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PREFACE

A “‘queue’” is a waiting line. Queues are commonly observed to form
before ticket offices, cafeterias, and bus stops. Thus, to have a queue,
one must have arrivals at a service facility where they often wait; for
example, at a doctor’s office to see the doctor in the order of their appoint-
ments. Telegrams are classified according to the order of their arrival
with priority assigned to regular telegrams over night letters.

Queueing theory is a branch of applied mathematics utilizing concepts
from the field of stochastic processes. It has been developed in an
attempt to predict fluctuating demands from observational data and to
enable an enterprise to provide adequate service for its customers with
tolerable waiting. However, the theory also basically improves under-
standing of a queueing situation, enabling better control. For example,
loss of customers at a grocery store because of slow check-out-counter
service may be remedied by rapid service at a larger number of counters.
To put this into effect does not require a theory. But to organize air-
port take-off and landing operations at a minimum inconvenience does,
because of the many factors entering the problem and the large size of
the operation. Thus, the theory provides one with predictions about
waiting times, the number waiting at any time, the length of a busy period
and so forth. These predictions help the manager of the enterprise to
anticipate situations and to take appropriate measures to alleviate conges-
tion. In addition it makes both manager and customer aware of a con-
stant need for new ideas to simplify the complications of modern living.

Among the important problems arising from overpopulation (this
Malthusian concept is nowadays referred to as the population explosion)
are the food and housing problems, the great demand for service in a
system, and the ability of people to live with this congestion. The last
point is an aesthetic one; the first is an economic one. However, it is
the sccond point that concerns us in studying queues. How should one
organize congestion situations to minimize the resulting losses in time,
inefficient operation, and more generally in investment of effort and
capital?
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The subject of queueing is not directly concerned with optimization.
Rather it attempts to explore, understand, and compare various queueing
gituations and thus indirectly achieve optimization approximately.
The fact that many people who provide public service should make
greater efforts to appreciate the delicate nature and effect of queues is
demonstrated by the following letter to the editor of the Washington
Post:!

1t must have taken some high-level planning to close one inbound lane
of Memorial Bridge [a six lane bridge] for stripe painting on one of the
heaviest traffic days of the year, the day before Easter, thereby decreasing
the flow by one third. Just back up one car out of three by one car length
and multiply by several thousand, the last car would be somewhere in the
neighborhood of Falls Church [seven miles away].

It seems to me the Great White Father in charge of painting white
stripes could have painted this bridge earlier and used Saturday to paint
some side street, of which I am certain he would have no trouble finding,

In passing we point out that the methods of queueing are analytic
rather than synthetic. The synthetic procedure is used to integrate
ideas and give direction to analytic research on new problems.

The principal purpose of the book is to produce a general text and a
summary of scattered papers and monographs on the subject of queues.
Secondarily, it includes a wide bibliography and indicates some unsolved
problems. It also includes a descriptive introductory chapter most of
which is aimed at the layman. Many ideas are illustrated with examples,
and a number of exercises are intended to fill in some of the omitted
detail and develop results along indicated lines.

While the book is intended for graduate students with a good back-
ground in basic calculus, probability, introductory complex variable
theory, and matrix theory, it can also be used by research workers who
require a ready access to the subject of queues, its ideas and methods.

The contents havg been divided into four parts. The first part, which
contains the first three chapters, gives basic material on queueing con-
cepts and methods and on probability theory. The second part contains
two chapters. It specializes in Poisson queues which, historically, com-
prised the first analytical treatment of the subject by A. K. Erlang of
Copenhagen. The third part, consisting of five chapters, is concerned
with non-Poisson queues, which are studied mostly for cases in which
statistical equilibrium has been reached. Chapter 9 is particularly con-
cerned with the study of waiting times. The fourth part also contains
five chapters and is concerned with the effect of various queue disciplines,

! Bridge Blunder, letter to the editor, Washington Post, Apr. 21, 1960, from Joseph
M. Wray, Alexandria, Va.
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special networks of queues, and a variety of queueing phenomena. A
chapter on applications and a chapter on renewal theory are also included
in this part. A brief look at some problems which require formulation
precedes the bibliography.

It was felt that the varied material of Chap. 2 would be more stimu-
lating to the reader if it were placed before the more formal presentation
of the material in Chap. 3. In addition it exposes the interested reader
to a variety of concepts early in the book and may increase his desire
to go on.

It will be clear that sometimes we refer to the arrivals to a queue as
“units,” “items,” ‘‘calls,” and ‘“customers.” The ‘service time” is
sometimes called the ‘“holding time.” An input source or sources of
customers are populations from which customers arrive into the system.

Generally, the notation used will be clarified when it is introduced.
Most notations are used often enough so that the reader should have no
difficulty with them.

I am indebted to Dr. George Morgenthaler for a critical review of the
first version of the manuseript, to Dr. Ryszard Syski and Dr. Eric Wol-
man for their helpful suggestions and proofreading, and to Dr. Leila
Bram and Mr. Alexander Craw for help and comments in proofreading.

Thomas L. Saaty
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ESSENTIAL SYMBOLS

X, Y, 2
Sa

GI

o(t)
M(t)
E[ ]
C,

e

L EE

2

X,
F(zpt)

)

P 4]

(n)
)

s

Usually used to denote general random variables

Denotes the nth partial sum X, + - - - + X,

Refers to Poisson-distributed times or to expo-
nentially distributed intervals

Refers to a general distribution

Refers to a general distribution with independence
assumptions

Refers to a constant distribution

Characteristic function of a random variable

Generating function of a random variable

Expected value

Coefficient of variation of variable ¢

Standard deviation and o algebra; ¢, is standard
deviation of p

rth moment about an arbitrary point

rth moment about the origin

rth cumulant

Definition sign

Used to denote Laplace transform

Used to denote Laplace-Stieltjes transform

Often refers to a time interval

Kronecker’s delta

Stochastic process

Cumulative distribution of the random variable X
at time ¢

State j of a system of states

Matrix of transition probabilities

Transition probability from state E; to state E;
at nth transition time

Probability that, starting with state E; at time
zero, the system is, for the first time, in state
E; at time n

Mean first-passage time from E; to E;

Xl
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p(J,t3%,8)
A(b)

a(t)
B(t)
b(t)
B(s)
Any Ba

q
Pu(t)
P.(t)

On

P(2)
P(zt)

w T > O

8z

t
Un = 8 — tp

W)

w,(t)

Probability of being in state E; at time ¢, having
been in state E; at time s

Cumulative-interarrival-interval distribution

Corresponding density function

Cumulative-service-time distribution

Corresponding density function

Laplace-Stieltjes transform of B(t)

Parameters appearing in birth-death-process equa-
tions

Random variable of the number of units in queue

Generally the probability that there are n units
in a system (in queue and in service) at time ¢,
given that there were ¢ units in the system at
t=0

Same as above with ¢ suppressed; also the proba-
bility of finding exactly n channels busy at time ¢

Steady-state probability of having n units in the
system; also used to denote discrete probability
density

Steady-state probability of a single-channel system
being in state E, at times before service begins
or after it has just completed service

Generating function of probabilities, usually of p.
but sometimes of =,

Generating function for P,(t)

Number of channels

(Sometimes 1/a) arrival rate

(Sometimes 1/b) service rate

Number in a batch (mostly in Chap. 7); parameter
of Laplace transforms in other chapters

Random variable of the waiting time in line of the
nth item

Random variable of the service time of the nth
item

Random variable of the interarrival time interval
of the nth item

Traffic intensity or utilization factor, usually the
ratio of the input rate to the service rate

Average number in system

Average number in queue

Waiting time in queue at time ¢ (it is a deterministic
function, not a probability distribution)

Waiting-time density function of (n + 1)st item



P(w,t)

P(<t), P(w)

Pt =0)
Pt > 0)
w(t)

v(8)
v(3,0)
w

W,

W,
G(x)
r'(k)
T'(s)
U(un)
pm(t) dt

fa(®)

P, (2)

P(nl,...

’nk ;t)

ESSENTIAL SYMBOLS b.4'4

in the system; W,(t) is the corresponding cumula-
tive distribution

Cumulative distribution of waiting time w in queue
at time ¢; as t —» o this has the limit P(w) if it
exists

Cumulative distribution of waiting time in the
queue in the steady state [It is a historical abuse
of notation to use P(<t). Thus, P(<{) is the
same as P(w). Note that because we compute
expressions of the form P(t = 0) and P(t > 0)
we have retained old notation.]

Probability of not waiting in queue

Probability of any waiting in queue

Density function of the waiting time in queue,
that is, w(t) = dP(<t)/dt

Laplace-Stieltjes transform of P(<¢)

Laplace-Stieltjes transform of P(w,t)

Average waiting time in the system

Average waiting time in the queue

Average waiting time in queue of pth priority

Cumulative distribution of a busy period for M/G/1
it Chap. 8

Gamma function

Laplace-Stieltjes transform of G(x)

Cumulative distribution of u,

Probability that the busy period will terminate in
@t t+dt) forGI/M/1

Probability that, among n items waiting at any
time, a given item will wait subsequently for
time ¢ when items are selected for service at
random

Probability of n first-priority and m second-priority
items in the system at time ¢ in a preemptive-
priority queue

Probability that for ¥ channels in series there are
nj (j=1,..., k) items waiting in the jth
channel at time ¢, etc., with p(ni, . .. ,m)
for steady state






PART 1

STRUCTURE, TECHNIQUE, AND BASIC THEORY

CuapPTERS 1 TO 3

In the first.chapter of Part 1 of this book we give a qualitative
structure of queues based on the developments up to the
present and on extrapolations of these developments, along
with many illustrations. In Chap. 2 we give an introduction
to different models, the use of statistics, quantitative decision-
making criteria, and Monte Carlo analysis of queues.
Chapter 3 gives fundamentals of probability and stochastic
processes, particularly Markoff chains and processes.






CHAPTER 1

A DESCRIPTION OF QUEUES

1-1. Introduction

In this book we present the existing theory of queues (waiting lines)
within a structural framework and emphasize different mathematical
models and useful methods of solution with applications of various ideas
to several activities such as telephone traffic, inventory, machine repairs,
dam operation, aircraft operation, and others.

In this chapter, in a painless descriptive manner, a structure for queues
is presented. Chapter 2 is an introductory, technical chapter, with a
variety of ideas for the interested reader. The following three chapters
give ideas of the theory (mostly probability) and the mechanics (mostly
mathematical analysis) involved in solving queueing problems. In
fact, Chaps. 4 and 5 specialize in Poisson queues. Other parts of the
structure are then studied in Chaps. 6 to 13, followed by Chap. 14 on
applications. Chapter 15 is concerned with renewal theory. A compre-
hensive bibliography is then given.

Because of the limitation of available techniques, it is natural that the
material in Chap. 1 should be more extensive in ideas than the representa-
tion provided in the rest of the book. However, progress in queueing
research is rapidly providing many of the missing links toward a coherent
representation of the structure outlined and even beyond.

‘A queue, or a waiting line, involves arriving items that wait to be served
at the facility which provides the service they seek. ! Suppose that the
facility is a check-out counter at a grocery store. Iﬁhe line is long, cus-
tomers may become impatient and leave, thus causing a loss in profit.
The owner of the facility may decide that investment in another check-
out counter is worthwhile because its cost is offset by the profits taken
from the impatient customers, more of whom now remain to be served.
In this manner, one introduces optimization into queueing theory.[' In
general, unlike optimization theory in which the main concern is to maxi-
mize or minimize an objective function subject to constraints, queueing
theory is mostly a mathematically descriptive theory. [t attempts to
formulate, interpret, and predict for the purpose of better understanding
of queues and for the sake of introducing remedies/

3
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The reader might reflect on how often and how long he is made to wait
or is delayed in queues in his day-to-day activities. He waits for trans-
portation, for food, for the doctor, in an airplane waiting to land, at the
theater, etc. Then, from a practical point of view, he might roughly
compute how long, on an average, he waits per week in all the congestions
he meets. Extended to a total for a lifetime, the amount of time wasted
in queues is appalling. If one is not properly occupied, many queueing
activites amount to an appreciable depreciation of the enjoyment of life.
But by anticipation and good planning the agony and waste of queues
could be minimized.

That queues are inevitable and are here to stay is a corollary of the
increase in population. The more individuals that there are demanding
a certain type of service (whether in the theater or in city traffic), the
longer the waiting line. This demand is rising with increasing popula-
tion; therefore the total amount spent in queues in a lifetime is an increas-
ing function of time. Of course, one might proportionately increase
service, but the costs are frequently prohibitive, e.g., widening city
streets to allow for increased traffic. Projected planning could anticipate
some of these difficulties by allowing for an increase in population.

Most queueing systems involve human beings. Studying causes and
remedies of queueing problems cannot be completely divorced from con-
sideration of human factors and their influence on the problem. Nor
can remedies be applied without regard to the fact that it is the people
using the facilities who matter in the final analysis.

While built-in queues, or planned queues, are a well-known feature of
city life, they are also indispensable in introducing order in the various
phases of mass production. The presence of a queue can be a good or a
bad recommendation for a public facility. For example, at times it is
commonly understood that regular queues before a theater or a cinema
are one sign that the show is worth seeing and that a feature which is
easily accessible is not. Thus, to find a good show, look for the larger
queue. On the other hand, some of the most persistent and exasperating
queues are bus queues. They are sometimes but a little removed from
the chaos which they are set up to avoid. Many queueing places are
served by more than a single bus; consequently, when two or more buses
arrive simultaneously there is a scramble and a general disintegration of
the queue. If the buses become full, the rejected rider has great difficulty
finding his rightful place in the queue and frequently must queue up all
over again.

Waiting for the doctor on the basis of a schedule designed to accom-
modate both doctor and patient would be very desirable. Frequently,
the patient’s loss of time comprises a greater social and economic loss
than that of the doctor. If it is observed that the schedule of appoint-
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ments is carefully developed after some study, it could add to the prestige
of the doctor. It would, at least, point to the high regard that he has
for his patients’ time.

There is need for both the “queuee” joining the waiting line and the
“queuer” who organizes it to understand and anticipate queues and their
subtleties., Often the queuee would benefit by knowing that the line in
which he waits has been optimally designed to minimize his wait indi-
vidually or as a member of a group, and the queuer would know better
how to plan for the queue associated with his activity. The most
significant queue of all is the life queue, i.e., birth-life-death cycle with
life as the waiting aspect. In a sense, then, queue consciousness becomes
a consciousness for planning toward better living.

ISome general types of queueing phenomena to which the ideas of this
book have applicability are in the fields of communications traffic
(telephone, telegraph, post office), transportation traffic (air, land, sea),
queueing for service (theaters, restaurants, buses, hospitals, and clinics),
inventories and industrial processes (maintenance, assembly lines,
machine interference), physical processes (operations of a set of dams,
particles moving through a hole), epidemic processes in biology, popula-
tion growth, even refereeing papers for publication, psychological flow
of nervous impulses, ete.{

1-2. An Illustrative Example and a Numerical Illustration

Many of the ideas arising in queueing theory can be illustrated in one
important example: take-off and landing of aircraft at a metropolitan
airport—an operation of interest to a large number of people who use the
facilities. For emphasis, the queueing terms illustrated by this example
are italicized in the next paragraphs.

The airport is assumed to have several runways (parallel channels)
used for take-off and for landing. These runways lead to a smaller or
larger number of paths ending at the terminals (channels in series or
queues in tandem). After an aircraft, which arrives according to a cer-
tain arrival distribution, lands, it joins the queue of aircraft awaiting
service (movement) on a path to the debarkation point. Thus, the
output of one queue becomes the input to another. The waiting line
itself is both on the ground (take-off of aircraft) and stacked in the air
(landing aircraft). Both these queues have input distributions. Land-
ing aircraft may arrive in batches where the members of each batch must
be spaced for circling over the airport and landing in order. (In case a
runway is very wide it is not difficult to conceive of aircraft landing in
batches.) The duration of the service operation (landing or take-off
time on a runway) is about a minute. In any case, there is a service
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distribution, and if different types of aircraft are allowed to use different
runways, which may be larger for jet aircraft, for example, the service
distribution may vary from one runway to another.

It is essential that an appropriate measure of effectiveness be chosen
for the selection for landing. For example, if it is desired to minimize
the total waiting time of individuals, it may be more desirable first to land
those aircraft with the greater number of passengers.

An informal type of priority system is often used whereby a circling
aircraft is allowed to land prior to take-off of waiting aircraft. This
priority system is further extended to emergency cases where a late-
arriving aircraft is allowed to land first for urgent reasons. Frequently
jet aircraft, because of limited fuel capacity, are given landing priority.
Sometimes, by the nature of the holding pattern, an arriving aireraft,
having joined the queue of stacked aircraft waiting to land, is chosen at
random for landing (a form of service priority). Thus the aircraft
which is nearest to a point where it can leave the pattern will be given
instructions to land. Between being given the priority for landing and a
“clear to land’’ instruction, an aircraft moves from the stack to the
“landing aid.” The time used is known as the “approach time.” The
“landing time” is spent in the landing operation until the aircraft turns
off the runway.

A circling aircraft may be in a quasi emergency with others that are
in actual emergency and decide to join a shorter queue at a nearby airport
and land there. An arriving aircraft may decide not to stack and goes
(balks) to another airport. This aircraft is then said to be “lost” to the
airport—as distinguished from being delayed; or, after joining the queue
and waiting longer than desirable, it leaves (reneges) for the neighboring
airport. A landing aircraft may be considered to cycle when it joins the
queue of aircraft waiting to take off, again becoming an input item into
the system. If a landing aircraft has information on the size of the
stacked queue in a neighboring airport, it might join that queue; if it has
information on yet another airport, it might go there (a rare situation).
This moving back and forth when there are several lines is called jockey-
ing (queue-selection rule).

An airport may be temporarily shut down and arriving aircraft diverted
to another airport if the number of stacked aircraft reaches a prescribed
gize. The service operation may be speeded up by building “turn offs”
which make it possible for an aircraft to turn off the main runway at
high speed.

A fundamental problem in airport operations is that of communica-
tions. When the input both on land and in the air is large, the airport
control must communicate rapidly with the aircraft and obtain a response.
How many operators and communication channels there must be to handle
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various congestion situations which might arise is an important com-
munications problem. Here one must decide on an optimum number of
channels to service items arriving by a given distribution. One may
even compare the cost of an additional channel with the cost of increased
service at the existing channels.

The problem of having adequate waiting space for the queue is impor-
tant. For example, an essential aspect in airport design must be ade-
quate ground taxi-way for the aircraft ready for take-off.

For many queueing problems it is enough to know the input distribu-
tion, the queue discipline (e.g., random, ordered, or priority selection for
service), and the service-time distribution to determine the desired
measures of effectiveness. In other queueing problems one must have
additional information. For example, in the case of balking (reneging)
one must determine the probability that an arriving unit would balk on
(after) arrival and hence abandon the queue before (after) joining it.

From a theoretical standpoint, queues may be regarded in terms of flow
through a network connecting service points in series and in parallel,
as the situation may be. The flow is influenced by various phenomena
which can delay it, cause it to overflow, etc.

Consider the following simplified situation of a single queue as shown
in Table 1-1. For customer A the first row gives his arrival time and
the second row the elapsed time between the arrival of the preceding
customer and customer A. The third row gives his service time, and the
fourth row is the sum of the service time and waiting time of the previous
customer, minus the interarrival time of the customer whose waiting time
is being computed. Thus customer A would experience a wait equal to
the waiting time plus service time of his predecessor minus the arrival-
time interval of A. If the result is zero or negative the waiting time is
Zero.

TaBLE 1-1. SaMPLE QUEUEING Data

Chronological time. . . ... 012)6]11]12/19(22(26|36|38|45|47|49|52]61
Between-arrival times...| 0 | 2 | 4| 5| 1| 7| 3| 4|10 2| 7| 2| 2| 38| 9
Service time............ 51711 9| 2( 4| 4 3| 1| 2| 5| 4| 1| 2| 1
Waiting time. . ......... 0|36| 2110| 5| 6| 6| 0] O] Of 3| 5| 3| O

A considerably larger sample would be required for a statistically valid
study of an actual operation, but some important queue data can now be
computed. In the above example, of the total number of customers,
10 have waited. The average waiting time of those who waited is 4%{¢,
whereas the average waiting time for everyone is 4%{3.

The total idle time of the channel may also be computed. The
channel is idle and waiting for customer 4 if the interval between the
arrival of A and his predecessor exceeds the total wait in queue and in
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service of the predecessor. Thus the total idle time is equal to the sum
of the differences between the arrival interval of the present unit and the
waiting time plus service time of the previous unit whenever the difference
is positive. The fraction of time during which the channel is idle is the
ratio of the previous quantity and the total time of operation.

If the sample were large enough, the frequency of a single unit waiting,
that of two, etc., could be computed by counting the frequency of occur-
rence of single-unit waits, groups of two, ete. This gives the probability
of occurrence of these groups. A question which we shall ask the reader
to answer is: What use can one make of this probability ?

Another useful quantity is the probability of a given number waiting
at any time. Note, for example, that the fourth arrival waited with the
third arrival for one time unit and was then left to wait with the fifth
arrival for one time unit. This gives two groups of two units waitingin line.

The reader is urged to construct a diagram of horizontal parallel lines,
each corresponding to a customer and with lengths corresponding to the
duration of wait of each customer, over a base line which is divided
according to chronological time. Each line must begin with the arrival
time of the customer and terminate with the time in which he enters
service. In this manner the number waiting and the duration of wait of
this number can be measured. For example, the line corresponding to
the second customer extends from the second to the fifth time unit, and
that of the third customer extends from the sixth to the twelfth time unit.
There is no overlap between the two lines. However, the line correspond-
ing to the fourth customer extends from the eleventh to the thirteenth
time unit and overlaps by one time unit the line corresponding to the
previous customer. It overlaps the line corresponding to the subsequent
customer by an equal amount, etc. Thus, to obtain the frequency of
waiting of a group of two at any time, one takes the ratio of the total
number of time units in which a group of two waited and divides by the
total time. ,

Repetition of the above experiment with new data and table gives rise
to new situations. With sufficient repetitions for a practical case in
which measurements are taken, one can compute the probability of a
given number waiting at a given time; this is different from the previous
probability, which is given at any time. It is obtained by counting for
the many runs of the experiment the frequency of occurrence of a single
wait, groups of two, etc., at the prescribed time.

Thus we have three types of quantities to compute for the number
waiting. They are (1) the frequency of occurrence of a given group of
items waiting together (i.e., how often they occur), (2) the frequency of
occurrence of a group at any time, and (3) the frequency of occurrence
of a group at a prescribed time.
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In passing, we note that a queueing situation must be studied over the
period in which meaningful action is required with regard to congestion.
For example, at a restaurant congestions usually occur at noon and in
the evening. Sometimes it is of little use to study the two together
because of the different intensities in traffic and because of the difference
in its fluctuation in the two periods. If the congestion were independent
of the time of day (i.e., homogeneous in time), matters would be simpler.
However, caution is required in properly examining and sorting the
periods in which congestion occurs in a given operation.

As a final remark, note that one can also obtain the arrival and service
rates from the above data. If the data were more extensive, the dis-
tribution of arrival times and service times could be found.

1-3. Varieties of Queues

We divide a queueing operation into four parts: the input, the waiting
line, the service facility, and the output. With each of these is associated
a set of alternative assumptions concerning the queueing process, some of
which have been the object of research in the field, as indicated in the
historical background. Other assumptions lead to as yet unsolved
queueing problems which require investigation. We give a general
description of various queueing possibilites with some repetition of ideas
given in the previous section.

1. Types of Arrival and Service-time Distributions

Arrivals into a queue (which may have an initial number waiting
before the operation starts) occur by assumption according to a certain
frequency distribution, and so do the intervals between arrivals. These
intervals may be independently distributed for many application pur-
poses or may be dependent, as, for example, in the case of flow leaving a
traffic light. The same remarks apply to times of entry to service and to
service times.

2. Inatial-input Variations

The initial number in a system when an operation begins may be given
by a distribution because it is different for each complete run of the opera-
tion (e.g., from day to day). The input to a queue may be from a limited
or an unlimited population which may also consist of several categories
(populations) of customers, each of which may arrive by a different dis-
tribution, singly or in batches, and may queue in a prescribed order. The
input distribution may depend on the output distribution, as in a hospital
where patients are admitted if there are vacant beds.
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3. Customer Behavior

a. Balking. Customer behavior can vary. Arriving customers may
balk (i.e., not join the queue) because of the length of the existing queue,
or simply because they have to wait at all, and are consequently lost.
Sometimes they are lost because they have no opportunity to wait, as is
the case with a busy telephone signal (lost calls) although they can
reinitiate a call. It is also possible to hold such a call, delaying it until a
trunk becomes free. There may be a single line in which to wait before
going into service, or there may be several lines, as in banks or in super-
markets. An item may join the nearest line independently of its length.
If arrivals are designed to occur at constant intervals, they can, for exam-
ple, still occur sooner or later by a distribution about the arrival point as a
mean.

b. Influence of Incomplete Information. For many problems a
decision may be required as to which line of a multiple-queue operation to
join when information about only a few is immediately available—a case
of incomplete information. In congested traffic the lack of knowledge
as to which is the best route to follow without trying them all is also
“incomplete information.”

c. Customer Adaptation to Queue Conditions. On the basis of experi-
ence, passengers may learn to travel earlier or later to avoid intolerable
queueing, and such measures, when adequately studied, may even relieve
congestion. For example, ships approaching the Suez Canal can be
notified to slow down until the queue at Port Said is reduced to an
acceptable size. An item may join a large waiting line at closing hours
for fear that a short line which it encounters may be closed suddenly—a
familiar experience. But there are situations in which an item which
arrives before another must go into service before the following one.
There are cases in which each service facility has its own specialty and
consequently its own queue, as a stamp-sale counter and money-order or
special registry counter at the Post Office.

d. Collusion, Jockeying, and Reneging. Several customers may be
in collusion whereby only one person waits in line while the rest are then
free to attend to other things. Some may even arrange to take turns
waiting. Units may jockey from one line to another, as in a bank. A
customer may lose patience and leave the line, i.e., renege.

4. Queue and Channel Variations

a. Full or Limited Availability. Service channels may be available
to any unit waiting in a system (full availability) or may be available only
to some waiting units. Other units are blocked and must wait until a
channel that can provide the required service becomes available. In
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telephone link systems, whether one obtains a free connection depends on
whether a free inlet to the next waiting line can be combined with a free
outlet. The idea itself shows the need for economy in setting up possible
combinations. This is particularly true for some long-distance calls
which may have to pass through more than one switching center.

b. Service Procedures or Discipline. While in line customers may be
chosen for service by allocation to the channels in an ordered first-come—
first-served manner or at random, they may be assigned priorities with
errors committed when initially it is not clear which priority to assign,
or the priority assignment may change in time. Priorities may be pre-
empted if higher priorities arrive, or they may be allowed to finish the
service. Finally, items may be chosen for service on a last-come—first-
served basis. We assume throughout the book that, once a channel that
is able to provide service to a waiting unit becomes free, the unit immedi-
ately enters service without loss of time,

c. Pooling Queues. There are various ways of pooling queues.
Some result in a shorter average wait, particularly when the dispersion of
service time by a server before which a separate queue was formed is high.

d. Series-Parallel Facilities. A service facility may consist of several
channels in parallel, some of which may be in series with other channels,
or several parallel channels may all lead to one or more channels in
series. In the case of channels in series, a queue may or may not be per-
mitted before each channel. In a supermarket, an arriving customer
serves himself immediately on arrival and thus the number of service
channels (though not the number of check-out counters) varies with the
number of arrivals. All customers queue before the check-out counters
for a second service. A service channel can have varigus service dis-
tributions to use on different-category customers. Idle servers may be
asked to perform other tasks when the queue is empty; for example, in
machine repair, ancillary work is undertaken. This frequently depends
on the amount of service required, the capacity of the server, and the size
of the queue. The channel itself may move as a production-line belt
with a server to provide the work on units spaced along the belt.

e. Specialized Service Channels. Some of the service channels may
specialize while others remain general, as in certain air traffic facilities
where some counters are there to serve passengers whose departure time
is within a prescribed interval. Thus the arriving customer’s demand
for special service varies, depending on the length of the interval between
his arrival and the departure time of the airplane. Parallel channels
may all cooperate to serve the many needs of each customer. Customers
may cycle by returning to the waiting line for additional service.

f. Queue Interference. Two queues may interfere with one another,
as is the case if a single traffic lane on a part of a highway must be used
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by cars coming from either direction. Cars on one side must wait for a
car coming in the opposite direction to pass. If more cars arrive from
the same direction before a car goes through, generally they also attempt
to pass, most likely in batches. This could also be the case at the Suez
Canal, even though it is not the case at present. Ships pass according to
a schedule.

5. The Output of a Queue

The output of a queue may also be of importance, particularly when it
forms an input to another queue in series with the first one. Arrival and
service distributions may depend on each other. For example, correla-
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tion exists when service might influence arrivals and conversely. Thus,
in a set of competing identical enterprises, regarded as a set of parallel
channels, that enterprise which offers special and perhaps quicker service
obtains a greater influx of population.

These are some examples of various situations to which queueing theory
may be applicable. Later we shall examine many of these ideas.

Figure 1-1 is an abbreviation of many of the foregoing ideas. It
attempts to show the various possibilities that influence arrivals, the times
of arrivals, etc., the queue and the different types of queue discipline,
the service channels, and finally the output. Breakdown of queues is
also indicated as an antithesis to the operation of queues, since not all
queueing activities are in continuous healthy operation. The manner in
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which these concepts are related is by no means rigid. The reader might
make his own attempt at relating them.

1-4. Elementary Descriptive Analysis

In the first example of the next chapter we consider arrivals and service
at constant intervals. Although we consider all arrival intervals equal
and all service intervals equal, it is clear that this assumption is not neces-
sary to obtain the number waiting and their waiting time.

In general, however, no such designed regularity exists in queues. Cus-
tomers may arrive at random so that one cannot, in advance, be sure of
the exact arrival times. This is also true of the service times. As
customers wait, there is a probability at any time that a certain number
is in the line because the arrival and service times are now given proba-
bilistically; therefore only a general evaluation of the operation can be
gained by a theoretical consideration. From this, a specific customer can
have an idea of his average waiting time, for example, and the variation
about it.

It is clear that with each customer is associated a variety of chance, or
random variables. For example, for the nth customer we have a random
variable which describes the time of his arrival, another which describes
his waiting time, another his service time, etc. With a set of customers,
for each of the situations described, e.g., arrivals, we have a family of
random variables. Each random variable may have a different proba-
bility distribution (a characteristic of the nth customer) for each point of
time. Because of their dependence on time and because there can be,
at least in theory, an infinite number of them, these families of random
variables form stochastic processes. Thus a stochastic process is a family
of random . variables that depend on parameters. We have a single
parameter here, which is time. The study of queueing theory is con-.

cerned with finding distributions of various combinations (sums and
differences) of these réndom variables when enough information is given
about them.” The main problem is then (1) to relate the variables cor-
rectly 1 order to describe a queueing problem, (2) to derive the associated
distributions and determine their actual form by statistical measurement,
(3) to use the distributions for deriving useful measures, and (4) to apply
these measures to the improvement of an operation.

An interesting phenomenon of queueing theory is that of the depend-
ence of the various quantities involved on the time at which the system is
examined. For example, the number in a supermarket check-out queue
will be different 10 minutes after store opening from that after 2 hours.
At each time there is a probability distribution for the length of the
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queue or for the waiting time to assume any prescribed value. Thus
the resulting probability distribution will vary with time.

With the nth customer, then, there is a random variable that assumes
different values of waiting time with probabilities that depend on when
the queue is looked at. In time the system moves away from the initial
number at zero time which conditions the patterns (distributions) of the
queue. Later, the system may be rid of this effect (or of the effect that
there was nothing in line at the start) and operates with the influx and
efflux of customers establishing, ultimately, patterns that are independent
of the initial number present. When the initial effect is “worn off”” one
might expect to find the system with the same general pattern of proba-
bilities at one time as at any other time. Thus the pattern itself stops
changing predictably with time, and therefore the probabilities acquire an
equilibrium or a steady-state form.

Equilibrium may never be attained if, for example, the service time is
longer than the arrival time. Thus there is always the question with
queues as to whether these equilibrium probabilities actually exist, i.e.,
under what conditions the dsitributions associated with the queue be-
come independent of time. This is a question which will be of main
concern in some cases. In practice, many operations attain this equi-
librium status (approximately) and are therefore studied for equilibrium
solutions of the waiting-time distributions and the number in the system,
for example. Note that equilibrium means that the probabilities are
independent of time but not that the system becomes deterministic. The
queue continues to fluctuate but the distributions describing it are fixed
in time. One can compute averages, deviations, etc.

An illustration of the idea of a steady state may be given by an air-
conditioning unit with which we have had experience during the hot
season. This instrument is very old and is, therefore, very reluctant to
operate. The initial load is a shock to it. It starts with shrill noises,
vibration, and rattling. It gives the impression of recuperating after a
while, but there is a reluctance to move away from the initial state of
inertia. After a long while it begins to warm up, the noises subside, and
the vibrations are damped.

The air conditioner may never settle into a steady state of operation
but may continue in a transient state under the influence of the initial
condition. In hot weather, when it must work harder, this may be the
best that one could expect. Such may be the case with some queues;
depending on their input and service distributions and their initial state,
a steady state may never be reached.

Frequently it is easier and more practicable to assume that the behavior
of a queueis independent of time, and the problem is then studied in the



16 STRUCTURE, TECHNIQUE, AND BASIC THEORY

steady state. Steady-state solutions are not always adequate, and it is
often desirable to have time-dependent solutions.

Because of the likely similarities between customers, their arrival dis-
tributions and their service distributions are often assumed to be identical
and not to depend on whether a customer arrived nth or mth in time.
Many problems assume that in a small time interval it is not likely to
have more than one customer arrive. These various assumptions are
made depending on the practicality of the situation and how difficult it is
to find an answer.

As an illustration of relating some of the variables, we note that the
waiting time (when there is a line) of the (n + 1)st customer, w4y,
equals the waiting time of the nth customer, w,, plus his service time s,,
minus the arrival-time interval of the (n + 1)st customer ¢{,—the arrival
time of the first customer does not matter since he immediately enters
service; this gives

Wpp1 = Wa + S5 — ta.

Now each of s, and ¢, is given by a probability distribution and hence so
are w, and w,,;. One must determine these unknown distributions. It
is therefore essential to learn some of the elementary mechanics used in
probability theory in order to apply them here.

Note that, if there is no waiting room, arriving customers who cannot
obtain service will be lost. Note also that the service channels may be
complicated in structure, such as being combined in series and parallel.
The problem becomes still more interesting and useful.

An example of a useful quantity to compute is the waiting time. Now,
if the service is first-come—first-served, the waiting time in line of the kth
customer in line is the sum of the service times of the £ — 1 items in
front of him and the remaining service time of the item in service. Each
of these is a chance variable taking on values with probability distribu-
tions. The problem then is to determine the probability that the sum of
these variables will take on any specified value.

The waiting-time distribution is obtained by taking the probability
of n items in the queue and multiplying it by the waiting-time distribu-
tion of the nth item and summing over all possible values of n. The
average waiting time may then be obtained from the waiting-time dis-
tribution by averaging over time. These ideas are illustrated in Chap.
3. In passing, we note that, if customers are chosen at random, the
waiting distribution of the item which arrived after n — 1 others had
joined the line will be different from what we gave above for the ordered
queue.

In the case of analytical answers, there still remains a problem of how
to apply the results to a practical situation. For example, one problem
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may be to estimate the arrival rate and the service rate for a practical
situation, using the most likely values for these parameters in the equa-
tions. How should the actual measurements be made with a minimum
of error? If the equations, when available, are not solvable analytically,
one might attempt numerical solutions.

We have, so far, discussed the analytical approach, i.e., when it is pos-
sible to describe a queueing situation analytically and obtain also by
analytical methods useful expressions, such as the average waiting time
and the average length of the queue, from which many useful measures are
derivable. Irequently it happens that a queueing problem is com-
plicated and cannot be easily described by analytical equations which
can be manipulated to yield useful answers. The alternative method is
to simulate the system. This method is used much as was illustrated by
the numerical example, and numerical values for the waiting time, ete.,
are directly obtained. The experiment must be repeated sufficiently
often to obtain large samples and a variety of answers, which are then
taken together in some manner to obtain a value for what is desired.
This is a very useful method in practice whenever complicated problems
require immediate answers. However, there are pitfalls in the method,
and great care is required to obtain correct simulation with enough
samples and properly to combine the results to obtain an answer.

1-5. Measures of Facility Effectiveness and Some Remedies

Our study of queues is conducted through analysis of the various
queueing phenomena encountered. This direction of research to solve
queueing problems lies between a complacent, resigned attitude toward
congestion and the morphological approach. In the latter approach one
examines specific queues arising in practice and finds solutions by can-
vassing all conceivable courses of action, no matter how outlandish;
discarding the most unfeasible; and then, in Sherlock Holmes fashion,
adopting what remains, no matter how unconventional.

The latter approach is recommended for practical purposes. However,
it tends to be speculative. It requires our analytic approach to assess the
relative improvement produced by the new ideas. The two methods must
be combined for effective remedy of difficult queueing problems.

The theory of queues has proved to be of abundant application value,
as can be seen from the variety of types of problems to which it has been
successfully applied. This is partly due to the fact that one has a large
number of useful measures of facility effectiveness to use. In applica-
tion, care is required to select the appropriate measure to be used and
consequently the model needed to describe the operation from which such
a measure is derivable.
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Some malfunctioning queues receive little cure because of lack of better
measures required for their improvement. For example, one may decide
to control the input of a queue instead of speeding up service—or to do
both—thus restricting the capacity. In certain instances, because of
periods of heavy input congestion, what may be required is adequate
waiting room for arriving units rather than faster service.

The question of how well a theoretical model fits a practical queueing
operation, or parts of it (if it can be divided into parts each of which
satisfies equilibrium conditions, for example), is mostly determined by what
measure one needs to take. For many practical purposes one requires
indices of performance which enable comparisons. One such comparison
is the effect on the waiting-time distribution of the type of service used.
Another is the effect of the queue discipline on the waiting time.

Whatever approach one may use to study such a problem, one must
decide on those measures that can be applied to the operation in order to
make a decision. For example, a facility manager must decide whether
to increase the waiting space or the number of service facilities by com-
paring the cost of facility increase with business lost due to departing
customers. The average waiting time of customers who must wait may
be too great, and consequently the average waiting time of all customers
may be an inadequate measure. An enterprise owner may use these
quantities to determine the amount of space needed for waiting customers
and how to make their wait pleasant and perhaps shorter by increasing
the number of channels, providing faster service or other things to do, etc.

A measure of effectiveness may be of use to a customer in deciding
whether to leave a queue or not join it, if its average length or its waiting
time is too long.

Some important measures for studies of a system in equilibrium, i.e.,
when time does not affect the operation any longer, or in a transient,
i.e., time-dependent, state are the input rate; the service rate; the traffic
intensity, i.e., the ratio of the mean service time to the mean interval
length between successive arrivals; the probability of the number of units
in the queue or in the system being a given number n; the average number
in the queue (or in the system, i.e., including the average number in
service); the waiting-time distribution in the system or in the waiting
line; and its average and variance. When dealing with perishable goods
awaiting processing and with impatient customers, the probability of
waiting longer than a given period is important; also important are the
probability of not waiting, i.e., the proportion of items not delayed (the
proportion of items delayed is obtained by subtracting this from unity);
the probability that there will be someone waiting; the average number of
waiting individuals, for those who are delayed and must actually wait;
the average length of a busy period; and the average number of items
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being served. The ratio of mean queueing time to mean service time is
particularly important to a customer requiring little service. It is also
useful to calculate the probability that exactly 0 < n < ¢ channels are
occupied; the average number of idle channels; the coefficient of loss
(being idle) for the channels; the operative efficiency, i.e., the propor-
tion of time a service channel is busy serving customers; the average
number of units not in the queueing system applied to the finite-popula-
tion case; the probability of a lost call; ete.

Cost analyses are essential to many queue decisions. It may be
necessary to know the cost of the entire operation; of an additional chan-
nel vs. increased service at a channel; the cost of the queue discipline
chosen; that of having customers wait a certain length of time; the cost
of maintaining a large number of channels vs. using the space for other
purposes; the cost of maintaining different queue lengths and of different-
size waiting rooms; the cost of controlling the input distribution (e.g.,
spacing the arrival of aircraft in time and hence comparing the cost of
operating with a given service distribution under the hypothesis of a
random input vs. a constant input). One may also desire to adopt meas-
ures of utilization of the facility and measures of efficiency of operation or
of output per unit time. The cost of losing customers and the cost of
customers’ waiting time are also important.

A service facility may break down for several reasons. For example,
the input rush may create a great pressure in the system, requiring the
shutting down of operation. The service facility may break down, as
when a storm causes temporary delays in the telephone system. A
radical change in service may discourage customers completely and the
entire operation ceases. A sudden mishap in a bank (e.g., the shooting of
a clerk by a bandit) can cause the closing of the entire operation. A con-
gestion at the end of service, either because of served customers who
do not depart or for other reasons, may result in stopping the operation.

Quick remedies for queueing inefficiencies can be brought about by
reducing the service time or the variation in the service time, by having
additional service available for rush periods, and by controlling the arrival
distribution. Gains are made, for example, by using regular input con-
trol instead of random arrivals, which as we shall see later lead to larger
queueing time for a given service time. It is clear that the latter step
can be effected only in part. Customers will continue to arrive with
variation about the regular interval. Smoothing out arrival irregularities
which persist is also desirable. It is important that arrivals be controlled
so that the traffic intensity (ratio of arrival rate to service rate) remains
less than unity. Staggering of working hours to regularize input and use
of the facilities over an extended period would tend to alleviate heavy
congestion at peak loads.
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It will be shown later how expressions for various queue measures are
obtained from the models used. There are instances in which there is no
really satisfactory solution of a queueing problem, except to replace the
operation by a more efficient one. An example of a cure in some facilities
is for the customer to serve himself. Elevated roads and superhighways
relieve traffic congestion, which can continue to present difficulties, even
if some bottlenecks are better controlled.

A telephone can be used for making appointments and reservations,
thus eliminating most of the time spent waiting for the facilities.

We now make the observation that, while one may solve a queueing
problem by increasing the number of operators to provide service, one
creates a new queue, namely, that of the operators themselves who now
must wait for the arrival of customers who demand their service. In
this sense, a new congestion is created (when the channels are idle) to
take care of another—perhaps less desirable—congestion.

1-6. Historical Background
1. Telephony

It is interesting and perhaps of particular importance to note that the origin of
queueing theory is to be found in telephone-network congestion problems. It is also
true that this field continues to present challenging problems to the many capable
investigators working in the field throughout the world. In presenting a brief sketch
of the history of developments in queueing theory it would be well to describe some
basic ideas in telephony of special interest to investigators.

We immediately observe two basic situations. When all devices in a group are
engaged, the group is said to be blocked. If a call arises when the group is blocked,
it may be either lost or delayed. The first case is characteristic of a loss system and
the second of a waiting system (mixed cases are also possible).

a. Full Availability. A full-availability group is a set of devices (telephones,
trunks, lines, etc.) that are all accessible to a group of sources (telephone subscribers).
In Fig. 1-2 the capital letter indicates a group of sources, and the small letters indicate

© A b
F1a. 1-2. Full availability.

destinations. Note that, if a caller from A wishes to make a connection, he can be
connected through any of the free lines a, b, ¢, etc. If all lines are engaged, then the
caller either waits or his call is lost; i.e., he receives a busy signal. In either case the
probability of a call waiting a certain time or getting lost is of interest.

If there is a limited source of N subscribers of whom n are occupied making calls,
Erlang assumed that the probability of a new call being initiated in the time interval
(¢, ¢t + dt) is (N — n)\ dt, where X is the call rate per unit time of a caller. If no con-
sideration is given to the number of occupied independent callers, then the probability
of & new independent call being initiated is A df, leading to the negative exponential
distribution \e™™ for the distribution of intervals between successive calls. This
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gives a Poisson distribution (M)"e~/n! (shown later) for the probability of exactly n
calls during time ¢ with a mean of M calls. This distribution has been empirically
verified for periods of heavy traffic and found satisfactory for the distribution of call
inputs. Similarly, if 1/u is the average duration of a call, the probability of a call
terminating during (¢, ¢ + dt) is p dt, which is independent of the length of the call
and of other calls. This in turn implies that call durations are distributed according
to ue k.

Erlang [80]* developed telephone-traffic theory, using these assumptions, and
obtained results for the probability of different numbers of calls waiting and for the
waiting time when the system is in equilibrium and the probability of loss for the
loss system. He published his paper in 1917 in Danish and later in English, German,
and French. He assumes Poisson inputs from unlimited sources and either exponen-
tial or constant holding times.

For a delay system in the constant-service-time case he gives the results for one, two,
and three service channels and for an arbitrary number of channels in the exponential-
service-time case.

Erlang’s work stimulated other work in the field by T. C. Fry, as indicated in his
excellent book [236], by E. C. Molina (particularly in his 1927 paper), and by G. F.
O’Dell [530]. Examination of the earlier papers leads to a conclusion also reached by
Syski [681] that early works were concerned with proving or disproving Erlang’s
results. Syski calls it the ‘“Erlang-O’Dell” period. O'Dell gave a summary of
work in congestion theory prior to 1920. F. Pollaczek developed the well-known
formula for a single channel with Poisson input and arbitrary holding time (Pollaczek-
Khintchine formula); he also studied the constant-holding-time case for ordered-queue
discipline and for allocation by subqueues in front of each server. C. D. Crommelin
made an equilibrium study of the delayed-calls, constant-holding-time, several-
service-channel case. His result coincides with the few cases studied by Erlang.
Berkeley and also Schouten and Giltay have checked the results experimentally.

More recently F. Pollaczek [590] has studied analytically the general holding-time
case with general input for multiple channels.

Palm studied the effect of varying the traffic intensity. Statistical computations
of moments of waiting times and of the number of lost calls, etc., have been made by
L. Kosten. Wilkinson and W. S. Hayward have
studied measurement reliability in scanning the A —
telephone lines to determine the number of busy 8 a l:
lines.

b. Limited Availability. In a limited-availabil- d E ¢
ity system only a few of the devices are available to ¢ b l:
the sources. Figure 1-3 shows a typical but sophis- .
ticated limited-availability system (also known as
grading); for example, the line a is available only to  F1a6. 1-3. Limited availability.
calls from A and B, e is available to all, and c is
available to A and D. Here again questions of loss (mainly) and delay (difficult)
have been studied.

Erlang, by assuming that new calls search for a fixed subset in a large number of
subsets (called the ideal grading), derived an expression for the probability of a
blocking of the system. Rigorous derivation of this result has been obtained by
Brockmeyer. - Various other investigations have been made depending on the types
of connections made within the system,

! Numbers in brackets refer to the numbered Bibliography at the end of the book.
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¢. Link Systems. A more recent mathematical idea is that of a link system., In
a link system a set of sources may have limited access to a set of destinations, as
Fig. 1-4 shows for a two-stage link system.

Fi1G. 1-4. Link system.

Note the dependence of the distribution of calls arriving at a, for example, on the
distribution of calls initiated at A. The problem is: Given the distribution of calls,
what is the probability that a given call would not have access to a free outlet? Note
that correlations exist between the distribution functions of calls on all various stages.
Jacobaeus, Jensen, and Fortet solved this by assuming independence among the dis-
tribution functions, with some dependence considered by the last two. The above
problem with complete dependence remains unsolved, but Elldin has made promising
attempts. )

d. Common Control. Next we consider a lost-call system in which all calls arrive
at a central control before going into service. If the control is busy, a call is lost even
though a service channel may be free. The problem has been solved for the state
probability of a call getting lost, with Poisson arrivals and exponential services for all
channels, with exponential service for the common control (by Vaulot and Leroy),
or with constant service time for the common control (by Fortet), and with arbitrary
service time for common control (by Pollaczek). Syski has solved this problem with
delayed instead of lost calls for one channel as well as for an infinite number.

In his recent book, Syski [684] pursues these ideas at great length in chapters on loss
systems, waiting systems, limited availability, link systems, and interconnected
exchanges.

2. Remarks on the History of General Queues

a. Ordered Queues. Feller’s book, which appeared in 1950 {202] and was later
revised, studies congestion problems. From a theoretical standpoint, D. G. Kendall’s
1951 paper [366], in which the concept of the imbedded Markoff chain so much in use
now was introduced and which was followed by a classification paper in 1953 [367],
stimulated considerable interest. (It should be added that the regeneration-points
technique used was first introduced by Palm.) The first transient solution of the birth
and death equation with constant coefficients was given by A. B. Clarke in 1952 {107)
and published later. This solution was obtained in subsequent years by various
methods, e.g., Ledermann and Reuter (426], N. T. J. Bailey {19), P. M. Morse [507],
and Champernowne [97]. 8. Karlin and McGregor [348] have given a method for
solving the problem with coefficients as functions of the number in the queue. T. L.
Saaty {645] has given a method of solving many-server time-dependent Poisson queues
by Laplace transforms.  A. B. Clarke [110] and later Luchak studied the problem in
which the coefficients are functions of time. In 1952 Lindley [442] gave an expression
for the average waiting time in equilibrium for arbitrary input and holding time for a
single channel and for an ordered queue (first come first served).
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b. Random Selection for Service. 8. D. Mellor [482] attempted in 1942 to obtain
the distribution of delays for random selection for service. In 1946 Vaulot [733] gave
a correct formulation of the problem, for Poisson input, exponential holding time, and
multiple channels, later solved by Pollaczek [674] and by Palm [551]. In 1953 Riordan
gave a method for computing the delay distribution, and curves were developed by
Wilkinson [764]. In 1959, P. J. Burke [90] studied the problem of random selection
for service for a single channel with Poisson input and constant holding time.

¢. Priorities. In 1954, A. Cobham published the first paper on nonpreemptive
priorities for Poisson input, exponential holding time, single and multiple channels.
He gave expressions for the expected waiting time of an item belonging to a given
priority. J. Holley simplified Cobham’s work. T. Phipps generalized Cobham’s
results to a continuous number of priorities with application to machine repairs. P.
Morse [508] gave the steady-state probability generating function for two priorities
with different exponential holding times. In 1957, H. Kesten and J. T. Runnenburg
considered the Cobham problem in elaborate detail, giving the Laplace-Stieltjes
transforms and the first two moments of the waiting time for a general-service queue
in equilibrium. Recently J. R. Jackson has studied queues with dynamic priorities
[317). J. Y. Barry and F. F. Stephan studied the problem of a preemptive-priority
system with two priorities and Poisson input and exponential holding time. H. White
and L. S. Christie studied the same problem for two channels, giving expressions for
the expected times in the system for any priority and the generating functions for the
delay distribution. They also studied similarities between this system and that of
queueing with breakdown.

R. G. Miller, Jr. [486], in an extensive paper, produced several of the preceding
results for two priorities, using different exponential services, giving Laplace-Stieltjes
transforms and generating functions for new cases.

Heathcote has made the most recent and comprehensive contribution to pre-
emptive-priority queues, studying several priorities and several channels in the
transient case.

d. Balking, Reneging and Impatience, Cycling and Jockeying. An individual might
decide on a queue length (which may be infinite) which he would accept, refusing to
join a larger one. Various situations call for the acceptance of different tolerable
queue lengths, the totality of such yielding a balking distribution. In 1957, F. A.
Haight studied this problem for a single queue in equilibrium with Poisson input and
exponential holding time for various balking distributions. He gives the mean num-
ber in the queue requiring that a customer remain for service, once he joins.

P. D. Finch [213] has studied a similar problem where the length can assume a
finite maximum but for a general input distribution. He gives the steady-state
queue-length distribution, having proved its existence.

In earlier papers D. Y. Barrer [26] studied the problem of impatient customers who,
after a fixed amount of waiting (deterministic impatience)—in a single-channel queue
in equilibrium, with Poisson input and exponential service time, in which they are
selected at random for service—impatiently leave. He also studied the problem in a
first-come-first-served queue [27] for a case in which customers leave the queue after
a fixed wait. He derives the queue-length distribution. P. D. Finch has studied the
above problem for an arbitrary input and several service channels. He has also
studied the problem of indeterministic impatience with Poisson input, exponential
service time, and several channels, giving the queue-length distribution. Haight has
combined reneging (impatience) with balking. C. Palm investigated the case of early
departures from a queue, and Cohen generalized this problem by taking account of
repeated calls.
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The process of cycling of customers in a queueing system was investigated by
E. Koenigsberg in 1958. H. Glazer has examined the problem of customers jockeying
back and forth between several queues forming before a facility, such as in a bank.

e. Queues in Series. In 1954, G. G. O’Brien studied the problem of two queues
(two phases in equilibrium, with Poisson input and exponential holding time) in
series (tandem), giving an expression for the length distribution and for the expected
waiting time. In the same year R. R. P. Jackson [318] studied the problem for a
limited and an unlimited input for two and three phases, giving queue-length distribu-
tions. G. C. Hunt has studied the two-phase problem, allowing no queues, finite
queues, and infinite queues, and computed, for example, the expected number in
the system. A. W. Marshall and E. Reich studied waiting times for queues in tan-
dem. Burke [89], Reich [616], Cohen, and recently Finch have studied the output
from a queue and established independently that the output from a Poissonian queue
is also Poissonian.

f. Non-Poisson Queues. In a non-Poissonian queue either the input or the service
distribution or both are non-Poisson. Khintchine gave an elegant derivation for the
expected number waiting and the expected waiting time for an ordered queue in
equilibrium, with Poisson input and arbitrary holding time (Pollaczek-Khintchine
formula). Lindley, as already indicated, gave an integral equation expressing the
expected waiting time with arbitrary input and arbitrary holding time. To supple-
ment the early works of Crommelin, who computed the delays for the equilibrium case
of & multiple-channel queue with Poisson input and constant holding time, J. Everett
[195] gave an alternative method for obtaining these results, using a process of suc-
cessive approximation. Following D. G. Kendall’s imbedded-Markoff-chain theory,
N. T. J. Bailey [20] and Downton [162, 163] studied a bulk-service queue (several items
are serviced in a batch) in equilibrium, obtaining expressions for the expected numbers
waiting and the expected waiting time, for the chi-square service-time distribution.
Downton allowed the batch size to increase indefinitely. More recently R. G.
Miller, Jr. [487], approached the subject of bulk arrival and bulk service from a renewal-
theory standpoint and was able to obtain results not obtained by the imbedded-
Markoff-chain theory. He treated a more realistic case in which periods in which no
gervice occurs are permitted and accounted for. He also gave the expected waiting
time for busy periods. T. Meisling [480], approaching the subject in a novel way
from a discrete standpoint, uses the imbedded Markoff chain and gives the expected
number waiting and the expected waiting time in equilibrium for a binomial input,
arbitrary holding time, for an ordered single-channel queue, also treating the special
eases of a geometric progression and a constant-holding-time distribution. He then
obtained well-known results by passing to the limit. Pollaczek has also used this
approach.

R. R. P. Jackson and D. G. Nickols have treated the case of a single-channel ordered
queue in equilibrium with chi-squared input and exponential holding times, obtaining
the steady-state probability distribution and the waiting-time distribution of those
customers who have to wait, and specialized the results for an exponential and constant
interarrival distribution.

In his 1957 book [590] Pollaczek studied extensively the single-channel queue for
various types of input, service times, and queue disciplines with particular reference
to air traffic problems.

L. Takéecs [689] and later V. E. Bene’ [42] developed and studied an integrodiffer-
ential equation for the waiting-time distribution in the transient state for an ordered
queue with Poisson input whose parameter depends on time and for arbitrary-holding-
time distribution. A similar approach was recently used by R. Descamps. Solutions
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in the steady state are given in terms of (e.g., Laplace) transforms. W. L. Smith [661]
has shown that, if the service-time distribution is K., defined below, so is the waiting-
time distribution with fairly general arrival-time distribution. From this it follows
that, if the service time is exponentially distributed, so is the waiting time, whatever
the arrival-time distribution. B. Gnedenko has studied waiting times with reneging
and with interrupted service. J. Kiefer and J. Wolfowitz [380] showed for the case of
an ordered queue with arbitrary input and service distributions and multiple channels
that the distribution of waiting times does not exist in the steady state if the traffic
intensity is not less than unity. Under special circumstances it could exist when
equality holds. A general expression for the waiting-time distribution is also given.
Lindley’s result is the special case of this for a single channel.

Volberg [742], following Pollaczek’s work, developed the waiting-time distribution in
the transient and the steady state for a Poisson-input, arbitrary-service-time, multiple-
channel queue in which arriving units are each assigned sequentially to the different
channels and further arriving units are again assigned in the sequential order.

D. M. G. Wishart has examined waiting times for the systems GI/E;/1 and D/E;/1
(see Kendall’s classification below).

There are many other interesting queueing situations which we study in the text
but have not attempted to include in the historical account.

We briefly mention the classification of queues due to D. G. Kendall. If M refers
to the fact that the distribution of occurrences in a fixed time is Poisson (and hence
that the distribution of the intervals is exponential), then M /M /c refers to the c-chan-
nel case with Poisson input and exponential service time. The symbol D is used for
the constant distribution, K, for the chi square with even degrees of freedom, M, for
service in batches, E, for the Erlangian with mean independent of n, GI for a general
independent distribution (e.g., input intervals may be independently and identically
distributed by a general distribution), and @ refers to a general distribution without
requiring independence. Thus D/K,/1 refers to a constant-input, chi-square service-
time distribution in the single-channel case, etc.

PROBLEMS

1. Estimate and compute for a period of 40 years the congestion delays that you
encounter in daily activity. From a material standpoint, compute the loss in creative
or other activity which you could have developed in this time. (It is realized that
such an assessment may be difficult, but it is worth trying.)

2. Give an example of a queueing activity (as we did for aircraft) which incorpor-
ates most of the ideas given. Insert at least two new queueing situations not men-
tioned in this chapter.

8. Use a set of random numbers to simulate (samples of size 100) a queue as illus-
trated in the text, and compute the different quantities mentioned.

4. Everyone is familiar with the chaos resulting from waiting lines before the
many parallel service counters of a supermarket on a busy day. The lines before each
counter extend way back to the grocery aisles, blocking traffic. Much space is wasted
between these queues. One may wait a long time in a short line because of a slow
clerk. Find a first-come—first-served scheme of serving all customers forming a single
line, not wasting space or time in unloading groceries on the check-out counter. Sug-
gest your scheme to your neighborhood store.



CHAPTER 2

SOME QUEUEING MODELS

2-1. Introduction

In this chapter we shall treat (with some elaboration) basic approaches
to queueing problems. The purpose is to aid the reader in following the
descriptive approach of the first chapter by the more analytical aspects.
However, we shall not be satisfied with formulas alone. We shall indicate
some of the statistical problems involved to give the reader early in the
book a broader outlook on the types of elementary mathematical and
scientific details needed to analyze real queueing problems.

‘We therefore divide the chapter basically into three parts. The
first part deals with model building and solution. We begin our study
of this part with a deterministic queueing problem which has not received
sufficient attention in the past despite the fact that, because of its sim-
plicity, it can help to clarify a large number of ideas encountered in
queues. We shall treat some of the ideas, leaving others as exercises.

This example is then followed by an interlude which is the beginning of
a transition from the deterministic to the probabilistic aspect of queues.
The latter is the very element on which the development of queueing
theory is based. It is followed by a discussion of the Poisson process
which has many useful properties for queueing theory and requires some
discussion. Based on the property of the Poisson process (and its inti-
mate, the exponential distribution), a second queueing model is derived in
the time-dependent case. Various properties of the Poisson process are
obtained as an indication of how to derive some of the properties of queue-
ing processes.

A similar analysis is applied to study the equilibrium, i.e., time-
independent, solution of a single-channel queue with Poisson-input
ordered service and exponential service times. Yet another example is
given deriving the well-known Pollaczek-Khintchine formula in the
steady state, i.e., without resort to the transient solution. By examining
this equilibrium solution, it is possible to obtain useful results which are
then tested for sensitivity to parameters.

The second part deals with the testing of a hypothesis about an

26 ‘



SOME QUEUEING MODELS 27

observed distribution and with parameter estimation from observation
values. Some decision problems are briefly discussed.

The last part deals with a Monte Carlo example of a simple queueing
problem. It is followed by numerical methods of solving some queueing
equations when a solution in closed form is not readily obtainable for
applications.

2-2. A Deterministic Queue

We start by studying an elementary queueing problem. In the
following example we take as fixed the arrival times and the service times
of customers. It then becomes possible to study the evolution of the
waiting line. Our concern is to find out how many wait in the queue and
what the total waiting time is.

Suppose that a queueing operation is organized so that arrivals occur
at regular intervals and are serviced regularly. The problem is deter-
ministic and can be worked out in an elementary manner.

If customers arrive in a single channel at regular time intervals of
length a (i.e., arrival rate 1/a) and are served at regular time intervals of
length b (i.e., service rate 1/b), then if b < a, that is, if b/a < 1, no one
will wait. If b/a > 1, the number of waiting customers will increase
indefinitely. If b = a, no one will wait if the operation begins with an
empty line. Otherwise the queue will maintain a constant length.

We suppose that b/a < 1 and the operation begins with a line of ¢
customers (note that ¢ > 2, for if ¢ = 1 that customer will finish service
"before the first arrival and no one waits). All 7 customers will be served
by the end of a time interval of length ib. However, by then (ib/a]
customers would have arrived and would have to wait. The brackets
indicate the largest integer which is less than ib/a since customers do not
arrive in fractions. The last arriving customer waits for the service
facility to complete its service.

The service time of these customers who, of course, will first wait in
the line is b[sb/a], and again during this time [b[¢b/a]/a] 4+ 1 customers
will have arrived. Note that this number must be less than [¢b/a] since
b < a, etc., until a point is reached when arriving customers need not
wait.

To illustrate, we assume that the service time b is the unit of time;
let a be three time units long. Suppose that ¢ = 50. The service time
of the ¢ waiting customers is 50 time units. During this time [5%4] = 16
units arrive and will require 16 time units for service during which six
units will arrive. During the service time of the latter, two units will
arrive. A unit will arrive at the termination of service of the last one of
the two units and hence will not have to wait. The total number of
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units who have waited in line is 74. This includes the first of the initial
1 customers who immediately enters service at the start of operation.
If we denote by Pa.(t) the probability that there are n units waiting at

time ¢, then clearly
_J1  forn =7z,
P.(0) = l 0 form 1.

These two possibilities are summarized by one symbol P,(0) = &,
which is called Kronecker’s delta. Itisequaltolifn = zand Qif n = 5.
In this case we can state with certainty what the number is. Everything
is determined exactly; hence P,(t) is either O or 1 at any value of time.
But this will not be the case for the nondeterministic examples to be
considered in the following sections.

It is clear that the length of the line itself is zero after a lapse of time
in which every item which has waited has also been served. Let A4
new arrivals have to wait in line. Then, certainly, the (4 4+ 1)st
arrival occurs after the service time of 7 + A customers; i.e.,, (t + A)b
<a(d4d 4+ 1),orib — 4 < A(a —b). Thenumber 4 is the smallest such
integer, so that A = [(ib — a)/(a — b)] + 1. Therefore, the length of
time required to serve all items which have waited is

(e ) - [e=)

Again, this includes the first of the initial 7 customers.

Note that, the closer b is to a, the more customers will have to wait
until, after a long lapse of time, the queue disappears. By viewing the
situation slightly differently, we shall be able to write more useful and
readily computable expressions. For the remainder of the discussion we
impose the conditions that b divides a and that a divides the time ¢.

Suppose that we start the operation by admitting one of the initially
waiting customers into service; if he finishes service and nothing arrives,
another is admitted. 1If a customer arrives during his service or that of a
subsequent initial customer, the arriving unit will be admitted into serv-
ice once the facility becomes vacant. During the time of this service it
is possible that an item will arrive. This depends on the magnitude of
a — b. The arriving customer will enter service once it becomes vacant,
and all customers who may have arrived would also be serviced. When
no arrivals are waiting, another of the original ¢ customers is admitted into
service; additional arrivals are again served once the facility is empty,
and so on until all ¢ customers go into service. When the last of the
initial customers goes into service, there will be no one waiting. If
anyone arrives during this service time he waits and is then served, etc.,
until arriving customers do not have to wait.
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We have looked at the operation in this manner to make clear the
following analysis. Consider the increments of service time gained by
the fact that @ > b. Thus, there is a gain of @ — b time units from each
of the arriving customers. Theoretically, since the service time is b,
b/(a — b) customers must arrive to contribute enough slack time to
service one of the 7 — 1 waiting customers who would be there after the
operation begins. Note that the first one has already gone into service.
Thus, in all, (¢ — 1)b/(a — b) arrivals are needed to vacate the line.

Therefore the total number of customers who have waited at all in line
after the operation began is

i_14G=Db_G=1Da

a—-1b a—0> 1)
and if we include the initial customer in service we have
(z — Na _ta—b :
a=b T1=%=% (2-2)
Hence the total time until the service facility first becomes idle is
_fta—=D
T=(a—b)b' (2-3)

Thus if a customer arrives at time ¢ < T, then t{/a customers would
have arrived before him, bringing the total of those who waited in line
tot/a + 7 — 1, and t/b customers would have been served during time
t. Note that there is no loss in generality by writing ¢ as if it were con-
tinuous as long as one keeps in mind that ¢ at which an arrival occurs
must be an integral multiple of a. Hence at time ¢ there would be

tra-n-j-i(3-3)+6-D @)

a
customers in line ahead of him. (Note that if b > a the number will
grow in proportion to ¢.) However, there would be {(1/a — 1/b) + ¢
customers in the system ahead of him.

The waiting time spent in the line by a customer arriving at the first
multiple of a past ¢ is

0, T <,
W) = (tba—ba+z‘)b, 0<t<T, (2-5)
(k - l)b) t = O,

where W (0) is the time in the line for the £th member of the initial group
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of ¢ customers. This transient solution, which depends on time and on
the initial number, reaches the steady state after time T, for then the
system acquires a pattern independent of time and of the initial number 3.

The total time spent in the system by a customer arriving at the first
multiple of a past ¢ is

b, T<y
(£+i—5‘)b, 0<t<T, (2-6)
kb, t=0,

where we have included the time spent in service.

Suppose now that the service time and the arrival times are altered
during the period T so that the new quantities are b, and a;, respectively.
Assume that this is done at time ¢, < T. The item in service will finish
service by the b service-time regime. Then the number in the queue and
the unit in service become the initial input of the new queue. This
establishes a new 7 which we denote by T, and we have a new waiting-
time expression. The value of T'; will depend on the choice of a, and b,;
hence we could have Ty < T. Thus T, = T if, and only if, a, =
and b; = b, as seen by examining the form of T.

If there are ¢ service channels and the initial number is ¢ > ¢ with the
same service time at all channels, then, assuming b/ca < 1, to empty
this line requires increments of length a — b/¢, ete. One may assign
priorities to arriving customers whose arrival times are different and
study the problem using both preemptive (i.e., the lower priority is
returned to the line if a higher priority arrives) and nonpreemptive
systems. Thus, even though the structure of this queueing problem is
basically simple, a variety of ideas may be tested on it. However, ideas
can also become complicated with this simple problem as the reader will
readily verify by examining two priorities with different arrival and dif-
ferent service times.

Ezercise 1: What influence would arrivals have on the number waiting
and on the waiting time if the first arrival occurs at time a — &, the
second at 2a + ¢, the third at 3a — &, etc., alternately occurring early
and late, where 0 < € < a?

Exercise 2: Let i = 7,b = 2, and a = 4. Compute W(t), the time in
the system, and the average waiting time of a customer chosen at random
from all those who wait. ‘

Ezercise 3: Derive expressions for waiting times in the line and in the-
system for two nonpreemptive priorities with arrival intervals a, and ay
for the higher and lower priorities, respectively, and with common service
time b, where b/a, + b/a: <1 and where a; < a,, starting with %,
higher priorities and i, lower priorities at ¢ = 0.
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2-3. Probability Models

Normally one does not have prior information on a customer’s arrival
time and length of service. In order to make an analysis of queue
behavior, assumptions are made based on a study of customer habits and
needs. The fact that the use of probabilistic reasoning makes this pos-
sible is an indication of the power of*the concept of probability.

In the deterministic example, it was known that customers would
arrive exactly at known times and receive service of exact length. Now
consider the service times. In general, it is not known how long an
arriving customer’s service time might be. But from his previous habits,
it is possible to observe the relative frequency with which he requires
service of a given length, i.e., the ratio of the number of times he requires
this length of service to the total number of times in which he requires any
service. Or, stated differently, there is a probability that his servige
time will last up to a given length. This probability is the sum of 4l
the frequencies of lengths varying up to the prescribed length. *For
example, if the service times are discrete and their lengthsare 1,2,3, . . .
time units and the probability (relative frequency) of their occurrence is
Py, D2, . . . ,respectively, then, if P, is the probability,that the customer
will require service of duration no longer than n, we have

P»=P1+"'+Pn

and hence Pn=Pn— Py 2-7)

Among the useful quantities computed from these probabilities are
the mean and variance. The mean is obtained by multiplying each
value n by its probability of occurrence and summing over n. Thus,
for example, in rolling an unbiased die, the probability of each face is
16, and the mean value is given by

IX+2XHB+3XHE+4X1%+5X4%+6X1 =235

Hence over a large number of rolls the average value of the numbers
turned up is 3.5. In the case of a waiting line, a similar computation
gives the expected size of the queue. In addition, we can compute the
dispersion about this value as a measure of the fluctuaton in the size
of the queue. In the case of the die, to obtain the dispersion we first
calculate the variance. The square root of the variance is the standard
deviation, which is a measure of dispersion; i.e., as the number of throws is
increased, one may compute the probability that the average value
obtained lies within a standard deviation from 3.5. We have for the
variance °

(1—-35)23+(2-35)23%+ @3 —35)2%% + 4 —35)1
, + (6 -35)2) +(6—35)'%
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which is approximately equal to 2.92, and the standard deviation is
4/2.92. The differences are squared since the main concern is the fluc-
tuation about the mean, regardless of whether the number falls below or
above the mean value. Each of these differences is weighted by the
probability of occurrence of the value considered.

In the mean and the variance we have the first moment about the origin
and the second moment about the mean, respectively. Of course, we
may compute other moments about the origin and the mean. For exam-
ple, the third moment about the origin is the sum of the cubes of the
values, each multiplied by its probability of occurrence. Returning to

P We must have 2 p» = 1, since this gives the sum of the probabilities
n=0
that any one of the durations will occur.

If the time is continuous, then instead of P, we use F(z) to denote the
probability that the duration will not be longer than a time z; that is,
F(z) = Prob (X < z), where X is a chance variable which can take on
any of the possible values of service-time duration. If f(x) dx is the
corresponding frequency function (i.e., the probability of occurrence of
any value z lying in an interval of length dx), since z is continuous, we
write, by analogy with the discrete case, for the cumulative probability
distribution

F@) = [ 1) dy, (2-8)
and if we can differentiate F(x) we may write
_ 9F(z) g
fa) = 457 (29)
If each of n customers has different habits, we have several chance
variables X;, . . ., X, with corresponding cumulative distributions
Fi(zy), . . ., Fa(z,). If their habits are independent (in a sense to be

defined more precisely later), we can write for the probability distribution
function of their joint‘behavior

n

F(zi, . . . ,x2) = Fy(z))Fa(xs) -« - Fu(za) = [] Fi(z). (2-10)
i1

Once the joint distribution function is known, everything else can be
determined for that aspect described by the distribution.

Now it may be that the habits of a customer are different at different
times. Thus he may tend to demand longer service in the evening (e.g.,
at a restaurant) than at noon, for example. At each time, the probability
of duration of service is described by a probability distribution that is
now a function of time. The durations themselves are described by a
random or chance variable X, that depends on time. Here we have
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Prob (X, £ z) = F(z;t)

as the probability distribution function at time ¢. For each value of ¢,
X, has a probability distribution. Thus for a range of values of ¢ one
has a family of random variables. As previously indicated, a family of
random variables that depends on a parameter defines a stochastic proc-
ess. If there is no reason to discriminate among habits of different cus-
Tomers at the same time, the same stochastic process may be used to
describe the times of all those demanding service. Otherwise, each
customer may have a stochastic process X (k,t) which describes his iden-
tity (the kth to enter service) and time of entry into service.

Again, if X, for example, were a chance variable that assumed differ-
ent weather conditions (with a probability of occurrence of each) at
different times and in different places, we would have a stochastic varia-
ble that depends on four parameters, i.e., time and the three space coordi-
nates. In queueing theory, time is usually the only parameter involved.
An example of a stochastic process is the Poisson process which we shall
study in the next section. It is represented by

(Xt)ne-—)‘t
ol

P, = (2-11)
where, for purposes of Sec. 2-4, P,(t) is the probability that n customers
arrive in an interval of length ¢. We shall investigate several properties
of this useful process, introducing various concepts of value in subsequent
parts of the book.

2-4, The Poisson Process

The model developed here will be concerned with the distribution of
arrivals under applicable assumptions. The development examines the
properties of the Poisson process. By making explicit assumptions in
keeping with these Poisson properties, the Poisson process is then derived
as an arrival distribution.

From (A)"¢*/n! we note that, during a time interval ¢, the probability
of no arrivals is e and that of a single arrival is AMe~¢; hence the proba-
bility of more than one arrival is

1*(6""‘+M6—M)‘___ | — [[I—M‘f'%t‘!)f‘ - .. ]
()?
=80 =0, (2-12)

a function which behaves as &2
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Thus if ¢ is small, terms with 3 are negligible compared with terms
without ¢ or with the first power of . Hence for small ¢ the probability
of more than one arrival is negligible. This is a very desirable property
for many practical applications, thus making the Poisson process useful.
The probability of at least one arrival during ¢ is given by

1—e™ =M+ 0@).

The probability of no arrivalsis e = 1 — At 4+ O(#?). In both of these
expressions we may ignore the last quantity on the right if we consider only
small values of ¢.

At the risk of some repetition but in conformity with standard methods
of procedure, let us assume these properties, i.e., that the probability of a
single arrival during a small time interval At is A At and that of more than
a single arrival during At is negligible; then we can derive the Poisson dis-
tribution, which, of course, has these properties.

We let P.(f) be the probability of n items having arrived by time ¢.
We first gbserve that 0 < P.(t) <1 since the P,(t) are probabilities.

Besides, Z P,(t) = 1 because either nothing arrived or something must
n=0

have arrived by time ¢. To see what happens during the subsequent
small time interval At we write

Po(t + At) = Po(t)(1 — X AY),
P.(t + At) = P.(t)(1 = N At) + P._1(D) At, n2> 1.

The first equation gives the probability that no arrivals have occurred
by time ¢ 4+ At. This probability may be related to the state of the sys-
tem at time £. Thus, by the law of compound probabilities of two events
which occur independently (i.e., one takes the product of the probabilities
of these events), it is equal to the probability that nothing had arrived
by time ¢ multiplied by the probability that nothing arrived during At.
For the cases n > 1 this property (i.e., having the same number at time
t and nothing arriving during At) also holds, but in addition there might
have been n — 1 arrivals during time ¢, followed by an additional arrival
during Az. The product of these quantities yields the second term on the
right. We have not mentioned the possibility of more than one arrival
during the small interval At since it is negligible and can be shown to
vanish in what follows. ,

On multiplying, transposing P.(t) to the left, and dividing by A¢, the
system of equations becomes

Pt + Ag =P o APut) + AP, n 2L

(2-13)

If we take the limit as Af— 0, then, by definition, the left side is the
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derivative P, (t) = dP,(t)/dt, and the equations become

G(t) ")\Po(t),
Pi(t) = =AP.(t) + N\P.s(t), n> 1.

These are linear differential equations with respect to ¢ and linear first-
order (one shift in subscript) difference equations with respect to =,
generally called differential-difference equations.

We can solve these equations conveniently by the use of a generating
function. We define such a function by

(2-14)

[

P(zt) = Z Pu(t)z” = Po(t) + Pi(t)z + Pa(t)2 + - - - . (2-15)
n=0
It can be seen that P,(t) are obtained by differentiating P(z,t) n times with
respect to z, then dividing by n!, and putting z = 0. Thus, if P(z,t) is
known, P,(t) are easily determined in this manner.

The time origin for a specific study could be chosen anywhere, even
after arrivals had actually occurred. Thus it may be that, by ¢t = 0,
¢ units had arrived. In that case, P.(0) is zero if n » ¢ and unity if
n =1 Thus

P(20) = Y P,(0)z" = P(0)7 = 7. (2-16)

n=0

Note also that P(1,f) = 1 and

6P(§t2,g - %2 Pa()z = z P.(t)z. 2-17)

n=0 n=0

We use partial differentiation because two variables are involved, that is,
zand ¢

Now if we multiply the system of differential-difference equations for
n > 1 by 2" and the first equation by 2° and add over n (it might be help-
ful if the reader substitutes several values of n and 2z and then adds to
see what is obtained), we have for the sum on the left P (z,t)/d¢ and for
the sum of the first terms on the right —\P(z,t).

The second terms on the right when summed over n give

2 APn_i(t)e" = NPo(t)z + APy(t)2? + - (2-18)
nel
If we factor Az out of the terms on the right, they may be written as
A2P(z,t). Thus the system has been reduced to a linear differential equa-
tion in the generating function given by

D _ 2 - 1PEY = 0. (2-19)
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This equation is very similar to the most elementary types of ordinary
differential equations encountered in elementary calculus courses. Its
solution, with z treated as a constant since it is independent of ¢, is given
by

P(z,t) = Cere—1t, (2-20)

This can be verified by substitution, where C might depend on z.
Suppose that at ¢ = 0 nothing had arrived; then P(z,0) = 1since: = 0.
Thus C = 1, and we have

P(z,t) = er—¢, (2-21)

But as we pointed out, P,(t) may be obtained by differentiation; hence

_ 1 9*P(z,)
P,(t) = Pyl N (2-22)
Thus Py(t) = e, (2-23a)
P.(t) = Me™, (2-23b)
7 o=\

and Pa(t) = (”Lf ! (2-230)

which gives the desired Poisson process. By now it should be clear that
t is the length of the time interval in which the events occur rather than
absolute time.

The foregoing method of derivation is standard for many queueing
problems. The equations may be more complicated, but the basic pro-
cedure often is the same. The reader should have no difficulty in writing
fori = 0andn > ¢
(A)»—eM
n -2

since for this case P(z,0) = 2, C has the value 2, and

P,) = (2-24)

P(zt) = 2 ) Pa()e.
’ ne=t

The reader has just encountered a typical situation that we shall fre-
quently examine in this book, namely, computing quantities P,(f) which
in other cases, instead of being the probability that n items arrive during
time ¢, may be the probability that there are n items waiting in line and
being served at time ¢ in a queueing system or the probability that n
channels are occupied if there are ¢ channels in all, etc. Although calcu-
lating P,(¢) for such situations is very useful to obtain a variety of meas-
ures of effectiveness for studying queues, it is not always possible or even
desirable to study queues in terms of P,(f). Waiting-time expressions,
as will be seen later, can be derived by other arguments.

Having obtained P.(f), one may wish to compute the mean number
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arriving by time ¢, that is,

L= Y nP.), (2-25)

n=0

which for the Poisson process equals M. In fact, the variance

L]

Y (n = L)2P.(t)
0

e
also equals M.

Exercise 4. Verify the values of the mean and variance for the Poisson
process.

The time intervals between arrivals from a Poisson process with
parameter X have the exponential frequency distribution Ae=*. To see
this, note that, if an arrival has just occurred, the time to the next arrival is
less than ¢ if, and only if, there are one or more arrivals in this interval.
The probability of one or more arrivals and hence the probability that
the time between arrivals is less than or equal to ¢ is

L

Z QO™ (2-26)

n!
n=1

The quantity on the right is a cumulative distribution from which,
by differentiation, one obtains the exponential density function Ae—™
for the distribution of times between arrivals. Hence when the times of
arrival to a queue occur by a Poisson process, the interarrival times have a
related exponential distribution. Conversely, if, for example, service
times have an exponential distribution, customers are admitted to service
by a Poisson process.

Again, if u At is the probability of completing service during At (hence
1 — u At is the probability of not finishing service during At) and if
P(t) is the probability that service does not terminate during time #, we
have

P+ At) = (1 — p AY)P(2). (2-27)

Thus we have

dP() _ . P@E+Al) —P@E) _ _
B il S wP©.
This differential equation has the solution
P(t) = ce™. (2-28)

Since service must terminate sooner or later, we must have

ﬁ)' cemtdt = 1.
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Hence ¢ = p. Thus the service is described by the negative exponential
distribution with density ue—*. Note that the exponential distribution
has the property of ‘‘forgetfulness’: If, for example, it is applied to service
tlmes, the exponential distribution applies for the time of completmg
service at any time just as it does at the start of service.

For many problems time dependence is not the typical situation to be
studied. After a long period of operation the system acquires a pattern
of behavior which, although describable in terms of probabilities, does
not depend on time. Thus as ¢t — « this situation may be expected to
occur for many systems. The question of whether such p, = 'Em P.(t)

exist is a main concern of ergodic analysis where one actually looks for
the probabilities p. which describe the steady or equilibrium state. But
one also notes that the requirement that the probabilities Pa(t) do not
change with time is the definition of the steady state.

The changing of P,(t) with respect to ¢ is described by the derivative
P.(t), and the steady-state condition requires that P.L(¢{) = 0. Thus
essentially we have two ways of obtaining the steady-state probabilities:
(1) from P,(t) = 0, which gives probabilities p, independent of ¢, and
2 gm P,(t), which also gives the p, independent of &. We now use this

concept of an equilibrium solution to develop two queueing problems.
The first is due to Erlang, and the second is the Pollaczek-Khintchine
formula.

2-ba. Erlang’s Model

If we assume that an operation starts with no items waiting in line,
the following equations provide a representation for a Poisson input with
parameter A, exponential holding time with parameter p, first-come~
first-served, single-channel queue:

Pu(t + A = Pa@)[1 = (A + &) Af] + Pa_s(O) At
+ Pana(Dn A, z 1, (2-29)
Po(t + At) = Po(t)(l ~ NAL) 4 Py(t)u At, = 0

These equations state that the probability of n items in the system at
time ¢ + At equals the probability of n items in the system at time ¢
multiplied by the probability of no arrivals and no departures, plus the
probability of n — 1 items in the system at time ¢ multiplied by the
probability of one arrival and no departures, plus the probability of n - 1
items in the system at time ¢ multiplied by the probability of a single
departure and no arrivals.

Note that the probability of no arrivals and no departures is given by
(1 = 2Af)(1 = uAt). The term involving (Af)? drops out in forming the
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differential equation. Thus one may use 1 — (A + x) At. For the
remaining two terms above, also note that N A#(1 — u Af) ~ X\ At and
wAt(l — NAf) ~ p AL,

By transposing and passing to the limit with respect to At, these
equations become

o) o — (4 WP + NPock®) + wPars®, 121,
dP) (2-30)
S0 = —APWt) + wPi), n=0.

As already indicated, the time-independent steady-state solution is
obtained either by solving the time-dependent transient equations given
above and letting ¢ — o in the solution (to be shown in a later chapter)
or by setting the derivatives with respect to time equal to zero and solv-
ing the resulting steady-state equations. Transient solutions are particu-
larly useful when the traffic intensity or utilization factor p = N/u > 1,
since in this case no steady state occurs. Here, an expression for the
expected number waiting and the expected waiting time will be derived
in the steady state with \/u < 1. If A/u > 1, the number waiting would
be infinite. Compare these conditions with those of the deterministic
queue previously considered.

By setting the time derivatives equal to zero and eliminating time
from the above equations, there result after transposing

W\ + B)Pn = ADno1 + KPn+1y n 21,

. 2-31
Apo = upy, n = 0. (2-31)
Let p = A/p; then these equations become !
(1 + p)ps = Pat1 + pPa—yy n21,
D1 = pPo, n = 0.

Let n = 1 in the first equation. Then (1 4+ p)p1 = p2 + ppe. Sub-
stituting for p: from the second equation, this becomes ps = p*po.
Repetition of this process yields p» = p"po. Now ), p. = 1, since the

n=0
sum gives the total probability that there are no items, one item, two
items, . . . in the system. This total probability must yield certainty
since it accounts for all the possible states of the system. Thus

p"po = 1,

n=0
or zpop"’-"poZP"“lTp“l;

n=0 n=0
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or po=1—p
Hence Pa = p™(1 — p), (2-32)

whichisa type of probability distribution known asa geometric distribution.
Now the expected number in the system is given by

L=znpn=(l—")2"”"=1ip’ (2-33)
n=0

n=0

as can be readily verified. Note that L is an expected value, and fluctua-
tions in the number waiting can, in fact, occur. This can best be seen
by calculating the variance:

2 (n = Lypn = znp (=)

n=0 n=0
But
d d
2 - — 2, n — —_— el n
2" = (1 p)znp (1 p)pdpdeZp
n=0 n=0 n=0
__"b 20
T—p T T— ot
Therefore the variance is given by
LA S S 7Y (2-34)
1—p (1-—p)2

The expected number in the line is given by

Li=Y m—=Dp.=L—p=—>—p=_"F 2-35
q — pﬂ— P—l__p p_l_p' (')

n=1

Note that there are times when the channel is not occupied. The
average waiting time in the line, W, equals L,/\ or L/u.

A useful device for a quick check for the possible incorrectness of a
formula is dimensional analysis. Thus, for example, in the last expression
above, both the expressions on the left and on the right are dimensionless.

Exercise 5: Solve (2-31) using a generating function similar to (2-15)
with ¢ suppressed.

2-6b. The Pollaczek-Khintchine Formula

Suppose now that arrivals occur at random by a Poisson process with
the rate A per unit time, to a waiting line, in statistical equilibrium,
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before a single service facility. Also suppose that they are served by
an arbitrary-service-time distribution at the rate of u per unit time,
first come—first served. As in the deterministic case, we assume that
A < 1. Suppose that a departing customer leaves g in line, including
the one in service, whose service time is £. Let r customers arrive during
this time ¢£. If the next departing customer leaves ¢’ customers behind,
we can relate ¢ and ¢’ as follows:

¢ =max(¢g—1,0+r=q—-14+d8+7, (2-36)
_J0 ifg>0
where (g = 1 if g = Oj (2-37)

Note that by introducing & we avoid using the max expression.

It is assumed that equilibrium values for the first and second moments
Elq] and E[¢?] of the queue exist. Note that ¢ is treated as a random
variable. Now, from the definition, 62 = & and ¢(1 — 8) = ¢. Also,
Elq) = E[¢'] and E|[q?] = E[q’?), since both ¢ and ¢’ are assumed to have
the same equilibrium distribution. Note that, because the system is in
equilibrium, there is no difference between the types of queue left behind
any customer; i.e., they all have the same probability distribution inde-
pendent of time.

Thus, taking the expected value of the equation in the different varia-
bles, we have

Elg') = Elq] — El1] + E[3] + Elr], (2-38)

from which we have
E[s8] = 1 — E[r]. (2-39)

But during a service time of length ¢ we have

L]

Erl= ) r %‘,)— N = A, (2-40)
r=0

ElrY = 2 re (’xrt:l e = (M)? + A (241)
r=0

Thus, on taking expectations with respect to the service time ¢, one has
E[r] = Mu = p. For example, if the service distribution is exponential,
we have

Elrl = L " (et dt = ‘-’; =, (242)

since the average value of the service-time distribution is 1/u.

Note that E[r] is a number which is unaffected by taking averages.
This gives E[§] = 1 — p. Now the probability of r arrivals is inde-
pendent of g, the length of the queue, and of 4, which assumes values that
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depend only on g which is independent of . Consequently, if we take
the expected value over the variables 7, ¢, and 8, we may take the expected
value of r and of ¢ separately wherever we encounter their product.
This is also true for r and 4.

Also, averaging r? over time,

E[r?) = N var (t) + p?* + p. (2-43)

Again, by squaring the equation relating ¢ and ¢’ and using the facts that
=23 8¢g=0,

?=q—-2q1 —r)+ (- 124 562r - 1). (2-44)
Hence, because of equilibrium,
0 = E[¢"*] — El¢*] = 2E[q|E[r — 1] + E[(r — 1)’] + E[8]E[2r — 1],

or, simplifying and using the foregoing relations, we have the Pollaczek-
Khintchine formula:
_ El(r — 1)) + E[8)E[2r — 1]
Elq] = SB[ — 7]
_ E[r*] — 2E[r] + 1 + E[5](2E[r] — 1)
= 20 — Eir)
_Nvar()+ o +p—20+1+ (1 —-p)2p—1)
‘2 var @ 2(1 — p)
p? -+ A2 var (¢
=p+ 2(1 = p) (2-45)
Thus, once we know the variance of the service time ¢ from its given
distribution, the average number in the system is determined. It is
important to observe that the foregoing average is taken over instants
just following departures and is not the time average value of the number
in the system. In fact, if Ei(q) is the time average, all we can say without
further argument (see Chap. 7) is that E[q] < E«(g) < Elq] + 1.

Note the fact, which holds in general (i.e., even if one has several chan-
nels in parallel), that the average number in the system equals the sum of
the average number of busy channels (in this case it is p, the traffic
intensity) and the average number in line.

Now to obtain the average waiting time we argue as follows: If we
write E[w] for the average waiting time in the queue (not including
service), ME(w) + 1/u] is the expected number of arrivals during the
total waiting plus service time of one customer, i.e., of his stay in the
system. But this must be just the number in the system immediately
after his departure, namely E[g]. Thus

W, = Elw] = E'—;'x(’i—’{ﬂf)—(‘l =% (2-46)
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A useful measure to introduce at this point is the ratio of the average
waiting time of a customer to his service time. Naturally one would not
wish to wait a very long time when he requires service of short duration
(unless, of course, he is at the Pearly Gates). We have for this measure

wElw] = 5 (1 + €Y, (247)

where C, is the coefficient of variation of the service time defined by

, _ var (t) _ var (f)
="Ew e 49

Clearly, the above measure uE[w] depends on p and on C2. Now any
change in the input rate A or in the service rate u is reflected in their ratio
p. Therefore to test the effect, i.e., the sensitivity to changes of values of
p from a given average value p (say the present value) of p, we expand the
right side in a Taylor’s series about the point 5 for small variations
about it. We have

1@ =@+ @~ + LB @ —ap +
+j—.(n7)l-(;l—)(x—a)"+ . e .’

where the number of primes indicates the order of the derivative to be
taken.
When applied to the right side of the above formula, this gives

wElu] = 5 )(1+02)+21+02(p 5

If we take the average with respect to p, then the middle term becomes
zero since E[p — 5] = 3 — p, and up to second-degree terms we have

P o o3 )
sy 4+ o0 [1+ 77555 (2-50)

where o} = E[(p — 5)*].

Cox [138] uses the values 3 = 0.6, 0, = 0.1 to show that the last factor
in parentheses yields 1.10 and hence a 10 per cent increase in waiting
time. This analysis is useful when one can consider a queueing opera-
tion as a set of operations each in the steady state and each with its
parameters. Then one can determine how wide a range of fluctuation in
parameter values to allow (before shifting to a new steady-state solution)
for a tolerated change in the waiting-time to service-time measure.
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2-6. Testing a Hypothesis

In collecting data for estimating the distribution of the number of
arrivals or of holding times, the number of arrivals and the intervals of
time in service are recorded as a function of time. These data may then
be grouped in time intervals, after which statistical tests for independence
of the means in successive time intervals may be made, e.g., by the vari-
ance-ratio test and other appropriate methods found in standard texts
on statistics. Should there prove to be lack of independence, the data
must be subdivided into time intervals within which a steady state is a
reasonable approximation. A non-steady-state situation arises, for
examiple, in a restaurant operation before and after the meal hours.

With the data, or portion of the data which appears to be homogeneous,
a further grouping is made and a frequency histogram constructed, taking
10 to 20 subgroups. The appearance of this histogram will suggest cer-
tain standard distributions such as the normal, Poisson, or exponential,
or the distribution of a sum of independently and exponentially dis-
tributed random variables. '

The parameters of the hypothesized distribution are then estimated
from the data. The observed and model distributions are compared,
using the chi-square test. When slight but statistically significant devia-
tions are found, a decision as to whether or not the model should be
altered can be made only with a knowledge of the objectives of the par-
ticular problem.

Another consideration must be borne in mind when the data are not
very numerous. Parameters estimated from such data may vary quite
markedly from the time-population values, even though a chi-square
test shows no significant deviation from the model.

The considerations of the preceding two paragraphs are less important
if the model can be tested in the actual operation. Ingenuity may some-
times be required to verify the model experimentally, such as closing one
lane of a multilane highway in order to verify the applicability of the
model and subsequently to predict the effect of opening an additional lane.

In exceptional circumstances where no experimental verification is
possible, greater care should be taken in fitting the available data with
the model. The problem of the effect of changes in parameter values on
the model may perhaps be approached ‘analytically by varying the
parameters of the distribution of arrivals and holding times over a range
corresponding to the expected uncertainty and observing the effects of
the changes upon the predictions, as we indicated in the previous sensi-
tivity analysis.

Suppose that it is desired to test the hypothesis that the arrivals to a
waiting line are Poisson-distributed with a mean arrival rate per minute
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equal to 0.4. The intervals for counting the number of arrivals are fixed
at 2 minutes. In each such interval, one counts the total number of
arrivals. Then one counts the frequency of intervals in which a given
number of arrivals occurs. This gives the first two columns of Table 2-1.

TaBLE 2-1. CoMPARISON OF ARRIVAL DATA WiTH PorssoN DISTRIBUTION

N Number of 2- Value from Number of 2-
umber of . . . R .
arrivals n minute mte.rvals ’PO'ISSOI'I minute lnte}'vals
observed with n | distribution | expected with n
0 21 .449 26.9
1 23 .359 21.5
2 10 .144 8.6
3 4
4 1
5 0,6 .048 2.9
6 0
7 1
60

When a number in the frequency column is small, e.g., less than five,
it is grouped with others to increase the sample size; e.g., the frequencies
for three to seven arrivals are grouped to yield a total frequency of 6.
Using the Poisson distribution

”(t) _ (4t)ne— 4t

(2-51)

with ¢ = 2, one computes the third column for values of » from the first
column. This gives the probabilities for the indicated arrivals. By
multiplying each probability by the total frequency 60, one has the
number of 2-minute intervals expected to contain the indicated number
of arrivals n. Finally to judge whether the Poisson process is an accepta-
ble fit statistically, one forms the chi-square expression

. (number observed — number expected)
- number expected

X (2-52)
where the differences are taken between the numbers in the second and
last columns, squared, and divided by the last-column number. The
sum is then taken for all corresponding pairs. This gives

(269 — 21)!  (21.5 — 23)2 (8.6 — 10)? . (2.9 — 6)?
%9 T a5t 85 T o9

Entering the chi-square table with ¥ — 1 = 3 degrees of freedom (four
groups are considered, and the degrees of freedom are this number reduced
by unity), one finds that this number is less than that indicated at the

= 4.94.
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highest significance levels. Hence, one may conclude that, if the
hypothesis that the mean of the Poisson distribution is 0.4 is accepted,
the observed data do not differ significantly from values obtained from
the “fitted” Poisson distribution. If the computed value exceeds the
value from the table, the fit of the curve is rejected at that significance
level.

2-7. Parameter Estimation in Queueing Theory

A. B. Clarke [111] has derived a maximum-likelihood (see below) pro-
cedure for estimating N and g, the input and service parameters, respec-
tively, in a single-channel Poisson-input and exponential-holding-time,
first-come-first-served queue in equilibrium. In general, to estimate A,
one observes the operation for a time of length s; if n persons arrive, then
one has A = n/s.

In estimating u, the average number of customers which the channel
can serve per unit time, it is fair to count only time when there are cus-
tomers available to be served or in service. This is called the channel
“busy time.” If m persons are served and the total busy time of the
service channel is 7, then g = m/r, which is the best one can do when
p = MNpu 2= 1. For the case p < 1 it is possible to use the initial queue
size 7 to improve the above estimates for the queue in equilibrium.

If one has all the relevant distributions of the quantities involved, one
may obtain the sampling distribution as products of these (assuming that
the samples are independent); the likelihood function is formed as the
product of the sampling distributions. It is then differentiated with
respect to the parameters to obtain the maxima.

Let m > ¢, ¢ being the initial queue size, and suppose that the busy
time of the channel is observed until a preassigned value 7 is reached;
let T be the time at which the mth departure occurs. Let the random
variables Xj, Y;, Z; give the jth arrival time, the jth departure time, and
the busy time of the channel up to the jth departure (all vanishing for
J.< 0), respectively. Then one has recursively

Y,‘ = max (Yj_l,Xj_,') + Zj - Zj_l. (2-53)

This gives the departure time of the jth departing customer as his arrival
time X;._; plus his service time if he does not have to wait, or as the depar-
ture time of the (j — 1)st customer plus the service time of the jth
customer if the latter must wait. Thus, once the initial number ¢ and
the X; and Z; are known, the entire queueing process can be completely
described. Clearly, X; is independent of Z;.

Assume that the initial queue size 7 is distributed according to the
geometric distribution (1 — p)p' (1 = 0, 1, 2, . . .), which is the equi-
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librium solution of the queue size. From the assumptions of the problem,
the sequence X; (j =1, 2, . . .) is a Poisson process with parameter
A\, and Z; is a Poisson process with parameter . Both processes are
independent of :.

Note that m, the number of persons served during time 7, is a func-
tion of the Z; only, since m is the maximum index that yields Z,, < 7.
Therefore m is independent of ¢ and is distributed according to

ew O ma01, . (2-54)
The conditional distribution of Z; (j = 1, . . . , m), given m, is inde-

pendent of u and N\. It is a random subdivision of the interval r into
m + 1 parts. Thus we know the distribution of X, Z;, 7, and m. We
now obtain the distribution of samples of size m.

Note that, since the initial number in the queue is ¢, the arrival times
X; are applicable for m — ¢ numbers of the sample. The probability
density for an arrival at X, is Ae*X:, That of an arrival at X, is
Ae X=X and so on to the (m — 7)th arrival. The product of these is
Am—ig=*X=-i which is independent of the Z;.

Consider that n customers have been observed to arrive in the time up
to T during which m customers have been served. Between X,._; and the
time of the mth departure at time Y,, = T there must be n — m + 1
arrivals to bring the total arrivals to n. The probability of this number
of arrivals during the interval (X._;,T) is given by

A T=Tny IMT = X )]s n—-m+1=01,...,

e ) mn—m+! n+17>0. (2-55)
Multiplying the distributions for the arrivals, the distribution for the
initial number 7, the distribution for the Z; (the latter does not depend on
w and A), and the distribution for m, we have for the likelihood function

K (1 — %) “m—ixﬁie—m—u"

where K is a function which does not depend on A or u and whose form
does not matter since it disappears on equating the derivatives with
respect to A and p, respectively, to zero. Thus one obtains the maximum-
likelihood estimates of A and u from the two equations obtained by insert-
ing the observed ¢, m, and n and equating the respective derivatives
with respect to A and u to zero:

A=(a—=N(n+1—AT),

A= @& = a)m — i — pr). (2-56)
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Also, by substituting X\ = pp and eliminating f, one obtains a quadratic

equation from which 5, an estimate of p, is obtained. Exactly one solu-

tion of this equation lies between zero and unity. It is therefore the

unique estimate 3. ,
Exercise 6: Obtain this quadratic and the unique estimate .

2-8. A Decision Process (a Method for Testing Fault Frequency in
the Service Channels)

This section has nothing to do with the theory of queues per se, but
the method presented may be useful for determining when the service
facility must be repaired or reconditioned.

A service channel, if automatic, as in telephony, requires occasional
inspection for faults before difficulties of a greater order of magnitude
develop. By considering maintenance costs and fault-finding costs at
different fault frequencies, a limit of action ao is determined. If samples
show that the fault frequency is greater than a,, the service channel is
then corrected; otherwise no action is taken. Wrong conclusions from
the samples may cause loss.

If » is the number of observations, z the observed number of faults,
and « the fault frequency in the population and if X, the number of faults,
is a stochastic variable with a Poisson distribution (a reasonable assump-
tion if the probability for a fault at each observation is small and constant
and if the number of observations is large), then

z

k
Prob (X < 2) = z (L,:‘,)— e = Fo(z). (2-57)
k=0
For a given n one tests the hypothesis @« = ao against the hypothesis
a # ap. The null hypothesis is @ = ag. The alternative hypothesis is
a < agor a> ap. Given n and ay, one determines z, and z, such that

Fﬂo(xl) S 31,
1- Fao(xZ) S &,

where €, + €, is the level of significance chosen. If z; < z < z,, the
null hypothesis is accepted; otherwise it is rejected. In the latter case
there is always a risk <(€; + &;) of making a wrong decision; i.e., the
hypothesis is rejected when it is true.

By successive sampling one has different values of n with corresponding
values of z; and z,. An upper limit to the number of observations must
often be set.

It is also possible to develop expressions for optimum decision values by
studying different risk levels [179)].
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Ezxercise 7: Quantify the symbols occurring above for an interpretation
of the ideas.

2-9. Simulation and Monte Carlo Application

The Monte Carlo method has frequently been applied to queueing
problems to obtain numerical solutions. Application of the method may
be illustrated by an example for obtaining a single-channel first-come—
first-served waiting-time result.

A plot of the cumulative-input and service-time distributions is made
either from data or from formulas. Then a column of two-digit random
numbers is formed. As decimals, they are used as ordinates in the figure
for the input distribution, and the corresponding abscissas are then
obtained. The latter provide a column of the lengths of the time intervals
between arrivals. Similarly, two adjacent columns are included to
provide service times. In a fifth column the waiting time for every item
is calculated as the sum of the holding time and waiting time of the previous
item minus the delay in the arrival of the new item. If this difference is
negative, the waiting time is zero.

The average total wait is calculated in a straightforward manner.
Note that, for the steady-state results, \/u < 1, which must be taken into
consideration when using the method. The accuracy of the method
improves roughly as /N, where N is the number of trials. This will
now be illustrated by a numerical example.

In a production-line operation it was calculated that speeding up opera-
tion would bring items to the inspection line at the constant rate of one
every 5 minutes. The present inspection-service times in minutes, when
grouped and fitted with a curve, were observed to be exponentially
distributed according to

b(t) = .5e~b,

The Monte Carlo method was applied to this problem as illustrated in
Table 2-2 to calculate the average waiting times for possible increase in
service capacity caused by the increase in production rate.

Obviously, the input is fixed at constant intervals, and any experiment
must use this information as it is. On the other hand, the service times
for each item must be selected (at random) without any discrimination;
i.e., one service time is as likely as any other. The cumulative-service-
time distribution was plotted, and the columns in the table were generated
as described above. This was carried out for 100 arrivals, and the
average waiting time was calculated to be .25 minute, which did not
warrant additional inspection service to maintain a smooth operation.
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Ezercise 8: Repeat the above experiment, interchanging the input and
the service distributions and their parameters; i.e., use an exponential-
interarrival-interval distribution of .2¢~-% and a constant holding interval
of length 2. Compute the average waiting time. Compare with the
value obtained from the Pollaczek-Khintchine formula.

TaBLE 2-2. A MoNTE CARLO JLLUSTRATION

The correspond-
Intervals between | Random numbers | ing service time ¢ The wait-
consecutive taken as decimals | obtained from the | . .
arrivals (1 — e8) figure, using the ing time
decimals
5 .10 0.20 0
5 .22 0.50 0
5 .24 0.55 0
5 .42 1.05 0
5 .37 0.90 0
5 77 2.90 0
5 .99 9.00 0
5 .96 6.30 4.00
5 .89 4.50 5.30
5 .85 3.80 4.80
5 .28 0.65 3.60
5 .63 2.00 0
5 .09 0.20 0

Note: There is rounding off in decimals.

2-10. Power Series Expansions

We give a procedure to illustrate numerical calculation to obtain solu-
tions of queueing problems. At this point it is not essential to understand
the significance of the equations used. By way of example, we shall con-
sider a typical queueing problem and shall show how to find series solution
expansions for the probabilities P,(f), using the initial queue length ¢
and the given parameters A and p.

Consider the problem (with two absorbing barriers at the origin and at
N, that is, the process stops once it reaches these points) described by

ot) = wPi(2),

&) = — (N 4+ w)Pi() + 2pP2(0),
Pi(t) = (n — IAPas(t) — n(A + p)Pa(®) + (0 + DuPari(t),
v-1(t) = (N = 2)\Py_s(t) — (N — 1)(\ + w)Prv-a(®),

¥(®) = (N — DAPy_a(®),

with the initial condition P,(0) = &:s.

nonl
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Let ¢ = 2 and N = 5 and assume that
2
P.() = Pu(0) + PiO)t + PY©) 57+ - - -
We shall now calculate the coefficients P%(0) in terms of the constants

X and u. We have P,(0) = 1, P,(0) = 0, n > 2, and on starting with
the third equation we have

P3(0) = AP1(0) — 2(\ + u)P2(0) + 3uP3(0)
and hence P3(0) = —2(\ + u),
since P,(0) = P3(0) = 0.

Also, from the equation defining P,(t), we have

PY(0) = AP1(0) — 2(\ + w)P3(0) + 3uP3(0).
But 10) = —(\ + w)P1(0) + 2uPx(0),

which on using the initial condition equals 2y, and
P3(0) = 2\P3(0) — 3(\ + 1) P3(0) + 4uP4(0),
which equals 2); therefore

Py (0) = 2uh + 4(\ + u)? + 6pA.
Again
Py'(0) = APY(0) — 2(\ + u)P3'(0) + 3uP3(0),
where  PY(0) = —(\ + w)P1(0