORTHOGONAL COORDINATE SYSTEMS 139

The orthogonality of the coordinate system can be expressed in terms of the
unit vectors i,, i,, i,, as follows:

i, -, =1, -, =1,-i, =0
This can be expressed analytically in at least two different ways. i, i,, 1, are

vectors normal to surfaces u = ug, v = vy, and w = w,, respectively. There-
fore, we have

_ Vu
“ T |Val

_ A\
Vel

_ Yu
C |V

where these gradients are evaluated at (ug,09,wo). In tepms of partial deriva-

tives, Vu.vv:a_u@ Qg_aﬁ_l_a_ua._v:

0x0x Odyody 0z 0z

Judw Oudw , Oudw
Vu Vw=—— 4+ —— 4+ —— =
were 0x O 3y6y+azaz
Voo v B0, B0 dodu_

0x0x Oydy 0z02

Also, i,,1,,1, are vectors tangent to the u-coordinate curve, v-coordinate curve,

and w-coordinate curve, respectively. Along the u-coordinate curve, for

example
pie. x = x(u,09,wg)

Y = y(u,00,0,)
z = 2(u,v9,wg)

are the parametric equations of the curve using « as the parameter. Hence,

the unit tangent ( oc oy 0 ) du
“ ou’ ou’ du/ds,
du 1
“ L) GG
ou + ou + ou
and the partial derivatives are evaluated at (u,v,,w,). Similarly,
i = (ax oy az) dv
’ o’ v’ ov/ ds,

i (ax %y az)dw
v ow’ 0w’ ow/ ds

where
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and we have

Grdr Wiy B3 _

oudv Oudv Oudv 0
dmaw | dydy 020 _
Oudw Oudw Ouodw

dede iy B2

ovow Ovow Ovow

We are now in a position to express the line element in terms of the co-
ordinates u, v, w. By the chain rule we have

oz 0z oz
do=au+ P+ % q
=t Rt w ™

dy=g-—-ydu+a—ydv+§}idw
u

ov ow

0z 0z 0z
% %+ Za
%= T ™

Then
(ds)? = (dx)® + (dy)® + (dz)?

- e o [ @
[ )

o) '+ (8 ) + (Geae)
= (% q sl ) B g
(du u) + dv v) + dw v

= (ds,)* + (ds,)? + (ds,)*

The cross product terms in du dv, du dw, and dv dw have dropped out because
of the orthogonality of the coordinate system. It is common to write the line
element as

(ds) = Ri(du)* + h3(dv)* + hg(dw)®

where hy= (Z_z)z_*_ ('g_Z)z_‘_ (g’i)a
- (- 0

= )+ @)+ )
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The magnitude of a gradient is equal to the directional derivative in a
direction normal to a surface. Therefore,

_ Ve _Vu_
YT Va|  dw
dsu
W _Ww_.v
TV de T
ds,
w_l’i’__.v_‘i’ sV
Vel dw
ds

We shall now express the gradient, diveréence, and curl in terms of the
coordinates %, v, w and unit vectors i,, i,, i,. Then the Laplacian can be
expressed as the divergence of a gradient. By the chain rule we have

dy_dyau, dydv , dudw
0x Oudxr Ovodx Owox

dy_dyou , dvdv , dydw
0y Oudy dvdy Owdy

2y _dou , dein, dydw
0z Oudz Ovoz Owo0z

0 0 0
Now Vy = A + _8_3 i+ -523 k in rectangular coordinates. Therefore,

Ox
Oy (au ou, Ou ) oy (av v, Ov )
V‘P—'a'; 'a;i—*‘ é;j+_zk +a—5 a—xi'F@j‘}‘-a—zk
a«p(aw ow, Ow )
i h My
+3w oz +3 j+az
a«p oy oy
Vu \% \Y
“n T T

law lazp 1 dy
i,
h ou +h ov +h36w

which expresses the gradient entirely in the new coordinate system.
Let V be a vector expressed in terms of the u, v, w coordinate system, ie.,

V="V,i,+ Vi, + Vwiw
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Ifi,, i,, i, form a right-handed triad, then
i, =1, X i, = hohg(Vo X Vw)
i, =1, % i, = khg(Vw X Vu)
i, =1, % i, = hhy(Vu x Vv)
and V = hohyV (Vo X Vw) + kihgV, (Vo X V) + hihyVo(Vu X Vo)
The divergence of V is
V-V =V-[hhaV, (Vv X Vw) + V- [hsV,(Vw X Vu)]
+ V- [AhyV oV X Vo)]
= V(hohsV,) * (Vo X Vw) 4 V(khsV,) - (Vw X Vu)
+ V(’hksz).‘ (Vu X Vo) + hhyV,V - (Vo X Vw)
+ hihgV,V + (Vw X Vu) + hihyV,V - (Vu X Vo)
The last three terms in this expression are zero because of the identity
V- (Vf x Vg) = Vg-(V X V) — Vf+(V x Vg)

plus the fact that the curl of a gradient is zero. Using the expression for the
gradient, which we have already derived, and making use of the identity
A - (A % B) = 0 for any pair of vectors, we have

V-V= 56- (hohyV )Vu - (Vo X Vw) + 56- (hyhsV )V - (Vo X Vu)
u v

d
+a

— (hyhaV )Vw - (Vu X Vo)
w

Finally, we have
1=1i,-(,%i,) =i+, % i,) =1, (1, X 1)
= hyhohyVau + (Vo X V) = hybohs Vo - (Vo X Vu)
= hyhohyVw - (Vu x Vo)
so that the divergence in the %, v, w coordinate system is

VeV= hlhlzha[aa—u (hehaV) + a% (hahgV) + 5%, (hlthw)]
For completeness we shall derive the expression for the curl of a vector. Let’
V="Vdi,+ Vi, + Vi, =V, Ve + kV, Vo + hsV,Vw
Then V X V= V(hV,) x Vu+ V(kV,) X Vo + V(ksV,) X Vw

where we have again made use of the fact that the curl of a gradient is zero.
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Therefore,
VxV= 9 AV (Vv X Vu) 4 2 (R V) (Vw X Vu)
ov ow

+ 2 (V) x Vo) + Z (¥ )V x Vo)
ou ow

+ ai (haV ) (Ve x V) + : (haV ) (Vo X Vo)
(3

v

= L|:--Q- (han) - aa (h2V11)} iu

hohyLOv w
1[o 9 }
— Ly, —Z (hV

+ i L (V) = 5 V)
1[a o ., ]
—\Zoy)—Z @y

+h1h2_au( 2 v) a’U( 1 u) lw

by holy  Baiy,
1o 2 2
hihohs| 0w  Ov  ow
Vo hVy hg¥y
Our first interest here is in the expression for the Laplacian, V2y. We shall

write this as V - Vy, and hence in the expression for the divergence we put

1 dy 1 oy 1 oy
vV, ==y o2 andv, =—2¥ Th
R T e Ve en

hy 0w
Vip L[ 2 (1 2¥) | 2 (hy2v) , D (hha2v)]
hihohglou\ by Ou/ ~ Ov\ hy Ov ow\ hy 0w
As an example, let us take spherical coordinates, one of the coordinate
systems in which the Helmholtz equation is separable. The transformation
to spherical coordinates is

z = rsin 0 cos ¢
y = rsin O sin ¢
z=rcos @

with 0 <7,0 <6 < =, and 0 < ¢ < 2m, where r, 0, ¢ are the coordinates
shown in Fig. 5.
The line element is

(ds)? = (dr)? + r%d0)2 + r2 sin? O(deh)>
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z Hence, hy; = 1,hy = r,and by = rsin 0.
The Laplacian is

[ //TP:(x,y,z) V”;p: 1 [aa(rzsmga )
r, ! 72 8in 0 or

st 23]
g +30 o +a¢ sin 6 d¢

I
|
+
|
N _#y, 20y 13y
AN| o ror r206°
cot 6 dy 1 Py
© 90 ' rsin’ 9¢?
In Helmholtz’s equation let us assume that y(r,0,¢4) = U(r)V(0) W(¢); then

FIGURE 5 + —

VW d(,dU UW d av
\% Ay =— —(72——-) ——(s'ne—)
vy r dr\ dr Psinfdo\ o
_uv_aw
AUVW =0
r® sin? 0 d¢2 +
Dividing through by UV W/r2 and transposing, we have

2
1 d(r2 ) + At = — 1 i(sinﬂqz) _ 1 W
Udr\ dr V sin 6 d6 do W sin® 0 d¢?
The left-hand side is a function of r only, whereas the right-hand side is a
function of § and ¢ only. The only way this can be an identity in », 6, and ¢

is for both sides to be equal to a constant which we shall call «. Therefore,
we have

(rsz) + AU —aU =0
dr\ dr
2
521—t?-(i(su 6 V)—f—asm”B-——-l—w
v de\ do W dg?

In the last line the left-hand side is a function of 6 only, and the right-hand
side is a function of ¢ only. This can be an identity in 6 and ¢ only if both
sides are equal to a constant §. Then we have

je(sm()d )-{—aVsmG—fV—-O
a32w
W=0
d¢2+ﬂ

Thus, the partial differential equation has been reduced to three ordinary
differential equations to be solved. If there exist values of the separation
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constants «, B, and 4 for which these ordinary differential equations have
golutions, then

1/)(1',0,¢) = U(r,).,a)V(O,a,ﬂ) W(¢;ﬂ)

is an eigenfunction of Helmholtz’s equation in spherical coordinates. Of
course the problem is not completely stated until boundary conditions and
continuity conditions on the solution are specified. It is precisely these condi-
tions which allow us to determine the admissible values of «, 8, and 4. For
example, if we were attempting to solve Helmholtz’s equation on the interior
of a sphere of radius a subject to one of the boundary conditions p = 0,
g_:o =0, or %% + oy = 0 at r = a, then these become conditions on U(r) at
r=a,ie, U@) =0, U'(a) =0, or U'(a) + oU(a) = 0. The requirement
that y be continuous and have continuous first derivatives at » = 0 means
that U(0) and U’(0) must be finite. If y is to be single-valued in the sphere
and have a continuous derivative, then W(0) = W(2#), W'(0) = W'(2n),
which means that § = n?, n an integer. V(0), V’(0), V (=), V'(7) must all be
finite if y is to be continuous and have continuous first derivatives on the
polar axis of the sphere.

We notice that each of the separated equations can be written in the form

(py') —qy+ Apy =0

The solution of this equation subject to boundary conditions of the following
types is known as the Sturm-Liouville problem:

1. y(a) =0oryd) =0

.Y (@ =0o0ry'®d =0

. ¥'(a) — ay(a) =0ory'(b) + auy(b) =0,0;, > 0,0, >0
- y(a) = y(b) and p(a)y’(a) = p(b)y'(b)

. y(a) and y’(a) finite, with p(a) = 0 or
y(b) and y'(b) finite, with p(b) = 0

The first three are conditions imposed at physical boundaries; the fourth is a
requirement of periodicity; the fifth is a requirement imposed to guarantee
that y is sufficiently well-behaved in the interior of the region. We shall
discuss this problem in detail in the next section, but first let us show that the
solutions of a Sturm-Liouville problem form an orthonormal set of functions.

We first note that the Sturm-Liouville problem is homogeneous. There-

fore, we can assume that any nontrivial solution has been normalized as
follows:1

o

o W W

°
fpy’dx:l
a

1 We assume that p is & nonnegative function. In actual practice this is the case.
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Next assume that y, is a solution corresponding to 4, and that y, is a solution
corresponding to 4; with 4, % 4, Then

(2y) — qu; + Apy, =0

(py;) — qy; + A,py;, =0

Multiplying the first equation by y, and the second by y,, subtracting, and
integrating, we have

b ]
(4 — lf)f PY:Y; dx =f [(py))'y: — (py)'y;) dz

= [pyjy, — pyiy;1°
=0

for any combination of the above boundary conditions. Summarizing, we
have

b
f PYY; dx = 0,

which is to say that the solutions form an orthonormal set with respect to the
weighting function p(x).

We have stated that the technique of separation of variables leads to eigen-
functions of the Helmholtz equation under appropriate boundary conditions.
It remains to show that it leads to all possible eigenfunctions of the boundary-
value problem. This can be established if we can show that the solutions
obtained by separation of variables form a complete set. Hence, any other
solution of the boundary-value problem would be orthogonal to a complete set
of functions and would, therefore, be identically zero. We shall give the
argument for a two-dimensional problem in which it is assumed that Helm-
holtz’s equation separates into a pair of ordinary differential equations leading
to two Sturm-Liouville problems:

@) —qy+Ay=0
(PY'Y — QY + uRY =0

We shall assume that there exists a denumerable set of solutions for each
problem and that they are complete sets.! We therefore have completeness
relations

[ J :
f rfgde =3 ab,
a i=1

d o
RFGdx =3 AB,

i=1
1 These facts will be proved in the next section.
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b
where a =f rfy, dx

b
b; =f rgy, dz
d
= f RFY,dx
c

d
,.=f RQY, dx
c

We shall prove that the functions y,(x) Y ,(t) are a complete set, i.e.,

[ [romorenae -5 5.
a e i=1j=1

where Cij =fbfdr(x)R(t)f(x,t)y,(a‘c) Y ,(¢) dt dx

First we note that the functions y,(x) Y ,(t) are an orthonormal set, i.e.,

b[d
ff r(z)R(t)y;(x)y;(x) Yi(t) Y . (¢) dt dz = §;; 6y,

For each ¢, such that ¢ <t < d,
b ©
f (@) f3(x.t) dz =, g3(t)
a =1

where g:(t) =fb7(x)f (z)y,(2) dz

o0
The series > g3(t) converges uniformly. If this were not so, then there would
i=1

exist a positive number ¢, a sequence {n, }, and a sequence {t,} such that
Sy (te) <S(k) — €
where St) =3 git) and  S,0) =3 gi)
i=1 =1

However, for a fixed N,
Sylt) <8, (4)
for n,, > N. Therefore,
Sn(t) < 8(t) — €

Also we know that the sequence {f,} must have a limit r in the interval.
Letting t, pass to the limit and using the continuity of S and S, we have

Sy(r) <8(7) — €
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But this is not possible, since we have convergence at ¢ = + and Sy(r) can be
made arbitrarily close toS(r). Therefore, the series must converge uniformly.

We multiply the uniformly convergent series by a continuous function R(t)
and integrate term by term:

b (ad 0 d
f f r(@)R(t) f2(xt) dt dx = > f R(t)g3(t) dt
ave i=19ve
Using the completeness relation for R(t) gZ(f), we have

fbfdr(x)R(t) fx,t) dt dx = i g &
aJe =1 /=1

]

where ¢;; = f dR(t)g{(t)Y,(t) dt = f bfdr(x)R(t) f@t)y(x)Y ,(t) dt dz

We know that any linear combination of solutions of the Helmholtz
equation satisfying the physical boundary conditions will also satisfy the
equation and the boundary.conditions. We are therefore led to seek the
general solution of the boundary-value-initial-value problem as a finite or
infinite linear combination of fundamental solutions. The exact solution
will be determined when specific initial values are imposed. This will be
possible if we can expand the functions representing the initial values in
geries of eigenfunctions. Therefore, we shall investigate the problem of
expanding functions in series of solutions obtained by separation of variables,
but, as we have seen, this ultimately depends on the completeness of the
set of solutions of a Sturm-Liouville problem. Hence, we turn our attention
in the next section to the Sturm-Liouville problem.

Exercises 3.1

*1. Discuss cylindrical coordinates. Describe the coordinate surfaces and
curves. Separate the variables in the Helmholtz equation. Discuss the boundary
conditions on the solutions of the separated equations, assuming the region is
the interior of a cylinder of radius a and height A.

2. Discuss parabolic coordinates

2 = Vuvcosw
y = Vuvsin w
U —v

2

z2 =

0<wu, 0<wv 0<w <2 Describe the coordinate surfaces and curves.
Separate the variables in the Helmholtz equation.

*3. Assuming that p(x), ¢(z), and p(x) are all greater than zero fora <z < b,
prove that the eigenvalue 4 in the Sturm-Liouville equation is positive under any
of the boundary conditions 1 to 5.

*4. A circular membrane of radius 1 is in equilibrium with a displacement of
¢(1,0) = ab(2r — 6) on the boundary. Find the displacement at interior points,
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3.2 Sturm-Liouville Problems. Fourier Series

As pointed out in the previous section, the Sturm-Liouville equation is
(7y") — 9y + Apy =0
We shall assume that p(z) > 0 and p(z) > 0 over the interval a <z < b in
which the differential equation is to be satisfied. If either vanishes, this will

occur at anend point or at an isolated point inside the interval. We sometimes
write the equation

L(y) + py =0

d{ d
where L is the linear operator T (p E&) — q. The operator has the following

property. If u and v are both functions which satisfy the same boundary
conditions, then

b b
f [uL(v) — vL(u)] dx =f [u(pv)’ — v(pu')]dz
= [pw’ — pouw'l; =0
b
If we call the scalar product (f,g) —-:f fg dz, then we can write

(u,Lv) = (Lu,v)

In general, when an operator has this property it is called self-adjoint.

The fact that L is self-adjoint has some interesting consequences. For
example, let 1, and A, be two different eigenvalues of the Sturm-Liouville
equation, corresponding to solutions y; and y,; then

L(y,) + Aipy; =0
L(y,) + 4py; =0

b
and (A4 — l;)f PYY s dz = (y,,Ly,) — (Ly;y;) = 0

b
Since 4, # 4;, f pyy; dx = 0. Wesay thatsolutions corresponding todifferent
eigenvalues areaorthogonal with respect to the weighting function p, or
(VoyuVpy;) = 0

If there exist two different solutions 4 and v corresponding to the same
eigenvalue 4, then

uL(v) — vL(u) = u(pv’)’ — v(pw’)’ = 0

a -
= 5, P vu’)]
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This implies that p(uv’ — vu') is constant. For every boundary condition
except number 4, the condition for periodicity, the expression vanishes at the
end points of the interval. However, p is not identically zero over any sub-
interval; therefore, uv’ — vu’ = 0. Hence,

e |=

v’
v

which implies that » = c¢v. This shows that 4 cannot correspond to two
linearly independent solutions except in the case of the boundary condition
for periodicity. In the latter case we have, for example,

y' +2iy=0

and with 4 = n? we have independent solutions cos %8 and sin nf for the
interval 0 < 0 < 2.

The solutions of the Sturni-Liouville problem can be characterized as solu-
tions of problems in the calculus of variations. We shall begin by considering
boundary conditions 1 to 3, corresponding to physical boundaries at the ends
of the interval a < « < b. As we shall see in Sec. 3.3, if p(x) vanishes at any
points in the interval @ < x < b or if ¢(x) or p(x) become unbounded in the
interval, the solution of the equation may become unbounded. We avoid this
situation for now by making the following assumptions: p(z), ¢(x), and p(x)
are continuous functions in the interval ¢ < < b,and p > 0 and p > 0 in
the interval. We shall call this the regular case. For boundary condition
3, the variational principle defining the kth eigenvalue and eigenfunction is

A = mingi'ﬁ
N(f)
subject to N(f,y;) =0,¢=1,2,...,%k — 1, where

b
Q) =f [(p(f)? + af*] dz + o1p(a)[f(@)}* + o) f(B)]*

b
N(f) =L pf? dx

and f is in the space of functions continuous and having a piecewise con-
tinuous derivative in the interval a <z < b.

We shall derive necessary conditions for the first eigenvalue and eigen
function. The extension to the kth eigenvalue and eigenfunction is straight
forward. We notice that @ and N are both quadratic functionals and that N
is positive-definite since p > 0. Let y, be the first eigenfunction and 4, be the
first eigenvalue; then

Qys + en) = 4, N(y, + en)
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where e is an arbitrary constant and 7 is an arbitrary function. Expanding,
we have

Q(y1) + 2€Q(y1,m) + €*Q(n) = A,[N(y1) + 2eN(yy,n) + €2N(n)]
Since Qy,) = }*1N(?/1),
2¢[Q(y1,m) — M N(y1m)] + €2[Q(n) — A, N(5)] =0

This is to be true for arbitrary e; therefore

Qy1m) — AN(yn) =0
for arbitrary . Integrating by parts, we have

b
f [(—(py1) + gy — ApyrIn dx + p(d)y1(B) + a5y,(b)In(d)
— p(@)yj(@) — o (@)]n(@) = 0

Since 7 is arbitrary, we have the following necessary conditions for the mini-
mizing function:

(py) — gy + 4py; =0  a <z <b
Y1(0) + 0y,(6) = 0
y1(a) — oyy1(a) =0

We see that the boundary conditions are natural boundary conditions. If we
wanted the boundary conditions y'(a¢) = y’(b) = 0, we would merely set
0, = 0, = 0. The conditions y(a) = y(b) = 0 are not natural boundary
conditions. Inthis case, we would prescribef(a) = f(b) = 0. We could have
one boundary condition satisfied at one end point and another at the other end
point by properly specifying ¢, and ¢, and the conditions on the function space
of admissible functions.

We recall from Sec. 2.8 that to show that all the solutions of the differential
equation are obtained from the variational problem, we have to show that the
eigenfunctions of the variational problem form a complete set. This is easily
done if we can show that the eigenvalues increase without bound. Let
Ao A and 7, be the eigenvalues corresponding to the boundary conditions
y(@) = y(®) =0, y'(a) — ory(a) = y'(d) + opy(b) = 0, and y'(a) = y'(b) =0,
respectively. Then

<k <X

This follows from theorems 1 and 2 of Sec. 2.7. The inequality on the left
follows from theorem 2, for the minimum principles use the same class of
functions, but the functionals differ in a predetermined sense for every function
in the class. The inequality on the right follows from theorem 1, since, in this
case, the functionals are the same, but the class of admissible functions is
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restricted for the prescribed boundary condition. For mixed boundary condi-
tions, the eigenvalues can be interspersed in this inequality. However, 4, will
be the smallest and A, the largest for any choice of boundary conditions in the
regular case. Therefore, in this equality 4, could be interpreted as the eigen-
value for any mixed set of boundary conditions as well.

We are assuming that p, ¢, and p are all continuous functions. Hence,

0<p, <P <Py
O<PmSP(x)SPM

Im < 9(®) < gy

where p,,, p,., 4., are the minimum values of p, p, and ¢, and p 4, pas, and g5,
are the maximum values of p, p, and ¢ in the interval a <z < b. Consider
the following variational principle:

b
[t + g
My, = min =& >
f puf®dx
a
b
subject tof pufu,dx=0,1=1,2,...,k— 1, where u,, uy, ..., u, , are

a
the solutions of ¥ — 1 preceding problems. The necessary conditions for the
minimizing function are

P — Ity + picP ppt = 0
u(@) = uy(b) =0
The differential equation can be written
up + adu, =0

with «f = (pyrhe — 4m)/Pm- The solutions are

uk=008(_lgﬂx__a) k=1’2’__.
®—a)
Thus, h
e we have = Pallt = V0 — 0] + g,
=
PM

Also, from theorem 2, Sec. 2.7, we have u, < 4,.
Next consider the variational principle

1
f [Palf)? + quft da

¥ = min =& -
f pnf?dz
a
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b
subject to f(a) = f(b) =0 andf pmft;dz=0,1=1,2,..., k—1, where

a
vy, Vg, « . .« , V) are the solutions of & — 1 preceding minimum problems. The
necessary conditions for the solution are

PuV% — Iy + ViPm¥ =0
vy(@) = vy(6) = 0
The differential equation can be written
v+ B =0
with 3 = (p¥e — 9a)/Par- The solutions are

vk=sinm k=1,2,...
b—a
Thus, we have .
vy = Py [Pr?(b — a)®] + g
e =

Pm
From theorem 2, Sec. 2.7, we have 4, < y,. The following inequalities result :

Pultk — VPrf6 — M tan _7 7 < < pulk*n®/(b — )] + qar
PM Pm

This implies that the sequence of eigenvalues increases without bound regard-
less of what combination of boundary conditions 1 to 3 we take. It also
implies that, although ¢ may be negative and there may be negative eigen-
values, there are at most a finite number of them. Following the method of
Sec. 2.8, we can show that the eigenfunctions of the successive variational
problems are a complete set. This implies that eigenfunctions of the varia-
tional problem represent all the eigenfunctions of the Sturm-Liouville problem.

We can use the completeness of the set of eigenfunctions to prove an ex-
pansion theorem for arbitrary functions in the class of admissible functions
for the variational principle. First, however, we must prove that the eigen-
functions are bounded independent of z and k. To do this we must transform

z ]
the differential equations as follows. Let v = fy and ¢ =f (5) dz, where
a

f=(pp)t. Then . .
v =3 G-

py' =fi —of

3
N (fi P =£_ P
(oYY = (o vf)(p) s —off

(w')’—qy+1py=§[ﬁ— (f}'+%)v+}.v]=0
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The equation satisfied by v is then
b—rw 4+ Av=0
wherer = ‘f -+ g , which is a continuous function. The equation is to hold in

P v (p ¥
the interval 0 < ¢ < 7T where T = (—) de.
a \P
Multiplying by v and integrating from 0 to ¢, we have

[P + Ap) — 2ftrvﬁ dr = [5(0)F° + A[v(0)]®
0

We next integrate the equation from 0 to 7' to show that

T{[5(0)]% + A[v(0)]%} =foT@2 it — 2f0Tfm; drdt + A

We are assuming that the function has been normalized as follows:

b T
f py? dx =f v¥dt =1
a 0
As a result, we have

@) < Ap®)]* + 19(1))F = 2ftfvﬁ dr + [5(0)]* + A[»(0)]*
0

t 1 T 2 T ([t
2frmﬁd-r —|———+—-—f o dt + = f frm}d-rdt‘
T Jo T1Jo Jo

By Schwartz’s inequality,
It t b
< 2|:f 2 d‘l' l:f v? dT:l
0

‘ frvvdr
T '& T 3
caf [Faar] [
0 4 Ldo
T %
SCl[f o2 dr
0 -

where C, is a constant independent of ¢ and 4. Also

Tt T [t ¥ Tt ¥
f frvﬁdrdtis [f fr2'02d‘rdt:| [f fﬁzd‘rdt:l
0 Yo o Jo o Yo
T (T ifrr (T s
< l:f f 2% dr dt:] [f f 52 dr dt:‘
o Jo o Jo
T irrr ]
ol [ [ o]
o 0
T k]
Soz[f 'ljzd‘r:]
0

or Av(®)? <
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]
Since v = (pp)ly = fy and v = (f'y +fy')(1-’) )

T b pr\2 ¥ b
f Rdi =f (1 (2) py? dx + 2 ﬁ_ pypty’ da +J Py dx
0 a p \p o
Therefore,

T b ff (o 3 b
) a a a

b
<03+ C4|:f py'? dx] +f py' dx
a a

Starting from the Sturm-Liouville equation, we have

b

f [(py)'y — qv* + Apy®ldx =0
a

which implies that .

b b
fpy'z dz + ayp(b)y @) + o1p(@)y(@)® = 1 —f gy dz

b b
Thus, f py'® de Sf py?dx + o,p0)[y(b)F + oyp(@)y(@)F

<i+4+04
Combining this with the above,

T -
f Pt <Cg+CpJ2+ 2
0

and ApE)? < Cg + Oy \/Z + Cpok

9_8
7
where the (s are all independent of £ and . We have therefore shown that
v(t) is bounded independent of ¢ and A, which in turn implies that y(z) is
bounded independent of x and 4. We have assumed the third boundary
condition, but it is clear that the same result holds for boundary conditions
1 and 2.

We are now ready to prove that any function in the class of admissible
functions appropriate to the variational principle which defines the Sturm-
Liouville functions for each of the three homogeneous boundary conditions
can be expanded in a uniformly convergent series of the appropriate eigen-

(-]

I.'U(t)]2 10 +

functions. Consider the series > ¢y, where
i=1

o
Cr =f plY; dx
a
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b
and f pfy: dr =1
a

By Schwartz’s inequality,

(chyk) < 20,2,}.,‘ z vi Szcﬁlk z i‘/k

k=n k k"n k

We know from the proof of completeness of the eigenfunctions that for
sufficiently large m

0 <QUf) = Q) — 3 iy

m o}
where f,, =f — Y c,y;. Therefore, the series > cA, converges. We have
=1

- k=1
shown above that y2(z) is bounded independent of z and k. Therefore, the
o ,2
series Ye converges uniformly. This follows because 4, > M(k — 1) for
k=1 A © 2

k sufficiently large and Z converges. Therefore, 2, % approaches
E

T — 1)2

zero as n approaches f;énllzy urllzformly in . This 1mp11e‘s”thl;t( 2«:,,yk)2

approaches zero uniformly in z for every p > =, and by the Cauchy criterion

for convergence the series i ¢y, converges uniformly. The series must con-

verge uniformly to f(z) by :}Tel completeness of the eigenfunctions. The same

result would hold if we use(kg |c,oy,,|)2 in the above argument. Therefore,
=n

we also have absolute convergence.

If we do not have the regular case considered above, certain modifications
in the proof have to be made. For example, consider Bessel’s equation, which
occurs in the separation of the Helmholtz equation in cylindrical coordinates.!
The equation has the form

2
(xy’)’—"‘—x-y+zxy=0

where m is commonly a nonnegative integer. We see that p = z is zero at
=0, p==x is zero at z = 0, and ¢ = m?z is not continuous at z = 0.
Therefore, if our independent variable lies in the interval 0 < x < b, then we
do not have the regular case. Let us take m, an integer greater than or equal
to 1, and the boundary conditions y(0) finite and y(b) = 0. We shall see later
that Bessel’s equation has two linearly independent solutions J' ,,,(\/Zx), the

Bessel function of the first kind of order m, and ¥,,(V/ Ax), the Bessel function
1 See exercise 1, Sec. 3.1.
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of the second kind of order m. The second of these is not finite at z = 0;
therefore, we discard it. To find the eigenvalues 4, we would then have to
solve the equation J ,,,(\/ Ib) =0.

We can get some idea of the behavior of the sequence of eigenvalues if we
consider the problem from the point of view of the calculus of variations. The
solution of the above Sturm-Liouville problem can be characterized by the
following variational principle.

b
f ((f)? + (m?fz)f*] dz

}'k = min 0 3
f zf? dx
0

b
subject tof zfJ m(\/Lx) dz = 0 and f(b) = 0, where 4, are the first k£ — 1

0
solutions of J m(\/Zb) = 0. Before proceeding, we first transform the differen-

tial equation by introducing the new dependent variable v = \/;y The
equation then becomes

The variational principle corresponding to this differential equation is
b
f {(f)? + [(4m® — 1)/42?)f%} dz

J:fz dx

b
where f(0) = f(b) = 0, andf fo,de=0,i=1,2,...,k —1. By theorem
2, Sec. 2.7, a

2, = min

)
[
b = py, = min o
ff’ dx
0

b
subject tof fsinV px dx = 0 and f(0) = f(b) = 0, where
(1}

ty, = k2n2[b%, and therefore we have the inequality k272%/b® < A,. There is,
therefore, an infinite sequence of zeros of the Bessel function which increases

without bound. This immediately implies that the set of functions J m(\/};x)
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is a complete set. Also, if we exclude an arbitrarily small neighborhood of
z = 0, we can prove that the eigenfunctions are bounded independent of z and

-]
A It is then possible to prove that > ¢,J,,(V 4,z) converges uniformly to
k=1

f(x) in the interval 0 < e <z <b if f is a continuous function with a
piecewise continuous first derivative and ¢, is defined as follows:

f "af T o) do

o = p———————
f fo,,(\/ka) dz
0

The denominator is easily evaluated. Multiplying the left-hand side of the
differential equation by xJ,, and integrating, we have

f x[(xJ;n)’zJ;n — m¥ Jh + Ax] ) de =0
0
(@ 22) B — M2 A) + AT ()P

@ m2 z X
—f zJ’m[(xJ;n)’ ——J,+ ).kam] dx — 2}.kf xJ? dr =0
0 x 0
or, letting # = b and making use of J m(\/i,:b) = 0, we have

b , _
f 2% ( ) dz = BN
° 21,

If m = 0, we cannot use the same comparison procedure for the eigenvalues
as above, 8o we must use a different means of showing that the sequence of

zeros of J o(\ﬁ.b) increases without bound. Making the change of variable

2= \/ia:, we have
2Jy (2) + Jo(2) + 2Jo(2) = 0

Differentiating this equation, we have
"

wly +2J0 + 2Ty +Jy =0

mn J (l)

o +J) — 2 4 2J; =0

z
The latter equation satisfied by J(2) is the equation satisfied by J,(z). There-
fore, J3(2) = kJ,(2). This means that the zeros of J,(z) are the zeros of J(2).
We have already shown that the zeros of J;(z) form an unbounded sequence;
therefore, the same is true of the zeros of Jg(z). We shall infer from this that
the zeros of J((z) increase without bound.
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Let & be a zero of Jj(z) ; then £J5(&) + &Jy(§) = 0. This implies that Jy(&)
and J o(£) are of opposite sign. OtherwiseJ (&) = J(§) = J(§) = 0, and the
differential equation would imply that all higher derivatives of J, would vanish
at £, Thus the power series expansion about & would vanish identically.
Now let & and &, be adjacent zeros of Jy(z). Hence, Jg(2) is all of one sign
between &, and &,. By Rolle’s theorem J{i(z) must have an odd number of
zeros between £, and &,, where a zero of order » is counted n times. This
implies that Jg(£;) and Jy(&,) are of opposite sign and, therefore, that Jy(&;)
and Jy(&,) are of opposite sign. This implies that J(z) has at least one zero
between &, and &,. It cannot have more than one zero, for if it did, Rolle’s
theorem would imply that J(z) has a zero between &, and &,. 'We have thus
shown that the zeros of Jj(z) bracket the zero of Jy(z) and, therefore, the zeros
of J(2) increase without bound. The set of functions J 0(\/ Z;x), where the
2, are the solutions of Jo(V/ 2b) = 0, are a complete set, and we have an
expansion theorem in terms of Bessel functions of order zero.

The trigonometric functions sin 7z and cos nz are special cases of Sturm-
Liouville functions which come from the differential equation

¥+ =0
to be satisfied for —7 < x < =, under periodic boundary conditions
ym) =y(—=) and  y'(m) =y'(—m)

The eigenvalues are 4 = n2, n = 0,1,2,.... The expansion theorem leads
to Fourier series expansions of functions which satisfy suitable continuity
requirements. We can arrive at the expansion theorem by the following

procedure.
Consider the solution of the following variational problem :

f () da

— min Y%
lk—-mln

f fidx
0
over all continuous functions f which have a piecewise continuous derivative,
vanish at the end points, and satisfyf fsinjzdz =0,j=1,2,3,...,k—1.
0
This is a regular Sturm-Liouville problem with normalized solutions
vV E-r sin kx

We therefore know that any admissible function can be expanded in a uniformly
convergent series

flx) = E b, sin kz
k=1



160 BOUNDARY-VALUE PROBLEMS. SEPARATION OF VARIABLES

2 (=
where b, = - f fsinkz dx. Next consider the variational problem
mJo

[ e
(

A = min L—u——
4
f ftdx

0
over all continuous functions f which have a piecewise continuous first deriva-
tive and sa.tisfyf'f cos jgdr=0,7=0,1,2,...,k—1. This is also a

0 —
regular Sturm-Liouville problem with normalized solutions A/ l, ﬁ cos kz,
w kg

k=1,2,8,.... We have an expansion theorem which states that any
admissible function can be expanded in a uniformly convergent series

a, @
f@) =243 a, cos kx
2 ¥=1
2 T
where a, =~ | fcoskxdx
mJo

Now consider any continuous function with a piecewise continuous deriva-
tive which is periodic with period 277. Such a function can be written as
follows:

f@) = }f(@) + f(—2)] + 3f(z) — f(—=)]

It is obvious that 3[f(z)+ f(—=)] is even and 3[f(z) — f(—=)] is odd.
Hence, we can write any such function as the sum of an odd and an even
function, i.e.,

f@) =f,(2) + fo(2)

f(z) and f,() are continuous and have piecewise continuous first derivatives.
Furthermore,

Jo0) = $[(f0) — f(0)] =0
Jolm) = 3 f(7) — f(—m)] =0

since f(x) is periodic. Therefore, f,(x) is admissible in the first variational
principle and f,(x) is admissible in the second variational principle. Hence,

Jo(x) = %" + i a, cos kx
F=1

Jol®) = i by, sin kz

k=1
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in the interval 0 < 2 < 7. These series also represent the functions in the
interval —7 <z <0, for

fl—2) = f @) =2 + 5 a cos kz
2 i=1

fo(—2) = —f,(x) = — i by, sin kx

k=1
Therefore, f(x) = f,(z) + f,() =% + > (a, cos kx + b, sin kz)
k=1

valid for —7 < <, and the convergence is uniform. The expansion
coefficients can be expressed in terms of f(x) as follows:

2 Ls
ak=—ffacoskxdx
mJo

= ;2r J‘:}[f(x) + f(—=)] cos kx dx

i

|:f f(x) cos kx dx +f f(z) cos kx dz]

f(:c) cos kx dx

"'ﬁh"ﬁ

b, f sin kx dx

I

1}[f z) — f(—x)] sin kz dx

1
L
1
™
2
w
2
T
1
-

= [J-f(x) sin kx dx +f f(z) sin kz d:c]

=—f f(z) sin kx dx
Ty -7

We therefore have the following theorem: Any continuous function which is
periodic with period 27w and has a piecewise continuous first derivative can be
expanded in a uniformly convergent Fourier series.

[
flx) = ‘;—0 + kz (@ cos kz + b sin kz)
=1
1 (7
where a = — f f(x) cos kx dx
TJ-2

b, = —I-J. Sf(z) sin kz dz
TJ-»
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This is the same as theorem 1 of Sec. 1.9. Here the approach was from the
point of view of the calculus of variations, as contrasted with the more alge-
braic approach of Sec. 1.9. It also should be remembered that in Sec. 2.5 we
showed the existence of the solutions of problem in the calculus of variations
using the completeness of the set of trigonometric functions. Hence, all these
methods are intimately connected. The present expansion theorem can be
extended to the class of piecewise continuous functions, as was done in theorem
2 of Sec. 1.9.

Exercises 3.2

*1. Prove that the zeros of J;,(2) increase without bound and hence that
$1(@) =T (V)

where 4, is a solution of J,( v Ib) = 0, forms a complete set of functions.
*2. Show that the Legendre polynomials P, (x), which are solutions of

(1 —2®yT + 4y =0
—1 <z <1, y(—1), y(1) finite, can be derived from the variational principle
1

(1 —2?)(f)%dw
-1

1
f fidx
-1

subject tof fPp(®)de =0,n =1, 2, sk — 1.

A = min

3. A tapered homogeneous elastic rod with density p, length L, and Young’s
modulus E has a circular cross section with diameter a at one end and b at
the other. It is built in at both ends. Set up Hamilton’s principle for small
longitudinal vibrations of the cross sections; derive the Euler partial differential
equation; and show that the method of separation of variables leads to a
Sturm-Liouville problem.

3.3 Series Solutions of Ordinary Differential Equations

The general second-order linear homogeneous ordinary differential equation
can be written

T2+ 0%+ gl =0
2

We see that the Sturm-Liouville equation can be put in this form. Although
in the Sturm-Liouville problem we are usually concerned with a real independ-
ent variable, the present analysis can be readily carried through for a complex
independent variable z, and therefore we shall do so.

We shall assume that the known functions f(z) and g(z) are analytic except
possibly for poles. If z, is a point where f(z) and g(z) are both analytic, then
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2, is called an ordinary point of the differential equation. In the neighbor-
hood of an ordinary point, we can get a power series solution of the differential
equation. Without loss of generality we can assume thatz, = 0. Ifitisnot,
we can introduce a new independent variable § = z — z,, and then the differen-
tial equation will have an ordinary point at the origin. Since f(z) and g(z) are
analytic at zy, = 0, they have Taylor-series representations

k

f(z)=§ak2" 9(z) =3 bz
k=0

o
M

which converge in some neighborhood |2| < R of the origin. Let

o]
wz) = Y c2*
k=0
then w'(2) =Y ket !
k=1

w'(2) = Y k(k — 1)c,2* 2
k=2

Substituting in the differential equation and equating coefficients of various
powers of z to zero, we have

209 + @ty + bty =0
6cg + 2a4cy + ayc; 4 bye; + byp =0
12c4+3a003+2a102+d2c1 + boCy + b6y + bocy =0
....... e, =0

¢o and ¢, can be assigned arbitrarily, giving us the two required arbitrary
constants in the general solution of the second-order differential equation.
The first equation then determines ¢, in terms of cyand ¢;.  The next equation
determines ¢, in terms of ¢,, ¢;, and ¢,. The next equation determines ¢4, etec.
We therefore have the general solution of the differential equation, provided
we can justify the operations performed on the series, i.e., differentiation,
multiplication, addition, etc. This can be done provided we can find some
circle of convergence for the assumed power series. We can show that it will
converge for |z| < R, which is the common region of convergence for the
Taylor-series representations of f(z) and g(z).

Since f(z) and g(z) are analytic for |2| < R, Cauchy’s inequalities tell us that

|l < Mr®

bl < Nr*
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on any circle |z| = r < R, where M = max |f(z)| and N = max |g(z)| on the
circle. Let K be the larger of M and Nr; then

|ay| < Kr*

' o] < Kr=*1
If |col = B, and |¢y| = By, then

2 Jeal < By lagl + Bo 16l
< 2KB, + KBy
8o that |c,| < B, where 28, = K(2f; + Byr71). Also
23 Jegl < 2By lagl + i lasl + By lbol + Bo 1b4l
< 38K + 28, Kr-! 4 B Kr2
and 3 -4 |cg| < 3B lagl + 28, |ay] + By lagl + By [bol + By b1l + Bo 164l
< 4P,K + 3[,Kr + 26,Kr2 4 B Kr3
Therefore, |cg| < B3 and |cy| < B4, where
2 3B = K(3B; + 2By~ + Bor™?)
3 4fy = K(4f5 + 3y + 2Byr~% + By
Continuing this way, we have |c,| < f,, where
(b — D)k = Kby + (b — D)™ + - -+ + 2By~ + fr="+1]
Next we write
(k —2)(k — 1)B_yr™ = K[(k — )y _gr™" + -+ + 2Byr~™2 + Byr="+1]
and subtract. This gives us
(k — 1)kfy — (k — 2)(k — 1)By_yr! = Kkfy 4
from which it follows that

ﬂk __k_'2 K
Beer  kr T

Now consider the series > f,2*. Applying the ratio test, we see that this
£=0

converges for |z| < 7, for

i Bl _ 12
kv Py 7

<1

implying convergence for |z| < r. By a comparison test, therefore, we have
0

absolute convergence of > c¢,2* in the same region, because |c,2*| < By [2[*.
k=0
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But r is any positive number less than B. Therefore, we have convergence of

for 2| < R.

If f(2) or g(z) has a pole at z = z;, then 2, is called a singularity of the
differential equation. If (2 — z,)f(2z) and (2 — z,)%g(z) are analytic at z,, then
we say that z, is a regular singularity. Otherwise it is an irregular
singularity. Inthe neighborhood of a regular singularity we can always get
a series solution of the differential equation as follows.!

We shall again assume that z, = 0. We first multiply the differential equa-
tion through by 22. We then have to solve

220" (2) + [f (@))[2w'(2)] + 2%g(z)w(z) = O

2f(z) and 2%g(z) are analytic at z = 0. Therefore, we have the Taylor series

Af(2) =3 a2

w(z) — g ckzk+¢
k=0
Then 2" = i (k + a)(k + o — L) 2**
k=1
2w g (k+ °() k+a
k=0

Substituting in the differential equations and equating coefficients of the
various powers of z to zero, we have

cola(e — 1) 4+ aay + by] =0
cl(e + k) + & — 1) + ay(a + &) + b,]

k-1
+;oci[(“ + 00—y + b1 =0 k=1,2,.

The first equation indicates that ¢, is arbitrary and that « must be a solution
of the indicial equation

a(a — 1) + agg + by =0

1 This is usually referred to as Frobenius’s method.
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This equation is quadratic in « and therefore has two solutions, not necessarily
distinet. Let o and «, be the roots of the indicial equation. If a; 7% «, and
oy — oy 7 an integer, then the second equation yields the coefficients in each
of two independent solutions, each of which contains an arbitrary constant.
The sum of the two then gives us the general solution of the differential equa-
tion, provided the series can be shown to converge.

If o, = a, then the method yields only one solution. However, if we know
one solution, we can always get another independent solution by a substitution
which reduces the problem to the solution of a linear first-order equation. We
shall return to this problem presently. Ifa, = o; 4+ n, where n is a positive
integer, then for k = n

(g + n)(2g + 7 — 1) + agley +n) +b,=0
In this case, the solution corresponding to the root «, fails unless

n-1

1;)01[(«1 +an-s+bp-1=0
In the latter case ¢, is arbitrary. Otherwise the method fails to yield two
solutions. We will, however, always get one series using the root «,. The

0
series Y ¢,z" can be shown to converge for [z| < R.
£=0
We can write

k-1
cl(a + k) = — 2061[(“ + Ha-; + b 4]

i<
where I(a) = a(a — 1) + aay + by = (¢ — ;) (o0 — ap)
Then I(x; + k) = k(k + o — a3) and I(ay + k) = k(k 4+ oy — &)
We can write the inequality

k=1
k(b — loay — ap) I | < [L(og + )] o4l szolcj[ {(Joal + 9) law—,| + [Be-,4l,
forallk > |o; — ap|. Let|c,| = B;forj < m, where m is some integer greater
than |¢; — ay. Then
m=—1
m(m — oy — o)) log| < 3 By{(loal +5) 18—yl + 1b-yl}
i=0

By Cauchy’s inequalities,
la] < Mr* < Kr*

6] < Nr* < Kr+

where M = max |2f(2)] and N = max |2%g(z)| on |z| = r < R, and K is the
larger of M and N. Then

m-1
m(m — |ag — agl) [e,] < KJZO Blee] + 3 + L)r~m*?
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and |c,,| < B,,, where
m=1

m(m — |oy — %)), = K z Bi(loag| + 5 + L)~ m+i
Furthermore, for n > m,
n—1 . X
n(n — oy — o) en] < K 3 Billag] + 4 + 1)r™™*7
1=0

and |c,| < f,, where

n—1
nn — loy — ay))B, = K 3 B(logl +j + )r™"*?
=0
Replacing n by » — 1 and dividing by r, we have

n—2
m—=1mn—1—|o — ),y =K Z B,log| + 4 + 1)~
Subtracting, =0

nn — oy — a))f, — (n —1)(n — 1 — |a; — o) Bpqr™
= Kﬂn—l(” + Iazl)r—l
o Lo _ D=1l —a) | Kt s
Br-1 n(n — |og — a|)r n(n — o — )7

Consider the series z Bi?*. This series converges absolutely for |z| < r by

2 @
the ratio test, since lim ﬂ"' ! l El < 1lwhenle] <r. Bycomparison Y ¢,2*
n—>oo JUp—1 k=0

converges absolutely in the same reglon, since |¢;| < f;. If a, is zero or a
o

positiveinteger, thenw = 2% 3 ¢,z*isanalyticfor || < R. Ifa,isanegative
i=o

integer, then w hasa poleat z = 0. If «, is a fraction, is irrational, or is com-

plex, w has a branch point at z = 0.

If #y — o, is not equal to zero or a positive integer, then we get a second
independent solution using the root «,, and the proof of convergence of the
series is essentially the same as that for «y. If the method fails to give two
independent solutions, then we proceed as follows. Let w(z) = u(z) v(2),
where u(z) is a known solution of the differential equation. The differential
equation satisfied by v is

This is a first-orcer linear equation in v’ with the solution

v A e~ Jrta) 2z

....=2

dz w
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Then v= Aj[u"e'f"”d’] dz+ B

w=uy = Auf[u'ze‘f""‘"] dz + Bu

This is the complete solution.
To illustrate some of these ideas, let us consider the series solution of the
Legendre equation
[(1 —2)w') 4+ Aw=0

The equation can be written as

22 A
w” — w’ w=0
1—22 +1——z2

and we see that z = 0 is an ordinary point, while z = 4-1 are regular singular
points. The indicial equation at either of the singular points is a2 = 0, so
that o, = a; = 0. Hence, we can get a power series solution valid in the
neighborhood of either of the singularities. However, these solutions are not
finite at the other singularity, unless A has certain integer values. We can
best determine these eigenvalues by seeking solutions valid near the origin as
geries in powers of z. Hence, we assume

L
w=>3 ¢z

Substituting in the differential equation, we have

(1-— z’)f k(k — 1)c,2* 2 — 2z§ ke 27t + lickz" =0
k=2 k=1 k=0

or E: [Ac,, + (m + 2)(m + )¢, 4002 ™— i 2me,,z™
m=0

m=1

m(m — 1)c,z™ =0
2

Setting the coefficients of the various powers of z equal to zero, we have

3
M8

m(m + 1) — 4 c
(m+2)(m+1) "

If we let ¢, = 0 while ¢, # 0, we obtain a series in even powers of z. If we let
¢y = 0 while ¢; # 0, we obtain a series in odd powers of z. These solutions
are obviously linearly independent, and therefore a linear combination of them
will be the complete solution of the differential equation. If4 7 n(n + 1) for
some nonnegative integer n, these solutions will be infinite series converging

Cm+2= m=0,l,2,...
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for 2] < 1. However, it can be shown that they divergeforz = +1.! Ifwe
are seeking solutions finite at z = 41, A will have to equal #(n + 1), where n
is a nonnegative integer. In this case, either the series in even powers or
odd powers terminates, depending on whether » is even or odd, giving us poly-
nomial solutions. Ifc,orc, isadjusted so that the solution takes on the value
latz = 1, we have the Legendre polynomials P,(z). The first few of these
are Py(z) = 1, Py(2) = 2z, Py(2) = §(82% — 1), Py(z) = 4(528 — 32), etc. More
generally,
L (—1)k(2n — 2k)!
Pa) = 2 bt — BT = 20

n—2k

where K = 4n or K = 4(n — 1), depending on whether n iseven or odd. We
can rephrase the definition of P (z) as follows:
— £ (—l)k d_n 2n~2k
k=0 2"k! (n — k)! dz”
I S N Gt Vi A P
2"n! dz" k=0 k! (n — k)!
_ 1 adn & (—1)*n! on—2k
2™l d2™ ¥=0 k! (n — k)!
_ 1
2"n! dz®
The last line is known as Rodrigues’ formula,
The Legendre polynomials are solutions of the Legendre equation

P,(2)

(2 — 1)

(1 —22w" — 220" + n(n + )w=20

forn = 0,1,2,.... Since they are polynomials, they are finite everywhere
in the finite plane. They are, therefore, solutions of the Sturm-Liouville
problem

(I -2y +y=0

with y(1) and y(—1) finite for 4, = n(n + 1). It follows from the differential
equation that the Legendre polynomials are mutually orthogonal in the follow-
ing sense:

1

f P (x)P,,(x)dx =0

-1
for » %= m. That they are a complete set of functions follows from the fact
that they are solutions of a variational problem? with an unbounded infinite

1 See Richard Courant and David Hilbert, ‘‘Methods of Mathematical Physics,”
Interscience Publishers, Inc., New York, 1953, vol. I, pp. 325 and 326.
* See exercise 2, Sec. 3.2.
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sequence of eigenvalues. This tells us that the Legendre polynomials are the
only solutions of the differential equation finite at = +1.
The Legendre polynomials are not normalized, but it can be shown, by use
of Rodrigues’ formula, that
1
J PR o) do — —2

1 2n + 1
The associated Legendre equation is

1 — 22

2
(1——z2)w”—2zw'+‘:).— = ]w=0

where in most applications m is an integer. For example, in the separation of
the Helmholtz equation in spherical coordinates,! m is a separation constant
which must be an integer in order to make the ¢-dependent part of the solution
gsingle-valued. We shall consider only the case where m is an integer. Let
us perform the following transformation on the differential equation:

w= (1 — 22ty
Then w = (1 — 2™ — am(l — 22)im—1y
w" = (1 — 22)imy” — 22m(1 — 22)im-1y

—m(l — 22)imly 1 2m(m — 2)(1 — 22)im-2y

ll

Substituting in the differential equation, we have

=20 —2m+ 12" +(A—m —mBp =0

d'm
‘We next let v = o . Then the differential equation becomes
2

dm+2u dm+1u d™u
2 2
(l—z)d———zm+2—-2(m+1)zdzm+1+(l m m)dz =0

This can be written as follows:

am N ]_
Jz;[(l_z)dzz ——2z——+}.u =

an m! dr dm-k+2y,

d®u m
A 1P
o dz™ ( Z)dzz Zo(m—k'k' dz* ( Z)dz""’c+2

dm+2u %2m dm+1u d™u
dzm+2 dz™ +1 dz™

= (1 — 2%

1 See Sec. 3.1.
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m m m! k(__ m-k+1
and an (_22_) =z d¥(—22)d u
dz™ K=o (m — k) k! dZ¥ dzmET1
dm™tly du
= 2% ¥
dzmt1 dz

We know that if A = n(rn + 1), with » a nonnegative integer, the equation
(1 —22u" — 2z2u" +n(n + )u=0
has a polynomial solution P,(z) which is finite at z = 4-1. Therefore, the

associated Legendre equation has solutions

P = (1— "9 p )
dz™

(1—2)mgntm
T 2mpl dpntm

which are finite at 2 = +1. These functions are called the associated
Legendre functions. One can prove that for a given integer m these are the
only solutions finite at z = -1, by showing that these solutions are obtainable
from a variational principle with eigenvalues 1 = n(n 4 1), n = m, m + 1,
m + 2, ...— oo and, therefore, are a complete set of functions satisfying the
differential equation. It can be shown by direct integration that

fl [Pr(x)] de = 2 (ntm)!
1" 2n + 1 (n — m)!

In the separation of the Helmholtz equation in spherical coordinates we
have the equation

@ —1"

0 08 %8
sm@a—e( 06— )+3752+ aSsin? § =0
where S(0,4] is the angular dependent part of the eigenfunction. This equa-
tion also occurs in the solution of the steady-state Schrédinger equation in
quantum mechanics when the potential V(r) is spherically symmetric. We
require that the solution be single-valued, and finite for 6 = 0 and =. A
further separation of variables § = V(0) W(¢) yields

aw

d¢2
with solutions sin v/ E¢», cos VB B¢. B = m?, with m an integer, is required to
make W periodic with period 27, and hence continuous. The other equation
is then

+ W =0

2
sinzﬂge—z—l—sinﬂcosﬂg—l—(ocsinzﬂ—m’)V:O
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We seek a solution of this equation which is finite for § = 0 and =. Let
cos § = z, then

av N\ 4
— = — 8in f —
db dx
2
4V _ nzgd? _ cos 8
462 dx? dx

This is the associated Legendre equation which has solutions Py'(x) which are
finite at # = 41, 0rcos # = +1. The solutions

8(8,4) = AP™(cos 6) sin m¢ -+ BP™(cos 6) cos m$

are called spherical harmonics. Thediscussion at the end of Sec. 3.1 shows
that they are a complete set of functions over theregion0 <6 < 7,0 < ¢ < 2.

In the separation of the Helmholtz equation in spherical coordinates, the
equation satisfied by the radial dependent part of the solution is

2
rﬁd_l_]_.‘_%«ég_*_}.rzU—n(n-{— HU =0
dr® dr

Here the separation constant o is set equal ton(n 4 1) asrequired to make the
angular dependent part of the solution finite at 6 = 0 and #. We make the
change of variables:

x = Ar
U=ry
Then d_g = "%T—‘y + l*r-‘ d_y
dr dx
ﬁl_] —_— ,2_r—‘y T_*l* dy + }- -“éz_y
dr? 0 dx?

The differential equation becomes
2" 4oy + [ —(n+ Py =0

This is Bessel's differential equation. It has a regular singular point at
z=0. Wae shall consider the solution of the equation

22w 42w + (22 — 2w =0
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If we seek a series solution valid in the neighborhood of z = 0, the indicial
equation is «2 — #2 = 0. Therootsare o, = —vand ay = ». Ifvisnotan
integer, we get the two independent solutions

@
— Y k
w, =2") mz
=0

o0
wy=2"" b2*
k=0

Substituting the first into the differential equation, we have

k(e + 2v)a 2t + Y a2 =0
¥
k=0 k=0

The coefficient of z’+! is (1 + 2v)a,. Since this must be zero, a; = 0 if
» = —}. The other coefficients are determined by the recurrence relation

(k + 2)(k + 2 + 2v)

Since a, = 0, all the coefficients with odd subscripts are also zero. a, is
arbitrary, and the other coefficients are determined in terms of a, as follows:

4 = (=1)"a,
2n
2l (v + I)(v+2) -+ (v + n)
Recalling that (v + 7+ 1) =@ +n)v +n—1) - (v + )I'(» + 1), if

we let @, = 2°T'(v + 1), we can write

Ap+2 =

_ @ (_l)n(%z)2n+v
) _n2=:o n!T(v+n+1)

as a solution of the equation. This is the Bessel function of the first kind
of order ». A second solution is similarly
2 (=)

@) =nz'o w!D(—v+n+1)

If » is not an integer, these two solutions are independent, and the complete
solution of the equation is
w = AJ,(2) + BJ_,(2)

If » = O then the two above solutions are obviously the same. If» = m,
an integer, then

(=" "
n!I(—m +n+ 1)

J_.(2) =,§
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since 1/I'(z) = 0 for 2 =0, —1, —2,.... This follows from the fact that
I'(z) has simple poles at z = 0, —1, —2,.... We can thus write

@ ( 1“’"‘(&2 2i+m
J.
=2 o(j+m!TG+1)
o (_1)1(,}z)21+m
= nm —_—
= E ojIT(G +m + 1)
= (—=1)"J,(2)

Therefore, if » is an integer, we do not get independent solutions. In this
case, a second independent solution is given by

_2 1 -z dz}
Y, (2) = 7_"Jm(z)J‘ {lJm(Z)]2 e dz

_2 Jm(z)f 1 dz
T 2[J ,,(2)1?

We see that J ,(z) has a zero of order m at the origin. Therefore, 1/{z[J,,(2)]%}
has a pole of order 2m 4 1 and can be expanded as follows:

1 —%m+1 | Com I
z[Jm(z)]2 z2m+1 zzm
h | zZm 2m(
‘where C = lm =
T 0 )P

1 —m
The leading term in the expansion of Y, (2) is therefore — —(m — 1)! (%) .

™

This shows that Y, (2) isnot bounded at z = 0. Ifm = 0, the second solution
is Y y(z), which has a logarithmic singularity at z = 0.
In the Sturm-Liouville problem

2
(zy') — y;y + lay =0

with y finite at z = 0, we have the solution J,(V/ Z’c), since the second solution

isnot finiteat z = 0. This is true whether » is an integer or not. The eigen-

value 1 is determined by the requirement on the solution to satisfy the other

boundary condition. We have seen in the previous section vhat the Bessel
functions form a complete set of functions. In the above separation-of-

variables problem in spherical coordinates the solution of

2dU-{—27‘——}-}.7‘2U——n(n—}—
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which is finite at r = 0, is r—4J ,,_H(\/ Jr), and the eigenvalue A is determined
by the physical boundary condition at r = a.
Just as we have alternative forms

y = 4 cos nx + B sin nx
—_ Oet‘m: + _De—inz

for the general solution of ¥” + n2y = 0, we also have alternative forms for
the general solution of Bessel’s equation

zy’ +y + (x—%z)y=0
The general solution can be expressed either as
y = AJ (z) + BY (z)
or as y = CHV(z) + DH?(z)
where H () = J (2) + iY (@)

HP (@) = J (x) — i¥ ()

H®(x) and H®(x) are called the Hankel functions of the first and second
kind. They play an important role in the solution of the two-dimensional
wave equation, as we shall see in Chap. 4.

Exercises 3.3
1. Find the analytic solution of the zeroth-order Bessel equation
w’ + (fz2)w +w =0

valid at the origin. Show that the other solution has a logarithmic singularity at
the origin.

2. Show that the method of Frobenius yields two independent solutions of
Bessel’s equation of order } valid near the origin, even though the roots of the
indicial equation differ by an integer. Also show that the complete solution can

b it Asinz+Bcosz
e written as w = 4 —= =.
\/z \/z

3. Show that the method of Frobenius fails to give a solution of
2w 422w +w =0
valid neartheorigin. Notethat thesingularityat z = 0 is not a regularsingularity.
4. Find the complete solution of Legendre’s differential equation
(1 —2%w” — 22w’ +n(n + 1)w =0

with n an integer, and show that it has logarithmic singularities at z = +1.
1

2
*5, Show that f P2(z)dz = o 1
1
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6. Obtain Schlifli’s integral formula for the Legendre polynomials
2 (22 — 1)
Py(20) = 5 J; @ — 2%
where C is a simple closed contour surrounding z,.

1 2 (n+m)
*7. Show that [f";,"(f‘-'t)]2 de = 2n + 1(n —m)!
—1 )

8. Sometimes we are interested in solutions of w” + f(z)w’ + g(z)w = 0 for large
values of z. Make the transformation z = 1/{ and state criteria in terms of f(z)
and g(z) for an ordinary point and a regular singular point at z = . Develop a

2
method of obtaining solutions of the form w(z) = z~% E ¢z * valid for || > R
¥=0

when there is a regular singular point at z = oo.
9. The Bessel functions satisfy a great number of identities just as the trigono-
metric functions do. Prove, for example, the following recurrence relations:

2
Tua(®) + Jya@) = 2 J,(0)

Jy1(2) — Jyy(2) = 2J,(2)

Z0e) + T8 = s(@)

20, = T3fa) = Tpua(@)

10. Prove the following recurrence relations for the Legendre polynomials:
nP,(z) — (2n — 1)2P, ,(z) + (n — 1)P,_,(2) =0
2P (2) — P, _;(2) = nPy(z)
P,(z) — 2P, _,(z) = nP, ()
P 1(2) —2P;_,(2) = (2n + 1)P,(2)

3.4 Series Solutions of Boundary-value Problems

We conclude this chapter by solving some boundary-value problems which
lend themselves nicely to the separation-of-variables technique and solution
using eigenfunction expansions.

We consider first the vibrations of a circular membrane. Here we must
2

10
solve the two-dimensional wave equation V3¢ = — o in the interior of the
a

membrane, i.e., 0 <r <b, 0 <0 < 27, subject to the boundary condition
¢ = 0 on the edge, r = b. We shall specify an initial displacement

¢(f,0,0) = f(f,O) .
but no initial velocity, i.e., ¢;(r,0,0) = 0. With the introduction of polar
coordinates, the wave equation becomes

P4 104 124 124

ot " ror 06% o o
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Assuming a solution of this equation of the form
é(r,0,t) = y(r,0)F(t)
we obtain the separated equations
F+a?2AF =0
R

The first of these has the solution F' = C cos aV/A, since we are assuming no
initial velocity. We next assume a separation of the space variable, i.e.,

y(r,0) = U(r)V(6)
2d2U 19

giving us + r — + (P*A—nU =0

av 2

— 4+ 2V =0

d6? +
The separation constant must be n2 withn = 0,1,2, 3, . . . in order to guaran-
tee that

V.(0) = A4, cosnb + B, sinnf

and its derivatives are continuous at § = 0. In the equation satisfied by U
we make the substitution 2 = V/Ar, and the equation becomes

2
d—g+xﬂ]+(x P—n’)U =0
This is Bessel’s equation of order ». The solution which is finite at z = 0 is
J,(x). Therefore,
=J,(Vr)

To satisfy the boundary condition identically in 6, we set J (V' Ib) =0. We
know that the Bessel function of order » has an infinite sequence of zeros

increasing to infinity. Let these zeros be V/4__ A, mb, thus determining the eigen-

values 4,,,. The eigenfunctions are J,(V'4,,7) cos nf and J ( VA Apm?) 8in 70,
A formal series solution of the problem is then

&(r,0,8) z E(a,,m cos nf + b,,, sin n0)J (VA7) cos aV Y

n=0 m=1

If this is to be a solution, the initial condition must be satisfied, i.e.,

¢(7,0,0) = f(r,0) = Z z (@ €08 08 + b,,,, 8i0 16) J (VA7)

n=0 m=1
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The coefficients must therefore be
27 ['b R
(1/2m) f f 1 o(\ Fom?) £(7,6) dr 4O
— 0 0

b —_—
f T3 Aom?) dr
0

a’om

a /w)fzﬂfern(\/Z;r) £(1,6) cos nf dr df
— 0 0

fer”‘n(\/ Aum?) dr
0

anm

(1 /n)fz" f ern(er) f(r,0) sin nf dr 46
_ [

b —
f 2 (A ) dr
0
The integral in the denominators can be evaluated simply as follows:

BT (2 I
22

R R 2
[\/}:n an(\/lnmb) - Jn+1(\/}'nmb):]

5 1P and)

We know that the eigenfunctions form a complete set of solutions of Helm-
holtz’s equations. Thus, if f(r,0) is continuous in the closed region and has
piecewise continuous first partial derivatives, then the series converges in mean
to the function. We shall later prove, in connection with our study of integral
equations in Chap. 5, that if f(r,0) is continuous along with its first and second
partial derivatives, the series will converge absolutely and uniformly to the
function.

We next turn our attention to a problem in heat conduction. Suppose a
homogeneous hollow cylinder which occupies theregiona <r <b,0 <0 <27,
0 <z < h has its ends z = 0 and z = h maintained at temperatures 0 and
100°C, respectively. The faces at r = a and » = b are insulated against the
flow of heat. Assuming an initial temperature distribution f(r,0,2), we have -
to solve the following boundary-value problem to determine the temperature
¢(r,0,2,¢) in the solid :

b

nm

b
f 1T A ) dr =
0
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fora <r<b0<0 < 27,0 < z < h, subject to

&(r,0,0,t) = 0

&(r,0,h,t) = 100

é.(a,0,2,t) = ¢,(b,0,2,t) = 0

&(7,0,2,0) = f(r,0,2)

Here we have a nonhomogeneous boundary condition at z = A. However,
we can solve the problem by taking the following point of view. Let
¢ = ¢© + 4D, where ¢ is the steady-state solution, which does not
depend on ¢, satisfying V2¢® = 0, subject to ¢5)(r,0,0) = 0, $)(r,6,k) = 100,
$9(a.0,2) = $(b,0,2) = 0; and ¢ is the transient solution satisfying
gog 1267

c® ot

$D(r,0,0) =0, ¢D(r0ht) =0, HD(a,0,2t) = HT(5,0,2¢) = 0

, subject to

Obviously, the sum ¢ + ¢(T) satisfies the differential equation and the
boundary conditions. The initial condition for ¢™ becomes

¢T)(r,0,2,0) = f(r,0,2) — $©)(r,0,2)

Because of the symmetry of the problem and the boundary conditions on
$%®), we see that the steady-state solution is just a uniform flow of heat from
the high-temperature end to the low-temperature end, and hence

® — 100 %
¢ h

For the transient solution we attempt a separation of variables. Let
T = U(r)V(0)W(2)F (). Then we have

F 4 2e2F =0
2
%—}—(l——a)W:O
d2v
‘W—I—nzV:O
2
rz%—f-r%g-{—(arz—nz)U:O

The solutions are

F — cle'“"
W = ¢y c08 \/A — oz + c3sin \/A — az
V = ¢, cos nf + c; sin nf

U = o pfor) + &Y ,(Jar)
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W(0) = 0 implies that ¢, = 0 and W(h) = O implies that 1 — « = k?x2[h2,
k=1,2,3,.... The boundary condition at r = a and r = b are to hold
independently of § and z. Therefore,

¢od n(\/2a) + ¢, Y ((fua) = O

ANC RS ANEIE
This requires that « be a solution of the equation

Jo(Jab) Yo (Jaa) — J'(\Jaa) Y (Jab) = O

We let

I wls/% ") Y 1/ %) = ¥ s/ s/ %)

Um?l( )
n(\/ o nma)

where «,,,, is the mth solution of the above equation corresponding to the
subscript n. Our formal solution is then

$(r,0,2,t) = 100 ;

0

o0 0 k"rz 2
+ 3 3 3 (Gymp 008 00 + by, sin nf) sin — U, (r)e ™ ¢ Hemnt
n=0 m=1k=1 h

2_2
where Aimn = %’:- + tpm

To satisfy the initial condition we must have

f(r6,2) — 100; = % i i (@imn cO8 0 + by, sin nf) sin k—;:z— U (1)

n=0 m=1k=1
The functions

i) = cos n0 sin (kmz[h)U ,,,(r)
and w2, = sin 70 sin (kmz/h)U ()

form a complete orthogonal set. If f(r,0,2) has continuous second partial
derivatives, the series converges uniformly to the required function.

The steady-state solution of the heat-transfer problem just treated satisfies
Laplace’s equation. The solution in this case was particularly simple. To
illustrate further the separation-of-variables technique, let us consider the
following boundary value: V2y = 0 on the interior of the sphere r = b, i.e.,
in spherical coordinates,

cot 6 Oy 1 Py

o’y 20y  10d%
i 4 hib 4 —L =90
ar'+rar+r380'+ r 30—}_1"sin’08<15’l
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for 0 <r<b,0<6 <n 0<¢ <2, with y(b,0,4) = f(0,4) prescribed.
v may be regarded as the temperature in a steady-state heat-transfer problem,
an electrostatic potential, the velocity potential in a homogeneous, incom-
pressible, irrotational, nonviscous fluid, etc.

Let us assume that y(r,0,¢) = U(r)S(6,4). Then

r2d®U  2rdU 1928  cot 698 1 0%
=t = T = : =) =nn+1)
U dr U dr S a6 S 96  Ssin®0 9¢*
2
Hence, 'rzfi-—U+2r£i—q—n( +1HU =0
dr? dr

sin20%+cosﬂsinﬁaﬁ+g—:§+n( +1DS=0
Therefore, S is a spherical harmonic:
8 = (4 cos m¢ + B sin me)P7 (cos 0)
The general solution for U is
U(r) = o™ + o1

However, our solution must be finite at » = 0, and we must therefore take
¢y = 0. Our formal series solution is then

y(r,0,¢) = i z (A ,un cO8 mp + B,,, sin mp)P™ (cos O)r™

n=0 m=0

To satisfy the boundary condition, we must have

f(0,¢) = % i (4, cO8S mp + B,,,. sin m@)P 7 (cos 0)b"
0

n=0 m=

The coefficients must therefore be

A4, = %;l—ﬂ):fzﬂf’P"(cos 0)f(0,¢) sin 6 df dé
7/

Ay = (2n + L)in — m)! 67" 2T'J‘”P"‘(cos 0) cos m¢ f(0,4) sin 6 d0 dé
2(n + m)!w

B,, = (2n + 1)(n — m)! b fzrf P™(cos 6) sin m¢ f(0,4) sin 6 d0 d¢
2(n + m)! =

In the process of solving this problem we have obtained an expansion for a
harmonic function which is finite at » = 0 and takes on prescribed values at
r =b. In some situations which we shall meet in Chap. 4, we shall need
expansions of functions not finite at r = 0 but decreasing to zero as r
approaches infinity. In this case we shall obtain expansions using spherical
harmonics and negative powers of r.
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Finally, let us consider a problem in quantum mechanics. The hydrogen
atom is pictured in terms of a single negatively charged electron orbiting
around the positively charged nucleus. With the center of the nucleus as the
origin of coordinates, the coulomb potential of the central force field in which
the electron is moving is a function of radial distance r only. The steady-
state Schédringer equation is then

Viy + ‘f’kﬁ (B — V(r)]y =0

where y(r,0,4) is the wave function for the electron.! Again using separation
of variables, we assume a solution of the form y(r,0,4) = U(r)8(6,4) in
spherical coordinates and obtain

rd2U | or dU 2mr [s (azs s 1 328)]
——f—— 4 — [E —V(r —-f ——

U dr® + + [ = 06* 90  sin®0 94°
The separation constant must be of the form n(n + 1) withn = 0,1, 2, .
ensure finite solutions at = 0 and w. The separated equations are then

2 a*U aUu Zmr
r r

MU —n@+ 1)U =0

dr? dr
929 08 1 8
s - _— 1)S =
06° + oot d 06 + sin? 6 942 mn + 1)

Solution of the first equation subject to appropriate boundary conditions leads
to a determination of the allowable quantum energy values E. The solution
to the second equation leads to solutions in terms of spherical harmonics

8,n(0,4) = A,,, cos m¢pPP(cos 0) + B,,, sin mpP™(cos 0)

withm =0,1,2,3,...,n The constants m and n are quantum numbers
in the following sense. The allowable values of the z component of angular
momentum are +-km, and the allowable values of orbital angular momentum?2
are 5V/n(n + 1). Thus the eigenvalue problem is suggested in the very name
of the subject of quantum mechanics.

We have tried to indicate that the method of separation of variables has
wide application to the solution of boundary-value problems. There are
other methods, such as the method of conformal mapping for two-dimensional
problems in potential theory and finite difference equation methods, which we
shall not develop here. In the next chapter, we shall develop methods based
on the construction of Green’s functions. In Chap. 5 we shall relate the

1 Actually, the same equation holds in any central force field problem.
3 This does not take into account the spin of the electron.
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problem to the solution of integral equations, and in Chap. 6 we shall look at
the problem again in terms of integral transform methods.

Exercises 3.4

1. Solve the following problem in the theory of heat conduction:

2 10
ox?  a?dt

$(0,t) =0 $(L,t) = 100
$(x,0) = f(x)

2. Find the steady-state temperature in an infinitely long heat-conducting slab,
0 <z < 0,0 <y < a, which is insulated on the top and bottom faces so that
the flow of heat is two-dimensional. The faces at ¥y = 0 and ¥y = a are kept at
temperature zero, while the face at = 0 is heated so that the temperature is
100y(a — y).

3. Find the equilibrium displacement of a circular membrane of radius @ when
the boundary r = a is displaced according to the prescription y(a,0) = g(0).
Find a series solution and show that it can be put in the closed form

0<x <L t >0

1 [ (a® — r2)g(¢)
y(r,0) = ;J‘o a® + 7 — 2arcos (0 — ¢) “®
Hint: ”go%lcos n@ —¢) —1 = Re |:§ i ::l

when |z| < || and z = 7¢®, { = aei.
4. Find the natural frequencies and normal modes of vibration of a clamped
membrane in the shape of a 60° sector of a circle of radius b.
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Chapter 4. Boundary-value Problems.

Green’s Functions

4.1 Nonhomogeneous Boundary-value Problems

Up to now we have been concerned mainly with solving the homogeneous
partial differential equation

- o¢ , ¢
Vi =t b o

in a bounded three-dimensional region V, where a, b, and ¢ are constants,
subject to one of the three homogeneous boundary conditions

$=0

% _

dn
9¢ . . —
dn+ $=0

on 8, the boundary of V. If we specify the initial conditions
95(-’5»3/,2:0) = g(x,y,2)

%) _
(at - h(z,y.2)

the problem has a unique solution. Upon separating the variables, i.e.,
assuming ¢ = y(z,y,2) f(¢), we find we have to solve the homogeneous partial
differential equation

Vi, + Ai"’{ =0

dy,

in V, subject to y, = 0, or—>

=0, or —|- ay; = 0 on 8, and the linear

184
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second-order ordinary differential equation
ef +bf, + (@ + A)f;, =0
The latter equation has the solution
fi = " "(A4, cos w,t + B, sin w,f)

where y = b/2¢and w; = (1 /26)'\/ |4c(a + A;) — b%.1 The problem has a dis-
crete spectrum of eigenvalues A; which increases without bound as ¢ — oo, and
a complete set of orthogonal eigenfunctions y,;, which we can assume are

normalized as follows:
e -
4

¢(xr?/7z)t) =§1fi’/’.

The general solution is

If the initial values g and % are sufficiently regular, g and A can be expanded
in convergent series of the eigenfunctions, and the coefficients 4, and B, are
determined as follows:

g= 96(37,3/’2:0) =A21Ai1p£

h - 43(%9,2;0) = z(wlBi - VA;)V’:

i=

where 4, =Jffgzp‘ dV  and B, = L ‘:yA,. +J:U‘h% dV]
@y
v v

The above problem becomes nonhomogeneous if the partial differential
equation is nonhomogeneous or if the boundary condition is nonhomogeneous,
or both. For example, in the membrane problem considered in Sec. 2.6, if we
add a distributed force of density f(z,y,t) per unit area, the partial differential
equation satisfied by the displacement is

If no external force is applied to the membrane, the partial differential equa-
tion remains homogeneous, but the problem may be nonhomogeneous if the
boundary of the membrane is displaced in some prescribed way, i.e., ¢ = g(s,t)
on the boundary curve, where s is a parameter which describes the boundary
curve. Of course, one could also have both an applied external force and a

1If de(a + A;) — b* < 0, sin and cos become sinh and cosh.
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prescribed displacement of the boundary. Then the boundary-value problem
would become

2
vig=L28 iy

in R, with ¢ = g(s,t) on C.

One could enumerate countless other nonhomogeneous boundary-value
problems, e.g., forced vibrations of an acoustic or electromagnetic cavity;
forced vibrations of a string, an elastic rod, or a clamped plate; heat flow or
diffusion problems with distributed sources or sources on the boundary; the
transmission line with impressed voltages or currents; the Dirichlet,
Neumann, or mixed boundary-value problems of potential theory; problems
subject to Poisson’s equation; etc. As a rather general case, let us consider
the following boundary-value problem:

dp , 0%
V2p =ad + b Pk — f@y.2.t)

to be satisfied in a region V, subject to

d¢ + ad = g(s,t)
dn

on 8, the boundary of V. We note that we can split the problem up into three
distinet problems and then combine the results to give us the desired solution.
Let ¢, be a solution of

24y 0
Viomat + B0+ 0 g0

d
subject to % + agy = 0on S, and let ¢, be a solution of

V2¢1 - a¢1 + b a£1 + a ¢1 f(xxy’z’t)

d
subject to di;: + a¢, = 0 on S, and let ¢, be a solution of

o4, | P4y
V24, — p 992 2
br = oy + PP

subject to dd + oy = g(s,t) onS. Then ¢ = ¢, + ¢, + ¢, satisfies
- o , 0%
V2¢ a:¢ + b at + a_z' e (z;y,zst)
dé

subject to In + a¢ = g(s,f) on 8. The problem therefore reduces to solving
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a homogeneous problem and two nonhomogeneous problems, one of which has
a nonhomogeneous differential equation and a homogeneous boundary condi-
tion, while the other has a homogeneous differential equation and a non-
homogeneous boundary condition.

Let us first consider the problem defining ¢,. Suppose

f(z,y,2,t) = u(,y,2)v(t)
In this case, the differential equation is separable, provided

av + bv + ¢i
v

=2

where A is a known constant. We assume that ¢, = y,v. Then
2 . o
Vi, u _avdbito
Y1 Y1 v

and the problem is reduced to the solution of the nonhomogeneous boundary-
value problem

Vi, + Ay, =—u inV

d—%-l—ocwl=0 onS
dn

One of the important cases where this situation exists is whena = b = 0 and
we have a sinusoidal forcing function. Even if the forcing function is only
periodic, we may still be able to separate the equation with the help of Fourier

g 2

series.! In this case, f(z,y,2;t) = u z cY; where ¢¥; = — A, (no summation).
=0
In this case we seek a solution of the form ¢, = z ¢y, Substituting in the
i=0

differential equation, we have

[} @ o}
> Vi, = D cCYH; — X uey
i=0 i=o i=0

or ioc,[szp,- + Ay + uly, =0
We are thus led again to the nonhomogeneous problem

Vi, + Ay;=—u inV

tz—z:‘ +oay,=0 on8

1 If neither case holds, we may be able to resort to integral transform methods which
will be discussed in Chap. 6.
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For the problem with the nonhomogeneous boundary condition defining
¢, we have similar considerations. Suppose g(s,t) = u(s)v(t); then we seek a
solution of the form ¢, = y,v. The differential equation becomes

Vi, av+bo4ci 2
(2 v
and we have to solve V2yp, + Ay, = 0. The boundary condition becomes

o) (222 4 apy) = sty

n

d
to be satisfied for all #. This implies that dlz + oy, = u(s). This will be
n

possible, in particular, when we have a sinusoidal displacement of the boundary
anda = b = 0. Ifgisperiodic, we shall expand it in a Fourier series and seek
a solution of the form

¢}
b = tzoci Yiv;

where ¢, = —Av; (no summation). We shall then be led to the boundary-
value problem

Vz'/’.' + Ay, =0
dy;

—_— =Uu
In + ay;

The boundary-value problem with the nonhomogeneous boundary condition
is an essential equivalent to the problem with the nonhomogeneous differential
equation, for if there exists a twice differentiable function F defined in V and
on S such that

@+oc.F=u
dn

then we let H = yp, — F. We then have

(-lﬁ—i-ocH:O onS
dn

VEH 4+ AH = Viy, + dp, — V2F — AF
VIH { JH=—f inV

and H satisfies a homogeneous boundary condition and a nonhomogeneous
differential equation.
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The nonhomogeneous problem
Vi +Ady=—f in¥V
dy +apy=0 onS
dn

may be solvable in terms of the eigenfunctions of the homogeneous problem
Vi, + A4y, =0 inV

(ﬁ)—"—i-oup,-:() onS
dn

The coefficients in a “best”” approximation to ¢ by a linear combination c,y,
in the least-mean-square sense are

o=[[ovar

Let v, = f f fy.dv
Vv

then = — f ff(Vzw + Ap)ydV
V

= —ﬂfwww, av +ﬂ(%d—w - w%) dS — A
v g dn dn

= (4 — A
Thus ¢; = v,/(4; — A), provided A 7 4, for any ¢. The case where 1 = 4, for
some ¢ is referred to as resonance. There may still be a solution in the case

of resonance. Suppose that 1 = 4, but y, =J:[f fy,dV =0. Then ¢ is
4

arbitrary, and there are an infinite number of solutions. Note the similarities
between this discussion and the solution of nonhomogeneous linear equations
in Sec. 1.10 and the problem of forced vibrations in Sec. 1.11.

Exercises 4.1

1. Solve for the forced vibrations of a clamped circular membrane of radius 1,
if there is a distributed force of density a(l — 7) sin wt (a and @ are known con-
stants), and the initial conditions are $(r,6,0) = g(r,0) and ¢(r,6,0) = 0.

2, Consider the Dirichlet problem, i.e.,

Vi =0 inV

¢ =flx,yz) onS
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Describe a procedure for obtaining a series solution of the problem in terms of the
eigenfunctions of the problem

Vzw‘ + liwi =0 inV
p; =0 on S

3. Prove the uniqueness of the solution of the nonhomogeneous boundary-value
problem

Viy + Ay = —f

dy
n Tov =9

if A # A;, an eigenvalue of the homogeneous problem. HinT: Consider the differ-
ence of two possible different solutions.

4.2 One-dimensional Green’s Functions

Another approach to the solution of nonhomogeneous boundary-value
problems is by means of the construction of auxiliary functions known as
Green’s functions. To illustrate this method, let us consider the solution
of the following boundary-value problem, which arises in the study of forced
vibrations of a string with fixed ends.

2

d——y—)—}-lc21p=-—f(x) 0<z<a
da?
¥(0) = y(a) =0

We shall first solve the problem by the method of variation of parameters.
We assume a solution of the form y = A(z) sin kx + B(z) cos kxz. Then

y = A'sin kx 4 B’ cos kx + kA cos kx — kB sin kx
We assume A’ sin kx + B’ cos kxz = 0 and then differentiate again.
y" = —k%A4 sin kx — k2B cos kx + kA’ cos kx — kB’ sin kx
Substituting in the differential equation, we have
kA’ cos kx — kB’ sin kxr = —f(x)

Therefore, we have two linear equations in 4’ and B’ with the solution

A = — %f(x) cos kx

B = ’%f(x) sin kz
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The solution is then

sm kx cos kx

Y= f f(y) cos ky dy +

f f(y) sin ky dy

where ¢, and ¢, are constants to be determined by the boundary conditions.

1(° .
¥(0) = -f fy)sinkydy =0
’ k Ce
implies that ¢, = 0.

sin ka | ¢
ypla) = — P Lf(y

0— __sinlca

0 a
f f(y) cos ky dy +Lf(y) sin k(y — a) dy

We can therefore write the solution

sin kx

—a)d
¥ sin b ff(y) sin k(y — a) dy

() = - f f(y) sin by — 2) dy —
kJo

_ 1 J".”f(y) [sin k(y — z) sin ka — sin kx sin k(y — a)] i

sin ka

41 ff( )sm kx sin k(a — )dy
sin ka

_ff smkysmka-—-x)dy

k sin ka
sin kz sin k(a — y)
d
+f fw) k sin ka y
= Lf(y)G(x;y) dy
where Glzsy) = sin ky sin k(a — ) 0<y<w
k sin ka
Gzy) =sinkxsin k(a — y) s<y<a

k sin ka

This function is called a Green’s function. We note that it exists for this
problem unless sin ka = 0. In this case k2 would be an eigenvalue of the
homogeneous problem. Thus the Green’s function exists unless k® is an
eigenvalue of the homogeneous problem.
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We have reduced the solution of the nonhomogeneous boundary-value
problem to a simple formula:

=ff(y>0<x ) dy

The advantage of this formulation of the problem is that the Green’s function
is independent of f, i.e., it depends only on the form of the differential equa-
tion, k, and the boundary conditions. Therefore, the solutions to all possible
such problems with different functions f are known, provided the integral

f f)GQ(x;y) dy exists.

Let us now look at the properties of the above Green’s function so that we
may use these properties to construct Green’s functions for other problems.
These properties are:

1. The Green’s function satisfies the homogeneous differential equation
G" 4+ ¥2Q = 0 in each of the intervals 0 < y < zand z < y < @, but not at
y = x. This can be easily seen, because in each of these intervals G can be
written in the form C, sinky + C,cosky. The point y = 2 must be excluded
because, as we shall see, the second derivative of G does not exist there.

2. The Green’s function is continuous at y = z, since

sin kx sin k(e — z)

lim G(z;y) =
u-l»I:— (=33) k sin ka

lim G(asy) = sin kx sin k(e — x)
y-ra+ k sin ka

3. The derivative of the Green’s function is discontinuous at y = =.

cos kx sin k(a — z)

G (z;2—) = lim G'(23y) = -
yoz— sin ka

__ sin kx cos k(a — 2)

¢(zz+) = lim G'(x3y) =

vzt sin ka

and @ (z;z+) — G'(x;x—) = —1. Because the derivative is discontinuous,
the second derivative does not exist.
4. The Green’s function satisfies the boundary condition of the problem.
G(z;0) = G(z;a) = 0.
" 5. The Green’s function is symmetric in the two arguments. If we inter-
change z and y in the above definition, we do not change the definition, i.e.,

G(z;y) = G(y:x)
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Let us now try to reconstruct the above Green’s function by seeking a func-
tion with these properties. Starting with property 1, we want a function

G(z;y) = A sin ky + B cos ky O<y<ew

G(z;y) = Csinky + D cos ky r<y<a

By property 4,
G(x;0) = B =0
G(z;a) = Csinka + Dcoska =0
By property 2,
A sin kx = C sin kx + D cos kx
By property 3,

kC cos kx — kD sin kx — kA cos kx = —1

Solving these equations simultaneously, we have

4 — sin k(a — z)
k sin ka
B=0
o— _lsinkxcoslca
k sinka
D 1sin kx sin ka
k sinka
so that Q(zy) = s kykmfl k}ia —2) a<y<=zx
sin ka

Glasy) = sin kz sin k(a — y)

r<y<a
k sin ka y

Assuming a Green’s function with the above properties, we can arrive at the
solution of the boundary-value problem directly from the differential equation.

foaf(y)G(‘x y) dy = —La(w" + Ky)G(z3y) dy

The last integral could be evaluated by integration by parts except for the fact
that G” does not exist at y = z. Therefore, we shall write

a § 1
f (v + By)(eiy) dy = lim f (v + k*y)@dy + lim | (y" + Ey)G dy
0 —»z=v0

Lind 2 |
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We can then integrate by parts twice in each interval, i.e.,
[+ wv0a =0y —ovi+[ v + v

= G(x;5)y'(§) — F'(@:6)p(¢)
f:(w” + Ey)G dy = [Gy' — G'y]; +f:1p(G" + ¥*6) dy

= G'(x;m)p(n) — Kzsm)y'(n)
Then

ff(y)G(z;y) dy = —y(@)[G' (r;24) — G'(x;2—)]
+ ' (@)[Q(x;e+) — G(x;z—)] = p(x)

where we have used properties 1 to 4. It is now clear how we would modify
the properties to obtain the Green’s function for the problem

Viy + kPy = —[f(z)
' (0) =9'(a) =0

In this case, G(x;y) would satisfy properties 1 to 3, and property 4 would be
changed to G'(z;0) = G'(z;a) = 0.

Now let us consider the “function” @” + k2G. Itiszerofor0 <y < zand
zero for x < y < a, and yet if we write

a a
—y(@) = —fof(y)G(x ) dy =f0 (v" + k*y)G dy
and then formally integrate by parts and use the boundary conditions, we have

—y(x) =f:(G” + By dy

We indicate the behavior of G” + k2G' by writing
Q" + 126G = —d(y — 2)

where 4(t) is the Dirac delta function. It iszero everywhere except at{ = 0,
where it is undefined, and yet

[ rwoma=so0

for any continuous function f(¢). In particular, if f(f) = 1, then

f” it)ydt =1
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The delta function is not a function in the usual sense. It can be thought of
as the “limit” of the function

d(t) =

IS N

ct<=
2 2

dit) =0 elsewhere

as a approaches zero. The delta function is an example of a generalized
function or distribution.!
In terms of the equation

Q" + kG = —d(y — 2)

we have an interesting physical interpretation of the Green’s function.
According to this equation, the Green’s function gives the displacement due to
a force of density 6 applied at the point y = z. This density would be achieved
as the limit of a total force of one unit applied to a region containing the point
y = z as the region shrinks to a point keeping the total force equal to one unit.
We also have an interpretation of the formula

(z) = fo )6y dy

If G(x;y) is the displacement at y due to a unit force at z, then by the symmetry
G(x;y) = G(y;x) it also represents the displacement at x due to a unit force
at y. Now if we multiply G(z;y) by a “weighing factor” of density f(y) and
integrate over all possible points, we get the total displacement at x due to a
distributed force of density f(y).

This physical interpretation actually affords a means of computing a certain
Green’s function. Consider, for example, the equilibrium displacement of a
string with fixed ends under a distributed force of density f(x). The differen-
tial equation for the displacement is

z
)

g

where o is the tension in the string. Then the Green’s function satisfies the

uati
equation ~ o 8y — 2)

o

¢ = —d(y — 2) =

Thus G represents the displacement at y due to a force of strength o at .
In equilibrium we have
o=osina + osinf

= ogtan a + o tan f

1 8ee C. Saltzer, “The Theory of Distributions,” vol. 5, ‘“Advances in Mechanics,”
Academic Press, Inc., New York, 1958.
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assuming small displacements. Also, we have

tan o = g
Y
tan g = ?_ tana
FIGURE 6 a—zx
8o that Gz;y) = ya—2) 0<y<z
By symmetry G(zy) = @y o y<a
a

Now let us consider the possibility of obtaining a Green’s function for the
nonhomogeneous Sturm-Liouville problem

(py') — qy + Apy = —f(2) a<z<b

We seek a solution of the form
b
p(z) =f fy)Q(xsy) dy
b.
= —f lpy) — qy + Apy]G dy

§
= —lim | [(py') — qy + Apy]Gdy

t-+z—va
b

— lim | [(py")' — gy + Apy]G dy
n—z+vn

Integrating by parts, we have
§ §
j (py) —qy + Apy)Gdy =[p(y'G—G'¥)L +f (@) — G + ApGQlydy
a a

b b
f" () —qy+ Apy]G dy = [p(¥' G — G )], +f [(p@) —qG + ApGl ydy
n

If we take as the first property of the Green’s function that it satisfies the
homogeneous equation

(pG') — q@ + ApG =0

in each of the intervals a <y < zand z < y < b, then we can drop the inte-
grals in each of the last two expressions. Furthermore, if we take as another
property that @ satisfies the same boundary conditions as y at y = a and
y = b, i.e., one of the five homogeneous boundary conditions we considered
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for the homogeneous Sturm-Liouville problem, then [p(y'G — G'y)]} = 0.
Taking the limits as £ — z— and # — x4-, we have
Y(@) = —p@)[¢ (@z+) — F@=2—)ly() + p@)G(zz+) — Gl@z—)]y'(2)

This equation will be valid if G is continuous at y = x and @’ is discontinuous
at y = x, with a discontinuity of
Glet) — Glea—) = — ——
p(z)

The four properties just described are sufficient to define the Green’s function
for the Sturm-Liouville problem, unless 1 is an eigenvalue of the homogeneous
problem. In this case, properties 1 to 3 determine the eigenfunction corre-
sponding to the eigenvalue A, which satisfies the homogeneous differential
equation and the given boundary conditions and is continuous everywhere.
But this solution has a continuous derivative, and therefore property 4 cannot
be satisfied. A fifth property, namely, symmetry, i.e., G(z;y) = G(y;x), can
be proved from the other four: This proof will be left for the exercises. The
symmetry results from the fact that the Sturm-Liouville operator is self-
adjoint.

As an example, let us find the Green’s function associated with the problem

2
(@y) — =y + Koy = —f@) 0<z<b
z
9(0) finite
The Green’s function should satisfy

n2
W& — 2 G+ kG =0
y

in the interval 0 < y < z, and be finite at y = 0. Hence,
G = AJ ,,(ky) O<y<zsz

In the interval # < y < b, G should satisfy the same equation and G(b) = 0.
Therefore, @ = BJ (ky) + CY (ky) <y <b
and BJ,(kb) + CY (kb)) =0
G is continuous at y = z, so that

AJ (kx) = BJ ,(kz) + CY ,(kx)
@ has a jump discontinuity equal to —1/z at y = z, and therefore,

BJ'(ka) + OY"(kz) — AJ'(ka) = — >
x
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Solving simultaneously for 4, B, and C, we have

T 2 J (kD) Y (k) (k) — J (k)Y (k)]

gl J o(k2)Y (kD)
2 J (KDY (k)] (k) — J (k) ¥ (k)]
1 J (k)

2 Y (ke (k) — J (k) Y (k)

These expressions can be simplified somewhat by use of the Bessel differential

equation. Since J
n J

J" + r T r ¥, =0
x
’ 2
y~+.1’__w+kzy"=o
x2
we have alJY, — Yo J, 1+ I, Y, —J,Y,]1=0
or L oY, — Vi )] =0
dx

xJ Y, — Y. J,)=K
where K can be evaluated by considering the limit of the expression as z — 0.1
The Green'’s function is then

J (ky)[J (k) Y (kD) — Y ,(kx)J , (kD)]
KJ ,(kb)

Glxsy) =
fora <y <z, and

J o (k2)[J (k) Y (kD) — Y ,(ky)J ,(kD)]
KJ ,(kb)

for x <y < b, provided J,,(kb) # 0, i.e., provided k2 is not an eigenvalue of
the homogeneous equation.

We have seen that we get into difficulty when trying to determine the Green’s
function by the above procedure, if the constant A in the nonhomogeneous
Sturm-Liouville equation is an eigenvalue of the homogeneous problem. It
is possible nevertheless to obtain a generalized Green’s function for the
nonhomogeneous problem if the function f(z) on the right-hand side of the
equation is orthogonal to the eigenfunction corresponding to the eigenvalue }.
ie.,

G(xy) =

(pw') —qu+ Apu =0

b
ffudx:O

1K = —2/n.
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We wish to solve, as before,
(Py') — qp + Apy = —f(x)

b
First, we note that f uf de = 0 is a necessary condition for a solution of the

a
nonhomogeneous problem, for if there exists a solution,

fbufdx = —fbu[L(zp) + Apy]dx

b
= —f YlL(u) + Apu] da

=0

Next we observe that, without loss of generality, we can seek a solution of the
nonhomogeneous problem which is orthogonal to the solution of the homo-
geneous problem. This follows since for any solution y

L(y — ou) + Ap(y — cu) = L(y) + Apy — c[L(w) + Apu]
= —f

where ¢ is arbitrary. Hence ¢ may be chosen so that
)
f p(y — cu)uder =0
a

b
ie., c =f pyu dx
a

assuming that » has been normalized. We also observe that if there exists a
solution of the nonhomogeneous problem, there are actually infinitely many
solutions, since any multiple of the solution of the nonhomogeneous problem
may be added to the known solution.

In the present case, we seek a Green’s function which satisfies

L(G) + 1pG — Apu = —(z — y)
b b
Then Jf(y)G(x;y) dy = —f GL(y) + Apyl dy

b
— —f YIL(G) + ApG] dy

I

b
f [0(x — y)p(y) — Apu(y)y(y)] dy

= 9(*)



200 BOUNDARY-VALUE PROBLEMS. GREEN’S FUNOCTIONS

The constant 4 may be determined as follows:
b b b
Af pui(y) dy =J d(x — y)uly) dy +f w[L(@) + ApG] dy
a a a

b
A = u(x) +f G[L(u) + Apu] dy
= u(x)
As an example, let us consider the problem
Y +y=—fle) O0<z<n
¥(0) = p(m) =0

We see that »" + u = 0, 4(0) = u(w) = 0, has the normalized solution
u = V2[msinz. Therefore, we seek a Green’s function as a solution of

"+ Q= —dx —y) +gsinxsiny
ks

Hence, G:Acosy—{—Bsiny-lysin:ccosy 0<y<=z
m

G=Ocosy+Dsiny——lysinxcosy r<y<m
ko

The boundary conditions imply that

GO)=4=0

G(m)= —C +s8inx =0
Continuity at y = « implies

Bsinx = sinx cos x + D sinx
The Green’s function must have a jump discontinuity of —1 at y = x; thus
—sin2x + Deosx — Beos x = —1

The last two equations are satisfied if

B—D=cosx
To have symmetry we choose

z
B =cosx — —cosz
mw

z
D= —=cosz
ku
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The appropriate Green’s function is then
G=cosxsiny—fcosxsiny—gsinxcosy O<y<=z
™ ™

. . z .
G=smzcosy——gsmazcosy——cosxsmy r<y<mw
™

m

and the general solution of the problem is

Y(x) = csinz +f0f (¥)G(z3y) dy

In summary, we have the following : The nonhomogeneous Sturm-Liouville
equation
(py') —qy + Apy = —f(x) a <z <b

with appropriate homogeneous boundary conditions has a unique solution if
A is not an eigenvalue of the corresponding homogeneous problem. If Aisan
eigenvalue of the homogeneous problem with solution u, the nonhomogeneous

b
problem will have a solution if and only if f uf dx = 0, in which case there are

infinitely many solutions.

Exercises 4.2

1. Find the Green’s function associated with the boundary-value problem
v’ + kPy = —f(x), 0 <z < a, y'(0) = y’(a) = 0.

2. Prove that the Green’s function for the Sturm-Liouville problem is symmetric.

3. Find the Green’s function associated with the boundary-value problem
(zy’) — (n¥z)y = —f(x), 0 <z < 1, y(0) finite, p(1) = 0.

4. Find a generalized Green’s function associated with the boundary-value
problem

v+ y = —f(z) 0<z<mw v'(0) =y'(m) =0

if| f(x)coszdx = 0. Show that the first method outlined in this section fails to
0

yield a Green’s function.

4.3 Green’s Functions in Higher Dimensions

The use of Green’s functions to solve boundary-value problems is not
restricted to one-dimensional problems. Consider, for example, the two-
dimensional boundary-value problem

Vi + iy = —fwy) inR
subject to y = 0, or

v_,

o —[i . +ayp= 0 onC
dn r dn
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the boundary of R. We start by
considering the following integral:

f f@y)Q(En;.y) de dy =
R

—ﬂ(V% + Ay)@ dz dy
FIGURE 7 R

when @ is the Green’s function whose properties we wish to determine. We
suspect, by analogy with the one-dimensional case, that the Green’s function
is not well-behaved at x = &,y = 5. Therefore, we exclude this point from
the region by deleting the interior of a small circle (z — £)? + (y — )% = p?,
with radius p and center (£,7). We then treat the integral as an improper
integral, i.e.,

ff(V%p + Ay)G dz dy = lim ‘H‘(V%} + Ap)G dx dy

p—0

where R’ is the region between C and C’.
Using Green’s theorem, we have

J.f V2y 4 A9)G da dy = ﬁ(vza 1+ @)y dz dy

[ (ot 00

( oy aG)
— G—= — ds
vC’( or v or
where r =V (x — £)% + (y — n)%. On (', ds = p df, where

0 = tan™! [(y — n)/(x — §)]
and O varies from 0 to 27. Let us now assume that V2@ + A@ =0 in R,

except at 2 =&, y=7. Then fJ(V2G + AQ)ydxdy =0. If we also

assume that G satisfies the same boundary condition on C as does y, then

aa
f (G L —) ds = 0. Therefore,
dn

r=p

oG
This will yield the value y(&,7) if G behaves in such a way that lim p (5;-)
p—0

r=p
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is not zero and yet is finite, while hm pG = 0. This suggests that G should

behave as k log r as r — 0. Therefore, we take
1
G(&Emizy) = — > log r 4+ H(&m;.y)
™

where H and its first and second partial derivatives with respect to  and y are
continuousin R. H will have to be determined so that V2@ + AG = 0 except
at (&,m) and G satisfies the same boundary condition on C as y.

The same problem can be treated in three-dimensions, where this time we
exclude the point (£,7,{) by deleting the interior of a small sphere with radius
p and center (£,7,(). Then

ff f(x’y:z)G(Eyn’Z;xf%z) dx dy dz = 1/’(5,77,()
14

= —ﬂf(vw 4+ Ay)G dx dy dz
-

= —lim fff(vzw + Ay)G dz dy dz

p=0

= —lim fff(sz + A@)p dx dy dz

p=0
[l -
27 oG
+limpjf ( -——1,0 ) sin 6 d0 dé
p=0 ar r=p
We wish llm p (aaG) to be nonzero and finite and lim p?G = 0. This
T/ r=p p—0

suggests a behavxor like kr—t as r — 0. Therefore, we take

1
G(EmLxye) = o + H(E L xy.2)

where H and its first and second partial derivatives are continuousin V. His
determined so that V2@ + AG = 0 in V except at (£,1,{) and G satisfies the
same boundary conditions as y on S.

In each of the above cases, the function H is unique, provided A is not an
eigenvalue of the homogeneous problem. Assume that there are two Green’s
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funections in the three-dimensional case.!

1
Gl=4—+H1

41rr
Letw =G, — Gy =H; — Hy,, Then
Viw + 2w =0

except possibly at (§,7,{). Actually, this equation is satisfied also at (£,2,{),
since w is continuous and has continuous second partial derivatives in V.
Furthermore, w satisfies the boundary conditions of the homogeneous
boundary-value problem. Therefore, w is a continuous function with con-
tinuous first and second partial derivatives, which is a solution of the homo-
geneous boundary-value problem. But the homogeneous boundary-value
problem has no nontrivial solutions except for a certain set of eigenvalues of
which 4 is not a member. Therefore, w = 0, which implies that H; = H,.
Now let us see how we would use Green’s functions to solve other types of
boundary-value problems. Consider the Dirichlet problem, i.e., to find a
function y with continuous second partial derivatives in a two-dimensional
region R of the zy plane which satisfies Laplace’s equation in R and takes on
prescribed boundary values f on C, the boundary of R. Let F(z,y) be a func-
tion with continuous second partial derivatives in R which takes on the values
fon C; then

onC. InR,

g=y—F=0
Vi = Viy — V2F = —V?F

1

Now if we let G(&,7;2,y) = — o log V(z — &2+ (y — n)? + H(Enizy)
v

with V2H = 0in R and G = 0 on C, then?

(&m) =J]GVU’ dx dy

Y(En) — F(Em) = ﬂ V2@ dx dy +f (G— —F dn) ds
=—fﬁwx—éww—nwm@_fﬂ_@

= _F(£717) - Cf% ds

1 The other case is quite similar.

2 The delta funotion is used here to indicate the argument only. It can be made
rigorous by the use of limits as in the above treatment of two-dimensional Green’s
functions.
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Therefore, aa
Y(ém) = —f f—ds
c dn

Suppose that R is the interior of a unit circle with center at the origin. Let

the point (&,7) be an interior point. Then the point ( > ¢ = n 2) is
an exterior point. EB4+n2E 4

The locus of points the ratio of whose distances from these two points is
V £2 4 n? is the unit circle. This is easily verified. Let p = Ve + 7?%;
then if (x,y) is on the locus,

2 2
(x—£)2+(y—n)2=p2[(x—f;) + (y—f;H

pA(a® + y? — 2z — 2yn + p?) = pHa® + ¥P) — 2p"wE — 2p%yn + p°
@+ 91 —pY) =1—p°

We take 2® +yt=1

Qénxy) = — %T log v/(x — &2 + (y — n)?

1 &V A —
L e B R RN
This has the desired properties, for
1 E 2 ,'7 2 1 -
=—1Io A/(9&——) ( ——)+—lo 2 2
2 g o2 T P’ 27 g \/E T

is harmonic inside the unit circle, and when 22 + y2 =1,

2 2 —
log\/(x—5)2+(y—n)z—bgA/(x";i) + (y_p%) = log V& + n?

G 0G —_—
On the unit circle ds = df an %—7;’ =3 wherer = V22 4 y2. Let
z=rcosf,y =rsinf, & = pcos¢,n = psin ¢; then
06 __}_(rcose— p cos @) cos 6 + (rsin § — p sin ¢) sin 6
or 27 (r cos 6 — p cos $)% + (rsin § — psin ¢)®

1 (rcos 6 — cos ¢/p) cos @ + (rsin 6 — sin &/p) sin 6
2m (r cos O — cos ¢/p)® + (rsin 6 — sin $/p)®
(a_G) __ 1 _l—pos®—¢) 1 p'—pcs(®—¢)
Or/r=1 2r 1+ p®—2pcos (0 —¢) 27w 1+ p® — 2pcos (6 — ¢)
1 1 — p?

- 271 4 p® —2pcos (6 — ¢)
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Therefore, _ 1 f 27 (1 — pd)f(0) db
v = o 1+ p%—2pcos (6 — ¢)

27
This is known as Poisson’s integral formula.! By means of it we can solve
the Dirichlet problem for any region which can be mapped conformally onto
the interior of the unit circle.

There is actually a closer connection between conformal mapping and
Green’s functions. Suppose w = f(z) is a conformal mapping which maps the
simply connected region R bounded by a simple closed curve C onto the
interior of the unit circle so that C maps onto the unit circle and the point
{ = & 4 in maps into the origin. Then

mmmm=—imvw

is the Green’s function appropriate for the solution of the Dirichlet problem
in R at the point (£,17). This follows since

G = Re {— ilogf(z)}
27

and is therefore the real part of a function which is analytic except at (£,7),
where f(z) is zero. Therefore, G is harmonic except at (£,7). It has the right
type of singularity at (&,7), since

f@) =f(0) + ay(z — ) +ag(z — )2 4+ -+
=ayz— ) Faye— 02+ ---
= (2 — {)g(2)

where g({) = f'({) #2 0. Otherwise the mapping would not be conformal at
z={. Now

1 1 1
—, —lo 2)) = ——loglz —{ ——1o 2z
o g |f(2)] P g |z — | P g |9(2)|

=—imdu—w+w—w+Mme

where H is regular at (§,7). Finally, the boundary condition is satisfied on
C, for

lim @ =1lim {— L log If(z)l}
z2-C z=C 277'

1
=——logl=0
27 g

1 Compare with exercise 3, Sec. 3.4.
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The Riemann mapping theorem states that any simply connected region
bounded by a simple closed curve can be mapped conformally onto the unit
circle so that a given point { in R maps into the origin. This ensures the
existence of the mapping, which in turn implies the existence of the Green’s
function, from which one can deduce the existence of the solution of the Diri-
chlet problem for reasonably well-behaved boundary conditions.

Exercises 4.3

1. Derive the Poisson integral formula for the solution of the Dirichlet problem
in the unit sphere

1 (7 {27 (p* — 1) f(0,¢) sin 0 d6 d¢
W(Eﬂ?;g) = ;J; J(; a1+ P2 — -,DQ)}

where @ = sin 0 sin « cos (¢ — B) + cos 0 cos « with

z = rsin 6 cos ¢
Yy =rsinfsing
z =rcosf

& =psinacosf

7 = psin a 8in f
{ =pcosa
2. What are properties required for the Green’s function associated with the
problem
Viy = —f(x,y,2) inV

d
l = g(%,y,2) on S
dn
Give a formal expression for the solution in terms of this Green’s function.
3. If w = f(2) is any conformal mapping which maps R onto the interior of the

unit circle and ¢ is a point in R, show that the Green’s function for the Dirichlet
problem in R is

fz) — fQ)

1
G 37752, = —=—1
(i) P fOfz) —1

where { = & + . Heref = f*.

4.4 Problems in Unbounded Regions

Up to this point we have considered problems in bounded regions only. In
the homogeneous problem the separation-of-variables technique led to a
boundary-value problem with a discrete spectrum of eigenvalues which could
be formed by finding solutions of a certain homogeneous partial differential
equation subject to a homogeneous boundary condition on the surface of a
bounded region ¥. The nonhomogeneous problem could then be formulated
in terms of a series in the solutions of the homogeneous problem or in terms of
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Green'’s functions. When the problem involves an unbounded region, not
only do we have to specify conditions on boundaries in the finite region but we
must also specify the behavior of the solution at very large distances from the
origin in order to ensure a unique solution of the problem. Part of our in-
vestigation will be to determine what these conditions should be. We shall
again be able to formulate the solution of nonhomogeneous problems in terms
of Green’s functions, provided we impose proper conditions on the Green’s
function at large distances from the origin. The homogeneous problem,
however, now has only the trivial solution and this guarantees the uniqueness
of the solution of the nonhomogeneous problem.

Consider the solution of the following partial differential equation in the
unbounded three-dimensional region outside of the finite volume ¥ bounded
by the surface S
y V2¢ = a¢ + b ¢ a2¢ - f(x’y:z)t)

ot a 2
where f = 0 outside of a finite volume and a, b, and ¢ are real constants. We
shall assume a boundary condition of the form

d¢ + ad = g(z.y,2,t)
dn

on 8, and leave open for the moment the condition to be satisfied at large

distances from V. The problem is linear, so that we may write the solution as

¢ = ¢y + ¢, + P, where 950 is the solution of the homogeneous problem
0

Vigy = agy 45 00 1o b

is a solution of the nonhomogeneous problem V3¢, = ad; + b —

951

d
outside V, subject to di + agy=00nS8; ¢,
¢1 a ¢1 ""f
at at2 ’

subject to —— + ag, = 0 on §; and ¢, is a solution of

- 0y , ¢
Vigy =ag, + b at2+ aﬁz

d
subject to —d%" + a¢, =gons.

Let us first consider the homogeneous problem. As in the problem for the
bounded region, we attempt a separation of variables:
b0 = Yo(2.y.2)F(t)
Then V2w0=aF+bF+cF=—l
Yo F
and therefore the equation separates into

cF+b0F +(a+ WF=0
Vipg + Apo =0
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In the bounded problem we next showed that A > 0 using Green’s identity.

[ =~ [[frmar
_fﬂv% Vi, dV +ﬂ aplds
‘éii‘;g &

where V' is the region outside V and 8’ is a large sphere of radius B. The
proof fails this time because we have not specified the behavior of y, at large
distances from V.

Before proceeding further, let us consider some elementary solutions of

Vy + kPp =0

and by so doing we may gain some insight into the nature of the conditions we
must specify on our solution at large distances from the origin. Let us first
look for solutions with spherical symmetry, i.e., solutions which depend on r
only in the usual spherical coordinate system. In spherical coordinates the
equation becomes
1
2

[*p(r)] + k*p =0

ST

<

h )
Let y(r) = 1) , then ¢’ =— — —, r%’ =rh’ — h, and the equation be-
comes r ror

R 4 k2 =0

This equation has the following solutions: sin kr, cos kr, €%, e=%*". Ifin the

original problem a = b = 0, then we can write F = e~ where w = k/\/ c.
We would then have the wave equation with a periodic time dependence.
This is the case which will be of primary interest to us. It will be convenient
to write the time dependence as e~*** with the agreement that the final solution
will be the real or imaginary part of the complex solution. Combining this
time dependence with the above spherically symmetric solution, we have

. sin kr sin kr cos kr cos kr
solutions of the form . cos wt, sin wt, cos wt, sin wt,
i — in (kr — wt
cos (kr + wt) ’sm (kr + wt) cos (kr — wt) , sin (kr — wt)  The first four of

r r ’ r r
these represent standing waves, the next two inward traveling waves, and the
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last two outward traveling waves.! We shall take it as a basic assumption
that a disturbance in the finite region should produce only outward traveling
waves. The choice of a spherically symmetric solution satisfying this require-
ment would have to be p = ¢*[r. It is easily shown that for this solution

lim r[a—w — iktp:\ =0
=0 or

This is called the radiation condition. We shall take this as the required
behavior of the solution of the boundary-value problem for large values of 7.
We shall see that this implies that the solution of the homogeneous boundary-
value problem is identically zero, which in turn implies that the solution of
the nonhomogeneous problem is unique.

The basic theorem of this section is the following: Let p be a complex-
valued function with continuous second partial derivatives outside of a
bounded volume V bounded by S, which satisfies V2p + k%y = 0 outside V,
d 0
Z}: + a = Oon 8, with k and « both real, and let lim r[%i —ikzp] —0;

r—>©
then y = 0 outside V. We begin the proof by considering the solution
expanded in a series of spherical harmonics, i.e.,

W(776,¢) = Zovn(r)sn(es(ﬁ)
where 8, (6,4) = i 4, P cos 0) cos m¢ + B, Pr(cos 0) sin m¢
m=0

T [2r
and f f 8,8,sin6dfdd =0
0vo
for n s p. We shall assume that these functions have been normalized, i.e.,
T [ 27
f J 82 sin 6 d6 dép = 1
0o
By Bessel’s inequality we have

© w (2r
3 ot <[ [ vt sin 020 a4
n=0 0vo

Either v,, = 0 for all », in which case ¢ = 0, or vy 5% 0 for some N. In the
latter case,

0 w[er
logl2 < 3 Iv,/? gf f 9|2 sin 6 d6 d
n=0 0vo

! This can be seen by considering the location of the nodes as determined by the equa-
tion y(r)e~t@t = 0,
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Now we know that yy = vy(7)Sy(0,4) is a solution of the differential
equation. Hence,

Viyy + k*ypy =0

or iy + 2roy + R = — 1 [ 1 0 (sm 0%)
. Sy Lsin 6 06 a0
1 azsN}
NN +1
a-nn2 6 04° *h

Therefore, v, satisfies the equation
Py + 2rvly + [Kr? — N(N + L)joy = 0
To solve this we first make the substitution vy, = e**h(r). Then
vy = e*h’ + ike™h
vl = e*h" 4 2uke*h' — k2%™h
Substituting in the equation for vy, we have
P2 L+ (2ikr 4 2)rh’ + [2ikr — N(N + 1)]h =0

When we assume a solution of the form

h=rtYcp
i=o
the indicial equation is (8 — N)(8 + N + 1). If we take the root f, = N

the solution will contain positive powers of r which are not consistent with the
radiation condition. By use of f; = —N — 1 the equation becomes

ke 0
S (i —2N —1ye N1 4 263 (j— Nyer' N =0
=0 i=0

from which we get the recurrence relation

c _ 2tk(N 41 —j)
G-
Thus we see that ¢y, = ¢y, = - -+ = 0. Therefore,
etkr N
ZCN ,’r
Now f loyl?r®dr > KR
R

where K is a constant, and

R (7 [2= R
f f f |9|?® sin 6 dr dO d¢ 2f lvy|2r®dr > KR
Rov0 YO Ro
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R [*n 27
Therefore, either = 0 orJ- J f |p|2 72 sin O dr dO dp becomes large at
R,J0 Jo

least as fast as KR as B — co.
Applying Green’s identity, we have

*
0= Hf(w”w* — P*Viy)av =ﬂ<w L7 _ e d—"’) ds
dn dn
v S
dy* *dw) i
¥ ype=X)as
+:£J.('P dn ¥ dn

where §' is an arbitrary surface completely surrounding . But the surface
integral over S vanishes by the boundary condition, and therefore the integral

over 8§’ must also vanish.
Using the radiation condition, we have

0= i 2"2 oy* .
= lim r — iky o + iky*) sin 6 df d¢
-hmf f {
2r
= lim f f {

But this implies that

+k2w|+zk( g"’ zp?-af-*)}sinedew
r r

+ K [1[)'2; sin 6 d0 d¢

lim f f 2 |y>sindbdé =0

r—*o

However, this is impossible unless p = 0; for if it is not, then

R [r [2n
f ff 7 |p|®sin0dodé > KR
Ro Y0 VYo

1 R
But lim F(r) = 0 implies that lim — | F(r) dr = 0. To show this, let p
7> R— R,
be sufficiently large that |F(r)| < ¢ for all r such that By, < p <r <R.
Then
L [* iy ar| <L [ 1ptar + 1 [Ted
— Ndr| <— 7)| dr + — r
| R Ro R Bol R ) €
M €
Z(o—R f(R-—
<7 (p — Ro) + R( P)
< 2¢
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by taking R sufficiently large that M(p — R,)/R < e. Letting

7 [ 27
F(r) =f f 72 |y|®sin 0 d6 d¢
0 Yo

we see clearly that we cannot have at the same time

1 R [= (2r
—J ff |y®sin6df dé > K
R JRy Vo Yo

T (27
and limf f 7 |y|®sin6dfdp = 0
0vo

7+ 0

This completes the proof.

Now let us consider one of the nonhomogeneous problems.

a = b = 0 and that f(z,y,2,t) = Re {F(z,y,z)e"""‘}, we take

¢= et
Then we write

V2719 = — Py — F(x,y,z)e e
and we have the separated equation
Viy, + k?y, = —F(zy.2)
with k2 = w2c. The boundary condition for y, is
dy,
dn
onS. This problem has a unique solution, for if

+oay; =0

W=y —%
the difference of two possibly different solutions, then
Viw + kPw =0  outside V
d_w +oaw=0 onS
dn

and w satisfies the radiation condition

lim r(-a1—” — ikw) =0

r— o af

Assuming that

But by the theorem just proved w = 0, and therefore y, = ¢,.

The other nonhomogeneous problem is
Vi, + K2y, = 0 outside ¥

% + ayp, = g(v,y,2) onS
dn

This also has a unique solution by the theorem proved above.
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Now let us turn to the representation of the solution of these nonhomo-
geneous problems in terms of Green’s functions. For the first problem we
would want to construct a Green’s function with the following properties:

1. V3@ + k@ = 0 outside V except at (£,7,{)

2. G~4—1;}1-easR—>0withR=\/(x—§)z+(y—ﬂ)2+ (z — 0P

3. ig+ocG=00nS
dn

4. lim r(a—G — z'kG’) = 0 uniformly in 6 and ¢
r—o r

‘We see how properties 1, 2, and 3 carry over from the corresponding problem
for bounded regions. Property 4, the radiation condition, is appended on the
grounds that the Green’s function should physically have the interpretation
of outward traveling spherical waves originating from the point (£,7,{). Also
we find that this condition is needed to assure uniqueness of the Green’s
function.

In this case it is somewhat more convenient to let

eikR
Q& zye) = R + H(ém, x,y.2)

Then since ¢*®/47R satisfies the differential equation except at (£,7,{) and
behaves properly as R — 0, we can take H as a solution of the differential
equation regular everywhere outside V. H satisfies the nonhomogeneous
boundary condition

dH d 1 e*E

— 4ol =— (-— oc) —_—

dn + dan + 47 R
onS. e*B/4nR satisfies the radiation condition, since

R=vV@—&?+@w—nt+ (-2
=7‘A/1+ﬂ2——2—/-’Q
r

r2

where @ = sin 0 sin y cos (¢ — ) + cos 6 cos y, with
z = rsin 6 cos ¢

y = rsin Osin ¢

z=rcos @
&= psinycosf
7 = psin y sin B

{=poosy
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Then &5 _ exp (bl — (2p/)Q + (%)t} (1-22, _pj)-*
4R dmr r r

P kr 1 t
= —h(0,¢) + O(—)
drr (©.4) 2
Since the Green’s function satisfies the radiation condition and e*®/47R also
does, then H must as well. Therefore, H is the solution of a nonhomogeneous
boundary-value problem and satisfies the radiation condition and hence is
unique.

As for the solution of the original nonhomogeneous boundary-value
problem, this can be formulated as follows:

- l [reav-| f [10720, + 124) — 070 + Bn 2V
—ff [o(%+ %) (G u0)|as
~[f(e3e - as+[f(o%e - wT)as

where V' is a volume bounded by S; Z, a small sphere of radius é about (£,7,{);
and X', a large sphere of radius D with center at the origin. The nature of the
singularity of G at (£,7,{) ensures that the surface integral on X will approach
—p(&m,¢) as § — 0. The surface integral on § will vanish by the boundary
conditions on y, and G, while the surface integral on X’ approaches zero as
D — o0 by the radiation conditions on G and y,. Indeed

:kr

Y= 0¢)+0()

1 e 1
G = = h6.4) + 0(;‘2)

T r
asr — 00. Therefore,

lira f f ( O _ G) D*sin 6.6 d¢
D= r=D
ikr * Lo tkr
= lim H—-{-—-—h[”“ i+ 0(—12)]
D-w o 47 \ r r r

_&y [—”fi'"h + 0(_12)]} D*sin 6 d6 d¢
r r r

tf(r) = O(1/r?) as r — oo implies that |#3f (r)] is bounded as r — co.
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Therefore, we have an integral representation for the solution

»(&m.0) =fﬂF(x,y,2)G(5,n,l %,y,2) dx dy dz

where V is that part of the volume outside V where F = 0.
The same Green’s function can be used to formulate the solution of the other
nonhomogeneous problem. In this case, the solution becomes

wz(f,"),g) =fjg(x’ysz)a(§,n,l;x,y,Z) ds
S

One could argue that the Green’s-function formulation of the problem just
substitutes for the original problem the equally difficult problem of finding the
Green’s function. In a few cases, the Green’s function can be found without
too much difficulty, and then we have an explicit representation of the solution.
Another approach is to pick a Green’s function which does not satisfy all the
conditions and is thus simpler to find. However, then we lose the explicit
representation of the solution. On the other hand, we get an integral
equation which may be solvable by other techniques. For example, in the
first nonhomogeneous boundary-value problem above, if we take what is
called the free-space Green’s function

the Green’s function no longer satisfies the boundary condition. We then

have
aG
v,(é:m,0) =J:HFG av —ff U (— + aG) s
¥ g dn

If (¢n,0) is a point on S, then this becomes an integral equation for the
boundary values of y; on §. Having determined the values of y; on S, we
can then substitute back into the above equation to obtain values of y; at
pointsnoton 8. Weshall explore this avenue of approach in the next chapter.

Now let us turn to the solution of some particular problems in terms of
Green’s functions. In electrostatics we are sometimes interested in the
potential due to a continuous distribution of charge over a finite volume- V.
In this case, we must solve Poisson’s equation! V2y = — f(xr,y,2) in ¥ and
Laplace’s equation outside V. This is the first nonhomogeneous boundary-
value problem treated above if we take £ = 0 and let S shrink to a point.

1 Here f is proportional to the charge density.
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Then we want the Green’s function to satisfy the following properties:
1. V3@ =0 except at (£,7,)

2.G~—-1—— asR—0
47R

3. @~ ¢ as r — oo (C a constant)
r

In this case we can find G explicitly as 1/47R. Then the solution is

1 flx,y.2)
v(Enl) = — fff dx dy dz
dn ) @z — 62+ (y — )+ (2 — {)?

It is a problem in potential theory to determine general conditions on f which
will assure that y is a solution of the problem.!
Next, let us consider the Dirichlet problem for unbounded regions, i.e.,

Viy =0 outside V
p = g(x,y,2) onS
The Green’s function should satisfy
1. V3@ =0 except at (£,,0)

2. GN-—I— asR—0
47R
C

3. G~— as r — o0 (C a constant)
r

4. G=0 on 8

The solution is then

g
w(ém,) = —gg(x,y,z) = ds

For example, suppose we wish to solve Laplace’s equation in the upper half
space, z > 0, with y(z,y,0) = g(z,y) on the zy plane. The Green’s function
can be written explicitly as

1 1
CnJ@— P+ (y — )+ (2 — 0P
1 1

TPt -1t e+ O

18ee 0. D. Kellogg, “Foundations of Potential Theory,” Dover Publications, New
York, 1953.
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The first term has the proper singularity at (£,5,{) and satisfies Laplace’s
equation except at that point. The second term is obtained by reflecting the
singularity in the zy plane. It therefore satisfies Laplace’s equation every-
where in the upper half space. When z = 0, G = 0, so that the boundary
condition is satisfied.

@)...--)..
_1 4
2m [z — &2 + (y — n)® + 31

1 [* [ 4
&, =—f f X dz d,
w(&.1m,0) il B g(x,y) -0+ w—m 0T z oy

In this case, since the surface S is unbounded, to verify the Green’s-function
representation of the solution, we would have to integrate over a large circle
of radius D in the xy plane and over the surface of a large hemisphere of radius
D in the upper half space, take the limit at D — oo, and show that the integral
over the surface of the hemisphere approaches zero as D — co. This is not
hard to do, since G ~ C|r and ¢ ~ BJr as r — 0, and therefore

,2(GE§_ E?)NE

7

80 that

as r — 0.

Exercises 4.4
1. Find the Green’s function associated with the problem

v'(x) — ky(x) = —flz) O0<z < o
»(0) =0
-0 as £ — ©

which will give the integral representation of the solution

(@) = f ® G(st) f(£) de
0

2. Solve the exterior Dirichlet problem for the unit sphere, i.e., V2y = 0 for
22 + y2 4+ 22 > 1, with y = g(1,04) on S: 22 + y% + 22 = 1. Find an explicit
integral representation.

3. Find an integral representation for the solution of the following problem:
V2y = 0 for z > 0, ¥y > 0, with y(z,5,0) = g(z,y), y(z,0,2) = h(z,z), y = O(1]r)
asr = Va? + y? + 22 > oo

4. A square membrane is vibrating in its fundamental mode. Formulate an
integral equation whose solution will give approximately the acoustic field pro-
duced by the membrane. List the assumptions which you meake to make this
formulation possible.
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4.5 A Problem in Diffraction Theory

In some problems the source of excitation is at a large distance from the
volume V. For example, in diffraction theory we are often interested in
the interaction between a passive surface S and a plane wave. In this case,
the source of excitation of the field is a plane wave. The plane wave itself does
not satisfy the boundary condition on 8. The effect of the surface is then to
produce a scattered field which together with the plane wave will satisfy the
boundary condition. Consider a plane wave

¢p — et(ku—mt)
where 4 = x cos « + ¥ cos  + z cos 7, a coordinate with axis in a direction
making angles «, §, and y with the z, y, and z coordinate axes. It is easily
shown that ¢, satisfies the wave equation

2 52 J
vig, = & 7,
w? o2

and is a plane wave proceeding in the direction of the u-coordinate axis. Now
we let the whole field be

¢ = ¢p + ¢,

where ¢, represents the scattered field. ¢ must satisfy the wave equation
19
a? ot
Then letting ¢ = e ", we have the result that y satisfies
Vip + k*p =0
with k2 = w?/a®. We can write
Y=, + ¥
= gthu + v,
In the acoustic case, if S is a rigid boundary, there cannot be a normal com-
ponent of velocity across it. Therefore, @ = 0 and @ =
dn dn
that v satisfies a homogeneous boundary-value problem. This does not,
however, imply that ¢ = 0, for it contains a plane wave which does not satisfy
the radiation condition. We will require, however, that y, satisfy the radia-
tion condition. %, will satisfy then the following nonhomogeneous boundary-
value problem:

Vg =

OonS. We see

Viy, + Py, =0 outside V
d_wf —_ — d_% on S
dn dn

lim r[% — ikzp,] =0

r—w r
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v, is therefore unique, and the problem can be formulated in terms of Green’s
functions.

To be a little more specific, let us consider a classical diffraction theory
problem, the diffraction of a plane wave by a rigid semi-infinite plane sheet.

y

\\

O ®
Rigid ~
@

boundary N x
e /q\\
~N
// _ Plane wave
Ve
FIGURE 8

We shall assume a plane wave with perpendicular incidence striking the edge
(2 axis) of the rigid plane sheet (zz plane, x < 0). From the geometry we see
that the solution will not depend on the z coordinate. The velocity potential
&(z,y,t) will satisfy the wave equation except on the 2z plane, z < 0, where it

d
must satisfy the boundary condition % =0. We write

¢(x’y’t) = ¢m + ¢,
— [eikrcos (6—a) + we(x,y)]e—twt

In this case, geometrical optics tells us to expect a shadow (no plane wave)
in region 1 and a reflected plane wave in region 2. Therefore, we write
Y=, for —a<O<a, y,=p,— 20D for ¢ <0 <m and
W, =P, + ¥ 0+ for 7 < § <27 — «. In this problem we have
reflection and diffraction, and the diffraction effect is entirely contained in the
function 9,. The reflected plane wave does not satisfy the radiation condi-
tion, but we shall require that i, do so.

Our procedure will be to introduce a Green’s function for the purpose of
formulating an integral equation whose solution will allow us to find the
acoustic field. To determine the appropriate Green’s function we shall con-
sider axially symmetric solutions of the two-dimensional Helmholtz equation.
These solutions must satisfy the zeroth-order Besgel equation

” 1 ’
Y +';'P + By =0
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which has solutions

Jolkr)  Yokr)  H{P(kr) = Jo(kr) + iYo(kr)
and HP(kr) = Jy(ler) — ¥ o(kr)
It can be shown that these functions behave as

cos kr sin kr et ~ikr
and

e

NN N

respectively, as r — co. Therefore, we take the solution H{(kr) as the one
representing outward traveling cylindrical waves. To have the proper
behavior as (z,y) approaches (&,7), the Green’s function must be asymptotic
to (i/4)H{D(kR) where R = V/(x — £)? 4+ (y — )2 That the constant must
be i/4 follows from the fact that Jy(kR)~ 1 and Y (kR)~ (2/m) log R
as R — 0. In the two-dimensional problem the radiation condition takes
the form

7~ 00 aT

Getting back to the diffraction problem, for the purpose of formulating the
integral equation, we shall use the following Green’s function:

lim \/;[a—-"’ — ikzp] =0

GEmsay) = i[Hél’(k\/ (@ — &2 4 (y — 7)) + HOUV (z — £2 + (y +n)?)]

G
This function satisfies the conditions (g—) =0, and
Y/ y=0

tkr
=290 + 067
Jr
as r — 00,
Consider the regions R, and R, bounded by the contours C; and C, (see
Fig. 9). We apply the Green’s identity to p¥ = () 4 et 8 @=®) which
is the whole field in the upper half plane, in the region R, i.e.,

(1)
wien = (¢ -y ),
Ch dn dn

[l
) 3y =0+

provided we can show that the contributions of the small and large semicircles
approach zero as the radii approach zero and infinity, respectively. We also
apply the Green’s identity to (2 — efrcos (0—a) _ gikroos 0+a) which jg the
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whole field with the plane wave and reflected wave subtracted out, in the

region R,, i.e.,
w(2)($’n) . eik(g cosa+nsina) __ eik(; cos a—1n sina)

ol
- ay y=0—

provided again that we can show that the contributions of the small and large
semicircles approach zero. Here we have also made use of the fact that

a ik .
[Bl 7 CO8 (0 —a) ikr cos (6 +a) ] 0
€ =0

oy
Y

Plane wave
o

FIGURE 9

To complete the derivation of the integral equation we proceed as follows.

0
Noting that forz > 0,y = 0, p and i are continuous, we have

oy

oo of* o)
—-® ay y=0

— 2 c08a — 4 f CHOk |z — E)() do

where I(z) = (aa—z) . Forz <0
y=0

P(EO—) — PEO+) — 28T — f " HP(k 1w — E)I(@) do
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Hence, we have
i f_w H (k |z — &)(2) do = g(&)

where g(&) = —2e*co%e 550

g(&) = w(£,0—) — Y(£,04+) — 2¢PE o8 2 <0

The integral equation we have just derived is known as the Wiener-Hopf
integral equation. Italsooccursin the theory of stochastic processes. The
function g(£) is not completely known, but this does not turn out to be serious.
We shall find that the equation can be solved by the Wiener-Hopf technique,
which will be discussed in Chap. 6 in connection with the study of Fourier
transforms.

To complete the discussion we must show that the integrals over the small
and large semicircles approach zero as their radii approach zero and infinity,
respectively. Let us take the radius of the small semicircle as 6. If the edge
of the rigid sheet (r = 0) were a source point, then y = O(logr) asr — 0. In

this case
w( oy 30)
G—=L— p— ddb = 0(1
J; ( or V’ar r=8 )

as 6 — 0, and the integrals over the small semicircles would not vanish as
0 — 0. Therefore, we must assume that ¢ = o(log r) as » — 0,1 which means
physically that » = 0 is not a source point. Under this assumption,

4 (1)
lim (Ga—"’— — a_a) 8d6 =0
5-0Jo or or/r=s

27 (2)
lim (G W-_ o Z—G) 5d0 =0
T/ r=4

340 I or

As far as the large semicircles are concerned, we note that for « < 6 < 27 — «
we have, in effect, applied Green’s identity to ¢,, which satisfies the radiation
condition, and hence

_ etkr -1
P, =—=h0) + O(r™)
Jr
2r 7
Clearly f (G 9%, _ P, a_G.) Ddf = 0(.}_)
0 or or/+=p D
a8 D — oo, where D is the radius of the large semicircle. Therefore,

2 ]
lim (Ga—”’-’—@,a—a) Ddf =0
D~ Yo or or/r=p

1f(r) = o(log r) as r — 0 implies that f (r)/log r - 0 as » — 0.
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It remains to show that

fu(az eikrcos (0—a) __ eikrcos(o—a) QQ) Ddb = 0(_!____)
o\ or or/+=D JD

fzﬂ (G—Q gikr cos @+a) __ eikrcos(0+a) a_G) Ddf = O(—1=)
27 —a or or/r=pD \/D

as D — 0. We consider the first of these integrals only. The second is very
similar.

fa (G _a_ et'krcos 0-a) __ eikrcos (0—a) _a_Q) D db
o\ Or orl-p

_—_f'ik\/ﬁg(e)[cos (0 _ oc) . ] gikDlcos (6~-a)-11 49 + 0(
0

7

_— 2 1
= 2ik./ D 0 ( ) 2ikD co0s*(0—a)/2 do 0( )
J. 7 \/ g(0) sin + \/

— :71’_5 J;ag(O) tan (0%‘_1) e2ikD cos®(6— a)/2 d[esz cos?(e- a)/2] + 0(

- g(i) tan (6 — 0‘) o2ikD cos’(o-a)/z]a
D 2 0

jD emp cos?(0-a)/2 ;6 [g(g) tan (0 —

= 0(75)

6 —
The integration by parts is valid since

7

4o ol

« o, . .
# 3 the range of integration.

The discussion of the other integral is identical except for the change of the
limits of integration and the change from § — « to 6 4 « in the integrand.
This completes the derivation of the Wiener-Hopf integral equation for the
half-plane problem. We shall return to the problem in Sec. 6.4.

Exercise 4.5

Derive the appropriate Wiener-Hopf integral equation for the half-plane
diffraction problem with the boundary condition ¢ = 0 on the sheet. HiNT:
Use the Green’s function

G(aystm) = f:H$1’[kV @ -8+ @ —n? — iﬂﬁ”k[‘/ @ -8+ (y + n)?
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Chapter 5. Integral Equations

5.1 Integral Equations Formulation of Boundary-value Problems

As we have already indicated in the previous chapter, certain nonhomo-
geneous boundary-value problems can be formulated in terms of integral
equations by use of Green’s functions. The procedure is much more general
than these earlier remarks would indicate and applies to homogeneous
problems as well as to nonhomogeneous problems. Consider, for example, the
homogeneous boundary-value problem

Vy+Apy=0 in¥V
(—Z-zf—{—oap:O on§
dn

where V is a finite volume bounded by the surface S. Let G be a Green’s
function with the following properties:

1. V2G = 0 except at (£,,0) in V
2. dé +aG@=00onS
dn

_1__!
n R

3. G = + H(fﬂ?,gm:yﬂ)

where R = V/(z — &) + (y — #)? 4 (2 — {)?,and H isasolution of Laplace’s
equation everywhere in V. Then

R R
o (Emd) = A ﬂf $@ v
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The last equation is a homogeneous integral equation of the second kind.!
Using the same Green’s function we can also formulate the solution of the non-
homogeneous boundary-value problem

Vi 4+ Ay = —f in¥V

dy —0

— 4+ a on8
dn+ ¥

In this case, the integral equation is

wEmd = FlEnD + 4 f f f VG av
vV

where F(£7,() =fff fGdV. This time we have a nonhomogeneous
14

integral equation of the second kind. In this case, 4 is a known constant,
whereas in the homogeneous integral equation above A is an eigenvalue to be
determined in the course of solving the integral equation.

In the one-dimensional case, we have integral equations corresponding to
Sturm-Liouville problems. Here the general homogeneous problem is

PY) —qy + Aoy =0 a<z<b

subject to one of five homogeneous boundary conditions at a and b:

4. y and ¥’ finite when p = 0
5. y(a) = y(b) and p(a)y'(a) = p(b)y'(b)

Let L(y) = (py’)’ — qy. Then the differential equation can be written
L(y) + Apy = 0. Wetakethe Green’s function with the following properties:

1. L(G) = Oexceptat x = &
2. G continuous at x = &
3. F(&:&+) — G'(6:6—) = —1/p(§)

4 @ satisfies the same boundary conditions as y

Then f b{GL(y) — yL(@}dx =0

b
1 An integral equation of the form f(z) = | K(&;x)p(§) d§ is known as an integral

a
equation of the first kind, Here the unknown p appears only under the integral sign
and f and K are known functions, whereas in the integral equation of the second kind
the unknown appears both under the integral and outside.
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)
and y(é) = Zf Q(¢;2)p(x)y(z) dz

We introduce the new unknown y(x) = vV p(z) p(z) y(x). Then
NGEGEY f JPE)p(@) G(E;7) /p(@) y(z) de

b
or p(&) = 1f K(&;7)y(z) dx

where K(&52) = V/ p(&)p(x) G(&;x). We again have a homogeneous integral
equation of the second kind. K is called the kernel of the integral equation.
The same Green'’s function leads to the equation

b b
(&) =f f@)G(&;7) dz + lf G(&:2)p(x)y(x) dz
a a
for the solution of the nonhomogeneous Sturm-Liouville equation

(2y') — ay + Apy = —f
Then we have the nonhomogeneous integral equation of the second kind

b
¥(é) = F(§) +f K(&;z)y(x) de

where p = vV py PY» —-f pfGdx, and K = V p(&)p(x) G(&;2).

As an example of an integral equatlon, consider the problem corresponding
to the Sturm-Liouville problem y” + Ay, 0 <z < 1, with y(0) = y(1) = 0.
Then G" = 0 except at x = &. Therefore,

G=ax+0b 0<z<é§

G(0) = 0 implies that b = 0. G(1) = 0 implies that d = —c. G is con-
tinuous at # = £ Hence, af = ¢ — ¢. Finally, ¢'(é+) — @ (§—) = —1
implies that ¢ — @ = —1. Therefore

G=(1—-¢z O<z<$§
G = &1 — 2) t<z <1
The integral equation is then

§ 1
y(é) = lfo (1 — &zy(z) dz + AL §(1 — z)y(x) dz

It may not always be possible to define the Green’s function from the
four properties listed above. Consider, for example, the same equation
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y" + Ay = 0,0 < z < 1, but with the boundary condition y'(0) = y'(1) = 0.
If we proceed as above, we have G” = 0, implying

G=axr+0b 0O<x<é
G=cx+d ¢E<z<1

But the other conditions give a = ¢ = 0 and b = d, and hence we have no
Green’s function. The difficulty here is that A = 0 is an eigenvalue of the
differential equation. In fact, the properties listed above will never yield a
Green’s function for the Sturm-Liouville problem in the case where 1 = 0 is
an eigenvalue of the differential equation. Let u be the solution of the
differential equation when A = 0, satisfying a set of homogeneous boundary
conditions. Then

L(u) =0

Let v be a solution of the differential equation for A 7 0, satisfying the same
boundary conditions. Then

L) + App =0

> >
Therefore, lf puv dz =f {vL(w) — uL(v)} dz = 0

and % and v are orthogonal. Because of this orthogonality we can define a
Green’s function satisfying the differential equation

L(G) — Apu =0

except at x = &, leaving the other three properties unchanged.
b
f {GL(v) — v[L(Q) — Apul}dz =0
a

v(é) = }.fbva dx

)
fpuzdx= 1
a

If u is normalized, i.e.,

then we can determine A4, for

0 =fb{GL(u) — ul(@)} dx = w(§) — z‘lfbpu2 dx

Hence, 4 = u(§).
Getting back to our example, we wish to solve 3" = 1. Therefore,

G=1322+ax+b 0<z<§
G=1322+cx+d t<x <l
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G'(0) = 0 implies a =0. G'(1) =0 implies ¢ = —1. G({+) = G(&—)
implies b = d — & Then

G=f224+d—-¢ O<zx<¥é

G=132*4+d—= <z <l

In order to make G symmetric, we pickd = 3£2. The integral equation is then
§ 1
y(é) = 1J; (3(2® + &%) — &ly(z) dz + lJ; (3(=® 4 £*) — 2ly() d=

Exercises 5.1

1. Formulate an integral equation for the solution of the Sturm-Liouville
problem (zy’)’ + Axzy = 0,1 <z <e, y(1) = y(e) = 0.

2. Formulate an integral equation for the solution of the Sturm-Liouville
problem [(1 — z%)y’) + iy =0, —1 <z < 1, y(—1) and y(1) finite.

5.2 Hilbert-Schmidt Theory

We saw, in the previous section, that the integral equations associated with
the homogeneous and nonhomogeneous Sturm-Liouville problems are the
homogeneous Fredholm equation

b
(&) = Zf K(&2)p(x) de

and the nonhomogeneous Fredholm equation

b
(&) = F(§) + lf K(&;2)p(2) de

In this case, the kernel K is real, symmetric, and continuous over the rectangle
a <z <ba<&<b Amongother things, this implies that

b[b
ffK2(§;x) d¢ dx

exists. In the homogeneous equation 4 is an eigenvalue to be determined in
the course of solving the equation. In the nonhomogeneous equation 4 is a
known constant, and we shall find that, in general, the equation will have a
solution unless perhaps A is an eigenvalue of the homogeneous equation. If
A is an eigenvalue of the homogeneous equation, a necessary condition for the
existence of a solution of the nonhomogeneous equation is that the funétion
F(x) be orthogonal to the eigenfunctions corresponding to that eigenvalue, i.e.,
if A = A;, where

b
(&) = Acf K(&x)y,(x) do
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b b b[b
then f Y(&)yi(§) dé =f F(&)yi(&) d¢ + l.f f K(&;2)p(x)y,(§) dx d

b b
= ["Fewie 2t + [ vorn az

b
Hence, fF(&)wi(f) df§ = 0. In this case, if a solution y of the nonhomo-
a

geneous equation exists, it is not unique, for

b b
lJ K(&:2)[p(x) + cyi(x))dz + F(§) = F(é) + }wf K(&;2)p(x) dz + cypy(§)
= (&) + cpi(é)

implying that (&) 4 cy;(&) is also a solution for arbitrary c.
Let y; and y; be solutions of the homogeneous equation corresponding to

different eigenvalues 4; and 4;. Then

b
w(é) = A'if K(§;2)y,(x) dx

b
Y,(é) = )'ff K(&x)p(x) dz
and ‘

b )
(A — }'f)f Y(§) () d¢ = j’iljJ‘ f K(&;x)p(x)p;(&) dx d&
)
—}'i}“if f K(&:x)p (x)y;(&) dx d
b [
= ;*g‘}‘jf f K(flx)'l’.(x)‘ﬂj(f) dx d&

)
_}”ilff f K(z;8)y;()y,(§) d& dx

Interchanging the order of integration and making use of the symmetry of K,
we have

)
(4 — l!)f Yi(§)ps(§)dE =0
b a
But 4; # 4, therefore,f vi(€)p;(§) d€ = 0. Hence, solutions corresponding
a

to different eigenvalues are orthogonal. Also, since the equation is homo-
geneous, we can assume that the solutions are normalized, i.e.,

b
flwl2d5=1
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Next we show that the eigenvalues are real. Let y be a solution with
eigenvalue 2. Then

b
Y(é) = /lf K(&:2)y(x) de

and p*(¢) = Z*fbK(é;x)tp*(x) dx
If A = A*, then !

b b
f py* d§ =f lyI?dé =0

which implies that ¢ = 0. Therefore, either 1 is real or y is the trivial
solution.

If there are an infinite number of solutions of the homogeneous equation,
then there can be only a finite number of linearly independent solutions
corresponding to the same eigenvalue. We shall show this as follows. Let
%1, ¥y, . . . be an infinite set of linearly independent solutions. Since they
are linearly independent, we can assume that they are orthonormal, i.e.,

b
f Y,p; dx = 0y

Let us consider the problem of approximating in the least-mean-square sense
the kernel by a series of a finite number of these functions. In other words,

we wish to minimize
b n 2
f K(&;x) — D cypi(x)| dz
a i=1

‘We know from Chap. 1 that to do this we must choose

6 _—_J"’K(E;x)w.(x) de — 1%5_)
In this case, a ',

b
min
a

LYY
Therefore, z (

n b n
20‘1/:, z) dx —f K¥&w)de — 3 c2 >0
=t} i=1

)

f K¥§;x) dx
and
b
n f UAGKL
a
=1 A2
But this is true for any =. Therefore,
a1

i1 A2

Sfsz(f %) de dé < oo

uM;
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converges. This implies that
. |
=

and that there can be at most a finite number of linearly independent solutions
corresponding to the same eigenvalue. The problem can be degenerate, i.e.,
more than one linearly independent solution can correspond to the same
eigenvalue, but the degeneracy must be finite.

Let us assume that there are an infinite number of linearly independent
solutions y; of the homogeneous equation. We can assume that these func-
tions are orthonormal. Consider the nonhomogeneous integral equation

b
w6 = P& + A Kiesople) da

b
or 9(8) = v(&) — F(§) = lf K(&;x)y(x) dz

We wish to approximate g by a series of solutions of the homogeneous equation.
The best approximation in the least-mean-square sense would have coeffi-
cients.

)
G =f 9(&)y,(§) d§

b (b
= 1ffK(E;w)'P(x)‘P¢(5) dz d§
P

=}»¢a

¥;(2)p(x) dz

b
L [y + Fen e

(]

= %— (e + 74 (no summation on 1)
i

b
where Vi =f F(z)y,(2) dz

Solving for ¢;, we have
_
A—2

Therefore, the ¢’s can be determined provided 4 # A, for any i. We shall be
able to show that

G

g9(§) = i c%i(6)
i=1

and the series converges uniformly. Hence, the solution of the nonhomo-
geneous equation exists and is unique if 4 # A;. If A = 4; for some %, the
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solution will still exist if y; = 0. But in this case c; is arbitrary, and so the
solution is not unique. We have thus shown that we-can concentrate on
the solution of the homogeneous equation.

As a first case, let us consider the homogeneous integral equation with &
degeneratekernel. Thekernelissaid to be degenerate ifit can be expressed
a8

K(E) = 3 )

Consider the set of 2n functions o, (%), ag(x), . . . , &,(®), B1(x), Ba(®), - - ., Bal2).
From this set we can construct a set of linearly independent functions
71(x), ya(®), . . ., Y,(x), with p < 2n. We can assume that this set is ortho-
normal, i.e.,

b
f Yi(@)y s(x) dx = &y

Then (&) = a,p4(&) 1=1,2,3,...,n
Bix) =byy;x) §=1,2,3,...,p
and K(&:2) = a;byy;(€)yi(@)
= ¢ y5(E)yi(®)

By the symmietry of K, we have
K(&52) — K(236) = cpeyi(€)yal®) — cpey s(@)pilé)
= (Cr — Cs)V5(E)yx(®) = O

Therefore, ¢;; = ¢;;, so the matrix C is symmetric. The integral equation is
then

p(¢) = l_[:cmm(é)yk(x)v(x) dx
= Acyy {(E)Yr
where Y = f byk(x)w(x) dx
Multiplying by v,(&) and integr;ting,
Ys = Acpdihy

= Ao

or [C — (1/2)I1Y = O. This is a system of p homogeneous linear equations
in p unknowns. The characteristic equation is

=0

c-11
2
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This equation has p roots, and since C is real and symmetric, there are p real
roots, u; = 1/A;. Corresponding to each root u, there is an eigenvector ¥, and
a solution of the integral equation

Yil&) = ALy (&)Y

(no summation on 3). Here y,, is the kth component of the ith eigenvector.
One can show directly that the solutions are orthonormal, for

b b
f WP; dE = lizicmnyincwymf 7m(5)yn(§) dé
= ?/imyjpémp
= (Yi’yj) = 611

We can approach the general problem from th‘e point of view of the calculus
of variations. We first define the quadratic functional

o = f ' f K (E5) £(8) f ) & do

where f is a piecewise continuous function. @[f] is bounded if f is normal-
ized, since Schwarz’s inequality implies

b b b 2
QL2 Sf A=) dxf [f K(&;2)f(&) df:l dx
b b » (o
Sf fA(x) dxf A& dé'f f K*&;x) dE dx

b[d
Sf f K¥&x)dédr <
Furthermore, Q[f] cannot be zero for all f unless K = 0, for then

QLf.9] = HQLS + 9] — QU1 — Qlgl}
would also be zero for all f and g. Then letting

b
9(2) =f K(&;2)f(§) d&

b b 2
we have QLf9] =f [f K(&;x)f(&) d{{l de=0
This implies that o

[Kemne st =o
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for arbitrary f. Let f(&§) = K{&;x). Then

b
f K*(&5x) dé =0
which implies that K = 0. ‘

Thus @[f] is greater than zero or less than zero for some f. We also know
that it is bounded. Let us assume that @[f] > 0 for some f, and furthermore
that it takes on a maximum value 1/4, for some function u,. Letting
=1, + en, we have

1
Qly,+enl < P Ny, + en]
1

b
for an arbitraryfunctien andan arbitrary constant e. Here N[f] = f fide.
A necessary condition for this inequality to hold is a

Qva] — 11 N{ypyn] =0
1

o[ [0
or f I:j K(&;2)p,(§) dé — al— %(75)]77(1) de = 0
a a L

But since 7 is arbitrary,

b
llf K(§32)y(8) dE — wy(a) = 0

and this is the integral equation. Therefore, a necessary condition for the
maximizing function is that it satisfy the integral equation.

To get the next eigenvalue and eigenfunction we maximize @[f] subject to
N[f]1=1and N[f,,] = 0. This can be accomplished by introducing a new
symmetric kernel

Ky (&x) = K(&52) — ——%(E)l%(x)
1
and a new functional

b (b
Qlf] =f f K,(&;w)f(8) f(x) A€ da

We maximize @;[f] subject to N[f] = 1. If the maximum is 1/4, and the
maximizing function is v,, then

b
Yolz) = Azf K, (&) py(8) d&

b
= zzf K(&;m)py(8) d&

b

- l— A V(@) (§) wa(8) dé
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b b b
and f Vi(@)Yale) do = I, f wz(s)[f K (§:2)p:(a) dx] ¢
2 [y e ot [ vie
1 a

z %(5)%(5) d§ — —f V(&) ya(8) A
1

=0

Therefore, the integral equation is in reality

b
Pa(xz) = lzf K(&;x)py(8) d&
Also ¢

= Qv = f f K(E)va(@pala) € do — — U newe) de|
2 1

1
=J‘ f K(§;2)py(8)yo() dE dz = Q[y,] < Qy,] = T
ava 1
Therefore, A, < A,. We continue in this way generating a sequence of eigen-
functions and eigenvalues

h<lh<M=
keeping in mind that we can get only a finite number of solutions corresponding

to the same eigenvalue. This process will continue indefinitely, unless at
some stage

b [b n
Q.11 =f f [ms;x) -3 W} 1(8)f(a) dE da
is zero for all f. But this would imply that

s Yidyi()
K(&z) =Y Holra™
(6o =3 227
and the kernel would be degenerate.
It may happen that Q[ f]is negative for some f. We then would minimize
Q[ f] subject to N[f]=1. If the minimum is 1/A_,, and the minimizing
function is y_,, then

1
Qy-1 + el == Nly_; + en]
-1
for arbitrary e and 7. A necessary condition for y_, is

Qy_1] — 2—1- Niy_p] = 0
-1
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and we have the integral equation
b
Yoq(@) = 7»-1J. K(&;x)p-4(8) dé

_, is orthogonal to every solution with a positive eigenvalue, since 4_, is
negative. We next minimize

Q-4[f] —ff [K(f — ¥ 1(5)”’ 1""] F(&)f(x) dE dz

subject to N[f] = 1. If the minimum is 1 /}._2 and the minimizing function
is y_,, then we arrive at the integral equation

P_o(@) = l-zf K(&2)p_o(8) dE

b
with f Y (@)p_p(x)dr =0 and A_, < A_,. Continuing, we generate a
a

sequence of eigenvalues
Ay=2d,=hg=

Let us renumber the eigenvalues and eigenfunctions according to increasing
absolute value of the eigenvalue, i.e.,

4] < 1A < |44 <

We then have the following expansion theorem. Every continuous function
g(x) which is an integral transform of K (&;z), i.e.,

b
g(x) =f K(&;x)h(8) d

where h is piecewise continuous, can be expanded in a uniformly convergent
series in the eigenfunctions of the integral equation

b
r) = lf K(&2)p(8) d¢
ie., glx) = ilci%(x)

b
Where & =f 9(@)p,(z) do
We prove this as follows. ’

b b[b
& =f g9(x)y,(x) dz =f f K(&:x)h(£)y;(x) dé dx

s

(no summation on 1)

s
-
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b
where b; = J h(z)y;(x) dz. By Bessel’s inequality, we have
a

i b2 sfbh2(:v) dz
3 wa "’"’”’ f KEw) dE < M6 — a)
=1 a

where M is the maximum of |K(&;z)| in the square a < § <b,a <2z <b.
Now consider the series

i=1 =1 A

The remainder after n terms in this series is

R" — b”+11[)”+1(x) + bn+2zpn+1(x) + ..

A’n+1 )*n+2

By Schwarz’s inequality we have

By < By Vg + - | 202 | Pole) ]

2
2'n+1 )‘n+2

@

o]
Since Y b? converges, Y b? can be made arbitrarily small by making n
.1—1 1=u+%° 1/)2(;1;) . . -
sufficiently large. Also Y I 5— is bounded uniformly in z. Therefore,
t=n+1 A
R, — 0 asn — oo, and the convergence is uniform in . Therefore, the series
converges to a continuous function y(x). It remains to show that y(x) and
g(x) are the same. Let

K (£52) = K(&3x) g ?}'(x)
b
Then f K, (&2)h(E) dE = g(x) — y (%)
whore y @) = i b, yi(z)
izt A

and we know that
lim y,(z) = y(z)

n—* o

Next we have

b b[0b
f [9(@) — y (@) In(z) dz =f J. K, (&;2)h(Em(z) dx
= Q,[km]
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where 7(x) is an arbitrary continuous function. From the variational problem
we have

(@[] < N[h]—0 asn — oo
|;'n+1
@] < N[n]—0 asn — oo
M’n+1l
[@ulh + 7]l < Nk +9]—>0 asn—

Ilml

Therefore,  |Q,[A7]| < ${|Q.[k + 7] + 1Q.[A]l + |Q.[n}I}

b
and Q.lhm] =f @) — 7.(@)] nx)dz —>0 asn—> 0

Then, by the uniform convergence,

b
lim | [g(x) — y,(x)n(z) dx

n—+ow va

—f (9(z) — lim y,(2)In(x) dz

n—+ o

b
=f [9(2) — y(@)n(x) dz = 0
a
But #() is arbitrary, implying that g(x) = y(z). This completes the proof of

the expansion theorem.
Next we let h(§) = K(&;y). Then

)
K(z3y) =f K(&;2)K (&5y) d§
is an integral transform. Therefore, K has an expansion
0 i b
Rew =3 20 "k a
1= i a

Z Pi(@)yi(y) w)w;

i=1

which is uniformly convergent in z. Also

R(:2) 21 ¥il) _ f KY(&:2) dé
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Then rb[K(E x z 'P.(f)‘/’;(x)] df

i=1 2"

n b
— Rew) + 21 B 53 20 ["kigaype ar
= i a

=1

Therefore, lim J b[K(E;x) — i %%M:r dt =0
n—wo va i=1 i
and > ¥udw()
=1 A,

converges in mean to the kernel K(§;z).
If the nonhomogeneous Fredholm equation has a solution, then

b
9(8) = p(§) — F(§) = lf K(&x)y(x) dz
is an integral transform, and hence

o) = 3 cnlo)

b
where ¢ = f 9(@)yi(z) dz
l b
A —ada

converges uniformly. Hence,

F(2)y,(x) de

) . b
o) = Fla) + 3 704 [P a

4 5 %@ where y; —f (@)yi(z) dx.

Let R, be the remainder after » terms of the series. Then by Schwarz’s

inequality
Ay |22 [w@)?®
R2 < [ ALY :I i
i= §+1 Ai— 4 i—§+1 2

Alternatively, consider the series Z l,

Ad )2
For n sufficiently large ( 7 : l) < 4A%*forallt >n + 1. Thus,
P —

@© 2 @
> I:——’u"”‘} <4 3 920
i=n+1ld, — A i=n+1
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> @R, .
asn — . D, —-'-):2—- isuniformly bounded. Therefore, R, —0 as n—> 00
i=n+1 i
uniformly in z, and hence
¥i(@)
zzl Ai - l

converges uniformly. Substituting in the integral equation, we have

o)

3 Z““M w@) = A f K(&w)F(§) dé + FZ M fK(f o)) 4
=14, — A

= lf K(&x)F(&) d& +§ —Ay-‘—w, (*) — lZ j;{fw.-(ac)

i=1 l _— i=1 i
Now if F(x) is a piecewise continuous function, then

0

v
f KE)F(§) dé =3 Y y)
a =1 }hi
where the convergence is uniform. Thus we see that the integral equation is
satisfied by

+3 oy,
¥(z) = F(z) Z A Tl
We have thus established both existence and uniqueness of the solution of the
nonhomogeneous integral equation in the case where 4 is not an eigenvalue of

the homogeneous equation. We have already seen that no solution can exist
b

if A = A, for some ¢ a,ndf F(z)p;(x) dz #= 0. However, if

Vi =be(x)w,(w) dz =0

then the troublesome term in the series does not appear, and the above argu-
ment still holds, showing the existence of a solution. In this case, as we have
seen, the solution is not unique, for any multiple of y;(x) can be added to the
solution.

Recall that in solving boundary-value problems in Chap. 3, we had to
obtain series expansions for the initial value of the solution in terms of eigen-
functions of the appropriate linear differential operator. For example, if we
were to solve

a¢) B ﬁ:

ax( o) "I POGy esasb O
¢(a7t) = ¢(b’t) =0
$(z,0) = g()

$4(x,0) = h(z)
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we would attempt to find a solution in the form

Pxt) = f (4; cos /At + B, sin \/22)y(2)
i=1

where (Py) — @+ Aipy; =0  a <z <b

Yi(a@) = y,(b) = 0
For the method to be valid it must be possible to obtain series expansions for
the initial values, i.e.,

o) =3 d(z)

W) = 3 VTBu(E)

Using the results of the present section, we can find conditions on g(x) and k()
which will guarantee that such expansions can be found.

Let g(x) be an arbitrary continuous function with a continuous first deriva-
tive and a piecewise continuous second derivative, which satisfies the same
homogeneous boundary conditions as y(z) in the Sturm-Liouville problem

(py) —qy + Apy =0
Then (p9') — 99 = —f(@)

where f(x) is a piecewise continuous function. Let G(&;x) be the Green’s
function satisfying
(pG) — 9@ = —d(x — §)

b b b
Then  g(a) = — f gLIG) df = —f arig & = [ atesmie) ds

&)

d
Jr®

Jp@)g(z) f JP@)p(€) G(&:2) ==

RGN
= | K& Ll ae
fa ( \/ p(é)

Therefore, V' Ev-)g(x) is an integral transform of a piecewise continuous
function,! and as such has a uniformly convergent series expansion

Jp@)g(z) = 20 17

in terms of the normalized eigenfunctions of the integral equation

b
Y(x) = lf K(@:8) p(§)dé

1 Here we are assuming that p(z) > 0.
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. b ——
with G =f J p@)g(@)y,(z) d

b
=f p(x)g(x)y,(x) dx
since y;(z) = V p(z)y;().

Finally, we shall generalize the entire discussion to the corresponding
problems in two and three dimensions. The corresponding nonhomogeneous
integral equations associated with Helmholtz’s equation are, in two dimen-
sions,

v(ém) = F(én) + ZHK(E,n;x,y)'P(x,y) dx dy
R

where  K(&m;2,y) = — 2%7103 \/(Q‘J — &+ (y —n)* + Hémszy)

where H is a harmonic function with appropriate boundary values so that

dK
o + «K = 0 on the boundary of R; and, in three dimensions,

Y(Em.L) = F(&EnL) + lﬂfK(f,n,C 3%,9,2)p(a,y,2) da dy dz
14

where

K(énlzyz) = .

mle — O 4 (y — 1) + & — 1
and H is a harmonic function with appropriate boundary values so that

K
-Z—n + aK = 0 on the boundary of V.

+ H(¢m,52,9,2)

In these cases, the kernel is not continuous, but the integrals

f [K(&n;x,y)) dz dy

R

ff [K(&nL79,2)) da dy dz
v

exist and are continuous functions of the parameters in each case. The
demonstration of this will be left for the exercises. The reader should reread
the above development, making appropriate changes where necessary to
obtain the same results in these more general cases.

In these cases, we again have expansion theorems for the initial conditions
in the initial value problem. For example, in the two-dimensional case, let
g(x,y) be a function defined in R and on C, the boundary of R, where it is con-
tinuous, with continuous first partial derivatives and piecewise continuous
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second partial derivatives, and satisfying the boundary condition —gg + ag
n

=0onC. Then V% = —f(z,y) in R, where f is piecewise continuous and
9(z.y) =_[ K(2y:€m)f(Em) d& dn
is the integral transform of a pigcewise continuous function. Hence,
9(=.y) 2 ¥i(.y)

where ¢ —J‘J‘ (z.y)p;(x,y) de dy

and the convergence is umform A mmllar theorem holds in the three-
dimensional case.

Exercises 5.2

1. Let K(&;x) be a continuous complex-valued ‘“hermitian kernel” defined on
the square a < & < b, a <z < b such that K(§;) = K*(x;§). Prove that the
eigenvalues of the homogeneous integral equation

b
y(§) = lf K(&;2)y(x) de

are real. Also show that eigenfunctions corresponding to different eigenvalues
are orthogonal in the sense

b
f (@) y} () do = 0

if A; # 4;. Note that the theory of Fredholm integral equations with hermitian
kernels runs parallel to the theory for real symmetric kernels, just as the theory of
hermitian forms parallels that for quadratic forms.! How then would one expect
to solve the nonhomogeneous equation

b
y(§) = F(§) + }.f K(&;x)yp(x) dz

2. Describe a Rayleigh-Ritz procedure for obtaining sequences of upper bounds
for the eigenvalues of the homogeneous Fredholm equation with real, symmetric,
continuous kernel.

1

3. Solve the integral equation y(§) = & + f (1 + éx)y(x) de.
0

4. Solve the integral equation

1
v =&+ f (3 - ws) p(z) de + f (5 - x&)w(w) dx
¢

Hint: Find the boundary-value problem equivalent to the integral equation.
1 8ee Sec. 1.10.
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5. Find a series representation of the kernel

K(éz) == 0<zx<¢
K(éx) =& E<z <1

Show that the series converges uniformly to the kernel.

P P
6. Show thatf (log 7)%r dr, f r log r dr exist. Use these results to show that
0 0

ff[K(&n;w,y)]” dx dy
R

exists and is a continuous function of § and 7 in R.
*7. Show that the homogeneous Fredholm equation can have no nontrivial
continuous solution for |A| < [M(b — a)]™}, where |K(&;2)| < M.

5.3 Fredholm Theory

In the last section we obtained solutions of the nonhomogenaous Fredholmn
equation

b
(&) = F(é) + lf K(&;2)yp(x) dx

under the assumption that the kernel K(&;z) was symmetric. In this section,
we shall obtain series solutions of the equation, assuming only that the kernel
is continuous in the square ¢ < & <b, a <z <b. The kernel need not be
symmetric.

To begin with, let yy(z) be any piecewise continuous function. Then

b
}.f K(&;x)ypo(x) dx

is a continuous function of &, and if F(£) is piecewise continuous,

)
i) = F(§) + lf K (&3t)wo(ty) dty

is a piecewise continuous first approximation to the solution of the integral
equation. A second approximation is given by

b
vo(&) = F(§) + lf K(&t,)p,(ty) dty

b b[b
— 1@ + 4 Kemre s + 2 [ Eemke e d iy
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Continuing by successive substitution we obtain an nth approximation as
follows:

3 b b
Yalé) = F(§) + AJ‘ K(&;t)F(¢,) dt; + 3-2_{ f K(&;t)K(ty58,)F (t5) dty dty

5 [
+ -+ l"f i f K(&36) K (by3tg) -« * K(b,—1380)Wolt,) dty - - - dt,

Without loss of generality, we can assume that |yy(z)] < 1; hence

b b
Aﬂf e f K(E;tl)K(ﬁ;tz) v K(tn—l;tn)%(tn) dt1 tte dtn

<A"M"(b —a)”
where |K(&;z)] < M. Therefore, if |A| < [M(b — a)]},

b
lm y,(§) = F(é) + 4 f K(&:,)F(t) dty

n-w

b (b
+ lzf f K(&5t) K (ty38) F (o) dty dity

b

b
44 An J f K(Et)K(tyiks) -+ K(E,_yst,)F(E,) dby -+ - dt, + -+

exists, and the convergence of the series is uniform in £. It remains to show
that this is actually a solution of the integral equation. Multiplying the right-
hand side of the last equation by 1K (z;£) and integrating term by term, using
the uniform convergence, we obtain the original series back again except for
the term F(x). Hence, by adding F'(x), we obtain again

P(z) = lim 9,(2)
n-* o
which we have now shown is a solution of the integral equation provided
Al < [M(b — a)].

Notice that the result is independent of the choice of y,. This fact allows
us to prove the uniqueness of the solution in the present case. If a second
solution ¢ exists, let yo = 9. But then y, = ¢ for all n, and y = .
This of course implies that there can be no nontrivial solution of the homo-
geneous integral equation for |A| < [M(b — a)]L.

We notice that we can write the solution of the integral equation as follows:

b
w(é) = F(§) + 1_[ k(éx,A)F (x) d
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where k(£2,4) = K(&;2) + AfbK(é;tl)K(tl;x) dt, + -

) b
+ 1”_[ = f K(&st)K(tsty) - K(t52) dby -« - de, + -« -
a a
and the series converges uniformly if |A| < [M(b — a)]™t. Kk(£,z,4) is called

the reciprocal kernel. We see from the definition of the reciprocal kernel
that

k(é,w,4) = K(&5%) + ZfbK(f;t)k(t,w,l) dt

k(é,x,4) = K(&2) + lfbk(f,t,l)K(t;x) dt

Conversely, if we find a reciprocal kernel which satisfies this integral equation,
we can construct a solution of the nonhomogeneous Fredholm equation as

Y& = F(é) + Zflc(é,x,l)F(x) dz
for then }.J;bK(E;x)w(w) dz = ,sz(x)K(s;x) dx
+ 12J;bfk(x,t,l)F(t)K(§;x) dt dx
= ZJ:K(&;:C)F(x) d
+ /lf:[k(&,t,l) — K(&;1)1F(t) dt

= lfbk(é,t,l)F(t) dt

= (&) — F(&)

The restriction |A| < [M(b — a)]~! on the above series solution of the
integral equation is much too severe. Fredholm showed that it is possible to
obtain series solutions for almost all values of 2. To illustrate his approach
let us consider a special case where we can get an explicit solution. We shall
consider the degenerate kernel.

K(§57) = ay(£)By(®) + g(€)Ba(®) + wg(£)Bs(x)

b
then Y(&) = F(&) + lf o, (&)B,(x)y(x) dz

=F(&) + lay, =123
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where Yy =fbﬁ.~(x)'l’(x) dx
>
Therefore, ¥, =J B (&) dE = ¢; + Aayy;

b b
where ¢y =f BA&F(&) dE and a,, =f B:(E)e, (&) d&

We thus have a system of nonhomogeneous linear equations which can be

written in matrix notation,
Y =C + AAY

(I—24)Y =C
If |I — AA4| # 0, then by Cramer’s rule we have
D,

1

I — 4]

where D, is the determinant of the matrix formed from I — A4 by replacing
the ith column by the vector C. Then

_Aw;D;
Wo = Fo + ok

Y=

The denominator of the last expression can be expanded as follows:

1 —Ja,, —Aay, —Aayg
(I —24) =| —Aay 1 —Aday,y —Aay
—Aag, —Mgy 1 — Aag,

=1 — May + ag + ag)
2
+ A%ay09y + 1,33 + Gggl53 — @a0yy — Byglay — Ggally)
3
— A(ay1 @955 + @1905303; + 130205,

— G1,09305p — Gq30gaQyy — G198 0s3)

=1—zf°K(z;z)dt f J Ktity) Kityity)

tg,tl) K( tz,tz)
K(t;;t) Kbt K(bystg)

/13 b[b[b
“fof K(tyity) K(taits) Kltaits) | dty dty dig
K(tgity) K(tgit) Kltgsts)

' dt, dt,
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We see that these are the first four terms of a series

© (1 k}.k
D(A) = 2 (=1 Ve
¥=0 k!
K(ty;t) K(tysta) - K(tysty)
K(tyst) K(tgity) -+ Kl(tysty)
B
(tk§t1) K(tk;tz) tte K(tk;tk)

We shall show that this series converges for all values of A for any continuous
kernel. However, before returning to the general case, let us consider the
numerator in our above explicit solution. Expanding the determinants, we
have

¢, —Aay —Aayg
Aa(8)D; = Aoy (€) |cg 1 — Aagy —Aayg
g —Aag, 1 — Aag

1—12a,; ¢, —Aayg
+hog(§) | —Aay g —Aay

—Aag;  c3 1 — dags

1—Aay; —Aay ¢

K(&x) K&t
- zf K(&;2)F(2) dv — Azf f (i) K(E:h)
ava | K(t;;x) K(tyity)
(5 ;x) (é atl) (5 )tz)
13 bbb
+;jfff K(t;2) K(tst) K(tyst,) | F(z) dty dty dx
K(tyx) K(tysty)) Kl(tyst)
We see that we can write our solution in terms of the reciprocal kernel
K ;
e = [ 3 f (£:2) K(&ty)
D}‘) K@) K(tt)
. K(&x) K(&t) K(&sty)
+;—'ff K(t;;z) K(tyit) K(tysty) | dty diy
K(ty;x) K(tyst)) K(tysty)

F(x) dt, dx
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if A is not a zero of D(1). Then

b
p(&) = F(§) + zf k(&,x,A)F(x) dx

Taking our cue from this special case, we attempt to find a solution of the
nonhomogeneous Fredholm equation in the general case along the same lines.
We begin by defining two infinite series which we shall show converge for all
values of .. The first is Fredholm’s determinant

© (—1 klk
D) = 2 (=) Y
x=0 k!
K(t;t) K(tsty) - K(tsh)
b o| Kltaidy) K(tyity) -+ K(tyity)
where =f o f ......................... dty - - - dby
K(thti) K(tlc;t2) e K(tk;tk)
Yo=1
The second is Fredholm’s first minor
®(—1 kzk
Dy(éx,2) = z( ) O
x=0 k!
K(&x) K(&t) - K(&3t)
v o K(tw) K(tsty) -0 K(tgsty)
A T ity i
K(t;x) K(tt) - K(t,:t,)

8 = K(&:)

To show the convergence of these two series we need Hadamard’s in-
equality for determinants: If 4 is an nth-order determinant with elements
a;; satisfying the inequality |a;;| < M for all 7 and j, then

|A| < Mrpni2

We prove this as follows. If any row contains all zeros, 4 = 0, and the
inequality follows immediately. Otherwise we can write

4=a0ay-0a,B

n A3
where a, = (z |a”|2)
i=1
and B is a determinant with normalized rows. Obviously

a; < Mn}
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Hence, it remains to show that [B] < 1. Now
B=b,B,, j=123,...n

where B, ; is the cofactor of b,;. By Schwarz’s inequality,

|BI2 szllbajlzzllBajF

Equality holds if and only if b,; = u,Bj;! Now |B|? is equal to the
determinant of the product of the matrix with elements b,; with its own
conjugate transposed matrix. But when b,, is proportional to the conjugate
of its cofactor, this product is the identity matrix, and hence the maximum
value of |B|is 1. Therefore,

4] <aay--a, < M2
Now consider |y,| and |[§,]. By Hadamard’s inequality,
[yl < (b — a) M kH?

|6l < (b — a)kM*+(k 4 1)+D)/2

Then
. AL (B — a)M(k + 1)&k+D)/2 _ _ ( 1)k/2 1 B
,il_f?o & + 1) krr2 = [l (b — “)Mkl_‘.’: 1+2 ST 0

llmlli (b - a’)M(k + 2)(k+2)/2
k= (’C+ 1)(k+ 1)(k+1)/2

(x+1)/2 o ¥
=|}.|(b—-a)Mlim(1-|—-—l—) [’“FZ]:()
ks 0 E+1 (k + 1)2

Therefore, both series converge absolutely for all values of 4, and the series
for D, (&,x,4) converges uniformly in £ and z.
Finally, we define

k(£2,0) = 1%__6(,;)&

provided D(1) # 0, and show that this is a reciprocal kernel and hence that

v Dl(éyx’}“)

P(&) =F(&) + 4 . ~Dw)

F(x)dx

is the solution of the integral equation. To this end we expand §,, using the

1 See exercise 3, Sec. 1.6.
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elements of the first column:
K(ty;t) K(tyst) -+ K(t;t)

K(ty5t) K(tysty) -+ K(tgity)
Or(€,) f fKéx) dty - - - dt,

K(tyity) K(besty) - K(tysty)
K(&5ty) K(&t)) -0 K(&3t)

..............................

k b b . . - .
+Z (_l)zf .. f K(t,-;x) K(tz—lvtl) K(ti—l’tZ) K(ti—l’tk) dtl e dtk
¢ ¢ K(t,15t) K(tiogsts) -0 K(t,q5t)

..............................

K(tity)  K(hsty) -+ K(tsty)
By replacing ¢; by ¢, t,,, by t,, t,,, by ¢,,,, etc., and moving the sth column
to the first position, we can write

% b b
0u(&x) = K(&sx)y, + Y (——1)21_1f - f K(t;x)
=1 a a
K(&5t) K(&t) - K(&ty)
K(t;¢t) K(tyst) -+ K(ty3te_q)

K(te_13t) K(tp-q5t) -+ K(te_15te-1)
K(&;x)y, — kf K(t;x) 6,1(&,t) dt
Then

o] k
Dy(Ed) — go 1” DAY,

— K3 (_l)lk”"ﬂ Z (VT8 aEh) 0y a

k<o k! =1 (k — 1)!
= K(&;x)D(4) + 4 f bDl(é,t,l)K(t;x) dt

where we have used the uniform convergence to interchange the summation
and the integration. If D(1) s 0, we have

b
k(&x,A) = ——-———Dll(f(;’l) = K(&2) + }.j ————Dll(f(’;’)l) K(t;x) dt

= K(&;x) + A f bk(é,t,z)K(t;z) dt
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Similarly, if we expand d,, by the first row rather than the first column, we find

b
0(&2) = K(&52)y, — ’cf K(&;t) Oy —y(tx) dt
and it follows that ¢

Dy(é,x,2) = K(&:2)D(4) + lfbK(f t) Dy (¢,2,4) de

and k(éx,2) = K(&52) + lfbK(S;t)k(t,x,l) dt

Hence, we have a unique solution if D(1) = 0, given by
b
Y =F() + 4 f k(&,x,A)F(x) dx

Suppose D(},) = 0 for some 4,. We know that A, # 0, since D(0) = 1.
Then we have

b
D,(&,2,,4)) = llf K(&;t)D,(t,x,,4,) dt

Thus we see that D,(,2,,4,) is a nontrivial solution of the homogeneous
Fredholm equation for some z;, unless of course it is identically zero for all
values of z. We shall show, however, that this cannot be the case if
D'(4,) #0. Differentiating D(4), we have

, © (_1 kzlc
—D()=3 (=14 Ve+1
k=0 k!
Now
K(tsty)  K(tysty) - K(tstes)
b o| K(tysty) K(tyite) -+ K(fgitrsq)
R et STl (ST
K(tesrsts) Kllesrstd) = K(bpsrsbesr)
K(&:6) K(&it) -+ K(&ity)
b (b o| K(t,;8) K(tit,) -+ K(t it
_ Uf (¢1:;8) K(tyty) (t15t) dtl---dtk}dé

K(t:;6) Kltst) - Kbty

I
[

0u(:€) dé
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( l)klk

Hence, Z

—f[,

=f D,(§,¢,4) d€

This shows that if D(4,) # 0, then D;(£,6,4;) # 0, and an z; exists such
that D,(&,z,,4,) % 0. We now have a solution of the homogeneous Fredholm
equation corresponding to the eigenvalue ;. We shall show that in this case,
i.e., D(4;) = 0, D'(4,) # 0, any other solution of the homogeneous equation is
a multiple of this solution, and hence there is a one-parameter family of non-
trivial solutions, and therefore 4, is not a degenerate eigenvalue.

To show this we introduce Fredholm’s second minor,

f 0(£,6) dé

5k(§,5)] a§

© klk
(Em,A) = Z Ty(&n.ay)
where e
K(&m) K(&y) K(&t) - K(Eh)
s K(xm) Kxy) Kzty) - K(zsh)
Li(émsz.y) =ff K(t;;m) K(tyy) Kty - Kt [dty - - dby
K(tm) Ktsy) Ktt) - Ktsh)

K(&m) K(&y)

Lo(émzy) = K(zm) K(zy)

By use of Hadamard’s inequality it can be shown that the series converges
absolutely for all A and uniformly in £, %, z, and y. Expanding I'.(£,7,2,y)
using the elements in the first column, we have

Tu(&mzy) = K(&m)0(z,y) — K(x;n)0:(8.y)
b
- kf K(tm)y—1(&t,2.y) dt

Lolémzy) = K(&:m)dy(2,y) — K(2;9)00(£.y)
Hence,  Dy(&n,2y,4) = K(&;m)Dy(2y,4) — K(x;n)D,y(&,y,4)

+ lfbK(t in)Dy(&,t,2,y,4) dt
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Let (&) be a solution of the homogeneous Fredholm equation corresponding
to the eigenvalue 4,, i.e.,

b
(&) = }qf K(&m)p(n) dn
b
Then Y(&) = llf K(&Em)p(n) dn

‘D b ) L
— lf 257737093111) w(n) dn

D\(zp,21,4)

b
+ f K(aym) 206204 0y 4

D, (xg,21,4,)
_ 12[ f Kt Dz étxo,xl,ll) i) de dy
To,Z1,4)
= | — Kx,)w()d}D(Em,l)
{D1(z01x1’11 f (€% N (1ls01,4

Here we have used the fact that D’(4;) 7 O to ensure us that there exist
numbers z, and «; such that D, (z,,z,,4;) # 0.
This discussion can be generalized to the case where

D(ly) = D'(y) =+ ++ = D (Zy) =0 D) #0

In this case! there are p linearly independent solutions of the homogeneous
Fredholm equation corresponding to the eigenvalue 4,, and hence there is a
p-fold infinity of solutions. Each eigenvalue must have a finite degeneracy,
however, or D(1) would vanish identically.

Finally, let us consider the solution of the nonhomogeneous Fredholm
equation in the case where 1 is an eigenvalue of the homogeneous equation.
To do this we must consider the associated integral equation

b
P(&) = F(§) + lf K(x;£)p(x) dx

We see immediately that D(A) = D(A), since interchanging the rows and
columns will not change the values of the determinants involved. On the
other hand, D,(£,2,4) = D,(,£,4). Therefore, the solution of the associated
equation is

b
V(&) = F(§) + lf k(z,&,A)F (z) dz

1 See William V. Lovitt, ‘‘Linear Integral Equations,” Dover Publications, New York,
1950, pp. 46ff.
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provided that D(4) = 0. We also see that the eigenvalues of the associated
homogeneous equation are the same as for the original equation, and the
degeneracy, if there is any, is the same.

Let D(4,) = D'(A)) = -+ - = D®-1)(},) = 0and D?)(),) # 0. Then there
are p linearly independent solutions of the associated homogeneous equation,
Y1 Pos - -+ » P, A necessary condition for the existence of a solution of the
nonhomogeneous equation

b
(&) = F(é) + 11_[ K(&;x)p(x) dz

is that F(&) be orthogonal to ,, 9,, . . ., ¥,. We show this as follows:
f F(&)p,(¢) d§ ——f E)P,(&) d& — 2 f f K(&x)p()p,(£) dz d&

=f Y(E)P,(&) dé — f Y(@)P,(z) dx

=0 i=L2,...,p

This condition is also sufficient. We shall show this in the case where
A, is a nondegenerate eigenvalue. The proof involves Fredholm’s second
minor. The extension of the proof to degenerate eigenvalues is straight-
forward, but it involves the definition of Fredholm’s third minor, fourth
minor, etc., and we shall not carry it out here.l

If 4, is nondegenerate, there exists just one nontrivial solution () of the
associated homogeneous integral equation satisfying

b
P(§) = llf K(z;£)p(x) dz

We are assuming that F(&) is orthogonal to %(&), i.e.,

b
f F(&)p(&)dé=0
By previous considerations we can take

P(&) = Dy(21,6,4)

and we know by the condition D’(4;) % O that there exists an z; such that
Dy(z,,€,4;) # 0. From the definition of Fredholm’s second minor, if we
expand I'y(&,7,2,y) using the elements in the first row, we obtain the relation

Dz(f,ﬂ,x,y,l) = K(éyn)Dl(x:yyl) - K(f;y)Dﬂz,’?J)

b
+ 1 f K(&:t)Dyftin,x.y,2) dt

1 Ibid., pp. 84fF.
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b
Now 0=4 f K(&:m)Dy(wy.y,4)F (y) dy
b b
= ;'lf Dy(&.m,21,y,4)F (y) dy + }'lf K(&:;y)Dy(xy,m,4)F (y) dy

)
- lfj f K(&:t) Dyft.m,21,y,4) F (y) di dy
ava
There exists an 7, such that D, (x;,74,4,) 7 0. Therefore,

0= }'f Dy(§,m021,Y A1)
D (21,m9,41)

_ ZSJ‘ f K 5 )Dz(y,ﬂo:%»t’ll) (t) dt dy
ava Dy(zy,m9,41)

'D (Ssno:xpysll)
Hence, F(§) — 4| ———t L0
Va D(21,m9,4,)

b b
= F @ + & f Kew)| Pl — & 25D £ ] gy
@ l 101

Therefore, (&) =F(&) — 4 f DolCmo9h) p F(y) dy
Dy(21,m0,44)
is a solution of the nonhomogeneous integral equation.
If 4, is a degenerate eigenvalue of the homogeneous integral equation
corresponding to p linearly independent solutions y,, ¥,, . . . , ¥,, then there
exist solutions of the nonhomogeneous equation, provided F(£) is orthogonal

to each of the solutions of the homogeneous associated equation. However,
the solution is not unique, for if

b
F(y)dy + 4, K(&:9)F(y) dy

F(y) dy

u(§) = F(§) + llfbK(E;x)u(z) dx
»
(&) =F(§) + llf K(&;z)v(x) dz

b
then u(§) — v(é) = }-1"' K(&:2)[u(x) — v(z)] dx
and u(é) - 0(6) = i'pt(s) 1= 11 2: T 4

Exercises 5.3

1. If the kernel in the homogeneous Fredholm integral equation is nonsym-
metric, the equation may have no eigenfunctions. Show that there are no non-

trivial solutions of y(§) = i.f sin ¢ cos z y(x) dz.
0
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2. If K(&;x) is symmetric, prove that the reciprocal kernel takes the form

pi(E)yi(2)

Bead) = K@) + 4 3 Hrt

1=1

b
where p,(§) = A, f K(&;x)yi(x) dx. Show that the series converges for all values
of A # A, a

3. Show the following: If y(§) is a nontrivial solution of

b
y(&) = llf K(é;z)p(x) dx

and (£) is a nontrivial solution of the associated equation

V() =4 fK(w;E)’ﬁ(w) dx

b
with 4, # 4,5, then | y(x)¥(x) dx = 0.

a
4. Solve the following Fredholm equations:
1
a. (&) 3f Sxy(x) do
0

”

gin § + | cos §sin z y(z) dx

b. y(&)

0
1
c. y(f) =25—-1+ 2f$w(70) de
5. The integral equation0
§
v() = F(§) + lJ. K(§x)y(x) de

a

where K(&;x) is continuous fora <z < b,a < & <b, is known as the Volterra
integral equation. Construct a series solution by successive approximations
and show that it converges for all values of 4.

HiINT:

§
stdx=M(§—a)

¢
f K(&;x)po(x) dz

¢
6. Show that the solution of the Volterra equation y(§) =1 + | (x — §)y(x) do

(]
satisfies the differential equation y” + y = 0 and the boundary conditions
w(0) =1 v'(0) =0

The solution is evidently y(£) = cos &, but find the series representation by the
method of exercise 5, for illustrative purposes.

7. Let AX + AX = C be a system of n linear equations in n unknowns. The
matrix A is nonsymmetric. Prove the following:

a. The system has a unique solution if 4 is not an eigenvalue of 4.

b. If Ais an eigenvalue of 4, the system has a solution if and only if the vector ¢
is orthogonal to all the eigenvectors of the associated equation 4°Z + 1Z = 0.

Relate this algebraic problem to the Fredholm integral equation with degenerate
kernel.
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5.4 Integral Equations of the First Kind

We shall conclude this chapter with a brief discussion of integral equations
of the first kind. The general linear integral equation of the first kind
can be written in the one-dimensional case as

f(@) =f K(z;8)y(£) d&

where f(x) is a known function, K(x;£) is a given kernel, and (&) is the un-
known to be determined. We have already
seen an example of this type in the Wiener-
Hopf equation

fie) = f Kl — EDp(e) dé

which appeared in Sec. 4.5. This equation
comes up quite frequently in diffraction
theory and also in the theory of smoothing
and prediction.

Historically, one of the first integral equations to be studied was Abel’s
equation

FIGURE 10

fl@) = ¥ g )

0 \/:c — ¢
This equation arises in the following physical problem (see Fig. 10). A
particle slides down a smooth curve under the influence of gravity, starting
from rest. The total time of descent is

lds

=_J" ds f \/29d§
0 /29(x — &) \/x“‘f
(&) d¢
=

where y(£) = \/ (}E If the path is known, the time of descent can be

computed. The problem of finding the path which leads to a given txme asa
function of the initial height x leads to Abel’s integral equation.?

1 See Norbert Wiener, “Extrapolation, Interpolation, and Smoothing of Stationary
Time Series,” Technology Press, M.I.T., Cambridge, Mass., and John Wiley & Sons,
Inc., New York, 1949.

2 In Sec. 2.2 we considered the problem of finding the curve which minimizes the time
of descent between two points. This is a problem in the calculus of variations.
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In Chap. 6 we shall discuss integral transform methods. Let %(£) be a
function for which the integral transform

)
f(x) = T[y] =f K(z;&)p(&) d&
exists. Then the problem of finding the inverse transform, i.e.,

p(&) =T7f]

reduces to solving an integral equation of the first kind. Some examples of

these are
f=x) Ye "2 d
\/ - J d

fl@) = J; fo " (&) cos (z£) dE
f@) = f;f fo " p(€) sin (z£) d&

f) =f0°°w(e>e ~at g
f@) =fo°°£Jv<ex)w(e) de

f@) =fo°°§=‘1w(s) d

These are respectively the Fourier, Fourier cosine, Fourier sine, Laplace,
Hankel, and Mellin transforms. In each of these cases the inverse trans-
formation problem has been solved for large classes of functions. Hence, in
each case the corresponding integral equations have been solved.

As a further example of an integral equation of the first kind, consider the
diffraction of a plane acoustic wave by a slit with perpendicular incidence (see
Fig. 11). The z2 plane is a plane rigid barrier except where it is slit between
2 = +1. The plane wave is incident perpendicular to the slit so that there
is no z variation, making the problem essentially two-dimensional. The
problem is to find an acoustic field ¢(x,y,) satisfying the two-dimensional
wave equation

d 2 ¢ — 3295

2 atz
throughout the zy plane except on the z axisforz < —land1 < z. Onthe
- 0
rigid boundary (x < —1, 1 < «) the boundary condition is 55 =0. We

expect a reflected wave in the lower half plane, so we write

¢=¢+ b+ ¢
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where ¢, is the incident plane wave, ¢, is a reflected plane wave, and ¢, is the
diffracted wave. The diffraction effects are contained in ¢,, and it is on this
part of the solution that we shall concentrate our attention. Now

¢ = gilku—at)
; =

— oi@ketuk,) —iot
_ ei(r co8 6 cos a+7sin 6sin a)e— it

i 6—a) —iwt
— e1krcos( a)e !

where k2 + kZ = k? = w?/a®. Then ¢, satisfies the wave equation. We take

tkr cos (0 —iwt
¢r=etr ( +a)e tw

If the slit were closed, then we would have simply the incident plane wave plus

4
|
|
|
|
|
Rigid boundary L Rigid boundary
-1 0 ‘1 x
Plane wave
/é
FIGURE 11

the reflected wave in the lower half plane as an unperturbed solution which
we designate as ¢, i.e.,
‘l’o — [eikr cos (0 —a) + eilcr cos (8 +a)]e —iwt

_ 261‘1:2: cos & ot

cos (k,y)e
)

¢, obviously satisfies the wave equation and the boundary condition 73[ =0

aty = 0, which is the boundary condition for the unperturbed solution. We,
of course, take ¢, = 0 in the upper half plane. Next we break down the

solution as follows:

d=¢o+é y<O
¢=¢, y>0
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Now ¢, ¢1, ¢, must all satisfy the wave equation. In addition the boundary

¢>1 9¢,

conditions are — = ——= = 0 on the rigid boundary. In the slit we must have

oy

continuity of ¢ and its first partial derivatives. Hence,
).+ (),
0y /v=0 0y/ v=0 0y/v=0
).~
0y’ v=0 0y /v=0
since (%) =0. Also
y=0

oy
$0(2,0) + ¢1(2,0) = $y(2,0)

I

for —1 <2 < 1. We note that trivially ( ;1) = (%‘é_z) outside the
y=0 Y /y=0

slit and therefore this boundary condition holds everywhere on the z axis.
This suggests that the scattered field is skew-symmetric in y,1 i.e.,

bo(y) = —y(x,—y)
It follows that ¢, — ¢, = 2, = @, in the slit, i.e.,

¢2(Z‘,0) — %etka: cosa —1l<z <1
As a Green’s function we pick

Glzysém) = i HP k(@ — £ + (y — 1))
which satisfies V2@ + k*G = —d(z — &)d(y — 1)
Let ¢, = y;(z,y)e~" and ¢, = p,(x,y)e="*. Then
Vi, + k2 =0 Vip, 4 ky, =0

away from the rigid boundary. From the usual theory of Green’s functions

we have
wz(fﬂ)——f vas d +f Ga"’z

—(é »ﬂ)—*f % d ‘|‘f a% dz

! Another attack on the problem is to break up ¢ into symmetric and skew-symmetric
parts, i.e., d(z,y) = H(z,y) + d(x,—y)] + Ho.y) — (x,—y)] = ¢. + é_. Then by

continuity —a%- = 0 on the z axis. Therefore, ¢, = $ofory < Oand ¢, =O0fory > 0
is the solution with the slit closed. It follows that ¢_ = ¢,, ¥ < 0, ¢- = ¢py > 0.
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We obtain the first equation by integrating along the x axis and then along
a large semicircle in the upper half plane. The second equation is obtained
by integrating along the z axis and along a large semicircle in the lower half
plane. The contributions of the semicircular arcs can be shown to go to zero
a8 their radii go to infinity using the radiation condition on y, and y,.
Adding and letting 7 — 0, we have for —1 < £ < 1

3 1 ®
gikéeose V,(£,0) — ¥,(£,0) =f G(gll_..&_iw_z)dx _f (9, + vo) —a—de
-1 dy oy - oy

But by the skew-symmetry, y,(x,0—) + y,(%,04) = 0 and

ay =0 ay v=0

>y (1
Therefore %eike cosa _ b f Hél.) (k|z — &) (%) da
4/ oy

v=0
which is again an integral equation of the first kind.! Having solved this

equation for (?ﬂ) = (a—wg) for —1 < z < 1, we obtain
0y /y=o 0y /y=o0

2y,(&m) = po(ém) — wi(& —n)

_4f_1H01(k~/(w—§)2+’72) oy ,=0+ Oy /v= ’

giving us the solution throughout the plane.
There is one case where the integral equation of the first kind has a par-
ticularly easy solution. That is the case where K(z;£) is a continuous sym-

- <]
metric kernel and f(z) has a series representation Y c,p;(x) in terms of the
i=1

@ 1=
eigenfunctions of the kernel, such that > A,c;y;(x) converges uniformly. If
i=1

i=
this is the case, this gives us a solution, since the uniform convergence allows
us to integrate term by term giving

b 00 0 b
f [K (& W)izlltct'l’c(z)] dx =‘zlcd;~4f K(&;7)yi(x) dz

=2°t'P¢(5)
i=1

=f($)

! Integral equations of this type have been studied by G. Latta, The Solution of a
Class of Integral Equations, Journal of Rational Mechanics and Analysis, vol. 5, pp.
821-834, 1956.
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If a piecewise continuous solution to the integral equation exists, z cy;(x)
withe; = f f(x)y;(x) dzis uniformly convergent. This follows from the work
of Sec. 5.2, since in this case f() is an integral transform. However, here the

0
restriction on f(x) is more severe, since > Ac,y;(x) must converge uniformly
i=1

and the J; are increasing as ¢ — co.
We shall see in the next chapter that integral transform methods are also
sometimes quite effective in solving integral equations of the first kind.

Exercises 5.4

1. Solve Abel’s equation by the following device. Multiply both sides of the
equation by (¢ — x)~* and integrate from 0 to ¢.

X
H H —_——— = —_— =
e L Vi =8t —2) Jy Vel —u)

2. Discuss the diffraction of a plane acoustic wave by a circular hole in an
infinite plane rigid barrier. Set up the integral equation whose solution leads to
the scattered field. What is the appropriate Green’s function?

3. Solve the integral equation

1 @
(1l — =) = J. K(z;5)p(8) dE
0
where K(x;é) = &1 — x) 0<é<z
K@) =2(1 —§) =z<§6<1
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Chapter 6. Integral Transform Methods

6.1 Fourier Transforms

InSec. 4.1, we considered the solution of certain nonhomogeneous boundary-
value problems in which the unknown satisfies a nonhomogeneous partial
differential equation of the type

0%
Vi = ¢ —L — u(z,y,2)h(t
# = ZE — uley i)
and a homogeneous boundary condition (d¢/dn) + ad = 0. Inthecase where
h(t) is periodic, we expanded it in a Fourier series and effected a separation of
variables, reducing the problem to solving a sequence of nonhomogeneous
boundary-value problems of the type

V2 +Apy=—u inV
d—w+oup=0 on 8
dn

where S is the surface of the bounded volume V. If A(t) is not periodic, the
separation-of-variables technique is not available. However, the problem
may still be solvable by integral transform methods.

The representation of a function in a Fourier series for all values of the
independent variable depends on the function’s being periodic with a finite
period. Ifthe function is not periodic, it may still be possible to get a Fourier
integral representation of the function. Roughly speaking, this can be
thought of as the limiting form of the Fourier series when the period approaches
infinity.! We shall approach the problem in a manner similar to that used'in
Sec. 1.8, where we attempted to obtain approximations to functions over a
finite interval in terms of orthonormal sets of functions.

1 8ee E. C. Titchmarsh, ‘“The Theory of Functions,” 2d ed., Oxford University Press,
New York, 1937, pp. 432 and 433.
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Let f(z) be a complex-valued function of the real variable z defined
for —o0 < x < o0, be piecewise continuous and have a piecewise contin-
uous derivative in any finite interval, and be absolutely integrable, i.e.,

@ «©
f |f(x)] dx < oo, and square integrable, i.e.,f [f@)|2de < 0. We

— 00 —_

attempt to find a function g(¢) which will minimize
flx) — —= f g(t)e’t dt ' dz

[ le-%

This is completely analogous to our approach to the generalized Fourier
series of Sec. 1.8, where g(t) plays the role of the Fourier coefficient, and in-
stead of a summation from —= to » we now have an integral from —7" to 7.

To proceed further with the development of this section we shall need the
results of the following lemmas, which we shall take time out to prove so that
the following discussion can continue unintérrupted.

Lemma 1. If f(x) is piecewise continuous for @ < z < b, then
b
lim | f(z)sin Rz dx = 0
R—w Jg

To prove this, we can assume without loss of generality that f(z) is con-
tinuous, for the interval can always be broken up into a finite number of
subintervals and proved for each of the subintervals where the function is
continuous. We first make the change of variables z =t + #/R. Then

b b-—
J‘f(x) sin Rx dx = —f ff(t + g) sin Rt dt
a G—E

b b »—-=
2f f(x) sin R de =f f(t) sin Rt dt —f R f(t + %) sin Rt dt
a a a“ﬁ

— _fb—ﬁ[f(t + 1’) —f(t):l sin Rt dt

+f f(t) sin Rt dt -—f ( ) sin Rt dt

Now if f(x) is continuous for @ g z <b,itis umformly continuous, so we can
f(t 4 ) - t)‘ < €/(b — a) for all ¢ in the

interval. Also we can pick R large enough that % < ﬁ , where |f(t)] < M
in the interval. Hence,
(b —a) + + — = 2¢

ff () sin Rz dx (b ) 2M

Since e is arbitrary, this completes the proof.

pick R sufficiently large that
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Lemma 2. Iff(x)is piecewise continuous and has a piecewise continuous

[-e]
derivative in any finite interval and f | f(z)| dz < co, then

sin Rt
t

T
lim Sl +t)
T

R-o0v ~

dt = ’2’ [fz+) + fl@—)]

where 7' may be finite or infinite.
We first prove it for 7' finite. Breaking up the integral into four parts,
we have

-5
f flx +t)stt flett ; sttdt —{—f fx—l— )sttdt

-7
) T
+f fE 48 o Rear +f @48 G Rear
0 t 3 t
The first and the last of these integrals approach zero as B — oo by lemma 1.
Now
6 .
limf sttdt — 1im f smrd_r ___f smr T
R-ov0 t R- o 2
Therefore, our first result follows if we can show that

f f_zcit_tfigmw_o
R-nn

limffx_t)— )sttdt-—-O

R->w
But this follows from lemma 1, since
[fx +t)—f@+))t and  [fl® —¢) — fla—)]t

are piecewise continuous by the hypothesis that f(x) has a piecewise continuous
derivative. That the integration can be extended to infinity follows from the

fact that
) -B
f 1O dt < and j
A t -

forA > 0,B > 0. Therefore for arbitrary € > 0, 7' can be chosen sufficiently
large that ’
J’ -T
-

Midt<oo
i

d

" Mldt<e
t
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Getting back to the original problem, we have

¥ f(z)——l— j ! (t)e' di
S22’

=1l 2dr — B fT —iat
Y p—

— :/?-1_7 J‘ _R f_T f¥*(x)g(t)e’™ dt dx

1 (B (T (T
+ — f f f g(t)g*(r)e"(“”) dtdr dx]
2nJ-RJ-T/-T

In the last integral we integrate first with respect to x.

R R R
f get=1 7., =f cos z(t — 7) dx + if sin 2(t — 7) dx
-R -R ' -R

2
lim dx

R-+ovY~-R

sin R(t — 7)

t—r

=2

Next we integrate with respect to .

lim 2fT oty BB =D 4 lim g f "7 o6 4 ) SnBE 4
R~ v-T t—1) R-w J-T-r &
= 21rg('r)

This follows from lemma 2, where of course we must assume that g(t)
satisfies the hypotheses of the lemma. Hence

I

2
dx

1 T )
f(.’l:) _\/é—;’ f_Tg(t)thdt
[ e+ [ e[ g~ grama
- -T ~-T -7
O T L
- -7 -7

where ht) = :/_12_= J’ ® flz)e™ dz

The function A(f) exists and is continuous because the integral is uniformly
convergent in . It is now obvious that to minimize the above expression
we must chose g(t) = h(t), and

o0
min
- 0

1 T
@) — :/—5_; g(t)e*™

® T
= f_ |f@)|* dz —f_r lo®)l*dt =0



270 INTEGRAL TRANSFORM METHODS

This is true for all . Hence we have Bessel’s inequality

f |g|2dt£f IfI?dr <

from which it follows that g is square integrable.
The function
f f(:v izt g

—

\/ 2

is known as the Fourier transform of f(z). It exists if f(z) is absolutely
integrable, and it is square integrable if f(x) is square integrable by Bessel’s
inequality. The function

T
i:ctd
20 = = f gt de

is the best approximation in the least-mean-square sense to f(x). If we

could show that © -
f_ o) dt =f \f@)? de

then @ﬁt z) — fp@)2dz =0

T—wo

or, in other words, f;(x) converges in mean to f(z). This is the analogue of
completeness for sets of orthonormal functions. In this case we again have
convergence in mean. This result is known as Plancherel’s Theorem,!
although we shall not attempt to prove it here.

Actually, under our present hypotheses, we can show directly that

71'2—77 f_w g(t)e™ dt = Hfl@+) + fz—)]

without using the theory of mean convergence or, for that matter, the square
integrability of f(z). We have

lim — f f f(r)e =" dr g

T~ 27
= lim —f firy22llE =1,
T 27 z bt 1')
—1im L f( x4 )smTu
T- o 277

= }flx+) + flz—)]
by lemma 2.

1 Ibid., pp. 436 and 437.
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As an example, let us consider the transform of the function f(z) = e~'#!,
Then

g(t) = __l__ f e-—lmle—izt dx
0 . 1 ©
_—— ez(l—-tt) dz + ____f e-z(1+it) dx
~ 00 \/2‘” 0
1 [ 11 ]
T Aop Ll —dt T 14t

We can invert the transform in this case by complex contour integration.
First consider z > 0. Then

1 1

1 [ 2 .. . ;
— e dt = lim - e dz
2md- 1 + 82 rowmde 1 + 22
where C is the contour shown in Fig. 12.
There is a simple pole at z = 1 and Is
by the residue theorem l ¢
|
[
1 2 eiet dt I
2md-wl 4 £ |
- |
= 2mi (residue at ) | _
-r 0 - T t
=e® z2=t+1s
provided we can show that the con- FIGURE 12

tribution to the contour integral on
the semicircular arc goes to zero as T — co0. Letting z = T¢®®, we have

1 J"’ 1 izT (cos 6 + isin 0) - g ‘ T
fond —_— 1Te’ df | < -
wdo 1+ 1220 |T? — 1]

For # < 0, we must close the contour with a semicircular arc below the real
axis. Then the simple pole at z = —¢ contributes ¢*. Of course if z =0,
the integration can be performed directly, i.e.,

1] as T — o0

1 —g—dt=ltan'1t] =1
2md -0l + 2 ™ -

The Fourier transform is obviously a linear transformation, for letting

Tif] = :/%:f_if(x)e"‘“ dx
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we have T[af + bg] = \/12 [af(x) + bg(z)]e™ ! dx

\/21rf f(x)e "t dx + ——-f_w g(zx)e™ " dx

= aT[f] + bT(g]

For square integrable functions we have already seen that the transform
preserves norms, i.e.,

=[] era] <[] moral

= [Tl

We also have Parseval’s relation, i.e.,

|7 ez = [ 1mig) a

This is proved as follows.!

If + gll* = IT(f1 + Tlg]ll?
I£12+ gl + (£.9) + (@.f) = 1T+ IT(glI® + (TL1.T9)) + (T(g). TLf])

(f9) + (f9)* = (Tf).Tlg)) + (T[f1.TIgD)*
If + igll® = IT(f] + <TTg]l®
IF12 + lgh® + (fi9) + Gg.f) = ITLF2 + I1T0gl® + (T(f1.iT(9))
+ (Tl T(f))
(f9) — (f9)* = (TLf1Tl)) — (TLf)TlgD)*

Adding, we have (f.9) = (T[f1.T19))

Let us now turn to some of the other properties of the Fourier transform.
First consider the effect of a translation of the independent variable, i.e.,

T f(x — a)] = —l= fw flz — a)e™*t dx

f(f)e—t(§+a)t df
\/211'-[

— e~ tat -8t

\/211 J‘ f(§e™ " dé
e T [f(z)]

1 Compare with Sec. 1.8.
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A change of scale has the following effect.

Tif(ax)] = -1—_-. fw flaz)e™ ¥ dx

- ITI-I _\/_Z_;J‘ f —d;(t/a) dt

= |—| Tlf(=x) ]t—--

Since we are going to be using the Fourier transform to solve differential
equations, we must know how it transforms the derivative of a function. Let
f(x) be a function which is continuous in any finite interval and is absolutely
integrable. Assume that its first derivative is piecewise continuous and
absolutely integrable. Then

e = = [° reeas

, ®©
= —}= [f@)e ]2, + —@—t_f flx)e™®t dx
\/ 2 \/ 27V -w
— itT(f]
since f(z) — 0 as £ — 4-00. Generalizing, we can say that if f(z) and its
first £ — 1 derivatives are all continuous and absolutely integrable and its
kth derivative is piecewise continuous and absolutely integrable, then

T[f*) ()] = (t)*T[f]
For the purpose of solving certain integral equations we must determine

how the integral of a function is transformed. Let f(z) be a function which
is piecewise continuous and absolutely integrable. Then

2) = f “fe) de

is continuous. Assume that A(x) is absolutely integrable. Then

Tlhiz)] = :/15_; f_w h(z)e™ = dz

—_I—[h(x)e—imt}eo
2wl —it oo zt\/21r

1
—thT[f]

We see then that integration has the effect of dividing the transform by ¢,
whereas differentiation has the effect of multiplying the transform by 4.

f fl@)e™ ™ dz
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For the applications it is very important that we should know the transform
of a certain integral, namely,

h(x) = ——f fl@ — £)g(é) dé

—_—_ - d
\/ = f gl@ — &) f(§) d&
This is called the convolution integral. Taking the transform of h(z), we
have

T[h]—lf f fle — E)e™* de de

— __l_ g(§ f .f ,’})e—i(§+ﬂ)t d?] dé
2

- (e o) e

= T[f1T(9]

Finally, before turning to the applications of Fourier transforms, let us
consider the transform as a function of the complex variable { =t + 4s.
Suppose f(z) = O(e**) as x— 0. If a« >0, then f(z) will not have a
Fourier transform in the usual sense. Let g(z) = ¢**f(z) with sreal. Now
g(x) = O[e*+®?] as & — o0, and it will have a Fourier transform if s < —a,
provided it behaves properly as x — —oo0. The Fourier integral theorem

states that 1 (= ®
gl@) = — f e‘“‘f g(&)e™ " dE dt

ef(x) = — J' f f(é)e—zg(t+ia) dE dt
f(x) — _1_ fm eiz(t+is)fw f(é)e—ig(t+u) df dt
2m -

fa) == ,,;f f(B)e~ % d d

2 —oo+is

where the integral in the complex { plane is taken along the line { = ¢ +- 13,
—o <t < . The complex Fourier transform of f(x) is defined as
follows:

$(0)

and the inverse transform is

\/217- f f(x)e'“‘ dx

_ -1_ o +1is ‘t
fo) = 52 ), J0etat
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Let us investigate more carefully the conditions under which the complex
Fourier transform exists. Suppose f(z) is continuous and has a piecewise
continuous first derivative in any finite interval. Let f(z) = O(e**) as x —
and f(z) = O(e?®) as x — — 0, i.e., there exists numbers M, N, and R such
that | f(z)] < Me** for x > R and |f(z)| < Ne® forx < —R. Then

¢(C) = f flx) —‘C“ dx + —_— f f(x)e” e do + ;_1; mef(x)e-iCadz

(B+3)
and l f f@)e " dz| < Nf 2B+ g Ne PR
- o0 - ﬁ + 8
provided s > —pf. Similarly,
© © (@+s)R
l f f(:c)e —ilx dx < Mf ea:(a«f-a) de = Me
R R s+ a

provided s < —a. Therefore, the integral exists for —f < Im ({) < —a.
In fact, the integrals converge uniformly in the strip

—B<p<Im() <p, < —a

where p, and p, are arbitrary numbers satisfying the inequality. Therefore,
¢({) is an analytic function of { in the strip —f < Im ({) < —a«. If the strip
—pB < Im ({) < —a contains the ¢ axis of the { plane, then the Fourier trans-
form will exist in the ordinary sense. Furthermore, by the theory of analytic
continuation,

—_—— —wc
() \/% _wf dz

is the only function analytic in the strip which takes on the values

&(t) J f(x)e™* dx

\/ 2m
when { is real.
Under rather general conditions the inverse transform can be computed by
integrating along any line parallel to the real axis lying in the strip of analy-
ticity of the complex Fourier transform, i.e.,

-—l—feofﬁ'l ¢(Z)e¢¢;d§__l—f°°+ih ¢(l)eiw(d£
\/-277 — o0 +1iyy —\/ET =0 +iyg

where y, and y, are any real numbers between —f and —a. This can be
shown by applying Cauchy’s theorem to the rectangular contour shown and
then letting 7' — oo, provided

(T +is)| < M(T)—~0 and  |$(—T + is)| < N(T)—0
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a8 T — oo uniformly in 8. The integrals on the vertical sides approach zero
at 7' — oo since

1 T+4rs tt
Nz

1 -T+iys
|7§7’J #O

v
—lu:.f’e'“dS»O asT — o
\/2‘" 71

N 72
<—=| e ®ds—0 asT — o

T Yy
[$ _
J s=-a
. | .
_7'+172 | 7'+172
|
I
1
——— e ———— o — — — — ] r_——T
-7'+I.'71 T+i71
s=-p
FIGURE 13

Therefore, since the closed contour lies entirely in the strip of analyticity, the
result follows by Cauchy’s theorem.

Exercises 6.1

1. Find the Fourier transform of f(z) = ¢, > 0, f(x) =0, * < 0, with
a > 0. Verify the inverse transformation by direct integration. Note that the
transform is not absolutely integrable, although it is square integrable.

*2, Show that f(x) = ¢—2*/2 is its own Fourier transform.
*3, If f(x) is real and satisfies the conditions of Fourier’s integral theorem, show
that

Hfa+) +f@—)] =1 fw fw 118) cos tla — §) dé dt
TJo -
Furthermore, if f(z) is even, show that

2 (o )
Hf@+) + fle—)] = ;f cos xtf (&) cos &t dE dt
end if f(z) is odd, 0 0

2 (o 0
Hfe+) + flz—) =;f sin:v&j f(&) sin &t d& d¢
(1] 0

A/é fmf(z) cos xt dx
TJo
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is called the Fourier cosine transform, and

A/g fwf(z) sin xzt do
mJo

is called the Fourier sine transform.
4. Compute the complex Fourier transform of f(x) = ¢~I#| and show that it is
analytic in the strip —1 <Im ({) < 1.

*5. Let f(x) be continuous and absolutely integrable for — 0 <z < . Let
J'(z) be piecewise continuous and absolutely integrable. Show that if both f(x)
and f'(x) are O(e*®) as * — o and O(ef?) as x — — o, ¢({) = 0(—2) in the strip
—B <p; <Im () <p; < —a. Note that this is then a sufficient condition for
the inversion integral to be independent of y.

*6. Let f(x) and g(x) be absolutely integrable, O(¢**) as x — o, and O(ef?) as
x — —oo. Show that the convolution

. L e
h(z) = -1/_%_[ fl@ — £)g(é) a&

is O(e%1®) as z — o and O(ef1?) as # - — o0, where —f < —f; < —a; < —a.
Also show that
T(h] = T1f 1T1g]

where these are the complex Fourier transforms and equality holds in the strip
—B < Im ({) < —a, where all three transforms are analytic.

7. Let f(x) = sin wz for > 0 and f(z) = 0 for x < 0. Find the complex
Fourier transform of f(z) and show that it is analytic for Im ({) < 0. Verify the
inversion integral directly, where y < 0.

6.2 Applications of Fourier Transforms. Ordinary Differential
Equations

We shall first apply the Fourier transform method to the solution of certain
ordinary differential equations. To start with, consider the linear nth-order
equation with constant coefficients

e T e Y ag =)
Denote the operator on the left by

L=a,D"+a, D"+ -+ 4 a;D 4 a,
Then the equation can be written as

L(y) = f(=)
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Assuming that we are interested in a solution for — o0 < z < 0 where f(x)
is defined and has a Fourier transform, we can proceed as follows:

TIL(Y)] = [an()" + @y ()" + + =+ + ay(iF) + o] T'[y]
= Pt)Tly]l =T[f] = F(t)

Fo) _

Then Tly] = Pat) F(t)G(t)

where G(t) = 1/P(it). Then, using the convolution theorem, we have

y(@) = T-[FEE(0)] = —— fw () — &) at
\/277 -0

h o[
where g9(x) = T™7G()] PG

Proceeding formally we have the following interesting interpretation of
the result. The Fourier transform of the Dirac delta function is!

1 f °° - 1
— | e ®tdr = ——
\/277 -0 (m)e v \/211’

Then consider the following differential equation:

T[o(=)] =

Then T[L(y)] = P(it)T[y] = \/2
Y@) = T"[—_—‘—] — L 716 = —= (@)
27 P(it) Jz 2
so that y(x) =f_w f(&)y(x — &) dE

Therefore, ¥ behaves like a Green’s function, i.e., it is the response of the
system to a delta function (unit impulse), and we have a superposition principle
with y(x), the response to f(z), given by the above integral. The electrical
engineer describes this phenomenon as follows. The function f(x) is the
input, while y(z) is the output. The function y(x) is the response to a unit

impulse. The transform of V/ Zry is the admittance Y = 1/P(it). To get

1 This can be made rigorous by treating the delta function as a generalized function or
distribution.



Skc. 6.2 ORDINARY DIFFERENTIAL EQUATIONS 279

the response to a given input you find the transform of the input, multiply
by the admittance, and then take the inverse transform of the product.
Let us illustrate these ideas by an elementary electrical circuit problem (see
Fig. 14).
dl

Here we have E,=RI L o + RI = E;
Let E; = Ee~"l. Then!
(is)LT[I] + RT[I] = % - j_ r
= jéﬁz{f 1 Jlr 5 isLl+ R
I(t) = f f:o ar :2;-)3(;(:2 g ' FIGURE 14

The last integral can be evaluated by complex contour integration. For
t>0

I(t) = E 2mi (residue at s = 1 + residue at s = %E-)
mw

et e~ RUL :|

= 2Fi
’[2@'(13 1) i - B

-t 2Le-Rt/L:|
=E[ ¢
R—L + L? — R?
Fort <0

— i
I(t) = =£ 27t (residue at s = —1) = Ee
™ L+ R

At t = 0 the current is continuous, i.e.,
E

1(0) = lim I(t) = ——
(0) tﬁl() )

If we are interested in a phenomenon which begins at a specific time, say
t = 0, we can still use the Fourier transform technique if we exercise a bit of
care in computing the transform. Suppose in the above example
E,= Ee %sinwt t=0

1 Here wo change to the variable ¢ in the transform to avoid the time variable ¢ in the
differential equation.
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dI
and we specify that I = Fri 0 for ¢ < 0, while I(0+) = I,. Then

1 ®dI
Tr =—_f —e""dt
7] J2mdo dt

—I, s fw —ist
= —= —_— Ie 8 dt
NN

—'Io .

Tog vt
Then we have

—LL + [isL + RIT(I] = 1 f Ee % gin ot e~ dt
V2mJo

N

__E [a 1 _ 1 ]
21}\/2_17- +is—iw a4+ is+ iw
Therefore,

E 1 1 I,L
1 % /2m(isL + R) [a i —iw atistiel J2m(isL + R)

Inverting the transform by complex contour integration, we see that for
t < 0,1 = 0, since in this case we close the contour below the real axis and
there are no poles in the lower half plane. For ¢ > 0 we close the contour
above the real axis and evaluate the required residues. Then

-RHL
1) = —22¢ + Ie RIL
L{(a — R/L)* +
(R/L — a)E|L e”*sin wt  wE|L e”* cos wt

(@ — R/L)® + o? (@ — R/L)® + w?

Notice that I is discontinuous at ¢ = 0 but that lim I(t) = I, as specified.
=0+
If there is a capacitor in the circuit (see Fig. 15), then the basic equation

is the integrodifferential equation
L c t
o—THuI— L%+Rl+é[qo+fldt]=E‘(t)
7N °

& 7 €0 where g, is the initial charge on the capacitor.
‘ 0

O

t
FIGURE 15 1= % +J; Tat
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is the change, and obviously % = I. Let us assume that I, ¢, and E, are all

zero for ¢ < 0, but that I(04) = I, and ¢(0+) = g,. Then

__1__ ® —isi

Tq] _\/5;.[, q(t)e™*" dt
_ q(t)e“"r 1 f‘” it
o [——is \/2—# 0 + 8 \/Zr 0 Ty de

% T
N

and we have

— 1oL 90 l: 1 :l
— = 8L + R+ — |T[I1=TI[E
\/271' +C\/21'r1'8+ + +i80' L] =
T(E,] + IoL|\/2m — ¢,/(C./2m is)

lisL + R + 1/(isC)]
and the transform may be inverted using complex contour integration or by
referring to a set of tables.!

Before leaving the discussion of ordinary differential equations, let us con-
sider how the use of the complex Fourier transform facilitates the solution of
some problems where the input does not have a Fourier transform in the
usual sense. Consider the following input to the circuit of the last example:

E,=1 t>0
E,=0 t<0

Then T[] =

This is the so-called unit step function. This input does not have a Fourier
transform in the ordinary sense, but it does have a complex transform, i.e.,

T(E) = —— fwe"" dt
’ V2 Jo

1
T J2mil
provided Im ({) < 0. The inversion integral yields E; by complex contour
integration. If¢ > 0

1 [t gt of5t
—_ —d{ = 2mi (residue of —at{=0
27 J —w—iy % 2mil
=1
1 8ee George A. Campbell and Ronald M. Foster, ‘‘Fourier Integrals for Practical
Applications,” D. Van Nostrand Company, Inc., Princeton, N.J., 1948.
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because here the contour is closed by a semicircular arc in an upper half plane
and the pole at { = 0 is inside the contour. If¢ < 0, the contour is closed
below the real axis, there are no singularities inside the contour, and by
Cauchy’s theorem the integral is zero. Ift¢ = 0, the integral is evaluated as a
Cauchy principal value which is easily shown to be 3.

Let Iy = qo = 0. Then we have, taking complex Fourier transforms,

1
L+R T = —
[(’c) + +<£)0] R
T = 1

V2al(i0)PL + (R + 1/C]

Notice that the transform of the response to a unit step function is the same
as the transform of the solution of the differential equation

dy dy 1
—y =0
dt2+ t+0y “

with the unit impulse as input. This leads to the observation that the unit
impulse is the derivative of the unit step function.! Also, since

a4 d
AL G
di? +R + "

for an arbitrary input E;, we have the following result:

1
U= P aor + 0

1-[" srse—ne

where A(t) is the indicial admittance, i.e., the response to a unit step input.

—_ -1 1
A= {ﬁrwm TR T 1/0]}

This is a very important result from the practical point of view, because it is
much easier to simulate a unit step function than it is to simulate a unit
impulse. Hence the response to a unit step can be determined experimentally
much more easily than the response to a unit impulse.

Exercises 6.2

1. Solve the differential equation y” + 3y’ + 2y = e, 0 < ¢, subject to
y¥(0+) =y, and y’(0+) = yg, using the Fourier transform.

! This statement is made rigorous in the theory of distributions.
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2. Solve the differential equation ¥” + oy = sin wt, 0 < t, @ # w, subject to
y(0+) = 0and (0 +) = 0, using the complex Fourier transform. Also consider
the case = w,. ¢
3. Solve the integrodifferential equation y’ +J. y(r) dr = e, 0 < t, subject to
0

y(0+) = y,, using the Fourier transform.
4. Solve the following pair of simultaneous differential equations for ¢ > 0,

uging the Fourier transform.
 +y —x+ 3y =€t
2 +y + 2 +y =e?

subject to 2(0+) = %y, ¥(0+) = ¥,

6.3 Applications of Fourier Transforms. Partial Differential
Equations

Next we consider the Fourier transform technique for solving certain partial
differential equations. As a general class of problem consider the solution of
the partial differential equation

¢ ¢
V2 = b—L -
¢ =ad + P +c Y f(=y.2)

to hold in a bounded volume V, bounded by the closed surface S. On .S we
d
prescribe the boundary condition d—z + a¢p = 0. We also specify initially

0
that ¢(2,y,2,0) = u(z.y,2) and (a(f
sidered in Sec. 4.1, where the method of separation of variables was employed
under certain special conditions on f(x,y,2,t). Let us assume that ¢ = 0 and
that f = 0 for t << 0. We proceed by taking the Fourier transform of every
term in the equation with respect to the variable f. Let

1 ® .
T 1Y%, d) = T — f s ,z,t st dt
CXER) T2 do $(x.y2tle

) = v(x,y,2). This problem was con-

1 s ;
F(x,y,2, =-=f x,y,2,t)e "t dt
(=.y.2.9) Nz Of( VER)

Then we have

b 8¢
V2T = al — u+18b T — u— 82T — F(x,y,2,8
Voo ,— o Y:2,8)
or VeT + A8)T = —g(z,9,2,9)
where AMs) = —a + isb —

cv
g(x,Y,2,8) = ——=uU + —=

Jzﬂ o ¢2

—=u + F(%.9:2:5)
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Let us further assume that

éT + ol = -—l-_. w(ﬁ + a¢)e"“dt =0
dn V2 Jo \dn

on S. The transform technique has thus led us to the solution of a non-
homogeneous boundary-value problem based on the Helmholtz equation of
the type considered in Chap. 4. Here s plays the role of a parameter, not a
variable. If the problem has a unique solution (which of course depends on
the values that A may attain), then we obtain 7' and attempt to find its inverse
transform.

Of course we have made many gross assumptions, the most basic of which is
that the solution of our problem has a Fourier transform. Even if it has, our
procedure may not obtain it. To justify rigorously the technique at every
step of the way would be impractical if not impossible. In this method one
must take great liberties, but of course any possible solution so obtained must
be checked against the stated conditions of the original problem. Surprisingly
enough, sometimes a solution is obtained even though the intervening steps
cannot be justified rigorously. The use of the complex Fourier transform will
often help when some of the functions involved do not have transforms in the
ordinary sense.

Let us illustrate the method in a few simple examples. Consider an elastic
string of density p stretched between two fixed points (x = 0, z = 1) with a
tension ¢. Until time ¢ = O the string is at rest. Then a force of linear
density F, sin nz is applied to the string. What is the resulting motion?
Let ¢(x,t) be the displacement. The differential equation is

¢ _p0 Ty .

—L =0l _sinmz OI<z<l 0<t
oo o

The boundary conditions are ¢(0,t) = ¢(1,) = 0. The initial conditions are

b(x,0) = (a¢) = 0. Taking the complex Fourier transform, we have
=0

ot/
T PPy Fysinmz
da? o i{a\/%
The solution of this equation is
F, sin mx
T(z,l) = A sin A/Ex—{—Bcos A/Z)x— 0
@0 ¢ o ‘ ¢ 2milo[{*(plo) — =°]

Using the derived conditions 7'(0,{) = T(1,{) =0, we find 4 =B =0.
Hence,
Fysinmz

~ J2milal¥(p|o) — ]

T(x»C) =
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By use of the complex inversion integral,

_ —F,sinme f@“v et dr
$lat) = 2mic J-w+iy {L(p[o) — mP]

where y < 0. This can be evaluated by use of complex contour integration
closing the contour with a semicircle in an upper half plane when ¢t > 0 and in
a lower half plane when¢ < 0. The result is

nlo

¢(xt)=£93m7rz(1—cosau/at) t>0
P

$(zt) =0 t<0

We see that lim ¢(z,t) =0 and lim d¢/0t = 0, the prescribed initial
0+ -0+
conditions. ¢(0,t) = ¢(1,t) = 0, the prescribed boundary conditions. It

is easily checked that ¢(z,t) satisfies the differential equation and hence is
the solution of the problem. We see that the result is a vibration about
some deflected position produced by the constant distributed force.

The choice of force F sin 77z, which vanishes at the ends of the string, made
it easy to evaluate the constants 4 and B in the above example. This is not
essential. For example, if the force were uniform, i.e., F = F, t > 0, then
we would have had

d2T C2 P F i
da? o \/2mld

and T = Asm{A/—x-}—BcosgA/; \/21”{3 5

By use of the boundary conditions,
_pf _
2mil%e®

1) = st 2+ ma 2o

from which we get

T0,0) =B —

— _PFo
J2mila?
4 — _PFo_ (1 —cosl/pfo)
 /2mile®  sinl/plo
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Then
D) = pF, [sin{/pjox 4 sin {/p]a(l — 2) )
(x’l) - 5. ¢3 2 -
J2milPe sin {\/p[o -
___pFy [eil\/_ﬂ_m — e~V plom 1 eitVplall-a) — g—itVplo(1-2) 1]
2l Voo — eVl -
PFO [ ez;\/p/a(z 1-2n) _ -i;\/;;—l;(a:+1+2n)
\/271'%30 nzo( )
+ z (e—tc\/,z(zwﬂ) — e—i(\/;;(—z+2+2n)) — ljl
n=0

provided |- Vo/o | = emVoia < 1,ie.,n=Im ({) <O.

We shall assume that we can invert 7' term by term. To recognize the
inverse transform consider the complex Fourier transform of the function

f) = (@ — 7)2 t>T
f@)=0 t<r

Then TIf) = 712;” [ rpesa

e—i{r ©
=— f ye Y dy
\/27r 0

2T
2m(il)®
provided Im ({) < 0. Comparing this result with 7'(z,{), we have for ¢ > 0

$(@:t)

=g—%’{t2_n2°*|:t—A/§(2n+l—x]+z[ A/ 2n+1+x)]
_z [ A/_ 2n-|—x):| +§:0*I:t—A/§(2n+2—~x)T}

Here the asterisk denotes a convention that the summation shall contain the
given term only when the quantity in the square bracket is positive. The
convergence is assured by the fact that for any finiteand 0 < < 1 there are
only a finite number of terms to be summed, since for » sufficiently large the
quantities in all the square brackets can be made negative. It can be verified
directly that this is a solution to the problem.

If the space variable ranges over an infinite interval, it may be convenient
to transform the partial differential equation with respect to the space variable.
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For example, consider the infinite string as an approximation to a very long
string. Suppose over an interval ¢ < z < b, small compared with the length
of the string, the string is given an initial displacement ¢(2,0) = f(x) and an

initial velocity (%?) = g(x). Then the boundary-value problem to be
t=0

solved is the following:
T¢_p0¢
0x* o ot

¢ —>0asx— 4-00. Assuming

Tt = ﬁ J‘_‘: Pz t)e " dx

—o<r<< o t>0

we have 2Ty =LT
o

Solving the transformed equation, we have

T(C,t):AsinlA/gt-l—BcosCA/gt
P P

Now T(,,0) = —l—_- fw (x,0)e " dx

\/Zﬂf f(x)e™** dx = F({)

2. e
ot/ =0 \/217 t=0

@

= x e'“’ der = G
ﬁﬂ_gu ®
Using these derived conditions, we have

T(L,0) = F({) =
o) =600 =¢ /%4
J,,

Hence, T({,t)=gg—)A/§sin ng;t+F(g) cos CA/i:t

— IR ¢ F(Q)e oo

+ _\ZP_/‘_’[_(Q gVt _ Q) v t:l
2 il 14
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Using the inversion integral, we have

d(zt) = 2\/2 f” [F(c)e“(z+‘/$‘) +F(€)eic(z-\/;; ,):l dL

\/_cr [‘ﬂc_)etg(:u Valp ) _ _G(ﬁ ez{(m—\/mt)] d
2\/27r 114 174

=%[f(x + J%t) +f<x— Jgt)]

— x4 \/:/—p-t z— \/E‘;t
+ J% U 9(8) d& — f 9(é) ds]

The choice of a as the lower limit in both integrals is dictated by the condition
that ¢(z,0) = f(z). We may therefore write

son=3se s JB) ol ] ] P ]

x

It may be verified directly that this is a solution of the problem. Compare
this result with Sec. 2.5.

Next let us consider some problems in the study of the heat equation.
Consider an infinite heat-conducting rod as an approximation to a very long
rod. We assume that the lateral surface is insulated against the flow of heat
8o that heat flows along the axis of the rod and the problem is essentially one-
dimensional. Therod hassomeinitial temperature distribution ¢(z,0) = f(),
— o < < 0. We also assume that the ends are maintained at zero tem-
perature and that f(x) falls off to zero rapidly enough at + oo that it has a
Fourier transform. The problem then is to solve the one-dimensional heat

equation ﬁ 1 _325
0 o’ ot

subject to ¢(x,0) = f(x) and $(x,t) > 0asx — +co. Let

—0 <& < 0 o<t

Tt = \71-—%]_1 P(zt)e” " da
Then ‘-fil’ F T =0
t

T(Lt) = Tye~ Vo't
Ty=T(0) =F()
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where F) = —f f(x)e % da

The transform of ¢(x,t) can be mverted by use of the convolution theorem, but
first we must determine T-1[e~%'¢"]. Recall that

0

\/ 27

We let 4?/2 = {2a%. Then
T e Ca“"] L fw ¢~ Vagile gr

\/27r

— 1 _ fw e—uglzeiu(z/a\/;t) du
- @

Therefore, T [F({)e” Ca“z‘] =

—(z—-8)?%/40% dg
2a\/,, f fE)e
A slight modification of this technique will allow us to handle the case
of the semi-infinite heat-conducting rod. In this case we will solve

9¢
ot

—1 = l <z < oo I<t< o
a’

subject to ¢(2,0) = f(x), 0 < z, #(z,t) -0 as x — . To solve our problem
we must specify a missing boundary condition at x = 0. We note from the
above solution for the infinite rod that if f(x) is an odd function, ¢(0,t) = 0.
Furthermore, ¢(x,t) is then odd. Therefore, if we specify the boundary
condition ¢(0,t) = 0, we will obtain a solution of our problem from the infinite-
rod case if we merely continue f(z) as an odd function. This is admittedly a
special case but we shall now generalize it.

Alternatively, let us seek a solution for the semi-infinite rod with ¢(x,0) =0
but ¢(0,t) = g(). In other words, we have a constant initial temperature
distribution, but we are heating the end so that the temperature there is deter-
mined. The function ¢(z,0) = 0 is trivially an odd function, so we can again
seek an odd solution of the differential equation. We know that the inverse
transform of an odd function will give us zero at # =— 0. However, we shall
specify the boundary condition in the sense of a right-hand limit, i.e.,

lim ¢(z.t) = g(t)
z=0+
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This will mean that lim ¢(x,t) = —g(t), but we are not concerned with what
z—0—

happens to the left of the origin. Assuming that ¢(z,t) = —¢(—=x,t), we have

Tl =T(Lt) = \/L2_1r J_w (b da

= --A/g ifw ¢(x,t) sin x{ dx
T -
32_‘#] __ Ej“ai -
T[ax2 = A/ﬂ.z | o sin z{ dx
—A/gili%sinxc:lw-I—A/éilfw-a—‘écosxldx
m Lox 0 7 Jo Oz
= A/—;-2Tz§[¢ cos 2]y + A/giﬁj:o(ﬁ sin 2{ dz

__ ﬁ iLglt) — BT
T

The differential equation then transforms to
A w1 = — | itatgt)
dt 0

— ©
subject to T'({,0) = v 2|m if $(x,0) sin z{ dx = 0. Solving this differential
equation, we have 0

T@EH = — ﬁ ila® f (gD g
ko 0

We already know that
1 20,02
P08 — =o' /14a"t= 9]
a/2(t — &)
Therefore,  T-1[ife~%" 48] = o_ 1 ¢~ @ /14a%(t=9)]
0 a,/2(t — &)
I B by U )|
2v/2a%¢ — &)}
¢
Hence, 2 ) = —e f 98 -atate-en &
Pl 2 fmado (¢t — &)}

In inverting the transform we have assumed that integration and inversion
are interchangeable. This of course does not have to be justified if the final
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result can be shown to satisfy the conditions of the original problem. This
can be done, although we shall not do it here.
Finally, the general problem for the semi-infinite rod, i.e.,

¢ _10¢
9z a® ot

with ¢(2,0) = f(z) and ¢(0,t) = g(t), can be solved by adding the solutions of
the last two problems.

0<zr< o I<t< o

Exercises 6.3

1. Solve the following boundary-value problem using the Fourier transform
method:

2 _pd*$ F,
— = — -1 - 1
= o ax( x) 0'<x< 0<t
subject to ¢(0,t) = ¢(1,) = 0, ¢(x,0+) = 0, ¢,(x,0+) = 0. Check the solution.
2. Solve the following boundary-value problem for the semi-infinite string:

¢ _p %
0w o o2

subject to ¢(0,¢) = f(t),¢ - Oasx — 0, $(x,0+) = 0, ¢,(x,0+) = 0. Checkand
interpret the result.

3. Using Fourier transform methods solve for the steady-state temperature
distribution in a semi-infinite heat-conducting slab,0 <z < 0,0 <y < 1,ifthe
edgesaty = 0and y = 1 are maintained at temperature zero while theend z = 0
is heated to maintain a temperature distribution ¢(0,y) = f(y). HinT: Continue
the solution as an odd function of z, i.e., ¢( —x,y) = —¢(2,y), and use the Fourier
sine transform.

0<z 0<t

6.4 Applications of Fourier Transforms. Integral Equations

The right-hand side of the Wiener-Hopf integral equation

tor =] ke — g0 2z

is in the form of a convolution integral, and this fact allows us to solve it using

the Fourier transform. Let F'({) be the Fourier transform of 1/V/ 27 f(z), and
let K({) and T'({) be the transforms of k(z) and ¢(x), respectively. Then

F(l) = K(OT()

F
1) = 23
K(2)
and ¢(x) is the inverse transform of F({)/K({). The procedure must of
necessity be formal, because at the outset we do not even know if ¢(z) has a
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Fourier transform. Therefore, any solution which the method produces must
be checked in the integral equation as a last step.
As an example of the method, consider the integral equation

. ©
N =f e 1o §(&) d
The transformed equation is *
o2 — 2 TQ

14
It follows that . . \/ _ N
T({) = V2r(l +2C2)e'5 " — 3/—52 eV \L221- (@'C)ze"gl/2

\/2_778—2’/2_ \/2_77_(?_3 6—12/2
2 2 do?

- \/gr(e""’2 _z e""/z)
2
Unfortunately, in many applications where the Wiener-Hopf equation

arises, the function f(z) is not completely known. See, for example, the half-
plane diffraction problem of Sec. 4.5. Suppose that

$(x) =

©

hz) = f@) =f o — HPE)dE 0<z

h(z) = g() =fm kx — §)p(f)ds =<0

where f(x) is known, but g(z) is not. 1In the half-plane diffraction problem,
¢(x) = 0 for z < 0. Hence,

L % g e-ita
T = fo $(z)e™ % dz

is analytic in a lower half plane. We shall outline the Wiener-Hopf tech-
nique for solving integral equations of the Wiener-Hopf type under conditions
of sufficient generality to handle the half-plane problem. For a more general
discussion of Wiener-Hopf techniques see Benjamin Noble, “The Wiener-
Hopf Technique,” Pergamon Press, Inc., New York, 1958.

Transforming the integral equation, we have

H() = F_(§) + G.(0) = K(OT())

where F_() = 2l J.mf(z)e"““’ dx
T Yo
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and is analytic in a lower half plane Im ({) < «.

0
G0 = 2—17 f g(z)e™ " dz

and is analytic in an upper half plane Im ({) > 8. The transformed equation
will in general hold in a strip 8 < Im ({) < «. Suppose K({) can be decom-
posed as follows:

K_()

K. ()

where K_({) is analytic for Im ({) < «, and K ({) is analytic for 8 < Im ().
Then

K({) =

K_(OT() = K (DF_(D) + K (DG.(0)

Furthermore, let us assume that the known function K ({)F_({) can be de-
composed as follows:

K (DF_(§) = P({) + Q_())

where P_({) is analytic for 8 < Im ({), and Q_({) is analytic for Im ({) < «.
Then we can write

E(l) = K (0)G(0) + P(0) = K_(DT() — Q({)

=E.(0) =E_()

and the equation holds in the strip § < Im ({) < «. Now E({) is defined by
E_({)in an upper half plane and by E_({) in a lower half plane, and the two are
equal in a common strip. Therefore, they provide the analytic continuation
of one another to the whole plane. Hence, E({) is an entire function, i.e., is
analytic in the whole plane. If it can be further shown that |E({)| — 0 as
|2] = oo, then by Liouville’s theorem E({) == 0, and we have

7 = &8
K_(]) |

and we have obtained the transform of our unknown function without having
to deal with the unknown G, ({). The final steps are to invert the transform
by complex contour integration and check the formal solution to see if it
meets the conditions of the original problem, which may be a boundary-
value problem from which the integral equation was derived.

Toillustrate this method we shall return to the half-plane diffraction problem
of Sec. 4.5. Recall that we obtained the following integral equation:

__9¢ikzcosa if H(()l)(k le — ENI(&) dE x>0

P(@, 0—) — p(z, 04) — 2e™*=c08 — ifw HO(k|e — E)I(E)dE  z<0

- o]
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We can identify the present case with the general procedure outlined above as
follows:
() = —= I(x)e"" dz

\/ 2

F-—(C) —_ 7_1; J; eikzcosae—i;x dx

81
T xl{—kecosa
G () = L '“”f HP(k |o — &)I(&) dé dx
2w

K() = _j2-_1-7 f_w HP (k |z))e ™% dw

The transform of iH{)(k |x|) exists, since for large |z| it behaves like ¢!!/|z|t
P

and for small |z| it behaves like log |z|, and the integralf log r dr exists. To
0

evaluate it we note that H{)(kx) satisfies the differential equation

;2H<l’(k )+ o H‘l’(kz) + KPxHY (kx) = 0

for x > 0. If we make the change of variable t = —z, we have

(5 B —01 — £ 10— — 1= 0

or t g—iﬂ‘l)(k i+ H‘” (& |t]) + KHD (& 1)) =
fort < 0. Hence, H'(k |x|) satisfies

i S ERG ) + H“’Uc lal) + K=HO(k |a)) = 0

for —0 < # < © except at x = 0. Transforming the equation, we have

i 25 (DMK + 2K + KO =0
. K
or K + o =0
c
k2 - Cz
where C is a constant of integration. It can be shown that C = 4 2_/1:

K =
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Hence K{) = Jg _kzl_.cz

In the present argument we need a common strip of analyticity for all the
transforms involved. To this end we must take k¥ complex with a small
imaginary part, although k was considered real in our earlier discussions of
the wave equation. Actually this is closer to physical reality than the case
with real k. For r large, the scattered wave behaves as

ikr iy +1kg)r ikyr
e e e o tar

The term e~*" then represents a dissipation, and a more careful study of
electromagnetic theory would reveal that this is the correct effect of a medium
with small dissipation. For those less physically inclined, the addition of a
small imaginary part can be regarded as a formal procedure introduced to
obtain a solution which can be checked against the stated conditions of the
problem.

Letting & = k; + ¢k,, we see that K({) has branch points at { = - (k; + ik,).
We select a branch of the square root which has branch cuts lying outside the
strip —k, <Im ({) < k,. We assume that I(x) = O(?®) as x— o0 and,
therefore, that 7({) is analytic for Im ({) < —pf. Since

ikl —&|
HO(k |z — &) = 0(—5’1—5—)

VEl|z— &
as |x — &| — oo, for z large and negative,

i f °°Hf,1><k le — EDI(E) dE = O(e™ %) = O(e"+®)
0

© e:‘ks’](é)
rovided —
P o v 3

Consequently G ({) will be analytic in the half plane —k, < Im ({), and the
equation

d& exists. This integral will exist provided —k, < —p.

F_()) + G.() = KQT()
will hold in the strip —k, < Im ({) < min [—p, k, cos «]. Specifically,
S R - 2 T0)
w({ — k cos a) +6:0 = ke — 2

We write

2 1 2 1
K(C)=ﬁﬁ=£f—m

d 2 T8 _ _iwk+{ —
o “/:er—g w(C—kcosa)+\/k+£G+(C)




296 INTEGRAL TRANSFORM METHODS

Next we write
iJk+g i\/k—lf-kcosa_}_i\/k+'§—i\/k+kcosoc
a({ — cosa) m({ — kcosa) m({ — k cos a)
=Q_({) + P.())
We define P ({) at { = k cos « by

lim P,({) =~ —o©b
{—kcosa + 2 /k—l— % cOS o
Then
P’ (k cos x)
= lim P, (kcosa + Af) — P, (k cos )
Ar-o AL
=¥ lim (\//c+ kcosoc+A§—\/k+ k cos a)/AL — 1/(2 /k-}—kco_sa)
_'”AC-*O AL
1 —1

=—8-;(k+kcosoc)§

Therefore, P, ({) is analytic at { = k cos «. It hasa branch pointat { = —Fk
but is nevertheless analytic in an upper half plane —k, < Im ({). Finally,
we have

f IO _ivktkeose p o4 FFL6.Q

\/k—C m {—kcosa

The left-hand side is analytic in a lower half plane Im ({) < min [—g, & cos «],
while the right-hand side is analytic in an upper half plane —k, < Im ({).
The equality holds in the strip —k; < Im ({) < min [—f, k,cosa]. There-
fore, one side is the analytic continuation of the other to the whole plane.

To complete the argument we have to show that the complete analytic
function defined by the analytic continuation approaches zero as |{| — co.

We have the following order conditions: P ({) = O({}), T()/Vk — ¢
= O({), 1/({ — k cosa) = O(LY) ANE+ L L@, (§) = O({}) in their respective
half planes. Therefore, by Liouville’s theorem, the complete analytic func-
tion is constant; but this constant must be zero, since it goes to zero in the
lower half plane. Finally,

T =

\/k {\Jk+ kcosa
\/217 {—Fkcosa

The inversion of this transform is a fairly involved problem in complex contour
integration, which we shall not go into here.
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The Wiener-Hopf technique can also be used to solve certain integral
equations of the second kind which come up in some applications. Suppose

é(x) = f(z) + L2_ fwk(z — 5P dt O<ax
m Jo

+:/—2—f kx — &)P(§)dE  2<0

Then taking transforms

T = F_(§) + G,.(0) + K(OT(Q)

where T() = L__ qub(x)e'm dz

F_ =\/2 ff(x 42

1 (0 )
G+(C)——-f g(x)e™** dx

\/271'

1 ® .
K Er—— f k x e"c“ dx
W=—5=]_, ke
This time we write

1 — KOITQ) =F_(0) + .0

and proceed as before. The actual factorization may be fairly involved in
practice, but it is not our purpose here to give all the details that one might
get involved with in the problem. If the reader is interested in pursuing the
subject further, he should consult additional books on the subject. A very
extensive bibliography can be found in Benjamin Noble’s “The Wiener-Hopf
Technique,”” mentioned above.

6.5 Laplace Transforms. Applications

We have already seen in some of the applications where the function f(z),
whose Fourier transform we wished to compute, was zero for z << 0. In this
case the Fourier transform is

1 (® i
- [t ie = g0

1 oo +1y .
and T—l[¢] N \-/_2:: f— +iy ¢(C)etwc dc
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The theory holds under suitable restrictions on f(z). In particular, f(x) must
be piecewise continuous, implying that

lim f(z) = f(0+)

z=0+
exists. If f(x) = O(e*®) as x — 0, i.e., f(z) is of exponential order, then
the transform 7T'[f] exists and is an analytic function of { for Im ({) < —a.

It is sometimes convenient to carry out a rotation of the { plane through an
angle of 7/2, i.e., we introduce the new variable

=0+ ir=t{=—s+1ut
We define the Laplace transform of f(x) as follows:

() = LLf] =J0°°f<x>e'“” da
=fwf(x)e(s—it)x dx
0
=fwf(z)e'("+“)” dx
0

=fwf(x)e"’ dx
0

If f(x) is piecewise continuous and of exponential order, i.e., f(x) = O(e**) as
x — o0, the Laplace transform will exist and be an analytic function of zin a
right half plane Re (z) > a.

It follows directly from the theory of Fourier transforms that if f(x) and
f(x) are piecewise continuous in any finite interval and f(z) = O(e**), then

Hfet) + fle—)] = = f " sy + i gy
277 -

1 foot o0 : \ (go+ine .
= -2—”@' . d(0y + t1)e d(gq + i)
=100 +0p

1 go+ico
=— b(z)e*® dz
2777/ a9 —1ic0
where the integration in the z plane is along the line ¢y + i7, —0 < ¢ < o0,
6o > «,and the value of the integral is the Cauchy principal value. Of course,
where f(z) is continuous, }[f(z+) + f(x—)] = f(z). For 2 = 0 the integral
converges to 3 f(0+4). Furthermore, if f(z) is continuous, f’(z) is piecewise
continuous, and both are of exponential order O(e**), then

1 J‘y+{ao " g
foy=5- ] d@eds
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and the integration can be taken along any line 2 = y + i7, —0 < ¢t < o0,
y >al

Now let us list some of the more important properties of the Laplace trans-
form, which either can be verified directly or can follow from corresponding
properties of the Fourier transform. All functions involved are assumed to be
zero for ¢ < 0, defined by their right-hand limit at ¢ = 0, and of exponential
order as z — co.

1. The Laplace transform is a linear transformation, i.e.,

Liaf + bg] = aL[f] + bL[g]

2. If f(x) is continuous for 0 < #, and f’(z) is piecewise continuous in any
finite interval,

v L[f'] = 2L[f] — f(0)

3. If f(x) is continuous along with its first n — 1 derivatives and f™(z) is
piecewise continuous in any finite interval,

L{f™] = 2"L[f] — -3f(0) — 2"~¥(0)
— e — gfn=2)(0) — fin-1)(Q)
4. If f(x) is piecewise continuous, then fzf(£) d¢ = F(z) is continuous,
F(0) = 0, and 0
LLF) = Lif)
5. If ¢(2) = L{f(x)], then
$(z — a) = L[e*f(x)]
6. Let u(x) be the unit step function, i.e.,
u(x) =0 <0
u(z) =1 0<x
Then Lif@ — au( — )] = e**L{f(x)]
7. If ¢(z) = L[f], then
£ 4 = —Liafta
2

8. Let h(x) be the convolution integral, i.e.,
x
h(z) =Lf(£)g(w — &) d¢

Then L[k] = L[f1L[g]

1 See exercise 5, Sec. 6.1.
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The following are the Laplace transforms of some elementary functions:
® 1
a. Lu@)]=| e *de=-
0 z
b. Liz™]) = nl 2~ (»*D

¢. Lz*1=T@+1)2"@?Y  a>0
{

AR T _ e
d. L[e‘"’]-‘———z a ) L [@ J - 2 4+A
. L[si =
e. Lfsin ax] T
J. L[cos ax] = —2
: 22 + a2
b . a
g. Lle " sinazx] = C b @
b
h. [Le™* S 2l M
L cos ax] oL b)z npr
1. L[sinh ax] = R
j. L[cosh ax] = — >
22—a

Formula b can be derived from a by use of property 3 plus the fact that

| A
u(x) = e f(x) where
flx) =" x>0

fx)=0 2<0

Then ™ L] = L]
2
!
Lifl = Z:+1

It is also a special case of formula ¢, which can be established directly
from the definition of the gamma function

I'(z) =fmt’"le"dt Re(z) >0
0
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Formula e can be established as follows: Let y = sin az. Then y” + a2y
=0, and y(0) = 0, ¥'(0) = a. Therefore,

22L[y] —a + a?Lly] =0 and L[yl = a/(z® + a?

Formula g is a direct application of property 5 and formula e.
As a further example, let us find the Laplace transform of the zeroth-order
Bessel function Jy(kz), starting from the differential equation

aJ(kx) + Jo(kz) + K o(ka) = O

and the initial conditions Jy(0) = 1, J§(0) = 0. Transforming the equation,
we have

d,, . d
— 2 (2 — —1-r<4=0
dz(2¢ 2) + 2¢ dzd’

where ¢(z) = L[Jy(kx)]. Then

P
=0
Ic2+za¢ .

<
k2 4 22
where C is a constant of integration. To evaluate C we recall that

d
== olke) = —kJy(ke)

and that J, (k) is bounded for allz. It therefore follows from property 2 that
L[—kJ (k)] = 2¢(2) — Jo(0)
Oz

# +

$(2) =

- 1
/k2 + 22
Now L[~k (k)] < f |k (k)| &~ d
0
M
S e
g
Then lim L{—kJ,(kz)],. , = lim =2 — 1
oo oo 1 z=0 oo f‘_‘kz + 0'2
=C~1=0

Therefore, C = 1 and

L)) =~

KR+ 22
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We have seen how we can use the differential equation plus the initial
conditions satisfied by a given function to find its Laplace transform. Now
let us take the opposite point of view, i.e., to find

N the solution of a given differential equation by
T finding its Laplace transform. Consider the
simple series electrical circuit shown in Fig. 16.
£ sin wt 9 e The current I(¢) is the solution of the follow-
° T° ing integrodifferential equation:!
p Hﬂ+RI+1[qo+f df]—laosmwt
LILLLEN dt
FIGURE 16 Let I(0) = I,, and of course ¢(0) = g,. Let
$(z) = L[1]
E,
Then Hi:¢ — Ip) + R$ + (qo +9) =7 +°°w
Solving for ¢, we have
E’owz HI 4 . 9o

9e) = (2* + w?)(H?* + Rz + 1/C) Hz2+Rz-|— 1/C C(HZ+ Rz+1/0)

We can invert the transform by identifying the various parts with transforms
of known elementary functions. For example,

HIgz Iz
H22 + Rz + 1/0 (z + Rj2H)? + (1/HC — R*/4H?)
Iz + Rj2H) IR
(z + R[2H)? + w} " 2H[(z + R[2H)® + o]
2
where wj = ?11_6’ — ‘%2 Now if w? =0, we have the case of critical

damping where

_ Hlg — L[I o~ (RIZHE _ I_oﬂte —(R/2H)t}
Hz* + Rz + 1/C 2H

If wg < 0, we have overdamping and

HIy L[I o~ (RIZE)t ool / Ez_ _ 1 ¢
Hz* + Rz + 1/C 4H® HC

LR o~ (RDE Gy [ B lt]

" 2HVRYaH: — 1|HC 40 HO

1 We have used H for inductance to avoid the letter L designating the Laplace trans-
form.
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If wZ > 0, we have underdamping and

HIy _ L[Ioe—(Rle)t cos Wyt — IR e~ (B2t gin wot]
H2? + Rz + 1/C Hao,

We see then that the nature of the solution depends on the relative values of
R, H,and C. This will also be true of the other two terms in the transform.
For simplicity, therefore, we shall proceed with the underdamped case only.
In this case,

90 _ L|: Qo -(ReE): G, t:]
C(HZ + Rz + 1/C) HCw, ¢
To identify the third term we must first perform a partial fraction expansion.!
Let
Eywz ez + b cz+4d
(2 + w?)(HZ + Rz +1/C) 2*+ w? Hz®+ Rz + 1/C

Then Eywz = (az + b) (Hz2 + Rz + —01-) + (cz + d)(2® + w?)

implying .Z_' +dn®=0

g+bR+cw2=E0w

aR+bH +d=0
eH +¢=0
Solving these equations, we obtain
—EX

a4 = ——
R2 + X2
b— wEiR
RZ + Xz
E,XH
C = —
R2 + X2
d —ER
wC(R? + X?)
1The method of partial fraction of expansion is important in the art of inverting
Laplace transforms. The procedure can be formalized through & set of theorems which

can be found in Ruel V. Churchill, *‘Operational Mathematics,”” 2d ed., McGraw-Hill
Book Company, Inc., New York, 1958, pp. 57-64.



304 INTEGRAL TRANSFORM METHODS
where X = wH — 1/wCis a quantity called the reactance. LetZ = R + X
be the complex impedance and 6 = arg Z = tan~!(X/R) be the phase.
Then .
_ —E,sinf
1Z]
_ wEjcosb
1Z]
E,H sin 0
¢ = —
1Z]
_ —Eycosh
wC |Z|
Eywz _ _wBycos  zE,sinf
(2 + w¥)(H2 + Rz + 1/0)  |Z| (2 + o) |Z] (& + &Y
2E,H sin 0 Eycos 6
|Z| (H2* + Rz + 1/C) oC|Z| (HZ* + Rz + 1/C)

b

Eowz = L[ﬂ sin (ot — 6) + o in § e~ (R wet
(2* + w?)(H2? + Rz + 1/C) |1Z| 12|

_ ( EyR sinf Eycos 6 )e—(R/2H)t sin wot]
2Hw, |Z]| ww,CH |Z]

Therefore the solution of the differential equation satisfying the initial condi-
tions is

I(t) = {i;’—l sin (wt — 0) + (Io + % sin 6) e (BIZE oo )t

+( g0 IR ERsin®  Bycosf )e-<R/2H"
HCw, 2Hw, 2Hw,|Z| wwCH |Z|

This looks very complicated, but basically it is just the sum of the steady-
state solution £ /|Z| sin (wt — 0) plus the transient solution

e~(BIZHN( 4 cos ot + Bsin wgt)

sin wgl

which dies out exponentially with time. The constants 4 and B are deter-
mined in order that the particular solution satisfy the initial conditions. One
of the advantages of the Laplace transformation method is that it gives the
values of 4 and B directly. In this particular example the work involved
is such that there seems to be no advantage of the method over the con-
ventional methods of elementary differential equations. However, the next
example deals with a problem which cannot as readily be handled by the
elementary methods.
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Suppose the input to the circuit is a pulse of duration 7. This can be
expressed as Equ(t) — Equ(t — 7) where u(t) is the unit step function. The
integrodifferential equation is

daI 1 (¢
HY f R4+t f 1(8) dé = Equ(t) — Equ(t — 7)
dt CJo

For simplicity we are assuming that I, = ¢, = 0. Transforming the equa-
tion, we have

g ngs S B Ba"
Cz =z 2
Solving for ¢, we have
Eo Eoe T

() = —~
¢ H®+ Rz +1/C HZ + Rz + 1/C
Again we shall treat only the underdamped ease. In this case,
B, — Eow,
Hz? + Rz + 1/C  wuH|(z + R/2H)? + w}]
= L[-—EL e~ (RI2H)t gipy a)ot:l
woH
It therefore follows from property 6 that

Ege~ - L[& e—(R/2H)(t—r)u(t — 7) sin wy(t — .,)]
HP + Rz +1/C LogH

and our solution is

I(t) = L (e~ BBt gin oot — ¢~ BRDU=Dy (¢ _ 1) gin wy(t — 7)]
weH
Laplace transform methods can also be used to advantage in solving
boundary-value problems in partial differential equations. We shall consider
two cases, both based on the one-dimensional wave equation. Consider the
semi-infinite string > 0 with no initial displacement or initial velocity.
Starting at ¢t = 0, the end at 2 = 0 is displaced according to

¢(O’t) = f(t)

We have then to solve the following problem :

PE_1 o w0

0zt  a? o
é(,0) =0
¢t(x’0) = 0

$(0,t) = f(¢)
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Let T'(z,2) = f d(x,t)e** dt. Then
0

———T—-O

dz® a?
T(0,2) =J\mf(t)e_tz dt = F(2)
0

Hence T = Ae~ ‘"z | Bele/a)z

Any displacement of the string must propagate with a finite velocity.
Therefore, ¢(x,t) — 0 as  — oo for all ¢, and we assume consequently that

lim7T(z,2) =0
[ 2md ]
for Re (2) > 0. This requires that B = 0. Finally, T'(0,2) = 4 = F(2).

Therefore,
T(x,2) = F(z)e*®/a)

and d(x,t) =f(t — z)u(i,‘ —.E)

a a
It can easily be shown that this is a solution of the problem provided f(f)
has a continuous second derivative.

As a second case let ¢(0,t) = 0, #(2,0) = g(x), $;(x,0) = h(x). Thesolution
to a more general problem can be obtained by superimposing the solutions to
this and the last problem. In the present case, the transformed equation
becomes '

a*r 2 1
i ;55” =2 [29(x) + h(x)]

subject to 7'(0,z) = 0 and T'(z,2) — 0 as x — o for Re (2) > 0. To solve the
transformed problem we must develop the Green’s function for the equation,
i.e., we find G(y ;z) such that

———G—O 0<z<y yYy<zx<o®
dz* a?

G(y;0) =limG@ =0

a—* o

Qlysy—) = Alysy+)
Fysy+) — Flyy—)=—1
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We therefore have
Glys) = de~EDe 4 Bleidz (<o <y
Glysx) = Ce~ "% | Deleide 4 < 5 < oo
G(y;x) — 0 as x — oo implies that D = 0. Also
Gly0)=4+B=0
Glyy—) = Ae=#lah + Bel#lalv _ Gly;y+) = e~ (/o)

G’(y;y+) _ G’(y;y—) - _ foe~(zla)1/ + 2 Ae—(zla)v _ fBe(zla)v —_
a a a
Solving for 4, B, and C, we have
_ 1 e—(z/a)u
2z
B = E_.e- (z/a)y
22
O = — L2 (e—(z/a)w__ e(z/a)v)
2z
8o that Glyx) = ___;_’ [e—(zla)(zﬂ/) _ e(z/a)(a:—v)] 0<z<y
2
Gly;x) = — g; [e—(z/a)(a:+'u) _ e(z/a)(v-—z)] y<z< oo

In terms of the Green’s function,

P
T(x,2) = %Z J; g(y)[e—(z/a)(w—v) _ e—(zla)(acﬂ/)] dy

©
+ lf g(y)[e—(z/a)(y—x) _ e—(z/a)(x+y)] dy
2a Jz

L mh(y)[e—(z/a)(x—v) _ e—(z/a)(z+y)] dy

2az Jo

4 _1_, J‘wh(y)[e—(z/a)(v—o:) - e-(z/a)(a:+y)] dy
2az Ja
© x/a
= %J‘ g + af)e * dE + ;\f g(x — af)e”* d&
0 0

— lfw g(a& — x)e"* df + 1 fmh(x + af)e™% d
2Jz/a 2z Jo

<]

+ L [“ue—apjestas — L [* bt — o
2z Jo

2z Jala

—1

307
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To identify the transform we define the functions

G(z) = g(x) x>0
Qz) = —g(—=x) x <0
H(x) = h(z) x>0
H(z) = —h(—=2) z<0

Then G(—z) = —@(z) and H(—z) = —H(z) for all z, and

T(x,2) = %J;QG(.@ + af)e # dE + %J;wG(x — af)e”* d&

+ -l—f H(x + af)e™ + 1 f H(zx — af)e™* d¢
2z Jo 2z Jo
In this form we recognize the transform of

$(zt) = HG(x + at) + Gz — at)] + %f H(x + ar) dr

which can be verified as the solution of the problem.

Property 8, which involves taking the Laplace transform of the convolution
integral, gives us a means for solving certain integral equations. Consider.
for example, the integral equation of the first kind,

f@) =f:k<x — (&) de

where f(z) and k(z) are known. ¢(x) is the unknown to be found. The
right-hand side is in the form of a convolution integral. Hence, we trans-
form the equation and obtain

F(z) = K(z) T(2)

where F(z), K (2), and T'(z) are the transforms of f(z), k(x), and ¢(x), respectively.
Solving for T'(z), we have
T(z) = EiC)
K(2)

and we obtain ¢(x) by inverting the transforms. The procedure must of
necessity be formal, because at the outset we do not even know if ¢(z) has a
transform. The solution thus obtained can be checked in the integral equa-
tion.

Abel’s integral equation is an example of this type. The equation is

_f \/¢<5 a
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Now k(z) = x~* is not piecewise continuous, but nevertheless it does have a
Laplace transform

K(z) =fwx'*e”’ dz =T}t = fm?
0

Hence,
a—Lw]_m) z%?:iw%%mm=iKmm@
Therefore, - ld d (|° f ($)
erefore &(x) b \/x — dé

Certain Volterra integral equations can be solved by use of the Laplace
transformation. Consider, for example, the equation

$(z) = f(2) + fo b — E)(E) de

where f(x) and k(x) are known and ¢(z) is unknown. Let F(2), K(z), and T'(z)
be the Laplace transforms of f(z), k(x), and ¢(x), respectively. Then

T(z) = F(2) + K(z) T(2)

F(z)

T =Tk

Inverting the transform, we obtain ¢(x). As an example of this, let us solve
exercise 6, Sec. 5.3, which has a well-known solution. The equation is

x)-l——f (x — &)

Then T(z) = 1 — T_
z 22
T(z) = 2 Z ] = L[cos x]
&(x) = cos x

which can be verified as the solution of the equation.

Exercises 6.5

1. Prove that the Laplace transform of a piecewise continuous function of
exponential order approaches zero as Re (z) approaches infinity.
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2. Let f(x) be continuous for 0 < z < oo and be of exponential order as x — o
and of order ?, —1 < p, as x approaches zero. Prove that f(x) has a Laplace
transform.

3. Show that L[z¢] = I'(a + 1)z79%1, —1 < a.

4. Verify properties 4 to 7 for Laplace transforms.

5. Find the Laplace transforms of xe%?, x sin ax, 2 cos ax, and e3%J j(kzx).

6. Find the Laplace transform of J;(kx).

7. Find the inverse Laplace transforms of

1 1 1
2(2% + a?) 2%(22 — a?) (z — a)®(z —b)
ez z and 1
22 (22 + a?)t az? + bz + ¢

8-11. Solve exercises 1 to 4 of Sec. 6.2, using Laplace transforms.

12. Using Laplace transform methods, find the displacement of a vibrating
string fixed at * = 0 and x = L with initial displacement ¢(x,0) = A sin (mz/L)
and initial velocity zero.

13. A uniform elastic bar of length L is fixed at x = 0 and at rest. At time

= 0 a force F(t) = Ft? is applied longitudinally at the end # = L. Find the
longitudinal displacement of the general cross section as a function of position and
time as long as the material behaves elastically.

$(£)

(@ — &)

T
14. Solve the generalized Abel equation f(x) =f d&, 0 <a <1,
0
z

15. Solve the integral equation ¢(z) = 1 +f (&) dé.
0

6.6 Other Transform Techniques

Before we leave the general subject of integral transform methods, it is
appropriate to mention some techniques based on other transforms. The
reader should be aware of the fact that, although the Fourier and Laplace
transforms are perhaps the most widely applied, there are other transforms
which may be of great utility in specific applications. Some of these are the
following: the finite Fourier sine transform, the finite Fourier cosine
transform, the Hankel transform, and the Mellin transform. We shall
discuss each of these briefly and give some examples of how they may be
applied.

The finite Fourier sine transform of a function f(z) is defined by

P S, [fl1= A/-% f}(x) sin nx dx n=123,...
7 J0

A sufficient condition for its existence is that f(x) be piecewise continuous on
the interval 0 < 2 < #. We know from our previous work on Fourier series
in Sec. 1.9 that

Wet) +fe—)= [2 S8, snnz 0<z<m
m

n=1
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provided f(z) and f'(x) are both piecewise continuous. At a point where f(z)
is continuous the series converges to the function.

Let f(x) and f'(x) be continuous on the interval 0 < x < =, while f"(z) is
piecewise continuous. Then

8,[f"1= A/E J:f”(x) sin nz dx

= A/g [f'(x) sin nz]§ — nA/é fﬂf'(x) cos nx dx
71- mJo

= —-nA/Tgr [f(x) cos nx]y — nzA/?T J:f(x) sin nx dz

2 2
= nA/:f(O) + (—1)"“nA/- f(m) — n28,[f]
™ w
The finite Fourier cosine transform of a function f(x) is defined by
2 T
0"[f]=A/:ff(x)cosnxdx n=0123,...
 Jo

A sufficient condition for its existence is that f(x) be piecewise continuous on
the interval 0 <« < m. Iff(z) and f'(x) are both piecewise continuous, then

Hf@+) + flo—)] = —=C, +ﬁ $0,008m0 0<z<m
M n=1

N
Where f(x) is continuous, the series converges to the function.
If f(x) and f'(x) are continuous while f”(z) is piecewise continuous, then

C,lf"1= «/ ;—i J:f”(x) cos nx dx
= A/-g [f'(x) <3osm:](’;+nA/g J‘”f’(x) sin nx dx
T T 0
= A/g (=D)7%'(m) — ﬁf’(O) — nzA/-Z- fvf(z) cos nx dx
w ks mJyo

_—_A/g(-—l)"f’(ﬂ)—A/?rf'(O)— 2Clf]
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Let f(z) be continuous and f’(x) be piecewise continuous on the interval
0 <z <1 Then

8.lf1= J E J:f '(z) sin nx dz

= ﬁ [f(z) sin nz]j — nﬁ fﬂf(z) cos nx dz
ks wJo

= —nC,[

"[f]_4/ ff(x cos nx di
= Jﬁ [f(z) cos nz]§ + n,\/;-zr J:f(x) sin nz dz
5 2
= J;(~l) f(r) — A/;_f(O) + 28, [f]

The finite Fourier sine transform is ideally suited for solving for the vibra-
tions of & finite string. Consider the following boundary-value problem:

B% 1%
— ox? a? o O<z<m 0<i
$(0,8) = (mt) = 0
$(=,0) = f(=)
¢t(z’0) = g(x)
Let 8,(¢t) = Jg fr P(x,t) sin nx dz
mJo
Then — 02,0 == 8,0
a

8,.() = A4, cosant + B, sin ant
8,(0)=F, =4,
8,0) =G, =anB,

9 {r > [
where F_ =Jgf flx)sinnxdz @, =A/£f g(z) sin nz da
i mYe

Inverting, we have

dlzt) = ﬁ % (F,, cos ant + &'sin ant) 8in nx
m an

n=1
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Next consider the following ordinary differential equation with constant
coefficients:

ay"(z) + by'(x) + cy(z) = f(2)

Let f(x) be periodic with period 2, i.e., f(x + 27) = f(x). We look for a
periodic solution of the differential equation. This will not in general be the
complete solution, but the general solution of the homogeneous equation can
be added to it, giving the complete solution. First we write

y(@) = 3y(z) + y(—=2)] + $y(x) — y(—=)]

= ¥.(x) + ¥,(2)

where y,(x) is even and y,(z) is odd. We shall assume that y(z) is continuous.
This implies that y,(0) = y,(7) = 0. The differential equation becomes

ayo(x) + ay,(x) + by,(x) + bys(x) + cy (@) + cyo(x) = f,(x) + f,(2)
where we have similarly decomposed f(z). We first take the sine transform
of the equation, and then the cosine transform.

_anzsn[yo] - nbon[ye] + CSn[yo] = Sn[fo]
_anzon[ye] + ann[yo] + con[ya] = Cn[fe]
Solving for 8,[y,] and C,[y,], we have

c — anZ)Sn[fO] + ann[fe]
(C _ an2)2 + n2b2

(C _ an2)0n[fa] _ ann[fo]

(c — an?)? 4 n??

Sn[yo] = (

On[ye] =
Then

Y(@) = y,(2) + y,(x) = L_C'o +A/2 EC,L cos nx + 2 > 8, sinnx
\/277 T =1 T n=1

The nature of the convergence of the series and the existence of the first
and second derivatives can be determined when f(z) is given.
The Hankel transform of a function f(z) is defined by

H[f] =fmzf(x)Jv(tz) iz v>—}
0

It exists if f(x) is piecewise continuous in any finite interval and absolutely
integrable. If, in addition, f’(z) is piecewise continuous in any finite interval
we have the intersion integral®

Wi@+) + fle—)] = fo "L (1) di

1Jan N. Sneddon, ‘‘Fourier Transforms,” McGraw-Hill Book Company, Inc., New
York, 1951.
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Consider the following ordinary differential equation:
2
dz2 + < _ ZY = f(x)

Assume that f(z) is absolutely 1ntegrable on 0 < z < oo, that y(0) and y'(0)
are finite, and that y(z) = O(1/x) as £ — 0. We obtain a formal solution by
the use of the Hankel transform.

f f(x)J ,(tz) dx —f J (tx)[dx(xd—z) —-’;—:2 }dx

= [, () Iy — f (wy'J; += yJV) dz
0 x
© 2
= — [zyJ,(t2)]y +f y[(xJL)' - Jv] dx
0 x

= —tszxy(x)Jv(tx) de = —*H[y]
0

Hence, H[y] = —F(t)/t? and

yiz) = — f “F(t)J, @) 4,
0 t

The Mellin transform of a function f(z) is defined by

M{f] = f o1 @) dz = (2)

Suppose f(z) is piecewise continuous in any finite interval and

[ot s e

]

exists, where & = Re (z). This will be true in general in some strip
0 <Re(z) <p.

Then ¢(z) will be an analytic function of z in this strip. Consider

1 y+ico

— x™*P(2) dz
27 Jy-iw
with0 <y < pB. Letz= &+ inandz = e’. Then
y+ico © ) .
_l_' x—z¢(z) dz = _1 f e—t(1+iq)f er(y+iq)f(er) dr d’?
21t Jy-io

—t
4 f —itnf fmeyrf(er) d/r d77

- e—wew&—)'?‘e: = Hf@+) + fz—)]
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provided e"f(ef) satisfies the conditions of the Fourier integral theorem, i.e.,

|7 enpena=[ o1 do
- 0

exists and f(z) and f’(z) are piecewise continuous in any finite interval. The
convergence of the integral is guaranteed, since 0 < y < 8. We have thus
obtained the inversion integral for the Mellin transform.

As an application of the Mellin transform, consider the following boundary-
value problem :

V2%=0 2=0 —oo<z<o0 0<y
¢=f(=) y=0

¢=0(—\}—;) asr — o

In polar coordinates this problem becomes

?¢ 104 1 0%
i o Pl of —_ 2T —0
or? + r or + r2 062

¢(7‘,0) = ¢(f,7r) =f(7’)
¢ = 0(:/1—;) asr — oo

We take the Mellin transform with respect to the variable ». Let

O<b<m o<r

M(z,0) = f “r14(r.0) dr

az_‘M re1 ﬁ dr
96® 062

=—f a(raa—(ﬁ)dr

r
—_ z+la_¢:]°° fwz%d
—|:r aro+zorarr

= [zr*d]¥ — zzfmr"qu dr
0
= —22M

Let F(z) =fwr"'1f(r) dr == M(2,0) = M(z,m)
0
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Solving and using the boundary conditions, we have
M(2,0) = A cos 26 + Bsin 20
Fzy= A
F(z) = A cosmz + Bsinmz
F(z)(1 — cosmz) = Bsinnz
r

2 sin? 2 F(z) = 2B cos = sin =
2 2 2

B = F(z) tan 7—;—z

Mz, 0) = F(2) cos 2(6 — m[2)
cos(mz(2)
Inverting, we have
+1 b
$(r0) = _1_ I r_zF(z) cos z(0 — ﬂ/z)dz

27 Jy-iw cos (mz/2)

where 0 < y < .

We could give other examples of integral transform techniques, but there
seems to be little point in doingso. By now the reader should be familiar with
the general aspects of integral transform methods. For a variety of other
applications he may wish to refer to the book by Sneddon already cited.

Exercises 6.6

1. Solve the following boundary-value problem using the finite Fourier cosine
transform:

2 2
% = G%ZT;? O<x<mw 0<t
‘i’z(ort) = ¢z(“’:t) =0
$(x,0) = f(z)
¢4(x,0) =0

What transform could be used if the interval is changed to 0 <z < L?
2. Define the finite Fourier transform as

i T
Flfl= T/';f flax)e—in® dy

State an inversion theorem giving sufficient conditions on f(z) for its validity,
3. Solve the following boundary-value problem using the Hankel transform and
cylindrical coordinates:

Vi =0 0<r 0<6<2n 0<z
¢(1‘,9,0) =f(7‘)

¢=O(;) as r — oo



REFERENCES 317

References

Campbell, George A., and Ronald M. Foster: ‘“Fourier Integrals for Practical
Applications,” D. Van Nostrand Company, Inc., Princeton, N.J., 1948.
Churchill, Ruel V.: “Operational Mathematics,”” 2d ed., McGraw-Hill Book
Company, Inc., New York, 1958.

Noble, Benjamin: ‘“The Wiener-Hopf Technique,”” Pergamon Press, Inc., New
York, 1958.

Sneddon, Ian N.: ‘“Fourier Transforms,”” McGraw-Hill Book Company, Inc.,
New York, 1951.

Titchmarsh, E. C.: “The Theory of Functions,” 2d ed., Oxford University Press,
New York, 1937.

Widder, David V.: “The Laplace Transform,” Princeton University Press,
Princeton, N.J., 1941.

Wiener, Norbert: ‘‘The Fourier Integral,” Cambridge University Press, New
York, 1933.






Index

Abel’s integral equation, 260, 265, 308-310
Acoustic problems, 111
for rectangular rooms, 116
Admissible functions, class of, 78
Admittance, indicial, 278
Angular momentum, 182
Associated bilinear forms, 61, 75, 119,
124
Associated integral equation, 256-258
Associated Legendre equation, 170
Associated Legendre function, 171, 176
Associative law, of addition, for fields, 3
for matrices, 7
for vector spaces, 19
of multiplication, for fields, 3
for matrices, 7

Banach space, 38
Basis, 22
orthonormal, 30
(See also Vector spaces)
Bessel functions, of first kind, 156, 173
recurrence relations for, 176
zeros of, 157-159
of second kind, 156, 174
Bessel’s differential equation, 156, 172-175
variational principle for, 157
Biharmonic wave equation, 115
Bilinear forms, associated, 61, 75, 119, 124
Boundary conditions, homogeneous, 113—
114
natural, 117, 120, 151
nonhomogeneous, 185
prescribed, 120, 151

Boundary-value problems, homogeneous,
113-114
nonhomogeneous, 185-189

Cauchy sequence, 36

limit of, 37
Cayley-Hamilton theorem, 61
Characteristic equation, 54
Characteristic root (see Eigenvalues)
Characteristic vector (see Eigenvectors)
Closed set, 42

(See also Complete set of functions)
Cofactor, 11

(See also Determinant)
Commutative law, of addition, for fields, 3

for matrices, 7
for vector spaces, 19

of multiplication for fields, 3
Complete set of functions, 39
Complete spaces, 37
Completeness, of eigenfunctions, 126-127

of Sturm-Liouville functions, 146-148,

153, 159

of trigonometric functions, 45-52
Completeness relation, 40, 127
Components of a vector, 31
Conformal mapping, 206-207

(See also Green’s functions)
Conservation-of-energy principle, 94
Conservative system, 91
Constraints, holonomic, 89

in variational problems, 69-71, 8487,

121
(See also Lagrange multiplier)
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Convergence in mean, 39
Convolution integral, 274, 299
Coordinate curve, 138
Coordinate surface, 138
Coordinate system, orthogonal, 137-143
Coordinates, cylindrical, 148
parabolic, 148
spherical, 143-145
Cramer’s rule, 14, 16
Curl of a vector, 5
in orthogonal coordinates, 143

INDEX

D'Alembert’s principle, 90
Damping, critical, 302
over-, 302
under-, 302
(See also Vibrations)
Determinant, 8
expansion by cofactors, 11-12
minor, 12
of a product of matrices, 11
properties of, 10
Diffraction problem, half-plane, 220, 293
296
slit, 262-264
Diffusion equation (see Heat equation)
Dirac delta function, 194-195, 278
Dirichlet problem, 134, 189, 204
for circle, 205-206
exterior, 218
Green’s function for, 204, 217
for sphere, 207
Distribution, 195
Distributive law, for fields, 3
for matrices, 7
Divergence of a vector, 4
in orthogonal coordinates, 142

Eigenfunctions, for Fredholm equation,
230-245, 254-258
for Helmholtz equation, 117-121, 125-
128
in spherical coordinates, 143—-145
for membrane, 110, 176-178
for string, 104-107
for Sturm-Liouville problem, 145-146,
149-156
Eigenvalues, bounds for, 129-134
comparison thegrems for, 121
degenerate, 5% 123, 233
for Fredholm equation, 230-245, 254
258

Eigenvalues, for Helmholtz equation, 117—
125
for a matrix, 54—-60 '*/
for membrane, 110
minimax definition of, 74-75, 118, 121
for string, 104-107
for Sturm-Liouville problem, 150-159
variational definition of, 72-75
Eigenvectors, as a basis, 57
of a matrix, 54-60
variational definition of, 72-75
Electric field, 112
Electrical circuits, 278-282, 302—-305
Electromagnetic cavity, 112
Equilibrium, stable, 96
Equivalent matrices, 61
Euler’s equation, 80, 82, 87
Exponential order, 298

Faltung integral (see Convolution integral)
Field, 3
First variation of a function, 69
Fourier coefficients, 46
Fourier cosine transform, 261, 277
finite, 311
Fourier integral representation of a func-
tion, 266
Fourier sine transform, 261, 277
finite, 310
Fourier transform, 261, 270
complex, 274-276
finite, 316
inverse, 274
properties of, 272-274
Fredholm integral equation, 230, 246
with degenerate kernel, 234-235
homogeneous, 230
nonhomogeneous, 230
with nonsymmetric kernel, 246
eigenfunctions of, 254
eigenvalues of, 254
solution of, existence, 247
expansion, 247
uniqueness, 247
with symmetric kernel, 230
eigenfunctions of, 230
eigenvalues of, 230
solution of, existence, 242
expansion, 238-242
uniqueness, 241-242
variational methods for, 238-242



Fredholm’s determinant, 251

Fredholm’s first minor, 251

Fredholm’s second minor, 255

Frobenius method, 165
(See also Singular point of a differential

equation)

Function space, of continuous functions, 20
of square integrable functions, 27

Functionals, 76

Gauss-Jordan reduction, 16
(See also Linear algebraic equations)
Generalized coordinates, 89
Generalized forces, 93
Generalized momenta, 95
Generalized velocities, 91
Geodesics, 89
Gradient in orthogonal coordinates, 141
Green’s function, higher-dimensional, 201-
207
for Dirichlet problem, 204-2086
free-space, 216
by method of images, 217-218
for Poisson’s equation, 217
properties of, 217
in three dimensions, 203-204
in two dimensions, 201-203
from a conformal mapping, 206-207
for unbounded regions, 214-216
uniqueness of, 204
one-dimensional, 190-201
Fourier transform of, 278
generalized, 198-201, 229-230
physical interpretation of, 195
properties of, 192, 227
for Sturm-Liouville problem, 196-198
symmetry of, 192
Group, 34

Hadamard’s inequality, 251
Hamiltonian, 95
Hamilton’s principle, 91
for membrane, 109
for string, 100-101
Hankel functions, 175, 221
Hankel transform, 261, 313-314
Heat equation, 112, 178
for infinite rod, 288-289
for semi-infinite rod, 289-291
steady-state solution of, 179
transient solution of, 179
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Helmholtz equation, 110
eigenfunctions for, 117-121
eigenvalues for, 117-121
in spherical coordinates, 144
Hermitian forms, 59-60
positive-definite, 61
simultaneous reduction of, 61
Hilbert space, 38
Holonomic constraints, 89
Homogeneous boundary conditions, 113—
114
Homogeneous boundary-value problems,
113-114

Impedance, 304
Indicial equation, 165
roots of, 166
Inner product (see Scalar product)
Input, 278
Integral equation, associated, 256258
of first kind, 227, 260-265
kernel of, 228
of second kind, homogeneous, 227
nonhomogeneous, 227
Wiener-Hopf, 223, 260
Integrodifferential equation, 280, 302

Kernel of an integral equation, 228
degenerate, 234
expansion of, 241
reciprocal, 248, 252
Kinetic energy, 90
for membrane, 108
for string, 100
Kronecker delta, 4

Lagrange multiplier, 6971
(See also Constraints)
Lagrange’s equations, 91
Lagrangian function, 91
Laplace transform, 261, 298
of elementary functions, 300
properties of, 299
Laplace’s equation, 115
in spherical coordinates, 180
(See also Dirichlet problem
Laplacian, 143 .
in spherical coordinates, 144
Lebesgue integral, 27
Legendre equation, 168
associated, 170
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Legendre functions, associated, 171
normalizing constant for, 176

Legendre polynomials, 34, 169
normalizing constant for, 175
orthogonality of, 169
recurrence relations for, 176
Rodrigues’ formula for, 169
Schlafli’s formula for, 176

Linear algebraic equations, 1, 15
consistency of, 16
Cramer’s rule for, 14
Gauss-Jordan reduction of, 16
homogeneous, nontrivial solution of, 18

trivial solution of, 18

inconsistency of, 16
solvability of, 15

Linear dependence, 21
(See also Vectors)

Linear independence, 21
(See also Vectors)

Linear operator, 33

Linear transformation, 33

Magnetic field, 112
Matrix, 6

adjoint of, 14

augmented, 15

coefficient, 15

conjugate, 8

diagonal, 8

difference, 6

elementary, 15

elements of, 5

equality, 6

hermitian, 8

identity, 7

inverse, 13

nonsingular, 13

orthogonal, 14, 33

product, 6

rank of, 15

skew-symmetric, 7

square, order of, 5

sum, 6

symmetric, 7 -

transpose of, 7

unitary, 14, 33 v~

zero, 7
Maximum of a function, relative, 68
Mellin transform, 261, 314-316
Metric space, 28

(See also Vector spaces)

Minimax definition of eigenvalue, 74-75,
118, 121
Minimum of & function, relative, 68

Natural frequencies, 63
for string, 102
Norm, 25
(See also Vectors)
Normal coordinates, 98
Normal modes, 63, 97
for string, 102

Ordinary point of a differential equation,
163
expansion of solution about, 163-1656
Qutput, 278

Parseval’s equation, 34, 41, 127, 272
Partial fraction expansion, 303
Permutation, even, 9
inversion of, 9
odd, 9
Phase, 304
Piecewise continuous function, 27
Plancherel’s theorem, 270
Plane waves, 220, 261-262
Poisson integral formula, for circle, 206
for sphere, 207
Poisson’s equation, 115, 216
Green’s function for, 217
Potential energy, for membrane, 108
minimum principle for, 96
for string, 100
Potential energy function, 91

Quadratic forms, 53
positive-definite, 58
simultaneous reduction of, 58, 59

Quadratic functionals, 123-124

Radiation condition, 210, 221
Rayleigh-Ritz method, 130-132
Reactance, 304

Resonance, 66, 189

Riemann mapping theorem, 207
Riesz-Fischer theorem, 41
Rodrigues’ formula, 169

Saddle point of a function, 69



Scalar, 19
(See also Vector spaces)
Scalar product, positive-definiteness of, 25
postulates for, 25
Schmidt process, 31
Schrodinger’s equation, 114
for hydrogen atom, 182
Schwarz’s inequality, 26
Self-adjoint operator, 149
Self-adjoint transformation, 34
Separation of variables, 137
Similarity transformation, 61
Singular point of a differential equation,
1656
expansion of solution about, 165-167
Spherical harmonics, 172
Stationary value of a function, 69
Steady-state solution, 304
String, infinite, 286288
semi-infinite, 305-308
(See also Vibrations)
Sturm-Liouville boundary conditions, 145,
227
Sturm-Liouville functions, boundedness
of, 153-155
completeness of, 146-148, 153
expansion theorem for, 156
orthogonality of, 146, 149
Sturm-Liouville problem, 145, 149
eigenfunctions of, 150-153
eigenvalues of, 150-153
regular, 150
variational principle for, 150
Subsecript, dummy, 2
free, 2
Summation convention, 2

Telegrapher’s equation, 113
Transient solution, 179, 304
Triangle inequality, 26

Unit impulse, response to, 278

Unit step function, 281
response to, 278

Unitary transformation, 33, 43

Vector spaces, 18
addition in, 19
associative law in, 19
basis for, 22
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Vector spaces, closure in, 19
comrmutative law in, 19
dimension of, 21
distance in, 29
finite-dimensional, 22
infinite-dimensional, 22
isomorphism between, 23
metric in, 29
multiplication by a scalar in, 19
negative vector in, 19
norm in, 25
null, 21
point in, 29
postulates of, 19
spanning vectors in, 21
subspace in, 23

proper, 24
unique representation of, 23
zero vector in, 19

Vectors, 18
components of, 31
curl of, 5
dependence of, 21
divergence of, 4
independence of, 21
negative, 19
norm of, 25
normalized, 30
of n-tuples, 20, 26
orthogonal, 30
orthonormal, 30
product of, 5
sum of, 5
three-dimensional, 18-19
zero, 19
(See also Vector spaces)

Vibrations, damped, 67
of elastic beam, transverse, 116
of elastic plate, variational principle,

125
of elastic rod, 112
forced, 65, 116
of membrane, 111
circular, 176-178
rectangular, 116
of string, 99-107, 111

Wave equation, 101

Weighting function, 146

Wiener-Hopf integral equation, 223, 260
Wiener-Hopf technique, 223, 292-293
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