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PREFACE
TO THIS REPRINT.

The following booklet is a photo-engraved reprint of my doctor’s thesis,
long since-out of print, and first published in the Transactions of the
Connecticut Academy of Arts and Sciences, in 1892.

Twenty-five years later, in the midst of the World War, much to my
surprise and pleasure, a French trarslation was made by Jacques Moret.*

Occasionally mathematical economists have suggested that the original
American edition should be reprinted, one of them maintaining that “the
book has become recognized as an economic classic and should be more
available.” So here it is, a third of a century after its first publication.

I cannot honestly recommend that it be read entire by anybody. But in
my own classes I have, for many years, found use for pages 11-54 and
pages 64-79. The book was written when I was more interested in mathe-
matics than in econo.nies. The vecior analysis notation on page 81 was a
tribute to J. Willard Gibbs, whose student I then was and who took a
lively interest in the work.

The “Bibliography on Mathematico-Economic Writings” at the end was
superseded years ago by my ‘“Bibliography of Mathematical Economics”
on pages 173-209 of Nathaniel T. Bacon's English translation of Cournot
(“Researches into the Mathematical Principles of the Theory of Wealth™)
in the Ecomomic Classics Series, edited by Professor W. J. Ashley and
published by Macmillan in 1897.

The hydrostatic mechanism pictured on page 38 has been actually con-
strueted—twice in fact. In 1893, the year after the thesis was published,
my colleague, Professor Henry W. Farnam, generously defraved the ex-
pense of constructing » model. This was used in my classes for many
years. Eventually 1t wore out and was recently (1925) replaced by a see-
ond model somewhat improved and sunplified. Photographs of both these
models are reproduced herewith

As I look back on this youthful production I take some satisfaction in
finding that my treatment of so-called “marginal utility” and eriticism of
the then current notions of a “calenlus of pleasure and pain” are in tune
with modern psychology and that this fuct has been favorably eommented
on by Professor Wesley C. Mitchell.

* Recherches Mathématiques sur la Théorie de La Valeur et Des Priz.
M. Giard & B. Bridre, Paris, 1917,




iv Preface to this Reprint,

The suggestion in this booklet that so-called “marginal utility” may be
measurable statistically is now being followed up. Within a few months, I
expect to publish the first attempt of this sort and to discuss its possible
practical use in deciding on the proper rate of progression for an income
tax.

IrviNG FiSHER.
Yale University, August, 1925.



PREFACE.

John Stuart Mill* asserted that he had left nothing in the laws of value
Yor any future economist to clear up. Until 1871 this statement doubtless
had much the force of dogma. Even Jevons made preliminary obeisance
before proceeding to break the ground afresh with the mathematical in-
strument. Jevons with characteristic candor expressly disclaimed finality ;
but few of his followers have realized with his clearness and honesty the
need of further analysis along the lines which he laid down.

The truth is, most persons, not excepting professed economists, are sat-
isfled with very hazy notions. How few scholars of the literary and his-
torical type retain from their study of mechanics an adequate notion of
forece! Museular experience supplies a concrete and practical coneeption
but gives no inkling of the complicated dependence on space, time, and
mass. Only patient inathematici] analysis can do that. This natural aver-
sion to elaborate and intricate analysis exists in Economics and especially
in the theory of value. The very foundations of the subject require new
analysis and defiuition. The dependence of value on utility, disutility, and
commodity, the equality of utilities, the ratio of utilities, the utility of a
commodity as a function of the quantity of that commodity solely, or of
that commodity and others conjointly, are subjects, the neglect of which
is sure to leave value half understood, and the mastery of which elaims,
therefore, the first and most patient effort of the economic scientist.

These form the subject matter of the following memoir which is a study
by mathematical methods of the determination of value and prices.

Much germane to the subject has been omitted because already elabo-
rated by others. Cases of discontinuity belong to almost every step, to
modify or extend the continuous case. But the application of this cor-
rection has been thoroughly worked out by Auspitz und Lieben. Multiple
equilibrium and monopoly value are omitted for a similar reason.

The two books which have influenced me most are Jevons: “Theory of
Political Economy,” and Auspitz und Lieben: “Untersuchungen ueber die
Theorie des Preises.” To the former I owe the idea of marginal utility and
of mathematical treatment in general, to the latter the clear conception of
the “symmetry” of supply and demand and the use of rate of commodity
in place of absolute commodity, and to both many minor obligations.

* Pol. Econ., Bk, III, Ch. I, §1. t Pol. Econ., Pref. 3rd ed.



vi Preface.

The equations in Chapter IV, § 10, were found by me two years ago,
when I had read no mathematical economist except Jevons. They were an’
appropriate extension of Jevons’ determination of exchange of two com-
modities between two trading bodies to the exchange of any mumber of
commodities between any number of traders and were obtained as the in-
terpretation of the mechanism which I have deseribed in Chapter IV. That
is, the determinateness of the mechanism was expressed by writing as
many equations as unknowns. These equations are essentially those of
Walras in his Eléments d’économie politique pure. The only fundamental
differences are that I use marginal utility throughout and treat it as a
function of the quantities of commodity, whereas Prof. Walras makes
the quantity of each commodity a function of the prices. That similar re-
sults should he obtained independently and by separate paths is certainly
an argument to be weighed by those skeptical of the mathematical method.
It seemed hest not to omit these analytical portions of Part I, both because
they contribute to an understanding of the other portions of the work and
because they were in a proper sense my own.

Three days after Part II was finished I received and saw for the first
time Prof. Edgeworth’s Mathematical Psychics. I was much interested to
find a resemblance between his surface on page 21 and the total utility
surfaces® described by me. The resemblance, however, does not extend far.
It consists in the recognition that in an exchange, utihity is a function of
both commodities (not of one only as assumed hy Jevons), the use of the
surface referred to as an interpretation thereof and the single phrase
(Math. Psych., p. 28) “and similar'y for larger numbers in hyperspace”
which connects with Part I, Ch. 1, § 5.

There is one point, however, in which, as it seems to me, the writer of
this very suggestive book has gone far astray. Mathematical economists
have been taunted with the riddle: What is a unit of pleasnre or utility?
Edgeworth, following the Physiological Psychologist Fechner, answers:
“Just perceivable increments of pleasure are equatable” (p. 99). I have
always felt that utility must be capable of a definition which shall eon-
nect it with its positive or objective commodity relations. A physicist
would certainly err who defined the unit of force as the minimum sensible
of muscular sensation. Prof. Edgeworth admits his perplexity: *It must
be eonfessed that we are here leaving the terra firma of physical analogy”

* His result, which translated into my notation is

(&) (@) - (m) (&) = °

becomes by transposition and division identical with part of the continuous pro-
portion, Pert I, Ch. IV, §3.



Preface. vii

(p- 99). Yet he thinks it is “a prineiple on which we are agreed to act
but for which it might be hard to give a reason;’ and again: [such
equality] “it is contended, not without hesitation is appropriate to our
subject.”

This foisting of Psychology on Economics seems to me inappropriate
and vicious. Others besides Prof. Edgeworth have dome it. Gossen* and
Jevons appeared tQ regard the “calculus of Pleasure and Pain”t as part
of the profundity of their theory. They doubtless saw no escape from its
use. The result has been that “mathematics” has been blamed for “restor-
ing the metaphysical entities previously discarded.”}

These writers with Cournot,§ Menger, || and Marshall§ appear to me to
have contributed the most to the subject in hand. With the exceptions
noted I have endeavored not to repeat them but to add a little to them,
partly in the theory of the subject and partly in the mode of representing
that theory. Readers to whom the subject is new will find the present mem-
oir exceedingly condensed. In the attempt to he brief, the possible uses of
the diagrams and mechanisms have been merely sketohed, and elaborate
explanations and illustrations have been omitted. I have assumed ‘that my
readers are already familiar with (say) Jevons, Walras, Menger or
Wieser where illustrations and explanations regarding “final utility”
abound. Much of Part 1T and Appendix I may not be thoroughly intelli-
gible to those not familiar with higher geometrical analysis. These parts
are made as brief as possible.

My especial thanks are due to Prof. Gibbs and Prof. Newton for valu-
able eriticism.

IrviNGg FISHER.
Yale University, May, 1892,

* Menschlich Verhehr., Braunschwevg, 1854, t Jevoms, p. 23, also pp. 8-9.
{ Dr. Ingram. § Theorie des Richesses, Pars, 1838.
i Volkswirthschaftslehre, Wien, 1871. § Prin. of Econ., Macmillan, 1890,
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Part I.—UTILITY OF EACH COMMODITY ASSUMED TO BE DEPEN-
DENT ONLY ON THE QUANTITY OF THAT COMMODITY.

CHAPTER 1L
UTILITY AS A QUANTITY.

§1.

THE laws of economics are framed to explain facts. The concep-
tion of utility has its origin in the facts of human preference or
decision as observed in producing, consuming and exchanging goods
and services,

To fix the idea of utility the econumist should go no farther than
is serviceable in explaining economic facts. It is not his province to
build a theory of psychology. It is not necessary for him to take
sides with those who wrangle to prove or disprove that pleasure and
pain alone determine conduct. These disputants have so mangled
the ideas of pleasure and pain that he who follows them and their
circular arguments finds hims+=If using the words in forced senses.

Jevons makes utility synonymous with pleasure. Cairnes* objeots
and claims that it leads to a circular definition of value. The circle
is however at the very beginning and vitiates psychology not eco-
nomies; the last dollar’s worth of sugar (we are told) represents the
same quantity of pleasurable feeling as the last dollar’s worth of
dentistry. This may be true as a mere empty definition, but we
must beware of stating it, as a real ‘synthetic proposition,”t or of
connecting it with the mathematics of sensations} as did Edgeworth.§

The plane of contact between psychology and economics is desire,
It is difficult to see why so many theorists endeavor to obliterate the
distinction between pleasure and desire.| No one ever denied that
economic acts have the invariable antecedent, desire. Whether the
necessary antecedent of desire is “pleasure” or whether indepen-
dently of pleasure it may sometimes be “duty ™ or *‘fear ” concerns
a phenomenon in the second remove from the economic act of choice
and is completely within the realm of psychology.

We content ourselves therefore with the following simple psycho-
economic postulate:

Each individual acts as he desires.

* Pol. Econ., p. 21. t Kant, Critique Pure Reason, Introduction.
1 Ladd, Physiological Psychology, p. 861. § See above (Preface).
| See Sidgwick, Methods of Ethics, Chap. IV.
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§2.

The sense in which utility is a quantity is determined by three
definitions:

(1) For a given individual at a given time, the utility of A units.
of one commodity or service () is equal to the utility of B units of
another (), if the individual has no desire for the one to the exclu-
sion of the other.

A and B are here used as numbers. Thus if the first commodity
is sugar and the second calico and if the individual prizes 2 pounds
of sugar as much as 10 yards of calico, A is 2 and B is 10.

(2) For a given individual, at a given time, the utility of A units
of (a) exceeds the utility of B units of () if the individual prefers
(has a desire for) A to the exclusion of B rather than for B to the
exclusion of A. In the same case the utility of B is said to be less
than that of A.

The third definition will be given in §4.

The two preceding definitions are exactly parallel to those of any
other mathematical magnitude.

Thus: two forces are equal if at the same time they alone act on
the same particle in opposite directions and no change of motion
results, One is greater when additional motion is produced in its
direction. Again : “two masses are equal which if moving with
equal velocities along the same straight line in opposite directions
and impinging on each other are reduced to rest by the collision,”*
Two geometrical magnitudes are equal if they can be made to coin-
cide, ete., etc.

Just as coincidence is the test of equality and inequality of geo-
metrical figures, and the tip of the scales the test of equality and
inequality of weights, so is the desire of the individual, the test of
the equality and inequality of utilities. It is to be noted that in
each definition of equality the word “n0” or some equivalent
occurs, A standard mode of cancellation is thus designated.

§ 3.

Let us see how these definitions of utility apply to an act of pur-
chase. An individual I enters a market with fixed prices to ex-
change some of a commodity («) for another (). We may sup-
pose prices to be such that he gives one gallon of (@) and receives two
bushels of (b), then a second gallon for two more bushels and so on

* Price, Calenlus, vol. iii, p. 316,
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until finally be has given A gallons and received B bushels. At
what point does he stop ?

Although the “exchange values” of A gallons of (a) and B
bushels of (b) are equal, their wtilities (to I) are not. He prefers B
to the exclusion of A, for his act proves his preference (postulate).
Therefore by definition (2) the utility of B exceeds that of A.

We may write:

ut. of B > ut. of A.

Why then did he cease to buy () ? He sold exactly A gallons for
B bushels. By stopping here he has shown his preference to buy
no more (postulate) Ergo the utility of a small increment, say
another bushel of (b) is less than the utility of the corresponding
number of gallons of (a) (Def.2). Likewise he prefers to buy no less.
Zrgo the utility of a small decrement, say one less bushel is greater
than the gallons for buying it. Now by the mathematical principle
of continuity, if the small increment or decrement be made infinites-
imal dB, the two above inequalities become indistinguishable, and
vanish in a common equation, viz:

ut. of ¢B = ut. of dA

dB and dA ave here exchangeable increments. But the last incre-
ment dB is exchanged for dA at the same rate as A was exchanged
for B; that is

A dA

B~ dB
where each ratio is the ratio of exchange or the price of B in terms
of A.

) B _ A
or dB ~ dA
multiplying this by the first equation, we have:
ut. of dB ut. of dA
—aB P —ax A
which may be written :*
dU au
(-i—-B . B — ZZ—K . A-

The differential coefficients here employed are called by Jevons
“final degree of utility,”t and by Marshall “marginal utility.”}
Hence the equation Just obtained may be expressed: For a given

* Cf Jevons, Pol. Econ . P 99 fJevons, Ibld .y p. 91,
{ Marshall, Prin. of Econ., Preface, p. xiv.
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purchaser at the time of purchase the quantity of the commodity
purchased multiplied by its marginal wtility equals the like product
Jor the commodity sold. Or again: for a given purchaser the utili-
ties of A and B, though actually unequal would be equal if every
portion of A (and also of B) were rated at the same degree of utility
as the last infinitesimal. This -hypothetical equality underlies, as
will subsequently appear, the notion of the equality of values of A
and B.

§ 4.

But the two definitions (1) and (2) do not fully determine the
sense in which utility is a quantity. To define when the *grades”
of two parts of a highway are equal or unequal (viz: when they
make equal or unequal angles with a horizontal), does not inform us
when one shall be twice as steep as the other. It does not oblige us
to measure the “grade” by the sine of the angle of elevation, or
by the tangent, or by the angle itself. If the two highways were
inclined at 10° and 20° respectively, the “grades” have a ratio of
1'97 if measured by sines, of 2:07 by tangents, and exactly 2 by
angles. For a long time philosophers could define and determine
when two bodies were equally or unequally hot. But not till the
middle of this century* did physicists attach a meaning to the phrase
‘ twice as hot.”

It is here especially that exactitude has been hitherto lacking in
mathematical economics. Jevons freely confesses that “ We can
seldom or never affirm that one pleasure is an exact multiple of
another,”t

Now throughout Part I the assumption is made that the utility of
any one commodity (or service) depends on the quantity of that
commodity or service, but is independent of the gquantities of other
commodities and services. This assumption is preliminary to the
definition we seek.

Our first problem is to find the ratio of two infinitesimal utilities.
If an individual I consumes 100 loaves of bread in a year the utility
of the last infinitesimal, or to fix our ideas, the utility of the last
loaf is (presumably) greater than what it would be if he consumed
150 loaves. What is their ratio? It is found by contrasting the
utilities of the 100th and 150th loaves with a third utility. This

* The first thermodynamic definition of one temperature as & multiple of
another was made by W. Thomson in 1848. See Maxwell, Theory of Heat, p.
155.

tp. 18,
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third utility is that of oil (say) of which let B gallons be consumed
by I during the year. Let £ be that infinitesimal or small increment
of B whose utility shall equal that of the 100th loaf. Now in sub-
stituting the hypothesis of 150 loaves let us not permit our individ-
ual to alter B, his consumption of oil.* The utility of the 150th
loaf will be pronounced by him equal (say) to the utility of 4 .

Then the utility of the 150th loaf is said to be half the utility of
the 100th.

That is, if :
ut. of 100th loaf = ut. of g, B being the total,
and  ut. of 150th loaf = ut. of f3/2, B being the total again,
the ratio is defined :
ut. of 100th loag _
ut. of 150th loaf ~— g2 —
It is essential to observe that if the 100th loaf is twice as useful
as the 150th when their ratio is defined as above in terms of incre-
ments of oil, it will also be twice as useful when the ratio is defined
by any other commodity ; also that it matters not what total quan-
tity (B) of oil or other commodity is employed.
This theorem may be thus stated:

2.

Given (1) ut. of 100th loaf = ut. of f3, B heing total,
and (2) ut. of 150th loaf = ut. of 2, B being total,
also (3) ut. of 100th loaf = ut. of j, C being total,

To prove ut. of 150th loaf = ut. of 3,2, C bemg total,

where C is the quantity of another commodity (c) consumed by I in

the same period and y is such an increment of C that its utility
shall equal that of the 100th loaf.

We may write from (1) and (3):

ut. of 100th loaf = ut. of 8 == ut. of y,
(100 loaves, B and C, being totals).

Now, if the first total (100 loaves) be changed to 150, B and C being

unchanged, the above equation, dropping the first member, will still
be true, viz:

ut. of f =ut. of y,
(150 loaves, B and C, totals),

for, by our preliminary assumption these utilities are independent of
the quantity of bread.

* As a matter of fact an individual who, if consuming 100 loaves of bread
would consume B gallons of oil might, if consuming 150 loaves, use also more

oil. But this fact in nc wise hinders our inquiring how he would reckon utili-
ties if he used the same amount.
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Since 8 and x4 are infinitesimal it follows from the mere mathe-
matical principle of continuity that:
ut. of §/2 = ut. of y/2,
(B, C, totals),
.. by (2) ut. of 150th loaf = ut. of y/2,
(150 loaves, C, totals) Q E D.
Hence our definition becomes :

ut. of 100th loaf _ y

ut. of 160th loaf  y/2 2.

Likewise :
ut. of_}poth loaf‘ )
ut. of 150th loaf ~ 42
ete., ete.,

=2,

all of which results harmonize.

Since C is any arbitrary quantity it follows that the definition of
the above ratio is independent not only of the particular commodity
employed as a means of comparison but also of the total quantity of
that commodity.

It is to be noted here that if the utility of one commodity were
dependent on the quantities of others, two applications of the defini-
tion would yield discordant results.*

We may state our definition in general terms as follows :

(8) The ratio of two infinitesimal utilities is measured by the ratio
of two infinitesimal increments of the same commodity respectively
equal in utility to the two utilities whose ratio is required, provided
these increments are on the margin of equal finite quantities :

In general symbols this becomes :

ut. of dA .
ot of aB =" :—if ut. of dA = us. of ndM
(M total),
and ut. of dB = ut. of dM

(M also total),

where » is any finite number, positive or negative, whole or frac-
tional.

This definition applies not only to infinitesimal utilities of the
same commodity (as of the 100th and 150th loaves of bread) but to
those of different commodities or services.

* We shall afterward see how this affects our notions of utility (Part II,
Ch. 1V.
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§5.

Definition (3) is perfectly analogous to other mathematical defini-
tions. To define equality of forces does not fix their proportionality.
This property is found in the additional definition: “The ratio of
two forces is the ratio of their mass-accclerations.” Before me-
chanics was a science, “ forece” stood for a *“ common sense” notion
resolvable in the last analysis into a muscular sensation felt in push-
ing and pulling.* But to construct a positive science, force must
be defined with respect to its connection with space, time and mass.
So also, while utility has an original “common sense” meaning
relating to feelings, when economics attempts to be a positive
science, it must seek a definition which connects it with objective
commodity.t

§6.

(4) The marginal utility of a commodity (as implied in §3) is the
limiting ratio of the utility of the marginal increment to the magni-
tude of that increment. Hence the ratio of two marginal utilities is
the ratio of the utilities of two marginal increments divided by the
ratio of these increments.

If the units of the commodity are small, the marginal utility is
practically the utility of the last unit—for bread, of the last loaf,
but if this loaf is sliced into 10 parts and these slices have different
utilities, the marginal utility of bread is more nearly the utility of
the last slice divided by .i;, and so on ad infinitum.

It is now an easy matter to find a unit of utility, the lack of
which has been the reproach} of mathematical economists. The
utility of the 100th loaf per year may be regarded as the unit of
utility. Or in general:

* Spencer, First Principles, p. 169.

t Jevons, Marshall, Gossen, and Launhardt, omit indicating in any way what
they mesan by the ratio of utilities. Yet each of them embody the idea in their
diagrams. Edgeworth (Math. Psych., p. 99) thinks ** just perceivable increments
[of pleasure] are equatable” and uses this ‘‘minimum sensible” as & unit in
terms of which any pleasure is to be measured (in thought at least). His defini-
tion and mine show perhaps the very point of departure between peychology
and economics. To measure a sensation, the minimum sensible is perhaps the
only thinkable method (see Ladd, Physiological Psychology, p. 861). Here the
phenomenon is subjective and so is its measure; while in economics the phe-
nomens are objective and likewise their measure.

{ Dr. Ingram, Article: Pol, Econ., Ency. Brit., xix, 899.

TRANS. CONN. Acap., Vor. V#T. 1R 2 JuLy, 1892.
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(5) The marginat utitity of any arbitrarily chosen commodity on
the margin of some arbitrarily chosen quantity of that commodity
may serve as the unit of utility for a given individual ai a given
time,

This unit may be named a u#él,

Any unit in mathematics is valuable only as a divisor for a
second quantity and constant only in the sense that the quotient is
constant, that is independent of a third quantity. If we should
awaken to-morrow with every line in the universe doubled, we
should never detect the change, if indeed such can be called a
change, nor would it disturb our sciences or formulm.

g 7.

With these definitions it is now possible to give a meaning to
Jevons’ utility curve, whose abscissas represent the amounts of a
commodity (say bread) which a given individual might consume
daring a given period and the ordinates, the utilities of the last (. e
the least useful) loaf. For if corresponding to the abscissa 100
loaves an ordinate of arbitrary length (say one inch) be drawn to
stand for the utility of the 100th loaf, we may use this as a unit
(util.) For any other abscissa as 85 loaves whose marginal utility
is (say) twice the former, the ordinate must be two inches, and so
on. For any other commodity as oil the marginal utility of A
gallons being contrasted with the utility of the 100th loaf of bread
and this ratio being (say) three, an ordinate of three inches must be
drawn. In all the curves thus constructed only one ordinate is
arbitrarily selected, viz: that representing the utility of the 100th
loaf.

§8.

Only differentials of utilities have hitherto been accounted for.
To get the total utility of a given amount of bread we sum up the
utilities for the separate loaves. Or in general:

(8) The total utility of a given quantity of a commodity at a
given time and for & given individual is the integral of the mar-
ginal utility times the differential of that commodity.

That is :

ut. of (z) = ut. (de,) + ut. (de,)) +.... + ut. (dz,)

= f ut. (dzx)
= ./o” %g-da:
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(1) The name UTILITY-VALUE of a commodity may be given to the
product of the quantity of that commodity by its marginal utility or

" de
The name is suggested from money-value which is quantity of
commodity times its price. (Cf. § 38).
(8) The cAIN or consumer’s rent is total utility minus wtility value.

That is :
. *dU Ud
Gaxn:A o de —x. do

It is the actual total utility diminished by that total utility which
the commodity would have if it were all rated at the same degree of
utility as the last or least useful increment.

It is to be observed that total utility and gain are not experiences
in time but the sum of increments of utility substitutionally succes-
sive, The individual is to assign the marginal utility for the 90th
loaf on the hypothesis that he were consuming 90 loaves per year, and
then abandoning this supposition to substitute successively the hy-
pothesis of 91 loves, 92, 93, etc., all for the same year. That is, a
number of mutually exclusive hypotheses for the same period are
thought of.

§9.

The preceding definitions have been expressed relative to a par-
ticular instant of time. This was because in actual life purchases
are made by separate instantaneous acts. But the important com-
modity-magnitudes in economics are “tons per year,” “yards per
day,” etc., bought, sold, produced, consumed. In order to make our
definitions applicable to such quantities the element of time must be
introduced. Hence the following supposition :

During the given period of time (that is, the period for which
commodity-magnitudes are considered) the marginal utility to a
given individual of a given commodity is the same at all instants at
which he buys or consumes it or sells or produces it.

This involves supposing that prices do not vary, for prices (as we
shall see) are proportional to marginal utilities.

A housewife buys (say) 10 lbs. of sugar at 10 cts. per pound. As
she closes the bargain she roughly estimates that the last or temth
pound is about worth its price. She did not stop at five pounds for
she wanted a sixth more than the 10 ots. it cost her. She may not
buy sugar again for a fortnight. When she does, we shall suppose
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the price to be the same, so that the last pound she then buys has
the same utility as the last pound she previously bought. She may
buy fifteen pounds. A fortnight later only five, all depending on
her plans for using it. The whole yearly purchase may pe 250 lIbs.
and we may write :

ut. (10th Ib.) Jan. 1 = ut. (15th 1b.) Jan. 15,

ut. ( 5th 1b.) Jan. 80.

etec.

ut. (250th Ib.) for whole year.

Thus : The marginal utility of & certain quantity of a commodity
Jor a given period (say a year) is defined to be the marginal utility
of that commodity on all occasions during that yeur at which it is
bought or consumed, the sum of the individual purchases being the
given yearly purchase and consumption.

§10.

In the hypothetical case the marginal utility of 250 pounds per
year equalled the marginal utility of 10 cts. In the same manner
we may practically estimate the marginal utility of 200 pounds by
supposing the price to be such that our housewife would buy 200
pounds. Thus a number of alternative suppositions are made for
the same period. By means of these a utility curve can be con-
structed, one of the coordinates of which is the yearly consumption
of sugar. To do this statistically is of course quite a different and
more difficult though by no means hopeless proceeding.

Curves of this nature are the only ones to be here considered.
But it is clear that there also exist utility curves for each time of
purchase.* These would differ both from the “yearly” curve as
well as from each other.

o

§11.

To meet a possible objection it must be pointed out that the use
of a “yearly ” utility curve assumes no nice calculation on the part
of the individual as to his future income and receipts. He may even
be and generally is totally ignorant of the number of pounds of
butter he consumes per year. He creeps along from parchase to
purchase and only at these individual acts does he estimate his needs
and his abilities. Yet if he always completes his purchase with the
same estimate of marginal utility as measured against other com-

* They would be the curves of Fleeming Jenkin: Graphic Representation of
Supply and Demand. Grant's Recess Studies, p. 151, Edinburgh, 1870.
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modities, this must be the marginal utility for the year and the total
yearly purchase is the quantity which bears this marginal utility.
This marginal utility or “final” degree of utility of the commodity
for the year is clearly not the utility of the last amount chrono-
logically (that is Dec. 31), but the utility of the least useful part
of any and each of the separate purchases.

§12.

It may further be objected that there is a fitful element in the
problem which the above supposition ignores. We have supposed
prices do not vary during the given period and also that the indi-
vidual’s utility-estimate does not vary. It may justly be claimed
that not only do prices vary from day to day, but even if they did
not, the individual’s estimate of utility is fitful and, although at
the instant he closes a bargain his estimate of utility must be
regarded as corresponding to the given price, yet he is likely gen-
erally and certain sometimes to regret his action so that if he were
to live the year over again he would act very differently.

This objection is a good illustration that a microscopic view often
obscures the gencral broad facts. As a matter of fact the use of a
period of time tends to elimirate those very sporadic elements
objected to. Kirst though prices vary from hour to hour under the
influence of excitement and changing rumors, and from season to
season under causes meteorological and otherwise, yet these fiuctua-
tions are self-corrective. The general price through the year is the
only price which is independent of sporadic and accidental influences.
This general price is not the arithmetical mean of the daily prices
but a mean defined as such that had it been the constant price during
the period the amounts bought and sold would have been just what
they actually are. Secondly, the individual caprice is self-correc-
tive. If a man lays in oo large a stock of provisions this week he
will buy less next. The theory of probabilities therefore substan-
tially harmonizes the theoretical and tne actual. The apparently
arbitrary suppositions regarding constancy of price, etc.. may be
looked upon as convenient definitions of an ideal average as just
described.

One observation however must not be overlooked. Although
accidental variations of price or choices of caprice afford both posi-
tive and negative errors and thus largely cancel each other, yet the
effect on the total utility and the gain is always to diminish them.
To buy too much or too little, to sell too cheap or too dear will be
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equally sure to diminish gain, Herein lies the virtue of insur-
ance and the vice of gambling. Neither alters (directly) the
amount of wealth. But insurance modifies and gambling intensi-

fies its fluctuations. Hence the one increases the other decreases
gain.

§13.

Again it may be objected to the foregoing definitious that the use
of infinitesimals is inappropriate since an individual does not and
cannot reckon infinitesimals. The same apparent objection attaches
to any application of the caleulus. We test forces by weights but
cannot weigh infinitesimal masses nor do they probably exist; yet
the theory of forces begins in infinitesimals. We apply fluxions to the
varying density of the earth, though we know that if we actually
take the infinitesimal ratio of mass to volume we shall generally get
zero since matter is discontinuous. The pressure of a confined gas
is due to collisions of its molecules against the containing vessel,
As each molecule rebounds the change of momentum divided by the
infinitesimal time is the pressure. Yet at any actual instant the
value of this flnxion is quite illusory. But these facts do not mil-
itate against the use of fluxions for a thinkable theory of forces,
density and gaseous pressure. In cases of discontinuity fluxions
have important applications though infinitesimals may not exist.
The rate of increase of population at a point in time is an impor-
tant idea, but what does it mean? It is convenient to define it as
infinitesimal increase of population divided by the infinitesimal time
of that increase though we know that population increases discon-
tinnously by the birth of whole individuals and not of infinitesimals.

N Practically we can find the approcimate
marginal utility of a commodity just as
we approximately find the rate of increase
of population by taking small increments
in place of infinitesimals.

In actual fact inequality of utilities is
the rule and absolutely equal utilities never
exist. Instead of a curve of utility we
should draw a belt (fig. 1) whose limits
are ill-defined and whose width in general
depends on the amount of antecedent atten-
tion which the individual has bestowed on the alternative amounts
and modes of consumption.
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§ 14,

Utility as defined in the preceding sections does not involve the
economist in controversy as to the laws of the subjective states of
pleasure and pain, the influence of their anticipation as connected
with their probabilities,* the vexed questions whether they differ in
quality as well as in intensity and duration,} whether duty can or
cannot exis! as a motive independently of pleasure,} ete.

It does not follow that thesc discussions have no meaning or im-
portance. Doubtless pleasure and pain are connected with desire
and doubtless they have an important biological and sociological
function as registering “healthful” or ¢ pathological” conditions.§
But the economist need not envelop his own science in the hazes of
ethics, psychology, biology and metaphysics.

Perhape utility is an unfortunate word to express the magnitude
intended. Desirability|| would be less misleading, and its opposite,
andesirability is certainly preferable to dis-utility. « Utility ” is the
heritage of Bentham and his theory of pleasures and pains. For us
his word is the mcre acceptsble, the less it is entangled with his
theory.

§15.
This chapter may be thus summarized:
Postulate : Kach individual acts as he desires.
Definitions of utility.

(2) and (1) ut.of A = ut.of B
if the given indiv. at the given time
prefers A to B or neither,

ut. of dA
@ ut. of aB — "
if ut. of dA=ut, of ndM (M total)
and ut. of d B=ut. of dM (M also total).
(4) % = Marginal utility.
(5) zg = Unit of utility (wtil.) (A being given).
* Jevons, p. 72. t Jevons, p. 28, etc.

1 Darwin, Descent Man, I, p. 76, Sidgwick, Methods Ethics, Ch. Iv.

§ Marshall, Prin. of Econ., p. 181, Spencer, Data of Ethics, p. 79, L. Stephen
Science of Ethics, p. 366.

{ Marshall, Prin. of Econ., p. 306.
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@ [ * 7 4A = Total utility.

) 490 = Utity-value.

(8.)[ Ag%. dA--A.g—g = Gain,

Assumption : ‘ZZ_IAI = Function of A only.

Corrollaries: From (1), and (2) and postulate, when B is ex-
changed for A
au dU
&.‘—B . B — E—A . A.

From (3) and assumption, in the equation : ut. of
dA/jut. of dB=n, the value of ~ is independent
of the particular commodity and of its quantity
M used in the definition.

CHAPTER IL

MECHANISM.
§ 1.

Scarcely a writer on economics omits to make some comparison
between economics and mechanics. One speaks of a “rough cor-
respondence ” between the play of “economic forces” and mechan-
ical equilibrium. Another compares uniformity of price to the level-
seeking of water. Another (Jevons) compares his law of exchange
to that of the lever. Another (Edgeworth) figures his economic
“gystem” as that of connected lakes of various levels. Another
compares society to a plastic mass such that a “pressure” in one
region is dissipated in all ¢ directions.” In fact the economist bor-
rows much of his vocabulary from mechanics. Instances are: Equi-
librium, stability, elasticity, expansion, inflation, contraction, flow,
efflux, force, pressure, resistance, reaction, distribution (price), levels,
movement, friction.

The student of economics thinks in terms of mechanics far more
than geometry, and a mechanjeal illustration corresponds more fully
to his antecedent notions than a graphical one. Yet so far as I know,
no one has undertaken a systematic representation in terms of me-
chanical interaction of that beautiful and intricate equilibrium which
manifests itself on the “ exchanges ” of a great city but of which the
causes and effects lie far outside.
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§2.

In order to simplify our discussion the following preliminary sup-
positions™® are made :

(1) A single isolated market large enough to prevent ome man’s
consciously influencing prices.

(2) A given period, say a year.

(3) During this period the rate of production and consumption
are equal and such that stocks left over from last year and stocks
held over for next may have an influence which is unvarying or
which is not a function of quantities produced and consumed during
the year. Their influence is accounted for in the form of the curves
to be employed just as is the influence of climate, population, polit-
ical conditions, etc.

(4) Each individual in the market knows all prices, acts freely and
independently and preserves the same characteristics during the
period, so that the forms of his utility curves do not change.

(5) All articles considered are infinitely divisible and each man
free to stop producing and ccnsuming at any point.

(6) The marginal utility of consuming each commodity decreases
as the amount consumed increases, and the marginal disutility of pro-
ducing each commodity increases as the amount produced increases.
. (7) Asstated in Chapter I, § 4, the utility of each commodity is
independent of the quantities of other commodities and likewise for
disutility.

§ 3.

In fig. 2 let the curve MN be drawn with axes OE and OA. This
curve is such that the shaded area represents
any amount of the given commodity consumed
by the given individual in the given period of
time, and the ordinate (drawn downward) from
O to R represents its marginal utility. The figure
evidently interprets the fact that as the quantity
of commodity increases its marginal utility de-
creases and vice versa.t OA indicates what the
marginal utility would be if only an infinitesimal
quantity of the commodity were consumed.

Furthermore let a glass cistern (fig. 2) be
formed ha.vmg the ﬁgure OAMN for its front

* These are (essentla]ly) those of Auspltz und Lle'ben
t For the further properties of the curve MN and its relation to the curves of
Jevons, Auspitz und Lieben and Fleeming Jenkin, see Appendix I, Division 1I.
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face and a uniform thickness of unity so that the volume of liquid
contained is always equal numerically to the area on the face. Hence
the amount of liquid in the cistern may represent commodity and the
distance of its surface from O, its marginal utility.

§ 4.
ONE COMMODITY (A)—ONE CONSUMER ().

Let fig. 2 represent the utility cistern for I relative to A. Let
us select as a unit of utility the marginal utility of money supposing
this to be constant. Thus the cistern is (say) one inch in thickness ;
the number of cubic inches of water represents the number of units
of the commodity (yards, gallons, or pounds, ctc.) consumed by the
individual during a given period (say a year) and the ordinate OR
(in inches) represents the number of dollars at which the individual
prizes the last yard or gallon (say) of the commodity.

Since the market is large enough to prevent any conscious influ-
ence on the price by the individual I, he acts with reference to a
fixed price (p dollars). He will therefore consume such an amount
of A that its marginal utility in dollars equals that of the price p,
that is, the cistern will be filled till OR = p. This is evident, for
if less should be consumed OR would be greater than p, that is, a
little more commodity would be valued more highiy than the dollars
exchanged for it and so would be purchased, and if more should be
consumed, reverse considerations hold.

If the price rises OR will increase and less he consumed but if it
falls more. If the price falls to zero as is the case for water and air
the quantity consumed fills the whole cistern up to the horizontal
axis. This volume is therefore the quantity of maximum satisfaction.
If the price rises to OA the individual will cease consuming. This
price is therefore the limiting mawimum price at which he will buy.

The liquid contents of the cistern may be regarded as made up of
successive horizontal infinitesimal layers each representing an incre-
ment of commodity. The height or distance of each layer from the
origin represents the degree of utility of that layer. The last or top
layer is on the margin of the whole and its vertical distance from
the origin is the degree of utility of that marginal layer or incre-
ment of the commodity or briefly its marginal utility. Thus the
margin of consumption has in the cistern an actual physical analogue.
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§ 5.

ONE COMMODITY—ONE PRODUCER.

The definitions of utility in Chapter I apply also to negative util-

ity or disutility. Corresponding to all that has been said relative to
consumption are analagous remarks for production. 8.
Thus we may construct a disutility curve and cistern
(fig. 8) marginal disutility (O R) being measured
upward from the origin. If utility be measured in
money as in the last section, O A represents the
minimum price at which the individual will produce
the commodity, O R the current price and the shaded
area (or the cubic contents behind it) the output.

The marginal disutility of production is here represented as de-
creasing as the amount of the product increases. This assumes a
“law of diminishing returns.” It is trne that this law is seldom if
ever rigorously true when applied to small amounts ; that is, the
cost or disutility of producirg the first unit is not less but greater
than that of producing the second. Rat the marginal disutility con-
tinues to decrease only up to a certain point, after which it increases.
This is usually true even of manufacturing. American bicycle fac-
tories are now running behind their orders. If they attempted to
run their factories at a higher velocity the cost of the additional
product would become greater than its price. In general at the
actual rate at which a concern produces, the law of increase of dis-
utility applies.

It would be possible by looping the curve MN near the bottom to
make a cistern of such a form as to represent correctly both the law
of decrease and increase, but as we are chiefly concerned with the
point of equilibrium and as at equilibrium the law of increase usually
applies such complicated curves are not here drawn.

If a producer has such a productive capacity as to consciously in-
fluence prices by a variation of his product, he may find his maxi-
mum gain by restricting his output even at a point where the law of
decreasing disutility applies ; for if he should extend his production,
his price might decrease faster than his cost.

These considerations together with the important one that in a
productive enterprise the expenses are classified as *fixed” and
“running,” make many interesting cases of instability and indeter-
minateness and lead to the discussion of monopolies, combinations,
rate wars, etc., etc. These each require special analysis. In the
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present memoir, however, attention is confined to those features of
production which are strictly analogous to consumption. (See Ap-
pendix II, § 8.)

§ 6.
ONE COMMODITY—MANY CONSUMERS.

Let fig. 4 represent the utility cisterns for all individuals T, II,
IIL IV,. .. N, in the market and let utility be measured in money

z /
K

[T

11
!

T
|
-

as before, the marginal utility of money being considered constant
(say 1 util.).

The water in the connecting tubes (represented by oblique shad-
ing) does not stand for commodity.

The water will seek its own level. This is exactly what happens
in the economic world and may be stated in the theorem: A given
amount of commodity to be consumed by a market during a given
Dperiod will be so distyibuted among the individuals that the marginal
utilities measured in money will be equal. Furthermore the margi-
nal utility thus determined will be the price.

This follows, for there can be but one price, and each individual
will make his marginal utility equal to it, as shown in § 4.

If the stopper,* 8, be pressed, more liquid (commodity) flows into
the cisterns, there is an inevitable change in level and the price de-
creases. When it cheapens to 2, II begins to indulge. It is for the
first time “within his reach.”

It is to be noted that from the standpoint of a single individual
the existence of the general price level is an unalterable fact and the
amount which he consumes is accommodated to it, just as the gen-
eral water level in several hundred cisterns may be said to determine

* A rubber compression ball would be used in practice. Throughout the de-
scriptions, the mechanisms are those simplest to delineate and in many cases
not those which might be actually employed.
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the amount in any particular cistern. But, “r the system as a
whole, the price level is a consequence of the amount of commodity
marketed. What appears as cause in relation to effect to an indi-
vidual is effect in relation to cause for the whole market,

The quantities of commodity and the marginal utilities mutually
limit and adjust themselves, subject to three conditions, (1) that due
to the forms of cisterns, (2) that due to the total amount of commod-
ity marketed, (3) uniformity of price, or of marginal utility.

§ 7
ANALYTICAL.
The algebraic interpretation of the preceding mechanism or of the
economic phenomena themselves is as follows :
Let A, A, A, ... A, be the (as yet unknown) quantities of the
commodity consumed by I, IT, III,. .. N. Let
dU dU dU
TA, ’ K g e ey dx-
be their (unknown) marginal utilities. Then the three conditions
mentioned in § 6 become :

(The unit of utility (util.) 1s that of the marginal dollar.)

(dU
ﬁI—FI(A,)
au _ n equations.
(1) $an,=h@)
ce 2 » unknowns,
dU
—(mn—-F-(‘\")
_ 1 equation.
@) g AtA+A 4. +A=K }no new unknowns,
(Umt of utility 18 that of marginal dollar )
dU _dU_dU dU" | n—1 independent equations
®) dA. TdA, AR, TdA, %no new unknowns.

Hence the number of cquations is :
n+14(n—1)=2n
and of unknowns :
27 40+ 0==2n.
Therefore the numbers of cquations and unknowns are equal and
all quantities and utilities are determinate.
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§s.

AGGREGATE COMMODITY.

Let C, fig. 4, be the average curve* of all the individual curves, I,
IL II1, . . . . N, and let the new cistern have a thickness equal to the
sum of the thicknesses of the individual cisterns. Then as much water
will be in the aggregate cistern as in all the others.* The water in
the aggregate cistern may be regarded as a repetition of the con-
tents of the individual cisterns. It represents no new commodity.

In cistern C it is almost too evident to require mention that an in-
creased supply of this commodity (indicated by pressing the stopper)
reduces the price while a diminished supply increases it. This fact
is all that is usually exhibited in “demand curves” such as of
Fleeming Jenkin.t

§ 9.

Fig. 5 and completely analogous explanations apply to production
cisterns,

[T s 140
7y, 5%

]
4%

N
N
N
N
N
N
X
\3

* Formed as follows : Select pts. of like price on the individual curves, that 14
pts. of like ordinates (as ¥, ¥a, ¥s, . . . ¥a) 8nd using the same ordinate for the
new ordinate, take the average of their abscissas for the new abscissa and make
the thickness of the new cistern equal to the sum of the thicknesses of all the in-
dividual cisterns. Then if in such a cistern liquid be allowed to flow to the
level of the individual cisterns the amount of liquid contmned in it will equal
all that contained 1 the individual cisterns. ¥or evidently the free surface of
the water in the large cistern equals in area the total free surfaces in the small,
and as such equality of horizontal infinitesimal layers or laminee holds true at
all successive levels, it holds true of the sums of the layers,

} The Graphic Representation of Supply and Demand. Grant’s recess studies,
p. 151,
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§ 10,

The mechanism above described simply gives exactness to a com-
mon imagery in economics, such as “margin,” “price levels,”
“planes ” of demand (and supply) and : “a plentiful supply brings
the commodity ¢ within reach’ of consumers.”

The notion of a cistern is also natural. Says Adam Smith : “The
demand for food is limited by the capacity of a man’s stomach.”
Not only is there a *“limit,” but the demand for food has varymg
intensities according to the degree in which the stomach is filled.
The economic man is to be regarded as a number of cisterns or
stomachs, each relative to a particular commodity.

CHAPTER III.

ONE CONSUMER (OR PRODUCER)-MANY COMMODITIES.
§ 1.

The next problem is that of the distribution of an individual’s in-
come over all the commodities in the market.

The income-spender considers not only the price of a given article
in determining how much of that article he will take but also the
relative advantages of using the same money for other things.

The manner in which this consideration affects the mechanism de-
scribed in Chapter II is through the utility of money.*

In the last chapter, while the price varied in relation to the quan-
tity of commodity, each individual’s valuation or marginal utility
of money was regarded as constant. This is nearly true when only
one commodity is considered. In the present chapter, on the other
hand, the individual valuation of money varies in relation to the
quantity of money income, but the prices of all commodities are re-
garded as constant. This is n'early true when only one individual
is considered.

* This sort of mtera.ctmn, especially when extended to several consumers and
several commodities (as in the next chapter), presented the most difficulties to
the Auspitz und Lieben Analysis; on p. 63 in §16 they say: ‘ Welche Aende-
rung eine Einzelkurve erleidet wenn sich die Vermogensverhiltnisse des be-
treffenden Individuums #ndert, lisst sich im allgemeinen nicht verfolgen. Wenn
auch in der Regel die Ordinaten der kurven langer werden! wenn das Individuum
wolhabender wird, so wird dies doch keineswegs gleichmssig der Fall sein, vol-
lends nicht, wenn wir verschiedene Artikel betrachten.”
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§2.

Let the individual I distribute his income over the commodities
A,B,C,..... M Letthe thickness of each cistern in fig. 6 be
proportional to the price of the commodity it contains. Thus if A
bears a price of $2 per yard, B $1 per gallon and C $} per pound, the
thickness of cistern B is 2, of B 1, and of Cj.

>
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Let the unit of area on the front surface of each cistern represent
& unit of commodity, yards for A, gallons for B, etec.

Then the volume of liquid will evidently indicate the money value
of the commodity, for it equals the front area times the thickness,
that is, the quantity of commodity times its price. Moreover the
sum of all the water will indicate the whole* income in dollars.
The unit of volume thus represents not a yard, gallon, pound, ete.,
but a dollar’s worth in each case, For A it would be yard, for B
1 gallon, for C 2 lbs., etc.

Accordingly let the curves which limit the cisterns be so con-
structed that the ordinates shall represent marginal utility per
dollar’s worth not per yard, gallon, etc.

§3.

The liquid will seek its own level corresponding to the economic
proposition : A consumer will so arrange his consumption that the
marginal utility per dollar’s worth of each commodity shall be the
same.

* Saving is here regarded as a form of spending, the commodity purchased
being capital. The analysis implies that the marginal utility of saving a dollar
equals the marginal utility of the dollar spent in other ways. This would be
elaborated from another standpoint in a theory of distribution. Cf. Launhardt ;
Volkswirthschaftslehre ; Bshm-Bawerk ; Kapital und Kapitalzins.
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This follows because if the individual should vary his consumption
from such a distribution, by expending an extra dollar on A he
would divert that amount from another article or articles, say B.
Then the level in the A cistern would be higher than in the B, which
interpreted, is the dollar spent on A had less utility than if it had
been devoted to B.

If the stopper be pressed, i. e. if the individual had had a larger
income, the valuation of the last dollar’s worth of each commodity
decreases, or the marginal utility of money decreases. If it becomes
at the maximum marginal utility of B he begins to spend on B. As
it is in the figure he “ cannot afford it.”

The amount spent on any particular commodity depends on the
general water level, i. e. the valuation of a dollar, while reversely
the valuation of money depends on the total amount to be spent on
all commodities.

Three conditions suffice to make the distribution determinate :
(1) that due to the forms of the oisterns, (2) the condition that the
total income equals a specitid amount, (3) uniformity of marginal
utility (per dollar’s worth) of each commodity.

§4.
ANALYTICAL.
Let A, B, C, . . . M be the (unknown) guantities of various com-
- au au . .
modities consumed by I, and aN T aM their (unknown) mar-

ginal utilities. Let p,, 4, . . . pn be their (known) prices.
Then the above three conditions become :

(The unit of commodity is t) ¢ dollar's worth.)

e dU . 3
da =¥
du .
= = F(B m equations,
(1) { dB ( )
.. 2m unknowns.
dU- . ‘ .
| am = FOD |

M 1 equation.
(2) { Ap.+Bp,+ . ... +Mp, =K }no new unknowns,

TrANS. CoNN. Aoap., Vor. Y211 1X 3 Jury, 1892.
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(Unit of commodity is dollar's worth.)

s §adU _dUu _ _dau %m—l independent equation.
() ldA =~ dB ™~ """~ aM Y no new unknowns.
Number of equations =m+1+4+m—1=2m.

“ “ unknowns = 2m+0+0 = 2m.

Hence the system is determinate.

§5.

AGGREGATE INCOME.

Let 1, fig. 6, be the average curve® of all the separate commodity
curves A, B, C,. . . M, and let the new cistern have a thickness
equal to the sum of the thicknesses of the original cisterns. Then
the water in the resultant cistern equals the sum of that in the com-
ponents.*

The liquid in the new cistern represents the money collectively
considered and the ordinate the utility of the last dollar.

If this income increases, its marginal utility decreases and de-
creases in a law whose relation to the laws of utility for the separate
commodities is shown by the relation of the resultant cistern to the
components.

* In this case the average is not a simple arithmetical mean but a weighted
average. Select points of like utility on the component curves, that is, points of
equal ordinates. Average their abscissas, multiplying each by the ratio of the
thickness of its cistern to that of the resultant cistern (viz : the sum of the thick-

nesses of the original cisterns). Thus if the thicknesses are p,, n,,. . . p,, and
the abscissas a, «,, . . . «_, the resulting thickness and abscissa (P and X) are :
P=p,+p,+....+p,
x¢p¢+xhplb+ vt +17"P"‘
- PP+ . . L +D,

If in a cistern thus formed liquid enters to the level of the component cisterns,
the liquid in the resultant cistern equals the total in the component. For the
sum of the free surfaces in the component cisterns is

X, P+ Py . .+, P
and the free surface in the resultant is

X, P+ Pyt .+ E, D,
D+yte . 4P,

Since these two expressions are equal and this equality holds of infinitesimal

layers at the free surface and so successively at all levels it must hold of the
sums of these layers.

(p,+py+. .. +p,). (
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§ 6.

An analogous discussion applies to fig. 7. In place of a given in-
come we must suppose a given amount of expenses to be met by the

S

lnjlulllllc

8 -

production of various commodities.* It is at this point that an im-
portant distinction between production and consumption enters, viz:
in civilized life men find it advantageous to consume many things

but to produce jfer. The discussion of this difference pertains to
Part IL

CHAPTER 1V.

M COMMODITIES—N CONSUMERS (OR PRODUCERS).
§1.

We have seen the laws of distribution of commodities from two
points of view, by first restricting our discussion to one commodity
among many consumers and afterward to one consumer among many
commodities. Our discussion is like a tourist’s view of a great city,
who glances up each east and west street while riding along the same
avenue and then takes a “cross town” course and sees each avenue
from a single street. We are now to seek a bird’s-eye view.

The variables and their variations which have been described are
comparatively simple, But the possible variations in the more gen
eral case are so complicated that they can scarcely be seen or de
scribed without the aid of a mechanism.

* Borrowing capital is to be here regarded as a form of producing. The dis-
utility of borrowing the last dollar equals the disutility of producing the last
dollar’s worth of goods. See foot note to § 2.
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§2.
First of all an aualysis will serve to set the two preceding discus-
sions in a common point of view.
In any purchase the last infinitesimal commodity bought has a
utility equal to that of the money given, that is :

ut. of dA =ut. of dm

or: gg dA = %[7{ . dm (see Ch. I, § 8.)
au AU dm

or: A = dm' aA

or: fig_—:d—yp
dA "~ dm °

where p, is the money price.

That is, the marginal utility of a commodity (per pound, yard,
etc.) equals the marginal utility of money (per dollar) times the
ratio of exchange of money for commodity-:

This equation is fundamental. In our first discussion (one com-
modity, various consumers) the marginal utility of money was sup-
posed constant so that

A P

or the marginal utility of a commodity is measured by it pride.
In the second discussion the other factor, the price, was supposed

donstant, and :
dU dU

aA ~ dm

or the marginal utility is measured by the valuation of money.

§3.

In the present chapter we are restricted to neither of these special
suppositions. For the individual I, we may write

du _ dy
dA, = dm, " P
au _ 40
dB, = dm, P
dU _ dU
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whence, since the marginal utility of money to I is the same in each
case,
dU  dU av _
dAl.(TB: ..... dTM——.p,,.]J;, ..... Pm
Since this is true for every individual and the prices to all individ-
uals are the same, we may write :

_dU 4U U
DPoiPsieee pm_dA‘.JI—;*‘ ...... m:
_dU _au qU
_dA,'dB, ..... dM
_dU dU dU
_dAn.d—i{. ...... dhl,‘

These equations express in the most general way the theory of
marginal utilities in relation to prices. This theory is not, as some-
times stated, *“ the marginal utilities to the same individual of all
articles are equal,” much less is it “the marginal utilities of the same
article to all consumers are equal,” but : The marginal utilities of
all articles consumed by a given individual are proportional to the
marginal wtilities of the same series of articles for each other con-
sumer, and this uniform continuous ratio is the scale of prices of
those articles.

The idea of equality is inadequate and must be replaced by the
dea of proportionality. The problem which confronts the individ-
ual must be figured as to so adjust his consumption of all commodi-
ties that the utilities of the last pound, yard, gallon, etc., shall bear
the ratio which he finds their prices do, while the market as a whole
must cause such prices to emerge as will enable each individual to
solve this problem and at the same time just take oft the supply.

§ 4.

This notion of a ratio is introduced into the following more com-
plicated mechanism (fig. 8). Fig. 9 (an elevation of fig. 8) shows
the various cisterns of various commodities -for the individual I
The ordinates represent marginal utility per wunit of commodity.
It corresponds to fig. 6, except that in the latter the utility is per
dollar’s worth of commodity. The tops of the cisterns are no longer
at the same level. The cisterns are now to float like boats in a
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tank® and free to move only vertically (being so constrained by a
telescope arrangement beneath and not shown in the diagram).

A glancé at fig. 8 or fig.
10 (a plan of fig. 8) will
show that any right and
left row of cistery.s is rela-
tive to a single individual
and corresponds to fig. 6
and that any front and back
row is relative to a single
commadity and corresponds
to fig. 4.

The water in these cis-
terns must be subjected to
two sets of conditions, first:
the sum of all the contents
of IA, ITA, 1IIA, etc., shall
be a given amount (viz:
the whole of the commod-
ity A consumed during the
given period) with a like given sum for the B row, C row, etc.,
secondly : the sum of IA, IB, IC, etc., each multiplied by a coeffi-
cient (the price of A, of B, of C, etc.), shall be given (viz: the
whole income of I during the period) with a like given sum for the
II row, III row, ete.

10.

L

* The level of water in each cistern is intended to be that of the level in the
tank. The only constant cause which will make the levels different is the differ-
ence between the weight of the whole cistern and the weight of the water dis-
placed by its walls (partly wood) which difference is alight, may be plus or
minus, and is equal to the weight of the excess or deficit of water in the cistern
above or below the outside level.
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To realize these two sets of conditions each cistern is divided into
two by a vertical partition of wood. The front compartments are all
of unit thickness one inch (say). All front compartments belonging
to the same front-and-back row are mutually connected by tubes (in
the tank but not in connection with the water of the tank) thus ful-
filling the first set of conditions,

The thickness of the back compartments is adjustable but is (as
will soon appear) constrained to be always equal to the price, thus
if the price of A is $1, of B $3 and C $1.20, the thickness of all
cisterns in the A row will be 1, in the B row 3 and in the C row
1.2 (inches).

Since the thickness of the front compartment is unity, the con-
tents of each back compartment equals the contents of the front
multiplied by the number of inches of thickness of the back cistern,
that is the back compartment contains a volume of water equal to
the amount of the commodity multiplied by its price. It contains
therefore the money valwe of the commodity. The double cistern
represents the double light in which each commodity is commonly
regarded—so many pounds, yards, ete. and so many dollar’s worth.

All back compartments of the same right and left rows are
mutually connected by tubes—that is the sum of their contents is
given—thus fulfilling the second set of conditions,

The back compartments can change their thicknesses, as the walls
at the right, left and bottom are of flexible leather; the back plane
is kept parallel to the wood partition by two double “ parallel rules”
not diagramed.

There remains to be described the system of levers. The purpose
of these levers is to keep the continuous ratio of marginal utilities,
the same for all individuals and equal to the ratio of prices.

First there is a system of obligue* levers (F12, etc., fig. 9) con-
nected by sliding pivots with the tops of the cisterns and having
their lower extremities hinged to wooden floats F, the hinges being
on the level of the water of the tank. These floats are free only to
shift laterally. It is evident from the similar triangles FR1 and
FR2 in fig. 9 that the ordinates of the two cisterns IA and 1B are
proportional to the distances of the A and B rods R and K from
the hinge in the left float F. Likewise in the row behind, the ordi-
nates are proportional to the same distances. Hence the four
ordinates are proportional to each other and in general all the

* A convenient angle for each lever can be assured by a careful selection of
commodity units. Thus if the marginal utility per pound gives inconvenient
ordinates in the A row, reconstruct the cisterns in that row so that the ordinates
are lengthened to represent marginal utility per ton or shortened for the ounce.
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ordinates of the front row are proportional to those of the row next
behind, also of the second row behind and so on. Remembering
that each ordinate is a marginal utility we have:

dU  dU _dU du _dUu 4u

—_— . . .

dAl.a'B"....—(TA’.J_lsn...._JA::(lB’!...=.-
which is the required condition that marginal utilities must be pro-
portional (§3).

Secondly there are the horizontal levers (F34, ete., tig. 10) lying
on the surface of the water in the tauk. These relate to prices.
The sliding pivots 3, 4, etc. are connected with rods RRR, which
in turn are conn¢cted by vertical pins with the rear walls of the
cisterns. A motion of one of these rods causes all back compart-
ments in that row to expand or shrink in unison. The pivots 3, 4,
etc. are so situated on these rods that if the levers F'84, etc. should
assume a right-and-left position along the dotted line FF, the back
compartment of every cistern would be completely closed. Hence
R3 equals the thickness of each back compartment in the A row,
R4 the correspond’ug thickucss in the B row and so on.

By the similar triangles FR3 and F34 in fig. 10, it is clear that
the lines R3 and R4, and consequently the rear thickness in the A
and B rows are proportional to the distances of the A and B rods
R and R from the float F. But we have just seen that the ordinates
of TA and IB are proportional to these same distances. Hence the
thicknesses of the back compartments of the cisterns are propor-
tional to the ordinates of those cisterns, that is to marginal utilities.
Hence we are free to call the thickness of cach back compartment,
the money* price of the commodity to which that cistern relates.

* Money is here used solely as a measure of value. It is not one of the com-
modities in the market. The high or low price of commodities in terms of
this money is dependent entirely on the amount of it at which we agree to rate
the yearly consumption of the market, that is the amount of liquid originally in
the back cisterns. We are 8o accustomed to regard money as the medium of
exchange and therefore as a commodity that we may not observe that it is per-
feotly possible to have » measure of value which is not a commodity at all. Thus
we might agree to call the consumption of the Umted States for a year $10,000,-
000,000, and this agreement would immediately fix a measure of value, though the
new dollar need have no equality to the gold or silver dollar. It would be easy
to translate between such an arbitrary standard and any commodity standard.
Thus if statistics showed that the consumption measured in gold dollars was
$12,000,000,000, the agreed standard is at 120 compared with gold and by means
of this factor we can reduce the prices of all commodities. In the mechanism
the aggregate amount of liquud in the back cisterns corresponds to the $10,000,
000,000. If we take it so and if the amount of liquid in the I row is given at
$1,000, this means that (in whatever standard) the consumption of I is one-ten-
millionth in value the aggregate consumption.
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It is to be observed that the cisterns are free to move only verti-
cally, the rods and rear cistern walls only forward and backward,
the wooden floats can shift only sidewise right and left while the
levers assume such positions as the mechanism compels.

§ 5.

Let given quantities of water be introduced into each front-and-
back-row of front cisterns and into each right-and-left row of back
cisterns. The system will attain a stable equilibrium and the level
of water in each cistern will be that of the tank.

The front cisterns of a front-and-back row must have a uniform
level on account of their mutual connection. The back cisterns of
a right-and-left row must preserve a uniform level for a similar rea-
son. 'The movable rear walls allow the pressure of the outside
water in the tank to keep the back cisterns at the same level as the
front. Without taking account of the levers the cisterns would
thus all have the same level as the tank. But it would be possible
to arrange their vertical positions and their rear thicknesses in many
arbitrary ways. The levers simply specify or determine this arrange-
ment.

§ 6.

It may be needful to restate carefully the magnitudes, their units
and the conditions which determine them. The magnitudes are:

1. The quantities of each commodity consumed by each individual
during the year. These are represented by the quantities of water
in each front compartment.

2. The given total quantities of each commodity consumed by the
whole market—represented by the fixed amount of water in each
front and back row of front comparments and registered on scales*
A, B, C, at the rear of the tank. KEach commodity-water may have
a distinguishing color.

8. The money paid jor each commodity by each individual—rep-
resented by the water in each back compartment.

4. The total money income of each individual—represented by
the fixed amount of water in each right-and-left row of back com-
partments, and registered on scalest I, 11, I11, at the right of the
tank.

* The stoppers A B, C regulate this amount of water. The stoppers are each
directly connected with the pointers on the scales A, B, C, and so arranged that
when the stopper is withdrawn so that the scale reads zero, the water entirely
disappears from the cisterns.

t The stoppers I, II, III are also directly connected with pointers on the scales
I, IT, III.
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5. The marginal wutility of each commodity to each individual
—represented by the ordinate of each cistern, i. e. by the distance
from its top to the water level.

6. The money price of each commodity — represented (in any
cistern in the same front-and-back-row) by the thickness of the back
compartment, and registered on scales* p., p,, p. at the rear. (The
relation of price to marginal utility will recur.)

7. The prices of commodities in terms of each other—represented
by the ratios of their ordinates.

8. The marginal wility of money to each individual — repre-
sented (in any cistern in the same right-and-left-row) by the ratiof
of the ordinate of that cistern to the

11.
thickness of its back compartment
and registered on scalest U I, U II, = b
U III at the right. I
The units of these magnitudes ()
are : N
u

1. The unit of commodity is a
ton, yard, gallon, e'c., and is repre-
sented by (say) a cubic inch of —/
water. ﬁ

2. The unit of money is (say) a
dollar and is represented by (say) a
cubic inch of water.

8. The unit of price is one dollar
per ton, yard, gallon, ete., and is
represented by one inch. =

4. The unit of marginal utility
for each individual is the marginal
utility of (say) 100 tons of A. It
may be called a «¢il and by a proper

* The rods RRR are each connected by a cord and pulley with the pointers of
the scales p , p,, p,. .
t This ratio is evidently the marginal utility of money (‘‘ valuation of money )

. N dU _ dU
because as seen in chapter IV, §2, AA = dm - Pe
au
dU A ordinate of cistern

whence : dm — ;ﬂ ~ thickness of its back compartment’

t Fig. 11 (which views the outside of the.right wall of the tank) shows the
device by which this is accomplished. Evidently from the labels
dU

= am

@ dA dU
- = -—orx=
1 P,
x. Tt is so arranged as to register zero when

The pointer obviously varies with
x = 0.
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adjustment of the breadth of each cistern may be represented by one
inch. That is, if 100 cu. in. of water are put in each A cistern the
ordinate must be one inch. This applies as well to the utility of
money, 50 that the scale U at the left indicates the number of wtils
at which the individual values the last dollar of his income. It
should, however, be noted that the variation of utils is only valuable
in the same register, that is, for the same individual. There is no
important meaning attached to the ratio of the scale readings U for
two individuals. If that of Iis 1 and of II 2 it means simply that
IT values his last dollar twice as much as his 100th ton of A, while
I values his last dollar just as much as his 100th ton of A. Tt is in-
teresting to observe that analogously the price registers are not to
be compared, for while one indicates price per ton the other indicates
price per yard, etc. Thus the mechanism is independent of any
common measure of utility for different individuals and any common
measure of prices for different commodities.

87

It will be observed that the numbers on the various registers are
so connected that the product of the register of A by that of its
price added to the like products for B, C, etc., will equal the sum
of all the income registers.

Moreover if each cistern is provided with a graduation to show
maiginal utility, this number will be found to be the product of the
number for price in its front-and-back row, by that for valuation of
money in its right-and-left row.

§8.

The mechanism just described is the physical analogue of the
ideal economic market. The elements which contribute to the
determination of prices are represented each with its appropriate
role and open to the scrutiny of the eye. We arc thus enabled not
only to obtain a clear aud analytical picture of the interdependence
of the many elements in the causation of prices, but also to employ
the mechanism as an instrument of investigation and by it, study
some complicated variations which could scarcely be successfully
followed without its aid. Its chief uses may be briefly classified as
follows :

1. Arrange the stoppers I, IT, 111, etc., so that the money incomes
of I, II, III, are all equal The differences of distribution of the
commodities will depend on individual characteristics, that is, on
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the character of the cisterns. If all the A cisterns are alike and
also all B cisterns, all C cisterns, etc., then each commodity will be
distributed in equal parts among the individuals.

2. Press stopper I. This amounts to increasing the income of I
It does not increase the amount of commodities in the market but
gives a larger share to I.  The total money value of the same aggre-
gate commodities in the whole market has increased by the amount
of liquid added by depressing the stopper.

The added water in the back cisterns of the I row will make the
back compartments in this row fuller than the front. The back level
will be temporarily above the water leval of the tank and (as the
cisterns will sink) the front level will be temporarily below. The
effect of the former is to bulge out the movable rear wall in the I
row, to extend the rods and to cause the same expansion in the back
compartments of the II, III, etc. rows. This makes the back liquids
in these rows lower and the front liquids higher than the tank level.
Hence the front cisterns of the II, III, etc. rows pour part of their
contents into the I row whose level as we have seen is below that of
the tank.

In economic language to give a greater money value to one indi-
vidual causes for him smaller marginal utilities (cisterns_sink), a
lower marginal utility of money, and increased consumption of com-
modities. For other individuals it increases marginal utilities (cis-
terns rise), decreases consumption, increases prices (back cisterns
expand), and may increase or decrease their marginal utility of
money-income according as marginal utilities (ordinates) increase
faster than prices (back thicknesses) or the reverse.

So much for the effect on different individuals. Now as to the
effect on the various commodities. Prices in general have risen but
not necessarily of all articles. Suppose article C is consumed little
or not at all (cistern narrow) by the enriched individual I but is ex-
tensively used by those whose valuation of money has increased.
Then since the valuation of money to II is equal to the quotient of
the ordinate of IIC divided by the thickness of the back cistern of
[IC, and since this ordinate has not lengthened by any appreciable
loss of commodity C from II to I, the thickness must have lessened,
that is, the price has been reduced.

Not only may there be such exceptional commodities but there
may be exceptional individuals. Thus a man may be the principal
consumer of just those commodities and those only whose price has
fallen. His consumption will increase, his marginal utility of money
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decrease. He is benefited not injured by the increase of income of
his neighbor I.

3. Press stopper I and raise ITI. I, IL, III now represent a wealthy
middle class and poor man respectively. We observe first that this
change causes the poor man to relinquish entirely some things
(luxuries) as C while decreasing his necessaries slightly; second that
the rich man increases his luxuries enormously and his necessaries
slightly, and thirdly that slight modifications will appear in the
prices and hence in the middle-class consumption.

The nature of the effect on prices depends on the character of the
cisterns of I and III, and on the magnitude of the changes in their
incomes. In order that prices may not change, one condition (neces-
sary but not sufficient) is that the amount of money income added
to I must equal that taken from III, for if the amounts of com-
modities are not to change, nor their prices, their total values cannot.
If all prices rise it proves a net increase of money income in the
whole system.

If the increase of income of I equals the decrease of that of III,
so that the total money value in the market is unchanged, and if
furthermore all the cisterns of I and IIl have straight walls on the
right and have their breadths* proportional, there will be no change
in price. For if the cistern breadths of the III row are each, (say)
half the corresponding ones in the 1 row, equilibrium will clearly be
satisfied by shortening each ordinate of the I row by a uniform per-
centage (say 10%), and lengthening those of the III row by just
twice the amount of shortening in the corresponding I ordinates.
This will evidently cause the lengthening of the III ordinates to be
uniform (say 156%). The ratio of marginal utilities has thus been
preserved and hence the prices. Obviously the contents added to
IA equals that taken from IIIA and equilibrium is reestablished by a
simple transfer from III to I. In this case there is no effect on II
or any individual save I and IIL

* The breadth of a cistern is evidently the differential of its area divided by
the differential of the ordinate that is the fluxion of commodity in reference to its
marginal utility. It is a magnitude important in the discussion of distribution
of commodities. Involving as it does the second differential of utility it has no
perfectly distinet recognition in popular language. A narrow cistern means that
a glight reduction of its contents causes its ordinate to increase much, i. e. causes
it to be greatly desired. The individual is very sensitive to a change in that
commodity. He misses a little less of it and appreciates a little more. Reversely
a broad cistern signifies that it is hard to satisfy the man by increase and hard
to annoy him by decrease. These two sorts of cisterns may be called ‘¢ sensitive”
and ‘‘ callous” (see Appendix I).
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More generally in a redistribution of incomes without altering
their aggregate, in order that no prices may change (1) no condition
is necessary for those whose incomes have not changed; (2) for
those whose incomes have changed the geometrical character of the
cisterns must be such that a proportional shortening of the ordinates
for each and every richer man will absorb in the aggregate, the
same additional commodity of each sort as is lost in the aggregate
by the poorer through a proportional lengthening in the ordinates
of each of them.

If the enriched man or men absorb more of a given commadity
than this requirement its price will rise, if less it will fall.

If the increase of income of I equals the decrease of III effects on
prices must be compensatory. If one rises some other or others
must fall. If TA is much broader than IIIA but IB is much nar-
rower than IIIB, the price of A may rise and of B fall unless
counteractions come from other commodities. For if we were to
suppose prices unaltered, the cistern TA would absorb from IITA
so much and IB from IIIB so little that the ordinate of TITA
would be too long and of 1TIB too short for equilibrium. TIn order
to partially permit this lengthening and shortening there must be a
corresponding lengthening and shortening in the whole A and B
rows respectively and prices must be proportioned to these ordinates.
In this case it is to be noted furthermore that a change in prices
causes a change in the distribution of the income of IT and all other
individuals.

The marginal utility of money for I decreases, for III increases,
and for II may slightly rise or fall, owing to the change of prices.
With the breadths of the cisterns properly adapted to the changes
in prices there may be no change* in the valuation of money for 11.

* If the prices of only two commodities A and B change and AII and BII are
straight walled, and if their breadths are mversely proportional to the difference
of the squares of the old and the new prices, there will be no change in the valu-
ation of money. For, let p and p” be the old and new prices, let x, and «x, be
the breadths (for II) of the A and B cisterns and let y,, y, and y,/, y,” be their
old and new ordinates. Since the margimal utihitv of money 18 not to change
nor the prices of C, D, etc., their ordinates cannot and therefore their quanti-
ties (for II) cannot change. Hence the added expenditure (by II) on A must
equal that taken from B, i. e. :

w.ya'pn,_'raya b, = a‘b"ﬂp b 'rbyb’} ,b'
But since the valuation of money 1s to be kept constant,
'U.:___&,:Iﬁ,'__ lﬁ’:k.

», », p, »
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If the price of A rises slightly and of B falls relatively more while
the breadth of 1IA is less than of IIB, the valnation of money to IT
will fall. For if not then the ordinates of TLA and IIB must change
pari passu with the thickness of the back cisterns. The thickness
and ordinate for ITA are, say each increased 10% and for IIB
reduced 50%. There is clearly not room 1 IIA for all the money
poured out of IIB. This surplus will spread over all A, B, C, etc.,
and reduce the ordinates and reduce the money valuation of II.

These artificially exact cases obviously stand for more general and
approximate economic theorems. There are no such delicate adjust-
ments in the actual world as here presented, but through ideal cases
we study real tendencies.

4. Depress stopper A. The chief effect will be to lower the price
of A. If it is a necessary* a relatively large share of the increase
will go to the poor. It will probably occur that while the total
money expenditure by the poor for this commodity will increase,
that for the rich will decrease.t The marginal utility of money in
general decreases especially for the poor man.

Most other commodities will rise in price if A decreases in price
faster than it increases in quantity For there will be a saving in
the expenditure for A which must be made up elsewhere. But an
exceptional commodity may fall in price. Thus if B happens to be
extensively nsed (cisterns deep and broad) only by those who use A
slightly, these persons will not save materially in the expenditure

”_. 2 e 4 2 ”
Hence xkp —xkp? = wkp?—xkp,
- .o 2 ” . 2] ?
Hence x, i@y pt—p? s pr—p 2

which is the condition required. More generally in order that the valuation of
money to an individual shall not change, the cisterns of II must be so formed
that when the money saved on some articles equals the extra spent on the others
the ordinates may all change proportionally with the prices. If the ordinates
increase more than this requirement or decrease less, the valuation of money
will rise. In the reverse cases it will fall.

* A necessary may be deflned as a commodity whose cistern is relatively deep
and narrow. I. e. a very small quantity has a very great utility and a slight
addition gives satisfaction very rapidly. A luxury has the reverse properties

{ When commodity begins to flow into a cistern its money value (the contents
of the back cistern) increases in about the same rate as the commodity—it matters
little how much the price (thickness) falls. Contrariwise when the cistern is
nearly full a fall of price decreases the money value at about the same rate—the
increase of commodity roatters little. The dividing point is where the commod-
ity increases at the same rate as the price decreases. These characters are more
plainly shown in the diagrams of Auspitz und Lieben, p. 48, etc.
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for A, but will be compelled to pour much money into C, D, ete. of
which the prices have risen. This will cause a rise in their valuation
of money and as the quantity of B does not decrease its price must.

Moreover there will he slight changes in all other quantities IR,
IIC, ete. If (say) IIC decreases, it is due to one or both of two
causes, a rise in price of C or a rise in valuation of money of IL
In general the valuation of money will decrease. The decrease will
be relatively great for the poor as compared with the rich, but (as
just seen) will not necessarily decrease for all persons,

If Ais a “luxury ” the fall in its price will be small relatively to
the foregoing case. Most of the mcrease of A will go to the rich.
The total amount of money spent on it will probably increase which
will in gencral decrease the price of other articles. Exceptions can
be found analogous to that in the former case. ‘I'he valuation of
money will in general decrease, most perhaps for the middle class
and more for the rich than the poor, but not necessarily for all.

5 The cases just discussed assume that the additional production
of A is such that the incomes of I, II, III, ete. are wot disturbed.
To represent the case in which T produces all of A, after depressing
A a given amount, slowly depress I until the difference of incomc as
registered on the 1 scale shall equal the final reading on the A scale
multiplied by the price of A widies the former A by its former price,

The chief change to any one article will be in the price of A
which will decrease. 'T'he chiet change to any one person will be
to 1 whose income is increased (especially if the commodity s a
luxury), whose expenditure for most other articles will inerease
though mnot necessarily for all, and whose valuation of money will
decrease, owing both to an merease of ineome and to a decrease in
price of other articles consequent on the withdrawal of money from
them to be spent on A, Only exceptional articles will merease in
price if thewr chief consumers sufficiently deerease their expenditure
for A.

But it may be that the increase of A will so greatly depress the
price that the value of the total will decrease. This is generally
true of nccessavies. The producer I will lose income, that is stopper
I must be raised instead of depressed. His valuation of money will
increase doubly, owing to the contraction of his income and the rise
in price of other articles. The money* return to such a benefactor

* Monopoly price 18 not treated here. 1t is interesting to note that the Duteh
East India Co. used to destroy a part of their spices to prevent a great fall of
price. The same thing has been done by the Japanese in silk-worm eggs.

Trans CoNn. Acap Vou W 1X 4 JuLy, 1892,
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is therefore not even roughly proportioned to his benefaction, If
the exact shares among I, TI, 111, ete. in the old and new produc-
tion of A are known, the proper combination of stopper-positions
may be made and the reactions, now exceedingly complicated, may
be watched.

6. Depress each stopper A, B, C, et¢, There will be a general fall
in prices. But it will nov be true that if the quantity of each com-
modity is doubled its price will be halved, and the price of one
commodity in terms of another unaltered as Mill* apparently
thought, for the ratios of exchange are not the ratios of the con-
tents of the cisterns but of their ordinates. Nor will the ratios of
distribution of commodities remain the same. If however all cis-
terns in each front and back row are geometrically similar and their
filled portions also similar (a most unreal condition), the ratios of
distribution of commodities will be unaffectedt and if furthermore
all cisterns are similar, the ratios of prices will be unaltered.}

In the actual world aside from differences in the shapes of cisterns
there are more important differences in the way in which they are
filled. Those for necessaries are relatively full as compared with
those for luxuries and those for the rich as compared with those for
the poor. Hence the effect of a proportionate increase of produc-
tion in all commodities will depress the price of necessaries much
more than of luxuries.

The effects on the valuation or marginal utility of money will be
more complicated. If we suppose the depression of the stoppers to
begin when they are far extended, the effects may be roughly
described as follows. At first the valuation of money énereases
since the prices decrease faster§ than the marginal utilities, reaches
a maximum (which is different for each individual and depends on
the initial distribution), and decreases when the decrease of ordin-
ates is faster than that of the thickness of the back cisterns. These

* Pol. Econ., Bk. III, Ch. XIV, §2.

t For proportional increase of the contents of the cisterns in the same front
and back row will reduce their ordinates proportionally and shrink the back com-
partments alike, thus restoring equilibrium.

i For in addition to the above consideration the reduction of ordinates in all
rows will be alike.

§ Because when a cistern is relatively empty, a rise in the surface of its con-
tents diminishes the long ordinate by only a slight percentage but very materially
contracts the back compartment.
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changes in the valuation of money are of course subject to the con-
dition that each income measured in money remains the same.

7. Depress all income stoppers proportionally, i. e. increase all
incomes in the same ratio. Then will all prices increase and the
valuation of money decrease exactly in this ratio. There will be
no change in the distribution of commodities. There is merely a
depreciated standard of money. Formerly the whole marketed
commodity was valued at a given number of dollars, now this
numb..: is increased.

We have seen under number 1, that an increase in the money
income of a single individual without an increase in commodities
is a benefit to him, but such an increase when universal is bene-
ficial to no one.

8. Remove cistern IA and replace it with a shallower one, i. e.
suppose a change in the taste of I for A, making the article less
attractive.

It is as if we raise the bottom of the original cistern IA. More
of A will flow to other consumers and more of I's money will flow
to the purchase of other commodities. A will fall in price, most
other articles will rise. I’s valuation of money will fall. For those
who consume A extensively the valuation of money will fall. For
others it may rise.

If all of the I cisterns grow shallower there will be a fall in the
valuation of money for I, but either prices will not change or their
changes must be compensatory, for the quantities of commodities
have not been altered nor their aggregate value. If all of the I row
cisterns change 8o as to admit of a uniform percentage shortening
of ordinates without any commodity flowing out of any cistern, no
commodity will flow out, no prices will change and there will be
no change whatsoever in the distribution of commodities nor in the
valuation of money to other people. If one cistern shortens more
than this requirement, the effects will be analogous to those just
described for a single cistern.

If all the cisterns of the A row are made shallower the price of
A will decrease* That of other articles will in general increase.
In order that the distribution of commodities may not change, the
A cisterns must be so changed as to admit of a shortening of ordin-

* Otherwise while the A ordinates shorten and their ratio to other ordinates
lessens, the back cisterns would have a relatively too great thickness compared
with the other thicknesses
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ates in a uniform percentage without loss or gain of commodity. In
this case the price of A will decrease while that of all other articles
will increase exactly alike.* The valuation of money will be re-
duced since the ordinate of a B cistern (say) has not changed while
its back thickness has increased. The changes just considered may
be brought about if A suddenly goes out of fashion.

Perfectly analogous changes occur if a cistern or cisterns become
narrower. The individual is then more keenly ¢sensitive” to
changes of quantities. This change may occur through a discovery
by which a little of the commodity is made to “go farther” than
before.

Reverse changes occur if cisterns are broadened or deepened.

§9.

It is impossible to combine all the A cisterns into a single demand
cistern for A as was done in Ch. IT or to combine all the I cisterns
into an income cistern as in Ch, IIl, for we can no longer overlook
the influence of other commodities and other individuals. The
analysis therefore which treats of but one commodity at a time and
constructs a demand curve for it is a superficial one for it does not
reach all the independent variables.

§ 10. ANALYTICAL.

Suppose there are » individuals and m commodities in our given
isolated market during the given period and suppose the amounts
of the commodities A, B, C, etc., are given K,, K, K,, etc., and the
given incomes of I, II, IIL, etc. are K,, K, K, etc. Then the con-
dition that the commodity-sums are given is:

A+A+A+. .. .. o +HA=K )
B,+B,+B,+........+B,=K, !
Q+Q+Q+H.U.U+Q=m}

.................................

m eqnations,
mn unknowns.

M +M+M+ . ... .. +M,=K, )
# For their mutual ratios cannot change since the ordinates to which they are
proportional do not,
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The condition that the incomes are given is:

A .p+B, . pt+ .. ... +M, . p,=K, ) _
A,.p4+B,. ot ... .. M, . p.=K, L n equations.
Pt Pt + ot i m new unknowns
A p,+B p,+ ..... +M,. p,—K J (prices).
The utility functions (the cistern-forms) are:
au dU avu _ )
d——_F(A), dT3~_F(B), c e (TM,—-F(M‘) -
aU dU U mn equations.
JK,=F(A’)’ ZB, =FB,);....; c—iﬂ,:F(M’) | mn new
anknowns
(lU i dU 40 (marg. ut.).
SE=F(A); JE=F(BY; . . 5 gy =FOL)
The principle of proportion is:
dUu aU dU ~ dU _
dA,’ dB : dC‘ T dM, T n (m—1)
au dU . . d_[I _ ! independent
dA, dB,” " T dM, T | equations.
T e no new
aU dU AV ) unknowns.
—(-i—;\: . m ....... m =Ra: Poi Pt oot Pn J
Total number of equations: m+n+mn+n (m—1) = 2mn+m
¢ “« unknowns mn 4 m+mn+0 = 2mn+m

Therefore all magnitudes are determinate and the number of these
magnitudes as well as the number of the equations is twice the num-
ber of commodities times the number of individuals plus the num-
ber of commodities.

The valuation of money for each individual can be found from
the equations:

aU

dU A,
G = . (ChIV,§2)

1

al

am etc.
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§11

For production the treatment is precisely parallel to the foregoing
(figs. 12, 13).

\
¥

I

I 1

h
[H

(

CHAPTER V.
PRODUCTION AND CONSUMPTION COMBINED.

§ L
itherto it has been assumed that the quantities of commodities
aud incomes (or expenditures) have been given. But these quanti-
ties have themselves been determined by economic causes. Jevons*
arranges the sequence as follows:
** Cost of production determines supply,

Supply determines final degree of utility,
Final degree of utility determines value."”

*Pol Econ., Ch. 1V, p. 165.
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This represents the chronological order but only part of the causa-
tion.  Cost of production is not the sole determinator of supply.
Production is prophetic. When prices are steady the certain future
price is an unquestionable regulator of supply. Auspitz und Lieben
appear to me to deserve much credit for showing how all these facts
harmonize. Price, production, and consumption are determined by
the equality of marginal wtility and marginal cost of production *
Their clear exposition of this theory not only exhibits the “funda-
mental symmetry of supply and demand,” but reconciles in a
captivating manner the old one-sided and seemingly contradictory
theories of value making them fall in place as opposite facets of the
same gem. It is discouraging to find the old fight still going on.
Dietzel} attempts to play the peacemaker by the makeshift of
dividing the field between the contesting theories.

The apparent conflict grows out of an inadequate conception of
mathematical determinateness. As the quantity of any commodity
increases its marginal utility to consumers decreases while its mar-
ginal disutility vo producers increases If the latter exceeds the
former the price which cersumers will give is less than what pro-
ducers will accept. Production is contracted and the utility and
disutility approach each other. If the quantity is too small the
machinery acts in the reverse way. The equilibrinm though always
miscalculated is constantly sought and its more delicate and rapid
deflections are corrected by a special functivnary, the speculator.

§ 2.

It is assumed that the rate of production during the given period
is exactly equal to the rate of consumption. This is asserting an
ideal equilibrium.

The expenses of transportation and retailing are included in “pro-
duction.”

The principle of proportion previously explained is now extended.
The marginal utilities of consuming and the marginal disutilities of
producing are in the same continuous ratio for each individual—the
ratio of prices.

8§ 3.

As the simplest case of combining production and consumption,
suppose an individual to consume himself just that quantity of a
given commodity which he produces.

* Auspitz und Lieben, § 5, p. 17.
{ Die Klassische Werttheorie und die Theorie vom Grenznutzen. Conrad's Jahr-
buch, 20.
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14.

In Fig. 14 the stoppers* or pistons S and & which regulate the
quantities in the cisterns for production and consumption, respect-
ively, are so connected as to move together, keeping the quantities
in the two cisterns equal. Furthermore the water pressure on them
from the tank keeps the level of all three liquids the same—that in
the tank and those in the two cisterns. The lever keeps the mar-
ginal utility equal to the marginal disutility, for its pivot is a fixed
one and is placed midway between the axes of ordinates. The
resulting determinate equilibrium is subject to three sets of condi-
tions :

(1) The quantity consumed equals that produced—a condition pro-

vided for by the duplicate pistons.

(2) There must be a relation between the quantity produced and
its marginal disutility and between the quantity consumed
and its marginal utility—the character of the cisterns.

(3) Marginal utility and disutility are equal—the lever.

§4. ANALYTICAL.

If A, and A, be the quantities of A produced and consumed,
respectively, the conditions of equilibrium are :

A=A, }1 equation.
" 2 unknowns.

dU 1
~ = F(A

dA, F(A.) [ o equations.

du 2 new unknowns.

dU _dC } 1 equation.

dA,”  dA_) no new unknown.

No. equations : 1+2+1=4,
No. unknowns : 2424 0=4.

* In practice a more intricate frictionless bellows would be used.




in the theory of value and prices. . 517

8 5.

In the more general case there are #» individuals and m com-
modities.

15.

Fig. 15 simply connects fig. 9 and fig. 12 by a series of new levers
like that in fig. 14, so that for each individual the ordinates of the
production cistern and its consumption cistern shall be equal. There
are also analogous horizontal levers (fig. 16) to keep the price for

16

consumers equal to that for producers, The stoppers are all duplicate
as in fig, 14 for each commodity. Moreover there are analogous
duplicate pistons to keep each individual’s incomes and expenditures
equal.

The industrial machinery is now seen to be self-regulative. There
is no arbitrary assignment of incomes or of commodities. The only
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changes possible are effected by change in the forms of the cisterns
or by changing their number, that is by changing the * cost” of pro-
duetion or the utility of consumption, or by changing the population
(which changes, we may remark, go together). By making the
cisterns removable and replaceable the effects of varied conditions
can be studied as in the preceding chapter.

However, this equilibrium is indeterminate in one respect. Unlike
the former it does not fix the unit of value. The sum of the
income-cistern-contents is arbitrary. 1If all duplicate income-and-
expenditure-pistons are simultaneously depressed so as to increase
all incomes proportionately, the equilibrinm will not be upset nor
will the distribution of commodities be affected. The rear cisterns
will simply dilate in uniform* ratio. The money standard has alone
changed.

This may be remedied by making the thicknesses of all back cis-
terns for the commodity A equal to unity. A thus becomes the stand-
ard of value, and henceforth all prices are in terms of this com-
modity. This is what is done in the actual world.

ANALYTICAL.

§ 6. )
A+A L+ HA L= A HA . FAL
B,,+B .,+...+B,.=B_:+B,+... +B_, '} m equations.

. e e i 2mn unknowns.
M, +M. . +...+M,_ ., =M +M .+ ...+ M, |

1 (n—1) inde-
APt oo A M pa=AL Pt o+ M, | pendent equa-

------------------------------------ tions,
APt oon M Pa=A Pt ... +M . p. m new un-
) knowns (prices),

dU au

T =EA e =FOL) |
‘;%H = F(AK l) ’ ’ dd\}r = F(Mx 1)
B e L 2mn equations.
- .i'J.. --------------------- d'U """"" 2 mn new un-
d = F(A ) 3 ’ = F(M n) knowns
diA[,]M ” d;ﬁ:" " (marg. ut.).

( ] . . — i —— —
Ex;” = I‘ (A,(,n) g ¢+ s e sy dhl‘,,. - F(Mu,n) J

*Cf. Ch, IV, §8, number 7.

. e e p——
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dU dU dU  4U  dU dU _

@k, 'dB,,  "'dM_, ' dA_, 4B, " aM_,— @m—1) n
_ﬁ‘_l_q_ . _i‘l .. _d_I_I__ . LH_J, . _d[_T_ dU indepen-
dA,h.,°dBm,' TCdM,, "dA_, dB_ ., d’VI . dent
TTT TTTeresess msscsseccsesososcses-ee-ee-- =1 equations.
dU_dU .dU_dU_dU' . au no new
dA, ., dB,_, dM,, dA_,  dB_,, ' "dM_, | unknowns,
—-p,‘:—p,,....—p,,,:+p,:+p,,:..:+p,,, )

No. equations: m + (n—1) +2mn+ (2m—1) n=4mn+m—1
No. unknowns: 2mn+m+3mn+0 =4mn-4-m.

There are just one too few equations. It may not be evident at
first why the second set does not contain 7 independent equations
instead of (n—1). The point is that any one of these equations can
be derived from the others together with the equations of the first
set. Thus multiply the equations of the first set by p,, 25 . . . Pn
respectively and add the resulting equations arranging as follows :

A,.p.+B,..ps+...+M_,. p.+
+A Pt Bt ML+ |
+A p¢+Bmﬂ pﬁ+ '+M',u'

( Am,.p,,-i-Bb,.p,,—k...+Ll~,,.p,,(+
i+A,,,.p,.+B q.pb+...+MK,.pm+

+A PatBow- 2o+ . -+ M o P

Subtracting from this equation the sum of all but the first (say)
of the second set, our result is :
A . p.+B .o+ . . +M,, . pa=
AL,.p.+B.,,.p4+ . +M,.,. p.

which is the first equation of the second set This equation is there-
fore dependent on the others, or there is one less independent equa-
tion than appears at first glance. Hence we need onc more equa-
tion. We may let:
Pa= L.
This makes A the standard of value (cf. §5)
No such limitation applies to the equations in Chapter 1IV.
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CHAPTER VI
THE COMPONEN+ PROCESSES OF PRODUCTION.
§1

Without dwelling on the economic applications of the mechanism
just described we hasten on to the description of a more complicated
mechanism.

Production usually consists of a number of successive processes.
The last of these is retailing. Let us group all other processes
under the head of production. The price for produetion and con-
sumption are no longer equal.

Hitherto we have had two sets of cisterns the production set and the
consumption set. Separate now, these sets far enough to introduce
a third set for exchange or retailing as in fig. 17.

f

17

EV="7
5 C

The exchange set is a series of double cisterns each related to a
particular commodity, and a particular person. Consider the cistern
IA for instance (the sub-letter for exchange or retailing). In the
front compartment is the quantity of A which I duys and sells or
transfers from producer to consumer. The back compartment con-
tains the money pay for doing it.

These exchange cisterns are connected with each other and with
the production set by levers precisely as if they were so many new
commodities produced.
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So also the rods maintain a constant money 1.te for exchange; in-
stead, however, of the former simple relation between the producers
and consumers there is now the following that the sum of the ordin-
ates of A I, and A T, equals the ordinate of AI, and likewise for
I1, III, etc., also that the thickness of the back cisterns of A _ plus

that of A, equals that of A

These results are effected by parallel

rulers, those for the former purpose being represented in fig. 17,
The new machinery required for the exchange process consists
then (1) of triplicate pistons* which necessitate that the same
quantity of A shall he produced, exchanged, and consumed ; (2) the
additional rods and levers (horizontal and inclined) to make the
marginal disutilities of producing and exchanging proportional to
the recompense and which also maintain a constant price for exchang-
ing the same thing; and (3) the special contrivance to add the
marginal disutilities of producing and exchanging for any individ-

ual s0 as to equal that of consuming

g, and also equate the sum of

the prices of producing and exchanging to that of consuming.

§2.
A+ A=A+ ...t

M., +...+M =M, +.. +M,

Am‘ y tooo+ Mml y + Aq,‘ Pa,e +
An.u p'ﬂ +1\Iyr n p'll +As-"p¢-s +\Isﬂp
n—1 independent eqnatmm.
du . ) AU
(TA:‘_—_ F(A,); . 3 75! i F(M,,)
du dU .
aa;=FAD s gy, =FOL)
dU dU
JA;”,—F“‘~"” vam,, = F
aU Yy
T, = Pt gy =F Mo
dU dtl .
A= F(A,): SaML = F(M,,)
aUu au
dAK = F(Amn) _lM'“ (Mx.n) J

,A:A\I‘J +

M =A Pt

ANALYTICAL.
A=A+ ..

-+ A, ] 2 7h
__.__ \ e€quations,
[ 3 mn
++M.. ) unknowns.

o+ M, P

Ilg"“\‘"[)llx . .+MA'|"p"‘-K
3 m new unknowns (prices).

3 mn cquations.
L 3 mn new unknowns
(marg. ut.).

L

J

* The income and expeudlture pmton;; are merely duphcate a8 before
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dU dU dU  dU dU  dU _ ) n(dm—1)
A, aM,, dA,, T TdM,, dA_, ' 'dM_,~ | independ-
dU0  dU dU dU dU = dU _ | ent equa-
dA_, ""'dM,, dA_, " "dM,, dA, ., TdM, T L tions.

ittt ettt no new
dU  dU dU dU 4dU 40U _ |
T AN TR AN A LT |

Payw s iPman Paje v Pme t — Paygicrt ™ P

J

Pary + Po,. = P... ) m equations.

— no new unknowns.
pmnr+ pm.e '—'pm,,‘

No. equations: 2m <4-(n—1)4-3mn+n(3m—1)+m=6mn-+4-3m—1.
No.unknowns: 3mn4-3m ~3mn40 +0 =6mn+3m.

The second set apparently contains n equations instead of n—1
as above recorded. But, by multiplication of the first line of the
first set, we have:

(Au»|+ L +A"-) Da,y
(Aa+ ... +A,) Pa.

(Aa+ . oo +A) Pun
iAx-1+ st +Amﬂ)pﬂ,e

adding and remembering that p,, = p,,,+P.. We get :

An.l 'pd.rr+ A +A1r.ﬂ'p'l,1r +Ae,l ‘ pl.(+ A + An"'pﬂ-e=
Ay Payt oo+ An Do

Writing the similar equations from the second, third, ete. lines of the
first set and adding we get (rearranging terms):

Am"pﬂnr+ b + M‘ml ‘pﬂ.fr + Aa.l 'ptl.r + .. +M5.l 'I’m,c+
+A,,,e-pa,,.-+- . + NI,,—,? . pm,,,+ -------------------------

N SRR IS SU

A,.p+.- - +M, . P+
+A‘,2 . pa,g + ------------------

If from this equation the sum of all but one of the second set be
subtracted the result will evidently be the remaining one,
We are therefore at liberty to write
pdm =

to determine a standard of value.
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§s.

An analogous mechanism and discussion applies to the separation
of production into retailing, wholesaling, transportation and even the
various technical processes distinctive of the production of each
commodity. In making worsted for instance there are some 16
processes having this sort of dependence.

The reactions and equilibrium in the real world are still more
complicated than those here presented. Not only is there equilibrium
in one market as New York city, but a mutual dependence of vari-
ous markets. The rate of transportation determines in part the
amount of dependence and the amount of communication deter-
mines in part the rate of transportation. As Cournot™® says, «“* *
le systéme économique est un ensemble dont toutes les parties se
tiennent et réagissent les unes sur les autres.”

End of Part 1.

* Principes mathématiques. Ch. XI, p 148.
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Part II.—UTiiry OoF ONB COMMODITY A FUNCTION OF THE
QUANTITIES OF ALL COMMODITIES.

CHAPTER I

TWO COMMODITIES.

§1.

Hitherto it has been assumed that the utility of a commodity is a
function of the quantity of that commodity alone. It is true that
it depends upon that quantity more than any other and the analysis
of Part I is a necessary first approximation. In astronomy the
attraction of the sun on the earth is first studied alone to determine
the earth’s motion; next the moon’s influence is admitted, then the
occasional “perturbations” due to planets and comets. Absolute
accuracy is never attained for the earth’s motion is a function of
the mass and position of every body in the universe.

So also the utility of the 100th Ib. of butter (100 lbs. per year)
depends mostly on that 100 lbs. Tt would not be perceptibly in-
fluenced by a change in the quantity of clothing, but it would be
perceptibly reduced if the amount of hread consumed were reduced
from 300 loaves to 200, for bread and butter go together.

It is needful here to distinguish carefully between two ways in
which the quantity of one commodity can affect the utility of others.
Even under the supposition of Part I, a change in the price of
clothes effected a change in the individual valuation of money and
so changed the guantity of bread consnmed and so in turn changed
the marginal utility and price of bread. But under our new sup-
position, a change in the price of butter directly changes the utility
of the swmne quantity of bread. In the first case marginal utility of
bread can change only after a change in its quantity. In the second
the marginal utility of the same amount of bread changes; the first
contemplates a variation in the quantity of water in a cistern, the
second contemplates a variation in the cistern wall .itself.

In Part I we assumed: %I = F(A,); but now we must write:
anv ‘
A= FA,B,C,... M)
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§2.

It will be seen that this sort of dependence of particular commodi-
ties is very common. Articles are bought with reference to each
other, oil with reference to the number of lamps used, bed linen to
the number of beds, bureaus to the quantity of clothes to L stored,
carpets to the amount of floor rented or built, bookcases to the
number of books owned; the demand for steel rails is conneoted
with that for railroad ties, that for locomotives with that for cars,
ete.

Again in production, the ¢peculiar cases of value” of which
Mill* speaks and which Jevonst treats come under the same head;
coke and coal gas; mutton and wool; beef, hides, and tallow, etc.

The cases above instanced are cases of “completing” articles.
Under the head of “competing ”} articles, come, mineral oil and
other oils, various “ qualities” of any article as meats, grades of
flour, etc., while under production almost every two articles are
competing. A man in one business does not wish to meddle with
another or, otherwise expressed, the marginal disutility of produc-
ing 1,000 tons per year of coal is increased 