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PREFACE

The fundamental problem in the theory of differential equations is
that of deducing the properties of the solutions of a given differential
equation from the analytic form of the equation. Although occasionally
and fortuitously this may be accomplished very simply by expressing the
solution in terms of the elementary functions of analysis, in general the
equations which appear in theoretical investigations, of both mathemati-
cal and physical origin, are not explicitly integrable. Rather they con-
stitute the principal source of new transcendents whose properties may
be determined only by a systematic and penctrating analysis of wide
classes of equations.

We shall in this book consider only real solutions of real equations and
the behavior of these solutions as the independent variable increases
without limit. In problems of physical interest this variable is most
frequently the time. The properties of the solution of greatest interest
10 us will be boundedness, asymptotic behavior, oscillation, and stability.

No attempt has been made to be encyclopedic and to catalogue every
result that possibly falls within our scope. This is neither feasible nor
desirable in an introductory volume. We have rather tried to unify the
theory as much as possible by focusing attention on a small number of
powerful techniques. It is for this reason that we have not scrupled
occasionally to prove theorems several times over, employing varied
approaches.

Tle arguments throughout are elementary, depending only upon the
fundamental concepts of analysis. It is due to this fact that much of the
work is quite difficult, since many of the results must be built up, block
by block, tediously and laboriously, from the elemental notions, each
new result requiring a new structure.

To preserve the elementary character of the work, we have omitted
any discussion of periodic solutions of nonlinear differential equations,
such as the famed equation of Van de Pol, since such discussion would
require the use of quite advanced analytic and topological tools.

The plan of the book is as follows: In Chap. 1 we study the funda-
mental propertics of linear systems, deriving the results which are essen-
tial for the later deeper study of linear and nonlinear systems. To that
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viii PREFACE

end we introduce vector-matrix notation and study simple transforma-
tions of matrices which are of great utility in the theory of asymptotic
behavior. It has been intended that the account given of the small
amount of matrix theory required be self-contained. Unfortunately,
there is no single source to which we can refer the reader for any more
extensive treatment covering the topics that are needed.

In Chap. 2 we turn to the interesting and important question of deter-
mining the asymptotic behavior of solutions of equations whose coeffi-
cients are nearly constant, whose study was initiated by Dini and
Poincaré. After presenting a number of results which yield first-order
estimates, we consider the problem of obtaining approximations of
arbitrarily high order. This leads naturally to the concept of asymptotic
series, as introduced by Poincaré. Since the literature on this subject is
vast and much of the material quite complicated, we have, consistent
with our general aim, presented only one of the most important results in
order to enable the reader to taste the flavor of the general theory.

Chapter 2 also contains, in connection with the discussion of asymptotic
behavior, a discussion of the concept of stability, that much overburdened
word with an unstabilized definition.

Existence and uniqueness theorems for nonlinear systems constitute
the content of Chap. 3. These are given not so much for their own sake,
but because they furnish excellent motivation for exhibiting two powerful
methods, the method of successive approximations, already viewed in a
simpler setting in Chap. 1, and the method of approximating to differen-~
tial equations by difference equations.

Next, in Chap. 4, we present the fundamental results of Poincaré and
Liapounoff concerning the stability of solutions of nonlinear systems.
In order to illustrate a variety of important techniques, we present
several proofs under conditions of varying degrees of restrictiveness.

Chapter 5 is dedicated to the study of real solutions of the polynomial
equation P(t,u,du/dt) = 0. Introducing the important concept of a
proper solution, a solution which remains finite for ¢ > £, which is pre-
cisely the type of solution which is required in most physical investiga-
tions, we present the remarkable results of Borel and Hardy concerning
the asymptotic behavior of the real, proper solutions.

Chapter 6 presents results which are a combination of ingenuity and
special techniques. Just as the geometry of the triangle and of the circle
obstinately refuses to rest content as a set of corollaries of results valid
for general algebraic curves, and constantly furnishes its devotees new
theorems undreamt of in the broader discipline, so the study of the
equation 4" 4 a(t)u = 0 is replete with elegant and unexpected results
which are not to be derived from any general theory of the nth-order
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linear system. We have attempted to present a sufficient number of
devices (remembering that a device is a trick that works at least twice) to
enable the diligent reader who has worked through the chapter to obtain
new results and to read research papers.

Chapter 7 is devoted to a particular nonlinear equation of the form
u” 4+ tmy» = 0. This equation came first into prominence in ¢onnection
with the astrophysical researches of Emden. A number of results
obtained by Emden in the usual half-intuitive, wholly ingenious fashion
of the physicist were made precise by Fowler, who was then stimulated
to continue and give a complete discussion of the proper solutions of this
equation for all values of the parameters. This equation, and the
closely related equation '’ + e*u» = 0, have become of increasing
importance recently in nuclear physics, in connection with work of
Fermi and Thomas.

The purpose of Chaps. 5 and 7 is not only to rescue from partial
oblivion a number of extremely interesting results and techniques in the
theory of differential equations, but also to illustrate the fact that non-
linear differential equations are by no means the intransigent creatures
they appear to be upon first frightened glance. Since modern physical
theory is being driven more and more to rely upon nonlinear explanations
of basic phenomena, we hope that the contents of these chapters may be
some slight consolation for the lapse from the grace of superposition.

It is with great pleasure that I record at this time my deep appreciation
to Solomon Lefschetz, who first guided my footsteps into the path of
research in the theory of differential equations. His stimulating discus-
sions and constant encouragement furnished continued sources of
inspiration.

I should also like to acknowledge my gratitude to Mina Rees and the
Office of Naval Research, who supported and encouraged my original
work in the theory of differential equations. Finally, I should like to
thank a number of friends who read various portions of the manuseript
and made many helpful comments.

Richard Bellman
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CHAPTER 1
PROPERTIES OF LINEAR SYSTEMS

1. Introduction. In this introductory chapter we shall consider the
fundamental properties of solutions of the system of linear differential
cquations,

n

0 By an  i=12 .. ,n
i=1

The independent variable ¢ is to range over the interval [0,«], and we
shall assume that the coefficient functions a,(f) are piecewise-continuous
over any finite subinterval. Under this assumption, we may consider
all integrals that appear to be Riemann integrals. For our purposes
there is very little to be gained from the sophistication of the Lebesgue
integral, and we prefer, in consequence, to keep our discussion on as
elementary a level as possible.

We furthermore postulate that the coefficients are real functions.
Occasionally, particularly in the discussion of linear systems with con-
stant coefficients and with coefficients close to constant, we shall introduce
complex solutions. For example, we may use (e*,e™*) as a basic set of
solutions of d?u/dt?* 4+ u = 0, rather than (cos ¢, sin £). This is purely
a matter of convenience, however, and we shall always be primarily
interested in real solutions of real systems.

The only way to study the behavior of solutions of systems of linear
algebraic equations or linear differential equations in any systematic
fashion is to make use of the concepts of vectors and matrices. In
this chapter we shall introduce these concepts and demonstrate the few
results required for the theory of differential equations. No prior knowl-
cdge of vector or matrix theory will be assumed.

Ezxercise
Show that the nth-order linear equation

w4 (h(t)u("_l) + - ta®u=0

may be converted into a linear system of the type of (1) above by means
of the substitutions ¥ = uy, v’ = up, . . . , u*D = y,,

1



2 STABILITY THEORY OF DIFFE;RE'NTIAL EQUATIONS
2. Vector-Matrix Notation. The column of n quantities,

Y

Y2
M y=|.

Yn
where the y, are real or complex, will be called an n-dimensional column
vector, and the symbol (y1, y2, . . . , y») Will be called an n-dimensional

row vector. If the y, are functions of ¢, ¥ will be called a vector function
of ¢; otherwise, it will be called a constant vector. The quantity y; is
called the 7th component of y. We shall, for the greater part, use column
vectors.

The letters z, y, 2, u, v, and w will be systematically reserved to repre-
sent vector functions, while a, b, ¢, and d will be used to represent con-
stant vectors. As far as possible, u and v will be reserved to denote one-
dimensional vectors which we call scalars, and ¢, ¢3, . . . will be used to
denote scalar constants.

Let us now consider various operations which may be performed upon
vectors. The simplest is addition. The sum of two vectors z and y,
written z 4~ y, is defined to be the vector whose 7th component is z; + ..
It follows from our definition that the operation of addition is com-
mutative and associative. Using a limiting process, we are led to define
the integral of y = y(f) as the vector whose 7th component is [y, d¢, and
we write [y df. The product of a scalar ¢; and a vector y is a vector
¢,y whose 7th component is ¢¥..

To measure the magnitude, or length, of a vector y, we introduce the
scalar quantity

@ loll = ) Iy
i=1
which we call the norm of y. It is readily verified that
3) lz + yl <l + llyl,  (triangle inequality)

llewll = led iyl
Iy atll < [llyl de

and that |ly|| = 0 if and only if every component of y is equal to zero.

The advantage of this norm over the Euclidean norm (2 y,?)}é lies in
i=1

its simplicity.
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Having defined vectors, we now introduce the concept of a square
matrix, the only type of matrix we shall employ. The square array of
numbers, real or complex,

a1y Q2 " Qi
Q21 Q@22 * * * Q2n

0) A=| = (@)

Ap1 Apz ' ° ° Qpn

will be called a matriz of order n. The quantity a; is called the 7jth

element of A. As before, A will be called a matrix function if its ele-

ments are functions of ¢, and otherwise a constant matrix. It will be

said to be continuous in [a,b] if its elements are continuous in this interval.
The sum of two matrices A and B is defined by

(5) A+ B = (aij + bij)

while the product is defined by

(6) AB = atkb;f
(3 o)

It is clear that addition is commutative and associative, but that mul-
tiplication, while always associative, is, in general, not commutative.

Ezxercise
1. Show that A(B + C) = AB + AC, and that

(B+C)A =BA+CA

A matrix of particular importance is the identity matrix

10 ---0
0 1 0
- N :
00 -+ 1

For all A we have ATl =ITA = 4.

The product of a scalar ¢; and a matrix 4 is the matrix ;4 = Ac, equal
to (c1a;). The product of a column vector y by a matrix A is written
Ay—note the order of the factors—and is defined to be the vector whose
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n
ith component is z a;y;. It is easily seen that ABy is unambiguous,
i=1
being equal to (AB)y = A(By).

The definitions of addition and multiplication, at first sight quite
artificial, become reasonable and intuitive if we consider the matrix A
to represent the linear transformation in » dimensions,

n

(8) x;=2a.,m,., i=1,2...,n

=1
The resultant of the transformation represented by B followed by the
transformation represented by A yields another transformation C, which
we call AB. It is readily seen that this new definition of AB coincides
with the one given above by (6). It is clear now, geometrically, why
AB  BA in general.

To measure the magnitude of A, we use the scalar quantity
n
©) l4) = Y ol
ii=1

which we call the norm of A. 1t is easily seen that

(10) 4 + B|| < [|A]| + ||B]
I4B| < [A]ll|B]|
flead | < el All
Az]| < [|A]lll=]
As before, we define [A4 dt to be the matrix whose ¢jth element is
fa.-j dt.
Exercise

2. Show that ||[4 d¢]| < [||4] dt.

Having defined integration of vectors and matrices, we also define
the inverse operation of differentiation in the expected fashion:

dd _ (day
(1 at dt)
gi_y_;

dt

a .

|

dyn

kdtJ
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In terms of this new notation, our fundamental linear system described
in (1) of Sec. 1 takes the simple, elegant form,

dy
(12) i Ay

If we assign an initial value to y, it becomes

(13) —==Ady, y0) =c

In the next section, we turn to the problem of determining whether
or not (13) has a solution.

Before proceeding to this, we require a few more elementary facts
about matrices. Associated with each matrix we have the scalar quan-
tity, |A|, the determinant of A. If |4| = 0, we say that A is singular,
otherwise nonsingular.

Ezxercise

3. Show that |AB| = |4] |B|.

The importance of this new concept lies in the fact that a nonsingular
matrix A possesses a unique inverse, a matrix which we shall denote by
A~ This matrix has the property that

(14) AA-1 = A4 = [

Exercises
4. Show that A—! = (a;/|A|), where a;; is the cofactor of a;;. Show
that (A-1)~! = 4, and that (AB)~! = B~14-1L
6. Show that

(AB) A 4B +aZ B
dt G =G+ A
dA

-——A1=—A‘—A‘

We shall also require the notion of an infinite series of vectors or
matrices. We define
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© L

(15) Y oam = () ap)
m=1 m=1
z ,y(lm)1
m=1
y(m) =
m=1
yr
m=1

provided, of course, that the infinite serics appearing on the right converge.

Ezxercise

8. Show that sufficient conditious for the convergence of z A™ and
n=1

2 y™ are that Z |A®™] and 2 lly ||, respectively, converge.

m=1 n=1 m=1

3. Existence of Solutions of the Vector-Matrix Equation dy/df = A (f)y.
Our first theorem will be an existence and uniqueness theorem. The
result is included in a later result concerning nonlinear systems, and the
method is precisely the same as that used for the more general case.
Nevertheless, we shall present the proof in all its details since it furnishes
an excellent introduction, free of extraneous difficulties, to the techniques
we ghall employ in what follows.

heorem 1. Let A(t) be continuous in the interval [0,t). Then there
exists a unique solution of

(1) % =A@y, y0) =c

in this interval.

Proof of Existence. Let us introduce a method which will be used
frequently in what follows, the celebrated and fundamental method of
successive approximations due to Picard. .

Consider the sequence of (vector) functions defined inductively as
follows:
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2 Yo=c¢
d
5= A0y, nO =g

dYn
iﬁltﬂ = A@)Yn, Ynt1(0) = ¢, n=2012 ...

This is equivalent to

3) Yo=c¢
Ynb1 = € + ]: A1) yn dty, n=2012 .

We wish to show that the sequence of functions defined by (3) con-
verges uniformly to a function y(f) for 0 < ¢ < &. If so, we may pass
to the limit under the sign of integration in (3) as n — o, obtaining

(4) y=c+ [ Aydn

Differentiation yields dy/dt = A(t)y, and clearly y(0) = c.

We are deliberately violating our convention of representing the com-
ponents of ¥ by y; because of our distaste for superseripts. There is at
the moment no danger of confusion.

To demonstrate the convergence of the sequence {y,}, we consider the
series

(5) ) = ) (Wmr = v2)
n=0
N
('_Fhe Nth partial sum sy = z (Y1 — ¥n) has the simple form
n=0

SN = Ynt+1 — Yo

Consequently, the series converges uniformly if and only if the sequence
converges uniformly,) The series will converge uniformly if the scalar

series 2 lynt1 — ynl| converges uniformly. From the recurrence

n=0
relation of (3) we obtain

(6) Ynit = Yo = [} AW @a = o) dt, w21
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and thus

‘ t
M yws = vl € [ 1A yn = voill dts,  n 21
Let ¢; = max ||A(f)]| for 0 <t < t. Then (7) yields

®) lynss = vall S €1 [ lyn = yoall da

Since [|y1 — yol < ﬁ 1A ED) lyoll déx < ciflc|lt, we obtain, inductively,

: {)nt1
@ el <l 2 a=0n2

The uniform convergence of the exponential series in any finite interval
ensures the uniform convergence of Z|yni1 — ynl| and therefore that
of the sequence {y.}.

Notice that we make no attempt to prove that the sequence {dy./dt}
converges to dy/dt, but circumvent this difficulty by use of the integral
equation of (4). This equation shows that the limit function is dif-

ferentiable (which is not immediately obvious)
HORN and has the required derivative.
T The use of integral equations to establish
9() existence theorems is a standard device in the
5 - theory of differential equations, both ordinary
and partial. It owes its efficiency to the
Fia. 1. . . . .

smoothing properties of integration, as con-
trasted with coarsening properties of differentiation. If two functions
are close (see Fig. 1), their integrals must be close, wHereas their deriva-

tives may be far apart and may not even exist.

Throughout the remaining chapters, we try wherever possible to
convert, the differential equations under consideration into integral
equations. Very often, the key to the solution lies in the conversion
to the proper integral equation.

Proof of Uniqueness. It is very importiant to prove uniqueness, since
it is easy to construct equations which have multiple solutions. Natu-
rally, in the latter case, A(f) cannot be continuous.

Let 2z be another solution of (1), so that

(10) g-f = Az,  2(0) = ¢

for 0 <t < t. Integration yields
11) z=c+ [)‘ Atz dty
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Combining this with (3), we obtain

(12) 2= Yo = [[AW)E =y dty
and hence
(13) le = ynsall < [} 14Nz = yall

Since [lz — yoll < [zl + llyoll < ez + [lell, where ¢; = max [|z] in 0 <
t < ty, we obtain, via iteration,

(14) llz = yill < (e2 + llelest

I = yonal < (es + el 2

Letting n — «, we obtain ||z — y|| < 0, whence z = .

Ezxercises

1. Show that the requirement that 4 (¢) be continuous may be replaced
by the condition that A(f) be Riemann-integrable.

2. What happens if 4(¢) has an improper Riemann integral? Does
there exist a solution? Is it unique? Consider du/dt = u/2 /1,
u(0) = 0.

3. Show directly that the sequence {dy./df} converges uniformly, and
then that the limit must be dy/dt.

4. The Matrix Equation, dY/dt = A(f)Y. Using precisely the same
methods as above, we can prove that the matrix equation

&) Y _ a0z,  20) =

has a unique solution for 0 < ¢ < ¢,. The details are left as an exercise.
In what follows, Y will be used to represent the solution of

) %’ —AQY, YO =1

where I s the identity matriz.

Ezercise
1. Prove that Z = YC.
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We shall occasionally make use of the following result:
Theorem 2. Y (i) is not singular in the interval [0,t,]. More precisely,

3) |Y| = exp {/(;l[ i a,.(tl)] dtl}

[The quantity 2 a,; occurs frequently in matrix theory and is therefore
i=1
dignified by a special name, trace, written tr (4).]
Proof. The proof depends upon the following two facts:

4) (a) d|Y|/dt = sum of the determinants formed by replacing the
elements of one row of |Y| by their derivatives
(b) The columus of Y are solutions of the vector equation

dy _ ]
v Ay

Simplifying the determinants obtained in (a) by use of (b), we obtain

®) 4 1y| = (Z w®)1¥]

i=1
Since |¥(0)| = 1, (3) follows.
The fact that Y is nonsingular will play an important role in the solu-
tion of the inhomogeneous equation dy/dt = A(t)y + w.

Ezxercises

2. Prove that the solution of dy/dt = A(t)y, y(0) = ¢, isy = Ye.

3. (Alternative proof of the nonsingularity of ¥.) Let y, denote the
¢th column of Y. If |Y| =0 at ¢ = {;, there exist nontrivial scalar
constants ¢y, Cs, . . . , Ca, such that ¢y + caya + -+ * + catyn = 0,
the null vector, at £ = {;. Using the uniqueness theorem, show that
this implies that ciy1 + coyz + = -+ +catyn =0 for 0 < ¢ < ¢y, and
that this is a contradiction at £ = 0.

4. Let uj,us, . . ., u, be a set of n solutions of the nth order linear
differential equation ™ + a ()ut» 4 - - - + a,(H)u =0. Show that
the Wronskian

ul u2 e e . u”
Woood - 4
©) w)=| |

(n—1 ( o« o (n—1
uln ) uzn—-l) u,,"-)

is equal to w(0) exp [ - f‘ a:1(ty) dtl].
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5. Prove that, if the coefficients are continuous in [0,¢], the linear
differential equation in the above exercise has n solutions i, us, . . . , un
with nonvanishing Wronskian in [0,{,]. Hence show that no relation
of the type cius + cauz + * « + 4 c.u. = 0, where the ¢; are constants,
can hold in [0,{,], and that any other solution in this interval may be
expressed in the form % = cyu; + csus + + - - + c.ua, where the ¢;
are constants.

6. Y-! satisfies the equation dZ/dt = —ZA(¢). This is called the
adjoint equation.

-i 5. The Linear Inhomogeneous Equation dy/dt = A()y + w. Let us
now consider the inhomogeneous equation

1) & Az ), 20) =

Let y denote the solution of the corresponding homogeneous equation,

@) W sy, w0 =0

and Y, as above, the solution of the matrix equation

3) dd’: AQY, YO =1

To solve (1), we employ a method due to Lagrange, a variation of
parameters. Let z = Yu. Substituting in (1),

@ v+ D u= vy o+ A0 YO
= AQYOu + @)

Hence

(5) v & =

whence

®) u=c+ [ Yitwt) d

[since ¢ = 2(0) = Y (0)u(0) = %(0)]. This yields for z the formula

) z=Y({)c + ﬁ) LY @) Y-t w(ty) di
=y + ﬁ) LY@ Y (t)w(ty) d

This result is important enough to distinguish as
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vTheorem 3. The solution of (1) is given by

®) z=y+ L LY () Y-i(Ew(ts) di

Ezercises
1. Explain why our proof of Theorem 3 automatically implies the
uniqueness of the solution of (1).
2. Use the Lagrange variation-of-parameters method to solve the
inhomogeneous nth-order differential equation
u» + al(t)u(n—l) + - - + a,,(t)u — f(t)
(a) By converting it into an inhomogeneous system
(b) Directly by setting u = Z ar()ur(t), where {uc(t)} is a set of
k=1
solutions of the homogeneous equation with nonvanishing Wron-
skian, and the {a:(f)} are unknowns

3. Prove directly that z as given by (8) is a solution of (1).

6. The Equation with Constant Coefficients. We now turn to the
extremely important case where A is a constant matrix,

dy
M DAy, YO =c
We shall show that this equation may be solved explicitly in terms of
exponentials and polynomials. Before turning to this, let us derive
some general properties of the solution of the matrix equation

@ d-d—l; =AY, YO0) =1

Since y = Ye, it is Y which plays the important role. This representa-
tion shows very clearly the influence of initial condition upon the solution.

By analogy with the scalar equation 4’ = au, we are tempted to
envisage a solution of (2) of the form Y = e4. To give this formalism
a meaning, we introduce the matrix series

L]

@ oy A

n=0

where A° = I, which defines the matrix function on the left. Since
A= < |lAll",n = 1,2, . . ., the m? series occurring on the right, where

m is the order of A, are each majorized by z |l4]|*t*/n!. Hence these
n=0
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series converge uniformly in any finite interval, and the sum function
is a continuous function of ¢ for all finite {. Since the differentiated
series converges uniformly, we have

d Antn—l
(4) a‘te"“ = z ('I’&—“W = Ae4t

That e4 = I for { = 0 is clear. Invoking the uniqueness theorem, we
have that Y () = e4'. In exactly the same manner as we derive from
the series for e* the scalar functional equation e*** = e%t, we derive from
the series representation for e4t that

®) Jirghe — (2 éﬁ_'t_) (z A,:f”)
B z (E k'(i:sn——kk) v)

Ar (S +' t) = eAls+D)
n:

ne=0

The necessary rearrangements may be justified by the absolute con-
vergence of the multiple scries.

The following proof of the above functional equation for ¢4, which
depends upon the uniqueness theorem, is much more illuminating.
Consider the two matrices Y ()Y (s) and Y (s + £), where s is fixed and ¢
is variable. Both satisfy the differential equation

©) W~ a7,  20) =¥

since 4 is a constant matrix. Uniqueness requires that

) Y(t+38) =YOY()
Ezxercises

‘1. Prove that, if Y (¢ + s) = Y ()Y (s) for all s and ¢ and if Y (¢) is con-
tinuous in an interval, then dY/dt = AY, where A is a constant matrix.

(Pélya.)
2. Prove that e(4tB)t = gAteBt for all ¢ if and only if AB = BA.
3. Prove that |e4*| = et 4, and hence that e4* is never singular.

4. Prove that (ef“)“l = e"‘

..a—-.
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The functional equation (7) permits us to simplify (8) of Sec. 5 in the
following important way:
Theorem 4. If A is constant, the solution of

dz

® di = Az + w, 2(0) =¢
8 given by :
© z=y+ [ Y- tw@ d

where y 1s the solution of dy/dt = Ay, y(0) = ¢, and Y is the solution of
dY/dt = AY, Y(0) = 1.

7. The Behavior of the Solutions of dy/dt = Ay as {— «. Now
that we have established some general properties of Y (¢), we shall focus
our attention upon the individual elements of ¥ in order to determine
the behavior of Y ast— «. Let us note once and for all that when we
write { — «© we mean { — -+ «.

There are several ways of determining the behavior of the individual
terms. We shall begin with one fundamental procedure and then discuss
the others subsequently.

Imitating the technique used for the nth-order linear differential
equation, we set y = eMc, where ) is a scalar constant and ¢ is a constant
vector which depends upon X and which we desire to be nontrivial, that
is, not equal to 0, the null vector. Substituting, we obtain

1) AeMec = AeMe
or
@) Aec = Ac

This vector equation is equivalent to n linear homogeneous equations

n
3) zaijcj:kcf; =12 ...,n
j=1

The necessary and sufficient condition that these equations possess a
nontrivial solution for the ¢; is the determinantal equation

a;p — N\ a1z s Q1n
Qs Q2 — N - a2

@) =] : " l=0

Qn1 (7% ] St Gan — N
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This may be written simply as
) [A —A| =0

This equation is called the characteristic equation of A, and its n roots
Ay Az, . . ., An in general complex, are called the characteristic roots of A.

Ezxercises

1. Prove that A and 7—'AT have the same characteristic equation.
2. Prove that tr (4) is the sum of the characteristic roots of A.

For the next few sections we make the simplifying assumption that the
characteristic roots of A are distinct.

This assumption permits us to establish the principal results in a very
simple and elegant fashion. Subsequently we shall show how we may
force most of our applications to depend only upon this simple case. In
a later section we shall discuss the results corresponding to multiple
roots.

To find the components ¢y, ¢z . . . , ¢» connected with a specific
characteristic root \;, we take the cofactors of the element in any row of
|A — NI|. For example, taking the cofactors of the elements in the first
row, we would have as possible choices for ¢y, ¢3, . . . , Ca,

Q22 — N\ Qa3 R A2n
A3z as; — N - Q3n
(6) ¢ =
Qn2 (1 2% ) S O — N
1233 Gag o Qon
@31 Ggz — Ng ¢ Q3n
Cs = —
An1 Qn2 Ut Opn — N
Q1 Qg2 — N Q2n1
[1£31 Qaszz ot G3n—1
Cn = i
An1 Qn2 A / P |
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If, by mishap, all these cofactors vanish, we must try another set of

cofactors. All tries cannot fail, since at least one of the cofactors of the

elements, a; — A, along the main diagonal must be distinct from zero.

This is easily scen using the rule for differentiating a determinant. We

have

(7) f'(A\) = —[cofactor of (a1 — N\)] — [cofactor of (@ — N)] — - - -
— [cofactor of (Gn, — A)]

If all these cofactors were zero for some A, then N would be a root of
f/(A\) = 0, which would imply that A\ was a multiplc root, in contradiction
to our simplifying assumption above.

Let us note for future reference that the components ¢y, ¢z, . . . , ¢
of ¢, which we shall call a characteristic vector of A, can always be chosen
to be polynomials in the characteristic roots, as above.

Let ¢® be a characteristic vector associated with A.. We shall show in
a moment that there can only be one such, apart from scalar multiples.
To each characteristic root A;, there corresponds at least one solution,
Y, = eMic® of our differential equation dy/dt = Ay. Let us now demon-
strate that these n solutions, corresponding to n distinct values of A, are
linearly independent over any interval. Assume that there exists a
relation

(8) a1+ ay:+ -+ Ay =0

where a;, as, . . ., @, arc scalar constants and 0 is the null vector.
Differentiating k times, we obtain

(9) aNeMte® 4 - - - @ Nkt = 0, k=012 ...,n~—1

Considering only the first components of the ¢®, we obtain the equations
(10) 2 aMeep =0, k=0,1,2 ...,n—1

i=1
In order that there may exist a nontrivial solution for the n quantitics
a,cy, it is necessary that the determinant

eht e)\zt « .. e)\nt
7\16)‘“ Xze)‘" o .. )\,.e)""
(11
)\;:-18)‘,: )\g—-le)qt « .. x‘;‘l—le)\nt

be equal to zero. This, however, is impossible since the determinant is
fexp A1 + A2+ - ¢ - 4+ N)Elv(R), where v()) is the Vandermonde deter-
minant of Ay, A3, . . . , A, which is nonzero under our assumption con-
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cerning the distinctness of the A.. Therefore we must have a;c{ =0
for each 7. If a, # 0, we have ¢’ = 0. Continuing in this way, con-
sidering the other components of the ¢, we see that if a; # 0, then ¢®
must be the null vector. This cannot be, since ¢® is a characteristic
vector which by construction is nontrivial.

A solution of the matrix equation dZ/dt = AZ may now be obtained
by forming the matrix Z whose columns are the y;. That Z is non-
singular is a consequence of the linear independence demonstrated above.
This is not immediately seen but proceeds from the following reasoning,
which we have used before: If |Z| = 0 at ¢ = {;, we must have a rclation
of the form ayy: + azy: + - -+ + ay. = 0 at ¢ = ¢;, where O is again
the null vector and the quantities ai, @2, . . . , @, are scalars not all
equal to zero. Since yi, ¥s, . . . , ¥a are solutions of dy/dt = Ay, the
linear combination ay: 4+ asy2 + * © - + a.y. is also a solution. It
equals 0 at ¢ = ¢;, and consequently, by virtue of the uniqueness theorem,
it must be identically equal to 0. From what has preceded, we see that
actually each a; is equal to zero, which is a contradiction. Thus|Z| < 0.

Since Z(t)Z~1(0) is a solution of dY/dt = AY, Y(0) = I, we must have
Y = Z@)Z71(0). Notice how useful the uniqueness theorem is for
establishing identities between solutions.

This last relation shows very clearly the structure of Y () and hence
the structure of every solution of dy/dt = Ay, on the assumption of dis-
tinet characteristic roots. If A has multiple characteristic roots, the
general solution may be more complicated, perhaps with polynomials in
{ appearing as coefficients.

Ezercises

3. On the basis of the assumption that A has distinct characteristic
roots, derive the necessary and sufficient condition that all the solutions
of dy/dt = Ay hpproach zero as t — o,

4. Solve t dy/dt = Ay, where A is constant.

8. An Alternative Approach. In the preceding section we showed that
the solutions y; were linearly independent. Let us now show that the
characteristic vectors ¢® are linearly independent. This is an immediate
consequence of the previous independence result, since a relation of the
type

n
1) 2 ac® =0

=1

n
is equivalent to z ay; =0ati=0.

t=1
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This may also be proved by multiplying (1) by 4 repeatedly and usin,
the fact that Ac® = \c¢®. In this way we obtain the relations

n
@) z aNe® =0, k=012 ...

i=1
and the argument now proceeds as above.

Ezxercises

1. Show that every solution of dy/dt = Ay is a linear combination of
the solutions y1, ¥2, . . . , Yn.

2. Use this result to show that each \; possesses only one character-
istic vector, apart from constant multiples, under our assumption of
distinet characteristic roots.

Consider the matrix T formed by using the ¢® as columns. The linear
independence of the ¢® is equivalent to || ¢ 0. Since Ac® = \c®,
we have

)‘1 0 . e . 0

0 N -+ 0
3) AT =T ’

0 0 An
whence

MO0 0

0 A 0
(4) T-1AT = )

0 0 -+ X\

A matrix of the type appearing on the right is called a diagonal matrix.
This last result is important enough to state as a theorem:

Theorem b. If the characteristic roots A1, Ne, . . . , Aa Of A are distinct,
there exists a matrixz T such that

(=}

.
~
(=]

(5) T-IAT =
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Furthermore, the components of T can be chosen to be polynomials in the \;.
An application of this result is immediate. In the equation

®) sy, YO =1
t
set Y = TZ, with T as above. Then
) W _ poiarz,  20) = T
or
N0 0
0 X\ 0
® = N Nz 20 =1
dt . . .
0 o0 A
The solution is clearly
eth 0 0
0 o 0
(9) Z=| |
O 0 e)\nt
whence
chl 0 0
0 e 0
(10) v =1| e
O 0 “ e e)\nt
Ezxercise

3. Derive (10) by using the relation e4t = z A™*/nl,

n=0

9. The Jordan Canonical Form for Matrices with Multiple Character-
istic Roots. In the previous section we showed how a matrix with
distinct characteristic roots may be reduced to diagonal form. If A has
multiple characteristic roots, it is not true, in general, that it may be
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transformed in this fashion. For example, it is easy to show that there
exists no T such that

g G 1) %)

There is, however, an elegant canonical form for arbitrary matrices,
with or without multiple characteristic roots, due to Jordan. Let

A 10 -0
0 N1 -++0
@) L =1 )

If £ = 1, we call this a simple factor.
The result of Jordan is that there exists a matrix 7" such that

L, (A1) 0 SRR 0
0 Li,(\2) - - 0

3) T-IAT =

.

0 0 - L (N)

where ky + ks 4- + -+ + k., = n, and the A; are not necessarily distinct.
For example, three possible types of 3 X 3 matrices with triple roots are

M 0O M 0O A 1O
(4) A1 = 0 )\1 0 ) Az = 0 )\1 ] ) A;; = 0 )\1 1
0 0 N\ 0 0 X\ 0 0 X

We shall not prove this classical result since, as mentioned above, we
can reduce our problems to the case where A has distinet characteristic
roots.

Excrcises

1. Determine the form of ¢4t for general A.
2. Use this result to obtain the necessary and sufficient condition that
ett—0ast— .

3. By considering the solution of dy/dt = Ay, where A = ((; 1)’

show that A cannot be diagonalized.
4. Prove in the same way that Ay, A, and A, are distinct in the sense
that there exists no T for which T-'A4;T = A; for ¢ 5 j.
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6. Show that Lx(\) — M, when raised to the kth power, yields the
null matrix.

6. If A has distinct characteristic roots Ay, Ag, . . . , A\s, We may write
n solutions of dy/dt = Ay in the form y = ¢(\)eM, A = Ay, Ay, . . ., An.
If A and u are two distinct characteristic roots of A, then

c(\)eM — c(u)c_"‘ _

=W

is also a solution of dy/dt = Ay. Is it true that, if A is a multiple char-

acteristic root, then the limit lim z = d(c(A\)e*) /AN = ¢'(N)eM + c(\)leM
BN

is also a solution of dy/dt = Ay? Gencralize.

10. Another General Diagonalization Theorem. In the preceding
section we discussed the Jordan canonical form of a matrix and its appli-
cation to the representation of the general solution of the linear differ-
ential equation dy/dt = Ay. We have seen that a matrix may have a
complicated canonical form if it possesses multiple characteristic roots.
Let us now establish a result which is relatively easy to prove, which is
useful, and which makes possible a semblance of order in this chaos.

Theorem 6. There exists a matrix T having the property that

A bz - -0 b
0 )\2 o bgn
) T-AT = ' '
0 0 - - A\,

In the matrix on the right-hand side all the elements below the main
diagonal are zero.

Proof. The proof proceeds by induction. Consider first 2 X 2
matrices. Let A\; be a characteristic root of A and ¢ be an associated
characteristic vector. Let 7' be a matrix whose first column is ¢ and
whose second column is chosen so that 7 is nonsingular. Then it follows
that

M by
—1 —
2) AT (O b22)
where we evaluate T—1AT most easily by taking it to be T—'(AT).
Furthermore, bz, must equal Xy, since T-'AT has the same characteristic
roots as 4.

Let us now demonstrate that the result for nth-order matrices may be
used to establish the theorem for matrices of order n + 1. As hefore,
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let ¢ be a characteristic vector associated with A;, and let n other
vectors ¢, a®, . . ., a™ be chosen so that the matrix 7, whose
columns are ¢, a®, a®, , . ., a™, is nonsingular. As in the case of
n = 2, we have

A bis e b,l,n+-l AMoby ottt bll.n+1
0 2 " Yo 0

@) Ty AT =|. . =1, B
0 b:»+1.2 e b’n+1. nt1 0

where B, is an n X n matrix.
Since the characteristic equation of the right-hand side is

(\r — N)|Ba — Al = 0

it follows that the characteristic roots of B, are Xz, A3, . . . , Any1, the
remaining » characteristic roots of A. We know via the inductive
hypothesis that there exists a nonsingular T, such that

A2 €1z Cia

0 >\3 . e . Con
4) T7B.T, = ' )
0 0 -+ Ap
Let Toyy, an (n + 1) X (n + 1) matrix, be formed as follows:

1 0 PO O
0

1 0 .
0

T ns1 18 clearly nonsingular. We assert that

M bz st by
0 Ag v - b2,n+l

(6) T (TP AT )T =

0 0 -+ Nup
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Since C~1(B~1AB)C = (BC)A(BC), it follows that T = T';T,,, is the
required matrix of order » 4 1. This completes the proof. Note
again that the elements of 77 may be chosen to be polynomials in the
characteristic roots.

Exercises
1. If A has k simple roots Ay, Ny, . . . , A, there exists a matrix T
such that

MO e 0 bl.k+1 st bl.n
0 N2 -+ 0 boga - bua

T-AT = |0 O Ak bk.k+1 st bk,,.
0 0 0 )\k+1 R blc+1, n
0 0 -0 0 - A

2. Is the T of Theorem 6 unique?

11, Corollary of the Above. We shall use below the following conse-
quence of Theorem 6:

Corollary. T may be chosen so that z |bij| may be made less than any
i

preassigned positive constant.

At first sight this seems to contradict the result that not every matrix
with multiple roots may be transformed into diagonal form. The point
is that the 7' above depends upon the bound for Z|b,|. If we attempt
to choose a sequence of 7”s for which this bound goes to zero, we find
that the sequence either approaches a singular matrix or has no limit.

Let 7; be a matrix which reduces A to the semidiagonal form of
Theorem 6. The change of variable y = T2 converts dy/dt = Ay into

dzl

(1) Et_ = M21+ buza + ¢ ¢ ¢ 4 bia2n
d
== Mzz+ -+ Dasza
452 = )\nzn

di
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It is now easy to see how to choose 7 so as to satisfy the conditions
of the corollary. Set z, = €2}, 2,1 = €%,_;, . . ., 2; = ;. The
new system has the form
. dz
(2) di
dz
dt

)\12'1 + €b122’2 + e+ e"“‘bxnzi.

i

)\2Z2 + ¢ + 5“_21)2"3:‘

&z,

—dl = xnz}n

By suitable choice of € the sum of the absolute values of the off-diagonal
terms may be made as small as desired. This last transformation is
equivalent to z = Ez’, where E is nonsingular. The required matrix is
now T' = T'E.

12, Application of the Previous Result. This last result may be used
to obtain the form of the gencral solution of dy/dt = Ay, a result we had
previously obtained on the basis of the unproved Jordan canonical form.
Let T be a matrix which reduces A to semidiagonal form, and set y = Tz.
The equation for z is

A bzt bin

0 Ay -+ ba
dz . . .
) a=1- - .

O . ".)\n

Expressed in its components, this yields (1) of the previous section.
Solving for the z; one at a time, starting with z,, we see that, if the A,
are distinct, each z; is a linear combination of exponentials. If, however,
multiple characteristic roots appear, then these exponentials may have
polynomials in ¢ as coefficients. For example, if \.—; and N\, are equal,
the solution of
dz,

- == Anzn

dz,-..
(2) o = )\n—lzn—-l + bn——l. neny ~(u

dt

yields terms of the form 2z, = ¢, 2.1 = (c2 + cat)ert, if by—1,» #= 0.
In general, we see that a characteristic root of multiplicity k gives rise
to solutions with components of the form Pi_i(f)e*, where Pp_1(t) is a
polynomial of degree £ — 1 at most.
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From this follows the important result:
Theorem 7. The necessary and sufficient condition that all solutions of
dy
®3) S~ ay
tend to zero at £t — o s that the real parts of the characteristic roots be
negative.
Ezxercise

Show that the condition that the real parts of the characteristic roots
be nonpositive is not sufficient to ensure that all the solutions of (3) be
bounded as t— «. What additional condition suffices?

13. An Approximation Theorem. The result which enables us to
by-pass matrices with multiple characteristic roots is the following:

Theorem 8. Given any maitriz A, we can find a matrix B with distinct
characteristic roots and such that |A — B|| < ¢, where € is any posttive
quantity.

Proof. Consider the matrix A 4+ E, where E = (e,;) and the e;; are
independent real variables. If A 4+ E has a multiple characteristic
root, then f(A) = |A + E — A| and f’(A) have a root in common. If
fO\) and f’(A) have a root in comnmon, their resultant R(E) must vanish.
We wish to show that we can find arbitrarily small values of e,; for which
R(E) £ 0. 1If this is not true, R(E) as a polynomial in the e; must
vanish identically. This is impossible, since for the values e; = —ay,
1# ], and ¢, = ¢ — a;, A + E does not have multiple roots. Hence
R(E) 5 0, identically.

We therefore can find e,; for which 2 le,| is as small as desired and
. &
such that A + E = B has distinct characteristic roots.

Ezxercises

1. Using this last result and the diagonalization theorem, find all con-
tinuous solutions of the functional equation f(AB) = f(A)f(B), where fis
a scalar function of A.

2. Prove Theorem 8 using the corollary in Sce. 11.

14. The Diagonalization of Variable Matrices. In Chap. 2, devoted
to the asymptotic behavior of solutions of linear equations of the form

M W~ @+ By
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where A is a constant matrix and B(f) — 0 as{ — 0, it will be important
to diagonalize A + B(t). If the characteristic roots of A are distinct,
it is plausible that, for ¢ large enough, those of A 4 B(t) will also be
distinct.

In order to prove this result as well as some further results we shall
require concerning the dependence of the characteristic roots of A + B(t)
upon ¢, we shall use a small amount of complex-variable theory. These
results can certainly be proved without using this advanced analytic
tool. However, the procedure we follow seems to be simultaneously
the most natural, most elegant, and most informative, so that it would
only be yielding to inverse snobbishness not to employ it.

Let f(A,f) be the characteristic polynomial of A 4+ B(¢),

2) J) =|A+B@) —A| =0
and let f(A) be the characteristic polynomial of 4, f(A) = f(\,»). If
the characteristic roots Ay, Ag, . . . , Ay of 4 are distinct, we may, in

the complex A plane, draw circles ¢; having the A, as centers, with the
property that no two ¢; have a point in common. The number of roots
of f(\,t) = O within ¢; is given by

Af(A0)/0
®) N =3 z/ o

As t— o, f(\) = f(\) + g(\t), where g(A,f) — 0, uniformly on any
c.. Hence for ¢ > ¢, f(A,t) has no roots on a ¢,. Since, also,

LD = F'N) + o

we have

1[0+ e
) N “2m'/ [f(x)+ ]‘”
P N = £ Mg
- o T Pt / oy A

Since |f(A\)f(A,t)| is uniformly bounded away from zero on ¢; and since
g and g, go to zero as ¢ goes to infinity, we have, for ¢ > ¢,,
(5) Ni(t) =1+ o(1)
Since N;(f) is an integer, it follows that N,(t) = 1 for ¢ > ¢;. This
establishes the distinctness of the characteristic roots of A + B(t) for
large t.

Let us now establish some further properties of the A;(¢), the character-
istic roots of A + B(t). We have, fort > t,,

A(D) = f MOfOLD/OM oy

©) 0
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From the representation we see that, if B(f) is continuous for ¢ > {,,
then \;(¢) is continuous for ¢ > ¢; and that \,() > N;ast— . If B(¢)
is differentiable, the same must be true of the A,(Z).

Finally, if B(t)—0ast— « and if f “ |dB/dt|| dt < «, then
This last follows readily from the fact that the coefficients of the various
powers of A in the polynomial f(\,t) are polynomials in the elements of
B(®).

For further reference, let us state these last results as

Theorem 9. If B(t) — 0 as t — « and if the characteristic roots of A
are distinct, then, for t 2 &, the characteristic roots of A + B(t) are distinct

and approach those of A ast— . If, in addition, / * |dB/dt|| dt < ,
then f AN /d dt < .

Using this result, we can derive the following important tool:
Theorem 10. Let
(7) (a) The characteristic roots of A be distinct
®) Bt) >0ast— o
©) f * || dB/dt| dt <

Then there exists a matriz T'(t) having the property that the change of variable
y = Tz converts

()

7 dt < o

dy
(®) = (4+BOy
nlo
© ‘ &~ @+ e
where
)\1(t) 0 0
0 \(2) 0
(10) L(t) = '
0 o - )\,.(t)l
and

11) [T lc@ld <
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Proof. A + B(t), as noted above, has distinct characteristic roots for
t > 1. This fact permits us to find a matrix 7'(f) which diagonalizes
A + B(t) for every sufficiently large {. Furthermore, we know that the
elements of T'(t) can be chosen to be polynomials in the A\;(¢). Since
N() — \; as £ — o, T'(¢) can be chosen so that T(f) — T, a nonsingular
matrix. By virtue of our hypothesis concerning B(t), every element #;

of T'(t), has the property that / " |dts/dt| dt < ». The substitution

y = Tz converts (8) into

(12) % — 1@ + BOITE: — 7@ 220

Since 7-'(¢) is uniformly bounded for ¢ > ¢;, we have
(13) / - dT(t) dT(t) ” gt <

This completes the proof.
16. Linear Systems with Periodic Coefficients. In this section we
consider systems of the form

aT (t)

T-Y(t) — = dt < 1

(1) W Py

where P(f) is a periodic matrix, which is to say that P(t + 7) = P(?),
where 7 is a nonzero, real constant.

Although these systems cannot be solved explicitly, as in the case where
P is a constant matrix, we can find a representation for the general solu-
tion of (1) which is occasionally useful.

Theorem 11. The solution of the matrix equation

(@) W _roy, YO -1,

where P(t) is periodic with period v and continuous for oll &, has the form
®3) Y = Q)e™
where B is a constant matrix and Q(t) has period .
Proof. If Y has the stated form, then
4) Y@+ 7) = Qt)eBte®r = Y(f)e?r

Thus, it must be true that Y='({) V(¢ + 7) = e?. Since Y (¢ + 7), as
another solution of (2), is equal to Y (¢)C, where C is a constant matrix, we
must have C = e?". For B to exist, it is necessary that C be nonsingular.
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This condition is satisfied, since C = Y-1({)Y( 4+ r). We now show
that this condition is sufficient.
Lemma. If C is nonsingular, there exists a matrix B such that e = C.
Proof of Lemma. If we use the Jordan normal form, the proof is
quite simple. If C has the Jordan form

L (\0) 0
(5) ¢ = T( . 71
0 Li(\)

it is sufficient to show that cach L,(\) has a logarithm. For if B; is a
logarithm of L, (\,), then
B, 0
(6) B=T B, 71
0 B,
is a logarithm of C.
We utilize the result noted previously in See. 9, Exercise 5, that
) (Le(\) — ADF =0
the null matrix. From this it follows that the formal logarithm of
Lk()‘)}
(8) = log Li(\) = log AT 4+ Ly(\) — AD)

= Ilog A + z (= ey ) = A

= Ilog ) + 2 D™ Ly = anys

exists and is actually a logarithm, as may be verified directly.

When B is determined so that Y (¢ 4+ 7)Y~1(f) = C = ¢#, Q is deter-
mined by the relation @ = Y(t)¢=%. It is easily seen that @ is periodic
of period 7.

Since we have not proved the validity of the Jordan normal form
because of the long and tiresome argumentation required, let us present
an independent proof of the above lemma.

We use first the result we have demonstrated above that any square
matrix may be converted into triangular form; that is, there exists a T'
such that

A

© A=p| M
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where the notation signifies that all elements below the main diagonal
are zero. If no multiple roots occur, we know that this triangular
matrix may be taken to be diagonal, and it is clear that any nonsingular
diagonal matrix has a logarithm. Consequently it is only the occur-
rence of multiple roots which provides any difficulty. Let us henceforth
take A to be triangular.

The proof we present is inductive. The result is clearly true for
1 X 1 matrices. Let us assume that it holds for n X n matrices, with
n=12,..., N, and show that it holds for (N + 1) X (N + 1)
matrices. Write Axyqin the form

_ Aw an
(lO) AN+1 - ( 0 AN—{-!)
where
A1
(11) Ay = he .
0 Ay

Ilere ay is an N-dimensional column vector and 0 is an N-dimensional
row vector with all zero elements.

Let By be a logarithm of Ay, the existence of By being given by the
inductive hypothesis, and let

B :
(12) Byj1 = ( o ‘;)

where 0 is as before, I = log Awy1, and z is an unknown N-dimensional
column vector. All logarithms of scalars that appear will be principal
values, and thus any equation of the form e*rs = ¢lx® will imply

loga = log b

It remains to be shown that £ may be determined so that e?¥+ = Ay,
It is not difficult to verify by induction that

% k1 k—2 .. ~
(13) va-;-x - (B;)N (B + By l"l;k + I* ll)x) k=12 .
Hence

(14) oo = <C”” kE (Bt + By + - - - + lHI)x/k!)
=0
0 Avyr
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The first two terms in the above sum are taken to be 1 and z. If [ is
not a characteristic root of By, we have

@15) ¢ = 2 By + By z—‘ |

k=0

o

(By — BI)(By — U)!

= (e?% — ¢I)(By — U)

k!
k=0
Hence
_ e = el
(16) ol = 5=
N
_ l—[ gr,, — el
- Ty — l
k=1
where r;, rs, . . ., ry are the characteristic roots of By. From the

definition of C(l) we see that |C(l)| is a continuous function of I. The
right-hand side of (16) is also entire if we define (e — €)/(ry — 1) in
the obvious fashion at ! = ry. Consequently (16), which was proved
under the hypothesis that I # 7, holds for all I. It follows that C(])
is never singular. Consequently we may determine z so that C(l)x = ay,
namely, 2 = C(l)"'ax.

Finally we observe that By will be real if the characteristic roots of
Ay are positive.

Ezxercise

Find a representation for the solution of '’ + p(f)u = 0, where

p(t + 2) = p(1).
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CIIAPTER 2

STABILITY, BOUNDEDNESS, AND ASYMPTOTIC BEHAVIOR
OF SOLUTIONS OF LINEAR SYSTEMS

1. Introduction. In this chapter we propose to consider the behavior
of the solutions of the differential equation

() b — (4 + BO)-

where A is a constant matrix and B(?) is small, in some sense, as {— o,
Two particularly important cases are those where ||[B(()|| — 0 or where

/ "B dé < . Included in (1) are nth-order linear cquations of
the type

n n—1
@ PO T+ @t P =0
and, in particular, the second-order equation
2
3) T+ @+ p@)u =0

Because of its special form, many more results can be obtained concern-
ing the solutions of (3) than for the solutions of (2) or (1). For that
reason, we reserve a later chapter, Chap. 6, for a more complete discussion
of (3), and in this chapter consider only those properties which are com-
mon to systems of all orders.

Intuitively, it seems reasonable to expect that the solutions of (1)
should share many properties with the solutions of

(4) W ay

8o far as their behavior as { — « is concerned. This expectation will
be borne out to a great extent by many of the results we shall derive
below. However, we shall also show, by means of counterexamples,
that the behavior of the solutions of (1) is a good deal more complicated
than one might suppose.
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The problem arises as to the meaning of the word ‘“small” as applied
to B(t) as t— . A first, and obvious, definition is that B(f) is small
if ||[B(#)]| — 0 as ¢ — . This condition yields many interesting results.
However, occasionally we shall require the stronger conditions

(5) [” IB@)| dt <
or
5) /” ‘%t(—tl di <

Essentially we see that the problem is that of imposing a suitable metric
upon the space of variable matrices. Once this viewpoint has been
taken, it becomes clear that the same procedure is advantageous in
discussing the behavior of the solutions of (1) as {— «. We shall
investigate, variously,

©) I [

or

(6°) Jim [lz]

or, if these are infinite,

(611) lim logt"z”
t—> ®

or, occasionally,
©") ‘ [ lellz ae

Each of these functionals has an important role to play in the study of the
properties of the solutions of (1) for large values of ¢.

The point of the preceding discussion is that, in comparing the solutions
of (1) with solutions of (4), we must agree to fasten our attention upon
the class of perturbing matrices B(f) we are admitting and upon the
property of the solution in which we are interested. We may expect
that some properties will be preserved under one class of perturbations
and not under another, and this is indeed the case.

These preliminary remarks lead to a rigorous concept of stability for
linear equations:

Definition. The solutions of

dy

) P Aty
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are stable with respect to a property P and perturbations B(t) of type T if
the solutions of

® % (40) + BO):

also possess property P. If this is not true, the solutions of (7) are said
to be unstable with respect to property P under perturbations of type T
To illustrate this concept, consider the two simple differential equations

) B mar, B (—at b

where @ > 0 and where b(t) — 0 as {— . Both solutions have the
properties

(10) (a) lim % = lim » = 0, g finite quantity
t— t— o

() lim 2B _ i 1080 _ _
—>w b t>w L

If, however, a = 0 and b(t) = 1/t, (10b) is preserved, but (10a) is not,
since v is unbounded although u is bounded. Consequently, there is
stability with respect to the property of (10b), but instability with
respect to the property of boundedness. If we replace 1/¢ by a function
which is integrable over (¢, ), then boundedness will be preserved.

Perhaps the most important property of the solutions is that of bound-
edness. If a solution is bounded, we are intcrested in knowing whether
or not it approaches zero as { — « and, in general, in examining the
possible set of values it assumes as{ — . If the solution is unbounded,
we may wish to examine the ratio (log ||ly||)/t and perhaps other measures
of its unboundedness.

2. Almost-constant Coefficients. We shall call the coefficient matrix
A(t) of the differential equation dz/dt = A(t)z almost constant if

lim A() = 4

t— »

a constant matrix. Our first results will concern the boundedness of
solutions of equations of this type. Throughout the chapter we shall
assume that the matrices that appear satisfy, in addition to the properties
explicitly stated, the properties assumed for the existence.and uniqueness
of solutions.

Theorem 1. If all solutions of

(1) %"{ = Ay
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where A is a constant mairix, are bounded as t — o, the same is true of
the solutions of

@ % - (4 + BO):

provided that f ” B dt < .
Proof. We write equation (2) in the form

3) Z—: = Az + B()z

Identifying B(f)z as an inhomogeneous term, we see, applying Theorem 4
of Chap. 1, that every solution of (3) satisfics a linear integral equation

4) e=y+ [ ¥~ )BEz) di

where y is the solution of (1) for which y(0) = 2(0) and where Y is the
matrix solution of

) ‘%’ —AY, YO =1

We note that y = Yy(0) = Yz(0). Let ¢; = max (s%) llll, sup .
t2> t2>
Then from (4) we obtain
©) lell <yl + [ I¥E = e IBE ) | dts
<ot e [(IB@I@] di

We now require the following lemma, of such utility throughout the
remainder of the book that we call it the fundamental lemma:
- Lemma 1. Ifuw > 0, if ¢1 is a posttive constant, and if

) u<e+ /‘;tuvdtl
then
(8) u < ¢ exp ([:v dtl)

Proof. From (7) we obtain

9) — <
¢+ [q‘uvdtl
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Integrating both sides between 0 and ¢,

(10) log (ex + ﬁ) ‘wo dtr) — log 1 < Ji vt

or

(11) uScl+ﬁuvdtlgclexp(/:vdtl)
‘ Ezxercise

1. Show that (8) is the best possible consequence of (7).
Applying (11) to (6), we obtain
t w0
(12) el < crexp (en [ 1Bl dt) < evexp (e [[” 118 dt)

Since, by assumption, / “|IB|| dty < «, we see that [[z] is bounded.

Using the same technique, we may demonstrate

Theorem 2. If all solutions of (1) approach zero as t — «, the same
holds for the solutions of (2), provided that ||B@®)|| < ¢1 for t > to, where c;
18 a constant which depends upon A.

Proof. We have, as before,

(13) 2=y + ﬁ) LYW — ) B(t)2(t) dis

From the explicit representation of the solutions of dy/dt = Ay, it
follows that, if ||Y||— 0 as {— oo, there exists a positive constant a
such that ||y|| < cee™ and ||V (¢)[| < c2e™ for ¢ > 0. Hence

(1) lell < cxest + o [} o0 BE| 2] des
or
(15) Jellet < ox + eues [ elle@l] di

Applying the fundamental lemma, we have
(16) llzllee* < caem

If ¢ic; < a, we may conclude that ||z]| — 0 as { — «. Since the con-
stants ¢; and @ depend upon A, specifically upon the characteristic roots
of A, it is clear that ¢, depends upon A.

Exercises

2. Consider the inhomogeneous equation dz/dt = Az + w, where A is
a constant matrix and w = w(t) — wo, a constant vector, ast — «, Dis-
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cuss the boundedness of the solutions under the following alternate
hypotheses:

(a) All solutions of dy/dt = Ay approach zero ast{— .

(b) All solutions of dy/dt = Ay are unbounded.

(¢) A has k characteristic roots with negative real parts.
¥ 3. What conditions on w(t) will ensure that all solutions of

d*u
dt?

+ u = w()

are bounded as { — o ? Is w() — wo as { — « sufficient?

3. Almost-constant Coefficients (Continued). We may improve upon
Theorem 1 as follows:

Theorem 3. Consider the system

(0 G — (4 + BO + Ce

where

(2) (a) A s a constant matriz all of whose characteristic roots have non-
posttive real parts, while those with zero real parts are simple

() B{t) >0ast— o, f * |dB/dt| dt < =

© [Tlewld <
(d) The characteristic roots of A + B(t) have nonpositive real parts
fOT t> 1t
Under these conditions, all solutions of (1) are bounded as t— o.
Proof. Let the simple characteristic roots of A which possess zero

real parts be denoted by Ai, X2, . . ., Ax. Then, as indicated in Exer-
cise 1 of Sec. }0, Chap. 1, there exists a matrix T such that
A 0 |dikpr -+ dia
Az
(3) TAT = |0 Ak dkk+1 st (1/.,,
Aes1
0 <.
L A

The notation signifies that the initial k& X k submatrix is diagonal and
that all the elements beneath the main diagonal are zero. As usual, the
elements of T are chosen to be polynomials in the elements and char-
acteristic roots of 4.

Let us turn our attention now to the matrix A 4 B(f), whose char-
acteristic roots we designate by (), A2(2), . . ., A(f). Let \(2),
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A2(), . . ., M(f) be the characteristic roots of A + B(t), which approach
Ay Az . . ., M\ and which we know to be simple for ¢ sufficiently large.
The remaining characteristic roots Ae1(f), . . . , A.(f) have negative
real parts for large ¢, and uniformly so as t — .

Let 7'(t) be the matrix corresponding to T above, formed so that
T-1()[A + B@®)]T(t) has a form similar to (3) with A,(f) = \.. In this
way we have T(t) — 1 as t — « and therefore are assured that T-(f)
is uniformly bounded as {— «. Furthermore the assumption that

[ * |dB/dt| dt < = yields the result that f * |dT/dt]| dt < «. Both

of these facts are important for what follows.
We now make the substitution z = 7'(f)w in (1), obtaining

) ‘-jl’—f — T-'(A + B@))Tw + (T—ICT 7 %%’) w

By virtue of our hypothesis concerning C' and of the results above
concerning 7', we sec that the matrix 7-'CT — T—'dT/dt, which we call
R, is absolutely integrable,

®) [ IRl = [T 7mCT ~ T ar/a) d < o

Writing equation (4) out in terms of its components, we have

n

® @ %~ ow+ 2 d. (0w + zrﬁa)w,-, i=1,2 ...,k
j=1

j=k+1

) %“% = M(Ow; + Z di,()w; + 2 ro@w,i=k+1,...,n
j=i+1 1=1

where d;;(t) — d;;, a constant, as { — o, and where / " ro®)] dt < .

Note that the only difference between (6a) and (6b) resides in the sum-
mation over the terms d,;w;, a difference which is a consequence of the
form of (3).

Let us now discuss the solution of (6b). Taking the case of ¢ = n first,
we find that

() wn =ca exp[/: (1) dtl]

+ ﬁ)‘ exp [,/z: An(8) ds] (i r,.,-(tl)w,-(tl)) dt,
j=1
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Since the real parts of the A\, () for ¢ =k 4+ 1, . . ., n are uniformly
nonnegative, we have, for some positive constant a,

t
® [l < leale + [ et R] o] dt
Considering the case ¢ = n — 1, we obtain the integral equation

(9) W1 = Cn—1 €Xp [/: An—1(1) dtl]
+ ﬁ) ' exp [ ﬁ : Ani(s) ds] dun(t)wn(ty) dis

+ /: exp [ﬁ: An(s) ds] (i rn——l.:(tl)wJ(tl)) dt,
=1

This yields the inequality
(10)  wura] < ondle + [ e 0ldun(t) a(t)]
+ [ e R o]l de
If we employ the previous inequality, (8), we obtain
(1) fwnca] < fenilet + [ e DR [uo] dts
eair [ e [leales o [ s | R o] dta ] s

where we have used the fact that |dsa(t1)| < €ay1.  The first term in the
second integral yields ¢, 1|c.|te=*. The second term is

(12) cu [ emeew ([ e o||R] w] dta) dts

= e [ ([} eI RIlw] dtz) dts
Integrated by parts, this becomes
(13) Cnt1 /(;t (t — t)e | R][[|w] dt

Since te < bie=* for ¢t > 0 if a; < a and if b, is suitably chosen, we
obtain

(14 [wanil < a7 by [ e 0B w] dt

Since a; < a, we obtain the same inequality for |w,| by increasing the
values of b, and bs, if necessary.
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Continuing in this way step by step, we find that constants bs, b5, and a,
exist such that

(15) ] < b b [ e Rl o] di
fork+1<7:1<n.

Turning to the equations where 1 < 7 < k, we obtain

(16) w; = c:exp [Lt A (t) dtl]

+ [fexp[ [In@) du ] ( Z dy(tr)w,) dts

F=k+1

+ j: exp [Lt A (t2) dtz] (i r,,(t])u‘,) dty
y=1

Since the real parts of \.(f) are nonpositive, we have, for ¢ = 1, 2,
k
) b

n

el <lel 4 [[() hel)dn+ IR d

j=k+1

From (15) we have

(s) S ol < deme g [T R ol di
=

n
j=k+1

Since

t 5

asy [([ el as) a

1 [t [

—_— e —ay(t—t1) —

L[ el an+ L [ i) a,
we obtain, finally, from (17),
(20) wl < ¢+ [ IRIwld,  1<i<k
Combining this with (15), we derive
(21) lwll < & + ¢ [ I1RIlwll

Since by assumption / “|IR|| dt < =, it follows by application of the
fundamental lemma that ||w| is bounded.
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Exercises

1. Making use of the Jordan canonical form, show that the hypothesis
that the roots with zero real part are simple may be replaced by the con-
dition that they correspond to simple factors.

2. For what values of ¢y, ¢z, and c¢; are all solutions of

d*u | e¢;du

bounded?

4. Equations with Periodic Coefficients. We now consider equations
of the form

M & 40 + By

where A(f) is periodic and B(f) is small as £ — . That the stability
properties derived for the case where A is constant carry over to this
case is a consequence of the canonical representation of solutions of the
unperturbed equation

@) W = 4wy

furnished by Theorem 11 of Chap. 1, which tells us that the matrix
solution of

3) -‘% —AQY, Y@©) =1
has the form
(4) Y(t) = P(t)ec

where P(t) has the same period as A(f) and where C is a constant matrix.
Using this representation, we may prove quite readily

\/Theorem 4. If all solutions of (2) are bounded, then all solutions of (1)

are also bounded, provided that

(5) (a) A(t) is periodic
® [ 1Bl <

If all solutions of (2) approach zero, as t — «, then the same holds for
all solutions of (1), under the same hypotheses.
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Proof. If all solutions of (2) are bounded, we must have ||¢®|| bounded
as { — o ; if all solutions of (2) tend to zero, then ||e¢¢|| — 0 and does so
exponentially, which is to say, |[e®| < cie™*, with a > 0. Since

(6) z=y+ A LY ()Y@ Bt 2(t) di

=y + L ' P(t)ec-wP ) B(t)2(L) diy
we have

@ el < ol + [ IP@Ulece 1 1PE IBE )] di
S et [ 1B@I= do

whence boundedness follows, as before. The second part of the state-
ment is also derived along previous lines.

b. Equations with General Variable Coefficients. We already know
that the boundedness of the solutions of

) W~ 4wy

together with the condition ||B(#)|| — 0 as { — « is not sufficient to ensure
the boundedness of all solutions of

@) %~ (40 + BO):

[compare (10) of Sec. 1. We might be tempted, in the light of preced-
ing results, to state that the result will be valid provided that we amend

the condition ||B(f)|| — 0 to read /“ IB®)|| dt < ». Let usshow by a

counterexample that no such general theorem can hold.
Theorem b. There is an equation of type (1) with the property that all

solutions approach zero as t— o, and a matriz B(t) for which f “IB®| dt

< oo, such that all solutions of (2) are not bounded.
Proof. Consider the equation

dy1 _
6)] oW T

%—‘/tz = (sin log ¢ + cos log ¢ — 2a)y.

whose general solution is
4) Y1 = Cie™*

y2 026‘ sin log t—2at
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If a > 14, every solution approaches zero as t — . If we choose as
our perturbing matrix

. 0 0
) 30 = (% §)
the perturbed equation has the form
dz1 o
(6) -a? = az;
dzs

v (sin log ¢ + cos log t — 2a)z, + 2,6~

The solution of this system is
(7) 21 = c1e™®

22 = el mn log :—20!(02 + C1 ](;t b1 sin log t dtl)

Let t = e@¥97  Since

(8) /t gtieinlogty (/i > /“’ A ¢—timmlor b
0 te™™
: €
> l(e?/3 — ¢"7) exp (— 5 >

we see that, if
9) 1 <2 <14 e

the solutions of (6) will be bounded only if ¢, = 0. This condition is
fulfilled only for those solutions for which z,(0) = 0.

Let us now turn to the problem of seeing what we can salvage from
this. We can prove

Theorem 6. If all the solutions of (1) are bounded, then all the solutions
of (2) are bounded, provided that

(1) (@ ["[BOdt < o
(b) lim /‘tr (A)dt > —w

g
or, in particular, that
@) tr (4) =0
Condition (b’) is relevant to the important equation
(11) w4+ alt)u =0

which is equivalent to a two-dimensional system satisfying (b').
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Proof. Expressing z in terms of y, we have

(12) 2=y + [) LY () Y-1(t) B(t)2(ty) dts
whence

(13) el < Il + [ 1Y @IT= @ lIBeE e dt
Since

(14) » det Y = exp [ﬁ)‘ tr (A) dt]

we see that, provided (10b) is satisfied, ||Y~'(¢)| is bounded as { — .
Hence from (13), we obtain

(15) Izl < o+ e [ IB@lt)]] ds

and application of the fundamental lemma yields the desired boundedness.
6. Almost-constant Coefficient : Asymptotic Behavior. We now return
to equations of the form

) & — (4 + B0

where ||B(f)|| » 0 as t— o, and investigate the behavior of |z| as
t— o. The simplest, and perhaps the most interesting, case is that
where A has simple characteristic roots. For the case of multiple roots
there are corresponding resulls which are more complicated to state and
prove. Conscquently, we content ourselves with the following:
Theorem 7. [If, in equation (1), the following conditions are satisfied:

(2) (a) A is a constant matrix with simple characleristic roots
®) 1Bl —>0ast—

then, corresponding lo any characteristic root Ax, there is a solution z® satis-
Sfying the inequalitics

@) crexp[Re Mt —da ['[1B] dt] < [l
Sciexp[Re (Wt + di [ 11B] at

Jor t > to, with ¢1, ¢z, d1, and d; being positive constants.
In particular,

(4) lim 128201 _ g (\r)

t— » {
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Furthermore, if the characteristic roots are real and distinct, and if
/” IBll dt < o, there are n solutions 2V, 2®, . . . , 2™, such that

(5) 2® = (e, + o(1))

as t— oo, where ¢, is a constant vector.

Proof. Let C be a constant matrix reducing A to diagonal form,
C-1AC = L, where L is diagonal. The substitution z— Cz transforms
(1) into an equation of the same form where A is now diagonal, and where
the new B(f) — 0 as t — «. Hence we start with the equation in this
form, since it is clear that, if the solutions of this new equation exist
having the desired property, then the original equation also possesses
solutions of the stated type.

A slight bit of complication is furnished by the fact that, even though
the A; are distinet, the real parts may coincide. Let A; be a character-
istic root satisfying - - - Re (\i—1) < Re (A\r) < Re (A1) < Re (Aey2)

-, and let y; be the column vector whose components are 0,0, . . . ,
eMt 0, ..., 0, the ¢™ occurring in the kth position. Any solution of
(1) satisfies the integral equation

(6) z=y+ [)‘ Yt — 1) B(t)2(t) dty

where, as usual, Y(f) = exp Lt; and conversely any solution of (6) is a
solution of the differential equation. To obtain a solution to (6) satis-
fying (4), we must somehow eliminate the terms involving e for I > &
(which is, of course, not necessary if Ay = A,). This we do as follows:
Decompose Y into the sum ¥V = Y, + Y., where

e)ut 0T
eht
(7 Y, = et
0
0 0
(0 0)
0
Y‘Z = eXb+l‘
elk+!t
LO et
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Using this decomposition, (6) takes the form

8) z=y+ ﬁ) LYt — t)B()2(t) di + L Yot — £)B(t)2(t) diy

The undesirable terms are now united in the second integral. To
eliminate these terms, we use the fact that Y.(t — 1) B(t1)2(¢1) is a solu-
tion of dy/dt = Ay, for any fixed ¢;, and consequently, provided that the

integral converges, so also is ® Yo(t — &) B(¢1)2(t1) dt,. Hence, by
0

changing our choice of a particular y, but still regarding it as a generic
solution of dy/dt = Ay, we may write (8) in the form

) z=y+ ﬁ) CYA(t — L)B()2(t) diy — ﬁ Yot — t)B(t)z(ty) dty

It is, of course, no longer immediate that a solution of (9) exists. To
obtain a solution, we have recourse to the method of successive approxi-
mations. We shall show that, with a suitable choice of y, a solution of
(9) exists satisfying the right-hand inequality of (3). To obtain the
left inequality, another device is required.

Choose y to be the vector y, defined above, and define

(10) 20 =y t
Zar = Y+ [ Vil — )BE)2a(t) db — 7 ¥t — ) B(eza(ts) ds
The point £, is chosen in place of zero, since we shall require subsequently

that || B(¢)|| be uniformly small for ¢ > &,.
Let us first show by induction that

(1 Jeall < 1 exp [Re (W) + di [ 11B] dd

for a suitable ¢; > 1, d1 > 0.
The result clearly holds for n = 0. Let us assume that it is valid for =,
and show that this implies its truth for n + 1. We have

(12) lewiall < llwell + [J172 = )IBE) 2] dis

+ [ 1Y — B 2]l da
The first integral is bounded by

13) o f 17 = 1B e (di [

21
”B“ dt> eRe 1 g,

to

t 131
S k01/ eRe (A (i—t1) gRe ()“")"”B(tl)" exp [dl‘/ "B(tz) " dtz] dtl
to to

< ke Ro (\k)¢ '
S pe exp | d; . 1Bl dta
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Now consider the second integral in (12). It is bounded by

© ty
(14) ci(n — k) / €Re M= || B(¢)|| exp [Re Mt + dlﬁ I|B| dtz] dty
t 0

To obtain an upper bound, we use the following lemma:
Lemma 2. Leta, b, and ¢(t) be positive quantities satisfying the condition

(15) ¢ <(f>) <b<a
Then
(16) ' [ ewa(t) dt < <20
Proof
(17) ae'¢(t) — e ¢’ (t) = ae™'¢(t) (1 — ¢'/a¢)

a (1 - 9) ¢4t
a
Thus,

(18) e~wtg(t) = [ ® [ac—=tp(t) — e—¢'()] dt > (a — b) ﬁ * etg(l) di

To put (14) into a form suitable for application of the lemma, we
integrate by parts, obtaining

(19) gl_(@a:_@ gRe (x,.u/ [Re (\n — Ao Re Gumron
1 t
33
exp | s [ 18O at] a
+ C—I(Ld—«l gRe (At [exp( Re (A — M)ty + d1/ IB®|| dt)]

1

In applying Lemma 2, we set a = Re (A, — A\;) > 0, and

#0) _
&0~ alsl

Since ||B|| — 0 as t — o, for ¢ sufficiently large, and ¢ > ¢,, we will have
dy sup IIB|| £ Y4a = b. Hence using the lemma, we see that the

1ntegra.l in (19) is less than

0 2 RO o [ [ B ]
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Collecting terms, we obtain as a bound for the second integral in (12),
the expression

1) 3:21%1;_@ exp [Re At + dy [ “1B] dt]

Combining the bounds for the first and second integrals, we see that, if
we choose ¢; = 2 and d; large enough so that

9 sy O\t TR
(22) 1+ @ + 4 <2

then (11) will be satisfied. Once d, has been chosen, £, is chosen to satisfy
d, sup ||B]] £b. Thus the induction holds.

t>to
To show the convergence of z,, we consider, as customary, the series
8] ) y’

2 (2n41 — 2n). There is no difficulty in showing that

n=0

(23) lzar1 — zall < (c1 sUP ||BI)r+reRetn+or
t2>to

with ¢; = ¢1(e). Thus, if ¢, is sufficiently large, the series converges.

Let 2™, 2®, . . ., 2 be the solutions corresponding to the different
characteristic roots Ay, A2, . . . , An. If two roots A\ and Agyq have the
same real parts, we leave ¥ and Y, unchanged and merely use the
appropriate ys.

Let us show that these n solutions are linearly independent. If
these solutions were dependent, there would exist a relationship of the
form

n

(24) 0= i sz(k) = i Mk?/(k) + /;:[ z Mkylk(t - tl)B(tl)zk] dty
k=1 k=1 k=1
n

- ﬁw [ 2 #eY el — t-l)B(tl)zk] di,

k=1

Replacing Y by ¥ — Y, this becomes

(25) 0= Zuky“‘) - L“’ [ z weYa(t — tl)B(tl)z,,] dts
k k=1

Now the matrix Y, with £k = 1, 2, . . . , n, contains no term in eM¢;
or if there are several \,, with7 = 1,2, . . . , [, for which

Re (\) < Re (\)
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it contains no term with Re (A) < Re (A\;). Therefore, since the A; are
distinct, the terms involving exponentials with Re (\) < Re (A;) must
vanish identically. Hence pu; = pz = + - - = gy = 0. This condition
eliminates Yy, and we are then led to the same conclusion concerning
the terms involving Ay, and so on. Thus all the ux = 0, and we have
linear independence.

We come now to the proof of the left-hand inequality of (3). Let Z
be the matrix whose columns are the 2¥. Z is nonsingular and satisfies
the differential equation of (1), and in consequence its inverse W = Z—1
satisfies the adjoint matrix equation

aw

(26) di

= —W(4 + B)

Counsider the corresponding vector equation for a row of W

(27) W _ _ w4 + B)
dt
The same method used for the original equation shows that, for each
characteristic root —A, of —A4, there is a solution w® satisfying the
incquality

(28) [w®|| < ¢; exp [ — Re (At + de ﬁ: IB]| dtl]

We can readily choose the £, to be the same as in the previous case.

Let V be the matrix whose rows are the w®. V is nonsingular, and
from the uniqueness theorem it follows that V = DW, where D is a
constant matrix D = (d,). Wehave VZ = DWZ = D. Let the vector
inner product of the row vector y by the column vector z be defined to be
Y121 + Y222 + * * © 4+ ya2. and be denoted by y - z. We have

(29) w® - 2® = dy

If dwe # 0, we obtain, from |diwe| < [Jw®]||2® ||, the inequality

(30) lz®] =

t
?’;’f exp [Re )t — ds ﬁ 1B dt,]
If die = 0, we proceed as follows. In place of 2® we consider

k+1
3 = o 2 az®
I=1
With a change of constants, we obtain an upper bound for 2® of the
type (11). The matrix Z whose columns are the z* has the same
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determinant as Z and is thus nonsingular. Hence Z = ZE, where E is a

constant, nonsingular matrix. Similarly, in place of w®, we may con-
n

sider B® = w® 4 Buw®. Let W be the corresponding matrix,
I=k+1
W =FW. Thus WZ = FWZE = FE = G, where G = (g;;). Consider
the linear manifold M, composed of solutions of the adjoint equation
(27) which have the property that the inner product
k-1

(31) w - (z(k) + l; alz(‘)) =0

for all ;. This is equivalent to the & independent conditions
(32) wz®W =20 = ... =gy-200 =0

Since the linear manifold M of all solutions of (27) is n-dimensional, M,
is an (n — k)-dimensional manifold.

The vectors w® + 2 Bw® cannot belong to an (n — k)-dimen-
I=kt1

sional manifold for all choices of 8; without contradicting the linear
independence of the w®. Consequently, for any particular k, g cannot
be zero for all choices of ; and 8;, and therefore for each & there exists a
solution of the requisite type.

This completes the proof of the first part of the theorem. It requires
only minor modifications to prove the more precise result obtainable

when f " |IB||dt < ». We shall not give the details, since we shall

derive a much more general result in the succeeding section.
7. Asymptotic Results. We shall now prove a more precise asymptotic
result:

Theorem 8. Let
0 % — (4 + 60 + B

where

(2) (a) A is a constant matrix with stmple characteristic roots \;
) ¢—0ast— »,and fw l[de/dt|| dt < o
© ["IB@ldt <

(d) The characteristic roots \,(f) of A + ¢(t) either have distinct real
parts or satisfy one of the following conditions:
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3) (a) lim sup ] ﬁ “Re (\() — M) dtl <
t—> o 0

(®) lim f "Re (L() — M) dt = o,
t— oo to
ﬁf Re (L) — M) dt > —c, witht > &,
(¢) lim ] “Re (\() — M) dt = — oo,
t— to
L‘ Re (\(f) — N(D) dt < ¢, with t > 1,

Then there exist n independent solutions of (1), x®@ (), with 1 < k < n,
such that, as t — o,

@) 2®(l) = (exp L’ Ae(t) dtl) (ce 4+ o(1))

where ¢, ts a constant, nonzero vector.
Proof. Applying Theorem 9 of Chap. 1, we know that for ¢ > ¢, there
exists a matrix S(¢) such that

(5) S(A + ¢)S-1 = A

where A is a diagonal matrix with diagonal elements \;(f), the charac-
teristic roots of 4 4 ¢(f). Furthermore

6) (a) tl_l’lg S@) =T, (det T 5 0)

(b) lim A;(t) = u., a characteristic root of A
t— o
() / * \dS/dt)| dt < w
Let us perform the change of variable y = Sz, obtaining

dy _ as _
) ZE—A.I/-I-(SBS‘-I-—‘ES‘)!/

Since S approaches a constant nonsingular matrix, we have

® /.,. dtScI/n<|lBl|+”§)dt<w

Let us introduce a new matrix B = SBS 4 (dS/dt)S~! and rewrite (7)
in terms of the individual components,

1 98 o,
SBS ‘+8—i-S

n

© AW\ = z Ot RE) = (ra®)

)=1
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For k fixed and ¢ variable, consider the difference Re (\,(f) — A\i(2)).
Let us denote as I the set of integers 7, where 0 < 7 < 7, for which this
difference satisfies (3a) or (3b); the remaining set of integers where the
difference satisfies (3¢) we shall denote as II.

Each of the equations of (9) may be converted into an integral equa-
tion, and we do this, using two types, depending upon whether ¢ belongs
tolorlIl: If 1 €1,

(10) yi(t) = 8a exp ( [ WA dtl)

— ﬁ * [exp ( L‘ Ai(s) ds) (i r,,(tl)yj(tl))] dt
i=1

(. is the Kronecker delta symbol; é,; equals 1 if ¢ = k and equals 0
otherwise.) If 2 &€ II,

() = [ ‘[exp ( L‘ O ds) (2 r.j(tl)y,(tl))] dt,

The procedure is similar to that followed in the previous proof, where
we were also attempting to single out solutions with a particular growth
ast— . To show the existence of solutions and to obtain bounds for
the solutions, we use the method of successive approximations:

(11) yO(t) = bx exp (ﬂ Ai(th) dtl): i=1L2...,n
ymED(L) = 8,4 exp [ /: Ak(t1) dtl]

- ﬁ - [exp ( L‘ M(s) ds) (i r,-,-y}"")] d, m>0 GEI)
= [ gy 1) db y () et in )
= /; [exp (L )\z(t)dt)(jzlr ys )]dt t €1l

Since the proof is simple conceptually, but complicated in detail, we
suggest that the reader first carry through the proof for s second-order
system where the technical foliage is & minimum,

For convenience of notation, set

12) Re ( L “M(D) dt) = Ht)

Ayt = |y )]
Ayeo(t) = lymo() — @), m >0
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From the preceding equations we obtain, for m > 1, ‘

(13) 2y < [T emo-n (Y iry)]) ayrr@ i, (ED

J
S j;t eH(—H.(t) (z |r,](ll)|) Ayim_l)(tl) dt;, (z = II)
Fj
and
(14) AyO(t) < em®

Let us now show by induction that @ may be chosen large enough so
that

(15) AyEm) (t) _<__ Q—mgHi(t)

The resuly 18 certainly true for m = 0. From (13), we obtain, using the
inductive hypothesis, for 7 & I,

(16) A?j?""‘”(i) S Q—mgHx(t) /; 6}1.(;)-41,,(:)+H;,(h)——}1,(1.) (2 lru'(tl)l) dtl
J

and, for 7z € II,
Ay (f) < 2-meHr® Lt eH () —Hu(O)+Hi(tr)—Hi (1) (z I,-'.j(tl)|) dty
i

From the definition of the set I, it follows that, for ¢ &€ I,

17) exp {— ﬁ " Re [(s) — M(s)] ds} <e, t24
for some fixed constant ¢;. Hence for ¢ &€ I,
(18) Ay () < 2 met® /; ® (z lrij(tl)') dty
7
Similarly, since for ¢ € II we have
(19) exp {L‘ Re \i(s) — Au(s)] ds} <e, t> 4

where we may use the same constant ¢, in each case, we derive
(20) By (®) < e2memo (Y [ru)]) dts
J

If a is chosen so that

o0

21 f z Iry(t)] dts < 34

a
=1

the inequality of (15) will be satisfied with m replaced by m + 1,
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©

Consequently the series z (it — ym) converges for each i,
m=0
uniformly in any fixed ¢ interval, and thus yf™ — y,, where 1 <7 < n,
which constitutes a solution to (10). Furthermore, for each z,

(22) @] < 2¢m®
Returning to (10), we see that, for 1 &€ I,

(23) ‘ [ * exp ( A‘ M) ds) (Z‘ rl,(tl)yj(tl)) dtll
" < 2nemo L7IY ru@) |t = ogeme)
ast— «. Hence fori € I, J
(24) 0(8) = (6 + 0(1)) exp ( [ “Met) dtl)
If ¢ € I, we have
<[

@5) | [fexp ([ Ms) as) (3 ratton®)) Ji

for ¢ < t* < ¢, where we shall choose 4 convenient ¢* in a moment.
The second integral is bounded by

+

(26) 2¢16™® Lf (Z Iru(h)l) dty
7
Since by hypothesis 7 € II, we have
27 Lt da(s) ds = /: Re [Ni(s) — M(s)]ds— —

as t— . [ence we may determine ¢* = {*(¢) such that {* — « as
t— o, and

(28) /;: di(s) ds— —
For example, if

4
(29) F(t) = — f " du(s) ds

choose #* satisfying F(t*) = WF({), F(t,) < 13F(), for a <t < ¢*
With this choice of t*, the second integral is clearly o(e”*®)., The first
integral is bounded by
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(30)  2eie® [“exp { ["ReM(s) — () ds} (Y Inu(e)]) e
J

which again is o(e®+®),
Thus for each k£ we have a solution y®(f) whose components satisfy
the asymptotic relations

@31) yPO = G+ o(1)) exp ([ Muls) ds)

From this it follows that the y® constitute an independent set of vectors.
Since z = S~'y and sinee S tends to a constant, nonzero matrix, we have
the set of vector solutions whose existence was claimed in the theorem.

8. Asymptotic Series. Frequently, far more is known about the
coefficient matrix than the few properties required in the hypotheses
of the preceding theorems. It is reasonable to suspect that in these
cases we can learn correspondingly more about the solutions.

The impetus to our study is given by the important subclass of equa-
tions whose coeflicient matrices have rational functions as clements.
In this introductory discussion we assume that each of the elements
in the matrix approaches a constant as {— «. Each clement then
has, for large enough ¢, a convergent power-series expansion of the form

M @@=+ T FE e, (= al))
We may then write the matrix A in the form

A A
(2) AW =do+F+ -+ F+ -
where the Ax are constant matrices, for ¢ > .

Going one step further, let us consider the class of equations

dy

@) 7

= Ay

where A(f) has an expansion of this above type for ¢ sufficiently large.
If (2) holds, we have

(4) lim A(f) = 4,
{— «
lim ((A() — Ao) = 4,
t— o

lim tﬂ“(/l(t) A=A —4.") = Anin

t—> o t tn
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Note that the relations of (4) in no way presuppose the convergence
of (2). As a matter of fact, it is very easy to present an example of a
function satisfying (4) for which the scries on the right (2) is divergent
for all £. Consider the scalar function

(5) g(t) = L i x": dz

It is easily verified that
6) limg@®) =0

t—

fim 0 = 1
tl_lfg AR [g(t) - % 4o+ (_:1)”_15____]_"__':_9'] = (=1)™!
and that the series
) SO =3 g+ £ G,

diverges for all values of £. Notice that the series is what one obtains
formally by writing

*  edx
® o0 =ﬁ M+ @/
_ [T . (=D
—/; 7[1 R s ]dx

and integrating term by term—most of which is illegal.
It follows from (6) that, despite the fact that the series diverges for
all ¢, we have, for ¢ > o(e),

- 1! < n!i(1 4+ €

I P o i i [P

Since n!(1 + €)/i"*1 — 0 as £ — o, we observe the startling fact that,
although S(¢) diverges, suitable partial sums yield excellent approxi-
mations to g(f) as { —» «. If, for example, { = 10, we obtain our best
approximation by taking n = 10. From Stirling’s formula,

(10) 10! 22 101%-10 /207

whence we see that the error term is = ¢=1° 4/7/5.

Series of this nature, possessing the property of furnishing good approxi-
mations to a given function if cut off at a proper stage, even if divergent
as a whole, are called asymplotic series. Let us now give a precise
definition.
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Definition. If the infinite sequence {ar}, k =0, 1, 2, . . . , is deter-
mined as follows:

1) lim f(0) = ag
lim t(f(t) - ao) = a

lim tn+1(f(t) — ao _aTl —_ e — %‘) = Gny1
t—

then f(t) is said to possess an asymptotic development as t — o, and we
write

a

(12) o~y

n=0

The series is not assumed convergent, and it may or may net converge.
Let us now investigate the algebra of this new correspondence we have

defined between a function and a formal infinite series. We have
Theorem 9. If

(13) ) ~ z ad,  gt) ~ Y b
et
n=0 n=0
then, for any two constants ¢, and cz, we have
(14) . cif + cog ~ z (c1@n + c2bn)t™
n=0
Furthermore,
(15) fg~ Y e
n=0
where
(16) Cpn = alcbl
k+i=n

Moreover, if ao #~ 0,

(17 ~a+ G4+

L
f@®
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where

(18) awo =1, a1 + aco =0, . . ., 2 awc; = 0, n>0
k+l=n

Finally, of

(19) JO~ ) did™
nZZ
thend, = —(n — Nap—1. If ao = a; = 0, then
® ant—(n-l)
n=2

The proofs follow immediately from the definition, and we leave them
as exercises.

We may summarize the above by noting that asymptotic series may
be handled, as far as algebraic properties are concerned, like ordinary
power serics. The same holds for the operations of differentiation and
integration, provided that the resultant functions possess asymptotic
developments. Hence, if f, [/, . . . , f™ all possess asymptotic develop-
ments, then P(f, f, . . ., f®), wherc P is any polynomial, possesses
the asymptotic development that one computes formally.

To show that it is not generally truc that f* has an asymptotic develop-
ment if / has, consider the function

(1) f= 1t + ¢! sin e
According to our definition, f ~ 1/{. However,
(22) === 215 — ¢t sin e 4 2¢! cos ¢

is not asymptotic to —¢=2.

This example also illustrates the fact that, although a function possesses
a unique asymptotic development, many functions may possess the
same asymptotic development.

Let us now turn to the application of the preceding ideas to the theory
of differential equations. Taking a simple equation, such as

we see, according to Theorem 8, that the solutions are linear combinations
of functions asymptotic to et and et as { — «. Let us try a solution of
the form
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(24) u=e‘(1+%‘+f—:+---+f—:+---)

Substituting into (23) and equating cocflicients, we obtain
2 _ oy —

(25) ¢ = }é) Cp = Lﬁ’“"‘l—) cn—ly n 2 2

Consequently the series in (24) diverges for all &. We shall show below,
however, that this series we have found formally is actually an asymptotic
series for a solution of (23). In view of the form of (24), it will be useful
to liberalize slightly our definition of an asymptotic development and
write

(26) 5O ~ @) ) ant

n=0
if

en i — o0 z ad| < B lent-+0,  m=0,1,2, ...,

n=0

with ¢, a constant, as{— . If ¢(¢) > b > 0 for ¢ > {,, we may write

0

(28) "g(% ~ Z and™™

n=0

Let us observe that, once we know that we have an asymptotic series
for a solution of (23), it is casy to compute the coefficients ay, az, . . . ,
an, . . . recursively by equating coefficients. The main problem in con-
nection with the application of asymptotic series to diffcrential equations
is the following:

Given an infinite series of the form 2 ayt=", divergent for all t, formally
n=0
satisfying the differential equation P(u, v, ", . .., u™) =0, under
what conditions s the series the asymplotic series of a solution of the differ-
ential equation?
We shall give a partial answer to the problem for the case where P is a

linear homogeneous form in u, «/, ®, . . . , 4™ in which case P = 0
is a linear differential equation
(29) u™ 4+ a;Qu 4+ - - -+ a()u=0

As we know, the theory of equations of this type can be made part of
the theory of linear systems,
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dy

(30) ¥

= A(t)y

and it is in this form that we shall treat it.

9. The Asymptotic Behavior of the Solution of dy/dt = A(f)y. The
problem has been solved completely of determining the asymptotic
behavior of the solutions of

(1) i Aty

where the elements of A (¢) are rational functions of ¢, or more generally,
possess asymptotic developments of the form

00

@ a® ~pO) + Y el P =Py = ealiy))

n=1

where p(f) is a polynomial in ¢&. However, the solution is quite compli-
cated in detail, although not in principle, and for that reason we shall
discuss only the simple case where A (t) has the asymptotic expansion

(3) AW) ~ Ao+ A=t 4 -+« + A+ - - -

Furthermore, we shall assume that the characteristic roots of A, are
distinet. It is easy to give examples illustrating the complicated nature
of the solutions in the case where A, has multiple characteristic roots.
For example, as we shall see in Chap. 6, there are two solutions of

) W —2=0

having asymptotic developments of the form
() u~(expt 2VDI+ et + et )

Ezxercise

1. Determine ¢, by equating coefficients.

There are many special techniques particularly applicable to the
sccond-order equation; hence a complete discussion of the nature of the
solution is much easier than for the general nth-order equation.

Our principal result is

Theorem 10. Consider (1), where

6) (@) A@) ~ Ao+ At 4+ + - - + A+ + -
(b) The characteristic roots Ay, s, . . . , Na of Ao are simple
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Then, corresponding to any particular characteristic root A, there ts a solu-
tion yi of (1) possessing the asymptotic development

) ykNethluk(co_*_ch.*_..._I_%_*_...)

where co s a nontrivial vector.

Proof. We require first the following

Lemma 3. If each coefficient of the algebraic equation
8) f@ =2+ ait)er 4+ ¢ -+ Fa.(t) =0

possesses an asymptotic expansion

8

) a) ~ ) ot
k=0

and if the equation
(10) g@) =2+ Pzt - - -+ =0

possesses simple characteristic rools ry, ra, . . . , Tn, then each root of (8)
has the asymplotic expansion

8

(11) RORSEE N
F=1
Proof of Lemma. It is convenient, as before, to carry through the
proof using complex-variable methods. Since (10) has simple roots, the
same will be true of (8) for ¢ large. For ¢ > ¢, then, we may draw small
circles C; around each root r; in the complex plane, which are noninter-
secting. Applying Cauchy’s residue theorem, it follows that

(12) n(t) = % / z}'(g:) dz, =12 ...,n (f&) = fz)
For each z on (; we have, as { — =,

#f'(2) _ 29'(2) | ei(2) en(Z) _

13 =l = hA s cee 22 O D
W Je T T T (e
Integrating term by term, and noting that the O((—*+) estimate holds
uniformly in 2, on each C;, we obtain the required asymptotic expansion
for r;(t).

Let us now turn to the proof of our theorem. The system has the
form

(14) & (Ao+ +Az(t))z
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where [[A2(f)]| < cit~2ast— «., Since the characteristic roots of A4, are
distinct and f ® lA2(8)]| dt < o, our system satisfies the conditions of

Theorem 8. We know then that there exist n solutions 2y, 2, . . . , 2
with the asymptotic forms

(15) 2, ~ eMtre, 4+ o(1)]

where ¢ is a constant, nonzero vector. By means of a change of variable,
we may always assume that the \; are distinct from zero. 'This is not
essential, but it simplifies some of the details.

The proof is inductive, starting from the known result of (15), using
the same integral equations as before. Assuming that we have shown
that

(16) 2, = e)\kttuk[ck + czl’t‘l + . o o + C;c")#'" + O(t_”)]
forn =0,1, ..., mand for each k, the integral equation is used to

show that the same expressions are valid for m + 1.

This exercise in repeated integration by parts we leave to the reader.
We suggest that, before the gencral proof is attempted, the exercises
below be worked.

Ezxerciscs

2. Dcrive the asymptotic expansions of the solution of

17) W+ 14+ g@))u=0
where

~T 92 L
(18) o ~ 8+ 02 4

3. Use the asymptotic expansions derived above to find asymptotic
expansions for the zeros of the solutions of '’ + (1 + ¢g(f))u = 0.

Miscellaneons Exercises

1. All solutions of d2z/dt* = (A + B(t) + C(¢))z are bounded, pro-
vided that

(a) A is a constant, negative definite matrix

(b) B(t) is symmetric

() O+ 01)] i b;j(t)x,'xji Sl i ;T

=1 =1

for t > to and some ¢; > 0

@ [N/t di < w, [7 @] di <
2. If dy/dt = AQ)y, ¥(O) = vo, then iyl < lyal exp [ [ 1401l e |



STABILITY—LINEAR SYSTEMS 63

3.1 [ 4@l dt < «, lim y exists. (Trjitainsky.)
t—
4. If 2 ﬂ)w la; + @] dt < o, all solutions of dy/dt = A(t)y are
=1
bounded as ¢t — <.

b. There exists an orthogonal matrix B(f) such that if y = B(f)z, the
equation dy/dt = A(t)y is transformed into dz/dt = A*(t)z, where A*(¢)
is semidiagonal. (Diliberto.)

6. There cxists a bounded nonsingular matrix B(f), such that A*(z)
is diagonal. (Diliberto.)
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CHAPTER 3

THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF NONLINEAR SYSTEMS

1. Introduction. In previous chapters we have discussed the proper-
ties of linear systems of the form dz/dt = Az. We now turn to a pre-
liminary discussion of nonlinear systems of the form

dz
(1) _Jt-‘ = l(zla 29 « + oy %n, t)
2(0) = ¢, i=12...,n
Introducing the new dependent variable z,.1 = {, we may write (1) in

the form

@) iidit‘-_-ﬁ(z,,z,,...,z,.,zm), i=1,2...,n
dzn-}-l _
o !
Z.(0)=Ci, t=1,2...,n
2,.+1(0) =0

where the right-hand side is now free of any explicit dependence upon
This in turn may be written in the simpler form

. dz
3) L—j@), w0 =c
where f(z) denotes the vector whose ¢th component is fi(z1, 22, . . . ,
Zn+1)-

We wish to derive some simple conditions which ensure that (3) has a
unique solution. More important, however, is the opportunity to dis-
play two fundamental methods, one of extreme theoretical importance,
the other of extreme practical importance in connection with the numer-
ical solution of differential equations, ordinary and partial. The first
is the method of successive approximations, which we encountered
previously, and the second is the method of finite differences. This last
consists in replacing (3) by the difference equation

@) 2+ h) —2() = M@ 2(0) =0

where £ takes only the values 0, A, 2k, and so on.\
65
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A third powerful method for providing existence theorems, the Birk-
hoff-Kellogg technique of fixed points in function space, will not be
discussed in this volume because of its dependence upon advanced
concepts.

Since we are not primarily interested in questions of existence and
uniqueness in the small, we shall content ourselves with stating and
proving only the basic results.

2. Method of Successive Approximations. The natural extension of
the method we employed for linear systems is to define inductively the
sequence {z,} as follows:

1) Zg=c¢

dz,

Tol — f),  an® =c¢  n=0,1,...
This is equivalent to the integral definition
(2) 2y = C

Znp1 = € + ﬁ,‘ f(za) dta

Let us assume that f(2) is a continuous function of z in some neighbor-
hood of ¢, say the region R defined by ||z — ¢|| < ¢;. The definition
given in (2) is inductive and hence gives rise to the question of the actual
existence of the z, for n > 2, since f(z,) may fail to be defined for some n.
Let us show that by restricting £ to a suitable interval we can ensure the
existence of each z,. From (2) we obtain

®) lenss = el < [ 5G] dts < et

where we let ¢c; = max ||f(z)|| for zin B. Hence if ot < €1, 2441 Will also
be in B. Henceforth we restrict ¢ to lie in the interval 0 < ¢ < ¢1/cs.
Note carcfully the strict inequality, which implies that z, is always inside
R.

We must now consider the question of convergence of the sequence
{z.}. As before, this is equivalent to the convergence of the series

(2n+1 — 22). In place of this series, we consider the majorant
n=0
Z||zns1 — 2x||. From (2) we obtain for n > 1, the inequality

@) lenss = zall < [ 1) — fCon)] de

To continue the proof along the lines of Sec. 3 of Chap. 1, we require
some relation between ||f(2,) — f(z.—1)]| and ||zn — 2.—1]|. Let us assume
that for any two vectors 2 and y in R we have the relation
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(5) 1) = fI < esllz — yll

where ¢; is a constant depending only upon the region R and not upon
the vectors  and y. A condition of this type is called a Lipschitz condi-
tion. It automatically implies continuity.

Returning to (4), and using (5), there results

(6) l2nt1 — 2] < es ﬁ: llza = 2a-1l| dts, n>1
Since |lz1 — 2o < L ! 1fzo)l| dty = ||f(e) ||t = cat, iteration of (6) yields

c 4(:; tn+1

(n + 1)

whence Z||z.41 — 2.] converges uniformly for 0 < ¢ < ¢ < ci/cs. It
follows then that 2, converges uniformly to a function z(¢) which satisfies
_ the integral equation

(7) ”zn—H - zn” <

®) e=c+ [[/@)dt

and thus the differential equation.

Let us, before turning to the treatment of the uniqueness problem,
mention a simple condition on f(z) which will yield the Lipschitz condi-
tion. The mean-value theorem shows that, if f(z) has uniformly bounded
partial derivatives with respeet to the 2, in R, it will satisfy a Lipschitz
condition in R.

3. Uniqueness. We now wish to show that the solution found by the
method of successive approximations is, under the assumptions we have
made, the only solution of

dz
( — = =
0 T =@, «0) =
in the interval 0 < ¢ < ¢y < ¢;/c.. Assume that there exists another
solution y. Since y is continuous and in R at time ¢ = 0, it is in R for

0 <t < ti, where ¢ is a positive quantity. Let {; = min [{,t;]. For
0 <t £ {3 we have, combining

@) y=c+ ['fw)du

and (2) of the previous section, the inequality

3) lenss =yl < [ 1) = f@)I dts
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and thence

@ lenss = 9l < s [ llza =yl dt

Using the fact that |[z0 — y|| < ﬁ) ‘ lf@) |l dty < cof, we obtain by iteration

_ c2cgtn+1
(5) "zM-l y” < (n + D!

Letting n — «, we see that ||z — y|| < 0, which means that z=y in
[0,t)]. If {, = &, our proof is finished. If not, we can begin at { = ¢,
and obtain a larger interval within which y = 2. If, however, we con-
tinue in this direct fashion, we have no guarantee that we can ever fill up
the entire interval [0,{,]. Hence we proceed as follows: We know that
we can find a nonzero interval [0,7] within which z = y. Since y and 2
are continuous, this interval must be closed. ILet [0,7] be the largest
such interval. If r < {,, we may employ the method above to increase
the interval. Ience r = {,.

We have now completed the proof of the following result:

Theorem 1. If, for any two vectors x and y in the region R defined by
lz — ¢ll < e1, we have

(6) 1) — fWII < esllz — yll

where c3 ts a constant depending only upon R, there exists a unique solution
to

) E_ @, w0 =
for 0 <t < ¢1/ce, where c; = max IF @)l

Ezercises

1. Consider the sequence defined by

8) 20 = w(t)
Zap1 = ¢ + ﬁf(zn) dt, n=01,...

where w(0) = ¢. Does this sequence converge to the solution of the
differential equation, under the above conditions on f(z) and under suitable
restrictions on w(¢)?

2. Do there exist functions f(z), apart from linear functions, which
satisfy Lipschitz conditions for all real z?
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3. Is it necessary for the existence and uniqueness of the solution that
f(2) be continuous? Consider, for example, the scalar equation

9) (a) du/dt = f(u), u(0) = Y4, where
®) fw) =0, —o <u<lg, =1Lu>l4

What generalization of Theorem 1 is valid?

~4. An Example Illustrating Lack of Uniqueness. We have seen that

the Lipschitz condition yields the existence and uniqueness of the solution
of

) o), w0 =c

Let us now assume only that f(y) is continuous. As we shall see below,
this condition is sufficient to guarantee the existence of at least one
solution of (1). However, we cannot establish uniqueness on this
hypothesis, since it is not true in general.

Let us consider a simple example. The scalar equation

d
) S =Vu,  u©) =0
has two solutions
3) u=0
t2
U = Z

fort > 0. Of course, v/u does not satisfy the Lipschitz condition in the
vicinity of u = 0.
Ezercises

1. Show that the equation du/dt = u*, u = 0 at { = 0, possesses two
solutions for 0 < @ < 1, but not for a = 0 or 1.

2. Consider the equation du/dt = u(log u)?, v = 0 for ¢t = 0. For
what values of a is there a unique solution?

3. Consider du/dt = f(u), where u =0 at t = 0, /;)du/lf(u)l = o,

Is the solution unique in this case?

6. Method of Finite Differences. Let us replace the differential equa-
tion we have been treating by the difference equation

1) ?L(.t_ﬂ“_ﬁ]);.:x"—@ =f®), t=0h2h,...
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The solution of (1) may be continued up to ¢ = nh, provided that y(i/
liesin R for k=0,1,...,n — 1. As above, this is true for nh <
¢1/¢s, where ¢; and ¢; have their previous meaning.

The geometric significance of this approximation may be illustrate.!
very simply for the case of scalar equations. Suppose that u is a solutio:.
of du/dt = f(u), u(0) = ¢;, and we wish to find v at the point {;. et
set t; = 3h and subdivide the interval [0,/;] into three equal parts of
length A, as in Fig. 1. Assuming that the solution curve is a straight
line over the interval [0,h], we find that its equation is

@) wu=c+0), 0<it<h

since its slope is determined by means of the differential equation. At
t =h, u =c—+ hf(c). From I’ to () we again assume that the curve is
a straight line, determining the new slope by means of the differential
equation. The equation of PQ is then

3) u = u(h) + f(uh)(t — k), h<t<2h

where u(h) = ¢ + hf(c). Continuing in this fashion, we determine the
line QR and thus »(3h). If we wish a better approximation, we repeat
the procedure, using six intervals instead
of three, and then twelve intervals, and
S0 on.

We shall show that, under the sole
assumption that f(u) is continuous, it is
possible to obtain a sequence of solutions
) \ of the difference equation for different

0 L 2h.  8h=t; values of h, which approach a solution

—>1

Fro. 1. of the differential equation. This proof

will be only an existence proof, noncon-

structive in the sense that we cannot in this way with certainty actually

compute solutions. If we wish to obtain numerical solutions, we must

impose our former condition, the Lipschitz condition. We shall leave this

last as an exercise and consider in detail only the case where we assume
continuity alone.

For simplicity, let us set hy = h, hnoy1 = h./2 = h/2". For each h;
we have another difference equation (a vector-matrix equation)

@ W1 =00 — ), t= 0, by 2l - ..

For each h;, we may compute, using the difference equation, the set of
values y(0), y(ht), . . . , y(nhi), where n is the largest integer satisfying
nh, < ¢i/c.. Clearly, we shall have a different n for each k. Let us
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now construct the funetion which assumes the values y(0), y(h), . . .

at¢t = 0, hx, . . . , respectively, and is linear in between. This function
is shown schematically, in Fig. 2.

We shall demonstrate that the sequence
{yx(t)} satisfies a uniform Lipschitz /
condition, 0]

() |ye® — yu(9)] < calt — 4

rhy, (r+1)hy
0<ts< ;—';—‘ Fia 2.

9

where ¢; = max || f(y)] is clearly independent of k.
This we sgc; {is follows: If s and ¢ are within one interval, then
(6) ye(t) — yi(s) = (& — )f(ya(rhe))
since within cach interval [rhi, (r + 1)), we have
ye(t) = yu(rha) + @ — rhi)f(y(rhe))

If s and ¢ are in adjacent intervals, s < rh; < {, we write

(7 () — ye(8) = () — yalrha) + ya(rha) — yi(s)
and obtain
®) ||yk(t) - yk(s)[[ < Ika(t) - yk(rhk)” + ”.W(Thk) - ]/k(s)”

< eof(t — rhi) + (rhi — 8)] = co(t — 8)
Quite generally then, if s and ¢ are any two points in [0,¢,], by writing
9 t—s=(¢—rh)+ (thy — (r — Dhe) + - - - + (the — 9)
we derive the general inequality
(10) lye@® — g < eaft — s

From this inequality it follows that, whenever |t — s[ < & in [0,¢4],
we have [|yi(!) — yx(s)|] < e for all k, provided only that & = &(e),
independent of k. A sequence {y:(f)} satisfying this condition is said
to be equicontinuous.

We now wish to establish a general result:

Lemma (Arzela Selection Theorem). Let {y.(t)} be an infinite sequence
of uniformly bounded, equicontinuous functions in a bounded interval
[a,b]. Then there exists a subscquence which converges uniformly in [a,b].

Proof. Let #1, 2, . . . be the rational points in [a,b], enumerated in
some order. The sequence {y.(t;)} is uniformly bounded and hence
possesses a convergent subsequence {y.:({1)}. Let us now consider the



72 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

sequence {yni1(fz)}. In turn, as a uniformly bounded sequence, it
possesses a convergent subsequence {ya2(f2)}. Continuing in this fashion,

we obtain a sequence {y.:(f)} which converges for ¢t =1, &, . . . , .
Consider now the sequence {y«(t)}]. By virtue of our construction, this
sequence converges at each of the points &1, &, . . ., &, . ... Let
y(t) be the limit function, defined as yet only for ¢t = £, &, . . . , ia,

Since the original sequence {y.(f)} was taken to be equicon-
tmuous, we have |lym(t:) — yue(t)|| < e for |t, — 4| < & = 8(e), & being
independent of k. This property, then, is preserved by the limit function
y(t), that is, |ly(t) — y@)] < e when |t: — ] < 8, which means that
y(f) is continuous over the set {t,}. We now define y(¢) for all ¢ in
[a,b] by means of the relation y(¢) = lim y(¢,) as ¢; — ¢ through a sequence
of rational values.

It remains to show that yu(¢f) — y(¢) uniformly for ¢ in [e,b]. Divide
[a,b] into N equal parts, where N will be specified in a moment, and let
the end points be @ = s, a1, . . . , sy =b. If s, < ¢ < 841, we have

A1) yu® — y@) = (ul®) — yee(sr)) + (Yrelsr) — y(sr))
+ (y(s) — y(@®)

Choose N so that ||yw(t) — yu(s)|| < ¢ whenever s, < ¢ < 8,41, for
all k. This may be done by virtue of the equicontinuity. This also
implies [|y(s;) — y@) L e

Then choose n > no, depending upon N so that ||yw(s:) — y(s)| < ¢
for1=0,1,2, ..., N. It follows that for n > n,, depending only
upon ¢, we have ||yu() — y(¢)]] < 3¢, which demonstrates the uniform
convergence.

Ezxercise
1. Show by means of counterexamples that the above theorem is not

valid if we omit any one of the three conditions ‘‘equicontinuous,”
“bounded,” “finite interval.”

Having established this result, we apply it to the sequence {y.(f)}
obtained from the difference equations. We must now show that the
limit function satisfies the differential equation. This may be shown
directly, but it is easier, as usual, to show that y satisfies the integral
equation. For any [ and k we have

(12) Yl (1 + Dhil = ye(lhe) + haflys(he)]
Summing over ! =0, 1,2, . . ., L, we have

L

(13) W@+ Dhl = ¢ + ) heflya(ths)]

=0
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since yx(0) = ¢ for each k. Let L be chosen so that Lhx >t as k — o«
and h—0; for example, L = [2:¢/h]. Then w{(L + k] — y(2).
Since the right-hand sum in (13) looks like the approximating sum to a

Riemann integral, we should expect this expression to approach ﬁ) f(y) dt

ask— . We have
L L L
14 Y Wyl = ) hufly@l + Y halflys@hl — Sly@ho)])
1=0 1=0 =0

The first sum is a Riemann sum and approaches [o ‘ f(y) dt. Since the

sequence {yx(t)} is uniformly convergent and since f(y) is continuous,
. we have ||flyx(the)] — fly(ha)]|| < € for all I and for k > ko. Hence

(15) ”i e ()] = Sly @]} || < ebull < o
=0

This completes the proof.
Ezercises

2. Prove directly that y(t) is differentiable and satisfies the differential
equation ¥’ = f(y).

3. Under the hypothesis of Theorem 1, show that z is a continuous
function of the initial vector ¢ in some region about c.

4. Let 2(t,c) be the solution of dz/dt = f(z), 2(0) = ¢, where f satisfies
the above conditions. Show that for s and ¢ > 0 and sufficiently small,
we have 2(s + ¢, ¢) = 2(s, 2({,c)).

6. Consider the scalar equation du/dt = au + u" (the Bernoulli equa-
tion). It may. be solved in elementary terms by letting v = 1/u"L
Show directly that the above functional equation is satisfied.

6. In the fixed interval [0,a], find an expression for the difference
between the solutions of the two vector systems

¥y =5, y0)=a
2 =g(2), 90) =ce

7. (Generalization of Newton’s method.) Compare the rapidity of
convergence of the successive approximations obtained from

(16) Ynpr =FWs)y  Yn1(0) = ¢

with those obtained from

an Ynrr = fn) + Wntr = ¥l (Wa),  ¥n1a(0) = ¢
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8. Consider the system dy,/dt = fi(y1, Y2, . . . 5, YUn, 1), 2 =1, 2,

., n, where |f,(y,0) — fi(z,0)| < E Lelyr — 2x| for all y; and 2. Let
ko1

(Y1, Y2y - - « , Ys) and (23, 22, . . . , 2,) be any two solutions of the equa-

tion such that yx(t) = 2:(t), k = 1, 2, . . . , n, where the {; are any n

points of the interval [a,b]. Thenb —a > 1 / E l.. Hence if
k=1

50, =0

no nonidentically vanishing solution of the equation can have its com-
ponents vanishing, respectively, at points inside an interval of length
b — a if b — a satisfies the above inequality. (Fite.)

9. Use the nonlinear integral equation

u = exp [ -~ /: t — t)u(t) dtl], u = w’

to establish the existence of the solution of w'"’ 4 2ww’’ = 0 determined
by w(0) = w'(0), w’(0) = 1, forall{ > 0. (Weyl.)
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CHAPTER +

THE STABILITY OF SOLUTIONS
OF NONLINEAR DIFFERENTIAL EQUATIONS

1. Introduction. In this chapter we begin the study of the stability
of the solutions of nonlinear differential equations. We shall consider
only systems of the form

n

(1) — = z a,(0)z + f.(z,0), t=1,2,...,n

j=1
where the f.(z,t) are nonlinear functions of the z;. The most important
case is that where the f; are independent of ¢ and are power series in the
components of z with no zero- or first-order terms. Employing vector-
matrix notation, we may write (1) as

(2) g Az + f(2)
dt
The nonlinearity condition we shall impose is
[l
3 Lt — 0 as g2 — 0

If we wish to present results of any comprehensiveness, we are forced
to particularize still further and demand that either

4) (a) A(t) be constant, or
(b) A(t) be periodic, or
(¢) A(t) be asymptotic to a matrix of either of the above two types

An important category not included above is that of almost-periodic
matrices. Despite the obvious importance of cquations of this type
and the attention that has been paid to the problem, the results are still
incomplete. Conscquently, we shall not discuss any of the known
results here.

From the nonlinearity property of f(z2), as expressed by (3), we see
that z = 0 is a solution of (2). We shall call this the null, or {rivial,
solution and shall be interested in solutions of (2) which remain close to
z = 0. This intuitive notion of closeness will be made precise below.
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76 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Our discussion of nonlinear equations will be notably incomplete in its
lack of reference to periodic solutions. Despite the apparent simplicity
of the concept, the theory of periodic solutions is one of the most difficult
of present-day analytical theories and relies upon many deep and compli-
cated theorems of topology. Consequently, we feel that its treatment
would be out of place in the introductory volume.

2. Stability. Let us begin by giving a definition of the way we shall
employ the overworked word ‘‘stability.”

Definition. A solution z = (21, 22, . . . , 2a) of (2) of Sec. 1 is said to
be stable if for every € > 0, there 1s a § = 8(¢) such that any other solution of
@),y =y, Yz - - ., Yn), for which ||z — y|| < 6 at t = &, satisfies the

Surther inequality ||z — y|| < efor t > t,.

Geometrically put, one thinks of the solution z as a curve in n-dimen-
sional space surrounded by a tubing which has the property that any
solution which once penetrates this tubing must thereafter remain within
a slightly larger tubing.

Let us now show how the question of the stability of any solution can
always be made to depend upon the stability of the null solution w = Q
of & related equatlon "Let z be a solution of dz/dt = f(z) whose Std,blllty
18 mstlgated Set y = z + w, where y is another solution of the
equation. Then

M Wby W fetw) =@ + TG+

where J(f,2) is the Jacobian matrix of f with respect to z. The resulting
equation for w is

@) W JGaw +

an equation of the type of (2) of Sec. 1.

It is reasonable to suspect that the stability of the null solution w = 0
of (2) is strongly dependent upon the stability of the null solution of the
linear approximation

@) dw

= J(f2)w

We shall demonstrate, with the aid of some additional assumptions
concerning the linear equation, that this dependence is almost equivalence
in the cases where J is a constant or periodic matrix. And then we shall
show, by means of a counterexample, that the natural conjecture that
the stability of the solution w = 0 of the linear equation (3) always
implies the same for (2) is not true.
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In many interesting cases, a change of variable will transform an
equation of general type into one of the special types which may be
handled by the methods we present here. In a later chapter, we shall
have examples of this when discussing

d?u

) A — atu =0
and
) %(k(t) %it‘ + IQur = 0

3. A Preliminary Result. A further motivation for the study of the
stability of trivial solutions is furnished by the following result:
Lemma 1. Consider the sysiem

(1) %Eti=fi(zlyz2y~--yz”)r i=1’2!""n

each f, being independent of ¢ and continuous in the 2, for —0 < z; < o,
If 2= (21, 22, . . . , 2s) ts a solution of equation (1) which approaches a
constant vector ¢ = (¢y, €2, . . . , ) a8t — oo, then

@) filey, €2y . . . ,€a) =0, t=12 ...,n

Proof. There are two possibilities for each component 2;. Either it
approaches ¢; monotonically as {— o, or it oscillates infinitely often
about ¢,.. In the first case dz,/dt — 0 as { — «; in the second case
dz,/dt = 0 infinitely often. In both cases, it follows that

f,(Cl, Coy . . ,Cn) =0

The change of variable z; = ¢; + w; converts (1) into an equation which
has the null vector w = 0 as a solution.

Suppose now that we have a mechanical system S, specified by n
parameters zi, 23, . . . , 2a, Whose behavior as functions of time is deter-
mined by a set of equations of the type of (1). If we consider an equi-
librium position to exist when the z; are constants independent of time,
equation (2) furnishes all possible such states. The question now arises
as to what happens to the system when we disturb it slightly, that is,
when we change the parameters ¢, ¢z, . . . , ¢, into a nearby set of
values ¢}, ¢}, . . ., Cl.

The following possibilities exist:

1. As t— «, the solution of (1) subject to the initial conditions
2z(0) =¢,t=1,2, ... ,n, approaches the stationary solution z; = ¢,
the original equilibrium state.
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2, Ast— o, the solution approaches another equilibrium state.

3. Ast— oo, the solution approaches no equilibrium state in the above
sense. It may approach a periodic solution or have a more complicated
type of behavior.

Let us give some simple examples of the above. Consider the equation

. " du _
(3) dt +u = 0

A stationary solution is w = 0. If this solution is perturbed, giving rise
to another solution with an initial condition u(f)) = ¢, # 0 at some time
to, as t — o, this new solution will approach the stationary solution. In
this case we would say that the system is in stable equilibrium.

Consider the equation
) du _ U — u?

dt

There are two equilibrium states, v = 0 and w = 1 (see Fig. 1). If
#(0) > 0,limu =1last— o, Ifu0) <0, u— —w asi— «. The
state « = 0 is an unstable state, while the state v = 1 is stable, with
regard to small perturbations.

Finally consider the equation

d*u

The solution u = 0 is a stationary one. In one sense it is stable; in
another sense it is unstable. If we consider the solution

U = ¢ c08t+ cysint

corresponding to w(0) = ¢;, ¥’ (0) = ¢2, w will not approach zero as
t— . However, « will remain as close as desired to the stationary
solution if we take |ci| + |co| sufficiently small. According to our defi-
nition of stability given in Sec. 2, the stationary solution is stable.

4, Fundamental Stability Theorem, First Proof. In this section we
present the fundamental result connecting the stability of the null solu-
tion of the nonlinear equation with the behavior of the solutions of the
linear equation.

We write our equation in the form

() E ozt s, 20 =c

where A is a constant matrix and f(z) satisfies the nonlinearity condition

1/)1I/lzll — 0 as ||zl — 0.
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Heuristically, we might argue as follows: If ||2(0)| is small, then, by
virtue of the nonlinearity condition, Az 4 f(z) is very nearly Az. If all
the solutions of dy/dt = Ay approach zero as t — «, z should have no
opportunily ever to become large. Hence, for all ¢, z should act like a
solution of dy/dt = Ay.

This “proof’” happens to be correct if A is a constant matrix. As we
shall see by means of a specific example, it is not true in general if the
coefficient matrix is variable.

Let us now prove

Theorem 1. If

(2) (a) Every solution of dy/dt = Ay approaches zero ast— «
(b) f(2) is continuous in some region about z = 0

(© 7@/ ]zl — 0 as ||zl — 0

then z = 0 is a stable solution of (1).

Furthermore, every solution of (1) for which ||2(0)]| is sufficiently small
approaches zero as t — .

Three proofs of this fundamental theorem will be given in this chapter.
Each proof has its own special interest and its own range of generalization.

Note that nothing is said concerning the uniqueness of solution. In
general, we may expect nonuniqueness, and the interesting point is that
the theorem asserts that no continuation can deviate too far from the
trivial solution if the initial value is close enough to the origin.

First Proof. 1t is a consequence of our fundamental existence theorem
that (1) possesses a solution in some neighborhood of £ = 0, say 0 < ¢t < ¢,.
We wish to show that any such solution can be continued over the entire
positive ¢ interval. To do this, it is sufficient to show that ||| is uni-
formly bounded for ¢ > 0, and that the bound thus obtained lies within
the region where f(2) is continuous.

The first part of our hypothesis tells us that the solution of

3) %’; =AY, Y(©) =1

approaches zero as { — o, which, in turn, implies that
) [T IY@la < «

Since the solution of

5) Z—Zt/ = Ay, y(0) = ¢

is given by y = Ye, we see that [ly[| < [|Y]l[le] < adle]l.
Applying Theorem 4 of Chap. 1, we conclude that the nonlinear
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differential equation (1) may be converted into the nonlinear integral
equation

(6) 2=y + [ Yt~ t)f) du

We now derive a uniform bound for any solution of (6), namely,
llzll < 2aille||, provided that [|c|| is sufficiently small. This will prove
the desired stability. The proof is by contradiction. Let ¢; be the
first point at which ||z|| = 2a,ll¢|| in the interval (0,f,). That ¢, > 0
follows from the condition 2(0) = y(0). At the point ¢;, we have

@ 2alel =l < Iyl + [ 1Y — @IAEE)] de

If ||| is small enough, we have, by virtue of the second part of our
hypothesis, [|f(z®))|| < el2(?)]| for 0 < ¢t < ¢, where e; can be made as
small as desired by suitable choice of |¢[|. Thus

®  2allel < ailel + e@ael) [V~ )]l d
< aillell + ex@aillel) [[7 17 dts < 2aie]

if |lc|| is sufficiently small. Consequently there is no point . The
solution may now be continued, interval by interval, preserving the
uniform bound, until we have covered the positive ¢ axis.

To show that ||z|| — 0 as t — o if ||2(0)]| is sufficiently small, we make
the change of variable, z = xzeM, where X is a fixed quantity less that
zero and greater than the real part of any characteristic root of A. Once
we fix this value of \, the upper bound on ||z|| will depend upon A\. The
new variable x satisfies the equation

©) %’f = (4 — M)z + e™f(zeM)

Although the form of the nonlinear term is slightly different from that
treated before, there is no trouble in verifying that the same argument
suffices, because of the assumption (2b). Since z is uniformly bounded,
it follows that ||z|| — 0.

Ezercise

Show that the condition that f(z) be continuous may be relaxed
considerably.

6. Fundamental Stability Theorem, Second Proof. Our principal tool,
which will be used again subsequently, is the matrix-transformation
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theorem of Sec. 8 of Chap. 1, according to which we may find a constant
matrix T having the property that

M bl2 ctt bu
O Xz P b27L
(1) T-AT = | '

where the elements of the main diagonal are the characteristic roots of A4,
and where |b,;| < ¢, where e is any prescribed positive quantity.
The substitution z = Tz yields

(2 %‘f = T-'ATz + T-Y(Tz)
Let fi(x) = T-'f(Tx). It is easily seen that fi(z) satisfies the same

condition as f(z). Turning to the individual components of z, we have

3) % = \i21 + z byzi + fu(z)
i>1
d.
_5;_2 = A% + 2 bg,x,- + fm(x)
i>2
% = )\nxn + fln(x)

n
Consider the sum z |ze|2.  Since
k=1

d:c;, dx;,

(4) dt kal + Tk —51

(where by Zr we mean the complex conjugate of z:),
= Nefzi|? + z brixiZe + Erfu(z)
>k
+ Xelze|? + z biZize + ofu(@)
. >k
we obtain

® 5 (2 |*) < Re (V) (2 [22l?) + ellall* + 2l @)

where A is the characteristic root with least negative real part.
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At t = 0, we have, since Re (\) < 0, and ||z(0)| is sufficiently small,
that

®) Re ) (), led?) + ellel? + JlllA@)] <0
k=1
Thus 2 |zx|? is decreasing in the immediate neighborhood of ¢ = 0,
E=1
and the argument may now be repeated, so as to obtain the following
inequality for all ¢:

™ E Jol? < (}n: ka(O)P) oot

k=1 k=1

for some a > 0.
Exercise

Does this proof require that f(z) be continuous?

6. Fundamental Stability Theorem, Third Proof. Let us now present
a third proof depending upon the method of successive approximations.
Since our hypothesis and conclusions are now slightly different, we state
the results in detail.

Theorem 1'. If

(1) (a) Every solution of dy/dt = Ay approaches zero as t — =
®) [l7@II/llz] — 0 as ||zl — 0
(@) lf(e1) = f@)ll < eslles — 22l for [laall and |22l less than c.,
where ¢;— 0 as ¢ — 0

then z = 0 is a stable solution of dz/dt = Az + f(2).
Every solution z for which ||z(0)]] is suffictenily small may be computed
by the following method of successive approximations:

(2) %th = Az, 2(0) =¢
dzd”;:_l = Azuy1 + f(24), zn41(0) = ¢, n=01...

and approaches zero as t — .
Proof. We start from the integral equation

3) e=y+ [) Y- tfew)d

and apply the method of successive approximations, as above in (2).
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There are two steps to the proof of convergence, which we shall show
to be uniform in ¢ over the infinite ¢ interval 0 < £ < «. The first step
is to show the uniform boundedness of ||z.|| over 0 < ¢ < «, provided
as always that ||z(0)|| is sufficiently small. The second step is to establish

the uniform convergence of z (Zag1 — 2n).
n=0
We have [lzo] = [lyll = [|[Yel| < [|[Y]llle]l £ aulle]] < 2aillef, where
¢ = 2(0) = y(0). Let us now show that ||z.] < 2a4|lc| implies that
lznsall < 2asflef. From (2),

@) lewsall < lll + [ 1Y ~ t)15Ge) | di
< aille] + e [[1¥6 = t)]llzall dta
provided that ||c|| is small enough, and thus
) el < aillell + ex@adel) [Y(E — e dt
< aiflell + ei@ailel) [;™ 17@] di < 2ae]
if |le|, and consequently e, are small enough. Since the inequality

holds for n = 0, it holds for all n > 0.

L]

Now let us show the convergence of z (2ay1 — 2.). We have

n=0

(©) Zt = 2 = [V~ 0[f(e) — )] ds
lenss = 2all < [ 17 = @15Gen) — Slenn)]
S e [FIYE = @)llzn ~ 2oall dt

using (1¢). The constant ¢; can be made arbitrarily small by taking
the norm of |||, which determines the norm of ||z||, sufficiently small.
From (6) we have

t
@l = 2l  ca(max Jlow = zaal) 1Y~ )] dis
0t <t

and thus,

®  max les = 2l < (o [T 1Y@ ) max flz — 2
0<t<n 0 0<t<n

Since ¢, ﬁ) “ 1Y (t)|| dts = cs will be less than 1 for ¢; chosen small enough,

the series



84 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

«©

)] 2 0’2?«2“ |zas1 — zall
0 St

n=

converges by comparison with the series z ¢3. This convergence is
n=1

uniform over the positive half of the real axis. Thus z, converges uni-

formly over this interval to a limit function z, which by virtue of (2)

satisfies the equation

(10) z=y+ [) 'Yt — t)f(2) dty

and thus satisfies our original differential equation.
Since ||f(2)|| < ellz|, we obtain

(11) lell <yl + e [TV = w2l de
< cie™ + ¢ ﬁ e ||| dty

for some positive constants ¢4 and ¢ > 0. Hence

(12) lelle < ea + e [ el da

whence the fundamental lemma yields ||z]je® < ciet. If ¢ is sufficiently
small, we sce that ||z > 0as{— .

Exercises

1. Show that the above result holds for the equation
& o W+ BOZ+ )

provided that |B(f)| is sufficiently small, or that f " |IB| dt < .

Show how this result may be used to reduce problems of this type to the
case where A has distinct characteristic roots.
2. Show that the above result holds for the equation

dz dz
a—t- = AZ +f(z, EZ‘)

provided that f(z, dz/dt) satisfies suitable conditions.

3. If [u(0)| is sufficiently small, is the solution of du/dt = —2u + e‘u?
bounded? Generalize.

4. If v + w = v? is it true that, if [u(0)| is sufficiently small and if
u’(0) is chosen properly, there is a solution which approaches zero as
t— o?
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6. Consider the nonlinear system

n n

d1 i N
'd";— + 2 aiy, = 2 bayYiyry t=12...,n
a=1 ik=1
where b, > 0, and where the above equations imply a relation of the
form z a,y; = ¢1. Show that under these assumptions every solution
i=1

for which #,(0) > 0 may be continued throughout 0 < ¢ < « and the
solutions will remain nonnegative and uniformly bounded. (Carleman.)

7. Asymptotic Behavior of the Solutions. We know that the solutions
of

M & e+ 1)

under the hypotheses of Theorem 1 or 1’ approach zero and are actually
majorized by exponentials of the form ¢, with @ > 0. The question
arises as to the precise asymptotic behavior of the solutions.

Let us consider the most important case where the hypotheses are
satisfied, the case where the components of f(z) are power series, in the
components of z, lacking constant or first-degree terms.

We may then write (1) in the form

2 %=m+mmz

where (7(2) is a matrix whose elements are power series, in the components
of z, lacking constant terms. * Since ||z|| ~ 0 as { — o, (2) has the form

3) %=M+B@z

where B(f) — 0 as t — o, and where actually ||B(®)|| < ¢ie=*, a > 0, for
t > 0, together with similar conditions on the derivative.

If A has simple characteristic roots, the asymptotic behavior of the
solutions of (3) may be immediately deduced from the results of Chap. 2.
If A has multiple roots, the same techniques, aided by the strong bounds
on B(f) and B’(t), will readily yield the asymptotic behavior. We leave
arrival at the precise results as exercises for the reader.

8. Periodic Coefficients. We have seen in Chap. 2 that the analogues
of the boundedness, stability, and asymptotic-behavior theorems for
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linear differential equations with almost-constant coefficients flow easily
from the representation theorem for solutions of linear equations with
periodic coefficients; in the same way we shall show now, using the same
weapon, that the analogue of Theorem 1 holds in the case where A(¢)
is periodic.

Theorem 2. Consider the equation

W % 40z + 1)

where A(t) is a periodic matriz of period .
The trivial solution z = 0 s stable provided that

(2) (a) Every solution of dy/dt = A(t)y approaches zero as t —
) f(z) is continuous in some region about z = 0

() 1I/@I/ll2ll — 0 as [l — 0
Proof. Let Y be the solution of

aYy

3) T AQ)Y, Y0) =1
and let y be the solution of

d
@ S=A0y O = =(0)

Then z satisfies the familiar integral equation
(5) 2=y + [} YOY@)E
Employing the representation theorem ¥ = P(f)c*, (5) becomes
© =y + [ PO PG dhy
The hypotheses of (2) imply that ||e?] — 0 as { — «, and that
) [ el dty < w0
From (6) we derive
® lzll <l + e [ lere ]l 5]l des
and the proof now proceeds as in Sec. 4.

The device used in that section permits us to conclude that z — 0 as
{— o,
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Ezxercise

Carry through the proof using the technique of Sec. 5.

9. Counterexample to a Proposed General Stability Theorem. It
might be expected on the basis of previous results that for stability of
the trivial solution z = 0 of a system of nonlinear equations, it would be
sufficient to have the solutions of the linear approximation possess the
property of tending to zero as {— ». We shall show by an example
that no such general result can hold.

The solution of

(1) %l/_t_l = —ayy, y1(0) = ¢
dys ., .
vl [(sin log t + cos log t) — 2alys,, y2(0) = ¢,
is
2) Yr = cre™

y2 = cze(t sin log t—2at)

which approaches zero as t — « for a > 14.
On the other hand the solution of the nonlinear system

dz 1

3 s % 2100) = &1
%? = (sin log t + cos log ¢ — 2a)z; + 4, 22(0) = ¢

is

(4) 21 = 616"“‘

2y = etrinlort~2a (02 + Cf /: g—t1einlog ty dtl)

which, we we shall show, approaches zero as { — « only if ¢; = 0, pro-
vided that we choose 1 4 e=™2 > 2a > 1. Therefore, choosing ||z(0)]|
sufficiently small does not suffice to have the solution of the nonlinear
equation also approach zero. Furthermore, we shall show that the solu-
tion is actually unbounded as {— «. We have

(5) ‘/: e—t:,ainlogtl dt1 > ,

te—27/3 te—2m/3

e teinlogts Jf, > exp (te™™/?2) - dty
€

= i(e/% — e~7) exp (te~™/2)

e—‘ll'

for ¢ = e®»+¥7 Thus at this point,
(6) elsinlo(—2ltt j(‘)t e—tldnlogh dt > c3t exp [(] + e—‘l'/z — 2a)t]

Consequently, zz— 0 as ¢ — o only if ¢; = 0.
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10. Instability. We have seen in the previous sections that z = 0 is
a stable solution of

() & -tz 45

provided that we have imposed the proper conditions upon A and f(z).
Let us show by a simple example that some restriction on the magnitude
of ||2(0)] is necessary to ensure the boundedness of the solution, even
when the characteristic roots of A have negative real parts and when the
nonlinear terms satisfy the usual conditions. Consider
du

@) i + u?, #u(0) =a>1

whose solution is given by

a

@ RV

As t— log (a/a — 1), u evidently becomes unbounded.
Conversely, a positive characteristic root does not necessitate un-
bounded solutions. For example, if

4) W, 0<u) <w

we see that u > 1 ast{ — o,

We can state the following result:
Theorem 3. If

u=1
: (5) (a) A possesses at least one characteristic root

"'? with positive real part

Fia. 1. ®) I7@1/llzll — 0 as |zl — 0

then z = 0 is unstable.
Proof. We use a method of Sec. 5. Let T be a transformation such
that

Mo b cc bia
0 Xo -+ b

(6) T-AT =

0 0 e )\n
where |b;| < ¢, € being a positive quantity to be prescribed. Letz = Tz.
Then
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da:l

(7) E = MZy + b2 + * © ¢ + biaZa + 01(3?)

’dd_xt2 = >\2x2 + ¢ + b2nxn + yz(x)

dra _

= AnZn + gn()
Since the order in which we take the characteristic roots is immaterial,
let us assume that Re (\y) >0, . . . , Re \x) > 0, where k > 1. Mul-

tiplying the kth equation by Zi if Ax has a positive real part, and by —Z;
if it has a nonpositive real part, we obtain, using the condition

W@l

12l

as ||zl — 0,

® Lol + ol + - lal = el = = o)

= Re (A)|z1|? + Re (A\o)|z2|2 4+ - - - + Re (\x)|zs|?
— Re (s |tia|* — - - - — Re Qa)|za2 4 = = -

where the additional terms are of smaller order of magnitude.

Again we argue by contradiction. If the trivial solution is stable, by
choosing ||z(0)|| sufficiently small we can ensure |jz|| < e for ¢ > 0.
From (8) we then conclude that

O e T P Y
> ozl + el + -+ )

2ozl + 0wl = meal? = 00 = Jaal)

with ¢; > 0, and thus
O E 2 L e T 4

2 (|20 + - - - + |z(0)]* = |21 (0)]* — - -+ ¢ — |za(0)|)e*
If we now choose

|2:0)[2 + -+ - 4 [2(0)[* — |24a(0)|* — + -+ — |2a(0)]2 > O

we see that (10) contradicts the inequality ||z|| < e for ¢ sufficiently
large.

11. Conditional Stability. Despite the negative character of the result
of the previous section, we shall show that if there are any characteristic



90 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

roots of A with negative real parts, then the solution z = 0 possesses a

certain conditional stability.
Theorem 4. If

(1) (a) k of the characteristic roots of A have negative real parts, where
k<n
®) /M=l — 0 as |lz]l — 0
©) If(z1) — S|l £ eiller — zo]| for ||z1]| and ||25]| < ¢z, where ¢, — 0
asca— 0

there is a k-parameter family of solutions of

dz
2 7 = A2+ 1@
which approach zero ast— ©.
Proof. Let y and Y have their previous connotation and consider the

integral equation
3) z=y+ [[ Y~ 0)f) di

To obtain solutions of (3) which approach zero as t — «, we must
somchow weed out the elements of Y (f) which do not tend to zero as
t— . To this end we consider the following decomposition:

(4) Y-_—' Y1+Y2

with Y, = (u;) and Y. = (v;), where y; = u;; + v;;, here u,; is the part

of y; which tends to zero as { — o, and v; is the remaining part, cor-

responding to the characteristic roots of A which have zero or positive

real parts. It is easy to see that
ay,

(5) o =AYy

ay,

o A

Using (4), (3) may be written

©) 2=y + [Vt = 0@ di+ [[¥alt — L)) dts
= v+ [ Vi~ 0@ di — [T Yalt — /) dt

+ [,7 Yl — /@) dia

At the moment, these operations are purely formal, since we do not

know whether the integrals from 0 to « and from £ to « exist. If,
however, the last integral exists, it is a solution of dy/dt = Ay. We may
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then combine it with the first term to form a new y, and consider the
integral equation

) z=y+ L LYt — t)f() dty — ﬁ ® Yalt — t)f(2) dts

To obtain a solution of (7), we employ the method of successive approxi-
mations. Reversing the operations above, we see that any solution of
(7) is a solution of the integral equation (3), with a different y, and con-
sequently is a solution of (2).

Choose the y in (7) to be any clement of the k-parameter family of
solutions of dy/dt = Ay which tend to zero as t— «, and let ||y(0)||
be a small constant whose precise magnitude will be specified sub-
sequently. Since y — 0 as t— o, ||yl < ese™ for ¢ > 0 and for some
a > 0, and ¢; can be made as small as desired by an appropriate choice
of [ly(0)]|l. Furthermore, there exists an a; > a such that || Y,(0)|| <
cse™, and finally ||Y4(8)|| < cse?* for some constant b. We now proceed
by induction. Set

(8) 20=1Yy
Zay1 =y + ﬁ) LY — t)f(za) dty — ﬁ ° Yot — t)f(za) diy

From the inequality for y, it follows that |20 < es¢™*. Let us show
that ||z.]| < 2c3¢~ for n > 0. From (8),

9 Znt1|| < €367 + 2c¢3c4¢ te‘“l("‘l)e‘“'l dty + 2cicse " et gt g,
i} ¢

using the condition (1b). If € is sufficiently small, we obtain (2.4 <
2cze™,

©

The uniform convergence of z |za41 — 2a]| now follows as in Sec. 6,
n=0
and the remainder of the proof proceeds similarly.

12. A Particular Case of Zero Characteristic Roots. Any discussion of
the case wherc A has characteristic roots with zero real parts is extremely
difficult, and for that reason we shall not go into it herc. There are,
however, a few special cases where the behavior of the solutions as
t— « may be determined. One is the following:

Theorem b. Consider the differential equation

W o Aet fe

where
(2) (a) Al solutions of dy/dt = Ay are bounded
®) W@/l < exg®) for llell < es, where [™ o) dt <
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Under these conditions, z = 0 is a stable solution.

We leave the proof as an exercise.

13. Difference Equations. It is possible to extend many of the results
of this chapter and of previous chapters to difference equations of the
form

0 2(t + h) = Az(t) + f(2(1)), t=0,h 2h, ...

The method used to establish these analogues is abstractly equivalent
to that used for differential equations. Consequently, we shall present
the various steps as exercises.

Ezercises

1. What is a necessary and sufficient condition that all solutions of
y(t 4+ h) = Ay(l) approach zero ast— o ?

2. Find the formula expressing the solutions of z(t + h) = Az(t) + w(t)
in terms of the solution of y(t 4+ h) = Ay(f), that is, the analogue of
Theorem 3 of Chap. 1.

3. Find the nonlinear sum equation equivalent to (1). Use this equa-
tion to prove the analogue of Theorem 1.

4. Use this result to prove Theorem 1, by means of a limiting process.

0

5. Show that, if E |B(nh)| < « and if all solutions of

n=1
y(¢+ k) = Ay(®)

ure bounded, then all solutions of z(t + h) = (A + B(t))z(t) are bounded.
Nore: In the above exercises ¢ takes on only the values ¢ = 0, h,
2h, . ...
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CHAPTER 5

THE ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS
OF SOME NONLINEAR EQUATIONS OF THE FIRST ORDER

1. Introduction. In this chapter we shall consider the question of the
asymptotic behavior of solutions of polynomial equations of the type
(1) P(tu,u') = Zagmtum(uw')* = 0
with Immn > 0 and I + m + n < N, with emphasis upon the important
particular case
, _ P(w)

Q(w,t)

(2) u

where P and @ are polynomials.
In addition, some corresponding results for the equation

"”o_ P(u,t)
®) W= Q)

will be indicated. Since the results and methods of proof for this second
case are very similar to those for (2), but very much more detailed, we
shall content ourselves with stating the results and omitting the proofs.

The gencral problem of existence, continuation, and analytic nature
of the solutions of (1) and (2) is one to which the theory of functions of a
complex variable has been applied with some success. Nevertheless,
there exists at the present time no general theory of the real solutions of
real differential equations, and the problem remains one of great difficulty.
To avoid the inherent difficultics, we make a simplifying restriction which
enables us to treat many interesting and important cases. We shall
study only those solutions of (1) which exist for all sufficiently large ¢.
This focusing of the spotlight of our attention results in a compensating
illumination of the subject.

2. Upper Bounds for the Solutions of P(¢,u,u’) = 0. We shall call a
solution of (1) of Sec. 1 a proper solution if it exists and if it has a con-
tinuous derivative for ¢ > £. Ienceforth we shall confine ourselves to
the study of proper solutions and so, for convenience, shall occasionally
drop the adjective.

We begin with the question of upper bounds and demonstrate

94
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Theorem 1. If u(tf) ¢s a proper solution of P(t,u,u’) = 0, there exists a
constant k for which
tk+l

Y] lu| < exp FET >t >4t

If m s the exponent of the highest power of t appearing in P(t,u,u’), then k
may be chosen to be m + € for any € > 0.

Proof. The proof will be by contradiction. If the result is false, one
of the following must occur:

(2) (a) |u|l = exp (t*+1/k + 1) has roots as large as desired
(b) For some &y > £, |u| > exp (t*+/k + 1) for t > &,

Let us first show that casc (2a) leads to a contradiction. Let &, i,
., ta, . . ., taken in increasing order, with £, — o, be the roots of
u(t) = w(), where we shall set w(t) = exp (¢*+1/k 4+ 1). It is sufficient
to consider this case, since the case where —wu(t) = w has infinitely
many roots may be transformed
into the first by the transformation
U ——1U.

Assume first that there are an
infinity of consecutive roots occur-
ring as consequences of intersections :
of u(t) and w() of the type shown t'n
inFig. 1. Att,, v > w' = trw = thu;
while at £,41, w' < Pu. Tlence there
is a point s, in between, f, < s, < {41, at which «’ = tFu.

Define a principle term 7 = feub(u’)e of P(¢,u,u’) by means of the
inequalities
B) @bt+te=zbi+a

) Ifb+ ¢ =0by+ ¢y, thene > ¢;
(¢) If b4+ ¢ = by + crand if ¢ = ¢y, then a > a,

w(t)

| IS

~boooo
3

T+

~

5~

“+

w

n+41
Fia. 1.

Clearly, there is only one principal term.
Now consider the ratio R of any other term in I’(¢,u,u’) to the prin-
cipal term at the point s,. We have

(4) IRI e tﬂ»l—aubl_b(u/)cr—c — talmaubl—b(tku)cl_c
= for—atk(ci—c) ybrter—(b+e)

since W’ = t*u. If b + ¢ > by + ¢, then |R| — 0 as { — o« through the
sequence s, since u > exp (t*+1/k + 1), which contradicts the existence
of the equation P(t,u,u’) = 0. If b 4+ ¢ = by + ¢1 and if ¢ > ¢, then
¢ —c¢1 > 1, and from the choice of k, we again see that lim |B| = 0
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ast— . Finally if b = b; and if ¢ = ¢4, then a > a4, and lim |R| = 0
once more. o

If the intersections are not as pictured in Fig. 1, there must be an
infinity of double roots of u(f) — w(t) = 0, at which points ' = w’,
and the same contradiction is reached.

This disposes of case (2q¢), and we turn to case (2b). It is again
sufficient to consider w > w(f). Fort > t; > ty, one of the two inequali-
ties, v’ — (w'u/w) > 0 or ' — (w'u/w) < 0, must be valid, for

u = wu
w
infinitely often leads to the same contradiction as above.

If v — (wwu/w) <O0fort > t, weset p(f) = v — (w'u/w) and obtain,

upon integrating,

P(tl) dtl]
no w(t)

By assumption p(f) is negative for ¢ > ¢;. Since u > w > 0, the

(5) u(t) = w(t) [cl +

integral /; ' [p(£1) /w(t1)] dt, must converge; otherwise, from (5), 4 would
be eventually negative. Consequently there are infinitely many ¢ for
which [p(t) /w(t)| < ¢ for any € > 0. At these points, we have

(6) W — ttu| < ew < eu

Consider the expression for |R| given in (4). If ¢; > ¢, we use the
fact that v’ < uw’/w = t*u and obtain

(7) IRI S tal—'“"’k (er—c) ub1+c1—(b+c)

As hefore, it follows that lim [R| = 0. If ¢; < ¢, we use the inequality

t—>
in (6), W —thu > —euw or w > (t* — e)u for infinitely many points.
At these points,

(8) IRI S {o -a(tlc —_ G)C‘"cubl+01—(b+c)

and the proof proceeds along the same lines.
This leaves the subcase u > w, w' > t*u, for ¢ > {;. Once again,
consider the ratio

(9) | R l 2] t“l—aubl—b(u’ )cl—c

If ¢ > ¢y, |R| < tor—eut—(tku)r—e. Considering the various cases b + ¢ >
bi4c¢y, b+ c=bi+c¢, ¢c>c, b=10by ¢c=c1, a>a, we see that
|R| —»0ast— o.

To treat the case where ¢ < ¢, we require the following:
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Lemma 1. If u— », and of w' >0 as t— o, then v’ < ulte for
t > to for any € > 0, except perhaps in a set of intervals of finite total length
which depends upon e.

Proof. Let (f., 7») be the nth interval in which v’ > u'te, Then

"u'dt 1 1 1
28 e > =
(10) _/;,, ylte € [u(t,.)e u(rn)e] 2 n = b
whence it follows that z (Tn — tn) < o0,
n=1

Now choose ¢ to be a point outside these intervals. Then

(11) I RI < for—oybr—by(c1—o) (1+e) — far—uqbrter—(b+o)+eler—o)

If by 4+ ¢ <b+ ¢, then |R|— 0 as t — «, provided that e is chosen
small enough. If b; 4+ ¢; = b + ¢, we must have ¢ > ¢y, which is the
previous case.

This concludes the proof of Theorem 1. After a thorough discussion
of u' = P(u,t)/Q(u,t), we shall return to P({,u,u’) = 0 and obtain a
much more precise result, using the methods developed treating the
more special equation.

3. Counterexample. One might suspect that the methods used in the
proof of Theorem 1 could be utilized to obtain corresponding bounds
for the solutions of equations of the form P(f,u,u',u’’) = 0, and so on.
We shall show by a simple counterexample that no such gencral bound
can exist for second-order polynomial equations.

Theorem 2. Let ¢(t) be an arbitrary monotone increasing function of &.
There exists an irrational number a such that the function

1
— cos il — cos of

(M u) =5

which 1s real and continuous for all t and _fgtz'sﬁes an equation of the form
P(tuu' ,uw'"") = 0, satisfies the inequality lim u(t)/¢(t) > 1.
t— o

Proof. Choose «a as follows: Let (d.) be a sequence of positive integers
greater than one for which

(2) dr > 41r¢(21rq,~.1), r= 2, 3, e ey = dids . .. dr,T > 1, Qo = 1

and set

S



98 STABILITY THEORY OF DIFFERENTIAL EQUATIONS
We see that

1 Pn .
4 —_ = = » an integer
4) 21”' o P g
Also
(5) Qi1 > ATqad(2rqy,)

Gni2 > 47Qni10(21Qni1) > 47Gui1 > (47) ¢ (21gn)
whence gair = (47)"¢a(27rq,). Thus

Dn 1 1
6 - 22 = — < ez
(6) a 0 24-1(1' 2@ (27qy)

If « were rational and were equal to /b, with a and b integers, we would
have

4 _ Pn_0qn —bp. . 1
@ 0< b qn - bgn = 2mqn.d(2mqy)
or
®) 1< age — bpa < 3y

= fm2qu)

This is a contradiction, since ¢(2wq.) — « as n— . Hence « is
irrational. This implies that 2 — cos t — cos «f is never zero and that
u(l) is continuous for all .

For » sufficiently large

(9)  cos 2raq, = cos [qu,, (—&l + 2 -1—)] = COos (21rq,, z —1-)
I n+1qr n+1qr

Using (6), we see that

1

(10) 1 — COS 21|'(an < g(m

Hence

1 1
-~ > ¢(2rqn)

2 — cos 2rg, — cos 2raq, 1 — cos 2rag,

11) u(2wrq,) =

To show that u satisfies a second-order polynomial cquation, we con-
sider the three equations

(12) v =2 —cost — cosal
v = sin { + asin of
v = cos t + a2 cos at
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Eliminating cos ¢, cos e, sin ¢, and sin «f from these equations and from
the two identities cos®? + sin®f = 1, cos? af + sin? of = 1, we obtain
a polynomial equation in v, »’, and »"/. The substitution » = 1/ yields
the required equation in u.

4. The Solutions of u' = P(u,t)/(Q(w,t). In this section, we discuss
some properties of the solutions of the first-order equation

(1) du _ P(w?)
dt  Qu,?)
where P and @ are polynomials.

Lemma 2. Every solution of (1) which is continuous for & >ty is
ultimately strictly monotonic.

Proof. It is necessary to prove that u’ cannot vanish for a series of
¢t values whose limit is o, unless « = ¢ is a solution. The proof will be
by contradiction. Let ' vanish at the points of the sequence {t},
t;— . Then u() and the curve defined by P(u,f) = 0 intersect at
these points. Sinece P is a polynomial in » and ¢, the algebraic curve
defined by P = 0 possesses only a finite number of branches, and con-
sequently u intersects one of these branches infinitely often.

P =0 and @ = 0 possess only a finile number of common roots,
assuming, as we clearly may, that P and Q have no common factor.
Consequently, for ¢ > ¢;, we may suppose that Q(wu,t) possesses constant
sign in the immediate neighborhood of a root w, of P(u,t) = 0.

The branches of P(u,t) = 0 which extend to infinity as {— o consist
of curves of the form
2) (a) u=c¢,or

®) u=19¢(@
along which u is ultimately monotonic.

Tet us examine curves of type (20) first and show that a solution u
of (1) cannot intersect any of these infinitely often. For ¢ sufficiently
large, the points of intersection cannot be maxima or minima and there-
fore must be points of inflection. [This is most easily seen geometrically
by drawing a graph of the monotone curve v = ¢(t) and the solution
curve u.] DBut it is easy to see that, if a solution u of (1) and a branch of
P(u,t) = 0 intersect at two successive points of inflection for u, they
must also intersect at another point hetween these two. At this point,
the slope of the solution is not zero, which contradicts the differential
equation. We do not insist on filling in the rigorous details here, since we
shall prove more below using a more powerful and systematic technique.

Turning to curves of type (2a), let us consider the possible intersection
of u = u(t), a solution of (1), and u = ¢. These intersections again
must be points of inflection of u(f) and have one of the four forms shown
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in Fig. 2. We can eliminate the forms of Fig. 2a and b immediately,
since %'(t) changes sign as it passes through a point of inflection, but
P(u,t)/Q(u,t) does not change sign in the neighborhood of u = ¢ if
u < coru>c If the forms of Fig. 2¢ and d occur, they occur only a
finite number of times, for » can return to intersect u = ¢ only by inter-
secting one of the finite number of branches of P(u,f) = 0, a curve of the
type u = ¢(t), or a straight line = ¢; in an intersection of type (2a)
or (2b). This completes the proof of the lemma.

\/ _/
T~ 7~ T~
(a) (b) (c) @)
Fi6. 2.

We now prove a stronger result, using a less elementary method.

Lemma 3. If u is a solution of (1), continuous for t > t,, then any
rational function of u and ¢, H(u,t) = K(u,t)/L(u,t) is ultimately strictly
monotonic, unless L = 0 contains a solution of (1) or unless H is constant
along a solution of (1).

Proof. We have

dH _oH , dHP(uf) _ T(w,0)
(3) @~ ot T 9u0wy ~ Sy

If dH/dt is not of constant sign as { — «, it either vanishes infinitely
often or becomes infinite infinitely often as { — o, u traversing the curve
u = u(t), a solution to (1). Take first the case where it vanishes infi-
nitely often and where consequently one branch of T'(u,t) = 0 has an
infinite number of intersections with u(f). For ¢ > ¢, this branch has
an expansion of the form

(4) u=aot°°+a1t°*+°°-, Co>01>"‘,ao750
At the intersection with the solution

du —_ —_ P(u’t) —_ dy dy .. “« o e
(5) v R = Qlul) = bot% + byt® + R do > dy >
replacing u by the series in (4). Along the branch of T'(u,t) given by (4),
(6) ‘fl—? = 8 = ool ! + ayest 4 ¢ - -

From the forms of R and S, we see that there are now three possibilities
for large t: R > S, R < 8, or R = 8. The two inequalities hold if R
and S are the slopes at the points at successive points of intersection,
as one easily sees geometrically. If, on the other hand, R = § for
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infinitely many ¢ as { — «, we must have by = aoco, b1 = ascq, . . . ,
do = ¢o — 1,d1 = ¢; — 1, and so on, whence finally R = S. This means
that T'(u,t) = 0 along a solution u(tf) of (1). Consequently, dH/dt = 0
along u, and H is constant along w(t).

The case where dH/dt becomes infinite infinitely often requires that
L(u,t) = 0 infinitely often along u = u(t), since

) dd _ LdK/dt — K dL/dt
dt L2

This, as above, requires that L = 0 along u = u(f).

From the above it follows that any rational function of ¢, u, v/, . . .
is ultimately strictly monotonic, apart from the trivial exceptions men-
tioned above.

6. Asymptotic Behavior of Solutions of ' = P(u,t)/Q(u,t). We are
now able to prove the following remarkable result:

Theorem 3. Any solution of the equation

" du _ P(sl)
dt  Qu,l)

continuous for t > ty, is ultimately monotonic, together with all its deriva-

tives, and salisfies one or the other of the relations

2 u ~ atbe™®, u ~ at®(log t)Ve

where P(t) is a polynomial in t and ¢ is an integer.

Proof. Consider Q(u,t)u’ — P(u,t) = 0, the terms of which are of the
form ai™u”, or bymuru’. Since all rational functions in u, %/, and ¢ are
ultimately monotonic, the ratio of any two such terms approaches a limit
as t— oo. This limit may be + «, 0, or a nonzero constant, but there
must be one ‘quotient of two terms which approaches a nonzero constant.

If one of the two terms contains %', but not the other, we obtain

®3) wurtm ~ ¢,
If both or neither contain v, the result is
(4:) u ~ Czt"/ q

where p/q is a rational fraction.
The first case presents different results according to the subcases:

B) (@ n#—1,ms+1
b)) n=—-1mszx=+1
e)n=—-1,m=+1
@dn=—-1,m=+1
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Corresponding to the various cases in (5) we have the respective
asymptotic behaviors:

1-m

un+l t
©) (@) s~ o+ di

1-m

) loguNc,—t + d;

l1—m
(c) log u ~ ¢y logt

d un+l 1
(@ s og it

Cases (6a) and (6d) are in the form stated by the theorem; cases (6b)
and (6¢) are not, and a further discussion is required. We use the
method we have previously applied to derive more precise results, namely,
substitute the erude result in the differential equation, and use the equa-
tion again. Let us consider case (60) first.

We write the equation in the form

Y du _ P + P 4 - - + Py
di = Qe F QT+ - F Q.
where Py and Q; are polynomials in &. We may take 1 — m as positive,

since if it is negative, u ~ 1. If 1 — m > 0 and if ¢; > 0, we see that in
() r = s+ 1. llence dividing through by w*, we obtain

du . Po te
) a0 u+ Ri(t) + O (a)
for some a, or

du/dt P, 1

) = G +0(3)
for large t. Integrating,
(10) log w = P(t) + ¢s log t + O (%)
The case ¢; < 0 may be treated by replacing u by 1/u in the original
equation.

We turn now to the last case, case (6c), which requires the considera-
tion of a great many subcascs. There are two terms, atbucu’ and dt*—'uct?
of equal order. Further we may assume that there is no other term of
equal order, since the contrary assumption yields the relation w ~ ¢qt®.
If T is any third term, the quotient

(atbucy’ — dv—luct?)

(an .

tends to a limit as £ — . There are now two possihilities:
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(a) There is a third term whose order is equal to that of the difference
between the two principal terms
(b) There is no such third term

Let us consider the first possibility. In this case we have a relation
cither of the form

(12) atturw’ — dtluctt ~ etfus
or of the form
(13) attucu’ — diructt ~ etfwou’

Take the case (12) first. From (6¢) we obtain the crude result u = tate,
where € = €() = 0 as t— o, and where ¢; = d/a. Set u = (%%,
Substituting, (12) becomes

dg d(c+1)
(14) veof ~ ST e
a

Recalling that log v ~ (d log {)/a implics that logv = O(logt) as
t— o, we sce by an enumeration of cascs that U has one or the other
of the forms in (2).

The case where (13) holds and the case where possibility (b) holds
we leave as exercises for the reader.

6. A Sharpening of Theorem 1. We are now able to prove a much
sharper form of Theorem 1, namely,

Theorem 4. Let u be any solution of the polynomial equation

P(tua’) =0
conlinuous for t > to. Then either
(1) ‘ u = o(t")
for some b, or
(2) u = exp [al’(1 + «(¢))]

where a and b are fixed constants and e(t) — 0 as t — .

All solutions of the latter class are monofonic, together with all their
derivatives.

Proof. Let us assume that no constant b exists for which v = o(#).
Then, however large we choose b, it is possible to find values of £ such that
u > tb. Choose an increasing sequence b, — «, and a sequence ¢, such
that

3) u(ty) =



104 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Let us now construct a curve u = > = ¢t logt = ¢ pagsing through
the points (¢, ), and possessing the following properties:

(a) b’(?) is positive and continuous
) bt)/tc—0ast— « foranyec > 0
(¢) ¥@)/t—0foranyc > 0

This can always be done by taking b, = » and choosing the points ¢,
sufficiently far apart. In terms of ¢(f), we have, for any ¢ > 0,
4) ¢ — o, ¢’ — 0
We shall now show that the statement u(f) > e*® for a solution of
P(t,u,u’) = 0 for infinitely many ¢ > ¢ implies that the inequality holds
for all £. The proof is by contradiction.
If the inequality does not hold for all
R t > to, there are infinitely many intersec-
tions of the twocurves » = u(f) and
u = ¢*® as in Fig. 3. The argument
is considerably simplified if there are an
infinity of points of contact, so there is
Fic. 3. no loss of generality in considering the
above situation.
As in previous discussions in Sec. 2, we see that there is a point between
P and @ for which

(5) u = ¢'u, u > et

u here representing the solution curve. Using the concept of ‘“principal
term”’ in P({,u,u’) developed above, we readily obtain a contradiction,
combining (4) and (5). Consequently, the inequality w > e#® must hold
for all sufficiently large ¢.

In this case any expression of the type H = {*ub(u’)e, with ¢ < 0, is
ultimately monotonie. To show this, eliminate u’ between f*ub(u’)c = H
and the relation P({,u,u’) = 0.

The result is F(t,u,H) = 0. From this we obtain, upon differentiation,

oF dH
oH “dt

If dH/dt = 0, we must have 0F/dt + (9F/du)u’ = 0. Substituting
this value for %’ in P(¢,u,u’) = 0, we obtain a polynomial relation between
u, t, and H. Eliminating H between this relation and F(¢,u,H) = 0, the
resulting relation is a polynomial equation between % and ¢. This, how-
ever, is a contradiction of the property u > e*® for ¢ > t,.

Now choose two terms of equal order, as t — o, in P(f,u,u’):

Ty = tobi(w)

Q u=edlt)

oF  oF , _
(6) Ei+512u+ =0
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and Ty = t22ub(uw)2. Since u > e*®, ¢, cannot equal ¢.; for if ¢; should
equal cs, the relation T',/T» ~ d as { — « would imply u ~ c3t*, which
contradicts u > e*®. The relation T',/T; ~ d then takes the form

(7 wux ~ ¢y, et #0

and the relation u > e*® forces a« to be —1. From this, integration
yields

®) u = exp [¢,°(1 + €(D))]

where €(f) — 0 for t — «. More precise asymptotic expressions for u
may now be obtained using the type of argument presented in Sec. 5.

7. Some Results Concerning %"’ = R(u,t)/Q(w,t). As we know from
the counterexample given in Sec. 3, any general theory of the asymptotic
behavior of proper solutions of polynomial equations of the form

P(tuu',w'’) =0
will be extremely difficult. If, however, we restrict our attention to the
important class of equations having the form
P(u,t)
1 1'41// = )
0 Q(u,t)
where P and @ are polynomials, we can obtain some interesting results.

The proofs of these results employ the same techniques as above, and
for this reason we shall leave them as exercises.

Ezxercises

1. If u is a proper solution of (1), then either there exists a constant k
such that w = O(t*), or there exist two constants a and b such that
u = exp at**e, where ¢ = ¢(t) > 0 as{— «.

2. If '’ = P(u,t), where P is a polynomial of degree greater than one,
then 4 = O(t*) for some k if » is a proper solution.

3. If u is a proper solution of (1), then u = O(¢) if the degree of P
in % does not exceed the degree of @ in u by unity.

4, If u is a solution of (1) with the property that any rational function
of ¥, u, and ¢ is ultimately monotonic, then as { — o, u has one of the
following forms:

(a) exp [(a + e)trer®] (b) exp [(a + €)(te log t)V/7]
(c) exp [(a + &)¥] (@) exp [(a + €)(log t)®*/7]
(e) a(log log t)v» (f) a(log t)»(log log t)Ve

(9) a(log &)° (k) exp [(a + €)(log t)@—1/7]

where, whenever e appears, it is understood to be a function of ¢, which
approaches zero as { — «, and where p and q are integers, a and b are
real numbers, and p(t) in (a) is a polynomial.
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CHAPTER 6
THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION

1. Introduction. We now turn our attention to the second-order linear
differential equation

M %(k(t) %%) +iu =0

Since it is virtually impossible to present a complete account of all that
is known concerning the properties of the solutions of the above equation,
we have rather attempted to present a cross section of theorems and
techniques in such a fashion that the reader will have little difficulty in
following original papers or in deriving new results.

Although some of the results we state below are special cases of general
theorems valid for linear equations of any order, the results for the most
part depend very strongly upon the particularly simple form of (1).
Even where this duplication exists, we shall not hesitate to present a
proof applicable only to (1) if it illustrates an important and useful
technique.

The physical importance of equations of the above class can hardly
be overestimated, and this accounts for the vast amount of research
connected with (1). Mathematically, the equation presents a continual
challenge to the skill of the analyst to extract as many properties of the
solution as possible without the luxury of an explicit representation for «
in terms of the coefficients k and I.

We shall begin our discussion with some preliminary lemmas required
in what follows. Then we shall turn to the questions of boundedness,
oscillation, and asymptotic behavior of the solutions.

2. Some Lemmas. In this section we gather together some results
we shall call upon repeatedly below. Lemma 1 has already been stated
and proved in Chap. 2, and Lemma, 2 is a particularization of Theorem 3
of Chap. 1.

Lemma 1. Let up > 0, ¢c1 > 0, and u satisfy the inequality

(1) u_<_cl+/:uvdt, t>0
107
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Then

t
2 u < ¢; exp (L vdt)
Lemma 2. Let u, and us be two linearly independent solutions of

3) w —a)u =0
for which the Wronskian

— ul U =
4) w = u W= 1
for all t. Then the general solution of the inhomogeneous equation
(5) w'’ — a(l)u = w(t)
18 given by

(6) U = iU + Cauz + ﬁ: [a(@)ua(ts) — wr(tr)ue(O)]w(ts) diy

where ¢y and ¢, are constants determined by the initial conditions.
Lemma 3. If u, is a solution of (3), then

b dt
(7) 'M2=u1/-1—12

18 another, linearly independent, solution.

Proof. The result may be obtained by the standard variation-of-
parameters method, letting 4, = uw, or by observing that for any two
solutions of (3), u; and u., we have (compare Theorem 2, Chap. 1)

Uy Uz
Uy Uy

= C

(8) w =

This equation is a first-order equation for us, which may be solved easily
to yield (7).

3. Some Useful Transformations. In this section, we consider some
changes of independent and dependent variable which will be of great
service in obtaining properties of the solutions and in reducing the number
of distinct types of equations.

Let us begin by demonstrating two methods by means of which

d du
0 (k0 %) +1u =0
may be reduced to the simpler form
d*u

@ T+ au =0
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The first method depends upon a change of independent variable and
assumes that k(t) is eventually positive and that

® dt
® [ % -
For this case, set s = [ ‘ dt/k(t). Equation (1) becomes

@ f—lz’;‘ + E@Iu =0

where k(t)I(t) is now a function of s. Asf{— o, 8— .
The second method depends upon a change of dependent variable.
Write (1) in its full expansion as

K@) 4 W0,
ZORRETORI
We now wish to transform (5) into an equation lacking a middle term.

That this may always be accomplished is the substance of the following:
Lemma 4. T'he substitution

(5) /l +

6) U = v exp (—}é ﬁ: P dt)
transforms
) w + pu + q)u =0
into

2
8) v”—l—(q—%’—-%)v:-o

An important feature of this transformation is that, provided L ‘ pdt

is finite for finite ¢, the zeros of v are the same as the zeros of u.
Applying Lemma 4 to (5), the substitution v = u 4/k(t) yields

o e[t

an equation of type (2).

‘We now wish to reduce (2) to a form which in many cases is easier to
treat.

Lemma b (The Liouville Transformation). The change of variable

(10) s = A L a(t) dt
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transforms

11) W * a?()u =0
1nlo
(12) d*u | a'(t) du 0

dst U a¥(t) ds —

Using Lemma 4 and lelting

W emuvam[= e ({200

the resultant equation for v s

d¥ 1d(a@® 1@\

(o wr e -3 (E0) -1(E8) ] -o

In many cases, first-order equations are easier to discuss than second-
order equations. In general, we can always reduce an nth-order linear
differential equation to an (n — 1)st-order nonlinear differential equation
by means of the transformation «’/u = v. In the case n = 2, the result
is particularly simple.

Lemma 6. The substitution

(15) U = exp f‘vdt
transforms (2) into
(16) v +v2+a(t) =0

Equations of type (16) are called Riccati equations. It is easy to
see that (15) establishes a connection between the general second-order
equation

(17) w + p)u + qt)u =0

and the general Riccati equation

(18) u = a(t)u® + b@)u + c(f)
Exercise

Find the second-order linear equation equivalent to (18).

It should be pointed out that, in all cases where these changes of
variable are employed, care must be exercised in verifying the one-to-one
nature of the transformation.
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Finally we note that any second-order equation

(19) w + pWuw + qu =0
is equivalent to a second-order system, namely,
(20) u =0

v = —pt)r — q()u
It is sometimes convenient to introduce polar coordinates in place of
cartesian. Taking the general sccond-order system
(21) u = an@)u + ap(t)v
v = an()u + az.(t)r
we may state
Lemma 7. The change of variable

(22) u = pcos @
v = psin 6, p>0

transforms (21) into

(23) o = ‘-’1‘2;"3 + %r(t) cos (20 + ¢)
ﬂp’ = Gl Lo sin 20+ 9)
where
(24) r = V(@11 — a29)? + (@2 + ag1)?
cos Y = dn T & + ek
,
. _ a1y — a2_2
sin ¢ = —

4. Boundedness Theorems. Iaving disposed of these preliminaries,
let us now turn to the problem of determining when all solutions of a given
equation are bounded as { — «. We begin by considering the equation

(1) '+ (a2 4+ ¢(t)u =10

where ¢(t) — 0 as £ — «. Without loss of generality, we may assume

that a = 1.
The question naturally arises as to the connection between the solu-

tions of (1) and those of the easily soluble equation
&) ' +u=0

We shall show that in most “ordinary” cases, there is a close cor-
respondence, but that the condition ¢(t) — 0 as { — « is by no means
sufficient to ensure the boundedness of all solutions of (1).
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Our first result is
Theorem 1. All solutions of

3) w4+ 1+ o) +¥®)u =0
are bounded, provided that
@ @ [Tls0ld <
® [TWOld< o, y®)—>0ast—
Proof. We show first that the equation

(5) u' + (1+y@)u=0

has all solutions bounded provided that (4b) is fulfilled. From (5),
multiplying by %’ and integrating between 0 and ¢, we obtain

we | ou? ¢
(6) 5 t5 + | ¥E)uww' dih =c

2 2 0
Integrating by parts, this yields

w?r oy w 1 [t ,

) 5 T3 v 5 —5/(; Y ()u? diy = ce
Take ¢ large enough so that 1 4 ¢(¢) > 4. Then for ¢ > &,
(8) u? _<_ 4I62‘ + 2 /: Iup’(tl)lu"’ dty = ¢z + 2 ﬁt |¢,(t1)lu2 diy
Applying Lemma 1, the result is, for ¢ > &,

©)  u?<csexp (2 A‘ W ()] dtl) < ¢y exp (2 f "1 ()] dtl)

to

Hence u is bounded. To finish the proof, we must demonstrate the

following:
Theorem 2. If all solutions of
(10) w4+ a(®)u =0
are bounded, then all solutions of
(11) u’ + (a() +b(@))u =0
are also bounded, if
(12) /“‘ )| dt < =

This, however, is a particular case of Theorem 6 of Chap. 2, as we
see upon transforming (11) into a system.
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Ezercise
Use Lemma 7 to show that all solutions of v’ 4+ (1 4+ f(¢))u = 0 are
bounded if / " dt < .

6. A Counterexample. We now show by an example how close Theo-
rem 1 is to being best possible in one sense.

Theorem 3. If, ast{— o,

(1) g@)—0, ¢®—0

then

(2) U = [exp (Lt g(s) cos s ds)] cost

1s a solution of the equation

3) w4+ 1+ ¢)u =0

where

4) o(t) = 3g(f) sint — ¢g’'(t) cos t — g*(t) cos® t

approaches zero as t — «.

Choosing ¢(t) = (cos t)/t, we see that we obtain unbounded solutions,
although ¢(t) and ¢'(¢) are both O(1/t) ast — «.

6. u’ 4+ a@®)u = 0,a(t) > . In the previous sections we have exam-
ined the case where a(f) — a* % 0 as{ — «. Here we consider the case
where a(t) — .

Theorem 4. If a(t) —  monotonically, all solutions of

(1) W+ at)u =0

are bounded ast— .
Proof. We have

2) wu + al)uw =0
Integrating between 0 and ¢, and then by parts,
u'? u? Ey2
® Y tany - [ a0 =
whence
2 t,2
@ s0% < el + [ % aa)
0

Y ua(t) da(t)
< e +A D) —(i(tj
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Applying Lemma 1,

2 t
®) O < e e [ 220) < foyaty

Conscquently 4?2 < 2|ey|.

7. 4" 4+ a®)u =0, a(ty—> 0. We have considered the cases where
a(t) — a? % 0 and where a(l) — »© as t— «. Let us now discuss the
case a(t) —» 0 ast— «. Consideration of the equation

(1) w45 =0

which has two linearly independent solutions of the form ¢ and i=,
where a; and «, are the roots of a? — a + 1 = 0, shows that solutions
of equations of this type can be unbounded as { — «. It is reasonable
to expect that, if a(t) — 0 sufficiently rapidly as { — o, the solutions of
u'’ 4+ a(t)u = 0 will approach those of '’ = 0.

Theorem b. Consider the equation

2) w4+ al)u =0
where
3) / * ta(t)] dt < o
Then im w' exists, and the general solution s asymptotic to do + dit as
— o

t— oo, where d, may be zero, or do may be zero, but not both simultaneously.

Proof. Write '’ = —a(f)u. Integrating twice between 1 and ¢, we
obtain
) U = ¢y + ¢t — /lt (t — t)alt)ulty) diy
From this we obtain, for ¢t > 1,

12
5) ful < (leal + leal)t + ¢ [ Ja(®)] fu(es)] dty
or
t

®) < et + e + [ tlaten) 0

Applying our fundamental lemma, we derive, for ¢ > 1,

t
) ‘—1" < (lea] + les]) exp [ /1 hla(®)] d‘l] S 6
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Returning to (4), differentiation yields

(8) w =y — fl‘ a(t)u(ty) dts

Since /; ! a(t)u(t,) dit, is majorized by

¢
[ la)] lut)l dt < es [ tlatt)] dt
the infinite integral converges, and ' has a limit as { — o,
If this limit is not zero, we sce that v ~ dyf, with dy # 0, as t — .
Using the fact that » = u /; b dt/u? is another solution, we derive a

solution v which is asymptotic to 1 as { — oo,
To ensure that this limit is not zero, we choose ¢c; = 1 and use as a
lower limit, instead of 1, a point ¢, where ¢, is chosen so that

1 — e A‘” tla(t)| dt, > 0

This theorem completes our preliminary discussion of the boundedness
of the solutions of 4"’ + a(tf)u = 0. In later sections we shall obtain
more precise results.

Ezercises

1. What is the related result for d*u/dt* + a()u = 0?
2. Is there an analogous theorem for the vector equation

dy/dt = Ay

n—1
3. Show that, if dmu/dt» + z @n_i(t) dbu/dtt = 0 and if
=0

L @1 dt < w

then lim d»'u/di*! exists.
t—

8. L2 Boundedness. In the previous sections we have been concerned
with the boundedness of the solutions of 4"’ 4+ a(t)u = 0, using the norm
llw|| = Tim |u|. In this section we consider a different norm, which is

0<t<

of interest in connection with various problems of mathematical physics,
namely,

M el = (f; o] a)”

If the norm is finite, we say that u belongs to L?(0, ), written u €
L?(0, ).
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Theorem 6. If all the solutions of w"’' + a(t)u = 0 belong to L*(0, =),
then all the solutions of
(2) u”’ + (a(t) + b(®))u =0
belong fo L*(0, ), if [b@)| < e, t > 0.
Proof. Let u; and w; be two linearly independent solutions of
W 4+ a(t)u =0
such that

Ur U

=1
u U

3) w =

for all ¢. Utilizing Lemma 2, any solution of (2) satisfies an integral
equation of the form

(4)  w = cous + cqus — L Tus(®)uats) — us(t)us(®)]b(E)u(ty) dty
Trom this we obtain

(5) | < leaf Jra] + les| Jus
+ /;t [ua(] [ua(t) | 4 [ua(t)] ()]0 [u(lr)| dty

We now require the following lemma (Cauchy-Schwarz inequality):
Lemma 8. For all f and g for which the right side exists, we have

(©) S sgde < ([ 112 ae)” ([ lol ae)*

Proof of Lemma. Since (4 — »)2 > 0, we have

) 2uy < u? 4 »?

Set w = f/ ( /; ’ f? dt)}ﬁ and v = g/ ( L i g? dt)%, integrate both sides of

(7) between a and b, and simplify.
Returning to (5), we have, applying the consequence of (u + »)2 <
2(u? 4 »?), that

® w<4{dut+cut + [ [ ()] )]
+ ()| @D | (e dir |}

Using the inequality of (6) and then (u + v)%? < 2(u? + v?) on the last
integral, we obtain

9 u*<8 {c';’u{ + ciui + [uf(t) ﬁ)t ui(ty) dty
+u3@) [ uie) dn ][ [ v au )
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which, by hypothesis, simplifies to

(10) ur < 8 [cgug + 2ud + ca(u? + ul) ﬁ) b ur(ty) dtl]
Integrating both sides between 0 and ¢, we derive
(11) ﬁ)‘ u? dty < 8c3 L‘ u? dty + 8¢ L‘ u dty
+ 8es L L+ ud) ( [ et dn) dea
< ¢5 + 8¢ /; [(uf + ul) (ﬁ:' u?*(ty) dtl)] dty

Applying our principal inequality, this becomes

12) L ‘utdty < s exp [8(:4 ﬁ) C( + u) dt

whence u € L2(0, ).
FEzxercises

1. Show, by comparing areas, that
uP oy
w < — 4+ —
=3 + o
foru and v > 0, where p > 1 and p’ = p/(p — 1).
2. (Holder’s inequality.) Use the above inequality to show that

Juv dt < (fur de)Ve(fv? dt)v’

for u and v > 0, where p and p’ arc as above.

3. Show that, if all solutions of #"’ + a(¢f)u = 0 belong to Lr(0,) and
L7 (0, ), then the same is true of the solutions of u” + (a(t) + b(t))u = 0,
provided that [b(f)| < ¢, for £ > .

4, Can all solutions of %" 4 a(t)u = 0 belong to L(0,©) and be
bounded?

b. Show that, if all solutions of " + a(t)u = 0 belong to L(0, ) and
are bounded, the same is true of the solution of «” + (a(t) + b())u = 0
if “)(t)l S C1 fOI’ t Z to.

9. Relations between |||, ||«/[|, and [[u"’|. Let us now consider what
types of incqualities exist between the norms of various derivatives, con-
sidering only the two most common norms

M) (@ |lull = Tm |ul

0<t< »
®) ull

(fo“ w di)*
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There has been a considerable amount of research on these equations,
and the method we present below is perhaps not the most efficient. It
is, however, interesting and applicable, equally, to many different types

of norms.

Theorem 7. Using either of the above norms, the boundedness of |ul|
and ||u’|| implies that of ||w'||.

Proof. Let ||u|| and |w"| be finite and let f(f) be defined by the
equation

2) u' —u=f(t)

By hypothesis, then, ||f(¢)|| is finite. Considering u as a solution of the
second-order linear differential equation, u is given by

B) u=cie' + coct + 15 ﬁ) (¢ — e=G-w)f(t,) dt
= ¢ (c1 + 15 ﬁ) " eaf(ty) dty) + et (c2 — 14 ﬁ) " enf(ty) dtl)

With reference to either norm, A * e~uf(ty) dty is convergent if ||f]| is

finite. Furthermore, it is easy to verify that et /; ! ef(t1) dty has bounded

norm if ||f] is finite. Hence, if u is to have bounded norm, it is necessary
that

) o+ 35 [\ enf(t) dt =0

Using this relation, we may write

t o —t 2
(5) U= — % / 6_‘f(t1) dty + coet — 22—[ e“f(tl) diy
t 0
whence

et

o —t t
(6) u = — '2- '/; e"‘f(tl) dtl — et + %ﬁ Gt‘f(tl) dtl

So far we have not used any particular norm. We now use the norm
(1a). Then

@l < 5051+ led + B =11+t < 1)+l + e

From this it is clear that, if || and ||u”’| are bounded, so also is ||«’]|.
Furthermore, it follows from (6) that, if |u| and |[u”| — 0 as { — o, then
so also does |u'|.

A similar result may be obtained using the norm (1b). This requires
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a bit more manipulation and is left as an exercise. More precise reason-
ing yields the inequality
(8) lJw'll* < 4l [l
for both norms.
Ezercise

Derive inequalities connecting «®, u®, and w for k > 1 > 1.

10. Oscillatory Equations. In this section we consider the question
of determining when all solutions of

(1 v+ ¢(Ou =0

have an infinite number of zeros in the interval [0,0]. Equations whose
solutions possess this property are called oscillatory, and the solutions are
also named oscillatory.

Taking our cue from the equation

2 w4+ mu =0

we prove first
Theorem 8. If all solutions of

3) u' + ¢()u =0
are oscillatory and if

(4) ¥(t) = ()
then all solutions of

(5) ‘ : v + ¢ty =0

are osctllatory.
Furthermore, the following converse holds: If ¢(t) > ¢() and some
solutions of (5) are nonoscillatory, then some solutions of (3) must be

nonoscillatory.
Proof. We have
(6) w'” — v + @) — o()uw =0

Let £; and ¢ be two successive zeros of u and assume that v > 0 between
¢, and ¢;. Integrate over [i,l:], obtaining, since uwv’’ — vu'’ is a perfect
derivative,

) (w’ — vu')

[ — s®wd =0
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and hence
®) W (o) — o (Lo (ts) + [‘ W) — ¢@))wdt =0

with %/(¢;) > 0 and u'(¢;) < 0. Consequently, it is impossible that any
solutions of (5) be positive in the interval [{1,¢.], an even stronger result
than stated.

To carry over this result to the equation

©) %(/cl(t) %’Z) + ¢i(O)u =0

we require a more recondite identity, due to Picone, namely,

(10) -(—i- [g (klu’v - kguv’):l = (d’l - ¢2)u2 -+ (Ivl - ]Cz)ulz

dé
\ 2
e =)

where v is the solution of the related equation with ks and ¢,. From this
we easily obtain
Theorem 9. If all solutions of

d du
(11) b7 (kl(t) E) + ¢1(Du =10
are oscillatory as t — « and if
(12) ¢ > $1
]Cz Z k1 > 0

then all solutions of
d du
(13) 4 (50 %) + ot = 0

are oscillatory.

Fortified by these comparison thcorems, so useful in the Sturm-
Liouville theory, we now seek some simple equations which are oscillatory.
The simplest is (2), from which we conclude that, if

(14) () =2 m* >0

then all solutions of (3) are oscillatory. We shall give another proof
below, which contains a method that can be applied to more general
situations.

By means of a repeated change of variable, we can obtain some non-
trivial comparison equations from (2). We shall demonstrate
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Theorem 10. If

(15) #0) 2 (1 + 0 g
or if

1 1 1
O 2t T T T gy

- log? ¢

where r =1, 2, . .., for t > t and € > 0, then all solutions of (3) are
oscillatory.
Here

(16) log: () = log ¢
log: (¢) = log (log ?)
log, (t) = log (log,—1 ¢)
Proof. The proof follows by applying the substitutions
17) i = eh, l, = e, C ey Iy = etn-t

in turn to (2). We know that the solutions of (2) are oscillatory only
when m? > 0. Letting ¢t = e, we obtain

, d*u du

(18) 1] dt2 + t‘ + m2u = 0

Eliminating the term in dw/dt by means of the substitution

v
(19) U = —=
V'
we obtain

d | m?+ 4

agt g0

(20)

Therefore all the solutions of (20) are oscillatory, if m? > 0.
Let us now make the substitution ¢, = e. The new equation is

m?* + 14
21) 45 i 3+ 60 dt2 T Togits U
Eliminating the term in dv/dt as above, we have
d?w m? 4+ L7\
(22) diz tw (4t2 + 2 log? tz) w=0

all of whose solutions are oscillatory. Continuing in this way, we obtain
the result stated above.
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The results are, in a sense, best possible, since each of the equations

1
(23) u’ + Z—t—zu =0

1 1
" 2t —
vt <{1t’ + 4t* log? t) w=0
and so on, is nonoscillatory, and actually, as we see by retracing our steps

to (2) with m? = 0, all solutions are eventually monotone.
If

(24) | [ oo <
then we know from Theorem 5 that all solutions of
(25) w’ + ?t(T‘) u=0

are nonoscillatory. Once again, then, we see that Theorem 2 is close to a
best possible result.

Let us now give another proof of the important and useful, albeit
simple, result that (14) is a sufficient condition for oscillatory solutions.
Tet us assume that there exists a solution v > 0 for { > ¢. Then

(26) u = —¢t)u <0

Ilence v’ is steadily decrcasing. There are now two possibilities: v’ > 0
for all £> ¢, or v <0 for ¢t > ¢;,. Consider the first possibility. If
w > 0, u is monotone increasing, and u > ¢; for ¢ > ¢;,. Thus

27 uw’ = —¢{t)u < —a’,

whence, integrating, u' < —a%c; + c;— —® as t— o, which con-
tradicts v’ > 0. We are left with the second possibility, 4’ < 0 for
t > t;. Since v’ is decreasing and is less than zero for ¢ > ¢, w' < —e¢4
for t > t;; hence u < —cat + ¢5, a contradiction, as { — «.

Returning to (27), we see that we may replace (14) by the weaker
condition

(28) s 20, [Tewat= o

Theorems on oscillation may also be derived by using the Riccati
equation. Asin (15) of Sec. 3, let 4'/u = v, obtaining
(29) v 4024 () =0

This equation is valid in an interval where w # 0. If ¢(f) > 0, we see
that «'/u is monotone decreasing, in any interval in which it is con-
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tinuous, and this property of the solutions of (3) is valid whether the

solutions are oscillatory or not. Let v = —w, so that
(30) w = w?+ $(t)

If ¢(¢) > a* > 0, we have

(31) w > w? + a?

which shows, by comparison with w’ = w? + a?, that w — « at a finite
value of ¢ and furthermore that every solution of (3) has a zero between
two consecutive zeros of a solution of ¥’ + a*uw = 0; in other words, in
every interval of length, 2r/a.

11. «’ + ¢(t)u = 0, ¢(t) Periodic of Period . We now turn to the
important and difficult question of deciding the boundedness of the
solutions of the equation
(1) u’ + ¢()u =0
where ¢(f) is a continuous periodic function of period .

The most important example of an equation of this type is the equation
of Mathieu,

2) u’ + (a + b cos 20)u = 0
which occurs in several important investigations of mathematical physics.
The closely related equation

3) w4+ [ 2 (an cos nt + b, sin nt)] u =0
n=0

was encountered by Hill in his treatment of the motion of the moon. We
shall not attempt to discuss these equations here, since (2) easily merits
a separate treatise. The whole problem is one of great difficulty, and
we shall content ourselves with proving an important general result due
to Liapounoff.

Although we know, from the general representation theorem 11 of
Sec. 15, Chap. 1, that every solution of (1) has the form

4) u = e*'pi(t) + e'pa(t)
where pi(t) and p2(f) are periodic of period w, there exists no simple
method for obtaining the constants p and o explicitly, given ¢(¢).
There does exist, however, a simple criterion for boundedness:
Theorem 11. If ¢(t) is continuous, of period w, and if

(6) (@ [T e®dt=0, 60 #0
® [ le0]dt < 4/x

then all solutions of (1) are bounded ast — + .
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Proof. Let u; and u; be a fundamental system of solutions of (1),
that is, 41(0) = 1, «[(0) = 0, u2(0) = 0, u,(0) = 1. Since us(¢ + =),
and uq(f + 7) are again solutions of (1), we must have

(6) it + m) = w(mua(t) + uy(r)ua(t)
u(t + 7) = us(m)us(t) + ui(w)ua(t)

Let A; and \; be the characteristic roots of the matrix

) U=@M)mw)

uz(r)  up(m)

Applying (6) repeatedly we see that

wi(t + )\ _ g, [(wa(r)
(®) Qw+m)"UQM)

Let us furthermore note that the determinant of U is equal to the
Wronskian of %; and u; at { = w. Since the Wronskian is a constant for
this equation, its value must be 1, the value determined at £ = 0.

It follows from this that if (1) is to have unbounded solutions, U must
have either distinct characteristic roots which are real, or multiple roots
which are then either 1, 1 or —1, —1. If U has complex roots, which are
necessarily distinet and of absolute value 1, the matrices U" will be
uniformly bounded as n — % «, implying the boundedness of the solu-
tions of (1). Hence if unbounded solutions exist, we must have either

M 0Y) ., _maf™ 1
) U—T‘(0 )\2)1 or U-Y‘(O A)T

where A1, A2 are real and A = +1 in the second representation. Return-
ing to (6) this implies

ul(t + 7r) _ AN 0 . ’lh(t))
(10) T (uz(t +m)) (0 M) ! (uz(t)
or
, w@E+m) _(r 1 u1(t)
(10°) T(uz(t +n/ (0 x) T(uz(t)
and, in consequence, the existence of a real, nontrivial solution satisfying
(11) us(t + 1I') = )\1“3(15)

We now derive a contradiction from this fact. It follows from (11)
that w;(¢) either is never zero or else is infinitely often zero. Let us
suppose that wu;(f) is never zero. Then, from (1),

(12) f"%—'dt+ o) dt =0
(% 0

3
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Integrating by parts, we obtain
ﬁI§ s
Uz

(13)

'—(E3)—jdt+/:¢(t)dt=0

0 0 ’u%

Since uy(w)/us(r) = u}y(0)/us(0), the above result contradicts (5a).

Now consider the case where u; has zeros. The distance between
adjacent zeros is always less than or equal to =, from (11). We now
derive a general inequality, from which we shall derive a contradiction
to (5b).

Lemma 9. Let u(a) = u(d) = 0, where0 <b —a < wandu(t) > 0in
(a,b). Then

w [

Proof of Lemma

4
dt > —

u

dt > (Uinx)™ ] [u’| dt > (Uuax)™t  max |w'(t2) — w'(t)]

a <u<ta<bd

Let Umax = u(a 4+ 1) =ulb —1), li+1l: =0 —a Then by Rolle’s
theorem,

(16) W (ts) = I mas, — ' (1) = I3 Unnx

for some i#1,2, where a <ts <a 4+l =b —1; <t <b. Hence from
(15)

(17) ﬁfi

>ttt = = >
since (l], + lg)/z 2 vV lllz-
Now since u; satisfies (1), with 0 < b — a < 7, we have

b L "
(18) 4 < / dt < / u
w a 0 | Us

a coniradiction.
12. The Asymptotic Behavior of the Solutions of the Equation u'’ —
(1 + ¢()))u = 0. Résumé of Results. Let us begin with the equation

(1) w — (14 ¢@)u=0

whose theory is simpler than that of ” + (1 4+ ¢(:))u = 0 and, in con-
sequence, more complete. Under the assumption that ¢() — 0 as
t— o, we know of the existence of two solutions «; and u,, for which

"
Uy
Uz

i 4
a=[Towias?

(2) u_, 1, %, g
Uy Uy
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Theorem 7 of Chap. 2 shows that there exist two solutions u; and u,
such that
3) exp [t — ¢ ﬁ o @] dt] < u; < exp [t + ¢ ﬁ 16| dt]
¢ ¢
exp [ —t— clﬁ) 16| dt] < uz < exp [—-t + e ﬁ) l6()] dt]
Ezxercise

Do solutions satisfying (3) automatically satisfy (2)?

If we now assume that f " 16(t)| dt < =, we can assert the existence
of two solutions u; and u; for which, as { — o,
(4) Uy ~ et
Uy ~ €t

as follows from Theorems 7 and 8 of Chap. 2.

The result of (4) can be considerably improved if we assume cor-
respondingly more about ¢(f). Thus, if ¢(f) possesses an asymptotic
expansion

®) SO ~FHEH R
then there are two solutions u, and u, satisfying
(6) uy~e ) af*

U~ et ) bt

2,
ast— .
It follows from the general result of Theorem 8 of Chap. 2 that, if

@ [T Ie@lde < =

there are two solutions u; and u. for which
8) Uy ~ exp A "VIT Q) dt
U ~ exp [ - ﬁ NAEI0) dt]

asf— o,
From this it follows that, if we assume in addition that

[” o) dt < ®
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then there exist two solutions u; and u; such that
9 Uy ~ exp [t + 14 [‘ é(t1) dh]
Uz ~ €xpP [ —t — l ] ¢(t1) dll]

All the above theorems are special cases of more general theorems
valid for systems. Let us now turn to some methods particularly
applicable to second-order equations.

13. The Equation v’ — (1 4+ ¢(¢))u = 0, where ¢(t) — 0 as i — .
We have observed in the above résumé of results that, if ¢(¢) — 0 as
t — oo, there exist two solutions u, and u, for which

(1

ul — 1, <. —1
U1 U2

We propose to give another proof of this result, employing a very use-
ful and interesting method. First we shall show that a solution exists
for which u]/u; — 1, and then we shall use the result of LLemma 3, stating
that

2) Uy = ul/ tﬁ
t

2
u?

is another solution, to obtain a solution satisfying the second condition
in (1).

Choose ¢, large enough so that 1 + ¢(t) > 1 — e for ¢ > £,. Choose
u as the solution of

3) W — 1+ o(@)u=0

for which «’(f) = 2 and u(ty) = 1, and set v = u’/u, so that v satisfies
the Riceati‘equation

4) v+t — (14 ¢@) =0, o) =

Consider Fig. 1. From the differential equation (3), we see that v’
is negative at t,, whence v decreases until v hits the curve w = /1 + ¢(t).
At the point of intersection P, » has a
minimum, and v begins to increase until
it hits the curve again. At the next
point of intersection, v has a maximum t \ w= ) Vito®
and turns downward again, and so on. ---—‘
Since the maxima and minima of »
are contained between the maxima and
minima of w = /1 4+ ¢(f), it is clear t

that v— 1 as t— . We have con- Fia. 1.

v

\p
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sidered the case where 1 + ¢(¢) is oscillating as { — «. The other case
is even simpler.

Since » = %'/u, we have proved the existence of a solution u, for which
w'/u— 1. Let us now use this solution to derive another solution for
which w'/u— —1. Since u > e=9¢ for { > o, the function

" dt
(5) w—u[ by

exists and, by virtue of Lemma 3, is another solution of (1), as noted
above.
From this, we obtain

W ( ﬁ ° dt/uz) = (/)

wo_ L

u [ ® (dt/u?) u [ * (dt/ud)

We now require the following lemma:
Lemma 10. Let

| €

(6)

g

@) im L9 — o, j0.00 5005t
g’ being one-signed for t > to. Then

0

lim =2 =
® e g(®) e

Proof. Take ¢’(!) as positive witnout loss of generality. Then for
t>t, ey

) a—-eSZ;—:E—gSa+e

or

(10) (@ —6a9® <O < (a+ eg'()
Integrating between { and «, we obtain, for £ > i,
(11) (a+ g < f(©) < (a — eg()

Since this is true for any e > 0, with ¢, sufficiently large, (8) holds.
Applying this to the second term on the right-hand side of (6), we obtain
2 — ’ 3 ’
(12) lim L% fim Z2% o im Yo g
t— f dt/u2 > o ""l/u > U
t

Therefore, w'/w — —1 ast{— o,



THE SECOND-ORDER LINEAR DIFFERENTIAL EQUATION 129

Ezxercise

Show that v = 1 is a stable limit of solutions of (4) and that vy = —1
is an unstable limit.

14. The Liouville Transformation. In a previous section, Lemma 5 of
Sec. 3, we have shown how the Liouville transformation may be used to
transform the equation

1) u’ £ ¢’OQu=0

into the form

(2) '+ (14 ¢:(H)u =0

where ¢,(f) in general is a function which approaches zero as t — o, if
$(t) — .

We now wish to point out that a repetition of this transformation will
frequently transform (2) into an equation of the same form amenable
to the results of Sec. 12. Making the change of variable

t
®) s= [ ViTeoa
(set ¢1 = ¢), (2) is transformed into

d*u o'(t) du

@ wtarreia T
The further change of variable
’) U = v exp [-‘Vz ]: a(s) ds]
where
¢'()

© “© 5+ o
yields the equation

~ 2
@ v"(s)+[i1—éf"—‘f%—“f)]v=o

which is again of the same form as (2).

This method is particularly applicable if ¢(f) = 1/t¢, 1/log t, and gen-
erally any rational function in ¢, ¢!, log ¢, and so on. Sometimes, several
successive transformations are required to meet the conditions of Sec. 12,



130 STABILITY THEORY OF DIFFERENTIAL EQUATIONS

Ezxercises
1. Find the asymptotic form of the solutions of "’ — etu = 0,
w —ru =0
u'" — (log log tyu = 0.
2. Formulate a general criterion in terms of ¢, ¢’, and ¢’” which may
be used to determine the asymptotic behavior of the solutions of

w = ¢*(t)u

Exhibit some equations which escape this criterion.

16. The Equation u” — (1 + ¢(&))u = 0, / ') dt = o, [ * o(t) dt

< o. There is an extensive class of equations of the form (2) of Sec. 14
which escape the previous analysis. A simple example is

) u"-—(1+§‘;¥)u=0, s <a<l
Here

*|sin ¢ “ldsint
(2) / —t';—- dt = o, / Ei—t;— dt = o

Let us now present a method based upon the connection between the
equation

3) w — 1+ ¢M)u=0

and the Riceati equation

©)) v+ = (14 ¢@1) =0 v=

SR

Setting » = 1 + w, we obtain for w the equation
(5) w = —2w — w? + ¢(t)

We know that there is a solution which approaches zero as { — «. Let
us obtain an upper bound for this solution in terms of ¢(f). We have

6) w = [) ‘et g(ty) dty — ﬁ) L emrew(ty) diy
where for convenience of notation we represent the lower limit as zero.

It is no loss of generality to assume that |¢(f)| < efor? > 0. Using the
method of successive approximations, we set
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M wo = ﬁ: e~H= g (L) di,

t
Wny1 = /; e 2= (Ey) dby — /: e~2U—twi(ty) di

Employing the bound for ¢(), we have |wo| < ¢/2. Hence, if |wa| <
we have

(8) [waa] < ﬁ)‘ e~2 (8| dby + € ﬁ)t e~ 20—ty gty
<€ ¢’
SgtySe

for e < 1. The inequality thus holds for all n.
From (7) we ohtain

9 [wnps| < /: e | (6)| dty + e _Lt ¢t a, | dt,

Let us show, inductively, that |w,| < 2 [) ‘e = (8y)] dty, if € is suffi-

ciently small. The inequality is certainly true for n = 0.
From (9) we obtain

(10) l’w"+1| S /(‘)t e~(t-—t1)|¢(h)| dtl + % /(;t e ~2(t—t1)
(ﬁ)“ 21| (8) | dtz) dty
< ﬁ) Lo | ()] dty + 2e ﬁ) o ( ﬁ) " e (ty)| dtz) dty

The second term on the right is
(1) 2 [ [ [0 “ o2 g(ts)] dtz] dty = 2ec [) Ll — t)er| ()| dia
2 [t e |a(t)] di.
< 2 L o | (1) dt

Consequently;

(12)  Jwanl < [ e lo@)] dt + 26 [ lg()] dt
<2 L et |g(ty)] dty

if e < 14,

It is easy to show, using the methods we have developed previously,
that w, converges to w, a solution of (6), which satisfies the inequality

(13) [wl < 2 [ ee-|o(t)] dis

Using Schwarz’s inequality, we obtain

(14) wr < 2 ([ e an) ([ eewerw) dtx)
S 2 ﬁ: 6'—“"")952“1) dtl
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Returning to (6), we obtain
15) w= L b2t g(1) dty + O ( /o b o2t [ L h (19 32(2,) dtz] dtl)
= /: e—-2(t-—ln)¢(tl) dti + 0O (ﬁ: 6—(t_t')¢2(t1) dtl)

Since w//u = 1 4+ w, we see that it is the behavior of _/; " w dt which
determines the asymptotic behavior of u. Using (15), we have

(16) ﬁ) Pwdt = ﬁ) ‘ [ L " g2t g (1) dtz] dts

+0 ( L ! [ ﬁ) " =t g2(1,) dtz] dtl)

Interchanging the order of integration in both integrals, we obtain
an  [fwdn =15 [[ e da 35 [[ e o) dn
+0 ([} #°(ta) da)

Since ¢(f) — 0 as ¢t —> « and T ) dt < o, we see that
0

(18) w=exp (t+14 [} 6t dts + e1 + o(1))

ast— .
The asymptotic behavior of a second linearly independent solution may

be determined, as usual, by using the second solution u; = u ﬁ ® dt/u’.

Alternatively, one may consider the equation derived by seilling v =
-1 4w,

(19) w = 2w — w? + (i)

The corresponding integral equation for solutions tending to zero is
(20) w = /: ® e (1) diy — ﬁ ® er-tow(t) dt,

The final result is
Theorem 12. If
(21) (@) ¢(t) > 0ast—
®) ﬁ) e ) dt < o

there are two solutions of "’ — (1 + ¢(f))u = 0 possessing the asymplotic
forms
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(22) w = exp (¢ + 35 [ o) dt + o(1))
Uz = exp (—-t — 13 ]: o(t) dt + o(l))

ast— o,
Exercise

Use (20) to derive the asymptotic form of us.

16. The Equation «” — (1 + ¢(t))u = 0, f " |¢@)|rdt < . The

method employed in the preceding section is applicable to any equation
of the form

1) v — (14 ¢®)u=0

where ¢ —» 0 as {— « and [” |¢p|"dt < « for some n > 0. In prac-

tice, however, the algcbraic complexities become overwhelming. We
shall content ourselves with stating the result for n = 3 and leaving the
proof as an cxercise.

Theorem 13. If

(2) (@) ¢(t) > 0ast— o
®) [ le@lFdt <
there are two solutions of
3) ' — (14 ¢(®)u=0
possessing the asymplotic expansions
@ w=exp (t+ 235 [[ 6t dt
’ — 15 [} 6 [}7 dteer dts dta + (1))
Uy = exp (—t — 15 /Ot o(ty) diy
+ 35 [} 8 [ (et dty dta + o(1))

It appears to be impossible to transform the double integral into any
simpler form involving single integrals. We would expect this term to

behave like ﬁ, ‘ ¢2(t1) di,/8, by analogy with the expansion

() [ VTF oW =i+ 3 [Fot) = 36 [ 62 dbi+ - -

In any specific case, such as ¢ = (sin t)/4/%, integration by parts is
readily applicable.
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17. Extension to Higher-order Equations. The essence of the above
method lies in the fact that the substitution

!

) v=2

transforms the linear equapion

(2) u™ 4+ a;(uD 4 ¢ - - Fa.(u =0

into a nonlinear equation of the (n — 1)st order, of Poincaré-Liapounoff
type.

As an example of how the method might be applied further, let us
consider the equation

3) u® + a;(O)u® 4+ ax()u® + az()u = 0
where a;(f) — a; as {— . Setting v = v'/u, the equation for » is
“) v 4+ 3w + v} + a ()@ + v?) + a:()v + as(t) =0
Let r1 be a root of the algebraic equation
) r*4 ar? 4+ ayr +a; =0

and set v = r; 4+ w. The equation for w is
©) w” + 3w+ row + r + 3w + ay(®) (W + 3 + 2rw + w?)
+ 3rw? + w? + a:(t)r1 + a:()w + az(t) = 0
The approximating linear equation is
7 w’ + 3raw’ + 3riw + a:()w’ + 2ria()w + ax()w + 13 + ai(t)r?
+ az(t)rl + a;;(t) =0
The asymptotic behavior of the solution is determined by the algebraic
nature of the roots of

8) a2+ Bri+ aa + (3r} + 2ria1 + a3) =0

If the roots of this equation are distinet, with nonzero real part, the
familiar method of successive approximations may be used to obtain the
solutions of (6) and to ascertain their asymptotic behavior, provided that
various integrability conditions are satisfied, for example,

(9) [" lai — a,()|"dt <

for some n > 1. If there are roots with zero real part, we must have
recourse to conditions of the type of Theorem 10 of Chap. 2.

18. The Equation u” + (1 + ¢(f))u = 0. Résumé of Results. We
now consider the equation

n W'+ 1+ ¢@)u=0  ¢()—>0ast—
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whose theory is far more difficult because of the oscillatory behavior of
the solutions. There is no analogue here of the theorems concerning the

asymptotic behavior of 4'/u. However, if / ” |@(t)] dt < o, it follows
from Theorem 10 of Chap. 2 that there are two solutions of (1), satisfying

@) u = (sin )(1 + o(1))
uz = (cos £)(1 + o(1))

ast— o,
If we make the further assumption that ¢(f) has an asymptotic series

3) ¢(t)~§—;+f_:+.-.+%+...

then two solutions exist, u; and wu., having, respcctively, the forms, as
t— o,

n

) up = sint| 2 at™ + 0 |
k=0

U2 = COS t[ i bit~* + O(t—n—l)]
k=0

From Theorem 10 of Chap. 2, it follows that, if
®) f'" |¢'()] dt < oo
there are two solutions for which
©) ui=[oxp (5 [ VIF 6@ du) | (1 + o(1))
uz = [exp (=i [\ VIF 6@ dtr) | (1 + o(1)
as t— «. Consequently, if in addition
@) /  $t) dt < o

we can refine this to
. rt
®) w =[x (it 4§ [ o) au) | @+ oa)

'y — [exp(-a -1 [) Lot dzl)] (L + o(1))

If both / b l¢(8)] dt and / ® |¢’(8)] d¢ are infinite, the problem requires
more delicacy. In the next section we consider problems of this type.
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19. The Equation %" 4 (1 + ¢(f))u = 0 (Continuation). In the
previous sections we have discussed the asymptotic behavior of the solu-
tions of %’ 4+ (1 + ¢(¢))u = 0 under the assumptions either that

/” |¢(t)| dt < o and /w |¢'(t)] dt < o or that ¢ was a sum of func-

tions satisfying these conditions. If we consider the equation

) u~-(1+%t)u=o, 0<a<l

we see that these criteria fail and that more subtle techniques must be
employed.

To extend the range of our previous methods, we proceed as follows:
As before, the differential equation %" 4 (1 4+ ¢(t))u = 0 is trans-
formed into the integral equation

@) w=1v— ﬁ) "sin (¢ — t)b(t)u(ty) diy
where v = ¢, cos £ + ¢y sin £.  'We now iterate once, obtaining
t . 1.
B) u=0v— ﬁ) sin (¢ — £1) $(t) [v(tl) - L " sin (6 — t2) dlt2)u(ts) dtg] dty
=9 — [, “sin (2 — t)@(t)v(ty) diy
+ [ [sin ¢ = o) [ sin (0 — uty) dta | dty
Inverting the order of integration in the second integral, we obtain

() u=0v— ﬁ) “sin (¢ — )¢ (t)v(ty) dy
+ ﬁ) " (1) [ L‘ sin (¢ — &) sin (6 — £2)(ta) dtz] u(ty) diy

We now leave as an exercise the proof of the following theorem:
Theorem 14. Sufficient conditions that all solutions of the equation
w4+ (1 + ¢())u = 0 be bounded are that

5) (a) L‘ b(t) dts, ﬁ‘ #(t) sin 24, dty, and [‘ &(t)) cos 20, dty be uni-
formly bounded for to <t < «, and
®) ﬁ‘l #(ty) L‘ sin (¢ — &) sin (8 — ) d(ts) dts | dty < k < 1forall
t > to for some .

Ezxercises

1. Prove that all solutions of v/’ 4+ (1 4 sin af/t*)u = 0 are bounded
ifas2andb > 14.
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2. Prove that w” 4 (1 + sin 2¢/f)u = 0 has unbounded solutions, and
determine their asymptotic behavior.

3. Prove that all solutions of " 4 (1 4 sin {2)u = 0 are bounded
ifa > 1.

4. Prove the analogue of Theorem 14 for the general equation

u’ + (a®) + ¢())u =0
and for the vector-matrix equation 2’ = (4 + B(¢))2.

20. The Equations e(f)u”’ + 4 +uu =0 and v’ + a(t)u’ + u = 0,
Let us turn our attention to the two equations

1) eu’' + v +u=0
and
(2) uw +al)v +u=0

where ¢(t) > 0ast— o and a(t) —» © asf{— .

Comparing (2) with the corresponding equation where a(?) is a positive
constant, we should expect that every solution of (2) would approach
zero as t— o, and the more rapidly the larger a(f). We might also
expect to find a solution of (1) asymptotic to et ast— oo, if e(f) — 0 as
{— .

It is rather interesting to observe that the problems are equivalent,
since the substitution v = ve~* transforms (1) into

3) v”+(z(17)—2>v’+v=0
Consequently, if every solution of (2) approaches zero as { — « when-
ever a(f) — ® as {— =, there are no solutions of (1) asymptotic to e*;
and conversely, if there is always a solution of (1) which is asymptotic
to e as {— o for every e(t) which approaches zero as {— «, then
all solutions of (2) cannot approach zero as{— . An interesting clash
of intuitions!

Of course, using our intuition in a different way, we might suspect
that (2), for large a(f), would have solutions corresponding to the two
approximations

(4) uw' +al)u’ =0

a)’ +u =0
Hence, if a(t) -— « rapidly enough so that / * dt/a(t) < «, we should
look for a bounded solution, not approaching zero.
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The reader will find it interesting to apply the methods of the preceding
sections, in particular the Liouville transformation, to (1) and (2) to
determine conditions under which the various situations occur.
Ezxercises
1. Prove that, if a(¢) > O for all ¢ > 0, then any solution of
u' 4+ a(t)u =0
satisfies the inequality

ty s
ut < E p(ol“(t)ldt)

o) & a(t)
fort > 0.

2. If f ” la(t)| dt < «, all solutions of u’’ 4 a(t)u = 0 cannot be

bounded.
3. All solutions of d(¢(t)du/dt)/dt + a(t)u = 0 are bounded pro-
vided that a(t) > 0, ¢(¢) > 0, d(a@@)¢(t))/dt > 0,fort > to. (Butlewski.)

4. All solutions of d(¢(t)du/dt)/dt + z Agi1(H)ur*t = 0 are bounded,
i=0
provided that ¢(f) > 0, axt1(f) > 0, d(azni1¢)/dt > 0 for ¢ > t,. (But-
lewski.)

6. The equation %'’ — ¢(f)u = 0 can have no nontrivial solution
bounded for — o <t < o if ¢(t) > a>0for —0 <t < o, (Mur-
ray.)

6. If 0 <b?2< ¢(f) <a?for —wo <t < oo and if [Y{)] < ¢ for
—o <t < o, there is one and only one solution of v/ — ¢(t)u = Y(¢)
which is bounded for — o <t < «. (Murray.)

7. Consider the equation v’ + (a? + ¢(t))u = 0. Let a(t) be any
monotone increasing function such that a’(f) = O(1) as { — . Then

there exists a ¢(f) such that, for large ¢, ﬁ) " $(t) dt < a(t), and Tim (log
— o

|u|/a(t)) > 1/x. (Levinson.)

8. If |a(t)] < e1 for t > to, all solutions of u” 4 a(f)u = 0 cannot
belong to L*(0,x).

9. If |a(t)| < ¢1, with £ > to, then, if u belongs to L2(0,« ), du/dt also
belongs to L2(0,). The result holds if we require only a(f) < ¢i.
(Wintner.)

10. Consider the equation u'’ = f(u,t), where f(u,t) has the same sign
as u and is continuous for all u for ¢ > ¢, and where a solution is deter-
mined by the values of w and %’ at any point in the ¢ interval (¢, ).
Then only one of the functions u or %’ can vanish for ¢t > ¢ and only
once. Asi!— «, two cases are possible:
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(@) u— *  monotonically
() u and %' — 0, both monotonically, one increasing, the other
decreasing

(Kneser.)

11. If 0 < ¢1 < f(£) < ¢s, there is one and only one solution of " =
f(®)u which remains finite as { — o, and this approaches zero as ¢ — .
(Osgood.)

12. If f(u,t) is monotone increasing in « for u > 0, if f(0,) = 0, if
Sfu(u,t) decreases as u increases for v > 0, and if —f(—wu,t) has the same
properties as f(u,t), then every solution of u”’ + f(u,t) = 0 is oscillatory.
(Picard.)

13. Consider the equation u”” 4 d(t)f(u) = 0, where d(t) is positive,
continuous, monotone increasing, and bounded for ¢ > ¢, where f(u)
is odd and monotone increasing, and where |f(u;) — f(u2)| < e1jus — uql
for —a < uy, us < a, with @ > 0. Then the particular solution u for
which % = u; and du/dt = 0 at ¢t = t;, where |u;] < a and f(u;) = 0,
is oscillatory, and its amplitude decreases monotonically but does not
approach zero. (Milne.)

14. If ¢’(t) > Ofort > &y, if ¢’(t) is nonincreasing, and if lim ¢(t) = «,

t—

then every solution of w4 ¢(t)u = 0 approaches zcro as { — o, but
Tim |u(t) v/¢(f)] is positive. (Armellini.)
t— o

16. Is the condition that ¢(f) be monotone increasing to « sufficient
to guarantee that all solutions of w’ + ¢(f)u = 0 approach zero as
t— ?

16. Consider the equation "’ + ¢(f)u = 0, where ¢() > 0 for
a <t<b Let u be the solution satisfying the condition u'(¢) = 0,
with a < &, <.b and u(fy)) = 1. Then u may be written

_ e+
U=

where T = (t — t) /¢(s) and where s is a function of ¢ and where
to < s <t (Petrovitch.)
17. If ¢(¢) < 0, the solution in the interval between consecutive zcros
t; and ¢, has the form v =cos T, T'= (t — &) V —¢(s), i L s L La.
Hence t; = to — 7/2 v —¢(s), t2 = to + 7/2 / —¢(s). (Petrovitch.)
18. If ¢(¢) > 0, with ¢ > ¢, the general solution of v’ — ¢(t)u =0
has the form

U = cl[exp j: M(t) dtl] +- cg[exp L‘ A2(ty) dtl]

where A\; and —); are nonnegative and bounded if ¢(f) is. (Osgood.)
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19. If ¢(t) > 0 and is monotone, the amplitudes of the solutions of
uw”’ 4+ ¢(t)u = 0 vary monotonically, increasing when ¢(f) is decreasing,
decreasing otherwise. Furthermore, if ¢(¢f) remains finite as {— o,
the amplitudes remain above a certain bound depending upon u(0).
(Murray.)

20. If ¢(t) is monotone and tends to a® as { — o, then if

u + ¢()u =0
we have
lim max |u| = ¢
t— e 0<s<t
lim max |u'| = ¢,
t— o 0<s<t
and ¢ = ac;. (Ascoli.)
21. If ¢(f) is nondecreasing, max |u| is nonincreasing and approaches

a finite limit as {— o« ; max |u/| is nondecreasing but may approach
0<s<t

w0 as t— . If ¢(¢) is nonincreasing, the above results hold with u
and v’ interchanged. (Ascoli.)

22. If ¢'(t) > 0 and is nondecreasing for ¢t > t, and if ¢(t + 1/4/¢())/
¢(t) > 1 as t — oo, then every solution of %" 4 ¢(t)u = 0 approaches
zero as £t — «. (Biernacki.)

23. Show that the substitution 4 = r cos 6, with 8 = ¢f dt/r?, trans-
forms u'’ + ¢(H)u = 0 into d?/dt? — c*/r® + r¢(t) = 0.

24. If lim &(t + ¢//¢{))/é(t) = 1, $(t) — © ast— oo, thenif A(Z)

t— ©

is the interval between two successive zeros of '’ + ¢(t)u = 0, we have

lim A() vV é({)/r = 1. (Wiman.)
t—

26. Under the same hypotheses as in 24, any solution of "' — ¢(t)u = 0
satisfies the relation lim 4/ /u v/¢() = +1 or —1. (Wiman.)
t—

26. Consider the two relations
d*u du
(@) qE p1(t) ai p2()w — q(t) =0,¢ > %
d% dv
® G — 2O — palw — 9 > 0
where u(ty) = uo = v(f) and ' (f) = up = v'(f;). If there exists a
solution % of (a) which does not vanish for ¢, > & > &, then » > u for
t]_ >t > fo. (Wllkins)
27. Let the equation %" 4 p1(t)u’ + p:(t)u = 0 possess the property
that for @ < ¢t < b there exist solutions %; and u. such that u; > 0, and
w(uy,us) > 0, where

U1 u{
ug Uy
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Then if a function v vanishes for three points in (a,b), there exists
an intermediate point s such that v»”/(s) + pi(s)v’(s) + pa(s)v(s) = O.
Generalize. (Polya.)
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CHAPTER 7
THE EMDEN-FOWLER EQUATION

1. Introduction. In this chapter we shall study the important non-
linear second-order equation

d du
1) 7 (tn 37> t tur =0

This equation has several interesting physical applications, occurring
in astrophysics in the form of the Emden equation and in atomic physics
in the form of the Fermi-Thomas equation. There seems little doubt
that nonlinear equations of this type would enter with greater frequency
into mathematical physics, were it more widely known with what ease
the properties of the physical solutions can be determined.

Mathematically, the equation possesses great interest: it is a nontrivial,
nonlinear differential equation with a large class of solutions whose
behavior can be ascertained with astonishing accuracy, despite the fact
that the solutions, in general, cannot be obtained explicitly.

In order to isolate this large class of tractable solutions, we employ the
concept of proper solution, previously encountered in Chap. 5. We recall
that a proper solution is one which is real and continuous for £ > &.

Henceforth we shall confine ourselves to the consideration of proper
solutions_alone. In order to remind the reader of this fact, we shall
constantly insert this assumption into our hypotheses. This assumption
is a natural one as far as physical applications are concerned.

2. Some Preliminary Reductions. We now consider some changes of
variable which reduce (1) of Sec. 1 to simpler form.

If p > 1, set

(1) s=(p— 1)t} u= (p— 1)(p"ﬂ—2)/[(l’"1)(ﬂ-‘1)]§

The equation for v is

2,
@) %’—; + s =0
where
) =210 +3
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If p <1, set
@ s=(—p7 u= (L= ey
Then we have
L8
5) Py + s =0
where
_o+op
(6) o2 = 1 — p

If p = 1, set s = log{. The resultant equation is

d*u

— (e+Dsyn —
) ds te ur = 0
We begin then by studying the equation
d*u
(8) d7’ + tun =0

For certain values of ¢ and n, it is possible to reduce (8) to a nonlinear
equation with constant cocfficients and thercby open the way to the
application of the Poincaré-Liapounoff theory to the study of (8).

Let us try a solution of the form u = cf?, ¢ and w being constants.
Substituting, we see that there is a solution of this form if

) w=—0+2 |12)
| - (0’ + 2)(0- +n+ 1) 17(n—1)
¢ = ['l' —--_.(__._.___]3_2_____]

These equations are meaningless for n = 1, in which case the equation
is linear and amenable to the method of Chap. 6. We assume hence-
forth that our equation is actually nonlinear, that is, n > 1.

Referring to the value for ¢ given in (9), we see that in general real
solutions of this form will exist for the equation v’ — ¢t"u* = 0 ouly if
(¢ +2)(c+n+1) > 0. Whenever these particular solutions exist, we
shall see that they are not isolated curiosities but furnish valuable clues
to the structure of the set of proper solutions.

Since we are considering only real continuous solutions, the arithmetic
nature of n will have considerable influence upon the possible types of
proper solutions. It is clear that, in general, because of the presence of
the term w*, proper solutions must be positive. For certain values of =,
however, © may take negative values, namely, if n = p/q where ¢ is
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odd. We see then that for the equations where negative values of u are
permissible, either u» is always positive, or (—u)* = —wu». These simple
observations will explain our apparent prejudice in favor of positive
proper solutions.

We will say that n is “odd” if n = p/q, with p and q both odd, and that n
s “even’’ if q is even.

It will be necessary to divide the treatment of (8) into subcases, depend-
ing upon the sign, and the values of ¢ and n. As we proceed in this
chapter, we shall introduce one device after another up to a certain point,
after which these same devices will be used in unison. It is hoped then
that, after a certain amount of working and reworking of these sections,
the reader will be able to use this same limited number of techniques to
handle any cquation of similar type that may occur in theory or practice.

3. v —twu =0, ¢ +n -+ 1 <0, Positive Proper Solutions. Our
first result is

Theorem 1. Ifo + n 4+ 1 <0, all positive proper solutions of

(1) w' —tur =0
have one or the other of the following asymptotic expressions:
(n—

(2) u ~ [g‘.r_i%t_(‘{____'_i)_?i_l,)]v 1)t"[(a+2J/(n--1)l
or

~ o agt«r+n+2
or

-~ a;tta'+2 -

(4) ) U a2+[1+0(1)] (U+1)(0‘+2)

where a, and a, are arbilrary constants.

Proof. First of all, it is clear that 4 must be eventually monotone.
For if 4’ = 0 at &, u can only have a minimum at ¢, since 4" = tu* > 0.
Hence u is eventually monotone increasing or monotone decreasing.
Furthermore %’ is monotone increasing, since u’* > 0.

Thus there are three cases possible as { — oo

5) (a) v —>0
b) v —>a#0
@) w—

Case (a). If ' — 0, with %’ increasing, then 4’ < 0, and u is decreas-
ing. Hence u has a finite limit as { — «, since w > 0. Moreover this
limit is not zero. Forif w'(«) = u(w) = 0, we obtain from equation (1)



146 STABILITY THEORY OF DIFFERENTIAL EQUATIONS
(6) w(t) = — j: CWdl = — ﬁ ® foun dt

u(t) = —[”u'dt=([”f‘“tgundtl dt

Let u(ty) = 4 be small. Then since u is monotone decreasing,

N b =ult) = L” ([" toun cu,) dt < o ﬁo‘” (ﬁ“ 5 dty) dt

Since n > 1 and since ¢ 4 n + 1 < 0, this last integral converges, and
we have a contradiction for § sufficiently small.

Let then u(®o) = a3 %0, u(t) = as + o(1) as t— «. From (6) we
obtain

(8) W(t) = —ar [“ todt + o(1) ﬁ” to dt
= Ut+ 1 + o(l)trl—l
and thus
© u) = a; - 25, / L+ o(1))
_ azt
Ezercise

1. Using the method of successive approximations, show that a solu-
tion of this type exists for ¢ > &, provided that a. is suitably chosen.

Case (b). If v — a; 50, then u ~ayt as t — «. Using (6), one
then obtains (3).
Exercise

2. Under what conditions does a solution of this type exist?

Case (c). Referring to (9) of Sec. 2, we see that, if ¢ +n + 1 <0,
with n > 1, then c is a real constant for all n, so that a particular solution
of (1) is u = ctv, where ¢ and w have the values of (9) of Sec. 2. What
we wish to show is that this solution is representative of the solutions for
which 4’ — . To do this, we make the substitution

(10) u = ct*v
The equation for v is

(11) " 4+ 2uwty’ + ww — 1)@ —v*) =0



THE EMDEN-FOWLER EQUATION 147

Now perform the further change of variable, { = ¢*. The resulting
equation is

(12) %+(2w—1)%+w(w—1)(v—vn)=o

This equation will play an even more important role below.

Since # > 0 and ¢ > 0, it follows that ¥ > 0. Let us now show that
all positive proper solutions of (11) lie in the strip 0 < v < 1. Assoon
as v crosses v = 1 (it cannot be tangent to v = 1 without beingidentically
equal to 1), it must continue increasing monotonically. For if v' = 0,
we have v’ = —w(w — 1)(v — v*) > 0, and thus only minima can occur.
Furthermore any such » cannot approach a finite limit, since we shall
show below that if, as s— «, v — a, then a — a* = 0, which con-
tradicts » > 1 and monotone increasing.

This we prove as follows: Suppose v — a, with a — a® ## 0. Then
from (12), we have, as s — o,

d% dy
(13) a-s3+(2w——1)-gg—>cl;é()
Integrating, we obtain, as s — o,
dv
(14) T + (Qw — v ~ecis
Since » — a, this implies dv/ds ~ ¢;18, whence v ~ ¢;82/2, which con-
tradicts the boundedness of ».

Let us show that v — <« is impossible for a proper solution. Making
the substitution dv/ds = p, (12) becomes

(15) P2t ap + b — ) =0

where ¢ = 2w — 1, and b = w(w — 1).
Using Theorem 3 of Chap. 5, we see that, as » — «, either

(16) p ~ yre?™
where P is a polynomial in v, or
(17) p ~ vi(log v)™

If P(v) > — o asv — o, thenp — 0anddp/dv — 0. Turning to (15),
we see that this results in a contradiction. Hence P(v) — »© asv — o,
This, however, implies p > v? as v — o, which is not possible if v is a
proper solution, using Lemma 1 of Chap. 5. If P(v) is identically con-
stant, then it follows from (15) that k = (»n + 1)/2 > 1, and again we
have a contradiction. Similarly with (17).
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Hence we are left with solutions lying wholly within the strip0 <» < 1.
These solutions again must be eventually monotone, since any extremum
must be a maximum.

Consequently, as s— ©,v— 0 orv— 1.

The case v — 1 furnishes us with the remaining type of solution of
(1), that given by (2), while the solutions corresponding to v — 0 yield
the types already found. Incidentally this is another way of showing
that  — 0 is impossible, since the rate of decrease of the solutions of the
nonlinear equation (11) cannot be too rapid.

Finally let us note that we have made no use of the parity of n.

Ezxercise

3. Under what conditions do there exist solutions of (12) of the
specified type?

4. v —tur=0,6 +2 <0 <o+ n+ 1. In this case we show

Theorem 2. Ifo 4+ 2 <0 <o + n + 1, ecvery positive proper solution
of
) w —tur =0
has the asymplotic form

arfet a

(¢ + 1)( 1)(«7 +2)

Proof. We have again the same three cases:
@) (@ vw—0

) v —>a*0
() W — o

@ U=a+ + 0(1))

asl— o,

Let us first show that case (3D) is impossible. If ¥’ — @, then u ~ at,
and from (1)

(4) w' > aptetn
for a > a; >_0 and ¢t > &, whence integration yields
a?to+n+l

(5) u’>a_—_‘i'_n—+"i—cl—-)00

which is a contradiction. Similarly we show that case (3¢) cannot occur.
For v’ — o implies %' > a for large ¢ for some a, and hence u > at.
Reverting to (1), v > a™*", w' > (at/oc + n + 1)o7+l — ¢, > 8, for
some b > 0, and thus » > #+! for some b > 0 as{— «. Continuing in
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this way, we obtain u > ¢ for every N as { — «. Hence from (1), for
large ¢,

(6) w'’ > trur > ulte, e>0

as {— «. If u' is negative, u is decreasing and approaches a finite
limit; this is what we wish to show. Hence let us assume «' is positive.
If ¥’ is positive, we have from (G)

) w'u'’ > ultew

which upon integration yields %' > couts as t— o, or v > cu'tv
But this we know is not possible if u is a proper solution.

Consequently we are left with case (3a), where v’ — 0. In this case,
' must be negative for large ¢, since positive » implies, by virtue of the
differential equation, that '’ > 0, and hence that v’ is increasing. Once
it has been established that v’ < 0, it follows that u approaches a limit
as{— . The proof given in Scc. 3, (6) and thereafter, shows that this
limit is not zero.

Once this point has been settled, we may use the same iteration pro-
cedure as before to obtain the asymptotic expression of the solutions.

Exercise

Under what conditions does a solution of the stated type exist?

6. s +2<0,06+n+1=0, v’ —tu" =0. Once more we have
the same three cases as { — «:

1) (a) >0
®) w—a=0
@ W o

That case (1) is impossible, follows as above, with (5) of the previous
section replaced by

(2) w > arlogt — ¢y — o

To rule out w — « [Case (lc)], consider the equation obtained by
setting u = vt,

3) ' 4+ 2t — v =0
and then { = e,

d | d
4) d_si+a%‘”"=°
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Since v > 0, all solutions are eventually monotone. Using Hardy’s
theorem as before, we rule out v — . Hence v has a finite limit, which
can be only zero, as we see from equation (4). If v — 0, it has the asymp-
totic expression v ~ cie™®, with ¢; ¢ 0; hence u = vt ~¢, as {t — =,
That this constant ¢; is not zero may be deduced from (4), as we have
just done, or may be shown by virtue of the fact that ¢ + 2 < 0, as we
have done in the preceding sections.

It is important to keep in mind that there are these alternative ap-
proaches to the problem of determining the behavior of the solutions,
since in more complicated cases one of the approaches may fail.

Thus we have

Theorem 3. Ifo 4 2 <0 = ¢ 4+ n + 1, every positive proper solution

of

(5) u' — tour = 0
has the asymptotic form
anta-f—Z
(6) u=a-+ mmj (14 o(1))

ast— oo,
6.0 +2=0,u" —tur =0. We shall prove
Theorem 4. Every positive proper solution of

m ' —ur =0
has the asymptotic form

log ¢ \V*?
asl— .

Proof. Set ¢ = e*, obtaining
3) w —u —ur=0

Since u > 0, every solution is eventually monotone; hence u approaches
zero, infinity, or a finite limit. The only finite limit it can approach is
zero. Using Hardy’s theorem as above, we rule out 4 — « and hence
are left with u — 0. To determine the form, set 4’ = p, obtaining

dp "=
4) P, ~P—w= 0
and then u = 1/v. Discussion of the various possibilities results in (2).
We leave the details as an exercise.
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Ezxercise

Under what conditions does a solution of the stated type exist?

T.04+2>0, u — t7ur =0

Theorem 6. Ifo 4 2 > 0, every positive proper solution of
@) u’ —tur =0
has the asymptotic form
(2) U ~ ct—(e+2/ (n=D

Proof. All solutions are monotone as before. Set u = ct*v, where ¢
and w have the values given in (9) of Sec. 2. The equation for v is

(3) v” + (2w - 1)1}' + w(w — 1)(v — pn) —_ 0
For ¢ and n in the range considered, we have
4) Cw-—-1) <0< ww-—1)

Let us now consider the possible alternatives for v; we already have
v > 0. If v crosses v = 1, it must continue monotonically increasing,
since any turning point must be a minimum. That v approach a finite
limit greater than 1 is impossible, since any finite limit must be a root of
v —ov* = 0. Hence v— . We now investigate this possibility using
Hardy’s theorem. Setting p = v’, we obtain

dp oo —
(5) Py, — o+ b —v)=0

As v— o, we must have either

(6) ) p ~ ePpe
where P is a polynomial or

) p ~ vi(log )"

Evaluation of the constants shows that both cases lead to p > »'*,
with € > 0, as v — «. Since p = dv/d¢, this is impossible if we are
considering proper solutions.

Henceif v > 1, v— 1 as t — o, which yiclds (2).

Now let us consider the solutions in the region 0 < » < 1. From the
ultimate monotonicity of the solutions, v -0 orv—1lasf{— «. Wecan
easily rule out the possibility that v — 0. The characteristic roots of the
linear part of (3) are given by A = —w, —(w — 1). Since both are
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positive, it follows that v = 0 is a thoroughly instable solution and thus
that no other solution of (3) can tend to this as £ — «. Hence again
the only alternative is » — 1, which yields (2).

This concludes the discussion of the positive proper solutions of the
equation u”/ — °u™ = 0. Since all proper solutions are monotone, these
solutions are ultimately positive or negative. If u is negative, the ques-
tion arises as to the meaning of u». TFither n has a value which rules
out negative values, or (—u)" = 4w, in which case we can reduce the
discussion to the previous case or to the case still to be discussed where
w’ + tour = 0.

Ezxercise

Under what conditions does a solution of the stated type exist?

8. v +tuw =0,6+n+1<0,n“0dd”
Theorem 6. The proper solutions of

(1) w4 tur =0
possess one of the asymptotic forms

I 6t¢+2

2) u=c7_(a—|-1)(a+2)

u ~ csl

ast— o,ife+n+1<0.
Proof. At this point we introduce a new artifice. We have

(1 + o(1))

3) wu’ + truru’ =0
whence
u'? 3
4) =+ | ftww' dt = e
2 1

Integrating by parts,

w'? foyn+l i . unrt+t _
(5) —2—+~——-—n+l—uflt« s KA

Since ¢ < 0 and since n + 1 is even, whence u**+! > 0, this yields

(6) (@) w* < e
(b) {oyntl S c3

Hence

(7 lu| = O(t—ot~+)
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Returning to our original equation, we obtain
¢
8) u + fl trun dt = c4
The integral is

(9) 0 (f’ tog—no/ (nt1) dt) = () (f‘ {o/ vt D) dt)

Since o/(n 4+ 1) < —1, the integral converges. Thus u' — ¢; as{— 0.
If ¢s # 0, u~cit. If ¢z = 0, which is to say, if v’ — 0 as { — «, we
have, in place of (8),

(10) u’ /; * foun dt

]

Since u = O(t~/**tD) we have

(11) W =0 (ﬁ ® fopnes(net1) dt) =0 (]; g/t 1 ,u)

= 0 (t(a+n+1)/(n+l))

Ho+n+1< —(n+1), wecan conclude that u — cast— . If
not, then u = O(t*) for some ¢ > 0, whence, repeating the argument,

12) w=0(["tuw dt) =0 ( ﬁ " gbnne dt)

—_ 0(t¢+n+ 1—nt)

and so on, until the exponent is smaller than —1. Thusu— cgasf—> .
Both ¢s and ¢s cannot be zero, as follows from the argument of case (5a)
of Sec. 3. 'The more precise result of (2) may now be obtained by
jteration.

Ezxercise

Under what conditions do solutions of the stated type exist?

9. W +tour =0,0 +2>0,n40dd.” We now prove the following
important result:

Theorem 7. If o + 2 > 0, therc are no monotone solutions of
) u’ + trur =0

Proof. Let us consider the case ¢ +2 = 0 first. Assume that there
is a monotone increasing solution u, where w—>1 > 0, with { finite or
not, as t — «. Setting ¢ = ¢*, we obtain
) v/ —v 4o =0

We see that the only finite limit » can have isv» = 0. To show that
v — o is impossible, we use Hardy’s theorem as before.
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There remains the case v-- 0. Setting p = v’, we have
dp "=

3) Py, —pt+tv=0
We then let » = 1/u and use Hardy’s theorem to obtain the possible
forms of the solution as v — . In this way we see that no monotone
solution exists.

Subsequently we will examine the oscillatory behavior.

Now consider the case ¢ + 2 > 0. Take first the case where u is
monotone increasing. The limit must be infinite or zero, as we see by
considering the equation for v = u(et),

4) v — v eltlyn = 0
Let us consider the case u - « first. For { > &, we have from (1)
%) w < =t
or, integrating,
©6) W <o — (<o —logtife+ 1 =0)
o+ 1

If ¢ + 1 > 0, this contradicts v’ > 0 for ¢ > 0. If o + 1 <0, integrate
(5) between ¢ and «, obtaining

gotl

o+ 1

O W) = -

Integrating between ¢ and ¢, we have
8 > — tn7+2 >
(8) u(t) > G-$‘])-(O_ *_-I__—.‘Zj + ¢2 2 I, e>0

Returning to the original equation, we have
9) w’ < —fotne

and we repeat this process until 1 4 ¢ + ne > 0, which will imply
u’ < 0 for ¢ large, and thus a contradiction. The same argument shows
that u — ¢; > 0 is impossible, as we already know.

Now consider © monotone decreasing, with v > 0. Then % — 0 as
t— . Integrating the equation of (1) between ¢ and «, we have

(10) w |+ ﬁ *turdt =0
u = ft” trur dt > 0

which is a contradiction. Since n is odd, the case where v > 0 is equiv-
alent to that where v < 0.
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10. v +tur=0,04+2<0<o+n+1 20+n+3 <0. The
arguments used in this and the following section will be more complex
and detailed than those given previously. This seems unavoidable,
since the set of solutions is actually more varied.

Our first result is

Theorem 8. Ifoc 4+ 2 <0<o+n+landif 20 +n + 3 <0, with
n ““‘odd,” all proper solutions of

(1) ' + trur = 0
Q
have the asymptotic forms E \l*
(2) u o~ ct®
S2k tog, lor41 Sok4-1 ¢
or Fra. 1.
®3) U= ¢ — a1 A o(1)

(e+ (e +2)
Proof. Let us make the change of variable
(4) w = ct*v

where ¢ and w are determined by the condition that c¢t* be a solution
of (1). The equation for v(¢?) is then

(5) v + (2w — 1)v + ww — 1) —v") =0

where 2w — 1 >0 and w(w — 1) < 0. Consequently we write this
in the form

(6) v 4+ av — bl — o) =0, a>0,06>0

It is here 'ghat the condition 2¢ + n + 3 < 0 is used in an essential
manner.
Multiplying by v’ and integrating, we obtain

7 V' ¢ g . prtl v?

() —5+a 01) t+) ;{ﬂ“”‘g = €1
Hence |v| is bounded as { — o. From this it follows that
8) V2 < w, fom V"2 dt < o

From (6) we may then also conclude that |v"’| is bounded as { — .

Now let us show that the above conclusions imply that »* — 0 as
t— . Let us prove this by contradiction. Let [f2,t+1] (see Fig. 1)
be the nth interval, in which v > a. Since
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9 a’ z (tokpr — b)) < ﬁ)” v2dt < o
n=1
it follows that fwi1 — foe— 0. Similarly, consider intervals [sa,Sax+1],
in which v' > a/2. As above, ssy1 — S — 0 as k— o,
In the interval [su,f.] the slope of the chord joining PQ is

(10) m= 22 0'(0), s <0 < tu
tor — Sok
It follows then that
(11) Tim »”(8) = o
t— o

which contradicts the boundedness of [v”/|. Thusv' — 0 ast— .

Returning to (7), and using ﬁ,w v'2dt < «, we obtain

. 1’"+1 v2
(12) lim (ﬁ i~ 5) = o

Hence v —r as £— o, where r**'/(n + 1) — r?/2 — ¢; = 0. But r
must be a root of r* — r = 0, from (6), and consequently » = 0 or 1.

If r = 1, we have the desired solution of (2).

Let us then consider the case r = 0, where v — 0 and ' —> 0 as{ — .
The linear part of (6), v’ + av’ — bv = 0, has the associated char-
acteristic roots —w, —w + 1, the first of which is negative, the second
positive. Thus if v — 0 and if ' — 0, v ~ ¢ as t — . This leads
to the solution of (3).

Exercise

Under what conditions do solutions of the above type exist?

1. v 4+t =0,20+n+3>0,0+2<0<o+n+ 1. Repeat-
ing the preliminary reductions of the previous section, we have the
equation

(1) v =W+ e —v) =0, b>0,¢c>0

where b = 2w — land ¢ = —w(w — 1).

We begin by proving some initial results concerning the behavior of the
solutions.

Lemma 1. There are no proper solutions other than v(t) = +1 such that
either v(t) > 1 when t > ty or v(t) < —1 when t > t,. Furthermore there
are no solutions such that v(t) approaches 1 from below or —1 from above.
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Proof. Using the above methods, we easily dispose of the possibilitics
that v— «© or v - ¢ # 1. Consequently we are left with the casc
v — 1from above as{ — o, if we are considering the case v > 1. Setling
v = 1 + u, the resulting equation for u is

@) w —buw 4+ c[(n — Du+ O@wd)] =0

The characteristic roots of the linear equation cither are both positive
or possess positive real parts. Therefore v = 0, that is, » = 1, is an
unstable solution. This also disposes of the possibility that v — 1
from below as {— «. The argument for v(t) < —1 or v — —1 from
above is similar.

Lemma 2. If —1 <v <1, withv # +1, then

(¢ +2)
(n—1)

3) v~ cre™, w= —

ast— o,

Proof. No oscillatory solutions are possible, as we sce by looking
at the sign of v — v". Since v cannot approach I # 0 or 1, and cannot
tend to 1, it must necessarily approach zero as { — «. We can then
determine the behavior using the theory of Poincaré-Liapounoff or
Hardy’s theorem, setting » = 1/u.

Finally

Lemma 3. If v(t) is not of the above type, or +1, then as t — w, v(t)
cuts +1 infinitely often, and lim |v|

= o, i * ¥ v=1

Proof. Let us assume, without t t:+1 t’“ v=0
loss of generality, that v intersects ' : o ve 1
v = linfinitely often. Let {,} be the Fre. 2

sequence of intersections (see Fig. 2).
Multiplying the equation of (1) by v" and integrating, we obtain

v/z tas1 Lag1
@ Sl - [Ta=o
ts ts
Hence
(5) 2 [v"2(fusa) — 0'2(8)] = b L o2 di

g=1

Let us show that [) Tvrdt = o, which will show that v2(f,) — .

Assume for the moment that the integral is finite. Then we have from
(1), upon multiplication by »” and integration,
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©) wy [ (2 ) o
v 0 n+1 - 2)°%

This together with ,[o “v2dt < o would imply that |v| and |v’| are

bounded. From the differential equation we have that |[v’| is bounded.
But we showed in Sec. 10, relations (9) and the following, that these
facts imply that »’— 0 as t— «. This, however, contradicts (4),
which shows that v'(f,4+1)% > v'(;)2. Hence we have demonstrated that
[v' ()] = © as §— o,
Now let us show that the curve can cross ¥ = 1, without also crossing
v = 0, only a finite number of times. Consider Fig.3. At P, v'(t,) is very
large and negative, for #, large.

P Q =l Since v"'(f,) = bv'(f,), we see that
N~—" v/ is decreasing at P, whence it

i t;.H 2=0 is impossible, referring to (1),
v=-1 that v = 0 between ¢ and ¢,,. for

Tia. 3. 0 < v < 1. Similarly it follows

that the curve » = v(f) must cross

v = —1 and can return and cross v = —1 again only if |v| becomes suffi-

ciently large to counteract the v’ term.
This argument then shows that lim |o| = 4+ and completes the
t— oo

proof of the lemma.

Now that we have obtained this preliminary information, let us
attempt to determine the shape of the curve more precisely.

Let us first review what we already have derived. The shape of the
curve is as shown in Fig. 4. Furthermore we know that |v/(¢,)| — « as
s — o, and the argument immediately preceding shows that |v(r,)| —
as s — . We want now to establish the crucial

/ v li é\ r=1
: ' :
/la T, Te Ts41 \fs-l-l v=0

It —v==1

Fia. 4.

Lemma 4. {41 — 1, —0ass— .

Proof. The proof is broken into two parts. We first show that
T, — t,— 0 and then that r, — T,— 0 as s— . That T, —{,—0
is an immediate consequence of the fact that |o'(4,)| — « and of the
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monotone increasing character of v in the intervals [4,T,] for large ¢.
This last follows from (1), noting that 0 < » < 11in (¢,T).

Let us now turn to the proof that r, — T, — 0. Equation (1) may
be written

(M) %Z"i (e7")? = 2¢ce~24(p™ — v)v’

If ¢ < 7, then e % < ¢=2¢, Integrating (10) over (¢,r.), we obtain

(8) 2ce~%m /AR S i + vt < g—2bly'?
n+1 2 =n4+1" 2]~
Y B A
< 2o (n Fi732

pntl p?
TaFiT E)
This yiclds

nt 2 a1 2\ —3¢
ettt < g P Vs VT, VT <
9 Ve “‘v(n—}-l 5 n+1+2 <42
Integrate between T, and 7., obtaining

V2 / B e v? prtl v\ %
1 — b Ta) <L s S R SR
(10) - —e )< \GFT T2 arity) @

The lower limit may be taken to be 0, which, combined with the sub-
stitution v = vu, yields the result
MU=ttt 1 —uf\ M
—p— — du

G
n+1 2p7-1

(11) '\_/bi"c_ (1 — emdtm-ma) < v;[(n—l)/Z]ﬁ

Since v, — ® as s— «, wesee that7, — T, — 0 as s— .
Returning to the wu,t plane, and re-

calling that the ¢ coordinate in the w,t

plane is related to the ¢’ coordinate in

the »,t’ plane by the relation ¢ = ¢,

we see that if Fig. 5 is the graph of ~ 7, e (AR

the u curve in the u,f plane, then Fic. 5.

tiy1/ts— 1 as s — o,

Before continuing with the derivation of the asymptotic behavior
of the solution, we shall turn to the other ¢ ranges where oscillatory
solutions exist, and show that, in these cases, we also have t,4,/t, — 1
in the appropriate plane. Once this result has been obtained, a single
argument, yields the asymptotic behavior in all cases.

U,
w =0
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12, v’ 4 tur = 0,0 +2 > 0. We wish to show that in this case too,
referring to Fig. 5, we have

Lemma 6. ¢,.,/t,— 1ass— oo,

It is clearly sufficient to prove that r,/t, — 1, where r, is again the
point at which u attains its maximum, since a similar argument shows
that f,41/r» — 1, and then Lemma 5 follows. We begin by showing
that, if ¢ > 0, then

1) uptt > 77 urtl > ¢, >0

From the differential equation we derive

™ du'? " 2rsuptt
r2 - — IR I < s%s
(2) u'2(t,) ﬁ o dt 2/; tuudt_n+1

a .

Similarly, in the interval [r,_y,t,], we have

®) Wi 2 2,

and thus, combining (2) and (3), we obtain (1). Starting with
wu' 4+ turw’ =0
we now integrate between ¢ and 7, and use ¢, < ¢t < 7,,
2t° 2t
T At
From this we obtain, integrating between ¢, and 7.,

9 TlorvHl t(a/2)+1
(5) »\/m "”('(}“/2) +1 ,\/un-}-l _ un+1
—5— ]
< iy 26— 10

(u;H-I — un+l) S u/2(t) S (u:H'I — un+l)

or

®) \/T 1 — (t,/r,) @+ < 1 /‘
n+1 (@/2) +1 = /Dy n-r2 |, .\/1"__—,,[43

Since
@Dty a-i
(7) ,‘.t.r+2u:¢—1 —_ [,“r n—1 u,"+1]"+ 1

T, 0 ass— o, and (¢ + 2)(n + 1)/(n — 1) > g, the right-hand side
of (6) — 0 as s— o, and therefore ¢,/r, > 1 as s — =,

Let us now consider the case ¢ < 0,¢ + 2 > 0. The same reasoning
as used above yields the result

(8) Bt >ttt > ¢ > 0
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and its corollary that u, — « as s— «. Since (¢/2) + 1 > 0, we con-
clude easily from the above results (4), (5), and (6), appropriately
modified to take account of ¢ < 0, that again ¢,/7, — 1.

13. Asymptotic Behavior of the Oscillatory Solutions of v + {7u» = 0.
We shall now show how the preliminary result ¢,/7, — 1 may be used to
find the asymptotic form of u, and t,4+1 — t,. The argument is the same
for all cases, and we shall present it in detail for ¢ > 0.

From (5) of Sec. 12 we see, using ¢,/7, — 1, that

o </—01 dv/\/ftv_"_'_‘>

)
1 A T S\ e

In place of this estimate for the length of the total interval 7, — ¢,, which
we shall use below, we want first an estimate of { — ., where ¢, < ¢ < 7,.
Since we have from (4) of Sec. 12

(2 \/;

integration between ¢, and ¢ = ¢, 4 h yields

2 v du
3 h — :/2 ~ —
® N+ 1" ﬁ Vot —

Returning to the equation, —d(uw'?)/dt = 2t°uu’, set t = t, + h and
expand { about {,, obtaining

’
2 T:/2 ~ —-——:l_u;:_:r*‘—_._.
+1 urtl =yt

@ — & ) = 2l + hatp (1 + o
wheree = ¢(f) > 0ast— «. Now integrate between £, and ., obtaining

245ur+1

n+1
Employing the estimate for A from (3), this becomes

2{3urtt 20t2-1(1 + €) ™ , u dv )
12 = “laUs | ' n ———— ) di
© Wt =5 NI ([) Vuptt — oyt

Aruptt | 2otsi(1 4 ) urton

TatT N2/t DT

®) (L) =

+ 20t5-1(1 + ¢ f “hur’ dt
to

where

' . 1 TEHI/(n + 1)
@) K1=ﬁ,‘Vl‘”+’d”=n+1r[%2+(1/n+1)1
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The evaluation of the integral in (6) is performed by first changing the
independent variable from ¢ to % and then letting u = u,v.
We now have the equality
207uptt 1 a(l + &K, -
n-41 V2/n+1 Lo/ 2y —1/2

Similarly, from the other half of the wave, we obtain
2 o1 + &K,
C 4 2 — 7, n41 —
(«’) u (ts) n + 1 tuua—l [1 '\/2_/7?/—-*:‘ i tsrgﬁluﬁ’ﬁlw
Returning to equation (1) and the estimate for v, — ,, we may simplify
(8) and (9) as follows:

©)) w(t)? =

2 (1 + ¢K;
’ 2 oy ni-1 pl = —_
(10) w ()2 = P ourt [1 + LK, (7s ts)]
21e (14 oK,
= % gl —_ —
i Uy [1 tsl:z (te 73—1):'
where

an K= [t @ _ 1 TCHINL/ A D]
o V1I—v 2+ 1T+ (1/n+1)]
Since (r, — 1,)/7s is small, as is also (§; — 7s—1)/ts;, We write these rela-
tions in (10) in the form

2ty nt+1 7. — ¢ o Ki(1+€)/ K2
/ 2 — 8 “Ys 8 8
(12) Wty = 200 (1 T )
_ 2t:u;'+1 s ocK1(1+e) /K2
T n+ 1\t
Similarly,
2t¢run+1 Te—1 oK1(1+€)/Ka
1 ()2 = Leet | Ts
(13) u'(t,) n+1[t,]
Ience
n+1 oK1(1+e)/Ka
U, Ts
(14) 1= (uﬁ—l) (78—1
Multiplying over s, we obtain
(15) Uy = ;—vx1<1+e)/xal—l (";':_1)6. = proEVKatn4Dlter
Ts
8

where e2— 0 as{— . Replacing K; and K, by their numerical values.

(16) Uy = TEO/EBE
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From this, we obtain, returning to (1),

(17 fop1 — by = 1§20/ t8te
A further use of the above methods yields the precise results,

(18) Uy ~ clfa—d/(ﬂ+3j

furs — £, ~ 1 2 rd9r 1/ + 1) —20/(n+3)
a+1 72 \’n FIT[09) + A/m+ D™

where ¢, is a constant.

The same results hold over the other o ranges, and we leave their
derivations as exercises.

14. The Equations u” + ¢Mu» = 0. Since the methods we have
applied in the previous sections are equally applicable to the equations
w4+ eMur = 0, we shall state the results and leave the proofs as exercises.

Consider first the equation "/ + eMu* = 0, and define

(1) w= — A i c = w0

n —
Ezxercises

1. If X > 0 and n = p/q, where p and q are both odd, then all proper
solutions are oscillatory.

2. If A > 0 and n = p/q, where p is even and ¢ is odd, then the proper
solutions form a one-dimensional manifold, all asymptotic to —ce»t.

3. If n is irrational, or rational with cven denominator, there are no
proper solutions.

4. If A\ < 0and n = p/q, a rational number not of the form even/odd,
the proper solutions form a two-dimensional manifold with the parameters
a; = lim ¥, ao = lim (u — a).

t— | ]

6. Show that, under the conditions of Exercise 4,
u = ait + ao + (/z Tt — 8)er(ass) ds) (1 + o(1))

6. What restrictions must be imposed upon a, and a, if we wish solu-
tions which exist for 0 < ¢ < o ?

7. If A < 0 and n = p/q, where p is even and ¢ is odd, show that, in
addition to the above solutions, there is a one-dimensional manifold of
proper solutions asymptotic to —ce*".

In the following two exercises we consider the equation u”’ — eMu* = 0.

8. Show that, if A > 0, the proper solutions form a one-dimensional
manifold, asymptotic to ce*t.
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9. Show that, if A < 0, in addition to the above one-dimensional mani-
fold, there exists a two-dimensional manifold of solutions with parameters
ao and a, as above. If a; 0, we have

% = ait + ao + (/t b (t — s)er(ais)" ds) 1+ o(1))

What conditions must be irﬂposcd upon ap and a, if we want solutions to
exist for all ¢ > 07
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