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CHAPTER I
INTRODUCTORY

1. Matter or substance is broadly divided into two classes,
(+) SOLIDS, (i) FLUIDS.

A Solid is a substance which retains its size and shape without
lateral support when left to itself.

A Fluid substance 18 one which requires lateral support to main-
tatn its shape or in other words it is a substance which flows or is capa-
ble of flowsng.

Fluids are again subdivided into two classes, viz., Liquids and
Gases.

Liquids require lateral support to maintain their shape. Their
volume i8 the same whatever be the shape of the vessels containing
them. Water or oilis a liquid, and while it may be poured from one
vessel into another of a different shape, its volume does not alter
but it moulds itself to the form of the new vessel.

Gases, on the other hand, are fluids which can easily be made
to change their total volume, ¢.e., which are, more or less easily, com-
pressible.

Air and steam are the cxamples of gases. They can be made
to expand indefinitely by increasing the volume to which they have
access.

2. The distinction between solid, liquid and gas is some-
times formally stated as follows :—

A solid has a definite size and a definile shape.
A liquid has a definite size but not a d-finite shape.
A gas has neither a definite size nor a definite shape.

3. It has been seen experimentally that all gases can be con-
verted into liquids by sufficient lowering of temperature and incrcase
of pressure. When, however, the temperature of a gas is above a cer-
tain point, no increase of pressure, however great, will cause the gas
to condense, whereas when the temperature is below this point, a
sufficient increase of pressure produces condensation. This tempera-
ture which varies for different gases is called the critical temperature.
At temperatures below the ecritical temperature, the gas is called a
vapour, and when above, a permanent gas.

4. Hydrostatics is the branch of Mathematics which deals with
the conditions of equilivrium 6f masses of fluids or of solids in contact
with fluids at rest.
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5. Fluids are again of two types :—
(a) PERFECT, (b) VISCOUS.

(a) Perfect fluid is a substance such that its shape can be alter-
ed by any tangential force however small, if applicd lony, nough, of
which portions can’ be easily separated from ithe rest of the mass, and
between different portions of which there is no tangential force.

As in nature there are no perfectly smooth bodies, so no such
fluids are to be found which are wholly devoid of exerting tangential
resistance. If we set watcer revolving in a cup, we know that after
some time it will come to rest. This is due to the frictional resis-
tances between the water and the cup and between different elements
of water. Had there been no tangential resistance the water would
go on revolving and would not come to rest.

Thus, a perfect fluid is an ideal substance which is incapable of
exerting any tangential force.

() A fluid is said to be viscous when its particles exert friction
on one another, or it offers resistance to the motion of a bedy in it.

Fluids such as honey, tar, treacle are examples of this type.
The viscosity of a fluid does not affect its equilibrium, but it does
affect its motion.

Perfect liquids are incompressible fluids whose total volume,
1.e., the space they occupy, cannot be increased or diminished by the
application of any force. however great, although any force, however
small, would change their shape.

Liquids are also called Inelastic Fluids.
Gases are also known as Elastic Fluids.

6. Fluid Pressure. Suppose a hole be made in the side of a
vessel containing fluid, and that this hole is covered by a plate which
exactly fits the hole. The plate will only remain at rest when some
external force is applied to it. The fluid must, therefore, exert a force
on the plate. Suppose P be the force necessary to keep the area in
position by counterbalancing the action of the fluid, then P is the
measurc of the fluid pressure or fluid thrust on the whole arca of
the plate.

7. Uniform Pressure. Ifthe fluid thrust on any portion of
a plane area be proportional o the area of that portion, the pressure on
the area s said to be uniform.

If, however, the action of the fluid be different on equal por-
tions of the area, the pressure is said to be varying.

8. Mean Pressure. The mean pressure on a plane area i8
the uniform pressure on it which will give the same resultant thrust as
the actual one.

Hence, if A be the area, and P be the fluid thrust on it, the

. P
mean pressure is — -
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9. Intensity of Pressure at a point. If the pressure is
variable on a surface it is measured by the ratio of the pressure on a
small area to the area itself, as that area becomes infinitesimally
small in the limit.

Thus, if §P be the fluid pressure on a small area A about a
given point in the fluid, the mean pressure per unit area in the

3
SA”

In the limit when §A tends to zero

lim 8P _dP _
sA—>0 5A = dA —P (say)

then » is defined as the Intensity of Pressure or simply Pressure
at that point.

Therefore, the pressure at any point of an area is the limit of the
mean pressure on an indefinitely small area enclosing the point.

neighbourhood of that point is

10. The pressure at any point of a fluid at rest is the
same for all directions.

In the fluid draw a small ' c
tetrahedron OABC with three = AN
mutually perpendicular faces OBC,
OCA, OAB.

Let p;, p be the mean pres-
sures on the surfaces OBC, ABC,
so that the actual thrusts on these
faces are p;./\ OBC and p. NABC.

The forces acting on the flui
within this tetrahedron are :—

(1) The resultant of the external forces which will be propor-
tional to the volume of the element, if gravity be the only external
force acting on the fluid.

(2) The thrust on the face OBC which is ;. AOBC acting
along OA.

(3) The thrust on the face ABC which is p. AABC acting along
the normal to the face ABC.

(4) The thrusts on the faces AOB and AOC which are acting
along OC and OB respectively.

Since the ABOC is the projection of the ANABC on the plane
BOC, we have

ABOC= AABC cos 0
where 0 is the angle between BOC and ABC or between OA and the
normal to ABC.

Now the portion of the fluid enclosed within this tetrahedron is
at rest because the whole mass of the fluid is at rest. Therefore
resolving along OA,

1. NOBC—p. NABC cos 04k volume OABC cos ¢=0 where
¢ is the angle between OA and the vertical line along which the
weight of the fluid is acting.
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or 21.:ANOBC—p. NOBCHk.30A. /A OBC cos ¢=0.
or p1—p+k.50A cos o=0.

) Now, let the elementary tetrahedron diminish indefinitely in
size so that ultimately OA=0 and the tetrahedron dwindles into the
point O. In that case, thercfore, we have

P1—p=0 or m=p
v.e., the pressurc at O along OA is equal to the pressure at O per-
pendicular to ABC.
In a similar way it can be shown that the latter is equal to the
pressure along OB or OC, and by varying the magnitude of OA, OB

and OC, it can also be shown that thig holds whatever be the direc-
tion of the plane ABC.

Note. If there be any system of external forces instead of the
weight, then instead of the vertical we shall have the direction of the
resultant external force.  Proceceding as before, the same result will
be obtained.

11. Transmissibility of Liquid Fressure. If a jluid at
rest have any pressure applicd (v any pownl of its surfuce, the pressure s
transmitled equally in all d.reclions.®

L Let A, B be any two
e points in the liquid.
Case I 1When the
strarght line AB lies enlirely
wn the fluid,

About the straight line
AB as axis isolate a cylinder
of small cross-section S with
plane ends at right angles,

Let the axis of the cylinder be inclined at an angle O to the
vertical and the pressure intensity of the fluid on the plane ends A
and B be p and p’ respectively.

The fluid contained within the cylinder is kept in equilibrium

(1) the pressures 3S and 'S on the ends A and B respectively ;
2) the pressures on the curved surface which are at every
1 )
point perpendicular to AB :
(3) its weight W acting downwards.

Now resolving these forces along AB, we have .
PS—p'S—W cos 0=0 .

Apply an extra pressure of intensity P at theend A. In
consequence, let the extra pressure of intensity at the other end B,
be P’.

a *This principle of perfect transmission of pressuve of fluids appears to have
been first discovered by STEVINUS ; but it was later rediscovered by Fascal,
and, having been made generally known by his writings, is often called I’aseal’s

Principle.
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The system still being in equilibrium, resolving the forces along
AB,
(p+D)S—(p'+P")S—W cos 0=0 e (2)
Subtracting (1) from (2)

’

Hence a pressure of intensity P applicd at the end A is trans-
mitted with the same intensity P to the other end A.
Case II.  When the straight line AB is not entirely in the liquid.
Join A, B by means of straight lines AC, CD, DE, EB cach of
which lies entirely within the liquid.
Then, by the proposition .
just proved, the additional 5N
pressure at A= the additional
pressure at C== tho additional
pressure at D=......... =1thav E
at B.

Note. This may be A-__
illustrated by taking a rubber — .
ball, pricking several holes in T — D
it with a needle and filling 16 . ¢
with water. When the ball is squeezed, water jots of cqual intensity
spurt out in all directions normal to the surface of the ball at these
points.

12. Hydraulic or Bramah's Press. The transmission of
fluid pressure is the principle upon which Hydraulics or Bramah’s
Presses are constructed.

It consists of two vertical cylinders communicating with one
another by a tube near their bages, and each fitted with a water-tight
piston, the spaco below the
! pi  pistons being filled with water.
|
I

A
1
o Ao et « If a downward force p be

applied to the piston of area

¢

1 i

I { | a, pressure f: - will be trans-
- 1 E 1 mitted throughout the liquid,

S |-z| and consequently if the sccond

= - --1 opistonis of arca A, the result-
=== ing upward thrust upon it is
represented by

so that P:p=A:a
or the thrust on the pistons are proportional to their areas.

Hence by adjusting the ratio of the areas we arrive at the
‘Hydrostatic Paradox’ i.e., any force however small may, by sts
;;ansmission through a liquid, be made to support any weight however

rge.




CHAPTER II
DENSITY AND SPECIFIC GRAVITY

13. Density. The density of a substance is defined as its mass
per unit volume.

The mass of a cubic foot of pure water at 4°C is found to weigh
about 62} Ibs. Hence the density of water is 625 in foot-pound
systern. The mass of a cubic centimetre of water at 4°C is 1 gm.,
hence density of water in C.G.S. system is 1.

Homogeneous. A body is said to be homogencous (or of uni-
Jorm density) if equal volumes of it, however small, have equal masses.

Otherwise, the body is said to be heterogeneous (or of variable
density).

14. Weight in terms of density. If W be the weight of a
given substance in poundals, p its density in lbs. per cubic Joot, V iis
volume in cubic ft.. and g the acceleration due to gravity measured in
Joot-second units, then W=Vgp.

If M be the mass of the substance, then we have by Dynamics,
W=DMy
Also from the definition of density
M=mass of V cubic feet of the substance
=V X mass of one cubic foot
=Vp
W=Vygp
15. Specific Gravity or Relative Density. 7he specific

gravity of a substance is the ratio which its density bears to the density
of some standard substance.

Note 1. The standard substance usually taken is pure water
at a temperature of 4°C.

Note 2. The specific gravity is always a number.

Note 3. The term specific gravity is generally shortened to
sp. gr. ‘

16. Weight in term of Specific Gravity. If W be the weight

6f a volume V of a substance whose specific gravity is s, and w be the
weight of a unit volume of the standard substance, then

W=Vsw.

wt. of a unit volume of the substance

Sinee = Wt. of a unit volume of the standard substance
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.. wt. of unit volume of the substance=sw
*. wt. of V units volume of the substance=Vsw
Hence W=Vsw.

17. Specific gravity of mixtures. 7o find the specific gravity
of a mixture of given volumes of different substances whose specific
gravities are given.

Let Vq, V,, Vj,...be the volumes of the different substances and
84, 83, 85 ..their specific gravities, so that the weights of the different
substances are

V18,0, V80, Vasaw......
where w is the weight of a unit volume of the standard substance.

Let s be the specific gravity of the mixture, then the weight of

the mixture is

(Vi4+VatVst.) s w;
but this must be equal to the sum of the weights of the different
substances, viz.,

Visiw—+Vosqw—+Vassw -+ ...
whence, equating and cancelling the factor w, we get

V18, + Vs, +Visg -

8 T Vi Vot Vgt oo )
18. 7o find the specific gravity of a mixture of given weights of
different substances whose specific gravities are given.
Let the given weights W;, W,, W;,...have s;, 85, $s,...a8 their
respective specific gravities. Let s be the sp. gr. of the mixture
and let w be the weight of a unit volume of the standard substance.

Then their respective volumes will be
W, W, W,
sw’ W’ suo’tTY

.. The weight of the mixture is
Wi W, W,
( + +s:iu+"' ) s w . (1)

SW - Syw
This must be equal to the sum of the weights of the substances
of which the mixture is made, viz.,

W,;+W,+W,+... e (2)
Hence equating (1) and (2)
- W1+WZ+W3 ......

W, +
5

Note. It has been assumed in this article and the preceding
that the volume of the mixture is the sum of the volumes of the
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component parts ; the results, therefore, will not hold for cases where
there is an expansion or shrinkage in volume, as for instance when
salt is dissolved in water.

19. Solved Examples.
Ex. 1. When equal volumes of two substances are mixed the sp.
gr. of the mixture is 6, when equal weights of the same substances are

mixed, the sp. gr. of the mizture is 4. Find the specific gravities of the
substances. (Utkal 1946)

Let the specific gravities of the substances be &;, s,
6= V-V, s1t8p
V4V T 2
_ W+w 2
and =wow T
+ o —

s §1F8=12 .. (1)
and - ‘+L=1 .. (2)

From (1) and (2) ¢;=06-+24/3 and s,=6—24/3.

Ex. 2. Show that the specific gravity of a mixture of n liquids is
greater when equal volumes are taken than when equal weights are taken,
assuming no change in volume as the result of mizing. (Utkal 1946)

Let s be the sp. gr. of the mixture when the mixture of equal
volumes is taken and s’ be that when the mixture of equal weights is
taken.

If 8y, 85,...8, be the sp. gravities of the different substances,
then we have

1
s=- (81F+8at e e +8,),
1 171 1 Il
and o T s, 82'+"' S

Since the Arithmetic Mean of n unequal positive numbers is
greater than their Geometric Mean, we have

1
§>>(8185...8,) ™ and

1 1
';7 >
($185...8,) ™
whence it follows that
s> 9.
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Examples 1

1. 12 Ibs. wt. of liquid of sp. gr. 1'1 is mixed with 20 lbs. of & lfquid of
sp. gr. *9 ; what is the sp. gr. of the mixture ?

.2. The specific gravity of cork being -24, find what volume of water
weighs as much as & cubic yard of cork.
.3. A vessel full of water isfitted with a tight cork. How is it that &
slight blow on the cork may be sufficient to break the vessel ?
(dAgra 1954 ; U.P.8.C. 1940)

(Hint.—Apply Principle of Transmission.}
The specific gravities of pure gold and copper are 193 and 862.

Find the sp. gr. of standard gold which is an alloy of gold and copper in the
proportion of 11 : 1. (Patna 1940)

5. What quantity of water must be mixed with a gallon of milk to
reduce 1ts sp. gr. from 1°03 to 102 ?

6. A mixture is formed of two fluids. The density p of the mixture,
the ratio m: 1 of the volumes, and the ratio n : 1 of the densities are given.
Prove that the densities of the fluids are

mntn g Tl
mnt1 P mnt1 %

7. Threo equal vessels A, B and C are half full of liquids of densities
p1, pa and py respectively. If now B be filled from A and then C from B, prove
that the density of the liquid new cdntained in C is

1 (p1+pa+2p3)
the liquids being supposed to mix completely. (Nagpur 1956)

8. A mixture is formed of equal volumes of n liquids, the densities of
which are in tlie ratio of tho numbers 1, 2, 3,..n; find the density of the
mixture. Also find the density of the mixture whon the volumes are in the
ratio :—first, of the nuinbers 1, 2, 3,..n and second, of the _nuwnbers
n, 7&——-1,...3,_’5.’_,*1. =

piAMhit .

g.< When equal volumes of two substances are mixed, the sp. gr. of the
mixture is 4 ; when equal weights of the sane substances are mixed, the sp. gr.
of the mixture is 3. Yind the sp. gr. of the substances.

(Caleutia 1945, 47, 49)

10. Having given the sp. gr. ¢ of a mixture formed of equal volumes of
two fluids, and also the sp. gr. o of a'mixture formed by taking a volume of
one fluid double that of the other, prove that the sp. gr. of the fluids are

30~2p and 4¢—3o.

. x1zvTwo liquids of sp. gravities s, s” and of volumes v, »” having been
mixed, the sp. gr. of the mixture is found to ko o. Yrove that the volume of
the mixture is

vs+v's’



CHAPTER III
THEOREMS ON FLUID-PRESSURES UNDER GRAVITY

20. Theorem. T'he pressure of a heavy homogencous fluid at all
points in the same hortzontal plane is the same.

(1) Let A, B be any two points within the fluid in the same
horizontal line, and let the line AB be wholly within the fluid. About
AB as axis isolate a cylinder of
the fluid of indefinitely small
cross-section S.

Let p and p’ be the inten-
sities of the pressures at its two
ends A and B.

The cylinder is in equili-
brium under the action of the
pressure of the surrounding fluid
upon its bounding surfaces, and its weight acting downwards. The
pressures on the curved surface will not contribute anything to the
forces parallel to the length of the cylinder.

Hence for equilibrium resolving parallel to AB ; pS—p’'S=0

p=p'.

(3t) If the st.line AB does not lic entirely in the fluid. In the
case join AB by a broken horizontal line ACDEB, the several parts
AC, CD, DE, EB being straight and lying entirely in the fluid.

.". The pressure at A=that at C=that at D=...=that at B,

21. To find the pressure at a depth z below the surface.

(a) If the liquid be homogeneous, the pressure at a depth z below
its surface is given by p=wz+n, when © s the atmospheric pressure
and o the weight of a unit volume of the liquid.

Take a point P within the liquid at a depth z below the surface
and draw PQ perpendicular to the surface. With PQ as axis con-
struct a thin cylinder of cross-section S. This
cylinder of liquid is in equilibrium under the m
following forces :— =

(1) thrust Sp on the face at P upwards, :

(2) thrust Sw on the face at Q downwards,

(3) thrust on the curved surface horizontally

(4) the weight of the liquid inside the cylin-

der which is Szw downwards.

Hence for equilibrium resolving vertically

RN
|
{

IR RN RRR R
Cd
1
1

we have St+Szw —Sp=0 - EEC
p:_—n-{—mz. . ,%Pp_,_
If there be no atmospheric pressure then 5

p=wz, thus the pressure at any point varies as the
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- depth of the point.
Also if p; be pressure at depth 2z, and p, that at depth z, then

1=+ w2z, and Pe=m+wz,

P1—Pe=®(2;—2,).

Hence in homogeneous liquid at rest under gravity the difference
between the pressures at two poinis varics as the vertical distance between
them.

(b) When the liquid is heterogeneous.

To find the pressure at a point P at a depth z below the sur-
face, draw a perpendicular PM to the surface, and let MP be produc-
ed to Q so that PQ=32z. With PQ as axis draw a
thin cylinder of cross-scction 8. Since this M
cylinder is very small. density of the liquid in-
side it may be taken to be constant and let the
weight per unit volume of it be ®. It is to be
noted that w is not the same at every point of
the liquid but varies from point to point. ¥

If p be the intensity of pressure ab the point
P, then we can take p—+§p to be the intensity of
pressure at Q.

Now this elementary cylinder of liquid is in

equilibrium under the following forces :— P
(1) thrust pS on the face at P downwards,
(2) thrust (p4-8p)S on the face at Q up- Q
wards.

(3) thrust on the curved surface horizontally,
(4) the weight of the liquid which is S§:@ downwards.

Hence for equilibrium resolving vertically we have
PS+Swsz—(p+3p)S=¢

3p= [OhY
or in the limit, ar _
dz

If however ® be constant, i.e., liquid be homogeneous then we
have by integration

p=wz+C.
At the surface when 2=0, p== .. p=n+ wz.
This is part (a).
22. The surface of a heavy liquid at rest is horizontal.

Take two points, A and B, in the same horizontal plane in the
liquid.
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Then the pressure at A is equal to the pressure at B.
Hence from the previous theorem
w.AD+II=W BC+II
where IT is the atmospheric pressure.
AD=BC
Hence, since AB is horizontal, the
line DC also must be horizontal.

Since A and B are any two points
in the same horizontal line, it follows
that any line DC drawn in the surface
of the liquid must be horizontal.

Hence the surface is a horizontal
plane.

Note. The above theorem confirms the popular saying “Water
Jfinds its own level.”’

23. Theorem. 7The densities at two poinis in a fluid at rest
under gravity and in the same horizontal plane are equal.

Let A, B be two points in the fluid in the same horizontal line
and A’, B’ two points at a short distance vertically above A, B and
such that AA’=BB'.

Let p denote the mean
density of the fluid between A
and A’ and P’ the mean density
of the fluid between B and B’,
so that

pressure at A—pressure at A'==gpPAA’
Also pressure at B—pressure at B'=gp'BB’

But pressure at A=pressure at B

and pressure(at A’= pressure at B’
gPAA’=gp'BB’

or p=p'.

24. Theorem. 7o find the pressure at any given depth in the
lower of two given heavy homogenecus liquids which do not mix.

Let the weights per unit volume of the upper and lower liquids
be w and w’ respectively. Let the depth of the upper liquid be &,
and A be any point in the lower liquid at a depth #" below the com-
mon surface.

Isolate a vertical cylinder with its base at A, and its upper end
in the free surface of the upper liquid.
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Let 8 be the area of the cross-section of the cylinder, and p
the intensity of pressure on the base.

The cylinder is in equilibrium under the
pressures on its bounding surfaces and its own
weight acting downwards.

The pressures on the vertical curved sides
are horizontal and balance one another. For
vertical equilibrium

ps=whs+w'h's
or p=wh+w'h’.

25. Theorem. The common surface of two
heavy homogeneous liquids that do not mix is a
horizontal plane.

_Let A, B be any two points in the lower
liquid, the straight line being horizontal.

Draw AA’C and BB'D vertically to meet the common surface
in A’ and B’ and the upper sur-
face in C and D respectively.
Let CA'=h, A'A=M/,
DB’'=k, B'B=Fk'.

s % // // Let w and ' be the weight
/,//// s /// /%/// per unit volume of the upper and
Lt S

the lower liquids respectively.

= Since AB is horizontal,
Pressure at A=Pressure at B.
hw+h'w =kw+k'w' e (1)
Since both CD and AB are horizontal
CA=DB
or h4-b =k+k
or  whitwh =wk+wk, o (2)

Subtracting (1) from (2)
(W' —w)h==(w"—w)k
or h=k O
Hence the common surface AB is horizontal.
26. Effective surface. In the formula p=wz-+II when II is
not zero, let us imagine the atmosphere to be removed, and a stratum
of the liquid of thickness quf (=2’ say) to be placed above the

original liquid. Then the pressure at a point at a depth 2 below the
original surface is
w(z+2)
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i.e., wz+1II are the same as it was before the atmosphere was
removed.

The upper surface of the supposed superimposed liquid t8 lermed
the Effective surface or Surface of zero pressure.

Hence, the pressure at any point of @ homogeneous liquid is pro-
portional to the depth below the effective surface.

27. Head of Liquid. The pressure to any point is often said
to be due to such a depth of liquid, or to such a ‘head’ of liquid,
meaning that it is at that depth below the effective surface.

Thus we may say that a certain pressure is that due to a head
of 10 feet of water. 1t means that it is the same as the pressure at a
point in water 10 feet below the effective surface.

28. Characteristics of liquids.

From the theorems given above some of the characteristics of
liquids can be summarized.

(1) The surface of a heavy liquid at rest is horizontal.

(2) The common surface of two heavy liquids that do not mix

is horizontal.

(8) If therc are two heavy liquids that do not mix, the density

of the lower liquid is greater than that of the upper.

(4) Liquid always finds its own level.

Note. It must be remembered that some of the above Theo-
rems are true only for small portions of liquids. For a large sheet
of water like a big lake or sea, the free surface is @ curved surface, as
the attraction on each portion of the liquid is directed towards the
centre of the Earth.

29. Solved Examples.

{' Ex. A small uniform tube 1s bent ato the form of a circle
whose plunéis vertical ; equal volumes of two fluids whose densities are
p, o fill half the tube. Shew that the radsus passing through the common
surface makes with the vertical an angle 0 given by
p—a
tan §=— -.
o+o
(dgra 1955 ; Lucknow 1926 ; Bombay 1940 ; Rujpuiana 1949)

Let AB be the portion of the tube occupied by the liquid of
density o and the portion BMC by the
liquid of density p.

Let M be the lowest point of the
tube. Let the radius through the com-
mon surface B make an angle § with the
vertical.

It is given that the volume of the
liquid in AB=vol. in BC.

arc AB=arc BC

But the total arc occupied is half of
the circumference.
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LAOB=, [ BOC=T, [ MOC=-7-—6.

2
Now the pressure at M must be the same on both the sides of
the tube, and the pressures are cqual to the vertical projections of the

arcs containing the liquids multiplied by the product of the density
and acceleration g.

EM.gp=DM.gr+FD.go.
#(1—sin 6)p=a(1—cos 0)p+a(sin 04 cos 6)

Hence tan 6=-z€|_;g .

Ex. 2. Three liquids, whose densities are in A.P., fill a sems-
circular tube whose bounding diameter ts horizontal. Prove that the
depth of one of the common surfaces is double that of the other.

(M.T. 1861 ; Calcutta 1916 ; Patna 1927 ; Rangoon 1937 ; Utkal 1948)

Let P and Q be the common surfaces of the liquids.

Let the densities of liquids be p—8, P, P+5. Let the column

BQ contain the liquid of density p—s§, QP contain that of P45 and
CP that of p.

The pressures on the two sides
of A, the lowest point, must be the
same,

gp.OM+(p+8)g MA
=(P—3)gON+(p+5)gNA.

Let a be the radius of the tube.

OA=q, MA=a—OM, NA=a—ON.

Hence p.OM4-(p+5)(0a—OM)=(p—8§,0N+(p+38)(a—ON)

or Pa+3a—38.0M= —25.0N+ap-+ad

Hence OM=20N.

Ex. 3. A closed tube in the form of an equilateral triangle con-
tains equal volumes of three liquids which do not mizx and is placed
with its lowest side horizontal. Prove that if the densities of the liquids
are in A.P., their surfaces of separation will be at points of trisection

of the sides of the triangle. (Agra 1957)
ABC is the equilateral triangular tube, D, E, F are the common

; surfaces.
A Let CD or BE or AF==x, since the three

) . volumes are equal.
/ \ $ Let the side of the triangle be a.
® / Let the portion EBD occupy the liquid
of density p+25, FCD that of p+5 and BAF
that of p. The densities are in A.P.

Since B and C are in the same horizon-
“tal line

y
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. The pressure at B-=the pressure at C.
(P+28)x sin 60°+p(a—=z) sin 60°=pzx sin 60°+ (P+5) (a—=z) sin 60°
px+28x+Pa—Pr=pPx+ Pa-+t8a—Px—3x

or 3dx=25a
o="2
or =g

Hence at the common surface the side is trisected.

Ex. 4. A fine tube bent in the form of ellipse is held with its
plane vertical and is filled with n liguids whose densities are py, Py,...,Pn
taken in order round the elliptic tube. If ry, 74,...... , Ty be the distances
of the points of separation from cither focus, prove that

71(Py—Pa) +ra(Pa—Pg)+...... +70(Pn—P1)=0.
Let S be the focus of the elliptic tube. Py, P,,...P, are the

¢ pointsof the common surfaces.

Let the depths of Py, P,...P,
K]

| from the directrix of the ellipse

1% be z;, z,,...2, respectively.

K SP,=r,, SPy=7,,...,SP,=1,.

Y Lot py, Pa,...pn be the pres-

g sures at the points of separation.

15 Jo Pa—P1=9Ps(2:—21)

(i.e., vertical depth of the

liquid)

Pa—P2==GP3(23—2,)

Prn—Pn-1=9Pu(2n—2n-1)
P1—Pn=0P1(z1—2,)

\

Adding

0=g[Py(25—2;) + P3(23—25) - ...... 1
0= Py(ra—r1) +P3(rs—ra) +...... +Py(r1—7s)
for the ratio of the distance of a poirt from the focus to that from its
directrix is constant
71(P1—P3) +7o(P2—P3) + ... +7n(Py—P1) =0.

. Ex. 5. A tube in the form of a parabola held with ils vertex
downwards and axis vertical, s filled with different ligusds of densities
s and §'. If the distances of the free surface of the liquids from the focus
be r and 1’ respectively, show that the distance of their common surface
from the focus is

131y

3-8
(Vikram 1959 ; Jaipur 1951 ; Lucknow 1929 ; Agra 1930 ;
Calcutta 1948 ; Nagpur 1957 ; Allahabad 1959 ; Saugar 1959)
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Let S be the focus. A and B be the free surfaces. O is the
point of the common surface. Let o, B be the angles that SA and
SB make with the axis of the parabola.

Let SO (=r") make an angle 0 with
SM where M is the lowest point of the
parabola.

Let the equation of the parabola be

-—é-=l+cos 0
Since A, O, B, are on the parabola
f;lf——l-{—cos < - (D)
l
- =1+4-cos « - (2)
l
e -=1+4-cos 6 - (3)
The pressures on the two sides of M must be the same,
39 MN =3gMP+-8'gPT
or 3(a—r cos B)=8(a—r" cos 0)48§'(r" cos 0—7' cos «)
or —38§ 7 cos B=—§r" cos 043’ 7" cos 0—§'r’ cos «

From (1), (2) and (3)
or —-ar<~1{¥ —1 )=—-8r" (J —1 )+

r ”

o (F =)= (f)]
or —k{+ dr= —){4— Sr" 4 3‘{— S’r”—k{.{_ 8'r

s

v 113
Ts—8

Ex. 6. A circular tube centre O s filled with three fluids of
densities Py, Py, Py, (in descending order of magnitude) and placed in a
vertical plane. 1f 2a, 28, 27, b2 the angles subtended at the centres by
the fluids and P be the point on the circumference midway between the

ends of the lightest fluid, then angle © which OP makes with ihe vertical
18 given by

Po—Ps_ ,sina  sin (B—6)
Py—Py sin (x+0) * sin B (Agra 1946)

Let AB, BC, CA represent the three liquids of densities p,, Py, Ps,
respectively. O is the centre. '

£ AOB=2«, | BOC=28, [ AOC=2Y
OP is the bisector of the angle 27.
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L POD=6, [AOP=7,
LMOA=rn—740
/BOM=2a+7Y+0—m,
/. COD=y—0
Now the pressures at the lowest
point M must be the same from both
the sides. D
s P MQpag. .
' —T:Plgﬁ]?'*' PogPR+PzgRD
pila—a cos {x—(Y+06)}1
+ pg[a+a cos (n—7 +0)
=p,[a—a cos (2a+7 +0—mx)]
+py[a cos (y—08)+a cos (2a+V+4-8—m)]
+py{a—a cos (Y—9)}
_or Py cos (Y+0)—p, cos (Y4-0)=p, cos (2a+7-+6)
~+ P, cos (Y —0)—py cos (2a+7+0)— Py cos (Y —06)

or (p1—p3) cos (Y-0)=(p;—pa) cos (2a-+7+0)+(p2—ps)
cos (Y—0)

Since 2a-t 2827 =2, at-p+Y=m or Y=r—a—B,
hence eliminating 7, we get

(pr—p3) cos (m—a—PB+8)=(p;—p,) cos (n+a+6—B)
~+ (p2—ps) cos (x—a—B—0)

or (p;—ps) cos (x+B—06)=(p;—p,) cos (x+0—B)4(pa—p3)

cos («+p+9)
pafcos (x+B—8)—cos(a-+-6—B)} +pa{cos(x+B+6)
"~ —cos (x+B—0)}

=p, {cos («+pB-0)—cos(ax+40—B)}

p1 8in (—0) sin atp; {sin (x+0) sin B—sin o sin (B—06)}.
=p, 8in (x+4-0) sin B
or (p;—p3) sin a sin (B—8)=(p,—p3) sin (x4-6) sin B
ea—ps __ sina__ sin (§—6)

or 01—ps sin (a+6) ° sinp -
Examples 2

x. If a cubic foot'of water weighs 1000 ozs,, what is the pressure per
square inch at the depth of a mile below the surface of water ?

.2. The pressure in a water-pipe at the base of a building is 34 lbs, wt,
per. 8q. inch and on the roof of it is 18 lbs. wt. per sq. inch; find the height of
the roof. (1 cu. ft, of water weighs 625 1bs.) .

. A water tank is 200 ft., above the level of the ground.floor of a
house ; find the pressure of the water in a pipe at a height of 30 ft. above the
ground-floor._

4. The pressure of the atmosphere is equivalent to that of 30 ft. of
water. Assuming this to be true find the depth of a wall the pressure at the
bottom of which is 3 times that a depth of 3 feet, The well is full of water,

' (Banaras 1938 ; Rangoon 1947)
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. The lower ends of two vertical tubes, whose cross-sections are 1 and
‘1 8q. inch  respectively, are connected by & tube, The tube contains mercury
of sp. gr. 13:596. How much water must be poured into the larger tube to raise
the level in the smaller tube by one inch ? (Utkal 1945)

6. A glass tube of uniform bore is bent into the form of a‘U-tube,
whose arms are vertical ; it contains mercury of sp. gr., 13'6 ; water is poured
into one arm to occupy a height of 408 cms. of it. Find the rise of the level of
mercury in the other arm. (Patna 1941)

7. Two liquids that do not mix together meet in a bent tube, Prove
that the heights of their surfaces above their common surface will be inversely
proportional to their densities,

+8. A vessel whose bottom is horizontal contains mercury whose depth
is 30 inches and water floats on the mercury to a depth of 24 inches; find the
pressure at a point on the bottom of the vessel, the sp. gr. of mercury being
13-6.

.9- Two liquids A and B do not mix and have different densities. When
A is poured in a vessel to a vertical height h, the pressure on the bottom is the
same as when A stands to a height k; and B to a height A, above it. Show that
the ratio of the density of A to that of B is

hy
h—hl :
s10, The pressures at two points A and B in a homogeneous liquid are p

and p’. Prove that the pressure at the point R which divides AB in the ratio
m:nis

(Alahabad 1955 ; Banaras 1940)

mp’+np
m4n °
*s11. If there pe n liquids arranged in strata of equal thickness 2, and the
density of the uppermost being p, that of the next 2p, and so on, that of the

lowest being np. Prove that the pressure at the lowest point of the lowest
stratum is ,

in(n+1)geh. (M. T.)
#¥ 12, If a triangle be immersed in a homogeneous liquid, prove that the

sum of the pressures at the vertices is equal to three times the pressure at the
centroid of the triangle., ,

»13. If a parallelogram be immersed in any manner in a homogeneous
liquid, } "ove that the sum of the pressures at the extremities of each diagonal is
the same.

‘(S‘ 14. If aliquid be heterogeneous and of density kz at depth 2, show that
he

t essure is
IX+3gk22
where 1I is the atmospheric presssure, (Lucknow 1950 Supp.)

X15. If p, o’ be the densities of two fluids (p<p’) and the lengths of the
arms of a U-tube in which they meet be m and n inches respectively; prove that
in order that the tube may be completely filled, the height of the column of
the lighter fluid above the horizontal plane in which they meet be

p'(m—mn)

inches, M.T. 1859

Y = ‘ )
10. - A fine 2irela Lohe in the vertical plane contains a column of liquid,
of dewsi , which subtends a right angle at the centre, and a column of

density §’ subtending angle «. If ) is the angle that the radius through the
common surface makes with the vértical, prove that

—8 ’
tan g=>_ 0 +¥cosa

343 sin &
(Jaipur 1953 ; Agra 1932, 48)
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17. In the lower half of a uniform circular tube, one quadrant is occu-
pied by a liquid of density 2p, aud the other by two liquids of densities p and
3p. Prove that the volume of the lower of the two latter liquids is twice that
of the other. (dgra 1953 Supp. ; Lucknow 1938)

x8. A circular tube of fine uniform bore is half filled with equal volumes

of four liquids which do not mix and whose densities are as 1:4:8:7 andis

held with its plane vortical, show that the diameter joining the free surfaces
makes an angle ) with the vertical such that

tan 0=2. (Jaspur 1952)

19. Equal volumes of three fluids of different densities, which do not
mix together, completely fill a circular tube which is kept in a vertical plane.
Prove that, if the densities of the fluids are in A,P., the common surface of the
lightest and heaviest fluids is at an extremity of a horizontal diameter of the

circle,

@A circular tube of uniform thin bore is half filled with equal volumes
of th iquids of sp. gravities 3, 4 and 6, and is kept with its plane vertical,
Prove that the diameter joining the two free surfaces makes an angle 8 to the
vertical such that

9
tan Q= Vi

21. In a uniform circular tube two liquids are placed so as to subtend
90° each at the centre. If the diameter joining the two free surfaces be in-
clined at 60° to the vertical, prove that tne densities of the two liquids are as

V3+1:4/3—1.

22. A circular tube of uniform bore, whose plane is vertical, contains
columns of two liquids, whose respective densities are p, o, the respective
columns subtending angles 2a, 25 at the centre of the circle. If 0 be the angle
which the portion of tho tube intercepted between the lowest point and the
eommon surface of the liquids subtends at the centre of the tube, prove that

p sin ¢ 8in (¢4 0) =o sin @ sin (B6). (M.T. 1873)

23. The two arms of a U-tube are close together. In one arm there is
water and in the other mercury, go that their common suriace is at the lowest
point. One quarter of the water is taken out and is poured into the other arm
over the mercury. Prove that in the new equilibrium position the difference
of heights of the upper surfaces is one-half of what it was formerly.

24. A tube of the form of a complete circle fixed in a vertical plano,
contains equal lengths of four liquids which do not mix and whose sp. gravities
are as 1: 2: 4 : 3 filling the tube in this order. Prove that the inclinations to
the vertical of the two diameters joining the points of division are

tan—1 } and tan—1 2.

(Jaipur 1950)

25. If three liquids which do not mix and whose densities are py, p;, p3,
fill & circular tube in a vertical plane and if «, 3, y are the angles which the
radii to the common surfaces make with the vertical diameter measured in the
same direction, prove that

p1(cos B—cos ¥) +-py(cos Y —cos a)+pg(cos a—cos g)=0.

26. A closed tube in the form of an ellipse, with its major axis vertical,
is filled with three liquids of densities py, py, p3. P; is the point of separation
of liquids of densities py, p3 ; Pa that of the liquids of densities p3, p;; and Py
that of liquids p, and p,. If the distances of P,, Py, P3 from the same focus bs
r1, e, '3 respectively ; prove that S ey e e

r1(pa—p3) +72(e3—p) +7alp1—pg) =0.
a%. A thin uniform cycloided tube c?\tains equal weights of two fluids :

if it be placed with its axis vertical, prove tiht the heights of the free surfaces
of the fluids above the vertex of the tube ar¢ as

(3a-+b)%: (3b+q?, :
where a and b are the lengths of the tube which the fluids occupy.
i (Agra 1957)
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28. A fine glass tube in the form of an equilateral triangle is filled with
equal volumes of three liquids which do not mix and whose deasities are in
A.P. The tube is held in a vertical plane, and the side that contains portions
of the heaviess and lightest liquids make an angle § with the vertical. Show
that the surfaces of separation divide the sides in the ratio

cos (»Z;——-— 0 ) : cos( ;; + 0 )

29. Three liquids, whose densities o5, p2, ¢3 (p1>ps>pg) are in AP,
completely fill & circular tube in a vertical plane and occupy lengths of arcs
subtending at the centre angles 2a, 2@, Y respectively. If the radius to the
point midway between the ends of the lightest liquid makes with the vertical
an angle 0, prove that

cot 0=cot a42 cot B. (Bombay 1951)



CHAPTER IV
PRESSURES ON PLANE SURFACES

30. We have seen that when a surface be in contact with a
liquid, the pressure at any element of it is normal to the surface. If
this surface Ve a plane arca, the pressure at any point of it is per-
pendicular to the plane area. Pressures at all points on one side of
this plane area, therefore constitute a system of parallel forces whose
magnitudes are known. Hence all these parallel forces can be com-
pounded into onec single force acting at some definite point of the
plane area.

This single force is called the Resultant Fluid Pressure or
Resultant Thtust.

But since the thrusts are parallel, this resultant thrust will be
the arithmetic sum of all the thrusts on the various elements of the
surface. On this account the resultant fluid-pressure on a plane
area is termed as the whole pressure.

31. Definition. 7The whole pressure of a fluid on a surface,
is the sum of all the mormal pressures exerted by the fluid on every
element of the surface.

Note 1. If the surface considered be a curved one the whole
pressure is considered as the arithmetic sum of the thrusts at various
elements of the area, though they are not in the same direction. In
this case the whole pressure has no physical meaning whatever, and
thus its calculation serves no useful purpose.

Note 2. The students must carefully note that i the case of.a
curved surface, the whole pressure is not the resultant-thrast on the
curved surface, The topic_how to find out the resultant thrust will
b6_considered later on. '

32. Theorem. 7The whole pressure of a heavy homogeneous
liguid on a plane area is equal to the product of the area and the pres-
sure at its centre of gravity.

Let the surface S be divided into a great number of very small
elements oy, o, aj...... and let z;, 2, z; be the depths of these
elements from the free surface.
Since the elements are to be taken
very small, the pressures on them
will be respectively

W2y, WHoZgyeoeoee
taking the pressure over each area
to be uniform.

Hence the whole pressure

=w(032; + tgZg+..onen )

But from statics we know
that if z be the depth of the
centre of gravity of the given plane
area
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a2+ o2t

2t agt......
or g2yt g2t o= 2(0t oyt )= 2 8
Hence the whole pressure —qz$S
=Pressure at the C. G. X area.
Note 1. The above theorem may also be stated as follows :—

(3) If a plane surface be immersed in a liquid the whole pressure
or thrust on it is equal to w S . z ; where S is the area of this plane

surface and z is the depth of ils centre of gravily below the surface of
zero pressure and w the weight of the unit volume of the liquid.

Zz =

(i2) T'he whole pressure of a liquid on a surface is equal to the
weight of a column of liquid whose base is equal to the area of the given
plane surface, and whose height is equal to the depth below the surface
of the liquid of the centre of gravity of the given plane surface.

Note 2. If the pressure of the air is not to be neglected, let
II be the pressure at any point of the surface of the liquid.
The pressure on the element
= (11 +42w;) ey
=]JTot; 2wz 04
*. whole pressure
=II(ay+ o3+ ...) Fw(2 042905+ ...)
=IIS+wSz
=(II+w 2)3.

If II=wh,, where &, is the height of the effective surface above
the free surface, the whole pressure is given by

w(hy+2)S, orw S z,
where z is the depth of the C.G. of the area below the effective
surface.
Therefore in this case also the above theorem holds provided if z
ts taken as the depth of the C.G. below the ‘effective surface.’

33. Layers of different Liquids. Let the fluid consist of
layers of different liquids of densities Py, py,..., P, beginning from the
top where pressure is zero. Let their depths be Ay, hs,..., hy, Tes-
pectively and let the area be enlirely in contact with the lowest liquid.

Let 2, be the depth of «;, a very small element of the area
below the lowest surface of separation.
Then the pressure at the element «,
=gP1h1a] +gP3h’a1+ vee +9Pﬂ—l ﬁn_lal-{-gpnzlacl
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.. Whole pressure on the area
=gPihy(0y+ag+...) +gPohg(oy a3+ .0) .o +gPn(2101 4200+ ...)
=gP1h3S+-gPohoS+ ... +gPn_1hu1S+gP,2 S
=(gPihs+gPsh,+...... +9Pushner+gPa2)S

where z denotes the depth of the C,G. of the area below the lowest
surface of separation.

Note. If the atmospheric pressure II is taken into account,
the above formula becomes

(AT+gPihy .- +9Pnshn_1+9Pr2)S
which can be easily proved.

34. A plane area in contace with more than one fluid.

If the plane area be in contact with more than one fluid, we
divide it into several parts, cach of which is in contact with one fluid
only. The pressures on each part will be given by the formula given
in the last Article and their sum is the whole pressure required.

Thrust on a horizontal area. Now it is evident that
the thrust on the horizontal base of a vessel of the liquid which it
contains does not depend on the shape of the vessel but only on the
area of the base and the depth of the liquid.

‘‘‘‘‘‘‘‘‘

e R R TP

Thus suppose we have four vessels of different shapes but hav-
ing the same height and equal bases. They contain different amount
of liquids. But the thrust on the base of each of the vessels is the
same, for

the thrust=w. area. depth of the C.G. of the area, which are
the same for all the vessels.

36. Solved Examples.

Ex. 1. Find the whole pressure on a iriangle, the depths of whose
vertices are hy, hyand hy, the liguid being homogeneous.

The depth of the C.G. of the triangle

=3(h1t+hathy)

.. Whole pressure=% w (h;+hy+h3) S where S is the area of

the triangle.



PRESSURES ON PLANE SURFACES 26

Ex. 2. The width of a rectangular vertical dockgate is 40 ft. and
on one side there is salt-water (sp. gr. 1 026) to a depth of 24 ft. On
the other side there s fresh water. Find its depth if the thrusts on the
two sides are equal. (Rangoon 1947)

The area immersed under salt-water

=40 X 24 sq. ft.

The depth of the C.G. of the immersed area
=12 ft.

.. Whole pressure on one side of the dock-gate
=40%24 X 12 X gx 1026
Ifk be the depth of the fresh water on the other side, the whole
pressure on the other side

—(doxh) g

The thrust on the two sides being equal
3 %40 h2g=40%x24 X 12 Xg X 1026
h?=24 x 24 xX1°026
h=24x1-0129
=24-3096 ft.

Ex. 3. .A square lamina ABCD, which 18 immersed in water, has
the side AB in the surface. Draw a line BE lo a point E tn CD such
that the pressures on the two gportions into which it divides the lamina,
may be equal. (Allahabad 1921 ; Agra 1931, 37, 51)

Let the side of the square ABCD be a and let EC=x.
The pregsure on BEC

= pressure on ABED
= 4 pressure on ABCD

Now pressure on BEC

=w. %.alax
=%a%rw
Pressure on ABCD
=w.ja.a®=4% adw
Y a®*xw=1}. L. a*w

z=3%a

. EC: ED=3:1.

Ex. 4. A iriangle s immers-
ed in a liquid with one vertex in the
surface and the opposite side hori-
zontal ; meglecting the almospheric
pressure, find the ratio in which the median through that vertex will be
divided by o horizontal line which divides the triangle into two parts n
which the total pressures are equal. ' (Allahabad 1922)

Let DE divide the /A ABC into two portions such that
pressure on ADE=npressure on DECB=%} pressure on ABC

. _Let AM and AN be the perpendicular and the median of the
side BC respectively. Let them cut DE in P and Q respectively.
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Pressure on /\ ADE
=w.2AP. 1AP.DE

Pressure on NABC
=w.2 AM. } AM.BC
w.2AP.JAP. DE
=1w.2 AM } AM.BC.

or AP2.DE=}AM2.BC

N DE AP _ AQ

B MV ¢ oV BC = AM — AN
AQ?AM?  BC.AQ _,,qre

7AN24A . AN —«AI\I{ .BC.
or AQ*—}AN®
AN

AQ= ’;\3/2‘.

Ex. 5. A square of side a is dipped vertically in two liquids of
densities p and & with the upper side in the free surface. The depth of
the upper liquid of density P is b (<a). Find the thrust on the square.

Let the square ABCD be immersed with AB in the free surface
The portion ABFE is in the
upper liquid.

Thrust on the area ABFE

b
=ab. '3—9 4

Thrust on the area EFCD
={gpb+1igo(a—b)}(a—bla
.". Whole pressure on the square 7
ABCD b
=}ab%gp+ab(a—blgp+igoa (a—b)*
=1ab gp (2a—b)+3}gea (a—b)*.
Aliter.—The thrusts of the liquids on the square will remain
the same even if we consider that one liquid of density P is in con-

tact with the whole area and another liquid of density (¢—p)in con-
tact with the lower part only of the rectangle.

The thrust due to the first liquid

2 pg=1ad
5 Pg=1aPg
The thrust due to the second liquid

—a@—t 3% go—p)

=a?
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.. Total thrust on ABCD
=} a® pg+3% a(a—0b)%g (c—r)
=1la(a—b)? go+lagp {a®—(a—b)*}
=1}a (a—b)% go+3ab gpr (2a—0).

Ex. 6. The lighter of the two liquids of densily o rests on the
heavier of density o, to a depth b. If square of sids a is immersed in «
vertical position with one side in the surface of the upper liquid, if the
thrusts on the two portions of the square in contact with the two liquids
be equal, prove that

bp(3b—2a)=o(a—Db)*.
(Allahabad 1927 ; Sagar 1949 ; Jaipur 1953, 58)

From solved Ex. 5

thrust on ABFE=thrust on EFCD
Lab? gp={gpb+13igo(a—b)} (a—b)a
. 3 abgp{b—2(a—b)}=1% go (a—b)%a
or bp (3b—2a)=0 {(a—b)2.

Examples 3

1. /A cube of 30 cms."edge is suspended in water with its upper face
horizontal and at a dopth of 75 cms. below the surface. Find the thrust on
each face of the cube.

a./ A rectangular vessel, one face of which is of height 2 ft. and width
1 ft., is half filled with mercury (sp. gr. 13'6) and half with water. Find the

thrust on this face.

3. /One-third of a rectangular vessel is filled with mercury (sp. gr.
13-6) and the remainder with salt water (sp. gr. 1:04). If 3k be the depth of
the vertical side and a be breadth, find the fluid thrust on a vertical side,

4. | The lighter of two fluids, whose sp. gravities are as 2 : 3, rests on
the heaviér, to a depth of 4 inches. A square is immersed in a vertical position
with one side in the upper-surface, determine the side of the square in order
that the pressures on the portions in the two fluids may be equal. (M.7'. 1855)

5. A rectangular vessel contains three liquids which do not mix and
whose sp. gravities are 10, 1'2 and 1'6, the thickness of which are 4,3 and 2
inches respectively. * Compare the total thrusts of the liquids on the different
parts of a side of the vessel. (Andhra 1950)

6. 1In the vertical side of a water tank there is a square plate whose
upper edge is horizontal and at a depth of 8 ft. below the surface of the water.
The depth of the plate is one foot ; find the resultant pressure on the plate,
taking the yeight of 1 cu, ft. of water to be 62-5 lbs, (Calcutta 1910)

./ A square plate, whose edge is 8 inches, is immersed in water, its
upper edge being horizontal at a depth of 12 inches below the surface of the
water. Find the thrust of the water on the surface of the plate when it is in-
clined at 45° to the horizon ; the mass of & cu. ft. of water being 64 lbs.

(Calcutta 1947)

8. The resultant fluid pressure on a vertical circle of radius a is equal to

twice the weight of a sphere of the same liquid of radius a. The circle is now

lowered through a depth equal to 2a. Prove that the fluid pressure in the new
position is Z times the original one.

. Find out the total thrust on one side of a rectangular vertical dock-
gate 45 feet wide, immersed in sea water to depth of 30 feet, given that 1 c. ft.
of sea-water weighs 1025 ozs. .
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If there is fresh water on the other side of the gate, iind its depth so
that the resultant thrusts on the two sides are equal. (Madras 1934)

10. A rectangular vessel is full of water, compare the fluid pressures on
the lower and the upper halves of a vertical side of the vessel.

1. The sidefof a cistorn are vertical. Its base is a horizontal regular
hexagon each side of which is 4/3 ft. long. Find the depth if, when it is full of
water, the thrust on each of its sides is the same as on its base.

(Banaras 1927 ; Agra 1936, 50)

12. A vessel containing some water rests on a horizontal table, if a per-
son dips his hand in the water without touching, how is the pressure on the
table affected ? v (dgra 1959 ; Lucknow 1940)

13. An ellipse is placed with its major axis on the surface of water and
its plane vertical ; a circle—the auxiliary circle—is described on the major axis
as diameter. Prove that the thrust of water on the portion of the area enclosed
between the auxiliary circle and the ellipse is

Swa(a?—b?)
where @ and & are the major and minor axes of the ellipse respectively.

14. An ellipse is placed with its minor axis, on the surface of water and
its plane vertical. A circle is described on the minor axis as diameter. Find
the total pressure of water on the portion of the area enclosed between the
ellipse and circle,

15. A square is placed in a liquid with one side in the surface. Show
how to draw horizontal line in the square dividing it into two portions, the
thrusts on which are the same, (Lucknow 1959 ; Calcutta 1938)

16./ABCD is a rectangle, AB being equal to 2BC. It is immersed in
water with its plane vertical and AB in the surface. Show how to divide the
area into two parts by a straight line from A such that the pressure on the two
parts may be equal. (Bombay 1947)

17. ABCD isa rectangle immersed in & homogeneous liquid with AB in
the free surface and AD vertical. Show how to draw a straight line through A,
dividing the rectangular area into two portions equally pressed. (Nagpur 1943)

18. JA parallelogram is immersed in a homogeneous liquid with one side
in the surface ; show how to draw horizontal lines dividing it into » portions the
thrusts on which are equal. . (Jaipur 1950)

19. A triangle ABC has its plane vortical and the side AB is in the sur-
face of the liquid in which the triangle is immersed ; divide it by the straight
lines drawn from A into n triangles on each of which the pressure shall be the
same,

20. An isosceles triangle is immersed vertically in a fluid with its vertex
coincident with the surface of tho fluid and its base horizontal; determine how
it must be divided by a line parallel to the base so that the pressures on the
upper and lower parts may be respectively in the ratio m : n. (dllahabad 1953)

21. A closed hollow cone is just filled with liquid, and is placed with its
vertex upwards and axis vertical ; divide its curved surface by a horizontal
plane into two parts on which the whole pressures are equal.

22._ /A cone, full of water, is placed on its side on a horizontal table,
show that’the thrust on its base is 3 sin & times the weight of the contained
fluid, where 2« is the vertical angle of the cone. (Lucknow 1956 ; Patna 1940)

23. A triangle ABC is immersed in a liquid, its plane being vertical and
the side AB in the surface ; if O be the centre of the circumscribed circle of the
A\ ABC, prove that

pressure ‘"‘AAO,CA,zﬂm 2B . (Agra 1956)
pressure on ,\OCB™ sin ZA

24. A triangle ABC is immersed vertically in a liquid with the vertex C
in the surface, and the sides AC, BC equally inclined to the surface ; show that
the vertical through C divides the triangle into two others, the fluid pressures
upon which are as b34+3ab2 : a3+43a2b. (Lucknow 1957)
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37. Harder Solved Examples.

. Ex. x. A4 semi-circle is immersed vertically in @ liquid with the
diameter in the surface ; show how to divide it into n sectors, such that
the thrust on each is the same. (M.T., Finance 1926 ; Utkal 1945)

Let the semi-circle AP,B of radius a be immersed. Let AOP,

consist of r sectors of the type AOP,, P,OP,......such that the
thrust on each of them is the '

same, Ao Oy R Z -

Let £ AOP,=2u«. Let ' [H
P,0,, P,0,,...P,0,...be the
vertical heights of the re-

quired sectors from the free
surface. :

Thrust on the area AOP,
Thrust on the semi-cirele

(1)

Area of sector AOP,=aa?.
Depth of the C.G. of this area from the free surfacc

=0G sin «

_ 2 asina 2  asin?«

= - .sina=—; . -
O o 3 o

in2
Thrust on the area AOP,=aa2.%—£§;n—“gp=§a3 sin« gp.

.. 4 2
Thrust on the semi-circle =1ra2. Z gr==3a’gpe

3
From (1)
5a® sin® agp _ »
Zadgp n
or sin?a=
n
cos 2a=1—2 sin?a=1— 27
n
AO,=a—a cos 2<x=a—-a< 1— ”2"_)—_—27,?‘,,
n n
Giving r=1,2,3,..n )
AOI = _2_0'_ ’ A02="j4'£ ) AO3=_§E ceenae
n n n

. The horizontal diameter is dividedin n equal parts. The
ordinates at these points will divide the arc of the semi-cirele in the
points of the required sectors.
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Ex. 2_ A parallelogram is immersed in a fluid with o diagonal
vertical, one extremity of which is in the surface of the liquid. Through
this point lines are drawn dividing the parallelogram into three equal
parts. Compare the pressures on these three parts, and if P, be the
pressure on the middle part and Py, P, those on the other two prove that

16P,=11(P,+ P,).

Let ABCD be the parallelogram with AC vertical and A in the
surface. Let «, B, Y be the depths of B, C, D from the surface res-
pectively. BN, EM are the perpendi-
culars on AC. Let E and F be such
points so that pressure on the N\ABC=
that on AECF=that on AAFD. Let
3S be the area of the whole parallelo-

gram,
AAEC = AABC— AABE
—3S—S=3S=} AABC
1AC.EM=}.3 AC.BN
or EM=3}BN.
In the ACBN, CM=3CON or NM=3CN=%(8—«)

Depth of E=cx—|—NM=oc-J,—§(B-—-OC)=O'L:I-:.);—2E

Depth of C.G. of the AABC from the free surface

- at2p \_ det28
*%( xt g 9
_ +2
P;=Thrust onAA BE——_gpS(‘iz 9,E>

Similarly Py==Thrust on NAFD=35gpPS(47+2p)
P,=Thrust on the parallelogram— (P, +P;)

=gp38. %*—PI—P;, whence the thrusts can be ’compared. ‘

Now P,+P,=#gpS(a+p+7)=5958, for a+yv=f for the
parallelogram.

P, =% X§(P1+Py)—P1—P;
=15(P1+Py)
. 16P2=11(P1+P3).

Ex- 3. A vessel contains n different liquids resting in horizon-
tal layers and of densities Py, Py, ...Py, starting from the highest fluid. A
triangle s held with its base in the upper surface of the highest liquid
and with its vertex in the nth liquid. Prove that if /\ be the area of
the triangle and hy, hy...h, be the depths of the vertex below the upper
surface of the Ist, 2nd,...... nth liquids respectively, the thrust on the
triangle ts

%‘%L%‘ {P1(h® —hg®) +Pyhe® —h®) ...+ Puka®},
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ABC is the triangle immersed in n liquids with AB in the upper
surface of the highest liquid. Its vertex C in the nth liquid.
CDzhl, CD,=h2, CD~=h3..o

%AB.}Pq: % A jD B
AB=70 ‘"g 74
1 d ? 7
A'B'_ b, A__ D S5 B8
o .__2&’{2
Similarly A"B" = 3%23 .....
Hence areas of different trian- %
gles are
A, Dt Dbt ARE Ab
,hlz )h12) hg; ------- yh’ c

1 1
The thrust on the AABC in this position will be the same as
the sum of the thrusts on the A\ABC in a liquid of density p,, on
ANA'B'C’ in a liquid of density p,~P;, on AA"B”C” in a liquid of
density {P;—p;—(Py—Py)} t.e., (P3—P2) and so on.
.. Total thrust

h h® h k2 h
=A-‘?”1—P1!I‘i"%l”zL . §2 . (92“91)9+%123‘ . ‘31(5’3“'?2)9'5"-'--
N Ahn2 hn

+- he 5 (Pn—Pn1)g
=} 'gz‘?‘ {Prh®+ho®(Py = Py) +RgP(P3— Py) + -+ B3 (P —Pry) }

=} _%A? {P1(hs® —hg®) +Py(he® —R5®) 4. ... +PyR,5).
1

Ex. 4. The inclinations of the axis of a submerged solid cylinder
to the vertical in two different positions are complementary to each other.
If P and P’ be the difference between the pressures on the two ends in
the two cases, prove that the weight of the displaced fluid s equal to

(P2+P’2)%.

Let AB be a circular cylinder of radius a and length k.

Let the depth of A from the free surface be z. 6 is the angle
that the axis makes with the vertical.

Thrust on the end A=na?gpz

Thrust on the end B=na%yp(z-+h cos 6)

P=Thrust on the end B—thrust on the
end A

=m a’gph cos 6.
In the second position the angle of
inclination is 90°—0
P’ =na’ghp sin 0

(P2-|-P’2)%=r:a.zgph
=weight of the displaced fluid.
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Ex. 5. A hollow weightless cone of sems-vertical angle « and of
height b, is filled with liguid and freely hung from a point on the rim of
the base ; show that the thrust of the water on the base is

nh® tan® « sin « gp
V1415 sin%a
(Nagpur 1954 ; Banaras 1938)
Let ABC be the cone of height 4 and base of radius a.

a
tan a= W

The cone is suspended from the
point B. Since there are only two forces
i.e., wt. of liquid contained in the cone
and the tension in the string, the line
BG, where G is the C.G. of the cone,

must be vertical.

Let [ OBG=6
OG R/4 &
tan O=— " =——1" —
an BO a 4a
S SV
4.k = 4tan o
4 sin « ol
whence cos f=-—_ PR —
4/ 1415 sin® o ‘\m« Comde -
.*. Thrust on the base AT Cron b
=ma®.1 cos 0 gp g _ .
< e 1o
4rl® tand asino gp = W *i'%::-:“( oD
== T e Coh

4/ 1415 sin%e
Ex. 6. A parallelogram ABCD is immesrsed in homogeneous
Sluid of density p, open to the atmospheric pressure I1, with the side AB
in the surface. E is a point in AB such that AE=% AB. A siraight
line joins E to a point ¥ in CD. Show that, if the thrusts on AEFD
and EBCF are equal, DF s given by
6 DT (3 II+2grb)=AB (6 114 59pbd),

where b is the depth of CD. (M. 7.
Let AM (=b) be the height of “the parallelogram. Let z be
the depth of C.G. of the area AEFD .

from AB. Join AF.
z. (AE+DF)b

=}AE. b. | +}DE.b. %’i

-
.

)

B
.

x----
™
)

o (AE+DF)=(AE+2DF).§— 4
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Thrust on AEFD=}(AE+DF) b. (I[+gr 7 )
Thrust on ABCD=AB. b([[+gs )

AB b(II+3 grb)=2. 3(AE+DF) b ([I+ge 2)
or AB(I1-+ige) =(3AB+DE)] T4 . (340150 g

2 ABLDF
=TIAB+DF) lgp o (3AB-+2DF)

b 21-[ 2 h 2
or AB ([[+g¢ 0o~ 3 T g geb) =DF(I[+3 gob)

or AB ('l‘} +1g geb) =DF(I+3¢eb)
or AB (6]]+5g0b) =6 DF (3[[+2g0b).

Examples 4

1. Find the thrust on a vertical quadrilateral which has one side of
length @ in the surtace, and the opposite side of length b parallel to it at a
depth A,

If the fluid consists of a top layer of density p and thickness }k, and the
rest of density o ; prove that the thrust on the quadrilateral is

418 gh*{(Ta+11b)p+ (a+5b)a}.

2. A parallelogram ABCD is immersed vertically in a homogeneous
liquid with the side AB of length 2a in the surface. Points F and E aro taken
upon AB and DC, such that liC=xz and AF=y. If EF divides ABCD into two
parts of which the pressures are equal, show that

2x—y=a.

3. A hollow cone, whose axis is vertical and base downwards, is filled
with equal volumes of two liquids whose densities are in the ratio 3 : 1; show
that the thrust on the base is (3 —4/4) times as much as it is when the vessel is
filled with the lighter liquid. (Allahabad 1957 ; Lucknow 1946, 55)

4. A hollow weightless hemisphers, filled with Liquid is suspended freely
from a point in the'rim of its base ; show that the thrust on the plane base is
to the weight of contained liquid as 12 : 4/73, (Agra 1960)

A rectangular area is immersed in a heavy liquid with two sides
horizontal, and is divided by horizontal lines into strips on which the total
thrusts are equal. Prove that if a, b, ¢ are the breadths of the consecutive

strips
a(a+b)(b—c)=c(b+c)(a—b).
(Banaras 1941 ;_Delhi 1946 ; Utkal 1946 ; Calcutta 1948)

6. A cubical box with vertical sides is filled with equal volumes of n
different liquids, which do not mix, the density of the uppermost being p, that

of the next 2p,... .. and that of the lowest np. Show that the thrust on the
base is (n+1) times the thrust on that part of one of the sides which is in
contact with the lowest liquid, (Jaspur 1954)

7. A cylindrical vessel on & horizontal circular base of radius a, is
filled with a liquid of density w to a height A. If now a sphere of radius ¢ and
density greater than w is suspended by a thread so that it is completely
immersed, prove that the increase of the whole pressure on the curved surface
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8n 2c3
e s ——
34 WC ( h+ 3a2)'
8. A cylindrical tumbler, half filled with a liquid of density p, is filled

up with a liquid of density o’ which does not mix with the former one., Shew
that the thrust on the base of the tumbler is to the whole pressure on its curved

surface as

is

2r(p+p’) to R(p+3p’)

where  is the height and r the radius of the base of the cylinder.
(Allahabad 1943 ; Agra 1953)

9./A cylinder is filled with equal volumes of n different fluids which do
not mix ;/the density of the highest is p, that of the nextis 2p, and so on.
that of the lowest beng np. Shew that the whole pressure on the different
portions of the cun;ed s2urfnces of the cylinderzare in the ratios

12:22:382: ... 1 n2,

10. A thin hollow cone, of negligible weight is filled with water, and is
then suspended from a point in the rim and allowed gradually to take its
position of equilibrium, Prove that if the vertical angle of the cone is cos-1 %,
the surface of water will divide the generating line through the point of suspen-
sion in the ratio 2: 1. (Agra 1930)

11. A square immersed vertically in a fluid with one side in the surface
is divided by a straight line parallel to a diagonal so that the thrusts on the two
parts are equal. 1f x be the depth of the point in which the dividing line cuts
a vertical side a of the square, then prove that

223 —6a2x+a3=0.

12. A triangle, completely immersed in a liquid with the vertex C in its

surfaco is divided into two parts by a straight line through A so that the

thrusts on two parts are equal. If x be the depth of the point at which the
dividing line cuts CB, and ¢, 3 be the depths of A and B, then prove that
2224 20z - B(a+B)=0.

13. A triangle is immersed in a fluid with one of its sides in the surface ;
find the position of a point within the triangle, such that, if it be joined to the
angular points, the triangle will be divided into three others, the fluid pressures
upon which are equal.



CHAPTER V

CENTRE OF PRESSURE

38. Centre of Pressure.—If a plane area be immersed in a
liquid, the pressure at any point of it is normal to the plane surface
and is proportional to the depth of the point from the free surface.
The pressures at all the points on one side of it form a system of
parallel forces which can be compounded into one single force aecting
at some definite point of the plane of the area. This single force is
called the Resultant Fluid-Pressure or Fluid Thrust the magnitude of
which, in the case of a plane area, is the sum of all the pressures
acting at various elements of it. The definite point of the plane
of the area where the Resultant Pressure acts is called the Centre of
Pressure.

Definition. The Centre of Pressure of a plane area in
contact with a fluid is the point of the area at which the Resultant Thrust
on one side of the area acts. -

Note.—It has already been shown that the intensity of pres-
sure in a heavy homogeneous liquid increases with the depth. ff the
area to be considered is horizontal, then the pressure at every point
will be the same, and the resultant thrust will act through the
centroid of the area. In all other cases when the pressures on all the
points of the lower part of the area are greater than those on the
upper one, the centre of Pressure will be below the centroid of the
area. This leads to the establishment of the Proposition.

““The depth of the centre of pressure of a plane area immersed in
a Yiquid is greater than the depth of its C.G.”’

Henceforth Centre of Pressure will be shortened as C.P.

39. How to find the Centre of Pressure.

Let , y be the coordinates of the small element dS of a plane
area immersed in a liquid and let (z, y) be the co-ordinates of the
centre of Pressure, where the line of the
intersection of the plane area and the 0
free surface is taken as y-axis and a
perpendicular line in the plane of the
area as r-axis. :

Let p be the intensity of pressure
on the element dS. Therefore the pres-
sure on the element is pdS and its
moment about the axis of y is xpdS.
Hence the sum of the moments of the
pressures on all the elements of the
type dS of the area is [ xpdS. The
pressure on the whole area is [ pdS act-
ing at x, y since all the forces are
parallel, by taking moments -about the
axis of y, we obtain

Y

- - -
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x [ pdS= [ xpdS

= J zpdS
[ pdS °
Similarly, by taking moments about the axis of x
- ypdS
T ST

40. T'o prove that the position of the Cenire of Pressure of a
plane area is independent of the inclination of the area to the vertical.

Let « be the inclination of the plane area to the vertical. Take
the line of inter-section of the planc arca with the surface of the
liquid as y-axis and a perpendicular line

Y OX in'the plane of arca as z-axis.

Let dS be a small element of the area
at a point (z, ) and let » be the intensity of
pressure at that element.

The depth of the element dS from
the free surface

=X COS o

\ Se P=gp T COS «
- __ JxpdS _[gPa® cos a dS__ fx%dS
Hence T = pdS T fgpw cos w dS  [xdS
Similarly 3 LS
imilarly Y =fudS -

These values of z, ¥ do not involve .. Therefore they are the
same whatever be the inclination of the plane to the vertical.

Note. Thus to find the Centre of Pressure of an arca we may
make the arca vertical if not vertical, by rotating it about the line
of intersection with the effective surface. And if P be the Centre of
Pressurc, then P will remain the Centre of Pressure in every case.

41. The CP. of a parallelogram with one side in the
free surface.

Let the parallelogram ABCD be immersed in a liquid with DC
in the free surfacé. If the parallelogram is not vertical, let us rotate
it about DC so that it may be verti-
cal ; and in doing so there is no loss
of generality.

Join E, the middle point of
DC, with F, the middle point of AB.

Take the line EF as z-axis and
let o be the angle that EF makes =
with the horizontal :
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Now take = strip parallel to the free surface at a distance z
from the origin E in the free surface along EF. Let dz be the
breadth of the strip along EF. Let DC=b, DA=a.

If the area be divided into an infinite number of horizontal
elementary strips like PQ, the thrusts on all such strips will be acting
at their middle points which liec on EF. Hence the C.P. will lic
on EF.

p=intensity of pressure on the strip
=gpz sin «, where p is the density of the liquid

dS=area of the strip

=bdx sin «
a
- z. gpx sin ¢ bdx sin «
‘E=I7pd§=J'o . g .

a

[ pdS j gPx sin a. bdr sin «
o

(]

J. x*dx

40 —ia

[ xdx

v o

Hence the C.P. is in EF at a distance 3ET from E.

Note.—For a rectangle put a= g , the vesult will be the same,
42. Centre of Pressure of a triangular area immersed
in a liquid with its vertex in the surface and base horizontal.

Let AD, the median of the triangular area ABC immersed in
a liquid, make an angle « with the horizon,

Take one »trip PQ parallel to the
base at a distance AM (= ) from A ulong
AD. Let the intercept MN of AD, cut
off by the strip, be da.

Let BC=a and AD=»r

PQ AM
Now pu=ap
ax

PQ= "%

Also the depth of the strip from the free surface=2 sin « and
dS=Area of the strip=PQ.MN sin «

ax .
= dx sin o,

p=the pressure at any point of the strip
=2 sin agP, where p is the density of the liquid.
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If the area is divided into an infinite number of horizontal ele~
mentary strips like PQ, the thrusts on all such strips Wlll be acting at
their middle points which lie on the median AD.

Hence the C.P. of the triangle will be on AD.

[ wpdS j .z sin och ——dx sin «
x ——_—— —_—

[ pdS [ x gin « gp. adesmoc

Jo

(] 3 ) o
=2 AD, the C.P. of ABC is in AD at a distance § AD
from A.

The Centre of Pressure of a triangular area immer-
sed in a liquid with one side in the surface.

Let DA, the median of the triangle ABC immersed in a liquid,
make an angle « with the horizontal. As before it is evident that
the C. P. will be on DA.

Take PQ any horizontal strip at a dis-
tance x from D along DA. Let the intercept
MN of AD, cut off by the strip, be dz.

Let BC=a, DA=r

PQ_AD—z r—z
BCT AD — r
=7

Also the depth of the strip from the
free surface=x sin «

dS=area of the strip=PQ.MN sin «

a”'—-
= )dacsmot
r

p=rpressure at any point of the strip
=gpx sin «, where p is the density of the liquid,
J' r Hr—
* ; = wjﬁdg = oxa ‘
I pdS I a(rr x)dx sin « gp x sin «
o

)dxsmocgpxsmot

J-:(r—x)x"‘dx

B I :(r—x):cdx.,-
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Hence the centre of pressure is the middle point of AD.

44. The centre of pressure of a vertical circular area
of radius a wholly immersed with its centre at a depth 4.

Let O, the centre of the circle, be the origin. Take a point Q
on the circle whose co-ordinates are (z, ¥).

From symmetry it is clear that A
the C.P. will be on the vertical line <1,
ABOC.

Now take PQ, any horizontal
strip of thickness dxz, at a distance «
from O.

Let the equation of the circle be

x2+y2_.___az.
dS==area of the strip
=2ydx
p=intensity of pressure on the
strip PQ

==gp(h-z), where p is the density of the liquid.
Therefore the depth of the C.P. of the circle from the centre

a
_fxpdS j‘_a xgp<h+x)2ydx

de J gP (h+x)2ydx

a
.[—“ xy(h-!—x Ydx
I (h+x)dz
Putting z=a cos 0, y=a sin § and de=—a sin 6 db

j cos 0 8in20(h+a cos 0)d0

;‘ i

a | cos 0 sin20 d0+-a? j: cos20 sin%0 do

J' 8in®*0 (A+4-a cosG)dO
I,

. j * sin? 0 d0+a I " sin®) cos) do
[
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at j i cos%0 sin?0 do

a?
hr gin¥gdo -
o
Thus the depth of the C.P. from the free surface
—}L+'4h

Aliter. Construct a hemisphere on the circle as base, and con-
sider the equilibrium of the liquid contained in it.

The forces acting on this liquid are
(7) Its wt. 3ma®gp, vertically

downwards thlough G. the C.G. of it,
where OG=

(22) The thrust on the eircle
na*hge through the centre of pressure P
which is clearly in AB.

(i23) The resultant thrust on the
curved surface, which must pass through

Taking moments about O, we
obtain
\ $radge X O0G=ma’hgp X OP
; a
Corollary. If the plane be not vertical, we shall obtain the
same expression for OP, provided A denotes the distance of the centre
from the effective surface measured in the plane of the circle.

If. however, & is taken to denote the vertical depth of O then
since its distance along the inclined plane of the circle will become
h cosec 0, the distance OP will be given by

. OP-——M sin 0
where 0 is the inclination of the plane.

45. Given the position of the C.P.and the pressure on
each of the two portions into which a plane area is divided,
to find the C.P. of the whole area.

Let Py, P, be the C.P. and p;, p; be the pressures on the two
portions A and B respectively. Now p; acts at P, and p2 at P, and
we are required to find where

the total préssure (py+ps) on B \
the whole area will act. This //
total pressure is clearly the / p o \

resultant of p, and p, and !
therefore acts at P, (a point on
the straight line joining P;P,)
such that
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PP P
PPy py
This gives position of P.
46. If the C.P. and the pressures on the whole area and
on one of the parts be given, to find the C.P. of the other
part.

Let P, P, be the C.P., and p, p, be the pressures on the whole
area and the part A respectively. Then the pressure p (on the whole
area) will be resultant of the pressure p; (on A) and the pressure
p—p, (on the other part B) ; let the last act at P,. Then Py PPy is
a straight line and

PP, _ m
PP, p—m
thus giving the C.P. required.

47. Solved Example.

Ex. 1. ABC isa triangular lamina vertically immersed in a
fluid with A in the surface and BC horizontal. M and N are the mid-
points of AB and AC. Prove that the depth of ihe centre of pressure of
the area MNCDB is £3d, where d is the depth of B. (Lucknow 1959)

Depth of the horizontal side

d

MN= 9 MN=1{BC.

If o be the density of the
liquid, thrust on the triangle ABC

and it acts at a depth 2d below A.
Again, the thrust on the AAMN

1 d 2 d
T MNGm g e

. d 2 d
———%.%BC.Tf S g 990

=44 BCd® gp
and it acts at a depth fiﬁ . g below A.
Hence, the depth of the C.P. of the trapezium MNCB

1 ... 3 1 o 34
3 BCd?gp. .~ d— o B(id gAp 8
1 200— L B4
5 BCd?gp 9d BCd?%pp

=#3d.
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Examples 5

r. Prove that the centre of pressure of triangle ABC immersed in &
homogeneous liquid with the side BC in the surface, coincides with the centre
of two equal foroes each } w /\ « acting at the middle point of AB and AC,
where o is the vertical depth of A below BC, /\ the area of the triangle and w
the speoific wt. of the liquid. (A Uahabad 1931)

2. Prove that the depth of the centre of pressure of a trapezium im-
mersed in water with the side a in the surface and the parallel side b at a depth
h below the surface is

<a+3b l
at2b/ 2

(Calcutta 1912 ; Lucknow 1923, 34, 40, 47 ; Agra 1934 ;
Utkal 1948 ; Allahabad 1949, 51 ; Rajputana 1949)

3. A triangle is wholly immersed in a liquid with its base on the sur-
face. Shew that a horizontal straight line drawn through the centre of pressure
of the triangle divides it into two parts, the pressures on which are equal.

(Banaras 1959 ; Calcutta 1937)

4- Prove that the horizontal line through the centre of pressure of &
rectangle, immersed in a liquid with one side in the surface, divides the rectan-
gle in two parts, the fluid pressures on which are in the ratio 4 : 5.

(Jaipur 1956 ; Andhra 1953)

5. Pis the C.P. of the rectangle ABCD, the side AB being in the sur-
face, Prove that the line through A and P divides the area into two portions
the pressures on which are equal.

6. A quadrilateral ABCD, with sides AB, CD parallel (and DA, BC
equal) is immersed in a homogeneous liquid with AB in the free surface. Show
that the centre of pressure will be the intersection of the diagonals, if
AB=4/3CD, (Bombay 1940y

7. ABC is a triangular lamina immersed vertically in water with C in
the surface and AB horizontal. Show how to divide the area by a horizontal
line PQ into two portions, thrusts on which are equal. *

If h be the length of the perpendicular from C on AB, prove that the
height above AB of the centre of pressure of the area APQB in the above case is
(3 4—4). (Banaras 1933)

8. A plane lamina consists of a circular disc (radius a and centre O)
from which & circular portion (radius a/2 and centre P) has been cut. The
lamina is completely immersed in a homogeneous fluid with its plane vertical
and P vertically below O. If OP is equal to a/2 and the centre of pressure of
the lamina is at O, prove that O is at a depth (11/8a) below the surface of the
fluid. (Karnatak 1952 ; Agra 1946)

9. A square lamina, of side a, has a portion of it in the form of the
inscribed circle removed from it and the remaining figure is immersed vertically
in water with one side of the square in the surface. Prove that the depth of the
CP.is

a (4—157:

24 4—m

48. Effect of further immersion,

A plane area 1s immerged in a homogeneous liguid, and the depths
of its centres of gravity and pressure are respectively a and b ; if tlge
whole area be now lowered (without any rotation), to find the new posi-
tion of the centre of pressure.
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A plane lamina is immersed in a liquid with its centre of
gravity, G, at a depth @ and centre of pressure P, at a depth b from
the free surface. If S is the area of the
lamina, the thrust on it is geSa acting
at P,.

It is then further dipped through %
in its own plane. Therefore the depths of
G and P,’ (the corresponding points of G,
and P, in the new position) are now a-+h
and b4 respectively.

Due to this further immersion the
pressure at every point increases by an
amount ¢gph and this extra pressure is
uniform over the whole area. Therefore
the resultant increased thrust due to this
depth is gphS acting at G.

Thus in the sccond position there are
two thrusts

(¢) geSa acting at P,

(it) geSh acting at G.

Hence by the rules for compounding parallel forces, it follows
that the resultant of those two pressures acts at P which lies om
P, G and divides it so that

GP _geSa _ a
B PP,/ goSh k-

If z be the depth of P from BA, we have b; taking moments

about BA, i

i

_ geSa (b+h) + geSh (a+h)
geSa + geSh

__ k*+2ah+-ab

or - at+h

Corollary r. We have

depth of P — depth of P,
= — (b+h)

e
= h+4a’
which is always negative for b>a,
Hence, as a consequence of further immersion, in the area itself
the centre of pressure is raised through the distance
b—a
h hia”
Corollary 2. The vertical distance between the centre of
pressure and the centre of gravity in the second position

x|
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__ h34-2ah+-ab

= 2T = R

__ab—a?

T at+h
which varies inversely as a-+-h, i.e., as the depth of the C.G.

It follows that, the greater the depth, the more nearly does the

centre of pressure approach to the centre of gravity, and hence at an
snfinite depth the two centres coincide.

Corollary 3. If the centre of pressure of an area be known when
the atmospheric pressure is neglecled, ils position may be found when
this pressure is taken into account.

For if I] is the atmospheric pressure its effect is equivalent to
supposing that the given area has been further lowered through the

distance ., because a height }B— of that liquid would produce
the same pressure [] as the atmosphere.

Corollary 4. The above theorem is true if instead of the area
being depressed through a distance h, a depth h of the liquid has been
superimposed on the surface of the liquid.

49. Solved Examples.

Ex. x. 4 triangle of height h is immersed in a liguid with the
base horizontal and vertex in the surface. If the atmospheric pressure is
equivalent to a head of H feet of the liquid, prove that the centre of
preasure 18 raised to a height

_hH
4(2h+3H)
i the plane of the triangle. (Bombay 1935)

Let the AABC be immersed with A in the free surface and
BC horizontal. Let G be the C.G. and P the centre of pressurc when
the atmospheric pressure is
neglected. Let S be the area of
the triangle and p the density of
the liquid. Since & is the height
of the triangle, the depth of G is

%}ﬁ and that of P is 3A.

When  the atmospheric
pressure is taken into account,
the following are the thrusts

actiné on the triangle :—

)
(1) The whole pressure gpS X h

3 acting at P whose depth from
Ais 3h.
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(2) The increased thrust gpSH on account of the atmosphere

acting at G whose depth from A is 2;' This pressure is
uniform on the whole triangle.

Now, if P’ be the new position of the centre of pressure, its.
depth from A

2h
9987:3} h+QPSH 3
S +gpSH
_ 3k44nH
=22h+3H)

Hence the raised part

3k 3k244hH

4 2(2 /H—.iﬂ)
_ L hH
4 (2h+3H)°
Examples 6

. A trmngle is wholly immersed in a liquid with its C.G. at a dopth 2
and C.P. at a depth 3”. [f the triangle be lowered through a distance 2”, find
the depth of the C.P. in the new position,

2. An equilateral triangle, each of whose sides is 64/3 feet long, is
immersed verticaliy in water with 1ts side in the surface which is open to the air.
If the water barometer stands at 34 feet, find the depth of the centre of
pressure of vhe triangle.

. Aplane area of any shape is completely submerged in a fluid of
uniform density. Its plane is vertical. The depth of immersion is varied with-
out rotating the area in its own plane. Show that the product of (¢) the depth
of the centre of gravity below the free surface and (¢i) the depth of it3 centre of
pressure below its centre of gravity is constant, tho atmospheric pressure is to
be neglected. (1.C.8. 1928)

4. A triangle has its base in the surface of a liquid and its vertex down-
wards ; if the atmospheric pressure be equivalent to a height 7 of water, prove
that the centre of pressure will be higher by a distance

h A’
h+n'
than it is when the atmospheric pressure is neglected, where h’ is the depth of

the C.G. of the triangle from the surface of the water.
(Lucknow 1932 ; Allahabad 1938)

5. A square lamina is just immersed vertically in water and is then
lowered through a depth h ; if a is the length of the edge of the square, prove-
that the distance of the centre of pressure from the centre of the square is

a? .
6a+12h (Allahabad 1935 ; Agra 1944)
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‘50. The depth of the C.P. of a triangle in terms of the
‘devths of its three vertices,

Case 1. When one angular point A is in the free surface.

Let ABC be the triangle immersed in a liquid with A in the
free surface. Let the depths of B and C be b and ¢ respectively.

4 Let CB be produced to meet the surface
in D. Let p be the density of the liquid.

Thrust on the triangle ACD=gp} AD

c ¢ ; acting at a point whose depth is 22

: Thrust on the triangle ABD=gp} AD.
; b.—g acting at a point whose depth is ~g

. Thrust on the triangle ABC= getAD
(c*—b?) acting at a point whose depth is z (say).

:
'
[}
[
1
v
]
'
1

Taking moments about the line AD

b3
gp}AD. - ——99%AD

QPeAD( i—t?)
3__p3
b3
b*+c?+be.
T b4e

Case II. When the depths of the vertices from the free surface
are o, B, Y

==

Let the triangle of case I be now
lowered through a distance « so that the
depths of A, B and C are respectively «,
a+b, a+t-c.

Due to_ this additional depth « an
.additional thrust geaS will act at the
centre of gravity G,, where S is the area of
the triangle.

Thus in this position there are two
jparallel thrusts.
(1) 4geS(b+c) acting at P, whose
b +¢2-4-be
fr .
e om A

N e e

«depth is
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(2) gp oS, acting at Gy, whose depth is 4(b-+c) from A.

Therefore the depth of the final C.P. below the horizontal line
through A is

b%+c2+4-b b
1S (b+o)x (3757 %) gese x (P19)
ST Y aSGtotese

_q PP 4be+-20(b+-c)

b+c+3a
The depth of P below the free surface is

b2+ b+ 2a(b+c)
L B R

If the depths of B and C from the free surface be § and v, then
b=p—a, c=Y—a and the above expression becomes

(B—a)+ (Y~ )"+ (B—o) (Y — )+ 20(B + ¥ —20)
B+v—20+3a

B YEBY £Vt o
h 2(x+B+7)

Cor. 1. The above expression can be written as

otf atB, B+Y BV Y Yo
2t e gt

2 2 2 2

atB, By | Y+a

s Tt
which shows that the C.P. coincides with the centre of parallel forces
acting at the middle posnt of the sides and proportionate to the corres-
ponding depths.

=¢+é

Cor, 2. The above expression can also be written as

a(2a+B+7)+B(a+28+7)+7 (a+B+27)

(2a+B4+7)+(x+28+7) + («+B+27)

which shows that the C.P. coincides with the centre of parallel forces
acling at vertices A, B, C, and proportionate to 2a+B+7v, at+28+7,
43427 respectively.

51. Solved Examples.

Ex. 1. A plane triangular area is tmmersed in a liquid of
uniform density with its plane vertical, one side horizontal and the
opposite corner downwards. Its vertical altstude ss h, and the horizontal
side 18 at a depth h below the effective surface. Show that its centre of
pressure 18 at a depth %L kb below the surface.

(Travancore 1945, 1.0.8. 1928)
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Let ABC be the triangle immersed in a liquid with AB
horizontal.

According to the given con-
ditions the depths of A, B, C are
respectively (A, %, 2k) from the
free surface,

Depth of C.P,
B o e e il
2(h+h+-2h)
=1L k.

Ex 2. A rhombus 18 tmmer-

sed in a ligusd with a vertex sn the

surface and the diagonal through the vertex vertical. Prove that the
centre of pressure divides the diagonal in the ratio 7 : 5.

(Lucknow, 1944 ;. Nagpur 1930, 43, 55 ; Agra 1927, 36, 40, 52, 56 ;
Jaipur 1955 ; Alluhabad 1920, 27, 31, 54 ; Qorakhpur 1959)

Let ABCD be the thombus immersed in the liquid with A in
the surface and AD vertical.

Since the rhombus is sym-
metrical about the diagonal AD,
the depth of the C.P. of the
rhombus ABCD will be the same
as that of the triangle ABD and
will lie on AD.

Let one side ot the rhombus
be a and let AB make an angle 0
with AD.

.. Depths of A, B, D the three vertices of the A ABD are res-
pectively a, @ cos 0, 2a cos 0

a® cos® 0+4a% cos® 64 20> cos® O

Depth of C.P. = 5 (aoos B4 0n cosl)

=- @75* a cos 0

Vertical distance between the C.P. and the point D,
=AD—%a cos 0
=2a cos 0—%a cos ©
=2a cos 0
Hence at the C.P. AD is divided in the ratio
%a cos 0 : £a cos té'
"

Ind

t.e., 7:5.
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. Ex. 3. A quadrilateral is immersed in water with two angular
points in the surface and the other two at depths a and b. If xand g
are the depths below the surface of its centres of gravily and pressure res-
pectively, show that

6xy+ab=3x(a+Db).
(Allahabad 1926 ; Nagpur 1942)
Let ABCD be the quadrilateral with AB in the surface. Let
the depths of C and D be a and b respectively. Join AC. Let Sy, Sy

be the areas of the triangles ABC,
ADC respectively.

The depths of their C.G’s are
‘? , and a-gb respectively.

Since z is the depth of the C.G.
of the quadrilateral

(S;+8;)2=8,. ’3‘ 48,27

3x—a__ S,
T T v (1)

The depths of the centres of pressures of the triangles ABC,
ADC respectively are

or

1

a b*+a’4-ab
R a4b ’
and the thrust on them arc
a
908175, 3965, (a+b).
Since y is the depth of the C.P. of the quadrilateral
QG a a+b  a*4b%4-ab
(S1+8,) 2y="5, 3 2’+Sz-”’3 . Tatb
or 6 (S;+8,) zy=a?8,+8,)+8,b (a+b)
S
—a2t_ 2
or Bzy=n +Sx+Sz b (a+0)
=a%+(3z—a) (a+b) from (1)
=3x(a-+b)—ab.

Ex. 4. A parallelogram has its corners at depths hy, hg, kg, hy
below the surface of a liquid, and its centre at a depth h ; show that the
depth of its centre of pressure is

e S o
12h
(Agra 1941 ; Allahabad 1942 ; Utkal 1945 ; Lucknow 1951)
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Let the parallelogram ABCD be immersed with its corners
A, B, C, D at depths %, hy, ks, hy respectively from the surface. Join
AC.

Now B

Iyt hyhythy
==l Bt e (1)

Babhy_hythy
~Hrth_h

We know that the C.P. is the same
as the centre of parallel forces acting at
the middle points of the sides of these
two triangles and proportional in magni-

tudes to the depths of these points.

h hy-+h hy+h
Suppose forces proportional to(hj_—zfzf) , (w%—-ﬁ)and (-’;;—l)

act as the middle points of the sides of the triangle ABC and forces
’h;;"‘) (”-‘Tf-’i‘)and (’33;& act at the middle

’

proportional to(
points of the A\ ACD.

But f‘_d2?’,‘_a_-_- A

'« Depth of C.P.
™ B () 4 (552 s

2 2
hitho+ hy+hy+2h
200+t R b APyt o) Aoy + By ]+ 8A7
4.6h
B R p Y LR 2 2
SR R AR 441 from (1)
L e
124
Aliter. Let the area of each triangle be S.
Pathoths
3

Thrust on the /A ABC=gp and acts at a

point whose depth from the surface is
hy*+Bo* + ho® +hohg+-hhy+hyby

C 2hythethy)
Thrust on the A ACngpS(ﬁligd_—h’«) and acts at a point
21 p31 73
whose depth from the free surface is Aty +2’:;lf—:_—h}:ah;_—'};3‘hl+h‘h'




CENTRE OF PRESSURE 51

.. Depth of the C.P.
gpS( ﬁ!il;ej‘ﬁa) i ha? +hy® + gt +hohy+- hshl’*'iléﬁg -}—.qPS(h"*“;z sthd

2(hy+hy+hy)
é hy®+hs® g+ hohg+ hyky+hohg }

2ha+hat-hy)

7 QPS-‘%’(?h;*:zhs'H?z +_h4)
— PP R by hohg 4 hahy - hahg+ (A 4Ry R hyhy+hahy by

12h
Also  (hy+hy+hy+hy)*=16h% e (1)
(hy-t-hy)2=4h? - (2)
(h1+h3)2=4h2 voe (3)
Subtracting the sum of (2) and (3) from (1)
hohg +hshy+hihy+ hyhy = 4h* - (4)

.. The depth of the C.P,

12n

B 24-F2 2 24 47,2 h2
= V,L.‘.t,_&_'t,hLl",;Z‘i, +f14jj§w from 3) & (4)

b +ha® 4k +h®+ 8B
124 )

Examples 7

1. A triangle of height 1/’ is immersed vertically in a liquid with its
base parallel to the surface and at a depth 3//, If the vertex be downwards,
find the depth of the centre of pressure of the triangle,

2. A plane triangle (height 30 em.) is immersed in a liquid, its base
horizontal and vertex uppermost. Find the difference of level between the
C.P.and C.G. of the triangle, given the vertex is 10 cm. below the surface,

(Madras 1926)

3. Show that the centre of pressure of a triangular lamina, the depths
of whose angular points are a, b, ¢, is at a depth
1 a2+bf+4c2—bc—ca—qrbr

6 - “a+b4e
or  (mO+(c—a)i+ia—b)
12 (atb+c)
below the centre of gravity of the lamina. (Agra 1942, 60)

Find the centre of pressure of an isosceles triangle immersed with its
plane vertical and its bate horizontal half as far below the surface as its vertex.

(Calcutta 1911)
Find the centre of pressure of a square lamina immersed in a fluid,
with one vertex in the surface and the diagonal vertical.
(Allahabad 1920 ; Patna 1926 ; Lucknow 1944 ; Agra 1931, 35, 50)
6. An equilateral triangle ABC of altitude % has one vertex fixed at a

depth 2h below the surface of a liquid. From the position in which BC is hori-
zontal above A, the triangle is turned till BC is again horizontal but below A,
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the plane of the triangle always remaining vertical. Show that the shift of the
centre of pressure relative to the triangle is /16, (Agra 1938)

A parallelogram ABCD is immersed in & liquid with A in the surface,
and BD horizontal. Prove that the centre of pressure P lies on AC such that
AP: AC=17:12, (clgra 1958 ; Patna 1935)

8 A quadrilateral is immersed vertically having two sides of lengths
2a, a parallel to the surface at depth h and 22 respectively, Show that the
depth of the centre of pressurois 3 k. (M.T.)

A lamina in the shapn of a quadrilateral ABCD ha3s the side CD in
‘the surface, and the sides AD, BC vortical an‘l of lenzths & and B raspoactvo 1 .,
Prove that the depth of the coutre of prassure is

ot —f4 (x+B) (x24B2)
: w-ps LI ST
(Lcknow 1956 ; Banaras 1944 5 Agra 1947, 1951 ; Sagar 1959)

xo. Show that the depth of centre of pressure of a rhombus totally
immorsed with one diagonal vertical and its centro at a depth £, is

a2
it 244

re « is the Jength of the vertical diagonal. .
where ¢ (Agrr% 1959 ; Allahabad 1924, 34 5 Aligrak 1942 | Lucknow 1945, 57

52. Solved Examples with Integration.

Ex- 1. A rectangle immerscd vertically in water with two sides
horizontal and at depths h and a-h respectively below the effective sur-
face ; prove that the distance of the C.P. from the upper side is

a 3h+2a
3 2+«
Show also that the C.P. is below the C.(¢. of the area, and as the

depth increases, approaches but never coincides with it.
P P (Allahabad 1923 ; Lucknow 1943)

Let ABCD be the rectangle immersed in water with two sides
AB and CD horizontal and at
depths & and @+ & respective-
ly.

. MA=h. MD=h+a

Take OX, a vertical line
dividing the rectangle into
two equal parts as the axis of
z with its point O in the free
surface.

Divide the rectangular
area into horizontal strips of
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thickness dx. Let PQ be one of them at a distance x from the free
surface.
Let AB=5 and p the density of the water.
p=npressure at any point of PQ=gp.
dS=area of the strip=~bdx.
Hence the depth of C.P. below the free surface

a+h
fxpdS J-h zr.gpx bdx

T=g—— = oy
pdS J gex. bdr
J h
o
LT E e
(e MR
Jh
_z @ +34+3ah
T3 a2
The depth of the C.P. below the upperside
.z @H3A3ak
e a-+2h
=8 3ht2a
T3 at2h
And the depth below the C.G.
- a
— 3 @3k A3 2hta
° 2hta T 2
_ é 4@’730;’
% 2h+ta
at
T 6(2h+a)

The above expression is positive hence the C.P. is below the
C.G. of the area.

As h increases the above expression decreases but never actual-
ly vanishes until % is infinite.

Ex. 2. 4 segment of a parabola cut off by a double ordinate in a
distance h from the vertex is immersed with this ordinate in the surface
of a liquid ; find the resultant thrust on it. Find also the position of
the point where its line of action meets the lamina. (Jatpur 1955 ;

Lucknow 1955 ; Allahabad 1925, 37 ; 52, 57 ; Agra 1949)
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Let the equation to the parabola be y*=4ax where a vertical
X line through O, the vertex, is x-axis

and a perpendicular line QY through
O as y-axis.

M
Let MN be in the free surface.
Take a horizontal strip PQ at a
P= distance z from O and thickness dz.

Let p be the density of the
liquid.

———— oo p=gp. XT=gp (h—2),
Y 0 dS = 2yda

.. The pressure on the strip
=2gp (h—x)y.dx
Hence the whole pressure

h
—2 ["gp (h—a) y s

h —
=2gp J‘ (h—=) 2/ ax dx
g_

=4gp\/a[ %kx% — &’ l

5
=4gova 21° (3—3)
—8gpv/ahit =18 g0 I Vah

Taking moment about MN, we obtainif z be the depth of
the CP.,

k 3
zj- 290y (h—a)da = j 2g0y(h—x)*dx
o

o

n 64 - .,
]’ yh—x)2de - - v/ ahgeh
0 1057
S T T o
J y(h—z)dx ggphzx/ah
o
=%h.

Ex. 3. An ellipse is just immersed in witer with its major avis
vertical. Show that if the centre of pressure coincides with the focus,

the eccentricity of the ellipse must be .
: i / (Nagpur 1956 ; Allahabad 1926, 43 ; Agra 1929, 43 ;
Sagar 1949 ; Jaipur 1957)

Let the major axis and minor axis be respectivel y the axes of z
and y. Then the equation of the ellipse is
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zt 9P
at =1 e (1)
By symmetry it is evident that the
C.P. will lie on the line AOB.

Take an elementary strip PQ at a
depth z from O, the centre of the ellipse
and of thickness dx.

dS=area of the strip=2ydxz

p=intensity of pressure at any point
of the strip

=gp (a+2)
If 2 be the depth of the C.P. from O, we have
r 2ydxgp(a+x):c

z = S

I i 2ydxge(a+=)

r xJ (a—}-x)dx

r Y (a—l—x) dx

—a

ix (a+m),\/< 1— Z: ) de

;a (a+=) ,\/(l~— )dx

Now putting z=a sin 0, we get

12
(1+s1n 0) cos? 8 sin 0 df
2

u—TC

f (1-+sin 0) cos’ 6 do
-7t/ 2

ajn 1 (sm 0 cos? 64 sin? 0 cos? 6) do

J. (cos‘Z 6+sm 0 cos2 6) do
—7t/e

/2
aJ‘ sin? 6 cos? 6 d0

-me —_—

= - Sl
jnl cos? 0 db
—rtlg

/2
2aj sin? 0 cos? 0 dO
0

w2
2j cos? 0 dO

B Es
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t.e.,
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r@r@d
- _2r(3) _ a.
T@rE) 4
21 (2)
Now the C.P. will coincide with the focus, if
ta=ae
e=}.

Ex. 4. A quadrant of a circle is just immersed vertically in a

heavy homogeneous liquid with one edge in the surface. Find the centre
of pressure. (Agra 1945 ; Allahabad 1948 ; Jaipur 1949, 59)

Let the edge OB of the quadrant be in the free surface. Let

OA be the other vertical edge.

B Let OA and OB be the axes of

————>Y and y respectively. If a be the radius ;
7. == the equation of the curve is

2P gP=q? e (1)

Take one strip PQ parallel to OB at
& depth z and of thickness dx.

S p=gew
dS=ydx.

Denoting by x'and g the x and y co-
ordinates of the C.P.

a
jxpdS j gextydx f axzydx
— —_—d 0 o
r =3 . I L

I pdS ja gezydx L xydx

a v r——
] x*\/a®—z? dx
o

J: /a3 —2? dx

Putting x=a sin 0, dv=a cos 0 df.

™
a L sin? 0 cos® 0 d0 (
T r

F“sin 8 cos? 6 d6 2r(3)
[

Since the thrust on PQ will be acting at its middle point, tak-

ing moments about the axis of # we obtain
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- J. pdS rxydx j- x\/aﬁ——x’.dz
@ [

Thus the C.P. is (&na, 2a).

Ex. 5. A semi-ellipse bounded by its minor axis 8 just immers-
ed in & liquid, the density of which varies as the depth; if the minor

ax1s be tn the surface, find the eccentricity in order that the focus may
be the centre of pressure. (Lucknow 1953 ; Allahabad 1933, 55 ;

Let the equation to the ellipse be

x2 yZ

=t

with reference to the major as the axis of z. It
is clear that the C.P. lies on OX.

Take one strip PQ parallel to the minor
axis at a depth z from O, the centre of the
ellipse and of thickness d.

dS=Area of the strip=2ydz.

Since the density at any point of PQ=cxz,
where ¢ is any constant,

Agra 1938)

0
[
\
p———i——/0Q
\\
¥
A

p=the intensity of pressure at any point of PQ.

=gcx.x=gcx> )

xpdS j gc:c" (2ydx

Depth of C.P.= % :
J cx” 2ydx)

x"yda‘ j 23/ a2 —a’dx
[

Putting x=a sin 0, dx—a cos 8 df

(10/2

xzydx I 2%y/a’—a? dx

a? sin® 0. a? cos? 0 d0

Depth of CP. =32° .

/2
j a? sin? 0 a® cos? 9 dO
o
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(2) l‘( )
(2)

)

mlq “

a

= () T
21 (3)
_32a
l57t

In order that C.P. may coincide with the focus
w3

167
32
15

Ex. 6. Prove that the depth of the C.P. of a parallelogram two of
whose sides are horizontal and at depths h, k below the surface of a
liquid whose density varies as the depth below the surface is

e e o e
Ly
(Allahabad 1911 ; Calcutta ; 1914, 48 ; Agra 1955)
Let PQ be an elementary strip of area of small breadth dz,

parallel to the horizontal side of the parallclogram, at a depth z
from the free surface.

wia

l

€=

Eh. .. The density at
EA B any point of this strip is

, =cx where ¢ is any cons-
/ tant.

(.- density varies as depth)

p=intensity of pressure at
any pomt of the strip

~ = gex.x=gca’

dS==Arca of the strip

b o

b SR
\\

S

=PQ.dxr=ABdx.
.. The depth of the C.P.

jxpdS I z. gcr2 AB dx
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3 R A+Rk+RE+E
= 4 R+ hk+ k2

Examples 8

1. A rectangle is immersed vertically in a heavy homogeneous li‘quid
with two of its sides horizontal and at depths & and (3 below the surface. Show
that the depth of the centre of pressure is

2 a?toB4f?
3 a+f :
(Calcuita 1918 ; Patna 1942, 47 ; Utkal 1945, 47 ; Jaipur 1959)

2. A rectangular area of height h is immersed vertically in a liquid
with one side in the surface ; show how to draw & horizontal line across the
ares so that the centres of pressure of the parts of the area above and below
this line of division shall be equally distant from it. (Nagpur 1957)

. A semi-circular lamina of radius a is immersed in & liquid with the
diameter in the surfuce. Find the depth of the centre of pressure. (Sagur 1959;
Lucknow 1942, 45 ; Agra 1928, 48, 52, 54, 56 ; Allahabad 1939, 42, 59)

4. A uniform elliptic lamina, whose axes are 2a and 2b, is half immers-

ed in water, the axis 2b being in the surface, Find tho centro of pressure.
(dllakabad ; 1953 Lucknrow 1912, 48)
. An ellipse is completely immersed, with its minor axis horizontal
and at & depth & ; find the positoin of the centre of pressure.  (Allahabad 1943)

6. A semi-circular area of radius a is immersed vertically with its
diameter horizontal at a depth b. If the circumference be below the centre,
prove that the depth of the centre of prossure is

¢ 2
1 3w (a®+4b2)+32a0 (Bombay 1948)

4 - 4a+3 b
7. Prove that the depth of the centro of pressure of the area bounded
by two concentric semi-circles with their common bounding diameter in the
surface is

3 at—bh4
16 ° a3—b3"’
a and b being their radii. (Allahabad 1950 ; Jaipur 1956)

8. A quadrant of a circle of radius a isimmersed vertically with its
bounding radius horizontal at a dopth b,

Find the centre of pressure.

9. Find the C.P. of a parabolic lamina immersed vertically in & liquid
with its vertex at a depth k below the water surface, and the lamina is bounded
by an ordinate at a distance A from the vertex which is below the ordinate.

10. A quadrant of a circle is just immersed vertically with one edge on
the surface in a liquid whose density varies a3 the depth. Find out the centre
of pressure.

x1. Prove that the depth of the C.P. of a parabolic lamina from its
vertex immersed vertically in a liquid with its vertex at a depth &k below the
water surface, and bounded by an ordinate at a distance h from the vertex is

3 Tk+b6h ,
T bk+3h
when the vertex is above the ordinate.
Consider also the case when the density of the liquid varies as the depth.
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53. Liquids more than one.—Suppose we have a number of
layers of different fluids which do not mix and we want to find the
depth of the C.P. of an area immersed in all the liquids.

Let the densities of the = liquids be g, p3---... , on in ascending
order and let A;, A,,...... A, be the parts of the whole area in contact
with these liquids respectively.

The thrust on the area will remain the same even if we consider
that one liquid of density p; is in contact with the whole area
(A A+ ... +A,), second liquid of density p,—p; in contact with
(Ag+Az+...... +A,) area, third liquid of density pz3—p;— (p.—¢1) t.e.,
(p3—p,) in contact with (A;+Ay+...+A,) area and so on and lastly
the liquid of density (pn—pn—1) in contact with A,, area.

Then taking moments of these thrusts and the resultant thrust
about some suitable line, the depth of the C.P. can be found.

The method is illustrated by means of examples in the next
article.

54. Solved Examples.

Ex. 1. Prove that the centre of pressure of a rhombus ¢mmersed
in two liquids which do not miz, with a vertex in the upper surface and
a diagonal in the common surface, divides the other diagonal in the ratio
of 17 : 11 if the density of the lower liguid is twice that of the upper
liquid.

Let ABCD be the rhombus with A in the surface and BD in the
common surface. Letp and 2p be the densities of the two liquids.
Let h be the depth of BD, therefore
2h is the depth of C. On account of the
symmetry about the diagonal AC, the
depth of the C.P. of the rhombus will be
the same as that of the ANABC. Let
ABC be of area S.

Now for this triangle, thrust will
be the same as that for a liquid of
density p for the whole triangle ABC
and that for a liquid of density (2p—p)
1.e., p for the triangle BOC. '

Thrust on the triangle ABC

=S8.hgp acting at a point whose
depth from the upper surface is Zh.

Thrust on the ABOC

S &
=g g 9P acting at a point whose depth from the upper
h

surface is ( h+ ?)i.e

3

. ?h.
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Depth of the C.P. of the whole area

7 S & 3
Shg?-‘?" h+‘2‘ . ‘3499 . “éh

- S h
Shgo +’2,' “Tg 9P

=123
2h.
Depth of AC=2h.

Hence at the C.P. the diagonal AC is divided in the ratia
3ih . (2h—1i%h) i, 17 : 11,

Ex. 2. A rectangle is smmersed in fluids of density p, 2p. 3p.--...
np ; the top of the rectangle being in the surface of the first liquid and
the area immersed in each liquid being the same ; show that the depth of
the cenire of pressure of the rectangle is

3n+1 b
n+1 " 2
where L 13 the depth of the lower side.

Rectangle ABCD is immersed in # liquids with AB in the free

surface.
A

Thrust in this case is the same as
that for a liquid of density p on the ———
rectangle of height h4that for a liquid i
of density (2p—p) on the rect. of height HWU

h ( 1— ”ll )-{— that for a liquid of density
(3p—2p) on the rect. of height.

h( lm-?{)ﬁ— ... +that for a liquid of L 7 0 "/ia
density ng—(rn—1) o on the rect. of height
h
n
The thrusts on these rectangles are

(n—] h2 go AB (n—2)* B?

h?
ge AB. -"zv AB ‘2— , n2 5

ABhR? .
go “op respectively.

The distances of the centres of pressures of these rectangles from.
the lowest side DC are respectively

b (n—=Dh  (n—2)k h
3’ 3n ’ 2"’ 5 sescsetiiiaes 3n
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If % be the height of the C.P. from DC, then taking moments
about DC, we obtain

K h (n-1)2 R (n—1)h Rk
» geAB 5 3 +g0AB e T ‘--37",'~+..+?p_ABn2 3. ™
e e e VL e
gpAB-é'— + gpAB 'Lﬁz l 9 T T +goAB n 1.
_h 1@34;(@-_:1)347....:......j:l%
T 8n it (=124 ]

2

. {; n(n+1) }

“8n m(ntl)@ntl)
6
h(n+1)

=2@n+1) "
.. Depth of the C.P. from the free surface
h(n-+1)
2(2n+1)
3n+1 h

= o4l 2

::h"“

Examples g

x. A rectangle is immersed in two liquids of demsity p and 2p
which do not mix ; the top of the rectangle is in the surface of the first
liquid and the area immersed in each is the same. FProve that the C.P. divides
the rectangle in the ratio 7 : 3.

2. Prove that the C.P. of a rthombus immersed in two liquids which
do vot mix, with a vertex in the upper surface and a diagonal in the common
surface, divides tho other diagonal 1n the ratio of 5 : 3 if the density of the
lower liquid is thrice that of the upper liquid.

3. A vessel contains three fluids of densities p, 20 and 3p, A triangle
of area A is supported with one side in the surface of the fluid of density p and
the opposite vertex in the fluid of density *p. If 3h, 2h and h are the depths
of the vertex below the upper surface of the thrce fluids, prove that, neglecting
the atmospheric prossure, the thrust on each face of the triangle is

—;» gp Ah.

Also prove that the depth of the C.P. of the triangle from the free sur-

face is 59h/36. (M.T.)

A fluid of depth 2a and uniform density p is superposed on a liquid
of density 2p aud depth ™ greater than a. A circular lamina of radius a, is
placed with its plane vertical and its centre in the surface common to the two
liquids. Prove that the depth of the C.P. below the centre of lamina, neglect-
ing the atmospheric pressure, is

O9ra
16 B3rtl) (M.T.)

55. The centre of Pressure of a plane area lies verti-
cally beneath the centre of Gravity of the superincumbent

fluid.
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Let the area ABCD be immersed not in a vertical position.
"From every point of the perimeter of the area draw vertical lines to
meet the free surface in the curve A'B'C’'D’.
The volume of the fluid enclosed by these
lines and the plane area is called the superin-
cumbent fluid. Consider the equilibrium of
the superincumbent fluid. The forces acting
on it are :

(1) its wt. acting vertically downwards
through its centre of gravity G ;

(2) normal fluid-thrust on ABCD act-
ing at its centre of pressure P ;

(3) pressure on the curved surface,
which is horizontal at every point.

The vertical components of these forces must themselves form
& system in equilibrium z.e., the wt. of the superincumbent liquid at
G and the vertical component of the fluid thrust on the area acting
at P must be equal and must act along the same line, so that GP
is vertical.

56. Application. The above method can be illustrated by
finding the C.P. of a rectangular plane area.

Let ABCD be rectangle inclined at a finite angle to the vertical
plane through AB which is in the free surface. -

Draw vertical lines through all
B L A the points on BC, CD, DA to meet

b ‘ the surface in BR, RQ, QA. Now
RN the superincumbent liquid is in
R E‘ éf’f!’ \ Q the shape of a triangular prism

(BRC, AQD.)
If L, M, N be the middle points

> of AB, CD, RQ it is clear that the
c M D C.G. of the superincumbent liquid
coincides with the C.G. of the

A LMN.

Hence bisecting LM in E, and taking EG=4 EN, we have G,
the centre of gravity.

If we draw GP a vertical line to cut therectangle in P, we have
EP: EM=EG : EN=1: 3.

EP=} EM=}1LM
and LP=LE+EP=} LM+4% LM=2LM.
Hence the cenire of pressure lies on the middle line of the rectangle
at a distance down equal to two-thirds of it.
57. Harder Examples Solved.

Ex. 1 A system of coaxal circle is immersed in water with the
line of_centres at a given depth. Prove that the centres of pressure of
those circular areas which are completely immersed, lie on a parabola.
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Taking the line of centres as z-axis and the radical line as

y-axis, the equation to any
J such circle is

[ —
. a2y —292+c=0,
m ./ ¢ J where ¢ is variable i.e., diffe-
0 rent for different circles.
v \y Its centre C is (g, 0) and
if 7 be its radius then

ri=g%—c.
2

Now the C.P. P is below C such that CP=:»£;I where h is the

depth of the line of centres.
If (x, y) be the co-ordinates of P then
2
x=0C=g, y=CP = s
2 __ "2
y= rrg:ihrc—v= 9'47; . Hence the locus of P is parabola.

Ex. 2. The asymptote of a hyperbola lies in the surface of a
fluid ; find the depth of the centre of pressure of the arew included bet-
ween the immersed asymptote, the curve, and two given horizontal lines
i the place of the hyperlbola.

Asymptote OA is in the free surface. Let the depths of the
given horizontal lines SR and LM be @ and b respectively. We are
required to find the C.P. of the area
SRML. Divide the area into thin 0 A
horizontal strips and let PQ be one of
them at a depth 2 from the surface. Let
its vertical thickness be du.

If the angle between the asym-
ptote is «, the area of this strip=PQ.dx

The pressure on the strip
=gp.PQ.dx. OP sin c.

But PQ.OP sin a=c, constant, by the property of the hyper.
bola.
.. The pressure on the strip=gpcdz and it acts at a depth o
below the surface.
Hence depth of the C.P. of the area SRML
)
j‘a gocxdz T

a’

=y T == S
fgpcdx 2(b—a)
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= } (a+Db), s.e., the arithmetic mean between the depths of
the given lines.

Ex. 3. Find the coordinates of the centre of pressure of the area
between the curve \/ x4+ y=+/a. and the axes, taking the axes to be
rectangular and one of them in the surface.

Take one strip PQ parallel to OY, the axis in the surface at
a depth x from O and of thickness dz.

Let the coordinates of the point Q Q
be (%, y)

dS=ydz and p=gpx
N IzpdS r x%y da

xr = =

IpdS r xy dx
[4

Putting 2 = a sin? 0, y=a cos* 6 and X
dr = 4a sin® 6 cos 6 4 6

SURFALE Y

Tl
a j sin! 6 cos® 0 dx
T = —_

T2
J sin? 0 cos® 6 dO

o

613

29 —
I‘(4)I‘(3) 1%
2T (7)

Taking moments about the axis of =

Ipd& j ‘ xy di

j 12 cos®® sin?0 d0
=ia o -= , with the same substitution
j : sm"@ cos“G a0

LGIT4)
21 (9)

=%—a’— (—_I:'—(.?)) =4

20 (0
». The C.P. is (40, %a)

Ex. 4. If a quadrilateral area be entirely tmmersed in water, and
«, B. Y, 8 be depths of its four corners,and h that of its centre of gramty,

o8

a.

®
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show that the depth of its centre of pressure is
1
HatB+v+8)— o (BY+yortaB-tas+s+73).
(M.T. 1881 ; Patna 1927)

Let ABCD be the quadrilateral. Join AC. Let S;, S, be the
-areas of the triangles ABC, ADC respectively.
‘ The depths of their centres of gra-
T vity are
' Yea+B+7Y) and Ma+5+7Y) ves-
c pectively. Since % is the depth of the

C.G. of the quadrilateral.
A R(S1+8y) =3 (a+B+7) Sy +3(a+3+7) 8,.

or —21 % 3h—(a+B+7) g:(a+8+‘/)—h.

2

S.l . 0(+8+Y—h (1)
Sy 3h—(at+P+7) ’
The depths of the contres of pressure
D of the triangles ABC, ADC respectively,

— T L
R

L

or

«QAre
Lo o+ By hafbay 4y 1 o84 ashay 457
9 - at+p+7 o2 o+8§+7Y
-and the thrusts on them are
1 Sy(ad-B4+7)gp, 1S, (x4 8-+7)gp respectively.
z , the depth of the C.P. of the quadrilateral is given by
2 h(Sy+8,) =58 (> +B>+ 7+ af oy +BY)
+5Sx(®+ 12+ 824-ay +ad+75) ;
- S
or 2 h (41 )= 5L (AT R opbar B ;
2 2
+ 3@ 472432 ay +ad+735).. (2)

> from (1) in (2)
S,

2z =13} (a+B+7+3) — ‘-éh (BY+7vatof+ad+B34-79).

Putting the value of -

Examples 10

1. When the depth of the liquid is increased by an amount a, the

-depth of the centre of pressure is found to increase by », and when instead,

the depth of the liquid is increased by b, that of the centre of pressure is found

to increase by z, Show that the depth of the centre of gravity of the area in

the original state of the liquid is

abb—a+u—z)

az— by :

2. Show that the ratio of the depths of the centre of pressure of an

-ellipse completely immersed in a liquid with its centre at a depth h below

the free surface and with its minor axis horizontal in one case and vertical in

(Utkal 1947, Poona 1932)
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another case is
4h2ta?
ah24-py e
3. Show that if & lamina totally immersed in a liquid is a quadrant of
a circle of radius a, of which the centre is in the surface, the locus of the C.P.
lies in a straight line
x+y=Za{n42). (Poona 1949)

- A trapezium ABCD is immersed with the side AB in the surface of
water and the rides AD (==a), BC (=b) aro vertical. Provo that the vertical
line through the C P. divides AB in the ratio

a2+4-2ab+-3b2 : 3a?+2ab+b2. (Agra 1947)
5. A parallelogram, whose plane is vertical and centre at a depth A
below the surtace, is totally immersed. Show that if « and b are the lengths of
the projections of its sides on a vertical line, then the depth of its centre of

pressure will be
aZ4-p2

4 w2 T,

S EYAE (M.1)

6. A square whose side is 2a is completely immersed in & homogeneous
liquid is a vertical plane with its centre at a depth d. Prove that the C.P. is
verticallv below the centre of the rquare and at a distance }a2/d from it, what-
ever be tho inclination of the side of the square to the vertical. (M.7.)

7. From a semi-circle whose diameter is in the surface of a liquid, circle
is cut out, whose diameter ix the vertical radius of the semi-circle, Prove that
the depth of the C.P. of the remainder is

~ Yma (Nagpur 1955)
8(16—37) ° P
8. A rectangular hexagon of side g is immmersed in water with one side
in the surface. Show that the depth of its centro of pressure is to that of its
centre of gravity as 23 : 18. (U.P.S.C. 1939)
o. A flat circular plate of radiug «, lies on a plane inclined at 30° to the
horizontal, and is subjected to water pressure on one face. The centro of pres-

a . .
sure is at a distance 16 from the geometric centre. Show that the geometric

centro is at a depth 2a below the free surface of the water, (M.7T.)

ro. A cube, with edges of length 2«, is immersed in a liquid and has one
edge in the surface und two faces through that edge equally inclined to the
horizontal. Find the centres of pressure of all the faces, (M.T. Utlal 1946)

1. ABCis a triangle immersed in a liquid. The side AB is in the surface
and is divided in D so that GAD.DB=ARB2. Lines DE, DF drawn parallel to
AC and BC form the parallelopram DECFK. Prove that the depths of the
centre of pressure of DECF and ACB are in the ratio 11 : Y.

12. An area bounded by the curve ay2=x3, the x-axis and the ordinate
X=a, iz immersed in water with the axis in the surface. Find the co-ordinates
of the centre of pressure. (Agra 1948, 51, Jaipur 1959)

13. An area bounded by the curve ay2=x3, an abscissa of length & and
the ordinate at its oxtremity, is placed in water with the ordinate in the surface,
Prove that the depth of the C.P. is &h.

14. A circular disc of radius a is eompletely immersed with its plane
vertical in a homogeneous fluid, If his the depth of the centre below the free
surface of the liquid, prove that the distance between the centres of pressure of
the two semi-cireles into which the disc is divided by its horizonal diameter is

ah2—at (.7.)

0 . g rap2—(6q2 "
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15. Ifthe C.P. of a triangle ABC, completely immersed, coincide with 1its

circumcontre, show that the depths of the augular points are as
1-2cot Becot C: 1—2 cot Ccot A : 1—-2 cot A cot B.

16. Given that the centre of pressure ot a circular disc of radius r with
oene point in the surface, is at a distance p from the centre, show that for a disc
of radius R wholly immersed with its centre at a distance h from tho surface, the
distance between the centre of the circle and the centro of pressure is

pR2
. M.T,
hr ( )

17. A plane quadrilateral ABCD is entirely immersed in water with the
side AB in the surfuce. If the depths of C and D below the surface are y and §
respectively, and that of the C.Gi. is A, prove that the depth of the centre of
pressure is

y+8 _ 18
2 S h

18. A triangular lamina ABC right-angled at C, is just immersed in a
fluid with the vertex C in the surface and the side CA inclined at 30° with the
surface. If the centre of pressure is vertically below C, prove that the angle
B is  tan—1(24/3). (Nagpur 1940)

19. A circular sector centre O and radius g, symmetrical about the
radius OP, is completely immersed with P in the surface and OP vertical,
Determine the depth of its centre of preesure,

20. The angular points of a triangle immersed in a liquid whose density
varies as the depth, are at distances «, (3, y respectively below the surface.
Show that the centre of pressure is at the depth :

3 (a+B+Y) (@ +B2+y2)+oPy )
5 ‘12+52+"{2+a3+ﬁ'¥+0{‘{ (Patna 1926)



CHAPTER VI
THRUSTS ON CURVED SURFACES

58. THflist on a Curved Surface. So far we have confined
ourselves to planc surfaces in contact with fluids. But in this
chapter we shall be considering the curved surfaces in contact with
fluids at rest under gravity.

Suppose a curved surface is in contact with a tluid. This surface
can be divided into very small clements the fluid thrust on cach of
which is normal to that element. In this manner these fluid thrusts
form a system of forces which are neither in the same direction, nor
generally in the same plane. Therefore such a system can be reduced
in general to a single force together wilh a single couple, and not to
a single force. But this totality of pressure can be found in the form
of three (or two) forces acting along lines which may not necessarily
be coplanar in the following manner.

59. Resultant Vertical Thrust. Let the fluid thrust on
each element be firstly resolved into vertical and horizontal com-
ponents. Since all the vertical components are parallel they now
form a system of parallel forces which can be compounded into a
single resultant vertical force, say Z. This resultant is called the
Resultant Vertical Thrust of the fluid on the surface.

60. Resultant Horizontal Thrust. Next consider the hori-
zontal components. They are not parallel to each other since hori-
zontal lines can be drawn in infinite directions. Hence we resolve
them further along Oz and Oy, two conveniently chosen horizontal
directions at right angles to one another. The components parallel
to Oz will form a system of parallel forces which can be compounded
into a single resultant (say X) acting parallel to Ox. Similarly the
resolved components parallel to Oy can be compounded into a single
resultant (say Y) along Oy. These resultants X and Y which can be
thus determined in magnitude and dircction are called the Resul-
tant Horizontal Thrusts parallel to Oz and Oy respectively.

Three resultants X, Y and Z will together give us the resultant
of the fluid thrust on the given surface. These thrusts will in general
act along non-coplanar lines.

Note 1. Ifin a particular case these three forces are concur-
rent, they can be compounded into a single resultant force, which
may be called Resultant Fluid Thrust on the surface.

Note 2. If only two forces X and Y intersect, these twe
can be compounded and thus the horizontal fluid thrust will be
obtained.
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61. How to find Resultant Vettical Thrust.

Let a curved surface ABCD be immersed in a heavy homo- .
geneous liquid. Through each point of the bounding edge of the
‘ surface ABCD draw vertical straight lines
8o as to isolate a vertical cylinder (ABCD,
A’B'C’'D’) of the liquid, resting on the curved
area ABCD and cutting the surface of the
liquid in A’B’C’'D’. This cylinder of liquid
may be called the ‘superincumbent liquid’.
For wvertical equilibrium the forces
acting on this cylinder are

(¢) The weight of the cylinder of the

liquid acting downwards through its centre
of gravity.

(¢) The wvertical component of the
reaction of the surface ABCD upon it acting
upwards.

But the reaction of the surface is equal and opposite to the
thrust of the fluid upon it. Therefore the vertical component of
the thrust of the fluid upon the surface is equal to the weight of the
superincumbent liquid.

Hence

The Resultant Vertical Thrust on any surface immersed in a
liquid is equal to the weight of the superincumbent liquid and acts
through the centre of gravily of this superincumbent liquid.

62. Special Cases.

(ai When the liquid presses upwards.

Suppose a vessel (surahi) as shown in the adjoining figure is
filled with a liquid and it is required to find a vertical thrust on the
portion ABCD. This thrust is pressing
upwards. As in the last article through . :¢
every point of the bounding cdge of the Az
surface ABCD draw vertical straight
lines to meet the plane of zero pressure
in curve A'B'C' D).

Since pressui» at each point of the
surface ABCD depends only on the depth e - -
of the point below the surface of the A~ - - _ =
liquid, the vertical component of the -
upward thrust of the fluid on ABCD is
equal to the weight of the fluid which
would fill the cylinder (ABCD, A'B’'C'D’).
Hence in such cases
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The Resultant Vertical Thrust on the given portion of surface
1s equal to the weight of the liquid that could lie upon 1t upto the level of
the surface of the liquid, and acts vertically upwards through the C.G. of
the liquid.

(b) When the liquid presses partly upwards and partly
downwards.

Suppose we are to consider the pressure on the area ABC
where liquid presses partly upwards on the arean AB and
presses partly downwards on the area BC.

The resultant vertical thrust on the
area AB is upwards and is equal to the
weight of the liquid that would fill the
column ABB'A’ vertically above it.

The resultant vertical thrust on the
area BC is downwards and is equal to the
weight of the liquid that would fill the
column BCA’B’ vertically above it.

.. The vertical thrust on the sur-
face ABC

=Diffetence of the above two weights

=wht. of the liquid CBA

=wt. of the contained liquid acting downwards.

Note.—The above i8 a particular case of the next Article.
63. Liquid contained in a vessel.

If liqguid be contained in a vessel, then the resultant fluid thrust
on the vessel is equal to the weight of the liquid in the vessel and acts
vertically downwards through the C.G. of this liquid.

Consider the equilibrium of the liquid contained in the vessel.
There are two forces acting on it, viz., its weight and the reaction of
the vessel on the liquid. Hence these two must be equal and
opposite ; but the reaction of the vessel on the liquid is equal and
opposite to the thrust of the liquid on the vessel. Therefore the
fluid-thrust on the vessel is equal to the weight of contained liquid,
whence, the theorem.

64. - Solved Examples.

Ex. 1. A conical wine-glass is filled with water and placed in
an inverted position upon a table ; show that the resultant vertical
thrust of the water on the glass is two-thirds that on the table.

(M.T. 1858, Rangoon 1947 ; Agra 1950)
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b Let ABC be the conical glass of height & and radius of the
ase 7.

Thrust on the base=nr?hgp

Vertical thrust on the curved surface

=wt. of the superincumbent liquid

= wt. of the cylindrical liquid of height
h and the same base — wt. of the
liquid contained in the glass.

=nrhgp—3inrhgp

=4nrihgp

=4% thrust on the base.

Ex. 2. A vessel in the shape of a hollow hemisphere surmounted
by a cone is held with the axis vertical and_vertex wppermost. I f it ke
filled with a liquid so as to submerge half the axis of the cone in the,

liquid, and height of the cone be double the radius of s base, show that
the resultant downward thrust of the liguid on the vessel is %> times the

weight of the liquid that the hemisphere can hold.

Let the radius of the hemisphere be 7.

Height of the cone=2r. Hence the radius of the N

7
free surface can easily be found to be g

Weight of the liquid that the hemisphere
can hold :
=% nrigp, where p is the density of the

liquid.

The resultant vertical downward thrust on
the_vessel.

=wt. of the liquid contained in the vessel.

=knr{ri4}r? +%r’}gP +3nrigp

=§mgp

=38, §rrigp

=2F the wt. of the liquid that the hemisphere can Lold.

Ex. 3. A double-funnel is formed by joining two equal hollow
cones at their veriices und stands on a horizontal plane with the common
axis vertical ; liquid is poured into the cone wuntil its surface bisects
the azis of the upper cone. If the liquid be on the point of escaping
between the lower cones and the table, prove that the weight of either cone
18 to that of the liquid it can hold as 27 : 16. (M.T. Agra 1949)

Let each cone be of height % and radius . The height of the
quid is $h,
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. Vertical downward thrust on the upper cone==g wr®hgp
where p is the density of the liquid.

Vertical upward thrust on the cone
=wt. of the superincumbent liquid
= wt. of the cylindrical liquid ABCD—wt. DB
of the liquid in the conc OAB i
mr2hgp —Ynrihgp=gnrihgp
.. Resultant vertical upward thrust on
the vessel = (§ —3Y) mr2hgp-=3T nrighp.

—

3
o

Since the liquid is on the point of escaping
between the lower cone and the table, the
vertical upward thrust must be cqual to the
weight of the vesscl.

Let W obe the wt. of cither cone
oo 3T wrlhgp=2W

i
|
'
]
|
'
1
.
!
1)
i

or o We=2% nr¥hgo.
The weight of the liquid that a cone can hold=}rr*hgp
W : wt. of the liquid a cone can hold==3% =nr?hgp : Lnrihgp
=27 : 16.

Examples 11

1. A conical vessel fillod with water, stands with its plane base on a
horizontal table. Prove that the thrust of the liquid on the base of the cone is
three times the weight of tho contained water. How do you oxplain the result ?

(Agra 1933, 58 ; Calcutta 1948)

2. A quantity of water which just fills a cone, whose height is & and the
radius of whose base is 7, is poured into a cylinder, the radius of whose hase is
also r. Compare the thrust on the two bases, the axis of each vessel being
vertical.

. A hemispherical bowl is filled with water and inverted and placed
with its plane base in contact with a horizontal table : show that the resultant

thrust on its surface is one-third of the thrust on the table.
(Agra 1944, 49 ; Patna 1948)

A hollow cone filled with water and closed, is held with its axis
horizontal, find the resultant vertical pressure on the upper half of its curved
surface.

Find it on the lower half as well. (Calcutta 1915 5 Aligarh 1942)

A right circular eylinder is just immersed in water with its axis
horizontal. Compare the vertical thrusts on the two parts of the curved surface
into which it is divided by the horizontal plane through the axis.

6. A solid right cone, height h and radius a (of the base) is comgletely
immersed in a liquid with its axis horizontal and av depth b. Compare the
vertical fluid thrust on the two halves into which the curved surface is divided
by - horizontal plane through the axis. (Utkal 1947)

4. A bucket in the form of a frustum of a cone, the radii of its top and

bottom being @ and b (b<a) inches respectively, is of height h and is full of
water. Find the resultant vertical thrust on its curved surface,
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8. A hollow sphere of radius a is just filled with water ; find the resul-

tant vertical thrusts on the two portions into which the surface is divided by a

horizontal plane at depth ¢ below the centre. (Allahabad 1946)

A hollow closed vessel in the shape of a cylinder surmounted by &

cone is tilled with liquid. If the axis of the cone be three times as long as ‘that

of the cylinder, prove that the resu'tant thrust on the surface of the cone will be

the same in the two positions in which the vessel can be placed with its axis
vertical.

10. A conical glass whose weight is %Lh of the weight of water which
would just fill it, is pla~ed vertex upwards on a smooth table and water is
gradually poured in through a hole made in the top. Show that the cup will be
on the point of rising from the table when the water reaches half the height of
the cup. (Sagar 1949 ; Agra 1956)

1x. A hollow cone is placed with its vertex upwards on a horizontal table
and a liquid is poured in through a small hole in the vertex ; if the cono begins
to rise when the weight of the liquid poured in is equal to its own weight, prove
that its weight is to the weight of the liquid required to fill the cone as

9—34/3: 4. (Nagpur 1956 ; Patna 1941)

12. A vessel in the shape of the greater segment of a sphere of radius a
cut off by a plane at a distance ¢ fromn the centre rests with its base on a table.
If the segment is filled with water, show that the resultant vertical thrust on
the curved surface will be an upward force if c < $a.

13. The shape of the interior of a vessel is a double cone, the ends being
open and the two portions connected by a minute aperture at a common vertex ;
it is placed with one circular rim fitting close upon a horizontal plane and is
filled with water ; find the resultant vertical thrust on the vessel and show that
:b will be zero if the length of the axis of the upper portion be twice that of the
ower.

14. A double funnel, formed of two equal cones with a common axis
communicating at, their common vertex, is placed on a horizontal plane with the
axis vertical and is filled with water ; prove that the resultant vertical thrust
on the curved surface of the lower cone is 2} times the wt. of the water.

65. How to find Resultant Horizontal Thrust.

Suppose ABCD is a surface on which the horizontal thrust is
to be found in a given horizontal direc-
tion.

Through each point of the
boundary of the given surface, draw
horizontal lines AA’, BB/, CC’, DD’ in
the given dircction, and let these lines
meet a vertical plane perpendicular to
the given direction in a closed curve
A'B'C'D’. Then A'B'C'D’ will be the-
projection of the surface on this plane.

Now consider the equilibrium of the mass of fluid enclosed
between the given surface ABCD, its projection A'B'C'D’ and the
cylindrical surface generated by lines drawn in the given horizontal
direction. For horizontal equilibrium of this cylinder, the only
forces are




THRUSTS ON CURVED SURFACES 75

(¢) the horizontal component of the thrust on the surface
ABCD in this direction, and

(¢¢) the fluid-thrust or the whole pressure on the plane area
A'B’C’'D’ acting through its centre of pressure.

Therefore these two fluid-thrusts must be equal in magnitude
and act along the same line on opposite directions.

Hence, the Resultant Horizontal Thrust on a given surface
in contact with @ fluid in any given direction’is equal, in magnitude and
line of action, to the whole pressure on the projection of the surface
wupon a vertical plane perpendicular to the given direction.

Note 1. The direction of the resultant horizontal thrust is
from the liquid to the side of the surface under consideration.

Note 2. In the above theorem each of the lines AA’ cuts the
surface in one point only. If the case be otherwise, the given sur-
face should be divided into two or more parts in each of which the
condition is satisfied. Then the above theorem may be applied to
obtain the horizontal component in the given direction on cach part
separately and then all these components can be compounded into a
single one. : -

Note 3. If a continuous surface can be divided into two parts
only, the projections of which on the plane perpendicular to the given
direction are identical, there will be no horizontal thrust on the
surface in that direction (for the horizontal thrusts on two parts
will balance).

For an example we may consider the curved surface of a right
circular solid cone immersed in a liquid with its axis vertical. There
is no horizontal fluid thrust on this solid cone. The only fluid
thrust is wholly vertical.

66. Resultant Thrust. As has been stated in the beginning
of this chapter, the resultant horizontal thrust is obtained by com-
pounding, where ever possible, the horizontal components in two con-
venient directions at right angles (say X and Y).

The Resultant Vertical Thrust Z is also dectermined in both
magnitude and line of action.

If these three thrusts can he compounded into. one single re-
sultant (as is generally the case with symmectrical bodies) the re-
sultant thrust on the curved surface can be found.

657. Solids immersed in fluids

A solid can be immersed either entirely or in part in a liquid.
Whatever be the case, let us consider the position of equilibrium of
the solid in the liquid and suppose for a moment. that the solid is
removed and its place filled by the same liquid which may be called:
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the displaced liquid.

This liquid occupying the space of the solid is subject to the
same resultant pressure due to the surrounding liquid as the original
solid.

Now the liquid, which is supposcd to occupy the position of the
solid, is in equilibrium under the action of its own weight acting
vertically downwards through its centre of gravity, and the thrusts
upon its bounding surfaces due to the surrounding liquid.

Hence the resultant thrust, to which the solid is subject, is
cequal to the weight of the liquid displaced and acts vertically up-
wards through the centre of gravity of the liquid displaced.

The results of the above explanations were formulated by the
Greek scientist Archimedes and may be included in the following
principle known as the Principle of Archimedes.

“When a solid is wholly or partially immersed in fluid ot
rest, the resultant thrust of the fluid on the solid is equal and opposite
to the weight of the fluid displaced by the solid and acts wvertically wup-
wards through the centre of gravily of the fluid displaced.”

Or in simple words, every body immersed in a liguid loses a
portton of its weight equal to the weight of the liquid displaced.

Note. It is not necessary for the truth of this theorem that
the fluid should be homogeneous. The density of the fluid may vary
from one horizontal layer to another. In such cases the displaced
fluid must be taken to be of the same density at any point as that of
the surrounding fluid at the same horizontal level.

68. Definitions.

Force of Buoyancy. The resultant fluid thrust on a body wholly
or partially immersed in a fluid is called the Force of Buoyancy.

In other words the force of buoyancy is equal to the wi. of the
liqued displaced and acts wpwards.

Ceutre of Buoyancy. The Centre of Gravity of the displaced
Sluid is called the Centre of Buoyancy.
69. Solved Examples.

Ex. I. A hollow cylinder closed by a plane base i3 filled with
liquid and held with tts axis wvertical. Find the resultant horszontal
thrast on half the cylinder cut off by a vertical plane through the axss.

(A'B’C’. ABC) is half the cylinder cut off by a vertical plane
ACC’A’ through its axis 00’.

Let OBB'O’ be another vertical plane perpendicular te the
plane ACC’A’.
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Choosing AC and its perpendicular OB,
as the two horizontal directions along which
components of horizontal thrust may be taken @}B
we note that the horizontal thrusts in the direc- 2
tion AC must be zero. For, if the surfaces
AB, B'A’ and BC, C'B’ be projected on the
vertical plane OB, B'O’, which is a plane of
symmetry for the semi-cylindrical surface, the
projections will be identical ; consequently the
horizontal thrusts for the surfaces ABB’A’ and
BCC'B’, being equal and opposite, will cancel
one another. Therefore the horizontal thrust
will be parallel to OB only.

|

SN
1
i
1
l
!
o3

Horizontal thrust=whole pressure on
the projection of the semi-cylindrical surface —
(ABC, A'B’C’) on the vertical plane ACC’'A’.

=whole pressure on the rectangle ACC’'A’

=

h
=2ah. - ° ge.

=ah®gp, where h is the height and ¢ the
radius of the base of the cylinder.

Ex. 2. A solid right circular cone is divided-into two partsby «
plane through its axis and one of these portions is just immersed, vertex
downwards and axis vertical in water. Find the resultant thrust on its
curved surface and show that it is inclined at an angle tan™! (} = tan a)
to the horizontal, where o i3 the semi-vertical angle of the cone.

(Agra 1929, 49 ; Allahabad 1933 ; Banaras 1944, 59)

Let OAC be the vertical plane which cuts the cone into halves.
Let OABC be one of them immersed in the liquid. Let a be
radius of the base of the cone.

Let AC and BD which are perpen-
dicular to each other be the two convenient
horizontal directions along which the com-
ponents of horizontal thrust may be taken.
Here we see that the horizontal thrust
in the direction AC must be zero. For
if the surfaces OAB and OBC be projected
on the vertical plane ODB, which is a plane
of symmetry for the semi-conical surface,
the projections will be identical ; conse-
quentiy the horizontal thrusts for the sur-
faces OAB and OBC being equal and
opposite will balance one another.

Therefore the horizontal thrust will
be parallel to BD only. Let X and Z
denote the resultant horizontal and verti-
cal thrust respectively.
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.. X=whole pressure on the projection of the semi-conical
surface OABC on the vertical plane OAC
=whole pressure on the triangle OAC
=gpra.a cot «.} @ cot «
=1gpa® cot? a.
Z=wt. of the supereincumbent liquid
=wt. of the vol. OABC of liquid

=1%. In a® cot a gp={na® cot age.

Now since resultant horizontal thrust is normal to the plane
AOC through some point on OD, its line of action will be in the plane
ODB.

Since the resultant vertical thrust acts downwards through the
centre of gravity of the semi-cone which is in the symmetrical
plane ODB, its line of action is also in the plane ODB asit is also
vertical.

Therefore these two thrusts are coplanar and since they are not
parallel, they must be concurrent.

Resultant Thrust=(X2422)}
=3gPa® cot @/ 4 cot? afr?
If 0 be the inclination of this resultant thrust to the horizontal,
we have ‘
Z ira® cot agp _ =
0= X = atcot? agp 2 B

6=tan‘1< f tan oc).

Ex. 3. A thin hollow vessel in the shape of a right cone with a
circular base i3 cut in two by a plane through the axis, and the two parts
are hinged together at the vertex and the edges greased so as to be water-
tight. The wvessel is then hung wup by the hinge and filled with water
through a small aperture near the hinge. Show that the water will not
flow out if the vertical angle of the cone exceeds 120°.

OCBD is half of the cone cut off by the plane OCD. Let a be
the radius of the base and « the semi-vertical angle of the cone.

Let X and Y be the horizontal and
0 vertical thrusts respectively.
.. X=whole pressure on the AOCD, by
symmetry there is no component along the
perpendicular to X.

X X=a? cot «. £ @ cot « go
=% a® cot® « gp acting at P where
OP=% a cot a.

Y =vertical thrust on the curved surface.
=ir a® cot agP acting at G where
Al B the distance of G from the axis of the cone

. a
IS —.
T
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From Statics we know that the water will not flow out if
Moment of Y about the hinge > moment of X about the hinge

. a
t.e., m a® cot « gp. > % @® cot® a gp. §a cot a

or tan2 « > 3

or tan & > 4/3
or o > 60°
or 2a > 120°.

NV Ex. 4. Two closely fitting hemispheres made of a material of
uniform thickness are hinged together at a point on their rims, and are
suspended from the hinge. The rims are greased so that the whole forms
a water-tight vessel. It is being filled with a liquid through a small hole
near the hinge. Prove that the contact will mot give way if the weight of
the shell exceeds three times that of the waler it contains. (M.T.)

Let A be the hinge and O the centre of the hemispheres whose
radius is a.

A The forces acting on one of the
ST~ hemispheres are
: (¢) Reaction at the hinge A.
(it) Its weight W’ acting verti-
cally downwards at G where OG =}a.
(47) The vertical fluid thrust equal
to the weight of the hemispherical
volume of the liquid, say W acting
downwards through M where OM - 3a.
(v) The horizontal fluid thrust
equal to the whole pressure on the
vertical ecircle acting through P, its
centre of pressure where OP=1 q.
This thrust is=ra3 gp=3W.,

When we take moments about A, we notice that the force (%)
can be neglected, that the forces (2¢) and (44%) tend to keep the hemi-
spheres together and that the force (iv) tries Lo separate them.

Hence the contact will not give way if the sum of the moments
of (12) and (i47) are greater or equal to that of (iv)

, a a

or W o + W. 3 a>%W<a+ 4)

or W' > 3W

or wt.of the shell > 3 (wt. of the liquid contained).

Ex. 5. A hollow right circular cone, filled with water is held with,
s axis wvertical and vertex downwards. Find the resultant pressure on
the portion of its surface contained between two wvertical planes through
its axis, and show that if the inclination of these planes to each other be
20 and the vertical anmgle of the cone 2x, the direction of the resultant
pressure makes with the vertical an angle equal to
sin 6

tan-! e"&;ﬁ?)' (Allahabad 1919)
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Let h be the height of the cone and ¢ the radius of its base.
Let OABCO’ be the portion of the cone between the two vertical
planes OO’A and OO’C.

/_O’OA::azta,n'l—Z .

/AO0'B=} AQ'C=6

Area of the sector O’ABC ==0qa*

Let V and H be the resultant
vertical and resultant horizontal thrusts
respectively. i

V=weight of the superincumbent

liquid
=gp. volume OABCO’
=gp%a®} h

H =whole pressure on the horizontal
projection of the curved surface on a
plane perpendicular to O'B i.e., on the
plane OAC :

0 =go} L. ha sin 0, for AC=2q sin 6

(The horizontal component of the
thrust along a line perpendicular to O’B will be zero by symmetry.)

The required angle
_1 gP3h*a sin 6

= tan™! H =tan .
\% Pl a*3h

1 hsin @
of

T sina)
=tan (t)ta.noc :

Examples 12

=tan

x. An unsymmetrical cask with plane horizontal ends of equal area is
just filled with water, Prove that the thrust on its curved surface 18 the same
in magnitude whichever end is uppermost. (Delhi 1927)

2. A right circular cone is just immersed in a liquid with its axis
horizontal. Find the resultant horizontal thrust on the curved surface of the
lower half of the cone cut off by a horizontal plane through the axis.

A right circular cone filled with liquid is held with its axis vertical.
Prove that the horizontal thrust on half the curved surtace cut by a plane
through the axis, when the vertex is upwards, is twice that when the vertex is
downwards.

A right circular cone is just immersed in a liquid with its axis
horizontal. Find the resultant horizontal thrust on the curved surfauce of half
the cone cut off by a vertical plane through the axis,

5. A solid right circular cone is placed with its axis horizontal and at
a depth h below the surface of water ; find the horizontal thrust on half of the
cone imagined to be cut off by a vertical plane through the axis.

6. A hollow cylinder closed by a plane base is filled with liquid and
held with its axis vertical ; find the magnitude and the line of action of the
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resultant thrust on half the ;ylinder cut off by a vertical plane 1arough the
axis. (Utkal 1947)

A solid circular ¢ylinder is divided in two equal parts by a plane
through the axis. Ifitis held just immersed in a liquid with the axis hori-
zontal and the plane section vertical, what will be the resultant horizontal
thrust on the curved surface ?

8. If a hollow right circular cylinder is filled with liquid and held with
its axis horizontal, find the magnitude and the line of action of the resultant
thrust on half the curved surface cut off by a vertical plane through the axis,

(Jarpur 1957 ; Agra 1943, 55)

9. A solid hemisphere, of radius a, is placed with its centre at a depth
h below the surface of water, and has 1ts plane base in a vertical plane ; what
is the horizontal thrust on its curved surface ? Find also the resultant thrust
on it,

10. A hemispherical bowl with its lowest point downwards and the
plane base horizontal is filled with water. The water is poured into a cylin-
drical tumbler, the radius of whose base is equal to that of the hemisphere.
Prove that the horizontal thrusts on half of the curved surfaces in which they
may be divided by vertical planes through their axis, are in the ratio of 3 : 2,

1x. A hemispherical bowl is filled with water ; find the horizontal
fluid pressure on one half of the surface divided by a vertical diametral plane,

and show that it is ; of the magnitude of the resultant fluid thrust on the
whole surface. (Calcutta 1918 ; Lucknow 1941)

12. A right hollow cylinder with a circular base is filled with liquid and
closed at the top. Prove that the ratio of the height of the cylinder to the
raclius of the base is 2 : 1 if the resultant horizontal thrust on half the curved
surface cut off by a vertical plane through the axis, when the axis is horizon-
tal, is equal to that when the axis is vertical.

13. A horizontal trough is semi-circular in section and is filled with
water whose weight is w ; if the trough be imagined to be divided into halves
along the middle, show that the water will,tend to push them asunder hori-

zontally with a force 1_:_.

Show also that the resultant thrust of the water on either half of the
trough makes with the vertical angle 0 so that

™
cot 6—-—5.

x4. A closed cylindrical vessel with hemispherical ends is filled with
water, and placed with its axis horizontal. Find the resultant thrust on each
of the ends and determine its line of action,
(dllahabad 1920 ; Patna 1940 ; Agra 1956)
15. A hollow right circular cone filled with liquid is held with its axis
vertical and vertex downwads. Prove that the magnitude of tho resultant fluid
thrust in half the surface of the cone cut off by a vertical plane through the
axis is § wrh 4/(n2r34442) and that it is inclined at an angle

tan— ( 1:%) to the horizontal.

x6. A right circular cylinder is just immersed in water with its axis
horizontal. Compare the horizontal fluid thrusts on the four parts of the
curved surface made by the horizontal and vertical planes through the axis,

17. A spherical shell formed of two halves in contact along a vertical
plane is filled with water ; show that the resultant pressure on either half of

the shell is —‘/%;- of th e total weight of the liquid.
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18. The end of a horizontal pipe is closed by a sphere of the same radius
a as the internal section of the pipe. The sphere is hinged at its highest point.
I the pipe is just full of liquid of density p, prove that the moment about the
hinge of the liquid pressure on the sphere is gpmad. (M.1')

1g. A right cone whose base is an ellipse of semi-axes a, b isdivided
into two equal parts by a plane throuch its axis and the major axis of the
base. One part is then removed and just immersed in a liquid with its vertex
upwards and the axis of the cone vertical, TFind the horizontal thrust on one
half of its curved surface made by plane perpendicular to the vertical face of
the solid.

20. A solid circular cone of uniform material and height i and of verti-
cal angle 2x, is made of uniform material and floats in water with its axis verti-
cal and vertex downwards and a length &’ of the axis is immersed. The cone
is bisected by a vertical plane through the axis and the two parts are hinged
together at the vertex. Show that the two parts will remain in contact if
(Allahabad 1938 : Agra 1934, 52 Supp.. 54 ; Bararas 1943 ;

Jaipur 1954, 56 ; Gorakhpur 1959 ; Lucknow 1944)
2x. The stem of a funnel has a radius @ and its mouth has a radiusb:
the height of the stem is h and that of the slanting part is]. The mouth is
placed in a horizontal plane (being greased so as to remain water-tight) and the
funnel is filled with water to tho top of the stem ; prove that the upward pres-
sure on the funnel is equal to
nw(b—a'{h(a+b)+}l(a+2b)}
where w is tho weight of unit volume of water.

1'>T sin2 a.

70. Thrust on a curved surface bounded by a plane
curve.

If the solid consists partly of a curved surface and partly of
known plane areas, the resultant fluid pressure may be casily obtain-
ed as follows :—

Let the components of the resultant thrust on the curved sur-
face be X and Y in the horizontal and vertical directions respective-
ly.

Let the components of the thrust on the plane arca be X', Y
in the same directions respectively.

Now, the resultant thrust on all the surfaces of the body is a
vertical force gpV, acting through the centre of gravity of the solid,
and there is no horizontal component to the resultant thrust on the

solid.

Hence Y—-Y'=goV
X—-X'=0
Y=Y"4gpV
X=X

71. Solved Examples.

Ex. 1. A hemispherical surface of radius a 1is immersed in
liquid of density P with its centre of depth h and its base inclined at an
angle 0 to the horizontal. Find the resullant thrust on the curved surface
and its direction. (M.T., 1.C.8. 1935 ; Delhi 1947 ; Rajputana 1949)
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Let X, Y be the horizontal and vertical components of the re-
sultant thrust on the curved surface.

By Archimedes’ Principle the re-
sultant thrust on the whole surface of
the body is equal to the weight of the
liquid displaced, viz. $gPna®.

But since the surface of a hemi-
sphere is partly curved and partly plane,
this thrust is the resultant of

1N X, Y,

(3) The whole pressure P on the
circular plane base acting normal to it.
where P = gprah.

Resolving horizontally and vertical-
ly X, Y and P which together make up
the total vertical thrust % gpra3, we get

X—P sin 0=0
Y —P cos 6=2%gpPna®
whence X=gpna®h sin O .. (1)
Y =2 gona®+genath cos 0 ... (2)

Resultant thrust on the curved surface is
2 Y 2 (2, & o, 4 3
(X +Y ) =gpra (h +-g~a“+ S——ah cos 0) .

Let ¢ be the angle which this resultant thrust makes with the
horizontal.
tan ¢_fo _ 2a+3h cos O
* X = 3hsin®
If the curved surface of the hemisphere be taken to be upper-
most the last term in the results of the resultant thrust and the angle
will have a minus sign.

\/ Ex. 2. A solid cone is just immersed with a generating line in
the surface : if O be the inclination to the vertical of the resultant thrust
on the curved surface, prove that

(1—3 sin®«) tan 0=3 sin o cos «,
2 being the vertical angle of the cone. (Raj. 1960 ; Agra 1952)

Let AB, a generating line of the cone ABC, be in the free sur-
face. Let @ be the radius of the base
of the cone.

Let X and Y be the horizontal
and vertical components of the resul-
tant thrust on the curved surface.

By Archimedes’ Principle the
resultant thrust on the whole surface
of the cone is equal to the weight of
the liquid displaced, viz. 3gpna® cot «.
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Since the surface of the cone is partly curved and partly plane,
this thrust is the resultant of

) X, (&) Y,

(#12) The whole pressure P on the circular end acting normal to

it

where P=gpr a® cos «.

Resolving horizontally and vertically X, Y and P which to-
gether make up the total vertical thrust  gera® cot o, we get

X—P cos a=0
Y+ P sin a=4gona® cot «
whence X =gpra® cos? «

Y =4gpra® cot & —gpnre?® cos a sin «
since 0 is the inclination to the vertical of the resultant thrust
2
tan 6=X —, e

Y 4 cot o—cos o sin o

__ 3 cosasin o

T 1—3sin?«

(1—3 sin? «) tan 0=3 sin « cos «.

Ex. 3. A hollow cone without weight, closed and filled with some
liquid, is suspended from a point in the rim of its base ; if O be the
angle which the direction of the resultant pressure makes with the vertical
then show that

: 28 cot at-cot® o
48
o being the semi-vertical angle of the cone.

cot 0 =

Let a be the radius and A the point of suspension of the cone
OAB ; then AG will be vertical, where G is the C.G. of the enclosed
________ A . conical mass of water, so that
C.G.=40C=1% a cot a.

Let X, Y be the horizontal and
Jina’cash vertical components of the resultant
\ thrust on the curved surface.
::.'T‘ B

If the diameter AB makes an
angle § with AG, then

oF GC }acotax
3 tan B= AC= a4 =} cot «
whence sin 3= cot & = _, and cos 8 -+
1/ 16+cotia 1/ 164 cos® «

Here the resultant thrust on the vessel is equalsto the wt. of
the liquid contained, wiz., 4wa® cot agp where p is the density of
the liquid and it acts vertically downwards through G.
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P, the whole pressure on the circular end
=gPna®. a cos B
Resolving horizontally and vertically X, Y, and P which to-
gether make up the total vertical thrust 4 gena® cot «,
we get

X—P cos =0
Y —P sin f=%na® cot « gp
whence X=gpno3® cot? B .. (1)
Y=1} gera® cot a+gpna® cos B sin ... (2)
16 gp wa®
or = 16+cot?a

4gpma® cot «
16 +cot? «
4 cot «
(7)71; *+- 164 "f),t‘i,“,

Y=1 gPna® cot a+

1
g C

cot 0= x = 16
16+cot? a
_ 28 cot atcot? «

- 48

Ex. 4. A solid is formed by the revolution of a semi-circle of
radius a eboul its bounding diameter through an angle o, and the solid
18 ymmersed with one plane face tn the surface of a liquid ; prove that
the magnitude of the resultant thrust on the curved surfuce of the solid

8
%ago{(e—sin o« cos a)*+sint a}’}'

Let the plane face ABC be in the surface of the liquid. Let R
be the resultant thrust on the curved surface of the solid. The
lower plane end is ADB inclined at an
angle « with the horizontal.

The C.G. of the semi-circle ADB
is at a distance g: from the centre.

Therefore thrust X on the plane area
ADB is equal to

4a .
gp.3ma?. — sin a=2gpa® sin «
2111 *4f

volume of this solid o

Also i giala Rl

volume of the whole sphere™ 2r

3
or volume of the solid ABCD=»3%—-»
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. Wt. of the liquid displaced =%« a3 gp which is the resultant
of X and R. Therefore
R cos 6=X cos (90—a)
=X sin a=3%gpa® sin® « .. (1)
and R sin 0=%x a® gp—% gr a® sin « cos a ... (2)
where 0 is the angle R makes with the horizontal.

1
R=3gp a® {(¢—sin « cos @)2+sin* «}*-
Examples 13

1. Find the direction and magnitude of the resultant thrust on the
curved surface of a hemisphere of radius 3'/, placed with its base vertical and
centre at a dopth of 6’' bolow the free surface of a liquid of which one cubic inch
weighs w grammes, (Agra 1938)

2. A hemisphere of radius a is immersed in a liquid of density o. The
plane of the base is vertical and its centre at a depth a4/5 below the surface.

Show that the resultant force on tho curved surface is %ncgtﬁ and that ite
direction makes with the horizontal an angle (). where
9

tan 6=\/~4r . (AlUd., 1957 ; Lucknow 1950 ; Jaipur 1952)
1]

3. A solid hemisphere is immersed in a liquid with the highest point of
its plane baso in the surface, and the base is inclined at a given angle ¢ to the
horizon ; show that the resultant thrust on the curved surfuce will be equal to
twice the weight of the liquid displaced if tan a=2.  (Jaspur 1959 ; Agra 1958)

. A cylindrical vessel full of water is held with its axis inclined at an
angle of 46° to tho vertical. Find the magnitudes of tho pressures on the ends
and show that the resultant pressure on the curved surface is equal to the
difference between the pressures on the ends. (Luckrow 1948 ; Patne 1931)

5. A cylinder closed at both ends is entirely immersed in water with its
axis inclined at a given angle 0 to the horizontal ; if its height be 4 and the
radius of its base be a, prove that theresultant thrust on its curved surface is
cos O times the weight of tho liquid displaced inclined at an angle () to the
vertical.

6. A closed cylinder whose base diameter is equal to its length is full
of water, and hangs freely from a pomt in its upper rim, if the weight of the
cylinder is neglected, prove that the vertical and horizontal components of the
resultant thrust on the curved surface are each half tho weight of the water,

(M.

7. A cone floats with its axis horizontal in a liquid of density double it)s
own ; find the pressuro on its base and prove that if § be the inclination to the
vertical of the resultant thrust on the curved surface, and ¢ the semi-vertical
angle of tho cone, then

4
tan 0= - - tan a.

T
(Saugar 1959 ; Agra 1942, 48, 53 Supp. ; Lucknow 1938, 43, 50, 54)
8. A right cone of semi-vertical angle 30° has its uppermost generator
in the surface of a liquid. Show that the resultant thrust on its curved surface
passes through the centre of its base. (Delhe H.M. 1927)
9. A solid right circular cone of vertical angle 2« is just immersed in
water so that one generator is in the surface of the liquid ; prove that the
resultant pressure on the curved surface of the cone is to the weight of the fluid
displaced by the cone, as
AV 14+3sin2 a: 1,

and that it is inclined to the axis of the cone at an angle cot—1 (2 tan o).
(Allahabad 1951, 57 ; Lucknow 1952 ; Nagpur 1957)
10. A right cone of vertical angle 2a is filled with water, it is then
closed and laid with a generating line in contact with a table. Prove that the
resultant vertical and horizontal thrusts upon the curved surface are
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respectively
W{1+43 sin2 «) and 3 W sin ¢ cos a
where W is the weight of the contained liquid.

11. A coune whose vertical angle is 2, has its lowest generator horizontal
and is filled with liquid; prove tbat the resultant pressure on the curved
surface is

Wo/ 1+ 15 sinZ a
where W is the weight of the Liquid,
(dllahabad 1956 ; Lucknow 1953 ; Jaipur 1951, 55 ; Agra 1937)

1z. A solid conoe is just immersed in water with a generating line in the
surface ; prove that the inchination to the vertical of the resultant thrust on the
curved surface is

3 tan «
= o
tan 1—2 tan2 o
where 2 is the vertical angle of the cone. (Nagpur 1955 ; Agra 1936, 45)

. 13. A solid cone, whose vertical angle is 2q, is immersed in a liquid with
its vertex in the surface and axis vertical, Prove thatif P be the whole pressure
on the curved surface and base, and P’ the resultant pressure, then
P 243sineg,
P'T sing (Bombay 1936)
. 14 A spherical shell is filled with liquid, find the mugnituflg and line .of
action of the resultant pressure on each of the hemispheres divided by a dia-
metral planc making an angle 0 to the horizon. (dgra 1960)

15. A hollow woightless hemisphere with a plane base is filled with _watar
and hung up by means of a string, one end of which is attached to a point of
the rim of 1ts base. Provo that the wholo pressure on the curved surface and
on the baso are in the ratio of

19 : 8.
Also prove that the resultant thrust on its curved surface makes an
angle tan—1 109 with the horizontal. (Rajputana 1949 ; Utkal 1945)

16. A solid sphera of density ¢ is placed at the bottomn of a vessel which
i8 horizontal, and a liquid of density o (<p) i3 poured in so as just to cover up
the sphere.  The sphere is then cut along the vertical diametral plune. Prove
that the two parts will not sepcrate if

p<do, (dgra 1947 5 Calculta 1948 ; Alld. 1959)

17. A portion of & sphere cut off by two planes through its centre
inclined at an angle -: is just immorsed in a liquid with one face in the

surface. Find the resultant thrust on the curved surface and show that
it makes an angle 0 with the horizontal so that
tan Q= ’2‘ —1. (1.C.8. 1937 ; Jaipur 1953)
18. A right cone of semi-vertical angle « is just immersed with a slant
gide of length [ in the free sucface. Show that the resultant thrust on the
curved surface will cus this slant ride at a distance

L
4(1—3 sin2 o)
from the vertex, and find the magnitude ot this thrust. (Bombay 1940)

19. A solid octant of a sphere is immersed with a plane face in tl}e
surface, prove that the resultant pressure on the curved surface is

( 1 +%_2)‘k times the weight of water displaced by the octant.
(Jaipur 1953 ; Sagar 1951)



CHAPTER VII
" FLOATING BODIES

ina

)Condnxons of equilibrium of a body freely floating

Consider the equilibrium of a body floating freely wholly or
partially immersed in a liquid which is at rest under gravity.

The only forces acting on the
body are
(1) its weight acting vertically
. downwards through G, the C.G. of the
~—-- body,

(2) the force of buoyancy which
is equal to the weight of the liquid dis-
—-- placed and acts vertically upwards
- through H, its centre of buoyancy.

The necessary and suflicient con-
ditions of equilibrium are that these
two forces should be cqual and opposite and act along the same
straight line.

Hence the required conditions are :

(1) The weight of the body must be equal to the weight of the
liquid displaced by it. '

(2) The centre of gravity and the centre of buoyancy must be in
the same vertical line.

73. Volume immersed. When a solid of volume V and mean
density p ts floating in a liquid of density o, the volume tmmersed is ‘;p

Let V' be the volume immersed.

Then the weight of the liquid displaced=g oV’.

The weight of the solid=g p V

ga V' =gpV
or \'A =Yf,_
(3

Note 1. (5) Since V' cannot be greater, it follows from the
above formula that ¢ cannot be less than p or a solid cannot float in
a liquid of less density than its own. If the density of the liquid
be less than that of the solid, the latter will sink, as for instance, a
piece of lecad dropped in water.
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(1) If the density of the solid be less than that of the liquid,
the body will rise partly out of the liquid until the weight of the
liquid displaced is equal to its own weight as, for instance, a piece of
cork.

Note 2. In the above formula it should be quite clear what is
meant by the mean density of the solid. For instance, we know that
though the density of iron is much greater than that of water, yet a
hollow iron ball may be made to float in water. The reason is that
in finding out the mean density of the ball, we have to take into
account the hollow space inside. We know that for a given weight
W=Vpg, p will depend upon the volume and will differ from the
actual density of the iron. In this way the mecan density of the iron
ball may be made less than that of water.

74. Solved Examples.
Ex. 1. A cylinder floats vertically with 8 feet. of its length above

the fluid ; find the whole length of the cylinder, the sp. gr. of the fluid
being three times that of the cylinder.

Let the sp. gr. of the cylinder be o. Therefore the sp. gr. of
the fluid is 3p. Let & be the whole length and S be the cross-section
of the cylinder.

Since wt. of the body=wt. of the liquid displaced,

therefore Shge=S (h—S8) g 3¢.
or h=3h—24
or h=12.

Ex. 2. A frustum of a right circular cone, cut off by a plane
bisecting the axis perpendicularly floats with its smaller end tn water
and s axis just half immersed. Prove that the sp. gr. of the come
s 3h.

Let « be the semi-vertical angle and % be the height of com-

plete cone. Height of the frustum is }f and the height of the part

of the frustum in contact with water is 4 a

. h
Radius of the lower end 18, tan « and

that of the upper one is h tan .

Also the radius of the circular section
which the water level cuts the frustum is
gh tan o.
wt, of the cone

= ngﬁ- (A2 tan? a-+1 A2 tad a4} A% tanx'ge,
where p is the density of the cone,.
=ygnhitan®agp
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wt. of the water displaced
=11tg (}2? tan®a++% R? tan?a4-§ A2 tan? a)g

= 1—;, s © h tan? og
' m h® tan®a gp=
or P

Ex. 3. A thin rod, of weight W, is loaded at one end with a
weight P of insignificant volume. If the rod floats in an inclined

% mh® tan® « g.
19
56

I

L. . 1 .
postlton with n th of its length out of the water, prove that

(n—1) P=W, (Patna 1948)

Let AB be the rod of length 2. Let G be the C.G. of the rod
and H, the centré of buoyancy. Let W be the force of buoyancy.
Portion BO is in the water.

A BG=a,
BH=1BO
—1 ol 11
0 “ bo2a{ 1—

! !
t
l
1
i
H%HH
|
i)
N
]
S o~
N

{1

HG=a —a( 1— :—[>

by

a

n

Let 0 be the angle the
u rod makes with the hori-
B i zontal.

[N R ER R AR NS RN R AN R N

The only forces acting
on the rod are P and W acting vertically downwards and W’ acting
upwards.

Taking moments about H,

W. HG cos 6=P. Bl cos 0

/ 1
a 1—
BH \ n/
or W——P‘»HG =P, a
n
=(n—1)P.

~Ex. 4. A ship sailing out of the sea into a river sinks through @
distance b feet ; on unloading a cargo of weight P, the ship rises through
c feet. Show that the weight of the ship after unloading is

Lo 1 3P
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where o and p are sp. gr. of sea water and river water respectively. The
cross-section of the ship near the level of water may be assumed to be
uniform. (Lucknow 1931, 40)

Let S be the cross-section of the ship and W be the wt. of the
ship before unloading. TLet A be the height to which the ship is
already sinking in the sea.

Since the wt. of the ship is equal to the wt. of the liquid dis-
placed,

W=Shgeg- o (1)
When it goes to the river from the sea it sinks b feet
W=8(h—+b)gr o (2)
When a weight P is unloaded, it rises through ¢ feet
W—-P=8(h+b—c)gp .o (3)
Dividing (1) by (2)
__ heo _ b
1‘(h+b)p whence A =o_p e (4)
Subtracting (3) from (2)
P=Scgp whence Sg= CPP ... (B)

From (1), (4) and (5)
P

w— P, b _ Pbo
o  o—p c(e—p)

b
Hence the required weight=W —P= { 7 -1 %P.

c(o—p)

Ex. 5. A triangular lamina ABC of densily P floats in a liquid
of density o with its plane vertical, the angle B being-in the surface of
the liquid, and the angle A not tmmersed. Show that

P _sin A cos C_a*+b*—c*
¢ sinB 22
a, b, ¢ being the lengths of the sides of the triangle.
(Lucknow 1927, 33 ; Patna 1926 ; Agra 1952 ; Alld. 1954)

The portion BCD of the AABC is in contact with the liquid.
BD, being the level of the liquid, is horizontal. Let G and H be the
centres of gravity and buoyancy respectively.
E is the mid-point of BC.

The conditions of equilibrium are

(1) The line GH must be vertical.

(2) The weight of the lamina must be
equal to the weight of displaced liquid.

Since EG=3EA, EH=}ED, GH is
parallel to AD.

But GH is vertical from (1), hence AC
also must be vertical.
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Now applying the second condition
AABCg p=/\BDC go
p _ABDC_431BD.DC_DC

&« AABC }BD.AC AC
AC _ BC
But sin B sin A
sin B
or AC= BC . sm!;A

p _DCsin A__cos Csin A

Hence o =posin B- snB

Examples 14

1.  What fraction of a solid (sp. gr. *7) must be outside the water in
which it floats ?

2. A man of weight 160 lbs. floats in water with 4 cu, inches of his body
above the surface, What is his volume ?

3- _A piece of iron weighing 275 grammes floats in mercury of density
136 with 2 of its volume immersed. Find out the volume and density of the
iron,

- (n) How much water will overflow from the edges of a cup just full of
water when a cork 2 cu. inches in volume is gently placed in it so as to float ?
The sp. gr. of the cork is 0°24,

(b) How much water will overflow from a tumbler full of water when a
piece of ice 1 cubic inch in volume is gently put in it so as to float 2 (Specific
gravity of ice may be taken to 0°9). (Jaiprur 1959)

5. A spherical ghell of copper (sp. gr. 8) floats in water with half its
surface immersed. Find its internal radius if the outer one be 10~.

6. A man whose weight is equal to 160 1lbs. and whose sp. gr.is I'l,

can just float in water with his head above the surface by the aid of a

piece of cork whichis wholly immersed. Having given that the volume of

his head is 1%-th of bis whole volume and that the sp. gr. of the cork is 0-24,
find the volume of the cork, the weight of a cu, ft. of water being 62:5 1bs.

(Aliahabad 1931)

7- A cylindrical lead pencil floats in water with Jth of its volume
immersed. If the lead is a cylinder whose radius is one-fourth that of the
pencil and the sp. gr. of the wood is *78, find the sp. gr. of the lead.

8. A cubical box of one foot external dimension is made of a material
of thickness one inch and floats in water immersed to a depth of 3% inches.
Not taking air into consideration, determine the weight of the box and the
amount of water that must be poured in ro that the water inside and outside
may stand at the same level, (dgra 1938)

9. A hollow conical vessel floats In water with its vertex downwards
and a certain depth of its axis jmmersed ; whem wagpr is poured into it upto
the level originally immersed. It sinks till its mouth is on a levedsfigith the sur-
fa ce of the water. What portion of the axis was originally immersed ?

(Agra 1936 ; M.T., Banaras 1926 ; 48)

10. A solid bomogeneous cone of sp. gr. ¢ and height 4 floats in a given
liquid of sp. gr. p. Find the position of equilibrium when

(2) the vertex is down and the base up,
(+7) theba se is down and the vertex up.
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1x. A ship of mass 1000 tons, goes from fresh water to salt water. If
the area of the section of the ship at the water line be 15,000 sq. ft. and its side
vertical where they cut the water, find how much the ship will rise, taking the
sp. gr. of sea water to be 1-026.

12. A steamer in going from salt water into fresh water was observed
to sink 2 inches, but after burning 50 tons of coal to rise one inch. Supposing
the densities of salt and fresh water to be as 65: 64, find the displacement of
the steamer in tons. (Lucknow 19341 ; Agra 1951).

A ship sailing from the sea into ariver sinks a inches, and on dis-
charging x tons of her cargo rises b inches. If sea-water be one-fortieth heavier-
than river water, prove that the weight of the ship is 41( ?{;) x tons. Assume

the sides of the ship to be vertical at water level.
(Lucknow 1949 ; Banaras Eng. 1943 ; Banaras 1944 ; Jaipur 1959)

14. A thin cylindrical rod, weighed at one end, floats in water with half”
it length immersed and inclined at any angle to the horizon. Prove that the
weight which is added is equal to the weight of the rod.

. . 1 1 1 . .
solid displace o Ve of its volume respectively when

i
it floats in three different fluids, find the volume it displaces when it floats in &
mixture formed ot

(¢) equal volumes of the fluids,

(77) equal weights of the fluids.
(Agra 1935 ; Rangoon 1938 ; Utkal 1948)

16. A rod, of small section and of density p, has a small portion of
1 .
metal of weight»;; th that of the rod attached to one extremity ; prove that

the rod will float at any inclination in a liquid of density o if
(n+4-1)20 =n2
(Lucknow 1936, 42 ; Banaras 1948 ; Agra 1929, 35 ; Jaipwr 1956)
17. Shew that a homogeneous body in the shape of right circular cone

can float in a liquid of twice its own density with its axis horizontal.
(A4llahabad 1927)

18. A uniform prism, whose cross-section is an isosceles triangle of
vertical angle 2q, floats freely in a liquid with 1ts base just immersed, one edge
being in the surface ; show that the ratio of 1ts density to that of the liquid is

2 sin2q : 1. (M.T.)
19. A prism, whose section is a triangle ABC is made of uniform mate-
rial, and floate freely in water with the vertex C in the surface ; prove that its
sp. gr. is either
sin A cos B sin B cos A
“sinc sin C

75. Bodies floating in more than one liquid. 4 body
floats partly immersed in one liquid and partly in another, to find the
conditions of equilibrium.

Let W be the wt. of the body and W', W’ be the wts. of the
two displaced liquids. W’ and W'’ are also the forces of buoyancy
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acting vertically upwards.

Now there are only three
forces acting on the body, all of
them vertical.

For equilibrium
W — WI +Wu

Hence the required eondi-

tions are

- (1) The wt. of the body must

be equal to the sum of the wis. of the displaced portions of the two liquids.

(2) The C.Q. of the body must lie on the line joining the centres of
gravity of the two displaced liquids.

Note x. The above theorem includes the case of a body float-
ing partly immersed in liquid and partly in air.

Note 2. The above theorem is also truc if there are more
than two liquids.

76. Solved Examples.

Ex. 1. A mass composed partly of gold (sp. gr. 1925) and partly
of silver (sp. gr. 10°5) floats with }5th of its volume immersed in mer-
cury (sp. gr. 13°6) and the remainder in water. Compare the weights
of gold and silver in the mass.

Let V, and V, be the volumes of the gold and silver respec-
tively.
. wt. of the mass=V,.g 19'25—%—‘!‘29 105
wt. of the mercury displaced=13(V;-+V,)g (13°6)
wt. of the water displaced =+v4(V,+V,)g
o Vig (19°25)+Vag (10°5)=13(V1+Vo)g (13°6)+4%(Vi+Va)g
or V, (19°25)+V,(10°5) =3%*(V1+V,)

or 103V, =37V,
Vv
or V: = 3%

i

wt. of the gold _V,9(19:25) _ 37X 1925_ 407

wt. of silver ~ V,g(10'5) ~ 103x10'5 618 *
Ex. 2. A cylinder of wood (sp. gr. %) of length k, floats with its

axis vertical in waler and oil (sp. gr. }), the length of the solid in

contact with gil being a (<h). Find how much of the wood is above

the liquid.

Also find to what additional depth must oil be added so as just to
cover the cylinder. (Jaspur 1952 ; 1.C.S. 1940)
Let x be the length§ of the cylinder above the liquids ; since a
length a is in contact with oil, the remainder h—a—x is in water. Let
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h be the height and r radius of the base of the cylinder.
Since the wt. of the solid=sum of the wts. of the liquids
displaced.
nrlhg. 3 =nrtagl+nr? (h—a—2x)g. 1
or 2h=la+h—a—x
whence x=1h—1}a.
Since a is given to be less than 1k, the value of = is positive.
If, however, a were greater than 34, the value of 2 would have been
negative, showing thereby that the hypothesis as well as the above
equations were wrong. In that case no part of the cylinder would be
above the surface of the oil, its length 7 in contact with oil being
given by
Sh=1Lth+(h—1)
whence [=3h.

Second Part. Now let y be the additional depth of oil which is
necessary just to cover up the cylinder. '

The new length of the solid in contact with oil=a+.

Its length in water=h—a—y.

Hence nrikgi=nr*(a+y) gt+nr2(h—a—y)g

or $h=¥a+y)+h—a—y

or y=1ih—a.

Ex. 3. A solid sphere floats just immersed in helerogeneous liquid
composed of three liquids which do not mix and whose densilies are as
1:2: 3. If the thickness of the two upper liquids be each one-third of

the diameter of the sphere, show that the density of the liquid in the
middle is equal to the densily of the sphere. (Allahabad 1924, 38)
Let the density of the sphere be 6 and those of the liquids be
e, 2p, 3P respectively.
Let a be the radius of the sphere. The

volume of the uppermost and lowest liquids AN X
displaced are equal and each

2 2 e Sl

=in %l §3az——<a2+ (; ,+,‘; )}
=&na® Xt =% na®
The volume of the middle liquid dis- ==
placed is

-

—4 58
=4na® —§{na®=5%rad

Hence the wts. of the three displaced liquids are respectively
§ira’ge, $1na®.200, §ima® 3eg.
By the conditions of equilibrium of floating, the wt. of the

sphere must be equal to the sums of the wts. of the liquids displaced.

$ra’go =§ina’eg+§ #na’ 209+ 25nad.3pg

=3na’gp
o=2p.
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Examples 15

1. Analloy of gold (sp. gr..19) and silver (ep. gr. 10-5) floats with 4%
of its volume in mercury (sp. gr. 13'6) and the remainder in a liquid of sp, gr.

0-8. Find the proportion of gold and silver in the alloy. (Utkal 1946)
2. A piece of wood floats with 2 th of its volume in wator and the

remaining in air. Find the additional volume which will be immersed when
the vessel is placed in vacuum, the sp. gr. of air being 0-0013.

If a body be floating partially immersed in & liquid and the air in
contact with it be suddenly removed, will the body rise or sink ? Give reasons.

(Agra 1959)

A cylinder floats completely with its axis vertical immersed in two
liquids ; the densities of the upper and lower liquids being respoctively p and
2, and the density of the cylinder fp Find what portion of the cylinder is in
the lower liquid.

.5 A oylinder of sp. gr. 2p floats with its axis vertical between two
liquids of sp. gr. p and 3p respectively, the height of the cylinder being equal to
the depth of the upper liquid. Prove that the pressures on its ends are as 1: 5.

) (Eangoon 1938, 48 ; Bombay 1947)

' 6. A right circular cylinder of sp. gr. ¢ floats in water with its axis
vertical, one-third being above the water;/ If p be tho sp. gr. of air, prove that

3o=2+4p. (Banaras 1959)

7. A cylinder of sp. gr. ¢ floats with its axis vertical partly in one fluid

of sp. gr. oy and partly in another of sp. gr. o3. Show that the common surface

divides the axis in the ratio of

6—03 : 6 —0. (Lucknow 1959)

.8. A solid splere of radius @ is just immersed in three liquids whose
densities are 1 : 3 : 5 ; the two surfaces of separation of the liquids are at depths
%a and &a from tho top. Prove that the density of the sphere to that of the
topmost liquid are in the ratio of 71 : 27.

Two liquids which do not mix are placed in the same vessel ; the
density of the lower liquid is p and tbhat of the upper is mp. A cylinder floats in
them with its axis vertical and i~ completely submerged ; its density being np.
Prove that the condition that it may be half in the upper and half iu the lower
liquid is
n=4(m+1).

x0. A vertical cylinder of density'p, floats in two liquids, the density of
the upper liquid being g; and that of the lower ps. If the length i of the
cylinder be n times the depth of the upper liquid, prove that the depth of
jimmersion of tho upper face of the cylinder 18
kg p2e
o n p?‘—pl .y .,
provided the necessary relations between the densities exist for floating.

1x. A right circular cone, of density p, floats just immersed with its
vertex downwards in a vessel containing two liquids, of densities oy and o,
respectively, Show that the plane of separation of the two liquids cuts off
from the axis of the cone a fraction

( POy )i‘;
G102
of its length.

(L ucknow 1944, 45, 48 ; Allahabad 1925, 39, 50 ; Agra 1949, 52 Supp.)

77. Tension in the string supporting a body.—A4 body is
endirely immersed in a liguid, being supporied by a string, o find the
tension of the string.
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Let T denote the tension of the string, W the wt. of the body
and W' the wt. of the Iliquid
displaced.

In this case the vertical forces
(and they are the only) acting on the
body are :

(1) T, the tension of the string
acting upwards.

(2) W', the force of buoyancy
acting upwards.

(3) W, the wt. of the body acting
downwards.

Hence, for equilibrium, we have

T4+W =W

or T=W-W'

.., Tension of the siring '

=wt. of the body—wt. of the displaced liquid.

78. Weighing in a liquid. —Supposc a body is weighed while
immersed in a liquid by means of a balance. The tension of the
string supporting the body will be equal to the true weight of the
body minus the weight of the displaced liquid.

The tension is termed as the apparent weight of the body.

True weight of a body=apparent weight+wt. of the dis-
placed liquid.

79. Weighing in air. To obtain a perfectly accurate weight
the body should be weighed in vacuo. Otherwise a slight discrepancy,
as when weighed in a liquid, will arise from the fact that the quanti-
tics of air displaced, by the body and by the “weights” that are used
are not the same.

However, to be more accurate, if the densities of the body and

the “weights” are given the true weight can be determined from the
apparent weight as in the next Article.

8o. A body, whose density is p, is weighed in air by means of
wetghts, whose density is o'. If o be the density of air, to find the true
wetght corresponding to an apparent weight W.,.

Let W be the true weight of the body corresponding to its
apparent weight W, which is the sum of the weights used.

Then, the balance being assumed to be pure, the tenstons of the
two supporting strings of the scale-pans are equal, i.c.,

wt. of the body —wt. of the air it displaces
=wt. of the ‘weights’—wt. of the air the ‘weights’ displace.

i.e., W-———g-. ag=W,— »?,7;— og, for the volume of the body of wt.
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W and density P is 5:— and the wt. of the air it displaces is%‘:i qo

and similarly the wt. of the air displaced by the ‘weights’ is

W__ ga
Py "
1— -2
W, — "
1— —
P

Since, in general, o is very small compared with p and ¢,
neglecting the square and higher powers of ~—:~, a sufficiently appro-

ximate value of the true weight is given by
== 1 - *a "‘L )
W WO ( pl + p .

81. Solved Examples.

Ex. 1. A body immersed in a liquid is balanced by a weight P
to which it is attached by a thread passing over a fixed pulley and when
half immersed, is balanced in the same manner by a weight 2P. Prove
that the densities of the body and liquid are as 3 : 2.

Let p and o be the densitics of the body and the liquid respec-
tively. Let V be the volume of the body. If T be the tension
in the string in the first case, then

P=T=wt. of the body —wt. of the liquid displaced

=Vgr—Vgo e (D)
If T be the tension in the second case, then
2P=T'=Vgr—4Vgo e (2)
Dividing (1) by (2)
pP—a
LA ¢
oy p—30=2p—20
or —2"* o=p
P _3
or ; = 9"

Ex. 2. A body consists of an alloy of two metals of sp. gr. s
and s, respectively ; its weight in vacuo is w and in water is W. Show
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that the proportion of the two metals by volume is
Sg W—(s3—1) w: (s—1) w—s; W.
~ Let V, and V, be the volumes of the two metals of the body.
w=V8,9+ V8,9
=(Vis1+Vasa)g - (1)
W=wt. of one metal—wt. of the water displaced by it
+wt. of the other metal —wt. of the water displaced
by the other metal.
=V,49—V19+ V2859 — Vog
=[Vy(s;—1)+Vy(s:—1)]g e (2)
Dividing (2) by (1)
W _ Vils— D+ Vils,—1)
w Visi+Vys, .
or Vy(Ws;—ws;+w)=V,(ws;—w—Ws,)
or Vi =7Wsz—w(s2—1)
Vo, w(s;—1)—Wsy
Ex. 3. Two solids are each weighed in succession in three
homogeneous liquids of different densilies, if the weights of the one are
wy, w,, wy and those of the other are Wy, W and Wy prove that

wy(Wy— Wy) +wy( W3 —W,) + (W, — W,) =0.
(Banaras 1935 ; Jaipur 1954 ; Agra 1954).
Let v, V be the volumes of the two solids and let o;, o4 be
their respective densities. Let p,, p,, P; be the densities of the three
liquids.
Since the apparent weight=wt. of the body—wt. of the liquid
displaced

vgo,—uvgp; =W, ... (1)
V4o — UGBy =Wa ... (2)
vgo,—Vipy =Wy ees (3)
and Vgo,—Vgry =W, e (4)
Vgo,—Vgr, =W, ... (8)
Vgo,—Vgp; =W, ... (6)

From (4), (5) and (6)
W;— W3=Vg(p3—ps)
W3 —W1=Vg(p1—p3)
—W,=Vg(ps—p1)
Substituting these values
wy (W, —W,)+w, (W, —W,) 4w, (W, —W,)
=vg(01—01) Vg(pa—p2) +v9(01—p2) Vg(01—p3) +v9(01—p3) Vg(pa—p1)
=vVg?{(0;—P1)(P3—p2)+ (61— 02) (P1—pa) +(P1—03) (P2 —P3)}

=vVg2.0 , on opening the brackets.
=0,
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Examples 16

1. A body, whose wb. is 100 Ibs. and whose sp, gr. is 10, i8 suspended by
& string in & liquid of sp. gr. 7. What is the tension of the string ?

2. A solid (sp. gr. 21) is held suspended by string so that %g-th of its

volume is immersad in a liquid of ap. gr. 13 and the remainder in water. Prove
that the tension of the string is half the weight of the solid.

L ]
3. A mixture of gold (sp. gr. 19-25) and silver (sp. gr. 10'5) lost

'"lli th of its weight when weighed in water. Prove that the ratio of the volume

of the two metals is 2 : 3.

A piece of lead and a piece of wood balance one another when
weighed in air ; which will really weigh the most and why ?

5. A body is found to sink in each of liquids whose sp. gr. are ‘7 and
1-3 and its apparent weight in the two liquids is found to be 14 and 8 grammes
respectively. Find the sp. vr. of the body and show that it will float half
immersed when placed in a liquid of sp, gr. 4-2, (Banaras 1927)

6. An iron (sp. gr. 7-2) spheroid shell is found to lose half its
weight when weighed in water, If the external radius is 127 find out the thick-
ness of the metal.

A vessel containing water, the whole weighing 3 lbs, is suspended
from a sprinc balance, A mass of iron weighing 1-3 lbs. is suspended by a thin
string from a second spring balance, which is moved so that the iron is immersed
in the water, without touching the sides or bottom of the vessel. State what
variations and their amounts, you would expect to observe in the readings on
the spring balances, and explawn why they occur, The sp. gr. of the iron may be
taken as 7°7. (Allahabad 1923)

8. A glass, partly filled with a liquid, is placed on oue pan of a common
balance and 18 counterpowsed by suitable weight-pieces placed on the other. A
golid which is suspended by means of a string is now brought and immersed in
the liquid without touching the sides of the glass, being atill in suspension from
the string.  Neglecting the offect of the atmosphere, explain why some more
weights are now needed on the second pan to balance the glass of water,

A graduated glass vessel in the form of a cylinder with vertical walls
contains water to a height of 20 em. from the bottom, A body weighing 20 gms.
is placed in it and floats, and the water level risos to 24 em. The body is then
completely submerged with some force, the water level rises to 25 cm. Find
the mean sp. gr. of the body, the force required to submerge it and volume of
water in the vessel.

10. A body of sp, gr. ¢ when weighed against a weight of sp. gr. g in
water—the whole balance being immersed—appears to have a weight W, Show
that its true weight 18

S, el w. (Jatpur 1955 5 [.A.S. 1948 ; Lucknow 1952)
x1. If W and w be the weights of a body in vacuo and water respectively,
prove that the weight in the air ot sp, gr. ¢ will be
W—og(W—w). (Jatpur 1957 3 Patna 1941 ; Lucknow 1951)
12. A given mass weighed in air on & spring balance indicates a weight
W, it is then compressed to —;—l—th of its former volume and appears to weigh

W’ ; prove that its weight in vacuo is

W —W
ARy (M.T.)

n—1
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13. A solid of weight W is weighed in air by a spring balance and its
weight is found to be w, Prove that

w P
w ~ p—o
where o and p are the sp. gravities of ths air and the solid respectively.

14. If a body of mass m; and density p; is balanced by a mass my den-
8ity pp when placed on the pans of a common balance, show that

my==my L ( P30 )
. P2 \ P1—C
where o is the density of the air. (Banaras 1940)

15. If the sp. gr. of ait he s and W W’ be tha waights of a body in air
and water respectively, prove that its weight in vacuo is

VV+1'~$: (W—=W’), ( Lucknow 1953)

16. A body floats in a fluid of sp. gr. p with as much of its volume out of
the fluid as would be immersed in a second fluid of sp, gr. o, if it floated in that
fluid. Prove that the sp, gr. of the body is

pc
p+o

17. If wq. wo, wy be the apparent weights of a given body in fluids whose
8p. gravitie : are s;, 8y, and s3 respectively, then shew that

wy(sp—sg) +wg(s3—s1) +wg(s1—s5)=0.
(Jaipur 1957 ; Adgra 1933, 50, 58 ; Utkal 1945 ; Allahabad 1948)

x8. Prove that, if volumes v and V of two different substances balance
in vacuum and volumes v/, V’ balance when weighed in a liquid, the densities
of the substances and the liquid are as

v'—=V' =V’ v’ V’)
oty (=)

19. A substance whose density is p, is weighed by means of woights, the
density of which is p’ ; if o be the density of air, find what is the true weight
corresponding to any apparent weight.,

If the density of air increases from o to o’, prove that the apparent weight
of the body is less than its former weight by a fraction

(¢'—p) (0" ~0)
(p—0) (p'—0")
of the latter, p' being greater than p,
(Aliahabad 1932 ; Lucknow 1951)

20. A body floating in water has volumes Vy, V,, V5 above the surface
v;lhen the densities of the surrounding air are respectively p;, p;, p3. Prove
that

P2—P3 , P3P  P1—P2
Vl + V“\'+ V3 0'

%
(Allahabad 1951 ; Jatpur 1951 ; Lucknow 1952 ; Utlkal 1947 ;
Agra 1937, 44, 50 ; Saugar 1959)

82, To find the conditions of equilibrium of a bod
floating with a string attached to a point of it. :
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Let P be the point at which the string is attached to the body
and let T be its tension acting vertically upwards.

Let W be the weight of the body
acting vertically downwards through its
C.G, G.

Let W’ be the force of buoyancy s.e.,
the weight of the liquid displaced acting
vertically upwards through H, its centre of
buoyancy.

Let the vertical lines through P, G,
H meet the surface of the liquid in the
points A, B and C respectively.

Since the vertical forces acting on the body are only T, W and
W’ and the system is in equilibrium, the points A, B and C are in
the same straight line and by Statics the sum of the moments about
A must be zero.
Hence the conditions for equilibrium are
W=T+W’ .o (1)
and W.AB=W’"AC. e (2)

83. Tension acting downwards. If a body be wholly
immersed in a liquid whose sp. gr. is greater than that of the body,
the force of buoyancy will be great-
er than the weight of the body. In
this case the body will ascend
unless it is prevented from doing
8o by applying some downward ——-- -

o I
4

force. Therefore T will be acting —---- _-/ i i
downwards. b ! -
Hence the corresponding con- =2 _«i ! SR s
ditions of equilibrium (as found in ——- . H g
Y
'

the last Art.) are g
T=W'-W e Rty
W'.AC=W.AB. - ] -

Note 1. It should be carefully noted that in this case the line
of action of W’ will be between those of T and W.

Note 2. The ascent of a balloon depends on the principle of
the previous article. A balloon consists of a very large envelope
made of silk or some other strong and light substance. It is filled
with a gas or hydrogen. Since the weight of the displaced air is
greater than the weight of the balloon, the balloon ascends until air
around is not of sufficient density to support its weight.

The force with which the balloon ascends is called ascensional
force. It is equal to

wt. of the air displaced — wt. of the balloon.



FLOATING BODIES 103

84. Bodies floating about a fixed point. If a body be free

to turn about a fixed point O, there will be some reaction R at that

oint. Since the only forces acting are W, W' and R _and W, W’ are

both vertical, R will also be vertical. Hence the conditions of equili-
brium will be the same as obtained previously.

85. Bodies floating about two fixed points.

When two points in the body are fixed, it means that a line is
fixed in the body, and the necessary and sufficient condition of
equilibrium is that the moments of the weights of the body and the
force of buoyancy about this line must be equal and opposite.

86. Solved Examples.

Ex. 1. The mass of a balloon and the gas which it conlains 8
3,500 1bs. If the balloon displaces 48,000 cu. ft. of air and the mass of @
cu. ft. air be I'25 ozs. ; find the acceleration with which the balloon
commences lo ascend.

* * The wt. of the air displaced by the balloon
=48000 X 1°25 oz. wt.
=3750 1b. wt.
Hence ascensional force

—wt. of the displaced air—wt. of balloon
=(8750— 3500) lb. wt.
=250¢ poundals.

Initial acceleration of balloon
_Force 2505 _ ¢

Mass 3500 14°

Ex. 2. A uniform rod of length 2a, can turn freely about ome
end which is fixed at a height h (< 2a) above the surface of the liquid ;
if the densities of the rod and liquid be p and o show that lhe rod can
rest either in a vertical position or inclined at an angle U to the wvertical

such that o
cos B= 7 .
a c—pP
(Jaipur 1955 ; Nagpur 1942 ; Lucknow 1932, 37,46, 47 ;
Agra 1928, 31.43. 49 ; Allahabad 1935)

Let the rod AB of cross-section S be movable about the end A.
Portion BO is in the liquid. Let W and W’
be the wt. of the rod and the wt. of the
displaced liquid respectively. AN=h; G
and H are respectively the centres of
gravity of the rod and the displaced
Liquid.

BO=AB—AO=(2a—4 scc )

AH=a-+1h sec0

. W=2aSgp, W’=(2a—h sec 6) Sgo.

The rod is in equilibrium under the

forces R (reaction), W and W', all vertical.
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Taking moments of the forces about the point A,

2aSgp A G sin 0=(2a—*h sec 0) Sgo AH sin 0 . (1)
or " 2ap.AG=(2a—h sec 0) c.AH
or 2ap.a=(2a—h sec 0) o (a+ 3P sec 0)
or 20%p =o0(2a®—}h® sec? 6)
or 112 sec? 06 =2a%(c —p)
40 o—
or sec26=Ah2~ . —&—Q
or cns Q= 9.
2a o—p

The other position will be vertical when taking sin 6 common
in (1) ; sin =0 d.e., 0=0.

Ex. 3. A triangular lamina ABC, of which the sides AB, AC are
equal, floats in water with BC vertical, and three quarters of ils length
immersed, being kept in equilibrium in this position by means of a
string fastened to A in the bottom of the vessel. Find the sp. gr. of the
lamina, and show that the tension of the string is w%th of the weight of
the lamina. (4lld. 1959)

Let T be the tension, W be the wt. of the lamina and W’ be the
force of buoyancy acting vertically as shown in the figure. G is the
C.G. and”H the centre of buoyancy.

Let AD be the perpendicular on
BC since BN=% BC=4 BD and MN
and AD arc parallel being horizontal,
therefore MN==} AD.
Area of the ABMN

=3 MN.BN=1.} AD.} BD

=4 AD.BD

=+ N\ABC.

.. The volume of the lamina
AMNC=1% that of the lamina ABC.
If W be the wt. of the lamina ABC and p be its density

Volume of the lamina AMNC

B

1w
8 eg
, 17 W 1T W
W=g g 778 »
For equilibrium
T+W=w'=" "

'r=(sz;—1 W . (1)
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We know that the distance of the C.G. of the NABC from A is
% AD and that of ABMN is $ AD+% MN

—1aD+3.4P =z AD

2
Let the distance of H i.e., C.G. of AMNC=2x from A.
s. NAABC. 2 AD=§ NABCz+3% ANABC § AD
or 2AD=%z+ 5 AD
or z=5% AD
Now taking moments about A

W.2 AD=W".% AD

or  W. %A =g~ Z‘L. VI%AD
or e=%
T=(G. B W
=3 W,

Examples 17

1. A piece of wood of weight 1} lhs. and sp. gr. }, is tied by a string to
the bottom of a vessel of water so as to be totally immersed. Prove that the
tension of the rope is } 1b. wt.

2. A cylinder of wt. 15 1bs. and length 3 ft. floats in water with its axis
vertical and half immersed in water. Prove that a force of 5 lbs. wt. will be
required to depress it } ft. more,

3. A uniform rod capable of turning about one end, which is out of the
water, rests inclined to the vertical with one-third of its length in some water,
Prove that its sp. gr. is 5. (Caleutta 1938 ; Lucknow 1950 Supp.)

4- A thin rod, of sp. gr. ¥ and of length 4 (t. floats partly immersed in
water, boing supported by a string fastened to one end of the rod ; how much of
the rod is imnmersed ?

If the upper end of the rod be 1 {t. above the surface of water, prove
that the rod is inclined at an angle 30° to the horizontal. («Allahabad 1922)

5. A uniform rod, of length 24, floats partly immersed in a liquid, being
supported by a string to one of its ends. If the'density of the liquid be % times
that of the rod, provo that the rod will rest with half its length out of the
liquid.

Find also the tension of the string. (Jaipur 1950 ; Agra 1932)

6. A uniform rod is suspended by two vertical strings attached to its
extremities and half of it is immersed in water ; if its sp. gr, be 25, prove that
the tensigue of the strings will be as 9 : 7,

. A solid hemisphere floats in a liquid, completely immersed with a
point of the rim joined to a fixed point by means of a string. Prove that the
inclination of the base to the vertical is

tan—1 3.
Also prove that the tension of the string is
2 n(p—o)ady

where p and ¢ are the densities of the solid and the liquid respectively.
(Agra 1955)
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8. A uniform rod is bent in the form of the three sides AB, BC, CD of
a square, A is attached to & hinge fixed on the surface of water and the frame
rests in a vertical plane with AB, BC and half of CD immersed in water. Prove

that the sp. gr. of the rod is .

. A semi-circular cylinder floats in water with its axis fixed in the
surface of water, If this cylinder be movable about the fixed axis and if its
density be balf of that of water, show that it will be in equilibrium in any
position. (dgra 1939)

10. A rod of length 2/ and sp. gr. p is hinged at one end at a height A
above the surface of liquid of sp. gr. np(n>1). The rod remains in equilibrium
in an inclined position, partly immersed in the liquid. Prove that the inclina-

tion of the rod to the vertical is
3 -
cos—1 -, V T
2 n—1
and the length immersed is

2/(1—\/1_711:5_7).

1x. A uniform rod of length 2a and density p is movable in a vertical
plane about one end which is fixed in a liquid of density p’ at a depth 2k below
the surface. A liquid of smaller density o is added on the top of the firsé
liquid ; if in the oblique position of equilibrium the rod is just covered by the
liquid, prove that its mclhination to the vertical is

_ h ('~ \%
coa o (£27) )
(Agra 1946 ; Nagpur 1942 ; Jaipur 1959)

(Nagpur 1941, 55 ; Agra 1953)

_12. An equilateral triangular lamina suspended freely from A, rests with
the side AB vertical and the side AC bisected by the surface of a heavy fluid;
prove that the density of the lamina is to that of the fluid as 15 : 16.

13. An equilateral triangular lamina ABC of sp. gr. n?(<1) is movable
about a fixed hinge at A and 1sin the equilibrium when the corner C 18 im-
mersed in water and AB horizontal and above the water. If the triangle be
turned about A in its vertical plane and kept in the position with the side BC
immersed and horizontal, prove that the action of the hinge in this position is

2 4
no = W

where W is the wt. of the lamina.

. 14. A uniform rod, loaded at one end so as to float upright, floats in a
liquid ot density p; with & length « uniminersed, in a liquid of density p; with &
length b unimmersed, Show that the length that is unimmersed when the rod
floats in a hiquid of density ¢ is

apy(p—pz) —bpa(p—ey1)
PiP1—P2)
15. A rod of density o and length [ is freely movable about one end
fixed at & depth A below the sarface of a liquid of density p ; show that the
rod may rest in a position inclined to the vertical provided that

o

1<fc -
G h

16. An equilateral triangle ABC of weight W and sp. gr, o is movable
about a hinge at A and is in equilibrium when the angle C is immersed in water
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and the side AB is horizontal and above water. Itis then turned about A in
its own vertical -until the whole of the side BC is in the water and horizontal ;
prove that the pressure on the hinge in this position is

1—+/c y
2(-7;/_ )W, (Nagpur 1956; Agra 1945)

17. A semi-circular lamina has one of the ends of its diameter smoothly
hinged to a fixed point above the surface of a liquid, and floats with its plane
vertical and its diameter half-immersed. If the inclination of the diameter to
the horizon is }r, prove that the ratio of density of the liquid to that of the
lamine is PS

4(3n—4) : (gn—8). (M.T.)

87. Harder Solved Examples

Ex. 1. A solid hemisphere of radius a and weight W is floating
wn liguid, and at a point on the base at a distance ¢ from the centre rests
@ weight w ; show that the tangent of the wnclination of the axis of the
hemisphere lo the vertical for the corresponding position of equilibrium,
assuming the base of the hemisphere entirely out of the fluid, is

8 o w
3 "a W
If w is attached to the rim, then prove that tan 0= S ul/)V
(Allahabad 1956)

OM is the axis of the hemisphere making an angle 0 with the
vertical ; G is the C.G. so that OG=%a. C is the point on the
base at a distance ¢ from the centre, w is
acting on C.

The pressure at every point being
along the normal passes through the
centre. Therefore the force of buoyancy
also passes through the centre and is
vertical because w and W both are
vertical.

Taking moments about O
W. OG sin =w. ¢ cos 6

w c 8 c w

W 0G5 4 W

For the second part put c=a.

tan 0=~

Ex. 2. A thin hollow cone, with a base, floats complefely immers-
ed in waler wherever it is placed. Show that the verlical angle s

2 sin~1(%). (Agra 1928,48 ; Allahabad 1937)
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The condition that the cone may float in equilibrium in any
position is that the C.G. of the whole surface of the cone must coin-
cide with the C.G. of solid cone 1.e.,

the centre of buoyancy in this case.

Let G’ be the C.G. of the curved
surface so that AG'=} h where b is
X the height of the cone. O is the
centre of the base.

G o is the semi-vertical angle.
G Now the curved surface
=nAB.BO

=mh? sec « tan «
Area of the base
=nBO*=nhk? tan2 «

To find the C.G. of the whole surface of the cone, let us take
moments about the point O. Let G be the C.G. of the whole
surface.

OG.(wh? sec « tan a+nh? tan? a)==7 k2 sec « tan «. OG’
_ sec . OC
" sec at-tan o
= .hu 1 .
3 " l+4sina
Since the C.G. of the surface coincides with the C.G. of the

conical volume of the fluid displaced which is at a distance «f— from

O, thercfore, we have

R S in a=1
3 " 14sin o 4 OFSRESE

Hence the vertical angle is 2 sin—1(1).

Ex, 3. A thin unif orm wooden rod AB is in equilibrium in an
anclined position with one end AC immersed in a bowl of water, one

point D supported on the edge of the bowl. Shew that the sp. gr. o of
the rod is

AC . 2 AD—-AC,
BC 2 AD—AB
Also prove that the greatest fraction of the length of the rod which
can remain immersed is
1—+/(1—o0).
(M.T., Agra 1947)
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Let G and H be the centres of gravity and buoyancy respec-
tively. Let S be the cross-section of the rod.

Weight of the rod=S.AB. go
and the force of buoyancy =S.AC.g.
Now GD=AD—-AG=AD-}AB
and HD=AD-—{ AC. \

Taking moments about the
point D -to cancel the reaction at
D), we have

S.AB. go (AD -4 AB) cos 0

=S.AC. g (AD—}AD) cos 0
where 0 is the angle the rod makes with the horizontal.

o AB (2 AD—AB)=AC (2 AD—AC)
_AC 2AD-AC
T AB ° 2AD—AB"
Second Part. Since the weight of the part BD has tendency to

lift the rod out of water, so the length immersed will be greatest
when BD is least 7.e., when B is at D,

If AC=x. AB where z is a proper fraction, the result of the first
part becomes

\

or (4

o=x (2-—x)

or l—-o=(1—2)%

or z=1—1y/(1—0).

Ex. 4. A uniform isosceles triangular lamina (sp. gr. ¢) floats in
water with its plane wertical, its vertical angle (which is equal to 2o)
sinmersed and the base wholly above the waler. Prove thal in the position
of equilibriwmn in which the base is not horizonial the sum of the lengths
of the tmmersed portions of the two sides is

2a cos® o
where a is one of the equal sides.
Also prove that @ < cost v as well as cos 2 a.

(Delhi 1947)
Let MN be the level of water, therefore horizontal.

AB=AC=aq, BC is not horizontal. D and E are the mid-points
of BC and MN, / BAD=«.
Let G and H be the centres of gravity

and buoyancy. Therefore for the equilibrium
GH must be vertical.

In the N\ ADE, GH | DE

.. DE is also vertical. Also E is the
mid-point of MN

.. DM=DN

From /\ DMA
DM2=AM?+4-AD2—2AM.AD cos a.
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Similarly from the ADNA
DN2=AD?+4+AN2—-2 AD.AN cos «
.. Equating the values of DM? and DN?*
AM?2— AN2=2AD(AM—AN) cos «
Either AM=AN in which case BC is horizontal but the
base is not so by hypothesis.
or AM+4AN=2AD cos a

=2a cos’a w. (1)
Second Part. Since the wt. of the lamina=wt. of the water
displaced
693 AB.ACsin 2 a=g. } AM.AN sin 2 «
or a=,AMa-f,l\L_ .. (2)
)2

or ’ <:<—(é—1\fI Z—aéu\) , from the inequality
4 ab < (a+b)?

or << cost a from (1).

Third Part. We know that greater o is, the greater will be the
portion in water, viz., the AAMN. But by hypothesis, the base BC
must always be wholly above water. Therefore o will be greatest
when MN passes through the lower point C. Hence

AN=AC=a
From (1) AM=2qa cos? a —AN=2qa cos? a—a=a cos 2«
AN.AM a. a cos 2

fi 2 =T = Y — ==CO0S 2
rom (2) o o pes cos 2 «
But this is the greatest value of ¢

Hence o < cos2a.

Ex. 5. The vertical angle of a solid right circular cone is 60° ;
prove that it can float in a liquid with its vertex above the surface and
one point of its base in the surface, if the densities of the cone and the
liquid are 1n the ratio of 2v/2—1 : 24/2. (Allahabad 1920)

Let the cone of radius r float with BD as the surface of floata-
tion. G is the C.G. of the complete cone so that 0G=} OA.

Similarly G’ is the C.G. of the
portion of the cone above the liquid on
AO' such that O'G’'=}A0".

Hence the C.G. of the portion
submerged i.e., the centre of buoyancy
will be on the line G’'G (produced) at H.
O and O’ are the middle points of BC
and BD respectively.
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.. Inthe ABCD, OO’ will be parallel to DC. Hence G'GH
will also be parallel to DC.

For equilibrium to exist GH must be a vertical line. Hence
the line AC is also vertical.

Vol. of the complete cone=%nr24/3r (vertical angle is 60°)
\‘/3- nr”.

The section of the cone by the plane of floatation is an ellipse ;
let us obtain the volume of the fluid displaced.

Let BD be the major axis of the ellipse of the surface of floata-
tion ; Q' its centre and @, b its semi-axes.

Through O’ and D draw LM and DR parallel to BC.

Then BD=2a¢ and AO=+/3 r

Also it is proved in the books of geometry that
b*=L0'.0’'M (Euclid, Book III, Pr. 35)

_DR BC

-2 2

_r 2r_mr2

T2 27T 2
r

b"'"\/—‘;).

Height of the cone above the surface is AD=r.
Volume of the cone above the surface

=mnab. § AD
. ‘\/3 _ 1
=n—g 1. \/21'. ir
1
—pd
oY 24/

Hence the volume submerged=mr? (:/1-3— 7’\176)

Let ¢ and p be the densities of the solid and the liquid
respectively.

For equilibrium the wt. of the body must be equal to the wt.
of the liquid displaced.

1 1 1
3 2 g3
AV T A (v3 2/6 )-‘7"
o 1 2yv2—1
or =17 a2~ 2y2

Ex. 6. A rectangle movable about an angular point floats with
its area immersed in a liquid. If the angular point lies outside the
liquid, and if the rectangle floats with its sides equally inclined io the
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vertical, shew that the ratio of the density of the rectangle to that of the
lUquid 18

3b+a: 4db
where a and b are the sides of the rectangle.

Let ABCD be the rectangle movable about C. EF is the
horizontal line in which the surface of the liquid cuts the rectangle.
- ___. BC=b,CD==a. Let BFE==, [ ACB=S9.
F T Draw FM perpendicular to AD.
Since EM, MF are equally inclined to
the horizon, EM=MF=q.

Since half of the rectangle is in
the liquid, the surface ET of the liquid
must pass through G, the C.G. of the
rect.

<. dab=rect. AMFB+ AEFM

=x.0-+3a>

z=%40b—a), and AE=1%(a+b)

Let p and o be the densities of the rcctangle and the liquid
respectively.

The wt. W of the rectangle==abyp and acts vertically down-
ward through G.

The wt. W’ of the liquid AB¥M=ur.go=1a(b—a)go and acts
vertically upwards through the mid-point of AF.

The wt. W’ of the liquid EFM=4 EM.MFyo=la’jo.

Also W' acting at the C.G. of the ANFM is equivalent to
$W"" at each of the angular points K, I, M.

Taking moments about C

”

IW.AC cqs(0+45°)= \27 {(b—=x) cos 45°+AC cos (0+45°) —x cos 45

A
—a cos 45°4-(b—a—z) cos 45°}+»\‘; {AC cos (0+45°)
+(b—x) cos 45°}
w w”
or 2v2 (b—a)= 5472 (b—2+b—c—2x—a+b—a—uax)

w’

or ~‘;V~ (b—a)= W'(b—a—z)+ E"\Y)Vé (20 —a—ux)
or —%Y (b—a)= —Wi) - (b—a)+ -VZ (3b—a)

or - (b—a) eg=ta’o(b—a)g+3a(b—a)(3b—a)og
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or pb=13ac+}(3b—a)e
P:o =3b+a: 4D.

Examples 18
1. A hollow conical vessel floats in water with its axis vertical and
%;of its axis immersed. Find to what depth must the vessel be filled with

water so that it may just sink till its mouth is on the level with the surface of
the water outside.

2. A sphere of radius r» made of wood of sp. gr. ¢ floats in water with

its lowest point at a depth ;1. below the surface of water. Find an expression

for the fraction of the volume of the sphere which is immersed and show that
h is the root of the equation 4cx3—3x+1=0. (1.C.8. 1926)

3. A thin uniform rod of weight W has a particle of weight w attached
to one end. It is floating, in an inclined position, in water with this end

immersed. Prove that the length of ‘the rod above water is QET-:—UT times its
whole length and that the sp. gr. of tho rod is

W

(w+W)2 -

(Delht 1959 ; Agra 1955 ; Lucknow 1950, 57)
. _A thin uniform rod AB, of length 2a and weight W, has a particle
of weight W’ attached to a point D near the end A, AD being of length b. The
rod floats, in_an inclined position, freely in water with a length AC (=22)
immersed. Prove that
aW+hH\W’
W+ W’
and that the sp. gr. o of the rod is given by
as(WHW')2=W(aW4hHW’'),
5. A cone of given weight and volume, floats in a given fluid with
vertex downwards ; show that the surface of the cone in contact with the fluid
is least, when the vertical angle of the cone is

xX=

1
2 tan—l( — )

V2 (Raj. 1960)

6. ABC, an isosceles triangle richt angled at A, composed of two
heavy roads AB, AC hinged together at A and a light string BC, floats with the
angle A immersed in water., Show that the tension of the string is
az_;b W, where 2a is the length of a rod, 2b the length immersed and W the
weight of each rod. (Bombay 1940 ; Agra 1948)

7. A hollow closed cone of semi vertical angle sin—1 1 of metal whose
specific gr. is ¢ is made of such uniform thickness that it will float in all posi-
tions wholly submerged in liquid of sp. gr.p. Show that the thickness must

" f}hg - (1- £ )5}

where h is the external height of the cone. (Nagpur 1943)

8. A sphere of density o floats just immersed in three liquids, The
densities of the liquid in descending order are p, 4p, 9p and the thickness of the
two upper liquid layers are each one-third of the sphere. Prove that

276=122p.,
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9. A cylindrical piece of cork, of height 4, is floating with its axis
vertical in a basin of water. If the basin be placed under tho receiver of an
air-pump and the air be pumped out, prove that tho cork will sink through a

distanco ° (1—g) I, where o and p are respectively the sp. gravities of air

and cork.

10. A rod floats upright partially immersed in a homogeneous liquid.
Prove that a small increaso of atmoapheric density will produce a small rise
of tho rod proportionul to the square of tho length of the unimmersed portion.

(Allahabad 1943)

xx. A triangular lamina ABC of sp. gr. o floats with its plane vertical
in water, A being outaide the surface and BC not horizontal, The angle A is a
right angle and AC=AB, [{ 8 bo tho inclination of AB to the vertical, prove

ithat
2—2;

sin 20= -~ — -

2o~ 1
givenos>$. (Gorakkpur 1959 ; Nagpur 1935)
x2. Two uniform straizht rods of length 24, 2b and sp. gr. p, 6 respec-
tively, are joined together to form onme straight rod. If it floats freely in
water in an inclined position, the rod of length 24 and part of the other heing

immorsed, prove that
a2(p—1) +2abs(p—1)+-b2%6(c—1)=U.

13. Two equal and similar rods AB, BC, fixed at an angle « at B rest in a
fluid of twice the sp, gr. with tho angle 13 out of the fluid, and tho bisector of
the angle ABC makes an angle  with tho horizon. Prove that

cos 20-Fsce =2, (Bombay 1937)

14. ADBC isa right-anglod triangular lamina and {loats with its plane
vertical, and the right anglo :mmereed in water ; prove that if its sp. gr. be to
that of the water a3 2 : 5, and CB : CA=5:4, CB is cut by the surface of the
water at o distance from C equal to CA.

x5 A rectunglo, movable about an angular point which is flxed below the
surface of & liquid, floats with its sides equally inclined to the vertical and with
half its area irnmersed in the liquid. If the lengths of the sides be a and & and
one of ths sides of length b be cntirely inmersed in the liquid, show that the
ratio of the density of the body to that of the liquid is

a—>b: 4a.

26. A uniform log whose oross-section is a square floats horizontally
with one edge in the surface and one edge above the surface of a homogeneous
liguid. Show that the ratio of their sp. gr. is as 3 is to 4.

(M.T., Rangoon 1947)

17. A prism of square section floats in water with its long edges hori-
zontal and the centre hne of one of its faces hinged to an axis fixed in the
surface of the water. Show that, if the sp. gr. of the prism is 32, the opposite
face of the prism will be } immersed, (M.T.)

18. Shew that a right circular cone of density p and semi.angle o can
float vertex downwards in a liquid of donsity ¢ with one generator vertical and
the baso just clear of the liquid if

3

p=0c (cos 20.) 2. (I.4.8., 1959)

19. Two buckets containing water, the mass of each bucket with the
contained water being M, baslance each other over a smooth pulley. Two
pieces of wood masses m and 7’ and specific gravity ¢, o’ are then tied to the
bottoms of the huckets so as to be wholly immersed prove that the temsion of
the string attached to the masses is

2muM4-m' g 1 . .
i s ! ) (J aipur 1953)



CHAPTER VIII
PROPERTIES OF GASES

88. Gases and Liquids. As already mentioned gases have
several properties in common with liquids, and both are commonly
termed fluids. Gases like liquids, transmit pressure and possess
elasticity of volume but not shape. It possesses no free surface as a
liquid. On the other hand, gases being much lighter than liquids,
are very compressible and have got the property of indefinite expan-
sion. A certain volume of a gas like that of liquid possesses mass
and so it has got some weight.

89. Air has weight. On weighing a flask full of air, and
then exhausting the air by means of an exhaust-pump, and weighing
again, Otto Von Quericke found that the empty flask weighed
somewhat less than when full. This experiment proved that air has
weight.

go. Air cxerts pressure. That air or gases exert pressure
can be shown from scveral experiments

(1) if a rubber balloon be filled with a gas or air, the envelope
expands owing to the pressure excrted by the gas or air within it on
its surface.

(2) If a glass tumbler be pushed with its mouth downwards
into water, it will be seen that the level of the water inside the
tumbler is lower than that outside ; the pressure of tho air inside
the glass forces the water down.

(3) If the two hollow hemispheres are fitted together very
accurately so that they are air-tight and if the air is drawn out, a
great force will berequired to separate the hemispheres. The reason
is that the air from outside presses the hemispheres from all sides
and keep them very tightly pressed against each other. This
experiment is called as that of Magdeburgh.

91. Specific Gravities of some principal Gases. It can
be proved experimentally that the density of a given quantity of
gas does not remain constant. It changes with the change of tem-
perature and pressure. In the case of solids and liquids, tempera-
ture has some slight effect on their densities, but in gases the effect is
much considerable. In order to compare the densities and sp. gravities
of gases it is, therefore, necessary that they should be reduced to the
same temperature and pressure, For this purpose the standard
temperature is usually taken to be 0°C and the standard pressure to
be the pressure due to a column of 76 cms. of mercury. The follow-
ing are the sp. gravities of some principal gases at the above standard
when water is taken as the standard substance.

115
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Air 0001293
Oxygen 0001430
Hydrogen .- .o 0000089
Nitrogen 0001256
Carbon dioxide ... 0001977
Steam 0°000802

Hydrogen is the lightest gas known. For this reason it is taken
as the standard substance for measuring the sp. gr. of gases. Thus
the values of the sp. gravities of the above gases will be

Air 14°5 Oxygen ... 16
Hydrogen 1 Nitrogen ... 14
Carbon dioxide ... 22 Steam e 9

92. Measurement of the Atmospheric Pressure.

Torricelli’s Experiment.—After having reached at a definite
conclusion that there is atmospheric pressure, the scientists had
been busy in finding some methods to measure it. Evengelista
Torricelli, a pupil of Galileo, was the first who in 1643 performied a
simple experiment to determine the measure of the atmospheric
pressure.

A glass tube AD about 3 feet in length, closed at one end and
open at the other, is filled with mercury. The tube is then tempo-

A rarily closed and inverted and re-opencd
q with its lower end D below the surface of
_IB mercury contained in a basin PQ. The
= mercury column then sinks down to some
- extent and comes to rest at a point B.

The height of the point B above the mer-
cury surface C in the basin is found to be
nearly 29 or 30 inches.

Now the pressure inside the tube at
level C is the same as the pressure outside
the tube at the surface of mercury. The
pressure inside is due to a depth BC of
mercury, s.e., gp BC, where p is the density
of mercury. The pressure outside the tube
at the surface of mercury is the pressure
due to the atmosphere. Hence the at-
mospheric pressure is gp. BC.

The space AB within the tube above the mercury surface contains
no air and 8 usually referred to as Torricellian Vacuum.

Note 1. Really, however, the above space AB contains some
mercury vapour and is not a perfect vacuum. But as the pressure
due to mercury vapour at the ordinary temperature is extremely
small, its presence may practically be neglected.
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Note 2. Other liquids than mercury might be used, but
mercury is the most convenient because of its high sp. gr. If water
were used, the tube would need to be at icast 35 feet in length.

93. Pascal's Experiment. Pascal suggested that since the
atmospheric pressure decreases as we go up, the height of the
mercury column would also decrease accordingly. In 1648, Pervier
went up to the top of Puy-de-Dome. a mountain in France about
1000 metres in height and found that the mercury column actually
came down through 8 ems. It was also found that with different
liquids columns stood at different heights.

94. Height of the Homogenecous Atmosphere. The
atmosphere is not homogeneous. Its density gradually decreases as
one proceeds up from the surface of the earth. TIf the atmosphere be
replaced by a column of homogeneous air of the same density as at
the earth’s surface and of height such as would give the same pressuro
at the carth’s surface as the actual atmosphere does, then this height
is called the height of the homogeneous atmosphere.

Method to find this height :—
The wt. of a cubic foot of air="0013 X wt. of a cu. ft. of water
=="0013 X 624 Ibs. wt. ncarly.

If 2 be the height of the homogeneous atmosphere xXsp. gr. of
air=height of mercury barometer Xsp. gr. of mercury

g 5P- 8T of mercury
o sp. gr. of air
13596 _ 30
= X .
o1 12
=26146 ft. nearly
==5 miles ncarly.

X hit. of the mercury barometer

95. The Barometer. 7hc barometer is an instrument
which is used for measuring the atmospheric pressure.

Cistern Barometer. The Torricellian tube standing verti-
cally on a cistern of mercury constitutes the simplest type of a baro-
raeter which is usually known as the Cistern barometer. The
height of the mercury column measured from the mercury surface in
the cistern gives the atmospheric pressure at the time. When the
atmospheric pressurc changes, the height of the mercury column in
the tube and consequently the level of mercury in the cistern also
changes.

Fortin’s Barometer. Since the barometric height is always
measured above the mercury-level in the cistern, to avoid the neces-
sity of measuring from different levels means are devised by which
the mercury-level in the cistern can be brought to a definite posi-
tion : such as a flexible bottom to the cistern, whose capacity can be
increased or decreased by turning a screw attached to its base.
Fortin’s Baromeler is one of such types.
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Siphon Barometer. This type of barometer is more con-
venient and portable than a simple cistern one. It consists of a
, U-tube, one arm of which AE is long and narrow
i and the other arm DE short and wide. The longer
,-}‘3 arm, which is closed at the top, is filled with mer-
i cury as in the Cistern Barometer, while the shor-
ter arm, which is open, serves as a cistern.
Above the mercury in the long arm there is a
vacuum AB.

When the surfaces of the mereury in the two
arms are at B and D respectively, the pressure of the
air is measured by the wt. of a column of mercury
| whose height is equal to the vertical distance bet-
ween B and D 1., BC (as in the case of a Cistern
Barometer).

Therefore the pressurc of the atmosphere is
g0.BC, where p is the density of mercury.

Aneroid Barometer. This barometer derives
its name from the fact that no liquid is wused in its
construction. Its consists of a cylindrical metal
box exhausted of air, the top of which is made of thin corrugated
metal, so clastic that it really yields to alternations in the pressure of
the atmospherc.

When the pressure increases, the top is pressed inwards ; when
it decreascs the clasticity of the lid, aided by a spring tends to move
it in the opposite direction. Then motions are transmitted by deli-
cate multiplying levers to an index which moves on a scale. It is
graduated empirically by comparing its indications, under different
pressures, with those of a standard mercurial barometer. It is por-
table and so sensitive as to be able to indicate even small heights.
Arrangements for allowing for temperature and
the elasticity of the disc are also attached to the , B
instrument. They are used with great advantage A
in the acroplanes for measuring heights but
a sudden variation in height impairs the sensi-
tiveness of the disc which should be corrected
from time to time, by comparing its readings
with those of a standard mercurial barometer.

Manometer. DManometer is sometimes
used to determine the pressure of some Er=
enclosed volume of a gas. 1t is just like a U-tube =
with a horizontal connection AB. The lower part - =]
ECF is filled with mercury. The horizontal -] =
arm AB is connected with the vessel containing = =
the gas, and the end D is open. The difference
of mercury-levels in the two arms is then mea-
sured. Let it be d.

Then pressure of the gas
=pressure at the level E

[
T

-
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=the pressure at the level F-i-wt. of column, d, of the liquid
according as E is below or above F ; the pressure at F is that due to
atmosphere whose value can be found by means of a barometer.

96. Graduation of a Barometer. In graduating a baro-
meter we must keep in view the fact that if the mercury level rises
in one arm, its level in the cistern (or in the shorter arm in case of
Siphon Barometer) must fall and the height of the barometric
column is the difference of those two levels.

Cistern Barometer. Tet ¢ and A be the uniform sectional
areas of the tube and the cistern respectively.

Let = be the rise in the level of the mercury in the tube. The
axr

A—

level in the cistern will, therefore, fall by 0 since the area of the

surface of mercury in it is A —a.

Hence an apparent increase of @ in the height of the barometric
column would correspond to a real increcase of

ox .
x4 - e, X
A—a P A—a
. A .
So an apparent increasc A x would correspond to a real in-
—a

crease of .

Siphon Barometer. In Siphon Barometer if A be the cross-
section of the shorter arm, a rise of 2 in the level of the mercury in

. @ .
the longer arm would cause a fall of A Tin the shorter arm.

Hence an apparent increase of 2 in the height of the barometric
column would correspond to a real increase of

A
z+ a T= aj—\ x.
. A
So an apparent increase of a _};—Ax would correspond to a real

increase of x.

For this reason, in the graduation of a barometer the distances
between successive markings in the longer tube are gencrally kept
shorter and they arc marked in the ratio

A:atA.

In a particular case if @ and A be § and 1 sq. inch respactively,
the height between the two levels has increased by (L-+3) 1.e., & of
an inch corresponding to an apparent rise of 1 inch in the longer arm.
So the distance given as one inch by the graduations on the longer
arm must really be kept only § inch long.

97. Correction to the Barometer reading.

There are a number of corrections which are applied to an
observation with the mercury barometer.
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(1) Correction for capacify.

If the graduations on a barometer be marked at their true
value, then to get the true height we must multiply the apparent

height by %'A as shown in the last article,

(2) Correction of temperature.

Since the mercury and the measuring rod both expand with a
rise of temperature, the following account is taken of the temperature
at which observations are made.

If b be the observed height of the mercury at temperature
centigrade, the true height 7, is given by

Jo=h—0"00016 X / Xt.

(3) Correction for height above the sea-level.

If the observation is taken over the sea-level, the height is less
than it would have been if it had been taken at the same time and
place but at the sea-level.

For an apparent height A, this correction is

(%)

where z is the altitude above sea-level, and k is the constant ratio of
pressure and density.

(4) Corrections for Capillarity.
On account of capillarity, the top of the mercury in the tube is

not flat but is convex. Thercfore this is also taken into consideration
for the correct reading.

(4) Correction for Vapour Pressure.
The mercury in the tube gives off a certain amount of vapour

in the T'orricellian Vacuum. Its pressure depresses the mercury
column.

Note 1. In a mercury barometer the effect caused by the last
two errors given above is very small.

Note 2. Tor the detailed description of these corrections
students are advised to consult standard books on Physics.

98. Expansion of Gases. Gases like solids and liquids
change in volume due to changes in temperature, although at a
greater rate.  Again in considering the changes of volume of solids or
liquids, the effect of pressure is not taken into account, but in case of
gases even a small change in pressure produces an appreciable change
in volunue, although the temperature is kept constant.

99. Relation between Pressure and Volume.

Boyle’'s Law. Jf the temperature of a given mass of gas is
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constant, the pressure varies inversely as its volume, i.e.,
1
P
where p denotes the pressure and v the volume.

Note 1. The above formula also gives pv==k, where k is
constant. This equation is calledl the Isothermal Equation of
state.

Note 2. The above law is also called as Marriotte’s Law.

Note 3. Strictly speaking Boyle’s Law is not perfectly true.
For gases like air, oxygen, hydrogen, and nitrogen which are very
hard to liquefy, the law is very nearly true. But for casily liquefiable
gases, such as carbon dioxide, water-vapour ete. the volume is found
to decrease more rapidly than the pressure increases and, therefore,
they do not behave quite in accordance with this law.

Note 4. A4 gas which accurately obeys Boyle’s Law is called a
Perfect Gas.

100. Relation between Pressure and Density. Let m
denote the given mass of a gas, and p, » and p denote respectively
its pressure, volume and density. Let p’, o', o’ denote the correspond-
ing quantities when the pressure is changed from p to p’, temperature
being the same in the two cases.

Boyle’s law then gives

po=p"v' . (1)

But since the given mass of the gas remains unaltered, we

get
pr=m=p"v’ ... (2)
Therefore from (1) and (2), by division
»_p 3
0 - pf b ( )
Henee s always the same for a given mass. Let its value
D

be denoted b\ Ik, so that
i.e., if the temperature wemains unaltered, the pressure of gas varies as
its density.

Note. The equation p=1Iks may be taken as another mode of
stating Boyle's Law,

1c1. Seived Examples.

Ex. 1. The diameter of the tube of a mercurial barometer is § in.
and that of cistern 4s 1} ins. When the surface of the mercury rises
1in., find the veal alteration in the height of the barometer.

Area of the cross-section of the tube
=m . 11z 5. in.
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Area of the cross-section of the cistern
= . 7% 8q. ins.
For an apparent increase of 1 in. in the height of the barometric
column, the real increase is
Tiz 116 1.
= 144 — s =1
_1+‘1”)€ .1 1+144x 9 1 81 ins.
Ex. 2. When the water barometer is slanding at 33 fi. a bubble
at a depth of 10 ft. from the surface of water has a volume of 3 cub. ins.
At what depth will ils volume be 2 cub. ins. ?

Let & be the required depth.

The pressure at a depth of 10 ft. from the surface of water is
due to a column of water=(33-}-10) ft.

Applying Boyle’s Law, therefore, we get
(h+33) 2=(33+10)3

or 2h =63
h=31}% ft.

Ex. 3. At adepth of 10 fi. in a pond the volume of an air bubble
18 00001 of a cubic inch ; find approvimately what it will be when it
reaches the surface, if the height of the baromeler and the specific gravity
of mercury is 13°5. (Lucknow 1934)

The height of the water barometer
=3$$X135="4" It.
The pressure at a depth of 10 ft. below the surface of water is
due to a column of water
= (104228) ft.
=175 fi.
If V cu. in. be the volume of the bubble at the water surface,
then applying Boyle’s Law we get

v 135 0001 175
12x12x12° 4 T12x12x12X 4
v 001X 175X
4135

="00013 nearly.

Ex. 4. 4 hollow closcd conical vessel of height h. floats partially
smmersed in water with verlex downwards and axis vertical. A hole s
then made very near the vertexr and water allowed to come inlo the vessel
o that no air escapes from within. If the vertex was originally at a depth
b and H s the height of the water barometer, prove that the new depth ¢
of the vertex 1s given by

a—pp= o HE=0) )%3

—hs_'_(ca_ba



PROPERTIES OF GASES 123

Let W be the wt. of the cone and « the semi-vertical angle.
Therefore originally

W=wt. of the water displaced
=4 m b3 tan® ag v (1)
Let x be the depth of water inside the vessel in the second
position. Therefore wt. of the water inside=1n2? tan® a.g.
. In this case
wt. of the cone4 wt. of the water inside
=wt. of the water displaced.
Hence from (1)
ind® tan? a.g+34nxd tane.g=3nc® tan® a.g
or B=c2—-0 e (2)
Again, the air which occupied the whole volume of the cone at
the atmospheric pressurc H, now occupies a volume 3n(A®—=a%) tan?«
under a pressure H+c¢—a which is the pressure at the level of water
inside the vessel.
. By Boyle’s Law
ik tan® o, H=1r (h®—2°) tan? a. (H4-c—2)

or BRH=R—a% (H+c—x)
z*H

or T=C—3a 3

3T <3
. s_f . *H
v v ~( ¢ 703—963)'

H (c*—1?) )3

3 __ 13— —_ o [}

Heree ¢*—b { c h3—~(03~b3)§ from (2).

Examples 19

1. The diameter of the tub» of a mearcurial barometer is 1 em. and that
of the cistern is 4'4 cms. If the surface of the mercury in the t ube rise through
25 cms., find the real alteration in the hoight of the barometer.

2. The volume of an air bubble increases ten-fold in rising from the
bottom of a lake to its surface. If the barometric height is 30 inches, what is
the depth of the lake ? (sp. ge. of mercury==13 6). (Ducca 1941)

3. A good barometer reads 75 cms3, On admittiny 1 c.o. of air, the
reading ts 70 cms.  Find the volumne of tho space above ths mercury at the
end. (Punjab 1931)

4 Find the height of the hom»znnooa: at nyiphere corresponding
to a baromstric height of 760 mn. of mocen-y, ta'cny thy sp. gr. of air 0°0013
and that of mercucy 13-3965, (Nagpur 1933)

The gp. gr. of morcury is 136 and ths baromeotor stands at 30 ins.
A bubble of gas, the volume of whichis 1 cub. in. whon it is at the bottom
of a lake 170 ft. deap, rizes to the surface, What will 8 volume when it
reaches the surfaco 7

6. Bubbles of air rise from a depth of 29 {1, in water. Findths i»
in which the radius of bubble is increased when it reachss the surfaso, given
that the height of thie mercury barometer is 30 inches and the sp, gr. of msr
cury is 13-6.
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A balloon half filled with coal-gas just floats in the air when the
mercury barometer stands at 30 ins. What will happen when the barometer
sinks to 28 ins. ? (Utkal 1945)

8. A conical glaes, height 7, is immersed mouth downwarde in water,
the height of the water barometer being H. If the water inside the glass is
to rise half way within it, prove that it mnust be depressed through a distance

h
TH—-y .

(M.T. 1859 ; Calcuta 1916)

9- A hollow eylinder, of height 4 and open at the top, is inverted and
partially immersed so that a length & of it is under water. Prove that the air
insido it occupres a length = given by the equation

x24-x H+4-k—1)=—H.A,
where H is the height of the water barometer. {Lucknow 1954)

10. A Lollow cylinder of height b, open at the top is inverted, and
partly iromersed in water with its length e in air. ¥ind the difference between
the water levels outside and inside the cylinder. (Banaras 1942)

11. A thin closed cylindrical vessel, of height a, contains air at atmos-
pheric pressure and fleats in water with axis vertical and length & immersed.
I f a small hole is made in the bottom of the vessel, shew that water leaks in
until there is a depth

ab
h+b
i nside, i being the height of the water barometer.
(Alahabad 1950 ; Lucknow 1956, 57)

12. If a body floats in a liquid with volume wv;, v and »3 above the
surface when the barometric heights are %, ks and g, prove that

hy vy (vg—v3)+hg vy (v3—vq)+h3 v3 (V1—v,)=0.
e 2 s T (Lucknow 1959)

13. A heavy sphere of weight W and radius r is placed in a vertical
cylinder, filled with atmospheric air of density 6. Prove that the donsity of the
air in the c¢ylinder when the sphere is a position of permanent rest is

W
( + 7L © >
where TI is the atmospheric pressure, (M.T.)

14. A U-tube with equal arms of fine uniform bore is placed go that
tho arms are vertical and the end of one of the arms is closed. Tho tube is

. . . h
partially fi lled with mercury, so that thero is a length ‘: of vacuum above

the surfaco of the mercury in the closed arm, the baromoetric height being h.
Provo that, if it 1s inclined at an angle of 60° to the vertical, the mercury
reachos the top of the closed end ; also that 1if the end that is open when the
tube is vertical is closed before inclining it, the length of vacuum becomes
Th

40 roughly.

15. A clored air-ticht cylieder, of height 2a, is half-full of water and
half-full of air at atmospherie pressure, which is equal to that of a column, of
height &, of the water., Water is introduced without letting the air escape so
as to fill an additional height & of the cylinder, and the pressure of the base is
thereby doubled. Prove that

k=a+h—v/ i LI,

16. A thin conical surface of weight W just sinks to the surface of a

fluid, when immersed with its open end downwards ; but when immersed
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with its vertex downwards, a weight equal to mW must be placed within it to
make it sink to the same depth as before. If 2 be the length of the axis, k
the height of the barometric column of the fluid, show that

3
x==hm(l-+m) .

———

102. Charles’ Law. If the pressure of a given mass of gas
be constant, the volume increases by a definite fraction « of the volume
at 0°C, for every degree centrigrade by which the temperature is
roised.

Hence, if V,, be the volume at 0°C and V be the volume at #C,
then

V‘—Vo "—‘Vo.lt,
or V=V, (1+ai).

Note 1. The above law is sometimes called as Gay-Lussac’s
or Dalton’s Law.

Note 2. For air and most of the gases, the value of «, which
is called the coefficient of expansion, is 0003665 or 3 5 approximately.

Note 3. Like Boyle's law, this law is also based on the results
of experiments, description of which can be found in any standard
book on Physics.

Note 4. The law does not apply to vapours.

103. Relation between Densities at different tempera-
tures.

Let pand pg be the respective densities at the temperatures
t°C and 0°C ; and let V and V, be the corresponding volumes.  Since
mass remains unaltered we have

PV =poV,

Po _V

or —=__- =(l4u«f), from Charles’ Law

po=p (1+a).
104. Relation between Pressure, Density and Tempera-
ture,
Let p and gy be the pressure and density of a given mass of gas
at 0°C temperature, therefore

pP= kp() e (l)
where & is a constant which depends upon the nature of the gas.

Let p be the density when the temperature of the gas is raised
to 1°C, while the pressure p remains the same.

e po=p(1+ot) e (2)

from the last article.

From (1) and (2), therefore, we have
p=kp (14«f)
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105. Absolute Temperature. If we imagine that the tem-
perature of a gas is lowered till its pressure becomes equal to zero
and that in this process it neither liquefics nor suffers any alteration
in volume, we shall arrive at what is known as the absolute zero of
the temperature.

Therefore 14at=0

or t=— L =—273°C.
o

This temperature, —273°C, is called the absolute zero, and
the temperatures measured from this zero point are called absolute
temperature.

The absolute temperature is gencrally denoted by T, so that
T =%( +t--273 .

106. Relation between Pressure, Velume, and Absolute

Temperature.
From above we have
p=lko(l+at)
o 1
—L.ouc\ —af-—}—t )
=kpaT
Therefore, if V be the volume of a certain quantity of gas, we
have
]Z'rvzz-a.(v.p>:k.a x mass of the gas

=a constant, mass of the gas being constant,

or pV=R.T, where R is a constant depending on
the nature of the gas.

i.c., the product of the volume of any given mass of gas and its
pressuire varies as its absolute lemperature.

107. Mixture of Gases :
It has been experimentally scen that

‘If Lwo gases, occupying different vessels, be at the same tempera-
ture and pressuic, they will, when one vessel is allowed to communicate
with the other, form o mixture whose pressure is the same as before,
provided no chemical action takes place.

Pressure of a mixture of equal volumes.

The pressure of the mixture of two gases occupying a
given volume would be the sum of the pressures that each
gas would have when occupying alone the same volume at
the same temperature.
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Let py, py be the pressures of the two gases when the volume (of
each) is ». Let the pressure of the second gas be changed to p; before
mixing, so that its volume changes from » to v'. Then, by Boyle’s
Law,

U
D1 =pav. -

When the gases are mixed, the volume of the mixture is v+’
and by the experimental Jaw stated in the beginning, its pressure is
p1- Now if the volume of the mixture is changed to v, then the
required pressure p is given by

Po=p(v+2)
=00+ P2 from (1)
P=pi+pe

Note 1. This result is known as Dalton’s Law for the pressure
of a mixture of gases.

Note 2. It is applicable to the mixture of any number of
gases.

108. Pressure of a mixture of gases of different
volumes.

Two volumes v; and v, of diiferent gases at different
pressures, p; and 7, are mixed together to form a mixture,
of volume V ; to find the pressure of the mixture, the tem-
perature being constant.

Let us suppose that before mixing, the volume of each gas is
changed to V ; then their pressures are, by Boyle's Law,

v Pava
v and v
respectively.
Now if they are mixed ; the pressure P of the mixture when its
volume is V is, by the last Art., given by
_ D1+ Davy
P= v .

Aliter. Let the pressure of the second gas be changed from p,
YPa_
V3!

VP
Thus there are now two gases, of volumes »; and -47?, cach of

1

to p; ; so by Boyle’s Law its volume changes from v, to

pressure p;.

When the gases are mixed, the volume of the mixture is

v + P2 of pressure p,.
P

Let P be the pressure when the volume of the mixture is chang-
ed. Therefore, by Boyle’s Law,
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_ P2V2
P. V—-pLX(vl—{- e >
=101+ Pave

or p=D1"1 "f‘}T’QUz ]

.

Note. This result also holds true for a mixture of more than
two gascs.

109. Solved Examples.

Ex. x. If the volume of a certain quaniity of air at & temperature
of 10°C, be 300 cu. cm., what will be its volume when its temperature 1s
20°C' * (Calcutta 1938)

If m be the mass of the air and « be the coefficient of expan-
sion of air, we have by Charles’ Law
p=lo(l-+at)
or pv=pzv (14at)
=km (1+at)

From given conditions
p.300=km (14-0.10) .. (1)

and pV=km (14a.20) ... (2)
where V is the required volume,

Dividing (2) by (1)

V  1-420a
3007 14100
273420
T 273410
V=243 %300

=310%47%3 c.cs.

Ex. 2. In the morning a graduated botile when placed moulh
downwards on the surface of water was found to have 200 c.cs. of air.
atmospheric temperature and pressure. being 10°C and 74 cm. respectively.
How many gm. of weight must be placed on the boltle so that the volume
of air inside it may be halved, temperature and atmospheric pressure
being 20°C and 75 cm. respectively ' D:nsity of mercury vs 13:6 gm.
per c.c.

In the sccond case volume becomes 100 c.cs. at 20°C at total
pressure say P,, then

PV, _P,V,
T, — T2~
or 74 X 200 . P._,XIOOV
(2734-10) 7 (273+420)
T4 X2 203
or P.— 714: X200 %X 293

T .83 %100
=153"2 cms. of mercury column,
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Out of this total pressure there is already atmospheric pressure
of 75 em. of mercury column.

Therefore, the additional pressure must be

=153'2—756="78'2 cm. mercury column,
Mass of this mercury column

==78'2x 136 gms.

=1063"52 gms.

Ex. 3. Masses m, m' of two gases in which the ratio of the
pressure to the densily arc respectively k and k' are mixed at the same
temperature. Prove that the ratio of the pressure to the density sn the
compound s

mkt 'k
m+m' (M. T., Calcutia 1929)

Let ¢, ¢" and p, p’ be the densities and the pressures of the
masses m, m’ respectively.

We have p=kp, and p'=kp’
Let v, v’ be the corresponding volumes.
m , m
v=- ,v'=,
P P

If P be the pressure of the compoynd and V be the volume,
then
— pr i’
b= A%
m m'
=Pk
Pkmp +P e kK

m-+m' if o be the density of the
@ mixture.
P mk4m'k’
o = mm
=ratio of the pressure to the density in the
compound,

Ex. 4. If puen i) D2 02,2 DasPasly be the corresponding
values of the pressure, densily and lemperature of the same gas, show

that
P2 P3Ny (D3 PNy, (PL_ P2
h Py Pa>+2(93 P1 )+3 P1 Pa>

(M.T)

From the formula

p=kp (1+at)
we have p1=key (1+aty)
ie., Pk takt, e (1)

f1
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Similarly f’~=k+mkz2 . (2)
2
and gi=k+akt3 .. (3)
3
Subtracting (3) from (2)
P Ps _ok(t,—1y e (4)
o s (ta—"13)
Similarly D3 _ Pt gp(ty—ty) e (5)
ez P
and Pr_ Pr gt —t,) ... (6)
p1 P2

‘Multiplying (4) by ¢y, (5) by 2., (6) by 3 and adding we get
P P3 P3P P _ P
(-2 ) (2 )

\py Pa Py P17 P
=ak(tily—tits+tats —tats + 1 —lals)
=0.
Ex. 5. If volumes vy, vy,........, Uy Of gases al pressures py, Pg,-..
< vevy Pu and absolute temperatures by, ta,......... , In are maized without

chemical change and V, P, T denote the volume, pressure and absolute
temperature of the mixiure, then prove that

= U1P1 | VP2 VnPn ) -
P_( A iCR SRR + .

Let us suppose that the volumes and absolute temperatures of
all different gases are changed to V and T ; then their corresponding
pressures are

‘V° tl > V- tz", ......... ,'V . t"
Now when the temperature remains T, let the different pases be
mixed in a vesscl of volume V. In this new case the pressure P is the
sum of the pressures of all gases, so that

__,T_ UP1_ | YVePe VnPn
RGN — )

T op T  op T vnpn

Examples 20

1. At what temperature will the volume of a given mass of gas be
exactly double of what it is at 17°C * (The coefficient of expansion=§";"§).

2. At 0°C the density of gas A is to that of gas B as 28isto 44,
Prove that the density of B at 156°C is equal to that of A at 0°C., the pressures
being the same. The coeflicient of expansion is taken as E;"s‘.

3 A gas was found to have a volume of 100 c.c. at 18°C, and 72 cm,
pressure, and a volume of 200 c.c. at 90°C. and 45 cm. pressure. Assuming that

the gas is perfect, find out at what temperature it would have a volume of
400 c.c. at 100 cm. pressure.
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4. A mass of air at a temperature of 39°C. and a pressure of 32 ins. of
mercury occupies a volume of 13 cub.ins. What volume will it occupy at a
temperature of 78°C, under a pressure of 54 inches of mercury ?

At sea-level the barometer stands at 750 mm. and the temperature is
7°C., while on the top of a mountain it stands at 400 mm. and the temperature
i8 13°C. Compare the weights of a cubic meter of air at the two places.

(Calcutta 1937)

6. The radius of a sphere containing air ie doubled and the temperature

raised from 0°C to 455°C. Show that the pressure of the air is reduced to one-
third of its original value, the coeff. of expansion of air per 1°C being 1.

(U.P.C.8. 1938)

. The sp. gr. of the gas inside a balloon is 0°1, the air at 76 cm., pres-

sure at 0°C. being taken as the standard substance. If the atmospheric pressure

changes from 76 cm. to 75 cm. while the temperature romains at 0°C., prove

that the lifting power of the balloon is reduced in the ratio 337 :342, the

volume of the balloon remaining unaltered and the weight of its envelope
neglected.

8. The same quantities of atmospheric air are contained in two hollow
spheres, their internal radii being r, 7’ and the temperatures ¢, ¢/ respectively.
Prove that the whole pressures on the surfaces are in the ratio

" (14at): r (14at’)
with the usual notation of «.
A volume v of a gas at temperature ¢ and pressure p is mixed with a

volume v’ of another gas at temperature ¢’ and pressure 7/, If the volume of
the mixture is V and the temperature T, prove that the pressure is,

T p’ v’
,V_( 1';” +Lt,,,’,) (Patna 1935)
10. For a gas of which at temperature t°C, the mass of V cubic feet is
W lbs., the height of the barometer being % inches. Prove that in the formula
p=ke (1+at), the value of k in ft. Ib. sec. units is
Vhe 273000
3W T 27342
where o is the sp. gr. of mercury.
11. A volume of air of any magnitude, free from the action of force, and

of variable temperature, is at rest. If the temperature at a series of points be in
A.P,, prove that the densities at these points are in H.P, (M.7,)

12. Two vessels contain air having the same pressure IT but different
temperatures ¢, t’ : the temperature of each being increased by the samo quan-
tity, find which has its pressure most increased.

If the vessels be of the same size and the air in one Le forced in to the
other, prove that the pressure of the mixture at zero temperature is

1 1
U (s ren)
with the usual notation of .
13. Prove that if volumes v; and v, of atmospheric air are forced into

vessels of volumes V, and V3 and a communication is opened between them, a
mass of air of volume

(V12 ~ Vav1)
Vi+V,
at atmospheric pressure will pass from one vessel to the other.

14. A cylinder contains two gases which are separated from each other
by a movable piston. The gases are both at 0°C. and the volume of one gas is
double that of the other. If the temperature of the first be raised ¢°, prove that
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the piston will move through a space
_ Hat
9+6at °
where [ is the length of the cylinder, and « is the coeff. of expansion per 1°C.

15. A piston accurately fitsa cylinder and moves freely in it ; initially
it is placed in the middle of the cylinder and the ends are closed. The cylinder
being placed vertically the distance of the piston from the top i8 4/2 times its
original distance. The temperature in the two parts being raised to the absolute
temperature ¢; and t,, the piston goes back to the middle of the cylinder. Show
that the original absolute temperature of the cylinder i8

ty~ty.

110. Theorem. If the atmosphere be at rest and if its tem-
perature and force of gravity be constant, then, if points be taken whose
heights above the eaith are in Arithmetic Progression, the common
difference being small, the densities at these points are in Geometrical
Progression.

Let a column of air, of small horizontal section, be taken with

a vertical axis OP,P,...P,. Let Py, Py, Py...... be a series of points on
OA in A.P. so that
A OP,=P,Py=...... P,y Pa
=0, where {3 is very small.

If » be taken indefinitely great d.c., if f is taken very
small, we may supposc the density of each layer OPy, PiP,,
P,P,...... constant throughout. Let the densities of the layers

_41)” oP,, PP, P2P3 ...... PP, be py, P2 Pgecens Pa respectively
—1p.., and, therefore, their corresponding pressures are kpy, Kp,
— keg...-.. , ke, which may be taken as the pressures at the
] points O, Py, Py...o, Py

- The difference of the pressures on the faces at O and P,
— supports the element OF,.  Hence

] koy—kpa=yP1f8

—1ps Similarly, for the columns PPy, PoPy, ... we have
— kpy = koy=gP,3,

:0' kpy—kpy=g0,8,

.....................

kon-1—kon=gen-10,
Hence pz—_-.'p‘( 1 __’;@>

n-1
s (1-2) =0 (1)

Hence as the altitudes increase in A.P., the densities and, therefore,
the corresponding pressures diminish in G.P.
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111, Density of air at given altitude.
If p be the density just above P,, we have as in the last Art.

ei(1- %) = (1= )

If we put nf=P so that p is the density at a height & above the
ground, we have

gh n

P=Pl< 1= nk

Now, if Nk—=z, so that n= ghz
gh k
ghz ;—g_l_z
. -2 k

b (1) a1 1)
Now when n-> , I being kept constant, we get in the limit

p=pye oME

This formula gives the density at a height in terms of that at
the surface of the earth.

Aliter. Calculus method.
Let p be the pressure at a height z, p+8p

that at & height 2+ 8z, and p the density at height V-
z 80 that p=kp .. (D) L pssp
Then considering the equilibrium of the ele- .
ment 3z of the thin column, we have 495 a'{ o4
p=p+3p+g..52 c——
Hence the limit i i
dp _ 9 T
dz == gP ‘e (u)
Hence differentiating (1) with respeet to z
: § I S

and combining the result with (2)

we get
do__ 9
=" k"
do __ 9
p =k %
log P=——%z+c
But when 2=0, p=p,
: c=log p,;
Hence log Pp__9 z
1

i.e., p=p, e~ 9I*
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Cor. If p and p, be the pressures corresponding to densities P
and Py respectively, then we have
—gzlk
pP=p1€ oelk,
112. Determination of Heights by Barometer.

Let h, h; be the heights of the barometer at the upper and
lower stations respectively. Let z be the difference of their altitudes.

Let p, p; be the pressures, p, p; the densities at the two
stations.

Then if the temperature be constant throughout

b > P1
9 mtog P
B 2Tl8 5
_ k h,
or z= e log h

This formula gives the height of one station above another
by mecans of a barometric observation at each.

113. The height of the homogeneous atmosphere is the
same at all places at the same temperature.

Let H be the height of the homogeneous atmosphere, p the
density of the air and p the pressure at that point.

Then ge H=p
II:.—J’_-_—_--—kp = k = constant.
ge gr g

114. Solved Examples.

Ex. 1. The readings of a faulty barometer containing same air
are 294 and 299 inches, the corresponding readings of a correct in-
sirument being 298 and 304 inches respectively. Prove that the length
of the tube occupied by the air is 2°9 inches, when the reading of the
barometer is 29 inches and find the corresponding correct reading.

(M.T. 1879 ; Allahabad 1919 ; Bunaras 1927)

Let the total length of the tube be .
In the reading no. 1 the length occupied by the air
The actual pressure =298

Hence the pressure due to the air column
=29'8—29'4="4"
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Hence by Boyle’s Law
PYy=(x—294) X4
Similarly in the second reading
Pota=(x—29°9) X "5
But P1U1=DP2V2
(x—29'4) X *4=(x—299) X5
1X2x=209%X'5—294X%X"4
or =209 X5—-294X5
=31'9.
Hence when the reading of the faulty barometer is 29 the length
of the tube occupied by the air is
=31'9"—29"=2"9"
Let p be the correct pressure, then
(p—29) (2'9)=(319—29-9) ('5)
=1

— ” _‘_1,» — 90 "
p=29"+ 2.9,,—.,9 34",

Ex. 2. The reading of a faulty barometer, the tube of which con-
tains a quantity of air of length 3% inches, is 28 inches, when the reading
of a true barometer is 30 inches. What will be the reading of the faulty
barometer when the true barometer reads 29 inches ? (Agra 1929)

Let x be the reading of the faulty barometer when the
reading of the true barometer is 29, and let the cross-section of the
tube be A.

The total length of the barometric tube
=331+4-28=31% inches.

Volume of contained air at 30” atmospheric pressure is =33A
and the pressure of the contained air is (30" - 28%)=2".

s pv="3> A.2 ’ e (1)

Again, volume of contained air at 29” atmospheric pressure is
=(313—=x).A and its pressure is 29—=.

: prv=(314—=z) A (29—2) , .. (2)

Since v is constant, equating (1) and (2)

10 A 9=(313 —x)A.(29—z)

or 32 =(%*—2)(29—x)

or 3x2—181242706=0

z=27%,
the other value of z, viz. 33, is obviously absurd.

Ex. 3. The readings of a perfect mercurial barometer are o and
B when the corresponding readings of a faulty barometer are a and b.
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Prove that the correction to be applied to any reading c of the faulty
barometer is
(x—a)(B—b)(a—b)
(e—a)(a—c)—(B—b)(b—c)
(M.T. 1876 ; Allahabad 1926, 34, 37 ; U.P.C.S. 1941 ;
Lucknow 1948, 54)

Let % be the length of the tube of the false barometer and = be
the correction required.

By Boyle’s Law, therefore, we have
(h—a) (a—a)=(h—b) (B—b)=(h—c).
From the first two, we get
Ma—B—a+b)=a(o—a)—b({p—b)
_ale—a)—b(3—1)

b a—B—a+b
From the last two, we get
g —0)B—0)
h—c
Now
_p_ale—a)—b(B—Db)
h—b= a—B—a+b b
_ (x—a) (a-—b}*
T (a—a)—(B—0b)
_._ (@—a) (a—c}—(B—D) (b—c)
e A S

Putting the values of ~—b and A—c in the value of x, we get
o (z—a)(B—b)a—D)
(x—a)(@—c)—(B—b)(b—c) °
Ex. 4. Assuming that a change from 30" to 27" in the height of
the baromelter corresponds to a rise in the altitude of 2700 ft., find the

altitude corresponding to the height 21°87" of the barometer.
(Banaras 1934 ; Nagpur 1957, 59)

We know that p=p, e ~9M*

S 30=p, e IM* o (1)
where A is the height of the first station and p; the pressure at the
point from which the height is measured.

Also 27 =p, e~ 9ZT00+R)/i . (@)

21'87=p, ¢ IEFR)IE e (3)
where H is the altitude in the 3rd case.
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Dividing (1) by (2)

29— 270007k . (4)
Dividing (1) by (3)
230 Hg/k
a1g7 ~° oo (B)
From (4) and (5) we get
2700 10 .
! B 9 = log Yy =1—2log3 ... (6)
and }iq = log —77_1‘?9»~=3—6 log 3 e (7)
Dividing (7) by (6)
H
5700 0
H=_8100 ft.

Ex. 5. A box is filled with a heavy gas at uniform lemperature.
Prove that if a is the altitude of the highest point about the lowest, and p
and p’ are the pressures at these points, the ratio of the pressure to the

density at any point is equal to

a9
log (P
¢ (5-)
(Lucknow 1948 ; Allahabad 1955 ; Nagpur 1931 ; Utkal 1946 ;
Patna 1926)

From the formula

p= :p; e—zg/k
we have
p=p' e~—aglk
or 9k _ P
p
Y 1o P
i log P
Also at any point p=Fkp or P _p
ag
e P
log p'[p

L
P
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Ex. 6. Taking into account the variations of gravity with height
and assuming that the temperature of the air is constant at all heights,
prove that at a height x the pressure p of the air is given by

P I
£~ Hata)
where a s the earth’s radius, k= %9- , and Py, po, Go are the value of
0

pressure, density and gravity at the earth’s surface.
(I.A.8. 1959 ; Allahabad 1949)

We know from Dynamics that g at a height z from the earth’s
surface is given by

_ oo
g_(a*’ﬂ)2 e (1)

where g, is the value of gravity at the earth’s surface and a radius of
the earth.

Now we know that

i) P _kg dx as obtained in determining the altitudes
Hence from (1)
dp _ 9@ dr
p klatx)?
: = fod* . (2
. ]Og p—k(a—}-x)+c ( )
Initially when x=0, p=p,

log po= (]/:’ a+c

when c=log po— Q;,C"

. (2) becomes

P 9o g

po  klat+z) k
Jo QX

=7 ka+a)

log

Examples 21

1. A barometer whose eross-sectional area is one square e¢m. has a little
a’r in the space above the mercury. If it is found to read 71'8 cm. when the
true height is 771 em.. determine the volume of the air present in the tube
measured under normal conditions. (Calcutta 1930)

2. A baromeoter with an imperfect vacuum stands at 298 and 29-4
inches when a correct barometer indicates 30-4 and 29-8 inches respectively.
When the faulty barometer stands at 29 inches, show that the atmospheric
pressure is 29-3 inches. (Bombay 1936 ; Utkal 1946)
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. A barometer stands at 30 inches, the vacuum above the mercury
being perfect, and the area of the cro=s-section of the tube is 02 sq. inch. If
0°2 cubic inch of ordinary air be introduced into the vacuum, the mercury is
seen to fall through 3 inches. Find the length of the original vacuum.

(Lucknow 1942)

4. A barometer tube rises to a height of 33 inches above the oxternal
mercury surface, and contains as much air as would, at atmospheric pressure,
occupy 1 inch of the tube. The truo barometric height is koown to bo 296
inches ; find the height of the tube actually occupied by the air.

5. The readings of a true barometer and of a barometer which contains
o small quantity of air in the upper portion of the tube are respectively 30 and
28 inches. When both barometers are placed under the receiver of an air-pump
from which the air is partially exhausted, the readings are observed to be 156
and 14'6 inches respectively. Prove that the length of tho tube of the faulty
barometer measured from the surface of the mercury in the basin is 31-35
inches.

6. _ A barometer stands at 39 inches, and the space occupi‘ed by the
Torricellian vacuum is then 2 inches ; if now a bubble of air which would at
atmospheric pressure occupy half an inch of the tube be introduced into it, show
that the surface of the mercury in the tube will bo lowered 3 inches. Show also
that the height of a correct barometer, when the incorrect one stands at 21
inches, is

15 .
x4+ 39—g inches.

. The height of the Torricellian vacuum in a barometer is @ inches,
and the instrument indicates a pressure b inches, of mercury when tho true
reading is ¢ inches, The faulty readings are due to an imperfect vacuum, I’rovo
that the true reading corresponding to an apparent reading of d inches is

a(cﬂ—b)
at+b-—-d *
(Nagpur 1955 ; Lucknow 1928, 47, 51 ; Allahabad 1941, 54)
8. The baromoter falls from 30 to 29 inches as o balloon rises 900 feet

from the surface, prove that I; _is approximately 26,500 ft. (M.7., Delld 1927)
[’

9. Prove that the height of the homogeneous atmosphere is equal to

, where k is given by the formula p=»Lkp and g is the acceleration due to

Q&

~

avity, being assumed to bo constant.

10. Prove that p=Fko(l+at) for a gas. If the law connecting tho pres-
sure and density of air were p==kp2 prove that, noglecting cbanges of tempera-
ture and gravity, the height of the atmosphere would be twico the height of the
homogeneous atmosphere. (Putna 1926)

xx. If a change from 30 inches to 27 inches in the barometric height
corresponds to a rise in the altitudo of 2290 ft. Prove that the altitude which
corresponds to the barometric height of 24 inches is 4850 ft. Given that
log 2=0-3010, log 3=0-4771.

g

(Lucknow 1952 ; Bombay 1935 ; Allahatad 1932, 40)

12. The density of mercury is 13'6 and that of air at 760 mm. pressure
0-001293. Prove that when the reading of the mercury barometer is 750 mm.,
its reading at an altitude 500 metres is about 704'7 mm., the variation of the
temperature being neglected.

log 2=0-301, log 3=04771, log, 10=2-3(26, log 70:47=1848,
(Bombay 1937}
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x3. The vertical distance between two points, whose pressures are pg and
p, is h. Prove that the pressure at an intermediate point which is at & vertical
distance x above the lower point of pressure p; is

()"
_— ’
Po 7o
assuming the temperature to be uniform.

14. A cylindrical well of depth % and section A is maintained at constant
temperature. If py and p; are the densities of the uir at the top and bottom,
show that the total amount of air contained is

Ah(p1—po)
log g3 —1log gp
(A4llahabad 1953, 56 ; Bombay 1936)
15. A heavy gas at constant temperature is confined in a vertical cylinder

of height k. If py be the density at the base and & be the ratio of the pressure
to the density of the gas, prove that the mean density is

ey ( l_e—gh/k)
gh

(Lucknow 1955 ; Delht 1947)

16. The fall in temperature in tho atmosphere is proportional to the in-
crease in height above the earth’s suiface ; 2, b’ are the readings of mercury
barometers at two stations, the former of which is at a hesght z above the other.

Prove that
h m
= { 1— ( R } ’

whero A and 2 are gome constants.

17. A thin heavy cylinder, hollow and open at its lower end, is found
when depressed from the atmosphere successively into three liquids, to remain
at rest when its higher end is at respective depth 4, b’, 1”’ below the surfaces.
If 5, 8', s'' be the sp. gra. of the fluids. Prove that

s(s" =&V 5" (s —s)h 5" (s—5")h'" =0,
neglecting the wt. of the air inside the cylinder. (M.T. 1864)

. 18. If the pressure of the air at any height varied as the mth power of
its density, show that tho height of the atmosphere would be

m
7)1—”1’ H
where H is the height of the homogeneous atmosphere.
. 19. A bollow gas-tight balloon, containing helium, weighs W 1bs. \When
its lowest point touches the ground, it requires a forco of w lbs, to prevent it
from rising. Show that it can float in equilibrium at a height
w

H log, ( 14 .

where H is constant. (Allakabad 1924)

20. The tube of a barometer rises to 34 inches above the mercury in the

trough, and the mercury column is 30 inches high. Find what changes are

produced in the height of the column by the following operations performed
successively :—

(?) As much air is allowed to rise through the mercury as would, at
atmospheric pressure, occupy 2 inches of the tube ;
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(%) A rod of iron whose volume equals that of 5 inches of the tube is
allowed to float to the top of mercury column,

(sp. gr. of mercury 135, and that of iron to be 7:5).
(M.T., 1.C.S. 1937).
. 2x. A balloon carrying a self-registering barometer records pressures
equivalent to h and %, inches of mercury when it ascends to heights equal to
fractions o and o of the earth’s radius « respectively. Taking into account tho

variation of gravity with height and assuming that the temperaturs of the uir is
constant at all height, prove that

ogn o—o 1 h o 140y
= ee— -, =lo 2lo
EooUta)(l4ay) 08 p T8 L,
where k:gg and py, fo, go 8re the values of the pressure, density and gravity at
the carth’s surface. (I.A.8. 1959)
22. A hollow sphero containing hydrogen requires a forco mg to prevent
it from rising when the lowest point touches the ground; tho total mass of
sphere and hydrogen is M. Show that the spnere can float in equilibriuin with
its lowest point at a height h above tho ground, where
7o M+4m
hA—ng log M
eo. Po being the density and pressure at the surface of the earth,
(Patna 1954 ; M.7., Indian Finance 1927}



CHAPTER IX
STABILITY OF FLOATING BODIES

115. Stable, Unstable and Neutral Equilibrium. Suppose
a floating body be slightly displaced from its position of equilibrium
and then left to move under the influence of the forces acting on it.
If the forces tend to bring the body back into its original position,
the equilibrium is said to be stable, if they tend to send the body
still further from its original position the equilibrium is said to be
unstable ; and if the body remains at rest in the displaced position,
the equilibrium is neutral.

116. Displacements. Since the body may be stable, for one
displacement and unstable for another, we must define the stable,
unstable and neutral equilibriums for the different types of displace-
ments.

(a) Vertical displacement. Suppose the body is to undergo
a small vertical displacement say downwards ‘from the equilibrium
position without any angular motion. In this case the excess fluid
displaced will exert an additional upward pressure which will be
equal to the weight of the excess fluid displaced and naturally the
acting forces will try to restore the body to its original position, or,
in other words the body will remain in stable equilibrium and a slight
displacement will make it swing about this original position.

Similarly, if the body be raised up, it would displace less liquid
and its weight being now greater than the fluid pressure would urge
the body downwards t.e., towards the original position. Hence the
equilibrium is stable.

() Horizontal displacement. Suppose the body is to under-
go a small horizontal displacement without any angular motion. In
this case, since there is no resultant horizontal force on the body, it
would have no tendency to move horizontally from any position in
which it is placed. For such displacements, therefore, the equilibrium
is neutral.

(c) Rotational or Angular displacement. Lastly remains
for consideration the case of small rotational or angular displacement
in which the mass of the displaced liquid remains unaltered while
I‘hﬁ shape changes. This case we shall consider at length in what
ollows.

117. Meta-centre. Let W be the weight of the floating
body, G its centre of gravity and H its centre of buoyancy in the
position of equilibrium ; then GH is vertical in that position.

Let the body be slightly displaced so that H' is the new centre
of buoyancy since the mass of liquid displaced remains unaltered the
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force of buoyancy remains equal to W but in the displaced position
of the body it acts upward through H’. If the displacement takes

place in a plane of symmetry of the body, the vertical through H’
will intersect the line GH, which was vertical before the displacement,
in the point M. Then the point M is called the Meta-centre and
GM is called the meta-centric height of the floating body.

The forces acting on the body in the displaced position are (i)
its weight, W, acting vertically downwards through G and (3) the
force of buoyancy, W, acting vertically upwards in the line H'M.
These forces constitute a couple. This couple is generally known as
the Restoring couple.

(1) If the meta-centre M is above G. In this case, as in the
left-hand figure, the restoring couple tends to bring GH to the verti-
cal i.e., tends to bring the body back to its original position. 1he
equilibrium is, therefore, stable.

(2) If the meta-centre is below G. 1In this case, as in the
right-hand figure, the restoring couple causes the body to recede fur-
ther from its original position. 7'he equilibrium is, therefore, unstable.

(3) If M coincides with G. In this case GH' is vertical and
so the condition of equilibrium is satisfied. The body remains at rest
in the displaced position. 7The equilibrium is, therefore, unstable.

Hence we may conclude from above that a floating body is in
stable or unstable equilibrium according as the meta-centre is above or
below the centre of gravity of the body.

If the meta-centre coincides with the cenire of gravity the equilib-
rium is neutral.

In other words, the equilibrium is stable, unstable or
neutral according as HM >, <, or=HG.
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118. DEFINITIONS.

. Surface of Buoyancy. If a body floating in a homogeneous
liquid be supposed to take in turn every possible position for which the
volume displaced remains constant, the locus of the centre of buoyancy 18
termed the Surface of Buoyancy.

i Plane of Floatation. If a body be floating partially immersed
sn a liquid, the section of the body made by the plane of the surface of
the liquid is callsd the corresponding Plane of Floatation.

Surface of Floatation. T'he surface enveloped by the planes of
Jloatation is called the Surface of Floatation.

119. Theorem. The tangent-planc at any point of surface of
buoyancy is parallel to the corresponding plane of floatation.

Let H be tho centre of buoyancy corresponding to the plane of
floatation AOC. Let H' be the centre of buoyancy corresponding to
a consecutive planc of floatation A’OC".

Since the volume ABC=the volume
A’BC’, the volume of the wedge AOA’
=that of COC’. . (1)

Let g, 9°, G be the centres of gravity
of AOA’, COC’, A’BC respectively. Join
Gy, Gg'.

Now H, the C.G. of ABC must lie in

g H, and divide it so that
gH _ vol. A'BC o (@)
HG  vol. AOA’

Similarly, H is in Gg’, so that

GH'__ vol. COC e (3)
Hg~ vol. A'BC
TFrom (1), (2) and (3)
g _HY¢
HG H'G

Honce HH' is parallel to gg’ i.e., to AC, ultimately when the
displacement is very small.

In a similar way we can show that the line joining any point on
the surface of buoyancy near H with H is parallel to the plane AB.

Hence the tangent plane at H to the surface of buoyancy is
parallel to the corresponding plane of floatation, AB.

120. Theorem. The positions of equilibrium of a floaling
solid are obtained by drawing normals from the centre of gravity of the
solid to the surface of buoyancy.

When the solid is in equilibrium the vertical through the cer-
responding centre of buoyancy passes through the centre of gravity.
But this vertical line is perpendicular to the corresponding plane of
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floatation which is horizontal, and, therefore, by the last theorem is
normal to the surface of buoyancy. Hence the normal to the sur-
face of buoyancy at every centre of buoyancy corresponding to
a position of equilibrium passes through the centre of gravity of the
solid.

Note 1. Sincc we know that for certain rotations the lines
through adjacent centres of buoyancy perpendicular to the corres-
ponding planes of floatation meet, the point of intersection being the
metacentre, a meta-centre, therefore, is a point where two consecutive
normals to the surface of buoyancy meet. It is in fact a centre of
curvature of the surface of buoyancy.

Note 2. If the displacements are confined to rotations about
axes perpendicular to the plane of symmetry in the solids like a
cylinder, the centres of buoyancy will lie on & curve in the plane of
symmetry. This curve may be called the Curve of Buoyancy.

Note 3. From the last Theorem the locus of the meta-centre for
these displacements will be the evolute of the curve of Buoyancy.

121. Determination of the Meta-centre.

Let the plane of the paper be the plane of symmetry.

Let AOC be a plane of {loatation, cutting off the volume V.
Let H be the corresponding centre of buoyancy. Let H' be the new
centre of buoyancy when A’OC’ is the
new pline of floatation inclined at a
small angle ¢ with AOC.

Since vol. ABC=vol. A'BC’,
vol. AOA’=vol. COC'.

Draw HM L AOC and HM L A'OC’,
then the limiting position of M is the
metacentre. Let g, g' be the centres of
gravity of AOA’ and COC'.

vol. A’'BC’=vol. ABC+vol.

COC’—vol. AOA’, and H' is the
centre of gravity of A'BC’.

Taking the moments about the line H'M
V.HM sin 0 —vol. AOA’ g9'=0

vol. AOA’ g9’

HM=lim "=y . o

0—o

Analytical Expression. Let the line AOC in the plane of the
paper be as the axis of y, the perpendicular to the plane of the
paper through O that of . Let dady be the area of an elementary
portion of the area AOC at a point (z, ).

Now the height of the small column on this portion, cut off by
A'OC' is £ y tan®.
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Volume of that element = 4+ ydxdy tan 6
Hence the above formula becomes
V.AM sin 0—tan 0. [ [ y?dody=0, where the integration is
extended over the arca AOB.
HM= | Y'dudy
A%
AK?
V b
where AK? is the moment of inertia of the area AOC (=A) about the
lsne through O perpendicular to the plane of the paper ; (or in other

words K is the radius of gyration of the area A of the section in the
plane of floatation, and V s the volume immersed).

, a8 6—0

Particular Cases. If a solid which is in contact with a liquid
be spherical, it is clear that the centre of the sphere is the Meta-centre
because the pressure at each point of the spherical surface i3 normal
to the surface and so passes through the centre.

If the immersed surface be the curved surface of a circular
cylinder whose axis is horizontal, the Mela-centre will bo on the axis
of the cylindor, for the thrust on each point of the surface meets the
axis.

122. Solved Examples.

Ex. 1. A solid body consists of a right cone joined to hemisphere
on the same base and floats with the spherical portion parily immersed ;
prove that the greatest of the cone consistent with stability is v/ 3 times
the radius of the base. (Nagpur 1957 ; Banaras 1943)

Let 7 be the radius of the hemisphere whose centre is O and
lowest point A, and let £ be the height of the cone.

If P be the density of the
material, the wt. of the hemisphere
is gmadgo acting through L whero

3a

OL = "~

L g -
Wt. of the cone is §mahgp

acting through g where Og= Z .

. The height of the centre
of gravity G of the whole body

above the lowest point A is
3a h
2.3 7 1.2 n
Brotor (2 =) s (o + )
% malgp+% nalhge

AG =
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2
B8 hat g2
= 2a+h
In this case the meta-cenire is at the centre O of the spherical
part. Hence for stability, we must have

AG << AO
or a2 4 ha-+- Z <a (2a+h)
or h?<3a?
or h<A/3a

.. The greatest height of the cone is /3 times the radius of
the base.

Ex. 2. A solid cone, of semi-vertical angle « sp. gr. o floats in
equilibrium in the liquid of sp. gr. P, with its axis wertical and wvertex
downwards. Determine the condition for which the equilibrium is stable

(Nagpur 1941 ; Aligarh 1942).

Let & be the height of the cone and 7'
the length of axis immersed.

In this case A=area of the circle of
radius A’ tan «

Al*=nh'? tan® a.}}'2 tan? «

=1n b'* tant o

and V=1ix 1'% tan® a
AE* }m Bt tant «
HM= "y = 1 4% tan? «
=37’ tan® «.
Now OH=3 7'
: OM=OH-+HM=3 2'+3} b’ tan® «
=32 1 sec® «. .

Hence for stability, we must have
OM>0G, where G is the C.G. of the cone.
or 3 b sec® o > % h.

But since the cone floats, } ph'® tan? «=4% ok® tan® o

oo 5=(3)

The equilibrium is stable if

: 2 o )
h~>cos a® or p > cos” «.
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Examples 22

1. A wooden ball is floating in water ; show that its equilibrium will
‘become unstable if any weight, however small, be placed upon its highest
point.

2. A solid cylinder floats in a liquid with its axis vertical. If the ratio
of the sp. gr. of the cylinder to that of the fluid be o, prove that the equilibrium
is stable if the ratio of the radius of the basoe to the height be greater than

4/ 26 (1—o).
A uniform circular cylinder, whose radiusis two-thirds of its height,
floats in water with its axis vertical. Prove that the equilibriuin cannot be
stable if the sp. gr. of the cylinder lies between } and .

Show that a uniform circulur cylinder, of sp. gr. }, cannot be in
stable equilibrium, when floating upright in water, if its length exceeds three-
quarter of its diameter.

5. A right circular cylinder of radius @ and length 7. floats with its
axis vertical in a liquid whose density is £ that of the cylinder. Prove that the

height of the metacentre above the base is
3 a2
§h+é B

6. Show that in the case of a right circular cylinder of radius a and
height I, floating with its axis vertical in any hquid the equilibrium will be
stable whatever be the sp. gr., if 4/2 « >h. (Nagpur 1942, 43)

A solid and homogeneous body consists of a eylinder joined to a
hemisphere on the same base and floats with the hemispherical portion partly
immersed in water. Prove that greatest height of the cylinder consistent with

1. . .
stability is V2 times the radius of the base of the cylinder. (Nugpur 1939)
8. A right prism whose base is an equilateral triangle, floats in water
with the lateral edges horizontal and one of them below the surface. Show
that the equilibrium is etable for all displacements into which the lateral edges
remain horizontal, if it be given that the sp. gr. of the prism >.19—‘
(Banaras 1940)

A hollow buoy is n"ade of a hemisphere and a cone joined at their
bases, the thickness of the metal being the same throughout. Show that it
can float in stable equilibrium with the cone uppermost if the semi-vertical
angle of the cone be 45° but not if it be 30°.

10. A uniform right circular cone of semi-vertical angle 30° is flonting
with its axis vertical and its vertex downwards in a liqguid whose density is
§ its own. Show that thé equilibrium is stable. (Nagpur 1932)

11. Show that when a uniform hemisphere of density p and radius a
floats with its plane base immersed n' homogeneous liquid of density o, the
equilibrium is stable and the meta-ceutric height is

a j";ﬁ) . (M.T.)
2. A homogeneous circular cylinder of length h, radius «, and sp. gr.
p floats in water. Prove that the position with the axis vertical is stable if

a2
a2 20 (1—e).

Also prove that the position with the axis horizontal is stable if A>b,
where b is the breadth of the rectangular water section.
If p=4, and 8a?=3/? also show that the position of stable equilibrium

is one in which one end of the cylinder is just immersed, and the other is juss
out of the water.
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13. A thin uniform lamina whose shape is that of an isorceles triangle,
floats in water with its plane vertical and the base horizontal and above the
surface. Show that tho equilibrium is stable, if

¢ > costq,
where s is the sp. gr. of the lamina and 2a the vertical angle.

14. A right circular cylinder floats in o liquid with its axis (of length &)
horizontal and at a height ¢ above the surface. Show that the equilibrium will
be stable if

h2>4 (a2—c2)
where « is the radius of the base of the cylinder.

15. A solid in the shape of two equal cones placed with their vertices
coincident and axes in the same straight line, floats in a liquid of double its
density, the common axis being horizontal. Prove that the equilibrium is
stable if the semi-vertical angle of each cone is less than 60°.

(Indian Finance 1927)

16. A squaro lamina of density p {loats in water, of density o, with its
plane vertical and one angular point below the surface. If 96>32p, prove that
there are three positions of equilibrium in two of which neither diagonal is
vertical.

17. A hemispherical bowl rests on the top of a sphere of double ita
radius, and water is slowly poured in the bowl ; prove that the equilibrium will
be stable until a weight of water, equal to half the weight of the bowl, has been
poured in, .

18. A thin uniform lamina whose shape is that of an isosceles triangle
floats in water with its plane vertical and the base horizontal and below the
surface. If 2¢ be the vertical angle of the triangle and p its sp. gr. prove that
the equilibrium is stable if p<1l—cost g.

19. Prove that if the ratio of the length to the diameter of a wuniform
solid circular cylinder of sp, gr. } liee between }y/2 and 1, the cylinder cannot
float in a stable equilibrium in water with its axis either horizontal or vertical.

20. A thin uniform rod of weight w and sp. gr.s floats in a vertical
position in stable equilibrium, when a particle of weight W is attached to its
lower end, prove that

1
wu( N )

21. If a segment of a sphere of density 5 floats in a liquid of density, p,
prove that the position in which the plane force is immersed and horizontal is
a position of stable equilibrium and that the metacentric height is
P times the distance of the centre of gravity of the segment from the centre
of the sphere.

22. A solid paraboloid of sp. gr. ¢ floats in a liquid of sp. gr. o with its
axis vertical and vertex downwards. Prove that the metacentric height is
constant, and the equilibrium will be stable if

3a>( 1 —\j ‘,’,)h
e
where 4a is the latus rectum of the generating parabola and . i3 the height of
the solid,

23. Prove that a circular cylinder of radius @ and length a/n cannot
float upright in water in stable equilibrium if its sp. gr. lies between

%[l—x/fl2112 and } [1 + \/1:252] : (Nagpur 1955)

24. Two equal uniform rods, whose density i8 p are joined together at
an anglo 2« If they be immersed with angle downwards in & fluid of density ¢
find the position of equilibrium and prove that the curve of buoyancy is a
parabola. Also show that the rods cannot float with the line joining their ends
inclined to the horizon unless

o—e in2 1
oto >sin2q. (I..4.8. 1959)




CHAPTER X
HYDRGOSTATIC MACHINES

123. There is a large number of machines which depend for
their working on the properties of fluids, which have been discussed
in the previous chapters. Here we shall describe some of them.

The Siphon. 7The siphon is an instrument by means of which
a veasel, full of liquid, can be emptied without moving the vessel.

It consists of a bent tube ABCDE
£, usually of glass, open at both ends with one
arm ABC longer than the other CDE. To
use the siphon, it is firgt filled with the
same kind of liquid asis contained in the
vessel, and both the ends E and A are
temporarily closed. The tube is then invert-
ed and placed with the end E under the
level of the liquid in the vessel while the
longer arm ABC projects outside with its
end A below the level of the liquid in the
vessel. Now as soon as the ends are open-
ed, the liquid begins to flow in a continuous
stream so long as the end E is below the
surface of the liquid.

S

e mow o —.——
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. Principle of Action. Let CMN be a vertical line through the
highest point and let it meet the level of the suzface of the liquid in
M and & horizontal line through A in N.

Let B be the point in which the horizontal plane through D
meets the longer arm. Let the atmospheric pressurc be = and p the
density of the liquid.

Now just before the commencement of the motion, we have
The pressure at B=the pressure at D
=T
The pressure at A=the pressure at B+gp.MN
=n+gp.MN.
) The pressure at A is %rea’cer than the atmospheric preseure
t.e., T.
Hence the liquid at A will flow out and the liquid in the arm
CA will follow. '

It is clear that the siphon will not work if the height of C
above D exceeds the barometric height for the liquid concerned.
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LIQUID-PUMPS

124. Principle of Pumps. The principle of all pumps is that
of suction. A partial vacuum is created and the atmospheric pressure
on the surface outside forces the liquid in to fill up the partial
vacuum. A familiar instance of this is when liquid is sucked into
the mouth through a straw.

Valves are used in all pumps. They are placed at the openings
or in the connecting pipes. They open or close with change of pres-
sure and allow the passage of air or water in one direclion only but
prevent any fluid to pass through in the opposite direction. Valves
differ in forms according to the purpose for which they are meant.
They are generally made of metal, leather or oiled silk. The difference
of pressure at the two sides of a valve causes it to open or close.

Theoretically a valve should open with the smallest excess of
pressure on one side and permit no leakage the way, but practically
in all valves a definite excess of pressure is required, and a certain
amount of leakage occurs.

135. The Syringe. An ordinary syringe i3 an example of
the pump in its simplest form.

It consists of a hollow cylinder AD, ending
in a nozzle C. An air-tight piston D works -
within this cylinder. With the piston at its
lowest position, the nozzle is dipped nunder a
liquid. When the piston is drawn up, a partial
vacuum is formed within the cylinder below the 1t A
piston. In consequence of this the atmospheric :
pressure forces the liquid up into the cylinder
to fill the vacuum. When the piston is again
pushed down, the pressure on the liquid becomes
greater than the outsider pressure and so the
liquid is forced out.

126, The Common or Suction Pump.
It consists of cylinder AB called the barrel within
which an air-tight piston P works smoothly.
The barrel is connected at its lower side with
another longer cylinder BD which communi-
cates with the liquid to b: raised. There are two valves, both
opening upwards, one of which V,is at an opening in the piston,
while the other C is at the junction of the two cylinders. Near the
top of the barrel there is a spoul E through which the liquid flows
top. In the case of a hand pump, the piston is worked by means of
a handle KN which is attached to the piston-rod working as a lever
with T as fulerum and K the end at which the force is applied.
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(a) Action of the Pump. Suppose the piston to be at its
lowett position B and that the water has not risen inside the ,lower
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cylinder. Let the piston P be moved upwards. As it moves
a partial vacuum is created between it and B. The air in BD
being at a greater pressure forces the valve
Cupwards, and some air passes from the
lower cylinder to the upper. The pressure of
the air inside BD and PB becomes less than
the atmospheric pressure and so the liquid
rises in the lower cylinder. This rising is
continued till the piston reaches the topmost
position. When the piston is pushed down
the air in PB, is compressed and in conse-
quence the increased pressure closes the valve
. C and opens V in the piston so that the air
- escapes through the piston valve. If some
liquid had been raised within the barrel
during the upstroke, this water finds its way
above the piston through the valve V.

= During the next up stroke, the valve V
[~ - - < remains closed due to atmospheric pressure
LT D - and any liquid above it, while due to the

) " vacuum produced between PB, the valve C.
opens and the liquid is forced in the barrel. The liquid above the
piston flows out through the spout E. It may often be necessary to
work the piston a few times to drive off air from inside the pump
and hence to get the first supply of the liquid. In all this action the
height of ME must be less than that of the water barometer.

(b) Tension of the Piston rod.

The tension of the piston rod is equal to the weight of a column of
water, whose sectional arca 1s equal to that of piston, and whose height
18 equal to the distance between the levels of the water within and without
the pump.

Let A be the area of the piston, A the height of the water baro-
meter, and w the wt. of a unit volume of water. Let T denote the
tension of the piston rod.

The tension of the piston rod must be such that it would
balance the difference of pressures on the upper and lower surfaces of
the piston.

Case 1. Let the waler level be at L, a point between B and 1.

The pressure of the air above L ‘
=the pressure of the water at L
=the pressure at M—w. ML
=w (h—ML)
Therefore the pressure on the lower surface of the piston
=AXw (h—ML),
and that on the upper onc
=A X wh.
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Hence, we have
T+A><w (h—ML)=Awh
T=A Xw.ML.
Case IL  Let the water have risen to a point F.
The pressure at a point on the upper surface of the piston
=w.PF+w.h=w(h+PF)
The pressure at a point on the lower one
=wh—wMP=w (h— MP)
Hence, we have
T+A w (h—MP) =A.w(h+PF)
T=A.w MF.
Hence the theorem is established.

(¢) To find the water level raised during the nth stroke.
Let P,_;, P,, be the water surfaces at the heginning and end of
the nth stroke.

Let MP,,y=x,_;, MP,=x, where M is the

water-level.
Let MB=¢, BE=d and let % be the height E
of the water barometer.
Let A be the cross-section of the barrel
BE, and a that of the pipe MB. v
Case I. When P, is below B. n
At the beginning of the nth stroke when

the piston is at B, the volume of air in the L 1B
tube MP was (c—x,-;)a, and its pressure was
wh—2xp—4). Fn

At the end of the mth stroke when the
piston was at L, this air occupied the volume - Pr-1
=(C—ux,) a+dA and its pressure=w(h—zy,).

Hence from Boyie’s Law, we have, after ~M
-cancelling the common factor w e e
{(c—=y) a+dA} (h—u,) B o

_’{ n~1 (]1 Ty 1) (l) -
From this ¢ qumtmn 1" would be obtained
if @, is known and hence the value of x,,—=,_4
t.e., the rise in the water-level in the nth stroke.

Case II. When P, is above B.

At the end of the nth stroke, in this case, the volume occupied
by the air is (¢-+d—=,)A and its pressure is (h—=z,).
Hence we shall have, as in {formula (1)

le+d=—a)A. (h—x,)={(c—xp_1)a}(h—2p_y) .. {2)
which gives the value of x, in terms of x,,_;.
Cor. Giving 7 in succession the values 1, 2, 3...... in (1) or in

(2) and noting that x,=0 we have the heights to which the surface
of the water has risen at the end of the 1st, 2nd, 3rd,...... strokes.
Therefore from (1), {(c—x,) a+dA} (h—z,)=cah
{(c—=s) a+dA} (h—x5)=(c—2))a(h—2x,)
{(c—=5) a+dA} (h—a5)=(c—=x;)a(h—x,), eto.
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127. The Lifting Pump. This pump is used to raise water

to any desired height.

It is only a modification of the common

pump having a third valve V; opening
outwards at the junction of the spout
and the barrel. Thus the water
instead of being discharged at the
spout, rises up through the pipe
connected with the spout turned up-
wards.

As the piston riseg, third valve
V, opens and the water enters the
spout and passes into the pipe above.
When the piston descends this valve
closes and does not allow the water
of upper pipe to come back in the
barrel. This process is repeated and
more and more water is fosced up
the tube through the valve Vy. In
this way water can be lifted to any
height, provided the different parts of
the pump arc strong enough to bear
the strain caused by the weight of
water above.

128. The Forcing Pamp. [t is another modified form of
the’ common pump with a strong barrel AB. 1In this pump there is

no valve on the piston, which has a
solid base fitting the cylinder tightly.
The spout is fixed at the bottom B
and consists of a long pipe as in the
lifting pump, having a valve V open-
ing outward at the junction of the
barrel and the pipe. When the water
has entered the barrel PB as in other
pumps, the downward stroke of the
piston drives the air or water between
itself and B through the valve V into
the pipe GH, the valve C remaining
closed during the action. During the
upward stroke, C opens and V closed
and water rises in BA.

Thus the process is repeated and
the water passes in the pipe GH.

The Forcing Pump with an
Air-chamber. In order that the
forcing pump may throw up a conti-
nuous stream of water, a pipe from V

is introduced to a chamber LMN vpartially filled with air. From this
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chamber a tube TMK, whose end T is well below the air in the
chamber, leads up to the height required.

Action. When the piston moves downwards the water is
forced into TMK. So there is flow of water
during this half-stroke and the air in the
chamber is compressed.

When the piston moves upwards, the
valve V is closed and the compressed air of
the chamber tries to expand and, therefore,
forces some water from the chamber, to go
up in the pipc TMK. Thus in the second
half-stroke also the flow of water continues.

x29. The Fire Engine. The fire-
engine is essentially a forcing up with air-
chamber described as above. It is formed

of two force-pumps communicating with the
same air chamber.

EECARTERE
(T EERRRRNRN]

Both the pumps draw from a common
reservoir ; when the piston in one moves
down, that in the other moves up and wice
versa. Then the air-chambor maintains the
continuity of flow as in the forcing pump with an air chamber.

130. Solved Examples.

Ex. x. The length of the lower pipe of a common pump above the
surface of the water is 10 feet, and the area of the seclion of the upper
pipe is 4 times that of the lower. Taking 33 feet as ihe height of the
barometer, prove that, if at the end of the first stroke ihe water just rise
wnito the upper pipe, the length of the stroke must be very nearly 3 feet 7

inches. (Allahabad 1921)

| Initially the piston is at B, and encloses a

.__l column of air 10" height in tube BC at atmospheric
pressure.

Let the piston now risc through a height z feet,
such that all the air is sucked up in the bigger barrel
and the water riscs in the lower column filling it up
to the top B.

Let p be the pressure due to the air enclosed in
the bigger barrel.
p+10=33
- =pressure on the surface of the
reservoir.

.o

Ly
1

- p=23.

- Initially the volume of air was 10A, where A is

= the area of the cross-section of the lower pipe, and

- ~=  its atmospheric pressure is 33’. After the first
——= stroke, the volume is x.4.A and the pressure 23’ of

—————— water.
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The temperature is assumed to be constant throughout.
10A. 33=4A. 2. 23
1033
T 4.23
=3 ft. 7 in. ncarly.

or

Ex. 2. Prove that in the common pump the water will just rise
wnto the upper cylinder at the end of the second stroke, if

2 ____,a' \\/ [ . — — 3‘1'2, Y =
h ( 1 b 2T ) h k4a—i—nb n )—}—a(Za—i—nb) 0
where a, b are the lengths of the lower and upper cylmders n 18 the ratio
of the sectional area of the latter to that of the former and h is the height
of the water barometer. (M.T. 1889 ; Calcutta 1912 ; Patna 1927)

Let x;, 2, be the heights to which water is raised during the first
and the second strokes. Here x, is given to be a.

Hence applying the formula of the Art. in which the water
level raised during the nth stroke was found, we have

l(@—=ay)+nbl(h—x;)=ah . (1)
and nb(h— a)=(a—z;)(h—x,) ... (2)
From (1) and (2), we get

nb(h—a)-+nb(h—xy)=ah,

or h—x,= ('7—’27—(7@—-(1,) ;

h
a—x;= ;I;Tll; —2(h—a).

Substituting these values in (2) we get

nb(h-a)=[?’i- ][ - —2(h—a )_]

or h"( 1— b >< wh >—Ah (4(1—}—711)— ;au +a(2a+n)=

Examples 23

1. A tall eylinder 90 cms, in length is full of mercury. What is the
greatest dopth of it which can be emptied out by means of a siphon, the baro-
metric height being 756 mms, of mercury. (Punjab 1924)

2. A siphon is used to empty a cylindrical vessel filled with mercury.
The shorter limb of the siphon reaches to the bottom of the vessel which is 45
inches deep, but it i3 found that the mercury ceases to run before the vessol is
empty. Ixplain this (Calcutta 1919 ; Dacca 1930)
A cylindrical vessel, whose hoight is that of the water barometer, is
three-quarters full of water and is fitted with an air-tight lid. If a siphon,
whose highest point is in the surface of the lid and the end of whose longer arm
is on a level with the bottom of the vessel, be inserted through an air-tight
hole in the lid, prove that one-third of the water may be removed by the action
of the siphon,
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4. The lengths of the arms of a siphon measured vertically are h, k
(h>k). The siphon is filled with liquid of density c greater than the density p
of the liquid in the vessel, Prove that the siphon will begin to work with the
end of the longer arm immersed in the liquid in the vessel provided the depth

of that end below the surface of the liquid in the vessel exceeds (h—k) - 69«

. The spout of a common pump is 7 ft. above the level of water in a
well. The diameter of the piston is 4 inches. What is the force on the piston
rod when the pump is working 2 Wt. of 1 cu. ft. of water is 625 lbs.
(Allahabad 1931)
6. A lift pump is used to pump oil of sp. gr. 0'8 from a lower into an
upper tank. What is the maximum of possible height of the pump above the
lower tunk when the pressure of the atmosphere is 76 ¢cms. of mercury.

(Patna 1929 ; Calcutta 1928)

The length of the lower pipe of a common pump above the surface
of water is 20 ft., the cross-section of the barrel of the pump is 36 times that of
the pipe, and the length of the stroke is 1 ft. Find how far the water will rise
at the end of the lst stroke, taking the height of the water-barometer to be
30 ft. (Patna 1934)

8. The lower valve of a common pump is 27 ft. above the surface of
water in a well, and the area of the cross-sectioun of the upper cylindor is twices
that of the lower. If the length of the upper cylinder be 38 ft., find how much
water rises at tho end of first and second strokes, the height of the water baro-
meter being 34 ft.

9. The lower valve of a common pump is a piece of hrass 8 ozs. in
weight, resting over a hole 2 sq. inches in area. VFind the greatest hoight at
which the pump can be iustalled, if the height, of the water baron eter is 34 ft.
and the wt. of the 1 cubic foot of water is 1000 ozs. (Lucknow 1939)

10. In acommon pump the length of the barrel is 18" and that of the
lower pipe 21 ft. above the surfaco of water ; if the section of the pipe is -3

of that of the barrel, find the height through which water would rise at the end
of the first stroke, taking the height of the water barometer to be 32 ft,
(Patna 1931)
11. A pump consists of a pipe 2 inches in dinmeter dipping into a well
12 ft. below, together with a burrel 6 inches in diameter. When the pipe is
full of air at atmospheric pressure, a closely fitting piston is raised 16 inche
from the bottom of the barrel. How far will the water then rise in the pipe ?
The height of the water barometer 1s 33 ft.

12. If the barrcl of a common pump be 2 {t, long, and its lower end be
26 ft. above the surface, and if the area of the section of the barrel be 6 times
that, of the pump, find in how many strokes the water will reach the barrel, the
height of the water-barometer being 32 ft.

13. Inacommon pump, if the piston does not go home up to the lower
valve of the barrel, prove that no water can in general be lifted into the upper
cylinder unless the range of the piston is greater than

ab
where a, b are tho lengths of the lower and upper cylinders and % is the height
of the water barometer.

14. Prove that if b, b’ be the heights at which the water stands in the
lower cylinder of a common pump before and after a stroke, then
(B’ —h) (W +h—H —a)+nb(H~1")=0,

where a, b are the lengths of the lower and upper cylinders, » is the ratio of the
sectional area of the latter to that of the former, and H is the height of the
water-barometer.
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AIR-PUMPS

131. Air-Pumps. The air-pumps are used to pump the air
out of a vessel in which a vacuum is desired.

132. Smeaton’s Air-Pump. The most common form of
vacuum pump is known as Smeaton’s Pump. In this type of pump
there is a cylinder CB with valves V;, V,
at C and B opening upwards. A piston
D works in CB and is lifted at the bottom

N\ ¢ Wwith a valve opening upwards. Valves
are all air-tight.

D From the bottom of the cylinder

% CB a pipe leads into the vessel A which

- is to be exhausted of air. Suppose the

Y g piston D resting at B is raised ; a vacuum

will be created between D and B and air
from A rushes through the pipe into the
cylinder after opening the valve at B.
When the piston is at C and is pressed
C down again the air in D escapes through
the valve in the piston since the valve at B is closed and from the
piston this first instalment of air escapes into the atmosphere. This
is the working of the first stroke and as these strokes are repeated
more and more air from A escapes into the atmosphere though at a
diminishing pressure.

The process is continued till the pressure in the receiver is too
weak to raisc the valves.

Sometimes another valve, opening upwardsfis introduced at C.
Its advantage is that during the dowaward stroke of the piston the
pressure of the air above it becomes much less than the atmospheric
pressure and hence the piston valve is more easily varied than would
otherwise be the case.

133. Hawkskee’s or Double-barrelled Air-Pump.

To make the action of the pump continuous, a double-barrelled
or Hawkskee’s Air-Pump is used. This machine consists of twe
cylinders each similar to the single
cylinder in Smeaton’s Pump and each
furnished with a piston. The pistons
are worked by means of a toothed-
wheel in such a manner that as one
piston goes up the other goes down.

‘The barrels are connected to a com-

mon tube leading to the receiver A. A
Thus the air is taken out continuous-
ly and consequently the rate of rare-
faction becomes twice as rapid as a
pump with a single barrel.




HYDROSTATIO MACHINES 1569

To Calculate the Density of the Air left in the Receiver
after the nth stroke.

Let V be the volume of the receiver including that of the pipe,
and v that of the barrel between extreme positions of the piston. Let
P be the density of air ¢nitially in the receiver ; and let p;, Py, p3...0n
be the density of the air in the receiver, after 1, 2,...... n complete
strokes.

At the end of each up-stroke, a volume V of air expands to
occupy a volume (V+wv) and thus is reduced in density to p;.

Vv
pl_v + v

At the end of the second up-stroke, the air of density g; in
the receiver expands to a volume (V4v) and thereby becomes
reduced in density to P,. Hence

- S L)'
2= vie TV
Proceeding in this way the density of air left in the reeceiver
after the nth stroke is given by .

e (L)

Note. Since p, can never be zero, a perfect vacuum ean
never be obtained.

(V4+v)p,=Vp or p.

134. The Air-Condenser or Condensing Air-Pump. The
object of this type of pump is exactly opposite to that of the Air-
Pump, viz., to increase the pressure of the air in a given vessel or
receiver. This is the common bicycle-pump or inflator.

It consists of a cylinder AB into which works a piston P. The
cylinder is open at the top. At the end B of the cylinder is a valve
V; which opens outwards. In the piston there is
also another valve V, opening downwards. The
pump is connected to the receiver A into which the
air is to be pumped, by a tube below the valve V,,
which is fitted with a stop-cock S.

When the piston is pressed down, the air bet-
weon B and the piston is compressed; the valve V,
opens and the air is forced into the receiver A.

When the piston reaches B, its action is revers-
ed and in doing so a partial vacuum is created bet-
ween B and the piston. In consequence of this the
valve V; closes and V, opens, and the barrel is filled
with air from outside. When the piston is pushed
duwn again, the air is driven into the receiver. Thus
at every stroke the air full of the barrel is forced
into the receiver.
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Density of Air in the Receiver after the nth Stroke.

Let p be the density of the air at atmospheric pressure, p, the
density of the air in the receiver after the nth stroke. Let V be the
volume of the receiver with that of the connecting tube and v that

of the barrel.
After n strokes the total volume of air at atmospheric pressure
in the receiver is V-4no.
From Boyle’s Law
onV = (V+nv)

or Pn= ( 14+ —7{—;)9

135. Solved Examples.
Ex. 1. After 4 strokes the density of the air in the receiver of an
air pump is found to bear {o its original densily the ratio of 256 to 625.
What is the ratio of the volume of the barrel 1o that of the receiver ?
(Calcuita 1923)
Let the volume of the receiver and that of the barrel be V and
v respectively.

. 256 vV ¢
Then 625 =(Vio )
\Y% 4 v
or = whence — =n.

V4o~ 5 V

Ex. 2. 7The mass of air in the receiver of an air-pump is m at
beginning, and it becomes m’ after n complete strokes of the piston. If
V and v denote the volumes of the receiver und the barrel, prove that
= 10g m—logm’

“log (V4ov)—log V"
(Allahabad 1938)

Let p and p, be the densities of the air in the receiver in the
beginning and after n strokes.

Since the volume of the receiver will remain the same,
we have

m m’
v =° and R - (1)
After the nth stroke the density p, is given by
V n
Pn= <V:{-TJ> P - (2)
Replacing ¢ and g, from (1) in (2)
™ V N\ m
v <V+oj) v
'-7'1,!

or m*=(v¥q;5')n
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. log ™ — 1 v_
or og -, ~=nlog y
or log m'—log m=n{log V—log (V+w)}
log m—log m’
or -

"= log (V-4v)—log V'
Examples 24

1. If the cylinder of an air-pump is one-third the size of the recej

what fractional part of the original air will be left after 6 strokes ?
(Patna 1926, 29)
2. The volumes of the barrel and the recsiver are 25 and 75 cu. inches
respectively. Find the pressure of the air after 3 strokes, (Bonbay 1935)
Describe briefly the action of air-pump in its simplest form, and
explain how the degree of rarefaction produced by a givon number of strokeg
can be calculeted. (Punjab 1931)

ver,

. If the volume of the receiver in a Smeaton’s air-pump is 5 times that
of tho barrel, find the pressure in the receiver after 3 strokes of the piston, the
barometric height being 30 inches. (Calcutta 1912)

If the pressurein a pump were reduced to } of the atmospheric
pressure in 4 strokes, to what it would be reduced in 6 strokes ?  (Punjub 1923)

1
6. Inone pump the barrel has 12—th of the volume of the receiver
and in another it has ili-th. How many strokes of the latter are required
to produce the same degree of exhaustion as 8ix of the former ? (Patna 1935)

. If the receiver of an air-pump bo 6 times as large as the barrel, find the
number of strokes required before the density of the air is less than :‘fth of the

original density. (Patna 1941)

8. The barrel and the receiver of a condensing pump have capacities of
75 c.cs. and 1000 c.cs. respectivoly, How many strokes will be required to raise
the pressure of the air in the receiver from one to four atmospheres,
(Calcut'a 1925y
9. Ifthe volume of B of the cylinder of a condenser only C is traversed
by the piston, prove that the pressure in the receiver cannot be made to exceed
B
B_C atmosphere.
10. In a condenser the piston can only work through a length, @, the
distance of the piston in its lowest position from the lower valve being 5, Show

that the density of the air in the receiver cannot exceed a—}-b‘ times the atmos-

pheric density.

1r. Air is pumped from a vessel of volume V and forced into a vessel of
volume C by means of a Smeaton pump of volume B. Show that if the whole of
the air have originally a density p. and if the piston be originally at the end of

the cylinder nearest to the vessel A, then after tho piston has made 2n—|
strokes, reaching the end C for the nth time, the density of the air in the two

vossels will be
A,, g I An , e
( ) ] and A+B .'..C—— ( ‘,,,A),A_ B

12. If h be therange of the piston in a Smeaton’s air pump, q, its dis.
tance from the top of the barrel in its highest position, b its distance from the
bottom in its lowest position, and ¢ the density of the atmosphere, prove that
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tas!i 11 ing density of the air in the receiver will be
ab
(BFa) i)™
(M.T. 1861; Calcutta 1912, 14, 15)
13. A body woeighing n lbs. in air, weighs (n4-1) lbs. in the veceiver of an

air-pump after n strokes of the piston. If the capacity of the receiver be n
times that of the barrel, prove that the wt. of the bedy in vacuum will be

(n41)n+l—nn+l

EES I

14. In Smeaton’s air-pump, find the position of the piston in its {n--1)th
ascent when the highest valve begins to open ; and show that in that position
the tension of the piston rod : thrust of the atmnosphere on the piston is as

A B
1— B et 2

(A4+B)» (A+B)™» (A+B) (M.T. 1856)

x5. Prove that if the piston of Hawkskee’s air-pump cannot traverse
the whole length of the cylinder, the density in the roceiver after n strokes  will

be N
= {1 (a5

of the density of the atmosphere, runposing A to denote the volume of the
roceiver, B that of the cylinder, and C that of the part traversed by the piston.
(Patna 1941 ; M.7'. 1885)
x6. The volums of the barrel of a condenser is V and volume v of it is
below the piston when the Jatter is pushed down as far as it will go. If the
valves open when the difference of pressure between the two sidesis p, and II
the atmospheric pressure, prove that the groatest pressure that can be produced
in the air in the receiver is

. (Lucknow 1939)

v
(II—p) - o TP (M.T. 1872)

17. A condenser, whose clearance may be neglected, and its receiver is
connected in an air-tight room. The air in the room and in the receiver is
initially of density p. Prove that after n strokes the density of the airin the

receiver becomes
[+ e Ve V)]
e T 7w V4+u ’

where « i3 the volume of the barrel of the condenser, » that of the receiver and
V+4u+o that of the rcom, (M.T))

136. The Diving Bell. It is used to enable persons to go down
a great depth under water to lay the foundations of piers or do some
such work there. It consists of a large bell-
shaped or cylindrical vessel made of
metal closed at the top and open at the
bottom. To its upper extremity chains
= _ are fastened and inside the bell there are
== scats S for the divers.

The bell is lowered into the deep
water after the divers have taken their
seats within it by means of the chain. As
it deseends it carries with it the air en-
closed within, but the volume of air
diminishes and water rises within it. To supply this diminution of

[ARIREE]

RN RN RSN
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the volume of the contained air and also to drive out polluted air,
a fresh stream of air is constantly being pumped in through a tube
A which opens above the surface of water and polluted air keeps
flowing out through another tube B.

The diving bell is so heavy that it can sink down to a very
great depth by its own weight and as soon as the divers have finished
their operations below, they indicate the intention by giving a jerk to
the chains.

137. Problems. A diving bell is lowered into water of given
density. If no air be supplied from above, find

(8) the compression of the air at a given depth a,
(t2) the tension of the chain at this depth, and

(s73) the amount of air at atmospheric pressure that must be forced
tn so that at this depth the water may not rise within the bell.

(3) Let b be the height of the bell ABCD. Let a be the depth
of the upper side AB from the free surface. Let AC’ the length of
the bell occupied by the air be x and let A
be the hLeight of the water barometer in
atmospheric pressure.

Now CC'=b—2x. Also, let A be the
cross-section of the bell. Let w be the wt. of
unit volume of water and

IT the atmospheric pressure

: [{=wh (1)

The pressure of compressed air enclosed
in ABD'C’

=the pressure at the water level C'D’

=II--(a+=x)w

=(h4a +z)w.

The original volume ABCD of air was at atmospheric pressure
II. Hence by Boyle’s Law

zA.(h+a+2x)w=bAwh
or x2+4(a-+h)x—bh=o

which is a quadratic equation in z having one positive and one
negative root. If the positive root be x;, the required rise of water
in the bell will be b —z,.

(¢2) If T be the tension of the chains and W be the wt. of
bell, we have
T=wt. of the bell—wt. of the water displaced
=W—w.Ax.

Note. To be more accurate, the wt. of the air contained in

it may be added. But it is very small in comparison with the wt.
of the diving bell.

(i5i) Let V be the volume of the diving bell, and V' the volume
of atmospheric air that must be forced in to keep the water level at

CD.
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In this case the pressure of the air within the bell
=pressure of the water at the level CD

=w(b+a)+=
=w(a+b+n).

Since a volume (V4+V’) of air at pressure n(=wh) has been
compressed to volume V at pressure w{a+b+h), it follows from
Boyle’s Law that

(V4+V') hw=V(a-+b+h) w
or v=v? :b .

138. Solved Examples.

Ex. 1. A cylindrical diving bell, whose height is 6 fi., is lel down
till ils top is at a depth of 80 fi. Find the pressure of the contained air,
the height of the water barometer being 33% fi.

(Patna 1941 ; Agra 1928)

If a be the depth of the top of the bell below the water, b its
height, A the height of the water barometer and the length of the
bell occupied by the compressed air, then from the first result of the

last Article we have
224 (a+4-h)x—hb=0.
Putting the values of a, b and 4 in the above, we get
x*4-(80+33%)x—33% X 6=0
o e TIT0H10V307
Hence the pressure inside is equivalent to a+-80--33% ft. of

water
. _ x+80+33}
° = 33

/307
= I—Zi_l%'——w atmospheres

=345 atmospheres.

atmospheres

Ex. 2. A cylindrical diving bell, whose cross-seclion is of area
A, is suspended in water with its flat top at a distance a below the sur-
face, the air inside the bell then occupying a length b of the bell. A man
of volume kA and sp. gr. o who has been sitting on a platform inside
the bell, falls into the enclosed water and floais. Find the consequent
change in the level of the water inside the bell ond the total amount of
water inside the bell after the fall of the man.

Find also the change in the tension of the supporting chain.
(1.C.8.)

The volume of the air inside the bell initially
=Ab—kA=A(b-k).
Let b—x be the length of the bell occupied by the air finally,
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then the volume of the air inside the bell
=A(b—a) —(portion of the man above water in floating)
=A(b—x)—(Ak—Adk,, since Aok is the volume of the
water displaced by the man
=A(b—x—k-t+ok)
Lev p and p’ be the pressures of the air initially and finally, we
have by Boyle’s Law
Ab—k)p=A(b—x—k+ok)p’
But as the pressure inside is due to the level of water inside the
bell below the effective surface,

p=w(b+a+h) and
p'=w(b—x+a-+h), where k is the ht. of the water baro-

meter
Hence (b—k)(b+a+h)=(b—x—h+ok)(b—x+a+h)
22— x(2b+a+h—k+ok)+ko(b4-a+h)=0. v (1)

which is a quadratic equation for x. Its second term is clearly nega-
tive, and its third term is positive. Hence both the roots are posi-
tive. Thus « being positive, the level of the water rises in the bell.
Let ¢ be the total height of the bell the amount of water in it
initially =A(c—D).
The amount finally
=A{c—(b—2x)}—amount of water displaced by the man
=A(c—b+x)—Adk
Thus the amount of water initially —amount finally
=Ack—Ax
==— A(x—ok) «. (2)
Hence from equation (1)
(x—ok) (x—2b—a—h+k)=ck(b—k).
The second factor on the left-hand side is clearly negative, and
the right-hand side is positive
x—ok is negative.
Here the right-hand side of (2) is positive i.e., initially the
amount of the water inside the bell is greater than the final amount.

Tension of the chain initially
=wt. of the bell4+wt. of the man-—wt. of water dis-

placed
=W+ Akow—Abw
Tension of the chain finally
=W—A(b—2x)w
Initial Tension—Final Tension
=Aho —Azw
= Aw(ok —x)

= positive as in (2).
Hence in the second case the tension of the chain is decreased.
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Ex. 3. In a diving bell a soda water botile is opened, which tn
the external air would liberate a volume V of gas ; show that the tension
of the rope is diminished by

WY
v (a+h)32+4bh’

IZ'{ are neglected, w being the wi. of @ unit volume of

the water, A the cross-section, a the depth and b the height of the bell,

and h the height of the water baroweler in atmospheric air.
(Banaras 1935, 44)

where squares of

With the usual notation, we have
22 +x(a4-h)—hb=0 <. (1)
When the bottle has been opened, let x become x-+y. The
original volume of the gas and air inside the bell would at pressure h

occupy a length b4 X of the bell.
Hence, by Boyle’s Law,

(e+)ety+atm=(b+ e . (2)
Subtracting (1) from (2), we have
Y+ 2otatm= . (3)

Since squarcs of \g—b are to be neglected, it follows from (3)
that the squares of y are also to be neglected.

Hence (3) becomes
Vi
y(2x-ta+h)= A ' e (4)

If T and T' be the original and final tensions respectively, we
have

T=W-—Azw and T'=W—A(x+y)w
S T—T'=W—Asw—WHA(x+y)x
Vwh
*221;;“—:}."%, from (4:)
_ _Yuh
V@4

Examples 25

=Ayw=

from {1).

1. A bottle whose volume is 500 c.cs. is sunk mouth downwards below
the surface of & tank containing water, How far must it be sunk for 100 c.cs.
of water to run up into the bottle ? The height of the barometer at the surfaco
of the tank is 760 mm. and the sp. gr. of mercury is 13-6. (Patna 1928)

2. A diving-bell is lowered in a lake until one half of it is filled with
water. Prove that if d be the depth of the top of the bell below the surface,
the height of the bell is 2(h—d) whers h is the height of water barometer,
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. A cylindrical diving bell weighs 2 tons and has an internal capacity
of 200 cu. ft., while the volume of the material composing it is 20 cu. fit. The
bell is made to sink by attached weights. At what depth may the weights be
rerr;nved and the bell just not ascend, the height of the water barometer being
33 feet ?

. A cylindrical diving bell, whose height is 9 ft. is lowered till the
level of the water in the bell is 17 ft. below the surface. The height of the
water barometer being 34 ft. ; find the depth of the bottom of the bell. If bhp
area of the section of the bell be 25 sq. ft, find how much air at atmospheric
pressure must be pumped into the bell to drive cut alt the water,

5. The height of the water barometer being 33 feet 9 inches and the
sp. gr. of mercury 135, find at what height a common barometer will stand in
a cylindrical diving bell which is lowered till the wator fills one-tenth of the
bell. How far will the surface of the water in the bell be below tho external
surface of the water ?

6. A cylindrical diving bell is lowered in watoer and it is cbserved that
the depth of the top when thae water fills 3 of the inside is 34 times the depth
when the water fills } of the inside ; prove that the height of the cylinderis }
of the height of the water barometer,

A cylindrieal bell 4 ft. long whose volume is 20 cu. ft. is lowered
into water until its top is 11 {t. below the rurface of the water, and air is forced
into it until it is th full. \What voluine would tho entire quantity of air

oceupy under atinoapheric pressure, the water barometer standing at 33 ft. ?
(Calcutta 1912)

8. Ifa diving bellin the shape of an inverted cone, of height a, be
lowered till the vertex is at depth d, prove that the height « of the part of the
bell occupied by the air is given by the equation

2t a3t d)=a*h,
whero X is the height of the water barometer, (Allahabad 1932)
A diving bell is made of a substance whose sp. gr.is 4 and its
interior will contain a quantity of wator whose woight is twice that of tho bell.
If the hell be lowered in water till the tension of the rope is half tho waight of
the bell, prove that tho density of the air within it will be eight times that of
atmosphere. (M.I'. 1870, Nagpur 1939, Calcutta 1924)

10. If b, B’ be the heights of mercury in a barometer placed within a
cylindrical diving bell of length b, at the beginning and the end of a descent ;
H the height of the mercury barometer at the surface and p the sp. gr. of
mercury, prove that the depth of the bell is

, DHY
(2 —n) ( o+ ,7,7) (Allahabad 1933)

11, A circular cone, hollow, but of great woight is lowored into the sea
by means of a Tope attached to the vertex. If h be the height of the cone, ¢
the depth of the vertex bolow the free surface, & the height of the water baro-
meter and 'T, T’ the absolute temperature of the air at the surfaco and of the
wator, prove that the depth of the water surface below the vertex of the cune
is given by

'l‘{.l"+.1:°(k+c)}— 13T =0 (Bombay 1935)

12. A eylindrical diving bell of height Z is sunk into water till its

lowor erd is at a dopth nth below tho surface ; if the water fill 1th of the bell,
prove that the bell contains air whose volume at atmospheric pressuro would be

4 19
. 5 '("+ i’b‘)v’
where V is the volume of the bell and / is the height of the water barometer.

13. A cylindrical diving bell of height «, is lowered till its top is at a
depth h below the surface of the water. If the bell be now half full of water
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and air be pumped in till all the water is expelled, prove that the bell must be
lowered a further distance 4H— 2k, before the bell is again half full of water, H,
being the height of the water barometer. . (Nagpur 1938)

14. A hemispherical diving bell, of radius 7, is lowered in water with its
base horizontal till the water rises up to the middle poiat of the vertical radius
of the bell. Show that the depth of the base of the bell below the surface is

11 r
5" h+ T
I being the height of the water barometer. (Nagpur 1942)

15. A diving-bell having the form of a cylinder surmounted by a hemi-
sphere, the height of the cylinder being equal to the radius of the common
base, is lowered in the sea until the water occupies the whole cylinder. The
height of the water barometer is 32 ft. and the sp. gr. of the sea-water is 11025.
Find the depth of the water level inside the bell below the surface of the sea.

16. A diving bell is in the form of a cylinder of length ¢ surmounted by
a cone of hoight A. If no air is pumped in when it is immersed, find how far it
must be lowered for all the air to be forced into the conical part. Show that
the volume of air at atmospheric density which must now be pumped in that

the bell may be filled is
a 3a
(55w

where H is the Leight of the water barometer, and V is the volume of the bell,
(Nagpur 1955 ; Indian Police 1926)

17. The weight in water of the material of a cylindrical diving bell is W,
and the tension of the chain is P. A length a of tho bell is occupied by air.
Show that, if a weight w of water is drawn up in a bucket into the air space,
aund the bell is raised through a distance 'ngl’“’ the tension of the chain will
be the same as before. (M. 7.)

18. A diving bell, whose height is b fcet, contains a mercury barometer,
yvhose height is /s inches when the bell is above the surface of the water, and 7’
inches when it is below ; to what height is the top of the bell submerged when
its shape is

() conical, and

(77) cylindrical.
) 19. A cylindrical diving-bell of height 10 fi. and internal radius 3 ft. is
immersed in water o that the depth of the top is 100 ft. Show that if the
temperature of the air in the bell be now lowered from 20°C to 15°C and if 30 ft.
be the height of the water-barometer at the time, the tension of the chain is

increased by about 67 lbs. (1 cu, ft. of water weighs 621 Ibs.)
(Patna 1926 ; Banaras 1926 ; M. T')

20. A diving bell is immersed in water so that its top is at a depth a
below the surface, the height of the air within the bell being then 2 and the
height of the water barometer being h. If a bucket of water, of small weight
W, be now drawn up into the bell, prove that the tension of the chain is in-

7 A
creased by ﬁ“{}}a _?3; approximately.

2x. If a diving bell descends from the surface with uniform velocity V,
show that the water will ascend a height & in the bell in time

b H
(1 "z’:.z;)
where [ ig the longth of the be'l and H the height of the water barometer,
(Nagpur 1957)

22. A diving bell is lowered into water at a uniform rate, and air is
supplied to it by a force pump, so as to keep the bell full without allowing any
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-air to escape. How must the quantity 7.e., mass per second, vary as the bell
descends *? (Ayra 1930)

23. A cylindrical diving bell is lowered to a given depth in water by
means of a chain and is completely immersed. If it be lowered to the same
depth in a lighter liquid, will the tension of the chain be greater or smaller ?

(Bombay 1935)

24. Ifa cylindrical diving bell, of height ¢ and of such internal volume
that it would contain a weight W of wator, be lowered so that the depth of its
highest point is d, prove that, whon the temporature is raised from °C to ¢,°C,
the tension of the supporting chain is diminished by

alti=1) wh o nearly
4ot A/ (hd-d)2+4ah ’
h being the height of water barometer and g =41 5. (Patna 1927)

25. A cylindrical diving bell, of height b, is immersed in water with its
‘highest point at a depth u below the surface ; if the baromoter rises so that the
increase of the pressure on its top is P, show that the alteration in the tension
of the chain is approximately

L3 [ — ,,9+_’fw]
l SVAvES R
where # is the height of the water barometer.

26. If a cylindrical diving bell of hoight @ whose chamber could contain
a weight W of water, be lowored so that tho depth of the highest point is d,
prove that when the temperature is raised to t°C, the tension of the supporting
-chain is diminished by

hw
- nearly,

T4/ {(k-+dp>+4ak}
h being the height of the water barometer and T tho absolute temperature.
(M. 1))
27. A cylindrical diving bell fully immersed, is in equilibrium without a
chain. Show that if the exterior atmospheric pressure increases slightly, the
ratio of the distanco moved through by the bell, to that moved through by the
surface of water in the bell when held fixed, is H/i+4x?: x2 approximately
where H. is the height of the water barometer, h the height of the bell, and .«
-the height of thut part of it which is filled with air.



CHAPTER XI
DETERMINATION OF SPECIFIC GRAVITY

139. Different Instruments. In chapter II the specific
gravity of a substance was defined as the ratio of the weight of any
volume of that substance to the weight of an equal volume of some
standard substance, usually water. The weight of a body can be
measured with very great accuracy, but it is often impracticable to
measure its volume directly. Therefore in such cases some indirect
methods arc adopted.

The sp. gr. of solids or liquids are usually determined with the
help of the following instruments :

(1) The Specific Gravity Bottle,
(2) The Hydrostatic Balance,
(3) Hydrometers, and

(4) The U-tube.

140. The Specific Gravity Bottle. The Specific Gravity
Bottle is a glass which can hold a definite volume of liquid ; for this
purpose it is fitted with a glass-stopper through which a perforation
runs 80 that, when the bottle is quite full of liquid and the stopper is
pushed in, the excess of the liquid passes out through this hole and
;;lhe stopper is always able to occupy the same position when pushed

ome.

141. (a) To delermine the specific gravity of a given liquid by
means of the Specific Gravity Bottle.

Let the bottle be weighed when empty, next, when it is filled
with water, and again when filled, with the given liquid. Let these
weights be W;, W, and W, respectively.

Then the wt. of the water filling the bottle

=W2—W1)
‘ The wt. of the liquid filling the bottle=W3;—W,
Hence, the sp. gr. of the given liquid
_Wo— W,
W,—W,;

(b) To determine the sp. gr. of a given solid.

Let the solid be broken into small pieces so
that they can be put inside the bottle.

Lot W,=wt. of the solid
W.=wt. of the bottle when filled with water
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W;=wt. of the bottle when ‘it contains the solid and is
filled up with water.

<. Wi+ W,=total wt. of the solid and of the bottle when filled with
water.
Also Wy=total wt. of _the solid and of the bottle when filled
with water —wt. of the water displaced by the solid.
Hence, by subtraction,

W;+W,—W,=wt. of the water displaced by the solid.

Therefore W; and W,;-+W,—W, are the wts. of cqual volumes
of the solid and water.

Hence, the sp. gr. of the solid

= . wl o
Wi+W,+W;

Note. If the body be, like sugar, soluble in water, it must be
placed in a liquid in which it is insoluble and the sp. gr. of which is
known. If the solid be lighter than water. another liquid should be
taken into which the solid sinks. By determining the sp. gr. of this
new liquid (a), the sp. gr. of the solid can be easily calculated. That

liquid should also not be used in which a given solid produces any
chemical changes.

142. The Hydrostatic Balance. This is an ordinary balance,
one scale-pan of which is suspended by shorter chains than the other.
The first scale-pan has a hook attached to it so that a solid can be
suspended from it and immersed in a liquid.

143. (a) To delermine the sp. gr. of a solid by means of the
Hydrostatic Balance.

(1) When the solid is heavier than the water.

Let

W,=wt. of the solid

W,=apparent wt. of the solid in water

wt. of the water displaced =W;—W,, which has the same
volume as the solid

ia=. W1
Hence the sp. gr. of the SOhd“WI—Wz .
(i) When the solid is lighter than the water.

In this case the body must be attached to another body, called
a stnker, which when attached to the solid will cause both to sink in
water.
Let
W;=wt. of the solid

W,=wt. of the sinker in water

W,=wt. of the sinker and body together when placed in
water.
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W,;=wt. of the sinker in water-+wb. of the solid —wt. of
the water displaced by the solid.

=W,+W,— wt. of the water displaced by the solid

wt. of the water displaced by the solid
=W;+W,—W,

Hence, the sp. gr. of the solid=w;+x—;_—‘vs .

(b) To determine the sp. gr. of a liquid.
Let W, be the wt. of a solid which will sink both in the given
liquid and water without causing any chemical changes.

Let
W,=wt. of the solid in water
W;=wt. of the solid in the given liquid
o Wy—W,=wt. of the water displaced by the solid
W;—W,=wt. of the given liquid displaced by the solid
Hence, the sp. gr. of the given liquid
_ W, —W,
W, —W, °

142. Jolly’s Balance. This is practically a hydrostatio
balance which consists of a long spiral carrying two scale-pans, one
above the other, and is so arranged that the lower scale-pan is in
water. The body whose sp. gr. is required is first placed in the upper
pan and the point to which the spring is extended is noted by means
of the scale. The body is removed and the ‘weights’ are placed to
produce the same extension as before. Thus the wt. of the body is
determined. The body is next placed in the lower pan and ‘weights’
are placed in the upper to produce the same extension as before. This
gives the wt. of the water displaced by the body. Now since the wt.
of the body and the wt. of the water displaced have been found, the
sp. gr. of the bedy can be determined.

145. Solved Examples.

Ex. 1. A Specific Gravity DBottle weighs 212 grains when t is
filled with water ; 50 grains of metal are put into it ; the overflow of the
water is removed and bottle now weighs 254 grains. Find the sp. gr.
of the melal.

The wt. of the bottle when filled with water only

=212 grains.

Wt. of the solid=50 grains

Wt. of the bottle when it contains the solid and is filled with
water

=254 grains
wt. of the water displaced by the solid
=(52+4212—254) grains
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_ . wtofthe solid =
wt. of the water displaced by the solid
=350-61,

. specific gravity =

Ex. 2. Some copper weighs 72 grammes and is coated with 18
grammes of wax whose sp. gr.is *9. If the whole weighs 62 grammes in
water, find the sp. gr. of the copper.

Wt. of the water displaced by the copper and wax

=72+418—62 =28 grammes.

Wt. of the water displaced by the wax
‘}) X 18 grammes =20 'gramm es.
.. wt. of the water displaced by the copper

=28—20=_8 grammes.

.. sp. gr. of the copper=7%%=9.

Examples 26

b ¢ A’bndy weighs 7'55 gms. in air, 5:17 gms. in water and 6 35 gms, in.
another liquid. ¥ind the density of the body and the sp. gr. of the liqud.
(Calcutta 1932)

2. A specific gravity bottle weighs 12:64 gms., when empty and 61-54
gms, when some pieces of iron are put into 1t. On being filled up with water
only, it is found to weigh 37°6 gms. Find the sp. gr. of the iron,

3. Asp. gr. bottle weighs 63 gins. when it is fillel with water ; some
pieces of metal (sp. gr.8'4) are put into it when some water overflows. Then
the bottle is found to weigh 100 gms. Find the weight of the water that has
overflowed.

A piece of metal which weighs 15 ozs. in water is attached to a piece
of wood which weighs 20 ozs. in vacuum, and the two together weigh {0 ozs. in
water. Find the sp. gr. of the wood. (Calcutte 1913)

5. Two bodies are in equilibriun1 when suspended in water from the

arms of a balance. The mass of ono body is 28 gms. and its density is 5-6
gm.[c.c. If the mass of the other body is 36 gms. what is its density ?

(Dacca 1942)

6. The effoct of the air being neglected, the sp. gr. of a solid body is-
found by a specific gravity bottle to be o ; 1f p be the sp. gr. of the air, show
that tho real specific gravity of the body is

c—g(o—1).

7. A specific gravity bottle weighs 1472 grams when empty ; 39-74
grams when filled with water, and 44-15 grams when filled with a solution of
common salt. Find the specific gravity of tho solution. (Calcutta 1934)

8. A solid, which would float in water, weighs 4 lbs., and when the
solid is attached to a heavy piece of metal tho whole weighs 6 Ibs. in water : the
weight of the motal in water being § Ibs,, find the sp. gr. of tho solid.

g. A piece of sugar weighing 40 grammes is coated with 576 grammes
of wax whose sp. gr,is 96, If the whole weighs 14:76 grammes in water, find
the sp. gr. of the sugar,

10. The apparent wt. of a sinker when weighed in water is 5 times the
wb. in vacuo of a portion of a certain substanco; the apparent wt. of the sinker
and substance together is 4 times the same weight. Prove that the specific
gravity of the substance is §. (M.T. 1855)
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xx. The sp. gr. of a body found by the Hydrostatic Balance, the
observation being in air and its effect neglected, iss. Prove that this result is
too great by .

2(o=1),

where p is the sp. gr. of air.

12. A specific gravity bottle of oil weighs 425 grammes., A lump .of
metal weight 11 2 grammes is placed in the bottle and the bottle filled up with
oil, the whole now weighing 521 grammes. The bottle is now emptisd and 20
grammeos of mercury (sp. gr. 13'5) poured into it ; on filling up with oil, the
egmbined woight is found to be 61'9. Find the specific gravities of the oil and
the metal,

13. The sp. gr. of a solid hoavier than water is found to be p by the
Hydrostatic Balance when the effect of air is neglected. Frove that if this effect
be taken into consideration, tho true sp. gr. is

e(l—o)+o

where o is the sp. gr. of the atmospheric air.

146. Hydrometers. Hydrometer is an instrument which is
used to determine the sp. gr. of the liquids or of solids. There are
various forms of the hydrometer ; but here we shall confine ourselves
to only two varieties ¢.e.,

(1) Common Hydrometer
(32) Nicholson’s Iydrometer.
147. Common Hydrometer. The specific gravities of

liquids only can be detecrmined by the Common Hydrometer. It
consists of a straight glass stem CD ending in a

Jol< bulb A, below which there is another smaller

, bulb B. The bulb B is loaded with mercury,

F so that the hydrometer will float with the stem
vertical.

It is clear that the hydrometer always dis-
places liquids whose weights are equal to that
of the instrument ; for this reason it is some-
times called the constant weight hydrometer.

148. 7o determine the sp. gr. of a gtven
liquid.

Let V be the volume of the hydrometer.
Let the portion DE of the stem remain above
the surface when the instrument floats in equili-
brium immersed in the given liquid and let DF
remain above when it floats in water. Let « be
the cross-scction of the stem, which is constant

throughout.

The volumes of the given liquid and the water displaced by
the hydrometer are
V—a.DE and V—a.DF
respectively.

In each case the wt. of the displaced liquid is equal to the wt.
of the hydrometer. :
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Hence, if 8 be the sp. gr. of the given liquid, we have
8(V—a.DE)=V—a.DF
_ V—aDF
= v I«DE"
149. To graduate a Common Hydrometer.

Let the stem be produced, if necessary, to a point O such that
the volume of the length DO is equal to V, the total volume of the

hydrometer.
Hence V=a.DO. ﬂl)
The sp. gr. s of the liquid is given by the last Art. i |}
—~ V—aDF ’
°~ V—uDE e
~ %PO—oDF OF )
" «.DO—o.DE~ OE
. oe=""".
As O would be a definite point on the prolongation of
the stem, we may take O as our origin ; and since F' denotes
the point up to which the hydrometer sinksin water, OF
may be taken to be of definite length.
OE & —-. Lo

1 1
83 &« OF, Sg &€ ‘O_E;’ S3 &« O, etc.

Hence the hydrometer may be graduated thus :—

Let T be the point at which the instrument would float in
water, let O be the point on the stem or stem produced, such that
the volume of the length OF of the stem is equal to that of water
displaced by the instrument when floating in water, then the gradua-

tion E,, E;, E,...... corresponding to sp. gravities s;, $,, Ss...... are
given by
OE;= QF—, OE,= QIE—, OE;= Q-F, respectively.
81 Sa 83

Hence it follows from above that if the sp. gr. s vary in A.P.,
the corresponding distances OF would be in H.P., whilst if the distances
OF are in A. P. the corresponding sp. gravities are in H.P,

Thus there are two types of the common hydrometer : -—
(1) Twaddell’s Hydrometer.—This type of hydrometer is
used in England. In it the specific gravities ascend in A.P. and the

corresponding values of OE descent in H.P., so that the marks of
graduation become closer together the lower they are on the stem.

(2) Beaume’s Hydrometer.—This type of hydrometer is used
in Europe. In it the values of OE are in A.P., so that the distances
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between the marks of graduation are the same ; the corresponding
valucs of ¢ are now in H.P.

x50. Nicholson’s Hydrometer. This hydrometer is used
for determining the specific gravity of liquids as well as of solids. It
may also be used for weighing small bodies and
for comparing the specific gravities of two liquids.
It consists of a hollow cylinder A, gencrally made
of brass, which supports by a thin siecm a small
cup B on which weights can be placed. Another
cup C below A is connected with it by a wire and
loaded sufficiently so that the instrument may
float with its stem vertical.

On the stem there is a well-defined mark D
and in using the hydrometer weight-pieces are
placed on the pan till the instrument sinks in the
liquid so that the point D is in the surface. Thus
the volume of the liquid displaced by the instru-
ment is always the same. For this reason the
hydrometer is sometimes called the Constant
Volume Hydrometer.

151.  To determine the sp. gr. of « given liquid.

W =wt. of the hydrometer
W,=wt. required to be put on the pan B to sink the
instrument in the given liquid up to the mark D.
W,=wt. required to sink the hydrometer in water up
to the mark D.
So W+ W, =wt. of the liquid displaced by the hydrometer.
W+ W,=wb. of water displaced by the hydrometer.

Hence W+4W, and W-+W, are the wts. of equal volumes of
the given liquid and water.

Hence, the sp. gr. of the liquid
W+W,

= WAW, -
152. To determine the sp. gr. of a solid.
Let _ )
W, =wt. required to be put on the pan B to sink the instru-

ment to D in water. )
W,=wt. required to sink the instrument to D, when the solid

is also placed upon the pan, ‘

W,=wt. required to sink the instrument to D, whep the solid
is placed in the cup C underneath the water.

The wt. of the solid together with W, has, therefore, the same
effect as the wt. of the solid in water together with Wj.
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wt. of the solid in water4+Wz;=wt. of the solid+W,

W3—W,=wt. of the solid—wt. of the solid in water
=wt. of the water displaced by the solid.

Also W;—W,=wt. of the solid.
Hence, the sp. gr. of the solid
_ Wi—-W,
W W,

153. The U-Tube Method.—By this method the sp. grs. of

two liquids which do not mix can be compared.

Let ABCD be a U-shaped tube of glass. Let
the two liquids be poured into the two arms, one in ]
each, with their common surface at B. |

|

Let E be the point of the other arm in the
same horizontal level as B.

The pressure at B=the pressure at E ¢ - -
g$1AB+rw=gs,CE +x -] iy
where 7 is the atmospheric pressure -
s CE .
s;  AB
v.e., the specific gravities are inversely propor-

tional to the heights of the free surfaces from their
common surface.

Note. If the liquids miz with each other.~—In each
case some mercury is first poured into the U-tube.
Let BDE be the portion occupied by mercury, BE
being horizontal. Next liquids are poured in the two arms so that
the levels of the mercury are the same as before. Measure CE and
AB. The remaining calculation is the same as before.

154. The Inverted U-tube or Hare’s Hydrometer.

This instrument is used for comparing the sp. grs. of two
liquids. It consists of an inverted U-tube connected by an open tube
K as shown in the figure.

Ik The two vertical arms of the tube are
dipped in two vessels A and B containing tiwo
liquids whose sp. grs. are to be compared. The
tube K is connected by an air-pump which draws
out a certain quantity of air. In doing so let 1T,
the atmospheric pressure be reduced to II’ and
Jet  the liquids rise in the two arms up to E and
F.

Let s, 83 be the sp. grs. of the liquids in

A and B,
I1I=1I1'-+gs, CE,
and II=II'+4g¢s,.DF
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SI.CE=82.DF
s DF
or s, CE-

155. Solved Examples.

o Ex. 1. 4 common hydrometer sinks to the points A, B, C in
liqguids whose densities are Pi, pa, P, respeciively. If AB=a, BC=b
and AC=a+b, prove that ’

b , b
b e _atb (Bombay 1937)

We know that

s=‘¥ E:; B—g (see Common Hydrometer)
V—a.D¥
1=y DA e ()
V —a.DF V—a.DF
P= Y _uDB = PTa(PAta) - @
. V—a.DF V—a.DF
Pz V=aDO = V=aTA—a=1) - @

Cross-multiplying and subtracting the result of (2) from (1)
V (p1—ps)=a. DF (P1—p,) 4-poux

or V=aDF4 %% . (4)
P17 P2
Similarly from (1) and (3)
Vo DR o0 . (5)
P1—P3

Subtracting (5) from (4)
A2+ 9;(’*1_;%11)*

r—"Fe P17 Ps
or ap,pat 05 3= (a+b)r10s
a b a-+b
or — =
3 f1 Py

Ex. 2. One limb of a U-lube of uniform cross-section 1 sg. cm.
is open 1o the atmosphere and the other is closed. The tube is partly
full of mercury and the space above the mercury in the closed limb 1s
occupied by air. The mercury stands at a higher level in the closed limb
than in the other. In what follows the temperature may be assumed
constant.

When the atmospheric pressure is equal to that due to h+x cms.
of mercury the difference in the level of the mercury in the two limbs is
b, cms. ; and when the atmospheric pressure is hy+y cms. of mercury the
difference in the level is hy cms. Show that if hy is grealer than hy, 18

greater than y.
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Show further that when the difference of level is h cms. the almos-
pheric pressure will be

(ha—h) -+ y(h—hg) T

of mercury. ({.C.8. 1926)
Let v; be the length of the tube occupied by air in the first

reading, v, in the second and v in the third.

Evidently the pressure due to the air column will be =z, y,z
respectively in the three readings, where z+h is the atmospheric
pressure in the third reading.

]L+ ?“_: xy(hl—.k2)

V=2, Y =02

Now as the pressure decreases, some mercury is forced down in
the tube and the same amount increases in the other tube.

v+ 3(hy—hy) =1,
Similarly for the third reading
vo+3'hy—h)=v

z
I =1(h,—
and vy y v, =3(hy—ny)
x z
and yfvl—— L =4(h—hy)

y—x y* hy—hy

or wmw—xy y | h—hy

or oz wlhe—Ry)
z2—y (y—=x)(h—h,)
or A @(hy—h) )
-y —&(hy—hy) +(y—2)(h—hy)
xy(hy—h,) xy(hy—hs,)

P ey —hy bl B y(h—hy)  w(hy—h)Fy(h—hy)
The atmospheric pressure
xy(hy—hy)
Mt b —h) +y(h—hy)

Ex. 3. The specific gravily of a body found by Nicholson’s
hydrometer is o when the effect of the air is neglected ; prove that th
real specific gravity is o—p(a—1), where P s the sp. gr. of the air.
Also if W be the apparent weight of the body as found from ihe
experiment, find its real weight.

Let s; and s, be the real sp. grs. of the body and the ‘weights’s
respectively. Let w; be the real wt. of the body and w, the wt. of
the hydrometer.

Let W;=wt. required to put on the pan to sink the instru-
ment to the definite point in water
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W,=wt. required to sink the hydro. to that point, when
the solid is also placed wpon the pan

Wy=wt. required to sink the hydro. to that point when
the solid is placed in the cup underneath the water.

W;—W,
M=V, __ =1 "2
Hence W=W, W,, o W,—W,
Wio .
wyt Wy — - o~ =wt. of the water displaced,

82

W, —{-‘\V2< 1~—*Sl >AI— uvl( 1— :1 )=wt. of the water displaced ;
2 1

and w,+W, ( 1-—- {)1> ‘—|~wl< 1— S )“—-Wt. of the water dis-
1
placed

. by subtraction,

wl(l- S’:—):(W,—Wz) ( 1—,:;) e (1)

and (»];9 )
1

By division
si—p W, —W,
g

(W,—W,) ( 1—1.) . (@)

So

T W,—w, ¢
$1p+ 6(1—p)=6—p(o—1)

From (1)
o r
= w0 g)

=W - = -t
Wy L $1—p 1
S1
wit-1)
ol —p) E5—e(e=1)]

-w (1= %) (: 1+T<1'p—77)“}

Examples 27

1. The whole volume of a coromon hydrometer is 6 cubie inches and
the stem, which is a square, is § inch in breadth ; it floats in one liquid with 2
inches of its stem above the surfaco and in another with 4 inches above the
surfaca, Provo that their sp. grs. are in the 1atio 190 : 191

. .9_ . . :
2. When a coinmon hydrometor floats in water T55th of its volume is

. . . . 20 X . .
immerssd, and when it floats in milk 7% of its volume is immersed. Prove

that the sp. gr. of the milk is 1 03,
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3. Tha whole volume of a coramon hydrometer is 15 cms. and ita stem
is 3 mm. in diameter. The hydcometer floats in a liquid with 3 cm. of the stem
above the surface, and in another liquid with 6 cm. above the surface. Coropare
the densities of the liquid, (Madras 1936)

A common hydrometer floats in water with half the stem immersed-
A lighter liquid which does not mix with water is poured into the containing
vossol until one-fourth of the stern remains above the liquid. Tf the depth of the

upper liquid be »:L——lh of tho stem, n being <4, find the sp. gr. of the liquid.

5. A common hydrometer has a gmall portion of its bulb rubbed off
from fregrent use.  Tn consequence. when vlaced in the water, it appears to
indicate the sp. gr. of water is 1002; find what fraction of its weight has
heen loat.

6. A common hydrometer being graduated upwards, its readings for
two different {luids are 7, and .” and for a mixture of equal volumes of these
roadings is 7 ; show thut the volume of a unit of length of the stem is to the
volume of the wholo instrument bolow zero point as

o L’ — %2+ xzx'tax’—2x2".
(M.T. 1872 ; Lucknow 1926)

7. A Nicholson’s hydrometer sinks to a certain mark in liquid of sp. &r.
06 ; but it takes 120 grawmes to sink it to tho saino mark in water. What i8
the weight of the hydrometer ? (Caleuita 1948)

8. A Nicholson’s hydrometer weighing 1506 gms. requires 20°4 gms. to
})6 placed on the upper pun to sink it up to mark, when made to {loat
in water. What weight must be addoed to sink it up to murk when floated
in aliquid of sp. gr, 1'2 ?
9. A hydr«?meter marks graduations e, b, ¢, in liquids whose densities
4ro py, P2, p3 resped tively. Prove that
b—e c—a  a=b —0
P1 + P2 ez (Patne 1926, 33)

1o Tfw, wy, wy are tho weights roquired to sink a Wichclzon’s hydro-
meter 1n liquids of sp. grs. s, 4y, #p, T spectively, prove that & can be detei-
mined in terrus ef the other quuntities without kuowing the weight of tho
instrament and its value is ‘

w =y wW—"1',
o ’_'*é" - f1-
Weo— 1wy wy —wy
LI A Nicholson’s hydrometer is used to determine the woight and
§pec-ﬁc gravity of a solid, and \V and s are the results when the effect of the air
is negleeted.  Prove that the actual woeight is
l Wt k[s(1—k)] (1—=k/@)
where I and d are specific gravities of air and of the material of the known
weights employed. (Patne 1927)

12, Itv{s found }hat a solid whose true weight iz w, placed on the upper
{)m), m.nl.;s a Nicholson’s hydrometer to the mark ; as also another solid whose
'fuu weight is W, when placed in the Jower cup. If the two solids have the
eame £p. grs, show that its value is
W—uga
, Wew
whero o is the sp. gr. of the air,
13. If a coramon hydrometer be accuratel i
4 y graduated for use in a
:acuum. -show that ,ﬂm error due to using it in air of sp. gr. o will he an
t{:p.sclx)'ent, inereaso of o’ of sp. gr., where ¢’ is to 6 in the ratio of the volume of
© bydrometer uniinimersed to that immersed.

14. A common hydrometor whose volume is V and the cross section of

whose stem is — i i
s —, has lengths @ and b of its stem uncovered when floating in
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one or the other of two liquids. TIn a mixturo of weights of the two liquidsin
the proportion 7 : 1, x is uncovered, and in a mixture of volumes in the propor-
tion m' : 1, y is uncovered. Prove that

(x—y) (c—y)=(a-y) (b—y). (Allahabad 1927)

15. If the reading of a common hydrometer when placed in fluid at the
same temperature as itsolf be x, and if, when it is placed in the same fluid at a
higher temperature than itself its reading be at first x;, but afterwards the
reading rises to y, the ratio of the expansions of the fluid and of the hydro-
meter tor the same change of temperature 18 approximately
x -y wg—ay (M. 7))
16. A common hydrometer is used to determine the sp. gr. of a liquid
which is at a temperature higher than that of water, When the hydrometer is
transferred from water to the liquid the sp. gr. appears at first to be o but
afterwards to be ;. Show that the true sp. gr. at the temperature of the
water is

o+ %(‘(cl—c),

where oo and a’ are the co-efficients of expansions of the hydrometer and the
fluid respectively. (Banaras 1937)

x7. A common hydrometer has a piece of its bulb chipped off. When
placed in fluids of density o and B, it indicates densities o', 3’ respectively.
Find the proportion of the weight which has been chipped off, and show that if
in any fluid the apparent density is 2, the true density is
o wmaf (o)
gy ([B—m)—::x(bt'ﬁ—aﬁ') (Calcutta 1927, M. T.)
18. Suppoting a common hydrometer to be immersed in a liquid less
dense than water as far as the point to which it would sink in water prove that,
if let go, it will eink through a distance
2w 1-s
E S os ]
w being the wt. of the hydrometer, k the section of its stem and s the sp. gr. of
the liquid. The hydrometer is supposed to be never entirely immersed. (M. 7.)

19. A U-tube of cross-section o with equal vertical legs contains a liquid
of density p. Tn the liquid on one side there is floating freely a solid body of
volume ab and density of <p). The length of the other leg unoccupied by liquid
isc, Another liquid of deusity u(<o) is then poured into the leg in which the
golid is floating till that leg is tull. Show that the length which is still un-
occupied of the other leg is

w

P(2p—w) 2o —
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ANSWERS

Examples 1
"9658. 2. 648 cu. ft. 4. 1841. 5. 05 gall. (nearyy)
3(n+1), 3(2n+1), $(n+42) (Ratio). 9. 6,2,

Examples 2 -
2291% lbs. wt. 2. 36864 ft.
73343 Ibs. wt. per. sq. inch. 4. 69 ft.
14°9556 cu. in. 6. 15 cms.
1% 1bs. wt. per sq. inch.

Examples 3

67500 grams. wt. on the upper face, 94500 grams wt. on the
lower face, 81000 grams wt. on each vertical face.

5153 bs. wt. 3. 1096 gahe. 4 % (14410,

40 : 87 : 92. 6. 53125 1Ibs. wt. 7. 35°148 lbs. wt. nearly.
1, 297, 265'625 1bs., 30372 ft. nearly. 10. 3 :1.

9 ft. 12. Increased. 14. 3b(a?—0%)w.

At a depth of ‘\_/1“2‘ times its side.

Join A to a point P in DC so that DP : PC=3 : 1.

As the answer of Q. 16.
. . 1 N
Draw lines at distance /\/'7—4 R /\/ /\/ j‘-...times
n n
Distances from B of the points of division are in the ratio

the height of the par™ from the top.
1:4/2:4/3 i,

The plane cuts of /73 of the axis,
Examples 4

sl

& gPh3(a+2b).
The point lies in the line from the vertex bisecting the base and

at a depth 713 times the depth of the vericex.

. Examples 6
43, 2. 3%
. Examples 7
£z, 2. 3 4. 3 times the depth of the base,

Divides the dlagonal in the ratlo 7:5.
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N

1x.

10,

Iz,

19.

2.
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Examples 8

(—14+/5) f])j is the depth of the line.

Fra. 4. ra.

[

VZZ below the centre along the major axis, a being the semn.
major axis.
a 3018 Sn(a?+4b2) +-32ab N
(2 dapsm ¥ datss )
1 ssest—dnk 3% 164
7 5k—3h ’ " 16w 15w
63%2 4354290k
35L2 - 1582+ 42kh

Examples 10

) from the vertex.

o

Vertical face at depth g upper slant faces 4a from centre

Ta
3V
of face, lower faces 3@ from centre.
da 16a 4
5 ' 33"

162 —16 si i
a 16216 sin &3 sin & cos a , where 2« is the angle of the

4’ Bu—2 sin @
sector.

Examples 11

3:1. 4. ka2< 1+ %A) w, lza”( l+g) w, h and a being

height and radius of the cone respectively.

5.
7.
8.

13.

4—m: 44 6. 6b—=a : 6b+ra.

inh (a®*+ab—2b%w.

i (a—c) (5g?+5ac+2¢%) w, & nw{a®~ (3ac®+2¢%)}.

3 r2go(3hy + 2k~ h,®[h?), where L and %, are the heights of the
lower and upper cones, and r the radius of the base of the
lower cone.

Examples 12
%nazw( a-+ ;%—), a being the radiuseof the base.

4 s O
2, g o

a w\h +=n 4
of the cone respectively.

ahh'w, where /' is the height and a the radius of the base of the
cone,

A3 . .
)5a and % arc the radius of the base and height
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18.

14.

15,
16.
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whry/ B2 +3n%2, tan 0= _:-’;. 7. 2rhw.
la’hw \/ i 16 through the centre at an angle tan~! Z— to the

horizontal.

T 4 2a )
m athw, © a®w 2t - g at tan™' ;- to the horizontal.
243w,
1y/13 na’w at an angle tan™'(}) to the horizontal passing
through the centre of the hemisphere whose radius is a.

Thrust on a lower part is 3 times than on an upper.

1wh?/a®+b® where & is the height of the cone.
Examples 13

tan ~1 (3) with the horizontal, 178'88 w grams.

7 a?w[y/ 2, = a?(h+a) w4/ 2, a is base-radius.

3 madwy/ (13—12 cos 0), § nedwy/ (13412 cos 0).

§ gra® (n*—4n+ 8))5.

} gerl® sin? « cos ay/1+3 sinZa,

Examples 14

. 2. 2:8073- cu. {t. 3. 364 cu. cm. ncarly, 7'5.
048 cu. in. 5. 2'3.
10k o g, 7. 23.

e

195 hs, $00 cu. ins.

. o \} / g \3
Vi 10. (;) h, [ 1= l—pr) ]h
726, inch. 12. 6,500 tons.

_ B3 abtbbesbeu

aihde ’ Sahe

Exampies 15

1:2. 2. "00013. 2. 1t will sink. 4. %
’ Examples 16
36 Jbs. 4. Wood. 5. 21 6. 123",

. 1
313 1Ibs., <1'3—~—77§’«) ths. ¢. 8, wt.of 5 gms., 100 c.cs.

Examples 17
Dt 5. % wt. of the rod.
Examples 18

JmY) ¥

n
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Examples 19
1. 2623......cms. 2. 306 {t. 3. 15 c.cs.
4. 794843 metres. 5. 6 cu.ins. 6. 3: l']’zj"
7. It would float.
10. The positive root of z*4-(a+h)x—(b—a)h=0, h being the
height of water barometer,

Examples 20
1. 307°C. 3. 1330°C. 4. 10 cu. inches. 5. 429°224.
6. The one whose temperature is the lower.

Examples 21

1. 0°0686 of the original V. 3. 7in. 4. 74 in.
Examples 23

1. 756 mm. 5. 382 lbs. wt. 6. 12'92 metres.

. 16 ft. 8. 22-58 ft., 33:20 ft. nearly.

9. 33 ft. 10. 4 ft. 1. 81ft. x=2 6.
Examples 24

1. 3 2. *422 atmos. 4. 1736 ins.

5. Ui of the initial pressurc. 6. 4. 7. O 8. 40.
Examples 25

1. 2584 cms. 2, 04325 ft.

4. 20 ft., 132y% cu. ft. 5. 334 inches., 3 ft. 9 inches.

6. 225 cu. ft. 15. 4683 {t. nearly.

X
8. ()7, (h'—h)_b(,i’f,)d

(77) ~—1% (h'—h)— j;;—b, where o is sp. gr. of mercury.

22. It remains constant.
Examples 26

. 317 gms./e.c., 0°5. 2. 754, 3. 5 gms.
4 08 5. 277 7. 117
8. % 9. l6. 12. 405, 2835
Examples 27
1™
3. 36 :43. 41—

. ~5(l)i—[-——"—l—], o being the sp. gr. of the substance of the bulb.
o—
7. 180 gms. 8. 5106 gms.
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