THE BOOK WAS
DRENCHED



UNIVERSAL
LIBRARY

OuU_168870

AdVvVddl T
1VSHIAINN












ELECTRICITY AND MAGNETISM






ELECTRICITY AND
MAGNETISM

FOR ADVANCED STUDENTS

BY

SYDNEY G. STARLING, B.Sc.,, A R.C.Sc.

HEAD OF THR PHYSICAL DEPARTMENT, MUNICIPAL CECHNICAL
INSTITUTE, WEST HAM

1
WITH DIAGRAMS

FIFTH IMPRESSION

LONGMANS, GREEN AND CO.

39 PATERNOSTER ROW, LONDON
FOURTH AVENUE & 30tn STRFET, NEW YORK
BOMBAY, CAICUTTA, AND MADRAS

Ty

Al rights reserted



Made 1 Great Bidtain



PREFACE

Tur present volume is the outcome of the teaching of clectricity and
magnetism to scnior students during a number of years, and the
attempt has been made to give such students an adequate knowledge
of the present state of the subject, with due reference to the historical
sequence of its development, and to the effect of modern research upon
it. In dealing with the latter phase, the choice of what to use and
what to lenve presents great difficulty, but the idea has been kept in
view, to incorporate that which forms a part, of the general scheme,
and at the same time has come to be looked upon as firmly established
and not likely to be greatly modified in the near future,

The order of treatment is one that appears from experience to be
the best, and at the same time copies to sume extent the derivation of
the units on the elcctromagnetic system, ‘'hus, the transition from
magnetism to current electricity, and from this to electrostatics,
presents a gradual development of ideas built in the first place upon
magnetic phenomena. The theory of electrolysis takes its place after
electrostatics, since in dealing with it, a knowledge of a quantity of
charge is essential.  The order of the remainder-—electromagnetics,
alternating currents, waves, current in gases, radioactivity, etc.—with
a final chapter dealing with some of the results of the electronic theory
does not call for special remark.

The dividing line between what is technical and what is not, is
becoming increasingly difficult to draw. Without in any case giving
details or design of machinery, it has been attempted to elaborate the
principles involved, so that a student should subsequently have no
difficulty in following work of a more technical character. No apology
is offered for using the methods of the differential and integral cal-
culus whenever it appeared that an advantage was gained by so doing,
since it is imperative that a student who wishes to pursue his studies
in electricity must have so much mathematical equipment. Indeavour
bas been made throughout to present clearly that a differential
coefficient is a rate, and an integral a summation. The few simple
differential equations that it i3 necessary to solve have been treated
very fully and should present no difficulty.

The very greatest indebtedness must be expressed to the standard
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works, such as those of Professors Gray, Ewing, Rutherford, and Sir
J. J. Thomson, to which every student of electricity owes so much,
and also to those lectures given in the Royal College of Science,
London, by Bir Arthur Riicker, late Professor of Physics there, to
whom the author owes his first advanced knowledge of the subject.
But thanks are also due to Mr. G. Dean, M.A., and Mr. P. R, Fried-
laender, of the West I{am Municipal Technical Tnstitute, the former
for valuable suggestions in the chapter on Llectrolysis and the latter
for the curves from which Fig. 333 is made; also to those firms and
publishers who have so kindly lent diagrams.

BYDNEY G. STARLING.
WesT Hay,
July, 1912

PREFACE TO SECOND EDITTON

Exnrors have been corrected and additions made, more particularly
in the subjects of Positive Rays, X-rays, and Thermionics. These
boing each the subjects of extensive work, it has only been possible to
give them in briefost outline, but the references should enable the
student to find the larger works without dithiculty.

The greatest indebtedness must be acknowledged to those who
have kindly pointed out errors in the first edition and have sent
suggestions for alterations.

8. G. S

Wrst Havw. .
1916.
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CHAPTER I
MAGNETISM (INTRODUCTORY)

Magnets and Magnetic Poles.—The original observations which led
to the development of the study of Magnetism are—tho setting in one
particular direction of a piece of lodestone or magnetite when freely
suspended, and the picking up of small pieces of magnetite or iron
by a larger piece of magnetite. Further, a similar polarity is pro-
duced in pieces of steel by the simple process of rubbing from one end
to the other with that part of the magnetite whero iron filings cling in
greatest quantity. The piece of steel will then set with one particular
end pointing approximately north when suspended so that it is free to
turn in a horizontal plane, and it will easily pick up iron filings.

A knitting needle may be used for the purpose of the above experi-
ment, and by magnetising several such needles and suspending cach of
them in turn in a stirrup supported by a single silk fibre, the ends
which point to the north may be determined. These ends are called
the north-seeking poles, or, more shortly, the N poles of the ncedles ;
the other ends are of course the south-secking or S poles. If then one
of the needles be suspended and the poles of one of the others brought
in turn near its poles, it is at once seen that two N poles repel each
other, as do two 8 poles, but that a N pole and a 8 pole attract
each other.

When two magnetic poles are brought near to each other, the force
between them is the most important guide we have with regard to the
strength of tho poles; in fact, we can only define an equality between
two poles, when they experience equal forces on being brought in turn
into identical positions with respect to a third pole. If we follow out
this conception and imagine a number of equal poles to be produced, we
shall then see that by combining these arbitrary unit poles, which we
wil| imagine to be all of one kind, to form two poles A and B, the foreo
between A and B is proportional to the product of the number of units
in each ; for if either be increased n times by the addition of more units,
the force is also increased n times, provided that the force betwecn any
two units is in no way affected by the presence of other poles. Iixperi-
ence tells us that magnetic forces are in this respect like gravitational
forces ; the presence of a third body does not aftect the force hetween

B
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any other two. Ilence we may say that the force between two magnetic
poles varies as the product of their strengths. ) o

The Inverse Square Law.—The law of variation with their distance
apart, of the force between two poles, must be determined experiment-
ally. But here again a consideration of the case of gravity helps us.
If we imagine two magnetic poles each concentrated at a point, the force
Letween them will vary inversely as the square of their distance apart
The experimental proof was first undertaken by Coulomb, who, using
his torsion balance, showed the law to be true within about three parts
per hundred.

A similar degree of accuracy may be obtained with the Hibbert
magnetic balance, but all these direct and simple proofs arg made on
+he assumption that the poles of magnets are situated at or near definite
points close to the ends of the magnets, whereas this is never the caso.
In the experiment of picking up the iron filings or of approaching one
magnet to another to observe the force between poles, it is evident
that the magnetic effects extend over large parts of the surfaces of the
magnets, being very small or zero near the middle and increasing
towards the ends. 'The conception of point poles, however, is a very
important one, and we have every reason to believe that for such poles
the law of force is the inverse square law ; that is

Force = k"-l'z,'i"
i

where m, and m, denote tho strengths of the poles measured in any
arbitrary units and r is their distance apart. If the N pole be given
a positive sign and the S pole a negative one, it follows if % is positive
that a positive force is a repulsion, whereas an attraction is negative.
The divect experimental proof of this law is impossible, but we shall
sco on p. Y that the experiments of Gauss establish it with a fair
degree of accuracy. The most important reason for accepting the
truth of the law lies in the fact that, without exception, effects calcu-
lated on the assumption of its truth are in accordance with experimental
results, always within the limits of accuracy of which the experimental
work is capable.

Units.—In choosing our units, those of force and distance are
already fixed for us on the scientific system, otherwise known as the
Centimetre-Gramme-Second system. It is therefore most convenient
to choose our unit of magnetic pole so that the constant & in our equa-
tion becomes unity, and this will be the case if the unit values of
ay, and m, are such that the force between the poles is one dyne when
their distance apart is one centimetre. The medium in which the
poles are situated will not be considered at the present time ; they will
be assumed to be situated in vacuo, or what is nearly the same
thing for magnetic purposes—in air. Thus the unit pole may be
defined as the pole which placed in air one centimetre from an equal
vole repels or attracts it with a force of one dyne; and for the force
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between any two poles whose strengths are measured in terms of these
units,

Force—_-m;:'f'-‘ dynes . . . . . . (1)

Magnetic Field.—Relation (1) by itself is of very littlo use ; we can
only find by means of it the force on a pole when the magnitude and
position of all other poles are known. These are never known in any
real case; in fact, the force may not, strictly speaking, be due to
“poles” at all ; and yet it is very important to be able to express the
force on the given pole in terms of extcrnal cffects. The resultant of
all forces acting on the pole for any given arrangement of magnetic
bodies depends upon its position ; and if the pole be a N pole of unit
strength, the force upon it is called the Strength of Magnetic Field nt
the point, or the Magnetic Force, or Intensity, the symbol usually used
to denote it being II.

It follows that the force on any pole of strength m is oqual to Hm,

or F=Hm . . . . . . .. (2

It must be noticed that H is a vector quantity like a forco, and is
subject to the law of addition of vectors, sometimes known as the law
of the parallelogram of forces.

Wo can now calculato the magnetic field in several simple cases, the
general process being to imagine a unit N pole to be placed at the point
at which we require the field, calculate the force upon it due to each
known pole, and then find the resultant.

Thus the field at a distanco 7 ¢ms. from a N pole of strength

. mn . . .
is 4 ,; for putting m; = 4 m, and m, = + 1 in cquation (1) we have
e

I = 1;;, the strength of field required.
Field due to Magnet.—Casc (i).

Let the point P (Fig. 1), at which s <- P d----m=>
the fiold is required, be situated on the —=—— .
line joining the poles of the magnet <--2/--» P
and at a distance d from its middle Fia. 1.
point. )

1f m be the strength of pole of the magnet an I half its length,

m

Field at P due to N = (d =
mo
- (d + ly?
Since these two arc in the same line,
n “m _ 4wld

(d—1y  (d+0 (&—BF

(
” m »» S =

Resultant field =
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Tf the length of the magnet is so small that I is negligible in com-

ison with d?
parison s imd

Resultant field = @

Case (il .
P ])(‘l(ng) situated on a line bisccting the magnet at right ang]es

(¥ig. 2), the field PA due to N has strength ——
sinco PN = &/ & + &
Sinularly field due to 8, PB =

A+[”

m
&+

The resultant field is evidently PR, and*from the
geometry of tho figure we seo that

PR NS
PAT PN

N§

or, PR = PA. PN

ltant Gield =, " o -
thus, resultant ficlc =@ ~/Zl‘+ 2
2ml
T (4 g
As in Case (i), if 7 is small in comparison with d,

Iml

resultant field = vk

Magnetic Moment.—We are now in a position to deal with the case

of u suspended magnot, freo to turn in a horizoutal plane. Such a

magnet comes to rest with its N pole pointing

AH north. The magnet is evidently situated in a

magnetic field, known in this case as the Earth’s

Hm  Teld ; and assuming this to be equivalent to a hori-

zontal magnetic field of strength H, the N pole of

the suspended magnet experiences a force +Hm and

the S pole a force — Hm, the two giving rise to a

couple whose turning moment is equal to either

' force multiplied by the perpendicular distance AN
3 between them (Fig. 3). -

. Couple

Hm(AN)
Hm . NS. sin 6. .

Hm This couple vanishes when the magnet has a position
Fra. 3. parallel to I, the magnetic meridian, that is when
0 =0; which explu.ms the setting of the compass

needle in a N and $ direction.
The expression for the couple acting on the needle consists of three

I
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parts, H depending on the Earth, § on the position of the magnet, and
m . NS depending on the magnet itself. The last quantity is called
the magnetic moment M of the magnet. In the case of a fictitious
magnet consisting of two point poles, it is the strength of pole multiplied
by the distance between the poles, but the definition of magnetic moment
from the expression

Couple = HMsing. . . . . . (3)

does not depend upon any such fiction, for any magnot may be
suspended in a magnetic field and the couple required to maintain it in
a given position measured, and M therefore found.
If the magnet be maintained at right angles to the maguetic field,
6 = 90° abd sin § = 1.
- Couple = HM,

and we may from this, define the moment of a magnet as the couple
required to maintain it at right angles to a magnetic field of unit strength.,
We sec that the expressions for the field due to o magnet become

. 2Md oM
Case (i) @—p 0

. M M
Case (ii) (T F ) or

where M is substituted for 2ml, the length of the magnet being 21
An ordinary magnet cannot be said to have any definite length, as the
pole is a collection of point poles, but if situated in & uniform field, tho
centre of force for all the parallel forces may be found, just as in
a case of finding the centre of gravity of a body, and the distance
between these two effective poles multiplied by the strength of either,
may easily be seen to lead to the same definition of magnctic moment,
as was derived from the consideration of the couple in uniform field.

The Magnetometer.—The position of cquilibrium of a magnetiscd
necdle suspended in two magnetic ficlds at right angles to cach other
may now be found.

H and T being the strengths of the respective fields and M the
magnetic moment of the magnet, M1L sin ¢ is the couple tending to
rotate it into the direction of M, and MF sin (90°--- ) = MF cos 6
is the couple tending to rotate it in the direction of ' (Jig. 4). The
needle is therefore in equilibriura when these couples are equal, i.c. when

MH sin 8 = MF cos 6
or, , H= tan 6.

The same result might have been obtained by remembering that the
magnet will set in the direction of the resultant ficld, and that the

resultant is inclined at an angle tan "% to the field H,

The field F may he due to a varicty of causes; later, when
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considering galvanometers we shall have to treat it as due to an
clectric curront in a coil of wire, but in the present case we may con-

sider it to be due to a bar magnet,
The magnet being situated E or W of, and at a distance d from, the
(=] o tl

(1)
AH
> )
7 N - —_—
— ——>F /o
‘___S/‘ *

(n)

Fic. 4. Fic. 5.

suspended needle O (g, 5, 1), the field at O, due to the magnet, is
oM .

"[" , and henco the needle O will come to rest when at an angle 6 to
{

its position of equilibrium with the magnet abseut.

2M
Then, Q= tan 6,
M &
or, n= (_) tan 6.

Tf the position (ii) be employed the magnet is situated N or 8 of
the needle but still pointing 1 and 'W,

, M
Thew, = tan 6,
or, %{ = d’ tan 0.

If the length of the magnet is not so small that its square may be
neglected in comparison with the square of the distance hetween the
magnet and the necdle, the more exact formule must be used, i.e.,

Case (i) i\; = (& ::[ F)! tan 6,
o Mo '
Case (1i) L= (4 + B)i tan 0.

Fig. 6 shows a common form of simple magnetometer for carrying
out the measurements of deflection. The needle is a short one and is
attached to a light pointer, which may be a fine piece of aluminium



[ MAGNETOMETER 7

wire, or a piece of glass tubing drawn out fine while soft. The sus-
pension may be a silk fibre, or a needle-point bearing in an agato cup.
The whole instrument is placed so that the cnds of the pointer are
at 0° — 0° on the scale when no deflecting magnet is present.

B IPTYTINYT) YWV FYPPTITET ¥ FPVTIP IPOSTITI T TYO |

¥ig. 6.

There are several sources of error, but their eflfeets may be eliminated
by taking a series of readings, provided that the crrors themselves aroe
small.

(a) The point of suspension may not be at the centre of the
circular scale, and therefore both ends of the pointer are read.

(b) The deflecting magnet may not be symmetrically magnetised.
To eliminate this error the magnet is turned over so that its N and S
poles change places and the readings are again taken.

(¢) The point of suspension may not be at the zoro of the long
straight scale, and therefore, the mngnet must now be placed at an
equal distance, according to the scale, on the other side of the needlo
and the previous readings repeuted.

In this way eight readings are made and the mean is free from the
errors mentioned. In making the instrument carc must be taken that
the pointer is at right angles to the needle. If this be not done the
zero line when the instrument is set up, will not be at right angles to
the meridian, and the magnet will not be in such a position that the
fields duc to earth and magnet are at right angles, Consequently our
equations do not apply. In order to mako sure that the line joining
the ends of the puinter is at right angles to the magnetic axis of the
needle, the needlo should be suspended and the positions of the ends
of the pointer marked. Then the system should be turned over and
suspended from tho other side. If now the pointer covers its first
position it must be at right angles to the magnetic axis, but if it does
not, it must be bent or in some way moved until it indicates the same
reading whichever way up the ncedle is suspended.

' By taking various distances and using Cases (i) and (ii) in turn, the
) .
relations ﬂ = ; tan 6, and % = d® tan 6, or, if the magnet is not
short enough, the more exact relations, may all be verified.

M
Again, since the quantity H has been found, we may, by changing
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the magnet for another, find the ratio of the two magnetic
moments,
M
i

Y= (113 tan 0,, "IjI‘J = J.; tan 0g

.M, dltan g,

°t Mg - d; tan 02
or, by using the same magnet and transferring the magnotometer from
one place to another, we may find the ratio of the earth’s horizontal
magnetic fields at the two places.

M
%l— =d° tan 6, = d;? tan 6,

1
CH, dftan g, *

o E = Zl—l.’ tan 01
The form of the moving part in the simple magnetomcter does not
allow of great accuracy in observing the deflection, for the thickness
of tho pointer itself is quite a large fraction of the size of a division of
an ordinary scale of degrees, and although error duc to parallax is
avoided by fixing tho scale on a picce of planc mirror so that the eye
may always be kept vertically over the scale, the image of the pointer
in the mirror and the pointer itself being made to coincide, there is
still the fact that the thickness of the pownter is perhaps 3 of the total
deflection to be read. To make the scale larger would mean using a
longer pointer, and thus a larger apparatus; the increase in weight of
the pointer would require a stouter support, which again would mean
a loss of sensitiveness. What is wanted is a long weightless pointer,
and fortunately this is exactly what we have in a beam of light. As
the method of a retlected beam is so largely employed in the case of
galvanometers as well as for magnotometers wo will consider it some-
what in detail.
Ing. 7 is a plan of the arrangement. I is the filament of some

Mo L

M!

Fia. 7.

form of electric glow lamp, and its position is near the principal focus
of the lens L, which is merely a condensing lens, to bring the light
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from the filament into a suitable direction. The magnetometer mirror
is usually concave, having a radius of curvature of about a metre, and
produces upon the scale S an image of a vertical scratch upon the lens.
The magnetic “ needle ” consists of a few pieces of magnetised watch
spring attached to the back of the mirror as shown at M. The dis-
tance LS upon the scale, where L is supposed to be the middle of the
scale, is a measure of the detlection, and for many purposes this is all
that we require. But if the actual angular deflection is required the
distance LM from the mirror to the scale must be found; and thus

remembering that the reflection occurring at the mirror doubles the

. . . . : SIL
rotation of the beam of light, actual rotation of mirror is } tan-? LM

Tn most cases the deflection is so small that tho angle and its tangent
do not differ greatly, and then we may take tho deflection as propor-
tional to SL. Somectimes, instead of the lamp and lens wo have a
telescope, and in this case (Fig. 8) the susponded mirror is plane
instead of concave, the telescope being focussed upon the image of the

Fic. 8.

seale in the mirror.  The position of the cross wire in the eye-piece as
seen upon the image of the scale, enables us to observe the defloction
of the needle.

Gauss’s Proof of the Inverse Square Law.- The two expressions

. 2)
for the strength of ficld near a magnet, (df _1’;“-).» for Case (i) and
M

@ F for Case (ii), are both obtained on the assumption of the
iﬁverse square law, and the resulting equations for the magnetometer,
& = P)? M . .
H= (*-2 4 )*tan 0 and H= (d? 4 )1 tan 6, also in their turn depend
upon the truth of the law.
In either case, if we measure 8 for different valucs of d, we may

prove the constancy of H and thus demonstrate the truth of the inverse

square law. It should be noticed that ! the half-length of the magnet
is not accurately known, since the poles are not at thc cnds, neither
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are they point poles. However, 1 may be found to a first approxima-
tion by taking two readings for 0 and d, in one case, and equating the

values of ]I\—} obtained. We then have an equation in [, and this may

then be calculated and substituted in the other doterminations. This
method is only an approximation; it is hetter to use an exceedingly
sensitive magnetometer so that reasonably accurate readings of the
deflection may be made, with a magnet so small and so far distant that

M
the relations ?} = ‘.i; tan 4, and H™ d® tan 6, may be used. With a

length of magnet of 4 cms. at a distance of 50 cms. from the needle,
d? = 2500 and ¥ = 4, and thus the error involved in neglecting * in
comparison with d?is about 0°16 per cent. In an actual case this caused
a deflection of 15 scale divisions, with a probable error of one-tenth of
a division. Tt is thus seen that the error introduced by neglecting & is
decidedly less than the unavoidable error in reading the deflection.

Employing the position of Case (i), Gauss observed the deflection
for a given magnet at a given distance. Mo called this the “A”
position, Next placing the magnet in the position of Case (1i), which
he called the “ B” position, the defloction is again observed.
. M & M
Since, =2 tan 0, . . . (A), and H= d*tan 6, . . . (B)
it follows that tan 6, =

tan 6,
if the equations are correct. Tf the law of attraction were an inverse
law of any other power than 2, let us say n, it may then be shown that
tan 6,
tan 6, =
For, referring to Fig. 1, ”
Field at P due to N = ( _5 o

m

Tield at P dueto 5 =

L+ U
-, resultant field (¢ + 1)
(A + 1y = (=1
=m ((l': _ l‘:)"
AN I\
= m«l"(l +'7) —(l B (i)
- ((F"—_-?)T
nl "('1112 L nl nn-1) P .
=M"{1+d+ et o=l =" 9t }
(d's - F)"
{’_" nn—-1 (-2 ¢ }
= 2md® a4 1.2.3 "

@ =Ty
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Now if P is negligible in comparison with ¥ then l::amd higher
d

l .
, and the expression for

d

powers of !
: d

the resultant ficld simplifies to
Zmln aM

dr+1 =du+i

are negligiblo in comparison with

For the «“ B ” position of Gauss, referring to Fig. 2 -

m

I)A = s y
@+
9
*. resultant field = " Qe a o

(& 4+ B)s (&4 1)

_ 2ml

INCEN S

If now I* 1n the denominator bo neglected—

2l M

Field = et = e
and it follows that the deflections in the “ A” and “B” positions of
(iauss should be so related that—

tan 6,
- n.

tan 6, —

In the original paper of Gauss' the couple is calculated for any
relative positions of the two magnets, and for the purpose of the ox-
periment is reduced to the simple forms of the “ A ” and “ B ” positions.
d varies from 1°1 metre to 40 metres and the deflection from 1° 57
24:8" to 0° 2 22-2" and the values calculated on the assumption of the
law F oo Z'L:;:I'z agree with the observed results to within a few scconds,
thus proving that the force varies as the product of the pole strengths
and inversely as the second powor of their distanco apart,

Lines and Tubes of Force.—A field of force such as a magnetic
field, a gravitational field, or an electric field nay, as we have seen,
be completely defined at ¢very point 1n terms of the force which would
be exerted upon unit quantity of magnetic pole, matter, or, as we shall
se¢ later, electricity, if placed at each point in turn. If we imagine
a free N pole placed at any point in a magnetic field, it will expericnco
a force in the direction of the field, and on allowing it to movo frecly
it will evidently follow a path whose direction is at cach point the
direction of the field. Such a path is called a line of force. The

! C. F. Gauss, Poggend. 4nn., 38, p. 631, 1883,
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conception of a lino of force is important, as it naturally leads us to
look to the medium in which the poles are situated, for the explanaticn
of the forces between them, and it is this fact which makes the work
of Faraday of such enormous importance. If at each point of the
field, lines of force be drawn so that the number of lines per square
centimetre is numerically equal to the strength of field at the point,
and the process continued, it may be shown that such lines are con
tinuous curves, since they satisfy the same condition as the stream
lines in the space occupied by a moving liquid; in fact, their resem-
blance to such lines is a very close one. Owing to the discontinuity
of such lines in space, it is sometimes preferred to surround each line
by a tube, such that the tubes touch each other laterally and fill the
whole of space. Thus the lines or tubes of force, by their direction,
indicate the direction of the field, and by the closeness with which
they are packed (number per square centimetre) the strength of the
field. 'These tubes are not identical with the Faraday tubes of force,
which will be described in Chapter V.

If the tubes or lines be endowed with the property of beidg under
tension or tending to shrink in length, and at the same time to expand
latorally, just as tubes of a solid material under tensile strain would
do, the forces between poles would follow ; but we must be careful
not to push the analogy too far. Although the idea may be a useful
one in concentrating our attention upon the medium rather than the
poles, we must at present keep quite an open mind as to the material
structure of the medium.

The tension in the lines would tend to pull N and S together
(Fig. 9, i), while the lateral push of the lines, together with the pull

(i)
Fia. 9.

of the lines to cach side, would also tend to urge N and N apart
(Fig. 9, ii).

Potential.—-There is another way of defining a field of force.
Just as tho flow of heat occurs in the direction of greatest variation
in temperature, so the resultant direction of the magnetic field is that
in which a quantity which wc shall call magnetic polential varies
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most rapidly. Potential may be defined as a quantity whose space
rate of variation in any direction {8 the strength of the field in that
direction. This idea is common to all fields of force, and most of the
results obtained here may be transferred, with mere alteration of tho
names of the quantities, to problems in gravitation, electricity, ete.
From our definition of potential we sce that if V is the potential
av . .
at any point &, da 8 the rate of change of potential as we pass from
point to point, or the ratio of difference of potential to distance
travelled, for a very small path." If then by definition of V, this

av
quantity is the strength of field at the place considered, I = — e the
.

use of the negative sign being conventional and indicating that in
magnetic problems the force between like poles is a repulsion, the
potential diminishing as the distance from the pole increases. In the

case of gravity we meet with attractions only and thevefore ¥ = Lg:
If a unit pole be placed at », Fig. 10, the force experienced by it
is given by the above expression, F = — da" The work done for
a small movement dz is then
Vis = -4 dg = — av, N Av B
e Fia. 10,

VA=V, - V== T
e V= Na— Vy=— u ag

which means that the difference in the potential between the two
pvints A and B is the work done in carrying a unit magnotic pole
from one point to the other.

Now consider the force to be duo to a N pole of strength m

situated at N.  The strength of field at « due to this is‘»::, or F="0

w‘l
A Am m]* m om
vn=-f552dw= {;]B=A‘B'

Potential can therefore only be measured by its differences, if there
is no absolute zero of potential, and consequently we cannot speak of
the absolute potential of any point. Nevertheless it should be noted
that there is no difference of potential betwecn two points, that is,
they are at the same potential, when a magnetic pole may be conveyed
from one of the points to the other without the expenditure of work,
and'that at an infinite distance from all poles the forces are zero, and
therefore all points are at the same potential. If we choose as the
zero from which potential shall he measured, this potential at infinity,

we see on putting B = w0 in our equation, that V = 2";, where V is now

the potential at A due to the charge m.
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The potential at a point may therefore be defined as the work done in
bringing a unit N pole from infinity to the point.

.om
The potential at distance r from a N pole of strength m is ;o and at

. oM
distance r from an cqual S pole it is — —,
o

Further, the work done in carrying a unit pole from any one point
to any other is independent of the path by which the pole is taken : for
if BCA be any path from B to A (Fig. 11), the work done is the same

A as in travelling from B to A’ along the

. ¢ straight line BDA’, provided that A and A’

\ N, Ve equidistant from N. The path A'A,

R B which is an arc of a circle, is everywhere at

right angles to the field due to N, so that

no work is done in carrying the unit pole

from A’ to A. Ilence the work for all paths such as BCA is the same
as that for the path BDA', and is therefore constant.

The same conclusion is reached if wo imagine the unit pole to be
carried round any closed path, such as ACBDA’A.  The total work
done is zero, for overything is now in the sameo condition as at the
start, and therefore the work done for the path ACB is equal and
opposite to that for the path BDA'A, and is therefore equal to that for
the path AA'DB.  Hence whatever path we take from A to 13 the work
done is the same in amount.

Potential due to Magnet.—Referring to Fig. 1 we sec that the

potential at P due to N is +d m-—; and potential at P due to S

-1
s ™
d4+ 1
.. Actual potential at P = d T ) (/:_l
2ml

d-! P 1
M ~

TP

. N
For a very short magnet tho potential becomes P

In Ihg. 2
m
Potential at P due to N = 4 — .
VAR )

m

T+l
As these valaes are equal and opposite it follows that every point on
the line bisecting the magnet at right angles is at zero potential, For

3

" ” EL) =
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a point P on a line passing through the middle of the magnet and
inclined at an angle 6 to the magnet, drop perpendiculars from N and
S on to OP (Fig. 12).

Then if the magnet is very small compared with the distance OP,
we may without sensible ervor write

QP = NP, and, R’ = 8P,

Then, Potential at P = ™ - ™
Np 8P
_om m
' T QP RP
_ m  _ m
' TOP—0Q OP4OR
If, as before, OP = d, and NS = 2 Fia. 12,

we have,
wm(OQ + OR) _m . 21, cosf

OP:—0Q: T or-oQ "’

which for a very short magnet gives—

Potential at P =

Mceos @
dr

The same result would have been obtained if the moment of the
magnet had been resolved into two components, one along OP, whose
value is M cos 6, and the other perpendicular to OP, whose value

is M sin 6; tho potential at P due to the former is M ('l"‘ig and that

due to the latter is zero, the sum of the two heing Mﬁ?—-—?. The

Potential at P =

agrecment of this with the previous result, justifies us in resolving the
magnetic moment into two components, and indeed justification is
hardly necessary since magnetic moment is a vector quantity, since it
has direction as well as magnitude, and may thercfore be resolved or
compounded like all other vector quantities, such as force, volocily, ete.

Equipotential Lines and Surfaces.—A line or surface passing
through points having the same potential is an equipotential line or
surface. No work is done in carrying a pole along an equipotential
line or surface, for the variation of potential along it i3 zero ; and hence
by definition of potential, it follows that there is no component of
magnetic field along the line or surface, and no force tending to move a
magnetic pole along it. From this reasoning it follows that lines of
force and equipotential lines always cut each other at right angles,
since if they did not there would be a component of the magnetic
field acting along the equipotential surface.

Force between Magnets.—The resultant force experienced by a
magnet in a uniform field is zero, since the forces on the N and S
poles respectively are equal and opposite, the quantities of N and S pole
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on any magnet being equal. In fact, this absence of resultant force isa
most satisfactory proof of the equality of the two kinds of pole on a
magnet. If a bar magnet be floated on a cork in the middle of a largo
vessel of water, it will experience a couple rotating it into the magnetic
meridian, but the magnet will not move from the middle of the vessel,
showing that thero is no resultant force acting on it.

In the neighbourhood of another magnet the ficld is not uniform,
and there will be in general a resultant force.

Consider the two short magnets NS and N'S' in Fig. 13. The
field at 8" due to NS is :‘2-27[ where

s N s N

Fra. 18, distances are measureds from the

middle of NS. Hence the force on
9
Sis 11.? . m', where o' is the strength of pole of N'S'.
p
The rate of change of the field due to NS, as we increase z, is
a2y o
dx( z’ <t

&€
N'S' being a small magnet of length I, decrease in ficld in passing

6M
from §' to N' = — o L
o Field at N' = 2—1‘41 - 9}‘11
X @
. B . \1
and force on N' = (Zx ‘T - (_{;. ‘)m’.

ITence, resultant force on N'S' being the difference between the

forces on 8 and N/, 6
2M 2M  6M 4y,
Torce on N'S' = b m - ( e a2 l)m

_ M1

Tn an exactly similar way, we may find the resultant force on N'S'

in the position shown in Fig. 14, but in this case we should

S'  note that the ficld is always parallel to NS, although the
l variation in field is at right angles to this direction.
N Taking y for the distance between the magnets,

. M
Yorce (n N' = .ml,

yS
Rate of variation of field) _ d (M) - M
in the direction of y {7 dy\ 4 g
3
ved .%. Deciease in ficld in passing from N' to 8’ = — IXI A
I, 14 y
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and field at §' = M_ ?;l A
Force on §' = (M _ M l)m’.
vy
Resultant force on N'S'= M m - (;\1‘ ?I\‘I I)m
y’ ¥y
_
g’

and is in a direction parallel to NS,
This force on the magnet N'S' must not be confused with the couplo
!

’ S 1 . .
acting on it, the value of which is | | and which tends to rotate it
. ]
into parallelism with NS, but not to give it a motion of translation.
The existence of the resultant foree explains the following apparent para-
dox © If the two magnets NN and N’S’ be placed on a floating platform,
there is a couple acting on NS due to the presonco of N'S', tho value

2M'M

. . M
of whichis=- ™", and N'S'at the same time experiences a couplo =~
9 Y

due to the presence of NS. Since these couples are not equal and oppo-
site, it would at first sight appear that there is a resultant couple acting
on the platform due to the interaction of the magnets, which would make
the platform rotato continuously.  Such a rotation would involve the
continuous expenditure of energy without any cunosp(mdm" supply,

which is contrary to experience.  Dut the fallacy consists in neglecting
’

. Al . .
the force of translation " acting upon the magnet N'S’ at right

angles to the line joining the magnets, which is equivalent to a

MM SMM
couple : " Xy = NF, . An inspection of Fig. 14 shows us that

this couplc would produce an anti-clockwise rotation, while the former

2MM'

would produce a clockwise rotation, so that the difference, or ©7° 7,
1

18 the resultant couple in an anti-clockwise direction.  This is o.qun.l
and opposite to the couple on NS, which is clockwise, so that the two
are in equilibrium and the paradox disappears.

Field due to Small Magnet.— The ficld at the point P due to a
very short magnet may he found hy resolving the moment M along OP,
and at right angles to OP. The former component will produce a field
_VLSL represented by the vector PQ (Iig. 15), and the latter com-

rﬂ
Msin 6 v . .
ponent, the field —a roprosantf,d by PT. The resultunt field is

PR = VP 4 P = M T oF g T ein'6 = M V1+3coitd
(o]
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and its inclination to the line OP is RPQ. Now,
PT _ siné
tan RPQ = ="

) an @ PQ 2cosé
Ieneo to find the direction of the resultant ficld at any point P,
make the angle QPA = § = POV and drop perpendicular AQ upon P’Q
(IMig. 15). Bisect AQ in R and join PR, PR is then the direction
of the ficld at I, Or if the perpendicular PV be drawn and bisected

=} tan@.

A

AR
T ,:/»’/"Q

P

e
/ u
// - /
=
SO N Y/

Fia. 15.

at U, anglo UOV is equal to tho angle RPQ made between the diree-
tion PR of the ficld and that of the radius veetor OP, and it is the samo
at all points along OP. By drawing the direction by means of short
lines at a number of points along O and again for a number of
different radii, the direction of thoe field at & number of pointsis known,
and the lines of force may be drawn with fair accuracy.

In Tig. 16, the lines of force for an extremely small magnet have
been drawn in this way.,



CHAPTER TI

TERRESTRIAL MAGNETISM

»
Magnetic Elements.-—Great importanco attaches to an naceurate
knowledge of the condition of the magnetic field at the surface of the
earth, both to the navigator for practical pur-
poses, and to the investigator who attempts to
describe and account for the magnetic state of
the earth, 'This implies a knowledge, at every
instant, of the magnitude and direction of the
field at every place, but it is much more con-
venient to represent the field at any place by
means of certain elements or components, than
to express it in terms of the resultant field and
its direction. For the purpose of representation
we choose those elements that lend themselves
most readily to experimental determination.
These are :—the Declination or angle which the
magnetic meridian makes with the geographical
meridian, o (Kig. 17); the Horizontal Component
of the earth’s magnetic field, JI, and the Dip or
angle which the resultant field makes with the Fra. 17.
horizontal, 6, and it will be scen that when theso
clements arve known the field is completely determined, and may then
be represented in terms of any other co-ordinates. DBut it must be
borne in mind that the field is always changing, so that the elements
undergo variations ; these will be considered later.

Magnetic Meridian.—We have already seen that a suspended
magnetic needle sets in a certain direction, approximately N and S.
A vertical plane passing through the magnetic axis of a freely sus-
pended needle is called the magnetic meridian.  This doos not in
general coincide with the geographical meridian, and its position may
be roughly determined by observing the direction in which a compass
needle will set ; but since the magnetic axis of the needlo may not coin-
cide with its axis of symmetry or geometric axis, the needle should
always be turned over after the first observation has been made, and
suspended from the other side. If the geometric axis mukes an anglo
with the magnetic axis the needle will point E or W of magnetic
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north, hut on suspending it with its other face upwards it will make
the same angle on the other side of magnetic north. The direction of
the magnetic axis and of the magnetic meridian will then be found by
hiseeting the angle hetween the two positions of the axis of symmetry.
In 1z 18, NS is the magnetic meridian. For many purposes the

prismatic compass (Fig. 19) may be usefully employed to find approxi-
mately the dircction of the magnetic meridian. Some distant object
in a known geographical direction is sighted by means of the slot S and
the wire §'. By means of the right-angled prism shown in section at
P the position of the image of the wire 8’ may be read upon the scale
of the compass card. The magnetic direction of the distant object
being thus found, and its geographical direction being known, the
position of the magnetic meridian is determined.

Declination.—The angle between the magnetic meridian and the
geographical meridian is usually known as the magnetic declination ;
for nautical purposes it is called the Variation of the Compass, mean-
ing its variation from a true north-and-south direction. In Fig. 17
the plane containing H, I, and V is the magnetic meridian, and con-
sequently the angle a is the declination. In the last described experi-
ment the declination is found, but for its more accurate determination
the Kew magnetometer, which will he described later, is employed.

Dip. A perfectly freely suspended magnet would not in general
set in a horizontal direction, but along the line of the greatest strength
of field, 'This is represented by I in Fig. 17, and the angle 6 between
it and the horizontal is called the magnetic dip. A perfectly freely
susponded magnet is of course an ideal which is unattainable, since the
mechanical support must influence the angle at which the needle will set;
in fact, a compass needle is deliberately, although perhaps unconsciously,
placed in its suspension in such a way that it sets horizontally, and any
tendency to dip is neutralised by suspending it from a point which is
not its centre of gravity, so that the result of all the forces acting on
it is to cause it to remain horizontal. If, however, a needle be mounted
on a fine straight axle resting on horizontal knife-edges, and if the axle
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pass through the centre of gravity of the ncedle, it can rotate in a ver-
tical plane, and if this plane coincide with the magnetic meridian tho
needle will set with its magnetic axis along I, Fig. 17, and its inclina-
tion to the horizontal will be the dip. The experimental determination
of the dip will be described later.

So far we have only determined the direction in space of the rosult-
ant field T ; if, then, we can find its magnitudo or that of any component
of it in a known direction, the field becomes completely dotermined at
that particular locality. By far the most convenient component to
determine is I, the horizoutal component, and then knowing this, tho
vertical component V may be calculated. For from kig, 17,

) v_
£ = tan 0
and again, the total intensity T may be found,
IP=H: V2

For some purposes it is convenient to refer the cartl’s ficld to three
rectangular axes: OX, a horizontal line in the geographical meridian,
true N and S; OY, a horizontal line perpendicular to the geographical
meridian, true K and W ; and OZ a vertical line.

Then taking X, Y, and Z ag the components of the carth’s
wagnetic fiold in these directions,

X=Icosa=Tcoslcosa
Y=Hsma=TcosOsina
Zi=V =1sinf.
Vibrating Magnet.—Although there are several mothods of doter-
mining H, that which is most frequently employed is tho magneto-
metric method, its chief advantage over other mothods being that it
does not 1nvolve the use or measurement of electric currents. Wo
have seen in Chapter I. how the ratio of M to H may be deter-
mined for a given bar magnet, in terms of the deflection of a suspended
magnetic needle, at a given distance from the magnet. The absoluto
values of M and I, however, cannot be determined by the magneto-
meter, but only their ratio. A further experiment is required, to give
us some other relation between M and L
Whenever a suspended magnet makes an angle 0 with its position
of equilibrium, a couple MLI sin @ acts on it (sce p. 5) which tends to
restore it to that position. Thus the magnet must have an angular
acceleration, and we may express tho couple acting on it as tho

2

. . R . d0
product of its moment of inertia I and the angular acceleration ——

de?’
Then I(dpg + MH sin § = 0, since the algebraic sum of the couples
acting on it must be zero, the effect of the forces due to the

friction, etc., in this case being negligible.  Further, if tho value
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of 6 is never more than a few degrees, the angle itself in circular
measure may be taken instead of its sine, and our equation is
therefore—

I

dz
I g + MH6 =0.
As this type of equation will frequently occur, we will proceed
to sulve it.  First write it in the form—

dz
(—i—té + k0= 0,
. . MH
where k' is substituted for - i
It is a homogeneous equation, and we can therefore obtain a
solution in the form 6 = e,
Difforentiating this last equation twice, we have—

d’
Pt t? = alet,

)

and substituting the values for 0 and d[ﬁ in the cquation, we have —
[

et 4 Ilet = 0
S == and, e =t )2
=tkv -1
Thus there arc two particular solutions—
0= AéV-1 and, § = Be- V-1t
and the most general equation to the motion of the needle is—
6 = AV=1t L Be-hV-1t
where A and B are two constants that can be determined from
the conditions of the problem. Thus, if the time be reckoned from
the instant at which the needle is in the direction of the wmeridian,
0 =0 whent =0,
SA4+B=00r, A= -1,
and the equation may he written —
0 = A(Erxs/—u - 6-1.«’_1:).
Again, the angular velocity of the needle is—

:1;? =k = lA(QM/:it + e—ks/:u),

and if this is o when ¢ and 6 are zero—
A w
T2k =1
o/ eV 1t e—w?u)

SO= —

k A‘m—‘j\ i.—1




1. DETERMINATION OF H 23

The term in brackets is the well-known expouential form of the
sine of the angle k¢, and so writing (7: = @, we have—
0 = 6, sin kt.
Thus we see that the necdle executes simple harmonic oscillations,
p
one complete oscillation occurring in time ')Zf; for, on increasing ¢

by this value we get—
. 2r
6 = 6, sin k(t + 75) = @, sin (kt 4 27) = 6, sin kt

2
and thus the motion is repeated after intervals of time I:r .
C o 2 .
Calling the periodic time T, we have T = %, and remembering
-
MIT
Determination of M and H.—The moment of inertia T of the
magnet may be found from its masg and linear dimensions. In the
length* 4 breadth?

1
that k* = 1\—111, we sce that T = 2,

case of a rectangular magnet, T = mass X ~ -2 o and for a
2
o e length?® = radius® .
cylindrical magnet, I = masy X ( l"_')— —I——) The time of
2

oscillation is ohserved by suspending the magnet in the locality
occupied by the needle in the magnetometer experiment and observing
the time of a number of swings. Then from our cquation we have

MH = 4,7;2[, and the magnetometer experiment gavo usM

I

ﬁ = M, or MII _?i = T, so that both M and
II are now determined in absolute measure.

Comparison of Fields by Vibration.—It may be noticed that

I = 4l

MT?
occasions I and M will be the same, so that, gl = 'l“:’ or if # be the
2 L

S . . ooomy T
number of oscillations made by the magnet in a given time, ' = T", 50
n, 1

Combining

these we have, MH x

and hence, that if the same gagnet be employed on different

that g‘ = :‘; This gives rise to a method of comparing the strengths

of magnetic ficld at two given times or places ; for if the same magnet
be allowed to oscillate on the two occasions and the number of oscilla-
tions made in equal times observed, the ratio of the two field strengths
is known. But it must be noticed that the fibre used to suspead the
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magnet must be as nearly as possible torsionless, and further, the
magnet must be carefully preserved from ill treatment, mechanical or
thermal, or its magnet moment will not be
the same on the two occasions.

To determine the time of swing, the
magnot is suspended in a vibration box
(Fig. 20) by means of a silk support, the
magnet being held in a double loop as shown.
It is advisable to suspend some bar of ap-
proximately the same weight as the needle
before placing the magnet in position, in
order that any torsion in the thrgad may be
removed. If the suspension head be turned
so that the solid at rest lies approximately in
the meridian, then on replacing it by the
magnet the suspending fibre will be very
nearly free from torsion. The position of
equilibrium of the magnet may be marked
upon the front and back glass walls of the box and the magnet then
given a small oscillation. At the instant of passing the equilibrium
position in one direction, the time by the chronometer is noted or the
stop-watch is started. At the passage across the equilibrium position in
the same direction after fifty or one hundred swings the time is again
noted, and the time for one oscillation may then be found by division.

Equivalent Length of Magnet.—Employing the magnetometer
(p. 9) the deflection may be found as there described, and the mean

Fia. 20.

M .. M & ”
value of i found from the expressxonﬂ= g tan 6 for the “A

position of Gauss, or Ig

these approximate formulw is justified if I is negligible in comparison

= d* tan 6 for the “B” position, The use of

with d% or -, is a less percentage of unity, than the percentage crror

32
introduced in making the observations of deflection. The difficvlty
arises that if d is made very great, the deflection may be so small that
the crror in its measurement ® considerable. Hence it is desirakle
to employ the more exact formule—

M (- M
H™ 24 'H

but unfortunately ¢ is unknown, the poles being distributed over a

large surfaces of the magnet. The effective value of L or 2/, the length
3

d
of the magnet, may be found from two measurcments of B tan 6, the

Y tan 6, and, M= (@ + 2! tan 6,

approximate value of llgt’ for two distances from the suspended needle,
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and may then be applied as a correction to obtain the true value
M

of 11

M
Calling H the true value, (1:{) the value found for distance d,, by
1

. M .
using the approximate formula, and ( H) that for distance d,, we sce
3
that—

M 014 I
= <11 )1(1 -4t d,‘)
1

r . -
Since is small, we may reasonably say that s is negligible,

1
wid remembering that L = 21,

M M 12
H™ <11 )1<1 T

o M M 12
Similarly, HT (n )2<] YR \’

(k= () =) - (it )

The quantity on the right being determined from mcasuremonts at
two distances, we know the correction (1 — 2{;) to be applied to the

approximate formula to obtain the true value—

thus, (& (1 542) )(1':%;2)

The quantity 1‘;- may be taken as one constant P, and if in addition
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_ A=A,
P-—-———-{\‘ x and, ( )(l—d)
d* " d}

For the “ B” position of Gauss the correction may be applied in a
similar manner -

N =@+pitano= a(1+5) tano
M ey
=(\H)1(1 )
O .
=(u)(1 +d2)
.. 3'.“’ li
(1+2d ]-..:Z'd,‘+ )

( 3y

5ot D)
A l

Neglocting d! and higher power of &£ e have as before —

(u( +‘> d) ( (“’Zi

Substituting L for 2{ we have—

(1 +5ae) = Q1 +3:))
00
() o= W )
fa= 00+ )= G0+ ')

Thus, from the deflection produced at any two distances of the

.
xle
—
~
[
l

magnet, the true value ofivi may be found; or, if it is desired, the
cquiva]ont length L of the magnet can be obtained If this be found

for any mafrnet future determinations of ma.y be made by observmg

H
the deflection for one distance of the deflecting magnet.

The Kew Magnetometer.—The form of needlo used in the Kew pat-
tern of magnetometer is shown in Fig. 21, Tt consists of a steel tube A
having a fine transparent scale S at one end and a lens L at the other,
the scale being at the principal focus of the lens, The magnet is thus
a collimator, and when the telescope is focussed for mﬁmty and placed
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co-axially with the magnet, an mage of the hne scale will be scen i the

focal plane of the telescope

If the suspension fibre be ticed from

Fre. 21.
(From Watson's ** Textbook of Physws.")

torsion and the body of the magnetometer (Fig. 22) rotated until the
image of the middle division of the scale coincides with the cross wire

of the telescope, the azimuth
of the telescope, as indicated
by the horizontal ecircular
scale, gives the direction of
the geometric axis of the
magnet. The magnet is then
turned over and the position
of the geometric axis with
reference to the horizontal
scale again determined. The
mean of the two positions is
the azimuth of the magnetic
meridian upon this scale. If
the azimuth of the geographi-
cal meridian also be found,
the difference between the
two gives us the magnetic de-

clination. The geographical |

meridian is found by observ-

ing the image of the sun pro- |

duced by the mirror m in
passing the cross wire of the
velescope, it having been pre-
viously adjusted so that its
axis is horizontal, and the
plane in which the normal
travels as the mirror is turned
contains the optic axis of the
telescope. From the observed
time of the sun’s passing the

cross wire, knowing the longitude of the place of observation and the
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equation of time, the direction of the sun at the time of observation is
known, and thus the direction of true N and S also.

The period of oscillation of the magnet may now be found with the
arrangement just described. The magnet is given a small oscillation,
and the time for 100 transits of the image of the middle scale division
across the cross wire of the telescope in one direction, cither from
left to right, or right to left, is observed. This gives the time for 100
oscillations, from which the time of one oscillation must be found.
This must be corrected, for the fact that the fibre, although very fine,
yet exerts some contrelling couple on the magnet, and therefore shortens
the period of oscillation. If the suspension head be rotated througb
90° an angular deviation of o radian is produced and may be, observed

then 7—: — « is the twist in the suspension, and
™ .
c(; - a) = MH sin « = MHa,

where ¢ is the couple exerted by the fibre for one radian twist, and « i<

the very small deflection produced by 90° rotation of the torsion head.
When the magnet is at an angle 6 to the magnetic meridian, the

restoring couple 1s now (MIL 4 ¢)0 instead of M6, and the time of

oscillu,t,ionﬂfouml on page 23, will therefore be 27 MIL + cinstcad
of 2 MIH' It follows that from the observed time of swing we
have really obtained

47°L MHa

S = MIL 4 ¢ = MII 4

[¢3
—= MH(I + - )
g -

47l

T' 1+‘T—r~a
L‘;-"(l

and we sce that the square of the obscrved time of swing must be

multiplicd by the factor (1 + - = ) in order to obtain the corrected

& MH =

—_ -

2
value of MH,

Two further corrections must be applied: one for the fact that
the magnetic moment of the magnet changes with temperature, and
the other for the fact that, being in the earth’s magnetic field, its
magnetic moment is greater than when, as in the deflection ex-
periment, it is in an E and W direction. The first of these cor-
rections is made by reducing the moment to that at 0° C. by means
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of the factor {1 4 q(t — &)}; thus M, = M,{1 + q(t — ¢,)}, the mag-

netic moment decreasing with rise of tempemture q must be found by
a previous experiment for each individual magnet. The second correc-
tion is applied by means of a factor in which it is assumed that the
alteration in magnetic moment is proportional to the field in which the
magnet is situated. This assumption 1s justdfied if the field is small, and
further, the change in magnetic moment is proportional to the volume
of the magnet, and depends on the position of the magnet in relation to
the field, and the material of which the magnet is made (see Chapter X.) ;
thus if M is the moment in zero field or whenever the magnet is
situated at right angles to the ficld, and M that when pa,rallol to the
field, M =,]\lo + aVH‘,, where « is some constant depending on the
nature of the material of the magnet, V is also constant, so calling

aV = p wo have M = M, + ull
H
S MH=MH + pI2= M,,]‘l(l e )
0

I is always very small, and hence, when the whole quantity

M,
H . mall
g, 1 small,

M, = Mn(l - ,LM
0

1\}] is known from the deflection experiment, and p is a constant
0
for a magnet of any given size or material, so that the quantity MIL as
found from the vibration experiment may be corrected by means of tho
1
factor (1 - -
M,/
The square of the time of oscillation may thus be corrected for
torsion of fibre, temperature, and alteration of moment due to the
magnetic field, by a single factor, and

I
2=T0f1+ _fl(t—t(>)+f"M]'
L “

The moment of incrtia I of the magnet and carrier may be found
by adding a hody of known moment of inertia and redetermining the
time of oscillation. A brass cylinder which just fits into the space D
of the carrier (Fig. 21) is cmployed If I, is the moment of inertia

of the cylinder, I, = 'm(l ) 4) and the time of vibration is now

I +1
T, =2 1,
1= MIT

T = 4"2'MIE’ and, T =4

I+71,
MH
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I+1,_T¢
B S
. T2
from which, I=1, Te 2

I being found in this way, the value may be used for any number of
vibration experuments with the same magnet, since it is a mechanical
constant and is independent of the magnetic condition of the
magnet,

To perform the deflection experiment for the determination of

M . . .
H the box B (Fig. 22) is removed, and a small magnet with mirror

.
attached is suspended by a long fibre. The telescope is focussed upon
the image of the scale 8, Fig. 23, in this mirror, and the collimator
magnet of the vibration experiment is placed in the V rests at M

i e Ao LR At i N i %
upon the carrier, which my be set at different distances from the mirror
needle by moving 1t along the @iaduated bar XY. In this experi-
ment the deflection of the needle is not observed, as we should then
have to apply a correction for the torsion introduced into the fibre
when the needle rotates, but instead, the body of the instrument is
rotated until the middle division of the scale coincides with the cross
wire of the tclescope, and this rotation 1s ineasured by taking the differ-
ence between the various readings upon the horizontal circular scale
with and without the presence of the collimator magnet M, In this
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M

&l

[

m,

&!

case, field due to magnet NS is %1;!, and couple on needle is

where m is the magnetic moment of the needle (Fig. 24).

Restoring couple due to earth’s field H, is Hm sin 6.

%Bgm = Hm sin
3
LH‘—@ = ;z— sin 6.
Thus we must replace the tangent by the sine in our previous calenla-
tions, but otherwise no change is made. This is known as the ¢ sine”
method, and its chief advantage lies
in the fact'that when the suspended
magnet is in equilibrium, the obscrv-
ing telescope and the needle are in
the same relative positions as for the
zero position, and hence there is no
twist in the suspension fibre.

The collimator magnet M is then
reversed end for end and the deflec-
tion again observed, to correct for
want of symmetry in the distribution
of poles on the magnet, and the mag- Fic. 24.
net is then moved to a position at
the same distance on the other side of the suspended needle and the
observations repeated. Another distance is then chosen and the read-
ings made again, so that the correction for length of the magnet M as
described on p. 25 may be applied. The temperature correction ig
applied as in the vibration experiment.

Determination of Dip.—The Kew pattern of dip circle is shown in
Fig. 25. The dip necdle itself is a thin steel magnet A B provided with
a fine steel axle which rests on agate knife-edges shown at K, K'.

It is carried by the V supports L, L' which may be raisod and
lowered by turning the milled head E. In making a reading, the
observer must continually raise the needle and lower it, in order to
bring the axle constantly to the centre of the circular scale, since as
the needle swings it rolls upon the axle and travels from the centre
of the scale. The body of the instrument may be rotated about a
vertical axis and its azimuth read upon the horizontal scale II. The
position of the ncedle with reference to the vertical or actual dip circlo
18 found by rotating the arm which carries the microscopes M, M until
the cross wires appear to coincide with the tips of the mneedle, the
verniers being then read.

To begin observations, the instrument is levelled and then
rotated about its vertical axis until the needle sets vertically,
te. reads 90°—90°. The plane in which the needle rotates is
then at right angles to the magnetic meridian. For, let the plane
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AB (Fig. 26) be the plane of rotation of the needle, and let it make
angle & with the magnetic meridian HB.
Resolving the magnetic field I into three components X and Z in

[

Fia. 25.
(From Watson's ¢ Textl ou] of Physics™)

this plane, and Y at 1ight angles to it, X being horizontal and Z vertical,
X = Tl cos § =T cos 6 cos &
Y =Hsind=1cos #sind
Z =1 sin 6.
Y, heing in the direction of the axle, will not exert any turning moment
about 1t, and the needle will therefore set along the resultant of X and
Z. 1f we call 6 the angle that this resultant makes with the horizontal,
VA Isin 6 tan 6
X T 1 cos 6cos 8™ cos s

0 is the true dip given by tan 6 = {Z%—z = }Zl, and is for the pre-

tan §' =

sent, treated as a constant quantity at the given locality.

If now, ¢ = 90° tan ¢ =
coco88 =0, anddé = 90°
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Thus the plane of rotation of the dipping needle is at right angles
to the meridian, and on rotating the instrument about its vertical axis

through 90°as determined by the horizontal circle,
the plane of rotation of the needle will be brought
into the meridian, and the measured dip will thon
be the true dip. Note that if § =0,cos § =1,
and tan 6 = tan 6.

Another method of using the circle consists
in measuring the dip in any two positions of the
circle the angle between which is 90°. The
instrument is clamped to its vertical axis and
the positionwupon the scale FG noted, and the dip

A
A\
\
y>
x

-t~

!

in this position is found. Tres :}i
1f 8 is the angle between the plane of rota- B

tion of the needle and the magnetic meridian, Fia. 26.

and 6, the obsorved dip, we have already seen

that tan 6, = 22'19 On now rotating the instrumcent through 90°,

s &
and again observing the dip 6, we have—
tan 6, = — t'a'B? = tan d .
cos (8 +90°)  —sind
1 cos? 8 1 sin? §
STt e Y g, T tant 0

1 1 1
tan® @ ~ tan® ¢, + tant 6,

Errors in determining Dip.—In measuring the dip there are
several errors to be eliminated, and if these are small, the mean of
the following readings will give the true dip :—

i) The positions of the two ends of the needle aro read, in order
to correct for the fact that the centre of rotation of the ncedle may
not be at the centre of the vertical circle (Ifig. 27 (i)).

Adding, we get

Fia. 27.

(ii) The instrument is rotated through 180° about the vertical
axis, and the two previous readings repeated, since the 0°—0” line of
the vertical scale may not be horizontal and the apparent dip, if toc
great in the first position, will be too small by an equal amount in the
second position. The zero line after rotating the instrument through
180° is 0'—0' (Fig. 27 (ii)).

D
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(ili) The needle is turned over on its bearings and the previous
four readings repcated, because the magnetic axis of the needle
may not coincide with its geometric axis as described on p. 20
(Fig. 27 (iii)).

(iv) The magnet is remagnetised in the opposite direction, so that
the end which dipped previously now points upwards. This is the
only way of correcting for the fact that the axis of rotation may not
pass through the centre of gravity of the necedle, a small couple due
to gravity causing the needle to rotate from the position of true dip
(Iig. 27 (iv.)). 'Tho previous ecight readings are repcated and the
mean of the whole siateen taken as the true dip. The individual
readings should never differ by more than a degree from the mean, if
the instrument is properly constructed.

Magnetic Maps.—The three magnetic elements, Declination, Dip,
and lorizontal Intensity, having been observed at a great number of
stations, the question arises as to how the results may be represented
to the greatest advantage. Many methods have been employed, but
the most frequent is to draw lines upon a map, passing through all
pomnts for which one of the magnetic elements has a common value.
Thus three maps are required, onc for the representation of each
element, or tho three may be represented upon one map. ILines pass-
ing through points having the same value of the declination are
called Isogonal lines, those passing through points for which the dip is
the same are Isoclinal lines, and Isodynamic lines are those passing
through points for which the horizontal intensity is the same.

In Fig. 28 the isogonals for the year 1910 are rcpresented on a
map of the world drawn on Mercator’s projection. They converge
towards four points upon the earth’s surface, namely, the two graphical
poles, and two other points, called the magnetic poles. There are two
chief agonic lines or lines of no declination, at all points of which the
compass points towards the geographical poles. One of these agonic
lines passes from the magnetic north pole to the geographic south pole
by way of America and the Atlantic Ocean, and the other from the
geographic north pole to the magnetic south pole through Eastern
Lurope, Arabia, the Indian Ocecan and Australia. Along some line
joining the magnetic and the geographic north poles, the declination is
180°; the N pole of the compass points towards the magnetic pole and
thercfore away from the geographic pole. A similar state of affairs
exists between the magnotic and geographic south poles. These points
can be much better realised by drawing the isogonals upon a globe,
and cannot be adequately represented upon a plane diagram.

East of the American agonic line the declination is westerly, that
is, the compass needle points west of true north; the isogonals of
westerly declination are full lines in Fig. 28.  The isogonals of easterly
declination are dotted lines and lie west of the American agonic line,
1t will be scen that the isogonals are far from being regular curves.
They reach their greatest irregularity in Eastern Asia, where there is
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a district surrounded by a closed agonic line within which the declin-
ation is westerly. This is called the Siberian Oval.

Instead of isogonals, the lines which indicate the direction of the
magnetic meridian are sometimes plotted. These are called lines of
magnetic longitude, or Duperrey’s lines, and they are more regular than
the isogonals. They also differ from the isogonals in converging to
only two points—the magnetic poles.

The lines of equal dip, or isoclinals, are much more regular than the
isogonals ;- they approximate to circles on the sphere, having poles at
the magnetic poles. The line of no dip, or the magnetic equator, is
shown in Fig. 28. It crosses the geographic equator twice, once in
the Atlantic and once in the Pacific Ocean, and lies south of it in the
American Hemisphere. The other isoclinals are roughly pa.ra]lel to the
magnetic equator, and therefore correspond to parallels of latitude,
The points at which the dip is 90° are the magnetic poles. The North
magnetic pole was reached by Sir James Ross in 1831 and found to be
in longitude 96° 43' W., latitude 73°31' N, The South magnetic pole was
reached by Sir Ernest Shackleton’s expedition on 16th January, 1909,
the magnetic observations being made by Dr. Mawson,® who found the
dip to be 90° in latitude 72° 25’ 8., longitude 155°16' E. It will thus be
seen that the magnetic poles are not quite at opposite ends of a diameter
of the earth. The approximate magnetic axis of the earth makes an
angle of about 17° witix the axis of rotation.

Theory of Terrestrial Magnetism.— As a first approximation, the
earth’s field may be represented as that due to a short magnet placed
at its centre, whose direction is in the line
Jjoining the magnetic poles. To represent
consistently the magnetic condition of the
earth, we must assume that the pole of this
fictitious small magnet which lies under the
North magnetic pole, has pole of the kind
which we have called S, or South seeking, for
it evidently attracts the N pole of a suspended
magnet and repels the S pole. For such a
magnetic condition, the dip needle would be
horizontal at such points as A and B (Fig. 29)
and vertical at C and D. The latter corre-

g, 29, spond to the magnetic poles, and the former
lie on the muvnctlc equator. At a point,
P, such that the angle subtended by the arc PC at the centre is a, or
the « magnetic latitude ” A is (90° — a), wo can easily find the dip. For
calling m the magnitude moment of NS, and R the radius of the earth,
Component of moment along radius P = m cos «
= m sin A,

2msin A
and the field at P due to this is ﬂ%‘,ﬂ— , and is vertical.

) E. Shackleton, The Heart of the Antarctic.
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Component of moment perpendicular to radius P is

msina = mcos A,

. s A . .
and field at P due to it, is @{g?, and is horizontal.

- fmsind W
It, then, @ is the dip, tan 6 = 222 . W
= 2tan A,

As a rough approximation this is uscful, but a glanco at Fig. 28
shows that no such simple representation of the earth’s magnetic con-
dition is pdssible.

The fact that the magnetic field of the carth is probably due to
magnetisation of the earth’s material was first pointed out by Dr.
Gilbert, of Colchester, who constructed a model, or terella, of magne-
tite, and showed that a small suspended needle in the neighbourhood
of it, dips as a needle does in the earth’s field ; but he made the mistako
of assuming that the magnetic poles werc at the ends of the axis of
rotation of the earth, and attributed the declination of the compass to
irregularly disposed masses of magnetic material in the earth.

The greatest step forward in the theory of terrestrial magne-
tism was made by Gauss.! By mapping out a closed path upon
the earth’s surface and resolving the horizontal component of tho
earth’s field along it, hie obtained the quantity I cos § at each point,
and by finding the quantity fH cos 8.ds for short steps ds, taken
round the closed path, he found that the result is zero. Hence the
magnetic field is not due to an electric current flowing through tho
curve, that is, there is no vertical current (see p. 231). For this pur-
pose he used a triangle, with Gottingen, Milan, and Paris, as vertices,
and found the above to be true within the orror of observation. Ifo
also calculated the value of the potential at all points upon the earth
in terms of the horizontal field at a limited number of places, and so
obtained the values of the total intensity and dip all over the earth.
The mathematical discussion is beyond the scope of this book, and the
student who is interested in the matter is referred to Gauss’s original
memoir, or, for a short account, to A. Gray’s Trcatise on Magnetism
and Electricity, Vol. 1.

Amongst other results, Gauss calculated that the north magnetic
pole would be in latitude 73° 35’ N., longitude 95° 39’ W., and the south
magnetic pole in latitude 72° 35’ 8., longitude 152° 30’ E.; also the
maguetic moment of the earth to be about 0-33R’ where R is its
radius.

On p. 266 we shall see that the magnetic moment of a uniformly
magnetised sphere is #7R°I, where I is the intensity of magnetisation,

! Gauss, Allgemeine Theorie des Erdmagnetismus. Result, d. Magnetischen
Vereins, Leipzig, 1839,
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and therefore, considering the earth to be a uniformly magnetised
sphere, its intensity of magnetisation would appear to be

B3 _ 1 approx

v 4w )

= 0-08.

The saturation intensity of maguetisation of iron or steel is of the
order 1500, and we thus get an idea of the intensity of magnetisation
of the carth required to produce its magnetic field. The surface layers
of the carth are not capable of so great an intensity of magnetisation
as is required by Gauss’s theory, so that either the interior of the earth
is much more highly magnetic than the layers near the surface, or the
magnetic field is due to some other cause, such as circular electric
currents flowing from east to west. The theory of the earth’s per-
manent magnetic ficld is far from complete.

Variation in Magnetic Elements.—Thc magnetic elements at all
points are continually changing, and the cliange may be resolved into
a number of quasi periodic components, together with sudden and
irregular changes known as magnetic storms.

(i) Secular Variation—The declination at all points is undergoing
a long period change. Records of the declination do not go far enough
back for us to compute with accuracy the periodic
time of the secular variation, but it is of the order
of magnitude of 960 years. In 1580 the declina-
tion at London was 11° 15’ E.; in 1600, 51° K.
According to an observation in 1633 it was still
4°5' B, and in 1659 it was zero, the compass at
London pointing duo north. Later observations
show a westerly variation, 101 in 1709, to 24}°
in 1820, when it reached its maximum, and has
since been diminishing. At the present time (1911)
it is 15° W,, and it is probable that in 2139 it
\k will again be zero. 1t was pointed out by Lord

\

2038

1823

Kelvin that the magnetic system is slowly rotat-

ing from east to west, making a revolution in

Fia. 30 960 years, so that in 960 years the magnetisation

lags behind the earth by one rotation. The

magnetic north pole describes a small circle of about 17° radius, and

the effect of this rotation upon the declination at any fixed point may
be scen from Fig. 30.

(ii) Annual Variations.—There is a variation in declination whose
periodic time is one year, which occurs simultaneously in opposite
directions in the northern and southern hemispheres, the amplitude at
London being about 2). The maximum easterly deviation occurs in
August, and the westerly in February.

(iii) Daily Variation.—Changes in the earth’s field having a period
of 24 hours are also observed. In Fig. 31 curve A gives the typical

London
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variation 86 in the declination in this country. This reaches a limiting
position about 4’ east of its mean position just before 8 a.m. and a
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maximum 5 west at 1.0 p.m. The variation 8T horizontal intensity
(B) reaches a minimum at about 10 a.m. and a maximum at 7 p.m.,
while the variation 8¢ in dip (C) reaches its maximum at 11 a.m. and
its minimum at 7 p.m.

The daily variation is not constant, that is, it does not go through
the same course on different days. The magmitude of the chango is
shown in Fig. 32, taken fromn the results of Dr. Chree,’ in which the
curve O represents the variation in
declination on ordinary days, Q that
for very quiet days, and D that for
days of considerable magnetic disturb-
ance, the values taken being means
over an cleven-ycar period.

Professor Schuster? has investi-
gated the phenomenon of the daily
variation, and has come to the con-
clusion that it is due to causes external
to the earth, probably to electric cur-
rents in the atmosphere ; and the daily
magnetic variations cause induced cur-
rents in the earth, which reduce the 6am Noon  6pm
amplitude of the vertical and increase Frg. 89.
that of the borizontal component. The
earth currents which would produce these magnetic effects are of such
a character that they indicate that the earth is not a uniforinly con-
ducting sphere ; the upper layers conduct better than the lower Jayers,
And further, the observed daily variation is similar in character to
that which would be produced by the motion of the atmosphere due
to the tidal action of the sun and moon, or periodic variations of the

' C. Chree, Phul. Trans, vol 208, A, 1907.
¢ A. Schuster, Phil. Trans Itoy. Soc., vol. 180, Part I. 1889,
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barometer, provided that the atmosphere is in such a state that the
smallest electromotive force will produce current.

The daily variations in the horizontal component of the earth’s
field have been represented by v. Bezold in a very convenient form.
A vector, representing in magnitude and direction the variation in H
from the mean at any instant, is drawn from the point O (Fig. 33)
During the day this vector makes a complete revolution, and its
extremity describes the curve in the figure, upon which the appropriate
times of day may be indicated, and the vector representing any
required time may be seen. It is then found that for all points on
the earth having the same latitude, the vector diagram of daily
variation has the same shape, and by placing the axis AB in the
direction of the meridian, the vector at any moment représenting th.o
variation, can bo added vectorially to that indicating the mean hori-
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zontal component of the earth’s field at that point, to obtain the actual
horizontal component and the direction in which the compass would set.

The daily variation is less in winter than in summer.

(iv) Magnetic Storms.—Simultaneous variations in the magnetic
elements over the whole earth are frequently observed, the magnetic
needles at the observatories undergoing rapid and sometimes enormous
disturbances.

Eleven-Year Period.—On recording the frequency of sunspots and
the magnitude of the daily variation in the magnetic elements, a sur-
prising parallelism between the two phenomena becomes apparent
(Fig. 34).

It is thus seen that the period of eleven years, during which the
frequency of the occurrence of sunspots goes through a cycle, coincides
with the period of change in the magnitude of the daily variations.. In
the diagram 8¢ is the amplitude of the daily variation in minutes of
arc, and 8H is the variation in the horizontal intensity expressed as a
fraction of the whole amount. The diagram is given by A. Nippoldt,’
and exhibits very clearly the parallelism in the three quantities.

! A. Nippoldt, Lrdmagnctismus, Erdstrom and Polarlicht.
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Cause of Variations.—The origin of the earth’s magnetism is still
a matter for investigation, but the variations, although not thoroughly
understood, have been explained on the assumption that the sun is
emitting a radiation similar to the kathode rays, met with in a vacuum
tube in which an electric current is passing (Chap. XV.). Such rays
consist of minute particles, which, in passing through a gas such as our
atmosphere, render it conducting for the electric current. Any potential
difference between different localities in the upper layers of the atmo-
sphere would then give riso to electric currents, and such currents
having a magnetic field associated with them would, of course, affect
the magnetic needle. Such phenomena as the eleven-year recurrence:
of the maximum daily variation lends colour to such a theory, for the
radiation of all kinds from the sun, changes with the nature of its
surface. Also the daily variation itself may be due tothe same cause;
although it must not be forgotten that the changes in temperature due
to the alteration in the amount of radiant heat received from the sun
may help to cause the observed variations. It may also be noted that
Bauer! noticed a small wave-like disturbance of the suspended needle,
as the moon passed over the sun’s disc, in the total eclipse of 1900,
which was similar in character to the solar-diurnal variation, but
smaller. This change took place at all the observing stations as the
moon’s shadow passed over them.

Lord Kclvin showed that any attempt to attribute the variations to
direct changes in the magnetic condition of the sun must fail, as the
amount of energy that must be radiated by the sun, in an ordinary
magnetic storm lasting a few hours, would be about equal to the
radiation from the sun in the form of heat and light, which takes place
normally in an interval of several months. It is much more likely that
some radiation, as above mentioned, which does not involve a great loss
of energy by the sun, but which changes the electrical conductivity of
the upper layers of the atmosphere, supplies the condition for the
atmospheric currents, the source of energy of the currents lying in or
ncar the earth itself.

Magnetic storms are not always accompanied by Auroral displays,
but the latter are always associated with magnetic disturbances. Also
the form of the Aurora Borealis is frequently such as might be ex-
plained by streams of kathode ray particles entering the magnetic field
of the earth (Chap. XV.); and again, the spectrum of the Aurora is
& line spectrum, showing that it is not reflected sunlight ; and in it the
lines of nitrogen, argon, neon, and xenon have been detected, a fact
which points to the conclusion that the light is emitted by the passage
of ah electric discharge through the atmosphere.

Recording Instruments.—For the purposes of a magnetic survey,
portable instruments arenecessary,since the magnetic elements at a great
many places must be determined. These instruments (pp. 27-32) are
not of great precision ; and are incapable of measuring small variations

' L. A, Bauer, Terr. Mag. and Atmos. Elect., XV. 2, June, 1910.



12 ELECTRICITY AND MAGNETISM CHAP.

in the earth’s field. Consequently, at certain observatories recording
instruments or magnetographs are erected, which give a permanent
record of the small variations in the terrestrial magnetic field. The
three types of instrument recurd respectively variations in declination,
horizontal intensity, and vertical intensity,

The declination magnetograph is an instrument in which a beam of
light, reflected from a mirror attached to a suspended magnet, falls upon
a sheet of photographically sensitive paper wound upon a drum which
rotates at constant speed, the curve traced upon it indicating the
variations in the declination. The instrument is thus a combination of
the reflecting magnetometer and the chronograph.

In the instrument designed by Watson,' nine small permanent
magnets are cemented in an ‘aluminium centrepiece, which 1s suspended
by a phosphor-bronze strip, the magnetic system being situated inside
a massive block of copper, to cause oscillations to bo rapidly damped
out (p. 2561). The employment of phosphor-bronze for the suspension,
renders the reading of the instrument almost independent of tempera-
ture, for the elasticity of the¢ phosphor-bronze decreases as the
temperature rises, and the wagnetic moment of the magnets likewise
decrcases.  Hence the deflecting and the controlling couples rise or
fall together, with alteration of temperature.

In the case of the horizontal wariometer the suspended magnetic
gystem i8 rotated, either by twisting the suspension or by means of
compensating magnets, until its magnetic axis is perpendicular to the
magnetic meridian., Ischenhagen,” using a quartz suspension, twisted
the torsion head until the magnetic axis was 90° from the meridian. 1le
also used two mirrors upon the suspended system. so that the doubling
of the deflection due to reflection occurred twice, with corresponding
increase in sensitiveness. If M be the magnetic moment of the system,
6 the angle mado with the meridian, and a the number of degrees of
twist in the suspension,

MH sin§ = ca.
When, 0 =90°, MII = ca, and, MSII = cla,

H_ 38 !
o al—f—-f, and, SH_@«JL

Thus, a given change 811 will cause a bigger deflection, the smaller ¢
and the greater the value of M. Hence a fine suspension fibre is used,
and a is great, amounting to several revolutions, in order to maintain
the magnet at right angles to the meridian,

As H varies so does 6, and the movement of the reflected beam of
light is recorded photographically. 6 never differs much from' 90",
The scale of the record is calibrated by causing a deflection by means
of a small magnet of known moment, placed at a distanco from the
instrument (qee p. 6).

! W. Watson, Terrestrial Magnetism, vi. 1901,
* M. Eschenhagon, Terresirial Magnetism, v. 1900,
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The vertical intensity magnetograph 1s usually a magnet, mounted as
in the case of the dip circle, to rotate about a horizontal axis, the plane
of rotation being the magnetic meridian. Theend of the necdle, which
would ordinarily sot upwards, is loaded until the needle is horizontal,
and the horizontal component of the earth’s field does net give rise to
a couple tending to rotate the needle. Owing to the direction of the
ncedle being perpendicular to the earth’s vertical component, any
variation in this, causes corresponding variation in the position of
equilibrium of the needle, and its novements arc recorded by the beam
of light and photographic drum as in the last two cases.

In order to respond to rapid changes in the magnetic field, the
magnet muss bo as light as possible, and when supported upon knife-
edges, any mechanical disturbance will cause such a ncedle to move
about in azimuth, with loss in definiteness of the record ; also change
in temperature produces alteration in the magnetic mowent of the
magnet, with resulting change in the position of equilibrium.

To get over these difficultios Watson ' attaches the magnets, which
are 8 cms. long and 1 mm. in diameter, to a quartz plate, to which the
horizontal suspension fibres are fused.

The arrangement is shown diagram-

matically in Fig.35. E is a slab of -

fused quartz, the upper face of which ’/(%i

is polished and constitutes the mrror,

The rods B and C are part of this,

and serve both to carry the magnets BT o

M, M, and for the attachment of the M 57

quartz fibres AB and CD. At Aisa -

spring of fused quartz, to which is B{)
g

fused one end of the fibre AB. The

attachments at B, C, and D are all

made by fusing the fibres on to the Fia. 35.

quartz rods, so that the suspension

consists entirely of homogeneous fused quartz. At D is a torsion head,
the adjustment of which serves to sct the magnets horizontal. T is a
45° reflecting prism, to enable the readings to be made by means of
a horizontal beam of light.

The small adjustable weight w is placed in such a position that the
ends M of the needles, which usually point upwards, are now depressed
below the level of the axis, and the magnets are brought into a horizontal
position by rotating the torsion head D, in a clockwise direction, 'Tho
eartW’s vertical magnetic field tends to raise MM and depress M'M’,
and any variation of the field is observed by the corresponding rotatior
of the magnets and the attached mirror E.

By the construction chosen, the apparatus is practically free from
error due to change of temperature, for if this rises, the magnetic moment
of the magnets decreases and the ends MM would be depressed. But

' W. Watson, Proc. Phys. Soc. Lond., XIX. II. 1904.
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the rigidity of the quartz fibres increases with rise of temperature, and
so the couple exerted by them increases, causing the ends MM to be
raised. The two effects are therefore opposite, and by adjusting the
position of the small weight w, and the torsion in the fibres, the
apparatus may be compensated for temperature change.

The Kelvin Compass.—Several improvements in the old form of
ship’s compass were introduced by Lord Kelvin ; the old ones being
generally too large, and slow in movement. The Kelvin pattern is now
universally employed It has a ten-inch card, consisting of a thin
sheet of aluminium or paper, on which a scale is pasted, or drawn, and
varnished. The middle portion is removed for the sake of lightness.

Fia. 36.

In the middle is the system of magnets (six or eight) slung on to
radial threads, giving a system of high magnetic moment and very
small weight. Any oscillations in the magnet are therefore of small
amplitude and are damped out much more rapidly than with the older
and heavier magnets of proportionately smaller magnetic moment. In
many of the modern compasses the card is immersed in methylated
spirit, which takes most of the weight off the needle-point, and also
serves to damp vibrations.

Method of Applying the Variation of the Compass.—In navigating
a ship the officer must, after determining his true course from a chart,
apply the magnetic variation, in order to obtain the magnetic course,
or course according to the compass, along which he has to sail. The
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method of applying the variation (declination) may be seen from Fig. 37,
If the variation is E, the ship’s course when west of north or east of
south is apparently increased, and the variation

is to be added to the true course to obtain the
magnetic course. Thus if the true course is 6°
west of north and the variation is a° east =
(Fig. 37), the magnetic course is (8 + o), W of
N. 1If the variation were a° west of north the
magnetic course would have been (§ — a), W of
N. DBy a similar process the true course may be
found from the magnetic course when the varia- /

tion is knowp. 1"

Deviation due to Ship’s Iron.—In addition - “%
to the declination or variation, which is obtained Fra. 87.
from a chart similar to that on p. 35, dis-
turbances caused by the magnetisation of the iron of the ship itself
must be taken into account. In ships constructed:largely of iron and
steel, these deviations from the chart direction of the compass are
usually considerable, and unfortunately they are generally variable.
This necessitates their frequent determination for every ship; the
process is called “swinging the ship.”

The magnetic direction of a given distant object being known, the
ship is allowed to swing round to as many points of the compass as
possible, the magnetic bearing of the distant object by the standard
compass on board, being taken and recorded. The difference between
this and the known magnetic bearing of the distant object, is the devia-
tion produced by the ship’s iron. The true magnetic bearing is
frequently determined by sending a compass ashore and observing the
ship’s bearing according to the shore compass. The magnetic bearing
of the shore compass is then known, since it is W
the complement of the bearing of the ship accord- _s'¢52 /0 rasas
ing to the shore compass. The deviation for each |
magnetic bearing may be applied as a correction #\-
to the variation, in a manner similar to thatin |11 P ¢
which the variation was applied to the geographi- N
cal bearing. There are many ways of record- \
ing the deviations graphically, but Fig. 38 shows s
the method that is probably the simplest. The j
points of the compass being plotted along a /
vertical line, the deviations at each position are AL w
measured horizontally, to the left when the devia- A
tion is W, that is, when the pole of the compass /
(N or 8) is deflected to the left hand, as seen / N
from the centre of the compass, and to the right Fia. 38.
when the deviation is E.

Such curves must be obtained from time to time, and in different
latitudes, since the magnetisation of the ship varies; the chief cause in

Geag ¥
%f &
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the variation being the variation from place to place of the earth’s
magnetic field and the consequent change in the magnetisation of the
ship.

pNa.pier’s Curve.—A second method due to J. R. Napier is of great
convenience, since it enables the curve to be plotted from the observa-
tions without the necessity of constructing a table, and the corrected
compass courses may be directly observed from the curve. The points
of the compass are plotted along the vertical line, with their corre-
sponding values in degrees. The points of the compass are marked
upon the nght-hand side of the line NN, which
corresponds to the margin of the compass card.

Lines inclined at 60° to the verticel are drawn
through equidistant points on the vertical line, one
set being dotted and the other plain (Iig. 39). As
the deviation for cach compass course is observed,
a distance A B, equal in length to the deviation, on
the same scale as the vertical one, is measured
parallel to the dotted lines, to the left if the devia-
tion is W and to the right if Ii. B is then a point
on the curve. When a suflicient number.of points
has been determined a flowing curve is drawn
through them.

In order to make use of the diagram, let us
suppose that we require to know the magnetic
course that corresponds to the compass course
indicated by the point A. F¥rom A pass along a
dotted line, or parallel to the nearest one, until the
curve is reached, and then pass along a plain line
back to the vertical, meeting it at C. Then C
indicates the magnetic course. For, since all the
angles in the figure are equal to 60°, ABC is an
cquilateral triangle, and AB = AC. Now, AD is
the deviation, therefore AC is also equal to the
deviation, that is, the dufference between the
magnetic and the compass courses, and since it is
W, it must be subtracted from the compass course
to get the magnetic course (see p. 45). Hence
C corresponds to the magnetic course.

Similarly, if ¢ be a given magnetic course and we require the com-
pass course, pass from e to the curve at f, by a path parallel to the
plain lines, and thence to g by a path parallel to the dotted lines, g is
then the compass course.

Causes of Deviation.—In ships built chiefly of iron and stecl there
are many sources of disturbance of tho compass, but for convenience we
may divide them into two classes—those duc to permanent magnetism,
which are generally acquired at the time of building the ship, and
those due to transient magnetism, which vary with the magnetic field
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in which the ship happens to be situated at the time of making the
observation.

The first of these depends for its character upon the position of the
ship during building, the line in the ship which was in the maguetic
meridian being approximately the magnetic axis of tho ship. In the
northern hemisphere this would mean a N magnetic poie in the part
directed northwards, and whenever this part again faces N or 8, the
deviation due to this cause is zero, In all other positions a deviation
is produced. If NS be the permanent magnetic axis of the ship, and
I the strength of the magnetic ficld at the compass
due to the ship’s magnetisation, the couple excrted
on the compass is % sin 6, where 6 is thc angle
between the magnetic axis and the compass needlo,
The deviation is westerly when the magnetic N end
of the ship is E of the magnetic meridian (Fig. 40),
and easterly when the N end is W. For this reason
it is called a semicircular deviation, since it remains
of the same sign for a change in 180° of the ship’s
direction. . ;

Another source of semicircular deviation is the Fia. 40.
soft iron in a vertical position. This is magnetised
by the vertical component of the earth’s field, to an extent roughly
proportional to its intensity. The direction of magnetisation is there-
fore opposite in the northern and southern hemispheres. The effect
on the compass depends upon the distribution of the iron, and the field
due to it is proportional to the vertical component V of the earth’s
ficld. Since the effect in producing deviation varies inversely as the
horizontal field H which controls the compass, the deviation is propor-

g

\
k3
<

tional to % , that is, to the tangent of the dip.

As the ship changes in azimuth, the deviation due to vertical soft
iron only changes in sign as
the mass of iron concerned
passes the meridian from W
to B, or E to W, so that the
deviation in this case is semi-
circular. The total semi-
circular deviation is the re-
sultant of this and the above.

Masses of soft iron situ-
ated with their direction hori-
zontal are magnetised by the
carth’s horizontal field, and
their effect upon the compass
depends largely upon their
position. Thus in Fig. 41 (i), R
the result is to make the deviation W. and in (ii) to make it E. Tf ¢, e

Fia, 41.
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the angle between the magnetic meridian and the axis of a bar of soft
iron, the induced magnetism is proportional to cos ,. The deviating
effect upon the needle is proportional to sin 6,, where 6, is the angle
between the axis and that of the needle. Hence the deviation due to
this cause varies as cos 6, sin 6,, or as sin 26, where the small difference
between 6, and 6, is ignored. Sin 26 changes sign four times for one
rotation in azimuth of the vessel, and is constant in sign only for one
quadrant, the deviation due to horizontal soft iron changing in sign
from quadrant to quadrant. For this reason this is called quadrantal
deviation.

A constant error in the deviation may occur through improper set-
ting of the magnets of the compass with respect to the card, or through
the magnet being placed out of the line of symmetry of the ship.

Equation for Deviation.—The semicircular deviation, being pro-
portional to the sine of the angle between the magnetic meridian snd
some line in the ship, may be written % sin ({ + b), where { is the angle
between the median line of the ship and the magnetic axis of the
compass, that is, { is the compass course, and b some constant angle
depending upon the direction of the permanent magnetisation of the
ship. Now, ksin({+ ) = ksin{ cosb 4 kcos{ sinb, and taking
kcosb and ksinb as two constants B and C, the semicircular devia-
tion may be written in the form B sin ¢ + C cos .

Similarly, the quadrantal deviation may be written D sin 2¢
+ E cos 2, and the whole deviation § has then the form—

8=A +Bsin{+ Ccos{+ D sin 2 + E cos 2

8 and ¢ are both considered to be positive when directed E of N,
8 + ¢ is the magnetic course of the ship, In practice A and E are
found to be very small, and the approximate equation for the deviation
may then be written—

8 = B sin { + C cos ¢ + D sin 2¢.

When ¢ = 0, then 8y = C, and we therefore see that C is the
deviation when the ship’s direction is magnetic N and S. Again, if
¢ = 90°% 8; = B, and consequently B is the deviation when the ship’s
direction is at right angles to the magnetic meridian.,

‘When, { = +45° i.e. when the ship’s head is NE,
8 = —5= _—= D
NE = 7S + NE +
and when, { = —135° i.e. when the ship’s head is SW
B C .

8; = e TS e
w = =T VE T
Sus + 4.

L

Thus D is the mewn of the deviations when the ship’s head is in the
positions NE and SW.



1. COMPENSATION OF DEVIATION 49

Having determined the constants B, C, and D, three curves may be
constructed, two of which are sine curves and the third a curve of
sin 2¢, and on adding the values at each course, a curve giving the
deviation for all courses may be found. When greater accuracy is
required, the five constant coeflicients may be determined from
readings made on all the principal points,

Heeling Error.—When the median plane of the ship is vertical,
the resultant magnetic field due to the iron is not generally horizontal ;
its vertical component, however, will have no effect upon the direction
of the compass. Should the median plane become inclined, this com-
ponent will no longer be at right angles to the plane of movement of
the needle, gnd it will consequently have a directive influence, and will
produce a deviation known as heeling error. Whether this deviation
is towards the higher or lower side of the ship, depends upon the dis-
tribution of iron with respect to the compass, and in some cases is in
opposite directions in the northern and southern hemispheres.

The heeling error is greatest when the ship’s direction is N and 8.
since the vertical component of the ship’s magnetic field will become
inclined as the ship rolls, and will, in its new position, have a horizontal
component which is E or W. On the other hand, when the ship is &
and W, this horizontal component will be N or S, and will not directly
produce deviation. It may, however, by altering the control upon the
necdle, cause a change in the deviation produced by other causes.

Compensation of Deviation.—There is no method of reducing to
zero the deviation produced by the ship’s magnetism, but the various
errors may be compensated to a considerable extent by placing mag-
nets, or soft iron, in suitable positions, the compensating apparatus
being in each case of such a nature that if acting alone it would pro-
duce an error of the same nature as that which it is required to cor-
rect, but with sign reversed.

(i) Quadrantal Deviation.—Various devices have been used at
different times for correcting the quadrantal deviation, such as masses
of cast iron, or boxes of chain. The usual method employed at the
present time, is to attach two hollow soft iron spheres
to the binnacle, one on either side of the compass and
on a level with it. The deviation produced by such
spheres is evidently quadrantal, and since the uncor- @
rected quadrantal deviation produced by the ship is (

\J

bey

found in practice to be always positive, i.e. to the E of )
N, it will be seen from Fig. 42 that the deviation due .
to the spheres will be opposite in direction to that due @
to the ship, and may be used to compensate it. The j
spheres are adjustable in distance from the compass §
needle, and they may be placed by trial. As a rule, Fia. 42.
however, the coefficient D (p. 48) is determined for the
uncompensated compass, and the position of the spheres of any given
size obtained fruia tables published by the Admiralty, Thus with a
E



50 ELECTRICITY AND MAGNETISM

10 ins. Kclvin compass and spheres of 5 ins. diameter, the value of D
corrected by spheres situated with their centres 9 ins. from the needle
is 2° 2'; and with their centres 12 ins. from the needle 0° 56'.

(ii) Semicircular Deviation.—On p. 47 we saw that the semicircular
deviation is due to two causes, namely, permanent magnetisation, and
magnetisation due to the vertical component of the earth’s field.
Hence, to compensate this deviation, two different devices correspond-
ing to the two sources of the error are necessary. To compensate for
the permanent magnetisation, small permanent magnets are attached
to the compass box. Having first corrected for the quadrantal devia-
tion, the ship’s head is placed magnetic N and small permanent magnets
are fixed in transverse holes in the binnacle, the number being in-
creased until the deviation is reduced to zero. The ship’s head is then
placed E or W, and a second set of small permanent magnets placed
at right angles to the first set, to reduce the deviation again to zero.

The correction for the magnetisation due to the vertical component
of the earth’s field is performed by placing a soft iron bar vertically in
front of or behind the binnacle. Such an arrangement is called a
Flinders’ bar, after its inventor, Captain Flinders. The suitable position
of the Flinders’ bar may be calculated from the known value of the co-
efficients in the deviation equation, but this is outside the scope of this
work.

(iii) Heeling Error.—This may be corrected by a magnet placed ver-
tically with its pole underneath, and at some distance from, the com-
pass. In this way a vertical ficld equal and opposite to that due to
the magnetisation of the ship may be produced.

The above brief sketch of the deviations produced by the magneti-
sation of a ship, and the methods of their correction, is here introduced
ag an example in the composition and resolution of magnetic fields.
For a full account of the subject the student may consult the Admiralty
Mannal for the Deviations of the Compass, by ¥. J. Evans and Archibald
Swith.



CHAPTER III
THE ELECTRIC CURRENT

UNDER certain circumstances an ordinary metallic wire may exhibit
distinctivo phenomena, the most striking being, the existence of a
magnetic field in the space surrounding it, and the production of heat
in it. We say, then, that an electric current is flowing in it. The
electric current is always accompanied by these two effects, and their
presence may be taken to indicate its existence. Our reason for
speaking of this phenomenon as a current, which implics a flow of
something along the wire, rather than as a statical condition, will
appear later.

Magnetic Field accompanying a Current.—An infinitely long
straight wire, carrying an electric current, is surrounded by circular
lines of magnetic force, the centres of the circles lying upon the axis
of the wire, their planes being perpendicular to it. In the case of
any straight piece of wire which is fairly long, the magnetic lines may
easily be mapped out, either by the method of iron filings, or with
a small compass needle, and will be found to be approximately circular
(Fig. 43). In the caso of a circle of wire carrying a current (Fig. 44),

N

Fia. 48. Fia. 44.

the magnetic lines of force are not so simple in shape as in the case of
a strafght wire, but they may be found in a similar manner, and it
will be noticed that for a small region near the centre of the circle,
the field is nearly uniform, that is, the lines are nearly parallel. The
fundamental experiments exhibiting the presence of a magnetic field
when an electric current is flowing are due to Oersted (1820), the
existence of the current having been recognized by certain other
effecta for the previous twenty )ears,
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Ampere’s Theorem.—In his celebrated memoir® of 1823, Ampére
stated that ¢ Every linear conductor carrying a current is equivalent
to a simple magnetic shell, the bounding edge of which coincides with
the conductor, and the moment of which per unit of area, that is, the
strength of the shell, is proportional to the strength of the current.”
By a magnetic shell is meant an infinitely thin sheet of material,
magnetised in a direction at right angles to the surface of the sheet,
so that one side of the sheet is a N, and the other a S, polar
surface, The form of the magnetic field due to a current may there-

fore be calculated by means of purely magnetic

, ’\ considerations, on replacing the current circuit

‘ by its equivalent magnetic shell ; but the same

. result may also be obtained for a complete cir-
’ cuit by treating each small element of it as a
’ straight current of length &l, and applying the

lS/ 1 1
\ relation H « it :;n 0, where H is the resulting

strength of magnetic field, < the current, r the
! distance from the element of the circuit to the
point at which H is to be found, and 6 the
Fia 45. angle between the direction of the current and
the line joining the element to the point. The
direction of the field is at right angles to the plane containing the
element and the line joining it to the point, and is indicated in
Fig. 45.
This law was proved by Biot and Savart to hold in the case of
a long straight wire carrying current. The magnetic fields, as deter-
mined by this method and by that of the equivalent magnet shell, are
identical. It may be noted that the method of the magnetic shell is
the more satisfactory, as, however difficult the problem nay be, it is
always possible to find a magnetic shell, or systom of shells, that will
be equivalent to the current; while the method of the element of
a circuit is a purely fictitious one, since an element of a circuit
cannot exist alone, the current always flowing in complete circuits
Nevertheless, the latter method is, in many cases, the more easy
to apply, and it has also been given a certain reality by Heavi-
side’s consideration of the rational current element. TFor if the
current circuit be looked upon as a series of small elements placed
end to end, immersed in a conducting medium, each element, considered
apart from the others, has current flowing in it, the current leaving by
one end, spreading out into the surrounding medium, and eventually
returning to the other end in exactly the same way as the magnetic
lines of force spread out from the N pole of a bar magnet and return
to the 8 pole Ii we place a chain of similar bar magnets end to end
with a N pole always in contact with the S pole of the next magnet,

v Théorie des phénomenes électro-dynamique, Mémoires de U'Institut, IV., 1828,
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the external effects of the poles in contact are everywhere equal and
opposite, and the only external effects are those due to the last N pole
at one end of the chain of magnets, and the S pole at the other end.
If then the chain be completed by bringing the extreme N and 8 poles
into contact so that we have a complete circuit, all external magnetic
effects will vanish. In an exactly similar manner, if one end of each
of our current elements be a source of current spreading outwards, the
other end being a sink for the current converging to it, when these
are placed in contact, the flow at external points will consist of two
equal and opposite components, and will therefore be zero. If we
make our chain of elements complete, the external current will every-
where be zepo, the current merely flowing round the closed circuit.
Heaviside ! suggested this reasoning in order to get over the difficulty
of realising the possibility of short current elements existing alone.

If, then, the magnetic field due to each element of a circuit be

found by the relation H « @!——g—l——? and the resultant at any point be

found for the whole current circuit, we need not trouble about the
field due to the imaginary currents spreading out from each element,
as these will cancel out when the whole circuit is considered.

Unit of Current.—The magnetic field due to a current being the
most constant and the simplest of the accompanying phenomena, it is
chosen for the purpose of measuring the current. The unit strength
of magnetic field heing established (p. 3), we may now define our
unit of electrical current in terms of it.

Thus, the unit current is one that is equivalent to a magnetic shell of
unit strength ; or, by means of the relation on p. 52, we may define
the unit of current as that which will enable us to replace the sign of
variation by one of equality, so that

g tsing
7

In this equation 8! is a very small quantity, and hence if r is to be
constant, while 81 is increased to finite size, the circuit must evidently
be in the form of a circle. Thus the field at the centre of the circle is

1
:—_, and is at right angles to its plane, I being the total length of arc in

which the current flows. If then ¢, I, and r are all unity, the field is
of unit strength, and we have the ordinary definition of unit current,
as thgt current which flowing in an arc of a circle of unit length, the
radius being unity, produces unit magnetic field at the centre. If vhe circle
consist of n complete turns I = 2znr, and it follows that

U O. Heaviside, Electro-magnetic Theory, Vol. L,
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Tangent Galvanometer.—The last equation is employed in a form
of instrument for measuring an electric current in terms of a magnetic
ficld and a deflection, and from the form of the relation between the
current and the deflection, the name “ tangent galvanometer ” is given
to the instrument. Tt is essentially a magnetometer in which the
magnetic field, F, is due to the current flowing in a vertical circular
coil, whose plane is in the magnetic meridian. The two fields in
which the needle is situated are therefore F, due to the coil, and H,

the horizontal component of the earth’s field (Fig.

L4 46); and the needle is in equilibrinm when its mag-
H netic axis makes an angle 6 = tan IOI]:I with the
¢ }—F meridian.
L Then since— ’
P
F < F = amnt
r
H 2rni ool
s TH = tan 6, or, 1 = 9 tan 6.
Fic 46. A common type of the apparatus is shown in

Fig. 47, two coils being provided, one of 2 turns of
thick wire for use with large currents, and one of about 20 turns for
use with smaller currents The deflection 18 observed by means of a
fine pointer which moves over
a horizontal circular scale,
parallax being avoided by
placing the eye vertically
over the needle in taking a
reading, the eye being moved
until the image of the needle
in a plane wirror lying
underneath it appears to co-
incide with the needle itself.
In principle the tangent
galvanometer resembles the
magnetometer described on
p- 7, the linear scale and
bar magnet being replaced
by the circular coil carrying
the current.

The same precautions with
respect to reading both ends
of the pointer, and reversing
the deflection so that the
reading is made on the other side of zero, are made, as in the case of
the magnetometer, and further the pointer must be adjusted to be at
right angles to the needle. Owing to the fact that the magnetic field
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at the centre of the coil is sensibly uniform for only a small area, tho
needle must be as small as possible ; if too large it is not in a uniform
field, and the relation given above will not hold good.

Tn making observations, the deflections should be neither too great
nor too small. If too small, any error in reading is a very large pro-
portion of the whole deflection, and if too great, the tangent of the
deflection increases so rapidly that a small change in deflection means
a very large actual change in the value of tho current. To find the
position on the scale for readings of greatest accuracy, consider 86 to
be a small increment in the deflection corresponding to the increment

. 3, - . b)
8 in the current. s the relative change in the current, and 1()L0£
the percentage change in the curront corresponding to 30, and for

) .
greatest accuracy . should thereforo be as small as possible.

Since the current is proportional to the tangent of the deflection,
¢t = K tan 6.

and, glg = K sec® 6, when & and 86 are infinitesimal ;

&  sec® @ 2

80 = —s—in——2—080.

4T tan g’
sin 20
must be as small as possible; ¢.e. sin 2 must be as great as possible.
This occurs when 26 = 90°, or § = 45°. Hence it is desirable to make
the deflection as mnear to 45° as possible, whenever accuracy ia
determining the current is required. The curve, Fig. 48, shows tho
relative accuracy in determining the current when the deflection
varies from 0° to 90° taking the accuracy at 45° as 100. It will be
seen that for the accuracy not to fall to 50 per cent. of the maximum,
the deflection must lio between 15° and 75°

A more refined instrument is shown in Fig. 49. In this case there
are two coils, the distance between them being equal to the radius of
either coil, the object being to obtuin the most uniform field in which
to suspend the needle.

In order to find the strength of magnetic field at a point on the
axis of a circular coil at a distance x from the centre, consider the
ficld due to an clement 8/ of the circle. The field at A (Fig. 50) due

Ience for 8; to be as small as possible for a given value of 86,

.6l . . .
to this element is T where 7 is the current in the coil, and is in the

direction A.B, at right angles to the planc*containing = and 8. This
may be resolved into two components, AC along the axis, and AD at
right angles to it. Every element of the circular coil will produce a
component at right angles to the axis and in each case it is parallel to
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the radius of the circle drawn to the clement. Hence, taking the
whole circle, these components of the field corresponding to AD will

Fia. 50

give a resultant zero. The components corresponding to AC, which
are along the axis, will on the contrary be added together.
Component AC due to element 8!
_ 1.8 AC_i.8la_dadl
T OABT T A
For the whole circle, 8l must be replaced by 2wra.
2ra%
,',3 ’
and if the coil consist of n turns sufficiently close together to take a
mean radius without introducing a sensible error,

». Field =

o
Field = %’i:'j.‘_‘
Again, r* = ¢? + a?;
' 2rna% .
.o Fleld = m

The strength of field at a point upon the axis is therefore greatest
at the centre of the circle, for here ¢ = 0 and the expression becomes
2mrni .

Sl It decreases as we pass away from the centre, becoming zero
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at infinity, but its rate of change as we pass away from the centre is
not constant. The rate of change from point to point along the axis
is the differential coeflicient of the above expression with respect to ,
d [ 2mrna®

that is ;- @2:}5 i], and it is of importance to find whether there is

dz

any point upon the axis, at which this rate of change becomes constant.
Calling it y we see that if it is constant, then

Qy =0, or, dgn[-27~ma2i ] = 0.
dx da® (w2+a2)f

Now, 27na’i is constant, so that in dealing with rates of change it
may be omitted ; also remembering that

1
(@ + @)t

= (2* + a*)}, we have—

d, ., oy 3 o oy 8

d.n(m‘ + a%) 2 = — Ju(a® 4 a?) }

(’J 5
14T+ @) b= = 3((@ + @)t = 5o + @)

Putting this equal to zero and dividing throughout by — 3(a? +a?)™h
we have—
ba’(a* + a?)' =1,
bt =a"4 a* dat =a orx = g

K

Thus, at the point on the axis whose distance from the plane of
the circle is g, the rate of change of the field as we pass along the

axis becomes constant,

This fact is made use of in the Helmholtz pattern of galvanometer
(Fig. 49) : the two coils are placed coaxially and at a distance apart
equal to the radius of either, the rate of change of field being most
uniform at a point midway between them, which point is at a distance

a . e . .
; from each coil. Any diminution in field due to one coil as we pass

away from this point is compensated for by the equal increase in the
ficld due to the other coil, the rate of change being here constant and
occurring in opposite directions for the two coils, Substituting the

value % for x in the expression for the field on the axis of a coil, and
remembering that there are two coils, we have

o

47na’

%)

32 ™

=V5 a

~%

F=

<%
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And the expression for the deflection is
32 wm
:/5“' CallT tan 6,
. A 125all

or, I 3o, b0 0.

The above reasoning may be illustrated by plotting the values of
the ficld strength due to a coil at different distances from the centre.
The curve PQR (I1g. 51) is obtained, which will be seen to be straight

. a -
at the point Q at a distance ; from the coil, sinco the curve changes
-t L d

hero from being convex upwards to being concave upwards. The rate
of change of field at this point is constant, that is, its variation is zero.
The curve SQT is plotted for the second coil, and the curve M is

,,'P S,
K ) ’ NS
Q
o SR
/?'\
@
0¢ ®
Fig. 51,

obtained by adding the ordinates of the other two, and represents the
resultant ficld due to both coils. It is easily scen that for some
distance on cither side of the point midway between the coils the field
is fairly constant, the reason being that the two curves are straight at
Q, so that the falling off in either direction of one of the fields is
balanced by the equal increase of the other field.

In Jig. 52, the lines of force for the double coil are drawn, and it
will be seen that in the middle of the ficld there is a region of con-
discrable extent where the maguetic field is approximately uniformn.

Electromotive Force and Potential Difference.—Whencver a
current flows in a conductor, heat is developed in it, the amount of
heat developed being proportional to the time for which the current
tflows ; moreover, it is always found necessary to apply some external
agency to maintain a steady current. This implies that work is being
expended in order to maintain the current, the energy being drawn
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from the outside source. The rate of expenditure of energy required
to maintain the current is measurablein terms of the rate of production
of heat, when there is no change taking place in the conductor. From
analogy with the flow of water in a closed circuit, in which case the
flow is maintained by some mechanical agency such as a pump at some
point or points, we consider that the electric current is mamtained by
an clectromotive force. Just as we took the magnoetic field in the
neighbourhood of a current as a measure of the current itself, so we
may take the rate at which energy is expended to maintain a current
to measure the necessary electromotive force. Then for a given
current, the electromotive force (or more shortly the E.M. 1) required to
maintain it; is proportional to the rate at which energy is expended,
and by choosing suitable units we arrive at our unit of K.M.F. Thus,
when the current s unity and the rate of working is one erg per second, the
E.M.F. is unity, and in terms of these units

Rate of working = (current x E.M.I) ergs per second.
Thus, if an E.M.F. ¢ maintain a current ¢, for ¢ scconds,

Work done = eit ergs.

It must be remembered that a given conductor is usually only part
of the circuit, and somewhere in the circuit is the source of tho energy
required to maintain the current. This source may be an electric
battery, in which case the ultimate source of the encrgy may be someo
chemical reaction occurring in the battery ; or it may be a dynamo-
electric machine, in which case tho encrgy is derived from some kind of
heat engine, or it may be one of a number of other sources ; but in any
case the rate of working to maintain unit current in tho circuit is
called the elcctromotive force in the circuit. The resulting heat may
be liberated in various parts of the circuit, and this will take place
according to laws which we must now examine.

An electromotive forco always acts in one direction in the circuit,
and if there be a number of clectromotive forces in the same circuit,
the excess of those acting in one direction over those acting in the
other direction is the resultant or cffective electromotive force in the
circuit. Thus an electromotive force is a directed quantity and in this
respect is analogous to a mechanical force, In many mechanical pro-
cesses the energy supplied by the driving force is eventually dissipated
as heat, and the rate at which the heat is developed at various points
depends upon the frictional resistance to motion at these points.
Similarly, in the case of an electrical circuit the energy supplied by
the source of K.M.F. appears as heat in the circuit, but the rate of
production of heat at any point, for any given current, varies accord-
ing to the nature of the conductor at that point.

For a given conductor, the work converted into heat in it in one
second when unit current flows, is called the potential difference
between its ends. Thus, potential difference is measured in the same
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units as electromotive force, but they have this difference, that an
electromotive force has always the same direction in the circuit, where-
as the potential difference has a direction depending on that of the
current. If the current flow in a circuit in the direction in which the
electromotive foree tends to produce current, the source of electromotive
force transfers energy to tho circuit and the energy of the source
decreases, but if the direction of the current be reversed so that the
electromotive force opposes its flow, the energy of the source of electro-
motive force increases at the expense of the energy of the source of
greater electromotive force which is maintaining the current in the
circuit.  On the other hand, a potential differenco always corresponds
to the dissipation of energy in form of heat in the circuit, whichever
way the current flows. Thus, if electromotive force corresponds to a
motive mechanical force, potential difference corresponds to a frictional
force, which depends for its dircction upon the direction of motion,
and is a measure of the heat produced per second between two
points, for a given continuous motion of matter between one point and
the other.

If the potential difference between two points in a conductor in
which there is no electromotive force, is zero, there is no dissipation
of energy in the form of heat in the conductor, and, except in the
limiting case when the conductor does not offer any resistance, this
means that there is no current. In the case of water flowing in
a tube in which there is no motive force due to a pump or gravity,
we say that the flow is from points of high pressure to those of low
pressure, and in the electrical caso we also say that the point from
which the current flows is at a higher potential than that towards
which it flows.

Ohm’s Law.—In the chapter on Electrostatics (V) we shall see
that potential difference may be measured quite independently of any
current flowing, and if for any conductor the potential difference be
measured by this independent means, and the current also be measured,
suy, by the tangent galvanometer, it will be found that for the case of
an ordinary metallic conductor there is a simple relation between
. potential difference and current, the current is proportional to the
potential difference. This relation was first clearly stated by G. 8.
Ohm? and is known as Ohm’s law.  Although Ohm had not the mecans
of establishing the law with any great certainty, later experimenters
verified it to a high degree of accuracy.

Resistance.—Ohm’s law may be expressed in the form,

potential difference .
= constant,
current

for any conductor under constant physical conditions, The name
resistance has been given to this constant, and the name conductance
to the inverse of it.

! G. S. Ohm, Die galvanische Kette mathematisch gearbeitet. Berlin, 1827,
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Thus, p'fii = resistance, L conductance.
: p-d.

The unit of resistance follows at once from the units of potential
difference and of current, and is the resistance of a conductor in which
unit potential difference corresponds to unit current, or the potential
difference between the ends of the conductor is unity when unit
current flows in it.

Thus, =— p d =r, or, pd. =ir,
- (p d.)?

And, rate of working = p.d. X 1 = ¥ ergs per second.

Practical Units.—Although the centimetre, gramme, and second are
of convenient size for the measurement of length, mass, and time, the
derived units of electromotive force, current, and resistance, resulting
from them, and called the absolute C.G.S. units, are not of convenient
size for ordinary electrical purposes. llence a new unit of current
is chosen which shall be simply related to tho old unit, but of more
useful size; it is called the ampere, being named after the celebrated
experimenter Ampére, and is one-tenth of the size of tho absolute unit.
Thus the expression for the ficld at the centre of a circular coil will be
211r OnI, where I is the current in amperes,

Similarly the unit of E.M.F. is chosen to be of the order of that of
an ordinary electric cell ; it is 100,000,000 or 108 absolute units, and
is called the ¢olt.

Thus for a complete circuit, rate of working

ei ergs per second
E.108xI.107!
= EIx 107 ergs per second,

where E is now measured in volts, and I in amperes.  Upon this
system the practical unit of rate of working is the work done per
second when one volt maintains a current of one ampero, and is called
the Wait. We see then that rate of working = EI watts, and further
that one watt = 107 ergs per second. The engineer’s unit of rate of
working, the horse-power, or 33,000 foot-pounds per minute, may be
converted into watts by converting feet to centimetres, pounds weight
to aynes, and minutes to seconds, when it will be found that one
horse-power = 746 watts (approx.).

Again, the name Joule is given to the unit of work upon the
practical system ; it is the work done in one sccond when a current
of one ampere is maintained by an E.M.F. of one volt, so that
one watt = one joule per second.

The heat developed in any circuit by an electric current may
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therefore he found in terms of tho current flowing in it and the
clectromotive force which maintains the current, when the mechanical
equivalent of one calorie, or as it is termed, Joule’s equivalent, is
known. This quantity has been determined in a number of ways, but
the mean value may be taken to be 4 18 x 10". Thus the conversion
of 418 x 107 ergs into heat would raise one gramme of water one
degree Centigrade. Then the rate of working may be expressed either
in crgs per second or calories per sccond.  Thus,

Rate of working = ET x 107 ergs per sccond,

EI x 107 .
= 4-418):( 10" = ET x 0-239 calories per second

The practical unit of resistance is called tho okm, and is the
rosistance of a conductor for which there is a potential difference of
one volt between its ends when a current of one ampere flows in 1t.
Calling R the resistance of any conductor in terms of this unit, we sco
that

]I?, =R, or, E=1IR.
one volt 10® absolute units of p.d.

Acain, oneohm = -~ — - — = - - c e <
S one ampere 10— absolute unit of current

. One ohm is 107 times the absolute unit of resistance.

fe

I
Also rate of working = EI = 'R = N watts,

= El x0:239 calories per second,

from which we sec that for a given conductor, the heat produced in 1t
per second is proportional to the square of the current.

Combination of Resistances.—.From the definition of resistance
given above, we may find the refistance of a number of conductors
combined in series, that is, end to end, so that the same current flows
through all of them; or in parallel, in which case they are all joined

U A B c o I side by side between two points

AW e 50 that the current is divided
¥ia. 53. between them.

(i.) Series.—The current I
enters at the point A (Fig. 53), and flows through all the resistances,
leaving at D. Then if there 1s no source of ¥.M.F. in any of the
conductors,

pd between A and B = IR,
" »w Band C=1R,
» w Cand D = IR,
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.~ p.d. between A and D = IR = IR, + IR, + IR,
where R is the effective resistance between A and D,
SR=R+R,+Ry+ ..,

That is, the combined resistance is the sum of the separate
resistances.

(1i.) Parallel or Multiple Are -—Tn this arrangement of conductors
the current enters at the point A

(Fig. 54), and divides into a number of R
parts which umite again at B. Taking I AR 1, B I
the total current I, equal to the sum Ry |
of the separate currents, —
Fia. b4,

T=T+1L+1I,
If, now, the p.d. between A and B is equal to I3,
E=1MR=1R, =LR, =T,
where IR is the effective resistance between A and B,
1 B 10} 1

~SI= R Il = R], ]2 = l'»_.’ I'; = R;
K E I K
Hence, R= i, -+ kT H,

Dividing by the common quantity T, and writing the .cxprossiuu
for any number of conductors, wo have—
1 1 1 1 1
T TS (Sl TR ORI
Thus for conductors in parallel the combined conductance is the
sum of the scparate conductances, the conductance being defined as
the reciproeal of the resistance.
To find the current in any one branch, we may notc that
I E IR
=R, R/,
combined resistance

i.e. current in one branch = main current X - .- =
resistance of branch

Resistivity or Specific Resistance.—The resistance of a conductor
depends upon its dimensions, and also upon the materials of which it is
made.” The resistance of a conductor of unit length and unit area of
cross section is called its resistivity or specific resistance, S, and the
inverse of this is its conductivity. The shape of the cross section is
immaterial. Knowing the resistivity of the material we may readily
find the resistance of a uniform conductor of any dimensions. For
the conductor may be considered to consist of a number of unit con-
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ductors 8, so that if these are placed end to end we have a number
1 of these in series, where ! is the length
s\UsUs\s\s\s)

of the conductor. Since these unit con-
@5/ s)s)s)s)s/

CITAP.

ductors are in series, the resistance of this
rod of unit section is SI. If, now, a of
these are situated in parallel, a is the total

Fia, 55. area of cross section, and the combined re-
sistance is given by
1 1 1 1
T€—§+S—l+§l+ .. .t0a terms

_ o

=g
Sl R

ZR=" 8=,

o

We can therefore find the resistance R if the resistivity S is known,
and vice versd. The universal method for finding the resistivity is to
measure the resistance of the conductor by one of the methods
described in Chapter 1V., and, knowing its dimensions, to calculate the
resistivity. The resistivity of a number of substances is given in the
second column of the Table below, in which the data are taken from
Landolt and Bornstein’s and from Kaye and Laby’s Tables, the
resistivity being in International Ohms per unit conductor (p. 397).

A g p!
— a— (Rangest | Tempersture anlcins
Aluninium 309 x 10-¢ (Benoit) 0° C. | 0°~100° C.| 000423 (Dewar and
294 (Lees) 18° C. Fleming) .
Copper. . 159 % 10 ¢ (Mean of num- | 0°—100° C.| 000428 (Dowar and
ber) 18° C. Fleming)
Gold . . . |217 x 10-8 (Benoit) 0° C. | 12°~100° C.} 000377 (Dewar and
Fleming)
Iron (soft) . 8:85 x 10 8 (Dewar and | 0°—100° C.| 000625 (Dewar and
Fleming) 0° C. Fleming)
Lead . . 199 x 10-% (Benoit) 0° C. | 0°—100° C.| 000411 (Dewar and
Fleming)
Mercury . . | 9407 x 10-% (International] 0°—15° C. | 0-000879 (Glazebrook)
comegtiso?s) 0°C. ) 0008669 (D 4
Platinum (hard) | 117 x 10-5 (Siemens)) ., o_ E eWar an
" ((sofb}) 154 x 10-% (Benoit) Joec, 0°=100° €T g
Silver . *. | 1-54 x 10-¢ (Benot) 0° C. | 0°=100° C. 00]?;100 (Dewar and
Fleming
Mangamn (Cu | 476 x 10-5 (Dewar and [18°—50 C. | 0000018 (Phys. Reichs-
84, N1 4, Mn Fleming) 0° C. anst.) .
12
Plati)noid (Cu | 8:44 x 10-5 (Lees) 18° C. 18> C.| 000025
62, N1 15, Zn
22
Platinum-sil- | 2:26 x 10-3 (Stroubal and {13°—100° C.|( (hard) 0000255 (Comm.
ver, 859 Ag, Barns) 0° C. Brit. Ass.)
159 Pt by (soft) 0000344 (Comm,
volume . Bnit. Ass.)
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El:ctrolysis.—In the early yoars of the nineteenth century it was
found that when an electric current flows in a solid or liquid substance
which is not a metal, chemical action occurs, the products of the
chemical action appearing at the conductors by which the current
enters or leaves the substance. Non-metallic substances will not, as
a rule, carry a current, unless some such chemical action occurs. To
Faraday we owe the quantitative account of the phenomenon and the
nomenclature now universally applied to it. The substance carrying
the current, which in the act of carrying it undergoes decomposition,
is called an Electrolyte, the conductors by which the current cnters
and leaves the electrolyte are called Electrodes, that at which the
current enters being the Anode, and that at which it leaves, the
Kathode, while the name FElectrolysis is given to the whole process.
The metals are liberated at the kathode, and the acid radicles at the
anode; but owing to secondary reactions at the electrodes it often
happens that the substance is dissolved in the clectrolyte, or combines
with the electrode, and in that case 1t does not appear in the freo state.

The most common electrolytes are solutions of inorganic salts or
acids in water. For example, if a current be passed through a dilute
solution of sulphuric acid, platinumn plates being used as electrodes,
hydrogen appears at the kathode in the form of bubbles, and 8O, is
liberated at the anode,

ILSO, = IT, + SO,.

This SO, does not appear in the free stato, but with the water of the
colution again forms sulphuric acid,

21,0 + 280, = 211,80, + O,

Bubbles of oxygen form at the anode, and if the gases at tho kathode
and anode bo collected, it will be found that the hydrogen has twice
the volumme of the oxygen. If a copper anodo had been employed,
copper sulphate would have been formed in place of the oxygen,

Faraday's Laws.—As the result of I'araday’s work, two laws were
enunciated which bear his name.

(i.) The amount of decomposition is proportional to the current
and to the time for which it passes.

(ii.) The amounts of different substances liberated by the same
current, flowing for the same time, are proportional to the chemical
equivalents of the substances.

Frpm these two laws it follows that if the amount of any one
substance liberated for a given curvent in a given time he known, the
amount for any other substance may be found, provided that its
chemical equivalent, which in the case of an element is the atomic
weight divided by its valency, be known.

‘The mass of a substaice liberated by one ampere in one second is
called its Eleciro-chcmical Equivalent.

¥
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The most accurately measured electro-chemical equivalent is that
of silver, for which the most recent determination gives the value
0:0011183, and from this we can calculate that of any other substance.
For example, the electro-chemical equivalent of di-valent copper is
0-0011183 x l—(%% = 0000329 ; the atomic weight of silver being
1079, anid that of copper 63°6.

The theory of electrolysis will be left to a later chapter, but we
may note here that the constancy of Faraday’s laws, and the ease with
which the mass of the metallic substance liberated may be accurately
determined, afford a ready means of measuring an electric current.
The apparatus for carrying out the electrolytic measurements is called
a Voltameter, and thcre are three types of voltameter frequently
omployed. In all cases the mass of substance liberated in a known
time is observed, and the current calculated from the relation

«

M = Iz,

where z is the electro-chemical equivalent.

tomic weight Electro-chemic.
A 0= 16).[“Eh Valency ! equivalent .

Aluminium ., . . (AD 27'1 3
Antimony . . . . (Sh) 120 2 3
Bismuth . . . . (By) 2080 3
Bromine. . . . . (Br) 79-92 1 0 0008284
Cadmum . . . . (CQ) 112 40 2
Calcium . . . (Ca) 40-07 2
Chlorme . . . . (Cl) 3546 1 00003676
Copper . . . . (n) 63-57 lor2 0 0003293
Gold . . . . éAu) 197-2 3
Iydrogen . . . . (H) 1-:008 1 000001041
lodine . . . . . m 126-92 1
Jron . . . .. (o) 5584 2or3
Tiead . . . . . . (Pb) 207 10 2
Mercury. . . . . (lig) 200 6 lor2
Oxgyen . . . . . (O 160 2 000003293
Platinum P ¢ 1 105°2 4
Potassium . . . . (K) 89-10 1
Silver. . . . . . (\y) 107-88 1 00011183
Sodium . . . . . (Na) 23-:00 1 0 0002384
Tin . . . . . . (Sn) 1190 2o0r 4
Zime . . . . . . (/n) 6537 2 0-0003387

Water Voltameter (Hoffmann’s Tube).—Water slightly "acidu.
lated with sulphuric acid is employed as the electrolyte, the hydrogen
liberated at the kathode (Fig. 56) being collected in the graduated
tube, on the passage of the current for a known time. Allowance

* International Atomic Woights for 1912. Proc., Chem. Soc., 890, vol. 27,
p. 205, 1911,
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must be made for the fact that the gas is not under standard condi-
tions. From the difference of levels of the liquid in the tube and
the reservoir, the difference between the pressure of the hydrogen
and the atmospheric pressure is known in terms of
liquid column, and dividing by the density of mer-
cury, we obtain the amount to be added to the
height of the barometer to give the actual pressure
of the hydrogen. From this must be deducted the
maximum vapour pressure of water at the tempe-
rature of the tube, which may be found from Reg-
nault’s tables, in order to obtain the pressure of
the dry hydrogen. Calling this P, and the tempe-
rature ¢° C., the volume reduced to 76 cms. pressure

and 0° C. is—

VxPx?2

M x P x 07~3 ’ f%_.&_h

X (L4 273

where V is the observed volume of hydrogen. The Fia. 56.
density of hydrogen at 0° C. and 76 cms. pressure
being 0-08987 gr. per litre, the mass of hydrogen liberated is known,
and the electro-chemical equivalent being 0:00001044, the current can
be calculated.

Another form of water voltameter is shown in Fig. 57, the hydro-
gen and oxygen liberated escaping together, and the water vapour
carried away with them being caught by the
drying tube. The whole apparatus is weighed
before and after the passage of the current,
the loss in weight being that of the water
decomposed by the current. The mass of
water decomposed by the passage of one
ampere for one second is-—

(16 + 2:016)
2

,ii",’lﬂﬁjl;llllll!ﬁ

000001044 x ~
= 000001044 x 9-008,

Fia. 57.

0 00001044 being the electro-chemical equivalent of hydrogen.

Yor practical purposcs this form of the apparatus is superior to the
Hoffmann’s tube, as the result depends upon weighing instead of upon
measurement of volume, and further, the current may be passed for
a much longer time, since in this case there is no question of the tube
becoming filled with gas.

Copper Voltameter.—The kathode K (Fig. 58) consists of a thin
copper sheet suspended from a stout conductor, and the anode of two
sheots, one on either side of the kathode, so that the deposition of
copper takes place on both sides of it. A and B are two wooden
bars which carry the leads and which rest upon the edge of a jar or
beaker containing a water solution of copper sulphate, made by
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dissolving copper sulphate crystals in about four times their weight of
water, a few drops of concentrated sulphuric acid being added. The
current employed should not be too great, or the copper deposited will
be in a soft, friable condition, and will
therefore be liable to be washed off the
plate. Provided that the current does not
exceed one ampere for each 50 square centi-
metres of kathode, the deposit will be hard,
bright, metallic copper. The kathode must
first be well cleaned with emery paper, then,
when the current in the circuit has been
adjusted to a suitable value,.the kathode
is removed from the cell, well washed,
dried, and weighed. Tt is then replaced in
the cell and the current passed for a known
Fia. 58. time. The kathode is then removed and
again washed, dried, and weighed. 'The
increase in weight, divided by the time and by 00003293, the electro-
chemical equivalent of copper, gives the value of the current.

In the process of electrolysis the copper sulphate is decomposed,
the copper being liberated at the kathode, and SO, at the anode. The
latter combines with the copper of the anode forming copper sulphate,
80 that the total amount of the copper sulphate in the solution remains
unchanged. The loss in weight of the anode must not be taken as
a measure of the current, since it includes not only the amount of
copper which has goue into solution, but also any impurities which
have become dctached as the copper plate is dissolved.

This form of voltameter is very widely used for the calibration of
ammetcers and tangent galvanometers, as it is extremely simple in form
and easily made, and by means of it the current may be determined
to within an error of one part in several hundred.

Silver Voltameter.—When great accuracy is requirced, the silver
voltameter of Lord Rayleigh’s pattern may be employed (Vig. 59). The
kathode is a platinum basin, PB, and the anode a plate of pure silver,
the electrolyte being a solution of 15 to 20 grammes of pure silver
nitrate in 100 grammes of water. Metallicsilver is deposited upon the
platinum dish, and, owing to its high clectro-chemical equivalent, the
nass deposited for a given passage of current is greater than in the case
of copper in the copper voltameter. ‘T'he acid radicle NO; liberated at
the anode by the process of electrolysis forms silver nitrate with the
metal of the anode itself, which is thereby dissolved. As this process
of solution of the anode goes on, any impurities in the silver are
liberated and these, toget'ier with the disintegrated silver, would fall
upon the platinum plate if not prevented from doing so. To this end
the anode is wrapped in a piece of pure filter paper, which, being
permeated by the solution, will not prevent the passage of the current,
but will catch the impurities. The current employed should not
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exceed 0:03 ampere per square centimetre of surface of kathode. The
current is calculated from the deposit and the time, just as in the
previous cases.

~—SA

C.S.1.Cc?
Fia. 59.

Kirchhoff’s Laws.— We owe to Kirchhoff two very useful generalisa-
tions, one relating to continuity of current in conductors, the other to
the application of Ohm’s law to complex arrangements of conductors.
These generalisations are put into the form of two laws, known as
Kirchhoft’s laws, which are,

(i) The algebraic sum of the currents which meet at any point is
zero.

(ii) In any closed circuit, the algebraic sum of the products of the
current and resistance of each part of the circuit, is equal to the electro-
motive force in the circuit.

By the application of these two laws, many problems on the
currents in a network of conductors may be solved,
and the resultant resistance of the network found.

From the first law we see that in the case of
a number of conductors meeting at a point (Fig.
60) the relation

AT A T AR

holds between the currents, the positive sign being
given to those which flow towards the point and F1a. 60.

the negative sign to those which flow away from

it. 'We shall see later that the first law is an expression of the fact
that when the currents in a conductor are steady there is no accumu-
lation of electricity anywhere.
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The second law applied to a circuit such as Fig. 61, leads to the
equation

i+ iy i + i = e

If the circuit is a mesh of a network, it may happen that one or more
of the currents is negative, and this fact must appear by a suitable
change of sign in the equation.

Wheatstone’s Net.—The most important application of Kirchhoff’s
laws is in connection with the problem of the Wheatstone’s Net, an
arrangement of conductors used very widely for the practical com-
parison of resistances.

i
B || 74 C

Fia. 61. Fic. 62.

Six conductors are arranged in trilateral symmetry about the point
D. If the diagram, Fig. 62, be looked upon as the plan of a tetra-
hedron of which ABC is the base and D the vertcx, it will be seen that
AD and BC are opposite sides of the tetrahedron, as are AB and DC,
AC and BD, cach pair being called conjugate conductors.

Applying Kirchhoff’s first law to the points A, B, C, and D, in turn
we have

for the point A, =t —1,=0
”» B, fb"fl"‘?;;:O
» » G, ’.2+2.4—1'b=0
” ”» D! 13+"U"'1{=0
These four equations arc not all independent, in fact, any one of

them may be derived from the other three.
KirchhofP’s second law applied to the four possible meshes, gives the

equations,

for mesh ABC, i, +¢m +ir,=e¢ .
" ABD, ur + Yy = 4y = 0
) ADC, iy —~ Gy~ i, = 0

» DBC, iy 4 i + Gy = €

Just as before, we can derive any one of these equations from the
other three, so that they are not all independent.
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If we take, say, the first three of cach sct we have six simple
equations from which to determine the six unknown currents, ¢, 4, 4,
ts, 73, 4. 'The process of solving the six equations is a very tedious one,
but by means of the three equations from the first law, tho number of
independents currents may be reduced from six to the three, so that
the process of solving the equations need only be applied to the last
set. This is virtually the same process as that suggested by Maxwell,
of assuming three circuital currents , y, and z for the three meshes
ABD, ADC, and DCB, and uniting the currents in the branches as
the appropriate sums or differences of these three.

If, in our case, we take i, = ¢, i, = b and {; = =z ; then from equa-
tion B, z‘,.= b~ «; from equation D, ¢ =g+ @; and from C,
t,=b — g — «. Substituting these values,

ABC becomes br, + (b —x)r; + (b — g — @)y, =¢
ABD becomes (b—ay,+gr,—ar,=0
ADC becomes (b —g —x)r, — (g + a)ry—gr, =0

or, arranging the terms in b, @, and g,

(71+Tz+7’b)b —(7'1+7'2)m-rzg= e
rh=(n+r)e+rg=0}... «a
nb—(n+r)e—(n+r+r)y=0

These cquations may be solved by ordinary algebraic methods, but
the procoss is very tedious. It would be a great advantage if the
student would spend the time in reading the elementary theory of
doterminants, as found in Hall and Knight's Higher Algebra, rather
than to attempt to solve the equations by unassisted algebraic methods.
Thus solving for g, we have

(1‘1 + 7+ Tb) - ('rl + 7'2) e
T - Erl i rﬂg 8
- o zWexn) P10
§= (n+r+ "o) - (7'1 + 72; =7 (ﬁ)
r —(n+r +1,
7y ~(rptr) =(ratri+r)

The numerator of this fraction is—

n =+ _1'3) =e{r(r, + T5) — rx(rz + r)}

rs = (rtr)
= e(ryr; — 1ry)

Thus, when 77, = r;r; i.c. when ? = :3, the current g is zero, and

2
if a galvanometer be placed in this branch, the current being produced
by a battery in the b arm, the deflection will be zero when the resist-
ances of the four arms 1, 2, 3, and 4 form a proportion. This is the
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condition used in the various modifications of the Wheatstone’s bridge
commonly employed for comparing resistances.

Sensitiveness of Bridge.—On examining Fig. 62, it will be seen
that if the battery and galvanometer change places, the same relation
will hold for the current in the galvanometer to be zero. Any two
conjugate conductors may be interchanged without disturbing the
balance, and it might be thought that there would be no difference
in the two arrangements. It is quite possible that the point of
balance may be the same in the two cases, but in spite of that, the
sensitiveness may not be nearly the same. To compare the
‘advantages in the two cases, let us imagine that the balance is
disturbed by a small amount, so that ryry differs slightly from 7, Now
that the balance is not perfect we cannot find the current in the
galvanometer without evaluating the determinant in the denominator
of the equation for g. This is equal to

—(r,+1y) i
(ntratn) | Z(t r) — (it retr)

r r
+(r+71,) ! r.i, —(’2+r‘g+r”>

= (r+7)
r —(rtr)

-7,

that is,

(r+7r+ Th)[("l + ’3)(7'2+ ry+ ’y) +"y<7;:+ 7'4)] - ("1 + "2)[’1( rrgtr,)
+rary ]+ rfri(ratry) = r(n+13)],

which when multiplied out, with the terms collected, becomes

"b"g(rl +rogtryt )+ (rAr)(retr) +r,(n4 )+
+ I_"x"u( ry+r)+ 7'.57'4(7'1 +7, )]

Since the object of our investigation is to find whether it is more or
less advantageous to place the battery and galvanometer as shown in
Fig. 62 than with their positions interchanged, we may neglect the
first and last terms in this expression, as their valucs will not be
altered by interchanging r, and r,, Writing D, for the valuc of this
denominator of equation 3 for the first position, as above, and D, its
value when 7, and r, are interchanged, we have

D, =D, =rn[(r,+ r)(re+ 7)) = (n + 7)(75 + 1y)]
+ ry[("l + r2)(r3 +r)— (rx + 7'3)(”2 + 7'4)]

= (1p — 1,)(ry = 13)(rz — 15).

Now, when a balance is nearly but not quite attained, rp, is very
nearly equal to r,r,, and the greater the current g for a given small
difference between 7, and r,r, the more sensitive will be the test for
the point of balance. If, then, two of the resistances are very different
in value to the other two, it may make a considerable difference whether
we place the battery and galvanometer in the positions as shown or
the reverse., Let us consider that r, and r, are great in comparison



i RESISTANCE OF NETWORK 73

with r; and r,; then the last two expressions in brackets are both
positive, and if in addition r, be greater than r, D, — D, is positive,
or D, > D,. Hence, the denominator being greater in the first caso
than in the second, the current g is greater in the second than in the
first, so that the second arrangement is the more sensitive, and the
battery must be between A and D and the galvanometer between I
and C. On the contrary, if r, > r, then D, > D,, and the battery and
galvanometer must be as shown in the figure.

Thus, whichever (galvanometer or battery) has the grealer resistance
must be placed between the junction of the two arms having greater resist-
ance and the junction of the two arms having less resistance.

Again, if one pair of resistances be extremely small, say r, and r,,
then the numerator of equation B8 would be very small, and the
current g would in turn be small, and the arrangement would then be
insensitive under all conditions. This difticulty could not be got over
by increasing the resistances 7, and », as this would increase the
denominator. Hence, the method of the Wheatstone’s bridge is un-
suitable for comparing two very low resistances; other methods must
be employed (see p. 100).

Also it is an advantage to have the resistances of the battery and
galvanometer as low as possible, as we then havo as small a denominator
of equation B as possible and therefore as large a current for any given
want of balance.

An increase in e, the E.M.F. of the battery, is usually impracticable,
as the rosulting heating of the resistances, due to the larger current,
would cause injury to the standard resistance coils.

Resistance of Network.—The effective resistance of the network
from B to C may be found by solving the simultancous equations a
(p. 71), for the current in the battery, b; then, if R is the effoctive
resistance of the conductors through the network from I to C,

e

b=p +7

R is evidently independent of the resistance of the battery, and we
may, therefore, using a battery of negligible resistance, put r, = 0, and

obtain R from the relation b = + ,or R = ¢

R b
From (a)—
. e - gr, + rzg -1,
0 —(r+r +r,
_ 0 —(ro4r) —(rs+r, + ro)_
- (n+r+n) —(ri+ 1) -1
r, —(ri+r) +r,

s —(r.+r) —=(ru+ri+r,)
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Putting r, = 0, and rearranging, remembering that R = ¢ we

b
have—
(n+r) =(n+r) -1y
7 - (ry + ) + 7,
R = . - (7 + 7'4)____:‘(7’1 + - 7y + ra)
- I - (n + 7y)
—(rptr) =(r + "4 +1,)

a result which gives us the resistance of the Wheatstone’s net.

Further, when rry = 1,1, there is no current in the ga.lva.nometer
circuit, and b is consequently independent of the resistance r,, and it
follows that the valueof R in this case is unaffected by putting r, = 0.
The value of the numerator of the last equation, without r, being
omitted, has been found on p. 72, and putting r, and 7, both equal to
zoro in this expression, it reduces to .

Ly 7'2("8 + 7'4) + 7’3"4(71 + fg)-
And thus—
ryr(ry + ry) + rr(r + "e)

= (n+ r)(re + 74)
1 L) iiz"':; + - + Tl

R = rrgrs + 1ty + rrpg + e

=r r,rs + r,r,n + rlrar4 + r,rJr4 * s + v, + e Jr‘ + rzrsr

Remembering that rr, = 7y,

1 mmtrnn Ty 4 Ty
R7T(rm ) (rs + 1) 7 (rre+rp) (10 + 1)
1 1

=,
LA S PR o

A result which is in accordance with that obtained by the simple
wethod on p. 63.



CIHAPTER 1V
THE ELECTRIC CURRENT (continued)
MEASUREMENTS

Galvanometers.— The name galvanometer is applicd to those instru-
ments which are used for the measurement or detcetion of very small
currents. Although there is no absolute line of demarcation between
these on the one hund and ammeters which measure relatively large
currents, and voltmeters which measure large differences of potential,
on the o'oher, still, the latter have as a rule a definite fixed scale,
graduated to read amperes or volts, while the scale used with a
galvanometer is not as a rule part of the instrument itself: and the
value of the scale divisions, which for many purposes need not be
known, is found for each experiment, when required, by some process
of calibration.

In the case of the tangent galvanometer described in the last
chapter, the expression for the current flowing in the coil is—

= tan g
P g ARG

and for reasons connected with the use of such a galvanometer, r is
always great. This is no disadvantage so long as the current to be
measured is large, but if the current is extremely small, r must
obviously be as small as possible, and at the same time n must be as
great as possible. Thus for high sensitiveness, many turns of small radius
must be employed. Obviously, the number of turns cannot be
indefinitely increased without making the radius of the turns so great
that they are of very little value, and even act detrimentally by
unduly increasing the electrical resistance of the galvanometer,
Having reached the limit of any increase of sensitiveness obtained
by modifying the coil, we then turn our attention to the method of
measguring the deflection. The scale and pointer method is only
applicable for very rough instruments, and is replaced by the scale and
mirror method described on p. 8. The scale being situated at some
distance from the needle, and the rotation of the reflected beam of
light be:ng double that of the mirror, it follows that for deflections of a
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considerable number of scale dimensions, the angle turned through by
the needle is so small that tan 6 may be replaced by 6 itself, and this
may be taken as proportional to the deflection in divisions on the
linear scale. This is thoroughly justified if the reading is near th.
middle of the scale, but if the deflections are large the scale must be
directly calibrated.

The calibration of a galvanometer scale may be most easily effected
by means of a standard cell and a high resistance box. The box, the
cell, and the galvanometer are joined in simple series and the resistance
adjusted until the deflection is the greatest allowable. The resistance

and E.M.F. being known, the current is calculated (current = ;) On

increasing the resistance by suitable steps, other readings of the
deflection may be obtained, and the corresponding current calculated,
and the result may very suitably be represented by means of a curve,
deflections being abscissee and milli-amperes (thousandths of an
appere) or micro-amperes (millionths of an ampere) ordinates.

If the controlling magnetic field, H, which brings the needle into
the plane of the coil, when no
current is flowing, is the hori-
zontal component of the earth’s
tield, the range of sensitiveness
of any given galvanometer is
restricted ; the only changes
that can be made are effected
by altering the coils or the
method of reading the deflec-
tion ; but if H can be varied,
we have a great extension of
the range of usefulness of the
insttument. This is wusually
accomplished Ly means of a
controlling magnet M (Fig.
63). Thus, if H be increased
by lowering M, its S pole point-
ing north, and its N pols
pointing south, we sce that a
given current will produce a
less deflection, but if the N pole
of M point north, or if instead
M be raised, the controlling field H is weakened, and the given
current will produce a greater deflection. Thus the sensitiveness may
be considerably altered by means of the controlling magnet.

The use of a controlling magnet has the further advantage that the
spot of light may by means of it be easily adjusted to the zero of the
scale.

Another device for increasing the sensitiveness is to arrange the
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suspended magnetic system in such a way that the controlling field

exerts an extremely small turning effect upon it.

z

-
—,

-

Fig. 64. I'1g. 65.

Two mtwnets are

——el

Fic. 66

connected rigidly together in such a way that the couples excrted
by the controlling “feld upon them are very nearly equn.l and

opposite. They must not be exactly
equal and opposite, in which case the
system is said to be astatie, or the control
would be zero, and the arrangement
would be unworkable. The coil only
surrounds one of the needles (Fig 64),
so that the deflecting couple acts on one
of them only. In the Kelvin type of
instrument two coils are employed, one
surrounding each magnet, the coils being
8o connected that the couples due to the
current both tuin the systcms of needles
in the same direclion (Fig. 65). A
further arrangement due to Professor
Broca, modified by Dr Harker, is shown
in Fig. 66. Two steel wire magnets
are rigidly attached together vertically,
one of which has N poles at its end, and
consequent S poles in the middle, and
the other 8 poles at the ends with con-
seqyent N poles in the middle. This
arrangement allows powerful magnets to
be used without having a large moment
of inertia for the moving system. ~
Fig. 67. illustrates a galvanometer

of the Kelvin type made by Messrs. Nalder Bros. & Co
The Suspended Coil galvanometer has largely superseded the
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galvanometer with the suspended magnet, for two important reasons—
the instrument is not susceptible to disturbance by varying external
magnetic fields, and the suspension is much stronger. On the con-
trary, its sensitiveness cannot be varied at will, and the damping is
usually much greater. This latter is not always a disadvantage ; in
fact, for deflection measurements and those involving the finding of
an electric balance as in the case of the Wheatstone's bridge, it may
be a great advantage, but in measurcments of the ballistic type, as we
shall see in Chapter IX., it is a serious objection.

The principle involved in the use of this type of galvanometer must
be deferred to Chapter IX., but on general grounds it may be seen that
if a magnet experiences a couple due to the current in a eil, the col
experiences an equal and opposite couple, so that if the magnet be
fixed and the coil suspended, the latter will be deflected when a current
flows in it, and further, the couple ig
proportional to the current. To make
this change, a radical alteration in de-
sign is nccessary. Since the magnet is
fixed wo may make it as large and
heavy as we please, while on the other
hand, the coil, being suspended, must
be as light as possible.

A typical arrangement for this form
of galvanometer is shown in Figs. 68
and 69. A permanent magnet, usually
of the horseshoe type, has soft iron
pole-picces N and S.  The coil B, which
is commonly rectangular, is suspended
between these pole-pieces by a fine
phosphor-bronze strip, which also scrves
as a conductor to bring in the current.
After passing round all the turns of the

Fic. 68, coil, the current passes out by means of

the sccond phosphor-bronze strip CD.

When the current flows, the coil cxperiences a couple, and will rotate
until the couple duc to the twist in the suspension becomes equal and
opposite to the deflecting couple. The couple due to this twist in
the suspension is proportional to the angle
of twist itself, and the coil should be
always in a magnetic field of the samne
strength. To ensure this the soft, iron
cylinder E is situated between the pole
faces, and serves the double purpose of
making (by the presence of the poles upon
it) the field stronger and also of making it radial, as shown in the
plan (Fig. 69). We shall see in Chapter IX. that the couple acting
on the coil is proportional to the current ¢, to the number of turns »,
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and to the area of each turn A, and to H, the strength of field in
which the sides of the coil are situated.

.. Couple ¢ iAn"L.

The controlling couple is proportional to the deflection 4, and to

the couple ¢ for unit twist >

(one radian) of the suspen-
sion, the upper end being
fixed. Thus, for equilibrium

. , c
tAnH « 00’, or, ¢t « An.ﬁo.
Hence for a well-designed
instrument the current is
proportional to the deflection
itself, since the ficld 1s cer-
tainly of constant value until
0 attains much larger value
than that occurring in any
probable experiment. To m-
crease the sensitiveness, ¢ may
be diminished, and A, #, and
H increased. ¢ cannot be Fig. 70.
diminished without limit, as
the suspension must be strong enough to carry the coil. Tt is usually
made of phosphor-bronze, as this has a tensile strength approaching

‘ e
that of steel and is not readily oxidisable. The coil is made as light
as possible by constructing it of thin high-conductivity insulated
copper wire, but it may be noticed that we can never use as great a
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number of turns of wire in the coil as in the case of the suspended
maguet instrument, and for this reason the suspended coil galvano-
meter has generally a lower resistance. The loss of sensitiveness due
to having fower turns is, however, made up for by the very high value
of the magnetic field employed. The permanent magnets are generally
built up of several hard-stee] horseshoe magnets to ensure permanence
and great strength of field.

Galvanometers of the suspended coil type are frequently called
d’Arsonval galvanometers after their inventor.

In Figs. 70 and 71 are two types of galvanometer having a single

S5 e

i 2 = :
suspension, and Fig. 72 is a galvanometer of the Crompton type, in
which the suspension is bifilar, the current passing down one of the
pair of metallic strips and up the other. The details of the suspension
and coil are given in Figs. 73 and 74,

In the Thermo Galvanometer due to Duddell, the heating produced
in a fino wire is measured by an arrangement similar to that used in
the Boys’ radio-micrometer. A loop ot silver wire hangs between the
poles of a permanent magnet and the loop ends in two little pieces,
one of antimony and the other of bismuth. These are in contact at
their lower extrewities, and are situated over the heater I (Fig. 75),
which carries the current to be measured. When a temperature difference
exists between the lower Bi-Sb junction and the rest of the circuit,
a current proportional to this temperature difference flows in the
loop, which then rotates until the torsion in the suspending quutz

&
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fibre F brings it to rest. The rate of production of heat in H is
proportional to the square of the current, and this is also found to be
proportional to tho deflection. The heaters are made of various
resistances from 4 ohms to 1000 ohms, those of lowor
resistance being metal wires and those of high resist-

|
ance consisting of a deposit of platinum on quartz. F
With a scale at a distance of one metre, a current
metres, using a 1000-ohm heater, and with a 4-ohm
N S
B (Il s6

of 110 micro-amperes gives a deflection of 250 milli-
heater a p.d. of 7 millivolts gives a deflection of 250
millimetres. The great advantage of the instrument
lies in the fdct that it is equally applicable to the
measurement of direct or alternating currents, and

on being calibrated for one, may be used to measure
the other, and it is therefore useful for the measure-

ment of high-frequency oscillating currents of a few m H
micro-amperes.
Sensitiveness of Galvanometer.—The Figure of Fic. 75.

Merit of a galvanometer is the current which will

produce a deflection of one scale division. This depends upon the
distance of the scale from the galvanometer and the size of division,
and thus for facility in comparing different galvanometers it is usual
to employ a scale of millimetres, placed at a distance of one metre
from the mirror of the galvanometer. Provided that the deflection is
not too large, we see that the current is proportional to the deflection,
both for the suspended magnet and the suspended coil type of galva-
nometer, and therefore we can obtain the figure of merit by observing
the deflection for a given current, as in the calibration described
on p. 76. Dividing the current by the deflection the figure of merit
is obtained.

There is considerable difficulty in making a comparison of tho
efficiency of different galvanometers, since this depends so much upon
the use to which the instrument is to be put. It might happen that
an extremely small current produces a considerable deflection, and
yet the resistance of the galvanometer may be so greut that it is
unsuitable for some purposes, as, for example, making measurements
by the Wheatstone’s bridge. If a constant p.d. be maintained between
the terminals of a given galvanometer, the deflection is independent of
the resistance of the coils, provided that all the turns are equally
ceffective in producing magnetic field, for the ficld is then proportional
to the®number of turns. But, on the other hand, the resistance is
also proportional to the number of turns, so that the current corre-
sponding to the given p.d. will vary inversely as the number of turns,
and the deflection, being proportional to the field and the current, will
remain unaltered.

Again, the moment of inertia of the suspended part does not affect
the steady deflection for any given current, but it does affect the

G
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period of swing and the time for which the needle goes on swinging,
and a large moment of inertia may, therefore, render a sensitive
galvanometer unsuitable for bridge work and for measurements in
which a steady deflection is to be rapidly obtained. And, further, the
suspended magnet galvanometer is usually provided with a moveable
controlling magnet, so that the controlling field, and therefore the
sensitiveness, may be varied between wide limits.

For these reasons it has been suggested that the sensibility of
a galvanometer should be defined as the number of scale divisions
deflection for a current of one micro-ampere when the scale is at
a distanco of 1000 scale divisions from the mirror, reduced to the
corresponding value for the same rate of expenditure of energy
when the resistance of the galvanometer is one ohm and the period of
vibration one second.

Let the deflection be 6 scale divisions for a current of one micro-
ampere when tho resistance is R ohms and the time of vibration T
seconds. The rate of working is now R x 10— watts (since current
is one micro-ampere = 10-% amperes), and therefore to maintain the
same rate of working with the resistance changed to one ohm, the

current would be ,/I micro-amperes, and the deflection for one

. - 4
micro-ampere would, under the new conditions, be :/——ﬁ To reduce

the deflection to correspond to a period of vibration of one second,

remomber that T = 27r\/ MEH— in the case of a vibrating magnet,
where I is the controlling ficld (p. 23) ;

1
S Ha ™

But deflection o ]11 (p. 75);

. Deflection ¢ T2,

Hence to find the doflection if the periodic time were reduced to
one second, we must divide by T2

 Sensibility = TE%E,‘

A similar process of reasoning applies to the suspended coil

galvanometer, for in this case T = 27\/ .!, where ¢ is the restoring
c

. 1
couple for unit twist in the suspension, and deflection o 5 (p. 79).
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Galvanometer Resistance.—Tho resistance of the galvanometer may
vary between wide limits, but that of the suspended magnet type is,
in general, greater than that of the suspended coil. The latter may
have any resistance up to 2000 or 3000 ohms, but in the case of the
suspended magnet instrument it reaches in exceptional cases, as much
as 300,000 ohms, although 4000 to 6000 ohms is a usual value.

There are many methods of measuring the resistance of a galvano-
meter, but undoubtedly the most accurate is to clamp the coil and
treat the galvanometer as an ordinary conductor, and measure its
resistance hy comparison with a standard, using the metre bridge or
Post Office box. This involves the employment of a second galvano-
meter, which presents no difficulty in a physical laboratory ; but there
are several methods of determining the resistance without the use of
this second galvanometer. For example, in Kelvin’s method, described
on p. 98, the galvanometer itself occupies one arm of a Wheat-
stone’s bridge. The following two simple methods will give the
resistance approximately.

If the galvanometer has a low resistance G, connect it in series
with a cell of E M.F. E volts, and a resistance box in which resistance
R, ohms is used.

B ] .
Then, I, =TT Ty assuming that the resistance of the cell is

negligible. Now change the resistance in the box to R, chms, when

I E

T G+ R,

,Iu_G"I'R}_ G_I_{QI?‘:R'{!
“LTG+R/ - L -1,

I, and T, are proportional to the deflections in the case of a reflecting
galvanometer, and to the tangents of the de-

flections in the case of a tangent galvano- G

meter. The method is applicable when the

galvanomcter is not very sensitive, but in

the case of a delicate instrument, R would

have to be so great in order to produce a

reasonably small deflection, that the method R

is useless, and the next method may be em- ‘! y
ployed. A conductor of resistance r, is E

placed in parallel with the galvanometer and F1a. 76.
another resistance R, in series (Fig. 76).

Then R, being usually very great in comparison with the resistance of
the cell,
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E r
rnG o+ G
R, + e

Current in galvanometer, I =

If now r, be changed to r,,and R, be changed to the value R,, such
that the current I in the galvanometer.is the same as before,

E on E r,
n x R G e r G
Lty *Th+o
" - T
Ry + RG + rG~ Ry, + RG +2G
G = riry(Ry "‘_131)
*T R, = 1R,

Galvanometer Shunts.—Resistances are sometimes placed in
parallel with the galvanometer to reduce the sensitiveness, by offering

I S \
Fia. 77. F1a. 78.

an alternative path to the current, so that only a fraction of it goes
through the galvanometer. Thus, if the galvanometer resistance be G,
and that of the shunt 8 (Fig. 77), then for the current I flowing in the

S .
m. With the older

galvanometers, boxes of shunts were supplied, whose resistances were
respectively 3, 55, and 515 of that of the galvanometer, and in this case
T+s ,
galvanometer is reduced 10, 100, or 1000 times by the use of the
proper shunt. Each galvanometer had its own shunt, which some-
times led to great inconvenience, and hence the advantage of the
Ayrton and Mather Universal Shunt, which may be applied to any
galvanometer.,

The high resistance R is placed in parallel with the galvanometer,
and the current I enters at A and leaves at B, Fig. 78,

main circuit, that in the galvanometer is I .

| ) iti
has the value {;, 1i5, or 1755, so that the sensitiveness of the
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) R
current in galvanometer = I GI R

If now the point at which the current leaves be transferred to D,
R
such that resistance AD = 11' (resistance AB), the two circuits AD (-1;)»

and AGBD (G +R - I—:i), are in parallel, and

R
. » I
currant ia galvanometer = I z == -
%+G+R—§ n G

1 .
that is, it is p of the previous current,

By having a number of points such as D, for which » = 1, 10, 100,
1000, ete., the effect of the shunt may be conveniently varied. Fig. 79
shows the arrangement somctimes adopted in the Ayrton and Mather
shunt: G and G are connected to the galvanometer and L L are the
circuit terminals. With the rotat-
ing arm as shown, the value of the
shunt is ;.

It should be noted that in moving
the point of contact from B to D
(Fig. 78), the effective resistance be-
tween the leads falls from

R R
oR nG+R_7»)
G+ R R R

R

G+R~—

i.e.tog-(.{-___d,
G+ R

and the main current may be thereby altered. For the main current
to be unchanged, these values of the resistance must be the same,

[
G+R-Y

oG = 2, or, R = nG.
n

Thus for any given value of the shunt, say %, the effective resistance
of the circuit is unchanged on employing the shunt, provided that the
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resistance AB is ten times the gaivanometer resistance. The sensitive-
ness of the galvanometer is reduced on attachmg the universal shunt

in the ratio 1: (1+R, that is by 100(1 - G+R) or 100G+ %
G 100
per cent.; but this is 100 , + G when R = nG, or Tha In the

caso when n = 10, this amounts to 9'1 per cent., which is unim-
portant, and when n =100 or 1000 it is quite negligible. The
resistance of the whole shunt should therefore be at least 100 times that
of the galvanometer.

Voltmeters.—Although the variety of voltmeters in use is very
great, and many different principles are used in their conséruction, we

Fia, 80.

may broadly distinguish between the electromagnetic type, which is
simply a galvanometer of low sensibility having a fixed scale graduated
to read volts, and the electrostatic type, which is a modified form of
electrometer, the description of which will be left to Chapter VI.
But one characteristic is common to them all; they must have very
high resistance, the reason being that in connecting them between
the two points whose p. d. is required, they must take only an
infinitesimal current, so that no appreciable disturbance of the
circuit is produced, and the heat produced by the current in the
instrument itself shall be negligible. In the electromagnetic type
of instrument the coil is situated in a strong radial magnetic field, as
in the case of the galvanometer, but the control is produced by a spiral
spring usually made of phosphor-bronze, and the coil turns upon two
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jewelled pivots. Fig. 80 is a voltmeter made by Messrs Nalder Bros.
and Thompson, Ltd.

In Fig. 81 is shown the mode of suspension of the coil in an instrument
made by Mr. Robt. W. Paul, which is supplied either as milli-voltmeter
or as & micro-amperemeter according to the scale attached. It also

s

F1g. 81.

serves the purpose of a galvanometer when great sensitiveness is not
required. It is called a single pivot galvanometer on account of the
fact that the coil is suspended by one pivot only, which is situated at
the centre of the spherical soft iron core as shown in the figure.

Ammeters.—A. voltmeter may be used in conjunction with a
shunt of low resistance to serve the purpose of an ammeter. If the
shunt AB, Fig. 82, be placed in the circuit v
in which the current is to be measured, and /1
the voltmeter joined to A and B, then if the
resistance between A and B be known (say R
ohms), the current is also known, since I = R

o
If R be {; ohm, then the scale of volts multi- A B
plied by 10 will serve as a scale of amperes. Fia. 82,
This of course assumes that the resistance of
the voltmeter is so high that the current in it is inapprecialle, but
even when this is not quite the case the instrument may be calibnated
as an amperemeter by means of the voltameter or by comparison
with a standard current balance (see p. 244).

Many instrument makers place the shunt in the case of the instru-
ment, nd others supply sets of shunts, which enormously increase the
range, in some cases up to several thousand amperes (¥ig. 83).

In all cases the resistance of an amperemcter must be very small ;
in the first place so that no disturbance is made in the circuit in
which it is placed, and secondly because the heat produced in the
instrument must, in spite of the large current, be negligible,
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voltmeters.

arrangement.
instrument.
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Hot Wire Instruments.—The heat produced by the passage of the
current has also been employed in the construction of ammeters and
The current passes through a fine wire which is thereby
heated. The expansion is observed by some mechanical multiplying

The Cardew voltmeter is an example of this form of
The advantage lies in the fact that the dircction of
movement of the pointer is independent of the direction of the current,

and the instrument can therefore be used for measuring alternating

F1a. 83.

currents. The hot wire instruments, hewever, are very liable to change
of zero, and the fact that the heating is proportional to the square of
the current renders the scale uneven, and further, the multiplying
mechanism is a frequent source of uncertainty.

Soft Iron Instruments.—Soft Iron ammeters also are constructed,

Fia. 84.

which read satisfactorily on both continuous and
alternating currcnt circuits. The principle of
such an instrument is illustrated in Fig. 84. The
current to be measured passes round a coil wound
upon a brass cylinder, and thercfore gives rise to
a magnetic field parallel to the axis of the coil.
Two soft iron bars, A and B, are situated in
this field, with their axes parallel to it, and are
therefore magnetised when the current flows
in the coil, and to a degree depending upon the
strength of the current. A is fixed to the
brass cylinder, and B is part of a light frame-
work pivoted upon centres O situated in the axis
of the coil. When A and D are magnetised, the

ends situated together are poles of the same kind, that is both N or
both 8, and the two bars therefore repel each other. The force of this
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repulsion is proportional to the product of the two pole strengths, and
each pole depends upon the strength of current, and hence the repul-
sion depends upon the square of the current. The control is usually
gravitational, the moving system being so balanced that the pointer
S is at zero on the scale when no current is flowing. The 1elation
between deflection and current is complicated, so that the scale must
be calibrated by direet comparison with an ampere balance ; the scale
is found to be more open in the middle than at the ends.

Since the deflection depends upon the squaie of the current, its
direction is independent of that of the current, and an alternating
current will therefore produce a deflection. This type of ammeter,
calibrated t(.) read alternatin g currents, is very widely used.

c D € ) € ]

Fic. 85, - 41(;. 86.

Resistances.—For purposes
of electrical testing, it is usual
to arrange the standard sets
of resistances in boxes, and
the variety of ways in which
this is done is very great. One
very common arrangement is
shown in Fig. 85. The wire
whose resistance is approxi-
mately that required, is sol-
dered one end to each of the
brass blocks, which are them-
selves screwed to the ebonite
base. The wire,which is usually
of manganin on account of 1ts
small temperature coefficient,
is thén doubled and wrapped « SRR
round the bobbin as shown, FiG 87
and afterwards soaked in ’
melted paraffin wax. The plugs are ground to fit into conical holes
between the brass blocks, so that on inserting any given plug the
corresponding resistance coil is short circuited.
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Fig. 86 is a box of the ordinary type made by Mr, R. W. Paul, and
Fig. 87 a box of high resistance made by Messrs. Nalder Bros. & Co.,
the total resistance of which 1s 100,000 ohms, the terminals being
mounted on tall pillars to improve the insulation. This becomes
necessary when the resistance of the coils is of the same order of
magnitude as that due to leakage between the terminals, over the
surface of the ebonite. Fig. 88 is a convenient form of dial box by
Messrs. Nalder Bros. & Co.

Owing to the change of resistance with temperature, resistance

RN

Fia. 88. o ' G. 89,

coils used for accurate purposes are provided with a thermometer to
enable the temperature to be observed at the time of experiment.
In Tig. 89 is shown a standard resistance coil of the pattern used
by the Reichsanstalt, Berlin. The terminals are stout copper con-
ductors, which are amalgamated at the tips to ensure good electrical
contact with the mercury cups in which they rest. The whole is
immersed in a liquid bath to maintain steadiness of temperature, and
the hole enables a thermometer to be inserted so that the bulb shall
be as near as possible to the resistance wire itself,

Measurement of Resistance.—The easiest method of comparing
resistances is that of simple substitution. A cell of steady E.M.F.,
which need not be known, is placed in series with a galvanometer, a
resistance box, and the resistance to be determined. The current is
adjusted to a suitable amount either by changing the resistance in the
box or by shunting the galvanometer. On removing the unknown
resistance from the circuit, the current is increased, and may be brought
back to its original value by increasing the resistance 1 the bdx by
an amount equal to that of the resistance removed, which is therefore
known.

The deflection method may be employed when the resistance to be
measured is sufficiently high; the deflection § being observed when
the unknown resistance R is in circuit. This is then replaced by a
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known standard resistance R, and the deflection 4, observed (Iig. 90).
1f E is the E.M.F. of the cell, B its internal resistance, and G the
resistance of the galvanomoter—

1 E I E
TR¥EBFE "TRFB+E
I R +B4+G 9

T R+B+G T 6§

R 6
If R and R, are very great in comparigon with B and G,lzl = 61

The methed is only employed in measuring very great resistances,
such as that of the insulation of an electric cable, which is generally
of the order of millions of ohms. The cablo is immersed in a tank of

Fia. 90. Fra. 91,

water, and the current passed from the core I3 to the water of the
tank, passing through the insulating layers of the cable. It will be
seen that a leakage may occur over the surface of the insulation from
A to B (Fig. 91), this current causing the results obtained to be false.
To get over this difficulty Price® has suggested that a wire, C, be bound
round the insulation near the end of the cable and so connected to the
rest of the circuit that this disturbing current will not pass through
the galvanometer. The current in the galvanometer may conveniently
be reversed by means of the Pohl’s commutator, shown at D, and the
mean of the readings on each side of the zero, taken as the deflection.

A more direct method of measuring resistance is sometimes em-
ployed when the conductor is carrying current, as, for example, in the
case of an incandescent lamp, the resistance of which, when hot, differs
greatly from that when cold. The ammeter A (Fig. 92) indicates the
current in the lamp, and the voltmeter V the potential difference
between its terminals. By division we can obtain the resistance in

' W. A. Price, Electrical Review, vol. 37, p. 702.  1895.
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obms. The method does not admit of very great accuracy, but this
is rarely required in such a case,

On altering the current by means of the variable resistance R, the
resistance of the lamp for different currents may be found, and if,
instead of dividing the p.d. by the
current, we multiply them together,
the result obtained is the power in
watts absorbed by the lamp. The
candle-power for different currents
may be found by the ordinary photo-

Fia. 92, metric methods. A carbon filament

lamp has about 50 per cent. less

resistance when hot than when cold, while for a metallic filament
the resistance when hot is two or three times that when cold.

Wheatstone’s Bridge.—The mothod of the Wkeatstone's net,
described in the last chapter, affords the most accurate and frequently
used method of comparing resistances, and it has the great advantage
that it is a null method, the galvanometer being required to detect
a want of balance and not to measure a deflection.

Tig. 93 (i) is a diagrammatic representation of the Wheatstone’s
net, and Fig. 93 (ii) shows the arrangement used in the Post Office box.

We have secn on p. 71 that when g= g the current in the galvano-

r .
meter is zero. Hence, if the ratio -~ and the value of R in ohms be

known, the resistance S can be calculated. In the Post Otlice box the
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Fra. 98.

arms P and Q usually each consist of three resistances of 10, 100, and
1000 ohms respectively, so that any decimal ratio from 1:100 up t0100:1
may be used. The third arm R is an ordinary set of resistances, and the
unknown resistance 8, which is to be measured, is made the fourth arm,
In making measuremonts it is necessary to have a tapping-key in the
battery and one in the galvanometer circuit, so that these are only
closed at the moment of making the test. This is a necessary precau-
tion, for if the current be left on for an appreciable time the resistances
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will be heated, and since they will generally have different tempera-
ture coefficients, a disturbance will on this account be introduced.
The battery circuit should be closed before the galvanometer circuit,
as, when the reverse process is employed, a throw of the needle may
take place owing to the difference in the windings of the various parts
of the bridge. (See p. 323.)

For measuring very high resistances the ratio 1:100 will be
employed, and the resistance R, which gives a balance must be multi-
plied by 100 to obtain 8. Similarly, for very low resistances the
ratio 100 : 1 is employed, and R is divided by 100. Should an altera-
tion of 1 ohm in R change the deflection from a few scale divisions on
one side of*zero to a few divisions on the other, the fraction of an
ohm necessary for an exact balance may without error be calculated
by proportion to the first decimal place.

Metre Bridge.—For greater precision in comparing resistances the
Metre-bridge may be used.

The two resistances to be compared are placed at P and Q, and a
point of balance upon the stretched wire is found, for which the
current in the galvanometer is zero (Fig. 94).

P R
Then Q= )

section and material, The wire is usually a metre long, hence the

l . L . .
= l—l’ provided that the wire is uniform in cross-
2

name of the bridge, and is stretched over the scale, so that the position
of the point of balance may be read to within a millimetre. The
connecting conductors are stout copper strips, the resistance of which
is for most, purposes negligible.

In the laboratory form shown in Fig. 95, P and Q are the gaps in
which the resistances to be compared are placed, A and B being two
additional gaps in which resistances can be placed whose function is
to increase the effective length of the slide wire. For example, if the
resistances at A and B are each 10 times that of the slide wire, the
sensitiveness of the bridge is increased 21 times ; but it should be noted
that P and Q must now be nearly equal, otherwise the balancing point
may not come on the slide wire,

The contact maker K rests upon three hemispherical feet, two of



94 ELECTRICITY AND MAGNETISM CHAP,

which slide in the V groove running between E and F. This ensures
that it shall always run exactly over the same path, and the groove
being a piece of angle brass it also serves as a conductor to connect
the contact maker to the battery or galvanometer, which is joined
to E or F. This saves the loose running wire, which is a frequent

Fia. 95.

source of accident in the older patterns of metre bridge. Contact
with the wire is made by pressing the ebonite-capped key, and the
position of the contact with respect to the scale is determined by means
of a fine scratch on the piece of glass let into the slider.

Calibration of Metre Bridge.—Unless the roughest of measure-
ments is to be made, several unavoidable errors of the bridge must
be determined. The first, results from the fact that the zero of the
scale may not be actually at the effective end of the wire, owing to
uncertainty in fixing the scale, and also to the fact that the copper
strips and the soldering at the ends of the wire may have resistances
which are not negligible.

Let the error at one end of the bridge be equivalent to a length a
of the wird, and that at the other 8. Two resistances of known ratio
P: Q are inscrted, and a point of balance found at distance !, c.m.s.
from one end.

Then, P Lt

Q7100 -1, +p

P and Q are now interchanged, and a new point’ of balance found,
at say I, c.m.s. from the same end. ’

Then,

From these two simple simultaneous equations a and 8 may be
calculated. Of course P must not equal Q, or no change in the
balance is produced on interchanging them. A convenient ratio.is
P:Q::10:1.

The second error is due to unevenness in the wire, and to correct
for this, a calibration of the wire must be performed. To do this, the
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wire is divided into a number of parts of equal resistance, whose
lengths will, if the wire is not uniform, be different. Let them be
Uy, Iy, I ... Ly, if the number of parts chosen is 10. The mean of
Ly I, ... l,is found by adding them and dividing by 10, and each
one in turn is then subtracted from the mcan. This gives the error
over cach section, and to find the resulting correction to be applied
at any point, these errors must be algebraically added from one end
to the point considered. By plotting a curve with lengths of wire as
abscisse and corrections at the 11 points (counting the two ends, at
which the correction is, of course, zero) as ordinates, the correction
for intermediate points may be found. If, then, the end corrections
o and B with signs reversed be plotted upon the same diagram and
the resulting two points joined by a straight line, this line may be
taken as a new axis from which the total corroction at any point may
be measured.

There are many methods of performing the division of the wire
into a number of parts having

equal resistance, but the following, P Q
which makes use of a principle duc M N
to Prof. Carey-Foster, is a very
convenient one.

This principle is, thatif a balance % ----- b---s-> !
be obtained with two unequal re- <777 "7 &7 >
sistance at M and N (Fig. 96), and Fia. 96.

these be then interchanged and
a new balance be found, the difference between the resistances M and
N is equal to the resistanco of the bridge wire between the two points
of halance.

For, with M and N as shown in the figure,

P__M+h

Q N+T-U
where [, is now the resistance of the length I, of wirc and T the
resistance of the whole wire. On interchanging M and N we have

P N4
Q- M+T-1
M +1, N 41,

CN4+T—, T M+T—1,
Hence, adding the numerator and denominator to get a new numerator
in each case,
M+N+T _M+N+T
N+T-1, " M+T-1’
Since the numerators are equal the denominators are also equal;
oM-N=l-1.
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If N =0,M = [, — [, and making use of this, the resistance of a
length of the bridge wire may be found.

To perform our calibration, N is a thick copper strip, and M a short
piece of manganin wire soldered to two stout lugs which fit the
terminals, its resistance being about & of that of the bridge wire.
P and Q are two resistance boxes, and their resistances are varied
until, with the contact maker near the end of the wire near M, say
at 1, a balance is obtained. M and N are then interchanged and the
new balance point on the wire is found, say at l,, Then J, — [, is the

first section of the wire

— - which has a resistance

. 0 ] equal to M. Without
moving the contact
maker, M and N are
placed in their first posi-
tions, and P and Q
varied until a balance is
nearly obtained, the fine
adjustment being then
made by moving the
contact maker. M and
N are interchanged as
before, and the process
repeated until the end
of the bridge is reached.

For comparing two
very nearly equal resist-
ances, as in the case of
two standard coils nomi-
nally of the same value,
the Carey-Foster bridge
of a special form may
be used.

The ratio coils AA,
and BB, (Fig. 97) are

S

M

L equal and are frequently

Fia. S7. wound on one bobbin

(From Henderson’s  Practicil Electricity and for the convenient climi-
Magnetism.”) nation of error due to

possible difference in
temperature. The two coils, R and X, to be compared, are placed at
IL and JJ,, and the balancing performed upon the short wire G, which
must be previously calibrated. R and X may be interchanged in
position with respect to the bridge by means of the thick copper
conductors CDEF, which, for convenience, are mounted on one ebonite
block, the rotation of which through 180° executes the required
interchange.
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Callendar and Griffiths Bridge.—This is another adaptation of the
Wheatstone’s bridge to a special purpose ; in this case the measure-
ment of temperature by the change in resistance of a platinum wire.

P and Q (Fig. 98) are the ratio arms which are adjusted to equality,
and the platinum wire W is connected by internal leads to PP, and thence
to the gap of the bridge T. An cquivalent pair of lcads joined together
within the tube containing W,
go to the gap C, and thus the
disturbing effect of the leads
on account of their variation <
in temperature is eliminated,
the two pairs being in practice
kept close together, and their
two resistances being always
equal and introduced in oppo-
site arms of the bridge, which
is adjusted for equality. The
bridge wire MN is 50 cms.
long, and at 1, 2, 4, 8, 16, 32,
64, and 128 are placed resist-
ances whose values are 1, 2,
4, etc., times the resistance of Fia. 98,

20 centimetres of MN. Since

this has a resistance of about ;15 ohm per centimetre, the resistances
of 1, 2, 4, ete., are thereforé 01, 0-2, etc., up to 128 ohins, and with
all of them in, W may have & total resistance of 23'5 ohms. The
balance is obtained by moving the cross-piece which connects the wires
AB and MN, all of which are made of the samo material in order to
avoid thermoelectric disturbances.

If the bulance is obtained with the slider at a distance I from the
middle of MN, and p be the resistance of a centimetre of MN, then,
since the ratio arms are equal—

( DT TR

r+R4m+pl=r+T+m-p

where r is the resistance of the leads on either side, and m is the
resistance of half of MN,

ST =R+ 2l

A4

The change of resistance of a platinum wire botween 0”C. and
100° C! when the resistance at 0°C, is 12'8 ohms, is 5 ohms, which is
cquivalent to 005 ohm for 1° chango. If, then, p = 0005, I must

05
change by -2—-;? 8?:)05 = 5 cms. to maintain a balance as the tempera-
ture rises 1°. Hence a millimetre of wire corresponds to a change of
temperature of §; degree.
H
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It was shown by Prof. H. L, Callendar ! that the resistance of a pure
platinum wire may be accurately represented by the relation

R, = Ry(l + at + ft)

over a very great range of temperature, where R,, a, and 3 are con-
stants which may be found by measuring R, at threo different tewm-
peratures. For limited ranges, the resistance at —273” C. may be
taken as zero, and those at 0°C. and 100° C. found by the usual
method of finding the fixed points of a thermometer ; but for extended
ranges the temperatures 0°C., 100° C., and the boiling point of sulphur
at 760 mm. of mercury pressure (444:53° C.) are employed.

Prof. Callendar has also shown that if the tempera‘ure ¢, on the
platinum thermometer scale be calculated from the relation

R -R,

Riyo— Ry

where R,, R,, and RR,;, arc the resistances of the thermometer at #°, 0°,
and 100° C. respectively, the difference (¢t — t,) between f, and the tem-
perature ¢ on the air thermometer scale is given by the relation

t t—"(t 1)- ¢
~ =000 T )1@

and Griffiths has shown that if pure platinum be employed, 8 has the
value 1'5. Thus if a curve connecting ¢, anud ¢ be plotted, the correc-
tion to be added to #, to obtain ¢ for any value of {, may be read
upon it.

In order that the resistance between M and N shall be exactly
1 ohm the actual resistance of the wire is slightly greater than this, and
it is shunted with a fine wire whose length is adjusted until that of the
combined resistanco is exactly 1 ohm. This does not in any way alter
the point of balance, and p is now 5 of combined resistance between
M and N.

For temperatures up to 300° C. the thermometer consists of a
platinum wire wound upon & mica frame and enclosed in a glass tube,
but for higher temperatures the tube must be of glazed porcelain.?

Galvanometer Resistance (Kelvin).—The dotermination of the
resistance of a galvanometer by means of the Wheatstone’s bridge was
tirst performed by Lord Kelvin, and is generally known as the Kelvin
method. We have wcen on p. 71 that the curient g in the galvano-

t, = 100

- i\ R .
meter circuit (IFig, 93 1.) is zero when O =g and consequenily the
»
currents in the remaining arms are independent of 7,  The gal-
! H. L. Callendar, Phil. Trans., 178, 1. 1887,
* For experimental details of finding the fixed points and for calibrating the

bridge, the student may with advantage consult “ A Text Book of Practical
Physics,” by W. Watson,
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vanometer is therefore placed in the arm 8, Fig. 99, when, on making
the battery circuit, a deflcction will bo produced. This may be
reduced to a readable amount by one of two methods: a resistance,
T, may be introduced into the battery circuit
which reduces the whole current in tho
bridge, and therefore the sensitiveness of
the test, or the spot of light may bo brought
back on to the scale by means of the con-
trolling magnet in the case of a suspended
needle 1nstrument, or by twisting the torsion
head in the case of a suspended coil instru-
ment, In thae case of a delicate galvanometer
it may be desirable to combine the two pro- Fra. 99,

cosses. Tho resistances in the arms are

then adjusted until the spot of light is brought to rest, and will
still remain at rest whether the key K be open or closed. When this

. . P_R .. . .
condition is attained Q = g0 and 8 iy, in this case, the resistance of

l
M

the galvanometer,

Battery Resistance (Mance). — A somewhat similar mothod due
to Mance has been used for detcrmining the resistance of a battery.
The battery is placed in 8, Fig. 100, and the key at K. When
the key is closed a current flows in tho
circuit, and wo may imagine this current
reduced to zero by an appropriate K.M.F.
in K. This additional K.M.F. would not

produce any current in g when g: Ig’, but

the current in X being zero, it is imma-
terial whether the key be open or closed.
Therefore the condition for the resistances Fia. 100.

in the arms to be proportional is that the

current in the galvanometer is unaltered by opening or closing K.
The method is not a good one, owing to the fact that the current in
the galvanometer at the time of the test is large, and also that an
unknown current is flowing in the battery. The resistance of the
battery generally depends upon the current flowing, and this should
be known, as in the method on p. 105.

Low Resistances.—The Wheatstone’s bridge is unsuitable for the
comparison of very low resistances, for two reasons. Tho first has
been discussed on p. 73, and refers to the want of sensitiveness of the
bridge. The other important reason is that with low resistances, the
connecting wires and the contacts at the terminals have resistances
which are no longer negligible, and they may even be as great as, or
greater than, the resistances to be compared, unless special precautions
on this account are taken.

By the method of direct deflection, the two low resistances may be
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compared. A steady current is passed through the two conductors in
series, and the galvanometer deflection produced by the p.d. between
two points separated by a distance I, upon the first conductor, compared
with the corresponding deflection for the distance /, upon the second

N 4~-b---> Goenlpmaaap
‘_I‘) c
J]
dlz- .
o
/‘
Fia. 101.

conductor. Then, if the galvanometer bave a resistance which is high
compared with that of the conductors under comparison (it is usually
thousands of times as great), the current in the galvanometer will be
inappreciable in corparison with that in the conductors. The current
in the first case is proportional to K,, the fall of potential over 7, and
the second to K, the p.d. over I, Then if R, and R, are the
corresponding resistances, and 6, and 6, the deflections—

E,_E R,_E_¢
C = -——1= 2 e e )
urrent T CR,T L, TG

But if S, and S, are the resistivities of the matcrials of the two con-
conductors, and d, and d, their diameters, as dctermined by the
micrometer gauge—
R, Sk df 4,
R,Tdz"'s,l,~ 6,
. Sl 01 lgd]2
8,76, Ldy

If it is desired to determine S, and S, in ohms for unit length and
cross-section, a standard low resistance may be included in the circuit
and the deflection due to the p.d. across it com-
pared with that for the given conductors.
O—\N‘MW By means of the Kelvin bridge a more accu-
8 ¢ rate compari f two ] ist thay b
A S parison of two low resistances rhay be

W made, but in this case the lengths [, and I, are

adjusted until the resistances are equal, or in a
Fra. 102. ratio very nearly equal to unity.

. AD and BC (Fig. 102) are two resistance

coils whose mid-points are at I and F, which are connected to the

conductors under comparison as shown in Fig. 103. The current g
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. . 7 .

in the galvanometer is zero when :‘ = :’ = rﬂ' Taking « for tho
2 4 6

current in 7y, y that in r;, and b that in the battery, and applying

Kirchhofl’s first law to the currents at the point A, we have—

Current in r, = b — y.
Similarly currentinr, =b —y —
D) w W= —yq
» n Ww=y+y
” n = b— y—9

Applying Kirchhoff’s second law to the mesh-—

AFD, yro+ W+ g+ br, =1
for ABET, G-y +ar,+gr,—yr,=0
for BCE, b—y—a)y,—(c—g)y,—ar,=0
for FECD, (2 —g)ri+ b=y —g)r. = (9 +y)ra — gr, =0
b, 7 |y
|r
R ey A ey s Rty - )

Fia. 103,

which equations simplified become—

reg + rad + (rs+ 1)y =E
rg+rb +re— (4 r)y=0
rg+rb—(,+r,+7r) = -ry=20
— (ot ry+rg4r)g+rb +r@—(ra+7r)y =0

Solving these equations for ¢ in the form of determinants, we have
for the numerator, the quantity—

(];; Ty 0 (’5‘*""«.) . r "("1""'»)

n T R e ) -,
I 0 Te —(r(+r3+r4) -7, s T, —(7’0+"a)
0 yrq 7, —(ry+7y) s

Dropping E, this is

r - (T, + T + rd) -7, — T, -7,
! 7y — (o4 15) Pl —(ratm)
r. — (@4t
- (rn+r) 7 7, : ¢
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which reduces to
(s + "4)(7'1"» - 1) + r(rrg — '7'27'5) + 71(7'37'0 - "4"5)

which is obviously zero if :‘ = :J = :“, and therefore the current in the
2 4 ]
galvanometer is then zero.

This arrangements is known as tho Kclvin bridge. When the coils
BC and AD are accurately bisected at I and F, the condition for a
balance is 7, = r,. The distances AB and CD (Fig. 103) are adjusted
until the galvanometer deflection is zero, and then r, = 7. Tf, however,
the coils are not accurately bisected, the ratio of r, to r, is known when
LER ]

Ty 75

Having determined the lengths of the bars which have equal
resistances, we may find the ratio of the resistivities as in the last
method (p. 100).

The temperature of the conductors at the time of the experiment
should be noted, especially if they are of different materials, since the
temperature coeflicients will in all probability be different for the two.

Cells.—Yor the purposes of electrical measurements when very
small currents are required, it is convenient to use one or more
ordinary voltaic cells. Those most commonly employed, when great
constancy of I&.M.F. is not required, are the Daniell or the Leclanché.
To produce large currents the secondary or storage cell is used, while
for standards of I.M.I. we have the Latimer-Clark or the Cadmium
cell. These will be described in Chapter VII.

The Daniell’s cell consists of a zine electrode in dilute sulphuric acid
(1 sulphuric acid to 10 of water by volume), and a copper electrode in
concentrated copper sulphate solution. The solutions are separated by
a porous pot of unglazed earthenware. Sometimes the outer vessel is
of copper and forms the electrode. The E.M.F, of the Daniell is about
1-1 volts.

In the Leclanché cell tho negative electrode is an amalgamated
zinc rod, and the positive electrode a carbon rod, packed round with
manganese dioxide, and situated in a porous pot. The electrolyto is
a saturated solution of ammonium chloride. The E.M.F. of the cell
is about 1'45 volt, but quickly drops if much current be taken; it
recovers, however, if the cell be allowed to stand idle.

The dry cell now largely used for electric bells and telephones is of
the Leclanché type, the manganese dioxide being mixed with sawdust,
which contains enough moisture for the efficient action of the cell.

Comparison of Electromotive Forces.—For a simple comparison of
the E.M.F.’s of cells, a substitution method, similar to that employed
for the comparison of resistances, may be used (p. 90).

Two cells are in turn connected in series with a high resistance
and a galvanometer. If the resistances of the cells themselves are
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negligible, the currents, and therefore the deflections, are proportional
to the E.M.1'’s

E, 6, tan 6,
I, = 8, or if a tangent galvanometer be used L- = tan 0,

In order to avoid the error introduced by the resistances of the
cells themselves, a sum and difference method is sometimes used. The
cells are both together connected in series with the galvanometer, first
with their E.M.F.’s acting the same way round the circuit, and then
with their I.M.F.’s opposing each other. In the first case the total
EL.M.F. in the circuit is K, + E,, and in the second case B, — B, 1f
I, and I, are the respective currents, we have, since the resistance of
the circuit is the same in both cases—

Thus

Potentiometer.—By far the best method of comparing electro-
motive forces is that due to Poggendorf, and now generally known as
the Potentiometer method. A steady current is maintained in a cone
ductor, and the E.M.F.’s to be compared are balanced in turn against
the potential fall over a known portion of the conductor. There are
many forms of the potontiometer, but the simple slide wire, two or
three metres long, comprises a very simple and effective instrument,
The cell C (Kig. 104), preferably of the secondary or storage form on
account of its constancy of E.M.F. when producing current, maintains
a current in the stretched wire A B, which may suitably be of platinoid
or manganin of No. 22 gauge.

One of the cclls whose E.M.F.’s 1,C

are to be compared, is placed ( 1 j
at I, with one pole connected to  pf =" /Rt > B
A, and the other through the D
galvanometer G to a movable :

contact D. If the fall of po- E G

tential between A and D cor- Fra. 104.

responding to the current is

equal to the E.M.F. of the cell, there will be no current in the gal-
vanometer, provided that the cell E is connected with its positive
electrdde to the end of the wire having the higher potential.  When
a umform wire is used, the p.d. between two pomts on it is proportional
to the length of wire between the points, and thus in the given case
E, . The cell is now replaced by the sccond cell, and another
balance obtained, at distance I, from A. Then il—‘ = é—; It should be

noticed that if the current in AB varies during the experiment I is no
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longer proportional to E alone, and therefore it is advisable to repeat
the experiment with the first cell to ensure that the current has not
changed. The E.M.F. of C must, of course, be greater than that of E,
otherwise there will not be a possible position of balance upon the
wire. With a length of 3 metres of wire, and a secondary cell to"
produce the steady current, a balance may usually be obtained with
certainty, to within an error of a millimetre of wire, even with a
comparatively rough galvanometer, and thus for a balance near the
middle of the wire the error is less than 1 in 2000. There is a
further advantage in this method, in that the cell whose E.M.F. is
being determined is not producing a current at the time at which the
balance is produced, and hence the determination of EM.F. is inde-
pendent of the resistance of the cell. A simple and convenient form of
potentiometer may be made by soldering the euds of a piece of No. 22
platinoid wire to two copper lugs, A and B (Fig. 105), the length of

-F 2 R

s 3
(ILTo——- 790 760 270 1260 250 l 2

Fia. 105. Fic. 106.

wire between the lugs being 3 metres. These lugs are screwed down
to the board, the wire passing round the small screws P, Q, R, S, T.
A piece of centimetre ruled squared paper having previously becn
pasted on, this serves as a scale for the measurement of 1.

There is almost always a Zero error of the potentiometer, chiefly
due to the resistance of the lug and soldering. It may be readily
found by passing a current through two resistances, PQ and QR, in
series (¥ig. 106), and finding the length of potentiometer wire I, for a
balance for the p.d. between P and Q, [, for that between Q and R,
and l, for that between P and R. If « be the zero error to be added
to each reading, then, since p.d. between P and R equals the sum of the
p.d.’s. between P and Q, Q and R—

ll+0-+12+a lLi+a
L-1 -1,

w

)

Measurement of Current by Potentiometer.—The potentiometer
. conjunction with a standard resistance is a very convenient
current measurer.

Thus, suppose it is required to calibrate the ammeter A (Fig. 107),
A suitable current is passed through it, the standard resistance R being
in series with it. The fall of potential over R is compared with that
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of a standard cell C, which may be a Daniell’s cell if rough calibration
only is required, but must be a Latimer-Clark or a Cadmium cell if
we desire higher accuracy. Then if /;, be the length of potentiometer
wire to produce a balance with the cell whose E.M.I". is E, and [, the

[ <-R-o> A

h

Fia. 107.

length for the p.d. over the resistance R when current I is flowing
in it—

p.d. for resistance R = E. %’
1

E 1,

and, I= E .7,

On varying the current by means of the rheostat W, and taking
a number of readings for difterent points. on the ammeter scale, a
calibration curve may be constructed.

Resistance of Cell.—The potentiometer may also be used to
determine the infernal resistance of
a cell by the following method. E
The length of potentiometer wire
required to balance the I.M.F. of
the cell is first found in the ordi-
nary way. Let it bel,. E is the
pd. between the terminals of the r
cell when it is not producing any
current, and is the whole E.M.F,
available to produce current, If T —
now the terminals of the cell Fia. 108.
be connected by a conductor of

resistance r (Fig. 108), the current flowing in it will be ;—— , where

R- + -1
R is the resistance of the cell. Further, this current flowing in
the conductor r means that a p.d. of R—%_—r . r exists between the
ends of the conductor, and this is proportional to 7, the length of
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potentiometer wire whch will now produce a balance. Calling this
p.d. e, we have—

E

R4r T4
R+ E 1
T = e = —;

from which R may be found.

It is an interesting experiment to take a cell of the Leclanché type
and determine its intefnal resistance a num-
ber of times, using values of r equal to 100,

E p 50, 20, 10, 5, and 1 ohms respectively. It

will be seen that the resistance of the cell

increases with the current in it.

The reason for the method may be made a
little plainer by drawing tho E.M.F. — Resist-
R r ance diagram for the circuit. Let OE (Fig.
0 L M 109) be the BE.M.F. of the cell ; then, if the

Fia. 109. resistances of the different parts of the cir-
cuit be plotted along OM so that OL = R,
LM = r, and the last point M be joined to K,

qQf---° N

e

tan EMO = = current;

K
R+
further, we see that so long as Ohm’s law holds good, the line, such as
ENM, drawn upon the E.M.F. — Resistance diagram must be a straight
line, since the current is the same at each cross-section of a circuit, and
is represented on the diagram by the slope of the line. When the
circuip is broken, the resistance r is infinite, and the point M moves to
infinity ; that is, the curve

c becomes  the horizontal
R e . straight line EP, In the
] potentiometer experiment,
OE is measured in the first
case (1), and LN in the
second case (I,), and we

I
"

A : “_...B______ ./ seefrom the figure that—
2 O OE_R+r 1

Fic. 110. Rayleigh Potentiometer.

—A potentiometer method

in which two similar resistance boxes are employed in place of the
stretched wire, was used by Lord Rayleigh in his work on standard
cells (Fig. 110). The boxes are joined in series with a cell, to maintain
steady current, and one set of plugs taken out. Any alteration in the
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resistances is made by transferring plugs from one box to the corre-
sponding resistance gap of the other box, so that the total resistance in
the two boxes remains constant, and the current therefore does not
change. The E.M.F. of the cell E is then proportional to the
resistance in the box A when the galvanometer indicates a balance,
Crompton Potentiometer. — It will have been noticed that the
smaller the current in the potentiometer wire, the greater the length of
wire for a given p.d. and the more sensitive is the arrangement. For
measuring very small E.M.F.’s, such as we have in the case of thermo-
electromotive forces, which may be only a few millivolts, the sensitive-
ness may be sufficiently increased by including a resistance in the wire
circuit, to reduce the current. But this decreases the range of the instru-
ment, unless the added resistance has a value which is known in terms
of the length of the potentiometer wire, in which case it may be included
in the balancing part of the circuit when required. Thus if the balancing

It
'[

F E D cC A 35 a
Fia. 111,

wire AB (Fig. 111) be 100 cms. long, and the resistances AC, CD, DE,
and EF are cach equal to the resistance of A I, then, when the balance
is attained for the point, say 35, upon AB, this corresponds to a p.d.
proportional to 35 if the other contact is at A ; but to 235 if at 1), and
435 if at T, ete. This method of increasing the sensitiveness with-
out sacrificing the range is used in the Crompton potentiometer, Fig. 112,
ab is the balance wire, and at ¢ there are fourteen coils, each of which

—
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Fia. 112,

has a resistance equal to ghe whole of ab, and so arranged that the
potential terminal from the source under measurement may be con-
nected dirvectly to a or to the junction between any of the fourteen
coils, by means of the rotating arm. d is a key which enables any of
the external sources of E.M.I. to be compared, these being joined
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to A, B, and C, etc., to be rapidly and easily brought into action.
Two adjustable resistances, e for rough and f for fine adjustment,
enable the current to be varied, and if a standard Clarke cell be
connected to A, the temperature being 15° C., the E.M.F. is known to
be 1°4345 volts, so that the whole 14 coils at ¢ are switched in, and
the contact set at the point 34'5 upon the wire, the current may be
varied by these resistances until a balance is attained. Every unit
of bridge wire will then correspond to ;45 volt, and in this way the
scale has been made to give readings directly in millivolts. This
adjustment having been made, any other source connected to B may
be measured directly in millivolts. Since the smallest scale division
is one-tenth of a unit, and a balance may be made to say half a small
division, electromotive forces down to 55l5; volt may be measured.

If the electromotive force being measured be the difference of poten-
tial between the ends of a standard resistance of ;15 or ;74 ohm carrying
a current, a unit on the slide wire will correspond to 01 ampere or
1 ampere respectively. Hence the usefulness of the instrument in
conjunction with a standard resistance for current measurement.

For measurement of large p.d.’s a volt box must be used. This is
a high resistance, to the ends of which the p.d. to be measured

is applied, the potentiometer terminals

750009 - - - being joined to two points of the high ve-
0- sistance, separated by a small resistance
oy E F which is some convenient fraction of the
whole. Thus in Fig. 113 the resistance

between G and H is ;55 of that between

A B C and F, ;35 of that between C and F,
Fia. 118. and ;% of that between C and D. If then

a p.d. of say 120 volts exists between C
and E, that between A and B is 1'2 volts, and on measuring this in
the ordinary way by connecting A and B to the potential terminals of
potentiometer, the cbserved value must be multiplied by 100. When
C and D are used, the observed p.d. between A and B must be
multiplied by 10, and when C and F are used, by 1000. Voltages
less than 1'5 volts are measured directly without the aid of the
volt box,



CHAPTER V
ELECTROSTATICS

Fundamental Considerations.—Ix the last two chapters we have
repeatedly wsed the expression ‘‘electric current” without con-
sidering whether there is anything actually flowing along the con-
ductor. Magnetic phenomena, which we have chiefly used for
recognizing and measuring the current, are essentially of a statical
nature, and so far as they alone are concerned we might have
difficulty in deciding whether an electric current is a flow or a
mere statical condition of the conductor. The phenomena of
clectrolysis and of the production of heat in a conductor both
suggest that the current is of the nature of a flow, since both these
effects are proportional to time, that is, they are both rates, the former
being measured by a rate at which certain chemical actions take place,
and the latter the rate at which heat is produced. Following, then,
the suggestion that a current is a flow, that is, a rate of passage of
something along the conductor, it is desirable to see whether this
something which we consider to flow along the conductor is a quantity
of a physical nature, or is merely a mathematical abstraction.
Consider two conductors, A and B (Fig. 114), connected to the
poles of a battery. When the circuit is completed by connecting A
and B by a metallic wire, a current flows, and
the current may be recognised by any of the
methods previously given. From these methods 'l' l'l' """ III
we have derived a system of units for measur-
ing the current, and we have given as an o
explanation, that there is a difference of
potential between A and B, maintained by .
the battery. The question now before us is,
to decide whether A and B owe their difference of potential, and
the cturrent owes its existence, exclusively to the fact that A and B
are connected to the battery or not. Let the connections between
A and B and the battery be removed before A and B are connected
together ; then on connecting A and B a current will flow for a short
time, and will rapidly fall to zero. It may be recognised by a
delicate galvanometer, and will be greater, the greater the linear
dimensions of A and B and the more cells there are in the battery.

Fia. 114,
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But the important point is that the current flows, although there is no
connection with the battery, and the act of establishing the potential
difference by means of the battery is really the storing of something
upon A or B or both, and the current consists in “the flowing of
this along the wire until the store of it is exhauted. This “some-
thing ” we call Electricity.

The positive direction for the current is conventionally determined
by the direction of its accompanying magnetic field, and the sign which
we give to the electricity is thus a matter of convention. Thus we may
say that positive electricity flows from A to B, or negative from B to
A, or both; it is a matter which need not concern us now. We say
that A is charged with positive and B with negative electricity in the
given experiment, and that the current flows until these charges have
disappeared. According to theories which have been held at different
times, we may say that the current is a flow of positive electricity
from points of higher to points of lower potential, or of negative
electricity from points of lower to points of higher potential, or both ;
it is a matter of indifference so far as the representation of the results
of experiments are concerned, and only need begin to concern us when
we seek for an explanation of the nature of electricity.

The fact that a positive charge exists upon A and will flow

towards B directly a conducting path is pro-
l I |l|-~- .- || vided for it, leads to the conclusion that
there is a force driving it from A to B, and
,_J it is extremely unlikely that this force is
' due to the conductor; hence we naturally
; suppose that there is a force driving the
' charge residing on A towards the conductor
Yia. 115. B, whether the two are connected by a wire
or not. Also, from the two-sided nature of
a force, we conclude that the charge upon B is driven towards A, and
we are led to seek for evidence of this force between the charges upon
A and B. It becomes evident in performing the last experiment that
if there is such a force it is a small one ; but if A and B are made of two
light mobile bodies, such as a pair of gold leaves (Fig. 115), the force
between them becomes evident, In the event of a considerable number
of cells being employed to test this action, it is advisable to place a
sheet of mica or ether badly conducting material between the gold
leaves to prevent metallic contact and the consequent short circuiting
of the battery when they approach each other. Or a high resistance,
say 100,000 ohms, may be placed somewhere in the circuit, which will
keep the curront to small value.

The experiment shows us that not only are the charges upon A
and B urged towards each other, but the conductors upon which the
charges reside experience corresponding forces,

Electroscope.—The experiment may be varied by constructing B
in the form of a motallic box—wire gauze will do—and making A of
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two gold leaves hanging from the same conductor, as in Fig. 116,
Each gold leaf is suill urged down the grade of potential, that is
towards the walls of the enclosure. Whether

we say that the gold leaves are pulled apart I |

owing to the proximity of the negative charge Mll o "{lh'
upon B, or repelled owing to the similar positive

charges upon the leaves, is a matter of unim- A
portance ; they represent two different ways
of looking at the same phenomenon. 1f the
connections from the battery to A and B be
reversed the observed result will be the same,
but in this case we may say that the negative
charges on the leaves are urged up the grade
of potential, that is towards the walls of the enclosure, or that they
are attracted by the positive charge upon the walls, or that the negative
charges upon the leaves repel each other.

Early Electrical Experiments.—The above experiments are given
in order to establish a relation between electricity in motion and
electricity at rest, between the electric current and static electricity,
but it must not be imagined that the evolution of the science of
electricity followed any such lines. The earliest electrical experiment
of which we have any record is that of the attraction of light bodies
by a piece of amber that had previously been rubbed. This experimont
is of unknown antiquity, but William Gilbert (1540-1603), when
investigating this and other allied phenomena, introduced the word
“electricity,” from the Greek word jjAexrpov, signifying “amber.” Other
substances exhibit similar properties, and if, for example, a pieco of
ebonite be rubbed with a piece of dry fur, then on separating them they
will be seen to attract each other ; on bringing the ebonite near the fur
the individual hairs of the latter will bend towards the ebonite. If then
the ebonite be brought near the gold leaf A (Fig. 115), it will be seen
to attract it, while B will be repelled by it, and the fur will attract B
and repel A. We may therefore conclude that the ebonite has a
negative charge and the fur is positively charged, but care must be
taken in performing the experiment, or the effect will be masked by
another one. On bringing the fur or the ebonite near the point A
(Fig. 116) with the battery removed, the leaves will diverge, in the
former case because the leaves are brought to a higher potential than
the gauze box, and in the latter case to a lower potential.

About a century after Gilbert’s time, it was found that all substances
taker in pairs become oppositely electrified when rubbed together, but
in the case of conductors, the electrification disuppears as soon as the
bodies are separated. If, however, a metal rod be held by an insulating
handle it can easily be electrified by rubbing with fur or silk.

The arrangement of gold lewves inside a conducting enclosure is
one that is very widely used for the detection of electric charges ; in
the earlier experiments pith balls hanging by a conducting thread from

ol

Fia. 116.
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a common point were employed. It is since the time of Cavendish that
the gold-leaf electroscope has been introduced, and it is quite recently
that it has been adapted to electrical measurements of an exact naturo,
Faraday’s Ice-pail Experiments.—By means of the electroscope,
Faraday was enabled to establish several important laws of electric
phenomena. He used anice pail, which gave its name to the experiments,
supported on an insulating stand and connected
with an electroscope (Fig. 117). On lowering
a charged conducting body by means of an
insulating silk thread, into the ice-pail, the
leaves of the elcctroscope diverge more and more
until the charged body is well inside the pail,
and then movement of the body about inside
the pail produces no further change. If the
Fia. 117. charged body be removed without having touched
the pail, the leaves collapse completely, but if
before removal it be allowed to touch the pail on the inside, no altera-
tion in the divergence of the leaves is produced on touching, or when
the body is removed. Its charge has therefore passed completely to
the outside of the pail. It is, therefore, reasonable to suppose that the
divergence of the leaves depends upon the amount of charge on the body
lowered into the pail, and equal charges may be compared by lowering
them in turn into the pail and noting that the divergence is the same
for each. Iurther, if equal chargesof opposite kinds be obtained upon
two separate bodies, that is, two charges of opposite kinds that would
each producethe same diver gence when used alone,
then when placed inside together, whether the
bodies touch or not, there will be no divergence of
the leaves, showing that the effect of adding cqual
and opposite chargesis to produce a neutral condition.
A similar experiment may be made, to show
that the amounts of electricity produced in two
bodies in the act of rubbing are equal, and that
they are of opposite kind. An ebonite cylinder, C
(Fig. 118), is' made to fit loosely into a hollow
cylinder, ¥, lined with fur, and the two are placed
Fia. 118. inside the ice-pail. If now C be given a few turns
by means of the handle, there is no divergence of
the leaves of the electroscope, but on removing C the leaves diverge
on account of the chargeon F. On removing } and putting C in the
pail, the leaves diverge to the same extent as for ¥, but when F aad C
ave both in the pail together the divergence is always zero, showing
that the electric charges on the two are equal and of opposite sign.
Potential Gradient due to Charge.—In the experiment, Fig. 114,
the fact that a current flows from A to B when these are connected
by a conductor is evidence that there is a difference of potentiat
between them. This difference of potential accompanies the fact that
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A is positively and B negatively charged, and as soon as these charges
have disappeared on account of the passage of the current, the difler-
ence of potential has ceased to exist. That a charge produces a poten-
tial gradient in its neighbourhood may easily be shown by connecting
two electroscopes, C and D (Fig. 119), one to either end of a conductor,
AB. On bringing a positively charged body near to B a potential
gradient exists, B being at a higher potential than A. Hence a current
takes place in the conductor, and will flow from D to A until the
accumulation of positive charge
at A and its attached electro-
scope D, and the accumulation of
the negative charge on B and C,
restore the whole of the con-
ductor to uniform potential, when
the current ceases, If we then
remove the positively charged
body, we at the same time re- Fia. 119.
move the potential gradient due
to it, and the reverse potential gradient due to the accumulated charges
will cause a current from A to B until the potential of the conductor is
again uniform. We may note here that when there is no current in a
conductor there must be a uniformity of potentiul throughout it ; in facs,
the distinction between a conductor and an insulator is that a potential
gradient cannot exist in a conductor without producing a current, while
inan insulator a potential gradient
can oxist even when there is no
current., Thedistinction resembles
very much that between a fluid and
a solid, the former being unable to
support & shearing strain without
flowing, while the latter can.

For convenience, we frequently

consider the potential of the earth =
to be zero, and a body has then a ()
positive potential if, when con- - B

nected to earth by a conductor, a Fie. 120
current will flow from the body to 1a. 140
earth, and a negative potential if the current flows from earth to the
body. For this reason the gauze or metallic envelope of the electroscope
is usually connected to earth, so that the leaves have no divergence when
their potential is that of earth. Then, if we bring a positively charged
body A near an originally uncharged body B, the potential of B is
thereby raised above that of earth, that is it is positive, and an electro-
scope connected to B will show a divergence on this account (Fig. 120
(i)). If B be now connected to earth there is a positive current to
earth, which flows until B’s potential is zero. The leaves are now
cullapsed, since they are at the same potential, as in case (ii). It should
I

A B
©)
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be noted that in this condition, the negative charge on B produces a
negative polential at B and the electroscope, exactly equal to the
positive potential due to the charge on A, point for point; in fact, a
flow must occur until this condition is fulfilled. On breaking the
earth connection and then removing A, the negative charge on B only
is present, and will produce a negative potential (iii), the leaves of the
electroscope again diverging. 'This process has been called *charging
by induction,” but the term is not a good one, as the word “induction”
is used in a special sense. * Charging by influence” has also been
suggested, and is not open to that objection. The process itself is a
very useful one for charging a conductor, from a charge situated upon
an insulator which may have been produced by rubbing, as it is more
convenicnt than atlempting to bring all parts of the insulator into con-
tact with the conductor and has the further advantage that the original
charge on the insulator is not lost.

Electrical Machines.—Apart from the frictional machine, which is
extremely inefficient and cumbersome, the prototype of the electrical
machine is a piece of ebonite, which may be
rubbed with a piece of fur, and a metal sheet
with an insulating handle, which may be
lowered on to it. It is called the electro-
8 phorus (Fig. 121). 'The brass plate B is
e T>4A Ccharged by influence from the rubbed ebonite

) plate A, as described in the last paragraph.

Fia. 121, A is frequently provided with a brass sole,

S, attached to which is a brass pin, which
passes through A and earths B automatically, when this is lowered on
to A, but the sole S is not essential to the electrophorus.

It will be seen that if a number of plates such as B, be attached to
arms so that the whole can revolve, each plate moving in its own plane,
coming over the plate A at some part of its path, and being discharged
into a receiver at sorme other part of its path, an electric charge would
be continually produced, so long as the rotation is maintained. This
is really the principle of the Wimshurst machine, but instead of one
conductor moving past a charged piece of ebonite, two sets of con-
ductors corresponding to B rotate in opposite directions, the charges
on one set being utilized to produce the charges on the other. Two
parallel circular glass plates are mounted coaxially so that they can be
driven in opposite directions, the conductors corresponding to B
being metal strips cemented on to the plates. Owing to the difliculty
of drawing the connections for the flat plates, these are represerted in
Fig. 122 as circles, and their actual appearance will be seen in Fig, 123.
‘When the machine is running, the positively and negatively charged
conductors B and B' come opposite to C and C' at the instant that the
latter are connected together by two light brushes carried by a wire.
Then a potential difference exists between C and C', and a current flows
from C to C'. Siuce these were uncharged before, C will now be

Sc
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negatively and C' positively charged, and the charges, moving on as the
plates revolve, play a similar part in charging the outer sectors at B’
and B". The result of the two processes is that positively charged
sectors B are continually being brought into the neighbourhood of the
collector E, and C into the neighbourhood of E', while the negatively
charged sectors are brought to ¥ and I'. ¥rom the collectors Ii and k'
the positive charge passes to the conductor P, and from I¥ and ¥’ the nega-
tive charge goes to Q. The method by which the collection of the charge
by E and I' takes place may

be noted. As tho positive et
charge approaches E it in-
duces charges upon E, as in
the experiment described on
p- 113 (Fig. 119), but the
negative charge, being silu-
ated on the points nearest to
the sectors, passes readily from
them on to the sector and
neutralises the positive charge
there, the sector being thereby
discharged, and a correspond-
ing positive charge remaining
upon the conducting system
EP. A similar process occurs
at ¥, but in this case it is a
negative charge that remains
on Q. The action of a point
in facilitating a discharge is described on p. 138.

Force between Charges.—It has already been seen that charges of
opposite signs tend to approach each other, and that charges of the
same sign to travel away from each other, and although we have
explained these effects in terms of existing potential differences or
gradients, which method would follow naturally from the aspect of elec-
trical phenomena adopted by Faraday, and later by Maxwell, still the
phenomena may, as regards their results, be equally well explained by
saying that like charges repel each other and unlike charges attract
each other. The latter view is historically much older than the
former, the earlier experimenters explaining all the electrical phenomena
with which they were acquainted, in terms of the action at a distance
of one charge upon another. It is chiefly to Faraday that we owe the
conception that the forces upon the charges are due to some special
condition of the medium in which they are situated, which condition
may be a state of strain; but since we are unacquainted with the
structure and nature of this universal medium, we are always driven to
interpret the state of strainin terms of the forces on electrical charges.
Thus the only evidence for discriminating hetween the two theories is
that the electric phenomena require time for their propagation from

Fia. 122,
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place to place ; a charge suddenly produced at a point does not produce
a steady potential at every surrounding point, with the corresponding
electrical field, instantaneously, but they are propagated outwards
with a finite velocity. This consideration led Maxwell to calculate the
velocity with which an electrical disturbance should be propagated,
and the coincidence of his calculated value with that afterwards
determined by experiment has completely vindicated the superiority of
the “ medium ” over the ‘‘ action at a distance” theory.

o

Fia. 123.

Trom analogy with the gravitational force between two masses, it
would naturally be suggested that the force between two small
electrical charges would vary inversely as the square of their distance
apart. DBy means of his forsion balance, Coulomb established roughly
the truth of this law. He balanced the force between the charges on
swo gilt pith balls, one of which was fixed, and the other on the end of
a light rod suspended by a fine silver wire, against the force produced
by the measured twist in the wire. On halving the distance between
the balls the necessary twist in the wire was increased four times, and
50 on. Further, by 1emoving the fixed ball and sharing its charge
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with an equal one, the charge on the original ball, by the principle of
symmetry, being supposed to be halved, and replacing the ball, it was
found that the force as indicated by the torsion balance was halved.
Coulomb concluded that the force between two charges may be repre-
9.
a’
the charges, and d their distance apart, the positive sign indicating
that the force between the charges is of the nature of a repulsion.

From this relation we may define the unit of electrical charge as
that which, situated one centimetre from an equal charge in air, will
repel or atiract it with a force of one dyne; and adopting this now
electrostatic unit of quantity and measuring ¢, and ¢, in terms of it,
we have—

sented by the expression where ¢, and ¢, are the magnitudes of

Force between charges = q‘% dynes,

By analogy with the magnetic case (p. 3), wo may define the
strength of electric field, or electric intensity, or clectric force at a point
as the force in dynes, which would act on a unit positive charge if
placed at that point, and we sce then that the electric intensity at a

distance d centimetres from a charge ¢ is ‘ql, and that the force on any

charge at a point at which the electric intensity is I, is equal to Eq.

Proof of Inverse Square Law.—Tho proof of the relation T« ! ‘;lq*
by means of Coulomb’s torsion balance is not very satisfactory,
because the charges are not situated at points, but are distributed
over metallic spheres, and although this would not matter if the
charges were uniformly distributed over the spheres, this condition
cannot be fulfilled, since the presence of each charged sphere would
disturb the distribution of charge upon the other. Also charges will
be produced upon the case of the instrument, and upon all other con-
ductors in the neighbourhood, and further, the holders of the charged
balls are not perfect insulators, so that the charges will gradually leak
away ; and finally the amount of torsion and the distance apart of the
balls cannot he measured very accurately. We have, therefore, to
fall back upon indirect methods of proof, that is, to calculate certain
results on the assumption of the truth of the law, and then put the
results to the test of experiment.

The following proof is due to Cavendish; and at a later date
Maxwell reperformed the experiment and succeeded in showing that
the inverse square law is certainly very near the truth. To find the
strength of electrical field at a point P (Fig. 124), situated within a
charged spherical conductor, draw through I a cone having its vertex at
P, and whose solid angle, dw, is very small. This cone cuts the sphere
in two small areas, ds and ds,, which may easily be found from the
distances r and r, of P from ds and ds, respectively. The area of the
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right section of the cone at ds is #*dw, and this makes angle a with ds,
“d 2d
sds = X . and similarly ds, = TLEC 1f the sphere is symmetrically
cos o cos «
situated with respect to neighhouring conductors, the charge upon it will
be uniformly distributed. ILet the amount

A of charge on each unit of area of surface be
-~ o ; then the amount on ds is ”i"fgﬂ’ and
o , cos a
A LS 2
0. I3 ’f that upon ds, r;oc;%o. If, then, the
a P strength of field due to a charge varies
AL inversely as the nth power of the distance,
h the field at P due to the charge on ds will
,‘// rg(r(lw leo'd(u
d"'K/B be o5 o and due to that on dx,,;l;—c—gs—a; .

These aro obviously equal when n = 2,
and since they are oppositely directed, the
resultant field at P due to the charges on
ds and ds, is zero. The whole sphere may be divided by cones into
pairs of surfaces in the same manner, and consequently the electrical
intensity at P duo to the whole charge on the sphere is zero.

Tf n > 2 the compounent of intensity due to ds is greater than that

Fia, 124,

1
due to ds,, since T will then be greater than

Ty , 71 being greater

i 2

than 7, and all the elements on the same side of the plane APR

(Fig. 124) as ds, give rise to components at I’ greater than those due

to the corresponding elements on the same side of the plane as ds,, since

for all these pairs r, > r, and if the charge on the sphere be of positive

electricity, there will be a resultant field towards the centre of the

sphere. On the other hand, if n < 2 it follows in a similar manner

that there will be a resultant ficld which will be directed outwards
from the centre,

Cavendish, and at a later date Maxwell, supported a sphere, A,

inside a second spherc, B (Fig. 125), so that the two are inde-

pendently insulated, except when connection is

B made between them by the hinged wire at the

top. B is first positively charged ; then A is

A connected to B by means of the wire, and the

connection is then broken so that A is again

insulated. From the reasoning given above,

A would be positively charged if n > 2 and

negatively charged if n < 2, and uncharged

- if n = 2. Cavendish, using a pith-ball clectro-

Fra. 125. scope, could not detect any charge upon A,

and from the result of his experiment concluded

that n must certainly be within one per cent. of the value 2. Later
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Faraday, with a gold leaf, failed to detect any charge within a closed
conductor, and in 1870 Maxwell re-performed Cavendish’s experiment,
using & quadrant electrometer to detect the charge, and again failed to
find any. From a measurement of the smallest charge upon A that
could be detected by the electrometer, Maxwell concluded that » cannot
differ from 2 by more than 57155 There is no reason to suppose that
greater accuracy in making the observation would do more than reduce
the uncertainty in the amount by which n differs from 2. For all pur-
poses, the truth of the inverse square law is taken to be established.
Dielectrics.—The variation of the force between two charges with
their distance apart, does not in any way depend upon the nature of
the medium in,which they are situated, provided that this is uniform,
but it has long been known that the medium plays an important part
in determining the absolute value of the force. Thus Franklin found
that it is the glass of the Leyden jar which carries the electric charges,
the tinfoil merely serving to short-circuit simultancously the whole of
the two surfaces of the glass; and Cavendish observed that two
metallic surfaces held a greater amount of charge when separated by
glass than would have been expected had they been separated by air.
Faraday, by means of an experiment to be described later, measured
the effect of various non-conducting substances in increasing the
capacity of two metallic conductors separated by it, The law of force
between charges must thereforo be modified in order to take into
account tho influence of the medium in which they are situated, and
keeping to our definition of unit charge on p. 117, we say that—

Force = (z'qf dynes,

where k is a constant, tho value of which depends upon the medium in
which the charges are situated, That k is a constant quantity for
each non-conducting substance can only be proved indirectly, and we
shall consider this to be established if the results obtained upon
this assumption are afterwards found to be in accord with observation.
Faraday gave tho name specific indurtive capacity to this constant, and
owing to the fact that insulators only canisupport an electric field, he
called them diclectrics. Hence the name dieleciric constant is now
generally applied to this quantity,

According to our definition of the electrostatic unit of quantity of
electricity, & should be unity for air, but since a vacuum is the best
diclectric known, it would be more natural to take its constant as
unity, and from this, define the electrostatic unit of charge as that
which repels an equal charge with a force of one dyne when situated
one centimetre from it in vacuo, The value of %k for air at atmo-
spheric pressure is then about 1°000590, and for hydrogen 1-000264.
These numbers are so nearly equal to unity that, unless specially
mentioned, we shall take & as unity for air.

Taking for the definition of electric intensity, the force on unit
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positive charge placed at the point under consideration, we now see
that in a dielectric whose specific inductive capacity is k, the electric in-

tensity due to a single charge is qu”’ and for any distribution of charges

1
the intensity is A of that when the medium is air, or rather vacuum.

Potential.—In the case of a magnetic field we saw on p. 13 that
there are two ways of representing it, one in terms of the force on
unit pole, or the magnetic force at every point, and the other in
terms of potential; so likewise in the electrical case the force upon
unit charge at every point gives us a complete representation of the
field, and we must now see how far the idea of potential will assist us.

Potential 1s a quantity whose rate of variation in any direction is the
electric intensity or force in that direction.

Thus E = — 35" where V is electric potential. This may also be

written in the form—
dV = - E(]m.

Edz is the amount of work done, when a unit charge is moved
through the infinitesimal distance dx.  lence if the unit charge be
carried from a point a to a point b along a path whose direction every-
where coincides with that of E, the total work done is

b
— | Edx

b ¢ b
But, / av = — f Edz
a

a

that is, V, — V, = work done in carrying unit charge from e to b.

‘We may, if wo choose, define potential from this relation as a quan-
tity the difference in whose values at two points is the amount of work
which must be done in carrying a unit charge from one point to the other.

The signs are so chosen that a positive field is directed away from
a positive charge, points nearer to it being at higher potential than
those further away. Hence from the last relation we see that work is
to be considered as negative when the charge is moving down the
grade of potential, and therefore positive when up the grade of
potential, Thus work is to be considered to be positive when it is
done upon the charge by any external agency.

It is immaterial what path is followed by the charge in passing
from @ to b. The component of E along the path at a point such as P
is E cos 6, and the work done for the element dl measured along the
path is 1l cos 6. dl.

av
al

b
V,—V,,:/Ecos@.dl.
a

Also, = —TRcosf§or,dV=—Ecosl.dl
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&

The work done in passing along the path aPb (Fig. 126) is equal
to that in traversing aQD, for if it were not there would be a balance
of work done in describing the cyclical path aPbQa, so that @ would
have more than one potential. In purely electrostatic phenomena
there is only one value of the potential at each point, and the truth
of our proposition depends upon this fact,

although it is by no means true for all ‘ P uE
possible cases; in fact, we shall see later b
that the integral /' F cos §.dl for a closed ¢

path, which we call the line integral of the Q

field F round the circuital path, mecasures F1a. 126,

in some cases the flux of some quantity

through the plane of the circuit. In these cases, however, the
phenomenon is not purely statical. It will be discussed more fully
in Chapter IX. (see p. 230).

The definition of potential given above is consistent with that for
potential difference on p. 59. For the current being the amount of
clectricity which passes through a given section of the conductor per
second— 7

f = i or, q= it.

Hence the work done by the current in the section of the conductor
between the points @ and b for a charge q to pass, is—

. gV, = V) =i(V, = V)t
Thus the work done per second is {(V, — V), that is, the product of
eurrent and p.d. It must be remembered, however, that different units
of quantity of electricity are used in the two problems. For convenience
in studying electrostatic effects, the electrostatic unit of quantity de-
fined on p. 119, which is derived from the force between charges, is
employed, while that which is derived from the force between magnetic
poles, by way of the magnetic field, and electric current is called the
electromagnetic unit of charge. The relation between the two units
is a very important one, and will be discussed in Chapter XIII,

The potential due to a charge 4+ q measured in electrostatic units,
follows from our knowledge of the electric intensity due to +q.

Thus, if a, «, and b are the distances of these points from 4 ¢
(Fig. 127), then at z —

av q ° e o o
E=:32' Cde T T +qg a x b
av = - L az. Fra. 127,
&

Thus the work done in earrying unit positive charge from b to
a in opposition to the force due to q is the excess in potential at a over

that at b, and thus, fadx B [1]“ . 4

Vo-Vi=—g bwT‘"'q zlp Ta T b
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If the unit charge were carried from a to b instead of from b to a,
work would be done by the field upon the charge, and V, — V, would
be negative. Thus @ has a higher potential than b in accordance with
our convention (p. 120).

Potential is only measurable by its differences, and therefore there
is no absolute zero of potential. It is convenient, however, to
consider all points at infinity to be at zero potential, since the field at
an infinite distance from our electric charges is zero. Thus if the

point b be situated at infinity, % = 0 and potential at a isi,
Equipotential Surfaces.—An equipotential surface is one drawn
through a system of points which are at the same potential. In Fig.
128 the equipotential surfaces due to a charge + 20 units are spheres
which appear in section as circles in the diagram. Those due to the

Fia. 128,

second charge of 20 units are also shown, and in the left-hand upper
half of the figure the resultant equipotential surfaces are shown as
dotted lines, for the case in which this second charge is negative. The
potential at any point is the algebraic sum of the potentials due to
the two charges. In the right-hand upper part the equipotential
surfaces ave drawn for the case in which both charges are positive.
The eclectric intensity at any point is at right angles to the equi-
potential surface passing through the point, for if this were not the
caso, it would have a component along the surface, which is only
another way of saying that the potential varies as we pass from point
to point along the surface, The surface would then not be one of
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equipotential. Thus if the equipotential surfaces for a given field be
known, the direction of the intensity at every point may be found by
drawing a system of lines that cut the equipotential surfaces every-
where at right angles, Lines drawn in this way would be curves of
a similar shape to those in Fig. 9 (i) when the charges have opposite
signs, and to those in Fig. 9 (ii) when both charges have the same sign.

The surface of a conductor upon which any charges which may be
present are at rest, is necessarily an equipotential surface, since if this
were not the case there would be an electric intensity other than zero
dirccted along the surface, in which case a current would flow. It
follows that in any electrostatic problem we may imagine a conducting
surface to coincide with any equipotential surface, on giving it the
requisite potential, without in any way changing the conditions of the
problem. This device is often of great convenience, as we shall see
later.

Energy of Charge.—The process of placing a charge upon a con-
ductor necessitates the expenditure of a certain amount of energy, which
may be derived from a variety of sources. In charging a body by
friction, equal amounts of positive and negative electricity are in
contact until the bodies on which they reside are separated, and
the action of separation requires a mechanical force to overcome the
attraction between the charges, Similarly, work must be done in
removing the charged metal plate from the oppositely charged ebonite
sheet of the electrophorus; and the plates of the Wimshurst machine
require the expenditure of work in turning them in opposition to
the attraction between the oppositely charged conductors B and C
(Fig. 122.) The work done is stored up as potential encrgy upon the
charged body, and supplies the energy necessary to drive the current
when the conductor is discharged.

"The energy possessed by the body on account of the charge residing
upon it, may be expressed in terms of the amount of charge and the
potential of the body. Thus if v is the potential of the body, this
represents the amount of work necessary to bring a unit charge from
a point at zero potential and place it on the body ; so that, to add the
infinitesimal charge dg, the work necessary is vdg. But we have seen
that at every point in tho neighbourhood of a charge, the potential
due to it is proportional to the charge ;

.". v = aq, where a is some constant,
and work for increase of charge dg, is aqdy

.. work for finite charge Q s, / agdq = LaQ?
0
But the potential for charge Q is,— aQ =say V,
.~ energy = 3QV,

If the body be discharged by a conductor, the heat producel in
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the conductor is therefore 1QV, provided that néme of it is used in
producing chemical action, light, or sound, etc.

If the charge be brought from a place whose potential is not zero,
but say A, the energy of the charge is originally 1QA, but when
situated upon the conductor which has & potential higher than A by
the amount V, the energy is ;Q(A + V). The difference 1QV is then
the work done. upon the charge Q in passing from one p]ace to another,
when the difference of pot,entw.l between the two is V, and this
amount of work can be obtained by allowing the charge to pass in the
reverse direction.

The inverse of the quantity a, we shall see in the next chapter, is
called the capacity of the conductor, and the energy of the charge may

be expressed in terms of it. Thus if C = oy

QZ

Energy of charge = ,1'3»0«,

or since Q = CV,
Energy = [QV = 1CV=

Loss of Energy on Sharing Charge.—We can see that when
charge passes from a place of higher to one of lower potential,
electrical energy is always lost.

For let the conductor of capacity C, at potential V, be connected
to another of capacity C, at potential V,. Then if V, > V,, charge
passes from the first conductor to the second until the two come to
the common potential V.,

If ¢ be the charge which passes from the first conductor to the
second,

qg=(V,— V) =(V =V,)C,
1 + .V,
NV = (‘ +C,
Energy at start = 1C, V + 1(‘ AL

and energy after the charge ¢ has passed from one to the other

C,\V, +C, V
=3C, +C,) C'-F
}e(C \ V., + C, Va)‘
C +C,
s diminution of electrical energy
—_ 2 2 (C V + C. ‘.2)_
=30 V24 1C, V2 — A ¢ +0C,
(_'J Cy(V, =V, )2

C,+C,
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This quantity is essentially positive, whatever the signs of V, and
V,, and therefore the electrical energy always diminishes when charge
flows from one conductor to another. The loss appears as heat in the
connecting conductor, or in the spark if the discharge takes place
through air. '

Theorem of Gauss.—Since an electric charge is surrounded by an
electric field whose intensity has a definito value at every point, we
should expect that a knowledge of the intensity at every point of a
closed surface surrounding the charge, would enable us to determine
the charge; just as in the case of the uniform extrusion of a fluid from
a point source situated within the fluid, we can calculate the rate of
extrusion by finding the total volume of liquid which crosses a closed
surface, surrounding the point, in unit time. In fact the two problems
are mathematically very similar, the solution for the case of an incom-
pressible fluid being of the same form as that for an electric field.

In the electrical problem, the quantity
to be evaluated for the whole closed surface
is called the normal induction, and we shall
define it as the surface integral of the quan-
tity k. K cos 6.ds over the whole surface.
If I is the electrical intensity at a point
P of the surface (Iig. 129), due to the

change + ¢, E =7c(£" and B cos 6, the com-

ponent perpendicular to the surface is Fro. 129.
k(f" cos §. Hence the normal induction contributed by the surface ds

in the immediate neighbourhood of P is

k.l?g. cosf.ds = ?.coso.ds.
T e

ds.cos f . .
But - ,— is the solid angle subtended at g by the surface ds,

and calling this do, we have—

Normal induction for element ds = qdw ;
.+« total normal induction for whole | _ d
closed surface } = J[qdo

= 4mq

since q is constant, and the solid angle fdw subtended by the whole
closed surface is 4.

If there be more charges than one within the surface, cach charge
¢ contributes an amount 4wq to the normal induction over the whole
surface, and if ¢ is positive it is directed outwards, if negative, inwards,
50 that Gauss’s theorem may be stated —
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The total normal induction over a closed surface is 4w times the total
amount of charge within the surface (24mq). ’

TIf there is no resultant charge within the surface, ¥47q = 0, and
therefore the total normal induction over it is zero, and vice versd.

We can easily see that if a charge be situated outside the surface,

it does not contribute anything

- to the total normal induction
M over the surface. For at P
+7 3 (Fig. 130) the normal induc-
\\/ tion for an element of surface

is —gdw, the negative sigu

Fia. 130. being taken when the inten-

sity is directed inwards, and

at Q it is +gdw, the direction Leing outwards, so that these two

clements togethcr would give a resuliant of zero for the normal

induction. Similarly for any other cone drawn through ¢ to cut the
surface, and the total normal induction is therefore zero.

1f the dielectric constant be everywhere unity, Gauss’s theorem
states that the surface integral of E, tho clectric intensity over a closed
surface, is equal to 47 times the charge within the surface, since in this
caso the surface integral of E is the total normal induction,

Electric Intensity near Charged Sphere.—Many useful problems
may be very simply solved by applying Gauss’s theorem. Thus the
electric intensity at a point D near a uniformly charged sphere may be
found by choosing our closed surface to be a sphere, concentric with
the charged sphere and passing through D (Fig. 131). The arca 1s

~o -

Fia. 131, ! Hic 132.

4m% and by symmetry, the clectric intensity is the same at every
puint of the sphere. Let it be E, then total normal induction is
4wrkE, and by Gauss’s theorem it is also 4wq ;

P

S E= T

that is, the strength of ficld at D is the same as though the charge ¢
were all at the centre of the charged sphere.

The intensity inside a sphere throughout which there is a uniform

density of charge of p units per unit volume at once follows, for the



v. INTENSITY NEAR CHARGED CONDUCTORS 127

sphere may be divided up into thin concentric shells, and the effect of
each shell which does not enclose P, the point at which the intensity
is required, may be found by imagining the charge within it to bo
concentrated at thHe centre. The shells which enclose P’ do not add to
the intensity at P (Fig. 132), as was seen on p. 118.  The whole charge
upon the shells which do not enclose L is cqual to 3zrfp. And the
intensity at P is therefore

4 mr’p 4 wrp
3 ket T8k

The intensity is therefore greatest at the surface of the sphere, and
falls off to zero at the centre.
Electric Intensity near Charged Cylinder.—In a similar manner
the value of E due to an infinite cylinder
which has a charge of ¢ per centimetre length
may be determined. 'We can see by symmetry —t~
that the field is everywhere radial and equal \"—ﬂ
at equal distances from the axis. lence, draw
a coaxial cylinder through P (Fig. 133), and
terminate it by two planes, unit distance L I
apart, normal to the axis. 1i is parallel to 7
these planes, and the normal induction over ! oo
them is therefore zero. The area’of the
curved surface of the closed cylinder is 27,
and the total normal induction over the closed
figure is therefore 2wrkli. DBut the charge N
within it is ¢ ; therefore, by Gauss’s theorem—
2nrkl = 4wq
. 2% TFic. 133,
and, =1,
kr

Since this is independent of the radius of the charged cylinder it holds
also for a linear charge.

Intensity near Plane Sheet of Charge. -
—The value of E near an infinite plane /
sheet, having a charge of surface den-
sity o, units per square centimetre, may e A E
be found by drawing a prism whose E_ﬁ
edges are normal to the plane, to z
cut the surface in unit area. If the
plane is infinite in extent, we see by
symmetry that the field is everywhere
normal to the plane, and is of the same
strength on each side of it.  The charge
within the prism is o, and therefore the Fia. 134,
total normal induction over it is 4wo,.

The normal induction over the sides of the prism is zero, since they
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ate everywhera parallel to E, and if the ends P and Q (Fig. 134), be

planes parallel to the sheet, the area of each is unity, and they are
both normal to E.

then, total normal induction = 2kE = 4r¢,
B = 270
. e — k .
It will bo noticed that this is independent of the distance from the
sheet, and the electric intensity at any point near an infinite plane

2
sheet is therefore -’;:" ; and further, that the charge is not situated

upon a conductor, but is merely a sheet of charge with dielectric on
both sides of it.

The electric intensity in the neighbourhood of a thin charged plane
conducting sheet may be found from the last result by considering o, to
be the surface density of charge on both sides taken together. If theso
two happen to be equal, which in practice is unlikely
to be the case, the surface density upon each side is

7 °. Calling this o, we see that the intensity near

f)
QE(J‘ IP a plane conductor on each surface of which the
density of the charge is o is equal to 4we. It is,
however, more satisfactory to establish this relation
by drawing one of the closed ends Q of the prism,
Fig. 135. within the conductor, as in Fig. 135. Then the
normal induction over Q is zero, since there is no
electric intensity inside a conductor when the charges are at rest upon
it. The whole induction 4we passes through P, and since this has
unit areca,

kE = 4nrg,or E = évkrg‘
This is known as Coulomb’s law.

Region inside a Conducting Surface.—We may also prove from
Gauss’s theorem that the space within a closed equipotential surface is at
uniform potential when there is no electric charge within the surface.
For let A (Fig. 136) be the equipotential
surface ; then if the space within A is not at
the potential of A, a second equipotential
surface B can be drawn just inside A. The
potential of B is either above or below that
of A. If above, there is a field everywhere
directed from B to A over the surfaces, and

Fia. 136. if below, this field is directed from A to B,

In either case [kEds is equal to 4w times the

charge within the surfaces, and since by hypothesis there is no such
charge, kfEds =0. But since in either case E has the same sign all
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over the surfaces, EE must bo zero at all points of the surface. That is,
Bis at the same potential as A. The same argument applies to the
whole of the space within A, which is thorefore at uniform potential,
and thers is no field within A.

t also follows that there cannot be any charge on the inner surface
of a hollow conductor unless there be a charge in the hollow space
within the conductor, and if there be suck a charge in the hollow space
tiere will be an equal and opposite charge upon the inner surface of the
closed conductor. Consider B to be the inner surface of the conductor of
which A is the outer surface (Fig. 136). Imagine a closed surface to
be drawn between A and B and surrounding B. The intonsity over
this surface is everywhere zero, since the surface lies entirely in the
conducting medium, and, by Gauss’s theorem, the total charge within
it is therefore zero. Hence, if there is any charge within B there
must be an equal and opposite charge upon B, which establishes the
second part of our proposition.

When there is no charge in the space within B there might still
concoivably be equal and opposite charges upon different parts of D.
Let a closed curve be drawn upon any part of I3 which may be
supposed to have a charge upon it, and draw a closed surface to
interseet BB in this curve. The part of this closed surface within the
conducting medium has no normal induction across it, for ¥ is every-
where zero within the medium, and the part in the space within B has
also no induction over it, as we have just seen, sinco 1 is zero within
it.  Hence the chargoe within our closed surface is zero, and that on
the small area of B considered is also zero.  That is, there is no charge
at any point of B.

This proposition and the preceding one make general the problom
proved on p. 118 for the sphere —that there is no field inside a con-
ductor due to a charge outside it. 1t is also of importance in practice,
for we sce that a closed conductor constitutes a perfeet electric scrcen
for points inside it, Whatever the disttibution of electric charge or
intensity outside it, the conductor, since it is an equipotential surface,
reduces the intensity inside it to zero.

Tubes of Induction and Lines of Force.—The important part played
by the diclectric in electrical phenomena, led Faraday to imagine tubes
or lines of strain to exist in the medium situated between charged
conductors, the positive charge upon one conductor and the negative
chargo upon the other being merely the ends of these tubes or lines.
Maxwell gave these tubes a quantitative significance, and showed that
tho forces between the charges could be correctly represented by

o2

assuming the tubes to be under a tension cqual to 81: in the direction

r2

of the tubes, and a pressuro _87: normal to them, and showed that

such a system of tensions and pressures in a medium would be in
equilibrium. Thus, the tubes tending to shorten, owing to this tension,
X
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would pull the opposite charges together, and the pressure of the tubes
upon cach other at right angles to their direction would push like
charges apart (see Fig. 9).

Consider a small area 8, (Fig. 137) drawn in an electric field with
its plane at right angles to the direction of the field, and through its
boundary let lines be drawn whose direction shall every-
where be that of the field. "I'hese lincs enclose a tube,
and if a second area S, be drawn anywhere at right
angles to the field, it follows from Gauss's theorem,
since there is no induction over the side of the tube, it
being everywhere parallel to the field, that the induc-
tion over S, is equal to that over S,.

Thus EES, = k,ES, provided that there is no
charge in the element of space situated between S, and
8., and so the normal induction over any scction of the

Fic. 137, tube is a constant quantity., Calling tho normal induc-
tion per unit area N, we have LK = N, and NS, =N,S,.

If the tube bo traced back to the charged conductor upon which it
arises, we can, by applying Gauss’s theoremn, as in proving Coulomb’s
law (Fig. 135), show that 4x(0S) = NS, where o is the surface density
of the charge upon the conductor, and ¢8 is thercfore the charge upon
which the tube arises. If this is a unit charge, the tube is said to be
a unit or I'araday tube, and we sce that the number of Faraday tubes
is numerically equal to the charge upon which they arise, cach unit of
charge giving rise to one tube. Thus with a surface density of charge
o there are o Faraday tubes arising upon cach square centimetre of
surface. Calling D the number of Faraday tubes per square centi-
wetre, we see from the last equation that—

47D = N = kE
kB
«D=4

D is called by Maxwell the electric displacement in the medium, by
which he means, the amount of electricity which is caused to cross
each unit of area of the dielectric on account of the electric intensity
at that point. Thus, if there is an electric intensity (which Maxwell
calls an clectromotive force) acting in a conductor, the charge continu-
ally moves on account of it ; but in a dielectric this motion is not indefi-
nite; the displacement reaches a limiting amount which is proportional
to the force producing it. Thus the displacement and intensity are
related to each other in the electrical case, like the strain and stress in
the case of elasticity. Since a tube of induction starts upon a positive
and ends upon a negative charge, the positive charge may be looked
upon as a displacement in one direction at one end of the tube, and
a negative charge as a displacement in the opposite direction at the
other end of the tube, and throughout the tube, the displacement is
continuous, but its value changes with the area of cross-section of
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the tube. The more general name of polarization has also been
used for this quantity, as it is of a more general character than
« displacement,” and the analogy with the case of maguetisi is more
directly suggested.

From the relation NS, = N,S,, or D,S, = D,S,, wo see that for
a given tube of induction, the number of Faraday tubes per unit aroa

is inverscly as the crosssection of the tube; also, sinco E= é"}cD:
wo see that so long as k& is constant at all parts of the medium I is
proportional to D, i.c. to the number of Faraday tubes per unit area.
If, then, instead of representing the field by tubes, we draw a line
down tho middle of each tube, the number of such lines per square
centimetre is equal to D. Tt is more usual, howover, to draw 4r
lines for every Faraduy tube, und the number por unit arca is thon
equal to N. These are called lines of induction. 1f, furthor, £ =1,
tho number of lines per square ceutimetre is equal to the strength of
field 1. Such lines are called lines of force. This conception of lines
of force and lines of induction is a very useful one for the graphical
representation of ficlds of force, and is used very frequently in the case
of magnetic as well us electrical problems,

Energy in Medium.—From the analogy with problems in elasticity,
we should expect that in a dielectric there is an amount of energy per
unit volume, corresponding to the quantity }(stress

x strain), Consider an element of a tube of induc-
tion whose length dl is so small that the olectric
intensity, and therefore the area of cross-section, may
be considered to be constant. S8, being at right angles
to K, are cquipotential surfaces (Fig. 138), and there-
fore if we arrange two conducting surfaces, one to
coincido with each, and each having the appropriate
potential, we shall not alter the problem with respect Fic. 138,
to the space between them (sec p. 123).  Upon one
of these there will be a surface density of charge +o¢ and upon the

other —¢, and I = ‘_1‘;:0 , the charges at the ends of the tuhes being

408 and — oS respectively. The force upon unit charge is K, and
hence work done in carrying unit charge from ono end to the other
is Edl, which is therefore the difference of potential V between
them (see p. 120). Dut energy = JJQV, and Q in this case is ¢S ;

s.oenergy = % .o B.dl
) i ke

1
=5 .8dl. = gr S.dl.

8dl is the volume of the element, and thereforo the energy per unit
k13

volume is B
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or since, DR 5
2
energy per unit volume = -- E= 1ED.,

Thus, if E is of the nature of a stress, D is the corresponding strain.
Jt may be noted that in calculating the energy, the charge at
one end only of the tube is used. This is in accordance with our
procedure in calculating the cnergy 3QV for a given charge Q (p. 123).
For Q is the charge placed on the given conductor, and although there
must be an equal and opposite charge at the other end of the tubes of
induction arising upon Q, we did not take this opposite charge into
the term Q used in calculating the energy.
Force on Surface of Charged Conductor.—The expression for the
energy in the medium might have been obtained by first calculating
the outward force per unit area acting

P normally upon a charged conducting sur-

o “‘f/j‘/””"“‘\ face, and then imagining the surface dis-
/ placed through a small distance. Let p be
a point very close to a conductor upon

Fra. 139. which the surface density of charge is o

(Fig. 139). The electricintensity I may be
considered to consist of two parts, f due to the charge situated in
the neighbourhood of p, and f' due to all other charges. Then
J+f=1E. Atthe point p, inside the conductor and indefinitely close
to p, f" is-the same as at p, but f is reversed in sign since p' is situated
on the opposite side of the neighbouring charges to p, which charges
are of course on the surface of the conductor. The resultant intensity
is thercfore f'—f.  But this is zero, since p' is inside the conductor,

E
o f=f =73, aresult originally due to Laplace.
Now, the charge ¢ upon unit surface is situated in the ficld f' = 9

hl

o . 1
and the force on it is therefore 0_7.

4o
But, E = - st
. 2 o IEQ
.. force per unit arca of surface = —7;;{ = :87:‘ .

If, then, the surface be displaced in the direction of its normal,

kI
through distance d, work done per unit area of surface = ~b,_r—dl ; bub

the volume swept out by unit area is dl, therefore work done in



v. STRESSES IN TUBES OF INDUCTION 133

2
producing unit volume of electric field is ISSE;;-, which is therefore the

energy associated with unit volume of the dielectric.
This outward pressure due to the electrification of a surface may be

demonstrated by charging a soap-

bubble. The tube upon which the 2
bubble is blown is held in a block

of paraffin wax, for tho purpose of

insulating it. On giving the bubble

a charge by means of an electro-

. fan S —
phorus, the outward pressure will E_f’ [ Lo J= :’
. . . . . [

cause an increase insize. On giving | L

' : e
the bubble successive small charges S
by bringing the charged conductor N
near to the glass tube, small in- Fig. 140.

creases in size of the bubble will be
seen, but owing to the want of symmetry in the field, the bubble soon
loses its spherical shape, and will eventually be driven off the tube.

Sir J.J. Thomson has used this outward pressure to explain the fact
that minute corpuscular charges of electricity will enable condensation
to start in a supersatuated vapour, owing to its direction being
opposite to the inward pressure due to surface tension, as the drops are
forming, This will be more fully discussed in Chapter X'V,

Stresses in Tubes of Induction.—On the assumption that clectro-
static phenomena are due to stresses in the medium, we should

expect, from the fact that there is a pull upon "a charged
0 2

. Rt
conductor equal to a tension of - P

the tube itself, and it follows that if the tubesare in a state of tension,
they must also exert a lateral pressure upon neighbouring tubes, since
if this were not the case, the tubes passing from a small positive charge
to a similar negative one, would shrink until they became straight
lines joining the charges, and the rest of the medium would be entirely
free from them. As this is not the case, wo must assume that they
exert a lateral pressure upon each other, and we will now find the value
of this pressure which is necessary to produce equilibrium with the
tension in the tubes.

Consider a small section of a tube of induction, the sides AEK, BI,
CG, and DH (Fig. 141) being parallel to the field, and the ends
ABCD and EFGH equipotential surfaces. The forces f; and /. on

y . 27D Gah2
the faces ABCD and ETFGH are due to the tensions - . and k i

that this pull is due to tension in

at the respective faces.
27D,?
Then, fl = rk ! -

and fo= SO
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where a, and a, are the areas of the faces, and D, and D, the corre-
sponding displaccments,
2 9
= fo= ]:’ (D%, — D2a,)
= ?7:'(1),1)2% — D)

since Dya, = Dya, (p. 131),

1
i . 27D, D,
i ch=l= -“k]‘ z(az"'ax)'
' , Vo
. ' 7
’/; iy ,'//’fj 5 Since a, > a,, it follows that f, > f,,
! :’/// o and there is a resultant force acting in
! /,/ 7 the direction of f,. Also, if the thickness
Y of the slice is small, we may write D*in
0/;',5,/5' place of D,D,.
//' i .. resultant force in the direction of f; is
0, 27 (a, — ay)
Fia. 141, A 1 2)+

If O, is the centre of curvature of AB and EF, r, the radius of
curvature of the sides KF and Gl and 6, the semi-angle subtended at
the centre of curvature by EF,

EF = 276, and, AB = 2(r, 4+ dr)f,.

In a similar manner, VG = 2r,6,, and, BC = 2(r, + dr)0,, so that
a; = 4r1,0,6,, and a, = 4(r, + dr)(r, + dr)6,0..

Neglecting the small quantity (dr)?, we have—

a, — a, = 4(ry + 1,)6,6,. dr,
3

2
and, f, - f1 = —w—k— <A(ry + 1,)0,0,. dr.

For the section to be in equilibrium, the pressures over the sides
must produce a resultant force in the direction f,, equal and opposite
to the above,

Again,if p be the lateral pressure ; force over side ABFE = p. 21,6, . dr,
and this is inclined at angle (7‘—; - 02) to f;. Hence component parallel
to f,is 2.pr6,.dr.sin §,. DBut if the element is small 6, may be
written for sin 6,, so that—

force parallel to f,, for side ABFE, = 2pr,6,6.dr,
and for the two opposite sides taken together = 4pr,6,6 dr.

In an exactly similar manner we see that the component due te

the pair of sides BCGF and ADHE is 4pr.6,0,dr,
.. resultant force parallel to f, = p. 4(r, + r)0,0.dr.
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Comparing this with the value of f, — f,, we see that for equi-
librium— '
27 D2
=

When the two ends of an element of a tube are parallel to each
other, we have just seen that the siresses over the ends are in equili-
brium with the pressures over the

sides; but in an electric field tha ﬂ&‘,y
tubes are not in general straight, - ,,/ Kk
and where they are curved, the ten- e\
sions over the two ends of an ele- A }.‘
ment of the tube have a resultant })yL ’ \\’:lB/
at right angles to the tube, and it >\/6)‘\ Y
is necessary for us to sce whether . NN
the tube is still in equilibrium under qﬁ&\ﬁ\( YA
the equal longitudinal tension and 7\ N

O 1)? RN
lateral pressure 7rk -. If the tube oo

AR

is curved, let the plane of the dia- *0
gram (Fig. 142) be taken through Tria. 149,

the direction of curvature. T.et
the section of the tube considered be short enough for us to take D as
+) 2
. . -
constant over its length, then the tension - . at each end will
e
9:De
m . . .
- P bdr, and since these are equally inclined to
0

the median line BO, and 6 is small—

give rise to forces

2wl

k

D is the mean displacement over one end, but it is different at the
outer and inner sides A and DI ; for, the ends being equipotential
surfaces, the p.d. as measured along A from one face to the other is
equal to that as measured along I that is-—

Ey(r + dr)f = E 6.

47D,
But, E, = A"k__l’ and, E, = ﬂk %

~Dy.(r4dr) =D,.r.

)2
Resultant force along BO = 2 b.dr.@.

B2

2
Thus p,, the lateral pressure over A, is — k——‘—, and the resultant

27D2
forcn over the outer face A is —fk L 9(r 4 dr)6 . b, and that over
27D,2

k

Bis 2r.0.b.
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Since these both act in the line BO—
Resultant force on element = 47; 60 {D2(r + di) — D2r}

= 4,;’ 6b{D,D,r — D,D,(r + d1)}

4xD,D,
S

This is dirccted outwards, and writing D? instead of D,D,, we see
that this is equal and opposite to the resultant of the forces over the
ends due to the tension, and the element is in equilibrium. Since the

. . . 27D,? 2xD,?
result is oblained on the assumption that p, = — o and p, = ———k——“ ,
we sec that our assumption is justified.

Limitations of Maxwell’s Theory.—That the electrostatic forces
on charged conductors may be represcnted in terms of Maxwell’s
tension in the direction of the electric field and pressure at right
angles to it, is undoubtedly true, but directly we attempt to form
an idea as to the nature of the medium in which these stresses exist,
we meet with grave difliculties. Tt has been pointed out by Poincarg?

LE?
that if the energy i potential energy due to a state of strain in

4
8w
the medium, any change in its value for a given space can be calculated
in terms of the changes in position of the

walls of this space: for simplicity let & = 1,

1 AV
B Then, w = B and, dw = —El;-
—] 1T -l —> Consider a unit cube in the diclectrie, with
A /E A tensions acting over the faces A A, and pres-
‘. sures over B3 B and C C (Fig. 143). 1f the
B l medium possesses elasticity, we shall have a
displacement, say e, outwards for A A and
Fia. 143. inwards for B B and C C, and if ¢ changes by
the amount de—
EZ
Work done on account of displacement of A A = Sﬂ_de
E: I
3 ” ”» 1 BB = & e
]‘D
” 9 ” » CC= - d’
2 2EJE
s dw = -——de =g from above equation,

.

! H. Poincaré, ** Electricité et Optique.”
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dE

Sl —de = .z'E*
and on integrating, —e=2log E 4+ C,
(= D (=]

This result is absurd, for when the medium is in equilibrium
E = 0, and therefore, from our last equation, ¢ = 0. Hence Max-
well’s idea of a state of strain in the medium, although extremely use-
ful in studying electrical effects, breaks down, as Poincaré has shown,
directly we attempt to give to the medium the properties of ordinary
matter.

‘We shall see in Chapter XIV that, to account for the great velocities
with which eclectrical disturbances are propagated in ¢ empty space,”
the medium must have an elasticity greater than stecl (Lord Kelvin),
and in order to account for the fact that the motions of the heavenly
bodies are not appreciably retarded by its presence, its density must
be infinitesimal. These difficulties, however, arise from our fundamental
ignorance of the mature of electricity and of the medium in which
electrical forces are transmitted. Klectrical and magnetic phenomena
can be satisfactorily explained in terms of the ether, but all attempts
to give a mechanical explanation of the ether have so far resulted in
failure.

Motion of Tubes, and Electric Current.—The phenomenon of
the clectric current may be explained in terms of these tubes of
induction, Klectric charges are the

ends of the tubes, and these are free to C A

move upon the conductor, and will TE

therefore slide along it until the tubes F l } )
in the surrounding dielectric are in D

equilibrium. Thus, if the conducting B

plates A and B (Vig. 144) are oppo- Fra. 144,

sitely charged, the ends of the tubes

will slide along A and B until equilibrium is established. Tf, then, the
plates are connceted by a conductor CD), the opposite ends of the tubes
nearest to CD, can approach cach other, and owing to their tension
these tubes will contract until they vanish. This removes the lateral
pressure to the left of the tube KLY, and hence the pressure upon the
right will push this tube towards CD, and it will in turn vanish. The
process will go on until all the tubes have disappeared. The motion
of the positive ends along B and the negative ends along A constitutes
the current.

The magnetic field in the neighbourhood of an electric current has
been interpreted by Sir J. J, Thomson in terms of the lateral motion
of the Faraday tubes (p. 414).

Distribution of Charge upon a Conductor.—The fact that the
surface of a conductor must be one of equipotential, aids us in deter-
mining the way in which a charge is distributed upon it. In the case
of a symmetrical surface, such as a sphere or an infinite plane, the
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problem presents no difficulty, the lateral pressures due to the tubes of
induction ensuring a uniform distribution of charge. When this
symmetry is departed from, the problem of finding exactly the dis-
tribution of charge and field presents great difficulties, but gemeral
reasoning will show ug that on any given conductor in an open space

the charge is distributed so that
- the surface density is highest on
) parts of greatest convexity, be-
coming infinite at an actual
point.

Taking a conductor of the
foorm AB (Fig. 145) and drawing
the equipotential surfaces in its
neighbourhood, we see that near
to it they follow its outline very
closely, since the suiface of the
conductor itself is an equipoten-
tial surface. Owing to the great

- curvature of the equipotential

Fia. 145, surfaces in the neighbourhood of

a point such as B, a tube of

induction such as BC has a very great divergence, that is, its cross-

section varies rapidly as we pass from C and B. Now, for any given

tube the product of electric displacement and area of section, that is,

DS, is constant (p. 131), and therefore, as 8 becomes very small on
approaching B, I necessarily becomes very great.

At a distance from the conductor, the equipotential surfaces, such as
F (& are approximately spherical, and each unit tube of induction has
here the same cross-section. The convergence towards B being greater
than that towards A, the cross-section of a unit tube is less at B than
at A, and the electric intensity at B is therefore greater than at A.

In the event of B being a point, 8 becomes zero and D infinite.
Remembering that T = %I‘) = é;:g, we see that the electric intensity
in the neighbourhood of a point, and the surface density of charge on
the point, are both infinite. But long before this condition is reached,
the insulation of the air or other dielectric surrounding the conductor
breaks down, and the charge passes from the point.

It has long been known that fine points facilitate the discharge of a
conductor, and produce what is called an electric wind, T'his discharge
from fine points has been used for many purposes, as in collecting the
charge from the sectors of an electrical machine (p. 115).

A further examination of the equipotential surfaces of Fig. 145
shows us that we can easily obtain an idea of the surface density at all
points of the conducting surface, and of the electric intensity of the
tield, for we cross the same number of equipotential surfaces in going
from the conductor to the surface FG by whatever path we go, and
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therefore the longer the path the less closely are the surfaces together.
This means a less potential gradient and a weaker tield. From B to C
is the shortest path, and here we find the strongest field.

A similar method enables us to follow the effect of want of
symmetry of the surrounding conductors upon a body itself symmetrical.
For, taking a charged sphere AB inside a conducting sphere; both
spheres are equipotential surfaces, and therefore in passing from A to
C (Tig. 146) we cross as many equipotential surfaces as in going from
B to D. Hence the field between A and C is stronger than that
between B and D, and in the approximate ratio of the distances

4
BD : AC. Remembering that B = 1’;(", wo see that the surface

density of charge upon A is greater than that upon B.

Force on Uncharged Body.—The force on an uncharged body
situated in an electric field may be determined in direction by a simple
sonsideration of the energy of the field. In auniform field of intensity

of induction N, the energy per unit volume is L K since N=FE,

N

= 8rk’
Ne

80 that for a body of dielectric constant k situated in the field, ; Rl is the

energy per unit volume of the body ; whereas if the space occupied by

the body had been occupicd by air the energy per unit volume would

N . .
have been 8 Since k_is usually greater than unity, the encrgy of the

field when occupied by a body is less than when the space is occupied
by air, and for such a body situated in
air, the cnergy of the whole system of
air and body is less when the body is
present than when it is not. If the
field be uniform, the energy is tho same
wherever the body may be situated, and
there is consequently no tendency for
the body to move from one place to
another. 1f, however, the field is not
uniform, the energy of the whole system
is less when the body occupies a position
where N is great than in one where N
is not so great. Now, it is a general Fia. 146.

principle in dynamics that a system will

always tend to that configuration for which the total potential energy
is least, so that in our case the body will experience a force urging it
from points of weaker to points of stronger field. Owing to tho
difficulty of determining the distribution of N in the case of a body
sitnated in a tield which is not uniform, we cannot, as a rule, employ
the above reasoning to calculate the actual force on the body, but
the gencral principle holds that the force acts towards the place of
greatest field.
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In the case of a conducting kody, the induction N inside it is zero.
The energy within the body is therefore zero, and from the above
principle of least potential energy, the conductor will experience a
force urging it from weaker to stronger parts of the field.

The above reasoning explains why a charged body will attract an
uncharged one, as in the case of the rubbed amber or ebonite attracting
light bodies, such as the pith ball.

Boundary Conditions.—At the surface of separation of two different
dielectrics, certain conditions must hold, which conditions may be
obtained in quite a simple manner. For convenience we shall first
study the condition applying to a field whose direction is parallel to the
surface of separation, and then consider the case of a field normal
to this surface.

(i) Field Parallel to Surface of Separation.—Let k, and &, be the
dielectric constants of the two media, and E, and E, the ficlds in each.
Draw two equipotential surfaces A and B (Iig. 147) through the
surface of separation and an infinitesimal distanco dl apart. Then
A and B must be parallel, since equipotential surfaces are always
perpendicular to the field, and, further, the potential difference
V. — V,is for the first medium E,dl, and for the second E,dl.

Since these are equal, E, = E,, so that our first boundary condition
is, that the tangential components of the electric intensity are the sume
on the two sides of the surface of separation.

(i) Field normal to Surface of Separation — In this case, we take a
small closed surface with ends parallel to the boundary and sides

N
k/ A M B A/ a/
__F‘_._’L_)E/ I—-——Io—]
——E, 17.3_1
hs 4l
Fia. 147. Fia. 148,

normal to it. Then,if N, and N, are the normal inductions taken
positive in the direction from medium 2 to medium 1 (Fig. 148), the
total normal induction over a, is N,a,, and over a, is N,a,, and if a
charge ¢ be situated on the boundary we have, from Gauss’s theorem—

N, — Nya, = 4mq
or since a; = @,—
N, — N, = 4r0, because o =1,
a
In the particular case when there is no charge upon the surface of

separation—
a¢=0, and, N, = N,
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thus the second condition is that the normal component of the induction
18 the same tn both media.

Since N = kE, condition (ii) may be written k,E, = k,E,.

These two conditions aro of great importance in the study of the
problem of the reflection of electromagnetic waves, by a suiface of
discontinuity.

The two boundary conditions enable us to find the change in
direction of the ficld as we pass from one medium
to another. For lct §, be the angle between field E,
and normal (Fig. 149) in the first medium, and 6, k,
that in the second. Y

The first boundary condition gives us

E, sin 6, = E, sin 6, and the second,

kB, cos 8, = I,K, cos 6, /s b,
Therefore dividing one equation by the other—
tan 6, Kk, E-
tan 6, k, ¥ia. 149,

In the equation N, — N, = 4mo, or kE - kK, = 4r0, 0 is a
charge which may be placed upon the surface or removed from it, and
does not owe its existence to the discontinuity at the surface of separa-
tion. When this is zero, kI, = kK, Maxwell considered the
difference in ficld I, — 1, on the two sides of the medium to be due to
a lictitious charge upon the boundary, which will, of course, disappear
when the inductions N; and N, disappear. Thus, if the dielectric
constants upon both sides of the surface become equal to unity, the
intensities will remain unchanged, provided that this fictitious surface
charge ¢' rcmains upon the surface, ¢' being obtained by putting
k, =k, = 1 in the above equation,

Then, I, - B, = 4nd
Remembering that &K, = %1, when thcre is no other than the
fictitious charge on the surface, we see that- -

k, k,— Ik
‘{7:‘0'—; 5~ EB=" "E,
I k, — k
= Iﬁ, - ]C_: }l = -Z~kJ ! :l

If %, becomes equal to k,, which is not unity, we still obtain ¢' as
before. Dut in this case —
dno’ = (B, = E,)

Thus for any given problem the intensities on the two sides of the
boundary will he unchanged if we change the original diclectric
constants k; and k, to unity rand add a surface density of charge

1 ky—F 1 k- F

e P T
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Uncharged Sphere in Electric Field. —By the aid of this idea of a
fictitious surface density we can solve the problem of the distribution
of intensity in the case of a sphere situated in a medium whose
dielectric constant differs from that of the sphere.

Let the dielectric sphere of constant k, be situated in a medium of

dielectric constant k,, and let the field

E be uniform before the introduction of

- the sphere, the intensity being every-

where E. - When the dielectric constant

of the sphere changes to L,, wo have for

the surface condition for the normal

- component of the induction at the point

P, Ilig. 150, tho relation kE, cos 6,

= k,5, cos 0, where E, and K, are

s fields just inside and outside the sphere

Fia. 150. at P. 'Wemay now produce exactly the

samo fields normal to the surface of the

sphere, if we make the dielectric constant everywhere k, and introduce
a fictitious surface density ¢’ given by

I\ B, cos 6, ~ I, E, cos 6, = 4o’ (p. 141),

L — -

or, k1, cos 6, — Iy1i, cos 6, = 4wo’
, E,cos 6,
o= pi (e, — k)

The dielectric constant being now everywhere k,, we have everywhere
the original field I, together with that due to the fictitious surface
density o'

A distribution of surface density which may be made to satisfy the
conditions of the problem, was suggested by Poisson. Let the sphere
be considered to have two volume densities of charge, + p and — p,
which coincide when there is no external ficld; but the sphere of
positive charge is displaced relatively to the sphere of negative charge,

. _-M
I vals NN — -~ .
3 N \ o™
- A*/A_."\_\M _BLB /\ \
\ 00 J—’O/ )
N
N N
. N e T
Fia. 151, i, 102,

in the direction of the field, by the amount OO’ = AA’' = BB’ (Fig.
151), owing to the field E. MANA' is then a layer of positive charge,
and MBNB' asimilar layer of negative charge, and throughout the rest
of the sphere the charges neutralize each other. When this displace-
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ment is very small, the surface density at a point P is represented
by the length of aradius intercepted between the spheres, which length
is 00’ cos 0,

Then the surface density at P is p. OO’ cos §,.

To find the field due to this distribution of charge, all that is
necessary is to find that due to the two spheres. At a point Q the
intensity due to the sphero, whose centre is O, and having volume

density of charge +p, is equal to 7::%77.0(2.’) (see p. 127), and may
be represented by the vector OQ (Iig. 152); that due to the other
sphere is ]i l%ﬂ.O’Q.p, and is represented by QO'. The resultant
intensity may thercfore, by the triangle of forces, be represented by
the vector 00, and the intensity is I ir.00; and since this is

parallel to OO’ and is independent of the position of Q, the field inside
the sphere is uniform and parallel to the original field. By finding
the value of the intensity due to this distribution everywhere, and
combining it with B, we get the resultant field everywhere.

Within the sphere, the field due to the charges is opposite in
direction to the original field, so that the resultant ficld B, is the
difference between these, is everywhere parallel to E, and is constant,
Yor the boundary condition at the surface of the sphere to be satisfied,

E, cos 6,

I P

!

(k, — T,)

and since the surfaco density due to, the volume distributions is
p* 00, cos 6, we bave
— Bdl. = k)

p.00 s

1

And again, since, E — E, = 5 ir. 00 . p,
1

B, 3 .
47;(]('_;-—»](31) = o ’C,(]‘J —_ E_.),

E(k, — k) + 3L,k = 3kE,
3k,
+ 2k,
The field outside the sphere may be found by combining the uniform
field Ii with that due to the charges +3ima’p situated at O, and

~2*ra’p situated at (), remembering that the dielectric has a con-
stant £,.

E,=, E.
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In the case of a conducting sphere situated in air, k, = © and
k=1
E
S By = o = 0,
which is in accordance with fact, since the intensity inside a conductor
is zero. Also when 6, = 0,—

¢ =00, ,,=§~7‘—‘(L E)

and since B, = 0, and &, = 1—

¢ = 5‘, L, at the points A and B (Fig. 151).

3
At any other point of the sphere ¢’ = in L cos 6,.

It may be shown that the field inside an ellipsoid with one axis
parallel to E is also uniform, and the case of the sphere deduced from
that of the ellipsoid by making the axes equal. The problem presents
mathematical diflicultics which preclude the discussion of it here,

Fig. 153. Fig. 154.

but the student muy find it in * Absolute Measurcments in Electricity
and Magnetizm,” by A. Gray.

Iu order to determine the field outside the sphere we may calcu-
late that due to the two charges 4+ {za’p and — {ra’p, placed at
O and O respectively. From analogy with the casc of a small
magnet (p. 5) we can sec that the field is equal to that due to
a magnet of moment

S
3ma’p . 00, or, ¢'k(L - B,)) = a"‘k,(l -7 )5{)7‘ )E
Wb - T
Jolgy = It) o
=«a k, 4 2k, b
Fig. 153 represents the resultant field for a sphere, when k&, > k,.
1n Fig. 154, k, < k,.
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Electrical Images.—Conducting Plane.—The distribution of charge
upon conductors may in several cases be most simply found by the method
of electrical images, due to Lord Kelvin.  Let us find the distribution of
charge over a plane conducting surface, due to the presence of a positive
charge + ¢ situated at P (Fig. 155), when the plane
is maintained at zero potential. At P', a point on
the opposite side of the plane to I, so that PL=P'L,
and PLP' is normal to the plane, place a charge
— ¢q. This charge is said to be the clectrical imago Mie—E
of P, the name being suggested by the optical
analogy. We must show that this analogy may be
pushed further ; in fact, for all points on the P side ——vut—ue

of the plane the effect of the plane is exactly the L*g
same as that produced by the image, the plane being
removed.

In the first place, the potential at M is
. 155,
+ 9 1 _ 0 Fia. 15
PMTPM T
so that if the conductor were removed and the charge — ¢ placed ab
P’ instead, every point of the plane LM would still be at zero potential.
Again, the electric intensity 1, at the point M is given by
E= 1,1{1_ DM (compare with field due to magnet, p. 4)
_2¢.PL
T orMe

But if —o is the surface density of charge at M, we bavo from
Coulomb’s law (p. 128)

E = - 411'0’
and if these two are to be the same,
—4ro = - PM:
_ q.PL
7T ToapMe

which determines the value of & at all pounts on the plane. The two
distributions + ¢ and — ¢ on the one hand, and 4 g and — ¢ on the
other, both make LM a surface of zero potential, and both produce
the same intensity at points immediately in contact with the plane,
and since the component of the intensity due to I at any point 1s the
same in both cases, it follows that the intensity ncar the plane due
to —q at P' is identical with that due to —o on the plane.
Moreover, it follows that if 4-g and —g¢ on the one hand, and +¢
L
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and the distribution —¢ on the other, each make the potential of
the plane zero, the intensity at every point on the P side of LM, due
to the two distributions, must be the same. For if possible let the
intensity due to the former arrangement be I, and that due to the
latter K, In the second case reverse all the charges, E, becoming,
of course, — I, with charge —g at P and distribution +o upon the
plane. 1f we now superimpose the second distribution on the first,
the charge is everywhere zero, and the field at the given point is
E, — E,. But the space to the right is surrounded by an equipotential
surface made up of the plane LM and the rest of the enclosure at
infinity, and as there is no charge within it, it follows from the theorem
on p. 129, that the intensity within it must be everywhere zero, that
is, i, = E, =0 or K, = E,, and thus the intensity duc to the two
distributions is everywhere the same.

Further, we can show that if the given distribution — ¢, which
produces a field everywhere on the P side of LM, produces an intensity
equal to that due to — q at P'; no other surface distribution can do so.
Yor if possible let another — ¢/, whose value is not everywhere the
same as — g, give the same intensity as — ¢. Let this latter charge
— ¢’ be reversed and superimposed upon — o. The intensities now
cancel out everywhere, but the charges do not. Thus at a given point
on the plane, the resulting surface density is ¢’ — o, and on drawing
a closed surface to enclose this, the normal induction over it is
dw(o' — @), but P does not lioc within the surface, and therefore by
Gauss’s theorem + ¢ canuot contribute to the total normal induction
over it, and the field due to ¢ and ¢’ is everywhere zero ; hence the
total normal induction over this closed surface is zero, and ¢ = o',
Thatiis, there is only one distribution of o that can satisfy the problem,
and since one has been found, it must therefore be the only one
possible.

Thus the charge ¢ situated at P produces a surface density

PL
--7‘("{_-},—1\1—8 at the point M of the conducting plane. There is evidently

an attraction between ¢ and the negatively charged plane, the value
of which can be found by replacing the charge on the plane by the
electrical image of P.

2 2

e = 9 q
Force = —(-é‘l)f“)j = e mz

Electrical Images.— Conducting Sphere.—The only other case of an
electrical image which we will consider in detail is that of a charge + ¢,
produced by a spherical conducting surfuce at zero potential. Let
the point P’ within the sphere of radius r (Fig. 156) be found such
that OP.OP = o4

. orP OM

Then, oM = OP
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Thus the triangles OPM and OMP’ are similar, and
) PM 0P
PM=OM= constant,
1f the charge —-Il’,llgq be placed at P',—

potential at M due to +q at P = + 1.’7“’

. PM rM 1
and potential at M due to — pM? 86 I'= —q Py ppf

q

= Tew
Therefore the two charges together produco zero potential at every
. . . 'M
point on the sphere. As in the previous case —¢q '%M placed at P’

is the electrical image of 4-q at P, since it rceduces the potential at

“TRATIC S
/ IR
3 .
.
. b

Fra. 156,

any point of the surface, such as M, to zero.
Taking OP = d, we have—
PM OM rq
“IPM T TI0P T TUW

The force between the charge and the sphere is found as in the last
case, by taking the image in place of the charge on the sphere—

0 — __Tq _— .1 J—
F=-g 1 mpy
- T
= Td(d - op)
But O = :'[’
T g’ y'rd
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To find the surface density of charge —o at the point M, resolve

the intensity i’?\fz along OM, and parallel to OP. From Fig. 156,

SMR is the triangle of forces, and is similar to OMP, so that the
cowponent MS along the radius is equal to
g MS 4 OM qr
PM*"MR = PM?'PM = PM*
Also the triangles MVW and MO are similar, and the component
oY 1
of MW, or qi);}l SIVER in the direction of the radius OM is
PM 1 MV q OM qr _ o q
" pM o PM:e MW PM.PM "PM~ PM.PM: T 7. PM®
Similarly the components MX and MY parallel to OP are
7 RS q OP qd d

PM*"RM = PM:-PM = pM>

PM 1 OF q OM ¢ r g
T-p M PM:PM = PM.P'MPM ™~ PM:"I'M = PM?
respectively, and arve thercefore equal and opposite. The resultant is
therefore along the radius, and the intensity is
qr qd*
B= = bae =l -

But by Coulomb’s theorem (p. 128), B = 470,

ST g I’M(l )

We therefore see that the surface density of charge on a sphere
when a point charge is brought into its neighbourhvod ceases to be
uniform, but the attraction between the two may ncvertheless be
calculated by means of the method of electrical images.



CHAPTER VI
ELECTROSTATICS (coniinued)
MEASUREMENTS

Capacity.—We have seen that for any given diclectric, the ratio of the
induction to the electric intensity is called the diclectric constant or
specitic inductive capacity, The absolute constancy of this quantity
has only been established for media such as the gases, for which the
value of k is very nearly unity: in other cases its value depends
upon the timo for which the ficld is applied. Thus, if its value be
deduced from measurements made with very rapidly alternating fields,
the value of kis found to diminish as the alternations become more
rapid. For the present, however, wo shall deal with £ as though it
had a definite and constant value for each substance,
Sphere.—Consider an insulated sphere whose potential is originally
zero ; when a charge q is placed upon it, the potential at the surfuce of the

sphere becomes %’ where a is the radius of the sphere, provided that

the charge is uniformly distributed over it, and that the sphere is
surrounded by air. The potential is proportional to the charge, and
the ratio of one to the other is called the capacity.

Thus for the sphere, V = g, or 3 = a, and the capacity is equal to
the radius.

In any case the capacity of a conductor is the ratio of tho charge
placed upon it to the resulting change in potential, or is the amount
of charge which will raise the potential by unity.

Concentric Spheres.—The capacity of a sphere of radius a sur-
rounded by a concentric sphere of radius b maintained at zero potential
may now be easily found (Fig. 157).

The inner surface of b, being conducting, is an equipotential surfaco,
and therefore when a charge + ¢ is placed on «, there will be an equal
and opposite charge ~ g situated upon the inner side of b (see p. 129).

Then potential of a due to its own charge is 4 g, and the potential
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throughout the space inside b due to the charge on the inner surface

of bis — 1.
b

.. resulting potential of a :Z - Z =V,

But capacity = 3.,

1 ab
SO0=TT%p-a

a b
This is necessarily greater than «a, and
therefore the capacity is increased by the
Fia. 157, presence of b.

For practical purposes the zero of potential
is taken as that of the earth. Since potential is only recognizable by
its differences, we may take that of the earth as zero without affecting
our calculations. Thus we say that the sphere b is ¢ earthed.”

Cylindrical Condenser.—7The capacity per unit length of a cylinder
swrounded by an earthed coaxial cylinder is determined by finding
the difference of potential hetween the inner and outer coatings when
the charge per unit length of the inner one is 4 q.

The electrical intensity at a distance r from the axis (Fig. 158)
)

a
due to the charge upon a is rl (see p. 127).  Therefore p.d. between

inner and outer cylinder,—

a
9
2 Va, - va = —f dqllr
>
3 b

a
= — 211[]01__;‘5 7']
b

= 2¢log,

Qo

But if b is earthed, V;, = 0,
| E ] . . 1
<. capacity per unit length = ——p~
Fra. 158. 2loge

Parallel Plate Condenser.—The capacity per unit area of an insu-
lated plate at a distance ¢ from an earthed plate parallel to it may be
found by giving the insulated plate a charge of surface density + o.
This is the surface density of the charge which faces the earthed
plate, and will, unless there are conductors brought near the remote
side of A (¥ig. 159), be practically the whole of the charge upon A.
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If such conductors are brought near A, of course the problem is changed,
but we are only concerned herc with the charge on the side facing B.
Electric intensity in the space between A and B is 4wo (p. 128).

A . A
S Va=Vy =[ e [t T 7
IB —r e
= lrat, B L\ BN
*. capacity of unit] o 1 [e1

area of A { ™ dmot 4t Fia. 159.

Effect of Dielectric on Capacity.—The effect of a diclectric other
than air separating tho conductors is to increase the capacity in all
cases.

9
Thus for the cylindiical condenser, I = k;{’

a
Vo—Vy = — f ";qdr,
, Br

b

2q
V.=, loge-
a k = (‘,

and, capacity =
2 log, -

4
For tho plates, field between A and B =" (Fig. 159),

VA= V=T

and capacity = At

In fact, in any caso, since the oclectric intensity is everywhere
diminished in the ratio L : £, the potential is diminished in the same
ratio, and the charge required to bring the potential back to that for an
air condenser must be increased in the ratio £ : 1. Tt was owing to
the increase in cupacity caused by various dielectries, that the effect of tho
medium was first noticed. Faraday measured the dielectric constunt,
or, as he called it, the specific inductive capacity of a number of
substances by comparing the capacity of two similar condensers, one
having the substance, and the other air, as dielectric.

Condensers.—The most commonly used form of capacity isthe Leyden
Jar (Fig. 160), which is frequently a glass jar coated inside and outside
for about two-thirds of its depth with tinfoil, the remaining glass surface
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being coated with shellac varnish, to improve the insulation. The
outer coating is usually sufficiently well earthed by standing on an
ordinary table, and contact with the inner coating is made through a
metallic knob and stand. If A be the area of the inner coating, and
¢ the thickness of the glass, the capacity is about gg, the dielectric
constant of the glass being about 6.

Many standard condensers are constructed of layers of tinfoil
separated by sheects of mica, the alternate layers of tinfoil being
connected respectively to the terminals T and T’ (Fig. 161). The
mica being an extremely good insulator, and at the same time very
thin, a great capacity can be obtained without the necessity of great

f
d
s
2!
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g
P

7
]

Fia. 160. Fia. 101.

bulk. The dielectric constant of mica is about 6. TFor convenience
in use, condensers are made up in a manner sinular to that of resistance
boxes, but it must be remembered that to add the capacities, the con-
densers must be placed in parallel, not in series. With the plugs as
shown in Fig. 162 the whole capacity, namely, one microfarad, is being
used.

Condensers in Parallel. —Thus in Fig. 163, C), C, C; are three

Fra. 162, Fra. 163.

condensers connected in parallel between A and B, and the same p.d
exists between the terminals of the three. Let p.d. =V,

Then if ¢,, ¢, and ¢, be the charges upon each,
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a=CYV, ¢.=0C)V, ¢,=C0V,

and, ¢+ 9+ q=(C, +C, + C)V.
But, total capacity C = total %h:u‘gg
- q1_+ q: + q;
="

=C+4+C,+C,

Condensers in Series.—If the condensers are connected in series
as in IFFig. 164, the combined capacity may be found from the fact that
the charges upon the opposite plates of cach condenser are equal.
Thus if the charge 4 ¢ is situated upon one plate of C;,—q is situated
on the other. Mence the charge + ¢ has passed to the first plate of
C,, and <o on. :

Then, Vi- V= (Z’
1 A E F 8
V].; - VF = Cy
g c, [N [
Vi— Vp= g , Fia. 164,

1 1 1
oV - V,;:q(ul +UQ+UJ).

But, 9 __ . -
ug, Vie vy ® the combined capacity C,

1o o1
ToTe ot

In the case of most condensers used for practical purposes, the
capacity has been found by comparison with a standard, whose value
can be calculated from its geometrical form. The simplest case is that
of a sphere whose capacity is equal to its radius, but a sphere would
have to be of such great size to have a sufficient capacity for practical
purposes that this consideration alone would prevent its use. But in
addition, we have the fact that the sphere must be at an infinite
distance from all other bodies for the surface density of charge to be
uniform and the field everywhere radial. A pair of concentric spheres
would get over both these difficulties, but then we meet with the
objection that it is difficult to construct the spheres and to arrange
them to be concentric, and the insulation of the inner sphere would
also give trouble.

Guard-Ring Condenser.—The first satisfactory standavd condenser
to be made was the guard-ring condenser of Lord Kelvin, In the
case of the parallel plale condenser, an uncertainty in the effective
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area of the insulated plate arises from the fact that the field near the
edge of the plate is not uniform (see Fig. 165). Lord Kelvin got over
this difficulty by making the insulated plate circular and surrounding
it by a guard-ring, so that the irregu-
larity of the field does not occur at the

G A G
(mmﬂ‘ﬂ‘mm) edge of A, but at that of the guard-
> B ring G.

There is still a slight irregu-

larity in the field where the gap between

E A and G occurs, but if this gap is not

T1a. 165. very wide, Kelvin found that the effec-

tive area of the plate is the arith-

metical mean of the area of the plate A and the circular hole in G.
Calling this effective area A,

kA
Capacity = 7—¢

Fig. 166 illustrates the guard-ring condenser,' the left-hand half of
r

(7
e ((___”_4,[
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-/ } //1\
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4 Jrh“*—:f; F=7 g
o (1 A N § DY R
Lr{ 41

F1a. 166.

the figure being in section. &, the guard-ring, and %, the plate, can be
insulated or connected together, and the parallel earthed plate e can
be raised or lowered by means of the micrometer screw f. The distance
apart of the plates is measured by bringing e into contact with % and
h. The reading of the micrometer screw is observed and e is then

! J. Hopkinson, Phil. Trans., 169, p. 17. 1878,
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lowered by turning the screw, and the reading again taken. On sub-
tracting one micrometer reading from the other, the distance ¢ is
obtained. In using the instrument, e is earthed, and & and & connected
together and chargod. On then earthing &, the charge upon k remains

and has the value corresponding to the capacity o
x

Sliding Condenser.—Another convenient form is the sliding or
cylindrical condenser, also due to Lord Kelvin. A and C (Fig. 167) are
two coaxial cylinders of the same diameter, with a small gap separating

A Y~ yr— C

(B ]

Fiu. 167.

. Thesmaller cylinder B is coaxial with the other two and is carried
by a support which slides upon C, so that the length lying within A can be
varied and measured. A is insulated and B and C are earthed. Then, if
Biscaused to slide in or out of A by the distance , the change in capacity

of Ais —-E-l-— A is surrounded by an earthed metallic tube to pre-
2log.;
b

vent its capacity from being varied by the movement of conductors in its
neighbourhood. This condenser

has not a capacity of known S

absolute value, but its change in
capacity for any movement of B
is known from its dimensions,
1f a scale of lengths be attached
to the slider, and the absolute
capacity be determined experi-
mentally for one position, that
for other positions of the scale
will then be known,

Another useful variable con-
denser made by Mr. A, C,
Cosser, is shown in Tig. 168, A
number of semicircular plates
are insulated, and 1 etween them
and parallel to them are a num-
ber of similar plates mounted
upon an axle, so that they may he rotated to occupy any position
from lying entirely within or entirely external to the fixed plates.
This is really a multiple parallel plate condenser, and the relative




156 ELECTRICITY AND MAGNETISM CHAP.

position of the plates may be determined by means of a pointer moving
over a circular scale. The condenser is not an absolute one, and the
scale must be calibrated by experimental comparison with known
standard condensers.

Blectrometers.—For the comparison of capacities, some measurer of
potential is necessary. The electromagnetic voltmeter described in
Chapter IV. is, of course, useless, since its reading depends upon the
existence of a current, which is exactly what must be avoided in deal-
ing with electrostatic charges; in fact, the difficulties met with are
largely due to faulty insulation, which allows minute currents to flow,
and hence the charges to leak away.

Faraday used the gold-leaf electroscope as an electrometer, but its
low sensitiveness and the uncertainty in the value of its readings
restrict its use. Quite recently the gold-leaf electroscope has been so
modified in form that its use as an electrometer has been greatly
extended (see p. 498).

Attracted Disc Electrometer.—More exact clectrometers, depend-
ing upon a measurement of the attraction between two conductors,

maintained at different potentials, have been
designed, and after many modifications, the

N instrument took the form of the Attracted
s Disc Electrometer, which, in the case of Lord
c C_ Kelvin's pattern, is an “absolute” instru-
A ment, the potential difference being found in

terms of a force, a length, and an area. 'The

arrangement is shown diagrammatically in

= g, 169. A is the attracted plate, which

T M is carried by a spring 8, and situated in the

plane of the guard-ring C, just as in the

case of the guard-ring condenser. A is main-

tained at a constant potential, and B, which

Fia. 169. can be raised or lowered by means of the

micrometer screw M, is brought in turn into

contact with the bodies, the difference of potential between which it
is required to determine.

To calculate the attraction between A and B, let their potentials

be V, and V; and their distance apart ¢, The elgctric intensity K in

-V
the space between them is therefore —* . -2,

Va - Vb

E= T

Also from p. 132, we know that the force per square centimetre of
2

either is g5 50 that if A be the area of the plate A, the total force

upon it is—
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e
8#A=F’

L (Va=Vy PA
S = 8ot 7

or, V, =V, = t\/81b~.

In using the instrument, the plates are to begin with, all earthed,
and a small known weight 2 is placed upon A. This depresses it
below the plane of C, and it is raised by means of the screw N until it
again comes into the plane of C. The small weight is then removed,
when, of course, the spring S pulls it above C, but if subsequently the
attraction between A and B pulls A again into the plane of C, we
know that the force acting on 1t is mg dynes, where g 1s the accelera-
tion of gravity. A and Care now insulated and charged to a potential
which is kept constant by means of a small eloctrical machine, the
prototype of the Wimshurst machine, called the Kelvin replenisher, the
constancy being observed by means of a second guard-ring condenser
with fixed spring control and fixed position of carthed plate, B is
then connected to the first of the points the p.d. betweon which we
wish to measure, and its position adjusted by means of M until A is in
the plane of C. The force on A is then mg, and if V, be the potential
of the first point, and the micrometer M is read—

Vo -V, =t./¥,
A

B is now connected to the second point, whose potential is V,, and the
adjustment again made.

a=V,= l_/\/ff;rm;i
A

Therefore, Vo~ V.= (t, —t) \/ §7TA7".’7'

Thus V,— V, is known in terms of the difference of the two
micrometer readings, the area of the plate A, and the weight of a
small mass m. It is not necessary to know either the actual distance
between A and B or the potential of A, but the latter must remain
constant.!

Quadrant Electrometer.—The Quadrant Electrometer bears a
certain resemblance to the galvanometer, in that both give deflections
proportional to the quantity to be measured, the deflection in each case

! For a detailed account of the construction of the absolute electrometer and
its use, the student may consult ¢ Absolute Measurements in lilectricity and
Magnetism,” by A. Gray.
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depending upon a number of constants of such an uncertain value,
that the instrument is used for purposes of comparison only. The
quadrant electrometer, like that of the attracted disc type, 1s evolved
from others of simpler type and achieved its first satisfactory form at
the hands of Lord Kelvin.

The Fig. 170 shows a typical arrangement of the instrument. Tour
hollow quadrants are connected in pairs AA and BB. A paddle-
shaped conductor C, frequently called the *“needle” from analogy with
the galvanometer needle, is maintained at a high (or low) potential and
is therefore positively (or negatively) charged. When A and B are at
the same potential, the needle hangs symmetrically between them, but
on establishing a difference of potential between A and B, the field
produces a couple which rotates C until the control brings it to rest.

Fia. 170. Fia. 171,

The deflection is approximately proportional to the potential difference
between A and B. To prove this, imagine that the needle is charged
to a high potential V, and the quadrants to potentials V, and Vy,
wherse V, > V. Let these potentials be maintained by connection
with sources of supply such as cells. Consider the needle to be held
for a moment in its zero position and then released. It will then
be deflected towards the B quadrants; that is, down the grade of
potential. The requisite energy is all drawn from the source of
supply, and is used in twisting the suspension and in increasing
the potential electrical energy associated with the quadrants and
needle. Equilibrium is attained when the first equals the sum of
the other two.

If the resulting deflection is 8 (Fig. 171), an area of needle equal
to wr°0 /r = r°0 has been transferred from the A quadrants to the B
quadrants, and, remembering that there are two faces to the needle,
the effective area transferred is 2s°0. This is equivalent to diminishing
the capacity of the A-C condenser by an amount 2r°0/4xt = r°0 /2xt,
and increasing that of the B-C condenser by the same amount,
t being the thickness of air space between needle and quadrants.
Thus an amount of charge r*6(Vy — V,)/2xt has been lost from the
A-C condenser, and the corresponding loss of electrical energy is
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(Ve = VOro(Ve — V,)/2xt = r*9(V, — V,)*/2xt, since the potentials
have remained constant throughout. Similarly the amount of energ

gained from the sources of supp]y on the B-C side is 70(V; — V)* /2t
Thus the total energy supplied to the electrometer from the sources
is—

Vi+ Vu)

. t{(v — V= (V- VA)’}=——(V = Vi)(Ve -4

Aypain, the potential energy of the chargeb residing on the A-C
condenser has been reduced by j(capacity)(p.d. ) =r6(V, — V,)/4xt,
and the gain on the B-C side is 0(V, — Vy)*/4xt. Therefore the
0a.1n of potential enery y of the charges residing on the electrometer is

+ V,
s = Vo Ve = 572)
0
Also the work done in twisting the suspension is f cfdf = 1o6?,
0

where ¢ is the couple for one radian twist,

o3 —(V VB)<V —YJ*X =T_Q(v -v,,)(vc-_ﬁ”‘")
2% V,+V
or, 6="0(V,- VB)< o _B).

1’2
We sce, therefore, that the deflection is proportional to ot which

is a constant, to the difference of potential between A and B, and to
the differonce between the potential of C and the average potential of
A and B. The last term is very nearly constant if V, is great and
Vo and Vp change very little during the experiment, and we may
then say that—

0= K(VG - Vb)
where K is a constant.

The shape of the needle is immaterial, provided that the changein
area within each pair of quadrants is proportional to the deflection,
which condition is fulfilled when the outer edge of the needle is cir-
cular, and the radial edges of the needle lie well within the quadrants.

In the method of use described above, the conductors A, B, and C
are all at different potentials, and the instrument is said to bo used
heterostatically. It may also be used idiostutically by connecting C
to ono pair of quadrants, say B. Then V, = V,, and the equation
for the deflection becomes—

r \
6 = 2m(va - VP
= K’( V.- Vb)z.
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In this case the constant K’ is much smaller than K, since V. is very
great (2K'V, = K). Hence for a given deflection, V4, — Vy will
generally be greater when the use is idiostatic than when heterostatic,
The range of usefulness of the instrument is therefore considerably
extended. It should be noted, however, that when the mecthod is
idiostatic, the deflection is proportional to the square of the p.d. to be
measured. This is for some purposes inconvenient, but on the other
hand it has the great advantage, that the deflection is in the same
direction whether the p.d. is positive or negative, and the electrometer
will therefore give a deflection with an alternating potential difference.
This point will be dealt with in the chapter on alternating currents.

In the Kelvin instrument V, is maintained constant by means of

Fia., 172,

a replenisher and a trap door indicator, as in the case of the guard-
ring electrometer, and further the constancy is assisted by placing C
in connection with the insulated coating of a condensct of large
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capacity. Also the® control is produced by means of a bifilar
suspensian.!

The type of quadrant electrometer most commonly used at the
present time was designed by I". Dolezalek, and is shown in Fig, 172,
The quadrants are of brass, and are mounted on amber pillars A to
ensure good insulation. The needle N is of paper, thinly coated with
metal, or in the latest instruments it is of thin aluminium. It is
suspended by a quartz fibre which is made conducting by dipping
it into a strong solution of calcium chloride, which, being very
hygroscopic, mantains the surface of the fibre sufficiently conducting
to keep the needle charged by means of a battery. The quartz fibre
produces such a feeble control that a high sensitiveness is obtained,
without the employment of very high potential for C. With a
suitable fibre and a p.d. of 50 to 100 volts between the needle and
earth, onc volt will cause a deflection of 200 to 400 millimetres with a
scale distance of a metre from the mirror. The deflection is usually
observed by means of a lamp and scale, as in the case of the reflecting
galvanometer. If the absolute values of the deflections are required,
the scalec must be calibrated by some known source of p.d., as for
example a standard cell.  If an insulating quartz fibre be used for the
suspension, this will enable the needle to keep the charge for somo
time. The necdle may always be
recharged by means of the contact e s
maker K. m

Several Electrostatic Voltmeters S
have been designed on the principle
of the quadrant electrometer.

The Kelvin multicellular volt-
meter is essentially a quadrant elec-
trometer, having a number of alter-
nating quadrants, used idiostatically.
It is provided with a pointer moving
over a scale which has been experi-
mentally calibrated. The moving
sectors are suspended by a metal
strip which also supplies the control.

Lord Kelvin has also constructed
electrostatic voltmeters having a
gravity control. AB is a fixed and
CD a movable conductor (Fig. 173), Fre. 173.
the latter being supported on knife-
edges at e.  The p.d. which is established between AB and CD causes
C to approach A, and D to approach B, and the couple is balanced
against gravity, The range of the instrument may be varied by
altering the little weight b.  The scale is calibrated in volts, the range

' For further description of the Kelvin quadrant electrometer the student is
referred to the pamphlet issued by Mossrs. Kelvin and White of Glasgow.
M
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of the instrument with the largest weight extending up to several
thousand volts.

Comparison of Capacities.—On p. 151 we saw that the capacity of
any conductor is directly proportional to the dielectric constant of the -
medium in which it is situated, and therefore the measurement of the
constant of any dielectric generally devolves upon the comparison of
the capacities of two condensers, one with and the other without
the given medium as dielectric.

Faraday’s Method.—The first determination of dielectric constant
was made by Faraday. He constructed two spherical condensers of

the pattern shown in Fig. 174, as nearly as

possible alike, and tested their equality in
capacity by charging the inner sphere of one
of them and then sharing its charge with the
other, the outer spheres being earthed. He
found that the potential fell to half, on the
sharing of the charge taking place. The lower
half of one of them, B, was then filled with
shellac, and the other one, A, which had only air
between the spheres, was given a charge. On
sharing A’s charge between the two, the poten-
tial did not fall to exactly half, showing that
the capacities were no longer equal. Thus, if

V, is the original potential of A, and V, the

final common potential, the original potential

of B being zero, calling C, and C, the capaci-

ties of A and B—

The charge passing from A to D, that is
Y g=CyV,=V,) =GV,
Fig. 174. LG Vi -V,
G TN

In this way it was found that Cy = 1':50C,, Remembering that
only half of B is filled with shellac of dielectric constant k, and that
without shellac the capacities are equal,

C, C C
Cbzk'éa-f-—;f:(k—{-l);,

g (E+1)
150 =

which gave k = 2 for shellac.

In a similar manner Faraday found the dielectric constant of
sulphur to be 2-2.

A considerable improvement in the comparison of capacities by the
above method may be made by using the electrometer instead of the
electroscope, but in this case the capacity of the electrometer itself
may be appreciable, and should be taken into account.
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If A be a standard condenser, it is first charged by depressing the
key p (l'irr 175), and the electrometer deflection noted ; let it be 6,
The key p is then opened and q closed, and the new deflection 0, not(‘d
Since the potentials in the two cases
are proportional to 6, and 6,, and the
capacity of the electrometer (C) must
be added to that of A, we have as
before the relation,

LG _0=6,
d+C~ 4
C may be found by charging A
and the clectrometer and noting the
deflection 6,. The electrometer is
then insulated, discharged, and again connected to A and the deflec-
tion 6, noted.
The charge which passed from A to the electrometer being g,
q=0(V,—- V) =0V,
C V=V, 0.-46
Co ™ Vv, -6
If Cis very small, the exper iment does not give an accurate deter-
mination, owing to th(s smallness of 6;—0,; but 1t should be noted that
the smaller that C is, the less is the importance of knowing its value
accurately.
If one of the capacities, say C,, be very small in comparison with
the other, it may be charged a number of times from the other, pro-
vided that it is discharged between the successive chargings.  When

Fia 175,

C,
C,+C
where Q is the initial charge upon C,. If C, be then (llscharge(l and
again connected to C,, the charge upon the latter falls to

Gy ( ( Cy __)‘“’
Ca+0 Ou,+C Co+CJ7
For n charges and discharges, the charge upon C; falls to

C, is first connected to C, the charge remaining on C, is Q

Cy W
Az ia) 75
and the potential falls proportion- -
ately. Thus,if V, is the initial poten- —C—*—K‘J 1 Al

tial of Cy, and V, the potential after n T l
sharings—— E :

Va_¢ O )” Fia. 176.
1 Ca + Cb
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V, and V, being proportional to the electrometer deflections and
C, and n being known, C, may be calculated. Fig. 176 shows how
the repeated sharing may be performed by means of the key K.
Kelvin’s Methods.—The following null method of comparing
capacities is due to Lord Kelvin. Four condensers are required, of
which one must be variable, and these are arranged as in Fig. 177, the
points A and B being joined to some source of electromotive force.
Then if the points E and F remain at the same potential, the
electrometer ncedle will be undisturbed, but if not there will be a
deflection. If a balance is not obtained, the capacity of the variable
condenser is altered and the experiment repeatcd. When a balance
is reached the p.d. between A and E, i.e. g—‘, is equal to that between
1
Aand B, de. g

(£
QT
. . gl _ q?
Similarly, ¢, = Co
. ¢ c
. from the two equations, Cl = C_E.,

Fig. 177. Fia. 178.

A second null method, also due to Lord Kelvin, is frequently

employed for comparing capacities, and it has the great advantage
over tho previous method, that only one standard condenser is required,
and this a constant one, the balancing being effected by varying the
resistances in two boxes, R, and R, (Tig. 178). When the keys 1
and 2 are depressed, the condenser C, is charged by the p.d. betw¥en
the ends of the resistance R,, the value of which is iR,, where 7 is
the current produced by the battery in the circuit R;R, A and B
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being earthed. Hence the positive and negative plates of C, have
charges + iR,C, and — /R C, respectively.

Similarly, the chames on C, are +1RC and — {R,C,, On
releasing the keys, the posxtwe plate of C, is connected to the nevativa
plate of C,, and the charge + «(R,C, — R .C;) will remain. If now,
the Ley 3 be closed, there will be a deﬂtctlou unless the remaining
charge is zero, in which case R,C, =R.,C,. The test is made with
various resistances R, and R, until this condition is fulfilled. This
is known as the method of mixtures, and the electrometer may be
replaced by a sensitive galvanomoter, in which case a transient current
flows on closing the key 3, when the balance is not perfect.

Gott's Method.—This is a modification of the last. On closing the
key 1, D and F (Fig. 179) will in general have different pot«,ntmls,
and on closing key 2, a deflection will be
produced. If, however, the resistances be
adjusted so that there is no deflection, the -——-I |—[—_|
p.d. between B and D is equal to that
between B and I'. If, then, It is the p.d.
between B and earth

R,
R, + R,
15

p.d. between B and F = E.

l’

p.d. between B and D =(1‘ .
S o to

[Sae
_
<
—
)
e

1 1. .
since ¢, + C, is the reciprocal of the combined capacity of the con-
. ID] .
densers in series, and T T s therefore the charge on each plate of
¢t

1
the condensers (sce p. 153).

i, l B
T ¢, T, 1T
J (/Ta‘
R, G,

R, +R,7C+C
“R,C, = RO,

Further methods for measwing capacities will be described in
Chapter XIV.

Determination of Dielectric Constant.— The dielectric constant of
several solid substances was measured by Boltzmann® 1n 1873 by

! L. Boltzmann, Wien A4kad Sitzungsber., 87, (2), p. 17. 1873,
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a method somewhat resembling that of Faraday. A parallel plate
condenser is used, between the plates of which could be inserted
a slab of the substance. The capacity is compared with that of the
electrometer and a fixed condenser together, by means of the method

A of sharing the charges, both with air be-

~ tween the plates, and when the slab to-

[ Id "1t gether with an air space separates the
M plates. Tn the latter case one plate of

Fiag. 180, the condenser could be moved away from

the other until the capacity is restored to
its original amount, and the diclectric constant is then known in terms
of the thickness of the slab and the displacement of the plate. Thus,
if ¢ be the distance apart of the plates and d the thickness of the
slab (Tig. 180), N being the electric induction, which is uniform (sce

p. 154), since the field is everywhere normal to the slab; the electric
. . B .
intensity in the air space being B, that in the slab is -, and if V, and

k
V, are the potentials of A and B,
B
Vo=V =Lt —-d)+ ch
NG o
:‘.-E\t—'ll-i-k N
But, E = 470,
where o is surface density of charge on plates,
.. capacity per unit area of plate = _-——g——-—d .
4o (\t —d+ IE)
A

4w{t——d(l _i)}'

Thus the effect of introducing the slab of thickness d, is the same

and, capacity of area A =

as would be produced by diminishing ¢ by the amount d( 1- %), without

introducing the slab, so that if ¢ be increased by this amount when
the slab is in, the capacity will again be brought to the value it had
without the slab. Calling this displacement A,

he=d(1 - %)

b= 8
or, b = d‘*_*—’;.

The values of k& found for sulphur, ebonite, and paraffin were
respectively 3'84, 3-15, and 2-32.
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The attracted disc electrometer may be used to measure the
quantity & of the last equation. As in Fig. 169, we see that the force
2

per square centimetre of A is :;, and the total force F = %E{.
But, B = ez V0
t—d(1-1y
Z
_A( V=V, )
B Y R
t—d1l - =
O U

or,Va—Vb={t-—d(l—lla)} %;F.

Thus, if the p.d. between the plates is maintained constant and the
slab introduced, F increases and the charged plate is pulled down. On

then lowering the earthed plate by the amount & =¢I(l - }:) the

charged plate will return to its original position.

Electric Absorption.—The earlier mcasurements of the dielectric
constant were all subject to error, owing to the fact that media other
than gases do not instantaneously acquire their maximum induction
in an electric field. This phenomenon of « Klectric Absorption” is very
similar to that exhibited by various complex substances, such as glass,
when subjected to torsional strain.! It was noticed by Faraday in
conducting his experiment with the spherical condensers (p. 162), that
a smaller result is obtained for & when the condenser containing the
shellac is charged first and its charge shared with the other, than
when the condenser without the shellac is charged first, and the
change in the value of & obtained is greater the longer the interval
that elapses between the charging of the shellac condenser and the
sharing of the charges.

If a Leyden jar be given a charge and its potential be measured
by means of an eclectrometer, it will be found that the potential will
fall for some time, but will eventually become constant. On dis-
charging the jar the whole induction in the medium docs not disappear
immediately ; successive discharges, gradually getting smaller, may be
obtained. The charge, which docs not disappear at the first discharge,
has been called the residual charge.

This phenomenon renders it important that in making measure-
ments of the dielectric constant, the time for which the charging takes
place, and the interval between charge and discharge should be known,
In most cases the result obtained on charging and discharging a con-
denser within half a second is sufficiently constant to he used in
defining the capacity of a condenser for practical purposes.

! See ¢ Properties of Matter,” by Poynting and Thomson.
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Hopkinson’s Method.—Dr. J. Hopkinson! used a modification of
the method of mixtures for finding the capacity of a guard-ring con-
denser, and employing the slab method (p. 166) found the dielectric
constant of various substances. The charging battery (Fig. 181) is
earthed at its middle point and the terminals connected to the plate
A of the guard-ring condenser and the inner cylinder D of the sliding
condenser. These are consequently at equal and opposite potentials,
and if the two capacities are equal, the charges received are equal

: Elwlmlp---lw

E E

Fic. 181,

and opposite. On disconnecting the battery and joining A and D,
the resulting potential as indicated by the quadrant electrometer will
be zero. The sliding condenser is adjusted until this condition is
fulfilled. The slab is now introduced between A and B, and the
equality re-established by means of the sliding condenser, the change
in capacity being therefore known. A special key is used to enable
the various connections to be made with great rapidity.

As a result of an extended series of experiments, Hopkinson found
that the dielectric constant for glass is constant for times of dis-
charge varying from ;155 to 1 secoud, for measuring which short
periods he used a pendulum for connecting A and D at a known
short interval after the charging.

By a modification of the sharing of charges method (p. 162)
Hopkinson,* using the pendulum make and break, also detcrmined
the dielectric constant of certain liquids (Table, p. 171).

Silow’s Method.—A method differing entirely from the last has
been employed by Silow? for determining the dielectric constant of
certain liquids.  The liquid is made to replace the air in a
cylindrical electrometer. The conductors A and B (Fig. 182) are four
strips of tinfoil attached to the sides of a cylindrical glass vessel. The
needle C is also cylindrical and is made of platinum. It is suspended
by a fibre, its deflection being observed in the ordinary way. One pair
of conductors, say B, is earthed, the other pair, A, being maintained

' J Hopkinson, Plul. Trans., 169, p. 17. 1878,

* Iind , 172, p. 855. 1881,
* P. Silow, Pogg. Ann., 166, p. 389. 1875,
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at steady potential, C also being earthed. The deflection is then
proportional to the dielectric constant of the liquid filling the vessel.
For, the capacity of a condenser being proportional to k, we may
introduce this quantity into our calculation for the deflection of the
needle of the quadrant electrometer (p. 159), and we then find that,
when used idiostatically

kr®
6= et (Va = Vo)

that is, the deflection is proportional to k.
e o

' ¢

__’.‘ “‘-'___ .__"_Ow Q---rrrmrme e

Fra 182, FiG, 183.

Cohn and Arons.—Using a modification of Silow’s method, Cohn
and Arons® employed an alternating p.d. for the determination of the
dielectric constants of a number of Liquids.

An ordinary quadrant electrometer and one constructed on Silow’s
principle to take the liquid, are connected, as shown in Fig. 183. The
two electrometers are uscd idiostatically and are connected in parallel,
the p d. being supplied from an alternating source. Since they are in
parallel the p.d. is at every instant the same for the two, and therefore
from the cquation on p. 159, § = K'(V, — V), the deflections when
both electrometers have air as dielectric are given by,

0, = <1'(vu - Vb)Qy
0, = K:;( Vo = V).

r? .
K, and K, being the values of Yret for the electrometers. Since

Vo — Vp is the same at every instant for the two,
6 _ K,
02 = Kzl’
however V4 and V; may vary. Tf, now, the liquid be introduced

into the Silow electrometer, and two new deflections, 6, and 6., are
simultaneously obtained—

! E. Cohn and L. Arons, Wied. 4dnn., 38, p. 18, 1888,
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o' _ K/

021 - kKZ”
NP
k= XA

Landolt and Jahn! also employed the last method to determine %
for a number of liquids. The method has the advantage that ex-
tremely rapid charging and discharging is used, so that the absorption
effect 1s negligible.

Dielectric Constant of Gases.—The dielectric constant in the case
of gases has been determined by Boltzmann,? and also by Ayrton and
Porry,? in both cases the change in capacity produced in a condenser,
when the pressure of the gas is altered being found. The methods
employed are modified forms of the method of mixtures,

It is found that the change in dielectric constant for a gas is very
nearly proportional to the change in pressure, and thus, taking the
value of k for a vacuum as unity, we have for a gas at any pressure p,

m
=1+ 76

m being a constant.

Thus the value of k at a pressure of 76 cins. of mercury at 0° C. is
1 4 m. Change of temperature does not directly alter the dielectric
constant of gases, but may, through changing the pressure, affect it
indirectly.

The relation between temperature and dielectric constant has been
investigated by Cassie,® using the two-electrometers method, and he
found that for carbon bisulphide there is a decrease of 0-0040 per
cent. per degree Centigrade rise in temperature. ITor glycerine the
value is 0:0057, for olive oil 00029, and for paraflin oil 0:0024, the
change being in the same direction in all these cases. In the case of
glass at 30° there is an increase of 0-2 per cent. per degree rise, for
mica 0'04, and ebonite 0-07.

Further methods of measuring capacities will be found on p. 257,
and of determining the dielectric constant for high frequency .oscil-
lations in Chapter X1V,

t H. Landolt u. H. Jahn, Zeitschr. f. phys. Chem., 10, p. 289. 1892,
* L. Boltzmann, Wien. 4kad. Sulzungsber. (2), 69 p. 795. 1874.

3 W. K. Ayrton and J. Perry, dsiatic Soc. of Japan, April 18, 1877,
¢ W. Cassie, Proc. Roy. Soc. Lond., 46, p. 357. 1889,
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1M

DierLecrric ConsTants (k).

Substance,

Ordinary glass . . .

Plate glass . . Coe
Crown glass . . . . .
Flint glass .

Ebonite .

Sulphur (amorphious) .
Mica . . e
Paraffin. . . . .

Shellac . .

Rock salt
Petroleurn . . . .

Fthyl aleohol. . . . .
Kther . . . . . .
Water « « . . ¢ . .
Air (76 cms. pressure) . .

Hydrogen (76 cms. pressure)

Carbon dioxide « + +

k.

Observer,

845

4:67
6-96
6-61—9 096
315

384
664
282
2:29
310
18
1-92- 2:10
2054
2:04

265
4-75 —4'95

76

80

806

1-:000590
1-:001500
1-000586
1:000264
1 001300
1000264
1:000946
1-002300
1-:000984

Hopkinson (Phil. Trans., 169, 17,
1878; and 172, 385, 1881).

Lecher (Wied. Ann., 42, 1891).

Hopkinson.

Hopkinson.

Boltzmann (Wien. Ber. (2), 66, 1,
1872; 67, 17, 1873).

Boltzmann,

Klemencic (Wien. Ber., 2, 96, 1887).

Boltzmann.

Hopkinson.

. Wied., Ann., 38, 1889,
Winkelmann ., . ’ 40, 1890,
Hopkinson.

Hopkinson.

Silow (Pogg. Ann., 156, 1885).

Cohn and Arons (Wiced. 4nn., 83, 24,
1888).

Colin and Arons.

Hopkinson.

Cohn and Arons,

Nornost (Zeitschr. f. phys. Cliem., 14,
1894)

Drudo zZeitschr. f. phys. Chem., 23,
1897).

Joltzmann.

Ayrton and Perry.

Klemencic.

Boltzmann.

Ayrton and Perry.

Klemencic.

Boltzmann.

Ayrton and Perry.

Klemencic.



CHAPTER VI1
ELECTROLYSIS

Ionic Charge.—In Chapter III. we considered Faraday's laws of
electrolysis, and saw that the amount of an ion liberated from a
solution by an electric current, is proportional to the strength of the
current and to the time for which it flows; from this we may now
conclude that the amount of the ion liberated is proportional to the
amount of electricity which has passed through the electrolyte, since
the current itself is the amount of electric charge passing per second.
Taking the ampere as the unit of current, the corresponding unit of
charge is called the coulomb, and is the amount of charge passing when
one ampere flows for one sccond. We can then define the electro-
chemical equivalent of a substance as the amount liberated by the
passage of one coulomb—in fact, Faraday’s first law of clectrolysis is
usually stated to be, ‘¢ that the amount of deposition is proportional to
the quantity of elcctricity which has passed through the electrolyte.”

The second law of Faraday, from this point of view, states that a
given quantity of electricity passing through the electrolyte liberates
an amount of substance proportional to its chemical equivalent, and it
follows, that the amount of a monovalent ion liberated is proportional
to its atomic weight, of a divalent ion to half the atomic weight, and
so on. Thus 107-88 grammes of silver, 35-46 grammes of chlorine,
62 grammes of NO,, 31-78 grammes of copper, etc., are each liberated by
the same amount of electricity passing through the cell. This amount
may conveniently be taken as a unit of quantity of the substance, and
is called a Gramme-equivalent. Thus a gramme-equivalent of any mono-
valent substance is a quantity which, measured in grammes, is
numerically equal to the atomic weight, and of a divalent substance to
half the atomic weight, etc. The importance of this, lies in the fact that
a gramme-equivalent of any substance is liberated by the passage of a
fixed amount of electricity through the electrolyte. This amount of
electricity may easily be found from the electro-chemical equivalent,
for it is the amount deposited by the passage of one coulomb;
therefore, taking the electro-chemical equivalent of silver to be
0-0011183 and the atomic weight 107-88—
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Charge required to pass in order to liberate one gramme-equivalent
of silver = o0 11153 = 96,467 or 96,470 coulombs.

Since the gramme-equivalent of all monovalent substances contains
the same number of atoms, we see that the liberation of each atom
from the electrolyte requires the same amount of charge, and again,
since the gramme-equivalent of a divalent element has half this number
of atoms, all divalent substances require twice this amount of charge
for the liberation of an atom,

These facts strongly suggest that the ators are the carriers of
the charges, and that a monovalent atom carries a constant amount of
electricity, whatever be ils chemical nature, a divalent atom twice that
amount, a trivalent atom three times that amount and so on, and
further, that the metallic atoms being liberated at the kathode, have
a positive charge, and the non-metallic atoms or radicles, since they are
liberated at the anode, have a negative charge,

Conduction.—So far we have not made any assumption as to
the mechamsm of the transport of the atoms with their respective
charges from the solution to the electrode, but it becomes of the
greatest importance to decide whether the positively and negatively
charged atoms forming a molecule of the substance in solution are
pulled apart on the application of the electrical field which produces
the current, or whether they are wandering about independently of
cach other in the solution, and are merely subjected to forces, just as
any other charged bodies would be, which drive the positively charged
atoms down the grade of potential and those negatively charged up
the grade of potential.

In future we shall speak of an atom with its associated charge as
an ion ; thus in an electrolyte the positive ions are liberated in the
neighbourhood of the kathode, and these, on giving up their charges to
the electrode, acquire the properties of neutral chemical atoms,

Experience shows that a definite amount of energy must be ex-
pended in order to effect the separation of the two ions forming a
binary molecule, which energy reappears, usually in the form of heat,
upon_their recombination. Hence, if the ions in an elcctrolyte are all
in a state of combination to form neutral molecules, we should expect
that a certain minimum potential difference would be necessary before
any decomposition would occur. But, on the contrary, it is found that
any potential difference, however small, will cause some current to flow,
although the current will sooun cease unless the potential difference
between the electrodes exceeds a certain amount ; about 17 volt in the
case of acidulated water. From this it might at first sight be con-
cluded that there are a few unattached ions in the electrolyte, and
that when all these have been driven to the electrodes the current
ceases.

Polarisation.—The real cause of thestoppage of the current, however,
is to be sought in the layer of ions which collects upon the electrodes,
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which layer produces an electromotive force in opposition to that driving

the current. The phenomenon is called polarisation, and it may be

exhibited by immersing two platinum plates in a dilute solution of

gulphuric acid, and passing the current by depressing the key K

(Fig. 184). On releasing the key, the

battery is disconnected, and the galva-

————@ nometer connected to the plates, when

j it will be found that a current will flow

Kk for a short time. The deposition of

hydrogen ions upon the kathode % and

J oxygon upon the anode a produces a

back electromotive force, and a reverse

current flows when the battery is re-

Fra. 184, moved and the circnit completed. This

back electromotive force causes the re-

verse current to flow until the collected hydrogen and oxygen ions
have been removed.

We should expect on general grounds, that some minimum electro-
motive force would be required to decompose any substance con-
tinuously ; for in order to decompose one gramme-molecule of a
substance such as water (in this case 18 grams) energy is required to
separate the hydrogen and oxygen ions, the amount of which (68,400
calories per gramme-molecule) may be determined by finding the energy
liberated in the form of heat on allowing them to combine,  When ono
gramme-moleculo of water i§ decomposed, two gramme-equivalents of
hydrogen are liberated, and therefore 2 x 96,470 coulombs have passed
through the electrolyte. 1If this passage is caused by an electromotive
force equal to It volts, 2 x 96,470 x 1 joules, is the amount of work
done, and this must be at least as great as the amount of energy
liberated when a gramme-molecule of water is formed. Thus, if no
other work is performed by the electromotive force in the cell,

il

2 x 96,494 x 0-239 x E = 68,400,

from which E = 148 volts, and we cannot think that a less
electromotive force can continuously decompose water; for, if this
were the case, we could derive more energy from the liberated
hydrogen and oxygen by the process of combustion than was used in
separating them, and, by a suitable inechanism, we should then have
an inexhaustible supply of energy, which contradicts our experience.
The actual back electromotive force, opposing the current when
platinum plates are used as described above, is about 1'7 volts, but in
this case the surface is too small to absorb the gases as quickly as
they are liberated, and bubbles are formed, some of the energy being
thus irrecoverable. If, however, the surface of the electrodes is in-
creased by depositing platinum black upon them, the minimum electro-
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motive force required to produce a continuous current has been found
by Le Blanc!® to be 1:67 volts.

If, instead of water, a substance such as copper sulphate had been
decomposed, copper electrodes being used, we have seen (p. 68) that
the amount of copper sulphate in the solution is unchanged, and in
this case we find that, however small the electromotive force may be, the
current is proportional to it, that is, thereis no minimum electromotive
force required to produce electrolysis. In any case in which tho nature
of the electrode is unchanged by the deposition, there is no polarisation
and no back electromotive force.

It appears then that there must be at least a fow free ions in the
solution, since a small but limited current flows, howover small the
potential difference between the electrodes. According to the ex-
periments of Kohlrausch, who investigated the relation between the
electromotive force and the current in electrolytes very thoroughly,
we find that any excess of electromotive force over that necessary to
balance the back electromotive forco due to polarisation, produces a
current strictly proportional to this excess, and hence, that Ohw’s law

D
is applicable to the conduction in clectrolytes. Thusi = . R K, where
E is the applied I M.T".; and I, the back 1.M.T. due to polarisation.

Electrolytic Dissociation.—It is to Arrhenius? that we owe a
satisfactory account of the process of conduction in eloctrolytes.
According to him, the current is entirely due to the motion of the ions
in the electric field between the electrodes, and it follows that the con-
ductivity of a solution ig proportional to the number of free ions
present. Thus, in the case of a solution of silver nitrate, the salt, on
being dissolved, dissociates to a certain extent, and free silver ions
carrying a positive charge (Ag+) and NO, ions having a negalive
charge (NO,~) are formed by the splitting up of the AgNO,
molecules,

It is found that the conductivity of a solution diminishes on diluting
it, as would be expected if the conductivity is due to the dissolved sub-
stance, for if we imagine the solution to be diluted until a given amount
of dissolved substance occupies twice the original volume of solution,
there will be only half the number of ions between two fixed electrodes,
that is, there will only be half the number of carriers of electricity.
Provided that the velocity of the ions in constant electrical field is un-
changed by the act of dilution, the same clectromotive force will now
produce only half the transfer of electric chargein a given time, that is,
half the current, so that the conductivity is now only half its value
previous to dilution. Thus, if no fresh ions are produced by dilution,
we should expect the conductivity to be inversely proportional to the
dilution, or directly proportional to the concentration, of the dissolved

¥ M. Le Blanc, Zeitschr. phys. Chem , 8, p. 299. 1891,
$ S. Arrhenius, Zestschr. phys. Chem., 1, p. 631. 1887.
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substance, the concentration being for convenience taken as the number
of gramme-molecules in one litre of solution.

Measurement shows, however, that the decrease in conductivity on
dilution is not so great as the above simple argument would indicate ;
that is, the conductivity after dilution is greater than the simple
proportion would give, and it therefore seems probable that, on in-
creasing the dilution, new ions are produced by the dissociation of
previously neutral molecules.

In order to follow this process, it is convenient to consider the
change in the quantity Wu” for a given solution. This new

concentration

quantity is called the Equivalent Conductivity of the solution, and it is
constant so long as the degree of dissociation is unchanged. As the
solution is made more dilute, the equivalent conductivity of most of
the solutions of inorganic salts in water increases, but the increase
does not go on indefinitely, since a condition will eventually be reached
in which all the molecules are dissociated, and hence the equivalent
conductivity tends towards a superior limit for infinite dilution.

According then to Arrhenius’ theory of electrolytic dissociation,
the conductivity of a solution is proportional to the concentration of
the free ions, and is therbfore a measure of the degree of dissociation,
v, the ratio of the number of dissociated molecules to the total num-
ber. Thus, if A, be the equivalent conductivity of a solution at
concentration ¢, and A, that at zero concentration, that is, infinite
dilution,

_ A
7—)%-

TFor most substances, the actual conductivity gets so small before
infinite dilution is reached that A can-
not be determined by direct measure-

’/\w 1 ] ment; but for strongly dissociated

/ ] substances in solution, such as the inor-

{ ganic salts, it may be obtained without
large error by extrapolation as shown
in Fig, 185 for potassium sulphate. It
may, however, be obtained for less
strongly dissociated substances from a
knowledge of the partial conductivities
of the constituent ions, as we shall see on p. 184.

The following table of molecular conductivities for the temperature

18°C. is taken from Arrhenius’:—

120

'

1o

S000 10000

Fia. 185.

o -

' Svante Arrhenius,  Lebrbook der Elektro-chemie.”
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¢ in gramme-

equivalents per Dilution =, NaCl, KClL 1K250,,
Iitre. N A A A

» 10899 130°10 1850

00001 10000 10810 129 07 1335
0 0002 5000 107-82 12877 132:7
0-0005 2000 107°18 128:11 1308
0001 1000 106-49 127 34 1290
0002 500 105 55 126:31 1263
0 005 200 10378 124 41 1219
001 100 101 95 122:43 1174
002 50 99 62 11996 1118
005 20 9571 11575 1025
01 10 92 02 11203 959
02 5 8773 107-96 889
06 2 80 94 102 41 787
10 1 74 35 9827 71-8

This theory of electrolytic dissociation presents many difficulties,
as, for example, the presence of free ions, such as the sodium ions, in
a water solution of sodium chloride, since it is a well-known fact that
metallic sodium and water cannot exist in contact without chemical
action taking place. But it must be remecmbered that an ion, that is
an atom with its associated charge, is in an entirely different condition
to the atom without the charge, and that if sodium be liberated by
electrolysis, 1t is dissolved by the water as soon as it hag given up its
positive charge to the kathode. There is no necessity for the ions to
be imagined to be isolated in the solution; in fact it is extremecly
likely that they are surrounded by a number of neutral molecules of
the solvent, which group is dragged along by the force on the enclosed
ion due to the electric field. 1t must also be remembered that electro-
lytic dissociation differs fundamentally from the dissociation that is
met with at high temperatures, in which case neutral molecules are
formed by the splitting up of the more complicated molecule. The
difference may be 1llustrated in the case of ammonium chloride, which
dissociates at high temperatures into ammona and hydrochloric acid.

NILCI = NH, 4 HCI,

both the new molecules being uncharged or neutral molecules.
On solution in water, ammonium chloride dissociates electrolytically,
thus—

NH,Cl = NH,+ 4 Cl -,

Then, again, it has been advanced in opposition to the theory, that
unless the positive and negative ions have the same velocity, the more
rapidly moving ones would diffuse at greater rapidity, leaving the
solution with a charge of electricity, and a separation in the ions
might thus be effected. This objection has been met by Nernst, who

N
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used this very fact to explain the electromotive force in cells con-
structed of two solutions of the same material at different concentra-
tions,

Evidence from Osmotic Pressure.—There is, however, ample
evidence from other than electrical sources to support the theory
of electrolytic dissociation. Van't Hoff, making use of the discovery
of Pfefler, that a substance in solution exerts a pressure on the
boundary of the solution, and that this pressure is proportional in
many cases to the concentration of the solute, showed that this
“osmotic” pressure is also proportional to the absolute tempera-
ture, and therefore obeys the same laws as a perfect gas. From
this it follows that the maximum vapour pressure of water vapour
over a solution' is less than over pure water by an amount pro-
portional to the number of molecules per litre present in the solu-
tion, and hence there is a lowering of the freezing point and a
raising of the boiling point, also proportional to the concentration of
molecules of the solute. By measuring the lowering of the freezing
point and raising of the boiling point, on the addition of a known mass
of the solute, the molecular weight may be determined. Tn many
cases the result is in accordance with that of the ordinary methods, as,
for example, in the case of sugar and similar organic substances, but
for those substances which in solution form electrolytes, the pressurc
appears to he too great, and the molecular weight therefore too small.
At great dilution, the molecular weight has, in the class of substances
which dissociate into two ions, half the ordinary value, which makes
it seem that there are twice the expected nummber of molecules present,
and it is not unreasonable to suppose that in these cases the substance
is completely dissociated.

When dissociation is not complete, let y be the degree of dissocia-
tion, and n the number of ions produced by the dissociation of one
molecule. Then for one gramme-molecule present per litre we have
ny dissociated ions, and 1 — 4 undissociated molecules, so that the
concentration, counting all together, is

l—y+ny=1+4+((-1)y=1d
This is the quantity which may be determined from the freezing or
boiling point experiment, and in any given case, knowing n, v may be
found. For a number of substances, the value of ¢ found in this way
agrees very well with that found from electrolytic determinations,

(7 = ;\: ), which is very strong evidence in favour of the theory of

electrolytic dissociation.

In the last three columns of the following table, the values of 7 in
the above equation are given,’ from the three methods of observa.
tion :—

v J. H. van’t Hofl, Zeitschr. phys. Chem., 1, 481, 1887.

t J. H. van't Hoff and L. Th. Reicher, Zeitschr. phys. Chem., 8, 198. 1889,
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i .
Concentration, luwonlng of from ormotic fiom eltocu ical
ficenng pont. pressute. conductivity
KCl. . . . . 014 — 1-81 1-86
Lict . . . . 013 1-94 1-92 18t
Ca(NOy), . . . 018 247 248 246
MgCl, . . . . 0-19 268 279 248
Call, . .« . 0-184 267 278 242

Migration of the Ions.—According to the above theory, the free
ions in solution experience forces due to the electric field in which
they are situated, and hence acquire a velocity, the positive ions
moving towards the kathode and the negative ions towards the
anode. Kxcept on the first application of the field, the ions will not
have an acceleration, since in their motion they will encounter so
many neutral molecules that their velocity will soon reach a hmit;
just as very small falling bodies soon reach a limiting velocity owing
to the viscous resistance of the air, In the case of the ions, the limit-
ing velocity depends in the first place upon the intensity of tho electric
ficld and the charge upon the ion, but it also depends upon the nature
of the solvent and upon the size of the ion with its accompanying
group of neutral molecules.  Since this last varies for different ions,
we should expect that their velocities in equal electric fields would be
difterent, and Hittorf explained the variation in concentration of tho
solute at the anode and kathode which usually occurs, in terms of this
difference in the velocity of the positive and negative ion, and even
succeeded in determining the ratios of the velocities of migration of
the two ions in a number of cases.!

This variation in concentration may easily be observed in the case
of the electrolysis of a solution of copper sulphate using copper elec-
trodes, the colour of the solution hecoming lighter near the kathode,
since the SO,~ ions have a greater velocity than the Cut* ions.
To observe the effect it is advantageous to use horizontal electrodes
one above the other, the upper one being the kathode, with which
arrangement the phenomenon is not masked by convection currents
set up by the variations in density in the different parts of the cell.

The diagram given by Hittorf is a very convenient one for
explaining the effect of the migration of the ions upon the changes in
concentration occurring in an electrolyte. Tt the dots represent
positive and the circles negative ions (Fig. 186). At the instant of
application of the electric field, the uniform arrangement of the two
sets 1s indicated by the first row. Then, if the positive ions be
imagined to have, for simplicity, twice the velocity of the negative
ions, the state of affairs an instant later will be represented by the

' 'W. Hittorf, Pogg. Ann., 89, 98, 103, 106. 1853-1859,
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middle row. The deposition at the kathode is 3 ions and at the anode
3, and 7 molecules remain in solation, but of these 4 are in the
kathode half of the cell and 3
in the anode half. The third row
represents the cell still another

secccsnve e I . St
0000000000 instant later, and it will be seen
e eceseiese that the total deposition at each
©0w00000 00 clectrode is now represented by

6 ions and that 4 molecules re-

main, 3 in the kathode half and

, 1 in the anode half. Thus at

TG, 186. cach step it will be seen that the

loss in concentration of solute

on the anode side of the median line is twice as great as that on the
kathode side. In this simple case we can see that —

Diminution in concentration at anode velocity of + ions

Or in general, if u be the velocity of the positive ions and v that of
the negative ions, the currcnt and therefore the total deposition in a
given time are proportional to (v + »). Let the current low for such a
time that (v 4 v) gramwe-molecules of solute are removed from the
solution. Now, considering the space near the kathode (v + v) grammne-
atoms of positive ions have been removed by deposition and w gained
by migration, leaving a loss of

(v +v)—u=r
_« Also v gramme-atoms of negative ions
., are lost by migration, which shows
—‘ that this part of the solution is un-

charged, as it should be, and since 1t

has lost » gramme-atoms of both kinds

of ions it has lost v gramme-mole-

¥ig. 187. cules of the solute, Similarly, on the

anode side, total loss of negative ions

by deposition is (# 4 v) gramme-atoms, and gain by migration is v,

leaving a balance of » gramme-atoms lost. Also, loss in positive ions

by migration is  gramme-atoms, and therefore resulting loss is u
gramme-molecules of solute.

Hence we obtain Hittorf’s relation—

Loss in concentration at kathode  »

Loss in concentration at anode — u

G

v
w4 v
which is the transport ratio or migration constant of Hittorf, changes
in concentration of the solute in the neighbourhood of the kathode and
anode may be found by chemical means. Two beakers (Fig. 187) con-
tain the solution, whose concentration at the start is uniform. They

P .
To determine experimentally the ratio 2 OF the quantity
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are connected electrically by a small syphon containing the electrolyte
and through which the diffusion of the solute tending to equalise the
concentrations in the two vessels will take place so slowly, that a
determination by chemical analysis of the amount of solvent removed
from ecach vessel for the passage of a given current may be used to

v
measure --.
%

By this and similar methods, which must be suitably modified

. . . v .
when one of the ions is soluble in water, the values of b given

+ v
in the table on p. 186 have been found,

Ionic Velocities.- A further step, due to Kohlrausch,! enables us
to determine the sum of the wctual velocitios v and v in terms of the con-
ductivity of the solution and the concentration of the solute.  Let us
take a case in which there are m gramme equivalents of completely
dissociated molecules per cubic contimetre of the solution ; then the
concentration of both positive and negative ions is m gramme-cquiva-
lents per cubic centimetre.  Now cach gramme-equivalent of positive
1ons carries 96,170 coulombs, and if the velocity of theso ions is u,
the charge passing unit cross-section of the cell in one sccond is
mu . 96,170.

Therefore, current density due to movement of positive ions is
mu. 96,470 amperes per square centimetre.  Similarly, the stream of
negativo ions m the oppuosite direction constitutes a current density
of mv. 96,470 amperes per squarc centimetre.  But the effective current
is the sum of these two, since they are opposite charges moving in
oppusite divections.

.. resultant current densily = m(u + v)96,470 amperes per square
centimetre.

The same quantity may also be expressed in terms of the con-
ductivity of the solution and the potential gradient in it. Thus the
conductlivity k is the inverse of the resistivity, and is the current
produced in a conductor of umt cross-section and unit length, for unit

» Y N . . » s 2\

ductivity of the solution and the comcentration of the solute. Lt us
take a case in which there are m gramme equivalents of completely
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. v . .
The transport ratio wtp being known from Hittorf's method, u

% -+
and v may be scparately calculated from the two equations. Further,

k
s the quantity we have called the cquivalent conductivity (p. 176)

at infinite dilution, A, sinco we have obtained our reclation on the
assumption that dissociation is complete. Since this quantity is known
from Kohlrausch’s measurements of the conductivity of highly dis-
sociated acids and salts, v and v for unit potential gradient arc known.
[t will be scen from the table that these velocitics are very small.
They must not be confused with the velocity of the free ion in the
solution, on account of which it exerts a pressure called the osmotic
pressure on the boundary of the solution, which in the case of
hydrogen ions is about 18-4 x 10* cms. per sec., the different individual
ions moving indiscriminately in all directions. The velocity u is a drift
of the ions towards the kathode, due to the appled electric ficld.
The ionic velocities increase with rising temperature.

For Sor.urioNs 1N WATER AT 15°C.

v eon. | 1onic veloaty+ ) Tome velocity?
Bahl o | ow por e Parial 0| . por e,
pracicalC G5, | o fFoed per practical € G5, g‘;’ll"“?“““l
units, units, volt per
cm gradient. g cm gradient,
i ... 334 0000347 oo 46'6
Na . . 436 0000451 (6] 654 0-000678
K ... 64-7 0000670 | Br . . . 67:6
Rb . . 68 . . .. 66-4 0-000685
Cs . . . 68 NO,. . . 61-8 0 000640
NH, . 64 0000660 | ClO,. . . 550
Ag . 540 0 000570 10, . . . 339
370 . . 467 BrO, . . 46
Mg . .. 460 clo,. . 64
iBa . . . 555 0, . . . 48
iPb . . . 613 W0r0, . . 72
H . .. 318 0008250 {!S0, . . . 68-4
iSr .. . 517 OoH . ., . 174 0001780
4Cu . . . 473
4Ca . . . 518

Direct Determination of Ionic Velocity.—Several direct determina-
tions of ionic velocities have been made, the general method of which
is to follow the course of an ion by means of some chemical reaction
produced by it. The results are in fair agreement with the deter-
winations of Kohlrausch.

! F. Kohlrausch, “ Lehrbuch der Praktischen Physik.”
* Svante Arrhenius, “ Lehrbuch der Elektro-chemie.”
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Sir Oliver Lodge® filled two vessels with an electrolyte, and joined
the two by a horizontal tube containing a solution of some suitable
material in gelatine or in solid agar-agar jelly. Using a weak
solution of sulphuric acid in the vessels, and sodium chloride with
phenolphthalein as an indicator in the tube: on passing the current
from one vessel to the other the H + jons form HCI with the sodium
chloride, and decolourise the phenolphthalein. The progress of the
H + ions could thus be watched, and their velocity measured. In
another experiment, using BaCl, solution in the vessels and acctic acid
and silver sulphate in the gelatine, the progress of the Ba + ions could
be observed by the precipitate of BaSO,, and of the Cl- by the
precipitate of AgCl.

W. C. D. Whetham? used two solutions differing in density, but of
the same conductivity and having one ion in common, Thus with
deci-normal solutions of potassium bichromate and potassium carbonate,
the K + ions pass in one direction, and the Cr,0,~ and CO,~ in the
opposite direction. Since the colour of the bichromate is due to the
Cr,0;~ 1ons, the travel of the surface of separation of the two liquids
can be observed.

B. D. Steele ® has further modified the method by avoiding the use
of colouring matter, the surfaces of separation of the liquids being
sufficienttly well defined on account of their different refractive indices,
due to the slight differences in density produced on replacing one ion
by another. The applicability of the method is thus considerably ex-
tended since it is not necessary to depend upon a coloured indicator, of
which there are only a few that are suitable. The salt solution under
examination is placed in a U-tube, and is bounded at the two ends by
a gelatine solution containing the indicators employed. In some of
the experiments lithium chloride and sodium acetate are used, the
former at the anode and the latter at the kathode. Using, for
example, potassium chloride as the salt in solution the lithium and
potassium ious travel in the direction of the current, the potassium
chloride being converted to lithiumn chloride.  With the ion in solution
having slightly higher velocity than the indicating ion that follows it,
a very clear surface of separation can be observed with suitable
illumination, and its velocity is that of the more rapidly moving ion,
in this case potassium. In a similar manner, at the other end of the
column of solution the anions travel from the gelatine, and the
chloride is converted into acetate, and the velocity of travel of
the surface of separation is that of the chlorine ions. Tho arrange-
ment is always such that the denser liquid lies underncath the less
dense, so that the surfaces of separation are not disturbed by convec-
tion currents, and when necessary for this, the U-tube is of the inverted
form. Precautions are taken that the specific resistance of the solution

Lodge, Brit. Assoc., Birmingham, 1886.

10,
* W. G. D. Whetham, Proc. Loy. Soc., 62, p. 283 (1892); 68, p. 162 (1895),
* B. D. Steele, Chem. Soc. Journ., 79, p. 414, 1901,
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shall be as nearly uniform as possible, as only then is the potential
gradient throughout the solution known.
Partial or Ionic Conductivities.—On examining the equation

/
6+ v = 001036 ., (p. 151)
k
we see that for any given value of E, the quantity g or Ay, which may

. w4+ st hors u d v,
be written 001036 1 the sum of two ot 118, 051036 % 2™ 0010360
which are called the partial or tonic conductivitics of the two ions. In
any case A, is made up of the sum of two partial conductivities
whose ratio is # : v, and hence if A, can be measured and also the
transport ratios, the partial conductivities can be found. The
partial conductivity of any ion ds independent of the other ions in the
solution, and hence, if the partial conductivities of the ions in a
solution ave known, the equivalent conductivity at infinite dilution
X is known, since it is the sum of the partial conductivities
Many partial conductivities are given in the table on p. 182, and
from them. the limiting equivalent conductivity A, of a substance
which is only partially dissociated at very great dilution may be found.
Measurement of Conductivity.—The difficulty met with in measur-
ing the conductivity of electrolytes is duc to the polarisation which
generally occurs, producing a back electromotive force that cannot
always be separated from the ohwmic potential differ-
ence corresponding to the resistance of the electro-
— lyte. In some cases the electromotive force due to
. polarisation may be eliminated by using electrodes of
E‘[ the material which is present in the ionic state in
; che solution. Thus in the case of a solution of
copper sulphbate, copper electrodes may be used, and

-
C[)
== a method of simple substitution, due to Horsford,
é

“~ >

cmployed. The tube containing the solution is placed
. vertically, and is provided with disc electrodes, which
I nearly till the cross-section of the tube (Fig. 188).
The resistance in the box R is adjusted until the
galvanometer deflection is a convenient amount. The
— upper electrode is then pushed downwards by a
¥ia. 188. measured distance I, and R is adjusted to give the
same deflection as before. The resistance of the
length 1 of the electrolyte in the tube is equal to the change of
resistance in R. The mean area of cross-section of the tube may be
determined by finding the weight of water required to fill a measured
length of it.
The method most generally applied is due to Kohlrausch. The
electrolytic cell, which has the form shown in Fig. 189 for good con-
ductors, and Fig. 190 for bad conductors, is placed in one arm of
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a slide-wire bridge, a known resistance being placed in the other.
The polarisation electromotive force may be greatly reduced by using
electrodes of large area, since for a given amount of deposition the
layer of deposit is then thinner than when a small electrode is used.
The effective arca is much increased, in the case of platinum electrodes,
on covering them with a layer of platinum black, by immersing them
in a solution of platinum chloride, and passing a current backwards
and forwards through the solution a number of times.

In order to reduce the polarisation still further, a small, and rapidly
alternating current is used, so that the small amouut of deposition
ocecurring when the current passes in one direction will be removed on
its reversal. A small induction coil with a high frequency trembler is

B

S

Fig. 189. I"ia. 190,

a very eflicient source of electromotive force, but in this case an ovdinary
galvanometer 1s useless for finding the position of balanco, since the
deflection is proportional to the first power of the current and would
be reversed with it ; hence, there will be no deflection with an alternat-
ing current. In order to get over this difficulty, a telephone receiver is
used instead of a galvanometer, and the observer adjusts the position
of the slide-wire contact until a mimmum of sound is heard in the
telephone.  Alternating current galvanometers, such as the Duddell
thermo-galvanometer described on p. 80, have also been used, which
instrument is capable of detecting very small alternating currents.

If resistance coils are used as standards, they should be few in
number and should be wound so that they have as small an inductance
and capacity as possible, as, otherwise, there will not be a perfect
balance when the proportionality in resistance of the four resistances
of the Wheatstone’s bridge is attained. Tho higher the frequency of
the alternating current the greater will be the disturbance due to
this cause. With frequencies below 200 alternations per second the
disturbance is inappreciable when ordinary resistance coils are used.

In using a cell of the type shown in Iig. 189, the cross-section of
the tube may be found by means of a mercury thread whose length in
the tube and whose mass are measured. The indeterminate rosistance
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where the end of the narrow tube enters the vessel may be eliminated
by performing the experiment twice, using two different lengths of
tube, cut from the same piece. As the end errors are the same for
each tube, the diflference in the two resistances found is equal to that
of a column of length equal to the difference in length of the tubes.

If the cell have the form shown in Fig. 190, the absolute conduc-
tivity cannot be found from the dimensions of the liquid between the
electrodes, with any degree of accuracy. It is usual then to find the
resistance first with a standard electrolyte of known conductivity, and
then with that whose conductivity it is required to find. For this
purpose Kohlrausch' gives the conductivities shown in the following
table :—

NoORMATL, SorUTIONS IN WATER AT 18°C.

k= : 1 dk v
(Ohmsand cm 8 ) kode u+v
KOH . . .o 1540 X 10-4 00186 074

KOl . . .. 982 6 X 10-4 00193 051
KBr . . . . 1030 X 10-4 00190 051
Ki. . . . . 1036 X 10-4 0-0190 051
KNO, 805 X 19-4 0 0200 049

1K, S0, 7159 X 10-4 00205 050
NH,C1 970 X 10-4 00191 051
NaOH 1600 X 10-4 00197 0-83
NaCl . 7435 X 10 ¢ 0-0212 0-64
NaNO, . 659 X 10-4 00215 0-61

1Na,S0, 508 X 10-4 0 0236 064

4ZnCl, 550 X 10-4 0-0220 070

17080, 9621 X 10~ 00218 068

3CuS0, 2577 X 104 00216 0-70
AgNO, 676 x 10-4 0-0210 050
HCL . 3000 X 10 ¢ 00159 017
HNO, 2090 X 104 00150 017

$H,30, 1970 X 10-4 00120 017

1 {
=s 1 dk 1 1 dk
(Ohmsand | T at- k=g T de
cms)

KCl 5percent.| 690 x 10-4| 0020 {K,SO, 5percent| 460 X 10-3 | 0022
» 100, |1860x10-4| 0019 | . 10 , 860 X 104 | 0020
,y 158 ’ 2020 X 10-4 0018 }ZnS0,5 ,, 191 X 10-4 0-022
20 ” 2680 X 10-4 0017 » 10, 321 X 10-¢ 0022

CuS0,5 ,, 189 x 10-4 0022 w 15, 415 X 10-4 0-023

, 10 . 320 10-4| 0092 | . 20 470 X 10-4 | 0024
» 15, 421 X 104 0-023 w 25 480 x 10-4 0026
»w 80 440 X 10-4 0027

! F.ﬂKohlmusch, “ Lehrbuc_l;d:x:?r;kt.;ch_en Physik.” h
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In all cases it is necessary to observe the temperature of the electro-
Iyte at the time of meusurement, since the resistance falls about 2-4
per cent. for a rise in temperature of one degree when the temperature
is 187 C.

Application of Thermodynamics to Reversible Cells.—The sccond
law of thermodynamics can only be applied to processes which are
strictly reversible, that is to say, will proceed in either direction when
one of the forces producing equilibrium is increased by an indefinitely
small amount. A gas enclosed in a cylinder by means of a frictionless
piston affords a good example, for if the pressure inside the cylinder
exceed that outside by ever so small an amount, the piston is driven
outwards, and when the pressure outside is greater than that inside by
however small an amount, the piston movesinwards. 1f the piston is not
frictionless, it requires a finite difference of pressure on the two sides
to move it, and the work done in moving it in opposition to the force
of friction is irrecoverable; the process is then irreversible in the
thermodynamic scnse.

In the case of an electric cell, wo have rever<ibility when there is
no polarisation, as in the case of a Daniell’s eell, since at each electrode
the ion hiberated does not alter the chemical nature of the electrode,
and we have already seen (p. 174) that in such a case an electromotive
force, however small, will produce a current. Tt is also evident that
if the current be allowed to flow until a certain amount of anode is
dissolved and an equivalent amount of metal is deposited on the
kathode, we can, on reversing the current by some cxternal means,
bring the cell back again to its original condition. This in itsclf is a
satisfactory test for reversibility in the case of a cell.

Whencver a current flows, an amount of work 7rt is converted into
heat in the cell, and this is irreversible, since the process cannot be
inverted ; that is, the application of
heat will not produce the current. ©
Another source of irreversibility is the
diffusion that takes place when there p Q
are two liquids in the cell, but we shall ‘S:::R
assuine the currents and times taken,
to be small enough to justify us in
neglocting these two irreversible pro-
cusses. ) q

Let us then consider a reversible Fie. 191,
cell whose electromotive force is e at
absolute temperature ', which can be maintained constant, and let
the cell produce current until a charge ¢ has passed round the circuit.
Drawing an indicator diagram for the process (1'ig. 191), PQ ropresents
the passage of the charge g round the circuit, and this line is parallel
to the axis of ¢, since the electromotive force is constant at constant
temperature. Now thermally isolate the cell, and let a further
infinitesimal charge pass; the only source of energy is now the cell
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itself, and let us supposc that the using up of the energy of the cell
causes drop of temperature éT. 'I'he temperature is now I' — 8T, and
g—;; :—1]&, is the rate of change of
electromotive force with temperature. On our diagram this change is
represented by the path QR.  Now, maintaining the lower temperature
constant, pass a current in the opposite direction to the first, until the
charge ¢ bas passed through the cell; this brings us to the point 3.
Then pass a sufficient charge to bring the cell, when isolated thermally
from outside sources, back to its original temperature T

If all the processes are carried out by indefinitely small differences
between the electromotive force of the cell and the applied caternal
electromotive force, every part of the cycle is reversible, and the two
adiabatic processes represented by QR and SP are identical and the
cycle is complete.

It is shown in works on thermodynamics, that in any reversible
cycle between two temperatures, the ratio of tho useful work por-
formed during the cycle to the heat drawn from the source at the
higher temperature, is equal to the ratio of the difference in the two
temperatures to that of the source, or

h—h _T-T
S A

The work done by the cell during the process PQ is eq, and that

the electromotive force e — -, - 5T, where

le
restored to the cell during the process RS is (c - :i"l‘ 8'1‘)q, and if 8T

is so small that the difference in the amounts of work represcnted by
the processes QR and SP is infinitesimal, the balance of useful work

. de W de _— .
done by the cellis cq — (e - dTbl)q =gq.0T L and this is equal to

h — h,, the excess of heat absorbed over that given up, so that we have
trom thermodynamics,

de
dr 87T

= 71\*’

de
dT"
This relation holds, whatever the chemical changes going on in the cell,
since, being reversible, it is brought back to its original condition on
completing the cycle, for as much charge has passed through it in one
direction as in the other.

The actual heat h drawn from the source depends upon the work
done, eq, and the energy supplied by the chemical reactions in the cell.

q.8T.
h

from which, h=gqT
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If H be the amount of heat measured in ergs, which is liberated by the
chemical processes occurring when a unit of charge passes through the
cell, Hyg is the amount liberated during the process PQ, and the work
done being eq, we have by the principle of the conservation of energy

eq = Hq + b,
that is, L =¢q — Hg,

and substituting this value of & in our previous equation we get

de
eq — g = qTan’

o e
or, e=11 + _[d,I‘.
This is known as the equation of Helmholtz. Trom it we soe that
de
dr
the current is exactly supplied by the chemical reactions occurring in
the cell. This is approximately the case in the Daniell’s cell, in which
case H = 2606 x 418 x 10"=1"112x 10* C.G.S. units, and therefore
e=1112 volts. 2'66 is the number of calories liberated when one
equivalent of zinc (0-00338 grammes) replaces an equivalent amount
(0°00329) of copper in the sulphate. The observed electromotive
force of the Daniell is about 109 volts.

If the electromotive force of the cell increases with rise in

when the temperature coeflicient , is zero, e = H, and the energy of

le . . .. .
temperature, Id(l‘ ig positive and e > I1I. 1lence, in order to supply

the energy necessary to maintain the current, the heat of the cell itself
is drawn upon, and the cell is thereby cooled. On the other hand, if

. . - de ., .
the electromotive force falls with rising temperature, "1761‘ is negative
[

and ¢ < H. Tn this case the energy liberated by the chemical reaction
is greater than that required by the current and the cell gets warmer
when runnng.

Jahn! determined experimentally the electromotive force of a
number of cells, and their temperature coefficients at a number of
telperatures, also the heats of chemical reaction by means of the ice
calorimeter, and found the results to be in accordance with the equation
of Helmholtz.

Standard Cells.—The two most important cells used as standards
of electromotive force are of the reversible type, thus ensuring
constancy of electromotive force and temperature coefficient ; they are
the Latimer-Clark cell and the Weston or Cadmium cell. There

' H. Jahn, Wied. 4nn., 28, p. 401, 1886,
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are many pattorns of these cells; one very useful pattern of the Clark
cell due to Lord Rayleigh is shown in Fig. 192. Through the bottom
of each limb of the H-shaped tube is sealed a platinum wire to serve
48 terminal. Mercury is poured into one limb, and upon this rests a
paste consisting of mercurous sulphate and zinc sulphate, and in the
other is an amalgam of zinc (10 per cent. Zn), upon
J ) 4 Wwhichrestsa layer of crystals of zinc sulphate. Zine
[ [ sulphate solution fills the tubes above the cross-piece,
and the whole is scaled up with corks and paraflin
wax. According to Jager and Kahle (Reichran-
stalt), the electromotive force of such a cell is
2n S0y

i, | 14328 — 000119(t — 15) — 0000007(t — 15)¢ volt,

2 o = 2 } .
') %9¢2i)  where ¢ is the temperature Centigrade.
Tn the Weston or Cadmium cell, cadmiumn

amalgam and cadmium sulphate replace the zine of

Fra. 192 the Clark cell, and with 10 per cent. to 13 per

cent. of cadmium in the amalgam and a saturated

solution of the sulphate, the value of the electromotive force of this

cell, adopted by the International Conference on Klectrical Units and
Standards of 1908, is given as

10181 — 0:0000406(¢ — 20) — 0-00000095( — 202 4 0-00000001(¢ — 20)3 volt."

The Weston cell has the advantage that the temperature coefficient
is much smaller than that of the Clark cell. Great care must be
taken to obtain the greatest possible purity in the materials for con-
structing these cells, and they must be guarded against carrying more
than an extremely small current. For this purpose it is convenient to
connect a high resistance permanently in series with the cell.

For a detailed account of the construction of these standard cells
the student should refer to ‘Text Book of Practical Physics,” by
W. Watson, or the specification prepared by F. E. Smith (Brit.
Assoc., 1905, p. 98).

Concentration Cells.—The possibility of constructing cells in which
the source of energy is not due to chemical action but to the diffusion
occurring between two solutions of the same substance at differcnt
concentrations was first pointed out by Helmholtz.* In both the cells
indicated by the formula

_J
T

Cu | CuS0, (concentrated) | CuSO, (dilute) | Cu
and, Ag | AgNO, (concentrated) | AgNO, (dilute) | Ag

the metal in contact with the dilute solution goes into solution, and
that in contact with the concentrated solution receives a deposit when

- ! The value of the E.M.F. at 20° C. dow accepted is 1:0183 vol,
# H. Helmholtz, Wied. dnn., 8, 201, 1878,
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the cell is in action. The former is therefore the anode, and the latter
the kathode.

In order to examine the mode of change of the concentration of
the two solutions, let us consider that u + v gramme-equivalent of
metal is dissolved at the anode, and an cqual quantity deposited at
the kathode, where the ionic velocities of the positive and negativeo
ions are respectlvply u and v. Woe bave for the silver ccll, as on
p. 180—

Toss of Ag at kathode by deposition = u + v,
(w,m » 'y transport = u,
*. total loss of Ag = (u +v) —u =
Also loss of NO by transport = »,
loss of AgNO, = v graimme-molecules,

On the‘other hand, at the anode we have—

iain of Ag by solution = u 4 v,
Loss of Ag by transport = u,
sogain of Ag = (u4v) —u=w.
And since there is a gain of NO, by transport equal to this—

jain in AgNO, at anode = v gramme-molecules.

Thus the result of the process is a transference of v gramme.
molecules of AgNO; from the concentrated to the dilute solution. If
instead of u 4 v gramme-atoms deposited we take one gramme-atom,

. v
the transference of AgNO; is equal to — gramme-molecules, and
u+ v

- -‘::v is the transport ratio of the negative ion. Other cells have been

devised in which the migration of the positive ion has been employed,
and in this case the transference of the salt for one gramme-equivalent

of deposit would be gramme-molecules. Putting the transport

u
U+ v
. v h o
ratio b equal to n, we see that NS 1—-n
Source of Energy in Concentration Cells.—We may seek for
the source of energy of the current in the diluting of the solution
from the concentration at one electrode (C,) to the loss concentration
(C,) at the other electrode. The substance in solution exerts a
pressure, the osmotic pressure, which has been shown by Pfeffer,
and by van’t Hoff (see p. 178) to have the same value as that exerted
By an equal number of molecules existing as a gas in a space equal
in volume to the solution, and hence wmk is done as the solute

1
expands from molecular volume G to molecular volume cr
3
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-

The pressure of a gas is given by the relation PV = RT, where T is
the absolute temperasure, and R a constant that can be found from
the volume of a given amount of gas at some standard temperature
and pressure.

It is usual to take V as the reciprocal of the concentration in
gramme-molecules per unit volume, so that if this be known, R will
enable us to calculate the osmotic pressure P at any temperature T.
If then we imagine the expansion of the solute to take place reversibly
by enclosing it in a cylinder, in which works a piston constructed of a
medium which is permeable to the solvent but not to the solute, so
that the osmotic pressure P, may be balanced by an external pressure
very slightly less than P, applied to the piston —

work for small increase dV in volume = PdV,

3

o total work =J PdvV,
Py
\%

- f BTy,
v

1

\ e \'s
= RT[log, V] vi,

Vv,
= RT log, 55,
og v,
. . 1 1
or remembering that, V, = K and, V, = e
‘1 '3

work = RT log, g—‘.
2

Such semi-prrmeable membranes have only been found for a few
substances, but the actual work done by the solute in expanding so
that the solution becomes more dilute, does not depend upon the
mechanical method of carrying out the dilution, provided that the
process is reversible, which it is in the case of the concentration cell;
for the solute may be carried back from the weak to the strong part
of the solution on reversing the current by means of some external
electromotive force.

E.M.F. of Concentration Cells.—Now, work performed in pro-
ducing current = eg ergs, where ¢ is the charge in absolute units
(9647), equivalent to the transference of one gramme-equivalent of
ion, and as there is no other source of energy than the work done by
the solute in changing from concentration C, to concentration C,, and
remembering that when the solute is completely dissociated, the
;)smotic pressure is double that for no dissociation, by Avogadro’s
aw—
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Work = 2RT log, G
oe Cﬁ
and therefore, for n gramme-equivalents of solute transferred by the
passage of the above charge, we may write
\ C
eq =2nRT log, Gi
Taking the density of hydrogen as 0:0000899 gramme per cubic
centimetre at 0°, and the atmospheric pressure of 76 x 9806 x 13-59
dynes per square centimetre, the molecular weight being 2:016, the
molecular volume (V) is 0.0208(1)299, and since PV = RT—

76 x 9806 x 1359 x 2016
10 XTI X 520000899 T M
from which, R =832 x10°.
1

(& Q
And remembering that log - = 2:303 logm(", we have—

- (13

8:32 x 107 x 2:3803 x 2 | (08

e=— "= g — aT log,, o
And at 18°C,, T = 291,

soe =578 % log,o'g—l x 108,

C,
E = 00578 X 2n log,, C; volts,

Thus the electromotive force of a concentration cell consisting of
two solutions is proportional to the absolute temperature, and depends
upon the ratio only of tho concentrations. In the silver nitrate cell

61-8
suggested above, n = 568 = 0'533 (see table on p. 182), and

at temperature 18° C., with ratio of concentrations 10 : 1,
E = 00578 x 2 x 0533 = 0-0615 volt.

The value found by Nernst is 0-055 volt at 18° C., and the dis-
crepancy between this and the calculated value, he attributed to the
incomplete dissociation of the salt in solution.

Since there is no resultant chemical reaction in the concentration
cell, the total amount of solute remaining constant, and all the
processes are reversible, we may apply Helmhboltz’s E.M.F, equation—

putting H =0,
d
then, ¢ = T—,f:,
d

de _dT

or, -; ‘T-.
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And integrating—
log. ¢ = log. T + constant,

log. ,—;;: constant, ,
or e is proportional to T, which is in accordance with the relation
found.

Amalgam Concentration Cells.—Another form of concentration
cell in which the electrodes are amalgams, the two having different
concentrations of the metal, and the electrolyte being a solution of
some salt of the metal, was constructed by G. Meyer.! The electro-
motive force acts in such a direction that the metal is transferred
from the amalgam of greater to that of less concentration, and since
it has been shown that the osmotic pressure of the metal in an
amalgam is proportional to the concentration, the eclectromotive force
may be calculated as above. TFor cells with amalgams of Zn, Cd,
Pb, Sn, Cu, and Na, therec was agrcement between the calculated
and the observed electromotive forces.

Now the expression for the work done by a gas or a solute in
expanding, namely

P, V.
f Pdv, or,f %,Tdv (p. 192)
P, v,

RT

v

and the value of the gas constant R is calculated on the assumption
that the molecule is undissociated ; but it follows that when dissociation
occurs, the pressure increases in accordance with Avogadro’s rule, that
at equal temperatures and pressures, equal volumes contain equal
numbers of molecules. Hence if each molecule dissociates into n others,

RT

on going into solution P = L

depends upon the value of P, or of

And the expression for the work done on expansion, becomes

v,
v
f "RT4V = uRT log. 3/,
v, A 1

or since 'V = constant, at constant temperature—
P
work = nRT log. —Pl’

Y G Meyer, Zeitschr, Phys. Chem , 7, 477. 1891,
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and the value of the electromotive force at the contact of the con-
centrated amalgam with the solution is given by

P,
u‘ﬁ':
where gr is the quantity of electricity which passes from the concen-
trated amalgam to the solution for one gramme-atom of the metal to

be transferred, which is 9647r absolute C.G.S. units; # being the
valency.

\

eqr = nRT log

. __anT lox P,
¢ = 96aTr B P)

P, and P, being the osmotic pressures of the metal in the amalgam,
and in the solution respectively.
Similarly, at the electrode of weaker amalgam—

_ nRT low P,
© = 9647y 08¢ P

where P, is the osmotic pressure in this amalgam, and the electro-
motive force acts from the amalgam to the solution. The resulting
electromotive force due to the whole cell is therefore the difference
between these two ;

\ nRT ) P,
ie. §6475 1% B,

The results of Meyer’s experiments agree with those calculated on
the assumption that the molecular weight of the metal in the amalgam
is equal to its atomic weight, the osmotic pressure being proportional
to the concentration.

A further type of concentration cell may be employed, namely, one
in which a gas, such as hydrogen, is dissolved, or rather occluded by
platinum or palladium. On immersion in a solution of sulphuric acid
there is an electromotive force between the electrode and the solution,
owing to the difference in osmotic pressure between the occluded gas
in the electrode and the ions in the solution. Wulf! has shown that
up to pressures of 1000 atmospheres, the observed and the calculated
electromotive forces are in agreement.

Solution Pressure.—The consideration of the relation between
osmotic pressure and electromotive force, particularly in the case of
amalgams, enabled Nernst to make a great step forward in the theory
of the voltaic cell. Ever since its discovery by Volta there had been
a controversy regarding the location of the electromotive force in the
circuit. While, on one hand, Volta and his followers maintained
the junction of the metals to be the seat of the electromotive force; on

v T, Wull, Zeitschr. f. phys. Chem., 48, p. 87, 1904.
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the other hand, Davy looked to the contact of the metal and the
solution, and explained the electromotive force in terms of the chemical
affinity of the metal for the acid in solution. The experiment of the
electrification of a copper and a zinc dise when placed in contact and
then separated, seemed to bear out Volta’s contact hypothesis, but this
effect was explained by the chemical school of physicists on the ground
of the difference in chemical affinity of copper and zinc for the oxygen
of the air. .

Following the experimental work on concentration cells, Nernst'
explained the electromotive force in terms of the work done by the
ions in travelling from places of higher to places of lower concentration,
on account of the osmotic pressure exerted by them. When a metal
is placed in a solution, the osmotic pressure of the ions in solution
drives the ions upon the metal, but the ions in the metal itself having
a certain pressure tending to drive them into solution, there will be
equilibrium when these two pressures are cqual,

Thus for every metal there is a particular osmotic pressure of the
metallic ions in solution, for which ncither deposition nor dissolving
will occur. This is called the solution pressure of the metal for the
given solvent. From the reasoning given above for concentration cells,
it follows that the electromotive force at the contact of a metal with
its solution is

_ RT
T r9647

where r is the valency of the metal, P the solution pressure, and p the
osmotic pressure of the ion in solution.

The electromotive force directed from a metal to the normal
solution of its salt has been detcrmined by Ostwald, the values being
for —

e log, 11; absolute units,

Mg + 122 volt. Pb, — 010 volt,
Zn, + 051 H, —09% ,,
Al, 40922 Cu, — 060 ,,
cd, +019 ,, Hg, — 099 ,,
Fe, +006 ,, Ag, — 01 ,,

From the last equation, we may find the solution pressure P for
the metal, if we take p to be the osmotic pressure due to the metallic
ions in the normal solution. In the case of hydrogen, taking two
atoms to the molecule in the gaseous state, and the density 0-0899
gramme per litre at 0° C., and the atmospheric pressure, for a normal

solution of 1 gramme per litre the pressure is atmospheres

0-0899
at 0° C., from van't Hoff’s law (p. 178), taking the molecules to be
monatomic.

v W. Nerunst, Zeitschr, Phys. Chem. 4,129, 1889,
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Tlence the electromotive force between hydrogen (H,) occluded by
palladium and a solution containing 1 gramme of hydrogen per litro
being —0-25 volt, or —0-25 x 10° absolute units,

832 x 107 x 273 P
- 025 x 10 = ——, X 9647 198y

P
from which, log. %?)- = —10'74, and, p = 216x 10-°

L p_2X216x10° »
S P="" 00899 = 48 x 1.0 atmosphere.

The following are the approximate values of the solution pres-
sures in atmospheres :— )

Mg, 10* atmospheres. Pb, 10-?atmospheres.
Zn, 10 " H, 104 "
Al, 10 » Cu, 10-% »
Cd, 107 » Hg, 10— »
Fe, 10° ” Ag, 10-® v

The electromotive force of a reversible cell may then be representod
in terms of the solution pressures of the electrodes and the osmotic
pressures of the ions in solution ; thus, in the case of the Daniel cell,
neglecting the clectromotive force due to the contact of the solutions,
which is very small comparced with that due to the electrodes—

RT P RT P
5% 9647 1°% 5~ 27 9647 18°
where P and P' are the solution pressures of zinc and copper, p and p'
boing the osmotic pressures of the zinc and copper ions in the solutions ;
and, taking the e.m.f. from zinc to solution as 0-51 volt, and frowm
solution to copper to be —0-60 (table, p. 196), the e.m.f. of the cell
would be 1'11 volt.

Dropping Electrodes.—At the moment of bringing a metal into
contact with a solution, a transference of ions will take place in accord-
ance with the respective osmotic and solution pressures. If the circuit
is not completed through some other electrode, this transference of the
ions will produce an electromotive force at the contact of the metal and
the solution, which will increase as the transference of ions continues,
antil a limit is reached, at which further transfercnce is prevented.
Thus, in the case of mercury in contact with a solution of sulphuric
acid, it will be seen from the table of solution pressures, that tho
mercury ions in the solution will pass to the jet (Fig. 193), since the
solution pressure of the mercury is extremely small, and is less than
that for even a very weak solution. The mercury will then becomse
charged positively with respect to the solution. This electromotive
force will, however, require an appreciable time for its establishment,

€ =
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and it was pointed out by Helmholtz, that if the mercury issue from
a small orifice in the form of a jet into the solution, it will break
up into drops before any appreciable potential difference is produced,
and the jet will then be at the same potential as the solution.
Although the explanation of the production of the p.d. given by
Helmholtz differs from the above, the fact of the usefulness of the
dropping electrode remains.

It will easily be seen that any attempt to measure the electromotive
force at asingle contact between a metal and an electrolyte is frustrated
by the necessity of making electrical connection with the electrolyte
by means of a second metallic electrode, and the measurement gives us
merely the algebraic sum of the two respective electromotive forces
between the metals and the solution, unless we can obtain some
electrodo at which there is no electromotive force at its contact with
the solution. The dropping electrode of Helmholtz supplies us with
such a terminal, but the observations made with it
were very unreliable until Paschen® constructed a
form of it in which the mercury jet does not enter
the liquid until it is just about to break up, the
interval of time in which the mercury is in contact
with the solution before breaking into drops being
then a minimurm. In Fig. 193, the leads 1 and 2
go to the mercury of the jet and the pool of mer-
cury in the vessel. On mcasuring the difference of
potential between 1 and 2, we thus obtain that be-
tween the mercury at rest in the pool at the bottom
and the solution.

Once this difference of potential between the

¥1a, 193. mercury and the solution has been found, the drop-

) ping electrode can be dispensed with, since the result-
ing difference of potential, produced by combining this with other
clectrodes, can be found by the ordinary
means.

Normal Electrode.—TIt is convenient
to employ some constant form of elec-
trode of useful pattern and known elec-
tromotive force, to combine with other
electrodes whose electromotive force it is
required to find. This usually consists
of mercury upon which rests a layer of
mercurous chloride, and again upon this
a normal solution of potassium chloride,
which fills the remainder of the vessel
and the tube T. The latter can be
placed in any cell in which the electro-
motive force at contact with the electrode

1 F. Paschen, Wied. 4nn., 41, p. 43. 1890.
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and the solution is required. The resultant electromotive force being
measured in the ordinary way, that of the normal electrode may bo
deducted and the unknown electromotive force obtained.

The electromotive force of the normal electrode is 0-56 volt, the
mercury being positive to the solution. -

Capillary Electrometers.—An alternative method of measuring
the electromotive force at the contact of mercury and a dilute solution
of sulphuric acid has been dovised by Lippmann.! We have scen that
the electromotive force is so dirccted that the mercury is positive with

Fie. 195.

respect to the solution. Now it is found that the surfaco tension of
the mercury in contact with the solution depends upon this electro-
motive force, and becomes a maximum when this is zero. 1f, then, the
difference of potential between the mercury and the solution be varied
by any means and in either direction, the surface tension diminishes.
The mercury in a long tube (Fig. 195) will not flow through the
capillary part at the lower end, unless the pressure of the mercury
exceeds a certain amount, depending upon the surface tension of the
mercury and the diameter of the tube, and since the drawn-out end of
the tube tapers slightly, there will be an equilibrium position of the
mercury meniscus for each value of the surface tension. The pressure
of the mercury may be adjusted by varying the height of the column, by
means of an arrangement not shown in the diagram, until the meniscus
is in the field of the microscope, as shown at A. For an increase in
the surface tension the meniscus will rise, while for a decrease it will
sink, and its position may therefore be adjusted by varying the
resistance in the box I and therefore the difference of potential
between the mercury in the capillary tube and that in the beaker.
This difference of potential is adjusted until the meniscus reaches its

! @, Lippmann, dnn. Chim. I'hys., V. 5, p. 494, 1875.
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highest point, or rather lowest, as secen inverted in the field of vision
of the microscope, as at A, when the dilute sulphuric acid and the
mercury in the capillary tube will be at the same potential. The
potential difference as measured by the current in the resistance box
R, is equal to the electromotive force that exists betweon the mercury
and the solution in the beaker,

A very convenient form of capillary electrometer is shown in
Fig. 196. The capillary tube is of uniform bore and is nearly horizontal.
Its lower portion contains mercury and its upper portion, together with
the vessel, contains dilute sulphuric acid. The left-hand terminal is
naturally positive to the solution, and if this diffcrence of potential

Fia. 196.

be diminished, the suiface tension of the mercury surface in contact
with the solution is increased, and the meniscus travels down the
tube, reaching a limiting position when this difference of potential
vanishes, If the difference of potential be further changed in the
same direction, the meniscus travels back again. The sensitiveness of
this electrometer may be increased by making the inclination of the
tube Lo the horizontal less, by means of the screw, and by reading
the position of the meniscus by means of a microscope.

Changes of p.d. of the order of 0-001 volt may be detected by means
of this apparatus.

Secondary Celis or Accumulators.—Any form of reversible cell
may be used as an accumulator, for if a current be sent through it in
a direction opposite to that produced by the action of the cell itself,
deposition takes place at the natural anode, and the natural kathode
is dissolved. Thus energy is stored in the cell, and may be liberated
by allowing the cell to produce current until the original condition is
regained. Very little advantage, however, is obtained by using the
cell in this way, as in most cases it is easier and cheaper fo provide
new electrodes rather than to produce them electrolytically by a
reversed current,

A very convenient form of accumulator was produced by Planté
in 1859. He placed lead electrodes in a 15 to>30 per cent. solution of
sulphuric acid, and passed a current through the cell. The hydrogen
liberated at the kathode bubbles away, but the oxygen liberated at the
anode oxidises the lead to form PbO, On removing the external
source of electromotive force and joining the lead electrodes, a current
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passes, the oxidised plate being kathode, the liberated hydrogen
reducing the lead oxide, and the oxygen at the other electrode
oxidising the lead. This current flows until both plates arrive at the
same state of oxidation.

1f now a current be caused to flow through the coll, one plate is
further oxidised and the oxide upon
the other is reduced to metallic lead. 13
This lead is in a spongy form, and it ‘. -: @Hg:\
is found that if the current be sent | [7] [17] [ )
through the cell repeatedly in oppo- ﬂ n
site directions, the layer of spongy h
lead gets thicker and thicker, the
storage capacity of the cell at the
same time increasing. This process
of repcated reversals of the current
to increase the storage capacity of
the cell is called ¢forming” the
plates. uupuygy

The electromotive force of such a
cell when fully charged is about 2-1
volts, and from its construction, its
internal resistance is very small, so [T m
that considerable currents may be
obtained by means of it. Moreover,
the voltage remains nearly constant
throughout the greater part of the
discharge. A cell of seven plates is
shown in plan and elevation in Fig. k&
197. The plates have very great Fig. 197,
surface and are close together, being
separated by distance pieces consisting of lengths of glass tube.

The plate which is oxidised when fully charged is called the positive
plate, and the reduced plate the negative. In the figure, the three
plates would be positive and the four negative. ’

The process of charging may be represented as follows :—

HIH3
=

Positive plate.
bSO, + SO, + 2H,0 + aq = PbO, + 2H,SO, + aq.
Negative plate.
bSO, + H, + aq = Pb + H,S0, + aq.
For discharge we have—
Positive plate.
Pb0O, + H,SO, + H, + ag = PbSO, 4+ 2H,0 + aq.
Negative plate.
Pb + H,80, + O + ag = PbSO, 4+ H;0 4 aq.
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Thus during charge the electrolyte gains sulphuric acid and its
density rises, while during the discharge the reverse takes place. In
fact, the density of the solution is the most convenient index of the
condition of the cell; when fully charged it should not be above 1-21,
and the discharge should never be continued until the density falls
below 1-17, since insoluble lead sulphate is then formed. As this is
not again reducible, the cell is ruined; it is technically said to be
“gulphated.” The PbSO, of the above equations is very different to
the insoluble lead sulphate usually met with in the laboratory, and
the equations themselves are very rough approximations to the actual
processes.

Faure Cell. —The process of *forming” the plates of the Planté
cell is a long and therefore costly one, and it was therefore suggested
by Faure that the plates should be constructed of lead grids, into
which a mixture of several oxides of lead is compressed. This plate
takes much less time to ¢ form,” but it is not so durable as the plate
“formed” by electrolysis. Many cells of both kinds are on the
market, and some in which the positives are Planté or *formed”
plates, and the negatives Faure or ¢ paste” plates,



CHAPTER VIII
THERMO-ELECTRICITY

Tue study of reversiblo thermo-electric effects dates from the discovery
by Seebeck,! in the year 1826, that a current flows in a circuit con-
sisting of two different metals when a difference of temperature is
maintained between the two junctions. He arranged 35 metals in
a series such that, when any two comprise a circuit, the current flows
across the hot junction from the metal occurring earlier to that
occurring later in the series. Scebeck’s list comprises Bi — Ni — Co —
Pd—Pt—U—-Cu—Mn-"Ti-Hg—Pb~Sn—Cr~Mo—Rh—TIr—Au—
Ag=Zn~W —~Cd - Fe — As — Sb — Te, and several others of
doubtful composition, such as brass, commercial copper, ete.

The discovery of the complementary phenomenon, the heating or
cooling of a junction when a current {lows across it, is due to Peltier,’
who found in 1834 that on passing a current across a junction from
bismuth to antimony, heat is absorbed at the junction, which is there-
fore cooled, but on reversing the direction of the current heat is
developed, and the junction is warmed.

The Seebeck and Peltier phenomena may both be explained if we
assume an clectromotive force fo exist at the junction of the two
metals, its direction being from bis-

muth to antimony across the junction. AB
If tho circuit (Fig. 198) could be com- R
pleted without the introduction of any v

C

would flow in the direction BADC, a
fall of potential occurring in the ex-
ternal circuit from A and B. The heat Fic. 198.

is produced by the current in the

external circuit at the expense of the energy at tho junction. Such
a cireuit, having only one junction, is impossible, and if the ends of
the antimony and bismuth rods be bent round and brought into
contact at a second point, the electromotive force at this junction is, of
course, equal and opposite to that at the first, so that the resultant

further electromotive force, a current D |]
'l

L T, J. Seebeck, Pogg. Ann., Bd. V1., 1826,
* Peltier, Ann. d. Chim. ¢t de Phys., 2 Serie, 56. 15834.
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electromotive force in the circuit is zero, and there will be no current,
If, however, a cell be introduced, so that a current is driven in the
direction DCBA, it is found that the junction AB is cooled, and from
our reasoning on p. 60 we should conclude that the direction of the
Pelticr electromotive force is from B to A. On reversing the cell, so
that the current flows in the direction ABCD, the junction AB is
warmed, which fact again indicates the prescnce of the electromotive
force at the junction in the direction B-A.

On constructing a simple circuit of two metals—antimony and
bismuth will do very well for our present purpose—we have seen that,
owing to the opposition of the two equal electromotive forces at the

junctions, there is no current. If, however,

2 the junctions are not at the same temperature,

these opposing electromotive forces are not
necessarily equal; in fact, they are generally
unequal, and the resultant electromotive force
equal to their difference will maintain a current.

Let m, be the electromotive force at junc-
tion 2 (Fig. 199), at the higher temperature,

1 and m that at 1, at the lower temperature.

Fia. 199. In the case of the above metals m, > m, and if

these are the only electromotive forces in the

circuit, the resultant E.M.F. is @, — 7, and the current is anti-
clockwise.

It will bo seen that the current itself will cause a cooling at 2 and
heating at 1, and we may therefore look upon the difference of
temperature between the junctions as the condition for the current to
flow, and further, the current flows until it has brought the circuit
to uniform temperature.

It is not difficult to demonstrate the heating or cooling at an
Sb-Bi junction! by placing a bismuth bar between two bars of
antimony, and passing a cur-

' Sb B

£ __A B _,._/9 rent through the three in
Sb Sb series as in Fig. 200. Two
—_— B pieces of silk-covered, fine
Fia, 200. copper wire are wound one

upon each half of the rod of
bismuth ; the two are connected to the two gaps of a metre bridge,
and a balance found in the ordinary way. If, now, a current be
passed through the rods from left to right, the junction A is warmed
and B is cooled, and the two copper coils will now be at different
temperatures. Since the electrical resistance of copper varies very
rapidly with change of temperature, the balance of the metre bridge
is now destroyed, and a galvanometer deflection will be observed,
which deflection may be reversed by sending the current through

' Nature, Feb. 16, 1911,
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the rods from right to left. Peltier placed the junctions in glass bulbs,
and observed the heating and cooling by the expansion or contraction
of the air in the bulbs; but the amount of heat developed or lost is in
all cases very small, so that atmospheric disturbances of temperature
are liable to hide the effect sought. He also used a thermal junction,
thus employing the Seebeck phenomenon, but it is desirable if possible
to use an independent heat phenomenon for demonstrating the effect.

The Peltier effect must not be confused with the Joule production
of heat. The latter, for a conductor of constant resistance r, is
ergs per second, and is irreversible ; that is, electrical energy is always
converted into heat, the reverse process being impossible. Also the
heating effect is proportional to the square of the current, and is
therefore independent of its sign and direction, whereas the Peltier
effect varies as the first power of the current and so depends upon its
direction. Thus if the current flowing one way across a junction
causes a heating mi ergs per second, where = is the Peltier electro-
motive force, usually called the Peltier coecflicicnt, a current in
the opposite direction causes a cooling at the same rate. Owing to
the fact that the heat liberated at a junction diffuses by conduction
through the mass of the metals, it is not convenient to measure the
Peltier effects by means of the heating or cooling due to a known
current ; the actual method of dvtermination will be described later.

Measuring heat in electrical units, we have : heat developed at any
junction = + wit, where ¢ is the time for which the current flows, the
sign depending on the direction of the current.

Laws of Addition of Thermal Electromotive Forces.—In measur-
ing the electromotive force in any circuit due to thermo-electric effects,
it is nearly always necessary to insert some piece of apparatus, such as
a galvanometer, somewhere in the circuit, and since this generally
involves the presence of more than the two original metallic junctions,
it is important to formulate the laws according to which the electro-
motive forces produced by additional junctions may be added. Thero
are two such laws.

1. Law of Intermediate Metals.—The insertion of an additional
metal into any circuit does not alter the whole elec-
tromotive force in the circuit, provided that the
additional metal is entirely at the temperature of A
the point of the circuit at which it is inserted.

This law may be taken as the result of experi-
ment, but we may see that it follows from the
second law of thermodynamics; for if a number
of metals A, B, C, etc., are joined in series to form a
complete circuit, there is no current in the circuit Fic. 201.
when the temperature is everywhere the same,

Should a current flow, it will immediately cause heating or cooling at
the junctions, and the energy required to maintain the current would
be obtained by heating some parts of the circuit and cooling others,
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the divergence of temperature becoming greater the longer the current
flows. As there is no chemical action in the circuit, the above
process would be in contradiction to the second law of thermo-
dynamics, and we therefore conclude that there is no current, and that
the algebraic sum of the electromotive forces in the circuit is zero.
The same reasoning would apply if C were removed, and therefore
we conclude that the introduction of C when it is entirely at the
temperature of the point at which it is inserted does not alter the total
electromotive force in the circuit.

This is equally true though the junction between A and B, at
which C is inserted should be at some other temperature, for this does
not effect the electromotive force occurring at the unaltered junction
of A and B, this being determined by its own temperature only.

2. Law of Intermediate Temperatures.—The electromotive force for
a couple with junctions at ‘I and T;is the sum of the electromotive
forces of two couples of the same metals, one with junctions at T, and
T, and the other with junctions at T, and T;,

For, in Tig. 202 («) let the electromotive force for the T,~T,
couple be [¢]; and that for the T,-T, couple be [¢]2 Then if the
junctions at the temperature T, be placed in contact there is no

change, because like metals at the same tem-
perature only are joined, and if then the junc-
tions be opened to form the arrangement (3)
there is again no changein the resultant electro-
motive force, for the two contacts destroyed
both had the same Peltier effect =} at tempera-
ture Ty, and these are directed oppositely in the

T T,
A B
A B
T compound circuit. We therefore conclude that
[e]i = (el + [T
A B Application of Thermodynamies.—Since the
T, T,

Pelticr effect is a reversible one, a thermal
couple is an arrangement for deriving useful

() )’ cnergy by the absorption of heat at one tem-
(8 perature, part of which is given back at a
F1a. 202. lower temperature, the difference in the amount

absorbed and that given up being the energy
applicable for external purposes. Thus the current may be used for
driving an electro-motor in which case the energy takes the form of
mechanical work, Although the available energy is usually very
small in amount this does not vitiate our argument.

Lord Kelvin?® pointed out that, the processes being entirely rever-
sible, the arrangement is in reality a heat engine with source at one
temperature (T,) and refrigerator at a lower temperature (T)), and that
the ratio of the heat absorbed at temperature T, to that given up at

! 'W. Thomson, Phil. Trans. Roy. Soc., 1855,
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T,, should be the same as that of T; to T, where T, and T, are absolute
temperatures.

Now, on carrying a charge ¢ round the circuit, the heat absorbed at
the hot junction is mg, measured in absolute units, and that given up
at T, is mgq,

hence mg _ T, or. 2 T,
’ mg Ty 7 m T Ty
y = T,-T
and therefore, oM J—,f__“
™ 1

Now, if m, — m, = ¢, the whole electromotive force in the circuit—
T,-T
then, e= 1r,( _171‘.4)
1

It would therefore follow that if one junction is maintained at
constant temperature T, then =, is constant, and e« (T, — T)).
Now it may easily be shown that this is not true; for if a piece of
copper and a piece of iron wire be twisted together at one end and the
other ends connected to a galvanometer, it will be found on heating the
copper-iron junction with a burner, that the resulting current, and
therefore electromotive force, increases at first, then diminishes, and
passing through zero, actually becores reversed.

Obviously then, e is not proportional to T, — T,.

Lord Kelvin (then Prof. Wm, Thomson) therefore concluded that
the Peltier effect was not the only source of electromotive force in the
circuit, and pointed out the likelihood of another, existing between the
different parts of a metal at different temperatures.

If, then, for any substance, o is the electromotive force due to unit

T,
difference of temperature between two points of it, f *odT is

T
the total electromotive force between points at temperatures Tlland T,
and taking o, and o, for the value of o in the
two metals A and B in Fig. 203, our equation
of electromotive forces for the whole circuit
will now becoine

2

A 8
e=m —m — f]o-,,dt 4 | o,dt,
1 1

the small arrows indicating the directions in 1

which the various electromotive forces tend to Fia. 203,
drive the current round the circuit. o isassumed

to be positive for both metals, that is, the electromotive force is
directed from points of lower to those of higher temperature, and could
the circuit be completed by a neutral conductor so that this is the only
electromotive force in the circuit, the current would flow in the
external circuit from points of high to points of low temperature,
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The quantity o is called the Thomson coefficient, and the existence
of the electromotive force involves an absorption of heat if a current
flows in the direction of the electromotive force, since its direction is
such that the electromotive force tends to maintain the current, and
therefore to give energy to the circuit, which energy is supplied at the
expense of the heat of the metal itself. If the current be reversed,
heat is liberated for a corresponding reason (p. 60). The sign of ¢
may be positive or negative, which means that the Thomson electro-
wmotive force may act in such a direction that it tends to drive the
current in the external part of the circuit from points of high to points
of low temperature or vice versd. Thus, if ¢ is positive the state of
affairs is shown in Fig. 204 (i), where the ordinates indicate the
temperature, and the small arrows the Thomson electromotive force.
The current passing in the direction ABC absorbs heat in AB, since
it is flowing in the direction of the electromotive force ; that is, from
points of lower to those of higher temperature ; and for a corresponding
reason it gives out heat in BC, just as a flow of an ordinary liquid
down a tube heated at B would do. On the other hand, if ¢ is
negative, we have the condition shown in Fig. 204 (ii). A current

T2
T U P
;l/reaf absorbed | heat gven our : 6
A —> B <5 C
e e
n e :52‘ - ||lll||ll|lll)||\ll\|lJ
T : IR B
 \heat given out | heat absorbed |
A “— B B~ C
(11) Q
Fia. 204. Fra. 205.

flowing from A to C would give out heat in the part AB and absorb
heat in BC; that is, it gives out heat when flowing from colder to
hotter points, and absorbs it when flowing from hotter to colder points,
so that if we wish to find any analogy with the flow of liquid in a tube
heated in the middle, we must imagine the liquid to have a negative
specific heat.

o is positive for the metals Cd, Zn, Ag, Cu, and negative for Fe,
Pt, and Pd.

The Thomson effect may be exhibited ! in a manner similar to that
for the Peltier effect, but in this case the difficulty is greater, on account
of the fact that a considerable temperature gradient is necessary for
the exhibition of the effect, and thus it is not easy to measure the
small additional reversible heating and cooling due to the current,
If, however, an iron rod be bent into the shape shown in Fig. 205

v Nature, Fecb. 16, 1911,
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with the two limbs, on which the resistance coils P and Q are wound,
very close together and packed round with asbestos wool, then if P
and Q are placed in gaps of a metre bridge as before and a balance
found, a current of 10 amperes flowing round ABC will cause a dis-
turbance in the balance when B is heated to red heat with a bunsen
burner, and A and C immersed in mercury baths. In this way a very
steep temperature gradient in BA and BC can be maintained, and
the change of resistance in P and Q, due to the current, occurs in
a manner which shows that heat is given out when the current flows
up the temperature gradient, and the limb in which the current tows
down the temperature gradient is cooled.

The effect with copper is in the reverse direction, and is much
smaller, both on account of the smallness of the Thomson coeflicient ¢,
and the difficulty of maintaining sufficicnt temperature gradient owing
to the high thermal conductivity of the metal.

Thermo-electric Power.—The equation of electromotive force—

2 2
e =1, — 7 — / gad T + / odT,
1 1

may be written in the form—

2 2
dr
= z T — -
e fl d'l‘d jl (g — o3)dT,

d
d'lﬂ: being the rate of change with temperature, of the Peltier coefficient
for the two metals, and =, and =, the upper and lower limits of the

. {
integral :l,lde_

Or, again,

2
p
o= fl{dI ~ (00 — m,)}dl‘.

Differentiating this equation with rcspéct to T, we have—

de dmr
a1 = ar ~ (7e = )

de
dT
rate of change of the electromotive force acting round a couple with
change of temperature of one junction. The thermo-electric effects
in a circuit may be very conveniently represented on a diagram in a

is called the Thermo-electric power for the two metals, and is the

. de
manner suggested by Prof. Tait,! the values of a1 the thermo-

! Prof. Tait, Proc. Roy. Soc. Edin.,p. 597. 1871.
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electric power, being plotted against the temperature. Then, at a
temperature represented by the point F in Fig. 206, the thermo-
electric power P is represented by EF, and the thickness of the strip
being dT,

arca of strip = % .dT = PdT = de.

Hence the arca of the strip represents the electromotive force acting
round the couple, the diflerence of temperature of the junctions being dT.

By the law of intermediate temperatures, the clectromotive force
round a couple having junctions at temperatures represented by D and
C respectively, is equal to the sum of the electromotive forces for a
number of couples having differences of temperature dT, provided that
the first junction has temperature corresponding to I) and the last to C.

e /'
A
S
// :
:‘rtl , ,/ E
B____ e [l
3 o ; \
A ¢ B T
L 1
D F c T
Fig. 206. Fia, 207.

Thus, the electromotive force is equal to the sum of the areas of strips,
such as K17, and this is the arca of the whole figure ADCB.

The electromotive force for finite differences of temperature may be
found by experiment, by measuring the total electromotive force round
a circuit, when one junction is maintained at constant temperature
and that of the other varied. The shape of the curve usually obtained
is shown in Fig. 207, and the rate of increase of e, when the tempera-

where

ture of the hot junction is represented by OB is the ratio i[:g’ ,

AC is a tangent to the curve at the point A.

de AB
Thus, IT=BCS P,

and the curve (Fig. 206) may now be plotted for P, the thermo-electrie
power as derived from Fig. 207.

The experimental methods of measuring the electromotive force
due to a couple will be considered later, but we may note that the



vIII, SECOND LAW OF THERMODYNAMICS 211

E.M.F.-Temperaturc curves for most metals approximate to parabolas,
which would lead to the (thermo-electric power)-(temperature) curves
being straight lines, as we shall see on p. 216.

Second Law of Thermodynamics.—TIn applying the second law
of thermodynamics to the couple, we must now take the Thomson
effect into account, since the
heat is not all absorbed at the e
hot junction nor all given up
at the cold junction. Suppose A, T «—— T, B,
a charge q to pass round the )
couple consisting of metals A
and B, having its junctions at
temperatures T, and T, (Tig.
208). As before (p. ‘)04), when A T, = 7 B
charge ¢ passes round the cir-
cuit in an anti-clockwise direc- -
tion in the figure, the heat Fia 208. 7
absorbed at the hot junction is
g, and that given out at the cold junction, ¢, that given out in passing

through the metal A is ¢ f 7., and that absorbed in passing through

B, is q f audlt (seo Fig. 203).

T.et us consider the couple to consist of an infinitely great number
of small couples at temperatures, Tn-1and T, 41, ete., varying from
T, to I From the law of ‘intermediate tempomtuzes (p. 206), the
e]ectromotlve force for the whole couple is the sum of the electromotive
forces for the small couples. For the small couple whose junctlions are
at 1%, 4 1 and Ty _ 4, bearing in mind the direction of the current and
the fact that when this is in the direction of the Peltier or I'homson
electromotive force, heat is absorbed and vice wversd, we see from
Mg, 208, that—

heat absorbed at Ty 41 = qmp 41,
heat given out at Ty,_1 = qmp 1,
heat given out in metal A at mean temp. Ty, = qoodT,
heat absorbed in metal B at mean temp. T, = qoydT.

Since all these processes are reversible, we can apply the second law
of thermodynamics to the cycle, which states that Eff‘ =0.
Thus, for the elementary cycle—
T +1  gTn-1 q(radT qodT
Toy: ~Taez ~ T, T T, =0
For the adjacent small cycle we ha.ve——
9mn-1 _q7Ta-3 qo-,,dT qodT _

Tn— Tn 8 _T Tn-z !
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where the lower temperature for one cycle is the upper temperature
for the next, and so on. Adding up these equations for all the
elementary cycles, remembering that the first has upper temperature
T, and the last, lower temperature T,, the terms T+ 1 , ete., all

cancel out except the first and the last.

2 2
L qm qm aodT apdT _
.o T2 - Tl —(]f] T +f1f] T —‘Oy
2
Ty m Tag = Tb 4py _
or, 1[\2 - rl\l "’j\l *'-[T dl_ = 0.

Now %2 and ,3;‘ are the limits at T, and T, of the integral f f,l ‘( :)d I,
2 1 d'T\T

2 2
f (,(,l, ,—;)dT— f e Thar =0
1 1

Differentiating this, we have—

-5 -0

d/=w
o Ogq — Op =TdT(VL\)‘
Substituting this value of ¢4 — oy, which is a consequence of the

application of the second law of thermodynamics, in equation —

de dr

ar = ar ~ (9a — n), (p- 209)

we have, él'i‘ = ;‘l-% bt Td‘%‘(’%/
_dr %} dm J’}
il A N i
m™
—4 T'
From which, = T;,;.

Thus the Peltier cocfficient for the junction of a pair of metals is the
product of the absolute temperature of the junction (T) and the rate
of change of the electromotive force for the whole circuit with change

. d
of temperature of the junction <&';‘ A
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Thermo-Electric Diagram.—Let us now return to the consideration
of the thermo-electric diagram; wo shall find that the relation

213

de .
r="T c_l&" enables us to interpret the diagramm more fully than we

could hitherto. If A A, (Fig.
209) is the line whose ordi-
nates are the thermo-electric
powers P at different tem-
peratures, of the metal A,
with respect to the metal
B, the area A,A BB, repre-
sents the electromotive force
acting round the couple
when the temperatures of the
junctions are T, and T,
which on the diagram are

.
1
'
'
'
'
'
'
i
'
]
'

>

Fra. 209,

[ ) S T R

2 T

imagined to be measured from the absolute zero of temperature, the
direction of the effective electromotive force round the circuit being in
the order of the letters, that is anti-clockwise in the diagram,

Now m, = '1'2;’,% =T,P,.

But A,B; = P, and, OB, =T,,

- m, = arca of rectangle 13,A,DO.
Similarly, = = area of rectangle BB, A EO.

d/ -
Again, from equation g4 — g =T d'[‘(’%) onp. 212;

. de
since, TI: =50="
dP
Cg — Op = TdT‘
and, (00 — a)dT ="TdP.

But the area of the strip LM is TdP, because LM = T, and width

of strip = dP.

2
/ (0o — o3)dT = area A;A,DE.
1

We can therefore identify all the thermal electromotive forces
acting round the couple, as areas upon the diagram.

m, = area B,A,DO,
m, = area B,AEO,

and, /z(w — 0u)dT = area A A,DE.
1

Thus,
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Which would, from our electromotive force equation —

2
e=m —m — | (g — ov)dT,
1
give, e = area B,A,A,B,.

It will be scen that the Peltier and Thomson eflects are electro-
motive forces which would drive a current from points whose positions
upon the thermo-electric diagram are lower to those which are higher.

The electromotive force round a couple may be represented as a
function of the thermo-electric power, or the Peltier coefficient for—

de _m
=T
sde=PaT = (,’If)dT,

2 2
and, [¢]’ = f Pl = f (%)d[‘,
1 1

where [e]f is the electromotive force acting round a couple A-B the
P temperatures of whoso junctions
are T, and T, respectively, and
P, is the thermo-electric power
of A with respect to B.

In the above reasoning one
metal (B) has been taken as a
standard and the thermo-electric
powers of tho other metal (A)
plotted with respect to it. If
now a third metal (C) bo com-
bined with B to form a couple,
we should have an exactly simi-
lar set of relations for C and B. Thus for temperatures of junctions
T, and T, (Iig. 210)—

e = area C,C,B,B,
my = T,.B,C, and, =, =T,. B,C, ete.,

and it follows from the law of intermediate metals, that for the couple
made up of A and C—

e = area A ACC,
my = Ty. AU, and, = =T,. A,C,

Hence if any one metal be taken as standard and the thermo-electric
powers of a number of others be plotted with respect to it, the
thermo-electric powers with respect to each other of the ditferent
metals will simply be the difference of the respective ordinates fur the

P, =
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thermo-electric lines of the two metals. And further, if it is desired to
change the standard metal, all that is necessary is to replot the curves,
with the differences of the ordinates measured from the new standard
as ordinates upon the new diagram. This will not chango the relations
of the thermo-electric powers of the different metals, nor will it alter
any of the areas in the diagram, and the respective electromotive
forces also will be unchanged. Thus, in Fig. 210, if we subtract
A,B,, A;B,, etc., from all the appropriate ordinates, A, A, will now be
horizontal, B,B, will slope downwards from left to right, and the slope
of C,C, will be increased, but the electrical quantities involved will all
be unchanged.

The metal usually taken as a standard with respect to which the
thermo-electric powers of the others are plotted is lead, the reason being
that the Thomson coefficient for lead is supposed to be zero,' but should
this subsequently prove not to be the case, the usefulness of the
diagram would not be affected, and we could, if we chose, knowing the
value of o for lead, replot the diagram, taking an ideal metal for
which ¢ = 0 as standard. ,

If we assume that for lead o = 0, which is certainly very nearly
true, and 4n Fig. 209 take B to be lead, equation o,—v, = Td |
becomes o, = TﬁdTE:’ since o, = 0.

Thus, since T is essentially positive, the Thomson coeflicient ¢ has

the same sign as f%)‘, and if P increases with the temperature o is
[4

positive, if P decreases with rising temperature o is negative. It will
then be seen from the diagram (Fig. 213) that for cadmium, zine, ete.,
o is positive, and for iron, palladium, ete., it is'negative, and. further,
that since g}; = tan 6, where 0 is tho inclination of a thermo-electric
line to the axisat any point—

o = T tan 0.

Neutral Temperature.—So far we have made no assumption as
to the shape of the thermo-electric lines ; but if they are straight lines
wo can then calculate the electromotive force round any couple when
we know the equations to the thermo-electric lines.

In Fig. 211, let P, = m/T 4+ ¢, and P, = m,T 4+ ¢, be the
equations to the thermo-electric lines for the metals A and B. Then—

[e]'= f (P, = B,)dT = f [(ma= m)T + ¢, — ¢,]dT,
! 1

' Le Roux, 4nn. de Chim. et de Phys., 4 scrie, 10, p. 201. 1807,
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which, when integrated gives—

e = §(m, — m,) (TZ ~T?) + (¢,— ¢,) (T, = T))
If the temperature T, be fixed while T, be varied, we see that the

p

\

= :

1 ] )

' ] ]

'

c oA ;

4 ! ; BSB

' ' : -

) ) 1
T Tz Tn Tg Tq. T

Fia. 211,

equation connecting e and T, is that of a parabola. It may be written
in the form--
(T + T
e= (T, - T){(* ) = m) + (e = e}
Hence e is zero when T, = T,, which would be expected ; but it
again becomes zero when

Ci—Cp,
m, —m,
This temperature is called the Neutral Temperafure, and is that at
which P, =P, or the thermo-electric lines, I, = m,T + ¢, and
P, = m,I' + ¢c,, intersect. Calling it T,, we may now write the
electromotive force equation—

That is, when the average temperature of the junctions is —

e = (in, — m,) (T, — Tl){?—‘—j—g? —T}

e T, is evidently the tempera-
ture corresponding to the point

r E (Fig. 212) on the E.M.F.—-
Temperature diagram at which

the curve ceases to rise and

begins to descend, for on refer-

ring to Fig. 211 it will be

seen that with one junction at

1.4\ T fixed temperature T,, the area

e e e et dm

[V} SR
[54 S,

T

s

B,A,A,B, which represents the
electromotive force round the
Fie. 212. couple, increases as T, rises,
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until the neutral point K is reached. When this is passed, as at tem-
perature Ty, the area A,;KB; must be deducted from the area B,A;K
to get the effective electromotive force round the couple ; for at tem-
peratures below T the thermo-electric power of B is greater than that
of A, but this is reversed when T, is passed, the thermo-clectric power
of BB with respect to A at T, being zero. Below T, the Peltier and
Thomson offects have becn so directed in A A,, A,B, B,B,, that they
tend to drive a current round the circuit from A to B across tho hot
junction, but at T, the effect in B,A, is such that it tends to drive the
current from B to A at the hot junction, and its value grows until a
temperature T, is reached, which is as much above T as T, is below it,
when area A, KB, = B,A K, and the resultant electromotive force round
the couple is zero. This temperature corresponds to the point F in
Fig. 212. The student may verify the fact that in Fig. 211 —

4
arca (A,B,x T,)—arca [ :zrad’l‘ + arca (A,B, X T,) — area f ol = 0.

If now the temperature of the hot junction be raised above T, the
resultant electromotive force in the couple is reversed. For this
reason T, is sometimes called the temperature of inversion, as the
dircction of the resultant electromotive force changes sign as the
average temperature of the couple passes this value.

A curve such as that shown in Fig. 212 is easy to determine
experimentally, and from it the neutral temperature can be accurately
found. The temperature corresponding to the highest point E can
only be read approximately, since at this point the electromotive force
is changing very slowly with temperature. But by taking two points
p and r for which the clectromotive force is the same, the mid-point
between ¢q and 8 is the neutral temperature T,. If this be done for
some metal A, using lead for the metal B, ¢, = 0, m, = 0, and ¢, = 0,
since the thermo-electric line for B is now the temperature axis, and
therefore T, = — ;:;i

Also when one junction is at the neutral temperature (say T. =
T,), remembering that m, =0, we have, e = Im (T, — 'T,)% cither
from the diagram (Fig. 209) taking T, as the intersection of A A, with
the axis of T or by substitution in the equation for ¢ on p. 216.
Thus if the electromotive force [¢]; = ET. (Ifig 212), be noted from

. Ca
the curve, m, can be calculated, and since T, = = Ca can also
«*
be found, and the equation—
P, =mT+e,

for the thermo-electric line becomes known.
Referring to equation ¢ = 1" tan 6 (p. 215), we see that when the
thermo-electric lines are straight, tan 6 is identical with m,, which is
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constant, and that o is therefore proportional to the absolute
temperature.

If it is inconvenient to compare the given metal directly with lead,
the electromotive forces for a couple made up of the metal with some
other which has previously been compared with lead may be found,
and the electromotive forces for the metal and lead found by means
of the law of intermediate metals.

Tait ! found that for most of the metals the E M.F.-Temperature
curves are approximately parabolas, and thercfore the thermo-electric
lines are straight; but exceptions occur, as in the cases of iron and

20
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Fig, 213,

nickel, which exhibit several points of inflection at high tcmperatures.
The thermo-electric line for iron cuts that for analloy of platinum and
iridium at several high temperatures, and it is pointed out that if an
Fe—(Pt-Ir), couple have one junction at each of two temperatures at
which the thermo-electric lines intersect, a cyrrent will be main-
tained on account of the Thomson effect alone, for the Peltier co-
efficients at these points are zero. The curves of Fig. 213 are taken
from Prof. Tait’s paper, but the thermal electromotive forces are con-
verted from his arbitrary units (the Grove cell, E.M.F. = 1'7 volt)
approximately into micro-volts.

The thermo-electric lines for iron at temperatures up to 1000° C.

} Prof. Tait, Trans. Roy. Soc. Edin., p. 125. 1873.
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have been determined by G. Belloc,' and these show clearly (Fig. 214)
the points of inflectionr mentioned by Tait. The thermo-electric powers
are given in ‘micro-volts per degree, with respect to the metal platinum,
which was taken for reference. The effect of various percentages of
carbon in the iron, upon
the thermo-electric power
is also indicated by the
dotted lines in the dia-
gram. The approximate
position of the thermo-
electric line of silver with
respect to platinum is
also placed upon the same
diagram, and it will be — - - y—
seen that if a silver-iron 20 00 s abd 1000'C
couple be constructed and Fra. 214.

the junctions maintained

at 310° C. and 620° C. respectively, the Peltier coefficients at theso
temperatures are zero, and a current will then be maintained on
account of the Thomson effect aione, the effective electromotive forco
acting round the couple being represented by the area to scale of the
figure ABC,

Experimental Measurements.—The electromotive force in a
thermal couple may be measured by placing a calibrated galvanometer
in the circuit and observing the curront, Then, knowing the resistance
of the circuit, the corre-
sponding electromotive
force may be found ; but a
much better way is to em-
ploy the potentiometer, as
in this case the current in
the couple is zero when a
balance is obtained. Since
the electromotive force is
usually of the order of a
few milli-volts, the poten-
tiometer must be modified
so that it can measure much
smaller E.M.F.s than usual.
A wire AB about a metre Fio. 215.
long (a metre bridge will
do very well) is connected in series with a resistance box R, (Fig.
215), a rheostat R, and a secondary cell E,. The resistance per
centimetre of AB being known, the fall of potential in micro-volts per
centimetre of it can be found when the current is adjusted by means

ree
N

3 o

4 I

8
h

Mucro-volts per degi

! G. Belloc, 4nn. de Chim. et de Phys , 30, p. 43. 1903.
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of R,, so that the potential difference between the ends of R, is equal
to the electromotive force of the standard cell E,. Then, the junction
T, being kept in ice and water, the temperature of T, may be varied,
and the electromotive force of the couple found from the length of
wire AB necessary to produce a balance,

A more convenient apparatus for the same purpose, made by the
Cambridge Scientific Instrument Company, is illustrated in Fig. 216.
The secondary cell B maintains a steady current in the circuit
BVVSSR,R,B. Using a standard cadmium cell C between M and N,

the current in the main circuit is adjusted by means of the rheostats
R, and R, until a balance is obtained, and SC and SN are arranged
to be of such resistance that for the proper value of the main current,
the fall of potential over 50 ohms of circuit is 1 volt. The coil MVC
has 29 sections, each of resistance 0°05 ohm, and the fall of potential
per section is thus 1 milli-volt. VYV is the slide wire upon which the
final balancing is performed, and has a resistance of 0-06 ohm, so that
the difference of potential between P and Q due to the current may be
varied at will from 0 to 302 milli-volts. This is, therefore, the range
of variation of the electromotive force of the thermal couple to be
measured, the couple being placed at X. As the electromotive force
of a thermal couple rarcly exceeds 30 milli-volts, the instrument is a
very convenient one for rapidly calibrating such couples.

If a number of points on the E.M.F.—Temperature curve be obtained
with one junction at fixed temperature, and the other variable, the
apparatus forms a convenient pyrometer for measurements of tem-
perature over considerable range.

Applications to Thermometry.——The electromotive force in a
thermal couple, although very small, has, as a rule, a circuit of very



vIIL. THERMO-MILLTAMMETER 221

low resistance in which to produce a current, which may therefore be
considerable. One of the best-known applications, is the detection of
small amounts of radiant heat by means of tho Thermopile. The effect
produced by one junction is multiplied by arranging a number in series,
Antimony and bismuth bars alternate, one set of junctions A
(Fig. 217) being exposed to the radiation, and the other set B being
protected by a metal cap to maintain them at constant temperature.

A more sensitive arrangement is seen in Boys' radio-micrometer,' in
which the couple and the galvano-
meter are combined in one instru- ~<

ment, the loop of wire which hangs
between the poles of a powerful
permanent horseshoe magnet ter- =

minating in a picce of antimony A (;:'_.‘_:J B
and one of bismuth soldered to- =
gether at the tips. The radiation /

falling upon this junction warms it, __--

and the thermo-electric force is Tig. 217.

established in the circuit, producing

a current in the loop which, hanging in a magnetic ficld, experiences
a couple. This arrangement has been modified to form a galva-
nometer by Duddell (see p. 80).

On referring to the thermo-electric dingram (Ifig. 213) it will be
seen that some of the thermo-electric lines, for example those of copper
and silver, are nearly parallel; if they were actually parallsl, the
electromotive force round one of these couples would be proportional
to the difference of the temperature of the junctions, since the figuro
A,C,C A, (Fig. 210) in this case becomes a parallelogram, and its area
is proportional to the perpendicular distance betwcen the sides A,C,
and A,C,, that is, to T, — T,. This fact is made use of in the case of
pyrometers constructed for measurement of high temperatures. The
couple is usually of pure platinum and an alloy of platinum and iridium,
or platinum and rhodium, and is enclosed in a tube of suitable material
for withstanding the temperature to which it will be exposed. In
series with the couple, a millivoltmeter may be employed, which may
be graduated 'in degrees Centigrade, and is of the type described
on p. 86. In the case of the pyrometer made by Mr. R. W. Paul,
the couple and voltmeter are each brought up to a standard resistance
by means of a manganin resistance included in the instrument, and
since this has a very small temperature coefficient of resistance, the
error due to change of temperature of surroundings is negligible.
Another advantage of this ““swamping resistance” is that the various
couples and voltmeters are interchangeable, the resistance in each case
being the same for different instruments.

Thermo-milliammeter.—A sensitive form of ammeter, applicable

! C. V. Boys, Phil. Trans., 180, A., p. 159." 1889,
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to the measurement of small alternating or continuous currents has
heen devised by Prof. Fleming,! in which the heating produced by the
current flowing in a fine constantan wire

AB (Fig. 218) warms the junction of a

@G tellurium-bismuth couple. 'The fine wires

of tellurium and bismuth are soldered to

Lo the constantan wire, and the whole is

21 T situated in a high vacuum in a glass vessel.

! kY In this way considerable sensitiveness is

hid it AT B j==»- - obtained, and the galvanometer G in
v s series with the thermo-electric couple, may
M be calibrated by passing a known con-

Fiq. 218, tinuous current through AB. Since the

heating effect is proportional to the square
of the current the instrument may be used when the current is
alternating (p. 347).

Radio-Balance.—The absorption of heat at a thermal junction,
when the direction of the current is the same as that of the Peltier
electromotive force, has been employed by Prof. Callendar® for the
measurement of radiant heat. The rachation is absorbed by a blackened
copper disc upon which it falls, and the rise in temperature in a given
time might be measured by means of a thermo-electric couple of iron
and constantan, which also acts as a suspension for the disc. To deter-
mine the rate of absorption of energy from the rate of rise of tempera-
ture would require a knowledge of the heat capacity of the system and
the losses due to conduction and radiation, but, instead, the tempera-
ture is maintained constant by passing a current through a second
thermal junction attached to the dise, and varying the strength until
the cooling due to the Peltier effect compensates for the radiant heat
absorbed. Tf the resistance of the arrangement were so small that
the heating due to the Joule effect were negligible, we should have—

w = i,
where 1w is the encrgy in ergs absorbed per second, = the Peltier co-

eflicient, and 7 the current. But the resistance is never negligible, and
the heating due to it being *r ergs per second,

W= i — °r,
= wz'(l - 11)-
mw
Calling :—r the ncutral current i, for which the Joule heating is

' J. A. Fleming, “The Principles of Klectric Wave Telegraphy and
Telephony.”
* H. L. Callendar, Proc. Phys. Soc. Lond., 28, Part 1., December, 1910.
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just equal to the Peltier cooling (i*r = =i,), so that tho disc would be
neither warmed nor cooled by such a current, we have—

w= wi(l - f—).
%

In the actual arrangement employed (Fig. 219) there are two
similar discs, 1 and 2, each supported by four stout iron and four
constantan wires, the two discs being thus the junctions of an iron-
constantan couple. The discs also form the junction of the single-wire
iron and constantan circuit in
which the galvanometer G is
included.  Suppose that the
radiation falls on the disc 1, the
arrangement will be as shown in
the diagram, and the curront is
adjusted by the resistance R
until the two dises remain at
the same temperature, as indi- GC/D
cated by the current in G being
zero, Knowing the current ¢,
as indicated by the milliam-
meter A, and the Peltier coeffi-
cient m, w, the rate of absorp- Fig. 219,
tion of radiant energy by the
disc 1, is known. The neutral current 7, is determined by a prelimi-
nary measurement in which no radiation falls upon either dise.

Should the whole apparatus become warmed by the radiation
falling upon it, as would probabhly be the case when the sun’s radiation
is being measured, both dises are affected in the same way, and the
error duc to this cause is climinated. Also the radiation may be
allowed to fall on the disc 2 instead of 1, for the purpose of making a
control measurcment.

In a later design the discs are replaced by cups, for the purpose of
rendering the absorption more complete; the clectrical arrangements
in this case are very similar to those in the disc apparatus.

The “cup” arrangement has also been used as a calorimeter and
the Peltier coeflicient, for a junction placed in either cup, directly
measured, It has also been used for measuring the rate of emission
of heat by radioactive substances (see p. 515).

Pyro-electricity.—Another electrical effect due to differences of
temperature should be noticed. Certain crystals, especially tourma-
line, exhibit electrical charges when heated or cooled. The name
pyro-electricity is given to this phenomenon. If a crystal of tourma-
line be raised in temperature, one end becomes positively and the
other negatively charged while the temperature is rising, but during
cooling the charges are reversed. This order of the charging takes

w

A
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place whether the crystal be heated or cooled from the atmospheric or
from any other temperature. If a crystal be broken up, each part of
it exhibits the same properties, and if tourmaline be powdered and
spread on a glass plate and warmed, or cooled, the particles gather
themselves together in chains, owing to the polar charges, just as iron
filings do when magnetised.

1t has been thought that only hemi-mérphic crystals exhibit pyro-
electric properties, but according to Hankel ' hemi-morphism is not
indispensable to the production of pyro-electricity, and it is exhibited
by other crystals, provided that their crystallographic axes are unequal ;
but, in the case of crystals having equal axes, only those which are
hemi-morphic are pyro-electric. Doracite, quartz, and fluor are among
the pyro-electric minerals.

Piezo-electricity.—It was discovered by the brothers Curie ® that
the crystals which exhibit pyro-electric properties are subjected to
compression or tension, opposite charges of electricity appear at the
ends of the crystal. Under compression the sign of the charge at
either end is the same as would be produced by cooling the crystal,
while tension produced charges of the same signs as those due to
heating the crystal.

A suitable rectangular block is cut from the crystal, and a sheet of
tinfoil laid over each end. The whole is then placed between ebonite
blocks, to which the stress is applied. The quadrants of an electro-
meter being then connected to the tinfoils, the production of charge
can be readily investigated.

It was found that the amount of charge produced at each end of a
block of tourmaline is proportional to the total force applied to the
block and not to the pressure, and that the amounts of positive and
negative charge are equal.

The charges produced in this way were used at a later date for
the measurement of ionisation current (p.499) by a compensation
method,

! Iankel, Pogg. Ann., Bd. 49, §0, 53, and 56.
? J. and P. Curie, Comptes Rendus, 92, p. 186, 1881,



CHAPTER IX
ELFCTROMAGNETICS

We will now return to the consideration of Ampére’s theorem given on
p- 52, that an electric current is equivalent to a magnetic shell whose
boundary coincides with the current. By a scries of experiments,
Ampere showed that the magnetic effect at distant points produced by
a current, might in all cases be explained by the employment of a
magnet or system of magnets, whose polar faces are bounded by the
current. Thus a solenoidal current is equivalent to a bar magnet
whose ends coincide with the faces of the solenoid, and a wire bent
into a circle, when carrying current, is cquivalent to a circular magnetic
sheet or shell, whose polarity is N on one side and S on the other, the
side whose polarity is N depending on the direction of the current,
An inspection of Fig. 41 will make it clear which is the N side of
the shect. The following rule will be of assistance.

Imagine the conductor to be placed in the palm of the right hand and
the fingers closed upon it, the thumb being outstretched ; then if the thumb
indicates the direction of the current, the fingers indicate the direction of
the magnetic field.

It then follows that if we look upon the N side of a magnetic
ghell, the current flows in an anti-clockwise direction as seen by the
observer.

If the coil have a number of turns, as in the case of a solenoid, the
turns being approximately circles, each turn has its
equivalent shell, and within the solenoid the N polar
face of one shell coincides with the S polar face of the o
next, and the external effect of these inner shells is
zero, but the N at one end of the solenoid, and the S
at the other, produce a field similar to that of a
uniformly magnetised circular bar magnet.

Strength of Magnetic Shell. —The magnetic moment \
per unit area of shell is called the strength of the shell.

Thus if ¢ be the strength of the shell, and a its area, Fig. 220,
total magnetic moment of shell = ao. Further, we

will define the clectromagnetic C.G.S. unit of current as one which pro-
duces the same magnetic field at external points as a magnetic shell of
unit strength whose boundary coincides with the current.

(0.8

Q
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Tt is not necessary to define either the thickness of the shell or the
amount of pole per unit area of face, as the magnetic moment of unit
area of the shell is equal to the product of these two quantities; the
shell is usually considered to be indefinitely thin.

‘When the current circuit is of very small dimensions, the equivalent
shell becomes a small magnet and the magnetic potential and field at
any point due to it may be calculated as on p. 14.

" m cos 6 A% . .

Thus V = — s and H = — e but whatever the dimensions
of the circuit, the method may be extended to give the same quantities.
For the circuit ABCD (Fig. 221) may
be divided up into a nuruber of meshes
by a network of conductors, If now
in each mesh a current of strength
equal to that in ABCD be considered
to flow in the same direction, the side
of each mesh not situated at the
boundary will have equal and opposite
currents flowiug in it, and the total
cwrrents in the meshes are therefore
zero, cxcept at the boundary, where the

5 resultant of the currents in the ele-
Fia. 221 " ments is the current in ABCD. Since
each mesh may be replaced by the
equivalent element of a magnetic shelliof strength equal to the current,
the whole shell thus formed is equivalent to the current ABCD.

The magnetic potential at P (Ifig. 222) due to a small element « of

. ac cos 6
the shell is — P where ao is the magnetic moment of the element.
Now if dw be the solid angle subtended by a at P, 7°dw is the right
section of the cone of angle dw, at distance r from the vertex P, and

r’do
— = cos 6.
a

a cos §

7"

Sodo =
Hence the potential at I’ due to this element may be written—
dV = odo.

And the potential ab I due to the whole shell is, / dv = / odo,
but o being constant—

Potential at P = ¢ f do = o2,

where Q is the solid angle subtended by the whole shell at P.
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It follows that the potential at any point due to a shell depends
only upon the strength of the shell and the solid angle subtended by it
at the point, and this is independent of any variation in the shape of
the shell, provided that its Loundary is fixed. Thus for an infinite
plane shell, the potential at neighbouring points is 2x .o, and for a
hemispherical shell the potential at the centre is also 2w . o, since in
each case the solid angle subtended at P (Iig. 223) by the shell is 2ar.

Firo. 222, Fia. 223.

Circular Current.—If a current of strength 7 absolute units flow ina
circle, we can replace it by a circular magnetic shect of strength o =4,
Let AB (Fig. 224) be a side view of the circle; then to find the
magnetic potential at a point O on

LT Eeem e

the axis, all that is necessary is to P

find the solid angle subtended by ' A AN
the circle at O. To do this draw a N “
sphere with centre O, such that the A y
circle lies upon the sphere. Then ¢V 0 '
area of 311;00 ACB = Q, where Q is bk x‘-‘f» ‘5
the solid angle required. Now it S ' ‘/"
may be shown geometrically that the N A S
area of a slice of a sphere lying be- LB L
tween two parallel planes is equal ks T

to the area of the circumscribing Fig. 224,
cylinder between the planes, and
whose axis is perpendicular to these planes. The area of the slice
ACB is therefore 2nrh, where b = r — @, « being the distance of O from
the plane of the circle.
9 9 Drly —
Q= nr:‘h _ -:ﬂ'ﬁ _ da(r — x)
r r

-~
= 217(1 -- ?}
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But, magnetic potential V = ¢Q =1Q;

V= 27,5(1 - f}

Noting that r* = 2* + a°, we have—

—onil o
V-—??T‘l].

Fa)
)

DBy symmetry we see that the magnetic field due to the circular

. . . . d
current is directed along the axis, and its value is therefore — PR (see

1 = z(a® -t
g it = e+

= Ui f ~ 3.z, 20(a” + a®)~ 1 + (@ + a”)'*}

p. 13).
av d
—_ == = Dy
oD = de = "2y
_ 2ma*l
T (@t 4 )

Qi

For a point at the centre of the circle, 2 = 0, and then H = o

which s in accordance with the result derived from the law on p. 53.
Solenoidal Current.—When the current is flowing in a cylindrical
sheet, its direction being everywhere perpendicular to the axis, it is

o x
a \\\\
e M o c e | [ - ——— ‘:'__-:>~_
p
()
e rdo
1) L ‘\\\ do
\\
AN
N 07N, .
() P
Fic. 225,

where z is the distance of the plane of the circle from P.

sald to be solenoidal, and the
strength of magnetic field inside
it may be found from the ahove
relation. This condition is very
nearly fulfilled by a current flow-
ing in a wire closely wound upon
a cylinder, when the thickness of
the wire is small compared with
the radius of the cylinder.

If 4 be the current per unit
length of the solenoid, idx is that
in a thin section of length dz
(Fig. 225, i). The strength of

o
field at P due to this is (—;—wg%,
But,

from the enlarged diagram (Fig. 225, ii.) we see that rdf = dz . sin 6,

And field due to section =

2ra’ . rdf

(@ + a*)sin 6
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. a . N o .
Remembering that; = sin 6, and 2’4+ o’ =15 wc write the

expression in the form—
Aria’r.df  2wia®.dl
Trsing T rsing
= 2ni.sin 6. do.

(]
And for the whole solenoid, IT = i j ‘sin 0. d0

where 6, and 6, are the values of 6 at the ends of the solenoid.
1f the solenoid consists of wire of n turns per centimetre length,
the current in each turn being 7,

0

H= ’_’mu'[cos 0] ‘o 27rni[cos 0, — cos 02].

02

When the length of the solenoid is infinite, 6, = 0, and 6, = =, and
therefore—

H = 47

Work done in carrying a Magnetic Pole round a Current.—
Remembering that the difference in magnetic potential between two
points is the work done in carrying a unit N pole from one point to
the other, and that it is independent of the path along which the pole
is carried, we may prove onc of the most important laws connecting
electric and magnetic quantities.

Consider two points P, and P, very close to, but on opposite sides
of, the magnetic shell AB (Fig. 226) of which the N
polar face is towards P,. The magnetic potential at P,
due to the shell is 4+ X (solid angle AP ), the solid
angle AP,B being shown by the dotted arc in the figure.
Similarly the magnetic potential at P,is — ¢ X (solid
angle AP,B)

.. Difference of potential between P, and D,
= {o (solid angle AP,B)} —{ —¢ (solid angle AP,B}
= a(solid angle AP,B + solid angle AP,B)

As the points P, and P, approach each other, the
sum of the solid angles AP,B and AP,D becomes more  Fia. 226.
and more nearly equal to the solid angle subtended by
the whole of space surrounding a point, that is to 4w, and since the
magnetic shell may be considered to be indefinitely thin, the points
P, and P, may approach each other until their distance apart is infi-
nitesimal, and still they are on opposite sides of the shell. Ilence the
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difference of magnetic potential between two points P, and P, on
opposite sides of, and very close to, a magnetic shell is 4xo, which is
then the work done in carrying unit pole from I, to P, by any path,
provided that the path does not intersect the shell. On passing
through the shell from P, to P,, the direction of the force on the unit
pole is reversed, and if the work were calculated it would be found
to be equal and opposite to that for the external path from P, to P,.
It is not necessary to perform this calculation, because the potential
at a point such as P), due to any distribution of magnetisation, can
only have one value, so that the total work for a closed path is zero;
otherwise useful work might be done by allowing a pole to circulate
round a closed path, without any corresponding loss of energy in the
system, and this is contrary to experience.

1, however, the shell be replaced by its equivalent current (o = 7)
flowing round the boundary of the shell AB, the work for the external
path from P, to P, is 47a, or 47, as in the case of the shell, but now the
work required to complete the path in going from P, to P, may be made
as small as we please by taking I, and P, sufliciently close together, there
being in this case no magnetic material to traverse. A closed path
such as we have described is necessarily linked once with the current,
and thus the work done in carrying « unit pole round a closed path
linked once with a current i is 4ni, and the magnetic potential at any
point in the neighbourhood of a current may be considered to have a
number of potentials whose values differ by multiples of 4=/, The
potential due to a current is therefore multi-valued. There is, in this,
no contradiction to the principle of the conservation of energy, for the
current is not a statical phenomenon ; it has to be maintained by the
continuous expenditure of energy in the battery. When the magnetic
pole is carried round tho circuit, its field cuts the circuit during the
process and produces current which, if in the opposite direction to the
principal current, will cause a temporary lessening of the rate of
expenditure of energy in the battery; if in the other direction, an
increase in its rate. In either case we can trace the source, or the
mode of disposal, of the energy corresponding to the work done in
carrying the pole round the path linked with the current, to the change
in the amount of chemical action occurring in the battery. After the
completion of the path, the circuit is not in the same condition as at
the start.

Line Integral of Magnetic Field.—The work done in carrying a

unit pole along any path from one

dr point to another is called the line inte-

) H gral of the field between the points,
A”% If the strength of field at any point
of the path be H, and 6 its inclination

Fic 227. to the path, the component of the

. foree on the pole, acting along the path,
is H cos 6, and the work done in carrying it along an infinitesims
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length of the path dr is H cos 6 dr. Thus the work done in carrying
the unit pole from A to B is j : H cos § dr. This is the line integral

of the field along the path from A to B.
If the field has everywhere the direction of the path, the line

B
integral becomes [ Hdr.
A

We may now give our electromagnetic law the mathematical form—

f ™ cos 8. dr= dni.
']

where the symbhol f means that we take the line integral round a
0

closed path. If the path is not linked with any current—
f H cos8.dr = 0.
3

The line integral of a ficld round a path enclosing unit area is
sometimes called the Curl of the field, so that our relation would then
be written—

Curl H = 4=z (current density)

Magnetic Field due to Straight Current.—The strength of mag-
netic field in several simple cases, may easily be calculated from the
above law.,

We have seen that the magnetic field due to
an infinitely long straight wire carrying current
is everywhere at right angles to the wire. If,
therefore, we require the strength of magnetic l
field at a point P (Fig. 228), at a distance r
from the wire, we may draw a circle through P
having its centre on the wire. On carrying a
unit pole round this circle, the field H is every-
where in the same direction as the path, and, by
symmetry, it is constant.

Therefore, line integral of field = 2=r . H,
and, from the above law, this is equal to 4.

o 2mrH = 4, Fia. 298.
and, = %f
r
1If the thickness of the wire be taken into account, so that its form
is that of a solid cylinder, the field outside it is %‘, at a distance r

from the axis, but that inside it will be different. For let 7, bo the
distance from the axis of a point inside the wire, and let i, be the
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current density, that is the current flowing through unit area of cross-
gection of the wire. This is uniform over the whale section when the
current is steady, and therefore the total current within the cyhinder

of radius r, 18 =r7,. The

o field at distance r; due to
- this current is
. Lo . .
. - Awr ) 1
P 2 — - = 2nr, = —,
/ -7 Ls L4 r
/ e " where 1 is the whole current

B /// ' i
/ This is the actual strength
| { \ | of field, since the current 1n
| ' " the eylindiical shell lying out-
<ido the point, does not pro
duce any field within it, the
cirenlar path inside not en
closing any of this current.
Thus the field due to a cm
rent 1n a cyhinder 1 greatest
at the surface of the cylinder,
o )4 0y
Fie 220, its value being there ;l, and it
falls off as we pass either outwards or inwards, Leing sero at the axis
The distribution of the magnetic hines of foree is shown 1 g, 220,
the values of H being marked upon the ewreles when that at the surface
of tho conductor is taken to be 20 C G S, umts,

Magnetic Field due to Solenoid -- For a solenoid in the form of a
ring, fiequently ealled an endless solenod, the lIme integral of the
field round the axis of the solenoid (Fig. 230) is 2=rH.  If, then,

there are n turns of wire per centi-

metre length of solenoid, thete are 1n

all 2zra turns, and the circular path

of radius ris hinked 2zra times with

the current, If then, i be the current
- in each turn, the effective current
N linked with the path s Zzrni, and it
follows from the law given on p. 230,
that

2o H = 4= 2nrud

oo = 4mnid.

Fia. 200, It will be noticed that r will vary

slightly according to whether the

path is near the inner or the outer surface of the solenoid, and
therefore the field is not quite unifuim ; but when the thickness of the
solenoid is small compared with its radius, this departure from
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uniformity of field is negligible, and if # bo infinite, the solenoid 1s a
straight one, and the field insudoe it is umform, its value being 4mni,
This is in agreement with the result obtained on p. 229,

Magnetic Permeability. —There 15 a close mathematical analogy
between magnetic fields and statieal electric ficlds, due to the similarity
in the laws of force between magnetic poles and that between clectrie
charges.  In tho magnetic, as in the electrical case, the force depends
upon the medium in which the poles are situated. [t is convement to
determine the unit of magnetic pole from the force between poles
situated n vacro, and this is practically the samo as for air; but there
are many media for whieh the force between the poles differs greatly
fiom that between the same poles stuated in miv or o vacuo.  Wo
must, therefore, rewrite vur force equation in the form -

m,m
Force = ! ",
nr
where p is a quantity depending upon the medium in which the poles
are situated. It is called the maguetic permealildy of the median, for
a reason to be given later.

On p. 3 we saw that the strength of fiell due to a pole of strength

. . om .
m at a distance ris |, but we now see that when the medium filling
r

m
the space has permealnlivy u, ficld strength I = o

Again, the magnetie potential due to any distribution of poles is
changed from V to  when the medimm is ehanged from air to one of

permeability p; in fact, the magnetic equations are modified by the
quantity p in exactly the same way as we saw i Chapter Vothe
equations for a statieal electiie field to he modified by the dielectrie
constant k; but this ditference should be noted, that whereas L is
constant for any given medium, w15 by no means constant, 5 its complex
variations will he studied in Chapter X, Still p has a definite value
under all circumstanees, defined by the cquation F = m':,l', althongh
this value may vary at different times and under different conditions.
Magnetic Induction.—The quantity pH cos 6. ds is defined as the
normal  maynetic induction or magnetic  flur over the surface ds,
where 0 is the angle between H and the normal to ds; and Gouss's
Law 1 the magnetic case may be proved exactly as on p. 125 for
the electrical case  Thus the total normal magnetic induction over a
closed surface 1s equal to 47 times the amount of pole withinat, and

fy.}[ cos 0. ds = 4=Xm.

.

It follows as on p. 128, that the strength of magnetic ficld due ta
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a plane polar sheet is 2ra,, where o, is the amount of pole per unit
area of the sheet,

We give a special name to the quantity uH ; it is, the Magnetic
Induction (B) and 18 analogous to N in the electrical case (p. 130),
thug --

N =*%E, B=_gH,

and the magnetic field may be mapped out hy means of tubes of
induction, whose characteristic property is that BS
1 constant for any tube. Thus in Fig. 231,:f H,,
H, and g, w. are the values of 1 and w at tho sec-
tions of the tube of induction having areas 8, and
N, the normal immduction over the sides of the tube
15 zero, their direction being everywhere that of
the tield, we have from Gauss’s law when there is
no pole within the tube —

wH S, = w8,
or, BN, = B.S,

Ia, 281, Similarly the amount of energy per unit volume
of the medium is —
o »
pltl® B? HB
= = see p. 131).
8w 7 8mp S (sce p. 131)
Boundary Conditions.—-Following the analogy we sce, as on p. 140,
that the boundary conditions that must be satistied at the surface of
separation of two mediv of differont magnetic permealulities are
(1) The tangential components of the field are the same 1 both
media ;
ie. H, =11,

and (ii) The normal components of the magnetic induction are the
same in the two media ;
ie. B, = B, or, u H, = u,H,
Thus for a line of induction which crosses
e the boundary we have (Fig. 232)—--

i

weoo
! (V H from (i) H, sin 6, = H., sin 6,
|

z and from (i) p,H; cos 6, = p,tl., cos 6,

Dividing one equation by the other, we
have --

} tan _01 M
g, 232, tan 6, = p,’

The problem of a sphere of permeability u, situated in a medium
of permeability w,, the original ticld H being uniform, is exactly
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analogous to that for the diclectric sphere in aw electrical field B
(pp. 142 to 144), and the argument may be repeated, replacing K by
H, k, and k, by u, and p,.  The resultant fiold 11, inside the spheroe s
thus

oo

= I . 143).
! T ST L (P H )

Fig. 153 may illustrate the ease in which gy, > g, as in the ease of
the magnetic metals, iron, nickel, and cobalt, situated in ar; theso
substances are said to be ferromagnetic.  In Figo 154, p, > w, o
condition which is fultilled for <ome substances m ar, in which easo
the substance iy said to bo dimagnetic The most diamagnetie
substance is bismuth, for which g == 0 99997,

Magnetic Shielding. The tendency of the magnetie tubes of
induction to concentrate upon places of high permenlnhty explaing the
use of hollow iron spheres and eylinders to reduce the magnotie field
in the spaces witlhin them. 1t is sometimes desirable to protect
a suspended needlo galvanometer from magnetic  disturbances, and
although this can never bo completely effected, the disturbing field
may bo very much reduced by surrounding the instrument by massive
won shields.  The calculation of the change in field produced i3 heyond
the scope of our present work, but the results for u sphere and a
cylinder aro of uso.  They have been given by du Bois.!

The field inside a hollow sphere is —

H

s

14 w—(1 - )

where II is the external ficld, u the permeability, and r and R the
internal and external radii.  For a cyhinder with axis at right angles
to the ficld it is—

1

L4y -2)(1 - l’;)

Force on Magnetic Body in Uniform Field.—We saw on p. 139
that a hody of dielectric constant greater than that of the surrounding
medium situated in an electrie field that is not uniform, tends to move
towards the stronger parts of the field, and the same consideration
would lead us to a hke conclusion in the caso of a paramagnetic or
forrowagnetic body. Since the force on small bodies has boen used for
measuring their magnetic properties, wo will calculate the force on
such bhodies.

Iet the body consist of two poles of strength m, the magnetic
potential at the respective poles being Vi and V,,

1 H. du Bois, Electrician, 40, p. 317. 1808,
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Then potential energy of body = m(V, — V),

being the work done in bringing the body from infinity to the point,
and 1f the distance between the poles he ds—-

L ener 4 Vo=V
potential energy = mds . —- ds”
dVv
=M ds’

when ds becomes sufficiently small, and M is the magnetic moment of

2

A : .
the body. Further, (ds = —H, and M = oI, where v is the volume

of the body and T the intensity of magnetisation (see p. 267).
. potential energy = —elll,

Now the work done during a small displacement of the body is the
difference i the potential energy before and after the displacement,
and it is also equal to the product of the force I an the direction of
the displacement and ds the amount of displacement.

oo Pds = de =l
dH

or, I = —vl
ds

In the case of a sphere of susceptibility X, placed in a field of
strength Hy we shall see on p 269 that—

L1
1 4 i"rk’

o HAJH

_1+j7rk' ds ’

v k di?
T2l 4tk ds

1=

s =

Hence when the field is umiform H? is eonstant, and there is no
force on the body, and further, the duection of the greatest value of F
is that in winch H? varies most rapidly ; again when k is negative, or
is less than that of the surrounding medium, the direction of ¥ is
reversed.  Since paramagnetic bodies tend to move from the weaker
to the stronger parts of the field, diamagnetic bodies tend to move
towards the weaker parts of the field.

Equivalence of Current and Magnetic Shell in any Medium.-- The
work done in carrying a unit magnetic pole round a closed path linked
with a current is independent of the presence of any distribution of
magnets there may be, since the work done in traversing the closed
path, and due to any magnets in the neighbouthood, we have scen to
be zero (p. 230). 1t follows that if there are magnets gr magnetic
material in the neighbourhood of the current, they will not change the
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amount of work done in carrying a unit mignetic pole round tho closed
path, which is therefore always 4=/,

If then, the whole of space is filled with a medium of permeability
w, differing from unity, the magnetic field is evorywhere the samo as
when the permeability was unity, and the work done by our unit pole
in its circuital path is still 4mi. 1f the space be partly filled with
magnetic material the work is still 4=/, but owing to the presence of
free poles at the boundary of the mignctic material, the field will be
mcreased at some points and diminished at others, a fact which will be
seen in doaling with the demagncetising offect in tho interior of a mass
of iron in a magnetic field (p. 269).

Wo must modify our conception of the equivalent magnetic shell
for a given current circuit to bring it into accordance with theso idens,
For wo see that on filling space with a material of permenbility u, the
ficld everywhere due to the current is unchanged, but that due to the

. . 1
magnetic shell is reduced to - of its previous value (p. 233).  Henee

if the shell is sull to be equivalent to the current we must inercaso its
strength w times, and woe muy then say that in «a medium  whose
pcrmcaluhh/ 13 everywhere , the currenl 18 equicalent to a magnelic
shell of sirength o, where o = pi.

Force on Current in Magnetic Field. — The equivalence of a current
and a mugnetic shell leads uy to the conclusion that a conductor in
which an electric current ig tlow-
ing will experience a forco when
situated in a magnetic ficld ; in
fact, it was by a series of expen-
ments in which the forces on
circuits carrying current were
produced by magnets, that Am-
pere estabhished the equivalence
of a current and a magnetic shell.
The direction and magmtudo of
the force may be found as fol-
lows,

Consider tha circuit ABC, in
which current ¢ is flowing, to be
displaced always parallel to itsclf 1'1G. 233,
through distance dz, so that its ,
new positionis A'B'C'(Fig. 233). Owing to the nresenceo of a N pole of
strength m, situated at N, work is done when the displacement oceurs,
and the potential energy of the system consisting of the poto and the
current is changed, on moving the circuit from the first to the second
position, by an amount equal to the work done in displacing the
cireuit.

Let Fds Le the force on element ds of the conductor, acting in the
direction of the displacement, F being the force per unit length at this
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part of the circuit. Then Fds.dz is the work dono on the element
ds during the displaccment. And for the whole circuit

work done during displacement = SFds . du.

The area swept out by the element ds is that of the figure efiyh =
ds . dz.sin ¢ ; and the solid anglo subtended by this at the poiut N is —
(arca ofyh) sin @ _ ds.de.~in $.sin g
T 7 - r ’
whero 0 is the angle between the line joining N to efyh, and the plane
of efgh; and therefore the solid angle subtended at N by the whole
curved surface ABCCB'A' is—
< q».:la'.sin ¢on @
- rz .
Now if the solid angles subtended by the circuits ABC and A'B'CY
at N be respectively Q and ),

Q — Q' = solid angle subtended by ABCUB'A’
ds . dx. s ¢ sin g
1..‘ .

=X
=

But change of potential at N produced by the displacement of the
crcutt (p. 226)

. ., o dsdx . sin sin 0
P — — N .
= 1{) — 1) = I -

The change in potential measures the duffeience in the amounts of
work required to bring unit pole from nfimty to N, when the circunit
is at ABC and A'B'C’ respectively, and is therefore the change i
potential energy of the system for the given displacement when the
pole has unit strongth.  But since the pole has strength m, this change
in potential energy 15—

L @8.dz .sin ¢ sin §

== m
,.J y
. d8.dz.sin¢ sin f
o XFds o de = iy ——— 2

S .
And for this equation to be satisfied —

mi sin ¢ sin
p om0
e

The greatest value of this for a given value of 0 occurs when ¢ =
007, that is, the force is greatest in a direction at right angles to that
mi sin @

of the current, in which case ¥ = ,; » ond for an element ds—
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mi.ds sin @

Force = - - s
and further, for a given displacement in any direction the work done,
and therefore the force on the element, is greatest when the solid
angle subtended by the circuit is changed most for that displacement,
and this is greatest when it is at right angles to r, which is the
direction of the magnetic field due to N. The resultant force on the
element is therefore always at right angles to the magnetic field, and
we have scen that 1t is at right angles to the element ds, and hence it
is at night angles to the plane containing the clement of the current

and the direction of the magnetic field.

We seo from Fig, 233 that in this case 0 is the angle between the
current and the ficld, and theiefore the forco per umt length of

Comism 6 m . Lo
conductor is =, . But urt the strength of magnetic field H due

m ( _m
=
. Force per unit length of conductor = DBe sin ¢, and is at right
angles to B and to i, The forceis H 4 sin 6 when po= 1.
It will be seen in Thg. 234 that the directions of the quantities , T1,

to the pole, and p - ) is the ‘induction I3 due to it,

and I are related to each other as in g, 233, which may he remembered

F (Motion)

<
H (Field)

(Current)| |

Fic. 234, Fic., 235,

by Fleming's Left Hand Rule. Tf the thumh, fore, and middle fingers
of the left hand are extendod so that they are mutually at nght angles,
and the mIddle finger pomnt in the direction of tho current (1), the
Fore finger in the direction of the magnetic Meld, then the thuMb
points in the direction of Motion when the circuit moves owing to the
action of the field.
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The same conclusion regarding the direction of the force experi-
enced by a current situated in a magnetic field may he reached by
considering the magnetic lines of force of the resultant field. Those of
the original magnetic field are parallel straight lines and those due to
the linear current are circles. The magnetic lines for the current and
field combined are shown in Fig, 235, when the current flows down-
wards through the plane of the paper. The lateral pressures between
the tubes of force above the wire where they are crowded together is
greater than below it, and the result will be that the wire experiences
a force which is directed downwards in the diagram, it will be seen
that this is the direction previously found for it.

Suspended Coil.— We can thus explain the use of a suspended coil
for galvanometric purposes; for a rectangular coil carrying curreut

experiences a couple when suspended in a

V4 magnetic field. The rectangular coil abed

(¥ig. 236 i) may be considered to be tho

suspended coil of a galvanometer. Then the

force per umt length of ab and de is 11, and

H the total force Hi(ob), the dircction of the

forces being shown in the plan (Fig, 236 ii).

r These give rise to a couple Hi(ab)(ed) tending

b ) to twist the coll into the position in which its
normal has the same direction as the field.

Couple = Hi(ab)(ed) = Hi(ab)(ad) sin 6
= Hi A sin 6,

wliere A = ab X ad, the area of the coil. The
sides ad and be do not contribute anything to
the couple, since the forces on them are verti-
cal, that on ad being vertically upwards and
that on be vertically downwards.
Fia. 236, The couple HiA sin 6 might have been
derived directly by replacing the circuit by its
equivalent magnet shell, whose magnetic moment is 1A, and is in the
direction of the normal to the coil. The couple on this is HiA sin 6.
If the uniform field H be due to a permanent magnet, and the
coil be suspended by a metallic wire which exerts a controlling couple
0, where §' is the angle between the plane of the deflected coil and
the field, equilibrium is attained when—

c0 - HiA cos @,
. o
ory 'T HE “cos¢”
The instrument is very much simplified by employing a radial field,

in which case the vertical sides of the coil seen at a and d in Fig. 237,
experience forces Hil always at right angles to the plane of the coil,

«
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where ! is the length of the vertical side. The deflecting couple is
Hil(ad) = HIA.
The coil therefore comes to rest when—

¢ = HiA,
or, . ¢
$=Hab
and the current is directly proportional to the deflection.

The radial field has the advantage that the couple duc to the
current does not depend on the position of the coil, whercas in uniform
field it varies as the sine of the angle between the field and the normal
to the coil.

Effect of Current on Current.—JFrom Ampire’s law of the equiva-
lence of a current circuit to a magnetic shell, we should expect that
forces would exist between two circuits carrying current.  Such effects
may easily be produced, and their magnitudes may be calculnted from
the forces hetween the equivalent shells. Thus, for two circular
currents mutually at right angles (Fig. 238) where AD is a large circle

b

A? A 7., k’z

Fia. 237. Fia. 238. Tia. 239.
and CD a s.mall one, we have seen (p. 228) that the field at the centre of
AD is g%?—‘, where a is the radius and ¢, the current ; the magnetic
moment of the small coil is ai, where a is its area and %, the current in

. Qi iy . P
it. Hence CD will experience a couple ——a' “~ tending to twist its

. 2wadydy .
plane into that of AB when the two are at right angles, or —77—2}'—15 sin 6

when the planes of the two coils are inclined to each other at an
angle 6.
Again, the long straight current ¢, (Iig. 239) produces a magnetic

P2 . . . .
field —;5 at a distance r from it, and a second straight current ¢,

R
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. . . 201, .
parallel to the first will experience a force Hi, or —~ per unit
length, and it will be <een that
when the currents ave in the
same direction the force urges
i, towards 4, ; when the cur-
rents are in opposite direc-
tions the force drives i, away
from ¢, In each case an
equal and opposite force acts
on cach unit length of ¢}, and
wo see that currents in the
same  direction attract each
other ; those in opposite direc-
tions vepel each other.
Fig. 240, On drawing the magnetic
lines of force due to the two
parallel wires we come to the same conclusions.  When the curients are
in the same direction (Fig. 210) the two wires are surrounded by lines
or tubes of force, which, by their contraction, would urge the wires

Fra, 241.

together. When the currents are in opposite directions (Fig 211),
them are no tubes of force surrounding both wires, and since they are
more crowded in the space between the wires than in that outside, the
lateral pressures of the tubes will urge the wires apart.

Coaxial Coils.—(1) For two circular coaxial coils of very nearly the
same radius, situated a snmll distance apart, the force on each unit of

length of either coil is - lb (Fig. 242) in the direction ab. The com-
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ponent of this, normal to the axis, taken all round the coils, will,
by symnetry, vamsh, but the component parvallel to the axis is —
i, ae 200, X
ab Tah T (ab)?
and for the whole circle, since total length is Zmrr,, r, being very nearly
cqual to ry—

for unit length,

RO T T TN
= (ro=n) +a
dniiy, . x
= (r—a) "

Force

4 1
1
. {
a - 7 :
b -9 =y ©
o— 53 : 0
LA/

Fia 242
This is zero when @ = 0, i.e. when the coils are in the same plane,

and its maximum occurs when o is a maximum, putting A*

x
Af 4
place of (r, — 1,)"

d z (N 407 — 2 A =2
(A“ -}:;r) T (A T (A4t

Now
’ da

. . ) a2 M M (rz w
Putting this equal to zero we have A = & On obtaining «l.c"( )

At a?
and substituting A® for a* the result is negative, and thoreforo A* = &*
or (r, — 1, )* = * corresponds to a maximum. The force between tho
coils is therefore a maximum when © =r,—r, and its value is

then—

2miian, Lo
r,—n '
When tho coil 7, is 50 small that the v

variation of the field over its surface,

due to the coil r, is neghgible, let H be ,

the ficld due tor, (Fig. 213)  Themaifthe o— 22 4 -0
magnetic shell due to 7, have thickness Fig. 243,

dx, and pole strength m per unit of area -

force on under face = I .m. w7

1L
‘ dz,

field at upper face = I -+ da

JdIL
and, force on upper face = (}1 +ou da;)m Ly
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The resultant force on the small coil is the difference of the forces on
the upper and lower faces, that is—
dH
dx
Jut m . dz is the magnetic moment of unit area of the shell; that is,
the strength o of the shell.

dz . m.m=r}

. dI
s forece=mr’. 0., -
dx
But ¢ = i}, the current in 7y,
dll

- force = wrfi,. , -
1% d-c

Now on p. 228 we showed that —

271y,
H= (r + wl?'
_diL Ormr, %l
-(Tf + w::)z !
Cr?rriig, . =
. foree = (it gy

This is evidently zero when z = 0, and by differentiating it again

we may show that it is a maximum when z = .

Kelvin's Ampere Balance.—Although the forces between current
circuits cannot in general be calculated by simple means, it follows
from the equivalence of the circuits with magnetic shells, that the
forces between them are always proportional to the product of the
current strengths.

In the case of Kelvin’s ampere balance, the forces between parallel

circular coils are balanced against

A B a gravitational force. The \ulue

/g«ﬁ Ty of “the current cannot be deter-

mined in absolute measure from
< F| the force and the dimensions of the
5 “.:.*%'g.w:_‘_y_': x5 | coils, so that it is necessary to

—_— - calibrate the instrument by means
> M”Q,_) of a silver voltameter. The four
D C coils, A, B, C, D (Tig. 244), are

¥rc. 214, fixed, and the two, E and F, are
attached to the moveable arm

which also carries a horizontal scale on which the weight W slides.
The coils are all connected in series in such a way that when the
current flows, the forces between A and E, D and E, urge E down.
wards ; similarly I' is urged upwards. The moveable arm is suspended

E
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by the conducting wires which bring the current to E and T, and the
centre of gravity of the arm can be adjusted by means of a metal flug
until, when there is no current, the arm is horizontal when the shding
weight W is on the zero mark. The couple due to the cuent cin
then be balanced by sliding W to the right along the arm, the conplo
being proportional to the displacement of the weight, Since the torco
between any pair of coils is proportional to the current in each, tho
downward force on T and the upward force on I aro ¢l proportional

R

Fie. 245,

to the square of the current in the instrument, and the couple is there-
fore proportional to 7%
Thus if d is the displacement of W required to restore equilibrium
on passing the current—
vad
or,i = kA d,

The constant k is determined when the instrument is calibrated,
and a fixed scale is also attached which is marked directly in ampercs.

There are several weights supplied with the instrument to alter
the range, and for each weight a corresponding counterpoiso also
supplied must be placed in the tray at the end of the beam.

The general appearance of the instrument is shown in Fig. 215,

Kelvin Watt-Balance.—The watt-balance is similar in design to
the ampere balance, but the moveable coils E and F (Fig. 246) have Inch
resistance and are not connected in series with the fixed coils, 1f tho
power absorbed in say a lamp L is required, the current in the lamp is
caused to flow through the fixed coils A, B, C, and D in series. The
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moveable coils I8 and F are connected through a high resistance R,
(to make the resistance up to in some cases 1000 ohms) to the points
MN between which the power is being absorbed.  Then if the current
in the lamp is 1 amperes, this is also the current in the fixed coils, and

L
1
I
e SR - -
Ig‘.:'.:::f} [ — — § A 3 J MJI N
FEE - - 3F - J
. =3 L. ‘¢ -’JF YR i
MEm— e > -t 3 T
c p .,

Fic. 210,

if the difference of potential between M and N is I volts, the current

in the moveable coils is R being their resistance together with R,

0
I
The force between each pair of coils DB-I3, E-~C, ete., being pro-
. . . . 1K
portional to the current in each, is proportional to L and the couple
v

acting on the beam, due to these forces being balanced as beforo
by the displacement d of the weight, we have —
11

b

or, since R is constant,
16 = Id,

But 1E is the power in watls absorbed in the lamp, and this is
consequently proportional to the displacement of the moveable weight
required to maintain equilibrium. 'The constant k is determined by
finding the displacement d for a known power, as measured by a
standard ammeter and voltmeter, and the scale is usually graduated
directly in watts. The adjustments are carried out as in the case of
the current balance, and several weights are supplied to enable the
range of the instrument to be varied.

Siemens’ Electro-Dynamometer.—Two coils, ABCD and acld, are
situated at right angles to each other, and when the instrument is used
as an ammeter the coils are connected in series. 'With the connections
as shown in Fig. 247, there is an attraction between AB and ab and
also between CD and ed, the currents being in the same direction ; but
between AB and ¢d, and likewise between ab and CD, there are repul-
sions, and it will be noticed that all these forces tend to rotate the
coil ABCD in the direction marked by the arrows, and further, that
each of these forces is proportional to . ABCD is suspended by a
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fibre and the light spiral spring 8, which is attached to a pointer at
the torsion head, and exerts a controlling couple, proportional to the
twist in the spring. A pointer P is attached to the moveable coil
and serves as anindicator. This is in its equilibrium position for zero
current. On passing the current, the coil is
deflected, but is brought back to its zero position
by rotating the torsion head, the amount of
twist necessary to be put into the spring to
effect this being measured by means of the cir-
cular scale.
Then, couple « twist (= 6)
o
S By or, i =10,

The constant k& may be found by observing 8
for a known currert, and the instrument may
afterwards be used as an ammeter.

This mstrument is sometimes designed for
use as a wattmeter ; the fixed coill having a
great many turns of fine wire to ensure a high
resistance. The low resistance coil is then
placed in series with the circuit, the power
absorbed in which it is required to measure, and
the high resistance coil is placed in parallel acrossit.  With thisarrange-

K

R

ment, current in series coil is 1, and current in shunt coil , as in

the case of the Kelvin wattmeter (p. 216).

Nl
.. couple =« IR o 0,

. KI = k6.

Thus the power absorbed in the circuit is directly proportional to
the twist in the spring necessary to maintain the moveable coil in
equilibrium at its zero position.

Electromagnetic Induction.— While attempting to find out w hether
a steady current produces another in neighbouring circuits, i a
manner analogous to that in which electric charges are produced by
the influence of other charges (p, 113), Faraday found that so long
as the current is steady the result is negative, but on starting the
current, a transient current in the opposite direction flows in the
neighbouring circuit. The arrows in Fig. 248 indicate the directions
of the transient currents in B when that in A is started and stopped.
Exactly similar effects might be produced in B by advancing towards
it from the side A, a bar magnet with its 8 pole facing B. 'The
transient current in B is in the direction of that produced on starting
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the current in A. Similarly on withdrawing the magnet the effect is
the same as that of stopping the current in A.

Faraday explained these results by stating that when the total
magnetic induction linked with a circuit changes, an electromotive
force acts round the circuit, the direction of the electromotive force
depending on the sign of the change of magnetic induction.

The actual value of the electromotive force due to a change in the
magnetic induction linked with any circuit, may be deduced from our
knowledge of the force acting on a circuit carrying current in a
magnetic ficld, by making use of the principle of the conservation of

A
Fia, 248. Fra. 249,

energy. Consider a piece A,B, of a circuit in which current 7is flowing
(Fig. 249?, and let H be the magnetic field, making an angle § with
A B, Then the force per unit length of A,B,is Hisin § and is in
the direction F at right angles to H and A B,. Let A B, slide upon
parallel conducting rails in the direction of this force. 1f length of
A,B, is [, work done for displacement 8z, is-—

¥éx = Hil gin 6. 8x.

Now, if e be the electromotive force of the battery maintaining the
current #, work done in time 8¢ is eidt, and this is partly used in over-
coming the resistance r of the circuit, the remainder being employed
in moving the conductor A;B,, Now, work done in overcoming
resistance is £>8¢, and if there is no other action than these two in the
circuit, we have by the principle of the conservation of energy-—

eidt = 78t 4 Hil sin 6. 8z,
Hl sin 6. 8
€= 3 )
po

or, i =

Thus the electromotive force e of the circuit is opposed by an

. Hlsin .8z
electromotive force —5
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On referring again to Fig. 249, we see that 1z is the area described
by the conductor in moVving a distance 8z, and H sin 6 is the component
of H perpendicular to this. Hence the product (H sin )(léz) is the
total normal magnetic induction over the areca A,1B,B,A, when the
medium is air ; when the space has permeability p, we must multiply
by this amount, and in the above reasoning H must be replaced by B,

In any case, calling N the total normal induction over the whole
circuit, Bl sin 6.dx is the change in this amount (8N) on account of
the motion of A,B,, and we therefore see that this motion produces

. 3N . L ..
an electromotive force o in the circuit. In the limit when &8 is
infinitesimal —
dN

E.M.F. due to change of induction = — ", ',
PN dt
Thoe negative sign is taken because the electromotive force always
opposes that producing the current, when the motion of the circuit is in
the direction due to the electromagnetic actions themselves,  If by some
external agency the conductor were forced from A,B, to A,B, the
direction of the induced electromotive force would be the same as e,

- TR dN . . .
but N is now diminishing, so that -~ is again negative.
[

it

Rule I—The direction of the induced electromotive force is related
to that of the motion and the magnetic field, in a
manner illustrated by the three vectors in IFig. 250, Morion
the positions of which may be remembered by means
of Prof. ¥leming's Right Ifand Rule. JIixtend tho
thumb, fore-finger, and middle finger of the Riyht
band until they are mutually at right angles, Then
if the Fore finger points along the magnetic Field,
the mIddle finger along the current, I, the thulMb
will then point in the direction of Motion.

Rule II.—Another simple and useful rule for
remembering the direction of the current in the 1/Current
whole circuit may be obtained by an inspection of Fia, 250.
Fig. 248. If the observer look along the magnetic
lines of force towards the circuit, the induced current is anti-clockwise
when the induction is increasing, and clockwise when it is diminishing.

1f the circuit in Fig. 249 were considered to be flexible so that
each element were moveable, each part would travel outwards, the
limit of travel being reached when the conductor became circular, in
which case it would embrace the maximum amount of induction, and
hence the rule given by Maxwell, that a circuit always tends to move in
that direction which tends to make the amount of induction throngh it a
maximum. This rule is sometimes of great convenience in deterinining
the direction of a force acting on a circuit due to a magnetic field.

Wereld)
A
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It should be noted that if the direction of H in Fig. 249 be
veversed, the direction of motion is reversed. The circuit, if flexible,
will then shrink and will eventually turn over and expand in the
opposite direction, the motion all the time being in a direction towards
the condition for the embracing of maxi-
mum magnetic induction by the circuit.'
This may easily be shown by taking a
loop of thin, flexible, rubber-covered
wire and tying a piece of thread round
at a distance of ahout 10 cms. from
the end of the loop. On hanging it
. ' between the poles of an electromagnet
Tia, 251, (Fig. 251) the loop will spread out to

an approximately circular form on pass-
ing a current of a few amperes round it. If the current be suddenly
revérsed, the loop collapses, and expands in the opposite direction,
always reaching equlibrium when the current is clockwise, as seen
from the N pole of the magnet.

Lenz’s Law.—A nother generalisation on the laws of electromagnetic
induction is due to Lenz,' which states that when a conductor moves
with respect to a magnetic field, the currents induced in the conductor
are in such a direction that the reaction between them and the
magnetic field opposes the motion.

This law follows at once from the principle of the conservation of
energy ; for if the forces due to the motion were in any other direction
the motion would be increased, and it would only be necessary to start
a conductor moving in a magnetic field and its velocity would
continually incrcase, which is contrary to experience.

We can easily see that Lenz’s law follows from the electromagnetic
effects that we have already studied. TFor
if the magnet and the conducting loop
(Fig. 252) approach each other, the in-

—-————  duced current in the loop as seen from

- " the magnet is anti~clocklv)vise (Rule II.,

p. 249), since the induction is increasing.

- Hence the equivalent magnetic shell has

i, 253. its N polar side towards the magnet, and

therc is consequently a repulsion between

them, Their relative motion is thus opposed. If the direction of

motion is reversed, the effects are all reversed and an attraction
results, which is again in accordance with Lenz's law.

A well-known experiment in which a copper dise is caused to
rotate underneath a suspended rmagnet, the magnet then being dragged
round in the direction of rotation of the disc, is easily explained by the
electromagnetic etfects. For the motion of the conductor in the magnet’s

€

' Lenz, Ann. de Phys,, 81, p. 483. 1884,
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field produces currents which tend to prevent the relative motion of
the magnet and the disc, and the magnet therefore follows the dise,
This is known as Arago’s disc experiment,

If the disc were delicately suspended and the magnet caused to
rotate, a similar explanation would show that the disc would follow
the magnet. This is the principle upon which the polyphase induction
motor is founded, a rotating magnetic field produced by alternating
currents, causing a closed conductor mounted upon an axle, to rotate
in the direction of rotation of the ficld (p. 374).

Use is made of Lenz's principle in constructing galvanometers
of a dead-beat type, in which the suspended needle or coil will
quickly come to rest after being disturbed.  With an undamped
system, the oscillations that occur after every movement, render it
exceedingly tedious to measure deflections, or to find the zero position
in making Wheatstone’s bridge tests. The oscillations arc therefore
damped out by surrounding the needle by a copper enclosure, the
reaction between the induced currents in the onclosure and the needle
itself tending to destroy the motion of the ncedle.

In the case of the suspended coil instrument a copper ring is
placed inside the coil, the induced currents in which, as the coil
oscillates, quickly bring it to rest. The presence of the ring does not
in any way disturb the position of equilibrium when making readings
of deflections, unless there are magnetic impuritios in it, as the
currents unly exist when the ring is moving,.

When unprovided with a damnping ring, the suspended coil may
be quickly brought to rest in its zero position by short-cireniting the
galvanometer terminals, the induced currents taking place in the
coll itself.

Circulation of Charge due to Induced Electromotive Force.—Ina
closed circuit, the electromotive force produced by the vaviation of the

. . . N aN
magnetic flux linked with the circuit, we have seen to be — de” The
dN
current due to this being 1, we have ¢ = ~ where r is the
regsistance of the circuit. In the interval of time dt, the amount of
charge crossing any section of the circuit is idt = dq, since,

Lood
i=1 (see p. 121).
1 AN
.‘.dq: -—;- dt (l,
_ dN
-

Therefore the whole charge q passing any section as the magnetic
induction linked with the circuit changes from zero to N, is—
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If the induction N is removed from the circuit, the total charge

passing any section is + —. The sign indicates the direction in which

Lo . L N
the charge passes round the circuit. Its magnitude is in each case -,

r

Ballistic Galvanometer—Suspended Magnet Type.—In order to

measure the quantity of charge q which passes each point in a closed

circuit, a galvanometer is inserted in the circuit. DBut the instrumens

must be of a particular type, as it has to inte-

(?' grate the quantity dt, in order to give the

' charge q. If the suspended needle or coil be

' free to execute simple harmonic oscillations,

i Gom  then an impulse given to it when at rest in its

I equilibrium position will set it oscillating, and

the amplitude of the oscillation may he taken as

a measure of the impulse. The following simple

theory determines the relation between the quan-

tity of charge passing through the coil of the

! galvanometer and the resulting amphtude of

Fig. 253. oscillation. The method of treatment varies ac-

cording to the type of instrument. We will

take the suspended magnet form first. Let the current in the coil

(Ihg. 253) at any instant be ¢, then the magnetic field at the centre

of the coil is (32, where G is the field at the centre for unit current.

The strength of pole of the suspended magnet being m, the force on it

is Gim. This, acting for infimitesimal time dtf, gives it an impulse
Gimdt, and from start to finish of the current, the total impulse is—

T r
fGimdt = Gm/ idt.
0 0

7t m

O----n--

But | idt = g, the total charge sent round the coil ;
o .. impulse = Gmgq.

If half the length of the magnet be I, moment of impulse about
the centre is Gmgl, and for both poles, 2Gmql.
But 2l = M, the magnetic moment of the magnet ;

.*. moment of impulse = MGq.

Consequently this is the angular momentum of the magnet, which,
if 1 be its mowent of inertia and w its angular velocity, is Iw ;

wWGMg=To . . . . . . . (i)
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If we could observe w, then knowing the constants, G, M, and I, we
could calculate . 'We cannot, however, observe o directly, but it may
be determined indirectly as follows.

The impulse being over before the needle has rotated appreciably
from its position of equilibrium, it possesses
kinetic energy 4Iw? while still in the zero
position. The needle will rotate until the
controlling field brings it to rest, that is,
until the work done in opposition to the con-
trolling force is equal to the original kinetic
energy. In the enlarged view of the needlo
in Fig. 254, mH is the controlling force on
each pole, and if 6 is the angle of deviation
when the needle has just lost all its kinetic
energy and is on the point of turning back,
the work that has been done by the forcomH — nH '
on the pole is— Fia. 254,

mH

mIl x AB = mHI(1 — cos 6),
and for both poles, = 2mHI(1 - cos §)
= MH(1 - cos 0),

o MH(1 —cos 0) = $lw* . . . .. (iD)

Eliminating o from (i) and (ii),
G*M?*¢* __ 2MII(1 - cos 0)

2

vE o T

T 4H* (1 —cos6)
Y €= MH e P)
I 4H2 . .6

= MILeE Sy

Now the time of oscillation T of the suspended ncedle, vibrating in
the earth’s field, has been shown on p. 23 to be given by—

T I _T

T = 2 E e ¢ = —
M **MH " 4r
H2T?
Hence, ¢ = e sin? 16,
HT .
q= = sin 6.

Ballistic Galvarometer—Suspended Coil Type.—Tn the case of the
suspended coil galvanometer, the force on each vertical side of the coil
for current ¢ flowing in it is {HI, where H is the magnetic field due to
the permanent magnet (sce 1‘1g 236) and I the ]cngth of the vertical
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side of the coil. The impulse as before is ! iHldt = Hlg, and the

Jo |

moment of nomentum about the axis of suspension is Hilbg, for the two
sides, where b is the length of a horizontal side of the coil. The arca
of the coil is Ib = A, and thercfore the momentum equation 13—

HAq=To . . . . . « . (i)

As in thoe previous case, the kinetic energy is 1Tw? but now the coil
is brought to rest by performing work in twisting the suspension.

If ¢ be the restoring couple for unit twist in the suspension fibre,
@ is the couple for twist 8, and the work done for an additional small
twist d6, is c0dd.

0
. whole work done in twisting suspension = { el = }c6?
0

where 6 is the deviation of the coil when its kinetic energy Llo® is just
expended in twisting the suspension.

.'..'Jf(v)2=.§4'02 D S R S B .(1i)

-
(IJ2 = 102

He N7

From equation (i), o= - 12 1 ,
AN e,
* 1- - 1 6 )

Now the time of one torsional oscillation of a body of mement of
mertia T when ¢ is the couple for unit angle of torsion 15—

T = 27r\/l.
c
ST

= ya
cT

9= pa b

and,

Tt will thus be seen that the relation hetween ¢ and 6 is not the
same for the two types of galvanometer, the charge passing through
the instrument being proportional to the sime of the angle of throw ¢ in
the suspended magnet type, and to the angle 6 itself in the suspended
coil galvanometer. 1t should be noted that H in the first case is the
controlling field ; in the second it is the field to winch the deflection 1s
due, and hence it appears in the numerator in the first case and the
denominator in the second. These two maguetic fields should not bLe
confused with each other.
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Damping.—It never happons that the vibration of the suspended
system is simple harmonic; the vibrations always die away, the
amplitude getting less and less. This decrease is due to a number
of causes, the most important of which are the resistance of the air to
the motion of the system, and the electromagnetic dunping deseribed
on p. 251. On observing successive values of 0 to left and right as
the needle swings, it will be found that the ratio of one value to the
next is a constant. Taking then 6, 6,, 6, etc., as the succeeding
values of 6, we have —

6 6

= = ., . :-:d_

This constant ratio d is called the decrement, and log, d the
logarithmic decrement X ; therefore log.d = X and d = ¢'. When the
oscillation is simple harmonic it may

ba represented by the projection of a B
rotating vector OA (Fig. 255) upon »

any fixed straight line, say OD. In o

this case succeeding amplitudes are i~ \

OB, OB, OB, ete.; but if the ampl-
tudes got less in a constant ratio, we __[_ | _. U S
must imagine the rotating vector OA 0 A

to shrink at a constant rate. and it -

will be seen from the diagram that the N "~
shrinkage from 6, to 6, takes placo in e v
half a vibration. 1f there were no —t
damping, the amphtude would all the B
time have been 6 = OA; and since Fia, 2056,

the impulse was given to the system

when in its middle position, that is the position corresponding to OA,

the shrinkage of the vector that has actually occurred, before the first

throw 6, is observed, has taken place during a quarter of a vibration.
Now, for half a vibration, shrinkage is —

6, 6, 6.

= Y
- = . e . = €%
6, 0,~ 6,
a0 . .
and for a whole vibration g = and so on, the shrinkage being
proportional to the power of €; and hence for & quarter vibration 1t is
A

A
¢ Therefore =«
1

. AoX o
0 =06, = ‘(1+Q+4TT+8 + . -)

3

Since d must always be nearly equal to unity for a ballistic
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galvanometer, A is always very small, and A? and the higher powers of

A may be neglected.
2 0=6(1+3)

Thus we can correct for the damping of the needle, although we
cannot avoid it, and the equation for the two types of ballistic
galvanometer will then be—

= - sm M(l + A)
and, g= "1rH X 0(1 +5 ,,

If great accuracy is not required, the undamped throw may be
obtained from the damped throw by multiplying it by #'d, where d is
the decrement, obtained by observing two consecutive elongations.

.0 A 0 \2
For, 5;—_- € A ('0'1) = =d,
and, 8 = 6,,/d.

The advantage in the longer method lies in the fact that a great
number of swings may be taken to determine A, for if 6, and 6,, are
observed, 10 half-vibrations occur between the observations—

Calibration of Ballistic Galvanometer.—In using the ballistic
galvanometer to compare charges, or,
magnetic fluxes, the ratio only of the two
respective throws is required, and the
constauts occurring in the equations need
not be found. If however the charge or
the flux is required in absolute measure,
we must by some means determine these
constants. The most convenient method
is to pass a steady current through the
galvanometer by means of a standard
Fia. 256. cell, a high resistance heing included in

the circuit. If a sufficiently high resist-

ance is not available, a known fraction of the electromotive force of the
cell may be obtained by means of a resistance box used as a shunt S
(Fig. 256). If then the effective electromotive force applied to the
galvanometer circuit be e, and r the resistance of the circuit,

. e
current t = v
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Then in the case of the suspended magnet galvanometer there will
G .. Ge
be a steady dellection 8,, where = tan g, thatis, -\" = tan 6,
H rll
.G rtan g,
CHT e
and the equation for ¢, on p. 253 becomes—
_ T sin 10
9= %r "tan 6;

which may be written ¢ = ,fm;- 0—, when 6 and 6, are small.

A
For the suspended coil galvanometer, the steady deflection 6, is
given by {AH = cf, (p. 241), ie. E—Arg = cf;, and substituting —rg" for
Al el 6

—5 " in the equation for g on p. 254, we have ¢ =+, - 6

We see that when the calibration is performed in this way we are
led to identical equations for the quantity of charge passing through
the galvanometer with both types of instrument. T is determined
by observing the time for a number of complete oscillations.

Capacities.-—If the condenser C be charged by means of the cell of
electromotive force e,, the charge on the condenser will be ¢,C = ¢, and
if this be sent through the ballistic galvanometer, we have from the
last equation—

A A
el 0<1 + 9 eT 0(1 + Q)
eC= 7= Sar 6, y or, C = Dareg ’ —(—)l——-

If the electromotive force e, used for charging the condenser be the
same as ¢, that used in cahibrating the galvanometer, the expression
N

for the capacity becomes C = ;;;00 It should be noted that if the

1
resistanco is given in ohms, C will be in farads
(see p. 396).

The charge and discharge key K (¥ig. 257)
is a useful one; on depressing it the condenser
is charged, and on releasing it, first one end
of the battery is insulated, and then the galva-
nometer circuit is closed so that the condenser
is discharged through it.

When a comparison of two capacities merely
is wanted, it is not necessary to calibrate the galvanometer; we
obtain a throw ¢, by discharging the first condenser C, through the

8
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galvanometer, having previously charged it by means of a cell of
electromotive force e, (Fig. 257), and then repeat the process for the
second condenser C,, obtaining the throw 6,.
Then C, = k@, and, C, = k0,
.G _6
(’3 02
Al

since the other quantities in the multiplier (k = 71;[(%" or, k= f;c%l i )
are constant, and therefore k is constant.

If one of the capacities be a standard, and the cell have known
electronotive force, the instrument may be calibrated by finding the
constant & from the relation q = ¢C = k6, but it should be noticed
that the constant determined in this way may only be used when the
galvanometer is on open circuit. When the circuit is closed, the
resistance is not the same, and in general the time of oscillation T will
be altered.

Resistance by Method of Damping.—In the casc of a ballistic
galvanometer, the resistance to the motion of the moving part when
the circuit is open, is due to air friction, viscosity in the fibre, and to
the induced currents in any neighbouring masses of metal. This
whole effect is very small in a well-designed instrument, and we may
consider the cffect to be a couple, whose value at any instant is propor-

tional to the angular velocity, and ma y therefore be written p I which

opposes the motion of the suspended part. When, however, the circuit
is closed, the motion of the suspended needle causes the coil to be cut
by a magnetic flux, and a current to be induced in it proportional
to the angular velocity, and nversely as the resistance of the coil,
and the reaction between this and the p(,rma.nent field gives rise to a
retarding couple which we may write R csf, where m is a constant
involving the magnetic flux due to the magnet and the area of the coil.

The equation of motion of the suspended part may then be written—

dt2 +(R+ )dt"‘c‘"o

where T is the moment of inertia of the moving part, and ¢ the con-
trolling couple per unit deflection when this is small.

&0 1/m dd ¢
Thus, et i +e)g +10=0

or,

ao o, 40 0
‘(‘u_.-f—lb;lt + k% = 0,

when, I(R +p)-..2b and Tc—k’
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The solution of which is (see p. 337)—
0=Ac¥cos Sk =1L
™

Thus the elongation §, when ¢ =0, is A; and §, when ¢ = T — b

Y Q.
is —Ae Y%= and so on. Succossive elongations being in opposite

directions, the opposite signs of alternate elongations will bo omitted,
and we have—

~b-, "
o _ 1 , 6 _ € W= _ 1
b ‘-07‘:":; 0. ;b/\/k‘:tb- (—bw,:r-b-’
aren e W
Thus, log.d =)\ = J k{m:_ = logarithmic decrement.

Now, for the galvanometer to be ballistic, b must bo small in
comparison with %, so that wo have —

_ b )\/l
=K —”21(R+P

= “(R + Pl)’
where p, = 3; , and a i3 a new constant.

Let the logarithmic decrement A, be determined with the galvano-
meter on open circuit ; then & = w0,
and, A, = ap,.
Again, let it be determined with the galvanometer short-circuited,
Ry being the resistance of the galvanometer itself.

Then, N = a(ﬁ; + p.),

and again, with a total resistance R in circuit—

1
XR = G(R’ + I)l)'
Subtracting Ay from A, we get—

1 1
— A = a( - ).
Ay = Ax R, " Ik
Subtracting A, from A we get—
a
Ap = A=,
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Now, dividing the last cquation but one by the last—
Ay —Ar R-=Ry

AR AT R,

R — R, is the resistance added for the third determination, and
henee it can be found in terms of R, or vice versd.

This method must be modified in the case of a moving coil
galvanometer, for on short-circuiting the coil, the motion becomes dead
beat ; but two high resistances may be comparved ; for if R, and R, be
the total resistances, including that of the galvanometer, and A; and Ay
the corresponding logurithmic deciements—

Ay = ap,,

1
=y + pl),
1
A, = G(RJ + 1’1)9

TFrom which as before—

HVRD U LN )
N=XAT R T
]{3 A~l - ’\n

R, TN =N

Measurement of Magnetic Induction.—If a closed coil be rotated
L . _ namagnetic field, current flows in it owing
A to the electromotive force produced by the

% H change in the magnetic induction linked with

— % > the coil. Let the coil have effective arca A
and the magnetic field in which it is situated

be uniform and of strength H. Then, if the

——————>—  plane of the coil make angle § with tho direc-
Fic. 258, tion of the field (Fig. 258)—

magnetic induction linked with coil = HA sin § = N,

Hence, as the coil rotates—
dN  d(HA sin §)

=W T T T a4
and at each instant the current ¢ is ;—.
_ _HA d(sin 6)
T Ty A

. HA .
or, tdt = ——'r—' d(sxn 9).



IX. . EARTH INDUCTOR 261

If, then, 0 =f—f at time ¢ = 0; and —?,. at the end of an interval of
tine ¢—
0="_7
[tt':lt =q= —][‘\ -41(\in 0),
0 r 3
0=,
”
IL\[ ] 2ITA
= - sin 6 = -
r - r

If, then, the coil is in series with tho ballistic galvanometer,
calibrated in the usual way —

21
ZHA = k0,
r

rk

or, H=:
’ JA

6,

where k is the constant determined by the ordinary method (p. 257).

When H is the horizontal component of the earth’s magnetic ficld,
the coil is known as the Earth In-
ductor, Fig. 259, and the method may
be used for determining H. On the
other hand, if H be accurately
known, the method is a convenicent
one for calibrating the ballistic gal-
vanometer.

Care must be taken that before
and after rotation, the coil shall he
at right angles to the meridian, as
otherwise the charge passing round

9
the coil is less than ‘-E:—A—‘. The cor-

rect position is that in which a
maximum throw is obtained for a
sudden rotation of the coil through
180°. Fia. 259,

The vertical component of the
earth’s field may be found by laying the apparatus on its side so that

the coil is horizontal before and after rotation. Then V = ;Iiav,
“it

and the dip may be found by taking the ratio of the throws produced
in the two positions—
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rk rk
2A031 V= g_ 0\')

A'4 .
tan (dip) = H= g-::.

Tt should be noticed that in measuring a magnetic flux, the total

H-=

. . . . N
amount of charge caused to circulate in the circuit is + where 7 is the

resistance of the circuit, and consequently to get the greatest effect on
the galvanometer, r should be as small as possible. With the suspended
coil galvanometer, » must not be indefinitely reduced, for this would
have the effect of rendering the galvanometer dead beat, whereas the
relation between charge and throw depends on it being ballistic.
Hence for the measurement of small values of the flux it is desirable
to use a suspended magnet galvanometer, which, even when short-
circuited, is usually sufficiently ballistic for the purpose. For large
values of the flux, a suspended coil galvanometer may be used, a high
resistance being put into the ecircuit without unduly diminishing
the sensitiveness ; in fact, for measurements of magnetic permeability
(p. 274) it is generally necessary to reduce the sensitiveness in this
way, tho additional advantage of rendering the galvanometer ballistic
being attained.

In the measurement of capacity no such difficulty arises, for the
amount of charge caused to pass through the galvanometer is indepen-
dent of the resistance of the circuit. Hence the greater the number
of turns in the coil of the galvanometer the better, and the sensitiveness
of a high-resistance galvanometer is therefore greater than that of one
of low resistance.

Standards of Magnetic Flux.—Standard magnetic fluxes are very
useful for the calibration of ballistic galvanometers. One form of such
standard consists of a long solenoid, on
the middle part of which is wound a
secondary coil of a great many turns,

If the solenoid have =, turns per
centimetre length, the magnetic field in

P S, S, P, the interior when a current { absolute
Fia. 200, units flows in it is 4mwn (p. 229). If

then A be the mean area of section of
the solenoid, the total magnetic flux across any section far removed
from the end is 47n,iA. 1f the secondary coil has n, turns the effective
amount of magnetic flux linked with it is 4mn,iAn,. This flux enters
it on establishing the current in the solenoid, and leaves it on stopping
the current, and if the ballistic galvanometer be connected to the
-secondary terminal 8, 8, (¥ig. 260), the charge caused to circulate
through the galvanometer on starting or stopping the current is

4mnn,Al . N .
™2 absolute units, where r is the resistance of the circuit. Since
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all these quantities are easily measurable, the method is a convenient
one for calibrating the galvanometer,

Another convenient source of flux is the Hibbert magnetic standard
(Fig. 261). A block of hard steel has a cylin-
drical slot cut in it. The steel is magnetised
so that the magnetic flux cuts radially across
the slot. A circular coil C wound on a hollow
brass cylinder can be dropped into the slot, and
in doing so cuts the magnetic flux due to the
cylindrical magnet. The number of magnetic
lines must in the first instance be determined
by comparison with some such standard as that
last described, and it is found that owing to
the form of the permanent magnet the flux
remaing very constant and forms a useful and 11a. 201.
easily employed standard.

Grassot Fluxmeter.—The passage of the electric charge through
the ballistic galvanometer must have ceased before the moving system
has moved appreciably, or the impulse wall not be applied to the system
in its position of equilibrium, and our equations no longer apply. For
measuring magnetic fluxes, the Grassot fluxmeter has the great advan-
tage over the ballistic galvanometer, that the change in flux need not
take place instantaneously, or at any particular rate, the moving coil
being at rest before and after the change, the difference in position
being proportional to the change in flux linked with the circuit. This
result is attained by reducing to a very small amount all sources of
damping other than that due to the clectro-
magnetic effect between the permanent field R
and the coil as it rotates, until this becomes s
the predominating control. The coil BB (Fig. -

262) is suspended by a single silk fibre attached ) bos

to the spiral spring R to prevent damage from j‘

shocks. The current enters and leaves the coil ) I
by two fine silver spirals, 8 and §. The s’gf‘:
mechanical control is thus very small, and the
damping due to the air resistance to motion is
usually insignificant, so that the only effective
damping is that dueito the induced current in
the coil as it rotates, in fact the period of
oscillation of the coil on open circuit is of the
order of a minute.

The terminals L and I are connected to
an exploring coil, the variation in flux through Fra. 262.
which, it is required to determine. If the
effective area of the exploring coil be known, the magnetic induction
can be calculated from the flux (N = BA). With the exploring coil
connected, the total resistance is of the order of 20 ohms, and the coil
will remain practically at rest in any position.
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When the flux through the exploring coil changes, there will be
an electromotive force acting in the circuit, and consequently a current

in it, whose value is s=1i where r is the resistance of the circuit and

¢ the resultant electromotive force. The coil therefore experiences a
couple iAH, A bemng the effective area of the galvanometer coil and
H the field due to the permanent magnet.

. do
StAH =1 dt

where I is the moment of inertia of the moving coil and w its angular

. la .
velocity, so that (d(t, is its angular acceleration.
. eAH dw .
'lllcn, - N = (l[ « & e e s ¢ (l)

Now e is the difference between the electromotive force due to rate of
change of flux in the exploring coil (ﬂl(—ll;) and that in the galvanometer
coil due to its rotation with angular velocity o in the field of the
permanent magnet.  The latter is Allw, or AH Zf, where 8 is the

angle the coil makes with its mean position.

Thus, e = ( ’f;j — Allow ) ,

N
and from (i), Arﬂ (jllt - All jto = I(ZJ" '

Integrating, we have—

t t
AH [ saN a6 do
; f (dl —AIIdl)dt=Ij o a.
1] 1]

t=t
Now the last integral is [m] , and since the coil is at rest before
t=o
and after the change in flux, both these limiting values of w are zero.

t
) AN 6
- fo(m- - AN Y =0,

t t

or, [N] - AH[o] =0.
0 0

ie. N = AHO = I,
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where N is the total change in magnetic flux linked with the exploring
coil, and 6 is the corresponding change in position of the suspended coil.
This relation is independent of the time during which the change in flux
takes place. Thus to measure a flux, all that is necessary is to put the
exploring coil into the space in which the flux is required, in performing
which action the coil cuts the flux to be measured, and the displacement
of the galvanometer coil measures at once this flux. The coil is
provided with a pointer moving over a scale so calibrated that with an
exploring coil of definite resistance the flux for one division of the scale
is known. A mirror is also attached to the moving system, so that by
means of the deflection of a spot of light, very small magnetic fluxes
may be measured, but in this case the scale must be calibrated by using
a known flux to determine the constant & in the expression N = k6.



CHAPTER X
MAGNETIC PROPERTIES OF MATERIALS

Theories of Magnetisation.—Passing over the early theories of
magnetisation, which accounted for the phenomena by the existerrce
of two magnetic fluids (Coulomb), and others by means of vortices
(Decartes), we come to the first approach to a molecular theory, due to
Poisson, who supposed that the magnetic materials contained small
spheres which are conductors of the magnetic fluids, and in a magnetic
ficld behave in an analogous manner to that of conducting spheres in an
electric field. The next advance was due to Weber, who assumed that
the molecules of a magnetic substance are themselves permanent
magnets, and that in the act of magnetisation they are turned into the
direction of the magnetising ficld. In order to account for the fact
that a field, however weak, will not set all the molecular magnets
parallel to the tield, and therefore produce saturation, a mechanical
restraint opposing their rotation was postulated. Prof. J. A, Ewing
added to the molecular theory by showing that the magnetic inter-
action between the molecules themselves is sufficient to account for the
known behaviour of magnetic materials. Ewing’s theory will be
considered more in detail later, but we shall take the molecular
hypothesis as fully. established.

Intensity of Magnetisation and Magnetic Susceptibility.—We
define the intensity of magnetisation (1) of a magnctised material as
the ratio of the magnetic moment to the volume of any piece of it, the
piece being sufficiently small for us to consider its magnetisation
uniform.

magnetic moment
Thus, I=—"2 .
volume

If a rectangular piece of the material (Fig. 263) have length I parallel
to the direction of magnetisation and cross-section a, then if o is the
amount of pole per unit area of each end, we have, when the magneti-
sation is uniform,—total pole at each end is ao, and the magnetic
moment is lac. But the volume is la,

lao
sI= Ta = a.
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Thus the intensity of magnetisation may also be defined as the
amount of pole per unit area taken at right angles to the direction of
magnetisation.

If the volume taken be situated in the interior of a magnetised
body, o is not free pole, in the sense that it produces an outside eflect,
for it is situated indefinitely close to an equal and opposite amount of
pole upon the adjacent layer. 1t is only where the magnetic poles form
the outside layer of the material that their effects are not balanced by

F¥ia. 203, Fia. 264.

that of opposite poles, and the ordinary polar phenomena are produced,
as at A and B (Fig. 264).

The ratio of the intensity of magnetisation (1) at any point within
a body to the magnetic field (H) to which it is due is called the
magnetic susceptibility (k) of the malerial. 'Thusk =}II.

Induction within a Magnetic Material—The magnetic induction
(B) has already been defined on p. 234 as the product pH, where 1 is
the strength of magnetic field, and p the permeability, which we have

m,my
309

seen is defined from the relation I' = for the force between

poles situated within the material. We will now obtain the value of
B in terms of T and H.

On placing a bar of unmagnetised material in a uniform magnetic
field, the material hecomes a magnet

on account of the rotation of its mole- — -~ < - -
cules into alignment with the field, - s ) b e
and if the resultant of the field pro- " | . Ch e e

duced by the magnet and the original  _ N S N
field be found for every point, we 4 - Sf | ]N e/
have then obtained the field actually A B I

existing, For external points there =~ < LS T
is no difficulty when the field due to N s S
the magnet is known ; at points such - - - T—
as I and f (Fig. 265) the field is Fia. 265.

strengthened, and at g and & it is

weakened. Within the material, let us imagine a surface AB of unit
area, drawn at right angles to the direction of magnetisation, in the
interspaces between the molecules. If the intensity of magnetisation
be I, the amount of pole on each side of the area is also I (see above),
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N pole on one side and S pole on the other. The field in this‘interspace
due to each polar surface is 271 (see p. 234) in the direction of magneti-
sation, and due to the two together it is 4xI. Thus the magnetic
induction (which is also the magnetic field in the interspaces where u
is unity) over this unit area is H, together with 41 due to the resulting
mugnetisat@on, and the total B, or uH, is the sum of these two,
o B=H 4 4rl.
Tt is this induction B, or uH, whose surface integral over a closed
surface ig, according to Gauss’s theorem, equal to 4w times the total
- magnetic pole within the surface.

. \\\/ .~ 'The magnetisation contributes to the
N

" .~7  induction; but owing to the prox-

—" 7 -~ imity of the molecular N and $ pol
O\ > . imity of the molecular N and S poles
— - 7__——  toeach other, it does not contribute
a1 F - to the force on a pole of finite size
T N situated in the medium. The re-
T T S~ T sultant state of affairs may now be
T N represented on a diagram by draw-
-~ TN *~. ing the resultant induction every-
Fia. 266. where. In the space outside the

magnetic material the problem re-
sembles that for a bar magnet placed in a uniform ficld, and we are
assisted in completing the drawing for the interior of the material, by
remembering that the induction inside is continuous with that outside.
The last diagram now becomes modified to the approximate form
shown in Fig. 266. A similar diagram for a sphere is shown in

Fig. 153.
“On dividing the last equation through by II we have —
B 1
i =1+ A
that is, p=1+4+ 4xk.

Thus, if by any experimental means % be determined, x may be
calculated, and vice versd.

Demagnetisation. — It must be

H > understood that H in the above ex-

pression is the actual field producing

magnetisation within the material, and

S N that if there are free poles upon the

specimen they will always produce a

field which is in opposition to, and must

be subtracted from, the original field,

Fia. 267 within the material, to obtain the

e resultant magnetising effect. Thus,

for a magnet NS (I'ig. 267) each pole produces its own radial field,

the resultant being the ordinary field due to a pair of poles. At the

middle of the magnet this field is opposed to the magnetising field H,
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and thercfore exerts a_demagnetising effect upon the bar. Tt is for the
purpose of removing the free poles that produce this demagnetising
cffect, that permanent magnets are usually provided with soft-iron
keepers, the keeper producing poles equal and opposite to those of the
magnet, and being very nearly coincident in position with them, these
poles produce & ficld equal and opposite to the demagnetising field.

‘Whatever the form of the magnet, the demagnetising ficld is pro-
portional to the strength of the pole to which it is due, and this in turn
is proportional to the intensity of magnetisation, so that the demag-
netising field is equal to NI, where N is a constant depending on the
geometrical form of the magnetised body.

If then I is the magnetising field when the body is absent, and
H that actually existing in the interior of the body—

H=H-NIL
N may be caleulated in a number of simple casecs when the

interior hield is uniform, but this is not in general the case. On
p- 235 we saw that the resultant field inside a sphere of permeability u,

. .. 3 .
situated in a material of permeability p, is ITT:*I)/_; times the extcrnal
2 T =4y
field. If now we cousider a sphere of iron of permeability p situated

in air, the resultant interior field is times the original field, that

‘ 2 p
is— 3
=, - I,
H=gy T
Remembering that, p=1+ 4xk,
and that, I = kH,
we then have, H=1MHW - 3irl,

from which we see that for a sphere, N = jw. Thus, with the value
w = 1000—

= 3 H

' H = 55:H) wle

and since B = pH— ¥

B = #2201’ = 3H' approximately.

100

If there were no demagnetisation effect, B would have -
been 1000 1’ ; and hence the important part played
by the free polar surfaces in this case.

The effect is greatest for a magnetic sheet per-
pendicular to the field. In this case the surface con-
dition (ii.), p. 234, tells us that B = H' (Fig. 268). Fiag. 268,

B

Further, B = uH, M
But, p=1+44dnk, .. H(1 4 4=k) = H,
H=H - 4rL.
5o N =da.
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For a permeability of 1000, the actual field inside the sheet is only
1o55 of that outside.

In the case of a very long wire parallel io the field, the demagneti-
sation effect throughout the greater part of the length of the wire is
negligible, owing to the distance away of the poles at the ends. When
the wire is not very long, Ewing® treated it as an ellipsoid with the
axis parallol to the field of much greater length than the axes perpen-
dicular to the field.

For an ellipsoid having semi-axes, a, b and ¢, when ¢ is the long
axis, parallel to the field, and a = b= /1 —¢¢, it is shown in
“ Maxwell’s Treatise on Electricity and Magnetism,” vol. ii., that—

N= (G- 1) (o3 08y 0 - 1),

and using this equation, the values of N corresponding to different

c . .
values of 2 ratio of length to diameter of the wire, are calculated—

length
diameter N.

50 0-01817

100 0-00540

200 0 00157

300 000075

400 0 00045

500 0 00030

Thus for a wive of length equal to 500 times ils diameter—

H = H' — 0:000301,

!

H_ 1 + 0-00030%.

or, =
k does not often exceed 200, and for this value—e
H'
H= 1 06.

Thus, the field is reduced about 6 per cent. by the free poles. The
magnitude of the effect shows that in measuring the susceptibility of an
iron wire, it is usually necessary to correct the magnetising field for the
demagnetising effect of the free poles upon the specimen.

1 J. A, Ewing, “ Magnetic Induction in Iron and other Metals.”
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Practical Methods.—(i) Magnetometer. For material in the form of
a wire, the magnetometer, as devcloped by Ewing,! is usually employed
in studying the magnetic propertics. The specimen is placed vertically
inside a magnetising solenoid, with its upper pole on a level with the
needle of the magnetometer of the type shown in Fig. 7. If then a
be the area of cross-section of the wire, the strength of pole at each end

R

is Tu, when intensity of mnagnetisation is I, and the strength of field at

Fia, 269,

1
the magnetometer needle M due to the pole A is d‘: (Fig. 26Y9). That

I
due to the pole B is ~ 5 i—p, the horizontal component of which

. Ta.d
is — @ F s ’l‘)‘ ,and the resulting horizontal field due to the specimen

1 d
is Ia{ag - m} When this is at right angles to the controlling

field £, then the deflection 6, is given by—

L, (dgiﬁ)i} ftan 6.

If the specimen is very long vthe term @ is small, but in any

+ (dF + Uy
case it may be calculated. The effective length ! is about three-
quarters of the length of the wire. If the controlling field f be known,
T can then be found in terms of the deflection §. The magnetising field
H' is known in terms of the current ¢ in the magnetising solenod ; n
being the number of turns per centimetre length of coil, H' = 4mui,
where 7 is in absolute units.

' J. A, Ewing, ** Magnetic Induction in Iron and other Metals.”
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There are several disturbances to be allowed for. In the first place
the solenoid produces a magnetic field at the magnetometer. This effect
is climinated by placing the vertical circular coil C, whose axis passes
through A and M, in series with the solenoid and adjusting its distance
from M, with the specimen removed, until on passing the current
the magnetometer needle is undisturbed. This balance, if perfect for
one current, holds for all currents, and the disturbing effect of the
solenoid on the needle is then eliminated. The coil C serves another
useful purpose, for if we disconnect the solenoid and observe the
deflection 6, produced by a current 7, in C, we can obtain the value of
the contiolling field f. Calling the distance of M from C, z, the field
Qrna,

(4 + a)} (see p. 228), where n is the

at M due to the current in C is
number of turns in C.

2mna’i,
V(a4 2!

from which f can be found.

The second disturbance is due to the fact that the specimen is
always magnetised by the vertical component of the earth’s magnetic
field. To eliminate this effect a second solenvid 1s wound upon the
first (not shown in the diagram) and the current in it adjusted until,
on demagnetising the specimen, the magnetometer needle remains in
its true zero position when there is no magnetising current. This
earth neutralising current is maintained constant during the experi-
ment.

Having made all the adjustments, a series of values of 6 and 7 is
observed, beginning with the slider of the rheostat in the position R;,
so that the value of the magnetising current is small. The current is
then increased step by step to a maximum by moving the contact from
R, to R, 6 and ¢ being observed at each step. The current is then
diminished in a similar manner to zero, then reversed by means of the
key K, increased to a negative maximum, diminished to zero, and
finally reversed and increased to its original positive maximum. The
series of readings of § and ¢ are then converted by constant factors,
determined as above described, into the corresponding values of 1 and
H', which may then be plotted in the form of a curve. In the
case of the ordinary reflecting magnetometer, the deflection is usually
sufficiently small to use 6 instead of tan 6, without appreciable error.

Then—

= f tan 6,,

2rna’, 1 d -t
I= (a® + 2716, {{F T (@ F 12);} ‘a?
H' = 4imni.

If the currents are measured in amperes, each of these expressions
must be divided by 10.
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The dotted curve H' for a specimen of steel piano wire is shown in
Fig. 270. To obtain the curve connecting I and H from this, the demag-
netisation effect is to be allowed
for. To do this the line Ogis drawn
through the origin, making angle
pOq such that the tan pOg = N.
But H =-H' — NI. Then,

pq = Op tan(pOq) = Op . N = NI.

Thus, pq = H' — H, and drawing
ef = pq, horizontally from the point
e of the H' curve, we get the corre-
sponding point f on the H curve.
The whole curve is then corrected
in the same way. This is equivalent
to shearing the H' curve through an
angle tan™' N to obtain the true H
curve, and obviates the necessity of
calculating the demagnetisation ef-
fect H'— H or NI for every reading. 16, 270.

(i1) Ballistic Method.—In this
method the total magnetic flux in the material is measured by means
of the ballistic galvanometer. The material in the form of a ring,
usually of circular cross-section, is wound uniformly with an endless
solenoid which produces an approximately uniformm magnetising field
47, T

10
ammeter A.

A secondary coil of n, turns (Fig. 271) is also wound upon tho ring,
and is cut by the magnetic flux Ba, on eostablishing the magnctising
field, B being the magnetic induction in the material, and o the area
of cross-section of the ring. Tn series with the secondary coil is
a ballistic galvanometer G.  The charge caused to circulate in the

. Ban, . .
galvanometer is then —~i}3-“, where R is the resistance of the secondary

(p. 232), where the current I in it is measured by the

B
circuit, and if § be the galvanometer throw, ~il:3 = k. kis determined
by means of the standard flux produced by the straight solenoid n, and
its secondary n, (p. 262), and if 8, be the throw produced by establish-
ing current I, in this standardising solenoid—

4mn,1,An,
o = Fo
The two secondaries n, and n, being permancntly in series with the
galvanometer, R is the same in both cases, and therefore, eliminating &
from the last two equations, we have—
T
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41rn3n‘A£ 0.

= "10an,8,
From this and the equation-—
4mn,
H=+,1L

the ballistic throws @, and the ammeter readings I, may be converted
into the corresponding values of B and H.

Fia. 271,

From an inspection of Fig. 272 it will be seen that on establishing

a field Ok, and then removing it, the reverse throw on removal will be

less than the direct throw on pro-

8 P Jducing it, since a large fraction of

M ducing it, since a large fraction o

b = the magnetisation remains ; in fact,

f the throw obtained on establishing

. or removing the field depends so

g much on the previous condition of

. T the specimen that it dves not afford

7% # any useful information regarding
1ts condition.

A better method of procedure

is to obtain the throw for a reversal

b of the field, which of course gives

i 2B instead of B, for any value of

TFia. 272, H. Thusin ¥ig. 272, if the value of

the magnetising field is Ok, and this

bereversed to O’ = — Ok, B changes from Ob to Ob, that is, the ballistic

throw is proportional to bb' = 20b. Instead of halving the value
obtained for B to get that corresponding to the magnetising field Oh,
it is usual to use a reversal of the current I, when obtaining the
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standardising throw 6,, and since the throw for a reversal is made in both

) ) .. 4w, ALS
cases, the numerator and denominator in the quantity - 10an6, are
both halved, which of course leaves it unaltercd, and the fact of reversal
may be ignored.

The method of procedure then is to apply the greatest magnetising
current that is going to be used, and adjust the resistance R, until
the ballistic throw on reversing the current by means of the key K
(Fig. 271) makes full use of the galvanometer scale, but still lies
upon it. This resistance must then remain constant throughout the
observations. A few reversals of tho current bring the iron into a
steady cyclic condition, and then the throw @ for the reversal of the
current 1 from positive to negative and again from negative to positive
is observed, and the mean value of the two taken. The current is then
reduced by means of the rheostat R,, the repeated reversals performed
and the process repeated. This is continued down to the smallest
currents that give a reasonable throw. 'The #'s are then converted
into B’s, and the I’s into Il’s, and the results plotted in the form of a
curve. In Ifig. 272 the curve OMP is obtained in this way for a ring
of soft iron, and the permeability p is calculated for cach value of H
by dividing B by H.

In tlus method there are no free polar surfaces, the tubes of
magnetic induction being complete circuits within the iron; there is
therefore no demagnetising effect, which is one of the advantages of
this over the magnetometric method. Another advantage is that the
galvanometer, if of the suspended coil type, is much less sensitive
to outside magnetic disturbances than the magnetometer needle.
Thus the employment of the magnetometric method requires the hest
laboratory conditions for success, but the ballistic method can be
carried out almost anywhere. On the other hand, the ballistic method
requires the welding, turning to circular form, and separate winding
of each specimen examined, whereas in the magnetometric method
any piece of the wire to be tested can be immediately placed in the
magnetising solenoid for experiment. Then again the ballistic method
does not, as a rule, give us the cycle of magnetisation, but only the
curve passing through the tips of the cycles for various magnetising
fields.

Cycle by Ballistic Method.—If a cyclic curve of magnetisation be
required, it may be found by modifying the key K, Fig. 271, by
replacing one of the cross conductors ab by a rheostat R, (Ifig. 273).
In making the reversals to establish the steady cycle of magnetisation,
the short-circuiting tapping key T can be closed. To make the first
measurement, T is kept closed and the rocker which connects ¢ to d
and f to b thrown over to a and ¢, which simply reverses the current.
The reversal of L from the value OE to OF (Fig. 274) causes a throw
proportional to the change of induction AB, and this is plotted
downwards from A, the point C on the curve being obtained. Ths
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process is now vepeated with I' open, so that the magnetising field
OE is reversed to the value OG, the corresponding throw being
proportional to AL. This gives us the point M on the curve.
T is then closed, the reversals made to re-establish the cycle, R; in-
creased, 1' opencd, and another throw obtained, giving the point

Fia, 273. Fia. 274,

P on the curve. The point S is found by merely breaking the circuit
to reduce the ficld to zero, the throw proportional to AR being
obtained. Points such as T are obtained by diminishing the field
OFE or suddenly increasing, by a small amount, the resistance of R,
(Fig. 271). 'Tbe other half of the cycle may then be drawn from
symmetry.

The values of I may be obtained from those of B by means of the
relation B = I + 4«I. Thus the I—H curve may be derived from
the B—H curve, and vice versd.

Cycle of Magnetisation— Hysteresis.—The behaviour of magnetic
materials when subjected to cyclic changes of magnetic field, were first
systematically studied by Prof. J. A, Ewing, and for a detailed study
of such cyclic changes, the student is referred to Ewing’s work on
“ Magnetic Induction in Iron and other Metals,” A typical cycle is
soen in Fig. 275, the behaviour of the material being represented by the
curve OABCDEFG. It will be observed that the descending branch
of the curve always lies above the ascending branch. Hence the zero
value of I occurs at alater point of the cycle than the zero value of H.
To this lag of the magnetisation behind the magnetising field Ewing
gave the name of Hysteresis.

The value OC of the intensity of magnetisation when the mag-
netising field is reduced from great values down to zero is called the
Residual Magnetism. The value OP of the reversed field required to
reduce the intensity of magnetisation to zero, is called the Coercive Force.
A knowledge of the intensity of magnetisation near saturation, together
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with the values of the residual magnetism and the coercive force, enablo
one to draw approximately the magnetic cycle, and hence, failing the
complete diagram of the cycle, these three quantities give avery good
knowledge of the magnetic properties of the material.

The condition of the material at a point in the cycle represented
by D, is very different from that of the
neutral or unmagnetised condition repre- I
sented by O for a further negative field De
produces a large increase in the intensity of
magnetisation represented by ef; while an
equal negative ficld Og, applied to the un-
magnetised subtance, would only produce the
small intensity gk. Or again, if, when the
point I. on the cycle is reached, the magne-
tising field, instead of being continued in
the negative manner is brought back to its
positive maximum, the dotted curve LD is
followed, or if the return is made on reaching
the point D, the path is the dotted curve Fia. 275,

DMDB, in either case a closed loop being

formed. Thus if the field is merely removed after the point D has
been reached, there will be remaining magnetisation of intensity OM,
and the specimen is certainly not demagnetised. The only satisfactory
way to demagnetise a specimen is to take it repeatedly through
cycles of continually decreasing range, ending with extremely small
cycles ; for the effect of one or two reversals of the field is to wipo
out the effect of previous cycles, provided that there is not a great
difference in range between the cycles. A specimen of iron may
be demagnetised by heating it to red heat, and allowing it to cool
in a region of no magnetic field ; but this method is unsatisfactory,
as the hecating and cooling change the physical propertics of the
material,

Iron and Steel.—In Fig. 276 the curves are taken from Lwing’s
results, A is for annealed soft-iron wire, and B for the same wire after
being hardened by stretching. C is for annealed pianoforte steel wire,
and D for the same wire, glass-hard. We can see that the harder the
material, the less is the residual magnetism, and the greater the coercive
force. In Fig. 277 we have the curve E for annealed nickel wire and F
when hardened by stretching. G is that for cobalt (containing 2 per
cent. of iron). The curve for nicke! resembles that for soft iron, but
the saturation value of B is only about one-third of that for iron. The
cobalt curve resembles that for steel, but the ascending and descending
branches lie closer together, The saturation value of B for cobalt is
very little short of that for iron and steel. The coercive force for
nickel is about 7°5 and for cobalt 12.

The effect of mechanical disturbance such as tapping is to make the
ascending and descending branches for soft iron very nearly coincide ;
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the residual magnetism and cocrcive force are practically zero, The
effect upon steel is in the same direction, but is not sc marked,

Fia. 276.
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Work due to Hysteresis.—The act of taking a body through a cycle
of magnetisation involves the expenditure of energy; for the energy
required to magnetise a specimen is not recoverable on removing the
magnetic field, since the magnetisation does not fall to nothing; a
negative field has to be applied before the intensity of magnetisation
is brought to zero.

We will show from first principles that the work necessary to
produce a change dI in the intensity of magnetisation is HdI, dI being
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go small that the magnetising field H may be considered to be constang
throughout the change.

Let m be the magnetic moment of one of the molecular magnets of
the material, and 6 the angle its axis makes with the direction of
magnetisation.

m cos @ and m sin @ are the components of its moment parallel and
normal to the direction of magnetisation. Then for the whole of the
magnetic molecules throughout unit volume, Sm cos 6 == T, the total
magnetic moment per unit volume, and further Nm sin § = 0, other-
wise there would be a component of the magnetic moment at right
angles to the direction of magnetisation, which is contrary to the very
meaning of the term '

¥rom the former equation we have—

d3m cos 0 = dL
ie. —3m sin §.d0 = dI.

Now the couple acting on the molecule m in the field H is m1I sin 6
(Tig. 278); and for a small rotation —d# the work done is

—mll sin 6. d6.
For all the molecules in unit volume—

work done = — 3mll sin 6. d6,
= —H3msin 0. d0,
since I is constant. But this means an increase dl in the intensity
of magnotisation, and

—~3msin§.db = dI,
.. work done = HdT.

Thus in the I—H diagram, Fig. 279, the work done for the small
change dI in the intensity of mnagnetisation is Hdl, that is, the arca of

1
b
/‘ N.—>
//7‘0{0
0
; >H .
¢ H
Fic. 278. Fia. 279,

»

the strip ef, and that in passing round the curve from a to d is the
area of all such strips, that is the area abecdfa. Similarly the
work done for the path dka is represented by the area dkabed ; and the
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balance of work done on the specimen of unit volume, for the whole

cycle is area afdlka; thus / Hdl is the work done for any cyclical path,
0

where [ is the integral round the whole path. We can therefore see

o

that the work for a cycle of magnetisation of steel is much greater
than that for soft iron, since the hysteresis curve encloses a much
larger arca. This work appears in the form of heat in the specimen
and represents an irrecoverable loss of energy. Not only is energy
lost, but the heating effect is cumulative, and in a mass of iron
subjected to an alternating magnetic field, as in the armature core of
a dynamo, or the core of a transformer, the conscquent rise of tem-
perature may be considerable.  For this reason the iron used for these
purposes has as low a hysteresis effect as possible.

The area f HdI may be obtained from any of the I—H cycles,

0
paying due regard to the scale upon which the curve is drawn. If the
curve be one for B and H, the area must be divided by 4= to obtain the
work done per cubic centimetre per cycle.

For, B =1 + 4T,
- HdB = Hall + 41T,
and, f HdB = f HAH + 4 j HdL.
0 0 ]

The term | HdII is necessarily zero, for if we plot II against II, we

0
get a straight line, and the area enclosed for any cycle will of course
be zero.
The value of | HdI varies from about 10,000 ergs for annealed soft
0
iron to 117000 ergs for hardened pianoforte steel wire.

Taking the density of iron as 7-7 and its specific heat 011,
the thermal capacity of 1 c.c. is 7-7 x 0°11, apd the rise in tem-

Hdt
perature per cycle of magnetisation is T~ 0'1—;74‘2 <107 degrees ;

the mechanical equivxilent of one calorie being 42 x 107 ergs. Fora
value of 50,000 for / HdI, and a frequency of 100 cycles per second,
0
we have a rise of temperature per second of—
50000 x 100

77 x 011 x 42 x 107
or 8-4° per minute, provided that the heat produced did not leak away.
Hysteresis Tester.!—The importance of this hysteresis loss of

' J. A, Ewing, Inst. Elec. Eng., vol. 24, p. 898. 1895,

= 0'14°,
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energy in a magnetic material led Prof. Ewing to devise a piece of
apparatus by means of which the hysteresis loss in a specimen of the
material may be found, without making the laborious test for finding
the magnetic cycle. The specimen is rapidly rotated between the
poles of a permanent magnet, which is supported upon knife edges
to enable it to turn about a horizontal axis (Fig. 280).

As the specimen rotates, it is magnetised by the field of the

Fra. 280.

permanent magnet, the lag in polarity causing it, by the attraction
between the respective poles, to drag the magnet after it. The
deflection of the magnet is measured by the pointer and scale, and is
proportional to the bysteresis effect in the specimen, being independent
of the speed of rotation. This may be shown in the fullowing
manner :—

Let H be the field due to the permanent magnet at any point,
and 4 the angle between H and the direction of magnetisation of the
specimen at the point. As the specimen makes one complete rotation,
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its magnetisation at the point considered goes through a cycle, and
the work done due to hysteresis is | HdI per unit volume.

0
Thus, at the point considered, H in this expression must be replaced
by H cos 6, and further, I = kH cos 6, where k is the susceptibility.

o dl = —kH sin 6. d6.
Therefore the work done for one cycle is—

/ 1 cos O( —kH sin 6)d6 = — f KH? sin 6. cos 6. df.
[ 0

Again, to find the couple exerted on the specimen,—I is the
magnetic moment of unit volume, and the couple on it is therefore
111 sin 6, tending to rotate the specimen into the direction of H, and—

I =Z%H cos 6,
o couple = kH* sin 6. cos 4.

The mean value of this for a complete rotation is—

f FHsing.c000.d0
0 =, /kH‘*’sino.coso.dO.
«T) 0

f do B
(1]

Comparing this with the expression for the work done due to
hysteresis, we see that the variable parts are identical, and therefore
the mean couple acting between the specimen and the permanent magnet
is proportional to the hysteresis effect, and is independent of the speed
of rotation. It is balanced by the gravitational couple, which is
measured by the deflection of the permanent magnet from its mean
position.

The instrument is calibrated by means of two specimens, one of low
and the other of high hysteresis value, and the samples to be tested
are made of the same size and shape as the standards, the length being
the important quantity to have correct.

Steinmetz Law.—An empirical formula for the work done in a
cycle of magnetisation has been given by Steinmetz' which is very
useful for many practical purposes; it states that the work per cycle
is proportional to the magnetic induction raised to a constant power
which ranges between 1:66 and 1-70.

Thus— f HdI = 7B,
[

where 7 is a coefficient depending upon the material, and B the
maximum value of the induction during the cycle.

1 Q. P. Steinmetz, Electrician, 26, p. 261 (1891) ; 28, p. 425 (1892),
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For very soft iron » = 0:0020.
» hardened steel 7 = 0:025.
,» annealed cast-steel % = 0:0080.
» nickel 7 = 0012 to 0:038,
» cobalt 7 =0012.

The law only roughly represents the truth, and can only be used for
approximate purposes.

Iron and Steel Alloys.—Many substances, such as silicon,
chromium, tungsten, and manganese, in small quantitios, profoundly
modify the magnetic properties of steel. Thus chromium, tungsten,
or manganese, in small quantities (up to 4 per cent.), greatly increase
the coercive force, in some cases up to 40 or even 50, while 12 per
cent. of manganese (Hadfield’s mangancse-steel) renders it almost
non-magnetic at low fields, the permeability being about 14 for all
fields.

Magnetic Alloys of Non-magnetic Substances.—Tt was found by
Heusler! that it was possible to producoe an alloy of non-magnetic
substances that shall itself bo magnetic. Thus several alloys of
manganese, aluminium, and copper, and of manganese, aluminium, and
zine, exhibit marked magnetic properties. An alloy of 26-5 por cent.
Mn, 14-6 Al, and 589 Cu, has a permeability of 225 for a magnetising
field of qtton«bh 20.'  The magnetic behaviour of these nlloys depends
very much upon their previous condition with regard to temperature.

Force between Magnets in Contact.—When two magnetic polar
faces are in contact, as in the case of a soft iron core divided trans-
versely, there is a force pulling the two polar faces together. Lot o
be the amount of pole per unit area of face, N on one side and S on
the other.  Then each produces a field of strength 27o, and the other
polar face being situated in this, experiences a force ro* = ¥ per
unit area. T hc two faces are not in contact at more than a few points,
and the strength of field H in the air interspace is 4o = I1 (p. 268).

H*
WP =
87

But the magnetic field being normal to the faces, the value ()f H

in the gap is equal to the value of B in the iron (p- 234).
.
LR Sw‘

Weak Magnetic Fields.—The experiments described above are not
sufficiently delicate to determine the form of the curve of magnetisation
very near the origin. Lord Rajyleigh? has cxamined this point, and
finds that for very weak fields % and p are constant, and hence the
I—H and B—H curves are practically straight lines near the origin,
and are inclined to the axis of H. The method he adopted was to
place the specimen inside a magnetising coil B (Fig. 281), with its end

! Fr. Heusler, “ Verh. D. Phys. Ges,” 1903.
* Lord Rayleigh, Plul. Mag., 28, p. 225. 1887,
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very close to the magnetometer needle. For moderate ficld strength
the effect on the magnetometer needle is balanced by a coil A, in
series with B.  On varying the current, the balance is still perfect if
the permeability is everywhere constant, but

A B if that of the specimen varies, the effect of A
and B on the needle will not change at the same

rate, and the balance is destroyed. With a

piece of Swedish iron wire the balancing was

made with a field of strength 0-04, and it was

found to remain perfect as the ficld was reduced

to 0:00004. Hence, for these fields the per-

meability is constant. Up to values of H

equal to 12, the following formule gave, fairly

Fig. 281, well, the values of & and w.
k=644 511L
= 81 + G41L.

Time Lag.—Prof. Ewing found that in the case of soft iron, the
specimen did not take its final value of the magnetisation instan-
taneously, and in employing the magnetometer, an interval had to be
allowed to elapse before reading the deflection, to allow the magnetisa-
tion to creep up to its full value. This renders the readings taken by
the ballistic method somewhat uncertain, but if the ballistic galvano-
meter were replaced by the Grassot Fluxmeter (p. 263) this difficulty
would be removed. With hard iron and steel, Lord Rayleigh found
that there was no time lag for weak
fields. Using a method similar to
Lord Rayleigh’s, Prof. Ewing ' found
that annealed wrought iron took in
some cases as long as 60 seconds to
creep up to its final magnetisation
for tields not exceeding 01, but the
greater part of the magnetisation was
acquired within 5 seconds. A cycle

Fic. 282. of magnetisation may therefore be

produced in a variety of ways. Thus

for the weak field Oh (Fig. 282) suddenly applied, the resulting
intensity of magnetisation is ha, but after a time this creeps up to hb.
If the field had been applied very slowly, the path Ob would have been
followed. On then suddenly reversing the field bd’ is the curve fol-
lowed, and with time the point ' is slowly reached. Another reversal,
followed by a pause, gives the path ¥'db. Thus for a cycle consisting of
rapid reversals, the magnetisation curve is aoa’oa, and there is no
hystersis loss ; for very slow change of field the curve is bob'ob, again
with no hysteresis; but for any other change there is always a loop

v J. A. Ewing, Proc. Roy. Soc., 46, p. 269. 1889.
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and consequently hysteresis loss, reaching a maximum for the path
bd'b'db.

Very Strong Fields.—In order to determine whether the intensity
of magnetisation really approaches a limiting saturation value, as in-
dicated by the molecular theory, Prof. Ewing and Mr. Low ! employed
what they called the Isthmus mcthod. The specimen forms a neck or
isthmus between the tips of the conical poles of an electromagnet.
They showed that for greatest uniformity of field at the neck, the
semi-angle of the cone should be

39° 14’ while for greatest value of
the field it should be 54° 44'. Both

A

R

|

QY

\

0

P
{

forms were used. The magnetic

induction in the specimen forming  -f-

the neck was measured by winding

N
N

a coil on it and rotating it through -
180°, the throw of a ballistic galva- = —
nometer in scries with the coil being ==
observed. In order to make the Fra. 283,
rotation possible, the tips of the
pole pieces are bored through transversely by a circular hole abed
(Fig. 283), and an iron bobbin with the neck as shown placed to fill
the hole. The strength of magnetising field is determined by winding
a second coil outside the first, so that it encloses an air space of known
scction. The difference in the ballistic throws for the two coils is
proportional to the maguetic flux through the air space between the
coils, and therefore to the magnetising field.

The results for a specimen of Vicker’s tool steel are given below—

H B I p
6210 25480 1530 410
9970 29650 1670 2:97

12120 31620 1550 2:60
14660 34550 1580 236
15530 35820 1610 2:81

It will be seen that the intensity of magnctisation has become very
nearly constant, and u seems to be approaching the value unity, which
it should have for infinite fields if I ceases to increase; for we see from
the expression—

B =H + 4xI,

that if H becomes very great compared with 4x1, the latter is negligible,
and B=H,orp=1.

t J. A. Ewing and W. Low, Phil. Trans., A., 180 (i), p. 221. 1889,
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Variation of Temperature.—All magnetic materials vary in sus-
ceptibility when the temperature changes. Hopkinson found that
in general the susceptibility increases with rising temperature when
the specimen is subjected to a weak magnetising field, but for
strong fields the reverse is the case. At a dull red heat, iron loses
its magnetic properties entirely, the: temperature at which this occurs
varying from 690° C. to 870° C. for different materials. The
change does not take place suddenly, but in a few degrees’ rise in
temperature the iron changes from a highly magnetic to a non-

B G
15000 1 : 0°C
—_—t
e 670°C
10000 1 S R——— ;] ) °c
]
e} e - e 77/°C
$000 :
1
t
T 4: L el H
10 5 20

Fic. 284.

magnetic substance. This critical temperature is also the temperature
at which recalescence or the sudden reglowing of a mass of cooling iron
occurs, and it was shown by Tait that the thermo-electric power of the
magnetic metals undergoes rapid changes at the critical temperature.
Evidently some important molecular rearrangement occurs at this
temperature, and that this arrangement is intimately associated with
the acquirecment of magnetic properties on cooling, is shown by the fact
that non-magnetisable manganese steel (12 per cent. Mn, 1 per cent. C)
does not exhibit the phenomenon of recalescence.  From Fig. 284,
taken from Hopkinson’s results, it is seen that in the case of soft
wrought-iron, for fields helow 0-5 the susceptibility increases with
temperature, while for strong fields the susceptibility falls with rising
temperature, as will be seen on comparing the changes of B with
temperature along the vertical lines F' and G. At a temperature of
788° the material has become non-magnetic.

__If the permeability be plotted against the temperature for three
fields 03, 4, and 45, the diagram, Fig. 285, is obtained. It will be
seen that for low magnetising fields the permeability increases rapidly
as the critical temperature is reached, but for high fields in which
the value of B is of course much nearer saturation value throughout,
the permeability is not so much affected by temperature, and in all
cases the permeability becomes zero at 785° C.

' J, Hopkinson, Phil. Trans., A., 180 (i), p. 443. 1889,
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For nickel, Hopkinson ! found the critical temperature to be 310° C.
and the general course of the phenomenon similar to that in iron.

Ewing has shown 2 that there is no temperature hysteresis unless
the range of variation of temperature includes the critical temperature.
That is, on heating and cooling the metal in a magnetic field the
intensity of magnetisation at any temperature is the same when the
temperature is falling as when it is rising. .

1t has been found by Curie® that besides the great change that
takes place at the critical temperature, there are others at still

1000
vl
N
b
X
500 4
H=420 —
B
=45
200 <00 600 785 ;wo"c
Fia. 285,

higher temperatures, the most important of which consists in a sudden
rise in magnetisation at 1280 C. On plotting the magnetisation-
temperature curve to a very large scale, it is seen that between 750°
and 800° C. the intensity of magnetisation drops to one-hundredth of its
value, and then continues to decrease, with a slight inflection at 860 C.
At 1280° C. T suddenly rises from about 0-025 to 0:040, and from then
again decreases.

Mechanical Stress.—The effects of mechanical stress upon the
magnetic properties of materials are exceedingly complicated, but the
following are the most striking.

It was found by Villari¢ that for weak fields, longitudinal tension
increases the magnetisation, but for strong fields the reverse is the
case. Thus the curves for annealed soft iron wice subjected to a pull
are as shown in Fig. 286, after Ewing.® Also the effect of varying the
load in a cyclic manner, when the field is constant, is similar in character
at all fields, but varies in amount with the field. With a magnetising
field of 0-34 the effect of increasing and then decreasing the load is

! J. Hopkinson, Proc. Roy. Soc., 44, p. 317. 1888,
2 J. A. Ewing, Phil. Trans., 176, p. 523. 1885,

3 P. Curie, Compes Rendus, 118, 726, 859, 1134,

¢ E. Villari, Pogg. Ann., p. 322. 1868,

* J. A Ewing, loc. cit.

\



288 ELECTRICITY AND MAGNETISM CHAP.
seen in the lower dotted curve (Fig. 287), and on again increasing
and decreasing the load, the curve becomes cyclic, as shown by the

]
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Fia. 286,

full ine  With a magnctising field of 2 49 the effects are similar
and are much more marked. Fewer reversals are necessary to reach
the cyclic state at high magnetising fields than at low fields. In

I
800
6004

4009

2001

Load of 1Kilo = Stress of 23 kilos
per sg m m.

Fia. 287.

the case of steel and hard iron there is no hysteresis, the chain curve
in the figure being typical of the changes which take place.
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In nickel the Villari reversal is absent, the effect of longitudinal
pull being to decrease the magnetisation for all field strengths, while, on
the other hand, the effect of longitudinal compression is to increase the
magnetisation.!

The effect of longitudinal tension upon the magnetisation of iron was
also investigated by Lord Kelvin,® who found that a transverse stross
had the opposite effect to one applied longitudinally. From this, many
interesting and complicated eftects may be expected when a magnetised
wire is subjected to torsion, which effects have been experimentally
obtained.

Magneto-striction.—The changes in dimensions caused by magnectisa-
tion have been studied by
Shelford Bidwell,® who oh-
served the increase in length
by a system of two levers
and a mirror, so that by
means of the deflection of
a spot of light, he could
measure a variation of one
ten-millionth of the length
of the specimen. 'The varia-
tions in length for iron,
nickel, and cobalt are given
in Fig. 288, which is taken Fia. 288.
from Bidwell’s results. The
effect of applying a tensile stress to the iron at the time of magnetisa-
tion is shown in the dotted curves, where the ordinates indicate the
elongation due to magnetisation while under stress. The curve
changes continuously in character from that under no stress, to that
under a stress of 1950 kilos. per square centimetre.

Molecular Theory.—The molecular theory of magnetisation, due in
its original form to Weber, has been improved and contirmed by sub-
sequent experimenters, until now it iy used universally for explaining
magnetic phenomena. The essential truth of 1t rests upon a few simple
facts, namely, the production of new poles when a permauent magnet
is broken transversely, and the saturation which occurs in very strong
magnetic fields. Again, there is never an excess of one kind of pole
over the other in any magnetised body, which may be proved by show-
ing that there is no resultant force producing translation acting upon a
magnet in a uniform field. If a magnet be floated upon a cork on
water it is seen that the magnet rotates into the meridian but does not
move bodily in one direction or the other, as it would if the amount of
N pole on it were not equal to the amount of S pole.

S
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<

Elongaticn

<
<

Retraction
N
8

' J. A. Ewing, Phil. Trans., A., 179 (i), pp. 325 and 333. 1888,
* Sir W. Thomson, Proc. Roy. Soc., 27, p. 439. 1878.
? Shelford Bidwell, Proc. Roy. Soc., pp. 109, 257 (1886) ; Phil. Trans , p. 469
(1890) ; 179 @), p. 205 (1888).
1]
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These effects follow at once if we consider a magnetic body to be a
collection of molecular magnets, which in the neutral or unmagnetised
state of the body are oriented indiscriminately in all directions, but,
in a magnetic field, are rotated into its direction to an extent which
increases with the field.

In order to get over the difficulty that all the molecular magnets
should not, even in the weakest field, rotate entirely into the direction
of the field, and thus at once produce the condition of saturation,
Weber assumed that the molecules are subject to restoring couples
acting towards their neutral position and of an amount propartional to
the displacement. This, however, does not account for the phenomenon
of residual magnetisation, and Maxwell suggested that the restoring
couples resemble the strain in a solid substance; for small effects the
elasticity is perfect and there is no hysteresis, but for strains beyond
the elastic limit, the recovery is not perfect and hysteresis is exhibited.
Wiedemann suggested that the opposition to rotation is of frictional
character, which explanation accounts for the phenomenon of hysteresis,
but it would follow that the magnetisation for very weak fields would
be zero when the directive force due to the field is less than that
required to overcome the frictional resistance to turning. Lord
Rayleigh, however, showed that the susceptibility is not zero but has a
constant value differing from zero, for extremely weak fields (p. 283).

Prof. J. A. Ewing suggested that the only restraint on the molecules
of which a magnetic substance is composed, is due to the magnetic
forces occurring between neighbouring molecules, and he showed how

the phenomena of residual magne-

I3 s tism, hysteresis, and the other effects
RS in varying field could in this way

N be accounted for. The student is

Yz

s o > referred to Ewing’s book on ¢ Mag-

| \ s N’ netic Induction in Iron and other

, , Metals,” for a full account of this

N N theory, but a general idea of it may

W tiny () be obtained from a few simple con-
Fia. 289. siderations.

Consider two neighbouring mole-
cules (Fig. 289). With no external magnetising field they would, if
free to turn, set themselves in line (i). In a weak field H, they would
be slightly deflected into the direction of the field (ii), but the force
between N and 8’ would prevent their swinging round into the direction
of the field. As the field is increased, an unstable state would be
reached, when the couples due to the field are greater than the re-
storing couples due to the poles, and the condition (iii) will be attained.

For a group of four molecules, Fig. 290 (i) represents the condition in
zero field, (ii) is the arrangement just before instability is reached, and
(iii) the state just beyond instability. Any further increasein the field
can only produce a further slight increase into alignment with the
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field. A curve of magnetisation corresponding to this group of four
molecules is indicated in Fig. 291, and it will be seen to have some
resemblance to the actual curves of magnetisation for iron (Kig. 284).
When it is remembered that a piece of magnetic material consists of
an infinite number of groups of all degrees of stability, it will be seen
that the groups will not all break up at the same time, and the angular
curve of Fig. 291 will become the flowing curve of magnotisation of
Figs. 272 or 28t

By means of a model consisting of a number of pivoted magnets,

P S e
\/SN\//"/NS\'\mS 3
()

() (1) (tv)
Fra. 290,

the whole cycle of magnetisation may be traced, as the magnetic field
undergoes a slow cycle,

The effects of stiess, of temperature, and of mechanical vibration
are all shown to be consistent with
the above theory. !

An interesting result, pre- (v)
dicted from Kwing’s theory, which i
was afterwards verified by ex-
periment by Prof. Baly! is that
in a strong field, when all the mole-
cular magnets are nearly in align-
ment with the field, if the field be
caused to rotate, instead of being (n)
reversed with constant direction, ;)
the molecules will all turn with the Fia. 291,
field, and the work done in a rota-
tion should be zero. As there is no return to unstable grouping with
subsequent remagnetisation in the opposite direction, the phenomenon
of hysteresis. will therefore be absent. It was found that for rotating
instead of alternating field, the hysteresis loss diminished after the
strength of the field was increased beyond a certain amount.

The Magnetic Circuit.—We have seen that magnetic flux is dis-
tributed circuitally, for at the surface of separation of two media the
normal magnetic induction is continuous as it crosses the surface (p. 234),
and in a uniform medium the tubes of induction are continuous. Con-
sider a tube of induction whose cross-section at any point is g, the value

! F. G. Baily, Phil. Trans., A., 187, p. 715. 1896.
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of the induction at the section being B. The total normal induction or
magnetic flux over this cross-section is Bs, if B is uniform ; and if B is
not uniform then S Bds is the flux. This quantity is constant for every
section (p. 234) and is therefore characteristic of the tube.

Let us now find the line integral of the magnetic field for a circuital
path round the tube of induction. It may be expressed in the form

Hadl, if H is everywhere parallel to the element of the path di, which

0
will be true if the tube is sufficiently narrow; but in any case
H Cos edl will be the line integral, where ¢ is the angle between the

0
directions of H and dl. This line integral is the work done on carrying
a unit pole once round the path, and by analogy with the corresponding
electrical case, it is sometimes called the Magneto-Motive Force
(M.M.F.) round the complete circuit formed by the tube of induction.
We have seen that the line integral of the electric field round any
closed path is equal to 47 times the total curvent linked with the path.

4l
KR fﬁl[dl: o

where T is the current in amperes flowing in a wire linked with the
magnet circuit, and n the number of times the two circuits are hinked
together.  The product nl 15 frequently called the numher of ampere-
turng linked with the circuit, and hence we may now write for any
magnetic circuit —

M.M.T. =‘%g X (ampere-turns).
Again, for the circuital tube of induction—
magnetic flux N = Bs = uITs
~H= N
u8
and, MMF. =J 130} =J Ndl N al
[ 0 #8 0 #8

since N is constant for the circuit.

3

O N= M.M.F.
dl
8
By analogy with the case of an electric current circuit for which—
. EMF.
{ = —p—

] Sdi
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Sdl
where f -5 is the resistance, S being the resistivity at any point, the

il .
quantity ;—J is frequently called the magnetic resistance of the circuit.

L]
It must be remembered, however, that the resemblance is only in the
form of the expressions, as there is no such thing as a magnetic
current. The quantity N, although called a magnetic flux is only a
statical condition defined by the relation N = fuHds.
When the shape of the tube of induction is completely known, and

il
also the value of p at each point, the quantity l;w can be found. In

o

certain simple cases the circuit may consist of several parts, for each of
which g and 8 are constant, and when this is so, the magnetic resist-
ance of the whole circuit is the sum of the magnetic resistances of these
separate parts. In many other cases, where the boundary of the
circuit considered is not everywhere parallel to the direction of the
flux, useful approximate values for the magunetic resistance wmay ho
obtained by following a similar method, but 1n this case the maguetic
circuit is not perfeet, and uncertainty in calculation is introduced by
the uncertainty of the dimensions of the nearest perfect circuit.

The following examples will illustrate the method :

(1) Ring wound with Iindless Solenoid. —In this case the magnetic
circuit consists of one homogencous iron ring; B, I, and p being
approximately constant for all points. The magnetic resistance of the

N -
ring is ="""
0#3 ns

Hence if there are n turns per centimetre length of ring, total

turns = Zzrn.  With current I amperes in each turn-—

ampere turns = 2xral,

and M.MF. = 41rs 2mrnl) |

10
4(2mrnl)
T 10 4mnTus
PN= =T
ra
N 47"”[/}.
But, B= s 10
B 4mnl
&nd, H= ,: = —1‘0’)

a result which we obtained previously on p. 232.
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(ii) Ring with Small Air-Gap.—If the air-gap have thickness d
(Fig. 292), the magnetic circuit consists of two parts (2ar — d) cms.

9

. . . . Zar — d . .
of iron, having magnetic resistance P and d cms. of air, having

. . d .
magnetic resistance -, since u = 1,
8

. . Onr —d d
.. whole magnetic resistance = = —— 4 -
12 8
o 24 (p =D
= s .
_ Ax(2arnl) LA
T.hen, N=-— 10 ?ﬁ;r-{-w—-l)d}'

By comparison with the value of N for
the ring without gap, it will be seen that
the magnetic effect of the gap is to increase
apparently the length of iron in the ring
by an amount (u — 1)d, which is approxi-
mately 1000d, when p = 1000. Hence the
enormous drop in magnetisation due to quite
a small gap.

N 4x2wral)p
Fia. 202, As before, B= P ]0;21rr+(/L—l)(l}’

and the actual value of H within the iron, where the permeability
18 p, is—

L 4#(‘2#@1) o

103 2mr 4 (p— 1 )df

Calling the,corresponding valuc of the magnetising ficld when there is

no gap, H'—

. An(2mral)
B == 0(2mr)
and we have—
II’_Qwr-l-(p.—l)d__l (/L-—!_)(i
H= " 2m =M+ 7

d
But e 0, the angular thickness of the gap;

wB=H+®=Up

T
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Now, p =1+ 4=k, o= 1 = dak,
and, EH =1,
H' =H + 210
4x0°

where 6° is given in degrees instead of radians, for—

360

0 ="5-9.
~T

40
360
comparison with the equation on p. 269,
that the gap produces a demagnetising
effect, the coeflicient of demagnetisation

The equation is therefore H = IT' — I, and it will be seen by

e lowlos-d -y

S| S

: ¢ . T T
being ’;(TiU' When the gap has a thickness wf s
of half a degree— /,

=1 ~00174T. b I
And it will be seen from the table on p. i
270, that the demagnetising effect of the <ly - -y
gap is nearly the same as that for an 54
ellipsoid whose length is fifty times its ¥ra. 293.
diameter.

(iii) Core of Electro-magnet.—In a complicated case such as the
core of an electro-magnet (Fig. 293), an approximate value of the
magnetic resistance may be obtained frows the dimensiwons of the
circuit. Thus—

for the air gap, magnetic resistance = o

1
. a1,
for the pole pieces " Y = Itr‘??
21
for the cores  ,, " = ’:;;,
l
and for the yoke i = =,
7 ” Ps8s

The total magnetic resistance is then—
12 2 1
8 e .U-z",; pass’
and if there are nl ampere turns—
4mnl o2y 2l

T =N+ 2

10 8 sy l—l;;z [0
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The value of B in the air-gap is N/s,, and since the permeability is
here unity, this is also the strength of field in the gap. The above
calculation is only an approximation, since the circuit is very imperfect
from the magnetic point of view, but it becomes more reliable as the
air-gap is reduced, since the magnetic induction in that case will be
more confined to the iron, less straying into the surrounding space.

Bar and -Yoke Tests.—The objections to the magnetometer and the
ring methods of measurement of permeability, consist in the necessity
for drawing the material
into the form of a wire in
the former case and welding
it into a ring in the latter.
Both processes produce phy-
sical change in the material,
and hence the desirability of
employing some method in

Fig. 204, which these processes are
unnecessary.  Hopkinson*
used a straight bar of the material and completed the magnetic circuit
by means of a heavy soft-iron yoke, so that there are no free poles
(Fig. 294). The magnetising coil is wound on the rod, the number of
ampere-turns being known. In the earlier experiments, the experimental
rod was constructed in two parts so that the secondary coil 8, which
is in scries with the ballistic galvanometer, might be jerked out of the
field on separating the parts of the rod. The joint, where the ends of
the rod are in contact, introduces an unknown magnetic resistance, so
in later experiments the rod was made in one picce and the ballistic
throw for a reversal of the magnetising current observed.

Then, if I, 8, and g, are the length, area, and permeability of the

rod, and {,, 8,, and g, the values for the yoke—

I 1,
magnetic resistance of circuit = —'- + - -
g Pi$ + 28y’
47nl L L,
; T o N
and, 10 ( 8 oSy ) ’

where nl is the number of ampere-turns in the magnetising coil.
Then if H is the magnetising field, and B the induction in the
rod—
N = Bs = p,Hs,;
4mnl

s H=
10(1, + 2;;‘_:%1).

* J. Hopkinson, Phil. Trans., 176, p. 455. 1885,
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If the rod alone formed a complete magnetic circuit so that there
were no free poles, as in the case of the ring, we should have had—

4mnl

H =75

and we see that the yoke is equivalent to an additional length Tan
of rod. This is mado as small as possible by making s, and p, large,
the yoke being of high permeability soft iron, and as massive as
possible.

Double Bar and Yoke.—The method has been modified by Prof.
Ewing! by using a double bar and yoke in such a way that the error
due to the yoke is eliminated.

The equation for H on the last page, may be written—

H = 4-n-n£ _ Qs,y.,l{

But j,H = B, the induction in the rod;

4mnT L Loy 1
..11:»101-_1,( )l.

1 8phy

Two rods RR are employed, which ate united at their ends by two

...................................

Fra. 295.

massive soft-iron yokes YY (Fig. 295). Then, for any given value of
g\ . . .
B, the quantity B(a‘—sl) is constant for the given yokes, and writing e

in place of it, we have, taking I as the length of the rod —

4mnl e

U= -v
4mnl .. , . .
Now Tor B the magnetising field H' due to the coil when there is

! Ewing, “ Magnetic Induction in Iron and other Metals.”
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no correction to be applied on account of the magnetic resistance of
the yokes.

, €,
..H::H-—l

With half the length of rod, the equation would have been—

The measurement of the induction B is therefore made twice over,
the length of rod in the second case being half the length in the first,
with the same number of turns
per centimetre of the magnetising
coil in the two cases. 'This is
P ST attained by having the magne-
¢ /F 7E tising coils wound on two pairs of

bobbins, one twice the length of

the other, the first having 100

turns on 1256, i.¢. 47 cms., and the

other 50 turns on 6 28, ¢.e. 27 cms.,

0 H 50 that in each case dmnl =10 x L
Fia. 296. 10!

A curve of B and H for each
arrangement is obtained by the ballistic method in the ordinary way,
and the curves for H' and H" plotted as in Fig. 296. Then for each
value of B, such as OD, we have seen that—

B H H’

H'-H =H' - H.

Hence if G be made equal to EF, i.c. to H" — II', the point G is
situated on the true or corrected B—H curve.

The two bars must be of the same material, and the B—H curve
being found, one of the bars may be compared with a bar of any other
material, having the same dimensions, by the rapid method to be next
described. The experiment with the double bar and yoke is carried
out in a similar manner to that with the ring (p. 274), a set of
observations being made with each pair of magnetising coils. The
secondaries of these and of the standardising coil are permanently in
series, so that the resistance of the secondary circuit is not changed
during the experiment.
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Permeability Bridge.!—The rod A, standardised by the double bar
and yoke method, and B the rod to be tested, are placed between
massive yokes CD as i the double bar and yoke test, the direction
of magnetisation produced by the magnetising coils being shown by
arrows in the plan in Fig. 297. The distance between the yokes 1is
12:56 cms., and the number of turns upon A, 100, so that the
magnetising field in A is

10 x I. Thenumber of turns E l F
upon B can be varied by -7 -
means of a switch or plugs, - G TN

until the induction is the
same in the two rods, the
ratio of the number of mag-
netising turns upon A and B
when this balance is obtained
being the ratio of the two
magnetising tields required to
produce that particular value
of B in the two rods. 1f M
(Fig. 298) is a point on the
B—H curve found by the
last experiment (p. 297) for
the rod A, and the ratio N\ )t
LN : LM be that of the mag- ' { N
netising ficlds in B and A o :
for this value of the induction, (Plan)

the point Non the B—H cuive kg, 297,

for the specimen is found. The

whole curve ONH, may be found from the standard curve OMH
in the same manner hy taking the ratio of the magnetising turns for
various values of the induction B.

The test for equality of the values of I3 in the two rods is made by
ohserving that the suspended magnet G (Fig. 297) remains stationary
when the magnetising current, which passes through the two
magnetising coils in series, is reversed. This shows that there is no
magnetic flux passing from C to D through the soft-iron horns K and
F. Ience the flux entering the yoke C from the specimen B is equal
to that leaving C by the specimen A, and the same for the yoke D,
and the magnetic induction in A is therefore equal to that in B.

Permeameter.—For testing the magnetic properties of iron in bulk
without the necessity of making specimens of it into a wire or
rod, C. V. Drysdale® has devised the instrument which he calls the
permeameter. By means of a specially designed drill, a hole is hored
into the matcrial, leaving a central pin A (Fig. 299). Into the hole is

1 J. A. Ewing, The Electrician, 87, p 41. 1896.
$ C. V. Drysdale, Journ. Inst. Elec. Eng., 81, p. 283. 1902,
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inserted an iron plug E carrying a bobbin upon which the magnetising
and the secondary coils are wound, the bobbin fitting on to the pin A.
It will be seen from the diagram that the magnetic circuit lies within
the material to be tested, except at the small portion of its path where

4‘ ”,,// 3
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it passes through the iron plug E. The author describes several
methods of making the tests, but the most satisfactory is to obtain the
B—H curve as described on pages 274 and 275,



CHAPTER XI
VARYING CURRENTS

Tre laws which govern the flow of steady currents in conductors are
inadequate to determine the value of the current when changing.
From Ohm’s law we can define the resistance of & conductor to steady
current, and then calculate the electromotive force required to
produce any current in the conductor. When, however, the current
varies, the magnetic tlux linked with the circuit varies, and we have
seen that this variation in the magnetic flux linked with the circuit
means another electromotive force acting in it.  Again, there may be
accumulation of electric charge at some part in the circuit, and this
also implies a changing electromotive force in the circuit. For sim-
plicity, we shall in the first place neglect this last effect, which is only
of importance within certain limiting values of the capacity in the
circuit, and confine our attention to the effect of the changing magnetic
flux. The effect of capacity will afterwards be treated, and finally the
circuit will be dealt with, in which the effects are all taken into
account,

Inductance.—When the magnetic flux linked with a circuit is
changing, an electromotive force acts round the circuit, whose value
is the rate of change of the flux (p. 249). Thus—

__dN
‘=T

Again, for current i in the circuit there is always a magnetic flux
linked with the circuit ; let this flux be i, Then—

N=l. .. ... ....0

d(i di )
and. e=_%g=_L@ C ()

provided that Iis constant, which is true so long as there is no material
of variable permeability in the neighbourhood of the circuit.

‘When the current ¢ is increasing, we may, by the laws on page
948 and 249, show that the induced electromotive force ¢ is in th
opposite direction to the current ; consequently work is being performed
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at the rate ei ergs per second, the energy appearing somewhere in the
circuit (p. 60). That is—
rate of working = ei

'
= =U. di ©rss per second

and for the total work done in opposing this E.M.F. while the current
i, is being established —
¢ ; L)
—folig;dt = - z/o idi = — Mg .. . (i)
t, being the final steady value of the current.

The quantity I which appears in these three equations is called the
Coetlicient of Self-Tnduction or the Self-Inductance of the circuit; it
may be defined from (1) as the flux linked with the circuit when unit
current flows in it ; from (i) as the E.M.F. round the circuit due to unit
rate of change of current in it; and from (1ii) as twice the work done in
establishing the magnetic flux associated with unit current in the circuit.

The three values of / are constant, and are, moreover, identical so
long as the medium comprising the magnetic circuit linked with the
current has constant magnetic permeability, hut when w is variable the

three values are neither

identical nor constant, and
the inductance of the cir-
cuit may be defined from
either of the equations, the
question of the most con-
venient definition for any
particular problem, being
1 decided by experience.

Thus, if OEA (Fig. 300)

be the curve connecting
N the total magnetic flux and the current ¢ in the circuit considered,
it is of the same form as the B—H curve, the scale only being changed ;
for N = Bs, when B is constant across any section of the magnetic
circuit, or fPds in any case; and the magnetising field is everywhere
proportional to the current. Then from equation (i)—

Fra. 300.

,_N_AD
4 OB
N d
Again, e= — %f 'cT:’

and %I;is equal to l%g, where AD is the tangent to the curve at the
point A ; hence—

| &

L

I

|
ol
I
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But from equation (ii)—

di
e=—lg
L _ADB
“1=pp

The work done in establishing the current is —

t t N
f eldt = — iéth = —-f tdN
0 o dt )
= area OBKANO.
But from equation (iii)—
work = — 11.OB?,
o 3. 0OB* = area OEANO.

wl= 2 area OEANQ
O

It will easily be seen that if OEA becomes a straight line, in which
case the permeability is constant, all these quantities arc equul and are
moreover constant.!

In practice the meaning of the term self-inductance must vary with
the conditions in which it is employed ; with iron in the circuit it
varies from value to value of the current, but without iron the term
has a definite meaning, and for a given conducting circuit it is constant
s0 long as the current does not change so rapidly that the distribution
of current in the conductor itself ditfers from that for a steady current.

Growth of Current.— While the current in a circuit is growing, the

electromotive force -—l%; is acting, and therefore the resultant
electromptive force overcoming the resistance of the circuit is
e — lg: , where e is the applied electromotive force due to outside
sources, Hence our equation from which to obtain the current,

d
changes from e = ri, for steady current, to ¢ — ! d‘ = ri for varying

t
current,

di
ld—:+ri =e.

This is the general equation of electromotive forces for a circuit
having inductance and resistance only. In order to integrate it let it
be written in the form-—

di
— =
e—r
{
} W. E. Sumpner, Phl. Mag. (Ser. 5), 25, p. 453. 1888,
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or, assuming ! to be constant —

! d(g‘—Tj)
-;. {_—T:———dt.

l

Integrating both sides, we have—
l e—ri
;loge(‘w'-l-—> = e t + k.

k is the constant of integration, to be determined from the conditions
of the problem ; for the differential equation represents the manner in
which the quantities vary with respect to each other, and its integral
is the total change in a given time, but will not give us the value of the
current reached at the end of this time, unless we know the value at
the beginning of the time during which the change has taken place.
Let the current at the moment of applying the external E.M.F. be
zero, i.e. let 1 = 0 when ¢t = 0. Then—

i e
- loge 5 = k,

and substituting this value for k we have —

1 e — 71l l e
h lOg'(ﬁ"',)_—rlog*l: -t
0—7'_1'__ "'Zl.

or, log, - e T T i

Writing this in its exponential form we have—
e—1ri _ "

R €
€

. e r
or, 1=—1-_(l —e‘;‘)

e .
s the final steady value of the current, and writing ¢, for this we
have—

i =il — e 1%
an equation which shows us how the current grows. The mode of
growth is shown in Fig. 301, in which the values of ¢ and ¢ are plotted.
Strictly speaking the current never reaches its steady value ¢ but

continually approaches it.
Thus for ¢ to equal #,—

e~ T =0,
Sotl=o00.
The rate of growth of the current may easily be found ; it is —
di T. :‘

=T = lf(i,,—.').
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This gets less as ¢ approaches its final value 7, but for any value of ¢
it is proportional to ; The rate at which a current approaches its
final value therefore depends upon the ratio I[ and not upon the
separate values of r and I.  Unless the circuit has a great many
turns, or the circuit includes iron, I is usually very small compared
with 7, so that the current approximates to its final valuo in a very
small fraction of a second.

4

- .
3x0 2 4x10 3Sec

3

z:/o'
Fia 301,

l —
The ratio s is called the Time Constant, A, of the circuit, and the

equation for the current may be written —

i =i,(1 — e7X),
After time X, i=i(<27)
1-718 .
=1 _j’,‘,l"s = 0'6321“. i
. . R . 1-718
Thus the time constant is the time in which a current reaches 2718
or roughly two-thirds of its final value. The four curves in Fig. 301
are drawn for values of the time constant equal to 4 x 10—-3,2 x 10—2,
103, and 05 x 103, and the time taken for each current to reach the
line A, where OA = 0-632/, is the time constant.

The variation in rate of growth of the current cannot be observed
with an ordinary galvanometer, but by using one having a very high
frequency for its moving part, as for example the vibration galvano-
meter (p, 380) the difference in rates of growth of current in an electro-
magnet and in an equal resistance having small inductance may easily
be demonstrated.

X
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Decay of Current.—If, when the steady value i, of the current has
been reached, the electromotive force be suddenly reduced to zero, the
variation of the current may be found, fore in our E.M.F. equation is
then zero.

l?g;'*'m.: 0.

Transforming the equation as before, we get—
1 i
—_—— " = dt
ro

l
and integrating, e logei= —t +Fk
When ¢t = 0, ¢ = 4,
l .
. ; log, 1y = k»
and substituting this value for k, we have—

i

IO" g ¢
o 10 l ’
_Te
or, 1= € ¢
= ioe A

Thus the greater the value of A, the more slowly will the current die
away, Fig. 302 illustrates the decay of the current for A = 4 x 10-?,
2 x 103,103 and 05 x 103,

It will be noticed that the growing and decaying currents are

t t

complementary, for if the currents i1 — e X) and i X be added

T LA
0™ 2x10°3 3x10 3 +x1073Sec
Fie. 302.

together, the sum is i, Hence the curves in Fig. 302 are those
of Fig. 301 inverted.
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The variation in rate of decay of the current in different circuits may
be demonstrated by means of the vibration galvanometer in a manner
sirilar to that described for the growing current (p. 305), but in this
case the circuit must be closed as the battery is cut out; it must not
merely be broken, as this would introduce an infinite resistance. The
result of this increase in resistance is that the time constant of the
circuit is reduced and the current drops at an enormous rate. The
eleetromotive force due to inductance, being proportional to the rate of
change of current, is then enormous, and is sullicient to cause a spark
or even an arc at the break in the circuit.

Inductance in electrical problems plays a similar part to mass or
inertia in mechanical problems ; its effect is to rvetard the growth of
the current or the motion, and similarly neither the current nor
the motion can be stopped instantaneously. The energy due to the
magnetic field linked with the current is 11i* ergs; that due to the
inertia of a moving mass is fmv* ergs.

Inductance of Solenoid.—In certain simple cases, the selfvinductance

of a circuit may be calculated from the definition e = —1. ;’—;, pro-

vided of course that the permeability is constant. In the case of a
solenoid having an air core, if b be its length, # the total number of
turns, and a its area of cross-section—

s
Field inside solenoid = =7, (p- 232)
. 4rnai
magnetic flux = -—-—.

b

If the solenoid is straight b must be great.
When i varies, any change in the flux ecuts the circuit »

times,
. d (41: nai)
se=—n

4rna di

ST dr

By comparison with the above equation for ! we see that—

4mn’a

1="

Coaxial Cylinders.—When the circuit consists of two coaxial
cylinders of radii @ and b, one being the return circnit for the other,
the magnetic field is confined to the space between them. For, a
circular path taken externally round them both encloses equal and
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opposite currents (Fig. 303) and, therefore, the line integral of the
magnetic ficld round the path is zero. Again, within the inner cylin-
drical current the magnetic field is zero, for a

¢ closed path in this region does not enclose any
] b.y current. It follows that the resultant magnetic

\ | y field is confined to the space between the cylinders
| and is that due to the current ¢ in the inner
ArcpoeiB! [=oo=] cylinder. At external points, the magnetic
C¥Fn |00 0] fields due to the two cylinders are equal and
oF——H¢! =21 opposite. This proves incidentally that the field
duc to a cylindrical current is the same at
external points, as though the current flowed

' along the axis, for the inner cylinder may be
N . .
reduced to as small dimensions as we please.
o
Fra. 803. The value of H at the point P is therefore =
r
and the flux through the area ABCD, where AD has unit length, is—

g b
—dr = 2i|log 7‘] .
,/a r - o¢ a

b

N = 2/ log. -.
Se o

Now when ¢ varies —

But, e.—_—-l~
. —0 o -
..I_.Jloo,a

per unit length of the coaxial cylinders.

Practical Unit (the Henry).—In the foregoing equations, all the
quantities have been given in absolute C.G.S. units, but in practical
work it is desirable to employ a unit in conformity with the system—
volt, ampere, ohm, etc. 'The unit chosen is called the Henry, and is the
inductance of a circuit in which a rate of change of current of one
ampere per second produces an electromotive force of one volt, The
relation of the henry to the absolute unit of inductance may be found
in a manner analogous to that employed in the case of the ohm (p. 62).
The volt is equal to 10° absolute units of electromotive force and the
ampere to 107! unit of current, whereas the second is the unit of time
on both systems, and thus, since—

di E volts
e=l‘—l-t; L=dI henrys,
7 MImperes per sec.
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1 volt _ 1u® absolute units of K.M.F.,
1 ampere per sec.” 10~ absolute unit of curient per sec.
= 10° absolute units of inductance.
Thus the inductance of a solenoid—
dmna

=10

and that of the coaxial cylinders on p. 308 is 2 x 10-* log, 215 henry.

or, | henry =

henrys, (p. 307)

In future we shall use the letter I to represent inductauce in absolute

units, and L-that in henrys. -
A convenient form of variable inductance made by Messi« Nalder

Bros. & Co., Ltd., is shown in Fig. 304. The two coils arc in series,

Fia. 304,

and one of them can be rotated so as to vary the resultant magnetic flux
due to the two. The scale on the instrument is calibrated in nullihenrys.

Charge and Discharge of Condenser.— On applying an electro-
motive force e, due to some extcernal source, to a circuit consisting
of a capacity in serics with a resistance, a current will flow for a time,
but electric charge is all the time accumulating upon the plates of the
condenser, and for charge ¢, the difference of potential between the

plates is % where ¢ is the capacity of the condenser; and this is

directed one particular way round the circuit. A current in one
direction will increase this, giving energy to the condenser, and in the
other the energy of the charge on the condenscr will be used in driving



310 ELECTRICITY AND MAGNETISM CHAP

the current. Hence the condenser produces an electromotive force in
the circuit, and the equation of electromotive forces becomes—

i1 4 =
¢ n+z-—e

Now the current in every part of the circuit
e being the same, it is equal to the rate at which
charge accumulates in the condenser.

. d ,
r s=d;1,or,q = [idt,
v ¢ d
Fia. 305. . 74.9_
s rdt+c_.e.

This equation may be solved in a similar manner to that on p. 303.

(e _ (_1)
er log. )= —t+Ek

If ¢ = 0, when f=0—

e
erlog,.- =k.
b'r
o1
. c t
» log, ==

¢
q=-ec(l = 5-5')
ec is the final steady charge in the condenser ; calling this ¢, wo have—
t
g =gl —e o).
The time constant in this case is cr,
-t
Sog=gq(l —e X).

If now the external electromotive force be roduced to zero, the
E.M.F. equation becomes—

dg L 9 _
r&t +<—7—— 0,
whence, dq = - t
q cr
t
logcq = _é; +k‘
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If ¢ = ¢, wWhen t = 0—

or,

7

r

Fra. 306.

The cuives for ¢ and ¢ for charge and discharge are drawn in
Fig. 306,

14

9o
cr

1=

-z

Fra. 307.
The equations for the current may be obtained from those for the

charge, remembering that ¢ = @



312 ELECTRICITY AND MAGNETISM CHAP.
Thus, for the charge—
. d it y b
$ = qut(l —€ )= ng o
and for the discharge—

. d, _¢
i-:q"dt(e cr) = —:loi ore

Since € = q.u s
C
9 _° _
e v b
1, being the value of the currcnt at the beginning of both charge
and discharge. It may be noticed that in both cases the current starts
with its greatest value and falls off exponentially; the discharging
current is negative, that is, it is in the reverse direction to the
charging current (Ig. 307),
Measurement of High Resistance by Leakage.—IFrom the equa-
tion for the discharge, we seo that ¢ fulls to about one-third of its
¢

Z 1
value in time A = ¢r; for, 9=k = o when ¢ = A If the time ¢

is to be measured with reasona.ble accuracy, it must be over a
minute, say 100 seconds. Thercfore cr must be at least 100. Now
the condensers of convenient size, found in every labovatory, have
a capacity of the order of a microfarad, that is 10-* farad, or 107
absolute units, where the practical unit of capacity, the Farad, is the
condensor which one coulomb will charge to a potential difference of
one volt. Hence for ¢r to have the value 100, when ¢ is 10~ r must
have a value of 10" absolute units ov 10® ohms. Hence a capacity
of 1 micro-farad discharging through a resistance of 10° ohms or 100
megohms (1 megohm = 10° ohms) will lose about two-thirds of its
charge in 100 seconds.

This gives rise to a convenient practical method of measuring
resistances of the order of 20 megohms and upwards ; for the condenser
is charged and then allowed to discharge through the resistance for
a known time ¢, From the relation—

- _ L
log. 9 - er?
N t
or, =
clog. P
1

¢ being known and 1° q ? being observed, r can be calculated. When the
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rate of leakage is small, 1o may be measured by means of the quadrant

electrometer, the deflection being read at known intervals, ,

b _e _q

6. ¢ q°
Or the condenser may he charged and instantly discharged through the
ballistic galvanometer. The throw 6, is then proportional to ¢, It
is again charged and allowed to leak for ¢ seconds through the resistance
and then discharged through the galvanometer. The throw @, is then
proportional to the charge ¢ remaining after ¢ seconds, so that—

t
§ S e——
0,
0,
It is advisable to obtain a number of readings of ¢ and 6 by
repeating the above process and plotting a curve of ¢ and log, 0" A
P

straight line lying evenly amongst these points may be drawn and

¢ log,

. ; .
from it a mean value of —_ obtained, from which 7 may be
log. ai
calculated.

Mutual Inductance.—We have already seen that a variation of the
current in a circuit is accompanied by an electromotive force in any
neighbouring circuit (p. 247). Thus if the current in the circuit A
(Fig. 248) varies, there will be an electromotive force in the circuit B,
d:’ due to this variation of the current in A. m is called
the coefficient of mutual induction or the mutual inductance of the two
circuits. The defining of mutual inductance is subject to all the
difficulties encountered in the case of self-inductance when the mag-
netic permeability is variable (p. 302). Tt may be defined as above, or
as the magnetic flux linked with the secondary circuit B, due to umt
current in the primary A. Thus—

d(mi) di

CET T T e T

when m is constant.

m may also be defined as the mutual potential energy of the two
circuits when unit current is flowing in each, and this again leads to
the same value of m when the permeability is constant.

Let i, be the current in the secondary circuit, and let it be situated
in a magnetic field whose value at the point P, Fig. 308 (i), is H, 6 being
the angle between the field and the circuit ab P. Then the force per
unit length of the circuit is ,H sin 8 (see p. 239), and for the small

equal to —m
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length 1 of the circuit, is 4,HI sin 6, and is at right angles to ! and H.
Let the element I be displaced in the direction of the force by an
amount 3z, then work done = 4,H sin 6.0.8x.

But H sin 6 is the component of H normal to the area L8z
swept out by the element
(Fig. 308 (ii)), and therefore
H sin 6.0.5z is the amount of
magnetic flux dN added to
or withdrawn from the total
amount linked with the cir-
cuit. Hence—

work done = 7,dN,

and [i,dN is the total work
done when the magnetic flux
N, linked with the circuit,
T'1a. 308. changes by the amount fdN,

1, being constant.

Tt is immaterial whether the circuit changes in size, or whether the
change in N is due to the alteration in the distribution of the flux, for
the work dono at each element of the circuit is proportional to the
value of H at the point, and to the relative motion of the circuit and
the flux; in fact the problem is similar to that of finding the work
done in the case of the change of volume of a gas, which is f/pdv, where
p is the pressure at the boundary and dv a small change in volume.
The same limitations as regard reversibility apply in the two cases.
If the permeability is not unity H must be replaced by B in the above.

Tf now the flux N is due to another circuit carrying current i, the
flux due to it and linked with both ecircuits is mz, and therefore
myiyi, is the work done in linking the flux m,¢, with, or withdrawing it
from 7, Similarly the current ¢, involves a flux m,i, linked with i,
and to withdraw this flux from ¢, involves an amount of work mu,,.
These two amounts of work must be the same, for if the two circuits
be separated to a great distance, the forces on the two at each instant
during the act of separation must be equal and opposite.

S mylydy = mglyly
and, my = my,
so that there is enly one value of the mutual inductance between the
two circuits, and the flux linked with the second due to unit current
in the first is equal to the flux linked with the first due to unit current
in the second.

Calculation of Mutual Inductance.—In any case in which the
flux linked with the secondary circuit due to current ¢ in the primary
circuit can be calculated, the mutual inductance may be deduced from

the relation e = —m Z—: Thus for the solenoid (Fig. 260) in which n
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turns of secondary are wound near the middle of a primary of n, turns
per unit length—
H = 4mng, and, N = 4wn,Ad.

This is the flux linked with each turn of the secondary,

ce=— n,-zdt(47r1,1Ai)

d
= — 4dzn,A '(T:,

from which, m = drnm,A.

If the flux due to the current in the primary is not all linked with
the secondary, as, for example, when the secondary turns are not all
wound near the middle of the solenoid, the mutual inductance will be
less than the above amount.

In the case of two identical circuits wound so that they practically
coincide with each other everywhere, the mutual inductance would be
equal to the self-inductance of either.

From the identity in form of the quantities self, and mutual, induct-
ance they are measured in the same units. Thus the henry is the
practical unit of mutual inductance, and is the mutual inductance of a
pair of circuits when a rate of change of one ampere per second in one,
causes an electromotive force of one volt in the other. We shall write
“m” for mutual inductance measured in absolute units, and “ M ” for
that measured in henrys.

In comparing inductances experimentally, it is often convenient to
have a variable standard of inductance, but 1n the case of self-induct-
ance there is the difficulty that the low values cannot be obtained, since,
however the positions of the two parts of the circuit (see Fig. 304) are
varied, the self-inductance can never be reduced to zero. Mr. A.
Campbell ! bas suggested instead, the employment of standards of
mutual inductance, since this can be varied for two coils from zero, or
even a negative value, up to a maxunum, by altering the relative
posttions of the primary and secondary coils.

Current in Secondary.—On starting the current in the primary
circuit, we have secn that there is a current in the secondary, which
ceases when that in the primary has become steady. Further, on
stopping the primary current we again get a transient current in the
secondary. To find the value of the current in the secondary at any
moment, we must write the electromotive force equations for the two
circuits and then obtain a solution. Let ¢, [, and ry, t,, I, and r,, be
the currents, inductances and resistances of the two circuits, and m the
mutual inductance ; then for the primary—

di di, ,
A ;lt! +‘md;+ ra; = e,

t A, Campbell, Proc. Roy. Soc., Ser. A., 79, p. 428. 1907
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and for the secondary—
o di di .
l,;ﬁ«{- nl;lt' + i, =0,

To obtain the equations for the primary and secondary currents,
these two simultaneous equations must be solved. The mathematics
involved is beyond the scope of this work, but the currents may
be plotted by the step by step method with the help of these
equations.

Writing them in the form—

Ldi, , mdi, _e .
— - - = e -y =1, ~ 1
ndt  rde oy, T W

Ldi, , mdi, . N
and, dt T =T
where i, is the final steady value of the current in the primary, we can
di, di,

then solve the simultaneous equations for a¢ @nd ;. This gives.us—

;e

diy _ (1y — {)lry + danry

dt L, — m*
dfg — (io: i')’fﬁ + t'gllr?
dt — L= ’
ty — Tl RITN
N {dil 2 (o= 1:;3 b gy
’ “. .
. (io - 1!)1'_{"1 + 'u’)Lg
iy = — B N de.

If small intervals of time, df, be taken, we can begin with any
values of ¢, and'i, we please, say 7, = Oand 7, = 0, and find the values
of di, and di, for the first interval.  From these we know the values
of i, and ¢, for the beginning of the second interval and can then
calculate di, and di, for the sccond interval. This process may be
repeated until 4, has reached its steady value and 7, has again become
zero. The first two curves in Fig. 309 have been obtained in this
way, taking L, = 10 henrys, L, = 1 henry and M = 0°'8 henry,
R, = 10 ohms, R, = 1 ohm, anfl E = 10 volts,.in whieh case the
equations are written—

ar. = (o= T)LR, + TMR,

e 7% P e
I, — L)MR, + LLR,
ar, - - ( .°-—£?E;-M2 2l gy

and I, = 1 ampere. 1t will be seen that after six seconds the steady
state has bocen very nearly reached. The dotted curve gives the
growth of the primary current when there is no secondary circuit.
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The second curves have been drawn for the falling primary current.
They may be obtained by putting E = 0 in the differential equations,
whence—

— TR, + LMR,

dIl = —— Lle :.._.Mﬁ_—__— dt
_ + I MR, - LLR,
(“’2 = "I)lmli dt,
. E
and taking the initial value of 1, to be T, i.e. e
1
1
,o..-lf’_:_ﬁ/. e m e e aeaan
o8
06
o2
o2
A
o2 7 s 6 7 &8 9 s a0 12,
-024
2
-0 <4
-1

Fia. 809.

Charge Flowing in Secondary Circuit.—The quantity of electricity
that has been caused to circulate in the secondary circuit at either the

starting or the stopping of the primary current, is f t,dt and is the

area included between the 7, curve and the axis (Fig; 309). It may
also be found from the equation—

L, di, , m di, .

roat o TE=0

Integrating this with respect to time, from zero to infinity, we get—

L("diy g, m(*di, /”.

2 dt+ - Fdt = -

). dt + v) o di dt , Ldt.
Now at time 0, i, =0, and, 1, = 0,

and at time ¢, i, = 0, and, %, = 4,

Therefore the first term is zero at both limits, and—

0 ®
’l‘f d.‘,.—_-f idt.
T, 0 [

Now f 'izdt is the quantity of electricity that has circulated in the
o
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secondary circuit, and therefore it is equal to — 7’-"—. When the

2

current is stopped, the limits O and 7, are reversed, and therefore the
o . Mi
quantity is =
Divided Circuits.—By a similar method we may prove that when
. a quantity of electricity passes
J\r l through two circuits in parallel,

it divides between them in the
inverse ratio of the resistance,

B just as a steady current would
do, the inductances of the parallel
circuits having no effect upon

/ the ratio in which the charge

g()- 2 divides. T.et the two circuits

F bave resistance and inductance
16. 310

r, 1, and 1, I, respectively, and
e be the impressed electromotive force acting between the pomnts A
and B (Fig. 310).
For the first circuit—

dl‘
, at +ri =e
and for the second—
ldz2
2t + 1y, = e

Since they are in parallel e is the same for both.

di dl.
o ld;+ niy = adt + Tl

I, fd'2d¢+r f idt.

Now if the current is zero before and after the passage of the
charge—

Hence—

lf dt+r, 1dt

1l

/dl'dt /dt, = 0, and similarly, f d‘dt 0,

and further, f o* dt = qy,
t
and, fo idt = g,
o T;ql = Tzq:
or, 4T

. ¢ N
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Hence in comparing capacities by means of the ballistic gal-
vanometer, a shunt may be employed to reduce the throw, since the
charge divides exactly as a steady current would do, the ratio in which
the division takes place being unaffected by the inductances of the
shunt and galvanometer. It does not follow that the currents at each
instant will be inversely as the resistances: they will not. For let
l, = 0; then the current in the first branch will be in excess of that
calculated from the resistances, while the currents are growing. But
it will be less whilo the currents are decaying and may even be reversed,
owing to the inductance /,. All that is implied by the above ecalcula-
tion is, that the total charges passing through the two branches are
inversely as the resistances,

The Induction Coil.—A particular use of mutual inductance, of great
practical importance, is made in the case of the induction coil, which is
a piece of apparatus for pro-
ducing small currents at very Q 1 Q
high electromotive force from '
comparatively large currents E—
at low electromotive force. ) s
The primary coil PP (Fig. p
311), consisting of a number p
of turns of thick wire, is
wound upon an iron core D
built up of a number of
strands of soft-iron wire,
while the secondary coil SS
has a great number of turns
of fine wire, and is wound
upon the primary. On start-
ing the current in the Fia. 511,
primary, the magnetic flux
produced in the core cuts the secondary, producing a bigh electromotive
force, and when the primary current is stopped, the flux again cuts the
secondary but in the opposite direction, causing a reversed electro-
motive force. Many induction coils are provided with an automatic
make and break, which consists of a spring having at its extremity
a soft-iron armature A which is attracted towards the core when the
primary current is made. This breaks the primary circuit at B, and
on the core becoming démagnetised the spring recovers its original
position and makes the circuit again by means of the contact B, and
the process is then repeated. As considerable sparking occurs at B
when the circuit is broken, the surfaces that come into contact are
faced with platinum to prevent undue sparking and wearing away.

Although an electromotive force is produced in the secondary coil
at both make and break of the primary circuit, the latter is by far the
greater, since the primary current dies away much more rapidly than it
grows. When the circuit is closed, its resistance is small and its time

.......0'0.0...!... ..'..... ........' .O ‘l o p A

o6 o oo v e e el
es 000 vsec0 00 0P 00N
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l T .
constant (;) great, but when the circuit is broken s is enormously

increased and the time constant correspondingly reduced ; thus the rate
of decay of the primary current is high. The magnetic flux in the core is
therefore removed much more rapidly than it is produced, and the electro-
motive force in the secondary is much higher at the break of the
primary circuit than at the make.  On this account the electromotive
force in the secondary circuit at the make is usually insuflicient to
produce a discharge through the gas surrounding the secondary
terminals, and the secondary current is therefore unidirectional.

The manner in which the secondary current rises and falls on each
break of the primary circuit may be seen from Fig. 309.

The efliciency of the coil is much increased if a condenser be placed
in parallel with the contact breaker of the primary circuit, for the
primary coil and the condenser cowprise a circuit in which electrical
oscillations occur, the condenser at the end of the first half oscil-
lation’ being charged oppositely to its condition at the instant of
break.  The magnetic flux in the core due to the primary current is
therefore reversed at each break, and the amount of charge caused to
circulate in the secondary approaches double the valuein this case, of
that when no condenscr is used, for without condenser the primary
current merely drops to zero on account of the high resistance intro-
duced at the break. The oscillations in the primary current will be
rapidly damped, owing to the loss of energy due to heating produced
by the currents in both primary and secondary, go that only the first
discharge is of importance.

The effect of the condenser upon the secondary current may be
found, on neglecting the etfect of the resistance of the secondary at
the beginning of the discharge. This is, to a first approximation,
justified, for when the secondary current is varying rapidly, as at
the beginning of the discharge, the predominant factor in deter-
mining its rate of growth is the large inductance of the secondary
circuit.

The E.M.F. equations for the two circuits are therefore—

di di, .
l,;ﬂ"l + mm' +7ri, =0
and, l...g—::' + m g:—l = 0.

Multiplying the first by I, and the second by m and subtracting, we
have—

1l - m"')t(;:—' +1ri, =0,

the solution to which is—

1,7,
e (see p. 306).

) = 1€
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e llrl
Writing a for = we havo—
.. o-at
1) = e
%, is here the current in the primary at tho moment of breaking the
circuit.
Integrating the E.M.F. equation for the secondary circuit, we
have—
Ly +mi, = &
where k is a constant.
by + miue_“t =k
If i, = 0 when ¢{ = 0, then—
k = mi,

and, 1, = ;nio(l - e—“).
3
As ¢ increases to infinity this gets nearer and nearer to the value

" 1, but we must remember that this would only be true if the resistance

L

of the secondary circuit were zero, which is far from being the case.

From the start, the effect of the resistance is to decrease the current,

and a short time after the electromotive force due to variation in

the primary current has reached zero, the secondary current will also

become zero. The value 1';1” is the limit which the secondary current
3

cannot exceed, and would only reach if the resistance were zero.

‘When the resistance r has been replaced by a condenser of capacity
¢, the maximum value of the secondary current may be obtained
approximately by a method given by Lord Rayleigh,! which suggested
the above, The electromotive force equation for the primary circuit
being—

di, di, ¢ _

g Fmg T =0
d’ d?

or) Wogptmah + =0

di. 1z
and for the secondary, L, ;E’ + m:—;t‘ =0,
d’g, &
or, I atqf +m d;]‘,l =0,

Multiply the first by I, and the second by m, and subtract, and we
get —
d l
Wb —-m) 3R +2g =0,

' Hon, J. W. Strutt, Phil. Mag. (Ser. 4), 39, p. 428, 1870
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>
This is of the type 07; + kx =0, which was solved on page 22.

It is of the simple harmonic or oscillatory type, and we therefore see
that the motion of the charge in the primary circuit is oscillatory.
Consequently the current is likewise oscillatory, and varies between the
limits 4 ¢, and — 4,

The solution of the equation—

di, | di)

by tmg =0
iq’ 121:9 + 'mi, = k,
and if ¢, = 7, when 7, = 0— .
k= 'mio,
and, i, = ’;’ (iy = 4.

Since §, varies between the limits + ¢, and — 4, the greatest value

of i, occurs when 4, = — i, in which case—
. 2mi,
1, 7,
It will be seen that this is twico the greatest value of the secondary
current when the condenser is absent, the drop in the primary current
being produced merely by the break at the contact maker. Since the
charge passes into the condenser instead of across the gap the sparking

at the break is much reduced.

Practical Methods of Measuring Inductances.—The mutual induc-
tance of two coils may be measured by making use of the fact that the
quantity of electricity caused to cir-

O\G culate in one when current I Ml;
( _ L/ J established in the other is =

coulombs (p. 317). Thus, with the
plug in A (Fig. 312) the ballistic
throw in the galvanometer G when
the current I is started or stopped in
the primary circuit may be observed.

MI cT
Then _E =Q.— m—ﬁe(see P. 254).

Fia. 812,

In order to determine Afﬁ’ the

] plug is removed from A, and two
are placed in B and C, which are connected to a very small resistance,
R, say {}; ohm, in the primary circuit. The difference of potential

IR
between the ends of this is now IR, and a currenb -R—‘ flows in the

secondary circuit, giving a steady galvanometer deflection 6;.
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Then, %-‘%:0,
MI_IR T,
**R " R§ 2=
R,T
-2‘7}‘9:'0‘

The time of vibration T of the galvanometer needle may be found
in the usual way.

Self-Inductance (Rayleigh’s Method ). —As in the last method, an
inductance is measured in terms of
a resistance and a time, but here
the Wheatstone’s bridge is em-
ployed. The inductance to be
measured is placed in the arm
AB of the bridge (Fig. 313) and a
balance for steady current obtained
in the ordinary way, the battery
key being closed before the galva-
nometer key (not shown in the dia-
gram). On closing the battery key
with the galvanometer key already Fia. 313,
closed, a throw will be obtained, '
since the balance is disturbed while the curreat is growing, owing to

A

the extra electromotive force Lg in the arm AB. Any electromotive

force in one arm of the bridge causes a proportionate current in every
part of the bridge. Let ZE be the current in the galvanometer duc
to electromotive forée E in the armm AB.

Then the instantaneous current in the galvanometer due to electro-

motive force L ?l_tz in ABis kL %I , and therefore the total quantity

of electricity that flows through the galvanometer due to this cause,
while the current I, is being established in AB is—

t o dl I
fok.La—tdt = kao dI
= kLI, "
cT X
c.a kLIo = Qm 0(1 + Q‘)
where @ is the throw, and A the logarithmic decrement.

In order to determine @I°?H , the resistance in ABis changed by

amount R,, which is 80 small that there is no appreciable change in
the current I, The effect is to introduce the small electromotive

! Lord Rayleigh, Phsl. Trans., 178, p. 677. 1882,
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force I,R, into the arm AB and to produce a steady current kIR, in
the galvanometer. The steady deflection 6, produced is given by—

ET,R,AH = ¢f,

 kTAH _ 6,
e TR
and substituting in the above equation, we get—

_RT A
L= 92, 0<1 + 2)'

The balance for steady current must be perfect. When the metre
bridge is being used this condition is easily attained, but owing to the
low resistance of the bridge wire, a Post-Office box, or a suitable
combination of resistance boxes, is used by preference. In this case
the smallest resistance in the box is usually sufficient to change the
steady deflection from one side to the other, and hence a perfect
balance cannot be obtained. To get over this difliculty, one of the
connections between the boxes may be made with platinoid or man-
ganin wire and the final adjustment carried out by slipping the wire
in the necessary direction through the terminal. The small resist-
ance R, may be a standard 0'1, 0'01 or 0:001 ohm, included in the
arm AB.

Comparison of Self-Inductances.—The value of a self-inductance
in terms of a standard, may be found by placing them one in each

A adjacent arm of a Wheatstone’s
bridge, and adjusting the resist-
ances until a balance is obtained
for an intermittent, as well as for

D a steady current. If P, Q, R,
and S are the respective resist-
ances of the arms of the bridge

(Fig. 314) we have, when a

balance for steady current is

| ined, £= @
I! obtained, =S
Fic. 314. On closing the galvanometer

key and afterwards the battery
key,a galvanometer (Shrow will be observed, unless we have the additional

. 1 — -
relation LRS-

For the points A and C are at the same potential before the
current starts and also when it has become steady, that is, the potential
difference between D and A is equa’ to that between D and C. If
now the current grows at the same rate in both branches DAB and
DCB, the differences of potential between D and A, and D and C
respectively, are equal at every instant, and therefore A and C are
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always at the same potential, and there will be no current in the
galvanometer. The currents grow at the same rate if the time
constants of the two circuits are equal, that is—

L!*— ~L2 T, ];‘.l::I+Q
Q R+S’ ' Ly R¥S
Bt PogoPre
s Li_P_Q
L R ™%

Either AB, or BC, must include a vaiiable resistance, in ordor that
the ratio % may be varied. Hence it is necessary to produce a steady
balance first; then if the ballistic balance is found to be imperfect,
the ratio g must be altered and the process repeated. This is con-

tinued until the balance is perfect for both steady and variable
currents.

In order to increase the sensitiveness to making or breaking the
circuit, Ayrton and Perry designed a commutator which they called
a Secohmmeter, which on rotation makes the battery, then the gal-
vanometer circuits, then breaks the battery and afterwards the
galvanometer circuits, so that the “break ” impulses send a charge
through the galvanometer when the ballistic balance is imperfeci, but
the ‘“make” impulses do not. On reversing the direction of rotation,
the charge passes through the galvanometer at the  make” instead of
at the “break.” The rotation is made rapid by a series of gearing
wheels, so that a considerable number of ¢ makes” or *“breaks” may be
made per second and the galvanometer deflection therefore increased.

Comparison of Capacities (de Sauty).——A method similar o the
above may be applied to the comparison of capacities, but in this case
the steady current is of course A
zero. On depressing the key
(Fig. 315), a difference of poten-
tial is established between I3 and
D and currents flow in the circuits D
BAD and BED. A snd E are B .. D,
at the same potentials at the begin- 7 2
ning and after the completion of
the charging of the condensers, ¥
since the current in both cases is
zero. If then the charges on the
two condensers have grown at the Fig. 315.
same rate, A and E are all the
time at the same potentials and there is no throw of the galva-
nometer. The charges grow at the same rate when the time comstants



326 ELECTRICITY AND MAGNETISM CHAP

of the circuits BAD and BED are equal, that is when R,C,
= R, (p. 310). ) )
Therefore, when the resistances are adjusted until there is no dis-

1T Y2,

. . C
turbance of the galvanometer on charging or discharging, G R,

When the balance is not attained, the throw isone way on charging
by depressing the key, and the other way on discharging by releasing
the key.

Coxj;parison of Capacity with Self-Inductance. (i) (Maxwell’).—A
similar method was employed by Maxwell, the condenser C being placed
in parallel with the arm ab and the
inductance placed in Ed (Fig. 316).
Then, for a balance with steady

current g = %, and if in addition
no charge passes through the galva-
nometer on starting, we have the
potential at a equal to that at E,
during the whole time that the
current is growing. If p, ¢, r, and
8 are the instantaneous currents in
Fic. 816. the respective arms, the difference

of potential between a and b is Pp,

and the charge upon the condenser is CPp. The rate of flow of charge

into the condenser is therefore (-1—(%@ = CP. gjto , and since there is no

current through the galvanometer circuit, g = p + CP %ﬁ-’ ; for the sum

of the currents meeting at a must be zero.
Again, the difference of potential between d and E is
ds

LcTt + S5 and that between d and a is Qg, and since these are

equal, ng + S8 = Qg, and replacing ¢ by its value (p + CP. (%), we
have—
ds dp
Ly + 8o = Q(p +cp. %)

Again, since difference of potential between b and a is equal to
that between b and E—

Pp = Rr = Rg,
.y _pds
~ Py =Ra

r being equal to s, and no current flowing through the galvanometer,

' Maxwell, “ Eleotricity and Magnotism,” vol. ii.
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Substituting, we have—

ds R ds
L(—i—l +SS=T8+QCRJ3.
Now, 9’5: S,
ds ds
o Ld} = QCR[ﬁ
or, %: QR =78

(ii) (Rimington).—The process of finding the double balance is
tedious, since it necessitates re-balancing for steady currents each time
that the ballistic balance is found to beimperfect. The method has been
moditied by Rimington®in such a
way that the steady balance when
once obtained need not be dis-
turbed. Instead of connecting the
capacity permanently in parallel
with the whole resistance P, one
end is joined to b (Fig. 317) and

the other is movable, and the L
adjustment consists in finding a 7

position for the movable contact, ‘——————M“hﬂ
such that on making or breaking

the battery circuit no charge passes Fig. 817.

through the galvanometer.

Let X be tho resistance in parallel with the condenser when this
condition is fulfilled, then if & is the current in it, and p the current in
the remaining part of ab, whose resistance is P— X, we have as before—

difference of potential between ends of condenser = X,

Therefore charge in condenser is CXz and current into condenser is—

d(CXx) dx
=X
and since the currents meeting at the movable contact have resultant
ero—
~ 4% .
p=z+('Xat O 6]

Since there is no current through the galvanometer, p = g andr = s,
and since potential difference between d and ¢ is equal to that between
d and a—

di .
L£+Ss=Qq=Qp. oo e e e (iD)

t L. C. Rimington, Phil. Mag, (Ser. 5), 24, p. 54. 1887,
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-

For a similar reason—
Xoe+ (P - X)p=Rr=Rs
o Xoe — Xp + Pp = Rs,
and from (i)—

,dx
Xa - Xp=-CX di
N
.‘.Pp—CX m:Rs
Rs CX® d=
and, p=p T "
S‘ubstituting for this in (ii)—
ds QR QCX? dx

LytSs="ps+-p 4

From the condition of steady balance we have—

QR
8=,
% QX da
cHdtT TP dt

This is a condition which determines the ratio of the rates of growth
of current in X and in R or 8, whatever the actual rates of growth may
be. It follows that the rates of growth of x and s are in a constant
ratio when no current passes through the galvanometer, so that this
condition is represented by the equation—

LD _ ds
QCX* ™ ds”
Integrating, we have —

=
T = QCX“’s + constant,

and if £ = 0 when 8 = 0, the constant of integration is zero, so that—

LP @
(10). P
z and 8 being now steady currents.

When the currents are steady, those in the respective branches bad
and bed are in the inverse ratio of the resistances of these branches.

z R+S_R_s

3T PyQ P Q"

. Lk _ S
.o QOX’ Q
L _ X%

or, é = —P"‘.
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(iii) Anderson.—A further modification of Maxwell's method is due
to Prof. Anderson.! The balancing is performed as before, but the con-
denser is connected to B and to
a point T (Fig. 318) between A
and @, such that the resistance
X of AT can be varied until
there is no throw of the galva-
nometer on making or breaking p
the battery circuit.

Let the instantaneouscurrent
inBT bec;in G,g;in S, s; and
in the battery, b. Then by
Kirchhoft’s first law (p. 69) the
currents in the other branches
are as shown in the diagram.
Then, applying Kirchhoff’ssecond Fia. 318,
law (p. 69) tothe circuit BATEB,

d
P(b—c—s+9)—X(c—y)+G9+pdf—R(s—o)=0

where p is the self-inductance of the galvanometer ; and to the net
BADEB,

P(b-c-a+g)+Q<b-s)_ss—LfT:-R(a—g)=0

Integrating these with respect to time, using as limits the instant
when the battery circuit is closed, and that at which the currents in
the branches become steady, and remembering that ¢ = 0 in both cases,

d P(by — ¢y — 8 + g,) = X(cy = o) + Ggo — R(8y — o) = 0
an

"P(by — ¢ — 8 + o) + Q(by — 8) — Ssy — Ls — R(s, — go) = 0

where by, ¢, &, and g, are the total quantities of charge that have passed
through the respective circuits from first to last. Rearranging the
terms in these equations, we have—

Pb,— (P+R)sy+ (P+X+R+G)gy—(P+ X))o, =0 (i)
P+Qb-—(P+Q+R+8)s,+(P+ R)gy— P, — Ls =0 (ii)
Subtracting the first of these from the second—
Qb — (@ +8)s = (X +G)go+ Xy —Ls =0 . (iii)
Multiplying (i) through by Q, and (iii) by P and subtracting, the

terms in b, disappear, as do those in s, since Q(P + R) = P(Q + 8)
from the relation between the resistances for steady condition ; that is—

! A. Anderson, Phil. Mag. (Ser. 5), 81, p. 829. 1891.
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and we now have—

(Q(P+ X 4R +G) +P(X+G)jg, — {Q(P + X) + PXc, + PLs = 0
{Q(B + X + K + G) + B(X£G))gy = {Q(B +X) + I'Xjg, — PLa.

For the total charge passing through the galvanometer, that is g,
to be zero, the right-hand side of the last equation must be zero, so
that—

PLs = ¢{Q(P + X) + PX]}.

Now & and ¢, can be found from the steady conditions, for there is
no current through the galvanometer, so that the current in BE is s;
and further, the difference of potential between the ends of the condenser
is Rs, and the charge ¢, = CRs.

Hence, PL = CR{Q(P + X) + PX}
L= C%{PQ+X(P+Q)}
R(P + Q)
= o{re+X —=
. P_Q_P+Q
and since, RS R¥S

o L= CRQ+ XX +8)).

Comparison of Mutual and Self-Inductance (Maxwecll*).—The
mutual inductance of a pair of
coils may be found in terms of
the inductance of one of them,
by placing this coil in one arm
of a Wheatstone’s bridge, the
other being in the battery circuit,
care being taken that the one in
the battery circuit is so connected
that the electromotive force pro-
duced in L on account of it, when
the current grows, is opposed to
the self-inductance electromotive
force in L itself.

Then, when the balance has been obtained for steady current,

P_R

Q™S
and when the current is growing, the difference of potential between
b and a (Fig. 319) is—

dp
L di

1 Maxwell, “ Eleotricity and Magnetism,” vol. ii.

di
- Ma—t+Pp.
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This to be equal to the potential difference Rr, between b and ¢,

g :
aLf-M$+ﬁ=Rn

dt
Nowi=p+r,
- dp dr
"Ldt —Ma-t——Mai
d
or, (L_M)%?_M£=1{r—Pp.
But if there is no current in the galvanometer,

+ Pp = Rr,

p=qandr=s,
therefore, for potential difference between d and a to be equal to that
between d and ¢,

Qp = Sr
dp _ dr
and hence, Q 5= S Qi
e Q d dr . .
Substituting —SB for r, and% ..JI: for g o the above equation, we
have—
dp MQ dp _ QR
T-May-5 au=sr-
M
And remembering that QSR = P, this1educes to, L — M ~ SQ =0;
JM_ S
TLTS+Q
— R__
TP+ R

Further methods of comparing inductances, capacities, and resist-
ances will be described in the chapter on alternating currents.

Circuit with Inductance, Capacity, and Resistance (Charge).—
We will now find how the current grows in a circuit to which a constant
electromotive force e is applied, when the circuit has inductance and
capacity as well as resistance. From the cases treated earlier (pp. 303
and 310) we see that the equation of instantaneous electromotive forces
will contain four terms and will be,

di .. q
l?i-t trn+o=6
where the letters have the meanings previously assigned to them.

Further, ¢ = (iq , and the equation becomes—

dt
dy

q _ .
nwte=e o o 0 (1)

d
l,ﬁz +r
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It will therefore be necessary to solve this for ¢, afterwards
obtaining the current by differentiating the value of ¢ with respect to
time.

For convenience we will write,g = 2b, and llo = k?, so that—

d’q dg ., e
et gt =7

Letz=¢q - l-les—'“ then
dz _ dg d’z _ dq
a=a 2 oge =g
and substituting these values in the equation, we get—

d’x dx
et 2b—d—i + Kz =0,
which, being a homogeneous equation, may be solved in the form—
T = e,
From this we have—
dw ot
“J‘t = ae€
d2
&Dd, a;—: = g2t

so that, substituting these valuesin the equation, we got—
a’eat 4 2baert 4 ket = 0,

or, a4 2ba 4k =0

that is, a= bt V=B

and there arc two solutions —

2= All-b+ VOERT Bl -t - VTR

yand, z =
where A’and B’ are any arbitrary constants.
Now when two solutions such as—

— b+ FE- Rt
& — A’ VE=B) = 0,and, ¢ —

have been found, it obviously follows that—

b= Kt
B¢ ,“/ N

2 — A’e(— b+ ATkt _ B,€(~b—~/bT:k"2)t -0,
' BV
or writing A for%— ,and Bfor—z- ,
o= A‘(—b+./w- 2] + BE(-b—Jw-kZ)t

. e
or, since & = ¢ — 3>

- b+ NETRYE “b-NE-Et e
S )+B¢( N/

g=4 12k
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I
Remembering that ' =, s We see that the last term is equal to ec.

Whatever the nature of the varnatlon of charge may be, we know that
after a sufficiently long time has elapsed the charge will become steady
and equal to ec (p. 149) Writing this final staady value of the charge
equal to gy, our equation becomes—

q=Ad- b+\/b‘k)t+P(( b — /bt k’)t_'_qo . (ii)

-

This equation expresses the mode in which the charge ¢ varies, but
it does not give us definitely its value at any given time unless the
arbitrary constants A and B are known. These may be determined if
we know two conditions as regards charge, or rate of variation of charge,
that is, current. Now, in the case cons1dered the electromotive force
is suddenly applied to the circuit, and therefore the charge on the con-
denser at the instant of application is zero, the expression of which
condition is that ¢ = 0, when ¢/ = 0.

Equation (ii) then reduces to—

0=A+ B+ ¢ or, A+ B = —q,
Further, the current is zero at the instant of applying the electro-
motive force, that is, ¢ = % = 0, when ¢t = 0.
Now, from equation (ii)—

. dg i , (= b+ VoI =T
i= g =(=b+ VI —F)Ae

+(=b— JIFZE) BV
0= (=bt VS E)A+(=b— V1T £)B,

or, — WA +B)+ VI =k (A -B)=0,
But A+ B = —gq,
. 9ob
LA-B= -t

and, 2A= —gfl+ 2

b
B=-gfl- 0 )
4/ ] 2 q"( N =k
Putting these values of A and B in equation (ii) we get—
1 b vi—me ) b —
q=qo{l -( 4/b2 )e( b+ VUK (1 —71_’7-___.—]‘:—2 g(—b—m)t}
(iii)
When b* > ¥, that is 4l“ ll, this equation for ¢ cannot be further

gimplified, and the charge gradually acquires its final value g, The
mode of approach to g, is shown by the dotted curve in Fig. 320,
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which is drawn for the case in which the inductance is 10 millihenrys,
the capacity A microfarad, and the resistance 1260 ohms,

2
Thus, Zf;‘—'—g = 10°¢,
and, LI‘O = 10°,

80 that, b = 6:31x 10% and % = 3-16 x 10 and if the charging electro-
motive force be 107 volts, the final steady charge Q, is 1 coulomb.

14 A

Coteclombas

T 1 B T T T T N T
w0 20t g0 * 42107
Seconds
Fia, 820.

If, however, b < k there is an entirely different state of affairs, for 12— 42

is negative, and 4/ I¥ — k* is an imaginary quantity. Letitbe written,

V=1 NE=1or j¥ B =, where j = /=1, so that the quantity
under the root sign is again real. Equation (iii) thus becomes—

TN SN 3y 20
- 01_‘—“(6 + €
= :
+ b INEEZB _ G-_f,,/l?z‘-—m)
JE - %
N + INE=T
2

Now the exponential form of cos ¥/ ¥ = 0% is

PRIV Sy R Ny

and of sin ¥/ B — b is 5 (see p. 377), and sub-
stituting these values in our equation we have —

€

bt
9= 90{1 ~ e (VE = Toos VB = Bt + bsin VF = F i)}.

K-
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Taking an angle 6, such that—

. b 2 P2
ta.n0=7-’;_;l’~_——l)§,s1n0=]—v,andcose== j/_kk_l’_’
-t , I
q=qo{l-—7—]§-—l)~2(cos€cos VE =V + sin 6 sin «/k‘—b"t)}
— bt
=qo{1—7’.§€—_—ﬁcos(~/k’—b“t—0>} D R (iV)

The full curve OABCD, etc. (Fig. 320), is obtained from this
equation, for the case in which L = 10 millihenrys = 10-2 henrys,
C = {5 microfarad = 10-7 farad, and I = 200 ohms, the charging
electromotive force being 107 volts, so that Q, = EC = 1 coulomb,

N2

200 , 1
V= (2_X =) = 10°, and, %' = 0% 10 = 10°,

In this case the discharge is oscillatory, being alternately greater
and less than Q, before settling down to this steady value, and with the
given quantities it will be seen that after passing the value Q, four times,
the amplitude of the oscillation is reduced to about L of its original
value.

-B
The diminution in amplitude is due to the term -, or ¢ 2L.¢, and
with a less resistance than that chosen, this term would become of less
importance and the damping of the oscillations less rapid; in the

&
limiting case when R = 0 the term e 2L would equal unity, and the
charge upon the condenser would vary in a simple harmonic manner.

It will be seen that the value of the charge for the point B upon
the curve, that is after one half-oscillation, is much greater than its
final steady value, This explains the fact that on connecting a con-
denser to an electrical supply, when the inductance in the circuit is
large and the resistance small, the potential difference between the plates
momentarily attains nearly twice the final steady value, and the
insulation of the condenser may bredk down, although sufficiently strong
to stand the final steady potential difference. The breaking down may
be prevented by putting in circuit at the moment of connection, a
resistance which may subsequently be removed, but which has the
effect of damping out the violent oscillations that would otherwise
occur,

Current.—The current in the circuit at any instant may be derived
from equation (iv) ; thus—

d kbe - bt R
i= {z(fl = qoke =Y sin (VBT =Tt — 6) +q, 108 (V' = Ut = 9)

Fee — b —

= s (W= Wsin (VE = Bt — )+ boos (VE = % - 0)}.




336 ELECTRICITY AND MAGNETISM CHAP,

Remembering that tan 0 = , etc., we see that this equa-

b
VE =P
tion becomes—
' 2
i 3;:,—~sm~/k‘—b‘t N (4]
Frequency of Oscillation.—Tn t.he case of the current, we see from

equation (v) that at times 0, —- 4/7» = ~/k‘ 7 etc., the value is

7€ro, n.nd from equatlon (iv) that after intervals from the start, of
0+7 3 0 +

Vi = b2 VI - b’

case Wi " = — represents the time for half an oscillation, so that the

, ete., the value of ¢ is equal to ¢. In either

time for a complete oscillation, or the periodic time, is—

2 2w
N—\/l_h‘
LC  aL*
When R is small, this approximates to 2x4/ TC, and in most
practical cases the value of R is not great enough to cause the periodic

time to differ greatly from this value.
The frequency is given by—

T R?
1 LC 741
N_T— 2w

or when R is small—
1
o
1 R? .
In the example given on p. 334, 1,5 = 10° and ;5 = 10°, so that—

N

gl

N= - = 4776 oscillations per second.

V10— 10°
2w
Limiting Case.—Equation (iii) evidently breaks down when
b = k, for in this case two of the coefficients become infinite. Return-
ing to equation (ii) let us see what form this takes when &% — i’
has not vanished but is reduced to some very small quantity &.

Then, q= Al + BT TME +q,
b, . At

=¢ (Ae + Bs_ht) +q,
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Writling ¢ and e~** in the form of series—

242 343
R TR L L
'M—l-kt-{—’ff I‘L‘j-{-
ht2
q_—_(_bth(l +h¢+ )+ B(l-hl-l— B~ ) +4q,

Now, & being very small the terms in A* and higher powers may be

neolected but the quantities Ak and Bk have unknown magnitudes
since A and B are unknown.

Thus, g= e "{(A + B) + (A - Bt} + g,
Calling these two constants (A 4+ B) and (A — D)k, G and H re-
spectively —
0= MG+ )+,
This is a solution of equation (1) as may be shown by differentia-
tion and substitution of ¢, Z ¢ and ‘Zl i in (i); it represents the limiting

case when 4/b* — k? approaches the value 0.
Now let ¢ = 0, when ¢t = 0, and we have G = — ¢,

Again, let, ¢ = gl%l =0, whent =10
33 — be™% (G 4 Ht) 4 He ™
0= -G+ H, or, H= - g,
Lg= gl = (14D}

The curve represenhng this equatxon is shown by the chain line
in Fig. 320. In this case L = 10-* henrys, C = 10-" farads, and
R = 2 x 10% ohms = 6324 ohms, so that—

R? 4 x 10°
T4 x 107
Discharge.—To find the manner in which the condenser discharges

on suddenly removing the external source of electromotive force, we
put e = 0 in equation (1) on p 331, whxch then becomes—

¥ = C =10% ¥ = = 10°

dt~+ =0 . .« . . (Vi

(lt
or, atg + 21)-— + kzq =0,

where, as before, b = B l and &* = IL
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This iy of the same form as the equation in  on p. 332, and, as there
explained, the solution is—

q=A¢(-b+m)¢+Be(—b—~/bT7ﬁ)¢ . (Vii)
Putting in the limiting conditions we have, since g = ¢, when ¢ = 0,
A + B = qw
. dg
and since 4= 0, when ¢t = 0—

(=b+ VIV =B)A + (- b= —FE)B=0.
Sol(ving these two equations for A and B and substituting their values
in (vii)—

q =Qu{§(1 + 76;9;7}("’* ‘Jmt-}-é(l _ __b___g)e(-b—dl}ﬁﬁ')tl

Vi =k
(viii)
When b > k this equation represents the dead beat discharge, the
dotted curve in Fig. 321 being drawn for the case given on p. 334.

>
Q

v
‘E [
S
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3
N
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o \‘\.
~. D ‘\\“--
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200 ¢ BB 407
07 Seconds
-0 4 B
Fia. 821,
When) < kthe equation is transformed as on p. 334, into the form—
- bt QJN/E',—:‘DQ‘ +¢"j~/i2:—ﬁ‘ b QJ'\/"T——V.—‘_G—JJE?:FI‘{
q = g€ ) TV = 2
or, '
=g Moos VEZ T2 b TR
q o {cos "‘b""ﬁ;_b—?sian"—bzt}
— qok‘—m

=

V= s (VE=F -9

N £,

b
where tan 6 = 71_6—2—?_—6—2, etc.
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The discharge is therefore oscillatory when & > b, and the curve
¢,ABD in Fig. 321 shows the form of the discharge in the given case.
At B the chaige upon the condenser has the reverse sign to that
of g, The points where the curve cuts the axis are separated by an

. . i ™
time — . )
interval of time — e O ; e which is therefore half

L™ 12

the periodic time.

The oscillatory character of the discharge of a condenser when
th;a inductance in the circuit is sufficiently great for the condition
‘I}%—g< fl(j to be fulfilled, was first pointed out by Lord Kelvin
in 1853.

In the event of R being inappreciable, b = 0, and the equation for
the discharge becomes—

Q= roosj%é,

and the oscillations are harmonic, the charge surging backwards and

forwards through the inductance, being alternately positive and

negative upon either plate of the condenser. For either extreme, the
2

energy of the charge is %%’ , and at an instant halfway between these

extremes, the charge upon the condenser is zero, and the energy is
associated with the inductance and has the value ALI* joules
(see p. 302).
Since—
_dQ 1 I /
I=4=" JﬂéQu SmTfO'

the greatest value of this occurs when—

_t

t
~/LC=Z—:’ and, sin JLCS 1.

LC
Hence at this instant, I= —- Q -
’ JLC
2 _ Q _,&
and the energy. LI = iL. Lo = 3 P

Thus the energy alternates between the statical and the dynamical
form, and is associated first with the capacity and then with the
inductance, being reversed twice at every oscillation,

' W. Thompson, Phil. Mag. (Ser. 4), §, p. 898, 1858.
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When R is not zero, there is a continual dissipation of electrical
energy into heat as the current flows in the resistance, and since this
process is not reversible, the energy of the charge gets less and less at
each oscillation and finally vanishes. It is also possible that some of
the energy is radiated into space at each oscillation, but a discussion
of this will be reserved to a later chapter.

Limiting Conditions.—The distinction between the dead beat form
of discharge, in which the sign of the charge is not reversed (b > k),
and the oscillatory form (b < k), although very much in evidence
in the mathematical form in which the discharge is represented, is
not really very marked, for as k gets nearer and nearer in value to b,
the oscillations become so rapidly damped that the discharge is almost
exponential in type. In fact there is no discontinuity in passing from
one form of the discharge to the other, as the student may see if he
will plot several curves resembling those in Fig. 321, for values of k
approaching very near to that of b.

As before, equation (viii) breaks down when b = %, and we obtain
our solution by putting +/5? — &* = h, and finding the form of the solu-
tion when % is extremely small. On p. 338 we saw that the exponential
terms take the form e~%(G 4 Ht), and therefore—

g = "G + Hi)
d

4 _ 0, when t = 0,

1f now, ¢ =g, when ¢t =0, G = ¢,; and if at

H = by,
e g = e+ ).

The chain curve in Fig. 321 represents this equation in the given
case.

Rate of Discharge.—When bis very small in comparison with %, the
oscillations are nearly simple harmonic, and die away very slowly ; and on
the other hand, when b is very large in comparison with k, the discharge is
dead beat, the steady state being reached only after the lapse of consider-
able time. Thus when b is very small or very large with respect to k,
the process of discharge takes considerable time for its completion.
This consideration, together with an examination of Fig. 321, will lead
us to the conclusion that the final state of complete discharge is reached
more rapidly as b approaches in value to k.

From equation (ix) (p. 338) we see that the term cos (#/ E*=b — 6)
has alternately values 41 and —1, the values +1 occurring at times

2
differing by interva.ls-«—/-kTJ__——ﬁ; hence the maxima occur at times

2nnb
differing by these intervals, and have values q o« g v*-%, where
n has the successive values, 0, 1, 2, 3, etc. Remembering that
for the oscillatory discharge, b < k, we see that these successive maxima
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decrease most rapidly as b increases, since WL"I}
We have the maximum rate of damping out of the vibrations when
b = k, since in this limiting condition—

b
— = oo,

-0

Returning to equation (vii) (p. 338) we see that for the dead
beat discharge, that is, when b > %; the second term diminishes
extremely rapidly since — b ~ NE =D is always numerically large.
The first term is therefore much the more important, and the greater
the numerical value of the term —b +4/0* — k*, which is always
negative, the morerapidly does the charge decay. Thus, asb — v b~k
increases the decay becomes more rapid. To find how b —#'b" — &*
varies as b approaches k in value, write—

y=b- N0 _F
gy b
db NIk

becomes greater.

1
and as b approaches in value tok, :lg is evidently negative, that is, as b

diminishes b — /¥ — & increases, and therefore as b diminishes the
rate of decay increases. This holds up to the limiting case whenb = I,
and we therefore see that as we approach from the oscillatory side or the
dead beat side, towards the limiting case, the rato of discharge becomes
more rapid. Hence the limiting case when b = % is that in which the
charge most quickly disappears.

This was first pointed out by Dr. Sumpner® and is of particular
importance in the design of galvanometers. There is completo analogy
between the motion of a galvanometer needle and that of a discharging
condenser (see p. 2568). With no damping, the swings last a great time,
as in the case of the ballistic galvanometer. On the other hand, if the
damping is too great the motion is dead beat, and the final position of
the needle is taken up too slowly. This is extremely troublesome as it
renders the galvanometer very sluggish. The best working conditions
for ordinary use are obtained when the needle comes very quickly to
rest after very few oscillations, a condition sometimes, although wrongly,
called dead beat.

Discharge examined by Rotating Mirror.—The change in character
of the discharge from dead beat to oscillatory, as the resistance of the
circuit is reduced, may be seen by examining the spark by means of a
rotating mirror. The condenser is charged by means of the induc-
tion coil, the spark discharge taking place between the terminals P

! W. E. Sumpner, Phil. Mag. (Ser. 5), 25, p. 463. 1888.
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(Fig. 322) once at every break of the primary circuit. The circuit
ACBP in which the oscillations occur, has usually sufficient inductance
for the purpose, but if necessary this may be increased by ipcluding a
few turns of wire. When the points P> are far apart, the image of
the spark seen in the rotating mirror consists of one thin band for each
CH
B
[

JjCj
discharge, but on approaching the points until the resistance falls
below the critical value, a group of lines which may extend to 6 or 7 in
number, is seen at each discharge, which is consequently oscillatory.

The production of oscillations will be further considered in the
chapter on radiation,

]

Fia. 322.



CHAPTER XII
ALTERNATING CURRENTS

Tre development of dynamo-electric machinery, in which a coil or
system of coils is rotated in, or moves through, a magnetic field, giving
rise to alternating electromotive forces, and of the transformer which
enables the energy produced to be changed from small current at high
voltage to large current at low voltage and vice versd, has rendered a
study of the current produced by an electromotive force which varies
harmonically, of great importance. A still further importance to this
study arises from the employment of oscillating currents, the com-
mercial application of which is realised in the various systems of
wireless telegraphy.

Circuit with Inductance and Resistance.—For many purposes, the
capacity in the circuit is relatively unimportant, and we will first
consider the simple case in which a harmonic electromotive force,
E, sin pt, is applied to a circuit having resistance and inductance only,
the effect of including capacity as well, being loft until later.

The equation of electromotive forces for such a circuit has been
given on p. 303. It is—

dl
Lli . T RI = E.
Replacing E by the value E, sin pt, we have—

Lgt[ + RI = E, sin pt,

Ir T
E, being the maximumn electromotive force, and };‘ the periodic time of

alternation.

A pure sine electromotive force, that is, one which varies in a simple
harmonic manner, may be produced by rotating a coil with constant
angular velocity in & uniform magnetic field. For, if N be the magnetic
flux linked with the coil when its plane is perpendicular to the field
(Fig. 258), N sin @ is the flux when the plane of the coil makes angle 6
with the field.
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d(N sin 6
Thell, E= - g—dt_—)

d(sin @)
N=4

n

0

d
= =N cos G.Et.

But if the angular velocityZ—to = p, then, d8 = pdt, or § = pt +g,

the constant of integration being g, if time is reckoned from the instant

at which 8 = — g
Then, E = —pN cos (p! +g)
= pN sin pt
= E, sin pt.

The electromotive force produced by an alternaling current dynamo

is not usually of this simple type, but is of the form—

K, sin pt + E, sin 3pt + By sin 5pt 4 . . .,
but we shall only deal with the case in which the first term alone
is present, this one being always by far the most important.

The only part of the solution of our equation which is of importance
to us, is that in which the current has the same periodicity as the
electromotive force, any other being quickly damped out. The current
after a very short time takes the form, I = A sin pt + B cos pt, which
is the most general form of a simple harmonic current of periodic

9

time ;}r . A and U are constants to be determined from the conditions

of the problem. To find them, differentiate I with respect to ¢, and
. dl . . . .

substitute for I and g the original equation.

i

Thus, 'Tl} = pA cos pt — pB sin pt,
and substituting in the equation on p. 343, we have—

LpA cos pt — LpB sin pt + RA sin pt + RB cos pt = B, sin pt.
This must be true for all values of ¢.

‘When, t =0, sin pt = 0, and cos pt = 1.

o LpA +RB =0.
When, pl= g. sin pt = 1, and cos pt = 0.

~.RA - IpB = E,.
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Solving these two simultaneous equations for A and I3, we got—
RE, LpE,

W-I‘;L‘wa and, B= - BT

Hence, I= m(ﬂ, sin pt — Lp cos pt).

A=

This may be thrown int;) a more convenient form by writing cos 6
R
for VLp ¥ RY whence —
TAp . LP
;/Llr' + R sin 6, and, n= tan 6.

N

s l= - (6 - i
VIR 5(8in pt cos 6 — cos pt sin 6),

R S
= Vi g e S (2= 0

B
We therefore see that the current has amplitude N, ji‘p’o+ = T,
and lags in phase bchind the clectromotive force by an angle
0 = tan-! L?
R
In the special case in which L = 0—
I = Iysinpt B
- ROTR

The current is then in phase with the electromotive force, and its value
at every instant is given by the ordinary ohmic relation.

Vector Diagram.—The behaviour of a circuit to which an alternat-
ing electromotive force is applied, may conveniently be represented by
a vector diagram of electromotive forces, and by means of such a
diagram the current may be plotted in the form of a curve. Thus if
OA in Fig. 323 (i) represents to scale the value of E,, then the projcc-
tion of this on the axis of y at the instant ¢, is I, sin pt and is equal to
E, the instantaneous value of the electromotive force. On constructing

the right-angled triangle AOB with angle AOB = 6 = tan-! %{-’ ’
——_—I.{F‘“ = RI,
NP+ R
and OD, the projection of OB upon the axis of y, is—
_RE,
JUF £ e

@

OB = Ejcos 6 =

sin (pt — ) = RI, sin (pt — 6) = R,
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and is the instantaneous value of that component of the applied electro-
motive force that is used in driving the current in opposition to the
ohmic resistance of the circuit.

Again, since DE = OE — OD = E -~ RI, and L%: E -~ RI, we

see that DE represents the component of the electromotive force that

(1) (ii)

' Fia. 323.

is due to the inductance of the circuit, and is the projection of BA
. B

upon the axis of y But BA = OAsinf=—_ 1P 1

VLt + R
BA is at right angles to OB, and the electromotive force due to induct-
ance is therefore 90° in phase ahead of the current.
This might also have been obtained from the relation—

I = I, sin (pt — 6),

for, 3—% = pI, cos (pt — 0) = pl, sin (pt — 6 + 90°)
o L= 1T, sin (pt ~ 6 + 90°)

The vector OC may be drawn parallel and equal to BA, and we
sec that the ungle zOC = pt — 6 4 90°, and electromotive force OA is
resultant of OB and OC. As the three rotate with constant angular
velocity p, their projections on the axis of y represent the instantaneous
values of the applied electromotive force and its components. The
current being in phase with OB, it may be represented by a vector
o1, = R and by taking an axis of time parallel to Oz we may, by
making the ordinates equal to OE and to the projection of OI,, draw
the curves of electromotive force (E) and current (I) in Fig. 323 (ii).

Impedance and Reactance.—The quantity ' L?p* + R? plays a
similar part in the consideration of alternating currents, to resistance
in continuous currents, for T, = ___E_".__ . Ttis called the Imped-

~/Lapz + R?
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ance of the circuit. If either L or p becomes zero, the impedance
reduces to R, the resistance. The greater the value of Lp, the more
does the impedance differ from the resistance, and when the periodicity »

(that is Qg)becomes so great that the resistance is relatively unimyor-
Uy

tant, the impedance becomes Lp. This quantity is called the React-
ance of the circuit, and thus the impedance has for its limiting values
the resistance, for very low frequency, and the reactance, for very high
frequency.

Measuring Instruments.—An ordinary electromagnetic ammeter
or voltmeter whose moving parts are comparatively massive, will
indicate the mean value of the quantity to be measured, when this
varies rapidly. The mean value of the quantity E,sina for a
complete cycle, where a is written for simplicity instead of pf, is—

f%Eo sin a da E or
o = __2°[cos a] =0,

I -
da
0

and therefore the reading of an electromagnetic voltmater on an
alternating supply will be zcro. The reason is, that for the first half
™ [ L3 21
of a cycle, the mean value is 7% / E;sinade = —~ I;rl’[cos a] = z_;]r.“ ,and
0 0
2w D
for the second half, %r f E,sin a do = — 271;2 Thus the mean values aro
™
alternately positive and negative, and the suspended necdle or coil
will receive cqual and opposite impulses during a complete cycle. For
this reason it is necessary to employ instruments whose deflections are
all in one direction, whatever the direction of the electromotive force
or current. This is the case when the deflection depends upon the
square of the electromotive force or current, as in the case of the hot-
wire voltmeter or ammeter, the heating produced by the current in a
fine wire causing its expansion, which the instrument indicates. Also
the electrometer used idiostatically (see p. 159) may be used for the
measurement of alternating electromotive forces; or certain soft-iron
ammeters (p. 88) in the case of current.

In order to interpret the readings of such an instrument, let us
find the mean value of I? sin® a, or E sin® a, for it is this mean value
that is proportional to the indication of the instrument; that is, wo

2
"15 sin’
must find the value of the quantity, ~*— ——-—

2
NOW, da = 2,
v
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27
2 _ 9
u.nd, /0 Ioz sinfada = 102 l_(;)s_.‘-a da
)
- Ioz[% a sitl2a.]"
o
= 7l
2 2
.. mean value = gty = L

27 2°

Virtual Current and E.M.F.—The same value of the mean would
have been obtained if we had taken half the cycle instead of the whole,
sinco the square of any quantity is positive, and the sign of I sin’a
does not change during the cycle. In Fig. 324 the values of I and I*

2

Ty

2
1o

> ~

1B
g
S

4 20 10 70 ¢
\ - /

Fia. 324,

~

N

are plotted, when T, = 3. The line AB has the same mean ordinate
as the curve I°. The continuous current represeuted by CD, whose
square would have the same mean value as that of the alternat-

. I,
ing current is therefore —=, and would give the same reading on a

hot-wire ammeter. This is called the wvirtual current, and is equiva-
lent to the alternating current whose maximum value is I, Thus

I, . .
if T, is measured in amperes, 792 is the equivalent current measured 1n
virtual amperes.
In a similar way — is the virtual voltage of an alternating
,\/2 (=] =]

current whose maximum voltage is E,.

The advantage of measuring electromotive force in virtual volts,
and current in virtual amperes, is that a suitable instrument may be
calibrated by means of a continuous electromotive force or current,
and will then read virtual volts or amperes on an alternating current
supply.
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Measurement of Inductance.—When a source of alternating
electromotive force is available, the self-inductance of a coil may be
found by measuring the electromotive force and current, first using a
direct, and then an alternating current. The first readings give the

resistance R of the coil. The second pair of readings give ~/9__; and 3;"'
I E
:B ___OT_ = —= 3 - =
uh ViVl R
DRI o)
. 2, 2 2 __ 0 ~
L+ R = RO,

where E~ and I~ are the virtual volts and amperes,
1f the frequency of alternation is n.~,

B = 2%’ oo p = 27,
and L may then be calculated.

This method has the advantage that when the circuit encloses iron,
and the inductance is therefore variable, the value obtained is that for
the particular value of I_ employed, and this may be chosen to be
the value at which the coil is eventually to be used.

Power in Alternating Current Circuit.—In the case of a non-

inductive circuit, I = 53 sin pt = I, sin p¢, when E = E, sin pt. The

rate of working at any instant is therefore EI = E,I, sin® pt watts.
We have seen (p. 348) that the mean value of sin® p¢ for a cycle
is equal to §, and therefore—

mean rate of working = 3EI; watts

T
Now —]% is the virtual voltage, and ;_/02 the virtual current, there-

fore mean rate of working in watts is the product, (virtual volts) X
(virtual amperes).
In the case of an inductive circuit—

E = E, sin pt,
I =1,sin (pt - 6).

Therefore the instantaneous rate of working is—

ET = E,I, sin pt sin (pt — 6)
= B,1, sin pt (sin pt cos 6 — cos pt sin 6)
= E,I, sin® pt cos § — JE,I, sin 2pt sin 6.
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The mean value for a cycle is % in the case of sin® pt, and zero for
sin 2pt.
.. mean rate of working = }E I, cos 6 watts
= (virtual volts)(virtual amperes) X cos 6.

The following method brings us to the same result, and throws
additional light upon the processes going on.

Let the vector E, (Fig. 325) represent the maximum electromotive

force, and I, the maximum current. Re-

X solving I, along and at right angles to E,,

Eo we get the component I, cos @ in phase

with the electromotive force, giving us

the mean rate of working 1E,I, cos 4, and

o& R the component I, sin 6, lagging 90° in
\0(’ S 1, phase behind the electromotive force,
(i L and givino us a mean rate of working
- -x L [*™ B 1 sinasin (a — 90°) da, that is—
Of i 27r
"’.7(9 ‘ 2w
_}?"T‘) sin a cos a da
27 Jo
{ 2:
Fia. 895, - I—'LIO[COS ga] T=0.
8= o

This latter component is called Idle or Wailless current since its
presence does not contribute to the rate at which work is being done

81 d

. . S
. N - \
64 ’ . s

-4 4

Fia. 826.

in the circuit. When the inductance of a circuit is so great in com-
parison with the resistance that the latter may be neglected, the
current is entirely wattless ; for in this case, § = 90°, and cos 6 = 0.
The curves for E and I in Fig. 326 are drawn for a case in which
the current lags behind the electromotive force by an amount ac.
For the parts of the cycle ce and fg the electromotive force and current
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are in the same direction, and the source of energy is doing work upon
the circuit. If we call this work positive, then for the parts ac and
ef of the cycle, when E and I are in opposite directions, the work is
negative, which means that the electromotive force is employed in
diminishing the current, or the circuit is doing work upon the source
of energy. The curve abede, etc., is drawn by taking ordinates at
each point equal to the product of E and I, and the large loops such as
ede represent work done on the circuit, and the small loops such as
abe represent energy drawn from it. The difference in area of the two
is a measure of the work done in one half cycle.

When L =0, § =0, and the current is in phase with the electro-
motive force. The small loops are then absent ; but as L increases, the
difference of phase increases up to 90° in the limiting case when R is
negligible, and in this case the positive and negative loops are equal
in size. Their difference is then zero, and the current is entirely
wattless.

The case is similar to that of a frictionless pendulum ; although
the motion is alternating, the total work done by gravity upon the
pendulum in a cycle is zero.

Power Factor.—On measuring separately the virtual volts and
virtual amperes for a given circuit by means of a voltmeter and an
ammeter and taking the product, we obtain the apparent watts. This
is not the actual power absorbed in the circuit, unless the curient is
in phase with the electromotive force, for the product has yet to be
multiplied by cos 8 to obtain the true watts. The ratio of true watts
to apparent watts is called the power factor of the circuit.

Since,—true watts = (apparent watts) X cos 6, we see that the power
Lp
R"

Wattmeters.—The true power absorbed in any circuit may be
measured directly by means of a suitable wattmeter, whose low
resistance coil P is in series with the circuit, the high resistance shunt
coil Q being connected to the points A and B (Fig. 327) between
which the power to be measured
is absorbed. In the case of the
Kelvin watt balance (p. 246) the
shunt circuit has in it a non-
inductive resistance R, of high
value., The mechanical force or
couple between the two coils is y ‘
proportional to the product of Fia. 827.
the currents in them, that in P
being the current I flowing in AB, and that in Q being proporticnal
to, and in phase with, E the difference of potential between A and B.
The instrument is calibrated to read directly in watts, and will there-
fore give the mean value of EI, or the true power absorbed between
A and B.

factor is equal to cos 6, where 6 = tan™!
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A difficulty arises owing to the fact that the coil Q always has
some inductance, and the current in it therefore lags behind the
electromotive force in it, causing the indicated mean value of the
watts to be too low. In the Kelvin instrument this lag is reduced
to a negligible amount by making the non-inductive resistance R, in
the shunt circuit very great ; whilo in the Addenbrooke electrostatlc
wattmeter, which is a modlﬁed quadrant electrometer, there is no
appreciable lag.

If T, be the current in the shunt circuit Q, L, being the inductance,
and R the resistance of the shunt circuit —

T,

~/L T sin (pt — 6,).

Also the current in the main circuit is—
I=1,sin (pt - 0),

and the instrument indicates the mean value of the product I x I,
that is—
E,T, sin (pt — 6) sin (pt — 0)
v LIt + R?

Expanding the terms sin (pt — 6) and sin (pt — 6,), and taking the
product, this qua.ntlby becomes —

. ]‘nTO
VI, p-ﬂ-Ra

The mean values of sin® pt and cos’ pt are both §, and of sin 2pt is
zero, and the mean of the whole expression is therefore —

1 TLE,
VLY F R

{sin® pt cos 6 cos 6, +cos® ptsin §sin 6, — § sin 2ptsin (646,)} .

cos (6 — 6,).

The true power is T,E, cos 6.
. indicated power 1 cos (6 — 6))

true power S/ Lt + R*  cos d

Since I is small in comparison with R, 4/L,*p* + R* does not differ
from R in commercial instruments by more than 0'1 per cent., and
the instrument, if calibrated with direct current, will read correctly

on alternating current, provided that @igé—;f@ is equal to unity.
cos (6 — 6 ) cos @ cos 6, + sin 4 sin 6,
Y cos 0

= cos 0, + sin 6, . tan 0.
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When @, is small this quantity approximates to unity unless 6 is
nearly 90° in which case tan 6 approaches infinity. In gencral 6
does not approach 90°, and the wattmeter may then safely be used.

The power factor of a circuit may then be measured by finding the
true watts absorbed in it, by means of a wattmeter, and the apparent
watts by means of an ammeter and voltmeter.

true watts

apparent watts = cos 0.

Then, power factor =

Circuit containing Capacity, Inductance, and Resistance.—The
equation of electromotive forces for a circuit having capacity, inductance
and resistance is (see p. 331).

{1
L‘dt + R1 + 8 = K, sin pt,

aQ
dt

or, since I =

'Q aQ  Q .
Ldt“ + R dt +¢= T, sin pt,

The simple harmonic part of the solution of this equation, that is,
Q = A sin pt + B cos pt, may be found in an exactly similar manner
to that given on p. 344. By differentiating, substituting, and solving
the simultancous cquations for A and B, we find that—

E"((/'lp = 1Tp )

E,R
— T - ,and, B = — TR © A - ,
! - Y 15 (- =1, .
(g, = 1p) +1] rilg, =T2) + 1}
and thus—
Eo(t,}‘ - Lp) E,R
Q = ‘ T p - sinpt - T ) - cos [)t,
- 2 - L R?
P[(op Lp) +R} P{(cp p) + }
und further—
1
E" P IJ])
=99 _ (('7' ) cos pt + ER - ¢in pt
ST (- Tp) { ) a0
Cp Cp
1
: ¢~
Taking as before, tan 0= T
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we have, 1 = === in (pt + 0).
N (5 - LP) +B
The impedance is in this case \/ (-—- - Lp) + R,ﬂ
The following four special cases are of interest.
(1) When I, =0 and C = o, then § = 0 and tan 6 = 0, and the
equation reduces to I = Rhm pt.
This case has already been discussed (p. 345).
(ii)) When C = co, then tan § = — I;f, and the equation is—
I= 7—11 + T sin (pt — 6).

The vector diagram and the electromotive force and current curves
are given in Fig. 323.

1
(iii) When L = 0, then tan § = R
E,
and, I= T —— sin (pt +0).
Tt + R?

The current is here in advance of the electromotive force by the

1
. . 4
difference in phase, § = tan Gl

The vector diagram is given in Fig. 328 (i) and the electromotive
force and current curves for one cycle in Fig. 328 (ii). The power

Eo

(1) (1)
Fia. 828.

absorbed in the circuit is ug'un 1T,E, cos 6, and the idle or wattless
component of the current is T, sin 0 (see p. 350).

If in addition, R = 0, then 0 = 90°% and the current is entirely
wattless,
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1
(iv) When Lp = Gp’ 6=0,
E
then, I= Ro sin pt.

In this cass the current is in phase with the electromotive force.
The electromotive forces corresponding to the two wattless currents,
one due to the inductance and the other due to the capacity, are equal

"x L s
cp ,
(1 (1)
Fia. 829,

and are in opposite phases. We may say that the wattless current
required by the inductance is supplied by the capacity (Iig. 329).
Choking Coil.—For many purposes it is required to reduce the
current in a given circuit, with a minimum waste of energy, when the
current is derived at constant voltage from a given supply. In charging
a secondary battery from electric mains, an adjustable resistance is
included in the circuit, whose function it is to reduce the current to
the required amount, or in other words, to reduce the difference of
potential between the ends of the battery to that required for
charging. Similarly in running an arc lamp on a continuous current
supply, the arc requires about 40 volts, so that if a current of 10
amperes is to be taken from 100-volt mains, the resistance to be

included in the circuit is 1—921—6-5) = 6 ohms. It is merely a matter

of applying the ohmic relation I =%. With an alternating current

supply there is another and more economical method which may
frequently be employed as an alternative to introducing a resistance ;
for, let an inductance L be placed in series,

E, . 100
m——-‘-—_*_——'ﬁ, and in the above case, 10 = ;71;,_,1)2:_{:2 2
4 being the effective resistance, 17, of the arc.

.~ L2p® 4 16 = 100,
L#%p* = 84, and Lp = 9-2 approx,

then, I, =
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If now the supply has a frequency of 50 cycles per second—-

p = 2m.50.
92
oo L= S 50 = 0-029 henry.

Such an inductance is called a choking coil. Tts chief advantage
lies in tho fact that with it, the only waste of energy is due to
the hysteresis loss in the iron core (p. 280), which is generally much
less than the waste of energy in the resistance that would reduce the
current to the same extent as the choking coil.  The resistance of the
choking coil is generally negligible.  When a resistance is used to
reduce the voltage, there is a waste of energy 12R, which in the above
examplo amounts to 600 watts, but with the choking coil the only
additional electromotive force introduced, differs by 90° in phase with
the current, and the effect is therefore wattloss,

The virtual volts between the points A and C due to the supply

A B _ c

~./\/\/R\/\/\ . fo‘opz;\ LS -

< - E. - > o L
Fia. 330, I'1g. 331.

being E volts, that between the ends AB (Fig. 330) of the non-indue-
tive resistance is RI, and that between the ends BC of the inductance
is LpT (p. 316), and the latter differs in phase by 90° from the potential
difference R1 due to the resistance, since this is in phase with the
current.  The three electromotive forces are therefore related as the
three sides of a right-angled triangle, as shown in Fig. 331. Thus
the sum of the potential ditferences between A and B, and B and C, is
always greater than the potential difference between A and C. Then
we may find Lp graphically by constructing a semicircle upon AC
(Fig. 331), and making AB equal to the fraction of AC that the
required potential diffevence between the ends of the resistance is of
the whole potential difference. On joining CB and dividing its length
to scale by I, we obtain Lp.

Duddell Oscillograph.—Several devices have been employed to
determine the wave form of an alternating electromotive force or
current, but probably the most convenient is that used by W. Duddell®
in the instrument known as the oscillograph. This is essentally a
dead beat galvanometer, modified to have an exceedingly high fre-
quency of vibration (8000 to 10,000) of the moving part, so that its

! W. Duddell and E W, Marchant, Inst. El. Eng. Joun., 28, p. 1, 1899,
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movemwent copies the comparatively low frequency force due to the

alternating current.

The phosphor-bronze strip sass
passes over the pulley P (Fig, 332),
the ends being attached to termi-
nals fixed in the block K. A
spring, not shown in the figure,
pulls P upwards, and maintains a
considerable tension in the strip,
whose lower portions are situated
in the magnetic field due to a
powerful electro-magnet.

On passing a current through
the strip, one limb is urged out-
wards and the other inwards,
causing the light mirror M, at-
tached to them, to rotate. The
deflection of a beam of light re-
flected from M is thus propor-
tional at every instant to tho
current flowing in the strip. The
spot of light, falling wupon a
screen or photographic plate de-

scribes a straight line when an alternating current is passing.
In order to exhibit the variation of the current, the beam of light is

also reflected by a mirror
which is rotating about an
axis at right angles to the
axis of rotation of M, so
that the spot of light has a
motion upon the screen pro-
portional to time, at right
angles to that proportional
to the current, and hence
describes a path similar to
the curves of Fig. 333. The
motion of the second mirror
is produced by a synchronous
motor driven by the alter-
nating current under ex-
amination, so that the spot
moves over the path repeat-
edly, an advantage in ob-
serving it, as the appearance
upon the screen is that of a
steady curve.

Fic. 333,

For the examination of the electromotive furce and current curves
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simultaneously, two strips such as  are placed side by side, the current
strip is placed in shunt across a low resistance in which the current to
be examined is flowing. The potential strip is placed in series with a
high, non-inductive resistance, the ends of this circuit connected to the
terminals between which the variation of potential difference to be
examined is occurring. The current and potential curves may be
arranged to fall simultaneously upon the screen, and in this way the
curves in Fig. 333 have been obtained, L being the current curve with
large inductance, and K that with large capacity, the lead being nearly
90° for the latter, and the lag nearly 90° for the former (see p. 354).
V is the voltage curve.

Transformers.—The industrial use of alternating currents owes its
development entirely to the transformer, which is an appliance for
converting large current at low voltage to low current at high voltage,
and vice versd, with very small loss in energy and without the necessity
of moving parts in the appliance. Thus
for the transmission of 10,000 watts
at 100 volts the current is 100 am-
peres, but at 10,000 volts the current
18 only one ampere. Hence the con-
ductor required in the second case will
be much smaller, and therefore less
cxpensive than in the first, although
this must to a certain extent be com-
pensated for by the better insulation
required for the higher voltage trans-
mission.

The transformer consists essen-
tially of two coils, a primary and a
secondary, wound upon an iron core,
the function of which is to make the
mutual inductance of the coils as

Fic. 334, great as possible. The relative num-

ber of turns in the two coils depends

upon whoether it is required to transform up or down in voltage. The

induction coil is an example of a transformer for transforming up ; that

is from low to high voltage. An ordinary transformer with closed

magnetic circuit is shown in Fig. 334, AB being the primary and ab
the secondary coil.

We have already found on p. 315 that the electromotive force
equations for two circuits having mutual inductance, are—

a1,
1 dt

dr,
Lg+MZ +RL=E. . . . . . ()

dr, dl .
Ligi+My, +RL=0. . . . . .
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When an electromotive force E, is applied to the first circuit, there
being no source of electromotive force, (other than that duo to the
mutual actions of tho currents,) applied to thoe second, and 1i, vary
harmonically, it may be written 415, sin pt, and the harmonic solutions
for I, and I, might be obtained as on page 34t. DBut this procoss is
extremely tedious, and the uscful results may all be oblained by start-
g with the currents and afterwards finding the impressed electro-
motive forces required to produce these currents. Assuming then that
the currents I, and I, differ i phaso by the angle 6, we may writo
them, taking I, and T, for the maximum valuos—

I, =1, sinpt. . B (1))
and, I = I, sin (pt+0) N A2

In practico theso currents will not boe true sine functions, owing to
the hysteresis in tho iron core of tho transformer, bub will consist of
sine term together with a higher harmome duo to hysteresis, which
18 wattless,! and may usually be neglected ; its study belongs to tho
province of the clectrical engimeer.

From equations i and 1v we got —

dT, T,
w=P oly cos pl, and, (dt' =p . cos (pt 4 0).

Substituting in equation (ir) we get—
Lp T, cos (pt + 0) + Mp I, cos pt + R, 1, sin (pt + 0) = 0,
or, (L,p ol cos @+ Mp I, + Ly T, sin 6) cos pt
+ (o1, cos O—L,p (lusin 0) sin pt = 0.
This is true for all values of ¢, and thercfore when pt = :n;, we
have—
R, Ticos @ — Lip I, sin 0 =0,
R,
Ny

i,
or, tan § = 1‘ and .78 0 =

When ¢ = 0, we have —
LpoL,cos 04 Mp T, 4+ R, T, smn 0 =0,

ols Mp )
And, N L,p cos 0+ R, sin ¢
Mp
= L.p R,
L,p. -+ IR e,
P Lt Re T W Lt R
. T “polz
Sao

T WLy F R

! Steinmetz and Berg, * Alternating Current Phenomera.”
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From these two results we seo that there is a dufference in phase
between the primary and sccondary currents determined by the last
R,

Lyp-

Returning to cquation (1), and substituting in 1t the values of
dl, dI,
de’dt

relation, together with the fact that tan 6 =

, and I,, we have—

Lip T, cos pt + Mp T, cos (pt + 6) + R, T, sin pt = ,,
B, = (I, = Mp I, sin 6) sin pt 4 (L, p oI, +Mp T, cos 6) cos pt,

=(R,,I, + M
(R” M L g W) P
Mp-oTl LJ)
Loy T — v . 2 s ity
+ (Lo, P Ly T3 A L 1)

MR, . M4 Tip
= ,,T,(Rl + L 1’_1+ lmb—;’> sin pt + oT.(qu - L;l;'_, 1 1},> cos pi,

/ MR, -, M p
=l R P Ly— 1 t
oling/ ( v+ Ly + R‘,“’) +]’k ' Lt +l”) s (pl+),
M32L,
(L' T Lyt 4 1{_3> p
M p-R,
Ly + Ry

where, tan ¢ =

R, +

Wo thereforo see that the prunary electromotive force leads the
primary current by an angle ¢, or, what 15 the same thing, the current
lags bolund the voltagoe by this angle.  Further, the prumary resistance

is increased by an effective amount LM-P—}—l\l“ _duo to the current in
the sccondary, and the primary mductauw 15 effectively reduced by
MplL
the amount L, P_{_ ii , & phenomenon first pomted out by Maxwell!
Mp
Wiiting e '1"}+ Ry = P, we may thecn express our currents in
terms of 14, taking E, - B sm Pty and rewriting our c¢juations,
(1) becomes—
1)
L= = o i (pl— o (v
T ey 4 (R pepg VTR )
=Dsin(pt—¢) . « « « o o .. 000 ()
IJ ol 1""‘1:
“here,tangb-—_( X »

(R, + P-1y)°

1 J C. Maxwell, Phal. T'rans. Roy. Soc., 155, p. 4569. 1805.
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Again, since (I, = - P I, (iv) becomes—

1, = 1.sin (pt — ¢ 4 0)
- PIsin(pt — ¢+ 6)
I sin (pt —p 4+ 0 — ).
For the difference of phase between 1 and I, is the advance 0, of
the latter ahead of the former, together with a lag of # imphed by the

relation (I, = — P (L.

[Tt

12, L.
Now tan 0 = L “;, so that tan 0 = l’p’ where 6 = 7: — ¢, and
Ao -t

substituting this value for § we have—

I, = P, sin <pt - -0 — j),
and the actual lag of the secondary curient behind the primary is an
angle ¢ + :’: =7 — 0. The complete expression for 1, is now —
L,P
ot4 . ' ) .
y = - N t—p—0 - ).
P (L= LY (B 4+ Py T (1' i o) (viD)

=UTgsiu(1)t—¢>—()'—-Z). Y 1)

The meaning of thoso equations can ho
more clearly scen by drawimg a vector dia-
gram for the clectromotive forces m the two
circuits.  The equations of clectromotive
force are (i) and (1), and the various terms
in them and their relative phasos may ho
found from cquations (v), (v1), (vii) and
(viu).  Thus, from (vi) we havo

Rl =R, I sin (pt — ).

I

Hence we will begin our diagram with the o
veetor OE) whose valueis g By, the masimum
of K. At an angle ¢ behind this we have
OA, cqual to R}y 1, which 1s 1n phase with
the primary current, ¢ being very ncarly 907
since Ly p s usually large in comparison
with R,
Again, from (vi) we have—

L p L

dl - i F
L dtl =LypL N“(l't —¢+ 2) (st0 p- Fio. 335,
346).

Ilence AB is drawn 90° ahcad of OA, and is made cqual to Ly p (T,
From (vui)—

RJ2=R“T25111(]A—¢»-—(I’—-12r),
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so that we next make OD equal to R, (T, at an angle AOD =6 + f,-

behind OA, and this is m phase with the secondary curcent.  Also
from (vii)—

L, (fl[tl =I,pJ,sin (pt = ¢ = 6),

and thercfore DIM1s drawn 90 abead of OD and equal to Lyp T, FOis
now the vector sum of the two electromotive forces L;Z ; and R,I, in the
secondary, and is equal to the electromotive force due to the variation
of current in tho primary, which is M(f;r[' = Mp T, sin( pt— ¢+ g

from (vi), which we sco is parallel to AD; and further tho vector BE,
which is tho electromotive force in the primary due to the varation of
the scecondary current, 1s Mp (L, and 1s parallel to DF, since from (vin)—

dl, !
M a = Mp . Losain (pt — ¢ — 6).

The three vectors OD, DI and FO have zero resultant, and if the
diagram rotates with constant angular velocity p, their projections on
a fixed axis are ab any mstant tho three terms m equation (1),

Similarly the three vectors OA, AD, and BI, having a resultant
equal to B, correspond to the thiee terms in equation (1).

If a perpendicular e be diopped from I8 on to OA, the vector
Oa is equivalent to R/,I; where R is the clfective resistance of the
KPS B
primary circuit, which wo saw on p. 360 to Lo I‘x+ll~f\ll,:l),”+fl\i;:z

N2, 24
The vector Aa 1s thereforoe equal to _..‘\_l_p i e
Vi e o A

Sinulatly Ba is the quantity L/p,l, where L) 1s the cffective

inductanco of the primary, and the vector Bb 1s therefore cqual to
M2 L,

Lypt 4+ R
motive force which occurs when the current in the secondary is T,
might be reproduced when (1, is zero by mcreasing the primary
reswtance by the amount Aq, and dimimishing the primary inductance
by the amount Bb.

When the secondary circuit is broken so that I, is zero, the current

ol .
» ‘+‘:-_~,, and the rate of working 18 \E, I, cos ¢,
1 1
. .ll
where ¢ is now tan-! "lé}f' Tho only work done, apart from that due
1

so that the lag (¢) of primary curient behind the electro-

in the primary is L

to hystcresis and eddy currents, is that required to drive the current
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through the primary in opposition to its resistance. 'The vector
diagram reduces to the form shown in IFig. 336. Swce R, is usually
small in comparison with I, ¢ is nearly 90°, and becomes more and
more nearly equal to 90° as p increascs. There
is nowonly one electromotive furce in the socondary,
equal to Mp (I, ; and since this is parallel to AL,
the electromotive forco in tho sccondary is very
nearly opposite 1 phase to tho primary clectro-
motive force, Ol From its valuo Mp (I;, we seo,
calling it (K, that—

E,=Mp I, =M ot
otz P ol Mp NIIM:P: + “l’.‘.’

and neglecting I, i comparson with Lyp -

. M 3
oS, T Iy /
. ¢
When the primary and sccondary coils aro Fia. 336,

wound upon the core m such a way that they
both enclose the whole of the magnetic induction, we havo—

L, = M*
" 8 .
for, M = \ I, = . I, where n, and m, arc the respective numbers
l l,

1
N LAV T Y I,

of turns 1n the primary and secondary 000 — .
uhl lq IJl
Buat the mductance of o coil is proportional to tho square of the
number of twins hinked with the magnetic fluy, and therefore Ly« np?,
and 14, = nj
OB, m,

.. = .

M DTS

That is, the electromotive forces m sccondary and primary are
propor tional to their respective numbers of turns.

Theso conditions may be approximatcly fulfilled in the case of
the induction coil (p. 319), the primary coil having very low and tho
secondary very high resistance, tho latter hemg very great, not only
on account of the number of turng being very great, and tho wire
employed being thin, but also by the fact that part of the circuit
consists of air or some other mediuin of exceerldingly high resistance.

Returning to the vector diagrams (Iligs. 335 and 336) we may
now consider the effect of reducing the resistance of the secondary
until appreciable current passes in it. When this current is small,
the vector OD is nearly at right angles to OF, so that the secondary
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current is ncarly opposite in phase to the primary. As work is now
heing performned 1n the secondary this implies that more power is taken
in at the primary. This is supplied in two ways  In the first place the
primary current comes more into phase with the clectromotive force,

[,
since tan ¢ changes from - 11{2 to—
T L R
M‘l 21(0 ’
R e

1+ 1_1221}31 R}

50 that ¢ diminishes, and cos ¢ increases, and the power (B, I, cos ¢
increases.  But in addition to this, the primary current usually
increases owing to a diminution in the effective primary impedance
from &/ Li#pt 4+ B2 to o (L, = P25 + (Ry + PR

If the latter of these two quantities 1s less than the former —

L+ BE > L378 — 2L LSS + PR 4 RE 4 2R R+ PRE
v 20 Lyt > PYLA 4+ R2) 4+ 21,1y
, . My
l)llt;, P = IAJZI'AJ_*-I{QQ.
o 2L LR > MY + 2R R,

Tn tho case of an ordinavy transformer, R, and R, are made as
1 2
siall as possible, m order to avoid loss of energy due to heating of the
conductors.  Therefore, neglecting she term 2R\ R, we have—

9L, T, > M,

a condition which is necessavily fulfilled since M*® cannot be greater
than L1, Thus the result of the current in the secondary s to
decrease tho offective impedanco of the primary, and the primary
current therefore mereases. It should be noted that if the resistances
aro not small 1t does not follow that the effective impedance of the
primary is reduced and the current increased. There is, however,
always an increase in tho power absorbed by the primary, on account
of tho advance in phase of thé primary current caused by the curient
m the secondary.

For an account of the efficiency of transformers and the measure-
ment of the various losses occurring in them the student is referred to
works on electrical enginecring.

Resistance and Inductance of Wires for Currénts of High
Frequency.—A steady current flowing in a uniform wire is distributed
uniformly in the cross-section of the wire, the current density being
constant over any given section. When the voltage applied between
the ends of the wire is alternating, the distribution of current is no
longer uniform ; there is a concentration of the current in the outer
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layers, and, when the frequency is very great, the current is almost
entirely confined to the surface layer. This phenomenon is known as
the “skin effect,” and on account of it, the effoctive resistance of the
wire is greatly increased. Tor this reason, conductors that are required
to carry high frequency alternating currents are made up of a number
of strands of fine wire, insulated from each other, in order to have a
large surface for any given area of cross-section, since the contral parts
of thick wires would not carry any appreciable part of the current and
would therefore be uscless

The reason for this distribution of the current may be understood
by examining Fig. 229, in which tho magnetic field for a wire carryimg
steady current is shown. Taking any cylindrical shell of the wire,
the magnetic ficld outside it is the same as though the current in tho
shell were all at the axis of the wire, but for points inside the shell the
field is zero. Thus for a given current, the total magnetic flux is
greater when the current flows along tho axis than when it flows in a
surface layer of tho wire, by the amount of flux that fills the space
occupied by the wire when the current flows along the axis.

If then we imagine two elements of tho wire of cqual cross-section,
ono constituting the central portion A, in Fig. 337, and the othor a
cylindrical shell B, theso will carry cqual cur-
rents when the electromotive force 1s steady, but
A will have a greater sclf-inductance than B.
When the electromotive force is alternating, B
will therefore have the less impedance, and moro
current, will flow in it ; and further, the current
in A will lag behind that in B, owing to the
greater inductance of A.  The phase of the cur-
rent gets later and later as we pass from tho Lns
surface of the wire to the intertor. This is TG, 3u7.
entirely in accordance with the fact that the
flow of energy from the source of electromotive forco takes place in
the dielectric surrounding tho wire, time bemg necessary for it to
penetrate from tho surface to the interior. This aspeet of the question
will be studied later (see p. 410).

1f we consider a conductor consisting of tho two parts A and B
only, where the resistance of each for steady current is R, the indue-
tance of A being L, that of B is equal to M, the mutual inductance of
the two parts; since the magnetic flux linked with the circuit whose
cross-section is B, is also linked with A, and if we apply an alternating
clectromotave force ¥, sin pt to the two in parallel, we seo by the
cquations on p. 360, that the effective resistance of A is— -

R MR - M7
oM £ RS < T a4 w)’
and its effective inductance is—
L MM
bl ¥ PRI P31

I

-~
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while the effective resistance and inductance of B are respectively—

MR M2p?
Rt g ne= R(l Ly + R“)'
I\l ]} T.l

Ly + R

Tho total resistance is therefore in cach case increased, and the effective
inductance reduced, the change depending on the square of p; but since
L>M, the resistance of A rises more rapidly than that of B when p
increases, so that tho current becomes at very high frequency alinost
entiroly confined to B. The better tho (‘()Il(]ll(,thlty of tho material the
smaller is the value of R, and therefore tho greater is the quantity
MM M*L
I\l]; +R' ]'“-*—R”
hIE . M*
and - 0 Since I‘ <1, M is greater than o and the concentra-
4 4 4
tion of the current into B is greater when R is small than when it is
. . Mp*M ML
great, for in this latter caso My F T an( I+ ke

and, M —

the limiting values when R = 0 being M

approach to

equality.

If the wire consist of a material of high permeability, T, is
enormously increased whilo M is practically unchanged.  This again
accentuates the erowding of the current into the outer layers ; in other
words it incrcases the skin eflect.

The problem of the distribution of an alternating current in an
actual wire is beyond the scope of this book, but 1t may be pomnted out
that in the case of a straght circular wire carrying alternating
current, the efleetive resistance R may be calculated from a relation
which may be written in the form —

, RES ’ll/Ul 1 27:""))/41(" 4
B =R{1 + 12 hvp7 ) -—l_‘\'()( ‘p ‘> oo }’

given by Lord Rayleigh,! where R is the resistance for steady current,

a being tho radius of the wiro in centimetres, n the frequency of

alternation, and p the specific resistance of the material of the wire in
. . 4 un

absolute units, provided that —— 22 1 not greater than 5. For very

high frequencies the relation is—

V=R \/ mnaat
b

The effective resistance of a straight wire for high frequeney
currents has been measured by Prof. J. AL Fleming ® by comparing the

! Lord Rayleigh, Phul. Mag. (Ser. 5), 21, p. 381. 1886.
* J. A, ¥leming, Proc. Phys. Soc. Lond., 23, p.103. 1911,
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currents in two similar wires that produce heating at the same rate,
the current in one wire being steady and the other oscillating. Tho
arrangement employed is shown diagrammatically in Fig. 338. The
two wires AB and CD arve situated in glass tubes which ave united by
a bent tube containing a little paraffin oil, with an air bubble at 1.
The currents in A B and CD are wdjusted untal the air bubblo remaing
in its equilibrivin position, the system N S

then acting as a differential air ther- A c
mometer ; 1t indicates that the rates
of production of heat in the wires
are equal.
The alternating current is mea- L

sured by an ammecter of the tyypo
described on p. 222, which measures
virtual amperes. 1t consists in the
oscillatory discharge from a con-
denser, tho frequency of oscillation ( Q_A__J
being determined by means of the /e P
cymometer (p. 460). I, 338,

For equal heating in tho two
wires, IR = IR’ where 1" is the virtual current, and R' the effective
resistance, Tand R being the values for stoady current.

Sinece the wires and the vessels may not bo idontical in the rates at
which the heat produced in tho wires is dispersed, the currents arvo
interchanged, so that the wire which previously carvied the alternating
current now carries the steady current, the effeet of disstmilarity in tho
tubes and wires bemg in this way eliminated.  Tho ohservations were
in very good agreement with the calculated results.  In the easo of a
bare coppor wire of diameter 0 05119 em. the resistance for a froquency
of 1:08 x 10° is 1'45 times that for steady current, wlile for a
diameter of 0198 the ratio is 8-10.

Shielding Effect of a Mass of Metal.—The presence of a mass of
conducting material in the neighbourhood of a circuit carrying alternat-
ing current produces an effect which may be understood from the
equations on p. 360. 'The eflective sclfinductance of the circuit is
reduced, for the induced current in the material has a magnetic field
which is opposite 1n sign to that due to the current in the circuit, and
consequently while the current is growing, the magnetic flux linked with
the circuit is less than would be the case if the mass of metal were
absent. The back electromotive force, due to the growth of the mag-
netic flux, is therefore reduced, which is equivalent to saying that the
effective self-inductance is diminished. Smilarly at stopping, the in.
duced current is in the direction of that in the circuit (sce Fig. 309),
and the flux dies away at a lessened rate.

As the conductivity of the material increases, so the effect is
enhanced, for the induced currents hecome greater, while the reverse is
the case when the conductivity is diminished. TFor this reason it is

)

N ——

i
]
I

ol__J



368 ELECTRICITY AND MAGNETISM CHAP.

necessary to avoid using continuous masses of metal in the construction
of coils of large inductance. The frame on which the coil is wound
should be of some non-conducting material, and if this is inconvenient,
a saw cul should be made in a direction at right angles to the direction
of the electromotive force prouwuced by the varying magnetic flux.
This enormously dimimishes the effect.  Further, if an iron core is
employed, it should be Taminated or else built up of wires insulated
from cach other. A shght film of oxide on the wices or lamine will be
highly beneficial.  For this reason the cores of transformers are usually
laminated, for not only is the effect of these eddy currents upon the
inductance objectionable, but they involve a waste of eneigy, the
current in the metal involving a conversion of electrical energy into
heat, within the material.

In a smmilar manner a sheet or mass of highly conducting metal
may be used to screen a given space from the ellects of an alternating
magaetic field.

Let an alternating current T, =,T, sin pf, be flowing in a given
ciremt ; then for a neighbouring cireuit or mass of metal, the equation of
cleetromotave forces will be—

dil, dar, ,
Loy +M 4+ k1 =0

When R, is very small, as we may suppose 1t to be in the given
cnse -—

a1, a1,

L. ’““ +M dt 0.

ool 4 M = constant,

I.T, is the magnetic flux through the closed civcuit due to the

current I, in it, and M1, is the flux due to

1\\ the current [y, and since the sum of these

¢ two is constant, the varmation in tlux, which,
A, ¢ without the closed circuit would be

By I 7T M1, sin pt,

is reduced to zero.  This effect may be
demonstrated by placing a coil A (lfig.
339) which is in series with a telephone
recetver, near an electromagnet excited by
Fia. 339. an alternating current. A note whose
pitch is cqual to twice the fiequency of
alternation of the current will be heard in the telephone. If now a
thick sheet of copper, B, be placed near A, the loudness of the note is
much reduced. The sound will never disappear, for the sheet cannot
have absolutely zero resistance, and consequently the limiting condition
mnplied by the last equation is never reached.
1t may be noted that unless the alternations are extremely rapid,




XIL ELECTROMAGNETIC REPULSTON 369

the effect of the presence of the plate is considerable, on whichever side
of the coil A it is placed, and is greater the neaver it is to A, 1f the
magnet is at some distance, it is immaterial on which side of A the
plate is situated, for it is the variation in flux at B that is reduced, and
there is a consequent reduction in the variation at all points near B.
A radial slot cut in the plate B enoimously increases its rosistanco to
the induced currents and correspondingly diminishes thoe eflect.

Repulsion between Conductor and a Circuit carrying Alternating
Current.—C'losely allied to the last described

il

cffect is the phenomenon of vepulsion that l'! [}j M
oceurs between a  circwit carrying an alfer- “/MMWW){ ;/ ” ]
nating current, and a conductor. A elosed eir- L i
cuit or conductor A (Fig. 340) situated near A

an alternating electromagnet, is threaded by a - J
magnetic flux M, sin pf, due to the current i, 340,

I, sin pt, in the electromagnet.

Simee A has very small inductance, its reaction upon the cloctro-
magnot is infimtesimal, and we may consider that an alternating
dl
dt
in it. This electromotive foree is 90 in phase behind the current 1,

and neglecting A’s inductance, the current in it will be in phase with
this electromotive force. Thus —

T, o« MpT, sin (l’t - Z)

clectromotive forco — M = — Mpl, cos pt = Mpl, sin (pt - 7;) acts

There will e a forco between the two currents, proportional to
their product 1,1,

. Foree oz MpT 2 sin pf sin (];t - Tf)

We have already scen (p. 350) that the mean value of a quantity

. . T . . .

such as sin pt sin (pt - ‘,), m which the two harmonic components differ
2

m phaso by 907,is zero, and therefore if the inductance of A be zero,

the mean torce on it 1s also zero.  But the inductance, although small,

cannot be zero, and the current 1, thercfore lagsin phase by more than

90” behind T,
. Force e MpT,2 sin pt sin (];t - :: - 0),
. Mpl2 .
« MpT,? sin? pt cos (7—; + 0) - ?)' - sin 2pt sin (Z + 0).
The mcan value of the last term we saw on p. 350 to be zero, and
the mean of the first is 3 Mpl, cos Z—r 4 6). Since cos /? + 0 ) is neces-
g Mpla 5 (i

sarily negative when 6 is small, the force on A is a repulsion, and the coil
28
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A experiences in each complete cyele, an impulse pushing it away from
the magnet. The carves for I, and I, are drawn in Fig, 341, and the
dotied curve is drawn for the product I,I,, Owing to the phase
difference between I, and T, being greater than 90° (compare with Fig.
326, where the phase difference 15 less than 90°) the positive loops a,
which indicate an attraction owing to the currents being in the same
dircction, are smaller than the negative loops b which indicate a repul-
sion. [t 1s thus scen that the repulsions predominate.

It may be seen from the expression for the force, that this increases

a

Fia. 341,

with p, and with the square of the current I,. Hence, to get large
effects, currents of considerable value and of high frequency are
ne(:(‘\‘x‘ary.

The resistance of A plays an important part in the phenomenon,
for the lowor the resistance the greater the induced current 1n 1t and
the lavger the effect. DBut the lower the resistance, the greater is the
lag of tho current behind the electromotive force owing to the increaso
in the time constant, and hence the lag 6 increases, the result bemng
that the loops b in Tig. 341 are increased while the loops a are
diminished, the repulsion being still further increased.

By means of powerful alternating-current electromagnets, metal
rings of considorable weight may be supported.

Rotating Magnetic Field.—If two coils carrying alternating cur-
rents be placed at right angles to each other, the resulting magnetic
field at any instant may be found by compounding the ficlds due to the
two coils, according to the ordinary law of addition of vector quantitics
or parallelogram of forces. When the currents have the same frequency,
the resultant magnetic field at any pomnt is periodic, and has the same
frequency as the currents.

Representing the currents by the equations I, = I, sin (pt + 6)
and I, = I, sin pt, the magnetic fields are in phase with the respective
currents and may be represented by—

H, = 11, sin (pt + 6)
and, H, = (H, sin pt.

I
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Tf the field H, be due to the current in the coll AD (Ifhg. 342) 1t
may be represented by the vector O, and the field duc to the cul
CD is represented by O, and at
the instant to which the diagram L OA
refers, OH' is the resultant ficld. 1Q

This has the value & H? 4 H.}

and is mechned to the direction of H,
OH, by an angle ¢ whose tangent 13

. H, .
H:z, that is, tan ¢ = i Both H (}] .

1 {
and ¢, which define the resultant, € Y
field, vary periodically ; for when

t =0, then H, =0, and
' = H, sin 6.

I
Also when t = — f), I, = 0, and /(»L)B
H' - I)Ilg sin (— 0)_ Fia 312,

Thus the resultant field TI" ro-
tates, and at the same time varies m magnitudo.
The cabe of most iinportance is that in which 11, = 1, = 11,

Then, W= I, pt + sin (pt + 0)_,
1 ¢ sin pt .
and, an ¢ = Sn(pt+0)
and if in addition § = Z, then —
, sinpt
H' = H,, and, tan ¢ = ooo pl - tan pt,

that is, ¢ = pt.  The resultant ficld is therefore constant in value, and
rotates with constant angular velocity p.

Then at tune ¢t =0, H, = H, and A
H, = 0, and the position of H' iy O/H, oM,

(Tig. 343). At time ¢ = ’; H, = 0, and 7 H

H, = H,, and the position of IT' is O,
Hence the direction of rotation of H' s
positive, that is from O to OA, or anti- 0 '
clockwise, when H; is 90” in phase ahead
of 11,. !

If, on the other hand, H, lags 90° in !
phase behind H,—

H, = H, sin (l't - g) = —H, cos pt,

and, H, = 11, sin pt,
lan ¢ = —tan pt, and ¢ = — .
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The direction of rotation of the resultant field ' is therefore in this
case negative, that is, opposite to that of the rotation of the vectors
o, and JTL,, and sts angular velocity 18 — p.

A conductor placed at O will consequently experience a couple,
which is in all cases in the direction of rotation of the resultant ficld,
for an exactly similar reason to that for which the magnet rotates in
Arago’s eaperiment, deseribed on p. 251, Tn this case the ficld rotates,
whereas 1 Arago’s esperiment the conductor rotates, but in both
experiments it is the relative motion that determines the couple
between them, for by Lenz's law (p. 250) we know that the forces due
to the magnetic cffects between the field due to the induced currents,
and the original field, are such as to oppose
the relative motion of the field and con-
ductor.

The couple acting on a mass of metal
situated in a rotating magnetic field can-
not in general be calculated, because of the
dufficulty in finding the distribution of the
mduced currents m the body, but if we

Fio. 344, takoe a plane coil CC (Fig. 314) the problem
becomes much simpler.

The magnetic flux passing through the coil at any instant is
ATl sin pt, where pt is the angle between I and the plane of the coil,
and A the arca of the coll.  The electromotive force in the coil is given
by the equation—

AN
=T
d .
Soe= — dt<AH sin pt)

= — Allp cos pt = Allp sin (pt —T)
The current in the coil is therefore—

. AI]]} L ( T -
= 76'“' e sin {( pf —,, — a) (see p. 345),

T
where I and r are the inductance and resistance of the coil and

tan a = lp.
r

The magnetic moment of the coil is A7 (see p. 225), and is per-
pendicular to 1ts plane, being directed along the normal 1n direction MO.
The couple acting on the coil, tending to turn it into the direc-
tion of H, is then—

. .A‘:H‘“)p . T
— AiH cos pt = — 77,_,—2;5~+~r—2 sin (pt -5 = a) cos pt
Aﬁl{ﬂp sin vt : (1r Y . (1r
= — «/f*’;‘f—{:T pt cos pt cos 3 + a )— cos® pt sin §+ a,)}.
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We have scen that the mean value of sin pt cos pt, or sin 2pt,
for a cycle is zero, while that of sin® pt or cos® pt1s 5.
Therefore mean couple ¢ is given hy—

gl . ATl
¢ = Al sin (g-}-a).: v 05 @

2 \/l':p“' + 7 zx/l“p“’ +r ¢
{
Bub, tan a = I‘“’
3 (4 r
. COS = )
« '\/1_-1,: +
ATl

nd =
M ¢= 2065+ )

The mean couple is in the direction of rotation of the field.

The average couple therefore depends on the value of p, and this
is the relative angular velocity of the field with respect to the coil. Tt
is ovidently zero when p = 0, and agan when p 1s infinite. I then
tho corl is mounted so that it can rotate, its angular velocily in tho
direction of rotation of the field will increase until the rate at which
work is done in opposition to friction of all kinds is equal to that dono
by the rotating ficld. On releasing the coil its angular velocity will
mcreaso at first, and as a result p, tho relativo angular velocity of the
ficld with respect to the coil, duninishes and the couple still further
imereases ; but the speed will never bo equal to that of the field sinco in
this case p would be zero and the couple would vamsh. The averago
couple 18 a maximum when p has some value between zero and infinity.

To find tho value of p for the average couple to ho a maxumum,
find the condition that the ratc of change of the average couple with
respect to p shall be zero 5 i e. let—

de
dp ~
AT p
2(Ept 4 1)

Cde AHEr d P )
. ;11 T @(l'p' + 7

Up? 1% = 20
G

and putting this equal to zero we have—

Now, c =

<

= Al

Pp? = 7%,
and, p= ;
l
ff , so that the value of a for maximum couple is

.

Again, tan o =
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tan~'1 = 45, and the value of the couple under these circumstances

. '
is, biuce p = | —

A A

T oart T4l

This does not mean that the couple is independent of the resistance,
which would obviously be incorrect, but merely gives the value of the
couple when the condition Iy = r is fulfilled.

That this condition corresponds to a maximum couple may be

d*c . de . .

proved by obtaining ap? and showing that di; is decreasing when
lp=r

The quantity ,, ,]’, , has been plotted as ordinate in Tig, 345
UVpt + 1

for a case in which R =1 ohm

N e . .
5x10 - ] or r=10"absolute units and Li=0-1
L. L 1t henry = 10® absolute units. The
N frequency of alternation, m, has
s - L\ been taken as abscissa, the value
: of p bemnyg 27 The relation
M, t=]
2 - - -
;- . _A.-;.. l:p:?wn

0 4 .« s % S5p6 7 89 Py gives tho maximum couple at the

Fia. 345. frequency mo= = 109, and it
T

will be seen that the quantity has the valuo 5 X 10 ™ atl this frequency,
and the averagoe couple is A*IL* x 5 x 107%  Now I may m a
practical case be, say, 1000, and if the coil have an effective arca of,
say, 10,000 sq. cms.—

maxunum aierage couple = 10% x 10° x 5 x 10-°
5 x 10° C.G.S. units.

I

[t should be noticed that the maximum occurs very near the axis of
zoro frequency, and from this maximum the couple falls gradually as
the angular veloeity of the field relatively to the coil increases.

The motion of a conductor in a rotating magnetic field has been
put to many uses, the most notable of which is the construction of
clectro-motors in which two electromagnets are traversed by alter-
nating currents of diferent phases. A mass of metal or a system of
closed coils is mounted upon an axle 1n the rotating ficld, and
experiences a driving couple as explained above.

If a conductor or coil E be mounted between two pairs of magnets
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AB and CD (Fig. 346) carrying alternating currents differing in
phase, the resulting magnetic ficld at K is a rotating field, and the
conductor rotates. The magnets A and B may with advantage be
combined to form one ficld magnet,
as also may C and D, but they ave
represented as separate magnots
in the diagram for the sake of
clearness.

If the alternating currents in - 3
the two circuits are derived from : @ 8
the same supply, the currents in a
the two pairs of magnets will not
differ in phase unless the timc
constants of the two circuits dufter.
To make the time constants difler,
an extra inductance I may be in- Fig. 316.
troduced into the CD circuit, or
a capacity into the circuit ADB, or both,

0N

Thus, T, =1 sin (pt + 0)
and, I, = l,sin (pt —6,).

1f ,T, and T, are equal and the magnets similar, then the magnetic
ficld 1s a simplo rotating ficld, when —

m™
01 + 02:2‘

In using motors of this type, tho supply usually consists of two
scparate currents carried by two disbiet ciccuits, the currents differing
in phase by 90°.  Such motors having ,
circuits with alternating currents iun J
different phases are called polyphase B P RIS
motors, and have the great convenience K, - 1%
that they will start under load. ‘ AN

Single-Phase Motor.— A single alter- ! TR
nating magnetic field may be looked "
upon as the resultant of two equal fields \
rotating with equal angular velocities \ /
in opposite directions. If the two coin- . .
cide when in the direction Oy (Fig. 347) RS
then, when ono of them (OA) makes
angle pt with Oz the inclination of s 347,
the other (OB)to Oz is = — pt.  Thus
the components parallel to Oz, are H, cos pf and — H, cos pt, and
these always annul each other ; while the components parallel to Oy are
H, sin pt and H, sin (r — pt), and these added together give the alter-
vating field 211, sin pt. A mass of mectal or coil of wire mounted in
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the ficld so that it can rotate, will expericnce equal and opposite couples
due to the oppositely rotating components of the field, and it will there-
fore remain at rest.

et the angular velocity of the fields with respect to the coil be
represented by the value P oon the curve (Fig. 345), and it will be scen
that if the coil be given an angular velocity p, in one direction or the
other, the rclative angular velocity of one of the components of the
field with respect to the coil will become P — p, and the other T 4 p,.
The couple produced by the former is therefore, as will be seen from
the curve, greater than that for the latter, and the coill will gain
velocity.  The couple due to the driving component thus increases
and the other diminishes until the mechameal work done on account of
rotation prevents further inciease in velocity.

The coil will therefore run as a motor in the direction in which 1t
is given a start, but owing to the smallness of the resulting couploe
until the angular velocity approaches that of the driving component of
the field, such a motor will not start under load. Ifence such motors
are provided with a second magnetising coill with somo such device as
that deseribed on p. 375, for producing a diflerence of phase between
the currents in the two coils. A single rotating magnetic field is
thercfore created, and tho motor starts.  When running at suflicient
speed, the second or starting civemit is cut out and the motor continues
to ran as a single-phase machine.

Imaginary Quantities.- —The usefulness of the exponential forms of
the sinc and cosine has already been scen (p. 334), and we will now
make a further application of them to the problems of alternating
currents.  Let us consider the imagimary quantity & =% This has
no real value, but may be defined as the quantity whose square 15 equal
to —b% Writing it in the form #/ — L b, or jI%, wherej = & =1, we can
seethatj = =1, 5 = =1, 7= =&/ =1,5' = 1, ete.

1t we multiply any vector, say A, by j*, weobtan j2A = — A, Thus
the sign is reversed, which is equivalent to a reversal in divection of
the vector, or a rotation of its direction through 180°  Dultiplying
again by 7° or =1, it agan becomes 4 A, and has therefore been
rotated through a further 180° Irom this we see that j° may be
looked upon as an operator, the effeet of which is to rotate any vector
upon which it operates, through 180%  Similarly, 7 rotates 16 through
90% J* through 270, cte.

Any quantity whatever may be written in the form a + jb, where
a is & real quantity and jb imaginary, and, further, if any equation
involves both real and imaginary quantities, the sum of the real
quantitics 1s zero, and likewise that of the imaginaries.

Thus, if a+jb=a + 4V,
then, a—a =jl —1b),
which cannot be true unless a — a' = 0, and V' — b = 0, for otherwise
we should have a real quantity equal to an imaginary.
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If a and b are vectors in the same divection, jb and a are veclors at
right angles to each other, and the position of any point P (Ihg. 318)
may be represented by the vector a + jb, since OQ = a and QP = jb.

.. vector OP = a + jb.
Again, if OP = r and angle QOP = 6, Y
veetor OP = r(cos 0 4 j sin 6).

r is usually called the modulus and P

0 the argument of the complex quantity

represented by the vector OP. Trom /

Iig. 318 we see that »* = a* 4+ b* and y b

b ’ ’

tan 6 = -, and hence the modulus and

W ()

argument of any maginary quantity of l ~
the form a 4 jb are known. 0 “ Q

Rotating Vector. —The exponential

. 0 S8 G 348,

forms for sin ¢ and cos 0 are € -, i g 318

&0 4 00 . .
and ., — respectively, and employing these forms, the
quantity r(cos 0 + j sin 0) hecomes 1%, and 1(cos 6 — § sin 0) bhecomes
re=J0

1f, then, the vector OP, or 7, rotates with angular velocity p, and
t be the interval of time since it coincided with Oxz, 6 = pt, and
1(cos pt + § sin pt) = re!. Now, r cos pt 1s the projection of # upon
the axis of z at any instant, and is a quantity which varies harmoni-
cally , it 18 also the real part of the complox quantity rert. Sinularly,
r s pt is the projection upon the axis Oy, The real part of rewt iy
theretfore a harmonic motion taking place in the direction of the axis
of @, and the imaginary part a similar havmonic motion, a quarter of a
period later, in the axis of y.

Application of Imaginaries to Circuit having Inductance, Capacity,
and Resistance.—The alternating clectromotive force 15, cos pt may he
looked upon as the real part of the quantity 1,7, or the projection
upon the axig of a, of this rotaling vector. The equation of clectro-
motive forces (p. 353) may therefore be wrtten—

Q

dl | .
L‘lt—J}-RI—}-U:L.,E““ e )]

Now consider a solution, 1 = Aet, which has evidently the same
petiodicity as the electromotive force.  We must find the nature of the
quantity A.

~

A
= jpAert, and, Q = j Tdt = i Pt 4 const,

dl

dt
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The constant in the last expression must be zero, since we are dealing
eutirely with harmwonic changes;

JA
1}

Equation (i) then becomes, on substitution—

.. (2 = {\(JI’[ = - (.71"_
I

A
LyjAert + RAert -—‘7(;1'(71" = K,
]Cu

or, A= T
(- ¢ )j + R

.

1.
Multiplying the numerator and denominator by %l{ ——(L_p - Ul/)‘l}’

1«:‘,{ R —(1y "(;p )i}
)

A= —
(Tp =) + 1

which is of the form a + jb, where

.
a = M‘I)RJ , and b= L"(Ll; J”}’)
(Tr =, ) + 1 (lp—¢,) +12

Ience the modulus 1s
T,

NICEROESS

Na + b =

and the argument 15

1
Il ) —
b P
_ -1 1 p
0 = tan ﬂ tan —
R,

VAUTH

/}!

oA = =28

2
) + R*
Aund the solution to our equation is,

(pt—8)

}un
'\/ (Lp + R?



XIL COMPARISON OF CAPACITIES 379

The real part of this is the harmonic current vequired, and will be
seen to be in agreement with the solution obtained on p. 354,

Comparison of Inductances.—Irom the above, we sce that
J

1l 1 A
L:U = LjpAewrt = Typl, and ?} = C./L” :J.‘ ‘I‘(”‘t = — Cy T, and heneo

the electiomotive force equation may be written—
(lpj+ R - IV = Bon
P) Cp &

This is of convenience in solving many problems.  Referring to the
method of comparing inductances on p. 321 (Fig. 314), we see that for
no current to flow in the galvanometer, we have the current T, in BAD
and I, in BCD, and the electromotive foree in both branches is the
same. If, then, the battery be replaced by a source of alternating
current,

"

For branch BAD, I, ’d L+ PL+ QI =,
1

and for branch BCD, I, "I“‘ 4+ RTI, 4 S1, = I,

0o

Therefore for simple harmonic 1. M1 s and currents,

W+ + Q= Ly + R+ S){ L.
But the real parts and the imaginary parts wust scparately vanish
(see p. 376);
<o LpTy = Loply, and (P 4+ )1, = (R 4 S)T,
]J, P+Q P _ Q

L, R4+ST RS

An ordinary galvanometer will, of course, be useless when alter-
nating cutrents are employed, and may be replaced by a telephone
recciver, the resistances being adjusted until the sound in the telephone
ceases.

Comparison of Capacities.- Referring to p. 325 (Fig. 315), we
may, on Joining an alternating source of supply to B and D, and
replacing the galvanometer by a telephone, obtain silence when

Q QY _
(R + () = (O + )= B

or since Q, = f1dt, cte.,

(1 - C"P)I, = (n“,— (;‘7])]"

T, I, ,
ij = Cy and T, = R,
C, R,

o Cz = ll;
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Vibration Galvanometer.—In order to avoid the use of a telephone,
Mr. Campbell! has employed a galvanometer in which a very light coil
has a hifilar suspension, in which the tension can be varied by altering
the pull on the suspension. The vibration frequency of the suspended
coil can thus be varied (from 50~ to 1000 ~), and may be tuned to
coincide with the frequency of the alternating current employed. Thus
>ay fechle current in the galvanometer may, owing to resonance, pro-
duce a large vibration in the galvanometer coil, and great sensitiveness
may be attained. Camphell also describes a number of methods of
comparing capacities, inductances, and resistance by means of the
vibration galvanometer.

Comparison of Capacity and Mutual Inductance.—Campbell

A gives the following method for the

i measurement of capacity in terms

” of a mutual induct:fnce.y Let C be
the capacity, and ML (Fig. 349) bo
the mutual inductance, of which the
coil in the circuit between D and
has inductance [, the arrangement
being as shown . the figure,  Since
there 15 to be no current in the galva-

R
AN
I
o)

@ ||
|
E

1o m nometer, we have for the crcuit
T — ALD o
rR D &:j ’
I l di, di .
N o O L(lt - Mdt + RJi =0.

Fig. 310. Now, for the point D, i = i, + i,

di, di, , . di,

. ]‘(11 - M an t R = M’” .

Again, for cireuit DBA, since D and A are always at the same

potential, 1,:: Ri, — Ry, where ¢ = fidt, the charge upon the

condenser,

[idt . .
R G = Ri, = R,
dic iy, diy
on, Bagp o= By
substituting this value of Z; in the above,
i, di, — M( LAl
L(” - I\Idt + L_,ll = R lnldt + C y

R\ di, M
or (T = M = d7+<R2-RG i =0,

' Albert Campholl, Pro: Phys. Soc. Toni., 20, p. 626. 1907.
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and since the clectromotive force is simple harmonie, the current

equation may be written in terms of symbolic operators, thus,

=0,

Ry, . , My
(L —-M-NM R ).U"l + (]\_, —_ HU)“ =0,
R M
and therefore I, — M — M ];' =0, and, R, — ijU
L _R+R M ,
METR and, o= RR,

On adjusting the resistances until there is
galvanometer or telephone, the relations hetween
capacity are known in terms of the resistances.

no current in the
the inductances and



CHAPTER XIT1
UNITS

Dimensions.— Throughout the whole range of Physics we are concerned
with the magnitudes of various guantities and their relations to each
other, and it therefore becomes of importance to examine certain laws
which underlie these relationships. The most fundamental relationship
is that of mero number ; quantities may be added to each other pro-
vided that they are all of one kind, but not if they are of different
kinds. We seo therefore that all the terms that are to be added
together in any equation must be of one kind, and if their nature is for
any purpose changed, all the terms must change in the same mauner
and at the same stage of tho caleulation.

In order to define any physical quantity, two statements are neces-
sary ; wo must know the unit in which the quantity is measured, and
the numeric relation between the quantity and the unit.  The latter is
a mere number or ratio, which tells us tho relative magnitudes of the
quantity and tho unit, while the former gives us information with
respeet to the nature of the quantity.

Wae therefore require as many ditferent kinds of unit, as there are
physical quantitics to be measured, but the units need not necessarily
be independent of each other. Before the importance of devising a
scientific system of units was realised, it was customary to fix a new
arbitrary unit for every fresh quantity to be measured, quite irrespee-
tively of its relation to the units already in existenco, and sometimes
many units for the same quantity, as may easily be realised by con-
templating the number of different units of volume there arce in use in
this country at the present time.

Tho attempt is always made in scientific work to have as few
arbitrary units as possible, and to choose those units to be of as durable
and easily copiable a form as possible.  The fundamental units chosen
are those of mass, length, and time. The unit of mass is one-thousandth
part of the mass of a piece of platinum kept in the Archives de Paris,
and is called the gramme ; the unit of length is one-hundredth of the
distance between two marks on a platinum bar at the standard
temperature, also kept at the Archives de Paris, and is called the

centimetre ; and the unit of time is called the second. It is ggiss of
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the average interval between two successive transits of the sun across
a given meridian.

Most physical units may be explicitly defined in terms of these
three, raised to various powers ; and the powers to which they must he
raised to obtain any derived unit are called the dimensions of that unit.
Thus the unit of volume is that of a cube whose edge is one centimetro,
or writing [L] for the unit of length and [ V | for the unit of volume—

LVl =[]
is the dimensional equation corresponding to the above statement. It
tells us that a volume is of the third dimension in length.
Or again, tho unit of velocity is such that the body moves through

a distance of one centimetro in one second, which fact written as a
dimensional equation 15—

[Velocity] = [rl] =[LT ']

Tn a similar manner we may see that—
[Acceleration ] = [ LT-%],
[Force] = [MLT *],
[Pressure] = [ ML "' '],
[Bnergy] = | . T.] = [ML'T
[Moment of inertia] = [MI2],
[Density] = [ML 7,
[Angle] = [L.L '] =[L"].
An angle is of no dimensions, that is, it is a mere ratio of two
lengths.  These two lengths are, however, measwred in different direc-

tions, and if it is desired to retain them in the dimonsional equation
they may be written I, and L, in which caso the equation hecomes —

[angle] = [1.0,71]

)

In the same way—
[couple] = [ML,T,T-].

Knowing the units in which any quantity is to bo measured, it only
remains to state the numeric defining the ratio of the magnitude of the
quantity to that of the umt, in order to define completely the quantity.
Thus if we state that a force is 12[ MLT —*] we mean that the force is
12 units, or 12 times the force that would produce unit acceleration in
unit mass. Or agawmn, if we say that a density is 3[ML ~*] we mean
that it ig 3 times the unit density, that is three times the density of a
substance in which there 18 one unit of matter in unit volume.

On the centimnetre-gramme-second (C.G.8.) system, some of these
derived units have particular names. Thus the unit of force is called
the dyne, and the unit of work the erg.
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Uses of Theory of Dimensions.—A consideration of the dimensions
of the terms in a given equation frequently serves as a useful check
upon the accuracy of the caleulations by which the equation was
obtained, since all the terms that are added in a given expression must
be of the same kind, and therefore of the same dimensions.

Thus in the equation v* = u* — 2ugt sin a + ¢°t), for the velocity
of a body projected with velocity » at an angle a to the horizon,

7] = (12277, [u] = (170,
[2ugt sin o] = [1/T-1. T2 0] = [12T %),
and, [g70] = [LT 4.1 = [LAT 4,

and wo see that every term has the same dimensions.  Tf this were not
the case weo should be sure of the existence of some error in the
cquation,

Another use to which a knowledge of dimensions may be put, is the
solving of certain physical probloms, thus—

Given that the difference of pressure, p, between the gas inside and
outside of a soap-bubble depends only on the surface tension of the
film and its radius of curvature, to find how these quantities enter into
the expression for p. )

The dimensional equation is [ p] = [*R”], where @ is the unknown
power to which the surfaco tension 7 is to be raised, and simlarly y is
the unknown power of R, the radius of curvature.

Now, from p. 383, [ | = [ML="T~*], and ¢ is a force per unit length,
therefore [#] = [MLYT #) = |[MT <], and [R] = | L]

ML) = [MT) Ly,
= | M"LYT-*).
Since these two expressions must be of the same kind—

r=1l,and, y = —1,
Solp) =R,

that is, the pressure varies directly as tho surface tension and inversely
as the radius of curvature.

Agamn, if we are given that the velocity of a compression wave in
air depends only on the pressure and density of the air,

(V] = [PDY] = [MLAT-2F M-y,
(LT = MFHVI-2-vp—2],

And again, since these quantities must be of the same kind—

#+y=0, —x—3y=1,and, -22 = —1,
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from any two of which equations we have—

2 = },and, y = -1},
V1= (P'D-Y I3
A== | !

A treatment of this kind will never give us the numerical relation
between the quantities considered, as their magnitude has deliberately
been excluded from the equations.

A third problem will now be considered, in which the method will
not lead us to any useful information.  Given that the gravitational force
between two bodies depends on their masses and distance apart, we have—

(1] = [MT. MY, D,
[MLT ] = |[M"1717T),

from which z + y = | and z = 1, and, further, we come to the absurd
statement that —2 = 0. The reason for the breakdown in our method
does not lie in any imperfection in the method itself, but i the fact
that we do not know, and have not represented 1 onr equation, the
whole of the process occurring in the problem.  The mechamsm by
means of which the two bodies attract cach other 1s unknown, but
should not on that account he omitted from the equation.  We' can
obtain information about this mechamsm if wo establish the law of

force between two masses to bo Gm'l;“ ', and then from our dimen-
a
sional equation tind the nature of the quantity G.
Thus, [MLT-#] = |G. ML, ¥,

[G] = [M 'L 7]

Owing toour ignorance of the mecharnsm of gravitation, the dimen-
sions of (i, the “constant” of gravitation, are unintelligible, as, for
example, we can attach no meaning to M-!, the mverse of a mass ; but
should we obtain knowledge which will enable us to express Goan
terms of some other effects, this unintelligibihity will doubtless disappear.

Electrical Units.—We are met by tho difticulty discussed in tho
last paragraph, directly we attempt to find the dimensions of any
electrical quantity in terms of mass, length, and time. The dimensional
equation for the force between two magnetic poles may be written —

[MLT-4] = [’l";],
from which, [m] = [M'L'T).

We can attach no meaning to the quantities |[M!] and [L], and their

presence in the dimensional equation 1s due to our omission to take

into account the mechanism by means of which the attraction takes

place. The medium in which the poles are situated plays anznnpurt‘ant
ZcC
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part in determining the force between them, and it is a step in advance
to include the property of the medium, known as its permeability
(p. 233), in the dimensional equation,
e N2 7n2 +
lbus, [BIL'I = [’IIJZ]’
o [m] = [MALT-14Y).

1t is quite possible that if the dimensions of p could he put into the
equation, they would rationalise the terms in M and L.

An exactly similar argument leads to the dimensions of an electric
charge —

[q] = [MLPT 'R,

where [k] is the unit of dielectric constant.

It 18 usual to consider, for practical purposes that empty space has
umt magnetic permeability and dicleetzic constant, but 1t should be
noted that these umts are really arbitrary, and untid we know more
about the properties of the lummfer<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>