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PREFACE

In he beginning of this century Euchd’s Elements of Geometry
was expelled from English schools as an unsuitable book fo. the
young, aad oue generally ac. _pted cc.ocquence of this revolution
has bcen that the fundamental theorems on the congruence of
tr.angles and on parallels are, at first, assumed on experimental
or mtuitional grounds. The proofs are now ueferred to a much
later stage, when the pupil has already had a training, lasting
for three or four years, in deductive methods, and 15 of an age
to appreciate, more or less, what constitutes a sound proof. Now
1t 1s fouud that the proofs usually given of these fundamental
theorems do not satisfy him; they ~re, indeed, often faulty and
sometimes he perceives this clearly; at other times he merely
ieels vaguely uneasy, and the faint stirrings of his critical con-
science may perhaps be mismterpreted as stupidity. This 1s a
most unsatisfactory state of affairs, for Geometry 1s the only
subject taken by all pupils mn schools, wheremn the power of
deductior 3 made manifest; that 1s 1ts main educational value—)
as distinet from the facts imparted. The proofs of these funa-
mental thenrems, and of all others, should be made sufficie: tly
rigornus to convince the pupil at the stage he has reached: they
need not conform to any absolute standard of rigour, if indeed
such a standard exists.

In this book the standard adopted for these theorems 1s
approximately that of Euclhid, modified 1n accordance with
modern criticism, and 1t 1s the author’s aim to raise the rigour
to this standard gradually, at first to be content with a low
standard and continuously to improve 1t, and to keep always
m mind the age of the pupil and the sort of proof that will, or
ought to, satisfy him

I hare adhered to the ordinary terminology except m one
mstance. I distinguish between ‘line’ and ‘interval’; the first
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1s the imnfinite straight line; the seco 'd is a finite sicicqur a
straight line. The common yse of the word ‘line 1n two sgnses
docs, 1n fact, cause confusion, and some change 1s leng qverdile.
In other cases where a wiord 1s commonly used in two senses,
but no confusion results, I have conformed to custom, and'%on-
tented myself with pomnting out the double use. In choice of
terms, mn degree of exactness of ex.preﬂelon, 1 order of treatment
«8 1n type of demonstrat-on, 14 dve been guided by psyc’hologlcal
rather than by L ncal xve~essities, and a pupil who has mastered
the latter part of this book will be able to view the earher part
trom a stricter standpomnt than I have myself adopted.

A large number of exercises 1s given, such as aie not ‘original’
have been taken from the immense stores which exist 1n the old
editions of Euclid. Many of these are of such an obvinus nature
that they can be done by &'l pupils; these are followed by harder
ones for the better pupils aad for revision purposes, and they
are grouped round central 1deas, so that the clue to one is often
given by the preceding questions. Attention 1s also called to
the large number of worked Examples, which usually embody
important geometric truths

I have interspersed sections on such subjects as 1rrationa’
rumbers, rational tiiangles, dissections, and so on, wnich never
fal to evoke mterest, and frequent notes calling attention te
pomnts which might otherwise escape notice. The 1act. of sohd
geometry have been introduced gradually, w1th0ut proofs, and
questions involving three dimensions have been included.

The book presupposes a course 1n experimental Geometry, the
length of which depends on the ability of the pupil, but it
contains all that 1s necessary for revising such a course. In the
first part will be found a collection of drawing exercises, many
of an unusual type. Experience shows that if these are taken
at the begmning of the deductive course, very great ipterest is
created, and m working through them, a pupil not o \ly acquires
profictency m the use of instruments, but learns nnconsciously
a large amount of empirical geometric duta, which are ny aluable
in his later theoretical reasoning.



PREFACE X

& ull consideration has b en rven to the demands of Examma-
tions and ‘he extra stres, that 1s la d 4n logic mn this book 1s of
value even fion. that*standpoint, for.1t s the common experience
of Examiner. that pupis brought up or stiicter diet do, as a rule,
much better than those nourished or some of the more careless
and more loosely constructed ‘modein’ Geometries.

Acknowledgment 1s duc to Mr H. E. Dudency for permission
to usc some questions m b« Amusements in Mathematics.

Tam very greatly indebted to my colleague, Mr J. W, Maddock,
and to my old fiiends, Mr H. Coates, Semi,r Mathematical
Master at Mill Hill School, and M J. H Doughty, Senior Mathe-
matical Master at Leigh Giammar School, for their invaluable
help, which began when the work was still in manuseript, and
Jdid not ccase till it was i print.

And it - a pleasure once again to express my gratitude to the
Syndics and officials of the University Press for the kindness and
consideration they have shown me auring the production of this
book.

August, 1930






PART T

§ 1. Revision of the Fundamental Ideas.

Angles  If a boy faccs North and then tuins completely ronnd,
he wul arain face North. "7~ say he i s made a complete turn.
If he makes onc-quatter of a complete turn, we say he has turned
th cugh onc 2:ght angle A right angic 15 divided mto ninety
equal parts, cach part 1s called a degree

EXERCISE 1 (Oral)

1 A boy faces North and then turns South Through how many
right angles has he turned and through how many degrees?

2 A boy faces North and then turns until he faces South-cast
Through how many right angles has he *urned and through how many
degrees? (Two answers )

3 'Through how many degrees does the hour hand of a wateh turn
m 12 hours, 1 hour, 4 hours?

4 What angle do the hands of a elock make with cach r*her at
3pn,6pm, 2pm? KExpress the answars m nght angles and
Aegrees

5 A wh.el has twenty spokes, what 1s the angle between two
spokes that ate ncat to cach other?

6 Hold yorr pen and ruler so that the angle between them 1s 30°,
60°, 90°, 15°, 120°, 180°, as near as you can guess

7 A flywlaecl makes onc revolution each sccond, how long does 1t
take to turn through 1°, 30°, £5°7

8 If _he carth made a complete turn 1ound its axis m 24 hours,
tbrough how many degiees would 1t turn in (1) onc¢ hour, (1) onc
mrute?

9 'I'wo wheels are geared so that one turns round four tumes while
the nther turns round once Through how many degrees does the
second wheel turn, when the first wheel turns half-way round, one-third
way round?

[It 15 advisable in work on the board not to use letters, at first, to
denote points, angles, and so on, but to mark and point out the ohjects
mentior .d, even 1n places "vhere letters have necessarily to be used 1n
this book ]

FG



2 SCHOOL GEOM{iTRY [pr 1

Strawght Lines and wnterval;  Kveryc, e has an 1deal of what 15
meant by a stiaight line It you took a- very long, ruler and tried
to diaw a stiaight Iine 01 a sheet of paper, you would havé to
stop when you came to the edge of the paper The stmlght lines
which we shall talk about are supposed to go on wn both directions
without comung to an end A piece of a stiaght hne of deflinite
Iength, with two ends, 15 called an “nterval’ We shall wsually
smit the word ‘stiaight” and say ‘tne’ mstead of “stiaight line
When we say ‘craw acdine’ or “diaw a straight line,” we mgan
you should draw. as muteh of 1t as you can, or as much as 15
necessary  The ‘hine (1B’ means the (nfimte) ine which goes
thiough the pomts 4 and B (¥ig 1) The
“interval (1B’ 1s the pait of the Ime between —— ——5——
Adand B 1t .IBC be a truangle, the ‘side AB’

s 1
15 an mterval, the ‘hine . (B’ 15 that interval
produced m both dunections without end
EXERCISE 2
1 wraw an mterval two inches long '
2 Draw two intervals which have one end- .
s’
pomnt the same, as i Fig 2, where AB and .1C c.

are the mtervals [If the interval AB 15 produced L
beyond B, and the mterval .1 15 produced _——
beyond (', 1s the angle between the mtervals A B
altered? Fig 2

3 Can you draw a stiarght line on the sutface of the carth?

4 It a straight ine were diawn through o point in England and
a point in Austraha, where would 1t go?

5 Draw as much of a straight ine as you can, and mark off or. ¢
thuee intervals AB, BC', C'D, each one inch long

Two lines, or two intervals, o1 a ine and an intcival are squd to
cut’ or ‘“meet’ 1 a pont which 1s on both  Never use the word
‘touch’ mstead of ‘cut’ o1 ‘meect”’
The angles a, b 1in Fig 3 are called ‘adjacent’ angles, the angles
@, yn Fig 4 are called “vertically opposite’ An angle 1< usually
1 Inlater work we shall often say ¢ AB’ mstead of ‘the hine AB’
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name,1 by hiee letters T s the angle @ in Fig 3 would usually
A

be called the angle .10B or 10B. 0.4, OB aic the ‘arms’ of the

angle, O s the ‘vertex’ Notice that in he name of the angle, the

muddle letter denotes the vertex

A
b !
_ u V
o] O B
I g 3 g &

§ 2 Perpendiculars.

EXERCISE 3
1 Diaw a figure Iike Fig 3, and measuie the adjacent angles
2 Diaw a ligure hike Fig L, and n _asure the vertically oppostite
angles

3 Diaw a hgure like Fig 3, but <o that the angles ¢ and b are as
neatly equal as you can make them  Notiee that when these adjacent
angles are equal, thcy are right angles

4  Draw a figure hke Iig 3, and draw a line as nearly as you ean
at right angles to O.1 T'wo hines at right angles to cach other are also
said to be *perpendicular’ to each other

It 15 nsud m Geometiry to state quite clearly all the mm-
portant thmgs to be remembered  The following should be
leaint

Defintion  If two (strarght) lines cut one another so as to make a
patr of adjacent angles equal, the angles are called “right angles,’
wnd the lines are said to be “perpendicular’ to one another

An ‘acute’ angle 15 an angle loss than a night angle

Ar ‘obtuse’ angle 1s an angle gicater than a night angle

Any two angles whose sum 15 two nght angles are called
‘supplementmr y’ angles

We now make some statements which can be scen to be true,
and whi~h will be found usctul to us as we go on  We call them
Assumptions
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Assumption 1 When two \straight) I\nes cut each otller, the sum
of two adyacent angles equals two right ai.gles (or 780°)

Assumption 2. When t{w lines cut each other, anywtwo vertt::hlly
opposite angles are equal

Assumption 3. If the pownts B, C a:e on opposite

stdes of the line OA, and the sum of the angles ;
)

AOB, AOC equals two right angles, then B, O, (' n
,ure n one Line ‘ c 0O B
Assumption 4 All v ght angles are equal to one et sa

another.

We have distinguished between a lme and an mterval It 15
now tmportant to note another distinetion  If 4B 15 a hne, the
part of the line which starts at A, goes thiough B and goes owu

B

O ZX
A B 0 A
Ing 5 Ig ©

then tor cvet, 1s called the “ray’ AB Thus the arms of an angle
AOB are the ray 0.1 and the ray OB If O.X 15 a ray mside the
angle AOB, so that the angles 40X, BOX aie eqal, then we
say that the ray OX ‘“busects’ the angle . 1OB (Ihg. 6)

EXERCISE 4

1 Draw, with your protiactor, angles of the following sizev 45°,
60°, 30°  What 15 the size of thewr supplementary angles?

B
D, C
\
---<X ---D
AN c O
N
B O A A
Ing 7 Iig 8

2 (Ing 7) The ray OD bisects C@B, C0A = 60°. How big are
BOD, DOA»

3 (Fig 8) The ray OD biscets 40B AOB = 80°. Wrat 15 the
s1ze of BbC?
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A A
4 (Ff1g ¢) What 15 the sum of the angles AéB, BOC, C0o4? If

AéB and BaC arce each twice the size of Aé(‘, find the <1zes of all
these angles

A\ Er
\ B8
C c o A
Fig 9 g 10 Ing 1

5 (Fig 10) The rays OD, OFE bisect angles 40B, COB resp ,
A(I)B -~ 40° Find the size of (,'6D and of EOD

6 Inthesame figure,1f AOB = a°, find the s1z¢ of C(A)I) mterms of @
7 (Ig 11) 0.1, OB are perpendicular hines, the ray OF bisects
COB Find the size of AOE

8 Ifin kg 11 we have BOE - x2°, and the sizes of angles AOE,
COE, DOF n terms of @

[The following constructions should now be mtroduced, without
proofs, it will probably be best not to use letters tor points at first
(1) To bisect an interval, p 37 (2) To bisect an angle, p 36 (3) To
draw o perpendicular to a given line fiom a given pomnt on the line,
L 35 (4) To draw a perpendicular to a given hine {from a given point
not on the line, p 88 (5) To construct, by compasses, angles of 60°,
30°, 45°, 120°, p 49 (6) To draw a tnangle, given the lengths of 1ts
sides  (7) Construction ol a regular hexagon, p 19 |

§ 3. Kinds of triangles.

Il we have three pomts not on the same line, the mtervals
jormug them form a ‘triangle’ The mtervals are the ‘sides’ of
the tilangle, the pomts its veitices  If one angle of a triangle 15
a right angle, the tuangle s called a “1ight-angled triangle’ Only
ore angle of & tilangle can be an obtuse angle or a rnght angle.
If one angle of a tiangle 15 an obtuse angle, the triangle 15 called
an ‘obtuse-angled triangle ’ If all the angles of a tiiangle are acute
angles, the triangle 15 called an ‘acute-angled trangle’
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t
EXERCISE

1 Draw a triangle whose sides are .+, &, 5 inches long Mecasure-1ts
angles, and bisect them

2 Draw a triangle whose sides are 3, 3%, 4 *1ches long, from cach
vertex draw a perpendicular to the opposite side These perpendieular
mtervals are called the ‘altitudes’ of the triangle  Measure ther
lengths

3 Draw a tnangle wh(iqc sid~- arc 2, 3, +mches long, biseet each
stde and jomn the mddle pomt of cach side to the opposite veirtex
The mtervals thus obtaihed are called the “medians’ of the tna e
Measure their leng hs

4 To find the distance from a pont to a line, we draw the perpen-
dicular mterval trom the pomt to thc Ime, the
length of this mterval 1s the distance required
Thus, 1f OP 15 perpcndicular to the hne B, thcn
the distance fiom O to the Iine 1s the length of the B
mterval OP P 15 called tue foot of the perpen- P
dicular from O to .1B Draw an angle of 60° and &
bisect 1t Take a pomt on the bisector 2 mcehes
from the vertex, and measure 1its distance from
erther arm of the angle

5 4a0B s a straight line, (" any poimnt not on it, the rays OX, OY
bisect the adjacent angles AO0C, BOC' Prove that XOY 15 o right
angle

6 AOB, COD are lines cutting m 0, the 1ay O X biseets 1)(A)B, XO
15 produced beyond O to Y Prove that the 1ay OY Iisects 0.1

7 In Ihg 1‘3 the 1ays OX, OY biseet angles A0B, A0C resp. If
AOB - a°, A0C — 4°, find XOY m terms of v and y *

g 13 g 14

8 In Fig 14, the rays 0X, OY bisect angles A0B, COD resp ,
A A
AOB = a°, BOC b°, C()I) =¢° ¥ind XOY 1n terms of a, b, c.
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9 If al<) the ray OZ 1isects the angle BOC, and A(3B = CéD,
A
prove that the .ay OZ bisects XOY

*10 04, OB, OC, OD arc rays from O .n that order, AéB = C(3D,

BéC = A(’)\D Piove that A4, O, C ate in one line, and B, O, D 1n
one line

§ 4. Parallel lines.

Parallel Lines are limes which 1un .n the same dnection, or
are the same distance apart all the way Brt for puiposes of
Geometry we use the following detinttion, which should be leaint
by heart

Def  Two lines we sard to be  parallel,” when they lie wn the
same plan’ and do not cut each other

(Remember that ‘hine’ means € a styaight hine,” infinite in both
directions A plance 15 a {lat surface, hike the top of a smooth
table )

EXERCISE 6

1 Diaw a line, and a scries of hines parallel to 1t, by means of the
«ct-square

2 Cana line on the floor be parallel to a Iine on a wall of a room?
Can two hnes on opposite walls, o1 on neighbouring walls of a 1oom,
‘be parallel?

3 Copy the folowing figuies, diawmg parallel Iines with your
set-square  You need not trouble to diaw them the same <ize as the
figures here  In the figures some angles ate marked, matk all angles,
equal to these, by the same letter. Thus the answer for the first

bfa
a
figure 15 /e

b/u (L b
a b

Fig 16 g 17 Ing 18
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Fig 19 U Fg 20 Fig 21

Ihg 22 g 23 g 24 .

. 13
In the followmys figures, the angles a arc called a paw of
‘alternate’ angles, so are the angles b, the angles 2 are called

a parr of ‘corresponding’ angles, so aic the angles y.

1

a b

a b Y,

g 25 Ing 26 Fig 28

The preceding examples should have made clea the following
facts v.huch we state as assumptions.

Assumption 5 If a bine cuts two parallel lines, the alternate
angles so formed are equal

Assumption 6 If a line cuts two parallel lines, the coriesponding
angles so formed are equal !

dssumption 7. If a line cuts two other lLines, and the alter nate
angles so formed are equal, then the lines are parallel, ind of these
angles are not equal, the lines are not parallel

Assumption 8 If a hine cuts two other Lines, and the corre-
sponding angles so formed are equal, then the lines are parallel, an.’
of these angles are not equal, the Lines are not parallel

EXERCISE 7
ABC1s any trniangle, CX 15 a Iine parallel to BA

Mark the angles at C' which are equal to the angles A X
marked at 4 and B What 15 the sum of the three i ﬁ f
angles at C? What 1s the sum of the angles of the

triangle ABC? ' B S~ D

Consideration of this exercise leads us to state Fig. 29
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Ascump won 9. The sur . of the angles of any triangle equals two

right angles

| I'he follov ing 15 a formal proof of this assumption. 1t will often
be better to postpone the actual learning of 1t to a shghtly later stage
It 1s :nserted here for convenuence.]

THEOREM 1.

The sum of the angles of +ny tnanrtle rquals two right angles.

Groen,  ABC 15 a triangle

To prove that the sum of the angles of
triangle ABC cquals two 11ight angles

Proof. Thiough C draw the lime CX
parallel to AB  Piroduce the side BC of B ¢ D
che tnangle, beyond (', to D Then sice

CX || B,

ABC = XCD, (corr. /),
and sice (X || B.1,
BAC — ACX, (alt /)
ABC + BAC - XCD 1 10X = ACD.
Add to both sides the angle 1CB,
CABC + BAC - ACB = ACD + ACB
But BC and CD are m one st line,
ACD + ACB =2t /s, (ad). Zs).
. ABC + BAC 4 ACB =2t /.
Quod erat demonstrandum.

- Corollary. An exterior angle of a triangle equals the sum of the
wntérior opposite angles. IFor we lmve pl()V(,(l that the exterior

apgle ACD cquals the sum of ABC and B.1C.

Note. The symbol || may be usced for ‘1s parallel to,” and 1 for
‘1s pkrpendicular to.” The reasons for the statements made should
be put i brackets, as above, after the statements

* Warning  Avoud writing a lette - over a line or round a point
Letters on a figure should be made so carefully that 1t 1s vmpossible
to masread them.
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§ 5. Isosceles triangles.

An ‘equilateral’ triangle s one wun all its sedes equal.

An “asosceles’ triangle 18 one with (at least) two equal sides.

A ‘scalene’ triangle 15 one with no two sides equal

A ‘quadrlateral’ 1s a figure with four sides. ABCD 15 a

S *Q
D Y ?
C T
D -
£ P
A B X W R
Ing 31 Ing 32 Ing 84

‘conver’ quadrilateral, XYZW 1s a ‘1e-entrant’ or ‘ron-conver’
quadnlateral. PRRS 15 a*cr0ssed’ quadiilateral, this will seldom
be considered. In nammg a quadulateral we go round the
vertices i order Thus the quadrilateral m Fig 31 can be called
ABCD ov ADCB or BCD.1, and so on, but not .{CDB or ACBD.,
The mtervals AC and BD aie the ‘dwgonals’ of the quadn-
lateral ABCD

A figure with any number of sides 15 a “ polygon > In particulas,
a figure with five sides 1s a “ pentagon’, with six, a “hexagon’, with
seven, a ‘heptagon’, with cight, an ‘octagon’

We shall assume, at present, that our figures are m one plane,

Examere 1 The sum of the angles of a (plane) quadrilateral equals
four mght angles (The quadrilateral need not be convex')

Gwen XWZY 15 a quad (Ig 32)

To prove that the sum of 1ts angles equals four it Zs

Proof. Join XZ

In A XZW, XZW + ZWX 4 WXZ = 21t /s
In A XZY, XZY +4YX | YXZ -21t /s

But the sum of the angles of As XZW and XZY equals the sum

of the angles of quad XWZY
the sum of the angles of th: quad XWZY equals 41t /s o
QE.D.
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An, ang'c greater thanptwo right angles, like the angle at Z
of the quadrilateral X WY 15 called a ‘reflex’ angle It 1s marked
m g 32,

EXERCISE 8

1 (Can (1) a triangle, (11) a quadnlateral, be not in one plane?

2 Draw an interval 2 mches long, and, using your compa ses,
draw an ¢qulateral triangle . bich has th 3 interval for one side

3 Tuaw an 1soseeles triangle, whose cqml odes are 3 1nches
lo -, and whose other side 1s 2 mches lony * Measure 1ts angles

If ABC 15 an 150sceles triangle and AB, AC arc the equal sides, the
pomnt A4 1s often called the ‘apex’ or ‘the veitex” of the triangle, while
the side BC 1s called the ‘base’, the angle at A 15 called the ‘vertical
angle,” the angles at BB, C the ‘base angles’ of the 1sosceles triangle

4 Draw an 150sceles triangle whose equal sides are 2 mnches long
and whosc base 1s 3 inches long  Measure 1ts base angles

5 Draw a tiangle ABC given that BC — 3 inches, and the angles
at B, C are cach #0° Measure the sides (1B, AC.

« The results of the last two questions lead us to make the tollowing
statements

Assumption 10 The base angles of anrsosceles triangle are equal.
Assumpteon 11 If two angles of a thangle are equal, the sides
opposite th equal angles wre equal
. From Assumptlon 10, 1t follows that the angles of an equilateral
tangle are (Il equal to each other By Assumption 9, their sum
cquels 180°  Hence each angle of an equilateral triangle - 60°

ExamrrLe 2 To draw, without a protractor, an angle of 60° with a
gwen argn

Given a ray 0.1 B
- To Jind a pomnt B such that AOB - 60°

*Construction  With centie 0, and radwus O.1, draw
a circle With centte A, and radws A0, draw
anorher circle to cut the first 1n B

‘Then AOB - 60°

reef Thee angles of A O.1B e all equal, ( the O A

sides are equal ) Fig 34

“he sum of the angles 15 180° !

A()B = 60°. Q.E.F.
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EXERCISE 9

In answering these questions you m~y use any of che assumptions
given above You should (imw figures freehand, they need not be
accurate, but they must be neat. Give reasons for every statement
you make

1 What s the size of the angles of an equilateral triangle?

2 A night-angled triangle has one angle of 20° How big are the
other angles?

3 A rnight-angled triangle has two apgles equal  How big arg they”

4 Construct a night-angled tuangle two of whose angles c-e cq:‘hl‘

5 A rnight-anglel triangle has onc acute angle twice the other
How big are these angles?

6. The triangle ABC has 1ts side BC produced beyond C to D,
A A A

ACD = 110°, ABC - 70° How big 1s BAC?
7 If, in the same figure, A(QD = 2AﬁC, prove that AIAjC = (‘f/ib‘

8 Prove that at least two of the angles of any triangle must be
acute

A

D B C d
g 35 Ig 36

9 ABCs a triangle, ABC — 120°, ACB - 30°, AD 15 an altitudet.
A A A
Prove that BAC = B('A, and find the size of C4D (Ihg. 35).
10 'The angles of a triangle are of s1zes «°, 22°, 32° I'ind a°

11 In Ing 36 the sizes of angles a, b, ¢ are known Find the size
of d 1n terms of them (Hint Draw a diagonal )

12 I, n Iig 36, a, b, c are all equal, prove that d == 3a.

13 A4, B, C arc on a line, B 1s between A4 and C, O 15 a point r.ot
on the hine, ()/fB - 60°, 0BC - 80°, ()C‘B - 80° FKind the sizes of
AO0B, BOC :

14 ABC 15 a triangle, «AD an altitude, BAC 15 a right argle
Prove ABC - D/i(,'

1 An altitude ot a tilangle 1s a perpendicular mterval from a vert x on to
the opposite side or that side produced
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15. ABC' 15 a tnangle, /D an altitude, AfiC — D/iC. Prove B/AIC
15 a right angle

16 AEKE 1s a bisector of BAC, AD 15 »n altitude of triangle ABC.
A A A
If ABC = 40°, ACB -= 60°, find the <1ze of EAD

[“he work now consists of theorems, riders, and drawing cxercises.
A collection of the latter will be found on pp 39 15 It 15 suggested
that the bookwork should be hept well ahead of the ruders, and that
the drawing exereises should be taken 1n alternate le<,ons |

EXERCISE 10

In Nos 1 to 18, ABC 1s an 1sosceles triangle with AB = AC
1 IfBAZw»a right angle, find the size of ABC

2 1If B‘TC == 120°, find the s1ze of AI;'C

3 If the side BC be produced beyona C to D, prove that
ACD + ABD — 180°

If BAAC — &°, find the size of AI}() mn terms of @

It AB\C ~ y°, find the size of b‘:fC mn terms of y

A
'f the side BA 1s produced beyond 1 to K, prove EAC = 2111}(1
If the angles at B, Care each doublc the angle at A, find their size
It the angles at B, (' are each thuice the angle at 4, find their size

W ovoa

9 If BA}I\C = 100° and D 1s on the side BC, and BD = DA, find the
sizes of ADB and ’)"1\()

10 If BAC - 40° and D 1 on the side BC produced beyond C, and
CD AC, find the sizes of BlA).l and Bﬁl)

11 I BAC - 40° and the biscetors of ABC, .1CB cut m I, find the
sL ¢ of B? C

12 If the bisectors of AI}C, A(?B cut 1 I, prove that

BIC -- 180° — ABC,

whatever be the size of BﬁC

13 If the bisector of ABAC cuts ACin X, prove that A.(:B = 3X1§C.

14 If the side AB 15 produced beyond B to E, prove that

2ABC — ARC + ACE
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15 If the stde BC 1s produced beyond C to D, and AC s CD,
prove that ABC = 2C.AD

16. If the side BC 1s produced beyond C to 1) and aC CD, and
DA 1s produced beyond A to E, prove that BAE - 34DB

17 It the side B 1s produced beyond A to I, and AC — Ab‘,iuoyve
that BOF 15 a 1ight angle

18 If the *1de BA 15 nroduced Heyond A to F, prove that the
bisector of A s parallél to B(C'

*19 B, C arc pomts on the same side of the lmc 04, 4, (, are on
opposite sides of UIL Iine OB, ()A OB —-0C, 0B 10°, 0CB - 60°
Find the size of ABC and ot 10C.

*¥20 ABC 1s a triangle, the Iine AD 15 parallel to BC, D, B are on
oppostte stdes of AC, AD = AB Prove that the ray BD bisects ABC

*21  In tnangle .1BC, A — AC, BAC 15 an obtuse angle, D 1s the
foot of the perpendicular from B on to the line A€, ABD - 24BC
Find the size of ABC

*¥22  LUIBC 15 an 1sosceles tnangle, AB L1C, CR s an altitude
Prove BCR - }B/fl\('

*23 A(B1sa right angle, D, K are on the interval AB, AD*= AC,
BE — BC Prove DCE - 15°

[Riders on the converse 1soseeles theorem (Assumption 11) are
postponed to Excrase 18, p 32 |

§ 6. Congruent triangles

Iap(*r(':s(- Draw a tnangle .1BC with the following measurcments

BA(' —~60°, AB = 3", AC - V" Mcasure BC' The construcuon is as
follows Make an angle YAZ of 60°, and cut off along the arms (1Y,
AZ, mtervals AB, AC of lengths 37, 17 respectively Jom BC  All
triangles with the given measurements are obviously of the same size
and shape Triangles of the same s1ze and shape are called ‘congruent’
In Geometry we use the following defimtion of congruent triangles:

Def Two triangles are called ‘congruent’ when ard only when
the thiee sudes of one triangle have the same length as the three sides
of the other, and the angles of .he triangles which are opvosite 19
the equal sides are also equal.
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B Y

X
C A Z
kg 387

Thus the tiangles (IBC ana XYZ a1 congrueng if
BC -YZ, C.U - ZX, AB - XM,

A A A A A ~
and ABC = XYZ, BC.1 = YZX, C.1B - ZXY,

But 1t 18 clear that we do not have to know all these six
equations to be suire that the tiangles are congruent It will
ve enough, for mnstance, if we know that .IB - XY, BC = YZ,
ABC = XY7

ARC 1 called the angle ‘meluded” between the sides AB and
BC, <o we may say-

Assumption 12 If two sudes and thenr included angle in one
triangle be equal to two sides and thewr included angle vn another
truangle, then the two triangles are congruent

In Geometry we have to be careful about cvery stdtement we
make, 1f wo can consider 1t as quite obvious, we pu} it among
our assumptions; 1f 1t 15 not quite obvious, ot 15 diflifult to sce,
o1 15 not on: Ht our assumptions, wc have to prove § fiom our
assurmptions The following examples will show whd we mean
by a proof

Examenr 3 If C s the nad-point of the interval

AB, and D s any point on the perpendicular to 1B ’ 2
at ¢, then DA - DB
Giwen. AC - BC, CD | AB.
To prove that AD - BD {.’R
Proof In As ACD, BCD, I
AC — BC, (grven) A c B
ch - CD g 38

| 4éD - BOD, (rt 29
As ACD, BCD are congruent, (two stdes, nf!l /)
DA = DB. Q E.D.
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ExXAMPLE 4 Gwen ABC s a trangle, ABX, CBY arc equmlaterar
triangles, outside the triangle ABC. X

To prove that CX — AY.

Proof. Smce ABX 15 an equlateral tri- 3 Y
angle, (given),

A A A
1BX = BXA = XAB.
The sum ¢! these angles equals two 1ight A c

angles A f\){ = 60°. g *39
Similarly C3™ = 60°
Add to thesc the anglt ABC,

b CBX - YBA
In As CBX, YBA,
[ CB - YB, (sides of an equil  A)
BX = BA, (sides of an equil A)

CBX - YBA, (proved)
As CBX, YBA are congruent, (two sides, el /)
CX =YA QL D,

EXERCISE 11 .

Mark or the figure the facts you are given, and the facts whyh you
discover 1n the course of your proof Do not draw triangles which
look like osceles triangles, unless you are told they ar isosceles

1 (a) ABC 15 an 1sosceles triangle, AB — AC, the bisector AX of
angle BAC meets BC in X Prove that BX  CX and AX | BC

(b) ABC 1s an 1s0sceles triangle, AB = AC, X 15 any point on
the bisectcr of angle BAC' Prove that BX - CX

(¢) The line which bisects the base of a triangle at right angles
goes throtgh a vertex of the triangle Prove that the tnangle 1s
1505¢eles

(d) I 1s the foot of the perpendiculat from A on to a given hine,
X 15 any pynt on the hine, the imterval .18 15 produced beyond B tc C,
BC = AB Prove that AX, CX make equal angles with the given line.

2 (a) Imnts D, E arc taken resp on the cqual sides 4B, AC of ~n
1sosceles trongle .1BC, AD = AK Prove that CD = BE

(b) Lpe equal sides AB, AC of an 1s0sceles triangle ABC are
bisected rep at X, Y Prove that CX -- BY

1 Some rdlers should be written out fully But more will be lone 1if a
rough sketc | and an oral proof are accepted for some of them.
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3 (¢ The intervals AB and CD bisect cach other. Prove that
CB = AD, AC = BD
(b) The mtervals AB an. C'D bisect each other at night angles
Prove thet the quadrilateral (1CBD has all its sides equal
(¢) D, E are the mid-poimnts of the sides AB, AC of any triangle
ABC, DE 1s produced peyond E to I, DE — EF. Prove ?mt CF - AD
4 ABC 15 an 1s0sceles triangle, AB — AC, points 1 I are taken
on the line BC 1 the order D, B, C, K, so that ri _ 4B - CE
Prove that AD = Al

Def  The “right bisector’ o) an mterve! 1s the finc which 1 at
right angles to the iterval and goes tl rough 1$s mud-point
*5 The mght bisectors of the sides AB, AC of any tnangle ABC

meet 1n O Prove that 04 - OB = OC

*6 (a) M, N airc the mid-points of the sides AB, AC of A ABC,
the mtervals CM, BN aie produced beyond M, N resp. to X, Y;
CM = MX, BN .- NY Prove that X4 = YA

(b) Prove also that X, 4, Y are colhimear  (Use alternite angles

Pomnts which lie on the samc hne arc called collinear )

*7  BAC s an obtuse angle of A ABC The right bisectors of sides
AB, AC cut BC m X, Y Prove XAY + 2BAYX + 20.4Y = 180°.
State a corresponding result when BAC 1 acute

Exerase Diaw a tnangle whose sides are of lengths ¢ L, 47, 437
Measure its angles It 15 clear that all tiiangles whose sidesfhave these
lengths are of the same s1ze and shape We therefore state -

Assumption 13 If two triangles be such that the th L’ sudes of
the one we respectirely equal to the thiee sides of the oth {, then the
triangles arc congruent

Exameri 5 Guwen ABC, ABD are isosceles triangles wilf AC = BC,
AD — BD
To prove that CD s the night bisector of AB

c

D A X B
Ing 40 g 41
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Proof. Let the ines AB, CD cut in X,
In As ADC, BDC,
AC — B(, (given)
AD = BD, (given)
. D = (D
As 4DC, BDC are congruent, (three sides)
ACD = BCD.
In As . 1C. , BCX,
4C - BC, (given)
CX = (A
{Aix ~ BCX, (proved).
N> ACX, BOCX are congruent, (two sides,
mel /)

AX = XB and (X4 = CXB
But A4,X, B are i one st hne CX | AB(def) A X B
Thus 4X = XB, CX | .1B CD s the right b Fig 41
sector of 1B. QLD

Warmirg  Beginers are often tempted to prove the result as
follows
In As 1CX, BCX,

AC = BC (1)
X X t (2)
CAX = (BX, (1505 A) (3)

s ACY, BCX arc congruent, (two sides, mncl )

But fads (1), (2), (3) concein two sides and a not n.cluded angle 1t
the two riangles and therefoie ate not enough to prove that the
triangles ‘n‘c congruent The statements (1), (2), (3) are all truc
whatever josiution the point X has on the interval AB, and of course
the tlmngmes ACX, BCX cannot be congruent unless X 1¢ the md
pomt of tie interval AB  The following riders depend on the ‘ threc
sides congruence ’

EXERCISE 12
1 (@) JfBC.md ABD arc1sosceles triangles, AC = BC,AD = BD

ACB — 3¢, ADB - 10° Find the size of CAD whe.. C, D are or
opposite sklc% of AB

(b) 1hnd the size of C/i\l) when C, D are on the same side of A8
(¢) I both cases, prove CAD - CBD
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2 (a) ABC s ansosceles triangle, AB = AC, X 1s the md-pomnt

of BC. Prove AX | BC
(b) AB achord of a eirciet, centre O, X 1s the mid-point of 4B.

Prove OX | 4B
(¢) The hine joir'ng the vertex of an 1sosceles triangle to the

mid-noint of the base 15 perpendicular to the base.

3. Two aircles with centres A, B cut in C and D. Prove Aé]] =A ﬁB.

4  AB 1s a chord of a circle, ~entre O; ..Y 1s an ¢ jual chord ot
an cqu. ! errele, centre P Prove A0B = XPY.

5 A, b are points on a circle, centre 0, X, YV are points on a

A A
concentrie circle, AX = BY Prove AOX = BOY.

6 P 1sa pont on a circle, centre O, a circle with centre I? cuts the
first circle ;n 4 and B Prove that OP bisects angle A40B

7 'The quadrilateral ABCD has 1ts opposite sides equal Prove
that 1ts opposite angles are equal

8 A quadrilateral has all 1ts sides er_aal Prove that its diagonals
bisect each other at right angles

*y, ABC and ABD are two tuangles, AC = BD, BC - AD, C, D
are on the same side of AB  IHow many pairs of congruent triangles
are there 1n the figure? Give reasons.

Exercise Diaw a tnangle ABC such that BC = 37, ABC - 50°;
BCA = 40° lacasure its sides Tt s clear that all triangles with these
measurements arce congruent.

Draw a triangle ABC such that BC = 87, ABC = 50°, CAB - 30°

A
Calcul..te first the size of the angle BCA. Measure the sides of the
tuangle It 15 clear that all triangles with the given measurements
are congruent 'We may hence say.

Assumption 1t If two triangles are such that a side and any
two angles of the one are equal respectwely to a side and two angles
of the other 1n a Like situation, then the triangles are congruent

"he.e are two cases, which are illustirated by the following
figutes, which will also explain what we mean by a ‘like situa-
tion ’ Ia the first pan of triangles, the equal sides are between

i Use the fact that the radn of a circle ~re all equal to each other A chord
of a circle 18 an mnterval which jomns two pomts on a circle Concentric
circles are cincles with the same centre

2-2
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ngles concerned, m the seccond vair, the equal sides are
site to equal angles

g 12 Ing 43

we know that the sum of the three angles of any tiiangle equals
1ght angles, 1t follows that, 1f two angles of one triangle equal
f another, the thind angle i the one cquals the third angle 1n
ther Hence the second case reduces to the first

EXERCISE 13
he following examples depend on the ‘two angles and «ide’
jtuence.
In triangle ABC, the bisector of angle BAC 15 perpendicular
IC Prove that AB — AC

ABCD 1s a quadrilateral, AC bisects BAD and BCD. Prove
- D, CBB = CD R

A
D 15 any pomt on the bisector of BAC, X, Y are the feet of
endiculars from D on to A8, AC resp Prove DX —- DY

'

X 15 the nmud-pomnt of 413, pairallel Iimes are drawn thiourh
3, a line through X cuts them mn ¥, Z 1esp 'ieve XY - XZ.
alternate /s ) R

(a) ABC 1s an 1sosceles tnangle, AB  AC, the bisectors of

' ACB cut sides AC, ABresp m X, Y Prove BXY (Y

() In the samc triangle, BQ, ('R arc altitudes Yrove that
- CR

A man finds the breadth of a river as follows B

ding at A4, he notes a post B on the other bank ™
opposite to him  He walks to C, and puts his ¥)
mn there He then walks to D, so that AC—-CD, “aA'C

hen at right angles to the bank to I, where B, C. I €
1 line. He measutes DI, Prove that this 1s the

1th of the Tiver Fig 44

N, M are the mid-points of sides A8, AC of anSr tnangle ABC,
CF parallel to AB mects the line NM in ¥ Prove NM - MF.
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8 'Lwo cireles have the same centie O, a line cuts one 1n 4, B, the
other in ¢, D P.ove that A(/;( '— BOD and AC — BD

*9 () "he bisectors of angles ABC, BCA of tnangle ABC cut in 1
Prove that I 1s equedistant from the sides ot the triangle (that is, the
distance from I to the side A3 equals the distance from I to the side
BC and equals the distance from I to the side CA4, sce p 6)

*(h) The sides AB, AC of triangle ABC arc proc uced beyond
B, C to X, Y resp, the biseetns of angl s CBX, B''Y cut m K.
Prove that £ 15 equudistant fiom the sides 4B, BC

*(¢) Hence prove that I5 1s cquidistant ‘rom the stdes AB, AC

*10 L 15 the nud-pomt of the side B of triangle ABC' Prove
that B, (" arc equdistunt from AL (that 15, the distance from B to AL
equals the distance from (' to (A1)

*11. AN biscets the angle BAC, perpendiculars from B, (' to AX
cut /B, AC in K, Fresp Prove Bls - CF

*¥12  A0B 1s a nght angle, O.1 - 0B, X, Y we the feet of per-
pendiculars from A, B resp on any hne through O Provc OX - i3Y,
0Y - .IX

*13. M, N ate the mud-points of the sides

AC, AB of trangle ABC, P 1s any point on the AP

parallc’ through A to BC', PN, PM cut the Iime M

B D, E resp Prove that DI - BC N
Exercise. Diaw a tu(mAp,lc ABC, given that £ G D B

aB - 387, AC - 317, ABC 1s a nght angle. Fig 45

Measure the other angles of the tunangle © A

Iittle .eflection will probably convinee the reader that all trangles
with the given measurements are congruent, but as it 15 harder to
see this than the othet facts on congruent triangles we shall prove this
18 true, mosteadl of assuning it. Also 1t 15 best not to assume more
things than we can help.

TinroremM 2.

If two night-angled triangles be such that then hypotenuses are
equar and another side of one equals a side of the other, then the

triangles are congruent.
v
(The hypotenuse of a nght-anglzad triangle 15 the side opposite

the right angle)
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Given. ABC, XYZ e triangles, the angles at B, Y+*bemng
1ight angles,

A X
AC = XZ, AB = XY.
To prove that As ABC, XYZ a1e con- oY
gruent., )
Proof Prcduce the side CBbeyond B ¢ B D “
to D, makug BD - YZ. Then n As Fig 46

ABD, XYZ,
AB — XY, (g1ven).
BD - YZ, (const )
ABD = XYZ, (rt. /s)
(

As ABD, XYZ are congruent, two sides, 1net. Z)

XZ = AD.
But XZ = AC, (gven)
AC = AD

ACB  ADB, (1505 ~).
In As ABC, (ABD,
AB - .AB

ABC = ABD, (vt /v)
ACB = .1DB, (proved)
. As ABC, ABD aie congruent, (one side, two Zs).

But As.1BD, XYZ aic congiuent, (proved)
As ABC and XYZ arc congruent QED

|

EXERCISE 14

The following depend on the ‘right angle congiuence’.
1. ABC 1s an 150sceles triangle, AB —= AC, X 1s the

foot of the perpendicular from 4 to BC Prove A
BX = CX
(AB = AC, AX = AX, AXB and AXC are right R'R

angles. As AXB, AXC arc congruent. You must

mention that AXB and AXC are right angles, 1t 15 not B N X ¢
enough to say merely that they are eque?, because tiey Fig 47
are not wncluded angles )
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2 'The perpendicular to a chord of a circle from the centre bisects
the chord
(Use the fact that the radir »f a circle are all equal A “chord’ of

a circle 15 an mterval joiming two pomnts on the circle If the chord
goes through the centre, 1t 15 called a ‘diameter )

3 015 a point m.ade an angle XAY, B, C aire the feet of the
perpendiculars from O to AX, AY resp , OB = OC Prove .AB - AC

4  AB s a diameter ot a cirele, O 1ts centre, P, Q are points on the
arcle, X Y are feet of perp~ndiculars «rom P, Q resp to 4B,
PX - QY Prove OX =0Y

. M -, the mid-pomnt of the side AB of tnangle ABC, the distances
of M from the lines CA4, CB are cqual rove (.. (B

Table of conditrons sufficrent for congruence of treandles

Two triangles are congruent, when the following patts of one
equal the corresponding patts of the other
(a) Two sides and wneluded angle
(b) Three s1des
(¢) One side, two angles
(d) Two sides and a 1ight angle

The followmg arc not sufficeent
(1) Thiee angles
(1) Tv o sides and an angle which 1s not meluded

EXERCISE 15

General examples on congruence

1 Two cireles cut in A4, B Prove that the Iine joming then centres
biseets the interval A8 at right angles.

2 ABCD 1s a quadrilateral, 4C bisects the angles DAB, DCB
Prove that AC bisects the mterval BD at right angles

3 AB bisects the intervals PQ and RS at right angles Prove
PR = QS.

4 (a) OAB 1s an 1sosceles triangle, 04 = OB, C, D arc points on
the sides 04, 0B resp such that OC' — OD, BC, AD cut in P. Prove
that OP biscets the angle A0B

(b) Using the last example, give a constiuction for bisecting an

angle hy mecuns of a graduated 1uzer (¢ g a rulet marked m inches),
without using compasses.
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5 AB, ('D are chords of a enele, centre O; X, Y are the ‘eet of
perpendiculars from O to AB, CD If OX - OY, prove AB -~ CD

6 The bisectors of the angles BAC, ABC of triangle ABC cut 0 I
Prove that IC bisects the angle ACB

7 The sides CA, CB of triangle AB(' are produced to X, Y resp 3
AE, BE biscct angles BAX, ABY resp Prove that CI biscet the
angle ACB

8 ABC and ABD aic congruent triangles, C, D are on opposite
sides of AB, X 1s on the bne AB Prove ('X - DX

9 ABC 1s any triang’e  ABPQ and BCXW arc squarcs fa™ ng
outside the triangl  Prove (P - AW

10 On the base BC' of A ABC a point D 1s taken Draw a line
so that 1f the triangle be folded along this hne, then A falls on D

*Def Two quadnlaterals, convex or not, ABCD and PRRS
are called ‘congruent’ when the six mteivals joimung Jhe pomnts
A, B, C, D m paus cqual the six cortesponding mtervals joining
the pomnts P, @, R, S in paus The cortesponding angles ate then
cqual

In ordinary language, the quadrilaterals are of the same size and
shape

It.A, B, C, D, and 4', B, C', D', are two scts of fmmts
and AB - A'B', AC = A'C’', AD = A'D', BC B'(" BD—=HBD,
cn =D, and so on, the set of pomnts .1, B, C, D, 1ssad
to be ‘congruent’ to the set ', B, (", D',

If the set of points 47, B’, (V, D', were matked on a preee of
paper and we could move the paper about, we should be able to fit
this set on to 4, B, C, D, . , so that A’ fell on 4, B’ on B, and
so on  We say 4 ‘corresponds’ to A°, B to B’, and so cn 7f the set

A, B, C1s congruent to the set A’, B’, C’, then As ABC, A’B’C’ arc
congrucent

*11 If ABCD and A’B’C’D’ be two convex quadrilaterals and the
Jive mtervals AB, BC, CD, DA, BD be equal resp to the intervals
A'B’, B'C’, C'D’, D’A’, B’D’, then the sixth intervals AC and 4'C’
are equal, and the quadnlaterals are congruent The sct of prints
A, B, C, D s congruent to the set A7, B”, C’, D’ -

¥12 ABC and XYZ arc congruent triangles, the points 4, B, C
corresponding resp. to X, Y, z, AP, ¥W are altitudes Prove
AP = XW
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*13. ABC and XYZ are congruent triangles, the points 4, B, C
corresponding resp to X, Y, Z, M, N are the mid-ponts of 4B,
XY -esp. Prove CM = ZN.

*14 A3C and DEF are congruent triangles, 0 1s a point nside
A ABC  Prove that there 15 a point P inside A DEF so that the
set 4 B, C, O 1s congruent to the set D, E, F, P.

Fuither nders on congruence and the 1sosceles triangle

theorems will be found on p. 32

S nalar triangles are tuangles of the smne shape They will be
dealt with m detal later. In Geometr, we adupt the following
definition

Def Two trangles are sunlar when the angles of one are
1espectively equal to the angles of the other.

Thus 1f taangles ABC, XYZ are such that b’ﬁ(‘ = Y‘\A’ Z and

ABC = Xf"Z, we know that (sinee the thiee angles of any
tiangle add up to two right angles) the third angle ACB = the
thud angle XZY Thus the tuangles are simula Simulax
triangles are sometimes called  ‘equiangular’  triangles  1If
tuangles ABC and XYZ are smular, and we also know that a
side of one cquals the corresponding side of the other, then the
trangles are congruent

1. X, Y are resp on sdes 4B, AC of A ABC and XY | BC.
£rove that triangles ABC, AXY are similar

2 ABC and XY7 are sumlar triangles, 0 15 made A ABC
Find a pont P inside A XYZ so that tnangles 048, OBC, 0C.A
are tesp similar to tuangles PXY, PYZ, PZX

§ 7. Parallelograms

Def A parallelogram s a quadrdateral with both pairs of
opposite sides PARALLEL

We shall soon prove that the opposite sides of a parallclogram are
equal, Jherefore this should not be stated in the defimtion A defimtion

should tell us just enough about the figure for us to know what the
figure 1s like, and 1t should tell us no more
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THEOREM 3

The opposite sides of a parallelog. im are equal
Gwen. ABCD 1s a patallclogram

To prove that AB - CD, BC - .1D
Proof Jomm AC In As ABC, CD.,

(B‘fC " DC.A, (alt Zs, AB || CD)
ll;a: _DAC, (At Zs, BC|.AD)

AC = AC.
As ABC, CD.1 are congruent,  (two /s, one side)
AB = CD, BC 1D Qe D

Cor .1 diagonal of a parallelogram dvordes 1t 1nto two congrue nt
tnangles

THeorkM 4

If the opposite sudes of a quadrlateral are equal, the quadrlateral
1s « parallelogram

Gren. ABCD 1s a quaduilateral, 4B = CD, BC = AD

To prove that ABCD 1s a parallelogram

D 7 C

2
e

A B
Fig 49
Proof Jom AC. In As ABC, CDA
AB = CD, (given)
BC - DA, (given)
AC = 4C.
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. As ABC, CD.1 arc congruent, (thice sides).
A A
. CB=ACD
SoABCD,  (alt. Zs)
A A
Alo ACB = CAD.
. BC | AD, (alt /s)
ABCD 15 a parallelogram QL D.

Note Ta Theorem 3, we were groen that the opposite sides were
paralle’, and had to prove they were equal, 1n Theo.um 1t was the
othoer wa;, 10und, we were groen that the opposite sides were equal
and had to prove they were parallel Tho orems su related are called
the ‘converses’ of one another.

State the converses of the following theorems, and say which of the
conveises are true

1 A Prime Minister 1s a wise man

2 A sparcrow 15 a biped

3 It two numbers are equal therr douwles are equal

t It two numbers are equal their « juares arc equal

5 'The angles at the base of an 1sosceles triangle are equal

Def A parallclogram with two adjacent sides equal 15 a
“rhombus’

Def A parallelogram which has once angle a right angle 15
a “rectangle’

Def A cctangle which has two adjacent <ides equal 15
» ‘square’

Cor. A thombus has all its sides equal  a 1ectangle has all 1ts
angles 1ght angles

Note A squarc 15, by delintion, both a 1ectangle and a
thombus If, theicfore, we prove anything about cither a
1ectangle 01 a thombus, the same theorem will be tiue for
a s junare

EXERCISE 16.

1 Draw a parallelogram whose sides are 3’ and 2}’ long, and
onc ~f whose angles 15 10°  Measure 1ts diagonals  Bisect 1ts angles.

2 Draw a rectangle whose sides are 3" and 21 long  Measure its
diagonals

3 D aw a rhombus wlose sides are 3 long, and one of whose
angles 15 60°. Measure 1ts diagonals.
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4. Draw a square whose sides ate 3’ long. Measure 1ts diagonals.
y

Use the above definitions 1n the next luc;tlonb.
5. Prove that all the sides of a rhombus ace equal
6. Prove that all the angles of a rectangle gre right angles
7 Prove that all the sides of a square are equal

Trororip 5

(1) The dragonals of a parallelog am bisect each other
(1) Conversely, if the diagonals of a quadrilateral bisect each
other, the quadrilateral 1s a parallelogram

D +

(@]

| 5 N
A B

g 50
(1) Guwen. ABCD 1s o parallelogram  Its diagonals cut at O.
To prove that .10 — OC, BO = 0D
Proof In As AOB, COD,
AB = (D,  (opp. sudes of paim .
0AB - 0CD, (alt /s, AB| CD)
l0B.1 = 0DC, (a1t /s, AB | CD)
S As OB, COD are congruent,  (one side, tvo £s)
A0 = 0C, BO = 0D
(1) Gwen., ABCD 15 a quad. Its diagonals cut n 0, ..0 - 0C,
BO - OD.

To prove that ABCD 15 a parallelogram

D Cc

144

Ing 51
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Proof In As AOB, COD,
A0 = 0C,  (given)
BO == OD, (given)
AOB — COD, (vert opp Ls)

. As AOB, COD are congruent, (two sides, incl. 2)

- 0AB = 0CD

LABCD  (alt L)
S’ arly, considering As ROC, DO.1, we {ind 3C || AD.
ABCD 15 a parallelogram, QED

Fxercise 17, Nos 1-9 can now be taken, if desired

TiroOrRKFM 6

If one pair of opposite sides of a quadrilateral are equal and
parallel, the other pau of opposite sides are equal and pai allel.

Gwen. ABCD 1s a quadulateial, AB ~ CD, AB || CD

To prove that AD - BC, AD || BC

D +# C

A B

Ing 52

Proof. Jomn BL. In As ABD, CDB,
AB = CD,  (gven)
BD - BD
ABD -~ CDB, (alt s, AB | CD).
.. As ABD, CDB are congruent, (two sides, mel 2).
s AD = BC,
and ADB = CBD.
AD || BC, (alt. Zs).
.. the sides 4D and BC are equal and parallel. Q E.D.

Cor. If one paw of opposite silles of a quadnilateral are equal
and parallel, the quadrilateral s a parallelogram
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The following simple test for parallel lines 1s
often useful. ¢

The hines AB, CD of the figure are parallel,if € b
and only 1f the angles @ and b arc supple-
mentary. These angles are sometimes called
‘allied angles’

In the next theorem, » ~ denote an angle by the letter at its vertex
This can only be done when 1t causes no confusion, w1z when therz
1s only one (non-reflex) anale with tl e vertex i question

Ing 53
1

Trrorem 7
The opposite angles of a parallelogram are equal — Conver sely,
of both pans of opposite angles of a quadnlateral be equal, the
quadrilateral s a parallelogram
(1) Gen. AB(‘D 15 a varallelogiam

To prove that A- C B-D
D C
A B
g 54
Proof A1 B- 21t /s, (allied Zs, .AD || BC)
C B 2at. Zs, (allied Zs, AB || Cp),

A+ B=C1 B
A= C Smululy B -1 QF D
(1) Given. ABCD 1s a quad with A - 6‘, B--D

To prove that ABCD 15 a parallelogiam
Proof. Smece the sum of the angles of a quad equals 4 rt /s,

’,AlﬁkC{~D trt. Zs
But a1 6‘, 1) (g1ven)

(A m~xn/s
,A -4 11*-21t s
. AB Y CD,  (allied £s).
Sunmilaily AD || BC ABCD 1s a parallelomam. Q E.D.



§7V PARALLELOGRAMS 31
Examerr 6 If a diagonal of a parallelogram bisects an angle of the
parallelogram, the parallelog am has all 1ts sides equal, 1.e. 1 a thombus

G.ven. ABCO 1s a parm , AC bisects BAD
To prove that AB = BC = CD = DA

D c

A B

Al
Fig 55

Proof DAC = ACB, (alt /s, AD || BC)
DAC -~ BAA(‘, (grven).
ACB - BAC.

AB —~ BC
But AB = CD, DA BC, (opp 1des of parm)
AB — BC - ('D = DA QED

Exercise Prove the first part of Theorem 7 by the method of
Th orem 3

EXERCISE 17

1. The diagonals of a rectangle are equal.

2. The diagonals of « rhombus cut at might angles

3, 4 State and prove the converses of 1 and 2.

5 The diagonals of a thombus bisect 1ts angles

6 'The diagonals of a parallelogram cut mm O, any line through O
cuts two sides of the parallelogram mm X, Y resp  Prove XO —= OY.,

7. ABCD is a parallelogram, AC bisects BAD Prove AC bisccts
BCD

8 Itisoften said that parallel Iines ate the same distance apart all
the way State this theorem more clearly, and prove 1t

9. The biscctor of the angle B.1C of triangle BAC cuts the side
BC('m D, E, F are points on AB, AC resp such that AEDF 1s a
parallelogram Prove DE - DF

10 A hcxagon has its opposite sides equal and parallel Prove that
the intervals which jomn opposite vertices bisect each other

11. ABCD 1s a parallclogram The bisectors of the angles at 4, B
cut in P PQ 1s parallel to .he Iine BC and 1t cuts AB 1n @ Prove
A4AQ = B



32 SCHOOL GEOMETRY a1

12 ABCD 1s a parallelogram, X, Y arc on the diagonhl 4C,
AX = CY. Prove that BXDY 15 a varajelogram

13 (a) ABCD 1s a parallclogram, put not a thombus ProvéAhat
the bisectors of the angles at A and C are parallel
(b) ABCD 15 any parallelogram. Prove that the bisestors of
the angles at 4 and B are at right angles L
(¢) ABCD 1s a parallelogiam, but not a rhombus Its angles
are all bisccted Prove that these disectors cut mn four points which
are the vertices of a rectangle . ’
*(d) Prove that the diagonals of that rectangle, proluced 1f
necessary, biscet the sides of the parallelogram

14 'The paradlelograms ABCD and A’B’("D’ ae congruent, 1f
AB - A'B’, BC  B'(" and ABC - B

EXERCISE 18

Riders on the 1sosceles ty angle, including the converse theorem

1 (a) ABC 15 an 1soscele  trangle, AB = A(C, the bisectors of
angles ABC', ACB cut in I Prove that IBC' 15 an 1sosceles tiiangle
(b) The bisectors of the angles ABC, ACB of triangle ABC cut
m I, IB - IC Prove that ABC 15 an 1s0seeles triangle

2 (a) ABC 15 an 1s0sccles triangle, AB — AC, X, Y are on sides
AB, AC resp , XY 1s parallel to B(" Prove AX  AY 3
(b) In the same tnangle, 1f Y, Z be on sides A, BC resp w@ad
YZ 1s parallel to AB, prove YZ - YC

3 ABC 1s an sosceles triangle, 4B = AC, perpendiculars fro..
B, C'to AC, AB resp cut in X Prove BX - CX

4 X, Y arc on the side BC of triangle AB(' AX — AY,
BAX — CAY. Prove 4B - .1C.

5 In the quadrilateral ABCD, AB = AD, ABC — ADC Prove
BC - (D

6 In the quadnlatera) .1BCD, ABC + ADC - BCD and .AC - AB
Prove AC = AD

s N
*7 In triangle ABC the angles at 4, B arc cach twice the angle

at C, the bisector of the angle at B cuts the side A4C mn D Prove
AB = BD - CD

*8 The side BA of tnangle ABC 1s produced beyond A to X, the
bisectors of angles CAB, C.4X cut a perallel to Ak, thro gh C, 1n
D, E resp Prove CE - CD
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*9 ], F are points on the side BC of tuangle (4BC such that
BAD - A(?B, CAE - AB" Prove that the bisector ot DAE 15
peruendicular o BC

*10 .18C 1s ap 150sweles triangle, (1B = AC, a perpendicular to
the side BC cuts the side AB m D and the side C.d produced m [,
Prov AD - AE

*11 .1BCD 15 a squate, ABE an cequlateral triangle, £ 1s mside
the square, the ine DI cuts the e BCm F Ghison . dB, DG DIY
Prove A LGI s cquilateral

¥12  L1BC 15 an 1soseeles triaagle  Find points D, E on the sides
1B, AC resp such that BD, DE, IXC are all equal

Def A “trapesium’ 15 a quadilataral with two sides parallcd,
and the other two not parallel, of the non-patallel sides are
cqual, the ‘trapeziam’ 1s an “esoseeles hapeziwm’ (Ig 56)

*EXERCISE 19

ABCD 1s an 1sosceles trapezium, AB || D, AD  BC Prove the
Theorems 1 7

1 A, B ate cquidistant from the ine €D D c

2 ¢ DA B

3 AC-==BD

4 T1f M 15 the vud-pont of side ('D, then A B
AM -- BM Fig 56

5 If also N 1s the mid-pont of side .18, then MN 1s perpendicular
to AB and C'D

6 It AC ard BD cut in X, then X 1s on MN

7. Tt the lines AL and BC cut in Y, then Y is on MN

A A A A
8 ABCD s a quadnlateral with .1 B, C —- D Irove that it 1s
cither an soseeles trapezium, or a rectangle

EXERCISE 20
Parallelograms  Harder questions

1 ABCD s a parallelogram, X 1s the nud-pomnt of side 183, DX,
BCcut m Y Prove (B = BY

2 (a) ABCD i1s a parallelogiam, a parallel to 3D through .1 cuts
the lues 5C, DC in X, Y 1esp  Prove that A, B, D ate mud-points
of the sides of tiiangle XYC

(b) ABCD 15 a parallelogram, the sides CB, CD are produced

beyond P, Diesp to X, Y <o that BX = CB, DY = ('D Prove that
X, 4, Y are collincar.

FG 3
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3 A4, B, C, D are pomnts 1 order on a straight line, 4B« CD,
BCEF 1s a parallelogiam, the lines AF DI cut in K, 4B -- BF
Prove that AKD 15 a right angle

4 ABCD, ABPQ are parallelograms Prove that either C1), PPQ are
m one line, or CDQP 18 « parallelogram. .

5 ABC, XYZ are triangles such that AX, BY, CZ arec pamralel,
AB || XY, BC\||YZ Piove AC || XZ

6 ABC( s any triang.2, P any point on side AC, PQ .md TS are
parallel to BC, TW ana QR are parallel to AC, RS || AB. Prove
PW || AB (1«m 57)

g 58

*7. (a) ABC 1s an 1sosceles triangle, (.1 ('B, X moyes along the
base AB, P, Q are fecl of perpendiculars from X to sides A, BC
Prove that XP + X@1s constant (1 e does not depcnd on the position
of X on side AB) (Complete parm ACBD, let Q.X, (1D cut n R,
Prove XP XR, QR - pcrp fiom Con (1D)

*(0) The pornt .X moves so that the sum of 1ts distances from
two fixed hnes 15 constant  What 1s 1ts locus?

*8  ABC s an 1sosedes triangle, (A4 - CB, X 15 any point on AP,
XP and XQ parallel to BC, A" 1esp cut AC and BC 1esp m P, Q
Prove that XP 4 XQ 15 constant  Kxpiess this as a locus thesrem

*9 Through a given pomnt draw a given hine such that the part
intercepted between two given parallel ines has a given length

*10 C 15 o point mside angle AOB, draw a hne througn C which
cuts OA, OB 1n X, Y 1esp such that ('X = ('Y

§ 8. Formal Constructions and Drawing Exercises.

CONsSTRUCLION 1

Gwen an angle, to draw an angle equal to 1t with glven vertex
and arm
Gwen The angle HAK, tl » pomt O and ray O.X.

To draw an angle, with vertex O and arm 0X, equal to HﬁK .
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Construction  With centic A, draw a cucle cutting the arm«
AH, AK of the given angle v B, C resp

Q

—

. K
c y

A B 4 O

Ing 59

With centie O, and the same radivs, diaw a cnele cutting
the 1ay OX mn P.
With centie P, and 1adwus cqual to BC, diaw a cuele, anc
let @ be one of 1ts cuts with the enele, centre O
Then roQ - IL1K
Proof In As ABC, OPQ,
' ADB = 0P, (const)
AC — 0Q,  (const)
BC - PQ, (const)
. AS ABC, OPQ are congruent,  (three sides)
L POQ  BIC,1c POQ - IIAK.
Quod erat faciendum

CONSTRUCTION 2.

To draw a perpen licular to a grven line from a gwen pownt or
the line
Gwen  Line XY and a pomt O on 1t
To draw through O a perpendicular to XY,
Construction  Let A be any point on XY,
With centie O, 1adius O, diaw a cirele
cutting XY again in B.
With centre 4, radius greater than
A0, diaw a circle.
With centre B, and the same radius,
draw a crcle cutting the cucle last (3—+—a5+—grv
drawn in C. Fig 60
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Then CO 1 AB
Proof. In As A0C, BOC,
A0 = BO, (const)
AC — BC, (const.)
ocC = o0cC
As .10C, BOC are congrucnt, (thice sides)
. 10C = BOC.
But these s1e adjacent Zs. .. CO L AB, 1.c. CO 1. XY,
[N 0

CONSTRUCTION 3

To bisect a grwen angle

Gwen the angle .1BC.

To draw a1ay which Liseets the angle

Construction  With centic B, draw a cirele to cut the 1wys B.d
BCm X, Y 1esp

With centies X, Y and radu equal to the mterval XY draw
cuiieles, let them cut in P,

Then the 1ay B biscets A];’C
Proof In ns XBP, YBP,
BX -- BY, (const)
XP - YP, (const)
BP - BP
ANs XBP, YBP aie congruent,
(thice sides)
PBN - PBY.
s the ray BP biscets the angle ABC QLI

Fig o1

Note It 15 not necessary that the radn of the circles, with centre
X, Y, should equal the interval XY, so long as the circles cut 2nd-th
radu are equal.
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CbNS;l RUCTION 4.

To bisect a given wntdroal at right angles.
Giyén an interval AB
T'o draw a line bisecting the interval AB at night angles
Construction  Draw two cuales with cgnties 4, B 1esp and
1nudu equal to the interval Ab:
«Let them cut in C and D Zet the ine CD cuf, "B X.
Then the line €D biscets the iterval AB & c
right angles at X.
Proof In As ACD, BCD,
AC  BC, (const.)
AD - BD, (const) A B
cnoopD
As ACD, BCD are congruent, {thiee sides)
, ACD — BCD (X - BCX
In As ACX, BCX, o
AC = BC, (const ) fig 62
(Y - CX.
ACX - BCA‘X, (proved).
As ACX, BCX aic congruent, (two sides, mel 2).
AX = XB,
and AXNC = BXC
But A)%C, BXC me ady Zs,
.CX | AB
.. CD s the might biseetor of the imterval .IB  QEVF.

x

Note It 1s not necessary that the radun of the circles, with centres
A, B, should equal the interval (1B, so long as the cireles cut and the
raan ave equal
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CONSTRUC.TON 5

To draw a perpendicular to a gwen line from a polnt not on
the line.
Guven the hine XY and a point C not on 1t.
To draw a linc thiough C perpendicular to the line XY
Construction. Take any pomt .£ on XY,
With centre € and 1adus CA, draw a cirele
Let it cut the Ime XY agam m B
Draw cireles with centies A, B resp. and 1adn equal to the
mterval AB.
Let these cneles cut in D o}
Let CD cut XY 1 Z.
Then CZ 15 perpendienlar to XY,
Proof In As CAD, CBD, X
CA - CB, (const)
DA DB, (const)
CD = CD
. As CAD, CBD arc congruent, D
(thice sides).
. ACD = BCD. .. ACZ - BCZ
In As ACZ, BCZ,
CA = CB, (const)
CZ -- CZ.
AC7 — BCA‘Z, (proved).
As ACZ, BCZ are congruent, (two sides, el 2).
© AZC - BAC.
But AéC, BZC we ady. ZLs,
CZ | AB,1c. CZ | XY.

N

Q.E.F.

Note. The proofs of Constructions 4 and 5 should be compared
with Example 5, pp 17-18.
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\ C"HNSTRUCTLION O,

To draw through a gyen pownt a parallel to a gwen line

Gwen A lne XY, and a pomnt P not on 1t.

T¢ draw through » a parallel to XY

Constructiwon  Let Q. B be any pomnts on XY

With centre B, draw a cucele of radius ¢ jual to the mterval PQ
With centre P, diaw a cnele of 1tadius equal to the mteival QR
Whese creles cut moa pomt S on tne opp site side of PR

fiom Q. P s
Then PS || XY K ;
Proof In the quad. PQRS, / /

PQ = RS, (const) / /
QR PSS, (const). X Q R Y
© PQRS 1s a pam, (opp sides equal) Iy 64
PS||QR, 1¢ S| XY. Qrr

WNole The putpose of these constructions will be explaned later
For the present we need only note that the only istruments which
have been used aie the ruler, o1 drawing lines, and the compasses, for
drawing cireles The protractor and the set-square have not been used

EXERCISE 21

Drawing Lxerases

(1-1t drawmgs to scale, 15-34locr and envelopes, 35 38 interesting
constructions, 39-t1 models of solids )

1 A pretuie 1s hung by a cord 5 ft. long, 1ts ends are tied to two
pomts on the top of the picture frame -+ ft apart, the cord 15 slung
over a nall Draw a diagram to scale of the cord, and measure the
angle the two straight picees of the cord make at the nail

2 A man 1s walking along a stiaight road which runs due North
He notices a monohth 1n front of him, whose direction 1s 20° Kast of
North, after walking a mule, he finds 1ts bearng 15 40° East of North
How far from the road 1s 1t?

3. A goat 1s tethered by a chain 5 ft. long, which 15 attached by a

stake 8 #t awaly from a straight heage. How much of the hedge can
the goat mbble?
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4. A man facing Kast notices an acroplance whose elevation 1s 30°,
another man, one mile away, facing Wes{, notices that the clevation
15 40° How far 15 the acroplane from the ground?

(The “angle of elevation’ 1s the angle betwten the horigontal and
a line fiom the man to the aeroplane )

5 A man on a chif 500 ft high notices two objects out al seca,
the angle of depression of one 1s 80°, of the other 60°. How far
apart arc they?

(The ‘angle of depression’ 1s the dngle between the horwzontal and
a line from the man to the objeet )~ o

6 Thice men, ‘A4, B, C, Iive on the praime, 4 15 40 nules fl(;l]l B
and 50 miles from C, B and ' ate 60 miles apart They travel to meet
one another, (1 and B cach go 30 miles How far does C go?

7T ABCD 1s a rectangular field, AB - 520 yds, BC -~ 130 yds
A tree 15 situated msldc the ficld, 300 yds fiom 4, and 350 yds.
from D How far 1s 1t fromp B and ('?

8 What 1s the length of the shadow of a pole 6 {t high, when the
sun 1s 40°, 60°, 70° lugh? How hich 1s the sun when the shadow 1s
6 it long’ ,

9 'The angle of elevation of & towcr from a certamn point on the
ground 15 60°, 100 ft fuither off 1t 15 50°. How high 15 the tower?

10 A road slopes at 1 in 3 At what angle 15 1t mehned to the
honzontal? '

11 A tower 1s sutmounted by a pmnacle At a distance of 100 ft
the angle of elevation ot the top ot the tower, from a paint on the
ground, 15 60°, the pmnacle subtcnds an angle of 107 av the same point
on the ground Iow tall 15 the pinnacle?

12 Two men start at the same pomt, one walks along a 10ad at
Q

3 miles per hour, the other walks along a 1oad at 1ight angles to the
first at + mules per hour How far apart are they atter’3 hous?

13 A cncle of radius 10 {t 1s divided ito 8 equal pieces by saitable
1adn What 1s the distance apart of the ends of two neighbourting
radn?

14 What would be the distance 1if the encle were divided into
16 equal pieces?

15 Draw a line and take a pomt O at distance 2" from 1t
Suppose a point P to move along the line Join OP and produce to
@ so that PQ 15 1" long Sketch the locus Hf @ as P moves a‘ong the
Iine (The path of a moving point 1s called a ‘locus’ We can think
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ol OPG as a rod which always goes through a ring at 0, and moves
50 that a fixed'point P on *ae red always hies in a slot  Ifig 63 )

P

e
B

AQ

g 06

16 AP, PQ, @B are thiee rods, jointed together at P, Q, while the
ends A, B are fixed By means of a Meccano set, or by using pieees
of cardboard for the rods, sketch the locus of a point X of the rod PQ

17 Diaw a line, and take a pomt P at a distance f1om 1t of 17
Diaw a large number of cireles, through P, with then centies on
the line

18 Diaw a cnele of radius 17 Toke a pomt P at a distance
of }” from the centic of the euncle Diaw a large number of cneles
which go through 2, and have that centres on the encle first diawn

19 Do the same constiuction with 12 (1) on the enele, (1) at a
'/I

distance of 11”7 from the centre  ('T'wo separate figures )

20 Diraw a encle of 1adius 117 Take a pomnt O inside the cirele
at « distancc of 1”7 from the centie  Suppose a pont P moves round
the cirele  Join OP and produce to @ so that PQ 1s 1" long  Sketch
tte locus of @ as P moves round the cncele.

21 Draw a lne, and take a point O at a distance of 2" fiom 1t,
P moves along the line  Sketch the locus of the mid-point of the
interval O

22 Draw a encle of radius 117, and take a point O, 1" from the
centre, P moves round the ciicle Sketch the locus of the mid-point
of the meerval OP

23 Take the circle and pomnt O as n the last question  Diaw a lot
of Irnes through O to cut the circle  Find the locus of the mid-points
of the chords of the circle so obtained

24 A fly walks very slowly along the minute hand of a clock
Sketch the locus described by the fly.

25 A, B are points 2" apart Draw hnes through 4, and drop
perpendic ilats on them frora B Sketch the locus of the feet of the
perpendiculais.
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26 A ladder shdes down a wall Draw two lines at right ahgles to
each other to represent the wall and .
floor Draw an interval 3" long, wi h
an end on each hne, to represent the
ladder Draw various positions of the
ladder as 1t slides down You will find
they trace out a curve, called the
‘envelope’ of the moving mnterval

27 Sketeh the locus of the .ad-
pomnt of the lIa 'der 1n the last question

28 Sketch tL > locus of the pomnt of
the ladder represented by a pomt 1”7
trom the top pomnt of the moving
interval

Fig 67

29 Two roads, OP, 0@, are at right angles to each otner Onec rn
15 walking along OP towaids O, another man i1s walking at the same
rate along OQ away from O Sketch the envelope of the hine jomning
the men

(Draw two perpendicular intervals, OP, 0Q, 3" long, and suppose
that when one man 15 at P, the other 1 at 0)

30 Sketch the locus of the mud-pomnt of the mterval jonng the
men m the last question

31 Two men start, fiom the same pomnt, to walk round & circular
track in the same direction, one walks twice as fast as the ot' er
Sketch the envelope of the ne joinmg them  (Draw a circle of 27
radius, cut off equal chords along 1t, and put numbers against the
pomts on the cicle )
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- 82 Cut out a triangle i eardboard Take two fixed points X, Y on
‘a prece of paper Placethe, triangle 1 various A
positions, but so that two o 1ts sides always go

through the pomts X, &Y Sketch the loer of the X0 oY
vertices of the trmn,r_,le and l)y making holes i the

mrdboard sketeh the Jocr of pomts ike P Sketch & e
the envolope of the base BC .

*33 A man walks at a steady pace along a
straight road A dog tries to cate im up, sfarting at a point not on
the road and always heading towards him, and runn tg at a steady
race Sketch the path of the dog

**¥34  Three boys chase each other »4 chases B, B chases C,
C chases A4 Sketch their paths

35 Two lines, AC and BD, meet
olf the paper 01s a given pomnt To
draw a line through O which goes
through the point where the given
Iines cut Take any point (' on the
Iine and complete the figure, where
XC, D, DX are resp parallel to O,

AB,‘ BO Then OX 1s the Iine requied

36 Copy the following figures on any convement scale.

P &F

A ¢ -
Fig t71 Ing 72 Fig 73

Fig 74 Fig. 75

Ing 69

C

3 b B

Fier 70
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*37. A boy draws a circle with a penny, and wishes to ‘find 1ts
centre with his compasses, not u<ng
ruler. The following 15 a construction Jdue
to Mascherom (1750-1800) Take any
point A on the cirele, and with 4 as
centre, and any radiwus 7 less than the
diameter of the given encle, but greater
than one-quatter of 1t, draw a cirele
cutting the given cirele m M, B With
the same rad us 7, step off pomts ', D,
£ on thc arcele so thay

AB —- BC'= 0D - DE
With centres I, A, and radius equal to the mmterval KM, draw two
creles cutting m L, with centre L, and radius LA, diaw a cicle
cutting the cude BME at @, with centies B and 1, and radius
cqual to the mterval BQ, draw two cireles to cut in O Then O 15 the
required centre

Def A ‘regular polygon’ 1« one whose sudes are all equal
and whose angles aie all equal Ig an equlateral tnangle
and a square are 1egular polygons

*38 (a) Diaw a pentagon (five-sided figuie) whose sides are all
equal, but whose angles are not all equal Diaw a pentagon whose
sides arc of any length, and four of whose angles are of syze 108°.

Measurc the fifth angle
(b) To draw a 1egular pentagon with a given interval AB for

a side
Constiuet Tig 77, wheie AC— (B, CD | AB, (D - AL,
DE = AC, Al - AE, FH ~ FK — All - BK — Als.

A
Z@i
B X o]
g 77 ¥ 78

39 Draw liig 78 on stilt paper, X, Y, Z aire the mid-points of the
stdes TFold the A ABC along the ines XY, YZ, Z.X until the thiee
ponts 4, B, C meet cach other The sohd figurc so obtained 15 a
‘tetrahedron.’ If ABC 1s an equilateral triangle, the sohd 1s a ‘regular’
tetrahedran
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40 Make a model of a cube out of stiff paper

*41 Make m )dels out of stiff paper of the ‘regular solids,” whose
fron* views are shown below 'Lae back half 1s like the front halft.

¢ @

Fig 79 Fig 80

Ifg 79 represents an ‘octahedron’, its cight faces are equilateral
tifangles

Ig 80 reoresents a ‘dodecahedron’, 1ts twelve faces are regular
pentagons

Fig 81 represents an “wosahedron’ ;1% > twenty faces are equilateral
triangles

Feg 82 15 a ‘development’ of an 1cosahedion, if we cut 1t out in
paper we can fold 1t along the limes 50 as to make an cosahedion

VAVAVAVAVAN
\VAVAVAVAVAN
VVV VNV

Ing 81 Ity 82

EXERCISE 22

Constructions

Construct the following figures, and measure the wtervals i brachets
1. (a) Anisosceles triangle, whose base 1s 3”7 long, and whose height
15 27 Measure 1ts stdes

(v) An cculateral triangle of height 5 em  Mecasure 1ts sides
2. A quadrilateral ABCD, where AB = 2", AD = BC =1},
A A
BAD = 120°, ABC = 140°. (CD)

T Itis best to give these as an optional alternative to written home work.
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83 A quadnlateral ABCD, where AB =2, AC = BU =1}",
ABD = 40°, BAC — 30°. (CD)

4 An 1sosceles trapezium ABCD, where AB = 3", CD =27,
distance between parallel sides AB, CD1s 2”. (AD)

5. A rhombus ABCD, wherc AC - 5em, BAD = 40°. (BD.)

6. A quadrlateral 4BCD, where AB -1}, BC = 2", CD — 1}”,
AD - 1", BD - 2", (AC)

7 A parall gram 4BCD, wherc AB =~ 13", AC — 2}, ED = 1"
(4D) \

8 A parallclogram ABCD, where AB = 45cm, AD - 6cm.,
A
BAD - 45° (BD)

9 A parallelogram ABCD, where AC - 117, Bi) = 27, ansle
between diagonals = 40°. (ADB)

Exampre 7 To construct a triangle gwen two angles and the peri-
meler (1 ¢ the sum of 1ts sides).

Gwen XY - perimeter of triangle, and two angles of triangle

To construct the triangle. c ‘

Construction Draw rays XP, YQ,

on the same side of XY, so that YS’P, P Q
XYQ are hulf the given angles
Let rays XP, YQ cut in C. X A B
Draw hmes CA4, CB to cut the Fie 83
mterval XY m A4, B, and such that & o9
A A A A
XCA = AXC and YCB = BYC.
Then ABC 1s the required triangle

<V

Proof Sice ext /Z of A XCA = sum of mt opp /s,
AB - X(A + aXC
~24XC, ( XCA - AXC, const)
— one of given angles, ( AXC - 1 given angle)

Similarly, CBA - the other grven angle
Also AX = AC, ( XCA = AXC).
Similarly BY = BC

AC + BC + AB = AX + BY + AB = XY.
the triangle ABC has the given perimeter and the given angles

Q L.F
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A A A

10 Draw a tnangle ABC such that BAC = 60°, ABC = 90°,
perimeter — 3”7  Measure 1ty side

11 Construct an 1sosceles tiiangle of perimeter 4”, whose vertical
angle 15 30°  Mear are 1ts sides

*12. Constiuct a rigl t-anglcd triangle, given the hypotenuse and
one ~ide

*13. Constiuct o nght-angled triangle ABC, given the hypotenuse
BC and the altitude from A

*14 ('onstruct an 1sosceles triangle, given the lengths of 1ts equal
staes and 1t height

*15 Construct a triangle ABC, given 1t perimeter, the angle BAC,
and the altitude from ¢

Examrre 8 To construct « triangle ABC, where AB = 1Y,

A
CAB - 60°, BC = 1 1

Constructicn Make an angle X.1Y of 60°, on the ray AY cut off
an nterval AB - 117  With centie B and v
radius 1 47 diaw a cucle  This euts 1X 1n g
two pomnts (', and (', TIIence we see that
there are two non-congruent triangles ABC,
and .1BC, with the given measmements  Of
course this 1s because we wete grven two sides
and an angle not included  If the angle XAY
had been obtuse, we should howe ver have found Ao~ C; Co, X
only one triangl. The whole question 1s cleared kg 84
up by the next theorem

*THREOREM 8

If two triangles be such that two sides and a not wncluded angle
of one be eq wl w0 the corresponding parts of the other, then the third
angles a>. equal or supplementary, and of they e equal the
tniangles are congruent

(R?y the thnd angles we mecan those neither given as equal, not
included between the sides mentioned )

Gwen. In As ABC, XYZ,

AB - XY, AC — XZ, ABC - XYZ.
T'o prove that ACB and Xé Y aic’equal o1 supplementary
Proof. Either BC 1s equal to YZ, or 1t 15 not.
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Fust, suppose BC = YZ, then m As ABC, XYZ,
AB == XY, given).
BC - YZ, (glivcn).
ABC = XYZ, (given)

£

B C
Ing 8

A X

<
N
>3

(343

. AsABC, XYZ arc congruent, (two sides, el £).
ACB - XZY.
Sccondly, suppose BC' 15 greater than YZ  Take a pomt W
oniay YZ, so that BC' - Y W. Then, as m the first part, we have.
As ABC, XYW are congruent

ACB ~ XWY, ¢ ACB - XWZ, (1)
and .1C = XW.
But AC = X7Z, (given)
XW- XZ  XZW=XWZ, (r0s A)
by (1), ACB — X7ZW. (2)

But XZW and XZY ac supplementary  (ady /s,
*. by (2), ACB and XZY are supplementaty.
Thus the thud angles ACB and XZY atc erther equal ot
supplementary.
Lastly, 1f BC 15 less than YZ, the proof 15 similar. 0 1D

Cor If two obtuse-angled triangles, or two right-angled triandles,
or two acute-angled triangles be such that two sides and a not
wncluded angle of one equal the corresponding parts of the oth-r, then
the triangles are congruent, but this does not follow 1f one triangle
be acute-angled, the other obtuse-angled.
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*EXERCISE 23.

1 4 Deduce the right angle echgruence m the above way.
2 The bisector,of the/vertical angle of a triangle biscets the base.
Prove that the triangle 1s 1sosqeles.

3 » Two sudes of a quadrlateral are equal, the other two are parallel.
Prove that the quadrdateral 1s either a parallelogram or a trapezium.

4. X 15 any point on the blscctgr of angle i81C, a circle, centie .X,
cuts rays AB, AC in two points cach, the pmnts on th(‘se rays nearest
to dyare'ls, K Prove A —~ AP’ " .

«5 B s the nud- -pomt of the base AB of tl‘hlll"l(‘ ABC, the per-
pendicular intervals from M onto CA, ('B are cqual Prove CA == CB.

*¥6. ABCD 1s a convex quadrilateral, the diagonals AC, BD cut
m O, 40 = CO, AB D Piove that hines AB, ('D are either
pa.ullel o1 cut’in a point P such that P — PD.

*7  ABCIN 15 a quadrilateral, AB -—- BC — CD, the angles at C, D
are right angles Prove that the quadrilateral 15 a squaie

*8 Diaw a quadiilateral ABCD, where AB - CD, ABC = ADC,
and whiech 1s not a parallelogram.

The readcr should know alhicady what a regular hexagon 15, and
how to constiuct a regular hexagon insciibed 1in a given circle, the
following 15 a formal proof that the construction 15 correct

*CONSIRUCTION 7.

To draw a regular hexagon inseribed 1n a gwen cirele

Gwer, Cirele, cengie O c 8

To construct a 1cgulat hexagon -
seribed m the cncle

Construction Take any pomt .1 on
the cirele

With centie 4 diaw a enele thhiough
0. Det it cut given cucle m B

With centic B draw a cncle thhough
A. Lettit et gwen cucle agam in ¢

With centre C diaw a cuele thiough B Let 1t cut given enele
agdin i D,

Then 4B 1s a side of a regular hexagon msciibed 1n the circle.

g 86

FG 4
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Proof. We fust prove that .1, O, D are i one straight'line.
04 = AB - OB, (1< 1In 0" cqual cnel2s).
A O.1B has all 1ts angles equal
But their sum (*quals two 1t Zs.
- AOB equals of one.t Z£.
Similaily, B()(1 and (‘()1) each cqual 2ofonecat. £
A0B | BOC | (“)I) cquals 21t ZLs
A, 0, D are m e straight Iine
Smulaly, if AF, FI, ED' aic cqual choids, then A, O, 1TV
arc m one stiaight hine  Therclore DD and 1)’ comeide
Thus the hexagon ABCDEIL has all its sides equal
Also all 1ts angles are equal, smee each 1s the sum of twe
angles of an equilateral trangle
Henee the hexagon . regular QEF.
1 Descnbe the constiuct. m (Fig 87) for diawing an angle of 90°,
04, 0B, 0C, AB. BC, D, BD e all cqual

2. 0, A are given points  Find with compasses only, a point D such
that 04  OD, and A, O, D arc 1n one straight line

§ 9. Angles of polygons.

Turorrm 9

The sum of the angles of a polygon of n sides equals 2n — 4
right angles

Gwen. ABC 15 a polygon of n sides  (Iig 88.)

To prove that the sum of its angles equals 2n — 4 rt. Zs

D

Ing 87 Ing 88
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Proogj’. Assume there 1s a pomnt O mside the polygon, such that
Il the mtervay 04, OB, ... fi,m O to the vertices lie entirely
mside'the polygon

The polygon # then dissected mto n tnangles by these
intervyls. !

The sum of the angles of cach triangle equalstwo 1t Zs.

the sum of the angles of al} the triangles equals 2n rt Zs.

The sum of the angles of the tuangles at O cquals four 1t Zs

Th~ otim of the other angles ‘ol the trlangles ¢ (mls the sum
of the angles of the polygon

the sum of the angles of the polygon equals 2n — $rt Zs.
Q1D

I. Tig 88 the angle of the polygon at B 15 ‘reflex,” the polygon 1s
‘non-convex’ gr ‘re-entrant’ Theorem 9 1s true for such polygons as
well as for convex polygons There may be no point O made the

polygon having the assumed properties The prootf then fauls, but the
theorem, though unproved in that case, 15 still true.

The followmg (Theorem 10) holds only for convex polygons

TuroreM 10,

If the sudes of ¢ convex polygon, taken 1n oider, be produced, the
suin of the exterior angles so formed equals four 11ght angles

uven a pofvu'o'.l IBC'  of n sides, with the side AB produced
heyond B to X, the side BC produced
beyond €' to Y, and so on

[This 1s what 15 meant by producing the
sides, taken m order.]

oTo pro-c that the sum of the ext. Zs
XBC,YCD, , and so on, cquals four
it Ze

Proof. The sum of the mt /s .1BC,
BCD,  cquals, 2n — 4 rt. /s

The sum of the mt. £ ABC and the Fie 89
exts £ XBC cquals two rt /s, fad-
jacent /s
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Similarly for the other adjacent mt. £s and ext. £s.*
', the sum of all the int. and . 11 thic ext. Zs cquals 2n rt. Zs.
*. the sum of the ext Zs alone equals
2n — (2n — 4)1t. Lo — 4t Ls
" QE.D.

EXERQGISE 24.

1. (@) Find the size of the angles of a regular polygor of 5, 6, and
100 sides,
(b) and or n sides.
2. (a) A quadrlateral has two angles right angles. Prove the other
two are supplementary.
() A quaduilateral has all 1its angles equal What sort of a
quadrilateral 1s 1t?

3. CR, BQ arc altitudes of A ABC They cut in H DProve that

R;IQ, RIAIQ are supplementary

4. The sides AB, AC of . ABC are produced beyond B, (" resp.
to X, Y, the bisectors of angles ABC, ACB cut 1n I, those of angles
CBX, BCY m K. Prove that angles BIC, BKC arc supplemcntary.

5. The oppostite angles at A, (' of a convex quadrilateral ABCD
are bisected. Show that one of the angles between the biscetors 15
31 (B ~D) [~ means differcnce between | $

6. How many sides has the regular polygon whose angles are
(1) 135°, () 156°, (m) 162°?

7. The angles of a regular polygon are 4°. Prove that the number
of 1ts sides 1s 360/(180 — A)

8 ABCDEF 1saregular hexagon Prove that EAB1sa rigiit angle

9. ABCDE 1s a regular pentagon Iind the angles of A ABD

10. ABCDEFGH 1s a rcgular octagon Iind the acute angle
between AE and FB and that between Al and CIH.

11. The exterior angles of a pentagon are in the ratiol 2 3:4-.,
I'ind the largest interior angle of the figure

12. The interior angles of a quadiilateral are in theratiol 2 3 8
Prove that 1t 1s not convex What would happen 1f the angles were
i theratiol 2 3 6?

13. ABCDEFG 1s a regular heptagon Calculate the angles
between the intervals from 4 to B, C, D, K, F, G respectively.

14 ABCDEFG 1s a regular heptagon Caleulate the ~cute angle
between 4C and BD
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15 The angles of a regular polygon of n sides are double those of

4 2
a repular polygon of m sides Prove T 1. Hence prove that
the polygons can only be 4 regular hexagon and an equilateral triangle.

*16 ‘Prove that six equilateral triangles, or four squares, or three
regufar hexagons can be fitted together at a point, so as to fill the
plane round the pomt without overlapping, but that if four regular
pentagons be fitted together at a {iomt they 1aust overlap.

'ReVIS{on Papers I—X can now be taken, if desired

§ 10. Intercepts
Turorem 11.

If a set of parallel lines intercept equal wntervals on one trans-
versal, they will intercept equal wntervals on any transversal.

(A transversal of the parallel lines 1s ~ line cutting them )

Gwen. ,AX, BY, CZ arc paiallel hines, lines ABC, XYZ arc
transversals (B - BC

To prove that XY - YZ Al \X
Proof Through X diaw XP | AB, let XP B/ /\Y
cut BY m P. C/ P /\Z
Thirough YV draw YQ || ADB, let YQ cut / Q \
CZ m Q 7 \
Then smee XP, YQ arc both parallel to Fig 90

AB, XP | YQ
Also YPBA 1s ajarallelogiam, ( XP || 4B, AX || BP)
. AP B, (opp sides of parm.).
Similarly,  YQ — BC.
But T dB - BC, (given)
. " XP=YQ
In As XPY, YQZ,
XP =YQ, (proved).
PXY = QVZ, (corr. Zs; XP | YQ).
FYX = QZY, (corr Ls, PY || QZ).
As XPY, YQZ are congruent, (one side, two Zs)
- JOXY = YZ. QED

Notes. 1. We have said that since XP || 4B and YQ | 4B,
~. XP| YQ, 1e. we have used an assumption which we now state.
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Assumption 15  Lines parallel to the same line are parallel to
one another.
2 There 15 a temptation to reason as fol'ows
Since XP || YQ and PY || QZ,
XPY - YQz
That this argument 15 faulty 15 plain fiom the following figure,

where the angles XP Y and Y’'QZ arc not equal,
although XP || Y'Q and PY || ZQ

X
To state su h an a gument coirectly we should /
have to regard the parallel lines as having dince- v

tions, so that mm Fig 90 tnhe parallel ines PY and P
Q7 would have the same direction, while 1n Fig 91
the parallel Iines PY and QZ would have opposite
directions  All this raises difficulties, and there 15 » Q Zz

no need to face them at this stage becausc they Tig 91
can always be avoided

Tuarorrm 12

A hine through the mid-point of one siude of a bangle pa. allel
to a second side bisects the third side A

(The second side m this theorem 1s
often called the base ) /Q\ 1
Gwen. ABC 1s a tuangle, X the X Y P
C

nud-pomt of AB, XY 15 parallel to \\@/
BC, and cuts ACm Y. _

To prove that AY = YC. B8
Proof Draw CP || AB, and let
CP cut line XY mn P.
PCBX sapaam  ( ° BC|XP, CP || XB).
.. DPC = XDB, (opp sides of parm )
But AX = XDB, (given)
© 44X = PC.

Fig 92

In As AXY, CPY,
AX = CP, (proved).
AYX - CYP, (vait opp)
XAY = YCP, (alt .s; CP| 4X)
As AXY, CPY are congruent, (onc side, two Zs).
;. AY = YC. Q k.D.
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§ 10 INTERCEPTS

LHEOREM 13

The wnterval yorning he mid-poinis of two sides of a triandle 15

parallel to the third side, aud has a A

length equal to half the length of the

thurd sude /Q\\Y p
Gieen. 1BC s a thangle, X, V the -

nud-poiats of AB, AC resp. \\@/
To prove that XY || BC, XY = |BC & s

Piroof Diaw CP
cut line XY n P
In As.IXY, CPY,
AY - Y0,  (given)
AVX ('l;[’, (vert opp)
XAY - YCP, (alt /s, CP||.1X)
. As XY, CPY aie congruent,  (one side, two £s)
AN - P (1)
and XYY = YP (11)
But (X = XB, (given)
by (1) XBB = CP, and XB | CP, (const)
XBCP 1s a paim.
XP|BC, 1¢ XY | BC,
and X'P - BC bv (), XY 1BC QLD

‘1B, and Ict CP Ing 92

Note 1t 15 best (for examimation 1easons) to prove Theorem 13
without using Theorem 12 It we can use Theorem 12 we can prove
the fust pact of Theorem 13 as tollows 1f XY be not parallel to BC,
draw the parallel thiough X to BC and suppose 1t cuts AC i W
Ther oy Theorem 12, W 1s the nud-pomnt of AC, thus the interval AC
has «wo mid-points, Y and W, which 1s absurd The method of proof
i vhich we pretend that what we want to prove 1s false, and then
deduce an ‘absurdity,’ 1s called the method of ‘reductio ad abswidum’

Exereree. () If Z1s any pomt on XY, and the hine AZ cuts B(
i D, then AZ =ZD

(n) The altitude from A to BC 15 biseeted at 11ight angles by XY
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CONSTRUCTION 8.

To dvide a grven anterval into n equal parts

Gwen an mterval 4B

To dwide 1t mto n equal parts X
Construction ¥ror: A diaw any

1ay AX, and matk ofl on 1t n equal P
mtervals, 4., P F,, PP, , P
P,.P,.

Jom BP,, and through P;, P,, A Qr Q B
draw parallels to P2, B Lct these Fig 93

cut ABm @, Q,,

Then AB 15 divided mmto n cqual patts by ;, @,,

Proof 'The parallel ines P,Q,, P,Q,, , P, B cut off n cqual
mtervals on the transveisal AX, and theiefore they cut off n
equal mtervals on the tiansversal 4B

. the iteival AB 15 divided mto n cqual parts,
QE L

EXERCISE 25

1. (a) L, M, N are the mid-points of the sides BC, CA, AB of
triangle ABC Prove that ANLM 15 a parallclogram.
(b) Ifthe pomnts L, M, N be jomned, then A ABC1s dissected into
four congruent triangles.
(¢) Given a triangle, show how to divide 1t 1nto two pieces
which will fit together to make a parallelogram

2 L, M, N are the mid-points of the sides of a triangle. Co.struct
the tnangle

3. AP 15 an alitude of A ABC, N, M arc mud-pomnts of sides
AB, AC Prove that triangles ANM, PNM are congruent.

4 ABCD s aparallelogram, X, Y are mid-points o1 sides AB, CD.
Prove that DX, BY trisect the interval AC

5 'The parallels 4X, BY, CP, DQ are cut by one ine n £, B, C, D,
and by anothermm X, Y, P, Q If AB = CD, prove XY = PQ.
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6 (a) 1t, m Fig 92, Q 1s any point on base BC, prove that XY
bisects interval) 4Q
(b) 4 1s a given point, ¢ moves on a hne BC Prove that the
locus of the mid-point ¢” 4Q 15 a straight line
(¢) Suppose 1n (b) that the interval AQ 15 produced beyond @
to R,es0 that 4Q = QI Prove that the locus of R 15 a straight hne

C
B
AL
X Y z
Fig. 94 g 95

7 In Fig 9t, AX, BY, CZ are parallel, XY = YZ Prove
2BY = AX 4 CZ

8 ARBCD 1s any quadrilateral, P, Q R, S arc the mud-points of 1ts
sides AB, BC, CD, DA, X, Y arc the mid-pomnts of 1ts diagonals
ACBD Prove the following (I1g 95)

(a) PQRS s a parallelogram

(b) The wntervals PR, QS bisect each other.

(¢) If AC — BD, prove PR | QS

(d) If AC | BD, prove PR - QS

@) If BC|| AN, then P, R, X, Y are collinear and 2PR - AD + BC

(f) If BC and AD are not parallel, then wntervals PR and XY
bisect each o'her

(8) If ABCD ‘be nerther « parallelogram nor a trapezium, then
awntervals PR, QS, XY™ bisect each other

9 ABC s ‘any triangle, O any pomt nside 1t, L, M, N are mud-
pomnts of B(', CA, AB, X, Y, Z are mid-points c
of 04, OB, OC Prove that X1, YM, ZN are
concurrenry,

ExAmrre 9 Thethree medians of « triangle are
concurrent (A median 1s a hine joimng a vertex

to the mud-point of the opposite side ) A B
Gwen. L, M are the mid-points of sides BC, AC
of ANABC,BM, AL cut n G (Fig 96) 5
To prove that CG cuts the side AB 1n 1ts mid-
g 96
point

Proof Zct CG cut the side AB m N; let P be the point on ine CG
such that CG = GP.
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In A CAP, CM = MA, CG = GP. MG || AP,1e BG | AP.
In A CBP, CL - LB, CG -G + LG| BP, .c AG | BP
AGBP 15 a parallcibgram, (def) '
AN = NB, (diags bisect cach other) QLD

Cor Also GN - NP And (G =GP, 2NG - GC 3NC = NC
G trisects CN and, simalarly, it trisects Bid and AL '

Def The point where the medians cut 1s called the ‘centroid’ of
the trangle It the tiiaagle ABC be cut out in paper, 1t will balance
on a pm at the point ¢

10 The altivudes AP, BQ of A ABC cut n I, L, X, N arg the
mid-ponts of intervals BC, A1, .1B  Prove that angle LNX 15
right angle

*¥11 L, M, N are the mud-points of sides BC', ('A, AB of AN ABC,
BM cuts LN i X, CN cuts LM i Y. Prove that 1XY - BC,
XY | BC

*¥12 015 a fixed point P moves on a fixed ciiele Py)ve that the
locus of the mid-point ot mterval OP 1s a cirele, whose 1adius 1s half
that of the given circle. 1

*13  (a) X, Y are the feet of the perpendiculars from B, (' on the
biseetor of the angle BAC of A ABC L 1s
the mud-pomnt of BC Prove LX = LY (IMo-
duce the mntavals BY, (Y to cut hines .1,
AB resp 1g 97.)

*b) LX = § (AB ~ AC)

*14 X 15 the foot of the perpendicular from
B on the bisector of the angle BAC of A ABC
Prove that the parallel through X to AC bisects
AB "

*15 The mtervals AB and CD biseet each
other, P 15 any pont, ', B’, C’, D’ are points
on the lmes PA, PB, PC, PD rcsp , such that
PA = AA’, PB - BB’, PC = CC’, PD — DD’ Prove tlL ot mtervals
A’B” and C’D’ nsect each other

*¥16 ABC:s a triangle, L 1s the nud-point of side BC, M of interval
AL, the lines BM and AC cut m N Prove that 84N - AC !

*17 (a) O 15 any point inside A 4AB(', L, M are md-points of
BC, (C'A4 resp , the intervals OL, OM are produced to,X, ¥ such that
OL = LX, OM = MY Prove that XY AB 15 a parallelogram

(b) Hence show that 1f N 1s the mid-point of AB, and Z 1s
on line ON such that ON = NZ, then thentervals AX, BY, CZ bisect
each other

g 97
)
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*18 P, Q a e the fect of the perpendiculars from A4 to the bisectors
of the angles ABC, ACB o» A ~BC Prove that PQ || BC' (Produce
the peips to cut B(')

*19 M 15 the mid-point of the base BC of trniangle ABC, a line
through M cuts the 'nes AB, AC 1n D, I resp ,
AD = AE Prove BD - Cli (Thiough B diaw a A
parallel to AC Tig 98)

*20 4, B, C' aie thiee points 1n order on a line,
m AB n BC, m, n being mtegers, parallel Imes
tnrongh ., B, (' cut another lime m points Y,
Y, Z on thc same side of AB. Prove that

m XY ~n.YZ
and m AX +n (Z — (m +n) BY

*21  Throngh the veirtices ., B, C, D of a
parallelogiam  parallcl Iimes are diawn, a hne, not meeting the
parallelogram, cuts them i X, Y, Z, 7 Prove that

AX + CZ = BY + DW

*22 (7 15 the centroid of tiangle ABC, parallel Iines through
A, B, (', (¢ are cut by a Iine, not meetimg the tuangle, m X, Y, Z, I”
Prove that

kg 98

3GP - AX + BY | (Z
(Use No 20)
#23 The pomnts B, (" move on fixed lines AX, 1Y, AB | AC 1s
a constant length  Prove that the locus of the mid-pomnt of the
mterval BC 15 a line  (Complete the parallclogram ABP(C and prove
that the locus of Pis a line ¢t Kxerase 20, No 8)

**24 (1) ABCD 15 a convex quadnlatcral, AB ~ (D, M, N are
the mid-pomnes ot sides BC, (1D Prove that the
Iime MN 15 equally inchined to AB and D (Make
NP = BN, DP = BA, A DCP 1s 1505 A,
MN [|CP Ihg 99)

+¥(b) BA, CD are fixed lines, .1 moves
alorg BA and D moves at the same 1ate along ("D
Prove that the locus of the nud-pomnt ot the

mterval AD 1s a line equally mchned to the fixed p P
Iines  State an exceptional case. Fig 99

Construct a dragonal scale showing iches, tenths
and hundredths of an 1inch  Fig 100 shows part of the scale AB,
BK, . are inch divisions, the sices of ABCD are divided into
tenths, division 4 on AB 15 joined to 5 on CD, and so on Draw all
these slant lines and all the horizontal lines As we go upwards along
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a slant line we advance 1/100 of an inch to the left between each
horizontal line and the next. Thus .he a.stance of X from the line
CB 15 46”; the tenths are given by the numbers along 4B, the
hundredths by the numbers along BC' The hstance XY is 1 46”

D 54321C

T T T \
A c

|
L

1y
lllll‘ll‘
A 43210 K B

Fig 100 Fig 101

<

= NWd
T

§ 11. Images.

Def Tt XY be a fixed line, A a pont, P the foot of the
petpendicular from .1 to XY If the interval AP be produced
beyond P to B, so that AP - PB, then B 1s the “unage’ ot
‘reflection’ of .1 1 XY (g 101.)

EXERCISE 26

z

1 A, C are on the same side of the line XY, and B 15 the 1mage
of 4n XY, CB cuts XY 1n Q Prove that 4Q and CQ are equally
inchined to XY. (If XY were a sheet of glass, a ray of light in direction
AR would be reflected 1n direction QC')

2 B, F are the images of 4, If resp 1n XY Prove AE = BF.

3. Rays of light start from a point 4 and strike a sacet of glass,
they leave the glass, on reflection, at the same angle at which they
strike 1t Prove that the reflected rays, 1t produced bac’:wards, would
pass through the 1mage of 4 1n XY.

4 How long a mirror does a six-foot man nced, if he wishes “o sec
himself completely? Does his distance from the
mirror matter?

5. Two men, 4 and B, are looking at a mirror,
A can see B’s cyes Show by a figure that B could
see A’s eyes.

6 (a) 04, OB are two lincs, @ 1s the image of §
P 1n 04, R 15 the image of @ in OB Prove that

POR = 240B or 360°— 240B (Fig. 102 )

Fig 102
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*(5) The\(:fmt of reflecting any point, first in 04 and then in
OB, 1s the sawme as that obtammed by rotating the point round O
A
through an angle 2408

7. (a) AB, CI) are p wrallel lines, Q 1s the image of P in AB, R 15
the image of @ in CD Prove that the distance between P and R 1s

twicg-that between 4.2 and CD.
*(b) The effcct of reflecting any pont, first m AR and then n
CD, 15 the same as that obtained hy moving the point by a translation

p.erpendlcular to AB, and of amount twice the distance between
AB and C'D.

. 8 X, Y, Zarethemagesof 4, B, Cresp malne If A, B, Care
the vertices of a triangle, then A XYZ is a congruent triangle

If two triangles 1n the same plane are congruent, and one can be
moved 1n the plane until 1t covers the other, we say they arc ‘directly
congruent’ 1f this cannot be done, they are ‘wndirectly congruent’®
The triangles ABC and XYZ of the last example are wndirectly
congruent A reflection in a hine turns E »+to 3

§ 12. Parallel lines and planes.

It 15 clear that two planes which have one point common,
have a line common

Def T'wo planes which do not cut are called ‘paiallel” planes.
If a lute and a plane do not cut, the line and plane aie called
‘ parallel’

Note tha‘t two parallel Lines lie, by definition, in the same plane

*'  EXERCISE 27 (Oral)

1. Aare all vertical lines parallel? Are all horizontal lines parallel?

2 Arcall vertical planes pauallel? Are all horizontal planes parallel?

3 Can voucdiaw a vertical plane through o horizontal hine, or a
horizontal plane through a veitical ine?

4 , »7hat 15 the (1) largest number, (1) smallest number of the faces
of a drick that can be horizontal at the same time?

Y/hat 15 the (1) largest number, (1) smallest number that can be
vertical at the same time?

Answer the same questions for edges of the brick.

5. IHHow many lines can be drawn, through a point, parallel to
(1) a hine, (1) a plane?

6. How many plancs can be drawn, through a point, parallel to
(1) a line, (n) a plane?
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7 How many planes can be drawn, through a giver hne, £ as to
be parallel to (1) a hne, (1) a plane? Consider both cases when the
given line 15, and when 1t 1s not, parallel to the other given line or
plane

¥

8 Give an example of two lines parallel to the same plane and not
parallel to one another

In Iig. 103, 1 and 2 1epresent parallel plancs, while 3 1epie-
sents a plane cutting both It should now

be casy to sce the tiuth of the following 1 VS
statements 3
If a plane cuts two pazallel planes, 1t cuts
them i parallel lines  1f two planes are parallel g 2
to a thad plane, they ae parallel to onc Fig 103

another
If two Lines amre parallel to a thad Line, (1In the sam: plane, or
not), they are parallel o one another
1f two planes we parallel, any Line dyawen tn one plane s parallel
to the other plane (For 1l the Iine cut the otha
plane, the planes themselves would cut ) MA
1f O.1B and PCD be different planes, and the O B
hines O.1, OB be parallel 1esp to the hines PC, s

PD, then the planes OAB, PCD ae parallel MC
(Ihg 10L) P D

A ‘parallelepiped’ 1s a sohid with six laces, all
parallelograms, the opposite faces Iying m pardlel
planes (see Fig. 105) A s a ‘vertexr, ABXY 15 w “fuce’, the
mtenval AB 1s an ‘edge’ Do not use the word “side’ where
solids are coneeined The intersal AC 15 a diagonat of the solid,
the mtcival L L\ 15 a diagonal of a face of the sohd

Ing 104

Kio 1043 e 106
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In kig 106 4B, BC, CD, DA rcpresent four imtervals not
m the same plane _1BCD 1s called a ‘shew’ quadrilateral If
we yom BD and AC we have the six edges of a ‘tetrahedron.’
The trmng,les ABC, ete are the fow faces of the tetiahedion

EXERCISE 28

1. In Fig 105 prove that ABC" 15 a parallelogram

2. In the same figure, prove that the diagonals AC, BD, and YZ
biseet each other

3 Make a model of a skew quadrillateral ABCD, let P, Q, R, S be
the mid-pomts of the sides AB, BC, CD, DA Prove that PQ || AC,
SR || AC, PQRS 15 a parallclogram, the mtervals PR and QS bisect
cach other (Iig 106)

2 (a) Inthe same quadrilateral, let X, ¥ be the mid-points of the
‘diagonals’ 4 and B Provc that the intervals XY, PR and QS
biscet cach other

(b) The wmtervals which joun the pd-ponts of opposite edges of
a tetrahedron sect cach other

5 ABCD and ABPQ arc parallelograms with a common side AB,
but lying in different planes  Prove that CDQP 15 a parallelogram

6 AB, PQ, XY are three mtervals, not m the same plane, but
equal an { parallel B, @, Y lic on the same side of plane APX  Prove
thet the triangles (1PX and BQY are congruent

REVISTON PAPERS

I 1 11715 a biscetor of angle BAC, I 1s on side BC', AD s an
A A
altitude of A 1BC, .1BC — 50°, ACB - 20° FKind the size of angles
EAD, AlLD
2 Construct a trangle whose sides are 37, 217, 47 long. Measuie
the altitude which 1s perpendicular to the lonucst sld(

‘8 .ZBC1s an 1sosceles triangle, AB = AC, the side BC'1s produced
beyead C to D, the mterval DA 1s produced beyond 4 to K Prove

BAL - 2BDA + D

II 1. AE1s abisector of angle BAC, ADs an altitude of A ABC
Prove D - 90° ~ (B 4 1.1) = }(C~B) (~ means ‘difference
between ’)

‘2 Corstructa triangle AR where AB -~ 37, BC 317, ABC - 40°.
Measure the side A('
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3. M 1s the mid-point of the side AB of A AB>, MEB = M(
Prove ACB =11t /.

IIT 1. AE s a bisector of B/fC; BAC1:a right angle, AD 15 an
A A
altitude of A ABC, ABC = 2°. Find EAD 1n terms of z°.
2. Constructa A ABC where AI§C = 90°, AéB = 10°, AC = ' cm
Measure AB.

3 The angles at B, ¢ of an 1sosceles A ABC are ecach double that
at A, on sides BC, BA points D, I arc taken so that BD -~ BE. I'd

the size of BED.

IV. 1 ABC1sa night angle, BD 1s an altitude of A ABC; the
bisector of DBC cuts AC m E  Prove BiA = ARE

2. Construct the quadrilateral ABCD where AB = 2", BC — 37,
CcD - 2%, AI}C -= 130°, BéD = 50° Measure 1ts diagonals

3 'The angles at B, C ~f an 150sceles A ABC are cach thiice thosc
at A, on sides BC, BA ponts D, I are taken so that BD = BE I'ind

the size of BED

V 1. ABCD s a quadrilateral, AC bisects angles DAB and LB
Prove ABC ~ ADC.

2 ABCDsaquadnlateral, AB = 3", BC = 2",CD = 4", DA — 217,
AC — 24”. Construct 1t, and measure the diagonal BD

3. ABCDE 1s a regular pentagon. Prove ACD - 204D

VI. 1 The biscctors of angles ABC, ACB of A ABC cut in I
Prove that BEC - 90 + 4/2

2 ABCDsaquadrilateral, AB = 8", BC = 3 , AD = 4", AC = 4",
BD = 3}” Construct 1t, and measure CD

3. ABCDI: 1s a regular pentagon, AC, BIY cut m I'. Prove
CBF - CFB.

VII 1 ABCD s a parallelogiam whose sides are 4+ em and 5 em
long. Onc of its angles 1s 60° Construct 1t, and measure 1ts diage 1als

2 ABC 1s an 1sosceles triangle, AB = AC The sides AB, 4C aie
produced beyond B, C 1esp to X, Y so that BX -- BC = CY Prove

that BY, CX cut at an angle equal to ABC .
3 The sides AB, AC of any triangle are produced beyond B, ('

resp. to X, Y, the bisectors ol CI;X, BCY cut m K. Prove that
A
BKC = } (B + C).
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VIIT' 1 (J(i‘pstruct a rhombus whose diagonals are 4 em  and
6 cm long. Measure 1ts sid s

2 v ABC1s an1soseeles trangie, AB = AC, the biseetor of the angle
at B cuts the extenor I'lsector of the angle 4 at D. Calculate the
angles of A ABI) m terms of tlu angle A

3 vMhe side BC of dhy A AII(, 15 produced beyond (' to D, The

biscetors of angles ABC, ACD cut i L. Find BLC m tcoms of the
angles of A AB(' N

J‘( 1. AB(‘I) 15 an 1soseeles drapeztun whose patallel sides are
37 ard .5}” long, then distance apart bang 27 Construet it, and
measure 1ts sides. '

2  Iiom the ends of the base of an 1soscdes triangle, perpendiculars
are drawn to the sides  Prove that thcy make with the base an angle
equal to half the vertical angle

3 AP, BQ e altitudes of /\ ABC. Prove that they make an
angle with cach othar equal to . 1B ‘

A

X 1 C(Dllbtlll(‘t a square whose sides are 5 em long. Measure its
dragonals

2 ABC s an 1sosecdes tuangle, (1B - AC, the hne DI s
perpendicular to BC, 1t culs 1B m D and C:A m F. Prove that
the parallel to BC thiough .4 bisccts the mtaval 7D

3 X N mside /\ Y.IB, () 1, OB biseet angles MY, XBY 1csp
l’nov( 108 ’,( 1XB . YB)

XI 1 Caleulate the size of the angles of a regular igurce of forty
sides ‘

2 ABC s any tnangle  Right-angled 1sosceles trangles ABAY,
ACY are desenbed oulside the tuangle on sides (4B, .1(', the nght
angles bang at X, Y Prove OX BY

3 If the ugeht bisectors of the mtervals (B, €D cut in O, and
A0C BOD, prove that .1C - BD

X,;{ 1 A quadnlateral has two of its angles cach double the size
of the other two  Find the sizes of 1ts angles

2 4, B’ (" are rdl(ctmns (o1 1mages) of 4, B, C 1 the inc XY
Prove that ABC — A'BC. [Sce § 11, p 60 ]

3 ABCD and A’B’("D’ are convey, quadiilaterals, AB, B(', CA1,
BD, CD »rre resp ecqual too A’B’, B’C", C’'4’, B’l), C'D’ Prove
AD = A’D’
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XIIIT 1 A regular pentagon 1s drawn on base .(B, 4(' 15 one
of 1ts sides, on .1¢" another 1egular Hent: zon 15 drawn, A1) 15 one ox
its sides, on (AD a thud regular p.ntagon 1s drawn, .18 .5 one

of 1ts sides  Caleulate the size of IbA[lo'

2 A, B arc two points, XY 1s any line, P, Q atc images of .1, B
resp m XY It AB and XY cat in Z, prove that Z s on lime 1 Q

8 ABC and XYZ arc two congruent triangles, il AB[| XY and
BC || YZ, prove that (.1 | ZX

X1V 1 The anglcs.or a pentagon are in the ratio 62 3 ¢ 5
I'md then siz¢s

2 A4, B, (" we thice non-collinear pomts Thiough (" diaw a hine
to pass between 1 and B such that the distanecs of .1 and B from
the hne arc equal

3 .1BCD s a quadilatcral, the angles at .4, B bang nght anges,

M 1S the nud-poimnt of srde 4B, DM bisccts angle 1DC 2ove that
CM biseets angle BOD and that CMD 1s a nght angle

XV 1 The angles of a regular polygon are 141° How many sides
has 1’

2 ABC'1s anght anelo, 4B B the biscetor of angle CLAAB cuts
B('m I Provc AC - BIE { AB

3 Ifinthe quadnlateral A1BCD wc have (1D I}(',Jl}(‘. B‘All),
prove that the imntervals (1B and ("D have the same ught bisector

XVI 1 ABC s a tnangle, BI, CI Insect the angles at B, C
Through 1 15 drawn a paralldd to BC cutting 1B m D and .4C i K
Prove DIs - BD | CE

2 ABCD s o trapezzum, B || D, X, Y are the nud-points of
AD, BC resp Prove 2XY — (LB 4 (D)

3 1If the diagonals of a quadrlateral are perpen hierlar to cach
other, the intervals jomnmg the mid-pomts of opposite sides are ¢qual
in length

XVII 1 ABC s a right anglc, O 15 on mterval AC, O.1 - OB
Prove OB = OC '

2 ABCD and ABELF arc paiallelograms not m the same plane
Prove that CDI'E 15 a parallclogram

3. ABC s a trnangle, the rioht bisectors of sides BC, AC' cut 1n O,
X, Y are the images of O 1n BC, CA re,p Prove tnat 4.1 and BY
bisect each other
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A

XVII 1 11 A ABC, ABC 1B 4 B¢ Divide it mto two
mosceles tuangles

2 4, B, Cheonalme, N, ./, Z he on a parallel line, AX || CZ,
AY || BZ Prove BN || O 7

3 Draw a Urangle (1B, grven the longths of JIB, AC and the
length of the median froun .1 (Use diags of parallelogrambiseet cach
other )

XIX 1 IBC1sanisosccdes tnanglesuch that the angles at 3, (' are
caeh thrice those at .1, D1s any point on BC, s on B, Bl BD,
ED 1Ccut m I Prove EF KL

2 Show how to dividce a tuangle mto four congrucnt triangles

3 A quadulateral has one pant of opposite sides equal  the other
pan parallel  Provc that its diagonals arc cqual

XX 1 A ledder shdes down a wall  Prove that the locus of 1ts
mid-pomt 1s an are of a cncle

2 ABC s a tuanglc Thiough cach vertos 1s drawn a paralld to
the opposite side Prove that we thus gct a trangle whosce size s
four timcs the size ot the given triangle

(The tollowing «xamples are difficult Solutronsare givenin Partii )

*¥*¥3  Given o 1ula with two marks on 1t, to construet, without
~ompasses, a patalled through a given pomt to a given hine
¥4 ABC s a tiiangle, the biscctors of the angles at B, (' cut .1C,

ABsp m D, E BD - CE Pione ABC - ACB

13. Equivalent figures and areas.

Kveryone has an idea of what 1s mcant by such statements as “this
yeee of < loth 1s of the same size as that,” o1 “this fiddd 15 larger than
hat field > In Gcometry we give rules for calculating and comparning
e arcas of figures Two figures with the same arca will be called
cquioalentt’

Thr oria 1

Twe paralldlograms on the samc base and bctween the same
yaraliels e equivalent

Guoen, ABCD and (. IBEL are parallcdograms on the same base
1B and between the same parallels . [B and C1).

To prove that the paims arc equivalent.

k)
T This 151t a formal dcfimtion, and should not be stressed  In Part 1v
ve shall consider i more dctail ‘equivalence’ and ‘cquality of area’
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Proof In As AFD, BEC,
1D = BC,  (opp sides of parm ).
ADE - BCE, (com /s .AD | BC).
ARD BEC, (cou. /5. I | BE)
As AEFD, BEC are congruent (one side, two Z.s).
C D r ¢ E D CF E

7V W

lﬂg 107
Sublracting cach triangle o twrn from the whole tguie D.IBE,
the parts lett, viz the parms IBCD and AABEF, are cquivalent
QF D
Cor. 1 Two parallelograms on equal bases and of equal heights
we equvalent For we can draw, on the same base and between
the same patallels, two parallelogriams congruent to the given two

Cor 2 Two parallelogirams on equal bases and between the same
parallels are equivale nt

A

Note  'The essential patrt of the proof of Theorem V4i1s the phic ¢ in
italics 1 we attempt to make up our parallelograms by adding pieees
together, we shall have to give diffaent proofs for the different fisures

Note carcfully the meaning of the phrase ‘Le*ween tho samc
patallels™, the bases of the parallelogrtams  1e on one hne, thar
oppostte sides are on the same hine parallel to the bases

Tinrorrm 15

Two nandgles on cqual bases (01 on the same base), and between
the same parallels are equivalent
Gwen. ABC, XYZ are tnangles on

cqual bases 1B, XY, and between the c D z w
same patallels .IB and CZ.
To prove Ns ABC, XYZ arc /
cquivalent A B X A
Proof Complete the parms ABDC Iig 108

and XYWZ
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These patms arcon cqual bases and between the same parallels,
therefore they are equivalént
BY A ABC s half ABDC, ( As ABC, DCB axe congruent)
Simularly A A'YZ s half XYIFZ,
.As ABC, XYZ e equivalent, QED

Cor. 1 Two tnangles on equal bases and of equal hewhts are
equivalent.

For we can diaw, on the same base and between the same
p“ﬁ'.nl'vls, two triangles congruent to the given tiangles

Cor. 2, If a triangle and a parallclogkam be on equal bases and
hetween the same parallels, the tiangle 1s equivalent to half the
parallclogram

Note the tollowing impmtant case of Theorem 14 If P s any pont
not on the line AB, and (' 1s the nud-pownt of B, then As PAC, PBC
are (v[uwal( nt

Exercise Wnte out the proof of Cor. 2 m full without assuming
Theotem 15

EXERCISE 29
1 Drawaparallclogram ABCD withsides AB ~ 6 em , B(" — 4 cm

A
and ABC  10°. Construct an equivalent parallelogram on the same
base AB, but with an angle of 60" at B Measute the new side

2 Transform the parallclogram ABCD of No 1 1nto an equuvalent
parallelograny with sides 6 emand 6 em - Mcasure the angles of the
parallvloumm

3 Drawa tifangle ABC with sides AB - 8”7, BC = 3}, ('4 = 31"
Diaw an equivalent triangle ABD with BAD = 60°  Measure AD.

4 Drawa tne{nglc ABCwith AB = 6em ,BC = tem , Ci1 = 5em
Diaw an equivalent 1sosccles triangle ABD, (AD—BD) Mcasme A1
5 7/mw a parallelogram ABCD with sides AB = 6 em , BC -- 8 em

A
nd YUBC - 30° By means of two appheations of Theorem 11
reduce 1t to an equivalent rhombus whose sides are 7 em. Measure the
wingles af thesthombus
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Tueore'm 1¢

If two equivalent truangles be on the sa we base and on the same
side of ut, they Lie between the same pmallels
Gwen. ABC and ABD aie oqmvalont ‘riangles on the same
side of AB
To prove that AB |, CD
Proof Suppose, if |§:)ss1blo, that AB and CD arenot_parallel,
Through " draw a life parallel to
AB, it will cut AD m apomt I,
distinet fiom D
Then As ABE, ADBC are
equiv, (same base, equal hts )
But As ABC, ABI e cquiy
(g1ven)
As ABD, ABE are cquiv
But this 15 mipossible beeause one 1s a part of the other,
.CD | AB QED ,
Cor  Equavdlent tiangles on equal bases have equal heishis.

A ABC' A DEF will be used to mcan that the tilangles ABC
and DEF are equivalent

Iag 109

}

The following example illustrates the use of om theorems

Examerr 10 To show part of Theorem 13 l)l/ mians of the equr-
valence of triangles

Gioen D, E are nmud-pomts of sides AB, AC oft A
N ABC D £
To prove that DE || BC
Proof Jom DC, BE. Then
N ADE - N BDE, ( AD - DB) B Cc
N AED - N CED, (1 Ak = EC) I \10
N BDE — N\ CED
But these As are on the same base DE
DL || BC QI D

Note Instead of drawing two separate figures for Theorem 16, we
have put two pomts £ in ¥ra 109, corresponding to the fact that
the parallel through (' to .1B may cul the interval A1) »n that n-
terval produced beyond D.
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EXERCISE 29 (conlinued)

6, ABC, ABD arc congrucyt tuangles on the same side of AB.
Prove that A4, B, C, D a’c the vertiees of a trapezium

7 (a) C1s th¢ miud-pomnt of the interval 4B, O 15 any pont not
on lire AB. Prove A NAC = A OBC

(b) C1s the mid-pomt of the mterval AB, Q, P, (" are 1n one

Ime Thove A OPA N OPB

8 The mtervals AB, C'D Iiseet cach other Prove A ABC A ADC
(Do not use congruence )

9 ABCY 1 a ttapesium, AB || CD, lhmuoh M, the mud-pomnt of
AD. a parallel to BC' 1s diawn, 1t cuts the lines AB, €D in P, Q resp
Prove that ABCD and P’B(C'Q are eqquivalent

10 ABCD s a quadnlateral, 1BC B.All), BC - 1D  Prove
AR CD

11 ALCD s a trapesium, L AB || (D, A 1s the nud-point of AB
Prove that the quadulaterals AMOD and #IBCD are equuvalent

12 The diagonals of a parallelograr ABCD cut i I, I s a point
on side AD  Prove that the quadnlateral BFCE 15 equivalent to
N RCE

13 (a) ABCD s a trapczium, AB | CD, a hine parallel to (B cuts
stdes BC, 4D m P, Q@ 1esp Prove A B A APD

¥y If also R, S be any pomts on sides .18, ("D, prove that

PRQS and N BQ(" are cquivalent

*14. M, N are the mud-pomnts of stdes AB, AC' of A ABC, MNPQ
15 a patallelogtam, P, @ bemg on side BC'" Prove that MNPQ 1
equivalent to A\ _.IBN

*¥15 . ABCD s a parallelogram, IV is on side AB, the hines DIYy, BC
cut in IY Piove that A ADE - A DI(C

*16  ABC 15 a tnangle, a parallel to the base BC cuts /A€,
AB i X, Vaesp, (Y, BN cut n O Piove A LIXB A AYC,
A COX = N BOY

*¥17 X 1s any pomt on the diagonal A" of parallelogram ABCD
Prov. A ABX - A ADX

§ 14. The measurement of areas.

Det The “area’ of a rectangle 1s the product of the lengths of
two of its perpendicular sides

»
K g TIf these sides are of fengths 3”7 and V7, the area 15 12 sq s ,
if the <ides are of lengths 3 umits and 4 umts, the area 15 12 square
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units, the unmt may be any length, and then the square umt 1s the
arca of the square on the umit length

We can sce that this 15 a reasonable definition of the are. of a
1cetangle by the following airgument «t
ABCD be a 1ectangle, whose side AB 15 p D I ¢
umts long, and whose side AD 1s ¢ umts lonx T
Divide the sides mto umt lengths, and draw
parallels as m the figure The rectangle 1s divided IREN
mnto pq square unts, and thus has area pg

By Thcorem 1k v parallelogriam s 1
cquvalent to a rectangle on the same base 8
and bctween the same parallels  Tlence the
area of a parallelogram s the product of the length of a side and
the corresponding height

I 111

By Theorem 15, Cor. 2, a tnangle 15 equivalent to hait a
rectangle on the samc basc and between the same parallels
Henec the area of a treangle 1< half the product of the length of a sude
and the coriesponding hewght

Simce the lengths of sides and the hewghts are nnmbers, we ean
use Algebia

Examrery 11 The area of a hapezium s the producl of half the sum
of the lengths of the parallel sides, and the distance D 3 c
between them 7

Gioen  ABCD 1 a tiapeszium, B CD,

I distance between AR and C'D
To prove that area ABCD L (ADB -+ (D) b

Proof A B
Area ABCD — N ABD | A BCD e 112

LB hoy YD b
= Y(AB | (D) h QKD

EXERCISE 30.

1 Arca dBC 15 o m , BC 51 Find the height AP ¢ the
tuangle

2 Area ABC —12sq cem | height (1P —= 15 em Find the length BC

3 In A ABC, AB = 4", BC = 3", height AP = 2" Fiud the
height CI2

4 1In the parallelogram ABCD, AB — 4 em , BC = 3 cm., distance
between AB and CD — 2 em. IFind the distance between Bu and AD.
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Find the area of a trapezium ABCD when AB || D, and

5 AB - 7, CD - 3, distance between AB and ('D 15 47
6 BAD - 90°, AB — 1", CD — 3", AD 2"

7. AB - 10 nules, CD — 3 wles, BAD — ABC - 45°

8 AB -3cm., BC —2cm, ARC - 90°, BAD  135°

9 In trapezium ABCD, AB| CD, AB — 6", ('D 8", N ABD
1% sq m  FFind the area ol A 23CD

10 The diagonals of a quadrilateral 1BCD ae peipendicular to
ach other and of lengths 77 and 97 Find the arca of the quaduilateral

11 ABCDE represents a flield (Iig 113) The angles maiked
1c nght angles, .4\ 100 yds, XY 20 yds, YZ = 80 yds,
D - 120 yds , BY = 110 yds , ('Z — 120 yds , YE - 110 yds Find
he area of the fidd.

12 In Fig 11t the angles marked are might angles, and lengths
. by ¢, d aie given  Ifind the area of shaded triangle m teims of
, by eod Whats the areaifl a0 =27, b - 257, ¢ =57, d— 1"?

B A
C
A E a d
D b c
g 113 Tig 111

13 (g 113) PQRRS1sasquare I'ind the arca of the mmner square
n terms of @, b \What 15 the area, if the side I’Q = 6” and « — 4”7

14 (Iig. 11¢) XYZIV 15 a parallelogram, the angles marked are
1ght angles  Find the atca of A XIVZ and henee of XYZITV in terms
fa,b, e,d Inndthe mmea whena - 5%,0- 17, — ", d 3

Pa bQ

<

a X

Sh ¢ R c W d
g 115 g 116
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15 (Mg 117) 4AD, XY, B(C' are paralld, the angles marked are
right angles, 44X XB. Find the arca »f ABCD m texms of a, b, ¢
Iind the area whena-- 67,6 8", ¢ — 17

16 (Ing 118) The angles marked arc nght angles, AB 47,
AC -7, EF = 5”. ind the length of DK

B

X C
A
‘b D E
@ - \
D Y C A F B
g 117 Fig 118

17 (g 119) ALK EB, AD DC, BC - «a, h - hceight of
A ABC' Find the arca of BODE

18 (Fig 120) The interval AB s divided into equal parts  T.nes
ke KX, I'Y aie calle? ordimates  Prove that the arcea ot the figure
15 obtained by multiplying the length of AB by the sum of 1.1,
1BD and all the other ording .es

A
CX Y
D
/ D W
B { 13
B Cc A E F B

g 119 g 120

Exswmreir 12 .1 second proof of Theorem 16, Cor
Gwen ABC, DEI arc equivalent tnangles, AB - DE
To prove that As ABC, DEI have equal heights

| /]\
A H B D K E

Ing 121
Proof Let CH, FK be the heights ol the titangles
N ABC - 34AB CIlI
A DELI' - 1DE IFK
11B ClI JDE FK, (given)
But A - DI, (g1ven)
CH - FK. QL D,
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The reasons for giving two proofs of this will be explamned n
Part tv It 1s enough to le:an ond, and cither will do
.t 3
Examrnn 13 (CL Exquese 20, No 7, p 34)
Gwen ABC s un 1sosoeles triangle, AB - AC, X moves on base BC;
P, Q dre fect of pmpcnrlu‘ulms Jrom X to

AC, AB AP
To prove that NP |- XQ 1s conslant !
Proof 1 Q
A ABC = A ABX + N ACX
-3A4AB QX | 1AC PX» B X [¢
- MAB (PX | QXN), AB - AC g 122
But A ABC and .1B arc fixed,
PX { QX 1s constant QED

Note that .18 Q X means the product of the lengths of AB and QX

Eeercise  Piove m the same way, that if P be mside an equilateral
triangle .13, and X, Y, Z be the feet of the perpendiculars from P on
to the sides’ol the trangle, then PX | P+ PZos constant as P
moves alout the imside of the tn.mglo;

EXERCISE 31

1 If C' s the mad-point of the interoal AB, the area of the squae
on AC isyone-quarter of the arew of the square on AB

& If M, N are the mud-pomts of the sides AC, AB of A ABC, then
the area of A AMN 15 one-quarter of the area of A ABC

3 ABCD 15,0 quadnilateral, the diagonal BD 1s produced beyond
D to kK, <o that DI — BD Prove that the atca ol ABCE 1 twice
the arca of ABCD

4 (a) Any hine through the point of mterseetion of the diagonals
of a paralle'ogram divides the latter mto two parts of equal area
(b) Divide a parallelogram mto two parts of equal area by a line
ﬂll()l‘l:_‘)]l a given pomnt

5 ' If M, N are the nud-pomts of the sides AC, AAB of A ABC, and
AP an altitude, then aea AMPN - LA ABC

6 (a) 1]) 1s an altitude of A L1BC, the angle at A 15 a right angle
ProveAD BC = AB AC
(h) ABC 15 any triangle, AP, BQ 1ts altitudes Prove
AP BC - BR AC
(¢) «ABC 1s an 1s0scelds tnangle, AB - AC, the altitudes BP,
CR from B, C cut m D Prove BC' AD — 2AB. DR
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7. (a) 4, B, C are collinear points; O 1s a point not on the ine AB,
A OAB = A OBC Prove that B s the nid-pomnt of the interval AC.
(b) If a quadmlateral be dividec into four equivalent tira gles

by 1ts dragonals, 1t 15 a parallelogram

8. ABC, ABD arc cquvalent tnianales on opposite sides of AB
Prove that AB biseets the inteival (D (Fu t show the heighes are
cqual )

9 The mtervals AL, CD cut m O, AN OAC - A OBD Tionve
AD || BC .

10 M 1s the mud-porrt of side BC of A ABC', N 15 the nud-j vt
of the mterval AM, AM, BN, ('N aie jomed  Prove that the tiangle
15 divided mto four equivalent triangles

11 (s the eantioid of A 1B Prove that
AN GAB - AN GBC . N GCA
12 (a) ABCD 1s o quadnlataral, P, Q, R, S aie the mud-paints
of 1ts sides  Prove arca QRS } arca .1BC'D
(b) Thiough the vertices of a quadiilateral parallels are drawn
to the diagonals  Prove that t. ¢ area of the parallclogram so obtamed
15 twice that of the quadnlataal
() All quadnlaterals whose sides have the same nud-poimnts
are cquivalent

13 Through a pomnt I of the diagonal BD ol a parallelogiam
ABCD, parallels arc diawn to the sides Prove
that the parallelogiams (1P and ('P so foimed D C
arc equvalent (Ig. 1238 )

14 The diagonals of a quadulateral ABCD P
cut at night angles iove

arca ABCD - 1BD AC A B

15 ABCD 15 a parallddogram, P s a pomnt Tng 123

mside it Prove
ANPAB + N PCD - L area ABCD

16 ABCD and ABEF are parallelograms on opposite sides of AB
Prove area CDFE  arca ABCD | aea ABER

17 If two triangles have two sides of the one equal to two ¢ rre-
sponding sides of the other, and the meluded angles supplen.entary,
they are equivalent

*18  («) ABCD 1 a trapezium, AB || CD, 1ts diagonals A, BD
cut i I Through K 1s drawn a hine parallel to AB, cutting AD, BC
inZ, Y resp Prove I¥7 = EY

(A ABD = A ABC, A AED = A 3EC, assume EZ . LY and
use reductio ad absurdum.)
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“"(b) With the same figuie, a line parallel to (4B cuts AD, BD,
AC, BCm P, Q, R, S resp Pirov e PQ — RS
- *¥(c) Prove No 8 by redsctio ad absurdum
* #(d) M s the myl-pomt ot the side €D of
AN XCD, A4, B aie pomnts on sides XD, XC resp ,
AB | CD. Prove that XM biseets the interval AB
(F1g " 124) ,
(AN XDM - A XCM, N DUM - A BCM,
AXAM - A XBM, thanuse No 8)
. *(e) Let A XDC and pomts .1, B, M be as D M C
m (), AC, BD cut m I Usmg (a), (d) ])16",0 that Tap 124
X, I, M are on one lie.
(Fig 121 1s most unportant and shouid be carefully studied )

*19 M, N arc the nud-pomts of sides of L1, AB of A ABC, CN,
BAM cut m ¢ Prove arca INGM A BGC
20 In kg 118, 1f AFID s o square, prove that
AF (B 4 AC) - AR 1
*#21  1BC s an 1sosceles thangle, AAB A, X, Y ae pomts on
side L1, Z, W oare pomts on side .1C, XYY - ZW. As P moves along
the side B, prove that A PXY | A PZW 1s constant
Y2 (a) ABCD s a paralldogram, 1B 1s produced beyond B to X,
P 15 a pomnt mside angle CBX - Prove that
ANPIB { AN PBC - N PBD
(Using  theotems on mterecpts, prove
that the sum of the perpendicular mtervals
on PB from .1 and (' equals that from 1))
*(h) State the corresponding theorem
when 2 15 1hsidg the parallclogram 8 D C
#23  Through the vertices A, B, (' of 1
A ABC are drawn thiee parallel lines which
cut the «ides, or the sides produced, of the tnangle m D, Is, I 1esp
Prove A DEF — 2 A ABC (g 125)
*24 X, Y ae the feet of the perpendiealats from 13, € on to the
ehiseetor ol angle B.AC ol A ABC. Pove arca .ABC = BX AY
(cf. ]"'ng. 97, p 58)
85 L s the mud-pomt of side AB of A ABC A hne thiough L
cuts the 1ays C.4, CB i D, If 1¢sp. Prove A CDE > N ABC
*26  APCD s a rectangle, K 1s on side BC, It on side CD. Prove
2 A AEFR + BE DF — arca ABCD.
*27 K 1s a pomt mside rectangle ABCD Through K ae diawn

parallels to the «ides, dividing the rectangle into ftour rectangles
Prove rect KA ~ reet. KC = 2 A BKD.

X

25

lag
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§ 15. The Theorem of Pythagoras.

Consider the following problem L quare s given, 1l s requ red to
draw a square of twice the size Tt 1s no usc putting two squares side
by side, ke [T, because the tesult 1s not a squate, and 1t is no use
making a square whose side 1s twiec che side ol

w D Y4
the given squate, beeause then we should have a
squate whose area was four times, and not twice,
the arca of the given syuare Fig 120 gives us
the clue Tt ABCD 1s the given square, then the A C
square XYZIV 1s twice the given squatc, beeause
the big squate 15 made up of cight congruent

triangles, and the given squate of four of them X B Y
We can see this 15 so, and 1t 1s easy to whte out a Fig 126

“Hormal proot” ke the othars m this book Now
the big square has its sides cqual to AC, 1e equal to o diagonal of
the givan square  We ean therdlote say 1o diraw a square Ohose area
s twece that of a green square, we diaw a square whose sude cquals
diagonal of the groen square

Another problem Two squares are gioen side by sude, hhe those
shaded i the figure below  Cut two such squares oul i paper The
problem s fo cul the pair of squares o
preces that will fit together to make onc square
To do this, marh oft JIX (7 and cut vy
along the lines XY, AZ, ranove the ti-
angles cut oft, and place them m the
postttons of the unshaded tiangles It s
possible to prove that the figure so formed
15 a square  The fact, howcver, which we 7 //
wish to bimg out now, 15 that the square A 8 /C
we have made has one side XZ, while the
squares we started from had «ides of Tengths
(7 and (X 1esp (because we made .1X  BC, .1 - ('X) Now
X(7Z 15 a tight-angled tiangle We can theretore say, the wea of
the square on X7 equals the sum of the arcas of the squaics on CX
and (7 'This 15 called the Theorem of Pythagoras  The follo ving
proof of this theorem has been taught for over 2000 ycars, but me ny
other proofs arec known An important one will be given later

o 127
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Turorrm 17 (Pythagoias)

Tlr square on the hy»otenuse of a right-angled triangle equals
« tal Ee] (e}
the sum ()f the squaie. on the two

E
sades
Gwen  ABC s a tiangle, night
D
angled at B B

To prove that sq on (' sq on
AR sy on BC

LProof Let IBED and .1CHI' he A R (S
the squates on 1B and AC

Jom €D and BF Thiough B diaw
« parallel to AF cutting I L

Smce (31 11t £,(/-of squard),
and llA}(' -1t 7, (erven), g 128
I, B, (" are moone hine
Now DB - C 11, (1t /)
Add B IC o cach — DAC BAF
In As DO, BALF,
Dt Bl |
AC ~ AP, (sides of square)
D.ac Ii?lf‘, (proved)
As D 1C, B I are congrucnt,  (two sides, mdd 2)
Now A DAC =} arcaol sq on. 1B, (on same base 1D, and
bctwaen same parallels (1D, CE)
A BE L area of reet JLL,  (on same base (11, and
bctween same parallels (1F, BL).
1 on AB = reet AL
Suatlatly, sq on BC' rcet CL
Addimg, sq on AB +sq on BC - vt AL +acet CL
sq oon L AC QLD

stdes of square)

Note A rectangle or parallelogtam may be denoted by a parr of
opposite vertices

Warning  The area of thc square on 4B 15 often written ARB2.
Carefully note that in Algebra, ab? means ¢ multiplied by the square
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of b, while (ab)? mcans the square of the product of ¢ and b In
Geometry AB* means the squate o” the Tongth of AB, and perhaps 1o
would be better to wite 1t (AB)2, bu’ as we cannot square a p smt I3,
there 15 no dangar m writing 1t as (182, provided that we 1emermber
what «b* mcans i Algebra The Theorem of Pythagoras can now be
stated thus If ABC ts a rght angle, then A0 BC* — AC*

Examerr 14 Inthe proof of the Theorem of Pythagoras, we proved
that sq onAB 1cct 1L Simee the arca of the tect L1Lm Fig 128 15

Al AK - AC AK,
thercfore, we can wiite AR = 1K AC
If ABC be a triangle, night angled at BB, and K be tne fool of the

perpendicular from B on ‘o the hypolcnuse, thcn AB* - AK AC
Swdarly CB* CK CA

Pythagoras was a Gieck philosophar who ived i South Ttaly
Ile founded asceret brothethood whose members
made rescarches mm. thematies and phitosophy
Apparently they eventually seized the Govaine-
ment of the distiiect i which they hived, and
mn the ensuing disturhances, Pythagoras was

killed and Ins brothethood dispersed (500 B¢ ) 8 D 6]
It 15 probable that the cahest proof of Fae 129
g 12

Theotem 17 1s due to him s

Exavrrr 15 ABC s an equilateral triangle whose side s « ueches
long  Fnd s mea.
Let D be the nud-pomt of BC' Then .4D | BC, and BD — «/2
AD? - AB* - BD* — a® — (a/2)>

L, at Ba
— - -
k 4
Sa
ap =V

Vaa  /3ad
2k

A ABC

i

IBC AD - la

EXERCISE 32

1. A square has sides 17 long. Prove that 1ts diagonal 1s /2 inches
long

2. An equlateral triangle has sides 2” long  Prove tha* its height
15 4/3 1nches. Caleulate this to 3 decimal places
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, 3. Find the lengths of the hypotenuses of the right-angled triangles
whose sides 1n 1nches are: ,
1Y 3,45 5,12; 20,21; 33, 56.
1,2; 1,3, 12,8, 4,6; /3,2, /19,6

4. A courtyard 1s 80 yds. side and 150 yds long How much
distance 1 saved by cudting across from corner to corner nstead of
going along two sides?

5. The hypotenuse of a rlght-ahgled triapgle 15 89 ft., one side
15 80 ft. How long 1s the other side? [Use ¢ — 42 = (a — b) (a + b) ]

6. I'wo tewers stand on the samc plane 4t a distance of 40 ft.
apart; one 1s 100 ft, the other 120 ft. high Find the length of a
wire joining their top points.

7. A man walks 12 ft. North, then 8 ft West, then 3 ft South.
IMow far 1s he then from his starting-point?

8 'ABCD 1s anisosccles trapezium, AB == 32 em , CD — 8 em ; the
distance apait of the parallel sides AB, CD1,°5 ecm  Find the length
of AD. .

9 ABCD 1s an 1sosceles trapezium; AB || CD, AB =198 cm ,
CD 5120 cm , AD - 89 ecm. Iind the distance apart of the parallel
sides

10. Find the arca of a trapezium ABCD where ABC 15 a nght
angle; BC || AD, AB = 5', BC = 8', ('D —=

11. A goat 1s tethered by a rope 9 ft long at a distance 7 ft from
a straight hedge What length of hedge can he nibble? If the length
of rope 15 doubled how much can he mbble then?

12. In A ABC AB = 2", AC - 1/, BAC = 15° (Calculate the
length of BC.

13. In Ing. 180, X4 15 a ladder, leaning against a wall, AB = 8,
BX -= 1’ The ladder 1s turned into position XD, XC — 7’. Find the
lengths of C aud AD

A D

BX C

Ing 130
*14 In trnangle ABC, BC = 27, AﬁC = 60°, AB = 38”. Find the
length of AC.
*15. Fuid the arca of the trapezium ABCD, AB | CD, given
4B = 2cm, AD = 8 cm , BAD = 90°, ABC = 120°
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ExampLE 16. The sudes of a triangle are 25, 29, 36 inches long.
Fand ats area. (This 1s not a right-angled triangle.

Fig 131) ¢
Drop a perpendicular (D from ' to 4B, let ) )
AD — w, BD =y, CD - p 'Then, .
from A ADC, x® + p? = 292,
from A BDC, Yt opr - 25 A & DysB
Subtracting, . €= 36-—--»
at—y? - 297 — 252 (204 25) (29 — 25) - 54 4 Fig 131
But w+ y - 3¢
. 54 4 x? — y?
Dividing, ", @ — y 3¢ 6, ( 21y € y)

Solving the last two equations, we have

x—=21, y -15
P2 — 202 — % = 202 - 212 = (29  21) (29 — 21) = 50 8 = 40C.

p == 20
A BC - % 36 20 - 360 sq 1ns.
16 Find the arcas of the triangles whose sides have the following
lengths (take the last side as base)
13, 20, 21, 13, 15, 14, G5, 87, 88, 125, 136, 99

17 Tind, correct to two decimal places, the arcas of the triangles
whose sides have the following lengths
1,56, 4,57, 5,6,7
18 ABC 1s a tuangle, right-angled at B, AB — 20/, Be - 21’3
BD 1s an altitude Caleulate the length of AC and the arca ot the
triangle Hence find the length of BD.

*19 I'ind the area of a regular hexagon whose ~iile 15 17

*20. T'wo cireles of radu 407 and 517 have contres 77" apart  Find
the length of their common chord

§ 16 Perpendicular lines and planes

Def A line s sard to be ‘ perpendicular’ or “at right angles’ to
a plane, when 1t 15 perpendicular to every
hne, 1 the plane, which cuts 1t

Thus 1n Iig 132, OP 1s perpendicular to
the plane XYZ, if 1t 1s perpendicular to
every lime which goes through O and lhes
mn the planc.

To be sure that OP 1s perpendicular to
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plane ABC, 1t 15 obviously enaugh to know that 1t 15 perpen-
dicular to two of these lines thiough O, e g 0.1 X
and ‘OB, 1t will then be perpendiculat to all
Iines of the plane thiough O

Two plancs which cut m a lme are sad to
form a ‘dihedral angle’ at the ine It two planes Q
cut in a lme AB, and the plancs X.1Y ana PBQ
ate both peipendicular to .IB, then clealy
NV I’l:‘Q (g 133) These angles measue the
dihedral anglet ’

B
Fie 133

Zeercise  Open a book so that the dihedral angle 15 60°, 907, 120°

If the dihedial angle between two planes 15 a tight angle, the
plancs ate sad to be “perpendicular’ ov “at nght angles’ to cach
other It 1s casy to see that the followmg are tiue (1) If the Line
OP s papendicular to plane ABC, all planes thiough OP we
perpendicular to 1BC (see Fig 132)  (2) If two planes which cut
i OP are both perpendicular to plane 1BC, then the Line OP s
perpendicular to IBC (3) Two lines perpendicular to the same
plane are parallel (V) Two planes perpendicwdar to the same line
are vavallel

Evercise Diaw figures and make models illustrating these four facts

Fig 134 repiesents three planes through O, mutually per pendieular,
1e cach of the planes 04AB, 0BC, 0C.1 s

perpendiculat to each Then the hines OA, OB, c
OC are mutually papendicular, also 0.1 15
perpendicular to plane OBC, OB to 0OC.1, OC
to 0AB.
[e} B

Def A parallelepiped (p 62) m which all

piy
the dihcdiral angles  are night  angles s
i) - i)
generally called a “rectangular parallelepiped’
We shall call 1t a “bor’ A box whose cedges are all cqual 15 a
g 1
‘cube’ ’

Fig 131

T An mtuitive notion of a dihedral angle, and a knowledge of how 1t 15
measured, are all that are here requirad A more exact ticatment will be
given m Part 1v
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Fig 135 represents a box Take a model of a box, and observe that

A A
ABC and ACKF are both right angles Let the edges of the box be of
lengths 4B a, BC - b, CI' ¢ 'Then,

A
since ABC =11t £, AC? - a ) bR
Simce ACKF - 1vt /, AR~ AT | CI*
AR? - @ + b2+ c2.

Therefore we can cal ulate the length of the diagonal AR of the boa,

when we Lnow the lengths of s eddes

Ing 135 Iig 130

If we join the vertices of a plane polygon to a pomt outside the
plane, we have a *pyrannd’ In Fig 136, ABCDE represents a nlane
polygon, O 15 a point not on 1ts plane A pyramid on a tnangular
base s a “tehrahedron > 11 we jom all the pomts of a cinele to a pomt O
not i the plane of the encle, we have a “cone’ If X 1s the centie of
the cnele, OX as the faars’ of the cone, the enele is called g¢the “base’
of the cone Tl the axis s perpendicular to the bac, we have a “aght
(ctrcular) cone” 'T'he ines from O to points of the encle are ‘generators?’
In a rnght e¢nculan cone the angle XO 1 s called the “sem-vertical
angle’ (Ihg 137)

A P,
0 P2
/ P3
o
A ///// c
B B

g, 137 g 18

Lixercrise  Cut out a figure hke Iig 138, where ADB 1s an arc of a
circle, of which O/, OB are adu. Bend 1t round, ull O4 and OB
comeide, 50 as to form a right eircular cone  Notiee that G.1 hecomes
a generator, its length 1s the “slant height’ ot the cone, the are AB
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becomes the circumference of the base. In the same way a cone made
of paper could be unwrapped to form a ‘sector of a circle,” 1 ¢ a figure
Iike L:g 138.

If we take any »lane j lygon, and through its points diaw equal
and patallel intervals on the < ume side of its plane, theu ends he
on a congruent plane jolygon (Fig 139) The figure obtamned 1s
called a ‘prism>

Ing 139 Ing 110

If we take any plane curve, and through its pomts draw equal and
parallel intervals on the same side of 1ts plane, the figure obtamed s
a‘eylinder’ (Ifig 110) It the curvers aendle, the hgureasacacular®
ceyhinder, if all the mtervals are perpendicular to the plane of the errcle,
itas L otnght caaar’ eyhinder These are what are usually called
cyhnders in daily hfe The (straight) Iines which lie along the eylinder
are called “ger arators’

EXERCISE 33

1 What s the length, to three decimal places, of a diagonal of
a cube whose < lge 15 17 long?

2 A box has edges 2, 3, 6 inches long What 1s the length of 1ts
diagonals?

3 A nioht enteular cone has a base of radius 77, 1ts height 15 157,
find 1ts <lant height

4 A jyrar ad 1s on a square base, the sides of the square are 1 [t
long Its axis 15 perpendicular to the base, and 15 6 ft high. IFind
the length of 1ts slant edges

5 Suppose Fig 13515 a cube of edge 17, 1find the length AB + BF.
If M 1s the mud-point of BC, find the length of AM - M1I*
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6 On the same cube, a spider s at 4 and a {ly at F, the spider
walks along the floor ABC and up thc wall BCF to catch the fly.
What 15 the length of shottest path he ecan “ake? Prove what you say

7 'The great pyranud of Khufu 1s 151 fU lugh, the length of each
side of the base 15 755 It , theie 15 a flat space on the top about
30 It square, neslecting this, find the area of a face of the pyramd,
to two significant figures

§ 17. Further applications of the Theorem of Pythagoras.

In working out 1iders which depend on the Theoram of Pythagor s,
1t 15 usually best, not (o draw the squates m question, but to proceed
as follows

Kxamrr 17 Gioen ("and D ae on a perpendieular to the line AR
To prove that AC* — BC* - AD* BD:

Proof Tet CD cut AB 1 X 'Then C
A
CXA - 11t £ AN | XA o
A
CXB =11t / BX? + X(* - pBC?
Subtracting, AN BNX?2 - 0 - B(?
Smulaly, AX? — B\ - AD* - BD:. A X B
A - BC: AD* - BDA Ig 141
QL D

In the lollowing excrerse Algebra may freely be used  Motice that
21132 means twice the atea of the square on 1B, v hale (2 1B)* means
the area of the square on an interval whose length s twiee that of AAB

EXERCISE 34
1 AP s an altitude of A ABC, AB ~ AC Piove BP -~ (P
2 Draw the following fisure 014 AB  BC — CD - -17,
A A

0AB — 0BC ~ 0CD - — 11t £ Provethat OB — /2,00 = /3,
OD = 4/, and 50 on

3 AI}(‘ 15 o right angle, D, I£ are on rays B.1, BC' Piove

Al CD? - AC + DE?

4 P s mside thereetangle .ABCD Prove P12 | P(? - PB* | PD?

(Use the method of Example 17)

5 (a) ABCD s a quadrilateral whose dingonals are at right angles
Prove AB? | CD* BC*  .1D?
(b) The sum of the squares on the sides of a thombus equals
the sum of the squares on 1ts diagonals
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6 Pia pomtinside A ABC, D, IZ, F aic the feet of perpendiculars

ffom P on to the sides BC, 6'A, a8 Prove
. BD?  CE* ¢ AFY - CD* + AL* | BI*

7 D, C are on the some sidc of AB, ACB and .1DB aic nght
angles, E, F we the teet of perpendiculars from (1, B to the ine €D
Prove JE* + CF* - DI | DI

8 (L1B 15 a might angle, I, I' aie the mud-pointb of the itervals
AC, AB resp Prove Bl | CF* s 5110

9 ABCD s asquare, X 1s on the diagonal 1" produced beyond C.
Prave X.12 © X(% - XB*  XD* (Mcthod of Example 17)

10 X, Y, Z, W ate pomts on the sides (AB, BC, ("D, D.1 of the
rectangle ABCD, XY —~ ZW Prove A7~ CW? - AY? | CX?

*1  ABC 1s a triangle, nght-angled at B, from M, the mud-point
of AB, a perpendicular 15 drawn to AC  If P as the foot of this
petpeudiculat, prove CP* — AP 4 B(C*?

*12 AV 1s an altitude of A ABC, L s the nud-point of side BC
Prove .1B* ~ .1C* — 2BC DL

*¥13 . 13C" 15 an 1sosceles trangle, 112 1, P 1s on BC produced
beyond " Prove P.of? — (B2 - PB PC' (Mcthod ot Kxample 17)

14 ABCD 1S a trapesium, (1B || CD  Prove
o AC: - BD? AD? - BC- 248 CD

Tieo tm 18, (Convarse of the Theorem of Pythagoras)

If the square on one sede of a trangle equals the sum of the squares
on the other two sides, these two sides are at 1ight angles to each other.
Gieen . IBC s a tnangle with (B2 - .1C? = BC*
A
To prove that B.1C 1s a nght angle
Proof Construct o tnangle XYZ with XY - B, X7 - .1C,

and the angl. Y.XZ a 1night angle
Then YZ2 . XY? | XZ2, (Pylhagoras)

A » C X 4
Ing 142
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But XY =.IB, XZ = AC, (const)
YZ2 - B2+ A4C? ~ BC?, (given)
. YZ = BC

In AsABC, XYZ,
[JI)’ - XY, (const.).
AC X7, (const)
]\B(’ =Y, (proved)
As ABC, XYZ are congruent, (thiee sides)

But YR'Z 11t £ l B‘AIC: 11t £ QL D.

§ 18. Construction of a rectangle equivalent to a polygon.

Our object here 15 to prepare the way for proving the foll wing
theorem If a polygon he groen, a square can be drawn eawrvalent to i,
by means of ruler and compasses We shall prove here that, by means
of ruler and compasses, a rectaingle can be drawn equivalenst to a given
polygon It will then only temam to show that  If a reclungle be
gween, a square can be diawn equioalent Lo i, by means of rulcr and
OMpasses

CONSIRUCTION Y

To drvaw, on a given antaroal as base, a rectengle equival.nt to
a gqren rectandle

Gwen A acetangle IBCD, and an - a E_G
taval XYY

To draw on XY as base a rcetangle

cquivalent to J1BCD. D c H
Construction  Produce the side BC to
Iy, makmg CIf = XY Thiough I diaw A B K

a parallel to 1B, this Ime will cut the
line AD 1 I, say

Jom I'C, this Iime will cut the Iine AB Fig. 143
m K, say.

Thiough K diaw a parallel to 4D, this will cut the line CD
m I, say, and the line Il 1n G, say.

Then ECHG s areetangle, equivalent to ABCD, and EC = XY
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On XY diaw a rectangle congrucnt to ECHG This 1s the
rectangle 1equired

Pioof Smee ECHG s cleatly a rectangle, being a parallelo-
gram with one wngle & nght angle, we have only to prove it s
ecquiv lent to ABCD

Now As ILIK, FGK are congruent, (1K s diegonalof paum )
As I'DC, FEC are congruent
As OUBK, CIIK are congruent

Tokimg A I'DC and A OBK hhom A F.IK, we have 1ect
aBCD 1t

Takimg A FEC and » CHK {tom A FGK, we have teet
LCHG et

*eets ABCD and ECHG we equivalent QLI

.

Note Do ot draw the diagonal through the gioen rectangle
Leercise To draw, on a given mterval as base, a parallelogram,
with onc angle given, cquivalent to a given parallelogram

CONSTRUCIION 10

To draw, on « sren wtareal as base, a rcctangle eqpcalent to
« green ) lygon

Guen  Any polygon ABCD
and an iterval XY,

Requuoed Mo diaw, on XY as
base, a rectangle cquivalent to

ABCD

) 97} P— &

Construction Divide the polygon (1 2 Y}

1 1

mto  trangies m- any  way, and X 1 v
aumbet the trangles 1, 2, Yy 144

On any side of titangle 1 as base,
construct a recetangle whose haght 1s hall that ol the tuangle
This 1ectangle 18 equuvalent to triangle 1
On he mterval XY as base diaw a tectangle XYV, X,
cquivalent to this rectangle
Then 1ectang’'e XYY, XL 15 cquivalent to trangle 1
Smmilaily on XY, as base we can draw a r1ectangle X;Y,Y, X,
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equivalent to trangle 2, and on X,Y, as base a rectangle
X, Y, Y, X, equivalent to trangle 3, aud so on

Finally we have a rectangle equivalene to the given polygon

Q L.,

In simple cases we can grve simpler constr etions

Exavens 18, To draw a reclangle equivalent to a quadridateral
ABCD ’

Construction  Jom AC Biscet AB, BC, CD, DA 1 P, Q, R, S
respectively

From A, C diaw perpendiculars to the Iines PR and RS "he«~
perpendiculars, and the ine PQ, RS, determine the rcetangle by their
mterseetions  Prove this construction.

X A E Y
kg 145 lne 116

Kxameir 19 To diaw a roctangle cquoalent 1o a (onm.c'p(’ntugon
ABCDE

Construction Jom C' 1, CIs "Through B diaw a line parallel to CA4,
to cut the hne .1l 1n X

Thiough D diaw a line parallel to CF, to cut the lme AE m'Y

Then A XCY s equivalent to the pantagon, and o rectangle on
base VY and half the height of A XCY 1s the rcctangle required

Piroof 'To show that A MY 15 cquivalent to the pentagon
ABCDI

As ACB, ACX are on the same base AC and betwecn the same
parallels A€, XB they are equivalent

As ECD, ECY aire on the same base KO and between the same
parallels £C, YD they are equivalent

Hence ABCDIE, bemg the sum of As ACB, ECD, ACE,1s cquivalent
to A XCY, which 1s the sum ot As ACX, ECY, ACE. Q E.E.

Notes on theoretical constructions (1) Suppose we were set the
following question To draw a roctangle of area 7 sq 1 on a base of 2”.
We should naturally calculate the height of the rectangle - 7/2 = 817,
and proceed to draw a rcctangle whose base was 2”7 and height 317,
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This 15 a construction with numerical data (viz 7 sq i and 2”), and
tve have used calculation
Thic may suggest the fol’»wing construction for a rectangle
equivalent to a given polygon Divide the polygon mto triangles, as
m Construction 10, measure the base and height of triangle 1, find
half their product This 15 the arca of tnangle 1 Do the same for
each triangle and add che results I the sum 15 8 draw a 1ectangle
on unit base and ot height s This 15 the 1ectangle 1equired  But thes
construction should never be given, because (1) our data are now, not
namerteal, (1) 1t 15 assumed, when the data are not numerical, that
nc 1casure nents should be made, but that all constructions should
Be performed by ruler and compasses
(2) The whole pomnt of Constructions 9 and 10 15 that they are
performed by ruler and compasses We will now explain what this
means 1 detail  When we say a construction can be performed by
ruler and compasses, we mean 1t can be reduced to the following
fundamental constiuctions
() Given two pomts, we can diaw the line through them
(b) Given two lines which meet, or a linc and c¢rrcle which meet,
o1 two cireles which meet, we can find the point or pomnts of mceting
(¢) Given a pomt O, and an mterval AB, we can draw a circle
with centrc O, and radius equal to 1B
Note carcfully that we only need use the ruler to diaw lines, we
need not use 1t to cut oft given lengths The lattar process can be
carnted cut by Constiuction (¢) The reader should go through the
constructions al*ady given, and satisfy himself that they can be
reduced to the fundamental construetions Thus our constiuctions
are pumattly of theoretical interest Whether they are the best from
the pomt of 12w of a practical diafteman 15 another question
Usually they are, but not always  All construetions 1 this book are
by rular and compasses, ot by ruler alone, o1 by compasses alone
(3) The constructions by ruler and compasses that we give are
wdeally exact We will explain what this means Whan we make o
construction on paper, the lines and cireles that we actually draw have
v (imite thickness, and thus two cireles cut 1n a small arca We choose
a pomat n that area, as ncar the middle as we can guess Thus our
drawings are always impetfect When we say our constructions are
1deally exact, we mean that the more perfeet our instruments are,
the more correct our final figure will be, and there 1s no limit to the
degree of pertection we might reach  For instance, we have proved
that, 1f we start at a point 4 on the circumference of a circle and
place 1n the circle chords equal to tbe radius, end to end, we reach
A again . fter drawing six chords The better our instruments are,
and the more carcfully we draw, the more cxactly this will be verified
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But if the construction were not 1deally exact, the better our instru-
ments were, and the more carefully we drew, the cleater 1t would be
that our construction was mcoireet

RY
(o} B8 Q

> v
@

X
g 117 e 118

The following constraction 1s sometimes given for diawig a
regulat heptagon (seven-sided figure) in a given encle  Let L1B and
XY be two diameters at right angles to cach othar Divide (1B .nto
seven cequal parts, by € D, I and so on  Diaw thc Iir s XC, X
and let them cut the errelem P, R Thon the chord PI¢ s a side of the
1egular heptagon required I you parform thus constiucuon vay
catefully you will find 1t 15 meorreet, and the more caretully you
draw your figure the more evident will be the meorrectness of the
construction  In fact 1t can be proocd that thae 1s no (xact con-
struction by ruler and compasses for a rcgular heptagon m a given
circle  We obtaim a bcttar construction than the above, it we take,
for the stde of the heptagon, a length cqual to the haeht of the
cquilateral trnangle whose base 15 the radius, but this construction
15 agatn only approximate

EXERCISE 35

In set A, caleulation may be used, m set B, only ruler and compass
constructions may be used, Constructions 9 and 10 can be assumcd,
tl no short construction can be found

A
1 Draw a triangle ABC, given AB = 37, 4 BC - 15°, arca - Gsq m
Measure AC.

s
2 Draw an 1sosceles triangle whose base 1s 3” and area 7 sq. 1n.
Measure 1ts sides

3. A triangle has base 5”7 and height 13”. On a base of 3”7, draw an
equivalent rectangle. Measure 1ts diagonal

4 Construet a parallelogramn of area § sq. in on a base ¢ 8”7, with
an angle of 60°. Mecasure 1its longest diagonal
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5 Construct a parallelogiam of arca 5 sq m on a base of 37, with
a diagonal of 37 Measure jts otder diagonal

6, L'onstruct a parallglograt whose sides are 2”7 and 3” long and
whose atea 1s £ sq g’lc.wmc 1ts Tongest diagonal

7. Constiuet & rhom

us ofjarca 3 sq 1 and sides of 27 Mcasure
1ts lohgest diagonal

B

1. Given a 1ectangle, construet an equivalent parallelogram with
sides ofggven lengths  Is this always possible?

2 Given a rectangle, construct an equivalent patallelogram with
a side and a diagonal of given length % this always possible?

3. Construct an 1sosceles tiangle on a given base, equivalent to
a given 1ectangle

4 Construgt a rthombus with sides of given length, equivalent to
a given rqetangle  Ts this always possible?

5 Consthuct a reclangle on a given base equivalent 1o a grven
trapesium

6  On aside of aregular hexagon, construcet a rectangle equivalent
to ghe hexagon

7. On a given base, diaw a triangle whose arca 15 the sum of the
ateas of two tuangles

Lxamprr 20 Guen a tnangle ABC, and a point P on the side AB

To draw « liee thiough P which diowdes the
triangle anto two parts of equal area C

Constiwcron. Iind the mud-pomnt X of «de

AB O Jom CPy e ¢
Diaw a parallel through X to (P and let 1t

cut the side »BC ' Y  Then PY 15 the line

required
Proof Jon,('X A P X B
Then A YXC - A YXP, (on same base g 119

XY, between same patallels XY, CP)
Add to cach the A BXY
A BXC = A BPY
But A BXC — 1 A BAC, (AX = XB, altitudes from C the same).
A BPY — } A ABC.
PY £ the hine required QL ¥,

Exercise We have assumed that P 1s between 4 and X Wute
out the proof when P s between Bdand X,
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*EXERC];‘SE 36

1 ABC s agiven triangle, X a poigt ofi the side BC' Iind a point
Y on the ine BA such that A XBY - A aBC '

2 Pisapoint on the side AB of triangle 4A23C Draw hines through
P which will divide the triangle into thiree parts of equal area

3 Given a quadnlateral, to draw a line t’:ll‘()ugh a given vertex
which divides the quadiilateral into two parts of equal area  (Reduce
quad to cquuv tnangle')

4 Iind a point P msid: A ABC such that As ABP, BCP, (AP
are cquivalent ' '

5 Pisapomton the side .18 of triangle ABC. Draw hines through
P which will divide the triangles mto (1) four, (1) live parts of equal
area

R ,

b (, ¥
a \? a , “«/,
t

(I 4 [) d ’

C ' —

P h ¢
S

Ing 150 g 151 Ifg 152 g 153

Some examples in dissechont (1) FFig 150 15 a* Greek eross’ composed
of five equal squares To cut the cross nto four preces which wll fit
together to mahe one square It o side ol the cross 1+ 1 unit long, 1ts
arca 1s 5 square umits - Now by the Theorem of Pythagoras, the squate
on the mmtarval PQ 15 5 square units  Whence a side of the required
square must equal PQ 1n length T'wo dissections art ainven by 1figs
150, 152, the 1esulting squates are pieced togethar i Igs 151, 153
The problem can also be solved by folding  Cut the cros . out in papct
Fold along the hne RS, then fold along the perpendicular from P
to S The resulting figure has a line of symmetry. Cut along this
Iine The pieces it together as in g 153

a

Fig 154 g 155

4 These are taken from Dudeney’s .Amusdinents in Malhematit s, a book
which 1s full of interesting questions
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(2) To cut up a square so as lg form two equal Greeh crosses The
'I"t‘(lllll‘ed dissection 1s showa in Iig 154, one of the resulting crosses
in Fygt 155 The intervaly msid® the square of Fig 15 & are along lines
connecting points ol trisection of the sides

(Revision Papers XXI to XXV can now be taken, 1f desired.)

1§ 19. Rational right-angled triangles

*These are nght-angled titangles whose th]'c(- sides are all a whole
n'uml)cl,ni units i length  (The umt itsci may be of any length )
I y]st.uu'o,thc triangle whose sides are 3, 145 mches long,1s arational
trangle, and 1t 15 nght-angled because 3 3%t ¢ Nowil z be the
lIength of the hypotenuse of a night-angled triangle and @, y be the
Iehgths of 1ts sides, then

~2
<

Sty ()
The probleth of finding rational right-angled tiiangles 15 theretore

the same 'ag the problem of findig integers @, y, = to satisfy (1), 1e

we have to find two square numbars whose sum s @ square number
The géneral solution of the problem is as follows take any two

mtegers m and n, such that m - n, then caleulate

* roomE -y - 2mn, I oo me o e? (11)

Then @, y, 5 satisfy (1), and <o do any equimultiples ot @, y, =

For w2 |y - (m® 03§ (Z2mn)* - mt — 2 | owt | dmin?

N St 2mAn pont o (m? o) et 3l

Jgrercise  Fll aip the caps m the following table and venty that
¥yt -2 (This equation s most casily venttied as follows  take
line &, 732 - 182 - (73 — 18) (78 1 ¥8) 23 121 5 112 55%)
T A When we say that (1) 1s the ganeral solution,

'.;L ,: Y vee mean that the lengths of the sides of all rational

: }) ' night-angled  triangles can be  obtained fiom
3 0s [safas 73] formulae (n) This fact 15 too dillicult to prove
2 h here

[
T
-

Lt Tt will be found that the product of @, y, 2 15
always divisible by 60 Perhaps you will be able to discover the 1eason
tor thus The following facts are of mterest The proof of the theorems
mentioned would mvolve work more advanced than any i this book

(1) We have scen that 1t 15 possible to find two square numbers
whos¢ sum 15 a square number  But 1t 1s impossible to find two cube
numbtrs whose sum 15 a cube, ot two fowrth powers whose sum 15
a fourth power It was asscited by Fermat (1608-65) that, when
n > 2, the sum of two nth powers cart never be an nth power Though
this has been proved for a large number of values of n, 1t has never
been shown wn general.
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(2) Every whole number, greater than 1, can be expressed as the
sum of four squares, or three squares, or \wo squares (The number
12 = 1 15 of course to be counted as a squar: )

(3) Every odd number, not ol the form 81 |- 7, ¢gan be expressed
as the sum ot fwo or three squares,(8 047 =7,8 17 — 15,
8 2 + 7 =23, and so on, are numbers of the form 8+ 7)

(#) Every prim¢ number of the form 4n |1 can be expressed as
the sum of two squares in just one vay

Kxpress the following numbers as the sums of two, three, or four
squares 21, 30, 67,79, 160

'

'§ 20. Incommensurable magnitudes and 1rrational
numbers '

We have seen that if a side of a square 15 1 mch long, the length
of a diagonal 1s then 4/2 iches This natually leads us to ask, < Weiat
15 the value of the squars root of 227 The inportant facy, which we
now wish to make clear 1s that there as no fraction (proper o1 improper)
whatever which equals /2 Tt 1+ usual to call numbers, that can be
put m the form of fractions, ‘rahional® numbers Thus 2, 81, 120,
and, m Aleebra, - 1, %. -1 '_ are tational numbers  Own statement
15, therclor, 4/2 os not a rabional numbcr Numbars, not rational, are
called “orrational > We can, h()wv\’m, find rational numbers as near
as we plaase Lo /2, eg Tz, 100012051200 Dare nearer and nearer
to /2, the last (]lllum" from /2 by lcss Lhan 1/50.000 Abain the
followmg fractions are alternately less than and "I(‘(Il(l than /2, but
cach 1s nearer to 1t than the preceding,

1 » 7 17 [} 99 25,90 "»7.
12 2 )2 129 " i 1692 1

)

It 15 obvious that no termunating deeimmal (1 ¢ vne which comes to
an end) can represent 4/2 For, 1if there were such a deeimal, and it
ended, say, i the figure 7, 1ts square, which ought 1o be just 2, would
have a deamal part endimg n 9 Simulatly, 1t could rot end i any
erven figure The deamal which reprasents /2 can therefore never
come to an end

Theorem  We will now prove that /2 cannot equal a fraction plq,
where p, q are whole numbers

Proof 1f possible, suppose /2 — p/q, where, of course g -~ 1

Square both sides

2 - pYe

Now we ecan suppose p/q 1s m its lowest terms, 1¢ that p and ¢q
have no common factor (for if tiev had one, we could cancel 1t out
at the begimmnimg, and <tll have g~ 1)  ~

Now all factors of p? are factors of p, for we get p? by taking the
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factors of p twice over (Thus 1fyp = 32 7.11% then p2 = 3* 72 119)
glmllarly all factors of ¢* ait factors of ¢ But p, ¢ have no common
factard, thereforc p? and g hav no factors in common

But pl/q’ - 2 gives pi= 2%, which cleatly says «ll factors of ¢* are
fuctors of p?

Thée two statements i 1talies contiadiet cach other

Thercfore, /2 cannot be expressed in the form p/q, where p, q are
ntegers ’ ) QLD

.Cor. The decimal which represents /2 ('(m never end (as we have
.Llroo(lyqnovcd) and can never recir

e, 1t 1y [)lOV(‘(l in Arrthmctie, that a deerhal which ends, or 1ecurs,
can be reduced to a vulgar fraction, 1 ¢ sto the form p/q, where p, q
ate mtegers  But 2 cannot be expressed mn that form

Other examples of nrational numbers are  the square 1oot of any
snumber which 1s not a perfeet square (¢ g v/5,4/7) and the number

When we tihnsfer our results to Geometry, we teach a surprising
conclusion, ®

Theorem It 1s impossible to find an ainteroal wheh wll go a whole
number g)*tumes into «a side of a square, nd also a whole number of times
wlo a diagonal

Ptoof Suppose there s some mterval, which goes g times into a
side, and p times mto a diagonal of a squate Then

diagonaj ) diagonal )
s P M V2 vz P,
side q side q
whase p, g are i cgers But we have shown that this s impossible
IIenee the thoorem follows QF D

T'wo imtcrvals which aie such that an interyal ean be found, which
will go a who® number of times nto cach, are sad to be ‘com-
mensurable’ with oncanother T'wo mtervals which are such that no
such interval ehin be found, are said to be ©oncommensurable’ with one
another.

When on p, %2 we showed that it was 1casonable to dchme the area
of a 1ectangle as the product of the lengths of two perpendiculn
stdes, we assumed that there was a unit mterval, which went a whole
numbet of times mto both <ides  Our discussion, tharclore, only
applied to rectangles whose sides were commensurable with one
another  Noverthdess, the delimtion can be shown to be 1easonable
i all cases, but this s a diflicult thing to do

On the other hand, no such assumption was made 1 proving
Theorems 1117, and thus those proofs hold for all cases

Though the existence of 1n(-mnmcnshml)]c mtervals 1s of very great
unpoll.m(b 1t 15 of no consequence when measutcments are made
For all measurement 1s approrimate only For mstance, no man can
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measure the length of a given interval absolutely accurately, if he 1s
sure he has got the length correet to oncvthousandth of an inch, and
1ts length 1, say, 5 238 s , he cannot be srre that the next cecimal
place 15 zero, 1t may be any figure Obviously he cannot go on
measurtng more and more exactly, so as to get more and more
figures of the decimal, for ever  When you measure an mterval with
a 1uler, you try tc make one end of the mterval comneide with a mark
on the ruler, this mark, has a finite, thickness, and you cannot be sure
that its centre 15 just opposite the end of the interval, and 15 not a
hair’s breadth, or a thowsandth part of a hair’s breadth to one side.
Henee, whether the length 15 a rational number or an 1rational
number, when expressed 1n inches, we shall only be able to get a few
deemmal places, and <o shall be quite unable to say 1if the length 15
a rational, or an nrational number

Summing up, f we knew a figure was an «racl square, and 1ts side
was exactly 1 inch long, then we should know that the length ¢f 1ts
diagonal was (xactly 2 mches, and /2 15 an nrational number
But no one can draw an evact square, or measute a length exactly

Nevertheless the discovery., of the existence of meomn ensurable
magnitudes was one of the greatest advances made by the ancient
Greeks, and 1ts influence stretcehes over the whole fidld of exact sexc nee

Historical Note: 'The Scienee of Geometry began in Anaent Kgypt
as a set of rules, many of them quite 1ough, for finding the area of
preces of land, and the word itself 1s the Tnghsh cquivalant of a
Greek word, which onginally meant “carth-mca surcment * - Phas
practical knowlcdge of the Egyptians was introduccd to the Greeks
about 600 8 ¢ by Thales who hived at Miletus, a Greck colony in
Asia Minor, but the fust important mathematical «Ciscoveries were
made by Pythagoras (p 80) Special cases of Pvthagoras’ Theorem
(e g that the triangle whose sides are 3, 4, 5 units:long 15 1ight-
angled) were known to the Kgyptians, and used for making right-
angles i thenr pyramuds, but tradition allnms that Pythagoras fust
discovered and proved the general proposition s diseiples dis-
coverced the regular solids (p #5), and the fact that 4/2 15 an rrationa’
number (p 90)

The most famous text-book of Elementary Geometry was written
by Kuchd who Iined at Alesandua about 300 8 ¢ 1his work was
divided into thirteen “books,” the fust of which corresponds roughly to
Part 1 of the present book The rest deal with cireles, the pioperties
of numbers, Icommensurable magnitudes, solid geometiy, and the
regular solids — He also wrote \a work on (‘onie Sections
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$21. Mensuration.
0

" 'Area of parallelogram — base x height
2 Area of triangle J half hase x height.
b

3 Arca of trapezum =1 sum of parallel sides x distance
between them

4 (Cncumference of circle = 277 (r — radius )
5, Arcavof circle -= 712 ;
6’ Volume ot prism or eyhnder — area of base x height
7 Volume of parallelepiped - area of base x height
08 Volume of pyramd = one-third area of base x height
A Volume of cone = one-third arca of base ¥ height

10 Area of curved smface of mght enbular eylinder  height
x circumference of base

(‘IIelg:ht’ in Nos 6 10 means height perpendicular to hase )

1k, Area of curved surface of right cireular cone - half slant
height x circumference of base

12 Surface of sphere = km2 (r — 1adis)
13 Velume of sphere -~ Pm?

144 Area of zone of sphere cut off by two patallel planes — 271
x distance between the planes

15 If a, b,,a be the lengths of the sides of a tiangle, and
28 - a+ bt ¢, then the arca of the trangle 15

\/s(e' ay(s-b)(s - ¢

m = 7 approx , mote neatly = 70, still more nearly
7 — 314150 20535 89793 23816 26133 83279 50288
Exactly r=4(1-% 1 L1t 1— forever)

Some of the above results will be discussed later






PART II

§ 22. ,Symmetry propertizs of a circle.

[This section can be taken while the theorems ¢n congruence are
bcmg revised |
The property of circles which 1s taken as fundamental 1n the
tollowmqr work 1s this all the radn of a curcle are equal Thus 1t we
aru, given a’circle, there 1s a point, called the ‘centre,’ such that all
points on the circle are at equal distances from 1t We can therefore
give the following formal defimition of a airele

Def A “curcle’ 15 the set of all ponts m a plane equdistant

lrom a fixed pomnt of the plane the fixed pomnt 1s called the
('(’ntre ,

Note Acc'ordmg to this definition, a ciicle 1s a curved line, some-
times, however, the word ‘circle’ 1s vsed to denote the part of the
plane nside the curved line, as e g when we speak of the area of
a cirele Then, for definiteness, the curved line 1 called the ‘circum-
ference’ of the circle. It 1s, of course, wrong to use the word ‘circle’
m two senses, and 1t 1s really unnccessary to use the word ‘circum-
ference’ at all, but in this book we shall follow the usual customs,
and the rvader will find he can always guess in which sense the word
‘circde’ 15 being ustd 1n any particular passage

We can give the following defimtion of a sphere:

Def. A “sphaig’ 15 the set of all points equidistant from a fixed
pomnt- the fixed pomt 1s called the ‘centre.’

The word ‘radius’ for a circle (or sphete) 1s also used 1n two senses.
It may mean an interval from the centre O to a point /A on the circle
(or sphere), or, rt may mean the length of that interval Here agan,
the meaning can easily be guessed 1n any particular passage
¢ A ‘diameter’ of a circle (or sphere) may mean an mterval joining
two points on the circle (or sphere), which goes through the centre,
or 1t may mean the length of that interval

A ‘chord’ of a circle (or sphere) 15 an interval joining two points of
the cm:}e (or,sphere)

FG
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TurorEM 19

The right busector of a chord of a rirdle goes through the centre (.)f
the curcle. o
Gwen. ADB 15 a chord of a cucle,
centre O. ,
To prove that the nght biscetor of

chord AB goes throdgh O. '
Proof. Let X be the md-pomnt of
chord AB JommOto A, X, B.
In As OXA4, OXB,
AX = XB, (const)
04 = 0B, (radn). Fig 156
0X = 0X. ‘
As 0X A, @X DB are congruent, (three sudes).
. QXA = 0XB.
O&A isart. Z, (def.)
.. OX 15 the ught bisector of chord AB.

.. the night bisector of chord AB goes through the centre.
QED,

(We have assumed that the chord AB itgell doés not go
through the centie. If 1t does, the theorem 1s “tivial.’)

Cor The perpendicular to a chord of a cucle, from the centre,
bisects the chord,

Tneorem 20

If two cucles cut, the hne
jovmng thewr centres 1s the 1ght
bsector of thewr common chord.

Gwen., The cirele, centie O,
and the circle, centre P, cut 1n
A4 and B.

To prove that OP 1s the right
bisector of chord 4B.

Proof. Draw the right bisector
of chord AB.
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Since .48 1s a chord of the circle, centre O,
. this right disgctor goes thiough O
Sihde 4B 1s a chord 8f the cirele, centre P,
. this 11ght biscctor goes through I,
‘. this right bisector goes through O and P.
the line OP 1¥the right bisector of the thoid AB.
QED.
Ecxercise Prove Theorem 20, without usiag Lheorem 19, fiom the
prop@rtlgs of congruent triangles.

EXERCISE 37.

1. A crcle of radius 8’ 1” has a chord of length 5’ 107 Iow far 1s
#t from the centre?

2 “A cirgle of radwus 27 57 has a chord 1’ 8 from the centre. What
1s 1ts length® -

3 Find, the lengths of chords of g circle of radius 1 ft, which
are distant 27, 87, 4”7, 6”7, 10” fiom the centrc

4 oA circleis given of diameter 12 em  Find the distances from the
centre of chords whose lengths are 10 cm , 8 em , 6 cm , 3 em.

5. Two circles of radnt 4”7, 5” have their centres 8”7 apart Find the
length of their common chord.

6. Two®circles of radn 6”, 77 have a common chord of length 4”7
Find®he distance f)etwccn therr centres

7. Two ciycles have their centres 12 cm. apart, their common
chord 15 of lengsk 8 cm , the radius of one circle 1s 10 em  What 1s
the radius of the othey?

8 What 1s tle radius of a circle 1f 1t has a chord of length @ inches
at a distance of b inches from the centre?

9. The hine jotming the mid-points of two parallel chords of a circle
goes through the centre

°10. If the ine which joins the mid-points of two chords of a circle,
which are not diameters, 1s perpendicular to one chord, 1t 1s perpen-
dicular te the other.

11 If the line which joins the mid-points of two chords of a circle,
which #e nct diameters, goes through the centre, then the chords
are parallel.

12. A 1s a point, not the centre, inmde a given circle, through 4

draw a chad such that 4 1s4ts mid-point How many such chords
are there?
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13 A line cuts one circle in A, B and a concentric circle in C, D
Prove AC = BD.

14 AB 1s a chord of a aircle, P, @ are ponts on the perpen b _ular
diamecter Prove P/fQ = Pfi’Q

15. It 1s known that a circle gocs through a given point P, and has

its centre on a given line AB. Iind anothe. poimnt
through which 1t must go

*16 P, Q, P’, Q are pomnts on a circle, P, Q' P
separate P, @ There is a pommt 4 on the crrcle Q
such that AP = AP’, AQ - AQ" Tiove PP’ | QQ’

*17 A, B, C, D are points on a line, B, D scparate —
A,C, AB = CD, circles with centres B, C and cqual P Q
radn cut in £ Prove EA -- ED Fig 158

*18 'T'wo circles of radn a, b have their centres
at a distance ¢ apart 1" nd the length of thar common choid What
happens to the formula when the cireles do not cut one another?

Tieorem 21

The locus of a pownt, which moves so as 1o be equudistant from
two fiacd pownts, s the 1180t bisector of the interval
gorang the poinls

(1) Gwen. A, B mec fixed pomts, I’ 15 a
pomt such that PA = PR

To prove that P lies on the 11ght bisector of
the mterval ADB.

Proof. Let X be the nud-point of the inteival
AB  Jom P’A, PX, DB

In As PAX, PBX,

AX = BX, (const)
P4 =DPB, (given).
PX = PX.
As PAX, PBX are congruent, (three s.des)
. PX4 = PXB.
*. PX 15 perpendicular to 4B, (def.).
.. P lies on the rnight bisector of interval AB.
.. all pounts on the locus are on that right bisector.

P

X B
g 159
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o (2) Gwen. A, B arc fixed gponts, X 1s the mid-pomt of
mterval .48, P 15 on the hght bisector of mnterval L1153,
T brove that PA = PB.
Proof. In ASPAX!PBX,
. AX = BX, (g1ven).
PX = PX.
PXA = PXB, (1t.7s).
NS I’/lX PBX aic congruent, (two sides, inel. 2).
* Pd —=PB. ’
*. P15 on the locus.
all pownts on the right bisector of the wnterval, AR are on
dhe locus.
Hence the Weus 15 that right bisector. Q E.D,

CoNsTRUCTION 11,

To find the centre of a curcle whzc'h passes through three grven
porlts, not on a straight line.

Gwen. A4, B, C, thice points, not on
a straight line.

To find the centre of the circle

thidugh 4, B, ¢
Construcigon  Ihaw the right bi- /
B

\ A
sectois XY and PQ of 4B, BC resp. \

These right bisectces cut mn the centie
of the cirele ;;lnough A, B, C. Fig 160
Pioof. I‘he nght biscctors must cut, for 1if XV || PQ, then,
smee XY 1 AB and PQ | BC, we should have A, B, C on
one straight line, contrary to the hypothesis. Let the right
bisectois cut 1n O
Now every point on XY 1s equidistant from 4 and B, and
every Pomt on PQ 1s equidistant from B and (.
* . the pomt O 15 equidistant fiom A, B and (.
S0 the centie of a cirele which goes through 4, B and C.
Q.F F.
Cor. One and only one cvrcle can be drawn through three non-
collsnear points.
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EXERCTSE 38
1. Draw a quadnlateral ABCD with AB - 2", CD = 3", BC = 21",

ABC = BCD = 11t / Draw a circle through 4, D with 1ts centre
on BC Measure 1ts radius

2. Draw a circle of radiwus 1 57, and take radu 04, OB, sucn that

A0B — 60° On 04, OB resp take pomts C, D, such that OC = 17,
OD = 2" Draw a cireie through €, D with 1ts centre on the given
citcle ITow many such circles are there?

3 Draw a circle of given radius to go through two g ven puirts.
Under what circumstances are there (1) no such cireles, (11) more tha..
one such circle?

Def. It A3C 1s a triangle, the civele through 4, B, C 1s calied
the ‘cucumencle’ of the tnangle, 1ts centie 15 the ‘curcumeentre
ol the trangle, 1ts radius the ‘curcumiadius.’

Turorem 22

The three 11ght bisectors of the sides of a triangle are concurrent.

Gwen  ABC 15 a tuangle

To prove that the 11ght bisectors of 1ts
stdes are concurrent

Proof. Fvery pomt on the nght M L
bisector of AB 15 equdistant fiom A \

C

and BB

Every point on the right bisector of A N B
BC 15 cquidistant fiom B and C. Fig 161

These 11ght biscctors cut, for if they were parallel, the hines
ADB, BC perpendicular to them, would be 1 one straight line.

Let the 1ight biscetors cut in O

Then O 15 cquudistant fiom A, B and C. , 04 = OC.

*. 015 on the right biscetor of AC.
*. the right biscctors of 4B, BC and C4 all cut in O.
QED.

Cor. The three right bisectors of the sides of a triangle meet in

the circumcentre

Lgercise. When 1s the circumcentre of a triangle outsiue 1t?
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TruroreEm 23.
.
(1) If two choyds of g cucle be equal, they are equidistant fiom

the cengre.
(n) If two chords ofve carcle be equadistant fiogp the centre, they
are equal.
L) If two chords of a cucle be unequ(tl the greater 1s nearer
the,cart. o - ’
1v‘) If two chords of a cucle be at dufferent dustances Srom the
cnnh(’, the one nearer s the greater
Gwen. ADB, CD are choids of a circle, B
eentie 0, X, YV aie the feet of the per-
penarculals fiom O on to them
To prove ihat A
(1) IfedB = CD, then OX = 0Y
(u) If OX = OY, then AB = CD c w P
(1) It AB > CD, then OX < OY. ~
(1v) If OX < OY, then AB > (D g 102
Proof. Smee OX 1 .1B. AX = XD,
Similarly CY —-YD
Now
0X2? + AX? = 0.1? (0OX 1 XA, Pythagotas).
= 0C?, (0.1 = 0C, radn).
= 0Y? { (Y? (0Y 1 YC, Pythagoras).
L O0X%+ AX? = 0Y? + CY?2
Using this 1gsult we find
(1) If AB = CD, then AX = (Y.
. AX2 = (Y2 0X?2=0Y2 - 0X =0Y.
(n) If OX = 0Y, then 0X? = OY?2
AX?2 = CY? * AX =CY - AB=CD.
() If AB > CD, then AX > CY.
cAX:>CY? - 0X:<OY: | 0OX <OY.
(wv) If OX < OY, then 0X2 < OY2,
, AX%> CY2% 4 AX > CY. - AB > CD.

Q.E.D.
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EXERCISE 39

1. ABCD 15 a quadrilateral such that the night bisectors of sides
ADB, BC, CD arc concurrent. Prove that the I‘léht bisector of A0 goes
through the same point

2. The locus of the mid-pownts of a set of parallel chords of ¢ curcle
s a diameler. .

3 The locus of the mid-ponts of a set of equal chords of a circle 18
a concentric circle, if the ~hords are not dvameters.

4 Two circles cutn (A, B Threugh A 15 drawn a linc parallel to
the line joining the cent.es, cutting the cucles again 1in A, P. Prove
that the length of XP 15 twice the distance between the centres

5 Two arcles cut in A4, B Through 4, B aic drawn parallel Iincs.
Prove that the mtervals XP, YQ “intercepled on these lines’ by the
circles are cqual  (Iig 163 )

X
P
v ’ ¢
X
Y P

N,

B

Q

Fig 163 g 164

6 Two cncles, eentres C, D, cut in A, B. Throughi 4 1s drawn w line

cuttm" thc cieles again mm X, P, the Iimes CX, 1’1) cut In Y. Prove
'AD = XYP (Fig 164)

7 1If two chords ot a circle bisect each other they are diameters.

8 (a) Two circles cut in 4, B, C 15 the mid-point of the interval
Joming thar centres, the Iine through A4 perpendicular to CA cuts
the circles again in X, P. Prove that AX = 4P -

(b) Through a common pomnt 4 of two circles draw a Iine so

that the interval intercepted between the circles 1s bisected at A

9 A circle has two parallel chords of lengths 8” and 10”, whose
distance apart 1s 6”. Iind the radius of the circle (Use Algebra )

10 ABCD 1s anisosceles trapezium, AB || CD, AB = 87, CD = 6”,
distance between parallel sides = 1”. Find the radws o. the ; ircum-
circle of ABCD

11  Cucles are drawn having the sides of a quadrnlateral ABCD for
diameters Prove that the common cho.d of the circles onidiameters
AB and BC 1s parallel to the common chord of the other two circles.
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12 'l‘he diagonals of the quadrilateral ABC'D cut i O. Prove that
the circumeentres of 0ARB, OBC, OCD, ODA are the vertices of a
paral§ejogram

*¥13  Deseribe 9 cucle, with given centre to cut another circle at
the engs of a diameter v

*14 PQRS 1s a qu dnlateral msciubed 1 a cuele, centre 0,

PQR QRS are right angles, a diamgter of the ejrele cuts ines PQ, RS
n ¥, B resp. Prove 04 — OB ,

*15 "ind the radius of the cizcumerrcle’ of an 1sosceles triangle
) ” ”
ghose base 1s 8” and whose heght 1s 2

*16. FKind the height of an 1sosceles trzangle whose base 15 12”7 and
whgse circumradius 15 717,

o ¥17 TProve that the radius of the cucumerrcle of (m cqulateral
triangle, whose side 1s of length «, 15 a/y/3.

*18. A wooden spheire of radius 10” has #, picee sawn off along a
plane, the radus of the cnele which forms the base of the picee 15 8”
Find the height ot the piece, and the eyea of the surface of the piece

*19. The radius of the carth 15 4000 nules A parallel of latitude
15 at a distanee, measured along the polar axis, of 2000 miles fiom
the equator. Iind the radius of tlus patrallcl of latitude, and the arca
contamed between 1t and the equator.

*20 (« In the quadulateral ABCD, AB — AD, CB = CD
A druble cone 1s formed by rotating the quadrilateral round AC
If AB = 8", BC = 5”7, CA = 77, {ind the arca of the citcle formed by
the interval 8D m this rotation.

(0) Find also the area of the surface of the double cone

*21  Two creles cut in 4, B Thiough 4 draw a hine cutting them
m P, X resp so that P4 == AX.

(Revision Papers XXVI-XXX can now be taken, 1f desned )

1§ 23. Some 1mportant examples

Examrre 21. 4, B are fixed pownts, P moves P
wm a plane through A, B so that PA* — PB? 1s
constant To prove that the locus of P s a line
perpenticular to AB.

Proof Assume P4 > PB. Let C be the foot of A OC B
the perpendicular from P on to AB. Let O be the - .
mid-point of intdrval 4B Fig 165

Then PA? = PC? + CA%, PB? = PC? + CB?, (Pythagoras).
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Subtracting, PA2— PB*-—- CA* - CB?
= (C4 + (B) (CA — CB)
= AB.{CO + 40 — (BO — 0OC))
= AB {CO 4 A0 — BO + 0C}
=248 CO, { 4O = BO).
But PA? — PB?1s const.  (given).
24B CO .s const CO 1s const C 1s a fixed point.
if P 1s on the locys, the foot of the perpendicular from P to 4B
15 a fixed point. every point on the locus 15 on this perpendicular
the locus 1s a line perpendicular to 4B. OED
Note To get the last rtep, we ought also to show that every no.nt
on the perpendicular 1s on the locus It 1s usual to omut this secona
part 1 locus proofs, because 1t can usually be proved hike the first
part In Thcorem 21 we proved both parts.
Cor. If A, B, C, D be coplanar points such that
CA4? — OB = DA* — DB?, then ('D | ~DB.
Conversely iof CD | AB, then CA? — CB? = DA? — DR?
Ezxercise The proof assumes that C 1s between A and B, Write out
the proof when C 15 on 4B produced beyond B

ExamrLE 22 The three allitudes of «a triangle are concurrent
Gwen AP, BQ, CR the altitudes of tuiangle ABC.

To prove they are concurrent.

Proof Let BQ, CR cut m H

Since BH | AC, AB? — BC? = AHI? — CH?
Since CH | AB, BC? — (CA* — BH? - All°

Adding, AB? — CA? = BH? — CH-.
Al | BC.
the third altitude also goes through . QF D.
Z A Y
A
y; C
BN P
Q
B [o] M
Fig 166 Fig 167

Second proof. Through A, B, C draw parallels to the opposi.e sides;
these parallels cut in ponts X, Y, Z, say, opposite to A. B, C resp
Then ACBZ and ABCY are parallelograms.
AZ = BC, AY = BC, (opp. sides of parms
AZ = A4Y.
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The altitude AP 1s perpendicular to BC.
AP |*YZ, ( YZ| BC)
. AP 15 the right bisector of YZ.
Similarly, all the altitudes of A ABC are right bisectors of sides
of A XYZ. .
But®*the right bisectors of the sides of any triangle are concurrent.
. the altitudes of A ABC are concurrent QE D.

ef. The point where the altitides of a tr angle cut 1s called the
‘orthocentre’ of the triangle

*EXERCISE 40
1. Show how to draw a square equal to the difference of two given
squares. ,
, 2. Find a point X on the line AB so that XA4? — XB?1s a given
square.

3 A quadnlateral of rods, jointed at the eorners, has 1ts diagonals
at right angles, show that they remain at right angles as the quadri-
lateral chi.nges 1ts shape, the rods of ~ourse maintaining always the
same length.

*4 Given a quadrlateral of jointed rods, prove that if, in one
posttion, the Iines joining the mid-points of opposite sides are equal,
this 1s the case 1n all positions.

*5. A, B are fixed points in space, P moves wn space so that
PA? — PB? 1s co~st Prove that P always lies 1n a fixed plane
perpendicular to 4B

*8. ABCD 1s a rectangle, P 15 any point, not necessarily in the
plane ABC. Prove that PA?% 4 PC? = PB? + PD?2,

§ 24. Angles 1n segments, cyclic quadrilaterals.
TuEOREM 24.

The angle, subtended at the centre of a curcle by an arc of the curcle,
18 double the angle subtended at the circumference by the same are.

Gwen. AB1s an arc of a circle, centie O, C 1s a pomnt on the
circle and not on the arc 4B.

To p.ove that angle AOB 1s twice angle ACB.

Proof. Join CO and produce the interval CO beyond O to X.

If the _ay CO lies 1n AéB, then the ray OX lies 1 A(3B.
Case 1.)
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If the 1ay CO hies outside AI(A“B, then the ray 0X hies outside

AOB. (Case )
(]
> '7
AB

Case (1) Case (n) Case (1)
Ing 168

In these two cases we have, simce Ol = OC,
0AC - ()2"1, (1505, A).
A0X — 01C + ()é'A, (et £ of A = sum ol mt. opp. £s)
AOX = 200'.

Smmilarly BOX - 200B.
Adding 1 case (1), subtiacting m case (1),
© AOB - 2.ACH
In case (mr), the rtay CO goes thiough L o1 B, Supposc 1t goes
through B Then, as belore
A0X - 20C.1.
AOB = 24CB. Q.E.D.
Note The angle subtended at the centie by the aie A B may
be 1ellex. The proof still holds then
Def. A “segment’ of a cirele 15 the part of the plane between
an aic of a cnele and the chord jomung the ends of the are. It 1s
a “major,” o1 ‘menor,” segment according as the aic 1¢ greater
than, or less than, a semucirele  An “angle in a segment’ 1s an
angle whose vertex s on the arc of the segment and who e arms
pass thiough the ends of the are. E.g. in Fig. 168 the angle ACB
15 on the segment ACB.
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Tiurorem 25,
Angles wn the same segment of a cucle e X
equac.
A A
Gwen. AXDB, AY DB are angles n the same
segment of a circle, centre O,
A A
To prove that AXDB — AYD.

Proof .10B = 24X, (/ at centre, A
dobie £ «t enneumd.) I

Similarly AOB = 24VB.
AXDB = AYD. QED.

TiroreEM 26.

An angle in a semicirele 1 a right angle, an angle in @ mayo
segment 1s acute, an angle 1 a minor segment s obtuse.

A
Gwen, ACB 15 an angle 1 a segment of a cuele, centie O

A
Tv prove that ACB 15 a nght angle, acute angle, or obtusce
angle, according as the segment ACH 15 a semuenele, & major, or
a nunor segment

—

Iig 170
Proof. If ACB 1s a semucirele, then AaB = 27rt. /s
If ACB 15 a major segment, then AOB < 2 1t. /s.
If ACB 1s a minor secgment, then reflex AOB > 2 tt. /s.
But AOB = 24CB.

.. In the three cases we have resp ACB s a right angle, acute
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Tneorim 27.

The curcumcircle of a right-angled triangle s the circle o the
hypotenuse as dvameter.
Gwen. ABC 1s a triangle with the angle

B
M
ABC a right angle, O 1s the mid-pomt >f / /\_
AC.
A o c

To prove that 04 ="0B = OC.

Proof Let L be the ;md-pomt of side BC.

Since O, L are the rr'nd-pomts of sides CA4, CB resp.,
‘. OL 1s parallel to AB

.. OL ss perpendicular to BC, ( ABC s a rt. )
.. OL 15 the 1ight bisector of side BC. ., OB = OC.
But 04 = 0C.
.04 =08B=0C Q.E D.
Cor. If ABC and ADC are right angles, then A, B, C, D are on

a cucle on drameter AC. (B3, D may be on the same o1 on opp»site
sides of AC.)

Fig 171

B P
D A
Q
B
D
g 172 g 173

Note This 1s a partial converse of Theorem 25, the ‘ull converse
will be proved later

Exawmprr 23. Two circles cut mn 4, B; a line through A cuts them
agawn wn P, Q To prove that, as this hine varies, while stll passing
through A, the angle PBQ remains constant. (Fig. 178 )

Proof As the line PQ varies, AﬁB remains constant, (Zsin same
scgment).

Similarly, AQB remains constant.
A A A
But APB + AQB + PBQ = 2 rt. /s, (angles of A PRQ).
A
. PBQ remains constant. Q.E.D.
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ExambLe 24 AB, CD are two chords of a cwrcle
catting in P. To prove that half thd sum of the angles
wbtended at the centre O by thes arcs BC, AD equals ’ B

one ¥ the anglee bctwcen AB and CD.
Proof 1COB =*CAB.* (£ at crrcumf =} £ at ‘

centref. A D
Similarly, $40D - 4ED Ing 174
} (COB + AOD) = CAB + 4CD = APM,
(ext £ of A APC = sum of int opp Zs) QE.D

No!c The ares BC and AD must be taken so as not to overlap.

Edercise  State the theorem corresponding to Example 24 when
the chords 4B, CD produced, cut in P*

EXERCISE 41

1 ,Chords A8, CD of a cirele cut n O Prove that triangles 40C,
B()D arc shmlar, and that tuangles A0D, BRC are smuhr

2 The radu 0A4, 0B, 0(,' of a circle ABC cut a concentric circle
XYZmX,Y,Z Prove ACB = XZY®,

3 , The circumcentre O of the triangle ABC lies outside the triangle.
If BAC - a°, Iind BOC 1n terms of z (Two cases )

4 O 15 the centre of circle ABC, O/IiC = 20°, OﬁC =~ 30°. Find
the size 0".A(3B (Two cases )

5 %015 the centr.c of circle ABC, 0//1\B = 40°, O, C are on the same

side of AB Jind the <ize of Aé’B.
A

6. («) 0OA, OB, OC are radn of a circle, AéB = 140°, BOC = 120°.
Find the sizes of the angles of triangle ABC. (Two cascs.)

(b) Find also the sizes of these angles when AOB = 40°,

A
BOC = 20°. .("l‘wo cases )

7 Circles are drawn on the sides AB, AC of triangle ABC as
®dameters Prove that they cut on the line BC.

8 Two circles cutin 4, B, AX, AY are therr diameters through 4
Prove that X, B, Y are collincar. (Join XB, BY Consider angles
XBA, YBA)

9 4BC 15*a crrcle, centre O; OﬁB = 40°; ABC - 60°. Kind the

A
size of OCB.
10 ABC 18 & ClI‘C]e, centre 0 B, O are on oppostte sides of AC;

OAC = 35° Fmd the si1ze of ABC
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11. AB, CD are perpendicular chords of a arcle, centre O;
0

AOD = 125°  Fmd the <ize of CaB.

12 Prove that 1if the carcumcentre of’a trangle 1s msyde the
triangle, then the triangle 1s acute-angled

13 AB and CD are parallel chords of a arele; AD, BC cut at P
mside the cucle Prove PA — PB A

14 AB and CD are chords of a circle cutting in P, AP = PC
Prove B = DI

15 (a) 4 1s any pomnt on a circle, centre 0, on 04 as diameter
another cuele 1s drawn. Any hne through A cuts the first cirele 1n

P, the second 1n @ Prove AQ = QP.
(b) A 1 any pomnt on a given cnele Find the locus of the

mid-points «" chords through A

16 A crcle through the vertex A4 of a parallelogram ABCD cut,
the lines AB, AC, AD 1 P, Q, It. Piove that the tnfmglos AB7 and
PQR are similar

17. The chord BC of the circle ABC 1s produced beyond C to D
The bisectors of angles ACB, ACD cut the circle agam in X, Y.

Prove that XY 15 a diameter ,

18 ABC 1s a triangle sciibed 1 a cirele, centre O, CD 15 an
A A

altitude of the triangle Prove ACD =- BCO.

19 («) ABC 1s a circle, centre O, X 15 on the arc 40B of cucle
AOB; AX cuts the crcle ABC again I Y
Prove XY = XB. A

(b) Thelines 0X, BY arc at right angles ©

(Thg  175.)

*¥20. APB and ACDDB are two arcs on the
same side of their chord AB, 4, P, D are in
one hine, B, P, C arc in one hne, AC, BD cut
i Q. Prove that, as P moves over the arc APB, @

A@B 1s constant.
*¥21 AXYB 1s an are on chord 4B, Xﬁ Y, XﬁY are bisected by
rays AR, BR. Prove that, as X, Y move on the arc, ARB is constant.

*22  AB and CD are perpendicular chords of a circle cutting 1n
a point X, Y 1s the mid-point of BC Prove that XY 1s verperdicular
to AD.

*23 CD 1s a chord of a cjrcle perpendicular to a diamcter 4B,
I 15 any point on AB; DE cuts the circ'e again 1n F. Proeze that CA
and CB bisect the angle ECF 1nternally and externally.

Y%

Fle 175

as
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*24. 4X, BY are any two chgrds of a circle, perpendiculars to
42X, BY at A, B, resp cut the circle again in C, D. Prove that CD 1s
equal and parallel to XY,

Leys. A quadgilatergl 1s ‘eyclic’ when a cuiele can be diawn
through 1ts four veitices. A et of ponts 15 “cyclic’ when a circle
can be drawn through them all. Such a sct of pomnts 1s also
called a ‘concyclic’ set.

THroREM 28.

Opposite angles of a cyche quadidatmal are supplementary.
Choen. ABCD 1s a quadnlateral whose vertices ig on a encle,
acutic O

&

Fig 176

T'o prove that :IIA)'(O' -+ ADC = 21t /s,
Proof Dravy the radu O.1, OC.
Then, of the two angles at O foumed by the 1adn 04, OC,

the angle moaiked @, subtended by the aic ABC, 15 twice AIA)(‘,

thte angle marked b, subtended by the aic ADC, 15 twice AI}C.
But the sum of the angles ¢ and b 15 four 11ght angles.

) s ABC + ADC = 21t Ls. QD
Cor. SAn extercor angle of a cyche quadriateral equals the
wnterior opposite angle.
IFo1, produce £'D beyond D to X! then Ai)X and AﬁC arc
supplementary, but so are ADC and ABC ADX = ABC.
r& 8
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16. ABCDEF 1s a hexagon 1nscribed 1n a circle  Prove that the
sum of the angles at 4, C, I equals four right angles

17 The altitudes AP, BQ of a triangle ABC cut i II. P ove

A A A A
AHQ = BCQ, CPQ =L A4Q.
<

18 Show how to construct a triangle 4ABC, given sides A, BC

and the altitude f.om A4, all in length only

19 Two triangles with bases, areas, and vertical angles equal, eve
congruent

20 AP, B, CR are altitudes of A ABC, L 1s the mid-point ot E£C.
Prove RQL = QRL = BAC.

21. CD 15 a chord of a circle perpendicular to the diameter /B,
a line through 4 cuts the circle 1n X, and CD, produced beyond D,
mnY Prove AXC — DXY.

22 4B, (D arc perpendicular chords of a circle, cutting 1n If; the
perpendicular from C to AD cuts AB 1n X Prove XE < EB.

*¥23 AB 1s a common chord of two circles, centres C and D, The
line PAX cuts the circles mn P, X resp

Prove CPB = DXB. (Draw a careful figure.)

X
A
*24 Two cireles cut 1n 4, B, X 1s on »
one circle, centre O, XA and XB cut the ‘\
other circle in C, D resp. Prove XO | CD. \b C
(Fig 179) B

*¥25. P 1s any pomt mside A ABC,
D, E, F are the feet of the perpendiculars
from P to BC, CA, AB resp. Prove

BPC — BAC - EDF.
*26 Two circles cut in 4, B Through 4 draw a line cutting the
A A
circles in P, X, so that XBA = PBA

Wig 179

§ 25. Inequalitiest.

We now return to the study of the triangle for a short time, proving
some theorems that will be useful when we again take up thé circle.
It will probably be thought that some of the theorems which follow
are so simple that they nced no proof, and 1t 1s here that we may
give some explanation as to why a proos 1s given at'all. I{ a theorem'

1 This section may be postponed, in whole or 1n part.
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which 18 not obvious 1s proved, 1t 1s 1n this way reduced to other
theorems that are either obvious or have been previously proved;
and.apyone who assents to thése latter theorems, and understands
the proof, 1s thereby compelled to assent to the theorem proved
Thus at the very base or our work, we have a collection of theorems,
like tuose we labelled ‘assumptions,” which are regarded as obvious
If now we consider anc her theorem which scems 9bviously true, we
may either add 1t to our assumpfions, or we, may try to ‘prove’ 1t
from the assumptions already made, but when we pretend we are
proving obvious theorems, what we arc really doing, 15 not making
them more certain (for they are supposed,to be obvious already),
put arranging them- if one theorem follows from three others, we can
put this theorem 1n the same class as thé other three, and the subject
1s veing treated from the logical rather than from the geometric
Sstandpoint.

Thus a proof may serve two purposes 1t may convince us of some
new truthj or 1t may show us how old truths are connected together.
So far, 1n tlus book, we have given proofs with the first aim n view;
henceforth, sometimes one aim, sometimes the other, will predominate

The theorems of this section can all be shown from the theorems
on the congruence of triangles, without the use of any theorem which
depends on parallel Ivnes We shall sce later that this fact 15 very
mmportant fiom the pomt of view of the arrangement, or logical
connection, of theorems.

TneorEM 29.

If a line cuts two other lines so as to mahe the alternate angles
equal, then these two lines cannot cut each
other.

Gwen. AB( and BCD are equal alternate
angles. A

To prove that the lines 4B and CD cannot B
cut each other.

Proof. If possible, let the hnes AB and
CD cut1n X.

First, suppose X and 4 are on the same
side of BC.

On the 1ay €D there 15 an mterval CZ of the same length
as BX.

OO

Ing 180



122 SCHOOL GEOMETRY [pr. 11

Then in As XBC, ZCB,
BX = Cz,  (tonst.),
BC = BC. '
XBC = BCZ,, (g1vén).
o As XB(’ ZCB are congruent (two sides, mel. Z].
I\
XLB ZBC But ZCB XBC, (given).
. XCB 1 7CB - XTI 1 Zh.
But XCB + Z(CB = 2rt. zs, (0 X, C, Z arc colmear );
 XBC.+ ZBC = 21t /s
. .. X, B, Z are collincar.
.. the lines (1B and C'D cut in two distinet points, viz. X and Z. ,
But this 15 1impossible, since two lines cannot cut in two pownts.
ITence the Iimes AB and CD cannot cut in a pomt an that side

of BC on which /I hes, Similarly they cannot cut in a pomnt on
the other side of BC. QED.

Cor. If a lune cuts two other Limes so as to make the correspond-
ing angles equal, these two lines cannot cut each other. (Ihg. 181.)

For, 1f ABC and FCE ate equal corresponding angles, and
I'C be produced beyond C to D, then FCE = BCD. ’

A A
>, ABC and BCD are cqual alternate angles.
. the lines ADB and CI' cannot cut cach other. q 1.D.

A F Y\
B c E

D B C X
Fig 181 Fig 182

Turorem 30 (The Fundamental Inequality).

An exterior angle of a trzanglc 18 greater than either of the
wndervor opposite angles. (I*lg 182.) .
Gwen. ABC 1s a triangle, ACX an exterior angle.
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To prove that ACX > ABC.

Propf. Since AB and AC cutin 4, ACX and ABC cannot
be equal angles for 1f they were, then by the previous corollary,
the Imes BD and CA would not cut each other.

If possible, supposc ACX < ABC.
JThen there 15 a ray CY on the same « de of BC as 4, such

that YCX = AIQC, and this ray will lie inside the angle A(j]f,
sines YOX > ACKX. '
.. the 1ay CY will cut the interval AB,
But this 15 1impossible, smee Y(t‘X — AI}('.
R (X can neither be equal to, not less than ABC.
., ACX ~ ABC
Similarly 1t can be shown that /%(t'X > BAC. QED,

Note We proved 1in Theorem 1, Cor. that an exterior angle of a
triangle was equal to the sum of the interior opposite angles; 1t 15
hence greater than either of them. But this proof depended on the
assumptions we made about parallel Lines. The proofs of Theorems 29
and 30 do not depend on these assumptions, but they depend on
the assuraptions about congruent triangles. In fact, in Theorem 29
we have proved one of the assumptions about parallel lines (Assump-
tion 7, first part) from the assumptions about congruent triangles,
and 1in Theorem 29, Cor we have proved the first part of Assumption 8.
We shall see later how important 1s the fact that this can be done.

The other theoren:s of this section are deduced from Theorem 30.

Exercise. Prove from Theorem 30 that a triangle cannot have two
angles right angles.

Tnrorrwm 381.

If one side of a triangle be longer than another, the

A
angle cpposite the longer side 13 greater than the
angle opposite the shorter side.
Gwen, In triangle ABC, AB > AC D
To prove that ACB > ABC. ) C
Proof. Since AB > AC, there is a pomnt D on Fig 183

the side AR such that 4D = AC.
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Then  ACD = Aﬁ(), (1505 A).
But ADC > AﬁC, (ext £ and int. opp. £),
and ACB > ACD, (D 1 on mterval AP).
", ACB > ABC. Q.E.D.

' Tunrorem 32.

If one angle of a triangle be greater than another, the sude ovposite
the greater angle s longer than the side opposite A
the smaller angle.

Gwen. In tuangle ABC, ACDB > ABC.

To prove that AB > AC

Proof. Tather AB > AC, oo AB - AC, o1 g C
AC > ADB. Tig 184

If AB = .1C, then would ABC == ACB, (150s. A), contiary
to the hypothesis.

If AC > AB, then would .IBC » .1CB, contiay to the

hypothests,
Thus AB = AC, and AC - AB aie false,
Ience ADB > AC. Q L.D

Tourorem 33,

The shortest anterval which can be drawn from a giwen pownt to
a gwen hine s the wnteroal perpendicular to the o
Line

Gwen. P 1s foot of the perpendicular fiom O
on line 4B, C any other point on AB.

To prove that OP < OC A C P B

Proof OPC = OPB, (rt /v). Fig 185
OPB > 0CP, (ext. Z, mt. opp. 2).

.. 0PC > 0CP.
0C > 0P, (greater side opp greater £) Q E.D.

<
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Tnroxem 34

TT 2 sum of the lengths of any two sides of a triangle s greater
than the length of the th.rd side. o
Gwen ABC 15 a tnangle. B
To prove that AB + BC > AC.
Proof Produce the side AB beyond I3
to D, making BD = BC. A c
BCD = BDC, (1508 A). Fig 186
But  ACD >~ BCD.
ACD > ADC.
S 4D > AC,  (greater side opp. greater /).

But AD = ADB + BC.
C.ADB + BC > AC Q E.D.

Note This theorem may justly be considered as self-evident, the
proof docs not make 1t more certain, but 1t shows 1ts relation to the
other assumptions we have made When we have made our other
agsumptions, there 1s no need to assume this theorem also

The following has often been given as the defimition of an interval
‘An interval 1s the shortest distance between two points > There are
many objcctions t¢ this as a definition (1) An interval 1s a set of
points, and so 1t cannot be a distance, for that 1s not a set of points
(11) Suppose “ve amend the defimtion, and say, ‘An interval between
two points 15 that “curve” jomning the points whose length 15 less
than that of any oth~r curve joining them’> We then have a true
theorem, but we cannot use 1t as a definition, for it supposes we already
know what 15 meant by the length of a curve Now the latter 1s a very
diflicult thing te define, and 1n any case, the definition of the length
of a curve will assume that we already know what 15 meant by an
wsterval, so that the suggested definition of an interval involves a
vicious circle.
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TaHeorEM 85+.

If two sudes of one triangle be equat to tw) sudes of another, bt the
angle between the two sudes 1n one triungle be greater than the corre-
sponding angle wn the other triangle, then the vase of the first triangle s
greater than the base of the second triangle.

Gioen  In triangles ABC, XYZ,

AB = XY, BC=YZ, ABC> XVZ
To prove that AC > XZ

Proof Since AéC > Yf/'Z, there 15 a ray BD wmside ABC, such
that ABD = XYZ, and there 15 a point D on the ray, such that

BD = YZ
/ﬁ\ |
AT—~—1 "t C Xdi
D

Fig 187

Then o As ABD, XYZ,
AB = XY, (given)
BD = YZ, (const )
ABD — X]Af'Z, (const )
As ABD, XYZ are congruent, (two sides, inel. Z)
AD = XZ
If D hies on the ine AC, then, clearly 4D < AC X7 <« AC
If D 15 not on the ine AC, bisect angle DBC' Ly the ray BI, cutting
AC1n E. Jomn DE.
Then in As DBIi, CBE,
BD — BC, (const ).
BE = BE,
DBE = Cl§E, (const ).
As DBE, CBE arc congruent, (two sides, mcl. ).

DE = EC
But AE + ED > AD. AE + EC > AD.
AC > AD. AC > XZ. . QE.D.

+ The only justification for giving this theorem and the next 1s that they
are still set 1n Fxaminations
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'{HEOR‘EM 36.

) ]
If gwo sides of one triafgle be equal to two sides of another triangle,
but the third side pf the one triangle s

greater than the thurd sude of the other, B Y

then the angle opposite the third side in

the first triangle 1s grdater than the ’

angle opposite the third side an the gther 3

truangle. A c X z
Guers Ip trangles ABC, XYZ, ' Fig 188

AP = XY, BC = }fz, ACA> XZ.
To prove that ABC > XYZ.
liroofA. EltherAAﬁC =X lAfZ, or ABC < XAYZ, or Aﬁlf‘ > Xvz
If ABC = XVZ, then As ABC, XYZ are congruent, (two sides,

mel )
AC — XZ, contrary to the 1 ¢pothesis

If ABC < XLA’Z, then AC < XZ (previous theorem), contrary to
the hypotflesw.

Hgnee ABC = XYZ, and ABC < XYZ are both false
ABC > XY Z. QL D.

LExaMPLE 27, Gwen D s a powunt inside N\ ABC
To provg that

«AD + DC <*4B + BC, ADC > ARC. 8
Proof The interval 4D, produced beyond D,
will cut the 81ide BC, 1n I, say. E
Then, *DC < DI v EC.
AD +DC < AE | EC
But AE < AB + BE A ¢
AD 4 DC < AB + BE + EC. Fig 189

4D + DC < AB + BC.
A A
Also ADC > ALC, (ext £ of A DEC,nt opp ).
ARC > AI;Af(‘, (ext £ of A ABE, nt. opp ).
A4DC > ABC. Q.E.D.
Notg the following facts about inequalities, where a, b, ¢, d may
mean the lengths of lines or the sizes of angles
(1) Ifa>b, thenb<a
(m) Ifa>b,thena+e¢>Db+c,

(m) I}a > & + ¢, then @— ¢ > b.
(v) Ifa>bandc>d,thena+c¢>b - d
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ExampLE 28 P 1s any pownt insirde triangle ABC.
To prove that PA + PB + PC s less than the perimeter and greater
than the semipervmeter of the triangle (Fig 190)

Proof. PB + PC < AB + AC,

PC + PA< BC + BA,
P4 + PB< CA + CB.

Adding, 2 (PA + PB + PC) < 2 (AB + BC + CA).
2’4 + PB + PC < perimcter.
Also PB + PC > BC,

PC +PA> CA,
PA + PB> AB.
Adding, ..2(PA + PB + PC)> AB + BC + CA.

PA + PB + PC > semiperimeter. Q.E.D.
Q
A P
A C Y B
B C D
Fig. 190 Fig 191

ExamrrLe 29 Two pipes are to be lad from grven pownts $o the same
point of a straight road To find the pownt on the rvad so that the total
length of the pipes s as small as possible

Gwen. Two points P, Q on the same side of a hn~ 4B (Fig. 191 )
To find the point X on AB so that PX + X@Q 15 as small as possible.
Construction Let C be the foot of the perpendic.dar from P on
to AB, and let D be on the interval PC produced beyond C, so that
D = PC.
Let the ines @D, AB cut in X Let Y be any other point on AB.
Then PX + XQ < PY + YQ.
Proof. In As XCP, XCD,
CX = CX,
CP = CD, (const).
XCP = XCD, (rt. Zs).
As XCP, XCD are congruent, (two sides, incl /).
PX = DX Smmilarly, PY = DY.
PX + XQ =D, PY +YQ=DY + YQ.
But DQ < DY + YQ.
PX + XQ < PY + YQ. Q.E.D.
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EXERCISE 431
In an obtuse-angled trlan;_},le, the greatest <i1de 1s that opposite
the obtuse angle

2. The greatest side Of any ¢riangle makes acute angles with the
other sides.

3. ABC 1s a triangle With AB > AC, the bxsecmrs of the angles
B, £ cut in I Then IB > IC. ’

4- (a) In. the quadrilateral ABCD AB >.BC AD > DC. Prove
DC\B > DAB
(b) If AD1s the lonocgt B( ’the shortest side of the quadnlateral
AB(‘D prove ABC > AI)C BCD > BAI)

5 C, D are on a circle on opposite sides of the clameter AB,
AC > AD l’rove BC < BD

6 ‘The altltudcs of triangle ABC cut 1n H , if AB > AC, prove
BH > CH

7. ABC.1s a tnangle, night-angledjat B, D 1s on the side BC.
Prove AD < AC.

8 «4 15 on the interval BC; OA 1s perpendicular to BC, AC > AB
Prove OC > OB.

9. (a) Of two chords of a circle, the greater subtends the greater
angle at the centre

(b) State and  prove the converse of 9 (a).

10.' (a) L 1s the mld -pomnt of the side BC of tnangle ABC;

AB > AC. Prove ALB 1s obtuse

% Prove " also BAL < CAL [Complete the parallelogram
BACD] . s
11. (a) The bisector of the angle BAC of triangle ABC cuts BC
mn D, prove BA > BD, CA > CD.

(b) If AB > AC, prove also ADC 1s acute, and BD > DC

*12. The difference between any two sides of a triangle 15 less than
the third side

13. AB 1s a diameter of a circle, centre O, C 1s on 4B produced
beyond B; a Iine through C cuts the circle m X, Y. If CX > CY,
prove CA > 0X, CB < CY.

+ It 1s better in this exercise to avord whcre possible the use of parallel
lines, and cf the theorem t]mtlthu sum of the angles of a triangle cquals
two rnight anrrles, ‘and of such theorems as Pythagoras. We give a hint
where this 1s not convenient.
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14. L 1s a md-point of side BC of triangle ABC. Prove
ADB + AC > 24L
[Complete the parallelogram ABDC.

15 (a) The perimeter of a quadrilateral 15 greater than twice the
longest diagonal
(b) It1s greater than the sum of the diagonals.

16 («) D 1s any pomnt on the side BC of triangle ABC Prove
24D + BC > AB + AC.
() Also 24D < AB + AC + BC

17. C 15 any point or the interval 4B, P 1s any point. Prove
PA + PB + 2PC > 24B

18 ABC 1s a triangle, P any pomt in space Prove that
PA + PB + 2C 15 greater than the semiperimeter of the triangle

19 The sum of the diagonals of a convex quadriliteral 1s greater
than the semiperimeter

20. (a) If P1s any point in the plane of the quadrilateral ABCD,
then PA + PB + PC + PD > semiperimeter of the quadrilateral,
(b) and also > sum of diagonals, unless the quadrilateral 1s
convex, and P 1s the point where the diagonals cut
(¢) If the quadrilateral 1s convex, then P.1 + PB + PC - PD
15 a mmmum, when P 1s at the cut of the diagonals
[Note. The problem of finding a point P side a tuanfrle ABC,
such that P4 + PB + PC 15 a mmnimum, 1s nuch more difficult
Fermat’s problem Sece Part 1v ]

21 In triangle ABC, AB > AC. Prove that the right bisector of
BC meets the side A3,

22 (a) D 15 any point on the side BC of the triangle ABC Prove
that either AD < AB, or AD < AC
(b) If also I 1s any point on the side CA4, then ED 1s less than
the longest side of the triangle
(¢) Any interval which has both 1ts ends either on the sid~s
of a triangle. or mside the triangle, 15 shorter than the longest side
of the triangle

23 X, Y are mside the triangle ABC, AXYC 1s a convex quadri-
lateral Prove that 4AX + XY + YC < AB + BC.

24 The internal and external biscctors of the angle BAC of
triangle ABC cut BC 1 the points D, K resp , and they hie mn order
B, D, C, E. Prove that AB > AC, CD < AC, CE : AC, DE > AL,
DE > AD,
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25. (a') Of all parallelograms on the same base and with the same
afca, the rectangle has the least perimeter.
(b) Of all triangles, on thz same basc and with the same arca,
the {dbceles triangle has the least perimeter,
(c) and 1t also hes the greatest vertical angle

*26.5 It P 15 a pownt inside an equilateral triangle, a triangle can
be drawn whose sides are of lengths PA, PB, PC. ,

*27. It G 15 the centroid of triapgle ABC, ¢ triangle can be drawn
whose sides aie of lengths G4, GB, GC.

*28 1f 1, IZ, I' be any points on the sides BC, CA, AB of triangle
ABGthen AD + BE + CF > 3sand < ‘s, where s 1s the semiperimeter
of the triangle.

*29 In triangle ABC, AB = AC, 1) 1s on the side A(‘ s onAB
produccd beyond B, DC = EB Tiove IED > BC.

§ 26. Tangents to circles.

Def. A ‘tangent’ to a cirele 15 a line which meets the errele
q
Just one pomt. The pomnt 15 called the “pownt of contact’, the
tangent 1s said to ‘touch’ the enele at the pomnt

Note on the words ‘touch,” ‘cut, ‘meet, “intersect’ We have said
that a tangent touches the cncle, this word ‘touck’ should never be
used except with regard to tangents A line which mects the circle
1 two dis.inet points 1s said to ‘cut,’ or “intersect,” the circle in these
poin.s, and the lne 1tselt 1s sometimes called a ‘secant’ Meet’ 15
a neutral woid, covering both ‘cut’ and ‘touch’

ThroreMm 37

A line drawon through a pornt on «a cucle perpendicular to the
radvus to the pont o5 a tangent.

Gwen. 1. a pomt on a cncle, centie
Q, AT 1 04.

To prove that AT 15 a tangent at A.

Proof, By the defimtion of tangent,
we must show that .17 meets the encle
mn A only,

Suppose, 1f possible, that AT mects A T
the urcle ,agam m DB. Thcn 01 =* OB. Fig. 192

OAB 0BA.

B
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But 0.1B s a tt. 4, (gi/en). ., 0B4 s art. £.
.. two angles of A OAB are 11ight angles, which 15 1mpossible.
.. AT cannot meet the circle 1n any pomt except 4.
.. AT 1s a tangent to the circle at .4, (def.) q=.D.

TuroreMm 38

A tangent to a circte s perpendicular to the radius to the pe nt
of contact.
Guoen, AT 15 a tangent at 4 to a cucle,
centre O,
To prove that angle OAT 15 a nght o
angle.
Proof. If possible, suppose angle OAT
15 not a 11ght angle, B
Draw a perpendicular from O to AT, Fﬁr 193
the foot B of this peipendicular will be °
distinet from .
Produce 4B beyond B to (', making BC = AB.
Then m As OBA, OBC,
0B = 0B.
AB = CB,  (const.).
OB.A = OBC, (it. /s).
As OBA, OBC aie congruent, (two sides, mecl. /).
.. 04 = 0C.
. C1s on the encle.
.. the line AT mects the circle mn another pomt besides A,
which 1s impossible, since 47" 15 a tangent.

Ilence OAT 15 a 1ight angle, Q E.D.

Cc

Cor 1. Through a given pownt on a curcle there ws one ond only
one tangent to the circle.

Cor. 2. Every pownt on a tangent to a curcle, except th> pont
of contact, 1s outside the circle.

This follows at once from Theorem 33.
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CONSTRUCTION 12

I'rom « groen pount ovtsede a groen cuele to dvawo the tangents to
L]
the &'cle.

Giogn - A errele, centre O, and a X
pomt I? outside 1t.
T'o construct the tangents to the
cndle which go thiough P, P
Corruction On OP as diamcte
deScaabe a cucele, Ict it cut the
given enele m . and B, 1«‘3 o1
Then ., PB are tangenls to "
the given enele
Proof 0.1 v an angle i a semienele,  (const )
o.1 1 1r
. AP s o tangent to the erveloat Jf,  (tan. | rads).
Stmdatly BP s a tangent to the encle at B QLI

Cor - Two tangents can b drawon to a cude from an extornal
pownd

THroreM 39

The wntcroals along the two langents from an extcrnal pont to
a cudle have equal lengths.
Guwen The anes P.1, PI3 touch
Q (-uclv: centre ), at 1, Bresp
To prove that .1 PI3.
Pioof In As OAP, OBP,
0.1 = 0B, (1adn)
or = 0P.
A A B
OAP and OBP et 7s, Fig 193
(tan. | radmus).
As O.UP, OBP arc congruent, (two sides and 1t /)
P = PB. Q.k.D,
Note We defined a tangent to a cirzle to be a hine with a certain

property  «t 15 tsual also to- call an interval a tangent to a cucle,
when the hine, of which 1t 15 a part, 15 a tangent, and ong of 1ts

A
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end-pomts 1s on the circdde Thus Theorem 39 15 usually stated as
follows  the tangcnts 1o a arde from an external point are cqual

It the hine £7Q touches onc eirdde wa P2 and anothcr in @, then the
Ime PQ s a “common langcnt’ to the eneles The mtaval P 1 also
called a common tangent

EXERCISE 44.

1 Pisata distane  of 37 tromy the centre of a cnele of radius 17
How long 15 a tangent (mtarval) from P to the encle?

2 1In g 195, the radius O.1 - 17, OP = 27, Wha* 15 'l > e
A
of .101°?

3 P 1s a pomt such that the Langeut (interval) from P to a ende,
of 1adius 17, 15 one meh long What 1s the distance from I to the
centre of the encle?

4 .1BC s an equilateral triangle msetibad m a enzle Prove that
the tangents at A1, B, o' form an equilateral trangle

5 (a) The incs P, PB touch a cncle, cantie O, at A, B Trove

A A A ’
that PO POB, OP.1 = OPB
) Prove also AB 1s perpandicular to O ,
(¢) Prove that O.1PB 1s a cychie quadiilateral
A A
(d) rove that OPA - 0.1,

6 Tangents are drawn to concentnie enneles from a given pomnt
Find the locus of thar pomnts of contact !

L]
7 («) Show how to diaw a tangcnt to a ardc parallel 1o a given
Tinc
(b) Show how to diaw a tangent to a cinele popandicular to a

onven hine
(¢) Prove that the line jomng the points ol contact of two
parallel tangents o a endle goes through the centie.

8 (a) <A chord of groen length moves so that s ¢ s lie on «a frved
circle  Prove that it always louches a fived arde - Re-state this propaty,
using the word ‘envelope’ (Assume the chord 1s shorter than a
diameter)

() Thiough a given pomt draw a line such that its part within
a gnven cirele has a given length

(¢) Draw a chord of a given circle patallel to a given line and
of a given length

9. Tangents to a cirele, erntre O, at A, B, cut .n P, a endle 1
drawn with centre P to pass through .*, prove that its t. ngent at A
goes thpough 0,
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If 4, B, P aic in onc line, the cireles through 7 with centies
A, Besp. have the same t ngent Iine at 2, viz, the perpendicula
to .18 through P (sce Figs 196, 197)
Def. Two cudles are sad to touch at o point when they have
the sa.ne tangent at that pomt, the pont 1s called the  point of
contact’ of the cncles.,

Note The word “touch,” i regerd to cneles, must never be used
m any other sense Two enelcs which “meet’ m a point, but do not
touch t' ere are saud to ‘cut’ or “wtersect’ at that pomnt

THrEoOREM 40,

Iy two cucles touch, the Line jorning thew centres gor s through the
poent of contact

Guen. Two cucles, centres o1, B, touching at P

T'o prove "hat A, B, P aic collincar

Proof. Let PT be the common tanjent to the eneles at 2, (del ).

Ing 190 g 197

Diaw the peapendieular at P to PT
Smee P71 touches the enele, centie L, at P,
*. the perpendiculau to PT' at P goes thiough L1, (tan | 1adius).
Sice T touches the cncle, centie B, at P,
*. the same perpendicular goes through B
', the same perpendicular goes through W1, 13, P,
* the pomnts <1, B, P lic on one line Q L.D.
Examrre 30. If two circles touch at a pownt, .c

they have no other point common.
Gwen. Two circles, centres 4, B, touching at P.

———————

To prove that P 1s their only common point D A B P
Proof TFust, snppose that, 1if possible, they Fig 198
2 198

met also at a point C not on 4AB.
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Now 4, B, P are collincar
Also, since P, (' are on both cireles, the centies A and B aie
on the 1ight bisector of PC', which 15 1mpassible

Neat, if the cineles met also m a pomt 1) on AB, then both A wnd B
would be the mud-points of the itervl DP, which 1s impossible
Q1 D

3

Def T'wo enreres are said to touch “ewternally,’ 1f they touch,

and lie on opposite sides of the tangent at the pomnt of contret
(I'g 190).

Def Two encles are said to touch “wnternally,” 1f they tovch,
and lic on the same side of the tangent at the pomt of contact
(L. 197).

EXERCISE 44 (continued)

10 («a) P moves on a given cnele, PT 1s a tangent, the mtarval

PT has a fixed Iength  Prove that 7' describes a concentiie encle

(b) Two encles are given  Find a pont from whien tangonts
to them have given lengths  How many such points are there?

() Iind a pomt on a given ine such that o tangent from'it to
a given crrele has a given length  How many such points arc thae?

11 P, @ lic on concentrie encles, ecentre ¢ Tangents at P, Q to the
cireles cut in 7', Prove that P, @, O, T ¢ on a cncle

12 A encle, centre 0O, gocs through the centie 22 of a second gnele,
and cuts 1t m .1, B Prove that the tangonts at A1, B to the second
c¢irele cut on the first acde

13  T'wo areles of radn 7, 57, touch (1) mtanally, (1) externally
What 15 the distance betweoen their centres?

14 Thice encles whose centies are at .1, 13, C resp , touch cach
other externally It AB - 37, BC - 57, (.1 - V7, ind thei tadn

15 'T'wo ardes, centies o4, B, touch (xternally, a encele, centre
touchcs both itemnally  AB — 37, BC — 37, (.1 - 1 Fmd the
1adn of the aircles

16 'Two cireles, of radu +7, 57, have then centres 12”7 apart What
15 the radius of the smallest circle touching both?

17 (a) If two cirdes touch externally, the distance betwcen their
centres equals the sum of thewr radu, and if they touch interially, thas
distance equals the difference of thewr radn

() Given a circdle, show how to draw a circle with a given
centre to touch the given circle (1) internally, (n) externally

(¢) A moving wheel rolls round the outside of a fixed wheel
Prove that 1ts centre describes a circle
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Turo REM 41

3
.
Tho locus of a pont which moves so as to be equudistant from
T
two” groen lines & the paar of Lines bisecting

the angles between the gvoen lines. B Y
(1) Guwoen. 0O, B3 are¢ two hines, P
I"a.ny pomt equidistant from shem, . g © N

To proye that OP bisects one of the
ane:l(:s between the Iimes O m‘nl on
l’;rmf Let X, ¥V be the feet of the perpendiculars from 77 on
to O.1, OB esp
Then i As OPX, OPY,
,(jor - or.
rxX Py, (aiven),
OXP and OYP are il £s
/A\s‘()PX, ory ae ('()ngruong, (two sides and vt 2)
XOr  yor.
. OP biscets the angle XOY, which 15 one of the angles
between the limes O 1 and OB,
. Ay poant equadistant from O and OB a5 on the biseclor of
an angle bitzoeen G.1 and OB,
(n) Groeny P 1s any point on the bisecetor of one of the anales
between 0.1 antl O3,
To [n:ov(' that P 15 cquudistant fiom O.1 and OB
Proof. Let X, Y be the (eet of the perpendiculats from I on
to O 1, OB 1esp
Then i As OPX, OPY,
or - or.
XOP — YOP, (a1ven)
OXP — OYP, (t. /v).
As OPX, OPY aic congruent,  (one side, two angles).
rY =ry
. Any pownt on the bisector of an wngle between O.1 and OB ¢
(’qmdzstant‘ﬁ om*0.1 and OB
Henee the locus 1s the pair of bisectors of the angles between
04 ahd OB. Q.E.D.

g 199
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Tororem 42

The three busectors of the angles o) a inengle are concurrent.
Gwen. ABC 15 a triangle.,

To prove that the bisectors of 1. angles are A
concurrent
Proof. Biscet the angles at B and C, and
let the bisectors cut mn 1. . 8 C
Then smee 1 15 on the hisector of ABC, Fig 200

o s equidistant from 103 and BC.

Sice I 1s on the biseetor of A?'B,
I 1s cquudistant fiom AC and BC.
. I s equdistant from ADB and AC.

I 15 on the bisector of IL?(’.
. the three biseetors of the angles of the triangle cut in 1.
QED.
ConsTrRUCTION 13,
To draw the cucele touching the thiee sides of a groen triangle
Ghoen tnangle ABC
To construet the encle touching the
sides ADB, BC, (CA. z
Construction. DBiseet the angles at Y
I and (, and let the bisectors cut ~
mn 1.
Let X, Y, Z be the feet of the B X ¢
perpendiculars fiom 7 on to the sides Fig 201
BC, CA, A resp
Then the cirele, centre I, radius IX, 1s the enele requned.

Proof. Since I 15 on the bisector of AI}(‘,
SIX =T7.
Sinee 715 on the bisector of A?‘B,
* IX =1Y.
.~ the arcle, centre I, radius IX, goes through Y and Z.
And smee the ines BC, CA, AI$ are resp. peipendicular to
the radu IX, 1Y, I1Z,
*. the circle touches these Iines at X, 1}, Z resp. Q.E.F.

A
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CONSTRUCTION 1,

Lo araw a curcle touching onc side of a tiangle and two sudes
produced. A

Ghwen triangle ABC.
To draw a circle fouohmg the side BC
and the sides AB and .1C produced 8 /x c
Cc o fruction. Produce .1B beyond B to T, 7
AC beyond C to K, v
Biscet CBIT and BCK and let the bi- H &
seetors cutf in . : K

Let X, Y, Z be the fect of the perpen-
dicutais fom 5 on the hines BC, CUA, B
1esp

Ing 202

Then the encle, centre B, 1adies K.Y, 15 the enele requned.
Proof. Smee E 1s on the biseetor of an angle between BC
and B.1,
. EX = 7.
Sinee I 1s on the biseetor of an angle between BC and (.1,
. L EX - EY.
. the enele, eentre E, vadwus EX, goes thiough Y and Z,
And sinec the lines BC, C.1, .ADB arc 1esp perpendicular to
the 1adu 10X, EY, BZ,
.. thc encele touches these Imes at X, Y, Ztesp. Qe F.

Def. The crrele which touches the sides of a tniangle 15 called
the “incerele,’ ks centie the “encentre,’ 1its 1adius the “onradius’

Def. A crvele which touches a side of a triangle and the other
two sides produced, 15 called an “ecurele,” 1ts centre an “ceentrey’
its 1adis an ‘eradius.” (There are thiee eeneles.)

Note. If a triangle 15 not equilateral, its encumeentre, 1ts ieentre,

1its orthocentie (p 111), and its centroid (p. 58) are all distinet points
A trnangle has no ‘centre.”

T The bisectors cannot be parallel, for, 1t they weie, then would
A A A A
CBE + BCE — 21t /s CBII - BCK = 4 rt /s,
A A
which 1s impossible, since CBII, BCK are exterior angles of a tilangle
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Exercise  Prove that these poiats comncide when the tuangle s
cquilateral, and hence prove that the n radius of such a triangle 1s
onc-half of the cucumriadius

Txaveiw 31 The fisure of the incentre and the ecentres of a Irvandle.

Let I be the incentie, E\, K,, E; the centres of the ecneles touching
105p. the sides BC', CA, AB Produce B beyond A to B3, (FF1g 203.)

A A
Then AT biscets BAC, AR, biseets CAB,
A \ A
But BAC A P AC - 271t /s,
A A
T1C ) Jo 4 - 101 2

Eg A/Bl EQ
C
B
Eq
Mg 2043 Fig 204
Sinilarly, T4 | AL,

E,, A, £, are in one line
Smulatly, the sides of triangle K, I, I, go through A, B3, ¢
We have proved T4 | K, 1, Siularly, IB | Kl 1C | B E,
I 1s the orthocentre of N E| I, 10,

Iivercise  Start with A F, I, I, and construct the 1¢st of the figure

Examenr 82 Given The mcirele of A ABC touches BC, (A, AB
i D, I, I resp The ceirele which touches side BC, touches that side
n Dy, and sides AB, AC produced mn Iy, K 1esp  (INg 2014)

To find the lengths of the itervals an the figure

Let the lengths of BO, CA, AB be a, b, ¢ (Note that the «ide of
length « 15 opposite the angle 4, and so on)

Let s — Y(a+ bt ), (5= senipcimetcr)

Sice the tangents from a pont to a curcle are equal,

Al — AF, BF - BD, CD - CE

and AE + AF - BF + BD 4 CD + CIi — penimetel
¢ =+ BD -+ CD
~ AF | «a
Al - s — a (1)
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Suilatly, BF - BD =s—t, CE=CD =5 —c. (n)
Next AF, = AL, B*, - BD,, CE, - CD,,

2AK, - AR AL
—AB | BFy  AC  Cly
= A + BD, t AC+ (D,

~a+b+e
AR, = AL = s, (m)
Lastly BD, - BF, AF, - AB <« - ¢.
BD, -s—c¢ D (n)
Simularly D, -s -b  BD (v)

Frerase  Caleulate all these lengths for the triangle whose sides
are 37, 17, 5”7 long,

EXERCISE 44 (conlinued)

18 'T'wo encles touch externally at A, a common tangent touches
them in B, " resp Prove that the tangent at .1 biseets the interval

B(', and bencee that BAC 1 a right angle

Note When you arc merely told that two cireles touch, you must
consider the case of internal and the case of external touching

19  (a) Two encles, centres O, P, touch at A, a line through .1 cuts
them agan mm B, (' Prove that 1adn
on, P("are parallel (12 205),

() and tha* A, AC subtend
cqual angles at the 1espeetive eentres

(¢) Two cneles touch at A4, a
tangent to onc of them touches 1t at
P, a parallel tangent to the other
touches 1t at € Prove that either P,
A, Q are collinear, or I’.1 15 perpen-
dicular to Q.1

20 Two cneles, centres A, B, touch externally at 7', a cncle
touching AR at T cuts the cueles m I”, Q icsp  Prove that (AP, BQ
are Ltangents to the last cirele

21 Two encles, centies O, P, touch at A, OX, PY are parallel
radi, Prove that either XA | YA, o1 X, A, Y are collincar

Ihg 205

22 («) Two equal cireles touch externally  Prove that all cireles
touching both have therr centies on a straight ine
(0) ""wo cireles, centres A, B, touch externally, a circle,
centre C, touches both externally  Prove that AC ~ B(' equals the
difference between the radn of the circles
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23 A circle, centre E, touches tae side AB and the <ides CA, CB
produced of A ABC. IMtove AEB -0 — %A(A'B

24. O 15 the circumeentre, I the mceentic of A ABC  1.ove
A A
0AC — 90° ~ B and hence O.1I — (A,2 + B) ~90° = } (B ~ ()

25 I 15 the meentre of A ABC. Prove that a circle, centre 1,
which cuts the sides of A ABC, cuts olt equal mtervals from them

26 (a) ABCD s a quadriateral whose sides touch a cwrdde  Prooe
AB - CD  BC | AD
(b) Tf the sides (1B, CD touch the enele m E, I resp prove
AE + DF - s — B(C, where s 1s the semiperimeter of the quadr-
Iateral,

27 ABCD™'F 15 a hevagon whose sides touch a cirele  Prove
AB +CD | EF  BC + DE - FA

28 AR 15 a diameter of a errele, a tangent cuts the tingents at
A, B P, Qresp Prove that meca ABQP  1AB PQ

29 P s a point on the out r of two concentiie cireles, tangents
PX, PY to the inner enele touch 1t at points .Y, Y, and cut the outer
cirele agam at A, B Piove AB 2XY

30 (a) Themenele of A ABC touches the sides in D, I, F Prove
that three encles ean be drawn, with centies A, B, € 1csp , to touch
m pairs at D, I, I#

(b) Given thiee points, show how to drayv  cireles with these
centres to touch cach other in pairs

(¢) Three errdles with radu 1, 2, 3 inches touch each othet
externally  Prove that thar centies are al the vedt ces ot a night-
angled triangle.

31 A circle 1s mseuibed m A ABC, show how to draw a crrele to
touch this enele and two sides of the tnangle

32 AB, AC arc radn of a circle, show how to « aw a encele to
touch this curele and (1B, AC

33 ABCD 1s a quadnlateral erreumseribed to a encle, centre O
A A
Prove AOB 4 COD  180°

34 A vanable tangent to a cirele, eentre O, cuts two fixed tangents
m A and B Ts the angle A0B constant?

35 PQ 1s a diameter of a circle, centre O, a tangent cuts the
tangcnts at P, Q in .1, B Preve PO? P QB

36 r 1s the inradius of a right-angled tuangle whose sides are
a, b, ¢, ¢ being the hypotenuse Prove that 2r - a + b — ¢
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37 Two comns of radius 1”7 touch each other and touch the same
Iine  Find the radius of the cirele touching the line and the two coimns
Use the Theorem of Pythagoras  (Iig 206 )

38. (a) Three equal ~oins of radius r touch cach other Find, in

terms of 7, the radius of the smallest dise which will just cover them

(b) Find also, mn terms of 7, the radius of the largest dise
which can be placed 1n the space between them

g 206 g 207

39 Kour equal coins of radius r, with their ecentres at the vertices
of a square, touch cach other (Iig 207) Find the radis of the
smallest dise which will just eover them

40 A semucirele, centre O, radius 7, 1s on diameter A3, other
semicireles are deseribed on diameters OA, OB Find the radius of
the small eirele touching these semuerreles  (Fig 208)

*41  T'wo given cireles touch mternally at A4, a vaniable ine through
A cuts them m P @ Prove that the locus of the nud-pomt of the
interval ’Q 1s an are of a cirele

Fig 208 g 200

*42 Two (uncqual) discs arc placed i contact one above the
other, the top one leaming against a wall  If the bottom one shps,
find the locus of the mid-pomnt of the interval between their centres
(Fig 200)

*43 (a) Three cireles touch externally in pairs at 4, B, C, the
lines AB, AC cut the circle through B, C1in D, k£ Prove that DE 15
a diametc * of the latter cirele

(b) If A, Y, Z are the centres of the circles, then the mencle
of XYZ 1s the eircumeircle of ABC
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*44  ABC'1s a triangle mscenbed m a cirele, centie O, OX, OY are
parallels to AB, A resp cutting the tar gents at B, ('in X, Y 1esp
Prove that XY touches the arele

*¥45 ) 15 thc pomt of contact on the base B(' i the mencele of
A ABC Prove that the merreles of tiangles ABD and .1('D touch
cach other

*46 A regular tetrahedron has an edge of length «, find 1ts height
Thice equal spheres ot raudius 17 hie on a table touching cach othra,
an cqual sphere 1s resting on them Find the haght of ats centrc
above the table

#47  Four equal spheres of radius 17 hie on a table touchmg each
othcr i paurs, thar eentres bang at the vertices of a square, an equal
sphere 1ests on them  Find the height of its eentre above the tal le

*#48 Six eylinders of radius 1 {1t and height 1 [t are tightly
packed in the smallest box whiaeh will hold them - Hew much of the
box 15 unfilled ?

*449 Lqual spheres are packed together as tightly as possible
ITow many sphetes does a sphe ¢ in the mternor touch?

*#*50 ITow many spheres can be diawn to touch the fowmr faces,
produccd 1f necessary, of a tetrahcdron? (Tt s sud that the fust
Archbishop Temple, when at s¢hool, answered this question at oncee )

§ 27 Equal arcs and equal chords

Turorrs 13.

Equal chords of equal cneles (or of the same curcle) sublend equal
angles at the centre, conversely, in cqual cureles (or the same uele),
equal angles at the centie are subtended by equal chords

(1) Gwen. A and .1'B" are equal chords of the citeles with
centres 0, 0/, and equal radn.

To prove that AOB = A0'B.

A8

g 210
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Proof In As OB, .IO'B,
0d —= 0.1, (cqual radu)
onB =01, (equal radn)
AR ', (given)
As OB, 1'O'B are congruent,  (thiee sides)
0B - 1oL
() Gwen. AB and 1" are chords of tae enele with centies
0, 0 nd equal r1adn, .I(A)l{ I’(A)'lf’
I'o prove that A — '
Proof. Tn As 1OB, 101,
o.1 = 0.1, (equal radn)
on-- o', (cqual radmn)
Al(/jlf Al’(/)’]}’, (g1ven).
As OB, . 1'O'B are congrunt,  (lwo sides, mel /)
AU, QLD

Cor 1. Equal chords of equal cucles (o0 of the same cude),
subtend equal angles at the cocumforence, convarscy, o cqual
cueles (o1 the same cuele), equal angles ab the cucumference are
sublende ({ by equal chords

IFor the angle ot the centie 1s double the angle at the creum-
ference subtended by the same chord

Cor. 2 In equal cades (0 the sane cucle), supplementary
angles at the circumference ave sublended by equal chords

At present we shall assume the following theorem as obvious.
A “proot” will be given in Part nr

Turorem 44,

Liqual arcs of equal cuceles (or of the same codde), sublcnd equal
angles al the centre, conversely, wn equal cueles (or the same cirele),
equal angles at the centre wre sublended by equal arcs.

Cor. 1 Equal arcs of equal corcles (or of the same curcle), subtend
equal angles at the curcumference, and conversely.

Cor. 2 In equal cucles (or the same cucle), equal chords cut off
equal ares, and conversely.
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Proof of Cor. 2 (sce Fig. 210). If (1B, .'1Y be cqual chords
i equal cicles with centies O, 07 1esp., then

A A
AOoB - 1o,

are . lli are B (Th 44).

Warneng AB, B b( cqual e of the o
cinele, centie 0O, then l()(‘ -2 I()l)’ but the \/
length of the chord AC s not towe that of the g 211
chord B (Ig 211)

EXERCISE 45
1 .1B, BC, (D arc equal chords of a arcle, A(}_\'B - 20° Iind

the size ol ADC

2 A4y, A,, ,A4, are cight pomts equally spaced round a cuele
I'ind the sizes of the angles A, A, A5, A, Ay A, A Az A,

3. A and CD are papendicular chords of a cirele, the mimor are

BD 2 are AC. ¥ind the size of ADC
4 B and CD are chords of a cnrele mcelinad at an angle of 60°,

the mumor are BD 3 are .1C  ind the size of AIA)('

A
5 P.A, PB arc tangcnts to a cucle at A, B, APB - 70°, C 1s a
pomt on the mmor are 4B such that are .1 —- 2 are BC' Find the
size of angle . 1BC
Iixamrerr 33 Groen Two cudes cut an A, B, P moves on one <urdle,
the lines PeA, PI cut the other cuidde agan ain X, Y resp
To prove that N'Y has a fieed length.
Proof. As P moves on the cucle,
A
APDB 1s constant,  (angles m same segiment Hn AB),
A
and AYDB s constant,  (angles i same segment on (A1)
A A A
But X.1Y -.APB  AYDB, (ext Lot A APY —sum it opp /s)

A
XAY 1s constant.
XY 15 o fined length Q.L D,

P/_\A/\X

B

~——

g 212
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Exeraise  With the hypotheses of the example, prove that XY
Givelopes a cude concentite with ende ABX
What happens when XY, 11 one position, 15 a A
diamcter of errcle LIBX?
Lixavreire 3% Groen I s the imcentic of langle
ABC, AL cuts the crele ABC agawn i P
To piove that PB PC Pl
Proof Smee Iis the meantre of tnangle (18¢,
A
it car
P _ U, (cqual chords subtend equal /' s)
Smee Ias the ineentre of tnangle (1B,
A A A A
IBA - IBC, LB Pr.AC
RIP - IB.1 i LIAB, (ext Z of A LIB  sum ol mt opp £s)
—IB.A + PAC
~ IRC 4 PBC, ( ric PBC, angles m same scgment)
- 18P
rp - ri1, (sos A) QLD

EXERCISE 45 (conlinued)

6 .1,8B,0,D E I' ac on a cudle, .11;(’ I)I:'lf', prove that
are A" - are DIY

7 (@) .115 a fixed pomt on a enele, X, Y move round the enele,

X1V tem uns constant, prove that interval A Y mamtains a constant
Ieneth

(b) and XY touches a fixcd conecntne encle

(¢) <1, B arc fixed pomnts on o ande, ALY, BY arc patallcd
chords  Prove that XY touchcs a fined concentine cncle

8 () ABC.) s a cyclic quadilateral with (1B ('D, prove that
AD, BC are patallel

(b) Statc and prove the convarse of (a)

(¢) ABCw s a trapezium mscribed ma enele, (ID and BC are
parallel  Prove that AB and CD subtend equal ot supplcmentary
angles at a point P on the cuele

(d) With the hypothests of (¢), prove that the triangles ABC
and DBC are congruent

(e) IfAB, C'D are cqual ares of a cirele, prove that the triangles
ABC and DBY are congruent

(f) AB, CD aic¢ cqual chords of a encle which mtaseet mside
the cirele, prove that A, B, C, D are the vertices of a trapezium

(8) ABCD 15 a quadn’ateral msernbed m a crcle, AB - CD,
prove AC' = BD
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9 (a) It ABC be a tuangle mseribcd m a crele, the biscetor ot
the angle ABC goes through the nud-point of the are A opposite to b

() A, B are pomts on and C a pomt irside a enele, ind a point
A A
P on the cncle such that AP BPC

10 («) The night biseetor of a chord of a enele gocs through the
mid-pornts of the ares eut ofl by the chord
(b) The night bescetor of the base of «a nangle B
and the biseclor of the vertical angle meet an a point
on the crcumcude of the inangle (g 21 1)

11 (@) A, B, C, D, E, F aic on thc samc
A A
cucle, ABC DEF Prove that A, C, D, ' aie
the vertices of  brapczium
(b) ABIDEER s a heeagon insaibed inoa Fio 214
aide, ABas parallel 1o DE, and BC s parallel to °
EF  Prove that C.1 s parallel to D
(¢) B, BC, ('D, DI are cqual chords of a enele Prove that
AC  BD - (L
12 A tuangle 1B cut oul m cardboard 15 moved about m a
plane, so that 1ts sides B, 1" always g¢o cach through a fixad pomnt

Prove that any line through .1, traced on the cardboard, also goes
through a fixed pomt of the plance

13 (a) ABCDI s a regular pentagon msertbed ma ende Prove
A A
EBC - 21BE and AB || EC .
(b) ABC" 15 a tnangle inscritbed m a errele,
A A A
ABC - 0B - 210,

the angles at I3, C are biseeted, and the biscetors are produeed to cut
the cirele Prove that the eircumlerence 15 thus divided mto five
equal parts

14 (a) The bisector of an exterior angle of a quadn’ *tcral inscribed
1 a circle, and the bisector of the mtetior opposite angle cut on the
crrele

(b) The bisectors of the opposite angles ot a quadnlateral
mscribed 1 a cirele cut the eircle at the ends of a diameter
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LixAMPLE 35 Gwen L, M arc the mid-pownts of ares AB, AC of a
cirele, these arcs do not (w('rlup LIlI cuts the lines A
AB, A(, m l, K L
T'» prove tlml Al —= AF M
I’roof Smee éxt. £ of A EBM = sum of int B
opp. .8,
A A A
, AEM — EBM |\ EMB, ,
-~ £ subtended at eireumf by are A0 C
+ £ subtended at circumf by are, ‘LB
v/ subtended at arcumf by are’ M 2
I/ subtended at cireumf by arg LA,
(cqual /s subtended by equal ares)

- MLC | ACL
= AIA"L, (cxt Z ot AFCL - sumofint opp /<)
AEF - APE AL AR, (1508 A) Q¥ D

.
i
Note Thys illustiates the method of dealing with angles not at the
centre or circumference  we relate tlzncm to angles at the centre or
‘
circumference

15. (a) AB, LM arc chords of a crirele, cuttmg in I Prove

ARM - 1 sum ot Zs subtended at eentire by certan ares 1M and LB

(b) It AB, LM arc choids ol o enele, perpendiculu to each
othcr, lh(-n ae AM | wmie LB hall concumference Whieh ares must
be taken

(¢) Let N l)(. the mud-pomnt of ate BC'in Fig 215 Prove that
AN, BM, CL arc biseetors of the angles of A AABC and are perpen-
dicular to tie sules of A LMN

‘d) The mnecentre ot A ABC 15 the ovthocentre of A LMN
*(e) Ita.c ALY ae MC  are BL t are AM, prove ALK - AF

A
16 ABC s a nght angle  Show that the line fiom B to the centre
of the squarc. Heserithed on A, outside the tiangle, biscets the
angle .13

17 Two cqual cireles cut A, B, through B 1s diawn a line

cutting them agamn in P, X resp. Prove AP - LY

18. The altitudes of A ABC' friom the vertices (1, B cut the
crircumarele m X, Yiesp Prove that ('1s the mid-pomt ottheare A Y

19 ABCD 15 a trapeszium mscithed in a arcle, AD || BC', the
tanounts a. B, (‘ cut in 7, the diagonals cut in X' Prove 77X | AD
and BI'A C’l‘ X.

nG 10
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20 (a) P 15 on the ecircumerrele f A ABC, lmes from P perpen-
dicular to AB, AC cut the encle agun m Z, Y P
Prove ZY - BC (g 216)

*(h) Henee show that, if the perpendicular
fiom P to BC cuts the crcle agamm 'n X, chen
triangles ABC, NXYZ are congruent, and AX,
BY, ('Z arc parallel

B

A (0]
21 P moves on a cicele, ines are drawn from
P perpendicular to two fined diameters of the v;
ciele, they cut the encle agan m @, B Prove i 210

that QR touches a fixed enele  State an exeep-
tional case

22 P moves on a cirele, centie O, P.11s a line perpendicular to

A
a hixed diameter  Prove that the hiscetor of OP 1 goes through one
of two fixed poimnts

Examrrne 36 Groen The isector of angle BAC of tiangle ABC cuts
the eircle ABC again in XN, E F e the feet of A
perpendiculars from X on to A3, AC

To prove that Bl - C'I?

Proof Simce BAX '//iX, (gnven)

BN - X\, (cqual Zs subtended by cequal
chords)

Smee X 15 on the biseetor of B.AC,

LN - FX
In As BXE, CXF, e 217
BY (X, (povad)
EX - X, (proved)
1131:“\' and CP\ are 1t /s, (civen)
As BXE, CX1EF are congruent,  (two sides and 1t /)
Bl CF

Cor ALl + AF —~ AB  AC

Proof I I falls bctween .1 and B, then F does not fall between
A and Ct  For suppose E fell bctween (1 and B, and also I hetween
Aand C

Then AEX - AIAL\’, (ext /Z of A KBN 1t opp 2)
APX ACX, (ext / of A FCX ant opp /)
A A
AEX 4 APN  ABX | ACX
2rt. /s, (onp s of eyehie quad)

T This vital step should be earcfully noted
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But as ARX and APX are nght angles, this 1s impossible
It £ 15 between 4 and P, F cannot be between 4 and ¢, and
F must fall on 4C produced beyond (', tor we shall assume as
ob* wus that F cannot fall on AC produced beyond A.
Then AE - AB — BE, AF - AC { CF But BE - CI.
Ald 4+ AF — AB — BE - AC { CF — AB + AF.

Sunilarly, 1f £ 15 on AB produced beyond 22, then I ecannot be on
A7 produced beyond €, but must tall between A and (' Then the
same resul follows

¥xamernr 37 Consider the following Jallacious proof that all
tniangles are asosceles

Proof Let ABC be any tuangle, let the bisector of BAC and the
right biseetor of BC'cut in X' Let Y, Z be the fect of the perpen-
diculars from X to AB, AC 1¢5p

(1) Suppose, if possible, that X lies 1nside the triangle  Prove
DBX - (X, thenthat As AXY, AXZ aiecongrucnt Henee AY 7,
and XY - X7 Now prove As BY“{ and ('ZX are congrucent, and
henee BY ~ (7 Then sinee AY = AZ and BY = CZ wce have
AB - AC

Z Y

B 5] C X

Iae 218 g 219

(1) Suppose X hes outside the tnangle  With the figure shown
(Iig 219), prove as in part (1) that AB - AC

Discover the fallacy 1in part (1) and i part (1) ol this proot

(1) Prove that, if the bisector of angle BAC and the right bisector
of BC are assumed to have the nud-poimnt of BC' common, ot 1o be
parallel, then these hines comceide, and the triangle 15 1s0sceles This
part of the proof should not be fallacious

(1v) Are any other cases thinkable?

(v) Where must the right bisector of the base and the biseetor of
the vertieal angle cut cach other?

Exercise  AX biseets the angle BAC, eireles are drawn through
A, X, they cut ABmm Eand AC 1in F' Prove AE + AF 15 constant

10-2
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*23 P, @ arc on a cirele, centre ), through A4, B, BP and AQ cu
on the circle AOB  Prove
BP == AQ, AB PQ (Ihg 220) P A
*¥24  AB(C 15 a triangle mscribed m a

cirele, AX, BY are chords biseceting Jhe
angles at 4, B, if AX = BY, prove

cither CA =~ CB or ACB = 60°.
*25. ABCD 1s a cyche quadulateral  Q
Prove that the iscctors of 1ts ang'es cut

the circumarrele i the vertices of a reet-
angle

B
Fig 220

*26 ADBC 15 a triangle insceribed 1n a eircle, centre 0, D 1s the
A
mid-pomt of nunor arc BC Prove ADO - } (B ~ ().

*¥27. Two cqual cireles cut in A, BB, a cirele, ecentre A, cuts then
m P, @ resp on the sam. side of AB Prove that B, P, Q arc collinear

*28 (s a point on crele ADIE, the eirele, centie C, thiough 1
cuts the errele ADI agan n I, DA cuts the errcle, centie C, 1n B
Prove Bl | CA4

*29 A wheel rolls within anofher twice s size  Prove that eacl
point of the small wheel describes a drvameter of the large wheel

*30 (a) If a quadrlateral be anscribed i a cirele, and three of b

sades be parallel to three groen Iines, the fourth s pa-allel to a siven Line

(b) State and prove the corresponding theorem for a hexagon
octagon, cte

*31. If a pentagon be inscribed an a cirele, and four sides be paralle,
to grven Lines, the fifth sude has a fived length.

Examrir 38 Gioen  ABCD s a convex quadrilaleral To draw «
square cach of whose sides goes through one of
the points A, B, ', DD A

Consider the two sides of the square, one D
of which has to go through 4 and the other
through B If X 15 the common end-pont

of these sides, it hes on a semicirele on AB X PQ v
as diameter (for the £ m a semieirele 1s B C
aiwt £).

The hisector of angle AXB goes through
the mid-pomnt P of the oth r half of the g 221

arrcle AXB. Iencee a diagonal of the square
must go through P
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Sumlarly, if Y 1s the common end-pomt of the sides of the square
which pass through C, D 1.sp , then the biscetor of the angle CYD
must go through the nud-point Q of the scmucircle on CD opposite
to Y

Bu* the biscctors of opposite angles of a square lie along the same
diagonal

Ilence, 1if P, Q are distinct points, then PPQ gives a diagonal of the
square required, and the other nomts where the ine @ cuts the
cneles are opposite vertices of the square required.

W'.en w. have two opposite vertices of o square, 1t 15 a simple
ma‘ter to complete the construction of the square QI

Note If P and Q comcide, ot the frienre diffar much from Iig 221,
1t may not be possible to draw any square to satisfy the conditions,
or 1t may even be possible to diaw an mfinite numbc

§ 28. The al.ernate segment.

Eeplanation. 1f ABC be a segment of a 8 A
cnele on the choid L€, and ACD be an angle,
such that B, D arc on opposite sides of L I(,
then the segment A BC 15 said (o be “altanate’ c )

to the angle .1CD. Fig 222
Turorrm 15

If the angle between a chord of a cucle and a ray through an
end-pownt o) the ehord equals an angle i the alter nate segment, then
the ray s along a tangent to the cucle at the end of the chord

A A

Fig 223

Gwen. AC 1s a chord of a circle, ACD an angle cqual to an
angle ABC 1n the alternat: segment of the enele.
To prove that the lime CD touches the encle.
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Proof If CD be not a tangent, 1t will cut the cenele agair,
cuwher 1 a pomt I5 on the same side of L LC as I3, or 1 a pomnt I
on the opposite side of L1C from BB

In the nst case,

-11}(' JI:‘(', (/s n same segment)
But J’IA}(' = {6‘[?, (g;g'lvvu)
*LEC = 0D,
whuch 1s impossible,  (ext. £ of A AEC - mt. opp. Z).
In the second case,

AFD - .II/;’(', (ext Z of eyclie quad — 1t opp /)
But ABC - J1CD,  (given)

A A
AI'D = ACD,
which 1s 1impossible,  (ext. Z of A LICF = mt opp /)
Henee CD cannot meet th enele agan
C'D1s a tangent QED

ThnrorLm 6

dnangle between « chord and a tangent to a cude al an end of

the chord equals the angles wn the allernate o !
seginent,

Gwen .13 15 a choid of a cnele, BC a
tangent at B,

To prove that (1B cquals the angles m the
alternate scgment on LIB

Pr00f Let D be a point on the enele on
the side of the Iine (43 opposite to

We have to prove that AIAI(' = AIA)I)’
If ABC 15 not equal to .IDB, draw a1ay Bl so that Is, D aie

on opposite sides of A1, and ABE - ADB
Then BI touches the civele ABD at B,  (previous theorem)
But the Iine BC, which 1s distinet from BE, also touches the
cuiucle ABD at B3, (given),
which 15 1mpossible, (only one tan at a given pt ). Q.L.D.

B

g 224

We sive an alternative nroof which does not assuine Theorein 45
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Tirorem 16 (Sccond proof)

Artven. 1B 15 a chord of a cnele, BC a tangent at BB

‘ a o
To prove that ABC equals the angles m the D
altanate segment on L IDB A

A
o Iurst, suppose LABC 15 acuté,
M w the diameter BD

A
I'hen (IDB 15 an angle m the segmant alter-

nate to Jii’C.
Now

D.AB 11t Z, (/ mseniencelc)

B C

g 225

.l;f(l’ + DB 11t Z, (sumof Zsol AIBD =21t /).
Bult lllil) I ABC 1at . , (tan 1 radius)
ABD DB UBD | ABC
ADB 1B
,ll?(' the angles mosegment LD,

Neat, suppose ABC 15 obtuse, and let ('3 be any angle m

the alternate segment b
Draw tue diameter BD A
Take £ on Iine CB so that 3 15 between K

and (. !

Then BD 1F s a cyclie quad F
LoD b B =21t s,
N()WA . & B E
ABE 4 IBC = 21t. /s, (ad) Zs). kg 22

s ABE 4 ABC = BD.L | AFB.
Bt siee .II}E 15 acute,
ABE - BI/)\‘I, (alieady proved)
©ABC = AFB.

A
Lastly, 1f .1BC 15 a11ght angle, the alternate segment 15 a semi-
cucle, and the angles m a semicirele are right angles.
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Examrnr 39 Two cirdes cut in ﬁ, B. Through P, a pownt on one

are drawn lines PA, PB cuting the other | X
wm X, Y resp  Prove that XY s parallel + A

to the tangent at P.

Proof Let PT be the tangant at 7,
whete 7' 15 on the opposite side of the e P
AP from B.

Then

~ ~ nt )
TPA — PB.A, (alt. scgment) Iy 227
But PBA - AXY, (ext £ ('pf(-ychc quad -t opp £).
A A
TPA = AXY.
TP||'XY, (alt /s)

B Y

EXERCISE 46.
1 The menele of A 1B touches ats sides m X, Y, Z The angles
at X, Y of A XYZ arc 307, 80° What arc the angles of A L1BC?

2 TIfin question 1, the angles t.1and Bof A ABC were 307, 140°,
what are thosc of A XYZ?

3 .1BCD s a quadnlateral crrcumsertbed to a eirele  Its sides
touch the enele n X, Y, Z, W The angles at .1, B, (' are 107, 90°, 60°.
I'ind those of the quadilataal X YZIIW

4 Fid the angles at which the diagonals of the quaglulateral

XYZI cut in question 3 '
5 (a) AB, AC we chords ot a enele, AT 15 a tangent, .15 biscets
the angle 721" Prove AB - B ) '
(b) In tuangle ABC, ADB —- BC', B biscets angle (L11)  Prove
that /1D touches erele AABC .

6 (a) If the chord AB of a crrcle 15 patallel to the tangent at C,
then A0 BC
) AB, AC are cqual chords of a crcle, a parallel to the
tangent at .1 cuts them i D, If Prove AD — AL

7 (a) Tangents at 4, B to a cucle cut in 7' Prove that the
bisectors of angle BAT cut the arcs AB 1 their nid-points.
(b) Prove that the mcentre of A ABT 1s on the minor arc AB

8 ABC 15 a trniangle mscribed m a cirele, the biscctor of ‘angle
ABC cuts the circle again m I) the tangent at ) cuts the linés BA,
BCm E, F. Prove EDA — FDe

9 AT touches the circle ABC at A, through B 1s diawn a parallel
1o 1T cutting AC' i D Prove that .1B touches the cirele BDC at B
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10 («) Two encles touch at A4 Through (1 ate drawn two lines
cutting one cirele in P, @, tle othet n X, Y Prove PQ | XY

(b) PMrove that triangles APQ, AXY are simila

17 AB, CD ac patallel chords of a encle, AD, BC cut 1n O
Prove .hat crceles 0.18, OCD touch at O

12 'T'wo cucles touch at P, thiough P 1s drawn a hine cutting them
m B, (' resp Prove that the tangents at B, € are paralldd

13 APB and AQB arc scements of two ciieles on the same side

A

of thc houd B, B, PP, Q ate in one hne  Prove P.1Q cquals an angle
between the tangents at .1

14 0.1, OB arc perpendicular 1adn of a enele, C 15 on the radius
0.4, BC cuts the cnele agatn m D Prove that cencle .1CD touches
B at A

15 .1B 15 a diameter of a cirele, centre O, the choids BC, AD
cut i 14 Prove that OC touches the cirele CDIs

16 The twngent at P to o cnele, ecntie O, cuts the radius OA
produced beyona .1 at B, ("1s the foot of the papendicular from P
to O.1 Prove that P.1 biseets angle BP(!

17 AT 15 a tangent to a cucle at .1, AB 15 a chord, o paralld
through T' to AB cuts the cnele m ¢ D
Prove that triangles ACT and ABD aic A
similar - Take (" bctween T and D

18 T'we cncles <at m A, I3, the tangants
at A cut them agamm i C, 1) Prove that .18

biseets the angle CBD (Ihg 228 ) Q B™"D
19 'T'wo circle 1B, (1GB cut m A, B, .
the tancent at B to encle AGB cuts encle Fig 228

AlIB m C, G, A, II are m one hne Prove that BG and CII aie
patallel

20 The tangent at (' to a encle cuts the chord AB, produced, in D,
the cucle, centre D, thiough ' cuts chord (4B in E Prove KCA - ECB
21 ABC 15 a right angle, the bisector of angle .1C'B cuts .1 1 14,

D 15 the foot of the perpendicular from A on to CE  Prove that AD
touches cirele AEC

22 (a) 'l‘am(rcnts to a circle at B C cut in T', 4 15 on the major
arc BC YFind Bl‘(, 1 terms of BAC

(b) The mcairele of A ABC touches 1ts sides in D, E, F. Find
the angles of A DISF n terms of those of A ABC.

23. The tangeat at A to a cnrele cuts the chord B, produced, 1n
T Prove that triangles T.1C, T'B.1 are similar



158 SCHOOL GEOMETRY [P 1t

24 (a) Two crreles cut m A, B, the tangents at .1 to cach enele
A
cut the other m X, Y 1esp , X, B, V dre collincar  Prove XAY 15
a right angle
(b) Prove that A ABX and A ABY are smmlar, ¢ en b
X, B, Y aic not collincar [
25 (a) Two cireles touch mternally at 7', a hine cuts one in A, D,
the other in B, ¢ Pyove ATB - CTD
b) It a line tou(ucs the inner at P and cuts the outer m @ 12,
prove that QTP - RTP ‘
26 'T'wo arcles, ecnties L1, B, cut in P Prove that anglc (W PD,
cquals one of the angles between the tangents at P to the cireles
27 ADBC 15 a tiangle  Show how to diaw a encle with its centre
on .18 to tou *h AC and go through B

Examrerne 40 ABCD s « quadrilateral whose sides touch « urtlc
m XN, Y, Z, W, 4\1 WY cut in P Prove ~ )

A AL X B
Xrw 1} (Jl)(' | AB(')
Proof XPW - PWZ riw
Tyt a1 w Y
YZ(C | AXW, (1) P
A A A A
(sinee PWZ  YZC,PZW  AXNW, alt scg)
But ('7Z - (Y, (tans lrmn point equal) ) y;
YZC  ZYC y ©
A A o 229
And YZC | ZYC | ZOY 2t /s tals
YZC Y (21t /s ZCY)
A A
Siilatly, AXW o V(20 Js — NAAW)

YZC 1 AXW Lkt /s - ZCY < X
A A
V(ADC | ABC),  (sum of /s of quad
trt /)
A A A
by (1), X’ Y(ADC - ABC):

28 .IBC'D s a quadnlateral mseribed moa encele, its sides toych
another enele n X, Y, Z, W resp Prove that XZ, YIV are at night
angles

*¥29 P, P’ are the points of contact of tangents from a pomnt 7' to
a crrele, @, Q" are the pomts of contact of tangents from, T' to a
concentric cnele  Prove that PQ, PQ’ make cqual anglesiwith the
tangent at P (Prove that P, Q, P’, @ and thc common centic he
on a cirele )

*30 'Tangents at (', D to a encle AC DB on diameter AB, cutn T,
the chords BC', AD cutin £ Prove that T'1s the centic of enele £KC'D
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*31 Two cqual circles touch at 1T, TA, TB arc perpendicular
chords, one ol cach cirele  Prove that mterval 1B 15 cqual and
parallel to the interval botween the centies

*3,  The hine PAQ touches a encle at A, AB 1s a diameter, the
liwes PB, QB cut the circle again i ¢, 1) Prove
that BCD and BQP are simular trangles, (g 230 ) B

*33 T'wo cncles cut in A, the tangents at 4
to the eneles cut them agamn i B and ¢, the hine
BC cuts the cneles agam m X and 'Y Prove

AX - AY D
*s4 L, M, N aic the nud-pomts of tie sides

BC, CA, AB of A ABC Prove that the tangent  p A Q

at I' to the encle LAMN s paralld to the tangent Fie 230

at A to thc cnele L 1BC

*35 ‘I'wo cireles cut in L1, B, through .1 are diawn two lines
cutting onr enele in P, @, the other in X, Y Prove that the angles
between the Iimes PQ and A 'Y ¢qual the angles between the tangonts
to the cneles at .1

+36 A cnele thiough B, (' cuts the sides B, AC of o IBC 1 D
and £, O s the cncameentrc of A 1BC Prove O.1 | DE

*37  ABCD s a eychie quadnlateral whose diagonals cut i 15, O 1
the encumeentre of A CED Prove OF | B

*38 ADBCDIS 15 o pantagon mscitbad e a cndde, A 1s parallcd
to DI, BC 1s patrallel to (117 Prove CD s parallcd to the tangent at .1

*39 (15 the contre, (A a radius of a encele, B 1s a point on a
perpendiculor radius, the hine 1B cuts the crele agam i D, the
tangent at D evts OB Is Prove Bl - DE - (Fig 231)

*40 1B, (1) are perpendicular diameters of a crrele, ecntie 0,
the tangent at P to the cirele cuts the ine ¢'D m E, while AP and
BP cut this hine m X, Yiesp Prove EX — LY (Fig 232)

Y

o)

D P

o

C
Ing 232
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*41 The diamceter AB of a cuele 15 produced beyond B to C .o
that BC = radius, D 1s the point ol conta _t of a tangent from €' to the
cirele, the tangent at B cuts CD i K and 4D in I'. Prove DEF 18
an equtlateral triangle

*#42 Tangents at B3, C to the circle ABC cut n T' Prove th..t the
parallel through 7" to (AC cuts .1B on the diameter perpendicular
to (1

§ 29. Tests for concyclic points.
Tivonrrm 7.

If an wnterval jorneng two pownts sublends equal angles at two
pownts on the same sude of i, then the four pownts are cyche.

Casc (1) Casc (1) Casc (1)
Ing 233

Gcen. AIC/'\I)’, ADB are equal angles, €, D lymg on the same
side of AB.

To prove that .1, B, ', D are cyclic.

Proof. Draw the cucle (ABC, 1t possible, suppose the arcle
does not go through D. Then either 1t cuts the ine D on the
mterval L1D, o1 on that mterval produced beyond D, or on that
mterval produced beyond A, or the encle ABC touches the Iine
AD at A. .

Case (1). If the circle ABC cuts the Ime AD at a point I on
the interval /D, or on that mterval produced beyond D, then

AEA‘B = A(,A'B, (Zs m same scgment).
But AéB = AﬁB, (g1ven).
. AEB = ADB,
which 1s impossible,  (ext. Z of A gicater than mt. opp. £).

-
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,Case (n). If the circle ABC3cuts the interval AD produced
beyond A in I, then ACRE s a eyche quadrilateral.

Vo A(A'B and AFB are supplementary, (opp. £s).
Bus ATB = DB, (gven).
S ADB and AFB arc supplementary,

which 15 impossible,  (two Zs of A cannot be supp ).

Case (m1). If the crele ARC touches 'AD at A, and D.1 1
produted Beyond A to X, then'

XAB = ACB, (alt.’scg.).
Rt ACB = ADB, (given)
XADB = ADD,

which s impossible, (et £ of A greater than mt. opp. £)

ITence the encle ABC goes thiough D.’ QI D,

THrRORTM 48

If the opposite angles of a quadiilateral are supplementary, the
quadnilateral vs cyclie.

Goen. :AB(,'D 15 a quadulateral, the angles at B, D are
supplegmentary, @

To prove that ABCD 1s cyche

Proof. Diaw,the encle ABC, and suppose, 1f possible, that 1
doces npt go through D. Then either 1t euts the mteival AD, o
that mterval *produced beyond D, o that mteival produced
beyond .1, or the eivele ABC touches the Iine (1D m 4.

B ——,B X B
N, W \
C C
/
/ D
Ay, o
D
' Case (1) Case (n)' Casc (i)

Fig 234
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’

Case (1). If the encle ABC Vuts the mteirval AD, o thet
mterval produced beyond D, in 4, then ABCK 1s cyche

.. ABC and LLEC are supplementary, (opp £s)
But ABC and .1DC arc supplemédntary, (given)
S AEC = ADC,
which 1s impossible,  (ext. £ of, A greater than int. opp. 2).

Case (n). If the enele (IBC cuts the interval 1D, pmdu("cd
beyond .1, m I, then I, B are on the same side of L 1C

A ’ A
LARC - 1BC,  (same segment)
But .1DC and . IBC are supplementary,  (aiven),

ADC and L1FC are supplementary,
which 1s impossible,  (two Zs of A cannot be supp ),
Case (m) If the enele 1BC touches the hme .11 a* .1, then

D.IC = AB€, (alt. segment)
A A
But ADBC and (IDC are supplementary,  (grven),

. DAC and J1DC are supplementary,
which 1s impossible,  (two Zs of A cannot be supp )
the encele (1B must go throngh D Q¥r D

Note Theotem 48 can be deduced at once from Theorem 44

EXERCISE 47

1 If an extertor angle of a quadnlateral equais the mterior
opposite angle, the quadnlateral is eycehe

2 A, Bare fixed points, I moves so that the angle (1> Bis constant
Find the locus of P, and prove that 1t 15 a cirele only when APB 1s
a right angle

3 In the quadnlateral ABCD, the sum of the angles at A and ¢
equals the sum of the angles at Band D Prove that the quadnlateral
15 cychie

4 'The bisectors of the angles A, Bofl A ABC cutin £, the bisectors
of the corresponding extertor angles cut i £ Prove that AIBE
15 eyche N

5 ABCD 15 a parallelogiam, a arcld, centic 4 ind radius AD,
cuts the ime C'D again in K Prove that ABCE 1s eyche
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B T'wo intervals (AR, CD cut th 0, 04 - 0C, OB — 0D Prove
that A4, B, (', D ae eyclic

7 DBow 1ods are IlIn“(.d together to form a rhombus ABCD The
r()d W31 fined  #ind the ]u('us of the cut of the ines AC' and BD.

8 111( 'D 15 a trapezium w1th AB parallel to CD, and AD - BC
Prove 1t 15 eyclie

9 The line XY parallel to A auts the sides AR, CD of the cyclie
qu.ulrllatol ll ABCD m X, Y resp | Prove that BXYC 1s cyche

1% () ’I‘h( thangle ABC s inseribed i a errele, a parallel to the
tangent at .1 cuts AB, .1C m D, I resp  Prove that B, (', D, I are
oy(hc )

= () Th, also, a parallel to AC cuts the tangent af A in T and
' D, then A, D, B, T aie eyche

11 1B s $ tnangle, night-angled at .1, AP 15 an altitude The
curele on (ll}lll( ter 1P cuts AB, AC m D, resp Prove OBDE
15 cyche 0

»

12 ABCD s a trapesium, AB [ CD, a ciedde through A, B cuts
BCw E, D m F Prove that CDEE s eyche

13 P moves onanare ADB of a cirele, AP s produced to @ so that
rQ PnB Ihnd the locus of @

14 P, (' are pomls on the base BC of tnanglc IBC, the lines (1P,
AQ eutthe eirele (3¢ agam m X, Y Pirovc that, il (B — .1C, then
P, Q. N, Y are eyche

«

15 P, @ aic ponts on the sides (AB, AC 1esp of tnangle . 1BC,
the incs CP, B cut the cnde ABC agaun m X, Y Prove that, if
Q| BC, then P, Q, ‘{, Y ate eyehe

16 (a) Two tnangles have one side of one equal to a side of the
other, and thesdngles opposite the equal sides are supplementary
Prnvc that the tnangles can be fitted together along the equal sides,
<0’as to form a eyehe quadnlatcral

(b) H two tnangles have a side of one cqual to a side of the
other, and the angles opposte the equal sides be equal or supple-
mentary, then the errcumentceles of the tiangles are cqual

() ABCvs an isoseeles tuangle, AB - 1€, D 15 a pomt on
the Iime 8" Prove that the eneumenceles of trangles ABD and ACD
are equal
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Examrrr, 11 The albtudes of « irvangle are concurrent  (Sce also
p 110)
Ghoen AP, BQ are alitudes of A ABC, sutting A

mn Il ~]\

To prove that CI 1s perpendicular to AB
Proof lLet CH, AB cut in S.

Then (‘1911, ('(3[1 arert /s, (given)
C, P, I, Q are cycl.e, (rt. /18 Z m semicirele)
PQ(‘ I’fI(‘, (/. 11 same seg of crele PCH) ;
— 8i1A, (vert. opp ) e 2 5
Also Aﬁll, A(SB arcrt /s, (given).
B, I, Q, A arc cychie, (rt /Z 18 / 1n senucirele)
B’A)P - BAAII, (/s msame seg of circle APB)
But PRC — SIIA, (proved)
and BQP |\ PQC HQC vt /., (aven)
BAIL | SILL 1t £
1S4 — rt Ly (sumof Zsm A ASH 21t /5)

B P C

VI QI D
lxamere 42 Gaoen. IT as the ovthocenhie of Iri-
angle ABC, and the hme AIL culs the areumarde A

agman an K
To prove that IIP PK
Proof. B, P, Q, A arc cyche, (above)
PRIT - I':\iQ, (/7 smsame seg of ewele ABP) (e
But PAQ - PBK, I
(Zs m same seg of enele AB()
A A
rpll PBK
In As PBII, PBK,
A A
PBII PBK, (ptoved)
A A
BPII - BPK, (t /5s)

Fig .36

nBr - npr
As PBII, PBK ace congruent,  (one side, two /.s)
nr - PK

Def It P, Q, S be the feet of the altitudes of triangle AB 7, then
the triangle PQS 1s ealled the “pedal triangle’ of tuangle ALC

17 (a) In Ihg 235, prove *hat QII;II - Sl/;ll

(b) Prove that the orthocentre of a tnangle s the meentre of
the pcdal triangle
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18 (a) An mterval AB of tixea 1ength moves with 1ts ends on
two lines which nterseot 1 & Find the locus of the circumcentre
of A 'OAB (cf No 16 (b))

. © . (D) Thealutude of A ABC meetin Il Prove that the circum-
radu of triangles ABC, BCH, CAH, ABH arc all equal (¢f No 16 (b))

19 AP, BQ are altitudes of triangle ABC', M, N arc the mid-
points of sides AC, BC resp Prolve that M, 17, P, Q are cyclic

20 ABCD s a cychie quadrilateral Prove that any quadrilateral
whose four sides are perpendicular to the four sides of ABCD 15
alsu eyche '

21 (@) The exterior angles of a convex quadrilateral are bisected
Prove that the quadrilateral so formed 15 cyelic

(b) Show the same for the bisectors of the interior angles

22 D s a pomt on the side BC' of A ABC'  Prove that the cirele
through L touching AB in B, and the cucle through D touching AC
m C, meet m the ciele ABC

L]

23 KEqtulateral triangles are deser bed on the sides of any triangle

s0 as to lie outside 1t Prove that then errcumerrcles meet in a point

24 (a) A cyche quadnlateral has perpendicular diagonals which
cut in P. Prove that the feet ot the perpendiculars from P to the
sides lie on a cirele

(b) Prove that the mid-pomnts of the sides also lie on that same
cucle .

*#25 'The altitudes of A ABC from B, (', when produced, cut the
ciccle ABC'wm D, I resp P 1s any pomt on the eirele ABC', PD, PE
cut AC, AB resp n X, Y Prove that XY goes thiough the ortho-

centre (Use Examplr 42 Jomm X1, YII Prove XD - I’ﬁB)

Examrrr. 43 The proot theorem
Gwen ABC s a triangle, D, 14, I' any points
on its sides BC, ('A, AB resp
To prove that the ardes AEF, BFD, (DL
have one pownt common
Proof Let the circles AEF, CDE cut 1in O
A A
Then AFO — OEC,
(ext £ of cyelic quad AEOF — 1nt opp /)
A A
OEC = 0DB,
(ext. £ of cyclic quad CEOD — it opp £)
: AFO = ODB
BFOD 15 cychie, (ext / — 1t opp Z)
circle BFD goes through O QED.

F,

(I

g 237
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26. Prove the pivot theorem when D, E, F are any points on the
lines BC, CA, AB Take, e g. F on B.. produced beyond 4.

27 ABCD 1s a cyclic quadrnlateral, the ines B4, CD cut in E,
the lines BC, AD cut in F. Prove that the zircles EAD, FDC ent
on EF

28. (Fig 237) -EODC 1s a cychic quadrilateral, B, 4 are on the
lines CD, CE resp Pruve that the circles 4EO, BDO cut on 4B.

29. (a) Three circles cut mn O, their other cuts, in pairs, are
D, E, F, A1s on circle EOF, AL cuts circle EOD agam mm ¢, CD
cuts circle DOF again in .3 Prove that B, F, A are collinear.

(b) Prove that, for all positions of 4 on circle EOF, the
triangles ABC so obtained are similar to one another

*ExavrLE 44 Gen any four lines in a plane, such that by omattird
each wn turn we oblamin four triangles To
prove that the carcumcircles of these triangles
have a common pownt

Gwen Four lines forming fc ir triangles
ABC, CDE, BFD, EFA.

To prove that the circumcircles of these
four triangles meet 1n a point

Proof Let the circles ABC and CDE cut
in S Produce the intervals CS, DS beyond
S to X, Y resp

A A
Then BSX = BAC, (ext /4 of cyche g 238
quad B.1CS = 1nt opp Z)
XSY = CSD, (opp Zs)
= CED, (/s sameseg of arclc CDE5)
A A A
BSX — X8Y = BAC — CED
A
= AFE, (ext./ of A AFE = sum of int opp. £Ls)
A A
BSY = AFE B,F, D, Sarecyche, (ext / =t opp /)
Hence the circle BFD goes through S
Sumilarly, the circle EFA goes through S. QLD

Exercise Prove this, assuming the prvot theorem, considering the
triangle BFD, and the points 4, C, E on 1ts sides or sides produced
We find that the circles ABC, CDE, FEA have a common pont.
Similarly the circles 4BC, CDE, BFD have a common point;
simularly each three of the forr circles have a common voint This
however 15 not enought to prove that tle four circles have a common

T This fact 1s usually overlooked
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point, for in Fig. 239 we have fo. r circles, not all having a common
point, though each three have a common point.
Complete the proof by <howing that we do not
have nere the case of Fig, 239

Zlute. The foliowing very remarkable nfinute
set of thcorems 1s much more difficult to prove.

[5] If we have five lines, by omitting each 1n
turn, we have five sets of four lines, giving five
points hke S above These hie on a circle C;.

[61 If we have six lines, by omutting each 1n
turn, we have six sets of five lines, giving six
circtes hike C; These all have a common pownt Py

[7] If we have seven lines, by omittiag each 1n turn, we have seven
sets of si1x lines, giving seven points like P, These lie on a circle C;.

And so on (It 1s assumed that none of the lines are parallel and
that no three meet 1n a point )

Fig 239

*ExamrLe 45 (Sumson’s line)  The feet of the perpendiculars to the
siudes of a t.vangle from « point on the circumcirdle
are collinear

Gren P 1s on the crcumarcle of A ABC,
D, E, F are the feet of the perpendiculars from
P to BC, CA4, AB resp

To prove that D, Ii, I are on a line

Proof Jom DF and FE

PEA,FFAarctt, £s, (given)

FEAF s cyche, (rt Z 1s Z m semicrrele)
A A
PFE - PAE,
(£s 1 same seg. of cucle PEA)
A A
Alsc PAE - PB(, (ext / of eyclic quad PACB — nt. opp )
A A
PFLE — PBC.
But PDB, PFB are rt /s.
PEFDB 15 cyche, (rt. £ 1s £ 1 semicircle),

Ing 240

PI§C, PFD are supp, (opp Zs of cyclic quad )
A

PI:‘E, PED arc supp , ( PRE = PBC, proved).
D, F, E are colhnear. QL.D.

Exerzise (1) State and prove the converse of this example.
(1) Provefromthis example the ¢ vital step’ of Example 36,p.150.

Tr-2
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*IEXAMPLE 46  Gien  The folowing quadrdaterals are cycle,
ABCD, ABYX, BCZY, CDWZ, DAXW
To prove that XYZW 1s cyclic.
Proof. Produce AX beyond X to 47, and CZ
beyond Z to ¢’
Then the cyclic quads give
A A A A
YXA - ABY, WXA" - ADW
;A A A
(adding), WXY — ABY + ADW,
A A A A
and YZ(C' - CBY, WZ(' = CDW
A A A
(adding), YZW = CBY { CDW
A A A A A A
WXY + YZW - (ABY + CBY) + (ADW + CDW)
= ABC + ADC' =271t /s, ( ABCD s cy~hc).
XYZW 1s a eyclic quad , (opp /.s supp ) QF D
*Exavrere 7 The perpendiculars from the nud-points of the sides
of a cycic quadrilateral on to the opposite sides
meet in a pornt L
Groen L, M, N, P arc mid-roints of the sides A R

AB, BC, (D, DA of the eyclic quadrilateral
ABCD, @, R are the feet of the perpendiculars P
from L, Nonto (D, AB resp , LQ, NRcut 1n S ‘
To prove that the perpendiculars from P, M \
to BC, AD resp go through & D QN
Shetch of proof 'The nght biscetors of AB and Fio 242
('D cut m the centie O of cirele ABCD
Prove that LSNO 15 a parallelogram LN, 08 bisect each other
Neat, if the perpendiculars from P, M to BC, AD re-p cut n S,
then, similarly, 0S’, PM will biseet cach other
But LN and PM bisect cach other (Exercise 25, 8 b), p 57)
Hence S and S comnerde
*Hxamrrr 48 Given ABCD s o
cyclic quadnlateral, the sides AB, CD,
produced, cut in I', the sides AD, BC,
produced, cut 1 I
To prove that the bisectors of angles
AFC, AEB cut at night angles

Proof ILct the bisector of 4 FC cut
BC, AD resp 1n X, Y, and let the

bisector of AEB cut CD, AB resp
mn W, Z
Then Fig 243

FZW = ZAE v ZEA, (ext £ of A ZAE - sum of mt opp Zs).

(&
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But
ZAE — Wf‘E, (ext 2 of quad. ABCD - int opp £)
A A
ZEA = ZEB, (given)
A A A A A A
FW = WCk + Z1.B = WCE + WEC = ZWC(,
(ext Z of A WCIE — sum of int opp /)
A A A
FZW - FWZ bisector of ZFW 1s perpeadicular to EZ
QED

Exercise 1f XY,ZW cutin P, thenZP - PW,XP — PY, XWYZ
15 a thambus.

*Examrerr 49 Gwen ABCas atriangle always congruent to « giroen
triangle, it moves so that its sides AB, AC pass through two fived
pouts X, Y

To prove thut BC always touches a fixed arde  (Ihg 244 )

A

Proof Smee BAC 15 constant A deseribes a segment of a cirele
on XY as base

Let AQ we the chord of the encle parallel to BC

A A A
Now  BAQ = ABC, (alt /Ls) XAQ 1s constant
Q 15 a fixed point on the cirele
Let D, If be the feet of the perpendiculars friom .1, @ on to BC.

Q A
X Y
N
B E D C
Ing 244

Then AQEI) 15 a rectangle, ( .1Q || B()
QFE = 4D QI 15 constant
the Iine B(', being at a constant distance from a fixed point Q,

touches a fixed cirele

Exercise (Bobillier’s Theorem) ABC )s a triangle always congruent
to a given triangle, 1t moves so that the sides AB, AC touch resp
two fixed cireles Prove that BC touches a fixed circle  (Draw lines
through the centres P, O paiallel to AB, AC resp , Iig 215)

Note Some criticisms will be madc on the method of proof of these
examples 1in Part 1v

(Revision Papers XXXT—XXXIX can now be taken, if desired )



170 SCHOOL GEOMETRY [pT. 11

§ 30. Constructions.
CONSTRUCTION 15,

On a gwen wnterval to draw a segment of a eircle such thot the
angles wn the segment equal a given angle.

Given an interval 4B, and an angle PQR.

To draw on AB a segment of a crcle, such
that the angles in the segmert cqual angle
PQR. A

Construction. Draw a ray AC, so that c 2
BAC = PQR. /A\
Through A4 ¢-aw a perpendicular to AC, and p R

let 1t cut the right bisector of 4B 1n O. Fig 246

Draw the circle, centre 0, radius OA.

This circle goes through B, and 1ts segment on tl ¢ opposite
side of AB from C 1s such that angles mn 1t equal PQR.

Piroof. Smee O 1s on the right bisector of 1B, (const ).

.'. the ciicle goes through I3
Since 04 1 AC.
. AC touches the cirele construeted, (tan., 1 1adius)

A
.. BAC = angle m scgment constructea, (alt. seg \.

But BAC = PQR, (const.).
.. angles in segment = PQR. Q.E.F.
CONSTRUCTION 16. Q
To wnscribe wn a gwen cucle a triangle sumalar
to a gwen triangle.
Gwen. A triangle ABC and a circle. R
To wnscribe 1n the circle a triangle similar to
ABC. M 3 v

Construction. Let P be any pomnt on the 8
gwven circle. Draw a tangent at P, and on 1t
take points X, Y on opposite sides of P.

Draw chords PQ, PR of the circle such that A [¢]

XPQ ~ BAC and YPR — BCA. Fig 247
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Jom QR; then A PQR 1s similar to A ABC.

Proof. XPQ L PRQ, (alt. scg.).
But X{A’Q = {’)’/EC, (const ).
. PRQ - B.C.
Sumilarly, A PQR - RPY — BCA,
S QPR = ABC, (sum of Zs of any A = 2 rt. /s).
' . A PQR 1s similar to A ABC. Q.E.F,

CoNsTRUCTION 17,
To cwrcumscribe to a gwen circle a triangle simlar to a gwen
taangle.
Gwen. A ciecle, centre 0, and a triangle
ABC. . Q
To cirqumsciabe to the circle 2, triangle Q
v

s

SO

similar to ABC.
Construction. T'ake any pomnt P on the
cirele, and draw radu 0Q, OR so that
. POQ = 180° — B.IC,
' POR —180° — ABC.

LAt P, Q, R diaw tangents to the circle;
these cut m pomts X, Y, Z such that A B
P, R, Q are au XY, YZ, ZX resp. Fig 248

Then A XYZ 15 similar to A ABC.

Proof. OPX and ()&X arc right angles, (tan. | 1adius).

<

N

! ;. OPXQ 1s cyclic.
AN P(;Q = 180° — P)%Q, (opp. £s of eychic quad supp ).
But PaQ = 180° — ])’/IAC, (const.).

- PXQ - BAC, 1e. YXZ - BAC.
Smni:}rly, ' XYZ ~ 1BC.

XZY = A(,'\B, (sum of /_s‘of any A = 2 rt, Zs).

A YVUVZ ac cavmalaw +a A AR Ao
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EXERCISE 48

If there are scveral solutions of the fotlowing constructions, give
them all.
1 On the stdes of any triangle draw egmens of circles conta nuye
angles ot 60°
A
2 Construct a triangle ABC where AB — 2", ACB — 60°, altitude
from C'to AB — 15" Mecasure AC,

A
3 C(onstruct a trnangle ABC wheie AB - 27, ACB - 45°, area
N ABC ~= 2 sq m Mecasure AC

4 (Construet a triangle £BC where AB — 37, Af‘B = 30°,
AC - 4”7 Measure BC

5. Draw a circle of radius }” and draw a circumscribed triangle
two of whose angles are 90°, 60°  Measure 1ts sides

Examernr 50 To draw a triangle, groen its base, vertical angle, and
the sum of its other two sides
Construction  Draw the basc AB, and on AB A\
deseribe a segment AXB of a cirele containing an
angle half the vertical angle
With centre .1, radius - sum of sides, draw a C
cuele cutting the segment n Y
Draw a Iine B(C, cutting AY 1 (', such that A B
A
YBC YB g 249
Then ACB 1s the requited triangle.
A A
Proof Smee YBC'  (YB, B - Y, (1505 A)
AC + (B AC + CY - AY — given sum of sides, (const )
A A A A
and ACB - CYB 4 YBC - 20Y3
A
But CYDB ] given vertical angle

A
ACB — given vertical angle
ACB 1s the triangle required QL k.

6 Draw a tnangle ABC where AB - 117, ACB 60°, peri-
meter = 4” Measure AC

7 Prove that a triangle of given base and given vertical angle has
maximum area when it s 1sosceles

8 Draw a triangle, given 1ts base, vertical angle, and the foot of
the altitude on the base

9 Draw a triangle, given 1ts base, vertical angle, and length of
median to base.
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i

§'31. The common tangents to two circles.
a

Two cncles which are external to onc another (¥g. 250),
obwidusly have four «ommop tangents two of these, AR and
CD, do not cut the mteival jomming the centies, thesc are
“darect’ common tangents. Two other common tangents, EF and
HK, do cut the mterval jommng the centres; these aie the
‘transverse’ common tangents. |

A
E B
H
[
K F
D
! [
g 250

How many direct and transverse common tangents do two circles
have (1) if they cut each other, (1) touch each other, (in) 1f one lies
mside the other?

CONSTRUCTION 18,

To dialy the duect common tangents to two cucles, neither of
whach fies wnside the other.

"Gwen 'Tmo cireles, centies O and
P, neither endle mside the other

To draw &hen dneet common

tangents
Construction, Suppose the circle,
centie O, has the laiger radius. g 251

"With centie O, and 1adiwus cqual
to the difference of the 1adu of the given encles, diaw a encle.
Lect 7' be the pomt of contact of a tangent from I’ to this encle.
Jo11 07T, and let the interval OT, produced beyond 7, cut the
cirele, dentre O, i X,
Through P draw a 1ay paiallel to OX, and m the same sense
as the 1ay OX., Let 1t cut the circle, centre I, n Y
Jomm XY. Then XY 1s a dinect common tangent.
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Proof. OT = OX — PY, (const.).
S PY =0X - 0T = TX.
Also YP|TX, (const.).
. TPY X 15 a parallelog.am.

Rut OTP is a rlght angle, (tan 1 1adius).

OX  and PY X are right angles,
X Y touches both circles, (tan. 1 radius).
Similarly, by drawing the other tangent from P to the
constructed ciicle, the second direct common tangent can
be drawn, Q E.F,

CoNsTRUCTION 19,

T'o draw the transverse common tangent of two mutually external
curcles (i.e. circles, each of which 1s
wholly outside the other).

Gwen., Two mutually external
circles, centres O and I,

T'odraw their transveise common
tangents.

Construction. With centre 0, and
radius equal to the sum of the
radu of the given cireles, draw a circle,

Let T be the point of contact of a tangent fiom P to this ~ircle.

Jom OT, and let the mterval OT cut the circle, centre 0, 1n X,

Through P draw a ray parallel to OT), in the opposite sense
to the ray OX. Let it cut the circle, centre P, in 7.

Jomn XY. Then XY 15 a tiansverse common tangent,

Proof. OT = OX + YP, (const.).

S YP =0T - 0X = XT.
Also YP || XT, (const.).
. TPYX 15 a parallelogram.

But 07'P 1S a nght angle, (tm 1 radis).

()X Y and PYX arc 1ght angles
X ) touches both circles, (tan. 1 radius).

Fig 252
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Similarly, by drawing the other tangent from P to the
constructed circle, the second X
transversc common tangent can T Y
he arawn, Q E.F.

Note. The construction for the & [e) B CWD
direct common tangents breaks U
down when the circles have equal
radn. Show how to draw these .
tangents 1n that case. Fig 253

AXAMPLE 51 To find the length of the di~ect common tangent in terms
of the radu and the distance between the centres of the circles. (Fig. 253 )

XY? = TP? = OP? — OT? = OP? — (1, — 1,)%,

where 7, 7, arc the radn of the circles AXB, CYD resp.

ExampLr 52. To prove XY? = AC.BD. (I1g 253 )
XY= OP? — (1, — 1,)2 = (OP + 1, — 1) (OP — 1, + ;)
= (OP + 04 — PC) (OP — OB + PD) = AC.BD.

Ezxercise. Square of length of trans verse common tangent -- AD. BC.

EXERCISE 49.

1. Two wheels of radu 3’, 4’ have their centres 10’ apart. Find
the length of the straight portion of a belt which goes round them.

2. Three wheels' of radn 4/, 57, 6’ have their centres at the vertices
of an equilateral triangle of side 12°. Find the length of the straight
portion of & belt that goes round them all.

3. Two circles touch Prove that the square of the length of their
direct commot tangent equals four times the product of their radu.

4. Two circles of radn 8 cm. and 3 em touch a hine, the distance
between the poimnts of contact 15 12 cm. F¥ind the distance between
their centres (Two answers )

5 Two circles cut the hine joiming their centres, one in A, B, the
otherin C, D; AB = 4", BC = 3", CD = 2”. Find the lengths of their
direct and transverse common tangents

*¥6 Two circles are mutually external, prove that the difference
of the squares on a transverse and a dircet common tangent equals
the product of the diameters

¥7. Two crcles are mutually excernal; a transverse common
tangent has length 27, a direct common tangent has length 5”7 One
circle has radius 1 5”. Find the radius of the other.
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Exawrcre 53 To draw a curcle touching @ gioen line at « gwoen pont
and a gwen curdle

Gwen A lme AB and a pomt P on 1t, a
circle, centre O

To draw a cirele touchmg AB at " and
touching the cirele

Construction Let @ be the foot of the per-
pendicular from O to /B

Produce the mterval Qu, beyond 'O, tocut A~ Q P T
the circle n R ' g w54

Jomn PR, and let 1t cut the arcle agamn m S

Let the line 0OS, and the perpendicular to AB at P, cut in X

The cirele, centre X, 1adius XS, 15 the encle required

Proof PX||QR, ( bothare | AD)

XPS = ORS, (alt L)
_ OSR, (OR = 0S, radn)
- P:S’X, (vert opp Z-)
XY=XP
the circle, centre X, raawus XS, goes through P
It touches the ine ABat P, ( XP | AB)

It touches the arele, centre O, at S5, (0, 5, X are 1n once line)
the cirele constructed 1s the eirele 1equired QFF

Exerase Prove that there is a second eircle satisfymg the con-
ditions obtamed from the pomt B in which the interval 06 cuts the
circle, centre O.

Lxawrenr 54 To draw a circle to touch a groen cirde at a groen pownt
and a groen hine  (Ing 2514)

Gwen A circle, centre O, and a pomt S on 1t, a given hne « B

To draw a cirele touching the given circle at S, and touching AB.

Construction  Let @ be the foot of the perpendicular from O to AB

Produce the interval QO, beyond 0O, to cut the ceirel> in R

Jom RS, and let 1t cut the Iine in P

Let the Iine 08, and the perpendiculat to AB at P, cut in X

The cirele, centre X, radus X9, 15 the ciele required

Proof As before, There are two circles satisfying the required
conditions (It S'1s at B or R’, the above constiuctions break down,
but 1t 15 very casy to invent a suitable construction )
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EXERCISE 50

1 Draw a circle of giren raatus to touch a given line and a given
circle (The locus of centres of cireles of given radius touchimg a
given hine 1s a pair of paralle! ines the locus of centies of cucles
of given radius touching a given circle 15 either one circle, or two
circles, concentric with the given circle  Where these loc1 meet are
the centres of the circles satisfying the conditrons )

2 Draw a circle of given radius to satisfy the following conditions
In earh cas~ state how many cireles do so

(e, To touch a given hne and go thiough a given point
(b) To touch a given circle and go through a given point
(¢) To touch two given cireles

‘d) To touch two given lines which cut

3 Draw a circle to touch two patallel lines and go through a given
point  How many such circles are there’?

4 Draw a circle to touch two parallel hines and a given cirele
How many such cireles are there?

5. Invelopes What 1s the envelope of the tollowing?

() A chord of given length of a aiven cirele

(b) A chord of a given circle subtending a given angle at a
given pomnt of the circle

(¢) A arcle of given radius which goes through a given point

(d) A crele of given radius which touches a given line

(e¢) A circle of given radius which touches a given cnicle

(f) A Iine which moves so as to be equidistant from two given
points

(g2) An ntecval of fixed length whieh subtends equal angles at
three pwven pents

(k) One arm o1 an angle of fixed magnitude, when the other
arm touches a fixed cirele at a fixed distance from the vertex

*(k) The diagonal A" and the sides (B, (D of a quadrilateral
ABCD of fixea size and shape, when the sides (AB, AD go through
fixed points.
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§ 32. A recent theorem.

It is very difficult to discover a new theorem in Elementary
Geometry, for 1t must be one which no one has noticed duriug the
long period of well over two thousand years 1 whi~h Geometr has
been studied For this reason we give the following theoremt, which
was recently discovered by Prof Morley, during some work on plane
curves,

ExAMPLE 55. The trisectors of the angles of any triangle ABC cre
drawn, and the adjacent trisectors cu* in pownts X, Y, Z as ~n Fig 255.

To prove that XYZ is an equilateral triangle.

A
A
S
Z T
A
B (o] B c
Fig 255 Fig 256

Proof. (Fig 256) Let BP, BU be the triscctors of ABC; CP, CU
those of ACB
Take points R, @ on the rays BU, CU resp. such that
A A
BPR — 60° - C/3, CPQ — 60° -{ B/3 !
(where A, B, C represent the sizes of the angles o1 A ABC)
Then
BRP — 180° — (RBP + BPR) - 180° — (B/3 1 60° | ('/3)
= 180° — (60° | 60° — A/3) = 60°  A/3 . ),
since A/3 + B/3 + C/3 = 60°,
Simularly, CQP = 60° + A4/3. Thus BRP - CQP
Now BPC - 180° — PBC — PCB — 180° — B/3 — (/3.
A A A A
RPQ = 360° — (BPR + CPQ + BPC)
— 860° — (60° + C/3 + 60° + B/3 4 180° — B/3 — C/3) = 60°.
But, since BP, CP bisect the angles CBU, BCU of A BUC,
* P1s the incentre of A BUC.
the perpendiculars from P on to BU, CU are equal, and PR, PQ are
equally 1inclined to these perpendiculars, ( BRP — (,’QP, proved).

A
PR = PQ. But RPQ = 60°, (proved).
* A PQI s equalateral ... (n).
+ The proof here given 1s due to Mr J M Child, Math Gazelle, Oct 1922.
Part of it has been utiised 1n a question m a recent Matuculation
Examination.
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We shall now prove that R4, @A trisect the angle BAC.
Take S, T on BA, CA resp so that BP = BS, CP = CT.
Then As PRB, SRB arc congruent

RS = RP and BRS = BRP (1)
Sin.darly QT = QP.

SR = RQ = QT (rv).
But SRQ = 360° — (BRS + BRP  PR@)
= 860° — (120° + 24/3 + 60°), (by 1, u, 1)
= 180° — 24/3.
Simularly, TQR = 180° — 24/3 (v).
Since SR = RQ and SRQ = 180° — 24/3,
SQR = A/3 (vy).

Now we have proved SR — QT, (1v), and Slg\,l = T@R, ),

SRQT 15 cyche. But SR, RQ, QT, being equal, (1v), cach subtends
at the circumference of circle SRQT an angle = S@R = A/3.

the aic ST of circle SRQT subtends at the circumference an
angle .
the point 4 15 on circle SRQT
And, agan, since SR, RQ, QT arc equal chords of cucle SRQT.1,
SAR - RAQ — QAT

Thus the triscctors of the angles of A AB(C' cut in the vertices

P, Q, R of an equlateral triangle. QF D,

REVISION PAPERS
After § 18

XXI 1. Construct a triangle ABC, given B(C' — 3", AB - 27,
area = 2 5sq 1 Measure ('A.

2. ABCD 1< a rectangle, X 15 on the side CD, Y on the side BC,
AB ="7", AD - 8", DX =. 8”, BY — 6” Find the arca of A AXY
Po the same when the lengths of AB, AD, DX, BY are a, b, x, y resp

3. Find the base of an equilateral triangle whose height 1s 3 inches.

XXII. 1. Construct a parallelogram ABCD of area 3 sq. 1n , with
AB — 27, ABC' = 120°. Measure BD

2 ABC 1s a triangle, X a point on the base B(', a parallel to 4AX
through R cuts the line C4 1n Y. Prove that tnangles ABC and
CXY are equivalent.

3. IFind the side AC of A ABC, given AB- 6", BC="7",

ABC - 120°.
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XXIII 1. Draw a quadrilateral ABCD where AB = 3", BC = 2}”,

A
ABC - 60°,CD -- DA — 3” ('onstruct a cectangle equal to 1t 1n area.
Measure the base and height of the rectangle and hence caleulute 1ts
arca.

2 FE s a pomnt on the side AB of the parallelogram ABCD  Prove
that the sum of the arcas of triangles AED, BEC 1s half the area of
the parallelogram

3 A box has edges of lengths »”, 77, 8”. Iind the length of a
diagonal of the box, and the length of a diagonal of the snrallest face

XXIV 1 Calculate the area of the figure,
where AB 107, AF - 2', and the other measure- A E
ments are given in the figuie  (Ig 257) v
2 ABC(C1satnangle, D, IX pomts on sides ADB,
AC resp such that DI 1s parallel to BC', BE, ¢

(D cut in X Prove that tnangles BDX, CEX B
are equivalent

3 A pyramid whose base 15 v square of side D
11t 15 6 t hugh Iind the arca of a slanting g 257
face

XXV 1 (BCD s a trapezium with sides A D, BC parallel, I5 15
the nud-point of side €D Prove that arca ABE -} arca ABCD

2 Theangles marked in the hgure arc nghtangle s, 0.1 OD 157,
AB 9”7 Find the length of .17 (Ig 258 )

c
D
All_él A
20
15
D B E

D
B (o] (¢} B 12 C

g 258 Fig 259 g 260

A

3 Find the distance between D and the mmage of 4 1 BC, the
angles marked being right angles  (Ifig 259 )

After § 22
XXVI 1 A parallel to the side AB of a parallelogram ABCD cuts
AD, AC, BC i I, F, H resp  Prove that triangles AIlI1, AFD are
equivalent
2 If AB ~ BC, and the angles marked are mght angles, and
AD — 4, DB = 7, BE — 1, find the lengths of EC wd AC. (Fig 260 )
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3 Draw a trnangle whose sides are 27, 37, 44” long  Construct the
circumetrcle and measure 1ts radius

XY.VII 1 ABCD s a parallelogram A Iine through D cuts BC
m K and AB mm ¥ Prove that area ABE - area CEF

2  ABC 1s an equilateral triangle of side 17, D1s on BC, BD — 1”7
Calculate the length of AD

3 4, B, (', D are four given points. She v how to find a point
which 1s equidistant from .1 and B, and equdistant from ' and D

XAVIIl 1 Dwide a quadrilateral into two equivalent parts by
a 1 ne drawn through a vcrtex

2 ABCD 1s a trapezium with AB parallel to ('D, and sides BC,
AD D each 3”7 long It AB - 5”7, calculate the area of the
trapezium

3 Two citeles of radun 15”7 and 13”7 have their centies 117 apart
Fina the 'engta of thar common chord

XXIX 1 Divide a square into four equivalent parts, by lines
drawn th.ough a given pomt of a si le

2 ABCD 1s a quadrilateral whose diagonals are at nght angles
The angles at (A, C are right angles  Prove that AB - BC, (D - DA

3 A chord ot a cirele 15 12”7 long  Its nud-point 15 M, and its right
bisector cuts the eirele i .4 If M1 — V7, find the radius of the encle

XXX 1 .1BC s an cqulateral tuangle, 7 1s 1ts centtond - Find
the lergth of G141 terms of the length of (1B

2 Diaw a crrele, centie O, of 1adius 1} Take two points .1, B3 on

A

the cirele, so that A1OB 607 Diaw a cnele whose eentre 1s on the
first creele, ar 1 which goes through the nud-pomnts ot 0.1 and OB
Measure 1ts radius

3 'T'wo parallel choirds of a circle are of lengths 18”7 and 227, and
at a distance anart of 2”7 C(alculate the distance of the longest chord
from the centre and henee the 1adius of the cirele  (Use the Theorem
cf Pythagoras )

After § 29

XXXI 1 ABC s a tnangle night-angled at B, G 1s 1ts centroid,
AB - 57, BC = 12" Find GA4, GB, GC

2 AR, (D are perpendicular choirds of a errcle  Prove that the
non-overlapping arcs AB and CD together make up half the circum-
ference

3 1If A, B be points on the circle, prove that the perpendicular
fiom 4 on the tangent at B cquals the perpendicular from B on the
tangent at A
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XXXII. 1 A right circular cone has a height of 2”; the radius
of 1ts base 15 77, Find 1ts slant height. Hence find the area of the
curved surface.

2. A regular octagon 1s 1nscribed in a circle Find the angles 1n
the minor arc cut off by a side of the cctagon.

3 The locus of points from which tangents to a fixed circle make
a fixed angle with each other 1s a circle

XXXIII 1. 04, OB OC are three mutually perpendicular lines
(1 e each 1s perpendicular to ecach) The intervals 04, OB OC are of
lengths 27, 1/, 1’. Find the area of triangle ABC.

2 The altitudes AP, B, CR of A ABC cut in H Prove that the
following quadrilaterals are cyclic. AQHR, BRHP, CPHQ, BCQR,
CARP, ABPQ

A
3. T'A, TB arc tangents to a circle at A, B If ATB = 60°, fird

the distance of the line AB from the centre of the circle, 1n terms of
the radius

XXXIV. 1 Unequal segments of two equal circles are deserbed
on the same base ADB and on in~ came side of 1t Prove that the
angles 1n them are supplementary

2 AP, BQ arc altitudes of A ABC, M 1s the nud-point of side A3

A A A
Prove that PMQ - 2PAQ - 2PBQ

3 7T, TB touch a circle n 4, B 1esp , a moving tangent to the
circle cuts the mtervals 71, TB n ', D resp. Prove that ti.c triangle
T'CD has a constant pertmeter

A

XXXV 1 Construct a triangle ABC, given AB — 3" ACB = 70°,

altitude from C — 27 Mecasure 1ts sides
A

2 TA, TB touch a circle in A, B Prove that A% B 15 tv.ice the
angle between AB and the diameter through 4

3. ABC 1s a triangle mnscribed mn a errcle, AB = AC, AB makes

an angle of 20° with the tangent at B. Find the size of BAC.

XXXVI 1. Construct a triangle ABC with AB = 37, ACB - 70°,
AC = 2” Measure BC.

2 TA, TB touch a circle in 4, B. Prove that ATB equals the
difference between the angles 1n the segments of the circle cut off by
the chord AB

3. ABC 1s a triangle mnscribed 1n a circle, AB = AC, Prove that
the tangent at A 1s parallel to BC

XXXVII. 1 Two parallel chords of a circle, of lengths 2a, 2b, are
at a distance d apart. If b > @, and the chord of length 2b 15 at a
distance @ from the centre, prove that 2de = b% — a% — d2.
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"2. Draw two circles of radu 3 cm. and 1 cm. whose centres are
4 5 cm apart. Draw a circle o, radius 2 ecm. to touch both.

3. 4B 1s a sude of an equlateral triangle, AC a side of a square
insért ed in the same ciccle; B.iC 15 an acute angle. Prove that BC1s
a side of a regular figure of twelve sides, mseribed 1n the same circle.

XXXVIII 1. P describes a segment of a circl¢ on base AB. Find
the locus of the orthocentre of triangle APB

2 Draw two circles of radn :}” and }” whose centres are 1 5”
apart Draw a circle of radius 17, whosc centre 1s on the first circle,
and which touches the second circle

3. ABC s a triangle, D 1s the foot of the perpendicular from A4 on
to the bisector of ABC Prove that the parallel to BC through D
b.sects the sides 4B and AC

XXXI¥ 1 P describes a segment of a circle on the chord AB.
Find the lo~us of the incentre of triangle APB

2 A regular hexagon 1s inscribecrin a circle. Find the distance
between two of 1ts parallel sides 1n terms of the radius

3 ABC and DEF are triangles inscribed in the same circle. If
AB || DE and BC || EF, prove AC —= DF.

After § 31.

XL. 1 The bisector of the angle between the diagonals AC, BD

of a cyclic quad ABCD cuts the sides BC, AD at equal angles

2 Draw *wo circles of radn 2 em and 2 5 em , whose centres are
55 cm apart. ‘Construct therr direct common tangents Measure
therr lengths, a'nd verify by calculation

3. Show how to divide an arc of a circle into four equal parts.
XLI. 1 AP 1s an altitude of triangle ABC; L, M, N are the

mid-points of uts sides BC, CA, AB. Prove
that LMNP 1s cyclic

2 Three circles touch as in Ing. 261. Prove
that the tangents at 4, B, C are concurrent. A

3. Draw a triangle of area 8 sq 1n. on a
base o= 3 1n to, contain a vertical angle of 70°.
Measurc 1ts sides.

XLII. ¢+ L, M, N are the mid-points of the
sides of triangle ABC Prcve that the circle Fig 261
LMN has a radwus half that of circle ABC

2 ,In Fig 261, let X, Y, Z be the centres of the circles Prove that
the 1ncircle of triangle XYZ touches 1ts sides at 4, B, C.
1
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3 PA touches a cirele at A4, a Iine through P cuts the circle at B
and C' Prove that AC 15 parallcl to the tangert at P to the circle ABP.

XLIIT 1 ABCD s a cyche quadrilateral, AR, (D cut n E,
AD, BC cut in F. Prove that the circles
BCE, CDF cut on EF.
2 Four crcles with centres X, Y, Z,
W touch as m Ig 262, Prove that a
circle can be deseribed touching the sides

of XYZIV c
3 AB s a chord of a crele of fixed
length, 1ts ends 4, B move round the .
cirele, X, Y are fixed points on the cirele z
Prove that the locus of the cut of the lines Fio 262
2 262

XA and YB 15 a arde

XLIV 1 Draw a sector of a cuele of radius 17, the angle
between the bounding radin bemg 60° Diaw a cirele to toucl. the
bounding radit and the aice of tie sector

2 Show how to construct a triangle, given the base, the vertical
angle, and the pomnt where the bisector of the vertical angle cuts
the base

3 The tuangle with given base and vertical angle, which has the
greatest possible area, 15 150sceles

XLV 1 Draw the triangle whose sides are 5em, 7 em, 8 em.
long Draw the msciibed cirele of the tiiangle, and draw three cirelcs
to touch the mscribed cirele, and two of the sides of the triangle

2 Iind a pomnt P mside a triangle ABC such that Al/;l-,‘, 3130,

CPA are all cqual

3 ABCD 1s a quadnlateral Divide it into two quadiilaterals such
that a circle can be mscubed in cach  TIs this always possible?

XLVI 1 Find a pomnt P mnside a triangle ABC such that 1’1}“,

PéA, PAB arc all equal Prove that there may be two such points,

2 A4, B, C, D are four points on a circle, X, Y, Z, W bisect the arcs
AB, BC, CD, DA resp Piove that XZ and YW are at night angles,

3. Prove that there 1s an infinite number of triangles sirmilar to
a given triangle, whose sides, or sides produced, pass each through
one of three given points Whnt are the conditions that o 1c of these
triangles 1s congruent to the given triangle?



PART III
§ 33. Extensions of the Theorem of Pythagoras.

Application of Algebra to Geometry. We pointed out on p. 80
that the Theorem of Pythagoias 1s often written as follows of

ABC 15 a right angle then AB* + BC? — AC?. This formula may
be looked at from two points of view. We may 1egard 1t as a
staement on the actual geometiical square figimes deseribed
cn the sides, or as a statement about the arithmetic squares
of t'.e lengths Hf the sides. (Note that the word ‘square’ 15 used
1n two serses (1) as meaning a geometiie figure, (1) m the sense
in which 1t 15 used when we say ghat 9 15 the squate of 3) In
proving (p. 79) the Theorem of Pythagoras, we regarded /B2
as denoting the actual geometric square figure, but in employing
the theorem, 1t 1s usually convenient to regard 1t as meaning
the anthmetic square of the length of 4B When we take the
second 11terpretation, 1t 15 often uscful to employ algebraie
methods 1n solving geometiic questions.

Examrrr 56 Gwen A, O, B, C are on the same line, in that order;
O 18 the mid-pont of AC. Prove

AB: — BC? = 40B OC. A ) B C
Proof. . ,
AB? — BC* - (AB + BC) (4B — BC) Fig 203
Now B+ BC - AC =20C, ( A0 = 0C)

AB — BC = A0 + OB — (OC — 0B)
=40 + OB — OC + OB = 20B, ( AO = 0C)
AB? — BC? - 200 20B - 40B 0OC.

Note AB rcpresents here the length of the interval AB, and so
obeys the laws of Algebra as 1f 1t were a single letter. 4B?% means
the square of the length of AB and perhaps 1t would be better to
write 1t (AB)? or AB?, but the omission of the bracket or bar, wn this
caset, cannot lead to confusion, because B2, or the square of a point,

1 But, wn Algevra, ab®* means a multiplied by the square of b, the square
of the product of ab must always be written (ab)?, with the brackets.

FG 12
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has no meaning Note again that 24B? means twice the square of
the length of AB, while (24B)2? mcans the square of twice the length
of AB The following are often needed
(AB + BC)? — AB? | B(? + 24B BC
(AB — BC)? = AB? + BC? — 24B BC
AB? — BC? = (AB  BC)(AB — BC().
There 1s an infal*ble method for solving examples like the above,
though 1t usually does not give the neatest

+
proof. Wellustrate 1t by another treatment r+y z Y &
of the above example A o B
Denote the length of the intervals along Fig 264

the hine by single small letters Thus, re-
membering OA — OC, let OB — o, B(' =y
A0 -=a ty
AB? — BC? = (20 + y)® - y?
= 42 + Ay + Yy — Y - 4?4 Aoy,
and 40B 0C — 4o (v | y) - 4a® + 4y
AB?* - BC* - 40B OC
In the exereise which follows, do not use this method, 17 you can

find a neater way

EXERCISE 51

1 (a) If B1s between 4 and P, O the mid-point of interval AB,
prove PO = } (PA + PB)
(b) If P 1s between A and B, O the mid-point of interval 4B,
prove PO — } (PA ~ PB)
2 A, B, C, D arcn that otder along a line Prove
() AB CD + BC' AD — AC BD
(b) Provealso AD? ~ AB? | B(? + CD? + 2AB PD + 2BC CD.
(¢) Prove also AB BC + CD DA — AB 3D + 3D CD
3 (n) B 1s between A and C, O 1s the nud-point of interval AB.
Prove CA2 | CB? = 2C0°* | 2402
(b) Prove the thecorem when ('1s between A4 ana B.
4 P 15 between A4 and B, O 1s the mid-pomnt of interval AD
Prove AP? + BP? = 24P PB + 40P?
5 TIf C'1s between 4 and B and AB BC — AC?, prove
(0) AB? + B(? == 34C2.
(b) (AB + B(C)? = 54C?
(¢) 84B BC = AB?  BC2,
(dy AB* = 24C* + AC CB
6 A, B, C, D are in that order alone a line, O, P are the mid-
pomnts of intervals AB, CD resp Prove
OP? = } (AB + CD)? + BC AD.
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7 A, B, C, D are n that order along a ine Prove
AB2 CD + AD?* BC' — AC? BD = BC CD BD
8. A4, B, (', D arc in that order along a hne Prove
(a) AC? + BID? = AB* + CD? + 24D BC.
(b) Also AD? + BC? = AC* + BD?  24B.CD
Def. If AB be any mterval, XV any line A ’
not perpendicular to A B, and »f I’, Q be the
fcet of the perpendiculats from A, B resp on
to AV, then the interval PQ 1s called the

‘projectron’ of the mtaival (1B on XY, X P QY
g 265

Trrorem 49 (lixtension of Pythagoras’ Theorem)

L an obtu e-angled triangle, the square on the
stde oppogte Lo the obtuse angle equals the sum of
the squares on the sides contaaning *hat angle plus
taorce the rectangle econtaned by one of these sides
and the projection of the other «ide upon at. 5

Gwen . 1BC 15 a tnangle, with an obtuse angle
at (. D 1s the foot of the perpendicular from .
on to BC.

To prove that AB%* = AC? + BC?* + 2BC CD.

Proof AB? = AD?* + BD? Al;B 1sa1t Z)
= AD?* + (BC' + CD)? — /AD? 4 B(? 4 2BC CD | CD?
But AD?2y CD* U2, (1 ADCas aat £)
LAB? - AC? + B(C? + 2BC CD Q E.D.

B
Fig 2066

Trrorem 50 (Extension of Pythagoras’ Theorem).

In any trangle, the square on the side opposite an acute angle
equals the sum of the squares on the sudes contarnng that angle
manus fwice the rectangle contained by one of these sides and the
projection of the other side upon .

Gwen  4BC 1s a triangle, with an acute angle at C. D i1s the
foot of the peivendicular from 4 on to BC.

To prove that AB* = AC?* + BC? — 2BC CD.

I12-2



188 SCHOOL GEOMETRY [pT. 111

Proof.  AB®— AD* + BD%, (" ADBisaxt. /)
~ AD? + (BC ~ CD)? = AD® + BCt - 2BC CD + CD~

A A
C D B Cc B D
Fig 267 g 2068

But  AD® 4 CD®= AC?, (' ADCisart. ).
- AB® = AC? + BC* — 2BC.CD. Q..D.

Turorem 51 (Apollonus).

In any tnangle, the sum of the squares on two sides 15 twice the
square on half the third swde plus twice the A
square on the medvan drawn to the third side.

Gwen ABC 15 a tuangle, AL a median.

To prove that AB* + AC* = 24L* + 2BL2

Proof. Let D be the foot of the perpen-
dicular fiom 4 on to the line BC. Of thLe
angles ALDB, ALC euther both are right angles,
or onc 1s acute, the other obtuse.

If both are right angles, then

AB? = AL? + BL?, AC?* = AL® + CL-

.. (adding) AB?% + AC? = 24L* + 2BL%, (. BL = CL).

A A
In the seccond case, suppose ALB 1s obtuse, and ., ALC
acute, then

L DC
Fig 239

ADB?* = AL? + BL? + 2BL LD,
and AC? = AL* + CL? — 2CL LD.
But BL = CL.
.. (adding) AB? + AC? = 24L? + 2BLA Q.E.D.
Note This theorem 1s very often useful i riders. It should be
compared with Ex. 51, Nos. & (a), (b). It 1s generally o1 no use in

riders to draw the actual squares and rectangles concerned; usually
you should construct a proof like those of Theorems 49-51.
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ExAMPLE 57. Gwven ABCD cg a quadnilateral, X, Y are the muid-
pownts of AC, BD. A

To prove that
AB? + BC? + CD? + DA% = AC* + BD? + 4XY? D
. P’A}Of. (
In A ABC, AX = XC
AB? + B(C? = 24X® + 2BX? . A
In A ADC, AX = XC 1]

CD? + DA? — 24X? + 2DX?. ° ¢ - 27(')3
\(addmg) . g
* AB 4 BC? + CD* + DA? = 44X? + 2BX? + 2DX>,
Butin A BXD, BY — YD  BX®+ DX* - 2BY? + 2XY?
AB® + BC* + CD* + DA* — 4AX* + 2 (2BY? + 2XY?)

¢ =4A4X?* + 4BY? +44XY2
o But 24X = AC. 14X? = AC?,
simgarly, . 4BY? == BD?
* AaRi . BC? 4 CD? + DA% = AC* + BD? + 4XY? QED.

EXEREE 52

1  Use Pythagoras’ Theorem and 1ts extensions to test whether the
triangles, whose sides have the lengths given below, are right angled,
acute angled, or obtusc angled (Test by considering the longest side.)

(1) 5,6, 7 () 5,6, 8 (m) 6,7,9 (v) 7,8, 11
2 F.m(f the lengths of the longest medians in triangles (1), (n) above.
. 3 P 1s the foot of the altitude AP of A ABC, AB =6cm,
AC = 5 cms BC = 8 ecm. Calculate BP and CP.

4. In A AliC, AB = BC = 4", AC = 7", AP 15 the altitude from 4.

Calculdte CP. . .

5 (a) AP, BQ are altitudes of A ABC; AB ="7", BC = 8",
CA4 = 6” Calculate the length of BP, then of AP Hence find the
arca of the trufhgle.

, (b) Using the value of the arca of the triangle, find the length
of BQ.

Find the length of the side AC 1n the following triangles:

A

6. In A ABC, AB = 5", BC =7" ABC = 120°

7 th A ABC, AB - 5", BC =1 ABC = 60°.

8. In' A ABC, AB = 8", BC = 9". ABC = 135°.

A

9. In /MNABC, AB = 8", BC = 9” 4ABC = 45°.

10 ABCD 1s a parallcfogram. AB = 3", BC = 4", AC = 6".
Find BD.
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11 ABCD 1s a parallelogram. AB = 5", AC = 8", BD = 10".
Find BC

12 (a) ABC 1s a triangle, the angle at C 1s obtuse, AP and BQ
are altitudes Prove from Theorem 49 that BC CP — AC CQ
(b) Prove the same theorem for an acute-angled triangle.

13 (a) ABC 15 an 1sosceles triangle, AB = AC, BQ 15 an altitude
Prove AC (Q = 1B(2,
(b) Prove also BQ- = QC?* + 24Q QC.
(¢) ABC 15 an 1sosceles tnangle, AB — (1", D 15 . pomn* on
side AC such that BD = BC. Prove B(? = AC CD

14 ABC 1s an 1sosceles triangle, AB = AC, D 1 a point on the
side BC Prove AB* — AD?* - BD DC

15 ABCD 1, a parallelogram  Prove AC? + BD? = 24AB* + 2BC*
(Apollonius)

16 The <ides of a triangle have lengths «, b, ¢ Find the lengths
of the medians

17. P 15 any pomt mn the piene of the parallelogram ABCD.
Prove that PA2  PC? — PB* — PD* - constant

18 (a) ABC 15 a triangle, the angle at C'1s 120° Prove
AB? = A(* + BC* - AC BC
(h) ABC 15 a triangle, the angle at C 15 60° Prove
AB* — 1C* | BC* - AC BC
(¢) ABC 15 an equlateral triangle, D 1s any poimnt on the side
BC Prove AD?* = BD* + CD?* + BD CD

19 AB 15 a diameter of a cirele, centre O, OP 1s a perpendicular
radius, C 15 any pomnt on diameter AB  Prove AC* | 3C* = 2CP?

20 ABC 15 an 10sceles triangle, AB — AC, P, Q are pomnts on
sides AB, AC resp PQ || BC. Prove BQ* = BC PQ + (Q?

21 (a) AL 1s a median of triangle ABC, the endle, centre L,
through A, cuts the line BC in D Prove AB? + AC? = DB?  DC?
(b) 4, B are fixed pomnts Prove that the locus of a pomnt P
which moves 1n a plane through A, B such that PA4¢ - PB? = const ,
1S a circle

22. (@) ABCD 1s any quadrilateral, II, F are the mid-po.ats of
sides AD and BC Prove
AB? + BD? | D(? 4 CA? = AD? + BC? 4 4FH?
(b) ABCD 1 any quadr lateral, E, I, G, II are the .d-points
of sides (B, BC, CD, DA 1csp  Prove
2EG? - 2K — AC* + BD?
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(¢) If AB* 4 BC? + CD*+ DA = AC* + BD?, prove that
either 4, B, C, D are collinear or are at the vertices of a parallelogram.
, (@) Prove (a) and (.b) Swhere 4, B, C, D are any four, non-
coplanar, points
» ¢ \*(¢) The stun ofsthe squares on the edges of a tetrahedron equals
four times the sum of the squares on the intervals joining the mid-
points of opposite edges o

L
23 ABC s an acute-angled triangle, BQ, £ are altitudes. Prove
that BC: = AB BR + AC (Q )

] .
.24- * ABCD 15 a trapezaum, AB || CD Prove
AD? + BC* = AC? + BD* - 248 D(C

25 (a) X, Y are the points of trisection of the base BC of A ABC,
AX*> AY Prove 3 (AX?2 — AY?) = AB* — AC?
. () AX? + AY? + 4XY? — AB?* + AC2,

ot (¢} If RAC 15 a might angle, AX? | AY? = 5XY2

26 ARLC 15 a trnangle, right angled at B, D, E aie points on side
A(', suchy that" 4L — AB, CD = Cl‘? Piove DE? = 24D CE

*27 («) X 15 any point mn thc. plane of the quadilateral ABCD
Prove
XA42 + XB? + XC* + XD? = 4XG* + AB* + 1CD? + PQ?,
where P, Q are the mid-pomts of sides AB, CD resp and G 15 the
mid-poind of terval PQ
(8) Prove thus when A, B, C, D, X are any five points i space
* (¢) ABCD s asquare, X 15 a pomnt on its circumecirele  Prove
XA2 + XB? 4 XC? + XD? equals twice the squarc on the diameter
of the circle
*28% () It\,AL, RM, CN be the medians of A ABC and they cut
m G, prove 4 (4L* + BM?*  CN?) = 3(AB* + BC* 4 C.13).
) 3(AG* + BG? + CG?) = AB? - BC? + CA-2,
*29 (a) IMX 15 between 4 and B, and AX = 2XB, and P 1s any
pomnt, prove PA? { 2PB? - 3PX? | AX? 4 2BX?
(b) If G 15 the centrowd of A ABC and P any point, prove
PA? + PB? + PC? = 3PG* + GA2 + GB? + GC-,
(¢) If 4, B, (' be given points, and P moves in the plane
ABCyso that P42 + PB? + PC? 1s const , prove that P describes a

circle, gentre &
(d) PA? + PB? + PC?1s a mimmmum, when P 1s at G.

L } A
*¥30 In tl‘lal’lgle ABC, BAC — 15%; BQ, CR are altitudes IProve
2QR? — BC?,
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*31. Squares are drawn on the three sides of a triangle so as to fall
outside the triangle (Fig 271) Prove v
PQ> + RS2 + XY? =3 (AB® + BC? + CA4?).

*32. DE 15 a chord parallel to a diameter p X
AB of a circle, C1s any point on dian.cter
AB Prove CD? + CE?* = CA? + CB. B s

*33 0 1s a fixed point, the interval AB A
moves parallel to 1itself so that 042 + OB?
15 constant Find the locus of 4 ana B.

*#34 A corncr 1s cut off a cubical block.
Prove that the section 1s ~n acute-angled
triangle Q R

*35 Draw a cychc quadrlateral whose \
sides are 27, 37, 17, 5” long. Fig 271

*36 C1s the miud-point of the interval AB,1f a, b, ¢ are the lengths
of tangents from 4, B, C to a circle, prove that a? 4 b2 - 2¢2 + 242

*37 (a) If, iIn Fig 271, the areas of the squares are 37(, 116 and
74 acres, find the area of the triarqle ABCY

(b) Prove that 1f &, y, 2 are che arcas of the squares then
4N ABC - Viay — (& + y — 2)*

*38 If,1n Fig 271, the areas of the squares are 26, 20 and 18 acres,

find the arca of the hexagon XYPQRS.

CoNSTRUCTION 20,

To draw a square equwalent to a gien 1ectangle.
Gwen a rectangle ABCD.

To draw a square cquivalent to it. F
Construction. Produce the side AB beyond /

B to E, making BE = BC. A 5 B E
On AFE descitbe a semicirele, and let the
v D [¢]
Iime CB cut 1t In F, Fig 272

Then the rectangle ABCD 1s equivalent to
the square on BF.
Proof. Let O be the centre of the semicircle on AE.
Either O 1s between 4 and B, or between B and E.
Suppose O 1s between 4 and B. Then
AB = A0 + OB, BC = BE = OF — OB = A0 — OB.

T Questions 37, 38 arc taken from Dudeney’s Amusements un Mathematics.



§ 33} SQUARING A RECTANGLE 193

. Area of rect. ABCD = AB BC — AB BE
— 40 + OB) (A0 — OB) = A0 — OB®
— FO* — OB, (. AO = FO)

v = IR, (Pythagoras)
= area of square on I'B.
The proof 1s similar 1f O 1s between B and I Q.E.F.

Cor. 1. A square can be drawn, usieg only the ruler and
cor’zppswc,,equwalent to a gwen vol ygon.

For,* with ruler and compasses, we can construct a rectangle
equivalent to a given polygon (p 89), ‘and then, with the same
means, construct a square equivalent to that rectangle.

Cor. 2. If ABC be a night-angled triangle, D the foot of the
pernendicular from B on to the hypotenuse AC, then

AD CD = BD2,

The proplem “of constructing, with, ruler and compasses, a square
equivalent to a given circle 15 calked the problem of ‘squaring the
crcle’ It was recognised as onc of the stock problems in ancient
Greece, and was never solved It was proved in 1882 that, as had
long been suspected, the problem 1s msoluble, 1 e 1t was proved that
1t 1s 1mpossible to construct, with ruler and compasses, a square
equivalent’o a given circle This proof is far too difficult to be inserted
n this hook.

EXERCISE 53

1. Dtaw thestolloviing figures, and then construct a square equi-

valent to them Measure the length of a side of the square

(@) A parallelogram ABCD with AB=5cm, BC =3cm,
ABC = 45°. <

(b) An equilateral triangle on a base of 3”.

(¢) An 1sosceles triangle, whose base 1s 2” long and whose
vertical angle 1s '70°.

d A quadnlateral ABCD where AB =4cm, BC=35cm,

AD = tem., ABC = 110°, BAD — 90°.

(e) A quadrllateral whose diagonals arc 4” and 3” long and which
contain an angle of 50°. Have all such quadrilaterals the same arca?

f) A x‘\:mnglc whose perimeter 1s 10)”, and whose basc angles are
40° and 50°

(2) A triangle whose base 1s 8”7, height 47, and vertical angle 40°.
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2 (a) Prove that of all rectangles of given perimeter, the square
has the greatest arca
(b) Prove that of all rectangles ot given area, the square has the
least perimeter

§ 34. Rectangle properties of a circle.

Def 11 .ADB be an nterval, and P a point between .1 and B,
we say P divides the interval (1.3 “enternally’ mto the interv_ls
AP and BP If P 1s on .18 produced beyond A o1 B, we say
P divides the mteival IB ‘externally’ mto the intervals £
and B

Tnrorem 52

If two chords of a curde cut at @ poent (withen the ~vrele), the ~ the
rectangle on the ntervals anto which ths
pownt dvoedes one chord equals the rectangle
on the wintervals anto wheh it dvordes the other
chord

Guwen T'wo chords . IB and (D of a encle,
centie O, cutting in .

To prove that P.1 P - PC PD

Proof Let X be the foot of the perpen-
dicular from O to .13, Then  L1X = BX,
(perp from centre biseets chord)

P may be between X and .1, o1 between Y and 3

Suppose P between X and .1 Then

Pl = AX—-XP, PB-BX+4 XP -.1X + XP.
P PB = (AX - XP) (LY  XP) = .1X2 - X2
(1X2 + 0X?) — (XP?% 4+ 0X?)
= 04? — 0P?% (Pythagoias)

Simulaily, PC PD = 0.2 - OP2,
. P.1 PB =PC PD.
The proof 15 similar when P 15 between X and B QE D.

Cor. .1 P = 0.12 - 0Pz,

Lxercise We have assumed that 4B does not go through O.
Prove the theorem when AB does go through O
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Trnrorrm 53.
;3 -

If 4wo chords of a éuwrcle, when produced, cut wn a pownt, the
wlc{ungl(' on the-wntervals anto which this pownt deoides one chord
externally equals the rectangle on the ntervals anto whach 1t dvvides
the other chord externally.

Gwen. Two chords ADB, ('D of a gqircle, centic O, when
produced cut m P

T'o prove that P.A PR — PC PD. B>t ——p
Proof. Let X be the foot of the pet- c
pendicular from O to AADB. o
Then XA = XB, (peip. from centie
bisects chord). D

P may beon AB produced beyond
.4 o1 beyond J.
Suppose P 1s on B produced.beyond <. Then
Pt PrPX-X.A, PB=P\X+XB-=PX+ X.I
rarPp-—(PX—-X0HPY | Xi1)--PX2-X.1?
= (PX? 4 0X?%) — (N1 + 0X3)

' = OP?%— 0.1% (Pythagoras).
Siylarly, PO PD = 0P — 013
. Pl PB - PC PD.

It P s on . 1B produced heyond B, the proof 1s sinilar. Q 1 .
Cor. 1. Pk PB .- 0P — 0.1

Exercise. We have assumed that AB does not go through O.
Provce the theorem when AB does go through O.

Cor. 2 1If a pownt be takhen on « chord of a cucle produced, the
rectangle on the wtervals wnto which the
pownt dvordes  the chord equals  the
square on the tangent from the pount to
the cvcle. .

Gwer, AB 15 a chord of a circle,
centie O+ P1s on ADB produced beyond
B, T 1s the pomnt of ccatact of "the
tangent fiom P to the enele

T P
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To prove that PT?* = PA PB.
Proof. PA PB = 0P? — 042 (-epcat above proof)
= 0OP2 — OT*
= PT? (Pythagoras). QED.

TueoRrEM 54.

If the wntervals AB ard CD be divided, ewher both internally or
both externally, by the same pownt

0, and if 0A.0B = 0C.OD, . "

then A, B3, C, D are cyclic. B A c
Gwen The lines 4B, CD cut (e}

m 0, 04 0B = 0C.0D. \{3
To prove that A, B, C, D are A % B E

cyclic. Fig 276

Proof. Draw the circle ABC.
Let 1t cut the Iine OC agam u. E.

If O divides the mterval 1B (and henee the nterval CD)
mternally, then O 1s mside the errele, . 1t divides the mterval
CE mternally.

If O divides the interval AB (and hence the nterval CD)
externally, then O 1s outside the encle, .. 1t divides the interval
CE exteinally.

And 1n both cases

04 OB = OC.OFE, (A4, B, C, E cyclc)
But 04.0B = 0C 0D, (given).
* 0C OF = OC OD. -. OE = OD.
', If and D comncide.
4, B, C, D are cyclic. QETD.

TuroreM 55.

If O dvordes the anterval AB externally, and T be any pou.t, not
on the ine AB, such that OT? = OA OB, then the circle ABT
touches OT at T.

Gwen. O divides the interval .18 cx.ternally, 7" 1s a pomnt not
on line AB, 0T? = 04 OB.
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To prove that circle ABT touches OT at T'.
Proof. If possible, et the circle ABT meet the
line OT' agawn at P.
- Then, since U divides the .nterval 4B externally,
.. O 1s outside circle ABT and ., O divides TP

externally, and also . A T
04 0B = 0T 0P, (A, B, T, P cyche) 8 P
Bat 04.0B = 0T?, (given).
Fig 277

L OT OP -~ 012 . OP = QT.
But t}us 1s impossible, smee P and 7' arc distinet
* the cirele ABT cannot meet the ine O7'agamm  * 1t touches
it at 7. ’ QED
F"AMPLE 58 Circles are drawn through two gren pownts A, B to cut

a gwen circle, prove that the common chords with the gen circle,
nrocuced 1 necessary, cut wn the same pont or are parallel

Fig 278

(1) Gwen. T'wo points A, B and a circle A cirele through 4, B cuts
the given circle 1n P @ The hines PQ and 4B cut in X.

To prove that any other circle through A, B which cuts the given
circle has with 1t a common chord, which, produced if necessary,
goes through ¥

Proof Let another circle through 4, B cut the given circle in C,
Iét the hne XC cut the given circle again in D.

Then XA XB = XQ.XP, (A, B, P, Q cychc)

XQ.XP = XC.XD, (P, Q, C, D cyche)
. X4.XB = XC.XD
A B, C, D are cyche
« CD1s a chord of the given circle and the circle ABC
the common chord goes through X.

(1) If AB and one common chord were parallel, all common chords
would be paraliel to 4B, tor if AB cut any common chord 1n X, 1t
would, by (1), cut them all in X. QED.
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Erercise Find two points on a given cirele, which are cychic with
given pomts A, B, and with given points C, D

Examerr 59. Through two gwen points to draw a curele to touch a
gwen curcle

Given A circle, and two points 4, B

T) draw through 4, B a circle touching the given circle.

Jonstruchon  Driw any circle through A, B cutting the given circle
m P, Q@ Suppose the ines AB and PQ cut in X, outside the given
crele From X diaw a tangent to the given cirele, let T be 1ts point
of contact

Then the cirele ABT touches the given cirele at T

Proof XA XB = XP XQ, (4, B, P, Q aie eyehe)

NP XQ — XT2, (circle PQT touches XT at T')
XA XB - X7
circle ABT touches XT at T

If we draw the other tangent fiom X to the giver circle, we can
hind a sccond encle satisfymg the required conditions

Il the lines AB, PQ are parallel, draw to the given arele a tangent
parallel to them, let its point of « ntaet be T Then ABT 1s a circle

required
If the Iines AB, PPQ cut mside the given errcle, the problem has no
solution QF F.

Kxamperr 60 To draw a arele to touch a grwen line, and to go through
two given points on the same side of the line

Gioen A hine XY, and two points 4, B
on the same side of 1t

To draw a circle through A, B to touch
XY . v
Construction Take any pomnt Con XY, U X P C~_~-D VY
and draw the cnele ABC. Fig 279

Let XY cut the cirdle again in D

Suppose the imes AB and (D cut in P Then P 15 outside the
citele  Let T be the pomt of contact of a tangent from P to the
cirele

Take U on the ine XY so that PU — PT

Then the circle ABU touches XY at U.

Proof. PU* = PT? = PA PB, (PT s tangent to circle 4BT)

PU touches the eirele ABU
the cirele ABU touches the ine XY

There are two solutions, corresponding to the two positions of U

If the lines AB and XY are parallel, construct, as before, the circle
ABC, and take U the mid-pomt of interval CD

Then ABU 15 the circle required QEF,
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ExAMPLE 61 From what point on a fived horizontal line does a chank
an a door appear to be widest?

Grwoen A, B two fixed points, B
XY a given Iine

“'o find a pomnt P on XY such

that APB 15 as large as possible A )

Construction. (1) Suppose the
Iines AB, XY are not parallel Q s K X P RY
Draw the circles ABP and ABQ Fig 280
to touch XY in P, Q resp
Let AB cut XY in K

Then APB > ARB where R 1s any pomt on the ray KP
A
AQB = ASB where S 15 any pomt on the ray KQ
Proof Father AR cuts the are APB or BR cuts the are APB (or
botb nay do so) Let AR cut the are APBn V
A A
Then APB AVEB, (same scgment)
~ ARDB, (ext / of A,BVR > mt opp /)
A A
Similarly, AQB - "ASB
Thus the pomnt C required s atha P or Q, according to which of
the angles APB, AQB 15 the greater
() If AB and XY are parallel, the pomnt A B

required 15 the foot P of the perpendicular
on XY fic n the imd-point of 4B

Proof 'The circle ABP touches the hine v
XY mmP

Let R be any point on XY  Iather AR X R P Y
cuts the are APB or BR cuts the arec APD Fig 281

(or both may dv <o)
Let AR cut the ate APB in V
A
Then APB - AV 13, (same segment)

> AI?B, (ext /Z of A BVR > 1t opp /)
the point P 15 the poimnt requured QE .

EXERCISE 54
1 A circular arch of height 4 ft 15 on a base of 6 ft What 15 1ts
radius? (Use Theorem 52 )
2 Alowlisin the form of a picee of a sphere, 1ts breadth 1s 10 ft
1ts greatest depth 1s 3 ft What 1s the radius of the spheie?
3 Assuming that the carth 15 a sphere of radius 4000 miles, how

far should a man be able to sce from the top of a tower (1) 100 {t,
(11) 300 ft , (11) 1000 ft high?
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4 Prove that from the top of a tower h ft. high, a man can see
v 3h/2 miles

5 Two towers are 500 and 800 ft high The top of one can just
be seen from the top of the other ¥ind *heirr greatest pcssible
distance apart.

6 A window 4B 1s 9’ high It subtends equal angles at points
C and D 1n the street, OC = 4/, CD = 5’. Find the

height of A above the street (Fig £82). 8
7. If ;n the same figure 04 =5, AB —= 7,
CD — 4/, find the length OC.
8 A man walking along a straight road ob-
serves two trees They appear to widen out until
he reaches tle point 4 At the point B they A
arc 1 line, and the nearest 15 20 ft. away 'The o ¢ )

distance from A4 to B 15 40 yds. What 1s the
distance between the trees?

9 In a game of Rugby football, a try 1s scored at the point 4
Where 15 the best point from winch to kick the goal?

Fig 282

13

EXERCISE 55.

1 P, Q are pomnts on chords AB, CD resp of a circle,
PA PB = QC QD '
Prove that P, @ arc equidistant from the centre

2 (a) P1s a pomt on the common chord produced of two circles
Prove that tangents from P to the two circles are equal
(b) Prove that the common chord produced bisects the common
tangents of the circles.

3 (a) P15 a point on the common chord, or that chord produced,
of two circles Through P are drawn two hines, one cuts one circle in
A, B, the other hne cuts the other circle n C, D Prove that 4, B,
C, D are cyche

(b) If T be the point of contact of a tangent from P to the
second circle, then circle ABT touches PT at T

4. ABCD 1s a convex quadrilateral, the diagonals AC, BD cutin X,
the sides 4D, BC produced cut in Y, 4X.XC = BX.XD. Prove
YA. YD =YB YC

5. (a) Two chords AB, CD of a circle cut 1n X, L, M bisect the
intervals XC, XB resp Prov. 4, D, L, M are cyclic.
(b) In the same figure the ntervals X4, XD are produced to
P, @ so that X4 = AP, XD = DQ. Prove P, Q, L, M are cychec.
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6 A line through the vertex A of an 1sosceles triangle .1BC cuts
the base in D and the circunerrele in £ Prove that AB? = AD AE.
7 C s any pomnt on the diameter AB of a semicircle, the per-
pendicular to AR at (' cuts the semicirele 1n 1)
and the chord 4AF 1in K. Prove D E
AE AF — AC AB = AD? (Fig 283)

8 X, Y are points on the chords 4B, AC >t

a cirele, XY 15 parallel to the tangent at A E
Prove AB AX = AC AY. A C B
2 (a) Thealtitudes AP, B, CR of a tmangle kg 283

ABC cutin II Prove that A1l P = B 1IQ
b) CQ CA —=CP CB - CH.CR
10 (a) Two cireles cut in A, B, a third encle cut one m P, Q;
the other in X, Y Prove that the hines AB, PQ, XY aic concurrent
(b) Two circles touch mn 7', a third circle touches one i A,
the other in B Prove that the tangents to the cucles at T, 4, B aie
concurrent

11. A, B are the centres of two circles, T' 15 the pomnt of contact
of the tangent fiom .1 to the cirele, centre B3, S'1s the pomnt of contact
of the tangent from B to the cirele, centie A, AT and BS cut in X
Prove AX XT - BX XS.

12 I'wo eneles cut m 4, PAQ, RAS are lines thiough the centres
of the cirelos, cuttine the eireles in P, Q, 2, S Prove that
PA AQ = R.1 AS (Ig 281)

S
e (¢

g 281 g 283 Ifig 286

13 A squate s deseribed in a semcirele (Fig 285) Prove that its
area — } diam ?

14  AB1s a diameter of a circle (g 286), a tangent at a point T
cn the circle cuts the tangents at 4, Bin C, D resp Prove AC BD =sq
on radius

15 A, B, ', D are 1n that order on Y hine  Find a point O on the
Iine so that 04 OB — OC OD (Through 4, B and through C, D
draw any circles to cut each other )
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16 (', D are points on a semicircle on AB, BC and AD cut at a
pomnt X 1nside the semicircle Prove that
AB? = DA AX + CB.BX.
(Apollonius and Theorem 52 )

*17 CD 1s a chord of a circle parallel to the diameter AB, XY 1s
a common perpcndicular to AB and CD, X 15 on

CD, Y on AB (Fig 287) Prove that cmo

AY YB = (X XD + XY? L \

)
B

*18 ABC 1s a triangle Find a pomnt X on
base B(C, such that AX? . BX X( A Y

*19  The altitudes AP, BQ, CR of A ABC cut Fig 287
m H Prove that BP PC' -~ AP Pl

*20 C1s a point on the diameter AB of a circle, PC 1s perpen-
dicular to AB, T the pomt of contact of the tangent from P Prove
PC? — PT? + AC CB

*21 A, B arc on the same diameter ot a circle, “entic 0, equi-
distant from O, CD 15 any chot. +hrough A (Fig 288) P.ove that

BC? + BD? + CD?
15 independent of the chord  (Apollomus and Theorem 52 )

*¥22. P 15 a pomnt outside a cncle at a distance from the centre
not greater than the diameter  Draw a hine through P cutting the
circle in 4, B such that PB = AB

C
A <
E
\ A0 B
D
A B

g 288 Fig 289

*23 Two circles cut in A4, B, the common tangents CD, EF cut
the line AB 1n GH  Prove GII: = AB? + CD?

*24 (15 the mid-point of the semicircle on diameter AB; D 1s the
mid-point of chord BC, AD cuts the semicircle again in E. Prove
that AD = 5DE. (Fig 289 Calculate AD? from Apollontus Then
use Theorem 52 )

*25. Show how to diaw . circle through two given pomts and
cutting a given circle, so that the common cherd has a given
length
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*26. C1s any point on a semucircle on diameter AB; X 1s any pont
on the diameter; the perpendigular to 4B at X cuts the hnes AC, BC
m Z, Y, and the circle m P (Ing 290) Prove XP2? = XY.XZ.

zZ

CLlp
A X B A )
Fig 290 Fig 291

*W. (a) APLD s a cyche quadrlateral (Fig. 291) The sides AB
and CD produced cut 1n J7, the sides 4D and BC produced cut i F.
Prowe that I'F# - sum of squares of tangents to circle ABC fiom F
and E. (Prove that circles DCF...id BCE cut on the line FE, 1in
H, say Pivot theorem Then FE? - FH FE + EH FE)

(b) Ience by means of Apollonius’ Theorem, prove that if the
circle on diameter FE and the circle ABC cut in X, Y, then the
tangents at .X, Y to onc cirele go through the centre of the other.

§ 35. Gebmetrical illustrations of algebraical identaties
]

We have used Algebra freely in all questions that involved the
sums and products of the lengths of intervals When Geometry was
first studied, dlgebra had not been invented, and the Geometars of
Ancien? Greeco usedy certain theorems on the dissection of figures,
where we should now more naturally use algebra. Unfortunately
examming bodies still ask for proofs of these theorems, and for this
reason we give them.

TuEOREM A.
Geometrical llustration of the wdentity a (b + ¢) = ab + ac.

Let 4, B, C be three points on a line, with b
B betyeen 4 and C, and A B ¢ ¢

let  the ntéival AB be b units long, alab | ac
and  thqterval BC be ¢ units long
Draw the rectangle ACDE, such’ that the E 3 D

side CD 1s a umts long. Fig 202
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Let the parallel to A through B cut DE in F.
Then ABFE and BCDF arve 1ect-ngles,
Arca of 1ect. 4D = a (b + ¢) 5q. units,
Al = ab
ClI' = ac.
But rect AD =rect AF +10ct CF
This fact correspond. to the 1dentity a (b + ¢) = ab + ac.

Treorem B.

Geometrical dlustration of the wdentity (a + b)? = a2 + 2ab + b2
Let o1, B, C be thice pomts on a line,
with B between 4 and C, and

let  the mterval .18 be a units long,

and the mterval BC be b umts long.

Then the interval AC1s ¢ + b uts long | a2 ab la
Draw the squaie A4CDE on tne side AC.
Cut off the mterval (' = B(C from the

side (D
Thiough B, I' diaw parallels to the sides

of the square,

These divide the square into squares and rectangles.
Arca of square KII = @* sq. umts,
1ect. KB = ab,
rect. Il = ab,
square BF = 0%
square AD = (a + D)2

A o BLC

bl ab b2 |b
K F

E H DO
Ihg 293

1

But
square .1D = square KII + rect. KB + reet. FII + square BX,
This fact corresponds to the identity
(@ + b)? = a® + 2ab + b2
Ezercise Give a geometrical illustration of the identity
(@ + b+ c) = a*+ b+ ¢ + 2ab + 2bc + 2ca
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'"Tororem C.

Geomebrcal dlustiation of the wlently (@ — b)2 = a® — 2ab + b2

et A, B, ¢ be thice p(smts on a line, <----. Qo=
with C between A and B, and A cb .9
let  the inteival 1B be @ units long, y ! b2 b
and the interyal BC be b umts long. K F
The the Interval .1C 1s @ — b tinits long 2

Diraw the square .IBDE on the sids AD. (@ _b)

Cut off the mterval BF = BC.

E H D

Through ', I diaw patallels to the sides
Mg 204

of, the square.
These dividg the square into squates and rectangles
Area of square AD = a* sq. units,
1cct AF' = ab,
square IC' = 02,
icet  CD - ab,
square KII' - (a — b)?

But
square RJI = squarce AD — reet LK + square FC — xeet. CD.
Thisact cortesponds to the identity
(@ = D) - a®— 2ab | b2

Turorrm D.

Geometreal Wlustration of the identity a® — 02 = (a — b) (a - D).
Let A, B, G be thiee pomts on a Iine, with 4 ___,

C between A and B, and A cbe
Iet  the mteival B be ¢ units long,
and the mterval BC be b umts long. N
Then the mterval AC 1s a — b units long.

Dra¥ the squaie ABDE on the side AB, g L b
and the'squaie CBFN on the same side of BC. b

Produc the side AE bevond K ¢o K, and K H

make EK = BG. Fig 295

Produce the side CN so as to make the rect. EKIL.
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Then reet. ND = rect. IYH.
.. rect. AL + rect. ND = rect. AIL.
But rect. AL + rect ND = a? — b? sq. units,
and rect. AH = (a — b) (a + b) sq. umts.
These facts correspond to the 1dentity
a2 — b= (a— b)(a + ).

§ 36. Use of similar triangles.

If we have two intervals of lengths 3 1n. and 5 in., we say the
‘ratio’ of the first to the second 1s 3 5 or 3/5. If we have four
intervals of lengths @, b, ¢, d, and the ratio a/b cquals the ratio
c¢/d, we say the intervals (or their lengths) are “en proportion’

and write
a:b=c-d, or a/b = c/d, or %=‘%
Ifa.b = c.d, then dis called the ‘ fourth proportional’ to a, b, .
Ifa-a = 2 b, thena s called the “mean proportional’ between
a and b,
We shall often need the following algcbraical results:

Ifa b=c d, then

b a=4d e,
a‘c=10b d,
ad = be,

a+b b=c+d-d,
a—bb=c—-d-d,
a'a+b=c’0+d:
a+b a-b=c+d:c—d.
ExamrLE 62, Ifa b=c¢ d,toprovea +b:b=c+d.d.
Denote the fraction a/b by k, then @ = bk; c/d = k. . ¢ = dk.
a+b _bk+b_b(k 1)

BT s T TEHL
ctd dk+d d(k+1)
“d T 4 - a4 “ktlL

a+b.b=c, d.d.

Exercise. Prove the other results above in the same way.
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To illustrate the use of these, suppose mn Fig, 296, that
AB . BC = AYv YZ.

Then we have A B ¢
BE:BA = YZrYX,
AB XY —- BC- YZ, X Yz
and AB + BC.BC = XY + YZ.YZ,
Le. AC.BC = XZ YZ. - Yig 206
‘Symilarly, * AC - AB ~ XZ . XY.
Alsb AB.YZ = BC.XY.

EXERCISE 56.

A}
1. Find the value of @ 1n the following proportionasties
‘5.6 =3 L2 3=x 8,2 x=x 8 a4 b—¢c x,a x=x b
2" («) Wrntd down all the proportionalitics which follow from
a. b = ¢: { and which are obtained by merely permuting the letters.

) (b) Do the same for a . b = b o0e

3. If « b-=8.4, write down"the values of a +b b, ¢ a + b,
a-b.,b, a+b a-0b.

4 Whenisa b=a® 0?7 Ifa.b—x yandc d=2 w, prove
that ac bd = xz yw.

5. bolvc the equations. (1) x + 3 @ -3=9 8

’ mae+a x—-—a=1> c
6 Fmd the fourth proportional to 5, 6, 7, and the mean pro-
ﬁortlonal o35, 6.
\
A v X ,B A B Y A_XB Y
) ()
Fig 297 Fig 298

»
Defs. If X 1s on the interval 4B, 1t 1s said to ‘ divede the interval
wnternally in the rato AX XB’° (Fig 297 (1)).
If Y 1s on the mterval .41 produced, 1t 15 said to ‘dunde the
wnterval externally wn the ratio AY : Y B’ (Fig. 297 (1)),

An lnterval may be divided nternally and externally in the same
ratio ¥or mstance (Fig 298), 1if AX = 2XB, and AY = 248, then
AX : XB=2.1and AY .YB =2 1. AX . XB = AY * YB.

Def. If X, Y divide tho interval °AB internally and externally
in the same ratio, so that 4X . XB = AY - YB, then 4, X,
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B, Y 1s called a “harmonic range,” and X, Y are said ‘to separate
A, B harmoneally’

Simce AX XB - .Y YDB mmphes XB BY = X.1 AY,
therefore, 1l X, Y separate .1, I# haimc ncaliy, then A, R
sepatate X, Y harmonieally.

7 Draw an interval 4B, 2” long, and on 1t mark points X so that
the ratio AX XD has ithe valuesresp 1 1, 2 1, 8 2.

8 (a¢) An teival AB, 2” long, 1~ divided internally and externahv
by X, Y resp,sothat AX XB - AY ,YB -3 1. Iind thelcngths
of 1X, XB, AY, YB

(b) Do the same question when the ratio1s 4.+ 1

9 An interval AB of length 115 divided internally and extermally
by X, Y resp an the ratio @« 0 Find the lengths of AN, BX, AY,
BY.

10 («) C dwvides the interval A B internally in the same ratio as
7 divides the interval XY externally, AC =77, XY = 3", YZ — 2
I'ind BC

) It AB -10", XY — ¢/, ¥YZ — 10", find AC

11 (a) O divides AB internally in the ratio 3 1, D divides AC

mternally in the 1atio 4 1 ¥ind 4D DB
(b) " divides AB nternally in the ratio 4 1, D divides AC
cexternally in the ratio 6 1 Find 4D DB, .

12  The mmterval AB s divided by X, Y interr lly and éxternally
m the same ratio, O 15 the mid-point of AB. Prove OX 0OY = 042
(KFrom AX XB =AY YB follows

AX 4+ XB AX - XB =AY | YB - AY - YB)

13 If O 1s the nud-point of the interval AB, and X. Y are o the
ray OB such that O.X OY —= 042, prove that A, X, B, Y 15 2 harmonic
range.

We defined similar triangles as triangles with the corresponding
angles equal, and we noted that they had the same shape We can
now express the last fact moie preciscly by saying that the corre-
sponding sides of the triangles are propottional This leads us to the
statement 1n the following assumption-

Assumption 16, If two triangles be such that the angles of one
equal the corresponding angles of the other, then the corresponding
sudes are proportional.

Thus 1f 1n the tnangles ALC, XYZ of Fig 299 we know that
Xf = )2', I? = i/' (and 2‘ = 2), then 1t follows that

ADB . BC = XY .YZ and BC.CdAd =YZ.ZX.
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We write these proportionalities to- B8 Y
gether as A
AB BC Cd XY YZ ZX X z
Note also that s ' c
AB XY = BC YZ. AT he a0

A useful dodge When you state two triangley are similar, always
write the thiee letters representing cach triangle, i such an order,
that, the first 1ckters correspond 1o equal angles, the second to equal
angles and the third letters to equal angles  (This 15 useful even in
questions on congrucnce, and we have usually done s0 ) Thus when
we say ABC A:m,(\l LPX are similar triangles, we shall always mean
A = ]A., B - r,C - X The co responding proportions ean then be
wntten down at once without using a figure, as follovés

ABC AB  BC AC_ AB  BC AC

LEX © LP-PX’ LXTLp' px Ly “ndeeon

[4
Turorem 56

Goen., B.AC s a night angle, D s the foot A
of the perpendicular from A to BC
To prove that
B.12 5 BD BC, C.12 = CB CD, 5 5
D.12— DB DC. Fig 500
Proof In As . ABC, DB,
) {I}A(' - BDA, (1t. /%)
ABC - DB,
As ADBC, DBA are similar.,

C

BA BD
BC -~ BA |usmg the above 1ule]
B.A* = BD DBC.
Smmulaily, Ca%- CB CD.

In As ABD, CAD,
(ABD = C.ID, (cach = 1rt £ — B.AD)
(ADB — DA, (it 19).
Ns ABD, CAD are similar.

: D4 _be
DB D4’

DA? = DD DC. Q E.D.
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In Theorem 56, the nterval 4D 1s the mean proportional
between the intervals BD and DC The mean proportional 1s
also called the ‘ geometric mean’

Ezercise Give a construction for diawing tl @ mean proportional
between two given intervals
Nowe. The first part of Theorem 56, viz BA% = BD BC, was
proved, by areas, i tk2 muddle of the Theorem of Pythagoras (sce
p 80, Example 14) Adding the firct two results in Theorem 56 we
have a proof of the Theorem of Pythagoras, without the us- of ar’«~
The thud part of Theorem 56 15 a statement of the property used n
constructing a sqquare equivatent to a given rectangle (Construction 20,
p 192) DBut, important as Theorem 56 1s, 1t 1s only a special case of
Theorems 52 and 53, Cor 2. For BA 1s a tangent to the circle ADC
BA: = BD BC. Also, 1f the line AD cut the circle ABC again
m kK, then AD = DE, BD DC — AD DE (Theorem 52)
BD DC — DA We will now show Theorems 32 ard 53 by
the same method

Proof of TurorREMS 52 « 1 53 by sunular truangles.

Gwen. (1B and CD are two choids of a encle which, produced
if necessary, cut in P
To prove that PA PB = PC PD

c B
e
A
P
B C
D
D

Fig 301
Proof. In As PBC, PDA,
PBC - PDA4, (same segment)
A A
BPC = DPA, (opp. 4s).
As PBC, PDA are similar
. PB_PD
tPC  rda’
. PA PB = PC PD. Q.E.D.
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We shall shortly examine more closely the fundamental theorems
on similar trangles, and prove that they can be
dedeced from the folldwing special case of Assump-
tion 16. of the line XY be parallel to the base BC of
fiwangle ABC and cut the sides AB, AC or those sides
produced mn X, Y resp., then AX AB =AY AC.
Hence AX : XB =AY YC
The converse 15 1f X, Y be on the rays 4.5, AC or
% the ntervals BA, CA produced beyond A, and
AX AB =AY - AC (or if AX . XB =AY -YC(),
ten XY is parallel to BC Both these may be used 1n
the following exercises

EXERCISE 57

1 ABC and XYZ are similar triangles, AP and.XQ are altitudces,
Al? =8, XY =4", AP - 5", Iind XQ.

2 'The circumradu of two similar triangles ABC, XYZ arc 57, 3”
resp. AB = 2. What 1s the length ot XY?

3 X, Y are pomnts on the siues AB, AC of A ABC, AB — 3",
BC=4",CA=35", AX = 2" Find AY, XY

4 Two chords 4B, XY of a circle cut in O, 04 - 47, OB —= 37,
00X =2", BX =25". Find 4Y.

5. O.AB 1s a triangle, a circle through 4, B cuts 04, OB agamn
mX,Y. OX=2,4X =4",0B =8", AB - 5” Find XY.
6. (@) ABC and XAB are sumilar triangles; AB = 3", BC = 47,
'CA = 35" Fmd AX, XB.
(b) It ABC, XAB arc similar triangles, prove X4 BC = A3,

7. The targent at 4 to the circle ABC cuts the parallel through
CtodBatT If AB = 6", BC =17", AC = 8", find AT, CT.

8. Two hnes ABC, XYZ are cut by three parallel lines resp 1n
A, B,Candin X, Y, Z. fAB=4",BC="7", XY = 38", AX = 8,
BY = 1¢’, find YZ, CZ.

9. C 1s a pomnt on the base AB of A OAB, X, Y are on sides
04, OB resp , XY | AB, XY cuts OC 1mn Z. If 0X = 4", X4 = 1",
oC¢ = 6",0B = 7", find CZ, BY.

1C. ABCD‘ 1s a trapezium, AB || CD, AC, BD cutin X, AB =7
BC =4",CD =6",DA = 8", AC = 5", Find 4X, CX.

11. ABC s a tnangle, night-angled at 4; 4D 1s an altitude

(@) Given AB = 6", AC = 5", find BD, DC, AD.
(b) Gwver. BD = 7", CD = 5", find AB, AC, AD
(¢c) Giwven AB = 5", BD = 4”, find BC, CA, AD.
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12 Pisa point at a distance of 8” from a circle of radius 57 Find
the length of the chotd of contact of the tagents from P to the cucle.
13 Two cencles of radn 57, 77 touch externally at 4, a line through
A cuts them 1n P, X resp. PX = 172" Iind Pd, AX,

14. P 1s a point at a distance of 9” from a circle of radius 6”.
Find the distance, from the centre, of the chord of contact of tangents
from P to the circle

15 Two vertical posts are of heights 6 ft. and 11 ft resp , the=e
are two straight wires, one from the top point of each to the bettom
pomt of the other Find the height at which these wires cross when
the posts are 1 ft, 2 ft, 3 ft apart Ixplan the results

16 ABC 15 a tiangle, the ine XY cuts AB mm X, AC m Y,
XY || BC Prove AB BX = AC CY.

CoNsTrUCTION 21

To dwde an wnterval ADB wnt > nally and cxternally wn a gwen

ratio D
(1) Gwen an mterval AB and two ¢

intervals of lengths @, /ﬂ
To find a pomnt P on the interval AB, A P B

so that AP PB -a y g S
Constructron. Draw any 1ay 4 fiom A

A, and on 1t take two pomts ', D, so B Q

that AC =wx, CD --vy, C between A 7 d —

and D, —

Jom DB and diaw, through C, a Fig 303

patallel to DB to cut the Iime 4B m P,

Then AP PB a2 y.
Proof. Sice CP || BD,
AP PB = AC CD
=a .

(1) Gwoen, as before, with @ > y.

To find a pomt @ on the line /AB, so that AQ . QB = x . y.

Constructron. Diaw any 1av AC from .1, and on 1t take two
pomnts C, E, so that AC = r, CE = y, i between 4 and C.

Jom KB and diaw, thiough C, a paiallel to EB to cut the
line AB in Q.
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Then AQ QB =a y.
Proof. Since EB || CQ,
AQ QB = AC CE
=a . Q.k F.

EXERCISE 58

1 ABC 15 a trangle* the angles marked arc equal Prove that
triangles ABC and XYZ are simalar (Fig 304)
<2 L, M, N are the mud-points of the sides of triangle ABC  Prove
that the triangles ABC and LMN are similar

3. ABCD s a trapezium (AB || CD),' whose diagonals cut 1in X.
Prove that triangles AXB and CXD are similar

4 AP, XW are altitudes of sumilar triangles ABC, XYZ. Prove

AB- AP = XY XW. f
' A

: A
A\
z p’

¢ i o
B c ¢ <
Fig 304 Ing 305

5 (a) AP, BQ, C'R arc altitudes of A ABC, cutting n I Prove
that As ABQ, ACR are simular, and that As AHR, ABP are sumilar
(b) Hence prove AQ AC = AR AB = AIl AP
6 ABCD is a trapezium, AB || CD, 1ts diagonals cut in X Prove
that 4AX A3 = XC DX, AX XC=BX XD
7 InFig 505, AB|| XY and BC || YZ Prove AC|| XZ.

8 Tangents are drawn from P to a circle, centre O, the chord of
contact cuts OP in N. Prove ON.OP = square on radius

9. (¢) C 1s a pomnt on the mterval AB; through C any line 1s
drawn, X, Y are the feet of the perpendiculars from 4, B on to the
Iine Prove that AX BY 15 mdependent of the position of the hine
through C.

" (b) A, B arc given points Draw a line, passing between A
and .2, such that the ratio of the perpendiculars from 4, B on to 1t
15 given

(¢) A, B are given points Draw a line, not passing between
A and B, such that the ratio of the nerpendiculars from 4, B on to
1t 1s given.

(d) Draw a line such that the perpendiculars on to 1t from three
given points are 1 a given ratio  How many such lines are there?
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10 In Fig. 306, AX = AY. Prove that BD.DC = BX CY.
(Through C draw a parallel to XY )

11. P moves along a lme; O 18 a fixud
pomnt, OP OQ = const. Q 1s on the ray OP.
Prove that the locus of @ 1s a line

12 Two hnes are cut by three parallel hnes, X v
the first in A, B, C, the second n X, Y, Z
Prove AB BC = XY : YZ. (If the two lines g C D
are not parallel, draw, through 4, a parallel to Fig. 306
XY)

13 By means of Theorem 52, give a construction for drawing, on
a given base, a rectangle equivalent to a given rectangle.

14 M 15 the mid-point of the side AB of A ABC, a line through M
cuts the side B/ in P, the side AC produced 1in @, and the parallel
to AB through C'.n X Prove that M, X separate P, @ harmonically.

15 X, Y are points on the sides AB, AC of A A73C, M 1s ‘the
mid-point of BC, XP and YQ are parallel to AM Prove BP = QC.

A

A

X Y

B PMQC
Ing 307 Fig 308

16. (a) ABCD 1s a trapezium; AB || CD, 1ts diagonals cut in X.
A parallel to AB through X cuts AD m If and BC 1 I' Prove
EX = XF (Fig 308)

(b) A parallel to AB cuts AD, AC, BD, BCresp m P,Q, R, S
Prove PQ = RS (cf No 12)

(¢) Parallels through X to 4D, BC resp cut 4B n Y, Z.
Prove AY = BZ.

17. ABCD 1s a cyche quadrilateral, the bisectors of the angles
ACB and ADB cut one another 1n K, the first cuts BD 1n X, the
sccond cuts 4C 1n Y. Prove EX.EC = EY.ED

18 AB|| EF, and X 1s the mid-point of the interval EF, BX,
AE cut n D, BF, AX cut in C. Prove AB || CD

19 (a) APB and CQD are parallel lines; AP - CQ = PB - QD.
Prove that AC, BD and PQ are parallel or concurrent, and that 4D,
BC, PQ are parallel or concurrent

(0) X, Y are the mid-points of the parallel sides 4B, CD of the
trapezium ABCD. Prove that XY, AC, BD are concurrent.
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ExampLE 63  You are provided with a ruler with two marks on 1t
To draw, using this ruler alone, a parallel to a gwen line through a gwen
point

Given a line XY, and a point P, not on 1t.

+ To draw through I a line parallel to XY, using only the above
means The ruler enables us to cut off a
certain fixed distance d along any given
ray from any given point.

Comstruction Take any point 4 on the
1sie XY, and cut off the mtervals AB,
AL o1 length d, onc on each side of A4

Join BP, and produce the mterval LP
beyond P to any point Z

Let PC, AZ cut in @, and BQ, CZ cut X B\VC Y
mn 2

* Then PR 15 parallel to BC W
«’roof Thei21s a point W on the interval Fie 309
QA prodveed beyond A4 such that .
]

AW = AQ.

[The fact that we cannot construct it with our ruler does not matter,
because we do not need 1t for the construction, but only for the
proof, and 1t 1s suflicient, for the proof, it we know, as we do, that
a point W with the required propeitices exists |

Then QBWC s a parallelogram, ( diags bisect each other)

ZP PB =ZQ - - QW, (PQ| BW)
ZRR RC =Z7ZQ QW, (RQ]| CW).
ZP PB —~ZR.RC

PR || BC. Q.E.F.
Examrui 64 Gwen. D asa point on the ine BC, A
A s a point not on the hine.
To prove that
£ ABD _ BD
AACD  CD g 5 X ¢
Proof Let X be the foot of the perpendicular
from A to BC. Fig 310

AABD _}AX.BD _BD
AACD ™ AX.CD ™ CD*

20. 43C1s a triangle, with the angle at 4 a right angle; AD 1s an
altitude Prove that AB?- AC? = DB . DC (sce ¥ig 300)

21. In Fig. 173 (p 114), PQ always goes through 4 Prove that
BP . BQ 1¢ constant.

“Then
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22. Through M, the mid-point of the side AB of A ABC, goes a line
cutting the lines BC, AC 1n X, Y resp  Prove
BX XC - AY - YC. (Fig 311 Drop perpen- A
diculars from A, B, Cto M, Y )

23. C1s on the inteival A8, D 1s a point nov M
on the ine AB  Find pomnts X on the ine 4D

so that (X2 — AC CB (o]
24 If, n Ihg 800, AB = 24C, prove that B X Y
5CD — BC. Fio 311

25 D 1s the foot of the perpendicular from
C' to the line (1B, ('D? = AD DB Piove that ACB 15 a night angle

A
26 In g 312 AOB 15 a right angle, C'D touches the encle n P,

PM | O4 Piove
ACOD N AOB

A AOB =~ A OMP

O M A C A X Y B
Ihg 312 Ing 313

27 XY 1s a side of a square n a nght-angled uiangle ACR (Fig
313) Prove XY? = AX YD

The following example 15 not connected with sumlar triangles

IixamreLk 65 To draw a perpendicular to a gren Line from any’ groen
pownt by means of a ruler with two marks on

it (1e. we can cut oft a certain distance d R
along any given ray from any given point).

Gioen a hine XY e
To draw a perpendicular to XY from a Q
given pomnt
Construction  If we have one perpendicular = o) B Y
to XY, the requred construction can be Fie 314
(=]

completed by means of Example 63 'To
draw onc such perpendicular, take O any pomt on AY, and maik
off mtervals 04, OB along XY, of length d, draw two intervals OP,
OQ of length d on the same side ot XY and not along 1t.

Let AP, BQ cut in R, and BFP, AQ cut '‘n S

Then RS 15 perpendicular to XY
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Proof APB ~ 11t L, (04 =0P - 0B)

Simlaly, ‘RQI —~ 11t £
Afd since the altitudes of any trangle concut, RS | B

Qllr v

§37. The fundamental theorems on congruence and
parallels.

=1 Lhe Tatly pat of this ool we lud down some fundamental
“Assumptions” on the congrucnce of tigingles, on paralldds, and so
on, and we deduced a number of proposttions from those assumptions
We also made a great many assumptions which weare taken for grantod
witlouwt beimng stated  We shall now examine some of thesc assumptions
themselves  we shall not coneern oursclves with tlee quiestion as to
wh‘(thcr they are true or not —we may here samply assume then
tiufh —but we shall try to discover the relations between these
asgumptidhs, whether, for instance, we can deduee some of tham
from theothers, o1 not

It may perthaps seem unneecssary to do this, and, m fact, the
question 1s, i the first place, onc rathar ot Togie than of Geometry,
but experience i many bhranches of seicned has shown the importance
of carcfully analysing and arntangmg the simple facts assumed at the
beginning of the science, mstcad of leaving them m o vaguc and
confuscdancess =

It 1wobwvious that if we are to prove anything at all, we must make
some assumptions, because we must start somewhcare  But we shall
make fewer asxumptmns now than we have made hitherto, and we
shall qwntmn some of the assumptions which we made batore, but
did not actudllly statc  In a complctely logical Goometry, «ll the
assumptions would be stated, and nothing would be assumed which
could be proved from thcm, but a completely logieal Goometry s
hard to constPuct and hard to undeistand  What we give 1s a com-
promise, 1t 1s morc logical than what i1s contained m the begmmng
of this book, but 1s still far from perfecty

We shall make the following assumptions (as wdll as some others
whish we shall mention later on, and some which we shall leave
unstaped)  Assumptions at the basis of a science are usually called
‘ heroms’

T 'Thosg who desire to sce a logical system of Kuclidean Geometry may
consult the author’s Foundatons of udlglean Geometry , they will find there
a full ticatmentaof the many® questions left unanswered mn this book, and
an analysts of the assumptions lett unstated ot unanalysed hete,
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Arnom 1. If XY 1s a gwen wnterval, and —
04 a gwen 1ay, we can find one, and mly one,
pownt B on the ray OA, such that the intervals 0 B A
XY and OB are equal. Fig 315

A
Ax.om 2 If ABC 1s a gwen angle, and OX a gwen ray wn a
gwen plane, we can fin? one, and only one, ray OY on a groen sude
: A A
of the ray OX, and wn the gwen plane, such that XY and A2
are cqual.
Cc Y

~

B A 0 X
g 316

Axviom 3. If ABC and DEEF be triangles, and AB = DL,

BC = EF, ARC - DEF, then BAC —- EDF, BC.A — EFD,
AC = DE. (Assumption 12, p 15)

A/\/\F

l‘l,‘,’ 317

[We shall consider later a “proof’” which s oftcn given of this
Axiom  We may sum up the hypothcsis of the

Axiom by the words ‘two sides, inel 2’| c
Note The followmg result of Ax 2 should be B

noted We cannot have two rays OB, OC' on the
same side of the ray O.1, so that the angles A0B
and A0C are equal For, 1t there were two such § A
rays, then on a given side of the ray 04, we should

A x Ing 318
have two angles, viz. AOB and 40C, equal to the
A

given angle AOB, istead of one and only one, as the Axiom scates.
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Turorkm I (Assumption 10, p. 11),

The angles at the base o an wsosceles triangle are A
equal.
Gwen. ABC 1s a triangle, 4B = AC.
To g ove that AI/}C = A(é’B.
Proof. Treat the tuuangles ABC, 1CI & if they
:v’e dlsgmctctuangles.

C
Ve have in the two tiiangles the following paits B Fio 319
equal:
In A IBC In A ICB

AB e
Nis AB

B CAB.(twosides, inel, 7)),

oll(-n(-sf bye\xiom 3, .IBC .ICB. QL D,

o
Note What we have shown®is that this theorem 1s contamed

mplicitly 1n Axiom 8 as a special case  In that Axiom, 1t 15 not

necessary that ABC and DEF should be distinet triangles, and when

the pomts D, E, I aie at (', B, A 1esp we have Theotem 1 at once
‘Congruent truangles’ are delimed as belote, p 14

Turoke 11 (Assumption 13, p 17)

Gren ADBC and DEE we trandes, AB  DE, BC - EF,
C.1 FD.~
L]
To prove that thetrwangles ABC, DEE @ congruent.

/C\'D/i\E 400
N

Cage (1) g 320 Casc (11)

l’m(y‘ On the planc DEE and on thc ol)l)oblte side of DIZ

tiom F thcxc 15 a tay DX, such tlat EDX - BA(‘ (Ax. 2).
On the ray DX, there 15 a point G such that DG = AC, (Ax. 1).
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Now 04 — PX, OC = PZ, O 15 between A and C, P 1s between
Xand Z AC = XZ
In As CAB, ZXY,

AC = XZ, (proved), AB = XY, (givca), BA” = X'JA('Z, (proved)
BC - YZ, BCA— YZX, (Ax 3),1¢c BCO=YZP.
In As BCO, YZP,
BC = YZ, (proved), CO — ZP, BCO = YZP, (proved).
BOC - YP7, (Ax 3) Q71 .

Note We have clearly assumed that we know what 15 meant by
the sum of two intervals, and the properties of these sums This
theory 1s much casicr than the theory of the addition of angles

Turonrtwm IIT af
(Converse of Theorem TIT  Cf Assumption 3, » 4)

Gwen AOB  XPY, (OB - ZPY. P 1 on the lin X2 betwesn
Xand Z, A, (" are on opposite sid. of OB

B Y
C\o/ o
D 0O A Z P X

lag 323

To prove that ('1s on the hine OA
Proof Produce the iterval .10 beyond O to D

Then  AOB — XPY, BOD - YPZ, (Th 111)

But BOC - YPZ, (aiven)
And C, D are on the same side of OB
0, ', D are 1 one Ime, (AN 2) (" 15 on the line OA
Q.ED
Turorrm IV (Assumption 2, p. 4)

Verneally opposite angles are equal. D

Gwen, AB and CD are two lines which cut A
m 0, O1s between A and B and also between € o B
and D. Cc

A A
To prove that COB = AOD. Ing 824

T This 15 not needed, at present, for lxamiations  The enunciation, at
all events, should be noted
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Proof. ('OB 15 adjacent to A0C.
A()Q 15 ad]acent to thc same angle A()C
k c COB = A()D, (Th. III). Q.E.D.

Tnronrrm V
(Assumption 7, fiist part, p 8 Sce alsm’ "htorem 29, p 121)

f « lmc cuts two other Lines so as to mulw the alternate angles equal,
then fhesé two lines cannot cut ealh other
t Gwen A, D are on opposite sides of the line
BC, ABC ~ BCD

To prove that the hmes AB and ('D cannot cut 4

Proof TIf possible, let the lines 1B and D

X

et in X c
.j!‘lrst..supppqc X and A are on the same sid® D

of B('

eThere 15 aepoint Z on the ray C'D such that

(7 - BX. (Ax 1) ot z
In As XBC, B('Z, g 180

BX = (7, XBC - B(/;Z, (gtven), BC = B(', (two sides,mel /)
XOB - ZBC, (Ax 3)

But . ZCB - XBC, (qiven)

Also @15 betweea X and Z and on the ine X7, Z, X are on opposite
sides b1 BC

X, B, 7Z are collmear,  (Th 11T a)
the ln es A8 and C'D cut in two distinet pomnts X and 7

Bug this 1s impossible

Henee the lines #1B and CD cannot cut in a pomt on that side of
BC on which 4 hes  Sumilarly, they cannot cut in a pomnt on that
stde of BC on which D hes QKD

3
Cor If a hine cuts two other lines so as to make the corresponding
angles equal, these two lines cannot cut cach other  (Assumption 8, first
part, p 8)
Proof See Theorem 29, Cot , p 122, which uses only Theorems IV
and V
2

Turorirm VI

an exterior angle of a triangle s greater than euher of the interor
opposite angles.

For proof sce Theorene 30, p 122 which uses Theorem V, Cor
and Ax 2.
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Turorem VII (Assumption 14, p. 19).
o

If a sude and two angles of one truangle equal th  corresponding
parts of another, the lrangles are congruent.

A
H
//\ o
N\

B " C E ) F
Tag 325

There are two cascs.
Case I Gwen In As ABC, DEF,

BC - EI', ABC  DEF, ACB = DI'I.
To prove that the tnangles are congruent
Proof If B 1 = KD, the tnavoles are congruent by Ax. 3.
It B L& ED, there 1s a pomt I, distinet ftom D, on the ray

ED, such that 511 B 1 (Ax. 1) Then i As . ABC, ITER,
AB - IIE, BC = EF, (given),
ABC - HEFR, (two sides, mcl 2)
BC.4 - ERIL (A 3)

But BCA — EFD, (given).

EFII = EFD  But this s contiary to Ax €.

Tence Bt ED s [alse
B.1 — ED, and * the tnangles are congruent

Case 1T Gioen. In As L IBC, DEF,
A A A A
AB - DE, ABC - DEF, ACB = DFE.
To prove that the tnangles are congruent
Proof. 16 BC = I, the triangles are congiuent by Ax 3.

A D
/\//\\ A
(BN
| N
| N
B C E K F H

g 320
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If BC # EF, there 15 a point 11, distinet from F, on the ray
EF, such that EII = BC.

lhcn as m, ta"sc I, 1t follows that ACB = I)IIL‘

" But ACB — DFE (grven) DFF ~ DIIE.

But one of DIIIL, Dl"F 15 an extenon angle, the other an
mtorior oppostte angle of A DIIF, and these cannot be cqual,
(% VI

JdIchee BC F EF s false | BC' = EIF, and  the tuangles
are congruent QED.

Turorrm VIII (Assumption 11, p. 11)

if the angles at the base of a trangle are eqial, A
Ihn}rumgh' 18 ws0sceles.

fivoen *ADBL 1 atrnangle, AIA}(‘ - A?‘B.

To prhoe that AB = AC. .

Proof. Trcal the thangles ABC, ACB as 1l they
were distimet triangles

We have in the two tnangles the followmg parts BFm «;]qc
cqual. o

In A ABC In A ACD

BC B
ABC ACB
ACB ABC. (oneside, two /).
Ienee, by Th VII, AB = AC. Q.E.D,

The proof of the nght-angle congruence, which we gave
before (p. 22), ean now be given without any change

PARALLFLS

So far, in this scetion, we have not used the word ¢ parallel,” and we
have assumed nothing about parallel hmes ' We now define parallel Imes,
as before, as ires 1 the same plane which do not cut, and then we
can re-sitate Theorem V and its Corollary as follows

Th V. If a line cuts two others, so as to make the alternate angles
equal, then these two hines are parallel

Cor If a lLine cuts two others, so as to make the corresponding
angles equal, then these two lines are parallel
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Let us now consider the converse of Th V, viz if a line culs two
parallel lines, the alternate angles, so for ne’, are equal (Assumption 35,
p 8) It is a surprising fact that this cannot be proved froira the
above theorems on congruent triangles and 1t 1s possible to prove that
at cannot be proved from them In order to prove the converse uf
Th V we arce compelled to imtroduce some new Axiom this we call
the ‘parallel Aziom’

Through a gwen pmne there 1s not more than one parallel to a
green Line
If XY beagivenline, and 14 pont not onit, we can prove, withoat

this new Axiom, that there 1s af least one parallel
through /1 to XY For, join .1X Then, by Ax 2, Z

there 1s a ray (17 on the other side of AN from thc A
ray XY, such that X/A17 - Af\'Y Then by Th V, AZ _

and XY are parallel  What the new Axiom states 15 X Y
that thus 1s the only patallcl, through A, to XY g 327

Assuming this Axtom, we can now prove the con
verse 1n question.

Tirkorem IX (Assumption 5, p 8).

If a line cuts two parallel Lnes, the alteynate angles so formed

are equal.
Gwen. AB and (D ae parallel Tmes, PR A

A —
a line cutting AB m P and CD m @, .1PQ X
and I’Ql) are alternate angles
To prove that ‘llﬁQ l’(:{l).
Proof. I Ai’Q:{: I’QD, there 1s a 1ay P\,

distinet from the ray P.1, and on the same side of P as the
ray P.1, such that

Ing 328

XPQ  PQD, (Ax 2).
Ienee PX | CD, (Th.V)
But P cDh, (giwven).
.. through P go two distinet ines, PX and PA, both paallel
to CD, but this 15 contrary to the paiallel Axiom

. APQ % PQD s false. . APQ — PQD.  a.r.v.
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Tueorem.X (Assumption 6, p. 8).

If a hine cu's two parallel lines, the corresponding angles so
S med are equal.
Gwen. AB and CD are paiallel hines, RQ

a line cutting AB in P and CD mm @, lx’f’R
and PQD are corresponding angles.

.To prove that RPB — P?QD.
DProof. If 1, B be on opposite sides of RQ,

then APQ = PRD, (alt /s, Th IX)
But AI/;Q — RPB, (vert. opp. /s, T} 1V).
- PQD = RPB ' QED.

R
P B

C Q D
Fig 329

TiroreM XI (Assumption 15, p. 54).

Two (coplanar) Lines parallel to the same lLine are parallel to
one another.

Gwen. Limes a, b, ¢, such that a || b, a || c.

To prove that b || ¢

Proof. 1f b and ¢ be not parallel, they will cut, since they aie
coplanar. Let them cut i P.
" Then tlirough P go two distinet lines, viz b and ¢, both
parallel to a.

But this contraciets the parallel Axiom.  *, b || c. Q.F.D

We have now dealt with all the Assumptions 1-15, exeept Assump-
tions 9 and 4 Assumption 9 “the sum of the angles of any triangle
equals two right angles,” was proved on p 9, Assumption 4, ‘all right
angles are equal,’ can be proved from our other assumptions, but to
do so satisfactorily we should have to tace questions we are avoiding
We therefore do not consider 1t

The recader will perhaps ask why we cannot prove the parallel
Axiomn - We must put this question more precisely Suppose we
assume the theorems already proved on the congruence of triangles,
and that we make also all those other assumptions, more difficult to
analyse, to which we have referred, can we then, making all these
assumptions, prove the parallel Axiom? The answer 15, we cannot
About a century ago, an attempt was made to prove the parallel
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Axiom, from these assumptions, in the following way  Assume the
Axiom false, that 15, assume that 1if 43 1+ any hne, and P any point
not on it, we can draw through P an mfinite
number of (straight) hines parallel to AB, 1¢  __ P
(straight) lines not cutting AB It was hopca ~ =
that some contradiction would be reached when  __
the consequences of this assumption were de- A B
veloped, and thus tne parallel Axiom would be Fig 330
proved from the other assumptions by reductio
ad absurdum  But no contradiction was ever found Instead toerc
was developed a Geometry which was self-consistent, 1¢ 1t did 10t
contradict itself, though 1t did, in some respects, contradiet the old
Geometry For instance, in this new Geometry, the sum of the angles
of a triangle was always less than two right angles Thus when we
reach the paran~l Axiom, we can cither (1) accept 1t, and then we
have the Geometry of this book, called the Fuclidean Geometr, , or
(2) substitute the other Axiom, and then we can erece a new
Geometry, callcd the Hyperbolic Geomctry

The question which Geometry 1s frue 1s, in spite of apprarances,
a vary difficult one, and to consiaer 1t fully we should need more
pages than there are in this book  We can, however, state roughly
that, in the usual commonsense way of regarding things, the
Euelidean Geometry 1s more than accurate enough for the purposes
of cveryday hife, when we are dealing with objeets of ordinary size
like tables and chairs  But n scientific work which deals with very
large distances, like the distances of the nebulae, or with ver - small
objeets like electrons, scientific men nowadays often do not assume
the Euclidean Geometry, but a Geometry much more dinficult than
cither the Buchidcan or the Hyperbolie Geometiry—ana much more
iteresting

But what 15 of most inportance to us s to realise that Euclidecan
Geometry 15 based on certain assumptions, that instead of these
assumptions, 1t 1s possible to make others, and that then we get a
different Geometry This seems obvious when 1t 1s put in that way,
but the wisest men did not 1ealise this sunple fact until a century ago
Until then, 1t was thought that the Iiuchdean Geometry was the only
onc which was possible.

Any theorem of FKuclidean Geometry which was proved without
the use of the parallel Axiom will still be true in thke Hyperbole
scometry Thus, for instance, all theorems we give on congruent
triangles are true in this Geometry, and that was one rea on why
we proved them without using tae parallel Axiom The places 1n this
book where we have made assumptions, and said they were true
because they were obvious, must now be reviewed 1n the hight of what
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we have just saad  From our present, more cotreet, standpoint, 1t
would be better metely to make the assumptions and to avoud or
postpone the quite diffcrent questions, to what extent, or i what
sense, they are teue

§ 38. Discussion of Theorem 44, p. 145.

On p 2t we defined what was mcant by sa, g that the set ot
poits (4, B, ) was congruent to the set (X, Y, ) Suppose now
w o oqave y two (plane) figurcs made up ot any pomts, hines and,
posstbly, cutves It we can speak loosely we should say that they
are congruent, it one can be fittcd on to the other The pomnts which
fit on to one another we can say are ‘paired oll > We can now express
this abstractly as follows

Def  Two fiswes (1), (B) are saad <
{o L “congruent’ when the ponls of * °/

(1) und the povnts of (B) can be paved (A) (8)
off t the follotoing way Fig 351

(1) Each pomt ol (.1) pa.s with just one pomnt of (13)

(1) Each pomt of (B) pans with just one pomnt of (L1)

(m) If X, ¥V be any two pomts of (1), and X', Y’ the
corresponding pomts ol (£3), then distance XY - distance XY,

Tirorrm 1.

v I equal cudes, equal angles at the cenlie are subtended by equal
aes  Convarsely, i equal cueles, equal wres subtend equal angles

at the centre.
U
P Q s A P/ ,
A Q
BI

g, 332
(1) dewen  Cneles, centies O, 07 of cqual radin 044, O°A’,
A A
A0B - A0’ , B, B’ on cucles, e nties 0, O 1esp.

1 It would ctearly be better to use the word ‘congruent’ mstead of
‘equal’ i connection with mtervals, angles and cireles, but 1 have adhered,
unwulingly, .o school tradition
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To prove that arcs AB, A’B’ are equal, or congruent.

Proof. Let P, Q be any pomts on ar: AB. Make them corre-
spond to pomts P, @ on arc .{'B’, such that 10P = A’(A)’P’,
A0Q = A0'Q. Ilence POR — POY.

Thus A, B cotrespond to .1, B 1esp.

Then in As PO, P’O'Q’,

or -or, (gven)
0Q - 0'q’, (gtven).
I’(SQ = 1"(A)'Q’, (grven), (two sides, cl. 2).
- PQ=PQ.
.. the ates AB, A’B’ cortespond so that
(1) FKach pomnt of arc 1B pairs with just onc pomnt . a
arc .1'1Y.
(1) Kach pomt of aic .1’ pans with just one pomnt on
arc AB.
() If P, @ on atc .1B correspond to I, @ on arc A'D’,
then PQ = P'Q'.
the ares (B, .1'B" are congruent, o1 cqual, (def)

(2) Gwen. Cneles, centies O, 07 of equal 1adu Od, O’ L’.

Are . IDB of encle, centre O, equals are .1’ ¢“ enele, eentie O

To prove that .1OB -~ A'O'1.

Proof. Suppose 0B + LOB

A B

B’
O!

g 333

Then there 1s a 1adius 0°C, on the same side of 0'A” as L7,
such that A'(A)’C’ = A0DB.

Then by the first pait, arc AB = arc 4'C".

But are AB = arc A’B’, (gwven). .. arc 4’'B’ = arc 4'C’,
and B’, (" are on the same sidc of the radius 0’ 4’.
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?
We shall assume this 1s 1impossible.
S AOB F A°CB s false. [, AOB = .U'O'B. Q.E.D.

§ 39. The classical proof of Ax. 3 by the method of super-
position. (The two sides and meluded angle congiuence.)
Guwen. As ABC, DR, AB = DE, BC = EF, ABC = DIF.
10 prove that AC = DF
Frogf. Takeup A DEF and put If on B

B E

A cC D 2F
Fig 334

f\LLk(‘ the lime KD lic along B.1, and the linc I£F [all on the
same side of .1B as B('.

Then
D comeides with L, B.l - ED.
EF comerdes with B(C, ll}(' = I)l::'l".
. F comcides with O, BC  EF.
. DF comerdes with 1, (D comerdes with ., I with ()
Dr - .1c

There are nany objeetions to this  of course we cannot move a
geometiic tnangle, 1t 15 where 1t 15 However, we can considar o
succession of geometiic tuangles m a continuous set ot positions,
starting from DEEF and (nding with (1BC, and we can transfer out
attention along this series of trangles

Suppose now, as we go along this set of trtangles, the sides corre-

sponding to DI, IKF, and the angle cotresponding to DEF remamed
the ame size, but that the side corresponding to DI continually
shortered, then AC would be less than DF - And, 1if you say that,
«wneer these conditions, the side corresponding to DI could not get
shorter, you are assuming the very theorem you set out to prove
The proo. 15, therefore, worthless  As a matter of fact, 1t 15 not
possible to prove the whole of this Axiom from the other assumptions
we have made But if we assume that part of the Axiom which states

A= ﬁ, 6’ = ﬁ, we can prove, using Axs. 1 and 2, that AC = DF.
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§ 40. Similar triangles. The fundamental theorems.
We shall at fust assume the following:
FFunpDAMENTAL TLEOREM 2111

A Tene parallel to the base of a triangle devides the sedes pro-

portwnately
Thus, 1f X, Y be pomnts on the hmes .18, AC and XY 15 par allel
to BC, than X B — 1Y I (Ihg 302)

A
X YZ
B C
g 302 g 335

Trrorem XIHI (Converse ot Th XII)

If « Line deoudes two sedes of a triangle proportionately, and cuts
both sudes, or both produced beyond the base or both produced
beyond the vertea, then the Line o parallel to the base (Fig 335)

Gwen X, Y on theaays AB, AC1esp , AX B - 1Y .IC.

To prove that XY || BC'.

Proof. 1f possible, let XY, B(C' be not parellel

Then the parallel to BC thiough X will cut 1€ 1in a pont Z,
on the ray ¢, distinet from Y, and

AX AB - AZ 1C, (XZ | BC, Th XI11).
But AX ADB = AY - AC, (given).
LAY AC = AL AC - AY = AZ,
which s impossible, . Y and Z are distinet pomnts of theray L 1C.
XY || BC
Smularly, if X, Y arc on B4, CA resp. produced beyead L.
Q.E D.

Note In our enunciation, we must be careful to prevent such a
case as the following occurring X on the intetval 4B, Y on the
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interval CA produced beyond 4, AX XB =AY YC. For this 1s
clearly quite possible, and then XY, BC are not parallel

W¢ have assuyjned, among other things, that f AY . AC = 4Z . AC
then AY = AZM e that there 1s not more than one pomnt Y on the
roy AC such that A7 AC 1s‘given.

D.f. (as before). Two triangles are ‘sumilar’ when the angles

of one equal the corresponding angles of therother.

TnroreM XIV (Assumption 16, p. 208).

Sunilar triangles have thewr correspohding sides proportional.

Gwen. XYZ and ABC are smular
triapgles, the angles X, Y, Z being
re; 2. cqual to the angles .1, B, C.
) Tl prove that

XY Y7 ZX = AB BC C(.1.

Pr0of, Théie are pomts H, K on § cC Y Z
the 1ays AB, AC, such that ’ Fig 336

AH - XY, AK = XZ.
In As UK, XYZ,
All = XY, AK - XZ, (const.).

'LIAK = !UEZ, (gwven), (two sides, wel. 2),
AlIK -=XYZ,
But XYZ = .IBC, (given).

WK - .ABC. - HK | BC
U B = AK .1C (Fund Th.)

A

But Al = XY, AK = XZ, (const.).
XY AB=XZ AC .(1).
XY XZ = 4B AC (1),
Simulaily, YZ XZ =BC. AC. Q.E.D.

Ndtes (1) In the step which gives (1) we have replaced certain
intervals 1n a proportion, by equal intervals. This assumes that
proportion really concerns only the lengths of intervals, not the
ntervals themselves, which are sets of pomnts. In a truly logical
treatment this would be emphasised af the beginning

(2) The step from (1) to{u) assumes that 1f XY , AB = XZ . AC
then XY : XZ = AB . AC.
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TueorEm XV,

If two trwangles have an angle of one equal to an angle of the
other, and the sides containing the

A
equal angles proportional, then the tri-
angles are stmalar. X
Gwen, ABC, XYZ arc tuangles, H K \
A A
BAC = YXZ, \ \
B c Y Z

AB XY = AC AZ
A Fig 336
To prove that B= C Z ®
Proof There are p()mts II, K on the rays .IB, .1C, sucl. that
All = XY, (1K = XZ
In As ILIK, YXZ,
Al - XY, AK = XZ, (const),
HAK — YXZ, (owul) (two sides, mel, £).

. AIIK - XYZ.
But AB XY - .1C X7, (g1ven),
XY - ., XZ — .IK, (const.)
AL AH = AC AK.
IIK || BC, (converse of Fund. Th.).

AI}I\’ = Alg(', (corr. Zs)

But 411,)1( X Y A (]noved)
/11}(' - XY7
Stmilaily, ACB = 4\//)’. Q.E.D.

Tnrorem XVI.

If two trwangles have corresponding B

sides proportwonal, they are simalar.
Guen. ABC, XYZ are tuangles, A X 2
AB BC C1- XY YZ.ZX. Q

P
To »m ove tlmt A ¢
A

A—. X B~lA (':2. g 337
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Proof. Theie arc rays Xr, 7ZQ on the opposnc side of XZ

from Y, such that ZXP = C. lB XZQ ACB.
Let these rage cut mm .
‘e Since two angles of A ABC equal two angles of A XWZ,
.. As ABC, XWZ are similar.
SoAB AC=XW XZ, (Th XIV).

But AB AC = XY XZ, '(given).
e . XW — XV.
+ Sumilarly, ZW — ZY,

. As XYZ, XWZ are congruent, (three sides).

.. the contespondmg Zs of As XYZ, XWZ are equal.
But the cottesponding Zs of As XWZ, 1BC are 2qual, (const ).
i the corresponding Zs of As ABC, XYZ are equal
QED

Thus we have reduced the theprems on similar triangles to the one
we called thc Fundamental Theorem  We assumed on the way,
certain theorems on proportion, some of which we have mentioned
m notes

We ought now to prove the fundamental proposition  But first
comes tite question What do we really mean when we say ot four
intervals that they are i proportion? An obvious suggestion s
suppose the lengths of the mtervals are «, b, ¢, d, then they are in
‘proportiony 1f the fractions «/b and c¢/d are equal This of course
mvolves A, thmetie, but that 15 not a serious objection The real
difficedlty, 1f we adopt this method, 1s that the lengths may be rerational
numbers like 7, Vo, and the theory of the addition, multiplication,
and so on of such numbers 15 not easy  If, therefore, we assume that
these numbers behave hke rational numbers, e ¢ 2, 3%, 1n sums and
products, we are dodging the mam diliculty It 1s haid, even, to
sce what a number like /5 means, as its deennal part never ends and
never recurs (p 97)

If however, the lengths «a, b, ¢, d are commensurable, all becomes
pla.n  For then we can find a *unit’ length which goes p times ito
a, ¢ ames into b, r times 1nto ¢, and ¢ times into d, p, q, r, s being
mtegers Then a, b, ¢, d will be 1 propottion af p/q -- r/s, and here
p/q and r/s are rational fractions

We shall now prove the fundamental proposition, where the lengths
imvolved m 1t are commetsurable, and we shall assume its truth in
the other cases

. 15-2
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Proof of the fundamental theorem for the commensurable case.

wa: X, Y are pomts on the hines AR, AC re.p., XY || BC.
T'o prove that AX .AB = .1Y AC

X/A\ Aj

g 338

Proof Fid a ‘umt’ length which goes p times mto (he
mterval . L\ and ¢ tunes mto the mtewval L 113,
Divide the mtervals L LY and .18 mto parts of w.nt leagth,
Through the pomts ol division draw Iines parallel to BC.
These will divide the interval 1Y imto p parts, and the mterval
AC mto ¢ parts, all the parts being equal
Thenee
AX p AY p
AB ¢ dAC g
AX B - 1Y AC. Q.E.D.

§ 41. Harder theorems on proportion
Tinrorrm 57.

The anternal bisector of an angle of a bnangle dvodes the opposite
side an the ratio of the other two sides  The D
external Insedtor  of an angle of a trangle

dvoades the opposite sade externally in the ratio B
of the other o sudes.
(1) Grwen. The imternal biseetor BX of
A X C

ARC cuts the side AC of A ABC m X.
To prove that AN XC = AB BC.
Proof Through (" diaw a paallel to XB, and let 1t eut the

side A B produced i D

g 339
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Then  DCB - CBX, (alt. /s, BX | CD)
= AIfX, (g1ven)
= BDC, (cou. Ls, BX || CD).
o BC - BD, (150s. A).
But AX XC=A4DB.BD, (BX | CD).
SoAX XC=AB BC.
{2) Giv en. The external brector BY of ABC cuts the side
AC of A ABC exteinally in Y. r
To prove that AY YC = AB - BC B
Proof. Through C draw a parallel to E
BY, and let 1t cut the side .IBmm K
Preduce 4B beyond B to I A C Y
Fhen g 340
ECB - CBY, (alt. Zs, BY || CE)
- I"I}Y, (g1ven)
- BEC, (con /s, BY || CE)
B - BC, (1505, A)
But AY YO =B BE, (BY | CLE)
LAY YC = AB BC QED
Examrrr 66, Gwen A, B are fived pownts, P moves so that AP PB

18 conslant
To prove that the locus of I’ 1 a circle P C
Proof Take any position of P, and

biscet APB mternally and externally

Let the bisectors cvt the ine AB in X' A B Y
and Y Produce A beyond P to Fie 341
Then "

AX XB —= AP PB — const
AY YB = AP PB = const
X, Y are fixed points
Als XPY = L (APB + BPC) =11t /
the locus of P 1s a cirele on diameter XY QED
The lorus of P 1s called a cirele of Apollonius
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EXERCISE 59.

1 M 1s the mid-point of side BC' of A ABC, the bisectors of angles
AMB, AMC cut AB, AC resp m D, E. Prove that 7.E || BC

2 Pi1son a circle, diameter XY, the lines F.1, P» make equal
angles with the ine PX, and cut XY ir 4, Bresp Prove

AX XB=Ad4Y YB

3 Two circles toucn caternally Prove that their common tangent
1s the mean proportional between their diameters

4 ABC and A’B’C’ are similar triangles, X, X’ are on sides ab,
A’B" resp , and AX* XB = A’X’ X'B’. Prove that ACX, A’C'X’
are similar triangles

5. ABCD s a cychie quadrilateral, whose diagonals cut in X' Prove
that AX XD .BX X(C - AD* BC:?

6 O1safixed point, P moves on a fixed eircle, Ris on theray G257,
OR OP - const Prove that the locus of R 1s a encle

7 A common tangent to two cireles divides the iterval joining
their centres, externally or mternally, in the ratio of the radu

8 In Ihg 342, PPQ always goes thiough A, PR RQ -- const
Prove that the locus of R 1s a cirele through A, B

9. AX and BY are perpendicular to XY, AY, BX cut in (', D15
the foot of the perpendicular from C to XY Prove ADX = BDY.

10 (a) O-A, OB arc given lines, P moves mside the angle AOB, so
that the ratio of the perpendiculars from P to the given hines s
constant  Provc that P deseribes a 1ay fiom O

(b) ABC 15 a given triangle  Find a pomnt P anside 1 such that

the ratio of the perpendiculats from P to BC, (.1, 4B« 1 2 3

P
SN D c
=NQ o

)
L¥
B
A B
Ing 342 g 343

11 X, Y arc pomnts within a parallelogram ABCD, XY || AB;
DX,(CYcutin P, AX,BY cutin O. Provethat OP || BC. (*1g.343)

12 ABC, XYZ are two triangles, BAC - YXZ, AB BC = XY YZ
A
Prove that AéB, XZY are equal or supplementary
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13 X a‘pmnt mnside, Y a pomnt outstde A ABC, the triangles
BXA and BYC are similag. $rove that triangles XBY and ABC arc
sumdar

14 The brectom, inteina®and external, of 411}\(“ cut the hne AC
mn X, Y iesp O 15 the mudepoint of the mterval AC Prove that

0X 0Y =042

4% CD s analtitude ol A ABC, ACB 1%t £, X5 a pont on
&8, the perpgndicular from X‘t() AB cuts BC m Y Prove that
AP AXSY CD XY - AC? .
®*16 ABCD 15 a cychic quadnlaterak The sides .13, ('D produced,
cut in X, the sides BC, 4D produced, cut in Y. Prove

XA XD YO YD.
ABC s o tonangle, K, I' are pomnts on sidgs AC, (1B such
WX CE — BF, the inc EF cuts the ine BC i 1 "g’mvc
AB AC - ED DI
*18 In kg 311, AC, BD, XY are peipendicular to D Prove
that
1 12
Ac 't Bp T XY
*19 .1, B, (" are pomts on a line  Find the locus of pomts P such

A A
that .1PB - CPDB.

A Y
Q/ :
B R XS C
Ing 344 Ing 315

*20. A, B, (', D are pomts on a hne  Find the locus of pomts P

such that APB = CPD .
*21. Draw a trangle, gwen the base, vertical angle, and rato of the
twogpther sides

.E)?AMPLE 67. ABC 1s a triangle To construct a square with two
verticeg on the sude BC, and with ats other vertices on sides AB, AC resp

Constguiction Draw the altitude 4X of A ABC (Fig 815)

Make AY | AX, AY = AX Joia BY to cut AC 1n P

The rest of she construction 1s clear from the figure

Explain the construction and complete the proof
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TueoreEM 58.

The arcas of stnular trianglcs are as the squares on thew corre-
sponding sudes. (The meaning of this phrasc 15 clear from the
proof below.)

Gwen., ABC, XYZ are similar triangles.

To prove that & ABC N XYZ - BC* YZ2

Proof. Let (1P, XQ be altitudes of A LABC, A XYL,

A
B8 P C V Q z

g 340

Now mn As . IPB, XQY,
A A
{Jl:l’ XYQ, (ziven)
A A
APB = XQY, (rt /s)
As APB, XQY aie similar. .
AP A BC .
XQ XY = vy ( ABC, XYZ are smular).
. AABC Y AP.BC  BC* .
CAXYZ T IXQ.YZ T YZR Qr
Simalar figures We have called two triangles similar when their
corresponding angles arc cqual, and we have proved that then their
coritesponding sides arce proportional It we have two quadrilaterals
with their corresponding angles equal, 1t does not follow that their
corresponding sides are proportional, and 1t their corresponding sides
are proportional 1t does not follow that therr corresponding angles
are equal
Two figures (1n a plane), made up of points, lines, and possinly
curves, are ‘stmilar’ 1if they differ only 1n scale To each point o. one
figure will therefore correspond just one pomnt of the other, w~ shall
say these pomnts are ‘paired off° We can express this abstractly as
follows:
Def Two figures (A), (B) are said to be similar,” when the points
of (A4) and the points of (B) can be paired off in the following way .
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(1) Each pomnt of (4) pairs with just one pomnt of (13)

(n) EKach pomnt of (B) pgurs with just one point of (A4)

(m) It XQY, Z, W arc any pomts of (1), and X', Y, Z’, W’ the
coriesponding points of (B), then XY - ZW - XY’ Z'W’
- Compare this with the l)cf at the begimning of § 38

Def Two polygons are “sdudar’ if the vertices of one are a set ol
points similar to the set of vertices of the othet '

{ g the quadnlaterals ABCD and A'BC*)®are simila of

B BC CA AD BD CD -4’3 B'(7 (.17 ' B ')
“l‘l}c phofs of the following ark easy, but tedious

The corresponding angles of simdal? polygons are equal

If two polygons have corresponding angles equal, and the sides about
cach pavr of corresponding angles proportional, they are simalar

Theorem 58 can be generalised  the areas of sumilar polygons are as
the squares on thewr corresponding sides

Viom the above definition of similar figures gean be proved (what
1°m falt quite obvious) that all eneles are simlar figures The areas
u{ arclesware as the squares on their radu The proof of this 1s the first
step ingustifymg the formula area of a encele — 72,

We can also define “sennlar’ <8ids  Spealang loosely, they are solids
of the same shape The volunees of sinelar polyhediay are as the cubes
on thewr edges The surfaces of semidar polyhedra are as the squares on
their edges  All spheres are silar - The volumes of spheres aie as the
cubes of thewr radu, the surfaces as the squares of than radie "The proot
of thescacts 1s thg first thing needad to justity the formulac

Surfacc of a sphere  tar?
Volume of a sphere — a7}

T
EXERCISE 60.

1 A mapts on g scale of 1 mch to 1 mile, what 15 the arca of the
portion of the map which 1epresents 1000 s yds 2 It the portion s
square m shape, what 1s the length of 1ts side?

2 The rad@us of the moon 1s approx ] that of the carth Compare
the (1) surface, (11) volume of the moon and the carth

3  What 1s the ratio of the light recerved on two equal sheets of
paper, one of which 1s 1 inch, the othar 1 foot, away from a candle?

%, A model of a steam engme works quite well  An engine 1s
con<qructed cxactly sunilar to the model on a scale of 1000 1 Is1t
Ii e]y.to work? If not, why not? (Compare weights of corresponding
parts, gnd also areas of corresponding pistons )

*5 Can you give a geometric explanation of the fact that large
birds, like the emu and tile ostrich, usually do not fiy?

1 A polyhedron 15 a solid with plane faces, ¢ g the cube, tetrahedron
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Exavprr 68. Trisect the interior of a triangle by lines parallel to a side

Gwen ABC 1s a triangle.

To draw lmes parallel to BC, to divide 1ts R
mterior 1into three equivalent parts

Construction Trisect the side AB by P, Q S

so that AP - PQ = @B X'
On AB as diameter deseribe a semicircle, _ v

and at P, @ ercct pcpendiculars to AB,

cutting the semicirele 1in R, S resp B o]

With centre A, and radn AR, .18, draw kg 347
cicles cutting the side A8 1 X, Y resp
Then parallels XX’, Y'Y’ to BC, through .X, Y aie the lines 1equired

Proof AX® - AR~ AP AB, ( ARB, APRarctt /s)
- lap:
Similarly, AY?: - AS? - AQ AB - 2AB*
AN AXX" AN ABC - AX?: AB* 1 ¢
AN AYY AN ABC - AY? AB* =2 3
A AXX - quad XX'Y'Y  quad YY'OB QL
6 Show how to divide a tnangle mto 2,
t equal parts by lines parallel to a side

7 Divide a arcle into three equal parts by

means of concentrie circles (Fig 318)
(OP - PQ-- Q1)

8 («) AB(' 15 a tmangle, thiough O, any
pomnt mside 1t, hnes A0, BO, ('O are diawn
cutting the opposite sides 1 D, Ii; F Prove
that A0 OD - quad ABOC' A OBC, and

40 BO O |
that A B " op?
(b) U p,q, rbe the altitudes of a triangle whose sdes are a, b, ¢,
prove that a/p blg /r «* b* ¢?

9 On the sides of the night-angled tnangle AB(, «s diameters,
semierreles are desciibed  Prove that the sum
of the areas of the shaded “lunes’ equals triangle B
ABC (Fig 319)

10 The diagonals of quadrilateral ABCD
cut in P Prove that

A ABP - AN BCP = A ADP - A CDP A c

11. Prove that the arca of a regular hexagon Fig 349
inscribed 1 a circle 1s the mean proportional
between the areas of the inscribed and c.rcumseribed equilateral
triangles
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12 ABCD 15 a parallelogram A line through B cuts AC n I,
AD m E, ¢DmH Provg that KF BH — BE BF.

*$3 AD 1%an altitude of the triangle ABC, right angled at A,
the radu ot ¢.bémgrcleb of As ABC, ABD, ACD are resp R, 1, 77
Prove r/r’ = ¢/b, 12 4 v’ — R?, where AC' - b, AB — ¢

*14  (a) O s a pont wside N ABC, A0, BO, CO cut the sides
BC, CA, AB in D, E, F resp  Prooe that

N 108 BD*®
AANCT D
Write down the sular 1atios, and Rence prove that
BD CE AF
DC EATFBT

s o () Enunciate and prove the corresponding theorem, when O

15 autside the tuangle

(Ceva )

- ‘ E 7
BC

g 350 Fig 351

.

M5 U hne cws the sides BC, O, AB of A ABC, produced of
necessru. in D, E, F resp  Prove that
B CE AF
DCTEATFB T
(Drop perpendigplas from 1, B, € on to DI Let their lengths

be py, py py Prove AF FB - p, p,, wnte down the simmlar
ratios )

3
The last two results are of great impottance

1 (Menclaus )

EXERCISE 61
(Mixed questrons on ratro and proportion )

1.9C1s a point on ray AB, Y 15 a pomnt on ray AX,
' AB AX - AC.AY.
Prove’that A ABX = A ACY

o
2. Two circles, centres X, Y, touch externally at A, a inc through
A cuts them 1p B, C resp.* Prove that
AB.AY = AC.AX, AN ABY = A ACX
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3. Two circles touch externally at 4, two lines PAX, QAY
through A4 cut one circle in P, @, the other n X, Y Prove that
A QAX = N PAY.

4 Usc Question 1 to solve the follo ving on « gioe base, draw «
triangle whose area equals the area of a groen triangle

5. the chords AB, XY of two (uncqual) circles subtend equal
angles at their resp ciiec mierences Prove that 4B XY - 1atio of
radn

6. Two circles touch internally at 4, two limes AFX, G}
through 4 cut one 1n P, @, the other m X, Y Prove
AP . XY == AX PQ.

T AP 1s an altitude of triangle ABC, inscribed m a cirele  Prove
that AB AC — AP diameter

8 ABC s a triang'e mseribed 1 a cirele, the bisector of BAC ¢ s
BCmn X, the encle m Y Prove AB AC - AN AY

9. A arcle touches, m X and Y resp, two encles, ~enties 4, R,
external to one another The lhines XY, AB cut in P Prove that
AP BP -- AX BY

10 A, B are the centres of two cireles, external to cach other , the
mterval AB 15 divided at P an the 1atio of thenr radn, any hinc s
drawn through P cutting the cuceles i ¢, D 1esp (these being the
first pomnts of intersection from 1) Prove that the radn to €, D are
parallel.

11 D, I arc the feet of the perpendiculars from A, C on to the
bisector of the angle ABC ot A ABC Prove AD BE =71 D CE

12 Smmilar polygons are deseribed on the hypotenuse and the
sides of a night-angled triangle Prove that the
polygon on the hypotcnuse has an arca equal to C
the sum of those on the sides

13 Draw a triangle similar to a given triangle B
and twice 1ts arca A
14 ABCD and A’IC’D’ are conves quadri-
laterals such that D E F
AB-BC CD DA AC
::A,B' . B/C/ . C/D/ . D/A/ A/C/ Flg 352

Prove they are similar

15 Draw a triangle given 1ts base, the ratio of its sides, and its
area.

16. In Ig 352, AE || BF, BD || CE Prove AD || CF.
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17 Ine Fig 853, BAE — CAD Prove AB.CD - AC.BE,
BC 4D = AC ED, AC*BE - AB CD + BC AD
L }
c
v—B
A A
B

Ing 353 Ing 354

*18 Parallel tangents at the pomnts D, E of a cirele cut the tangent
atske pomnt 4 1n B and C, BE, CD cut in ¥ Prove that A 1s
samllel to BD  (Fig 351)

o [n the follgwing the Theorems of Ceva and Menclaus may be used,
or the n&etlm(ls used 1n proving those theorems

19 Pisa f)olnt mside the tuangle ABC, A0, BO, CO cut the sides
BC, CA, ABresp m D, E, F »
() It BD -~ DC, prove CE¥ EA - BF F/
(b) It BD - DC, and A0 — OD, prove 3.1K - AC, 4OE — BE
(¢) It BD — DC, prove .10 OD =2.1F FB
(d) The circle DISE cuts the stdes of A ABC again i D7, I/, I
Prove /lef)’, BE’, CF’ concur
20 ¢D 15 a pont on the side (1B of an 1sosceles triangle (1BC,
(AB = AC), E 15 on AC produccd beyond C, CIf = BD  Prove BC
bisects the mterval DE.

§ 42. Medial sestion and the regular pentagon
CONS1RUCTIION 22,

T'o dvvede a gwen nterval into two parts such that the square on
one part equals the rectangle contained by the
whole anterval and the other part.

wwen. An mtceival ADB.

TV find a pomt X on 1t such that

AB AX = BX2. ALX B

Consiruction. Make AC ) AB, AC = }AB. Fig 855

Jomn BC. Cut off frem CB an interval CD = CA; cut off
from B.4 an inteival BX = BD.

C
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Then AB X - BX2.
Proof. -
AB AX + AB BX = AB(AX t+ BX) = 4B = BC? — AC-
= (BD + DC)? — A(*
=(BX + AC)? — 4C?* (. BD = BX, DC = 4C)
= BX? + 2BX.AC
= BX?+ BX AB (. 2.1C = A4ADB).
AB AX = BX2 QET¥
The following method of proof 15 eastet to remember.
Let AB = 2a, then AC = a.
S BC =ABR 4+ AC? = (20)* | a® = 4a® + a? = 5ad.
S BC -4/5a.
SBX=BD=BC—-CD =BC-CA=\5a—a~=0Kr5—-1V)a
and X = AB - BX =2a— (/5 - 1)a = (3 - 4/5)a.
AB AX =2a (3 —4/5)a = (6 — 2 4/5) ¢
BX? = (/5 —1)2a2 (6 — 24/5)a%
S4B AX = BX2 Q.E.1.
The mterval AB 15 sad to be divided i “medial section.’
Other expressions are ‘extieme and mean ratio,” ‘golden section,’
‘sectio aurca.’

CONSTRUCTION 23,

To draw on a gwen base an wsosceles triangle with the angles
at the base each double the vertical X
angle.

Gwen. An mterval AD.

To draw triangle ABC such that

AC = BC, CAB = CBA — 24CB.

Construction. Draw any interval "~
XYv. Y =--=" z A B

Divide 1t at P so that Fig 356

XP?=YP YX.

With centre X and radius XY draw ¢ circle, and n 1t place

a chord YZ = XP. Then XY = XZ.
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Also YZ?2 = XP?=YP YX.
, the cir®le®X P’Z touches YZ at Z.
. YZP = PXZ, (alt. seg.).
. YPZ = PXZ + P%X, (ext. £ of A = sum of int. opp. £s)
~ YZP + PZX
— YZX = XYZ, (. XY =*XZ)
- PYZ. )
;. PZ =YZ, (sos. A).
But YZ = XP, (const.).
5 PZ — XP. ;. PX7 = PZX, (10s. ).
. YPZ - 2PX7Z.
But*X VZ2and XZV ecach — YI;Z, (proved).
- XYZ = XZY — 2YXZ.

un 45 araw a triangle whose angles at -, B, C cqual the
angles of A XYZ at YV, Z, X 1c5p.

This triangle cleaily satisfies the conditions 1equired.  Q.E.F.

CONSTRUCTION 24,

To haw a 1egular pentagon on a given base.
Grwen. An iterval (1B,
To conswinct on AB a 1egular pentagon ¢
Cdustructson. On ADB as base diaw a
triangle A1 BC, such that E D
ABC S BAC ~ 240B.
Construct the encle (IBC, and let the
bisectors of angles ABC, B.A(C" cut 1t m
I, D resp A R B
Ing 357
Then ABDCE 1s a vegular pentagon.
Ploof. The angles ACB, B.1D, D.1C, EBC, ABE at the
cuncupference are equal.
.. the choirds subtended by them, viz. AB, BD, DC, CE, EA,
are cqual '
‘. the piavegon has all 1ts sides equal.
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Also the ares A3, BD, DC, CE, KA are cqual
.. the ares AD, BC, DE, CA, EB aie cqual.
.. the angles m them, viz. ABD, BDC, DCE, CEA, E.B,
are cqual.
.. the pentagon has all 1ts angles - qual.
.. the pentagon, having 1ts sides and angles equal, 15 regular.
Q L.F.

EXERCISE 62.
1 Find the height of a regutar pentagon whose side 1s of length «
2 DProve the construction given on p 44, no 38 (b).
3 (a) X s on mterval AB, AB AX — BX?, the interval AR 1s
produced beyona 3 to Y <o that BY = BX Prove YA YB AR?
(b) AB1s a giv_n nterval Produce 1t beyond B to a pomnt Y
such that YA.YB — AB?
4 X s oninterval AB, AB AX — BX? DProve
AB* + AX? - 3BX?
5 (a) In the figure of Construction 23 prove that A PYZ 1s
1s0sceles, with the angles at P and Y each twice that at Z,
(b) and that A PXZ 15 1sesceles, with the angle at P thrice
each of those at X and Z
8 Show how to deseribe a regular decagon (10 sides) m a given
circle
7 TProve that an angle of 3° can be constructed by ruler and
compasses

§ 43. An 1llustration of the use of Algebra

Examrre 69 A box of edge 1 ft 1s placed LN

against a wall, a ladder 2 ft 11 1mn long rests  © \\6

agamst the wall and leans on the box. Find E D S

how high 1t reaches up the wall @ a A
If the reader tites to do this question with

these numbers, he will probably not sucecceed ¢ F y B
We shall, instead, use the letters marked on the Fio 858
figure B
ED =DF =a, AE <x, BF -y, AB-=b
Then As AED, DFB are similar
z/a = afy xy — a (1)
Also (r t a)® + (y + a)?2 — b2, (Pythagoras)
% | y? 4 2ax t 2ay -+ 20 = b2,
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But 202 = 2y
L% 20y o W+ 2ax + 2ay — D?
3 (x+ )2t 2a(x +y) = b

(@ +y)?t 20t y) +a* =a® b
@ +Y + a)?=a®+ b
T+Y+a-- Vai )2 . ().
Substituting the given numbers n (1) and (1) we have, working
in “nches Ty
A Mt
{m Fy't 12 .37,
ad the usual .xlfr( ‘brareal method gives
~0,y—-16 o0 16,y -
Erereise 1 Work out the question when the o(l<re of the box 15
3 4. and the ladder 18 {1t 5 m long
24 Given a square, show how to diaw round 1t «» thombus whose
.l(l@s have a given length.

Geometric soluhon of quadratic equations

(‘onst‘rnotmh 22 gives essentially a solution of the quadratie
quation ¥ - « (@ — @), as 15 seen by taking AB — a, BY -«
The following 15 a geometrie solution of the equation
roar t b0,
where a, b are supposed to be known numbers
Take v and y axes as 1s usual m work on
graphs
Let ‘A‘II)(* the point (0, 1), P the pont (a, b) P
Draw the cirele on diameter AP, and
Luppose 1** cuts the @ axis in X, and X,
Then the abscissae (1¢ the values of the A
z-coordinate)sfor X; and X, are the roots of 073 Xo &
the equation Let d, 8 be these abserssae.
To prove the tiuth of the construction we
have only to provc that
at+B—aand af - b
These easly follow from the figure when «, b are positive
If either or both of «, b are negative we should have to consider
negative lengths, and this has not been done 1n this book
Il‘thc cirele does not cut the @ axis, the roots of the quadiatic are
magmary

<=

Ihg 359
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Solution to Paper XX, Question 4, p 67
Gwen ABC 1s a triangle, the biscetors of angles at B, C cut AC,
AB resp.n D, EE, BD —- CE A

To prove that ABC = ACB
Proof. Suppose, if possible,

ABC > ACB  DBC > ECB E D
Then in As DBC, kC8, ' 4\
BC = CB, BD - CE, DBC > ECB B o
D - BE )
Let EC, BD cut n P
On the sther side ot B(' from A construct Q

A BQC, such that

g 360
BO - IC, QC' B

Jomm DQ

Then BQ - BD  BDQ - BQD

Also, in As EPB, DP(,

EPB = DPC, EBP > DCP, (hyp) PDC > PEB - BQC
BDC > BQC and BDQ = BQD, (proved)
QDC =~ DRC Q- CD * BE>CD (1)

(1) and (u) are contradictory
A A A A
ABC - ACB s false Sumilarly, ACB - ABC 1s false
ACB — ABC Q¥ D

§ 44. Conclusion of this Part.

Throughout this Geometiy we have used, without analysimg or
arranging them, such theorems as the following
(1) If the ray OD 1s mside the angle AO0B, and
the ray OC 1s mside the angle A0OD, then the ray
OC 1s side the angle AOB D
(2) A hine through a point mside a triangle, and
m the plane of the triangle, goes thiough a vertex c
or a point on a side of the triangle 0 A
(3) Any polygon can be spht up into trnangles
() If a crcle goes thiough a point mside and Fig 361
a pomt outside another cirele, the circles cut cach
other
It 15 precisely theorems of this type which are the hardest to arrange
and classifyt, but if we are to construct a really logical Geometry,

1 A full treatment will be found n the author’s book, previously quoted
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i which %wtl ing 1s assumed without being explieitly put down, 1t 1s
necessary ¥ ‘deal with sucb theorems This would hardly interest
begiuners, but as we have ignored all such considerations, all our
proofs are reallv incomplete To show you that you do not know
wverything even avout such simple matters as these, you are re-
commended to try the following questions, which arc related to
theorems like those abovef.

CHALLENGE EXERCISE 63.

1 Five towns were to be connected by roads (straight or curved)
su that a man could go from cach towi. to each other, without going
thiough another town or crossing another road, and the roads were
not to cross or touch each other  Prove that this could not be done

20 If on a sphete you diaw a closed curve, ike a errele or an oval,
1* ¢ ndes the surface of the sphere into two parts  Find a surface

*such that some closed curves do not divide 1t into parts

3 If we want to go from a point on this page to the opposite point
on page 252, we must either cut through the paper, or go round an
cdge Make a surface out of 1 pr, so that we can go from a point
of the paper to the opposite point on the other side of the paper, by
travelling along the paper, and not gomng thiough the paper, or
round an edge

4 Is 1t always possible to spht up a polygon mto triangles whose
vertices are all at the vertices of the polygon? Consider non-convex
polygons

5 Is 1t always possible to sphit up a polyhedron into tetrahedra
whose ver. zes ate all at the vertices of the polyhedion?

6 T we have a network of any kind, as 1 Ifig 362, prove that
vif—-s i1, where v — number ot corners,

S - number of arcas enclosed, s — number of
sides ’

7  Give examples of solids with s1x edges and
cight edges Explain why there are none with
Just seven edges Fig 362

8 An Indian Rajah commanded his Chief
Artificer to cut a diamond mto a solid, all of whose faces had just
sL. edges, an he put lum to death because he could not Prove
that t'as hapless man was unjustly executed

9. Prove that if a polyhedron has no faces that are triangles or
quadrilaterals 1t must have at least twelve faces that are pentagons.

T Short answers, ot mdications, will be given n the next Part
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10. Take aninterval, bisect 1t, bisect the two interval sn ?)btamed ,
bisect the four thus obtained, and so on. Prove that the®e are some
points on the given interval which are never point~ of bisection,
however many times we continue the process.

*11 Discover some assumptions made 1n the proofs of Theorem,
6, 16, %4, 33.

*12 A cricket ball 15 contained 1n an indiarubber case which fits
over 1t The case 15 moved over the ball, 1t may be stretched or
contracted 1 any places, provided 1t still fits, and s not torn o~
folded Prove that there must be at least one point of the case exe<tiy
over the same point of the bail as 1t was before it was moved about
(This question 1s of very great difficulty )

END OF PART 111
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f Ex1 1 2,180° 2 13or2},135°0r225° 3 360° 30° 120°
4 1, 2, § rt Ls, 90°, 180°, 60° 5 18°, T ko 1y §8€C
8. 13°, §° 9 45°, 30° "

:g Ex 4 1.135°120° 150°. 2. 60°,120°, 3. 140°

£ J
5 4. AOB = 144°, AOC = 72°. 5 160°,90° ' 6. 180° — 2/2
1 @ 185° 8 90° + x, 90° — 2, 180° — e

S Ex 5 ‘1 53° 37° 90° 2 2917, 2:34”, 3 39",
3el587,3397,278" 4 17 7 (x+y)/2
& /2 +b+c/2

- ®
11. Ex 8 3. 70°, 39°. 4, 41° 5. 196",

12 Ex 9 1 60° 2 70°, 90° 3 43° 5 30°, 60°. 6. 70°
9 60° 10 30°. 11 a+b+c¢ 13 20°, 20°.

13 16 10°
Ex 10. 1 45° 2, 30° 4, 90° — z/2 5. 180° — 2y
7.472°. . 8 77 9 100° 60° 10 35, 75°. 11, 110°.

14 Yo 100°,160° 21, 224°.
Ex *6 BC=361".
17. :Ex. 4l°, 61°, 79° (more closely 40° 48’, 60° 36’, 78° 36').
18. Ex.12. 1. &) 145° (b) 5°
19 Ex 230,193, 460,591
21. Ex. 5%, 31°,
27. Ex.16. 1.193”,517”. 2.391” 3 3007, 5196”
28 4. 424
39. Ex.21. 1. 106" 2 64 miles 3 8.

46.14. 342 miles 5 577 6 30 5 miles 7 875yd, 329 yd
'8 714,58 467, 2 187, 45° 9. 382 10. 19° 28° 11, 101 4.
2. 13mles 13 765 14 390

45. Bz 22. 1. (a) 25”. (b) 559cem. 2. 3917
1]

46. 3. 4977, 4, 206" 5 182cm. 6 2-12” 7 11727
8 425cm, 9 165" or 2038”.

FG 16
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80.
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85

86.
92.
93.

ANSWERS

10. 634,127, 1098"” 11 1597, 82”

Ex 2& 1 (a) 108°, 120°, 176° 24’ (b) (2n — 4)/r 1t /s

6 8,15,20 9 36°, 72°,72° 10 45°,673° 11 156°
13. 252° 14 51,°

RRevision Papers 1 1. 15°,75° 2 187" I 2 2277

IIT 1 45°—ax 2.257cm 3 54° IV 2 4557,230”
V 2 528”7, Vi 2 68”7 VII 1 78cm, 46 cm

VIII 1 86lcm 2 43° — A/4,90° - 4/2 3 4/2 X 1 20157
X 1 707cm XTI 1 171° XII 1 60°, 120°

XIIT 1. 36° XIV 1. 62° 54°, 81°, 108°, 135° XV 1 10
Ex 2 1 297cm 2. 25°, 154° 3 365", 4 446 cm
5 20°, 151°.

Ex 30 1 ¢~ 2 12cm 3 15”7 4 2% cm

5 20sq 1n " 6 10sq 1 7 223 sq miles 8 8¢,
9 20sq . 10 314 sq 1n 11 46,600 sq yd

12 3} (bd + ac), 10 sq 1n. 13. a® + b%,20sq In
14 bc + ad, 19 5q 1n

15 (a + b) ¢, 14 sq.1n 16 117 A7 3ah/8

Ex 32 2.1732

3 5,13,29, 065,224,316,3 01,721,265, 5 4 60 yd
5 39 ft 6 4472’ 7 12 047 8 13 cm 9 80 cm

10 70 sq ft 11 1131/,33 17 12 1474”7 13 4, 8 94
14 265" 15 8 598sq cm

16 126, 84, 2640, 5940 17 9922,9 758, 14 69
18 29,210, 14 48 19 34/3/2 =2598sq m 20 48
Ex 33 1 1732”7 2 7 3 16 55", 4 6633

5 2414/, 2 236’

7 220,000 sq ft

Ex 35 41 41237 2 49027 3 38235” 4 4298”7
5 3882” 6 4684 7 306457
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PART II
Ex 37°1 1’ 2 36" 3 2377,232",226”,208",1327".
4 8.™cr ,447cm,570cm, 581 em 5 3177, 6 1287”.
7. 490 cm 8 +/(b* + a?%/4)
18 g\/w — bt

Ex.38, 1 3017
Ex.39 9 5477. 10.5" ,

15 35” 16 12" or 3" 18 4 Flat part.=201sq
Curved part = 251 sq 1 19 3464 miles, 50 mul9n sq mules
20 (a) 1082sq 1. (b) 46 67sq

Ex 41 3 2xor 360° — 22 4 100° or ?0°,, 5. 50°

6 (a) 30°,60°,70° or 10°, 60°,110°, (b) 20°, 17" 150° o} 10°,10°, 16°
9 20° 10 125°

11 55°.

Ex 42° 3 (a) 120°% (b) 135°. 5 110° 6 100°, 80°, 50°, 130°.
7 80°, 20°, 110°, 50°% ?

Ex 44 1 2,/2=283". 2 60°. 3 V2=141"
13 17,9”. 14 17,27,3” 15 17,2",3". 16 15"

37 0257 38 (@) r(3v3+1) () r(3v3—1)
39 r(y/2+1) 40 7/3

46 v/3:a,1 +24/%1n 47 1++4/2m
Ex 045 1 40° 2 90°, 673°, 45° 3 30° 4 30° 5. 36%°

Ex 46 1 20°40°120° 2 83°,70°,73° 3 63°73°115°,10%°
4 50° or 130°

Ex 48~ 2 326,133 3 27,283” 4 123" or57"
5 355”7, 417,205 6 173" or 077"
¥
Ex 49 1 .99 2. 3575 4 13cm, 16 28 cm
5 5198”,5 916" 7 35",
Revision Papers XXI 1 232”7 2 19sq mn, }(ab — zy)
3 3 164" XXII 14 18817 3 11277
XXIII 1 695sq n 3 12217,9 22" XXIV 1 64sq. ft

3 301sq ft XXV.2 2283 3 37 XXVI 2 8,8 944

3 2827 XXVII 2 0901” XXVIII 2 113137 3 21"
XXIX '3 6357 XXX 2 930”. 3 97,14 21"

XXXI 1 5207”,816", 433"

XXXIT 1 257,5498sq in 2 137}°. XXXIII 1 15sq ft
3 ri2 XXXV 1 2047,217" 3 140° XXXVI 1 302"

XXXIX 2 /3 r XL 2 5477 cm. XLI 3 294", 434"
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PAGE

189. Ex 52 1 (1) acute, (n) obtuse, (1) acute, (1v) obtuse
2. 602, 6 615 3 468,331 cm 4 6125 & (a) 4 8125”

5083” (b)20332sq m , 6 779" 6 1044" 7 6245
8 35 7 9 6571” 10 5742”7

190. 11. 7 550"

192 37 (a) 11 acres. C8. 100 acres

193 Ex 53 1 (a)3257em (b)) 174" () 1195". (d), 3791 cm
(€) 4596” (f)206” (g) 245"

199. Ex.54 1. 3125 2. 5% ft. 3 1231, 21 32, 28 93 miles
200 5 62 « miles 6. 3 ft 7. 6ft 8. 700 ft
7. Ex.56 1 38, 51,4, be/a, v/(ab) 37 4,8 7,—-1.4,7 —1
5. 51,a(b " )f(b—¢) 6 84,4/80
208 8 (a)14”,%",8,17. (b)16”, 4",23", %" 9 al( +
blf(a + b), al/(a — b), blf/(a — b) 10 (a)28” (b) 53"

1 (a)3 2. ()24-1
211. Ex 57 1 6. 2 12 3 2}, 23" 4 5. 5 125
6 (a) 225", 2 625" 7 934, 1C27 « 8 5257,135"
9 127,14" 10 2,24 11 (a) 4617, 319", 384"
(b) 9 165”7, 7 746", 5916”  (c) 625", 375", 8
212, 12, 12/13” 13 53,8} 14 24 15 3)3ft
241 Ex 60. 1 00032sq m, " 2 AN 3 ;1
248 Ex.62 1.1 533a
249 Ex a = 144" or 25", y = 23" or 144"

e
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(The numbers refer lo pages)

Alt.rnate segment, 153

altitude of a triangle = an interval
from a vertex perpendicular to
the opposite side, or to that side
produced, 12

Anyle- acute, obtuse, 3; adjacent,
~, 'hed, 80, alternate, 8, corre-
sponding, 8, reflex, 11, supple-
mentary, 3, verticallv opposite, 3,
arm . an angle, 3, vertex of an
angle, 3

Angle of elevation, depression, «u

Apollomus’ Theorem, 188, circle, 237

Area, 71

Axioms, 217

Axas of cone, 84

Base ang'es of 1sose~'es triangle, 11

Bisect = to divide into two equal
paits

Bisector o™*an angle, 41

Bobillier’s Theorem, 169

Box, .3

Centroid, 58

Choid of circle = au interval joining
two poimnts cf the circumference

Circle, centre, circumference, dia-
meter, 101

Circum-cucle, -centre, -radius, 106

Collinear points = points 1 the
same (straight) hne

Coriron tangent to two circles,
direct, trans' erse, 173

Concertric circles = circles with the
san. ~entre

Concurrent Iines = lines through the
same point

Concyche, 117

Cone, night circular cone, 84

Congruent triangles, 14; figures, 229,
directly and 1ndirectly congruent,
61

Contact, 131, 135

Converse of a proposition, 27

Convex quadril- 2! 10; convex
and non-cr .vex polygons, 51
Cor = Corollary = a dedu-tion

which follows at once from a
theorem

Crossed quadrilateral, 10

Cube, 83

Cychie quadrilateral, 117

Cylinder, nght circular cyhinder, 85

Diagonal of a polygon = an interval
jomning two non-adjacent vertices
of the polygon, diagonal of a
quadrilateral, 10

Diagonal scale, 59

Diameter of a circle = chord through
1ts centre

Dihedral angle = angle between two
plares, 83

Dissection of figures, 94

Distance from a point to a line, 6

Division of an interval internally
and cxternally, 194, 1n a given
ratio, 207

Ecentre, ccircle, eradius, 139

Envelope of a moving hne = the
curve, 1f any, which the line
touches 1n all 1ts positions, 42

Equangular triangles = similat tri-
angles, 25, 233

Fqudistant from = at equal dis-
tances from, 21

Equilateral triangle, 10

Equivalence of figures, 67
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Exterior angle of a triangle or con-
vex polygon = angle between one
side and an adjacent side pro-
duced

Exterior bisector of an angle =
bisector of an adjacent angle

Generato;‘s of cone, 84, of cyhnder,
85
Geometric mean, 210

Harmonic range, 208

Heptagon = seven-sided figure

Hexagon = six-sided figure

Hypotenuse of a right-angled tri-
«igle = the side opposite to the
right angle

Hypothesis (nyp ) = < assumption
made n the statement of a theo-
rem, or during the course of 1its
proof

Image of a point mn a hine, 60

Incentre, marcle, mradius, 139

Incommensurable mtervals, 97

Intercept on a line = annterval cut
off by two hines on a cirele, ete , 53

Intersect = cut, 2

Interval = a prece of a Iine between
two pomnts of the line, 2

Irrational numbers, 96

Isoscelcs triangle, 10

Line, 2
Locus = path traced out by a mov-
g pomt, 40

Major arc = arc greater than a
semicirele, minor are = arc less
than a semicircle

Medial section, 246

Median of a triangle = an interval
from a vertex to the mid-point
of the opposite side, 57

Morley’s Theorem, 178

Octagon = cight-sided figure
Orthocentre, 111

Parallel axiom, 226
Parallel lines, 7; planes, 61

INDEX

Parallelepiped, 62, ve tex, faze,
edge, 62

Para.elogram, 25

Pedal triangle, 164 R

Pen agon = five . led .igure .

Perpendicular lines and planes, 3,
82, 83

Pivot Theorem, 165

Polygon, 10, regular, 44, non-con-
vex, re-entrant, 51

Prism, 85

Projection, 187 )

Proportion, fourth proportional,
mean proportional, 206

Pyranud, 84

Quadrilateral = four-sided figure, 10,
skew quadrilateral, 63

QL D = Quod erat demonstrandum
= which was to be provea

QLT =Quod erat faci.ndum =
which was to be done

Ratio, 206

Rational numbers, 96,
11ght-angled triangles, 95

Ray = the part of a line which hes
on one side of a point of the line,

Rectangle, 27

Reductio ad absurdum = reduction
to a contradiction, 55

Re-cntrant quadiilaterat 10

Reflection of a point in a line 60

Reflex angle = angle whose .7e 1s
greater than 180°, 11 .

Regular sohds, 5

Rhombus, 27

Right angle, 3

Right bisector of an interval, 17

Ruler and compass constructions, 91

rational

Scalene triangle = triangle with no
two sidcs equal, 10

Sector of a circle, 85

Segments, major an¢ minor, 1%

Semuvertical angle of a cone, 84

Smmlar triangles, 25, 233 * zures,
240, polygons, 241

Simson’ lne. 167

Slant height of cone, 84

Sphere, centre, radius, diameter, 101



INDEX

Sq 1are, 27

Suptend ¢ .{B s any interval, O
any pomnt nnt on 1t, then the n-
terval 1s said te subtend the angle
AOB at O

Tangent, 131

Tetrahedron, 44, 63, regular, 44

Touching, of cireles, 183, external
and internal, 136

Trapez.ar  usceles, 33

259

Triangle, acute-angled, obtuse-an-
gled, nght-angled, 5

Trisect = to divide into three equal
parts The point X 1s also said
to trisect the interval AB, if
34X = AB or 3BX = AB

\

Vertex of ,n angle, 3
Vertex of a polygon = an end point
of a side
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