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PREFACH

THE mathematical problems which arise in dealingiwith
numerical data are attractive and important. Some“know-
ledge regarding them is required by workers in many differ-
ent fields—astronomers, meteorologists, physicists, engineers,
naval architects, actuaries, biometricians, and statisticians,
as well as pure mathematicians; but until recently there
has been very little instruction on the subject in the
mathematical departments of the British universities. Of
late, however, there has been a great awakening of interest
in it; and it is now included in the syllabus for the Open
Competitive Examination for appointments in the Home and'
Indian Civil Services, the Colonial Service, ete.

The present volume represents courses of lectures given
at different times during the years 1913-1923 by Professor
‘Whittaker to undergraduate and graduate students in the
Mathematical Laboratory of the University of Edinburgh, and
may be regarded as a manual of the teaching and practice
of the Laboratory, complete save for the subject of Descriptive
Geometry, for which a separate text-book is desirable. The
manuscript of the lectures has been prepared for' publication by
Mr. Robinson, who has performed the whole of the work of
numerical verification and has contributed additional examples.

The exposition has been designed to make each chapter,
as far as possible, intelligible to those who have not mastered
the preceding chapters; so that any one who is interested in

some special problem may, by the help of the Table of Contents,
v



vi THE CALCULUS OF OBSERVATIONS

find and understand what is said about it without being obliged
to read from the beginning of the book.

One feature which perhaps calls for a word of explanation
is the prominence given to arithmetical, as distinguished from
graphical, methods. When the Edinburgh Laboratory was
established in 1913, a trial was made, as far as possible, of
every method which had been proposed for the solution of the
problems under consideration, and many of these methods were
graphical. During the ten years which have elapsed since
then, the graphical methods have almost all been abandoned, as
their inferiority has become evident, and at the present time
the work of the Laboratory is almost exclusively arithmetical.
A rough sketch on squared paper is often useful, but (except in
Descriptive Geometry) graphical work performed carefully with
instruments on a drawing-board is generally less rapid and less
accurate than the arithmetical solution of the same problem.

The material equipment essential for a student’s mathe-
matical laboratory is very simple. Each student should have
a copy of Barlow’s tables of squares, etc., a copy of Crelle’s
“Calculating Tables,” and a seven-place table of logarithms.
Further, it is necessary to provide a stock of computing paper
(i.e. paper ruled into squares by rulings a quarter of an inch
apart ; each square is intended to hold two digits; the rulings
should be very faint, so as not to catch the eye more than
is necessary to guide the alignment of the calculation), and
lastly, a stock of computing forms for practical Fourier analysis
(those used in Chapter X. of this book may be purchased).
With this modest apparatus nearly all the computations here-
after described may be performed, although time and labour
may often be saved by the use of multiplying and adding
machines when these are available.

Attention may be drawn to the opportunities which the
subject presents to the research worker in Mathematics. There
is an evident need for new and improved methods of dealing
with many of the problems discussed in the later chapters.
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CHAPTER I

INTERPOLATION WITH EQUAL INTERVALS OF THE ARGUMENT

1. Introduction.—Mathematics is occupied largely with the
idea of correspondence: eg. to every number z there corte-
sponds a value of 2, thus

z=1,2,3,4,5,...
*=1,4,9,16, 25, . ..

One of the two variables between which correspondence
holds is called the argument and the other is called the functton
of that argument.

If a function y of an argument x is defined by an equation
y=j(x), where f() is an algebraical expression involving only
arithmetical operations such as squaring, dividing, etc., then by
performing these operations we can find accurately the value
of y, which corresponds to any value of #. But if y=1log,,2
(say), it is not possible to calculate y by performing simple
arithmetical operations on # (at any rate it is not possible to
calculate y accurately by performing & finite number of such
operations), and we are compelled to have recourse to a table,
which gives the values of y corresponding to certain selected
values of z; e.g.

. log a. £ log .
70 0-845 098 7-4 0-869 232
71 0-851 258 75 0-875 061
72 0-857 332 76 0-880 814
73 0-863 323 7 0-886 491

The question then arises as to how we can find the values
of the function log # for values+of the argument z which are
(D arn) 1 2
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intermediate between the tabulated values, e.g. such a value as
2="T-152. The answer to this question is furnished by the
theory of Interpolation, which in its most elementary aspect
may be described as the science of Ws
of a mathematical table.”

"In the Tarther development of the theory of interpolation
it will be shown how to find the differential coefficient of a
function which is specified by a table, and also to find its
integral taken between any bounds of integration.

A kind of interpolation was used by Briggs,* but interpolation of

the kind hereafter explained, based on the representation of funetions
by polynomials, was first introduced by James Gregory } in 1670.

2. Difference Tables.—Suppose a function /() is given in
a table for the values @, a+w, a+2w, ¢+3w, ... of its
argument %. It is required to find the value of the function
when the argument has the value @ +aw, where % is a fraction.

Before this problem can be solved by the method of inter-
polation, it is first necessary to form what are called the difer-
ences of the tabular values. The quantity

Sa+w) -fla)
is denoted by Af{«) and is called the first difference of fla).

The first difference of f(a+w) is f(a+ 2w) - f(a+w), which is
denoted by Af(a+w). Moreover, the quantity '

Af(a+w) - Af(a)
is denoted by A%f(e) and is called the second difference of f(),

while the quantity
A%(a+10) - A¥(a)

is denoted by A3f(a) and is called the third difference of f(a),
and so on.

It is convenient to arrange the tabular values and their
differences for increasing values of the argument in what is
called a difference table, as follows :

* Briggs’ method was, however, closely related to the modern central-
difference formulae. Cf. his Arithmetica Logarithmica, ch. xiii., and his
Trigonometria Britannice, ch. xii. Of. Journal of the Institute of Actuaries,
14, pp. 1, 78, 84, 88; 15, p. 812

1 Rigaud’s Correspondence of Scientific Men of the 17th Century, 2, p. 209.
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Argument.  Entry. A, A2 A3,
) 0
o

arw  flatw) A%(a)

Af(a+w) A¥(a)
a+2w  fla+2w) A¥(a + w)

Afla+ 2w) A3f(a+w)
a+3w S+ 3w) A¥(a + 2w)

Af(a+3w) A3f(a + 2w)
a+dw  fla+4w) A¥f(a + 3w)

and similarly for differences of order higher than the third.
The first ent;ry f(w) is called the leading term, and the differences
of f(«), that is To say Af(a), A¥(«), . . . are called the leading
diflerences. _ Evidently each difference in the table is the “number
(with dts proper algebruic sign) obiained by subtracting the
number tmmediately wbove and to the left from the number
immediately below und to the left.

The sum of the entries in any column of differences is equal to the
difference between the first and last entries of the preceding column,

This affords a numerical check on the accuracy of the table. Thus in
the above table we have
A%fla + 3w) = Afa) + A3fla) + Alflw +w) + A¥f(a + 2w).
An example of a difference table is the following, which represents
the natural smes of angles from 25°40°0” to 25°43° 0” inclusive at
ntervals of 20”.

Argument, Entry, A. A3, A3,
25°40°0” 0-43313 47858 66963
8 73933 05476
20" 0-43322 21791 72439 - 40 73056
8 73892 32420 - 822
40" 0-43330 95684 04859 —~ 40 73878
8 73851 58542 - 822
25°41'0” 0-43339 69535 63401 — 40 '74'700
8 73810 83842 - 820
20” 0-43348 43346 47243 — 4075520
8 73770 08322 - 823
40" 0-43357 17116 55665 - 40 76343
8 73729 31979 - 821
25° 42'0” 0-43365 90345 87544 —-4077164
8 73688 54815 - 821
20" 0-43374 646534 42359 - 4077985
8 73647 76830 - 822
40” 0-43383 38182 19189 - 40 78807

256° 43' 0"

0:43392 11789 17212

8 73606 98023
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It will be seen that in this case the third differences are practically
constant when quantities beyond the fifteenth place are neglected, any
departure from constancy in the last place being really due to the
neglect of the sixtcenth place of decimals in the original entries. So
the fourth differences are zero.

It will be found that in the case of practically all tabular
Sunctions the differences of a certain order are all zero; or, to
speak more accurately, they are smaller than one unit in the last
decimal place retained in the tables in question. This fact lies
at the basis of the method of interpolation, as we shall now see.

3. Symbolic Operators.—The formulae of the calculus of
differences may be very simply represented by the use of what
are called symbolic operators. Of these we have already intro-
duced A, and we shall now consider another operator denoted
by E.

Let w represent the interval between successive values of the
argument of the function f{¢), and let E denote the operation
of increasing the argument by w, so that Ef(a)=f(a+w); in
general we shall write E®f(a) =f(a +2w), where z is an integer.
Now by definition we had A/(a+aw)=f(a+2w +w) —f(a + zw),
80 Af(e + zw)=(E - 1)f(e + zw). It is therefore evident that
the operators E and A are connected by the relation A=E -1 or

E=1+A

‘When symbolic operators obey the ordinary laws of Algebra
they may be separated from the symbols representing the
functions to which they refer and treated independently in
much the same way as symbols of quantity. Now it may be
easily shown that the following relations are true for the
operator A:

A{f(a) +£(B) +flc) +. . J=Af(a) + ASf(D) + Af(e) +. . .,
Akf(a) = kAf(a), where £ is a constant factor,
AmArf(a) = A™tnf(a), where m, n are positive
integers.

The corresponding identities for E are:

E{f(a) + A(b) +f(c) +. . }=Ef(a)+E/(d) +Efc) +. . .,

Eh/(a) = kE/(a),
EnErf(a) =Emtnf(a).

Thus in many respects the operators E and A behave like

algebraic symbols and may be combined like them.
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The following examples illustrate the use of these operators:

Ex. 1.—To express the nth differences of a tabulated function in terms
of the successive entries.

Arf(a) = (E - 1)%(a)
= (i amr-1 "0 S Vg apya)
.6,

Anfla) = fla +nw) — af(@ + rw — w) + n(’n,

)f(a + nw — 2w) —

+(= 1))
Ex. 2.—To express the function flu+aw) tn terms of fla) and the
successive differences of f(a), when z is @ positive integer.

J(@ +zw) = E%f(a)
=(1 + Ayfa),

so that
fl@+aw) =Fa) + sbf(a) + 2:!_1)A2f(a) +. . .+ 0%(a).

4. The Differences of a Polynomial.—We find without
difficulty that the difference table for the function y=a® is
as follows :

. Y. A. Al A3, AS,
0 0
1
1 1 6
7 6
2 8 12 0
19 6
3 27 18 0
37 6
4 64 24 0
61 6
b 1256 30
91
6 216

It will be seen that the third differences of this function are
rigorously constant and the fourth differences are zero. This is
a particular case of a general property which we shall now
&stablish,



6 THE CALCULUS OF OBSERVATIONS

Note that the table may be extended indefinitely when we know the
third differences to be constant, For by definition, when we add to an
eniry in a column of differences the corresponding first difference, the
sum so formed gives the next entry in the column. It follows that the
column of second differences can be formed from the leading term 6 by
repeatedly adding the constant third difference 6; the column of first
differences being formed from the leading term 1 by adding in succession
the second differences 6, 12, 18,. .. The values of 23 are then obtamed
from the leading term 0 by adding in succession the first differences
1,7, 19, 37, 61, . . . )

Consider the case when the tabulated function f{z) is a
polynomial of degree n, say,

S@)=Ax"+Ban-1+Ca-2+. . . +Le+M.
Then
Afe)=f(a+w) - f(e)
=A{(a+w)"-a®} +B{(a+w)r-1-ar-1} +. . . +Lw.
Now

n(n-1
(e +w)?=0"+nwar-1+ -(#wzu"‘z .. L wh,

8o that

Af(a)=A{nwa™-*+ ﬂ%{ l)w%" L w

+B{(n -1)war-2 + (n ‘_1)_2(l£:2_)wzun-s +. . WY

+. ..
+ L.
This is a polynomial of degree (n—1) in @, and therefore the
first differences of a polynomial represent another polynomial
of degree less by one unit.

By repeated application of this result we see that

the 2nd differences represent a polynomial of degree n -2,

» drd » » » » n=3

» nth » ”» 2 » 0:
t.¢. the nth differences are constant. It follows, therefore, that
the (n+ 1)th differences of a polynomial of the mth degree are
all zero.

5. The Differences of Zero.—A table of values of any power
of the natural numbers may be formed by simple addition when
the leading term and the leading differences are known, in
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precisely the same way as in forming the table of cubes (§ 4).
The differcnces of the leading term 02, which are gencrally used
in forming a table of #?, are known as the differences of zero.
They are of frequent occurrence in the calculus of differences.

Tu order to form a table of reference of the differences of zero we
apply the result of § 3 (Ex. 1),
Anf(a) = fl@ +nw) — nf(e + nw - w) + Jan — 1)@ +nw — 2w) —. . .
and write
AP =@+ 0P —n{x+ (@ — 1)+ Fnn— Dz +(n-2)}P—. ..
If we now substitute in this equation particular values for z, p, and =, we
obtain the equations
AP =nP —n(n — 1)P + In(n — 1) (n —2)P —. . .+ 017 T 02,
Ar 112 1=l (n = 1)P + = 1) (n = 2)P —. . .+ 1071,
and therefore AnQP = nAn-11p-1, (1)
From the relation A" Ifla + w) = A%f(a) + A*" 1f(a) we see that
An-11p~1 = Anor~14 An~10P- 1) and equation (1) may be written
AnQP = n(A”OI“l + A'n—lop—l)_ (2)
We now construct a table of values of A"0? by the repeated applica-

tion of this equation, remembering that A%t =0, A101=1, and also
that AnQ» =0 for n>p.

».  AOZ, A%Q2, A3Q2, At0?, A%, A%07,
L1
2 1 2
3 1 6 6
4 1 14 36 24
H 1 30 150 240 120
6 1 62 540 1560 1800 720
7 1 126 1806 8400 16800 15120
8 1 2564 5796 40824 126000 191520
9 1 510 18150 186480 834120 1905120
10 1 1022 55980 818520 5103000 16435440

From equation (2) we see that the value of a particular difference
AnQP ig obtained by taking n times the sum of the two numbers of the
preceding row which are situated in the same column and in the preced-
ing column respectively. For example,

A%07 = 3(62 + 540)
=1806.
6. The Differences of x(x-1)(x-2) ... (x-p+1)—
Among the polynomials of degree p there is one polynomial of
special interest in the theory of interpolation, namely,

w@-1)(z-2) ... (z-p+1)
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This polynomial is denoted by [#]? and is called a factorial. 1f
we suppose the interval of the argument in the difference table
of [#]? to be unity, we have
[elp=a(a-1)(a-2) ... (a-p+]1),
[e+1lp=(c+1)a(e-1)(a-2) . .. (e-p+2),
AlaP=[a+1] - [a]?
=a(a-1)(¢-2)(@-3)... (t-p+2){(a+1)-(a-p+1)}
=plap-,
so that Alz]?=p[x]?-1*
It follows that
Aap [Pt [z+1]? [o [o]Pt
pl (p-1f p! p! -1

a result that may now be used to tabulate the values of [#]P/p! as in the
following table :

x. [FBf21. [z[3/31. [a]/a. [=]5/5".
0

1 0

2 1 0

3 3 1 0

4 6 4 1 0
5 10 10 5 1
6 15 20 15 6
7 21 35 35 21
8 28 56 70 56
9 36 84 126 126

7. The Representation of a Polynomial by Factorials.—
In § 4 we found an expression for Af{z), the first difference
of a polynomial of degree =, in a form which is less simple
than the polynomial itself. It is more convenient to carry out
the operation of differencing by the use of factorials, using the
relation of § 6:

Alwlp=plale-2 (1)

Let ¢i(x) denote a polynomial in z of degree . We may
write ¢y(®) =7+ (% —n+%)py-1(%), where 7 is the remainder and
¢r-1(x) the quotient when ¢y(z) is divided by (z-n +£%), so
ér-1(2) is of degree (k—1). By a repeated application of this

This is analogous to the formula of the differential caleulus ‘%,(m’) =pa?-1,
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transformation, we ohtain an expression for a polynomial of the
nth degree in terins of factorials:

$u(®) =a+[@]¢u_2(2)
=ua+ ﬁ[.b] + [%]s‘/)u— 2(“’)
=a+ B[]+ y[z]2 + [P, -5()

=a+Ba]+y[aP+. . .+[x]Py(z),

where a, 8, ¥, . . . are constants and ¢y(«) is a constant v (say).
‘We thus obtain the result

(@) =a+ B[]+ [P+ 2P +. . .+i[z]" (2
Ex—To represent the function y=a%— 12434 4222 — 302+ 9 and its
successive differences in the factorial notation.
Using detached coefficients when dividing by o, 2~ 1, £~ 2, . .
1{1-12+42-3019
0+ 1-11+31
2(1-11+31 l 1

0+ 2-18
31— 913
0+ -;|

"l':‘e

we obtain the value of y in the form
y =[]t — 6P + 13[4 +[2]+9.
The successive differences are given by
Ay = 4[«P - 18[« + 26[-]+1,
A2y = 19[x]2 — 36[+] + 26,
A3y = 24[x] — 36,
Ay =24,

Now let @ be one of the tabulated values of the argument
of a polynomial of degree %, and let w be the interval between
successive values of the argument. Consider the value,
Sla+zw) of the polynomial corresponding to the value (a+zw)
of the argument. Writing fla+aw) for ¢,(2) in (2) and
applying the operation denoted by equation (1) to both sides of
equation (2), we find that

Af(a+aw) =B+ 2y[2]t+ 32 +. . .+mfz]* L (3)
Shrystal, Algebra, 1, p 108,
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Differencing this equation, we obtain
AYa+zw)=2y + 2.35[2]1 + 342 P +. . .+n(n-1)[z]* % 4
Moreover,
Afa +2w)=2.3.8+2.34z] + 3.4. 5{-‘[90]2
+n(n - 1) (n - 2)[z]*"3, (5)
and so on for differences of higher order. The values of the

coefficients a, B, v, . . . are found by putting =0 in cach of
the equations (2), (3), (4), . . . so that

a=fla), B=Afu), y=1A%c), 8=}A%«), ... v=A"fa)/n!.
Equation (2) may now be written
Sa-sa0)=fla) +adfie) + L aspa) +.
+i1,_(u,—1)(w—2) C

n!

(x:——n+QAnﬂa)_

This formula * enables us to ewpress the polynomial f(a+xw)
wn terms of the factoriuls x, (% - 1), x(x—1) (x-2), . . . when a
difference table of the function is given.

This general formula may be easily verified for special values of z.

When =0, it hecomes fla) =f(«).
When 2=1, then

Sl + w) = fla) + 1.Af(w)
=f(u)+ {f(e +w) - fl«)}, which is an identity.
When z=2,
fla + 2w) = f(a) + 24f(a) + A3fa)
=f(@) + 2{fla +w) - fla)}
+ {fla + 2w) — 2f(a +w) + fla)}.

8. The Gregory-Newton Formula of Interpolation.—The
general formula of the last section may he applied to solve the
problem of interpolation.

Suppose that y is a function of an argument » and that the
values of y given in the table are Au), flo+w), Aa+2w),
Ma+3w), . .. corresponding to the values @, a+w, a+ 2w,
a+3w,...of . Alsosuppose that these values of the function
are entered in a difference table and that the differences of
order » are constant. 'We are not supposed to know the values
of ¥ which correspond to other values of u, such as u=a+§w.

* Cf Ex. 2,88,
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It i3 required to find an analytical cxpression for these inter-
mediate values of .

The problem may he stated graphically as follows:

Draw the rectangular axes Ow, Oy. Let K, L, M, N . . .
be points on the » axis having abscissae @, @+, a+ 2w, &+ 3w,

. respectively. At these points erect ordinates K4, LB,
MC, ND, . . . cqual respectively to the entries f(a), fle+),
flo+2w), fla+3w), ... Then the points 4, B, C, D,. . . 8o
determined aro points on the graph of the function* The
problem of finding a “smooth ” curve to pass through the points
4, B, 0, D, . .. has not a unique solution: in fact an infinite
number of eurves satisfying these conditions can be found. As
our aim is a practical one, we naturally choose the simplest
solution of our problem. ¢

Remembering that the

simplest functions are poly- Ax Bx ©x px

nomials, we inquire if it is

possible to pass through the

points 4, B, C, . . . a curve

which is the graph of a poly-

nomtal function of degree n. L ) . sy
We have already seen o K ]I;'m N M N

(§4) that for any polynomial

of degree m the differcuces of order m are constant and for the
st of values J{a), /(@ +w), f(@+2w), *. . it has been assumed
that the differences of order » are constant. This being so,
a polynomial of degrec = exists which takes the values Sa),
flw+w), fle+2w), . . . when the argument » has the values
¢, a+w, a+2w, . . .; in fact, by the last section, we can write
down an expression for the polynomial. It is
y=7(n) +zAf(a) + 3(%2—‘1) A*fla) +. .

i 1)_;_-;&-!_(’;:__19 A'fw) (1)

=/(w),

* We do not know anything about tho portions of the graph intermediate
between these points, hut we assume that the graph is a smooth curve ; for
our present purpose we can take this to mean that the function has fimte
differential coeflicients of all orders at every point.
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where # is connected with = by the relation w=a+2w,
and where

Af(a) stands for f(a + w) - f(a),
A*f(a) stands for f{e +2w) - 2f(a +w) +/(a),

and 80 on.

We shall now tuke the polynomial (1) to represent the function
y also for values of the argumnent intermediale between the
tabulated wvalues. The portions of the graph intermediate
between the points 4, B, C,. . . may therefore be filled in by
drawing the curve

y=f(a+zw)
=70) +at i)+ Daspiay+. . @)

and in order to compute the value of y corresponding to any
intermediate value of the argument such as a+3w, we simply
substitute the value =} in this formula,* which is the analyti-
cal expression required.

The fundamental problem of interpolation is thus solved.
The formula (1) is often referred to as Newfon’s formula of
interpolation, although it was discovered by James Gregory in
1670.1

The application of the Gregory-Newton formula is illustrated by the
following examples :

* Many books of logarithmic tables, cte., contain a table of the binomial
cocfficients required in the interpolation formula (1), at intervals of 0-01 from
=0 to a:=1.
t Cf. a letter of Gregory to Collins of date November 23, 1670, printed in
Rigaud’'s Correspondence, 2, p. 209. An example of the use of the formula is
worked out on p. 211 of Rigaud. Collins was accustomed to send on to Newton
the mathematical discoveries of Gregory (cf. Rigaud, 2, p. 335).
Newton's publications on interpolation are contained in :
1. The Methodus Differentialis published in 1711 but written before
October 1676.

2. A letter written in 1676 to John Smith.

3. Lemma v. in Book iii. of the Principia published in 1687. The above
formula is Case i.

4. Various references in the Commercium Epistolicum of dates 1672/3 to 1676,

These have been collected and edited by D. C. Fraser iz the Journal of the
Institute of Actuaries, 51 (1918-19), pp. 77 and 211,
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Ex. 1.—From the table given below to find the entry corresponding to
w=21.

Argument. Eutry. A. A2 A3, A4,

20 0-229314955248
701747247

22 0-230016'702495 602297
702349544 — 1944

24 0-230719052039 6003563 4
702949897 - 1940

26 0-231422001936 598413 3
703548310 - 1937

28 0-232125550246 596476
704144786

30 0-232829695032

Here « =20, w=2, S+ 2w) =f(21), and w=1
£21) = 20) + aifi20) + Darao) + 12 o= Do) +.

=229314955248 + ;(701 74724'7) — },—(602297) —~ L (1944)
=229314955248 752871
+ 350873623-5 - { +121:5
=229665828871-5 — 754086
80
£(21)=0-229665753463.

Ex. 2—To find the co-ordinate X of the sun on November 10, 1910, at
4h 30m G M.T. (X 15 the sun’s true geocentric co-ordinute measwred on o line
passing through the true equinox of the date).

The Nautical Almanac gives the following readings from which we
construet a difference table :

1910. -X. A. A2, A3,
November 9:0 0-6850997
— 63809
956 0-6787188 - 514
— 64323 4
10-0 0-6722865 -510
— 64833 7
10-5 0-6658032 - 503
- 65336 2
11-0 0:6592696 - 501
- 65H837
11-56 0:6526859

‘We must interpolate for 4" 30™ from November 10-0. The argument
yis 12", Then 4" 30™, as a fraction of the argument, gives &= 0-375.
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log 2=9-5740313
log (z — 1)=9-7958800(x),

where (n) indicates that 9-7958800 is the logarithm of a negative number

log }=9-6989700
log $.u(x — 1)=19-0688813(n)
log } = 9-5228787
log (z — 2)=0-2108534(n)
log }a(x — 1) (r — 2) = 8:8026134.

Also
log (— 64838) = 4-8117961(n) log ( — 503) = 2:7015680(n)
log ©=9-5740313 log Ju(w — 1)=9-0688813(n)
log (— 64833.4)=4-3858274(n)  log }u(s— 1)(— 503) = 1-7704493
=log (—24312-4) =log 5894

log 2 = 0-3010300
log §r(x — 1)(x — 2)=8-8026134
log {u(w — 1) (e — 2)(2)=9-1036434 =1log 0-1.
Therefore — X =0-67228650 — 0-00243124 + 0-00000589,
and finally -X=06698612,

9. An Alternative Form of the Gregory-Newton
Formula.—The Gregory-Newton formula may be written in
an alternative form which is convenient when an arithmometer *
isused. Rearranging the formula of the last section in the formn

Sa+aw)=fla)+2[Af(n) - 5(1 -2)idf(0) - (2-2) (. . . )],
and assuming the differences of order « to he constant, we may
replace the Gregory-Newton formula by

Ska0) = f() + 2, M

where wy=Afar) = 3(1 —@)uy,

, 1
up=80fl) = (P = @)ty
Up=A"f(e), which is constant.
‘When computing a value of the function by this method, we
begin with the constant difference %, and calculate in succession
the values of w%,_1, %y_s, . . ., %, finally substituting the value
of u, in equation (1). The following example will serve as an
illustration of this method :

* When an arithmometer is not available Crelle’s Caleulating Tables will be
found useful for this purpose.
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Ez.~—To find f(f) when 6 =24°-46980 05207 020, having given
0

6. £8). A. Al M, A4,
24-4 0216 198 561 343
168 272 307
245  0-216 366 833 650 745 715
169 018 022 768
24-6  0-216 535 851 672 746 483 5
169 764 506 773
247  0-216 705 616 177 747 256 4
170 511 761 777
24-8  0-216 876 127 938 748 033 5
171 259 794 782
24:9  0-217 047 387 732 748 815

172 008 609
250 0-217 219 396 341
Here w=0-1, @=24°1,  »=0-698 005 207 02.
Hence g = A3f(u) — 4(3 — 2)A% (1) =768 — 0-576 x b

=1765-1,
g =A2f(a) — 3(2 — «)ug="T45 715 — 0-434 0 x 765-1
=745 383-0,

wy = Af(@) — §(1 — a)ug = 168 272 307 — 0-150 997 4 x 745 383
=168 159 756-1.
Then

Sl + zw) = flew) 1-awy
=0-216 198 561 343 + 0-698 005 207 02 x 0-000 168 159 756
=0-216 198 561 343
+117 376 385,

or  f(6)=0-216 315 937 728,

10. The Binomial Theorem.—By use of the operator E, we
can write the Gregory-Newton interpolation formula in the form
E#f{w) = {1 +wA+“5(f”2§i)A=+. Y )

‘When thus written, the formula is seen to be the same as that
obtained by expanding (1+A)* by the Binomial Theorem in
ascending powers of A and then operating on f{«¢) with the
terms of the series so formed, 4.e.

Ef(o) = (1+ AY(a).

The Binomial Theorem was made known (in correspondence)
six years after the Gregory-Newton formula; in fact, Newton
seems to have discovered the Binomial Theorem by forming the
expansions of (1+)* directly for integral values of #, and then
writing down the powers of # in these expansions. In the
case of the coefficient of 2? he would bave:
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Eapoamt. Coeflictent of z3. A, Az,

0

N 0
1

2 1 1
2

3 3 1
3

4 6 1
4

5 10

whence evidently the coefficient is of the second degree in n.
Since it vanishes when n=0 and also when n=1, it must
contain the factors #» and (n - 1); and, since the coefficient has

the value 1 when n =2, it is n_(nz—__l_)

We may remark that if we form a difference table for (1 +z)® thus :

Argument. Kntry. A. A2, A3,
0 i
@

1 (1+ap a?

#(1 4 ) 23
2 (1 +x)3? 21 + )

7(1 + 2)? 23(1 + )
3 (1+2)® 21 +7)?

then on substituting the values f(0)=1, Af(0)== . . . in the Gregory-
Newton formula

Jn) = £(0) + nAf(0) + Ju(n — DA0)+. . .
”(“"' Deas. ..

we obtain A+4+a=1+nz+ 3

which is the binomial expansion,

N0
ExamprEs oN CHAPTER I Y/
1. Form the difference tables corresponding to the following entries :

0. log tan 0.

(a) 26° 100" 9:691 380 858 103 01
10” 434 064 052 28

20” 48'7 246 020 72

30" 540 434 009 42

40" 593 618 019 47

50" 646 798 051 97

26°11'0" 9691 699 974 108 01

10" 753 146 188 70

20" 806 314 295 11

30" 859 478 428 36
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. a:., . 8in x.
(b) 28° 40 00' 0-479 713 113 250 246
10” 765 651 470 168
20” 798 188 562 452
30” 840 724 526 998
40’ 883 259 363 705
i '50' 925 793 072 474
28° 41 00, 968 325 653 205
10 0-480 010 857 105 798

2 If y=248 - 4243z + |, caleulate the values of y corresponding to
£=0, 1, 2, 3, 4, b, and form the table of dufferences, Prove theoretically
that the second difference is 12« + 10 and verify this numerically.

3. Find the function whose first ditference is the function

03+ Ba? 4 yar + 8
4. Find the successive differences of

(@) 1/x, the interval bemg unity,
(b) cos nr, the interval being w.

5. Express f(z) =38 +2a2+ . + 1 in the form
o — 1) (¢ — 2) + Bafr ~ 1)+ ya + 8

by comparing coefficients. Calenlate the values of f(z) fora =0, 1, 2, 3, 4, 5,
ete.,, and form a difference table. Venfy the equation

fi) =0y + a0y + 7 - Vnepcoy 4 L& =D = Bpago)

6. Compute the third difference of f(51) hy the formula of § 3, Ex. 1,
from the following table of entries :

x 51 52 53 54
Jr) 1326561 140608 148877 167464

verifying the result by means of a difference table.
7. Given the table of values
@ - 3 -2 -1 0 1
y 16 7 4 1 -8
find by means of the Gregory-Newion formula an expression for y as a
function of ..
8. Construct a difference table having given

log 5°950 =0-776 701 184 0
log 5:951 = 0-776 773 802 4
log 5:952 =0-776 846 408 7
log 6:953 = 0-776 919 002 8
log 5-954 = 0-776 991 584 9
and determine log 5-9505.
9. Let p, g, r, s be successive entries in a table corresponding to
€quidistant arguments
Show that when third differences are taken nto account the entry
(D 311) 3



18 THE CALCULUS OF OBSERVATIONS

corresponding to the argument half-way between the arguments of ¢
and r is
gtr @+ =(p+9)
2 16

10. Let p, ¢, r, s be successive entries (corresponding to equidistaut
arguments) in a table, It 1s required to interpose 3 entries (corre-
sponding to equidistant arguments) between ¢ and 7, using third differ-
ences. Show that this may be done as follows :

Between q and r interpose 3 arithmetical means A, B, and C; also
between 3q ~2p —s and 3r — 23 —p interpose 3 means A’, B, and (.
Then the 3 terms required are A +4;A’, B+ 2B, C+ 2,0

(De Morgan.)

(De Morgan.)

11. Determine log 6-:0405, having given

log 6:040 =0-7810369386
log 6:041=0-7811088357
log 6:042 = 0-7811807209
log 6-043 = 07812525942
log 6.044 =0-78132445657

12. Using the method of § 9, find sin 24°-4698005207, having given
the values

9. 8in 6.
24-25 0-410718852614
24-50 0-414693242656
24-75 0:418659737537
25-00 0-422618261741
25-26 0-426568739902
25-50 0-430511096808

13. Given the values

Sz).
858:313740095
869:645772308
880-975826766
892:303904583
903-630006875

calculate f(1:5) by the Gregory-Newton formula,
14. The values of a function corresponding to the values 1, 2, 3, 4, 5
of the argument are 0-198669, 0-237702, 0-276355, 0-314566,
0-352274 respectively. Calculate the values of the function when the
argument has the values 1-25 and 1-75 respectively.
15. Using the difference table given in § 2, find the values of
sin 25° 40° 10” and sin 25° 40’ 30”.  Also verify the answers
sin 25”40’ 50” = 0-433 3563 261 493 416,
sin 25° 41' 10" == 0-433 440 644 614 711,
sin 25° 41’ 30" = 0-433 528 023 660 896,
sin 25° 41’ 50" = 0-433 615 398 631 149,

obtained by taking = numerically less than unity in the formula of § §

A WO ~O &
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16. Calculate log tan 24° 0’ 5”, given the values

log tan 24° 0’ 0" =9-648 583 137 400 95
log tan 24° 0’ 20” = 9-648 696 457 723 08
log tan 24° 0’ 40” = 9-648 809 758 267 66
log tan 24° 1’ 0" =9-648 923 039 045 83
log tan 24° 1’ 20” = 9-649 036 300 068 75
log tan 24° 1’ 40" =9-649 149 541 347 57.

©
17. The following table gives the values of J(2) = f e=5%ds :
@

. I(#).
0:00 0-886 226 92
0-01 0-876 227 24
0-02 0-866 229 57
0-03 0-856 235 90
0-04 . 0-846 248 22
0-05 0-836 268 53

Calculate I(x) for x=0-025 by interpolation and verify your result by
use of the formula

B 45 27
KO = Ka)=z =" + Jo = o e



CHAPTER II

INTERPOLATION WITH UNEQUAL INTERVALS OF THE ARGUMENT

11. Divided Differences.—We have so far assumed that the
values of the argument proceed by equal steps; but with data
derived from observation it is not always possible to complete a
difference table in this way. For example, when astronomical
observations are disturbed by clouds there are gaps in the
records.

Consider the case in which the values of the argument, for
which the function is known, are unequally spaced, and suppose
that the values of f(z) are known for z=a, 2=a,;, B=a,

. » #=a,, where the intervals a,—a, ay—a;, a3—a,, .. .,
@y —ay_1 need not be equal. In place of ordinary differences
we now introduce what are known as divided differences* Let
us form in succession the quantities
.ﬂ“;)l {3“0) =flay, ), f(”:) —.é(“l) =flag, ,), S (“s) f(“z) = flag, ag),

and so on. These are called divided olzferemes of ﬂw JSirst order.
Moreover, let us form

Sy “1) .‘Cﬁal, a) Ay ay, ag); Sas, 0;:) gfa«, @) _ =flag, ag, ay).

These are called divided differences of the second order. Also let
{flag, ag, a;) = flag, ay, ag)}/(ag — ag) =flag, s, ay, a,).

This is called a divided difference of the third order. The

divided differences of higher orders are formed in the same way,

so that the order of a divided difference is less by unity than the

number of arguments required for its definition.

* Divided differences might fairly be ascribed to Newton, Lemma v. The
term was used first by De Morgan, Difl. and Int. Cale. (1842), p. 550, and after-
wards by Oppermann, Journ. Inst. Act. 15 (1869), p. 146. Ampére, dan. da
Gergonne, 36 (18268), p. 329, used the name interpolatory functions.

20
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Divided differences may be expressed more symmetrically
as follows:

Sy, a0) = ﬂ“ll a{(“‘i

Sag, a5, ay)
LA (e Sy L () | Sy

tg—ap\ay—a,  a;—ayl " a —azlal—a,o

I CH Say) Nay)
(a0 —ay) (a9 = @) " (@1 = g) (4~ atg) " (a5~ ay) (ag — o)

Sy 0,01, 0)

- . - SAag) o+ S
(@0 — 4y) (@0 — ag) (g — ) ~ (cty — @) (2 — @g) (2 — tg)
+ Slag) ] (“"s
(22 = ) (9~ @y) (a5 - a5) (“3 @) (a5 — 4y) (2 — ag)
In general, as may easily be shown by induction, a divided
difference of the pth order is a symmetric function of its arguments
and i3 in fact the sum of (p + 1) functions of the form

Aa,)

difference-product of e, with ag, ay, s, . . ., @ 1, Qpyy, . « ., ¥

It is evident from this statement that when the arguments required
to form a particular divided difference are arranged in a different order,
the valuc of the divided difference remains unchanged, e.g.

Sl @n_yy On_g SR Q) =f(ag @y, Ugy + « o n_y, Cn)

Divided differences are arranged in a ¢uble of divided differ-
ences as follows :

Arqumnent. Entry. ’
o Sap)
Ao, ay)

ay Say) S@o, ay, @)

Ny, as) S to, &y, ag, ag)
g S(ag) ey, ag, a3)

Aay, ay) Sy, ag, ag, ay)
g f(“s) f(“z, ag, "’4)

Sag, ay) Aag, a5, a,, ag)

ay Say) Sfas, ay, @)
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The following may serve as an example of a table of divided
differences :

z Sz).
o 132651

8113
2 148877 158

8587 1
3 157464 162

8911 1
4 166375 167

9579 1
7 196112 173

10444
9 216000

In this example the differences of the third order are constant. We
shall now sece under what circumstances a colummn of constant divided
differences is obtained.

12. Theorems on Divided Differences.

L If a function f(z) is numerically equal to the sum of two
Sunctions g(xz), h(z), for a set of values of the argument , then
any divided difference of f(2) formed from those values is equal to
the sum of the corresponding divided differences of g(x) and h(x).

For example,

Ay, ag) = f(”l) f(“o) {9(2y) = g(ag)} + {h(ay) ~ Bfg)}

— a,—a,

=9("1r ao) + h(ay, ag),
and similarly for differences of higher order.
II. A4 divided difference of c¢f(x), where ¢ is a constant factor,
18 ¢ times the corresponding divided difference of flx).
For example, the divided difference of the first order of ¢f{(z) is
of(ay) - Aa) _ f(“l) -flag) _ of(ay, ay).

a, -, a, - a,
III. The divided differences of order m of " are constani
(where n is a positive integer).
Let Szx) =z
Then Aaq, ) = (@ = ay") /(2 - ay)

@+ a2+, L+ an? '
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a homogeneous function of a,, a, of degree (n—-1). Moreover,
S ay, a5)
_ [ao»—l + a_lao’ll-ﬂ +. -_;'I‘ aln-l] - [a’gn—l + “1“2"_2 +...4 oy '-1]
- g — (g o
= ("t = ") [(rtg — ag) + ay(@g"~2 - ag” N (ag—t1g) +. . .
+ 05" 3@y — @) /(1o — )

=(ag" 2+ agq® 3 +. . . +ay""3)
+ay(@g" 3+ agu® . L @)+ L

which is a homogeneous function of a,, ¢, a, of degree (n —2).
In general f(a,, a;, as,. . ., a,) is a homogeneous function of
@y, @y, Gy, . . ., @, of degree (n—p). Taking p=n, we see that
Sag, ay, ag, . . ., a,) i8 & constant.

Corollary: The divided differences of order (n + 1) of z" are zero.

IV. The divided differences of order n of a polynomial of the
nth degree are constant.

This theorem follows immediately from theorems I., II., and
ITI., since the divided difference of order = of each of the terms
whose degree is less than = is zero.

V. A4 divided difference of order r may be expressed as the
quotient of two determinants each of order » + 1.

Consider the divided difference of the third order,

J(@)

j(ao, @y, g, a’S) - "’( - ”1) (ao - az) (“0 - “3)

f(a,,) (difference-product of a, ay, ag).
difference-product of ay, a,, a,, ay

Now a difference-product may be expressed as a determinant
of the kind known as Vandermonde’s, thus
(ditference-product of ay, @y, ag) = |a* a? ag?
G G O
1 1 1

a? ag? ag?
Therefore “f(“") !"]1 2 ‘;a
Tl o, 030 =310 ot
A af a? o5
Gy @ @Gy O
1 1 1 1




24 THE CALCULUS OF OBSERVATIONS

or .f(“oz f(“lz ﬂ“a) f(“sz
Xy () L) ag
QY 1 @y g
f(a/ a ) == - 1 1 — .1 .,_1.. _
o (), Qg Qg “o: a1: g g
@, I @y? ag?
a, ay ay ag
1 1 1

and so in general for differences of order higher than the third.
13. Newton’s Formula for Unequal Intervals.—Let f(x)

be a function whose divided differences of (say) order 4 vanish

or are negligible; and supposc its values for 4 arguments

@y, @y, Gg, a3 aTe known so that the table of divided differences

is as follows:

Argument. Entry.

Uy Sa)
Aag @)
a, Say) Sl ay, ay)

Aay, ay) Ao ay, ag, as)
g Sas) Say, a5, a3)

Sas, ag) Say, ay, ag, )
as Slng)

We may obtain the value of the function for any other
argument « in the following way. Beginning with the constant
difference which is of order 3, we have

A, ag, @y, 1g)=flag @y, ay, ay). (1)
By definition of the divided difference of order 2,
S, ag, ay) =g, ay, @)+ (% — ag)f(%, ay, ay, ag),
and therefore
S, ag, @) =fag @y, @)+ (v~ a)f(aq, &y, 2y, ag). 2
Again by definition,
S, ag) = [t 43)+(u = a)f(w, ag, @), @3)
and substituting in this equation the value of f{u, a,, a,) from (2),
S, @) = (10, 81) + (% = 1) /{0, 0y, @9) + (10 = 1) (1 = 05)( g, 04,8, g).
Also by definition  f(u) =/f(a,) + (u - a)/(, ay), 4)
or  flu)=/(ag)+ (v = a)f(ay @)+ (4 - ag) (u - a)f(a, @y, ay)
+ (1 = @) (= ;) (w = ag) f(ag, By, g, @3). (5]
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From the equations (1), (2), (3), (4) the quantities f{u,aq,ay,a,)
Au, a, a,), fu, o), /() are now known and may he inserted
in the table of divided differences thus:

Argument.  Entry.

Su, ay)
ay Sa) S, g, ay)

S(ag @) S, ay, a,, ay)
a, Say) S @y, ay)

Sfay, a5) S @y, @y, ag)

) ﬂaB) Qy, Ay, ¢
f(azs as) ﬂ LS)
a3 Sas)

Formula (5) may cvidently he generalised to express a
function whose divided differences of order (n + 1) are negligible
or zero, in the form

S(u) =f(ag) + (u = ap)flag, ay) + (u = ap) (u = a)f(ay, 0y, ay)
+(u—ag) (u—ay) (w—ay)f(ng ay, @y ag) +. . .
+(w—ag) (w—ay) ... (v-ay_)f(ay ay ..., a,). (6)
This formula was discovered by Newton.t
The first term on the right-hand side of this equation represents the
polynomial of zero degree, which has the value flag) at w=a, The
first two terms together represent the polynomial of degree 1, which has
the values flay) and f(a,) at ay and «; respectively, and so on.
The remainder term which must be added to the right-hand side of
the equation in order to obtain strict accuracy is in fact
w—ag)(w—-ay) ... =0, ag, ag, . . ., @)
But this term vanishes if the divided differences of order 2 are mgorously
constant.

Eu.—From the table given below to find the entry corresponding to 3-7608.

L. Ae).
=0 -3989423
- 500
ay=2-5089 -3988169 - 199
- 1499
ag="50154 +3984408 - 199
— 2496

ag="T-5270  -3978138

* Ta practice the value of f{(u) is usually found by forming the successive
divided differences in this way, as in the worked-out example below.

+ Principia (1687), Book iii. Lemma v. Case . Cf. Cauchy, Guvres, (1) 5,
p. 409,
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Forming the successive divided differences of f(u), where u=3-7608,
we find

Sf(uy ag, ay)=flag ay, ag)= —199,
fu, 4= — 500 + 1-2539 x (- 199) = — 749-526,
f(u) = 3989423 + 3-7608 x (— 749-526).

The calculated value 1s therefore 0-3986604.

14. The Gregory-Newton Formula as a Special Oase of Newton’s
Formula.—The Gregory-Newton formula may be regarded as the special
case of the formula of the last section when the intervals of the argument
are equal.

Tor in Newton’s formula for unequal intervals suppose that we put
AG=0y dy=a+W, ay=0+2w, ... v=0a+aW

By constructing a table of divided differences, we see that
1 1
S/ (‘(0’ a’l) = ,"”Af (a'), S ("’1’ ag) = ',';Af (n + w),

1
< fag ayy ag) = 2*lj"z-.Azf(“)-
In the same way we find

1
flog a4y ay, ag) = mAsf (@),

and 8o on,
If we now replace u by a + 2w, the formula for unequal intervals of
the argument becomes

1 fla+ o) =flo) + atfta) + 4 Vaaga) + €D 2 Dagy

which is the Gregory-Newton formula.

15. The Practical Application of Newton's Formula.—
In laboratory computation from Newton’s formula, we proceed
by a method which is really identical with that given above
(Ex. § 13). Rearranging the formula of § 13, we see that
J(u) =fag) + (1= ag) [ g, ay)

+(u - ) flag @y, @g) + (v = ay)(flay, ay, ag, ag) +. . )]
This equation may be written in the form

J() =flag) + (v — ag)vy, (1)

where r;l =fleg, a,) + (4 — a,)v,,
v, =7th divided difference + (% - a,)v,14,

l’”n =f(@, @y, - - -, @), & constant.

The #’s are computed in the following order: ,_3, ¥p-g, . . -
v;. The value of f{u) is then obtained from equation (1).
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EzTo find the funetion corresponding to the argument 6417 1n
the following difference table :

Argument, Entry.
ay= 150
) 121
=7 392 24
265 1
ug=11 1452 32
457 1
ug=13 2366 46
917
ay=21 9702

U=6-417, wvy=1, ry=24+(6-417 ~11)1=19-417,
vy=121 x (6-417 — 7)19-417 = 109-679889,

.. f(6-417)=150 +(6-417 — 5)109-679889
=305-416402713.

16. Divided Differences with Repeated Arguments.—The
original definition of divided differences presupposes that the
arguments concerned are all different. If, however, the
quantity f(a,, a,+ €) tends to a definite limit as ¢ tends to zero,
we denote this limit by (e, @), and similarly for divided
differences of higher order.

Now suppose that in § 13, u=a, Since the differences of order
3 are supposed constant, we see that f{a, @, @,, «,) is equal te
Sag, a5, ay, ag), and the remaining differences /{1y, @, a,), /(0. @)
may then be calculated just as in the general case when  and @,
were supposed different. We may now form another set of
differences by again taking « =a, Repeating this method, we
obtain the following table of divided differences:

Argument,  Entry.

1) S()

S, @) Sto, ttg, ag, )
L) Sag) S, @y, tg)

S, ag) Sty g, @, 5)
@ Suo) g, ag, ;)

Say, a,) Sto, ag, @y, @)
5 Sa) flag, ay, )

Slay, ay) Sag, @y, ¢y, ag)
L) Jas) Ny, @y, as)

f(“z; a”e)

oy Sas)
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In terms of these divided differences with repeated arguments
the formula of Newton becomes
J(u) =flwg) + (u = ag)f(ag, ag) + (v — ag)*f{(ay, ag, ag)
+ (u = ag)*f(ag, ag, Ggottg) +. . .
This formula will be used later to obtain an expression for
the derivatives of a funetion in terms of its divided differences.*

. z 5 11 27 34 42
Ez—Given the values ¢ 95 899 17315 35606 68510 L nd f@)

in terms of powers of (x — 3).
Constructing a table of divided differences and extending it to include
repeated arguments for =3, we obtain

. Sz).
42 68510
4113
34 35606 100
2613 1
27 17315 69
1026 1
11 809 40
146 1
5 23 16
18 1
3 -13 8
2 1
3 -13 6
2
3 —-13

Applying Newton’s formula for repcated arguments, the required
valne is flz) = — 18 + 2(¢ — 3) + 6(x — 3)? + (x — 3)3.

17. Lagrange's Formula of Interpolation.—Let f(z) be
the polynomial of degree » which for values ay, a,, a,, . . ., @y
of the argument z has the values f(ay), flay), . . . , fla,) re-
spectively. By the definition of divided differences, we have

Hag, ay, ag, . . ., @y, 2)
_ @) PR . N
(& = ag) (@ ';(1) ) c@-an)  (@-2)(ag-ay) ... (to—an)
&
+(u1-w)(a1—ao) oo (ay - ag) e
Slan)

@ o)(n—ag). . (au =)
* § 37,
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Since f{») is a polynomial of degree =, its divided differences of
order (n'+ 1) are zero, ..

g, 0y ag, . . . Gy, €)=0.
Arranging the factors of the denominators in the above

fractions so that the first factor in each denominator is of the
form (z - a,), we obtain

S@)__
(-ag)(@—ay) - .. (®—ay)

_ )
(% — ag) (g — ay) (g — ) - . . (2g- )
(“1) .
(ﬂc wl)(wl =) . . . (m-w)

0

/(an)
(z-a)(@an—ag) . . . (Cn—ay_1) (4)
which is Lagrange’s formula in a form suita.ble for computation.*
Another way of writing this formula is obtained by multi-
plying both sides of equation (A) by
@-a)@-a)lw-ay) . .. (x-a)
when we obtain

fz) = M)( —112) . .(:t:—a,,) fa)

+

(@p—a)(ag—ay) . (19-a,)
o). . (o-a)
" (2~ “o)("l—az) (ag = a”)f ()

(@- ao)(w al) (m~an—1)

(a,, - ag) (@ — al) (- “n_;)j(an). (B)

It is important to note that when a set of experimental data obey a
law which can be expressed algebraically as a polynomial of degree =,
then not less than (n + 1) observations are required in order to construct
the polynomial. If only n values were used, the resulting polynomial
would be of degree (n—1). Before applying the Lagrange formula it is
therefore necessary to ascertain the order of the divided differences which
are of constant value and thus find the proper value for n.

14 17 31
Exz. 1.2 @iven the values f( 2) 687 64:0 44-0 39 1 to calculate the value

of f(x) corresponding to x=27.

* Lagrange’s formula was first published in his Zegons élémentaires sur les
~nathématéques, in 1795, reprinted in his GBuvres, T, p. 286.
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Applying formula (A), we obtain

fen
(27 = 14)(27 - 17) (27 — 31) (27 — 35)
_ 68-7
(27 - 14) (14 - 17) (14 — 31) (14 — 35)
+ 640
(27 = 17) (17 = 14) (17 — 31) (17 — 35)
+ 440
(27 — 31)(31 — 14) (31 — 17) (31 — 356)
39-1

A, 30)(35—14)(35—17)(35 31)
o f@) _ 687 640 440 391
4160 T 13923 T 7560 T 3808 ~ 12096’
-~ f(27)=49-317 (approx.).
The required value is 49-3.

s« 01 2

foy2 3 12 1 47, to form the cubic function of .

Ex. 2.—Gwven the date

Applyiug formula (B), we have

- 1) —-2)(@—-0b), , alec— 2) (x — 5) a(r — 1) (& = b)
J@y= (o DO-20-5TiA=2 (=8> Ts@-1)@=5)
afe — 1) (@ — 2)
5G-1)(5=2)"

=8 +4ad—a+2

18. An alternative proof of Lagrange’s formula by the
use of determinants is the following:
Let P, denote a polynomial of degree n, and put

P,=A+Bx+Ca?+. ..+ 12"
=/(@).

Substituting in succession the values @y, a,,. . ., a, for , we
obtain

Aag)=A +Bay+Cag+. . .+ Lay",

Sa,) =A +Ba, + Cal .« .+ Laym,

fla,) = A +Ba, + Ca,.‘ +. . .+ La"
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Eliminating A, B, C, . . . from these equations determinant-
ally we have

0=1Py flag flt) Aas) - . . S(w)
1 1 1 A |

1

z @, a, a, . .ay
.2 2 2 2 2
@ @y a, ay L. Ay

A (N a” L ag”

Expanding this determinant according to the elements of the
first row, we sec that

Pall 1 ...1 |=fla)|l 1 ...1
@ @ ... 0y 2 a4 . d
at @ ... @l «t a? . a,’
a4t .. Ay FA (N
~fl@)]l 1 1 ...1 |+...+(=1)(@)|1 1 ...1
x @ @ ... U T Uy ... gy
2 a? a? . . @t B 7 A
oAt A . .. oot .. Aty (1)

The determinants in this equation may be represented
as difference-products. The coefficient of f{(a,) is the differ-
ence-product of =, a,, . . ., a,, the coefficient of f(a,) is the

difference-product of 2, ay, @,, . . ., @, and so on. We may
write
1 1. .1 |==1 1 1 ...1 |=+1 1 1 ...1 |=-

@ @ ... 0y a a @y ... 0, @ @y, a, ...a,

‘;o” a.l" . . a,.." (;," a:(," [ " ag" c;," . r;,,"
we. the coefficient of P, is equal to the difference-product of
Qg @y, . .. @: it is also equal to minus the difference-
product of a,, @, a,,. . ., a,, or to plus the difference-product
of a,, @, ay,. . ., a,, and so on. Tf we now divide through-
out by the coefficient of P, in equation (1), we obtain the

sresult
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= Aa.) (x~a)(z-a)(®-ay) ... (x=-a,)
Fa ﬂ%’(“o‘“l) (g — ag) (4o — tg) - - « (A=)

+f(a1)( (—ag)(@—ay)(@—uy) . . . (x—ay)

ay - ag) (@ — @g) (0~ a5) « . . (ay—ay)

L =o)X —y) . . . - n-)
+ f‘(an)(afn.—ao))((:n_al)) — ((2; n_(_(ﬂ,nl_l)’

which is the formula required.

There is an 1finite number of functions of z, each of which has the
values flag), flay), . . ., flan) at ag ay, . . ., @y respectively. In the
practical applicatious of mathematics, however, we consider only functions,
such that if g, uy, . . ., @, arve sufficiently close together, any one of the
functions may be represented with tolerable accuracy by the polynomial
P,, for the range of values included between ag, g . . ., @y The
formula may thus be used for interpolation.

19. The Remainder Term in Lagrange’s Formula
of Interpolation.*—Let f(z) be a function of the real
variable # defined in an interval to which belong the values
%g %y, - - - iy, and possessing in this interval the derivative
of order n.

Consider the function g(2), where

g@)=| ) 2 ot ...z 1
S@y) wr x L my 1

Sf,) @t .. .z, 1

The determinant vanishes for the values z,, ,,.. ., z,. By
the differential calculus we see that since g(z) vanishes for
(n + 1) values of #, its derivative ¢’(x) vanishes for n values of
#, the second derivative for (n —1) values, and so on; the nth
derivative vanishing for one value of # in the interval. Thus
there exists a value # intermediate between #y, @, . . ., @, such
that g™(r) =0.

Forming the nth derivative of the determinant by differ-
entiating the variable elements of the first row, we bave :

* Peano, Scritti offerti ad E. D' Ovideo (Turin, 1918), p. 833.
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/(@) n' 0 ...0 0|=0
,/(%) B @l Lz, 1
ﬂm») w wn”-l « . . m,, i

It we expand this determinant according to the elements of

the first column and solve for f{z,) in the resulting equation,
we find

(“o %) (2o — &) . 0
0= S = e
(o= ®y) (Ko —y) . . . (wg—,)

(g = y) (w3 — 25) . (.1,2":*5"') i)

(%o — 1) (W= @g) - . . (p— - Ty _1)

(= 21) (®i — Tg) - . . (B — - ).f (%n)
("’o “’1) (wo — ”Z)‘ (ao - Ty) %= 2n) oy,

where # is some number intermediate between zg, @y, . . ., @,
This is Lagrunge’s formula with « remainder term.

ExampLES oN CHAPTER II
1
1. If flo)= o2 find the divided differences f(a, b), f(n, b, ¢), and f(a, b, ¢, d).

2. If f(z)=g(x)+Mz), where gl)=a* and h{x)=u3, verfy that
5, 7, 11, 13)=g(5, 7, 11, 13)+A(5, 7, 11, 13).

3. Given the values

@ 4 5 7 10 11 13
flx) 48 100 204 900 1210 2028

form the table of divided differences and extend it to include the values
of the function for =3 and x=14.

4. Find the function f(z) in each of the following cases :

@) = 11 13 14 18 19 21
fiy 1342 2210 2758 5850 6878 9282
® « 16 17 19 23 29 - 31

flx) 65536 83521 130321 279841 707281 923521

hy means of a table of divided differences.
(D 311) 4
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5. Calculate f(1), given the values

x 0 2 3 6 7 9
fl) 658503 704969 729000 804357 830584 884736

6. Assuming f(x) to be a function of the fourth degree in «, find the
value of {19) from the values

x 11 17 21 23 31
flz) 14646 83526 194486 279846 923526

7. The values of a cubic function are 150, 392, 1452, 2366, and
5202, corresponding to the values of the argument 5, 7, 11, 13, 17
respectively. Apply the Lagrange formula to find the function when
the argument has the values 9 and 6°6 respectively

8. Find an expression for the function in each of the examples (6)
and (7), using the Lagrange formula of interpolation.



CHAPTER III

CENTRAL-DIFFERENCE FORMULAK

20. Central-Difference Notations.— In this chapter we
shall consider certain formulae of interpolation which employ
differences taken nearly or exactly from a single horizontal line
of the difference table. In order to express these simply it is
convenicnt to modify the notation of the calculus of differences,

Several systems of modified notation are in use. One,
which we shall frequently employ, was introduced by W. F.
Sheppard* and will be understvod from the following difference
table. It is based on a symbol & which may be regarded as
equivalent to AE~?, where E as usual denotes the transition
from any number to the number next below it in the difference
table, 6. E=1+A.

Since 8=/ AE"} and therefore A= SEY, we may write
Auy = Suy, Ay, = 82, A"u,o=83u§, - - Ay =31y, and 50 on.
Rewriting the ordinary difference table, we obtain

Argument. Entry.

- 2w Uy
du _ 3
a-w o wu_, 8%u_ 4
Su_y &Bu_ 3
a %, 8%u, dbu,
Su, 8%5
. 3
a+w Uy - 8%, 8%,
ou Bu
3 1
a+ 2w Uo 827142 8‘%2

If we suppose each row of the difference table to be numbered with
the suffix p of the corresponding entry up, or, in the case of a row
situated midway between two entries u, and uy.q, to take the number
P+ %, we see that A2rug the differences of even order of wg, are repre-
sented in the central-difference notation by 82, since they are situated

Proc. London Math. Soc. 31 (1899), p. 459.
35
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in the row . The differences of odd order A2 +lyy are represented hy
the expression 8% +1y, 4 since they lie in the row 7+ 4.

It is often required to find the arithmetic mean of two
adjacent entrics in the same column of differences. In the
8 system of notation we indicate this mean by the symbol p.
Thus pdu, is defined to be }(3u _ , + 8uy), pugis (S _, + 8%5),
and 80 on for the mean differences of the other entries. The
mean differences may he inserted in the table to fill in the gaps
that occur between the symbols of the quantities from which
they are derived.

In another notation which was suggested by S. A. Joffe* the

symbol A\ is used instead of 8 The notation 18 illustrated in the
following difference table :

Argument.  Entry.

a—2w U g
Ay
a-w %_q ANPu_y
Ay Au_y
a Uy AT A,
Ly N
a+w Uy A2u,
Awy
a+ 2w g

21. The Newton-Gauss Formula of Interpolation.—
Supposc that a function /(e + 2w) is given for the values

La=-w, 0, a+w,a+2w, . ..

of its argument.

If in the Newton formula for unequal intervals we take
Ay=a, @y =a+W, CGy=0-W, dg=0+ 2w, ay=a — 2w, and 80 on,
and denote & +zw by u, we obtain
Su)=fa)+ (u - a)f(o, a+0) + (4 - a)(u—-ao-w)f(a,a+w,a-1)

+ (1 = a) (v - a—w)(vw-a+w)fla,e+w,a-w,a+ i)
+(u—-a)(u: a=w)(u-a+w)(v-a-2w)
Hae, a+w, a —w, @ + 2w, a — 2uw)
+(w—a)(u-a-w)(u-a+w)(uw-a-2w)(u-a+2w)
Aa, a+w, a-w, a+2w, a-2w, a+3w)

+. .. . (@
* Trans. Aet. Soc. Amer. 18 (1917), p. 91 ¢
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The divided differences contained in this equation may be
written in the ordinary notation of differences as follows:

fa, e +w)= ;Aj(a),

e, a+w, a-w)= 2—!—1-02A’/(a w),

A, a+w, a—w, o+ 2w)= 31w 3A?/(a w),

etc.
Equation (1) thus takes the form

S +@w) = fa) + wAf(a) + “—’(”Qili) A*{a - w)
+ @il—)?i%”—“l)w(a —u)
+ (= + 1)w(a:4—! 1) (z - 2)Af/‘(a — 2u)
+ (+2)(@+ )z@z-1)(z-2)
5!

ASfla-20) +. . . (A)

This formula, which is one of the group of formulae known to
Newton, is often called the Gauss formula.

The differences used in this formula are as nearly as possible in the
horizontal live through f(a) in the original difference table. The formula
is therefore convenient for use when the value of the argument for which
the function is required is near the middle of the tabulated values. This
formula may be represented more simply by using the symbol (n), to
denote the binomial coeflicient

nn—-1)n-2)... (n—r+1)
T r! ’

so that it may be written

Ja + 20) =fla) + wAf(@) + (2)aA%(@ — 1) + ( + 1)A%(a —w,
+ (& + 1),A%(a — 210) + (v + 2);A% (0 - 2w)+. . . (B)

22. The Newton-Gauss Backward Formula.—From the
formula of the last section another may be derived which
is often used when 2 is measured in a negative direction
from fla), i.e. towards decreasing values of the argument.
Suppose we write f{a — 2w) in the form f{a + 2( - w)} and change
she sign of w in the discussion of the last section. The
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order of the arguments and corresponding entries is then
reversed. Instead of Af(a) in the Newton-Gauss formula we
now have fl(u-w)-fla), or —Afla-w); A%{u-w) in the
above formula becomes —A3f(a—2w); AS/(«~2w) becomes
— A%f(a - 3w), and so on. We thus obtain the formula

Ja - 2w) =fa) - 2Afe - w) + (2)A% [« — w) - (2 + 1);A%@ - 2w)
+ (@ + 1),A%Y (0 - 2w) — ( + 2);A%( - 30) +. . .

which has becn called the Newton-Gauss formula for negative
interpolation, or the Newton-Gauss backward formula.
23. The Newton-Stirling Formula.—In the Gauss formula

S+ a) = (e) + a8f(a) + Joles~ 1AY(e - )
+ 5z + L)a(z - 1) A3« - )
+ 3 (e + Ve = 1) (= - 2)A%Y (e - 2w) +. . .

the terms may be rearranged thus:

Sla +zw) = fla) + z{Af(e) - 1A (@ — w)} + ';A"}/(a ~w)

a2 12
+ J'('L'g! ! ){A’ff(“ - w) = §A%{a - 2m)}

#*a? - 1
4

:—3)A‘:/'(a -2m)+. ..

Suppose we replace the differences of even order within the
brackets by differences of odd order, using the identities

Af(a - w) = Af(a) - Af(a - w),
A¥f(a - 2w) = A¥f(a - w) — Adf(a - 2uw),
and so on. We obtain the result

fla +2w) = fla) + a,AZ(ﬁ)"_'_Aﬂ“: ), _””_2 AY(a - )
Lo@ -1 Afla-w)+ A”ﬂ“ 210) z 1@ - 1900 - 20)

31
+ o(x® - 12) (2® - 22) A5f(a - 2w) + Asf(a - 3w)
5! 2

e D=2 nsfta-3u) +. .. (A)
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This formula, which was first given by Newton* was after-
wards studied by Stirling t and is called the Newton-Stirling
Jormula.

The mean-di fferences 1{ Af(e) + Af(a — 1)}, 1{ A3f(a — 2uw) + ASf(a — w)},
etc, are completely symmetrical with regard to mereasing and decreasing
arguments. This fact enables us to express the formula very concisely
by means of the central-difference notation of § 20:

@2(a? —

4!

a{a?

3 1)8411,0

x2 -1)
0, = 10g + 2pSty + §‘182"0 + ! uSBug +

¥ Y

where pdug=1(8u _3+ Suy),
3y = 1(6%u_3 + Suy),

and so on.

24. The Newton-Bessel Formula.—In the Newton-Gauss
formula
e +xw) =fla) + 2A/(e) + L2(z - 1)A2f(a — w)
+ §(z + Da(z — 1) A3« - w)
+yq(e+ D@ — 1) (2 - 2)A% (@ - 2w) +. . .
let us substitute for §/(a), A% (a — w), 1A%f(@ - 2w), ete., their
values obtained from the identities
Sa) =fla+ ) - Afla),
A%{a - ) = AY{a) - Al - ),
AY(« = 2w) = Abf{(a — w) — ASf(« - 2w),
ete.
The above equation becomes

fa +zw) =3 Aa) + e+ 1)} + (z - 1)A/f(a)

+ 21y a0 - ) + Ay + 45 P

+ D=1 =2, 4 napta - 9) 4 M-} +. . . (4)

)Aff((t )

which is symmetrical with respect to the argument (@ + 3w).
This formula, which was first given by Newton } and later
used by Bessel, is called the Newton-Bessel formula.
* Newton, Methodus Differentialis (1711), Pl:op. iii. Case i
| Stirling, Methodus Differentichs (1730), Prop. xx.

1 Methodus Differentialis (1711), Prop. iii. Case ii.; Stirling, Methodus
ODifferentialis (1730), Prop. xx. Case ii.
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If in this formula we write - } =y, it becomes
Sla + 3w + yw) = 3{f(a) +fla + w)} + yAf(«)
-1 _ aq oyt o Y& =) sy,
+ 21 }{Azf(a 7()) +Af(a')l + 31 A.ﬂa’ w)

L@ '}i%’/?_jzi{Aff(a -2w)+ Afla-w)} +. .. (B)

25. Everett's Formula,—When it is required to inter-
polate between f{c) and fla + ) in the construction of tables
by the subdivision of intervals, statisticians frequently use a
formula due to Everett,* which is generally written in the form

e[ 88 D O D@D, T,

2 _ o2 _ 2 _
+[w+w(a'3, 1)52+a'('l' 15)1(w 4)84+. . .]ul,

where u, denotes f(a +xw), and ¢ denotes (1 —2), and where as
usual 82 denotes A2E-1. Thus for up, #=4, {=1-§=1%

This formula involves only even central differences of each
of the two middle terms of the series between which the
interpolation has to be made.

To prove this formula we eliminate from the Newton-Gauss
formula
A+ aw) = () + 5Af{0) + (@)sA(a — ) + (@ + 1)sAY{a — )

+ (& + 1) AY (@ - 2w) + (x + 2);A% (@ - 2w) +. . .

the differences of odd order by means of the relations

Af(e) =fla +w) - fw), A3fla —w) =A%) - AY(a - w),
ASf(a — 2w) = AYf(a — w) - A¥fla - 2w) . . .

The Newton-Gauss formula becomes
Ja+zw) =f(@) +z{ fla + ) - fa)} + (x)2A2(a - w)
+ (2 + 1)3{A%(a) - A%f(a - w)} + (z + 1),A%(a - 2w)
+ (z + 2)5{A%(0 - w) - A%f(a - 2w)} +. . .
Using the relation (p+ 1)y4;=()e+1+ (p) this equation
may be written

* Brit. Assoc. Rep. (1900), p. 648 ; J.1. 4. 85, p. 452 (1901). Tables of the co-
efficients in this formula have been published in T'racts for Computers, No. V. '
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Sa +aw) = (1 -2)f(0) + zf(e +w) + (2 + 1);A%{a) — (@),A%{@ - )
+ (@ + 2)A% (0 — ) — (2 + 1)AY (0 = 2w0) +. . .
Introducing central differences and rearranging the terms,

Sl +azw) = (1 - 2)f(a) - (2)8%(«) - (x + 1)8%{«) -. . .
+af(¢ +w) + (€ + 1)g8% (e +10) + (T + 2)g3¥ (@ + ) +. . .
If we now transform the coefficients of f{¢) by means of the
relation 1-z=§, so that ()= —(£+1)s, (@ +1)5= - (£ + 2
ete., we have

Sa +zw) =£f(a) + (& + 1)g8(0) + (& + 2)58Y () +. . .
+zf(a+ 1) + (2 + 1)58%(c + w) + (2 + 2);84 (e +w) +. . .

which is Everett’s formulu for equal * interrals of the argument.

26. Example of Central-Difference Formulae.—The follow-
ing cxample illustrates the application of the various central-
difference formulae :

To compute the value of logy, cosh 0°3655, having given a table of values
of loyyq cosh = at intervals 0°002 of the argument.

Forming the difference table, we see that the differences of the third
order are approximately constant. The differences of the fourth order
will, however, be taken into account since such a difference may affect
the accuracy of the last figure of the result.

Argument. Entry.
0-360 0:0275 5462 3980
30061 3825

0:362 278 5523 7805 152 8036
30214 1860 -2122
0-364 281 5737 9665 152 5913 -13
30366 7773 - 2135
0-366 284 6104 7438 152 3778 -3
30519 1551 -2138
0-368 287 6623 8989 152 1640

30671 3191
0:370 290 7295 2180

In Everett's formula put o= §, £=1, and 4y=0-0281 5737 9665.

f(0-3655)= }(281 5737 9665) + ( — 4 54)(162 6913) + 1 5.(—13)
+3(284 6104 7438)+(~ 3 15)(152 3778) + o 1i5 (- 3)
=983 8513 049475 — 14 2937-59 — 0-13 = 283 8498 7557-03.
.~ log cosh (0:3655)= 0-0283 8498 755"7.

* Corresponding formulae for unequal intervals have been given by R. Tod
hunter, J.Z 4. 50 (1916), p. 137, and by G. J. Lidstons, Proc. Edin. Math. Soc.
0 (1922), . 26.
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In the Newton-Bessel formula put o =4,
281 5737 9665 .
70-3655)=1( . 284 6104 7438 + 1(30366 7773)

. 152 5913
+(=203( 1153 3778) ~ rhe(~ 2139)+ 13 (- 13-3)
=28309213551H +75916943-25 — 14295427 + 16:68 —N-14
=283 8498 7557-02.
. log cosh (0-3655)=0-0283 8498 7557.

By the Newton-Gauss formula
f(0:3655) =281 5737 9665 + }(3 0366 7773) + ( — .},) (152 5913)
+(— i5a) (—2135)+ 435 (- 13)
=281 5737 9665 + 2277 50829-75 — 14 3051-34
+116-76 — 0-22

=283 8198 7556-95.
~ log cosh (0-3655)=0-0283 8498 7557.

By the Newton-Stirling formula

/30214 1860

f(0:3665) =281 5737 9665 + }- ‘\+3 0366 7 ‘77.,> 2.(152 5913)

: 9122 o1
+(—1._.-g)5(_2“5> +(= 5310 (-13)

=281 5737 9665 + 2 2717 8612-38 + 42 916303
+116-40 +-13
=283 8498 7556-94.
. log cosh (0-3655)=0-0283 8498 7557.

27. The Formulae of the preceding Sections may be
expressed more concisely by means of the Central-
Difference Notation of § 20.

Everetl’s formula :

=gug+ (& +1)38%ug + (6 + 2)8%mg +. . . + (€ +7)20128% 20 +

+awy + (& + 1)38%, + (@ + 2)8ug +. .+ (24 o r10ur +. .

The Newton-Bessel formula :

"w-1) @By,

3!

+(z+ ].)4,1.8““5 + (a_’_f"_llf(f’__}u“f_z) (’2' 1’)86“ +.

=pby + (- .1,)8u + (.:_-)._.‘,#6311,_ +

+. . .+(w+/-—1)2,p82"15+(n-+) 1)2,——- —82’+1u,;+ ..

The Newton-Gauss formula :
Uy =g + By + (2)8%00 + (2 + 1)8%u y ( + 1) 8%+ (z + 2)585')1,*

+oo ot (@4 r = 1) 8% uy+ (T +7)ar *_182”'126* +. e
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The Newton-Stirling formula :
Uy = Ug + Tudbg + fﬁ’o‘?uo x(‘”z 1) g+ A (TZ‘" 12_)84%

~12 -2 - - -
RCET 5 =R,

(@ + 7)ar + (B4 7 = 1)) 8 up + (% + 1)y, 4 1002 Hlug +
Newton-Gauss buckward formula :
U_g=1Uy— BSU_ | + (X)gt%ug — (z + 1)gSu_}
+ (2 + 1),y — (z + 2)555u EEY
+(@+7 = 1)e8%uy — (@ + )0, 11 Ty 4, ..
28. The Lozenge Diagram.—We shall now give a method

which enables us to find a large number of formulae of
interpolation.

Let (p), denote the quantity -

i (p )', and let u, denote the

entry fla +7w). We obtain at once the relations
(P)o=(P+ )41~ @)y+1, (1)
AW_ =AM _, =A11_,, 2

and, combining these equations, we sec that

(I’)q{Aqu—r+l - Aq’”’—-r} = {(2” + l)q+l (l’)fl+11 AT+l _ -1
or
(I))quu_r + (p + 1)q+!Aq+l'M_, = (P),IA'IM_ r41+ (7’)q+1All+lw— ’” (3)
Suppose we arrange these terms in the form of a “lozenge” so
that the terms on the left-hand side of the equation lie along
the two upper sides of the lozenge and the terms of the right-

(Pg&c
(pﬂ)‘l*' ! }Aq*u
(P)q-n
(p)q Aq“-H' /

Fia, 2.
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hand side along the lower sides. We obtain the above diagram
in which a line directed from left to right joining two quantities
denotes the addition of those quantities.

Equation (3) may be expressed by the statement that: in
travelling from the lefi-hand vertex to the right-hand vertex of
the lozenye in the diagram, the sum of the elements which lie
along the upper route is equal to the sum of the elements which le
along the lower route.

It is evident that this statement may be extended. For
example, let us place in contiguity the lozenges correspond-

o (D) GEITY ()

so that the upper vertices of the lozenges, which are of the form
(»),A%% _,, form a sort of difference table:

(mhduy
(n)gA%0 _,
(n - 1);Au,
We obtain the following diagram :
(n), Au_,
(n+1),
0, } Au_,
~

(n), lA u/ s ("+l)s} Aau_1
o) \m)*} s
2

u, Aug
(n"' 1)2
(n-1), Au,
Fra. 3.

Applying the rule given by equation (3), it is evident that
the sum of the elements along either of the following routes is
the same:

Ug+ (R) A% _y + (1 + 1),A%0_y + (7 + 1)gA3u _,,
Up+ (n),Auy + (0)eA%u_y  +(n+1),A%u_,,
Ug+ (n);Auy + (n)gA2, + (n)gA3u _,.
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Since wg+ (n),Aug=1,+ (n—1);Au,, we may form three
other expressions beginning with the term u, instead of u, and
equivalent to those already given, namely,

g+ (1= 1), 80, + (n)pA%_y + (0 + 1)5A%
and two similar expressions.

It we examine the structure of this diagram, it will be seen
that the values of ¢ and » in the expression (p),A%._, are
arranged in precisely the same way as for the differences
A?f(u - rw) in an ordinary difference table. The values of p are
constant along any diagonal descending from left to right of
the diagram, while along a diagonal ascending from left to right
these values increase by unity at each vertex. The first value
of p along either line radiating from #, is taken to be p=mn.

By extending this diagram we arrive at the following, which

2 4
u, } Au }Au_ T
N (n+2), \(nms (n+3),

(n+2), s
}Au_2< f Au g
)1 ( n+z)3

(n+ (n+.z)2 (n+3),
" / .r Aﬁ“-z }A‘u_?'
N (n+|)2 (n¥2),
3
}»Au_2

(n), (m+1) (n+1), (n+2),
o/ 2} Azu_‘ }A‘ _2\’
\(n) . (n), (“'“)a‘ .

}A“o FAu

(n-1), () (n)g (n+1),
i 2} A*.,°< }A‘u_,\—
(n)s

(n-l)2 } .
Aug <

(n+2),
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may be called a lozenge or “ Fraser” diagram since it is a
modification of one due to D. C. Fraser.*

Now the Gregory-Newton formula for u, is the sum of the
elements from %, along the downward sloping line to the line
of zero differences. So u,=the sum of the elements from w,
along any route whatever to the line of zero differences.

From the identity w,+ nAuy=wu,+ (n —1)Au, it is evident
that the value of u, is unaltered if a route is selected starting
from w, instead of from w, In general the sum of the elements
along any route proceeding from any entry w, whatever to the
line of zero differences is equul to w,,

Applying this rule, we have at once from the lozenge diagram
Uy = U+ (AU _g + (0 + 1),A% o+ (1 + 2)gA% 4

F(+3)AMu_ +. .. (4)
U= 1tg+ (0) A0 _y + (0 + 1)gA%_y + (n+1)30%

+(n+2,A% o+, .. (B)
Uy = Ug+ (M) Avg+ (0)pA2%0 3+ (n + 1A% _y++1),A% ,+. . (6)
Uy =ty + (0 — 1), Aty + ()% + (0)3A30 3+ (0 + 1A _y +. . . )

Rewriting equations (5), (6) m the central-difference notation, we find

10, = g+ () 806 _g + (1 + 1)g8%up + (1 + 1)g8%0 _3 + (0 + 2),8%u5+. . .

and
= g+ (n,),Su, + (n)2821bo + (n+ 1)333"';f +(n+ 1) 0%y +. . .

which is the Newton-Geuss formula

If we now take the mean of these values of u,, we obtain the formula
whose differences are along the row corresponding to u, :
Uy =Yg+ (W) 2(Ou_y + 81y) + L {(n + 1)y + (n)y ] 821

+ @+ g 1(Bu_y + 8uy) + L {(n + 2)3 + (n + 1), ) Sy +. . .
or
1y = Uy + (MY pttg + 3n28ug + Fn(n? — DpdBug + Fpnn — )%, +. . .

which is the Newton-Stirling formula.

The mean value of «,, from equations (6), (7) may be expressed either
as Everett’s formula or as the Newton-Bessel formula. Wuiting (6), (7)
in the central-difference notation,

w,, = g + (1), Suy + (0)g8%ug + (n + 1)36%u; + (0 + 1),3%ug +. . .

- (n 47 = 1) 8%y + (0 + 1) 82 Ly +. . . (8)
Up =1y + (1 — 1),0uy + (n)g0%uy + (n)g83uy + (n + 1)0%y +. . .
+ (41— )8ty + (047 — 1)gp 8% luy +. . (9)

Taking the arithmetic mean of these values of uy, we may eliminate
* J.I.. 48 (1909), p. 238.
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differences of odd order by applying the relations (p)g =@+ g1 - O)geq
and 8%+l =8y, — 82wy The coeflicient of 8w, takes the form
Hm+r—1y+@+r)y+0+r~1)g 4} or (+1)g,y. The co-
efficient of 8% uy becomes §{(n+7— L)gr— (n+1)3r g — (W +7— 1)gpyq}
or — (n+7 — L)gp4q, and by substituting £ for (1 —n) we see that
—+r—1)g 1= —(r=Earry=E+)ar+1

The anthmetic mean of equations (8), (9) may thus be written in the form

wy = Eng+ (€ + 1)30%ug + (£ + 2)58%g+. + o4 (§+ P)gr 18 Ug+. . .

+ 0y + (1 + 1)gd%uy + (0 + 2)58%y +. . A+ () gpy (BPruy . L.

which 1s Everett’s formula

Suppose, however, we find the arithmetic mean of the values of w,
m (8) and (9) and simplhify the coeflicients of differcnces of odd order
the resulting expression by means of the relation

n-}

He+Mgrpr+ (47— Dy} =l 47— 1)y - IrS

We now obtamn the result

-1 —
g = pty + (0 — $)8uy + (1)guduy + "Wﬁ‘u; +(n 4 Dgudluy +. ..
+ (47— Dgul®uy + (n+ 17— 1), ;;;-‘5182"+1u}+ ce

which is the Newton- Bessel formula.

29. Relative Accuracy of Central-Difference Formulae.—
It is frequently necessary to use approximate formulae which
terminate before the column of zero differences is reached. From
the last section we have seen that the sums of the elements along
any two routes which terminate at the same vertex are identical
If the routes terminate at two adjacent vertices (p),A%_,.; and
(p)eA%7w_, which are in the same “lozenge,” the sums of the
clements along these routes differ by (p)y(A%._,4q1 - Afu.,), d.e.
by (p)sA?+lu_,. Extending this result to routes terminating in
the same column of differences, for example, at Atu_g and Adu,,
it is evident that the sums of the elements along these routes
differ by (n + 2),A%u_g + (n + 1),A%u_g + (n), A% _,.

We shall now consider routes that lie along horizontal
lines ; these yield the formulae containing mean-differences. In
the last section it was shown that a mean-difference formula is
obtained by taking the arithmetic mean of the elements along
two adjacent routes. From the mode of formation we see that
the sums of the elements along such routes are identical as far
as the vertices at the intersections of the routes. For example,
the Newton-Gauss formula is equivalent to the Newton-Stirling
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formula as far as differences of even order, and it is also
equivalent to the Newton-Bessel formula as far as differences
of odd order. When a formula is curtailed, the question arises
a8 to whether it is more advantageous to select a route which
terminates at a mean difference or at an ordinary difference.
The following diagram represents the portion of the lozenge
diagram along the row corresponding to w, and adjacent to
the differences of order 2». Let 4 denote the mean differ-
ence (7 + 7)g.4aud®+1luy, and let B denote the mean difference

(» + 7 = 1)gud®uy.

Fia. 5.

The route along the dotted line through A4 represents the
Newton-Stirling formula and the route along the dotted line
through B represents the Newton-Bessel formula. The Newton-
Gauss formula, which is represented in the diagram by a zigzag
intermediate route, is equivalent to the Stirling formula at the
vertices §u, and 8% +%y,, and it is also equivalent to the Bessel
formula at the vertices 8% -1uy and 8% +1uy,

Consider the three routes representing the Gauss and the
Stirling formulae and the formula which contains the differences
8 -Ly_3 uy +ly_y and §r+2y, If we suppose these
formulae to be curtailed so that the last difference of each is of
order 2r+ 1, we may compare the accuracy of these formulae
by ascertaining the magnitude of the neglected terms of order
(27 +2). The sum of the elements along either of the routes from
the common vertex §*+2u, to the line of zero differences being
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the same, the most accurate formula is the one in which the
neglected term of order (2 + 2) is the smallest. These terms are :
(n + 7)ars 28 2ug, (0 + P)arrn+ (1 +7 + 1)g40}88+2u,,

(n+ 7 + 1)g,4.08%+2u,
respectively, and they are also arranged in ascending order of
magnitude. The Newton-Gauss formula is therefore more
accurate as far as mean differences of order (27+1), when
further terms are neglected, than the corresponding Newton-
Stirling formula passing through the same differences of even
order; and both are more accurate than the formula containing
the difference 8% +lu_j3 In precisely the same way we see
that the Bessel formula is more accurate than the Gauss
formula as far as differences of even order when further terms
are neglected. In general, @ central-difference formula terminat-
ing at o mean difference of the entry w, is more accurate than
a formula which 1is curtailed ot the corresponding central-
difference of u,_3, and it is less accurate than a formula which
18 curtailed at the corresponding difference of wp,3.*

We shall now illustrate by an example the superiority which central-
difference formulae generally have over other interpolation formulae.

Let it be required to find u, where —}<w<}., If we employ for
this purpose an interpolation formula which proceeds according to
central differences of ug, and stop at the (2r+ 1)th term, the result is
the same as if we employed Lagrange’s formula with given values of
U_py U_yigy + » + Wp 80 that by § 19 the error is

@+r)(e+r—1) ... (@—7) 94y
where £ denotes some number hetween @ —rw and a+rw. If, on the
other hand, we employ the Gregory-Newton formula, and stop at the
(2r + 1)th termy, the rvesult we thereby obtain is the same as if we

employed Lagrange’s formula with given values of ug, wy, . . ., Uy, 80
that the error is

-...@®-2
@(x ()2r+ 1 !“' "_'_)j\zm+l)(,,,)’

where 7 denotes some number between a and a+ 2rw. Now f@r+D(£)
does nof, in most cases, differ greatly from f3r+1()), but (x+7) (@ +r—1)
... (@—7r) is much smaller than x(x—1) ... (x—2r) in absolute
value when — } ~x<4. Thus the error is smaller in the former case than

* A detailed discussion of the accuracy of interpolation formulae is given in
pgpers by W. F. Sheppard, Proc. Lond. Math. Soc. 4 (1906), p. 820, and 10 (1911),
p. 139; D. C. Fraser, J.I.4. 50, pp. 25-27 : G. J. Lidstone, Trans. Fac. Act. 9 (1923).

(D 3131) 5
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in the latter. For this reason central-difference formulae are prefer-
able to the ordinary formulae for advancing differences.

The following remarks* are of general application :

“Formulas which proceed to constant differences are exact, and are
true for all values of » whether integral or fractional.

“ Formulas which stop short of constant differences are approximations.

“ Approximate formulas which terminate with the same difference are
identically equal.

“ Approximate formulas which terminate with distinct differences of
the same order are not identical. The difference between them is
expressed by the chain of limes necessary to complete the circuit.”

30. Preliminary Transformations.—In certain cases
formulae of interpolation should not be used until some
preliminary transformation has been effected. We shall illus-
trate this by two examples.

Ex. 1.—Suppose that it is required to find L sin 15”. We have from
a table of logarithms the following entries :

6. L sin 6.
0° 0’ 10" 5-6855749
3010300
20" 5:9866049 — 1249388
1760912 737864
30" 6-1626961 ~511524
1249388 231236
40" 6-2876349 — 280288
969100

50" 6-3845449

The difterences are evidently very slowly convergent. One reason for
this will be seen when it is remembered that when 6 18 small and
0" =2 radians, then sin a=x-—3s%+. .. and z=0sin 1”7 (nearly),
so that L sin @=L sin 1” +log @ (nearly), and the differences of log 6
for the values 10, 20, 30, 40, 50 . . . of @ are very slowly convergent.
We therefore calculate L s 6 when 6 18 small by adding the inter-
81N

polated values of L( 09), which has regular differences, and log 6, for

which tables exist with smaller intervals of the argument.
Ex. 2.—Suppose it is required to interpolate between two terms of
such a sequence as the following :

oo+l o+ 1)r+2) i+ 1)+ 2)(r+3)

C P p+ D) ple+Dp+2) plo+Dep+(p+d
where r and p are two widely different numbers.

* D. C. Fraser, J.Z..1. 43 (1909), p. 238,




CENTRAL-DIFFERENCE FORMULAE 51

It is best to interpolate in the sequence of numerators
Lnrir+l), r(r+1)(r+2), . ..
and to interpolate separately in the sequence of denominators

Lpp(p+1)pp+1)(p+2) . ..

We then divide the former result by the latter, in order to obtain the
required interpolated value.

Stirling (Methodus Differentialis (1730), Prop. xvii. Scholium) says :
“As in common algebra the whole art of the analyst does not consist
in the resolution of the equations but in bringing the problems thereto ;
so likewise in this analysis: there 1s less dexterity required in the
performance of the process of interpolation than in the preliminary
determination of the sequences which are hest fitted for interpolation.”

The general rule is to make such transformations as will make the
mterpolation as sumple as possible.

ExamrrEs oN Cuaprrer III

1. Given
sin 25° 41’ 40" =0-433 571 711 655 565
sin 25° 42’ 0" =0-433 659 084 587 H44
20" =0-433 '746 453 442 359
40" =0-433 833 818 219 189

find the value of sin 25° 42’ 10” by the Newton-Gauss formula,

2. Find the value of log sin 0° 16’ 8”5 having given

log min 0° 16" 7" =7-670 999 750 0
8"="7-671 448 629 9
9" ="7-671 897 046 4
10" ='7-6'72 345 000 2
using the Newton-Gauss formula.
Check your result by obtaining log sin 0° 16’ 8”-5 from the following
data :
log sin 0° 16’ 6" ="7-670 550 405 &
8"="7-671 448 629 9
10" =7-672 345 000 2
12" ="7-673 239 524 3

3. Apply the Newton-Stirling formula to compute sm 25° 40 30"
from the table of values
sin 25° 40’ 0" =0-433134785866963
20" =0-433222179172439
40" =0-433309568404859
sin 25° 41’ 0" =0-433396953563401
20" =0-433484334647243

and verify your answer, using the Newton-Bessel formula.
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4. Given
log 310 =2-4913617
320=2-560515600
330=2-5186139
340=2-5314789
350=2-5440680
360=2-65630256

find the value of log 3375 by the Newton-Bessel formula, verifying the
result by one or more other central-difference formulae and comparing
it with the true value. [3-5282738.]

5. Show that the lozenge-diagram method really derives all the
interpolation formulae Ly repeated summation by parts, 4.e. by the use
of the formula

g4 1805 = Alugy) — vy,
which is the analogue in the Calculus of Differences of the formula
Judv=uv — [vdu
in the Integral Calculus,



CHAPTER 1V
APPLICATIONS OF DIFFERENCE FORMULAE

31. Subtabulation.—An important application of inter-
polation formulae is to the extension of tables of a function.
Thus, supposing we already possess a table giving sin# at
intervals of 1’ of x, we might wish to construct a table giving
sin » at intervals of 10” of ». This operation is called sub-
tabulation. Subtabulation might evidently be performed by
calculating each of the new values by ordinary interpolation,
but when the new values are required in this wholesale tashion
it is better to proceed otherwise, forming first the differences of
the new sequence of values of the function, and then calculating
the latter from those differences.*

Let Tg, Ty, Ty, Ty, . . . be a given sequence of entries in a
table corresponding to intervals w of the argument, and let
their successive differences be AT, =T, — Ty, ATy =T, — 2T, + T,
etc. Suppose it is desired to find the values of the function
in question at intervals w/m of the argument so that (m -1)
intermediate values are to be interpolated between every two
consecutive members of the set Ty, T,, Tp ... Denote the
sequences thus required by ¢, ¢,, ¢, . . ., 80 that £y="Ty, ¢y =Ty,
tam=Ts, t3n="Ts, etc,, and let the successive differences in the
new sequence be

Alo=t,—ty, Alty=1t,- 2t +1, ete.,
where A; is used instead of A to denote the operation of
differencing in the new sequence. The differences in the new
sequence may now be found in terms of the differences in the
old sequence by the use of operators in the following way.

Lagrange, Buvres, B, p. 663 (1792-8).
53
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Denoting the initial value #, or T, by f(a), we have by the
Gregory-Newton interpolation formula :
¢y =fa +wfm) =Ty + (1/m); AT+ (1/m)gA%Ty + (1/m)sA3T, +.
and the operators A; and A are thus connected by the relation
= (1/m),A + (1/m),A% + (1/m)aA3 +. . . (1)

Suppose for simplicity that A4T, is the last non-zero difference
of the original sequence, so that AST,=0, A®T,=0, ete.
Equation (1) gives

Ay = {(1/m),A + (1/m),A% + (1/m)A% + (1/m) At} (2)
If we now substitute the values s=1, 2, 3, 4 in the last equation,
we are able to determine all the differences of the new sequencg
in terms of the differences of the old sequence :

Agty= ,,l*nATo + %’?’Aﬁl‘o MM’L)AaT

e

L= 2m) =3y
Aty = 2oamy o Lo o, o Ao T2 10 g, )
Apty= 2po1,+ 2= Tan,, ®)
Aty = AT, (©)

When the differences are thus calculated, the entries ¢, Z,, ?
may be derived in the usual way by simple addition. The
values of %y, %ym, am, . . . formed in this way should agree
with the tabulated values Ty, Ty, Ty, .

EQ;-—The logs of the mumbers 1500, 1610, 1520, 1530, 1540 being

given to nine places of decimals, to find the logs of the mtegers between 1500
and 1510.
The difference table of the original values is as follows :
No, log. A, A3, A3, A4,
1500 176091259
2885688

15610 178976947 —~ 19047
2866641 249

1520 181843588 - 18798 -4
2847843 245

15630 184691431 -~ 185653
2829290

1540 187520721
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Here 'm 10.
10 ‘( 4)= —0:0004 in the ninth place, which is negligible,

Ad=_—, 249+—("—l°)(-— 4)=0-2544 = 0-25
2:10 which is approximately constant
) (1-10),,. . (1=10)(7 _plpm) y onsh
A2= ( 19047) 42— 5249 + 2= goh — (= 4= - 19274,
Al_.1~2885688 + (1 10)( 1904=7)+——~~(1 —10)(1 - 20,49
10 6-108
+(1=10)(1-20)(1 - 30)(
=288568-8 2100
8567-115
70965
0-08265
=289433-094
No. logs. A A2 AP
1500 1760912591
289433-1
1501  176380692-2 —192-74
289240-4 0-25
1502 1766699326 —192-49
289047-9 0-26
1503 1769589805 —192-24
288855-6 026
1504  177247836-1 —~191-99
288663-6 0256
1505 1775364997 -191-74
288471-9 0-25
1506  177824971-6 —191-49
288280-4 0-25
1507  178113252-0 —191-24
288089-2 0-25
1508  178401341-2 - 190-99
287898-2 0-25
1509  178689239-4 - 19074
2877074
1510  178976946-8
The required new table is :
No. log. No. log.
1500  3-1760912569 1506 3-177824972
1501 3-176380692 1507 3:178113252
1502  3-176669933 1508  3-178401341
1503  3-176958981 1609  3-178689239
1504 3-177247836 1510  3-178976947
1505 3-177536500

ind the final value of log 1510 agrees with the original value.
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32. An Alternative Derivation.—It is frequently convenient when
dealing with a function whose degree 18 known to insert values of
the function, intermediate to those already tabulated, by the following
method :

Suppose, for example, that a function f(x) may be represented by a
polynomial of the third degree, and that values of the function are
tabulated at intervals w = 10 of the argument. Let it be required to insert
values at an interval w=1. Using the notation of the last section, we
have (by the Gregory-Newton formula)

r_l = '
Tl_. tm— to+ 104t + 4542,  + 12043,
Ty=tyo=fo+ 204 7q + 19043, + 11407 %,
Ty =tyy=to+304,fo + 435A12t0 +40604,%,.
Differencing these equations, we see that
ATgy= 104t + 4502, + 12043,
AT; =104,y + 145424, + 1020 3t,,
ATy =104y + 245A12t0 + 2920A131¢
Similarly AT = 10042, + 90043,
AT, =1004,%, + 190043,
", A%y = 10004,
The leading term and 1ts differences for the subdivided intervals are

seen to be Apty=-001A%T,,
Ay2ty=01A%T, — -009A3T,,
Asty =-1AT, ~ -045A%T, +-0285A3T,,*
from which the values ), £y, t3, . . . are formed by addition.
Ec—Having given a table of values of log « at intervals of the argument
w=>5, to tnsert between log 6250 and loy 62565 the tntermediate values of
the function at intervals w=1.

Eutry. A. Al
Put Ty=1log 6250 = 3-7958800
3473
Ty=log 6255=3-7962273 -3
3470
Ty=1log 6260=3-7965743 -2
3468

T, =log 6265 = 3-7969211
The differences of the sccond order are approximately constant, so we
assume log = to be a polynomial of the second degree.
Ty = ty=3-7958800,
Ty =ty =1y + 54,1, + 104,%,,
AT,y= Aty + 1042, = 3473,
AT, =54ty + 354,24,
AT, =254 2= — 3.
* These are precisely the set of equations of §31 when A’T,, the thml
differences of the tabulated function, are assumed to be constant.
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From these equations we obtain the values
Alty= « 012, Agf,=69484,

expressed in units of the seventh decimal place.
Forming the difference table for the subdivided intervals,

Entry. Ay Al

log 62 50=37958800-00
694-84

log 62 51 =37959494-84 -0-12
694-72

log 62 52 =37960189-56 -0-12
694:60

log 62 53 = 3796088416 -0-12
694-48

log 62 54 =37961578-64 —-0:12
694-36

log 62 55 = 37962273-00

We may now isert these values of the function in the table of values, thus:

log 6251 = 3-7959495
log 6252 = 3-7960190, etc.

We may obtain without difficulty formulae for subtabulation based
on ceniral-difference formulae, or on Everett’s formula. These are
frequently to be preferred to the subtabulation formulae based on the
Gregory-Newton formula.

Owing to the rapid accumulation of error in the higher orders of
differences, care must be taken to include additional places of digits in
the computations, as in the above examples

33. Estimation of Population for Individual Ages when
Populations are given in Age Groups.—We shall now find
the values of a statistical quantity, such as the population of
a given district, for individual years, when the sums of its
values for quinquennial periods are given.*

Let . .. %_g %_y %y %, Ug ... be the values of the
quantity for individual years, and let the quinquennial sums
be ... W;, Wy W_,, ... ,so that

W, =u; +ug +ug +u +U,
Wy =ug +uy +uy +%_1+%_y,
W_ =u_g+u_g+u_g+u_g+U_q
It is required to find the value %, in terms of the W’s.
* Q. King, J.7.4. 48, p. 109 (1909). See also 50, p. 32.
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The Newton-Stirling formula may be written
2 2_1) A3,
un=uo+nml—:‘2—t -Au°+%—A”w-1+7—z—(nTl~) A “";—Aaﬂ'l
2
'n______('n2 I)A“u 2+.
If we denote u,+wu_, by y, and neglect the differences of
the fourth and higher orders, we may write
Yn=2uq+ n2A%_,.
Therefore Wo=uy+y,+9s

= Bug+ 5A%_,,
and Wi+ W =g+ ya+ys+ Y+
=100, + 135A2_,.

Eliminating A%x_, from the two last equations, u, may be

expressed in terms of the W's:
1250y = 2TWy - (W_, + W),
or, writing A®W_, for (W_, - 2W,+ W), we obtain the result
125uy=26W, - A2W _,,

or Uy = 0-2W,, — 0-008A2W _,. 1)

Ex.—To find the value of the quantity for the middle year of the second
quinquennium, when the following are three consecutive quinquenntal
sums: 36556 : 39387 : 41921.

Denote the given quinquennial sums by W_,, W, W, respectively,
and form a difference table.
W.,=36 556
2831
W, =39 387 - 297
2534
W, =41 921

The required quantity u, is therefore, by (1),

1p=0-2 x 39 387 — -008 (— 297)
=7877-4+24
="7879-8,
80 uy=7880.
The above formula may be extended to include the fourth
differences of the W’s when we neglect the differences of the s
of the sixth and higher orders.* We have now

* When the groups are unequal, we can proceed in a similar way, usmg
divided differences.
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Yn=Up+U_,
= 2ug + nPA%u _y + J5nP(n® - 1)A%u _,,
Wo=ug+y1+7,
=bug+ 5Au_y + Abu_,, (2)
Wi+ W_;=10uy+ 135A% _, + 377A% _,,
Wi+ W_g=10uy+ 510A% _, + 4627A% _,.

Eliminating %, from the three last equations, we have
AW _, =125A%_, + 376A% _,,
and AW, - AW _, =375A% _, + 4250A% _,,
and eliminating Agu_, from these two equations we find that
Atu_y =0-00032AW _,
and A%u_; =0-008AW _, — 0-00096AW _,.

If we now substitute these values in equation (2), we obtain
the result
uo = O'Z(Wo - 5A2u_1 - A4'l' - 2),
or u0= 0'2Wo - O'OOSAEW_]_ + 0'000896A4W_2-

This value of u, was also given by G. King.*
The following demonstration of a more general formula is due to
G. J. Lidstone

r :lr-‘l-l
Let Wo=2u;, W;= X u, etec,
- 141
(2 -H).r‘—r—'l
and let Yo= S Uy

»
where p is some number independent of # From these definitions we
have at once

Ayp=Wyg
n.nd o= | -1,
Btsuns Vi -mry
In Bessel’s formula,
Yo+ U m2—1 Ay_,+ A%, mm?-])

‘![i..,,,=L2 1+'mAy0+ S T g + 3 Ay 4.

t m= !
P =3@r+ 1y

Form the dufference y3 4 —%3_m and in the result substitute W and its

* J.IA. 48, p. 114.
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differences for Ay and its differences. We thus obtain the required
formula.
The result 18

2 _
uo== 2'm,Wo+ ﬁ(’:1;']/—2£)A2W_1 +

which, when 2r + 1 =25, becomes
ty=0-2W, — 0-008A2W _; + 0-000896AW _o+. . .
as found above.

34. Inverse Interpolation.—We shall now consider the
process which is the inverse of direct interpolation, namely, that
of finding the value of the argument corresponding to a given
value of the function intermediate between two tabulated values,
when a difference table of the function is given. This is known
a8 tnverse interpolation.

Let f{a +2zw) denote a particular value of the function of
which the differences are tabulated. We now wish to find the
value of the argument z corresponding to f{a+aw); for this
purpose it is best, if —}<z<%, to use Stirling’s formula *

Sa +zw) =f(e) + 23{ANe) + Afla - w)} + 322A%f(a - w)
+ ya(2? - 12)3{A%Aa - w) + A¥(a - 2w)}
+ a?(a? - 12)A¥f(a - 2w) +. . . (1)

Dividing throughout by 1{Af(¢)+ Af{la —w)}, the coefficient
of z, equation (1) may be written in the form

g =m 322D, - z(2? - 1)Dy - 22 - 1)Dg—. . . (2)

where m={f(a +2w) - /(a)}/3{Af(a) + Af(a - w)},
D, = {A%(a - w}/3{Af(a) + Af(a — w)},
Dy = {A3f(a - w) + A3f(n — 2w)}/{Af(e) + Afla - w)},
and so on. We have now to solve equation (2) by successive
approximations.
1st approximation : z=m.
Substituting this value in equation (2) we obtain the 2nd
approximation :
z=m — }m2D, — }m(m? - 1)Dy - gym¥(m? - 1)Ds—. . .

This value of z is now substituted in equation (2) to form the
3rd approximation for z, and so on for further approximations.
* If } <w<3, Bessel's formula should be used.

2 1\(m2 — O
m(m Bi&gm ‘)A4W_,+. o
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Instead of solving equation (2) by successive approximations we may
arrange it in the form

m=2z+ §?Dy + fo(a? — 1)Dy + Jpu?(2® — 1)Dg+. . .

We have merely to reverse this series to obtain a formula from which
may be found by direct substitution, namely,

g=m(l+3Dg+. . )+ ~3D;+ LDy~ 1D, Dy —. .
+m3(§Df;—a}D,-. "’f) 3D, + gDy — 1D, Dy )
+...

As an example of inverse interpolation, suppose we wish to find the
positive root of the equation *

27 + 284 —- 480 =0,

Writing y =27+ 2824 — 480, and finding by a rough graph that the
root is a little over 1:9, we construct the following difference table :

2. . A. A% A3,
190 -—25-7140261
11-0886094
191 -—-14-6254167 0-2293434
11-3179528 0-0041112
192 — 3:3074639 0-2334546
11-56514074 0:0041775
1-93 8:24394356 0:2376321
11-7890395

1-94 20-0329830

Evidently the root lies between 1-92 and 1-93, and therefore if the root
be 1-92 + 0-01z, we have by Stirling’s formula in equation (1):

= — 33074639 + 11:4346801z 4 0-1167273.2 4+ 0-0006907 (s — ),
= —3:3074639 + 11:4339894x + 0-1167273,2 4 0-00069073,

Dividing throughout by the coefficient of a,
x=0-28926595 — 0:010208822 — 0-00006043,

1st approximation : «=0-28926595,
2nd approximation : z=0-289265695 — 0-0102088 x 0-083675
—0-0000604 x 0-0242

=0-28841027,

3rd approximation : x=0-28926595 — 0-0102088 x 0-0831805
—0:0000604 x 0-0240

=0-28841533.
The required root is 1-9228841533, correctly to 10 decimal places.

* This equation was suggested by W. B, Davis (Ed. Z'imes, 1867, p. 108)
be solved otherwise by him.
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35. The Derivatives of a Function.—From the Gregory-
Newton formula
z(z-1)

Ao +aw) =fla) + @A) + =5 - “AY(a)
+22=D @ Dpary )

we have at once
S +azw) - f(a)

w

L)+ 5 e + Em R pagy 4,

If  is taken very small so that zw—>0, the left-hand side of
the equation is of the form {f(a+ k)~ f(a)}/h. The limiting
value of this expression when A—0 is the derivetive of the
function f(z) for the value & of its argument. We thus
obtain

S(a)= ,;ll‘)‘:A/(“)"%A?f(“)*":'rA?/'(”') -iAY@+. g ()

The successive derivatives of the function may be obtained
by the use of the differential calculus in the following way.
Ditferentiating (1), we obtain

wf'(-+ aw) = A(a) + 2L ary() + 2804 2pap

4.7:3 182% + 222 - 6
41 T AY(a) +.

Also

w8f*(a-+ o) = AY(a) + (- 1)AY(@) + © BT g
and so on for derivatives of higher order.

Putting z =0 in this set of equations, we obtain the results
w/"(a) = () - $AY(0) + 4A¥{a) - 1AYT0) + 3AY/ (@)
- 3A8fa) +. . .
W (a) = AY(a) - A¥a) + HAY (@) - 34%(e) + 12 7A"/(a) -
w"(a) = A¥f{a) - 2A4/(a) + FAH0) — 1£A%f(a) + .

wAf™(«) = Af(a) — 2A5f(a) + 2EA% (@) -. . .

%" (a) = A%(a) - §A% (@) +. . .

wAf"(a) = Adf{a) -
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Ex.—To find the first and second derivatives of log, x at 2= 500.

£ log, 2. A. Al As, At
500 6-214608

19803

510 6-234411 — 386
19418 15

520 6-253829 - 370 -1
19048 14

530 6-272877 - 356 -1
18692 13

540 6-291569 - 343
18349

5560 6:309918
Here w=10 and
10f/(500) = 0-019803 + 4(0-000385) + }(0-000015)
=0-020001.

Also 100f"(500)= — 0-000385 — 0-000015 — 11(0-000001)
= —0-000401.
Neglecting the last figure, which is liable to error, we obtain the results
£(500) = 0-002000
£7(500)= — 0-0000040,
We may find the formula for the nth derivative of a function other-

wise, by using symbolic operators and expanding the function f(« +w) by
'aylor’s Theorem.

Thus fla+w)=fl0) + uf @) + o @) . . . M
If we denote ‘;—i, the operator for differentiation, by D, equation (1)
becomes

2 3
fatw=(+ub+ " 0 ),
or (1 + D)fl)=*"f(a),
and 1+A=e". )]

Taking logarithms of each side of this equation,
wh=1log, (1 +4)
=A-3A%24+ JA -, |,

or wf'(a) = Af(a) — 3% (a) + }A3f(a) —. . . (3)
Also w?D2= {log (1 + 4)|?

=(A-}A2+1A3—, . 2
Therefore w3 ()= (A — 3A2+ JA3—. | )?fa)

= A%f(a) — A¥(a) + 1 3A%Y(0) +. (9
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.and in general
wf" (@)= (A~ FA2+ JAS — AL+, | )Yf(a). (5)

36. The Derivatives of a Function expressed in Terms
of Differences which are in the same Horizontal Line.—
By differentiating Stirling’s formula,

Sa+zw) =f(a) + s3{AA ) + Af(a - w) + §2?A% (e - w)
+ 3o(x? - 12)3{A%(a — w) + A3(a - 2w)}
+ 43 (2 - 12) A% (o - 2w)
+vEo(a? - 17) (@ - 2)HAY (0« - 2) + AYf{a - 3u))
+ 13 02%(2% - 1%) (2" - 22)A%{(a - 3uw),
the differential coefficients may be represented by a rapidly
converging series in terms of the horizontal differences. Thus
wf’(a + zw)
={Afa) + Af(e — w)} + 2A% (0 - 2w)
+ 3 (32% - 1)3{A3/( — w) + A¥/(« - 2w)}
+ 3 (4a® - 22)AY (@ - 2w)
+ 15o(b2t — 1522 + 4) 1 {A%f(« - 2w) + ASf(n - Bw)} +. .
w3 (a + )
=A% - 2w) + 23{A3(a - w) + A3f(a - 2w)}
+ ¢4 (1222 - 2)A%(a — 2w)
+ 110(202® - 302)3{A%A(a — 2w) + ASf(a — 3w)) +. . .

Putting =0 in these equations, we have

wf' (@) = $H{A/(@) + A - w)} - §3{AY (4 - w) + AY{a - 2w)}
+ foHAY o - 2w) + ASfla - Bw)} +. . . (1)

wi"(¢) =A@ — w) — $5A% (¢ - 2w) + A @ -Bw) +. . . (2)
These equations give the value of the derivatives in terms of
differences which are symmetrical as regards the direction of
increasing and decreasing arguments.

In order to extend these results to derivatives of higher
order we shall write Stirling’s formula in the central-difference
notation of § 20 as far as differences of the eighth order.

S+ 2w) = ug + zpduy + 3280y + Jo(@® - 1)pddugy + Fp2%(x? - 1)84u,
+ 1ho2(@? — 1) (22 — 4) Py + 1o (@® - 1) (2* - 4)88,

+3oiro(2” - 1) (2° - 4) (@ - 9)uduq
+ 7oatyo?’(@ - 1) (27 - 4) (2" - 9)Puq
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When the right-hand side is arranged according to ascending
powers of &, we obtain

S +aw) =g + z(pdug — §pdug + Joptug — 3 1ondu)

+ 2 (§8%up — 54 8% + Tioup ~ 1150 uo)

+ T Fpudug — 3 g + Tiopd )

+ (8o — 1 128% + 5r'so®uy)

+85( 5o ug — sEopd"U) + (71 08%u — 38 sdug). (3)
If both sides of this equation are differentiated and we
substitute the value =0, we obtain the value of wf’(«) as in
equation (1); and the higher derivatives of f{a) are formed by
differentiating wf’(a + zw), w?/" (¢ + 2w), and so on.

The successive derivatives of f(a) correct to differences of
the cighth order are given by the following equations :

wf’(a) = pdug — Fpduy + yopdug — 11pdTug
W () = 8 — 1s8ug + '58%g — 55 50%,,

WY (@) = udPug — p8Sug + o5 g

WA (@) = Sug — §88ug + 555U,

Wi (@) = pSug — § s,

wBf"N @) = 8ug — 18%u,,
We sec that wf’(a) is equal to the coefficient of z in (3) and,
in general, w"f™(a) is equal to the coefficient of x™ in the
equation (3) multiplied by n! This result might have been
obtained at once by comparing (3) with Taylor’s expansion
of f(a + zw).

87. To express the Derivatives of a Function in Terms
of its Divided Differences.—We shall first find the derivative
of a funection f{x) for the particular value @, of the argument z
in terms of ‘its divided differences. As shown at equation (3),
§ 13, we may write
S, 00) = f(@g.01) + (v = ;) (0,0, @5) + (w = 1) (1 = @) f{,001,01,015)

+oootw-a)(w—ag) . .. (B—an )0y 0y, . . ., @),
where the divided differences of order beyond the nmth are
supposed negligible. If we put % =a,, we have

Ay ag) =g, ag) + (g = ;) (g, 0y, )
+ (a9 = @) (0o — @x)flag, @y, Oy Ag) +. . .
+ (g —ay) (2g—ag) . . . (39— an-2)flag, tq,. . ., an). (1)
(D 311) 6
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But in § 16 we found that
S(u) =fao) + (u — ag)f (@, o) + (% = @o)*f(tq, to, o)
+ (=~ ag)¥flag, ag ag @) +. . -
and by Taylor’s expansion,
£ =l + (0= a2+ (= i 30 4 gL

so that f'(«g) =f(ag @), /" (%) =f(@ @ @), and in general
S ag)[n t=[lag, ag, . . ., a),

which gives the nth derivative in terms of the divided differ-
ence of the nth order with repeated arguments.
Equation (1) thus becomes
S (@) =flopa) + (o — @) (A, 09) + (@9 — 43) (g — 15)/(@0,111,09,0)
+oo ot (@g—a))(ag—ay) . . . (a9 = b 1)f(000g, « .« o Gn), (2)
which gives f“(a,) in terms of its successive divided differences.
As a special case of this formula when a, =ay+ w, ay=2ay+ 2w, ete.

£ = 2 flag) +( ~ w)gr5h(ag) + (~ 1)~ 2w)g =A@+ . -

or wf'(ag) = Af(ag) — $0%f(ag) + 1A3(ag) —. . .
which is the formula of § 35.

A more general expression for the derivatives of a function
in terms of its divided differences may be obtained from
Newton’s formula:

S@) =flag) + (& - ap)f(@g, @) + (2 — ap) (@ — 1) g, @y, @5)
+ (& - ap) (& - ) (z - ag)f(ag, @y, Gy, @) +. . .

Denoting the factor (z — @,) by ay,, this equation becomes
S@) =flag) + a0 /(@0 @1) + agay flag, @y, 8s) + agag05 (g, @y, 05, ag)

+.. ctaguag ... any flag @y, 0, . ., a,,). (3)

Differentiating both sides of this equation, we see that

S'(@) =1 (a0 1) + (ag + @)/ (@0, Oy, tg)
+ (g + g + ay0)f (g, 0, 0y, ag) +. . . (4)
S (@)[21=f(ay @y, tg) + (ag+ a; + ag)f(, @y, g, ag)
+ (a0u1 + agag + agag + ajag + ajag + "'2“8)./("‘0’ Qy, Ug, Ug, (l,4) +. ..
S7(@)[31=flag, ay, a, ag)
+ (ag + o5 + ag + ag)f(@g, @y, @9, @y, @g) +. . . (D)
ST @)[4 ! =flay, @y, ag, a3, ay)
+ (ag+ ay + ag + ag + ag)f(ag, ay, @y, ¢y, ag, ag)+. . . (6)
and so on. .



APPLICATIONS OF DIFFERENCE FORMULAE 67

In these equations the coefficient of the divided differences of order r
is a symmetric function of the quantities ag @y ag, . . ., ap_y. In
equation (3) this coefficient is of r dimensions, and after each dlﬁerentm-
tion its dimensions decrease by umity; so we see, therefore, that the
coefficient of fay, @y, + + « Gr) in the equation for SOXz)/r! is unity
(i.6. zero dimension in «g ay, . . 4 ay_g), and all differences of lower
order vanish.

If we suppose ay=uy =ag=ug=. . .=ay,, we obtain the values given
above : f'(ag) =f(aq, a), f”(ao) 2f(ag, @ ag), and so on.

Substituting in equation (4) the value & =ag, we obtain equation (2),
namely,

S(ag) =fag ay) + (@g — ay)f(ag, Ay, ag) + (2 — ay) (@9 — a)(@g, @y, Bgy ) +. .

The latter equation is used when the derivative of a single value of
the function 18 required ; but when the derivatives of several values of
the 'function are to be computed, we use equation (4).

Ex.—From the following table of values compute the third and fourth
derivatives of f(6) when the argumenl 0 has the values 5, 14, and 23
respectively.

0 2 4 9 13 16 21 29

f(6) 57 1345 66340 402052 1118209 4287844 21242820
We first form a table of divided differences :
0. £(0).
= 2 57
644
a;= 4 1345 1765
12999 6556
ag= 9 66340 7881 45
83928 1186 1
ag=13 4020562 22113 64
238719 2274 1
ay;=16 1118209 49401 81
633927 40564
ag=21 4287844 114265
2119372
ag=29 21242820
The function is evidently a polynomial of the 5th degree.
Tahulating the values of ag, ay, ag, . . ., we find
0=5b. 0=14. =23,
g 3 12 21
o 1 10 19
g - 4 b 14
ag -8 1 10
ay -11 -2 7
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From equation (5) we have at once
3f"(0) =556 + (ag+ a + ag + 03)45

+ (a9 + agag + ugug + agy + ayup + urdy + 0104 + aguy + agay + a30)],

50 f"(G)=1626, f"(14)=12102, f"(23)=32 298.

From equation (6) we have

$1"(0)=45 + (a9 + 0y + 03+ ag + ag)l,

50 f(6) =624, f™(14)=1704, f~(23)=2784,

ExampPLES ON CHAPTER IV

1. The logs of the numbers 400, 410, 420, 430, 440 being given to
seven places of decimaly, find the logs of the mntegers belween 400
and 410.

log 400 =2-6020600
log 410=2-6127839
log 420 =2-6232493
log 430 = 2-6334685
log 440 = 26434527

2. If AT, is the last non-zero difference of the original sequence, so
that A+1Ty=0, A7*?T(=0, . . ., show that the formulae for sub-
tabulation are :

Afrty= '%A'Tm*

A lto——-_—A" 1T, +( il G m)A'T
2mr

Ay tgm b 1Ty + 0 DA Wy,

{('r— 2)(1 —m)(1 - 2m) (r—2)(r—3)(1 -m)?
2.3.m" 8mr

}Aﬂb

The differences of order higher than the rth in the mew sequence
are, of course, all zero.

3. The following are three consecutive quinquennial sums :
44133, 41921 and 39387.

* Mouton, an astronomer of Lyons, in 1670 noticed that if in a sequence
whose rth differences are constant, say=c, intermediate terms are inserted
corresponding to a division of each interval of the argument into m equal parts,
then the new sequence has its rth difference constant and equal to ¢/m".
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Find the value of the quantity for the middle year of the second
quinquennium,

4. The populations for four consecutive age groups are given by the
table of values

Age Group. Population.
25 to 29 years (inclusive) 458572
30 to 34 years ( ,, ) 441424
35 to 39 years ( ,, ) 423123
40 to 44 years ( ,, ) 402918

Estimate the populations of ages between 32 and 33 years, and between
37 and 38 years respectively.
5. Show that if
Wo=ttgp+ U+ o o+ Upypps
and in general

W,r =Uhppot Upprte o o F Upgey
T t ¢ ?

then the individual value u,, may be found from the groups of ¢ indi-
vidual values Wy, W;, Wy, . . and their differences by the formula

AW,

v 31’

,=V—V-+(2:r t+1)AW°+{31=+3x(1—2t)+(1 3t + 21%))

where third differences are neglected.*

6. In the following set of data h is the height above sea-level, p the
barometric pressure. Caleulate by a difference table the height at which
p=29 and the pressure when k= 5280,

h=0 27563 4763 6942 10593
p=30 27 26 23 20

7. Form a difference table from the following steam data, where p is

pressure in Ibs. per square inch,
6°cC 93:0 96-2 100-0 104-2 108-7
P 11:38 12-80 14-70 17-07 1991

Calculate p when 6=99°1 and determine by inverse interpolation the
temperature at which p=15.

8. Calculate the real root of the equation

B4+r-3=0

by inverse interpolation.

C. H. Forsyth, Quarterly Publications of the American Statistical Associa-
tfon, December 1916.
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9. Find the differential coefficient of log, # at =300, given the tablc
of values

. log, .
300 5:703782474656
301 5707110264749
302 5710427017376
303 5-713'732805509
304 5717027701406
305 5-720311776607
306 5723585101952
307 5726847747587

Find from the above table the differential coefficient of log, x at = 302,
10. Given the values

x. v

858:313740 095
869645772 308
880975826 766
892:303904 583
903-630006 875

WO

find the value of Zg when z=0.

11. Find ';:g when z=1, given the following values :
Y.
0-198669
0-295620
0-389418
0479425
0-564642
0-644217

12. Apply the central-difference formulae of § 36 to compute the
first and second derivatives of log, 304, having given the table of values
of Ex. 9.

13. From the following data compute the first four derivatives of the
function y corresponding to the argument z=11:

Tt W= N

2, ¥.
2 108 243 219
b 121 550 628
9 141 158 164
13 163 047 364
15 174 900 628

21 214 358 884



CHAPTER V

DETERMINANTS AND LINEAR EQUATIONS

38. The Numerical Computation of Determinants.—
In this chapter we shall consider the problem of finding the
numerical value of a determinant, say,

a ay U4z G O
b be by b b
6 C € C G (4)
dl dg (ls d‘ d5
(4] €y €3 €y €

when the elements a,, a5, . . . are given numbers. The method
generally adopted, which is due to Chid,* is as follows :

We first notice whether any element is equal to unity; if
not, we prepare the determinant for our subsequent operations
by multiplying some row or column by such a number p as
will make one of the elements unity, and put 1/p as a factor
outside the determinant. This unit element will henceforth
be called the pivotal element. Thus in the above determinant
we shall suppose that 53=1 and take b as the pivotal element.
We shall show that the above determinanit ts equal to the
determinant

( - 1)2+3 (ty — "ﬂbl Ag — asb, Qg ~ (.l»sb4 g~ U3b5
¢ —¢ghy €3 —cCgby g —Cghg €5 — C3bs
dy — dgby dy~dghy  dy—dsb, ds — dsbs
& —eshy 63 —eshy €4 — €3y €5 — e3bs

(B)

* F. Chid, Mémoire sur les fonctions connues sous le nom de résultantcs ou de
&éterminants, Turin (1853).
71
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The law of formation of this new determinant (B) may be
expressed thus: 7he row and column inlersecting in the pivotal
element of the original determinant, say the rth row and sth
column, are deleted ; then every element y is diminished by the
product of the elements which stand where the eliminated row
and column are met by perpendiculars from y, and the whole
determinant 18 multiplied by (— 1)7+2.

The advantage gained by substituting the determinant (B)
for the determinant (A) is that (B) is of order one unit lower
than 4 ; and therefore by repeated application of this method
of reduction we can reduce any determinant to the second order,
when its value may be written down at once.

To prove this theorem, we first divide the columns of the
determinant (A) by by, bg, . . ., bs respectively, so that it takes
the form

bybybybs |y ag ag O

a & , 4 G
[
Gy A d
by by 2 b b
51 € €4 (47

E 62 % Z4 b5

since d3=1: then (subtracting the clements of the third column
from those in the other columns) we write the determinant in
the form

by bg by bg | 0 .

1Tt 'b—:—“a Z—:—"a (] Z—:—“a g‘:—'"s
0 0 1 0 0
C C C,
511"—63 -b-z-—03 Cg ‘z‘:‘—cs —bz—('s
dl d2 d4 ds
E-da i);—da s b;-da bs'—dﬂs
°a € €y 43
R A
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This determinant may now be written

(= 1)2+3 by by by by “_, %—:—as %f' %:_

which is obviously equivalent to the form (B).

It is usually advisable to prepare the determinant for computation by
formmg zero elements in the row and column containing the pivotal
clement. For example, m the determinant (A) of Ex. 1 below, zero
elements may be introduced into the first row by adding three times the
third column to the first column to form the new first columnn; then
adding the third column to the second column to form the new second
column, and so on. In this way the subsequent caleulations are simplified.

In performing the computation of a determinant it will be found
convenient to draw pencil lmes through the row and column which
intersect in the pivotal element; this helps the eye wm finding the
elements at the feet of the perpendiculars.

Instead of first divading some row or column in order io obtain a
pivotal element equal to unity, we may eliminate the row and column
intersecting in any clement (not necessarily unity) as follows : Delete the
row and column in question by drawing pencil lines through them ; then
the rule is

product of elements at feet of perpendiculars
element at intersection of pencil lines

the new determinant beiny multiplied by the element at the intersection
of the pencil lines and by the fuctor (— 1Y*+4 where r and s denote the
nwmbers of the deleted row and column respectively.

New element = old element —

The above method of computing the value of a Jdeterminant
enables us at the same time to compute the co-factors of the
elements corresponding to the surviving elements; for these
co-factors are actually equal to the co-factors of the correspond-
ing elements in the reduced determinant.

For example, the co-factor of ¢, in determinant (A) is
] aq
by by by b
dg dg dy dg
@2 ¢ % %
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which, since bg=1, is equal to

tg—ghy  @y—aghy a5 —aghy

dg—dgby  dg—dgby,  dg—dghy

eg—eghy g —egly €5 — eghg
the latter determinant being the co-factor of (¢ —¢ghy), which is the
element in the reduced determinant (B) corresponding to ¢; in (A).

Ex. 1.—Evaluate

3 1 -1 2 1
-2 3 1 4 3
1 4 2 3 1 (A)
5 -2 -3 b5 -1
-1 1 2 3 2

We may select as pivotal element the number 1 at the intersection
of the first row and the fifth column ; the rule then gives

3 1 -1 2 1|=(-1¥-11 0 4 -2

-2 3 1 4 3 -2 3 3 1
1 4 2 3 1 8 -1 —4 7| (B
5 -2 -3 5 -1 -7 -1 4 -1

-1 1 2 3 2

Taking as new pivotal element the unit at the intersection of the
second row and last column, we obtain

(—1)°+°| —-15 6 10
22 -22 -25 (©)
| - 9 2 7

As there is now no unit element in this determinant, we may
divide the second column by 2 and so form a unit pivotal clement. The
determinant becomes

2| -16 3 10

22 -11 - 26

-9 1 7

=2 (-18%] 12 -11
- 52 D)

=446, the required value.

If it were required to determine the co-factor of (say) the element
in the fourth row and first column of the above determinant, we
should have the co-factor of 56 in (A) equal to the co-factor of 8, the
corresponding element in the reduced determinant (B)

=the co-factor of 22 in the next reduced determinant (C)
=the co-factor of — 77 in (D)
= —22,

Ez. 2.— Evaluate the determinant for the Legendre polynomial of order

five:
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12 1 0 0 0

P =51l1 3 3 0 0
0 2 bz 3 0

0 3 Ts 4

0 0 0 4 9%

We eliminate the fourth row and fifth column, noting that the
clement at the mtersection of these lmes bhecomes a factor of the
determinant., Thus

5! Py()=—4] 1 0 ()
1 3s 2 0
0 2 b1 3
273 6322
00 - 4=
(eliminating the 1st row and 2nd col.)= 4| 1-32% 2 0
-2z bz 3
273 6322
0 -3 4A-r
(ehminating the 1st row and 2nd col) = — 8 15, 92 3
PAEE)
81 27 6322
ERE R TTa
= 9455 — 105022 4 2252.
So we have Py(z) = 1(6325 — 7023 + 152).

39. The Solution of a System of Linear Equations.—
Being now in a position to compute the numerical value of a
determinant, we can solve a set of linear equations in any
number of unknowns, 2y, 3, &3, . . ., Z,, say

[“u Tyt Tat. . .+ =0
Qg1 X1+ g Ta+. . .+ Qg, Ty, =Cg
Uy Ty + Upg Tp+. o o+ llyy Typ=Cy,
by the formulae which are proved in works on determinants,
namely :

Cy (g Qg3 . . . Oy Gy €3 Qg . . . Uy,

Ca (g gz . . . Ugy, gy C3 Qg5 . . . Qg

Xy = Ch Upe yg .« o Opy Zg= Qny € Qpg - . . Oy
= R T T L W g = 2SS

T G2 Qg3 - . . Oy Oy Mz G - - - Ay

Qg1 Qg2 Qog . - . Gy Qgy (tag (Lgg . . . (igy

Apy Cpg Apg - « o Qyp yy g Ang « - + Oyp

and similar expressions for x, &y, . . ., Tn.*

* Further remarks and examples on the solution of linear equations will be
found in Chapter IX. in connection with the solution of the ** normal equations ”
in the Mothod of Least Squares.
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Ex.—Find the values of z, y, #, w that satisfy the system of equations

9 + 3y + 42+ 2w =28
3z + 52— dw=12
y+ 2+ w= 5
6r— y+3w=19

We have at once

28 3 4 2
12 0 b -4
5 1 1 1
!9 -1 0 Ei_ - 276 1
=79 3 1 2 207 %
3 0 5 - 4
0 1 1 1
6 -1 0 3
9 28 4 2
_ 1|3 12 5 -4 a4_
Y=-gmo 5 L 1|=~gm— "%
6 19 0 3
and in the same way we obtain the values z=4, w=3.
ExamPLES ON CHAPTER V
Evaluate the determinants
(]2 4 3 7 0o (B 1 3 o0 0
2 3 b b5 3 -1 2 3 0
1 0 2 1 2 0 -1 2 3
3 0 1 0 6 0 0 -1 2
g2 1 2 4 1 | 0 0 o0 -1
(mlig 1 0 o0 o
3 ) 1 0 0
4 I 2 1 o0
5 1 3 3
6 1 4 3} 2
2. Show that the determinant
2 1 0 0 0 0 . ,
22 5 1 0 0 0 .
0 32 7 1 0 0
0 0 42 9 1 0
0 0 0 52 11 1

with (n — 1) rows, is equal to n!

3
.

WOooo
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3. Compute the values of

(@]} 1 0 o] (B3 7 1 2 6
3 1 o 6 4 3 0 2
I3 1 0 3 o0 1 2
+ % i 3 1 0 6 5 3
2 1 0 2 0
M1 2 3 4 5 6
2 3 4 [} 6 1
3 4 5 6 1 2
4 b 6 1 2 3
1) 6 1 2 3 4
6 1 2 3 4 b
4. Verify the relation
Qn=| 1 1 0 0 0 . |[(n+ 1) rows,
-1 1 1 0 0
1 1 2 1 0
-1 1 3 3 1
1 1 4 6 4

. . . o
the constituents heing binomial coefficients, when n=2, 3, 4, . . .

5. Solve determinantally the following sets of equations :

(a) 42y —22 =3¢
S+ y+2w=4p|,
y+ z— w=6q
z— 22— w=0

B g+ Bbug— w4+ ap= 10
4rg— 3Bwg+ Try= —14
— 9ry+ 8rg+10wmy= 31 -
2y 4 201y — 1305+  Tp= — 2]
buy + 4mg+ B+ 2wyt dag= 1

™



CHAPTER VI

THE NUMERICAL SOLUTION OF ALGEBRAIC AND
TRANSCENDENTAL EQUATIONS

40. Introduction.—In the present chapter we shall show
how to find the value of an unknown quantity which satisfies
some given algebraical or transcendental equation; or the
values of several unknown quantities which satisfy a set of
given equations, equal in number to the number of the
unknowns.

The methods in use may be classified as follows :

(a) ZLiteral methods, in which the solution is obtained as a
general formula, so that nothing remains but to substitute
numerical values in the formula; as, for example, the solution
of the quadratic equation 2% + 2bz +¢ =0 by the formula

z=-biVbi-c

These literal solutions are valuable when they can be
obtained,* but in most of the cases we shall have to discuss,
they are unattainable, at any rate in a form involving only
a finite number of arithmetical operations.

(B) Numerical or computer’s methods, in which the working
is mainly arithmetical from the beginning. These are, on the
whole, the most useful, particularly when a high degree of
accuracy is required, and they constitute the main topic of
the present chapter.

(y) Graphical methods, in which the solution is obtained
by drawing diagrams. These are much used when a rough

* The solution of the cubic discussed in § 62 below, and the general formula
proved in § 60, are examples of literal solutions.
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solution is all that is required or as a preparation for a more
accurate solution by numerical methods, but for many purposes
they have been superseded by the

(8) Nomographic methods, in which a diagram is prepared
once for all to serve for a wide class of cases, so that it may
be used over and over again with different numerical data.

(¢) Mechanical methods, in which some mechanical arrange-
ment is applied; many ingenious machines have been de-
vised for the purpose of solving different equations, but on
account of their cost and complexity they have not come into
extensive use.

41. The Pre-Newtonian Period.—A method for the ex-
traction of the square and cube roots of numbers, digit by digit,
was discovered by the %i_l_lﬂg_mh_ﬂmaninim.and by them
communicated to the Arabs, who transmitted it to Europe.

This method was extended by Vieta in 1600* so as to
furnish the roots of algebraic equations in general. The
process was s0 laborious that a seventeenth-century mathe-
matician described it as “work unfit for a Christian,” T but
it was in general use from 1600 to 1680.

In 1674 a method depending on a new principle, the
principle of iteration, was communicated in a letter from
Gregory to Collins;} and independently, a few months later,
in a letter from Michael Dary to Newton.§ This principle we
shall now discuss.

42. The Principle of Iteration.—As a first illustration
of the principle of iteration we shall consider an algorithm
suggested by Newton || for the determination of square roots,
which may be described as follows:

Let N be the number whose square root is required. Take
any nwmber zo and from it form ®, according to the equation
Ty =4(@+ N/xg). From 2, form x, according to the equation
=@+ N/z). From z, Jorm x5 according to the equation

* De numerosd potestatum adfectarum resolutione, 1600,
t Warner in Rigaud’s Correspondence of Scientific Men of the 17th Century,
1, p. 248.
} Rigaud’s Correspondence, 2, p. 255.
oS Rigaud, op. cit. 3, p. 366. For an account of Dary see Rigaud, 1, p. 204.
|l Op. cit. 3, p. 372,
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Zs= }(@a+ N/xz), and so on. Then the seéuence of . numbers
%o, %1, T, T3, - . -, Lends o a limat which is JN.
Thus, taking N =10 and xy=1, we have
Ty = L(l + 10)= 5B,
2g=1$4(5'5 + 10/5-5) = §(5-5 + 1-8) = 3-7,
3= $(3-7 + 10/3-7) = }(3-70 + 2-7) = 3-2,
Ty=3(3:2 + 10/3-2) = }(3-2 + 3-125)=3-163,
7y =134(3-163 + 10/3-163) = }(3-163 + 3-161555) = 3-1622775,
zg=14(3-1622775 + 10/3-1622775) = }(3-1622775 + 3-1622778)
=3-1622777,
which 18 the square root of 10, correctly to seven decimal places.
In order to prove the validity of the process, we proceed as
follows :
The equation @p=1(@p-1+N/x)_1)
may be written
Zp— YN _ ("’P;L'LiN :
Tp+ JN \xp_1+ JN/’
whence we have
&= JN_ (20 JNy )
z,+ JN \m+ JN
From this equation it is evident that if *

T~ NN - /N:

i /N <1, then Lt,_,,z,= JN; (1)
2~ JN
Zy+ JN

The limiting case is when
|2 - N |=|2+ JN|
If we write zo=re¢?, N =Xee
this becomes
|  cos 6 — X4 cos }a + 47 8in 6 — iX?} sin }a |
=| 7 cos 6 + X* cos }a + 4 8in 6 + 4X} sin }u |,
or, squaring both sides,
72+ X — 2rX# cos (8 — §a) =72+ X + 2rXi cos (0 - a),
80 cos (6 — 4a) =0,
or 0= +90°+ 30,
which is the equation of a straight line through the origin in

*If z is a complex number, say equal to « +vs/~1, where u and v a1e real
numbers, then 5/ (42++%) is denoted by || and is called the modulus of 2. *

if >1, then Lt,_,, 2,= - JN. (2)
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the plane of the complex variable x,, perpendicular to the line
joining the points ,/N and - ./N. Denoting this line by ¢,
we regard it as dividing the plane into two half-planes; and
we see from (1) and (2) above that the algorithm leads to the
value /N, as long as the initial number xzy is taken in that
half of the plane which contains /N ; and the algorithm leuds
to the value — N, as long as zy is taken in that half-plane
which contains — N. If xy is tuken exuctly on the line I, the
sequence Xo, Ty, Ta, . . ., does not tend to o limnil.*

A pleasing characteristic of iterative processes may be observed in
connection with this example, namely, that a mistake in the performance
of the numerical work does not invalidate the whole caleulation. If, for
example, a mistake were made m caleulating 2y from vy, the erroneous
value z,” obtained might have been ohiained correctly by starting from
a different value x4 ; and smnce 24 is to be taken arbitranly, the true
solution may be reached by way of z," as well as by way of x;. The
correct result is obtained whenever the numbers x,, 2,4, %y g . . - are
obviously tending to a limit, however many errors may have been com-
mitted in obtaining these numbers. This valuable feature of iterative
methods has made them very popular.

43. Geometrical Interpretation of Iteration.—The nature
of iterative methods may readily be illustrated { geometrically.
Let f(z) =0 be the equation. Write it in the form f(z) =/2(z),
as may usually be done in many ways; thus, if the equation iy
322 -8z +a=0, we can take fi(x)=23x% fo(x)=8x-a. Draw
the curves # = fi(z) and y =/a(z); the real roots of f{z)=0 are
evidently the abscissae of the points of intersection of these
two curves An iterative process for finding them may be
devised as follows: select any point @ on the axis of z so that
the value of w, is nearly equal to that of the abscissa of one of
the points of intersection of the curves. From z, draw a
straight line parallel to the axis of y until it meets the curve
which has the slope of lesser magnitude. Suppose, for example,
when z =2, that | /'(z)| <| /()| and that the line = meets
the curve y = fi() at the point (%o, ). From this second point
draw a line parallel to the axis of x until it meets y = Sa(2) in
the point (71, ). From the third point draw a line parallel to

* For further work on iterative solutions of quadratic equations and their
oon;;eotion with geometry cf. O. Nicoletti, RBend. di Palermo, 43 (1917), p. 73

Cf. R. Ross, Nature, 78 (1908), p. 663.
(D 311) 4



82 THE CALCULUS OF OBSERVATIONS

the axis of y until it meets the curve fi(z) =y in (2, 1), and
from this fourth point a line parallel to the axis of 2, and so on.

AN

X =X X=Xo
Fie. 6. Fi1a. 7.

Then the abscissa of the first and second points is %, that of the
third and fourth points is ;, and in general @, approaches nearer

y

s

e

F16. 8.

to the point of intersection of the two curves for increasing
values of n; %.e., z, converges to a root of the original equation.
There are two main types of diagram resulting from Shis
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process according as the slopes of the two curves have the same
or different signs for the abscissae @, 2y, 25, . . .

In Fig. 6 the abscissae xy, g, 23, . . . are all on the same sde of
the root # and the lines approach the point of intersection of the curves
m the form of a “staircase.” In Fig. 7 the lines approach the inter-
section spirally. The stasrcase solution is obtained when the derivatives
of the curves fy(z), fy(x) have the same sign near the point of inter-
section and the spiral solution occurs when those demvatives have
opposite signs,

Ex. 1.—1To find the real roots of the equation

28— -02=0.

The real roots are the three intersections of the curves y=a’ and
y=ux+ 0-2 as shown 1n Jig. 8.

We can iterate to each of the three roots as follows :

For the positive root

r=1yt Y=02 4w
£o=1:000 Yo=1-200
£y =1-037 yy = 1:237
£y=1-0434 Yg=1-2434
ay=1:0445 Y= 1:2445
£y=1:04472 Y= 124472

(The root is 2=1-04476186.)
For the larger negative root

B "’=?’}_,.-._ B Yy=02-+w _
zp= — 1-000 Yo= — 0-800
wy= — 0-956 #y= —0-756
tg= — 0-9456 Yo= — 0-7456
ag= — 0-9430 yg= —0-7430
ty= —0-9423 Ya= — 07423
5= — 094214 yg= — 0-74214

ag= —0-94210
(The root is = — 0-94209.)

For the smaller negative root

x=17y—0-2 ' y=2a%
xg= — 0-000 9o= — 0-000
xy= —0-200 yy= — 0-00032
xg= — 0-20032 yg= — 0-0003225

(Correctly to five places.)
Ex. 2 —Find, correctly to five decimal places, the root of the equation
¥+ 1ogyy =05
by tterating the formula yp.,q = 0-5 — logqi,
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By inspection of a log tahle we see that y,=0-68 is an approximate
value of the root. So we take
yl = 0'5 - 108100'68 = 0'6675,
Yp=0-5 — 10gyy0-6675 = 0-6756.

As the iteration evidently furnishes values alternately less and greater
than the root, we take (y; +%5)/2 or 0-6716 as the next approximation
g and then we have

¥y =0-5 — log;40-6716 = 0-6729.
Take Y5 = (Y3 + ¥5)/2 =0-6723,
yg = 0-5 —log;,0-6723 = 0-672437,
Yy =05 —log,40-672437 = 0-672347.
Take Yg = (Yg+Uq)[2 = 0.672392,
Y = 0+5 — logy,0-672392 =0-672377,
#1 the mean of the last two value.=0-672385,
Y11= 0-5 — log;(0-672385 = 0-672382.

The root, correctly to five decimal places, is 0-67238.

Ex. 3.—Find (using only Barlow's table of cubes) the smaller positive
root of
23— 2 +0:5=0,
44. The Newton-Raphson Method.—It is evident that in
iterating towards any root we are not bound to proceed by

g P
Q
R
A
i / N M - *
Ql
Fra. 9.

rectangular steps, as we have done in the preceding article; we
might just as well have proceeded by oblique steps, as in the
following method :

Let Q;P be an arc of a curve y =/f(z), intersecting the axis
of z at A, so that the abscissa of A is a root of the equatfbn
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S(@)=0. Suppose that the arc AP is convex to the axis of z,
and that P is a point on this arc with abscissa x. At P draw
a tangent to the curve meeting the axis of z in M and let
OM =z, Let Q be the point on the curve whose abscissa is @,
and at Q draw a tangent to meet the axis of # in N; write
ON =z, Let R be the point on the curve whose abscissa is s,
and similarly at R draw a tangent to the curve to meet the axis
of 2. It is evident that the points L, M, N, . . ., tend to A, or,
in other words, the values zy, z;, 3, @3, . . ., form a sequence
tending to the root of the equation f(x)=0. If, however, we
start on the other side of A, where the curve is concave to the
axis of x, at Q; say, the first step of this method carries us
to the other side of A, where the arc of the curve is convex to
the axis of z, after which the sequence tends to the root as
before.
Now we have

% — 2 = ML = LP cot PML = f{o) f"(xo),

80 a1 =20 — o) [/ (@),
and in general Zp 11 =2, — [ (@) [f (). (1)

The process is therefore an iteration based on the equation (1).
In substantially this form it was given by Raphson*in 1690;
but the method is commonly called Newton’s, because Newton
had previously } suggested a nearly related process.}

The preceding discussion is really based on two assumptions :

1. That the slope of the curve does not hecome zero along the arc
Q,P; i that the equation f'(z)=0 has no root between sy’ and o, the
abscissae of Q, and P.

2. That the curve has no point of inflexion along Q,P.

The rule of Newton becomes more precise if we make use of the
observation that we can determine which of the two abscissae a5’ and 2o
corresponds to the part of the curve which is convex towards the 2-axis
from the condition that at potnts where the curve y=f(c) 8 conver
towards the axis of x, we have the relation

J@)f"(@)>0.

* Analysis Aequationum Universalis, London (1690).

+ Wallis’ 4lgebra (1685),"p. 338.

t The difference between Newton's process and Raphson’s is that Newton
caloulated a set of successive equations, whose roots were the successive residuals
between the above quantities a, and the true value of the root, whereas in
Raphson’s form of the process this is unnecessary.
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Hence we see that 4f f(z) has only one root between two bounds x,” and
g, while f'(x) and f"(x) are never zero between these bounds, then the Newton-
Raphson process will certainly succeed if it be begun at that one of the
bounds for which f(x) and f"(x) have the same sign.

We might have derived Newton’s method by the aid of Taylor’s
Theorem as follows :

Let # be an approximate value of a root of the equation f(zr)=0.
Put 2=xy+ p, where » is amall. Then by Taylor’s Theorem

0 = f(zy + p) = f(xy) + pf (%) + terms 1nvolving higher powers of p :
s0 approximately we have

p= -1 (f"o)lf (o),
and therefore w= g — flag)[f (rg),

which is Newton’s formula.*
B, I.L?—Let the equation be
=2 —5=0.}
Here it is obvious that an approximate value of the root is 2.

Taking 2= 2, we have

2 1
wy =y —jfT((—gz)= 24 ']—O= 2-1.
Next
e - 0061

o=ty “FE)= 1-17.33= 21 —0:0054 (nearly)= 2-0946.

£(2:0946) 0-0005415505
f(2:0946) —  11-162056

80 xg=2:094600000 — -000048517
= 2-094551483.

Now =0-000048517

The required root is 2:09455148 correctly to the first nine digits. We
postpone for the present (cf. § 50) the answer to the question, how we
know the number of places to which our result is correct.

Ex. 2.~—~Find correctly to four dectmal places the greatest root of
23 —-da® ~2+3=0.

* On the formulation of conditions under which Newton’s method of ap-
proximation leads to a root of an equation cf. Cauchy, Fuvres, Ser. 2, 4, p. 573 ;
G. Faber, Journ. fur Math. 138 (1910), p. 1.

t ¢“The reason I call #® ~ 2z~ 5=0 a celebrated equation is because it was the
one on which Wallis chanced to exhibit Newton’s method when he first published
it, in consequence of which every numerical solver has felt bound in duty to
make it one of his examples. Invent a numerical method, neglect to show how
it works on this equation, and you are a pilgrim who does not come in at the
little wicket (vide J. Bunyan),” [de Morgan to Whewell, 20th January 186?].
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Eer. 3.—Find by Newton's method, correctly to six places of decsmals, the
root of the equution

% logygx = 4-7772393.
From a table of logarithms we have, by inspection, the values
6 log;y6 =4-67 and 7 log,,7 = 5-92,
so we take as a first approximation wy=6.
The next approximation is

@y =g~ flag)f (o)-

Now Slxg)=(6 X 0-77815) — 4-7772 = — 0-1083,

F/ () =10gygmo + logyee = 0-778 + 0-434 = 1-212,
80 1/f ()= 0-825 (nearly),
and ;= 6-089,

The next{ approxunmation is .
ry=ry = flo))/f ().
Now  f&y)=(6-089 x 0-7845460) — 47772393 = — 0-0001387,
80 g =6-089 + (0-0001387 x 0-825),
r g = 6-089114, which 1s correct to six places.

45. An Alternative Procedure.— Instead of following
Newton’s rule strictly by forming f(z,) and f'(z), ete., we may
proceed in a somewhat less elaborate way as follows :

Suppose we have found (graphically or otherwise) a first
approximation to the root of the equation jf{z)=0, which we
will call a;. Let # denote the required root of the equation
and put

& =ay+38, (1)
where § is a small quantity. We now substitute this value of
z in the original equation, neglecting powers of 8 greater than
the first. We solve the simple equation in & so formed and
denote the value obtained for & by §. Then the second
approximation to the root z i8 a;+8. Now denote a;+&
by ag, and write

T=ag+3, (2)
and substitute this value of  in the original equation. Pro-
ceeding as before, we find an approximate value of the & of
equation (2); let it be 8y, 80 ag+ 8, is a third approximation to
the root ; then we denote as + 8 by as, and write

ZT=ag+3, (3)
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and similarly for further operations. 7%e sequence ay, ay, . . ., ay,
converges to the root z. This procedure is essentially equivalent
to the Newton-Raphson process, as is evident from the
connection pointed out above between the Newton-Raphson
process and Taylor’s Theorem (§ 44).
Ez.—Find the root of the equation
10z — 28 = 3-1462644,
which 18 near 0-3.
If z=a; + 8 where 8 is small, we have approximately
3 1462644 - 10a, + "’1

8=" 10-3a2
Put a,=0-3, then
0-17326
=" 93" =0-17326 x 10277 =0-0178086.

The next approximation is ag=0-3178, from which we have
3 1462644 3:178 +0- 0320968 0-0003612

8= T 10-3x0-101 = T9.697
=0-000037,249,
S0 a;=0-317837,249.

The required root of the equation is 0-3178372, correctly to seven places.

It may Le remarked that the above method is theoretically applicable
to complex as well as to real roots, but m the case of complex roots the
numerical calculations are generally so laborious that other methods to
be described later are preferable.

46. Solution of Simultaneous Equations.—As a further illustra-
tion of the method of the last section we shall find a solution of the
simultaneous equations,

a3 4 2:’/2 =1, (1)
5y8 4 12— 2y =4. (2)

We first trace the curves represented by these two equations. In the
first equation we find, corresponding to given values of =, the following
values of y .

z 0 +1 >1 -1 -2 -3 -10-0

y Fx071 0 imaginary F1 £2-12 F3-74 F22+4,
and in the second equation similarly

Y 0 05 +1 >+1 -1 -2 -3
z -2 -14 +1 imagmary -4-16 -—-893 -1
+2 +2:4 +2:16 +4:93 +09.

There i3 evidently only one real root of the equations, represented by
the pont G in the diagram. From the diagram we see that the ordinate
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of G lies between. +0-7 and + 0-9. Introducing the three values y=0-7,
y =08, y=0-9, into equations (1) and (2), we obtain

0’J7 @ by (1). z by (2).

Difference.
+ 0:27 - 095 +1-22
0-8 - 0:65 - 064 - 0-01
0-9 - 0-86

-0-18 - 0-67,

gso if in the two curves & were to vary proportionally to y we should
deduce that y would be near 0-799. If we now try the three values

J

{2

1-2

Fie. 10.

0-797, 0-798, and 0-799, this time using logs to five places of decimals,
we obtain

/A z by (1). x by (2). D fference.
0-797 —0-6467 - 0-6534 + 0-0067
0-798 - 0-6492 - 0-6498 + 0-:0006
0-799 —0-6517 - 0-6460 - 0:0057,

from which it is seen that the true values are nearly
w= —06494 and y= +0-7981.
We therefore substitute in equations (1) and (2)
z= —0:6494 + 82 and y= +0-7981 + 8y,
neglecting squares of & and 8. Using umits of the third decimal
place, we have

126565+ 31928y = — 0-0621,
28055z — 108530y = 00959,
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whenee dz= —0-0160, 8y= —0-0131,

80 «= — 0-649416, y= + 0-798087,
which is the required solution.
47. Solution of a Pair of Equations in two Unknowns by

Newton's Method.—A more formal and general treatment of the
topic of the last section is the following, Let two equations be given,

Sl 9)=0, y(v, y)=0,
from which the unknowns (x, ¥) are to be determined.
Let (g, yo) be an approximate solution of the equations. Write
&L=1rq + h,
y=yo+k
Then by Taylor’s Theorem, neglecting powers of & and k above the first,
we have

f+k¢

_—f('rO! ?I0)+h— a 1

og oq
= (g, Yo + Iz + k,\’?’

of 3.!/
Ja'l,/o -/ Wo
To Y _ ¥
o Uy g g

oy 0
S e
T 9 _
oy ayo %o s
Therefore an improved pair of values for t.he roots is
o
Y Ba
a0t oy U
oy 73/0 Oy om
9
fa“o _ ga’-;’fo
Y1=Yo+ m
®g Oyo  Oyo 0
These formulae may be iterated as mm Newton’s process for equations
in one vanable,

48. A Modification of the Newton-Raphson Method.—

The computations required for the Newton-Raphson method
may be simplified in the following way.

giving
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Instead of
Tr41 =2, —f(ﬁ,)[fv(ﬁr),
we may take as the formula on which iteration is based
@, 1= — flx,) [/ (@.).
This means that in the successive steps of the process of
§ 44, we replace the tangents at Q, R, . . . by lines parallel to
the tangent at P. By this method we are saved the trouble of
calculating f’(x,) at each stage, while the number of approxi-
mations required is practically no greater than in the Newton-
Raphson method.
Er. 1.—To find the root of the equation
Sy =00+ 404 — 20341022 - 2/ -~ 962=0
which lies between 3 and 4.
Here f(3) = — 365, f(4)= 1110, so by proportional parts we may take
2g=3-3 as a first approximation to the 100t
The neat approximation is

xy =g — fro)[f (o).

Now
S(tg) = — 6585, f(ug)=b5s4+ 163 — 622+ 20r — 2= 1166-6,
and 1/f'(2g) = 0-000857 (nearly).
Therefore oy =33 + (658 x 0-000857)
=3-356.

The next approximation 1s

wg=ry = fle)[f (ry):
Tustead of caleulating f'(xy), we may use f'(xg) agam.
Now
@y +4= 7356,
a2+ 42— 2= 22-6867,
i3+ day® — 20, +10= 86:137,
iyt + 4u4y® — 202 4 104 — 2 = 287-08,
.l‘15+4.r14— 2:1'13+ 10112— 20y~ 962= 1-44,
and therefore J(ey)=1-44,
We have at once
Tg=u; — (1-44 x 0-000857)
=3-3560 — 0-:0012
= 3-3548.
This is correct as far as it goes, the value of the root to seven places
of decimals heing 3-3548487.
Ex. 2. —Compute the root of the equation
a4+ logygr =05
cdrrectly to five places of decimals.
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49. The Rule of False Position.—Another iteration pro.
cess belonging to the same class as Newton’s for finding the
root of an equation is the following.

Let f{z) =0 be the given equation. We find (by trial or
otherwise) two values « and b near the root of the equation
such that f{a) and f(b) are opposite in sign. ILet the arc
CRD in the diagram denote the curve y=/(z), the abscissa
of R being the root of the given equation, and suppose that
the equations f'(x) =0, f"(x) =0 have no root between « and
D

SR £Y

Fre. 11.

b, the abscissae of C and D. The curve is therefore constantly

concave to the axis of z along one of the arcs CR and RD,

and constantly convex to the axis of x along the other of

these arcs. Let RD be the arc which is convex to the z-axis.
The equation of the chord CD is given by

y-ri) =",

and the abscissa a’ of the point A’, where the chord cuts the

axis of z, is given by

_(b-0a)f(a) 1
7O = Flay @

Then o’ is evidently a closer approximation to the root of the

equation than a,

ad=a



ALGEBRAIC & TRANSCENDENTAL EQUATIONS 93

We now draw the ordinate at A’ to cut the curve in (' and,
as before, we draw the chord C’D intersecting the z-axis in a
point A” which lies between A’ and R. The abscissa a” of the
point A” is evidently a closer approximation to the value of
the root than «’, and its value is

. ., (b=-a)f(a
! Ty @
and so on for further approximations to the root of the
equation.
It 1s evident that the computation of the root may be simplified 1f in

equation (2) we replace b by I, the abscissa of any point on the curve
between R and D, as in Ex. 1 below.

Equation (1) may also be written in the form

o Y0 - (a)
J®) <7(a) "
The iterative process based on this equation is known as the
1ule of false position.
The rule of false position is essentially inverse interpelation
(§ 34) when differences above the first are neglected. The
above iteration to the root is valid even when the initial points
C, D are on the same side of the root R, provided the arc
RD is convex to the z-axis.

Ez. 1.—1To solve the cquation
B -2 —-5=0.

Here we can take =2, b=3, and
, . @B-2f® 1
V=2 =@ T
T0uy o =2-06.

We now take @’ = 2:06, b’ = 2:10, then
(2-10 — 2:06) (— 0-378184)

' =2-06 — —

0-061600 + 0-378184 =20944 . .

.6, @' = 2:094,
Instead of taking b’ =2-10 as before, we may take b'=2-096 swce
f(2:096) is positive. We have
) 0-002 (- 0-006153416)
w'=2:094 - (.416180736 + 0:006153416

* The required root is 2:094551 correctly to seven significant figures.

= 2:0945510.
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When the rule of false position is wiitten in the form
JO)—f(a) S (@) £@®) (3)
/

——m o= PN A

b~a o —a o' —=b

we may express the rule as follows : *

Assume two numbers as near the true root as possible, and find the error
arising from the substitution of each of these quantities instead of the
unknown quantity n the proposed equation ; then as the difference between
the two errors s to the difference of the assumed numbers so us either error to
the correction of the corresponding assumed number.

Assuming this new value o’ instead of ¢ and another quantity '
differing from o' only by one unit in the last place so that b’ 1s greater
or less than o’ according as «’ is found too small or too great, we then
find a new approximation «” and so on to any required degree of
accuracy.

Fe. 2.—8Solve in this way the above equation

B=2—-5=0.

50. Combination of the Methods of § 44 and § 49.—It
was remarked by Dandelin { that by combining Newton’s rule
with the rule of false position we are in possession of a method
of solving equations in which upper and lower bounds to the
value of the root are obtained at every stage of the process,
so that any digits common to the two bounds certainly belong
to the correct value of the root.

Thus using the figure of the last section, and still assuming
that RD is the arc which is convex to the z-axis, we draw as
before the chord CD to cut the axis of  in the point A’
whose abscissa ¢’ is given by the equation

, (b-a)/(«)
& =a O =F@) 1)
where @, b are the abscissae of the points C, D. Then a’is a
closer approximation to the root of the equation than . We
now draw the tangent at I to cut the axis of zin B". If b
is the abscissa of D, then ¥, the abscissa of B’, is given by
Newton’s rule in the form

b’=b—:ff,(% N 2)

and b’ is a closer approximation to the root of the equation

* Barlow’s Mathematical Tables (1814), p. xxxvi.
t Mém. de I’ Acad. Royale de Bruaelle:, 8 (1826), p. 30.
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than b. It is evident that the root of the equation must lie
between the bounds o’ and ¥’

We may now operate on o’ and ¥ as on « and b, to find
two new bounds of the root, namely,

g = O =) (&) J(¥)
a’'=a' = o = d ¥"=0b-"%3,
J() -fa) Sy
which envelop the root more closely than a’ and ¥, and so on
for further approximations to the root.
It may be remarked here that at the conclusion of the process it is

best to take, as our final value for the root of the equation, the anth-
metical mean of the pair of values last calculated for ¢ and b

Ex.—Consider again the equation
J@)=u¥—-2x-5=0,

for which f(x) has a 100t between 2 and 2-1, wlale () has no root
between these limits.

Now f2) x f"(2)<0 and f(2-1) x f(2:1)>0,

go 1f @ =2, b= 2-1, the curve y=j(r) is convex to the axis when £=¥b.
The next approximations are :

pogr JED g 0061
F@1) 11-230
—=2.00457,

. f@)xE1-9)
=2~ fzn-/@)

1
=2+ 1061= 2-0943.
Comparing b’ and «', we see that 2:094 are digits of the true root.
Now take @ =2:0943, V' =2-0946
and we get

. fa) ¢ —a)

N 0-000000,841949,4579
o =0 — -

=2:0943 + —(053348,048729

J&Y-fa)
=2:094551,475,
0:000541,550536

B =Y — O ¥)=2:0946 | o047 a8
=2:094551,483,

so the first eight digits of the root are 2:094551,4.
The arthmetic mean hetween o’ and b” is

2-094551,48,

Which gives the first nine digits correctly.
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51. Solutions of Equations by the use of the Calculus
of Differences.—We have already seen in § 34 how equations
may be solved by inverse interpolation. We shall now show by
an example how divided differences (Chap. IL) may be applied
for this purpose.

Suppose it is required to solve the equation

y=2°+322- 122 -10=0.
The coefficients —10, —12, 3, 1, are of course the divided

differences of y for the set of coincident arguments 0, 0, 0, 0, so
we can write down part of a table of divided differences thus:

. 9.
0 -
0 - -
- 1
0 - 3
-12
0 -10

and this we shall now extend downwards. The third differ-
ences of y are constant, and therefore if we take as the next
argument z =2, we have

. 9.
0 —- -
- 1
0 - 3
-12 1
0 -10 5
-2
2 -14

Here the number 5, which is the new divided difference of the
2nd order, is obtained from the equation (p-—3)/2=1 giving
p=>5: then the new difference of the first order is obtained
from (g +12)/2 =5 giving g= - 2; and lastly the value of the
function corresponding to the argument z =2 is obtained from
(r+10)/2= -2 giving r=-14. In this way we construct
the following table of divided differences, taking arguments
suggested by the sequence of values of y already obtained :
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@, .
0 -10 3
-12 1
0 -10 5
-2 1

2 -14 7.5

1675 1
2.5 -5-625 10-2

23-89 1
2.7 -0-847 109

26 07 1
2.7 - 0-847 111

26-07 1
2.7 - 0-847 11-13

26-4039 1
2.73 - 0-054883 1116

26-7387 1
2.73 - 0-054883 1119

26-7387 1
273 -0-054883 11-192

26761084 1
2732 -00013608 11194

Having found that 27 is near the root, since y is com-
paratively small, we repeat the interpolation and thus obtain,

(§ 16)
= —0-847 + 26-07(z - 27) + 11-1(z — 2-7)? nearly,

giving & — 2.7 =0-03 approximately ; so we take 2-73 as our next
approximation. We continue this method until the approxima-
tions are sufficiently accurate for our purpose.

If we require the approximation correctly to four digits, we
have x=2.732 and the next digit is found to be 0, so the
required root is 2-732.

Having obtained this root, we proceed to find approximate
values for the remaining roots of the equation. Thus we first
trensform g into a polynomial in (z - 2:732),

(D 311)
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273 - 0-054883 11.192
26-761084 1

2.732 - 0-001361 11.194
26-783472 1

2732 -0-001361 11.196
26-783472

2732 -0-001361

80
¥ =26-783(z — 2.732) + 11.196(z — 2-732)2 + (z — 2-732)3 (nearly)

We may now divide out the factor = - 2.732 and solve the
quadratic so formed,

26-783 + 11-196 (z - 2-732) + (x — 2-732)2=0.
The remaining roots are found to be
{ z= -5000
and z= -0.732,
which are correct to four significant figures.

(The actual roots of the above equation are 2.7320508,
- 0-7320508, and -5.)

Ez.—Find correctly to four significant figures the root of the
equation

2 - 922+ 230 - 14 =0,
which is between +4 and +5.

52. The Method of Daniel Bernoulli—In 1728 Daniel
Bernoulli * devised a method wholly different in principle from
any which were then known. Though hardly now of first-rate
importance, it is interesting and worthy of mention.

Let it be required to solve the equation

g™ + a1+ . .. +a,=0. (1)

Consider the difference equation

agy (t+m)+aqy (t+n-1)+ ... +any ()=0. (2)
The solution of (2) is known to be

Yl)=wy 2t +wa gt + . . W, 2, .. (3)
where w,, w,, . . ., w, are arbitrary functions of ¢ of period
1,and @, . . ., z, are the roots of equation (1).

* Commentaris Acad. Sc. Petropol. IIL. (1732) ; Cf. Euler, Introductio in Analy.
Inf. 1. cap. XVIL ; Lagrange, Résolution des équations numériques, Note 6.*
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If |z,| is greater than the modulus of any other root, the
first term on the right in (3) becomes very large compared with
the other terms when ¢ is large ; and therefore we have

—yp LD
e Y(?)
This leads at once to Bernoulli’s rule, which is as follows:
In order to find the absolutely greatest root of the equation (1),
we take any wrbitrary values for y(0), y(1), (2), . . ., y(n-1),
from these by repeated application of equation (2) we calculate in
succession the values of y(n), y(n+1), y(n+2), . . . . The ratio
of two successive members of this sequence tends in general * to
a limit, which is the absolutely greatest root of the equation (1).
Ex. 1.—Find the absolutely greatest root of
2B+ hut—5=0.
Consider the dafference equation
y(#+5)+ by(t + 4) — 5y(t) =0, (1)
and write down arbitrarily the values y(0)=0, y(1)=0, #(2)=0, 4(3)=0,

y(4)=1. By means of equation (1), we have the following values of
y(5), Y(6), ete.

o1

t15616] 7 8'9710|ll|12‘_ 13
4(t)| = 5|256| — 126|625| — 3,120|15,575| — 77,760|388,125 —1,937,500‘
Also y(14) = — 5y(13) + 5y(9),
1(14)_ 5(9) i __15(_3
ko y(13)= ~ 3= "0t o375
= —4:991948.

The absolutely greatest root of the equation is therefore given by this
method as approximately — 4-991948 ; this value is as a matter of fact
corvect to the last digit. If we had stopped earlier, we might have
obtained, e.y. :

y(12) 388,125

y(11) = =77,750
which is in error only in the sixth significant digit
Ex. 2.—Find the smallest root of
28 -624+92-1=0
correctly to seven places by Bernoulld's method.

— 499196,

1
(Note.—Put p=_ and solve for .)

o* If the ratio does not tond to a limit, but oscillates, the root of greatest
modulus is one of a pai1 of conjugate complex roots.
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53. The Ruffini-Horner Method.* — As we have men-
tioned in § 41, the method of Vieta was the common method of
solving algebraic equations until it was superseded by Newton’s
method of approximation. The reason why the Newtonian
approximation was found to be less laborious than its pre-
decessor was that the earlier method contained no provision for
making the steps of one part of the process facilitate those
which succeed.

In 1819 W. G. Horner discovered a rule { for performing
the computations necessary in Vieta's method, by which that
method was made preferable to the Newtonian, and so restored
to favour.

Horner’s contribution was essentially a convenient numerical
process for computing the coefficients of the equation whose
roots differ by a given constant from the roots of a given
equation. We shall first consider this process.

Let f(x) =0 be a given equation where f{z) is a polynomial in
z, and let it be required to find the equation whose roots are
the roots of this equation, each diminished by ». This equation
will be flz +7) =0 or

0=/1) +a7'lr) + 2, 77() + S/ ) +. . - (1)

The expressions f(r), f'(r), /”(7)/24 /"(*)[3 !, . . . may now be
found in the following way. Suppose for example that

f(z)=Az5 + BeA + Ca? + Da? + Bz + F.

Write down the coefficients A, B, C, D,. . ., F in a horizontal
row and form from them the following scheme in which a new
letter below a line stands for the sum of the two immediately
above it, e.9. P=Ar + B.

* Ruffini, Sopra la determinazione delle radici, Modena (1804) ; and Memoric
di Mat. ¢ di Fs. della Soc Italiana delle Scienze, Verona (1813).

Horner, Piil. Trans. (1819), Part 1. p. 8308 ; and The Mathematician, 1 (1815),
p. 109.

t So far as the cube root is concerned, it had been given previously by
Alexander Ingram in the Appendix to his edition of Hutton's Arithmetic
(Edinburgh, 1807). A method based on the same principles had been dlscovered
in the thirteenth century by the Chinese mathematicians.
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A B C D E F
Ar Pr Q Rr S
P Q r S o
Ar Tr U» Vr
T U A% X
Ar Wr Xr

W X oy
Ar Yr

Y ¢

Ar

.

It is seen at once that the values of 6, ¢, y, x, w, thus
obtained at the feet of the columns, have respectively the
values

L
0=5Ar +B = /()
$=10Ar8+4Br +C= 2/ (r),

Y =10A23+6B2+3Cr+D= 2%/ “(r),

x=5Ar+4Br® + 3Cr2+ 2Dr + E=/"(7),
o=A7+Bri+ Cr® + D12+ Er + F=/{»),

and therefore the equation (1) whose roots are the roots of the
equation f(z) =0, each diminished by », becomes

0 =Azd + 02t + ¢ + ya? + xT + o. (2)
The above scheme therefore enables us to find readily the
equation whose roots are the roots of a given equation, each
diminished by a given number.

This process is first applied in order to diminish a root of
the proposed equation by its first digit; then it is again applied
in order to diminish the corresponding root of the resulting
equation by its first digit, which is the second digit of the
required root of the original equation ; then again in diminishing
the root of the equation last obtained by its first digit, which
is the third digit of the required root; and so on.

Note that »-= is the same as r-——(—) and this is the
X Sr)
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quantity which would be given by the Newton-Raphson
method as an improved approximation to the root, after » had
been found as a first approximation. This property is used at
each stage of the process in order to obtain the next digit of
the root; in fact, we use the two last terms yz + o of equation
(2) to suggest the next digit.

We shall apply this method to find the smallest positive root of the
equation

a8 — 4424 5=0.
By means of a graph of the curves y =23, y=4u? — 5 1t is readily seen

that the required root lies hetween 1 and 2, so we shall first diminish
the roots of the given equation by unity.

1 -4 0 5(1
1 -3 -3
-3 -3 2
1 -2
-2 —5
1

-1
The equation whose roots are the roots of the original equation diminished

by 1 is therefore
93— a2 =bx4+2=0. m

We now form the equation whose roots are ten times the roots of this
equation ; it is
28 ~ 102 — 5002 + 2000 = 0.
We want the root of this equation which lies between 1 and 10, the
other roots being numerically greater than 10. It isfound to be between
3 and 4,* so we diminish the roots by 3, thus:

-10  -500 2000(3
3 - 21  —1563

-7 821 437
3 - 12

-4 B33
3

~

so the transformed equation is
o8 —2® - 533z + 487=0. (2)

* By the principles explained above, viz. that the two last terms of this
equation have the chicf influence in determining the root, the two first terms
being evidently small compared with the two last terms, when w« lies between
1 and 10,
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Multiplying the roots of this equation by 10, it hecomes
23 — 1042 — 533004 + 437000 =0.

This equation has a root between 8 and 9 (as is seen by the.in-
spection of the last two terms since 437000/563300=8-19 .. .), so
we diminish the roots by 8,

1 ~10 - 53300 437000(8
8 -16 — 426528
- 2 - 53316 10472
8 48
6 - 53268
8
14
The transformed equation is therefore
#3 4 1422 — 532682 4 10472 =0, (3)
and, multiplying the roots by 10, it becomes
3 4 14022 — 5326800z -+ 10472000 =0, )
for which an approximate value of the root is
10472000
== 965
5326800 or 1:96569.

Thus, finally, we obtain for the required root of the origmal equation
the value

1-3819659,
which is in error only by one unit in the seventh place of decimals,

We may note that approximate values of the other two roots may
be obtained from the equation at this stage mn a very simple fashion.
For if a cubic equation has two roots M and N, which are numerically
very large in comparison with the third root ¢, the cubic is nearly

93 — (M + N)22 - MN2 — MNe=0.
The other two roots of the cubic (4) will therefore be approximately
the roots of the quadratic
x% 4 140z — 5326800 =0,

which are = 2239-056
and = —2379-05,
and therefore the two corresponding roots of the original cubic are these
valnes divided by 1000 and increased by 1-38 (the part of the root
already found), viz.

z= —0-999
and r= 3619.

These are in error by one unit in the third place of decimals.
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We may unote that ITornei’s Process is really the formation of a table of
divided differences. Thus iaking the last example again, suppose it is
required to find the equation whose roots are the roots of

X=.l3—41'z+5=0,

each diminished by unity. We note that the coefficients 5, 0, — 4, 1 are
the divided differences of X for the set of coincident arguments 0, 0, 0, 0,
8o we can wtite down the following table of divided differences :

F X
1
0 b -4
0 1
0 5 -3
-3 1
1 2 -2
-b 1
1 2 -1
-5
1 2

whence, by Newton’s formula for interpolation with repeated arguments
(§ 16) we have

X=2-06(—1)~(—1)2+(—1)
or X=2-56y—y2+45,
which is equation (1) above.

Therefore the equation whose roots are ten times the roots of the
reduced equation is

X=2000 — 500z — 1022 +43=0.
Now diminish the roots by 3. This is done by the difference table

@ X
1

0 2000 -10

-~ 500 1
0 2000 -7

- 521 1
3 437 -4

- 533 1
3 437 -1

- 5633
3 437

s0 that X =437-533(z - 3) — (x—3)2+ (x — 3)3,

which gives us precisely equation (2) above ; and so on.
Bz, 1.—Find to six significant digits the positive root of the equation
234322 - 122 —-10=0
by performing three Horner's transformations and then approzimating.
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First, diminish the roots by 2,

1 3 -12 -10
2 10 -4
5 -2 "1z
2 14
v T 12
2
9

Therefore the new equation is
234+ 9224+ 122—14=0.
Multiply the roots by 10,
23+ 9042 + 1200z — 14000 =0.

Dimnish the roots by 7,

1 90 1200 — 14000
7 679 13153
97 1879 — 847
7 728
104 2607
7
111

Therefore the new equation is
23+ 11122+ 2607.c — 847 = 0.
Multiply the roots by 10,
#3+ 111042+ 260700z — 847000 = 0.
Diminsh the roots by 3,

1 1110 260700 ~ 847000
3 3339 792117
1113 264039 — 54883
. 3 3348
1116 267387
3
1119

Therefore the new equation is

#3 4111922 4 2673872 — 54883 =0.
54383
267387

s0®that the required root is 2-73205.

Moreover, =0-205 (nearly),

1056
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To get a bhetter approximation, we have from the last cquation,
approximately,
54883 1119
= 267387 267387
=0-205257 — (0-0041849)(0-205)%
=0-206257 — 0-000176
=0-205081,

so the required root s 2-732050,8,

Ex. 2.—Find correctly to seven significant digits that root of the equation
23 —9.2428c—14=0

which 18 between +4 und + 5, by performing three Horner's transforma-
tions and then approximating.
Eu. 3.—Fwnd by Horner’s method a root of the equation *

8 — 2= 5.

54. The Root-squaring Method of Dandelin, Loba-
chevsky, and Graeffe.—We shall next consider a method
of solving equations which was suggested independently by
Dandelin 1 in 1826, Lobachevsky ] in 1834, and Graeffe § in
1837, and which is frequently of great use, especially in the
case of equations possessing complex roots. It has the
advantage (when performed completely) of finding all the
roots at onmce and of not requiring any preliminary deter-
mination of their approximate position. Its principle is to
form a new equation whose roots are some high power of the
roots of the given equation: suppose we say the 128th power,
so that if the roots of the given equation are @y, s, 23, . . .,
then the roots of the new equation are x;1%, x,1%8 ;1% . . .
These numbers are widely separated ; thus if z, were twice a,,
then ,1% would be more than 10% times 2,1%8, and, as we shall
see, an equation whose roots are very widely separated can be
solved at once numerically.

* A pupil of De Morgan by Horner’s method found the root of Wallis’s well-
known example

to 51 places to be
2=2'094 bb1, 481 542, 326 591, 482 386, 540 579, 302 963, 857 306, 105 628 239,
This was subsequently extended to 101 decimal places ; ef. The Mathematician,
8 (1850), p. 290.
1 Mém. de I’ Acad. Royale de Bruxelles, 8 (1826), p. 48.
1 Algebra or Calculus of Finites, Kazan (1834), § 257.
§ Auflosung der hoheren numerischen Gleichungen, Zirich (1837).

23 -2¢=5

s
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Suppose it is required to solve the equation
T+ @ F g R g 3. L L+ a,=0. (1)
In this equation we shall denote the roots, which will for the
present be assumed to be real and unequal, by -a, -0, —¢,
—d, . . ., the order being that of descending numerical nagni-
tude, so that |a|>|b|>|e|>|d| . . . The values @, b, ¢, d, . . .,
which are the roots of the equation reversed in sign, will be

called the Encke* roots. Equation (1) may now be written in
the form

"+ [a]e" -1 + [ablz" -2 + [abcle» 3 +. . .=0, (2)

where [a] denotes a+b+c+d+. . ., that is, the sum of the
Encke roots, [ab] denotes ab+ wc+bc+. . ., the sum of the
products of the Xncke roots taken two at a time, and so on.
If, moreover, we denote the sum @” + " + ¢ + d™ +. . . by [e"],
then the equation whose roots are the mth powers of the roots
of the given equation will evidently, if m is even, be

" + [(Z'"]w"‘l + [ambm]zn -2 [ambmcm]xn-:% +. . .= 0. (3)

The problem before us is to construct the equation (3) when
the cquation (2) is given, and m is some prescribed number.
In practice m is a large number in the equation (3) which is
ultimately formed, but we do not attempt to construct this
equation at a single step ol the process; instead of this we first
take =2, that is to say, we form a new equation whose
Encke roots are the squares of the Encke roots of the original
equation; then, having done this, we repeat the process,
forming a new equation whose Encke roots are the squares of
the Encke roots of the equation just obtained—that is, the 4th
powers of the Encke roots of the original equation—and so on.

Thus our immediate problem is to construct the equation
(3) when equation (2) is given and o has the value 2. This
we do in the following way. TRearrange the given equation

2%+ 0@ 4 a2+ ug2" 34+, . . +a,=0, (1)

so that the terms containing the even powers of z are on one
side of the equation, and the terms containing the odd powers

Encke Journal fiir Math. 22 (1841), p. 193.
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are on the other side. Squaring both sides of the resulting
equation, we have at once

(@ + ag@" 2+ a4+, . . 2= (02" L+ ug* 3+, . . )}
or, putting — 2% =y,
Y+ (ug® = 2a2)y™ L + (02® — 2uq03 + 20g)y" "2 +. . . =0. (4)

Since the roots of equation (1) are —a, -0, —¢,. . ., and
— =y, the roots of equation (4) are —a? -2, —¢% . . .; that
i8 to say (writing x in place of y), the equation whose Encke roots
are the squares of the Encke roots of (1) is

ar+ad \ar lt+a? Yo ital? Yar3tal i, L =0  (b)
- 20y - 20,40, - 2ag0, - 2a,a; 4+ 2a50q
+ 2a, +2a,04 - 2a,0
- 204 +2ag

The law of formation of the coeflicients in equation (5) may
be stated thus: Zhe coeflicient of any power of x is formed by
adding to the square of the corresponding coefficient in the
ortginal equation the doubled product of every pair of coefficients
which stand equally fur from it on either side, these products
being taken with signs alternately negative and positive.

Having thus formed the equation whose Encke roots are the
squares of the Encke roots of (1), we repeat the process, thus
obtaining an equation whose Encke roots are the squares of
the Encke roots of (5), that is to say, the 4th powers of the
Encke roots of (1). The next stage yields an equation whose
Encke roots are the 8th powers of the Encke roots of (1), and
80 on.

Now consider the equation which is obtained when the
process has been repeated several times, so that we have calcu-
lated the equation (3) where m is (say) 64 or 128 or 256.
Since a is numerically larger than b, therefore a™ is enormously
larger than &™ or ¢ or d™ . . ., and thus the sum [a™] bears
to its first term @™ a ratio which is very near to unity. Simi-
larly [a™d™] bears to its first term a™b™ a ratio which is very
near to unity, and so on.

If, then, the ratio of [a™] to a™ is 1 + ¢, where € is small, we

have
log [a™] =m log |a| + log (1 +¢€)
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or log |a| = ;ln— log [a™] - 7%1: log (1 +e).

Since we have caleulated [a™], the right-hand side of this
equation is known except for the small quantity 11—n log (1 +¢).

which we may neglect ; and thus |a] is determined.
Next, since [a™b™] =a™b™(1 + ), where y is small, we have

log |ad| ==',17 log [@™b™], neglecting %blog 1+9),
and therefore
log [B| = = log [a"t"] - L log [a"]
m m 08 ?

which determines the modulus of the second root b, and so on.

In solving an equation by this method, it is all-important
to know when to stop. Obviously the time to stop is when
another doubling of = would give a result not different (in the
digits we wish to include) from the result which would be
obtained by stopping at onece; that is to say, when the
coefficients [a?™], [a@®'d*"], ... of the new equation are
practically nothing but the squares of the corresponding
coefticients [a™], [@™b™], . . . in the equation already obtained.

Ex. 1.—To solve the equation

2%+ 9224+ 23, + 14=0.

The equation whose Encke roots are the squares of the Encke roots
of this equation 1s

a3 + 35224 277r + 196 =0,
The equation whose Encke roots are the squares of these 15
£+ 67142 + 63009z + 38416 =0,

and proceeding 1n this way we obtain the following equations :
73 4 324223r24 3-01858 x 10% + 1-475789 x 109=0.
73+ 972834 x 10192 4 1535431 x 102y 4 2-177953 x 1018=0.
23+ 9:43335 x 10212 + 2-357548 x 10385 4 (2177953 x 1018)2=0,
234 8-898762 x 10132 + (2357548 x 108)2; 4- (2177953 x 10184 =0,



110 THE CALCULUS OF OBSERVATIONS
Stopping at this stage, we have
log (n%%)=log (8-898762 x 10%3)= 43 9193296,
whence log |a| = 06867083,
so the numerically greatest root is + 4:860806.

Also log a®b% =2 log (2:357548 x 10%8)
— 767449212,

8o Jog [b] = £4(76°7449212 — 43:9493296) = 0512 4311
=log 3:2541015.

The next root 13 therefore + 3-2541015.

Lastly,
log a®41%4¢8 =  log (2177953 x 1018,

80 log |¢] =& (73 3521936 — 76:7449212) = 1 9469886
=1log 0 8850924.

The numerically smallest root 18 therefore + 0:8850924
A rough graph shows that all the roots are negative; they are
therefore

—4-860806, -—32541015, and —08850924.

We do not usually require to compute each of the roats of an
equation to the same degree of accuracy, although we may require
to know the approximate values of all the roots. We shall
therefore give here a more rapid way of computing the roots to
two or three significant figures, in which we use a 4-place table
of squares, such as Barlow’s Tables, and 4-place tables of
logarithms. We shall denote by »p™ the equation whose roots are
minus the mth powers of the roots of the original equation, and
we shall write, e.g., 1896° for the number 1:896 x 10”.

Ex. 2 —To solve by this method the equation of Ex. 1:
734+ 912+ 235+ 14=0.
We first arrange the coefficients of the equation mn order :

a3, a3, xr. 0,
1 9000 23001 14001

Squaring these coefficients and adding the doubled products as in
equation (5), we compute p2, then p4, p8, and so on, arranging the values
of the successive equations in tabular form, thus:
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1 81001t 52902 19602
— 4600 — 2520
® o1 35001 27708 19602
1 12253 76734 38424
- 0554 -1372
Pt 1 06713 63014 38424
1 45026 39709 1476°
- 1260 - 0052
2 1 32425 39189 14760
1 105111 153519 217918
- 0078
ple 1 097311 153519 217918
1 946721 235638 47483
—0031
p32 1 94362 235638 47483
p# o1 890443 555170 225473

Examining the coefficients of p8, we see that if the coefficients of
128 were formed they would be (to four significant digits) the squares of
the coceflicients of p%, so we stop the process here and compute the roots
of the equation as in Ex. 1, using, however, 4-place tables. We have

log a% = 43-9496,
whence a= +4'861.

In order to determine the sign of the root a, we note that f(— 4 8)
= + 0,368 and f( — 4'9)= — 0'259, where fz) =u3 + 922 + 232+ 14. The
equation has therefore a root hetween —4-8 and — 49, and we have

a= —4'861.

Also log a®4h% = 76-7444 ; subtracting log a®, we find log i b|=1log 3:254,
whence
b= — 3254.

Again, log 8418464 = 73-3530 ; subtracting the value of log «84h%4 we
find log |c|=1og 0:8851, whence

c= —0°8851.
The required roots correctly to four significant figures are

— 4861, -32564, -08851.
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Ex. 3.—Apply the root-squaring method to approximate to the roots of
the equation

53+ 1022+ 310+ 30=0
to thiee stgnificant digits.
Ex. 4.—Find correctly to seven digits the roots of the equation
23+ 1222 + 442+ 48 =0,

55. Comparison of the Root-squaring Method with Bernoulli's
Method.—The root-squaring method may be regarded as helonging to
the same general type as that of Bernoulli, with which it may be connected

n the following way.
Let the equation whose roots are to be determined be

af oy xt L p ot 2 L L, =0. 1

Bernoulli’s principle (§ 52) is that, if we select arbitrarily any values for
y(0), (1), . . ., y(n— 1), and then determine y(n), y(n + 1), ete., in succes-
sion by the equation

yE+n)+ayt+n—1)+. . .+ oyt)=0, (2)

then the ratio of two successive members of the sequence of ys tends
general to a limit, which is the absolutely greatest root of the equation,

Now let 8, denote the sum of the pth powers of the roots of equation
(1), and take y(0)=s4 y(1)=3;, . . ., Y —1)=3,_;. Since each root
of equation (1) satisfies the equation

¥ fapttn g, 4 agaf =0, 3)

1t is evident that if we form n equations by substituting in this equation
the different roots 1n succession, and then add these n equations, we have
al once

S n+0y8t n_1+. . Fays=0,

so that &, considered as a function of ¢, satisfies the difference equation
(2). We see therefore that with the values we have chosen for the first
n of the y's, y(t +n) will be equal to 8, and Bernoulli’s formula yields
the result that the absolutely greatest root of the equation (1) is

Lt Sk
r=>oc fk
This is obviously closely related to the result of the root-squaring method,
by which the root in question is given in the form It «/s.*
k=—>o0

* The value of the numerically groatest root of an equation in the form
(a% @04t , )/, where a, B, 7, . . . are the roots, and a>gB>%, had
been given as ea.rly as 1776 by Waring in his Meditationes Analyticae, p. 811
Euler used the method to find the roots of Jy(z) in 1781,
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56. Application of the Root-squaring Method to deter-
mine the Complex Roots of an Equation.—If the roots of an
equation are not real the method of § 54 is equally applicable.
Suppose, for example, that the equation is of the 5th degree,
the roots in Encke’s sense being a, re'$, -, b, ¢, where a, b, ¢
are real and |a|>7>[b| >|c|, so that the equation is

( + a)(@ + re?)(z + re= ) (z + b)(z + ¢) = 0.
The equation whose Encke roots are the mth powers of these is

(2 + a™)( + 1mem ) (2 + r™e ") (2 + b")(z + ¢") =0,

and if m is a large number, and we retain only the dominant
part of the coefficient of each power of z, this reduces to

8 + a™zd + 2g™p™ gos mw + @Mp2mgd 4 gmy2mpmay
+ agMy2mpmem — (), (])

The root @ may be computed at once by the method already
given in § 54. 'We now proceed to find the other roots.

It is evident from equation (1) that, corresponding to a
pair of complex roots, there will be one coefficient, namely,
2a"¢™ cos me¢p, which fluctuates in sign when m takes in succes-
sion a set of increasing values (owing to the presence of the
cosine factor). We also see that the value of 72 corresponding
to the pair of complex roots may be computed from the
coefficients in the terms immediately preceding and immedi-
ately following the fluctuating term: in the above equation
%= (a™y2[gm)Lim  Having found the value of 2, we now find
the values of the Encke roots b, ¢ from the two last coefficients
in equation (1). Let a’, ', ¢’ be the actual roots (i.e. roots with
their proper sign) corresponding to the Encke roots a, b, c.

In order to compute the complex roots re'¥’, re~*¥, we write
them in the form w + v and % — %», where % = cos ¢, v =7 8in ¢/,
80 that re'% + re-¢ = 2u. If the original equation is written

8 + 032 + asd® + agZ® + ag® + a5 =0,
we see at once that the sum of the roots satisfies the relation
—ay =0 +2u+b +¢,

frém which « may be found. Since % r2 are known, v may
(D 311) 9
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now be found from the relation #2 =2 + v2
roots are thus determined.

Ex.—1. Solve the equation

w4 — 243 — 642 + 250 — 28 =0.

THE CALCULUS OF OBSERVATIONS

The two complex

o, 2. a2, x. a®,
1 —2000 —6000 25001  — 28001
1 4000 36001 62502 7840
12000 10000 — 3360
— 5600
P 1 1600t 8000 28902 78402
1 25600 6400 83524 61475
~1600  —9248 — 125644
1568
1 09602 12803 — 41924 61475
1 92168 16386 17570 37791
2560 8049 1574
1229
$# 1 1178 10927 33319 377911
1 13888 11924 11101 1428
-0218  —0785 0825
0008
P8 1 11708 04154 02851 142828
1 136918 1722% 8123% 203946
~0008  —0667 ~ 11852
2 1 13611  1055% —3729% 203946
1 1852%  1113% 13917 4158%
0102 — 4302
% 1 18528 12158 29117  4158%
1 3430 147618 8474148 172918
0011 - 10104
P8 1 3430% 1487108 [_2630M46] 1720185

It is evident that further equations are obtained by simply squaring
the corresponding coefficients of the previous equation with the exception
of the coefficient of = (which fluctuates in sign, thus indicating the
presence of a pair of complex roots) The process of forming new

equations may therefore be stopped here.
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Taking logs, we obtain the results

log a1® = 64-5353, whence log |@|=0-5042 and «=3-193(-).
log 123128 — 108-1724, whence log |b|=0-3409 and b= 2:193(+ ).
log a138)128,256 — 185-2377, whence log 7%= 0-6021 and #2= 4-000,

It may be remarked here that the most important numbers in
determining the values of the quantities a, b, 72 are the indices
representing the powers of ten in the factor of the coefficients in the
final equation. For example, in the equation denoted by 7128 we obtain
practically the same value of the roots a, b, if we neglect the last two
digits of the numbers 3430 and 1487; but an error in the indices
64, 128 would give quite a different result. Since the above numbers
cannot be relied upon as regards the accuracy of the fourth digit, we
shall consider the final values of the roots to be correct only to three
significant figures.

In order to compute the values of the complex roots u + v, we see at
once, from the coefficient of #® in the original equation, that

2u— 3193 +2193 =2,
whence u=1-500, v= t ,/(r?—u?)= +1-3228,
and the complex roots are 1:500 + 1-323s,

Thus the required rools of the equation correctly to three signifi-
cant digits are ~3-19, 2:19, 1-50 + 1-32¢. (As a matter of fact the
above values of the roots are correct to four significant digits, the roots
correctly to six places bemng — 3-192582, 2:1925682, 1-5 + 1-3228764.)

Ex, 2,—Find the roots of the equation
oA~ 6u3 4 1102 + 23— 28 =0.

57. Equations with more than one pair of Complex
Roots.—The case where the given equation possesses two
pairs of complex roots presents little additional difficulty.
Suppose the process is applied to the equation

2+ @ + a2+, . vt a1+ ay=0, (1)

and that the coefficients of two of the powers of z are found to
fluctuate in sign, thus indicating the presence of two pairs .Of
complex roots. Denote these complex roots by re?, re=*, ¢,
r’e=*, 'We shall assume that the values 72, 2, together with
the actual real roots «’, ¥’, ¢/, have been computed as in the
last section.

*Writing w=1 cos 6, v=r sin 6, u’ =)' cos ¢, v’ =+’ sin ¢, the
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complex roots are denoted by w4+ 4v, and %’+14v’, and their sum
is 2(u + ). Writing equation (1) in the form

(-a)z-0)z-Cc). . . (2% 2uz+ %) (2? - 2u'z + %) =0, (2)

we see that the coefficient of z in this equation is a linear
function of %, »” which we shall call ¢(u, %’).

Then ‘l’(u, 'u’,) =dp-1 (3)

By comparing the coefficients of z*-! in equations (1) and (2),
we find
—ay=a’+ bV +e" . .+ 2u+ 20 4)

The two last equations express the unknowns %, %’ in
terms of the known quantities a’, %, ¢/, . . ., #3, 72 and may now
be solved for u, «’; the values of v, ¥’ being then determined
from the equations 22=r2— 2 v'2=22—4"2 The two pairs of
complex roots are thus known. It is evident that a similar
method to that given here may be applied to solve equations
with more than two pairs of complex roots.

Ex.—To solve the equation
27 4 Tu8 4 2145 + 6304 + 14743 + 18942 4+ 1192 —- 451 =0.

As in Ex, 1, § 56, we first form the equations for p2%, 4%, 28, . . . as
follows :

X, b z*, xt, a’. a3, 2.

p? 1 7000 -1470% 02033 0911¢ - 56104 18465 20348
7 1 34302 36994 15658 48657 -01:339 569010 413710
i 1 04368 03919 - 136512 696418 -p538918 3249 17117
pe 1 11190 285017 —-4086% 36443 -1621% 10584 292842
p% 1 068218 904434 —041140 12018 - 50837 11198  8573%
p¥% 1 28428 81730 - 20049 1438126  _(01044° 1252172 7350160
P18 1 644270 66801% 166519 2068262 359029 156834 5402339
p¥e 1 401614 446287 [0009%92] 4277504  [0640%97] 2459088 291867

The coefficients of z* and 22 fluctuate in sign, whence we infer the
presence of two pairs of complex roots. Taking logr, we have

256 log a=141-6037, whence log |a|=0-5531 and &' = — 3-574.

256 log ab= 279-6495, log [b|=05392 I = — 3-461.
256 log abr®=504-6311, log 18=0-8788  12= 7-565.
256 log abr2r'2 = 688-3908, log r2=0-7178 "= 5222

256 log abe’r?’2 = 679.4651, log |¢|=1-9652 = 0823
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In order to compute the values of u, u’, we write down the value of
the coefficient of 28 1 the original equation,

~7= —3574-3:461 +0-923 + 2u + 2u’, (1)
and then the value of the coefficient of =,
119 = 73%'3(a’b + b'c’ + ¢'a’) + 2a"b'c’(wr'2 4+ u'r?). (2)

Subst.it;utin.g in these equations the known values of o', b, c; #2,

2, we have

u=0681, u'=—1.125,
whence v=2:665, o' =1-989,
The required roots of the given equation are

- 3574, -—3-461, 0-681 +2-665¢, —1:125+1-989s, 0-923,
i which values the last digit is uncertain.

[The roots correctly to four significant digits are — 3:578, — 3458,
0-684 + 2-6645, — 1-128 + 1-9874, 0-923.]

58. The Solution of Equations with Coincident Roots
by the Root-squaring Method.—When the root-squaring
process is applied to an equation possessing coincident roots, it
does not lead ultimately to an equation in which every co-
efficient is the square of the corresponding coefficient in the
preceding equation. We shall now consider in what way the
process may be applied to solve such an equation.

Suppose that the Encke roots of the given equation f(x) =0
are a, b, ¥, ¢, d, . . . where b, ¥’ are coincident roots, and
where |a| > b|> |¢|>|d| . . . The equation, whose Encke roots
are the mth powers of those of the given equation, will be
denoted by

" + [am]wu—l + [“mbm]xu—z + [ambmb'm]mn—a 4., = 0, (1)

and, retaining only the dominant term in each coefficient, for
large values of m this equation reduces to
2P + amgh-1 4 Qampingh -2 4 gmpimgn-3 4 gmptmemgn-4 4 =0. (2)
‘We see that the coefficient of -2 does not follow the usual
rule, viz. that when m is doubled the coefficient is approximately
squared. Here, on the other hand, when m is doubled, the new
coefficient is approximately half the square of the old one.
This observation enables us to detect the presence of a repeated
root. It is evident that the value of & may be computed in
much the same way as 72 in the case of complex roots, namely,
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by forming the quotient of the coefficients immediately follow-
ing and immediately preceding the irregular coefficient. Thus
from equation (2) we have

b= %/{ambmn/am}’

the remaining roots, @, ¢, d, . . . being computed as before by
the method of § 54.

Ex. 1.—Solve by the root-squaring method the equation
28+ 722+ 162+ 12=0.
The successive equations are

P2 4341722+ 88x+4144=0.
P4 a4+ 11342 + 28482+ 20736 =0.
234 707302 + 3:425 x 10%: + 4:300 x 108=0.
pl8 £344-318 x 1072+ 0-565 x 1013 4 1-849 x 1017=0.
P32 B4+ 1-8563 x 101542 4 1:651 x 1025 4+ 3-419 x 1038=0.

It is evident that the coefficients of the equation p® would be the squares
of the corresponding coefficients of p32 except in the case of the coeflicient
of #. We therefore denote the Encke roots of the equation by a, b, ',
where b, b’ are approximately equal, and where |a| > [b|. Taking logs,
we have
log a%2=15-2679, whence log |a|=0-4771 and |a|=3-000,
log u3%% = 34-5339, whence log |b]=0-3010 and |b|=2-000
=|b’}.

The actual roots of the given equation are ~ 3, — 2, — 2.

Ex. 2.—Calculate by the root-squaring method the greatest root of the
equation

A= T84 Ta2 — Tz 7=0.

Use the result to prove that the other three roots are neariy equul tn modulus,
but that only one of them is real.

59. Extension of the Root-squaring Method to the Roots
of Functions given as Infinite Series.—The root-squaring
process depends essentially on the fact that the coefficients of a
polynomial (in which the coefficient of the highest power of z is
unity) are the elementary symmetric functions of the roots; or,
if the polynomial is divided throughout by the term independent
of z, so that the term independent of # becomes unity, the
coefficients are the elementary symmetric functions of the
reciprocals of the roots. This, however, is true not merely for
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polynomials, but for all entire transcendental functions of genre
zero,* and hence we can readily see that the root-squaring
process is applicable to any entire transcendental function of
genre zero; and, indeed, as has been shown by Polya,} the
method may be used in connection with functions of any finite
genre.

Ex. 1.—10 find by the root-squaring method the lowest roots of the Fourier-

Bessel function.
The Fourier-Bessel function may be defined by the power-series.

A P
I=l-Gmt pp et

_ _at _:l:f_ 24 8 a8 «7 o8
SRR B A R G ap R

where 2= — }:2 Evaluating the terms on the right side of this equa-

tion, and retaining eleven places of decimals, we have

Jo®) =1+ + 0-2542 + 0-027777,7777843
+0001736,1111122
+0:000069,444 4415
+0:000001,9290128
+0:000000,0393747
+ 0-000000,0006245,

The equation whose roots (in Encke’s semse) are the squares of the
roots of this equation is

0=1+ 0-5z + 0-010416,66666:2 + 0-000038,58024.3
+0-000000,04306.4 +. . .

Therefore the equation whose roots are the 4th powers of the roots
of the original equation is

0=1+0-229166,66667x + 0-:000070,01 28342 + 0:000000,00060z3 +. . .
and the equation whose roots are the 8th powers of those roots is
0=1+0052377,33517< + 0-000000,0047 T2,

Evidently we can take
.
~0-052377

whence z= — 1-4458 and z=24/ — r=2-4048.

=19-0923,

* On the subject of genre cf. Borel, Lecoms sur les JSonctions entitres
(Paris, 1900).

+ Zeitschrift fur Math. 63 (1915), p. 275.

o Whittaker and Watson, Modern Analysis, § 17.1.
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Therefore the lowest root of Jy(z) is 2=2-4048.

Ea. 2.—Calculate = from the property that /2 18 the lowest root of the
series for cos w, ..

=1__9:_2+_mf_.w?+ﬁf__. ..
2! 4! 6! 8!

60. A Series Formula for the Root.—A method published
in 1918 * is somewhat different in character from those which
have been described hitherto, since it furnishes a literal formula
by mere substitution in which the root is obtained. The
result may be stated thus:

The root of the equation

0=ty + T + AgZ® + AT + A2t +. . . (1)

which 18 the smallest in absolute value, is given by the series

ay g 1y
o392 % ag*|ay ag ag
_ap__ ?02;‘2 _ o o ) — 1% %" a?,,.____ (@)
Nt g “1a2| "‘1“2 ay ag ag| |ag @y ag||ag @ azay| " 7T
Qg Uy, llg 1] |Gg (g G| Gg Ay Gg) g Gy U3 dg
0 ayay| |0 agay||0 agayay
0 aga,

As a numerical example, consider the equation

«3 — 422 —~ 321z 4 20=0.

Here ay=20, ;= —~ 321, ag= ~ 4, ag=1.

ay ay |=103121, |« ay ag|= —33127121, |aya;|=337.
o & g 4y Gy @y Gg
0 agay
The smallest root of the equation is therefore
20 202x 4 203 x 337 +
321 321x103121 103121 x 33127121~ °
or 0-062305,30 — 0-:000048,36 + 0-:000000,79,
or 0-062257,"73 correctly to seven decimal places,

The series converges rapidly when the ratio of the smallest
root to every one of the other roots is small. In calculating

* Whittaker, Proc. Edin. Math. Soc. 86 (1918), p. 103. Cf. De Morgar,
Journ. Inst. Act. 14 (1868), p. 353. ¢
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any root of a given equation by the formula, it is thercfore
advisable in many cases first to transform the given equation
by two or three root-squaring operations each of which re-
places the equation operated on by an equation whose roots
are the squares of its roots; or else, if an approximate value of
the root is known, by Horner’s process to reduce the roots of
the given equation by @, where a is an approximate value of
the required root, so that the required root of the mnew
equation is small compared with any of the other roots.

Proof of the Formula.—Let the roots of equation (1), supposed
for the present to be of degree =, be z;, @5, . . ., ;. Then if 2z
be any number whose modulus is smaller than each of the
moduli of the roots, we have

1
Go+ @zt +. . .+ @@ (L—2zy)(L—2/as) - - - (L— 2/
=(1+zfm+22z+. . ) (L+2/m+2z?+. . .) . ..
(1 +2fz,+2422+. . .)

=1+DP@+Dp22+Ps28+. . .

where P, denotes the sum of the homogeneous powers and
products of the reciprocals of the roots taken r at a time.
Therefore

Go=(ao+ @ +ag?+. . .)(1+Dz+ P22+ Ps?+. . ).
Equating coefficients of powers of 2, we have

0 =ay + apls,
0 =as + ;1 + aoPs,
0=as + az’; + 6, P2 + aoPs,

whence *
a 1 a0 0
P1=——1, P=;?—2 leo ) 3= = 3 a2 @y Qo setc' (3)
1) 0| B2 s Qg 0y
Now since Z‘o Z“ ! =@, — agag, we see that the first two terms
1

* The formulae of equation (3) were known to Wronski, Introd. & la philos.
desmath. (1811), Paris.
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of the series (2) are equivalent to the single term
ma Py
—— 02 or % 4
|al as| Py @)
Qo O
Moreover, by Jacobi’s theorem on the minors of the ad-
jugate we have

a, Gz ag aa 2 as ds
Oy Oy Qg | = 2 _
al'() ay @ Qo Iy 8 a1 Gz

and this shows that the term (4), together with the third term
of the series (2), is equal to

ay Gy P
o Ay 2
— ' - or =" 5
|a1a2a3 1)8 ()
Gg Gy G2
0 aay

Again, by Jacobi’s theorem we have

a1 03| | G102 a3 a4 | =] @y Q3 a3 |% - a0®| a3 a5 a4

Qo Qy | | Go Ay A2 Q3 Qo @y O a, ag a3
0 aoa, a 0 ayay Gy Gy Gy
00 aa

and this shows that the term (5), together with the fourth
term of the series (2), is equal to

ay az ag
Gy a4y G
oaﬂal Pa
- = -Lor =5,
010203 04| P,
Gy Q1 Az Q3
0 ay a; a2
00 amn

which is therefore equal to the sum of the first four terms of
the series (2). Proceeding in this way, we see ‘that the sum
of the first s terms of the series is equal to P,_,/P,.

If now for simplicity we consider the case when n=2, so
that there are only two roots, z; and =z, of which we shall
suppose &; to have the smaller modulus, we have



ALGEBRAIC & TRANSCENDENTAL EQUATIONS 123

1 1 1 1
ls-l wla—-—l+wlp—2zz'+$ln—sxzz+‘ zza—l
P, S R ;'1"

o mf iy @ in? Tomt

@ 2 2-1
L+t x L
Ty X "
ST e T gael g
1+ %+ "%+ 1" 2t

and since l:—;1< 1, this gives at once

P: 1
Lt "=y
4—3>0 P» 1

Similar reasoning leads to the same result when n>2.

Thus the sum of the first s terms of the series is equal to
P, 1/P,. As s incréases indefinitely this tends to the limit &,
where z; is that root of equation (1), which has the smallest
modulus. Thus the theorem is established.

Ex. 1.—HKind the 100t, which 1s smallest in absolute value, of the equation
43 + 140® — 532684+ 10472 =0.
B, 2.—Fund the numerically smallest root of the equation

28 — 2642 + 20043 — 60042 + 12002 — 500 = 0.

61. General Remarks on the Different Methods.—The
process of calculating a root of an equation jf{z) =0 may be
regarded as consisting in general of three stages :

1. Locating roughly the position of the roof. — 'This is, in
general, best done by plotting a rough graph; in the case when
/() is a polynomial, it may also be done by divided differences,
or by the rules of Descartes, Fourier, and Sturm, which are
explained in works on the algebraical theory of equations.

II. Transforming the equation so as fo isolate this root from
the other roots of the equations.—Let x; be the required root of
the equation f(z) =0, and let @, @3, ... be the other roots.
Then, performing a transformation z=¢(y), where ¢ is some
given function, we obtain an equation F(y) =0, which we shall
suppose to have roots 3, ¥s, ¥s, - . . corresponding respectively
t¢ the roots &, &, &, . . . This transformation is to be chosen
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8o that the root y; hears to the other roots y,, ¥s, . . . ratios
which are small in absolute value. The root g, is then said to
be isolated. For this purpose we may use, for example, Horner’s
process, or the root-squaring process or inverse interpolation.

II1. Calculating the root of the tramsformed equation. —
This may be done rapidly by one of the iterative methods, e.g.
Newton’s (§ 44), or Bernoulli’s (§ 52), or by Whittaker’s series
(§ 60). Having found y;, the required root of the original
equation is given by the formula z; = ¢(yy).

62. The Numerical Solution of the Cubic. — For the
solution of cubic and quartic equations some special methods
are available which cannot be applied to equations of higher
degree. To one of these, known as the ¢risection method of
solving the cubic, we shall briefly now refer. The term in 22
may be supposed to have been removed in the usual way, so that
the cubic may be written in the form

2B -qr-r=0.

There are two principal cases to consider:
(i) If 27r%>44? the cubic has one real root and two complex
roots, which may be found by Cardan’s formula

z={1r+ (32 - @M+ {7 - (Ir® - M), (1)
or else (if ¢ and 7 are both positive) by finding ¢ such that
3t 7
cosh ¢= -2 . E?’
when the real root is given by formula (1)
2
2= —7zgh oosh 34, (2)
or (if ¢ is negative and » positive) by finding ¢ such that

3

r

2 (-9*

when the real root is given by the formula

sinh ¢ =

2= (-} sinh 39, ®
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We can always suppose that  is positive, since changing the
sign of » merely changes the signs of the roots.

(ii.) If 2772<4q? the cubic has all its roots real. In this
case we find the smallest positive angle ¢ such that

3 r
Co8 ¢ =5" E}'
when the real roots are given by

Ty = 7 3(15 cos 4’
2 -

a:2=—7§q5 (30'57'-34> . “4)
2

a= — ~agt Co8 - te

NE) 3

Ex. 1.—Consider the equation
B4 924 23x+ 14=0.
Writing =19y — 3 to remove the sccond term, the equation becomes
yPB3—-4y-1=0. ™

There are three real roots since 4.43>27.12,
We have at once

cos =1 - 3and log cos ¢ =3 log 3 —log 16=Jog cos 71° 2’ 56"4,
so that 14 =23°40"58"8.
One value of y 18 now obtained by writing

log 9 =1og 4 — 1 log 3 +log cos 23° 40’ 58”8
=0'32562913
=log 2114907,

80 yy =2114907. @)
For the second root we have

log (—yp)=log 4 -1 log 3 +1log cos (60° — 23° 40’ 58"'8)
0.

2697010
=1log 1:860806,
80 ya= — 1:860806. @
Lastly,
log (~1g)=1log 4 — 1 log 3 +log cos (60°+ 23° 40’ 58™8)
=9-4050073

=log 0-2541015,
50" yg= —0:2641015. 4)
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The required roots are therefore 2:114907, — 1:860806, — 0'2541015.
Ex. 2.—8olve the equation
23+ 32?4 65— 27=0
by the trisection method.

63. Graphical Method of solving Equations.—We shall
now consider the solution of an equation f{z) =0 by a graphical
procedure. We first write the equation in the form

/i(2) =/al@)
(as may usually be done in several ways), and draw graphs of
the equations y=/fi(z), y=/a(z). For example, to solve the
equation 23 — 4z + 6 =0, the curves might be taken to be y; =23,
ya=4x — 6. The abscissae of the points of intersection of these
curves evidently satisfy the equation f{z) =0, and are thus the
roots of the given equation. )

Let one of these abscissae, as measured on the graph, be
denoted by «y; we must, of course, recognise that ay is only
an approximation to the root, since the accuracy of the reading
is limited by the usual defects of graphical representation.
To overcome this difficulty we now repeat the drawing of the
portion of the graph near the abscissa #=a; on a larger scale.
From the new diagram we find a new value z = a; such that ay
is a closer approximation to the root than a3 Proceeding in
this way, we form a sequence of values oy, ag, ag, . . ., which
approach continually closer to the correct value of the root of
the equation.

Ex —Find the reul root of the equation

CORTr=o
correctly to seven places of decimals, having given
cos 42° 20’ 40” = 0-739108,82,

cos 42° 20’ 50” = 0°739076,16,
cos 42° 217 0" = 0739043,50,

and 1r/648000 =0000004,848137.
Suppose 2=7", then the given equation becomes
0 000004,848137y =cos v. (1)

We first plot the curves

f)= 0-000004,8481371/}
I

Foly)=cos y @
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8. Apply the root-squaring method to approximate to the roots of
the following equations to three significant figures :

(a) 243 —a2—"Tx4+5=0, B) B+ut~5x+2=0.

9. Find by the root-squaring method the numerically greatest root of
the equation
424 412843 — 9522 + 242 —2=0,
and determine the nature of the remaining roots.

10. Show that the root-squaring method may be applied to determine
the coincident roots of the equation

oA — 1023 + 3522 — 502+ 25 =0.
11. Determine # from the equation
z=-e sin (n +2),

where ¢ is the eccentricity of a planet’s orbit,
n is the mean anomaly,
having given the values e=0-208, n=30°=0-5235988.



CHAPTER VII

NUMERICAL INTEGRATION AND SUMMATION

65. Introduction.—In the present chapter we shall show
how to calculate the numerical value of a definite integral

/., ' /(@)do

when f{») is a function whose numerical value is known for
values of 2 between @ and b.

In works on the Integral Calculus it is shown that the
above definite integral can be found, provided we can first
find the indefinite integral of f(z), say F(z): for the value
of the definite integral is then ¥(b) - F(a). This method is,
however, of very limited application: for even when f(z) is
given as a compound of the well-known elementary functions
«", ¢*, logw, its indefinite integral cannot in general be
expressed as a compound of a finite number of these functions:
and when f{z) is not given in terms of the known elementary
functions, but is merely specified by a table of numerical
values, the indefinite-integral method is altogether inapplicable.
The methods described in the present chapter, which are of
general application, are therefore of great practical importance.

The problem of calculating the sum of a sequence

Uy +Ug+Ug+ Uy +. o . + Uy
is closely connected with the problem of numerical integration,
and is therefore included in the discussion.

66. The Approximate Value of a Deflnite Integral.—
A definite integral

[t

132
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may be regarded as the measure of the area included between the
curve y=f{x), the ordinates x=a and z=a +rw, and the axis of z.

Let P and Q be the two points on the curve whose abscissae
are @ and a+rw respectively, so that the area in question is
PLMQ in the diagram.

Let the base LM be divided into r parts each of length w,
at the points U, V, W, . . ., and let the corresponding points
on the curve be H, J, K, . . . Then we have

area of quadrilateral PLUH = iw{(a) +f(a + w)},
» » HUVJ = iw{ fla+w) +fla+ 2w)},
ete.,

y Q__

W
e

0 L u v W ™M r
F1a. 15.

and the sum of the areas of the quadrilaterals PLUH,

HUVY, ...

=w{} fla) +f(a+w) +/(@+2w) +. .. +fla+r-1.w)+3/(a+rw)}.
This sum may be regarded as a rough approximation to the

area PLMQ, so that we have

1 +rw

Ef S@)dz=1} fla) +fla+w) +/fla+2w) +. . .
+fla+r-1.w)+1/la+rw)+T,

where T denotes certain correction-terms.

We shall now show how these correction-terms may
be found.
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67. The Euler-Maclaurin Formula.—Let us consider the
case in which the function f{z) is ¢ where v is independent
of . Then the above formula becomes

1 +rw
= f € dp = Jev0 4 e¥atw) 4 gvatw) 1 4 grat(r-Tymo
w
' Flomtme LT, (1)
where T denotes the correction-terms; or (performing the
integration)
ava(evrw — 1) \
S ekt S S Lok NN S £ 2 Ul (bt 1)+ T
_e(em 1)
=" ]
1 1 T
80 5:7;=e"w-1+%+em(em"—1) @)

+3em(ere - 1)+ T,

Now we have

1 1 1/, 6 & -1
S SN =(7(1+'2‘+E+"')
+2-" m-}-...

1 1 1., .
=@<1 —20 +1—20 + terms in 64, etc.)

11 1 1
=527 12° 7%
It is customary to write this expansion
1 1 1B, B
RURUAS Ty
where the numbers B, which are called the Bernoullian
numbers, have the numerical values
1 1 1 1 b 691
= B=—‘—~, = —— = = B=——, = o= . e e
Bi=g Bam3p Po=gp Bimzp Bimgp Be=grap
Comparing equations (2) and (3) we have

e+ ...

B
B+ ., 3)

T = gva(evrw — 1)( - %}ww + %v“ws - %-?v“w" +.. >

Now if f(z)=¢", we have f'(x)=wve, f"(x)=2%", . .. and
therefore when /{x) =¢®, we have
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T=- —'—{f’(a +rw) - /(@) + ! f"’(a +rw) —/"(a)}
1'J (@ +rw) - f "(a)}+

so that in the case where /() =¢", we have the formula
$[+"°j(m)da:=§_;f(a) +fla+w) +fla+ 2w) +.

+fla+r-1.w)+ % fla+rw)
Bz'w3 “(@+r)-f"(a)}

¥ (@+rw) -/(a)} +. (4)

or, as we may more briefly write it,
w j(w)da:=<§_ﬁ,+f1+ﬁ+. . .+f,_1+§fr)

- U - )+ ’%%(frm_ o"')—%%(ﬁV-ﬁV)+. .. (5)

Now let f(z) be an arbitrary function of . We shall
assume that it is possible to represent f(x) between the finite
bounds #=a and z=a+rw to a sufficient degree of approxima-
tion by means of a sum of terms of the form Ae®%, where A
and » are independent of z: say let

S(@)=A1e"®+ Age?# 4+ Age®? . . .,
where A;, Ay Ag ... v, v v ... are suitably chosen
constants.

Applying formula (4) to each term of this sum, and adding
the results, we see that the formula (4) or (5) may be applied
to such an arbitrary function f{z) in general. It is known as
the Fuler-Maclaurin jformula, having been discovered inde-
pendently by Euler and by Maclaurin in the years 1730-1740.*

106

Ez.~—To compute / = correctly to eight places of decimals.
00 ¥

B0 ) - (ay + B

Bsw

1
In the Euler-Maclaurin formula put a= 100, w=1, r=35, f(.r)= =

* In both cases the publication was seveial years subsequent to the
discovery. Cf. Euler, Comm. Acad. Sci. Imp. Petrop. 6 (1738), p. 68, and
Maclaurin, Treatise of Fluwions (1742), p. 672.
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Thus

Wap_1 11 1 1 1 1]
w = 2100710171027 108 © 104 73 105

_‘(___‘_.+ 1 >+_1_ IR
12\ T 10527 1002/ " 120\ ~ 1054 1oo4>+"‘

=0-005000 000 1/ 0-000100 000
0-009900 990 '1'2‘( — 0000090 703)
0-009803 922

0-009708 738
0-009615 385
0-:004761 905

=0-048790 940 —0-000000 775
=0-048790 165
The calculated value of the integral is therefore 0-048790,165.

This result may be verified by computing log, (105/100) from the
logarithmic series, as follows :
106 5 1 52 1 5% 1 5* 1 5% 1 58

log. 700 =100 "3 1002 ¥ 3 T00° 4 1004 T 5 T00° 6 1008 "

= 0-050000 000 - 0001250 000
+ 0-000041 667 — 0000001 562
+ 0-000000 062 — 0-000000 003
= 0:050041 729 -~ 0001251 5656

0-048790,164

which agrees with the previous result to one unit in the ninth place of
decimals.

68. Application to the Summation of Series.—The Euler-
Maclaurin formula is often used in the computation of sums,
when the integral which occurs in it can be calculated by
other methods; the method will be obvious from the following
examples:

Ex. 1.—If 1t is required to obfain correctly to nine places of decimals
the value of

1,11
3018+ 3032 T 3052 1 ¢

we have from the Euler-Maclaurin formula with a =201, w=2, r= 50,

f(a’>=1/x21
"dz 1 1 L1 111
o 222 2013 g032 T+t ogo2t 9 3012

-strson)
6\~ 3018" 2013/ * " °

** 2507
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80
1 +_’1___1_(_1 1 >+1( 1 1
20127 " ° "7 2992 2\201 301/ " 2 '2'0_1"2~361*>

+1( 11 N
3\2013 3018/ " " °
=0-000826 4325

0-000006 8575
0-000000 0288

= 0000833 319, which is the required value.
Ez. 2—To compute the sum of the infinite series
1 1 1 1
m2+ m§+’i052+m72+. ..
If in the Euler-Maclaurin formula we put fl«)=1/1% w=2, r=0,
we have
1 1 1 1 1 1 4
2 22T WrE T avaptarer™ 38 T isas ™
so that

1 + 1 + 1 1 + 1 1 4
a?’ (a+2)? (a+4)2+' T 2 2% 3¢®  15aP
Putting a =101, this gives
L U T _ 1 11 4
1012710327 7052 © ° ° " 2.101 ' 2.101% ' 3.1013 " 15.101% ' © °°
=0004950,49505 - 0-000000,00003
+0-000049,01480
+0-000000,32353

= 0-004999,83335, which is the required sum.
Ex. 3.—Calculate correctly to ten places the sum of the infinite series

1 1 11
‘m"‘ 1—234' i33+ﬂ3+' ..

\4) The Sums of Powers of the Whole Numbers.—The
sums of the first, second, and third powers of the first #» whole
numbers are, as is well known,

1 +2+3 +...+n =}n?+in,

124224324, . .+ n2=3n3+ }n?+ }n,

13+28+3+. . . +n¥=3nt+in®+ |n?

We shall now show that the Kuler-Maclaurin formula

enables us to find readily the sum of the pth powers of the
first » whole numbers, where p is any positive whole number.
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For taking @ =0, » =1, f(x) =2? in the formula
1 petre v

ol f(w)dw-—-(%—)j;, +fitfat. . .+f,_1+%f,)- ﬁ(fr' -79)

w/q
,llﬁ 24 nr w5
+igol/ — ")~ gaagp (T S -
we have
Tp+1—11’+21’+‘%?+ + '—1P+-1-P L
&—_:-1'— o P () ) 27 —i2p7

1
+ 7761)(10 =1)(p-2)®-3

'30';“401’(? -1)(p-2)(p-8)(p-4)rP-5+. .,

and therefore
rptl pp 9 -1 __10(7’ - ])(7’_:'__2_)/,~p-3

1P+2p+3p+...+7'p=p—ﬁ+'§+"f§) ’——',-720
L2@=0(p=2)p-3)(p=4) ,_
30240 T

the last term being that in » or 72

This is the general formula for a sumn of positive powers: it
was first published in James Bernoulli’s posthumous work, 4rs
Conjectands, in 1713.%

Ex.~—Show that the sum of the Tth and 5th powers of the first n whole
numbers is double the square of the sum of their cubes.

We have at once
174274374, . .+ n7=}n8 + In7 + 08— Tpnt 4+ 1onl
Similarly
154264354, . .+ nP=]n8+ 48+ Fnd— Ll

We have therefore only to prove that

(A8 + 307 4 gn — Fnd + n®) + (G0 + fnB 4 fynt — fon?)
= Ind(n + 18,

which is evidently true.

70. Stirling’s Approximation to the Factorial.—In the

Euler-Maclaurin expansion
1 rotrw 1 1 , ,
E]: f(m)dz=(§fo+ﬁ+j§+. . .+f,_1+-2-f,)-—1%(f, - /o)
wa " 7"’
iU =) -

* Ars Cong. p. 97.
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write w=1, /(z) =logz. The formula then gives
+r

logwda:=éloga+log(a+1)+. . .+log(@a+7r-1)
1/1 1 1{ 1 1}

1
*alg ) - e Y o\ )

a

or
<a+r+;>log(a+r)—(a+—;—> loga-r

=log{(@+1)(@+2) ... (a4 r)}—1-12 ;41_’,—61;)

P S O
360\(a +7)? a“)
Writing n for (@ + ), this becomes
(n+1)lo n—(a+1)lo a-n+a=log(nl)-log(al)
3)'08 5/ 108 g (n') —log\a’
1/1 1 1/1 1
~12(n ) * 36008~ 8) -
1 1
r(n! [
log (n) =C+ (n+3)logm—nt oo st -

where C is independent of n.
In order to determine C, we refer to Wallis’ formula

‘We have therefore

L (’ 24466 _2n_ 2n_
2",,_>., 1’3355 7 " "2n-1 2n+1

4n (o 1\4

or LR 24 (n )

2 amo{(2n) 4220 + 1)’
and therefore

log5= Lt [4n log 2 +4log n! -2 log (2n!) - log (2n + 1)}

Ne=P 0

Substituting for the logs of the factorials from (1), we have
logg= Lt [4nlog2 +4{(n+%)10g n-n+C}

Ne=>0
1 9m 2 O
- 2{(2n+§) log (2n) ~ 2n + G} ~log (2n + 1)]
= -2log2+2C,
80 C=4}log (27),
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and finally
1 1 1 1
log(n!)=(n+—2-)logn—n+2~log21r+i—2—fi—§60—ns+. ..
or n = nntd JE_r-e""(1+-1—;;+. . )

This formula is due to Stirling:* it is of great value for
computing the factorials of large numbers.

Ez. 1.—To compute log 1o(79!).
In Stirling’s formula, replacing log (n!) by {log(n—1)!+logn} we
obtain

logm(n - 1)!-..: (’Ib - é{) logmn+—;—logm(21r)

+M{ net LI L ! }
~"t+ 19n " 36043 126048 68007 T
where M=1loge= 0-434294,481903,251828.

Taking n=80, logy80= 1:903089,986991,943586
and 795 log 1080 = 161:295653,965859,515

then
. 1 1 1
08 10(791) = 795 108 1080 + 3 log 1q(2m) + M( oo + | 2?07;03)

1 1
- M(BO *560.808 mo‘“—.w)

=151-295653,965859,515 —34-743558,552260,146
0-399089,934179,058 — 0-000000,002356,198
0-000452,390085,316 - 0-000000,000000,000
0-000000,000000,105

=151-695196,290123,994 —34-743558,654616,345

=116-951637,735507,649.
This is the reyuired value correctly to fifteen places.

Ex. 2—Show that

1 +rw , ,
o Kda=(tfyfye )+ -1
03 . e 3lwb
—s7eor S+ ggregor —fo) - - - -
71. The Remainder Term in the Euler-Maclaurin
Expansion.—We shall now investigate the error committed
by truncating the Euler-Maclaurin expansion at any term.

* Methodus differentinlis (1780), p. 187.
+Jacobi, Jowrn. fir Math. 12 (1834), p. 263.
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Let a set of polynomials ¢;(t), ¢a(t), #s(t), . . . be defined
by the statement that ¢,(f) is the coefficient of s*/n! in the

ts __
expansion of s-l:,__l1 in ascending powers of s. We readily

find
hit)=¢t, () =1(t-1), ¢a(t)=B-32+4, ...
The polynomials ¢,(!) are called the polynomials of

Bernoulli.*
From the defining equation

PR g
we see on putting ¢=0, and ¢{=1 successively, that all the
Bernoullian polynomials vanish when t=0, and all of themn
after the first vanish when {=1.
Moreover, by differentiating equation (1) with respect to ¢,
we see that
w (,)n-) 1(’)9" m 95..(?)8" 8

n= 0 ('"' + 1) n:-.l n! e—-1

Remembering that

s s Bt Bt
g1~ gt gyt e
and equating coefficients of powers of s, we have
e () = () - (2)
Ya (1) = da(t) + Bx, @)
1a'(2) = Pal?), (4)
s (£) = ba(f) — By, (5)

and 8o on.
Now denoting by f(x) an arbitrary function, we have

f‘ M:/(m)tlx =w fo ' Sa +wt)dt
=Y L ' fla +wt)d(2t - 1),

* The name was given by Raabe in honour of James Bernoulli, the author of
Ars Conjectands.
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and, by repeated integration by parts,

/" )iz =i fla-+w) +fla)} - / (2 - 1)7"(a +wl)dt
=2if(a+0) +/(@) - [ /(o +wt)dsa(t

= %o{f(a +w) +fa)} + ,%,s L ' $a(t) /" (@ +wt)dt.  (6)
But by (3) we have

[ )@+ )
- _1_3_1”’8 [r(@+wiye+ ) f (1)) (@ + wt)dt
= —E.‘,,—.'.'(a+w) -/ (@)} - .,f S (@ +wi)pa(()dt
= -2 ) @ - 2 [ @ el )

- ~E—w’-/”(“w) =1(@}+ [) St ¥(@ +wiydt. (1)

O substituting from (7) in (6) we have
410

J@)dz = 5 Sifla+w) +f(a)} - 91 ./ (a +w) —7’(a)]

+17 A ¢4(/)j“(a +wt)di.  (8)
But by (5) we have

v s wiyi
0
w5

_ Bt / J* (o +wt)dt +57 4>,,'(t) /¥ (@ + wi)dt
=B ra v 0) -1 @) - g (@ wtgel

=P @) 1@+ [ s @ nds (9)
Substltutmg from (9) in (8) we have
atw w B1w2 .
[ Je)da =G0+ 0) o)} 5T/ (@ +10) -/ @)

B 4 v 7 1
+ =2+ 0) =@+ G )+t
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This is the Euler- Maclaurin formula with ¢ remainder-term
expressing the error commaitted when the series is truncated at the
terms involving the third derivatives. By proceeding in the
same way we can find the error committed in truncating the
Euler-Maclaurin expansion at any assigned term.

If f{z) is a polynomial, the Euler-Maclaurin series terminates

8 cxact.
\}’7/;. Gregory’s Formula of Numerical Integration.—
The earliest formula of numerical integration to be discovered
was one in which the correction terms were expressed in terms
of differences instead of derivatives. This formula, which is of
great use in practice, may be derived from the Euler-Maclaurin
formula in the following way :
In the Euler-Maclaurin formula
1 6+ 1

L[ o= (Ghr s fin et feav g h) - 1o )

T

’f’,o(/r’” 1) = 5qogg /" = /') +

let us substitute for the derivatives from the equations

wfo’ = Bfo— A% + JA%0 - 1A%0 + FA%0— . - .

wf, = Nfrog+ 0o+ A3 3+ FAY o+ A 5 +. .
Wy = Ny =AY, + Ao~ . .
W =AY, g+ BAY, 4+ A5+ ..

w¥fo" = A%y -

WY =A5f, 5+. . .
ete.

It may be vemarked that the formulae for the dervatives of f, are

gwven in § 35, and that the formulae for the derivatives of f, may be
obtained by forming a difference-table in which the entries are reversed

in order, %6 fpy fr_1 Sroo fr_3 - + » S fp and applying the equations
of § 35.

Thus we obtain
1 v+ 1w

) ﬂw)tl$=(f—13ﬁ,rf1+fg+. ..+f,_1+%f,) -1!2(A/r-1—A/b)
= ‘l—(A?fr—z +A4%) - 71290(A3/', —3 =A%) - 160(A4/’ o+ AY)

62 d7‘
- 50a80/AY: -5 =A%) = gAY, -0+ M) -
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This formula was discovered by James Gregory:* like his
formula of interpolation (§ 8), it does not require ordinates
beyond the limits f, and £, in order to form the differences.

On taking f(x)=¢"%, w=1, « =0, the formula becomes
e.n,;;‘_l =4+, e l)v)+_;(efl)__ 1)_ A —(l — e Ve

1 1
——(e? — 1) = —(] — e~ ?)270 — —(g¥ — 1)2
+-—(e?—1) 24(1 e~ v)2r 24(a” 12+. ..,

12
which evidently breaks up into the expansions
1 1 19
e gz S 12— (et — 1)8 —
e
and
1 1 1 1 19
e — — - - — —_e 3__
v l—e™? 2 12( )= 24(1 - 720(] e -,
which are the expansions of
1 1 1
log { 1+(a" I anc log {1 - (1—e" 9]}

respectively.  The numerical cocficients tn Gregory's formula are therefore
the same as those which occur wn the expansion of — {log (1 —ux)} "1 in
ascending powers of .

That this must be so may be scen at once by symbolic reasoning ;
for if D denotes the operation of differentiation, so that D~1 denotes
mtegration, we have (§ 35)

eP=K=1+A,
and therefore
1 1 -1
Dl =T
w log(1+A4) log(l—AE-Y
whence Gregory’s formula may be derived symbolically.

Expressions for the remamder after n terms of several formulae of
numerical integration of this type have been found by H. P. Niclsen,
Arkiv for Math. Astron. och Fysik, 4 (1908), Nr. 21.

Er. 1.—Show that the coefficient of — [A™f,_,, + A™fol in Gregory’s
Sformula s
(= 1)n|] |

1 O
L1
$

e N O O
o o0

. [(n + 1) rows]
and that 1t may also be written
Tow~-1)(x-2) ... (x—
([ HemDE )m C=n+Dy,
0

* Letter of Gregory to Collins of date 23rd November 1670, printed in
Rigaud's Correspondence, 2, p. 209,

(Glaisher.)
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. 2.—To calculute .

103
/ da
100 *©

correctly to seven places of decimals,
By Gregory’s formula, the mtegral is equal to

Yoot brtoortads tade v 8 1bs— 12100 — A0

= £1(8%108 + A%100) — 75(B% 100 — A3f10) —. - .

1505="0-010000 00
157=0-009900 99
Tou=0-009803 92
153 =0-009708 74
w51 =0009615 39

L1 =0-009523 81

Substituting in (1) the requred dilferences; we have

105 (e
/ = 0:005000 00
w T +0-009900 99
+0:009803 92
+0:009708 74
+0-009615 39
+0:004761 91

= 0048790 95
= 0:048790 18

The requited value is thercfore 0-0487902 correctly to seven places,

Er. 3.—Gven the table

N - Y= I N O

A. A%

-9901
194

—-9707
189

- 9518
183

- 9335
177

- 9158

A3,

145

)

— (= 9158 +9901) — L(177 +194)

- 62 -15

/().
287626,699801
287757,439208
287888,218227
288019,036864
288149,895125
288280,793016
288411,730543

compute| flx)dx by the Qregory formula.
1

(D 311)

1
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Ex. 4.—Calculate
[%
M

73. A Central-Difference Formula for Numerical Integra-
tion.—The formula of Gregory

" e = (s hirsit o +%f,)

u’
— (O = B70) = 57 (AY a4 %) — 2 (A, g~ AY) -

utilises differences which lie in lines sloping towards the centre
of the difference table. Evidently there must exist a corre-
sponding formula in which central-differences are used, and
which will therefore be of the form

5}]‘:& ﬂz)(’-’ﬂ=<%ﬁ’ th+fat. . .+fi 1t ‘]Zf')
Al +Afro1 Afo+Af-

TA{JZ_Q__/ -1 _ “/L2 / 1}
+B{AY, 1 - A% _4}

Cféffr-l +A3 ], o A 1+ A% g)

\ 2 2 J

+ D{AY, _o— A _g}
o : )

where A, B, C, D are coefficients as yet unkmown. To

determine these coefficients, we may transform the derivatives

in the Euler-Maclaurin formula, or more directly, we may

write f(z) = ¢%%, w = 1 when formula (1) becomes

fatrw _ pav ,(a+r)v (a
v -1

2{A“+')" ¢} + A sinh {e®+7? — ¢%}
+.
] l

1
or 1+2+Aslnh‘v+\..

;1’=<'-)—%+12—7—0+. . .)+§+A<'v+%s+. . .)+B(v’+
+C(P+. . )+
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Equating coefficients of powers of v we obta.in
1
12
and thus we have the formula

A= - B=0, (;—

720,. ..

+ 1w 1
:1‘-][-3“ f(:v)da:=<§,fb+f1+_/§ TR A f’)
L(A+Af-1 Afot A
1o\ T2 - 5
LL (A%, + A g Nfa + Aoy,
720 T2 e

This formula, which is extenmvely used by astronomers in
the calculation of perturbations, is in general more rapidly
convergent than Gregory’s; but it involves values of f outside
the range of integration.

Evx. 1.—8how that the above formula may be obtained by wntegrating
with respect to n, between the limits O und 1, the interpolation-formnla

il — ar
fla+nw o __'[—l +(n = DA + '.'("0 ' 1) A% 12+ A%,
n(n—1) (n - n(n‘2 —1)(n—2) A% o+ A
3 Y A:!f 1 41 . - A22 1 d. o

Ea. 2.—To culeulate w from the formula
T Vods
4_£ 1422
Takmng w= Y, r=10 we have
10‘*:l.111+1 1 1 1 1 1.1
, 142 2300 181 16471491 136 T T35 T 116 T T09
+_.L+ ]__+L 1 fAf")"‘qu Afo'l'Af 1\
104" 1:017 2.00 121" 2
11 (A%, - A%y A¥Y ,+4Y 2}+
7200 2 2

[TABLE
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v A

foa= g5 = 09615385
285605

f-1=757 = 09900900
99010

fo == 10000000
- 99010

fi = gq = 09900990
— 285605

fo =;.43=0-9615385

fo = ﬁ= 06097561
— 572699

s = T-':s_l =0-5524862
— 524862

fio = 5og5= 05000000
~ 475113

fu =§._;_1 = 0-4524887
- 426526

1
=_—_ =0-4098361
Jua 2-44

THE CALCULUS OF OBSERVATIONS

A2, A

- 1865956
— 11425

- 198020
11426

- 18656956

47837
1912

49749
- 1162

48587

We have therefore, neglecting differences of order higher than the third,
de

1
1of

2_10._.

= 02500000
0-5524862
0-6097561
0-6711409
0-7352941
0-8000000
0-8620690
0-9174312
0-9615386
0-9900990
0-5000000

=17-8498150

="7-8539822.

1
~ 75(~ 499988 - 0) +

720(375 0)

+41666+6
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Therefore
=4 x 078539822 = 3-141592,88

whereas the correct value of 7 14 3:141592,65 .
74. Lubbock’s Formula of Summation.—In the Euler-

Maclaurin formula
o e ot ik -+ h) = gl fo ‘%(f ")

w, A
,708 n nr
+ 7‘2‘0(fr o) -

suppose that each interval is subdivided into m parts: the
Euler-Maclaurin formula corresponding to the division is

u-+rw 1
I R R RN A B R &)

(]

" " m
12m(f' o)+ 720m3( S =
Eliminating the integral between these two equations we have

.ﬁ;+f1 +/,f.+f‘+ ot fo=m(fo+hitfate o HSr)
(/, fo) - (71&9 — )"’(fr' ) {_m’m3 1 ,7"20(f'" ).

This formula enables us to deduce the sum of a large number
of values of the function taken at any interval from a smaller
number of values of the function, taken at intervals m times
greater.

If the derivatives in this formula are replaced by their
values in terms of differences, as in § 72, we have what is known
a8 Lubbock's formula*

Forfotfato o tfommlfot fito o 4S) =" (e
- ,:n‘( fo-1- 80 - o e, + 437
_( ])(19m _1)(A3f,_3-A%)

7 20m3
-1
D asy,_,+a97) -

(m2 -1) (9m
480m3

* J. W. Lubbock, Cumd. Phil. Trans. 8 (1829), p. 328. The formula as
given originally by Lubbock involved advaucing differences of £, ; the formula
here given, which does not require a knowledge of f; for values of x greater
than 7, is due to A. de Morgan, J%f. Int. Calc., pp. 817-818, § 191. It may be
obtained readily by the use of symbolic operators ; cf. T. B. Sprague, J.1.4.18
(1874), p. 309.
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Ex. 1.—To calculate the sum
1 1 1 1
1008 T 1012 T 1092 T+ -+ 150

Let m=10, w=10, and form the differcnce table of f(n)=;1§,

1012 1032

beginning with the value fo= 1%)—2.
o= 0-00010000
-1736
fl=0-00008264 416
- 1320 - 123
J;=0-00006944 293 42
-1027 — 81
f3=0-00005917 212 26
- 815 - bb
f,=0-00005102 157
—-6h8

J; =0:00004444
By Lubbock’s formula we have
15071 9 99
1%(7? =10(fo+fi+- - . +fs) = 5(fs +fo) = 15(Afa— Afy
99 99 x 1899
- 22 (A2 2 3 _ A3
oas AV + AV = oc (A, ~ AY)
_99x 899
4 4
~ 80000 (AT AYY
=406710 — 64998 — 889.35 — 236.36 — 17-76 — 12.61
=340556.
The required value is therefore 0-0034056.

Ex. 2.—Evuluate to seven places
100 1

a== 50-"32
Ex. 3.—Show that Gregory’s formula may be obtained by making m in-
crease tndefinitely tn Lubbock’s formula.

75. Formulae which involve only selected Values of the
Function.—If the function which is to be integrated is such
that its differences beyond a certain order # may be neglected,

<+ rw

the formula of Gregory (§ 72) enables us to express f JS(@)dz in
a

terms of the values of / and its differences as far as order =,
at selected values of z. But these differences can in turn be
expressed in terms of selected values of f by reductions such as

Afo=fi-Jo A%=/fa— 21+ etc.,
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+rw
and therefore it is possible to express J(z)dz entirely in
terms of values of f at selected values of . Among formulae
of this class may be mentioned specially the following,* which
are accurate for functions whose fifth differences are constant :

+6
[ futo= 8ot S+ Frrat Gana s + Bt +Fare)
. (Weddle.)
+
[ fudo =028 +furd) + 162 fraa 4 frd) + 2%
(G. F. Hardy.)
]v fﬁdx - W{S(fm +fa+10) + 35(fa-| 1 +fa-1'3 +fa+7 4 fa+l))
+15(fq ve +Jata +Sate +Sats) + 36 ars)}
(Shovelton.)
These formulae may be proved directly, without reference
to Gregory’s formula, in the following way :
Let it be required, for example, to prove the second of them
(G. F. Hardy’s formula). Since f, is a function whose fifth
differences are constant, we can represent f, by a polynomial

of degree 5 in z, and therefore by a polynomial of degree 5 in
the variable z, where z=2 —a - 3, say

Jo=Furs v e+ o4y + 82 + e, (1)
where «, 8, y, §, € are independent of z.
Therefore
t+0 3
f Jode = [ (fors +az + P22 + 428 + 82% + 2)dz
= 6o + 188+ 7208 2
Now let us see if this can be represented by an expression
of the type
A(fy +Jare) + Blforr +ots) + Clats 3)

where A, B. C are absolute constants. By (1), (3) may be
written

A(%fy1g+188 +1628) + B(245+ 88 +320) + Cfyuy  (4)

Since the expressions (2) and (4) are to be identical, we may

* A valuable discussion of formulae of this type 1s given by W F. Sheppard,
Proc. Lond. Math. Soc. 83 (1900), p. 2568 ; and a detailed elementary treatment
by A. E. King, Trans. Fac. Act. 9 (1928), p. 218,
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equate the coefficients of f,.4, B, and & in them, and thus
obtain the equations

2A+2B+C=6
18A +8B=18
162A + 32B =486/5.
These equations give
7 . 8l ..o (_o
A=§§=028, B=56=163, (J—‘)2)

80 (3) becomes
028(/, +/ute) + 162( oty +Sots) + 22 ts
and thus Hardy’s formula is established.
Weddle’s formula may be deduced at once by adding the

zero quantity B%A‘ff,, to the right-hand side in Hardy’s formula.

Ex. 1.—Evaluate
Y ode

[
Weddle’s formula may be written
[ o= S5t S st Ot S+ S
nLet a=0, w=', and f=1/ /(1 —2?

dx 1
——— (] 0174 . 5 <19677¢
'lJ(l_ 5 70(1°000000 + 5:017452 + 1-014185 + 6-196773
0 1:060660 + 5:500191 + 1-154700)

=0-5235990.

The true value of this integral is }a or 0-5235987 correctly to seven
places.

Using Hardy’s formula we have
1 de 1
— = = —{(0'28 X 2:1547005) + (162 X 2:1035285
+2:2 X 1:0327955) = 0-5235985.

1 de
b 1 +2?
usinyg seven ordinates,

76. The Newton-Cotes Formulae of Integration.—Among
formulae of the type discussed in the last section, the oldest

Ex. 2.—Evaluate
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and best known are the Newtom-Cotes formulae, which we
shall now derive from first principles.

Let- it be required to calculate the integral of a given
function between limits =@ and z=56. By the transformation

we can reduce the integral to one in which the limits are —1
and +1. Let Ay, Ay, . . ., &k, be numbers intermediate between
—1and +1: we shall try to find a sum of the type

Ho flho) + Hif(ha) +. . .+ H, fll), 1)
where H,, Hj, . .. H, are constants, which will closely
represent

f_ 11 flz)da. (@

We are thus trying to represent the value of the integral by
a kind of weighted average, in which weights Ho, Hy, . . ., H,
are attributed to the values of the ordinate f{z), corresponding
to the abscissae %y, 7y, . . ., A,. In order to secure that the
sum (1) shall represent closely the integral (2) we shall lay
down the condition that the sum (1) is to he equal to the
integral (2) ewactly so long as f(x) is any polynomial of degree
less than (n +1).

Denoting the produet (z - %) (x - Ay) . . . (z—Ak,) by F(z),
we see that the sum (1) exactly represents the integral (2)

when

since this function is a polynomxal of degree n. The sum (1)
then reduces to

H (7o, = ho) (I = hy) . . . (B, =Ny),
where the factor (%,—%,) is omitted; and this may be written
B, Lt (””) , or H,F'(h,).

This gives at once Fo )
x
TF(h ,.)/ z - Iz, (3

‘s formula which determines the H’s when the /’s are known.
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This formula might have been derived by remarking that
when f(z) is a polynomial of degree less than (n + 1), it may be
represented accurately by Lagrange’s formula of interpolation
(§ 17), which may be written

F(a

1) =2 S )

The required formula is obta.med from this at once by
integration.

Let us suppose that the A’s are chosen at equal intervals
apart so that

}bo=—1,}b]=—l+%,]bg=-l+s,. vy hp=1
Then
F‘
‘w—_(mlzr=($—ho) P (.’L‘—h,._l) (a:—h,..,.l) e (.'I:—}l,,)
—@+1). for1 - AN g 2PV )

~BVte-1) .. -re1)p-r-1) . -
where ¢ = 4n(z + 1) and
F(h) = =ho) - . o (b =Toys) (b= horga) « - (fow = )

=(- 1)“"(%%)"7' I(n-7)!

‘We have at once

[ fayia=Hoft-1)+Bf(-142)+ . +Ha),
where

H,- —(——1)—//@—1) -r L) (E—r=1) ... ().

norl(n-r)!

This is known as the Newton-Cotes formula of integration.*
More generally, writing %, =a + rw, we have

[ fia)da =Hofla) + Hufla +)
+Hyfla +20) + . . . +H, fla +nw),

* Newton, Letter to Leibnitz of date 24th October 1676 ; Principia, 8 (1687),
Prop. xl. Lemma 5 ; Cotes, Harmonia menswrarum (1722) ; James Gregory had
given the formula for n=2 in Exercit. geom. (1668).
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where
_ (ﬂ—_ 1)»-rw
H=0 (n =7)1),

The values of the coefficients I{, in a number of cases are given here
for reference :

tt-1) ... (@t-r+1)(t-r-1)... (t-n)dt

For n=1, w=1

Hy=H;=4%
Forn=2, w=1}

Hy=Hy=}, H;=3}
For n=3, w=}

Hy=Hy=§, H;=Hy=

xje

Forn=4, w=}
Hy=Hy=4p H;=M3=1§ Hy=7%
For n=5, w=1

e

Ho=Hg=ygs Hy=H =33, My=T=2%
For n=6, w=}
Hy=Hg=yp Hy=Hg=,, Hy=H =3} Hy=14s
Note that we must always have Hy+H; + Hy+ . . . + Hy=nw.
A formula making use of the ordinates at the middle of the intervals
iinstead of the ends of the intervals) was given by Maclaurin, Fluxions,
2 (1742), p. 832.

An expression for the remsinder after n terms in the Newton-Cotes
formula has been given by J. F. Steffensen, Skandinavisk Aktuarietidskrift

(1921), p. 201.
1 dy
ﬁ 142

Ex.—Calculate
by the Newton-Cotes formula with eiyht ordinates.
Let w=1} so that n =8, and write
f)=t¢t—1) ... (—8).
The coeflicients H, may be written

(=177 17 (e)dt

He=CT8-m8), t-r
and we have the values
Hy=Hg= ;{35 : By =H; =44 Oits  Ha=Hg= — {175 -
H8=H5=T1g14786” Hy= - 34
Since f(x) = 1-::_—:-0, we have
0 3 3 % P F % i 1
fz) 1 ) i 3 15 * 15 %

14175H 494-5 2944 —464 5248 —2270 5248 —464 2944 4945
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Then

des 8 8 4
f1+ =Hy1+H,- 9+H, 5+Ha 11+H4 ,3+H,i 13+Hc 7

1
+H7'E+Hs'§

192 48 192

] D)
{494 5 x 16+ + 2944 —~ —-464 + —,_ - 5248 — g . 2270}

1417
=0-69314721,
v:17}eas the true value is 0-69314718.

77. The Trapezoidal and Parabolic Rules.—The simplest

cases of the Newton-Cotes formula are the following :
10 n=1

13 143

f . J@)dz = Jwf(a) + Lwfla +w).

[

This is known as the ¢rapezoidal rule. It is exact when
J(z) is a function whose first differences are constant. When
Jfz) is a function whose first differences are not constant, the
difference between the two sides of the above equation may
be written

Y (@ + 6w),
where 0 <6 <1.
0 =2
42w

l S@)dz = Jwf(a) + wf(a + w) + Jwf(e + 2w).

This formula was first given (in a geometrical form) by
Cavalieri,* and later by James Gregoryt and by Thomas
Simpson }; it is generally known as Simpson’s or the parabolic
rule. It is exact when f(z) is a function whose third differences
are constant; when /(z) is a function whose third differences
are not constant, the error involved in the use of Simpson’s
formula, 4.e. the difference between the first and second members,
may be expressed in the form §

3
- gé,fw(a +26w),

where 0<6<1.
* Centuria di varii problemi, Bologna (1639), p. 446.
t Exercit, geom., London (1668).
t Muth. Dissertations, London (1743), p. 109.
§ Peano, Applicazions gcom. del calcolo infin., Turin (1887), p. 208.
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3. #n=3.

f:ﬂwf (@)dz = §w{ f(a) +3/(cw + ) + 3f(w + 2w) +f{a + 3w)}.

This is generally called the threc-eighths rule.

In practice, when it is required to compute an integral, we
first divide the range of integration into a number of intervalg
and then apply one of the above rules to each of the intervals
and add the results so obtained. Thus when we use Simpson’s
rule after dividing the range (say from a to a+2pw) into p
intervals, we have for the value of the integral

Jwf(c) ~ $f(e +w) + Jwf(e + 2w)
+3wf(a + 210) + $wf(e + 3w) + Jwf(a + 4aw)
+ Ywf(a + 4w) + 4wf(e + 5w) + Juf(e + 6w)
-+
or
2 fle) +2{ /(@ + 2w) + flo + 4r) +. . .}

{ fle +w) +fla+3w) +. . .} +fla+2pw)],
whence the form in which Simpson’s rule is generally stated :
Form the sum of the extreme ordinates, fwice the sum of the
even ordinatcs, and jfour times the sum of the odd ordinales;
and multiply the result by onc-third of the interval of the abscissa.

Ex. 1.—Calculate
T dr
[i%

by the Stmpson formula, using nine ordinates.
.

Let f(z) = i-]—, a =0, and w—:; We have the values

1 1 3 1 b T
@ o % 1 & ¥ &« 3 % 1
f(a:‘ 1 8 4 ] ] 8 4 8 1
/ o T T3 3 T3 7 ¥ T

Then

' g ‘—1 <1+l-> °<4‘+g+4> 4(8+8+8+8>}
/01¥"a'r,‘24 /AR R )RR U RS TR

1
=§z{ 15 +4-:076190 5 + 11-:059518 3}

=0-693154 5.

The value obtained is 0-693155, whereas the correct value is
log 2 =0:693147, correctly to six places.
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Ez 2—Show that if in evaluating the area between the ordinates
z2=1 and z=2 of the rectangular hyperbola xy=1 the formula of
Sitmpson with 11 ordinates 18 employed, the error s 0-000003.

78.—Woolhouse’s Formulae.—A number of integration formulae
akin to those which have been considered in the last three articles were
given by Woolhouse in Journ. Inst. Act. 27 (1888), p. 122. He recom-
mended the two following specially for their ‘“high and persistent
approximation.”

s [223 4625 41
= {3969(“0 + i)+ 18144("'1 +up+55ga (et )+ iﬁ“ﬁ}

=[9-4485938) (g + 1t,9) + [0-2092449](u, + ug)
-+ [0-3394319](ug + ;) + [0-2626358 Jug

(where the numbers 1n square brackets are the logs of the coefficients),
and

7 16807 128 71 \
f’l&dt = 14{1—53(u0+um) + 'em')(ug + 'M:m) + '2%(1117 + um) + _1-354"“1

=[9-7011914] (g + Ugg) + [0-5475575](uy + 1g)
+[0-7984931](w, + uyy) + [0-8670526]u, 4

79.—Chebyshef's Formulae.—If, instead of laymg down the
condition in formula (1) of § 76 that the intervals h, —hj, hy,—h,, etc,
are to be equal, we lay down the condition that the coefficients
H, H, ..., H, are to be equal to each, other, we obtain a set of
formulae ﬁrst, given by Chebyshef,* which have found acceptance chiefly
with naval architects. They have a certain advantage when the ordinates
are experimental data liable to unknown errors; for if we have a
number of quantities which are equally liable to be alfected with error,
and if a linear function of these quantities is formed, the sum of the
coefficients in this function being fixed, then the probable error of the
function is least when the coeflicients are all equal.

Chebyshef’s general formula 1s that if f(x) is a function whose
(n + 1)th differences are negligible, then

1
[ sore= ey sieg+. .+ s,

where #;, %y, . . ., %n are the roots of a certain polynomial, which is, in
fact, the polynomial part of the expansion of

n n n

zhe T 2.823T 4,503 6.7.28

in descending powers of z.
Thus, when f(z) is a function whose sixth differences are neghgible,
we have

[_’ fls= ${f(e) +fleg + Rl + S + e,

* Journ. de math (2), 19 (1874), p. 19: Assoc. Frang. 2 (I.yon, 1873), p. 69.
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where %, @y, . . + @5 are the roots of the equation
25— Ba8+ =0,
so that -2, =0-832437 =g
- 2y =0-374542 =,
Zg=0.

* Chebyshef’s formulae were suggested by a formula due to Bronwin
namely

' J((f)d‘;,,} f' Floos tydt

=T{s(emge) + (o )+ (o gi) 4 (e EZ))

which is rigorously true when f(2) 1s a function whose 2nth differences
are zero. '"Thus if f(z) is a function whose sixth differences are negligible,

we have J J
1 fw)ds 3 0 3
[ w5 o (- )}
80. Gauss’s Formula of Numerical Integration.—Suppose
now that instead of prescribing the numbers /4g, &y, . . ., Ay, of

§ 76 by the condition that they are to be at equal intervals
apart, we determine them by the condition that the formula is to
have the highest possible degree of accuracy ; since there are at
our disposal (2n + 2) constants ho, 7y, . . ., Ay, Ho, Hy, . . ., Hy,
we can choose them so as to make the formula rigorously true
when f(z) is any polynomial of degree (2n+1). Denoting
the product (z-ho)(—%1) . . . (x-Ph,) as before by F(z), we
must therefore have in particular

’: J(@)dr= /_1 l#)(x) F(@)dz =0,

where ¢(z) denotes any polynomial of degree less than (n + 1)
Now it is a known property { of the Legendre polynomial
P”_'_l(x) that

[ ' $(@) Prsa(e)de =0,

80 long as ¢(z) is any polynomial of degree less than (n +1).
We see, therefore, that the stated conditions are satisfied

by taking
F(w) = Pn+1($),

* Phil. Mag. 34 (1849), p. 262.
+ Whittaker and Watson, Modern Analysis, § 15.14.
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so the numbers %, Ay, . . ., by, are the roots of the Legendre
polynomial of degree (n+1).* The H's are then given by
formula (3) of § 76.

In the simplest cases we obtain the following values for

the 4’s and H’s:
1

%-"—1, ]lo=—5§, ]b1=r/g, Ho=1, H1=1.

3 3 5 8 5
n=2 Jo= =L Ia=0, lg=¥2 Hy-g Hi-g Ha=
3 2.,/6 3 2,/6

= 2= Jia2 = 4+ = 2 o= - — N
n=38, ho®=hg 7+7J5’ hq2 = hg 777 B
g 18-./30 oy 18+.,/30
Ho=H;= —56 > H,=H,= 0

Converting to decimals and transforming the variable so that
the range of integration is from 0 to 1, we have

f l¢(a:)dx = AoW(@0) + Ar(@1) +. . .+ Auplan),

where z, and A, are the transformed values of /%, and H,
respectively, and in fact

n=1
o =0-211324 87 Ag=A;=05
2, =0-7886'75 13
n=2
$o=0'112701 67 A0=A2'—‘—Tr’§
;=05 Ayj=%
x = 0-887298 33
n=3
o = 0-069431 84 Ag=A3=0-1739274
3 = 0-330009 48 A1=A,=03260726
2= 0669990 52
z3 = 0930568 16
n=4

2o =0-046910 08 Ay=A,=0-118463 4
2, =0-230765 34 A;=A3=0-239314 3
22 =05 Ay=0-284444 4

23 = 0-769234 66

2, =0-953089 92

* Gauss, ‘‘ Methodus nova integralium valores per approx. inveniendi,” Gott.
Comm, 11L. (1814)= Werke, 8, p. 163.
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Ex. 1.—Find by Gauss’s method, with n =4, the value of

log (1 +2)
1+2° da.
Writing
log (1 +%) logyo (1 +2)
Yo)=- T = 2.302585 09T+—2—
we may arrange the working in the form
¢ Xy ®).
14z 1:046910 08 1-230765 34
logye (1 +2) 0-019909 38 0-:090175 26
A 0-118463 4 0-284444 4
1442 1-002200 56 1-053252 64
logyg 2-302585 09 0-362215 69 0-362215 69
logyg {logyo (L + ) 8-299057 73 8-955087 40

logye A

logyg (1 +43)

log,q AY(e)
A(x)

9:073584 20

9:378968 66

17-734857 62
0-000954 64

18-696271 74
0-022532 56

7-733902 98
0-005418 80

8-673739 18
0:047177 96

We thus obtain the values -
Ag(g) = 0-005418 80
A(z,) =0-047177 96
Ag(ng) = 0-092265 82
Agy(xy) =0-085781 36
Az, =0-041554 03.

Finally we have

[ = A + At +.

=0-272198 0,

T+2 A+ Ag(an)

whereas the correct value of this imtegral (— = log 2) is 0272198 3

B, 2.—8how that a degree of accuracy equal to that of Gauss's formula
18 obtained by the use of

1 F®)
n{n + 1) {P,(h)}?’
the sum being extended over all the roots h of the equation
Pp 1) = Py _a(r)=0,
— 1, and the roots of Py'(x)=0.

1
F(r)de=
-1

that s, over + 1,
(Radau.)
(D 311) 12
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Mi1SCELLANEOUS ExAMPLES ON CHAPTER VII
1. Show that if fifth differences are neghgible

/“mfxdw=0‘28(fa+ 2o+t 2far1z+. . -+ far6n)

+1-62(fas1+Sasst+. . )+ 0-58(fass+farot. . )
(Shovelton.)

2. Show that if fifth differences are neghgible

ot =Z[(fa+fasre+Sarat. « -+faien)
+6(far1+farst- . cFfapen-1)+ (Fors+fare+. - - +faren-3)] )

(Shovelton.)
3. Show that the integral
1
[ #0@ =29 +apis
-1
may be represenied by the sum
Hyp(hg) + Hydp(hy) +.
exactly so long as ¢(x) 15 a polynomial of degree less than 2n, provided
the abseissae hg, hy, . . . arc the roots of the equation F(c)=0, where

F(z) is defined by the relation
"
6= DN+ DFF@)= (e — 1w+ 1y,
and the H’s are defined by

_ L [ Eee,
=]

(Radau.)
4. The values of a function f(x) are given by the table
2. Slz).
1-050 125386
1-060 1-26996
1-070 128619
1-080 1-30254
1-090 1-31903
1-100 1-335606.

Using the Gregory formula, calculate

" oy,

1%050
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5. The values of a funection f(z) are given by the table

&, Sx).
41 395 254 161
42 406 586 896
43 418 161 601
44 429 981 696
45 442 050 625
46 454 371 856
47 466 948 881.
47
Evaluate / Sx)da.
41

6. If f(x) is a function whosge fourth differcuces are neghgible, prove

that
/ e~fylo = +—4“/i2f(2 —J9+2 —_—4“/ 12+ y2),
()

and, more generally, if f(z) is a function whose 2nth differences are
negligible, obtain a formula

f o Sfa)ds= 3 Auf (3,
() A=1

an
where @y, 29, . . . 4y are the roots of the polynomial e"’a (€™ %),
(A. Berger.)
7. If f(a) is a function whose sixth differences are negligible, prove

that
f_: la)lis= “—{;”{ 7(- J 2)+ 410+ (\/ 3

and morc generally, if f(u) is a function whose 2nth difterences are
negligible, obtain a formula

{ " e Ofa)dr =A§ Ay flrr),

-

dn
where ry, «g, . . ., 2 a1e the roots of the polynomial ¢* dﬁ(c_ﬂ)'
(A. Berger.)



CHAPTER VIII

NORMAL FREQUENCY DISTRIBUTIONS

81. Frequency Distributions.—In statistical investigations’
attention is directed to a group of persons or objects, and an
enumeration is made of the individuals in the group who
have some particular attribute: for instance, we may con-
sider the group consisting of all the inhabitants of Edinburgh
and enumerate those who are widowers. In the most important
and interesting cases the attribute is one which is capable of
being expressed by a number; thus the attribute might be the
height of the individual, which is expressible as a number of
inches. In such cases the whole group may be partitioned
into classes or sub-groups according to the value of this
number : thus the whole group of the inhabitants of Edinburgh
may be arranged in classes according to the number of inches
in their stature ; one class, for example, might consist of persons
whose height is between 68} inches and 69} inches. Now let
#; be the number of inches in the height of the shortest person
in the city, and let the number of persons whose height is
between 2; -} and z;+ } inches be g;; let «, + 1 be denoted
by %, and let the number of persons whose height is between
T3 -4 and 3+ % be yp; let 22 +1 be denoted by a, and let the
number of persons whose height is between 23— 4 and x5} be
denoted by ys, and so on. Then we may regard z, s, zs, . . .
as successive values of an argument and ¥, ¥, ¥3, . . . a8 the
corresponding values of a function of this argument. The
table of values thus obtained specifies the distribution of the
heights among the inhabitants of Edinburgh: such a distribu-
tion is called a frequency distribution.

164
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As an example of a frequency distribution, we may take the follow-
g results of measurements of the chests of 5732 soldiers in Scottish
regiuents, ¥

Chest measure in tnches 33 34 35 36 37 38 39 40

Number of men . . 3 19 81 189 409 7563 1062 1082
Chest measure tn tnches 41 42 43 44 45 46 47 48
Number of men . . 935 646 313 168 50 18 3 1

The type of frequency distribution which is most familiar
to the worker in experimental science is the distribution of
the measures obtained by repeated measurements of the same
observed quantity. Let the true measure of an observed
quantity be @. Since measurements made of this quantity
by the same or different observers are affected by errors of
observation, the measures actually obtained will not all be
equal to a, but will form a group of measures a4, a, a3, a4, . . .
not differing greatly from a. The practical problem is to obtain
the best possible estimate for @ when we know the measures
a1, g, O3, . . ., and also to estimate the error to which this
value is liable. In order to solve these problems, we must
study the type of frequency distribution to which the group
o, @, a3, . . . belongs.

82. Continuous Frequency Distributions.—In the above
numerical example we have grouped together in a single class
all the 753 men whose chest measure is between 37} and
38} inches. Supposing that full information regarding the
individual measures is at our disposal, we might have divided
this class into two classes, one consisting of men whose chest
measure is between 37} and 38 inches, and the other whose
chest measure is between 38 and 38} inches; and in this way
we might subdivide each of the original classes, thereby
evidently doubling the total number of classes and so producing
a more detailed statement regarding the chest measures of the
men. Further, we might divide each of the new classes into
two, thus quadrupling the original number of classes. But
evidently if we attempt to proceed very far in this direction
we shall meet with practical difficulties: thus no statistician
would think of trying to arrange the men in classes each of

* Edinburgh Medical Journal, 18 (1817), p. 260.
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which comprehends a variation of only one-thousandth of an
inch in height, partly because the measures cannot be relied
on to such great accuracy, and partly because the numbers of
men in the classes would become small and irregular, and
would cease to present to the mind a clear picture of the
frequency distribution.

For theoretical purposes, however, we may disregard these
practical difficulties and consider an ideal case in which the
measures are supposed perfectly accurate, and ‘the number of
individuals in the whole group is supposed very large, so that,
however narrow we make the qualification for membership of
a class, there will always be enough members in it to make
the sequence of the numbers of members of classes a regular
sequence. Now consider the class constituted of individuals
whose measure is between 2 and z+e where e is a small
number. The number of members in this class will evidently
be approximately proportional to e, since doubling the range
of qualification for the class would approximately double the
membership; and it will also be proportional to the number
N of individuals in the whole group, since, if twice as many
soldiers were measured, the number of soldiers in each class
would be approximately doubled. Let us then denote the
number of individuals whose measure is between z and z + € by
Ney; then the number y depends on z, and in fact the way
in which y depends on Z specifies completely the frequency
distribution. 'We shall often express the dependence of y on z
by writing ¢(x) for y, and we shall use the differential notation,
writing dz for ¢, so that in a group of N individuals the number
whose measure is between z and z + dz is denoted by N ¢(z)dz.

Expressing the same idea in other words, we may say that
¢(z)dx represents the probability that an individual chosen at
random in the whole group has a measure between  and
z +dz; and hence if the frequency curve y=¢(x) be drawn,
the measure of any individual is equally likely to be the
abscissa of any point taken at random within the area bounded
by the curve y = ¢(z) and the axis of .

The earliest mathematical discussion of a frequency distribution seems
to have been that of Simpson (1756) in connection with the Theory of
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Errors of Observation. Simpson assumed that the probability of a positive
error lying between x and z+dz was ¢(x)de, where ¢(z) = —mz +¢,
m and ¢ being positive constants: the probability of a negative error
was assumed equal to the probubility of a positive error ot the same
amount, and errors of greater magmtude than c/m were assumed to be

impossible. The frequency curve for the errors 1s therefore, in this case,
two sides of an isosceles triangle, together with the prolongations of the
base outside the triangle.

83. Basis of the Theory of Frequency Distributions.—
We shall now approach the discussion of frequency curves from
the theoretical side. The considerations on which the theoretical
investigation is based were first put forward by Laplace, and
may be described as follows.

Consider the frequency distribution of (say) the chest
measures of the soldiers (§ 81). If we fix our attention on an
individual soldier, we may say that a great many different
factors have contributed to make his chest mneasure what it
actually is. For, owing to heredity, it will have been influenced
by the chest measures of his father and mother; but the chest
measure of his father will in turn have been influenced by
those of Ais father and mother, and so on, so that ultimately
the chest measure of the individual soldier we are considering
may be regarded as influenced by the chest measures of a very
large number of individuals of a remote generation, each of
them singly making only a very small contribution to the total
effect. Moreover, other factors will enter: for example, his
nourishment and exercise at different ages of life. Thus the
deviation of the actual chest measure of an individual from the
average may be vegurded as the sum of o very great mumber of
very small devintions (positive or megative) due to the separate
Jactors in the heredity and environment of the individual. These
multitudinous small component deviations will be assumed to
be tndependent of each other, in the sense in which the word
“independent ” is used in the Theory of Probability.

84. Glalton’s Quincunx.—An interesting piece of apparatus
was devised by Galton* to illustrate the formation of a
frequency distribution from the joint effect of a large number
of small and independent deviations.

* Natural Inheritance, p. 63 ; for experimental results cf. O. Gruber, Zeits.
Jur Math, w. Phys. 56 (1908), p. 822.
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Into & board inclined to the horizontal about a thousand
pins are driven, disposed in the fashion known to fruit growers
a8 the quincun., i.e. so that every pin forms equilateral triangles
with its nearest neighbours. At the top of the board is a
funnel, into which small shot is poured. The shot in descend-
ing strikes the pins in the successive rows, each piece being
deviated to right or to left at every encounter with a pin. Af
the bottom of the board are about thirty compartments into
which the shot ultimately falls. 1t is found that the middle
compartinent receives most shot, and that the falling-off in the
amount of shot received by the compartments, as we proceed
outwards from the middle compartment, resembles closely the
falling off in the number of men having corresponding devia-
tions from the average chest measures (§ 81), or the falling off
in the number of measurements which have corresponding devia-
tions from the average of the measures of an observed quantity.
In fact, the curve formed by the outline of the heap of shot is
a frequency curve of a commonly occurring type.

85. The Probability of a Linear Function of Devia-
tions.*—We shall now proceed to the analytical discussion of
frequency distributions. We start from the fact that a measured
quantity, such as the chest measure of a soldier, is liable to
vary from one individual to another, or, in other words, to
exhibit a deviation from its average value; and we shall suppose
that this deviation is the total effect of a vast number of very
small deviations, due to causes which operate independently of
each other: denoting the small deviations by €, €, . . ., €, We
shall suppose that the total deviation is their sum, or, more gener-
ally, is a linear function of them, say, Ae; + Agea+. . .+ Ay
We want to find the probability that in the case of a given
individual soldier this total deviation shall have a value
between (say) w, and w,, where w, and w, are given numbers.

In the present section we shall not require to make use of
the assumptions that the deviations ¢, €, . . ., €, are very
small or very numerous.

b
Let f ¢»(z)dz be the probability that the »th deviation e, has

* Laplace, Théorie anal. des prob., livre II. chap. iv.; Poisson, Connaissance
des temnps (1827), p, 273.
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a value between « and b, so that ¢,(»)dx is the probability that
it has a value between 2 and . + dv. Now the probability of the
concurrence of any number of independent events is the product
of the probabilities of the events happening separately; and
hence the probability that the first constituent deviation has a
value between ¢, and ¢, +de,, while the second has a value
between ¢, and ¢, + de,, and 8o on, is

dr(€))ba€a) - - - Pulen)dede, . . . dey, (1)
and the probability that Ae; + . . . + A,¢, has a value between
w, and w, is therefore the integral of the expression (1), taken
over the field of integration for which A€, + A, +. . .+ A€,
lies between w, and w,,

Now by Fourier’s Integral Theorem * the expression

_1_/«> f " =D dg
2r) -0 Jun

has the valuc unity when 2 lies between 2, and 0, and has the
value zero when « does not lie between these numbers. So
instead of integrating the expression (1) over the ficld for which
wy <M + A€+ . . . + A€, <, we can first multiply the
expression (1) by

l_fw [wﬁ elﬂ(‘r—:\,q —Agea— . . —Aneu)d‘rdo
2 -o Juy ’

and then integrate the resulting expression over the field of all
values of €, €,, . . ., €,.7 The probabilitythat X e, + Aye, +. .. + A€,
has a value between u, and 1, is therefore

1 ® v [ b ® 10(T — Aje; ~ Aac2 ~ . . « = Anen,
2;[ f / R f_ g M=y A )¢1(el)¢2(€2) Ce
' bulen)deyde, . . . dendrdo.

* The theorem in question is that under certain conditions (for which cf.
Whittaker and Watson, Modern Analysis, § 9°7), the integral

1 ) s
p / dO[ cos{0(x — 7)) fr)dr
o

1 o Uy
or o f o f ¢ Dpryar
— ‘i
has the value f{) when w lies between i, and wy, and has the value zero when
« does not lie between these numbers.
+ This device is due to Cauchy, Comptes Rendus, 187 (1853), pp. 109, 264,
334,
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Writing Q,(6) for f ¢~ "¢, (x)d, the required probability is
therefore

0 P
5 / [ Q0 0)%A0) . . . Qu(Aab)drdb,
- oJwy
or, performing the integration with respect to =, the probability
that Ae + Aygp +. . . + Aye, lies between z—¢ and 2+ ¢ is
1r> 10 sin c@
;[_mﬂ(a)ﬂ —é—" db’,

where Q(6) is written for Q,(A,0)Q(A,0) . . . 2u(A6); and
therefore the probability that A +. . .+ Auen lies between z
and z + du is ¢(2)dr, where

o) = o [ :sz(o)e“’*de. 2)

From the last equation we have, by Fourier's Integral
Theorem,

a()=| e slode, 3)
80 Q(x) bears to ¢(z) the same relation that ,(x) bears to ¢,(xz).

It appears, therefore, that when deviations are added to form an
aggregate deviation, the corresponding functions Q,(A,.0) are multiplied
together to form the function £(6). The underlying reason for this is
that when the (s are multiplied together, the arguments of the
exponentials add together 1 precisely the same way as the deviations.

Now write s; for f 2% (r)de, so that s is (in the language

of the Theory of Probability) the erpectation of the kth power
of the rth deviation. Then by the definition of ©,(6) we have

2
2.(0)=1 -73081—%”2'*%‘?33‘*%84% ..

Now let the logarithm of the scries on the right, when
expanded in ascending powers of 6, be denoted by

. 62 763 (/e
log 9,(0) = - 6p, - 912 + 3 !Z’:;"" ija" e 4)
8o that
Pri=8, Pp=-—|8% 1 Ps=ls, 1 0
8 8|’ s, 8 1
857 8, 28
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The quantity p is called * the seminvariant of order k. By

(4) the fundamental formula

9(0)""‘91()‘10)92()‘20) e 2a(A00),
or log Q(6) =log ©,(\,6) +log Q(A0) + . . . +log Qu(As6),
may now be expressed by the simple statement that the kth
seminvariant of a sum of deviations e, + €;+. . .+ €, 18 the sum
of the kth seminvariants of the individual deviations, with the
further remark that the Zth seminvariant of Ae is A* times the
seminvariant of e.

86. Approximation to the Frequency Function.—We shall
now derive from the result of the last section a formula of
great practical importance by introducing the assumptions
(which have not as yet heen used) that the constituent devia-
tions €, €, . . ., €, are very numerous and are individually very
small. It is easily seen that by shifting the zero-point from
which the deviation e, is measured we can secure the vanishing
of its first seminvariant: we shall suppose this effected for
each of the constituent deviations ¢, €,, . . ., €,

Let 0, pyy, gy Pgrs - - - be the seminvariants for the devia-
tion €, let 0, Py, Psy Pgo . - - be the seminvariants for the
deviation e, and so on; then, as we have seen, the semin-
variants of the aggregate deviation € are P, P,, . . ., where

P, =0,
Py= Ay + A2Pp + A’ps + . -
Py = APy + APy + APy + - - .

We shall suppose that P, is finite; and we shall further
suppose that the constituent deviations are very numerous and
are approximately of the same order of magnitude (or at any
rate that a very large number of them are of the same order of
magnitude and the rest arc smaller than these), so the condition
that P, is finitec implies that each of the quantities A,%ps, is a
finite quantity multiplied by 1/n, and therefore A,./ps. is of
the order of »-% This being so, A,3ps,. will be of the order of
P3,p2,- -1, and Py will be of the order of ps,pe~In-% and so
will—at any rate in a large class of cases—be small compared

* Thiele, .47mindelig Jagttagelseslaere, Copenhagen, 1897 : Theory of Observa-
tions, London (C. & E. Layton), 1908.
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with P,, on account of the factor n-3. Similarly, I, will he
small compared with P;, and so on. Thus for the aggregate

deviation we have
62 i3, 6
log 9(0) = - ?lpz +-§! P3+ QP“ - .
where P, Py, P, . . . are a rapidly decreasing sequence of
quantities, and indeed in a large class of cases P3, I, . . . are
negligible compared with P,, The probability that the aggre-
gate deviation lies between z and z+dz is therefore ¢(z)dz
where, by equation (2) of the last section,
NN Y S N s P 6.
$(x) = o e

Writing
EOT" P3+z“' Pet...
e =1+ A(10)3 + B(i6)t + C(i6)5 +. . .,
where A, B, . . . are in a large class of cases negligible compared
with P, (as follows from what has been said above), we have

() = 21~ [ et=-3P {1 + A(i6)3 + B(:0)4 + C(56)5 +. . .}d60.

T/ —
£ 3 _a2
Now 1 f p«oz—APem,m=(_2_> ¢ iF,
) 71'-1"2

and therefore
22

glr)={1+ A(ZY B(’%)‘ +¢f (%)5 v} @527‘ ¢ PP (A)

In the large class of cases to which we have referred, when
A, B, C, . . . are negligible, this becomes
at
1 ] 8

)= — ;" B

&) (2”}:2);" (B)

The formula (B) is due to Laplace, and the more general
form (A) to various later writers* These formulae specify
the nature of a frequency distribution in which the deviations
* The first of the additional terms was found by Poisson, and the rest by

J. P. Gram, Om Raekkendviklinger (1879); Thicle, Forelaesninger over
Almindelig Iagttagelsesinere (1889) ; Elementaer Iagtiagelseslaere (1897) ; Edge-

worth, Phil. Mag. 41 (1896), p. 90 ; Bruns, Ast. Nach. 143 (1897) col. 329 ;
Charlier, Arksv for Math. 3 (1905), No. 20.
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from the average measure are due to the joint effect of a very
large number of independent causes, each of which singly has
only a very slight influence; the deviation of an individual’s
chest measure from the average, for instance, being thought of
as affected by inheritance from a very large number of remote
ancestors.

87. Normal Frequency Distributions and Skew
Frequency Distributions.—Formula (B) of the last section
shows that, at any rate in a large class of cases, when @ devia-
tion e 18 constituted by the summation of a very large number of
independent devitions €, €, . . ., €, the probability that e lies

between x and &+ dw 13
22

1 e_ﬁF’dw,

(2rly)t
where P, 15 independent of ». This is called the normal luw of
deviation.

Now consider a frequency distribution consisting of N
individuals (where N is a very large number), and suppose that
the number of these individuals whose measure is between x
and #+dz is denoted by N¢(z)de, so that ¢(x) is the prob-
ability that an individual taken at random in the whole group
has a measure between x and z + dz. Let a denote the average
value of z for all the individuals of the group, so that (z - a) is
the deviation of the measure of an individual from the average.
Then on the assumption that the deviation is due to the
operation of a very large number of independent causes, each
of which makes only a very small contribution to the total
deviation, we have seen that the probability of a total devia-
tion between z—a and z—a+dx is (at any rate in a large
class of cases)

where P, is independent of ». Frequency distributions to
which this applies are called normal frequency distributions.
Other distributions, for which the law (B) must be replaced by
the more general law (A), are generally called skew frequency
distributions.
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As the subject of the present chapter is normal distributions,
we shall say nothing more about skew distributions except
that formula (A) leads to an expression for a skew frequency
function as a series of the functions which are called parabolic-
eylinder functions * or Hermite's functions. In most cases two
or three terms of the series are, adequate to represent the
function with sufficient accuracy.

As an illustration of the way in which a great number of frequency
distributions in nature conform to the normal law, we give the following
data relating to 1000 observations made at Greenwich, of the Right
Ascension of Polams. Let z denote the deviation of one such measure
from a value near the mean of all the measures, expressed as usual in
seconds of time; let y denote the number of measures for which the
amount of the deviation is « ; let ¥’ denote a value calculated from the
theoretical equation of & normal frequency distribution,

, 10004

= OO -ha-ap

where a = — 0-06 and h=0-6. Then we have the following results :

’

x. 7. 7.
-35 2 4
-30 12 10
- 25 25 22
- 20 43 46
-1 74 82
-1-0 126 121
-05 150 152
0 168 163

0-5 148 147
1-0 129 112
1-5 78 72
20 33 40
2b 10 19
30 2 10

The agreement of y and y’ is, generally speaking, good.

Ex.—r measurements are made of a certatn quantity, euch measure
being liable to an error which may have any value between € and — ¢, all
such values being equally likely. The sum of the r meusures is denoted by s
Show that when € tends to zero and r increases indefinitely in such a way
that €,/r tends to a finite value k, then the probability that s lies between

and %+ dx tends to
822
(3 Yz~
— ) —e .
2] k

* For an account of these functions cf. Whittaker and Watson, Modern
Analysis, § 167,
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88. The Reproductive Property of the Normal Law
of Frequency.—Consider a frequency distribution which is
normal, so that if e denotes the deviation of an individual
measure from the average, then the probability that ¢ has a

value between z and .+ d# is (writing h2 for 2%)
2
h

—— e~ 1Ay,

NS
The constant % was called by Gauss the modulus of precision.
The function 2(6) is, by equation (3) of § 85,

Q(6) = f_ :e'“’%(a;)d.n

h [”

= — e—ce.u—h'aﬁdx
N7 ow
62
= e—m’
1
S0 log (2(0) = - m@“.

The only seminvariant is therefore of order two and has the

value From the additive property of seminvariants it

1
ST
follows that a deviation which is formed by the summation of
any number of partial deviations, each of which obeys the
normal law, has all its seminvariants zero except the second;
and therefore this aggregate deviation itself obeys the normal
law. This is the reproductive property or group property of the
normal law of frequency; an aggregate deviation, formed by
the summation of any mumber of deviations which obey the
normal loaw, ttself obeys the normal law.

89. The Modulus of Precision of a Compound Devia-
tion.—Let a deviation € be given as a linear combination
A€, + A€y +. . .+ A€, Of 8 number of deviations ¢, €, . . ., €,
each of which obeys the normal law, so that the probability
that ¢, lies between z and z + d» is
h—"—e“""”’drr,

T

where %, is the modulus of precision for €.
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Then by the last section, the seminvariant for e, is 2h 3 and

therefore the seminvariant for A, +. . .+ A€, which is also
of order two, is
AL A..’)

2(/1,1 + Iy R
Now, as we have seen, € also obeys the normal law of

frequency ; let the modulus of precision for ¢ be H, so the
probability that e lies between x and % + dux is

_H_e-um‘l,v;
T
then the seminvariant for e is 7}7[5 Equating this to the valué
obtained above, we have
A LA
H= 1,,1 1 R

This important formula gives the modulus of precision of a
compound deviation in terms of the moduli of precision of its
constituent deviations, when these are of the normal type.

90. The Frequency Distribution of Tosses of a Coin.—
The earliest example of a normal distribution of frequency was
discovered by De Moivre in 1756 * in considering the following
problem: A coin s fossed N times, where N is a very large
number (which for convenience we suppose even and equal
to 2n): to find the probability of exactly (3N —p) heads and
(3N +p) tails. The probability of exactly » heads and = tails
is, by an elementary formula of probability, éi—” . 7%%’, Re-
placing the factorials by Stirling’s approximate value (§ 70),
namely, 2!=e¢-%+}(2r)}, this becomes (rn)-% or (ﬂ‘&N)} The
probability of exactly (n—p) heads and (m+p) tails is

1 2n! . . . .
o =) (ntp)1 denoting the ratio of this to the former
probability by E, we have therefore
In!
B, ™"" __
(n-p)!(n+p)!
* Doctrine of Chances, 3rd ed. (1756), p. 248,
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80 log E=2log n!-log (n - p)! -log (n + p)!
Replacing the factorials by Stirling’s approximation, we have

logE=(2n+1)logn~ (n—p+})log (n—-p)
~(n+p+1) log (n +p)

= - {(n—2)+é) log(l —pﬁ>+(n+p+~12—> log (1_1_1’%)}
=(n—p+%>(%+2’;;+...)+(n+p+%>(—£+-2%+...)
=—"-F. ..,

=—Zt. ...

Combining these results, we see that the probuability of exuctly
3

¥
(AN ~p) heads and (3N + p) tails is approximately (,,-_?_\I) e N

>

whence the probability that the number of hends will be between
3

IN +2/N and IN + (z+da) /N s approsimately (;2;) e~ 2z,

This is evidently a case of a normal frequency distribution.

Ex. 1.—Show that the probability that the number of heads unll be
9 1
, v
between N +}./N and N ~ 3. /N s J’Ffo e~y or 0-6827.

Ex. 2.—A cotn 8 tossed 1000 times. Show thut an absolute majorsty
of the 2100 posble sequences gives the difference between the number of
heads and number of tasls less than scven.

91. An Illustration of the Non - Universality of the
Normal Law.—The following example* shows that a great
number of causes, each producing a very small deviation, do
not always by their collective operation give rise toa frequency
distribution of the normal type.

. Suppose the law of frequency for each of the small con-
stituent deviations e, €, €5, . . . i8 () =3¢"17], 80
¢(x) = 1¢~% when z is positive,

* Hausdortf, Leipmg Ber. 53 (1901), p. 152.
(D 311) 13
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and $(x) = }¢* when z is negative.

In this case we have (§85) for each of the comstituent
deviations

2,(6) = fw e~ (2)da =} j e~y + f) e~Wutagy
-0 0 -
1
1+
Let the compound deviation be defined to be €, where
2 1 1
e=1~‘_(el + 362+5€s+. . )

Then (§ 85) the probability that ¢ has a value between x and’
z + dz i8 ¢(x)di, where

1 -]
o) = o[ Q(6)eds,

2 2 2
and 2(6) = 2,(Z0)0(5:0)04(529) - - -
1 1 1
=__ 9gg2 " T9iga’ PR
1+ ey 1+ 32 1+ 572;_—2
1
"~ cosh 6
o 20
Therefore &(w) = i / Z"%%'

02
This integral may readily be evaluated by integrating ?%e—'“

in the plane of the complex variable 6 round a rectangle of
height = and indefinitely great breadth, one of whose sides is
the real axis of . The result is

1
¢(m) = 6}#2 + (;—};t’
Thus the probability that the deviation € has a valne betireen x

and x + d 18 éf"”—-i-le'— 1%%. This is clearly different from the

normal law.



NORMAL FREQUENCY DISTRIBUTIONS 179

Theory asserts, and observation confinns the assertion, that the
normal law is to be expected in a very great number of frequency
distributious, but not in all. This state of things led in the past
to much - confusion of thought regarding the validity of the normal
law, which was wittily referred to in Lippmann’s remark to Poincaré.*
“Everybody helieves in the exponential law of errois: the experi-
menters, because they think it can be proved by mathematics; and
the mathematicians, because they believe it has been established by
observation.”

92. The Error Function.—Having now established the
theory of normal frequency distributions on a theoretical basis,
we proceed to investigate the properties of these distributions.
Denoting the modulus of precision by %, the probability that a
deviation lies between z and —2 is

:/2-; e~M hdg, or ®(hz),
0

where ®(z) = -—3; /0' e~ "dw.

On account of its importance in the Theory of Errors of
Observation, &(x) is called the Error Function.

If the probability that a deviation lies between z and -z is
given, ®(hz) is known, and therefore iz is determinate: so
the deviation 2 corresponding to this probability decreases
as h increases; that is to say, in the case when the devia-
tions are the errors occurring in a set of measurements of
a quantity, the precision of the measurements increases as
h increases. This is the reason why % is called the modulus of
preeision.

'We must now see how the function &(z) can be computed.}

10, First we have

#' a4 B
[ =1—-m3+§!—-—3-!+. . oy

* Poincaré, Caleul des prob. p. 149. )
+ For the aunalytical relations of the Error Function, cf. Whittaker und

‘Watson, Modern Analysis, §16.2.
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and, integrating this,
7
2@)=7; o Tt o 3t 3
This series converges for all values of z.
For example, when z=0-5, we have
o B B B
1 113 2156 3!7 " 419
1 1 1 1 1
=2 "2+ 320 " 5376+ 110602 ~
= 050000 — 0-04167

0-00313 0-00019
0-00001

=0-46128,

80 P(s) = 0-46128 x 112838
=0-52050,

20, Next, write
fﬂ Pl =e-"y,
[}

Differentiating, we have
2 (emy) = em,

or %/c - 2wy =1.

Now y evidently begins with a term x. So substitute
y=z+aP+bs5+cx?+. . . in the last equation and equate co-
efficients of powers of z; therefore we obtain 3¢—2=0,
bb~2a=0, Tc — 2b =0, etc., and therefore
2

2 2
Y=x+ 58+ g0 +

2 .
3" T3 st -

Therefore

() = :/—e'”’a'{l+3(2z3)+ o200+ (2 }

This series converges for all values of «.
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For example, when z=0-5, we have
P (z)=1-12838 x ¢~ 026 x %
1 1 1

1
33735 22V 357 BT 3574

x{1+

1 { 1 1 1 1
=1-12838 x 0-778801 Xg X 1 +(_3+6-0+-8710+i—5.ﬁ)+' .. }
=0-566419 x 0-778801 x 1-:000000
0-16666"7
0-016667
0-001190
0-000066
0-000003
=0:56419 X 0-778801 x 1:184593
=0-52050.

3% Next, since Jw—z "”d.z, we have
= Jn®(2) =2 f e~

= f e~vy~idy,
where 22 =7, v
—y,,—31® 1[me‘y1—id7
=[ - ) Yy
[-ey3]0 o)

1 w S[”
=e"ﬂy—i+§[y'ie'y]y +22f e'!/y'itlg/
13

, 1
= f'-yy_ - 2!’ yJ ity 22. II)/—Q .“
and therefore \
=" 1.3 135
‘1’(.21 {1 ‘) @3—123_2 -— (imﬁa + . . . } .

This is an abymptolw azpanswn,* which is convenient for
computation when @ is large.
A table of values  is

. B(x). @, (). . P(x). £o D(2:).
0-0 0-0000 0-6 0-6039 1-3 0-9340 2:0 0-9963
0-1 0-1125 07 0-6778 1.4 0-9523 21 0-9970
0-2 0-2227 0-8 0-7421 1-5 0-9661 2:2 0-9981
03 0-3286 09 0-7969 1-6 0-9763 2:3 0-9989
0-4 0-4284 1.0 0-8427 1-7 0-9838 2:4 0-9993
0-477 05001 1-1 0-8802 1-8 0-9891 2:56 0-9996
0-5 0-5205 1-2 09103 19 0-9928

* COf. Whittaker and Watson, Modern Analysis, ch. viii.
+ More extended tables will be found in a memoir by J. Burgess, 7rans. Roy.
Soc, Edin. 39 (1898), p. 267. Cf.also W. F. Sheppard, Biometrika, ii. (1903), p. 174.
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Ezx. 1.— Show that the probability that the deviation is greater than x
18 slightly less than 0-001 when P(hx)=0'9981 or hx=2-2.
Ex. 2—O0btain the formula
1

P(x)=1- me
2y

l+——p

Vb

where y = 2%2,

93. Means connected with Normal Distributions.—With

the normal law of deviation

h
— e~ Wy

T

the arithmetic mean of the nth powers of the absolute values

of the deviations is
?/h / ame—h"2dy
w0

Writing 4222 =y, this becomes

1 ® g1

N/WE" o ?/Tg“ﬂdy

(')
or* —~ 2 7
N
. - 1
In particular, writing o for s we‘hnve

Arithmetic mean of the absolute values of——-

First powers of the deviations = \/ 2
Second » ”» ”» 2 hz = ‘T >
. 1 2./2
Third » » ) = 'h_sj; = '—:/? . 0'8;
-3 _aa
Fourth » » =DA= 304,
. _ 2 8./2
R e V- abvalle

* Cf. Whittaker and Watson, Modern 4dnalysis, § 12.2.
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From the above we see that the square of the mean of the
absolute deviations, divided by the mean of their squares, has the
2

value =,
w

h
Ex. 1.—Show that in the curve y= ;-/Tc-""” the product of the abscissa
and the sublangent 1s constant.

h
Ex. 2.—8how that in the curve y= -J—;e"‘"’ the abscissae of the points
of inflexion are +ao.

94. Parameters connected with a Normal Frequency
Distribution.

1° Let the curve which represents graphically a normal
frequency distribution be written

y= 5’; o~ Hi(z—ap
Then the arithmetic mean of all the observations
-0 ™
=,
20, The quantity o which has been introduced in the last

section is (as we have seen) the square root of the arithmetic
mean of the squares of the deviations, and has the value

1
o= 77;/—2
o is called the standard deviation, or the quadratic mean devia-
tion or the error of mean square*
In terms of o, the normal law is that the probability of a
deviation hetween « and z~ dv is

1
/(@)
By the formula which gives the measure of precision of a
linear function of deviations we see that the square of the
standard deviation of a sum of quantities is the sum of the
squares of the standard deviations of the separate quantities.

* It was called by Gauss the mean error.

28
TR
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Hence the standard deviation of the arithmetic mean of n
quantities is n~1 x the standard deviation of one of the quantities.

3% The arithmetic mean of the absolute values of the
deviations is called the mean absolute deviation.* Denoting it
by 5, we have (as we have seen in § 93)

- /R
1’—]&,\/11'_ 1: o

The arithmetic mean of all the observations that are greater

than the mean a is a + J g « 0, 80, denoting this by A, we have

™

o= \/g(A—a)=1-253(A—a).

This formula is convenient when the observations are given in
the rough, not arranged in order of magnitude; for then, after
adding them all and dividing by their number so as to obtain
a, we have merely to add all that are greater than « and divide

by their number in order to obtain @ + o ,\/ 1_21-

4° The probable error or quartile T is defined to be such that
the chances are even whether the deviation exceeds it in
absolute magnitude or is less than it. So if Q denotes the
quartile, we have

1 2% [* _japs . 2 /‘*" -

which gives
Qh =0-476936 = p (say),
Q_ 2
or == 0-67449 (roughly 3),
80 c=1-4826Q, Q=0-67449.

Q is connected with 4 by the equations
7=1.1829Q, Q=0-845354.

Q is evidently that deviation which stands in the middle of the
sequence when the deviations are arranged in order of absolute

* It was called by Laplace the mean error.
1+ The name is due to Galton.
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magnitude. It therefore furnishes a means of determining the
parameters % or o of the curve as follows:

Let there be n measurements. Take » equidistant points
along a base-line, and at these points erect ordinates pro-
portional respectively to the measures arranged in order of
magnitude. 'We thus obtain a curve as in the diagram:

Fia. 16

Divide the base AB into four equal parts by points of division
C, D, E. The ordinate at D is the mean value a of the
measures. The ordinate at E is such that there are as many
measures greater than it as lie between it and «. The difference
DD’ - EE' or CC' — DD’ is the Quartile Q.

More generally, we can determine the parameter % or o of
a curve by finding a measure :; such that (say) p per cent of
all the measures fall within the interval between the mean «
and ;. In order to obtain o, we have only to multiply (», - a)
by a known numerical factor depending on p.

The degree of accuracy of this and the other methods of
determining o will be considered later (§ 103).

For expressing results in terms of probable error, the following
form of the table of the function P(z) is useful : *

0:5000000 = $(0-4'769363) = P(p), where p/h is the probable erior
06000000 = ©(0-5951161) = B(1-247790p)
0-7000000 = $(0-7328691) = P(1-536618p)
0:8000000 = $(0-906 1939) = @(1-900032[))
0-8427008 = P(1) =®(2-096716p)
0:9000000 = P(1-1630872) = P(2-438664p)
0:9900000 = P(1-8213864) = ‘1’(3'818930,))
0-9990000 = $(2-3276754) = P(4-8804 75p)
09999000 = $(2-7510654) = P(5-768204p)

1 = ‘I>(oo )

* It is due to Gauss, Verke, 4, p. 109,
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We see, therefore,
The probability that the error exceeds—
2:438664 times the probable error is Y,
3-818930 ” » ”» ’[30‘: ete.

Ex.—A4 number of bodies similar in shape and density differ slightly
in size, their lengths being grouped about a mean a with standard deviation
a. If the weight of « body of length x is cx® show that the weights are
grouped about a mean cad with the standard deviation 3ca?c.

95. Determination of the Parameters of a Normal
Frequency Distribution from a Finite Number of Observa-
tions.—In the preceding section we have shown how to find the
parameters ¢ and o (or 4 or % or Q) of a normal distribution,
assuming tacitly that the observations are infinite in number
80 a8 to furnish continuous distribution. In reality, however,
the number of observations is finite, and we have to determine
the best values of the parameters from them.

Suppose there are n observations giving the values z,, a,
%y, . . ., oy respectively for 2. The a priori probability of the
value a, is

1 -@-er

Vo2
— g o

J(2n)o
and therefore the @ priori probability that the observations will
give the set of values actually observed is

1 n _(@-02+@—aP+. . .4 @)
(7(2;);) ¢ "
The most probable hypothesis regarding a and o is that

which makes this quantity a maximum when Ty Tgy o o oy Oy BTO
supposed given. Taking logs, we see that

— — ) 2
nlog o + (@ =)+ (@ 2___“2);1._'?*;(’5!5 - L")_,

or II say, must be a minimum, and therefore %—I—: =0, which gives
O0=(2,—a)+ (1p—a)+. . .+ (1 —a),

or a=g—;(:l‘l +.’E2+ [P +.7'n). (1)
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Moreover, = o _ 0, which gives

* o
0="_ (ry— @)+ (rp—a)+. . .+(.1',,—-a.)’,
T
and therefore
(.1' - a)ﬁ + (L - (l); . (20— )2- (2)

Thus the formulae (1) and (2) for « and o are determined
directly from the theory of Inductive Probability. This is,
strictly speaking, the only correct method when the number of
observations is finite.

Ex. 1.—Numbers which are given as dectmals to some definite number
of places are usually forced, t.c. the lust digit retained is increased by
unity when the first digit not retained is 5, 6, 7, 8, or 9. [Fund the
standard deviation or meun error to which a nwmber i3 lable, due to
abbreviation with forcing.

Denoting the standard deviation by o, we have

Sum of squares of all possible omitted ¢ tals”

Number of these ¢ tails”
5
f) ede
=05

, since all tails € between —0'5 and 05 (in units

o=

08 de of the last digit retained) are equally probable,
-05
(0-5) - (—0-5
=3
giving o =0-2887.

Ex. 2.—Hence show that the mean error liable to occur in the sum
of 1000 numbers, cach of which has been abbreviated with forcing, 1s
less than 10 umts of the last place.

Eu 3.—A quantity is repeatedly measured, the measures being subject
to errors of observation. Assuming the law of facility of error to be such
that the probability of a value between x and a+ dx s

%kze—k'l"‘_bldaf,

where b and k are constants, deterimine the most probuble values of the pura-
meters b and k when n observations give the values x,, #gy . « ., Tny for o;
the values oy, Ty . . . being arranyed ¢n ascending order of magnitude.

Here the o priors probability that the observations will give this set
of values is proportional to

1 kg,,e-kl{|zl—bl+|r2-b|+ e oo H1m=bl}
Qn
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The most probable hypothesis regarding b and % is that which
makes this quantity a maximum, when ), @y . . ., %, are supposed
given.

Taking logs, we sec that

MM=2nlogk—A2{|a,~b|+|my—b|+. . .+|rn~b|}

. . oIl
is a maximum, and therefore %J)— =0. Suppose that b lies between r, and

%py1. Then
0
55“”’1"”""”2‘1’,"" o oH|ma-bl}
0
='3‘5{(b"m1)+(b"zz)+- et —w) (@1 =0+ o (- D)}
=(14+1+.. -+1)rtelrng+(_1 -1.. ._1)('l_’)termg’

oIl
and therefore 7 18 zero when r=n—rorr=4n We see, therefore, that

the most plausible valuc of b ds that one of the quantities wy, @ . . ., T,
which stands in the middle of the sequence when they are arranged in order

oIt
of magnityde. This value is called the median. The condition oA =0
then gives for the determination of the most probable value of k the

equation

11
@={lr=b]+|m=b]+. . .+]za—0|}.

96. The Practical Computation of ¢« and s.—In calcu-
lating @ and o, when we are given that the measures z,, 2, z,, . . .
have occurred ¥,, ¥, ¥s, . . . times respectively, we generally
find it convenient to subfract some fixed number ¢ from each
of the #'s in order to have smaller numbers to deal with.
Write 2, —¢=¢§,, z,~ ¢=¢§,, ete.

Then we form a column of the quantities £, &,, &, .

t’hen » » » .]/ 151) ."/ 252? y 353’ v
then ”» » N » ?/ 1512’ .1/ 2522’ ?/ 3532’ ¢t

the value of #,£2 being obtained by multiplying y.£, by &.
and sum the column of y’s and the last two columns. We
then have

= M
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Sy(x—a)® Sylc+é-a)?
and o2 /(“I )?_ Zy( 25 )

“’52+ e - a)3s ’—’5+( ¢ - a)?

%fj—“—z(c—a)%(c—a)a
J/&“

or ===-(c-a) (2)
Thus @ and o are determined.

As a control for the computation of @, we may use the
equation

Sum of all positive residuals = Sum of all negntive residuals,
and as a control for the computation of o, we may use the
equation

no? =3z - a)?

or no?=3M2? - 2aZM + aZM =3ZM?2 - aZM,
where ZM denotes the sum of the measures and M2 denotes
the sum of the squares of the measures.

97. Examples of the Computation of « and o.

Ez. 1.—1The chest measurements of 10,000 men are yiven below, x
being the measure tn inches and y being the number of men who have these
measures. Iind the two constants a and o which specify the frequency
curve, obtatning the standard deviation firstly from the mean-square of the
devations, and secondly from the meun absolute deviation.

. Y. E(=.x—40). y&. y&2

33 6 -7 - 42 294
34 35 -6 - 210 1260
35 125 -5 - 625 3125
36 338 -4 - 1352 5408
37 740 -7 - 2220 G660
38 1303 -2 - 2606 5212
39 1810 -1 - 1810 1810
40 1940 0 0 0
41 1640 1 1640 1640
42 1120 2 2240 4480
13 600 3 1800 5400
44 222 4 888 35562
45 84 5 420 2100
46 30 6 180 1080
47 5 7 35 245
48 2 8 16 128

Total 10000 - 1646 42394
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1646
Therefore a=40 — 70000 = 39-835,
42394
= 2227 (0. 3_ 4.
and 7%= 10000 (0-1646)2=4-2123,
80 o=2-062.
In order to find o from the mean absolute deviation, we have the
following table :
. Y. (== -40). . yE.
33 6 -7 - 42
34 35 -6 - 210
356 126 -b - 625
36 338 -4 - 1352
37 740 -3 - 2220
38 1303 -2 — 2606
39 1810 -1 - 1810
39-668 650 -0-332 - 216
(=39-500 to
39-836) _— —
Total 5007 -9081
Now

2
a—-u ;=Arithmetic mean of all observations less than a

3 <

Sy yé

=-=40+ <

2y 2y

39-835 N/2 =40 905-1
or TN =% T 5007

2

Therefore o-,\/ 7= 1-649,
80 o=1:649 x 1-2563
or o=2-066.

Ex. 2.—HKind the mean value and stundard demation for the following
frequency distribution, y being the number of occurrences of the measure .
Trace the normal curve which has this mean value and standard deviation
and compare it with the original data.

z 1 2 3 4 5 6 7 8 9 10 11 12 13 14
6 10 2 11 156 18 18 34 32 39 39 456 50 43

Y
z 15 16 17 18 19 20 21 22 23 24 25
y. 38 26 34 28 22 17 11 12 11 4 4,

FEx 3—~—Determine the standard deviation from the mean ahsolute
deviation in this last example.
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Ex. 4—The chest measures of 10,000 men are as follows, x denoting a
measure in tnches, and y the nmnber of men who have that measure.
Determine the standard deviation by finding the place of the quartile.

2. 33 34 356 36 37 38 39 40 41 42
y. 5 31 141 322 732 1305 1867 1882 1628 1148

Jy. 5 36 177 499 1231 2536 4403 6285 7913 9061
.

. 43 44 45 46 47 48
y. 645 160 87 38 7 2.
Sy, 9706 9866 9953 9991 9998 10000.

It is to be remembered that under “x=38" are grouped all men
whose measures are from 374 to 38} inches. The sum of all measures
from the lowest to #=38 (i.e. to 38% 1nches) is 2636 ; and the rate of
increase of men is about 16 per ;3. inch at 384, so that 2500 will be
the sum of all to 38-478 inches.

The Arithmetic mean @ of all the measures is found to be 39-834,

and Q=739-834 — 38-178 = 1-356,
80 o=1-483 x Q=1-483 x 1-356 = 2-01.

Let us now find the quartile from the other end of the sequence.
The sum of all measures from the largest down to «=42 (i.e. to 41}
inches) is 2087. Adding half the number opposite 41 in the td,ble,
we see that the number down to 41 inches is 2901, which is 2500 + 401.

401
The quartile will therefore be at 41 + x, where z= 1698 = 0-246,
so that Q=141:246 — 39-834 =1-412,
and o=1-483 x 1412 = 2-09.

The discordance between this and the former value 1, of course, due to
the absence of perfect normality and continuity in the distribution.

The mean of the two values of ¢ obtamed by the quartile method is
therefore o=2:05. This is close to the values obtained by the method
of § 97 and the mean absolute deviation method, which are found to be
2-05 and 2-06 respectively.

98. Computation of Moments by Summation.—The
quantities My =3y, M, =Zzy, M=%, . . ., which are called
the moments, may be readily formed by mere addition in the
following way.

We use the notation =y (read “sum of y”) to denote the
function whose first difference is the function y, so that if
Au=y, then u=3y. The symbol = corresponds, in the Calculus

of Differences, to the symbol [ which represents indefinite in-

tegration in the Infinitesimal Calculus. Just as a column of
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first differences of % can be formed from & column of values of
u by subtractions, so a column of values of Zycan be formed
from a column of values of y by additions.
Suppose the set of given values of ¥ i8 ¥y, Yr4y, Yr4g « - o
%+ corresponding respectively to the values 7, (r+1), (r+2),
. (r+n), of z. Form a table of sums of the function y by
additions from the foot of the column, thus:

. . Zy. =%,
Yr .’Vr+?/r+1+- . -+.'I/r+n oee
r+1 Y1 |Yre1t. ot Urin Yos1t 2rsat. o o WYpyn
7+2 Yri2 |Yrpate o FYrin hiat 2zt o (= 1)Yppy
r+8=2 | Yin-2|Yrin-2F- - - FYrin Yrin-2F 2 tn-1+3Y 1
r+n-1 Yrin-1| Yr4n-1FYr+n 1/r+n-1+2.7/1+n
r+n Ur+n | Yr4n Yrsn
Sum= S,

The uppermost number on the Xy column is evidently M,

the moment of zero order.

Let the uppermost number in the

3y column be denoted by S, and the uppermost number in the

S column be denoted by S,.

So=M,,
Sl =Y 41+ 2Wrra+3Yriat. o o WYrgn

=M, -rM,,

where M, =ry,+ (r+1) 91 +.
of order 1.

The sum 3, of the =% column is

where My =12y, + (r+ 1)%,41+. . .+

Sy=Yrs1+3Yri2t 6Yrsat. .
= 1M, - (2= 1) M, + (e — 1) My},

Then

.+ (r+ 1) Yypy, i the moment

n+1
-+ ( 2 )./1'+n

(7 + 1)y 1q i8 the moment

of order 2. Thus M, and M, may be determined from the
equations

M, =S8, +rM,
M, =28, + (2 -

1) 8, + M,
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and therefore if these relate to a frequency distribution of mean
o and standard deviation o, we have

a=M1= Sl+r
M, ¥, "
otz 220 Sy (B
M, M@ M, M, M/’
25, S CAY
or 2==2-F-(F) -
Sy 8, So)

The higher moments may then be found in the same way if
desired.*

Let us apply this to the computation of @ and o for the chest measures
of Ex. 1, § 97.

. A 2y 2y,
33 6 10000 (=8,)
34 356 9994 68354(:31)
35 125 9959 58360
36 338 9834 48401
37 740 9496 38567
38 1303 8756 29071
39 1810 7453 203156
40 1940 5643 12862
41 1640 3703 7219
42 1120 20063 3516
43 600 943 1453
44 222 343 510
45 84 121 167
46 30 37 46
47 5 7 9
48 2 2 2

S, = 288852

Therefore

M, =10000 =8,

S
a =§1+'r= 6-8354 + 33 = 39-8354,
0 .

Sﬂ sl Sl 2
and otmg2_SB1_ (“,. = 577704 — 68354 — (6-8354)2
b0 b0 bo

=4-212 as before, giving o =2:052.
* For a fuller investigation, showing the advantages of central or mean
sums, of a note contributed by G. J. Lidstone to G. F. Hardy’s Construction of

Tables of Mortality (London, 1909), printed on pp. 124-128 of that work.
(D 311) 14
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Ex. 1.—Using the data of Ex. 2, § 97, compute the value of o by the
method of summation.

Ex. 2.—The mean daily temperature at Brussels on the 310 days of the
months of July in ten years was as follows :

Mean temperature . 11°5 12°5 13°5 14°5 15°5 16°5 17°5 18°5
Number of days. . 1 9 21 24 33 32 49 3b
Mean temperature . 19°5 20°-5 21°%5 22°5 23°5 24°5 25°5 26°5
Number of days. . 31 24 21 17 7 2 3 1

Find the mean temperature and standard deviation by the method of
summation.

99. Sheppard’s Corrections.—-We shall now investigate a correction
which is to be applied in calculations such as those of the preceding section.
Let y = f(z) be the equation of a frequency curve. The integral

f_ " oPf() da,

which is called the pth moment of the curve, will be denoted by m,,.

The statwstical data which specify frequency curves are often given
m a sammarised form from which the moments cannot be computed
directly with accuracy. For instance, n statistics of the chest measure-
ments of a group of men, all men whose chest measure lies between 38%
and 39} inches might be given under the heading “39 inches”; all
men with measures between 3934 and 40 inches might be given under
the heading 40 iches,” and so on. The number given under the
headihg 40 inches” is therefore not a true ordinate of the frequency
curve, but is really the arca of that strip of the frequency enrve which
is comprised between the ordinates at z=39} and x=40%; that is, 1t is

40}
' J(«)daz.
N 80}
Suppose, then, that . . . ©w_, ®_;, % &y, % . . . are the values of

z for which statistical data are given, these values being spaced at
equal intervals w, and suppose that the siatistical data are the numbers

To+-4w
<. U_gy U_y, dg Uy, Uy . . , Where uy= f f(x)du, and suppose we
To—Jw
calculate the quantities
-]
my = Y xPu, (1)
8=—00

so that m," is a rough value for the pth moment, obtained by a process
which is equivalent to collecting at , all the individual measures between
%y — 3w and z, + Jw

The problem hefore us is to obtwin a formule which will enable us to
caleulate the true moments my, from the rough moments my. We shall
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suppose that the frequency curve has close contact with the axis of « at
both ends ; so that

= f sfeMe=w ¥ 22 @
Now, by the Newton-Stirling formula (§ 23),

2
Ao+ n0)=flzg) + 3 { A Sl + Afis—w)} + ;‘—,AW, —w)

'n(n

%{Aaf("‘c —w) + A¥(zs — 2w)} + A‘f(z.— 20) 4. . .

80 we hs,ve
o p 1, 17, 9
|, T+ morin=fia + 5 72A e = )~ 55TA Y~ ) - -

In particular, when f(x)=¢* we have
A2nf( g, — nw) = 23n¢%s sinh2n Jan,
Putting 6= }w and dividing throughout by ¢%, the expansion reduces to

sinh 6 1 17
— ——ginh4
g— =1+3;5inh? 0 — o—sinht 6 +.
whence the coefficients in the general expansion may be determined

readily.

. 1 [t ]
Sinee - - f flo)de = f Jlacg + nw)dn,
w Xa— fw -4
. 1 ginh 6
we may write 24="9 —f(xs),

.
where sinh?" 0 stands for the operation (}A2E-7yn.  We have therefore
from (1)

1 /= 3 lzpu, = § l)s_lgh._g
wmp o gt g —o f( a)
Also since S aPfleg+qu)= I flzdts_qP,
§= - 8=—-m

the terms of Loth sides of this equality being the same but counted
dafferently, we have

S 0By = S fla) (T

=~ 8=
Therefore
h 6 2 6 6 68
;mpl= E f(z.)Bln xgP = —E f((tg){1+h—i+-5—!+-7—!+, . ,}a"?,
8=—m 8= =0
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Now if D denotes —d— we have

dz,
E=eD and A=evD -1,
D
50 JA%E-1—ginhd

Hence we see that 6= 3wD and

w2D2  wAD4 w88 }
2P

my’ =w E f(a:,) 1+3|22+5]2‘+7126

v 3 f(z,){m,u;;’;p(p 1)z, -2

==
+ WJ’(P ~1)(p-2)(p—- 8w 4+, . _},
or finally, substituting from equation (2), we have
, w? wh
my’ =My + FoaP(P — mp_g+ 5o — (@ - 2)® - 3)my_,+. . . (3)

Taking p=1, 2, 3, 4, 5 in succession in (3), we have

’
’m,1 =m s
my’ =my + {zwdmy,
mg =mig+ iwa'm

’ 1
my =y + %wﬁms B],yuﬂmo,
mg =mg + §wing + g

and hence

’
my =my,
'ml=m1, 2 ,
my= m,l 'mzm;o,
'”‘8=""s‘

I ’
my = .~ i'wz'm2 + 740‘“"""’0 s
5—”"5 swimg’ +

These formulae, which express the true moments in terms of the
approximate moments, the curve being supposed to have close contact
with the axis of 2 at both ends, are duec to W. ¥. Sheppard.*

100. On Fitting a Normal Curve to an Incomplete Set of
Data.—It sometimes happens that we wish to determine a normal
curve when we know only the ordinates #,, ¥y ¥g . . . of a set of points
of abscisea &, %, %3 . . . Which are extendetf over part of the curve, no
information being available regarding the rest of the curve. In this
case it is best to treat the problem as ome of fitting a parabolic curve
2=a + bz + cx® for the given values of # where #=logy. The constants
a, b, ¢ may be determined by the method of Least Squares (Chapter IX.).

101. The Probable Error of the Arithmetic Mean.—Let
* Proc. Lond. Math. Soc. 29 (1898), p. 363,
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m, denote the arithmetic mean of » measures M;, M,, . . ., M,,
so that

mo=7—1z(Ml+M,+. .+ M,).

Then if A, denote the modulus of precision of the arithmetic
mean and % demofe the modulus of precision of a single
observation, from the formula for the precision of a linear
function (§ 89), we have
1\2
1 G)

N
or hy=lyn.

The probable error of a single measure being connected
with the modulus of precision by the equation Q="~, where
p=0-476936 (§ 94), we see at once that the probable error of the
arithmetic mean is L times the probable error of a single

N
observation.

102. The Probable Error of the Median—Instead of
taking the arithmetic mean of the measures of an observed
quantity as the estimate of the true value of the quantity,
suppose we now arrange all the n measures in the order of
their magnitude and select the middle one, which is called the
median.* Usually the median will be close to the arithmetic
mean and will furnish an independent estimate of the observed

quantity.
A more precise defimtion of the median is as follows :
Let a,, a, ag, . . ., a, be a set of real numbers, which may or may

not be all distinet. Let
n
Sy(x) = Sl(x —a)?
V=
The value of # which rednces Sy(#) to a minimum is the arithmetic mean

of the numbers a,, . . ., a,. If the condition that Sy@) be a minmum
is replaced by the condition that

n
S,@)= 2 |- ay]
i=1

be reduced to a minimum, the median of the a’s is obiained. It is

* Cf. § 95, Ex. 2.
+ Dunham Jackson, Bull. Am. Math. Soc. 27 (1921), p. 160.
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uniquely defined whenever = is odd ; if the numbers a; are arranged in
order of magnitude, so that

ALy, o £y,
and if n =2k - 1, the median is simply az, the middle one of the a’s.
The median is uniquely defined also when n is even, n = 2%, if it happens
that ag=ag4y, being then equal to this common value. Otherwise the
definition is satisfied by any number & belonging to the interval

0 £ T < Ay,

and the median is to this extent indeterminate. But for each value
of p>1 there is a definite number z==, which minimises the sum

n
Sp(:c)= 2 |m—a,-|P,
=1

and g, approaches a definite limit X as p approa,ches 1. The value of X
coincides with the median as already defined, in the cases where that
definition is determinate, and when n =2k a,nd g+ dpp1, X is a definite
number between aj and apy1. It thus serves to supplement the
former definition.

We shall now find the probable error of the median in order
that we may judge of the relative advantages of the arithmetic
mean and the median as estimates of the true value of the
observed quantity.

Suppose we have n measures (where n is supposed a great
number). Then the probability that any one measure exceeds
the true value is } and by § 90 the probability that exactly
(3n +7) of the measures exceed the true value is

JEF

Now if % is the modulus of precision of the measures,
the probability that a measure lies at a distance between 0

(4
and £ from the true value where ¢ is small is / —%—r e~ "3dx or
approximately T 5, and therefore of » measures the number

. . nh
between 0 and £ is :/;g. If this number is 7, we have r= ﬁg.

Of the (}n-+7) measures greater than the true value, }n
exceed §. Therefore the probability that the median is at the

point £ is
JE
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Denoting the value of £ corresponding to (» + 1) by £ + d§, then
1= '{b_h(_£i_t§§)’ and the change from r to r + 1 corresponds to

N

an increase of —Z"-dg in the number of measures, so df= i

NLS
The probability that the median lies between £ and §+-ﬁ7{—h is
therefore

n
Thus the probability that the median lies at a distance
between £ and £+ d¢ from the true value is

H o
:/';rg dS’

where H= 5/(_2_1&1/&
NC I

For this result we see that the modulus of precision for the
determination of the median is hJ (2:17,) and therefore (§ 94)

the probable error of the median is
P ™
E\/ (2n>’
where p = 0-476936.

In the last section we have seen that the probable error of the

arithmetic mean is h—pﬁ Thus the ervor to be feared when we

tuke the median as the true value s ,\/ (;) or 1.253 times the

error to be feared when we take the true value to be the arithmetic
mean.

103. Accuracy of the Determinations of the Modulus
of Precision and Standard Deviation.* — Denote the =
deviations by €, €, . . ., €, and the modulus of precision by %;
on the hypothesis that %~ has a value H, the a priori prob-
ability of the occurrence of this set of deviations is

_]iI__ oM+ . . +ln')’ (1)

(ym)

* Quuss, WWerke, 4, p. 109; cf. R. A. Fisher, Month. Not. R.A.S. 80, p. 758.
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while on the hypothesis that / has a value (H+A) the a
priort probability of this set of observations is
(H+)
(m)"
By the Principle of Inductive Probability, the ratio of the
probability that (H + A) is the true value of % to the probability
that H is the true value of % is equal to the ratio of the expres-
sions (2) and (1); that is, of

e~ (H+)¥e2+. . . +!n’>. (2)

(1 + —ﬁ)ﬂp-mﬂwxuu- - -+ed t0 unity. (3)

Now let H be the most probable value of % (i.e. the value
which makes (1) a maximum), so that

—’\/ ‘1 .. +e,.)}.

Then (3) may be written

n
(1 ) -G +H95n to unity,

_An
l+ +nl 142
or ( 1) o8 H) to unity,
,,,\a+ nAS
or ¢ B8 4o unity,

or, approximately (A being very small compared with H),
nA2
e B tol.

Therefore the probability that the value of % lies between
H+ X and H + A+ d) is nearly

nA3
Ke B,
0 na2
where K is a constant, which, since| Ke H!dA=1, is given by
_1 /n -
=1\ o

Therefore the probability that the value of % lies between
H+Mand H+A+d)is

s
IITIN/ g ce B
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or the modulus of precision for the determinaiion of h by the
root-mean-square method s /nfh.

From this we deduce at once that the probability that the
standard deviation o, as deduced by the root-mean-square method,
lies between o+« and o+ + duz is

i/—ln—l-e_""_’:(lr,

oJr
8o the modulus of precision for the determination of the standard
deviation o by the root-mean-square-method is /njo. Hence
the probable error of the standard deviation o, as deduced by
the root-mean-square method, is

0. 47_6936
NZ) o

Gauss * extended this by showing that the probable error
of the standard deviation o, when it has been deduced by
computing the pth powers of the errors, is

0-4769360/2 (J/=T'(p + 1) _ 1 4
pyn p+l } :
{ ("3

This gives the following results:
When ¢ has been computed from the—

1. 1st powers of the errors, the probable crror = 0 o(i&/).iS_-ﬂa,

ILond  , \ \ =9’i73236§a,
IIL. 3rd » » ” ” = 493:,'9870,
V. 4h ] ) R 553;1860’

V.5th o, , . = 0—6—3;75;@9
VL6th \ ,  =UTOT,

It is evident, therefore, that the most advantageous method
is the root-mean-square. In fact, 100 errors of observation
* [Verke, 4, p. 109.
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yield by the computation of the root-mean-square as good a
value of the standard deviation as 114 treated by I, 109 by
III, 133 by IV., 178 by V., 251 by V1. There is not much
difference as regards accuracy between I. and II, and of
course I. is much more convenient for calculation.

Lastly, we must consider the accuracy of the determination
of the quartile by arranging the » errors of observation accord-
ing to their absolute magnitude, and taking the middle one as
Q; or, more generally, arranging the n errors of observation
according to their absolute magnitude, and then taking the
error z, which has m, errors less than it, and deriving a value
H for the modulus of precision from the equation

m,
70 =&(Hz,).

Let & be the true value of the modulus of precision and let
z be such that Az=Hz, Then 2 is the position that z, would
have if the number of measures were infinite, so that perfect

accuracy in the determination of 2, could be attained. Writing
Z%"= p, 1 -p=gq, we can show that the probability that out of
n measures (all taken positively) m,+r lie between 0 and z is
__l___c_i’:'m
W(2mnpg)
Now the probability that a measure (taken positively) lies
between = and « + & where ¢ is small, is
20 e
:/;_6 5}
and therefore of » measures (taken positively) the number
between z and z + £ is
_zjlj'e-hlzi&
T

If this number is 7, we have

2nh
="—

r - h’Jﬂ&

8o the probability that z,=z+ ¢ is
1 A%, - R

J(@rnpg)’ "
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and therefore (as in the corresponding discussion of the
median, § 102) the modulus of precision for the determination
of x, is of(2n)he” B Since Hr, = constant, we have
’ Jipgr) - . ’
Hdz, + 2, dH =0,
and therefore by the formula for the precision of a linear
function of deviations, we have

Modulus of precision for the determination of / by this method

=77 times the modulus of precision for the determination of z,

_ J(@2n)ze—r?
Vlpgr)
Hence the square of the standard devm.tlon for the determina-
tion of A by this method is
p 9 (,"Mﬁ
4n.2 ’
or if ¢ be the value of hz obtained from the equation l";"= (1),
it is
w ()1~ 2 (1) gn
Zn i
In particular, when we determine the quartile by finding
the deviation which is in the middle of the series of devia-
tions arranged in absolute order of magnitude, we have
®(t)=p=g=13, t=p where p=0-476936, and therefore the
standard deviation for the determination of % by this method is

\/5.4’_:6#*,

so the probable error of the determination of the quartile by

this method is
PN/ 2. \/ n 4 P

or N/sﬁ' - Q,

0-75

NN

This result is due to Gauss:* it shows that (on the average
* Loc. cit.

or, in numbers,
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of a large number of determinations) 249 measures, treated
by this method, must be taken in order to yield as good
a value of Q as 100 measures treated by the root-mean-
square method: this determination is nearly the same in
accuracy as that by the sums of the 6th powers of the errors.
‘We can, however, choose m, much more advantageously than
this: in fact, determining the minimum of the function
<I:.("){1 - qi(_t_)leggl
12 ’

we find that it has a minimum when /=about 1.05, and
therefore the most accurate determination of the standard
deviation is obtained when we determine the error z, which is
such that about 86 per cent of the errors (all taken positively)
lie below 2 and about 14 per cent above x: the probable error
of the standard deviation found from this value of 2 is then
only 1.24 times as great as the probable error of the standard
deviation determined by the root-mean-square method.* By
taking ¢ =1 we obtain the following easily remembered precept :
the measure of precision is the reciprocal of that deviation which
18 exceeded (in absolute value) by 16 per cent of the observed de-
viations and not attained by 84 per cent of them: for these
percentages we can put more simply % and 5.

104. Determination of Probable Error from Residuals
—In § 94 we have regarded a and o simply as two parameters
which oceur in the problem of fitting a curve of the type

(z—a)?
¢~ 2%

1
o/ (2m)
to certain data. When, however, we are dealing with errors of
messurement of an observed quantity, it is necessary to regard
the problem from a somewhat different point of view. We
must now take into consideration the fact that the quantity
measured has a certain ¢rue value which, though unknown, must
be regarded as possessing a physical existence: this true value
must be distinguished from the arithmetic mean of the
measures, which is merely the best estimate we can form of it.
The differences of the measures from the true value of the

* This was pointed out by F. Hausdorff, Leipzig Ber. 58 (1901), p. 164.

Y=
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quantity are the errors, while the differences of the measures
from their arithmetic mean are called the residuals. We shall
now show that the probability that the error should lie
between prescribed values ¢ and b is not equal to the prob-
ability that a residual should lie between & and b.

Let the measures be denoted by M,, M,, .. ., their
arithmetic mean by m, the true value by m, and let the
residuals be

vy=my—-M,, v=my-M,, ...
while the errors are

e=m-M, e=m-M, ....
Adding the last equations we have (denoting the sum of =
quantities by square brackets)

[€]=mnm — [M] = nm — nmy,

€
Therefore My =1 — [€]
n
€ €
and "’1="""‘[;,,1'M1=€1"[;]»
or v n-1 1 1
= — —€y—. . .~ —€p.
1 n ! n? n "

Thus the residual », is expressed as a linear funotion of
the errors.

Now let & denote the modulus of precision of the errors, and
1’ the modulus of precision for the residuals: then the formula
for the precision of a linear function of errors gives

1_(7&—1)2l+(n_1) 1 n-1

72 n /) h? w22 nh?’

so the probability that a residual lies between v and v + dv is

JG ) :’/L;“'%E?"”-

1 [+ 1,
T

-

Since

we have therefore
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and the probable error or quartile of the errors is
Q=0-67449¢
RN

and therefore the standard deviation of the arithmetic mean

2
of the n observations, which is -—, is ,\/ <n 1:1, ]1)> while the

probable error of the arithmetic mean is 0- 67449\/ )
n('n 1)

These are generally known as Besscl’s formulae.
Similarly, the mean absolute deviation  is given in terms of
the absolute values of the residuals by the equation

__ =
1= Jin(n = 1)}

so that in terms of the absolute values of the residuals we have

0=\/gn=\/ 2n(n 1))“””

and the probable error of a single observation is

0-84535 | v|]

Jin(n-1)}
while the probable error of the arithmetic mean of n observa-
tions is 0-84535[ |v|].

This formula is due to C. A. ¥. Peters.* It can be more
readily computed than Bessel’s and is in general sufficiently
accurate.

105. Effect of Errors of Observation on Frequency
Curves.—Let a large number N of individuals be measured as
regards some attribute, and suppose that the number found
to have measures between z and z+ dz is Ny(z)dz. Suppose,
however, that the measures are known to be vitiated to some
extent by errors of observation, each measure being liable to
error with a modulus of precision %; and suppose that, in
consequence of these errors, the number of individuals having
a true measure between » and 2+ dr is not Ny(z)dz but

* Ast. Nach. 44 (1856), p. 29,

Q =0-84535n =
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Nu(z)dw. 1t is required to find the function u(x), the function
¥(x) and the modulus % being known.

There are actually Nu(f)d¢ individuals having the measure
between ¢ and ¢+ df. In consequence of the errors of measure-
ment, these contribute a number

h
[—— e~ WXE=2R gy,
Nu(t)dt \/ﬂ_e da

to the measures between = and z+ dz. Therefore the number
of measures observed between x and z + dr is

Shdaf_ee-ruyar

or Nh / PRy l() +8
or thﬁ/“‘ —’M u ) + su/(« )+—~'u () +. . .}ds,
or Nd.z{u(db)+ Tt )+ 32]b4zl"( SRS

Thus the functions y(x) and w(r) are connected by the relation

1 1
Yl )—""()+4]2 () + Sl v +. ..,
which readily inverts mto

w(w) = y(x) - 4] " () + 32, Y () + .

This equation determines #(z) in terms of ().

MisCELLANEOUS EXAMPLES ON CHAPTER VIII

1. The following frequency distribution was obtained by counting
the number of letiers per line of a book. Calculate the mean value and
the standard deviation, and indicate what might be expected to happen
as the number of observations 1s increased.

Number of letters (n) 32 33 34 35 36 37 38 39
Frequency (f) 1 2 2 10 23 31 42 54

() 40 41 42 43 44 45 46 47
(f46 55 35 28 16 10 2 2

(Edin. Univ. Honours Exam., 1918.)
9. Compute the mean height and standard deviation from the
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following data by the method of summation, verifying the result by the
root-mean-square method.
Height in inches (b) 54-6 565 666 576 585 695 605 615
Frequency (f) 2 4 13 36 69 159 271 326
(k) 626 6356 645 65-5 665 675 685 695 705
(f) 366 326 229 157 82 32 15 9 4

8. Calculate the probability that in a given interval of time there
will be a given number of “calls” at a telephone exchange, and the
probability that a subscriber will be kept waiting a given time.

[Cf. A. K. Erlang, Nyt Tideskrift for Math. 20 (1909), p. 33.]

4, A vector e is the resultant of a very large number n of clementary
vectors, each of given (snall) length, whose directions are distributed at
random in all dircctions in the plane. Show that the probability that
the resultant vector € should have a length between » and » 4 dr is

rdr _;ls
~ g€ 20
o2 ’

where o 18 independent of .

[This result is of importance in the theory of the Browmnian motion,
and also in connection with the scattering of B-rays by matter; the
formula is due to Lord Rayleigh.]



CHAPTER IX

THE METHOD OF LEAST SQUARES

106. Introduction.-—In the present chapter we shall be
concerned with one particular kind of frequency distribution,
namely, the distribution of the measures of an observed
quantity, when these measures differ from each other owing to
accidental errors of observation.

The deduction of the normal law of frequency given in the
preceding chapter is applicable to this particular distribution;
but alternative deductions have been given which depend on
special assumptions regarding errors of observation, and which
are in the highest degree interesting and worthy of study from
the point of view of axiomatics. We shall therefore now make
a fresh start with the theory.

107. Legendre’s Principle.—In the mathematical dis-
cussion of the results of observation, it is required to derive
from the data the best or most plausible results which they
are capable of affording. When the quantities which are
observed directly are functions of several unknown quantities
which are to be determined, the problem can generally be
reduced (as will be seen later) to a formulation such as the
following :

It is required to find values for a set of unknown quantities
%9, 2 ... such & way that o set of given equations

am+ by +ez+. . +fit=m,
a4+ by +eg+. . A+ fof =ny,

agr+by+ez+. . . +fl=mn,

(called the equations of condition) may be satisfied as nearly as
(D 317) 209 15
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possible, when the number 8 of equutions is greater than the
number of unknowns z,y, 2, . . ., t, and the equations are not
strictly compaiible with each other.

By saying that the equations are to be satisfied as nearly as
possible we mean that the quantities

E=cz+by+cz+...+fit—-n,
Ey=age+by+c+. . .+ [fof —my

Ej=aue+by+cez+. . .+ ff —n,

which we shall call the errors, are to be as small as possible.
We shall, for the present, assume that the equations are equally
trustworthy, .e. that the quantity, which is more precisely
defined later as weight, is the same for each equation.

In 1806 Legendre* suggested for the solution of this problem
a principle which may be thus stated: of all possible scts of
values of z, y, 2, . . ., the most satisfactory is that which renders
the sum of the squares of the errors a minimum ; that is,

E2+E2+. . .+E2
is to be a minimum.

For the present we shall simply accept this as a convenient
working principle which serves the intended purpose: later in
the chapter (§§ 110, 115) we shall examine different attempts
which have been made to deduce it from other principles which
have been regarded as more evident or better fitted to serve
as fundamental axioms.

108. Deduction of the Normal Equations.—Assuming
Legendre’s principle, we have now to find the values of », 7,
2, . . . which make

E2+Ez2+. . .+E?2
a minimum. If we use the notation [ ] as a symbol of
summation so that, eg., [ea]=a2+a2+. . .+0a2 [ab]=ab,
+ ayby +. . . +a,b, the sum of squares is
[aa]c®+[BB]y2 + [ec]e® +. . .+ 2[ablay + 2[ac)rz+. . . = 2[an]r
~-2[bnly-. . . +[nn).

* Nourelles Méthodes pour la détermination des orbites des cométes, Paris,
1806, p. 72



THE METHOD OF LEAST SQUARES 211

The unknowns x, y, 2, . . . are to be chosen to make this a
minimum, so that the derivatives with respect to z, y, 2, . . .
must vanish. Thus a minimum value is obtained when the
unknowns are calculated from the equations

{[aa].:: +[ably +[acle+. . .=[an],
[ab)e + [0bly +[be]e +. . .= [bn],

These are known as the normal equations: from them the
valuesof 2,7,2, . . . are to be determined by ordinary algebraic
analysis. Evidently, in order to form the normal equation with
respect to uny one of the unknoiwns, we must multiply each of the
original equations by the coefficients of the unknown in this
equation and add together all these products.

The method which has been followed was named by Legendre
the Method of Least Squares.

In deriving the normal equations from the equations of condition we
can use tables of quarter squares, for we have not only

[ae]=a2+ a2 +. . . +a
but also [wb]=}{[(@ + D) (& + )] - [wa] — [BB]}.

As a check on the computation of the normal equations, it
is well to calculate the sums

—u1+b+cl .+f1+nl,

—a,,+b +ey+. . +/3+'n,,

and from these to calculate the sums [ac], [b0], . . ., [fo)
These, with the sums [wa] . . . [/f] which have already been
computed, should satisfy the equations

{[(m] +[ab]+. . .+ [af] + [a’n] [ae],
[af]+[bf]+ +[ff]+[”f] [f‘f]

The verification of these equations serves to assure us of the
accuracy of our calculation of the normal equations. We shall
discuss later (§§ 117-121) the systematic solution of the normal
equations and the controls connected therewith, For the
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present we shall regard the solution merely as a matter of
elementary algebra.
Ex. 1.—Find the most plausible values of & and y from the equations

4-91a — 59-0y = — 339-8
2:726— 2Ty= — 475
0-05c+ 32-4y= 2625
-2:91z+27-Ty= 1529
— 4Tz + ldy=— 279,

We shall first find the normal equation for z Ly use of Crelle’s
multipheation table. Multiplymg each equation by the coefficient of =
in it, we have

24-11— 2897y = — 1668-4

7402 — T3y= — 129-2
1-6y = 131
8:475— 80-6y= — 444-9
29.75x— 6Ty=  133-1L
Adding, we get
62-73x — 382-Ty = — 2096-3. (¢}

This 18 the normal equation for w.
We shall now find the normal equation for y by use of a table of
squares. We have

[ea] = 4.912 + 2,722 + 2.912 4 4,772 = 62-73
[bh] =592+ 2 72+ 32 42+ 27.72 4+ 1.42=5307-3
[a + b, @+ D] = 54.092 + 32,452 + 24.792 4 3.372
=2925-73 + 1053 + 61454 + 11-36
=4604-63
[b+mn, b+n]=281846-10
[n, n]=210783:36.
Therefore
[ab]=114604-63 — 62-73 — 5307-3} = — 3827
[ow] =1 [b+mn, b+ n]—[bb]—[nn]} =1 (65755-44) = 32877-7,

and the normal equation of y is
— 382-7x + 53073y = 32877-7. (@)

From (1) and (2) we find
7="-81, y=86-76.

The computation of the normal equations and the check on the
computation may be carred out simultaneously as in the following
scheme : the coefficients in the normal equation for z being read from
the row (3), and the coefficients in the normal equation for y from the
row (4). In each table a row is formed for each of the given equations,
and the columns are added. The sum of the first three columns should
then bhe equal to the sum of the last colummn,
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a b. n. o “
491 -~ 590 - 339-8 - 393-89
2:72 - 27 — 475 — 47-48
0-06 32-4 262-5 294-95
-29] 27-7 152-9 177-69
—-4-77 1-4 - 279 - 3127
aw. ab. an. ao.

24-1081 - 289-690 —1668-418 -~ 1933-9999 ’
7-3984 - 7-344 - 129-200 - 129-1456 |
0-0025 1:620 13-125 14-7476 .
8-1681 - 80:607 — 444-939 - 517-0779 !

22-7529 -  6-678 133:083 149-1579

Sum | 62:7300 - 382 G99 - 2096 349 —2416-3180 J 3)
ba. bh. bn. bo.
— 289-69 3481-00 20048-20 23239-51
- 7-344 7-29 128-25 128-196
1-62 1049:76 | 8505-00 9556-38
- 80-607 767-29 .«  4235-33 4922-013
- 6678 196 | —-39-06 | —43778
Sum | - 382:699 5307-30 3287772 3'7802-321 4)
na nh. nn no
- 1668-418 20048-20 115464-04 133813-822
- 129:200 128-25 2256-25 2255:300
13-125 8505-00 68906-25H 77424-375
— 444-939 4235-33 2337841 27168:801
133-083 - 39-06 778:41 872-433
Sum | —2096-349 32877-72 210783:36 241564-731 (5)
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Ex. 2.—Find the most plausible ralues of x and y from the equations
z+ y=2301
20— y=0-03
@+ 3y ="7-02
30+ y=4-97.
Ezx. 3.——The jollowing duta were read from « graph showiny the probable

stature of son for given futher's stature, denoted by S inches and F inches
respectively :

S. 657 66-8 67-2 69-3 69-8 70-56 70-9
F. 62 64 65 69 70 71 72.

If 8 and F are connecled by the relution S=a + bF, determine by the
Method of Least Squares the most probable values of the constants a and b.
(Edin. Univ. Actuarial Diploma, 1922.)

109. Reduction of the Equations of Condition to the
Linear Form.—In many cases the original data of the problem
are not immediately expressible as a set of linear equations of
condition. Suppose, for example, we require to find the most
plausible values of z and y from a set of equations

fl(’l"l ."/) = Uy, fz(‘l"’ ?/) =Uy - . .ﬂ(’q" ?/) = U,
where f;, . . ., f, are known functions and gy Ugy « « o Ug BT
measures derived from observation and liable to accidental error.
In this case we first find, in any way, an approximate pair of
values of z and 7, say #, y. Putting z=a+ £, y =4+ , we have

&) =file+ & y+m) =%z, y) + aﬁ%-’?)ﬁ 3,___/'1(;2 3—/—),,

%y
approximately.

The equations of condition thus become

afl(abl Ne JJ&%_ Y) =t~ £ilE 7).

af(@ 4/)5 W. ) n=th =17, ),

and these, being linear in (¢, "1)» can be solved by the process
already described.

Ex.—Determine the most plausible values of the rectangular co-
ordinates (v, y) of o point P, given that its measured distances from the
points (0, 0) (7,0) (0, 6) are respectively 6-40, 4-47, 5-38, and that these
measures are of equal weiyht.
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We readily find graphically that approximate values are Z=5,y=4.
Therefore writing =2+ §, y =y + v, the equations of condition become
{G++ 4+ 'l/)g}ir 6-40,

{2 =02+ (4492 =447,
{6+82+@2 - n)"‘ 5:38,

6&+ 4y

26T _6.40 — /41 = 0-00

Tl 340 — /41 = 0-0031,
—-2£+4y

or —J0 =4-47 - /20 = 0-0021,
5&—21}
g =038 /29 = 0-0052.

These equations, which are linear in £ and 7, are now treated as ordinary
equations of condition as in § 108.

110. Gauss’s “Theoria Motus”: the Postulate of the
Arithmetic Mean.—We now proceed to consider the various
attempts that have been made to place the Method of Least
Squares on a logical foundation.

The first writer to connect the method with the mathe-
matical theory of probability was Gauss.* His treatment
assuwmes as a postulate that when any number of equally good
direct observations M, M', M”, . . . of an unknown magnitude
x are given, the most probable value is their arithmetic mean.
Gauss’s deduction of the law of error will be given in § 112:
for the present we shall consider the postulate in itself.}

This postulate must be distinguished from the statement that as the
number of observations is increased indefinitely, the arithmetic mean
tends to the true value of x: this latter statement is indeed correct,}
and is true of an infimte number of other functions hesides the arithmetic

niean : § but we cannot infer from it that the arithmetic mean gives the
most probable result when the number of observations is finite.

In recent years the postulate of the arithmetic mean has

* Theoria motus corporum calesttun, Hamburg (1°09), § 177. Gauss
mentions that he had used the method from the year 1795.

t For a critical discussion see P. Pizzetti, ‘I fondamenti mat. per la critica
dei risultati sperimentali,” Atti della R. Untv. di Genora per il centenario
Colombiano, 1892, pp. 113-334.

} Indeed we may define the frue value of a physical quantity as the limit fo
whach the mean of n observations tends when n increases indefinitely.

observations 1s increased indefinitely.

~>0, where  is any odd function, when the number of
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been exhibited as a deduction from other axioms of a more
elementary nature* which may be formulated thus:

Aziom I—The differences between the most probable value
and the individual measures do not depend on the position of
the null-point from which they are reckoned.

Aziom II—The ratio of the most probable value to any
individual measure does not depend on the unit in terms of
which measures are reckoned.

Ariom III.—The most probable value is independent of
the order in which the measurements are made, and so is a
symmetric function of the measures.

Awziom IV.—The most probable value, regarded as a function
of the individual measures, has one-valued and continuous first
derivatives with respect to them.

From these four axioms we can derive the postulate of the
arithmetic mean in the following way :

Suppose the most probable value is expressed in terms of
the n measures z,, ,, . . ., &, by the function flz,, #, . . ., #u).
Then by the theorem of the mean value in the differential
calculus (which by Axiom IV. is apphca.hle we have

Flewy, k. . . e = 0,0, . . . 0)+ k,l[a i ] + k;ﬂ[gi ]

where the square brackets denote that every zis to be replaced
by 6kx, where 6 lies between 0 and 1. Now by Axiom II., the
left-hand side = &f{«,, #,, . . ., #,): and since by the continuity
of the funetion f, the equation

Slery, kexy, . . ., kr)) =kfley, o, . . ., @)

must hold in the limit when % is zero, we have

Thus we have A0, 0)=0.

Eflay, 2, « . ., a',,)=krl[%]+. . .+Iar,,[%],
or, dividing by %,

Sy, my, . ., m,,)=a'l[§{; A+, af

* Cf. G. Schiaparelli, Rend. Ist. Lombardo, (2) 40 (1907), p. 762, and Ast.
Nuch. 176 (1907), p 205 ; U. Broggi, L' Enseigncment mathématique, 11 (1909),
p- 14; R. Schimmack, Math. Ann. 68 (1909), p. 125,
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In this equation make 4->0: then each of the quantities [aa'f
“ n.

tends to a value which is independent of the a’s, so we can
write flay, ap, . . ., Xy) =Cpty+. . .+Cpr,, Where the c’s dre
independent of the #s. By Axiom III., the «’s must all be
equal, so

f(zl'l, Ty o o o .'l:,,)=c(.l’1+.l’2+. . +.r,,),
and since Axiom I. gives the equation

Sy +h, o aat ) =fle,+. . )+ h,
we have cnh=h,
80 c= 1'.
n
1

Therefore f(z,, 2, . . ., a:,,)=7~b(a:1+;r2+. ot T),

which expresses the postulate of the arithmetic mean.

111. Failure of the Postulate of the Arithmetic Mean.
—JFor certain types of observations the postulate of the
arithmetic mean is not valid: in particular, for visual photo-
metric measurements in astronomy.* In these the quantity,
of which measures are made, is the ratio of the brightnesses
of the two stars. Suppose that x is the true value of the ratio
for the two particular stars, and let ,, ,, . . ., I, be different
measures of it. The observations being supposed to he made
visually, we take as our starting-point the Weber-Fechner
psycho-physical law on the sensitiveness of the human retina
to differences of light intensity: this asserts that increment of
sensation is proportional to relative increase of excitation, or

8E = constant x Sll’ where E measures the sensation of light and

l is a physical measure of its intensity. If E and E, denote
the intensities of perception corresponding to the brightnesses
! and =, we have therefore

E-E,=clog é
The quantities E - E, represent the errors of observation ;

denoting them hy A, A,, . . ., A,, we have

A,=clog%, A2=clogi?, c A,,=clogi—r".

* Of. Seeliger, Ast. Nach. 132 (1893), col. 209.
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The A’s appear to obey the normal law of facility : so that the
most probable value of x is that which makes
o-PAR+ARE . . . +AnD)
a maximum, 7.e. which makes
AZ+AZ+. . . +4,2
a minimum ; this gives

04, ?)A oA,
A, o + 4, 2gnte +A,,a =0
l l l
3 2 D=
or logx+logw+. . .+1o 0,
80 by - by
alt ’
L
or e=(ll ... L)

This formula for determining the most probable value from the
observations was first given by Seidel in 1863.*

Ex.—Show that <f the probubelity that the error of a measurement will
be between «w and x+dx 9s {1+ |ha |2} ~1dx, where ¢ and h are constant,
then the arithmetic mean of two measurements ts not as reliable as a sungle
measurement, and in fact 18 the least probable value amony all possible
wetghted meuns. (E. L. Dodd.)

112. Gauss’s “Theoria Motus” Proof of the Normal
Law.—We shall now show how, when the postulate of the
arithmetic mean is granted, the normal law of error can
be deduced.

Suppose that for the measure of an observed quantity, the
probability of an error between A and A+dA is ¢(A)dA, so
that ¢(A) is the relative frequency of error. If e denotes the
least quantity to which the measuring-instrument is sensitive,
we can suppose that the possible values of any measure proceed
by steps of amount ¢, and the probability of an error A may be
taken as ¢(A)e.

It should be noticed that it is here tacitly assumed that the probability
of a certain deviation depends only on the magnitude of the deviation,
1f this assumption is not made, a law of facility munch more general
than the normal law may be deduced.

* Munchen. Abh. 9 (1863).
t Cf. Poincaré, Calcul. des prob. p. 165, and B. Meidell, Zeits. fur Math. w.
Phys. 88 (1908), p. 77.
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Now suppose that & number s of measures M, M, M”, . . . are
taken of a quantity # whose true value is p. The errors are
A=M-p, A'=M'-p, ete. The probability of the error in the
first measurement being M —p is ¢(M —p)e; the probability
of the error in the second measurement being M'~p is
¢(M’ - p)e, and 80 on. The probability that a set of measures
(M, M’, M" . . .) will occur is therefore

€. ¢M-p)p(M -p)p(M"-p) . . . .
If now we assume that, before the observations are made, all
values of z are equally likely to be the true value* it follows
from Bayes’ theorem in Inductive Probability that, when the
observations have been made, the probability of the true value
of » lying between p and p + dp is

oM -p)p(M - p)p(M"-p) . . . dp
[ M- p)s(M - p)o(M"~5) . . . dp

-0

b

and therefore the most proballe hypothesis regarding the true
value of » is that # has that value which makes

(M - 2)g(M - )$(M’ ~2) . . .
a maximum, ¢.e. that value of x for which

52 log $(M -2) =0. 1)

Adopting the postulate of the arithmetic mean, we see
that equation (1) must be equivalent to

= MM S, L)
n
or EM-a)=0.
Therefore ZZZZ log ¢(M — 2) =¢(M - z),
where ¢ denotes a constant, and therefore

H(M — ) = Ag—it-,

where A denotes a constant, so
(D) = Ae-ical,

* It is not necessary to make this an independent assumption, for it may be
deduced as a consequence of the postulate of the arithmetic mean, which will
be introduced presently.
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Since the sum of the probabilities of all possible errors is
unity, we have

] ® s(a)da=1

or 1=A / “ g-teargp,

- 00

But f " ey =,

¢
S0 A= /J 727_!'.
Writing % for /(3¢), we have
_P s
$(8)= VA

which shows that the distribution of the meuswres about the
truc value is @ normad frequency distribution.

113. Gauss’s * Theoria Motus” Discussion of Direct
Measurements of a Single Quantity.— Assuming, then, that
in the measure of an observed quantity the probability of an
error between A and A + dA 18

3 SN
T

where % is the modulus of precision, we note that the modulus
of precision affords an indication of the weight which must be
attached to an observation when it is to be combined with
other observations. Thus in observations to determine the time,
made with the meridian circle, the modulus of precision is less
for a star very near the pole than for an equatorial star, so in
combining the results of an equatorial with a circumpolar
observation we should attach more importance to one than to
the other.

Suppose now that s measurements are made of a quantity z,
the measures being u,, 7y, ... u, and the corresponding
measures of precision being A, Ay, . . ., h, Let p be the true
value of #, so the errors are p—a,, p~r, . .. The probability
of precisely this set of errors is therefore

G RN L W L m—
w ™ ™
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Now the most probable value of » is that value of p which
mokes this expression a maximum, 4.. it is the value of
which makes

b2z — )2+ h2(e— a2 +. . .+ B2 ~m:,)?

a minimum. It is therefore given by

b —m)+ h2a~zy) +. . +BE(r-2)=0,
2 2., 2.,
or .7;=k1 g+ g+ .+ R W

I Tl
Now we have seen (§ 89) that the modulus of precision
H for any linear function @A, +a,A,+. .. of the errors
A, A, . . . whose moduli of precision are /,, A, . . . i8 given
by the equation

1 __((,2 (g} a2 o

jio I-]-‘:;-2+. - E (2)
Therefore the modulus of precision of the quantity z given by
(1) is H when

11 (Rt Rp ht
ﬁz_(S/b—)é{/llz-i-}—b?-l-. . '+h}}’
% H2=h2+hl2+. . .+h2 (3)

Now let 4 be the modulus of precision of certain observa-
tions which are taken as a standard for comparison of precision,
and write

h? h2 h2 H2
3 Wy = ]),E’ W = %5. (4)

A | . =
Wy = 7% Wy 7E Y

The equations (1) and (3) become
ye Wyl + gty t. . + Wiy
W+ 10+ o Wy
W=w,+wy+. . .+,

)

These equations are evidently analogous to the equations
which determine the position of the centre of gravity of
particles of weights w,, w, . .. w, placed at the points
Ty, Ty . . . &, respectively, W denoting the weight of the
equivalent body to be placed at the centre of gravity. On
this account ww,, w,, . . ., m, are called the weights of the
obgervations »,, 7, . . ., 1, respectively; the weight W of the
result is the sum of the weights of the separate observations.
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Hence we deduce at once the following results:

1. The mean of s equally good observations has a wetght s
times that of any one of them.

2. If w denotes the weight of a determination p which s
deduced as the most probable value of x from a certain set of
observations, and if we adjoin a new observation z= p+w, of

wetght 1, then the most probadble value of x s PHo——q (md it

has the weight (w+ 1).
3. If an observation wx: has the weight w, then on multiplying

it by any number A the new wvalue A has the weight %Jl. For

if the probability that z lies between  and z + dx is Jin"‘"’dx,
T
then, denoting Az by y, the probability that y lies between y and

;,,2
y+dy is ):’—/-—c a dy, so the modulus of precision for Az 15’:

and therefore the weight of A is ;{;. It follows that:

4, Observations of different weights can be treated as observa-
tions of unit weight by multiplying euch equation of condition
by the square root of its weight (§ 114).

Ex—If oz, +agtp+. . . +ag% 98 a lnear functun of independeut
eslimates X3, Ty . . . Ty nf « nwmber w, determine a, a .o
subject to the condition ty+ag+. . .+ag=1, 50 that the wezght of the
linear function may be a mazimun.

1 a2 2 2

From equations (2) and (4) above we see that — =-1 +2 2 o+ ‘f‘-
W oy w, w,’

where W is the weight of the linear function and wy, wy, . . ., wj are the

weights of the independent estimates. Therefore we must have

alda1+aﬁda. aglag -+w,da,

0=
b1 2 Wy
subject to O=da, +dag+. . .+day,
and therefore (—tl=‘f3=. .. -l —'ﬁ+a2+ k)
w, Wy Wy wy +Wet. . .+w,
w0,

s0 y=——+4
W +wyt. .+,

Thus the estimate for z which has the greatest weight is
x='“’1”1+"7g'52+- . .+1£,,3-_,
wy+wet. . dwp
This agrees with the value of # given by the Method of Least Squares.
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114. Gauss’s “Theoria Motus” Discussion of Indirect
Observations.—Now suppose that a set of unknown quantities
%, ¥, %, . . . are to be determined from s measures n,, n,, . . ., 7,
the unknowns being connected with the measured quantities
by the equations of condition

{alm+ by+ez+. . . +fit=mn,

ax+by+ez+. . . +fil=mn,

where the coetficients a,, b,, . . ., @, by, . . . are supposed to be
known accurately, while the measures are liable to accidental
errors of observation. Suppose that for the observed quantity
n, the measure of precision is %,, for the observed quantity =,
the measure of precision is A,, ete.; then the probability of an

7"1‘16 —ly20,2

error A, in n, is , Where ¢, is the smallest quantity to

which the measuring-instrument of #, is sensitive, so that the
measures may be supposed to proceed by steps of amount e,.
Then as in § 113, the probability of the concurrence of errors

A, A, ... 18
Zﬁlilf"l“l’ ﬁ'ﬁzc- ha?ag?
Jr n C ey
and the most probable values of 2, 7, 2,. . ., ¢ are those which
make this expression a maximum, when
A=apr+by+er+. . . +fif—ny
Dy=ttyr + by +c2+. . .+ [yt — my, efc.
The values (v, ¥, 2, . . ., t) must therefore be determined
from the condition that
h2A2+ D202 +. . .+ B 2A2

is to be a minimum. TIf wy, w,, . . ., w, are the weights of the
observations (which are proportional to the squares of the
moduli of precision), we must therefore have

WAL+ w A2+ L LAl
a minimum: that is, in the notation of § 108,

[wanlo® + [wbb]y® + [weele® +. . .+ 2[wablry+. . .
- 2wanlr—. . . +[wnn]
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must be a minimum, and therefore the unknowns z, %, 2,. .
must be determined from the equations

[rac)e+ [wably + [wacle+. . . =[wan],

{[wab] 5+ [wbbly + [wbelz +. . . =[wbn],

These are the normul equations.

It is evident that an observation of weight w enters into
equations exactly as if it were w separate observations each of
weight unity. The best practical method of accounting for
weight is, however, to prepare the equations of condition by
multiplying each equation throughout by the square root of
its weight : the resulting equations then have their weights all
equal, as we have seen (§ 113).

115. Laplace’s Proof and Gauss’s “Theoria Combina-
tionis ” Proof.—The Method of Least Squares was established
in an entirely different manner by Laplace in 1811,* and by
Gauss (who to a considerable extent adopted Laplace’s ideas) in
1821-23.%

The common principle of these and various modern proofs
which have been developed from them may be stated thus:

Suppose that for s linear expressions

apt + by +ez+. .
agr+ by +ez+. . . (1)

ai+ by +ez+. . .

we have respectively the independent estimates n,, ny, . . ., 7,
derived from observation, the number s being supposed greater
than the number of unknowns z, 7, 2, .
For the quantity
Maz+by+ez+. . )+ M(ar+by+ez+. . )+, ..
+M(ez+by+ez+. . ) ... (A)

* Théorie anal. des prob. Livre I1. chap. iv.(1812), following a memoir of 1811,

t Theoria combinntionis observatrionum erroribus minimas obnoxiae, Werke,
Band IV. p. 1. A French translation by J. Bertrand was published at Paris
in 1856.

Gauss in a letter to Bessel of February 28, 1839, admitted that he had changed
his views regarding the establishment of the Method of Least Squares since the
publication of his Theoria Motus in 1809, having abandoned the ‘“ metaphysical ”
basis on which the Method was founded in that work.
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we have therefore the estimate
Ay + A+ o L+ ARy

Suppose the A’s are chosen so that in the expression (A) the
resultant coefficient of # is unity and the resultant coefficients
of y, 2, . . . are all zero, so that

Mg+, o ANy,

is an estimate of . The problem is to lay down such further
conditions for the A’s as will secure that this is the best possible
estimate for z. Now this can be done if we take as a funda-
mental idea the notion of the weight of an estimate. Let n be
an estimate, derived from observation, of the value of some
quantity : then we shall suppose that with this estimate is
associated a number w which will be called its weight. We
shall further establish (in various ways according as the method
of Laplace or of Gauss or of more modern writers is followed)

that if w,, w,, . . ., w, are the weights of the estimates n,, n,,
. . ng for the linear expressions (1), then the weight of the
estimate A;m, +. . .+ A, for the expression (A) is W, where
LA A,
W, + an, teet w,

Finally, we shall define the best possible cstimate for o to be
that whose weight is greatest. With these presuppositions the

best estimate for = is
Z=MNy . .t AN, (B)

where the A’s satisfy the equations
Mg+ A +. o LA = 1
Aby+ A0, +. . +A00,=0 C
A , =0 ©)
101 F Ay +. . AL =

Also we have
MEA L AdAy AN

W, ity ’ w0,
These equations give at once

A

]”l- + pay +/L'b] + p.”(}l +...=0,
1

An 4 Ib ” — 0

:};; MJ+M 3+/l46"+...— 'y
8

(D 311) 16
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or A+ pwyy + pwiby + pwie + . L L= 0} D)
./\, + p.:w,,a, + ,;’w,,l;, + ,:f'.w,,c, + v - 0 .
Substituting for the A’s from (D) in (B) and (C), we have
0 =2+ p[wan] + p'Twbn] + p'lwen] +. . .
0 =1+ pfwacw] + pwba] + p'lwea] +. .

0= p[wad] + p[rwbb] + p'[web] +. . .
0= plwac] + u'[wbe] + p"[wee] +. . .
ete.

Eliminating the p’s from these equations, we have
O=|z [wen] [wbn] . . . [wfn]
1 [waa] [wba] . . . [wfe]

0 [wef] [wbf]... [wff]

[wan]  [wbn] . . . [wfn]
[wad]  [wDD] . . . [afD]
[wae]  [whe] . . . [wfe]

l':wuf] . [T . . [ug/f]l
P .

[waa] [wba] . .. [qua]i
[wad]  [wbD] . . . [wfb]
[wae]  [whbe] . . [wfe]

[waf] [whf] . . . [wff]
As this is the value of x obtained from the ordinary normal
equations of the Method of Least Squares, we see that the
present investigation leads to the establishment of that
Method.

116. The Weight of a Linear Function.—It remains to
show how the equation
1 A2 )2 A2

W ow, w, tee '+711:,,
has been obtained by the different writers who have furnished
proofs of this type. Laplace obtained it by investigating the
value of a linear sum of errors

Me+. o o+ AEg

or

(E)
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when each of the errors has a definite law of facility, say the
probability that the rth error lies between ¢, and ¢, + de, is
¢(ey)de,.  This investigation we have given in a form some-
what different to Laplace’s, in § 86: as is there shown, it leads
to the result that if

[ " ()

is denoted by #? then the probability that the linear sum
Ae +. . .+ Mg, lies between — and +/ is, when s is large and
under certain conditions,

1 [ -waw
(=N ) ¢ du,
and whatever / mnay be, this is a maximum when
A2l 2+ A2+ . L+ AR
is @ minimum. Defining the weights as inversely proportional
to k2 ... k2 we obtain the equation (E). It will be
noticed that Laplace’s method requires that the number of
observations should be very large, or else that the elementary
errors should follow the normal law of facility.
Gauss, on the other hand, writing
{e, =apy+by+...-my,

e=ax+by+. . .—ng
obtained accurately
=Mt o A A0) + (A +. o L+ M),

where as before the A’s are multipliers which satisfy the
equations

Ay +. .+ AD, =0,

{)»lal ST D WIFE
etc.,

and therefore reduce the coefficient of » to unity and the
coefficients of 7,2, . . . to zero. He then assumed that the
importance of the error A, +. . .+ A, 4., the detriment of
which it is the cause, may be represented by (A, +. . .+ M)
That is, (A, +. . . +Ae,)? i8 a function whose mean value is
to be made a minimum. Thus instead of securing that the
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probability of a zero error is to be a maximum, as he did in
the Theorin Motus proof, Gauss now endeavoured to diminish for
each unknown (uantity, the probable value of the square of the
error committed. Now

(A& .« o+ M) =320 %2 + 22N Ageqe,

The mean value of €2 is

j €%p, () de = 2k 2,

and the mean value of e;e; i8 zero.
Hence the quantity to be made a minimum is

M2+ . L+ AR

a8 in Laplace’s proof: and it appears from Gauss’s proof that
this formula can be obtained by making minimum the mean
square of error (which is the average of the true square of error
for an infinite number of cases); or in other words the Method
of Least Squares gives a result such that, if the whole system of
observations were repeated an infinite number of times, the
average value of the square of the error would be a minimum.
The postulate of the arithmetic mean, on which the Z%eoria
Motus proof was based, is not needed here. Gauss himself
decidedly preferred this proof to his earlier treatment.*

Some modern writers have derived the equation (E) directly
from assumptions regarding weight, which is taken as a funda-
mental notion, and have thereby succeeded in establishing the
Method of Least Squares without any appeal to the ordinary
theories of probability of error. This may be done in the
following way :

Let n be an estimated value of a quantity z: then we shall
associate with this estimate a number w which will be called
its weight, and we shall assume as an artom that the weight of
the estimate An of the value of Az (where A is any number) is
of the form (), where f(A) is some function of A. If p is any
number, the weight of the estimate uAn of the value of uAx is

* Cf. letter of Gauss to Schumacher, November 25, 1844, 1n Gauss, Werke,

8, p. 147.
t Cf. Bernstein and Baer, Math. Ann. 76 (1915), p. 284,
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therefore w/{A)/(r) : but it is also f(Au); so the function f must
satisfy the equation
Sp) =) (k)

whence we have J(A) =2k,

where % is some number. Thus if the weight of the cstimate
n for  be w, the weight of the estimate An for Ax 18

WAk, (1)

Next suppose an estimate ! for 2 has the weight » and an

independent estimate m for y has the weight g, and let the

weight of the estimate / + m. for r+y be 7.
We shall assume as un a.riom that r is given by an equation

of the form

¥(r) = () + ¥(0), (2)
this being in fact the definition of independence of the two
estimates. Since the estimate Al for A+ has the weight pA*
etc., we have

Y(ra) = y(pAs) + $(gM). )

We have therefore to find the nature of the function y for

which equation (8) is a consequence of equation (2), whatever

A may be. Regarding r as a function of p and ¢, we have by
differentiating (2) with respect to p

¢(r ) =¥(p),
and by differentiating (3)
VR = 1),

?)])

¥ (]W‘) y(rah)
Thus T »
: v~ )
and similarly the latter fraction is equal to
¥(gM)
¥'(9)
vipM) . ,
Therefore ) is independent of p, and therefore since
pAF is symmetrical with respect to p and A%, we must have
_¥(pA)

¥(p)¥ My
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a constant independent of » and A:. The function ¢’ therefore
satisfies the functional equation

g(@ y) =cg(+)9(y),
which shows that y'(z) is a mere power of # multiplied by a
constant, and therefore y(xz) is also a power of 2 multiplied by
a constant. This constant has no influence on equation (2),
and we can therefore write without loss of generality

Y(z) =ar. 4
Next let n, and n, be two independent estimates of z, each
of weight 1. Then by (1), in, and §n, are two independent

estimates of } x, each of weight -2},-‘: and therefore by (2) and

(4), 3n, + 4n, is an estimate of & of Weight 7, where

"'7"() <2k> ‘)lvl

We shall now assume as an aziom that if two independent
estimates of the same quantity are each of unit weight, their
arithmetic mean is an estimate of the same quantity having
the weight 2. 'We have therefore 7 = 2, and consequently

2= 27.}“:1
or (B+1)y=1. (5)
Combining (1), (2), (4), (5) we see that if », is an estimate
of x, with weight w,, and if =, is an independent estimate of
z, with weight w,, then A%, + A\yn, is an estimate of gty + Ay
with the weight r, where
P =0 T YA, (6)
Now suppose that n,, 7, . . ., 1, are estimates of z,, z,, . . ., 7,
respectively, each of weight 1. Then by repeated applications
of (6), we see that =m,+m,+. . .+n, is an estimate of
2+ %y +. . .+, with the weight » where
W=1"+1"+. . .+ 1V=3s,
1
8o r=4.
Now we shall assume as an ariom that when the weights of
Ty, - « ., M, are each unity, the weight of =, +ny+. . .+ n, is
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of the order —:-, i.e. the product of this weight and s is always
finite and bounded as s—»o. Therefore

%=-1or-y=—1. )
By (6) repeated and (7), we see that if n, m, . .. n,are
estimates of 1y, %,, . . ., x5 respectively, of weights wy, w,, . . ., W,

then Ayny + Agny +. o .+ Aymy, 05 @n estimate of Ay + Mgty ++ « o + Ay
with the weight W, where

LM,

W ow, w, " w,

This is equation (E), from which, as we have seen, the
Method of Least Squares may be derived.

117. Solution of the Normal Equations.—We shall now
discuss the solution of the normal equations, which are equal
in number to the number m of unknowns, and which we shall
write

Al + 0yl +. o o+ Ol =Cy
ot +Qgolf +. o o+ agy,l =,
A1l + Ul + o o o+ Al =Cpy,

where a ,=a,,.

Let D denote the determinant ||a,|l, and let Ay, denote the co-
factor of a, in D. Then the solution of the above equations
is known to be

Di=Ape, +Ancy +. « « + Apulm,
D’/ A]z 1 +A 02 .+ Am2a'mr

Dt = Almcl + Aamcz .+ Ammcm
The problem is therefore to ca.lculate D and its minors A,
To effect this, by the repeated application of the theorem of
§ 38, we reduce D to a determinant of lower order: the process
may conveniently be stopped when the reduced determinant is
of the 4th order, so that we have, say,

D=M bmml bm,'ng bmmx bmln‘
bmgnl b bmwg bm;ﬂl‘
bmsm qu/ng bmana bm,m

b

bmm] bm.n 3 bm.,na gty
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where M denotes an external factor, and each element by, has
been derived from an original element a,, by a succession of
processes of the kind described in § 38.

Now if b,, is one of these 16 surviving elements, the
minor Ay, of D may be reduced, by precisely the same trans-
formations as D, to the product of M and a determinant of the
3rd order: indeed this reduced form of Ap,, may be derived
from the above reduced form of D by merely forming the co-
factor of b,, in it. Thus a single reduction-process furnishes
not only D, but also 16 of the minors qu'

Taking for example the case where we have 6 unknowns, so that D
is of the 6th order, we may reduce D by taking a,, and b,, in succession
as the pivotal elements, and shall thereby obtain the minors

Agy A% A A%y Ay AT AT, Ags A% A
those with an asterisk being obtained twice,

We can next reduce D independently by taking ¢g, and bgg in
succession as the pivotal elements, and shall thereby obtain the minors

ApAfy Ay Ay Agy Agy Agy Ay Agy Agg Ags Agy Agp Agg Ags:
so that altogether of the minors
Ap Ay Az Ay Ay Agg
92 Aoy Agy Agg Agg
Agg Agq Ags Agg
41 45 Sgg
56 156
66
we obtain fourteen of them once, three of them twice, and four three
times. These multiple determinations serve as checks to the calculations.
Ex. 1.—1To solve the normul equations
w4+ 3y — 2= —2v= 05,
3x+4y~5z+ uw—-3v= 54,
- 2% — by + 32 — 2u + 20 = — H-0,
Y—28+4bu+3n= 75,
-2c—-3y+22+3u+4v= 33,
we first form the determinant

D= 1 3 -2 0o -2
3 4 -5 1 -3
-2 -5 3 -2 2
0 1 -2 ) 3

-2 -3 2 3 4
and taking a,, as the pivotal element, we have at once
D=D'=|-5 1 1 3|=—25.
1 -1 -2 -2
1 -2 5 3
3 -2 3 0
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We now find the co-factors of the elements apq of D), corresponding
to the surviving elements in D. For example A, the co-factor of
=5 1in D, is evidently (§ 38) the co-factor of by=1 in D', s0

Apg=-|1 -2 -2|=3
1 5 3
3 3 0
In this way we find the values
Ap= 13 A= 3 Ap=-11 Agp= 16
Ap= 3 Ag= 18 Ag= 9 Apg=— 4
A,=-11 Agy= 9 Ay,= 17 A= —27
Ay= 16 Ag=— 4 Ag=—27 Ag= 3T
Now relecting a,, as pivotal element, we form the determinant
D=D"= 1 3 -2 -2/=-25
4 3 -7 -4

-1 —-19 23 18
-11 -1 17T 13"

and then determume the co-factors of the elements a,q of D, corresponding
to ¢y, of D”.  For example,

A= 3 -7 -—41 =52
-19 23 18‘
=15 17 13
In this way we find the values
Ag==-1, Agyg= 19, Ay=- 3, A;=18,
Ap= 52, Ap=— 1, Ap= 19, Ag=18

Now taking a,, as pivotal element in D we obtain the remaming

co-factors :
Ay=-1, A,=-3

The solution of the above normal equations can be written down at
once :
Dz=0-5A,; + 544, — 50Ag + T-5A, + 3-3A5
=2060-54—-95-0-22:5 + 59:4
or - 2= —37H; whence z=1-5.
Dy=0-5A10+ 5-4A gy — 5:0Agy+ T-5A 49+ 3-3A4
= —05+702—-150— 82-5 + H2-8
or — 25y =250 ; whence y= — 1-0.
Dz=0-5A.5+ 5-4A,5— 5:0Ag5+ 7-5A 5+ 3:3Ag
=95+16:2-90-0+67-5— 13-2
or —2b2= —10-0; whence #=0-4.
Du=0-54,4+ 5:4Ag — 5:0Agy+ T-5A 4+ 3-3A,
= —15-594—450+127-5 - 891
or —2bu= —0675; whence u = 2-7.
Do=0-5A,; + H-4Ag — 5:0Ag+ T-5A45+ 3344
=9-0+ 864 + 20-0 — 202:5 4+ 122-1
or - 25v=350; whence v= — 2-4,
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Ez. 2.—Solve the normal equations

bx~3y+ 72+ u+20= 3568,
- 3w+ 2y + 2u + 20 = 60-5,
Te+22 + w— v = 167-0,
*+2y+ 2+ u—bv=~— T,
QL +29— 2 —-bu+t+ v=— 712

118. Final Control of the Calculations.—When the most
plausible values zy, #,, . . ., {, have been found by solution of
the normal equations, we can calculate the residuals v, . . ., v,
defined by the equations

T+ byl + . o+ fifg— Ny =)
. . . . } (1)

ay+ 0o+ o o+ fily— s =0,

These residuals v are (as will appear later) required in order
to determine the mean error of our results. Meanwhile we
ghall show how they may be used to furnish a check on the
working hitherto.

‘We have
[v¥]=(amy+. . .+Silo—n)2+. o+ (m+. .« o+ fiy— m,)?

=[aa]rd + [DD)y? +. . .+ 2[ablogyy +. . . — 2[an]ry—. . .+ [nn]

=ziflaalrg+ ...+ [afJto - [an]} +yollab)ig+. . o+ [0 1t - [bn]}
+. . o= [an]ay - [bn]yy—. . .= [fnlt,+ [nn],
and by virtue of the normal equations this expression reduces
to the last set of terms, so we have
[#] = - [anleo~ [oalg . - . [/nJlp+ [nm].

This equation may be used as a control for checking the
accuracy of the whole set of computations, [#?] being computed
directly by squaring and adding the residuals. We have
previously (§§ 108, 117) described controls on the formation
of the normal equations and on the calculation of the deter-
minants involved in their solution.

119. Gauss's Method of Solution of the Normal Equations.—
The method of solving normal equations given by Gauss * differs, in form
at any rate, from the determinantal method described in § 117. It
may be described thus:

From the normal equation in 7, we find z in terms of the other
variables and substitute this value 1n the remaining normal equations:

* Theoria Combinalionss, Supplementum. The method is fully described by
Encke, Berlin. astrononvische Jahrbuch (1836), pp. 267, 272, and (1836), p. 263.
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this gives us the “first transformed sysiem,” which involves ouly
Y 2 . . » t, and is (ike the original system) axisymmetric.

From the first equation of the first transformed system (viz. that
equn.uon which was derived from the normal equatlon in y) we find
y in terms of %, ..., ¢ and substitute this value in the remaining
equations of the first transformed system : this gives us the “gecond
transformed system,” which involves only 2, . . ., £, and is also axi-
symmetric. Proceeding in this way we obtain at last an equation which
involves only ¢ and from which ¢ can therefore be determined: we then
determine all the other unknowns, each from the equation which was
used for its elimination.

Thus if the original normal equations are

az+ hy + gz=1,

hz + by + fz =m,

ge+[fy+ cz=mn,
the set of equations which are used in Gauss’s method for the final
determination of w, ¥, 2 are

am+hy+gz=l
|a g a l“
h b m
¢ h g a b I )
h b flza=h b m
g f ¢ g f =

Now 1f T denote the quadratic form which represents the sum of the
squares of the errors, numely

T =aa? + hy2 + 22 + 2fyz + 2g2x + 2hay — 2lx — 2my — 202 + u,
1t is known that T' can be expressed as a sum of squares in the form

mp_ 1 2 + -I% )
T'=_(ast+hy+gs— I+ —— h b Y hm
(.;h ,,
a h g « h l‘|2 .
] 1 a h gl
4 S Lb fla—=|h bm| 4 —s—- '
a h “h-’/{yfc gfu,J a by f’;{ﬁl
h bl|h b f hdv fld
. f g fel |l ma u

which shows at once that the equations (1) must necessarily represent
the conditions that T is 1o be a minimum, and shows also that Gauss’s
method of solution is substantially equivalent to the reduction of a
quadratic form to a sum of squares.

Ez. 1.—To solve the equutions

2+ 3y—22— 2v= 05, (¢))]
3x+4y—5z+ u—3v= b4, (2)
-2z — by + 32— 20+ 20= — 50, 3)
y—2:+bu+3v= 75, (4)

-2 —3y+22+3utdv= 33 (5)
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Eliminating « from equations (1) and (2), we have

1 8], |1-2| |1 o] ,|1-
la 4 y*l:;-., |3 1|"*|3-3 "’=['; b4 ‘
—by+z+u+3v=39, (6)

and similarly, by combining (1) with (3), (4), (6) in succession, we obtain
the equations

Y— 2—2u—20= —4-0, (7)
=26+ bu+tdom  T5, ®)
3y -2+ 3u = 43 9)

Now eliminating y from (G) and (7), we have

-5 1 et -5 5 3| _|-5H 39
1-1|"° 1—-% 1-2|" | 1-4-0|
or 42+ Qu+Tv=16-1, (10)

and simlarly, combining (8) with (8) and (9) 1n suceession, we obtain
0% — 260 —18v= —41-4, (11)
75— 18u— Yv= — 332, (12)

Continuing this process of elumination, the following equations ave
obtained :

185w + 1350 = 310-5, (13)

135u+ 850 =245-5, (14)

and finally, from (14), (13), (10), (6), (1), we determine the results
v=—14, w=27, =04, y= —1-0, and x=1-5.

B, 2.—Solve by (auss's method the equations

by —By+Te+ u+2v= 356G-8,

-3z + 2y + 2u+ 20 = 60-5H,
Tx 4+ 224+ u— v= 1670,
e+ 2+ 2+ u—bhv=— 75,
A+ 2y— s—du+ v=— 712

120. The “ Method of Equal Coefficients ” for the Solution
of Linear Equations.*—In a method of performing the
elimination, which is known as the Method of Equnl Coefficients,
the two first equations are reduced to two equations between
each of the two first unknowns and the remaining unknowns;
then these two with the third equation of the original system
are reduced to three equations between ench of the three first

* B. I. Clasen, Bruw. Soc. Sc. 12 (1888), A 50-59, B 251-281.
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unknowns and the remaining unknowns, and so on. The
advantage of this method is that the same coefficients occur
repeatedly, the elimination being thereby greatly facilitated.
The method involves certain divisions, which, however, should
always give exact quotients without remainders, thereby con-
stituting a control of the accuracy of the computation.

Thus let the equations be

a+by+ez+du+ev=p, 1,
gt + by + €2 + dott + 00 = f,, 1,
g+ Doty + g2 + daw + o0 = fo, 1,
am+ by +eg+du +ep=Ff, .
agt + by + ¢E + dgu + ep =, 1,

Eliminating  between 1, and 1,, we have
| @Dy |y +| iy | 2+ |y |1+ | ayey |0 =] ay [y, 2,
and eliminating ¥ between 1, and 2, by forming the sum of
—|a,b,|1, and 8,2, and dividing by a,, we have
—| @by |+ | by |2+ | bydy | w+ ]| by |0=]D 1. 2,

Now multiplying 2, by ag, 2, by - by, 1; by | a,b,| and adding,
we have

[1yDges | 2+ 1bytly | w + | aibyeg |0 = | ayby ) 3
Eliminating 2z between 2, and 3; by forming the combination
| @,Dyeq| 25 — | 0,65 | 35 and dividing by —|a,b, |, we have
— | tybges| y +| ey | w + ] aseyeg| v =] aye, f3 ], 3,
and eliminating z between 2, and 3; by forming the combination
| @,b,65 |2, — ! by¢,| 35 and dividing by - |a,b, |, we have
| 4ybg0s |2+ | byColly |4 + | Dyeyry | v =] Dty 3 3,
Now form the combination —a,3,+ 8,3, ¢35+ ]|m0,c,]1,.
We get
| byLally | 1 + | 1 DyCaty | 0 = ;o 1y | 4,
Eliminating « between this equation and 8; by forming
| @,byeq, | 85— | a,5,d5| 4, and dividing by —|a,byt5|, we have

— | aybyesd, | 2 +| aydydaey | =| aibyds fy |, 4,
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and similarly
| ayDtady |y + | ayoydyey |0 =| asendsfy ], 4
= [ yboaly | @+ | bytytlyty | v = bicydyfy | 4
Now form the combination a4, — b4, + c;4; — A4, + |a,b,047, |1,
We get
[aybytatlyes |9 =] ,byesy [ | 55
Eliminating » between 5; and 4, by forming |a,b,¢sd.e;| 4,
~ | a,b,eq0,| B; and dividing by | a,b,eqd, |, we have

= | aybutalyes | w=| 0 byea ), 5,
and similarly
|aqbyCatlyes | 2= aybydao 5 |, 5,
= laybyesdyos |y = | ayearlyr I, 5,
| asbyeslieg| @ =| bicyllye, /| 5,
The solution is thus completed.
Ex. 1.—To solve the equations
x4+ 3y — 22 - 2= 05, 1,
Be+4y—br+ w—3v= b4, 1,
=28~ 56y + 33— 2u+ 20= — §5-0, 1,
y—2¢+5u+3v= T-5, 1,
- 22 —3y+ 2+ 3u+4v= 33, 1;
Eliminating « from equations 1, and 1,, we have
-by+a+u+3v=39, 2,

and eliminating y between 1, and 2, by forming the sum of 5.1, and
3.2,, we obtain

bz — T+ 3u —v=14-2, 2,
in which the coefficient of »» iy minus the coefficient of y in 2,
Now multiply 2, by -2, 2, by 5, 13 by —5, and add to form the
equation
42+ 9u+ Tv=16-1, 3

in which there are no terms 1n # and y.
Eliminating 2z between 3; and 2, by forming the combination
$(4.24 — 3g), we obtain the equation

—4y—u+tv=-01, 3

in which the coefficient of y is minus the coefficient of  in 35
Now ecliminating # between 2, and 3; by forming the combination
(4.2, + 7.3;), we find
4z 4 15u + 9v = 339, 3,
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in which equation the coefficient of # differs only in sign from the
cocfficient of y in 3, Now form the sum 3,+ 2.3, +4.1,,

37u+27v=02-1, 4,
and eliminate  between this equation and 3,,
- 372 —4v= —9-2. 4,
The remaining equations of the process are
37y~ 16v= — 146, 4,
- 37+ 180= — 807, 4,
—250= 350, By
26u= 67-5, 5,
—25z= 100, 5,
25y= bl 25'0, 52
- 2bw= - 37-5. 5,

The required solution 1s therefore

L=1H, y=-10, 2=04, =27, v=-14,

Ew. 2—Solve by the above method the equations

Su—3y+Te+ w420= 356-8,

—3x+ 2y + 20+ 2v== 60-5,
T+ 2+ u— v= 167-0,
x+2y+ 2+ u—-bv=— 75,
2e+2y— ¢s-but+ v=— 712

121. Comparison of the Three Methods of solving Normal
Equations.—Comparing the three methods which have been
given—the Determinantal method (§ 117), Gauss’s method
(§ 119), and the method of Equal Coetticients (§ 120)—we may
say that the Determinantal method is on the whole the best for
the solution of a set of normal equations. It should be observed,
however, that the superiority of the Determinantal method
depends on the circumstance that a set of normal equations
is always axisymmetric (i.e. the coefficient of y in the normal
equation for z is equal to the coefficient of # in the normal
equation for y). For a set of linear equations which is not
axisymmetric, the Determinantal method is inferior to the
method of Gauss.

122. The Weight of the Unknowns.—We shall now
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investigate the weights of the determinations of the unknowns
x4, ...t Denote the most probable values of the unknowns
by 2y, %g» - - » % We have in the notation of § 117

Day=A 6+ Ayt +. . .+ Ayim,

where D and the minor A,, depend only on the accurately-
known coefficients «, b, . . . of the equations of condition and
where

Cy =y Ty + WollyNg + o o o+ WMy
Cy =10,y + 1031y +. . 410,01,

80 Dy = gpoyn, + Egng + . o o+ Egrgny, (1)
where
L=Apa, + A+, . o=y by ¢ .. fy
gy Moy (logg o o . gy
Mgy (g (gg o . . U3y

U1 A2 Opg « « o Cm

£=|ay b, ¢ ... fy ,ete
(g Ugg Upg « « o Qopy

il n2 €3 o+ o U

By giving to n,, . . ., m, the particular values ¢,, . . ., a,, in
which case we should evidently have xy=1, we derive from
equations (1) the result

D =[&iwa], (2)

and similarly by giving to =, . . ., n, the values &, . . ., b,, in
which case =0, we have

0= [£wd]. (3)

Let 2, be the weight of the determination of z,, Then since
7, is given by equation (1), we have by the formula for the
weight of a linear function of n,, . . ., m,,
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2
% =& + L, +. .+ E2w,

w1y WDy . wi S |+ Wobolty Wby o o b fo |+ . .

Uy gy oo Qg Qg gy .. (g
Oml Oz oo o Qg Tt Q2 - - o
+ | w0,Eetty W,EDy « « . Wik S
«es Qop

Ty Qg
W Ay o oo O

=| [arag] [mDE€] . . . [w/f€]

“21 ((22 Axnp,

(2%} W2 o o o My
=D 0 ... 0 |byequations (2) and (3).

aﬂ oy o « « Uy

Ol @2 o o o Qo

. D2
Therefore —=DA,,
w,
1 A
— =21
or w, D’
. 1 A,
and similarly =D "

These formulae give the weights of the determination of
z, Y, . . .; they are due to Gauss.*

It is a consideration in favour of the determinantal method
of solution of the normal equations that as D, A;, A,, . .
are calculated in order to find «, 4, %, . . ., the method furnishes
the weights without any fresh caleulation.

Now let € denote the mean error to be feared in an observa-
tion of unit weight, and let e, denote the meangerror to be
feared in the determination of x: then since w, = :—;; , we have

ee4).

* Theoric Combinationds, § 21.
(D 311) 17
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We shall see later (§ 124) how € may be found in terms of
the residuals of the equations of condition.

123. Weight of any Linear Function of Unknowns.—

Now let
u=lx+ly+. ..+l

be any linear function of the unknowns 2,y, 2, . . ., ¢, 80 that its
most probable value is
uy= it + Yo +. . .+ lnto,

where (zy, % » - - t) are the most probable values of the un-
knowns. Let it be required to find the weight of the equation
% =ug*

It will be sufficient in the first place to take w=1Iz+1y.
‘Writing as before

S=Apt +Ab +. L+ AL
fa=Apty+Ayby+. . o+ Auify
and writing
1y =Aply + Agb, +. . .+ Ayafy, o,
we have Dz = ganm, + Eogny + . . .+ Eryny,

Dyy=n10y0 + a0ty + .« « « + 35200,
and therefore

Duy= (1&, + Un)wymy + (06 + Ung)wgng + .« o+ (0&; + Un)wyng,

Therefore if w, denote the weight of the equation u =, we
have

D2 ’ " ’
wn = (Ug, + V) 2w, + (U6 + Unp)2wy + .« o + (U&y + Uny) 2w,

Now we have already proved that
61”101 + £22w2 +. oo+ P, = DAu,
and in the same way we may show that
Emwy + Emawy + . .« o+ Emgw, = DA,
2
D! _BDA,, + 2WDA,, +"DA,

or g=Anz=+ 24,00 + Al®,

* Gauss, Theoria Combinationis, § 29

Therefore

Wy,
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and similarly in general if w, is the weight of the function
le+ly+. . .+1lyt, we have

£= AP+ Agl? + o ot A+ 2A 00 + . o

This formula gives the weight of the determination of any
linear function of the wunknowns.

124. The Mean Error of a Determination whose Weight
is Unity.*—Woe shall now find the mean error of a determina-
tion whose weight is unity. For simplicity we shall suppose
that the equations of condition have been multiplied by the
square roots of their weights, so that they may be taken to be
each of unit weight. Let them be as usual

ax+by+. . . +fit=n
e . . } 1)
ae+by+. . . +fl=mn,

Write
ax+by+. . . +ft-n,=E, ;80 E, E,, ... E; are the true
errors of n,, . . ., n, if 2,9, . . ., ¢ are supposed to be the true
values of the m unknowns.

Write also

g+ bYo+ .« HJly— Nr=1;
80 v, . . ., v, are the residuals when the most probable values
%y . « ., [, are substituted in the equations of condition.
We have evidently
[aw]=0, [W]=0, ... [fv]=0. (2)
Also
E, —v=ay(e—ag) +by(y—we) +. . -+A(l- z‘o)} o

E, — 0=, — i) + boly = Yo) - + -+l — 1)

Multiplying (3) by ¢, . . ., v, and adding, remembering (2),

we have
[Ev] - [vv] =0.

Multiplying (3) by E,, . . ., E; and adding, we have
[EE] - [Ev] =[«E](z - a5) +. . .+[/E](¢ - &)
80 [EE] - [v0]) =[aE](z - 2) +. . -+ [fE](t - %) 4)

* Gauss, Theoria Combinationis, §§ 37, 38, 39.
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Now we have already seen that if coefficients &, . . ., §, are
defined by the equation

Darg=&n +&na +. o o+ &y

then [af]=D, [b€]=0, ... [/€]=0,
and
(6] =[atlrg + [bE]yo +. - .+ [/EY, — [n€] =Dy — [n£] = 0.

Multiplying (3) by &, ... & respectively and adding,
remembering the equations just written, we have

[£E] = (& - )D.
Thus (4) becomes
D[EE] - D[w] = [oE] [¢E] + [bE] [E] +. . .+ [J/E][-E). (5)

This is a relation between the sum of the squares of the
residuals and the sum of the squares of the true errors. As it
stands, however, it is not suflicient to determine [EE], since
the quantities E ocour also on the right-hand side of the
equation ; but we may overcome this difficulty in the following
way:

Suppose the set of observations repeated by the same
observers with the same instruments under the same conditions,
N times, where N is a great number. For each of these sets
of observations we shall obtain an equation corresponding to
(6). Let these equations be added together, and the resulting
equation divided by N. The values of D and the a’s, b’s, . . .,
/8, £8,. .. 7v8are the same for each set of observations, but
the #’s, E's, and ’s differ from one set to another. Using the
symbol = to denote summation over the different sets of
observations, we have

D D
1 1 1
= 1v‘z‘[aE] [¢E] + NE[bE] [qE]+. . .+ I?E['fE] [E].
Now if positive and negative errors are equally liable to

occur, each of the sums I%EEPEq evidently tends to zero as N

increases indefinitely: and then the equation becomes (when
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we understand the sign of equality now to indicate that the
two sides of the equation differ only by negligible quantities)

OS] =~ BB+ 0B+ B+

D
NIEE] - &

+ %E(fl-rlEl” +. . .+fmEd).

1 1 1
Now N'EE12 = N—EE,"' =, . .= ﬁEE,F =the square of the true

quadratic mean error, <.e. the value which we should deduce
from an indefinitely great number of observations.
Therefore, denoting the quadratic mean error hy €, we have

Dse? - —gz[w]
=(0d+ab+. . .+ +. o o+ (fimt. .+ Sama)ed
=Dme?,
1 Z[w]
so “s—m N °

In this equation € is the true value of the quadratic mean
error to be feared in a determination whose weight is unity,

and %fz‘[m;] is the mean value of the sum of the squares of the

residuals. Since the true value of %J—E[m;] is unknown, we are

obliged to be content with that which is furnished by the
unique actual set of observations: so for the most probable
value of ¢ we have the cquation

a_ "]
s—m

This is Gauss’s expression for the quadratic mean error e to be
feared in a determination whose weight is unity; s denotes the
number of equations of condition, and m is the number of the
unknowns z, 9, . . ., . The quantity

VT

is therefore well adapted to measure the precision of the given
set of observations.
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125. Evaluation of the Sum of the Squares of the
Residuals.—We shall now show how [v%], the sum of the
squares of the residuals, may be expressed in terms of the
coefficients in the equations of condition and normal equations.
‘We have
[ = (agrg+bgfo+. « «+[filg—1)2+. o o+ (WTg+. . .+ [fily— Ng)?

=[aalr? + [bly2 +. . .+ 2[ablrgyy+. . . — 2lan}ry—. . .
+[nn], (1)
and we know that [+?] is the minimum value of the quadratic
form

[an)a?® + [00)y2 +. . .+ 2[abley +. . .= 2[an)e . . . +[nn).

From the general theory of quadratic forms we know that
the minimum value of this last form (which we know to be
essentially positive, since it is a sum of squares) is

[ra] [ab] . .. [af] [on]|
[ab] [#0] . . . [0/] [lm]
an bn fn nn
1= ][ab] L ][nf[J 1 @
[ab] [bb] - [&F ]

[af ] [bf 1L ]

We may also establish this formula directly mm the following way.
We have already proved (§ 118) that

[¥?])= —[an}ey—[bnlyy—. . . =[]ty +[nn],

and substituting for x, w4 . .. f, their determinantal values, we
obtain the equation (2).

Combining the results of this section with the equation (§ 124)
2 (V]

§-m

and the equation (§122)

ef=et . S

we see that the quadratic mean error to be feared in the deter-
mination of 18 €y,
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where
i[aa] [ad] . .. [af] [an]
@) [ () (G O ] Lo
I ] F

W] [Pf] [ﬁ] l['m] [7’%] [f%] [nn] ],
(= m)[[oa] [ab] ..~ (a1}
[ab] [bb] - [ ]

["f ] [bf ] [f f ]
If the original observations are welghted we must write [wna]
for [a«)], ete.
Ex. *—Suppose that observations of equal weight give
L= Y+ 2=
3+ 2y—bs=>5
4+ y+42=21,
while an observation of weight } gives
— 9+ 6y + 62=28.
For the last equation we substitute
-2+ 3y + 3z=14,

and the four equations are now of equal weight.
The normal equations are
27xgy+ By, =88 }
6wy + 15Yg + 25 =70
Yo + Hdzg =107

hich o 49154 2617 12707
wiieh give %= 19899’ Y= 737> "~ 633"
or Ty=2-470, y,=3651, z,=1-916.

The weight of the determination , 1 w5, where
15 1
1 Ay, |1 54f 809
wy, D [27 6 0] 19899
6 15 1
0 1 54
19899
80 Wy == -80—9--,
s 737 2211
and similarly Wy=prr V= 4"

* This examplo was used by Gauss himself as an 1llustration of the Method
of Least Squares.
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The residuals are
4960 1320 1880 1400
719899 T 19899’ 19899 ~ 19899’

and therefore the sum of the squares of the residuals is

1600
[*]= 15859
so the quadratic mean error to be feared in the determination of z is
[+f] 1294400

€, where 2= and similarly for €2 and €2

w,y  (19899)2

126. Other Examples of the Method.—The Principle of
Least Squares is applied in the first of the following examples
to a problem of curve-fitting, and in the second to a geometrical
construction.

Ex. 1.—Find the values of the constants a, b, ¢, which nearly satisfy
the equation

b ¢
f(m)=a,+;:+;2

for values of x between q und p, where fiz) 1s & grven function.
In this case

[lesteiomf

is to be made a minimum, so differentiating with respect to a, b, and ¢,
we have the three equations

/d.wa ~+c/pf1—'— s,
/1» . fp ds '[’, /p f(m)d
lb/:);2-+b[qu‘§+¢‘[j)§;= :’i(gdm

From these the values of a, b, ¢ can be determined.

Ez. 2.—The position of a point in a plane s determined as the inter-
section of several Uines furnished by observation. Owing to errors of observa-
tion the lines are not exactly concurrent. To find the most probable position
of the point.*

Denote by d,, dg, . . ., d, the distances of a point of the plane from
* d’Ocagne, Journ. de 7 Beole Pol. cah. 68 (1898), p. 1.
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the n given lines; let A, A, . . ., Ay be the weights attached to those
lines : then the required point is that for which
A2+ Ad 2+, L+ Ad2

is a minimum, This point may be called the centre of least squares of
the system.

The centre of least squares is the point for which the function

2 Mags+ bzy + "t)g
s 1311 a’ta + b.ﬂ

is a mmimum : so its co-ordinates are given by

oS oS o
a:i = 0’ @ =0,
) z“ﬂ(a‘v’f + b«.l Y+ i) ¥ 8 Abyas+ by + cl)
or :1 ad+bE =0 =1 a2+ b2 ) )

Now if O is any point whatever of the plane, and O;’, O, .. ., 0, are
the images of O with respect to the given lines, the centre of gravity O°
of particles of masses Ay, Ay, . . ., A, at O)), Oy, . . ., O," may be called
the symmetric barycenire of O with respect to the system of lines.

If O be (X, Y), the symmetric barycentre O’ of O has the co-ordinates
(X', Y'), where

_X_gv_.a.(aLX+l_)Y+c.>

Ll—l + bt
» Ab(a, X + 0, Y+r,)
_: \‘_ A
Y=Y Lo, w2+ 02 ’ @

where L=A +. . .+ Ay
Now suppose the origin taken at P, the centre of least squares, so that

by (1) we have
\\______‘Ha’lci _ W _Atblcl' —
“uZ+02T 7 Tal+b2 7

and suppose the direction of the axis Pz chosen so that

< Aab

(Jr,,2+b2 =0.

Then the equations (2) become

’ Q) )‘1al ’ 2 )‘tb‘l
X=<1 L\a +b=*>X V= ( Ta.=+b'>Y

. 2., Aia,2 25 AD2
and since (1 La3+b-3>+ 1- L aE LR

these may be written
X'=pX, Y=-puY.
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Let O” be the symmetric barycentre of O”.
The co-ordinates of 0" are X" = u2X, Y” = p?Y, and therefore the line
00" passes through P. Moreover, the lines PO and PO’ are equally
PO’ PO”
inclined to Pﬁ, and -PTO— =p= I‘TO—,.

o
Fla. 17.

Therefore the triangles PO’0O” and POO’ are similar, and O'P makes
with O’O” an angle equal to the angle 0’O0”. Thus the centre of least
squares P is the interscction of OO” with the line O'P which makes
with 0’0" an angle equal to 0’O0” : or otherwise expressed, the centre of
least squares 1s the intersection of O0” with the tangent at O to the circle
00'0".

127. Case when two Measured Quantities occur in the
same Equation of Condition.—We shall now consider the case

in which the quantity # in an equation of condition
ar+by+ez+. . . +ft=n (1)

is not itself a measure derived from a single observation to
which a known weight is attached, but is a known function of
two measures p and ¢ derived from different observations to
which weights w, and w, are attached. It is required to find
the weight which must be attached to the equation (1).

Let the expression for # in terms of p and ¢ be

n=¢(p, 9)-
Then a small error € in p and a small error p in ¢ give rise

¢ b . . .
to an error o + g™ in n; and therefore the weight w, of nis

given by the equation

a= o) o) o
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The equation (1) is now to be treated as if n were a
measure derived from a single observation having the
weight w,

128. Jacobi’s Theorem.—It was shown by Jacobi* that
the values of the m unknowns which are obtained from s
equations of condition by the Method of Least Squares may be
derived also in the following way. Take any m of the equations
of condition and solve them as ordinary algebraic equations,
obtaining (say) a value

2= %i(where A, and B, are determinants)

for the unknown z. We can select the m equations for this

purpose in p ways, where p= (;;), and thus obtain p values for
@, say
. S
B * B, By
Then the value of » given by the Method of Least Squares is

» = ABy +A,,Bz+ -+ ApB,
T TTTBEYBR AL . 1B

This result is an immediate consequence of Cauchy’s well-
known theorem on the equivalence of the two forms in which
the product of two arrays can be expressed : thus in the case
of s=3, m =2, what is to be proved is

agry + agry + gl abl + b, + aghy
Fhyary + Dy +b3r3 b2+ D2+ b

al +a? +ad n,h +agd, +a:,b3
‘ @by + aghy + aghy b2+ bzz + b 2
2,0, ‘"abz
m2 | a2 %7’3 ”3 aghg|,
‘ ”31’3

which follows at once from the theorem on the product of two
arrays.

* Jowrn. fur Math. 22 (1841), p. 285.
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Ez*—Consider the system of four equations used by Gauss, and
worked out in Ex., § 125, above, viz.

x— y+2:= 3, 1)
35+ 2y —5s= 5, @)
4z + y+ 45 =21, 3)
- z4+3y+3=14 (4)
Now equations (1), (2), (3) alone wonld give
90 116 65

m=§5, ?I='§5—, z='3—5’
the numerators and denominators being the exact values of the de-
terminants, thus,

1-1 2
3 2-5| =35, ete.
4 1 4
Equations (1), (2), (4) would give
122 167 93

=T YT T

Equations (1), (3), (4) would give

_ _7_8 _ 113 . 67
=3 YT33 "Taw
Equations (2), (3), (4) would give
- 304 — 444 - 236

Eed

= Tize YT 13w 122’
(90 % 35) + (122 x 47) + (78 x 33) + (304 x 124)
35244724+ 332 + 1242

80 Zg=

_ 49154

" 19899’

129. Case when the Unknowns are connected by

Rigorous Equations.—It frequently happens that the un-

knowns z,9, 2, . . ., ¢ are not independent, but are connected

by rigorous equations: for instance, if x, y, # represent the

three angles of a triangle, they are connected by the rigorous

equation z+y+z==. In order to discuss this case we shall

suppose that the unknowns are given as before by a set of
linear equations derived from observation
ar+by+. .. .+fit=n

az+by+. . .+ t=mn, ’ (1)

——, as before.

axz+by+. . . +fit=mn,
* Glaisher, Month. Not. 40 (1880), p. 600.
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(where n,, . . ., m, are the observed quantities), together with
p rigorous equations

b (zy, ..., 8)=0
%(ws .7/» “ ) =0 . (2) .
47,(.c,y, . t) 0 -

‘We shall suppose that (by multiplying each of the equations
of condition by the square root of its weight if necessary) the
equations of condition have been rendered all of equal weight.
Then, as in the proof of § 125, we see that the most probable
values of the unknowns are those which make

E=[an]a?2+[0b]92 +. . .+ 2[ab]ay +. . .- 2[an]z—. . .+ [nn]
a minimum, subject to the conditions (2). We must have
therefore

aE oE 8E
Td 4+ a—dy +o. o+ ot =0,
where dxz, dy, . . ., dt are subject only to the conditions
a“’ld,, + a¢1¢zy +. a"’ldt -
o
O, 0y J 0,

—%dﬁba.'} Yoo oty -d =

and therefore the unknowns are to be determined from the m
equations

\
A a‘l" + Ay 2)4,2 +.. 0+ A,,a¢” 0

'a) + or

oK a(/,l a¢>, Oy _

ay +/\2 oot A ay {
A I, A a5, -0

at+ 1'r)l+)‘26t sty =

(where A, Ay, . . ., A, are unknown multipliers), together with
equations (2). We have therefore (m +p) equations to de-
termine the (m + p) unknown quantities», y,. . ., £, A;,. . ., A

Fu. — The measures of the four angles of a plane gquadrangle are
o, B, y, 8, with weights g,, go, 9g, 7, respectively. Find the most probable
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values of the angles, and show that the weight of the value found for the first
angle i3
919393 + 919994 + 919394 + 929494
Y394+ 9o+ e85 ’
80 that when all the weights are equal, the weight of the final value of an
angle 18 & the weight of un observation.
Let the angles be 6, 0,, 65, 0, 'The equations of condition, reduced
to unit weight, are

N3O =0 N90a=N09eB, N9s0s= sy, NIOs= N0
and the rigorous condition is that
0, + 6, + 65+ 0, = 2.

We have therefore to make
91(0y — 2)2 + 95(05 — B)* + 93(0g — 7)* + 94(0, — O)?
a minimum, subject to the last condition. We have therefore
9,6, — a)d0, + 9,(0, — B)lby + yo(05 — Y)A0 + g,(6, — 8)d6,=0,
where the differentials are subject to the condition
d6, + dby+ dby + dy =0,
and therefore
9161~ @) = 9(0, ~ B) = 9503~ 7) =440 — 3)-
We thus obtain

O Yosdala + B+y+8—2m)
92939 + 919894 + 919294 + G19eY3

+ gl +
or 01 Jx(!la%ﬂj;’ji; .‘74./2) q2!73!/4 ( B ty+ 8- o),

and similar expressions for the other angles.
Denoting the weight of 6, by W,, we have at once

f91(q?,qa+m4+ywz>}”1 { 99304 } < 41 1>
W L Yol ( b toh
1 209034 9 \29959,) \gy g5 Yy
_ 9298+ 9alla+ 9ala
(C0,9390°%
st 9‘)94 + 949s
20,939,

W — %9898 + 919874 + 91504 + 19273
! 9o03 + 9304 + 9aTs ’

{91908 + 9894 + 9495) + o984}

or

which is the required result.
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130. The Solving Processes of CGauss and Seidel.—
When the number of unknowns is great, the algebraic methods
for the solution of the normal equations, which have been
described in §§ 117-120, become exceedingly laborious: under
these circumstances, the normal equations may be solved by
a method of successive approximation in the following way.

Writing the normal equations

U + Y +. . .+ 0t =0
Oy + ool +. o .+ Ayt =0Cy

. . .

t)
Ui+ op + . o o+ Al =€y,

we first assume for 2, ¥, . . ., ¢ any system of values. Since
in the normal equations the diagonal coefficients are sums of
squares, whereas the non-diagonal coefficients are sums of
products of which in general some are positive and some are
negative, it is most often found that the diagonal coefficients
are larger than the others, and therefore the corresponding
terms are most important: so we therefore generally take as
initial values for z, v, . . ., ¢ the numbers

& Gy €

Ay g 7 U
respectively.

‘With these assumed values of 2, y, . . ., ¢, we calculate the
quantities
Ny=oapd+agy+. . . +dipd—6,
and take Ax= — Ii‘.
tn

‘We can now assert that by adding Az to the assumed value
of 2 we are improsing it: for if we denote by Q the sum of the
squares of the residuals when the assumed values are put for
%9, ...t wehave

Q=ay 2+ +. . A Wl + 20057y + 20472 + . .
+ 2yt +. . =200 —. . .+ D,
= (gt + gy +. .+t — )} ay
+ terms depending only on 3,2, . . ., &
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If in this we replace z by x + Az, without changing y,,.. ., ¢,
the effect is to destroy the term (a,z+. . .+aml-¢)? in Q
without affecting the other terms: that is, the effect is to
diminish Q. Now the set of values of z,y, . . ., £ which we
wish to obtain are the set which make Q a minimum: and
therefore if we say that one set of values ofz, %, ... ¢is an
tmprovement in another set when it corresponds to a smaller
value of Q, we can say that by adding Ax to z, without changing
the values of y, . . ., ¢, we are obtaining an improved set of
values for the unknowns,

Now with the improved set of values of #,y, ... ¢ we
calculate the quantity

No=agr+apy+. . .+ agut -0y,

and take Ay= - lL‘.
(o2
In the same way we can show that to add Ay to the assumed
value of y is an improvement. Proceeding in this way, we
improve each of the values 2, y, . . ., ¢ in succession, and then
return to 2. The process, which is due to Seidel,* may be
stopped when the residual N’s are sufficiently small. 1In
common with all iterative methods of approximation, it has
the advantage that an error of calculation continually corrects
itself in the subsequent steps of the process.

Ex.—Let us solve by this process the normal equations of (auss’s
original example, namely

{27w+6y =88,
6x+ 15y +2="70,

We take as a first approximation

z ‘-g";? 2 roughly
Then N, =27z+ 6y — 88 =23,
N, 23
and Ar= - g7 = —gy= —085.

Vunch. Abh. 11 (1874), Abt. 8, p. 81.
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Thus the improved set of values is x=2-15,y=5, #=2. These give
Ny=62+ 15y +5—70=19-9, and therefore Ay= — No_ _ 1-33, so we

15
now have x=2-15, y=3-67,2=2, and Ny=y + 542 — 107 =4-67. Thus
N
Az= _53.—. - 0-086, giving x=2-15, y = 3-67,2=1-914, and N, = —8.
Repeating the process, we have
N, 8
Ag= — —271 g7 = 0-296,givings = 2:446,y = 3-67,2= 1914, Ny = 1640 ;
N,
Ay = _ﬁi —0-1093, giving = 2-446, y = 3-561, 2= 1-914,
N3= —0‘083;
Ng
= —52=001, giving == 2446, y=3-661, 5= 1915, N; = — 0-502;
N 5 5
Ap= — 27-_0 022, giving z= 2-468, y = 3-561, z=1-915, N,=0-138;

N,
Ay= —72= —0:0092, giviug v 2468, y = 3-552, c=1-915.

These differ only by at most 0-002 from the true values.

If Scidel’s process be carried out for a set of equations with
literal coefficients, such as

ar+hy+gz=1,
{lm+b;l/+fz=m,
gr+fy+cz=m,

it is readily seen that the value of « is what would be obtained
from the formula

I m n
1 2fgh f2 h?
wmggp| b b 7| (-0
9 f ¢
by expanding the last factor by the binomial theorem as an
infinite series.
A method closely akin to this had been communicated many
years before by Gauss to Gerling.* It may be illustrated by
the following example : }

* Of. the appendix to (erling’s work on the application of the caleculus of
compensation to practical geometry (1848), p. 386. Another very similar
process was described by Jacobi, Ast. Nach. No. 523 (1845), p. 297.

t C. A. Schott, U.S. Coast Survey Rep. (1855), p. 256.

(D 311) 18
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Let the normal equations be

0= 2-8+476r— 30y — 202 — 264,
0= —4'1-30x+ 83y — 252 — 28u,
0= —1:9 — 20x — 25y + 89z — 44u,
0= 3-2-26xr—28y— 442+ 98u.

To ascertain which of the unknowns will probably be the greatest,
we examine the quotients :
2:8 4-1 1-9

T= — 6= -003, y= 83 = + 0-04, z=-8—9— =002,

3 003
U= —gg=- .
Accordingly we begin with y and write y=0-04 + Ay. The equations
now become
0= 1:60 + 76x — 30Ay — 207 — 264,
= — 078 — 30z + 83Ay — 25z — 28u,
= —2:90 — 20z — 25Ay + 89z — 44u,
0= 2:08 — 262 — 28Ay — 44z + 98u.
This gives for quotients (roughly)
1-60 2:9

0-78 0
= -5 = -0:02, A =ﬁ—=0'01, z='§§——=0-03,

2-08

U= — ‘W = — 0-02.

We therefore now substitute z=0-03 +Az: and proceeding in this
way, the whole solution may be brought to the form :

y=004 2=003 Ay=001 z=-001 #=-00l Az=-0003 Az=~0002 Au=0001

0= 160 100 070 —-006 020 —0-028 0-012 -0-014
-078 —-1-63 —0-70 —0-40 —-0-12 —-0-030 +0-020 -0-008
—-2:90 —0:23 —048 —0-28 +0-16 +0-220 +0-042 —0-002
+2:08 +0-76 +0-48 +0-74 —-0-24 -0-162 —0-074 —0-024

The operation is now completed if we are satisfied with two places
of decimals, and the first unknown quantity is z+Ax+A2%+. . . or
z= —0-013.

Similarly y= 0-050,
z= 0-028,
u= — 0009,

131. Alternatives to the Method of Least S8quares.—At different
times various methods have been proposed, other than the Method of
Icast Squares, for dealing with problems which are commonly solved
by that method. We shall now notice briefly some of these :

1°. The Method of Tobias Mayer.—In the latter half of the
eighteenth century the most plausible values of the unknowns were
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commonly fonnd by a method which had been published by Tobias Mayer
in 1748 and 1760.* It consisted in arranging the equations of condition
into sets, forming the sum of the equations of each set, and treating the
equations so obtained as normal equations. The method is demdedly
inferior to the Method of Least Squarves.

2°. The Method of Minimum Approximation.—Cousider a system
of s incompatible linear equations in m unknowns (s>m):

(1) a+by+. . .+fit=mn (=12 ..., 9
Replace it by the following :
) ap+by+. . . +fit—mi=n; (*=12, ..., 8,

where the quantities r; may be called residuals. The name minimum
approzimation of the system (1) was given by Goedscels T to the smallest
value which we can assign to the absolute value of the greatest residual
of the system (2), in order that this system (2) may be compatible.

The problem of determining the minimum approximation of a
system (1) was enunciated and solved by Laplace i in 1799, but his
method mvolved such laborious calculations as to be in general
impracticable. 8ix years later, in 1805, Legendre proposed the same
problem, m the appendix to his Nouvelles Méthodes pour lu détermination
des orbites des comeétes: he found no easy method of solution, and proposed
to replace the method by that of Least Squares.

A much better solution was given m 1911 by C. J. de la Vallée-
Poussin.§

3°. Edgeworth’s Method.—Taking the data as usual in the form

nE+by+. o+ fHE= "1}

agt+by+. . +ft=mn

where n, ng, . . ., 7y are measures of equal weight, ¥. Y. Edgeworth i
1887 | proposed to define the most plansible values x, 9, . . ., ¢ in the
following way: @, y, . . . t are to be such as to render minimum the sum
of the ubsolute valucs of tha restduals,
lag+. . . +fit =ng|+|agz+. . +ff—ng|+. ..
+|ag+ by +. . 4ot —ngl

It may readily he shown that this rule is derivable from the

hypotheris that the law of error is of the form

Y= %he—ma
where = is taken positively in both directions.

* Kosmographische Nachrichten und Sammlungen.

t P. J. E. Goedseels, Théorie des erreurs d'observation : Louvain (1907).
t Mécanique céleste, Tivre 111, No. 39.

§ dnnales de la Soc. Sec. de Bruxelles, 36 (1911), B, p. 1,

|| Phil. May. 24 (1887), p. 222, and 35 (1888), p. 184,



CHAPTER X
PRACTICAL FOURIER ANALYSIS

132. Introduction.—For the description of phenomena
and the solution of problems in Physics, Astronomy, and
Meteorology, much use is made of Fourier series, that is to say,
series of the type

(o + tt; €03 ¢ + 1y CO8 26 + g cos 36
+ 0, sin 0+ b, sin 20 + bgsin 360 +. . . (1)
where ag, «,, by, @, by, . . . are independent of 6.
Consider, for example, the vibration of a violin string. Let
a stretched elastic string be fixed at its end-points and take
the axis of z along the string, so that the abscissae of the end-
points can be taken to be 2=0 and z=1; let ¥ be the dis-
placement (in a direction perpendicular to the string), at time
¢, of the point of the string whose abscissa is z. Then when
the string is set into vibration in such a way that it emits its
fundamental note, unmixed with any overtones, its vibration is
represented mathematically by the equation
y=Asin Eti sin (M + a),
where 2x/A is the period of the note in question, A depending
on the mass, length, and tension of the string, and where A
and o are arbitrary constants. If the string is set into vibra-
tion in such a way that it emits its first overtone (the octave
of the fundamental note) unmixed with any other sound, the
vibration is represented by

2mx:

y=Bsin i sin (27 + ),
260
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while the second overtone is represented by

y=(;smsl sin (3M + ),
and so on. When the string is set into vibration in a quite
general fashion, so that all the overtones are present in the
sound emitted, the displacement at time ¢ is represented by a
sum of these terms; thus

g/=Asin1;§sin(4\t+a)+Bsing?sin (2 + B)

+Coin X ein Br+9) +. .. (2)

and therefore the velocity at time ¢ is represented by

dy AAsm—-—cos (,\t+a)+2)LBsm~2-—l—cos(2/\t+B)

+30Csin ¥ oos BN 49 +. .. (3)

Suppose that at the initial instant, ¢=0, the displacement
and velocity at every point of the string are given; let the
displacement be ¢(») and the velocity be y(r). Suppose, more-
over, that we are in possession of a method which enables us to
express a given function f{z), which vanishes at =0 and »={,
as a series of the form

Sy =bysin ™+ By sin 27" By sin 04 @)

where by, b,, b, . . . do not depend on 2, but depend upon the
nature of the function f{z). Applying this theorem to the
function ¢(z), we should have an equation

() = plsm—l—+pzsmg-z—+pssm 312 +... (5)
where p,, P, s . . . may be regarded as known, since the
function ¢(v) is given. Similarly

2z 3ma
Y(x) = qlsm ] +qgsm 7 +q,,sl —;r— +. (6)

where g,, 95, g5, . . . may be regarded as known.
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But putting ¢=0 in (2) and (3) we have

$(e)=Asinasin 7+ BsinBsin 277+ Cainysin 274 (7
. T . 2z
¥() = AA cos a 8in T+24\.B008,381n—l—-
+3)LCcos-ysinil@+. .. (8)

Comparing (5) and (7) we have
Asina=p, BsinB=p, Csiny=p;... 9)

Comparing (6) and (8), we have
A cosa=g, 22BcosfB=gq, 3ACcosy=g; ... (10)

The systems of equations (9) and (10) enable us to find the
unknown constants A, a, B, 8, C, v, . . . in terms of p,, ¢,, 2y, ¢,
that is to say, in terms of known quantities. Thus equation
(4) enables us to analyse the initial data into constituents
A,a B, B, ... such that the first pair of constituents (A, a)
gives rise to the fundamental note of the string, the second pair
of constituents (B, B) gives rise to the first overtone, the third
pair of constituents gives rise to the second overtone, and so on.

As a second illustration consider the Theory of Tides. The
tide-generating potential due to the sun and moon may be
expanded as a series of terms of the type

A sin (M +¢),

where ¢ denotes the time and A, A, € are independent of ¢ but
change from one term of this type to another. Each such
constituent term gives rise to an oscillation of the sea, the
ogcillation having the same period 2x/A as the term in the
tide-generating potential to which it is due; and the height
of the tide at any instant at any seaport may therefore be
represented as a series of terms of the type

A'sin (M +¢€),

where the constant A is characteristic of the particular tide
but is the same for all seaports, while the constants A’ and ¢’
are characteristic of the particular constituent tide and the
particular seaport. By analysing the observed tides at a
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seaport by means of a theorem similar to (4), we can find these
constants A’ and ¢'; we are then in a position to predict the
tides at this port for all future time.
A series of the type
@+ a, co8z + ay Co8 2+ azgco8 Bz +. . .
+ b, 8in  + b, sin 2z + by 8in 3z +. . .

is generally called a Fourier series, the coefficients ag, a,, b,, . . .
being called Fourier coefficients: and the representation of a
given function by means of a series of this form is called
Fourier analysis. The term #rigomometric interpolation is
perhaps more appropriate when (as in the present chapter) we
are concerned only with finding a series with a jinife number
of terms which takes given values for a given jinite number of
values of the argument 2.

133. Interpolation of a Function by a Sine Series.—In
the last article we have seen the importance, in Applied
Mathematics, of a theorem which will enable us to analyse
a given function into a sum of trigonometric terms. The
problem was solved, at any rate in its simplest form, in
1754-59 by Clairaut* and Lagrange,f who showed how o
construct a sum of n trigonometric terms, such as

w(x) =0, sinx + bysin 2¢: + b, 8in 3w +. . .+ b, 8in(n-1)r, (1)
which will take given wvalues for (n-—1) given equally-spaced
values of the argument a:; say,

'u(;%)=ul, u("% = Uy, u(?%r)=ua, . 'tl(("—b ;1)75>="n—1,

where u,, %,, . . ., %,_3 are given numbers.
To effect this, Lagrange remarked that the sum

sinp'rsmq—+sm2p7r 2qm +. . .+|sin('"'"1)107'-nsin("'"1)9-’T
n n n n

(where p and ¢ denote positive integers less than #) has the
value }n when p is equal to ¢, and is zero when p is not equal
to g. Therefore the {function

* Clairaut, Hist. de I’ Acad., Paris, 1754, p. 54b.

+ Lagrange, Misc. Taurin. i. (1769), p. 1 reprinted Fuvres de Lagrange,
i. p. 89; Misc. Taurin. iii. (1762-5), p. 258 : reprinted (Buvres de Lagrange,
i. p. 668.
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2 o2 . . (n-
—(smwsmp—’r +8in 2zsin 27 4. . . +sin (n - l)wsm(—n——lﬁ—") y
» " n n

has the value %, when w=£;£ and vanishes when m=g—;}r where

q is different from p: whence it follows immediately that ¢he
coefficients in (1) must be given by the equation

b =2 sin 22 4 4, sin:—h—nz+ +u Bin@:%)’—nﬂ

m =B T T n Tt n )

It should be noticed that the expression (1) satisfies the
condition that:

1°. It takes the prescribed values u,, . . ., %,_3 at the given

values of the argument.

2°. It is periodic with period 2.

3° It is an odd function of .

Suppose now that u(z) is a function of = which takes
prescribed values u,, . . ., %,-3 at the given values of the
argument, but suppose that the function u(z) is not periodic
and is not odd ; in such a case the expression (1) would have
a graph agreeing more or less with the graph of the function
u(z) between z=0 and z=m, but the agreement would cease
altogether for values of 2 less than zero or greater than x. It
is important to realise that by this method of interpolation we
can obtain an expression which agrees very closely indeed with
a given function over a certain range of values of the argument,
but which, outside that range of values, bears no resemblance
whatever to the function.

134. A more general Representation of a Trigonometric
Series.—In the last article we obtained for the function u(x)
an interpolation formula which is formed of sines only. We
shall now obtain a more general formula* which involves
both sines and cosines, and which, moreover, enables us to
make the best use of all the data in our possession, when we
have more data than the minimum number required.

Let it be required Zo find a sum

@y + @, CO8 Z + @y €08 2% + . . .+a,cOSM} (1)
+b, sin z+b, 8in 2z +. . .+ b, sin

* Bessel, Konigsberger Beobachtungen, 1 Abt, p. iii. (1815).



PRACTICAL FOURIER ANALYSIS 265

which furnishes the best possible represemtation of o function
u(«), when we are given that u(z) takes the values 1, u,, . . .,
Un-1 Tespectively, when » takes the values 0, 27#, v 2—@-; i
respectively: n being some number greater than 2r. The
problem is to determine the (2r+1) constants gy, a,, b;, . .
@, by, 80 as to make the expression (1) take, as nearly as

possible, the # values Ugs Uy, + - + Uy-1, When 2z takes the values

0, -;:—r, - %‘—;—lﬁ' ; 80 the equations of condition are

(Uo=ay+a,+. . .+ay.
2x 2.2 7.2
’Ml=(lo+(l1008~;’;+ﬂzcos—-’;&’—+. . «+a,co8
. 2 . 2.2 N
+0,8in 4 bysin T 4. L .4+ B,8in — o,
n n
2. 2r 4.2x 2r . 2w
Uy =04+ @) CO8 —— + @, CO8 — --+. . .+a, CO8 -~ -
) n n n
2r 4. 2x . 2r. 2nr
+ b, sin —-+b gin +...+0b.8n e
(n—1)2x 1(n—1)2x
Uy -1 = Gy + @, GOS +eotapco8 ==
. (n-1 -1.2
+ b, sin (n=1)2x o+ by sm—(—ﬂ )
n n

The normal equation for a, is therefore
Ug+ Uy +Ug+ o o ot Upy_y

-1)2
=nag+a,/1+ cosgﬂ-+. . .+cosg—‘——1)-—’f
0 ll n n

+a2{1+0032~',’—b2"+. . .+cos 2n-1 2"-}

n
+...

r(n —n1)21r}

r. 27 *
+a,{1+oos~;b—+. . .+cos

2
+b, {sin %:—r +8in 2—;; T . . . +8in"_ (n- 1)21r}

+.o.0.

v

7(n~1)2r }

{2 . 2r
+brlsm— w .+sin
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Since

1+cos?—k—'—r+cos4ﬁ”+. . .+cos 201 ’n]) =0,

when % is an integer greater than zero and less than =, and

o 2kr . 4krm . 2(n-1)kr
8in —+s8in —+. . .+8in = —"~—=0,
n n n

this becomes
Mgt Uy + U+ o o Uy _y ="l
The normal equation for a, is

P 2.%r (n—-1)2n
uo"'ulcosh’;&"ﬁuzcos ‘;‘ +. ..+ %,_1CO08 ~ n

-——-ao{l +cos 2% +...+cos (e 1)2”}

"=

[ 2 2™
+a1\1+cos — +. . .+cos?

2.2 2.2r 4. 2r
+COS—W;—COS“II; S P

(n- 1) oog 208 1)2,;}
n

+a,{1 +cos2—cos

+ Cco8

+..
+bl{cos%rain %:E'*" +cosi-—-71—)-— sin (ﬁjqf)ﬁ’f}
oo

Using the trigonometric formulae
2 4r 2n—1)r 1

.
w

1+cos? —+cos2 —+. . .4+cos2 " — - =53m,
) n ) 2

2r 2.2x 2.2r 4.2x
1+cos——cos————+co =1 eos - +.
n n n

2n-1)r  4n-Dr_
ﬂr n

h + CO8 ——

27 . 2n 2(7&; 1)w gin 2(n - 1) -0,

cos —8n —+. . .+ Co8
n n ()

. .. .
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this becomes
2n-1)r 1

2r 4
U+ Uy GO8 <=+ Uy €08~ -t o .+ ly g 008 —— = =5y,
The other normal equations may be obtained and reduced
in the same way; finally we obtain the following set of values

Jorag ..., a,b, ..., 0:
1 n-1 3
@y="" S u
N =0

2 n-1 2

ay=— 3 uCo8 75—‘ . (1)

1 1 2
When r=-n, the factor of a, in front of the symbol T is , not -.
2 n' n

The connection of this result with that of the preceding
article is easily seen; in fact, the formulae of §133 are merely
those of the present article adapted to the particular case when
the function w is an odd periodic function of its argument, so
that w(z) = — %(2r —2). For if in the formulae (1) above we
write n=2p and suppose that u,= — ugy_3, Uy= — Upy_,, etc.,
with ug=0, u,=0, then the formulae (1) become

@y=0,a,=0, ... a,=0,

b 2{74 sin ™7 4 4, sin 2'm,1r+ + %, _1 8In }

m = —1% - Py T Te e ‘p-1 TTTTSTTTTT
p p .

which agree with the formulae of § 133.

135. The 12-Ordinate Scheme.—In most cases in practice
the number of given values u, u,, %,, . . . i8 either 12 or 24.
‘We shall first consider the case when 12 values are given.

Let it be required, then, %o obtain an expression

@y + 1, COB T+ ay CO8 22 + . . .+ a; cos bz + a4 cos 62
+b, sinz+ by 8in 2z +. . . +b;sin bz
which takes given values wu, w,, . . ., u,, respectively when



268 THE CALCULUS OF OBSERVATIONS

w 2r 3w 1=
takes the values 0, 66 " 6

of the last article, written in full, are now

120 = 1y + 20y + Uy + Uy + Uy + Uy + g+ Uy + Ug + Uy + Ugg + Uy
J3 1 1 J3 V3
6ay =uy+ 1y - 2—+u2- g~y Uyt Ty mUg= Uyt g

N3
— Uy 5 Uyt 5+ Uy T
1 1 1
6a2=uo+u1-;z—-—u2-~—u3—-u4-§+u5-2+us+u,-§

2
1 1 1
—u8-§~us—ulo-§+uu- 2

Gotg =1y — Uy + Uy — Uy + Ug — Uyg

1 1 1 1 1
6a4=uo—u1-—2—u2-§+u3-—u4--2- Us* g +Ug= U5
1
“Ug gt U= Uy~ Un"y
6"5="“o"'“1‘~:/‘)3+“2 % '%+765‘N%3—u¢+'”'7 %3
1_,. .3

~Ug gyt Uy 5= Un" g

12005 = Uy — Uy + Uy — Ug + Uy — Uy + Ug — Uy + Ug — Uy + Ugg = Uy
/3 J/3 1 1 J3

Gbl=ul-%+u2 + Ug + Uy G Uy 5= Uy 5= gt g

—Up= Ty 5 ~ ¥ty

3 3 3 3 3
60, ul"é+u,-—“—/~ u,"‘:/z ~ U "/+u.,‘£
3 3
+ Ug 2 = Uy é “'11"‘4‘
0hg = u, — ug + Uy — Uq+ Uy — Uyy
,J& J3 ,,/3 J3 1@

6by =, —Uyr %y + %, — U + Uy *

,/3

_ua.T-}-um. _.2_—un.

1 3 3 1
6bg=u, - 5= g "g""“a "é + Uy - E—u, 5+
= Uy + Ugg * “;;3"“11

2
wlw‘"’l% N'E

;espoctwel y. Formulae (1)

L. (1)
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If
Uy + Uy =, Uy — Uy =W,
Uy + Uyg =1, Uy — Ugg =Wy
Uz + Uy =y Ug — Uy = U
Uy + Ug =V, Uy — Ug =y
Uy + Uy =, Uy — Uy =Wy

the equations take the simpler form

.
1200 = 1wy + v, + Vg + Vg + ¥, + V5 + U
k 1 1 NE]
6al='uo+'vlo?+v2-§—'v4-2—9:5. o~ U
1
1
6rg =y — v, + 15— Ug

6ay =y + v

1 1
6114=u0—'01-Q—v2-§+'va—1)4-§—fv5-2+u
3 1 1 3
6ay=uy— v, - “g+fvz-§—'v4 2+’l)5 ‘é—u,
1204 = Uy — v, + U, — Vg + ¥, — V5 + U,
6b1=w1-%+w2-123-+ws+w4-12?3+w§-%

60, =10, - —"g’i + g "gé —w, 1/2-% — g - *{)3

&

6y =10, — 1wy + 05

6b4="”1' %5 — Wy - :é" + 0, —“ﬁ—s - W+ *—é—
1 3 3 1
665=w1-§—'w,- —‘é—-&-'ws—w‘- —‘é—+'ws-§.

If we now write

Ug +Ug =Py o= %s=9o

v+ V=P, ~¥%=0N

Uy + V=D, 1’ ~ V=192
V3=Ps

W, + Wy =1, Wy~ W =8,

Wy + W, =7,
Wy="Tg

Wy — Wy =8y

1 1
— U V=0 2+'v5 5+

269
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the equations take the still simpler form

(1204=po+ Py + D, + 13
3 1
6 =go+4,- "’é-+q2-§

1 1
Gag=po+p,+ 5P g~

6a3=%"
1 1
6a,=py—py* 5Py 5t P

3 1
bag=qo— ¢ " J g th g

1204 =py - 17 +1)s 2

6b, =7 - 2+12 i2§+:3
6=, L2 45,
Bl =7, — 74

oy Ly
6b5==1',-%-—'l', "QS+)8

Now write
L =/ 1 =} 1 l 1 _
o= b ol = ty gla=ly Hl1=My,

3 3 3 3
‘é =q,=0, "—/2—7'2 =1y, i/‘)—s =, "g— g =1y

(Note that %°=0.866=1~ - 55 which enables ~the

multiplication by "/2— to be performed mentally.)
Then the equations may be written

120y=p,+ Py + P, + Ps 6D, =m; + 75+ My
12a4=1py+ Py -2, — Ps 6By = my + 75— my
6ay=qo+l+1 big=qy= 1
6ag=q,+ 1~ 1, 60, = 1, + my
6ty =Dy + g — by — hy 6b,=n, —n,

6ay=py+ by~ py— Ty 6by =17, — 14
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These equations give the coefficients ay, a,, . . ., b5 in a con-
venient form; the computation may conveniently be carried
out on & printed sheet of which the arrangement is shown in
the accompanying specimen : *

Ex, 2.—G1iven
uoi LY %y I Ug l uy oty

Ug| Uy | Ug Uy | e y

0 |0-262 0-524 !0-786[1-047 1309 0 —1-8091 - 1-047! —0-786l-—0-524, ~0-262
express w(z) as « Fourier series.
[Ans. 0-977 sin ¢ — 0-454 sin 2 + 0-262 sin 3z — 0-151 sin 4x
+ 0070 +in 52.]
136. Approximate Formulae for Rapid Calculations.—In
many cases the harmonics above the third (i.e. those with the
coellicients a,, a;, a; b, 0;) may be neglected, the function
being capable of representation with sufficient accuracy by
an expression
(%) = @y + @, co8 z + a, co8 2z + ag cos 3z
+ b, sin « + b, sin 2z + by sin 32 }

(1)

It was pointed out by S. P. Thompson } that when this is
the case we can calculate the coefficients by simple averaging
of the data without any multiplications, in the following way :

First, as we have seen in equation (1) of §135, the co-
efficients a,, as, b; are given by the equations

1

Q= 1‘)(110 + Uy + Uy + Ug + Uy + Uy + Ug + U + Ug + Uy + Uy + 0y,),(2)
1

ty3= 6('”'0"”2"‘"‘4""s"""s"um): ®3)
1

by= 3 (g = g+ 25 = g + Vg — Uyy). (4)

Next, we have, by putting 2 successively equal to 90° and 270°
in equation (1) above,
Ug = (lg — (g + by — g
Uy =g = Wy — by + bs}’

(6)

whence ug — Uy =2(b; ~ by),

* The computation form has been designed by help of the suggestions
derived from many writers, among whom particular mention should be made of
C. Runge, Zeits. fur Math. w. Phys. 48 (1908), p 443.

t Proc. Phys. Soc. London, 23 (1911), p. 334.
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and therefore by =% (wug — ug) + by (6)
Next, putting # equal to 0° and 180° in (1), we have
uo=ao+a1+as+a3} ™
Ug =0y — &y + Ay~ ag)’
whence Uy — Uy = 2(rr, + ag),
and therefore ay =1} (1, = ug) — g, 8)
Equations (5) and (7) now give
tg=F(ug — ug + 1g ~ uy). 9)

‘We have still to find b, For this we shall suppose that the
complete graph of the function u(x) is known, so that we can
read off the ordinates at any point on it; let us read off the
values at ©=45,"135°, 225°, 315° and call them uy, us s %q Te-
spectively. Then, putting n =8 in equation (1) of § 134, we have

7

by=13 wu sin 3
2 i1c=o" 2

or by = (us =~ ug + w5 = uy)- (10)
Equations (2), (3), (4), (6), (8), (9), (10) give the coeflicients ay,
@y, @y, Ug, by, by, by merely by forming averages of the measurcd
ordinates of the graph of u(z).
Ex.—To find an approximate formula for the Fourier series which
represents the following observations :

t | wm | u 'us|u4‘.uu u |
2:71413.0421 2.134 .1-273‘0-788 [;-495 0-370] 0-510
Forming the sum of the entries, we have
12ap=ug+uy+ug+. « .+ Uy
=11-520,
80 a,=0-960,
and we now form the following sums :
6ag =ty — Uy + Uy — Ug + 1tg — Uy, Whence ag=0-271
6y = Uy — Ug -+ Ug — Up + Ug — Uyy, whence bg=0-1

ug | Uy e ty

0-767

~0-437

0-191 l— 0-357

by = $(ug — ug) + by, whence by, =0-915
ay =3y — ug) — ag, whence a,=0-901
4ay = Uy — Ug + Ug — Ug, whence a,=0-542.

Finally, forming a graph of the function u, and reading off the ordinates
Uy, 1Ug, Ttg, Uy corresponding to the arguments z=45°, 135°, 225°, 315°
respectively, we have
Aby =y — i+
- tl

whence by=0-59 (approx.).
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Thus an approximate formula for the required Fourier series is

0-960 + 0-90 cos z + 0:54 cos 22 + 0-27 cos 3z
+ 0-92 sin %+ 0-59 sin 2 + 01 «in 3.

137. The 24-Ordinate Scheme.—We shall next consider the
case when 24 values of u(z) are given, corresponding to z=0,
15°, 30°, . . ., 3456°. Denoting these by wu, u,, . . ., %, the
problem is Zo obtain an expression

@ty + @y COB T + @1y CO8 2L+ . . .+ @y, cO8 122
+b,8inz+bysin 2 +. . .+, 8inlle

which takes given values wuy w,, . . ., Uy TESPeCtivEly When

. 2

tukes the values 0 " respectively.

p) ﬁ: LI 1¢
If we form the sums and differences of the ’s, thus:
Uy Uy Uy Uy . o o Uy Ugp
R R T T
Sums vy v, v, v ... Yy Yy
Ditferences w, w, wy . . . wy

then the formulae (1) of § 134 applied to this case may be
written

24y = vy + Vy + Vg + Vg + Uy + Vg + Vg + Uy + Vg + Vg + Vyg + 0y + Vyg
12a, = v, + v, cos 15° + v, cos 30° + v cos 45° + v, cos 60°

+ v, €08 '75° + v, cos 90° + v, cos 105° + v, cos 120°

+ v, cos 135° + v, cos 150° + v;, cos 165° + v;, cos 180°

126, = w, sin 15° + w, sin 30° + w, sin 45° + w, sin 60° + w; sin 76°
+ W, 8in 90° + 101, 8in 105° + w, sin 120° + wy sin 135°
+ Wy, 8in 150° + 20, sin 165°

Now form the sums and differences of the »’s thus:

Yo ¥ Yy Vg Vg V5 Y
Vg Uy Pio Y9 Vg Y

— ’
Po P1r Pa P3 Ps Ps Dy

9% @ 9 95 9 %
(D 311) 19
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and form the sum and differences of the w’s thus:

W W, Wy Wy W; Wy

Then the equations become

240y=po+ Py + Py +Pa + Pyt D5+ Dg
12a, = gy + ¢, cos 15° + g, cos 30° + ¢4 cos 45° + ¢, cos 60°
+ g5 cos 75°
120, = p, + p, cos 30° + p, cos 60° + p; cos 90° + p, cos 120°
+ p; 608 150° + p, cos 180°
12a4 =g, + g, cos 45° + g, cos 90" + g5 cos 135° + ¢, cos 180°
+ q; cos 225°
12a,= p, + p, cos 60° + p, cos 120° + p, cos 180° + p, cos 240°
+ p; co8 300° + p; cos 360°
12a5 = g4+ g, cos 75° + g, cos 150° + g5 cos 225° + g, cos 300°

+ g, cos 375°
12a4 = p, + p, cos 90° + p, cos 180° + p, cos 270° + p, cos 360°
+ 5 co8 450° + p, cos 540°
12a,= gy + ¢, cos 105° + g, cos 210° + ¢, cos 315° + ¢, cos 420°
+ g5 cos 525°
12a4=p, + p, cos 120° + p, cos 240° + p, cos 360° + p, cos 480°
+ p; cos 600° + p, cos 720°
12ay= g, + g, cos 135° + ¢, cos 270° + ¢, cos 405° + ¢, cos 540°
+ g5 cos 675°
12a, = p, + p, cos 1560° + p, cos 300° + p, cos 450° + p, cos 600°
+ p; cos 750° + p, cos 900°
12ay, = g, + ¢, cos 1656° + g, cos 330° + ¢, cos 495° + ¢, cos 660°
+ g5 cos 825°
24a,, = p, + p, cos 180° + p, cos 360° + p, cos 540° + p, cos 720°
+ p; 608 900° + pg cos 1080°
12b, = r, sin 15° + 7, 8in 30° + 7, 8in 45° + 7, sin 60° + 7 sin '76°
+ 74 8in 90°

12b, =, sin 30° + s, 8in 60° + 4 8in 90° + 5, sin 120° + sy sin 160°
1203 =, sin 45° + 7, sin 90° + 7, 8in 135° + 7, sin 180°

+ 75 8in 225° + 7¢ sin 270°
12b, = s, 8in 60° + s, 8in 120° + 3, sin 240° + s, sin 300°
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12b; =1, 8in 75° + 7, sin 150° + 7, sin 225° + 7, sin 300°
+ 75 8in 375° + 74 sin 450°
12bg = s, sin 90° + 8, 8in 270° + s sin 450°
12b, =1, sin 105° + 75 8in 210° + 73 sin 315° + 7, sin 420°
+ 75 8in 525° + 7, 8in 630°
126y =s, 8in 120° + s, sin 240° + s, 8in 480° + s, sin 600°
12y =7, 8in 1356° + r, 8in 270° + 75 8in 405° + r, sin 540°
+ 75 8in 675° + 74 sin 810°
120,y =5, sin 150° + 8, 8in 300° + s, 8in 450° + s, sin 600°
+ 85 8in 750°
12b,, =7, 8in 165° + r, sin 330° + 74 sin 495° + 7, sin 660°
+ 7 8in 825° + 74 8in 990°
Now form the sums and differences of the p’s, thus:

y 2 2 Py Ps

De P Da

Sums l L, Iy
Differences m, m, m,

Then we have
240y =ly+ 1, +1,+ 1,
12a, =my+ m, cos 30° + m, cos 60°,
12a, =1,+1, cos 60° +, cos 120° + /5 cos 180°,
1204 =my+ m, cos 90° + m, cos 180°,
12a4 =1,+1, cos 120° + I, cos 240° + /5 cos 360°,
12a, = mq + m, cos 150” + m, cos 300°,
24a,,=1,+1, cos 180° + I, cos 360° + I; cos 540°,
or
Uay =ly+1 +1l,+1

1
120, =l + ghy = a1

120, =1, - l z +1,
2U4a1,y =1, - l1+ l2 I,
12a, '=my+ m‘JT3 + 'm%.
12a, =my = my,,

J3

12”'1o=”"'o Mm%y +'m22.
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or

Next, form the sums and differences of the s’s, thus:
5 8 83
85 84
Sums Kk, @k Ky
Differences 7, m,
Then we have
12b, =k, sin 30° + %, sin 60° + %, sin 90°,
120, =n, sin 60° + n, sin 120°,
120, =k, sin 90° + %, sin 270",
120, = n, sin 120° + n, sin 240°,
(12,5 =k, sin 150° + &, sin 300° + &, 8in 450°,

k
125, -—=Ic1-%+k,- i;-tks,
120 =4, —kz,
126, =, - tg?_’»rnz- :/;3
12b; =n, - i‘;—; —nz--'“zzg.
\ -l
Now write
-l-l =1/ 1l =1, 1711.2=m2', lkl~——kl',

21 1 22 2 2
1 , 1 1 1 ’
§~/3m1="”1 ’ §~/3/‘:2=/"s’ §~/3'”'1=""1: §~/3"“2="“2-
Then the equations become
24, = (lg+ 1) + (4, + 1),
240, = (ly+ 1) — (1, + 1),
120, = (L +1)) — (& +1,),
190, = o+ bp) = (' +17),
120, = (my+ m,) +m,
1245 = (my + my)) — My,
120, =my— m,,
12b, = (&, + ky) + &,
126, = (%, + Xe5) — Xy,
120, =k, — kg,
12h, = nl’ +m,,
126, =n," - n,.
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In order to calculate the coefficients with odd suffixes we
write 45° — 30° for 15°, etc., and so obtain

120, = (qo+ qs) <J2+ 94~ .,/9) J3(J2+9’ J2)
1205 = (g, + jz) N

1245 =gy~ J2 E( J2+94 N/2)+i3 (:q/—‘g‘% J2)
120, =go+ J2 ;(J2+94 ,,/2) J3( e %52)
12ay =

%o~ ,J2 J2 EC J2’

1 NETE':
12“u=%‘72+«( Dorar Iy 5 (- Tara-T5)
Now write

G_ v Ya_,+ I5_
'7‘2—.(11: »J2 q3> ~/2 5>
' , 1 ;N3 ’
9 +9 =1, 2(14=Q4x ‘2‘%:92’
’ ’ 1 ’ 3 ’
& — 9 =la 2t2=t2’ %t]=tl’
G+t =S g+ ‘12: =€
b=ty =fo -0 =¢t
Then the equations become
12” = 90 + (‘1 + 93' +.fl:
12”11 Qo+ €= 95 _fl,’
1203 =go— 24+~ 5>
120y =gy =gy~ la+ 45,
1205 =go+e,— 95 +Jo
120, =g+ 63+ ¢5' — for

‘We have also

126, = ( ¢2) 1( }z*?fz”ﬂ) J3<,J2 ./),”4)’

12b3 Jz —5t T+ J2 ~/ 3 - Te
1(r N3, s,
12 G s g ) (Gt )
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tohm e oo Jam ) (Gt o)

126, = J 5Tt .,/2 ~/2+r‘,,

— "a 7 M3y 7 _
120, = 5+ 2( ,,/2+ ../2 —Ty) + % ( J2+ /2 ?'4)-
T T Ts

Put 2 Ty) 2 73, 72 Ts

v g =My, %hz =h,, iz:";hl =hy, 14 —hy =y,
1 ;W3

’ . - — N©. ! r_ 3
7 =g =hy, 2r2_r2, 57 ="4> Tot+ Ty =Jg

Then the above equations become

130, = (jy + hy) + (p + 1),
12by, = (jy + b)) = (2t 74),
12by = (hg + 13) + (ry — 1),
12hy = (hy + 74) — (ry— 1),
1205 = (hy' =j1) + (2 = 74)s
120, = (by' = j1) = (o = 74)-
The calculation is made on a computing form arranged
as shown in the sheets inset:
Ezx. 2.—Find the Fourier expression for u(f), given

A

uoim|ua|us u4| “o| |u7 "‘al%l“w g

300|4o1l373|241 73'-—56|—100|—66!0l41|27 -34
g | U3 l 0y ' um|um|un| g | U I Ugg | Uy unlwm

—1oo|-127‘—1oo| 41{ |-1s|—1oo|-207l—273|—241 —100!107
[Answer, 100 (sin 6+ cos 6 + sin 20 + cos 20 + sin 30+ cos 36).]

138. Application of the Method to Observational Data.—

1°. Adjustment to Period.—In applying the above-described
method of practical Fourier analysis to observational data, we
have first to find the values of the argument at which the data
Ugy Uy, Ug, + + ., Ugy aTe t0 be taken. Suppose, for instance, that
the observed period of the phenomenon is 185.28 days. Then,
since 5 of 185.28 is 7-72, if we take u, to be the value of the
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observed quantity at the instant ¢, we must take u, to be its
value at the instant #,+ 7.72 days, while , will be its value at
the instant £, + 15-44 days, u, will be its value at the instant
tp+ 23-16 days, and so on.

2. Allowance for Secular Change.—In many cases the pheno-
menon whose variation is to be studied is not strictly periodic :
thus if the numbers to be analysed represent hourly means of
some meteorological phenomenon, the means for hour 0 will not
in general be the same as the means for hour 24. This difference
is allowed for in practice by applying a correction to each of the
terms except that for noon.

30, Allowance for the use of Means.—In many cases the data
from which the Fourier expansion is to be computed are not the
actual values of the ordinates corresponding to the values
0, 2% . . . of the argument, but the mean values of the ordinates
taken over certain ¢ntervals. Thus if we wish to find the curve
which represents the annual variation of temperature at a given
station, we generally take as data the mean temperatures of the
twelve separate months. It is evident, however, that if we were
to caleulate the curve directly from these data, taking the tem-
perature on the middle day of July to be the mean temperature
of July, we should introduce an error, since the average tempera-
ture on the middle day of July is not the same as the average
temperature over the whole month : in fact, the curve obtained
from the means would be too low in summer and too high in
winter, the true curve being external to the curve of means.

‘We can deal with this diffculty by applying a correction to
the data in the following way :

Let m,_,, m,, m,,, be three successive means, each taken

n =12
over an iéterva.l 2¢; and let 2, be the true value of the function
for the middle of the interval over which m is taken, so that
u, i8 the quantity which should be substituted for m, as a
datum from which to construct the Fourier representation.

‘We shall suppose that the function may be represented with
sufficient accuracy for values of the argument in this region by
an expression
U=a + 2bx + 3ca?,
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where @, b, ¢ are constants, and where z is the argument
measured from the middle of the interval over which m, is
measured : we have therefore

U,=a, M, 71; udz m—z—fuda, Myt =—Fudm

Performing the mtegrations, these equations give

my, -y = @ — 4be + 13¢é,
My 1y =@ + 4be + 13¢é,

m, =a+ ce?,
1 p+1+ m _ 1
whence el = — 1‘2(""’1: 3 —F ) 3 485m
and therefore
R 1 1My~
Uy =My, = 5 8m,, mp+12<n - 2 )
That is to say, in order to comvert the given mean m, into the

true ordinate corresponding to the middle of the intervul over
which m, is taken, we add o correction equal to one-twelfth of the
excess of my, over the mean of my., and m,_,

An alternative method is to compute the Fourier expression from the
given means and then multiply all its periodic terms (ze. all its terms
except the constant a,) Ly a factor which represents the ratio of the
amplitude of the true curve to the amplitude of the curve of means.

An Ezampls of Harmontc Analysis—In the accompanying example
the data are taken from observations of the magnitude of the variable star
RW Cassiopeiae ; * the magnitude of the variable star is denoted by m.

The curve represented by the harmonic formula is drawn in the
figure. The observed magnitudes of RW Cassiopeiae are also given in
Fig. 18 for purposes of comparison,

139. Probable Error of the Fourier Coefficients.—Knowing
the probable errors of observation affecting the data ug,u,, u,, . . .,
we can easily calculate the probable errors of the values
deduced for the Fourier coefficients oy, a,, b,, @5, b,, . . . . For
(8§ 89,94) if e is a linear function of w, %, ... w, say
Ag¥o+ A%y +. . .+ A, and if the probable error of each of
the quantities w, %, ... w, is ¢, then the probable error
of € i8 (AZ+A2+A2+. . .+A,g. Thus in the 24-ordinate
scheme, since 24a,=1,+ %, +uy+. . .+ Uy the probable error
of a, is g/\/24 or 0-204q.

* E. T. Whittaker and O. Martin, Monthly Notices, R.A4.S. 71 (1911), p. 611.
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A sgine term and a cosine term in the Fourier representation,
which have the same period, are often combined into a single
term thus,

@ cos 0+ bsin =Rsin (6 + a),
where R = /(o2 + b®) and cos o = b/}, sin a =a/R: we then require
to know the probable error of R and «, assuming that the
probable errors of ¢ and b have already been calculated.
Suppose that the probable errors of « and » are each of
amount e. Then, since

ada + bsh
SR = 7(;,;: By
we see that the probable error in R is e. Moreover, since
o bda — adh
a®+ 02’
the probable error in o is
€
Va®+ )

It is important to have clear ideas on this subject, since
otherwise there is a risk of carrying the computations to more
digits than is warranted by the degree of accuracy of the data.
This remark applies particularly to the computation of a.

140. Trigonometric Interpolation for Unequal Intervals
of the Argument.—Lastly, we shall consider the representation
of a function u(x) by a trigonometric interpolation formula,
when the values of the function are known only for a set of
values a, b, ¢, . . ., m, n of the argument, which are not at
equal intervals apart.

The problem, which is analogous to Lagrange’s problem in
ordinary interpolation (§ 17), may be solved in more than one
way: it is readily seen, indeed, that any of the following
expressions will serve :

10,
sin§(z-d)sin§(z~c) . ..sin(z-n)

u(m)=sin§(a—b)s$§(z—c) . :liﬁg(u_n)"(”)*' e
sind(r-a)siny(z-b) ...ging@x-m) .,
Smim-o)snim=b). .. smim-m "

* Cauchy, Comptes rendus, 13 (1841), p. 283 = (Euwres (1), 6, p. 71.
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20,
u(w)=(cosw—cosb)(cosw—cosc) ... (cosz ~cosn)
(cosa —cosd)(cosa —cosc) . . . (cosa — cosn)
(cosu— cos @) (cosz—cosd) . . . (cosz — cosm) (n)
(cos n ~cosa)(cos n —cosd) . . . (cosm—cosm) '

w@) +. . .

30,
8in 2(cos 2 — cos b) (cos z — cos¢) . . . (cosz —cosn)
sin «(cos @ — cos b) (cos @ — cos¢c) . . . (cos @ — cos n)

sin z(cosz — cosa) . . . (cosz — cosm)

sinn(cos m—cosa) . . . (CO8 7 — COS M)

u(x) =

w(@) +...

u(m)*
49,
( )_sin(w—b)sin(w—c) ... 8n(@z-n)
“sin(a-bd)sin(a~c) . . . sin (@ —n)
sin (@ —«)sin (z—0) . . . sin (# —m)
- - —ym)-t
sm(n—a)sm(n—>5) ... s (n—m)
Ezx. 1.—Discuss the relation of the above formulae to the formulae
obtained for equal intervals of the argument in §§ 133, 134.
Exz. 2—By making b tend to equality with @ in formula 1° above,
obtain an interpolation formula for the case when the function and its

first derivative are both known at z=a, while the function alone is
known at z=c¢, d, . . .

(This is useful when we happen to know the values of the argument
for which the function is a maximum or 4 mimimum.)
Ez, 3.—Apply the first of the above formulae to obtain an expression

for
21
/ w(z)de.
0

ula) +. . .

(Use the formnula

o ] 1 1 |
[ smé‘(a:—acl)sm;z(m—a:z)...51né(z~x2p)¢lx=2—,i)-:1~cus %

0 b

wlhere s denotes @, +2y+. . .+ Zap and s, is the sum of p of these «'s.)
[Baillaud, Toulouse Ann. ii. (1886), B.]

MISCELLANEOUS ExAMPLES ON CHAPTER.X

In each of the following examples it is required to find a Fourier
geries for u(z). The tabulated values of u(z) represent equidistant
ordinates spaced at intervals of J; of the complete period.

* These two formulae are due to Gauss, Nachlass, Ferke (1866), iii. pp.
291, 292,
t Hermite, Cours d'analyse.
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Ex, 1,—

10_'“1"“’2! “3| “'4i”5 '“e|""7|“s Ug | Ugg | Ugy '“'n[ “13' Uy
4|4 |38l68[79]92 91|75]|04]118]115| 73 | 85 | 86 | 78

Uy ; T l Uy i Uyg | Usg | Yoo | Yy | Yge | Ugg

77|86 |74 | 43|50 | 35|35 | 20 |-10
Ex. 2.—

U ' Uy u’l Ug l w0, g l Uy | Ug l uy ' uml Ugq , LT
1 | 11 ‘50| 105 I 138|158 | 159 5 150| 139 ‘ 142] 143|127| 134
Uzg | %14 | T i lhyg I U7 | g ‘ Uzg l Ugg | Ugy | Ugp [ Uog

66 | 30

'"’5

140|136 | 150 | 160|134 | 120| 120! 100| 72
Ez. 3.—

] 1 |
%, I %y | ug | g | 1, | ug | Ug | 1, | g

g luml '"'u""'12|"1s
25| 4 |3560|45|50 | 45|68 |118]148 | 150 | 122|125 | 139
e | a5 | Y10 | Y1y | g I “m] tUgg l gy l “ml Tog
125| 856 | 82 | 60 | 24 | 20 | 28 | 45 | 56 | 40

Ex. 4.—
ttg I 0y I Uy | g I %, l g l ug | 0y | ug ' g 'uml u,nl Ugg
170 {142 | 160 | 171 | 129 | 139 | 130 150 181|179 ] 170| 148] 106
"13| ”14' “15‘ %18 | Uz I '“13' ”'1»1 ’”’ml Un l Ugg I Ugsy

75 ' 74| 7 | 15 | 34 | 48 | 69 | 105|130] 146|160

Copies of the Computation Sheets facing pages 270 and
278 may be obtained direct from the Publishers in quantities
of not less than one dozen, at the following prices :

« 12-ordinate” forms (facing p. 270)—6d. per dozen,
or “2f-ordinate” forms (fucing p. 278)—1s. per dozen.

Special terms will be quoted for orders of one thousund and
upwards.



CHAPTER XI

GRADUATION, OR THE SMOOTHING OF DATA

141. The Problem of Graduation.—Suppose that as a
result of observation or experience of some kind we have
obtained a set of values of a variable » corresponding to equi-
distant values of its argument : let these values be denoted by
Uy, Uy, Ug, . « - U If they have been derived from observa-
tions of some natural phenomenon, they will be affected by
errovs of observation ; if they are statistical data derived from
the examination of a comparatively small field, they will be
affected by irregularities arising from the accidental peculiar-
ities of the field; that is to say, if we examine another field
and derive a set of values of « from it, the set of values of »
derived from the two fields will not in general agree with each
other. In any case, if we form a table of the differences
Ay =y =y, Ally=1Ug— Uy, . . ., A%y =Au,—Auy, eto., it will
generally be found that these differences are irregular, so that
the difference table cannot be used for the purposes to which
a difference table is usually put, viz. finding interpolated values
of u, or differential coefficients of  with respect to its argument,
or definite integrals involving #. Before we can use the differ-
ence table, we must perform a process of “smoothing ”; that is
to say, we must find another sequence u,, %,, . . ., u,’ whose
terms differ as little as possible from the terms of the sequence
Uy, g, « + ., %y, Dut which has regular differences. This smooth-
ing process, leading to the formation of w,,%,, ... w./, is
called the graduation or adjustment of the observations.

For example, let us consider an extract from the Government Female
Annuitants (1883) Ultimate Table and form a difference table of the

285
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entries. We have, denoting by g, the probability of a person aged =
dying in a year,

z(Age). 10%g,. A,

50 1019
531

51 1550
61

52 1611
142

53 1753
19

54 1772
- 224

55 1548
474

56 2022
- 99

57 1923
- 81

58 1842
487

59 2329

The differences are altogether irregular, and, as we shall see (§ 155),
when the data are adjusted the differences hecome more regular,

In dealing with experimental results of no great accuracy
the smoothing process is generally performed graphically,* but
in the present chapter we shall be concerned with more refined
methods involving analytical formulae.

142, Woolhouse’s Formula of Graduation.—We shall
consider first a formula which, though now disused in practice,
is of considerable historical and theoretical interest. Wool-

house proposed } to pass five ordinary parabolas through the
five sets of points

(vogy Wmg Ug), (U, %y, 20y), (105, 20, 70,), (- g Ugy Ug), (U—g, Uy, 1),

* For the best graphical method cf. T. B. Sprague, J.Z 4. 26 (1886), p. 77.
For valuable comments on such methods cf. Whewell, Nowum Organum Re-
novatum, Book IIL. ch. vii. p 204 of the edition of 1858.

t J.LA4. 15 (1870), p. 389. InJ.T.4. 28 (1882), p. 851, G. F. Hardy showed
that the calculations required for the application of Woolhouse's formula might
be performed by a ‘‘ columnar ” process of calculation, in the form

10y = 1hp Z(1 ~ 852)A 35%,
which is identical with the form (y4;)5]%(1 - 88, given later by him, since
A,Z=[56]; and T. G. Ackland, J.1. 4. 28 (1882), p. 352, showed that they can
be performed by summations of a different nature.
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and take as the graduated value of u the arithmetic mean of
the values derived from these five parabolas. Now using A,
to denote the operation A performed with the interval 5, by the
ordinary interpolation formula (§ 21), the values derived from
these five parabolas are:

Up="TU_g+ gAsu_= - 2§5-A52u_., (from w_,, w_,, u,),

Ug=U_y + %Agu,_l 225A 21 _g (from wu_g, u_q, u,),

Uy =1, . (from w._g, uy, u;),

U=y = plgty + 25A . (from w._,, u,, ug),
2 7

Uy= 1ty = glgiy + 25A U_g (from w_g, uy, u,).

Therefore if u, denote the graduated value of u, we have

2 1 1 2 3
Suy = [5]uy+ FAGU-g + Bty = AN — FAgtly ~ §5A .
2 3 7
- 2-5A52u_9+ 2—5A %_y + 25A w.g (1)

where [5]u, stands for u_,+w_; + w4y + 2, + 2y
The operation of replacing a term u, by the sum

ur—"L;_l-'—' o Uy +ur+‘_;1
will he called summation by n’s, and denoted by the operator [n], so that
[nJwg=w ,,__1+ cetupte ot Upoy
)
We shall use [n] to deuote the effect of performing this operation
twice in succession, so that, for example,

[6Pug = 1wy + 2ug+ Buy + duy + Sug + 4u_y + 3u_g+2u_g+ w_,
Since Agu_,=[5]Au,, and Agu_, =[5]°A%,, equation (1) may
be written

lAus -

2 3 2
58ty = 581, = <[5]A%_g — 5-[5]A%,

5

1
[5] "o =g+ ; Auo —5-A’l(l

3 Y

+ 55[61A%, + 5[5
2 3 3 2 3

= - g[8}ty + 55Ty ~ 55[518% g - 5e[5]A%_, + S [5]a%,

7
+ gs[B1A%,

1A%,
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80 [5],'110 = — 100z + 15w, — 3A% _g — 242 _, + 3A%, + TA%,

= —3u_g+4uU_g+u_y+vy+ 1, + 4ty — 3ug
= = 3[b]u_, + T[6]uy - 3[5]n,.
Thus Woolhouse’s formula of graduation may be written in
the forms
Uy = [ ] E(— 3ty + Tug — B1z4q),

=125
s
or* g, = glg(uz- 38%u,), or w, = { )]5{10[1] - 3[3]} um
or Uy = —1—;-5{251% + 24 gy + Upi1) + 21 (tgoa + Uyys)

+ T(Ug-3+ Ug43) + B(Ug-a + Uga) ~ (1056 + Uz +6)
= 3(ug—7+ Uzs7)},
or uy =0:200u,+ 0-192(1yy + Ug41) + 0-168(1y-g + Ugsa)
+ 0:056(5-3 + Uyt3) + 0-024(1y-g + Uga)
~0-016(-6 + Ugy6) — 0-024(1g-7 + Ug).

143. Summation Formulae.t—The formulae of Woolhouse
may be regarded as a particular instance of a class of gradua-
tion formulae, much used by actuaries, which may be called
summation formulae, and which are based on the following
principle.

Let A denote the operation of differencing, so that
AUy =1Ugy1—U;; and, a8 in § 142, let [2m + 1]u, denote the
sum of (2m + 1) w’s of which %, is the middle one. Then it is
possible to find combinations of these operations A and [ ]
which, when differences above a certain order are neglected,
merely reproduce the functions operated on; so that we have

(say) -
S, [ Ty=mwu,+ high differences.

We now take f{A, [ J}u, to be the graduated value of w,,

that is,
w =10, [ o ,

the merit of this u, depending on the circumstance that

* This form is due to Hardy, J.Z 4. 82 (1896), p. 872
+ On Summation Formulae cf. G. J. Lidstone, J.1 4. 41 (1907), p. 848,

42 (1908), p. 108,
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SiA, [ Jug involves a large number of the observed «’s, whose
errors to a considerable extent neutralise each other and so
produce a smoothed value %," in place of u,.

In practice, instead of the symbol A, it is generally con-
venient to use the symbol of central differencing 8, where 8%,
denotes u, — 2wy +u_,. Writing E = ¢%4, we have

=E-2+E1= —4sin®¢,
so that
U+ Yampr e o ot Ugt. o o+ Uy
={e~MMd f g~ Am-D 1 | pe 241+ 4. . .+ ey,
=(1+2co82¢+2co84¢p+. . .+ 2cos 2me)u,
_s8in (2m + l)4>u
. sin ¢ e

and therefore

sin n
[“]“o-;n'f’o
2 2__12 2 _ 22
={n——-(-§ilsln2¢+n(n 15)'(”' 3)sm‘ . .}uo
212 2 __ 2
or [—::]uo=luo+ 1;2- 31! 3%y + (m* = )(5' 3 )84110 .

. ()2 —
This shows that [g][g][;'] Ho =g+ X 27} )8’~c(o + terms in s,

8uy, . . . and therefore « summation formula, correct to third
differences, is
=
L0 TR
».q.7

Taking any two formulae of this type, and eliminating 8% we obtain
summation formulae of a type first introduced (but otherwise demon-
strated) by J. A. Higham, J.I.4. 23 (1882), p. 335; 24 (1883), p. 44;
25 (1884-85), pp. 15, 245,

Formulae correct to fourth differences may be deduced by the above
method. The use of a formula correct to too low an order may lead to
systematic distortion of the results.

It may be remarked that formulae such as Woolhouse’s, which are
based on interpolations, may all be reduced to the snmmation type; but
the converse is not true, so the summation method is the more general.

(D 311) 20
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144. Spencer’s Formula. — Perhaps the best of the
summation formulae of graduation correct to third differences
is the 21-term formula of Spencer,* namely,

. BI5]T
uy =R 1 - 459

This may evidently be obtained by taking p=5, ¢=5,
r='T in the preceding formula. We shall now obtain its
expanded expression. If we perform summation by 7’s on
21 -48-364-48% or (- E*+E+ 2+ E-1-E-3), we obtain

- E8-E5+2E3+3E2+3E+2+3E1+3E2+2E3-E-5-E-8
and if on this we perform summation by 5’s twice, we obtain

— E10 - 3E® - 5E8 - 5E7 — 2E® + 6E5 + 18E4 + 33E2 + 47E2 + 57E
+ 60 + 57E-1 + 47K-2 + 33E-% + 18E-% + 6E-5 —~ 2E-¢ — BE-7
- 5E-8-3E-?- k-10,

Spencer’s formula may therefore be written

Uy =5 b5 {60ug + 57 (w_y + 1) + 4T (0_p + Wy) + 33 (%_g + ug)
+ 18(1-y + ) + 6(u_g + ) — (w_g+ ug) — 5(n_p+ 1)
= 5(u_g + g) — 3(w_y + Ug) — (U9 + Uyg)}
or

#y = 0-171ug+ 0-163 (%, + u_,) + 0-134(ry + 2 _y) + 0-094(2g + 1 _g)
+0-051 (1w, +u_g) + 0-017 (25 +u_g) — 0-006(1g + u_g)
—0-014(uqy + u_;) — 0-014(2g + 2_g) — 0-009(vg + u_g)
= 0-003(wy + %_yq)-

In the practical application of the formula we form the
expression
3(—ug+uy + 2uy+u_y - u_g),

sum by 7’s and divide by 7, then sum twice by 5’s, dividing by
5 each time.

The following is an example of the working process of
Spencer’s 21-term formula : ¥

* This was employed in the graduation of the rates of mortality exhibited
by the Manchester Unity Experience, 1893-97. Cf. J.1.4. 88 (1904), p. 384 ; 41
(1907), p. 361.

t J. Spencer, J.I 4. 38 (1904), p. 339.
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(O] Al O |6 o @0)

Graduated
Duvide) Sum Sum |Y@=sum in
Age | Ungraduated Sum U.g _ Divide 5's cutty
@) Qo IZ,Z n g's, (D) +g (4)-©) 51017.': by 6. gotlf’us down nsns
. : far as
necessary.
2 0-:00431 | 62

0:00409 | 58 | 181|239
0-00429 | 61 | 179|240
0:00422 | 60 | 197|257 (128|129
0-00530 | 76 (208284129155
0-00505 | 72 (214|286 |136| 1560
0-00459 | 66 | 209 |275|140|135| 997|199
0-00499 | 71 | 212283160123 |1034 (207
0-00526 | 756 [226 301|157 | 1441043 |209|1055
0-00563 | 80 (239319158161 |1069 (2141101
0-00587 | 84 |249|333|167|166 1130|226 (1154 | 00582
0-00595 | 85 | 261|346 | 182|164 |1223 | 2451220 | 00614
0-00647 | 92 [273]365|189|176|1302 (260 | 1294 | 00648
0-00669 | 96 | 295|391 |195]|196|13756|275|1370| .00682
0-00746 | 107|312 419|203 |216|1439 (2881438 .00716
0:00760 | 109 | 327 | 436 [ 213|223 |1508|302 | 1501 | -00749
0-00778 [ 111|338 |449|215|234|1566 (313 |15H9
0-00828 | 118|350 |468|238|230|1616|323|1620
0-00846 | 121|358 | 479 (246|233 | 1667 | 333
0-00836 | 119 | 371|490 256|234 |1745 | 349
0-00916 | 131(387 518|272 246
0:00956 | 137 [ 413 | 550 | 283 | 267
001014 | 145 436|581 280|301
0.01076 | 154 (461 | 615
001134 | 162477639
45] 001124 | 161

w w o

'S
MFOLCHDTORARNNRODOTITHITTE WD ~=O

W

145. Graduation Formulae obtained by fitting a Poly-
nomial.—We shall next consider a class of graduation formulae
whichare based on wholly different principles from thesummation
formulae. Supposing the ungraduated values u, to be plotted
as points against the corresponding values of x, we shall fit
a parabolic curve of some assigned degree j to the points
(eny Yot - + o Ug « + - W,), determining the constants of the
curve by the Method of Least Squares, and we shall then take
the ordinate of this curve at z=0 as the graduated value of ,*

* Cf. W. F. Sheppard, Proc. Fifth Intern. Congress of Maths. (Cambridge,

1012); ii. p. 348; Proc. Lond. Muth. Soc.® 18, p. 97; J.1.4. 48, pp. 181,
390, 49, p. 148 ; C. W. M. Sherriff, Proc. Roy. Soc. Edin., 1920, p. 112.



292 THE CALCULUS OF OBSERVATIONS

Let us then find the polynomial of degree j,
u(x) =cy+ o + e +. . .+,
Jor which 3 {u,, - u( p)}ais a mintmum ; then u(0) will be taken
p=-n
to be the graduated value of 1,

The equations of condition to determine ¢, ¢,, . . ., ¢; are
Co+ i+ cnd+. . 4o =1y,
Gte(n—1)+en-12+. . . +en-1Y=1u,_4
Go—Cy+ et —. . .+ —n) =U_p

If we now form the normal equations, it is evident that the

coefficient of ¢, in every alternate equation vanishes, the sums
of the odd powers of the natural numbers from — m to + m being
zero. Letj=2kor 2k+1. Denote by = a summation over the
values from - n to » inclusive ; let Zs# bhe denoted by =,* and
let =s?u,, which is the pth moment, be denoted by M,. Then
the normal equations which involve ¢, are

€t C2pt. « HCuZy =M,

oo..,,+c St . +0u2u+2 =M,,

Coak + 022u+2 +.o.ctouZg= Mzt
Solving these equations for ¢, We have

M, M, ...My
S, S oo Zage
2 Zg .o Zata
Zor  Zopta ok
Uy =u(0) =¢p= - —— -~ — —-
Eo Eﬂ “« o . Egb
S, 3, ... Smae
2 %% - Zma
St Sokgs - - o Sax

* From § 69, we note that the sum of the pth powers of the natural
numbers from - to n inclusive (where p is an even number) is given by
Zp=2{1P+2°+. . . +n¥}

=9 '"'p+1 .np anp—l p(p 1) (P 2) Ban#3

Pt T (p-1)(p-2)(p-8)(p-4)
PP p—2)p- -
81 Byt . ]
where B, =%, By=+ly;, By=74, B=+p Bs=45 . . ©
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This is the Graduated Value of u,—Since the moments M,
M,, . . . are linear functions of the ungraduated data %_n, . . -
%y, W see that the graduated value w, is also a linear function
of these data.

The following table is useful in performing the computations.

[TABLE
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146. Table of these Formulae.—By substituting par-
ticular numbers for 4 and » and evaluating the determinants,
we obtain the following table of the graduation formulae which
are obtained by fitting a polynomial to the data.

Cuse I. k=0, i.e. filting a straight line to the data.

1
° 2n+1

Cuse I1. k=1, i.c. fitting « parabola of degree 2 or 3. The
general formula in this case is

U

{atg + (ug +20-y) + (Ug+u_g) +. o+ (U +u_y)}.

Uy =Pylly + Do—qllp-g - o o+ Popllop,

. 302+ 3n — 1 - bs?

where p.=3- G- @n s 1) 73y

This gives

n=1 =1,

n=2 = NetlTug+ 1202y +w_;) = Bty + w_g)} =y — AN _p

n=38 g = {Trg+6(ay+u_y) +8(tg+u_y) — 2(ug+1_g)}

n=4 g =gk 5y +5d(uy +u_;) +39(ug+u_y) + 1d(uz+u_y)
= 21(ny+u_y)}

n=5 1wy =Ly 89y + 84(u, +u_,) + 69(uy+w_,) + 4d(uz+u_g)
+ 9(wy + 2 _p) — 36(ug+w_g)}

=6y =pix{26uw + 24 (uy + w_y) + 21 (ug+ 2 _p) + 16(ug+u_g)
+9(ny+_,) = 11(ug+ w_g)}

n=T 1) =15z {16Tug+ 162(u, + v _,) + 147(uy+ v _,)
+122(ug + u_g) + 87 (1w, +1_,) + 42(u5+ u _)
= 13(ug+1_g) — T8(uy+u_p)}

n=8 ) =41y{43uy+42(uy +v_y) +39(uy+u_y) +34(ug+1u_y)
+ 27(wg+ 1) + 18(ag +u_g) + T (g +2_g)
=61ty +u_y) — 21 (ug+u_g)}

n=9 g =zg5r{2691g+ 264(y +2_,) + 249 (uy + v _,)
+ 224 (ug + w_g) + 189 (ny +1_,) + 144 (g + 2 _g)
+ 89 (1y +w_g) + 24 (uy +u_y) = BL(vg+w_)
—136(1g + u_g)}.

n=10 o, = 5u{829uy + 324(uy + 1 _,) + 309 (ng +21_y)
+ 284(1ug + w_g) + 249(wy + 1) + 204 (w5 + u_)
+ 149 (ug + 1 _g) + 84(Uy + U_y) + (g + w_y)
=761y +w_g) = 171 (39 + % _5)}.
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Case III k=2, i.e. fitting a parabola of degree 4 or b.

n=2 'u =1y
n=3 3 37{131'11,0 + 76wy + w_y) — 30(vg + 21_y)
+ 5(ug+ 1 _g)}.
n=4 uy=zks{179%+ 135(u, +u_,) + 30(uy +u_,)
~ BB (ug+u_g) + 15(ay+1_,)}
n=5 1w, =giv{143uy+ 120(u, +u_,) + 60(uy+u_,)
— 10(ug + % _g) — 45 (g + 10 _ ) + 18(ug +u_g)}.
n=6 1wy =51 {67Tu,+ 600(u, +u_,) +390(uy+u_,)
+110(ug + % _g) — 135 (0, + 1_ ) — 198(ug +10._)
+ 110(2g + u _g)}-
n="T ) =15rso{110€3uy+ 10125(v, + %_,) + 7500(uy + 1_,)
+ 8755 (g + 10_4) — 165 (1y +u_,)
— 2937 (ug + 1_g) — 2860(rg +2_g)
+ 2145(n, + w_,)}.
n=8 Uy =17yo{883uy+ 825(u;+u_,)+660(wny+u_,)
+415(ug+w_g) + 135(wg+ v _ ) — 117 (ug +u_g)
~ 260(wg + - g) — 1952y + v _p) + 195 (2g+ 1_g)}.
n=9 U =-55{1393u,+1320(x, +u_,) + 1110(uy+ u_,)
+'790(ug + u_g) + 405 (w, + 2 _ ) + 18(uz+u_;)
~ 290 (g + w_g) — 420(1ty + w_,) — 255 (10g +10_g)
+ 340 (g + w_g)}
n=10 %y = gyoors {44003y + 42120(u, + 21_;) + 36660 (1y + 2 _,)
+ 28190(1rg + v _g) + 17655(u, + 2. ,)
+ 6378(ug + 1) — 3940(ug +1_g)
- 11220(w, + 1 _,) — 13005 (ug + u_g)
— 6460(1g + 1_g) + 11628 (1) + % _y0)}.

147. Selection of the Appropriate Formula.—Among
the many formulae of the last section, we have to determine the
one which is most appropriate to the particular material that is
to be graduated ; this may be done in the following way :

From the formulae of § 145 we see that if we tried to fit an
ordinary parabola i =¢,+ ¢z +c?® to data u_,, U_,yy, - . . Uy,
then we should have

o2+ Co2e =M,
00.32 + 022 M,.

and therefore c,= ..,02 E“ 2,
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Now ¢, is $A2y, where A%y denotes the second difference of ¥,
which is of course constant since y is of the second degree in .
So if we try to represent a certain stretch of the data, say from
%_, to u, inclusive, by an ordinary parabola, then the most
probable value of A2y for this parabola is

(S, M, - 5,M,)
2, - 52

This is readily calculated (the ='s being given at once by the
table of § 145), and thus we can make a preliminary test of the
value of A%y for curves roughly fitting the data in different
“stretches.” This enables us to judge what is the lowest order
of parabola which will give a satisfactory fit when we use some
definite number (22 + 1) of data in the graduation formula.

Ex, 1.—If « set of observations ¥y, Yp « . « Yn, corresponding to equi-
distant values of the argument x, is given, and if we represent these as well
as possible by a formula of the type y= Ax+ B, so that Ay s constant for
the graduated values, then the most probable value of this constant Ay s
- 6 - —

n(n? - 1% .

{1.(n = DAY, + 2.(n — 2)Ay, + 3.(n — 3)Ayg+. . .+ (n~—1).1.Ay,_,}.

Er. 2—If a set of observations yy, Yy . . ., Yn, corresponding to equi-
distant values of the argument x, 18 given, and tf we represent these as well
us possible by a formula of the type y = Ax2+ B+ C, so that A2y 1s constant
Jor the graduated values, then the most probable value of this constant A2y 1s

30
W= 13) (o 38y PP+ D=2 0= = D),

Ex. 3.—If a set of obseriations Yp Yo « = » Um corresponding to equi-
distant values of the argument x, is given, and ‘Lf we represent these as well
as possible by a formula of the type y= Az®+ Ba?+ Czr+ D, so that Ay is
constant for the gradwated walues, then the most probablc value of this
constant 18

140

n(n2= 12) (2 - 22) (n? - 3%)
S{pp+1)(@+2)(n—p)(n—p—1)(n—p—2)A%,}.
»
148, Tests performed on Actual Data.*—We shall now consider

the relative merits of Summation formulae and Least-square formulae
as tested by their performance when applied to definite numerical data.

* Sherriff, loc. cit.
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We have first to decide what is to be accepted as the measure of good
performance in a graduation. The test we shall use may be described
thus :

Consider some known analytic function of #, such as log =, of which
tables accurate to, say, 6 places are available A 4-place table of this
function may be prepared by omitting the last two digits (which will be
called the tasl) and “forcing,” i.e. increasing the last retamed digit by
unity when the omitted tail begins with one of the digits 5, 6, 7, 8, or 9.
We can regard the values of log x given by the 4-place table as affected
with “errors,” namely, the errors which have been produced by omitting
the tails. Let us now take a sequence of these 4-place values, and
graduate them by the graduation formula which is to be tested; the
effect of the graduation should be to smooth out the *errors” and restore,
to some extent at least, the more accurate values of the 6-place table.
The success with which this is performed may be taken as a measure of
the merit of the graduation formula; for it must he remembered that
the purpose of a graduation formula is precisely to reduce the magnitude
of accidental errors. The advantage of using a known function, such as
log =, for the test is that we can be certain that the errors (viz the tails)
are accidental, 7.e. non-systematic. There is, however, the disadvantage
that the errors do not obey the normal law of frequency, since within
the limits + 0-5 of the last place, the probability of an error e does not
vary with e

In the following table this method of testing is applied to the function
7
1~(:— —39,999-95. Spencer’s formula and the Least-square formula k=1,

m=10 are used. The merits of the gradnated values are obtained by
comparing columns 9, 10, and 11: the result is that the sum of the
squares of the residual errors is 873 when the Least-square formula is
used, and 1327 when Spencer’s formula is used.

[TADLE
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GRADUATION OF THE RECIPROCALS OF NUMBERS BY SPENCER'S FORMULA

AND THE Lpast-8QUARE ForMuiA k=1, n=10

(1
201
202
203
204
206
208
207
208
209
210
211
212
213
214
216
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243

] k] Gmdoufar_t_lu\[aluo Dufference between Un-

§ El . 77 | yraduated and Gmduaf';ed ool (U-u2,

8'5 E-ﬁq By Least- and Truo Values X102, ?:

D | s |, il —

= L 2- . 2- | Col 2- ~ .

g lg | =y Formula. | oL 2~ |Col. 2-Col 2- (Col. 7. | Col. 8.

@ [ @ (5) (6) (T | (8) | (9 | (0) | (11)
9751.29 | 9751
95605-00 | 9505
9261-13 | 9261
9019-66 | 9020
878054 | 8781
854374 | 8544
8309-23 | 8309
8076.97 | 8077
7846.94 | 7847
7619410 | 7619 . . . .
7893-41 | 7398 | 7393.36 | 7393.29 41 5 12 | 1681 25 144
7169-86 | 7170 | 7169-80| 7169.73| - 14 6 13 196 36 169
6948.41 | 6948 | 6948-34 | 6048-26 41 7 15 | 1681 19 225
6729-02 | 6729 | 6728.93 | 6728-94 2 9 8 4 81 64
6511.68 | 65612 6511.68 | 6511-64 | -~32 5 4 | 1024 25 16
6296-35 | 6296 | 6296-31 | 6296-36 35 4 | -1 |1225 16 1
608300 | 6083 | 6082-99 | 6083-05 0 1 -6 0 1 25
5871.61 | 5872 | 5871.58 | 5871-69 | - 39 38 -8 | 1521 9 64
H662.15 | 5662 | 5662.15 | 5662.23 15 0| -8 | 225 0 64
5454-60 | 5456 | 5454-64 | 5464.67 | 40 -4 -7 11600 16 49
H248-92 | 5249 | 1248.97 | 5248.97| - 8 -5 -5 64 25 25
5045-10 | 5045 | 5045.14 | 5245 11 10 -4 -1 100 16 1
1843 10| 4843 | 4843.10 | 4843-09 10 0 1 100 0 1
4642.91 | 4643 | 4642.88 | 464288 | - 9 3 3 81 9 9
4444419 | 4444 | 4444.46 | 444446 49 3 3 | 2401 9 9
4247.84 | 4248 | 4247.80 | 4247.79| -16 4 5 | 256 16 25
4062.91 | 4053 | 4052.84 | 4052:86 | - 9 7 5 81 49 25
3859.70 | 8860 | 3859.59 | 3859-64 | —30 11 6 900 | 121 36
3668.17 | 3668 | 366808 | 3668-10 17 9 7 289 81 49
3478.81 | 2478 | 3478.19 | 3478.23 31 12 8 961 | 144 64
3200-09 | 3290 | 3289-99 | 329000 9 10 9 81| 100 81
3103-50 | 3103 | 3103.44 | 3103-40 50 6 10 | 2500 36 100
2918.50 | 2019 | 2018.47 | 2918-41| -50 3 9 | 2500 9 81
2735.09 | 27835 " . . .
255324 | 2553
2372.93 | 2873 -
2194.14 | 2194
2016.86 | 2017 .
1841.06 | 1841
1666.72 | 1667
1493.83 | 1494
1322.36 | 1322
1152:31 [ 11562 .

Total for columns 9, 10, and 11 . . |19471| 873 | 1327
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149. Graduation by Reduction of Probable Error.—The
graduation formulae which we have obtained by fitting poly-
nomials have been derived otherwise by W. F. Sheppard,* who
approaches the problem in the following way :

As before, let . . . u_y, %_,, %, %, Uy, . . . be the ungraduated
values of . Suppose that the determination of each of these
is subject to the probable error e. If the graduated value of

U, i8

Uy =Polly+ Pyl + Pglta+. « o+ Pulln
+P Uyt P gt o Pl

then the probable error of u, is
(P-p+Doni®+. . Do+ pY)ke

Sheppard lays down the condition that ¢this quantity is to be
a minimum, subject to a further condition which secures that
the graduated values shall not differ systematically from the
ungraduated. This latter condition he takes in the form that
uy 18 to differ from wu, only by differences of vy of order (j+1)
and wpwards; this amounts to supposing that the (j+1)th
differences of the u’s are negligible.

Now, by a discussion resembling Laplace’s and Gauss’s
Theoria Combinationis proof of the Method of Least Squares
(§ 115), we see that Sheppard’s conditions are really equivalent
to the two conditions which were laid down in § 145; and
hence the graduation formulne obtained by this method are
sdentical with those which have been obtained (§§ 145-147) by
Jitting polynomials to the data by Least Squares.

150. The Method of Interlaced Parabolas.—A method
of graduation proposed in 1922,% which yields satisfactory
results when applied to actuarial data, may be explained as
follows.

* Proc. of the Fifth Int. Congress of Mathematicians (Cambridge, 1912), ii.
p. 348, and other papers quoted in the footmote, p. 291. Sheppard also
deduces formulae giving maximum smoothness, as measured by the smallness of
the sum of the squares of differences (of given order) of u,. He gives a
continuous working process in columns. For a convenient working process

with the arithmometer, cf. J. R. Larus, Trans. Act. Soc. Amer. 19 (1918), p. 14.
t J.Z 4. 88 (1922), p. 92. :
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Let a polynomial of the third degree

w=a+ bz + cx? + do? (1)
be determined by the conditions that (1) it is to take as nearly
as possible the values %_,, % _m+1, « « « U—g, U Ugy + « +, U, When

z has the values —m, -m+1,...,-2,0, 2,...,m respectively,
and (2) it is to take precisely the values w'_, and u," when «
has the values —1 and 1 respectively. Here as usual u, u,,
. . . denote ungraduated values and u,, %,’, . . . denote gradu-
ated values, so that we are really finding a parabola of the third
degree which will fit as well as possible the ungraduated data
Uy We gty + + o Uy, a0d Will also fit rigorously the two gradu-
ated values «'_, and u,, which for the moment are supposed
already known. Then /e ordinate of this parabole at x =0 will
be taken to be the graduated value ;. The graduated values
will therefore be given by a series of interlaced parabolas, each
of which passes through three consecutive graduated values, so
that each successive pair of these parabolas has two points on
the graduated curve in common. The equations of condition
are evidently

w, =@+ br +cr? + drd, (2)
forr=—-m, ~m+1,...,-2,0,2,... m; and we may without
error include »= -1 and »=1 in this sequence, since the effect

of the two equations of condition thus introduced will be
nullified by the two equations which have to be satisfied
rigorously, namely,
w_y=a—-bt+ec-d
'u,1=u,+b+¢:+(l=> (3

Denoting as usual = +#by S, we have therefore to choose

r=—

a, b, ¢, d 80 as to make

mn
2 (@+br+ert+drd~u)?

r=-m

or

a3, + b2, + 625, + 23, + 20cZ, + 2043 - 2aZv, - 2b%rw,
- 203, - 2d3rdu,
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a minimum subject to the rigorous equations (3). The normal
equations are therefore (§ 108)

aXy+ 2, ~Zu, +A+p =0
b2y +d2 - Zru, = A +p =01 )
e +a, — 2%, + A+ p=0
AZg+ b=, - Zr%u, -~ A+ p=0
The unknowns a, b, ¢, d, A, p are to be determined from

equations (3) and (4). Evidently we need only consider the
equations which involve a, ¢, and (A + p), which are

W -+ 1) =20+ 2,
aZy+ S, =S+ (A+p)=0,
S+ aZ,~Zrtu, + (M +p) =0,
and we have also Uy =1l

Eliminating «, ¢, and (A + g) from these four equations, we
have
25, - 2%, + 3 25(r2—1)u
v+ = ‘L—iv'__ 22 %) vy + -—% — s‘—)—'
~4T “2 4T “2
ip . 3= 2N, + Y
Thus if we write cosd for % ;- 220 and K, for
o
S(r? = 1)tgyr

2, -2 .
difference equation

, the graduated values of w«, satisfy the linear

Wapr1— 2008 0, + 4y 1=K,
the solution of which is

u, = A cos 26 + B sin 26
+Kosinzb+ K, gin (z - 1)0+. . .+ K,,sinf,
sm 0

where A and B are the constants of integration; they may be
used, in the case of mortality data, to make the deviations of
the actual from the expected deaths, and the accumulated
deviations, zero; or in all cases they may be used to reproduce
the moments of order zero and one, of the ungraduated «’s.
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151. A Method of Graduation based on Probability.*—
The methods described above fulfil their purpose of.smoothing
out irregularities from observational data in a way which is on
the whole efficient. From the purely theoretical standpoint they'
are not altogether satisfactory, since each of them contains
arbitrary or empirical elements whose introduction does not
appear to be logically necessary; e.g. in the methods of §§ 142,
150 it is not obvious (apart from mere convenience) why we
should fit parabolic curves to the observations rather than fit
curves such as (say)

A
Y= ae“i‘(l + g:) *

In order to find a sounder basis for the theory, we must
remember that the problem of graduation belongs essentially
to the mathematical theory of probability ; 1 we have the given
observations, and they would constitute the “most probable”
values of u for the corresponding values of the argument, were
it not that we have @ priori grounds for believing that the
true values of » form a smooth sequence, the irregularities
being due to accidental causes which it is desirable to eliminate.
The problem is to combine all the materials of judgment—the
observed values and the & priori¢ considerations—in order to
obtain the “ most probable” values of .

Let us then suppose that we are concerned with a number
w, which depends on an argument z, and suppose that we have
n data which are affected with uncertainties or irregularities
duse, c.g., to accidental errors of observation; so that when u, is
plotted as a function of x, the % points so obtained do not lie
on a smooth curve, although there is a strong antecedent prob-
ability that if the observations had been more accurate the
curve would have been smooth. We may make the somewhat

* Whittaker, Proc. Edin. Math. Soc. 41, p. 63 (read Nov. 14, 1919 : printed,
with additions, in the volume for 1922-23). The method has been further
improved by Whittaker, Proc. R.S. Edin. (1924).

t The first recognition of this fundamental principle secms to have been
made by Mr. G. King in the course of the discussion on Dr. T. B. Sprague’s
paper of 1886, J.1.4. 26, p. 77: ‘‘ What is the real object of graduation ¥ Many

would reply, to get a smooth curve; but that is not quite correct. The reply
should be, to get the most probable deaths,”
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vague word “smooth ” more precise by interpreting it to mean,
¢.g., that the third differences A%, are to be very small.

Now consider the following hypothesis: that the true value,
which should have been obtained by the observation u,, lies
between u,” and %, +o, where o is a small constant number
(¢.9. one unit in the last decimal place used in the measures);
that the true value which should have been obtained by the
observation for u, lies between u, and u, + o, and so on; and
finally the true value which should have been obtained by the
observation for #, lies between v, and «,"+¢. This hypothesis
we shall call “hypothesis H.” DBefore the observations have
been made we have nothing to guide us as to the probability
of this hypothesis H except the degree of smoothness of the
sequence u,, . . . %,’, which may be measured by the smallness
of the sum of the squares of the third differences.

S = (uy = Buy + 3y — 1))+ (wy — Sy +3ug’ —uy)?+. .
+ (v, = 8u, ) +3u, o -, )2
S may be called the wmneasure of roughmness of the sequence.

The theory may be extended to the case when the observations are
not taken at equidistant values of the argument, by taking instead of
S the sum of the squares of the third divided differences of the graduated
values.

We may therefore, by analogy with the normal law of
frequency, suppose that the a priori probability of hypothesis
His

ce~ASgn, (A)
where ¢ and A denote constants.

Next let us consider the @ priori probability that the
measures obtained by the observations will be u,, u,, . . ., ,, on
the assumption that hypothesis H is true.

Since the true value of the first observed quantity is, on
this hypothesis, «,’, the probability that a value between %, and
%, + o will actually be observed is (postulating the normal law
of error)

7‘1 o~ M- “1')'0-,
NL

where 7, is a constant which measures the precision with which
this observation can be made. Similarly the probability that
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a value between %, and u, + o will actually be obtained for the
second observed measure is

h,,-g PO “s')'o.,

where 7, is the measure of precision of this observation. Thus
on the assumption that hypothesis H is true, the ¢ priord
probability that the observed measure of the first observed
quantity will lie between %, and %, + o, the observed measure
of the second observed quantity between %, and %,+o, and
80 on, is

hyly ... h
1772 = np-F, ﬂ’ B
(N ®)

where I denotes the sum
F=hg® (ny = )P+ hg® (ug =g P+ o o+ B2, — )2

The sums S and F enable us to express numerically the
smoothness of the graduated values, and the fidelity of the
graduated to the ungraduated values respectively.

We must now make use of the fundamental theorem in the
theory of Inductive Probability, which is as follows. Suppose
that a certain observed phenomenon may be accounted for by
any one of a certain number of hypotheses, of which one, and
not more than one, must be true : suppose, moreover, that the
probability of the sth hypothesis, as based on information in
our possession before the phenomenon is observed, is p,, while
the probability of the observed phenomenon, on the assumption
of the truth of the sth hypothesis, is P, Then when the
observation of the phenomenon is taken into consideration, the
probability of the sth hypothesis is

PP,
P/

where the symbol T denotes the summation over all the hypo-
theses. It follows from this that whereas before the phenomenon
was observed the most probable hypothesis was that for which
p. was greatest, the most probable hypothesis after the pheno-
menon has been observed is that for which the product P.p, is

greatest. Applying this theorem to the case under considera-
(D 311) 21
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tion and combining expressions (A) and (B), we see that the
most probable hypothesis is that for which

ehyhy « o I, sag p g
gy T
s @ maatmum ; that is to say, the most probable set n)' . . . w,
of values of the quantitics is that which makes
A +F

a mingmum.

152. The Analytical Formulation.—Writing down the
ordinary conditions for a minimum, we obtain the equations

Ry =h2u)" — N2\,

ho2u, = houy + 303, — A2A3w,,

hgtug=hgduy' — 3A2A%," + 3N2A3n," — A2A%,,

Ity =2, + A2A3u," — 3A2A3u, + 3A2A3uy — A2A3u )/,

Ry = h2uy + N2, .

‘We shall now make the simplifying assumption that the measure
of precision is the same for all the data, so h,=lh,= ... =/,
If this is not the case, we graduate some function of u, such as log u,

instead of «, choosing this function so that its measure of precision has
nearly the same value for all values of the argument.

If we write ,%=eA? the equations may now be written
e, =eu, - A%,/
€lty =€ty + 303" — A3,
€ig =€y — 3A%" + 3A3n, — A%y
ety =eu, + A%, — 3%, + 343, — Adu,

LW

’ ’
€Ny, =€, + Ady n-38 )

Now all these equations, except the three first and the three

last, are of the form
€Uty = €ty — AU, _3.

Moreover, if we introduce a quantity %, such that A% =0, the
third equation becomes

evg=eiry — A%,

which is of the same form ; and similarly the first two and last
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three equations can be brought to the same form by introducing
new quantities w'_,, u'_,, %41, %W pnia, Wnis, Such that
A%y =0, A% _3=0, A%/, _3=0, A%/, _; =0, A%, ’=0.

Thus the graduated values w,' satisfy the linear difference equa-
tion

en, — ASw/, _g=en,, (2)
being in fuet the particular solution of this equation which satisfies
the six lerminal conditions

Ay =0, A% _,=0, A% _,=0, A%/, _3=0, A%/, _1=0,
A, =0, (3)
whence we have at once
AW _p=0, A’ _1=0, A5 _3=0, A%/, _2=0, A%/, _1=0,
ASw, _3=0. (4)
153. The Theorems of Conservation.—From (2) we have
by summation
ety +uy +. . ow))—e(uFug+. . o +w)
=A% _,+ A% _ +. . . +A%, 4
’ ’
=05, _,— A% _,

=0, by (4).

LT L VA S TN F OE L T S Y T (5)

Therefore

Moreover, by (2),
e(uy +2uy +. . .+ nu)) —e(uy+2uy+. . . +nn)
=A8y' o+ 2080 +. .+ 0l _g
=nA%,_,— AW, _,+ AN _,
=0, by (4).
Therctore
w +2m 4. ) =y 2u L, (6)

Next, by (2),
(v, + 22, +. . .+ nn) —e(u + 22+, .+ 0P,
=A%+ 2200 +. .+ nPAS, g
=n2ASu’,_, — (20— 1)A% o+ 20%, o~ A%, = A% _,
=0, by (3) and (4).
Therefore
)+ 2+t =+ Pt (7
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Equations (5), (6), (7) show that the moments of orders 0,1, 2
are the same for the graduated dala as for the original data.
This may be called the Z%corem of Comservation of Moments.
We may express it by saying that the graph which represents
the ungraduated data and the graph which represents the gradu-
ated data have the same area, the swme x co-ordinate of the centre
of gravity, and the same moment of inertia about any line parallel
to the axis of u.

154. The Numerical Process of Graduation—The para-
meter e is at our disposal, and measures the importance which we
attach to keeping close to the original data, as weighed against
our desire to attain perfect smoothness in the graduated curve.
If € were taken absolutely zero, we should obtain a perfectly
smooth graduated curve which would have the same moments
of orders 0, 1, and 2 as the ungraduated curve, but in other
respects might not fit the observed data closely. In practice,
therefore, we do not take e absolutely zero, but it may usually
be taken to be a small number so that it is convenicnt to expand
the solution in ascending powers of € and retain only the part
which is independent of e together with the part which involves
the first power of e¢; the parts involving higher powers of e
may be neglected.

Suppose, then, that the terms in the graduated value u,’ are
arranged according to the powers of e which they involve,
thus

Uy =g ot €Wy 1+ €y g+, « . . (8)
Substituting in (2) and equating coefficients of € we have
'”’a:, ( Ao”"a:—:%, 1=1Ug, (9)

which is a linear difference equation to determine u', 3 if %'y, o
can first be found.

Now «';, ¢ can be found without difficulty in the following
way. From equations (1) it follows at once that when e is
zero, the third differences of the graduated values are all zero:
80 %'y, o must be a polynomial of degree 2, say

Wy, 0= a + bu + ca?, (10)
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where @, b, ¢ are independent of . Substituting in equations
(), (6), (7), they become
na+ in(n+1)b + in(n + 1)(2n + 1)e = MY
in(n+1)a+3n(n+1)(2n+1)b+ j0¥(n+1)%c=M,
n(n+1)(2n + 1)a + 1n?(n + 1)%

+ Fon(n+1)(2n +1)(3n2+ 3n - 1)e=M,
whence M,, M,, M, denote the moments (v,+...+u,),
(v + 2uy+. . .+ nu,),and (v, + 224, +. . . + n?n,) of the ungradu-
ated data., The three equations (11) determine a, b, ¢; the
solution may conveniently be performed as follows:

Compute successively the numbers p, g, 7, s, , where

» (11)

2M 6M, 6(q-p) , 2{r-(2n+1)p}
= 0 = 1--— PrP= 2 = - = = - - - —_—
p= 01 n(n + ),r 745('n+1)’S n-1""t n-1 '
Then ¢ is given by
_16{t— (n+1)s} )

T ai2)n-2)°
b is given by
b=s5—(n+1)e, > (12)
and o is given by
2n+1, a(n+1)
«=q-"- -3-—b—- (-2—6. 4
The first of equations (11) may be used as a check.

Substituting the numerical values of «, b, ¢ thus found in
equation (10), we obtain the formula for #; ¢; and by substi-
tuting #=1, 2, 3, . . . in it, we obtain the numerical values of
%'y, 00 12,00 W3,00 o o o »

Having thus found /4, ¢ in terms of the ungraduated data by
substitution in equations (9), we obtain AS«/,_3 ; in terms of the
ungraduated data. Denoting A%/, ; by »,, we therefore have
A%, known ; and from (3) and (4) we have A%_,=0,Av_,=0,
7,=0, so by mere summation in a diffcrence table we can obtain
all the v's.

The results A%,_,=0, Av,_,=0, »,_,=0 furnish a check on
the accuracy of the working; and as a further check we
may form the columns A%, AS, A®in this difference table; the
column AS should give simply - y,, where y, denotes A%u,.
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Having now ohtained the numbers v, v,, . . ., v,-5, We have
to find the numbers uy 3, #'3,1, . . + %y, 1 from them. For this
we use the conditions that (1) ', , satisfies the difference
equation

Ay 1=, (13)

and (2) it is the particular solution of this difference equation
for which the moments of order 0, 1, and 2 vanish. So in
order to compute u’ ; we write down v, v,, . . ., v,_5 a8 the
third column of a ditference table, and form the second, first,
and zero columns by summation, taking any arbitrary numbers
whatever * for the entries at the top of these columns. In
this way we obtain in the zero column a set of numbers ,
Wy « « 10, Which satisfy the difference equation (13), but
which are not the particular solution we require. However,
any two solutions of (13) differ only by a solution of the
equation A% =0, 7.e. they differ only by a quadratic function
of . 8o we can write

Wy 1=1%— A — Bx— Ca?, (14)

and we have now ouly to determine A, B, and C. For this we
use the second of the above conditions; denoting the sums

(wy+wy+. . o+ w), (0,4 2w+, . .+ nw,),
(w0 + 22wy +. . .+ nPw,)
by N, N, N, respectively, we have, by summing equation (14),
nA +in(n+1)B+3n(n+1)(2n+1)C=N,
n(n+1)A+3In(n+1)(27+1)B+ tn¥(n+1)2C=N,
In(n+1)(2n + 1)A + Jn?(n + 1)2B
+-5n(n+1)(2n +1)(372 + 35 - 1)C=N,
These equations are of the same type as equations (11) and are
solved in the same way ; that is, we compute successively

(15)

p-No - 2N p_ 6N, o _6(Q-D)
n’ n(n+1) n(n+1) n-1"
: mo 2B (2n+1)P}

n-1 ’

* It is advisable to choose these arbitrary numbers so as to make the
numbers w,, w; . . ., Wy, a8 small as possible,
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then C is given by
_15{T - (n+1)8}

C= i dn-2)
B is given by
B=8S-(n+1)C,
and A is given by
A=Q_gn§-_1B_n_(n;- 1) C

The first of equations (15) may be used as a check.
Having thus found A, B, C, we substitute in equation (14)
and so calculate u'y 4 for =1, 2,3, .. . n. Lastly, from the

equation
l ’ ’ ’
Uy =g 0t €Ug 1

we compute the graduated values «,' forx=1,2, ... n The
graduation is thus completed.

The quantity e which is at our disposal is not selected
until the end of the process, when we try two or three different
values and see which gives the most satisfactory result. By
increasing ¢ we bring the graduated values into closer fidelity
to the ungraduated values, while by diminishing ¢ we make
the sequence of graduated values smoother. There is not much
labour involved in these trials, as they merely amount to
multiplying the column of known values of %', ; by the trial
value of € and adding to the column of known values of %, ¢.

The advantages of this method of graduation seem to be—

(1) Its elasticity, due to the freedom of choice of e. A
satisfactory method of graduation ought to possess such
elasticity, because the degree to which we are justified in
sacrificing fidelity in order to obtain smoothness varies greatly
from one problem to another.

(2) Its more logical basis in the mathematical theory of
Probability.

(3) The total of the »’s and their first and second moments
are the same in the graduated table as in the actual statistics
on which it is based. (These conditions are not satisfied in
methods such as Woolhouse’s or Spencer’s, which depend on
formulae for graduating individual values.)

(4) It makes use of the wholc material available to obtain
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each graduated value, whereas in, e.g., Spencer’s formula each
value is graduated by using only it and its ten nearest neigh-
bours on either side, and therefore the material used in order
to graduate one number is slightly different from the material
used in order to graduate the next member in the sequence.

(5) There is no difficulty near the beginning and end of the
sequence, whereas, e.g., Spencer’s formula cannot be applied when
we are within ten places of either terminal.

(6) These advantages are not counterbalanced by greater
labour in the computations.

Ex.—To graduate, by this method, the scction of the Qovernment Female

Annuttants Table grven in § 141
The data are as follows :

Agel 50 51 52 53 hd 55 56 57 58 59
Uy I 1019 | 1550 | 1611 | 1753|1772 | 1548 | 2022 | 1923 | 1842 | 2329
The moments Mg, M,, M, are given by the formulae
My=u,+uy +ug +...4+%, =17369,
Ml=n1+ 2uy +3ug +. . .+ 101&10 =103518,
My =, + 2%uy + 32ug+. . .+ 10%u,,="T540486,
and the numbers p, ¢, r, . . . by
M, 15
p= ﬁ)= 1736'900, G=-9‘6;(t— 1]8): —4'799,
LII [y
g="1=1882:145, b=s—1lc=149-619,
)e)
3
r=M;=41129-782, =g~ "Tb— b5c=1098-757.

2
8= 3(q —p)=96-830,

2
t=o(r—21p)=1031-418.

As a check on the computation we see that
10a + 55b + 385 = 17369-000 = M,

Substituting these values of ¢, b, ¢ in equation (10), we obtain the
first term of the graduated value of u, namely
W, 0= 1098-757 + 149-619, — 4-799.2,
-1
= 1098757 41472190 - 9-598°°5 ),

&
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from which by differences we build up the table

@ 1 2 3 4 b}
Wy o | 1243-577 | 1378-799 .1-5;)4-423 —1-(520'449 1726877
@« 6 7 8 ‘ 9 10
W o -@3'7_07 1910-939 ’1988'573. ‘ 2056:6(-)9- 2115-047—

It may be remarked here that for many practical purposes u’, o may
be taken as the graduated value of u,*

From equation (9) the diflerences ASu', y are found ; and, denoting
A8y’, 4 by Adw,, we now form a complete dafference table of the 's;
noting that A%y_,=0, Av_; =0, v,=0.

._2_
Ty A. A2 Al
v 2= 0
0
Vo= 0 0
0 224-577
vy = 0 224-577
224577 -171-201
vy =224-577 53-376
277-953 - 106-57T7
vy =502-530 -53:201
224:752 - 132:5561
vg ="727-282 — 185-752
39:000 -45123
v, ="766-282 230-875
-~ 191-8%5 275-707
vy =h74-407 44-832
— 147-043 —-111-061
vg =427-364 - 66-229
- 213272 65 573
#, =214 092 - 0-656
- 213-928 214-609
vg = [0-164] 213-953
[0-025] —-213:953
[0]

It is required to find a set of numbers wy satisfying the difference
cquation A3, 1=v,. This we do by fornnug a complete difference
table. Iustead of assigning arbitrarily the numbers at the fops of the
colunns, we may aseign a zero entry near the middle of each column
and build the table by working upwards or downwards from the zero
entries as follows :

* The student should compare the values of %, ¢ with the graduated values
of %, given in § 1565.
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A. A% A3,
wy, = —10732:551
6476-611 0
wy = — 4:255-940 —-2220:671
4255940 224577
wy = 0 - 1996:094
2259-846 502-530
wy = 2259-846 — 1493564
766-282 727-282
Wg = 3026-128 - 766-282
0 76G-282
wg = 3020-128 0
0 574-407
Wy = 3026-128 574-407
5T74-407 4927-364
g = 3600-535H 1001-771
1576-178 214:092
wy = 5176713 1215-863
2792-041
Wyo= 7968-754

The numbers wy, w,, . . ., %,y are not the particular solution we
require, so we now form the quantities

We1=1;~A—~Bec—Cs?
where the coefficients A, B, (! are formed from the moments Ng, N,
N, as follows :

No=mw,+w, +...+wy =13095-741,
Ny=w+ 2wy +. . .+ 10wy, = 199347494,
Np=1n + 220, 4. . .+ 10%u0 = L787898-698

p=To_, 1309-574 ‘—3-"’('1'- 118)= — 221245
I U0 R T Y6 T -
N! I
Q=3 =3624-500, B=8-11C=23976-979,
3N,
R= ,_)‘52=97521-747, A=Q-"TB-550= — 12045-878.

S= g(q ~ P)=1543-284,

T= ?)(R - 21P)=15560-154.

As a check on the accuracy of the computation, we note that
10A + 55B + 385C = 13095-74 = N,
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Building up u'y, 3 by differences from the above formula, we have
@ I 1 2 | 3 I 4 I 5 6 l 7

Wy 1|—2442-4 7210 |2106-1] 19377 | 7182 | —825.0 | — 19258
8 | ° | 10

3

Wea 1 —2009-7| - 6194 l 2369

The graduated valnes w,” are now obiained by assgning the values
€=0, 0001, 0-01, . . . 1 the equation u;'=u'g o+ €w'y 1.

The results are discussed 1n the next article.

155. Comparison of the Different Methods.—Dclow are
given the results of graduating a section of the Government
Female Annuitants (1883) ultimate table:

(i.) By Spencer’s 21-term formula (§ 144).

(ii.) By the method ol interlaced parabolas, taking m =6

(§ 150).

(iii.) By the present method, taking € =0.

(iv.) » » » » €=0-01.

(v.) » » » ” €=0-08.

In each case the column of third differences is given, the
columns of first and second differences being omitted to save space.

Ungraduated. Spencer. M}“‘,‘}f}} of =0, «=0 01. e=0 08.
Age. R — —_———
X108 A | gx106 A3 | ¢x108 Al | gx106 A} |qgx106A3| ¢x106 A}
50 1019 1278 1298 1244 1219 1048
51 1550 1382 1391 1379 1386 1436
bb1 -9 -13 1 4 16
52 1611 1494 1497 1504 1525 1673
~204 -8 -8 0 3 42
53 1753 1605 1603 1620 1640 1775
~-120 -5 6 -1 8 58
54 1772 1707 1701 1727 1734 1784
941 2 -1 0 9 60
66 1548 1795 1797 1824 1815 1758
-1271 5 1 1 3 47
56 2022 1871 1887 1911 1892 1757
591 10 10 -1 7 34
57 1923 1940 1972 1989 1968 1828
550 8 3 0 1 17
68 1842 2012 2062 2057 2050 20056
59 2329 2095 2160 2115 2139 2305
Sum 17369 17179 17568 17370 17868 | 17369
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The sum of the absolute values of the differences between
the graduated and the corresponding ungraduated numbers is:

1576 for Spencer’s graduation.

1595 for the Interlaced-Parabola graduation.

1563 for the present method with e=0.

1438 » » €=0-01.

996 »” » » €=0-08.

An examination of the figures shows that so far as smooth-
ness alone is considered, the order is as follows :

(1) The present method with €= 0.

(2) The present method with €=0-01.

(3) and (4) Spencer’s and the Interlaced-Parabola methods.

(5) The present method with e =0-08.
‘While so far as fidelity to the data is alone considered, the
order is as follows:

(1) The present method with €=0.08.

(2) » » » e=0-01.

(3) » s » e=0.

(4) Spencer’s method.

(5) The Interlaced-Parabola method.

In all the methods except Spencer’s the sum of the gradu-
ated numbers is equal to the sum of the ungraduated numbers.

156. Rhodes’s Method.—In addition to the methods of graduation
which have been described in this chapter, mention should be made of

a method proposed by E. C. Rhodes and described in his Tract ¥ on
Smoothing, to which the reader is referred.

* No. VI of the Tracts for Computers, edited by K. Pearson ; Camb. Univ.
Press (1921).



CHAPTER XII
CORRELATION

157. Definition of Correlation.—Consider a definite group
containing a large number of individuals; let us measure some
attribute A of the individuals, and let us also measure some
other attribute B. For instance, the individuals might be all
the stars of the third magnitude, and A might represent the
parallax of the star, while B might represent its proper motion ;
or the group might consist of all adult Scotsmen, and A might
represent the height ol a man in inches, while B might repre-
gent his wealth in pounds sterling. Consider now the indi-
viduals in the group for whom A lies between z and #+ dr
while B lies between y and 7 +dy; let the number of such
individuals be N¢(+, y)dedy, where N denotes the total number
of individuals in the group, or, to express the same thing in
other words, let ¢(r, y)dvdy denote the probability that for an
individual taken at random the first attribute A lies between
2 and &+ de, while the second attribute lics between y and
Y+ dy.

Now Fermat’s Principle of Conjunctive Probability may be
stated thus: Zhe probability that fwo cvents will both arrive is
hk, where h is the probability that the first event will arrive, and
k s the probability that the second event will arrive when the
Jirst event is known to have arrived. Applying this to the
present case, let & =f(2)dr be the probability that for an indi-
vidual taken at random from the group the first attribute A
lies between x and . +de; and let k=g(r, y)dy be the probh-
ability that for an individual taken at random from those
members of the group whose attribute A lies between 2 and

817
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%+ du, the attribute B lies between  and y + dy. Then by the
Principle of Conjunctive Probability we have

(2, y) =/)g(+, y)-
Now here two possibilities present themselves.

In the first possibility, g(=,%) is a function of y only, not
involving #. When this is the case, if we divide the original
group into sub-groups according to the magnitude of the
attribute A, then the probability that B will lie between y and
¥+ dy is the swme for each of the sub-groups. The two attributes
A and B are then said to be not correlated, and evidently ¢(+,v)
is expressible as the product of a jfunction of @ only, multiplicd
by a function of y only. This would be the case, approximately
at least, with the height and wealth of the Scotsmen; for let
the probability that a man is of a certain height 2 to =+ dz be
Sl@)dx; then the probability that his wealth lies between y and
¥ + dy pounds is nearly the same for tall men as for short men,
so may be expressed in the form g(y)dy, where g(y) does not
involve #; and the compound probability that his height is
between z and « + dz while his wealth is between y and y + dy
is then simply

J)g(y)dedy.

But in a large class of cases the function (., %) is not capable
of being expressed as a function of » multiplied by a function
of y. TIn such cases the probability that the first attribute has
a measure between z and »+ dr is not the same for individuals
with large »’s as for individuals with small ¥’s, and the prob-
ability that the second attribute has a measure between y and
# +dy is not the same for individuals with large z’s as for
individuals with small #’s. Tn such cases the two attributes
are said to be correlated. Thus the parallaxes and the proper
motions of the stars are correlated; for a star which has a
large parallax, and is therefore comparatively near to us, is
more likely to have a large proper motion than a small one.

Many clementary problems in Probability cannot be solved correctly
without taking account of correlation. For example, the following :

“The probability that A can solve a mathematical problem taken at
random from a certain hook is }, and the probability that B can solve
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one is also §.  What is the probability that a problem taken at random
will be solved by one or other or hoth of them ?”

Here the group cousists of all the problems in the book, and the two
attributes of an individual problem are its solubility by A and its
solubility by B.  These two attributes are correlated, since the problems
that A can solve will he, to & great extent, the same as the problems that
B can solve. It would thercfore be wrong to assert that the probability
of both failing to solve a problem laken at random is § x § =}, and that
consequently the probability that one or other or both would succeed is

1-]ori

158. An Example of a Frequency Distribution involving
Correlation.—As an illustration of correlation, let us consider
two riflemen side by side firing at targets when a strong wind
is blowing. The wind will be supposed to affect the shooting
of both men in much the same way, so that we may expect a
certain amount of correlation between their records. In this
case the “group” consists of all the records of the two men’s
shots, an “individual” of the group is constituted of a single
shot of the first man together with the shot fired at the same
instant by the second man, and the “attributes ” of this in-
dividual are the deviations of the two shots.

Let X denote that part of the deviation of the first man’s
bullet from the mark which is due to causes affecting him
alone and not atfecting the other man, 4.c. all causes except the
wind. Similarly let Y denote that part of the second man’s
deviation which is due to causes affecting him only; and let
X + aZ denote the total deviation of the first man’s bullet, and
Y +bZ denote the total deviation of the second man’s bullet,
where Z is due to the wind. For simplicity, we suppose all the
deviations to be in a horizontal direction from the mark. We
assume that X, Y, Z are independent of each other, and that
each occurs according to the normal law of frequency, so
the probability that

. N .
X lies between z and « + dz is N "o s,

N

Y , ,  yandy+dyis k e dy,
€ » J,r .

. l ~12:2
Z , zand z+dz is — ¢ ™ d.
m™

N



320 THE CALCULUS OF OBSERVATIONS

We now want to find the frequency of cases in which
U =X+ «Z has a value between % and u+dw, and V=Y + bZ
has a value between v and v + dv.

Suppose Z lies between z and 2+ dz, which happens in the

—1222

proportion —l—e dz of cases. Then in order to produce such
m

v

a pair as is considered, X must be taken between u —az and
%+ dw - az, while Y must be between v- 2 and v+ dv-bz;
the probability of these happening together is

10 e~ =Py, x k o~ o=,
Jr I -

Therefore the frequency of cases in which U lies between

u and % + du, while V lies hetween v and v + dv, is
hikl w y .
;l;—dudw [ ¢TI -R0-8Y g,

-0

or

Wk ‘ g_ﬂ_l«/lv’__‘ljb"ll:)‘ ® "_‘qu_hi+bp].:_ 2
bﬁlgdild’ve-ulh._l”“+l’-"‘«’+"2’~'+"/ e (Ph®+ D34+ 1) = a‘lb‘+ll'A’+1‘} dz’
bl

-—0

. gy QU Dok
1 ﬁkl P L Ty y N A
x («2h? + DR + [2)}

If we examine this expression we sce that it is of the form
&(u, v)dudy = ce—1"*~ 1"+ 2wy dy, (1)

or

where ¢, p, g, s denote conslants. The constant s would be
zero if either of the constants « or b were zero, 4.e. if no common
influence acted on the two riflemen. 7%he correlation is repre-
sented analytically by the occurremce of this term in uv in the
erponential. If this term were absent, the expression (1) could
be regarded as the product of two factors

Constant x e=?"*"du, and Constant x e—7""dv,

of which the first involves % only and the second involves v
only, so that in this case (§ 157) there would be no correlation.

The expression (1) may be regarded as the extension to two
variables » and v of the normal law of frequency for one
variable w,

b e
-6~ "

=
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on this account we shall call it the normal law of frequency for
two variables. The constant ¢ in the expression (1) may be

determined from the condition that [ ) f ¢(u, v)dudv =1 ; this
gives e
- - o @)
The ahove is a particular case of the following more general result.*
Let w, 1y . . ., %z be variables, such that the probability of u,

lymg between v, and v, + dv; is

’lﬁ 258
_e"’h W’ ll’l’i.
™

Let wy, g, + . o, @, be a set of Linear functions of the w’s, defined by
equations
ag=lptty + ko + . o L higity,
tg= 7.2114,1 + I.&u,2 v o ot hggtig,

= I‘pl 1 + ,lpg"bz +. . .+ Lp,,n,,

and let @i= "

b

Then the probability that u, lies between & and &, +d§, 18

) £ &
N G‘)’”"T"”E’“”T”""“’d&dgz o,

~D,D, 1
where  bgp=(~ 1055 (G k=1, 2, . . . p) and E=<yp

while D denotes a deterninant of order p taken from the array

Al - + + Ulgs
Aplloy + o« o U2qy

Qpthp, + + + Gpgy

and D, denotes a determinani of order (p—1) taken from the array

w}noh is obtained by onuttmg the jth row in the above array. The
two determinants D, and D in the product D,Dj, are to be formed from
the same colnmnns of M.

159. Bertrand’s Proof of the Normal Law.—It was re-
marked by Dertrand } that the normal law of frequency for two
variables may be deduced from an assumption resembling the
Postulate of the Arithmetic Mean, from which, as we have seen

* Cf. M. J. van Uven, Proc. Amster. Ac. 16 (1914), p. 1124,

t Comptes Rendus, 108 (1888), p. 387.
(D 311) 22
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(§ 112), the normal law of frequency for one variable may be
deduced.

Consider for definiteness the shots of a rifleman at a target ;
and let the horizontal and vertical deviations of a shot from
the centre of the target be called A and B. It is found in
practice that A and B are not independent, but are to some
extent correlated.

Let us now make the following assumption, which was first
proposed by Cotes in 1722: that if any number of shots have
struck the target in poinis Py, P, . . ., P,, then the most probable
position of the point aimed at is the centroid (centre of gruwvity)
of these poinis.

Suppose the probability that a shot strikes an element of
area dudy at (z, y) is

F(X-w Y - y)dady,
when X, Y are the co-ordinates of the point aimed at. Then
if the co-ordinates of the points P, P,, . . ., P, are (r, 7,),
(g %3)s +  + (%4, 7n) respectively, the product

F(X-2, Y=y )F(X =2 Y=p) + . . F(X =2, Y= 1)

must be a maximum, when X and Y regarded as variables have
for values

ot . :
n

vyttt o Yy
n

If then we put

2 log F(z, 4 0log F(z, 1
_%55__/_) = 4’(”': ?/): ﬁg‘a!/ﬁ';/‘) = t//("ﬂ, ?/)’

Y- Y= ﬂ'ni
the functions ¢ and y must be such that the equations

‘i’(“n Bl) + ‘/’(“zr ﬁz) Fooot Sb(“'n» ,3,,) = 0] (1)
Yags By) + Yags ) ++ + .+ ¢(ay, B,)=0J

are the necessary consequences of
apt. . .+a”=0}. (2)

X - ""n =0, ¢

By+. .. +B,=0
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Therefore
$(~ag—og—. . .=ay, ~By—Bg—. . .=f,)
+(ag By) +. . -+ ¢(a, B,)

is identically zero ; and therefore differentiating partially with
respect to a, and denoting the partial derivatives of ¢(z, y) with
respect to z and y by ¢, and ¢, respectively, we have
—4)1(_“‘2_' Ty —ﬁs“- . '-ﬁn) +¢l(a‘2’ pﬂ)=0’
80 ¢,(z, ¥) is independent of 2 and y: denote it by a. Similarly
¢o(7, ¥) i8 a constant b, and so
b, y) =aw+by +ec.
Since equations (1) are consequences of equation (2), we see
on substituting this value of ¢ that ¢ is zero. Thus
b(x, y) = ax+ by.
Similarly Y, y)=d'a+ by,
where ¢’ and b’ are constants.
Since ¢ and y are partial derivatives of the same function,
we must have  =¢’, and thus, integrating,
log F(z, y) = Jaa? + bay + 3b'y® + constant.
Therefore F(x, y) is of the form
Constant x etoe*+bay+iV's2
and the normal law of frequency for two wvariables is thus
established.

The study of normal frequency distributions in two and three
variables was begun by August Bravais in a celebrated memoir, Sur les
probabslitds des erreurs de situation d’un point, published in 1846.%*

Ex.—The displacement of a point ts the vector swm of n displacements,
and the probability that the it of these displacements has a value between

(@i, yr) and (i + dzs, Y, +dy,) 18
where 8;=a,y;— B2 (E=1, 2, . . ., n). Show that the probability that
the total displacement has a value between (x, y) and (z+ dz, y + dy) s

St

=@t 3Bty

* Mém. Sav. Etrang., Paris, 9 (1846), p. 255.
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¢

where a=—..A. :3=[l;‘» Y=A 8=21§,th numbers A, B, C, A being

A )
defined by the equntions

n
w &

_%% g 3B o 3% A_ac-m
,:185 i=]8i 1=1
(d’Ocagne.)

160. The More General Law of Frequency.—In § 86 we saw that
the normal law of frequency for one variable was a special, though
frequently occurring, case of a more general law of frequency, Denoting
the probability of a deviation between z and x+de by ¢(x)dw, then in
this more general law ¢(x) is represented by an mfinite series, whose first

term is— ;- ¢~"% and whose subsequent terms are obtained frow this
™

term by differentiation. The normal law corresponds to the case when
the infinite series reduces to 1ts first term.

Similarly in the case when there are two variables we may derive a
more general law of frequency than the normal law, represented by

b(z, 4)dady, where
’ F o @ @ e
Pl y) = cofte, ) + €105, + oty + ‘a0,2+ gy, T oyt -

where f(z, y) = ¢~1*2-*+2%y when the origin is suitably chosen, or
more generally
S, y) = e~ 1AE—m)- g4y~ n)i+2s(z—m)y—m),

where , ¢, 8, m, n are constants.

161. Determination of the Constants in a Normal Fre-
quency Distribution with Two Variables.—Let 7% be the
smallest step recognised in measuring 2, and let % be the
smallest step in measuring y; and let the probability that
the first attribute A has a measure between » and 2:+ A, while
the second attribute B has a measure between y and y + %, be
&(x, y)hk, where (§ 158)

1
o(r,y) = = (PP - 32)}e—p’(z—a)!+2»(z—w)(y-b)—t]’(y—b)l_

Let it be required to determine the most probable values of
the constants p, ¢, s, @, b, from a set of observations. Let the
measures of the individuals observed be («y, %), (™5 %), - - -
(¥, v,) Then the o priori probability that the observations
will yield these measures is

hnkn

— (PP - 2) ing-p33(r) ~ a)+253(zy ~ Xt ~ b) - 23y - b
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The most probable hypothesis regarding p, ¢, s, «, b is that
which makes this quantity a maximum when (z, 3,), (%5 %), - - -
(2, v,) are supposed given. Taking logs, we see that

1I=}n log (p?¢® - 5?) — p22(x, — t)?
+ 283 (%, - a)(y, - 0) - 9*=(y, — )

must be a maximum, and therefore

')TI oIl o1 o1t o1l
=% w0 %0 5= %=°

The first two of these equations are

PRy — a) - sZ(y, - b),
0——s~(.1;1—a)+(/2“( -b),

which, since pg +s, give at once

and b=- 3y,
The other three equations are

0= —”f-'”’ — (e, — a)?,

»q-
0= i - 23y, - B,
ns
0= - s o+ 22len= V=)

Let us denote }L:‘(.rl—u)a by o2 ;1%'}2(3/1— b)2 by oy? and
;l-:—a-s(wl—n,)(yl— b) by 7, so that the three numbers o), oy, »
172
may be calculated from the observed measures. Then the
three preceding equations may be written
P _ ¢

L= L 202
209 202 2010-2) =1~ &

272
Each fraction is evidently equal to ?1—— (!%4:9;2), and

0109
therefore

1
88 — B -
ry-s 4(1- 7'2)0'130'32.
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Thus the values of , ¢, » are given by

2 1 se 7 o 1
2AT-)e *T3A-Mog, ¢ T2T-o

and replacing p, ¢, s by these values in the frequency function
we see that the probability that the first attribute has a measure
between » and x+ h, while the second attribute has a mensure
between y and y + k, 18 $(x, y)hk, where

_ 1 (v-—u)’__m(r,-n)(n/-b)_'_(y—b
A=)V o032 ow: | oP (1)

1
gn =—
(=, y) p—— )
and where the constants a, b, oy, o, v are expressed in terms of

the observed measures by the equations

a= ;!121'1,

These formulae enable us to determine the most probable
values of the constants of a normal frequency distribution in
two variables in terms of observed measures.

Ex.—A man is firing ot o target, atming at its centre. Taking this
centre as origin, the co-ordinates of the points struck by the bullets in n shots

are (T3, Yy)y (g Yo)y - - o (Tny yn) Writing
liaioe 2
n(xl +al4. . e =0
LI 2
SR Ul o ) =0gh

1
ﬁ(“’l'-'/l + mzyg +. ..+ x”y/n) = (7. 10' ”r,
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show that in the long run one-half of the points struck will lie within the
ellipse whose equation s
1 (aﬁ 2y J

o oo, 0'2’
(Bertrand, C.R. 106 (1888), p. 521.)
162. The Frequencies of the Variables taken Singly.—Let
us now find the probability that the attribute A lies between
2 and 2+ dr, when the attribute B is ignored, in the normal
frequency distribution which has been studied. By (1) of the
last article, the required probability is n,dx, where
w 1  [(=aR®_2(z—aXy-b) (y-D)?
— o !— _ 2/ e 21 —r‘){ Pt qzr: +yw£ }d?/-
AWO'I(TZJ(] -7 ) -0
Performing the integration, remembering that

/“‘ e N "'+E
—e N

’

_G-ap

n = 2ay?
we have n, =~ ,](21r) .

This equation shows that o, s the standard deviation for the
aflribute A, when the attribute B is ignored. Similarly o, is
the standard deviation for the attribute B.

Denoting by ¢(«, y)dudy the probability that the attribute
A lies between « and « + dz while the attribute B lies between
y and ¥ + dy, and denoting by g(z, y)dy the probability that B
lies between  and y + dy when A is known to be between z
and 2 + dz, we have

b, y) =m,g(, y)-

Substituting in this equation the known values of ¢ and
n,, we obtain g(z, y), and thus find that the probubility that B
lies between y and y + dy, when A is known to be between x and
2+ dx, 18

T i
g/ {2r(1 -9}
This s a mormal frequemey distribution about the wmean

b+ 77 (; ) , with the standurd deviation og/(1 — %)
1
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It follows from this that if (with a great number of observa-
tions) we find the mean y, of all the measured values of B for
which the measured value of A lies between = and » + dir, and
if then we plot yy aguinst , the plotted points will lic on the
straight line

Vn—b—:rl—(""")

Similarly if «,, denotes the mean of all the measured values of
A for which the measured value of B lies between 4 and ¥ + dy,
then x, plotted against y gives the straight line

y=b= Tt

These lines were called by Galton lines of regression.

Ec 1.—To find the stondard deviation of the difference between the
measures of the two uttributes A and B.

The probability that (measure of A)— (measure of B) hes between
a—b+2and @ — b+ +de is evidently

1 » _ (n+z)il o Aﬁ___ _21(v+a)

_ e dv.e 20119 ZeX1-19) 2oou(l—12)

2ncr1¢2J1 —12f_ ’
or

—a2 0 _o?+o2-210i0y —do21zoye;
- e o Nor*+oi=2ro10y) dv. e dote i) \"" 618F o} —3'0‘10‘2)
21ra-]<rz~/1 - r2 —o
22
or dx )(,,.12 +¢22_ Yy a'_)
N @m) (P + og? - Sroyoy)’

Therefore if o, denote the standard deviation of (z — %), we have

2=o-1 +o'2 — 2007407,

2 2 2

02+ 0.2 -0

and thercfore =112 "V
20,0,

an equation which may be used to determine r.*

Ex. 2.¥—Show that the stundard dewiation of the sum of the measures of
A and B s

(o2 + 02 + 2roy o),

Eux. 3.—8how that the standard deviation of the product of the measures

of A and B s
{0202 + «Po 2 + 2radeyo, + oy 2o k(1 + 1)} R
* Cf. K. Pearson, Drapers’ Company Research Memoirs, Biometric Series,

1V, (1907).
t COf. R. Pearl, Biometrika, 6 (1909), p. 437.
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163. The Coefficient of Correlation.—We now approach
the question, How is correlation to be measured ?

‘We have seen that in a normal frequency distribution for two
variables defined by the frequency function

- 2(b— - ~D)2
T R S e

rooa/(1 = 1%)
the existence of correlation depends on the presence of the
term in (+—«)(y — b) in the exponential, s.c. it depends on the
coefficient . When » is zero there is no correlation, since
¢(r, y) then factorises into the product of a term depending
on 2 only and a term depending on y only.

Consider the case when there is perfect correlation, i.c. each
value of the measure of"A occurs only in conjunction with a
particular value of the measure of B, so that one determines
the other. In this case the standard deviation of B, when A is
known to have a definite value, must be zero; that is, by the
last section, v,,/(1 — 72) must vanish, and therefore » must have
the value unity.

Thus r=0 corresponds to the absence of correlation, while
=1 corresponds 1o perfect correlalion. It is therefore natural
to take either » itself or some power of it, such as »2 or /r, as
the numerical measure of the correlation between the attributes
A and B. To decide which power is most suitable* let us
recur to the case of the two riflemen. If we suppose, in the
notation of § 158, that « and b are each unity while 4, %, I are
equal to each other, the frequency function becomes

2028 | h2uv 2h202

o i Rl
T8 ?
which corresponds to o2=o,2= ,3,;,, fr=%, But in this case

exactly half of each man’s mean error is due to the common
element (the wind), and it would seem natural to take the
measure of correlation to be }. We therefore decide that #
itself s the most sustable mumerical measure of correlation. It
is called the cocficient of correlation.

* Kapteyn, Monikly Notices R.4.S. 12 (1912), p. 518.
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Let (ry 9y (@g ¥y), . . . be a great number of measures of the
attributes A and B; and let points having these co-ordinates be plotted.
The points will cluster round the mean z=a, y=>b; and if we draw
rectangular axes through this mean point, the majority of the points
will be found in the first and third of the quadrants formed by these
axes when r is positive, and in the second and fourth guadrants when
r is negative,

164. Alternative Way of computing the Correlation Coefficient.
—We have seen in § 97 that the standard deviation of a normal
frequency distribution in a single variable may be found in many
different ways from given observational material; the same applies to
the coefficient of correlation in a normal frequency distribution m two
variables. Thus to obtain the correlation coefficient directly from the
raw material without attempting to arrange either of the measurcments
in order of increasing magnitude, we may proceed as follows: First
summing each column, find the mean @ of the a’s and the mean b of the
y’s.  Take out all the a's that exceed @, find, their mean A, and find also
the mean B’ of the corresponding o5, Then

2
o-1=\/12—r(A-a), and B'-—b="—;;2(A—-¢t) or B’—b=:\/;.ﬂrz.

Similarly take out all the y’s that exceed b, find their mean B, and find
also the mean A’ of the corresponding 2. We have

o-2=,\/g(B—b), A'—a=%l(li—b) or A'—w=«/§.m‘r
These equations give oy, oy and . In fact
_B'-b A-a
“B-b A-a’

165. Numerical Examples.—

Ex. 1.—As a first example we shall consider the results of throws of
dice made by A. D. Darbishire.*

Twelve dice were taken, of which m were marked with red, the rest
being white. All 12 dice were thrown together, and the number of
dice showing faces with 4 or more pips uppermost in this throw was
noted ; this number will be called the ¢ First Throw.”

The red dice were left down and the white dice thrown again, The
total number of dice (red and white) now showing faces with 4 or more
pips uppermost was noted; this will be called the “Second Throw”
corresponding to the “ First Throw ” previously made.f Evidently there
will be correlation between the first and second throws.}

* Mem. Manchester Lit. and Phil. Soc. 51 (1907), No. 16.

+ It may be shown without difficulty that the probability of the caso in
which the first throw 1s p and the corresponding second throw is g is the
coefficient of 97+ in the expansion of

(B (L +ya)™(1 -+ (1 +2)0m,
m

{ In fact, = )
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For 500 pairs of throws of 12 dice, of which 6 were marked red and
were left down and counted again in the second throw, the results were
as in the following table, a pair of throws of (vay) 2 and 5 being entered
as & unit in the square at the intersection of the third row and sixth
column.

SeEconp THRoOWS

01 2 3 4 5 6 7 & 91011 12|Totals
0 0
1 11 3
2 1 2 3 2 8
. 3 2 3 5 6 2 6 24
E 4 5 9 8 I1 16 7 6 1 63
g 5 2 5 17 24 19 25 11 2 105
B 6 1 5 14 25 24 24 17 4 3 117
g 7 2 2 13 16 27 12 4 2 78
2 8 2 7 13 22 14 5 3 66
= 9 3 5 6 9 5 2 30
10 2 1 2 5
11 1 1
12 0
Totals! 6 0 12 25 b1 92 97 119 71 23 10 0 0| 500

The means « and b are of course approxmmately * each equal to 6.
Let 9, denote the value of the mean of the second throws corresponding
to the value « of the first throw ; then we have from the above table

o 346 49 52| l«n.cof oi

I 8:0 8 -0
These lie very nearly on the straight line
IM—6=é<'ﬁ—6)’

80 -2 =1

Similarly if », denotes the value of the mecan of the first throws
corresponding to the value y of the second throw, we find very nearly

=1y —6)

0'1’"_
Ly
2

80

Hence we have oy =0y and r=4, nearly. The value of oy may be

* The computed values of the arithmetic means aro a=5-950, b= 6-106.
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found front the frequency distribution of the first throws alone, ignoring
second throws, which is (adding rows 1 the above table)

x 0|12 4’5'6'789’10'11 12

24

Jfrequency 0| 3 .3‘105'1]7| 78 | 66 30| b I 1 (|

For simplicity, we shall assume that e =h=6. We then obtain

v Frequency. (e—a) Product.

0 0 36

1 3 25 75

2 8 16 128

3 24 9 216

4 63 4 252

b) 1056 1 1056

6 117 0 0

7 78 1 78

8 66 4 264

9 30 9 270
10 H 16 80
11 1 25 25
12 0 36

n =500 1493 =X - a)?
0'12 = ; ~u)?=2-986,
oy =173,

The value of o, is found in precisely the same way fromn the frequency
distribution (adding columns in the above mbl«)
6

97

10111,12

10/{0]0

]

92

Y 0‘1' 3|4 8[‘)

119

|
frequency O ! 0 !12:25 h1

71le3

We find o,2=2-966, so that o= 1-72.
Tastly, ]et us compute the value of 7 from the formula of § 161,
namely,

r= ;(, o, S — X - ).
We find Sery — a)(y, — b) = 664,
and therefore r=:0-002 X 0-578 x 0-581 x 664
=015,

agreeing roughly with the previous determination.

Ex. 2.—When three of the 12 dice were murked red, and were left down
to be counted tn the second throw, Darbishires results were as follows :
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SEcoND THROWS
01 2 3 4 5 6 7 8 9 10 11 12

0
1 1 1
2 6 1
B 3 11 5 2 2 1t 5
g 4 1 8 6 21 16 6 ¢
g b 4 3 12 15 23 2 9 3 1
L 6 1 10 16 17 23 28 22 5 1
a 7 1 4 9 17 18 24 16 5 3
o 8 1 5 6 10 14 8 7 2 1
9 4 3 9 6 6 2
10 1 1 1 4 3
11 1
12

Find the coefficrent of correlution.

Es. 3.—1When nwne of the 12 dice were marked rved, and were left down
to be counted in the second throw, Darlishirc’s results awere as follows :

SeEcoND THROWS

o1 2 3 4 5 6 7 8 9 10 11 12

0
1 11
2 2 5 1 1

m 3 5 7 3 1

g 4 1 8 18 19 5 1

£ o 6 17 30 32 13 1

H g 1 10 18 34 26 10 1

5 7 4 17 26 30 18 7

£ 8 7 28 16 11 &
9 3 6 15 9 7 1
10 1 4 3 2
11 1 1
12

Find the coefficrent of correlation.

Ex. 4.—1In the following table, which ts due to Weldon,* « denotes the
length of the carapace of the common shrimp, y denotes the lenyth of the post-
spinous portion of the curapace, x, denotes the mean of the values of x
corresponding to a definite value of y, and y, denotes the mean of the values
of 1 correspondingy to a definite value of x. The mean value of x ¢s 249-63,
its standard deviation is 6-73; the mean value of y 4s 177563, and
its standard deviation is 5°18.

Proc. R.S. 47 (1890), p. 445 ; 51 (1892), p. 2.
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e .
x [/ Y. [
Over 260 | 18841 Over 186 | 262-11
260 | 185-41 186 | 25825
259 | 183-25 185 | 256-15
258 | 182:25 184 | 256-84
257 | 182-34 * 183 | 254-88
256 | 182-2% 182 | 254-18
955 | 181-14 181 | 253-28
254 | 179-98 180 | 251-73
253 | 179-50 179 | 251:34
252 | 179-17 178 | 249-78
251 | 17868 177 | 249-10
250 | 177-71 176 | 24853
249 | 177-39 175 | 246-79
948 | 176-64 174 | 24573
247 | 175-36 173 | 245-02
246 | 17520 172 | 243-8Y
245 | 173-56 171 | 243-67
244 | 1738-31 170 | 211 28
243 | 173-33 169 | 241-06
242 | 172-81 Under 169 | 239-88

241 , 171-30
240 | 169-57
Under 240 | 1'70-33

From these duta show that ﬂ-’:2=0-(i7, 72 = 0975, und consequently
. 1 ’I'U'l
r=0-83.

Ex. 5.¥—An urn containing white and black bulls s so maintained
that en drawiny a ball the probubility of gelting u white ball is a constant
p, and that of getting a black ball is =1 —p. The first drawiny of a pasr
18 to consist of s balls taken one at « time from the urn. The second draw-
tng 18 to consist of s balls of which t are taken at random from the s first
drawn, and s —t are drawn one at a time from the urn. Show that the
coefficient of correlation between the mumber of white balls in the first and
second drawings of @ pair is tfs.

166. The Coefficient of Correlation for Frequency Distri-
butions which are not Normal.—The theory may be extended
to frequency distributions which are not normal in the following
way.t

* H. L Rietz, Annals of Math 21 (1920), p. 308.
t Cf. G. U. Yule, Proc. Roy. Soc. 60 (1897), p. 477.
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Let 2 and y denote deviations from the means of the
measures of the two attributes. Let y. denote as usual the
mean of all the values of ¥ which are observed in association
with a given deviation 2 of the attribute A from its mean.
Then in the case of normal frequency distributions we know
(§ 162) that if the values of y, are plotted against the corre-
sponding values of z, the representative points lie on a straight

line, namely, ¥, = bx, where b has the value %"
71
In the case of non-normal frequency the points will not in
general lie on a straight line, but let us try to find a constant

b which will satisfy all the equations

Yur = b2,
Yua = bis,

as well as possible, when ,, z,, . . . are the observed values of
@, and Y1, Yuz - . . the associated values of y,. We shall
suppose that to the equation y,,=br, a weight is attached,
equal to the number of observations on which it is based, say
n,. From these equations of condition we have at once the

¥

normal equation for b,

bz:ﬂr:l" 2= E’n’)".} -'/Ml‘;

where the summation is over all the distinct values of . This
equation is evidently equivalent to the equation

S 2 = Yy 4
bSr2=2uy,,

where the summation is now not over all the distinet values of
#, but over all the observations, so that the same value of z,
occurs 7, times in the sum.

If as before we write o2 for the mean of #2, ¢,2 for the mean
of 92 and oo, for the mean of 2y, we sce thercfore that the
straight line which best fits the points (2, yx) is the straight
line

o

Yu =2,
Yw o

just as in the case of normal frequency distributions. Similarly
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the straight line which best fits the points (», y) is the
straight line

N
-'Lu-—' - :I/.
L)

We may then call the number + defined in this way the
coefficient of correlation of the two attributes, even though the
frequency distribution is not normal.

167. The Correlation Ratio.—A more satisfactory method
of estimating the degree of correlation in a non-normal
frequency distribution is by means of the corvelution ratio*
which is defined in the following way.

Let the total number of individual observations be N, and
let N¢(», y)drdy be the number for which the attribute A lies
between o and » + d.r, while the attribute B lies between ; and
y+dy. Let Nauyde, where

ny= f P, y)dy,

-

be the numbher of individuals for which A lies between « and
2+ dix, and let g, denote the mean value of y for this set, so
that

]

y(r, y)dy.

o=

There will be high correlation if the y’s of this set are always
clustered closely around the value y,, .c. if the standard deviu-
tion of these #’s is always small. Denoting this standard devia-

tion by «,, we have
0.t = f & = y)*b(, y)dy-

If 0,2 is to be small for all values of #, its weighted average
must be small. We shall denote this weighted average by 62, so

92:/ D Mf'i’":f . / " (= )l 9)cldy.

Now the standard deviation o, is given by the formula

] n

o= | lr-0ret niedy.

-0 J~»

* Cf. K. Pearson, *“On the Theory of Skew Correlation,” Drapers' Research
Mem 2 (1905).
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If in this we write {(y — 7x) + (v — b)}2 for (y ~ )2, we obtain

o=+ [ [ 2y~ )~ D), y)doiy
[ o020l ).
Since [ (¥ ~ yw)b(x, y)dy is zero, the first of these double

integrals vanishes. So if we define a new number 5 by the
equation

1 L n
= o[ =5t g)dedy,

the last equation becomes
62

l’a =1- ";.;i'

Since high correlation is associated with very small values
of 6, we see that high correlation is associuted with values of n
newrly equal to wnity. 1If, on the other hand, there is no
correlation, there is no reason why the mean of the y’s for each
separate value of « should differ systematically from the mean
of all the y’s, and we may therefore expect (7, — b)? to be small,
and consequently » to be small.

The number % is called the correlation ratio.* From the
definition, we have

2? =(r12’—2 /_ wn,(_l/u - b)%d,

so that »2 is the weighted average of (yy — b)? divided by o

168. Case of Normal Distributions.—We shall now show
that when the frequency distribution is mormal the correlation
ratio is identical with the correlation coefficient 1.

For in the case of normal frequency distributions, as we
have seen (§ 162), we have

Yu—b= %(m -a),
where o is the mean of all the «’s,
80 = -.],2 o, 2)3 / ? n, (» — a)¥da.
o oy —o
* There is, of course, a second correlation ratio obtained by interchanging the

parts played by @ and y throughout.
(D 311) 23
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Since i " ol — 0=,

this gives »? =12, which establishes the proposition.

169. Contingency Methods.—It frequently happens that
the attributes whose correlation we wish to discover are of
such a nature that they do not admit of quantitative measure-
ment—e.g. different colours,—and the groups into which they
are classified cannot be arranged in & sequence possessing a
logical order. To meet this case, what are known as contingency
methods have been devised by K. Pearson.*

Let A represent any attribute, and let it be classified into
groups A,, A, ... A,; let the total number of individuals
examined be N, and let the numbers which fall into these
groups be 7, m,, . . ., n, respectively. Then the probability

of an individual falling into the pth group is %‘—' Now let the

same population be classified according to any other attribute
into the groups B,, By, . . ., B, and let the group frequencies
of the N individuals be wm,, m,, . . ., m, respectively, so that
the probability of an individual falling into the gth group is
7%1- Then by the theorem of Conjunctive Probability, if the
two attributes were entirely uncorrelated, the probability of
an individual falling into the group A, and also into the group
n,m,
B, would be - f\Téy’ so the number of individuals to be expected
satisfying these conditions would be n%;n 4, which we shall

denote by v,,. Let the number actually observed as satisfying
these conditions be 7,,. Then the differences (n,,- v, ), in so
far as they are systematic, represent the correlation of the two
attributes, and some function of them may he taken as a
measure of the correlation. Pearson introduced two of these,
namely, the 7root-mean-square contingency ¢ defined by the
equation
= _]_E(”ml - VI"I)z,
Yoy
* Drapers’ Co. Res. Mem., Biom. Series, i. (1904).
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and the mean contingency , defined by the equation

5"=N’];2'(npq - pq)’
where ' denotes summation over the positive contingencies
only.

170. Case of Normal Distributions.—We shall now show
that when the frequemcy distribution ts mormal, the root-mean-
square contingency ¢ 8 connected with the correlation coefficient r

by the equation
2

]
2 —
F=im
For when the frequency distribution is normal, taking the
origin of # and y at the centre of the distribution, we have
(§ 162) )

or are sin r=are tan ¢.

32

n 1 Bgy m, 1 .
Y . ~0] _’1=————-———(5 _¢’
N o/@27) * N o J/(2n)
a2 32
80 v N - 2073 20yl
" 2moyo,
Qruy Y2
and n = ____N —e - 12)(‘,-12 11‘117g+¢"
M 2moiogn/(1 - 1%) .
Therefore
1412 a2 2y 1412 2

1 g =19 ELRTr DR S
(n o~ Vo) _ 1 |1—1%

T, a2 23
Ny, T2 2 BT R L J
VR
0 o - 2
Substituting this expression in ¢%= / / (%N—v—'ﬂ)— dzdy,
o - »

and remembering that

® [° @Aty g,y T
/—-oo [-ooe dlld?/— J(ﬂb—hg)’

1 72
we have = -——2+1—1—_—T2,
which is the required result.*

* For other deductions, cf. W. P. Elderton, Frequency Curves and Correlation
(London, 1906), p. 148.
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171. Multiple Normal Correlation.—We shall now extend
the theory to the case when more attributes than two are con-
gidered. For simplicity we shall suppose the number to be
three, but the formulae admit of an obvious generalisation to
the case of any number. The frequency distribution will be
supposed fo be normal, so the probability that the attribute a
has a measure between z and z + dx, while the attribute 8 has
a measure between y and %+ dy, and the attribute y has a
measure between 2 and z + dz, is ¢(z, ¥, 2)dwdydz, where

(r ¥, z) - Ke—(ux’+by*+cz’+2fyz+2gsx+2hzy)' (1)

and K, a, b, ¢, f, g, b denote constants, the origin having been
taken so that the mean values of z, y, and 2 are zero. The
constant K may be determined at once from the equation

f [ / P)drdyde=1;

for, remembering that if F(z, z, ... #,) is a positive
quadratic form and A its determinant, then

] -] o0 =T in
/‘ [ f o /w . Fey,rg .., Iu)d:l.1d7,2 . d:b'” _ 1_!' -,
o Jew Jow —® Al

we have K= "/l,l, (2)
7r3
where A=|a & g|=abe+2fgh - af?-hg*-ch2 (3)
h b f
9 [ ¢

By integrating the expression (1) we readily obtain the follow-
ing results :

The probability that « is between x and z+ d., while 8 is
between # and y + dy, y being disregarded, is

16% - Ba+ A28

el ” 4

— drdy, 4)
where A, B, ... are the co-factors of @, 0, ... in the
determinant A,
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Comparing (4) with the usual form of the frequency function
for two variables, namely,

1 - L (” rzy ot )
= _ g XK1=\ oy’ ot dady
2wayogn/(1 — 7%) ’
P= - ._H__ g, 2 'A.' 2 B
JABy “1ToA T ToA
The coefficien of correlation of the attributes u and B is therefore

! l . - . 3
JAB) We shall denote this by »,, Introducing similarly
the coefficient of correlation 7, between B and y, and 7y
between o and v, let us consider the determinant

we have

R=|1 T T
Po 1 T
"mo w1

and denote by R,, the co-factor of the element in the pth row
and ¢th column. We have

R=| ‘H G| A
JAB)  JAC) |TABC
H 1 ¥
JAB) J(BO)
G F 1
JA&TG)  J(BO)

R _aA R _hA L. _gA
MTRE 2T 0 /(ABY T BT BJ/(AC)

These equations may be written

, ete.

R=g Aalgogog’ Ry =2Ropa, Ryy=2ltoegh, ete.,
— R’]l _— 1{12
80 we have W= 2_R<}1_2’ h= ml;;, ete.,

and thus finally cxpressing the frequency function in terms
of the correlation coefficients and standard deviations, the
probability that the atiribute o has a measure between » and
&+ dr, while B has a measure between y and y + dy, and y has a
measure between z and 2 + dz, is

o(x, y, 2) drdydz,



342 THE CALCULUS OF OBSERVATIONS

where
Raxr’+R.w.y’+Raa7' +2Rul-'4 ZRmn 2Rygry
TR o ' ox? o3 0103

1
HE0:%) = gyl
Similarly in the general case* when there are n variables
Xy, Ty, « o o T, whose standard deviations are oy, oy, . . ., 0, and
whose correlation cocfficients in pairs are vy, 7o, « . ., the probd-
ability that the first attribute has a measure between », and z, + di,,
while the second attribute has a measure between xy and xy+ dz,,
and so on, 18
Dy, gy o o oy wy)diydy L dr

where o
n 1 i€ 2R Rllz‘l’.,.RW‘t)’-}- ' +ﬂ_:}l—€;y+ : .).
(2r)ayory v v . o'"R‘
Here R denotes the determinant | 1 7, 1j3... 7,1, and R,

P

')'”1 1.712 L 1 l
denotes the co-factor of the element in the pth row and ¢th
column.

Ez. 1.—In the case of three attributes, suppose that <y is known to have a
measure between 2z and z+dz: show that the probability that a hus o
measure between x and z+dx, while B has a measure between y and

y +dy, is
R
1 e_m;;’ mm _21{0125(”
2roy /R
8o that when the measure of y s known to be %, the mean value of a s
—’—“ﬂlz and the mean value of B 15 - ’30-’

E.z: 2,—In the case of three attmbutea, suppose that y is known to have a
measure between z and z+dz, and B to have a measure between y and
y+dy. Show that the probability that a has a measure between z and
z+ da 18

Toa0a, ) R (a_flaq,) (”_"_ss_z
Royoy o3

)d.ml "y

Rp lem LAt
R 4 230‘1’( FouRa? T ogRy” ) dx,

(21:'1?.)50'1
so that when the measure of vy 18 known to be 2, and the measure of [ s
known to be y, the mean value of the measure of o. is

-0, o,
oy 03By
* K. Pearson, Pkil. Trans. 187 A (1896), p. 263 ; 200 A (1902), p. 1.



CHAPTER XIII

THE SEARCH FOR PERIODICITIES

172. Introduction.—In Chapter X. we have been concerned
with sums of trigonometric terms of the type

a, €08 (nt + €;) + a, cos (2n¢ + €;) + ag cos (3nf + &) +. . . (1)
As explained in § 132, the vibration of a violin string may be
represented by a series of this kind when ¢ denotes the time and
@, @y, . . . are certain functions of position on the string, the
individual terms of the series corresponding to the fundamental
note of the string and its various overtones.

It is shown in works on the Theory of Sound that if instead
of a violin string we consider a bar vibrating laterally (e.g. a
tuning fork), we obtain for the motion at a definite point of
the bar a series of the type

@, €08 (1.t + €,) + @, COS (Nyf + €;) + @43 COB (Nt + €5) +. . . (2)
where a@,, a,, @, . . . are certain functions of position on the
bar, but where we now no longer have n, equal to twice #,, or
ng equal to three timesn,; in fact, the ratios n,:my:mg: . . .
are equal to the ratios of the squares of the roots of the
equation cos m cosh m+1=0, so that n :my:img:. . .=
352 ...:22.03...:61.70...:... Thesum of aseries
of the type (2) is evidently not a periodic function of ?,
but we can speak of it as constituted of elements which are

periodic, the periods being —21 27: ete.

In many branches of physmal science, especially in meteoro-
logy and astronomy, phenomena are observed which may be
represented by sums resembling (2) : for example, the height of
sea-water at any instant depends on a number of constituent

843



344 THE CALCULUS OF OBSERVATIONS

tides, of which one (the semi-diurnal tide, which is the largest
constituent tide along the British coasts) has & period of half a
day, another (the diurnal tide) has a period of a day, another
(the fortnightly tide) has a period of nearly a fortnight, and so
on. Each constituent tide produces its own effect independ-
ently of the others, and the actual height of water is the sum
of these effects. The height of water can therefore be repre-
sented by an expression of the form

Y =y+ @, CO8 (Nt + €;) + @y COB (Nyf + &) +. . . +a, cos (mf +¢),

each of the trigonometrical terms corresponding to one of the
constituent tides.

In the case of other phenomena, e.g. the spottedness of
the sun, the variation of the observed quantity appears to
consist of an accidental or capricious part, which cannot be
represented by any analytical expression, superposed on a
systematic part, which the mathematician may attempt to
represent by an expression of the form (2). The area covered
by spots on the sun certainly fluctuates in a way which
suggests a certain amount of regularity in the variation,
maxima occurring at intervals of (on the average) rather
more than eleven years.

If a series of observations of any quantity are taken, and
there is reason to expect that they can be represented by a
sum of trigonometric terms, or that they involve (entangled
with an irregular variation) a regular variation which can be
represented by a sum of trigonometric terms, then the first
task of the mathematician is to discover the periods %Ef, i;r,

1 2

of these constituent terms. This must always be done before
we attempt to find the amplitudes a,, @y, a5, . . . or the phases
€, €3 €3, . . . In many cases the periods are known a priori
from theory or from some reasonable ground of expectation :
for instance, we should naturally expect the periods of the
regular terms in the temperature at a given place to be a day
and a year. But in many other cases, ¢.g. the spottedness of
the sun, the periods are quite unknown. We shall show in the
present chapter how they may be discovered.
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173. Testing for an Assumed Period.—Let the observed
measures of the phenomenon, made at equal intervals of time,
be denoted by

Yy Ugy Ug. U, - o . (1)
and suppose that it is desired to test this sequence for a
periodicity whose period extends over p consecutive numbers
of the sequence; u, might, for instance, mean the number of
earthquakes in the year 2, and we might wish to know whether
the liability to earthquakes is greater every p years. Let v,
denote the remainder when an integer » is divided bv p, so
that the sequence
Vg Vy, Vg, Vg, - - - (2)
is simply
0,1,2,...(p-1),0,1,2,...(p-1),0,1,2, ... (3)

Then the question “ Does the sequence (1) involve the assumed
periodicity ?” may be expressed more precisely thus: “ Does
correlation erist between the sequence (1) and the sequemce (2) 2”
As the frequency distribution with which we are dealing is not
likely to be normal, the correlation ratio (§ 167) is a better
method of estimating correlation than the correlation coefficient.
To find the correlation ratio, we must first arrange the u’s in
columns, 8o that all the «’s which correspond to the same value
of v are in the same column. This may obviously be done by
merely writing down the «’s in order in horizontal lines, each of
which contains p «’s thus:

Uy %, g Cee My

%, Upyby Nptg =+ - Mg,y

Usp Uap+1 Ugpte - - - Ugp-y

U -1p NGn-1)p+1 Mn-Dp+e + + - Ump-1
Sums U, U, U, U,

All the s in the first column correspond to the value zero of
v, all the «’s in the second column correspond to the value
unity of v, and so on: we have taken enough of the observa-
tional material to fill m horizontal rows, and we have denoted
the sums of the individual columns by U, U,, ... U,y
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Dividing these last numbers by m we obtain the means M,
M,, ..., M, of the values of % in the individual columns.
Then (§ 167) the correlation ratio 4 is the standard deviation of
the M's, divided by the standard deviation of the w's. The value
of 4 is calculated in this way for a large number of values of p,
and the results plotted as a curve in which p is the abscissa
and the corresponding value of 7 is the ordinate. This curve
will be called a periodogram.*

It is easy to see why the ratio of the standard deviation of
the M’s to the standard deviation of the w’s is a suitable
indicator of periodicity. For in the course of one horizontal
row of the above scheme, the part of the phenomenon which is
of period p will pass through all the phases of one complete
period, so that this periodic part is in the same phase at all
terms which are above or below each other in the same vertical
column, e.g. it is in the same phase at the terms w,, w4, %y, +,.

« & Ugy-1)p+s The part of the phenomenon which is of period
p therefore appears with m-fold amplitude in the row Uy, U, . . .,
U, and therefore appears with its own proper amplitude in
the row of means M, M,, . . ., Mp-l. Any accidental disturb-
ance on the other hand, or any periodic disturbance of period
different from p, will be enfeebled by the process of forming
means, since positive and negative deviations will tend to
annul each other; and therefore, when a periodicity of period
p exists, the standard deviation of the M’s has a value much
larger than when a periodicity of this period does not exist
in the phenomenon.

174. The Periodogram in the Neighbourhood of a True
Period.-—Suppose now that each of the terms of the sequence

u,, consists of a simple periodic part of period T, say e sin 2——"'1",

together with a part which does not involve this periodicity,
say b,, 8o

‘ 2o
5

* The term periodogram was introduced by Schuster, Terrestrial Magnetism,
8 (1898), p. 24. BSchuster's periodogram differs from that introduced above,
but the similarity of form and purpose is so great that it has seemed best to
rotain the name.

U, =0 8in -+ b,
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Denote by o, the standard deviation of the ¥’s, and denote
by o the standard deviation of the «’s. Since the standard
. . . 2r . 4w ., 6m .
deviation of the sequence 0, sin T sin 7, sin 5, . . . 18 7

and there is no correlation between b, and « sin 2% , we have
o=} + o2
Next, let U, denote as before the sum of Ut Ui+ o o

+Uy-1)ptey 80d let B, denote the sum b,+b,.,+
+b(m-1)p+z' Then

2w 2r(p + n) gin 2xr(m - 1)p + 2wz
U,= {s1n—T—+sm—~ ? .ot T }+B¢
. mxp
sin —==
_ T . (2¢ (m-—1)ap
or Uw—a~-——7&751n\--,l‘~+- T }+B¢.
8in -,

Denote by = the standard deviation of the U’s and by =, the
standard deviation of the B’s. Then in the same way as we

found o, we find

mar
sin2 p

= “2“11-10 + 22
sin2 -
T
Now, since B, is the sum of m of the b,’s, we may write
Sy =mo? and therefore

gin2 TP
a_1 4 3
& —"‘-2“ + maoy®.
sin“’—r,%)

Thus if S, denotes the standard deviation of the means
M, M,, . .. M, of the individual columns, we have

1
v"2=m‘E’
2...__:2
e sin T . 1 .
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Therefore, if 4 denotes as usual the correlation ratio, we have

This is the egquation of the periodogram, when p and 7 are
taken as rectangular co-ordinates; or to speak more accurately,
it is the form to which the equation of the periodogram tends
as the amount of observational material, used in constructing
it, is increased indefinitely. The number m will, in most cases,
be taken greater than 20 if there is sufficient observational
material to provide so many horizontal rows.

From the above equation it is obvious that with such a
value of m, % is a rather small fraction, except when p is nearly
equal to T. Let p=T(1 ~¢), where € is a small number; then
a8 ¢ tends to zero, the above value of 4? tends to the value

—n2 2
-2711.¥+1n(r?b
%¢12+(r,,2
and a8 m is a large number, this is nearly ———12:—2. It falls
14+t
a2

away rapidly as e passes away from zero in either direction,

1
and when e= + pog 7% becomes
1 s
m Y
1
Sa2+ n'b’

2
which is the smallest value it can take for any value of p.
There are maxima of 7 again near the values of p given by

m%p =mr + —321, that is when ¢ is nearly equal to + 231; Collect-

bl



THE SEARCH FOR PERIODICITIES 349

ing our results, we may say that when the phenomenon studied
18 a simple periodic disturbance of period T, superposed on a
non-systematic disturbance, and the periodogram 18 computed
with & large value of m, the periodogram curve is close to the axis
of p except when p is in the neighbourhood of T, where the curve

has a peak of breadth %’l, Slanked by smaller peaks on both sides.

The recognition of these peaks in the periodogram is the means
by which we discover hidden periodicities.

175. An Example of Periodogram Analysis.—The table
below gives the magnitude (¢.c. a measure of the brightness) of
a variable star at midnight on 600 successive days. (These
magnitudes were obtained by reading off from a curve, on
which all the observations of the star’s brightness were plotted :
they have been reduced to a scale suitable for periodogram
analysis.) It is required to find a trigonometrical function
which will represent the magnitude at any time ¢.

Day. |Mag. || Day. [Mag || Day. |Mag || Day. |Mag.| Day. |Mag.

1125 21 24 4110 61 | 27 81 |17
2| 28 22| 4 42| 7 62 | 25 82| 18
3|31 23| 8 43| b 63|24 | 83|19
4 | 32 24 |11 44| 3 64 | 21 84 | 19
5|33 25 | 15 45| 3 65 | 19 8 | 19
6 | 33 26 {19 46 | 3 66 | 17 86 | 19
7132 27 |23 | 47| 4| 67|15 87 | 20
8|31 28 1 26| 48| b 68 | 13 88 | 20
9|28 20129 49| 7 69 12 89| 20

10 | 26 30 | 32 50 | 10 70 | 11 90 | 20
11 | 2 31| 33 51 | 13 71 | 11 91 | 20

‘)2
12 [ 18 | 32| 3 52 116 (| 72110 | 92|20
13114 33|33 53|19 73|10 93|20
14110 34|32 54| 22| 74|11} 94|20
15 7| 35|30| 55|24 75|12 95|21
16 | 4| 36|27 56|26 76|12 96| 20
17| 2| 37|24 67|27 77|13 97| 20
18| 0| 38|20 58|28 | 78|14 | 98| &0
19 0 39|17 | 59|29 79|15 99|20

0

40 | 13| 60 |28 || 80 | 16 | 100 | 19
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Day. |Mag. || Day. |Mag. || Day. |Mag. || Day. |Mag. | Day. |Mag.
101 | 18 || 142 | 12 | 183 | 19 || 224 | 15 | 265 | 27
102 | 17 || 143 | 16 || 184 | 15 || 225 | 15 || 266 | 29
103 116 || 144 | 19 || 185 | 12 || 226 | 16 | 267 | 30
104 | 15 || 145 | 23 | 186 [ 9 || 227 | 17 || 268 | 30
105 | 13 || 146 | 27 || 187 | 7 || 228 | 17 || 269 | 30
106 | 12 || 147 | 30 | 188 | 5 |[ 229 | 17 || 270 | 29
107 | 11 (| 148 | 32 || 189 | 4 || 230 | 17 || 271 | 27
108 | 10 || 149 | 33 || 190 4 ) 231 |18 | 272 | 25
109 | 9] 150 | 34 || 191 | 5 || 232 | 18 || 273 | 22
110 | 9151 |33 ]| 192 | 511 233 |19 || 274 | 19
111 | 10 || 152 | 32 || 193 7128419 | 275 | 16
112 {10 | 163 | 30 | 194 | 9 || 235 | 20 || 276 | 12
113 | 11 || 154 | 27 || 195 | 12 || 236 | 20 || 277 | 9
114 | 12 | 155 | 24 || 196 | 14 || 237 | 2L || 278 | 6
115 | 14 || 156 | 20 || 197 | 17 || 238 | 21 || 279 | 4
116 | 16 || 167 | 16 | 198 | 20 || 239 | 22 || 280 | 2
117 (19 || 158 | 12 || 199 | 22 || 240 | 22 || 281 1
118 | 21 | 159 9 200 | 24 || 241 | 22 || 282 1
119 [ 24 || 160 | 5 || 201 | 25 || 242 | 22 || 283 2
120 | 25 || 161 3120226 | 243 | 22 || 284 | 4
121 | 27 || 162 1 203 | 27 || 244 | 21 || 285 7
122 | 28 || 163 | O || 204 | 27 || 245 | 20 || 286 | 10
123 | 29 | 164 | O || 205 | 26 || 246 | 19 || 287 | 14
124 | 29 || 165 | 1 | 206 | 25 || 247 | 17 || 288 | 17
125 | 28 || 166 | 3 {| 207 | 24 || 248 | 16 || 289 | 21
126 | 27 || 167 | 6 || 208 | 22 || 249 | 14 || 290 | 25
127 | 25 | 168 | 9 | 209 | 20 {| 250 | 12 || 291 | 29
128 | 23 || 169 | 13 || 210 | 18 || 251 | 11 || 292 | 31
129 | 20 || 170 | 17 || 211 | 17 || 262 | 9 | 293 | 33
130 | 17 {171 | 21 || 212 | 15 || 253 81 294 | 34
131 | 14 | 172 | 24 || 213 | 14 || 264 | 7 | 295 | 34
132 {11 || 173 | 27 || 214 | 13 || 265 | 8 || 296 | 33
133 | 8174 |30 | 215 | 13 || 256 | 8 || 297 | 31
134 | 5| 175 | 32 || 216 | 12 || 257 9 | 298 | 29
135 | 4|1 176 | 33 || 217 | 12 || 2568 | 10 || 299 | 26
136 | 2 || 177 |33 || 218 | 12 || 259 | 12 || 300 | 22
137 | 2] 178 |32 | 219 | 13 || 260 | 14 || 301 | 19
138 | 2| 179 | 31 || 220 | 13 || 261 | 17 || 302 | 14
139 | 4| 180 | 28 || 221 | 13 || 262 | 20 || 303 | 11
140 | 6| 181 | 25 |1 222 | 14 || 263 | 23 || 304 | 7
141 | 9 || 182 | 22 || 223 | 14 || 264 | 25 | 305 | 4
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Day. {Mag. | Day. |Mag. | Day. |Mag. || Day. {Mag. || Day. |Mag.
306 | 2| 347 |25 | 388 | 23 || 429 | 5 | 470 | 24
307 | 1 348 |25 | 389 |22 ) 430 | 8 | 471 | 22
308 0 349 25 (| 390 | 21 || 431 | 12 | 472 | 19
309 | 1 350 (24| 391 |19 || 43215 | 473 | 16
310 | 2 (3561 | 24 | 392 | 17 || 433 | 19 || 474 | 13
311 5 352 |22 || 393 [ 15 | 434 | 23 || 475 | 11
312 | 7363|211 394 |13 | 435 | 27 | 476 | 9
313 )11 || 354 | 19 || 395 | 11 | 436 | 30 || 477 | 8
314 |15 | 355 | 18 | 396 | 9 || 437 |32 | 478 | 7
315 | 19 || 356 | 17 || 397 | 7 || 438 |34 || 479 | 7
316 | 22 || 3567 | 16 || 398 | 6| 439 |34 | 480 | 7
317 | 25 ) 358 | 15 || 399 | 6 || 440 | 34 | 481 8
318 | 28 || 359 | 15 || 400 | 6 || 441 | 32 || 482 | 9
319 [ 30 | 360 | 14 | 401 | 7 |l 442 | 30 | 483 | 11
320 | 32 || 361 | 14 || 402 | 8 || 443 | 28 || 484 | 12
321 | 32 362 14 || 403 | 10 || 444 | 24 || 485 | 14
322 (32| 363 |14 || 404 | 12 || 445 | 20 || 486 | 16
323 | 31 || 364 | 14 |[ 405 | 15 || 446 | 16 | 487 | 18
324 | 29 || 365 | 14 || 406 | 18 || 447 | 13 || 488 | 20
325 | 26 || 366 | 14 || 407 | 22 || 448 | 9 || 489 | 21
326 | 23 || 367 | 14 || 408 | 24 || 449 | 6 | 490 | 22
327 | 21 || 368 | 14 || 409 | 27 || 450 | 3 || 491 | 23
328 | 17 369 | 14 || 410 | 29 || 451 | 2 | 492 | 23
320 | 14 | 837G | 14 || 411 { 31 | 452 14 493 | 23
330 | 11 || 371 | 15 || 412 | 31 || 453 | 1 | 494 | 23
331 9| 372 |15 (| 413 | 31 || 454 | 2 || 495 | 23
332 | 73878 |15 | 414 | 3 455 | 4 || 496 | 22
333 6 || 374 | 15 || 415 | 29 |[ 456 6 || 497 | 21
334 | 5 || 375 |16 || 416 | 27 || 457 | 9 || 498 | 20
335 | 6| 376 | 16 || 417 | 24 || 458 | 13 || 499 | 19
336 | 6| 377 |17 | 418 | 21 || 459 | 17 || 500 | 18
337 | 7| 378 |18 | 419 | 18 || 460 | 20 || 501 | 18
338 0 379 19 || 420 | 14 || 461 | 23 || 502 | 17
339 | 11 | 380 | 20 || 421 | 10 || 462 | 26 || 503 | 17
340 | 13 1 381 | 21 || 422 | 7 | 463 | 28 || 504 | 16
341 | 15 (| 382 | 22 || 423 | 5| 464 | 30 || 505 | 16
342 | 18 || 383 | 23 || 424 | 2 || 465 | 31 || 506 | 16
343 | 20 || 384 | 23 || 425 11 466 | 31 || 507 | 16
344 | 22 |1 385 | 24 | 426 | O || 467 | 31 || 508 | 15
345 | 23 | 386 | 24 || 427 ) 1| 468 | 29 || 509 | 15
346 (24 || 387 | 24 || 428 | 2 |l 469 | 27 | 510 | 15
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Day. |Mag. || Day. |Mag.|| Day. |Mag.|| Day. |Mag.|| Day. |Mag.

511 | 14 || 520 | 25 || 647 | 8 || 565 | 12 || 583 | 34
512 | 14 || 530 | 26 || 548 | 10 || 566 | 8 || 584 | 34
513 | 13 || 531 | 26 || 549 | 13 || 567 | 6 || 585 | 33
514 ( 13 || 532 | 25 || 550 | 16 | 568 | 3 || 586 | 31
515 | 13 || 533 | 24 || 5561 { 20 || 569 | 1 | 587 | 29
516 | 13 || 534 | 23 || 552 | 23 | 570 | O || 588 | 26
517 | 13 || 535 | 21 || 553 | 26 | 671 | O || 589 | 22
518 | 13 || 536 | 19 || 564 | 29 || 672 | 1 |f 590 | 18
519 [ 14 | 537 | 16 || 5565 | 31 || 673 | 3 | 591 | 15
520 | 14 | 538 | 14 || 5566 | 32 || 674 | 6 | 592 | 11

521 | 16 || 539 | 12 || 567 | 32 | 575 | 10 | 6593 | 8
522 | 16 | 540 | 9 || 558 | 32 | 676 | 13 || 594 | 5
523 | 18 || 541 | 7 || 559 | 31 | 677 | 17 | 595 | 3
524 | 19 | 542 | 5 | 560 | 29 || 578 | 21 || 596 | 2
525 | 21 || 543 | 5 || 561 | 26 | 579 | 25 || 597 | 2
526 | 22 || 544 | 4| 562 | 23 | 580 | 28 || 598 | 2
527 124 || 545 | 5| 563 | 20 || 581 | 31 || 699 | 4
528 | 24 | 546 | 6 || H64 | 16 || 582 | 33 || 600 | 5

We have first to find the mean value and standard deviation
of the observations. By the methods of Chapter VIII. we find
Mean value=17,
Standard deviation = 8-63.
As there are on the whole about 21 maximsa and 21 minima
in the 600 days, we suspect that one of the most important
periods will be not far from 600/21 days. We shall therefore
take trial periods ranging from 20 days to 32} days; that is, we
shall give to p in succession the values 20, 20}, 21, 21}, and so
on to 323 Taking m =17, the summation process for, e.g., 24
days is as follows:

[TABLE
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The sums at the foot of the columns are the numbers Uy, U,
Uy, . . . corresponding to this trial period.

When the trial period is not a whole number of days, we
modify the arrangement slightly so as to secure that terms in
the same phase are still in the same vertical column: thus if
the trial period were 31} days, we should write the values
corresponding to days 1 to 31 in the first horizontal row, and
the values corresponding to days 32 to 62 in the second
horizontal row, then we should omit altogether the value
corresponding to day 63 in order to bring the value correspond-
ing to day 64 to the beginning of the third row, and so on.

The table of values of the #’s obtained by the summation
process with the different trial periods is as follows:

[TABLE



682
683
068
[
¥62

¥63
965

965
965
965
962
862

‘fee

936
862
666
108
608
618
gIg
918
918
616
3¢9
208
108

6%
486
087
182
1.8
045
995
1.3
992
192
043
6.2
11z
4:14
187
188
962
00¢

128
168
¥6€
88
068
4a8
0c8
[4¢
90€
962
986
8.2
692
8972
863
892
(244
1444
5344
I3
€9¢
892
¢lz
¥83
163
662
108
(4¢3
818
828
728

f18

¥1€
g1g
01¢
808
808
662
763
68¢
783
08¢
613
1.8
896

998
195
693
(444
618
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We have next to find the standard deviation of each of
these columns and divide it by m (=17) in order to obtain the
standard deviation of the corresponding column of means
M,M,M,, ....

Now dividing these standard deviations of the M’s by the
standard deviation of the #’s, which was found to be 8-63, we
have a table of values of the correlation ratio » corresponding
to the different values of the trial period p. The values of 7
may evidently be obtained at once by dividing the correspond-
ing standard deviations of the columns by 146.71 (=17 x 8-63).
The results are as follow:

Arnithmetic | Standard Arithmetic | Ntandard
Period. Mean. Deviation ks Period. Mean. Deviation

7

20 291-4 4042 |0-028 26{; 294-4 16-837 | 0-115
20; 2935 10-171 | 0-069 27 2903 22:132 | 0-151

21 2946 10-018 | 0-068 27F | 293-6 6-590 | 0-045
215 | 293-7 7-947 |0-0564 28 2939 58-197 [ 0-397
22 295 17-034 |0-116 28% | 292-2 109-019 [ 0-743
22% 293 6:772 |0-046 29 292-3 126-481 | 0-862
23 294-9 31-630 |0-216 294 | 291 106-089 | 0-723

23% | 294-7 69-389 |0-473 30 2926 61-587 | 0-420
24 291-2 83-856 | 0-572 30L | 2919 15-948 | 0-109

241 | 294-3 62:567 | 0426 31 292 17-481 |0-119
25 293 23-198 |0-158 313 | 293-2 29-034 | 0-198
25} | 290 7-697 | 0-052 32 291-5 16-972 | 0-116
26 294-8 23:561 | 0-161 325 | 291 4:020 | 0-027

These values of ), plotted against the corresponding values of
p, give the periodogram shown on p. 357.

In the practice of periodogram analysis, since saving of labour is
more important than great accuracy, it is not unusual to omit altogether
the calculation of the standard deviations, merely plotting the periodo-
gram from points obtained as follows. As abscissa take p, and as ordinate
take the difference between the greatest and least numbers of the sequence
Ug Uy, Uy - . Up_y; this difference is called the oscillation correspond-
ing to the trial period p. The table on p. 358 gives the oscillations
corresponding to the various values of p, Letween 19 days and 33} days,
the number m being taken to be 17 throughout.
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Trial Period. Osaillation of Sum. Trial Period. Oscillation of Sum.

Days. Days.

19 30 261 20
19} 36 26} 50
20 16 27 63
20} 32 } 27} 36
21 30 ' 274 22
214 27 . 28 169
22 51 I 28% 305
22 35 29 360
22§ 20 i 29% 303
23 89 30 176
23} 204 303 55
24 236 31 49
24} 177 311 86
25 74 32 53
25} 29 323 15
25% 23 33 58
26 25 33% 49

It will be seen on plotting the oscillation against p that the curve so
obtained closely resembles the periodogram obtained by the more accurate
and laborious method of computing the standard deviations.

It will be seen that the periodogram in our example shows
two high peaks at p =24 and p =29, with the side-peaks belong-
ing to these as in a diffraction-pattern in optics. We are
therefore led to infer the existence of two constituent oscilla-
tions, one of which has a period of approximately 24 days and
the other of approximately 29 days. In order to find these
periods more exactly, we repeat the work so far as concerns the
neighbourhood of p=24 and p=29, but taking a larger value
of m—say about twice as great—and also taking values of p
separated from each other by smaller intervals. Thus we might
now calculate the correlation ratios corresponding to p=23.6,
23-8, 24.0, 24.2, 24.4, when 34 horizontal lines are taken.
This will give a much better defined peak in the neighbourhood
of p=24; the peak will in fact be only half as broad as in the
previous periodogram.

It may be remarked that if two periods are found (from an
inspection of the first periodogram) to be so close together that
the peaks corresponding to them run into each other, it will in
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any case be necessary to repeat the work with a larger value of
m, in order to diminish the breadth of each peak and so bring
the two peaks clear of each other. This is analogous to the
corresponding device in spectroscopy, of employing a grating
with a larger number of rulings in order to resolve two lines
which are not distinctly separated by a smaller instrument.

In order to get the periods still more exactly, we must study
the phase of the constituent oscillations (as found by Fourier’s
analysis) at different epochs; for if there is a slight error in
the assumed period, the consequence will be that the phases
of the oscillation, as determined from different “stretches” of
material, will not fit together accurately—the oscillation will
appear as if it were continually being accelerated or retarded
in phase; an improved value for the period is then suggested
by the amount of acceleration or retardation of phase. In
this way we find that in the present example the periods
are exactly 24 and 29 days. We then add together the two
oscillations (i.c. write down the numbers My, M,, M,, . . . for
the first oscillation in one horizontal line, and write down the
numbers M, M;, M, . .. for the second oscillation in a hori-
zontal line below them, and add) and subtract the result from
the given observed values, in order to see what is left still
unaccounted for. Thus

Day 1 2 3 4 5 6 7 8 9
24-day term 16-8 18-8 20-8 21.8 22.9 23.9 23.9 24 23.1
29-day term 25-7 26-7 27-8 27.7 27.7 26-6 25-4 24.2 22.1

Sum 42.5 45-5 48-6 49-5 50-6 50-5 49-3 48-2 45.2

Giveningraph 256 28 31 32 33 33 32 31 28

Diff 17.5 17.56 17-6 17.5 17.6 17.56 17-3 17-2 17.2

Day 10 11 12 13 14 15 16 17 18
24-day term 22.1 21.1 19-2 17-3 15-2 14-2 12.2 11.2 10-2
29-day term 19-9 17-8 16-6 13.6 114 9.5 8.4 7.5 6.6

Sum 42.0 38-9 34.8 30-8 26-6 23-7 20-6 18-7 16-8

Given ingraph 25 22 18 14 10 7 4 2 0

Diff. 17.0 16-9 16-8 16-8 16-6 16-7 16-6 16-7 16.8
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Day 19 20 21 22 23 24 256 26 27
24 day term 10-2 10-1 11.1 12 14 149 16-8 18-8 20-8
29-day term 6.8 6.9 81 9-2 11.4 13-6 15.7 17.7 19.8

Sum 17-0 17-0 19-2 21.2 25-4 28.5 32.5 36-5 40-6
Qiveningraph 0 0 2 4 8 11 15 19 23

Daf. 17-0 17-0 17-2 17-2 17-4 17-6 17-5 175 17-6

Duy 28 29 30 31 32 33 34 35 36
24-day term 21-8 22.9 23.9 23.9 24 23.1 22.1 21.1 19.2
29-day term 21-7 23-7 25-7 26-7 27-8 27.7 27.7 26-6 25-4

Sum 43.5 46-6 49-6 50-6 51-8 50-8 49-8 47-7 44.6

Giveningraph 26 29 32 33 34 33 32 30 27

Diff: 17.5 17-6 17-6 17-6 17.8 17.8 17.8 17.7 17-6

The numbers in the last line are nearly constant, the
deviations from constancy being no more than might be
expected from the inaccuracy of the numbers taken to repre-
sent the 24-day and 29-day terms; so the given observations
may be accounted for as the resultant of two constituent oscilla--
tions of periods 24 and 29 days vespectively, together with a
constunt term. We therefore write

2t
24°

et

99 + e 8in

. 2wt 2t
+ysm o9 + 8 cos 94
the constant « must have the value 17, since this is the mean
value of u,, and the constants B, y, §, ¢ may be determined by
least squarcs. The final result is
2= (t +3) 2a(t-1)

29

%, =17+ 10 8in = —+7sin—2—4_,

%, = a + 3 co8

where ¢ denotes the time in days.

176. Bibliographical Note.—Methods for the discovery of hidden
periodicities have been given by many writers, beginning with Lagrange *
in 1772 and 1778, Lagrange’s method, which has been improved by
Dale,} is quite different from the method described above.

In the latter half of the nineteenth century attemtion was given

* (Buvres, 6, p. 505 ; 17, p. 535.
t Monthly Not. R.A4.8. 14 (1914), p. 628. Carse and Shearer, Edwn. Math.
Tracts, No. 4, p. 41.
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chiefly to methods which depend on. the principle that (in the notation of
§ 173) the sequence Uy, Uy, . . ., Up_, preserves any periodicity of period
p that may be present in the observations, and does noi preserve other
periodicities. Methods of this kind were origmated by Buys-Ballot*
and developed by Strachey T and by Stewart and Dodgson.} Stokes §
suggested that in order to test an observed function w(r) for a_ period

2
%, the integrals / w(r) sin nade and f u(i) cos nwede might be caleulated ;

if a true periodicity of u(c) is represented by the term ¢sm (n'z+a)
then when n 18 near »n’ the integrals will mvolve terms

¢ e
200 =) sin {(n’ —n)x+a} and — S cos {(n' —n)s+a},
which are of large amphtude and long period, and are therefore readily
detected.

Schuster discussed the matter in a number of imporiant memonrs||
m which the periodogram was mtroduced. Let a function wu(c) of the
time « take the values wg, ), 1y, g, « « » Un_1 86 equudistant values of the
time #g, @y + a, g+ 24, . . ., 29+ (@0 - 1a

n-1 2ms

Let A= 2 u,cos— ,
§=0 P

n-l 2ms

B= Y y,sm -,
8=0 p

g A%+ D%
n

and let

Then the value of 8 in the neighbourhood of a particular value po
was defined by Schuster to be the ordinate of the periodogram for
that period. It was remarked by Craig ¥ that Schuster’s formulae were
equivalent to those arrived at i finding the correlation coefficient r
between the sequence g, iy, g, . .  %,_1 and the sequences

2 47 6
1, cos—, cos—, cos—, .. ..
p p »
L 2 | Aw . 6
and 0, sin—, sin—, sin -Z-r, e
p » p

* Les chamgements périodsques de température, Utrecht (1847), p. 84.

t Proc. R.S. 26 (1877), p. 249.

} Proc. R.S. 29 (1879), p. 106.

§ Proc. R.S. 29 (1879), pp. 122, 303.

I Terresirial Magnetism, 8 (1898), p. 18; Camb. Phil. Trans. 18 (1900),
p. 107 ; Proc. R.S. 17 (1906), p. 186 ; Phal. Trans. 206 (1906), p. 69.

9 Brit. Ass. Rep 1912, p. 416.
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H. II. Turner * has published tables for facilitating the computations
of Schuster’s process.

A method depending on the formation of difference equations has
been suggested by Oppenheim,} and mechanical methods lave been
described by A. E. Douglass } and W. L. Balls.§

* Tables for Facilitating the Use of Harmonic Analysis, by H. H. Turner
(Oxford University Press, 1913).

t Wien Sitzungsber. 118 (2a) (1909), p. 823 ; cf. F. Hopfner, ibid. 119 (20)
(1910), p. 851.

t Astrophysical J. 40 (1914), p. 326 ; 41 (1915), p. 173.

§ Proc. R.S. 99 (1921), p. 283.



CHAPTER XIV

THE NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

177. Theory of the Method.—The best method of inle-
grating differential equations numerically is one devised by
J. C. Adawms;* it is applicable to equations of any order, but
for simplicity we shall describe its application to equations of
the first order.

Let the differential equation he
dy

dr =./)(,’/: ,7’), (l)
with the initial condition that y is to have the value 7, when
« bas the value z, Let wqg, «y, vy, vy, . . . be a sequence of

values of » at equal intervals « apart; we shall denote the
corresponding values of y by vy, ¥y, % #s - - - and the corre-
sponding values of w’% by ¢¢ 91 92 45 - - -. The differences
(2= Y0)> (43 =), etic,, will he denoted by Ay,, Ay, ete., as usual.
1t will generally be found convenient to choose the interval w
so small that differences of order above the fourth (or, better
still, differences of order ahove the third) may be neglected.
The value v, being given, the problem is to determine
Yo Yo Yoo - - -
The first four of these values are determined in the following

way : by differentiating equation (1) we have

@y _of  of

dr~ o oy @

* Theories of Capillary Action, by F. Bashforth and J. C. Adams: Cambridge,
1883. The method has been since developed in Russian memcirs by A. Kriloff.
363
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which expresses &y in terms of » and y. By differentiating

d 2
Py .
dr?
In this way all the successive derivatives of y with respect to
x are obtained as known functions of # and y. Thus in Taylor’s
expansion

ot (dl/) (> —2 a;‘o)* (%) +@ -—57’ o® (:f:'/) .. @)

ay\ (y , Tl
the quantities 7, ( olw> <d7*’)o’ .. . are all known, and there-

fore y can be found for any value of x near to z, By sub-
stituting s, 2m, 3w, 4w for (» - ;) in equation (3) we obtain
the values of y,, #, ¥ %, With as great accuracy as may be
desired ; or alternatively, we may compute Ay, A%y, . . . from

the equations

dy\ /%N | wd/ddy /oy wh (dby
Ayp =w da‘) * ((h“’) tg (d: + 24<dz4) _2_0<d}5>0+' v

(2) we can similarly obtain —= in terms of z and y, and so on.

1
2y d3y ddy\ 1 _/dby
= o) v (D), (),
A3y 3 /dYy 5 5y
A= "””(a;a),ﬁ §”"(.z.7)o+ (s Lt
A4y dsy
A= m4<;7';‘>o+ 2W5(—J"’)o+' .
s dby
A"?Io = ’ll75<(-(-w—5>o +

and then calculate ¥, 9,, Y3 ¥, by building up the difference
table of the 3’s. Then from either the equation
d;
g= 12

or the equation

g=m (52’) + w(a =) (dl;g + 10 Q’_'g_{"g)f <ng) +.

we obtain the values of ¢,, ¢,, 95, 9,
Now with these computed values we form a difference table
thus :
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. q Ag. A%, A Adq.
%
Aqg,
% A2q,
Ag, A3,
/L) A2q, Atq,
Ag, Adq,
/) A%gy
Ag,
%

The further process conmsists in extending this table by
adjoining new (sloping) lines. To effect this, we remark that
to the symbolic formula

. (B \_ A\ _ L, T+ 1),
=(5%) =(1-3) =1+]AE- + 10t Doy
there corresponds the interpolation formula (the backward form
of the Gregory-Newton formula)

gy +rw) =gy + = Aq,, 1+ o —)A"’ (r +11—)—('f'ﬁ)A3q,,_
(_1_+ 1)(r+ 2) (7 +3) A4
+ 1234 Agy_a+... 4
T+ w l
Now Ynt1—Yn= L ) %dm
4w
= 1_/ qdx
w0y,
1
= / q(n + r)dr.
0

Substituting the value of ¢(zy +7w) from (4) and performing
the integrations with respect to =, we have

5 3
Yn+1— Yu= O + ; A(Iu—l + '1—2‘A2(1ﬂ—2 + Aa(/n -3

790A4q,, it .. (B)

and in particular ”

5
Ys—Ys= Q4+2A‘73 12A292+ Aa?l 720A‘10
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Every term on the right-hand side of this equation is known
so by means of it we can compute y;. The equation

s =" (Y5, ;)
enables us now to compute ¢;, and so to adjoin a new sloping
line to the difference table of the ¢’s.
Next we put »=>5 in equation (5) and use this equation to
compute y,; then from the equation

s =1 We %)
we compute ¢, and so obtain another sloping line in the
difference table.

Adams’s process consists simply in the repetition of this
operation. 1t may evidently be extended to any number of
simultaneous equations each of the first order, such as the pair

dy
;[.L‘ = ‘/)(.’/, %, w))
dz
dz ¥y, 2, @),
and so to any system of ordinary differential equations.
Ex,—Gwen the differential equation
dy_y—u
de y+uw
with the initiul values wy=0, yo=1, tabulate the solution from z=0
to o =0-2.

We have by successive differentiation

vy +ay’ —y+2=0,

?I'2+’!I?l" +£D‘y"+ 1= 0,

3?][?/1[ + ?Iy"’ + yll +.T'!/I,, —_ 0’

3’!]"2-}- 4‘!/'?,”’ +y?llv+w?ll"+ 2?]”’:0’

10y"y"" + by'y™ +yy¥ +oy¥ + 3y =0,

10y'"2 + 15.”",ylv + 6y’y" + YV + w1+ 4yV =0,

whence the initial values are
—— 2, youl = 8, yow-_- - 60, '-'/OV= 64(), 7/0w= — 8840,

n

yo, =1, Yo
and hence the Taylor series is

4. b5, 16
- —_y2a Z 8 c—gB 8
y=1+u-s2+ 24 m4+3.c5 1848+ -

3" 7y
80 221
with Y =1-224 422~ 10m3+—3~.;.‘——-3—a:5+. .
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Taking w= 0-02, we have from these series

Y= 1-000000,
y,=1:019610,
yp=1-038479,
yg= 1056659,

9o="0-02,

g, = 0-019230,
q3=0-018516,
g3=0-017851,

Yo= 1-074195. g, =0-017228,

The remaining values 9, ¥g ¥y . - . are computed from a difference
table of the ¢’s, using equation (5) ; the corresponding values g;, gg, g - - -
being given by the furmula
Yn =~ Ln

=w .
I Yn -+ Tn

We thus arrive at the following results :
A, A% A3 A4,

p=0 ¥o= 1-000000  gy=0-02
-770
=002 y,=1019610 ¢, =0-019230 56
- 714 -7
0, =004 yp=1038479 g¢,=0-018516 49 0
- 665 -
73=006 yz=1066659 gg=0-017851 42 2
- 623 -5
4y=008 y,=1074195 ¢, =0-017228 37 2
- 586 -3
#g=0-10 yg=1091126 g5=0-016642 34 ~2
~552 -5
rg=012  9g=1107490 g¢g=0-016090 29 4
- 523 -1
4g=0-14  y,=1123317 ¢, =0-015567 28 -3
- 495 -4
7g=016 yg=1-138632 gg=0-015072 - 24
7p=0'18  yo=1153469 g,=0-014601
2y =020 yyo=1-167842

The above value of y,, 18 correct to the last digit.

178. Bibliographical Note.—Of the other methods which have been
proposed for integrating differential equations, the best known is that of
Runge, Math. Ann. 46 (1895), p. 167, improved and extended by Kutta,
Zeits. f. Math. w. Phys. 46 (1901), p. 4356.

A method which permits the determination of an upper limit to the
error involved has been described by Steftensen, Sirtryck ur Skandinavisk
Aktuarietidskrift, 1922, p. 20.

A great mumber of graphical methods have been published ; but
these, so far as they have been tried in the Edinburgh Mathematical
Laboratory, seem to be imferior to the above.



CHAPTER XV
SOME FURTHER PROBLEMS

IN this chapter we shall give a brief treatment of various
topics which cannot be discussed more fully here on account
of limitations of space.

179. The Summation of Slowly - Convergent Series. —
Many of the commonest series of Analysis converge very
slowly. Thus with Brouncker’s series for log, 2,

log 2=-1 +i+_1_+i+__1._+ .
Ce“=12734756 787910 "

a hundred terms are required to give the sum accurately to
two digits; 10,000 terms are required to give it accurately to

four digits; and 1,000,000,000 terms are required to give it
accurately to nine digits.

Stirling,* in 1730, showed how a series of this kind may be
transformed into one which is rapidly convergent.

His method is to expand the general term of the given
series as a series of inverse factorials; thus the general term

1

, ..

i8 % =-———, where =%, 3, 5 .
of Brouncker’s series e ) 3 3, 5,

and this may be expanded as a series of inverse factorials in
the form
= 1 + - 1 — ey e _.],"3_ -
Yo = 2r(w+1)  2%(e+1)(x+2)  2%(z+1)(z+2)(z+3)
o _1_3_ 5__..____._. +
Lpfw+1)(z+2)(x+3)(x+4) "
Now form the sum w,+,4, + %, g+ %,43+. . . The sums

* Meth. Dif. (1780), Prop. IL. Ex. 5.
868
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arising from the individual inverse factorials can each be
summed by the well-known algebraical formula, and thus we
obtain

u, + + Uy yg+ LI | 3.1.3
Yot F Ut = amt sma Ty Y ey D+ 2)
1.1.35
T )er)@+3) T
In this formula put £=13}. Thus
1 1 1 - _1 %_+_-_%-1;‘°f__
2728 2930 T 3182 T T oIt R s Toiar e as
L 135

527 29 81 83
BATAP LD

The series on the right is rapidly convergent and yields the
sum 0.-018861219 . . .; and the sum of the first, thirteen terms

) .1 1
of Brouncker’s serics Latszt 25 % is found by addition
to be 0-674285961 . . . Adding these sums, we have finally

for the sum to infinity of Brouncker’s series
log, 2 =0-6931.47180.

Stirling’s method was extended by himself (Meth. Diff. (1730),
Prop. IIL) to the case of series whose nth term involves an mth power.
Another method was given by Kummer m Journal fur Math. 16 (1837),
p- 206. See further Catalan, Mém. Bely. cour. 33 (1865); Markhoff,
Mém. de St-Pét. (7) 87 (1890); Andoyer, Bull. de la Soc. Math. de
France, 38 (1905), . 36 ; and Bockwinkel, Nieuw Archief voor Wiskunde
(2) 13 (1921), p. 383.

180. Prony’s Method of Interpolation by Exponentials.*—
We shall now show how a function «(»), which is specified by a
table of numerical values, may be represented approximately by
a sum of exponentials

k(r) =Per® + Qet® + Re™ +. . .+ Ve,
where P,Q, R, .. ., V,p, 4,7, ... v are constants which are
chosen so as to give the closest possihle representation of the
given numerical values. Tet the given values of «(z) be
Ke Ky Ky Ky . . . corresponding respectively to the values
0, w, 2w, 3w, . . . of the argument .

* A. L. Prony, Jour. de U'Ee. Pol. Cah. 2 (an IV.), p. 29
(D 317) 25
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If «(xz) could be represented* exactly as a sum of u
exponentials, say
Perz + Qe+ Re# +. . .+ Ve,
then «(z) would satisfy a linear difference equation of the form
'A'K’H'll- + BK,H‘“_l + OK,H.',,_z +. ..+ MKn= 0,
where the roots of the algebraic equation
Az*+Ber-14+. . .+ M=0

would be e#¥, ¢, . . ., ¢™. Prony’s method, which is based on
this fact, is to write down a set of linear equations

Ax, +BK“_1+CK,,-2+. . .+ Mk,=0,
A1+ B, +Ckpy+. . .+ Mk =0,
AK,,_+2+BKI‘+1+CK”‘ +. . .+MK2=0,

(where the quantitics g, &y, xg, k3, . . . are known, since «(7) is
a known tabulated function), and by the ordinary imethod of
Least Squares to find the values of A, B, C, ..., M which
best satisfy these equations; then with these values of
A, B, C, ... M to form the algebraic equation

Azt +Ber-14, . .+ M=0

and find its roots; these roots will be e?v, e, . . ., e, and
thus p, ¢, . . ., v are determined. Knowing p, ¢, . . ., v, we
have a set of linear equations to determine the coefficients
P,Q, ...V, and these also are to be solved by the method
of Least Squares.

Ex. 1.—If from the data
m|10i20‘30 0|50|60|70’80 90
|

—

x(@)| 6460 | 600 | 5642 | 5049 | 4417 | 3623 | 2401 l 983 | 142
we represent k(x) in the form
Pu? 4 Q% + Ry,
grove that the best values of a, B, y are the roots of the cubic

28— 3:0292322 4 3-787792x — 1-68664 = 0.
(W. 8. B. Woolhouse.)



SOME FURTHER PROBLEMS 371

Ec. 2.—From the data
a;lO 8il“i24‘32'40

k(@) | 248 | 345 | 421 | 481 | 529 | 569
show that
K(z) = 629-3763 x 1-0014438%
— 381-3767 x 0-9670412%
+ 000046064 x 1-2361997%
(F. Selling)
181. Interpolation Formulae for Functions of Two Argu-
ments.*—The formulae of interpolation for functions of a single
argument, which have been established in Chapters I.-IIL., may
be extended to functions of two or more independent argu-
ments. Thus we can introduce divided differences (cf. § 11) for
a function flz, y) of two arguments by the definition
_Sea-1@,4) = Foaa(% )
PACYE T
_Se1(8,9) = fe-1.4(%07)
z -, ’
and obtain a formula analogous to Newton’s formula for unequal
intervals (§ 13), namely,

S@y) =/w(@ )

=Jool%p 1) + (& = @) f30(@, %) + (¥ ~ 91/ (@0, 9)

=Joo(®p 1) + (@ = 2,) fro(®, 1) + (¥ = 1) S (2, )

=Jfoo(@1, %) + (@ = 2,)[10(% 111) + (& — @) ( — @,) /02, 11)

+(y — 1) (@ ve) + (@ = 2) (7 - 1) (= 9)
+ =1 - Y2lfoalrn ),
ete.

From this all the interpolation formulae for a function of two
arguments may be derived. Thus the polynomial of the second
degree, which at the places

@ur) @y (@)
(g, 1) (@ )
(@5, 9,)
* Cf. K. Pearson, Tracts for Computers, No. III. (Cambridge, 1920);
completed (by the discussion of some omitted cases) on pp. x et seg. of the

Introduction to Tables of the Incomplete Gamina Function ; 8. Narumi, T6hoku
Math. Journ. 18 (1920), p. 809,
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takes the values

Uit The s
21 Ne2
731

respectively, is

Fg) =+ (et Yo 4 (LB )y

Ty Ty — 2y N~ Y Y~
+ ( Wit} + 1oy + N1
MZy = 2g) (@ =) (g~ @) (X~ @) (%3 —2y) (w5 — “’z)>
(w = ,) (% — %)
.,L(, T .
(= @) (th = W) (2 — @9)(ya~ 1) (a’z = %) (%, = Yp)
Y22
+ Bz —x,)(y~1
) e %)
"l "2
+ +
<(.'/1 ~ =90 Va-1)We=vs)  (am Jl) (Ja 112))
VAU AR
In particular, taking @, =7,=0, z,=9,=1, 3=y,= -1, we
have the formula
J@, ) =/o,0+32(/1,0—F-1,0) + 3y(fo,1— fo, -1)
+ 322 fi,0= 2f0,0+/-1,0) + TY(So,0 - So,1—f1, 0+ /1,1)
+39%( /0,1 2/0,0+ /0, -1)
which is the best for general use when 2 and y are positive and
less than 1.

Similarly we may determine* the polynomial of degree m
which at the 4(m + 1)(m + 2) places

o) @pm) - - o @ %) @prr )
(@5, ¥) (’2» Yo) -+ (@ Vo)

('rl’ Jm+1)
takes the values

Ta 21 - ¢ Tl Mt
Tz Mo - - - Mme

M, w1
* Cf. O. Biermann, Monatshefte fur Math. 14 (1908), p. 211,
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Considering now the case when the entries are given at
equal intervals ¢ of 2 and equal intervals 5 of %, and introducing
the notation

Af=flr+& y) =Sz, y),
AS=fl, y+9) =S, 1),
A f=fle+ & y+q) =@,y +9) -2+ & y) + /7 y),

elc.,

the above generalisation of Newton’s formula for unequal
intervals becomes

@+ mé, y -+ )
=f(@, y) + mAgf+nA, f+ -

+ '(b(nz— 1)'A2rmf+ m(m —‘})('l_n - 2)A3£€£f+ 714,(77::3_—_"),”}_k e

m ( m—

)Aﬁ; f+ mnlAie,f

n-1
+mn()‘b )

9 Assmf“‘ 'f",(l" )( “)/\3 o] -

23

This, which may be regarded as the extension of the Gregory-
Newton formula to functions of two arguments, is due to
Lambert.* Symbolically it may he written

S+ mé,y + nn) = (1+A)"(1 + A,) /=, y).

It is sometimes practicable and advantageous to reduce interpolation
of functions of two arguments to linear interpolation.} For example,
if u(r, ) is tabulated for quinary valnes of z and ¢, the u corresponding
to any integral values of = and y may, by a proper choice of origin, be
reduced to the form u(+¢, +s), where ¢ and s take one of the values
1 and 2. The value of % can be found by interpolation along the line
of values of the form w(+ 5¢, + 5s): for example, (-1, 2) may be
found Ly linear interpolation along the line of values . . . u(- 5, 10),
%(0, 0), u(b,— 10) . . . -

Ex. 1.—Complete the accompanying table on the assumption that third-
order differences are cverywhere zero, and express the tabulated function as a
polynomial in two variables

* Beytrige, Part III. Cf. Lagrange, Nouv. Mém. de Berlin (1772), reprinted
(Buvres, 8, p 441,

+ Elderton, Biometrika, 6 (1908), p. 94 ; Spencer, J.I.4. 40, p. 299 ; Burn
and Brown, Elements of Finite Differences, §§ 148-154. .
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1|2|3
—————I_.._-—
y0;3 5'9
1l 3 |

|
3. ]

[Answer, w=3+u— 2y + 22— xy +y2]
Ex. 2.——The following table gives the time (¢n hours, minutes, and seconds)
corresponding to certain altitudes («) of the sun in various declinations ()

at a place in o certain latitude.

a=10° l 14° 18° | 22°

§=20°|6" 11m 926¢ I sl oM 174 Kk o9m 279i 5h /M 489
15°|56 55 41 |6 36 51hH 14 39 14 H4 17
10°|5 40 16 |6 19 56 |4 59 37 |4 39 17
5°|56 24 50 |5 4 30 |4 44 4 14 23 29
0°|r 9 514 48 294 27 394 6 28

Find the time corresponding to a=16°, §=12°,
[ Answer, 58 15m 50%]
Find also the time corresponding to a=20°, §=14°,
[ Answer, 5" 1m 30%.)

Ezx. 3 —The construction of isobars on meteorological charts essentially
involves inverse interpolation with two arguments. The ordinary con-
struction assumes that, within small intervals, the barometric pressure is
a linear function of the co-ordinates of the place. A more accurate con-
struction due to Thiele [Tidsskr.!) 4 (1873), p. 87], which is specially
useful near maxima and minima, is this. Three neighbouring places of
observation are connected by lines, and on these the points are¢ found
where, according to the ordinary method, there would be a certain haro-
metric pressure . The line joining any two of these points cuts the
circumseribing circle of the triangle in points which lie on the isohar
belonging to the pressure u.

Show that Thiele's construction may be derived from the assumption that
the barometric pressure may be expressed by a function of the form

w=a+ b+ cy + d(2+ y?).

182. The Numerical Computation of Double Integrals.—
It is easy to construct formulae for the evaluation of double
integrals on the same principle as the Newton-Cotes and Gauss
formulae of single integration (§§ 76, 80). Thus when differences
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of the fourth order (in the two variables combined) are neglected,
we have (by a double application of Simpson’s formula)

[ [ )5 3,0 - )@= 9){ fta, ) 10, @)+, )
0.9 +4f £(0 50+ (0. 50 41 (5 )£ ()]
16f(“+b c+d)}

This formula indeed is true even when some of the differences
of orders 4 to 9 arc mof negligible, e.g. A A% A2A2 A?A,
AAR APAR APAL

When differences of the sixth order are neglected, we have
Burnside’s formula,*

[, [ 7o istn =g 1( 150)+7(0.n] 55)
+7(-\159) /(@ N )}l Wonfo)
CAOERNOE QVENEA GV ENH)

This is exact so long as /' (#, ¥) is a polynomial of degree not
exceeding 5.

A formula similar to Burnside’s may be obtained by a double applica-
tion of Gauss’s three-term (fifth-difference) formula. This also is valid
even when many of the lgher differences are not negligible.

It is often gdvantageous to break up the field of the double integration
into sections, and apply a formula to each section separately.

For other formulae cf W. F. Sheppard, Proc. Lond. Math. Soc. 81
(1899), p. 486 ; 32 (1900), p. 272; A C. Aitken and G, L. Frewin, Prac.
Edin. Math. Soc. 42 (1923-4).

da d
Ex. 1.—Show that the value of [ / JE= 20l t ) computed by

Burnside's formula, is 0-6641.
[The true value is 0-6638 to 4 digits.]

1 da:dy
Ez. 2.— Show that the value of /0 [o /@A) computed by
Burnside's formula, 18 0-9262,
[The true value 1s 0 9202 to 4 digits.]
v Mess. of Maths. (2) 87 (1908), p. 166.
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183. The Numerical Solution of Integral Equations.—
In recent years Integral Equations have proved to be of great
importance in Applied Mathematics; thus it was by the
numerical solution of an integral equation that Knott was
enabled in 1919 * to deduce the forms of the seismic rays in
the earth’s interior by a rigorous mathematical method from
the observational data of earthquakes.

Some types of integral equation which occur in Applied
Mathematics are as follows:

(i) Abel’s Original Equation.—This is

[ (4’(_)‘:); (@), (0<p<1,/0)=0) (1)

where ¢(z) is the unknown function which is to be determined,
and f(z) is a given function. 7%e solution of this equation, which
was given by Abel himself,} is

J(8)ds
() =;_ sin prr / (& (3) — (2)
When f(x) is given, the values of /'(s) and of this integral may
be obtained without difficulty by the ordinary processes of
interpolation and numerical integration.

(il.) Integral Equations of Abel’'s T'ype.—These, which may
be regarded as a generalisation of (1), are of the form

L '$(8)x(@ — 5)ds = f(2), 3)

where «(z) is a given function called the nucleus, f() is also a
given function, and ¢(«) is the unknown function which is to be
determined. 'We need only consider the case when the nucleus

* Proc. R.S.E. 39 (1919), p. 157. It was H Bateman, Phil. Mag. (6), 19
(1910), p. 676, who discovered the integral equation.

t @wvres (ed. 1881), p 11 (1823) and p. 97 (1826). The fundamental
meaning of Abel’s result is most clearly scen if the integrals which occur in it
are interpreted as 1n the theory of generalised differentiation ; if y(x) 1s written
for I'(1 - p)¢(x), Abel’s formula reduces to the simple statement that if

(&) wa=ra),

then wa)=(35) @)
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¢(z) becomes infinite at #=0, for in the simpler case, when
vhe nucleus is finite at =0, the equation can be reduced
immediately (by differentiating it) to Poisson’s type (iii.) and
dealt with by the methods appropriate to that type. We may
then suppose x(z) to be such that ##x(z) is finite and not zero
at =0, where p lies between 0 and 1; and for the purposes of
numerical integration we can represent it, by the methods
of Chapters I.-III., with as great a degree of accuracy as may
be desired, by an analytical expression of the form

k(@) =2 ""(ag+ A @ + a2 +. . .+ a,2").
Then * the solution of the integral equation (3) is

o(a) =222 [ ()L — 8)ds,

where
P 1 al-2 n-p
L(+)= F'( ) 71)(”"1’) + ( ) Yp(ﬁ") +.. '('l;) 'Yp(""‘)’
and where a, /3, .« . v are the roots of the algebraic equation

W)=+ (L= )+ (1) @ plagh 4.
+(L=p) @) . . . (1-)a,=0,
and where y,(x) denotes the Incomplete Gamma Function

(@) == A sP-1e-8(s,

This may be regarded as a direct extension of Abel’s original
formula (2), which may be derived from it by taking n=0. It
expresses the solution of the integral equation in a finite form
in terms of the Incomplete Gamma Function, of which tables
have been published.t

(iii.) Integral Equations of Poisson’s Type—These are of the
form

$(0) + [ $e)xw- 5)ds=1lo), o

where «(z) and f{z) are given functions, and ¢(x) is the unknown
function which is to be determined. Several different methods
for the numerical integration of this equation are given in

* Whittaker, Pror. R.S. 94 (1918), p. 367.
1 K. Pearson, Tables of the Incomplete Gamma Function (1922).
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Whittaker’s memoir of 1918,* and have been applied to the
solution of certain problems in viscous fluid motion by Havelock.t
We shall here indicate the most useful of them.

Since the nucleus «(«) is supposed to be specified by a table
of numerical values over the range of values of z considered,
we may apply Prony’s method of interpolation by exponentials
in order to represent it analytically in the form of a sum of
1 exponentials

k(@) =Perr + Qe® +. . .+ Vera, (5)
where (P, Q, ... V, p ¢, ... v) are constants which are
chosen so as to give the closest possible representation of the
given numerical values. Taking then this form (5) for the
nucleus «(z), we shall show that the integral equation (4) may
be satisfied by a solution of the form

®) =f(0) - [ K(e- s, (©

where the solving function K(x) is also a sum of x exponentials,
say
K(z)=Ae+ BeFz+ Cere +. . .+ Ne=. (7)

To prove this we remark first that certain existence-theorems
established by Volterra justify us in assuming for the solution
the form (6), where K(z) is now the function to be determined.

In (6) put «(x) for flz): thus
$(@) = k(@ f' K (2 - s)x(s)ds,

which gives the value of ¢(z) corresponding to this value

of flx).

Putting (z - s) for s in the integral, we have
b(2) = k(@ /' K(s)x(@ — 8)ds.
Comparing this with the integral equation (4), after replacing
f(z) by «(z) in the latter, we have
(@) = K(2),

* Loc. cut.
t Phil. Mag. 42 (1921), pp. 620, 628,
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and therefore the pair of functions
b@)=K(@), flz)=x()
satisfy the integral equation; that is to say,
K(z) + [o "K (s)x(@ — 8)ds = x(2). ®)
In this equation substitute the value (5) for «(x) and the

value (7) for K(z). Thus we have
Ae®+ Bef?+ Ce® +. . .+ Ne®
+/n {Aes + Befo+ Cevi+, . .+ Nevi}
’ {Pove- 4 Qere-w 4., , 4 Vorw-m}ds
=DPer?+ Qe +. . .+ Ve,

Equating coefficients of ¢*# on the two sides of the equation,

we have
~—P-+f @~+. . .+-—‘L +1=0,
a—=p u-—¢ a—-v

and similarly equating coefticients of e+

r Q v
ettt ——+ 1=0,
B-p B-g B-w
and so on; and therefore a, B, y,. . ., v are the roots of the
algebraic equation in z,

Tttt et 1=0. (9)

This enables us to determine o, 8,3, . . . .
Next, equating coefficients of e?* on the two sides of the
equation, we have

A B N A
4 -t . == +1=0
wa=p B-p v—p
Similarly
A B N
;—_—q+ﬁ—_——q+. . .+'v—:—(+1=0>-. (10)
A B N

+=——+. . +—+1=0
v—=2 )
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Since (e, B, y, . . ., v) and (p, ¢, 7, . . ., v) are known, these
equations (10) enable us to determine A, B, .. ., N; and we
see that if the constants (e, 8,7, ... v) and (A, B, .. ., N)
are determined by equations (9) and (10), the equation (8) is
satisfied by the value (7) of K().

The value of K(r) may be obtained in a more explicit form

in the following manner. If we eliminate A, B, ..., N
determinantally from the equations (7) and (10), we have
K| 1 1 1 =—-e*|1 -—1—- 1
a=p B-p v=p B-» v-p
11 1 1 L 1
a=-q B-q v—yq B-q " v-g
L1 1 1 L 1
.a:—’l) B—'v"' v—2 /3—-'17' )
— P -
L I T
a—j) y—p
r 4 1
a—yq v—¢q
1 1... 1
a—-7 v—2

The determinants which occur in this equation are of the
kind known as alternants, and may be factorised by known
methods.* Performing the factorisation, we have

K@) = - =P )@-7);-;@:?Lu

(@=B)a—7y) . .. (@a-v)
_(B-p(B-9) -..(B- V)M _=p)l-gv-). . (v-2) ,
B-a)B=7)--.(B-) T (v-a)v-B) ... (v-p)

Combining our results, we have the following theorem ;
The solution of the integral equation

#(0) + [ $(0)elw - 9)ds =),

where the nucleus «(x) is supposed to be given numerically and

* The evaluation of alternants of this type is duc to Cauchy, Kwerciccs
danalyse, 2 (1841), p. 161,



SOME FURTHER PROBLEMS 381

to have been expressed approwimately by Prony’s method in the
Jorm
k(x) =Per* + Qe +. . .+ Ve,

is (@) =) - [ K(z ~)/(s)ds,
where

K(z) = _(“‘P)(“'Q)--- (“‘”)gw_(_ﬂ_:ﬂ)(p"ﬂ---(_ﬁ_—_”) -
(@-B)(a=7y)---(@=v)  (B-a)(B~7)..-(B-V)
_G=pr=g) . . (v=9) ,
(v=a)v-p) ... (v-p) ’
and where a, B, y, . . ., v are the roots of the algebraic equation
n z,

P v
—--+&+—-1—{ +. . .+-——+1=0.
z-p x-q¢ -7 z2-v
The solution of the integral equation is thus obtained in a
finite form which admits of computation. ¢
(iv.)) Integral Equations of Fredholm’s and Hilberts Type—The
numerical solution of integral equations of the type

1
#() = M ks, 9lods=1to),
0
where k(r, 5) and f(x) are given functions, A is a constant, and ¢(x) is the

unknown function, has been discussed by Bateman, Proc. RS. 100
(1921), p. 441, who gives references to the literature of the question.






ANSWERS TO EXAMPLES

CHAPTER I

16 s 3aw — 2[3'”3 . aw? — 20w + 27w2+ pwi'}}'ﬁi@x
4w 6w 4w 6w

Page. Example.

+ const
P!

1
¢ @ M) =Wy

nw\P npw  pw
® AP cos ne= ~>sm—— cos ((nat~g-+ 5 ).

. 3Bule—1)(r—2)+ 10a(c— 1)+ bw+ 1.
6

7. —a3—3u2—bu+1.

8.  0-776737,4947.
11.  0-781072,8886.
12, 0-414213,562374.
13.  875-311046,687.
14 f(1-25)=0-208459, f(1-75)=0-227977.
15.  (a) 0-133178,4R3028,782.

(b) 0-433205,874297,833.

16.  9-648611,469336,24.
17.  0-861232,11.

CHAPTER IT

33 1. fla,b)= —(a+h)[a®: flo, b, c)=(ab+ be + c)[u2b2? :
fa, bye, d)= — (abe + abd + acd + bed) [«?h2c3d2,
3. f(3)=18, f{14)=2548.
4. (@) 23+ (D) 24
5. 681472,
6. 130326.
7. f(9)=810: f(6:5)=316-875.
8 (B sA+5. (7) 2?43

383
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Page. Example.
Craprer IIL

51 1. 0-433702,769524,48.
2. 7-671672,8960.
3. 0-433265,874297,832.
4. 3-528273,8.

Crarter IV

68 1. 2:602060,0. 2:607455,1.
2:-603144,4. 2-608526, 1.
2:604226,1. 2:609594,4.
2:605305,1. 2-610660,2.
2:606381,4. 2-611723,3.

3. 8387

4. (a) 88294, (b) 84640.

6. h=886, p=24-51.

7. p=14-23, §=100"56.

8. 12134116

9. («) 0-003333,333333. (b) 0-003311,258276,
10. —0-001978,867.

11. -~ 0:0019886.
13. 5470524 : 147852 : 2664 : 24.

CHAPTER V
76 1. («) 0. (B) 121 (y) 7[45.
3. (a) —19/720. (B) 278. (y) —3}.7.65
5. («) z=p, y=3q, 2=14{ + 3q), w=3}( — 3q)
(,3) ry= =5, y= "3/4, rg=1, ay= -2, :r§=6.
CHAPTER VI
83 2. 0-67239.
3. 0:2586.
86 2. 4-0644.
91 2. 0-67239.
98 4-861.
99 2. 0-120614,83.
106 2. 4-860806.
112 3 -5 -3 -2
4, -6, -4, -2.
115 2. 2+ 1:7324/ - 1, 3-236, — 1:236.
118 2. 5-994.
120 2. 3:1415926.
123 1. 0-196601.
2. 0:53686.
126 2. r=1-893,
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130 1
2.
3.
4.
5.
7.
8.
9.
10.
11.
137 3.
145 3.
4.
152 2.
162 4.
5.
190 2.
3.
194 1.
2.
207 1
2.
214 2.
3.
234 2.
236
239 2.

(D 311)
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Mrscellaneous Examples—

z=1-6129.

(@) =846, (B) z=1-19967864.
4-546.

1-922884,15.

9-886.

z=168.

(@) — 1:95, 1-70, 0-76.
(B)— 2-935, 0-46, 1-474
- 32-74.

1-381966, 3-618034.
2="T°" 12" 23"

CHAPTER VII

0-00452,49175
1,728,114,577,800.
0-182321,56.
0-7853996 (Weddlc).

Miscellaneous Examples—

0-064724,2.
2,582,129,761.

Cuarrer VIII

a =12-875, o = 5-08.
o =506,

o =508,

4=17°-894, 0 =2-94.

Miscellaneous Examples—

a=239-838, o =2-62.
a=62-602 in., o =2-35.

CaarrER IX

z=09997, y=2 0010
S=233-351+ 0-522F.

2.} 2=13'1, y=10-2, 2=37-5, u=20:0, v=19 7.
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Caarrer X
Page 284,

‘(0) Q@ | @@ @O O @O aWa|a

Bx. 1.
(ag 6292 ~8809| ~155 -515| -1046| 1564|017 -106| 2211265| 442|-080/108
(b| 1788 33 247| -498)|-082| 6383| -580| 200|130 094)-220

2.1
(ag 11183 -5041(-8620| —1218| -690|-052| -00%| -885|~163[018( 088 -028{025
(b 928 661 -751| -801)|-119| -208| -458| 898/088| 146| 009

8,
(a)‘ 7070( 5816 1885 048 ~1558( ~-216| -100 146| -117(408| 2900 ~064/071
(b)l 1226 -857| -218| -4901|-995 425| -613| -101|065| 082 0.78

4
(1) 11895 2504| 2277( -187| -588| -070| -188| 558|-063/570| BAY. -22
(b)I 5388 | -8279| 716 1osl-nno -060| -182| -758(250| -047, 358

CHApTER XI1
Page. Bxample.
333 2 =025
3. r=075.
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Abel’s integral equation, 376
Adams method of solving diullerential
equations, 363
Algelnaie equations, 78
Alieinants, 380
Argument, 1
Arithmetic mean of absolute devia-
tions, 184
postulate of, 215,
217, 321
probable ciior of,
196, 206
Asymptotic expansion of error funetion,
181
Axioms for postulate of arithmeuc
mean, 216

» »

L1 ”»

Barycentre, symmetrie, 249
Beinoulhian numbers, 134
Bernoull’s method of solving equa-
tions, 98
of solving equa-
tions  compared
withroot-squaring
method, 112
” polynomials, 141
Bertrand’s proof of normal law for two
variables, 321
Bensel function, 119
Bessel’s formulae for probable ervor of
arithmetic mean, 206
,»  interpolation formula, 39, 47
Binomal Theorem, 15
Bronwin's formula for integration, 159
Brouncker’s series, 368
Brownian motion, 208
Burnside’s formula for double integrals,
375

2 ”»

Canchy’s formula for trigonometric
interpolation, 282

391

Central differences, 85

Central-difference formula for numerical
integration, 146

Chebyshef’s tormulae for mtegration,
158

Coefficient of correlation, 829, 335

Coefficients, Fourier, 263

probable error of,
280

Coin, fiequency distribution of tosses
of, 176

Coincident 100ts of an equation, 117

Complex roots of an equation, 113

Compound deviation, modulus of pre-
cision of, 175

Condition, equations of, 209

Conjunctive prohability, 817

Conservation, theorems of, 307

Coustituent tides, 843

Contingency methods, 338

Correlation, 317-342

” ”»

' as a test for periodicity,
315
' coefficient, 329, 335

’s ratio, 336
Cotes’ assumption, 822
Cubic, numerical solution of, 124

Dandelin’s method of solving equa-
tions, 106

Data, smoothing of, 285

Derivatives of a function, 62

’s of a function m terms of
central difierences, 64
’ of a function in terms of

divided differences, 65
Determinants, 71
Deviation, 168
Difference tables, 2
Differences, for functions of two argu-
ments, 371
' in terms of derivatives, 364



392
Differences of data, probable value of,
297
” central, 35
» divided, 20, 96, 104, 871
leading, 3

Dlﬂ'erentmtmn, genemhsed 376
Direct measurements of a single quan-

tity, 220
Divided differences, 20, 96, 104
» » for functions of two
arguments, 371
’ ' with repeatedargu-
ments, 27

Double integrals, computation of, 874

Edgewoirth’s method, 259

Encke roots, 107

Equal coefficients, method of, 236

Equations, algebraic and transcen-
dental, 78-131

" linear, 75, 281, 234, 236,
239
” of condition, 209

’ ’s reductiou to
linear foim, 214
” simultaneous, 88, 90
Error Function, 179
,, Mean, 183, 184
,»  mean, of a determination, 243
,»  of mean square, 183
»»  probable, 184
of Fourier coeflicients,
280

» tH

Errors, 210
,»  of observation, eflect on fie-
quency curves, 206
Euler-Maclaurin formula, 134, 140
Everett’s formula, 40, 46
Exponentials, interpolation by, 369

Factorial, differences of, 8
” Stirling’s approximation to,
138

False position, rule of, 92
Fechner’s psychophysical law, 217
Fidelity to data, expression of, 305
Fitting inverse powers, 248

»»  normal frequency curves, 186-

196

Forcing of numbers, 187
Fourier analysis, 260-284
Fredholm’s integral equation, 381
Frequency distribution, 164
involving cor-
relation, 319

”» "
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Frequency distribution, not normal,
178, 834
» fm;(;t;on, approximation to,
» general law of, 172, 824
Function, 1
»” given as series, roots of, 118
» interpolatory, 20

Gialton’s quinecunx, 167
tausy’ formulae of interpolaticn, 36, 46
back-
ward, 87
for integration, 159
for mterpolation (tri-
gonometric), 283
,»  method of solution of normal
equations, 231
,» postulate of the arithmetic
mean, 215, 217
s Theorin (‘ombinationis proof
of the Method of the Least
Squares, 224
»  Theoria Motus proof of the
normal law, 218
Gauss and Seidel’s solving process, 255
Gteme of entire functions, 119
Graduation, 285
' formula, by interlaced
parabolas, 300
comparison of, 815
Higham s, 289
Rhodes’s, 316
Sheppard’s, 291, 300
Spencer’s, 290
Whittaker’s, 303
Woolhouse's, 286
ﬁraell'e 8 metl)od of solving equations,
106
Giegory’s formula of integration, 143
(iregory-Newton foimula, 10
' v generalised
ta two arguments,
3738

E2] ” 2 ”

" ”»

2 ”

Hardy’s formula for integration, 161
Hermite’'s formula for trigonometric
interpolation, 283

) functions, 174
Hilbert’s integral equation, 381
Horner’s method, 100

. ' and divided differ-

euces, 104

Tucomplete data for normal curve, 196
" CGamma Function, 377
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Indirect observations, Gauss’ Theora
Motus discussion, 223

Infinite series, roots of, 118

Integral equations, 376

Integrals, double, computation of, 374

Integration, numerical, 132

Interlaced parabolas, graduation for-
mula, 300

Interpolation by exponentials, 369

’» by sine series, 263

. inverse, 60

s trigonometrie, 263

. trigonometric, for un-

equal intervals, 282
Interpolation formula :
Evorett'’s, 40, 46
for functions of two arguments, 371
for quingquenmal swns, 57
Gregory-Newton, 10, 26

' backward, 365
Lagrange’s, 28
’ remamnder term in, 32
Newion, for unequal intervals, 24
New ton-Bessel, 39, 47
Newton-Gauss, 36, 46
' backward, 37
Nowton-Stirhng, 38, 43, 46
Interpolatory functions, 20
Inverse interpolation, 60
Iteration, 79

Jacobr’s theorem in Least Squares, 251

Kmg’s foomula for quimqguenmal sums,
67

Lagrange’s mterpolation formula, 28

”» ’ 55 Temain-
der term in, 32
Laplace’s hypothesis on frequency

distributions, 167
» proof of Method of Least
Squares, 224
Least Squares, Method of, 209-259
Legendre polynomial, 71
Legendre’s principle of Least Squares,
209
Linear equations, solution of, 75, 231,
234, 236, 239
,, function of deviations, prob-
ability of, 168
,, function of unknowns, weight
of, 242
Lobachevsky's method of solving
equations, 106

393

Lozenge diagram, 43
Lubbock’s tormula for summation, 149

Mayer’s method, 258
Mean absolute deviation, 184
,» contingency, 388
,, error, 188, 184
’ ys  of & determination, 243
,» of observations, weight of, 222
Means, allowance for, in Fourier
analysis, 279
,»  connected with normal dis-
tributions, 182
Median, 188
,»  probable error of, 197
Method of equal coeflicients, 286
,»  of Least Syuares, 209-259
alternatives
to, 258
Minimum approximation method, 259
Modulus, 80
,»  of precision, 175, 179
accuracy of deter-
mination, 199
Moments, computation by summation,
191
Multiple noimal correlation, 340

”» » ”

" ”» ”»

Newton’s formula for unequal intervals,
24

for unequal intervals,
geveralised to two
arguments, 371

Newton-Bessel mterpolation formula,
39, 47

Newton-Cotes formulae of integration,
152

Newton-Gauss interpolation formula,
36, 46

Newton-(tauss interpolation formula,
backward, 37

Newton-(iregory interpolation formuls,
10, 26

Newton-Gregory interpolation formula,
backward, 365

Nowton-Raphson method, 84, 90

Newton-8tirling interpolation formula,
38, 43, 46

Nomography, 128

Normal eurve with incomplete data, 196
»  equations, 211, 224

solution of, 231,
234, 236, 239

»»  frequency distributions, 164-

208

” tH

” ”
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Normal law, Gauss’ ZTheoria Motus
proof of, 218
non-universality of, 177

:: :’, of frequency for two
variables, 321
» ,, of frequency for two

variables, determina-
tion of constants, 324
Nucleus of an integral equation, 376

Operators, symbolic, 4

Parabolic rule for integration, 156
Parabolic-cylinder functions, 174
Parameters connected with a mnormal
distribution, 183, 186
Period, adjustment to, in a Fourier
analysis, 278
Periodicities, search for, 343-362
Periodicity, correlation as a test for,
345
Periodogram, 346
’ equation of, 348
» Schuster’s, 361
Peters’ formulae for probable error of
arithmetic mean, 206
Pivotal element, 71
Poisson’s integral equations, 377
Polynomial, differences of, 5
Polynomials of Bernoulli, 141
Position, Rule of False, 92
Postulate of the arithmetic mean, 215,
217
Powers, sums of, 137, 294
Precision, measure of, 245
’ modulus of, 175, 179
Probability, conjunctive, 317
Probable error, 184
determination of, from
residuals, 204
of the arithmetie mnean,
196, 206
of Kourier coefficients,
280
of the median, 197
of standmd deviation
and modulus of pre-
cision, 201
’s value of constant differences
of data, 297
Prony’s method of interpolation by
exponentials, 369

ER] 2

it i3]

Quadratic, nomogram for, 128
» form, reduction of, 285
» mean deviation, 183
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Quadratic mean error of a determina
tion, 245
Quartile, 184
,»  probable error of, 203
Quincunx, Galton’s, 167

Repeated roots of an equation, 117
Reproductive property of normal law,
175
Residuals, 234
» determination of probable
error from, 204
' sum of squares, 246
Root-mnean-square contingency, 338
Root - squaring method of solving
equations, 106
Root - squaring method of solving
equations, compared with Bernoulli's
method, 112
Roots, square, 79
Ruffini-Horner method, 100
’ . ’s and divided
differences, 104
Rule of False Position, 92

Schuster’s periodogram, 346, 361
Secular change, in Fourier analysis,
279
Seidel’s solving process, 255
Seminvanlants, 171
Series, formula for root of an equation,
120
,» Yourier, 263
,» Tuots of, 118
» summation of slowly-conver-
gent, 368
Shoppaid’s corrections, 194
’ graduation formulae, 291
Shovelton’s formula for ntegration,
151
1npson’s formula, 156, 157
" ’ double, 875
Simultancous cquations, 88, 90
Skew frequency distributions, 173
Slowly-convergent series, summation
of, 368
Smoothing of data, 285
Smoothness, expression of, 305
Solving process of Gauss and Seidel,
255
Spencer’s graduation formula, 290
Square roots, 79
Standard deviation, 183
accuracy of doter~
mination of, 19
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