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PREFACE

My chief aim has been to give an account of the extensive modern
theory of functions of exponential type; the natural domain for these
functions is often a half plane or an angle rather than the whole plane.
Thus this book is not a comprehensive treatise on entire functions, and is
not concerned exclusively with entire functions. However, a short and
reasonably accurate title seemed preferable to a longer and more descrip-
tive one. Even the limited subject of entire functions is too vast to be
dealt with in a single volume with any approach to completeness, and
I have preferred to omit altogether those topics which I could not cover
fairly thoroughly. Thus there is no mention at all even of such important
matters as Picard’s theorem and the whole circle of ideas connected with
it. Functions of exponential type have many applications in other fields;
to cover the applications adequately would demand a book in itself, but
I have discussed selected examples from a variety of fields to indicate how
some of the applications arise.

I begin, in Chapter 2, with an account of some of the fundamental but
elementary results on entire functions of finite order in general; much of
this material is to be found in almost any comprehensive book on the the-
ory of functions. Otherwise I have selected mostly material which is not
covered in detail in existing books.

A reader familiar with the theory may notice a number of simplifications
of proofs and slight improvements of theorems, as well as an attempt to
use unified methods wherever possible. However, I do not claim for my
own all material which is not explicitly credited to somebody else, since
I have not attempted to locate the original sources for many things which
are well known to workers in the field.

I assume that the reader is familiar with the basic theory of functions
of a complex variable, as presented in any modern text intended for mathe-
maticians; I assume that he knows, or is willing to look up, such things as
Jensen’s and Carleman’s theorems, the ideas associated with the names of
Phragmén and Lindelof (although I state the theorems for reference), and
the elements of the theory of harmonic and subharmonic functions in the
plane. I also assume a certain command of the technique of “hard” anal-
ysis: I take for granted manipulations with lim sup and lim inf, with O
and o, with Holder’s, Minkowski’s and Jensen’s inequalities, and with
Lebesgue and Stieltjes integrals. There no longer seems to be any justi-
fication for depriving one’s self of the convenience of the Lebesgue integral
even though almost everything in the theory of entire functions can be done
without it. At a few points I require the L? theory of Fourier transforms. -



I have not tried to quote all papers connected with a given topiec nor
have I tried systematically to assign theorems to their discoverers. Names
like “Pélya’s theorem” are intended merely as catch phrases to identify
results that are frequently referred to. The bibliography contains only
those works which are referred to in the text. Bibliographies up to the
middle 1920’s are given by Valiron [3], [5], and for older work I usually
refer to Valiron rather than to the primary sources. Would-be investigators
in the field of entire functions are warned that the non-inclusion of a given
topic or specific problem in this book, even when it may seem germane to
topics which are included, is no guarantee that it is not already discussed
in the literature. The field has already suffered more than most from
repeated rediscovery of results and apparent reluctance of investigators
to read each other’s writings.

The reader will find only one or two new pieces of terminology, and no
abbreviations (other than standard symbols). The temptation to introduce
ad hoc abbreviations and portmanteau words is almost overwhelming
when one works for a long time on a subject, but I believe that the saving
of pencil for the author and of type for the printer is far offset by the in-
convenience for the reader, especially in a book which is intended to be
consulted by the non-specialist in search of possibly applicable results as
well as to be studied systematically by a student who desires to become
acquainted with the field.

Theorems which are stated but not proved in the book are identified
by stars; some of these are suitable for exercises while others are too com-
plicated to have their proofs included.

The reference numbers attached to formulas, theorems, etc., are intended
to be read as integers in the scale of 100, with the dots indicating the space
between “digits.”’” Superscript letters refer to the notes at the ends of the
chapters.

I am indebted to the John Simon Guggenheim Memorial Foundation
and to Northwestern University for financial support during the aca-
demic year 1951-52, when most of the book was written.

R. P. Boas, Jr.
Evanston, Illinois
June, 1964
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CHAPTER 1
INTRODUCTION

1.1. Terminology. In this chapter I shall define some terms and intro-
duce some notations which will be used consistently; and collect, in most
cases without proof, some auxiliary theorems which will be used more
or less frequently but do not altogether belong to the subject matter of
the book.

A function of the complex variable z will be called regular in a region if
it is analytic and single-valued there. An entire function® is one which is
regular for all finite z. We consistently write 2 = z + sy = re”, and under-
stand that z, y, r, @ have these meanings unless something is said to the
contrary; similarly, writing 2z, implies that z; = z; + 7y, etc. We write
2 = x — 1y, but f(z) means the function such that f(2) = f(z). We call r
the modulus and # = arg z the argument of z. We also write z = R(z),
¥y = J(2). “The upper half plane” means the half plane y > Oory = 0
according to context; similarly ‘“‘the right-hand half plane” is x > 0 or
z > 0, and ‘““the unit circle” is |z| < 1 or |z| < 1. A contour is a recti-
fiable Jordan are or curve.

If f(2) is regular in |2| < R (or entire), M(r) denotes the maximum
modulus of f(2) for | z| = » < R (or < =), and m(r) denotes the minimum
modulus for | z| = r. We write M,(r), etc., when it is necessary to call
attention to the particular function that is being considered. By n(r), or
nys(r), ete., we denote the number of zeros of f(z) in | 2| < r, and by N(r)

the integral f t 'n(¢) dt, provided that n(0) = 0. The zeros themselves are
0

frequently denoted by zx = ¢, and are supposed to be arranged in order
of increasing modulus, with multiple zeros counted according to their
multiplicities.

A number appearing without explanation in a formula is defined by the
formula. We occasionally use the same symbol 4 to mean different num-
bers in different parts of the same formula or chain of formulas; any am-
biguity can be avoided, if desired, by the reader’s numbering such A’s
gerially as they occur. Greatest lower bounds and least upper bounds are
denoted by inf and sup, respectively. When ¢ > 0, log*¢ meanssup (log ¢, 0)
and log™¢ means inf (log ¢, 0); similarly for other functions. By [z] we mean
the greatest integer not exceeding z, except when it is clear from the con-
text that the brackets are used merely as parentheses.

The statements f(z) = O{g(2)}, f(z) = ofg(z)}, f(z) ~ g(z) mean, as
usual, that f(z)/g(z) is bounded, approaches zero, or approaches 1, re-

1



2 ENTIRE FUNCTIONS

spectively; and f(z) < Ofg(x)}, f(xr) < o{g(x)} mean that f(z)/g(z) is
bounded ahove by a’constant or by o(1).

—0 B
The notation f f(z) dz means limg . f f(x) dx. The principal value

b c—e b
(at ¢) of f f(@)dz, @ < ¢ < b, means lime. { f + } f(z) dz. The
a a cte

class L? consists of the measurable functions f(z) for which | f(z) |” is
integrable (over whatever set is under consideration).

1.2. Jensen’s, Carleman’s and Nevanlinna’s formulas. These are for-
mulas connecting the zeros of f(z) with its behavior on the boundary of
a circle or a half plane.

1.2.1. Jensen’s Theorem.* If f(2) is regular in r < R, and f(0) == 0, then
for r < R we have

N@) = 2m)™ ‘/; ) log ]f(reio) | d6 — log | £(0) |.

1.2.2. Carleman’s Theorem? If f(2) s regqular for y > 0 and f(0) =
and if zi. are the zeros of f(z) in the upper half plane,

;n (:k R‘ sin 0 = %ﬁ fo log | f(Re™) | sin 6 df
Tk
2 x?

1.2.3. Nevanlinna’s Theorem (Poisson’s Formula for a Semicircle).” If
f(2) s regular for y > 0 and z; are its zeros,

o [ (L - ) 108 5@ (—2) | iz + 3317 O).

log | f(re”) | = 2 log +Y [ Py(r, 2, t) log | () | dt

lzk| <R

4 2Ry f Pu(R, 2, ¢) log | f(Re™) | do,

where
P = 1 _ R’
VTP 2z + ¢ RY— 2tR% + %’
2 2\
P, = (R r’) sin ¢

| R%%% — 2Rxe'¢ + 2 |*°

We may obtain 1.2.2 formally from 1.2.3 by letting 2 — 0.

1.3. Carathéodory’s inequality.* This gives an upper bound for the
modulus of an analytic function in a circle when we know an upper bound

for its real part (not the absolute value of its real part) in a larger circle.
1.3.1. Theorem. If f(z) is regular in | 2| < R and R{f(2)} < Q@) in
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|z]| L rthenfor0 <r <R

2r
R—r
We shall need the result of applying this to the logarithm of a zero-free

function.
1.3.2. Theorem. Let f(2) be regular in | z| < R and have no zeros there. If

J0) =1,

1) | < [f0) | + {Q(R) — %f(0)}.

2r

(1.3.3) log m(r) > — o= rlog M(r), 0<r <R
Carathéodory’s inequality gives
2r
|log () | < o log M)

taking the z of modulus r for which | f(z) | = m(r), we have (1.3.3).
Carathéodory’s inequality also furnishes a convenient means of dealing
with the analogue of Liouville’s theorem in which the real part of the func-
tion is considered instead of the modulus.
1.3.4. Theorem. If f(2) is entire and R{f(z)} < A(e)r** on arbitrarily
large circles for each positive €, f(2) s a polynomial of degree at most p.
Supposing for convenicnce that f(0) = 0, we have by 1.3.1, for r = R/2,
where R is one of the values of » for which the hypothesis is satisfied,

| f(2) | < 2°7' A(e) ™,

and so by Liouville’s theorem f(z) reducestoa polynomial of degree at most p.

1.4. Phragmén-Lindelof theorems.* These are generalizations of the
maximum principle in which we infer the boundedness of a function inside
an unbounded region from the hypotheses that the function is bounded
on the boundary and not of too rapid growth inside.

1.4.1. Theorem. Let f(2) be regular in the half plane x > 0, continuous in
the closed half plane, | fGiy) | < M and f(z) = 0™, B < 1, uniformly in
0, for a sequence r = r, — <. Then | f(z) | < M for x > 0.

Consider F(z) = f(z) exp (—e2"), where 8 < v < 1 and ¢ > 0. Then
| F(z) | < |f(2) | exp (—e™ cos v6). Since v < 1, cos v > 0 in the half
plane and so | F(iy) | < | fGy) | < M. On thearc |[6]| < Y wof|2z]| = ra,
| F(z) | < |f(z) | exp (—er.” cos wy/2), and the right-hand side approaches
zero as r, — © because vy > B. Hence if r, is large enough, | F(z) | < M
on|z| =r.,|0] <l and so|F(z) | < M in the semicircular region
which this arc cuts from the half plane, and hence in the entire half plane
since r, can be arbitrarily large. That is, | f(z) | < M exp (&) and we may
let ¢ — O (for each fixed z) to obtain the conclusion of 1.4.1.
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Of course the theorem is true for any half plane, since an arbitrary half
plane may be translated and rotated to become z > 0. In addition, the
theorem may be transformed by conformal mapping into one for any
angle. We give the general statement since we shall need to use it.

1.4.2. Theorem. Let f(2) be regular in the angle D: | argz | < ¥4 n/a, con-
tinuous in the closed angle, |f(2) | < M on the boundary, f(z) = O(e"),
B < a, uniformly in 6, for r = r, — . Then | f(2) | < M throughout D.

The conclusion of 1.4.1 still holds under a more general hypothesis.

1.4.3. Theorem. Let f(2) be regular in x > 0, continuousinz > 0, | f(zy) | <
M and f(z) = O(&""), r — o, for z = re*, where a is a number between — /2
and 7/2. Then | f(z) | < Me®**®7°*? for x > 0. In particular, | f(z) | < M
if the hypotheses are satisfied with arbitrarily small positive a; and f(z) = 0
if they are satisfied with arbitrarily small a, i.e. if f(re™) = 0(e™"),
w(r) > .

Now we consider F(z) = ¢ ***® f(z), b > a, which is bounded by M on
the positive imaginary axis and by some number N on the positive real
axis (since F(z) » 0 as z — =). By 1.4.2, | F(z) | < max (M, N) in the
first quadrant, and similarly | F(z) | < max(M, N) in the fourth quadrant.
Since | F(z) | = N at some finite point we must have N < M, since other-
wise | F(z) | would take its maximum value in the right-hand half plane at
an interior point and so would be a constant, which could only be M. Since
now | f(z)e ®***| < M for all b > a, we can let b — a to obtain the
result.

1.4.4. Theorem. If f(z) — a as z — o« along two rays, and f(2) is regular
and bounded in the angle between them, f(z) — a uniformly in the whole angle.

We may suppose without loss of generality that a = 0 and that the angle
is|argz| <¢ < Y« Let F(2) = z(z + \)"'f(2), A > 0. Let ¢ > 0 and
take 7, so large that | f(re**) | < e for r > r,. Then, with r, fixed, take A
so large that | F(z) | < eforr < rmand |argz| < ¢. By 142, | F(2) | < ¢
throughout |arg z| < ¢, and

7)) | < A 4+ M) | FR)| < 26 r> A

This establishes the result.

By conformal mapping we can obtain a similar result for a strip.

1.4.5. Corollary. If f(z2) —aasx — = fory = yrandy = y2, and f(2) is
regular and bounded for x > b, 1 < y < Y2, then f(z2) — a uniformly for
h <y < 9.

1.4.6. Beurling’s Theorem. If f(z) is regular in x > 0 and continuous in
z >0, |f@y) | < ¢(y|), where ¢(r) is continuous and

lim sup 77° log ¢(r) = 0, 0<p<l,
and | f(z) | = O(e") for a sequence rn — =, for each ¢ > 0, then either f(2)
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18 bounded for x > 0 or
(14.7) log M(r) < log ¢(r) -sec 14 mp

for a sequence r = R, — .

If ¢(r) were bounded we should have f(z) bounded, by 1.4.3; hence we
may assume ¢(r) unbounded. Consider F(z) = f(z) exp (—e’ — a), where
2° is the branch which is positive for positive z. For z = 7y we have

log | P(z) | < log¢(|y|) — ecos )4 mp — a.
Now take a = a(e) so that
log ¢(r) < r°e cos 14 w0 + a(e)

for all r, with equality for some r = r(¢). Then we have log | F(2) | < 0 for
z = iy, and hence | F(z) | < 1 for x > 0 by 1.4.3. Then for r = r(e) we
have log M(r) < e’ + a(e), log ¢(r) = € cos 14 mp-° + a(e), and so

log ¢(r) = cos 14 mp-log M (r) + a(e) (1 — cos Y4 mp).

Since r(e) — « as e — 0 (because ¢(r) is unbounded), the conclusion fol-
lows.

A result very.similar to 1.4.4 is

1.4.8. Montel’'s Theorem.P If f(z) is regular and bounded in the angle
between two rays, and f(z) — a as z — ® on one ray in the interior of the
angle, then f(z) — a uniformly in any interior angle.

The equivalent result for a strip is

1.4.9. Theorem. If f(2) is reqular and bounded for x > b,y < y < ¥2,
and f(z) > aasx — © fory = ys, 1 < ys < yz2, then f(z2) — a uniformly
Joryu <y <y

1.6. Density of sequences and sets. If {A,} is a nondecreasing sequence
of positive numbers it is said to have density D if lim,—.» n/A, = D (D may
be 0, finite, or infinite). If the numbers A\, may have either sign, {\.} has
density D if { | A, |} has density 2D. We shall have frequent use for the
following elementary lemma.

1.5.1. Lemma. If {\,}7 is a nondecreasing sequence of positive numbers and
n(r) denotes the number of N, not exceeding r, the statements n/\, — D and
n(r)/r — D are equivalent.

On one hand, n(A\,)/A, = n/A,, so if n(r)/r — D, n/\. — D. On the
other hand, if n/\, — D, suppose that A, is the first A greater than A, ;
then Ay = Ns, 80 (m — 1)/\, > D. For A\, < £ < A, n(x) = m — 1,
so n(x)/xr < m/N\, — D. Thus lim sup n(z)/x < D. Similarly
lim inf n(z)/x > D.

Even if the sequence {X.}, \. > 0, fails to have a density, it always
has (finite or infinite) upper and lower densities, lim sup n/\, , lim inf n/), .
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It also has maximum and minimum densities,”

5= lim limsup ™~ A _ g Jim inf ™) = 708
t=1—- r—oo r — TE t—=1— ro® r — TE

These have the property that a sequence of minimum density é contains
a sequence of density 8, but not any sequence having a larger density;
while a sequence of maximum density A is contained in a sequence of
density A, but not in any sequence of smaller density. For example, the
sequence consisting of the integers in the intervals (3%, 3* + 3*") has
maximum density 1 and minimum density 0.

In a somewhat similar way, if E is a measurable set on (0, ) we define
its density (or linear density) as lim,« meas {E n (0, r)}, if the limit exists,
and its upper density by replacing lim by lim sup.

The logarithmic length of E is f z ' dz.
E

1.5.2. Lemma. If E has finite logarithmic length, it has linear density 0.
For, if E, is the part of £ in (0, r), we have

r! f dx < z ' dz.
E, Ey

1.5.3. Lemma. If E is a set of disjoint intervals (a., b.) and has finite
logarithmic length, and {\.} is an increasing sequence of positive numbers
such that Apyy — A, > 8 > 0, then if Y _1/\, diverges there are infinitely
many \, which are not in .

For, 2 log(b./a,) = 2 log{l + (b, — a.)/a.} converges, so b./a, —
1 and Y (b, — a.)/a, converges. There are at most A(b, — a,) of the N’s
in (a, , b,), where A is a constant, and so Y, 1/\ , taken over the N’s which
are in some (a, , b,), is dominated by the convergent series

2 A — an)/an .
1.6. Stirling’s formula. Thisis
nl = n" e " (2mn)'? &1,

where 0 < & < 1. We usually need only weaker forms.

1.7. Mittag-Leffler summability.® Let {s,} be a sequence of complex
numbers with | s, | V" = O(1), and let E(2) = Dm0 d.2" be an entire func-
tion, not a polynomial, with d, > 0. The series Y _n—o d.s,w" converges
for0 < w < o to H(w), say. If limy_. H(w)/E(w) = s, we say that {s,}
is E-summable to s. The E-method is totally regular, i.e. a sequence which
converges to a finite limit or + « is K-summable to the same limit or to
+ o, respectively. When E(z) = > 2"/{log(n + 2)}", E-summability
is called Mittag-Lefler summability. If s.(2) = 2 i ax?*, and f(z) =
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> e omd , the sequence {s.(z)} is Mittag-Leffler summable to f(2) in the
Mittag-Leffler star of f(z), which is the z-plane omitting the parts of the
rays arg z = 0 extending from the singular points of f(z) to. .

1.8. Laplace and Fourier transforms. We require only some special re-
sults from the general theory of Laplace transforms. Let ¢(¢) be integrable

in every finite interval (0, R); if f(2) = f ¢ *'¢(t) dt converges for some
0

2, it converges for every z of larger real part, and represents a regular
function of z in the half plane in which it converges; the derivatives of
f(z) are obtained by differentiating under the integral sign.

If f(z) belongs to L on (— o, =), its Fourier transform

Fx) = f_ "o ) dt

] T
exists for almost all x, with f defined as l.im.r e (limit in the
— o0 7

mean, limit in the L* metric). Furthermore, F(z) belongs to L? and, al-

most everywhere, f(1) = (2r)”"' f ¢ "'F(x) dx, with the same interpre-
/— o0

tation of the integral. We have

o [ : 0 = [ : | F(z) [ da.

If f(t) and g(¢) both belong to L?, so does their convolution,

o) = [: fw)g(t — ) du,

and ®(x) = F(x)G(z).

NoTes For CHAPTER 1

1.1a. An entire function is an integral function in British usage.

1.2a. See e.g. Titchmarsh [3], p. 125.

1.2b. See e.g. Titchmarsh [3], p. 130.

1.2c. F. and R. Nevanlinna (1], R. ‘Nevunlinna [1], Levinson [4], p. 245.

1.3a. Landau [1], vol. 1, p. 299, vol. 2, p. 894; [2], Satz 225; Titchmarsh [3], p. 174.
The version in the first edition of Titchmarsh [3] is incorrect. For further develop-
ments and references cf. Rajagopal [1].

1.4a. For everything in this section except 1.4.6 and 1.4.8 see Phragmén and
Lindelof [1] or Titchmarsh [3]; Titchmarsh states slightly less general results than we
need, but his proofs suffice. Beurling’s theorem is quoted by Kjellberg [1].

1.4b. Titchmarsh [3], p. 170.

1.5a. For maximum and minimum density see Pélya [2]. For some other kinds of
density see Buck [2], Tsuji [1], Mandelbrojt {2].

1.7a. See e.g. Dienes [1], p. 311.



CHAPTER 2

GENERAL PROPERTIES OF ENTIRE FUNCTIONS OF
FINITE ORDER

2.1. Measures of rate of growth. We shall be concerned only with entire
functions whose rate of growth is not too large, and more precisely with
those which are of finite order according to the following definition.

2.1.1. Definition. The entire function f(z) is of order p if

< o).
r—o0 lOg r (O < P °°)

A constant has order 0, by convention.

If p is finite, as we shall always suppose, and not zero, we define another
number, the type of f(z), which gives a more precise description of the rate
of growth of f(z).

2.1.3. Definition. The entire function f(2) of positive order p is of type t if
(2.14) lim sup r* log M(r) = = 0<Lr< =)

Thus f(z) is of finite order p if, and only if, for every positive e but for no
negative e,

(2.1.3) M(r) = 0", r— .

Accordingast = ©,0 <7 < ®,or7 = 0, f(2) is said to be of maximum
(or infinite), mean (or normal or finite), or minimum (or zero) type of
order p. It is of finite type 7 if and only if, for every positive ¢ but for no
negative e,

(2.1.6) M(r) = 0(e"19), r— .

It is often convenient to have a term to describe a function which is of
order not exceeding p and of type not exceeding = if of order p; there is no
standard term for this, but we shall say in this book that such an f(2) is
“of growth (p, 7).” A function of growth (1, 7), 7 < =, is called a function
of exponential type,® or of exponential type r if it is necessary to specify
the value of 7. The reader should note that functions of exponential type =
include all functions of order 1 and type less than or equal to r, as well as
all functions of order less than 1.

There is occasional use for the lower order,?

@17 A = lim inf log log M(r)
o0 logr °

8



PROPERTIES OF ENTIRE FUNCTIONS OF FINITE ORDER 9

When still more precise specification of the rate of growth of f(z) is de-
sired, one can use the proximate order, a function V(r) which is monotone
nondecreasing, piecewise differentiable, and satisfies

lim V(r) = p, lim V’(r)r log r = 0, lim ¥ log M(r) = 1.

A proximate order always exists,® but we shall not use proximate orders in
this book.

The rate of growth of an entire function in different directions can be
specified by the Phragmén-Lindelsf indicator function,

(2.1.8) h(9) = Iirri sup r* log | f(re”) |.

Sometimes it is desirable to extend the preceding definitions to functions
which are not entire, but are regular in an angle with vertex at the origin.
They can be carried over unchanged if M(r) is taken to mean the maxi-
mum of | f(z) | for | 2| < 7 and z in the angle.

We take for granted such frequently used and easily proved results as
that the order or type of a sum or product of two entire functions is at
most the larger of the respective orders or types.

2.2. Order and type in terms of the coefficients. Let

(2.2.1) f2) = X an2", an — 0,
ne=Q

be the Maclaurin series of an entire function (if a, does not approach zero,
f(2) is not entire). Since the sequence {a,} determines the function com-
pletely, it should in principle be possible to discover all the properties of
the function by examining the coefficients. For the order and type this
can be done without difficulty.

2.2.2. Theorem. The entire function f(z) (2.2.1) is of finite order if and
only if
o o n log n
(2.2.3) B hIEll sup Tog (/| ac])
18 finite; and then the order p of f(z) is equal to p.

In calculating u, the quotient on the right of (2.2.3) is to be taken as
Oifa, = 0.

We prove first that p > u, where if p = o this statement is to be inter-
preted as meaning that p = « or else f(2) is not entire. We need the elemen-
tary fact that

(224) |a.| = [F®O)/n!] < (20) f| o T S@ || de ] < 7M.

If u = 0, p > usince p is not negative.
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Suppose now that 0 < p < «, and let 0 < ¢ < . Then from (2.2.3)

we have, for an infinity of =,
(2.2.5) nlogn > Rlog (1/]a.]),
where R = p — € (¢“small”) if 4 < o, R = ¢ (e “large”) if u = o; hence
log | a.| > —nR™ log n,
and by (2.2.4),
log M(r) > log | a.| + nlogr > n(logr — R log n).

To simplify the appearance of the right-hand side, take r = (en)"*, and
then

log M(r) > n/R = r*/(eR),

log log M(r) SR — log (eR)

(22.6) log » = log r

for the r’s corresponding to the n’s in (2.2.5). Since R is independent of
r, we have

log log M(r) k=€ p < o

(
p = lim sup —= e >R = i

o0 og r €, b= oo.

Since e is arbitrary, it follows that p > u.
Next we show that p. < u. If u = = there is nothing to prove, so we
suppose that p < «. Let ¢ > 0; by (2.2.3) we have, for all large n,

n log n
_ e <
Shg/ap SHTe
(0] ‘
(2.2.7) |an | < n ™09,

First of all, (2.2.7) implies that f(z) is entire. Since adding a polynomial
to an entire function does not change its order, we may suppose that (2.2.7)
is satisfied for all n (interpreting its right-hand side as 1 for n = 0). Then
we have

M@ < 2laa|r" € o ™% = 8 + 8,
n=Q

ne=(Q

where S, contains the terms for which » < (2r)***. (The reason for split-

ting the series at approximately this point is that the maximum of n™™/®“*9"

occurs when n = ¢ %)) We estimate S, by taking the largest value for
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r"; then
228) 8 <O T MO = 0™  log 1) = 0™,

since the series in (2.2.8) is convergent if extended to « and is independent
of r.

On the other hand, in S, we have rn/**? < 15 and so S; < 1. Hence
p < u + 2¢; letting e — 0, we obtain p < u.

Next we obtain a formula for the type of a function of finite order. Sup-
pose that 0 < p < « and define
(2.29) v = limsup n | a,|*'"

n—00

2.2.10. Theorem. If 0 < v < oo, the function (2.2.1) is of order p and
type T if and only if v = erp. If v = 0 or o, f(2) is, respectively, of growth
(p, 0) or of growth not less than (p, «); and conversely.

Using Stirling’s formula (§1.6), we see that an equivalent statement is
(22.11) lim sup (n/e)"*| f™(2) '™ = =p,

n—00
where z is any (fixed) complex number; when p = 1, this becomes

(2.2.12) lim sup | f™ @) |''" = 7,

the finiteness 7 of being necessary and sufficient for f(2) to be of exponential
type.?

We prove first that if v < o, f(z) is of order p at most, while if » > 0,
f(z) is of order p at least. Let ¢ > 0; for large n we have n| a, |''" < » + ¢,
and hence

n log n p
log (1/[a.]) = 1 — log {(v + ¢)/n}

By 2.2.2, the order of f(2) is at most p. Similarly, if » > 0 the order of f(z)
is at least p.

Suppose now that 0 < » < o« ; we prove that 7 < »/(ep). Let ¢ > 0.
For large n we have

(2.2.13) lan| < {(v + /n}"";

since we may add a polynomial to f(z) without affecting its type, we may
suppose that (2.2.13) holds for all n, interpreting its right-hand side as 1
for n = 0. Then

£ ] < g lan| 7™ < é (6 + & /n}".
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The general term of the right-hand side does not exceed its maximum,
which is exp {(v + €)r*/(ep)}, attained for n = (v + €)r’/e. If S, denotes
the part of the series for which n < (v + 2€)r’, S: does not exceed the
number of terms multiplied by the maximum term, so

81 < (v + 2€)r’ exp {(v + €)r’/(ep)} = Olexp {(v + ¢) r*/(ep)}].

In 8., the remainder of the series, ¥ < n/(v + 2¢), and so

S < n}:‘,o (G + &/6 + 20" = 0(1).
Thus r < v/(ep), 0 < v < w.

Suppose on the other hand that 0 < » < «. To show that =+ > »/(ep),
we observe that, for an infinity of n, |a.| = {(» — €/n}", 0 < ¢ < v,
where v — € is to be interpreted as an arbitrarily large number if » = .
By (2.2.4), if we take r so that r* = ne/(v — ¢) for these values of n, we
have

M) 2 |au|r" 2 {rP(v — /)" = ¢ = exp {(v — r’/(en)},

for a sequence of values of r tending to «, so that r > »/(ep).

2.3. Other connections between growth and coefficients. The lower
order (2.1.7) cannot readily be found from the coeflicients unless they
satisfy conditions which prevent them from varying too rapidly; however,
there are partial analogues of the theorems of §2.2.

2.3.1.* Theorem. The lower order \ satisfies*

- log n N logn
A > lim inf —~ 28" _ > |im inf —28 " |
= Taoe log {1/]an]} T aewe log|an/ann |
2.32.* Theorem. If 0 < p < o« then®

> lim inf n | a, """

n—>o0

ep lim inf

r—so0

log M(r)
TF'

See also 2.12.15.

A quite different group of results connect the order with the maximum
term in the power series. In §2.2 we made use of the fact that M(r) is at
least as large as the largest of the absolute values of the individual terms;
one may hope that the maximum term will actually give a fair approxima-
tion to M(r). We define

(2.3.3) u(r) = max | @ 7",
< ngo

the maximum term, and »(r) as the value of n for which the maximum is
attained (the largest such = if there is more than one). We quote some of
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the relationships which connect u(r) and »(r) with each other and with
M (r) for entire functions of positive finite order.® Suppose for simplicity
that | f(0) | = 1. Then:

234.* log u(r) = f () dt.
235* lim inf ”() < lim inf 8”7 _ fim inf log log u() _
r—o0 ( ) r—w log r—o lOg r
. log log u(r) . log »(r) v(r)
= =2 2 = < -
<er h?-l.su}) log r hlﬂv:o M og “log r I nrl_.slx P log u(r)

The inequalities not involving A and p are direct consequences of (2.3.4)
without reference to the meaning of u(r) and »(r).

23.6*. lim 108 M@ _
r—>0 lOg p.(r)

2.4. The order and type of a derivative. It follows from 2.2.2 and 2.2.10
that

2.4.1. Theorem. f(z) and f'(z) are of the same order and type.

This can be proved more directly as follows. Let M(r) be related to
f'(2) as M(r) is to f(z). Then

fl2) = j: f'(w) dw + f(0),

with integration along a line segment. Hence
M(r) < rMy(r) + | fQ0) |.
On the other hand, if |2| =

') = @mi)™ j" s (w — 2) *f(w) duw,

Mi(r) < MQ2r)/r.
Thus
{M(@r) — | f0) | }/r < My(r) < M(2r)/r

and the result follows from the definition of order and type.
A more precise description of the relationships between M,(r) and M (r)
is given by the following results.”
242% = lim inf CENMO/MO) o, 108 ITM/MD)
r—+0 lOg r -an l()g r
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2.4.3*. lim inf My(r)/M(r) < lim inf »(r)/r < lim sup »(r)/r

r—s =00 r—

< lim sup M,(r)/M(r).

2.6. Rate of growth and distribution of zeros. It is evident from Jensen’s
theorem (1.2.1) that the more zeros an entire function has, the faster it
must increase. In a general way, Jensen’s theorem seems to tell the whole
truth unless some special restriction is imposed on the growth of the func-
tion in various directions or on the position of the zeros. This section con-
tains some simple theorems under very general hypotheses; a considerable
part of this book is devoted to more difficult and more useful theorems
which demand special hypotheses and furnish stronger conclusions.

For the purposes of this section the removal of a finite number of zeros
or multiplication of the function by a non-zero constant is irrelevant, so to
simplify the formulas we shall suppose that f(0) = 1. We denote by 0 <
ry < rp < -+ the absolute values of the zeros (if any) of f(z), by n(f) the
number (counted according to multiplicity) of zeros in |z | < ¢, and put

(25.1) N() = f ") dt.

'2.5.2. Definition. The convergence exponent of the zeros of f(z) (for short,
the convergence exponent of f(z)) is the infimum of positive numbers a for which

(2.5.3) >
Nl
converges; it will be denoted by p, .

2.5.4. Definition. The smallest positive integer a for which (2.5.3) con-
verges will be denoted by p + 1, and p will be called the genus of the set of
zeros of f(z). (This is not necessarily the same as the genus of f(z), which will
be defined in 2.7.3.)

2.5.5. Lemma. The series (2.5.3) and the integral

(25.6) f £ () dt
0

converges or diverge together if a > 0.
In fact, a partial sum of the series is

. T T
(2.5.7) ‘/; U dn(t) = T n(T) + « /0 R OX A

If the left-hand side is bounded as T — «, the integral on the right does
not exceed that on the left and hence (2.5.6) converges. On the other hand,
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if (2.5.6) converges, since n(t) increases we have

2T 27
a1 — 27T *n(T) = n(T) f ot < f () dt
T T

27
< f £ 'n(?) dt,
0

and so
. (T) = O(T).

Thus the right-hand side of (2.5.7) is bounded and therefore so is the left-
hand side, i.e. (2.5.3) converges.

An alternative definition of p, is given by

2.5.8. Theorem. If f(z) has at least one zero,

o1 = lim sup %’l—).

For, if we denote the limit superior by ¢, we have n(r) = 0" "), ¢ > 0,
and so (2.5.6) convergent for @ > ¢ + ¢, hence p; < ¢. On the other hand,

o—E€

if ¢ > O there is a sequence 7, T o such that n(rs) > 7 °, and hence,
since n(r) increases, if s > 2"°r, we have

8 8
f () dt > 7 ¢ f At > Yoo g
Tk Tk

so that the left-hand side is arbitrarily large if @ < ¢ — ¢; this means that
(2.5.6) must diverge for a« < ¢, and so p; > o.

We are now going to infer from Jensen’s theorem (1.2.1) some explicit
connections between n(r) and log M (r). We have, by Jensen’s theorem,

(259 NG) = [ ") dt = @) [ " log | f(re®) | 6 < log M(¥).

Suppose first that f(z) is of order p. Then by (2.1.5),
(2.5.10) log M(r) < A(e)r"™, e>0,7r>r(e),

and since n(t) increases,
2r 27
@5.11) a@log2=n() [ Ca< [ ') d

< log M(2r) < A()(20)%*,  r > r(é).

Hence we have
2.5.12. Theorem. If f(z) is of order p, n(r) = O(r***) for every positive e.
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For another upper estimate of n(r), see 2.5.21.

In general, we cannot make any lower estimate for n(r), since (in the
most extreme case) f(z) may have large order but no zeros at all (for ex-
ample, f(z) = e"). When p is not an integer we shall see that there are
always zeros, and indeed approximately the “right’” number: see §2.9.
This is an example of the difference between integral and nonintegral
orders, which dominates much of the theory. For the present we consider
only results which do not involve this distinction.

The ¢ cannot be dropped from 2.5.12%, but it can for functians of finite

type.

2.5.13. Theorem. If f(z) is of positive order p and finite type r then
(2.5.14) L = lim sup r *n(r) < epr,
(2.5.15) { = lim inf ¥ "n(r) < pr.

=500

The gap between (2.5.14) and (2.5.15) cannot be narrowed.” However,
it is not possible to have equality simultaneously in (2.5.14) and (2.5.15)
if r > 0:

2.5.16.* Theorem.” Under the hypotheses of 2.5.13, Le''* < epr, and in
particular L + 1 < epr.

Thus if there is equality in (2.5.14), | = 0; while if there is equality in
2.5.15), L = L.

To prove 2.5.13, we start from the fact that by (2.1.6) we have

log M(r) < (r + &r’, e>0,r > r(e),
and 8o
(2.5.17) NP r* <7+ ¢ r > r(e).
If n(t) > ot’ fort 2 ¢, (2.5.17) gives

to r
r P f F'an@dt+or | tdt <140 r>to,
(1] .

to

and (2.5.15) follows.
If g > 1, (2.5.17) also gives

B8r 8r
n(r) log 8 < f () dt < fo t'n(t) dt < B°(r + 7,

—p (T + G)Bp
n(r)r S “TogB

The right-hand side is smallest when 8 = ¢'*, and (2.5.14) follows.
An immediate corollary of 2.5.12 and 2.5.5 is
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2.5.18. Theorem. If f(2) is of order p and has exponent of convergence p, ,
then py < p.

Thus we have the following relations among the order p, the exponent
of convergence p; , and the genus p of the set of zeros:*

P = [pl if p1 is not an integer;
(2.5.19) { '

p— 1< p <p < pin all cases.

It is often desirable to distinguish between the cases where (2.5.3) con-
verges or diverges for o = p; ; we introduce the following definition.

2.5.20. Definition. The entire function f(2) of positive order p is said to be
of convergence or divergence class according as D we Tn * converges or di-
verges.

Connections between the properties of being of convergence or divergence
class and other properties of the function will be given in §2.11.

A somewhat stronger result than (2.5.12) is

2.5.21. Theorem.’ If f(z) has at least one zero (but f(z) # 0),

. n(r) .. Jlogn(r)
(2.5.22) lu'ri Lnf fog M < lurrl glf Togr = M<m

The number A\ is sometimes called the lower order of the zeros, by
analogy with (2.5.8). We have \; < A because, by (2.5.11),

log n(r) + log log 2 < log log M (2r),
log n(r) _ log log M(2r)
log r < log (2r) (1 + o(1)).

Since N(r) < log M(r) by (2.5.9), (2.5.22) will be established if we prove
that

n(r)
(2.5.23) hrrrl Lnf N S <A\.

Suppose that (2.5.23) is not true; then for a positive ¢ and all sufficiently
large R we have

n(r) > (A1 + 2¢) N(7), r 2 R.
Then if S > R we have

(A1 + 2¢) L ’ M IN(D) dx < j; ’ £ M y(z) da
= j; ’ ™7 dN (2)

< NE)S™ ™+ (\ + o f N(@)z™ " g,
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Hence
S

(25.24) e f N@z MV de < NS < (M + 207 'n(S)S™
R

By the definition of A; in (2.5.22), there is a sequence of arbitrarily large
values of 8 for which n(8)8™ ™ — 0. However, the integrand in (2.5.24)
is positive and R is independent of S, so this makes (2.5.24) impossible.
Hence (2.5.23) must be true.

2.6. Lemmas on infinite products. To proceed further with the connec-
tions between the growth of a function and the location of its zeros we
need the analogue for transcendental entire functions of the factorization
of a polynomial into linear factors. Complications arise both from the fact
that an entire function is determined by its zeros only up to multiplication
by a nonvanishing entire function, and from the fact that a straightforward
infinite product exhibiting linear factors corresponding to the zeros will
usually not converge. According to a familiar theorem of Weierstrass,
any entire function can be expressed as an infinite product, but this theorem
is so general that it is of little use. For functions of finite order there is a
much more specific factorization due to Hadamard, and it is on this that
much of the more detailed part of the theory is based.

In this section we collect some preliminary material on infinite products
of the kind which we shall need>

We introduce the Weierstrass primary factors,

26.1) E(u,0) =1 — u,
Ew,p)= (1 — uw)exp {u + Wu' +---+p «}, p>0,
and note that

[

(2.6.2) log E(u, p) = — 2. Kk 'u" lu] < 1,
k=p-+1
(2.6.3) [log E(u,p)| < kZ-f-l [uff < [P/ — ¢, |ul <e<1,
b 4

where the branch of the logarithm is that which is zero for u = 0.

Let {z.}7 be a sequence of complex numbers, numbered in order of
increasing modulus, with 2, > 0, and with convergence exponent p1 (2.5.2)
and genus p (2.5.4). Then the infinite product

(2.6.4) P(2) = iIl E(z/za, p)

is called a canonical product of genus p. By using (2.6.3) we see that it
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converges uniformly in every finite region and so represents an entire
function. More precisely, we have

2.6.5. Theorem. A canonical product P(2) of genus p is an entire function
of order equal to the convergence exponent of its zeros.

Let p be the order of P(z); we know that py < p (2.5.18), and we have to
show that p, > p. Let 7, = | 2, | . It is convenient to put the essential part
of the proof in the form of two lemmas which will also be useful later.

2.6.6. Lemma.

N

. Ar? Z=1 a7, p > 0;
2 log |B(2/z05p)| < 4
2 log (1 + r/ry), p =0.

2.6.7. Lemma.

o .

o0
2 log |B(z/zs, p)| < Ar™™ 30 rim
n=N+1 n=N-+1
Here A denotes a number depending only on p. By writing the sums as
Stieltjes integrals and integrating by parts, and combining the results
with an appropriate N, we have

268) X log|EG/z,p)| < K{r" f 7 ) di + f 7 () dt},
n=1 0 r

where K is another number depending only on p. Tt is sometimes con-
venient to have an estimate involving only a single integral; the inequality

69) - > 12/ 2n p)| < "“fm___”_(i,
(2.6.9) nz_;l log |E(2/2. ,p)| < Kr A e dt
(with a different K) is equivalent to (2.6.8).

To prove 2.6.6 we break the sum into two parts, S, and S:, in which
r» < 2r and r, > 2r, respectively. In S, we apply (2.6.3) with ¢ = 14 and
obtain

(2.6.10) log | E(2/zn , ) | < 2|2/2a| "™ < | 2/2a |7,

hence

(2.6.11) < X @) =1 2
2rraSrNy 2r<raSTN

For p > 0, in S; we have r/r, > 14, and so
(2.6.12) (r/ra)* < 2°7%(r/r,)?, 0<k<p.
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Thus

log | Ez/z.,p) | Slog | | — 2/za | + [2/2a| + -+ 07 | 2/2n "
(2.6.13) <log|l—2/za| +2°|2/2a | "

< 22/ |7,

since
(2.6.14) log|l4+w|<log(1 +|wl]) <|wl.
Hence
(2.6.15) S < 271" 3t p>0,

rasS2r

Combining this with (2.6.11), we have 2.6.6. For p = 0, we have 2.6.6
directly from the first part of (2.6.14).

For 2.6.7 we proceed similarly, breaking the sum into parts S; and S;
with r, < 2r and r, > 2r. In S; we use the first instead of the second in-

equality in (2.6.10), so that
(2.6.16) 8. <2 X (/r)" = 2" 3

> 2r > 2r
For S, we have 2r/r, > 1, and so (2.6.13) leads to
log | E(z/zn,p) | < 2°7(r/ra)*",
hence
(2.6.17) S < 270t X

ra<2r

(2.6.16) and (2.6.17) combine to give 2.6.7.
To prove 2.6.5 write .

log |[P(2)| = (r‘:";r + X ) log |E(2/2s, p)| = S1+ Se.

> 2r
If we apply 2.6.6 to S;, for ¢ > 0 we find
Si <A Xt S ArE)TTTN 3 T =00, p> 0

TS 21 ra<2r

S < log (1 + 7/r) 2532 (r/ra)?(ra /)1

< @) log (L + r/r) 25 1
TS 2r
< 0@ ™), p=0,
since Y 77"'™* is bounded (because p; is the exponent of convergence of

{2a}).
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For S; we have eitherp = p — 1l orp > p; — 1. In the first case, 2.6.7
gives us
Sy < Ar”tt 3 P = A Z = 0@,
Ta>2r ra>2r
since p, = p + 1and >, r,*"" converges by the definition of p. In the second

case, p1 + ¢ < p + 1 for sufficiently small positive ¢, and then, again by
2.6.7,

S, < Ar”tt 3 Pt < AptTi (@) 3 et = 0.
rn>2r > 2r
Hence S; + S; = O(*'**) in either case, so p < p and 2.6.5 follows.

Theorem 2.6.5 determines the order of a canonical product. To deter-
mine its type is a more complicated matter, and we shall postpone discus-
sion of the type until we are in a position to consider entire functions which
are not canonical products as well as those which are (see §2.10).

It is convenient to prove here a lemma which gives a lower bound for a
canonical product outside neighborhoods of its zeros. (More precise re-
sults in this direction will be discussed in Chapter 3.)

2.6.18. Lemma. Let P(z) be a canonical product of order p. If ¢ and € are
positive numbers, then for all sufficiently large r (“sufficiently large’” depend-
ing on ¢ and e€), we have

(2.6.19) log | P(z) | > —r°™

provided z is outside the circles of center z, and radius r5.’, | ra | > 1.
We have

log | P(z) | = ;s':zr log |1 — 2/2. |

+ rzS:Zrlog l P {z/zn + o + p—l(Z/zn)p} I + ;21‘ logi E(z/zn7 p) |

™ms

In the second sum we use the middle line of (2.6.13), and in the third sum
we use the first inequality of (2.6.10). This gives

'z;rlogll—-z/z,.l—2'§rr/r,.,  p=0;
log | P() | 24 2. log |1 —2/zn| —2° 2 (r/ra)’
S 2r rasS2r
=2 2 /T >0,

;2 IOg | 1- z/znl - O(V‘H);

just as in the proof of 2.6.5.
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Ifnow |z — 2. | > % and rn < 2r,
|1 —2/za| > 727" > @)

Hence
1<;52r log |1 — 2/2.| > — 1<Z:S2r (1 + o) log (2r)
> — (1 + o)n(2r) log (2r)
> 0(*™)

by 2.5.12 applied to P(z); and
> log|l—2/2.]>0
rp<1

if > 2. Hence (2.6.19) follows.

9.7. Hadamard’s factorization theorem. We can now establish the stand-
ard factorization of an entire function of finite order.

2.7.1. Hadamard’s Factorization Theorem.* If f(z) ts an entire function
of order p with an m-fold zero at the origin, we have

(2.7.2) f@) = 2" P(2),

where Q(2) is a polynomial of degree ¢ < p and P(z) is the canonical product
(of genus p) formed with the zeros (other than z = 0) of f(2).

2.7.3. Definition. The genus of f(z) is max(p, q).

We know that P(z) is an entire function of order p; < p. Then 2 "f(2)/P(2)
is entire and has no zeros, and so can be written as ™, where Q(2) is
entire; it remains to show that Q(z) is a polynomial of degree at most p.
If we choose ¢ > p in 2.6.18, the sum of the radii of the excluded circles
is finite and so

RNQE) = log|e®@| < r*, e> 0,

on arbitrarily large circles. By (1.3.4) this is possible only if Q(z) is a poly-
nomial of degree p at most.

As an application of 2.7.1 we deduce a result on the minimum modulus
m(r). The behavior of m(r) is of course much more complicated than that
of M(r); it vanishes when f(z) has a zero of modulus r, but it has a tend-
ency to be, sometimes, not much smaller than 1/M(r). The following re-
sult is fairly crude, but still accurate enough to be useful.

2.7.4. Theorem. If f(2) is of order p, then
(2.7.5) m(r) # o(e™""")

for any positive e.
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For, in (2.7.2), | P(2) | > ¢ for each positive € and some z of arbitrar-
ily large modulus, by 2.6.18. Also | €*® | > ¢™*”" for some B and all large
r, and (2.7.5) follows.

In the next chapter we shall give some results on the minimum modulus
of functions of order at most 1 which are much more precise than 2.7.4.
It was formerly conjectured that, for every positive €, m(r) # o{M(r) | I
at least for entire functions of finite order, but this has recently been dis-
proved by Hayman.?

However, the following result is true for all entire functions.

2.76.* Theorem.’ If f(z) is entire and not constant, for each fixed 6 and
every positive e, | f(re”) | % o{M(r)} ™"

2.8. Laguerre’s theorem on separation of zeros."

2.8.1. Theorem. If f(z) is an entire function, not a constant, which is real
for real z and has only real zeros, and s of genus O or 1, then the zeros of f'(2)
are also real and are separated by the zeros of f(z).

We have, according as f(z) is of genus 0 or 1,

1@ = e I1 (1 = 2/20),

o0
f@) = et I1 @ — 2/z.)e’'™,
ne=]
where ¢, a, 2z, are real. Then

@I = ke + 3 = w

or

PO/ = ke +a+ 2 (— 1

n=l \2 — 2p 2n ’

and in either case the imaginary part of f/(2)/f(2) is

. k - 1

W {ﬁ T »2—1 (x — 2.)? + yz}’
which cannot vanish unless y = 0, so that f'(z) has only real zeros. More-
over,

F@S@Y =~k = 3 @ - 2

which is real and negative for real z, so that f’(2)/f(z) decreases where it is
continuous, i.e. between the zeros of f(z), and so vanishes precisely once
between each pair of zeros.
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If f(2) is of order less than 2 in 2.8.1 ( it cannot be of order greater than
2), f'(2) is of the same order and the theorem can be applied to f'(2). (Actu-
ally f(z) is, in this case, of the same genus as f(z), but this requires a result
from the next chapter: see 3.3.9. If f(2) is of genus 1 but order 2 it is pos-
sible that f/(z) is of genus 2.) By using this fact repeatedly we can deduce
an inequality satisfied by the coefficients in the power series of an entire
function satisfying the hypotheses of 2.8.1.

2.8.2. Theorem. If f(2) is a transcendental entire function of order less

than 2, real for real z, and with only real zeros, and f(z) = > ca2", then
n=0

(2.8.3) (n + 1)ens16ns < NCs.

This means in particular that for sufficiently large indices n there are
never two consecutive zero coefficients, and also that the coefficients on
opposite sides of a gap have opposite signs.

We saw in the proof of 2.8.1 that

, , _ f@f"@) — (S @)} .
{f'(x)/f()} TP < 0;

hence f(z)f”’ (z) < {f'(x)}’; applying this to F(z) we have
f(n—l)(x)f(n-i-l)(x) < {f(n)(il?)}2,
and taking x = 0 we have (2.8.3).

2.9. The zeros of functions of nonintegral order. A number of con-
clusions can be drawn directly from 2.7.1 when p is not an integer, since
then ¢ < p and the behavior of f(z) is dominated by that of the canonical
product P(2).

2.9.1. Theorem. If p is not an integer, p = p1.

In fact, pp < p. If p1 < p, then P(2) is of order p and ¢** is of order
g < p (because ¢ is an integer, ¢ < p, and p is not an integer). This would
make f(z) of order less than p.

As a corollary, we have

2.9.2. Theorem. An entire function of nonintegral order has an infinite

set of zeros.
This result can be considerably sharpened. According to 2.5.21, we have

lim inf n(r)/log M(r) < p;

r—>

Q(2)

thus n(r) is sometimes almost as small as a multiple of log M(r); while by
2.5.12, n(r) is never much larger than r°. The following theorems are in
the opposite direction and improve 2.9.2 by saying how large n(r) must
sometimes be if f(2) is of nonintegral order p.
2.9.3. Theorem. If p is not an integer, then for any positive ¢, n(r) = o(r"™").
2.9.4. Theorem.® If p is not an integer, n(r) # of{log M(r)}.



PROPERTIES OF ENTIRE FUNCTIONS OF FINITE ORDER 25

2.9.5. Theorem.” If p is not an integer, f(2) is of zero type if and only if
n(r) = o(r*), and of finite type tf and only if n(r) = O(r*).
The proof of 2.9.3 is simple. Since p is not an integer, p = p1 and so

(2.9.6) fo ) () di

diverges for every positive e (2.5.5). If we had n(f) = O(#*) we should
have, as 7 — o,

fo " () dt = 0{ fl " dt} = 0(1),

and (2.9.6) would converge.
Theorem 2.9.4 is more difficult. We have to distinguish two cases, ac-
cording as f(z) is of convergence class (2.5.20) or not. In either case, p <

p < p-+ 1and f £ ™ n(t) dt diverges for m < p + 1 and converges for
m > p + 1. By (2.6.8) there is a finite K such that

29.7) log M) < K {r" f T ) di + f 7 n(t) dt}
1 r

= Ky(r).

It is therefore sufficient to show that it is impossible, for arbitrarily small
positive €, to have

(2.9.8) n(r) < &(r), r > r(e).
For convenience suppose n(r) = 0 for r < 1. Take m so that p + 1 <

m < p + 2 and so that f ™ n(t) dt converges (it convergesform > p + 1

m

in both cases). If we multiply (2.9.8) by ", integrate over (R, «)
(R > r(e)), and change the order of integration in the resulting iterated
integrals, we find

-] R o0
f () dt < e f w " 'n(u) du f & dt

R 1 R

+ € f w " 'n(u) du f " dt + € f w " n(u) du f T oat
R u R R
GRp_m+l R

< — n(u)u " du + — / n(u)u " du
m—p—1h m—p— 1Jz

n(uw)u ™ du.

o),
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Hence if ¢ < 15 (o — p) (p — p + 1), we find, on collecting terms,
1 0 eRp——m+l R

(2.9.9) -f ™) dt < ——— f w " 'n(w) du.
2 Jr m — p — 14

In case f(z) is of divergence class, let m — p + 1; the left-hand side be-
comes infinite while the right-hand side approaches a finite limit, so (2.9.8)
leads to a contradiction.

In case f(2) is of convergence class, we may take m = p + 1 to begin
with; since n(f) increases, (2.9.9) implies

15 nR)R < R” - f 0w du,
- 1

and since this holds, for large enough R, for every positive ¢, we have

n(r) = o{r” /; ' () dt}.

(-]
Since f " "n(t) dt divergesfor1 < m < p + 1 — p, forsuchm we have,

0 { ./1 ’ r "dr -[1 ' 7 'n(t) dt}
=0 {/;R 7 'n(t) dt j;n r " dr}
0 {flﬂ )™ dt} ,

a contradiction. Theorem 2.9.4 is thus proved in both cases.
To prove 2.9.5, it is enough, by 2.5.13, to prove that when p is not an
integer, f(2) is of finite type if n(r) = O(r*) and of zero type if n(r) = o(r").
In the Hadamard factorization of f(z) we have p < p < p + 1,9 < p,
and so log | ¢*? | < 0(%) = o(r"). Hence we have to deal only with the
canonical product P(2). By (2.6.9) we have, if n(r) = O(r’), a constant C
for which

as R — oo,

R
f n()r ™ dr
1

< p+1 dt
log | P(2) | £ Cr f G D
Todt w [°dt
< C(Tp o T tv-»ﬂ)

< 0@,
since0 <p—-—p+1<1.
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If n(r) = o(r"), we have, similarly, with a small positive ¢ and a suffi-

ciently large R,
Bodt Todt © dt
loglP(z)]SCrPfo t’_——Tﬂ-{-er”L +erp+1£ .

{p—rtl

and so log | P(2) | < o(r).

2.10. The zeros of functions of integral order. It is clear that no theorem
as simple as 2.9.5 can hold for entire functions of integral order, since the
order can be larger than the number of zeros would indicate. Thus ¢” has
no zeros; 1/T'(z) has n(r) = O(r) but is of infinite type. These examples
indicate the two possibilities: the nonvanishing factor ¢?® may dominate
f(2), or the canonical product P(z) may be of larger type than the number
of zeros suggests (n(r) = O(r) and P(2) of infinite type, or n(r) = o(r)
and P(2) of positive type; cf. Chapter 8). We now prove the correct ana-
logue of Theorem 2.9.5 for functions of integral order.

2.10.1. Landeléf’s Theorem.* If p is a positive integer, the enlire function
f(2) of order p is of finite type if and only if both n(r) = O(r") and the sums
(2.10.2) S(r) = ||E 2

Zp| =7
are bounded.

2.10.3. Theorem. If p is a positive integer, the entire function f(2) of order p
18 of zero type if and only if either (a) n(r) = o(r"), p = p, and

(2.10.4) le:" = —pag,
where ag (possibly 0) is the coefficient of 2° in Q(2) in the Hadamard factoriza-
tion2.7.1;0r b)) p = p — land ap = 0.

In particular, an entire function of integral order is of zero type if its
genus is less than its order.

We require the following consequence of Jensen’s theorem (1.2.1).

2.10.5. Lemma.? If f(2) is an entire function, f(0) = 1, o is a positive num-
ber, and 2wrl(a, r) denotes the length of that part of the circumference |z]| =r
on which | f(re®) | < M(r)™, then for large r

(2.10.6) lo,r) < (1 + o).

In fact, on the specified part of | 2| = r we have
2.107) (@m0~ f log | f(re®) | d8 < —ol(s, ) log M(r);

while on the rest of the circle log |f(re®) | < log M (r) and the corresponding
contribution to the left-hand side of (2.10.7) is at most

{1 — l(o, )} log M(r).
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On the other hand, by Jensen’s theorem the left-hand side is not nega-
tive and so

{1 — U(o, 7)} log M(r) — ol(a, r) log M(r) > 0;

(2.10.6) follows.

We now prove 2.10.1, which is a little simpler than 2.10.3. If p = p — 1,
> | 2. |7 converges and so S(r) is bounded. If f(z) is of finite type, by
(2.5.13) we have n(r) = O(r"). Hence it is enough to show that (a) if n(r) =
O(r°) and p = p, the boundedness of S(r) is necessary and sufficient for f(z)
to be of finite type; (b) if p = p — 1, and S(r) is bounded, f(z) is of finite

type.
We have E(u, p) = exp (o v")E(u, p — 1), and so from the Hadamard
factorization

D= log 7| - 0 {# (a0 + 57 357}

n=1

N
(2.10.8) = R(ee" + -+ + o, + mlogz) + Z‘;log | E(z/20,p — 1) |

o0

+ 2 log|E@z/z.,0) |,

n=N+1

where the integer N is to be specified later. Applying Lemmas 2.6.6 and
2.6.7, we have, with |z | = 7,

D < 0(*™) + O(r"“ > r;’“) + o(r"“ > r:"‘>, p> 1

n<N n>N
D < OClog 1) + o( 3 log (1 + T/n)) +0(" > r:2>, p=1
nsSN n>N

Since n(r) = 0(r"), we have n < Br, and so, if we choose N = [r], we have

< p—1 p—1 —(p~1)/p p+1 —(p+1) /p
D < O(r )+O<r ’é;vn )+O(r >on )

(2.109) <00 + 0(*) + 0¢*) = O(*), P> 1
D < O(log r) + O< ;N log (1 + r/n)) + O(r2 Z):N n—z)
< O(r)i p =1

If S(r) is bounded, it follows at once from (2.10.8) and (2.10.9) that
log | f(z) | < O(+), i.e., that f(2) is of finite type.
The inference in the other direction is harder, since (2.10.8) and (2.10.9)
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lead only to
N
(2.10.10) _m{z, (ot 57 Zz:"]} < —log | /2) | + OG*).
n=1

However, if f(2) is of finite type we have log M (r) < Ar® with some con-
stant A, and hence, for ¢ = 3, Lemma 2.10.5 shows that

log | f(z) | < —34r° < —3 log M(r)

at most on one-fourth of the circumference |z} = r. Thus | log f(2)|| =
O(r®) at least on three-fourths of | z | = r, so that by (2.10.10)
N
(2.10.11) —‘zR{z’ l:ao + 0t 2 z;"}} < 0(r%),
n=1
on at least three-fourths of | z| = r. Suppose now that S(r) is unbounded;
then there is an increasing sequence of integers N such that
N
a+ p Zz;“’ = Rye'?, Ry — .
n=]

With |z | = ryand r¥" = N,
N("Rrexp(ign)) = r4"Ry cos (6 + ¢n) < ~14ry"Ry

on the part of the circumference | 2| = r where cos (6 + ¢) < —15, ie.
on at least one-third of the circumference, and so

N
(210.12) —SR{z" [ao + p—]' z Z;P]} > 1/2 T;RN
n=1
on at least one-third of | 2| = ry. Since Ry — «, this contradicts the fact

that (2.10.11) holds on three-fourths of every circle. This disposes of
case (a).

Case (b) is an immediate consequence of the following lemma.

2.10.13. Lemma. If Y, 7" converges, the canonical product

(2.10.14) P() = fIl E(z/zn, 0 — 1)
18 of growth (p, 0).

By Lemma 2.5.5, f £ " 'n(t) dt converges, so

n()r? < pnr) f N dt < p f C7@ dt = o(1),  r— w.
r r
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That is, n(r) = o(r*), so n = o(r."). Then by (2.6.9),

log | PG) | < Kr"/o tT(T’ﬁ—(_‘:t)dt

< Kr"! f t*n(l) dt + Kr* f () dt
0 r

< Kr! f o(1) dt + Krfo(1)
0

< o(r).

Next we prove 2.10.3. If f(2) is of zero type, we have n(r) = o(r’), and
so it is enough to prove that (a) if n(r) = o(r), p = p, (2.10.4) holds if
and only if f(z) is of zero type; (b) if p = p — 1, f(2) is of zero type if and
only if @y = 0.

The proof in case (a) follows the same lines as the proof of 2.10.1. We
start from (2.10.8); since now we have n < er,” for an arbitrarily small e
and sufficiently large n, we have D < o(r") instead of (2.10.9), and so
(2.10.4) implies log | f(2) | < o(r*), i.e. that f(2) is of zero type. On the other
hand, if f(2) is of zero type, we find as before that

N
—St{z" l:ao + 0’ Zl 22”}} < o(r)
on at least three-fourths of | z | = r, while if (2.10.4) is false, (2.10.12) still
holds on at least one-third of | z| = 7x , where ry — ® and lim inf By > 0,
and these two facts are in contradiction.

For case (b) of 2.10.3 we use 2.10.13. If p = p — 1, we have just seen
that n(r) = o(r*), and if @ = 0, f(2) is the product of two functicns of
growth (p, 0) and so of zero type if (as assumed) it is of order p. It remains
to prove that if p = p — 1 and ap # 0, in which case ¢®® is of order p and
positive type while P(z) is at most of order p and zero type, f(2) is not of
zero type. By applying Lemma 2.10.5 to P(z) we see that | log | P(2) || =
o(r’) at least on three-fourths of every sufficiently large circle. On the
other hand, log | ¢*® | is dominated by R(awz’) for large 7, and if a =
Be™, N(az®) = PBr’ cos (¢ + p8) > 14 Br® on at least one-third of every
circle; so log | f(z) | > 14 Br° at some points of every large circle, and so
f(2) is not of zero type.

It is no longer true for functions of integral order that n(r)
o{log M(r)}; but in the case where the behavior of f(z) is dominated by
that of its canonical product, there is an analogue of (2.9.4).

2.10.15.* Theorem.” If f(z), not a constant, is of integral order and of the
same genus as its canonical product, then
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. n(r)e(r) _
(2.10.16) lim sup fo 3y~

for any positive ¢(r) such that
(2.10.17) [ = te@)
converges.
The relation (2.10.16) may fail to hold when (2.10.17) diverges."
It is convenient to add here another result which is qualitatively of the
same kind as 2.10.5.
2.10.18. Theorem.® If f(z) is an entire function of positive order p, then
2r
(2.10.19) f |log | f(re™) | | d6 = OG*), ¢ > 0;
0
if f(2) ©s of finite type,
2r
(2.10.20) f Hog | f(re®) | | d8 = O();
0
and if f(2) is of zero type
27
(2.10.21) f |og | f(re”) | | d6 = o(r*).
0

As a consequence of (for example) (2.10.20) we have the result that if
f(2) is of finite type of order p and ¥(6) is a bounded measurable function,
then

(2.10.22) f " ¥(0) log | f(re®) | do = O(r*),

a fact which will be needed later.
We may suppose that f(0) = 1. Then from Jensen’s theorem we have

2r
0< [ log]f(e®) | o,
0
and hence
2r 27
—f log™ | f(re®) | df < f log™ | f(re®) | d6 < 2« log M(r),
0 [1]

so that
27
[ 1og 1 5re®) | | do < 4 log M),
0

and the conclusions of 2.10.18 follow.
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2.11. Further relations between growth and zeros. In 2.5.20, entire
functions of order p were separated into two classes according to whether
Z 72?2 converges or diverges. In accordance with the general rule that a
greater density of zeros is associated with more rapid growth, we should
expect a tendency for M(r) to be larger for a function of divergence class.
This expectation is justified by the following theorem.

2.11.1. Theorem.* If f(2) is of order p and divergence class, the integral

(2.11.2) f r' 7" log M(r) dr

diverges; the converse 1s lrue when p ts not an integer.

We also have

2.11.3. Theorem. If f(2) is of order p and positive type, the integral (2.11.2)
diverges.

Even more than this is true:

2.11.4. Theorem.* If f(2) is of integral order p and genus p then (2.11.2)
diverges.

Thus (2.11.2) can converge, for a function f(2) of integral order p, only
if f(2) is not only of zero type but of genus p — 1.

If f(z) is of positive type, there exist a positive number ¢ and a se-
quence {7}, Ta41 > 2rs, such that log M(r,) > cr.. Hence log M (r) > cr,’
forr, < r < 2r,, since M(r) increases, and so

© © 27rp
f 77 log M(r) dr > Z:lcrf.f ' Pdr =1 —27°) D1 = .

Ty n= Tn
This proves 2.11.3.

To establish 2.11.4 we have only to consider the case where f(2) is of
order and genus p but of zero type. If (2.11.2) converges, by 2.11.1, >t
converges, so that the canonical product of f(2) is of genus p — 1; then by
2.10.3 it follows that the genus of f(2) is also p — 1, contrary to hypothesis.

We now prove 2.11.1. For the first part, we recall that by 2.5.5, Dorat

—p—1

converges or diverges with f z n(z)dx (we assume without loss of
0

generality that f(0) = 0). Now

(2.11.5) fr " n(z)dz = f' x PdN(z) = ¥ °N(r) 4+ »p fr z " 'N(z) dx
L] 0 0

<r?log M(r) + » f z " log M(z) dz.
0
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If (2.11.2) converges,
P /f t " log M(z) dz > r* long(r),
and so the right-hand side of (2.11.5) is bounded; hence Z ra’ converges.
That is, (2.11.2) must diverge if f(2) is of divergence class.

For the second part of 2.11.1, suppose that p is not an integer; by (2.6.8)
we have

log M(r) — o(»") < K {r" fr P n(t) dt + f Pn(0) dt}
. \ 0 r

=K(/\(r) + J(r)),
say, where p < p < p 4+ 1. We have to prove that the convergence of
f " "'n(t) dt implies the convergence of f TP () dr, k = 1, 2. Now

f r P (r) dr = f rv drf 7 n(t) dt
R R r

® —p—2 ‘ P—p
" n(t)dt f 7 dr
R

R

IA

-0+ 1" f 7 'n(@) dt < o,
R
and

R
[* i
0

R r
f )/ f TP n(t) di
0 0

R R
f P 'n(t) dt f " dr
0 t

<G-p [ CQa<e-p* [ a0

Theorem 2.11.1 leads to a number of conclusions about entire functions
of nonintegral order, since (2.11.2) involves only log M(r) and not the
zeros.” Thus if g(z) is such that (2.11.2) diverges for g(z) and M;(r) >
{M,(r)}*, k > 0, then f(z) is also of divergence class. If f(z) is of order
p and ¢(2) is of lower order, then f + g is of the same class (convergence or
divergence) as f.

It is also possible to connect the class of an entire function with its
coefficients.” Let f(z) = Y_c.2", and let the points (n, — log | ¢. |) be plotted
in a rectangular coordinate system. They determine a polygon (Newton
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polygon), above or on which all the points lie, and which is the graph of the
largest convex function with this property. If we put G, for the ordinate
of this polygon at abscissa n, and define R, = exp (G». — G»-1), it turns out
that

2.11.6.* Theorem.® If f(z) is of nonintegral order p, it is of convergence
class if and only if

(2.11.7) 21 R.? < .

In one special case which often occurs in applications, the R, can be
computed more directly.

2.11.8.* Theorem.® If f(2) is of order at most 1 and its zeros are all real
and negative, then B, = | cu/x |.

The proof depends on 2.8.2.

Another result in the same general direction is as follows.

2.11.9.* Theorem." If 3 nmq | easi/ca|© < ©, for some q, then f(2) is at
most of order p; if f(2) ts of order p it is of convergence class; if p is an in-
teger the integral (2.11.2) also converges, and f(z) is of genus p — 1.

2.12. Functions of genus 0. The genus of an entire function of order
p is [p] when p is not an integer; but the genus of an entire function of posi-
tive integral order p can be either p or p — 1. Unless the function is initially
defined by its Hadamard factorization, it is not always easy to find out
what its genus is. In this section we give some theorems on the simplest
case, that in which f(z) is of order 1.

As an illustration of what can happen, we note the following result.

2.12.1.* Theorem.* There is an entire function f(z) of order 1 and genus 0
such that f(2) — a is of genus 1 if a = 0, and f(z) + f(—2) is also of genus 1.

An example of such a function is

et z
flz) = H2<1+7?(E§{)‘5>’ l1<a<?2
This makes it clear that the genus of an entire function is not necessarily
preserved under addition either of a function of the same genus or of one
of lower genus. It also shows that the genus cannot be determined from
the coefficients or from the maximum modulus in any very obvious way,
and so we can expect simple theorems only under supplementary hy-
potheses. However, the situation described in 2.12.1 is in a sense excep-
tional, since we have the following result.

2.12.2.* Theorem.” If f(2) is an entire function of integral order, all the
functions f(z) — a, except for at most one value of a, have the same genus.

We have already seen (2.11.4) that a sufficient condition for the entire
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function f(z) of order 1 to be of genus 0 is that
(2.12.3) f 7 * log M(r) dr converges.

This condition is not necessary because of 2.12.1. We now impose the re-
striction that f(z) is an even function; and then the relationships among
genus, maximum modulus and coefficients are much simplified—essentially
because an even entire function of order 1 is reducible to an entire function
of the fractional order 4. For an even entire function, 2.11.4 has a valid
conversc.

2.12.4. Theorem.® If f(z) is an even entire function of genus 0, then

f 7 log M(r) dr converges.

Therefore we may state
2.12.5. Theorem. The even entire function f(z) is of genus 0 if and only if

f 7% log M(r) dr converges.

In proving 2.12.4 we may assume that f(0) = 1 and that f(z) is not a
constant; then we have

(2126) f(?«') = "I_le (1 - Z/Z,,),
with
(2.12.7) D 1/|zal < oo

Since (2.12.7) makes the product in (2.12.6) converge absolutely, we may
rearrange it in the form

(2128) s = I1 (= 2/, R(6,) 2 0.
Now we have
5@ < TG+ /18,
and so it is sufficient to prove 2.12.4 for a function of the form
1@ = I1 (1 + 2/ad), a >0,
for which M (r) = f(r). Put

g(2) = f('"*) = ﬁl (1 + 2/a3);
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then g(2) is at most of order 14, convergence class, and attains its maxi-
mum modulus for real positive z. By the second part of 2.11.1,

f 7% log g(r) dr converges, that is, f v *logg(r®) dr = f rlog f(r) dr

converges, the desired conclusion.

From 2.12.4 we have at once the following corollaries.

2.12.9. Theorem." If f(z) and F(z) are even entire functions and | f(z) | <
F(] 2 |), then f(z) is of genus O if F'(2) is of genus 0.

2.12.10. Theorem." If f(z) = D mmo 22", F(2) = Dm0 b2a2™", and
| azal < ban, then f(2) is of genus 0 if F(2) is of genus 0.

We can now show that the behavior described in 2.12.1 cannot occur
for even entire functions.

2.12.11. Theorem.® If f1(2) and fo(z) are even entire functions of genus 0, then
f1(z) + fa(2) 7s of genus O.

Under the hypothesis of 2.12.11, (2.12.3) holds for f; and for f, by 2.12.4.
Since

log Flla;x | fi(2) + f2(2)] < log {Mi(r) + Mx(r)} < log 2 + log *Mi(r)

+ log *My(r),

it follows from 2.11.4 that f; 4 f is of genus 0.
Let the power series of the even entire function f(z) be

(2.12.12) f@) = > ™
n=0
2.12.13. Theorem." The even entire function (2.12.12) is of genus O if
and only f

(2.12.14) F(z) = 2 |enle™

n=0

is of genus 0.

That f(2) is of genus zero if F(z) is of genus zero follows at once from
2.12.10. The converse, which seems more unexpected, follows from 2.12.10
also. For, let f(z) have the product representation (2.12.8),

00

fiz) = II (0 — 2*/8%), > 1/[8a] < .

n=1

The function
F*(z) = I_Il (1 + 2°/|84%

is also of genus zero (since »_1/| 8. | converges), and if the product is mul-
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tiplied out we obtain a power series for F*(z), with nonnegative coefficients
Com , Such that con > | 2 |, since the cs, can be obtained by multiplying out
the product for f(z). Therefore F(z) is of genus 0 by 2.12.10.

If f(2) = D_meo cx2" and f(2) is of order less than 1, we have (by (2.2.7))
lea| < n7™“* for large n, where p + ¢ < 1. Then |c, [V" < n7V¢*9
and consequently Y| c. |"'" converges. It is not true that this series always
converges if f(2) is of order 1 and genus 0, as can be shown by the example
quoted in connection with 2.12.1. However, the series does converge if
f(2) is an even function of genus zero.

2.12.15.* Theorem.® If f(z) is an even entire function of genus O with the
power series (2.12.12), then

00

(2.12.16) 3 Jeaft
n=0
and even
(2.12.17) 3 sup [compan] @0
n=0 k=0
converge.

NoTEs FOrR CHAPTER 2

General note: Results not otherwise credited to sources can be found in such
books as Titchmarsh [3], Valiron [3], [5], Borel [1].

2.1a. Recent Russian literature uses the term ‘“function of finite degree’’.

2.1b. The lower order was introduced by J. M. Whittaker [1].

2.1c. For elementary constructions of proximate orders see Valiron [10], p. 25,
Shah [18]. Shah [22] has discussed lower proximate orders. Levin [1] has introduced
anotherkind of proximate order: there is always a function L(r) which is positive, con-
tinuous, satisfies k¢ < L(kr)/L(r) < k¢forr > R(e), k > 1(R independent of k) and
for which log M (r) < r? L(r) with equality for a sequence r, — . This proximate
order appears to be worth further study.

2.2a. S. Bernstein([2], p. 80) originally defined » of (2.2.9), p = 1, as the degree of
f(2). More recent Russian literature identifies the degree with .

2.3a. Shah [19], where further results along this line are to be found.

2.3b. Shah [24].

2.3c. Some of these relationships also hold for p = 0 or . For proofs and further
relationships see Valiron [1], [3], Pélya and Szegé [1], vol. 2, pp. 1-13, Mazurkiewicz
[1], Okamura [1], Whittaker [1], Shah [10]-[16], Singh [1]. The notations of these
authors are not always consistent either with each other or with this book.

2.4a. For these and other results see Shah [21], [25], Singh [1].

2.5a. To see this consider, for example, the product of a function which has
n(r) ~ r? and a function of non-integral order less than p.

2.5b. For examples see Boas [15], Buck [6].

2.5c. Shah (23], Lakshminarasimhan [1], Singh [2].

2.5d. Examples illustrating the various possibilities are constructed by Shah [4].

2.5e. (2.5.21), with p, instead of \,, was proved by Pé6lya [1], sharpened by Valiron
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[4], and obtained in its present form by Shah [5]. The proof of the text is new. Valiron
deduced from Jensen’s theorem that lim inf {n(r) logr}/{log M (r) loglog M(r)} < 1;
this follows from (2.5.21) if A\ > 0. Further results connecting n(r) and M (r) are given
by Shah [1], [7], [8], [9]; see also §§2.9, 2.10.

2.6a. For information on infinite products in general see Knopp [1]. The theorems
of this section are due to Borel: see for example Valiron [3] or Borel [1].

2.7a. For alternative proofs see Titchmarsh [3], Chandrasckharan [1].

2.7b. Hayman [1]. Hayman also gives lower estimates for m(r).

2.7c. Beurling [1] proves a stronger result.

2.8a. Titchmarsh [3], Borel [1].

2.9a. See Valiron [1], P6lya [1], and especially Valiron [4], where an explicit positive
lower bound is obtained for lim sup n(r)/log M (r). For the proof of the text see Boas
[28].

2.9b. Lindelof [2].

2.10a. 2.10.1 and 2.10.3 are both due to Lindelof [2]; the first will be used more
frequently.

2.10b. Lindeldf [2]. By further developing the idea of this proof, Boas, Buck and
Erdgs [1] proved that there is a universal constant K,0 < K < (1 + ¢)7%, such that
the set of points for which | f(z) | £ M (r)~° has upper planar density at most K; as
o — «, the lower planar density of the set is 0(1/¢). In particular, | f@ | <1/M@)
at most on a set of upper planar density 4. Much stronger results are true for entire
functions of small order. Cf. Arima [1].

2.10c. Shah [2], [3], [6]. For a short proof along the lines of that of 2.9.4 see Boas [28].

2.10d. Shah [3].

2.10e. A special case is given by Levin [6] with an unnecessarily complicated proof.

2.11a. Valiron [2].

2.11b. Seec Valiron [2] for these and further results.

2.11c. Valiron [3].

2.11d. Valiron [2].

2.11e. Chang [1].

2.11f. Valiron [2].

2.12a. Lindelof [1]. The specific function mentioned is discussed briefly by Valiron
(I3], pp. 87-88). Another possibility which it illustrates is that a function of genus 1
can have its derivative of genus 0.

2.12b. Valiron [3], pp. 182 fI.

2.12c. S. Bernstein [16].

2.12d. Videnskii [1].

2.12e. S. Bernstein [14].

2.12f. Videnskii [1].

2.12g. (2.12.16) is due to S. Bernstein [2]. Chang [1] gives two simplified proofs
and a generalization to functions of larger order. (2.12.17) and another generaliza-
tion are given by Mandelbrojt [1], p. 76.



CHAPTER 3

THE MINIMUM MODULUS

3.1. Functions of order less than 14. The theorems of this chapter give
lower bounds for the minimum modulus m(r) of entire functions of (in
general) small order. Of course m(r) vanishes whenever f(z) has a zero of
modulus r, but we may hope to show that m(r) is sometimes not very small,
or even that m(r) is frequently quite large. Such results are important in
applications where one has to divide by a given entire function.

We begin by seeing what can be said by rather elementary methods.
We have already noticed (2.7.4) that

m@r) = o(e™"")

for each positive ¢; but if p < 14 it is easy to get much more.
3.1.1. Theorem.* If f(z) is of growth (14, 0) and not a constant,

(3.1.2) lim sup m(r) = .

r—00

Later we shall see that more precise statements can be made both about
how large m(r) must be and for how many values of r.
We may assume that f(0) = 1 without affceting (3.1.2). Then

5@ = T1 A = 2/,

Let

(3.13) 0@ = TLQ +2/r0).

Then since |1 — 2z/z.| > |1 — r/ra],

(B.1.4) my(r) = my(r) = |g(=n)|, M, r) < g(r) = M,(r).

By theorems 2.5.8, 2.9.1 and 2.9.5, ¢(2) is also of growth (}3, 0), and 3.1.2
follows if we prove

3.1.5. Theorem. An entire function g(z) of growth (14, 0) s not bounded
on any half-line unless it is a constant.

To prove this, consider h(z) = g(z*), which is of growth (1,0). If g(2) is
bounded on a half-line, k(z) is bounded on a line, which we may take to be
the imaginary axis. Using Theorem 1.4.3, we infer that h(z) is bounded in
z > 0, and in x < 0, and so everywhere; hence h(z) isa constant.? (Cf. § 6.2.)

By using a more precise auxiliary theorem we can prove considerably
more than 3.1.1.

39
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3.1.6. Theorem.c If f(2) is of growth (p, 0),0 < p < 14, and f(z) is not a
constant, there is a sequence r, — «© such that

3.1.7) log m(r,) > cos wp-log M(r,).

As in proving 3.1.1, it is enough to prove the theorem for g(z) (with real
negative zeros). We consider G(z) = g(z}), for which we have G(z) regular
for z > 0, | G(y) | < m(y®), and | G(2) | unbounded. Then 1.4.6, with
¢(y) = m(y"), gives

log M(r,) < sec mp-log m(r,)

for a sequence r, — ©.

For functions of order 14 and positive type we do not even know that
m(r) is unbounded, so the following result is of interest.

3.1.8.* Theorem.® If m(r) is bounded and

lim inf 7% log M(r) < «
r—00
then
lim 7% log M (r)

extsts.

Even 3.1.6 does not tell the entire truth about the minimum modulus,
since a similar, but not quite so precise, result holds for all entire functions
of order less than 1.

3.2. Functions of order less than 1. We prove the following theorem.

3.2.1. Theorem.® If 0 < p < 1 and f(z) is of growth (p, 0) then

. log m(r)
(3.2.2) hr?_.s”up Tog M ()

Because of (3.1.4) we may consider the function g(z) of (3.1.3) instead
of f(z). This is obvious when p < 14, since replacing f(z) by g(z) makes
m(r) smaller and M (r) larger and cos mp is positive. When p > 14, we sup-
pose as before that f(0) = 1. If we select a point 2’ with | 2’| =
r and | f(z’) | = m(r), we have

| g(r)g(— 7) | < | f&)f(= 2") | < m(r)M(r),
since

’ 7
(202 -
Tn Ta Ta Ta
If | g(— r) | > | g(r) |°* ™ for arbitrarily large values of r, then

mM(r) > | g(r)g(— 1) | > | g(r) |77 > M(r)' ™,
and (3.2.2) follows.

> cos mp.

7'2
1 -2

T

Z’z
<h-t
Zn
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‘We now establish (3.2.2) for g(z). We need the values of two definite inte-
grals; the first transforms by integration by parts into a standard T'-func-
tion formula, and the second may be evaluated by contour integration.
323. Lemma. If 0 < a < 1,

f z*log (1 + 2)dz = ma"* esc ey,
0

© .
f £ log |1 — x| dx = 7! cot ma.
[}

Hence we have

(3.24) f log[1—t] = ::lis maclog 1+ 8 g _ o
0

From this we could deduce that

f”’ log | g(=7) | — cos ma-log g(r) dr = 0
0

rite a > Py

which implies that the numerator is positive for at least one value of r;
however, we need to prove that the numerator is positive for arbitrarily
large values of r. We shall therefore prove that

“log | g(—7) | — cos wa-log g(r)
rl+a

(3.2.5) dr > 0, a > p,

x

for all positive z.
To do this, we put 6(f) equal to the numerator in (3.2.4) and

y(x) = f i t7%0(t) dt.
Then we have y(«) = 0, ¥(0)

0 by (3.2.3), so that

Y() = — fo ’ 79(t) dt.

A sketch of the graph of 8(t) shows that () is negative near 0 and has
just one change of sign in (0, «), and so ¥(z) first increases and then de-
creases; since it vanishes at 0 and o it is strictly positive in 0 < z < .
If we put

A=) = ¢(x)z°/log (1 + =),

we find that A(0) = o~ *(1 — cos ra), AO0+) = (1 — &)/ (1 + cos 7a).
Since A(z) is continuous, does not vanish for 0 < 2 < «, and has positive
limits at 0 and «, it has a positive minimum? k(a). Thus

¥(2) 2 k(e)z™* log (1 + ), 0<z< =,
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and so
/” log |1 —¢t| — cos wa-log (1 + ¢) it
(3.2.6) Yzlra tite
> k(o) (ra/x)" log (1 + x/72).
Now

log | g(=r) | = Xlog |1 = r/ral,  logg(r) = 2 log (1 +1/r),
and if @ > p we have 2 7% convergent. We then have

f r " log ¢(r) dr = Z[ * " log (1 r/ra) ar

n=1

= 2" f 7 log (1 + ) dt,
n=1 zlry
the interchange of limiting operations being justified because everything is
positive; and

f " log | g(—r) | dr = Zf r " log | L — r/ra | dr

n=1

00 L

= Zr;“f/ % log | 1 — ¢ dt,
n=1 xlry
because the integral is dominated by the convergent integral

f r 7% |log | g(—1) || dr = Zf r | log | 1 — r/r, || dr
0 n=1J0

- Zr;"f £ | log | 1 — ¢ || de.
n=1 0

Thus

f” log | g(—7) | — cos wa-log g(r) dr
z 4rl+c¢

G271 = e f log |1 —t] — t":’rg_,’f"“log A+,

1"
> k(@) i: log (1 + z/rs) = k(a)z™ log ¢(x),

by (3.2.6). This is considerably more than (3.2.5). Using only (3.2.5), how-
ever, we see that there must be arbitrarily large values of  for which the
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integrand is positive, i.e. log | g(— 7) | > cos wa-log ¢g(r), and hence
(3.2.8) log m(r) > cos wa-log M(r).

Since we required only that D r* converges, (3.2.8) still holds when
a = p and f(2) is of order p and convergence class, which is more than is
asserted in 3.2.1.

Still more than this is true, and we quote some further results.

3.2.9.* Theorem.c If ¢ > 0 and f(z) s of order greater than p — ¢, but of
growth (p,0),0 < p < 1, there is a sequence r = r, — « such that

(3.2.10) log m(r) > cos mp-log M(r) > r* .

We already know that each of the inequalities in (3.2.10) holds for a
sequence of values of r; the point of 3.2.9 is that there are arbitrarily large
values of r for which both are satisfied simultaneously, and hence for which
log m(r) has a large lower bound independent of f(z); otherwise it might
happen that log m(r) would exceed cos mp-log M(r) only for values of r at
which log M (r) is itself relatively small.

The fact that log m(r) > r°~° for a sequence r, — «, which follows from
(3.2.10), can be proved by taking a = p in (3.2.7), since if we had

log | g(— r) | — cos ma-log g(r) > r°
for all » > x we should obtain a contradiction.

Actually, not only is m(r) sometimes large, but it is large for a consider-
able proportion of the values of r, as the following theorems indicate.

3.2.11.* Theorem. ! If 0 < p < 1 and ¢ > 0,

log m(r) > (cos mp — ¢) log M(r)

Jor R, < r < R, + R,"™, where R, — .

3.2.12.*% Theorem> If 0 < p < 14 and ¢ > 0, the upper density of the set
of r’s for which log m(r) > " is at least 1 — 2p.

For similar results see also §3.7 and Theorem 4.4.17.

3.3. Functions of order 1. For functions of order 1 there is a theorem
which may be regarded as a limiting case of the theorems of §3.2.

3.3.1. Theorem.* If f(z) is an entire function of order 1 then, for each posi-
tive e,

(3.3.2) lim sup m(r)M(r)'** = .
In particular, if f(z) is of exponential type T,
3.3.3) lim sup m(r)e’ ™ = w.

For further results in this direction see §3.7.
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Let the zeros of f(z) be 2, , | 2z, | = r» ; then
0@ = faf—2 = T - #/24),
and
Me = T - 2/

ne=1

is an entire function of the same order as g(z), and of exponential type if
g(z) is of exponential type, of zero exponential type if g(z) is of zero expo-
nential type. Indeed, g(z"'*) is an entire function of order at most 14; by
(2.9.5), whether it is of growth (14, 0) or (14, ¢), ¢ > 0, is determined by
its n(r), which is the same as for h(z''*). We shall show that for real  and
each positive e.

(3.3.4) | h(z) | # of M ()™}, |z|— »;
from this we have, since |g(2) | = |h(|2])], |g&) | = M (r)™ for a
sequence of arbitrarily large values of r, and so

1f@) | = 1g@/f(— 2) | = M)

for the same values of r; and this is (3.3.2). It remains to prove (3.3.4).
Suppose that (3.3.4) is not true, so that

(3.3.5) |h(z) | < Ms(z)" —o <z < x,

If f(2) is of zero exponential type, so is h(2), and (3.3.5) is a contradiction
even with ¢ = 0 since an entire function of zero exponential type which is
bounded on a line is a constant (the same fact was used in proving 3.1.5).

If f(2) is of zero or finite exponential type, we apply Carleman’s theorem
(1.2.2) to h(z) in the upper half plane, and obtain, using (3.3.5),

0<0(1) — e f (@ — ) log M,(z) dx
1
+ (ar)™ f ) log | h(re®) | sin 6 d§
0

<0@1) — efl 2 log My(z) dz + e ' log M(r) + 2(xr)™" log Mi(r).

If f(2) is of finite positive type of order 1, the last two terms are bounded
while the integral is unbounded, by 2.11.3, and we have a contradiction.
Finally, if f(z) is of order 1 and infinite type, we have

n(t) dt

_ - 2,0y _ 2 [ _nlt)dt
log My(r) log uI—Il (1 + /%) T o @+ )
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_<_r’<fo +f'>SN(r)+r2fr Z?%[_—(%
NG e 7 Nt

- [

{2 + /’-2)2

< lﬁg_%’@ +2 [ log M) at

Thus we have

0<0Q1) — ef z " log My(x) dx + (e + 14)r~" log M/(r)
1

+ @/ [ " 57 log Mj(x) da.

This is, however, impossible, as we see from the following lemma, in which
¢(x) = log My(x) and § is arbitrarily small.
3.3.6. Lemma. If ¢(x) is positive and f z27? ¢(z) dz exists, § > 0, and
1

a and b are positive constants, then

T fl ’ 2o(t) dt 1= .
2 5((1 — d)a + b)

(33.7) lim sup

r—0o0

ap(z) + b2’ f ) () dt

To prove the lemma we suppose that the conclusion is false and obtain a
contradiction. Assume then that for » > R we have

(3.38) &) = f t (1) dt < c{ax“‘cb(x) + bz f t2(8) dt},
1 z
where c is less than the constant on the right of (3.3.7). Then
f 7 e(z) dx = f 2 (t) dt f g dr = 67" f % (t) dt,
1 1 t 1

and so the integral on the left converges. From (3.3.8) we then have

f " 7®(z) dz < ca f " ¢(x) dz + b f z % dx f (1) dt
R z

R R

= ca fﬂ 7 ¢(z) dx + cb fR 3(t) dt fx 2t dx
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Now
f 7 (x) dx = f z 2 dd(x) =9 f z " 'o(x) dr,
R R R

since ®(x) = o(z’). Hence

f 2 7% (x) dz < éc {a + b ~—1 f 7 'o(x) dr,
® 1—=35fJe
which is a contradiction since the coefficient of the integral on the right
is less than 1.

An application of (3.3.3) is

3.3.9.* Theorem.” If f(z) is a function of order less than 2, satisfying the
hypotheses of Laguerre’s theorem 2.8.1, then f'(2) is of the same genus Oor1l)
as f(2).

3.4. The minimum modulus of a polynomial. We shall need the follow-
ing result.

3.4.1. Boutrouz-Cartan lemma.® Let P(z) = [[r=1 (2 — 2,); for any posi-
tve H, the inequality

(3.4.2) |P()| > (H/e)"

holds outside at most n circles the sum of whose radii is at most 211.

We shall prove this on the assumption that all the z, are different; the
general case follows by continuity.

We group the zeros z, into classes as follows.Let A; be the largest integer
which is such that there is a cirele C; of radius \\H/n containing exactly M
points z, . We must of course show that A exists. If some circle of radius H
contains all the z, , then A\; = n. If not, and some circle of radius H(n — 1)/n
contains n — 1 of the 2, , then A; = n — 1. If not, we continue in this way;
in the worst case, we should have no cirele of radius H/n containing exactly
one z, . Suppose that every circle of radius H/n containing one z, contains
at least two; then the concentric circle of radius 2H/n contains the circles
of radius H/n about both these and so contains at least four z,’s; the con-
centric circle of radius 4H/n contains at least eight; and so on; finally the
circle of radius 2°H /n, where 2° < n < 2"*, and hence the circle of radius
H, contain at least 2°*' > n of the z, , a contradiction. Hence A\ does in
fact exist, and we put the \; points z, which are in the circle C into the first
class and call them of rank A; .

Next consider the points (if any) which are not of rank A; ; there is a
largest integer A < m — \; which is such that there is a circle C; of radius
M\H/n containing exactly A; of the remaining points 2, ; these form the
second class and are called of rank \. . We proceed in this way, considering
next points which are neither in the first nor the second class, and so on,
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until we have all the 2z,’s grouped into p classes, and Ay + A+ « - + A, =
n. The sum of the radii of the Ci is thus H.

Now let S be any circle of radius AH/n, N < n (an integer); if S contains
at least A\ points z, , then S contains a point of rank at least \. For, if S is
of radius NH/n, X > X: (hence X > n — \;), and S contains N\ points 2z, ,
there are A\; points of rank A\; and hence at least one of them is in S. More-
over, \; > A by the definition of A; . If A3 <X < Ao, then A >n — A — Ag,
and if S contains X points, none of rank A, , there are n — A; points remain-
ing, of which X are in S, and A; points of rank A;, so at least one of them
is in 8. Moreover, X\ > X. This process can be continued down to A = 1.

let Ty, I'y, - - - be circles concentric with Cy, Cy, - - -, and of twice
the radii, and let z be outside all the I'; . Then a circle S of center z and radius
MH /n contains at most A — 1 points z, . For, if z, is a point in S of rank
Aj, and a; is the center of the corresponding C; ,

2MH/n < |2 — a;| < N;H/n + NH/n,

and hence \; < X. Now let the 2, be arranged in order of increasing distance
from z; the first point is at least I /n from z, the second at least 2H /n, etc.;
hence

| P(z) | = (H/n)"n! > (H/e)".
3.56. Lemmas on functions of small order. The lemmas of this section

are of no particular intrinsic interest, but it is convenient to group them
together here.

3.5.1. Lemma. If f(z) is an entire function of genus zero, with f(0) = 1,
we have

(3.5.2) ~log M(@r) < N(r) + Q(r),
where
(35.3) ) =r | " ) du.

Since we have N(r) < log M(r) by Jensen’s theorem, we thus have
(3.5.4) N(r) <log M(r) < N(r) + Q(r),

so that Q(r) appears as a term measuring the error involved in replacing
log M (r) by N(r).
We have

f(@) = ﬁl (1 — z/za),

and we increase | f(z) | if we replace | 1 — 2z/z, | by 1 + r/r. ; hence, using
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the inequality log (1 + z) < z (z > 0) and the fact that n(z) = o(x)
(2.5.13, 2.10.3, 2.10.13), we obtain

log M(r) < log i].:l A+ r/rn) = '[, log (1 + r/t) dn(t)

=rfo° n) dt=r<f0’+'[:m)—7i(t—)~dtSN(r)+Q(r).

e+ 1) i+
3.5.5. Lemma. If f(z) vs of order zero, and mot constant,
(3.5.6) lim sup N()/Q(r) = <.

This is, for p = 0, a strengthening of (2.5.21), which states that
lim sup{log M(r)}/n(r) = =,
since N(r) < log M(r) and

Q(r) =r fw n(t) dt > ra(r) f” 2 dt = n(r).

Assume that (3.5.6) is not true, so that for some positive « and R,
3.5.7) N(r) < aQ(r), r>R

If0 <8< 1/(1 4+ a), we have f ) w ' n(u) du convergent, and so
fn CPQ>) dt = ]; Pdt ft u n(u) du

= f un(u) du f 8 dt
R

R
< [ b
R
so that the left-hand integral is finite; and then, by (3.5.7),

/; - QW dt< (1 — B fn ) P dN (1)
<80 - o [ NG @

< a1l — B! fn ) Q) dt.

Since a8/(1 — B) < 1 and Q(¢) % 0, this is a contradiction, and so (3.5.7)
must fail for arbitrarily large values of R.
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3.5.8. Lemma. If log M(r) = 0((log )*), Q(r) = O(log 7).
In fact, by (2.5.9), N(r) = O((log 7)?), and then

n(r) log r = n(r) fr tldt < f' 'n(t) dt < N@*) = 0((log r)*);
so n(r) = O(log r),
Qr) =r fw tn(t) dt = O (r fm t2logt dt)

=0 (r* log r f Ui dt> = O(log 7).

It is interesting to note that the converse of 3.5.8 also holds, and that
the hypothesis (or conclusion) is equivalent to n(r) = O(log r). In the first
place, n(r) < Q(r) and so n(r) = O(log r) if Q(r) = O(log r), while we have
just seen that Q(r) = O(logr) if n(r) = O(log r). Moreover, unless f(z) is a
polynomial, log M(r)/log r — « and so by (3.5.4),

(3.5.9) N(r) ~log M(r) if and only if n(r) = O(log r)

(since this statement is trivial for polynomials). Finally, if n(r) = O(log r),
N(r) = f n@)dt = 0 (f t ' log t dt) = 0((log ).
0 1

We next apply the Boutroux-Cartan lemma to obtain a preliminary
estimate for the minimum modulus of an entire function of genus zero.

3.5.10. Lemma. If f(z) is of genus 0, f(0) = 1, ¢ > 0, and ¢ > 1, then
there is a function A(r), tending arbitrarily slowly to o, such that for suf-
ficiently large R

(3.5.11) log | f(z) | > log M(sR) — Q(cR)A(R), r < R,

outside a set of circles the sum of whose radii is at most eR.
Since log M(r) increases and Q(r) decreases, this implies in particular
that

(3.5.12) log m(r) > log M(r) — Q(r) A(r)

in a set of unit linear density, where A(r) (not the same function
as in (3.5.11)) tends to « arbitrarily slowly.
We have, since g(z) is of genus 0,

@ =T = eal 21 T = s/el IT |t = o/al = PPy,

n=1 RS0 n>0
where 7, = |2z.|,7 = |z] < R, « > 1. Now we have
|1 —2/z]| 2|1 —1/ra],
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so (since n(r) = o(r))

>log [I A —1r/rn) = fw log (1 — r/t) dn()

- |ral ZoR .,

= —n(oR) log (1 — r/(eR)) —r f: w"(‘) 5 d

log P:

v

m(eR) R [*
oR s —1 f,nt n(t) dt

_ rn(oR) _ r
T TR R —1) k).

For P, we apply the Boutroux-Cartan lemma (3.4.1). We deduce that,
if z is outside circles the sum of whose radii is 2eH,

log P, > n(eR) log H + log ] 3!

raSoR

oR
n(oR) log H — f log ¢ dn(t)
0

v

= n(sR) log (H/(¢R)) + N(sR).

Combining the results for P; and P, , and using (3.5.2), we have, outside
the exceptional circles,

log /)] > n(oR) (7 + log 25) + NGoR) = ’_—-]-)Q@R)

> n(oR) ( + log [R> + log M(or) — <1 + )Q(aR).

( 1)
Now we are naturally to suppose that H(R) = o(R) so that there will be
something outside the excluded circles; then for large R the coefficient of
n(sR) is negative, and since n(r) < Q(r) we have

log | f(2) | 2 log M(eR) — A(r)Q(sR), r <R,

where A(R) — « (arbitrarily slowly), outside a set of circles the sum of
whose radii is o(R).

3.6. Functions of order zero. If f(2) is of order zero, and more particularly
if it is of such slow growth that log M (r) = O((log r)°), the relation between
m(r) and M (r) is especially simple.

3.6.1. Theorem.* If log M(r) = O((log r)?), or equivalently if
n(r) = O(log r), then log m(r) ~ log M(r) on a set of unit density.

We have Q(r) = O(log r) by 3.5.8, and if we suppose that f(z) is not a
polynomial (for polynomials, 3.6.1 is trivial), we have log M (r)/log r — «
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and (for a fixed ¢) A(r) — o arbitrarily slowly, hence A(r)Q(or) =
o(log M(r)) and so by (3.5.11),

log [ f(2) | = log M(or) (1 — o(1)) 2 log M(r) (1 — o(1));

the conclusion follows.

For functions of zero order in general we have as a limiting case of the
theorems of §3.2,

3.6.2. Theorem.? If f(2) is of order zero, log m(r) ~ log M(r) for a sequence
r=r,— ®.

By (8.5.5), Q(t)/N() — 0 for ¢t = t, — o« since

o r f "t_zn(t) dt N r f2 ) 1‘2@({)& qt _ Qe
N(r) N(r) - N(r) 2N (r)’

Q(t)/N () — 0 in the intervals ({. , 2¢,), which (for large ¢,) contain values
of r belonging to the set of unit density for which (3.5.12) holds. By making
A(r) — « slowly enough, we can make A(r)Q(r)/N(r) — O for these values
of r, and since N(r) < log M(r), A(r)Q(r) = o(log M(r)) for these values
of r, and the theorem follows from (3.5.12).

3.7. Functions of larger order. If 0 < p < 1, or even if f(2) is of order 1,
convergence class, we can deduce immediately from (3.5.12) that log m(r) >
—o(r") on a set of unit density; this is of course much weaker than the
theorems of §3.2 as far as concerns the order of log m(r), but much stronger
as far as concerns the density. The following theorems show that a result
of the same kind is true for unrestricted values of p.

3.7.1. Theorem.* If f(z) is an entire function of growth (p, 0), then for every
posttive € and n and for sufficiently large r we have

(3.7.2) log| f(z) | > —eR?, 2| <R,

except in a set of circles the sum of whose radii is at most ql2.

We may express the content of 3.7.1 more picturesquely when p = 1 by
saying that if f(2) is of zero exponential type there are annuli of arbitrarily
large width on which log{1/ | f(z) | } = o(r‘); and, for every ray argz = 6,,
the same inequality holds if the ray is modified by indentations whose total
length out to |z| = r is o(r). Similarly, if f(z) is of (some) exponential
type, there are annuli of arbitrarily large width on which 1/ | f(z) | is at
most exponentially large; and for any ray arg z = 0, there is a path, whose
length out to | z| = ris O(r) and which stays in a specified angle

l8—00|<€,

on which 1/ | f(z) | is at most exponentially large.
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3.7.3. Corollary. If f(z) is of growth (1, 0), log m(r) > —o(r) on a set of
unit density.

3.7.1 is a special case of

3.7.4. Theorem. If f(z) is of growth (p, o), then for every positive e and 7,
and k > 1, for sufficiently large R we have

(3.7.5) log | f(z) | > —H(o + ¢) (kR)’, lz| <R,
except in a set of circles the sum of whose radii is at most 2nkR; H depends
only on n and k.

We may suppose as usual that f(0) = 1, since we are interested only in
large R. We shall show that there is an H such that

(3.7.6) log | f(z) | > —H log M(R)

jor | 2| < R/k except at most in circles the sum of whose radii is 29R2. This
mplies the theorem, since it means in the first place (replace R by kR) that

log | f(z) | > —H log M (kR)
for | 2| £ R except at most in circles the sum of whose radii is 29kR. Now
log M(kR) < (¢ + €) (kR)"

for sufficiently large R, and (3.7.5) follows.

The inequality (3.7.6) results from combining the Boutroux-Cartanlemma
with Carathéodory’s inequality (1.3.1). Take k; so that 1 < k; < k and
write f(2) = fi(2)f2(z), where

Ry = II 1 —z/z),

|zal S R/K,
2. being the zeros of f(z). If m is the number of factors in fy(z),
IT 11 = 2/z) = |o2 -+ 2| IL 2 = 2)] > [em[ "(aR/0)"

outside circles the sum of whose radii is 29R. Now
R R
n(R/ky) log kr = n(B/ky) f rra< [ a0 d
. Rlk, Rk,

< N(R) < log M(R);
so since m = n(R/k:) and | 2. | < R/k., outside the excluded circles we
have

nR _ log M(R) |
(3-7-7) lOg |f2(2)| >m IOg e_l-z_m_l > —R—g‘kl - e .

If 5 is small (as we may assume without loss of generality), we can find



THE MINIMUM MODULUS 53

k2 between k; and k so that the circle | 2| = R/k; avoids all the excluded
circles and thus so that (3.7.7) holds for | 2| = R/k.. Choose 6 so that
| fi(Re®/ks) | = M1(R/ks), where M,(r) is the maximum modulus of N(z2).
Then since fi = f/f: and M(R/k:) < M(R), we have

log Mi(R/ks) < log M(R/ks) — log | fo(Re™/k,)]|

(3.7.8) < log M(R) {1 - IOLIO(;#}

Now fi(2) has no zeros inside | z| < R/ks, and f1(0) = 1, so we have hy
(1.3.2) (a consequence of Carathéodory’s inequality)

(3.7.9) log | fi(2)| > - log My(R/k:), 2| = r < R/ks.

2r
- Bk —
We now write, for | 2| = r < R/k, and z outside the excluded circles,
log [ f(z) | = log | fi(2) | + log | fal2) |,
and use (3.7.9), then (3.7.8) to estimate log M,(R/k»), and (3.7.7) to esti-
mate log|f:(z) | . We obtain

log (nki/e) 2r log (nki/e)

The coeflicient of —log M (R) does not exceed

2k, ki + k log (e/(nky))
k—bky k—Ik log ki

and this is an H of the required kind.

?
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and proved by Valiron and by Wiman. The proof given here is that of Pélya, as simpli-
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wright, and Pfluger; see Pfluger [3] for one version and references. See also Boas [20]
and Gelfond [4]. The constants involved in the conclusion of 3.7.4 can be estimated
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CHAPTER 4

FUNCTIONS WITH REAL NEGATIVE ZEROS

4.1. Direct theorems. If all the zeros of an entire function are on, or
close to, a given half-line (which we may take to be the negative real axis)
there are especially simple connections between the distribution of the
zeros and the rate of growth of the function. We shall consider only func-
tions of order less than 1, although there are similar theorems for any non-
integral order. When the order is an integer the situation is more compli-
cated, as usual; some results for functions of order 1, belonging to the same
circle of ideas, but with the zeros distributed along a whole line, will be
discussed in Chapter 8; some, but not all, of these can be deduced from
properties of functions of order 14. We begin with a theorem in which
the rate of growth is inferred from the distribution of the zeros.

4.1.1. Theorem.* If f(z) is an entire function of order p, 0 < p < 1, with
real negative zeros, f(0) = 1, and n(f) ~ X" (A > 0) ast — «, then

(4.1.2) log f(x) ~ m\(csc wp)x”, T — ©
and more generally
(4.1.3) log f(re®) ~ e*’x\(csc mp)r”, r— o,

for each fixed 6 in —w < 6 < w; the branch of the logarithm is that which is
real on the positive real axis.

‘We have
f(z) = 1.11 (1 + 2/ra), " > 0,
log f(z) = il log (1 + 2/rn) = L“ log (1 + z/t) dn(t)
(4.1.4) i

® * n(t) dt
e

n(t) log (1 + 2/t) )

=z © n@de

T ottt 2
We may carry out the calculation first for real positive z, when there is no
problem about which determination of log(1 + z/r,) to take; since n(f) = 0
in a neighborhood of 0, the integrated term vanishes; and since the final
integral and log f(z) are both regular except on the negative real axis, and

coincide on the positive real axis, they coincide in the plane cut along the
negative real axis.

55



56 ENTIRE FUNCTIONS

If e >0, wehave A — €) * <n(t) < A+ e’ fort > T. If we replace
n(t) by M, we commit an error of at most

n(t) — n(t) + N+ v
z.L T 2 + d f dt

Tt 2l
(4.1.5) | -
+lz]e t°dt
b tlt+ 2|’
Now
® ordt _
(4.1.6) zﬁ t—m—wz cse p;

for, using a well-known definite integral we have

:cf“ﬂt—— = 7z’ csc
h 10 T ) P
and if z = re”, —r < 6 < , we can turn the line of integration in (4.1.6)

to the ray arg z = 6 with the same result. Also |[t+ 2| >2t+zifz>0,
and

(4.1.7) [t 4+ 2| > (r+8)sin(r—[6])/2

if z < 0. So with a fixed 6 the first term on the right of (4.1.5) is O(1) and
the second is €0(r"), and (4.1.3) follows.

There is a similar result even for points on the negative real axis; here,
of course, we can cxpect to determine the asymptotic behavior of f(z) only
outside neighborhoods of the zeros.

4.1.8.* Theorem.> Under the hypotheses of 4.1.1, if ¢ > 0 we have

(4.1.9) log | f(— ) | < («\ cot mp + €)’, x > xole),

and if n > 0 we also have

(4.1.10) log | f(— z) | > (w\ cot mp — €)2”,

{;r 0 < z < X except in a set of measure nX, provided that X s sufficiently
rge.

Thus, in particular,
(4.1.11)  log|f(— z)| ~ mA(cot mp)z’ in a set of density 1.

Another sense in which the asymptotic formula in (4.1.11) is true “on
the average” is given in 4.4.14.
4.9. Converse theorems. The converse of 4.1.1 is also true, but is rather

more difficult to prove.
42.1. Theorem.® If f(z) is of order less than 1, if all its zeros are real and
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negative, if f(0) = 1 and if

4.2.2) log f(r) ~ 7 csc mp-1°, r— oo,
then
(4.2.3) n(r) ~r°, r— o,

Our first step® is to show that
(4.2.4) log f(2) ~ 72" csc mp

uniformly in any angle |argz| < 7 — § < =.
In the first place, (4.2.2) implies that there is a constant A such that

(4.2.5) log f(r) < Ar*, r> 1.
Setting ¢(2) = 27° log f(z), which is regular in | arg z | < = (with z2™* posi-
tive for real positive z), we shall show that

(4.2.6) ¢(2) isbounded in |argz | < 7 — §/2.

As soon as we have (4.2.6), (4.2.4) follows from Montel’s theorem (1.4.8)
applied to ¢(z). Now by (4.1.4) and (4.1.7),

|log f(2) | < 7“/: GOL < rese (5/4).'/:tn(t) dt

tlt+z2| — t+n
= csc (8/4)-log f(r) = O(*)
by (4.2.5), and (4.2.6) follows. Hence we have (4.2.4).

The most straightforward way of proving (4.2.3) is now to start from
Jensen’s theorem, which gives us

w2 No = [ ") dt = (2n) [ 108 1 tre®) | .

We have, by (4.2.4),

log f(2) ~ w7’ csc mp €, jargz | <m—6<m,
and if we can take the limit under the integral sign in (4.2.7) we shall have
(4.2.8) r ’N(r) — 1/p,

from which 7~ n(r) — 1 will follow by an elementary Tauberian argument.
Now

7" log | f(re®) | — #r° csc mp cos pb,

uniformly outside every neighborhood of —, and is bounded above for
| 6| < m; if we could show that it is bounded below we could take the
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limit under the integral sign® in (4.2.7) by “bounded convergence.” Of
course this expression is not bounded below for r’s in the neighborhood of
the moduli of the zeros, but we can find a sufficiently large set of ’s on which
it is bounded below and take the limit over thisset. To do this, we note that,
by 3.7.4, for any positive  we have log | f(2) | > — Hnr® with a finite H
(depending on 1), except in circles the sum of whose diameters out to
| 2| = R is at most nR (we have changed the notation of 3.7.4 somewhat).
Hence when | z | = r doesnot intersect the excluded circles, 7 log | f(re®) | is
bounded, uniformly for | § | < x. Therefore we can take the limit under
the integral sign in (4.2.7) when r — « through any sequence of values
avoiding a collection of intervals whose total length for » < R is at most
72, with n arbitrarily small.

Accordingly we have
(4.2.9) lim 7 *N(r) = 1/p,
where 7 is to avoid the excluded intervals.

It is now easy to show that the excluded intervals can be included in
(4.2.9). In fact, if (ry, r2) is an excluded interval and r; < r < 75, we have

r?N(r) < rPN(rs) = (ro/r)’rs "N(rs) < (1 — )" ’rs N (ra),

and since n(f) = 0@°),

=

*N(r) =1 *N(r) —r* f 'n(t) di

rg
> i*Nim) — 4 [ e

> 13°N(r)) — An/(1 — q),
so that
p ' — An/(1 — ) < liminf ¥ ’N(r) < lim sup 7 *N(r) < (1 — 9)"*/p;

r—+0 r—>00

since 7 is arbitrary, (4.2.9) holds as r — o without restriction.
Finally, we show that (4.2.9) implies (4.2.3).4 If A > 1, we have, writing
(4.2.9) for r and for Ar and subtracting,

Ar
r° f () dt — p '\ — 1),
and since n(t) increases, the left-hand side is at least 7 "n(r) log A, so that

lim sup ¥ *n(r) < p '\ — 1)/log A,

=00
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and letting A — 1 we have

lim sup r *n(r) < 1.
Similarly we find lim inf »*n(r) > 1, and the proof is complete.

4.3. Generalizations. In the theorems of §4.1 and §4.2 the assumption
that the zeros are actually on a half line is stronger than is necessary; it
is sufficient® to have arg z, — m as n — . This is easy for 4.1.1, and 4.2.1
with the general hypothesis can be reduced to the theorem with real zeros
by a straightforward argument. It is less simple to show® that the hypothe-
sis (4.2.2) in 4.2.1 can be replaced by log f(w,) ~ w(csc wp)w} if | w,|T =,
largw, | < 7 — § <, and woy1/w, — 1.

There is also a converse of 4.1.8.

4.3.1.* Theorem.c Let f(z) be an entire function of genus 0 with real nega-
tive zeros, let, for each ¢ > 0,

log | f(—z) ] < wx’(cot mp + ¢)
Sor all sufficiently large positive x, and
log | f(—=.) | > wxf(cot mp — €)
for sufficiently large x, of a sequence for which x, — ®, Zn41/Tn — 1. Then
log f(x) ~ mx° esec mp, T— + o,

if either 0 < p < 14 and f(2) is of growth (14, 0),0r 14 < p < 1.

A very general theorem along similar lines is due to Pfluger. To state it,
we first require some terminology.

4.3.2. Definition. The entire function f(z) of (arbitrary finite) order p is
of regqular asymptotic behavior if, for each 6, lim,_ r* log | f(re”) | exists
as r — o« through a certain set of density 1.

4.3.3. Definition. The set of zeros of f(z) is said to be measurable with respect
to r* if there is a nondecreasing N (0) such that for every two points 6', 6" of
continuity of N(6), the number of zeros with |z| < r, 8 < 8 < 07, is equal
to {N(8”) — N(0)}r" + o(r").

Then Pfluger’s theorem is as follows.

4.3.4.* Theorem. The entire function f(z) of nonintegral order p is of regular
asymptotic behavior if and only if its zeros are measurable with respect to
r*, and its indicator function is given by

2
h() = = csc 1rp_/o' cos (pt — pr) AN (0 + ©);

moreover, in any zero-free angle, lim, .., v log | f(re”) | exists.
Though much more general in some ways than the theorems of §4.2,
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this theorem does not imply them, because before we can use it to draw
conclusions about the zeros we must know the behavior of the function
not only on one ray but on all rays, including those containing zeros.

4.4. Another kind of theorem. We now prove another result connecting
the behavior of f(z) along the negative real axis with the distribution of the
zeros. Here instead of working with anything as precise as (4.1.9), (4.1.10),
we use an integral which effectively smooths out the irregularities resulting
from the presence of the zeros. The situation is especially simple in the
case p = 14 on which 4.3.1 gives no information, and this case is particu-
larly interesting because it is equivalent to an important theorem about
functions of order 1 (§8.2).

4.4.1. Theorem.» Let f(z) be entire, of order less than 1, with negative
real zeros, and let f(0) = 1. Then

(44.2) f 277 log | f(—=) | dz is bounded

0
if and only if
(4.4.3) % log | f(x) | s bounded for 0 < x < =
the existence of
(44.4) f zlog | f(—2) | dz = a

o

and of
(4.4.5) lim z 7% log f(z) = B

are equivalent, and a = wp.
We start by proving that (4.4.2) and (4.4.4) imply (4.4.3) and (4.4.5),
respectively. Consider the integral

I=f r  log f(2) dz

r—z 2
over the contour consisting of the circle |z| = B > r with a cut from
—R to 0 and back again (initially the cut has indentations to avoid the
zeros of f(z) and the origin, but the contributions of the indentations tend
to 0 with their diameters). The branches of the multiple-valued functions
are fixed by being taken positive for large positive values of z. The pole at
z = r makes

(4.4.6) I = —2xir " log f(r).

We next show that the contribution to I from the integral around |z | =
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2 tends to 0 as R — oo, at least if R is restricted to a suitable bequence of
-alues. We have log™* lf(z) | = 0¢™), A < 1;hencen(t) = O(t") (2.5.13),
nd so

447)  argf(z) = Slog f(z) = y _/: (t—_—'_lz—(zt))—f:_——gz = 0(");

ve may verify (4.4.7) as follows (A denotes various constants):

() dt f“" n(t) dt ® & dt
; <

v T+ i+ y Fore T AT

2|z| dt ® £ dt
sn@le) f @+ x)2 + ¥ +4 fzm /2 + ¢
<@laP+ o) [ G- @lal+ Ayl

n addition, by (2.6.18) we have log | f(z) | > —RMfor0<e<1l—21\
ind a sequence of values of R tending to «. Hence

log f(2) | < |log | f(2)|| + | arg fz) | = O(RY), N+ e <1

‘or | 2| = R. — . We therefore have, combining the integrals along the
two sides of the cut and taking imaginary parts in (4.4.6),>

Ry
p -2 — T r —3/2 _ |
448)  —m " log f(r) = lim fo & log | f(—) | d.

Suppose first that (4.4.2) is true, and let
J@) = f 2 log | f(—2) | dz;
0

then
R

—ar " log f(r) = lim ' r(r + )7t dJ(x)

n—0 J)

= hm J(x)r(r + 2)7*dr,
and this is bounded if J(z) is bounded, i.e., (4.4.3) is true.
Next suppose that (4.4.4) is true. Then

Ry

lim rir + 2)72 " log | f(—2) | dx

n—0 J0
Rn

= a — lim z(r + z)7'z7? log | /(—=2) | dz,

n—sc0 JO
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and it remains only to show that the second term on the right approaches
zero as r — . Now we have, if n > m,

Bno g —3/2

[ s =0 | o
R, e

= r__“ﬁn-/;z z ¥ log | f(—=) | dz, R. < R < R.,

since z/(r + ) increases; and

[ gl e = [T o S0 e
o r+=x ’ b o r+ ' N

R. [™ s
+ TR _/; 2" log | f(—=) | da.

If we first take m so large that the second integral on the right is small
(by the convergence of (4.4.4)), and then with a fixed m take r large, we can
make the first integral on the right small also (since 27 log | f(—x) | 1s
absolutely integrable over a finite range); this gives us the desired con-
clusion.

We turn now to the proof that (4.4.3) and (4.4.5) imply (+.4.2) and
(4.4.4), respectively.

We showed in the proof of 4.2.1 that (4.4.3) implies that

|2 7" | log f() |
is bounded in | arg z| < 7 — & < 7, and that (4.4.5) implies that
2" log f(z) — B
uniformly in |arg z| < = — & < m. In addition, in either case f(2) is at

most of finite type of order 14, and so n(r) = O@¢*"*). Now consider the
integral

fz—m log f(2) dz

taken around the contour consisting of the circle | z| = r with a cut from
—r to 0 and back again (again, initially with indentations at the zeros of
f(z) and at 0, which contribute nothing in the limit). Since the integrand
is regular inside the contour, the integral is zero, so that we have

f 7% log f(2) dz = —2i f % log f(—x) dx,
| 3| m=r 0
and, taking imaginary parts,

3 /;-I—, 7% log f(2) dz = —2 ‘L" 2 log | f(—2) | da.
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The left-hand side is

4.4.9) 3‘{1 [ 10 5 do},
and to complete the proof we have to show that (4.4.9) is bounded or ap-
proaches a limit as | z | — « if 27"* log f(v) is bounded or approaches a
limit as ¢ — «.

The case when 27 log f(x) is bounded is quite simple, since | f(z) | is
largest for real positive z, so that f(z) is at most of order 14, mean type,
N(r) = O@'"?), and by Jensen’s theorem

—1/2

(4.4.10) 7 [ log | fre®) | do = 207N () = OQL).
Indeed, (4.4.9) is
(4.4.11) 2 f {log | f(re®) | cos 8/2 + arg f(re™) sin 0/2} d8;

—

as we saw in the first part of the proof (4.4.7), arg f(re*) = 0@'"™), and we
are left with

(4.4.12) i f_ log | f(re®) | cos 6/2 d.
Since log | f(2) | € O(¢'"), which means that

7 [ log" 116 1o = 0(),
we also have, by (4.4.10),

0(1),

yi2 f log™ | f(re®) | o

and inserting the factor cos 8/2 into each of the last two integrals does not
affect their boundedness (since the integrands have a fixed sign); the bound-
edness of (4.4.12) follows, and the proof that (4.4.3) implies (4.4.2) is
complete.

To show that (4.4.5) implies (4.4.4), we have to appeal to4.2.1. We know
that 27" log f(2) approaches a limit uniformly in | argz | < = — $, so that
in view of (4.4.11) it is necessary only to show that

rf f:; {log | f(re”) | cos 6/2 + arg f(re”) sin 6/2} db

is small with & (and the same for the integral over (—, —= + §)). The
second part is O(38) as § — 0 because arg f(re®) = 0(''*), and we are
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left with
(4.4.13) U f , log | f(re®®) | cos 6/2 d6.

But we also have, again because z /% log f(z) — g8 uniformly in | arg z | <
x — &, and because r >N (r) — B/, that

2 f' log | f(re®) | d8}= O(3),
~—5

and by the same argument as before, the same is true of (4.4.13).

The generalization of 4.4.1 to orders other than 14 is not entirely ob-
vious, but may be found by attempting to generalize the proof.

4.4.14.* Theorem.c If f(z) is an eniire function of order less than 1, with
real negative zeros, and f(0) = 1, the conditions

(4.4.15) log f(r) ~ Ar csc mp 77, r— oo, A > 0,
and (forany 7,0 < ¢ < 1)

r

z 7 (log | f(—2) | —7 (cot o) n(x)} dx

(4.4.16)
~ mp S8 TP T COb T o
p— 0
are equivalent; the right-hand side s to be interpreted as —=°\ cs¢’ mp when
o= p.
In particular, (4.4.15), or its equivalent n(r) ~ Ar’, implies

[ = og| f(=a) | dz ~ mh (cot ) logr, o 34,
0
r p—a
[ a7 10g | f(=2) | dw ~ T 072, P>
0 p—c
0 P .,
f 7 log | f(—2) | dx ~ Zr&'_.g__(‘_o:_ff’, T > p;

these are just the relations which would follow from 4.1.8 if (4.1.11) were
true everywhere.

There is a less precise version of 4.4.14, corresponding to the first part
of 4.4.1, which asserts that f(z) (with real negative zeros) is of finite type of
order p if and only if the left-hand side of (4.4.16) is O(r*°). From this
(and 2.11.1) one can deduce the following result.

4.4.17.* Theorem. If f(z) is an entire function of order p, 0 < p < 13,

R
and m(r) is its minimum modulus, then f ¥ log m(r)dr is bounded
1

(1 < R < x) if and only if f(2) s of convergence class.
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One half of this result also follows from the convergence of the integral
(3.2.5) with a = p.

Nores FOrR CHAPTER 4

4.1a. Valiron [1], Titchmarsh [1].

4.1b. Titchmarsh [1], Ikehara [1].

4.2a. 4.2.1 has a long history. The experienced reader will recognize it as a Tau-
berian theorem in which the Tauberian condition is that n(¢) increases. It was proved
by Valiron [1] by a rather long Tauberian argument; rediscovered by Titchmarsh [1]
and proved by reduction to an equivalent Tauberian theorem of Hardy and Little-
wood; and deduced by Paley and Wiener [1] from Wiener’s general Tauberian
theorem. Function-theoretical proofs were given by Pfluger (3], Delange [1], [2], Heins
(2] and Bowen [1]; the last two proofs are relatively short. Several of these authors
give generalizations to functions of arbitrary nonintegral order and generalizations
in other directions. See also Bowen and Macintyre [1]. Hypothesis (4.2.2) can be
replaced by (4.1.3) with a single 0 if | 6 | < #/2; or, if we assume to begin with that
f(z) is of order at most p, it is enough to have |0 | < #/(2p) if p > ¥4, |6 | < 7 if
p < ¥, for, in all these cases (4.1.3) implies (4.2.5) by a Phragmén-Lindelof argument
using the angle | arg z | < 6, since f(2) satisfies (4.1.3) for —@ if for 6. Cf. Delange
[2], where there is an example showing that |6 | < #/(2p) cannot be replaced by
|6] < =

4.2b. This is the essential step in the proofs of Bowen and Heins.

4.2¢. This is done directly by Heins, but it is shorter for us to appeal to 3.7.4;
the proof obtained in this way would be longer if written out to include 3.7.4 as part
of the proof of 4.2.1. Bowen writes (4.2.4) in the form

0

f Ut + 2)"n(l) dt ~ w2° csc mp,
0

takes the imaginary part of both sides, and so reduces the theorem to a Tauberian
theorem of an elementary kind.

4.2d. This well-known argument seems to have originated with Landau.

4.3a. Valiron [1], Bowen [1]. For an analogous theorem with the zeros clustering
around the (whole) imaginary axis, see Noble [1].

4.3b. Bowen [1].

4.3c. Titchmarsh [1], Bowen and Macintyre [2]. Titchmarsh proved the first part
and the theorem was completed by Bowen and Macintyre, who give further generali-
zations. Sec also Ikehara [1].

4.3d. Pfluger [3]. Even more generally, regular asymptotic behavior implies
measurability of zeros even for functions of integral order and even in an angle; and
the theorem can be further generalized in terms of proximate orders. Sec §8.1 for
further discussion of the case p = 1.

4 .4a. The equivalent theorem for entire functions of order 1 is given by Paley and
Wiener [1]. For the proof of the text see Boas [27].

4.4b. By using the more precise theorem 3.7.4 instead of 2.6.18 we could, as in the
proof of 4.2.1, replace R, by a variable R tending continuously to «; but it is un-
necessary to do so.

4.4c. Boas [27].



JHAPTER 5

GENERAL PROPERTIES OF FUNCTIONS OF
EXPONENTIAL TYPE

6.1. Properties of the indicator. In the rest of this book we shall be con-
cerned almost exclusively with the functions of exponential type, and
usually with entire functions of exponential type. To begin with we collect
some material which will be nceded frequently. We shall constantly have
to refer to properties of the Phragmén-Lindel6f indicator function, and it
is useful to have as many as possible of its properties stated in such a form
that they can be used for functions which are not necessarily entire.

In this section we suppose that f(z) is regular and of exponential type
in a closed angle, which we take for convenience to be | | < a. The be-
havior of f(z) near the vertex is unimportant for our purposes, although
it is sometimes necessary to apply the theorems when (for example) f(z) is
regular in the open angle and continuous in the closed angle. Such generali-
zations can be dealt with by limiting processes and are left to the reader.
The indicator function of f(2) is defined as

(5.1.1) h(#) = lim sup 7 log | f(re®) |, 18] < a,

and since we require that f(2) is of exponential type, h(0) is finite or — «.
We write h;(6) when it is necessary to call attention to the particular funec-
tion f(z) which is under consideration.

There is a corresponding definition for functions of growth (p, 7), p % 1,
and a more general one in which the growth of f(2) is compared with a proxi-
mate order; but we shall not need these, and we prove the necessary proper-
ties for the simplest case only. For entire functions of exponential type it
is possible to give proofs which, once we have established some theorems
which will be nceded in any case, are shorter (cf. §5.4).

5.1.2. Theorem® If | 6, | < e, | 6:| < ¢, 0 < 8, — 6 < m, h(6) < b,
h(6:) < hs, and

hy sin (8; — 6) 4+ hy sin (6 — 6,)
sin (02 - 01)

s the (unique) sinusoid (i.e., function of the form a cos 6 + b sin 6) which
takes the values hy , hy at 0, 02, respectively, then

h(8) < H(0), 6 <8< 6.

Let 6 > 0 and let H;(0) = as; cos 8 + bs sin 6 be the sinusoid which
takes the values by + 8, he + 8 at 6y, 6, respectively. Let
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(5.1.3) F(z) = f(2) exp {—(as — ibs)z};
then

| F(2) | = | f(2) | exp {—Hs(0)r},

and so F'(z) is bounded on the rays argz = 6,, 6;. Since0 < 6. — 6, < m,
this implies by (1.4.2) that F(z) is bounded in 8, < 8 < 6., and so by
(5.1.3), f(z) = O{exp (H;(8)r)}, uniformly in this angle. Hence h(6) < Hs(6)
and since H;(8) — H(8) as 6 — 0, 5.1.2 follows.

With slight modifications the same proof shows that if h(6:) or h(68:) is
— w thenh(f) = — o for8, < § < 6,. Hence h(8) = — « for some 6 only
if () = — o for all 9 in the angle under consideration, with the possible
exception of § = +a.

5.1.4. Theorem. Unless h(f) = — oo, h(B) s continuous in —a < 8 < a.

For later use we remark that the proof will use only the property es-
tablished in 5.1.2.

To prove 5.1.4 we begin by proving

5.1.5. Lemma. If h(8;,) and h(6:) are finite, —a < 6, < 6 < 63 < «,
05 — 6, < m, and H(0) is a sinusoid such that h(8,) < H(8,) and h(6:) > H(62),
then h((h) _>_ I‘[(Os)

First, h(8;) > — = by the remark made just before 5.1.4. If there is a
positive § such that h(6;) < H(8;) — 8, put

H;(0) = H(8) — 8sin (8 — 6)) csc (6; — 6y).
Then
Hy(6:) = 1(8:),  His(6:) < H(6:),  Hi(6:) = H(6:) — 3,
and so
h(6) < Hs(6),  h(8:) < Hi(6y),
whenee by 5.1.2,

h(82) < Hs(6:) < H(8),

a contradiction.

To prove 5.1.4,let —a < 6; < 6, < 6; < a and let H1,2(8) be the sinusoid
which takes the values k(6,), k(6,) at 6, , 6, , respectively; and similarly for
I, 3(8). Thenfor 6, < 0 < 6y, h(6) < H,(8) by 5.1.2, and H»3(0) < h(6)
by 5.1.5. Similarly H,2(0) < h(8) < H.3(0) for 8: < 8 < 65. Hence

f11,2(0) — 11, .5(62) < h(8) — h(82) < {{21;(0) — H> 3(82)

5.1.6
(5.1.6) 0 — 06, =T —e = 0 — 6, '

and as 6 — 6, the right-hand and left-hand sides approach limits. Hence
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h(0) is continuous at 6, and even has finite right-hand and left-hand
derivatives.
If 6, is one of the endpoints, say , take ;3 = e and 6, < 6 < 6; ; then we
still have A(6) < H,,3(0), 60 < 8 < 63,50
lim sup h(6) < H13(6:) =h(a);

0 a—
similarly

lim sup A(0) < h(—a).
0——a+
5.1.7. Theorem. If —a < 6, < 6. < 0 < a, 0, — 6, < m, 6; — 6 < m,
then h(6) satisfies
(5.1.8) h(8,) sin (8; — 6:) + h(6:) sin (6, — 63) + h(8;) sin (6 — 6,)

> 0.

When 6; — 6, < m, this is just another way of writing the conclusion of
5.1.2. To prove (5.1.8) in general, note first that the left-hand side is iden-
tically zero for a sinusoid H(8). Choose 6, so that 6, < 6, < 6, + =; let
H(8) be the sinusoid coinciding with h(6) at 6, and 6. ; then by 5.1.5, h(6,)
> H(6s). Next apply 5.1.5 to 6,2, 64, 65 ; it follows that h(8;) > H(68;). Since

h(01) Sill (03 - 02) + h(02) sin (01 — 03) + H(G‘;) sin (02 —_ 91) =0

and sin (6. — 6,) > 0, replacing H(6;) by h(6;) (which is not smaller)
makes the left-hand side larger (if it changes it), and (5.1.8) follows.

5.1.9. Theorem. If € is a given positive number and h(0) % — o, then for
r > r(e) we have

(5.1.10) log | f(re®®) | < r{h(6) + €},

uniformly in any closed subinterval of (—a, &), uniformly in —7 < 6 < «
if f(z) is an entire function, and uniformly in (—a, &) tf h(8) s continuous
at 0 = *a.

The definition of h(8) shows only that (5.1.10) holds for each 6.

Since h(#) is continuous, it is uniformly continuous and hence varies
by less than ¢/3 in each of a finite number of intervals 8, < 6 < 6, covering
the closed interval in question. If these intervals are small enough, and
H, 2(0) is the sinusoid coinciding with h(8) + /3 at 6,, 62, we shall have
H,2(0) < h(8) 4+ 2¢/3 in (6, , 62). Then by the proof of 5.1.2,

log | f(re®) | < r{H12(0) + ¢/3} < r{h(8) + ¢}, 1 > r(e),

uniformly in each interval and hence uniformly in their union.
The following variant of 5.1.9 is sometimes useful.
5.1.11. Theorem. If € is a given positive number and h(8) < H(0), —a < 6
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< a, where H(0) is a sinusotd, then for r > r(e) we have
log | f(re”)| < r{H(6) + e},

uniformly in —a < 6 < a.

5.1.12. Theorem. Unless f(z) = 0, we cannot have cither (a) h(6) < 0
Jor 6 = 6y, 62, 6; with h(8) < O at one of these points if 83 — 6, > = and
6, < 6, < 03; 0r (b) h(6) < 0 for 0 = 6,, 6, with h(8) < 0 at one of these
pointsand 0 — 6, = w; or (¢) h(8) < O for6 = 6,,6,, h(6) > O for 6 = 6.,
with strict inequality at one point, if 0; — 6, < wand 6; < 6, < 6.

If there are values of 6 satisfying (a), (b), or (¢), none of the terms on
the left of (5.1.8) is positive, at least one is negative, and we have a con-
tradiction. The next three statements are corollaries of (a), (b), (c), re-
spectively.

5.1.13. Corollary. Unless f(z) = 0, h(8) < 0 at most in an interval of
length .

5.1.14. Corollary® A function of exponential type in a half-plane cannot
approach zero exponentially along the boundary unless it vanishes identically.

5.1.15. Corollary.c A function of exponential type cannot be of zero type on
the boundary of an angle of opening less than = and of positive type on some
ray in the interior.

5.1.16. Theorem.t If a« > w/2 and h(8) < a for | 0] < a, then h(6)
> —alsecalfor |6 < 7 — a.

5.1.17. Corollary. If f(z) is an entire function of exponential type,

min h(8) > —max h(8).

We give another proof of 5.1.17 in §5.4. To prove 5.1.16, write (5.1.8)
in the form
6 /]

2h(8,) sin -;— oS ‘-»-'2‘—0_3 < h(6) sin (85 — 65) + h(6;) sin (6, — 6,)

< 2asin 01_2___@1 cos - :—ng + 6 .
whence h(6:) cos (6, — 63)/2 < a, provided that 0 < 6. — 6, < = and
0<6;— 0 <mIf|6:] <7 — awecan take 6, = —a, 6; = a, and the
conclusion of 5.1.16 follows.

If we take 03 = 6, + = in (5.1.8) we sec that if —a <60 <0+ 7 < «
then h(6) + R + ) > 0 (cf. 5.4.4). A little more than this is obtainable
if @ = w/2 by letting 6, —» —=x/2,6, — 0, 6, — 7/2.

5.1.18. Theorem. If & = w/2,

lim sup A(6) + lim sup h@) > 0.

0——xl2 0—xl2
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In view of the remark made at the end of the proof of 5.1.5, this im-

plies, for example, that
lZm sup h(@) + h(x/2) > 0.

6.2. Convex sets. We shall sce that the growth properties of an entire
function of exponential type are conveniently described by the geometrical
properties of a convex set associated with the function. This section contains
the necessary preliminary material about convex sets. We shall not go into
any more detail than is necessary for the applications.*

Let K be a nonempty bounded closed set of points z = = + 7y. We call
K convex if, whenever K contains z; and 2., it also contains the line segment
joining z;, and 2z, that is, all points tz; + (1 — £)2:,0 <t < 1.If0 < ¢ < 2m,
we project K on the ray arg z = ¢ and denote by k(¢) the distance from
the origin to the most remote point of this projection in the positive direc-
tion (k(¢) is negative if the projection of K lies completely on arg z =
¢ + m). Analytically, then, k(¢) is the maximum of R(ze ™) = z cos ¢
+ y sin ¢ as z ranges over K.

Since K is closed, the line x cos ¢ + y sin § — k(¢) = O contains at
least one point of K, and K lies entirely on the side of this line where
xeoso + ysing — k(p) < 0 (which we may also write as

rcos (0 — ¢) < ko),

if z = r¢™); this line is called a supporting line of K, and k(¢) is called
the supporting function of K. Points z not in K are characterized by the
fact that x cos ¢ + y sing — k(p) > O for some ¢.

It is not always quite easy to calculate the supporting function for a
convex set, given, for example, by the equation of its boundary. The cal-
culation is facilitated by the fact that some simple operations on convex
sets correspond to simple operations on their supporting functions. By
the sum of two convex sets K; and K. we shall mean the set of all points
21 + 22, where 21K, 22K ; we denote it by K; + K. (For the set-theo-
retical sum of K; and K, we use the term union and the notation K, u K, .)
The set K; + K. is convex and its supporting function is k(@) + k(o).
If K, is a point 2,, K1 + K. is the set K, translated by the vector (0, z,).
If K, is the circle | 2| < ¢ Ki 4+ K. has supporting function ki(¢) + e,
and all the points of K, are interior points of K; + K, . By way of illustra-
tion, and for reference, we tabulate the supporting functions for some special
sets. (Here a, b > 0.)

Set K Supporting function k(¢)

point &, + 2y, Zo COS ¢ + Yo sin ¢
segment (—a, a) al cos ¢ |
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segment (—ia, ia) al sin ¢ |

circle | 2| < R R

K translated so that the point origi- k() + a0 cos @ + yosin ¢
nally at 0 is at xo 4+ 2y,

K rotated about 0 through angle v k(e — v)

K, + K, ki(e) + k(o)
smallest convex set containing max {k1(¢), ka(e)}
Kiu K,
rectangle, vertices at +a =+ b al cos ¢ | + blsin ¢ |
semicireler < 1,160 < n/2 Lol < w/2; |singl, 7/2 < ¢
< 3w/2

The definition of a supporting function can be extended to unbounded
convex sets; in that case k(¢) has to be allowed to take infinite values.

A supporting function has period 27, but not all functions of period 27
are supporting functions. Since it is important to be able to recognize a
supporting function when we see one, we establish the following charac-
terization.

5.2.1. Theorem. The function k() is the supporting function of some non-
empty bounded closed convex set if and only if it is of period 2m and, for ¢1 <
P2 < 3,2 — 1 < 7w, P3 — ¢ < m, we have
(5.2.2) k() sin (¢35 — ¢2) + k() sin (g1 — ¢3) + k() sin (¢2 — 1)

> 0.

The inequality (5.2.2) implies (as we shall show) that k(¢) is continuous
and we could if we preferred add continuity as a requirement on k(p) and
prove dircetly (it is very easy to do so) that a supporting function is neces-
sarily continuous.

We prove first that a supporting function satisfies (5.2.2). For every 2z
in K, and arbitrary ¢y, ¢s,

x cos ¢y + Yy singy — k(g) <0,

T cos ¢z + ¥ sin gy — k(ps) < 0.
10 < ¢35 — ¢ < mand 0 < ¢ — ¢ < w, we can multiply the first in-
equality by sin (¢s — ¢2) and the second by sin (¢2 — ¢1), and add. There
results, on combining terms,

—{ cos ¢2 + y sin ¢} sin (1 — ¢s)
— k(1) sin (¢s — ¢2) — k(es) sin (¢ — ¢1) < O,

and since x cos ¢, + ¥ sin ¢ = k(¢2) for some z in K, (5.2.2) follows.

Next we prove that a (finite) solution of (5.2.2) is a supporting function.®
First, we have to prove that it is continuous. This, in fact, we have already
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done, since (5.2.2) is, when ¢3 — ¢1 < 7, merely another way of writing
(with k(¢) instead of h(6)) the conclusion of 5.1.2, and so the continuity of
k(¢) is established by 5.1.4.

Now let K be the set of points z for which

(5.2.3) T eosp + ysing — k() <0, 0<¢ < 2r

Then K is bounded: for, choosing¢ = 0,¢ = 7, we have —k(r) < x <k(0)
if £ 4 4y isin K; choosing ¢ = 7/2, 37r/2, we have —k(3r/2) < y < k(w/2).
Also K is closed: (5.2.3) for a sequence {z,} implies (5.2.3) forlim z,, since
k() is continuous. K is convex, since the two inequalities (5.2.3) for 2,
and 2z can be multiplied by ¢ and 1 — ¢, 0 < ¢ < 1, and added to give
(5.2.3) for tz; + (1 — )z2. The crux of the proof consists in showing that
K is not empty.

Let k() assume its maximum at ¢,. We show that it is impossible to
have k(¢:1) < k(o) cos (¢ — ¢o) forany e,, ¢o — 7 < ¢1 < ¢o + . Con-
sider the case ¢; < ¢, ; the other is similar. Let H(¢) be the sinusoid which
coincides with k(¢) at ¢o and ¢;. Then H(p) — k(po) cos (@ — ¢o) is another
sinusoid which vanishes at ¢,, and so is of the form C sin (¢ — ¢); and
(' < 0 since the sinusoid is negative at ¢;. Hence //'(¢o) = —C > 0, so
that H(¢) is increasing at ¢,. That is, for small positive 4,

H(¢o) < H(so + 9).

Now H(¢s) = k(¢s) and, by 5.1.5, whose proof uses only the property
(5.2.2) (in the form of the conclusion of 5.1.2), k(¢o + 8) > H(po + 8),
50 k(po) < k(po + 8), contradicting the assumption that k(¢) attains its
maximum at ¢,. Hence we have k(¢) > k(do) cos (¢ — ¢o) forall ¢ . That is,
the point z = k(go)e'®® belongs to K.

Since we showed in 5.1.7 that k() for an entire function of exponential
type satisfies (5.2.2), we have as an immediate application of 5.2.1:

5.2.4. Theorem. If f(2) is an entire function of exponential type, its indi-
cator h(8) is a supporting function.

The following theorem states a fact which we shall need.

5.2.5.* Theorem. The boundary of a nonempty closed bounded convex set
18 a point, a line segment, or a rectifiable Jordan curve.

The proof is left to the reader, who may either proceed directly or appeal
to properties of convex functions.

By an extreme point of a convex set K we mean a boundary point
which is not an interior point of a line segment belonging to the boundary
of K. Extreme points are characterized by the following property.

5.2.6. Theorem. If p is an exireme point of K, then after an arbitrarily
small neighborhood of p is removed from K the remainder of K is contained
in a proper convex subset of K.
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For orientation, compare the effects of removing from a convex polygon
(a) a neighborhood of a vertex, (b) a neighborhood of an interior point
of one of its edges.

The property is obvious when K is a point or a line segment. Otherwise
there is a supporting line through p (as follows from the definition), and p
is either the only point of K on the supporting line, or an endpoint of the
line segment which the supporting line has in common with K. In either
case, a small circle drawn with center at p meets the boundary of K in two
points which are not the ends of a diameter, and the intersection of K and a
half plane determined by the line through these points has the required
property.

6.3. The indicator diagram.* We arc now ready to associate a convex sct
with each entire function of exponential type.

5.3.1. Theorem. The function

(5.3.2) f2) = f_‘,anz"

n=(

is an entire function of exponential type if and only if

(53.3) Fz) = Z;n!a,./z" H

18 convergent for some (finite) z. If the radius of convergence of the series in
(5.3.3) s g, f(2) is of order 1 and type o if ¢ > 0, of exponential type 0 +f
o = 0.

If f(z) is of order 1 and type 7, lim SUp now | f(0) | '™ = 7 by (2.2.12)
and so the radius of convergence of > _n! a,/w"*' is r. On the other hand,
if the radius of convergence of the last series is 7, the converse follows by
(2.2.12) again.

The function F(2) is often called the Borel transform of f(z). It is the
Laplace transform of f(2) for z of sufficiently large positive real part, and
the analytic continuation of this for the other values of z for which it is
regular. Indeed, if 2 = 2 + iy and = > 7,

(534) f et = Y an f Pt dt = 3 nlan T = F(2),
0 0

n=0 n=0

the integration term by term being justified by Fubini’s theorem because

f Solan] e dt = 2on!|a. ]z
o

n=0 n=0

. . . 1
the right-hand series converges for > 7 because lim sup(n! | a. | )"'" = 7.

Let f(z) be again an entire function of exponential type defined by (5.3.2),
and let D denote the interesection of all closed bounded convex sets out-
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side which F(z) is regular; D is then the smallest closed convex set out-
side which F(z) is regular; it is called the conjugate indicator diagram of
f(2), for reasons which will appear shortly. One useful property of D can
be established immediately.

5.3.5. Theorem. If f(2) is an entire function of exponential type, D ts ils
conjugate indicator diagram and C is a contour containing D in its inlerior,
then

(5.3.6) ) = (2™ f F(w)e™ dw.

The representation (5.3.6), which we shall refer to as the Pélya repre-
sentation, is one of the most useful tools for investigating entire functions
of exponential type. The contour €' canalways be taken to be a circle | w | =
T + ¢ € > 0, where 7 is the type of f(2). Later (§§5.5, 6.7) we shall consider
some cases where C can be shrunk to the boundary of D.

Let T' be a circle |w | = 7 4+ ¢ € > 0, such that C is inside I'. Then

f F(w)e™ dw = f F(w)e™ dw = f {Z nlaw " i ZFu/k !} dw
[y r T k=0

n=0

= 2mi Zoanz" = 2mif(2),
the integration term by term now being justified by the uniform con-
vergence of the series on I'. This establishes (5.3.6).

We can now characterize 1D more directly in terms of f(z).

5.3.7. Theorem. The supporting function of D is h(—80), where h(8) s
the indicator function (5.1.1) of f(2).

In other words, h(8) is the supporting function of a convex set, the in-
dicator diagram of f(z), and D is the reflection of the indicator diagram with
respect to the real axis.

To prove 5.3.7, we begin by supposing that z is real and positive in (5.3.4).
We may then put 22 = u in the integral, and obtain

(5.3.8) F) =27 .£ ) flu/z)e™ du.

The integral in (5.3.8) is now a regular function of z for | z | sufficiently large,
and so is in fact equal to F(z) whenever it is regular. Now let z = r¢* in

the region of convergence of the integral, and put v = rt. Then
F(re®) = ¢* f f(te e dt,
0

where the integral now converges if » > h(—¢). Finally, replace r by a
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complex variable w = pc'; the function F(we'®) is regular for large | w |
and coincides with the integral

(5.3.9) ¢ fo ) f(te™™)e™" dt

for large positive values of w. But the integral converges for R(w) =
pcos @ > h(—8), and so F(we'®) is regular in this half plane, or F(oc™) is
regular for p cos (y — ¢) > h(—¢). Since h(—¢) is a supporting function,
we see that F(z) is regular outside the closed convex set of which A(—¢)
is the supporting function, and since D is the interesection of all closed
convex sets outside which F(z) is regular, we have h(—¢) > k(¢), where
k(¢) is the supporting function of D.
On the other hand, from the Pdlya representation (5.3.6) we have

(53.10) | f(re®) | < (2m) 'L max | F (w) | max exp {r®(we”)},
C c

where L is the length of C, and so
(5.3.11) h(6) < max R(we®).
c

Let C be the boundary of the sum of D and the circle | 2| < ¢; the support-
ing function of this set is h(6) + ¢, and so by (5.3.11) and the definition of a
supporting function, h(8) < k(—0) + e Since we already have h(6) >
k(—#0), the theorem follows on letting ¢ — O.

5.3.12. Theorem. The extreme poinis of the conjugate indicator diagram of
f(2) are singular points of the Borel transform I'(z) of f(2).

If the extreme point p were not a singular point of F(z), we could remove
a neighborhood of p from D and obtain a smaller convex set outside which
F(z) is regular (by 5.2.6), thus contradicting the definition of D as the
smallest such convex set.

b.4. Properties of the indicator diagram. The interpretation of h(—#9) as
the supporting function of the convex set D, and the representation (5.3.6),
lead to simple proofs of several properties of (8), some of which have
already been proved in other ways.

In the first place, we have (using only the definition of A(6))

5.4.1. Theorem. If f(z) is an entire function of order 1, its type s the maxi-
mum of h(0).

Next, h(8), being a supporting function, can never be — « (unless
f(z) = 0). Stated without reference to h(6), this means

5.4.2. Theorem. If f(z) is an entire function of exponential type and, for
some 0, | f(re™) | < ¢, where w(r) — o, then f(z) = 0.

This also follows from 3.7.4. Compare 5.4.5 and 5.4.7.

5.4.3. Theorem. Unless f(z) = 0, h(8) < 0 at most in an interval of length .
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This is 5.1.13. To prove it by our present methods, we note that if the
origin is inside the indicator diagram, h(6) > O for all 6. If the origin is out-
side the diagram, the diagram is completely on one side of some line
through the origin, so h(8) will be negative only for rays in the half plane
determined by this line and not containing the diagram.

5.4.4. Theorem. For all 8, h(8 — w/2) + h(6 + 7/2) > 0.

In fact, the sum is the distance between the two supporting lines which
are perpendicular to the direction 6.

5.4.5. Theorem. For all 6, h(8) > —max h(8).

This is 5.1.17; it is now geometrically evident. A still more precise result is

5.4.6. Theorem. If h(6) < 7 and h(0) = —r then f(z) = g(z)e * with
g(2) an entire function of exponential type zero.
Of course h(0) = — r could be replaced by h(8,) = — 7 with a correspond-

ing change in the form of f(z).

If we put g(z) = f(2)e’", we have h,(6) = h(8) + 7 cos 6 < 7(1 + cos 6).
Thus we have h,(0) = 0 and h,(x) < 0, so that the indicator diagram of
g(2) is a segment of the imaginary axis (or a point), and hence h,(6) is of
the form a | sin 8 | + b sin 6, @ > 0. Thus we have

alsin 8| + bsin 8 < 7(1 4+ cos 6),

and letting 8 — = we infer that @ = b = 0. Hence the indicator diagram of
¢(2) is the point 0, which means that g(z) is of zero exponential type.

5.4.7. Corollary.® If f(z) is an entire function saiisfying |f(z)| < €
and f(re®) = O(e™) for some one 6 then f(z) = A, |\| = r.

Compare 5.4.5, 3.7.4 and 2.7.6. The next two theorems give some further
corollaries of the properties of h(9).

5.4.8* Theorem.” If f(z) is an entire function of exponential type ,
0 < a<7/2 and h(Ea) < —17 cos a, then f(z) = 0.

5.4.9.% Theorem.c If f(2) is an entire function of exponential type 7,0 < B
<a<w/2 h(+a) < —yrcosaand h(£8) < —yrcos 5,0 <y < 1,
then f(z) = 0.

5.4.10. Theorem. The indicator diagram of the sum of two functions is
contained in the smallest convex set containing the union of the indicator
diagrams of the summands.

5.4.11. Theorem. The indicator diagram of the product of two functions is
contained in the sum (in the sense of §5.2) of the indicator diagrams of the
factors.

The proofs are left to the reader.

In certain cases the indicator diagram of a product is equal to the sum
of the diagrams of the factors, but. the proofs are more difficult. In §10.4
we shall prove
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5.4.12. Theorem. If the indicator diagram of fi(z) ts a point, the indicator
diagram of f1(2)f2(2) is the sum of the indicator diagrams of the factors.

The difficulty which keeps us from proving this now is as follows. It is
enough, by 5.4.11, to show that (with self-explanatory notation) hy(6) >
hi(6) + ho(8). To do this it is necessary to be able to find, for each 6, ar-
bitrarily large values of r for which not only do we have

log [fi(re”) | 2 r{m(8) — ¢},  log|fa(re™) | 2r{he(8) — ¢},

but both inequalities hold simultaneously.

Another case in which the indicator diagram of a product is the sum of
the indicator diagrams of the factors is given in §7.6.

On the other hand, the indicator diagram of a product can be a point
even when the indicator diagram of neither factor is a point.4

5.4.13. Theorem. The indicator diagram of f'(z) is a subset of that of f(z2);
it 1s the same as that of f(z) except when w = 0 s on the boundary of the dia-
gram and is a stmple pole of the Borel transform of f(z).

In fact, the conjugate indicator diagram of f(z) is the smallest convex
set outside which F(w) is regular, and that of f'(2) is the smallest convex
set outside which wF(w) is regular.

5.4.14. Theorem. If ¢ > 0 then for r > r(¢) we have

log | f(re”) | < r{h(6) + ¢},

uniformly in 6.

This is 5.1.9. For entire functions the proof is immediate because of the
estimate (5.3.10).

65.6. The Borel transform on the boundary of the conjugate indicator
diagram. Under some conditions the contour C in the Pélya representation
(5.3.6) of an entire function of exponential type can be replaced by the
boundary B of the conjugate indicator diagram. A general condition of
this kind will be given here, and some conditions involving more special
restrictions on the function and on D will be given in the next chapter.

5.5.1. Theorem.® If Y(r) is a posttive function such that

(5.5.2) 12) | < ¥(r)e™®

for all 6, and

(5.5.3) fw Y(r) dr < o
1

then

(5.5.4) £(2) = (2mi)™ L F(w)e™ duw.
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We shall show that (5.5.2) and (5.5.3) imply that F(2) is bounded outside
D; we can then let C in (5.3.6) shrink to B and (5.5.4) follows by “bounded
convergence.” (The details of this last process are left to the reader.) To
show that F(2) is bounded, we use the representation (5.3.9),

F(we™) = ¢ ™ fom flte™®)e ™ dt,  N(w) > h(—¢).
By (5.5.2),
| F(we™) | < fow ¥() exp [{h(—¢) — R(w)}H] dt,

so that if R(w) > h(— ¢) the right-hand side is bounded. Thatis, | F(pe™) |
is uniformly bounded for p cos (\ — ¢) > h(— ¢), in other words on the
positive side of the supporting line of D which is perpendicular to the direc-
tion ¢. Since this is true for all A, F(2) is bounded outside D.

5.6. Functions of exponential type in an angle.> The Pélya representa-
tion (5.3.6) of an entire function of exponential type by means of a contour
integral can be generalized to apply to a function which is merely of ex-
ponential type in an angle. A consequence of this generalization is a lemma
which enables many results to be generalized from entire functions of ex-
ponential type (for which proofs are often easier) to functions which arce
only of exponential type in an angle.

5.6.1. Theorem. If f(z) is regular and of exponential type c in the angle
|arg z| < a < /2, then its Laplace transform

(5.6.2) FQ) = fo T at

defines a function which is regular outside the unbounded comvex set whose
supporting function is h(— ¢) for | ¢ | < a. If 0 < B < @, B is a sufficiently
large positive number, and C s the contour composed of two lines meeting at B
and making angles (8 + w/2) with the real axis, then

(5.6.3) f(z) = 2m)™ f e F(w) dw, |arg z| < B.
C

The region of regularity of F'(z) includes at least the region to the right
of the curve composed of the arc |arg z| < « of the circle | 2| = ¢ and
the left-hand halves of the tangents to this arc at its ends.

If F(z) is defined by (5.6.2) we initially have F(z) regular for x > h(0).
Proceeding as in §5.3 we see that F(2) can be continued into any half plane
R(ze ™) > h(— ¢) provided that | ¢ | < a, with the representation
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we—t$
(5.6.4) FQ = [ fa)e™ dw,
0
where the integral is taken along the ray arg w = — ¢. Thus F(2) is regular
in the region U outside the interscetion of all the half planes
R(ze ™) > h(— ¢), lo] < a,

an unbounded convex set. From the representation (5.6.4) we have the
estimate

(5.6.5) ey | < [ ] e (e,
0

If |¢| < B < a we have | f(te ™) | < ™9+ > 2(e), uniformly in
) y
¢ (for a fixed B), and so

. r(e) . ,
|Fe) | < [ 170 | =4 ay
0

0
[y <a ka2
(e

If R(ze"*) > max (h(— ¢),0), the exponent is negative in the first integral,
which therefore is O(p™"), uniformly in | ¢ | < 8 + 7/2 < a + =/2. The
same estimate applies to the second integral if p cos (Y — ¢) — h(— @) > 2e
(say), that is, if z is at least a fixed positive distance inside the region U
in which F(2) is regular. Hence F(2) = O(1/ | z|) at least in the part of U
defined by R(ze **) > max (h(— ¢), 0). Call this region V.

Now let z satisfy |argz| < aandlet 0 < 8 < ¥ < a. Then let B be a
real number greater than ¢ sec v, and let Cy be a curve starting at w = B,
lying in the region V, and asymptotic to the ray arg w = 8 + »/2; let Cs
be the reflection of C; in the real axis. Consider the function

%@ = @ri)™! fc EOF(w) dw — (2m)~" f R (w) duw,

1 Ca2

where the line of integration starts at w = B in each integral. On C; and C.
we have the representation (5.6.4) with ¢ = —« and v, respectively. We
shall show that the iterated integral

(5.6.6) f ¢ dw f () de
C 0
converges absolutely and uniformly for | arg z | < 8; this (together with

the corresponding fact for the other integral) implies both that f*(z) is
regular in | arg z| < B and that the order of integration can be reversed;
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since the inner integral can then be evaluated, we obtain

(z—¢ weiY B(z—1)

B
e

)f () dt — (2m)™ A 7(t) dt.

t — 2z

567) [*() = @) fo -

— z

On the other hand, we have for real positive z,
—Bt
—Bz __ “—1 [ f(t)
f(x)e ™™ = (2m0) .[r T dt,

where T is the sector bounded by the lines arg ¢ = v and the arc of
|z]| = R > = where |argt]| < v.

Since B > ¢ sec v, and | f(£) | < ¢'*! for large | ¢ |, the integral over the
arc tends to 0 as B — o, and so

£(O) dt — (2ri)™ fo

wetY B(z—1)

¢
t— 2

we—3Y B(z—t)

(&) dt = f*(2).

() = e [

0 — X
In other words, f*(z) = f(z) for real positive z, and so throughout the
angle |arg z | < B.

We now verify the absolute convergence of (5.6.6). In the inner integral,
@) | < €™ for large | ¢|, while le™ | = exp {— || R (we™™)};
since R(we™") > h(— ) + ¢ € > 0, for large | w | on C1, the inner integral
converges absolutely and the integral of the absolute value has an upper
bound independent of w. Along Cy,

|| = exp {— |2z||w]sin (argz + B},

and so the outer integral converges absolutely in any angle contained in
|arg 2| < 8.

5.6.8. Macintyre’s lemma. Let f(2) be regular and of exponential type in
largz| < @ < 7/2, (£ @) < 7 sin a, h(0) < 0. Then f(2) = k) +
f2(2), where f2(2) s an entire function of exponential type less than = and

fl(z) — O(T—lerrlsinﬂl), 2z = reo'a,

uniformly for |¢| < B < a

We represent f(z) by (5.6.3). The type c of f(2) is less than = sin a; then
if we choose 8 < v < aand B = ¢ sec v, and 8 and v are close enough to
a, the contour C of 5.6.1 will cross the imaginary axis at +1b, b < . Since
F(w) will be regular in the triangle between the imaginary axis and the right-
hand part of C, we can deform this part of C into a segment of the vertical
line = ¢ > 0 together with short pieces of C to connect it with =1b.
Let f2(2) be the part of (5.6.3) with integration over this deformed path;
f2(2) will be an entire function of exponential type b < , if eis small enough.
Let fi(2) be the rest of (5.6.3). Taking the integral over the upper half of
the path as representative, we can estimate this part of fi(z) by using the
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fact that F(w) is bounded; and we have, on the path, w = B + pe'®t*/?
i0
z = re",

[ aw]

0
f echosd—rpsin(B+0) dp
Bescf
echosﬂ
rsin (B8 + 6)
r—l ese (ﬁ + 0)6—chocﬁsin0 — O(T——lerr|nin0[)

if 8 > —B and B and « are close enough to .

—rBcescfsin (8+6)

I

Notes ForR CHAPTER §

Most of the results of Chapter 5 (except as noted below) are to be found in Pélya
[2], together with remarks on their history. For the properties of £(8) sce also Phrag-
mén and Lindelof’s original paper [1].

5.1a. Theorem 5.1.2 shows that k() is ‘“‘sub-sinusoid;’’ that is, it has the same
property with respect to sinusoids that convex functions have with respect to linear
functions. The remaining theorems of this section can be obtained as consequences
of this remark and the general theory of convex functions.

5.1b. Carlson; see Titchmarsh [3], p. 185; cf. Riesz [1], Hohcisel [1]. Case
(b) of 5.1.12 shows more generally that a function of exponential type in a half-
plane cannot approach 0 exponentially along onc half of the boundary and be of
less than exponential increase on the other half, unless it vanishes identically. A
still more precise result will be given in 6.3.6.

5.1c. Dinghas [1].

5.1d. Srivastava [3].

5.2a. IF'or more details see Pélya [2], and for convex sets in general see Bonnesen
and Fenchel [1].

5.2b. For this proof see Chebotarév and Meiman [1], p. 115.

5.3a. For methods of proof ef. A. J. Macintyre [1], where a corresponding dis-
cussion is carried out for functions of any finite order, and references are given to
earlier and less successful attempts in the same direction.

5.4a. Srivastava [1], generalizing a theorem of Cramér; Titchmarsh [2], p. 175.

5.4b. Ahiczer [1]; cf. Pélya [2], p. 596.

5.4c. Ahiezer {1], where the statement of the thecorem contains an evident misprint.

5.4d. Pélya [2], p. 596. EExamples are readily constructed using the results of Chap-
ter 8. See Wilson [1] for further results.

5.5a. Schmidli [1]. The proof of the text is different.

5.6a. A. J. Macintyre [1], where a more gencral result is given.



CHAPTER 6

FUNCTIONS OF EXPONENTIAL TYPE, RESTRICTED ON
A LINE. I. THEOREMS IN THE LARGE

6.1. Introduction. We are now ready to consider the properties of a func-
tion of exponential type which follow from the imposition of additional
restrictions on the function. In this chapter we shall study the effect on
the general behavior of the function of imposing a condition like bounded-
ness along a line. Later chapters will deal on the one hand with conditions
imposed on the function only along a sequence of points, and on the other
hand with deeper results concerning the influence which restrictions on
the function have on the distribution of its zeros.

6.2. Functions bounded on a line. We shall begin by assuming a condi-
tion of the form

(6.2.1) [f@) | < w(z), —w <z < o,

where w(x) = 0", |z | — =, for cvery positive e. This implies that
R(0) < 0, k(x) < 0; and so, according to (5.1.2), if A(£r/2) < ¢ we have
| R(®) | < ¢| sin 6], whence, for large r,

((}.2.2) ]f('feio) I S er(clsinol+s).

We can, however, say much more than this. Ior example, anentire function
of exponential type which is bounded on the real axis is bounded on every
parallel to the real axis (6.2.4), and a quite precise evaluation of the bound
can be given; similarly, a function belonging to L” on the real axis belongs
to L” on cach parallel to the real axis (6.7.1). Results of this kind are, of
course, not true for entire functions in general.

We begin with the case where w(x) isa constant. There are several variants,
according to how much we assume, and we state several related theorems
before proving any of them.

6.2.3. Theorem. If [(2) is regular and of exponential type in the first quad-
rant, | fGy) | < Ae” 0 <y < o), and | flx) | < M (0 £ v < =), then

| f(@ + iy) | < max (4, M)e™, 0<z< »,0<Ly<

6.2.4. Theorem.* If f(2) is regqular and of exponential type in the upper
half plane, h(w/2) < ¢, and | f(x) | K M, —» < z < =, then
(6.2.5) [ fl@x + i) | < Mc”, —o <2 < o, 05y < »
Notice the difference between the hypotheses of 6.2.3 and 6.2.4: in 6.2.4
we assume only that | f(7y) | < A (et for every positive e.
82
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Theorem 6.2.4 is a best possible result, in the sense that neither A nore
can be replaced by a smaller constant in (6.2.5), as, for example, f(z) = sinz
shows. Even assuming that f(z) is an entire function leads to no improve-
ment. Nevertheless, if f(z) is entire and is also real on the real axis, there is
a sharper result.

6.2.6.* Theorem.> If f(z) is an enlire function of cxponential type, real
Jorreal z, h(£w/2) < c,and | f(x) | K M, — o < 2 < o, then

(6.2.7) | f(x + 1y) | < M cosh ¢y,

and there is equality at some nonreal point only if f(2) = M cos (cz + b),
where b is real.

6.2.8. Theorem. If f(z) is regular and of cxponential type c in the first
quadrant, and f(x) — 0 as x — o, then f(x + 1y) — 0 as x — o« for each
Jized positive y (and hence, by Montel’s theorem (1.4.9), uniformly in any
bounded y-range). Moreover, for 0 < 6 < w/2, f(re®) = o(e™™).

The first part of (.2.8 is a special case of

6.2.9. Theorem. If [(2) is regular and of exponential type in the first quad-
rant, h(n/2) < ¢, and lim sup; | f(x) | = K then

lim supzaw | f(x + iy) | < Ke', 0 <y <ow.

Another natural generalization of (6.2.8) would be that if | f(x) | ap-
proaches a limit as & — o then | f(x + <y) | approaches a limit for each i;
but it is not known whether or not this is true.

6.2.10.* Theorem.c If f(z) is regular and of exponential type c in the right-
hand half plane and

6211  M[f(@)] = lim sup T fo 170 | dt = K < =,

then
(6.2.12) Mf(x + 3y)] < K, —o <y <o,

The finiteness of the mean value (6.2.11) is a generalization of bounded-
ness, and a significant generalization because (6.2.11) can hold for an entire
function of exponential type which is unbounded on the positive real axis.d
For the corresponding generalization for other mean values see 6.7.24.

6.2.13. Theorem.c If f(z) is an entire function of exponential type,

MEw/2) =0

and f(x) = O(|z|7), x = =, then f(2) is a polynomial of degree not ex-
ceeding p.

This is a corollary of 6.2.4: applying 6.2.4 to g(2) = 2 '{f(2) — Pu(2)},
where P,(z) is the polynomial consisting of the terms in the Maclaurin
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series of f(2) through 2*, k = [p], we have g(z) bounded in the entire plane
and so a constant; the constant must be zero since g(z) — 0 on the real axis.

A less immediate corollary (not an immediate corollary of 6.2.10) is

6.2.14.* Theorem. If f(2) is an entire function of exponmential lype zero
and M[f(x)) is finite then f(2) is a conslant.

We now turn to the proofs of these theorems.

In proving 6.2.3 we may suppose that M/ = 1. Consider the function
g(2) = f(2)e’ in the first quadrant. We have | g(2) | bounded (by 1) on the
positive real axis, and g(z) bounded on the positive imaginary axis; hence
by the Phragmén-Lindelsf theorem (1.4.2), g(z) is bounded in the first
quadrant. If | g(2) | < N, |f(2) | < Ne”.

Theorem 6.2.4 is a special case of 1.4.3 (with a different half plane).

To prove 6.2.8 and 6.2.9, we note first that since f(z) is bounded,

1f@) | < A(e)e“™
for every positive ¢, by 6.2.3. We now modify the line of reasoning used in
1.4.4 by considering the auxiliary function

g(z) = ;%\ fz + x)e™ ™,

where e (small) and X\ (large) are positive numbers and

| fl2)| < K 4+ 6, 6>0
forx > x,,s0 that | g(x) | < K + 8,0 < 2 < . Then

| Sz + 20)e™ T | >0
for z = 4y, y — ; hence by choosing A large enough we can make

lgty) | < K + 8, y > 0.
Therefore | g(2) | < K + & throughout the first quadrant and so

|fe+2) | < |+ N/z| K +8), 220,y 20.
Since the left-hand side is independent of e we have
(62.15)  |fz + 2) | < (2 + N/z| (K + 9), x>0,y >0.
Finally, if y is fixed and x — «, (2 + N\)/z — 1 and so
[fz + z0) | < (1 + 8) (K + 9)

for sufficiently large x; since § can be arbitrarily small this proves 6.2.9
and so (with K = 0) the first part of 6.2.8. For the second part of 6.2.8, we
return to (6.2.15), take K = 0, and let z = re’ — x,,0 <6 < /2, and
r — . Then ¢ ™™ | f(re®) | < 8(1 + &) if r is large enough, and so
e—crainO l f(rec'l’) l —_ 0.
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6.3. Relations among integrals, mean values, and distribution of zeros.
We collect here some theorems connecting integrals along the real axis,
mean values on semicircles, and the distribution of the zeros of a function
which is regular and of exponential type in the upper half plane. These are
all deductions from Carleman’s formula, and quite simple except for some
elementary Tauberian arguments. Some of them will be needed as lemmas
in this chapter, while some will not be wanted until Chapter 7; since they
all come from a common source it is convenient to discuss them together
even though they are not obviously connected with the main theme of this
chapter.

Throughout this section f(z) will be regular in y > 0, continuousiny > 0,
with zeros having no finite limit point, and will satisfy the condition, less
restrictive than that of being of exponential type,

(6.3.1) a = lim inf ¥ log M(r) < .
We set,
(6.3.2) J(R) = R fo log | f(Re™ | sin 0 db,
a1 1
(633) R N A P
o 1
(6.3.4) 3(R) = r?;‘n (rk Rq) sin 6,

R
I*(R) = fl z 2 log | f(x)f(—x) | dz,
(6.3.5) —e
() = [ log | f@)(—=) | ds,
where 7, exp (#0:) are the zeros of f(z) in ¥y > 0. Our hypothesis (6.3.1)

thus implies that J () is bounded above for a sequence R, — .
6.3.6. Theorem.* If f(z) satisfies (6.3.1) and

log” If(w) l o
(63.7) f_ s <
then
® | log | f(x) || d
(6.3.8/ ‘[w —1+—x2— < o,

This includes 5.1.14 as a special case.
6.3.9. Theorem. If f(2) satisfies (6.3.1) and if 1 "‘(R) 8 bounded above, then
=(R) approaches a finite limit and the series D, ' sin 6y converges.
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6.3.10. Theorem. If f(z) satisfies (6.3.1) and I*() erists then J(R) ap-
proaches a finite imit as R — .

6.3.11. Theorem. If f(z) ts of exponential type and I*(R) is bounded above,
then I*(R) and J(R) are bounded.

6.3.12. Theorem. If J(R) is bounded and Y ry " sin 6, converges, I*(R) is
bounded.

6.3.13. Theorem. If f(2) s of exponential type and limg .« J(R) exists then
I*(R) approaches a limit if it is bounded.

For the purposes of this chapter we need only 6.3.6, and a weaker form
of 6.3.9 and 6.3.10 (which would be no easier to prove than the more gen-
eral results).

Note that by (2.10.22) J(R) is always bounded for an entire function
of exponential type. If we use this fact and compare 6.3.9, 6.3.11, and 6.3.12,
we have the following result.

6.3.14. Theorem. If f(2) is an entire function of exponential type,

D> e | sin 6|

(summed over all the zeros of f(2)) converges if and only if I*(R) is bounded
(or bounded above).
We may write Carleman’s theorem in the form

(6.3.15) ZR) = 7 ' J(R) + 2r) " I(R) + A,

where A is a constant and 2, J, I are defined in (6.3.2)—(6.3.4).
To prove 6.3.6, note that Z(R) > 0 and so by (6.3.1) and (6.3.15) we
have for a sequence R, — o

Ryl2
[ @ - B g @S- | de

R"
< - [ @ - B 0g 1 f@-2) |z < 0,
1
In the left-hand integral, —1/R% > —1/(2z)%, so that
Rpl2
2 e = tog Li@s—o) 1} d < 01,
1 .
The integrand is not negative, so
R
(6.3.16) [ =108 1 5@s(—2) 1} dz = 0.

By (6.3.6),
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R R
]; z % log" | f(@)f(—x) | dx < fl 7% logt | f(z) | dx

+ f 2 log" | f(—2) | dz + 0(1) = 0Q);

combining this with (6.3.16), we have
R
[ a7 o | f@)f(=a) || ds = O().

which is equivalent to (6.3.8).

Now suppose that the hypothesis of 6.3.9 is satisfied. By hypothesis,
J(R,) is bounded above for a sequence R, — . By the second mean value
theorem,

1®) = [~ /R og | SI(~2) |z

=1-R" flkl & log | f@)f(—2) |dz, 1 <R <R,

so I(R,) is bounded above. Therefore = (12,) is bounded above, from (6.3.15).
But Z(R) is a nondecreasing function of R, since when R increases we add
nonnegative terms and subtract less than before from what we had. Hence
Z(R) approaches a finite limit. Since

1 Tk . 1 % ) . 3 .
-~ ) S0 Ok 2 — T )sin 6, > 2 p
kaS:R <7'lc R2) S = rk§/2 (Tk )5 =g ,,,521212 e SOk,

this means that Z 7% sin 6, converges. This proves 6.3.9.

The proof of 6.3.10 is similar. By the proof of 6.3.9, Z(R) approaches a
finite limit. It follows that J(R) approaches a finite limit provided that we
show that the convergence of I*(R) implies the convergence of I(R). To
do this, put

W) = [ 5 0g | S@(—2) | d
then

—R? fln log | f(x)f(—z) | dx = R_zfl z* dy(x)

= ¢(R) — R%(1) — 2R™* fl xy(x) dz.
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Since ¥(x) = o(1) as x — o, we thus have I(R) = I*(R) + o(1) if I*()
exists, and this proves 6.3.10.

For 6.3.11, we have J(R) bounded above because f(z) is of exponential
type. As in the proof of 6.3.9, Z(R) approaches a limit and I(R) is bounded
above. Then (6.3.15) shows that I(R) is bounded below, and therefore
that J(R) is bounded. To complete the proof we have to show that I*(R)
is bounded if I(R) is bounded (and f(z) is of exponential type, so that

log | f(z)f(— =) | < O(=)).
This follows from the first case of the following lemma.
6.3.17. Lemma.b If w(z) has an absolutely continuous first derivative in
(1, ), then, as £ — «©, w(x) = 0(z) and " (x) < 0(1/z) imply
o'(x) = 0(1);

w(z) ~ Az and " (z) < 0(1/x) imply that o' (x) — A.

Let 0 < 8(z) < z; then by Taylor’s theorem with remainder,

w(@ £ 8x)) = w@) + 8@’ (@) + d@)% (x = 6(x), 0 <6 L1,
or
w(@) — w(z = 6(z))

5(x)

For the first part of the lemma, take w(z) = «; then Fo'(z) < 0(1), for
both choices of the sign, as required. For the sccond part, we may consider

w(z) — Az instead of w(z) and thus reduce the lemma to the case when
A = 0,ie. w(x) = o(x). Take 0 < &(x) < z/2. Then if

o(r) = max |w()], () = max ’(t) >0,
zl2<5t<3z/2 zl2<t<3z/2

Fo'(z) = + (z)w” (x £ 05(x)).

we have
Fo'(x) < 20(2)/8(x) + ()7 (2),
and by choosing 8(z) = {o(x)/r(x)}"* we have
Fo'(z) < 3{a@)r(@)}"" = o(1).

If 7(x) < 0, we have only to take é(x) = z/2.

We now prove 6.3.12. If 3 r;” sin 6, converges, so does Z(R), since
Z(R) £ X rsr 7" sin 6 . Then if J(R) is bounded, so is I(R), by (6.3.15).
We showed in the proof of 6.3.11 that I*(R) is bounded if I(R) is bounded
and f(2) is of exponential type, s0 6.3.12 is proved.

For 6.3.13, if J(R) approaches a limit it is bounded; then if I*(R) is
bounded, Z(R) approaches a limit as in the proof of 6.3.9. Hence I(R) ap-
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proaches a limit and it then follows from 6.3.17 that I*(R) approaches
a limit.

6.4. Generalizations of boundedness. If we assume only that f(z) is
regular and of exponential type in the upper half plane and

(6.4.1) /(@) | < w(@), —o <z < o,

with a specified w(x), there is no very obvious procedure for estimating the
size of | f(2) | unless w(x) is the boundary function of a function w(z) whose
reciprocal is of exponential type in the upper half plane, or at least is
dominated by such a function. For example, if |f(z) | < [2]% a > 0,
we can consider f(2) (z + )7 (with a fixed branch of (z + )™ if « is not
an integer) and infer for instance that

[f@+ )| < (lz]+ ) e, y > 0.

It is not always easy to decide whether a given w(x) is dominated by the
reciprocal of the boundary function of a function of exponential type. One
case in which an answer can be given is that in which w(2) is an entire
function of exponential type with no zeros for ¥ > 0. In this case a neces-
sary and sufficient condition for 1/w(z) to be of exponential type in the
upper half plane is that — log | w(z) | < O(|2|) as x — + . This is a
special case of the following result, which will be needed in Chapter 7.

6.4.2. Theorem.® Let f(2) and g(2) be entire functions of exponential type,
let f(2) have no zeros for y > 0 and let | g(z) | < | f(z) | p(2), —0 <2 < .
Then ¥(z) = g(2)/f(2) is of exponential type if and only if log ¢(z) < O( |z |)
asx — £ «©,

The necessity of the condition is immediate. To prove the sufficiency we
note first that by (2.6.18), log | ¢(2) | < | 2| '"* on arbitrarily large semi-
circles, while log | ¢(z) | < O(| 2| ) for real z. We shall show that

(6.4.3) lim sup 4 log | 1/f(iy) | < oo;
Yo

this implies that iy (7/2) < «. By the Phragmén-Lindelof theorem (1.4.2),
since y(z) is at most of order 1 in the first and second quadrants, and of
finite exponential type on their boundaries, ¥(2) is of exponential type in
the upper half plane.

To prove (6.4.3), let the Hadamard factorization of f(z) be

f2) = A" ];_I1 (1 — 2/2.) exp (2/2zn).

Since the sums Y _.i<r 1/2. are bounded, by Lindeléf’s theorem (2.10.1),
and the z, all have negative imaginary parts, >~ 3(1/2.) converges and
we can write
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(6.4.4) [(z2) = Az " II (1 — 2/2z,) exp {2R(1/z.)},

with & = ¢ + D 7=113(1/2,). Since 3(1/2.) > 0, we have | 1 — iy/z, | > 1
for y > 0. The last exponential factor in (6.4.4) has modulus 1 whenz = 1.
Hence

log | f(iy) | > log | A | + mlogy — y J(k),

and (6.4.3) follows.

In connection with the problem raised at the beginning of this section,
and in the light of 6.4.2, it is natural to ask what entire functions of ex-
ponential type can be dominated on the real axis by entire functions of
exponential type which have no zeros in the upper half plane. The following
theorem gives a complete answer.

6.4.5. Theorem.> An entire function f(z) of exponential type salisfies
[ flx) | < |w(x) ]|, —» <z < =, for some entire function w(2) of exponential
type, having no zeros in the upper half plane, if and only if

(6.4.6) 2 18(1/z0) | = 22017 | sin 6, |

converges, where z, = r, exp (18,) are the zeros of f(2). If this condition is
satisfied, w(2) can be taken so that | f(zx) | = | w(z) | .

See also §7.8. The possibility of replacing an entire function f(z) by w(z)
which has the same modulus for real z and has a zero-free half-plane is
useful in a number of problems.

Suppose first that there is a function w(z) with the specified properties;
we shall prove that (6.4.6) holds. If w, are the zeros of w(2), then as in the
proof of 6.4.2, D~ J(1/w,) converges. By 6.3.14, the integral I*(R) in (6.3.5)
is bounded; and since the integral is the same for w(z) and f(z), the serics
(6.4.6) converges, again by (6.3.14).

Suppose on the other hand that (6.4.6) converges. Let w, be the zeros
of f(2) in the (open) upper half plane, and ¢, the rest of the zeros together
with @, . Let

(647) 8 =TT (1 = 2/m)/(1 ~ /)

the product converges because Y J(1/w,) converges, and this is implied by
the convergence of (6.4.6). In fact, we have the following lemma (in which
the w, are not necessarily confined to a half plane).

6.4.8. Lemma. If D | 3(1/wa) | converges, the product (6.4.7) converges
uniformly in any bounded set which s at a positive distance from all the w,
and Wy, .

Let w, = 7, exp (10,). If n is so large that | z/w, | < 14, we have
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log sz;ff—” = 21,‘"2 Y1 /h) = —2 E k™' | wa |7 sin k6,
i 1]z siné, |

= | wa |

< 4|zl 3(1/wa) |,

k—1

sin k8,
sin 6,

log 1 z;lf:u

Whn

and the lemma follows.
Let w(z) = ¢(2)f(2); then w(z) is entire and has no zeros in the upper
half-plane. Let the Hadamard factorization of f(z) be

f(z) = Az " Ijl (1 — 2/z.) exp (2/2n),

and write ¢(z) in the form

— 2/17),.)6:/; A —1 —=—1
o0 = [ G2 e30 o ot = )
which we can do because D (1/w,) converges and so the last product
converges. We then have

w(z) = A I:Il (1 — 2/t) exp (2/¢)

with some ¢, so that w(2) is of order at most 1 (2.6.5). Again appealing to
the fact that the sums D .. <, 1/2. are bounded (Lindelof’s theorem),
we have the sums Y.< 1/¢. bounded, since X (1/w,) converges;
therefore w(z) is of exponential type (Lindelof’s theorem again). Since
| ¢(z) | = 1forreal z, | w(z) | = | f(x) | for real x.

When f(z) and w(2) are related as in 6.4.5, we can estimate f(x + y),
y > 0, by applying 6.2.4 to f(z)/w(z). When w(z) is not of this form, it is
possible in some cases to obtain an inequality by applying the Poisson
integral for semicircles.°

6.5. Representation of functions in a half plane. In this section we es-
tablish an integral representation for functions which are regular and of
exponential type in the upper half plane and satisfy a condition which is
less restrictive than, but of the same general nature as, the condition of
being bounded on the real axis. We shall then use the representation to
deduce a number of results about these functions, which we may conveni-
ently think of as being ‘‘almost bounded” on the real axis.

Three conditions will prove to be particularly useful. These are

(6.5.1) [ 10g+ll i(x;ldx <w
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(6.5.2) f z % log |f(x) |dx  and f 2% log | f(—z) | dz exist,
1 1

[1 - z % log | f(x)f(—=) | dz exists and
(6.5.3)
lim sup " log | f(x)f(—=2) | < 0.

Of these, only (6.5.1) is strictly a generalization of boundedness, since
(6.5.2) and (6.5.3) impose a restriction on the negative values of log | f(z) | .
However, when f(2) is of exponential type in the upper half plane, (6.5.1)
implies (6.5.2), by 6.3.6; when f(z) is an entire function of exponential
type, (6.5.2) implies (6.5.3), as we shall show later (6.6.5). On the other
hand, (6.5.2) does not imply (6.5.1), since (6.5.2) allows large positive and
small negative values of log | f(z) | to cancel each other; and (6.5.3) is still
less restrictive since it allows large positive values of log | f(z) | to be can-
celled by small negative values of log|f(—z)|. Connections among
(6.5.1), (6.5.2), (6.5.3), related conditions, and the distribution of the zeros
of f(2) will be discussed in Chapters 7 and 8; here we shall be concerned
only with their effect on the growth of the function. The essential fact for
the purposes of this chaper is that either (6.5.1) or (6.5.2) implies an upper
bound for log | f(2) | throughout the upper half plane. We shall obtain
this from the following representation theorem.

6.5.4. Theorem.* If f(2) is regular in the upper half plane, continuous in
the closed half plane, its zeros in the upper half plane have no finite limit
point, and it satisfies
(6.5.5) o = liminf ™ log M(r) < o,

r—0

and (6.5.1) or (6.5.2), then

_ 71 — 2/2 [T log|f@) |
(6.5.6) log | f(2) | log J;Il T /é; + ym | ‘(i*:-'mz
+ ¢y,
where z, are the zeros of f(z) in the upper half plane and
(6.5.7) ¢ = lim (2/x)r™ [ log | fGre) | sin 0 db.
r—o 0

We have, in particular,
(6.5.8) ¢ < 4a/w
and®
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(6.5.9) log | ()| < yr™" [ (—}’_%gf}‘}rlﬁ dt+ oy,

The existence of ¢ in (6.5.7) follows from 6.3.10; by 6.3.6, (6.5.1) implies
—00 [
(6.5.2). In (6.5.6), the integral is to be interpreted as / + f . The
[} ——c0

formula is the analogue for a half plane of the Poisson-Jensen formula for
a circle, but it is not obtainable trivially from it by conformal mapping
because of the complications arising from the unboundedness of the region;
in other words, the functions which most naturally present themselves for
study in a half plane do not arise by conformal mapping from the functions
usually studied in a circle.

It would be considerably simpler to prove just the inequality (6.5.9), and
also to use (6.5.1) instead of (6.5.2); these simpler cases suffice in many
applications. Our starting point is the Poisson formula for a semicircle
(1.2.3):

R
log | ftre) | = > log |2 2|4 Y [ Pi(R,z,1) log | f(t) | dt
lzn| <R z — m J-Rr
(6.5.10) oR .
+ 1}/; Py(R,z,¢) log | f(Re*) |dp = S+ I + I, + I,
where

1 B R
2 — 2 + 1 R — 2Rx + ri2’

P1=

(R — 7*) sin ¢

Py = | R?%%*¢ — 2Rxei® + 12 |2’

and I, and I, involve respectively the first and second parts of P; . Formula
(6.5.6) is what we get by the formal process of letting R — « in (6.5.10),
and we must now justify this formal process. This requires the following
steps. (1) S approaches a limit. (ii) I, approaches a limit (i.e., the integral
in (6.5.6) converges) and I, — 0. (iii)

2Ry~ f {P, — sin ¢} log | f(Re*®) | do — 0.
0

Since the limit denoted by ¢ in (6.5.7) exists, this shows that I; approaches
the same limit.

(i) We know from 6.4.9 that > | 3(1/z,) | converges. If z is in a bounded
set at a positive distance from all z, and z. , and = is so large that | z/z, | <
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14, by 6.4.8 the product

| G

(6.5.11) =11 — 2/,

converges and S approaches a limit.
(i) We assume (6.5.2), which is implied by (6.5.1) (it is here that the
proof is easier if we work with (6.5.1)). Write

oy [flel] ¢
TrlyT e =2+

(6.5.12)

R 0
and consider the limits of f and f separately; the first is typical and
0 —R

we give the details for this one only. For z < 0, /(& — 2tz + r°) increases,
so by an application of the second mean-value theorem,

*log | f(2) | t it
r 12 2 — 2 + r?

(6.5.13) g .
= P | 1 £ | dt

SZ—QSI-}-r’L' og | f(t) | dt,
and so the convergence of (6.5.2) implies the convergence of the integral
in (6.5.6) for 2 < 0. For z > 0, £/({* — 2tz + ") decreases if t > r*/z,
and if we take R and S greater than this value the left-hand side of (6.5.13)
is equal to

R

S’
—2
mfk £ log | f(¢) | dt,

which approaches zero as R, 8 — «, and so the integral in (6.5.6) con-
verges for x > 0 also. This disposes of I, .
For [;, write

© Rl fO| L [ [ [
f_RR4—2t132x+r2¢2d“[,, +L,,+fM—J1+Jz+J3.

We proceed to show that if M is large and R > M then J; and J; are small,
independently of R. Since J» — 0 for a fixed M, this shows that I, — 0.
Consider J3 (J; can be handled in the same way), writing

*log | f(t) | 3 i@
M [ R — 2tR¥x + 722

We may suppose that R > z; then since R > ¢, '/ (R* — 2tR* + ) is

J3 = 132
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positive and increasing, so that by the second mean-value theorem

4 R
J3 = - 2le£ R /M t log | f(t) | dt, M <M <R.
The integral can be made arbitrarily small, independently of R, by taking
M large, and (with a fixed 2) its coefficient is bounded.
(ili) We now know that S, I; and I, approach limits as B — «, and
therefore I3 approaches a limit, which we must show has the value (6.5.7).
We may write Carleman’s theorem in the form

2(R) = @0I(R) + o fo " log" | f(Re®) | sin 6 do

+ —]——f log™ | f(Re®) | sin 6 do + A
TR Jo
(notation as in (6.3.3), (6.3.4)); under our hypotheses, for a sequence

R, — =, the second term on the right is bounded, Z(R) is bounded (6.3.9),
and I(R) is bounded; hence the third term on the right is bounded. Then if

D =1I;— gi_/_f log | f(Re™) | sin ¢ d¢,
TR Jo

we have

DI <2
m™ Jo

R(R* — ) _1 ’
| R?%%* — 2Rxe* + r2 |2 R

X {log" | f(Re*) | — log™ | f(Re™) |} sin ¢ dg.

If R > 4r we have
| R%™** — 2Rxe*® 4 *|* = | (Re’* — r)* + 2rR(1 — sin 0)e’* | *
> (R —1r?—20R|* > R(R — 4r)7;

hence
D] < 2yr'O(R™) f {log* | f(Re™) | — log™ | f(Re™) |} sin ¢ do,
0

and so D — 0 as R — « through the sequence R, . This completes step
(iii) of the proof.

6.6. Consequences of the representation theorem. As we stated at the
beginning of §6.5, if f(2) is an entire function of exponential type the con-
dition that

(6.6.1) f zlog |f(x) |de  and f 7% log | f(—x) | dx exist
1 1
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implies that A(0) < 0 and h(x) < 0. This appears to be difficult to prove
directly but can be deduced from Theorem 6.5.4. We require the following

lemma.
6.6.2. Lemma.® If f(z) satisfies (6.6.1) and

= 108 | f(8) | dt
(6.63) 2@) = y f L2,
then
(6.6.4) lim 7' |v(z) | = 0, uniformlyind <6 <= — 4,8 > 0.

That the integral (6.6.3) converges was shown in the proof of 6.5.4. Since
@ 0
f and [ converge separately, it is enough to consider one of them, say
0 >
the first. Write it as

_ . [T log | f(@) | £
I'=v} T (R Y d,

and note again that #*/{(t — z)* + ¥} increases if x < 0 or if x > 0 and
t < r*/z, and decreases if > 0and ¢t > 7*/z. If & < 0,

=yfoM+yf f tl()_glx)];(tj_b dt

+?/f’t"2log|f(t)|dt, M<M < «,
M

by the second mean-value theorem. Then I/r can be made uniformly
small by first taking M large, since f £ log | f(t) | dt converges, and then
taking r large. If x > 0,

M r2lz o M
_ _ log | f(t) |
I'yfo +yfu +”f,z/,‘”fo t—aixp™

7'2 M 2
+ [ gl a

7‘2 R 2 ’ 2
+§fmzt log| f(t) |dt, M’ >M,R > r/a

Iféo<o0<m—3or —a =1 sin’ 6>+ sin’ 5, and so by taking M large
and then r large with a fixed M, we can again make I/r uniformly small.

We can now prove the following theorem, which establishes the state-
ment made at the beginning of this section.



RESTRICTIONS ALONG A LINE 97

6.6.5. Theorem.® If f(z) 1s an entire function of exponential type ¢ and
satisfies (6.6.1) then h(0) < O.

This also shows that h(r) < O (consider f(— 2)), so that the indicator
diagram of f(2) is a vertical line segment (or a point).

By 6.5.4,

<y f log | f(O) |
og | 1@ | < ¥ [ 0w,
and by 6.6.2, if z = re®, 5§ > 0,
R(8) = lim sup r ' log | f(re®) | < ¢ sin é.

Applying the same reasoning to f(z) in the lower half plane we have
h(— 8) < csin 4.

Hence A(0) < ¢ sin § and since § can be arbitrarily small, (0) < 0.

As another application of 6.5.4 we prove the following sharpened form
of the Phragmén-Lindeléf principle, which we shall later sharpen still
further.

6.6.6. Theorem.c If f(z) is regular in the upper half plane and continuous
in the closed half plane, if | f(z) | is bounded on the real axis, and if

(6.6.7) liminf r 'log M(r) = a < »
then
(6.6.8) B = lim sup ' log M(r) < 4a/r.

By 6.5.4 we have

y [7 log|f(@ |
loglf(z)l S;‘[-mmdt-i-éiay/r,

and if log | f(t) | < M, we infer that
log M(r) < M + 4ar/w;

(6.6.8) follows.

Actually 6.6.6 does not tell the whole truth, which is that in fact 8 =
and that @« <0 can occur only when f(z) = 0. This will be proved, as a
special case of a still more general result, in §7.4.

Still another application is the following extension of 6.2.13.

6.6.9.% Theorem. If f(2) is an entire function of zero exponential lype, and
log | f(x) | < O(|z 1), p < 1, then f(2) is of order not exceeding p.

6.7. Integrability on a line. The condition that f(z) is bounded on
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(— w, ) may be thought of as the limiting case p = o« of the condition

that
w© 1/p
{_Lolf(w) l”d:v} < o,

that is, that f(z) belongs to L” on the real axis. For entire functions in gen-
cral, the property of belonging to L” on one line does not carry with it the
same property for any other line or for any other value of p, but for func-
tions of exponential type it does. We have, in fact, the following result.

6.7.1. Theorem.® If f(z) is an entire function of exponential type 7, and
if for some positive number p

(6.7.2) f_ : | fz) |P dz < oo,
then
(6.7.3) f_: | f(z + y) |Pdz < eV [: | f(z) |” dz;

moreover, f(x) — 0 as |z | — « and consequently (6.7.2) holds for every

larger value of p.

It is no harder to prove a more general result, of which 6.7.1 is the special
case ¢(t) = t°.

6.7.4. Theorem.? If f(z) is an entire function of exponential type 7, ¢(t)
1s a nonnegative nondecreasing convex function of log t, and

(67.5) [Ce1 i@ 1) o < =
then
610 [Cote | fat+w)las < [ ol 17@ ]} dz

moreover, ${ | f(x) | } is bounded, and if $(t) > 0 for t > 0, f(z) — 0 as
|z| — .

A still more general result is

6.7.7.% Theorem.” If f(2) is regular and of exponential type = for y > 0,
then under the same hypotheses on ¢(t) as in 6.7.4, (6.7.5) implies (6.7.6);
and more generally

b b
[ote™li@+iy+9l1ds< s [ 6l1f@+9]])ds
a —w0Lzr L0 a

It is sometimes useful to have a weaker form of 6.7.1 which holds under
a weaker hypothesis.
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6.7.8.* Theorem.® If f(2) is regular and of exponential type for x > 0 and
‘/o. | f(z) | Pdx < o for some positive p, thenf |f(x + 1y) | "dx < o for
0

every y, and f(x) > 0 asx — oo.

A corollary of 6.7.1 is a generalization of part of 6.2.13, to which 6.7.1
reduces it.

6.7.9. Theorem.® If f(z) is an entire function of zero exponential type and

‘[w [ f(x) | Pdx < o« for some positive p then f(z) = 0.

In the same way, the following result is a corollary of 6.7.8.
6.7.10.* Theorem.2 If f(z) is an entire funclion of exponential type and

f | f(re®) | Pdr < o for three values of 6, no two of which differ by as much
0

as m, then f(z) = 0.

The condition of belonging to L? is actually rather artificial in 6.7.9
and 6.7.10; a more general result is given in §10.6.

The following related result will be of interest in connection with §7.2
(cf. note 7.2¢).

6.7.11.* Theorem. If f(2) is regular and of exponential type for y = 0,
the condition

> log" x
[

implies that

f“’ log" | fz + @) | ;.
lw 22 + (L + y)*

18 bounded, 0 < y < «.

To prove 6.7.4, we need the following lemma, which is a first step in
showing that ¢( | f(x) | ) is bounded.

6.7.12. Lemma. If ¢() s a nonnegative nondecreasing convex function of

log ¢t and _{ o | f(x) | } dx exists then

“log" | /@ |

(6.7.13) |

converges.
If f*(x) = f(x) when | f(z) | > 1, and f*(x) = 0 otherwise, the hypothesis
implies that f ¢{ | f*(x) | } dx exists; we may write this in the form
o

[ vl @ Ve = [ wllog™| @) |} de < =,
0 0



100 ENTIRE FUNCTIONS

where y(u) is a nonnegative nondecreasing convex function of . Then by
Jensen’s inequality,

log" | /(z) | do ¢l log" | f(z) | } d
¢{7l'/t; 1+ 2 } f 1+ 2?
<2 [ wtiog" 17|} ax < =,

and since ¢(¢) T « as t T « we have (6.7.13).
We now have f(2) entire, of exponential type, and satisfying (6.5.1);
by 6.6.5, h(0) < 0, h(r) < 0, and so by 5.1.9 (or 5.4.14),

log | f(re®) | < (c|sin 6] + €)r, e >0,

for sufficiently large r. This shows that

lim sup »~* f log | f(re®) | sin 6 d§ < 77/2,
r—r0 0
and hence that ¢ in (6.5.7) does not exceed 7.
An alternative method for reaching the same conclusion would be to

L

notxce that the existence of ¢>{ | f(x) | } dz implies the convergence of

n+1
Z f {|f(x)|} dx and so the boundedness of f(A,) for some se-

quence {\,} withn < N\, < n + 1; by appealing to 10.5.1 we¢ can again
conclude that A(0) < 0, h(xr) < 0.
We now write (6.5.9) in the form

log { | f(z + iy | ¢} < flf_ log | 1) | (=i &

Then if ¢(log t) = ¢(t), with ¥(u) convex, by Jensen’s inequality we have

ST+ | ™) <o [“ol 110 1) G @

and

[Cot1 16+ i) 1) aa

sw—‘f_:le(t)Hdtf_:rgq—yzd” - [:“’”f(t)”dt'

This establishes (6.7.6). To complete the proof of 6.7.4 we can either appeal
to 10.6.1, where a much more general result is established, or argue directly
as follows.® Since ¢ increases, it follows from (6.7.6) that
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6714 [ sllse+inle™as [ sl1/01d lyl<s

Since ¢(£) is a convex function of log ¢, ¢{e™™ | f(z) | } is a subharmonic
function; the property of subharmonic functions which is relevant here
is that the value of a subharmonic function at a point does not exceed its
mean value over the area of a circle with center at the point, and so in
particular

@1 S 2 [ e iy + 9 [ dsdy

a24y2<52

8 é
w-lﬁ.[, f_s¢{e"‘|f(:v+iy+3)l}dsdy

) 438
- ;16—“7 f_s { j::—a ol [ f(s +iy) |} ds} dy,

and this is bounded by (6.7.14). Since ¢(u) — © as u — «, it then follows
that | f(z) | is bounded. Furthermore, if {x,} is any sequence such that
Zn T ® and .41 — . > 25, we have

0 L} L Zn+0
S ot 15 11 < o [ S [T et 1 s+ ) 1 ashay

Zn—8

< 1r52f {f ¢ _dl f(s+’ty)l}ds}d(/’

so that the series on the left converges, its terms approach zero, and con-
sequently f(z.) — 0 if ¢(¢) > 0 for ¢ > 0. This implies that f(z) — 0 as
x — o, and similarly as £ — — .

The last part of the proof has incidentally established a result of in-
dependent interest.

6.7.15. Theorem.! If f(z) is an entire function of exponential type + and

IN

-]
[ [f@) | Pdx < o, p > 0, then for any real increasing sequence {\,}
such that Apy1 — An > 25,

6710 ¥ o <25 [ 1@ P e

n=—o0

The chief interest in (6.7.16) is not in the precise value for the coefficient
on the right (which is not the best possible) but in the fact that it depends
only on p, § and 7. A converse result, in which the convergence of

[ 1517 da
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is inferred from the convergence of >_ | f(A\s) |7, with a suitable {A.}, will
be given in Chapter 10 (10.6.4, 10.6.8).
The following sharper form of the boundedness of f(z) in 6.7.1 is also

true.
6.7.17.% Theorem® If f(2) is an entire function of exponential type =, if

p> landsz | f() |’de = M? < © then
| fz + 1y) |? < A,M"y " sinh pry,
with A, < 1/x for p > 1 and Ay = 1/(2w).
An improvement in another direction is given by

6.7.18.* Theorem™ If p >1 and f(z) is an entire function of exponential

type T such that _[ | f |Pdz = M? < o thenforq > p

© 1/q
(6.7.19) { f | fz) | dx} < (Mlegmilgp
and
°0 llq
(6.7.20) { f I f(x + ’L'y) |9 d:l:} < e I Ty Ix/q—l/pﬂ_[.

The limiting case ¢ = « of (6.7.20) is less precise than 6.7.17. The con-
stants in (6.7.19) and (6.7.20) can be improved, but the power of r in
(6.7.19) is asymptotically correct (for large 7).

It is also possible to deduce from 6.5.4 inequalities for integrals of | f(2) |
along rays instead of along parallels to the real axis. More precise results
can be obtained by other methods, and we quote one of them.

6.7.21.* Theorem.i If f(2) is regular and of exponential type in the upper
half plane and belongs to L*(0, =) and to L*(— =, 0), wherep > 1,4 = 1,
then for 0 < 8 < 7 we have

O . . 1/s
(6-7-22) {‘l" | f(TGw) [!e—rrasmo dr }

® Aop ®© Nlq
s{f | 5@ l”drv} {f | (=) |“dx} ,

where

s= P2 a=T "¢ \ = 6/m
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In particular, if p = q,

(6.7.23) f | f(re®) [P g
0

© (x—0) /= o« Noir
< {ﬁ | f(@) | dw} {L | f(=2) | dx}
(generalization of 6.2.4).

There are similar results for mean values, for example
6.7.24.* Theorem.’ If f(z) is an entire function of exponential type r and
p > 0 then

T T
lim sup —%—, f | fiz + dy) |” dz < €*'*! lim sup 1 f | f(z) |” d.
T—o 21 —T T— 2T —-T

6.8. Representations for functions which are bounded on a line. Entire
functions of exponential type which satisfy conditions of the kind we have
been discussing can be studied from another point of view. Their indicator
diagrams collapse into line segments on the imaginary axis, and if we can
shrink the contour in the Pélya representation until it coincides with the
conjugate indicator diagram we shall have a representation for the function
as an integral over a line segment, and in fact (after a change of variable)
as a finite Fourier transform. In practice such representations can be more
conveniently established by a different approach. They provide an easy
way of establishing some of the theorems of §6.7 if they are established
independently of that section.

The most elegant and generally useful representation deals with a func-
tion belonging to L’ on the real axis.

6.8.1. Theorem of Paley and Wiener.* The entire function f(z) is of ex-
ponential type T and belongs to I on the real axis if and only if

(6.8.2) f(2) = f_ e'e(t) dt,
where
(6.8.3) () e L*(—1, 7).

That (6.8.2) belongs to L* on the real axis under (6.8.3) is immediate
from the theory of Fourier transforms; it can also be established without
appealing to this theory by using the theory of Fourier series and 10.6.6.
That (6.8.2) represents an entire function of exponential type is left for
the reader to verify.

We can state 6.8.1 in a number of alternative equivalent forms, which
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appear to be weaker or stronger, depending on the point of view. The hy-
pothesis that f(z) is of exponential type 7, that is, that

(6.8.4) [7(2) | < A(e)e" !,

can be replaced by the apparently more restrictive condition
(6.8.5) 17@) | < Ae™™!

or by the apparently still more restrictive condition
(6.8.6) e f2) | = o(1);

and the condition that f(x) — 0 as |z | — o« can be added if desired be-
cause by 6.7.1 it is satisfied for any entire function of exponential type be-
longing to L on the real axis, while it is satisfied for functions (6.8.2) either
by the Riemann-Lebesgue lemma or by another appeal to 6.7.1.

In fact, on the one hand (6.8.6) is satisfied if f(z) is defined by (6.8.2),
since for [y | > 0

| [+ |* < {j_‘ e””‘lqb(t)ldt}
< [73_2"'dt [|¢(t) [* dt

< Ay [ sinh 2ry |

(cf. 6.7.17). On the other hand, if we have proved that f(z), belonging to L’
on the real axis, has the representation (6.8.2) if it satisfies the most re-
strictive condition (6.8.6), and we are given a function satisfying (6.8.4)
instead, we have the representation (6.8.2) with 7 replaced by r 4+ ¢ and
¢(t) ostensibly depending on e; but the uniqueness theorem for Fourier
transforms shows that ¢(t) is actually independent of e and vanishes almost
everywhere outside (—r, 7).

We can give added precision to 6.8.1 as follows.

6.8.7. Theorem. If f(2) is given by (6.8.2) and ¢(t) does not vanish almost
everywhere in any neighborhood of v (or — 1) then f(z) is of order 1 and type r
(that is, not of exponential type less than 7).

For, if f(z) were of type ¢ < 7, it would have the representation (6.8.2)
with ¢ in place of 7, and since the representation is unique, ¢(¢) would have
to vanish almost everywhere outside (—o, o).

We now turn to the proof of the more difficult part of 6.8.1, that an
entire function of exponential type has the form 6.8.2 if it belongs to L’
on the real axis. We shall give two proofs.
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First proof.> Let ¢(¢) be the Fourier transform of f(z); then

(6.8.8) flz) = f o()e™ dt, — 0 <z < o,

o T
where [ denotes the limit in mean square of f . It is necessary only
© -7 .

show that ¢(t) = O for almost all ¢ such that |[¢| > 7, since this will es-
tablish (6.8.2) for real z and both sides of (6.8.2) are entire.
We have

2m6() = [ (e do,

where the integral is again to be interpreted as a limit in the mean. Con-
sider the contour integral

I = j;e_"‘f(z) dz,

where T' consists of the upper three sides of the rectangle with vertices at
=T, £(T + <T). Since the integrand is an entire function, this is the
negative of

(6.8.9) [T %[ (z) d.

We proceed to show that I — 0 as T'— « if ¢ < —7 (we can use a similar
argument with T in the lower half plane if £ > 7). We have
T

T
I =i f IR i) dy — f T 4 T da
0

T
=i [ =T i) dy,
]

T T
V< [ T iy + [ e ST + i) |y
(6.8.10) r
+ ¢ [ |f@+iT) | da.
T
Now take the hypothesis in the form (6.8.5); since f(x) belongs to L?
flx) > 0asz — o, by 6.7.1. By 6.24, | f(x + T) | < Me™ uniformly

in z, so the third integral in (6.8.10) does not exceed 2TMe"“*”7, and this
approaches zero as T — « if { < — 7. For the first integral in (6.8.10) (the

R T
second is handled in the same way) we consider separately f and f ,
0 R
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R > 0. We have, again by 6.2.4,
T T

f e | f(T + vy) | dy < Mf My = M@t + )T — T,
R R

and if ¢ < — 7 this can be made small by taking R large and then fixing
R and taking 7' large. Moreover, with a fixed B we have, by 6.2.8,

f(T + ) =0

as T — o, uniformly in 0 < y < R; hence
R
fe“ﬂT+WH@~Q T — .
0

We have now shown that I — O for [ {| > 7, and so (6.8.9) converges to
zero for | ¢| > 7, while it converges in mean square to ¢(¢); so ¢(t) = 0
almost everywhere for | ¢ | > 7, as required.

The preceding proof is perhaps the most natural one. We shall give a
second proof which is shorter and makes the smallest possible use of
Fourier theory (requiring only the Riesz-Fischer theorem for Fourier series),
but uses a uniqueness theorem from Chapter 9. (which we shall prove in-
dependently of 6.8.1).

Second proof. By 6.7.15, 2 | f(27n/7) |* converges. According to the
Riesz-Fischer theorem there is a function ¢(t) of I* such that

MMM=fé%mWMLn=QiLiZ~q
in other words the function
g(2) = f (1) di

coincides with f(z) at the points 2zn/7. Now g(2) is an entire function of
exponential type satisfying g(z2) = o(¢’"'). By 9.4.4, f(2) = ¢g(z) and (6.8.2)
is established.

It is interesting to notice the essential difference between the two proofs:
in the first one we have f(z) represented by an integral over too large a
range, and it is necessary to show that ¢(¢) vanishes outside (—7, 7); in
the second proof, the integral is over the correct range but must be identi-
fied with f(z) by using the fact that it coincides with f(2) at the points of
an arithmetic progression.

Theorem 6.8.1 has suggested a number of generalizations to classes other
than L.

6.8.11.* Theorem.c The entire function f(z) is of exponential type and be-
longs to L(— », =) if and only if
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5@ = [ o0 a,

where ¢(7) = ¢(—7) = 0 and the funciion obtained by extending ¢(t) to be
0 outside (—, 7) has an absolutely convergent Fourier series on the interval
(=7 — 8, 7r+198),5>0.

6.8.12.% Theorem.d The entire function f(z) is of exponential type and be-
longs to L*(— «, ), p > 1, if and only +f

f2) =z [ T [6(t) — ¢(—1)]e™ dt — 2¢(r)z" sin 7z,

where ¢(t) ts a continuous function of period 2t whose Fourier coefficients c,
satisfy D | neq |? < oo.

6.8.13.* Theorem.c If f(2) is an eniire function of exponential type belonging
to L?(— o, ©), 1 < p < 2, then f(z) has the representation (6.8.2) with
o) el q = p/(p — 1);if ¢(t) e L, 1 < p < 2, and f(2) has the form
(6.8.2), then f(z) is an entire function of exponential type belonging to
Lq( — ®, ®© )

6.8.14. Theorem. If f(z) is an entire function of exponential type v and is
bounded on the real axis, there are functions $.(t), each of bounded variation on
(—7, ), such that for each z

T

(6.8.15) f(z) = lim | €**den(t).

n—*0 J—r

To prove 6.8.14, consider g(z) = 2 {f(z) — f(0)}. This is an entire
function of exponential type 7 and belongs to L? on the real axis. Then by
6.8.1,

g(z) = f_ ' e“'(t) dt, B(t)el’,

= lim [ e®%Y.(t)dt,

n—>N J—r

where ¢.(t) are functions of bounded variation (step-functions, for ex-
ample), with ¢,(7) = ¥.(—7) = 0. Integration by parts gives

o) = lim (/) [ e g0,
and so

(e) = 2@ + SO = f0) + lim s [ e g0

T

= lHm [ e*'d¢a(0),

n—r0 T

where ¢,(f) = iW.(t) + f(0) sgn t.
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A little further consideration shows that the limit in (6.8.15) is uniform

on every bounded set.
6.9. The indicator diagram of a finite Fourier transform. As an applica-
tion of 6.8.1 we prove the following theorem, which is unexpectedly difficult.

- b .
6.9.1. Theorem.* Let f(z) = f e*'g(t) dt, where g(t) 1s integrable, |a | < b,

and g(t) does not vanish almost everywhere in any neighborhood of b; then f(2)
is an entire function of order 1 and type b (and not of smaller type).

The main part of the theorem is the verification that f(z) is not of type
less than b. If g(f) belongs to L? this follows immediately from 6.8.7. To

4
establish it for the general case, put G(¢) = f g(u) du; then by integration
by parts,

(6.9.2) f(2) = f(0)e™® — iz fb e“'Q(1) dt.

Suppose that f(2) is of type ¢, 0 < ¢ < b; then 2 {f(z) — f(0)e™} is of
type ¢ and belongs to L? on the real axis. By 6.8.1,

<

(6.9.3) m)=mmm—afemmo@ H(D)eL2.
Comparing (6.9.2) and (6.9.3) we have

) (™ — ™) = z’f(szf et dt

b
c

c b
=i [ MH@ &t — i [ 60 dt.
—C a
By the uniqueness theorem for Fourier transforms, we therefore have
f(0) = —G(¢) almost everywhere in (c, b), hence g(f) = 0 almost every-
where in (c, b).

6.9.4. Corollary. The indicator diagram of f(z) in 6.9.1 s the segment
(ia, ib) of the tmaginary axis provided that ¢(t) does not vanish almost every-
where in the neighborhood of a.

That the indicator diagram is a segment of the imaginary axis with its
upper end at b follows from the fact that f(2) is bounded on the real axis
and of type b (and not less), by 6.2.4. The function

F(z) = ¢ ™f(2) = /;b e V() dt = _/:_b e““g(u + b) du

has its indicator diagram shifted downward by b, and by the theorem (ap-
plied to F(—z)) F(2) has the other end of its indicator diagram at i(a — b);
the conclusion follows.
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A similar result is
6.9.5.* Theorem.® If F(x) is of bounded variation on (— o, =), then F(z)

1s constant except on some finite interval if and only if f(z) = [ e*'dF (1)
0

18 an entire function of exponential type; and if (—a, b) is the smallest inter-
val outside which F(x) is constant, a = hy(—n/2) and b = hy(x/2).

6.10. Periodic and almost periodic functions. We shall show that if f(z)
is an entire function of exponential type which is periodic on the real axis,
it is necessarily a trigonometric polynomial; if it is almost periodic, even
in a very general sense, then its Fourier exponents are bounded.

6.10.1. Theorem.* Let f(z) be an entire function of exponential type t,
pertodic on the real axis with period 2mw. Then f(2) has the form

(6.10.2) i) = > ae™, n<r.
k=—n

6.10.3. Theorem.® Let f(2) be an entire function of exponential type r,
uniformly almost periodic on the real axis. Then the Fourier series of f(2) is

of the form
(6.10.4) f&) ~ > ax exp (), I\ | <7

This still holds for (e.g.) Stepanoff or Besicovitch almost periodic fune-
tions, since we have
6.10.5.% Theorem.c Let f(z) be an entire function of exponential type T,
such that the mean value
T
lim 2T)™" f | f(z) | da
T—00 T

exists. Then for |\ | > 7, the mean value
T

lim @17 [ fz)e™ dz
T —00 -7

exists and 1is zero.

That 6.10.5 is more general than 6.10.3 follows from the fact that there
are Besicovitech almost periodic functions, of exponential type, which are
not bounded on the real axis.

We shall give three proofs of 6.10.1. The shortest proof depends on a
result from Chapter 11. We have

2ray, = f e () dt,
and by repeated integration by parts this becomes

27ax = (¢k)™™ _[ e ™ (1) dt.
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Since | f™ () | £ M+™, where M = max | f(z) | (11.1.2), we have
| 2rar | < M(7/k)7,

and letting m — « we have a, = 0if £ > 7. Similarly a, = 0if k < —7.
By a different proof we can establish 6.10.1 and 6.10.3 together. Wg
have for the a; in (6.10.4)

T o
a, = lim (ZT)—lf f(x)e ™ dx,
T —-T

and this holds equally well for (6.10.2) with A\, = k. We can now proceed
along the lines of the first proof of 6.8.1 to show that a, = 0 for [ \x | > 7.
The details may be left to the reader.

We now give another proof of 6.10.1. This depends on the following lemma.

6.10.6. Lemma.? If ¢p(w) is regular on the contour C and f e“d(w)dw = 0,
c

then ¢(w) is regular inside C.

To prove the lemma, take contours C; inside C and C outside C, on which
¢(w) is still regular; then for w on C,

2rip(u) = [ (¢ — w7 e dt — [ (¢ — w60 dt = o) — di(a).
Co Cy

Then ¢q(w) is regular inside C; and ¢;(w) is regular outside C; . We have

0 = 2mi fc €o(w) dw = fc " {o(w) — $1(w)} dw = — fc € ¢1(w) dw,

since ¢"“¢2(w) is regular inside C. . In the last integral replace C by a large
circle and ¢;(w) by its Laurent series Y ; b,w™ ", and integrate term by term.
We find

> b/ (n — 1) =0,
n=1

and so all b, = 0 and 2wi¢(w) = ¢2(w), which is indeed regular inside C.
Now suppose that f(z) satisfies the hypotheses of 6.10.1; since

fle + 27) = f(z)

on the real axis implies f(z + 27) = f(2) for all z, we have

0 = f(z + 2m) — f(2) =,fc {7 — ™} p(w) dw

= fc e’ (€™ — 1¢(w) dw,
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where C surrounds the conjugate indicator diagram of f(z). By the lemma,
é(w)(e™ — 1) must be regular inside C, so ¢(w) must be regular except
for simple poles at the zeros ik of "™ — 1 which are inside C. Thus ¢(2)
is a finite sum of terms of the form a;/(w — k), and such a sum is the
Laplace transform of a trigonometric polynomial.

The following result is a generalization of 6.10.1.

6.10.7.* Theorem.® If f(2) is an entire function of exponential type r and
fiz + 27) — f(2) = g(z) with g(2) of zero exponential type then f(z) is the
sum of an entire function of zero exponential type and a trigonometric poly-
nomsial of degree not exceeding .

NoTes FOR CHAPTER 6

6.2a. Pélya and Szego [1], vol. 2, p. 36; Duffin and Schaeffer [2]; Plancherel and
Pélya [1].

6.2b. Duffin and Schaeffer [2]; another proof is given by Redheffer [3].

6.2¢c. Harvey [1].

6.2d. Boas [13] constructs an unbounded function of exponential type for which
the mean value in (6.2.11) is finite and cxists as a limit.

6.2e. S. Bernstein [1], [2]; cf. §§3.1 and 11.3.

6.3a. Theorems 6.3.6, 6.3.9, 6.3.10, 6.3.11, 6.3.12, 6.3.13, 6.3.14, in more or less
general form, have been discovered by almost everybody who has had oceasion to
work with Carleman’s formula. It would be difficult to trace them to their carliest
oceurrences, since they usually appear as lemmas in just enough generality to suffice
for an immediate application. See e.g. Pélya and Szego [1], vol. 1, p. 242, Valiron [8],
Cartwright [4], [6], Ganapathy Iyer [9], Levinson [4], p. 28, Levin [6], Ahiczer [4],
Chebotarév and Meiman [1], p. 158.

6.3b. This is an integral form of the O-Tauberian theorem for (C, 1) summability.
Boas [3] proves this and some related theorems and gives further references.

6.4a.'The case ¢(x) = 1 is due to Levin [6].

6.4b. Levin [6].

6.4c. Agmon [1]; cf. 6.6.9.

6.5a. The formula is due to R. Nevanlinna [1], who establishes it under hypothesis
6.5.1).

6.5b. The incquality (6.5.9) holds without any hypothesis about the zeros of f(z).

6.6a. See e.g. Levinson [4], pp. 26 ff.; Levin [5].

6.6b. Sce e.g. Levinson [4], pp. 26 ff. Cartwright [4], [6] proves a more general
result in which f(z) only has to be of exponential type in an angle which contains
the upper half plane in its interior.

6.6¢c. See also R. Nevanlinna [2], p. 43.

6.7a. Plancherel and Pélya [1].

6.7b. Boas [25], using the method of Plancherel and Pélya.

6.7c. Various special cases were discovered by various authors before the develop-
ment of the general theory. Boas [4] gives references, to which Srivastava [2] should
be added.

6.7d. Jain [1] for p = 1.

6.7e. The argument is due to Plancherel and Pélya [1].

6.7f. Plancherel and Pélya [1]. Boas [6] obtains a similar result by another method.

6.7g. Korevaar [1].



112 ENTIRE FUNCTIONS

6.7h. Nikolskii [2], with a less favorable constant.

6.7i. Gabriel [1]; Ganapathy Iyer [1] and Levinson [6] obtained less precise results
by other methods.

6.7j. Harvey [1].

6.8a. Paley and Wiener [1], p. 13. Many proofs have been given. There are anal-
ogous Fourier representations for functions f(z) which are regular and of exponential
type in the upper half plane and belong to L? on the boundary; f(z) is represented as
the Fourier transform of a function which vanishes over a half line. See Paley and
Wiener [1], Hille and Tamarkin [1], Mikusiiski [3]; Theorem 6.7.7 is relevant here.

6.8b. This proof resembles one given by G. H. Hardy in lectures, but is simplified
by a different choice of the contour.

6.8c. The ““only if”’ part is due to N. Wicner; the statement of the text is given by
Boas [4], who states the condition on ¢(¢) in the incorrect form that ¢(f) has an abso-
lutely convergent Fourier series on( — 7, 7). That this is incorrect follows from the
fact that there are functions ¢(f) such that the Fourier serics of ¢(f) over (— 7, 7)
converges absolutely while the Fourier series of the extended ¢(t) does not.

6.8d. Plancherel and Pélya [1], Kawata [1].

6.8¢. Plancherel and Pélya [1], Boas [4].

6.9a. Cf. Titchmarsh [2], pp. 323 ff.

6.9b. Pélya [4]; cf. Boas [5].

6.10a. The theorem seems to have been discovered by everybody who has happened
to think about the problem. Some references are given by Boas [13]. Sce also Giac
cardi [1].

6.10b. The converse was proved by Bohr, and he doubtless was aware of this
theorem, although I have not found it earlier than Boas [13]. For Bohr’s theorem see
Szegd [1].

6.10c. Boas [13].

6.10d. Pélya: see Muggli [1].

6.10e. This theorem brings us into contact with Whittaker’s theory of asymptotic
periods: § is an asymptotic period of f(z) if f(z + 8) — f(z2) is of lower order than f(z).
The theory is of interest chiefly for functions of order greater than 1. The principal
facts are that the asymptotic periods of an entire function are either (i) an arith-
metic progression or (ii) a dense set of points on a line, with measure zero and
with the ratio of any two asymptotic periods either rational or transcendental;
only (i) is possible for functions of order 1. See Whittaker [2], S. 8. Macintyre [1],
Gelfond [4], Sikkema [1].



CHAPTER 7

FUNCTIONS OF EXPONENTIAL TYPE, RESTRICTED ON
A LINE. II. ASYMPTOTIC BEHAVIOR
IN A HALF PLANE

7.1. Introduction. If f(z) is an entire function of exponential type we
know a number of quantities which are bounded, at least on one side; for
example,

(7.1.1) 7" log | f(re®) | is bounded above
(for each 6);

(7.1.2) 7 *n(r) is bounded;

(7.1.3) nz;:s 1/2, is bounded.

In this chapter and the next we shall be concerned with additional condi-
tions which can be imposed on f(z) to refine such “O-statements’ into
“o-statements,” that is, to convert boundedness into approach to a limit;
and with applications of the refined theorems. This chapter deals with
those refinements of (7.1.1) which depend on having f(z) bounded, or
“almost bounded,” on a line; results involving the distribution of the zeros
in a more detailed way will be discussed in Chapter 8. The basic results
of this chapter hold for functions which instead of being entire are merely
regular and of exponential type in a half plane and satisfy appropriate con-
ditions in the neighborhood of the boundary. The applications are mostly
to properties of entire functions.
The most obvious refinement of (7.1.1) would be

(7.1.4) lim r ' log | f(re®) | = h(6)

for each 6; but this is not a reasonable requirement, since the presence of
zeros on or near the ray arg z = 6 prevents (7.1.4) from holding; and more-
over it can be shown that (7.1.4) need not hold even in the interior of a
zero-free angle.* However, it turns out that appropriate restrictions on the
rate of growth of the function on the boundary of the half plane do suffice
to make (7.1.4) hold except for a “small” set of 8’s, for every 0 if r is ex-
cluded from a ‘“small” set, and without exception in the interior of a zero-
free angle. Boundedness on the boundary is sufficient, but may be re-
placed by more general conditions. Suppose for definiteness that the half

113
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plane in question is the upper half plane; then it is sufficient to have either

“ log" | f(=) |
(7.1.5) .[eo —-1—:*:}2— dz < @,
or more generally either
(7.1.6) f 5% log | f(2x) | do exist
1
or

(7.1.7) j;-m z? log | f(x)f(—x) | dx exists and A(0) + h(x) = O

(that (7.1.6) is actually more general than (7.1.5) follows from 6.3.6; that
(7.1.7) is a consequence of (7.1.6) for entire functions will be shown later

(7.2.8)).
Conditions (7.1.5), (7.1.6), (7.1.7), and even the weaker condition

R

(7.1.8) f z? log | f(x)f(—2) | dz is bounded above,
1

imply (6.3.9) that

(7.1.9) >~ 3(1/2,) converges

(the sum is extended over the zeros z, which are in the upper half plane).
Thus we are dealing only with functions most of whose zeros lie near the
real axis. When (7.1.9) holds and f(2) is entire, it is true conversely that,
when (7.1.4) holds with sufficiently few exceptions, (7.1.7) holds, so that
we cannot expect an appreciably more general condition than (7.1.7) to
work in this case. Results for entire functions which do not necessarily
satisfy (7.1.9) will be considered briefly in §8.1.

7.2. The asymptotic behavior of a Blaschke product. Suppose that f(z)
is regular and of exponential type in the upper half plane, and satisfies
(7.1.6), which is true in particular if f(z) is bounded or if (7.1.5) holds. Then
according to 6.5.4, f(z) has the representation

® log | f(B) | dt

_ —1
(721)  log|f@) | =log | B() | +yr | o=t U
where
(7.2.2) BG) = [ L=/~

a1l — 2/2,, ’

a convergent Blaschke product (the name is by analogy with the more
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familiar product for the unit circle). By 6.6.2,

(7r) 'y [_w % dt + cr'ly

approaches ¢ sin 6 along arg z = 6, 0 < 6 < 7. Hence the behavior of
r' log | B(z) | determines what happens to ™" log | f(2) |. (By using the
Riesz decomposition theorem for a subharmonic function,* we could con-
: (7.2.1) repre-
sents log | f(2) | as the sum of a potential and a harmonic function of known
asymptotic behavior.)

Concerning B(z) we prove the following theorem.

7.2.3. Theorem.? If B(z) is defined by (7.2.2), with Y (2,) > 0and D_I(1/2.)
convergent, then for all 8 in (0, 7), except at most a set of outer capacity zero,
(72.4) lim ' log | B(re®) | =

r=+00

for a fixed 6,, 0 < | 6,| < /2, there is an open set A, of values of r, having
Jinzte logarithmaic length, such that (7.2.4) holds uniformly in 6, < 8 < w — 6,
provided that r — o« outside Ay; and (7.2.4) holds without exception in any
angle 0 < a < § < B < w which conlains no z,.

We recall the definitions of some terms used in the statement of 7.2.3.
For logarithmic length see §1.5.

If I is a Borel set in (0, w), and u(6) is a nondecreasing function of 6

whose points of increase are in I and for which f du(8) = 1, the capacity
o0
of K is defined as

(7.2.5) exp{— inf sup log ——— 1 d#(o)}
PENTIESR le? —¢|

A countable union of sets of capacity zero is of outer capacity zero. The
property of a set of outer capacity zero which is relevant in most applica-
tions of Theorem 7.2.3 is that it is of measure zero, so that in particular the
nonexceptional values of 6 are everywhere dense. To see this, if £ has
positive measure, take du(6) = E(8) df, where K(6) = 1/meas I on E
and O otherwise; then

1
S‘:P flog Teo =5 du(8) < =,

and so the capacity of £ cannot be zero. Hence the measure of a set of zero
outer capacity is also zero, and the complement of such a set is every-
where dense.

The last clause of 7.2.3 follows because therc are 6’s arbitrarily near
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« and 8 for which 7.2.4 holds, and then it holds uniformly between them
(1.4.8) because z~* log B(z) is regular and bounded there (by the estimates
used in proving 6.4.8).

We shall abbreviate the conclusion of 7.2.3 by saying that " log | B(2) |
tends effectively to zeroin 0 < 6 < . Using this terminology we now state
a more general theorem which follows as soon as 7.2.3 has been proved.

7.2.6. Theorem.c If f(2) is regular and of exponential type in the upper
half plane, continuous in the closed half plane, and salisfies

(7.2.7) /; x * log | f(£2) | dz exist

(or the more restrictive condition (7.1.5)), then 1~ log |f(re”) | tends ef-
Sectively tocsin in 0 < 6 < =.

This is an extensive generalization of 1.4.3.

The following corollary justifies the remark made after (7.1.7).

7.2.8. Corollary. If f(2) is an entire function of exponential type satisfying
(7.2.7) then h(0) = h(r) = O.

In fact, we have h(8) = O(sin 8) as § — 0 or = in either the upper or lower
half plane, and hence h(0) = h(w) = 0, by the continuity of h(6).

The following theorem is thereforc a generalizatior of 7.2.6, at least for
entire functions. 4

7.2.9. Theorem.d If f(2) is regular and of exponential type in the upper
half plane, continuous in the closed half plane, and satisfies

(7.2.10) .[1 - 2% log | f(x)f(—=2) | dz exists and h(0) = h(x) = 0,

then v log | f(re”) | tends effectively to ¢ sin 6 for 0 < 6 < .
The condition A(0) = h(x) = O can be weakened to

f i log | f(£1) | dt < o(r)

at the expense of further complication in the proof.°

Since we do not have the representation (7.2.1) under the hypotheses of
7.2.9, the proof of 7.2.9 is more difficult than that of 7.2.6; we can, how-
ever, still restrict our attention to f(z)/B(z) and deal with B(z) by 7.2.3.

We shall refer to 7.2.3, 7.2.6, and 7.2.9 collectively as ‘‘the Ahlfors-
Heins theorem.”

We note the following theorem, which states a little more than is directly
deducible from the corresponding special case of 7.2.9.

7.2.11.* Theorem.t If f(z) is an entire function of exponential type satisfy-
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ing (7.2.10), then for all ¢

f £ log [f(tc'")f( te®) | dt = e sin .

}--mo 10

This is trivial for the nonexceptional values of 6 in 7.2.9, and indicates
in another way that the presence of the zeros does not do too much to
destroy the asymptotic regularity asserted in 7.2.9.

The proof of 7.2.3 is rather long. It would be considerably simpler to
prove weaker theorems which would suffice for some applications; but in
many applications the full force of the theorem is required or at least leads
to great simplification in the proofs. It turns out to be slightly simpler
notationally to work in a right-hand half plane, so for the rest of this
section we assume that

B(2) = ,g }ﬁ;—:—%: ,  Rla,) >0, > R(1/a,) convergent.
To prove 7.2.3 we require several facts about the Green’s function g(z, ¢)
for the right-hand half plane with pole at {, namely

g(z, ) = log|(z + )/(z — ) |,
whose relevance is clear from the fact that
log | B(z) | = — Z 9(z, a).

The following notation will be preserved throughout the proof: z =
x4 iy =7re", 20 = 20+ o = r€”", ¢ = £+ g = pe'®. Then

(7.2.12) ghz, N;) = g(z, §) = g(1/2, 1/¢5);
(7.2.13) g(z, &) < g(r, p);
(7.2.14) 9@z, §) < g(e”, *);
and, forr > ro,z > 0r,0 < 86 < 1,

9(z, ©) Y )
(7.2.15) g(zh;) ((5) {g(c , %) + 1},
(7.2.16) g((z’ ‘})) < C(a) gl ) + 13,

where C(5) depends only on 4.
Of these, (7.2.12) is immediate and (7.2.13), (7.2.14) follow from

“F _r+2mpcos @+ )+
™ — 2rpcos (0 — ¢) + p*

re® + pe
re® — peis
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In fact, replacing 6 = ¢ by O makes the numerator as large and the de-
nominator as small as possible, and thus we have (7.2.13). Also, if we write
r/p = t, the right-hand side is

t+t_l+2cos(0+¢)=1+ 4 cos 0 cos ¢
t+t!' — 2cos (0 — ¢) t+t1—2cos (0 — ¢)

which is largest when ¢ + £ is smallest, i.e. at t = 1,7 = p; and (7.2.14)
then follows from (7 2.12).

For (7.2.15) it is enough to consider the case when | {I > lzul since
when | {| < ]20| < |z]| we can apply (7.2.15) to g(z~ e hand g, &Y.
When | ¢ | > | 2|, we have

1 B _Amet 2z0¢ Tof
(72.17) g(z0,¢) = :2-108{1 | 20 +g’-}2}—|zo+s“| >Q»|A§V'|_2’
4t } 22§
2 6 = tiogl <
(7.2.18) 9(z, ¢) { +| - lz — ¢

If |z — ¢ | > 8| ¢ /2, (7.2.18) implies

gz, ) < 887%x/| ¢ [},
and so
(7.2.19) g9(z, £) < 857zt ¢ [lgle”, ) + 1.

On the other hand, if |z — ¢| < 8| ¢|/2,0or |27 — ¢ | < Y58/ 2], we
have
£ z b 6| z] b &
TEZ 2P 37212 [2F 202> %’
and by (7.2.14) we have (7.2.19) in this case also. Using (7.2.17), we obtain
(7.2.15). By using (7.2.13) instead of (7.2.14), we prove (7.2.16) in the
same way.

To prove the first part of the theorem, take a positive e and consider the
open set @ where log | f(z) | < —ex. Let Ex denote the radial projection,
on the arc | 8| < 7/2 of the unit circle, of the part of & where |z | > R,
and let Er(3) denote the part of Eg in the sector x > ér. Take any z,
and B > 7. To a 6 in Ex(8), there corresponds (at least one) z in @ with
arg z = 0, r > ro. Then for this z we have

—log | B(z) | = > g(z, an) > e,
n=1

and hence by (7.2.15), for 8 in Ex(5),

N 2e
(72.20) €To s C(a) "Z:l g(ZQ , 0;,.) log m .
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Let »(0) be a nondecreasing function whose points of increase are in all the
/2
Ex(8), R > 0, and for which dv(8) = 1. If we multiply (7.2.17) by dv(6)

—x/2
and integrate, we obtain

) /2
e < C(3) 3 glen, a2 {log @) + [ 1o dv(o)}

1
|—éi0 —_ e“’”l

and hence

x/2 1
exo < C(8){— log | B(zo) | } {log (2¢) + Sl;p [,12 log s dv(o)}.

Now we have log | B(z) | < 0, log | B(sy) | = 0, and so we can find values
20— ©, | 6,| < m/2, such that z, ' log | B(zs) | — 0. Letting 2z, — « in
this way, we see that

2
1
(7.2.21) S'lip [.',2 ]Og IeT_‘""e‘{;T dv(0) — o,

unless of course the intersection of all E;(3), R > 0, is empty, in which case
Q is empty and we may assign it 0 as capasity. From (7.2.21) we see that
the capacity of N.E,(8) is zero, and the union of these sets for § = 1/n,
n=1,2, ---,1is of outer capacity zero.

To prove the second part of the theorem, consider the set @ as before,
and let Pr(8) be the set of r’s for which |z | = r intersects the part of Q
where | 2| > R and z > 8|z |. With R > | z |, we have, by (7.2.16), for
r in Pg(d),

exg < C(6) Z=:1 g(z0, an) {g(r, p) + 1}.

Let u(r) be a nondecreasing function whose points of increase are in Px(8),

with f du(r) = 1, multiply by du(r), and integrate. We obtain

+§‘

erg < C(8){— log | f (20) | } {1 + sup f log dy(r)}

Just as before, we see that

(7.2.22) sup log
>0 J0

L

as R — «. We now define a functional V(E) as the infimum of the left-
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hand side of (7.2.22) for u(r) with its points of increase in E and
[ autry = 1,
0

and establish some properties of V(E) from which we can conclude that
for large enough R the logarithmic length of Pr(5) is finite.

The necessary properties of V(E) are as follows: (a) if Ei C E» then
V(E,) > V(E3); (b) if Esis obtained from E; by the transformation ' = kz,
then V(E)) = V(Es); (c) if Ey,---, E. are disjoint intervals and ¥ is an
interval whose logarithmic length is the sum of the logarithmic lengths of
Ey, -+, E,, then V(U Ey) < V(E); (d) V((0, »)) = 0.

Of these, (a) is evident because any function u which can be used for K,
can also be used for E; ;and (b) is evident since the only effect of the trans-
formation on the left-hand side of (7.2.22) is to change £. For (c) it is enough
to consider two sets, say (a1, b1) and (az , b2) withby < a2 ; we have toshow
that

(7.223) inf sup{ [ o~ 0 + [ o, — 8 dy(r)}
» 3 a) ag

bibg
< inf sup g(r, — &) dv(r).

4 aa

The left-hand side is, by (7.2.12),

L
lff sup { f . g(r, — &) du(r) + fb

bibolas

g(r, — &) dﬂ(bﬂ‘/az)}

bide

= inf sup g(r, — £) dv(r),
m

§ a6z

1

where »(r) = u(aar) in (a1, by), p(byr) in (b1 ,bibs/as), and (7.2.23) follows.
For (d) we have toshow that there is a u(r) with f du(r) = 1 for which
0
sup ‘l g(r, — £) du(r)
is arbitrarily small. There are functions u(r) satisfying our hypotheses with
the additional property that they are absolutely continuous and sup ru’(r)

is arbitrarily small; and we have

fag(r, — ') dr < sup {ru’'(")} jw r'g(r, — §) dr
o o

= sup (')} [ ot — 1

g}
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so that we can make the left-hand side arbitrarily small by choosing u(r)
appropriately.

It now follows from (a), (¢) and (d) that V(&) = 0 if E has infinite
logarithmic length. Since (7.2.22) shows that V(Px(8)) > 0 for sufficiently
large R, Pr(8) must, for large R, have finite logarithmic length; in other
words,

log | f(re®) | > —er, r>1,10] < 6,

except for a set F. of finite logarithmic length. Let e; | 0; for each j, there
is a A; such that H; = E.; n (r > \) has logarithmic length less than 277,
The union of all the H; has finite logarithmic length and
r inf log|f(re”)| —0
16|<60
as r — « outside this union.

7.3. Asymptotic behavior with other boundary conditions. Before turning
to the applications of the Ahlfors-Heins theorem we prove theorem 7.2.9.
The same proof gives a weaker result under a weaker hypothesis; we state
the result but leave the necessary modifications in the proof to the reader.

7.3.1.* Theorem.* If f(z) is regular and of exponential type in y > 0,
continuous in y 2 0, and salisfies

(7.3.2) fR 2 log | f(z) f(— =) | dz is bounded

then v~" log | f(re™) | is bounded, with the same exceptions as in 7.2.9.

If f(2) is an entire function of exponential type, Theorem 7.3.1 has a
more general hypothesis than 7.2.9, and the hypothesis (7.3.2) may be re-
placed by the equivalent one that D | J(1/2,) | < « (6.3.14).

To prove 7.2.9, we start again from (6.5.10), which states that

tog | S | = 3 tog 22 4 U [P, 50 log S0 |t
2Ryf Py(R, 2,¢) log | f(Re™) | dp = S + yI1 + yl» + yls,
where
P 1 _ R’
T 22z 4+ R — 2R% + r’
2 2y -
P, = (R° — ") sin ¢

| R%*% — 2Rre + r?| 2’

Now we know (6.4.8) that S approaches a limit, which has the required
symptotic behavior (7.2.3). Step (iii) of the proof of 6.5.4 still applies,
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and shows that I; approaches a constant limit. It is therefore enough to
show that

(7.3.3) lim limsup (| |+ | I:|) =0, 0<6 <
r—>00 R—»00

We can write xI; in either of the two forms

* log | f(O) f(= 1) | dz+f stz log | SO | o
&+ ’

(7.34) =1, ='£

t+ 2+ v ) — 4
_ [Flogl SO (=D, ® 4tz log | J(— 1) ]
(735) wl, = ./0‘ (t - :3)2 T ./ A (t2 ,,.2)2 422 dt.

Suppose that z > 0, and consider (7.3.4). Then as in step (ii) of the proof
of 6.5.4, an application of the second mean value theorem shows that

lim [ log | O S(— &) | dt _ f‘” log | J(t) f(— ¢) | dt
- Jo t+22+ 9 o t+2)+y 7

and 6.6.2 shows that the limit of the right-hand side is zero as r — =,
0 < 0 < . This disposes of the first part of I .

For the second part of =1, , we have log | f() | < o(f); then if ¢ > 0 and
M is large but fixed, while B > M, and 4 is a certain constant,

" otlog| f(8) | M ¢ dt
? fo @ — i XS A7 fo @+ ) — 4

+ e f" £ dt
w (4 )2 — 42227

If y/x > & > 0, the right-hand side is at most
Mlz u? du ; u? du
(7.36) 4 fo Tra+oy —ar e fo (1 + u' + ") — 4u®

and this can be made arbitrarily small (independently of R) by taking e
small and then r large. Hence

lim sup {lun sup I} <0.

r—0

Using (7.3.5) instead of (7.3.4), we have similarly, if z > 0,

lim inf {lim inf I,} > O,
=0 R-+00
and so (7.3.3) holds for I; and z > 0. For z < 0 the same conclusion fol-
lows if we interchange the roles of (7.3.4) and (7.3.5).
Finally we estimate I, in a similar way. We have, instead of (7.3.4),
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(7.3.5),
(737) - 1I‘I2 =

R R p
2 [ log | fOf(— 0| dl ‘ tlog | f(<£ t) | dt
R fo R % aRw P Rz | (R* + r)* — 4PR%¥’

where the three upper or three lower signs are to be taken. Taking the
upper signs and z > 0, we obtain an upper estimate for —wI ; the cor-
responding lower estimate, and estimates for 2 < 0, are obtained similarly.

The first integral in (7.3.7) has the limit 0 as R — «, by an application
of the second mean value theorem similar to that used in dealing with I,
in step (ii) of the proof of 6.5.4. For the second integral we have, when
y/x > € > 0, the upper estimate

t* dt

(R4 + 7-2t2)2 —_ 4t2R4$2

4ARz fo "’

ul du
[R? 4+ z2u2(1 + €))? —4R**u?’

< 4zAR? f
0

and the limit superior of this, as R — «, is zero.

7.4. The limit of » ' log M(r). As a first application of the Ahlfors-Heins
theorem we shall prove the result (stated in §6.6) that lim,—.. 7' log M (r)
always exists for a function of exponential type in the upper half plane which
is bounded on the real axis, and is not negative (unless f(z) = 0). We shall,
in fact, replace boundedness on the real axis by a less restrictive condition.

7.4.1. Theorem.* If f(z) 1s regular and of exponential type in the upper
half plane and continuous in the closed haly plane, f(z) # 0,

(7.42) fl "5 log | () f(— 1) | du ewists,
(7.4.3) h(0) = h(r) = O,

and

(7.4.4) lim inf 7 log M(») = a,

then a« > 0 and
(7.4.5) lim 7' log M(r) = a

According to 6.6.6, when f(2) is bounded on the real axis we may drop
the hypothesis that f(z) is of exponential type and assume only that o < «,
since the hypotheses then imply that f(2) is in fact of exponential type.
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By 6.3.6,
. * log * | f(@) |
(7.4.6) [ 2L
or
(7.4.7) f z % log | f(& ) | dz exist
1

implies (7.4.2); but these conditions imply (7.4.3) only if f(z) is an entire
function of exponential type. We could therefore substitute (7.4.6) or (7.4.7)
for (7.4.2) in the theorem; of course if f(2) is bounded on the real axis both
(7.4.2) and (7.4.3) are satisfied.

The idea of the proof is as follows. Our hypotheses imply A(6) = ¢ sin 6
for 0 < 6 < = and that ¥ ' log | f(re®) | tends effectively to h(6), while
log M(r) > log | f(re®) | ; therefore taking 6 near 0 shows that « > 0;
on the other hand, taking 6 near =/2 shows, if ¢ > 0, that | f(re”) | is gen-
erally largest near 6 = 7/2 and hence that lim ™ log M(r) = ¢ (so that
c = a).

To carry out the second step in detail, we consider first the case when
¢ > 0. If 6, and 8. are small positive numbers such that §; and = — &. are
nonexceptional values of 6 in 7.2.9, and r — « outside an open set of finite
logarithmic length, then 7 log | f(re®) | — ¢ sin 8 uniformly for

<0< m—2d.

Furthermore, by the Phragmén-Lindelsf theorem (1.4.2), 7 log | f(re®) |
< Ofc sin 8), uniformly for 0 < 8 < §;and 7 — §; < 6 < =, where 6 is the
larger of &, and &, . Therefore 7 ' log M (r) — ¢ except perhaps for an open
set of finite logarithmic length. If (a, b) is an interval of this set, and
a < r < b, we have

(a/b)a" log M(a) = b " log M(a) < r'log M(r) < a”" log M(b)
= (b/a)b™" log M(b),
and since a/b — 1 as a — =, it follows that the exceptional intervals are
not really exceptional.

If ¢ £ 0, on the other hand, we have A(f) < 0 for 0 < 6 < m, s0 by
5.1.9 we have lim sup ' log M(r) < 0. Since a > 0, this means that

r ' log M(r) — 0.

7.6. Factorization of a positive function. A positive trigonometric poly-
nomial of degree n can be written® as the square of the absolute value of a
trigonometric polynomial of order n/2. The following theorem extends this
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to more general entire functions; it follows casily from the Ahlfors-Heins
theorem.

7.5.1. Theorem.> Let f(2) be an entire funclion of exponential type T, with
J(@) > 0 for real x. Then a necessary and sufficient condition for the cxistence
of an entire function I (z), of cxponential type v/2, having all its zeros in the
(closed) upper half plane, such that f(z) = F(2)F(2), is that

(7.5.2) 22 13(1/z) | < oo,

where 2, are the zeros of f(2).

Here F(z) means the function such that F(2) is the conjugate of F(z).

Theorem 7.5.1 does in fact contain the theorem about trigonometric
polynomials which it is supposed to generalize. For, a trigonometric poly-
nomial 7',(z) of degree n is an entire function of exponential type n with
period 2r; then the F(z) of 7.5.1 is an entire function of exponential type
n/2 with the same period, and by 6.10.1 reduces to a trigonometric poly-
nomial of degree (at most) n/2.

Suppose first that f(z) = F(2)F(2), with F(z) as specified in 7.5.1. Let
w, be the zeros of F(z); then §(w,) > 0 and every z, is either a w, or a @, .
Since both f(z) and F(z) are of exponential type, by Lindeléf’s theorem
(2.10.1) the sums

Z 1/2’,, = Z zm(l/wn)
lzp| <7 lwa| <7
and D .1 <» 1/, are bounded, hence so are Y, <r (1 /w,), which (since
J(1/w,) < 0) means that (7.5.2) is satisfied for F(z) and therefore for f(z).
For the converse, let the Hadamard factorization of f(z) be

f(z2) = Az"e” I:‘I1 (1 — 2/2.) exp (2/2.).

Since k£ must be cven we may consider A f(z)z™* instead of f(z), and so
we may suppose that f(0) = 1. In addition, ¢ must be real (so that (2™ f(z))’
will be real at z = 0).

Let the zeros of f(2) in the closed upper half plane be a, = a, + 8,
and put

Fo) = & IZI (1 — 2/6s) exp {anz/|an?},

where a real zero (necessarily of even multiplicity) appears with half its
multiplicity. The product converges because (7.5.2) is satisfied, and we
have f(z) = F(z)F(z). It remains to show that the type of F(2) is at most
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7/2. We have

P()/FG) = I1 L= %%

n=1 l - Z/a-n

a function of the form (7.2.2) and so, by 7.2.3, for almost all 6,
lim 7 '{log | F(re®) | — log | F(re ®) | } =0.

r—0

On the other hand,
lim sup 7 ‘{log | F(re®) | + log | F(re ™) | }

r—0

= lim sup r ' log | f(re®) | <7,

and the conclusion follows.

7.6. The type of a product. Another direct application of the Ahlfors-
Heins theorem is to the problem of the type of the product of two entire
functions of exponential type. If fi(z) and f:(z) are of order I and types
714 72, and fi2(2) = fi(2)f2(2) is of exponential type 712, we have

2 < 11+ T2

In general we cannot expect equality here, and we cannot even give a uni-
versal lower bound (other than the trivial 0) for 7. . However, if for one
of the functions involved, say fi(z), we have r* log | f(re”) | tending cf-
fectively (in the sense of §7.2) to h(6), we have (with self-explanatory
notation) h2(8) = hi(8) + ha(6) for a dense set of 6’s, and so

112 = max hi2(8) > max {hi(0) + ha(6)}.

Furthermore, if hj(¢;) = 7; the indicator diagram of f;(2) contains at least
the point 7; exp (¢¢;) and so h;(8) > 7, cos (¢; — 6). Suppose for definite-
ness that Ay(r/2) = 71 and ha(¢) = 72, with fi(2) satisfying the hypothesis
mentioned above. Then

712 > max {7 sin 6 + 72 cos (¢ — 6)},
[}

and so for a dense set of 0’s,

h12(0) > (71 + 72 8in @) sin 6 + 72 cos ¢ cos 0

(7.6.1) o P . 1/2
= cos (0 — w)-(7; + 75 + 2ri72 5in ¢) ',
where
. T + 128in ¢ T3 COS ¢
sin w = cos w =

(r} + 7% 42173 sin ¢)"'’ (72 + 1 + 2nime sin ¢)'*”
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Since we may let § — « we obtain
2 2 - 1/2 . ;
2 > (11 + 73 + 2rr2sin ¢)? = |in + m e |.

We now apply these considerations to the case when fi(z) satisfies the
hypotheses of 7.2.9.
7.6.2. Theorem.® If f1(z) and f(2) are entire functions of order 1 and types

T1, T2, ‘Lf
fl"” o log | fi(a)f(—2) | dw

exists, hi(0) = hy(w) = 0, and hi(w/2) = 71, while ho(dp) = 12, then the type
112 of f1(2)f2(2) satisfies

(7.6.3) T2 2> (Tf + Tg + 27,72 sin ¢)1/2-

We have h(6) = ¢ |sin 8| + bsin6,b+c = m,c — b < 71, and the re-
sult (sometimes more precise than (7.6.3))

(7.6.4) 2 > {(b — ¢) + 72 + 2(b — ¢)7e sin ¢}

The estimate (7.6.3) follows from our previous discussion. However,
when —7 < 6 < 0 the explicit form of h;(6) is sometimes more favorable
than the estimate hi(8) > 71 sin 6, and (7.6.4) results from maximizing
c|sin6|+ bsin 6 + 72 cos (¢ — 6) for —7 < § < 0.

By applying 7.3.1 we can obtain a similar, but weaker, result.

7.6.5.* Theorem.P If fi(2) and fs(2) are entire functions of order 1 and
types 11, T2, and if

[ & 08| i@fi(—2) | ds

1s bounded, then there is a finite number ¢ (depending only on fi(2)) such that
the type 712 of fi(2)f2(2) satisfies 112 > 2 — c.

The point of the theorem is that ¢ is independent of f2(2).

We may complete 7.6.2, in a special case, as follows.

7.6.6. Theorem. If fi(z) and f.(2) are entire functions of order 1 and types

TL, T2, 2f
[ log | £@fi(—) | ds

exists and h;(0) = hi(x) = 0 (j = 1, 2), then the indicator diagram of fifs
18 the sum of the indicator diagrams of f, and f,.

In this case 7" log | fi(re®) | tends effectively to h;(8) (j = 1, 2), and so
hi12(8) = hi(8) + ho(6) for almost all 6 and hence for all 8 (by continuity). In
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particular, 7.6.6 applies when fi(z) and f2(2) are finite Fourier transforms

(cf. 6.9.4).
7.7. A symmetry property of the indicator diagram. The condition
(7.7.1) 2. 180/z) | <

requires that, in a certain sense, the zeros of f(z) are concentrated around
the real axis. It is then to be expected that an entire function satisfying
(7.7.1) should behave in some ways like a function with real zeros only. A
function f(z) of exponential type which has all its zeros on the real axis is
of the form Az"¢“t™:P(z), where P(2) is the canonical product formed
with the zeros and so is real on the real axis. The indicator diagram of
P(2) is symmetric about the real axis, and therefore that of f(z) is sym-
metric about ¥ = —b. This property of symmetry is preserved for entire
functions satisfying (7.7.1).

7.7.2. Theorem.® If f(2) is an entire function of exponential type such that
the series D 3(1/2,), extended over its zeros z, in the lower half plane, con-
verges, then its indicator diagram has a horizontal axis of symmelry.

The hypothesis is equivalent to (7.7.1), since the sums

> 31/z)
|2 <7
are bounded (2.10.1).
The conclusion may be written

(7.7.3) h(6) — h(—6) = 2asin 9

for some a and all 6.
As in the proof of 6.4.5, let w, be the zeros of f(2) in y < 0, ¢, the rest
of the zeros together with @, . Let

(7.7.4) o) = L= 2/

=1l — 2/’wn ’

and put w(z) = ¢(2)f(2). Now w(z) has zeros {», none of which arc in the
lower half plane, and as in (6.4.4) we can write

(7.7.5) w(z) = A" I=11 (1 — 2/tn) exp {(z2R(1/¢n)},
so that

@] _ 0@ ¢@ | _ | o 7| L 20| |92

7@) \w@) ol i Ale

= exp {—2y3‘(0)} ‘ M(Z) ” ¢(Z) l-z,
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where

©0

L = 2/¢n
#(2) B nI=_=Il 1 - z/?n-
Since ¢(z) and u(z) are Blaschke products of the form (7.2.2), by the Ahlfors-
Heins theorem we have

(7.7.6) h(8) = h(—0) — 2Z(c) sin 0

for a dense set of values of 6, and hence, since h(6) is continuous, for all 6.
This establishes (7.7.3).

7.8. Functions with a zero-free half plane. Here we shall obtain some
properties of entire functions of exponential type with no zeros in the upper
half plane. These, aside from their intrinsic interest, will be useful later.

7.8.1. Theorem.* Let w(z) be an entire function of exponential type having
no zeros for y > 0 and having h(a) > h(— a) for some a, 0 < o < w. Then
lw@) | 2 |w(@) | for y > 0.

In other words, if the conclusion (even in a weakened form) holds for
z on one ray, it holds on all rays.

In Theorem 6.4.2, take f(z) = w(2), g(2) = @(2), ¢(x) = 1, where @(z) is
the conjugate of w(Z). Then Y(z) = @(2)/w(z) has | ¢(x) | = 1 for real z
and is of exponential type in the upper half plane. By the Ahlfors-Heins
theorem, for a dense set of ’s in (0, 7)

lim 7' log | ¢(re®) | = hy(6) = ¢ sin 6.

Since
log | a(re”) | = log | ¥(re®) | + log | w(re®) |
the indicator of @(8) is, for a dense set of 6’s and so for all 8’s, equal to

hy(68) + hu(6). Since | @(re™) | = | w(re™™) |, this means, in particular, for
9 = a, that

ho(— @) = csin a + hy(),
and so ¢ < 0. By 6.2.4, applied to ¢(2), | ¢(z) | < ¢”fory > 0, or

lo@) | =]a@) | < "|w@)], y >0,

which is the desired conclusion (since ¢ < 0).

We now introduce a definition.

7.8.2. Definition.® An entire funclion w(2) of exponential type having no
zeros for y < 0 and satisfying one of the conditions (equivalent, by 7.8.1)
h(— @) > h(a) for some o, 0 < a < m, 0r |w®@)| > |w@) | for y < 01is
said to belong to class P.
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(Note the interchange of half planes from 7.8.1.)

The class P is important in a number of applications; cf. §11.7. We next
give another characterization of the class.

7.8.3. Theorem.c A function «(2) belongs to P if and only if it has the form

(7.8.4) w(z) = A" f:Il (1 — 2/2zy) exp {#R(1/2.)}

with 3(z,) > 0 and 23(c) = h(— 7/2) — h(x/2) > 0.

If w(z) has the specified form, it belongs to P because

185 |2 | = ew (—n90) IT| 1222
- exp (—29)) 1T |1 227 |,

and for y < O this is not less than 1.

If w(z) belongs to P, it can be written in the form (7.8.4), where (since
the current w(z) corresponds to f(2) in 7.7.2), h(8) = h(— 8) — 23 (c) sin 0.
Taking 0 = =/2 we have h(x/2) — h(— x/2) = —23(c), and this is not
positive, by the definition of class P.

In 6.4.5 we found that an entire function f(z) of cxponential type satisfies
| f@) | < |w(@) ]|, = <z < o, for some entire w(z) of exponential type
having no zeros for y < 0, if and only if > 13(1/2.) | converges, and that
if this condition holds then w(z) can be taken so that |f(z) | = |w(z)|.
We see now that in addition w(z) can be required to belong to class P,
since we can write it in the form (7.8.4), and if J(c) does not have the right
value we can adjust it by replacing w(z) by w(z)e"” with a suitable value for
p.

We now prove a companion theorem which gives conditions for a given
1ff) to satisfy | f(z) | < | w(@) | with a specific w(2).

" 7.8.6. Theorem.c If w(z) is an entire function of order 1 and type o, and
{(z) is an entire function of exponential type v+ < o, then

|f@) | < @) ]|, —» <z < ®,
and w(z) belongs to P, if and only if ¢u.(2) = f(2) — uw(z) belongs to P for

every complex u of modulus at least 1.
First we show that the condition of the conclusion implies that

[f@) | < |w() |

and that «(z) belongs to P. It follows from the definition of class P that the
limit, uniformly in every bounded region, of a sequence of elements of P
belongs to P. Since —u ¢, (z) belongs to P and approaches w(z) as u — =,
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w(z) belongs to P. The function ¢.(2)/w(z) = {f(2)/w(z)} — w is regular
and has no zerosiny < 0, if | u | > 1, since both ¢.(z) and w(z) belong to P.
Since this holds for every u such that | u | > 1, | f(2)/w(z) | < 1 fory < 0,
and hence | f(z)/w(x) | < 1 for real x.

To establish the converse, we suppose that | f(z) | < | w(x) |, where w(2)
belongs to P. Putting ¢(2) = f(2)/w(z), we have ¥(z) of exponential type
in the lower half plane (6.4.2) and bounded on the real axis. As in the proof
of 7.8.3, we have, from the Ahlfors-Heins theorem applied to ¥(z),

hy(8) = hy(6) + h.(6), =7 <0<0;

and hy(8) = k|sin 8|, —r < 8 < 0, by 6.2.4. By the definition of class
P (7.8.2), ho(8) > h,(— 6) for —x < 6 < 0, and so the type o of w(z),
which is the maximum of h,(f), must be the maximum of h,(8) for
— 7 <0 <0.If k > 0, then, we should have h;(8) > h.,(6) for —r < 68 < 0,
and so r > o, contrary to hypothesis. Therefore & < 0 and | f(2)/w(2) | < 1
fory < 0. ‘

If | f(z0)/w(z0) | = 1 for some 2, with yo < 0, f(2) = e w(z) (real v) and
¢u.(2) certainly belongs to P, so we may assume that | f(z)/w(z) | < 1 for
y < 0. In this case ¢.(z) has no zeros in the lower half plane if |u | > 1,
and to show that ¢.(2)e P we have to show that hy(r/2) < he(— 7/2),
where hg is the indicator of ¢.(z).

Suppose first that |« | > 1. Then

[f@)/w@) —u| > u| -1
fory <0, so

1J(2) — uw(@) | = |w(@) | f()/(z) —u] > (u| = 1)) ],

whence h4(8) > h(8) for —m < 8 < 0. Since h,(0) = ¢ for some 6 in this
range, and 7 < o, we also have h4s(0) = o for some fin —7r < § < 0. On
the other hand, since » < o, he(— 0) < o for —7r < 6 < 0. Thus for some
6in (— m, 0), he(— 6) < hy(6). By 7.8.1 (restated for a lower half plane)
this implies that hs(— 6) < hg4(0) for all 6 in (— =, 0), so that ¢.(z) does
belong to P.

If |u| =1, we let | w| — 1 through values such that |« | > 1 and use
again the fact that the limit of functions of class P is of class P.

Nores rorR CHAPTER 7

7.1a. Sec §8.1.

7.2a. For subharmonic functions in general and this theorem in particular see
Radé [1].

7.2b. The more general result for a subharmor ic function with bounded boundary
values is proved by Ahlfors and Heins [1] and by Lelong-Ferrand [1]; I follow the ex-
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position given by Ahlfors and Heins. Lelong-Ferrand, here and in later papers, ex-
tends the theorem to n dimensions and generalizes it in other ways.

7.9¢. For functions which are bounded on the boundary see the preceding note.
With regular asymptotic behavior instead of effective convergence, Theorem 7.2.6
was given by Cartwright [4], [6] under condition (7.1.5), and by Levin [5]. Krein [2]
establishes regular asymptotic behavior if f(z) satisfies (7.1.5) and is the quotient of
two regular bounded functions (beschriinktartig). A necessary and sufficient condi-
tion for the latter property is (Wishard [1], Franck [1]) that

f {22 + (0 + )2} logt | f(2) | da

is bounded (0 < y < «); when f(2) is of exponential type, (7.1.5) implies this (6.7.11).
Krein [2] shows conversely that if f(z) is entire, and is the quotient of two regular
bounded functions in both the upper and lower half planes, it is of exponential type
and (7.1.5) is satisfied.

7.2d. With regular asymptotic behavior, this is proved by Pfluger [5] for entire
functions, and stated by Levin [5]. By applying 7.2.3 we can deduce effective con-
vergence from regular asymptotic behavior.

7.2e. Boas [30].

7.2f. Ganapathy Iyer [9], with condition (7.1.5).

7.3a. Boas [30].

7.4a. Heins [1], with boundedness on the real axis. A (different) deduction from
7.2.6 is given (in this special case) by Lelong-Ferrand [1].

7.5a. Fejér and Riesz [1].

7.5b. Ahiezer [4], Chebotarév and Meiman [1], pp. 167 ff. In the second reference
the theorem is generalized to functions of finite order in general. Condition (7.5.2) is

equivalent to the condition thatf z2 log | f(x)f(—=z) | dz is bounded (6.3.14).
1

Under more restrictive conditions the representation f(z) = | F(z) |* has been known
for a long time (cf. S. Bernstein [2]), and has been repeatedly rediscovered.

7.6a. A result similar to the first part is given by S. Bernstein [13].

7.6b. A theorem of Cartwright [7] shows that the hypothesis on fi(z) can be re-
placed by the hypothesis that k1(0) = h;(x) = 0; neither hypothesis implies the other.

7.7a. Ahiezer [4], Chebotarév and Meiman [1], p. 174, Levin [6].

7.8a. Levin [6].

7.8b. The terminology was introduced by Levin [6].

7.8c. Levin [6].



CHAPTER 8

FUNCTIONS OF EXPONENTIAL TYPE: CONNECTIONS
BETWEEN GROWTH AND DISTRIBUTION OF
ZEROS

8.1. Introduction. In Chapter 4 we saw that, for entire functions of order
less than 1, with zeros on or close to a half line, there is a close connection
between the asymptotic properties of the zeros and of the function itself.
In this chapter we study in more detail the corresponding results for entire
functions of order 1. The simplest case is that in which the function f(z)
is even, with real zeros; then f(— 2% is an entire function of order 14
with real negative zeros, and some facts about f(z) can be read off from the
corresponding properties of functions of order 14. These facts suggest
generalizations to other functions of order 1, but there are additional
phenomena of importance which have no counterparts for functions of
order 15.

For entire functions of order less than 1 (and indeed for any nonintegral
order) with real negative zeros, the conditions n(r) ~ A\’ and

log | f(re”) | ~ w(6)r*

are equivalent (with appropriate relations between X and p). For functions
of order 1 we shall need a number of different asymptotic conditions, and
we begin by collecting these, giving them abbreviations for convenience in
reference. We shall need not only the condition
(D) lim r'n() = D,
that the zeros have a density, but also the condition that they have equal
densities in the right and left half planes,
(DY) lim 7 'ny(r) = lim v 'n_(r) = D/2,
where n,.(r) and n_(r) count, respectively, the zeros in « > 0 and x < 0.
We shall also need the condition
) S0 = 2 1/z— 8, r— .
|zal<r

This is suggested for consideration by the fact that S(r) is bounded for
entire functions of exponential type.

For functions of fractional order with real negative zeros the asymptotic
behavior of the function on any ray is governed by its behavior on the
positive real axis; we might therefore expect that the asymptotic behavior

133
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of an entire function of order 1 with real zeros (or zeros close to the real
axis) would be determined by its behavior on the imaginary axis. This,
however, is not always the case, and we shall introduce not only the condi-
tion

(A) lim y ' log | fGiy) | = h(x/2),

but also conditions describing the asymptotic behavior in general. We have
already had occasion to consider the condition that r log | f(re®) | tends
sffectively (in the sense of §7.2) to () for —x < 6 < x. We may also
zonsider the condition of regular asymptotic behavior (4.3.2), which re-
quires that r~ log | f(re”) | — h(6) for each 6 if r is excluded from a set of
zero linear density, and is therefore a less restrictive hypothesis or a weaker
conclusion. We shall refer to both of these as ‘““Condition A*”; with the
understanding that (unless the contrary is specified) the weaker hypothesis
or the stronger conclusion is to be asserted. Condition A does not usually
imply A* and A* (even in the stronger form) implies A only when the ray
8 = /2 is in a zero-free angle.

By 6.3.14, if f(2) is an entire function of exponential type the conditions

©) Z |3(1/z) | <
and

(B) f " z " log | f(x)f(—z) | dz bounded (or bounded above)

are equivalent; C says that the zeros are close to the real axis, and B, that
| f(2) | is not too often either very large or very small on the real axis. We
introduce the more refined condition (already used in Chapter 7)

)] f z % log | f(x)f(—=) | dz converges;
1
we recall that (6.3.6) the condition
f (14 27" logt | flx) | dz < o

implies this.
Finally, we let V stand for the statement that the indicator diagram of
f(2) is a vertical line segment, i.e.

W) h(0) + h(x) = 0.

We can now summarize the principal results of this chapter rather
compactly. Suppose that the zeros are either real or at least satisfy C. Then
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I (which implies C) and D are equivalent, and A implies D; D implies A if
the positive imaginary axis is in a zero-free angle, and implies “almost” A
in any case. However, D alone does not imply A*, even if strengthened to
D™. To obtain A* we must impose an additional condition. If D (or I or A)
holds, then V and S are equivalent; and if V (or 8) holds in addition to D,
then D* and A* hold. Conversely, A* implies I and V; in particular, then,
(C 4+ A*) is equivalent to (I + V). This shows incidentally that A* (with
C) is possible only if h(6) has the special form imposed by V.

The role of S may be seen quite clearly from the following condition
which is implied by D* (with C). Let S(r) = 8(r) + i8”(r). Then there
are constants a and b such that

(A**) 7 'log | f(re®) | = a cos 6 + bsin @
4+ S'(r) cos § —S”(r) sin @ + =D |sin 6 |/2 + «(r, 6),

where ¢(r,0) tends effectively (§7.2) to zero. It is clear from this why con-
dition A can be expected to occur even when A* does not, since A** reduces
(almost) to A for 8 = =/2 irrespective of what S'(r) does (8”(r) always
approaches a limit when C holds). On the other hand, A** prevents A*
from holding unless S holds; and if S does hold, A** implies V. If D holds
but S does not, we can produce cxtreme irregularity in the behavior of
r " log | f(re®®) |, even in a zero-free angle, by making S(r) oscillate.

The most striking of these results, and the one with the most interesting
applications, is that conditions I and V, which appear to bear only on the
growth of the function, imply D*; we can replace I and V by the condition

f (1 + 257V log™ | f(z) | dx < . This is satisfied for any function which
is bounded on the real axis, and so for example for functions of the form®
f&) = f ¢“'¢(t) dt. The theory developed in this chapter is, in fact,

chiefly motivated by a desire to infer the distribution of the zeros from
more accessible properties of the function.

If we do not even require that C is true, the behavior of the function is
no longer governed by its behavior on the real axis; however, there are
still connections between regularity of asymptotic behavior and regularity
of the distribution of the zeros.” We may first ask for conditions under
which A* holds; a necessary and sufficient condition is that S holds and
the zeros are measurable (according to definition 4.3.3), i.e. the zeros have
a density in each fixed sector, or more precisely

n(r, ¢1, ¢2) = {N(¢) — N(d)}r + o(r)

for every two points of continuity ¢; , ¢» of a monotone nondecreasing func-
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tion N(¢), where n(r, ¢1 , ¢2) is the number of zeros of modulusnot exceeding
7in ¢ < arg z < ¢». If we drop S but retain the measurability of the
zeros, we have the following generalization of A**:

v log fre®) = q(8) + (C(xi — 1) + S(r)}e” + e(r,0),

where
2x . 27 .
10 = —i [ 4 AN G + 9), ¢ =[ e*an),
0 (1]

Ne(r, 8) — 0 on a set of unit linear density,
| Se(r,0) | < 7(N(6) = N6} + o(1),

and e(r, 8) — 0 in any zero-free angle.

8.2. Entire functions with real zeros. In this section we prove the
equivalence of conditions I, D and A for entire functions f(z) of order 1
with real zeros (even if they are not of finite type). Since these conditions
are unaffected by the value of f(0), we shall suppose that f(0) = 1. Condi-
tions I and D are unaffected if f(z) is multiplied by €, and this changes
A only by changing the value of h(r/2). We may therefore suppose that
f(2) is a canonical product with real zeros. The theorem to be proved is
now as follows.

8.2.1. Theorem.® If f(2) is a canonical product of order 1 with real zeros,
the three conditions

R
(8.2.2) lim [ 27 log | f@) |dz = —='B,
R—x Vv—R
(8.2.3) lim r 'a(r) = 2B,
(8.2.4) lim |y [ log | fGy) | = =B
y—rte

are equivalent.

In (8.2.2) the integral is a principal value at 0, existing because f(0) = 1;
then (8.2.2) is equivalent to condition I. Condition (8.2.3) is D and (8.2.4)
is A (since | fGy) | = | f(— i) ]).

It is enough to prove the theorem when f(2) is even and so can be written
in the form

(8.2.5) ) = [1 0 = 2/A%);

for, if f(z)f(—z) satisfies one of (8.2.2), (8.2.3), (8.2.4), f(z) satisfies the
corresponding condition with B/2 instead of B.
We assume then that f(z) has the form (8.2.5). The sums S(r) for such a
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function vanish identically and so f(2) is of exponential type by Lindelof’s
theorem (2.10.1) (even though the original f(z) in 8.2.1 need not be of
exponential type). The regularity of behavior expressed by 8.2.1 may now
be traced to the fact that a function (8.2.5) behaves like a function of
order 14, since if

(82.6) o) = g (1 + 2A%)

we have g(—2°) = f(z). Now g(2) is a function of order 14 with real negative
zeros, and from Chapter 4 we know that

(8.2.7) ny(r) ~ Br'”
is equivalent to
(8.2.8) log g(r) ~ =Br'’>.

Condition (8.2.7) is the same as n,(r) ~ 2Br (since — A, is a zero of the
even function f(z) when \, is a zero); and (8.2.8) is

log f(ir'®) ~ xBr'”,
or
log f(ty) ~ =B |y |.
Thus we have the equivalence of (8.2.3) and (8.2.4).
Next, we have from 4.4.1 that

f 17 log | g(—z) | dz = —= lim 27 log g(x),
0

Z =00

which is the same as

2 [ ¢ log | J0) |di = —x lim 4™ log | /(i) |
0 y—o

Thus (8.2.2) and (8.2.4) are equivalent.

We note also that the results of Chapter 4 show that more than 8.2.1
is true for even functions: I, D or A implies A* (except perhaps for the
directions 0, ).

8.2.9. Theorem. If f(2) is an even entire function of exponential type, given
by (8.2.5), and (8.2.2) or (8.2.3) or (8.2.4) is satisfied, then

(8.2.10) lim 7 log | f(re®) | = B | sin 6 |, 0 =0,

In particular, the indicator diagram of f(2) is a segment of the imaginary
axis.
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In fact, if g(2) is defined again by (8.2.6), we have from 4.1.1 that (8.2.7)
implies
log | g(re®) | ~ wBr'’* cos 6/2, —7r<0<m,

and (8.2.10) follows.

8.3. Entire functions with real zeros, continued. We now prove that,
for an entire function with real zeros, S and V are equivalent if I, D or A
is satisfied, and imply D" and A*. We can no longer reduce the problem to
one for even functions, since S is trivial for even functions, while for even
functions D implies D™ trivially and implies V by 8.2.9.

We can simplify the formulas slightly by assuming again that f(2) is a
canonical product, since a factor e™ does not affect any of our conditions
except the form of £(8) in A and A*.

8.3.1. Theorem.® If f(z) is a canonical product of exponential type, with
real zeros, and satisfies one of the equivalent conditions 1, D, A (8.2.2), (8.2.3),
(8.2.4), then (V) the indicator diagram of f(z) is a vertical line segment if and
only if
(8.3.2)(S) Sr) = | ‘l; 1/z, converges,

Zn <7'
and (8.3.2) implies that (D™) the zeros have equal densities in the right-hand
and left-hand half planes. Moreover, if I, D or A is satisfied, and D™ is also
satisfied, then for each 6,0 < | 6| < =,

(8.3.3) ' log | f(re”®) | = S(r) cos 6 + =B | sin 6] + o(1).

Conclusion (8.3.3) shows in particular that I, D or A, together with
S or V, implies A*. That (I 4+ V) implies A* was shown (in a more general
setting) in 7.2.9. It is also true that A* and D (or I) implies V (and S); cf.
the discussion at the end of §8.4. A somewhat simpler proof can be given
when the zeros are real.

Under (8.3.3) the indicator diagram is a rectangle with sides parallel to
the axes.

8.3.4. Corollary.> If f(z) is a canonical product of exponential type with
real zeros, and n(r) = o(r), then for 0 < | 0| < m,

lim {r" log | f(re®) | — S(r) cos 6} = 0.

Here D and D* are satisfied (both densities being zero).
The proof of 8.3.1 will be broken into three steps.

First,

8.3.5.2 D and V imply S whether the zeros are real or not.
Next,

8.3.6.4 When the zeros are real, D and S imply D*.
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Finally,

8.3.7.° When the zeros are real, D and D™ imply (8.3.3), so that in particular
D and S imply V.

Proof of 8.3.5. If we write Carleman’s formula for the right and left hand
half planes and subtract one from the other we obtain

! COS Uy 'li., 1 T P
838) R0 + > o8¢ (1 - ;_2) = = f_ log | f(re®) | cos 6 de.

Ta<lT n

Now condition D, by Jensen’s formula, implies

(8.3.9) lim (27r)™" f ’ log | f(re®) | d6 = 2B,

T—00 —

and since () = a cos 8§ + b sin 8 + 7B | sin 6 | when the indicator dia-
gram is a vertical line segment of length 2xB, V implies

2m)~! f h(9) d6 = 2B,
so that we have, for any positive e and r > ry(e),
— 2 < f {h(6) 4+ ¢ — r ' log | f(reio) |} do < 2e.

By property (5.4.14) of h(8), the integrand is positive when 7, is sufficiently
large, uniformly in 6, and hence

— 2 < f (h(6) + ¢ — ' log | f(re®) | } cos 0 d8 < 2e.
Therefore

lim f log | f(re®) | cos 6 d6 = f h(0) cos 0 d6 = wH,

r—oo

say. Hence (8.3.8) yields

2
R70) + lim Y c‘ﬁ(1—’r_z> = H.

r—0 1,1 Tn
Now let r take the values m/(2B), where m is an integer, so that

n(r) — m = o(m), and

lim

m—® n=1 Tn

m 2 2
Z cos 0, (1 — r"?}LtBA) = H — E}Qf'(O)
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1f ¢,, denotes the sum on the left,

(m + 1onp — mion = (2m + 1) 2 cos 6

n<m Tn

+ B0y (m + 1) — 4B,

Tm
s0 that
=, 90:;@‘ = (ﬁj——g;?%ll_mzdm + 0(1),
p 21; é; ‘0:_”0" = p? 'é; (m + 12)::m_i+—1 1- m'm + o(1)
=0 5+ 5((2,;—%1-),—) aper + 0(1).

As p — o, this tends to the same limit as ¢, , which means that

—1
Z r, cos 8,

is summable (C,1) to H — 9tf'(0). Since the nth term is O(1/n), this series
converges to the same limit. Thus the real part of S(r) converges.

By proceeding similarly with Carleman’s formula for the upper and
lower half planes (or considering f(iz)) we see that the imaginary part of
S(r) also converges. We have therefore proved 8.3.5.

This proof that S holds actually uses only the fact that

r f log |f(re"°) | d6 — f h(6) de,
and so is true whenever
(8.3.10) 2 n(r) — f h(6) db.

This is, however, a much more restrictive condition than it looks. In fact,
the following theorem can be proved.

8.3.11.* Theorem.' An entire function of exponential type satisfies (8.3.10)
if and only if it has regular asymptotic bekavior.

Proof of 8.3.6. This is a simple result about sequences of real numbers
which has nothing in particular to do with entire functions. We assume
that . < 25 converges, with real z, ; we may write this as > e/ =S,
where ¢, = 1. We have 7, ~ n/(2B) and we have to show that
> ™ en = o(m). Now since r, — o and Z €a/ T cOnverges, by a theorem
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of Kronecker® (whose proof is straightforward)
rat 2 (a/r) 1 —0,
k=1

which means ) i1 & = o(r,) = o(n).

Proof of 8.3.7. Consider F(2) = f(2)f(—=z), ®(z) = f(2)/f(—=z); then
f@)* = F(z2)®(z). The function F(z) has the form (8.2.5), and by 4.1.1
applied to g(z) of (8.2.6), we have

(8.3.12) lim ' log | F(re®) | = 2xB | sing | .

We can write ®(z) in the form ®(z) = ¢(2)/¢(—2), where ¢(z) is the
canonical product formed with the zeros and poles of ®(z) which are on the
positive real axis, that is, it is of the form

_ z/)\ ) exp (Z/)\n)
#(z) = H — 2/un) exp (2/pn) ’

where A, are the positive zeros and —pu, are the negative zeros of f(2)
(duplicates cancelling). If we put A(t) = n.(f) — n_(f), we can write

wlog 1 -2 +‘E dA(¢)
[os(i-7) + 3}

Y Y (03
fo 2t — 2) dt.

log ¢(2)

Now we have A(t) = o(t) and so there is a monotonic nonincreasing func-
tion n(r) such that (r) — 0 and A(r) < r4(r), r > 0 (for instance, (r) =
sup{t'A(%)}, ¢t > 7). We have

S(r) = _4 ' tdA() = rA() + fo ' £°A(2) dt
= rA(r) + U(r).
Then U(r) is bounded, S(r) — U(r) < %(r), and
| UG — U | = | [T ot < ) log k

if £ > 1,7'S1‘1 S 7'2_<_ kr.
Now write

f: tzftA-(t)@d‘ fﬁr f f,:=JI+JZ+Ja’ k> 2



142 ENTIRE FUNCTIONS

We have

Jy= Ul 2+ f vo 4

)2’

so that | J5| < Ck™r with some constant C.

Let R(t) and J(t) denote the real and imaginary parts of (¢ — 2) 7w
need the properties that R(¢) and J(f) are positive and decreasing for
2r <t < o, and that R(2r) < 3/r, J(2r) < 1/r. Then

kr
J, =2 f2 A (R + 4J(0)} dt

Ty r2
= z2{R(2r) f A()dt + i (2r) f t“*A(t)dt},
2r 2r
2r <71y < kr,
by the second mean value theorem. Hence, because A(r) < rq(r),
| Jo| < 4ry(r) log k.
Write J, in the form

zA(t) dt 7 2A(D) 2w
Jl_f tt — 2) ]:,,, tt — 2) ‘”—z‘é A dt

=J,+ Js — 2U(2r).
Now | J4| £ —log (I — k")9(0)r < (0)r/k, and, for |argz| > a > 0,
[t —z| > sina(+ r)/2,
so that

[Js] < 1°g 3 S /) < Ko n(r/k)r.

Combining inequalities, we have
| log ¢(2) — 28(r) |
< r{(€ + nO)E™ + Ko 'n(r/k) + (5 log k + )n(r)}.

Now let k& be a function k(r) such that k(r) — o, 7/k(r) — oo,
and y(r) log k(r) — 0. Thus we have a function 7:(r) such that 5 (r) — 0

and
| log ¢(2) — 2 8(r) | < rau(r)

for a < |argz| < v — a, and hence 8.3.7 follows.
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8.4. Entire functions with zeros close to the real axis. The greatest
interest attaches to the case where the zeros are not assumed to be real,
- since a function arising in applications is likely to be known to satisfy, say,
condition I, although it may be difficult to decide whether its zeros are all
real. We shall assume condition C, as representing a reasonable requirement
of closeness to the real axis, noting that it is equivalent to B, which appears
to bear only on the growth of the function. We first carry over as much as
possible of Theorem 8.2.1. In that theorem we proved that when the zeros
are real, conditions A, D and I are equivalent. Here we shall prove that
D (with C) and I (which implies C) are equivalent in any case, while A
(with C) implies D (and hence I). Conversely, D (with C) implies as much
in the direction of A as it can, namely that 3y~ log | f(iy) | approaches a
limit if a y-set of finite logarithmic length is omitted, and without exception
if the positive imaginary axis is in a zero-free angle.

8.4.1. Theorem.® Let

(8.4.2) fz) = €* "fIl (1 — 2/z.) exp (2/2.)

be an entire function of exponential type, with f(0) = 1. Then the conditions
(8.4.3) lrl—rg rn(r) = D, ’2 | sing, | =7C <

and

(8.4.4) }EE [ : z2log | f(2) |dx = —7'I % * o

are equivalent (that s, D + C is equivalent to 1), and D = 2C' + 2I.

We prove 8.4.1 by comparing f(z) with another function which has real
zeros. Let

Fe@ = 11— 2/,

since
@ (=2 = L = /2,
we have

The right-hand side is uniformly convergent except in neighborhoods of
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z = r,, and dominatedly convergent there, so

(8.4.5) 2 [R z *log | f(x) | dx = [: 7 log | F(z) | dx

— -z

"=l f log l o

We now show that, as R — o, the limit (finite or infinite) of the sum on
the right is

(8.4.6) 27 >3t |sin 6,
n=1

To do this, take a fixed n for which z, is not real, take £ > r,, put
¢(z) = log (22 — £)/(rs — 2,

and integrate z ¢(z) around the contour consisting of the semicircle
| z| = R from R to —R and the real axis from — R to R, with indentations
at £7, and 0. Then ¢(2) increases by 277 as we traverse the contour starting
at z = I, and by integration by parts

fz—2¢(z) dz = —2m/R + f(;b’(z)z_l dz

271

—27i/R + (£ cos b - 2|6, )

As R — o, the integral along the semicircle approaches zero, so we have

2

o 2
— 2n — X
(8.4.7) ‘/;w X 2 log ;2"-_;:2

dr = 2xr;' | sin 6, |.

Since the integrand in the sum on the right of (8.4.5) is nonnegative, the
terms of the series are nonnegative and increase as R increases, approaching
the limit 277" | sin 8, |. Hence the sum in (8.4.5) tends to the limit (8.4.6).

Now F(z) has real zeros and by 8.2.1, since F(2) has twice as many
zeros as f(z),

(8.4.8) lim n(r)/r = —7 2lim [ 2z %log | F(z) | dx,

if either limit exists. Suppose first that (8.4.3) holds; then (8.4.6) is finite;
the limit on the left of (8.4.8) exists, so that the limit on the right exists
and hence the limit of the left-hand side of (8.4.5) exists and has the stated
value. Suppose next that (8.4.4) holds; then (8.4.6) is finite by 6.3.9 and so
the first term on the right in (8.4.5) approaches a finite limit. Then by
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(8.4.8), r"'n(r) approaches a finite limit and (8.4.3) is satisfied. This com-
pletes the proof of 8.4.1.

To complete the extension of 8.2.1 to the case when reality of the zeros
is replaced by condition C, we prove the following theorem.

8.4.9. Theorem.> Let

(8.4.10) f@) = € ’iil (1 — 2/2,) exp (2/2,)
be an entire function of exponential type with f(0) = 1. If
(8.4.11) i‘{ o] sin 6. | <

then

(8.4.12) lim 7 'n(r) exists

if and only if _
(8.4.13) lim y 'log | f(iy) | exists if asetof finitelogarithmiclengthis excluded;
Yoo

and when (8.4.12) holds, the exceptional set in (8.4.13) is empty if there is an
angle | arg z — 7/2 | < ¢, € > 0, containing no z, .

This means in particular that conditions A and C together imply D,
while D and C together imply A as nearly as they can.

Since (8.4.11) holds, we can write f(z)B(z) = g(z), where B(z) is the
Blaschke product (6.4.7) with poles at the zeros z, of f(z) which are in the
upper half plane, so that g(z) is an entire function of exponential type with
no zeros in the upper half plane and with | g(z) | = | f(z) | for real x. By
7.2.3, B(z) satisfies (8.4.13) (and the sharper statement made at the
end of the theorem), so that it is enough to prove 8.4.9 for g(z). For, on
the one hand, if (8.4.12) holds for f(z), then f(z) satisfies I, so does g(z)
(because | g(x) | = | f(z) |), and hence g(z) satisfies (8.4.12). On the other
hand, if (8.4.13) holds for f(2), it holds for g(z). Therefore we may suppose
from now on that f(z) has 3(z,) < 0. Because of (8.4.11) we can write f(z)
in the form

fiz) = ¢ f} (1 — 2/2,) exp {a%(1/2,)},
and then

|$6) " = exp (=290} TT 11— ig/an
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We shall compare f(z) with the function
F@iz) = 1 (1 — 2/7%) exp {2:3(b)z},

n=1

which has real zeros. We have
(84.14)  log { | fGy) "/FGy)} = Z; log {1
and sin 8, < 0, so that

(84.15) 0 < log { | fay) |"/FGy)} <y Z

_ 2yr. sin @,
ra + y?

Tn } sin 6a | _

Lty

because ) |sin 6, | /r. converges.

Now n(r) is the same for f(z) as for F(z), and so (8.4.12) implies that
I (z) satisfies (8.4.13) (actually, in the stronger form); therefore by (8.4.15),
f(2) satisfies (8.4.13) also. On the other hand, if f(z) satisfies (8.4.13) so
does F'(2), and then (8.4.12) follows (since F(z) has real zeros) provided we
show that the exceptional set in (8.4.13) is empty for F(z). This follows
from 7.4.1, according to which 7" log M r(r) approaches a limit, since M ¢(r)
= F(ir).

Theorem 8.3.1 can also be carried over to the more general case when
f(2) satisfies C instead of having all its zeros real. This requires two things:
that C, D and S imply D¥, and that C, D and D" imply A** and, in par-
ticular, the equivalence of S and V. The first part is the more important
in applications, and we formulate it separately.

8.4.16. Theorem.c If f(2) ts an enlire function of exponential type k such
that

li_r.n [ % log | f(x) | dx

exists and is finite, and if h(0) + h(w) < O then the zeros of f(2) have density
D < k/x in the righi-hand and left-hand half planes.

In other words, I and V together imply D*. That D < k/x follows from
Jensen’s theorem combined with the fact that h(8) < & |sin 6 | + ¢ cos .

It is desirable to notice just which of our previous results are required in
proving 8.4.16. We use 8.4.1, which depends on 8.2.1, to prove that I
implies C and D. Then we use 8.3.5 to show that D and V imply S. Finally,
we have to prove, much as in 8.3.6, that C, D and S imply D*.

For the last step, we have J_ 7.’ exp (i6,) and J_ |sin 6. | /r. con-
vergent, so as in the proof of 8.3.6,

(8.4.17) > cos 8, = ofr),
rp<r
(8.4.18) 2 |sin 6, | = o(r);

Tas?r
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we have to prove

(8.4.19) > e = o(r), €, = sgn cos 0, .

Tmsr

(The zeros, if any, on the imaginary axis can be neglected since by (8.4.18)
they have zero density.) By (8.4.17),

Z € = Z: (é,. — COos en) + 0(7‘)1

rmsr TmsT

and
€ — cos 0, = 2 sin’ 15 6,, & = +1;
€n — €08 0, = —2sin’ 14 (x — 6,), € = —1.

Therefore | e, — cos 6, | < 2| sin 6, |, and by (8.4.18) it follows that
> |en — cos b, | = o(r),

<7
which implies (8.4.19).
That C, D and D imply A** is part of the content of the following
theorem.
8.4.20. Theorem.t If f(z) is an entire function of exponential type whose
zeros z, have a densily and satisfy

(8.4.21) 2 13(1/2) ) < o=,
the indicator diagram of f(z) is a reclangle with sides parallel to the axes,
which reduces to a vertical line segment if and only if Y_1/2, converges. If in
addition the zeros of f(z) have equal densities in the right and left half planes,
then if

S(T) = S’(T) + iS”(T) = Z 1/2n1

TmST
(8.4.22) r'log |f(re®)| = acos 6 4 bsin 8
+ S'(r) cos 8 —8”(r) sin § + wA | sin 6| + €(r, 8),

where (r, ) — 0 as r — © in any zero-free angle, and on a set of r’s of linear
density 1 for every 6.

In fact, the conclusion can be strengthened to correspond to the strong
form of A*: (r, 6) — 0 except for a sct of 6’s of outer logarithmic capacity 0,
and for each 6 except for a set of r’s of finite logarithmic length. The argu-
ment is the same as that used for the second part of 8.4.9.

In §8.1 we remarked that conditions A* and C are together equivalent
to I and V. We can now justify this statement. That (I + V) implies (A*
-+ C) was shown in Chapter 7. For the converse, by 8.3.11, and the remark
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made just before it, A* implies D and S; by 8.4.20, D, C and S imply V;
and by 8.4.1, D and C imply L

Theorem 8.4.20 is proved by comparing f(z) with a function having only
real zeros, along lines similar to those used for 8.3.7. The main part of the
proof consists in proving the following lemma.

8.4.23. Lemma. Let f(2) be a canonical product of exponential type whose
zeros z, have a density. Put A\, = 7, for —m/2 < 0, < w/2, Ay = —1, for
7!'/2 < 0n < 31!'/2,

S(r) = 2 1/2a, So(r) = ]E 1/A.,

st Xal<r
0@ = 10 = /) exp /n).

For each positive o there are functions €(r) and o(r) (depending on a), which
are o(1) as r — « and are such that
(8.4.24) log|f(2)/g9(2) | — R(SQ2R) — S@R)}] < Re(R),

|z] KR,a<L|argz| <7 — «q
and
(8.4.25) log | f(2)/9(2) | — RI{SCR) — Ss(2R)}] > — Re(R)

in the same domasn with the exception of a set of circles of total length less than
Ra(R).
First we show that the lemma implies 8.4.20. Since

1 —|cos | — isinéb,
Tn

(8.4.26) |27 = A3 = < 3r,'| sin 6, |,
and (8.4.21) holds, the sums So(r) are bounded if S(r) is; so g(2) is of
exponential type. If S(r) = S'(r) + 8”(r), (8.4.21) shows that S”(r)
approaches a limit, so S(r) approaches a limit if and only if S’(r) does, and
by (8.4.26) S'(r) approaches a limit if and only if So(r) does. That is, S(r)
and Sy(r) both approach limits or both fail to do so. Hence the first part of
8.4.20 follows from the first part of 8.3.1.

Next suppose that the zeros have equal densities in the right-hand and
left-hand half planes (D*). From the proof of 8.3.7 we see that Sy(2R) and
So(r) differ by o(1) if R/k < r < R and k — « sufficiently slowly. The
same is true for S(2R) and S(r), as we may see as follows:

= Z r7}(cos 0, — i sin 6,) = Z 77! cos 8, + o(1).

rsrp<ar
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By (D%), >, </ sgn cos 6, = o(r); as in the proof of (8.4.19),
<D sgncosba.| + 2|2 sing, | = o(r),

TWsT

> ritceost, < rlo(ar) = o(l).
r<rp<ar
Hence the rest of 8.4.20 follows from the last part of 8.3.1.

We now prove 8.4.23. Take § > 0 and let W” denote the part 8 < | argz |
< m — & of the plane, W’ the rest; let z, and 27 be the zerosin W/, W”;
and let #/(r), n”(r) determine the numbers of 2z, , z, in the usual way.
Since D 7, | sin 6, | converges and |sin 87, | > sin 8, D_1/r% converges
and so n/r, — 0. Hence there is a decreasing function n(r, 8) such that
n = o(1) as r — o« for each 6 and n”(r) < n(r,0)r.

Let r < R, and put

log (f/9) = 2{S2R) — Su(2R)} + log (P"/Q") + log (P'/Q") + log H,

where

log H(z) = T;R {log (1 — Ez) + :} — T;Qr {10g<1 > )\}
I)I(z) = II (1 - Z/zln): Ql(z) = II (1 - Z/)‘n)y

Th<2R TR <2K
and P”, Q" are defined similarly.
We can write

— —1

log Hz) = 2 log {1 - Z_(z_!'___ )} Z @ — A,
™m>2R — Z/A r,.>2n

where the last series converges because of (8.4.26). Since | z | < R and

| R/An| < 14, we have

2@ — A7)

1 — 2/,

‘szrlz:‘—lel,

log

and so by (8.4.26)
|log | HR) || < 9 D 7' |siné,|;
>2R

Tn

hence
(8.4.27) llog | H(z) || < Bm(R),
lz| <R, m(R) = o(1).
Now let C, denote the arc of | z| = 7, betweenz, and\, . If & > 0,5 <
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a/2,a < |argz| < ™ — o, and { is on C, we have
¢ — 2| > (r + r) sin a/4,

r

+ 7’

’ ' o
[log (1 — 2/2)) — log (1 — 2/A)) | =UC {(:d_f{) ‘ <

Since n/(r) = O(r) we have, as an estimate for log(P'/Q’),

| log | P'(2)/Q'(2)| | < dn’(t)

8 f“ r
sina/4Jo 4+t
or n’(2R) f E () dt}

= sin a/4 o (412
< kéa'AR, F'R<|2| <R,

a<|argz| < 7w —a

where A is independent of k, é and a.
Next, we have, for either log | P”(z) | or log | Q”(z) |, the upper estimate

fo ’ log (1 + 2R/t) dn”(t)
Rlk 2R ”
= n"(2R) log 2 + 2R ( fo + fR n,) (t_i%)léji dl
< AR{n(2R, o) + n(R/k, o) + 1/k}.

For a lower estimate, take H = 2hR in the Boutroux-Cartan lemma
(3.4.1); then for either log | P”(2) | or log | Q”(2) | we have the lower
estimate

7" (2R){log (2hR) — log R — 1} > 2Ry(2R, 8){log (2h) — 1}
outside circles the sum of whose radii is at most 4hR. Thus
|log | P"(2)/Q"(2) || < AR{n(2R, &)[1 + |log h|] + #(R/k, 8) + 1/k}

for R/k < |z| < 2R, outside the exceptional circles.
Combining our estimates for log | H |, log | P’/Q’ | and log | P”/Q" |, let
us take 8, k and h to be functions of R such that

3(R) —0, n(RS(R)) —0, h(R)—0,

| log h(R) | n(2R, 8(2R)) — 0, k(R) — =, k(R) §(R) — 0 and R/k(R) — =.
It follows that (8.4.24) and (8.4.25) hold except in circles the sum of whose
radii is at most {4h(R) + 1/k(R)}R = o(R). Since f(z)/g(z) is regular in
the upper and lower half planes, (8.4.24) holds without exception when R
is large enough, by the maximum principle.
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Notes FOR CHAPTER 8

The exposition follows Pfluger [5] except as noted.
8.1a. For integrals [ e**!¢(t)dt under various hypotheses on ¢(f) see Cartwright
¢

[1], [2]. A still more special case is that of an exponential polynomial; a survey is
given by Langer [1].

8.1b. The results quoted here are proved by Pfluger [6] in a more general form
applying to entire functions of integral order in general.

8.2a. Paley and Wiener [1] formulate and prove this, and some related results,
for even functions, as a Tauberian theorem. Pfluger [5] observed that the general
case is reducible to the even case.

8.3a. Pfluger [5].

8.3b. Cartwright (3].

8.3c. Cartwright [3] gives a more general result.

8.3d. Rademacher [1].

8.3e. Pfluger [5].

8.3f. Pfluger [3].

8.3g. Knopp [1], p. 129.

8.4a.rPﬂuger [5]. Pfluger also notes that the proof shows that rn(r) — D implies

that [ x7% log | f(z) | dx always approaches a limit, which is finite only if
2 r7' | sin 6, |

converges. Compare 7.2.11, which gives the asymptotic behavior of the integral
when the series diverges.

8.4b. Noble [1] shows that (8.4.11) together with (8.4.13) (with no exceptions and
with the positive imaginary axis in a zero-free angle) imply (8.4.12); in his unpub-
lished thesis he removed the condition about the location of the zeros. Cf. Boas [29].

8.4c. Equivalent results are due to Levinson and Cartwright; the present formu-

lation is that given by Levinson [4].
8.4d. Pfluger [5].



CHAPTER 9

UNIQUENESS THEOREMS

9.1. Introduction. The typical theorem of this chapter states that a
function with certain growth properties must vanish identically if it has,
in some scnse, too many zeros. Since the classes of functions with which we
shall be concerned contain the linear combinations of their members, a
theorem of this kind states that a function of a specified class is completely
determined by its values on a certain set of points.

We are thus concerned with the problem of the determination of the
zeros by the growth of the function; since some aspects of this problem
were discussed in Chapter 8, from a different point of view, we can formu-
late some of the results of Chapter 8 as uniqueness thcorems. Other unique-
ness theorems involve growth restrictions of different kinds. We shall also
consider theorems in which the zeros belong, not to the function itself, but
to some transform of it. In Chapter 10 we shall consider theorems of a
more general kind in which zeros are replaced by points at which the
function is bounded or satisfies some other special condition, and some-
thing is deduced about the behavior of the function in the large.

When a set {a,} is such that there is at most one entire function 1@,
belonging to a class C, having the values f(a,), it is natural to ask whether
an element of C can be found with prescribed values f(a,). The answer is
complete, but trivial, when C is the whole class of entire functions (which
of course does not have the uniqueness property)#: for any set {a.} whose
only limit point is  and for arbitrary numbers b, there is an entire func-
tion f(z) such that f(a.) = b, . The problem of characterizing the sequences
{an} and {b,} for which there is a function f with f(a.) = b, and f belonging
to a more interesting class, e.g. the class of entire functions of given ex-
ponential type, is more difficult and will not be considered here. To repre-
sent a given function f(z) by an interpolation series in which the numbers
f(a,) appear as coefficients is a much easier task, and although we shall
not give a systematic theory we shall encounter several cases in which such
a representation is possible (cf. §§9.10, 10.2, 11.5)>.

The theorems of Chapter 2 which involve an upper bound for n(r) can
be interpreted as uniqueness theorems. For example, we have

9.1.1. Theorem. If f(z) is of growth (p, 7), if {a.} is a set of complex numbers
for which either
(9.1.2) 7 < p ' lim inf *Pn.(r)

T
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or

(9.1.3) < (ep) " lim sup 7 *nq(r),
and if f(a,) = 0 for all n, then f(z) = 0.

This is another way of stating 2.5.13. For p = 1 we have the corollary:

9.1.4. Theorem.c If f(2) is of exponential type =, f(z) = 0 if f(a,) = O
where either

7 < lim inf 7 'n.(r)
or
r < lim sup (er) 'na(r).

9.2. Zeros at the positive integers. We get a much sharper uniqueness
theorem if we impose a strong condition of regularity on the set of points
at which the function is assumed to vanish. Our first theorem is the best-
known result of this kind.

9.2.1. Carlson’s theorem.* If f(z) is regular and of exponential type in the
half plane 2 > 0 and h(mw/2) + h(—7/2) < 27 then f(z) = 0 if f(n) = 0,
n=2012---.

The example f(2) = sin 7z shows that h(x/2) + h(—7/2) = 27 is not
admissible; however, the hypothesis h(r/2) 4+ h(—=/2) < 27 can be
weakened somewhat (see the next theorem).

We shall give several proofs of 9.2.1; or, more accurately speaking, we
shall exhibit it in several ways as a special case of more general theorems.

The hypothesis placed on A(6) in (9.2.1) means that the indicator di-
agram (defined only for —7r/2 < 6 < 7/2) of f(z) has width less than 2«
in the direction of the imaginary axis. Carlson’s theorem is then included
in the following more general result.

9.2.2. Theorem.” If f(2) is regular and of exponential type in the half plane
x 2> 0 and s indicator diagram s not bounded on the right by a vertical line
segment of length 2w or more, then f(z) = 04f f(n) = 0,n =0,1,2, --- .

The proof of 9.2.1 is only slightly simpler than that of 9.2.2, so we prove
only 9.2.2. The proof could be abbreviated by using geometrical properties
of the indicator diagram when f(2) is entire (or in the general case if we had
discussed the geometry of the indicator diagram for functions which are not
entire). The hypothesis about the indicator diagram means analytically
that there are real numbers « and 8 such that

(9.2.3) lim hO) — a cosf — Bsinf _
630 sin 6

=+c, OSCS‘",

and it is in this form that we shall use it.
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We assume f(z) # 0 and deduce a contradiction. Consider the function
g(z) = f(2)e” " with « and B from 9.2.3. Then

hy(8) = hy(6) — a cos 6 — Bsin 6,
and so for some ¢/ < 7 and § > 0 we have
(9.2.4) | gtre*™) | = 0(e™ *™%).

Now consider the function G(2) = g(2)/sin =z; since the zeros of f(z) cancel
those of sin mz, G(z) is regular in z > 0. Since | sin =z | is bounded away
from zero, independently of n, on the semicircles r = n + 14, | 0| < /2,
and 2|sin 7z | ~ ¢ *"° for arg z = =3, by (9.2.4) we have G(z) of ex-
ponential type in |arg z| < & and hg(£8) < (¢/ — ) sin § < 0. Then
hae(6) < Ofor | 8] < & and so for § = 0. But for real positive z, | f(z) | <
e*| g(z) | < e |G(z) |, and so hy(0) < a, contradicting the fact that
(9.2.3) implies ks(0) = a.

9.3. Applications of Carleman’s theorem. A different line of proof leads
to a theorem which generalizes Carlson’s theorem by allowing the width
of the indicator diagram to reach 2 if a supplementary hypothesis is
satisfied.

9.3.1. Theorem. If f(2) is regular and of exponential type in x > 0, f(n)
=0(n=0,1,2,---), and

(9.32) log | fay)f(—iy) | < 27y | — o(y),
where

(9.3.3) f ) y %0 (y) dy diverges,

then f(z) = 0.

According to Carleman’s theorem (1.2.2), unless f(z) = 0 we have (since
the points z = n are some of the zeros of f(2))

1 k 1 i'/'l1 s
T(h-m)<op [ toul B | cosoan

+ 2_17-" 1 (% - flg'i) log | f(iy)f(—1y) | dy + O(1).

Using the fact that log|f(z) | < cr with some positive ¢, uniformly in
| 6| < w, we have

log R < (2m)™ f v log | fGiy) f(—iy) | dy + OQ).

If (9.3.2) and (9.3.3) hold, this leads to a contradiction.
The same proof can be used to establish a more general result in which
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the zeros of f(z) do not have to be at the integers. In the following theorem
A(?) denotes the number of A\, not exceeding ¢, where {\,} is an increasing
sequence of positive numbers.

9.3.4. Theorem®. If f(2) is regular and of exponential type in x > 0, f(\,)
=0,

(9.3.5) A(x) 2 z + o(x),
and
(9.3.6) log | fGy)f(—iy) | < 2x{ |y |+ (¥ ])},

then f(2) = 0 if
(9.3.7) lir;x_.sllp fl y{8(y) — o(y)}dy = + .

The divergence of the integral in (9.3.7) can result either from a surplus
of zeros or a reduction in the rapidity of growth of f(Zy) (8 and ¢ are allowed
to have negative values).

Unless f(z) = 0, Carleman’s theorem gives us

1 A 1 /2 .
)\:L;R ()Tk - Ek?> < oy f_m log | f(Re®) | cos 6 do

+ % : <z% - %) log | f(Zy) f(—2y) | dy + O(1);

or, as we see by writing the left-hand side as a Stieltjes integral and inte-
grating by parts,

fo ADE® + R dt < log R + (2n)™ f o)y — R dy + 0Q1).

Using (9.3.5) and (9.3.6), we then have
[ 0@ + rYa < [" o) — k) ay + o)
and hence
fl ") — o) dt < 0,

which contradicts (9.3.7).

A result allowing a still smaller §(x) can be established” if f(z) is entire by
applying Carleman’s theorem to f(2*) instead of f(2); and in the same way
the theorem appropriate to an angle of some other size can be established
by applying Carleman’s theorem to f(2%).



156 ENTIRE FUNCTIONS

Theorem 9.3.4 contains in particular the first part of the following
result; this is also a consequence of 6.3.9.

9.3.8. Theorem. If f(2) is regular and of exponential type inz >0, f(A)
= 0and D1/, = o, then f(2) = 0 if

93.9) [ v rog | s s—i) | dy

is bounded above. The condition Y, 1/\, = « s also necessary, in the sense
that if 3 1/, converges there is a function f (2) satisfying the hypotheses (and
even having f(iy) bounded), but not identically zero.

Actually it is not necessary for the A, to be real if >0 R(1/A.) diverges,
and a corresponding sharpening of 9.3.4 is ecasily given.

The necessity of the divergence condition is shown by the function®

— - (Z - An)(z - 5\7&) — " < _ _21_)( _ __E{i_”)
¢ H(z+xn)(z+xn> I=Ix P ! 2+ X/
The convergence of ) 1/ |\, | makes this product converge to a regular
function, not identically zero, for z > 0; and |¢(z) | < 1 there, while
o(\.) = 0.

Since Carleman’s formula counts multiple zeros according to their multi-
plicities, we can require fewer zeros if we require them to be multiple. Thus,
in particular, it follows from 9.3.4 that if f(2) is regular and of exponential
type in ¢ > 0, h(x 7/2) < = and f(z) has zeros of multiplicity at least
2atz = 2n,n = 1,2, ---, then f(z) = 0.1

9.4. Zeros at the positive and negative integers. If f(z) is an entire
function of exponential type and has zeros at all the integers, we can
conclude that f(z) = 0 under a hypothesis which is less restrictive than
that of Carlson’s theorem; the theorem which we shall prove neither
includes nor is included by 9.3.4.

9.4.1. Theorem.» If f(z) is an entire function of exponential type whose
indicator diagram has width at most 2w in the direction of the tmaginary axis,
and does not contain two horizontal straight line segments whose perpendicular
distance apart is 2w, then if f(z) = O forz =0, £ 1, £ 2, -,

f(z) = € ¢(2) sin =z,

where $(z) is an entire function of zero exponential type.
9.4.2. Corollary. If f(2) is an entire function of exponential type, fiz) =0
forz =0, £1, £2, --- , and

(9.4.3) [f(2) | < e(r)e”, ‘ ' e(r) = 0(r"),

then f(z) = P(2) sin xz, where P(z) is a polynomial of degrec not exceeding p.
9.4.4. Corollary. If e(r) = o(1) in (9.4.2), f(z) = 0.
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9.4.5. Corollary. If (9.4.3) is replaced by
|f(z)l < e(r)e"(lﬂin 6] +5(8) |cos 8])

where e(r) = o(1l) and 6(8) — O either as 6 — w/2 or as 6 — —=/2, then
f) = 0.

An important difference between 9.3.1 and 9.4.4 or 9.4.5 is that 9.3.1 is
still true if a finite or even (by 9.3.4) a sparse infinite set of zeros is removed,
while 9.4.5 fails to hold if even one zero is removed: for example, consider
27! sin wz. Another difference is that 9.4.4 or 9.4.5 demands (and necessarily
$0) more than a requirement of the form f(iy) = o(e™¥).

The corollaries follow from the theorem because (9.4.3) makes the indi-
cator diagram of f(z) lie inside the cirele | 2| = w, and because an entire
function ¢(z) of zero exponential type satisfying | ¢(zy) | < | y |” is a poly-
nomial, and is identically zero if ¢(iy) = o(1) as |y | — « (6.2.13). The
condition in (9.4.5) implies the hypothesis of 9.4.1 about the form of the
indicator diagram.

To prove Theorem 9.4.1, we may assume that the indicator diagram is
of width 2x in the direction of the imaginary axis, since if its width is less
the conclusion follows from Carlson’s theorem (9.2.1). Then multiplying
f(2) by some e¢* shifts the indicator diagram so that it has y = == as
supporting lines and so that A(r/2) = . The hypothesis on the indicator
diagram then states that (for the modified function)

h(8) < 7 |sin 6| + €(8) | cos @],

where ¢(6) — O either as § — /2 or as § — —x/2 (we shall suppose the
former, for definiteness). Now consider g(z) = f(z)/sin wz; then because
| sin 7z | is bounded away from zero on the circles |z | = n + 15, g(2) is
an entire function of exponential type, and its indicator satisfies, first for
0 # 0, =, and then, by continuity, for all 6,

hg(8) = hs(6) — m|sin 8] < €(8) | cos 6 |.

If 0 < B < 7/2, we have hy(B8) < €(B8) cos 8, h,(—w/2) < 0, and so (since
B < m/2),h,(8) < e(B) cos 8, —7/2 < 6 < B. As B — /2, ¢(8) — 0, and
s0 hy(6) < O for | 8| < /2. Similarly h,(8) < 0 for 7/2 < 6 < 37/2.
Hence hy(8) = 0, so that g(2) is of zero exponential type.

9.6. General distribution of zeros on a half line. For functions of ex-
ponential type in a half plane there is a very general uniqueness theorem
which is particularly interesting because it is the best possible result of its
kind.

9.5.1. Fuchs’s theorem.® If f(z) is regular for x > 0 and of exponential type
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¢, and if f(A) = 0, with \a > 0, Nay1 — Ap > 8 > O, then f(z) = 0 7f

(9.5.2) lim sup " */"Y(r) = »

where

(9.5.3) ¥(r) = exp {2 > x;‘};
An<?

and if (9.5.3) is not true there is an f(z) satisfying all the hypotheses of the
theorem and not identically zero.

9.5.4. Corollary. If f(2) satisfies the hypotheses of 9.5.1, ¢ < =, and (9.5.2)
is replaced by
(9.5.5) lim inf n/A, > 1
(i.e., {A.} has lower density at least 1), then f(z) = 0.

Condition (9.5.5) is the same as lim inf,., n(r)/r > 1; we have

DN = [or ldn(t) = r'n(r) + ‘[ £ n(t) di;

Ap<T

if n(r) > (L — er,r > 7y, € > 0, we have
Z)\ > (1 —¢) logr + O(1),

A<t
‘l/(r) Z Ar 2(1—6)’

and so (9.5.2) holds.

We could replace (9.5.5) by lim,—» n/\, = 1, since omitting some of the
A only strengthens the theorem.

In §9.7 we shall prove a uniqueness theorem in which (9.5.5) is replaced
by a much weaker condition, under more stringent restrictions on the
growth of f(z).?

To prove 9.5.1 we require two lemmas.

9.5.6. Lemma. Let W = log | (1 — 2)(1 + 2)7'¢” | . Then

9.5.7) W < 2z, z>0;
(9.5.8) | W | = 0(xr®), r<l, zx>0.

Forz > 0,|(1 —2)/(1+2]| <1, and (9.5.7) follows at once. For

(9.5.8) we note that

2

1 —2
142

4x
-2t g {1 =

W =2z 4+ = log
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expanding the last logarithm in a power series, we have

W= 221 — [(1 +2)" + ¢ — 2e((1 + 2)" + y77° + 0@}
= 22{(1 + 2)° + 171 + ' + 2/ + 2)°
+y' = (142 =y — 22} + 0@r)
= O(zr’).
9.5.9. Lemma. For x > 0, the function
(9.5.10) H(z) = iIl ;‘\" i exp (2z/\,)
s regular and salisfies
(9.5.11) |H(z) | < {4y},
and
(9.5.12) | H() | = {B(n)}*

outside circles of radius 6/3 with centers at the \

Here ¢(r) and 6 are defined in 9.5.1 and A and B are constants.

Since the separation condition N,41 — X\, > & makes Y X\, converge
(e > 0), II(z) is the quotient of two convergent canonical products and so
is regular when z # —X\, . To prove (9.5.11) and (9.5.12), write H(z) = 1111,
where II; contains the terms with X\, < 2r. Apply (9.5.7) to the factors in
11, , and (9.5.8) to those in I, . Then, with various constants A,

(9.513) log |IL | < 20 DX, A,' = zlog ¢(22) < xlogy(x) + Ax,

An<2z
and
(9.5.14) [log | T | | < A > art/A < Axg

n=2r
we used the inequality N, > An in the last part of (9.5.13) and (9.5.14).
We have now established (9.5.11).
For (9.5.12), we can again use (9.5.14) for 1T, . For II; , suppose first that
r > 3x. There are O(r) numbers A, occurring in II; , and if A is one of them,

I.)‘__.A__._‘_? - 4z
Atz (>\ ¥ o) + o

Hence, again with A denoting various constants,
[ | > (1 — 2z/r)*" exp {2:1: > x-‘} > {Ay@2)}* > {4y},

An<2r

;> 1 — a/rP> 1 — 22/r > 1/3.

since (1 — 2z/r) > exp (Az/r) for z/r < 14. This establishes (9.5.12) for
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r > 3z. If r < 3z, let N be the number of A, occurring in II, . Then if N
is a positive even number and z is outside the specified circles, \py1 — A\p > 8
gives

I;I [An — 2 |
> (N/AY(8/3)°(5 + 8/3)%(26 + 8/3)* --- (N — 2)5/2 + §/3)

by Stirling’s formula. The same estimate holds for odd N (with a new A).
Also

Ill [A 4+ 2] < ANV < (342)",

and so

N v z Sz
> (M) wor 2 (v,

’Hxn_ze‘.!z

1" A+ 2

since (N/a)" > ¢, a > 0. Thus (9.5.12) follows.
- To prove 9.5.1, we suppose first that f(\,) = 0 and f(z) # 0, with (9.5.2)
satisfied. We suppose for convenienee that | f(z) | < e, and consider

9(z) = f(2)2" /1 (2),

where H(z) is defined in (9.5.10). This function is regular for 2 > 0 and
continuous for > 0, and by (9.5.9),

lg(2) | = | f(2) | exp {2er 'R(z log 2)}/| H(2) |
< exp {er — 2cr '8 sin 6 + 2¢er 'w log 7} {Ay(r)}

This holds initially except perhaps in small circles around the X, , but since
g(2) is regular in the circles it holds inside them also, by the maximum
principle. Now for | 8| < 7/2 we have 1 — 27 9 sin § < 2 cos 6, since
(for 0 < 6 < 7/2)

1 - 21r""10 sinf 1 —sin® , 2(x/2 — 6) sin @

cos 6 cos 6 m cos 6
™ —20  2sinf =x/2 —0
= tan —
4 + r sin(x/2 — 0)

<1+ @/m)/2) =2
Thus
(9.5.15) lg(x) | < (Ay(r)r ™"},

where A is a new constant.
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We now have, by Carleman’s theorem applied to g(z),
w2 ]
95.16) 0 < (xR)™ f log | g(Re®) | cos 6 d8 + O(1),
—x/2

since the contribution from g(iy) is negative by (9.5.15). Furthermore,
(9.5.15) shows that the integral in (9.5.16) is less than

n/2
—n ! f , log {AY(r)r '™} cos® 0.do = —1 log {W()r '™} 4+ 0Q1),
and thus (9.5.16) contradicts (9.5.2). This shows that f(z) = 0if f(A,) = 0
and (9.5.2) holds.

Now suppose that (9.5.2) fails, so that ¢(r)r ™" < K, r > 1. With
L > 0, the function

f&) = L+ 2" L'H@e) = (1 + 2 )" L'H(2)
is regular for z > 0 and has zeros at A, . By 9.5.9, forr > 2 and z > 0,
[f) | < | (14 2772 | 77" exp {2en 70 sin 6} {ALy(r)}*
<14+ 2" (ALK)".
Sincearg (1 + 2" = 0Q/r)and |1 + 27| > Y5 forr > 2and z > 0,
| (1 + 27| =exp {2en " [— alog |1 + 2| + yarg (1 + 2]}
= 0(c™'). '

Hence by making L small enough we can make | f(z) | = O(e”), and so we
have constructed the function required in the second part of 9.5.1.

9.6. Zeros near the integers. Although 9.5.1 is the best result of its kind,
there are more precise results when more restrictive hypotheses are imposed
on the A, .

9.6.1. Valiron’s theorem.* If f(2) ts an entire function such that

(9.6.2) f(2) = o(r”'e™),

uniformly in 0, and if f(z) vanishes at least once in every interval n < x <
n+4+1,n=0,=+1, £2, -+, then f(z) = 0.

We can prove this along the lines of the proof of 9.4.1 provided that we
have suitable estimates for an entire function having zeros at the points
where f(z) is assumed to vanish. The following lemma provides the necessary
information.

9.6.3. Lemma. Letn <A\, <n+ 1, - n—1<uy, < —n,n=0,1,2, - -+,
and let

(9.6.4) o) = (2 — M) — ) I:Il (1 — 2/2)Q — 2/un).
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Then ¢(z) s an entire function of exponential type, and

(9.6.5) |@y) | = Ae™/|y |, lyl > 1,
where A s a positive constant;

(9.6.6) o@y) = O(ly| e, ly|— o;
9.6.7) $(@) = 0(| ), 2| — ;
(9.6.8) #(z) = 0(| 2| €™, |z]|— =.

The canonical product
(9.6.9) II (0 = 2/x\,) exp (/M) (1 + 2/p,) exp (—2/u,)
n=1

(where 1 — 2z/Xg is to be interpreted as z if A\, = 0) is an entire function of
exponential type by 2.6.5, and it can be rearranged to give

(9.6.10) H (1 — 2/2\)( + 2/un) H exp {z )‘—)\_ “"}.

n=1 nkn

Since D | An = n |/Qaita) < D 2/0° < o, the second product is of the
form ¢ and so ¢(2) is of exponential type.

Sincen < A\, <n+ 1l,andn < u, < n + 1, we have
| ¢ + 1) | = 11

11 2"
1+e(——-2)- 2
n=1 + (/-‘n )\n> )\n#n

,¢(7:Z/)| r 2 r 2 2
ETEERWEE T I_I (1 4+ 4/ apn)} > "IZI {1+ 9%/(n + 1%

lz = Nllz = wl,

sin w1y
Ty

= (1 + 9y,

and (9.6.5) follows. Also,
| (i) | ' L,
1
IEET R H( + yi/nd) =

- 0( l y l—lerlyl)’
and (9.6.6) follows.
Forx > 0,ifk <x <k +1,

= = (=) (D) T =(+7)

z x
x 110 -5 ) (1 +2)
[1 — /A | (1 + x/ur) | sin 7z |

=|1—3«’/(k+1)||1—x2/k?| T
= 0@z,

sin wiy
Yy

-
n
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and so (9.6.7) follows for > 0 (similarly for z < 0). From this we infer
(9.6.8) by using 6.2.4. (This of course includes (9.6.6) again.)

Now put g(z) = f(z)/¢(z), where the zeros of ¢(z) are the zeros assumed
for f(z); then g(z) is entire. It is also of exponential type by 2.10.1: in the
first place it is of order 1 (at most) by an application of 2.6.18; and since the
sums .. < 1/2. are bounded when z, are all the zeros of f(z), and the
corresponding sums with the zeros of ¢(z) are bounded, so are the sums
with the zeros of g(z). Reasoning as in 9.4.1, we find that g(z) is a constant,
and f(z) = K¢(2). But yf(iy)e ™ — 0 as y — o, and yo(iy)e """ does not,
so K must be zero.

We can proceed similarly to obtain a uniqueness theorem associated with
any function of exponential type whose behavior is known with sufficient
precision. For example, the estimates needed in §10.5 in the next chapter
lead to a uniqueness thcorem whose formulation may be left to the reader.

As an example of a still more delicate theorem, we prove

9.6.11. Theorem. If {\.} is an increasing sequence of real numbers,

A # 0, and

(9.6.12) f i) dt > 2r — alog r — B,
1

while H(2) 1s an entire function satisfying

(9.6.13) Ly P H@x + iy)e ™™ — 0, ly| — o,
and a < B, then H(z) = 04f H(\,) = 0.
9.6.14.* Corollary. The conclusion of 9.6.11 holds if \_, = —N\, and, for

large n, 0 < N\, < n + a/2 — 3.

To prove 9.6.11, suppose that H(z) # 0. Since (9.6.13) implies, in par-
ticular, that H(z) is of exponential type, we have n (t) = O(t), since \, are
some of the zeros of H(z). More precisely, Jensen’s theorem yields

[1 ") dt < 2n)! fo " og | Hre®) | do + O(1),

(9.6.15) fr t'n@t) dt < 2r — Blog r + O(1).
1

Then the product
Fiz) = II (1 — 2/\) exp (2/20)

n==-—od

is an entire function of order 1 at most, and ¢(z) = H(z)/F(z) is entire and
also of order 1 at most. If n,(r) and ng(r) denote the number of zeros of ¢
and H of modulus not exceeding r, we have ny(r) = ny(r) — n,(r), and so
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by (9.6.12) and (9.6.15),

/ wns(u) du < (a — B) log r + O(1).
1

Since a@ < B, the right-hand side is bounded as r — « and so n4(r) = 0;
that is, ¢(z) has no zeros. Thus ¢(z) = ae”F(2) and so, in particular,

(9.6.16) log | H(iy) | = cy + log | F(iy) | + O(1),

with a real c.
On the other hand, using (9.6.12) we have

log | F(iy) | = %j; log (1 + y*/u”) dn\(u)

= fo i (u22-_’f’-;2)2 du fo ) dt
>wly|l—alog|y| — O(1),
and so by (9.6.16) .
9.6.17)  log |H@EY | 2 ey + mly| — alog|y| — 0Q1).

This, however, contradicts (9.6.13), as we see by letting y — « with its
sign that of ¢ if ¢ # 0.

9.7. Zeros less regularly distributed. While the results of the preceding
sections are quite sharp, they demand rather regular behavior of the
sequence of assumed zeros: in most cases that it has a density and even
rather more. Uniqueness theorems which allow much more irregular be-
havior of the sequence of zeros (but demand more restrictive hypotheses
on the growth of the function) can be deduced from the results of Chapter
8 which assert that under certain circumstances the zeros of an entire
function have a density, which is smaller when the function grows less
rapidly. The assumed zeros are some of the zeros of the function, and if
they are occasionally so dense that they force the density of the whole set
of zeros to be too large for the growth of the function, it follows that the
function vanishes identically. This idea is made precise in the following
theorem.

9.7.1. Theorem.* Let f(2) be an entire function of exponential type k. If
h(0) = h(r) = 0 and if

(9.7.2) /; —m 2% log | f(x)f(—x) | dx converges,

it is impossible to have f(\.) = 0 for an increasing positive sequence {\,}
having maximum density exceeding k/m.
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In particular, then (cf. 6.3.6 and 7.2.8), if f(z) is of exponential type less
than 7 and f(A,) = O for a sequence of maximum density at least 1, and if

f” log" | f(z) |

B dxz converges,
f(z) = 0. This differs from 9.5.4 by allowing a smaller set of zeros but re-
quiring that the function grows slowly both in the direction in which the
zeros lie and in the opposite direction; it makes essential use of the fact
that f(2) is entire.
We recall that the maximum density D is defined by
m(u) — ma(tw)

= lim lim sup —=-"—
f—»1—  u—e u — &u ’

however, we can prove the theorem without having to know that the outer
limit exists, replacing lim by lim sup in the definition.

Let n.(r) denote the number of zeros of f(z) (assumed not identically
zero) in the right-hand half plane. Then by 8.4.16, n,(r)/r — B < k/=.
Therefore if 0 < £ < 1,

lim n(r) — my(Er) _ B.
r—w r — ET

Since the A\, are among the zeros of f(z) which are counted in ny(r),
ny(r) — ny(tr) 2 m(r) — na(ér),

and so the maximum density D of {\,} satisfies D < B < k/w, as required.

9.8. Functions with a sequence of small values. Our uniqueness theorems
state roughly that a function of exponential type cannot have too many
zeros unless it vanishes identically. With some modifications of the hy-
potheses, there are more general theorems which state that a sequence of
points at which the modulus of the function is very small has the same effect
as a sequence of zeros. Of course the points must be subjected to some kind
of a separation condition, since a function is small throughout a neighbor-
hood of each of its zeros. We shall give some of the results which have been
obtained in this direction; there is, however, no really systematic theory as
yet.

There are at least two possible methods of proof: one can first infer the
existence of a large number of zeros from the existence of a sequence of
points at which the function is small, or infer that the function is small all
along a line and so identically zero. In the first case the proof is completed
by the theorems of this chapter; in the second case one has to use theorems
which will be discussed in Chapter 10.

Our first two theorems deal with functions which are only of exponential
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type in an angle; in one there is little restriction on the function on the
boundary, but the sequence of points at which the function is small has
to be quite dense; in the other the sequence is much less restricted but the
function is severely restricted on the boundary.

9.8.1. Theorem. Let f(z) be regular and of exponential type for | arg z | < o,
a > w/2, and let h(£7/2) < m. Let {\.} be a sequence with n/\, — 1,

[Am — M| =8|n—m]|, 6> 0.

If 3 log | fA) | — = =, f(2) = 0.

This follows from 10.3.1, 5.1.4, and 5.1.13. (A sharper result, for en-
tire functions, follows from 10.3.1 and 5.4.5.)

9.8.2.* Theorem. Let f(z) be regqular and of exponential type for x > 0,
and let

[ 1o stins— i) [ dy

be bounded. Let {\,} be a sequence with arg A, — 0,
[Am] = [Mal|208[n—m], 8 >0,

and X 1/| \. | divergent. If | Ao | " log | f(Aa) | = — =, f(z) = 0.

This is deducible from 7.3.1 along the lines of 10.7.4.

Next we consider some theorems for entire functions, in which progres-
sively stronger supplementary conditions are imposed on the function along
the real axis and the growth of {f(A.)} is progressively less severely re-
stricted.

9.8.3.* Theorem.> Let f(2) be an entire function of exponential type k, and
{A\a} @ positive increasing sequence of maximum density greater than k/m,
such that A\ns1 — An > 8 > 0. Ifh(0) = h(x) = 0 and f(A,) = Ofexp (—e\n)},
e > 0, then f(z) = 0.

The (weaker) theorem in which we assume only h(x) < 0 but require
that n/\, — k is deducible from 10.3.1 and 5.1.12.

9.8.4. Theorem.P Let f(z) be an entire function of exponential type k, {\.} a
positive increasing sequence of density D > k/w, such that

Ay1— A 26> 0.

If

“log" | f(=) |
(9.8.5) [ i g dx < o
and

(9.8.6) | fAs) | = Ofexp (— n(Aa))},
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where n(t) s a nondecreasing function such that f w n(u) du diverges, then

f) = 0.

For some similar theorems for entire functions of zero exponential type
see §10.7.

If we had (9.8.6) for all positive z, or even for sufficiently long intervals,
instead of just for x = \,, the conclusion of 9.8.4 would follow from 6.3.6,
according to which (9.8.5) implies the convergence of

“log” | f(=) |
(98.7) [
We shall now show that (9.8.6) implies the same inequality with A, replaced
by x for intervals which are long enough to make (9.8.7) diverge.

Since f(z) is an entire function of exponential type satisfying (9.8.5), its
zeros in the right-hand half plane have a density not exceeding k /= (6.3.6),
(6.6.5), (8.4.16). There is no loss of generality from assuming that f(0) = 1,
so that

o0

@ = e TT (1 — 2/2.) exp (2/za).

n=1

Consider an auxiliary function F(z) with real zeros:
F(z) = exp {9t(c)} III (1 — 29(1/2,)) exp {20(1/2)}.

Since
|1 — 2R(1/2) | = |1 — ara cos 6| < |1 — arye ™ |

we have | F(z) | < | f(z) |, so that F(z) satisfies (9.8.2) and (9.8.3). The
zeros of F(z) are at 7, sec 6, and have moduli at least as large as those of
f(2), so that we infer first that F(z) is not of order greater than 1, and then,
since the sums Y, <7, cos 6, are bounded, that F(z) is of exponential
type (2.10.1). Then since F(z) satisfies (9.8.2), its zeros in the right-hand
half plane have a density B, which cannot exceed that for f(z) (since F(2)
has no more zeros in any circle about 0 than f(2) does). Therefore

D — B =4a>0.
Since {\.} has density D,
lim ' {n(2r) — m(r)} = D,

and so for large integers m there are at least 2" (D — a) of the A\, in
@", 2™.
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On the other hand, since the zeros of F(z) have density B, for large m we
have at most 2”(B + a) zeros in (27, 2”*"). With each A, associate the
interval (A, — 8, A, + 9); these intervals do not overlap, there are at least
2™(D — a) of them in (2™, 2™"), and so at least

2"D — a) — 2"(B + o) = 2"

of them are free of zeros of F(2). Since F(z) is real on the real axis, Laguerre’s
theorem (2.8.1) shows that F’(z) vanishes just once between successive
zeros of F(z), and so at most once in any of the 2" 'a intervals which con-
tain no zeros of F'(2). Therefore each of these intervals contains an interval
of length ¢ in which | F(z) | < | F(\) | < [f(A) | < exp{— a(A.)}. Since
A > 2™in (27, 2™%) and g(z) does not decrease,

gm+1

[, tog 7@ | ds < —2""alen(2)),

and so
gm+1 . c om
f £ log” | F@) |do < =27 an@) < =% [ o7n(a) do.
om am—1
If we add these inequalities for m = mo, mo + 1, - -« , starting from a large

my , we see that the divergence of f x ’n(x) dz implies that of (9.8.4),

which is impossible unless F'(z) = 0, as we have already noted; but F(z) = 0
means that f(z) = 0.

9.9. Alternation theorems. The uniqueness theorems of the preceding
sections can be used to establish some theorems of a different kind. The
following result will serve as an example.

9.9.1. Theorem.* Let f(2) be an entire function which is real on the real axis
and satisfies

(9.9.2) f(z) = o(r '™
uniformly in 6. Then it is imposstble to have
(9.9.3) fm)f(n + 1) <0, n=0,=+1, £2, ---.

In fact, if (9.9.3) holds, f(z) has a zero in each interval (n, n + 1), and
this fact together with (9.9.2) implies that f(z) = 0 (9.6.1), contradicting
(9.9.3).

A theorem of the same kind can be written down for any of the unique-
ness theorems that involve real zeros. Both the requirement that f(z) is
real for real z and the form of (9.9.3) can be weakened. For, the function

F(2) = f(z) + f(2)
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is entire, and of the same exponential type as f(z); more precisely, if
hi(£m/2) < ,

then
he(£w/2) < =

also. Hence if we assume that (—1)"3f(n) > 0 and hy(£7/2) < =, we
infer that F(z) = 0 by 9.3.8. Then f(2) is pure imaginary on the real axis,
and any hypothesis about f(n) which makes this impossible leads to a con-
tradiction. Thus we have, for example,

9.9.4. Theorem.® Let f(z) be an entire function of exponential type with
h(£7/2) < . It is impossible for the numbers f(n) to lie alternately in the
open half-planes x > 0, z < 0.

9.9.5.* Theorem.c If f(z) is an entire function of exponential type with
h(xw/2) < ¢ < m, and arg f(n) = 0, with

lim inf {cos (8, + na)}''™ > 0, c<a<m,

then f(z) = 0.

It is clear from 9.3.8 that the numbers f(n), f(n + 1) can be replaced by
f(A2), f(\n + 1) for a sufficiently dense sequence of integers \, .

9.10." Uniqueness theorems with operators. Another kind of unique-
ness theorem states that f(z) = 0 if some set of functionals vanish. A general
method by which many theorems of this kind can be proved is to exhibit
the functionals as the coefficients in a series which represents the function.
Suppose that we have an expansion

(9.10.1) e = °.Zou,.(z)gn(w),

where g.(w) are continuous and the convergence is uniform on a contour I';
if the conjugate indicator diagram of f(z) is inside T', we haveP

1@ fr e“p(w) dw = ;un(@ fr ¢(w)gn(w) dw

(9.10.2) .
= gun(Z)Tn(f), T.(f) = fr d(w)ga(w) dw.

Then if all T,(f) = 0, it follows that f(z) = 0. In most applications the func-
tionals T.(f) are independent of T and can be expressed in other ways; for
example, g.(w) = w" exp {a,w} makes T.(f) = f™ (a.).

More generally, if (9.10.1) is uniformly summable on I' by a method
which admits term-by-term integration, the same conclusion follows. We
actually have more than a uniqueness theorem: we have an expansion
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theorem, since f(z) has the expansion (9.10.2), convergent or summable
according to what we know about (9.10.1). Kernels other than ¢ can also
be used in (9.10.1) and (9.10.2).c

We illustrate the method by considering the case where g.(w) = {¢f(w)}",
with ¢{(w) regular and univalent in a neighborhood ., of the origin, and
¢(0) = 0. Let & be the image of @, under { = {(w); then ¢™ is a regular
function of ¢ in Q; , and we have

ezw — Z C,.(z)g'”,

d” 2w
= Eg-" (™) o’
with the series converging in the largest circle Ay , with center at the origin,
contained in @ , and Mittag-Leffler summable (§1.7) in the Mittag-LefHler
star of & with respect to the origin. If A, is the w-image of the circle and
QF the w-image of the star, we then have

(9.10.4) ¢ = D cale){t(w)}"

with uniform convergence in any compact subset of A, and uniform Mittag-
Leffler summability in any compact subset of Q.

We can substitute (9.10.4) into (9.10.2) provided that the conjugate in-
dicator diagram of f(2) is inside A,, or Qs ; and if the convergence in (9.10.4)
is uniform on part or all of the boundary and f(2) satisfies conditions (5.5.1)
making it possible to take I' as the boundary of the conjugate indicator
diagram, we may even have the conjugate indicator diagram touching the
boundary of A, or Qi .

We summarize the discussion in a formal theorem.

9.10.5. Theorem.® Let

To(f) = [ S(w) {£(w)}" dw,

(9.10.3) ca(2)

where ¢ (w) is regular and univalent at 0, £(0) = 0, and A, , Qi are respectively
the images under w = w(¢) of a circle with center at the origin lying in the
¢-image of a region of univalence of {(w) and of the Mittag-Leffler star of the
¢-tmage of a region of univalence of ¢(w). Then if the conjugate indicator
diagram D of f(z) is interior to A, , f(2) admits the convergent expansion
(9.10.2) with coefficients (9.10.3), while if D is interior to Qs , f(2) admits the
Mittag-Leffler summable expansion (9.10.2). In either case, T.(f) = O for
all n implies f(z) = 0.

We illustrate the discussion with some examples.

(1) Newton series.® Here

7.(1) = a0 = (=0* 35 (1) (= 0'Few).
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These functionals are of the form just considered with {(w) = € — 1, and
the polynomials ¢,(z) turn out to be

(;) S A 1/n!.

Take 2, to be the strip | » | < =; then & is the {-plane with a cut along the
negative real axis from — « to —1. The circle A;is | § | < 1, and A, is the
part of Q, such that | e’ — 1| < 1; its boundary is defined by

u = log (2 cos v).

The Mittag-Leffler star of Q; is @ itself, and so Qn is just Q. Finally we
note that the supporting function of A, is

(9.10.6) k(0) = cos 0 log (2 cos 6) + 6 sin 0,

with a minimum of log 2. Hence we have

9.10.7. Theorem. If f(2) is an entire function of exponential type such that
h(6) < k(0), where k(0) is defined by (9.10.6), and in particular if f(2) is of
type less than log 2, then

(9.10.8) 2) = io AYO)a(e — 1)+ (2 — n + 1)/n),

the series converging uniformly to f(z) in any bounded set. If the indicator
diagram of f(z) is inside the strip |v| < = of the w-plane, the expansion
(9.10.8) is Mttag-Leffler summable to f(z).

9.10.9. Corollary. If f(z) ©s an enlire function of exponential type with
h(x£7/2) < m,and f(n) = 0forn =0,1,2, --- | then f(z) = 0.

This follows from 9.10.7 since f(n) = 0 for all n > 0 implies A"f(0) = 0.
This furnishes another proof of Carlson’s theorem (9.2.1) for entire func-
tions. The uniqueness theorem for Newton series is thus not particularly
interesting. An application of the expansion theorem will be given in §9.12.

(i) Abel series.! Here T.(f) = f™ (), ga(w) = w"e™; t(w) = we";
u(2) = 1, un(2) = 2(z — n)""'/n!. By computation we find that a region
Q, is bounded by the curve with the polar equation p = (# — | ¢ | ) csc| ¢ |,
and then that Q; is the ¢-plane cut from — « to —1/e along the real axis.
The circle Ar is |¢| < 1/e, and A, is the (convex) subset of @, where
| we'™ | < 1, while QF = Q, . The supporting function of A, is

—(14) sin 2y csc 6, 0<]|6]|<3n/4,
|cos @], 3r/4 < |0]| < m,

where log{ — cos ¢ csc 8} + sin ¢ (sin ¢ — cot 0 cos ) = 0. The support-
ing function of @, = Qris

k(8, Q) = —B(sin 8 + cos 6 cot B), /2 <6<,
tan 8 = —cot 8 + B csc’ B.

k@, Ay) =

(9.10.10)
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The minimum of k(6, A,) is the positive root (approximately .278) of
z¢'** = 1, while the minimum of k(8, €,) is 1. Hence the Abel series con-
verges to f(z) if h(8) < k(6, A.), and in particular if f(z) is of exponential
type less than .278, while it is Mittag-Leffler summable if h(8) < k(6, Qu.),
and in particular if f(2) is of type less than 1. The uniqueness theorem is

9.10.11. Theorem. If f(2) 1is an entire function of exponential type with
h(8) < k(8, Q) (9.10.10), and in particular if f(2) is of type less than 1, then
f™m) =0,n=0,1,2, --- implies f(z) = 0.

Generalized Abel series are discussed in §9.11.

(iii) Lidstone series.# Thisseriesarisesfrom gz.(w) = w*", geata(w) = e“w™",
s0 that Taa(f) = f(0), Tansa(f) = ™ (1). These functionals are not of the
form considered at the beginning of this section, but the same method ap-
plies to them. The result is as follows.

9.10.12.* Theorem. The Lidstone series of an entire function f(z) of ex-
ponential type converges if f(2) is of type less than w, and is Miltag-Leffler
summable if the conjugate indicator diagram does not contain any points of the
imaginary axis with |v| > = (and in particular if h(£x/2) < =). In the
second case, f(z) = 04f f®(0) = f®”(1) = 0forn =0,1,2, --- .

9.10.13.* Theorem.t If f(2) 1s an entire function of exponential type r and
fe0) = f®1) = 0forn =0, 1,2, - - -, then f(2) is a sine polynomial

m
> ay sin knz, m < 1.
k=1

The expansion of a function in Lidstone series, and the associated unique-
ness problem, have been generalized both by considering more general
sequences of derivatives and by considering more than two points at which
the derivatives are assigned.!

Further expansion theorems will be discussed in §12.9, where the em-
phasis is on the expansion properties rather than on the associated unique-
ness theorems.

9.11. Generalized Abel series.* Another way of establishing the expan-
sion 9.10.1 when the generating functions g.(w) of the functionals 7".(f) are
not powers of a single function is to study the functions,(2). As an illustra-
tion of the possibilities we consider the case when g,(2) = w" exp (a.w);
then T.(f) = f*(a.). We prove the following uniqueness theorem.

9.11.1. Theorem.® If {a.} is a sequence of complex numbers of modulus not
exceeding 1, and if f(z) is an entire function of exponential type less than log 2,
then f(2) vanishes identically if [ (a,) = 0,n = 0,1,2, --- .

The example f(2) = sin 7z/4 + cos wz/4 shows that no number greater
than v/4 = .785 - - - can replace log 2 = .693 - - - . A more effective example
is f(\z), where f(2) = € + w'e** + ¢“", w is an imaginary cube root of unity,
and M is the modulus of the zero of f(z) which is closest to the origin; this
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reduces the upper bound to .748. If the largest number which can be used
is W, the so-called Whittaker constant, it can be shown by improving the
estimates used in proving 9.11.1 that W > .7259, and by considering more
elaborate examples that W < .7378. The exact value of W is unknown.
However, if the problem is varied somewhat, exact constants can be ob-
tained. For example, /4 is the exact constant if the a, in 9.11.1 are re-
quired to be real, or even to have only real limit points; another case with
an exact constant is given in 9.11.4. Among other generalizations we men-
tion the following.

9.11.2.* Theorem.c If f(z) is an entire function of exponential type less than
log 2 and at most a finite number of its derivatives are univalent in |z | < 1
then f(2) is a polynomial.

From our present point of view this appears as the uniqueness theorem
associated with the functionals To(f) = f(0), T(f) = f" " (a,) — f" 7 (b,),
lan| < 1,|ba]| < 1,a, 5 b,.

9.11.3.* Theorem.d If f(2) 1s an entire function of exponential type less than
log (2 4+ 4/3) =131 ---,f**0) = 0, and f*”(a,) = 0, where | a, | < 1,
then f(z) = 0.

In particular, this improves 9.11.1 when f(2) is even or odd.

9.11.4.*% Theorem.c If f(z) is an entire function of exponential type less than
1/e, and {a.} is a sequence of complex nwmbers such that

(9.11.5) limsupn ™ (|ai| 4+ -+ +|a.|) L1,
then f(2) vanishes identically if f”(a,) = 0,n = 0, 1, 2, - - - . Furthermore,

1/e cannot be replaced by any larger number.

Here the condition that all the a, have modulus less than 1 is replaced
by the condition that their moduli are less than 1 on the average.

In proving 9.11.1 we may assume that ap = 0 (otherwise consider
f() — f(0)). We then try to find an expansion

00

(9.11.6) e™ = D ca(2)w" exp (anw).

n=

By formal rearrangement we have

e = 3 @) 3wt — m)!

n=0 k=n
(9.11.7) - ,
=2 w* 2 ca(2)d/(k — n)!
k=0 n=0
and hence

k

(9.11.8) > ca@)d/(k — n)! = 2F/kL

na=|



174 ENTIRE FUNCTIONS

From this we can compute the ¢,(z) by recursion, starting from co(z) = 1.
However, without calculating the c,(z) explicitly we can find a bound for
them which justifies the rearrangement in (9.11.7) and hence verifies
(9.11.6) for a certain w-domain. We shall show by induction that

(9.11.9) | ea(2) | < (1/10g 2)7, lz| < 15

this justifies (9.11.6) for | w| < log2and|z| < 1, and hence, if f(2) is of
type less than log 2, the series

00

2 ea(2)f ™ (an)

n=0
converges to f(z) at least for | z| < 1. Therefore if f”(a,) = 0 for all n,
f(2) vanishes for | z| < 1 and so for all z. Actually it can be shown by more
careful estimates that (9.11.6) converges for all 2.
To prove (9.11.9), we note that it is true for n = 0; assuming it true for
n < k — 1, we write (9.11.8) in the form

k=1
elz) + 2 ea(@)adi ™/ (k — n)! = 2/k),
n=1
recalling that a, = 0. Thus since | a. | < 1,and | 2| < 1,

k—1
| en(z) | < > (1/log 2)"/n! + 1/k!
n=1

k
= (log2)™* X_ (log 2)*/n! < (log 2)7*(e'** — 1) = (log 2)7%,
n=1

so that (9.11.9) holds for n = k.

As a matter of fact, it is not hard to obtain the explicit form of c.(z). By
differentiating (9.11.6) repeatedly with respect to w and setting w = 0, we
sec that c¢,(2) is a polynomial of degree n depending only onas,a:1,az, - -+,
.1 . If we exhibit this dependence by writing ¢.(2) = ¢.(z;a0, * -+ , @),
we obtain, by differentiating (9.11.6) with respect to z,

Zl c(@w"™" exp (a.w) = Z:,) Ccrir(2)w" exp (Gnyaw)

= Y ca(z)w"exp (a.w);

n=0
this will be satisfied if
’ .
c"(z; Qo, Gy, **°, an—l) = cﬂ—l(z) ay,0qz, -, aﬂ—-l))

and only if this is true, since the recursion (9.11.8) determines c.(z) uniquely.
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We can then show by induction that

z(n—~1)
ca(2) = f dzf dz" f dz'™;
-1

these are known as the Gontcharoff polynomials.

9.12. Integral-valued entire functions. Requiring that functionals
T.(f) are zero (or small) is not the only condition which imposes a special
form on an entire function of exponential type. We now prove a theorem
which can be stated in the form that 2 is the smallest transcendental entire
function taking integral values at the positive integers.

9.12.1. Theorem.® Let f(z) be an entire function of exponential type less than
log 2. If f(n) vs an integer forn = 0,1, 2, - - -, f(z) is a polynomial.

This is readily obtainable from 9.10.7, according to which f(z) has the
representation

1) = 2 AY(0)se — 1)@ — m + 1)/n! = g A(0)e ().

Here all the A™f(0) are integers. Let 2z = —1; then all the ¢,(—1) are 1.
Since a convergent infinite series of integers must terminate, f(2) is a poly-
nomial.

This theorem has inspired a great many further results, of which we quote
a few. Although of course the number log 2 in 9.12.1 cannot be replaced by
anything larger, a slightly larger type for f(z) still allows only a very re-
stricted class of integral-valued functions.

9.12.2.* Theorem.® Let f(2) be an entire function of exponential type T, with
f(n) an integer forn = 0,1,2, --- . If

(3500

f(2) is of the form Py(z) + Pi(2)2°, where Py and P, are polynomials. If
T < .80,

1@ = Pe) + Pi(2)2° + Pyf) < ’l/—"f) + Py) (g - i_‘2/€”)

Results of this kind, showing that an integral-valued function of ex-
ponential type is the sum of finitely many functions of the form P(z)a’,
where a is an algebraic integer, cannot be extended as far as 7 = m, since
sin wz is integral-valued. A more recondite example has been constructed
to show that » = log 5 < 1.61 is not admissible, but just how far one can
go is not known. Additional restrictions on the growth of the function lead
to further results, for example

T < = 7588 -,
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9.12.3.* Theorem.c If f(2) is an entire function of exponential type,
h(xx/2) =0, h0) =a, hx) =>b ¢ —ec°<+/5
and f(n) is an integer forn = 0, 1,2, - - - | then f(2) has the form
Py(2) + Pi(2)2° + P2(2)3" + -+,

where P ;(z) are polynomials.
There are corresponding results when f(z) is required to take integral
values at all the integers, positive and negative;d the role of 2 is then played

by $(3 + V/5).
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CHAPTER 10

GROWTH THEOREMS

10.1. Exponential growth on an arithmetic progression. In this chapter
we consider the problem of determining the rate of growth of a function of
exponential type along a line from its rate of growth along a sequence of
points on (or near) the line. The problem may be thought of as a generaliza-
tion of that considered in Chapter 9, where the function was zero at the
points and the conclusion was that it was zero all along the line (and hence
always zero). The method which we shall chiefly use is the comparison of
f(z) with an interpolation series based on the given sequence of points, and
requires a fairly exact knowledge of the behavior of an entire function of
exponential type which is defined by a simple infinite product having zeros
at the given points.® We illustrate the method first by some special cases
in which the given sequence of points consists of integers and the function
used in forming the interpolation series is simply sin =z, whose behavior
1s both simple and exactly known.

10.1.1. Pélya’s theorem.> Let f(2) be regular in | argz | < a < n/2 and let

(10.1.2) h(6) < a cos 8 + b|sin 0, |60] < @
where a and b are finite. If b < =, we have

(10.1.3) lim sup n'log | f(n) | = lim sup ' log | f(r) | = h(0).

Here k() is the Phragmén-Lindelsf indicator function of f(z) (5.1.1);
according to 5.1.2, if @ = x/2 (10.1.2) is equivalent to saying that f(z) is
of exponential type with h(xw/2) < b.

This is another theorem which contains Carlson’s theorem (9.2.1).

The example f(z) = sin nz shows that b =  is inadmissible; neverthe-
less, it is true that the condition b < 7 can be weakened to b < = if an ad-
ditional restriction is imposed on f(z) on the rays 6 = *a. For entire func-
tions there is a theorem which generalizes 10.1.1 in the same way that
9.2.2 generalizes Carlson’s theorem.

10.1.4.* Theorem.c If f(2) is an entire function of exponential type and ils
indicator diagram is not bounded on the right by a vertical line segment of
length 27 or more, (10.1.3) holds.

Other theorems in which f(z2) is of type = and additional restrictions are
imposed will be discussed in a more general setting in §10.7.

It is enough to prove 10.1.1 when A(0) = 0, since we may consider
f(z)e""o" instead of f(z); we may then take ¢ = 0 in (10.1.2). We start by
constructing a simple entire function which has the values f(n) at the points

178
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z = n. Suppose (without loss of generality) that « < 7/2, and take
¢ > lim sup n”" log | f(n) |.
Then we may put
_ s (=DY(n)e " .. .
(10.1.5) g(z) = Z‘% =) e’ sin w2,

Since the series converges uniformly in any bounded closed region which
excludes the points z = n, and lim,_., g(2) = g(n), g(z) isan entire function
coinciding with f(2) at z = n. Hence

(10.1.6) #(z) = {f(z) — g(2)}/sin w2z

is regular for | arg z | < a. If we exclude circles of radius 14 around z = n
from this region,

@) | f(n) | e .
6@ 1< | | T &5 ey O
and so
(10.1.7) 7" log | #(2) | < max {(b — =) sin 6, ¢ cos 6}

for | arg z| < o and z outside the excluded circles. Hence (10.1.7) holds,
by the maximum principle, inside the circles also. In other words, if A,(8)
is the indicator of ¢(z),

he(E£a) < max {(b — 7) sin @, ¢ cos a}.

By 5.1.2, it follows that, for | 8 | < «, h4(8) does not exceed the (unique)
function of the form A cos § + B sin 8 which takes the value

max {(b — =) sin a, ¢ cos a}
at 8§ = aand at 8 = —a; by inspection this function is
max {(b — =) tan a, ¢} - cos 6.

Thus in particular

(10.1.8) hs(0) < max {(b — =) tan q, ¢}.
By (10.1.6),

/(@) | < |¢(2) sin 7z | + | g(z) |
and so
(10.1.9) 0 = A(0) < max {hs(0), c}

C.

because | g(x) |e** is bounded. We have, in fact,
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Slll 1r1,
—n

—cn

rlg@) e < ¥ HWIeT >

| n—z|>1 Ix—nl | n—z| <1

)

and the right-hand side is bounded because ¢ was chosen so that

2 Jm) e

converges. By (10.1.8), h4(0) is either ¢ or less than 0, so by (10.1. 9),
c >0. Slnce ¢ can be arbitrarily close to the left-hand side of (lO 1.3),
lim sup n ' log | f(n) | > 0, and (10.1.3) follows.

10.2. Boundedness on an arithmetic progression. In Pélya’s theorem
10.1.1 we compared the rate of growth of f(z) with that of an exponential,
i.e. with as rapidly an increasing (or decreasing) function as possible. Now
we shall compare f(z) with a function which changes as slowly as possible,
namely a constant.

10.2.1. Cartwright’s theorem.> Let f(2) be regular in |arg z | < a < 7/2,
and let

(10.2.2) h() < a|cos 8| + b|sin 6|, 16| £ a,

where a and b are finite. If b < wand | f(n) | < M,n =0, 1,2, ---, then
| f(x) | is bounded for x > 0;4f f(n) > 0asn — =, f(z) > 0asx — =.
It is convenient to begin by proving the following more special but more

precise theorem.
10.2.3. Theorem.* Let f(2) be entire and satisfy (10.2.2) for all 6. If b < =

and | f(n) | < M,n = 0, £1, £2, -, then | f(x) | £ KM for all real z,
where K depends only on b.

We may take
(10.2.4) K = 4 + 2elog (xv/(x — b));

the smallest possible K, as a function of b, is asymptotically
27 " log (1/(x — b)).

We notice first that, by Pélya’s theorem (10.1.1) A(0) < 0 and so we
may take a = 0in (10.2.2). Let 0 < § < (v — b)/7, and conblder

o) = i (=1)*f(n) sin 6(n — z)

sin z;
n=—oo 1I'(Z - n)&(n - Zn) ’

(10.2.5)

since {f(n)} is bounded, the series converges and is an entire function, co-
inciding at z = n with f(z){&(z — 2)} " sin 8(z — 2). Hence

(10.2.6) o) = {f()s"‘(’s(z z)) <z>}

is entire, and, just as in the proof of 10.1.1, ¢(2) is of exponential type.
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For 0 = 0, =,

f(2) sin 8(z — 29) = | ftn)| |siné(n — z)

(1027) ¢(2) < sin 7z 8(z — 2) o w2 —n|l 8(n — z)

y

since b + § <, the right-hand side is bounded for each 8. Hence ¢(2) is
bounded in particular for § = +x/4, £3r/4, and so by the Phragmén-
Lindelof theorem (1.4.2), ¢(z) is bounded for all 8. That is, ¢(z) is a bounded
entire function, and so a constant. For z = iy, y — , the first term on the
right of (10.2.7) approaches zero. So does the second, since it does not
exceed

M & 1 M 1 + | 7(0) |

or e[y —n [z —n| Ty A0 P [z —n|  wy|

Therefore ¢(2) = 0, and this means that

(1028) fio) 08 =) _ gy 3 (ZDY) sin 3 — n)

s(’g‘:z—o)— ;T Sl w2,

n=—o0 7"(37 — n) 6(30 - 'n)
This is an identity in z; if we take 2 = 2z, and then drop the subscript,
we have®

(10.2.9) flz) = i (—1)"f(n_) sin 8(z — n) sin wz.

nT0 T8(2 — n)?2

From (10.2.9) Theorem 10.2.3 follows easily, since

[fx)| < 2M + M {[I_]f + i}

[z]+2

sin w(x — n) sin 8z — n) |
mo(x — n)? ’

and since | 6 'sin 0] < 1,if 0 < ¢ < 1 we have

1—e €

Si_!_l oz — n)
6(x — m)

sin 8(x — n)
ok —n)

<5z —nl,

[f(z) | < 2M { 1L+ 7% Zl) n“"‘} ML+ 7+ e

taking 1/e = log (1/8), we obtain
| flx) | < 2M{2 + e log (1/3)},

and since & = (7 — b)/= this is (10.2.4).

There are now several ways of deriving 10.2.1. The shortest is to deduce
it from 10.2.3 with the help of Macintyre’s lemma (5.6.8). This states that
we can write f(z) = fi(z) + fa(z), where fi(z) is entire and of exponential
type less than =, and fi(r) = O(1/| z|) as x — — «, while fy(2) is regular
in |arg 2] < o and is O(1/z) as 2 — + . Then 10.2.3 applies to f(z)
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and shows that fi(z) is bounded for positive z, so f(z) is bounded (since
fa(x) is bounded).

To complete the proof of 10.2.1 we have to consider the case when
f(n) — 0. It is sufficient, by what we have just said, to consider an entire
f(2). Returning to (10.2.9), we have, with N = [z}, z > 0, M = sup | f(n) |,

—1Nl2 M
| f@) | < TS |+ [f(NV + 1) | + (xd) _Z'”‘—x_—nT,

4 (o)t {Ni FIQNIN > lf(n)l}

mlr—nl lz —nl

2

< L) |+ LSV 4 1) | + M) ; -

- 1 =10
S et 5 ey 20
and the right-hand side approaches zero as x — = if f(n) — 0.

Since the proof of. Macintyre’s lemma is somewhat complicated, there is
some interest in having a proof of Cartwright’s theorem which does not
depend on it. The proof of 10.2.3 can in fact be modified to work, but special
devices have to be used because f(2) is not necessarily entire and so we can-
not show that the function ¢(z) of the proof of 10.2.3 is constant.c (Theorem
10.2.1 can also be proved by different methods depending on the theory
of normal families.*)

We may assume that @ < 7/2 and that | f(2) | < A h < e < m,
for a/2 < |arg z| < a, since we may take a = 0 in (10.1.2) because of
(10.1.1); here A is independent of 6 in the specified range. We may also
assume that f(0) = 0. Let 0 < & < (7 — ¢)/2, and let zo be an arbitrary
positive number. Put #(z) = Z2'(z + 1) sin 7z and

s(z) = 87(z — m) " sin’ 8(z — o),

and consider the functions

_ = f(n)s(n)
q(z) = '; m) t(z)»
#(2) = {f(2)s(2) — g(2)}/1(2).

Then as in the proof of (10.2.3), g(z) is an entire function coinciding at
2 = n with f(z)s(z). Hence ¢(2) is regular and of exponential type in | arg z |
< a. We now show that ¢(2) is bounded on arg z = +ea, witha bound which
is independent of x,. We have, for | argz | = a,
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1(@)s(2) o~ f(n)s(n)
101 < |5 | | & dme -
= SL + Sz.

For |argz| = a, | s(2) | < €% and |f(z) | < Ae™*™° while | ¢(2) |
> |sin 7wz | > Be™®"“for |z | > 1, and | #(2) | has a positive minimum
for | z| < 1. Hence S; has an upper bound independent of x, for | arg z |
= a,sincec + 26 — 7 <0.In 8,, | 2 — n | > sin @, and so

(10.2.10) i s(n) < &7 { [Ifl + i } (n — )"+ 2

n=1 n=1 [zo]l+2

<2 P42 <1257
n=1
Hence |¢(2) | < K on |arg 2| = a with K independent of xo. Therefore,
by the Phragmén-Lindelsf theorem (1.4.2), | ¢(z) | < K. Hence | f(z) s(z) | <
K + | g(z) | . Since | t(x)/(x—n) | < 4,

o | < 3 L0 ) | < aar 3 ),
n=1
whence by (10.2.10), | g(z) | < 48Ms%. So | f(x)s(x)l K + 48M37%,
x > 0. Since s(xy) = 1, | f(x) | £ K + 48M57%, and since , is arbitrary,
10.2.1 is proved.

An interesting application of 10.2.3 is to entire functions of zero ex-
ponential type. According to 6.2.13, such a function reduces to a constant
if it is bounded on the real axis. Now we shall show that merely being
bounded on the integers (and even somewhat less) suffices.

10.2.11. Theorem.® If f(z) is an entire function of zero exponential type
and f(n) = o(|n|) |, as | n| — «, f(2) is a constant. More generally, if f(n)
= O(| n |"), f(2) is a polynomial of degree not exceeding p.

Since f(az) is of zero exponential type when f(z) is, any arithmetic
progression may be substituted for {n}. The question of how general a
sequence {\,} can be used instead will be discussed in §10.7.

To prove 10.2.11, suppose first that f(n) = O(1); then | f(z) | = O(1) by
10.2.3, and so by 6.2.13, f(2) is a constant. In the general case, let P(z)
denote the sum of the Maclaurin expansion of f(z) up to terms of order
[p}; then f(z) — P(z) has a zero of order [p] + 1 at 0. Hence

(fz) — P@}/"""
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is entire, of zero exponential type, and bounded at z = n, and therefore a
constant. Thus f(z) = ¢™* + P(2), and since P(n) = o(n|™) =
o(| n |P*Y and f(n) = O(| n |?) = o(| n |'™*"), ¢ must be 0.

Finally, if f(n) = o(| n |), the case p = 1 shows that f(2) is a polynomial
P(z) of degree 1 at most; but P(n) = o(| n|) is possible only if P(2) is
a constant.

10.2.12.* Corollary. If f(z) is an entire function of zero exponential type
and the sequences {f(xn)} are summable (C, k) to 0, f(z) = 0.

There is a simple direct proof of 10.2.11 in the case when {f(n)} is
bounded.¢ We may assume without loss of generality that ) | f(n) | < =,
since 27 {f(z2) — f(0)} = g(2) is still of zero type and has g(n) = O(1/n),
and G(z) = {g(z)}® is still of zero type and has D | G(n) | < «. Let

1@ = [ swedw,
where C is any contour surrounding the origin. We have
2770) = [ s — 1" dw,
c

and if | z| is sufficiently small,

Hz) = i a0 = [ ow) 3 e = 1" o

I

fc¢(w){1 — (" — 1z} M dw
- [C¢(w)(1 42) ‘;0 ¢ (2/(1 + 2)}" dw

= (27 3 s e/ + D)

The last series converges if | 2| < | 1 + z |, so that H(2) can be continued
analytically into the half plane z > —14, in which this inequality holds.
Moreover, since 2 | f(n) | < o, H(z) is bounded for z > —14. On the
other hand, we also have

HE = [ s)(=1/2) 5 & + 1)/2)" dw

= (=1/2) :Zof(—n — DA + 2)/2",

so that H(z) can also be continued analytically into x < 14 and is bounded
there. Hence H(z) is entire and bounded and therefore a constant.
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Hence f(z) is constant, for example by an application of Carlson’s
theorem.

We cannot of course allow b = = in Cartwright’s theorem 10.2.1 (or
10.2.3) any more than in Carlson’s theorem or in Pélya’s theorem 10.1.1
unless we impose some additional restrictions. The problem has not re-
ceived much attention; we quote one result.

10.2.13.* Tkeorem™ Let f(z) be an entire function satisfying |f(z)| <
re(z)e™, where €(z) is uniformly O(1) and e(x£iy) = o(l). Let |f(n)| <
M (n = 0, £1, £2, --- ), and let t"ere be numbers L, N such that every
interval of length L contains an integer m for whick | f'(m) | < N. Then f(2)
s bounded on the real axis.

10.3. Exponential growth on a sequence having a density. The theorems
of §3§10.1 and 10.2 can be generalized by replacing the special sequence {n}
by much less severely restricted sequences. The restrictions which have to
be imposed vary according to the kind of growth which is being considered;
in this section we generalize 10.1.1.

10.3.1. V. Bernstein’s theorem.* Let f(2) be regular in |argz | < a < 7/2,
and let

(10.3.2) h(6) < acos6 + b |sin 6|, 16| £ a,
where a and b are finite. If b < w, we have

(10.3.3) lim sup | A, |7  log | f(As) | = lim sup ' log | f(r) | = h(0)
n—+00 =00

provided that {\,} is a (complex) sequence such that n/\, — 1 and
|Xm’—Xn|26|n'_'ml, n#m,6>0.

No necessary and sufficient condition for (10.3.3), analogous to Fuchs’s
theorem (9.5.1), is known; the hypothesis of 9.5.1 is not sufficient.® In
§10.7 we shall discuss generalizations of 10.3.1 in various directions; in
particular, we shall see that the condition b < 7 is somewhat more re-
strictive than necessary. The theorem can also be extended by allowing the
\. to be farther from the real axis:

10.3.4.% Theorem.c Let f(z) be regular and of exponential type in | arg z |
< a; h(xa) < wBsin a, B > 0; and lim sup | A, [ log | f(A,) | < 0, where
n/| A | —=D > Bsinacsc (@ — 8), | Asa| — | M| >8>0, |argh| < 8.
Then h(0) < 7B sin a sin B csc (a — B).

The proof of (10.3.1) is almost the same as that of 10.1.1, except that
trivial estimates of | sin 7z | have to be replaced by corresponding estimates
for

(10.3.5) F(z) = fI 1 — 2%
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which are by no means trivial. When the A, are real the estimates are

somewhat simpler.
10.3.6. Lemma.® Let F(2) be defined by (10.3.5), where n/\, — D > 0 and
[ Am — An| =8l n — m |, 8 > 0. Then for every positive e,

(10.3.7) F(re®) = O {exp [x(D|sin 6| + e},
(10.3.8) 1/F(re®) = O {exp[r(—D|sin 8|+ e}, |z —\| > 8/8,
(10.3.9) 1/F'(\,) = O {exp (e\,)}.

Conclusion (10.3.7) follows from 7.2.9 if 2 | X, |~ | arg A\, | converges.
The lemma is also true when 1) = 0, but requires a somewhat different
(and simpler) proof. Conclusion (10.3.8) implies (10.3.9), since

4 2
(103.10)  F'(\,) = lim F(z; — —lim II (1 - i)? A

2\ 8 — Am 2—=Ay nydm )\f, an

and the product on the right satisfies the same conditions as I(z) itself.

Before proving (10.3.8) we use 10.3.6 to prove V. Bernstein’s thcorem.
We follow the proof of Pélya’s theorem 10.1.1, using F'(z) instead of sin wz.
As before, we may assume a = A(0) = 0, a < 7/2;let

¢ > limsup | A, |7 log |f(Na) |,

and put

_ SO exp (=eNn) car
g(2) = ; @ = MO e F(2),

an entire function coinciding with f(z) at z = =n. Then
6(2) = {f(z) — 9(2)}/F(2)
is regular for | arg z | < a. It satisfies
he(8) < max {(b — =) | sin 8|, ¢ cos 6}
(here (10.3.8) is required). Therefore, as in the proof of 10.1.1,
he(0) < max {(b — =) tan a, c};

but | f(z) | < |¢@)F(x) | + |g(x) |, so that 0 = A(0) < max {he(0), c},
and hence ¢ > 0. Since we may take ¢ arbitrarily close to

lim sup | A |7 log | f(An) |,

(10.3.3) follows.

We now prove 10.3.6. Since F(z) is even, we may restrict z to the right-
hand half plane. If D > 0, the “typical” F(z) is sin wDz or cos =Dz, with
zeros n/D or (n + 14)/D, and we shall proceed by showing that replacing



GROWTH THEOREMS 187

A by n/D or (n + 14)/D changes the asymptotic behavior of F(z) at most
to the extent asserted by (10.3.7) and (10.3.8). Since we are considering
only the case when D > 0, we may suppose by a change of variable that
D = 1.

Let € be a (small) positive number, independent of z. Break the product
(10.3.5) for F(z) into three products I, , Il , II; extending respectively over

W< —9lel,
-9zl <[M[<(O+9lz],
Ml 2> A+ elz].

Our aim is to show that Iy is nearly 1 and that IIiII; is nearly | sin vz | .
We begin with II, . Since n/\, — 1, if | z | is large enough there are at most
2¢|2| (1 + ¢ terms in II;, and so

(10.3.11) II |1 — 22| < II3 < Aelelate
2 2
This gives us an upper bound for IT; .

To obtain a lower bound for IT; we start from the fact that for large |2|
(and hence large | X\, |) we have in IL

RMICEDSIEAPWICES WP
With z fixed, let | z — A, | be a minimum when n = N; then
M =M | S lze—= M|+ M—2] <22 =N,
and so
IN/GE =MD <2 /10 = M.
Consequently, if a prime denotes omission of the term for whichn = N (if

it oceurs in ITz), we have, since | A\, — Ay | > 8| n — N |,

A ¥ c2 N
< LI
II <1I

¥ 2 A — A |

2 —\}
(10.3.12)

oM M Mo—M ’ ___J~ N
where M is the number of terms in IT; . Since n/A, = 1, M < 2¢| 2| (1 + ¢€)
if | z | islarge enough. We increase the last product in (10.3.12) by increas-

ing some of its terms, and since there are at least [(M — 1)/2] consecutive
integers | n — N | occurring in the product,

I

< amr e paon - v
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We estimate the factorial by using Stirling’s formula in the form
k! > e !18** 5o that

I

2

)\2

22 — A2 < (46*/%) M, Mlog(lzl/ 1)

< (4_62/8)2:|z|(l+¢)e2e|z](l+e)log(2e(l+e))'

Since ¢ log e — 0 as ¢ — 0, we have

¢
IzI 22— A%
where 7 is a function of ¢ which approaches 0 as e — 0. If n = N occurs in
11, we still have to consider the term
N/ = M) | S 4l2] /]2 — M

if | 2 | islarge enough; since this upper bound exceeds 1, we have in all cases

nlel
<eée’,

)\2" 4|2| nlzl
e A rEs W
or
(10.3.13) 1111 - 214 > |z = v | ol
2 4|z|

This is our lower bound for IIs.
In estimating II; and TI; we use the inequality

(10.3.14) | (% — n)/N% | < €8, n > No,
where N, depends only on e. Consider first A, which occur in II; or Iz and
for which |X,| < 2|z|. Then [|[N\.| — |z]|| > €|z|, and

nt— 2> A= — |0 = AL > elz|[ M2 — €NL/8

> elzllz/2] — &lz21"/2,

so that if € is small enough

(10.3.15) | (® — 2°)/2" | > /4.
Now
1 — /A% 0% — n%)
(10.3.16) R Ry
and by using (10.3.14) and (10.3.15) we have
1 — 22/
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for | M| £2]z|,\inTor I3, and n > N,. We may then estimate
1T, by using (10.3.17) for the at most 2 | z | terms for which it applies, and
introducing a number € (independent of 2) such that

— 2'/NS
— 22/n?

Ny

1/¢ < II

n=1

<C.

We then have
LS | SR B | R W
1 1

10.3.18
( ) <o+ ¥ I |1 —2%/n%|.
1

For II; the terms with | A, | < 2|z | are covered by (10.3.17). For those
with | A\, | > 2|z, we have by using (10.3.14) and (10.3.16) again,

1 —z/)\
T=ame | = Ts@—1zm

and |\, | > 2|z | wehave
=z >0’ — |\ |/4 > en’/8.

_ elzl
8(nt — |z |?

Sinee \,./n— 1, for large | 2

-

Hence

el _elzl < l—z/)\
( ) m.tI>Iz|z; (l ) - I;I 1 — 22/n2

i 2
<@+ 11 (1 + ‘—‘?—,l)-
nl>2]2] n*

Now
log I (1 —elz|/nd) > — E 2e|z|"’/n2 > —4e|z],

Mni>2fz| [>2

log Il « +elz|2/n < Z élz]'/n’ < 2|z,
Mni>2]2] Mal>2]z]

2|z|log (1 — ¢ > —4el 2], 2]z|log(l + ¢ < 2¢|2z],
and so
8—85[:] H | 1 — 22/"?/2[ S H' 1 — 22/)\‘.; I S ghlzl H[ 1 — zz/nz I
3 3 3
Combining this with (10.3.11), (10.3.13) and (10.3.18), we have

C—l l 2 — Ay | —(l2e+n)lzl H | 1 — 2/n2|
(10.3.19) 4|z

_<_ IF(Z) I S e(6e+2¢(1+¢))|=| Hl 1 — 22/,”2 I'
1,3
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The product IT; 3 which occurs in (10.3.19) is
- II' I - 22/"‘2 I’
2

sin 7z
w2

and this II, is subject to the same estimates as the II, considered earlier
(with a different N; of course we could give more precise estimates here but
there is no advantage in doing so). Combining these estimates with
(10.3.19), and taking a new 7, we have (10.3.7), and also

(10.3.20) |F@)| /]2 — M| > e |sinwz],

where n — 0 when e — 0.
Since A\./n — 1 means that \./(n + 14) — 1 also, by modifying our
calculations to compare F(z) with cos vz we also have

[F@E) /]2 =M ]| > e cos mz].

This, with (10.3.20), establishes (10.3.8).

10.4. An application. As an application of V. Bernstein’s theorem we
prove a theorem whose content is roughly that along a ray from the origin
a function of exponential type must frequently be almost as large as its
indicator allows. (Compare the theorems of §§7.2, 7.3, which give stronger
conclusions under more restrictive hypotheses; also the theorems of §3.7.)

10.4.1. Theorem.* Let f(z) be of exponential type in the angle | arg z |
< a < . Then for each 8, | 0| < a, and each positive & and e, there are a
sequence r, T © and a positive g such that the subset of (1., a + 8r2) in which

' log | f(re”) | = h(6) —

has measure at least s .

In other words, 7" log | f(re®) | > h(8) — e for a set of positive upper
linear density on each ray.

It is enough to prove 10.4.1 for § = 0, and for « < x/2 and

h(xa) < = sin a.

Suppose that with given 8 and e we have ' log | f(r) | < h(0) — e in all
but a finite number of the intervals (n,n 4+ én) in sets of measure

n(l — o(n)).
Then we can find a real increasing sequence {\,} such that
A tlog [ fO) | S A(0) — ¢, = Aa = o(n),

and |\, — An| > d > 0 for n 3 m. Applying 10.3.1 to this sequence we
get h(0) < h(0) — ¢, a contradiction.
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By using 10.4.1 we can prove the theorem on the indicator diagram of a
product which we stated as 5.4.12.

10.4.2. Theorem.” If fi(z) is an entire function of exponential type whose
indicator diagram is a point, and f(2) is any entire function of exponential
type, the indicator diagram of f1(2)f:(2) is the sum of the indicator diagrams
of f1(2) and f2(2).

What we have to prove is that A(6) > hi(8) + ha(6), where h, hy, hs are
the indicators of fif:, fi, f» . By multiplying fi(z) by some exponential e*
we can bring its indicator diagram to the origin, so that it is sufficient to
consider the case when h,(8) = 0. In this case fi(z) is of exponential type
0, and by (3.7.1), for every positive e there are circles, the sum of whose
radii in | z | < ris o(r), such that | fi(z) | > ¢ " outside them. On the other
hand, we have log | fo(2) | > r{h2(8) — €} on a set of positive upper den-
sity on arg z = 6. Hence there are points with arbitrarily large r on arg 2
= 6 such that log | f1(2)f2(2) | > ho(8) — 2¢, so that h(6) > hy(6).

Another application of 10.3.1 is to the proof of 9.8.1.

10.5. Boundedness on a sequence which is close to an arithmetic progres-
sion. We now extend Cartwright’s theorems of §10.2 by allowing a more
general sequence {A,}, but keeping the same rate of growth for f(z). It can
then be proved that if f(2) is of exponential type forx > 0, A(+ 7/2) < ,
and f(\,) is bounded fora complex sequence {\,} with |\, — A | >8>0
(n % m), and |\, — n| < L, then f(z) is bounded. The sequence {\.} is
thus much more restricted than in §10.3, where the chief requirement was
that | A\, — n| = o(n). The theorem is not true without some condition
more restrictive than this, but it is an open question whether the condition
|A\n — n| < Lecanbe weakened to| A\, — n | < e(n) with some ¢(n) which
becomes infinite. We shall prove the theorem only for real {A,}, in order to
keep the proof from becoming too complicated; the proof given here fol-
lows the pattern of §10.2 as closely as possible, but there are proofs depend-
ing on entirely diffcrent ideas.

10.5.1. Theorem of Duffin and Schaeffer.® Let f(z) be regular in | arg z |
< a < 7/2 and let

(10.5.2) h(@) < a|cos@|+b|sing|, 16| < a,

where b < w. If {\,} is an increasing sequence of real numbers such that
Mt — A >26>0,|n— M| <Lin=12---,and {f(\.)} isbounded,
then f(x) is bounded for x > 0;%1 f(\,) = 0,f(x) »0asz— .

We may deduce 10.5.1 by Macintyre’s lemma, just as in §10.2, from the
following theorem about entire functions.

10.5.3. Theorem.* If f(2) is entire, and satisfies (10.5.2) for all 6, with
b < m; if {M}Ze is an increasing sequence of real numbers satisfying the
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conditions of 10.5.1 for — o <n < o, and | f(\,) | < M, then | f(x) | < KM
for — o < x < «,where K depends only on b, L and s.

We have, just as in §10.2, the following corollary.

10.5.4. Corollary. If f(z) is an entire function of zero exponential type and
| f(As) | £ M, where the sequence {\,} salisfies the conditions of 10.5.1 for
—w < n < o, f(z) is a constant.

See also §10.7.

The proof of 10.5.3 depends on obtaining sufficiently sharp estimates for
the product

(1055) 4@ = lim (z =) IT' (1~ 2

the term corresponding to n = 0 is omitted from []’. The following lemma
provides estimates which are sufficient for our purposes; the constants are
by no means the best possible.

10.5.6. Lemma. There are numbers Cy, --- , Cy, Q, depending only on L
and 8, such that Y (z), defined by (10.5.5), satisfies

(10.5.7) Y@+ iy) | < Cy*/sinhx(ly| = |z| — Q),

lyl > [z] + @Q;
(10.5.8) |¢(z) | £ Cs, 0<z<1;
(10.5.9) /¥ | <0+ Col N |

We first use 10.5.6 to establish 10.5.3. Choose ¢ > 0 and a positive integer
ksothatke <7 — b,k > Cs+ 1,k > 2Q. Let

(10.5.10) w(z) = (e2)™* sin®(e2),

and consider the function

& xn) w()\n - Z)
105.11) H() = —a) = 3 SO e — )
( ) H(z) = f(2)w(z — 20) n:;_:w P w7
Our choice of k makes the series converge to an entire function coinciding with
f@w(z — 2) atz = X\, , and so H(2)/¢(2) is an entire function, which is of
exponential type asin §10.2. Forarg z = 40, = + 6, 7/4 < 6 < ©/2, we
have by using (10.5.2) and (10.5.7)

log | H(z)/¥(2) | = O{r(a cos 6 + [(b 4+ 1) + ke — =] sin 6)}

with 9 arbitrarily small; so if 8is close enough to 7/2, H(z)/¥(z) is bounded
on these four rays. Hence it is bounded for all 2, and so is a constant. Since
b <, by (10.5.7) H(2)/¥(2) — 0 as y — o, and therefore the constant is
zero. Thus

¥(2).
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= f(>‘n) w()\ - 20)
J@wi — 2) = ¥(2) Z W T

Thisis trueforall z, and we may therefore take z = 2z, and drop the subscript;
since w(0) = 1,

f()\n) wO\ z)
(10.5.12) Z T ¥(2).

Now for0 < z < 1,

| 0O — 2) | | 9@ |
@ 1 <M (2 + 2 o Tvon 1

where Y _;refers to), in (say) — 14 <z < 34, and > s to the remaining A,
In X, | @\, — 2)|/| £ — A\, | has a bound depending only on L and 6
and so has the number of termsin Y, .In > .,

loOw = 2) /|2 = M| < 1 = N[,

and 50 ) s also has a bound depending only on L and 5. That is, there is a
function K (5, L) such that | f(z) | < MK(5,L),0 < z < 1.
Now consider the function f(z 4+ m), which is bounded by M at

A = Agm — m;
we have A — A% = Aym — Amgmo > 26 and
I =] = [ Apgm — (0 +m) | <
sofor0 <z <1, |f(e+m)| < MK(@, L) form < z < m + 1. Since

m is any integer, the conclusion of 10.5.3 follows.

The proof shows why the condition |\, — n| < L is needed: this con-
dition is preserved when the A, are translated, while a condition of the
form | N\, — n| < €(n) is not preserved. We can prove 10.5.4 with weaker
estimates because an inequality | f(z) | < K(z)M, with a function K(x)
depending only on b, I and 8, can be applied to f(z)™, when f(z) is of zero
exponential type, to yield | f(z) | < {K(z)}'™M, and so (if we let m — «)
| f(x) | £ M for all real x; but a function of zero exponential type, bounded
on the real axis, is a constant. This seems to account for the fact that 10.5.4
can be extended to more general {\,}, whereas 10.5.3 cannot (or at least
has not been; no counterexample is known).

We now establish 10.5.6. Since we do not need the most precise estimates
possible, we shall make some simplifications in the data to make the dis-
cussion easier. It is convenient to have A, > 0 for n > 0 and A, < O for
n < 0; if this does not happen to be the case, we re-index the \’s so that
Ao is the one closest to 0. Since | Ao | < L and there are at most L/(28) \’s
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between 0 and N, we change the indices by at most L/(28) and so our
original conditions are still satisfied with Q = L + L/(28). By inereasing @
we can make it an integer. Since ) is the X closest to 0, | X, | > & forn 0.
We then have, for n > 0,

(--5))

>lsn(l—%)(1_;_”=ll-+y2—x“‘+x(xn+x_5.)

- n —_—1 —)\,,,)\_,.
2 2
y —x —2Q |z |
)
2 2
y — @+ Q)
> e

for |y| > |z | + 2Q. Hence

- T P EIRR"y
Wt |2 (ol —lel - @ {14+ V7 Lzl b0

=(yl—|=z|— Qsinh {z[y’ — (= | + Q)
+ 'ﬁl <1 + Y —(llfbl_i_@_z>
Since sinh ¢increasesand y* — (|2 |+ Q' > (|y | — [z | — Q)%,
| ¥(z + ) |
> (lyl 2] = @sicha(lyl = 2] = @ + [[(1 + /"
and (10.5.7) follows.

To prove (10.5.8), we observe that |\, | > 1if [n| > @Q, and we have
IA.|>8if|[n|>0.Thenfor0 <z <1,

@i =lz =%l T 1-Z][1+ &
1+ 8\ ¢ @ x
s0+0Q <_—5.> n=Iol;1<1 T a4+ Q)(l + n — Q)
=(1+Q)(lﬂ)w b_‘“.fff‘_ 1 (1_:_”)
6 T a1 n

and (10.5.8) follows.
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For (10.5.9), we observe that

iy Am— Ao _ Am

Suppose for definiteness that A\,, > 0. Since the A\, increase,
| /() |

)\m - A() m m )\m
=T LG X)) )

We write the product as ILILII;, where II; contains the terms (if any)
with n < A\n] — Q — 1; II;, the terms with n > [N\,] + @ + 1; II>, the
rest. Then

m2T0(, e - 1)1+ i50) - Wi o)

and n + Q < [N\n] — 1in the term of highest index, n + Q@ < [An] — 2
in the next lower term, ctc., so that

Aml—1 )\2 M ml—1 )\- Q
ez UG- 0) =T (1) =11 1),
k=Q+1 \ k=1 k k=1

For 113 , we have
1I; > 1 - — 1
T2 (04,0 )

% AL D ml+2Q+1 N
> ]I <1——2)+ II (1+—"‘>.
2 k Wml+2 k

2
_ )\m
k2

Q /32 A ml420+1 A
G- ) L ()
kel Nl 42

The denominator is increased if we replace (\%/k*) — 1 by AL/k* and 1 +
Am/k by 2; so, with numbers A, , A, depending only on L and §,

I > AN | sin mh, | + ’(1 - —)f—>(l - __)‘.’2."__>
s "o L 1+ D2

> AN
In II; we have 2Q + 3 terms of the form

Thus

LIl >

1<k#[Nm] [N on]+1
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)\m |’n—m|5_

_x—-n - n_Q ’

[)\m]—Q"ISnS[)\m]‘l'Q-i'l,son—QS)\m-i—l,and
I > As(\m + 17,

This establishes (10.5.9) when [A,,] > @ + 2. For smaller positive values
of [\ the product II; does not occur and II; > Ay, so (10.5.9) is true
generally.

10.6. Applications to L” and I” problems. In 6.7.1 we proved inciden-
tally that an entire function of exponential type, belonging to L? on the real
axis, approaches zero as | z | — . A simple deduction from 10.5.1 is the
following generalization of this fact.

10.6.1. Theorem.® If $(t) is a nonnegative unbounded nondecreasing function,
f(2) is a function regular and of exponential type in an angle | arg z | < &, 0 <
p < v, and

A
] — Om
-3

n

m

fvd’(lf(m-l-tl)dt

m

is bounded, 0 < x < o, then f(z) is bounded; if also
[ #Cise+ 01 a—o, z o o,
"

and ¢(t) > 0 for t > 0, then f(x) — 0.
We may suppose that a < 7/2, and then (by considering f(cz), if neces-
sary) that h(8) < acos 64 b |sin 6|, b < x. We have

[ i+ o) a

bounded, ¥ = min (» — g, 14), and hence f(\.) is bounded for some se-
quence {\,} such that |\, —n| < 2{ or f(\,) — O for a similar se-
quence. By 10.5.1, f(z) is bounded or approaches zero, respectively.

It follows, in particular, that 6.7.9 and 6.7.10 can be gencralized as
follows. .

10.6.2. Theorem. If f(2) is an entire function of exponential type, and if,
for some fized numbers p and v,

(10.6.3) f ' | 7{(r + 8)e®} | ds is bounded

for three values of 8, no two of which differ by as much as =; or #f (10.6.3)
holds for some twovalues 8, 0 + , and f(2) is of zero type; then f(2) is a constant.

In §6.7 we also proved that the convergence of f | f(x) |? dz, for an
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entire function f(2) of exponential type, implies the convergence of
o0
> oW P,

for a fairly general sequence {M\,}. The results of §10.5 suggest a converse
result in which, if f(2) is of sufficiently small type, the convergence of a
series implies the convergence of the corresponding integral. There are a
number of theorems of this kind; we shall establish one which corresponds
to 10.2.3 and illustrates one of the kinds of proof which can be used.

10.6.4. Theorem.? If f(2) s an entire function of exponential type, h(m/2) +
h(—=/2) = 2¢ < 2w, ¢(x) s an increasing convexr nonnegative function, and

2o o(| f(n) |) < o, then there is a positive number H (depending only on
¢ and ¢) such that

(106.5) [ o | @) |) dv < ,Z.,, o( | f(n) |).

In particular, for ¢(¢) = t*, p > 1, we have
10.6.6. Corollary.c If f(2) is an entire function of exponential type,

h(w/2) + h(—7/2) = 2¢ < 2,

and D22, | f(n) |° = M < w, then there is a function K(p, c) (depending
only on ¢ and p) such that

(10.6.7) j: " @) P dr < Kp, OM.

The function K(p, c¢) has the form K(c)” when p > 1. Cartwright’s
theorem (10.2.3) may be regarded as the limiting case p = . It can be
shown? that, when p > 1 and the hypothesis on A(8) is replaced by

lim M(r)e ™ = 0,
(10.6.7) still holds with some K(p).

It can also be shown’ that 10.6.4 remains true if ¢(f) is an increasing non-
negative continuous function such that ¢(0) = 0, ¢(©) = «, ¢(x)/x
decreases and ¢(zy) < ¢(x)d(y) (in particular, ¢(f) = 7,0 < p < 1), pro-
vided that we replace (10.6.5) by

[ a5 b dr < K 3 0 s D),

so that 10.6.6 remains true when 0 < p < 1.

In addition, 10.6.4 and the modification just stated remain true when {n}
is replaced by an increasing sequence {\.} satisfying the hypotheses of
(10.5.3) Ang1 — A =28 >0and |\, — n| < L).f
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There are similar theorems involving mean values,®

lim sup 27)" [ (1@ D, lim sup @2N)72 o1 S ).

T—c0
In proving 10.6.4 we may suppose that L(£ 7/2) = ¢ < m, since ef(2),
with a suitable real a, satisfies this and has the same modulus for real 2.
Since Y_ ¢{| f(n) | } converges, {f(n)} is bounded, and so we have the for-
mula (10.2.9),

fl@) = ; (6(;)—f( )) sin 8(z — n) sin 7z, 0<déd<mT—oc

Applying this to f(z + m), we have
fetm = 3 (=D7"f(n + m)

n=—o0 o (Z - n)?’

sin 86(z — n) sin 2.

If T denotes the square of side 1 with center at 0, and pn is the maximum
of | f(z + m) | on this square, we have

sin 8z sin mz 1 fln+m |
< | f(m) | max o +'§) wo([n] — 15)
z: |f(n + m) |bn = Z lf(n) I bnm ,

where b, are numbers independent of n such that D %% by converges. Let
1/H = 2.7 b. . Then because ¢(¢) is convex,

o(Hus) =¢>{H > |f<n>|b,._m} <H S buws| )],

n=—0oo n=—o

and hence

5 6 €1 3 b 3 o100 1) = 3 w10 ],
0 ) g
[Cotrise )< 5 [ olH|f+m)|)de

< Z ¢{max IIlf(:c—}—m)[}

M=-—00

< m; o(Hun) < O o( | f(n) |).

n=—=w0

The case of a more general {\,} can be handled in a similar way by for-
mula 10.5.12, where in the definition (10.5.10) of w(2) we take k so large that
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k> Cs + 2, and so that ). ¢(n™ ) converges if the alternative hypotheses
are imposed on ¢(¢). The resulting theorem reads as follows.

10.6.8.* Theorem. Let f(2) be an entire function of exponential type such
that h(w/2) + h(— w/2) < 2¢ < 2m. Let {\.} be a sequence of complex num-
bers, withho = 0, | A\s — 7| < L, | Mugm — A | > 26 > 0 (m = 0). Let B(x)
be a nondecreasing function such that |B(x + L) — B(x — L)| < b and
@G L <1)|B8x+ 1) — B — 18)| < b. Let ¢(x) be either (i) an in-
creasing convex nonnegative function or (ii) an increasing nonnegative con-
tinuous function such that $(0) = 0, ¢() = =, ¢(x)/x decreases,
and ¢(xy) < ¢@)d(). Then if 22w (| f(\a) | ) converges, there are num-
bers H and K, depending only on ¢, L, 6, b and ¢, such that

[ et is@ 1) ds@) < K X (150 13
in case (i), K < b;in case (ii), H > 1.
Another interesting special case results from taking ¢(z) = ¢”'”* for x
near 0:if X exp {— 1/|f(\.) | } converges, then

[ e t= /5@ 1) a
converges for some II.

10.7. Generalizations. The principal theorems of this chapter have had
the following general form (taking for simplicity the case when the func-
tion is regular in the right-hand half plane): if f(2) is of exponential type

ME 7/2) < m,

and the growth of f(z) is known on a sequence {\,} which is nearly the
sequence of positive integers, then the growth of f(z) is known along the
whole positive real axis. It is natural, especially after the refinements of
Carlson’s theorem given in Chapter 9, to ask how much the condition
h(% w/2) < = can be weakened (if some supplementary condition is added
to exclude functions like 2™ sin wz). The general situation is that even if
h(+£ 7/2) = =, the conclusion

(10.7.1) 1im_.sup [ A | Hlog | fON) | = R(0)

holds provided that an excess of log | f(Zy) | over = | y | , or a deficiency of
na(t) under ¢, is compensated for by a corresponding excess or deficiency
in the other quantity. Thus Theorem 10.3.1 allows na(t) — ¢ to be as small
as — o(f), but compensates for this by demanding that log |f(iy) | <
w|y|—e|ly|, e >0 More delicate possibilities are illustrated by the
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following statements: (10.7.1) holds if* either

Jlog [fGy) | <z lyl+e(y]) fl y e(y) dy < =,
(10.7.2) . .
[nx(t) — > 81, fl () = o, fl £ dt > —;
or

{loglf(iy)lsﬂyl—e(lyl), flwy'ze(y)dy=
(10.7.3)

[nk(t) —t > 80, fl ) £7(t) dt > — .

Other combinations of conditions producing the same general effect can
also be used. A similar result, which is interesting because it contains a
necessary and sufficient, condition, is

10.7.4.% Theorem.P Let {\.} be a sequence of complex numbers such that
n/A—0,arg N\, =0, and |\, — A | = |0 — m|8,8 > 0,n #= m. Then

lim sup | X [ log | SO\ | = A(0),

for all functions f(2) which are regular and of exponential type in x > 0 and
satisfy

1 +
(10.7.5) f log_1 /L I+f§/u) L ay < =,

if and only if D 1/| \. | diverges.
If {\.} satisfies the stronger separation condition
||>\n| - |xm|| 2 In'_ 7n|6,

the sufficiency part of this result follows from 7.2.6, which shows that
lim,—. 2" log | f(x) | exists if z is excluded from a set of finite logarithmic
length; the conclusion can then be deduced from Lemma 1.5.3. By 7.2.9,
(10.7.5) can be replaced by weaker conditions. The necessity part is es-
tablished by the second part of 9.3.8.

It would be interesting to find a similar necessary and sufficient con-
dition for f(A,) = 0(1) to imply f(z) = O(1).

In §§10.3 and 10.5 we compared the growth of f(z) with that of an ex-
ponential and a constant, respectively. Another question which arises
naturally is whether other rates of growth can be used. There are theorems
in this direction, but the existing results are rather fragmentary. When
IA\» — n| < L (or even when a somewhat more general condition is satis-
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fied), more general comparison functions can be used;® but it is naturally
‘to be expected that a more rapidly increasing comparison function can be
used also when | X\, — n | < €(n), where ¢(n) — « but e(r) = o(n). One
might expect (always assuming the spacing condition

[ A = An| 2 0|0 — m])
that | A, — n| < &(n) would imply
(10.7.6) lim sup e(\,) " log | f(\a) | = lim sup e(x) " log | f(x) |,

or at least that
(10.7.7) lim sup e(x) " log | f(x) | < w if lim sup e(\.) " log | f(\) | < .

The most that is known, however, is that? (10.7.7) holds if
| A — n| < e(n)/log {n/e(n)},

and e(z) satisfies a number of auxiliary conditions which keep its behavior
from being too irregular. The greater simplicity of the condition

[ A — | <L

in the Duffin-Schaeffer theorem is possible because this condition is invariant
under translation; on the other hand the greater simplicity of V. Bern-
stein’s theorem comes from the fact that it uses |\, — n| = o(n) instead
of using a specific ¢(n). In the same general direction it is also known thate
for the class of entire functions w(z) of genus zero, with zeros z, , for which
|w(@) | > 1 and 2°1/|S(2s) | < o, there exist a sequence {\,} and an
entire function ¥ (2) of exponential type ¢ such that, forevery entire function
f(2) of exponential type 7less thanc, | f(A\.) | < | w(A\,) | implies

| f@) | < Cl¥@)],

where C depends only on w, ¢ and .

Results of this kind are evidently related to the theorems of §9.8, where
the hypothesis on an entire function that f(\,) is small led to the conclusion
that f(z) = 0, i.e. to the strongest possible restriction on the growth of
the function.

Rather more can be said in the special case when the function in question
is entire and of zero exponential type. Here we know from the Duffin-
Schaeffer theorem (see 10.5.4) that boundedness on a set {\,} with

[M—n| <L

(and the usual spacing condition) makes the function a constant. We can
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say definitely that a more irregular sequence, but not every sequence of
unit density, will suffice: if |\s — n| < e(n) and f i t7%€(t) dt diverges,
there is an entire function of zero exponential type, not a constant, which
is bounded on {A.}; but if f ) % e(t) log {t/e(t)} dt converges, an entire

function of zero exponential type, bounded on {X,}, is necessarily constant.
Another way of generalizing 10.5.4 is to assume less about the rate of

growth of f(z) at the points {\,} and to obtain a weaker conclusion. For

example,® if f(z) is an entire function of exponential type zero, and if

lim sup | A\, | 7" log | f(As) |

is finite, where | A, — n| < n’, 0 < p < 1 (with the usual spacing con-
dition), then f(2) is actually at most of order p.

Throughout this chapter we have supposed that the points A, are subject
to a spacing condition which keeps them from being too close together.
Our results naturally do not hold unless some sort of spacing condition is
assumed,® but it is possible to let the points coalesce in groups, provided
that we assume something in the nature of “multiple boundedness.” For
example, we have

10.7.8.% Theorem.i If f(z) is regular and of exponential type in
x>0, (£ n/2) < kr, and

|f(7&)| < C’ !f’(n)‘ < C: Tt lf(k_l) (n)l < C) n = 172"" ’

then f(zx) ts bounded for x > 0.

Another line of generalization consists in letting the sequence {\,} spread
out; in the simplest case after that in which all the A, are close to onc line,
{\.} breaks into two sequences each of which is close to a different line.
We quote two theorems in this direction, the first of which is related to the
second somewhat as V. Bernstein’s theorem is related to the theorem of
Duffin and Schaeffer.

10.7.9.* Theorem.' Let [(2) be regular and of exponential type in

largz | < o, w < 7/2.
Let lim sup|z| " log|f(z2)| < 0 as 2 — = on two sequences {\.}, {un}
satisfying lim n/\, = N # 0, lim n/u, = p # 0,
—w<¢p=—argA<y=—argu < w,

and | A\ — Am| = cln —m|, |pn — m| 2 c|ln —m|, n # m.

Let g(z) = sin m\z sin wuz e™ "% Then if hy(+ w) < hy(F w), it follows
that h;(8) < hy(8) for | 6| < w.
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10.7.10.* Corollary.* If f(z) is an entire function of exponential type less
than that of sin wAz sin wuz, and ts bounded on sequences {4 \,}, {£ .}
satisfying the conditions of 10.7.9, f(2) is a constant.

10.7.11.* Theorem." If the sequences {A\.}, {ua} in 10.7.9 are of the form
n/X\, n/u, then f(2) s bounded for | argz | < w if it is bounded on {\.} and
{un} and satisfies the other hypot'.eses of 10.7.9.

There are also many theorems in which the behavior of f(z) is prescribed
on the lattice points in an angle (or in the whole plane), or on some other
set of more or less evenly distributed points.™

Finally, analogy with §9.10 suggests that we should consider theorems
in which the growth of a sequence T[f(A.)] or even T,[f(\,)], where 7" and
T. are appropriate operators, determines the growth of f(2). The introduc-
tion of operators T'[f] also introduces a new question, that of determining
the growth of T[f(x)] when the growth of f(x) is known. Results of this
kind will be discussed in the next chapter.

NoTes FOrR CHAPTER 10

10.1a. For other methods see V. Bernstein [1], Duffin and Schaeffer [3], Agmon
[1], Kjellberg [1], [2].

10.1b. Pélya [2].

10.1c. Pélya [2].

10.2a. Cartwright [6]. Other proofs have been given by Pfluger [1], A. J. Macintyre
[1], Boas [6], Korevaar [3]; still others are obtainable as special cases of the theorems
of §10.5 (references in note 10.5a). The proof of the text is that of Boas and Schaeffer
[1], who obtain the asymptotic order of K; S. Bernstein [12] obtains the constant
2/m. For trigonometric polynomials the result (with a change of variable) was ob-
tained for special sequences of points by Gronwall [1] and Grandjot [1]: if a trigono-
metri¢c polynomial of degree n is bounded by M at the points 2kx/(2n + 1), it is
bounded everywhere by K(n)M, where K(n) ~ 277! log n.

10.2b. For other interpolation formulas of a similar character sce later sections
of this chapter and also §11.4. For the general question of interpolation to entire
functions see especially Pfluger [4] and Noble [2], [3], and references given by these
authors. For functions of higher order there are results which have no counterpart
for functions of order 1; for example, an entire function of order 2 and type less than
7/2 is a constant if it is bounded at the lattice points m + in: Ganapathy Iyer [5],
Pfluger [1].

10.2¢. The proof given in the text is similar to one given by Korevaar [3]. The
theorem is still true in a curvilinear angle bounded by arg z = =+0(r) provided that
6(r) is continuous, /2 > a > 6(r) > 0 and lim inf r6(r) > 0, if we suppose that

|7(z) | < A exp {br sin (r)}

on the boundary.

10.2d. Duffin and Schaeffer [3], Agmon [1].

10.2e. The theorem is contained in work of Valiron [6]; it was later set as a problem
by Pélya and attracted considerable attention.
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10.2f. H. L. Selberg [1].

10.2g. Buck [7]; another simple proof is given by Korevaar |2].

10.2h. A. J. Macintyre [1], Ahiezer [5].

10.3a. V. Bernstein [1] proved this and similar theorems by using the theory
of Dirichlet series. The proof of the text originated with Levinson [2] and Pfluger [2].
For generalizations in various directions see Cartwright [10], Ganapathy Iyer [2]-[7],
[10]-[12], Junnila (1}, Levin [2], Pfluger [4], Noble [2], [3], and references given by
these authors.

10.3b. Fuchs [1].

10.3¢. Pfluger [2].

10.3d. This is a sharpened form, due to Levinson [4], of a theorem of Carlson (for
which see V. Bernstein [1]). For an alternative proof for real A, see Redheffer [1], [2].
Similar results are given by Mandelbrojt [2].

10.4a. V. Bernstein [2].

10.4b. Pélya [2], p. 593.

10.5a. The theorem was first proved by Duffin and Schaeffer [3]. The proof of the
text is essentially that of Levin [3]. See also Ahiezer [5]. The interpolation formula
used here and by Levin goes back to Valiron [6]. Another proof (of a more general
result) is given by Agmon [1]. It should be noted that Levinson [1] gave estimates
for (10.5.5) which would suffice to prove the theorem. See also Kjellberg [1], [2], Mac-
phail (1], S. Bernstein [12].

10.5b. I quote the best estimates (L.evin [3]) since they are useful, for example, in
formulating the uniqueness theorem suggested in §9.6: if Ao is one of the A, which
is closest to 0,

[¢@) | > 0Q) exp (x| y |} y/e? |25, lyl > L,
[¢(2) | < O(1) exp {x|y |} | 2%y |, lyl > L;
[ Q) | > CL, 8) (1 + | N )71,

10.6a. Boas [6].

10.6h. Boas [24].

10.6¢. Plancherel and Pélya [1], Boas [6].

10.6d. Plancherel and Pélya [1].

10.6e. Boas [24]; for ¢(t) = t», Plancherel and Pélya [1].

10.6f. Duffin and Schaeffer [4] for¢(f) = ¢2; Boas [24].

10.6g. Harvey [1].

10.7a. In (10.7.2) and (10.7.3) I have omitted some minor conditions which keep
the functions e and & from being too irregular. For details see Levinson [4] and Boas
[16].

10.7h. Levinson [3], [4]; Boas [16]. In the second reference Levinson inadvertently
omits the essential condition arg N, — 0.

10.7¢. Agmon [1].

10.7d. Boas [23] announced stronger results, but his proofs turned out to be in-
correct. One of the estimates on which the proofs depended has been shown by Red-
heffer [2] to be wrong, and the results stated in the text are all that can be proved
using the correct estimates. Details will appear in Boas [31].

10.7e. Ahiezer [7].

10.7f. Levinson [4]. An alternative approach to the sufficiency part is given by
Boas [31]. Levinson’s example for the necessity part occupies more than thirty pages;
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this at least suggests why no examples are known to show that most of the theorems
discussed here are best possible.

10.7g. Boas [31].

10.7h. Cf. Levinson [4], where the spacing is taken into account.

10.7i. Korevaar |3].

10.7j. Korevaar [3].

10.7k. Levinson |4], generalizing a result of Ganapathy Iyer.

10.71. Korevaar [3].

10.7m. See the references in note 10.3a.



CHAPTER 11
OPERATORS AND THEIR EXTREMAL PROPERTIES

11.1. Introduction. In Chapter 9 we had theorems which said that an
entire function of exponential type vanishes identically if it vanishes on a
certain sequence of points; in Chapter 10, we had theorems which said
more generally that the rate of growth of the function along a line is deter-
mined by its growth along a sequence of points on the line. Here we shall
ask a more general question: if g(z) is an entire function of exponential
type, thought of as obtained from the function f(z) by applying an oper-
ator L (e.g., g(z) = f'(2)), does the rate of growth of ¢(z) along a line follow
from that of f(z) on a sequence of points or (if not) from the growth of
f(2) along the whole line? That some limitation on L[f(2)] is deducible from
a restriction on f(2) is fairly clear for a wide class of operators, and the
chief interest lies in obtaining theorems which are quantitatively rather
than qualitatively exact. For example, it is clear from 6.2.4, combined with
Cauchy’s integral formula for f’(z), that if f(2) is an entire function of
exponential type which is bounded on the real axis, f’(2) is also bounded on
the real axis; but it is not at all clear that (as is in fact true: sec 11.1.2)
| f/(x) | < 7sup|f(z)]| when f(2) is of type 7. It is also clear that a bound
for f’(z) cannot follow from a bound for {f(nw/7}7-«, as the example
f(z) = sin 7z shows, but that a bound for f'(x) does follow from a bound
for {f(nw/(r + 8)}, § > 0, since a bound for the latter sequence implies a
bound for | f(z) | .

The oldest theorem dealing with bounds for an operator is S. Bernstein’s
theorem, originally proved for trigonometric polynomials:

11.1.1. Theorem. If f(z) = D tarn cxe™ is a trigonometric polynomial of
degree n, and M is the mazimum of | f(x) |, then | f'(x) | < Mn.

Equality in the conclusion of 11.1.1 is evidently possible, with f(z) # 0,
even in the class of trigonometric polynomials which are real for real z
(example: f(z) = sin (nz + a)).

Theorem 11.1.1 is a special case of the following theorem, which we shall
cite as “Bernstein’s theorem.”

11.1.2. Theorem.® If f(2) is an entire function of exponential type r and
| f(x) | £ M for all real z, then | f'(x) | < M.

This includes, for example, almost periodic exponential sums and more
generally all functions of the form

206
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(11.1.3) [(2) = f e da(t),
where a(?) is of bounded variation.

Since we can apply 11.1.2 to the successive derivatives of f(z), we also
have | f™(z) | < Mr"(n = 1,2, --- ). Consequently if D stands for d/dx
and L(D) is a polynomial in D, L(D) = i a:D", we have

| LDY@) | < M3 Lol o

this bound may, however, be improved in special cases. We may also con-
sider differential operators of infinite order with constant coefficients, and
the most general operators which we shall consider can be thought of, at
least heuristically, in this way.

Besides generalizing 11.1.2 by generalizing the operator which acts on
f(2), we can, in some circumstances, replace the hypothesis that | f(x) | < M
for all « by the hypothesis that | f(x) | < M on some sequence of points;
the interesting cases are naturally those in which we get a better inequality
than that resulting from applying §10.2 or 10.5 to obtain a bound for f(x)
as an intermediate step. In §11.7 we shall also generalize 11.1.2 by replacing
the hypothesis by |f(z) | < | w(z) | and the conclusion by | L[f(z)] | <
| Liw()] |.

11.2. A general method. A large number of inequalities can be obtained
by first considering functions (11.1.3)* and then proceeding to more general
functions by approximation. This leads in particular to simple proofs of
11.1.2 and of a number of related theorems.

Consider an operator L which carries

(11.2.1) ) = f_ ’ e da(t)
into
(11.2.2) LIS ()] = [:)\(t)e“‘ da(t);

if L is to be defined for all f(2) of the form (11.2.1) with «(¢) of bounded
variation, we need to require that A(¢) is continuousin —7 <t < 7; but
sometimes we shall consider only a subclass of functions (11.2.1) for which
a(t) is constant in intervals containing the discontinuities of A(f). We do
not try to characterize this class of operators by intrinsic properties, but
we note one important subclass, characterized by the following theorem.
11.2.3.* Theorem.® The class of operators L which are distributive, carry
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entire functions of erponential type t into enlire functions of exponential
type T, are permutable with differentiation, and have the continuity property

lim Lis\(2)] = LIj(2), &) = 2 ad,  sa(e) = ; a,

n—>o0

1s identical with the class of operators of the form

AD) = 2 AD" D = d/de,
n=0
with A(z) = Dm0 Aa2" regular in | 2| < 7.
Suppose that, for some real s, A(t)e”’ has an absolutely convergent Fourier
series on (—, 7),

00

(11.2.4) ADe™ = 22 cals)e™ ",
(11.2.5) Cs) =2 |eals) | < .
(A necessary condition for this is that | A(7) | = | A(—7) |.) Then we may

substitute (11.2.4) into (11.2.1) and integrate term by term, obtaining the
interpolation formula

0

(11.2.6) Lif(x)] = n—z—oo c(8)f(x — s + nw/7).
If
(11.2.7) ' 1) | < M, —o <z < @,

we then have
(11.2.8) | Lif(z)] | < MC(s).

If it happens that c.(s) > 0 we also have L[f(z)] > 0 whenever f(z) > 0
for all real x. We also have

(11.2.9) s1:p | LIf(s + kx/7)]| < C(s) sup | f(nr/7) |,

which asserts more than (11.2.8) but asserts it for fewer values of z. If
C(s) is a bounded function of s, (11.2.9) yields the stronger inequality

(11.2.10) | LUf@)] | < sup [ C(s) |-sup | flnx/7) |,

giving a bound for L[f(z)] in terms of the values of f(x) on the sequence
{nr/7} instead in terms of all the values of f(z). (A necessary condition
for C(s) to be bounded is that A(7) = A(—7) = 0.) In this case we may
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take s = z in (11.2.6) and obtain the interpolation formula

©0

(11.2.11) Lif@)] = X e@)f(nn/r).

n==—o

Furthermore, let ¢(t) be a continuous convex function. From (11.2.6)
we obtain

é fI L[ f(z)] 1} < 3 La@ sl & = s+ nr/r) |)

C(s) n=—co C(s) ’
and so
mzin [T b < [ 50 1y e
and
(11:2.13) lim sup o> [ : ¢{L§£,f(i;”)l] .'} & < lim sup o+ : ¢ {1 /@) |} dz.

In particular, we may take ¢(f) = ¢, p > 1, and obtain

[1nisen e < oy [ 16 17 de

It should be noted that (11.2.10) is not obtainable in general from §10.2
combined with (11.2.8), since the boundedness of {f(nx/7)} does not in
general imply that f(x) is bounded unless h/(&7/2) < 7, which means that
a(t) is constant in neighborhoods of 47 (6.9.5).

In any special case of (11.2.8) or (11.2.10) we should like to have an ex-
plicit value for the constant on the right. We also want to know whether the
constant is the best possible, i.e. whether the inequality becomes an equal-
ity for some f(z) which is not identically zero. The explicit calculation of
C(s) is easily done in special cases when the signs of the coefficients c,(s)
have sufficient regularity. For example, if (—1)"¢.(s) > 0, we have, by
(11.2.6) with z = s,

(11.2.14) L@ = 3 exls)f(nr/o).

n=—oo

If we take f(2) = cos 72, we have f(nr/7) = (—1)" and so

(11.2.15) C(s) = _Z_: | ca(8) | = L[cos 2r]|sms = {A(7)e™ — N(—7)e 7} /2.

Similarly, when c.(s) > 0 we have
C(s) = L[1] |sms = N(0).
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If (—1)"¢(s) > 0for n # 0 and co(s) > 0, we have

C(s) = L[2(zr)"" sin 2r — cos 27] |oms
=71 MOe® dt — (N)e* — A(—71)e *}/2.

However, we do not necessarily obtain the best possible inequality in
this way. We do if (—1)"¢c.(s) > 0 or if ¢.(s) > 0, since in both cases the
particular f(z) which enables us to evaluate C(s) takes its maximum abso-
lute value for real x at the points nw/7, so that (11.2.8) becomes an equal-
ity. On the other hand, in the third case mentioned the function

f(x) = 2(x7)"" sin zr — cos 7

does not take its maximum absolute value for x = nx/7, and we do not
obtain the best possible constant in (11.2.8). Nevertheless, in this case we
do have

LIf(8)] = C(s) sup | f(nw/7) |-

and so the constant in (11.2.10) is the smallest possible if C(s) happens to
be maximal for the value of s in question.

The apparently more general problem of deducing a bound for an operator
L from a given bound for another operator M can be reduced to the one we
are considering by regarding L[f] as obtained from M[f] by applying the
operator LM ™', which amounts to considering properties of the function
A()/u(t); note that the method may still work even when u(f) has zeros
(so that M~ is not always defined) if A(¢) has zeros at the same points; ef.
(11.4.15), (11.4.16), (11.4.17).

Further inequalities can be obtained from (11.2.6) or (11.2.11), under
other assumptions about f(z) and A(¢), by the use of Hélder’s inequality.

Before discussing the extension of the method to functions more general
than (11.2.1), we apply it to the proof of Theorem 11.1.2 (Bernstein’s
theorem on f’(z)).

11.3. Bounds for derivatives. We prove 11.1.2, thus obtaining inciden-
tally a simple proof of 11.1.1.2

For a function of the form (11.2.1) we have

@) = [ ite™ dalt),

and

k
it —ixt/(27) = 4 —2 & (—1) kwit/r

e k-..go(2k—+1—)2 3 "‘TStST.
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Hence in this case (11.2.6) becomes

I - e < 2k + 1 )
(113.1)  f'(@) = 4rr k;ﬁ (m—ﬁ_,f + 55 )
and, either by taking the value of D (2n + 1)™* as known or by taking
f(z) = sin 7z and using (11.3.1) for x = 0, we find
(11.3.2) [f@)| <7 sup | f(z) |,

—0r<0

with equality possible.
We have therefore proved 11.1.1 (by taking » = n and «(t) a step-func-
tion with jumps at the integers); we have actually proved more, since for

any fixed z we have obtained
2
f (x + __].‘f\..—*._!" ) .
2n

To extend (11.3.2) to an entire function f(z) of exponential type r which
is merely bounded on the real axis, consider the functions

95(2) = f(2)(62) " sin 8z.

We have gs(2) of type 7 + 4, | gs(x) | < M for real z, and gs(x) belonging
to L’ on the real axis. Hen(c (Paley-Wiener theorem) g;(z) has the form
(11.2.1) with 7 + § in place of 7, and so satisfies (11.3.2) with = + & in place
of 7,ie. | gs(x) | < (v + 8)M. Since gi(z) — f'(2) as 5 — 0, 11.1.2 follows.
Similarly, by using (11.2.12) and (11.2.13) we obtain
11.3.3. Theorem.® If f(z) is an entire function of exponential type , and
(1) is a continuous convex function,

[etr@imae < [ ot ) e

[f()] <7 max
0<k<2n

and

lim sup (27)"" f 811 7@ |/} do < lim sup 21)" [ " (@) |} dz.

T—o —T
In particular, for p > 1
[ @ P <[ 1@,

and if f(2) has period 2w (and so is a trigonometric polynomial)

[1s@ras<e [ 1@
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We also obtain a simple proof of a special case of 6.2.13 by using Bern-
stein’s theorem: if f(2) is an entire function of zero exponential type, and
is bounded for real x, then f’(x) = 0 by 11.1.2.

We note the following analogue of Bernstein’s theorem which follows
from 6.2.8. .

11.3.4.* Theorem. If f(2) is regular and of exponential type for x > O then
lim, e f'(x) = 0 4f lim, .« f(x) exists.

The method suggested at the end of §11.2 leads to inequalities of a dif-
ferent sort. For example,

11.3.5.* Theorem. If f(z) is an entire function of exponential type v and be-
longs to L’ on the real axts then

F@F<E 5 | /) I

Some generalizations of another kind are given in the next two sectious.
A still different generalization which requires much deeper methods is

11.3.6.* Theorem.c Let E be a closed set on the real axis such that, for some
positive numbers A and a, every interval of length A intersects K in a set of
measure at least a. Then at almost all points x of K there is a number g(x) with
the property that if f(z) is an entire function of exponential type v such that
1f@) | < LinE, | /@) | < rq(a).

It is also possible to sharpen Bernstein’s theorem by imposing additional
restrictions on the function.

11.3.7. Theoremd If f(z) is an entire function of exponential type T which
18 bounded and monotonic on the real axis, then

(11.3.8) |f(@)| < = sup | f(2) |,
and equality is attained for the function
(11.3.9) 1) = [ % sin® (rt/2) at
0
Suppose, for definiteness, that f(z) is nondecreasing. We know from 11.1.2
that f'(z) is bounded, and then from 7.5.1 that there is an entire function
g(2) of exponential type 7/2 such that f'(z) = |g(x) |* for real x. Since

f'(x) > 0 and f(z) is bounded, f’(x) is integrable and therefore g(x) belongs
to L’ on (— «, »). By the Paley-Wiener theorem (6.8.1), we have

7/2 i
0@ = [ awea,
—7/2

where G(t) belongs to L* and
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/2 L] ©
[ rewra=ceo | 9@ [*dz = @m)” [ @) s

/2

= @2m) 7 [f(w) — f(— )]
Thus Schwarz’s inequality yields

7/2 /2 2
eot2mp /@] 2 [ 160 Faz { [ a0 dt}

—1/2
=7 {g(0)}* = 71(0),

with equality if f(0) = —f(— ») and G(¢) is constant. Since f(z + )
(o real) satisfies the same conditions as f(2), we may replace f'(0) by f’ (o).
We have therefore established (11.3.8). Equality occurs when G(¢) is con-
stant, g(z) = A sin rz/2, and f'(x) = A® sin’® (rz/2); the choice (11.3.9)
for f(z) makes f(o) = —f(— ).

There are also inequalities for f'(2) in which the hypothesis that f(x) is
an entire function is replaced by something weaker.®

11.4. Inequalities involving the maximum of | f(z) |. We suppose in this

section that f(z) has the form f e da(t) with a(t) of bounded variation.

In most of the examples the extension to more general functions presents
no difficulty, and can be made as in §11.3; see §11.6 for further discussion
of the extension problem. We shall consider only inequalities for

sup | L[f(z)] |;

inequalities involving integrals or mean values can be obtained as indicated
in §11.2 or illustrated in §11.3.

As a first illustration consider the problem of obtaining a bound for
f(x + 8) — f(x — 8). From Bernstein’s theorem we have

|flx +8) — flx — 8) | < 20sup |f'(2)| < 273 sup | f(z) |,

and we also have the trivial inequality | f(z + 8) — f(x — 8) | < 2sup | f(z)|.
To apply the method of §11.2, take A(t) = —2 sin &, and calculate the
Fourier coefficients of A(¢)e*’. When 2s = =/, these are

_ 2(—1)"s cos 67

B (O =Ty I

If 0 < 26 < w/r, we have (—1)"c, > 0; hence if we take f(z) = cos zr
and 2z = x/r we have equality in (11.2.8), so that we have at the same time
the explicit value 2 sin 87 for the constant C(s) in (11.2.8) and a function
for which equality is attained. Since our inequality is easily extended to the
general case by the method of §11.3, we have proved the following theorem.

Cn
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11.4.1. Theorem.» If f(2) is an entire function of exponential type T,
bounded on the real axis, then

(1142) |fx+8) — fx — 8| L 2sindr-sup |f(x) ], 0 <2 <=/7.

The constant in (11.4.2) cannot be improved. Letting 8 — 0 we have
Bernstein’s theorem 11.1.2 again.

Next we consider some more complicated generalizations of Bernstein’s
theorem which involve derivatives explicitly.

11.4.3. Theorem. For any real numbers w and pu,

(11.4.4) | 7sin p-f(z) + (sin o — sin p)f’(x) + cosw-f'(z) | < rsup | f(z) |.

Here
j) = —if sgn { ' da(t)

is the integral conjugate to f(z), defined by analogy with the conjugate of a
trigonometric polynomial; f(z) is not defined in general if «(t) is discontin-
uous at ¢ = 0, but f'(2) is, since

7@ = [ 1] ¢ dal).

The inequality (11.4.4) is (11.2.8) with
NE) = 7sinw + (sinw — sin p) | L] + 2@ cos w;

when s7 = w — /2, the Fourier (oeﬂulenta of A({)e™" are

c.(s) = ZTS‘—E' 1)1:7)2 {(=1)" + sin p} {(—1)" — sin w},

and so (—1)"ca(s) > 0. We get interesting special cases by choosing u = w,
when (11.4.4) becomes

(11.4.5) | f'(x) cos w + 7f(x) sinw| < 7sup | f(@) |;
or p = w/2, when it becomes

(11.4.6) | re(f) + f'(x) cos w + f'(z) sinw | < 7sup | f(z) |,

where
(1147) o) = [ @ = (el dato),

the first-order arithmetic mean of the ‘“‘partial integrals” of f(z). If f(2) is
real for real z, we get, by choosing « appropriately,
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(11.4.8)® {1F@ P+ 21 @) P} < 7sup | () |
and
(1149 e |+ {1/ P+ |F@) [} < rsup | f(z)].

The fact that (11.4.4) is a significant generalization of Bernstein’s
theorem is most clearly seen from (11.4.8) and (11.4.9). If f(z) is real for
real z, the first of these shows that not only is | f'(z) | < 7 sup | f(z) |, but
| f(z) | is large only when | f’(2) | is correspondingly small (as is qualita-
tively clear). Inequality (11.4.9) shows in particular that | 7/(z) | has the
same upper bound as |f'(xz) |, which is especially interesting because
| f(z) | does not have the same upper bound as | f(x) | (for trigonometric
polynomials of degree n the best bound for |f(z)| is asymptotically
27" log n-sup | f(x) | ). Tt is well known from the theory of Fourier series
that, for trigonometric polynomials, | ¢(f) | < sup | f(z) | (¢(f) being just
one of the (C, 1) means of the partial sums of the Fourier series for f(x)).

If we choose p = 0, w = 7 + 7/2, we have D | c.(z) | < o for all z,
and so

(11.410) | J'(2) cos vz — f'(x) sinra | < 7 sup | f(nx/7) |,
—0g ng®

— o <z< ™
In particular, then, although we naturally cannot assert that
|/'() | < 7 sup |f(nx/7) |,
(cf. f(z) = sin 72), we can assert thatd
(11.4.11) [f'((n + 28)w/7) | < 7sup | f(nw/7) |;

this also follows dircctly from (11.3.1), or from (11.5.12).
If p = 7/2, ca(s) is zero for odd » and so c.(s) = 0. Thus we have, if
f(x) > O for real z,

(11.4.12) ro(f(z)) + sin w-f'(z) 4 cos w-f'(z) > 0.

Choosing w appropriately, we obtain
11.4.13. Theorem.c If f(x) > O for all real x, then

(F@ P+ 7@ " < of@).

This is again a sharpening of Bernstein’s theorem (for the special case of a
nonnegative function), not only because o(f) < sup f(x) but because it is
an inequality between functional values instead of between maxima. It can
be still further sharpened, for example as follows. If we replace A(f) by
AE) — co(s)e™™, and ca(s) > 0, the coefficients c,(s) for the new A(f) are
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still nonnegative, and (11.4.12) is replaced by
r0(f(x)) — co(8)f(x — 8) + sin w-F'(z) + cos w-f'(x) > O.

We have p = /2, s7 = w — 7/2, and ¢(s) = 27/(w — =/2)". Taking
@ = 0 and 7, we obtain

ro(f(x)) — 87 f(x £ x/(27)) £ f'(x) > 0,
so that for a nonnegative f(x),
|f'(z) | £ ro(f(x)) — 877 “min {f(z + =/(27)), flx — x/(27))}.

Another group of results with exact constants can be found by applying
the following lemma.

11.4.14. Lemma. If A() is even, and convex or concave on (—r, 1),
(—1)%.(0) = (—=1)"cs > 0 or < 0, respectively, for n # 0; and if N'(¢) s
bounded, Y | cn| converges.

We have, for n #= 0,

TC, = é _[ TN dt = f A(®) cos nwt/T di
T 0

= —r(nm)” f N () sin nat/r di.
0

Since A(0) = 0 and A'(¢) increases when A(t) is convex, in this case —c.
has the sign that sin nxt/7 has in a left-hand neighborhood of r, namely
the sign of (—1)"*"; when A(f) is concave, —\(¢) is convex. If N () is
bounded, a further integration by parts shows that Y |c,| < =.
Hence! if A(¢) is convex and satisfies the other hypotheses of (11.4.14) and

TC = f A@) dt > 0,
0

we have
| LIf(x)] | < \(7) sup | f(z) |;

the constant is best possible. In fact, if A(¢) is convex we have (—1)"¢c, > 0
for all n and hence equality in (11.2.6) for f(z2) = cos 72, s = 0,z = 0, so
that C(0) = (7).

As an example, consider A(¢!) = sin at/sin bt, b > a. A function is convex
if its logarithm is convex, and the second derivative of log A(f) is b” esc® bt
—a’® csc’ at, which is positive if bt < 7. Hence if 0 < a < b < «/7, A\(f) is
convex. Now f(z + b) — f(z — b) is the operator corresponding to A(f) =
2 sin bt, so if we start from this function instead of from f(z) itself, we obtains
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sin ar

[fle+a) — flz —a)| <

(11.4.15) sin brs‘jplf(“""b) — fl@—b) |,

0<a<b<w/,

first for finite Fourier transforms and then by approximation (as in §11.3)
for all entire functions of exponential type for which the right-hand side
is finite. Letting @ — 0 (which corresponds to considering A(f) =
(t/2) csc bt), we obtain®

(11.4.16) 2|f'(x)| € resebresup | flx + b)) — fz = b)|, 0 < b < w/7;

and if then b = 7/(27), we have Bernstein’s theorem 11.1.2 again. Taking
the same value of b in (11.4.15) leads to (11.4.2) again.
Similarly, sec &t is convex if 0 < 8¢ < /2, s0

(11.4.17) 2|f(x)| < secdr-sup|f(x + 8) + flz — 8) |, 0 <& < x/(27).

These inequalities can be further sharpened by replacing A(t) by M) — ¢o
since this leaves A(f) convex and makes ¢y = 0, so that we still have
(=%, = 0.

As an example of the concave case of 11.4.14, consider \(f) = ¢ ~!sin at.
This is concave in (0, 7) provided 0 < a < ¢/, where ¢ (about 2.08 < 27/3)
is the smallest positive root of 2 — * = 2t cot t. We obtain the inequality
(which should be compared with (11.4.16))

|fx+a) — flz—a)| £ 7{28i(ar) — sinar}sup | f'(x) |, 0<a<c/r.

The constant is presumably not the best possible, although it is less than

the trivial constant 2a.
As another example, we can seek a bound for the conjugate of a trigo-
nometric polynomiali, or more generally for the conjugate of an integral

of the form

f ¢ da0),
1|t <7

by taking N(t) = —isgn tfor|¢| > 1,\(t) = —idtfor|t| <1.The resulting
inequality will be asymptotically correct as the degree of the trigonometric

polynomial becomes infinite.
Still further examples can be obtained as follows.
11.4.18.* Theorem.i If \(t) is even, and increasing and concave on (0, 1),

then
| L@ < {2r‘ [ M0 - 2x(0)} sup | f(z) |

There is equality for f(z) = 2(rz) ' sin 7z — 1.
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Here we have ¢, < 0 forn # 0, ¢, > 0.

There are other operators which cannot be handled by the method used
here; an example is the operator which corresponds to A(f) = (i), and so
is defined in general only if «(f) in (11.2.1) is constant in a neighborhood of
0. Here, in fact, the “correct’”” theorem is not really one about entire func-
tions at all, since for either periodic or almost periodic functions, the
integral (with vanishing mean value) has a bound which depends on the
smallest, rather than on the largest, Fourier exponent. Thusk for a trigo-
nometric series without constant term, and a fortiori for such a trigono-
metric polynomial, the maximum of the integral does not exceed

(/2) sup | f(z) |.

However, the extremal function is not an entire function, and there re-
mains the question of whether an improved constant can be found for en-
tire functions. For trigonometric polynomials, the best bound has been
determined.!

11.5. Inequalities involving sup | f(n7/7) | . We give some illustrations of
the case in which (11.2.9) can be applied to give inequalities of the form
(11.2.10), in which L[f] is estimated in terms of the maximum of | f(z) |
over the sequence {nr/r}. Since this maximum may be finite even when
f(x) is unbounded, our method is not well adapted to obtaining results
which require as little as possible about the growth of f(x), but it is useful
for suggesting the right form for the inequalities. We require the function
At)e™ to have an absolutely convergent Fourier series for all real s, and so
in particular A(7) = A(—7) = 0. In the first place, if A(¢) satisfies suitable
conditions for the absolute convergence of its Fourier series (for instance
if it is piccewise convex or concave, possibly with corners but without
cusps), except that the condition A(7) = A(—7) = 0 is not satisfied, we can
extend A(t) (for instance, linearly) to (—7 — 8, 7 + 8), & > 0, so that it
vanishes at 4 (7 4 §). We can then consider f(z) as being of the form

T+0 .
(115.1) f e da)

with a(t) constant outside (—r, 7); the operator defined by using the ex-
tended A(?) coincides with the original operator for f(z) (though naturally
not for all functions (11.5.1) with unrestricted «(t)). We thus have an inter-
polation formula

L]

Lif@] = 2 P @f(nr/(r 4 9)),

ne=—o0

(11.5.2)
1 T el 18
ST B ,° te=n @) dt,

P (z) =
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and an inequality
(11.5.3) | LIf@)] | < _2:) | (@) | sup | f(nr/(r + 8)) |-

As an example, take A(f) = 1 on (—, 7); extending this function linearly
leads to an absolutely convergent interpolation formula® which is the same
as the formula obtained otherwise in (10.2.9). Extending \(¢) = 1t similarly
leads to nobetter an estimate for f'(x) intermsof | f(nx/(+ + 8) | thanwould
follow from estimating | f(z) | by (10.2.3) and then applying 11.1.2.

As an illustration of the original case where A(f) has an absolutely con-
vergent Fourier series on (— 7, 7) and A(7) = AN(—7) = 0, considerthe opera-
tor corresponding to A({) = 2 cos xt/(27). We have

() = (TDmeos s
(st — nm)? — w2/4
and C(s) = D | ea(s) | £ C(0). Since (—1)""c,.(0) > 0(n = 0), c(0) > 0,
we have equality in (11.2.10) for f(2) = 2(72)™" sin 7z — cos rzand z = 0.
Hence we have the “interference theorem:’’®

11.5.4. Theorem. If f(z) is an entire function of exponential type which is

bounded on the real axis,

(115.5) | f(z + =/(27)) + fx — =/(27)) | < (8/7) sup | f(nw/7) |,

and the constant cannot be improved.

Compare (11.4.17), which goes in the opposite direction.

The interest of 11.5.4 comes from the fact that in general nothing can
be inferred about | f(z) | for a single x from the boundedness of {f(nx/7)}.
We shall show below that 11.5.4 remains true even when f(x) is assumed to
be bounded only on the sequence {nw/r}, being required otherwise only
tobeo(|z|)as|z|— oo.

Next consider the function A(¢)
tial operator I + D*. We obtaine

(11.5.6) | 7f(z) + f"(z) | < A(7) sup | f(nr/7) |,

7 — ', corresponding to the differen-

with an explicit but complicated (and not best possible) A(r); and there
is a similar result for the operator P(D) whenever the polynomial P(x)
vanishes at = % 7.

Inequalities (11.5.5), (11.5.6), and some similar ones involving only the
values of f(x) at the points of an arithmetic progression, can be generalized
to entire functions of exponential type which need not even be bounded on
the real axis, but are bounded at {nr/7} and satisfy a weaker growth con-
dition on the whole real axis. The method of §11.3 cannot be used here,
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since it involves approximation by functions of type greater than 7, about
which the sequence {nw/7} gives insufficient information. From our present
point of view, a natural way to proceed is as follows. The Fourier series of
e over (—r, 1) has coefficients

ea(2) = (—1)*(rz2 — nx) ' sin r2.
If

(11.5.7) 1(2) = f_ " eta(l) dt,

izt

and ¢(t) is integrable, we can replace ¢’ by its Fourier series, integrate

term by term, and obtain

(11.5.8) #(z) = sin rz Z (=1)"f(nx/7)

—c0 T2 — Nnmw

(the “cardinal series’), the series <,~onverging uniformly in any bounded
set in the z-plane. If f(z) = 0(z%), a < 14, 2 ' {f(2) — f(0)} belongs to L’
on the real axis and so has the form (].1. .7); hence

f(2) — f(0) = rzsinrz 2 ° (—l) {flnx/7) — f(0)}

2520 (7'2 — nm)nr

+ f(0) sin 7.
f {f(nw/7)} is bounded, the series on the right may be broken into two
series, and

(=n* 1 _ 1
wonw(re — nr)  rezsintz %2’

so that

sin 72 ¥ orzsinrz 3 (=1)"f(nr/7)

= nw(rz — nw)

(11.5.9)  f(2) — f'(0) sin 7z = f(0)

By subtracting more and more terms of the Maclaurin series of f(z) we
could obtain similar series when | f(z) | grows at most as rapidly as a power
of | z | on the real axis.

Actually (11.5.9) holds for functions of still more rapid growth on the
real axis, provided that {f(nw/7)} is bounded, and we may see this in-
dependently of our derivation of (11.5.9), once its form has been discovered.
Let f(x) = o(| x| ) for real z. The scries on the right of (11.5.9) converges,
if {f(nw/7)} is bounded, to an entire function g(z) of exponential type r,
which is O(e™') for z = 1y, takes the values f(nx/7) at the points {nr/r},
and is O( | 2| ) for 2 = 2. The left-hand side of (11.5.9) is an entire func-
tion of exponential type which is o(z) for real z, and consequently by
6.2.4 and 1.4.4is0( | y | €'") for z = 1y. By a Phragmén-Lindeléf argument,
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both g(z) and f(z) — f'(0) sin 7z are O(re”) as r — . By 9.4.2, applied to
the difference of these two functions,

f(z) — f/(0) sin 7z = ¢z sin 7z 4+ g(2)

for some constant c. Since everything except the term cz sin 7z is
o( |y |e™) for z = 4y, c must be zero.

We have therefore proved

11.5.10. Theorem. If f(2) is an entire function of exponential type  which
is o( | 2| ) on the real axis and has {f(nw/7)} bounded, f(z) has the repre-
sentation

(= 1)"Cn/7)

sin 72 .
+ rzsinrz 3~ L LI
T2 w20 nw(rz — nr)

(11.5.11)  f(z) = f(0) sin 7z + f(0)

There is a corresponding (more complicated) result when f(z) = O( | z %)
kE>1.

We can now prove 11.5.4 when f(z) = o( |z |) and {f(nx/7)} is bounded
by expressing the left-hand side of (11.5.5) by (11.5.11) and estimating
the resulting series; and a similar proof can be given when the left-hand
side is replaced by other operators of similar character. To show that the
left-hand side is still bounded when f(x) = o( |z |*), we observe that the
right-hand side of (11.5.11) is an entire function g(z) of exponential type 7
which is o( | z | ). By an application of 9.4.2, g(z) differs from f(z) at most
by a function of the form (az + b) sin 7z, for which the expression in ques-
tion is indeed bounded. To establish (11.5.6) under the same hypotheses on
f(z), we observe that (11.5.10) can be differentiated (after division by
sin 72) to give formulas expressing the derivatives of f(z) in terms of f(z)
and {f(nw/7)}. Thus
(115.12) f'(2) = —rsin 7z > (_—1—)—1(7“'-—/7) + 7f(2) cot 72,

ne—o (12 — nw)?
and for 7f(z) + f”(x) we obtain the formula leading to (11.5.6). From
(11.5.12) we can obtain (11.4.11) (under less restrictive hypotheses on f(2)).

The following theorem generalizes these results.

11.5.13.* Theorem. If f(z) is an entire function of exponential type  which
is o( | z |*) on the real axis, if sup | f(nw/7) | is finite, and if

AZ) = 2o A2"
ne=0

is regular for |z| < 1, then N(D)f(z) = 20 Mf™(2) is bounded

for real z if N(Er) = N(—ir) = 0, but not necessarily bounded if this con-
dition 1s not satisfied.
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11.5.14.* Corollary." Under the hypotheses of 11.5.13 on f(2), the transform
[ G+ 0 dotw), with [ \do(t) | finite for some o >, is bounded for

real z if f e dp(t) = 0, but not necessarily if this hypothesis isnot satisfied.

11.6. Extension of operators. The inequalities of §11.4 which involve
only f(z) and its derivatives are readily extended to functions more general
than those of the form

(11.6.1) f_ et da(l)

by the methods used in §§11.3 and 11.5. In order to extend the others it is
necessary first to have transforms like /() and o(f(z)) defined for entire
functions of exponential type which are, for example, bounded on the real
axis without being of the form (11.6.1). We could, if L[f] is defined for f(2)
of the form (11.6.1) by

(11.6.2) ’ Lif(2)] = f_ ADe™ da(l),

and ¢“'\(¢) has a Fourier series which is absolutely convergent cither for
one s or for all s, simply define L[f(z)] for a more general function f(z) by
(11.2.6) or (11.2.9):

0

(11.6.3) LIf(2)] = Z; en(8)f(z — s + nw/7)
or
(11.6.4) L@ = ,i en(2)f(n /7).

This would make the extension of the inequalities trivial, but would make
it difficult to verify, for some operators which have a natural intrinsic defini-
tion, that the extended operator coincides with the original one outside
the class of functions (11.6.1); examples are the operators considered in
11.2.3. We shall show, for a class of operators which includes all the special
ones which have been used as illustrations, that an extension can be made
by continuity from functions (11.6.1) to all entire functions of exponential
type which are bounded on the real axis, in such a way that (11.6.3) is
preserved. Thus all the inequalities of §11.4 remain valid for this wider
class of functions. The problem of extending an operator so that (11.6.4)
will still hold, in cases when f(z) is not necessarily bounded for real z, is
more difficult and we shall not go beyond what was done in §11.5.

We shall require that the operator L is defined for functions (11.6.1) by
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(11.6.2) with A() absolutely continuous and \'(¢) in L*; this covers most
of the cases of interest.® If f(2) has the form (11.6.1), we may write it in the
form

f&) = f(0) + f_ ¢t dp(D),
where 8(1) = a(t) — f(0) sgnt — a(— 1), and B(—r) = B(r) = 0; we have
L@ = FOMO + [ 2@e ds.
We may write

f@ — f(0) = —iz fr e 'B(¢) dt,

—T

L[f(2)] = f(O)A(0) — [ ' BDe™ N (¢) dt — iz f_ ' B()e \(¢) dt.

On the other hand, if f(2) is an entire function of exponential type which is
bounded on the real axis, we have

(11.6.5) 1) = £(0) + 2 f (D) dt, S(Del 2
This leads us to define the operator L when N (¢) e I.> by writing f(z) in the
form (11.6.5) and putting

(11.66)  LIf)] = M0)f(0) — f_ " HON Qe dt + 2 f_ " S(ONDE™ dt.

The operator L is then defined for all f(z) of the class under consideration,
and it agrees with the original definition for functions (11.6.1). Moreover,
L has the following continuity property. If f,(z) are entire functions of
exponential type, uniformly bounded on the real axis, such that f.(z) — f(2)
uniformly in each bounded region, then L[f.(z)] — L[f(2)] uniformly in each
bounded region. To prove this, let f,(2) have the representation (11.6.5)
with corresponding functions ¢,(¢). Our conclusion follows from (11.6.6)
provided we show that

(11.6.7) f_ | ¢(t) — ¢al®) |* dt — 0.

Now ¢(t) — ¢a(t) is the inverse Fourier transform of 27 {f(z) — f.(2)},
and so (11.6.7) is a consequence of

f_: 27| f(x) — falz) |* dz — 0,

which follows from our hypothesis on {f,}.
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It remains to show that L also has the representation (11.6.3). To do
this, construct a sequence {¢.(¢)} such that ¢',(¢) is continuous, ¢.(£7) = 0,
and (11.6.7) holds. Then f(2) = limyx f2(2), Where

) = £0) + 2 [ e¥eu) dt
= SO + [ o) d (= ie™)

= f(0) — 1 f e™'¢ (1) dt.
Thus f,(2) has the form (11.6.1), and consequently L[f.(2)] has both the
representations (11.6.6) and (11.6.3). Now (11.6.7) shows that L[f.(2)]
— L[f(2)], where L[f(2)] is defined by (11.6.6). Let g(z) denote the sum of
the series in (11.6.3), so that

g(z) = k;i;a c(8) flx — s + kw/71),

where we are assuming that > | cx(s) | < . (This follows from our hy-
pothesis on A(f) provided that A(r)e™ = A(—7)e ™™, since then A(¢)e™,
extended with period 27, will be absolutely continuous and have its de-
rivative in L?; in this case D | ne.(s) |* converges and by Cauchy’s in-
equality D | c.(s) | < «.) Then we can write

e

LIf,] —g(@) = k?__, c(8) {fulz — 8 + kw/7) — flx — s + kn/7)},

and if we show that this approaches zero, it follows that L[f(x)] has the rep-
resentation (11.6.3). Now

[LIfl = 9@ | < | 2 el {fale — s+ kn/7) — f(x — s + kx/n)}]|

k=—N

+ IklZ>:N | cx(s) | | fulz — s + kx/7) |
+ |Ic|z>:1v | ci(8) | I flz — s+ kw/7) |

=8+ 8 +S;.

We have S; — 0 with a fixed N; and S; is arbitrarily small, independently
of n, if N is large (since f(z) is bounded). Finally,

S: < |k§N K| e(s) |° IZN K% falz — s + kx/7)|%

k>

The first sum on the right is small when N is large, so that we have only
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to show that the second sum is bounded, uniformly in n, with a fixed z
and s. We have

Jale — s + kn/7) — f(O) [T axttr icz—oye
x — s+ kn/r - f_ e e (0) dt,

Ll

fale — s + kn/7) — ', f’ 2
x — 8+ kr/r - L, L&) I dt;
by (11.6.7) this is bounded, and the conclusion follows.
We therefore have the following theorem.
11.6.8. Theorem. If \(t) is absolutely continuous, N'(t) ¢ L*, and \(z)e™
= N(—17)e™™, the operator L defined on functions of the form

f2) = [ ¢ dat)

k=—a

by
LIf(2)] = f_ ADe™* da(l)

can be extended to all entire functions f(2) of exponential type which are
bounded on the real axis so that

oo

Lif(2)] = kZ () f(x — s + kn/7),

a(s) = (20) f IO

Moreover, if ga.(2) — g(2) uniformly in every bounded region, and g.(z) are
uniformly bounded on the real axis, Llg,] — Llg] uniformly in every bounded
region.

This thcorem allows us to extend f/(z) (though not f(2) itself), o(f), and
the operators described in 11.2.3.

11.7. A class of operators.* The method described in the preceding sec-
tions does not work particularly well for proving inequalities of the form
“I1f@)| < |w(x)| implies | L[f(z)] | < | Llw(z)] |.” In order to obtain
satisfactory results we introduce a new class of operators, whose definition
involves the class P (7.8.2): an entire function w(z) belongs to P if it is of
exponential type, has no zeros for y < 0, and satisfies one of the (equiva-
lent) conditions h(—a) > h(a) forsomea, 0 < a < 7, or |w(z) | > | w(?) |
fory < 0.

11.7.1. Definition. An additive homogeneous operator B[f(z)] which carries
entire functions of exponential type into entire functions of exponential type
and leaves the class P invariant is called a B-operator.
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From the results on the class P established in §7.8 we can easily derive a
general inequality for B-operators.

11.7.2. Theorem. If f(z) is an entire function of exponential type 7, B is a
B-operator, and w(2) is an entire function of class P and of order 1, type
g > 1, then

(11.7.3) [f@) | < [w@) ],  —o <z < o,
tmplies
(11.7.4) | Blf@) | < | Blw(2)] |, — o <z < o,

By 7.8.6, (11.7.3) implies that f(z) — uw(z) belongs to P for |u| > 1.
Since B leaves the class P invariant, B[f] — u B[] belongs to P for | u | > 1,
and by the other half of 7.8.6, (11.7.4) follows.

The interest of 11.7.2 comes from the fact that B-opcrators include dif-
ferentiation and other operators of simple form. The relevance of class P
is shown by the fact that (11.7.3) does not imply (11.7.4) for all f(z) of
exponential type unless w(z) or &(2) belongs to P> (see 11.7.8).

11.7.5. Theorem. Differentiation is a B-operator. More generally, the
operator L defined by

Lif@) = & Dle™f(@)] = ['(2) — B/(z) = (D — BDSf(2)

is a B-operator if F(B) L 0.
We want to show that L[w(2)] is in P if w(2) is in P. In the first place, the
representation 7.8.3 for w(z) shows that

' _ - — (y — by)

(11.7.6) Flw (2)/w(2)} = v + Ic;l @ = a0t + (g = b’
where z, = ar + b, by > 0, are the zeros of w(z), and v > 0. The right-
hand side is positive when y < 0 unless there are no z; and » = 0 (a trivial
case), and since 3(8) < 0, the imaginary part of {'(2) — Bw(2)}/w(2) is
also not zero. Hence w’(z) — Bw(z) has no zeros in the lower half plane.

Let kh(6), () be the indicators of the functions w(2), «’(2) — Bw(2),
respectively. We have to show that hi(— a) > hi(a) for some o,0 < a < 7.
Suppose first that h(— 6) > h(6) for 0 < 8 < x. The proof depends on the
fact that, while the indicator of the derivative does not exceed the indicator
of the function (5.4.13), the maximum value of the indicator is the type,
which is not changed by differentiation (2.4.1). Hence the indicators of a
function and its derivative must have the same value at at least one point
where their common maximum is assumed. By assumption, the maximum
of h(6) is attained in — = < § < 0. The indicator diagram of e ™w(z) is
that of w(2) translated by g8, and since §(8) < 0, the indicator hs(8) of
¢ % w(z) also attains its maximum in — r < 6 < 0, at some point 6, where
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the indicator of {e ®w(2)}’ has the same value. Let £(6) be the indicator of
—B2
¢ "’; then

hg(GO) = h(ao) + It(an) > hg(— 0()) = h(—' 00) + ]\(— 00)

Now hs(6h) is equal to the valuc at 60 of the indicator of {¢ *w(z)}’; multi-
plication of this function by ¢” subtracts k(8) from its indicator; hence
hi(60) = h(6o) > hi(— 6o).

Suppose on the other hand that h(— 6) = h(6) for some 6. Then if
p > 0, e”w(z) belongs to P, and if its indicator is h,(8) we have

hp(— 6) > hy(0), 0<6<m

Consequently Lle™” w(2)] belongs to P. Letting p — 0, we have Llw(2)] in
P because the limit of a sequence of functions of P’ is in P, as we remarked
in §7.8.

Since the product of two B operators is a B-operator, we have the fol-
lowing corollary.

11.7.7. Corollary. If Q(2) is a polynomzal all of whose roots are in the lower
half plane, Q(D) is a B-operalor.

For the proof, factor Q(z) into linear factors and apply 11.7.5.

We now prove that, at least for the operator of differentiation, the pres-
ence of the class P in 11.7.2 is essential.

11.7.8. Theorem. Let w(z) be an entire function of order | and type o such
that neither w(z) nor &(z) belongs to I’. Then there is an entire function f(2) of
exponential type v < o suchthat | f(x) | < | w(@) | for — = < ax < « while,
for some real w, |f'(x0)| > | (20)] .

If neither w(z) nor @(z) belongs to P, then either (i) w(z) has zeros in
both the upper and lower half planes, or (ii) w(z) has a zero in y > 0, none
iny <0,and h(— @) < h(a) for 0 < a < = (or correspondingly with upper
and lower half planes interchanged).

In case (i) take xo so that w(xy) ¥ 0 and ' (29) # 0, supposing for definite-
ness that S{w(xo)/w (x0)} < 0. Let @ be a zero of w(z) in y > 0, and put

1) = Z—:—Z w(z).

Then f(2) is an entire function of the same type as w(z), and | f(z) | = | w() |
for all real x. On the other hand,

1@ | =|w'<x)||z""(”s( et

') T \z — a

Since w(x)/w’(xo) has a negative (or zero) imaginary part, the real part of

% 529 (zo ‘]—7)
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is not negative and the factor multiplying ’(x) exceeds 1 when z = .
Hence 11.7.8 is proved in case (i).

In case (ii) put f(z) = €*w(z), where 6 is to be chosen later. Then
| f(@) ]| = |o(z) ] and R{f'(@)/f(x)} = R{o'(x)/w(z)}. Moreover, since
w(2) has no zeros in y < 0, but does not belong to P, it has the representa-
tion 7.8.3 except that — » = J(c) < 0; hence, as in (11.7.6),

(11.7.9) 3wwmm:-w+2

(& — ak)l b’

where ax + bz, bi > 0, are the zeros of w(z). Take § = v; then

W70 S = o

Since the sum in (11.7.9) and (11.7.10) is positive,

3 @/I@ > [ 3" @)/w@)} |,

and so | f'(z) | > | o'(2) |, since R{f'()/f(x)} = R{o'(x)/w(z)}.
By 7.7.2 we have (cf. 7.7.6)

ho(8) = 2vsin 6 + ho(— 6),
and we have chosen 8 so that
hi(0) = h,(0) — 2vsin 6 = h,(— 6).

Consequently r = max h;(6) = ¢ = max h,(9).
We now identify a substantial class of B-operators.
11.7.11. Theorem. If F(2) = D _mmo ci2* and F(2) is of class D, then

o

(11.7.12) F(D) = kz()) cD¥, D = d/dz,
18 a B-operator.

Theorem 11.7.5 is included because F(2) = z — Bisin P.

The applicability of operators (11.7.12) to entire functions of exponential
type is settled by the following theorem.

11.7.13. Theorem.? If F(z) is an entire function, F(D) carries every entire
Sfunction of exponeniial type into an entire function of the same exrponential
type.

The converse is also true:

11.7.14.* Theorem.® If F(z) is a function, regular at 0, such that F(D)
carries every entire function of exponential type into an entire function of the
same exponential type, F(2) is entire.
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To prove 11.7.13, we represent the given entire function of exponential
type 7 in the form

M=mem

where C is the circle | z| = 7 4+ ¢ ¢ > 0. Then

1@ = [ whesw) du,
| fP@) | < 2n(r + el M= mnax | ¢(w) |,
and the series D ro ¢f* (2) is dominated by |
(11.7.15) k:zo 2 | e | (r + &)+l

and so converges uniformly in every bounded set if F(2) is entire. Hence
it represents an entire function. Moreover,

L]

FOE = 3 af @) = 3 o [ wtesw) dw

k=0 k=0

f v {i ckw"} o(w) dw
o] k=0

- f ¢ F(w)o(w) dw,

the rearrangement being justified by the convergence of the dominant
(11.7.15). Since e can be arbitrarily small, the last expression shows that
F(D)f(z) is of exponential type .

To complete the proof of 11.7.11 we have to show that the operator
F(D) leaves the class P invariant. For this it is enough to construct a
sequence P,(2) of polynomials such that, for every w(z) in P, P.(D)w(z)
belongs to P and converges to F(D)w(z), uniformly in every bounded set.
The property of convergence is possessed by

P.(z) = c°+kz::1(1 - %)(1 — ?_%>(1 _ kzl)c,,z".

For, if w(z) = f e”’¢(w) dw, where C surrounds the conjugate indicator
[+

diagram of w(2),

Pu(D)o(z) = fc P, (w)d(w) duw,
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and the conclusion follows if P,(w) — F(w), uniformly in every bounded

set. Now
2 _ _ 1 o _ k—1 x
& {1 (1 ﬁ) (1 T)} o2
Z" 1 E—1 P
t k=p+1 (1 B ﬁ) . <1 B n )Ckz

| Pa(w) — F(w) | <

k=p+1
Ld 1 k k - k
Sl —=(1—==) (1 == |+22 |a
k=2 n P+l
= S1+Sz.

If z is confined to a given bounded set, we can make S, small by taking p
large, because Y nwo | ¢& | 2" is entire, and then we can make S; small by
taking n large with a fixed p.

It is therefore enough to show that the operator P,(D) transforms func-
tions w(z) of P into functions of I>. Now by 11.7.7, Q(D) is a B-opcrator if
Q(2) is a polynomial with all its roots in the lower half plane. Consequently
it is enough to show that all the roots of P,(z) are in the lower half plane.
The fact that P,(z) — F(z) and F(2) has all its zceros in the lower half plane
is of course not conclusive. However, there do exist polynomials

m

Qn(z) = Zak,mzk
=0
such that @.(z) — F(z) uniformly in every bounded set, as m — «, so

that ax,n. — ¢ as m — «, and such that @,.(2) has all its zcros in the lower
“half plane. To construct them, write F(2) in the form

F(z) = cz"e*” 1;11 (1 — 2/A) exp {2R(1/A0)},

where 3(\;) > 0 and §(a) > 0. Given a bounded region G and ¢ > 0
choose an integer p such that

P
F(z) — cz"e” "II 1 —=2z/N\) | < ¢/2
=1
in G, where

b=at ; R(/N).
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Now replace ¢” by the polynomial (1 + bz/n)", and consider
P
Qm(z) = c2"(1 + bz/n)" ;,H (1 — 2/M);
=1

we can make | Qn(z2) — F(2) | < e by choosing n sufficiently large. Since
() > 0 and F(\x) > 0, all the roots of Qu(z) are in the lower half plane.
Now Qn(D)z" = Q..»(2) is a polynomial; and all its zeros are in the upper
half plane because z" belongs to P and Qn(D) is, as we have just seen, a
B-operator, so that Q. (z) belongs to P. Then

2" Qun(1/2) = Gom + @1mz 4 -+ +nln — 1) - (n — k + Dagme"
+ M + n! an.mz"

has all its roots in the lower half plane. If we write z/n for z and let m — o,
with n fixed, this approaches P,(z), so P.(2) has all its roots in the lower
half plane also.

Since ¢ " = lim (1 — ¢z*/n)", a limit of polynomials with real zeros
when ¢ > 0, ¢ °* is also a B-operator. Hence we have

11.7.16. Corollary. If F(z) is of class P and ¢ > 0, ¢ *”* F(D) is a B-
operator.

We cannot go any farther by the same method, since® a limit of poly-
nomials all of whose zeros are in the lower half plane is necessarily of the
form e " F(z) with F in P.
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CHAPTER 12

APPLICATIONS

12.1. Introduction. In this chapter we shall give some applications of
entire functions of exponential type. In most cases we shall prove one or
two typical theorems and refer to the literature for more detailed exposi-
tions.

12.2. Asymptotic behavior of a mean value. Our first example is an os-
tensibly purely ‘“real variable” theorem which has apparently not been
treated by real variable methods.

Let 0 < a < b; if f(f) is integrable and nonnegative, and does not vanish
almost everywhere in a neighborhood of b, we have

b 1/n
lim { f £1(0) dt} - b;
indeed,if 0 < e < b — a,
b b b b
®—o [ sous[ eroas< [ eoas<s [ wa
b—e —€ a a
and taking nth roots we obtain
b 1/n b 1/n
b — ¢ < lim inf {f t"f () dt} < lim sup {f () dt} < b.

If f(£) is no longer required to be nonnegative, one is led to conjecture that

f,. b t"f(t) dt

1/n

= D.

(12.2.1) lim sup

n—rw

To prove this, set
b
F(z) =f e*'f (1) di;

then by 6.9.1, F(z) is of order 1 and type b (and not of smaller type). On
the other hand,

7@ | = | [ s al

and if the lim sup in (12.2.1) is ¢ < b, we have by (2.2.12) that F(z) is of
exponential type c¢. Hence ¢ < b is impossible.
As a corollary we have the following theorem on moments: If f(f) s

233
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integrable over (a, b), 0 < a < b, and if for some § > 0 and every ¢ > 0,
b
[ 10 at = ota + 9™,

then f(t) = 0 almost everywhere in (a, b).

12.3. A theorem on convolutions. Our next example is another ‘real
variable”’ theorem.®

12.3.1. Theorem. Let f(x) and g(z) belong to L(0, ¢) and let

M@=[%mu—om=o

for almost all z in (0, ¢). Then f(x) = 0 almost everywhere in (0, a) and
g(xz) = 0 almost everywhere in (0, b), where a + b > c.

Define f(x) and g(z) to be 0 outside (0, ¢), and suppose that f(x) = 0
almost everywhere in (0, @) and g(z) = 0 almost everywhere in (0, b), but
not in longer intervals starting at O (where a or b or both may be 0). Then
h(z) = 0for z < c and for x > 2¢. Let F, G, I be the Fourier transforms
of f, g, h; they are entire functions of exponential type. By 6.9.4 the in-
dicator diagrams of I, G, H are segments of the imaginary axis, namely
(ta, ic;), (ib, ic;), and a subset of (ic, 2ic), where ¢; < ¢ (j = 1, 2). On the
other hand, by 7.6.6 the indicator diagram of II is the sum of those of
F and G, i.e. the segment (i(a + b), i(c1 + ¢2)). In particular, then,a + b > c.

12.4. Completeness of sets of functions.* One of the most important
applications of functions of exponential type is to the problem of the com-
pleteness of a set of functions of the form {f(\.x)}, where f(x) is a regular
function of exponential type in an angle or in the whole plane. The usual
terminology is as follows.® The set {f.}T is complete with respect to the
class F(a, b), or simply complete F(a, b), if

b
(12.4.1) f Fu(@)g(@) dz = 0, n=12"",

and g(z)eF(a, b) imply that g(z) = O almost everywhere on (a, b). If
F = L”,1 < p < «, the appropriate class for the functions f.(z) is L”',
p’ = p/(p — 1), and then completeness is equivalent to closure in L”,
i.e. the property that every element of " can be approximated arbitrarily
closely in the L”" metric by finite linear combinations of the f.(z).

When f.(x) = f(\2), f(2) is of exponential type, and (12.4.1) holds, we
may introduce the function

(124.2) @ = [ 109 i,

which will also be of exponential type and will have zeros at the points
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A, . If there are enough X\, to make ¢(z) vanish identically when g(t)eF (a, b),
and if

(12.4.3) f " Heg(0) di = 0

implies ¢g(f) = 0 almost everywhere, the set {f(A\,r)] will be complete
F(a, b). We illustrate the method with a few of the many examples to
which it has been applied.

12.4.4. Theorem.c The set {7}, 0 < A\ < Ag < - - - , ts complete L on
any finite interval (a, b), a > 0,4f > 1/\, diverges.

Completeness I implies completeness L? for 1 < p < .

Here

b
@) = [ &g

and we have ¢(2) of exponential type in 2 > 0, continuous on the boundary,
and bounded on the imaginary axis. It follows that ¢(2) = 0 if X 1/A,
diverges, by 9.3.8. Hence in particular

b
o(n) = f {"g(t) dt = 0, n=0,127---.

By §12.2, this implies that g(f) = 0 almost everywhere.
12.4.5. Theoremd The set {¢™},0 < A\ < Ag < - + -, 48 complete L
on the interval (— b, b) (or on any interval of length 2b) if b < = and

lim inf n/\, > 1.

Here

8@ = [ e90) a,

. b
| o(iy) | < € f_b lg(0) | dt,

and we can apply Theorem 9.3.4 to ¢(7z/b) with ¢(y) = 0(1), 6(x) = ¢ > 0,
and conclude that ¢(2) = 0, and hence g(t) = 0 almost everywhere by the
uniqueness theorem for Fourier transforms. Theorem 9.3.4 shows more
generally that lim inf n/A, > 1 can be generalized to A(t) > t + &(2),

where A(t) is the number of A, less than ¢ and f t26(t)dt = + o« ; the
1
extension of Theorem 9.3.4 suggested on page 155 shows that it is even

sufficient to have f () dt = + .
1
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The existence of a density for {\,} is by no means necessary for the com-
pleteness of {¢™*}, as the following result shows.

12.4.6. Theorem. The set {e™},0 < A < A\p < - - -, is complete L on
the interval (— b, b) if b < 7 and {\,} has maximum density at least 1.

As in proving 12.4.5, consider

o(2) = [b e*'g(0) dt.

Then ¢(z) vanishes identically by an application of Theorem 9.7.1 with
k = b

Our final completeness theorem deals with an interval of length 2= and
includes the completeness of {e""}n__ .

12.4.7. Theorem. If A(x) denotes the number of N\, with |\, | < z, the set
{e™*)=, is complete L7, 1 < p < o, on (— m, ), if

(12.48) [eawa> -2 ligr -5,
1

with a constant B.
Here we have

o(2) = f* e () dt, g()el”.

We shall show that

(12.4.9) ly |77 | p@@ + dy) [ ™ — 0, ly|— e,

and then it follows from Theorem 9.6.11 that ¢(z) = 0 if ¢(2) has zeros at
points A\, satisfying (12.4.8). We have

o+ i) | < [ g0 |

.<_fo e"'g,(t) dt, grel”.

We give the detailed argument only for p > 1; the case p = 1 is simpler.
Given a positive ¢, choose § so that

f 5g1(t) dt < €

Then
| ¢+ ) | <
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b \Up [ pr-i (-D/p . =1/
{f {gl(t)}:r dt f eplyltl(p—l) dt} + € /. 61:!1/]!/(1:—1) dt}
’ } 0 3
Le

=yl l y I—(p-'l)lp{Ae—alvl + e}’

with some constant A. Since e can be arbitrarily small, (12.4.9) follows

12.6. Fourier series. The completeness theorems of §12.4 for sequences
{ e"""} can be reformulated as theorems about Fourier series with gaps. For
example,

12.5.1. Theorem.» Let f(x) be integrable on (— =, 7) and let its Fourier
coefficients of negative index vanish except for a sequence of minimum density
d. If f(z) vanishes almost everywhere on an interval of length greater than 2nd,
it vanishes almost everywhere on (—m, ).

The hypothesis implies that

[:f(x)e‘“’ dr =0

for a sequence of integers A, of maximum density 1 — d. By 12.4.6 (with a
change of variable) f(z) vanishes almost everywhere.
The source of thecorems like 12.5.1 is the fact that

(125.2) e = @ [0

are the values for z = n of an entire function of exponential type, and this
fact can be exploited in various ways. As another example, we have

12.5.3. Theorem. If f(x) is real and integrable on (0, =), if its Fourier
cosine coefficients a. and a.,1 have the same sign for all n in a sequence of
mazxtmum density greater than 1 — 8/, and if f(x) = 0 almost everywhere in
0 < z <4, then f(x) = 0 almost everywhere in (0, ).

Write

@, /2 = ‘/0‘ f(t) cos nt dt (—1)"_( flr — t) cos ntdt

(—1)"[0‘_6f(1r — {) cos nt dL.
Now put
g(z) = ‘/od‘a f(@ — t) cos 2t di.
Then ¢(z) is of exponential type = — 8, is bounded on the real axis, and has

a zero between n and n + 1 if a, and a,,1 have the same sign. Hence by
9.7.1, g(z) = 0, so all the a, vanish and f(z) = 0 almost everywhere.
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Similarly one can prove

12.5.4*. Theorem.” If f(x) is real and integrable on (0, m), if its Fourier
cosine coefficients a, and a.41 have the same sign for all n in a sequence of
density greater than 1 — 8/, and if f(z) coincides almost everywhere with a
regular function in 0 < x < 8, then f(z) coincides almost cverywhere with a
regular function in0 < z < .

Here we use 10.3.1 to show that a, = O(e ‘") for some positive e.

In a similar way one can use the formula for the partial sums of a Fourier
series to interpret them as the values for z = n of an entire function, and so
connect properties of the function and of its sequence of partial sums. As
an illustration we prove the following theorem.

12.5.5. Theorem.c Let f(t) be a real even function of period 2w such that
f'(¢) is absolutely continuous in a neighborhood of 0, 7 (&)/t is integrable
and f”(0) = 0. If the partial sums s.(t) of the Fourier series of f(t) satisfy
8.(0) > £(0) for all n, f(t) is a constant.

We have

[T sm(n-l—-/)t
w(0) = J0) = = [ 470 — o)) " 2L

SO

(=171 — 5@ =« [ 1T 2SO o 04 g

= f é(u) cos (n + 18)u du,
0
say. Then let
F(z) = f o(u) cos (z + 28)u du,
o

so that F(z) is an entire function of expouential type m, real for real 2, and
even around z = —14. Forn = 0, 1, 2, -, (= D"F(n) > 0 and so
F(z) vanishes at least once between n and n + 1 (inclusive). Hence F(2)
vanishes at least once between —n—2 and —n— 1. The function zF(z) thus
vanishes at least once in every interval (n, n + 1), and hence will vanish
identically, by 9.6.1, if it is uniformly o(r~'¢™"). If we establish this, it fol-
lows that ¢(u) = O almost everywhere and so f(t) is constant. Now it is
easy to show that ¢(r —) = ¢'(x—) = 0, and that ¢”(u) is integrable in
(A, ) for some A\, 0 < A < . Then we have

A T
F(z) = fo ¢(u) cos (z + YB)udu + fx é(u) cos (z + Y9)u du;
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the first integral is O(¢""). If the second integral is integrated by parts twice,
the integrated terms contribute O(¢"") and the rest is

-+ )7 _/; ¢"(u) cos (z + Y)u du.

If € > 0, choose § > 0 so thatf |¢”(u) | du < e; then
r—38

™8
./;

the first term is 0(¢" ") and so F(z) = o(r %", as required.

12.6. Power series on the circle of convergence. Functions of exponential
type furnish a powerful tool for discussing a power series on its circle of
convergence or a Dirichlet series on the boundary of its half plane of con-
vergence. The connection is most
casily seen for power series. Let

f) = é cn2"

< + eeﬂ-(r+1/2) .

4

fx 3" (u) cos (z + Y)u du

. . . . Ci
have the unit circle as its circle of ©*

convergence and suppose that f(2) is
regular on an arc of length 26 cen-
tered at —1. If we write the inte-
gral expressing ¢, in terms of f(z),
using the contour indicated in the figure, where C; is an arc of |z ]| =

r < 1,and Ceisan arc of |2| = B > 1, we have
T—d R
27!'0" = f(reio)r—'ne—mo do — ’Lf f(tei(r—b))t—n—le—in(f_‘;) dt
'— w48 ,
R . ]
(12.6.1) + Zf f(wt<~r+a))t—n—1e—.,.(a-—s) dt

x+8 . .
+ f SRR do.

If we replace n on the right by a complex variable z, the first integral is an
entire function of exponential type = — 8 + log (1/r), the second and third
are entire functions of exponential type with the type not exceeding
7 — & + log (1/r) in the right-hand half plane, and the fourth is O(R™)
as ¢ — + . In other words, we have represented ¢, in the form

(12.6.2) ¢ = F(n) + ga, n=2012" .-,
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where F(z) is of exponential type # — & + log (1/r) in the right-hand half
plane and g, = O(R™"). This holds also for n < 0 if we interpret ¢, as 0
forn < 0.

Now suppose that ¢, = 0 for certain values of n; then F(n) = O(R™")
for these values of n. According to V. Bernstein’s theorem (10.3.1), if these
values of n have a density D such that =D exceeds the type of F(z) for the
right-hand half plane, it follows that F(n) = O(R™") for every =, hence
¢, = O(R™™) for every n, and this contradicts the assumption that f(z)
has | z| = 1 as its circle of convergence. Since we can make the type of
F(2) for the right-hand half plane arbitrarily close to = — & by taking r
close to 1, and since we can rotate any arc of regularity so that it is centered
at —1, without changing | ¢, |, we have proved the following theorem.

12.6.3. Theorem. If f(2) = D w0 Ca2" has ¢, = O for a sequence of den-
sity D, every arc of the circle of convergence whose central angle ex-
ceeds 2n(1 — D) contains a singular point of f(z).

If D = 1 this says that the circle of convergence is a natural boundary.
We may also express the hypothesis about the density of the coefficients
by saying that the nonvanishing ¢, have maximum density 1—D, which
amounts to disregarding the vanishing of some of the c, .

If f(2) is not regular on an arc of the unit circle, but is continuous, or
even dominated by an integrable function, in a sector of the unit circle,
we still can write (12.6.1) with B = 1. In this case, g. in (12.6.2) has the
form

w+5 L
(12.6.4) gn = f e do,

and the size of g, is determined by the boundary behavior required of f(z).
In particular, if f(¢?) is merely integrable, (12.6.4) are the Fourier co-
efficients of an integrable function and so g, — 0. Hence F(n;) — 0 for
any sequence {n;} such that c,, = 0. By the Duffin-Schaeffer theorem
10.5.1, if |mp — k/D| < L,and § > (1 — D), F(x) —» 0asz — =, s0
F(n) — 0 for every n, and so ¢, — 0. We have proved the following theorem.

12.6.5. Theorem.> If f(z) = D w0 Cx2" has ¢, = O for a sequence {m}
(of density D) such that | nx — k/D| < L, and c. does not tend to O, then
f(z) cannot be dominated by an integrable function in any sector, of central
angle exeeding 2x(1 — D), of its circle of convergence; in particular, f(2)
cannot be bounded in such a sector.

Nothing of interest results from putting D = 1 in 12.6.5, but the follow-
ing theorem may be regarded as a limiting case, and is perhaps more
interesting than 12.6.5 itself.

12.6.6. Theorem.c If f(z) = D om ~-2" has the unit circle as its circle of
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convergence, if f(z) is dominated by an integrable function in some sector, and
if there are only a finite number of different c, , then f(2) is a rational function.

Here {c,} is certainly bounded, g, — 0, and so F(2) is an entire function
of exponential type less than = which is bounded for all n (positive or
negative), hence (10.2.1) is bounded for real x, and hence (6.2.4) satisfies
| F(x + 1) | < Ae’™!, b < w. Therefore, for any sequence of real numbers
un , the functions F(z — u,) are bounded in any bounded region and so
form a normal family.

Leta,, - - - ,anbethevaluesof ¢,,|ar — ai| > a >0,k = L. If risa
positive integer there are integers p = p(r), ¢ = ¢(r), p > ¢ = 0, such that
Gpir = Agyk, 0 < k < r;in other words, there is some sequence of length r
that occurs twice. Fither a,x = a,4x for all positive k, in which case the
sequence f{a,} is periodic from some point on, and f(2) is rational; or there
is an integer B > rsuchthatap,ie = 6444 ,0 <k < R — 1, @pirn 5 Ggyr -
Assume that the second case holds for arbitrarily large r, and let

9:2) =F@z+p+R)—F(z+ ¢+ R)

(where p, ¢, R are functions of r). Then {g.(z)} is a normal family and con-
tains a subsequence which tends to an entire function g(z) satisfying

(12.6.7) | g(z + 1y) | < 24, b < .
Now R — « when r — «, so by (12.6.2)
gr(n) = Qniptr — Aniqrr + 0(1),
for each fixed n; it follows that
(12.6.8) |90) | = | apsr — @g4r| > a >0,
(12.6.9) gin) = 0, n=—1,-2 ---.

This is impossible since by Carlson’s theorem (9.2.1), (12.6.7) and (12.6.9)
imply g(z) = 0. This excludes the second case and establishes the theorem.

Another type of theorem on singular points is obtained by supposing,
not that ¢, = 0 for a sequence of values of n, but that the sequence {c,}
is real and changes sign at enough values of n. Taking the simplest case,
suppose that f(z) is regular on an arc of |z| = 1 around the point —1,
and that (—=1)"%, > 0, n = 0, 1, 2, --- . Then from (12.6.2) we have
(—=1)"F(n) > O(R™), and so between n and n + 1 there is a point A,
where F(\,) = O(R™"). Since F(z) is of exponential type less than 7 in
the right-hand half plane, this implies by V. Bernstein’s theorem (10.3.1)
that F(z) = O(R™™), so ¢, = O(R™"), and f(2) is regular in a circle larger
than | 2| = 1. Finally, f(— 2) has a power series with nonnegative co-
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efficients, and so we have given a rather complicated proof of the following
elementary theorem.

12.6.10. Theoremt If f(z) = D _neo Ca2" has the unit circle as its circle of
convergence and all c, > 0 then f(z) has a singular point at z = 1.

There are much simpler proofs of 12.6.10, but our proof actually estab-
lishes much more. In the first place, we need F(\,) = O(R™") only for a
sequence of density 1, which means that in 12.6.10 we need only assume
that ¢, and cn.+1 have the same sign for a sequence of unit density, or in
other words that the integers n at which a change in sign occurs in {c.}
have zero density.

Next, we may extend 12.6.10 by requiring fewer changes of sign and
inferring merely that there is a singular point near z = 1.

12.6.11. Theorem.s If f(2) = D w=0 Ca2" has the unit circle as its circle of
convergence, the ¢, are real and the integers at which no change of sign occurs
in {c,} have density D, then f(2) has a singular point in thearc | 8| < x(1 — D)
of the unit circle.

Theorem 12.6.11 illustrates the principle that a power series with suf-
ficiently few changes of sign in its sequence of coefficients has its behavior
on the circle of convergence determined by its behavior on a sufficiently
large arc around the positive real point of the circle: the special case 12.6.10,
for example, says that if there are no changes of sign and f(z) is regular at
the positive real point on a circle, it is regular on the whole circle (which
consequently is not actually the circle of convergence). There are corre-
sponding theorems for other types of behavior, for example

12.6.12. Theorem.t If f(2) = D_a=0 Cx2" has the unit circle as its circle of
convergence, all ¢, > 0, and f(z) has boundary values belonging to L’ on an
arc of |z| = 1 around z = 1, then f(z) has boundary values belonging to L?
on the whole circle.

In the same way as in our previous theorems, we could show that the
same conclusion follows if the integers n, at which no change of sign occurs
satisfy | n — k/D | < L and the boundary values belong to L’ on an arc
|6] < &y« > x(1 — D).

To prove 12.6.12, we again use (12.6.2) with £ = 1, so that ¢, =
F(n) + g¢., with g, given by (12.6.4). Then D lg.? < ». As in
proving 12.6.10, we find that whenever ¢, and ¢, 1 have the same sign, there
is a A, in (n, n + 1) such that F(A,) = O(g.), so that D | F(\,) | < .

Hence by 10.68, [ | F() ['de < =, and by 6.7.15, X| F(m) [* < .

2 inf - 2 . . .
Hence Y | ¢, |° < @, 80 D 70 cae'™ is an L* Fourier series and provides
the required L* boundary values for f(z).
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12.7. Dirichlet series.* The theorems of §12.6 have analogues for the class
of Dirichlet series with separated exponents,

12.7.1) f2) = Z; a6 ™, Mm T oAy — A >8>0,

The problems are now harder since ¢, is not so simply expressible in terms
of f(z) as it was for power series.

Suppose that (12.7.1) converges for z > 0 but not for z < 0, and that
f(2) is regular in the interval — B < y < Bof 2 = 0, and hence for z >
—a,|y| < B. Let

H(w) = [_ " f2)e” da, w=1u+ i

This integral converges at least for < 0, and we can deform the line of
integration into the segment (—a, —a + ¢B) and the line

(—a + iB, » + iB).
This gives, for b > 0,

—a+1iB b+iB
Hw) = [ @b+ [ g de
©+4iB w0
+ f e {Z cne_x"'} dz;
b4iB n=1

and since the series (12.7.1) converges absolutely for x > 0, because of the
condition A1 — As > & > 0, we have

(12.7.2)

—a+ib b+iB
Hw) = [ f(2)e** dz + [ i f(2)e’" dz

o (w—N\p)(b+1B)

(12.7.3)
Cn€

n=1 w — )\,.

Here the series converges uniformly in any bounded region which is at a
positive distance from all the A\, , and so H(w) is regular in the whole plane
except for poles at w = \,. If F(z) = [T (1 — 2°/A2), G(w) = H(w)F(w)
is an entire function such that

(12.7.4) G(\a) = —caF'(\n).

We now have ¢.F’(\,) expressed by means of an entire function. Our
first requirement is an estimate for the growth of G(z).

Suppose that {\.} has density D and B > #D. Then if w = re'’, 0 <
¥y < 7"/ 2,

(12.7.5) | H@w) | < 0@ ") + 0(mee" "2 win7),
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since
(w—An) (b+iB)
e c,.e"’ i ¢ < i | Cp [ exp (—b)n) ebrcou-y—Br sin v
am1 W= A\ ~ A b sin v

If the c, are real, H(w) is real for real w and (12.7.5) holds also forw = re”";
and in any case we can obtain (12.7.5) by reflecting the path of integration

in (12.7.2) in the real axis, since this does not change H(w). Hence
(1276) | G(w) l = O{er(-a cos y+xD sin y+e) + er(b cos y—B sin y+xD siny+e) } .

We have B > =D and so if we take ¢ small, and choose vy so small that
tan vy < a/(xD) and then b so small that b/(B — 7D) < tan v, we have both
exponents negative in (12.7.6), and hence

(12.7.7) lG(re*'.'Y) l — O(G—Grcos 1).

Again, by (12.7.3) H(w) is of exponential type in the plane with neighbor-
hoods of the A\, excluded, and so G(w) is of exponential type. By 5.1.2,
(12.7.7) implies that G(z) = O(¢**), x — . Therefore, by the estimate
(10.3.9) for F’'(\,), c¢» = Ofexp (—d&\,/2)}, which makes (12.7.1) con-
verge for x > —§/2, contradicting the assumption that = 0 is the abscissa
of convergence. Hence we have proved:

12.7.8. Theorem. If

f(Z) = Zl Cne-)‘”z; An T ©, An-*-l — M >0 > 0,

with the series converging for x > 0 but not for x < 0, and {\.} has density
D, then the interval (—iB, iB) of the imaginary axis contains at least one
singular point of f(2) +f B > =D.

12.8. Gap theorems for entire functions.* The theorems of §12.6 show
that a power series with certain special properties and a finite radius of
convergence cannot have too many vanishing coefficients. There are similar
theorems for power series which represent entire functions; many are
analogues of theorems for power series with a finite radius of convergence,
but we select as an illustration one which is not.

12.8.1. Theorem. If f(z) is an entire function of exponential type which s
bounded on the real axis, and if f* (0) = 0, then f(z) is a constant if both
the series

Z U, 25 1
Ap even Ap odd
diverge.

In particular, unless f(z) is a constant its power series has nonvanishing
coefficients for a set of indices of maximum density at least 14.
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Without loss of generality we may suppose that f(z) belongs to L? (con-
sider 27'{f(z) — f(0)}). Then

fz) = [: e''o(t) dt, del’,

50 = [ Gire) a

The functions

0@ = [ ") + o(—0) di,

0@ = [ 1o - s(—0) dt

vanish respectively when z is an even A, and when z is an odd A, . If both
series diverge, by 12.4.4 the functions ¢(t) & ¢(—1?) vanish almost every-
where, 50 ¢(f) = 0 almost everywhere and f(2) = 0.

12.9. Expansions of analytic functions in series of polynomials. The
theorems to be discussed here depend on the expression of a set of poly-
nomials by means of a generating function. For example, we may have the
formal expansion

(12.9.1) Ae” = Y pa()t”,
n=0

where A(t) is a formal power series

(1292) A) = ) adt", a = 1.
n=0

The pn(2) are called Appell polynomials. A more general variety of poly-
nomial is defined by

(12.9.3) AP = io @, HO) = 0, H'(©0) = 1

(Sheffer’s “sets of type zero,”® Steffensen’s ‘“‘poweroids’’?).

Here we shall consider some simple aspects of expansions in terms of
Appell polynomials. The theory of entire functions can enter in two ways:
either we may try to expand an entire function, or we may suppose that
A(?) is entire and try to expand more general functions. Suppose first that,
f(2) is an entire function of exponential type =, and that A(¢) and 1/A(t)
are regular for | 2| < 7. Then (12.9.1), in the form

(12.9.4) et = io )/ AD)
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is valid with uniform convergence for | ¢| < 7 + € with some positive e.
On the other hand, f(2) has the Pélya representation

(12.9.5) fx) = f ' eo(d) di,

5

where C is the circle | | = 7 + ¢, and if we substitute (12.9.4) into (12.9.5)
and integrate term by term, we obtain®

(12.96) ) = i pa@ [ 060407

which gives us a convergent expansion for f(z) as a series of the polynomials
pa(2), With coefficients which can be written formally as AN (DY(R) ] 20,
D = d/dz. Moreover, the series (12.9.4) can still be used even when A(t)
has zeros inside | z| = 7, but in this case the coefficients in (12.9.6) will
be different when different circles C' are used, so that an entire function
f(2) of small exponential type will have more than one convergent expansion
(12.9.6). Still more generally, we can take C in (12.9.5) as a contour surround-
ing the conjugate indicator diagram of f(z), supposing only that 1 JA(L)
can be continued analytically from its circle of regularity about 0 to a
region containing C'; then (12.9.4) holds on ' with summability of an ap-
propriate kind and we obtain (12.9.6) with summability instead of con-
vergence. For example, (12.9.6) is Mittag-LefHler summable if the conjugate
indicator diagram of f(2) is in the Mittag-Leffler star of 1/A(?).

Next suppose that f(2) is not necessarily entire, but is represented by a
Laplace transform,

(12.9.7) f@) = '4 ) e*'¢(1) di,

for z > —a. If A(f) is an entire function, (12.9.1) is valid for all {. Suppose
that A(f) is of zero exponential type. Then 1/] A(t) | < e*® outside a set
of circles whose total length out to | ¢| = r is o(r) (3.7.3). If the path of
integration in (12.9.7) is modified to avoid the exceptional circles, we can
substitute (12.9.4) into (12.9.7) and obtain the convergent expansion

(12.9.8) f2) = % Pa(2) f ") A@) dt, lz| <a,

where the integral extends over the modified contour. If A(¢f) is of expo-
nential type in general we can apply 3.7.1 to show that (12.9.8) holds in
some circle about 0. Moreover, any function which is regular at 0 can be
represented by a finite sum of functions of the form

(12.9.9) @ = [ " () di, la| =1,
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and so (12.9.8) can be replaced by a finite sum of series of the same form.
In this way one can prove the following theorem 4

12.9.10.* Theorem. Let A(t) be an entire function of exponential type. If
f(2) is regular at 0, then if A(t) us of zero type f(2) is represented in its largest
circle of regularity about 0 by a series of the Appell polynomials generated by
A(t); otherwise f(z) is represented in some neighborhood of 0 provided that it is
regular in a sufficiently large neighborhood of O (depending on A (¢)).

12.10. Differential equations of infinite order.> We consider the equation

(12.10.1) > aF®(2) = G(2), a # 0,
k=0

where the a; are constants and G(z) is regular at z = 0. The existence and
properties of a solution depend on properties of the function

(12.10.2) Alt) = 2 aut’y
k=0

we can write (12.10.1) formally as

(12.10.3) AD)F = @, D = d/dz,
and so we should expect a solution in the form

(12.10.4) F=AMD)q,

with some interpretation of the operator. In the special case where G(z)
is an entire function of exponential type =, and A () and 1/A(¢) are regular
in |[t| < 7, we can represent G/(2) by its Pélya representation

6@ = [ s a,  C={lt|=1+aq,
and interpret (12.10.4) as
(12.10.5) FG) = fc e AWD)o(8) dt.

Then F(2) is independent of €, and is an entire function of exponential
type 7. Furthermore, (2.2.12) shows that the left-hand side of (12.10.1)
converges, and substitution in (12.10.5) shows that F(2) is actually a solu-
tion of (12.10.1). If A(®)™ = D_a,t”, we can also interpret (12.10.5) as

(12.10.6) > .G (2).

Similarly, by representing f(z) as a sum of integrals (12.9.9), we can deal
with the case when G(z2) is regular in a finite circle, A () is an entire function
of exponential type, and F(z) is to be regular at z = 0. Here again the
theorems of §3.7 on the behavior of 1/A(t) are relevant.
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A particular case of a differential equation (12.10.1) is the difference
equation

(12.10.7) F(z + 8) — F(2) = G(2),

since
Fiz + ) = i}) FF®(2)/k! = °F(2);

thus (12.10.7) has A(t) = ¢’* — 1. The theory outlined above shows that
for every G of exponential type less than 27/5 we have a solution F of the
same exponential type. However, 1/A(t) is still regular on any contour C
which does not pass through a point 2kwi/8, so that actually we have the
same conclusion for entire functions G of any exponential type; (12.10.4)
is then to be interpreted as (12.10.5) and not as (12.10.6), except in terms
of summability of the series.
More generally, the equation®

z:é MF(z + 8) = G(2)
is of our form with

AQ) = 3 oxp ()
and this leads us to consider the convolution transform
(12.10.8) [: F(z + u) dA(u) = G(2)
formally as an equation (12.10.3) with
(12.109) 40 = [ e da)

Thus we should expect (12.10.8) to be inverted by 1/4(D), with some
interpretation of the operator; this expectation can, in quite general cir-
cumstances, be justified.

12.11. Approximation by entire functions.* Let f(x) be continuous on the
whole real axis. A natural generalization of the fact that a continuous func-
tion can be approximated arbitrarily closely in a finite interval by poly-
nomials is the fact that a continuous function can be approximated ar-
bitrarily closely on (—«, «) by entire functions; in fact,

sup | f(z) — g(z) | ¢(| = |)

can be made arbitrarily small, with g(z) entire, no matter how fast the given
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function ¢(z) grows.® However, g(z) is generally of infinite order. A more
interesting theory is obtained if we ask what bounded continuous functions
can be uniformly approximated by entire functions of a given exponential
type. Let us define 4,[f] to be the minimum of sup, | f(x) — g.(x) | for all
entire g.(z) of exponential type r. We then have the following theorem.

12.11.1. Theorem. If f(x) is bounded on (— =, o), A[f] > 0as r — =
if and only of f(x) is uniformly continuous in (— o, ).

Suppose first that A,[f] — 0. We have

| f2) — g.(x) | < AJS],
and since f(z) is bounded, | g,(x) | < L, say. Then
| fl@+ h) — f(z) | < 24.[f] + | g.(x + b) — g.(2) |
< 24,(f1 + hsup | g/ () |
< 24.f] + k7L,

by S. Bernstein’s theorem (11.1.2). Since A,[f] — 0 as 7 — o, we can
therefore make sup. | f(x + h) — f(z) | arbitrarily small by taking h =
o(1/7), and so f(x) is uniformly continuous.

Now suppose that f(z) is uniformly continuous, and put

K(t) = 2« '(t"" sin #/2)7,

so that [ K(t) dt = 1. Consider the function

6@ = [ " Kt — )0 dt = [ KWfGz + t/7) dt.

Since K(t) is an entire function of exponential type 1, the first form of
G(z) shows that G(2) is an entire function of exponential type 7. The second
form of G(z) shows that

6@ ~ 10 | = | [ KOG+ ) - @

< f K(t) dt- sup | f(x + t/7) — f(z) |
-0

as 7 — o, since f(x) is uniformly continuous.

We also have the following result.

12.11.2.* Theorem.c If f(x) is continuous and bounded on (— , «),
A.[f] is finite and the minimum is attained for at least one g,(x).

There is an elaborate theory of approximation by entire functions of
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exponential type; it has many analogies to and connections with the theory
of approximation by polynomials and trigonometric polynomials.

NoTes FOrR CHAPTER 12

12.2a. Mikusinski [1].

12.3a. Titchmarsh [2], p. 327, Crum [1], Dufresnoy [1]. A real-variable proof has
recently been obtained by Mikusinski [2]. The simplicity of the present proof de-
pends on the use of the Ahlfors-Heins theorem.

12.4a. The literature of completeness theorems, even those which can be treated
by the methods of this section, is too vast to summarize here; I give references only
for the theorems which I quote.

12.4b. The terminology of the subject is not uniform; some authors interchange
the meanings of ““closed”’ and ‘“‘complete.”

12.4c. This is Miintz’s thecorem. See, for example, Carleman [1], where “Carle-
man’s theorem”’ is introduced for the purpose of proving Miintz’s theorem; Paley
and Wiener [1]. The converse is also true: if 1/, converges the set {t""} is not
complete. ’
~ 12.4d. For this and the rest of the theorems of this section see Levinson |4].

12.5a. For this and similar theorems see Levinson [4]; for almost. periodic func-
tions see Levin [4].

12.5b. Cf. Dugué [1], Boas [19].

12.5¢. Sec Boas [22], [26] for this and related theorems.

12.6a. Theorem 12.6.3 is essentially due to Fabry, but was put in its present form
by Pélya: see Pélya [2], p. 626. The case D = 1 is often called “Fabry’s theorem.”’

12.6b. The theorem was suggested by Duffin and Schaeffer’s theorem 12.6.6.

12.6¢c. Duffin and Schaeffer [3], generalizing a theorem of Szegd in which the con-
clusion was that the circle of convergence is a natural boundary.

12.6d. Theorem 12.6.10 is a well-known theorem of Pringsheim; the simplest proof
is that of Landau [3], which establishes it in a more general form. See also V. Bern-
stein [1], p. 85. :

12.6e. Theorem 12.6.11 is also due to Fabry and Pélya: Pélya [2], p. 626.

12.6f. Theorem 12.6.12 was proved by N. Wiener (in a more general version for
Dirichlet series) in a lecture some years ago. Wiener asked whether L2 can be re-
placed by L in the theorem; the answer is not known. For L7, 1 < p < 2, the cor-
responding theorem is true at least under the rather restrictive condition that
{c.} decreases.

12.7a. This section follows Levinson [4]. Theorem 12.7.8 is due to Pélya. See also
V. Bernstein [1].

12.8a. See Pélya [2] for a general discussion. Theorem 12.8.1 was obtained with
generalizations in various directions, by Dzhrbashyan [2]. It should also be com-
pared with Mandelbrojt’s [2] theory of generalized quasi-analyticity.

12.9a. Sheffer [2], [3].

12.9b. Steffensen [1].

12.9¢. Martin [1].

12.9d. The theorem is due to Sheffer [1]; the proof outlined here is given in more
detail by Boas [18], [20].

12.10a. There is an extensive literature on differential equations of infinite order.
For the first part of the discussion given here, and for further results and references,
see Muggli [1], |2], Sikkema [1]; the discussion of the case where G(z) is regular at 0
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is amplified by Boas [21]. For recent work using other approaches see Carmichael
[1], Sheffer [1], [3], Vermes [1], Gelfond [4], Carleson [1].

12.10b. The general difference equation is considered in the complex domain by
Cameron and Martin [1], Yagi [1], and 4trodt [1]. For differential-difference equa-
tions see Leontyer [1], [2].

12.10c. For the “real” theory of convolution transforms see Hirschman and
Widder [1] (and earlier papers); Pollard [1], [2], Schoenberg [2], [3]. The theory de-
pends on some properties of entire functions which have not been discussed in this
book. Pitt [1] and Yagi [1] consider equations of the form

R -]
20 fO(x—t) dA(t) = g(x).

12.11a. Theorem 12.9.1 was proved by Kober [2], who has also discussed L? ap-
proximation [1]. The theory of best approximation by entire functions of exponential
type is worked out in u series of papers by S. Bernstein [5] [10], [15]; cf. also Ahiezer
[6]. The theory is not restricted to bounded functions.

12.11b. Carleman [2], Roth [1].

12.11¢. 8. Bernstein [3].
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