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Preface to the first edition.

The present edition of Geometry is intended for the dse
of students tiking up Mathematics in the Intermediate Exa-
mination of the Punjab University. The books generally in
use in the Colloges here caver much more ground than ~that
coverad by the Syllabus laid down by the Mathematical Board
and are on that account ofien perplexing to the average
student from the prolixity of the matter dealt with in them,
In preparing the present volum:, therefore, I have kept in
view tho Syllabus presciibed by the University, and have en-
deavoured to fullow the lines sugzgested as closcly as possible.
The present book never aim. at supplanting the standard
works on the subject, hut 15 only a vade mecum to bo nsed by
the student for the purpodss of his examination. In order to
increase its value [ have aken care to insert in the book a num.
ber of Questions selected fiom eximination papers, and where
necossry have given hints for thir colution, ~Any suggetion s
to make the book more u~eful will e welcome; and would be
gladly meorporated m fature el tions should such edivons he
ever indemaund. Typographie il errors whieh, inspite of care-
ful proof-reading, may have ¢ ept in will alsy, if pointed out
to the author or the publishers be thankfully corrected. In the
end, [ shall onsider my Labon s well-spent, if those for whom
the bock 15 meant derive any benefit from it,

My thanks are due to Lala Brij Lal Puri, B. A., for
the kind readiness w th which ho rvead through the proofs,
whilo the boo wasin the Press; as, without hix timely assist-
anc» there would havg been some delay in its publication.

D. A V. College, }

[inhore K. M GH
Datel 21st September, 1912 f OSH.



Preface to the third edition.

It this edition the book has Leen thoroughly revised
and the serial number of the propositions has been changed.

I am greatly indebted to 8. N, Das Gupta Esq., M. A.,
Professor of Mathematics, F. C. College Lahore, who kindly
revised the hook and made some very valuable changes and
additions,

D. A. V. College,
Lahore,

K. M. Ghosh.
September. 1914,

\.—-\"-J



ERRATA,
Page 7 Step 2. 1st line sorr £ aR read LR

» 8DProp, 6 Figure—the line SO appears to be
broken hetween w and 0O

Page 24 sor Prop 6 read Prop. 16

27 After the exercises and before Prop. 17 add

"

the follow ng - —
Homothetic Figures—Two figures are said to be
homothetee when the straight Line joming evelry twe points
of the one is paallel to the straight line joining the

corresponding pomts of the other.

“Two such figures are  sometimes said to bo similiar
and simlaily placed” — Lachlan.

[ Derivatron—From homo=same and thesis=to place
to sot.]

bRl

Page 28 hine 11 for .. read ** « ¢

»






PUNJAB UNIVERSITY SYLLABUS FOR INTER-
MEDIATE EXAMINATION PLANE GEOMETRY
OF THE STRAIGHT LINE AND CIRCLE.

As for the Matriculation Jmamination with the followiny
additions:— )

1f A, B, C, D, be four points taken in order on a st, line

AB.CD+ BC.AD+CA.BD=0O. (Prop. 22)

In any triangle, the perpendiculars at the middle points
of the sides (Prop. 1); the perpendiculars from the vertices
on the opposite sides (Prop. 4), ths bisectors of the angles
(Prop. 2}, and the medians, are severally concurrent. (Prop. 3)

The feet of the perpendiculars on the sides of a triangle
from any point on the circumcirele are collinear (Prop. 8)',D

The existence and simpler propertios of the nine points
circle. (Props. 5 & 6)

1i ABC be a triangle and AD a median

AB24+ AC2=2BD24+2AD2 (Prop. 7)
If ABC be a triangle and AD the bisector of an angle
BA . 2C=BD.DC+AD?2. (Prop. 9)

If ABC be a triangle and AD the perpendicular on the
base from A, and AE the diameter of the ¢ircumecircle
through A. '

BA .AC=EA . AD. (Prop. 10).
ABCD be a quadrilateral inseribed in a circle
AC.BD=AB.CD+BC.AD (Prop. 11) .



i

Determination of radical axis (Prop. 20) and radical ce-
ntre of circles (Prop. 21) the locus of a point, the ratio of whosoe
distances from two given points is equal to a given ratio is a
circle. (Prop. 16)

If two rectilinear fizures be similar they can he placed,
so that the lines joining their corresponding vertices are
concurrent. (Prop. 17)

If two rectilinear figures be similar, their corresponding
sides and diagonals are proportional. (Prop. 18)

Arcs of a circle are proportional to the angles subtended
by them at the centre. (Prop 19)

If three concurrent st. lines be drawr from the angular
points of a triangle to meet the opposite sides, the product
of the three alternate segments taken in order is equal to the
product of the other three segments (Ceva’s Theorem), and
conversely. (Prop. 12 and 13.)

Lf a transversal cut the three sides of a triangle the
product of the three alternate segments taken in order is
equal to the product of the other three seon g 0 —
T{worem) :mld conversely. (T’rop. 14 and ]g)]e“t’ (Meneluos



PLANE GEOMETRY

Concurrence of Certain lines.

Proposition 1.

In any triangle, the perpendiculars drawn at the mi ldle
points of the sides are concurrent.

Let ABC be a triangle and D,E,F the mid-points
of AB, AC and BC. Then the | sto the sides at D,E,If

shall be concurrent.

From D and E draw perps. to AB and AC and
let them meet at O. Join OF.

It is required to prove that OF is | to BC.

Joint OA, OB, OC.

Proof. 1. Then -: Olies on the right bisector of
AB, . OA=0B,
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Similarly OA=0C. .". OB=0C.

2. Now in the As OBF, OCF, - BF=CF (Hyp.);
OF is common and OB=0C (proved);

.. LOFB=/ OFC = one Rt. angle.

8. .. OFis L BC.

Hence the thrce | s OD, OE, OF meet at the samo
point O.

Nore.— O is the eircum-centre of A ABC.

Exercises.

1. Tbrough A,B,C draw parallels to the opposite sides forming
tho trinngle A” B’ C’. Prove, from this triaigle, that the altitules ot
tho triangle ABC are concurrent.

2. Two triangles have onc side of the one equal to one side of
the other, and have the angles opposite to these sides supplementary ;
prove that they have equal circum-radii.

3. Prove that the circumradii of similar triangles are in ratio
of their correspording sides and hence shea that similar triangles are
to one another as the squares of their circumradii.

4. The base and vertical angle of a triangle being’ given, the
circumradius is constant.

Proposition 2-
The bis ctors of the angles of a triangle are concurrent.
Lot ABC be & A ; itis required to prove that the

biscctors of the angles of this triangle are concurrent.
A

] o e
Biscet /s, B,C by BI, CI which meet at 1.
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Join IA; then IA shall bisect L A

From I, draw IP, IQ, IR perpendiculars to the sides.

Proof. 1. -: BL is the bisector of B, .. it is
the locus of points equidiatant from AB and BC. .". [P=1Q.

2. Similarly IQ=IR.
S IP=IR ie, [ iy a point equidistapt from AB
and AC.

8. And hence it must lie on tho bisector of £ A, ‘e,
IA bisects £ A.

Hence the bisectirs of th2 three Zs. of the Ameet
at 1.

Norg.—I is the in-centre of the A ABC.

Exeroises:

5. Prove that AP+BQ+CR=PB+QC+RA=s where2s=7+b+c.
@. Prove that AP=AR=s-a; CR=0Q=s—¢ ; BP=BQ=s—b.

7. The in-centre of an efuilataral triangle coincides wlth its cir
cum-centre.

8. Prove that the in-radii of similar triangles are in she ratio of
their corresponding sides,

Proposition 3.

The mediuns of a triangle are concurrent.
Let ABC be a triangle.

Draw .the medans BE and CF and let them meet
3 G. dJoin AG.
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A

B / c
K

1t is required to prove that f%(} produced bisects BC
at D. ‘

Through C, draw CK | BE, meeting AD producad
at K.

Join BK.
. Proof. 1. In A ACK, E is the mid-point of AC
and EG || CK (Cons)

<+ G s the mid-point of AK.

2. Agyin in AABK, G is the mild-point of AK
(Proved.)

And F [ the mid-point of AB (Cons.) .". GF, 7.2, CF
is | BK.

3. Hgnce GBKC is a parl™ and its diagonals biseot
each other; .". D is the mid-point of BC; i.e., AD isa
median.

.« The mudians of the triangle meet at G.

Norr.—«The point G is called the cantroid of the
A ABC.
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Exercises.

9. Prove that G is a point of trisection of cach median.
10. Given the three mecdians of a triangle; construct it.
11. Prove that AG?*+BG*4+CG?=1} (a?+b2+¢?).

12. The base and area of a trianglz being given, find the locus
of its centroid.

13. The base and vortica! angl:of a trisrgle being given, show
that the locus of the centroid 18 an ar. of a circle.

ORTHOCENTRE AND PEDAL TRIANGLE.
lrroposition 4,

The three aititudes of a triangle are concurrent,

Draw BQ, GR | to AC, AB: let tham meet at O. Join
AQ and produce 1t to meet BC in VP

C

We have to prove that AP is | to BC.
. Join Q.

Proof. 1. -+ /[s. ARO, AQ) are rt. Ls,
< AR0,Q are concyclic ; }

2. Hence £ AQRe=/ AOR, being in the same seg-
ment, = £ POC, being vertically opposite.

3. Again, on the same base B(}, there are two As
BRC, BQC having their vertical £s R, Q=one rt. angle
each,
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S B, R, Q, C are concyelic.

4. . LRQB= £ RCB, heing in the same segment,
but £ RQ\= LPOC (step 2).

6. . L RCB+ LPOC=LRQ3+ LZRQA
= /L AQB
=one rt. angle ;
L OPC isa rt. angle.

Hepcs AP is porpandicular t> BC, anl the three
altitudes are concurrent.

D:f.—The point O, whe-e tle three altitud s meet
i3 called the orthocentre and thr triangle PQR, formed
by joining the fact of tha perpendiculars is called the
pedal or orthocentric triangle.

Exercises.

14. Every two sidas of th2 pedal- triangle ara equally inclined
to that side of theorisinal triangle in which they miet. Hence shew
that the orthocentre of a triangle is the incentroof the pedl triangle.

15. Find tha anglos of the prlal triangls in terms of thosc of
the original griangle.

16. Any qno of tho 4 pointa O, A, B, C is the orthocentre of
the triangle farmad by joining thy' othor threa.

17. The distanccof each vertax of a triwngle from the orthocentre
ig double of tha perpindiculsr drawn from the circumcentre to tho
. .opposite side.

18. It AO produced maats the circumecircle ad G, prove that P is
the middle point of OG.

19. The bass BC and the opposite angle A being given, show that
OA is of constant length,
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Proposition 5.
NINE POINTS CIRCLE.

In any triangle (ABC) the following nine poiuts are con-
eyclic :— (i) D,E,F the midlle points of the sides; (ii) P,Q,Ik
the feet of the perpznliculars from the vertices to the opposite
sides; (iif) a«, B, th: mildle pyints of the joints of
the ortho-centre (0O) to the vertices of the trianyle,

Join aF, aB, aD, DF and DE.

Proof. 1. -:a, E ara tho mid-points of AO and AC,
. aB iy | OC.
Similarly, ED is | AB.

»

2. But -+ £ hetween OC and AB :.2, LaR=2a
rt. angle. )

. L between aE and ED, s.e., Z aEDisart. Z.

3. Similarly £ aFD is a rt. Z. Aud ZaPD is
alsoart, /.

4. .. if on aD as diameter, a circla is described
it must pass through F, P, E; i. e, the circle passing
through D, B, F, must also pass through « and P.
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5. Similarly it can be shown that the circle through
D, E, F must pass through B, y and Q, R.

ie., the nine points a, [3,7 D,B, F; P,Q, Rare
cpneyclie.

Def. This circle is called the “ nine points ” circle
and its centre is called the mid-cantre of the triangle.

Nore.—It has been proved that aD and .. BE and
F are all diamoaters of tha nins points circle. Zlence
these lines intevsect at the mid-centre of the triangle,

Simple properties of the nine-points eircle.
Proposition 6.

(©).  The mid-centre () is the mid-point of the j ]om of the
Orthocentre (O and the cireumeentre (S).

(.. The vadius (wD) of the wne points circle is half
the circumradius (SQA).

(iii).  The centroid (G, the cirenmeentre (S), the mid-
centre (W), anl the orthocentre (O] are all collinear,

(7). The several letters in the figure denoto the same
points as in the proceding firare. Let S be the circum-
<entre, Join OS and SD.

Proot 1. -: S is tho centre of a circle, of which BC
14 a chord and -+ D isthe mid-point of BC, .". SD is perp.
t> BC, .. AP and SD are parallel.
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2. Again * PD is a chord of the nine-points circle.

.'. its centre must li on the right bisector of PD.

8. But - this right bisector, OP and SD are all
parallel, .". the right bisector of PD passes through the
middle point of OS.

4. Similarly, the mid-centre must lie on the right
bisectors of QE and FR, and these lines, similarly as
“efore, pass through the mid-point of OS.

Hence w, the middle point of OS is the mid-centre.

' (1i) Proof 1. Hencg oD has been proved to be a
diameter of the nine-points circle (Prop. 5, .°. it must pass-
through w, the mid-point of O3, which has been proved to
he the mid-centre (Prop. 6, 7).

2. Hence aD and OS bisect each other at p.

.. the two As paO, pSD ars evidently congruent,

ie, SD=a0=aA;

3. Also SD is || to aA, baing both perpeadicular to B(;
~o Da=SA.

4. But Da is a diameter of the nine-points circlo
and SA is the radius of the circumeircle.

.. the radius of the nine-points circle is equal to half
the circumradius. *

(iif) Proof 1. Join AD; draw aG' | OS, cutting
AD .atG".

in A AOG, .. aG’ is drawn | OG from a, the mid-
point of AQ, .. G’ is the mid-point of AG.

. R Again in A aDG" -+ uG is drawn | @G’ from
p, the mid-point of aD, .. Gis the mid-point of G'D.
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8. .. AG=2GD;1a, AG=%AD;
.+ G is the centroid of A ABC. (Ex 9).
Hence, the centroid is collinear with the orthocentre, mid-
centre and the circum-2entre,
Exercises.
20. Prove that the triangles ABC, OBC, OCA, OAB have the same

mine-point circle.
21. Prove that EFBY, DZaf, FDYa are rcctangles whose diagonals

interesect in .
22. Prove that SG: Gr;, . ‘“0 ::02:0:8,
23. The nine-point circle of an cquilateral trinngle is its in-circlo.

Proposition 7.
APOLLONIUS’ THEOREM.

In a triangle ABC, if AD is a mediax, then
AB2 + A(C2 = 2BD2? + 2AD2,

Draw AP I BC.
Now whether AP falls within or outside the A, of the

two /s ADB, ADC one must be obtuse, and the other

acute ; let ADB be obtuse,
A

I

|
B D P G

Proof1. LADBis obtuse and DP is the projection
of AD upon BD,
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S.AB? = BD? + AD? + 2 BD . DP.........(1).

2. Again *» LADC is acute, and DP is the projec-
tion of AD upon DC.,

J.AC2 = AD! + DC2-2CD. DP.........(2),

3. Adling (1) and (2) and remembering BD= (D

we have

?

ABZ +AC2 = 2 AD2+2 BD2,
Note 1.—Sub-tracting (2) from (1) weo get
ADB2—-AC2 =2 BC. DhP
Note 2, —The student will have no difficulty in proving
the theorem when AP fa'ls without the triangle or coincides
with a sids of the t,riungl(e.;

Exercises.

23 Prove that four tima, th2 sum of the squires of the mediang
of a triangle 1s equal to three times the sum of the squares of 165 sides.

25. The sum of the squares of the dragoials of g parallclogram ig
equal to the sum ot the squares of its four sules,

26. I1f D is the middle poatof B3, anl A any other pomnt in AB
or AB produced, prove that AB? + AC*=3 AD? +2 BD".

27. Of two medians of a t1iangle, that 1> sborter which bisects the
longer mde,

28. The locus of tho vertax of a triangle which has a given bage
and the sum of the squares 07 1ts silesequil t) a given square, 18 a
circle having 1ts centrs at the middlc point of the base.

29. In a trniangle ADBJ, the base AC 18 dinided at P, so that
M. BP = n . CP; prove that

m.AB? 4+ n . AC? = m.BP* 4+ n. CP? 4+ (m + n) AP3,

Note.—This is the generalised form of the theorem of Apollonius, Itis
tvident that Prop. 7 is o particular casc of tlus thecotem when m=n=7,

30. ABOD isa rectangle and P any point whatever ; prove that
the squares on PA, PC are together equal to the squares on PB, PD,
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31. The squares on the sides of a quadrilateral are together
greater than the squares on the diagonals by four times the square on
the straight line jo.nwg the mid-po.nts of the diagenals.

Proposition 8.
THE SIMSON LINE,

The feet (X, Y, Z) of the perpendiculars, from any point
(P) on the eir-cumeirele of a triangle (ABC), to the sides of the
trianale, lie on a straight lire.

To prove that Y, X, Z, are collinear, Join YX, X7,
PA, PB.

Proof 1. -+ APBC is a cycl'c quadrilateral,

.. the exteiior. Z PBY =opp. internal ZPAC.. ...... Ok

z

2. Again+* LPYB + (£ 1’XB=»t§vo it. Zs (Hyp).
S P Y, B, X are coneyulic s

8. .. LPBY=/PXY (in the same segment)........[s).
T'ence £ PAC= ¢ PXY from ({) and ().

4. Again, on the same lase AP, there are two As

A7ZP, AXP having thair verticul angle AZP, AXP haviag
tLeir vertical angles AZP, AXP equal (being rt. Ls).
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SoA 7, X, P are concyelio,

and .\, LPAZ 4 LPX7Z = two tt, Ls,

5. But LPAZ = (DPXY (step 3)

S LPXY 4 LPXZA =2 . Ls, henoo XYZ is &
straight lina,

Note.—The line YX7 is called the pedal line or
Simson line of the trianglo ABC for the point P.

Exercises,

32. (Converseof Prop, 8) If from auy point P.perpendienlars
PX, PY, PZ b2 drawn to the eldes of a triangle, and 1f X, Y, 2, are
collinear, the polnt E must fie ¢n the eiveumzirele of.tbe triangle,

33, AD fsprepeodicalar to BC, aside of o triangle ALC; AD
meets the eircumaircle in Q; prova that the Simson line of Q 15
parallel to the tangeniat A,

34. The pedal line of any point bisects the lie jaming the
point to the orthicentre.

35, I is tho centreof the triangle ABC; AL meets the circum-
circle in R; prove that the simson lme of R Disccts BC.

38. P is a point on the cireumairele  of the triangle ABC
The pedal line of P cuts AC »nd BC in X and Y. L is the
of the prependicular from P on the pedal line. rrove that the
rectangles PL, PG and PX. PY orc eqml.

37. What is the simspn line of A inthe figurc of Prop. 8?
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Proposition 9.

If ABC be atriangle &nd AD, the bisector of the
angle A then AB. AC=BD.CD+AD?2.
Produce the bisector AD to meet the c¢ircumcircle

of A ABC in E. Join EC.

Proof. 1. In As ABD, EAC, .. {BAD=/EAC
(Hyp.) {a=/a', being in the sumo sogment ;
. . . BA EA
. J.the As aro similar,and .. AD = AC *
3. .. AB.AC=AD. AR
=AD (AD+ DE)
=AD2+AD. DE
=AD?+BD. DC.

+ BC and AE are two intersecting chords of the
circumeircle.

Exercises.
388. If the external bisector of the angle 4 mcets BC produced

at D, then AB. AC=BD’. CD'-AD"?,
4 be
b+ o
of the triangla and 8 is the semiperimctcr,
40. I cve that ED, EA=EC?,

39. Prove that AD? = s(s—a), whore g, b, ¢ ‘are the sides
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Proposition 10.

If ABC is a triangle, and AD the perpendicular from
A to BC, and AE, a diameter of the civcle, then

AB. AC=AD. AE.

A

Join ED.

Proof. 1. Inthe s ABE, ACD . LAEB=Z1C

(in the same segment;;
rt. LD =rt. L ABE [in the semi-circle).

2. .. the Asare similar;
AC AL

r—rs == H e AB . =A . e
Hence D 15 AC=AD . AE
T'xercises.
41. From this propositien prove that the circumradius = %b;

where a, b, ¢ denote the sides of the triangle and A, the area of
the triangle.

42. From the foimula in Ex. 41, find the value of R when
the sides of the triangle arc 21 ft,, 30 ft., 13 ft. Draw the triangle
or a convenient scale and check your resu't by meaiurcment,
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Proposition 11.
PTOLEMY’S THEOREM.

The reitangle contained ly the diagonals of a ecyelic
quadrilateral is equal to the sum of the vectangles contained
by its opposite sides.

Itisvequired to provethat AC. BD=AB. CD+AD. BC.
Make £LDAE= /BAC.

Proof. 1. Now in the two As DAE, BAC,
** LDAE=/ BAC (Cons.); LADE= LACB (in the

same segment) ;

. \ cila, o, AD_ AC,
2. ..the As are similar. .. DE=BC’

or AD . BC=AC . DE.........50).

8. Again in the two As. DAC, BAE,
. LDAC= LBAE (/s DAE and BAC being equal);
and ZACD=/ABE (in the same segment);

4. .. the As are similar.
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CD_ BE

CA= By
7. CD . AB=AC. BE.........Gii..

b. Adding (i) and (i) we have,
AD. BC+CD.,AB=AC (DE+BE)=AC. BD.

Exeroises.

43. The rectangle contained by the diagonals of a quadrilateral
is less than the sum of the rectangles contained by its opposite
sides unless the quadrilateral is cyclic.

44. P is the point ot the arc BC of the circumcircle of an
equilateral triangle ABC. Shew that PB+PC=PA.

45. What does Piolemy’s theorem becomse in the particular case
when two vertices of the quadrilateral coincide ?

48. If thc diagonals of acyclic quadrilateral be at right angldh,
the sum of the rectangles contained by its opposite sides is equal
to twice the area of the quadrilateral.

47. If C is the middle point of an arc of a rircle whose chord
is AB, and D is any point on the conjugate arc; shcw that
AD+DB: DC :: AB: AC.

Proposition 12.
Cxvas’ THEOREM.

If through the vertices of a triangle ABC three con-
cyrrent lines be drawn to meet the opposite sides BC, CA, AB
in D, B, F respectively, to prove that -
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BD CE AF _,
DC ~ FA * F8

Let O be the point of concurrence

BD A ABD
Proof. 1. Now () DC =2 ACD
BD A BOD

also (i) ooy = ZCou

g  BD _A ABD ABOD
*** DC T AACD™ ADQC
A ABD+ A BOD
=25 ACD+ A DOC

A AOB
=—A—AO—()—---o;..-oouoo-'n.ouo(l)
CE A B.C :
3 Slml]al‘ly EK A ‘&OB ..-.-‘...-.....(2)
AF A AOC
and F__B =A_—.—_BUU”.."." ----- sssene '-00000(3)

Hence multiplying (1), (2) and (3)
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we bave
BD CE AF _

DC " EA * FB
Note. The result (A) may be written as follows :=
BD.CE.AF=DC.EA.FB,
Hence this theorem may be enunciated thus :—-

RN V)|

If three concurrent straight lines are drawn from the
angular points of & triangle to meet the opposite sides,.
then the product of three alternate seqments taken in order
is equal to the product of the other three segments,

Prqposition 13.
CoNVERSE*OF CEVA’s THEOREM,
If D,E,F le points in the sides BC, CA, AB of
the triangle ABC such that
BD CE AP _
DC* EA' KB
then AD, BE, CF are concurrent.
Proof. 1. Suppose BE, CF meet in O, and suppose
AO (produced if necessary) cut BC in a point D',
2. Then since AD', BE, CF are concurrent .. by

the previous theorem
BD' CE AF _

1

WC ' EA * FB =)
BD CE AF
3. But D—C . EK . h‘—d—l.-.on(Hyp.)
o -  BD_BD
Co D'C=DC

5. Hence D and D’ coincide (since the point of
internal division of a st. line in a given ratio is unique)
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». AD,.BE, CF are concurrent.

Note : =The converse theorem may also be stated
thus : =

If three straight lines drawn from the vertices of o
triangle cut the opposite sides so th-t the product of three
allernate segments taken in order is equal to the product
of the other three seqments, then the three straight lines
are concurrent.

Exercises.

48. The threc medians of a triangle are concurrent.

49. The three a'titudes of a iria.rxgle are concurrent.

80. The bisectors of the three angles of a triangle are concurrent.

81. The straight lines joining the vertices of a triangle to the
points of contact of the inscribed circle with the opposite sides are
concurrent,

52. The escribed circles of a triangle touch the sides oppesite
to the angles A, B, C in A’ B’, G’ respectively; prove that
AA’, BB’, CC’ are councurrent. ’

83. The lines from the verticcs of a triangle to the points of
contact of an esoribed circle are concurrent,

84. If AF:FB = AE : EC, show that the line (joining A to the
jntersection of BE and CF isa med‘an,

535. «,a’ are points on BC such that Br = 2’c, The points
Y,y ; 2 ¢ are similarly related pnirs of joints on CA, AB. 1If
Az, By, Cz are concurrint, so also are Aa’, By’, C:’.
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Proposition 14.

MexgLAUS’ THEOLEM,
If a transversal cut the sides BC, CA, AB o e
triangle ABC in D, E, ¥ respectively, to prove that
DB CE AF=
DC* EA ° ¥B

Loceree i (dn magudtude)

Proof. 1. Suppose the lengths of the. perpaadiculars
from A, B, C upon the transversal to be p, g, r respec-
tively.
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2. '+ As AFz, BFy are :similar
. AF _p
CFB T
3. Similarly, by similar triangles,

veverenensessan(1)

CE =»
EA-’-‘—"[‘; ----- .........-..-.--(2)
DB

and DT:Z ..... vererees cereene(3)

4. Hence maltiplying (1), (2) and (3) we have
DB CE AF 4 » p -1
DC"EX "FBT»X,p %Xy~
Note :—From the above we have
DB.CE.AF = DC.EA.FB.

which may be expressed as follows :—

If a straight line in drawn to cut the sides or the
sides produced of a triangle the product of three alternate
seqments taken in order s equal to the product of the
other three seqments.

Proposition 15.
CoNVERSE oF MENKLAUS’ THEOREM.
If D, E, P be pointsinthe siles BC, CA, AB res-
pectively of the triangle ABC such that
BD CE AF _|
LC " EA ' FB
then D, B, F are collinear.
Proof. 1. Juin EF and suppose it produced to
meet BC in D',
. Now -+ D,E,F are collinear
. BD CE AF_, 1)
) D'() . EA . B‘B LYY YR YT R Y Y R YY)
BD CE AF o
3. But D_O . E—A— . F§=1..q noc.aunu.uruco(z)
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4, Whence
BD_BD
DC-DU

6. .. D and D’ coincide (since the point of internal
or external division of a straight line in a given ratio is
mnique.)

6. Hence D, E, I' are collinear,

Note: ~The converse théorem may also be put in the
following form :=

If three points are c:ken in two sides of a triangle and
ihe third side produced or in all Jhe three sides producecl s0
that the product of three alternate segyments taken in order
is equal to the product of the other three segments, the three
points are collinear.

Remark —In proving Ceva’s and Menelaus’ theorems
and their converses, we have taken no account of the
signs of the lines. If the signs be taken into account,
some of the ratios would be negative, and in Menelaus’
Theorem the product of the ratios would be negative.
The student is referred to the note on ¢ Different
s8igns ot lines” preceling Euler’s Theorem.

* Exercises, .

58. The biscctors of the ihree external angles of a triangle
meet the opposite gi}le_s in three points, which are collinear,

57. The bisectors of angles B and C meet the opposite sides
in Q R, and QR meets BC in P; prove that AP is the exterior
bisector of the angle A.

58. a,f3,7are:- ‘the mid-points of the sides of a triangle ABC ;
Ag mecets 8Y in P; CP méRTEE In Q. Bh.wthat AQ=} AB,
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59. If the tangentsat A. B, C of the circumcirele of the triangle
ABC meet the opposite sides in D, E, F respectively, ehew that
BD:CD=BA?: AC?. Hence prove that D, E, F are collinear.

Definition-—1f every point on a line or group of
lines satisfies a given geometrical condition and no other
point does so, then that line or group of lines is called
the locus of the point satisfying that condition.

In order to completely establish that a certain line
or group of lines is the locus of points satisfying a given
condition we must prove two things:—

(). Auwy point that satisfies the given condition lies
on the line ;

(). Aay point on the line sat?sﬁes the given condition.
Proposition 6.
APOLLONIAN LOCUS.

The locus of a point (P), the vatio of whose distances
(PA, PB) from two given points (A, B) 1s equal to a

l
givrm ratiy | — , is a circle.

m@
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(PA _ 1
PB T
# ¢s reqpared ta prove that P lies on a civele.
Let the internal and external Dbisector of Z APB
meet AB in C and D.
Proof. 1. Then ‘- PC hisects £ APB;
AC_APD
BCTPB

Le

I
— . at1 / 1y )
= - given ratio.........{Hyp).

2, Similarly ﬁ-}j:ﬂic given 1atio.

3. Buat -+ A and B*ame fixed points, .. ¢ and D

are also fixed.

4. Also - PCand PD bisect the £ APB internally
and externally ;

S CPD dsart, L.

Hence, P lies on a circle deseribed on (D as diameter,
since the Z in a semicircle is art. £,

(). 1f Q be any other point taken on this gircle,
to prove

AQ_ !
QOB m
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Proof. 1. Now (i) gg= 1
AC_ 1
@ =
AD_AC_AD—AC_ CD_2D0_DO QO
DB=CB= DB—CB=$B0=2B0 = B0 = B0

AD AC_AD+AC_2A0 AO
DB“‘CB DB+CB~2C0 =CO

4. .. ‘88 BO (from steps 2 and 3)

AO_CO DO
QOTBOTBO"
5. Now in the two tiiangles, AOQ, BOQ
A0_0Q
Q™ BO
and the included Z BOQ is common.

6. .. the two triangles are similar

Hence L BQO=/L A......c.ce..t oionennenene vee(1)

7. Again L OQC= <L 0CQ
=L A+ L CQAuenirnriennnn(2)
8 .. LO0QC-Z4 BRO=(L A+ L CQA)—- LA,
i.e, L BQC=/L CQA
. L BQA is bisected by CQ
AQ AC 1
QBTCB™T m
“Henea the circle deseribed on CD as diumeteryis
the locus of a point P which moves in such a manner

20

3. Again

that the ratio -ﬁgz-constant.
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Exercises:
80. Find a point whose distances from three given points shall be
to one another in the ratio of three giver lengths.
81. Construct a triangle having given one side, the angle opposite:
to that side and the ratio of tha other two sides.
82. A and B are fixed points. Anothar print P moves so that PA is
always equal to 8 PB. Prove that P lieson a circle whose diameter is.

egual % § AB.
Proposition 17.
HOMOTHETIC FIGURES.

L]
Any two semalar recfilineal figures may be so placed that
the lines joining their correspondiny vertices are concurrent.

Let ABCD, A'B'C’'D’ be similar figures.

Place the figure A’B'C’'D’ in such a manner that A'B' is
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| AB; then!' . ZA={LA'and LB=/LB,.. A'D’ and B'C'
shall be | AD and BC respectively.

Similarly it follows that D'C’ is || DC.

It is now required to prove that when corresponding sides
of the givew jigures are | then AA’, BB, CC, DD’ are
concurrent. ’

Join AA’, and divide it externally at O in the ratio of
AB:A'D; ie, AO:A'O= AB: A'B.

Join OB, OB'; it will be proved that OB and OB’ are in
the same straight line.

Proof 1. In the As OAD, OA'B, . AB is || A'B,
L OADB = £OA'lY; and by construction

0OA:0A’ =AB:A'D;

2. ..the AsOAB, OA’'B are equiangulr,

i.ce., LAOB = £ A'OB, and hence OB, OB’ are in the
same straight line 5 7. e., BB’ passes through O.

8. Similarly CC', DI/ may Le shown to pass through
O, ..AA’, BB, CC’, DIY are concurrent.

Note 1.—"1he two figures might be placed outside each
other, but observe that in both the cases, the joining lines
AA’, BB, CC', DL’ are all divided euternally at O in the
ratio of any pair of corresponding sides of the given figures.

Note 2.~ In placing the given figures so that the corres-
ponding sides are parallel two cases may arise ¢

(4) the corresponding sides are parallel and drawn in
the same direction, as in the figures given above;

() the corresponding sides are parallel but drawr o
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opposite directions as in Figures given below .—

In this ocase, O divides AA’, BB, &ec., internally in the
ratio of corresponding sides.

Def.— The point O ig called a centreof similarity or homo-
thetic centre ; and similar figures thus placed are said to be
homothetic,

Exercises.
83. Inscribe an cquilateral triangle in a given manrvle havmg one
gide parallel to a given side of the triangle. -
64. In aglven regular pentagon inscribe a square, s0. that one side
of the squarc may be parallel to a side of the pentagon.

65. In agiven triangle inscribe a square.
Note. The primary idea of similarity is likeness of
‘haﬁpeo -
In order that two polygons may. be similar, the two
essential conditions are : —

(). For every angle in .one of t.he polygons, there
must be an equal angle in the other.

(1), The ratio of corresponding sides (whigh lie between
pairs of equal angles) are also equal.
In the case of two triangles any one of the conditions sta-
ted above involves the other but such is not the case
-with other polygons. '
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Proposition 18.

Simé'ar polygons can be divided into the same number
of similar wriang'es ; and the lines joining corresponding
erticcs are proportional.

Let ABCDE, A'B'C’'D'E’ be two similar figures, the
vertex A corresponding to A’, B to B’ and so on,

Join AC, AD; A'C', A'D".

It is required to prove that,
(¢. As ABC, A’B'C’ are similar ; so also other pair ;
(). AB:A'B'=AC:A'C'=AD:A'D".
Proof. 1. -:The figures ABCDE, A’B'C'D'E’ are
similar . f(a). £ B=/L D
and (b). AD:BC=A'B': BC.
2. Hence the As. ABC, A’B'C’ are similar.
8. Again ‘. (a). . ACB=L AC'H'
(As ABC, A’B'C', being similar
and (b). whole . BCD=whole Z BEC'D
(Figs ABCDE, A'B'C'D'E’ being similazs
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. the remaining £ ACD=remaining £ A'C'D".
.. AC_A'C
- CBTU
BO_ B
Ch "

4. Now
and

. .o AC AT
5. .. multiplying aD= Uy

and £ ACD= . A'UD'... . (Step 3).

Hence As. ACD, :&'C'D' are simlﬂ:u'.
6. Similarly it C.'ll.l be shown that
Ls ADE, A'D’'E' are similar.
AB_AD
A'vy AU

(As ALC, A’B'C'being similar,

(ii). Proof. 1.

AC AD

B AUTAD

(As. ACD, A’'C'D', b.ing similar.)

s - AB_AC_AD
o A'B'_A’g," A'D

Note.—The polygons may also be divided into the
same number of similar triangles by joining their verticos

to a point within the polygons. We leave the constructien
and proof as an exercise to the student.
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Proposition 19.
Arcs of a circle are proportinal to the angles subtended
by them at the centre.
Let th) ares AB, A’'B’ subtend angles «, a’ at the
centre O of the ocirole.

».

ws

A

B
Te prove that arc AB:arcA'B'=/ a: La'

Suppese the arc AB : arc A'B'=m : a;...... (1)

so that if the arc BA is divided into m equal parts,
then the are A’B’ may be divided into n such equal
rts. Draw the radii to the points of division of the arcs
AB, A'B’. _
Proot. 1. Now [s a,a’ are divided into Is,
which stand on equal ares and are, therefore, all equal.

2. And of these equal £ s, a contuins m; @’ contains n;
Sodar la =mn,

8. ..arc AB:arc A'B' = La: La'......from (1).

Cor. 1. Sinos unzle at tha coantre is double of the
corresponding angle at the ocircumference, therefore arcs,
of a cirole are also proportional to the angles subtended

by them at the circumference.
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Cor. 2. Sincein a circle, sectors which have equal
angles aro equal, it may be proved as above that the
sector 'ACB : the sector A'CB’ = arc AB : arc A'B'.

Cor. 3. In equal circles, angles (whether at the
gantres or circumferences) and seotors have the same
ratio ay the arcs on which they stand.

Deflnition. Two quant.ties are said to be income
mensurable when they have no common m:asure, The
sido and diagonal of.a squire are such quantitics, An
incommensurable numbgr i3 ony whose value ean not be
expressed a3 the rato of two integers. The value of
guch a number can not be found exactly, it can be
found only approximately. /2, m, e are examples of such
nambers.

The above proof is applicable to the case when arcs
AB and A'B’ are commensurabls when the arcs are
incommensurable, the proof is more difficult a3 involving
the theory of limit. In elementary geomotry this diffi-
culty is got rid of by saying that by taking the unit
of measure infinitely small we c¢an make an incommen-
surable magnitudee practically commensurable,

THE RADICAL AXIS.

Def.—The locus of points from which the tangents
drawn to two given circles are equal is called the Radioal
Axis of the two ciroles.
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Proposition 20,
To find the radicas awis of two given circles,

Let O and O’ be the centres of the given ciroles,
whose radii are » aad 7 :and let P be any point such
that the tingsnt PI drawn to the circle (O) is equal
to the tangent PT’ drawn to the circle (Q),

It is requirved to find the locus of P.

Join 00, PO, PO’, O, O'I".

From P draw PM perp. to the line of centres OO’

Proof. 1. Now - PT=PI", .\ PT2=D1"2.

2., But PI2=01'"2~,2, since L T is art. £,
Sim’l'lrly PI2=0'r2 -2

3. SLOP2=r2=0D2—2"2;

PM’+O\I2—7 =PM24+0'M2—+'? [Pythagoras’ theo-

rem.]

4, Henco OM2—7r2=0U'M2—1"2
i.e, OM2-0'M2=r2=2'2;
B. .. 00" is a fixed st. line and r, »* fixed lengths,
v« M is a fixed point.
Hence all points from which equal tangents oan be
drawn to the two circles lie on the straight line which
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cuts OO0’ at right angles, such that the difference of tna
squares on the segments of 00’ is equal to the difforence
of the squares on the radii.

Hence PM is the required radical axis.

Cor, 1. By tiking any pointin PM and by rotra-
cing tha steps of tho pryof, it may be shewa that

tangents drawn from that point to the two circles are
equal.

Cor. 2. When thn two cirvles interesect, it i3 evident

that tangents drawn to two inter- =
secting circles from ,any point in

the common c¢hord produced aro

equal. The common chord, accor-

ding to the definition i3 wot

the radical axis. ho part of the

common chord produced either side

is the radical axis.

Cor. 3. If K is the middle point of Q0 it may
Le shewn that OM2—0'M?=2 00’ , KM, thus giving the
position of the point M with respect to the middle
point, of the lino of centres,

Note.—The foilowing figure shows the position of the
radical axis in the case when oue of the circles falls within
the other;——
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Proposition 21.

The radical awes of three circles taken in pairs are
concurrent,

Let (A), (B), (C) be the three oircles. Suppose
OX is the radical axis of circles (A) and (B), and Oy
the radical axis of circles (A) and (C).

It is required to prove that the radical axis of cirvcles

(B) and (C) passes through O.
From O draw OP, OQ, OR tangents to three circles.

Proof. 1. Then -+ O isa point on the radical axis
of circles (A) and (B), '
S OP=0Q.
2. Again > O is a point on tle radical axis of
circles (A) and (C),
~. OP=OR.
S 0Q=0R; 7. e, Ois a point on
the radioal axis of circles (RB) and (C).
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8. .. the radical axis of (B) and (C) passes throngh
O, and hence the three radical axes are concurrent.

Note.—1t will be found that the point O is either
withont or within all tho circles. If the given circles
intersect in such a way that O is within them all, then
the radioal axes are tho eommon chords of the circles
taken in pairs, and it cin be easily shewn that these
common chords are concurrent.

Def, The point of intersection of the radical axes
of three circles taken in*pairs is called the radical centre.

'Exercises.

88. Prove the validity of the following construction for the radi-
cal axis of two circles. Draw any circle to cut onc of the circles 1n
P, P’ and the other in Q, Q’, producc }P’, QQ’ to meet at O ; draw
ON perp. to the line of centres. Thn ON is the radicol sx18 of the
two circles,

67. Shew that the rrdical axis of two circles bisects any cf ther
common tangents.

68. Ii three circles touch one another, taken two and two show
that their common tangents at the points of contact are comcurrent.

@9. If circles arc described on the three sides of a triangle as dia-
meters, their radical certre 13 the orthocentre of the triangle.

70 The difference of the squares on the tangents drawn from
any point tn two circlas is equal to twice the rectangle contained
by the line joining their centres and the parpendicular from the given
point on their radical axis.

7L. Ia the case of cach of the following paira of clrcles, find
the ratio in which their rad'cal axis divides the lines of centres. Make
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tketches of figures R and R’ are the madii of the circles and d
the distance between the)r centres:--

()R = 4 R =2,d =1,
(1) R 3 R =2 d =5,
() R= 2" R" = 1", d = 25",
(WyR= ¢ R =1,d=1,
(YR =18, R =14,d =0.

[

72. Whit 1s the radical axis of two circles which touch each
other ?

73 1f the c ntres of thiee circles are collinear, where is
their riudical conbre > Waersis the 1ad cale nire of thies cirel s, two
of which are concentric ?

Diffsrent Sigas of ¢ Lines.”
Thy algebraical signs of + and — may be very con-
veniently introduc+d into geometrical investigations and
in order todo this we must assume that a geometrical

line possrsses hoth magnitude and sign.

Let us take an indefinite straight line passing throngh

(V3

4 (V3
Y. o A B X

tha polnt O, exten Liny 01 both sudss of it--the point O is
called the origin.

W assamne, for the sa%e of conveniensa that lengths
mywisural in thy direction OX are positive and hence
learths mowsral in thy 0ppasite direstion OX’ are negative.

Again, if the lire AB measured from A to B is
reckoned positive, then the line BA, measared from B to A
is to be considered negative. Thus AB= — BA,
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It is clear from the above figure that
- AB = OB-0A.
The above relation holds good even when the point
Ais on the opposite side of (', for in that case,

. A B
X 3¢ R a3 X

OB — 0A = OB + AO
= A0 + OB = AB.

We shall apply thts conveation in proving the fullo-
L]
wing theorem.

Proposition 22.
Evire’s Tusorem.
Ir 4, B, C, D b any fow collinear points, thon
AB.C,.+AD . BC+4C. DB = 0.

A B d D

Take A as ovigin, and let AB = 2, AC = y, AD = 2.
Then CD = AD — AC =z — y;
BC = AC = AB =y - 2;
D8 =-— BD == (AD - AB)==":~2x).
S AB.CD + AD.B2 + AC.DB
=a(z-N+tiy-2)~y (=2
=2z =Xy vYys—az—-Yy° +ay=0,
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Exercises.

74. IfM is the middle poin: of the line ABand O any other
point on the line, then OM = § (OM + OB).

78. 1f A, B, C be any three col.inear points, then
BC + CA + AB = 0.

76. If A,B,C,D be four collincar points, then in wbatever way
they may be : rranged
AB + BC + CD 4+ DA = 0.

Miscellaneous Exercises.

77. The straight line joining the orthocentre of a triangle to
any point on the cicumference of its circumecircle 1s bisected by
the pedal of that point,

78. Bisect a quadrilateral by a straight line drawn through an
argular point.

79. Every straight line which pisses through the extremities
of two parallel radii of two fixod circles passes through one or other of
two fixed points.

80. Find n point in & given straight line such that the sum

of its distances from two given points on the same side of it, shall be
a minimum,

81. The pedal triangle is a triangle of maximum pe:imetir which
can be ingcribed in the original triangle.

82. Given the base and vertical angle « f a triangle, find the locus
of the incentre.

88. Prove that the nine points circle touches the inscribed
circle,

84. Through one cf tha points of intersection of two given
circles draw the maximaom straight line terminated by the cir-
cumferences.

85. The basc and area of a triangle being given, find the locus of
its eentroid.
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86. The base and vertical angle of & triangle being given show
that the Jocus of the controid is an arc of a circle,

87. Describe a polygon mmilar to a given polygon, but of Lalf its
area.

88. Coostruct a triargle, having given its pedal triangle,

89. Prove that the rndius of the circle which passes through the
middle points of the sides of a triangle is equal t half the radius of .the
circle wkich passes through the angular points.

90. ABCD is any qumadrilateral, and O the point of {.ter-
section of the straight lines jgining the middle points of pairs of op-
posite sides. 1f P is any poing, then

[ ]
PA? 4+ PB® 4 PC? 4+ PD® =0A? 4+ OB? 4+ OC?*40C3? +4 OPs,

91. Find a point such that the feet of the four perpendiculars
from it to the sides of a given quadrilateral may be collinear.

92. The four circumcircles of the four triangles formed by
four straight lines, no two of which are parallel, have a common poing
of intersection.

93. Circles are described on the sides of a triangle as diame-
ters, prove that the radical centre of these circles is the orthocentre
of the triangle.

94. ABCD 1s a quadrilateral, and X tho middle paint of the
stralght lice joining the birecticn of the diagonals; with K as
centre cny ecircle is describid, and P is any point on this circle;
shew that PA? + PB* + FC? + PD? 18 coust:nt, being cqual to
XA? 4+ XB? + XC* 4+ XD? + 4 XP1,
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Hints for the Solution

OF
Miscellaneous Exercises.

77. ABCis a A. H isorthocentre. I, any point ‘n arc BC. PL is per-
pendicular to BC and PM perpendicular to AC produced. ML produced
meets HP at Q. AD is perpendicular to BC and meete the circle at E. Joim
EP, produce it to meet BC produced at K and LM produced at R Join
HK, PC. A HDK = A EDK. angle HKD = angle EKD = Cump. of
angle PLM = angle MLC, .. RQ| KH. In A KLLP, RL = RK = RP.
Hence &c., &c.

78. ABCD is quadrilateral. Join AC, BD Bisect BD at ‘E.
Draw EP || AC mecting BC at P, Join AP. Tuen AD biscets the given
figure. Join AE, CE.

79. Thetwo fixed pomts nre where the hine of centres is divided
internally and externally in the ratio of the rad-.

80. D, Qare the given poiuts. From P draw PA perpendicular
to the given linc and from PA produced cut off AB = PA. Join BQ
cutting the given line at 0. Then O shall be th: point required.

81. Apply Exs. 14 and S0.

82. Angle A is glven, Iis incentro.  Prove that angle BIC = one
rt. angle + 44 aund .- locus of I is the arcof asegment on BC.

83. The distance betwcen the centres of the circles is equal to
the differcnco of their, radii.

84. 1t i~ | to liné of centre,

85 The altitude is given ; ... the locus is a straight line |i to the
basc at a distance of § of the altitu le from the base,

86. BC the given bas:. Cut of DB’ =} DBand DC’ = § DC.

Join B'G, C’'G. A B'GC’ is cquiangular with ABC. .. locus of G is a seg-
ment on B’C’ similar to ths segment >n BC, ’
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!

87. ABCDispolygon, Bisect AD in E, draw EL perpendicular
to ADand = AE  Cutoff AD’ from AD and = AL. Join AC. Draw
D’C, C’B’ || DC, CB. AB’CD’ is the required polygon.

88. The incentre of tue pcdul A iz the orthocentre of the
original A,

80. Follows from Ex. 3.

90. Apply Prop. 7 to the &s PAB, PAC, 0AB, OCD, and remem-
ber that O 1s the middls point of the joins of the mudpoints of
opposite sides.

91. Produce two sides of the given quadriliteral to make a
triangle with a third side. Obtain two such triangles. Draw thelr
eircumcircles. The point of intersection of shese circles is thi required
point. Apply Simson's line. o

L]
92, Draw two of the circlas. Take oneof the poiuts of intersee-
tion ; from these draw four parpeadiculars upon the four straight lines.
Then apply converse of “The simson line.”

93. Besides the vertices A, B, ¢ these circles intcrsect in
L, M, N, the feet of altitudes. Henc: AL, BM, ON, are the radical
axes,

91 Apply Prop. 7 to A3 XAZ,X3D; APC, BPD. Add and
compare results.
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