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PREFACE

Tuese notes were drawn up for the uscof students inthe Engincering
Laboratory, Cambridge. They contain an outline of such portions
of magnetic theory as are required by a student in order to read
the ordinary teehnical textbooks with intelligence. The scope is
thus very limited, as only such essential parts of the subject are
dealt with, but an attempt has been made to present the selected
portions in some logical sequence.

The thanks of the author are duc tothe [ollowing: to Messes
Sankey and Sons, Messrs Elliott Bros, and Dr G, . (. Scarle for
permission to use certain figures: to Mr J. B. Peace, Fellow of
Emmanuel College, and Mr J. W, Landon, Fellow of Clare College,
for many valuable suggestions as to the mode of presenting the
subject, and for the help they have given in the reading of the proofs,

C.G. L.

9 September 1919.
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MAGNETISM

v

I. Magnet. A magnet is a picce of iron or steel which is
endowed with spcmal properties_such as attracting to itself othm
]ll_e’cgs_o_f iron, If‘f;usuallv_ln _thc fmm of a strmght or her or ber nt
of circular or rectangular section, and | it may | be L‘Ith(‘l‘ a Pelnument
ragnet with inherent propertrcq of attl.lchon or an Electro-magnet
\m‘acqmrcs—‘hose ‘propertics “hcn it is \\onnd with a wire
carrying an clectric current, On dl])plllﬂ' such a bar into fine iron
filings, we find that the filings adhere to the end portions of the
bar, known as its Poles, and there form a layer of somewhat
irregular thickness and outline. A more definite arrangement is
given by modifying the magnet as follows: let the ends be made of
two small spheres such as bicyele balls, and conncet these by
screwing the balls on to the ends of a knitting needle. We then
have a ball-ended magnet, and if this be dipped in the filings it'will
be scen that they adhere practically only to the spherical ends and
in a layer of nearly uniform thickness, so that we may assume the

property is confined to two quite definite ends or poles.

2. Law of Force. If a straight ball-ended magnet be freely
suspended so that it can move about a vertical axis, it will be found
that it comes to rest with the line joining its poles pointing in a
direction nearly coincident with the geographical north and south.
We can thus give names to the poles; that pointing to the north is
called the North (secking) or N pole, the other being the South
(seeking) or S pole. Let the poles be suitably marked, both in the
suspended magnet and in a second one. Then bring the poles of
the latter in turn near those of the suspended one. It will be found
that similarly marked poles mutually repel and dissimilarly marked
poles mutually attract; that is, the property of attraction is
possessed by the poles in exactly opposite ways. If a series of
different magnets be used successively to act on the suspended
one, it will be further found that some act with much more vigour
or “strength” than others, hence we can say that magnets differ in
respect to the strengths of their pol poles; also it will be found that

tie distance between the poles has a great effect. It is therefore

necessary to investigate both these points, and this is done with

L. M. * v I



2 MAGNETISM

the appa-atus shown diagrammatically in Fig. 1. This apparatus
is due to Dr G. F. C. Scarle.

To avoid complications it is desirable to restrict the action to
that of one single pole on another. This is secured by hangmg the
suspended magnet by means of a fine
wire passing through one of its poles
and counterpoising its weight by a
balance weight C. The other magnet
is placed as shown, so that the upper
pole is vertically above the free pole
of the suspended “magnet, and thus
the whole action 1 is re stnct(‘d to that
between a smgle pole of each magnet.
It thc fixed magnet be placed in posi-
tion as shown, care being taken that
repulsive action is produced, the sus-
pended magnet will swing away, and
it can be brought back by twisting
the wire suspension through a mea-
sured angle by means ofa torsion head
T. The positions of the poles are read
on a scale by means of short threads Fig. 1
fixed to the poles and carrying small weights. By means of this
apparatus we can investigate the relation of the force between the
poles to their distance apart: the force is proportional to the twist
given to the torsion head, the distance is the distance between the
threads. It will be found that the force is inversely proportional
to the square of the distance, If the dimensions and elastic pro-
perties of the wire be known, we can at once evaluate the force in
any desired units; the unit of force usually employed is the Dyne
or ¢.a.s. unit. Hence if f be the force in dynes and r the distance
in cm. we have f o 1/r2, .

If, with the same suspended magnet, a seffes of magnets be
placed successively in the “fixed” position it is found that with a
constant distance the force produced is different for each. This
result is expressed by saying that the magnets differ in Pole
Strength. Lct the Pole Strength be denoted by m, for the fixed
magnet, Since the relation is reciprocal, we may also specify the
corresponding property of the suspended magnet by the letter m,.
It follows that if fis the force between two poles we can write
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f m;;nz It will also be found that it is a matter of indifference
whether we measure the repulsion between the N poles or that
between the S poles, the force is the same when the distance is
the same. From this it follows that the poles of a magnet have
the same strength. It only remains to choose a suitable unit in
which the pole strength is to be measured, and we can then replace
the sign of proportionality by one of equality.

In order that this result may be'attained we must evidently
consider the unit pole strength to be that possessed by each of two
equal poles if the force between them be one dyne when the distance
is one centimeter. If we select this unit we can then write

f=mmy[r2

- 3. Magnetic Field and Force. A Magnetic Ficld is merely

that space where a magnetic Bo/lg’gv‘iﬂ expericnce mechanical force
in virtue of the presence of other magnets or their equivalents. In

-—
other words, the space :,urroundmnr a magnet hecomes ‘endOWed
-with'some new property inVirtue of which a magnetic po]e placed”

tmnences mechamcal force, The p physical property which_
tht"ﬁ‘l(f'i)oé'{ésses is known as the strength of the field or the
Mgg’n/eflc I‘orce the | latter an unfortunate and misleading term
butore too well estabhshed to be now dislodged. We can tl_}_gb
concentrate our attention on any point in the field, and 1f a mag-
netic pole be placed at that pomt the lcsultn g_mechamcal force
it exp‘ﬁiénces can bé 'cons1dercd _to be c_lue to the conjoint resence
of the magnetlc force__gnd the pole. As an example consider the
case of two simp ___poles we have seen that the expression n for the
mechanical force between thém carbe written f = mym,[r2 This
method of expressing the result nécessitates us _having in mind™
both the e poles and the space betwﬁo write the expression
—— Fra

in the form f = m, (in,/r?) and use a smgl(. letter H for the bracket.
The force is now expresscd by f=mH. We have now only to
-consider the pole of Strength m1 and the quantity H at the same
point. In fac e lﬂ‘.ﬁe’r'ls the magnetlc-l'_'ée existent at thg
point; which in ‘this speclal case is due to the other phhus the
magnetlm due to a _pole t a point oint_distant r from it is_
H = mfr?. The unit magnetlc force is that c‘\_(_l_s"_u-né at unit distance
from a unxt'p?F1t has réceived t he name of a Gauss. The positive
diregtion of magnet'c—fai‘ce is taken to be that in which a N pole
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is urged. The concept of a magnetic field and of magnetic force is
more general than the expression for the force between two poles,
and we can at once extend it to another important case. v

4. The earth’s magnetic force. Onc of the fundamental
propcrties of a mdgmt was, as we saw, that it takcs up a definite

poles of the magnct are s"[“i'cfcd to magnctlc fcﬁmmcr words
%‘lat the space smmundm‘{z the_carth_constitutes a magnetic ﬁeld
If the magnet-is pwotcd about its centre of gravity and car(fully
BET@me‘B‘T horizontal position beforc it is made magnetic, it
will ound lh(mﬁnagnctla(d it l]gEﬂlly takes up a p()slh()n
pointi ng nes lrly in the noﬂm south direetion, but - also dips
dow a d(‘hmtc ¢ anglc to the horizontal plane. The anﬂl(‘ made
with the fruc g geogr aplncanxouh and south line is called the
Declination, that made with the horizontal is called the Dip.
Sitspension in this perfeetly free manner is most. frequently both
"unnccessary and inconvenient, and the magnet is usually con-
strained to move in a horizontal planc only, being placed on a
jvertical pivot, which does not pass exactly through its centre of
gravity. A small magnet pivoted in this manner is familiarly known
as a compass and the magnet is called the needle. Suppose that we
place such a compass on a little raft and float it on water. It will
be seen that no translational motion takes place, the only move-
ment being onc of rotation. This shows at once that the mechanical
"action is a couple, and that the forces on the poles are exactly cqual
and opposite. But since the poles have the same strength, it
follows that the magnetic force must be the same at each pole, or
that the magnetic force is uniform in value in the space where the
compass is placed. Such a space is called a uniform magnetic
field. Thus, in addition to any ficld that may be present due to
the action of a magnet, we may have also this new field due to the
earth’s magnetic force. '

5. Combination of magnetic forces. The pole strength of
a magnet is a_directionless or scalar quantity. When placed in a

magnetic field the pole experiences a mechanical force accordmg
to the law f = mH. It follows that since the mechanical force is
a directed or Vector quantity, the magnetic force is likewise a
Vector quantity, and that magnetic forces can therefore be added
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by the ordinary parallelogram law, the directions of the magnetic
forces being identical with those of the corresponding mechanical
forces. For example the total magnetic force at the pole of the
fgﬂy\suspended maonet can be resolved into a horizontal magnetic
force, and a vertical one, the former being usually the only one
dealt with in ordinary cases. This horizontal compofient of the
carth’s magnetic force will be denoted by H,. ‘ —

L
6. Special cases of combined magnetic forces. A very

important special case is that in which the compass needle is placed
in a position where two mutually perpendicular magnetic forces
exist, one being that duc to
the carth. The zero position
of the needle usually sclect-
ed is that which it takes up
under the sole influence of
the latter, and the station-
ary position it attains when
both fields are present is
called its deflected position,
and is specified by the angle
it then makes with the first
position; let this be 8, Fig. 2.
If the second magnetic ficld
be uniform and have the
value H it will at once be
seen that the forees on the )
poles are as shown, and if [ be the distance between the poles,
the condition of rest leads to the following equation

mlH, sin 8 = mlH cos 6.

Hence the ratio of the magnetic fields is given by H/H, = tan@. The
deflection of the needle can be read in any of the usual methods,
cither by a light pointer moving over a scale, or by the use of a
telescope and scale. A small magnet suspended in this manner and
arranged so that its deflections can be suitably measured is called
a magnetometer. )

mH,

7. Magnetic Moment. It will be noticed that the value of
the couple exerted on themagnet in the uniformfield is proportional
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to the product ml. This product is called the Magnetic Moment of
the magnet.

Let a magnet whose length between the poles is 2/ cm. be
placed on a table so that the line joining its poles lies in the east
and west line (see Fig. 8). Consider a point P on this line distant
r cm, from the mid-point of the magnet. Since the poles have the
strengths m and — m and are distant from P (r — l) and (r + I) cm.
respectively, the corresponding magnetic forces there are m/(r—1)*
and —m/(r +1)?, acting in the east and west line, and hence the
resultant magnetic force at P due to the magnet is

1 1 dmlr
" ((}"1’2)"2 T+ '1)2) O (2 1y

i |

If a magnetometer be placed at P it will deflect through an angle
0, and since the earth’s field and that due to the magnet are there
4 .

at right angles, we at once have (r2 ml;é?:ﬂ . tan @, or if M denote

the magnetic moment of the magnet, M being 2ml, we have

(?‘2 — l2)2
2r

This relative posifion of the magnet and magnetometer is called

the end-on position.

It is evident from symmetry that at any point @, on the north
and south line which bisects the magnet at right angles, the mag-
netic force due to the magnet is again perpendicular to the earth’s

M = H, tan®.
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magnetic force. When the magnetometer is placed at such a point
it is said to be in the broadside position. The magnetic forces at
@ are equal to & m/(r? + i?) and act along @4 and @B respectively,
the one towards 4 the other away from B, hence the north and
south components balance, and the resultant force is the sum of

the east and west components. Noting that cos ¢ = 1/(r2 + lz)‘},

we find that the value of the magnctic force at Q is 2ml/(r? + 12)2‘.
Therefore if § be the deflection of a magnetometer at @ we have

M = (r? + l2) H, tan 6.
It may be noted that when the distance r is large in comparison
3
with [, these expressions reduce to M = t) H,tan 8 for the end-on

position and M = r3H, tan 6 for the broadside position, so that
if we place a magnetometer at the same distance from the mid-
point of the magnet, first in the broadside position and then in the
end-on position, and if the corresponding deflections be 8, and 6,,
we should find that tan 8, = 2 tan ;. Experimental verification
of this gives a confirmation of the inverse square law, since the
formulae are dircetly derived from it,

8. Osc1lla.t1_(3_11,o£__g, magnet. There is another method by
which a comparis o_f_tlv_q_maﬂnetlc forces can k be made made. If a body
be suspended about an axis Tn such a manner: 'that the couple
tending to bring it back to its position of rest is proportional to
the angle through which it is turned, it will oscillate about its
position of rest with a definite period of oscillation. Further, if the
restoring couple be proportional to the angle by which the body is
displaced, and be equal to Lf where the angle of displacement is
0 radians, and if the moment of inertia of the body about the axis
of rotation be K, the time, 7', of a complete to-and-from oscilla-

tion, is ‘given by T = 277\/ —II(; provided the units are consistent.

If the suspended body be a magnet whose magnetic moment is
M, hung by a fine thread of small torsional control, and if the
magnetic force of the field in which-it is placed be H, we have
seen that the couple acting when the angle of deflection is 6 is
MH sin 0. Now if that angle be always small enough, we can write
this as MHO so that, in this case, L = MH. Hence a magnet
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suspended thus and exccuting small oscillations will have a periodic

time 1' = 2« \/]lfH seconds.
An interesting deduction is made by connecting this result with

that just obtained, for it will be noticed that if the same magnet
be first used to cause deflection, and be then suspended and its
periodic time taken, the first experiment gives the ratio of the
quantities M and H while the latter gives the product, henee the
two quantities can be found separately. In this way the value of
the carth’s magnetic force at any point can be found. But it
further follows that if the magnet be successively swung in two
fields whose magnetic forces are H, and H, and if T'; and 7', be the
corresponding periodic times, H,/H, = T,*/T?, or if n, and n, be
the number of complete swings in any given time, n,%/n,? = H, [Il,;
thus we have a very simple method of comparing the magnetic
forces at two points. In order that we may be certain that the field
is at least approximately uniform it is desirable that the swinging
magnet be small. It is also desirable that it should swing slowly;
this is sccured by fixing a little magnet to a brass cylinder, and
suspending the whole by a fine thread; a magnet mounted in this
way is called a Vibration Magnetometer.

9. Forms of magnetic field. By theform of a magnetic field
is meant a ddagram showing the direction in which the magnetic
force acts at every point. The form in any plane can be found as
follows. Let a small compass be mounted on a metal base in which
are pierced two small holes exactly in line with the pivot, and join
the holes by a line drawn on the base. Place the compass on a
table, covered by a sheet of paper, anywhere in the magnetic ficld,
and put a pin through one hole, which we shall call 4. Rotate the
base till the ncedle lies along the marked line and put a second pin
through the other hole, B. The line joining the holes can be drawn
on the paper and gives the direction of the magnetic’ force in the
plane of the table. Now remove 4 and turn the compass about B
till the needle once more lies along the marked line, insert a pin in
the free hole, and we have a third point of the diagram. By con-
tinuing in this way, and starting at different points, a complete
mapping-out of the direction of the magnctic force in the plane is
obtained. Fig. 4 gives such a diagram for a single magnet, and
Fig. 5 the same for two magnets. Such points as that marked P,
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round which the lines sweep, are called Neutral Points, sincc at
them there is no magnetic force. It will be scen that the lines thus

traced always begin and end on the poles of the magnets. The
lines are often called Lines of Force, but as this term has a special
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quantitative meaning, it is better to avoid its use in this connection.
It will be at once evident that for a uniform field there will be a
set of parallel straight lincs, while for a single isolated pole the
lines will be radial.

10. Potential. A quantity which greatly simplifies the cal-
culation of the magnetic force in some cases is that known as the
Potential. It is defined as the work that has to be done in bringing
a unit pole from an infinitely great distance upto the point at which
the potential is required. In the case of an isolated pole it can be
readily calculated. Let a unit pole be distant » em. from a pole of
strength m, then there will be a mechanical foree of the amount m /r?
acting on it, and if it moves a distance dr towards the pole, the work
done on or by it will evidently be mdr/r2. Hence to bring the unit
pole up from an infinitely great distance to the point under con-

sideration, the work done will be / mdr[r* or m/r. Further since
r

no work can be done when the motion is at right angles to the
force acting, and since any path can be made up of tiny rectangular
steps int the direction of the force and at right angles thereto, the
value of the potential is independent of the path from infinity.
Yet another deduction is this; if the potential at a point 4 is ¥
and at any other point B is V,, the work done in moving the unit
pole from A to Bis V;—V, and is independent of the path. Again,
if we move the unit pole in a direction other than that in which it
naturally tends to move, say from a point where the potential is
V, to a near point where it is ¥,, the two differing by the small
amount dV, the work done will be given both by dV and by
fdr where f is the force in the arbitrarily selected direction, hence
f = dV [dr always.

11. Equipotential Lines. From what we have just seen, it
appears that in any plane field we can draw a set of lines charac-
terised by the property that no force acts along them, so that for
each of them the potential has a constant value. These lines are
called Equipotential Lines, and they must everywhere cut the
former lines at right angles. They can readily be traced as follows:
if the little compass have fixed to it a light cross bar of brass placed
accurately at right angles to the compass needle, a line of constant
potential can be traced exactly as the former lines were, if the
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successive adjustments are made with reference to the brass bar
instead of to the needle. For each line there will exist a definite
value of the potential which can readily be found for any point
on any line when the pole strengths of the magnets are given, hence
we can in this way give a quantitative view of the whole ficld of
magnetic force. :

12. Currents and Magnetic Fields. Let us take a small
coil of wire, fix it to a cork float with its plane vertical, attach to the
cork two plates, one of zine the other of copper, solder one end of
the coil to the zinc and the other to the copper, and float the whole
in a vessel containing dilute sulphuric acid, the plates dipping in
the acid. The plates and acid thus form a battery, and a current
will flow round the wire. The float will be seen to turn round till
the axis of the coil points (like a magnet) in the north and south
line, and the coil will behave to magnets brought near it exactly
as if it werc itself a magnet. We see, then, that a coil of wire
carrying a current produces a magnetic field. Since the direction
of flow of a current is arbitrarily taken to be from the copper to
the zinc vid the coil, we can find what is the relation between the
direction of the current and that of the magnetic force it produces.
If we stand in front of the coil and if the current direction on the’
face of the coil which is towards us is clockwise then we find that
this face will attract a north pole and the other face will attract a
south pole, that is to say the coil behaves gs if the near face were
a south pole and the further one a north pole, and produces a field
of magnetic force just as a magnet does.

In order to investigate the laws governing this magnetic force,
we must simplify the circuit. Suppose that we have a single very
long wire hanging vertically with a current flowing downwards in
it. If a compass be placed anywhere near it, the needle will always
place itself at right angles to the horizontal line joining its middle
point to the wire, that is to say the direction of the force is in the
tangent to the circle which passes through the point and is con-
centric to the wire. Further the north pole tends to move in a
direction which is clockwise or right-handed when looked at from
above, that is when looked at in the direction in which the current
is flowing.

Both in this and in the previous example the relative direction

of translation and rotation can be referred to the case of an ordinary
1
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corkserew; if the corkserew is advancing in the direction of the
straight current its rotation is in the direction of the magnetic force,
and if the corkserew is rotating in the direction of the current in
the coil its advance is in the direction of the magnetic force at any
point on the axis of the coil.

We must now attempt to derive some general expression from
which to find the magnetic force due to certain important standard
forms of circuit, and in order to do so we will reduce the problem
to its simplest elements. Let a very short wire of length dl carry a
current 7 in the direction
shown by the arrow (Fig. )
6), the unit of current be- '
ing so far undetermined.
The method by which the %! Elevaion
current enters and leaves —
this clement of wire
will not be considered.
For simplicity we may
assume that it enters and
leaves perpendicularly to Plan
the length, as indiecated,
and that the currents in d f
the entering and leaving Fig. 6
conductors produce no
effect. In all practical circuits that we shall deal with, the points
of entry and exit of the current can be made nearly coincident, so
that no effect will be produced. Further let a pole of strength m be
placed at a point distance 7 em. perpendicularly from the middle of
the short wire. From what we have seen, a force will act on the pole
driving it away from us in the direction shown in the plan. But
there must of necessity be an equal reaction or force on the wire,
as is also shown. We thus have a wire of length dl, carrying the
current I, and placed in the magnetic field produced by m, the
strength of the field or magnetic force due to that magnet being
m/r?, The mechanical force df produced on the wire will depend
on these three factors. The most simple assumption to make is
that it is proportional to each severally, and therefore can be
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written df = Al ;': dl, kbeing an arbitrary constant. Let us make

this assumption, dedude from it certain results, and submit them
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to experiment. If they be found true, we can suppose that our
fundamental assumption accounts for the facts observed.

In general we want the force on the pole rather than that on
the wire, but this is given by the same expression. Furthermore
we must regard the force acting on the pole as being due to the
fact that the pole of strength m is in a magnetic field at a point
where the strength of the field is H. The value of the force must be
mH and if the equation above be rearranged in the form

df:m</_\{';il>:

we sce at once that at the point considered the magunetice foree due

" . N Idl .
to the little picce of wire is I =A g the value of A being
dependent only on the unit of current cmployed, since the force
is in dynes, and the magnetic pole in terms of the unit pole. Let us
now deduce some results.

13. Circular coil. Let MN (Fig. 7) be thc section ‘of a
circular coil of one turn carrying a current I, and let P be any
point on its axis distant # from the
centre and ¢ from the circumference,
the radius being r. Consider an ele-
ment of length dl at M ; it willproduce ”
a magnetic force of the amount AIdl/c?
in the direction P4, at right angles R
to PM. But we are only concerned ||77777 77T T D P
with the horizontal part of this, PD,
since the wvertical part is exactly
balanced by the action of the opposite A
clement at N. Hence the horizontal
magnetic force along the axis is given N© ]
by Aldlsin 8/c2. It will be seen at Fig. 7
once that every element of the coil being at the same distance ¢
from P, the total magnetic force due to the whole turn is

H = M2a7r sin 0/c2.

2
This result is often written A%’rg- or )t2‘”—r—1sin3 0. If the

point P be at the centre of the coil, this reduces to A?%{ It

M

’

- - -—-----1
’
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will be manifest that a coil containing » turns all nearly coincident
will produce n times the cffect, so that the magnetic force due to

oo 2xln . .
such a coil is A . sind. We can now select our unit of
A

current to simplify this relation, and it is usual to take A as unity,
so that the unit current flowing round a single circular coil of
unit radius produces a magnetic force of 27 at the centre of the
coil; this is called the Absolute unit of current. The ampére or
practical unit of current is arbitrarily taken to be one-tenth of
this unit. We will usually usc the Absolute unit for convenience.

We will now subject this result to test. Take a circular wooden
dise and turn in it two concentric grooves, making one exactly
twice the radius of the other. Wind coils in the grooves the larger
coil having twice as many turns as the smaller. Fix the dise in the
vertical plane through the north and south line, and place at the
centre a small compass provided with a pointer and scale. Let a
current be sent down the two coils in series the coils being con-
nected so that the current flows in opposite directions in the two.
We find that the necdle remains quite unaffected, that is the
magnetic forces of the coils annul one another. But as the larger
onc has twice the turns and twice the radius, this shows that the
magnetic force is inversely as the radius. If now the compass and
scale are placed at successive points on the axis of the dise, at
measured distances from the centre, and a single coil is used, it
will be found that the tangent of the angle of deflection is inverscly
proportional to the cube of the distance from the circumference of
the coil. From these results we then deduce a confirmation of our
fundamental assumption,

14. Tangent galvanometer. The arrangement of a single
large coil with a compass needle mounted at its centre is called a
tangent galvanometer. For when the coil is placed in the vertical
plane through the north and south line the magnetic forces of the
carth and of the coil are at right angles, the latter being normal to
the plane of the coil, and it follows, from what we saw on p. 5,

that 2mln / H,=tanf or that I= (;I:;l) tan§. The factor in

r
brackets is called the constant & of the galvanometer, so that
I =k tan§. A similar result will hold for any coil with a magnet
suspended in or near it, but the current will no longer be expressed
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by the definite function tan 8 of the angle, but by some other, If,
however, the angle of deflection is small enough we can very
approximately write I = k8. The details of such instruments can
best be studied in the laboratory.

15. A long wire. An important casc is that of the very long
straight wire. Let XX, Fig. 8, be such a wire, X
and P a point distant » from it. Consider a
short element dl at the point 4 distant ! from
0, O being the projection of P on the wire, --5--{"-
Let AP =p. If that element, carrying the -%-I
current 7, had been perpendicular to the
direction P4 it would have produced at P
a magnetic force dH = Idljp% But it is in-
clined to that direction, and it is only the
resolved part of its length perpendicular to
AP that is effective, namely dl cos 8. Ilence
the element of magnetic force contributed by
dl is Idl cos 0/p?% and its direction is perpen-
dicular to the plane of the figure. But we
have p =rsecf and ! =rtanf, so that
dl = rsec?0df and hence dH = I cos 6do/r.
The whole magnetic force is due to the X
infinite wire, and the limits of 6 for the Fig. 8

A

SN
t-F---=-t-3p

[ S
.o

. m T
cends are evidently | and — 9 Hence we have

I [t
H = cos §df
_"/2
or H = 2I/r. Thus the magnetic field consists of circles concentric
with the wire, and the magnetic force is inversely proportional to
the distance from it.

Suppose wesuspend alightdisc concentric with the wire and able
to turn freely about it, and then place a magnet in any position on
the disc, we shall find that there is no tendency for the disc to turn.
But the arms of the moments of the forces on the equal and opposite
poles are their radial distances from the axis, and, since no motion
ensues, the corresponding magnetic forces must be inversely as
those distances. We thus have another indirect proof of our fun-
damental assumption.
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16. The Solenoid. The most important form of coil is, how-
ever, the solenoid. This consists of a set of turns of exactly similar
shape very closely wound about an axis. We will first take the
casc of circular coils with a straight axis, which can be very nearly
realised by winding a closc spiral of wire on a tube or eylinder of
uniform radius as shown in section in Fig. 9. Let the radius of the
coil be 7 em., the eurrent passing in it be I absolute units and P
a point on its axis. Let the coil be so wound that there are N turns
per em. Congsider a turn at the distance « from P, and let 6 be the
angle subtended at P by the radius of that turn. The maguetic
force due to the single turn is 2zl sin® 8/r. Now take a slice
de thick, which will have in it Nde turns. The magnetic force
at P duc to this slice is 2xINdrsin®@/r. To get the whole
magnetic foree we have only to add up the forees due to all the
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dlices from end to end. If the radii of the first and last turns
subtend at P angles 6, and 8, respecetively the value of the magnetie
force at P due to the whole solenoid is then

Il = 27’: N [ " sind Bdlz.

Sy

But @/r = cot 0, hence da = — 7 cosec? §df. Thus

6,
H =2xIN | sin6d#,

2
which at once gives : .
H = 2nIN (cos 0, — cos 0,).

Let the point P be inside the coil and midway between its ends,
the magnetic force is then H = 47IN cosf where 6 is the
angle subtended at P by the radius at either end. Finally, if the
solenoid be very long we have at once H = 47IN as the value
of the force at the middle point. This is a result of the greatest
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importance for future work. Since the expression involving the
ends has disappeared, the magnetic force is the same anywhere
inside and is independent of the shape of the section of the solenoid.

17. Mechanical force between coils. Since a coil carrying
a current produces a magnetice ficld, a second coil carrying another
current and placed anywhere near the first will cause a mutual
reaction between the two coils. Further if one be fixed and the
other pivoted, this reaction will be reduced to a couple tending to
rotate the second coil. If this be provided with some suitable con-
trolling device, such as a spring, the sccond coil will turn until the
rotating couple is balanced by the control. But since the magnetie
action of either coil, at all points, is proportional to the current
in it, the couple exerted by one coil on the other in any relative
positil)n, is proportional to the product of the currents, and if the
coils are arranged so that the same current passes in cach, the
couple acting will be proportional to the square of the common
current. Instruments in which the couple between a fixed and a
moving coil is balanced by a spring control are said to be of the
dynamometric type, and the readings of such an instrument can
be calibrated by passing through it a series of known currents.

The necessity for calibration can be avoided, however, if the
moving coil is always brought back to a given position, namely that
corresponding to zero current, as may be donc by twisting round
the head of the controlling spring. The angles of twist can be read
on a circular scale, and the current passing through the coils is
proportional to the square root of this angle. This form of instru-
ment is usually called a Dynamometer and is of the zero-reading
type. Since the elfect depends on the square of the current it is
independent of its direction, and if the current is varying in a
regular periodic manner betwecn definite positive and negative
maxima, the couple will always be in the same direction and pro-
portional to the square of the instantancous value of the current.
Hence the mean value of the couple will be proportional to the
mean of the square of the current; further if the time of one com-
plete period of change is not too long, the jnertia of the coil will
average out the variations of the couple, and the indication of the
instrument will actually give the mean square of the varying
current with respect to time. The root of that mean square is
called the Virtual current and is the appropriate concept of

L. M. 2
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“current’” when it is alternating as described above. It should be
noted that the constant of the instrument is the same with both
steady and alternating currents, a fact of much importance since
we can first calibrate it with a high degree of accuracy by means of
direct current, and then be sure that it will measure correctly the
“virtual current” in the case of alternating currents. When a
dynamometer is used to measure the current in any circuit the
dynamometer coils may, if desired, be shunted in any constant
manner, as ecach coil will then carry a definite fraction of the
current in the circuit and the readings of the instrument will
remain proportional to the square of the current.

Another very important measurement in connection with an
electric circuit is the power. If the fixed coil of an instrument of
the type described carrics the current in the circuit to be measured,
and the other is made to carry a current always exactly proportional
to the pressure on that circuit, it is clear that the instrument will
indicate the desired product. But this condition can be readily
securcd in the ordinary manner by placing in circuit with the
second coil a very high resistance and connecting the terminals of
the circuit thus formed to the ends of the circuit under test. An
instrument arranged thus is called a Wattmeter. Like the dyna-
mometer it has the valuable property that it indicates the mean
value of the power when the current and pressure alternate in a
periodic manner, provided the current in the shunting or pressure
circuit is at every instant cxactly proportional to the terminal
pressure. If the circuit concerned has no property except pure re-
sistance, there is nothing to call into existence any other pressure
than that demanded by that resistance. Hence if the precaution
is taken to ensure that the shunting circuit has resistance only, so
that at each instant its current is exactly proportional to the
pressure acting on it, the instrument will indicate power equally
well for either direct or alternating currents. These points will be
required later on.

18. The Moving coil galvanometer. Itis very useful to be
able to measure currents by an instrument in which the indication
is dircctly proportional to the current. Suppose we have a mag-
netised rectangular bar bent into a ring with the ends forming
parallel planes separated by a small gap and let a wire carrying
a current be placed in this gap, parallel to the plane ends, or
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polar faces of the bar. In Fig. 10 is shown such a wire together
with one of the polar faces, the other being close over it. Since the
poles are everywhere equidistant, the magnetic ficld in the space
between them must be uniform except in the neighbourhood of the
side boundaries. From what we have seen, the dircction of the force
acting on the wire will be related to the polarity of the magnet and
the direction of the current as is shown in the figure. - When a
definite current is flowing the force on the wire will be the same so
long as it is kept in the region of uniform field and is held parallel
to the direction shown in the figure; the force will depend solely on
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the value of the current. Such an arrangement could be used to
measure currents by means of the force on the wire, but it is in--
convenient in mechanical form as rotation about an axis is better
than translation. Let us modify the magnet in the form shown in
Fig. 11. Again we see that the magnetic force in the annular space
between the circular poles and the central cylinder must be uniform
except near the edges. If a frame be suspended in the air space as
shown, and if this carries a current in the direction indicated, the
parts of the frame in the annular spaces will experience mechanical
forces, and the directions of these will be as shown; they will be
equal to one another and proportional to the current only, pro-
2—2
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vided the frame is well inside the annulus. Thus a ‘““deflecting”’
couple will result which is proportional to the current, or can be
expressed as ky 1.

If this alone acted, the frame would be driven outside the
annular space, but in the instrument it is suspended by a torsion
wire so that as it turns it experiences a controlling couple which is
proportional to the angle of twist, or is k,a. When the frame is
in cquilibrium again, the two couples must be cqual, and this at
once gives kI = kya or I = ke, where b = ky/k,, that is the angle
of defleetion of the coil is proportional to the current. This angle
can be measured by the use of a pointer or a teloscope and scale.
The constant k is called “the steady current constant of the
galvanometer.” The frame can have many turns of wire on it,
and any control which is proportional to the angle can be used.
The student will find many varieties of this galvanometer in the
laboratory, and the dectails of construction can best be studied
there.

19. Ballistic use of galvanometer. Lct such a galvano-
meter be joined to a battery and a key, and let the key be tapped
and let go at once. The coil will swing out from rest through an
angle which we shall call 8, will then turn and swing back through
its zero position, and after a succession of gradually diminishing
swings it will eventually come to rest in its original position. The
coil has reccived a kick and the first angle of elongation is called the
fling. We must see what quantity it is that is measured by this
fling.

It is cvident that just as the key went down and just as it lifted
the current was zero, but during the small time 7' that the key was
down, a current must have flowed, rising quickly to a maximumand
then quickly falling to zero somewhat as shown in FKig. 12 where
current is plotted against time. The electrical quantity concerned
in the fling is the arca of that curve, or the “Quantity” of elec-
tricity displaced round the circuit in the time T'; we must now
correlate this with the fling. For each value of the current I,
flowing at any instant during the time 7', there will be a corre-
sponding couple, k,I, on the coil. The mean couple for the time 7'

T
% { k, Idt which reduces to k,Q/T' where Q denotes
S0

the *“quantity” of electricity displaced. When a force of mean

is manifestly
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value I acts for a time T on a mass M the mass acquires a velocity
v and these quantitics are related by the equation F7T = Mov.
If the body can only rotate, and if the moving agent is a couple of
mean value L, the body
acquires an angular velo-
city Q instead of a linear
one, and if K is the
moment of inertia of the
body about the axis of
rotation the correspond-
ing relation is LT = KQ.
But we have seen that in
the case of the galvano-
meter coil the mean value
of the couple is equal to
k,Q/T. Hence we have
at once k,Q = KQ, where
K is the moment of in-
ertia of the coil about its £
axis of suspension. The Fig. 12
value of K should be suffi-

ciently large to prevent any appreciable change of position in the
time 7', and to give the coil a sufficiently slow period of oscillation
to enable the fling to be read conveniently. When the current has
passed the coil is just moving off with angular velocity Q, and its
kinetic energy is }KQ2. As it swings out towards its first elongation
the kinctic energy is absorbed by the twisted wire, and as the couple
due to twist increases uniformly with the angle from zero to k.0,
the average value of the couple is 4k,0 and the energy stored in the
wire when the coil first comes to rest is }%,02. If we assume that no

Current

energy is lost during the motion wehave}k,02=1K(%or Q)= \/%2 0

K o
and, since k;@ = K<), we have further @ = k—ﬂ = “—/%E 0. Hence
1 1

we see that the fling § measures the Quantity of Electricity which
passed through the coil during the short time of depression of
the key. >

A more convenient form can be derived as follows. When the
coil is left to itself it will swing to and fro, and will have a periodic

time given by P = 27V K/k,, since the controlling couple per
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radian is k,. Hence we have = 2’;_ 7’? 6. But k,/k, is the steady
1
current constant k, so that finally we can write @ = 21; k6.

It may be here noted that the assumption that there is no loss
of energy during the first swing is untrue; we shall sec later on that
the expression must be slightly modified to allow for this, but the
formula given is sufficiently accurate for the purpose in view,

20. The Magnetic Displacement. Let usbe provided with
a reasonably long ball-ended magnet which has a winding round it,
the winding being in series with a battery and a key so that a
current can be passed at will. When the current is flowing it be-
comes a magnet, and when the current is broken it will lose
practically all its magnetism, if it be made of suitably “soft’’ iron.
When a definite current is flowing, the poles will have some definite
strength.

Let a small coil be placed near to and facing one of the poles,
its axis lying in line with the axis of the magnet, and its ends being
joined up to a ballistic galvanometer. If the key be depressed so
that a current passes in the magnet winding a fling will be observed
on the galvanometer showing that electricity has been displaced
round the coil; on breaking the current, an equal and opposite
fling will be observed, but so long as the magnet remains steadily
excited, no effect is produced. The effect is just as if somethihg
pushed into the coil had shaken loose a current round it. This
concept of a displacement through the coil will be strengthened it
we arrange that the coil can be orientated in such a way that its
axis makes known angles with the original direction, for then the
flings will be found to be proportional to the cosine of the angle
between the new and the old directions of the axis, which is exactly
what we should expect if something radiating from the pole of the
magnet had been pushed through the coil. Again, if the number
of turns in the coil is varied the flings will vary in the same ratio.
Let us then assume that such a displacement from the pole takes
place, the thing displaced being called Magnetism; this displace-
ment is more usually called a Flux of Magnetism.

It should be carefully noted that this new concept is altogether
independent of the former one of a Magnetic Force, though we shall
see later on how they can be correlated.
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21. The Induction. If we consider a unit area perpendicular
to the direction of the displacement, the amount of the displace-
ment which crosses this area is called the Magnetic Induction or,
more shortly, the Induction. It is denoted by the letter B, and we
must now see in what units we can measure it.

It will be manifest that a single spherical pole will give a
displacement which is radial, being pushed across concentric
spheres with the pole at the centre. In this case the induction
will vary inversely as the square of the distance, since the total
displacement of magnetism must be the same across all the
spherical coats, and their arcas vary as the squares of the distance.
Hence this new quantity, the Induction, varies numerically in the
same way as did the magnetic force, H. As far as this numerical
relation holds we can put Bo H. But it must be carefully borne
in mind that the relation is only numerical, and depends on the fact
that for the present the magnetic phenomena are being considered
as taking place in air or more strictly in a vacuum. The two
things H and B are different in nature, the first can only be added
up along a line, the second over a syrface.

We may now however make an arbitrary selection of a unit of
Induction. For we can put B = AH where A is any number, the
selection of this number being purely a matter of convenience. For
many reasons 47 would have been a very convenient number, but
the usual value taken is unity, so that in a vacuum we have B = H.
It must be reiterated that this equality does not connote identity;
it has led to a good deal of confusion in the matter, It further
results that the unit induction will exist where the magnetic force
is unity or one Gauss. This unit of induction is called a Maxwell
or more commonly a Line-of-Force, the latter being a somewhat
misleading term whose origin will appear shortly. But a unit pole
will evidently produce unit H, and therefore unit B, at unit
distance off, so that the unit of flux is that proceeding through one
square centimeter of a unit sphere surrounding a unit pole. (If
the factor 47 had been selected, the unit of induction would have
been the total flux from that pole, a simpler thing to deal with.)
It immediately follows that the total flux or displacement from the
unit pole is 4 Maxwells, and hence that the total flux from a pole
of strength m will be 4mm. The symbol used for this total flux is
¢, so that for any pole we have

¢ = darm.
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22. Lines of Force. We have seen that the direction of the
magnetic force and that of the displacement of magnetism coincide.
In the case of the single pole, both directions are radial, but the
nature of the displacement will manifestly be shown in any case,
however complex, by means of lines plotted as shown in Figs. 4
and 5. For those lines give the successive and continuous directions
of H, and hence the direction of the displacement of flux at every
point. We can now find a quantitative interpretation of these lines.
Let us supposc that we trace out on any one of the poles in the
figurc a small arca such that the displacement across it is unity,
or on¢ maxwell, Round the periphery of this area we could start
tracing a set of lines in the way described, and cach would end on a
pole of opposite polarity, so that we should map out a tube-shaped
volume stretching from one pole to the other. This volume would
have the property that the displacement across any section was
unity also, since no displacement of magnetism can take place
except along a line. Such a tube is called a Tube of Force, or more
properly a Tube of Induction, and since it has unit displacement
everywhere, it is called a Unit Tubc. The state of the flux as regards
magnitude or density would then be shown at once by the number
of such tubes which are cut by a square centimeter held perpen-
dicular to their direction. Let cach tube have a line traced along
its axis; this line can be taken to stand for the tube along which
it is stretched, and we can call it a Line of Force, but this term
must be looked on as meaning nothing more than what has just
been stated. The use of the word Force in this connection is very
liable to cause confusion, and although the phrase Line of Force
means Just the same as the word maxwell, the latter is very rarely
used, while the term Line of Force is almost universally employed.
The student must make this point quite clear to himsclf.

With these limitations we can use the Figs. 4 and 5 to give a
quantitative as well as a qualitative view of the state of the flux
in the space mapped out. The total flux ¢ passing across any area
will then be measured in terms of these lines of foree, the Induction
B will be the number of such lines per unit area, and if the area
perpendicular to the flux be s square centimeters, we have ¢ = Bs.

23. The induced E.M.F. In the experiment we have been
discussing we saw that the sudden excitation of the magnet caused

a displacement of something, which we have agreed to call a Flux
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of magnetism, through the coil, the cffect being evidenced and
measured by the fling of the ballistic galvanometer in series with
the coil. We also saw that an equal and opposite effect is produced
when the excitation of the magnet is suddenly annulled, and further
that the cffect in the coil is proportional to the number of its terms.
The same effects will be observed if instedd of producing the dis-
placement exciting the ball-cnded magnet we thrust one end of a
permanent bar magnet through the coil, and the reverse effect will
accompany the withdrawal of the magnet.

We must now investigate what is happening in the coil itself.
If the coil has N similarly situated turns and if the flux through one
of them is ¢ the quantity passing round the circuit, as measured by
the fling, is proportional to $N. This product may be called the
Flux-Turns and will be represented by the symbol . Now let us put
a resistance box in series with the coil and galvanometer circuit,
so that we can vary the resistance of the circuit, and observe the
flings of the galvanometer when the same change of induction is
produced with different resistances in the circuit. The change can
be readily produced by suddenly pulling a magnet out of the coil.
It will be found that the flings, and therefore the quantities passing
round the circuit, are inversely proportional to the total resistance
of the whole circuit formed of coil, box and galvanometer. Hence
we have @ « $N/R. But our units of quantity and resistance will
be taken as “absolute” values, and since the flux unit is directly
related to the absolute unit of current, we can replace the pro-
portional sign by equality giving

¢N
Q="

1t is usual to measure the quantity in coulombs or 10-! absolute
units and the resistance in ohms or 10~? absolute units, but the flux
itself is commonly kept in absolute units or lines of force: the

equation is then
Q= é]l; x 10-8,

At every instant during the passage of the quantity round the
circuit there must be a definite current %, such as is shown in Fig. 12.
Since the circuit has a resistance R ohms, a pressure of the amount
Ri must be present in the coil to cause the current to flow. But we

have @ = ‘%v , and the current ¢ is the rate of change of @, hence
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;e _Nip

dt R dt
by Nd¢/dt. This is the cxpression for Faraday’s law, namely,
Whenever the flux changes in a circuit, an EM.F¥. is produced
which is equal to the rate of change of the flux-turns. The
direction of this r.M.r. must evidently be such as to tend to send
a current in a direction to oppose the change of flux, hence we
should prefix the minus sign, so that the E.Mm.F. is really given by
—Ndg[dt. These two results are of primary importance in all
electromagnetic work.

and the value of the .M.F. that is required is given

24. Magnetic Potential of a coil. Aninteresting deduction
may be made at this point. At any instant the rate of doing work

in the coil is IR or EI or IN (fl? This work must be supplied

by the agent causing the change of flux. Let us supposc that the
change is being made by the actual motion of a magnetic pole from
which the flux proceeds. Let its velocity be v and let the force
required to move the pole against the force due to the reaction
between the pole and the current be f. The rate of doing work is
Jfv and if dz be the small distance moved in the small time dt. we
have fv = fdw/dt = INd$[dt. We at once deduce that the
mecchanical force on the magnet, in the line of its motion, that is in
the direction in which dx is measured, is f = INd¢/dx dynes.

This result can be carried further. Suppose that the magnet is
a ball-ended one, and let a sphere of unit radius be circumscribed
round the pole as in Fig. 18. If radii be drawn from the boundary
of the coil to the pole they will cut off an area on this unit sphere.
This area is called the Solid Angle subtended by the coil at the
pole, and is denoted by the letter w. We have now a simple ex-
pression for the flux through the coil. For since the total flux from
a pole is 47m and since the area of the unit sphere is 447, the flux
that gets into a single turn of the coil is manifestly mw.

Now the field due to any given current in the coil will be the
same whether the current is due to the motion of a magnetic pole
near the coil or is maintained by some source, such as a battery, in
the circuit of the coil. If for simplicity we consider a coil of one
turn and of any shape, carrying a circuit I, we see that the ex-
pression Id¢/dx for the mechanical force on the pole becomes
Imdw/dz dynes. in the direction in which 2 is measured. Hence
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if H is the strength of the field, or the magnetic force at the
position occupied by the pole, in any direction specified by @, we
sce that H = Idw/dz. Now we have seen (p. 10) that the magnetic
force duc to a set of poles can be deduced from the lincar rate of
change of a quantity called the Potential, and we now sce that
the magnetic force due to the coil can be derived in the same way
from a magnetic potential and that this has the value V = low,
for then H = aV [dx = Idd[da.

Another important point is as follows. We saw that when a
unit pole was carried along any path in the field due to a set of
magnet poles the work done was the difference between the values

Sphere of
unit radius

Fig. 13

of the potentials at the beginning and end of the path, and that in
the complete traverse of a closed path no work was done: with the
coil this is not always true. If we move our pole about in any way
and bring it back again without threading the coil, the solid angle
subtended will be the same, but whencver we thread the coil we
manifestly sweep over the whole area of the little sphere, and the
solid angle changes by 4ar. Hence strictly speaking, the potential
of the coil is ¥ = (n4sr + w) I. This does not of course affect the
value of the magnetic force, which is dV /dz, but the work done,
being the difference between the initial and final values of the
potential, is increased by the amount 4wIm ergs every time a
pole of strength m threads the coil carrying the current I.

This result is of considerable importance. It may be noted that



28 MAGNETISM

the values obtained for the magnetic force due to circular and
lincar wires can be readily deduced from these considerations, and
it is a good exercise for the student to make these deductions.

25. Examples of Induced E.M.F.’s. Wewillnow consider a
few cascs of induced £.M.F.’s, and will first take a simple form which
will serve to make the principles clear. In Fig. 14 let 44 and BB
be two parallel bars distant ! em. apart and of practically zero
resistance: let a bar PQ of resistance R be fixed across onc end,
and another bar XY of zero resistance be capable of sliding along
the pair of bars. Let a flux of uniform and constant value B per
squarc centimeter be maintained perpendicularly downwards
through the paper. Let the bar XY be moved with constant
velocity ¥ em. per second in the direction shown in Fig.'14. Its
motion will cause the {lux passing through the circuit to incrcase
uniformly, and hence an £.m.F. will be produced and, as the circuit
is closed, a constant current will flow, of the value I. As regards
the direetion of this current, it must {low in such a manner as to
tend to prevent the {lux from altering in amount, that is it must
tend to cause a flux backwards in the opposite direction, to
accomplish which the direction of the current must be as shown
by the arrows on the bars; the accompanying E.M.F. existing in
XY will have the direction of the arrow alongsidc the bar. As
regards the magnitude of the current, I, this is given by our ex-
perimental fact that the quantity of clectricity that passes round
the circuit in a time ¢ is equal to the flux added divided by the
resistance of the circuit when the units are congruent, or all
“absolute.” This leads at once to the equation BVt = QR, for Bl
is the flux added per centimeter displacement, and 7 is the linear
velocity. Further, since @ = It, it at once follows that BIV = IR.
But as we have considered that the current is impelled by an g.Mm.F.
produced by the bar XY cutting across a flux which is main-
tained constant and uniform in intensity, we can at once write
E = IR = BIV where E is the value of the induced E.m.¥. in this
arrangement. The expression is a very useful one, as many prac-
tical pieces of apparatus involve the production‘of an E.M.F. in
this manner. If the value is required in volts, this expression must
be divided by 108.

A further result can now be established; there is a definite
expenditure of power which is given by the expression I?R or
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(in terms of the induced r.M.F.) by EI. It at once follows that a
mechanical force F must be applied to the bar XY, which must act
exactly opposite to the direction shown by the arrow if it is to do
work on the bar. With all the quantities expressed in the appro-
priate or c.c.s. units, we can cquate the expressions for the rate of
expenditure of energy and the rate of doing work on the bar. giving
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the relation VF = EI. This at once leads to VF = BIVI or
F = IBI, another very useful expression which follows from our
fundamental assumption on p. 12. If the current be in practical
units or ampéres, the factor 10-! must be used.

It is useful for the rcader to follow out the consequences of
moving the bar XY in the opposite direction as shown in Fig. 15.
It will readily be seen that the relative directions of the quantities
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involved are as indicated in that figure, If we consider the fixed
bar PQ in Fig. 14, it will be seen that since it has in it the same
current as in XY but in the opposite direction, and is experiencing
. the same magnetic field, it must be sustaining a force of the same
value F as XY, but directed in the opposite way. Hence if released
it will start moving with a velocity which we may denote by v and
it will become the seat of an B.M.F. which will have the value
e = Blv, and which will act in a direction parallel to the E.m.F. in
XY, as shown in Fig. 16, and therefore in opposition to the direction
of flow of the current. This is the so-called “back £.m.F.”” The bar
XY is acting as a dynamo, a machine for turning mechanical work
into electrical, the bar PQ is acting in the reverse way as a motor.
The current which now flows will be determined by the fact that
the two E.M.F.’s are impelling it against the resistance R, and hence
we must have E = ¢ + IR. It should be noticed that v must be
less than V' so that PQ is always falling behind XY. Further,
since E — e = IR we have IR = Bl (V —v). So that if S be
the alteration of distance between the bars in the time ¢, we have
IRt = BIS or QR = BIS, that is the product QR is still equal to
the flux added to the circuit. If no resistance were present, the
value of the current would be decided by the force demanded to
move PQ and hence XY, but the two E.M.F.’s would then be
practically equal, and the distance between the bars constant.

26. The E.M.F. of a dynamo. A simple and important
example is the method in which the E.m.F. of a dynamo or motor is
produced and utilised. Suppose that the poles of a horse-shoe
magnet of rectangular section are bent round and bored out so as
to form a partial cylinder as shown in Fig. 17. Let a cylinder,
formed of a series of annular iron discs mounted on a spindle, be
placed concentrically in the cylindrical space between the poles,
and let a large number of straight insulated wires, laid parallel to
the spindle, be fixed on'the outside of this iron ring, each wire
having a length of ! cm. in the space between the poles. Suppose
that the spindle carrying the iron ring to the wires be kept revolving
at n revolutions per second, so that, if the wires form a cylinder of
r cm. radius, the linear velocity of the wires is v = 2mnr cm. per
second. If w be the angular velocity this may be written v = wr.

' The whole being symmetrically placed about the axis, the flux
will proceed from the north pole, N, across the upper air-gap into
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the iron ring, and from the ring, across the lower air-gap to the
south pole, S, and the induction in the air-gap will be nearly
uniform.

We see at once, from the relations we have just investigated,
thatall the wires which at any instant lie above the horizontal plane
XX will have in them downward £.M.F.’s as indicated by the crosses,
while the wires which at any instant lie below the line XX will have
upward E.M.F.’s as indicated by the dots. The wires which are just
crossing the line XX have no E.M.F. in them, and this line is there-
fore called the Neutral Axis.

Fig. 17

We proceed to find the .M.F. which would exist between the
opposite points of the line XX if we could at any instant connect
all the wires on the upper or the lower half of the cylinder in series,
joining the left-hand end of each wire to the right-hand end of its
neighbour, taken in order, by conductors which do not cut the
flux, that is to find the sum of all the £.M.F.’s existing at anyinstant
in the upper or lower layer of wires. Let the position of any wire,
relative to XX, be given by the angle 6, and let the total number
of wires on the cylinder be 2ro, so that o is the number of wires
per radian, and odf the number in the small angle df. If the
induction at that point in the air-gap specified by the angle 6 be B,
the E.M.F. in one wire at that point will be Blv and the sum of
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the E.M.F.’s for the wires in the angle df will be Blvodd. The
EM.F. rcquired, for the whole series from X to X, is thercfore

f ! Blvadf, or wo f " Birdd. But Irdf is the area of the small strip

0 0

of eylinder inside the angle df, and Blrdf is the flux which passes

through this strip, so that the integral f "Bludg is the whole flux
0 .

cmanating from the pole. Let this be denoted by ¢ and the total
EM,F, by K, then we have E = ow¢. This expression is sometimes
written in a mqre convenient form as follpws. Let z be the total
number of wires, counted right round the ring, then & = 2r7e. and
since w = 2mn we have at once E = ¢an. As before we must divide
by 108 to cxpress the E.M.F. in volts.

It a continuous wire be wound, as a helix, on the iron ring, as
shown diagrammatically in Fig. 18, the outer portions will be con-
nected in series in the required manner, and as the flux is practically
confined to the iron, the inner layer of wires will not cut it, so that
this arrangement satisfies the required conditiops. Further, if we
follow the wire for onc complete cirenit, we shall find the g.m.r.’s
with us in one half of the circuit and against us in the other half,
so that in the wire as a whole there is no resultant pressure, and
thereforc no local currents tending to cause internal waste of
cnergy. Or, to state this in another way, relatively to the two
points XX the E.m¥.’s in the two half circuits are in the same
direction, that is the two half circuits act exactly as two cells
placed in parallel between the points XX.

It remains to be seen in what manner it is possible to utilise the
difference of pressure that we now see will always be present
between the points X ard X. One way would be to rub off the
insulation from the outside of the ring of wires, and let a pair of
brushes be kept pressed against the ring at thosc points, but this
would be a very makeshift arrangement. Suppose that we build
up another cylinder consisting of a scries of insulated sectors,
insulated both from one another and from the shaft, as is shown
diagrammatically on a straight line base in Fig. 18, by the pieces
marked C, and connect each of these pieces to one turn or more of
the spiral on the ring by means of the connecting wires shown at
W in the figure. A cylinder built up in this way is called a Com-
mutator or Collector and gives a mechanically designed surface
on which the brushes at X and X can press, while its cffect is
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manifestly the same as if the brushes pressed directly on the surface
of the ring of wires. The form of winding considered here is rarely
used in practice, but any method which sceures that the way in
which the wires on the cylinder are joined up does not depend on
the position of the cylinder, and also that the nett pressure met on
going round the winding is zero, will do just as well. Such methods
will be found described in books on Dynamos.

It may be noted that the arrangement just considered may be
used to produce E.M.F. in a different manner. Suppose that the

X x!
Ll T
| |

|
' |

Fig. 18

complete ring of wires is not connceted to a scries of points round a
commutator but has only two opposite points, which we will refer
to as P and P, attached to a pair. of insulated rings fixed to the
shaft and that the brushes press against these rings. At the instant
when P and P coincide in position with X and X the same E.M.F,
will be acting as in the former arrangement, but when they are just
midway round.between X and X it will be seen that the various
E.M.F.’s will just neutralise one another, so that there is no pressure
between the rings. Again, when they have turned just halfway
round, the points P and P will have reversed their positions relative
to X and X, and hence the pressure between the rings will be the

L. M. 3
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same as before but with reversed sign. Hence on rotation the
pressurebetween the rings will be alternately in opposite directions;
such an E.M.F. is called an Alternating E.M.F.

2%7. Dampingofagalvanometer. Indeducing the expression
for a ballistic galvanometer on page 22 it was assumed that as the
coil swings on its first clongation the initial kinetic energy was
completely stored in the twisted suspension, but this is not accurate.
All the while the coil is moving it experiences mechanical resistance
from sctting the air in motion, and if it is connected to a closed
circuit, it will be always experiencing in addition a change of
magnetic flux and consequently have an induced current in it.
This current will interact with the
magnetic field and give a couple
opposing the motion of the coil.
If the resistance is very low, this
couple may be so great as actually
to causc the coil to move slowly
back to its zcro without passing it,
the galvanometer is then said to be
dead beat, and in this state is of
little use for ballistic work. But the
property is taken advantage of to
bring the coil quickly to rest after the fling has been observed, this
is done by connecting the galvanometer to a key asshowninFig. 19,
where it will be seen that on relcase of the key the galvanometer is
automatically short circuited, and the coil is thus brought quickly to
rest ready for another observation. If such a coil be started swing-
ing, the successive rest points can be readily observed, and since
these occur at equal time intervals, the curve connecting time and
deviation from zcro can be roughly plotted as in Fig. 20; the
observed maxima can be observed and the line joining them drawn
in as shown. It will be discovered that the consecutive heights
a, b, ¢, d, ete. have the relations a/b = b/c = c/d = d/e, ete., that
is they diminish in a constant ratio. Now the first elongation, or
the observed “fling,” is manifestly given by b, while the first swing
if there had been no opposition would have been a. This effect of
continuously diminishing swings is called “damping,” and the
factor by which the observed first fling b must be multiplied in
order to get the perfect fling a is called *“the Damping Factor” and

Fig. 19



DAMPING OF GALVANOMETER 85

will be denoted by A. The value of A is evidently a/b or bj¢ or ¢/d,
etc. But with a suitable instrument this ratio cannot be read
directly, and further we do not generally have the zero of the
galvanometer in the middle of the range, but at one end; in fact
in practice we can only read such swings as b and f, on the same
side of zero. But it will be secn at once that the constancy of the
ratio gives immediately A = b/ f.

If b and fare so nearly equal that their ratio cannot be accurately
determined we can proceed as follows. It is essential to read b as
it is the first fling, but instead of the second swing on the same side
we read the mth swing on that side and call it b,. It follows from

Swing
/
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Fig. 20

the above that A LJ(/I)E' It is thus quite easy to correct the
observed first fling for cfamping, and the.full expression for the
ballistic galvanometer is then Q= 21:—_‘_10A0. It must be noted

that the value of A depends essentially on the resistance of the
circuit, and it is a useful experiment to find the relation between

3—2
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A and R. Another point is that so long as the resistance is constant
so is the value of A ; henee if the precaution be taken to keep the
resistance of the circuit fixed during any test, we can take A as
part of the constant of the galvanometer, and thus, we have:

If the resistance of the galvanometer circuit be kept constant in
any test, the relation Q= 0 holds good.

28. Flux measurement. We have found that the relation
between ¢, the change of flux through a coil, and @, the quantity
displaced round the coil is given by @ = Né/R. 1t follows that,
under the same condition of fixed resistance of the coil’s circuit, we
have the change of flux, N¢, through the N turns of the coil,
proportional to the fling 6.

In all magnetic tests, then, we should aim at keeping the re-
sistance of any circuit in which the flux changes are to be measured
at a constant value throughout, and then we have the simple
relation ¢ = L9/N.

29. The Standard Field. We must now sec how we can
provide a standard of magnetic flux. The most generally useful
onc is that known as a Mutual Inductance or Standard Field, and a
simple and convenient form is made as follows. Take a uniform
tube of brass say about two feet long and three inches in diameter,
wind on it very carefully onc or two layers of wire, noting the total
turns and the exact length covered by the wires, and let the turns
of wire per centimeter be N. On an cbonite bobbin which will just
fit inside the tube wind a small coil of n turns and mean radius
r cm. Suppose that a current of onc absolute unit is {lowing in the
main coil, and that 8 is the angle subtended by the end radius of
the brass tube at its mid-point, where the little bobbin must be
placed, then the magnetic force at the mid-point of the tube is
given by 4N cos §. This must also be the induction at that point,
and since the length of the tube is great compared with its radius,
the induction will be practically uniform all over the central cross-
section, and; for unit current in the main coil, the flux-turns in the
bobbin, which has n turns cach of arca m% sq. ecm. will be
472Nnr? cos §. If the unit of current is an ampére, this number
must be divided by ten. We have now secured a standard of flux
and can use it to measure other fluxes by means of a ballistic
galvanometer,
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When used for this purpose the current in the main, or primary,
circuit is usually reversed in direction by a suitable switch, so that
the change of flux in the smaller or secondary coil is twice that
given above, This number is a constant for the apparatus and
all the quantities involved can be readily measured; let it be
denoted by the symbol ¥, and called the “flux-turns for unit
current.”

30. Magnetic Bodies. We have assumed that in a vacuum
the induction is equal to the magnetic force, that is B =II. Wc
must now examine whether
this is true for othersubstances.
Provide a scries of rings cach
of axial length [ and of circular
cross-section . Some of these
should besolid rings of different
mctals and alloys, others made
of thin brass tube can be filled
with various gases. Wind cach
of the rings with two coils, a
primary of N turns to carry a
magnetising current, and a
secondary of n turns to test
the flux changes by means of a
ballistic galvanometer. Provide
also a standard ficld, and con-
nect the circuits up as shown
in Fig. 21. The two way plug P
enables us to send the current,
measurcd by the ammeter 4, through the primary coil of cither
the standard field F or of the ring B. The current can be reversed
by the reversing key K, and the resistance box r can be adjusted
to give convenicent flings, but must on no account be altered during
the trials.

The two quantities required are the magneticforce acting onthe
ring, and the induction in it. The former-is found for any current
and for each ring as follows. Suppose that a current I i$ flowing
round the primary circuit of the ring, the value of H is practically
that due to an endless solenoid, and is given by 47IN [10l,if I be in
ampeéres. It is therefore a mere multiple of the current round the

il
Fig. 21
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primary of the ring and can be tabulated alongside any 'selected
set of currents.

The induction can be found as follows. Send a current I, round
the primary of the standard field, whose constant ¥, has already
been calculated. Reverse the current, and read the fling, 6,, pro-
duced on the galvanometer. The change of flux-turns in the gal-
vanometer circuit is 2W,J,. Now send any one of the selected
currents round the ring, reverse it, and obscrve the fling, 8. If B
is the value of the induction in the ring, the flux is BS, the number
of flux-turns in the galvanometer circuit is BSn, and the change
of flux-turns on reversal of the current is 2BSn. But the re-
sistance of the galvanometer circuit has been kept fixed, hence
we have at once

2BSn 0 . Ipsla
i~ & B= S‘no,,] 6.

The expression in the bracket is again a fixed constant, and if the
flings be tabulated alongside the currents which are reversed, we
ean add immediately a column for the values of B, Hence we
have the corresponding values of B and H side by side.

If this experiment is carcfully performed it will be found that
the great majority of substances give the same relation as that
assumed for vacuum, namely B = II. Such substances are some-
what inappropriately called Non-magnetie. A few substances will
give values of B which arc many times the corresponding values
of 11, thesc arc called Patamagnetic, or more shortly, Magnetic;
they inclnde the group of metals iron, cobalt and nickel and certain
alloys of manganese and other metals which separately are non-
magnetic. A third group will be found, containing such metals
as bismuth, in which the induction is less than H, these are called
Dia-magnetic. For our purpose the only ones that have to be con-
sidered arc iron and certain of its alloys. Information on the othgr
points must be sought for in books on Physics.

31. Typical curves. A curve representing the relation be-
tween B and H, obtained in this way, is called the B—H or Re-
versal Curve of the substance. Figs. 22, 28, and 24 show some
typical forms for a few important sorts of iron and iron alloys and
for different ranges of H. To obtain such curves as those shown we
must take special precautions which will be referred to later on.
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32. Permeability. It will be seen that in iron the induction
is many times larger than the magnetie foree, the iron behaving as
if it could offer little opposition to the magnetising action of the
latter. Tt is convenient to express this effeet by the ratio of the
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actual induction produced to that which the same magnetic force
would have produced in vacuum. This ratio is called the permea-
bility and is denoted by the letter u, so that we can write u = B/I1.
But with the definition we have used, the letter “H* must be
taken to represent the induction corresponding to the magnetic
force acting on a vacuum; if we take it to be the magnetic foree
itself, the permeability must no longer be regarded as a number,
but as a new physical quantity of different dimensions from cither
B or II. For the beginner, the former method of regarding the
question is simpler. The permeabhility can be plotted cither in
relation to H or to B, in most cases the latter proceeding is the
more convenient (Fig. 25). Sometimes the reciprocal of p, called
the Reluctivity and denoted by p, is used. The student should plot
the p—B curve from Fig. 25.

.

33. Derived units of flux and magnetic force. In ad-
dition to the maxwell as the unit of flux and the gauss as the unit of
magnetic force, certain derived units are commonly employed in
dynamo design corresponding to the practical units of current and
pressure derived from the absolute units. Thus fluxes are measured
in terms of the kilo-line or 1000 maxwells, the mega-line or 108
maxwells, the volt-line or 108 maxwells and cven the kapp-line or
6000 maxwells. The objcet of these units is to avoid the use of
large numbers in expressing the values of fluxes or inductions.
Thus (p. 32) we have scen that in a dynamo in which the polar flux
is ¢ absolute units, the peripheral wires 2, and the revolutions per
second n, the E.mr. produced is given by E = é¢zn absolute
units or K = ¢zn 10~8 volts. If & is expressed in mega-lines this
becomes E = ¢zn 10~2 volts, and if in volt-lines it is £ = ¢an
volts., At the same time the use of smaller numbers to cxpress the
flux reduces the risk of arithmetical mistakes. The kapp-line is used
when n gives the revolutions per minute, and we then have
E = ¢2n 10~ volts. Occasionally in expressing induction the unit
is referred to the square inch instead of to the square centimeter.

Magnetic Force is very commonly expressed in ampére turns
per centimeter (A.T. per cm.)-or in ampére turns per inch (a.1. per
in.). When I is expressed in absolute units and N the total turns
in the winding we have

H=4nINJl= 10 INJI
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where I, measures the current in ampéres. But I, N/l is the ampére
. 0
turns per centimeter and wethushavea.r. perem. = :’” H=0794H,

which is near enough to 0-8H for practical purposes, Similarly we
can show that a.t. per in. = 2:02H. It must be carefully noted that
when these mixed units arc used B is no longer equal to H in air
or a vacuum, that is the permeability of air is no longer unity. For
example if the induction be measured in maxwells per square inch
and the magnctic foree in A.r. per in. the permeability of air is
6:45/2:02 or 3-2, or A.T. per in. for air is 0-814B, where B is expressed
in maxwells per square inch,
' .

34. Forms of specimen. The form of specimen we have con-
sidered is a torus or anchor ring; this is difficult to make and is not
commonly used. If a ring be used it is usually of rectangular cross-
section, and should be of large radius so that the ampére turns per
centimeter-run inside and outside are as near as possible the same,
If it be impossible to secure a ring, rods can be used, but this in-
volves some method of joining the ends, a more complex matter
which must be left for the present. A very usual form of specimen
is that of a set of thin strips; these can be assembled in four equal
packets and placed inside four fixed tubes which are already wound
with proper primary and sccondary windings, and are thus always
available for use. The ends of the parcels have the separate strips
interleaved to make the path of the flux easy. In such a square,
the magnetie foree is not truly uniform, but it can be made very
nearly so by a suitable method of winding the coils. For details
the student should consult a paper by Dr Searle (No. 15). It
may be noted that the dimensions of ordinary rings and rods can
be measured with the usual micrometers, ete., but the thickness of
the iron stripsusedin the last form should be measured by a specific
gravity method,

35. Form of the B—H curves. On referring to Figs. 22 to
24 it will be seen that the B—H curves have three principal
regions, an Initial part where B grows rapidly with H, a Knee at
which p is & maximum, and a nearly straight part well above the
knce, which is called the region of Saturation. For engineering
purposes the most useful part of these curves is the part beyond
the knee, but it is of some interest to examine the form of the
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initial part. In Fig. 26 is given the very early part of a curve; it
will be noticed that it does not start off at a tangent to the axis
but at a definite slope, showing that the permeability has a definite
value to begin with., The curves of the steels are more roundly
shaped than those of pure iron and some of the non-metallic alloyed
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steels. The other end of the curve, or the saturation part, cannot
be fully investigated by the method we have considered, as it is
impossible to crowd on the specimen the number of coils of wire
required to provide sufficient ampére turns for the high magnetic
forces involved. Hence we must use another method.

36. High Inductions. This method consists in placing the
specimen between the poles of a strong clectromagnet as shown in
Fig. 27. This magnet is wound with a large number of turns, and
the flux from it is crowded into the strip under test, which thus
becomes highly magnetised. But we can no Jonger measure the
magnetic force by means of the current and turns on the magnet,
as this current has to magoetise the magnet as well as the strip.
The induction in the strip is readily found in the ordinary way by
means of a coil wound on it, the fling on reversal being read on the
ballistic galvanometer. To find the value of H we must devise a
special arrangement.
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The arrangement, due to Dr Beattic, is shown in Fig. 28. On
a very thin copper former is
wound a very carcfully made
coil of known number of
turns: we will call this the — =
X coil. Two thin picces of |TT———"" Ero——""
fibre are fixed outside this £
and a second coil having an
cqual number of turns is
wound over the whole: this
we will call the ¥ coil. The
arcas of the two coils are
found by placing them in a
strongand uniform magnetic
field of known value, and
observing the flings for cach on a calibrated galvanomecter when
the ficld is suddenly removed. Let the arcas be @ for the X coil
and y for the Y coil. The specimen

must just pass into the X coil, and ((_j\

henee its  cross-section a, which can

Fig. 27

2.

X cotf-- -~ -
be measured, must be less than a.
The big magnet produces a field Y conl N

which is uniform over the small
arca occupicd by the coils. Join Fibre --- - >
up X and Y differentially, and
measure the {lux change in the Specimen--- IH'“
ordinary way: evidently the indue- \ ! )
tion inside the X coil cuts out, since Fig. 28
the coils oppose, and we consc-
quently have an induction equal to the required H passing
through the known area (y — @). ¥rom this we at once derive
the valuc of H. Now the X coil embraces more than the induction
in"the iron, for it also cncloses a space of area (¢ — a) in which
the induction is H, hence if we take the fling with the X coil only,
and find the flux denoted by the fling, we must deduct the amount
of flux given by H (x — a), the remainder divided by « is the
required induction. The curves given in Fig. 24 were found in
this manner. '

By such an apparatus it is possible to push the iron up to the
highest inductions used in engineering work. If still higher values
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are required, another method must be used, which will be found
deseribed in works on physics. The ordinary ring method of test
can be carried up to II = 250 without much difficulty, and with
special cooling up to about II = 1000. The second method can be
used up to nearly 3000, but the special method last alluded to
cnables magnetic forces up to nearly 25,000 to be employed.
Although such high magnetic forces are not required in practice,
the result is interesting. It is found that for values of I higher
than from 5000 to 6000 the B I curve is practically straight,
and that it can be written in the form B = B, - H, so that the
increasc in induction is due merely to the inercase of magnetic
force and is cqual to it. The value B, is thus the true © saturation”
value of the induction; the iron itself has,so to speak.done all it can
in carrying flux. The valuc of this quantity for purc iron is about
21,000. Another interesting point is as follows: in many alloys the
saturation value B; varics in proportion to the amount of iron in
the alloy, so that the alloying body acts as a dilutent only, Thus
with silicon, B falls about 2} per cent. for cach 1 per cent. of silicon
present. With carbon the relation is more complicated as certain
of the iron-carbon alloys arc themselves magncetie, but withiy
certain limits the same result is found (see paper 6).

37. Effects of temperature, etc. The cffects of heating,
straining, and of other trecatment are extremcly interesting, but
only one or two of these effects arc of importance for our purpose;
the others can be studied in Ewing’s Magnetism. Effect of strain,
however, is of much importance as unavoidable straining effect is
involved in the process of shearing the thin plates used in making
many kinds of apparatus. The following experiment, which is due
to Dr Scarle, shows the effcet of a shear strain, A set of strips was
made into a square as described on page 42 and a test of the B—II
curve was made from which was derived the top curve of Fig. 29
connecting . and H. The strips were then taken apart, and with
a pair of shears a longitudinal cut was made in each strip, ncarly
separating it into two. The whole sct was put together and re-
tested, with the result shown in the middle curve. On repetition,
with a second cut along a second line, the lower curve was found,
These curves show a progressive diminution of permeability. This
is called magnetic ‘“hardening” of the iron. Similar results occur
with simple stretch, with torsion, and with other forms of strain,



46 MAGNETISM

so that the greatest care must be taken in handling iron to avoid
any unnccessary strains being left. The effect of the overstrain
can be removed almost entirely by suitably raising the tempera-
ture, but this must be done with caution: this restoration of mag-
netic propertics on heating is called “annealing.” In some cases
the converse effcet can be produced, excessive “hardening” may be
imposed by heating the steel to a highstemperature and suddenly
quenching it.
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38. The Cyclic Curve. Hitherto we have supposed that the
relation between B and H has been obtained by subjecting the
iron to a set of currents increasing in value, reversing each, and
deducing the induction existing at each current. We must now
sce how the iron behaves if we gradually change the current from
a positive value to an equal negatiye value, not in one jump, but
in a set of steps. Suppose we connect the ring to a potential slide
as shown in Fig. 80. A steady current is kept flowing in the wire,
and it follows that when the moving point P is at 4 a certain
maximum positive current will flow round the ring, when P is at
C there will be no current, and when P is at B a current will flow
cqual to that at .4, but in the opposite direction, BC being equal
to AC. The circuit, other than the ring, is not shown; it would be
just as given in Fig. 21 so that, as there, we can find the magnetic
force from the reading of the ammeter, and any change in flux from
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the fling of the ballistic galvanometer. Hence for convenience we
can speak of the H produced by the current, and of the alteration

of induction caused in
the ring, instead of al-
ways referring to the
current and the fling.
Letamaximum current
and corresponding H
be applied: then sud-
denly shift the point P
a short distance along
the wire, the current
and H will fall, and
there will be a fling
showing a change of

A P

I

e — |||

Fig. 30

induetion 8B. A sccond further sudden jump of P will cause
another current to flow, and a sccond fling showing a further change
in 3. In this way we can procced by a series of jumps until finally
we arrive at the point B on the slide, the value of II being then
equal and opposite to the initial value. These results, for a certain
ring, are given below in the columns headed H and 8B, in the

annexed table.

H
645
463 °
3-24
2:19
1-33

~0-68
-1-36
-205
-273
-3+41
-4-09
- 478
-5°63
~ 645

an

0
200
200
260
270
670
600
940
2470
4670
3210
1730
1010
1100

730

18060

B
9030
8830
8630
8370
8100
7430
6830
5890
3420

-1250
— 4460
- 6190
- 7200
- 8300
- 9030

If the separate changes of induction over the whole range be
added up they amount to 18,060. Now we can assume that the
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induetion is the same at both extreme values of H, and hence the
initial induction is half the total change, that is 9030. This is set
down at the head of the last column, and the remaining values of B
deduced by subtracting the changes of induction given in the second
column., We thus have a series of simultancous values of B and H.
These are plotted in Fig. 31 along PADQ. If we reverse the process
from @ to P we obtain the dotted curve, QCEP which is the same
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as the first: the whole curve is called a cyclic curve, and the
ring is said to pass through a magnetic cycle. The principal
points arc the maxima and the pairs of points 4, C and D, E.
The former give what is called the Remanent Induction, that is the
induction left when H is zero: the latter give the Coercive Force,
namely the value of H required to reduce the induction to zero.
A person well acquainted with the general form of the cyclic curves
of iron can sketch a cycle with fair accuracy from a knowledge of

these principal points.
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Reference to the cycles shown in Figs. 82 to 34 will show that
different sorts of iron differ greatly in the form of the eycle. The
greater the coercive force for a given maximum B the ‘“harder”
the iron is said to be. In such alloys as are used for permancnt
magnets (e.g. Fig. 84) the coercive force is very high and thesc
retain the remanent induction very strongly.

Since the curve is the same below the axis of H as above, it is
usual to draw only the upper half. In Fig. 32 will be found three
cyclic curves for a specimen of cast steel, the apices of such a family
of evelic eurves evidently lic on the reversal curve of the iron. It
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will be noted that the change of flux always, as it were, “lags
behind” the magnetic force; from this circumstance the pheno-
menon is called Hysteresis, and the curve is often called “the
hystéeresis cycle.” A similar loop connects almost all quantities
which are related as are Stress and Strain, in fact H can be looked
on as the Stressing agent in magnetism and B as the corresponding
Strain, so that non-magnetic substances are strong in resisting
magnetic stress while irop is weak. In all such stress-strain loops
there is loss of energy which appears as heat, ‘and the same appllcs
here,

L. M. 4
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39. The lost energy. Suppose that the point P in Fig. 30
is moved regularly to and fro so that the H applied to the ring
varies periodically with a definite periodic time T, or at the rate
of n cycles per second. Let the ring have as before a mean axial
length £, and a cross section s, and be wound with N turns, and let
the current at any instant be i so that the magnetic force is
H = 47Ni/l. At that instant there will be an induction B, and
consequently a flux Bs and flux-turns numbering BNs. Hence
in addition to the pressure required to maintain the current against
the resistance of the wire, the source of ecnergy, which is the p.n.
between C and P, must supply an extra pressure equal to the r.m.r.
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. d
induced in the winding on the coil, namely e = dt (BNs). Hence
the extra power demanded at that instant being ei is equal to

HL Ns Ei-l? or 41quSH (%I; Thus if dW denote the work done

4N dt
in the small time dt, we have dW = 417-; IsHdB. It follows that

the total work drawn from the source in one cycle is 41:; foTHdB
ergs and, since Is is the volume in c.c., the energy lost per c.c. per
cycle is ziir IOTHdB ergs. But the integral is evidently the area of
the whole cyclic curve, and hence we have, energy lost per c.c.
per cycle in ergs = ‘117; (area of cycle). Of course care must be taken

4—2
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to allow for the very different scales used for I and B. The symbol
h will be used to denote the energy lost per c.c. per eycle. In Fig. 85
is given the eurve connecting the values of the lost energy & and
the maximum induction B for the three cycles shown in Fig. 32,
This curve lics between an inclined straight line and a parabola;
if the logarithms of corresponding values of b and B are plotted it
will be found that they lie on a straight line, showing that the
relation is of the form A =9B% and in the example given the
value of € is found to be very nearly 1-6; this empirical formula
is due to Steinmetz, and is approximately true over a long range of
induction and for many sorts of iron and steel which only differ in
the value of 5. It is sometimes more convenient to express the loss
in watts; if the volume of the iron be v e.c., the periods be n and
the appropriate value of the loss per c.c. per eyele be £, we have

W = hen > 1077 watts,

or W = yonl31410~7 approximately.

40. Force between two surfaces. The following important
result can be obtained, giving the attractive foree hetween two
cqual ant oppositely magnetised surfaces close together. Consider
a ring filled with air; we have scen that the energy expended for a

small chang(? in the induction is given by 4quldB for a cubic

centimeter of the ring. Ilence the energy stored from zero value
. . . 1 (5

up to any other value of the induction must be lmf IdB. But
‘ 0

in the case of air the relation between H and B is linear and hence
1 H H? BZ
this integral has the value ’. Hdll, that is or which-
dar /g 87 8nr
ever we choose to use. Suppose now that we have two similar
surfaces opposed to one another and a uniform magnetic force
between them, as would result from cutting across a magnetised
iron ring, In the space between the opposed faces the air will be
magncetised and each c.c. will storec B2/87 ergs. Let the areas of
cach surface be . and the distance apart be r, then the encrgy
stored will be . {rB2/8x crgs: if the surfaces approach by the small
distance dr, the induction being the same, the energy in the space
thus filled up has gone, this lost encrgy has the value AdrB? 8.
But the only way it can have been used up is in doing work, and
hence if f be the force pulling the surfaces together the work done
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is fdr and hence this force is AB?%8x. Thus the mechanical force
between two such similar surfaces is B2/87 dynes per square centi-
meter; and provided that the gap is small this is very approximately
true in actual cases. This result can be put in a convenient form
as follows. Since 87 is nearly 25 and a joule is 107 ergs while a litre
is 103 ¢,c., the energy stored in joules per litre is (B/500)2

41. Practical determination of cycle. The method de-
seribed on p. 46 is known as the “step by step” method, and has
given very good results, but it has the disadvantage that no allow-

Fig. 36

ance can be made for errors and no observation can be repeated;
in a practical test it is cssential that any determination can be
repeated at will, and this is secured by the following method due to
Ewing. An ordinary reversing key is used but is modified as
shown in Fig. 86, onc of the cross-connccting wires being removed,
and replaced by a resistance R (called the eyclie resistance) in
parallel with a short circuiting switch S, so that when the latter is
in, the key is an ordinary reversing key. The rest of the circuit is
the same as in Fig. 21, hence only the primary circuit of the
specimen is shown, and the galvanometer is supposed to have been
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calibrated by the standard field so that it reads induction changes
direct as described on page 88, Similarly the ammeter readings
will be supposed to read H directly as is described in the same
place. On tracing through the diagram it will be seen that when the
copper bridges of the reversing key join the mercury cups X, ¥ and
z, y the current is compelled to pass through R, or across it if short-
circuited, this we will call the A position of the key: when the other
bridges join Y, Z and y, z, the current passes directly round the coil,
this we will call the B position. Suppose that we wish to find the
eycle shown in Fig. 37; with the switch § made, a current producing

d P
5 M
3 |
2 .

le
B 6] k A

|

N
Q g s
Magnetic | force
Fig. 37

the maximum H given by 04 will flow when the key is in the 4
position, and an equal and opposite current will flow when the key
is in the B position, this being given by OB. If the key be thrown
over from 4 to B the total change of induction will be shown by
a fling proportional to this change from the point P to the point
Q, that is, to PS. Now let the key be in the 4 position, press down
the galvanometer key, and pull out the switch §'; the current must
now pass through the resistance R, and hence the magnetic force
suddenly changes from O4 to Oc, corresponding to the reduced
current. The corresponding change of induction will be shown by
a fling giving de, Release the galvanometer key and throw over
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the reversing one, the cycle is carried to Q: press down th&gajvano-
meter key once more, and throw the reversing one back torthe A
position, The induction will change from the value at @, namely
QB, to that for the magnetic force Oc on the lower braunch of
the cycle, namely of; the amount of the change, namely gf,
will bc measured by this sccond fling of the galvanomcter.
Finally replace §, thus carrying the cycle back to P. It will be
seen that by a preliminary adjustment of the resistance R to a set
of values from zero to infinity, all possible points on the parts
Pel and PfN of the cycle can be obtained: further we can always
return to the fixed point P, we can adjust in every case the maximum
magnetic force 04, and we can repeat each observation as often
as may be desired. Before taking a set of readings for any new
value of R it is desirable to reverse the current so as to carry the
iron some few times round the cycle in order to establish it quite
deﬁnitely.

42. Effectof composition, etc. On referring to the reversal
curves of different materials given in Figs. 22 to 24 it will be noted
that certain alloys, such as the silicon alloy known as ¢“stalloy”
have a greater permeability than good iron at moderate inductions;
this property is often accompanied by a smaller value of “2.”” Thus
in Fig. 88 the dotted curve shows a cycle for a pure iron and the
full curve one for a silicon alloy, the latter having a value A = 2000
while the iron has h=2780. A similar result is found with alloys of
aluminium, tin and arsenic; thesc alloys have also a property of
value in that their specific resistance is much higher than that of
pure iron. The curve in Fig. 34 is that of a tungsten alloy, and it
will be seen that the coercive force is high, hence it has a large
value of h. Cyclic curves are also greatly affected by over-strain
which causes an increase in the value of k: in some cases this can
be largely nullified by judicious annealing. Another effect is that
known as “ageing.” It is found that certain specimens show an
enormous increase in 2 when exposed for a greater or shorter time
to a temperature above the normal. This effect is very marked i
pure iron, but the better class sheets now employed, especially e
silicon alloys, do not, exhibit it to any great degree (see pa ))gé
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43. Magnetic History, Loops. So far we h

the magnetising’ current to be taken throug
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mereasing and diminishing from one maximum to the other. But
this need not be the case; for consider a cycle PQ in Fig. 38; we
may stop at @ and by a suitable manipulation of the position of the
sliding point P in Fig. 30 return to P, or we may stop at b, make
the little superposed eycle be on the way to b, and hence cover over
the main cycle with any number of these so-called “loops.” Each
would entail its appropriate loss of energy, and hence it follows
that while the value of A for the main cyele is a minimum, we can

Fig. 38

malke it as large as we please by loops on the way from P to @ and
back again. Such loops, gencrally not more than one, are actually
formed in certain magnetic apparatus when used with alternating
pressures of certain shapes. It is clear that the shape and area of
any such loops, even if taken over the same range of H, will differ
according to the position on the main cycle at which they occur.
Hencethe value of 2 will depend on the previous magnetic treatment
to which the iron has been subjected to, that is on its “magnetic
history.” This is well shown as follows. Suppose we stop at d and
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hit off a bit of a loop that just goes through 0. To any ordinary
test the iron is non-magnetised, but if we start a test, applying
H in the positive direction, the curve of B and H will start off in a
continuation of dO or as Oe, while if we start with a negative /1 it
will start off as Of. Thus the same picce of iron would apparently
have totally different reversal curves. We must henee have some
trustworthy method of making sure that the ivon is in a truly
neutral state to start with. This is secured by what is termed
“demagnetising by reversals,” that is by subjecting the iron to a
large number of eycles of continuously diminishing amplitude, It is
found that if we start off with a current sufficient to carry the iron
somewhat above the point of maximum permeability, the corre-
sponding II being in general a little larger than 10, the demag-
netisation will be satisfactory, provided we reduce the current
slowly and continuously, meanwhile making a large number of
reversals. This precaution must always be taken before proceeding
to find any magnetic curve.

" 44. Magnetic Tester. The complete determination and re-
duction of a cyclic curve test is a matter of some time and skill.
For commercial purposes a rapid comparison of specimens may be
made with the apparatus shown in Fig. 39 and known as Kwing’s
Hysteresis Tester. The specimens to be tested are generally in the
form of strips made up into a little bundle of a definite length and
as nearly as possible of a definite section. This bundle is fixed in a
carrier which can be rotated, as shown, in the magnetic field due to
a pivoted horse-shoe permanent magnet, which produces an ap-
proximately definite flux density in all the specimens. We have seen
that the power absorbed by the iron is proportional to the speed of
rotation, hence the couple that must be applied to rotate the
specimen will be practically independent of the speed of rotation
and will depend on the loss of energy in the specimen, and on any
loss that may occur in the magnet itsclf, in which a sort of cyclic
loop will be produced by the variation of flux caused by the varying
position of the specimen. This couple is necessarily mutual and will
act on the magnet which will thus tend to turn round. Itis pivoted
so as to be just stable, and will therefore take up a steady deflection
the amount of which will depend on the value of & for the specimen.
It is found that if a set of specimens of known % be tested, and the
relation between the angle of deviation of the magnet and the value
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of & be plotted, the result is a straight line which, however, docs
not pass through the origin owing to the loss in the magnet itsclf,
The instrument is provided with two standard specimens of known
values of h, the deflections produced with these are observed and
plotted against the values of &, and the points are joined by a
straight line. The unknown specimen is then inserted and the
defleetion produced is noted. From this and the plotted line the
value of & for the specimen is at once determined.

.'ﬁ;

o

Fig. 39

45. Rotating Hysteresis. The question now arises whether
h, the value of the loss per c.c. per cyele, is the same when we carry
a fixed piece of iron round a ceycle in the manner of a eyclic curve,
as when the speeimen is rotated as last described.

A certain ring was tested by the former method and gave a
curve connecting h and H which is shown in Fig. 40 (‘““alternating
loss™”). The same ring was then placed in a carrier which was
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placed betwecen the poles of an electromagnet which could be
rotated, The resulting couple was measured by fixing a delicate
spring control to the axis of the carrier, the strength of the control
being measured beforehand. From the known couple thus measured
the corresponding k of the iron can be determined at once. The
flux can he varied by altering the current round the magnet. The
induction is easily found for each current as follows: a search coil
is wound round the ring at one point and the ends attached to a
calibrated ballistic galvanometer. The ring is placed so that the
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coil is midway between the poles of the magnet, and is suddenly
given half a turn so that the flux is all withdrawn from the ring
and reinscrted in the opposite direction. From the resulting fling
and the section of the ring, the value of B, and hence of H for the
known ring, can be found. The curve connecting H and & for this
statc of things is shown in the sccond curve. It will be scen that
at first there is no great difference between the two curves, but at
high values of H the rotating loss begins to fall, and at very high
values it is very small indeed. Unfortunately this occurs at values
of the magnetic force which cannot be commercially used in
dynamos.
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It will be noticed in Fig. 40 that the alternating hysteresis at
first grows very rapidly with inercase of I1, but that for values of
H above 200 the rate of increase rapidly falls off. This value of H
corresponds to the saturation region of the induction referred to
on page 42. If the results are plotted in terms of the induction
instead of the magnetie force, the sharpness of the change is
accentuated, and we have a well marked knee in the eurve con-
neeting A and B oceurring about the saturation value of the in-
duction. Thus, in a particular sample of iron the hysteretic loss
increased in the ordinary way up to an induction of about 20,000,
a further increase in induction to 25,000 only raised the loss about
8 per cent., and beyond that value the loss inercased but little
with the induction. The cause of this phenomenon will be seen
later on.

46. Eddy Currents. When the flux through the iron is
changing there is another loss per eyele not independent of the eycles
per sccond as is hysteresis, but
proportional to them. Asnecarly
all the tests we have hitherto
considered involve slow eyeles,
the results are not affeeted by
this new factor, but we must _Z
now consider it.

Let an anchor ring of any
metal, magnetic or otherwise,
be wound as usual, and let the
ends of the coil be attached to
the points P and C in Fig. 30.
Further, let P be moved to and
fro so that the current varies
with the time as shown in Fig.
41, the time of one complete
cycle being 7' and the number of cycles per second being .
Let the current in the winding be flowing as shown in Fig. 41,
and let it be increasing in value. Corresponding to the current
at any instant there will be a definite magnetic force, and if
we suppose that the metal is non-magnetic, ‘B will vary as the
current: hence the flux in the ring will be growing. Consider any
concentric circle of radius r; inside it the flux is growing, and the
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outside ring section forms a circuit in which there is a changing
flux. Hence round that circuit will be induced an eaLF. and a
current will flow; this is an Eddy current in the metal. The diree-
tion of the current must be such as to oppose the change of flux
that is taking place. and since the flux is inereasing the eddy current
must flow in the opposite direetion to the main outside current so
as to oppose its action as indicated in the figure. When the current
outside is diminishing, whatever be its direction, the current inside
will flow in the same direction as the outside enrrent so as again to
oppose the change of flux. But it will be scen that suceessive
partial scetions such as that considered will have different fluxes
inside them, and hence will be accompanied by different eddy
currents round them. It follows that the net magnetie effeet, being
that due to the main and the eddy currents, will vary from the
centre outwards, and henee at any instant the resulting flux cannot
be uniform all over the section: further, the maximum of the flux
will not be reached at the same moment for cach radius. This effeet
is called “*sereening” and is very important, but the full discussion
would take us too far. The greater the section and the more rapid
the changes of flux, the larger this effeet will be. If we are dealing
with smallish rings, and not too high a rate of change of the current,
the induetion will be much more nearly uniform, and we will assume
that it is strictly so, and that the maximum value, which we will
call B,, is attained all over the section at the same instant.,

Now consider a centimeter length of the anchor ring, let the
external radius of the cross-section be a, and the specifie resistance
p. The annulus between the rings of radii r and r -+ dr will have

27r . . .
the resistance R =p (Z_ Inside the ring the flux is #72B

where B is the induction’at the instant. The E.m.F. generated round
the annulus, being equal to the rate of change of the flux inside, is

given by e = mr? B . It follows that the power lost in the annulus

It
. 2l s s ‘ m (dB\? .. . .
being e2/R is given by dIV = 2 (*dt) rdr. Since the induction
is changing in the manner shown in the figure, it follows that
%Itz = il'g‘—’ = 4Byn, hence dIV = 8 By:n*rdr. In order to find the

loss in the whole section of unit axial depth we must integrate

this between 0 and a which gives IV = _2,;“4302,,2, But the
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volume of the part considered is 7a? x 1, hence the loss per c.c. is
L—’a"‘B(,’n’. Thus the eddy current loss per c.c. is proportional

to the square of the maximum induction and to the square of
the number of eyeles per second, but varies inverscly as the specific
resistance. The latter point explains the advantage possessed by
the sjlicon alloys referred to on page 55.

If some different law of change be assumed a factor different
from «2°” will be found, but the form of the expression is the same,
We might assume that P is moved to and fro with simple harmonic
motion by an eccentric; the student should work this case out for
himself.

47. Effect of subdivision. When the shape of the section is
other than the simple form just considered or a similar simple form,
it is impossible to caleulate with exactness what will be the eddy
current loss. But an important case is that where a given mass of
iron is more or less divided up into laminac. Supposc we have a
specimen of iron as shown in Fig. 42, and assume a changing flux
down it through the section shown. Eddy currents will be pro-
duced flowing somewhat as shown by the dotted linc. Now slice
the iron into n similar laminae
as shown below, Manifestly the |, )
flux caught by each lamina is [ ~---------- >
1/nth of the whole, and hence
the E.M.F. forcing an eddy in the
lamina is also 1/nth. But the | =====-cc=co---- R e !
eddy current paths, while having
nearly the same length as before, Fig. 42
have only 1/nth of the cross-
section, so that the power wasted in the lamina will be i/n? of the
former loss, since the power varies as E?/R. But the slab is formed
of n laminae, thus the effect of laminating it is to reduce the loss
in the given mass of iron in the ratio 1/n2 This shows the great
importance of lamination in reducing eddy current losses.

Other things being equal, for a given flux density the eddy loss
will manifestly be inversely as the specific resistance of the metal.
The silicon-iron alloys already referred to as having almost the
same magnetic properties as a pure iron possess a much higher
specific resistance. Hence in these alloys a considerably less degree




LAMINATION 63

of lamination is required to attain the same limit of eddy current
loss as compared with ordinary iron or steel sheets of similar
magnetic quality.

48. The Induced Voltage Method. Animmensc amountof
ingenuity has been expended in contriving different methods of
obtaining the cyelic curve, but the general principles involved are
similar to those underlying the ordinary test that has been de-
seribed. The induced voltage test is, however, different, and it is
especially valuable in the case of very large masses of iron such as
are found in the cores of large transformers. Suppose we provide
the specimen with a secondary which is joined to a dead-beat and
sensitive voltmeter, and apply to the primary some apparatus for
smoothly changing the current in any desired manner such as that
shown in Fig. 30 or some more perfect form. Let a certain current
be flowing such as to produce the desired maximum magnetic
foree, if the current change the corresponding change of flux will
produce an E.m.F. which can be read on the voltmeter in the
secondary. By skilfully moving the point > we can so alter the
current that the reading of this voltmeter is constant, say ¥, and
since the induced E.M.F. is given in volts by

dd . 1os
N 10

where ¢ is the flux in'the iron and N the turns in the secondary,

we have at once Ndg/dt = V x 10°

and therefore, since ¥ is constant,
‘ V
= — 108¢,
[$=¥

The curve connecting current and time can be plotted from
simultaneous readings of these quantities, and since H and ¢ are
proportional to current and time respectively the curve is also a
branch of the eyclic curve to scales which are at once known when
the dimensions of the iron core, its primary winding, etc., are given.
This method is, as said, directly applicable to large masses, where
it may take as much as half an hour to go through the whole cycle
but it is difficult to use in this simple form for more reasonably
sized specimens. By a suitable design of sliding resistance and by
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using a potentiometer method for measuring ¥, Dr Morris and
Mr Longford have devcloped it into a very perfect method of test
(scc paper 11).

Another method, due to Kapp, is the following. The circuit is
connected up as shown in Fig. 48 where S is a low resistance shunt
by means of which the initial value of the current can be adjusted,
with the help of the main resistance 7, so as to give any desired
value. ¥V is a sensitive low reading voltmeter, K a well made
reversing key, and 4 a central-zero am-

meter. In making the test the current is ,|||||
first adjusted to the desired maximum, at

a given moment the key K is thrown over, r
and then simultancous time readings of the
voltmeter and ammeter arce taken. Such a s
sct of readings is given in the following table,
to which are added the dimensions of the iron
and the number of turns of wire.
o
T v i iR e
0 -435 —-2:0 - 485 -870
1 *510 0 0 -510
25 506+ 06 130 -376 Lr\ ]
45 *501 0-8 174 827 =<
66 495 10 218 277
85 473 12 261 212
95 462 1-4 +304 158
106 -451 16 “348 103
116 4406 18 +392 ,'054
152 435 2:0 435 0

Section of iron =420 sq. ¢m.
Volume of iron =37,000 cu. em.
Turns of wire =80.

At any instant of time let the p.n. as read on the voltmeter
be v, and the current 4, and let B be the resistance of the whole
circuit in parallel with S. The value of R is found at once from
the initial steady readings of voltmeter and ammeter; in the test
considercd there were 0-485 volts and 2 ampéres. Let the
induced E.M.F. at any instant be e. At that instant the applied
pressure v will equilibrate the induced E.M.. e together with
the pressure-drop round the circuit, that is iR. We have there-
fore v = e + iR, or e = v — iR. We can therefore at once complete
the columns for iR and e. In Fig. 44 the curve for time and
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current is marked by crosses, and that for time and E.M.F. by
-t
small circles. Since e =N (;il(f or b = % | edt we can by step by

0

5
Time in Seconds

1.0 — 5:002:0
q
) /
~
P ©
7 o
2 e =
>Q Y -/ 2|
.5 — * 2.54-1-0
& ¥
= 5|8
£
<
‘ \ £
o
=
L
o
.S
Q

-
o

rb~0 _ -+

Change of Flux in 10°

|
T 0 1 2
Current in Amperes

Fig. 44

step integration of the &—e curve determine the value of the flux
at any instant and can plot the flux-time curve. This is shown by
the dotted line in tlie figure.
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The question of scales is important. In the test considered one
inch represented 0-5 volt and 5 scconds, and therefore a square inch
represented 2-5 volt-seconds. The paper was divided into tenth-
inch squares so that the arcas of the t—e curve up to the end of
each successive sceond were easily measured. The area of the whole
curve was 1:48 sq. inches. Reckoning in absolute units we see then
that the whole change of flux in the period of reversal was

1-48 x 2-5 x 10%/80,
that is 462 » 10%lines. The maximum flux was therefore 2-31 < 108
lines, and since the cross-section of the iron was 420 sq. em. the
maximum induction was 5500. The curve connecting flux and
current could be derived at onee, and thus the ascending branch
of the eyclic cone was plottéd as shown in the lower part of the
figure.

Again, if s be the cross-section of the iron, its length, and N the

10/

turns on the magnetising coil we have ¢ = Bs aud 7 = AN n
. 10 [ sl ’ S
and therefore [zdgb =V [;n_ ’.IldI}J . The expression inside the

bracket is the total loss in ergs due to the whole mass of iron
being taken round the cvele, and thus in the test considered the
loss in joules per cycle is ?g x 1077 fuh/) or 8 x 107 [quﬁ The
integral was found by counting the small squares in the figure,
and its value was 1'5 sq. in. As one inch represented 2-5 x 108
lines and 2 ampdéres respectively a square inch represented 5 x 108
for the product ¢i. The loss per cycle for the spocimen under test
was thus 6 joules, and therefore & = 6 x 107/87,000 = 1620. This
experiment has been modified in many ways, but the principle is
the same throughout,

49. The Magnetic Circuit. Up to the present we have been
mainly concerned with cases where the induction was uniform all
round a ring, and in which as a rule that ring was homogencous and
of constant section. We must now deal with more usual cases
where the ring is of different materials along its length; such a
collection of different sorts of material through which magnetic
flux is passing is called a Magnetic Circuit. Like the ring it is
provided with a magnetising coil, and the one factor which is un-
changed is that established on page 27, namely that the work done
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in carrying a unit pole round a path that passes through the coil is
equal to 47NI where N is the number of turns on the coil and I
the current; this quantity is called the Magnetomotive Force. In
our uniform ring the magnetic force H was constant all round and
hence the work done in carrying the pole round was the same for
each centimeter of the path, but with a core which is non-homo-
geneous as regards section or material this will no longer be true.
But there will be a definite induction at cveryv part of the circuit
and hence a corresponding value of 11, known when the propertics
of the material are known, and the work done on carrying the pole
round will now be given by 47NI = [II dl, where the integral
is taken completely round the eivcuit. In a great many cases a
circuit is such that it has definite lengths with definite flux densitics
in cach, and we may write 4w NI = ZHI. If one part be an air-gap
of length A with an induction B, in it, we can,write
47NI = B,A + ZHI,

the last sct of terms referring to the various iron portions. The
appropriate value of H for cach part must be found from its in-
duction and the B-—H curve for its iron. :

This form of the equation is of considerable importance. In
an ordinary electrical circuit the clectromotive force has to balance
the demands for potential difference made by the several sections.
In the magnetic circuit we see that such a term as HI is the
difference of magnetic potential at the ends of the portion of the
circuit under consideration, and again the whole magnetomotive
force has to supply the demands of cach section for a magnctic
p.D. The magnetic p.n. cxisting between any two points can be
found by the method now to be described.

50. Measurement of difference of magnetic potential.
The following ingenious method of measuring this quantity is due
to Chattock and has many useful applications. We have seen.that
the magnetic potential, 7, is that quantity whose rate of change
in any direction is equal to the magnetic force in that direction,
that is H = dV /dl. Let V' and V, be the values of the potential at
any two points, and let the points be joined by any path, straight
or curved. At any point on that path we have H = dV [dl and

2
hence on integrating along it we have V,— V, = f Hdl. We want
. ;

some physical method of finding the integral. Suppose we take a
\ 5—2
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solid flexible rod such as a cylinder of rubber, and with great care
wind on it a perfectly uniform winding of fine wire so that the turns
per em, are N. If the section of the rod be fairly small the value of
the induction at any section will be equal to the value of H
existing there, hence the flux-turns through onec turn of the wire
will be Hs where s is the small constant scetion. The flux-turns
in a length dl will be HsNdl, and hence the total flux-turns
for the rod when stretched in any way between the two required

- points will be {Ns‘lldl that is Ns(V,— V,). If the coil be

in circuit with thc usual resistance and ballistic galvanometer,
and if the magnetic potential be suddenly produced, the flux
suddenly sent through the coil will give a fling 6 so that
Vo—V,= Z{Z k6 where R is the total resistance and k the usual
complete ballistic constant. The quantities N and s can be measured
dircctly, but the following method is better. Provide any coil of
known turns n carrying a enrrent of known value I in absolute
units; push the rod through the coil and bring the ends close to-
gether. From page 27 we know that when such a coil is threaded
by any closed path the change of magnctic potential along the path
is 4ornl. Ilence if the current be suddenly made, a fling will result
and if this be 8, we have 4anl = AI; k0,. If the galvanometer
has been calibrated by a standard field with the same total resist-
ance, we can cvidently at once determine the required value of
Ns. When we wish only to compare differences of magnetic
potential no calibration is necessary, the ratio of the flings with the
rod in the two positions will be sufficient. If we wish to determine
the value of the magnetic p.n., the rod can be calibrated as actually
connected up in the test in the manner given above so that we have
Kz;n;/l = g, where 8 is the fling with the required p.p. suddenly
established, and 6, is that with the coil as above mentioned. Clearly
we can use reversal of flux in both cases instead of establishment,
with the same result.

This apparatus can be used to investigate the distribution of
magnetic potential differences in any magnetic circuit. For
example, in a dynamo the magnetomotive force is applied by means
of windings on the polar limbs, and the total magnetomotive force
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can be immediately found from the current taken and the turns in
the coils. If we wish to sec how much of it is required by any
portion of the circuit, say by one of the air-gaps between the polar
face and the armature core, we have only to place the flexible rod
so that the ends touch on the opposite faces between which the
P.D. is required, suddenly reverse the magnetising current on the
dynamo, and the test described will at once give the required
result, provided the instrument has been calibrated as indicated.
We can thus map out the distribution of the magnetic potential
for the various portions of the circuit, and find what fraction of the
whole applied magnetomotive foree is available at any desired
place. A description of the method will be found in paper 5.

51. Perfect Circuit. Should the flux down a magnetic cir-
cuit be the same at every point the inductions will manifestly be
given in terms of the relative cross-scctions, but if the flux “leaks”
or “strays” out we cannot find the required relative inductions.
Hence it is best to simplify the problem at first by assuming that
the total flux is the same at cevery section; a circuit havihg this
property is called a Perfeet Magnetic circuit. Such a eircuit is quite
exceptional, but most circuits approximate to the perfeet con-
dition. When the circuit is perfect we can proceed as follows. Let
¢ be the constant flux passing, then at any scetion B = ¢/s and

hence, sinec B = pll, 'we have H = s’ so that our equation con-

necting the magnetomotive force with H and ! now becomes

l
NL= 24, ‘

that is 4wNI =¢Z’—f§, since ¢ is constant all round. This

equation is, in form, very like that for an electric circuit, the
magnetomotive force 4mNI pushes the flux ¢ round the circuit

and the quantity represented by the cxpression ﬁl; takes the place
of Resistance. The resemblance appcars even closer if we write the

expression in the form p % where p = ;}2 and is called the reluctivity.

The quantity ;f} or pé is called the Reluctance of the particular

portion of the circuit concerned, its reciprocal is known as the
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Permeance. The part of the circuit formed by air has of course a
reluctance given by I/s, which is constant, while the reluctance of
any other part will depend on the flux in the circuit.

52. Position of coil. In all our rings the primary mag-
netising coil was wound uniformly over the core, but in practical
forms of circuit this is rarely possible, there is thus, at somc
point, a comparatively sudden discontinuity in the magnetic force
as applicd by the coil; with a definite current the magnetomotive
force is the same however the coil is wound. It might be thought -
that the flux would also suffer considerable discontinuity, but this
is not so, it is fairly uniform in spite of the discontinuity of the coil.
At present this must be taken as a fact, but it will be considered
later on.

53. A cutring. Asa simple example suppose that-one of our
anchor rings has a small transverse cut made in it, the windings and
sizes being unaltered, let this slit be very narrow and have the
length A so that the iron’s length is (I — A). The equation of the
magnetic circuit at once takes the form 4xNI =4 (l—i;z‘-{—?)
which can equally well be written 4aNI =H (I — A) + BA in
consonance with our first method (Section 49). This result can be
expressed in a somewhat different phraseology which is often very
usceful. Suppose that the ring were given us to test with the slit
alrcady in it, and that we wish to find the true B—H curve for the
iron only. All we can read is the current round the coil and the
induction as given by the ballistic flings. But we evidently have

4nNI1/l=H + ?(B —H)

or sincec we know that H is small compared with B we have

4nNIjl=H + fl\-B.

The expression 47xNI/l may be looked on as the value of the
magnetic force “applied” to the whole circuit, and may be written

H,. Hence we have H=H, —-9 B, so that if we subtract from the

measured value of the magnetic force the fraction A/l of the in-
duction, we will have the true value of H and can plot it against B
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and thus get the desired curve. This may also be regarded as
follows; suppose we actually plot the values of H, and B and then
*““shear” this curve backwards through an angle whose tangent,
properly interpreted on the scales of H and B, is A/l, the resulting
curve is the true B—H one. If this process is applied to a cyclic
curve it manifestly leaves the arca unaltered, and this fact is made
use of in some methods of determining the loss per e.c. per cycle,
in which straight strips arc used instead of some form of ring: the
preparation and test is thus simplified, but it will be seen that, for
a desired induction, considerably larger currents must be used.

54. Self-Demagnetising Force. It thus follows that the
split ring demands, at every value of the induction, a larger mag-
netic force than the uncut ring. The only difference between the
two lies in the fact that we have brought into existenee two poles
at the ends; these poles themselves produee magnetie forees every-
where round the ring, the forees acting in a direetion opposite to
that impressed by the coil. Thus the latter has to provide for the
annulment of this new magnetic force as well as to produce that
rcally required by the iron. Whenever such free distributions of
flux exist a similar effect is produced, but it is only in specially
simple cases like the present that the demagnetising foree can be
calculated, neverthcless in every case a similar form of expression
can be found, although-the factor represented here by A/l (the de-
magnetising factor) is different in each case.

55. The Double Yoke Method. It often happens that we
require to test specimens which are only obtainable in the form of
rods. In such cases the ends of two similar rods arc passed through
holes drilled in two short iron cross-bars oryokesand thereclamped,
being surrounded by magnetising coils and secondary windings. Two
such sets of coils are provided, one is for convenience made 47 cm.
long, the other 277 cm. long, and the latter is wound with half the
turns of the former, the secondary coils being the same in number
on each. The primary turns are usually 400 and 200 since these
numbers give convenient values of H with the ammeters usually
available. Thus in both cases the value of H, corresponding to a
current of I ampéres, is evidently 401. Two determinations of the
reversal curve are taken, one with the long coils the other with the
short ones and these are plotted. Neither is the true B—H curve
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for the bars since some of the magnetising effect of the coils is
absorbed by the two yokes, but we can readily show that if we shear
back the curve for the long pair by the difference between the two
curves at cach point, the result is the true B—H curve for the rods
alonc. For suppose that some definite induction, B, is present in the
rods whether long or short and that the magnetic foree required for
thisinductionis H, , with long rods and coils, and H,, with short rods
and coils. Let [ be the length of the long rods between the yokes.
Since the same yokes are used in both cases, and at the same in-

" duction, the reluctance of the yokes will be the same though un-
kunown; let its value be R, If H be the true value of the magnetic
foree required by the long rods for the existing induetion the corre-
sponding magnctomotive force is 2/, while that applicd by the
long coils is 211, and that required by the yokes is aRB where a is
a constant. We therefore have 2111 = 2HI + aRB for the long
coils and similarly I7,l = HI + aRDB for the short coils. Ilence we
have 21, — 21l = I, - I or H =11, — (I, — H,), that is the
true curve is derived from the long rod curve by shearing the latter
back through a distance equal to the difference between the long
rod and short rod curves for cach particular value of the
induction.

-

56. The Magnetic Bridge. Another example is afforded by
Ewing’s magnetic bridge, shown in Fig. 45, where again we have
the double yoke and two equal rods or bars. One bar, whose B —H
curve has previously been determihed, is used as a standard of
comparison, the other is the bar under test. Each yoke carries a
long horn and between the tips of the horns a small compass
necdle is prOth The bars are to be magnctised so as to have
equal concurrent inductions passing in each; if these arc unequal
the difference will find its way from yoke to yoke through the
horns and the compass needle will be affected. The standard bar
is wound so that a current of 7 ampéres in its coils gives a magnetic
force of 40I. The winding on the bar under test is in series with
that on the standard bar and consists of a number of coils in
series which can be cut in or out of the circuit by the switches
shown in the figure. The switches are double ended so that the act-
of cutting out a magnetising coil automatically introduces into the
circuit a dead resistance of equal amount, thus the total resistance
of the circuit remains constant.
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In making the test a current is applied sufficient to produce the
desired induction in thg standard bar, and the turns on the other
are varied till the compass is unaffected by reversal of the current.
At each adjustment of the turns the current is reversed several
times to get the flux into a steady state. From the ammeter reading
the value of the H on the standard is known, and from the curve of
that standard we find the B. This must also be the B in the other
bar, and the H acting at that B is known at once from the ratio of
the turns on the tested bar to those on the standard.

Fig. 45

There are many other methods of testing based on the principle
of the magnetic circuit, for example Picou’s compensation method,
the Permeability meter (paper 8), ete.

57. Stray Flux. We must now turn to the imperfect cireuit,
that is, one in which flux strays out from various points. Consider
the simple case in Fig. 46, The main flux we are considering is that
in the iron ring, but since air is not a magnetic insulator, some will
leak out across the air and return to the circuit further round. A
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flux which thus leaves the main iron circuit is called a “stray” or
“leakage flux.” In nearly all cases such fluxes take their paths
through air or other non-magnetic substances, and we must briefly
consider certain properties of these fluxes.

58. Refraction of the Flux. Let the interface between two
media be the line XY, Iig. 47, and suppose a flux is crossing as
shown by the arrow heads. In all practical cases the direction of B
and JI coincide. Let their values and their directions, relative to
the normal to the interface, be as indicated. As regards the in-
ductions, which arc mcasured by the number of lines of force
crossing unit areas held perpendicularly to the directions shown, the
resolved components reckoned normally to the interface must be
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equal, and hence B, cos 6, = B, cos f,. As regards the magnetic
forces, there must be no tangential forece tending to cause flux
along the interface, so that H, sin 6, = H,sin8,. Hence we have
tan@,: tan 6;:: u,: u,. If we imagine that the flux is leaking from
iron, when the angle of incidence at the surface is 0,, into air in
which the angle of emergence is 6§, 'we have tan 8, = u tan6,.
The permeability, u, is always a large number compared with
unity, hence while 6; ranges from zero to nearly 90°, tan 6, will
remain quite small, that is the leaking flux is always practically at
right angles to the surface of emergence, no matter what may be
the direction of the main flux from which it leaks.

A second point is as follows: leakage or stray paths are usually
so complex that it is only in the simplest cases, or by virtue of
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simplifying assumptions, that the reluctance can be calculated, but
since they are air paths, the leakage reluctance of any definite
magnetic circuit is nearly constant whatever be the distribution
of the flux from which the leakage is taking place. It also follows
that the value of the stray flux itself is always proportional to the
magnetomotive foree or difference of magnetic potential that is
urging it. This consideration simplifics very much the considera-
tion*of the stray flux.

59. Dispersion Coefficient. In general the flux has to be
utilised at a part of the circuit distant from the magnetising coil,
thus in Fig. 46 it is impressed by the coil at 4 but is, say, re-
quired at B. For example in adynamo, .f would be the field-magnet
coil, while B would be the armaturc core. The flux at .4 must be
greater than at B and the ratio is called the Cocfficient of Disper-
sion, It can be readily measured in an actual circuit by placing
secondary coils at 4 and B and taking the ratio of the flings ob-
served on a ballistic galvanometer when the main current is re-
versed: this ratio is usually denoted by the letter “¢.”” - Definite
positions for comparison having been selected, the value of ¢ will
depend on many circumstances. For example, the reluctance of
the iron circuit from which the stray flux is leaking will diminish
as the flux is increased from zero up to the point where the
permeability is a maximum, and will thereafter continuously
increase. But to a first degrec of approximation we have scen
that the reluctance of the stray path is constant, and since it is
acted on by the same magnetomotive force as the main flux, ¢ will
at first diminish and then increase. DBut the effect is even more
complicated; firstly, owing to the continuing leakage along the
circuit, the maximum permeability cannot usually be attained
simultaneously all along; secondly, concomitantly with the varia-
tions of pcrmeability of the iron, the refraction of the flux will
alter and hence the form of the stray flux will not be strictly
constant as we provisionally assumed. In fact the predetermination
of stray flux can only be an approximation, and it is usually esti-
mated from a knowledge of its value in each case obtained by
previous experience combined with the use of certain empirical
rules which will be found in works on design.

The equation of the magnetic circuit can be modified to suit
the particular case. For example, in a dynamo the flux is required
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at the air-gaps and is usually impressed elsewhere. Suppose that
¢ is the flux required, and that the coeflicient of dispersion has
been found to be g, let the reluetance of the core of the armature
be R, that of the air-gaps R, and that of the main field, bearing
the coils, be R, in terms of the usual constants we can then con-
veniently write 4nlT = ¢R, + ¢R, + qpR, = (R, + R, + qR.)
and thus treat the imperfeet cireuit as if it were perfect. Of course
the value of g depends on that of the {lux required.
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6o. Equalising effect of Leakage. It has alrcady been
stated that although the magnetising coil on a ring may be wound
on only a small part of it, thus producing a very discontinuous
distribution of magnetic force, the resulting induction is very
nearly constant all round the ring; this result is due to the effect of
the leakages. Consider the ring shown in Fig. 48. With the main
flux tlowing as shown by the arrows on the core the part 0.4Q will
become coated with north magnetism owing to the leak, and the
other half O0BQ with south magnetism. Consider two little bits of
the ring as at 44 and BB equidistant from O or Q, also consider a
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north pole at 0, it will be repelled by .1 along ON and attracted
by BB along OM, hence the resultant force will be along OP or in
the opposite direction to the magnetic force produced by the coil.
Again if we consider the point @, the force on a north pole there due
to 4.4 will be along QX and duc to BB along QY henee the resul-
tant force will be along QZ, that is will tend to help the flux along.
Thus the general effect of the leakages is to oppose the main coil
and to help the flux round where yo coil exists. The leakages so
adjust themselves as to keep the flux nearly constant,

61. The Intensity of Magnetisation. When aring is mag-
nctised to the induction B by a magnetic force H, cevery elementary
portion of the ring, if considered by itself, is a small magnet and
hence will possess magnetic moment. Suppose we isolate in imagin-
ation a cubic centimeter of the ring, two faces of the cube being
perpendicular to the direetion of the flux. Such a cube will have a
certain magnetic moment which would define its magnetie state
just as well as does the induetion. This magnetic moment of the
cubic centimeter is called the Intensity of Magnctisation of the iron,
If it were possible to remove the cube without altering its state
(which cannot be done sinee such removal would at onee bring into
play the self-demagnetising effect of the poles), it would possess a
definite pole strength which would have the same value as the
magnctic moment; this guantity is designated by the letter 1.
Although we cannot isolate the little cube we can endow the ring
with poles, as we have seen, by cutting a narrow slit across it, The
faces of the slit become poles, and if the arca of each be s square
centimeters, the pole strength will manifestly be Is. Further,
since the flux from a pole of strength m is 4z7rm, the flux from this
pole will be 471s, or per square centimceter it will be 471, Ilence,
however the existing state of magnetism be produced, this flux will
be present. Further, if the magnetism is due to a surrounding coil
which produces a magnetic force H, there will be a flux of the value
H per square centimeter even though no iron were present, hence
when the two co-exist both fluxes will be present. But the total
flux per square centimeter is the induction B and hence we have
B = 4wl + H. Further, if we denote the ratio of the new quantity
I to H by the letter £ we at once have the relation p = 47k + 1.
This quantity is called the Susceptibility, so that we can express
the results given on page 38 as follows: magnetic substances have
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a positive susceptibility, for non-magnetic substances the sus-
ceptibility is zero, and for diamagnetic substances it is negative,
It may be noted that the fact of the existence of a saturation value
of the iron referred to on page 45 can be expressed by saying that
the Intensity attains a limiting constant value.

62. Ewing’s Molecular Theory. Any theory of magnetism
must explain at least the following effeets, (1) the existence of
hysteresis, remanent magnetism and coercive foree, (2) a saturation
condition, (3) the absence of hysteresis on rotation in strong fields.
Such a theory has been given by Ewing, and it consists in supposing
that the only forees acting on the molecules are those due to their
natural mutual magnetic attractions. Considerthe simplest possible
case, that of a pair of little magnets mounted as shown in Fig. 49,

Direction A

of
field 30 3-0

——gm

Fig. 49

These were placed in a coil through which could be sent a current,
producing a magnetic force in the direction shown, and were
mounted so that the line joining the pivots made an angle of 45°
with the axis of the coil. The position taken up with zero current
is as shown at . When a current of 3 ampéres passed round the
coil, both magnets were pulled practically into line with the axis
of the coil so that the magnetic moment of the pair resolved along
that axis was the largest possible, and was practically unaltered
however much the current was increased. Position 4 thus gives a
“saturation”. value of the magnetic moment corresponding to a
constant maximum value of the intensity of magnetisation. The
current was slowly diminished to zero, and the pair took up the
normal position, B. The direction of the current was reversed, and
while it was slowly increased in the new direction, the magnets
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moved slowly to the position shown at C, reaching that position
when the currents had reached a definite value. On the very small-
est increase of current above
this value the magnets swung
round and oscillated to and fro L1
till they finally came to rest in
the position shown at D, the (
pivot friction dissipating the
encrgy : this corresponds to the
hysteretic loss. Finally on con- 4
tinuing the increase of the
current to 3 ampéres, the
position shown at I was at-
tained. By further reversals of
the current the magnets may

be taken round the complete /
cycle. Now the effective mag- v
netic moment along the axis

will be proportional to the
cosine of the angle made with
the axis, and can be plotted as
shown in Fig. 50; this has a striking resemblance to a hysteresis
curve.

When the largest current is {lowing the pair can be rotated
about the common axis and the magnets will continue to point
steadily along the axis without breaking apart and oscillating,
showing the absence of hysteresis in strong ficlds.

Such a curve will exist for all pairs having the same inclination
of the axis to that of the coil, namely 45°. On the average half
such pairs will have their axes as shown, the other half will have
their axes at right angles to the axis of the first set, and hence
the assumption that we can take the resultant magnetic moment
along the coil’s axis is correct. Again, there will be all possible
pairs with all possible angles between the line joining the- pivots
and the coil’s axis and for each there will exist a curve like that
in Fig. 50 but different in form. Further, when account is taken
of the action of the pairs on one another, it will be seen that the
sharp angles of Fig. 50 will be rounded off, and a much nearer
approach to a true cycle will be obtained. In fact, if a large
number of little magnets be arranged to represent a bar, and if

N
moment

23

current

Magnehc

Fig. 50
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the magnetic moment be measured by a magnetometer and plotted
against the current producing the magnetic field in a surrounding
coil, the cyclic curve thus obtained will be found to be indis-
tinguishable from that of a picee of iron. Such an arrangement
will even give the more minute effeets in iron such as loops, ete.

63. Tests with alternating currents. Somc of the most
uscful tests of magnetic qualities are best made with alternating
currents. Let the contact P in Fig. 30 be constrained to move to
and fro in such a manner (for example by an eccentric and con-
neeting rod) as to cause the pressure between P and € to vary
according to the ordinates of a curve of sines or cosines as shown
by the fine line in Fig. 51. The quantitics fixing this curve will be
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Fig. 51

two, the maximum value of the pressure which we will call E, and
the periodie time 7, which can be just as well specified by its re-
ciprocal n, the number of cyeles per second, that is the frequency.
The equation giving any ordinate of the curve is then manifestly
2m

-
¢ == K cos
T

and the zero at ¢ = }T and ¢ = }7. If we write w = 27n this
becomes ¢ = E cos wt. This method of producing a sinusoidal
E.M.F. is very cumbrous, and a more direct one is to be preferred.
The required E.M.F. will be given by a coil turning in a uniform field
and provided with two end rings so that the current can be readily
collected ; a practical form of this is secured as we have already seen
(p. 38) by slipping two insulated rings over part of the commutator
of an ordinary motor and connecting the rings to opposite bars of
the commutator, If the motor is run in the ordinary way, the

t, since the maximum will occur at £ =0 and 1 = T2
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maximum pressure between the rings will be equal to the brush
pressure, and the frequency can be found at once from the r.r.s.
of the armature, Suppose that this pressure is applied to a wound
ring such as we have previously considered, and let us for definite-
ness consider actual figures, and take the scction as 10 sq. em., the
mean radius as 10 em., and the total turns as 500. It is proposed
to carry the iron round the eycle shown in the figure. The winding
will be supposed to have a very low ohmic resistance as is always
the case in these tests. If follows that the only e.m.r. which the
applied pressure has to encounter is that due to the rate of change
of the flux in the coil. If this flux has the value ¢, at any moment
the EaLE. induced in the coil is, as we have seen, — N(ld)v/(lt and
hence the pressure that must be applied must be the exact opposite
of this or ¢ = Nd¢/dt. The curves of r.m.r. and of flux arc thus
linked together; if the shape of the one is given, that of the other
follows. If then the flux curve be a sine curve, as shown by the
thick line in the figure, the flux turns having a maximum value
equal to N@, the value of the flux turns at any moment is given
by N® sin wt and under these circumstances the E.M.r. pro-
duced, or rather the p.p. demanded, will be e = NOw cos wt
or ¢ = E cos wt, and the maximum »p.p. is £ = NOw. It follows
that the P.p. necessary to causc the desired flux to pulse
to and fro can be found at once. In the present casec we have
@ = 90,000 since the maximum B is 9000 and the section is 10 sq.
em., and since the turns number 500 the maximum flux turns are
45 x 108, Suppose now that the cyecle is being run through 50
times per second, we then have w = 27n = 1007 and the maxi-
mum E.M.F. will be 457 x 10® in absolute units. Since a volt
is 108 absolute units, this means that we must adjust the pressure
to have the maximum » alue 457 volts, '

We have already seen that instantancous values of alternating
quantities cannot be dircetly measured, but that the mean square
of such quantities can be measured by instruments in which the
instantaneous values of the forces acting depend on the square of
the quantity; we found that in this way we could use the force be-
tween the coils of a dynamometer to measure the mean squarc of
an alternating current. When pressures are to be measured it is
more convenient to use other cffects, depending on the square of
the pressure, such as the attraction between the plates of a con-
denser. The maximum value of any sugch simple harmonic quantity

L. M. 6
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can be readily deduced from the observed value of the square
root of the mean square, that is of the “virtual” value. For since
sin2 0 4+ cos?2f = 1, and since the mean value of sin? 6 and cos? 6
over a complete period must be the same, the mean value of each
must be §. We sce then that if ¢ be the virtual value of a sine
P.D. as actually measured, the value of the corresponding maximum
will be B = 4/2<, When the p.p. is not represented by a sine curve
the ratio of the maximum p.p. to the voltmeter reading will not
cqual 4/2; such cases will be considered later.

We have scen that when the curve of pressure and flux are
sinvsoidal, the maximum value of the flux turns being NO, the
maximum value of the r.o, is NQwl10-# volts, Also if B be the
maximum induction and s the cross-sectional area of the ring
Bs = ® so that if ¢ be the voltmeter reading V24 = NBswl0-8

DY
‘\/Zmul_‘()f sine¢ w == 2rn.  This is the usual method of
Ns2mn ’
finding the induction in these experiments.

Again we know that the instantancous valuc of the magnetic

Ni

5
ampéres and I the mean length along the axis. In the example we
are considering I = 207 and N = 500, so that H = 10i, and we may
now trace the curve conneeting current and time, by means of the
cyclic curve for the ring as drawn in the figure. At any point on the
time axis note the value of the induction, transfer this to the cyclic
curve, observing the direction in which the eycle is described, and
thus find the corresponding value of H and hence the value of ¢
which is I1/10. An ordinate representing the value of i to a current
scale can now be erected on the time base, and thus the current-
time curve can then be plotted. Four points on the curve, namely
those which correspond to the points on which the cyclic curve cuts
one or other of the axes, can be plotted at once. The dotted line in
Fig. 51 shows the current curve determined in this way. The curve
differs widely from a sinc curve and hence we cannot derive the
maximum value of the current, or of the magnetic force, from the
virtual value as given by an ammeter reading, but it is a remark-
able fact that for induction up to about 11,000 the value thus
derived does not differ much from the true value.

But a more important quantity to be measured in the experi-
ment is the loss of energy. YWe have seen that a wattmeter can be

that is I ==

foree I is 10 where 7 is the instantaneous value of the current in
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used to measure the mean value of the power when both current and
pressure are alternating, hence if the winding of the ring be con-
nected up in the usual manner to a wattmeter, we can at once
find the mean power from the readings of the instrument. But as

5
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we know the periods, n, and the volume of the iron, v, we can at
once derive the value of % as given on page 52, assuming that
the eddy current loss is kept low. For purposes, of practical
calculation it is usually more convenient to express the loss in
watts at known periods, very often a standard periodicity of 50,

6—2
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than by the ergs per c.c. per cycle. Further the volume is more
usefully given indirectly by the weight, and since the specific gravity
of all the kinds of iron and steel used is very nearly the same, this
is a legitimate method. A scries of curves expressing the relation
in watts per Ib, is given in Fig. 52.

We sce, then, that the important relation between the loss of
energy and the induction can be found directly without the trouble
of determining a set of cycles and reducing the results, and hence
the alternating current method is almost always used for investi-
gating this relation. The relation between B and H is, however,
best found by one of the methods previously considered.

64. Testing Strip Specimens. Yet another simplification
is possible, The preparation of a ring speeimen, even in the form
of a square, is a troublesome matter. On the other hand if we
use a strip of the ‘'metal, we cannot,, even if we place it at the
centre of a long solenoid, produce a uniform induction in it; the
induction will be a maximum at the middle of the strip and will
diminish towards its ends. Further in measuring the power, by
the wattmeter mecthod, the shunt coil will be subjected to a
pressure depending on the spacc-average value of the flux in the
iron and not on its maximum value. This difficulty is got over
as follows, A small secondary coil is wound just round the middle
of the bar and the pressure across this is used both in the shunt coil
of the wattmeter in measuring the power, and on the voltmeter
from whose rcading we deduce the value of the induction. In the
middle part of the strip the flux will be practically uniform and the
wattmeter will measure the power taken by that part of the iron,
while the pressure measured by the voltmeter will be that due to
the uniform induction caught by the small coil. The volume of
iron concerned, namely that of the part of the strip surrounded by
the coil, can be at once calculated from the axial length of the coil
and the cross-section of the strip. Thus we can still measure the
power lost per c.c. at a known maximum induction.

The magnetic force in the iron must also be considered. In a
straight bar there exists a self-demagnetising effect which is pro-
portional to the induction attained, so that if H, be the magnetic
force applied by the coil and H the actual magnetic force demanded
at the mid-section of the iron by the induction B we have

H, =H + AB.
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. . 1 1
The hysteretic loss is given by 44}{ HdB = 4{"([ HdB — )\f Bdb')

and clearly the last integral, taken round the evcle, must be zero.
Hence the fact that a strip is used makes no difference in the
mecasured cnergy loss at the mid-section, but it does mean that a
larger current must be used in the coil to force the induction up
to any desired valuc.

65. Further consideration of eddy loss. We saw on
page 52 that the value of the loss in ergs per c.c. per cevele is very
necarly given by the expression h = nB* where 5 depends solely on
the quality of the iron, and € is about 1-6 for a fairly considerable
range of B, although it has values differing from 1-6 over different
ranges if we retain the same value of 5. Hence as regards the loss
in watts per unit volume at frequency n we can write this in the
form W = anB'® where a depends on the quality of the iron
and the unit of volume only. Again on page 62 we saw that for a
given method of variation of the flux the loss in eddy currents
could be written in the form kn2B? where & depends on the unit
of volume, the degree of lamination and on the resistivity of the
iron. It will be found convenient to include in the expression for
eddy loss a factor which will take account of the manner in which
the flux varies. The hysteretic loss does not depend on this, but
solely on the maximum B, but we saw that the eddy current loss
depends essentially on the mode of variation of the flux.

66. The Form Factor. If the induction over the section of a
specimen of iron be uniform, which we saw was merely a question
of reasonable lamination, it is evident that the flux caught by any
definite little section of the iron bears a constant ratio to the whole
flux passing at any given instant. But the E.M.F. producing an
eddy current in that element is proportional to the rate of change
of the flux it catches, and is hence also proportional to the rate of
change of the whole flux down the section, while the latter is
clearly proportional to the E.m.F. induced in the surrounding
winding. Further the mean rate of loss of energy in the clement is
proportional to the mean of the squares of the £.M.F.’s acting during
a cycle, or fo the mean of the squares of the E.M.F. induced in the
winding round the whole thing. But the latter is by definition £2
where & is the virtual value of the induced E.M.F. in the winding as
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read on a suitable voltmeter. Hence the essential fact about the
cddy current loss is that it is always proportional to the square of
the virtual induced e.m.¥., but is only indirectly connected with
the maximum induction; the relation between the two depending
on how the flux changes with time. Thus we should strietly speak-
ing write the eddy loss in the form k¢’2, But we wish to express it in
terms of the maximum induction as is done with the hysteretic loss;
this can be done as follows. Whatever be the shape of the curve by
which the induction changes from a maximum to the opposite
maximum, provided those maxima be constant, the mean change of

Al

. L . .1 1 !
induction is from 4 B to — B in the time 3 or on" Thus, whatever

be the form of the flux-time curve, the mean e.m.F. being equal
to (4BsNn) will be a measure of the maximum induction. But
for every form of curve the ratio of the virtual E.M.¥. and the mean
k.M., will be definite. The factor f representing this ratio is
called the “Form Factor.” It follows that since the eddy loss
is proportional to ¢'2, we can write it in the form fn2f2B? thus
scparating the factor f which depends on the way in which the
flux changes, from the factor 8 which depends solely on the
physical nature of the core. The complete expression for the total
loss in a unit volume of iron is hence
W = anB* + Bf2n? B2,

It is only for known forms of the pressure curve that the value
of fcan be predetermined. Thus, if the curve be perfeetly square or
rectangular in form, its value must be unity, for a sine curve, since

the maximum value is 4/2 times the virtual, and #/2 times the

mean, the ratio of virtual to mean is T 9 that is 1'11. 'When the

2
factor is not known, we must devisc\g method of measuring it.
We can always find the virtual value of the pressure by an appro-
priate voltmeter, it follows that if we can devise a method of finding
the mean E.M.F. we can deduce f; this can be done as follows. It
will be recalled that we supposed that the current was being
supplied by the armature of a motor to the commutator of which
were attached two slip rings. Let a disc of ebonite be keyed to the
shaft and fix on the circumference of the disc two metal bands which
almost meet, each band covering very nearly half the circumference.
Let wires soldered to these half rings be attached to two little
insulated rings also fixed ontheshaft. Thelatterringsare connected
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to the terminals of the machine or to the source of r.M.F. whose
mean is to be measured. In addition let two brushes press on the
circumference of the bands, forming with the bands a specics of
reversing key which will reverse the negative part of the k.w.r.
provided the small space between the bands passes under the
brushes at the instant that the .:m.¥. is zero. Then if a voltmeter
of the ordinary direct reading permanent magnet type be con-
neeted to the brushes it will read the mean value of the r.m.v.
The brushes clearly must be adjusted in position round the dise
until the voltmeter shows its highest reading. This apparatus is
called a Half-time commutator, and by mcans of it the value of f
can be found at once,

It may be noted that if we have pure sinusoidal waves we
nced not trouble about f, and the relation will become

’ W = anB* + An2B2.

In most cases this is sufficiently near the true value for practical
testing. We have thus a most convenient method for measuring
the eddy current loss in a given sample of iron.

67. Verification of the law. By suitably adjusting the
speed and excitation of the armature supplying the alternating
pressure it is possible to run it at different speeds and different
pressures. - Suppose that we so adjust matters that the ratio of the
speed to the mean E.M.F. as measured by the above apparatus is
constant, it follows that this will involve the induction being the
same at all the speeds taken. We can therefore see how the loss
varies with various constaut inductions, cach known from the
rcadings of the direct current voltmeter and the speed, the
periods, n, being known from the speeds: in cach case we can
measure the mean power W by the wattmeter. Let us now plot
the ratio W /n against n. It will be found that over the ordinary
range of induections it is almost a straight linc. But if the induction

be constant, the above equation takes the form W = Pn + Qn?

w . . Lo
or-- = P + Qn, P and @ being constants when the induction is

constant. Hence it follows that the expression is true as far as

the eddy current loss is concerned.

68. Instantaneous curve method. Instantaneousvalues of
flux and current can be determined by the following method, and



88 MAGNETISM

the resulting eyclic curve can be plotted from these. Let an in-
sulating ebonite dise be fixed to the shaft of our motorand alongside
it a conducting one; a brass ring. screwed on the side of the ebonite,
will serve, Let a fine slit be eut in the ebonite at one point and insert
a narrow brass slip right across the pair of dises. If then we have
two brushes insulated from one another, one pressing on cach dise,
and if these be joined to any circuit, the circuit will be closed for an
instant once per revolution of the armature, or once per period.
Further, if the angular position of the brush which presses on the
chonite be capable of being varied and the position read on a
circular seale, the instant of time, in the period, at which the con-
tact is made can be determined. It follows that we can make any
auxiliary circuit at a specified instant of the cycle. This periodic
closure of a circuit can be used to actuate any device that may be
suitable for measuring any pressure in the circuit under test. A
simple device is shown in Fig. 53. The pressure whose shape it is
required to find is applied to the terminals marked V'; these are
connected to a reversing key so that the direction can be inter-
changed when neeessary. 7'is a telephone, C is the rotating contact
maker deseribed above, and P is a sliding point which can be
adjusted along a resistance across the ends of which is placed a
battery, giving a pressure somewhat larger than the maximum
value of the alternating pressure under test. It will be seen that
by moving P along the resistance, matters can be so adjusted that
the two pressures balance. When this is so the telephone will be
silent, whercas when balance does not exist it will give a rapid
series of ticks, one for cach contact made on the ring; the effect can
be intensified by placing a condenser across the terminals of the
telephone. The actual value of the pressure is then read directly
on the voltmeter. To investigate the pressure curve on the winding
of our specimen, the terminals ¥ may be plaged across the ends of
that winding; to find the current curve, we put in series with the
winding a resistance of known amount and take the curve of
pressure at its terminals. In this way we can rapidly trace out the
shape of both pressure*and current curves for the specimen.
Another simple method of tracing the curves is to use the con-
tact maker and the source of pressure as a battery with which a
condenser is charged and then discharged through a Dballistic
galvanometer. If a condenser of large capacity is available this
enables very small pressures to be used, so that only a fraction of a
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volt'is lost in the resistance used in measuring the current. This
practically removes from the pressure wave the distortion which
we saw would be produced by a resistance in the eircuit. But the
pressure on the terminals of the coil on the specimen will now be
far too large. This is got over by winding one or two turns round
the specimen and using the pressure induced in those coils instead
of the main pressure. The constant of the ballistic galvanometer
can be found by placing a millivoltmeter across the terminals 1°
and adjusting its deflection to any suitable value, using a separate
direct current for the test.

When this method is used for accurate research, many small
refinements are necessary, but the principle is the same. In this
way it is possible to obtain the two time curves of pressure and

Fig. 63

current. In order to find the flux-time curve, it is necessary to
integrate the E.M.F. curve from point to point. Since with ordinary
forms of pressure curve the flux is zero when the E.Mm.F. is a maxi-
mum, the integration can be started at that point. The reduction
of the results to B and H will be evident from what has gone before
(p. 81). "

69. The cycle as affected by eddies. The method just
described is a very useful one. As an cxample take the curves in
Fig. 54 which refer to a sample of iron plate of moderate thinness,
about 0-014 inch, in which eddy currents were far from negligible.
The inner dotted curve gives the true cycle as found by a ballistic
test. The other two were found in the manner just described but at
periods of 80 and 60 per second respectively. It will be seen that
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the cddy currents have but little effect in altering the maximum
induction attained cither in respect to the value or the time, but
that they cause a swelling ont of the contour, with an increasc in
the coercive foree. This is just what one would have expected,
since the magnetising effect of the eddy currents has tq be equi-
librated by the impressed magnetie foree applied by the coil. In
samples of commercial thickness or of higher resistivity, this swell-
ing is comparatively small, The loss per c.c. can be evaluated in the
ordinary way from the arca of the cycles.
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Fig. 54

70. Effect of a loop. It should be noticed that it has been
implicitly assumed throughout that the k. wave impressed on
the winding is such that the flux in the iron is always increasing
from negative maximum to positive and vice versa, in other words
the E.LE. curve never crosses the zero line more than once between
its maxima. If this be untrue, as may be the case with exceptional
forms of E.M.F. curve, the flux will have a rise again on its way from
maximum to negative maximum, or a loop will be formed as shown
in Fig. 55 which is the actual form of a cyclic curve obtained by the
method considered on page 88. The first point we note is that the
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hysteretic loss is inereased by the presence of the top and a corre-
sponding bottom loop. Hence in addition to the loss incident to the
main cycle we have an extra loss. It is remarkable that this can
be expressed by a formula very similar to that for a full evele, for

it is found that if B, and B, be the terminal values of the induction

. . L B, — B, 18,
in such a loop, the loss per cubie em. is given by g o )

But in any case the hysteretie loss can no longer be expressed

©
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Fig. 55

solely in terms of the maximum induction attained in the cycle,
hence it is no longer possible to use the formula on page 86. Such
loops also have very marked effects on the eddy losses, for they
take up quite a large part of the time available for the whole eyele,
in this case nearly one-half. Hence the main change of flux has to
be executed far more rapidly so that the rates of change of flux
being thus increased. the eddy losses are greatly exaggerated. For
example the curve in Fig. 55 refers to the same sample as those in
Fig. 54 and was taken at 80 periods per second. It will be seen that
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the main cyele in Fig. 55 corresponds very well with that of
normal eycle at 60 periods in Fig. 54, and thus the eddy los
appropriate to 80 periods is nearly doubled due to the looy
Hence the formula is inapplicable for eddy losses as well as for
hysteretic, unless the flux curve is devoid of dimples.
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