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PREFACE

THE THEORY of algebraic functions has been developed by three dif-
ferent methods which have been designated as transcendental, alge-
braic-geometric, and arithmetic. Two very illuminating comparisons of
these theories have been made by Hensel and Landsberg [28, pages
694-702]* and Emmy Noether [37]. The transcendental method had
its origin in a paper by Abel [1] in 1826, in which he announced the
remarkable generalization of the addition formulas for elliptic integrals
which is now called Abel’s theorem. The theory has been greatly en-
riched by many writers, but especially by Riemann [11]. It is called
transcendental because in it Abelian integrals play the fundamental
role. The algebraic-geometric theory is a theory of algebraic plane
curves. Early expositions were given by Clebsch and Gordan [3] in
1863-66, and by Brill and Noether [17] in 1871. A more recent account
is that of Severi [39, 45] in 1921 and 1926, in which much emphasis is
placed upon the properties of linear families of curves and their inter-
sections. The title “arithmetic” is applied to a group of theories which
differ greatly in detail but which have in common as central features the
construction and analysis of the rational functions which are the inte-
grands of Abelian integrals. One of the earliest suggestions of such a
theory is found in a paper [7] which Kronecker presented to the Berlin
Academy in 1862 but published first in 1881. More elaborate theories
in the arithmetic group are those of Weierstrass [27] in his lectures of
1875-6, of Dedekind and Weber [9] in 1882, and of Fields [30] in 1906.
The method of Weierstrass is an application to algebraic functions of
his theory of analytic functions, and somewhat the same remark would
apply to the method of Fields. Dedekind and Weber, however, empha-
sized the anajogies between the theories of algebraic functions and alge-
braic numbers. Their methods have been elaborated and improved by
Hensel and Landsberg in their book on algebraic functions [28] pub-
lished in 1902, and in later memoirs.

In the following pages, after an mtroductory Chapter I, I have en-
deavored to give.in Chapters IT and III a concise but readable intro-
duction to the arithmetic theory of algebraic functions. My purpose was

* The numbers in square brackets here and elsewhere in the text refer to the list of refer-
ences at the end of this book.



iv PREFACE

to attain as directly as possible the proofs of the existence, and the
methods of construction, of the integrands of the three kinds of ele-
mentary integrals, and the theorem of Riemann-Roch. These are funda-
mental results which it has always seemed to me desirable to have avail-
able early, rather than buried deeply, in the text of the theory. The
methods used are those of Hensel and Landsberg with many variations.
I have, for example, discarded almost entirely the nomenclature and
use of the ideals of Dedekind and Weber, which are of great interest,
but which are auxiliary rather than essential in the development of the
theory.

An introduction to the methods of the transcendental theory is
given in Chapters IV, V, and VI, the first of which is devoted to Rie-
mann surfaces and Cauchy’s theorem, the second to the definition and
properties of Abelian integrals, and the third to the famous theorem of
Abel which inaugurated the transcendental theory. An advantage of
this order of presentation of the arithmetic and transcendental theories
is that no preliminary transformation simplifying the singularities of
the fundamental algebraic curve is required.

Chapters VII and VIII are devoted to birational transformations.
In the former, fundamental properties and some simple applications
of such transformations to the reduction of special algebraic curves to
normal forms are explained. Chapter VIII is devoted to two famous
transformation theorems. The first of these states that every algebraic
curve can be reduced by a Cremona transformation to one having no
singular points other than multiple points with distinct tangents, and
the second asserts that by a less special birational transformation every
such curve can be transformed into another having only double points
with distinct tangents. These theorems have been important for the
transcendental and algebraic-geometric methods, because these meth-
ods have a much simpler aspect when the only singularities of the alge-
braic curve under consideration are multiple points with distinct tan-
gents.

The literature of the second of the transformation theorems men-
tioned above is very large. Many of the proofs of the theorem are in-
complete, and very few of them have escaped amplification or criticism.
It has not been generally recognized in the literature that there are
really two theorems involved, one for the function-theoretic and one
for the projective plane. In a paper [43] published in 1923 I have given
a history of the theorem and have emphasized these remarks. In
Chapter VIII below a proof of the theorem for the function-theoretic
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plane is given which was suggested in the paper of 1881 by Kronecker,
and completed in 1902 by Hensel and Landsberg in their book on alge-
braic functions mentioned above [pages 402-9]. The theorem seems to
me distinctly more difficult to prove for the projective plane. In a paper
[41] published in 1922 T showed how the reasoning of Kronecker, and
Hensel and Landsberg, can be extended to apply to the projéctive case
also. The proof is reproduced in improved form in Chapter VIII. I find
great differences of opinion among mathematicians concerning the
validity and the advantages of the many different methods of proving
these transformation theorems. The method given here has at any rate
an especial interest from the standpoint of the arithmetic theories of
algebraic functions.

Chapter IX below is devoted to the inversion problem for algebraic
curves of genus zero or unity, and to the relations between the theories
of elliptic functions and the rational functions associated with an alge-
braic curve of genus one. I have regretted the necessity of omitting the
theory of the inversion problem for greater values of the genus. The
presentation of it in a satisfactory manner would require a much larger
book than this.

Illustrative examples have great value for a reader who is orienting
himself in a mathematical theory for the first time. Chapter X is
devoted to such examples, which may be studied in connection with
the text from Chapter II on. Not all of these examples are merely
exercises. The elliptic and hyperelliptic cases described in Section 70
have of course great importance and many applications. In the final
sections of the chapter the methods of Baur [14, 19] for algebraic equa-
tions f(x, ) =0 of the third degree in y are explained in detail. These
have the advantage of requiring for their applications no more complex .
algebraic mechanisms than the highest common divisor process. Their
generality is illustrated by the fact that they are applicable also to
equations of the fourth degree in x and y after a suitable transformation.

Following Chapter X is a list of books and memoirs to which refer-
ences are made above and elsewhere by numbers in square brackets. At
the end of each chapter a brief note indicates reading which may be
helpful in connection with the material presented in that particular
chapter.

The book as a whole is introductory in character and not a compre-
hensive treatise. It is an account of lectures on algebraic functions
which I have given at the University of Chicago a number of times, the
most recent one being the Summer Quarter of 1931. In that year I
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prepared for students a mimeographed set of notes from which the
following pages have been developed. In their preparation I have been
ably assisted by Dr. M. R. Hestenes. He has read the manuscript with
care and has made many valuable suggestions. I record here my ap-
preciation of his helpful interest.

In conclusion I wish to acknowledge with gratitude the interest of
the Editors of the Colloquium Publications of the American Mathe-
matical Society, and the assistance of the National Research Council,
which have made possible the publication of this book.

G. A. BLss

The UNtversitY oF CHICAGO, 1932
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CHAPTER 1
SINGLE-VALUED ANALYTIC FUNCTIONS

1. Introduction. Many of the properties of single-valued functions
on the Riemann surface of an algebraic function, described in later chap-
ters, are generalizations of well-known properties of functions which are
single-valued on the plane of the complex variable z=x-+32y. In this
first chapter it is proposed therefore to give a summary of theorems
concerning such functions f(z), with proofs of the more important ones.
This will be helpful in pursuing later the theory of algebraic functions,
not only because it will give an idea of some of the results to be gen-
eralized, but also because the theorems themselves are used in the
proofs of the generalizations and their affiliated theorems.

Every function f(z) to be considered is supposed to have a range Z
of points of the z-plane at each of which it has a single value in the do-
main of complex numbers. Such a function is said to be analytic at a
point z=a if there is a neighborhood N of z=g¢ entirely in Z, and such
that at each point of N the function f(z) has a unique derivative

o _ i A8 —f@)
f'(z) = gl.r_po————-———Az

Furthermore f(z) is holomor phic in a region R of the z-plane if it is single-
valued and analytic at each point of R. If a function f(z) is represented
in the form

J@) = u(x,3) + io(x, y)
then at each point where it is analytic the functions u(x, ¥), v(x, ¥) have
first partial derivatives and satisfy the well-known equations

du/dx = dv/dy, du/dy = — dv/dx,
as one verifies readily from the relation
0f(2)/dx = 3f(z)/idy

expressing the equality of the derivatives in the directions of the x- and
y-axes.

2. Integrals of functions f(z). The theory of integration plays an im-
portant role in the theory of algebraic functions as well as for single-

1 N



2 ALGEBRAIC FUNCTIONS [§3]

valued analytic functions. It will be presented in this section in its
simplest aspects for single-valued functions.

The arcs along which the integrals are taken will all be so-called
regular arcs, that is, arcs with equations of the form

z = z(f) = x(t) + iy() h=stsw),

continuous and consisting of a finite number of sub-arcs on each of
which the functions x(f), y(¢) have continuous derivatives such that
1249250, The definite integral of f(z) taken along a regular arc C has
by definition the value

f fe)dz = f (u + iv)(dx + i dy)
C C

= [war—svay +i [ @ar+udy),
c c

where the line integrals are to be evaluated by substituting for x, v, dx,
dy their values as functions of ¢ and d¢ from the equation of the curve
and integrating from # to #. The integral will surely exist when f(z) is
continuous at each point of C, since then the functions #, v are continu-
ous functions of ¢ on the interval #f. Unless otherwise expressly stated
we shall understand that our functions f(z) are not only continuous but
analytic at each point of the arcs C along which integrals are taken.
An important property of such an integral is that

fc f(z)dz

where M is the maximum of [f(2) | = [#?+2]"/2 on C and / is the length
of C. This is easy to justify since from the definition given above the
integral is the limit of a sum of terms of the form

= M,

{(4 cos + — v sin 1) + i(u sin 7 + v cos 7) }As,
where s is the length of arc measured along C and
cos T = x'/(x'? 4 y'HU2 sin T = y'/(x'? 4+ y'2)1/2
and since each of these terms has an absolute value <MAs.

3. Cauchy’s theorem. An arc C is simply closed if its end-values
3(t), 2(f2) are identical while z(#') 2(¢"’) for every other pair of distinct
values #/, ¢’ on the interval #it;. The theorem to be proved is then as
follows:
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THEOREM 3-1. CaucHY’S THEOREM. If a function f(2) is holomorphic
on a simply closed regular arc C and its interior then

jk@a=o.

Fic.3-1

It is convenient to prove the theorem first for a rectangle R such as
is shown in Figure 3-1. Let R have perimeter /, and let 7 be the value

Jy@a

On at least one, say Ry, of the four quarter-rectangles of R we must have

f(2)dz | =z n/4.
R,

Continuing this process of subdivision we obtain a sequence of rec-
tangles R,(n=1, 2, - - -), each in the preceding, and with the properties

fR:‘(z)dz

Perimeter of R, = 1/2,
Diagonal of R, < I/2"+!,

= "7/4n,

The rectangles condense upon a point { at which the function f(z) has
by hypothesis a derivative f'(¢). If n were greater than zero there would
therefore be a neighborhood N of { so small that in it the continuous
function D(z) defined by the equations

D) =0, M)—ﬂ)"ﬂn — 7€) for 3 % ¢,

would satisfy the inequality |D(z) | <5/I% For a rectangle R, in N we
should have, with the help of preceding results,
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waes | [ 1@ ] =] [ 10 +6- 070 + 6 - 0pe)s
R, R
7\
B f LETOPEEZ S W
--------------------- 12=141y
Zo=To+ 1Yo

F16.3:2

But this would imply that 7 <7/2, which is impossible, and we see that
the absolute value 5 of the integral around the rectangle R is zero.

Having proved the theorem for a rectangle we may further infer
easily that our integral vanishes on every closed regular curve C in a
rectangle R on which f(z) is holomorphic. For we may define a function
F(z) single-valued at every point z of R by the equations

Fo) = [ e+ s+ i [ " fw + i)y

=1 f”f(xo + iy)dy + fzf(x + iy)dx.

We have then a function F(z) =U+:V which is continuous and such
that

dF/3x = f(x + iy) = u + iv = 0F/idy.
Hence U and V are continuous and
aU/dx = u = 3V /dy, AV/dx = v = — aU/dy.

From this result and the definition of the integral in Section 2 above it

follows that
ff(z)dz - de+ide= 0.
C [+ C

The argument of this paragraph shows that the integral vanishes on
closed regular curves in R which intersect themselves, as well as on those
which are simply closed.
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To prove Theorem 3-1 for an arbitrary simply closed regular arc C,
as originally stated, we should first note that there is a constant ¢>0
such that for every point ¢ of C or its interior the function f(z) is holo-
morphic on a square of side 2¢ and center at {, on account of the hy-
pothesis that f(z) is holomorphic on Cand its interior. Suppose then that
the theorem were not true on C. If the interior of C is subdivided by a
straight line segment, as shown in Figure 3-3, the conclusion of the
theorem would fail to be true on one at least, say Ci, of the simply closed

Fic. 3-3

curves formed by the line segment and C. By successive subdivisions
of this sort a sequence of simply closed curves C, could be constructed
with maximum diameters approaching zero,* on each of which the
theorem would fail. These curves would condense on a point { on C or
its interior, and this would lead to a contradiction since from the pre-
ceding paragraph the theorem must be true for every closed regular arc
in the square of side 2¢ and center at { described above, and some of
the curves C, are certainly in this square.

A connected region is one such that every pair of its points can be
joined by a continuous arc lying entirely in it; and a simply connected
region R is a connected region which has the further property that the
interior of every simply closed continuous curve in R is also in R. With
these agreements we can prove the following modification of Cauchy’s
theorem for curves C which are closed but not necessarily simply closed:

THEOREM 3 - 2. If a function f(z) is holomorphic in a simply connected
region R then

* See, for example, Bliss, Princeton Colloquum Lectures, p. 29.
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ff(z)dz =0

on every closed regular arc C interior to R.

The conclusion of the theorem is true for every simply closed poly-
gon interior to R, by Theorem 3-1. It is also true for every closed
polygon P whatsoever interior to R. For let the corners of P be desig-
nated by zez1 - - - 2.20. Without loss of generality we may suppose that
no two adjacent sides of the polygon have more than an end-point in
common, since the sum of the values of the integral on a segment com-
mon to two adjacent sides is zero and the segment can be deleted. Fur-
thermore we can if necessary move slightly the corners z,(k=2,3, - - -,
n) successively without changing the value of the integral, asshownin
Figure 3-4, so that no two sides of the resulting polygon are pz;,rallel.
The result of this alteration is that two sides, if they intersect, do so at

Zk41

F1c. 3-4

a single point. Suppose now that z,_.z, is the first side which meets a
preceding one, say z;_12;, and let { be the intersection point. The poly-
gon {z; - - - z,.{ is simply closed and can be deleted without changing
the value of the integral, by Theorem 3-1 Only a finite number of such
deletions is possible since the number of sides of the polygon remaining
after the deletion is at least one less than before. The final result is
therefore a remaining simply closed polygon, and on such a polygon the
integral is zero by Theorem 3-1.

A single-valued function F(z) =U+:V can now be defined on the
interior of the region R of Theorem 3-2 by the formula

F(z) = f f(z)dz
P

where P is a polygon interior to R joining a fixed point 2, to an arbitrary
point z. By an argument similar to that used in proving Theorem 31,
applied to the function F(z) defined by the formulas
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z Y
P =FQ) + [ s+ inde+i [ fe+ indy
£ n

—F@) +i f 1+ indy + s+ i,
n H

z

§=E+in

F16.3-5

interpreted with the help of Figure 3-5, it can readily be proved that

fc f(z)dz = fc dU+ifC av =0

for every closed regular arc C interior to R.

4. Consequences of Cauchy’s theorem. If a function f(z) is holo-
morphic in a neighborhood N of a point z=a, except possibly at z=qa
itself, then the residue of f(2) at 2=a is defined to be the number

1
= f f(@)ds,

where C is a simply closed regular arc lying interior to the neighborhood
N and having z=a in its interior. Unless otherwise expressly stated it is
understood in the following pages that integrals around simply closed
curves are always taken in counter-clockwise direction. If T is a circle
with center at z=a and lying entirely interior to C, then by joining C to

(D f

Frc. 4-1
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I, as shown in Figure 41, and integrating around the boundary of the
resulting region, Cauchy’s theorem tells us that the value of the residue
is the same if we replace C by T in the definition of R.. It is then clear
further that R, is the same for all arcs C with the properties described
in the definition of a residue.

THEOREM 4-1. If a function f(z) is holomorphic on a simply closed
regular arc C and ils interior, except possiblv at a finite number of points
ar (k=1, - - -, m) interior to C, then

f f(2)dz = 2ni(Ri+ - - - + R,)
¢

where Ry is the residue of f(z) at z=ax (=1, - -, n).

The proof of this theorem is readily made by drawing for each a;
a circle T'x interior to C with center at a; and containing no other singu-
lar point of f(z). When the circles I'; are joined to C by cuts, as shown
in Figure 4-2, Cauchy’s theorem tells us that

F1c. 4-2

[ 1@a= [ s@it- ot [ s

and this is equivalent to the equation of the theorem.

THEOREM 4-2. CAUCHY’S INTEGRAL FORMULA. If f(2) is holomor phic
on a simply closed regular curve C and its interior then for every point z
interior to C

fo) = - [ L

2ridec w—2

’

where w is now a complex variable ranging on C.
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The value of the integral in the theorem is unchanged if we replace
C by a circle T with center at z and entirely interior to C, since the inte-

grand f(w)/(w—2) is holomorphic between C and I' and on these two
curves. Furthermore

o f(w)dw _ f(z)dw + f(w) — f(z)dw. .

r w-—z r w—z r w— 2z

The value of the first integral on the right is 27 ¢ f(z), and for the second

we have
‘ f(w) = f(2) ‘ €

——dw | < —2xr

w— 3z r
provided that T is taken with radius 7 so small that for every w on it
| f(w) —f(2) | <e. Since € is arbitrary the theorem follows.

5. Ordinary and singular points. An ordinary point of a single-
valued function f(z) is one at which f(z) is analytic. All other points are
singular points. An isolated singular point z=a is one for which there is
a neighborhood in which f(2) is holomorphic except at z=a.

THEOREM 5-1. THE LAURENT EXPANSION. If z=a is an ordinary
or isolated singular point of f(z), and if C is a circle with center at z=a in
and on which f(z) is holomor phic except possibly at z=a, then the values of
f(z) are given at all points z7a interior to C by a series of the form

fG) = Ao+ A1z — o) + As(z — a)* + - - -
+ A0z —a) '+ Aoz —a)24 - -
which converges at every point interior to C except possibly at z=a.
To prove this we may draw a second circle C’ with center at z=a

interior to C and denote the radii of C and C’ by R and R’. If C and C’
are joined by a cut, as shown in Figure 5-1, then Cauchy’s integral for-

(5-1)

Fic. 5-1
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mula gives the expression
flw)dw 1 f(w)dw

/() = —

2riJe w—z3 2rid ¢ w— 2

for the value of f(z) at an interior point z of the ring-shaped region
between C’ and C. For the first integral we find the formulas

1 1 1

w—z w—al—(z—a)/(w—a)

1 2—a (z — a)r! 1 z2—a\"
. + +...+ + ( ))

w—a (w-—o) (w—a)" w—z\w—a
1) ]
~———dw = Ay + 4:(z — a) 4+ - 4+ Aua(z — @) + R,
21rz c wW—2
where
1 d
Ay = —= f('w)w (B=0,1,---),
2rid e (w — a)**!
1 - n M n
| Ral= | — f i@—<i—i) dw | £ —(—'~) 27R.
2idJ e w—2z\w — a 2r\ R/

The constant M is the maximum of | f(w)/(w—32) | for values of w on
the circle C, and r = |z—a|. Since (r/R) <1 it follows that R, approaches
zero as n approaches infinity. Similarly, for the second integral,

—1_ 1 1
w—z_z—al—(w—a)/(z——a)
_ 1 w—a+ +(w—a)""+ 1 (w—a)"
—z—a+(z——a)2 (z — a)" z2—w\z—a ’
-1 f(w)

- —dw = —l(z - a)~l + st + A-—n(z - a)~" + R—m
2rt Jeorw — 2

where

A= fww—orde @=1,20),
2mid e ’

1 — a\" M’ (R'\"
|Ra|= | — f J() (B———a) dw lg il (-—) 2R,
2riJez—w\z—a 2r \r

The constant M’ is the maximum of | f(w)/(z—w) | for values of w on
the circle C’. Since (R’/r) <1 we see that R_, also approaches zero as n
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approaches infinity. Thus for every point z in the interior of the ring
between C’ and C the series (5-1) of Theorem 5-1 defined in this way
converges and represents f(z). With the help of Cauchy’s theorem the
values of the constants 4, A_; are seen to be independent of the radius
of C’, and far an arbitrary point za interior to C the series of the
theorem therefore converges to f(z).

Let z=a be a point having a neighborhood in which f(z) is holomor-
phic except possibly at z=a. If the Laurent expansion for f(z) at z2=¢
has no terms with negative exponents then z=a is an ordinary point
if f(a) =A,. The point z=a is called a removable singularity, when there
are no terms with negative exponents, if f(z) is not defined at z=a or if
f(a)#= A, since in this case z=¢ will become an ordinary point if the
value A, is assigned to f(z) at z=a. An isolated singular point at which
the Laurent expansion has a term with negative exponent —#», but none
with a larger negative exponent, is called @ pole of order —n. If the series
has an infinity of terms with negative exponents then z=a is an es-
sential singularity of f(z). All singularities of f(z) which are not poles are
called essential singularities, but only those which are isolated from
other singularities have Laurent expansions associated with them.

THEOREM S-2. Let f(z) be a function which is holomorphic in a neigh-
borhood N of z=a except possibly at z=a itself. If | f(z)| is bounded in N
then z=a is an ordinary point or removable singularity of f(2). If | f(2) |
is not bounded in N but | (3— a)"f(3) | is bounded for some positive integer
n, then z2=a is a pole of f(2) of order not less than —n. Similar statements
hold for z = when z—a is replaced by 1/z.

If | f(z) | is bounded in N then it is easy to see that the product
g(2) =(z—a)*f(2) is holomorphic in the whole of N including z=a and
vanishes with its derivative at z=a. Hence for the Laurent expansion
of g(z) the integrals in the expressions for the coefficients A_; are by
Cauchy’s theorem all zero, and the values of 4, and 4, are also zero
since g(a) =g’(a) =0. The Laurent expansion for f(2) itself has therefore
no terms with negative exponents.

If | (z—a)"f(3) | is bounded the Laurent expansion for (z—a)"f(z) can
have no terms with negative exponents, according to the first part of
the theorem. Consequently the Laurent expansion of f(z) can have no
terms with negative exponents less than —#. It must have some terms
with negative exponents, however, if | f(z) | is not bounded in N.

THEOREM 5-3. Near every point z=a at which the residue R, is defined
the function f(2) is represented by a Laurent expansion and R,=A _,.

This is readily proved by integrating 1/2mi times the series (5-1)
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term by term. The resulting integrals are all zero except that arising
from the term A_,(z—a)~'/27¢ which has the value 4_,.

In the theory of functions the character of the point z= for a
function f(2) is determined by making the transformation z=1/{ and
studying the character of the point { =0 for the function f(1/{). If there
is a circle C about z2=0 as center outside of which f(2) is holomorphic
except possibly at 2=, then f(2) is represented by a Laurent series
f(z) = Ao+ A4:(1/2) + 42(1/2)* + - - -

+Az+ A2+ -
which converges to f(2) at every point z outside of C.
The expansions of f(z) at 3= are
J(2) = 4o+ 4:(1/2) + 42(1/2)* + - - -,
Jf@ =42+ -+ A s+ 40+ 4(1/2) + - -
f(z) = -+ A z+ Ao+ A:(1/2) + - -
in the cases when f(z) has, respectively, at 2= an ordinary point or
removable singularity, a pole of order —#, or an isolated essential singu-
larity.
The residue of f(z) at z = o, when f(z) is holomorphic on a sim-

ply closed regular curve C and its exterior except possibly at z = «,
is defined to be the number

(5-2)

mrJ o

where the integral is taken as usual in counter-clockwise sense. This
residue has the same value when C is replaced by a circle with z2=0 as
center entirely outside of C, and is therefore readily proved to be the
same for all curves C with the properties described above. By integrat-
ing the Laurent series (5-2) term by term the residue at z= « is readily
found to have the value R, = —4,.

6. Rational functions. One of the most important classes of func-
tions for the theory of algebraic functions, as well as for the theory of
single-valued functions such as are considered in this chapter, is the
class of rational functions. Most of the theorems given in this section
can be generalized for algebraic functions, but there are important
exceptions which will be indicated.

THEOREM 6-1. A function f(z) holomorphic and bounded in the whole
finite z-plane, or a single-valued function f(z) which has no singularity
either in the finite z-plane or at 3=, is a constant.
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If a function f(z) is holomorphic and satisfies the condition | f(z) |
<M in the whole finite z-plane, then with the help of Cauchy’s integral
formula applied to a circle C with =0 as center and having the point
z in its interior

N b f(w)dw flw)dw
l'mé) f(O)I— | miJe w—z 27r;f l
_ ' _l_f Hlwidw <1“'M_

T amide ww—2) | 2n R(R—f) ’

where R is the radius of C and 7 =] z|. As R approaches infinity the last
expression approaches zero, and hence we must have f(z) =f(0) for
every z.

To prove that a single-valued function f(z) with no singularity is a
constant we may first- prove that there is a constant M such that
| f(z) | <M, and then apply the reasoning of the preceding paragraph.
Or one may start from the fact that such a function has a Laurent ex-
pansion at =0,

J(@) = Ao+ diz+ A2+ - - -

which is convergent in the whole finite z-plane. This is also the Laurent
expansion of f(z) at z=co, and since 2=« is not a singular point the
coefficients A,, A, - - - must all be zero.

THEOREM 6-2. A polynomial of degree n has a pole of order —n at
s=% and no other singularity. Conversely, a function with no singularity
except a pole of order —n at 3= < is a polynomial of degree n.

The first part of the theorem is evident since the expression

PiE)=4d0+ Az + - + A2"

for a polynomial of degree # is its Laurent expansion at = and has
the form which indicates a pole of order —# at that point.

If, conversely, a function f(z) has no singularity except a pole of
order —n at z=0 let

Az + -+ Az

be the sum of the terms with negative exponents, the so-called principal
part, of its Laurent expansion at z= o . The difference

J(&) — Az — - — d_.3"

will then have no singularity at all and must be a constant.
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THEOREM 6-3. A rational function of z has no singularities except
poles. Conversely, a function f(z) which has no singularities except poles is
rational in z.

A rational function is by definition a function f(z) which is equal to
the quotient of two polynomials

A0+A12+ o +A,,.z"‘_ P(Z)
By+ Biz+ -+ 4+ Bz Q(3)

wherever the denominator is different from zero, and equal to the limit
of this quotient at every point z=a or 2= where this limit is finite. In
accordance with this definition we may just as well suppose from the
start that the polynomials P(z) and Q(z) have no common factor.

The only singularities of such a function are at 2= or at roots
z=ga of the denominator Q(z). If Q(z) contains a factor (z—a)* and no
higher power of z—a then z=ais a pole of order — of f(2), as one sees
with the help of Theorem 5-2. The product (z—a)*/(z) is, in fact,
bounded near z=a but (z—a)*~'f(2) is not. At 2= the same theorem
applied to the expression

f(z) = zm™

f(2) = (Am = 0, B, 5 0)

nAo(l/Z)m + -+ An
Bo(1/z)" + - - - + B,

shows that z =« is a pole of order # —m of f(2) if m >n, but is otherwise
an ordinary point. Hence a rational function has no singularities but
poles.

If a function f(z) has no singularities but poles then in a circle C
with center at 2=0 there can be only a finite number of them. Other-
wise the poles in C would have an accumulation point which would be
a singularity of f(z) but not a pole, since all ordinary points and poles
of f(z) are isolated from other singularities. Similarly after making the
transformation z=1/{ it appears that there are only a finite number of
poles of f(3) outside of €. Suppose now that the finite poles of f(z) are
the points z=a, (i=1, - - -, p) and that their orders are numbers —Z;.
Then

f@) (@ —aks- - (2 = ap)

has no singularity except possibly a pole at z=c and is equal to a
polynomial P(z). Hence f(z) is a rational function.

THEOREM 6-4. If a function f(z) is holomorphic in the whole z-plane
except for isolated singular points then the number of its singularities is
finite and the sum of its residues is zero. In particular this is true for ra-
tional functions.
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The argument used in the proof of Theorem 6-3 can be applied
again to show that the number of singularities of f(2) is finite. Let C be
a circle about z=0 as center and so large that all of the singularities of
the function f(z) in the finite part of the z-plane are interior to C. Then
by Theorem 4-1

fcf(z)dz=21ri {sum of residues of f(z) at finite points z}.

But according to the definition of the residue of f(z) at = we have

fc f(z)dz = — 2miR,.

Hence the sum of all of the residues of f(z) is zero.

THEOREM 6-5. The sum of the orders of the zeros and poles of a rational
Sfunction f(3) is zero.

At a point z=¢ which is a zero or pole of f(z) we may express f(z),
by means of its Laurent series, in the form

@) =G —a*{do+ 4z —a)+ - | = (z— a)kg(z),

where g(z) is holomorphic near z=a, g(a) =A,70, and & is the order of
the zero or pole. Then the quotient

'(z) k £2'(2)

fz) z—a gz
has the residue % at z=a. Similarly the residue of f/(z)/f(z) at 2= is
the order of the zero or pole of f(z) at z= . The quotient f'(z)/f(z) has
no singularities other than the zeros and poles of f(z), and the theorem
is therefore proved, since the sum of the residues of f'(z)/f(2) is zero.

A very important corollary to this theorem is the fundamental
theorem of algebra which says that every polynomial has at least one
root. Since a polynomial of degree » has one pole of order —n at z= o0,
the sum of the orders of its zeros, according to Theorem 6 -5, must be #n.

It is understood that the principal part of the Laurent expansion at
an isolated singular point z=a of a function f(z) is the sum of the terms
of the expansion which have negative exponents. With this definition
in mind we can prove the following theorem:

THEOREM 6-6. If Pi(2), - - -, P.(3) are the principal parts of the
Laurent expansions at the poles of a rational function f(z), then f(z) is
expressible in the form

(6-1) f(2) = Pi(z) + - - + Pa(z) + c.
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If a finite number of poles and principal parts are selected arbitrarily then
there exists a rational function which has these poles and principal parts
and no other singularities. The most general such function is of the form
(6-1), where c is an arbitrary constant.

Each of the expressions Pi(z), for a given rational function f(z), has
no other singularity except the pole at which it is the principal part. The
difference

f(2) — Pi(z)— - - - — Pa(2)

has therefore no singularities whatsoever and is constant.
If Pi(z), - - -, Pa(2) are selected arbitrarily the sum

8(2) = Pi(2) + - - - + Pul2)

is evidently rational and has the required singularities and principal
parts and no others. For every other function f(z) with these properties
the difference f(z) —g(z) has no singularities and is a constant.

THEOREM 6-7. Ifay, - - -, @m, by, - - -, ba are the zeros and poles of a
rational function f(z) in the finite part of the z-plane, each repeated a
number of times equal to the absolute value of its order, then f(z) is expres-
sible in the form

(z—a) - (z— am)
(z—=08) - (z— by

If the numbers a1, - - -, am and by, - - - , b, are selected arbitrarily in the
finite part of the z-plane there exists a rational function having them as ils
finite zeros and poles. The most general such function is of the form (6-2)
where ¢ is an arbitrary constant. At z= o the function has a zero of order
n—m if n>m, a pole of order n—m if n<m, or an ordinary point which
is neither a zero nor a pole if n=m.

The truth of the first statement of this theorem follows readily from
the fact that the rational function

_(z—a) - (z—am) m_n(l—al/z)--—(l——a,,./z)
T G—b) G0ty  (A—bJz) (- b2)

has the finite zeros a,, - - -, am and poles by, - - - , b, and also the order
which f(z) must have at 2=, as one readily verifies from the fact
that the sum of the orders of the zeros and poles is zero. The quotient
f(2)/g(2) has no zeros or poles and hence is a constant. The last part
of the theorem is now evident. ,

The theorems numbered 6-1 and 6-3 to 6-5 above all have cor-
responding theorems of similar forms which hold for the rational func-

(6-2) flz) =c¢

g(2)
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tions, associated with an algebraic function, which are to be studied in
later chapters. The last two theorems are in a quite different category,
however. They imply that the principal parts, or the zeros and poles of a
rational function in the finite z-plane, can be selected arbitrarily. On the
contrary, it is not in general possible to prescribe arbitrarily the prin-
cipal parts or the zeros and poles of a rational function on the Riemann
surface of an algebraic function, as will be seen in Theorems 40-2 and
40-4 of Chapter V.

7. An expansion theorem. The theorem to be explained in this section
is a fundamental one for the development of the properties of algebraic
functions and it has also many other applications. It is the theorem
which characterizes a curve f(x, y) =0 in a neighborhood of a non-
singular point where the partial derivatives f., f, are not both zero.

THEOREM 7-1. THE EXPANSION THEOREM. Let f(x, y) be a function
of the two complex variables x, y with the properties

(1) it is expressible near (a, b) by a convergent power series in x—a

and y—b,

(2) f(a, b) =0,

(3) fu(a, b) #0.

Then there is one and but one power series of the form

y=b+4 c(x —a)F ca(x —a)?+ - --

which satisfies f(x, y) =0 identically. In a suitably chosen neighborhood
x—a| <3 this power series converges and defines a holomorphic solution
y(x) of the equation f(x, y) =0 with the further property that there is a con-
stant €>0 such that no solution (x, y')# {x, y(x)} exists satisfying the
inequalities

(7-1) |x—a|=s, |y = y(@) s e

There is no loss in generality in taking (a, b) =(0, 0), or in supposing
the equation f(x, y) =0 in the form y = A(x, y) with £(0, 0) = 4,(0, 0) =0.
The first simplification can be brought about by a transformation
x—a=x', y—b=1y’; and the second by transferring all of the terms of
the equation f(x, y) =0 to the right side except the linear term in y which
has a coefficient different from zero by (3).

Suppose then that we try to make the series

(7-2) y=cax+cx*+ -

satisfy the equation
(7-3) y = h(x, v)
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formally. By substituting and comparing coefficients we see successively
that this will be accomplished if each ¢, is set equal to a uniquely deter-
mined polynomial with positive integral coefficients in a finite number
of the coefficients of 4. Hence there is one and but one series (7-2) which
satisfies (7-3) formally.

In order to prove the convergence of (7-2) we lose no generality in
assuming #(x, y) convergent for |x|<1, |y|=1, since if the series
h(x, y) converges for | 2| <p, | y| <o we can always secure convergence
for |2'|<1, |y'|=1 by making the transformation x=px', y=0y’.
Under these circumstances the coefficients of %(x, y) have absolute val-
ues all less than a certain constant M, since by hypothesis the series of
absolute values of the terms of 4(x, y) now converges when x=1, y=1.
The equation

(7-4) y=H(x, y) = M- My

A=-x1 -9

has no constant term and no linear term in y on the right, and has each
coefficient in H(x, y) greater than or equal to M and hence greater than
the absolute value of the corresponding coefficient of &(x, ¥). Its unique
solution series through (x, ) =(0, 0),

(7-5) y=Cuax+ Cox? 4 - - -

has therefore positive coefficients each greater than the absolute value
of the corresponding coefficients of (7-2). But the series (7-5) repre-
sents the solution

1— {1 —4M(1 + M)x/(1 — x) ]2
21 + M)

y:

of equation (7-4) which vanishes at x =0, and therefore surely converges
when |x|<1/(1+2M)2 Hence the series (7-2) converges also on this
interval.

To prove the last statement in the theorem we may write
f(x, 5) = f(x, 9) = (' = P)A(x, 3, ¥)

where A(a, b, b) =f,(a, b) #0. Hence in a sufficiently small region (7-1)
we have 4 [z, y(x), 170, and we see that f(z, y) and f(x, »") can not
both vanish unless y=1v’.

8. Resultants and discriminants. For the developments in later
chapters we shall need some properties of the resultant of two poly-
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nomials and of the discriminant of a single polynomial. The resultant of
two polynomials

f(}’) =f0}""+f1y'""l+ e +fm,
g(y) = goy* + gy A+ g,
may be represented by the symbol

yrif

yf
/
y g

844
4

which stands for the determinant whose rows are the coeflicients of the
powers of y in the polynomials indicated. The resultant is not identically
zero in the coefficients of f and g since for the special case f=y™, g =y"+1
its value is unity. By multiplying the polynomials in the symbol for R
by the co-factors of the last column of R we find an identity

(8-1) R = M(®»[f») + Ny

where the coefficients M and N are polynomials in y with degrees not
greater than # —1 and m — 1, respectively.

THEOREM 8-1. When the polynomials f and g have numerical coeffi-
cients a necessary and sufficient condition that they shall have a finite or
infinite common root is R =0.

If R is different from zero the coefficients f, and g, are not both zero
and the equation (8-1) shows that f and g cannot have a common
finite root. If R =0 there are constants not all zero satisfying the linear
equations whose coefficients are the columns of R. When the poly-
nomials in the symbol for R are multiplied by these constants and
added, an identity in y of the form

(8-2) 0= M»f(y) + N(»e(y)

is found, where M and N have degrees not exceeding #—1 and m—1 as
before. It follows readily from this equation that when f, and g, are not
both zero the polynomials f and g have a common linear factor and
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therefore a common finite root. When f, and go both vanish f and ¢
have a common infinite root.

The resultant R becomes a polynomial in fo, go and the roots £,
ni of f and g when the values of f, and g, are substituted from the ex-
pressions for f;/fo and gi/go as symmetric functions of the roots. It is
easy to see that R has the factor fo"go™, and we can prove that R is
homogeneous and of degree mn in the roots &;, .. For if we multiply
each root by a factor p the coefficients f, and g, are multiplied by p¢ and

p*. If we multiply the k-th row of R by p*~! for k=1, - - -, u, and the
(n+1)-th row by p*~! for ¢=1, - - - | m, it turns out that a factor p*-!
can be taken out of the s-th column for s=1,2, - - -, m+n. Hence R

is multiplied by p to the power
A+ 4+m+n-1)-0A+ - +n-1)
-4 4+m—=1)=mn,

and we see that R is homogeneous and of degree m# in the roots £,, ;.
Since R vanishes in every numerical case for which a root £, is equal to
a root 7, it must contain each of the factors £, — 1, and since the degree
of R in the roots is mn it follows that

(8-3) ’ R = ofggm I1(&: — n0),

where the product is taken for all the m#n differences. The value of the
constant ¢ is readily found to be 1 since for the special case f=y™,
g=y"+1 the values of II, f,, go and the determinant for R, are all unity.
From the expression (8-3) for R it is evident also that

(8-4) R = fo [1et) = g I1/(ne),

where the products are taken, respectively, for all the roots £, of f and
all the roots 7, of g.

The discriminant D of a polynomial f(y) is by definition the resultant
of the derivative f’(y) and the polynomial

gy) =mf —yf" = fiym ' 4 -+ (m = Dfnory + mfm.

From equation (8-1) it follows readily that the discriminant satisfies
an identity

D = P(y)f(y) + Q(»f' (¥

where the coefficients P and Q are polynomials of degrees at most
m—2 and m—1, respectively.

THEOREM 8-2. When f(y) has numerical coefficients a necessary and
suflicient condition that it shall have a finite or infinite multiple root is D =0.



[§9] SINGLE-VALUED ANALYTIC FUNCTIONS 21

From Theorem 8 1 we know that when D =0 the polynomials f’(v)
and g(y) have a finite or infinite common root. If the common root is
finite it must be a root of both f(y) and f’(y), on account of the form
of g(y), and hence is a multiple root of f. If it is infinite then the leading
coefficients mfq, fi of f'(y) and g(y) both vanish, and f itself has a mul-
tiple infinite root.

In the determinant for D we may substitute the values of the coefh-
cients f; from the expressions for the quotients f,/f, as symmetric func-
tions of the roots £, of f. It is easy to see then that D has the factor
fo?™? and is a symmetric function of the £, By an argument similar
to that used for the resultant it can be shown further that D is homo-
geneous and of degree m(m—1) in the roots. Since D vanishes when
£,=£, it must contain the factor £ —£,, and consequently the square
of this factor, since it is symmetric in the roots. It follows readily then
that

D = ¢ 021»1-—2 H(EL —_ Ek)‘zy
1<i
where ¢ is a constant, since the degree of each side of the equation in the
variables £;is m(m—1). From the relation

JI(&) = folbr — &) - - - (51 — Em),

and similar ones for the other roots, we find

D = ¢(— 1)mim=D/2fm—2 Hf'(51)~
The value of the constant ¢ can be found from the special case f=y"+1
for which the value of the determinant for D is m?~~? and the value of
the product in the last equation is m™, as one readily calculates. Hence
we have the two final formulas for D
(8-5) D = (— 1)m(m=Di2gym=2f2m—2 H(Sa — £)?

i<k

(8-6) = mm-fym? Hf’(&)

which will be useful in later chapters.

9. Reducibility of a polynomial f(x, y). The polynomials to be
studied in this section are all supposed to have their coefficients in the
domain of real or complex numbers. A polynomial f(x, y) with coeffi-
cients in this domain is said to be reducible if it is equal to the product
of two other such polynomials in x and y neither of which is a constant;
otherwise it is #rreducible. For the study of the irreducible factors of a
poltynomial the following lemma is fundamental:
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Lemma 9-1. If the functions f, g, P, L, in the equation
f(x, w)g(a, ¥) = P(x, ¥)L(x, y)
are polynomials in x and vy, with P irreducible, and if the equation is an
identily in x and y, then P is a factor of either f or g.

This can easily be proved when P =x —a. For suppose the lemma not
true in this case and set x=a in the equation. The coefficients of the
powers of y in f(a, y) would not all vanish, and similarly for g(a, y). We
could then select a value b for y which is not a root of either f(a, y) or
g(a, ¥) and the equation of the lemma would then not be true. Hence
P =x—a must be a factor in all the coeflicients of powers of y in f, or
else in all the similar coeflicients for g.

In the general case when P involves both x and y suppose that Pis
not a factor in f so that f and P have no common factor at all, since P
is irreducible. The resultant of f and P as polynomials in y will then be
a polynomial R(x) not identically zero and satisfying an identity,
analogous to (8-1), of the form

(9-1) R(x) = M(x, y)/(x, y) + N(x, ) P(x, y)

in which R(x), M(x, y), N(x, y) are polynomials. The equation (9-1)
multiplied by g, with the equation of the lemma, then imply an equa-
tion of the form

R(x)g(x, y) = P(x, y)Q(x, 3).

According to the preceding paragraph the factors x—a of R(x) must
be divisible into the coefficients of the powers of y in Q(x, y), since P
is by hypothesis irreducible, and hence g has the factor P.

CorOLLARY. For two irreducible polynomials f(x,y) and P(x, y), both
of which contain powers of vy, there are only a finite number of values of x
for which f and P have equal roots y unless f is a constant times P.

This follows from equation (9-1) in which R(x) would be identically
zero if f and P had equal roots y for an infinity of values of x. Since
M(x, y) in this equation is at least one degree lower in y than P, it fol-
lows that P would have to be divisible into f(x, y) and hence f and P
would differ only by a constant factor.

LeMMA 9-2. Every polynomial f(x, y) is expressible as the product
f=P1P: - - - Py of a finite number of irreducible factors, and every other
such expression for f has factors which are the same except possibly for
constant multipliers.

The existence of such a product for f, consisting of at least one factor,
is evident. Suppose that a second one is f=0Q, - - - Q:. According to the
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preceding lemma Q; must be a factor in P, or else in the product
P, - - - P;. Repeating this argument we conclude finally that Q, is
divisible into some P, in which case Q; coincides with P, except for a
constant multiplier. If we divide out by (1 = P, we may similarly show
that the second factor (), is identical with a new factor P,, and so on.

THEOREM 9-1. A necessary and sufficient condition that a polynomial
f(x, ¥) shall have no repeated irreducible factors involving y is D(x)#0,
where D(x) is the discriminant of f(x, y) as a polynomial in y.

If f(x, y) has such a repeated factor then for every x the equation
f(x, ¥) =0 has multiple roots y and D(x) must vanish identically. Hence
the condition of the theorem is sufficient.

The condition is also necessary since if D(x) =0 then by the argu-
ment in Section § there is an identity of the form

M(x, y)f(x, ¥) + N(x, )fy(x, ) =0

analogous to equation (8 2), in which M(x, y) and N(x, y) are poly-
nomials of degrees at most n—2, n—1, respectively, in y, and not
identically zero. By Lemma 9 1 all of the irreducible factors of f must
divide either N or f,, and one at least of those which involve y, say
P(x, ), must be a factor of f,, since the degree of N(x, y) in y is too low
for N to contain all of them. The equations

f = P(xy y)h(x) y)) fll = Puh + Phu

show that if P is a factor in f, it must also be a factor of %, so that P
occurs at least twice in f(x, y).

REFERENCES FOR CHAPTER I

For the theory presented in Chapter I above the reader may consult
the standard books on the theory of functions of a complex variable,
for example, the references numbered 13, 24, 34 and 35 in the list at the
end of this book. For the theory of resultants and discriminants see the
references numbered 25 and 31.



CHAPTER 1II
ALGEBRAIC FUNCTIONS AND THEIR EXPANSIONS

10. Introduction. In the preceding chapter it was shown that the
values of a single-valued analytic function of a complex variable x in a
neighborhood of an isolated singular point 2 =a are the values of a Laur-
ent series in positive and negative integral powers of x —a, convergent
in a suitably chosen circle with x=a as center except possibly at x=a
itself. In the following paragraphs we shall see that an algebraic func-
tion of x is a multiple-valued function, and that its values near an arbi-
trary point x =a are given, not by one, but in general by a finite number
of Laurent expansions, each in powers of a variable ¢t=(x—a)'/r where
r is a positive integer. The purpose of this chapter is the definition of
an algebraic function and the determination of its expansions.

11. Definition of an algebraic function. Let f(x, ¥) be a polynomial
in y of the form

J(x 9) = fo(x)y™ + [u(x)y™ + - - - + fu(#)

where each coefficient fi(x) is itself a polynomial in x with coefficients
in the domain of complex numbers. The largest exponent of x occurring
in one of these coefficients will be denoted by m. An algebraic function is
then a function y(x) defined for values x in the complex z-plane by an
equation of the form f(x, y) =0. The values of such a function y(x)
are points in the complex y-plane, and there are in general more than
one value of y(x) corresponding to each x. At x=oco the values of the
function y(x) are, by definition, the roots of the equation g(0, ¥)-=0
where g(z’, y) =2’ f(1/2", ).

Unless otherwise expressly stated it will be understood always that
the conditions

(@) fo(x), - - -, fa(x) have no common factor involving «,

(b) fo(x) #0,

(c) D(x)#0.
are satisfied, where D(x) is the discriminant of f(x, y) thought of as a
polynomial in y. It can be seen without great difficulty that these con-
ditions are not serious restrictions. When, for example, the discriminant
D(x) is identically zero it has been shown that the polynomial f(x, y)
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has repeated factors involving y, and the exclusion of all except one of
these factors in each case would reduce the polynomial to one with the
properties indicated. The condition D(x) #0 implies further that at all
except a finite number of values x =a where D(a) =0 the values of y(x)
are distinct and exactly » in number.

A point x=a in the complex x-plane where fo(a) =0, D(a);éO is
called an ordinary point for the algebraic function y(x). A point at which
one or both of fy(a), D(a) vanish is a singular point. The point x = oo is
ordinary or singular according as 2’ =0 is ordinary or singular for the
algebraic function y(x') defined by the equation g(x’, y) =2’ f(1/x",y)
=0. The number of singular points is evidently finite.

THEOREM 11-1. Near an ordinary point x=a the n values of the alge-
braic function y(x) are defined by n convergent series

(11-1) y=btocoulx—a +cola —a)+ -
(1’ = 1’ o ’n)
where the numbers b; are the n distinct roots of f(a, y) =0.
To prove this it is evident that at each pair (a, b;) we have f(e, b.)

=0, f,(a, b,) 0. Hence Theorem 7-1 tells us that there is a convergent
series (11-1) which satisfies f(x, y) =0 identically.

12. Continuations of the values of an algebraic function. If the
values of an algebraic function y(x) at a non-singular point x=x" are
designated by the symbols y/, - - -, ¥/, then as x describes a continuous
arc C joining x’ to x’’ and consisting only of ordinary points of y(x)
these values go over continuously into values y{’, - - -, ¥/’ of y(x) at
%'’. The theorems of this section describe properties of such continua-
tions.

THEOREM 12-1. If x =x(¢) (L St=<t) is a continuous arc C consisting
entirely of ordinary points of an algebraic function y(x) then the values of
y(x) along C form a set yi(t) (WSt=<t; k=1, - -, n) of n distinct con-
tinuous functions on his.

The theorem is easily seen to be true with the help of Theorem 11-1
for each arc xx’ of C sufficiently near x,. Suppose that there were
a largest arc x:¢ for each interior point 2’ of which the arc xix’ of
C has this property. There would then be a circle about £ as center
in which the values of y(x) would be defined by # distinct series ¥i(x)
(I=1, - - -, m),as indicated in Theorem 11-1. Let x" be a point on C
such that the arc #’¢ is in this circle, and let y«(f) (k=1, - - - , n) be the
continuous functions representing y(x) on xwx’. The functions ¥i(x)
could then be numbered so that ¥(x’) =:('), and on the interval ¢'¢"’
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corresponding to the arc x’ z” indicated in Figure 12-1 the functions
¥i(t) = ¥, [%(t) ] would be continuous extensions of the functions y,(¢) on
1it'. Hence the arc x:£ could not be the largest arc with the properties
presupposed above and the theorem is true for the whole arc C.

Fic. 121

CoOROLLARY. There is always a polygon with the same end-points as C,
consisting entirely of ordinary points of y(x), and having continuation
functions Y i(t) which can be so numbered that they have the same end-
values as the functions y.(t) belonging to C.

The corollary is easily seen to be true on sub-arcs of C with initial
point x; and which lie entirely within a circle with center at x, where the
algebraic function is represented by # distinct series (11-1). If there were
a largest arc x,£ of C for which each interior arc x;2” has the property
of the corollary, then for an arc x,2" as in Figure 12-1 the polygon
could be extended to x’’ by the addition of the straight line segment
x’'x'’, and x:£ could not be the largest arc as described. The conclusion
of the corollary is therefore true for the whole arc C.

In the following pages a region R of the x-plane is understood to be
a set of points all of which are interior points of the set. A region R is
connected if every pair of its points can be joined by a continuous arc
entirely within R, and it is simply connected if further the interior of
every simply closed curve in R is also in R.

THEOREM 12-2. Let R be a simply connected region of the x-plane con-
taining only ordinary points of an algebraic function y(x), and let P be a
simply closed polygon in R with the equation x=x(t) (W<t=<t). Then
the continuation functions yi(t) (k=1,- - -, n) along P have initial-
and end-values which are identical, i.e.,yi(t) =yi(t) (=1, - - -, n).

The theorem is certainly true for every simply closed polygon which
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lies in a circle about an ordinary point x = £ as center in which the values
of y(x) are represented by # distinct power series in x — £ similar to those
of the set (11-1).

Suppose then that the theorem were not true on a certain polygon
P in R. If the interior of P is divided by a segment wxx, parallel to the
real axis in the x-plane, the continuation functions in one at least of the
polygons wxxsxexy, xaxsxsx, would have different initial and end-values.
Otherwise the continuation functions belonging to these polygons, when
so numbered that they coincide at x,, would form a set of continuation
functions on P for which the theorem would be true, which is a contra-

Ts

F1c. 12-2

diction. By repeating this process of subdivision by lines parallel to the
co-ordinate axes a sequence {P.} of simply closed polygons could be
determined, with maximum diameters approaching zero,* on each of
which the theorem fails. Select a point £; arbitrarily on each P;. The
points £, must have an accumulation point £ on P or its interior, in
every neighborhood of which there are polygons P,. But since £ is an
ordinary point it has a neighborhood N such that the continuation
functions on every simply closed polygon in N have the same initial
and end-values, which is a contradiction.

COROLLARY 1. The conclusion of Theorem 12-2 holds for every closed
polygon P in R, even if it is not simply closed.

To prove this let the corners of P be designated by xuxs - - - xa21.
Without changing the initial and end-values of its continuation func-
tions at x, the polygon P can be simplified in two ways. In the first place
segments common to adjacent sides, as shown in’ Figure 12-3, can be
deleted. After this has been done the corners x (k=2, - - -, #) can be

* See pages 29-30 of the reference in the footnote on page S of this book.
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successively moved slightly if necessary so that in each case the side
Z:1% is not parallel to any other side. The possibility of doing this,
as shown in Figure 12 4, is due to the fact that when the new sides
Zr-1%{ Xr41 are also in R there are continuation functions along them with

Zi-1 Tis1 Xy
Zi41 Zk- 1 fe o8
F16. 12-3

the same end-values as those of the continuation functions along x;_,
%1Xr41, according to Theorem 12-2. The result of these modifications
is that two sides of the polygon P have at most one point in common.

Li 41

F1c.12-4

Suppose now that the side x,_,x, is the first one which intersects a
preceding side x_.xx, and let the common point be £ Then the polygon
§xr - - - x14& is simply closed and can be discarded because, according
to Theorem 12-2, its continuation functions have the same initial and
end-values at £. This process of discarding loops can be repeated at most
a finite number of times since the number of sides of the remaining poly-
gon after each discard is at least one less than before. After all such loops
have been deleted the remaining polygon is itself simply closed and has
the same initial and end-values of its continuation functions as P.
By Theorem 12-2 these initial and end-values must be identical.

THEOREM 12-3. In a simply connected region R of the x-plane contain-
ing only ordinary points of an algebraic function y(x) the values of y(x)
form a set yi(x) (k=1, - - -, ) of n distinct holomorphic functions.

In order to show this let the values of y(x) at an arbitrarily chosen
point x; of R be denoted by bi(k=1, - - - , #). On all polygons P in R
joining x, to a second point x; the continuation functions y.(#) for which-
¥x(2) =bi will have the same end-values at x,. Hence numbering the

values of y(x) at 2, numbers them by continuation at every other point
x20f R.
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The single-valued functions yi(x) so defined in R are holomorphic at
each point x; of R. For let ¥;(x) be the series in x — x, defining the values
of y(«x) near x,, so numbered that y,(x;) = ¥ (x5). The values y.(x) then
coincide with the values V,(x) at every point x near x, since the con-

3

F16.°12-5

tinuation function on the straight line segment x,x which starts with
the value yi(x;) = Vi(x2) has the end-value ¥V ,(x), and the function
Y (x) is analytic at x.

THEOREM 12-4. A¢ an ordinary point x =a of an algedbraic function the
radii of convergence of the n series in powers of x —a representing the func-
tions yi(x) (k=1, - - -, n) are at least equal to the distance from x=a to
the nearest singular point of the algebraic function.

This is evident since the interior of the circle C with center at x=aqa
and passing through the nearest singular point is a simply connected
region in which the functions y,(x) of Theorem 12-3 are holomorphic.
Hence their Laurent expansions at x =a are convergent everywhere in
the interior of C.

13. The expansions for an algebraic function. In the preceding pages
it has been shown that near an ordinary point x=a of an algebraic
functicn y(x) the values of y(x) are given by » distinct power series in
x—a of the form (11-1), and these series are convergent in a circle which
reaches to the nearest singular point. In this section it will be shown that
the values of y(x) near a singular point are also representable by power
series, but series which may have terms with fractional powers of x —a.
A first property of such series is given by the following lemma and its
corollary.

LeMMA 13-1. In a properly chosen neighborhood N of a point x=a
for which fo(x) = (x— a)rg(x) with g(a) =0 the products z = (x—a)?y, where
y is a root of f(x, y) =0, are bounded.
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To prove this select N so small that g(x) #0in it. Then every product
z when different from zero satisfies the equation
[@) G Emah L =00,
y"fo 28 2% 2"g
If z were not bounded in N there would be points #>a in N at which
this equation could not be true, since every function (x—a)*-rf./g
is bounded in N.

We may note in passing that if p=0 the roots y themselves are
bounded in N. If p >0 it may be that there is a smaller integer ¢ such
that the products (x—a)?y are bounded in N.

CoRrOLLARY. If a Laurent series

y=cCotocd+cat+ -
+dit+dt

satisfies the equation f(x, v) =0 identically in t when t = (x—a)''", or when
t=(1/x)", r being a positive integer, then the number of terms with nega-
tive exponents must be finite.

‘For the case when ¢{=(x—a)!/” the product (x—a)?y=1?ry, where y
is the series (13-1), is bounded, according to the lemma above. It is
readily seen then that the product #77*2y is holomorphic in a neighbor-
hood of the point =0 including ¢=0 itself. Hence the Laurent expan-
sion for #7+2y at ¢=0 has no terms with negative exponents for ¢, and
the expansion (13-1) for y, found by dividing this Laurent expansion
by t7r+? can have only a finite number of terms with negative expon-
ents.

When ¢=(1/x)" we may make the transformation x =1/x" and draw
similar conclusions with the help of the polynomial g(x’, y)=x'"
f(1/«’, y) and the expression ¢=x'V for ¢.

We can now determine the character of the expansions which repre-
sent an algebraic function in a neighborhood of an arbitrary point x =a.
Let C be a circle with x =a as center containing no singularity of the
algebraic function except possibly x =a. If a cut ab is made, as indicated
in Figure 13-1, the part of the interior of the circle which remains is
a simply connected region R containing no singularities of the algebraic
function. In R the values of the algebraic function y(x) form # distinct
holomorphic functions y.(x) (k=1, - - -, n), as indicated in Theorem
12-3. The same is true in the region R’+ R’/ shown in the figure, and
we can number the functions ¥,(x) for R’+R’’ so that in R’ each will
be identical with the corresponding yi(x). In the region R’’ the function

= 0.

(13-1)
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Y:(x) may be equal to yi(x), but if not it will at any rate be identical
with another one of the set, say y,(x).

Suppose now that the region R is replaced by a pile of # such regions,
one for each of the functions y;(x), and let the point over x in the k-th
sheet represent the pair [x, y.(x)]. The pile can be made to represent

Fic. 13-1

the functions continuously, even along the edges of the cut abd, if the
edge ab’ in the k-th sheet is joined to the edge ab’’ of the I-th sheet for
which the identity ¥,(x) = y,(x) holdsin R’’, asindicated in Figure 13-2,
and if the points of the edges so joined-are associated with the values of
Yi(x) along ab. The points P of the surface so formed are in one-to-one

{C

F1c. 13-2

correspondence with the pairs of values (x, y) satisfying the equation
f(x, y) =0 for values x on the circle C and its interior exclusive of x=a,
and the.correspondence is such that the single-valued function y(P) so
defined on the surface is holomorphic. By a holomorphic function y(P)
we mean one that is single-valued on the surface and such that for each
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point P, on the surface there is a neighborkood in which the points P
of the surface are in one-to-one correspondence with their values x, and
in which furthermore the corresponding values y(P) define a holomor-
phic function of x. The surface evidently falls into cycles, each contain-
ing one or more sheets, as indicated in the figure.

The transformation x —a = #" establishes a one-to-one correspondence
between the points of a cycle of » sheets and the interior, exclusive of
the origin, of a circle I' with £=0 as center in the ¢-plane. The values
y(P) belonging to the cycle define a single-valued function y(f) holo-
morphic on the interior of I' except at the origin. The Laurent expan-
sion for this function satisfies the equation f(x, y) =0 with x=a+#
identically in ¢, and by the last corollary it can have only a finite num-
ber of terms in ¢ with negative exponents. Hence we see that for each
cycle of sheets there exists a so-called dranch of the algebraic function
with equations of the form

x=a++1, y=bt*+ b’ + -

where 7 is a positive integer and the exponents of ¢ are positive or nega-
tive integers or zero with u<u’< - - -. Only those coefficients b,
b’, - - - are indicated which are different from zero. We can now prove
the following theorem: i

THEOREM 13-1. In a neighborhood N of every finite point x=a the n

distinct values of an algebraic function y(x) are determined by a finite
number of branches of the form

(132) x=a+t7" y=bt“+b,ﬂ"+

in which r is a positive integer, the coefficients b, b’, - - - indicated are all
different from zero, and the exponents of t are integers, possibly zero or
negative, such that u<u’< - - - . For a value x#<a in N each branch
determines r distinct values of y(x) when the r values of the root t = (x —a)'/”
are substituted in the series for y. The sum of the numbers r for the different
branches is n. The branches for x=c have x =1/t in place of x=a+1".

A branch will be designated as primitive if its integersr,p, p’, - - - have
no common divisor. A necessary and sufficient condition that a branch shall
define distinct values of y near x = a is that it be primitive.

Two primitive branches will be called equivalent when their expansions
(13-2) become identical after a iransformation of the form t=wt', where w
is one of the r-th roots of unity. A necessary and sufficient condition that
two primitive branches define distinct values y near x=a is that they are
not equivalent.
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If a set S of non-equivalent primitive branches represents the values of
an algebraic function y(x) near x=a, then every other set S’ with these
properties must have each of its branches equivalent to one of S.

The statements in the first paragraph of the theorem are justified by
preceding arguments. ‘

If ¢ is one value of the root (x—a)'/r then the totality of such roots
is the set of numbers w* (=0,1, - - - ,r—1) where w=¢?**/7 is a primi-
tive r-th root of unity. The » values of y defined by a primitive branch
(13-2) are then

Vi = bo*tk 4 dor ' 4 - - (B =10,1,- -, 7r—1).

Two such values y; and y; are distinct near =0 unless their series have
the same coefficients, which would imply that the numbers (5 —#)u,

(j—Fk)u', - - - are all divisible by r. But in this case 7, u, u’, - - - would
have a common divisor, and the branch would not be primitive.
Let two branches have exponents (r,u,p’, - - - ) and (s, », ¥, - - - ),

and let d, m be respectively the greatest common divisor and least com-
mon multiple of 7, s so that » =pd, s =ad, m =pad. If ¢ is now a particular
m-th root of x —a and w a primitive m-th root of unity, then ¢ is an r-th
root of x —a and o’ is a primitive r-th root of unity, and it is readily seen
that the r-th and s-th roots of x —a are the sets

wor(j=0,1,---,r—1), owrtr(k=0,1,---,5—1).
The values of y(x) defined by the two branches are given by series
y,=bw”’“t"“+--~, yk=cw"”t"”+~-.

There will be a neighborhood of ¢{=0 in which the values defined by
these series are all distinct unless some two of the series are identical.
In case of such identity the equality of exponents would require ou =pv,
ou'=pv’, - - -, which in turn would require p=0=1 and the identity
of the sets (r, u, u’, - - - ) and (s,»,»’, - - - ), since p and o are relatively
prime and the branches both primitive. The equality of the coeffi-
cients would then give the relations

b= Cw(k—i)n’ b = C’w(k—l)u” .,
which show that the series for y; and y: would be equivalent by the
transformation ¢=w*t’.

The uniqueness, in the sense of equivalence, of the set of branches
representing the values of an algebraic function y(x) near x=ga, as
stated in the last paragraph of the theorem, is evident, since y(x) has
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but # values and any new branch not equivalent to one already in the
set would define new values for y.

In Figure 13-2 it is understood that over the point x =a the sheets
of a cycle are joined, but that two different cycles are distinct over x =a.
The vertex of a cycle, or a point on one of the sheets of a cycle, may be
called a place to distinguish it from the corresponding point x of the
x-plane below it. Thus at a point x of the x-plane an algebraic function
y(x) has in general # values, while at a place on a cycle it has but one
value.

An ordinary place is one at which the Laurent expansion for y in
(13-2) has no terms with negative exponents. The constant term of the
expansion is clearly one of the roots of the equation f(a, y) =0, a value of
the algebraic function. A singular place is one which is not ordinary. If
the first exponent u of the expansion (13-2) is different from zero the
corresponding place is called a pole of order p if u is negative, or a zero
of order u if u is positive. The only singular places for an algebraic func-
tion are poles since the Laurent series (13 -2) has only a finite number of
terms with negative exponents.

A pair of values (x, ¥) = (e, b) may belong to the vertices of a number
of different cycles. The following theorem relates the number of sheets
in these cycles to the multiplicity of y =5 as a root of f(a, y) =0.

THEOREM 13-2. If y=b is a finite root of f(a, y) =0 of order q, then the
pair (x, y) =(a, b) belongs to vertices of cycles over x=a possessing in all
exactly q sheels.

To prove this let D be a circle in the y-plane with center at y=5and
containing no root of f(a, y) =0 except y=b. Let C be a circle in the x-
plane with center at x=¢ and so small that for # in C all the values
y(x) on sheets of cycles belonging to (a, b) are inside D, while all the
values of y(x) on other sheets are outside of D. Then for a fixed xin C
the number of roots of f(x, ¥) =0 in D is equal to the number ¢’ of sheets
in the cycles belonging to (a, b). We have then

, ¥)d
(13-3) fi(—x—-—y)——y = 2ri{no. of roots of f(x, y) in D} = 2xig’.
D f(x) y)
As x approaches a we find therefore
, v)d
(13-4) e, y)dy 2rig’.
b f(a, )

But the value of the last integral is readily seen to be 2wig when y=»>
is a multiple root of f(a, ¥) =0 of order ¢, so that g=g¢’.
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COROLLARY. If y= o is a root of f(a, ¥) =0 of order q, then the pair
(x, ¥) = (a, =) belongs to vertices of cycles over x =a possessing exactly q
sheets. Both the theorem and this corollary apply at x= o as well as at
finite values x =a.

The value,y= o is by definition a root of order ¢ of f(a, y) =0 if

Jola) = - - = f,1(a) = 0, fa(a) # 0.

The finite roots of f(a, ¥) =0 are consequently # —¢ in number, and ac-
cording to Theorem 13-2 they belong to cycles containing exactly n—gq
sheets. Hence y= o must belong to the remaining ¢ sheets.

The truth of the theorem at x = can be established as usual by a
discussion of the expansions for the polynomial g(x’, y) =a'™ f(1/x', y)
at the point «’ =0.

In conclusion it is important to note that the branches

y=btr + b 4 -, t=(x—a)V" or (1/x)Vr,

which satisfy the equation f(x, y) =0 are the important elements of the
algebraic function, rather than the points (x, y) which satisfy the equa-
tion. At an ordinary point x =a the points (x, y) = (a, b,) satisfying f=0
are in one-to-one correspondence with the branches, so that either the
number pairs (a, b,) or the branches can be used to characterize the »
places over x =a. At a singular point x =, however, the same pair (e, b)
may belong to a number of different branches, and the places over
x=a on the corresponding cycles are distinguishable only by the ex-
pansions which belong to them.

14. Determination of the expansions by means of Newton’s poly-
gons. The arguments of the preceding section establish the existence of
the expansions representing an algebraic function, but they do not
provide a convenient method for actually computing successively the
terms of these expansions. The purpose of this section is the develop-
ment of such a method of computation applicable to numerical ex-
amples.

Let y=25 be a g¢-tiple root of f(a, ) =0. If ¢=1, Theorem 7-1 tells
us that there is a unique convergent expansion

y=b+ca(x—a)+ -

which satisfies the equation f(x, y) =0. If ¢>1 the theorem gives no
information. In this case f(x, y) can be expanded by Taylor’s formula
in the form

(2, 9) = 2 Aas(x — a)=(y — b)8,
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and for x=gq the term of lowest degree in y—b has exponent g. When
the pairs (a, B) belonging to the terms in f(x, y) are plotted on the
afS-plane a polygon can be drawn, as illustrated in Figure 14-1, by ro-
tating the y-axis counter-clockwise around the point (0, ¢) until it

8
©, 9

(al; 6!)
(a,8)

(02) ﬁ?)
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meets a first point (o, 8), then rotating about the lowest point (ai, 8:)
on it until it meets a new point («, 8), and so on. The polygon so formed
is convex toward the origin and all the points (o, 8) belonging to terms
of f(x, y) are on it or on the side of it opposite to the origin.

Let (o, B1) and (ae, B:) with 8, >8. be the end-points of a side of
the polygon, the points between them on the side being denoted by
(o, B) and the remaining points by (a’, 8’). Then

f(x, ) = Aap(v — &)*i(y — 0%+ D Aus(x — a)*(y — )P
+ Aup,(x — @)%y = b)fr + D Aag(x — a)(y — b,

where the two sums are taken in each case for all terms of the type indi-
cated. Let ¢(%) denote the polynomial

(14-1) d(u) = Ay pubrfr + D AagubPr + Aap,.
The equation of the side in question may be written in the form
(14-2) ra+ s8 =p

where 7, s, p are positive integers and 7 is prime to s. After the substi-
tution

(14-3) x=a++t, y=0b+ t'u
the equation f=0 takes the form .
f(x, y) = t"{u’n ¢(u) + ¢t (polynomial in ¢, u)} = trg(t, u) = 0.
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If ¢ is a simple root of ¢(u) this equation is satisfied by a uniquely deter-
mined series

wu=c+dt+---
according to Theorem 7-1. Hence the functions
x=a+r, y=b+ ot +dpt 4

satisfy f(x, y) =0 identically. If ¢ is a multiple root of ¢(u) then the
method described above must be re-applied to the polynomial g(¢, «)
at the point (¢, ») = (0, ¢).

It will be proved in the next section that all of the expansions in
fractional powers of x —a for the algebraic function y(x) can be secured
by pursuing the following program:

(1) Find the finite roots y=>5 of f(a, y) =0 and apply the above
process to each of the pairs (a, b) so determined. This will give all of
the expansions for y(x) in fractional powers of x—a which have no
terms with negative exponents.

(2) According to Lemma 13-1 there can be expansions in powers
of x —a having terms with negative exponents only if f,(¢) =0. Suppose
that fo(a)= - - - =f,_1(a) =0, f,(a)=0. To find the expansions set
y=1/y" and apply the method described above to the ¢-tiple root y =0
of the polynomial g(a, y’) where g(x, ¥') =y"" f(x, 1/y’). The reciprocals
of these expansions for y’ are the expansions of y(x) which have poles
at x=a.

(3) To find the expansions at x=o, set x=1/x" and apply the
processes described in (1) and (2) to the polyromial g(x’, y)=x'"
f(1/«', y) at the point x’ =0.

15. The polygon method gives all expansions. In simple numerical
cases it will readily be found that the polygon method provides all of
the expansions for an algebraic function y(x) at x =g, but it requires a
proof to.show that this will always be the case. The following theorems
establish this result.

THEOREM 15-1. After a finite number of transformations of the form
x=a+t, y=b+t'u a polynomial ¢(u), as in equation (14-1), will be
reached which has only simple roots.

To prove this it should be noted first that if ¢ is a multiple root of
order ¢, of ¢(u) so is wc where w is an arbitrary 7-th root of unity, since
the exponents 8—f: in ¢(u) all satisfy equations of the form r(a—as)
+5(8—p:) =0 with 7 prime to s, deducible from equation (14-2), and
are consequently integral multiples of 7. It follows readily that
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(15-1) qZp1— B2 rqy,

where ¢ is the multiplicity of the original root . For successive trans-
formations it follows then that

g2 Z g 2 gz 2 -,

and after a finite number of transformations the numbers 7, must all be
unity and the numbers ¢, all be equal.

Let us denote now by the original notations (e, 4) and f(x, y) a
point and polynomial at which the stage just described has been
reached. The transformation

(15-2) x = a4t y =04 t'u

then gives a polynomial ¢(%) with a single multiple root of order g,
since in (15-1) we have now r=1, ¢;=¢. It is easy to see in this case
that the polygon for the root (a, b) has a single side with an equation
of the form

a+sB=9p

where =sq, as shown in Figure 151, since if there were more sides the
degree of ¢(%) would be less than ¢. By means of the equations

fla+ ¢, b+ tu) = trg(t, u),
fola + 6,0+ tru) = trg, (b, u) =t VgL u),
D(x) = Pf + Qf, = Ptrg + Qtl«"Vog,

]

(0, q)

(sq, 0)
Fic. 15-1

it is clear that D(x) has the factor #e=V*=(x —a)¢Y¢ and therefore at
least the factor (x—a)e!. After each successive transformation (15-2)
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it is seen that the discriminant D(x) will have a further factor (x —g) b
which is impossible unless ¢=1, since D(x) is a polynomial with a finite
degree. Thus we see that after a finite number of transformations (14 -3)
a polynomial ¢(«) will be attained which has only a single simple root.

THEOREM 15-2. The program described at the end of Section 14 will
provide a complete set of non-equivalent branches, in the sense of Theorem

13-1, defining the n distinct values of the algebraic function y(x) near x =a.
If a branch

(15-3) ¥ =a+t, y=0b+40btw+ ...

is provided by the polygon method for a finite root y=54 of f(a, y) =0
after & transformations

x=a+tl"1’ y=b+t1‘lu1,
ti—.l =1", Uiy = bOD 4 g0y (1’ = 21 Y k)y

its exponents for the variable ¢ =¢; will have the values

—_ r
Y =rirg s Ty, M= 817yt Tk,

p® = pOD posp ey (i=2 -+ ,k),

as one readily verifies. Such a branch is primitive in the sense of
Theorem 13-1 since the pairs 7,, s,, and hence also the numbers 7,
u'y - - -, u®, are relatively prime.

The expansions (15-3) arising from different sides of the polygon for
(a, b) in Figure 141 are distinct since the exponents u’/r =s/r, of the
first terms in x —a are distinct for the different sides. The expansions
provided by the same side but by different roots of the polynomial ¢ ()
have unequal coefficients for these first terms. Hence after the first
polygon for (a, b) has been constructed and the expansions for simple
roots of the various polynomials ¢(#) determined, the number of dis-
tinct expansions plus the orders of the multiple roots remaining to be
considered is equal to the sum of the degrees of the polynomials ¢(u).
This sum is equal to the multiplicity ¢ of the root y=0 of f(a, y) =0.
If this is true after a finite number of polygons have been constructed it
will similarly be true after one more polygon and its expansions cor-
responding to simple roots have been determined. Since after a finite
number of transformations all of the roots ¢ become simple it follows
that the number of distinct expansions provided by the root y=b is
exactly equal to its multiplicity g.

If the sum of the orders of the finite roots of f(a, ¥) =0 is » then the
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argument of the preceding paragraph shows that the polygon method
provides » distinct expansions (15- 3) corresponding to these roots. Each
of the expansions belongs to a cycle of a number 7 of expansions, satis-
fying f(x, y) =0, equivalent in the sense of Theorem 13-1, and found by
replacing ¢ by w* (1=0,1, - - -, r—1) in (15-3), where w is a primitive
r-th root of unity. Every one of the expansions found by such a sub-
stitution in one of the » expansions must belong to the set of » expansions
described above, since otherwise the number of distinct values of y(x)
belonging to cycles corresponding to finite roots of f(a, ¥) would be
greater than ». Each of the cycles is a primitive branch, and no two
such branches are equivalent.

The multiplicity of y = © as a root of f(a, y) must be n—». After the
transformation y=1/y’ the argument above shows that there are non-
equivalent primitive branches providing precisely #» —» distinct values
of y’(x) near x=a. The reciprocals of these will be branches providing
n—v distinct values of y(x). We know that they must be primitive
branches for y(x) as well as for y’(x) since otherwise they could not de-
fine distinct values for y(x). The conclusion of the theorem is thus justi-
fied, since the branches for finite roots y =4 cannot be equivalent to
branches for y= . '

16. Special types of singular points. The variety of singular points
possible for an algebraic curve is very great, and the expansions asso-
ciated with one of them may be very numerous and complicated. There
are a number of simple types, however, which are of frequent occurrence
in special examples and whose expansions can be readily calculated.

At a point (a, b) which satisfies f(x, y) =0 let the expansion of f(x, )
be

f(x, 3) = dw(x — @) + Ay — d)
+ Azo(x — @) + Aul(x — a)(y — b) + do2(y — )*
+ ..
“lr—ay— bt [r—ay—bht
where the bracket [x—a, y—b]: is a symbol for the terms of degree .
A point (a, b) with a simple vertical tangent is by definition one at
which 4,070, Ao =0, A3=0. It is so called because if its co-ordinates
were real the graph of the equation f(x, y) =0in the real xy-plane would
have a single branch through (a, b) with a tangent at (a, ) parallel to

the y-axis. A k-liple point having tangents with distinct finite slopes is a
point at which the expansion for f(x, y) has the form
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Ja, ) =lr—ay—bhi+[r—ay— L+

with the further property that the % roots u, (i=1, - - -, k) of the poly-
nomial [1, m]; are finite and distinct. The tangents at such a point are
the lines y —b=p.(x—a). A double pcint with tangents having distinct
finite slopes is'the simplest case. A simple cusp with a tangent having a
finite slope is a point (a, b) at which A1o=40=0, 4020, and [1, m];
has a double root u for which [1, u]30.

THEOREM 16-1. 4 point (a, b) on f(x, y) =0 with a simple vertical
tangent is a vertex of a single cycle of two sheets at which the algebraic func-
tion y(x) has an expansion of the form

(16-1) x=a-+ 8, y=b4ct+ct?+ -

where ¢y = [— Ao/ Ao ]V

This can be readily verified by constructing the Newton polygon
corresponding to (a, b). The transformation for (16-1) is x=a+£,
y=>b+tu, and

fl,y) = 2{dw+ duwt + tPEu)} = 2g(tw),

where P(t, u) is a symbol for a polynomial in ¢ and . For a value
c1=(—A1/Aw)"? there is an expansion for « in powers of ¢ giving a
branch of the form (16-1). There is a second such expansion corre-
sponding to —¢;, but it isidentical with the expansion found by changing
tto —¢in (16-1) since there are two and only two expansions for % in
powers of ¢ satisfying the equation g(¢, ) =0.

THEOREM 16-2. A k-tiple point (a, b) having tangents with distinct
[finite slopes belongs to k cycles of one sheet each with expansions of the form

(16-2) x=a+4, y=btmttcett+ - (i=1,--- k)

where the constants p, are the k distinct finite roots of [1, m];.

If [1, m]: has no root zero the Newton polygon has a single side
giving the transformation

x=a++! y=0b+ tu
Sz, y) = {1, u]s + tP(t, w)} = thg(t, ).

There are evidently % expansions for # in powers of ¢ giving branches of
the form (16-2). If [1, m]; has a root equal to zero the polygon has
two sides, but the resulting expansions have still the form (16-2).
THEOREM 16-3. A simple cusp (a, b) with a tangent having a finite
slope is a vertex of a single cycle of two sheets with an expansion of the form
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(16-3) x=a++8, y=b+u+ve+ -,

where u is the double root of [1, m): and v={—[1, uls/Awa}'2
This result is found when 42,70 by two successive transformations
or by direct substitution of

x=a+4 1 y = b+ ut® + ut’

and subsequent determination of ». When A4,,=0 only a single substi-
tution x =a+#2, y =b+t*u is necessary.
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CHaPTER III
RATIONAL FUNCTIONS

17. Introduction. The three principal methods of attacking the
theory of rational functions of the pairs of values (x, y) which satisfy
an algebraic equation f(x, y) =0 have been briefly described in the
preface of this book. The arithmetic theory, in particular, is applicable
without any preliminary transformation simplifying the singularities
of the equation. The purpose of this chapter is an exposition of this
‘theory which will lead as directly as possible to the fundamental
theorems concerning the construction of rational functions with pre-
scribed singularities, such as will be required in later chapters for the
integrands of Abelian integrals of various types, and to the famous
theorem of Riemann-Roch. The developments in Sections 18 and 19 are
preliminary in character. In Sections 20 and 21 the important notions
of a divisor and of its basis and multiples are presented, and in Section
22 the very useful theory of the complementary basis is discussed. The
remaining sections of the chapter contain the applications of these re-
sults to the proofs of the theorems mentioned above and related topics.

18. First properties of rational functions. Let f(x, y) be an irre-
ducible polynomial in x and y and let 5(x, y) be a rational function of
and y whose properties at the values (z, y) satisfying the equation f=0
are to be studied.

If n(x, ¥) is a polynomial in x and y it will either have f(x, y) as a
factor, or else there will be only a finite number of values x for which
n(x, y) and f(x, y) have common roots y, as one may see with the help
of the corollary to Lemma 9-1. In the latter case the polynomial n(x, ¥)
cannot vanish identically on any cycle P satisfying the equation f=0.
At each such cycle it will have an expansion of the form

(18-1) (%, 9) =+ + -

with coefficients ¢, ¢/, - - - not zero and exponents », ¥/, - - - positive
or negative integers or zero, found by substituting the expressions (13-2)
for x and y, or by substituting x=1/#" and the corresponding expansion
for y if the cycle P is at x = . There are only a finite number of cycles
for which » is negative, since there are only a finite number where the

A2
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expansions for x and y in powers of ¢ have negative exponents. Further-
more there can be only a finite number of cycles for which » is positive,
since n(x, y) and f(x, y) have common roots y at only a finite number
of values .

If n(x, y) is a quotient of two ’polynomials having no common factor
we make the hypothesis once for all that the denominator does not have
f(x, ) as a factor. Then with the help of the preceding paragraph we
see that n(x, y) will either vanish identically on the cycles of f=0, if its
numerator contains f(x, y) as a factor, or else it will have at each cycle
P an expansion of the form (18-1). Furthermore there will in the latter
case be only a finite number of cycles for which »5£0. Such a cycle will
be called a zero or pole of order » of n(x, ¥) when the exponent v is,
respectively, positive or negative.

There are two expressions associated with every rational function
n(x, ¥) which are important for the developments of the following pages.
These are the so-called norm and trace of  defined by the equations

N(ﬂ) = ﬂ(x, }’1) tre ﬂ(x) )’n),
T(n) = n(x, yo) + -+ - + n(x, ya),

where ), - - -, ¥, are the z roots of the equation f(x, y) =0 correspond-
ing to the value x. The values 7(x, y:) of 5 corresponding to the different
values y; are called conjugate values of n. The norm and the trace are
both representable as rational functions of x since they are symmetricin
the roots yy, - - -, ¥, and therefore expressible rationally in terms of the
coefficients of the powers of y in the equation f=0.

By means of the norm we can prove the well-known and useful the-
orem that the sum of the orders of a rational function n(x, y) is zero. The r
values of n(x, y) corresponding to the » values of y defined by a cycle of
the form (13-2) for a finite value x =a are found by substituting in the
expansion (18-1) the 7 values of the root = (x—a)'/. Since the product
of these 7 values of 5(x, ¥) occurs in the norm it follows that N(») has
corresponding to each cycle P the factor (x—a)’, and that its order at
x=a is the sum of the orders v of 3(x, y) at the cycles for x=a. Similar
remarks hold of course for the cycles for which ¢=(1/x)!". We know
that the sum of the orders of a rational function of « is zero, this being
true in particular for N (), and the same result must therefore hold for
the function 5(x, ¥).

The residue of a function 5(x, y) at a cycle is defined to be the coefhi-
cient of 1/¢in the expansion for the product ndx/dt, or, what is the same
thing, it is the value of the integral
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1 dx
- n—dt
2riJr dt
taken around a circle I' in the #-plane with center at the origin ¢=0.
Since when ¢ describes this circle once the value x=a+¢ describes 7
times a circle.C about x =g¢ in the x-plane it follows that the - residue is
also expressible as an integral

1 .
E;;fc [ﬂ(x, yl) + -+ ﬂ(x, yf)]dx

where y,, - - -, ¥, are the r values of y corresponding to the cycle.
Evidently the residue at x=a

1
_".f T(n)dx
27 C

of the rational function of x designated by 7'(n) is the sum of the resi-
dues of 5(x, y) at the cycles corresponding to x =a. Since the sum of the
residues of a rational function of x is zero we now have the result that
the sum of the residues of a rational function y(x, v) is also zero.

If a rational function n(x, y) has no pole it must be a constant. For the
symmetric functions of the conjugate values n(x, y.) are then all rational
in x and everywhere finite, and hence by a well known theorem are equal
to constants. Consequently the values n(x, y,) are the roots of a poly-
nomial with constant coefficients. For some particular one, say 8, of
these roots the different n(x, ) —8 must vanish at an infinity of cycles
and, by the argument of a preceding paragraph, must contain f(x, y)
as a factor. It follows readily that n(x, y) =8 at every cycle.

A final remark concerning the expansions for the trace T'(n) will be
helpful. The sum of the » values of n(x, y) defined for a cycle by the
series (18-1) has an expansion beginning with the term

(1 + W’ + w + e + w(r—l)v)ctv’

where w is a primitive 7-th root of unity. This is true because the 7 values
of the root ¢ are exactly the values w*t (k=0, 1, - - - , 7r—1). The value
of the parenthesis is » when » is an integral multiple of 7, since then each
term in it is unity, but zero otherwise since the sum of the roots of unity
of every index is zero. If the quotient v/r for a particular cycle at x=a
is smaller than the similar quotients for all the other cycles corresponding to
x=a, then the first term in the expansion of T(n) in powers of (x—a) will
have exactly the exponent v/r when this quotient is an integer, and a larger
exponent when it is not an integer.
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19. Bases for all rational functions. A set of functions 7i(x, y)
(k=1, - - -, m)is called a basis for the totality of rational functions n(x, y)
if the determinant | 5.(x, y.) | of their conjugate values is not identically
zero at the cycles of f(x, y) =0.

THEOREM 19-1. The values of a rational function n(x, y) at the cycles
of f(x, ¥) =0 are expressible in terms of a basis in the form

(19-1) 7 = Ry(x)m + - - - + Ra(2)na,

where the coefficients Ry(x) are rational in x, and there is only one such ex-
pression for 1.

To prove this we notice in the first place that a function {(x, y) for
which the traces

T(fnk) = ﬂ'(x, yl)nk(x; }’1) + -+ f(x’ yn)nk(x) yn) (k =1, - ‘s n)

of the products {7y all vanish identically must itself be identically zero,
since the determinant | n.(x, v:) | does not vanish identically. Since the
determinant | T(nins) | =| ni(z, y.) |?is not identically zero the equations

T(ﬂ "h) = RlT(ﬂl"]t) + R2T('72775) + -+ RnT(nn"h) (i = 1’ ) n)

determine the coefficients R,, - - -, R, uniquely as rational functions
of x in such a way that the traces of the products {7, for the function

§=n—Rm— -+ — Run

all vanish identically. Hence { is identically zero and 7 is expressible
uniquely as described in the theorem.

It is clear that the determinant | T(n.n.) | =| ni(x, y:) | for a basis is
symmetric in y,, - - -, y. and therefore rational in x. Since it is not
identically zero, it can have only a finite number of poles and zeros. At
all other values of x it is different from zero.

If &y, - - -, {» are expressible in terms of a basis in the form

k= Rum + -+ + Rin (=1, ---,m),

then the determinant | {«(x, y;) | is the product of | Rix | and | ne(x, 33) |
and a necessary and sufficient condition that {;, - - -, {» form a basis is
that the determinant | Ry | of the rational functions R;:(x) be different
from zero.

A special case of a basis is the set of functions 1, y, - - -, y*~1. The
determinant of the conjugates of these powers of y is the product of the
differences of the roots yi(i=1, - - - , n), as is well known, and it can not
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vanish identically since the roots of an irreducible polynomial f(x, y) are
distinct except at special values of x. All other bases are obtainable from
this one by linear transformations such as are described in the last para-
graph.

CoOROLLARY. A function n(P) which is single-valued and has no singu-
larities except poles at the cycles P of an algebraic function is expressible
as a rational function n(x, v) of x and y.

When we say that 7(P) has no singularities except poles, we mean
that its values are given on the cycles P by expansions of the form
(18-1). The trace T(97.) of the product of 7 by one of the functions 7, of
a basis for rational functions is a rational function of x. For one may
readily prove that it is single-valued and analytic at every point x=a
or x = except possibly at values of x corresponding to poles of 5 or 7..
If x=ais a value corresponding to such a pole there is an integer # such
that the product (x—a)™ T'(n7.) is bounded near x =a, and by Theorem
5-2it follows that T'(y7.) has at most a pole at x =g. A similar argument
holds for x= . We see then that T'(59.) is holomorphic in the whole
x-plane except for poles, and by Theorem 6-3 it is rational in x. The
proof of the last theorem now shows that 7 is expressible in the form
(19-1) and hence is rational in x and y.

20. Divisors and their bases. If P;, - - -, P, are symbols for distinct
cycles of an algebraic function and py, - - -, u. a corresponding set of
positive or negative integers, then the symbol Q =Py - - . P is called
a divisor, and the sum ¢=pu;+ - - - +pu, is called the order of the divisor.
Such a divisor is not to be interpreted as a product of expansions. It
is merely a symbol used to designate a set of cycles or places P, with a
corresponding set of orders u;. A rational function y(x, y) is a multiple of
the divisor ( if its order at each cycle Py is greater than or equal to .,
and if its orders at all other cycles of the algebraic function are greater
than or equal to zero. The problem of determining the multiples of a
divisor and their properties is a fundamental one for the theory of alge-
braic functions, as we shall see in the following pages. When it has been
solved the determination of the Abelian integrals of various types as-
sociated with the algebraic function, and the proof of the important
Riemann-Roch Theorem, are relatively simple matters.

As a preliminary to the determination of the multiples of a divisor Q
we may study those rational functions n(x, y) which have the properties
of multiples except at the cycles corresponding to = where no re-
striction whatever is now placed upon their behavior. A function of this
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sort is called a multiple of Q except at infinity, and the totality of such
functions constitute the ideal of Q which may be denoted by the symbol
I(Q). In the determination of such an ideal only the places of Q which
correspond to finite values 2 =1, have any effect, and we may without
loss of generality suppose that Q contains only such places.

A basis for the divisor Q is a basis whose elements 7y, - - - , 7, are mul-
tiples of Q except at infinity, and which has the further property that
the totality of such multiples is identical with the totality of functions
n(x, y) expressible in the form

(201) ﬂ(x, y) = gl(x)nl + v + gn(x)"’n,

where the coefficients g.(x) are polynomials.

It is not a priori evident that there will be a basis with these proper-
ties for every divisor Q, and one of our first tasks will be to prove that
such a basis exists. Before attempting the proof, however, it will be use-
ful to deduce a characteristic property of such a basis. To do this let us
consider a finite value x, where the algebraic function y(x) has three
cycles 4, B, C providing, respectively, a, b, ¢ values for y(x), and at
which the orders required by Q are \, p, ». The methods to be used
would be quite analogous if there were more or fewer than three cycles
for £ =x,, but the notations would be more complicated.

If a basis 1, - - -, 7. has its elements all multiples of Q except at
infinity then the expansions for 7, at the three places over x, will have
the forms

at 4 : = arl + - - apart?et -
at B : e = Brot* + - -+ + BromatP L4 - - -
atC: M= Yeol + o F Vet -

The determinant

2311 ot Qno
Ayg—1 cre Qpa—1
B1o s Bro

. A =
Bis—1 K Brs—1
Y10 e Yno
Y1e—-1 te Ync—1
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has numerous applications in the following pages and will be referred to
always as the determinant A for the basis 71, - - -, 7, at the value x =x,.
It is clear that an analogous determinant can be constructed for every
finite value %o no matter how many cycles the algebraic function y(x)
may have corresponding to it. We can now prove the following theorem:

THEOREM 20 1. 4 necessary and sufficient condition that a set n,, - - -,
Na of multiples of Q except at x= oo be a basis for the divisor Q is that at
every finite value xo their determinant A be different from zero.

To prove the necessity of this condition suppose that the deter-
minant A is equal to zero at a value x, for a set n,, - - -, 7, of multiples
of Q except at infinity. Then there is a set of constants Cy, - - -, Ca
satisfying the linear equations whose coefficients are the rows of A, and
the numerator of the function

_Cl")l+"‘+cn77n

X — Xo

n

has orders at least equal to A+a, u+b, v+ at the cycles 4, B, C, while
the denominator has orders a, b, c. Hence 5 is a multiple of Q except at
infinity, not expressible in the form (20-1),and n,, - - - , 7. cannot be a
basis for (.

The condition is also sufficient. For in the first place a set of func-
tions n, - - -, 7. having the property of the theorem necessarily has its
determinant | n.(x, ¥.) | not identically zero, because at a non-singular
value x, having # cycles distinct from those of Q the determinant
| me(z, 3.) | is exactly the determinant A and therefore different from zero
by hypothesis. Every function 5(x, y) is therefore expressible in terms of

M, - -+, 1. with rational coefficients and may be written in the form
_a(@m+ - 4 ga(2)na
! d(x)
where gi(x), - - -, ga(x), d(x) are polynomials having no common factor.

When a function % is a multiple of Q except at x = the denominator
d(x) must be a constant. For in case d(x) = (x—xo)di(x) the first two
terms in the equation

PR LGl ACONNS N (CONS

X — Xo X — X

would be multiples of Q and hence also the last term. But since the de-
terminant A is different from zero at x = x, it follows readily that the last
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term would surely have a lower order than that prescribed by Q at one
at least of the places over x=x,, which is a contradiction. Hence the
denominator d(x) has no factor x—x, and is constant. Every multiple
n(x, y) of Q except at infinity is therefore surely expressible in the form
(20-1).

With the help of the last theorem we may proceed to the proof that
there is a basis for every divisor Q. In the first place it is evident thata
function n(x, y) which is not a multiple of Q except at infinity can be
made into one by multiplying it by a polynomial in x. For if n(x, y) is
multiplied by a sufficiently high power of x —x, the orders of the product
at the cycles corresponding to x, may be made to exceed those required
by Q. It is clear from this remark that a basis n;, - - - , 7, can always be
easily made over into one whose functions are all multiples of Q except
at infinity.

If a basis n, - - -, 7, has its functions all multiples of Q except at
infinity then the order of the determinant | ni(x, ¥:) | at a value x, is
surely not less than the sum of the orders required by Q at the cycles
corresponding to x,. For if at such a cycle Q requires the expansion of
its multiples to begin with a term in (x —x0)*/", then » rows of the deter-
minant | 9.(x, y;) | will have the factor (x—x0)*/" in each element and
the determinant itself will have at least the factor (x —x,)*. The theorem
which we wish to prove with the help of these remarks is now the follow-
ing one:

THEOREM 20-2. For every divisor Q there exists a basis i, - - -, N
such that the totality of multiples of Q except at infinity is identical with the
totality of functions expressible in the form

(2, ) = gi(®)m + - - - + ga(@)na

where the coefficients gi(x) are polynomials in x.

To prove this, suppose that 7, - - - , 7. is a basis of functions each of
which is a multiple of Q except at infinity. If it is not a basis for Q, there
will be a value x, at which its determinant A vanishes. Let Cy, - - -, Ca
be constants satisfying the linear equations whose coefficients are the

rows of A, and suppose that C is one of them which is different from
zero. Then the set of functions

Com+ -+ Cunn
)

X — X

My ° "y Nk-1y Nkt1y * " * 5 Mn

is also a basis with elements multiples of Q except at infinity, and the
determinant of its conjugates is that of the original basis multiplied by
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Cy/(x—xo). Furthermore A0 for the new basis wherever it was so
for the old one. If A for the new basis still vanishes at x,, this process
may be repeated. It can be repeated a finite number of times only,
however, before reaching a basis for which A is different from zero,
since after each repetition the order of the determinant | mel, v5) | at
¥ =1, is decreased by unity, and we have seen just preceding Theorem
20-2 that for a basis of multiples of Q except at infinity the order of
this determinant at ¥ =x, has a minimum. If A has been made different
from zero at all the values x, corresponding to places in Q or branch
places and at the places where the determinant of the conjugates of the
basis originally vanished, then the basis will have A0 at every x,
and will be a basis for Q. We know that there are only a finite number
of values x, at which such alterations must be made since Q has only
a finite number of factors and the square of the determinant of conju-
gates is a rational function of x and has only a finite number of zeros.

21. Multiples of a divisor. We have seen in Section 19 that a basis

m, + - -, 7 for the totality of rational functions n(x, y) can be trans-
formed into an equivalent basis {i, - - -, {» by a linear transformation
of the form

(211) g-k=gk1ﬂ1+"'+gkn7lr» (k=1)7”)

in which the coefficients g, are rational in # and have a determinant not
identically zero. A similar relationship can be established for every pair
of bases for a divisor Q, as indicated in the following theorem:

THEOREM 21-1. If my, - - -, na 15 a basis for a divisor Q then a neces-
sary and sufficient condition for ¢y, - - -, {a to be also such a basis is that
C1, © -+, Cn be expressible in the form (21-1) with coefficients gii(x) poly-
nomials in x and with a determinant | g, | equal to a constant different from
zero.

We know that if {3, - - -, ¢, is to be a basis for Q its functions must
be multiples of Q except at x= and hence uniquely expressible in
terms of 71, - - -, 7. with polynomial coefficients gi;, since every such
multiple is so expressible. Similarly #,, - - - , 7, must be expressible in
terms of {1, - - -, {» with polynomial coefficients /:;. The determinants
| g+1| and | 4| are both polynomials in x and their product is unity.
Hence both must be constants. Conversely one may easily see that a set
of functions {3, - - -, {» related to n, - - -, 7. as described in the
theorem will surely be a basis for Q, so that the theorem is completely
established.
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In our application of the transformation of bases of a divisor Q
described in the last theorem we shall find it convenient to have first
applied a simple transformation of the form x,=1/(x —a), where x=a
is a non-singular point of the algebraic function belonging to none of
the places of Q. After such a transformation each cycle at x, = « has but
a single sheet. Furthermore a multiple n(x, y) of Q before the trans-
formation will still be a multiple of Q. For the transformation takes
x=g¢ into x,=0,=1/(a¢ —a), and is equivalent to

X1 — ay
r—a=— (61— a&)/ax, = — (%1 — ay)er?| 1 — - + ).
1
Hence the variables /= (x—a)'" and ¢, = (x;—a,)"'r are related by an
equation

t=t(—ar) A —t/rant -0 ).

By substitution of this value for ¢ we see that each branch (13-2) goes
over into a branch of the form

x1=al+t1", y=b1tl“+"'

at which the expansion for 5(x, y) analogous to (18- 1) retains the initial
exponent v, and that a multiple 7(x, v) of a divisor Q will retain this
property after the transformation. In the remaining sections of this
chapter we shall suppose that such a transformation has already been
made, so that the expansions of a rational function 7(x, y) at = con-
tain only integral powers of 1/x and so that none of the places over
x = belongs to Q.

By means of the transformations described in Theorem 21-1 bases
for Q can be found which have special properties of great assistance in
the proofs which we shall discuss in this and the following sections. We
may define the column order of a function 5(x, y) at x = as the mini-
mum of the exponents in its » expansions at the cycles for x = . If the
column orders of the functions of a basis 7, - - -, 7. for Q are the num-
bers ri(k=1, - - - , n), then the conjugates of these functions will have
at x = o expansions of the form

1\
(21-2) (2, 9) =c,,,<;> Fooe, Ghk=1, -, m),

where one at least of each set Cy, - - -, Cyy is different from zero. A
basis for Q is said to be normal at x= o if the determinant | Ci | is dif-
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ferent from zero. It is evident that for such a basis the order of the de-
terminant | n.(x, y,) | at x= o0 isexactly r;+ - - - +7,.

THEOREM 21:-2. For every divisor Q there exists a basis n1, - - -, 7a
which is normal at x = o . W hen expressed in termsof such a basis a multiple

(21-3) bl y) = al@m A+ ga(®)ma

of Q except at x= o has its column order at x = the smallest of the num-
bers ri—px(k=1, - - -, n) where ri is the column order of n and uy is the
degree of the polynomial g.(x).

To establish these statements let us order the functions 7, - - -, 7,
of an arbitrarily selected basis for Q so that their column orders satisfy
the inequalities 7, 27,2 - - - 27.. If the determinant | C..| of coeffi-
cients from the expansions (21-2) is equal to zero there will exist con-
stants Cy, - - -, Cx not all zero satisfying the linear equations whose
coefficients are the rows of this determinant. Let C; be the last one
which is different from zero. Then the basis 71, - - -, 7eo1, 74, e,

-, N, With

il = Crxn kg + oo A Croa %y + Cromg,

is also a basis for Q, by Theorem 21 1, and has the same column orders
except that the order »/ for n{ is at least one greater than 7;. If the new
‘basis is not normal at ¥ = « the process can be repeated. It can be re-
peated only a finite number of times before attaining a normal basis,
however, since at each step the sum of the column orders of the basis is
increased by at least unity, and this sum is at most equal to the order
at x = © of the determinant of the conjugates of the basis, which is un-
changed by the transformation.

Let u be the smallest of the numbers 7, —pu, for the function n(x, )
in (21-3), after the basis has been made normal, so that r,—ur2p
(k=1, - - -, n). Then the degree u: of the coefficient g.(x) satisfies the
inequality —ux2p—rx, and gi(x) has at x = co an expansion of the form

1 \+ 7k
gi(x) = Ck(—> + -
X

At least one of the coefficients ¢, is different from zero. The expansions
of the function (21-3) at the cycles for x =« have from (21-2) the form

1\*
n(x’ y‘) = (“‘) Cucr + - - - (1= -, n)’
k

X
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and one at least of the coefficients of (1/x)* is necessarily different from
zero since the determinant | C.: | is not zero. The column order of 7 is
therefore p.

So far we have considered only “multiples of a divisor Q except at
x=,” whose usefulness is of an auxiliary sort. The multiples which
are of greater importance are those which have orders greater than or
equal to the orders prescribed by Q at every cycle whatsoever of the
algebraic function y(x), including those at x = «. It is evident that some
divisors will have no multiples, an example being a divisor Q which has
positive but no negative exponents. A multiple 5(x, ) of such a divisor
would necessarily have all of its orders greater than or equal to zero,
and the sum of the orders of  could not be equal to zero as we know it
must be. The following theorem describes the character and the number
of the multiples of a divisor Q.

THEOREM 21 - 3. If a divisor Q has a multiple, it has a set a:(x,y), - - -,
o.(x, y) of linearly independent ones such that every multiple of Q is ex-
pressible in the form

c=co1+ -+ o,

with constant coefficients. If Q has no cycles at infinity and’if 1, - - -, 1a 1S
a basis for Q normal at x= o, with column orders r\. such that

(214) rlgfzg"'grsgo>rs+lg"'>rm

then the number v of linearly independent multiples of Q is
v=mn+1+ -+ (+1).

When »y, -+ -, 7. 1s a basis for Q with the properties presupposed in
the theorem the function

n=gix)n+ -+ g(x)70

will be a multiple of Q at all cycles, including those at # = «, if and only
if its column order at x = « is greater than or equal to zero. According
to Theorem 212 this can never be so if all of the column orders 7, are
negative, since then all the numbers 7, —u) are negative, and in this
case the divisor Q has'no multiples. When some of the column orders
are positive, as indicated in the arrangement (21-4), the function 5 will
have its column order greater than or equal to zero at x = », according
to Theorem 21 -2, if and only if it is expressible in the form

(21-5) =g x)m+ -+ g(x)ms
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with 7, —pu, 20 for each coefficient gx(x) (k=1, - - -, s5). It is clear from

this remark that the degree ux of each gi(x) can be 7, but no greater.
The functions

n1, XNy, sy Xy, Ty May Xy Tty AT,

therefore constitute a set of multiples of Q in terms of which all such
multiples are expressible linearly with constant coefficients, and their
number » is that given in the theorem. They are linearly independent
since no linear expression of the form (21-5) can vanish identically when
the determinant |n.(x, y.) | is different from zero. This completes the
proof of the theorem. We can infer in a similar manner the truth of the
following useful corollary.

COROLLARY. Let D be the divisor which is the product of the cycles at
x =0, and let Q be a divisor having no cycles at x= . If g, - - - ;g is @
basis for Q normal at x= o and having there the column orders indicated
in the arrangement (21-4) then the number of multiples of the divisor DQ is
v=ri+ - - - +7,. Furthermore if

NIr2 222702 21y,
then the number of multiples of D*Q is
(21-6) v=(r—-14+ -+ (r.—1).

The proof of the first part of the corollary is like that of the theorem
except that the degree of each g,(x) in the expression (21-5) can now
not exceed 7, —1 if we wish n(x, y) to have a zero of order one at least
at each cycle for x= 0.

Similarly the multiples of D*Q are the multiples of (0 which have zeros
of order two at least at the cycles for x=o0. By an argument similar
to the one just made it follows that these multiples are the functions

n =g+ -+ g(x)n

for which each polynomial gix(x) (k=1, - - -, ¢) has degree at most equal
to 7. —2. Hence their number is the number » of the corollary.

It is not always easy to compute the number of linearly independent
multiples of a divisor from the criteria given in the theorem above and
its corollary, but we shall see that in a number of important cases this
computation can be readily made with the help of the next theorem. Let
the values of x corresponding to the cycles of a divisor Q=P - - - P
be the finite values x1, - - -, x,. Then the ideal norm of the divisor Q is
defined to be the product
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N(Q) = (x — x‘)“l o e (x — xa)lh.

If a divisor has cycles at x= o they are neglected in forming the ideal
norm, but otherwise the definition is the same.

We have seen in Section 13 that there are only a finite number of
cycles for the algebraic function y(x) at which r>1. Such a cycle will
be called a branch cycle. The divisor of the branch cycles is defined to be
the divisor X =IIP !, where P is a branch cycle and » the number of
roots y; of the equation f(x, y) =0 furnished by it, and the product is
taken for all of the branch cycles. With the help of these notations the
theorem now to be proved is as follows:

THEOREM 21-4. For every basis n1, - - -, na of a divisor Q we have

| me(z, 32) |2 = N Q)N (X)

where ¢ is a constant factor.

It is clear that the power of a factor x —x, which occurs in the deter-
minant |n(x, ¥:) | is the same for all bases of Q since for two equivalent
bases the values of this determinant differ only by a constant factor
(Theorem 21-1). Let us suppose therefore that the basis n, - - -, 7. has
already been prepared by a linear transformation (21-1) with constant
coefficients g4 so that the determinant A for 7y, - - -, 7. at x =2, is the
identity determinant. For the illustrative case used above, in which
there are three cycles corresponding to x =x,, the following table then
indicates the exponents of the lowest powers of (x—x) in the expan-
sions of the elements of the determinant | n:(x, y.) | at the three cycles.
Out of each of the first ¢ rows we may take the factor (x —x,)*'¢, and out
of the a—1 columns following the first the factor (x —x,) raised to the
power 1/a+ - - - +(a—1)/a. Hence in all we have from these rows and
columns the factor (x—x,) raised to the power A+(a—1)/2. A similar
process applied to the two remaining principal minors indicated in the
diagram gives for the squared determinant | 7.(z, y) |2 the factor (x —xo)
raised to the power

D+2u++(@-D+G-1D+ (-1,

which is exactly the power of (¥ —xo) occurring in the product N(Q)?
N(X). The same method of proof applies when there are more or fewer
than three cycles at x =x,.

If we can show that, after the power of (x —x,) described above has
been removed, the constant term in the expansion for | ni(z, y:) | is
different from zero, we shall have proved our theorem, for then the
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, AA+1 ANta-—-1
(%, y1) | e
a ta a '
A A
2—+1 z2—+1
a a
ANAN+1 AN+a—-1
ﬂ(xa ya) —_ e
a a a
p+bdb—1
(%, Yat1) — ———
b
[ B
z—+1 2 —+1
b b
pt+bd—1
(%, Ya+d) n 5
v v+c—1
(¥, Yarst1) — -
[ c
v 4
z2—+1 z—+1
¢ c
v v+c¢c—1
(%, yn) —
c c

zeros and poles in the finite z-plane of the two rational functions
| me(, v2) |2and N(Q)? N(X) are identical, and these two can differ only
by a constant factor. When we set £ =x, in the determinant | nix, 95) |
deprived of the factors (x —x,) as described, the three principal minors
in the squares indicated in the diagram are the only ones which remain.

The first one of these, for example, is

1

wt

w(a—l))

1

W

w (e A+

1

wH—a—l

w (@1 (\+a—1)
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where w is a primitive a-th root of unity, and it is different from zero
since no two of the roots w** (k=0,1, - - - a—1) are equal. A similar
argument applies to the other minors, and the theorem is therefore
proved.
As an immediate consequence of the preceding theorems we have
COROLLARY 1. For every basis 1, - - -, 1. of a divisor Q normal at
x = the equation

(21-7) Rt o =0

is true, where the integers ri are the column orders of the basis at x= »,
q is the order of the divisor Q, and w the order of the divisor X of the branch
places.

To prove the corollary we note first that the order at x 3 « of the
determinant | g.(x, ;) |2 for a basis normal at infinity is 2(r,+ - - -
+7.), as has been remarked above in the paragraph just preceding The-
orem 21-2. According to the last theorem the sum of the orders of
]nk(x, y.) |2 at finite values of x is the same as that of the product
N(Q)2N(X) which we know to be 2¢g+w. The equation (21-7) then
expresses the known fact that the sum of all the orders of the rational
function | ni(x, y:) |2 is zero.

CoroL1LARY 2. The number

D
w

(21-8) p=?—n+1=%2(r—l)——n+l,
which is called the genus of the algebraic function defined by the equation
f(x, y) =0, is always a positive integer or zero.

It is evident from the equation (21-7) that w/2 is an integer and
hence that the number p in the last corollary is an integer. To prove
that it is not negative consider a basis 9, - - - , 7, normal at x = for
the particular divisor Q = 1. This basis must have all of its column orders
fi, - -+, 7, at x= 0 zero or negative since no rational function can have
positive orders at all cycles at = and no negative ones elsewhere.
One at least of the column orders must be zero since otherwise the
column order of the function

7 =g(&)m+ -+ ga(x)n

would always be negative (Theorem 21-2), and this is impossible since
the function n(x, y) =constant is certainly a multiple of the divisor
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Q=1. On the other hand, two of the numbers r,, - - -, 7, could not be
zero since then both of the corresponding functions of the basis would
have no singularities and would be constants, and they would not be
linearly independent. Since now r, =0 while all other integers 7y, - - - , 7,
are negative, it follows with the help of equation (21-7), since the order
of the divisor,Q=11is ¢=0, that

w
p=~2——n+l=—r1—--~-—r,.-—n+1;0.

22. Complementary bases. A basis {1, - - -, {'» is said to be comple-
mentary to the basis 71, - - -, 5. if the traces of the products of the func-
tions composing the two bases satisfy the relations

(22-1) T(nife) = 1, Tnig) = 0 (B#1D).
We have seen in Section 19 that the coefficients R, for the function
{=Rm+ -+ R
will be uniquely determined when the traces
T(g) = RiT(nmy) + - - - + RaT(n.10) (i=1,---,n)

are assigned. It follows readily that the functicns ¢, of a basis comple-
mentary to ny, - - -, 7. are uniquely determined, and that the relation
between the two bases is a reciprocal one.

THEOREM 22-1. If a basis ny, - - - , 9 s normal at x = o with column
orders ry, - - - , 1, then its complementary basis ¢y, « - -, {a s also normal
at x = and has the column orders —ry, - - -, —7,.

Let us denote the column orders which are to be determined for the
basis {1, - -+, {a, Dy 81, © + -, Sa, and let d;; be the matrix of coefficients
for this basis corresponding to the matrix C;: in equation (21-2) for the
original basis. Then at x =.0 we have the expansion

1 T 48k n
T(nite) = (—> dCidp~+ -+ .
X ja=1
These expansions must vanish identically when 75k and be identically
equal to 1 when 7 =k, on account of the relations (22-1). Since the deter-
minant | C,| is different from zero, and since the constants dj; (=1,
- -, n) for a fixed % are not all zero, it follows that the relations

2 Cidi =10 (i 7 k), 2 Cidy = 1, nmtse=0

i=1 ij=1
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must hold. We see that s,=—r,, and that the determinant | d,:| is
different from zero since it is, except for interchange of rows and col-
umns, the reciprocal of | C,. |.

THEOREM 22-2. If 1, - - -, na is a basis for a divisor Q, then its com-
plementary basis §\, - - -, {a is a basis for the divisor R defined by the
equation QRX =1, in which X is the divisor of the branch places.

To prove this consider again the illustrative case of a value x =x,
having three cycles A, B, C providing, respectively, @, b, ¢ roots of
f(x, ) =0, The argument to be made would be quite similar if there
were more or fewer than three places. At the three cycles 4, B, C,
respectively, let A, u, v be the orders of Q and A/, u’, »’ be the minima of
the orders of the functions of the complementary basis {1, - - -, {.. To
prove the theorem we may prove first that ', u’, »’ are the orders of the
divisor R at the cycles 4, B, C, by establishing the relations

(22-2) N+ NA4ae-1=0,p+p+0-1=0,v4+vV+c—-1=0,

and second that the determinant A of Section 20 formed with respect
to the divisor R for the set {,, - - -, {. cannot be zero.
. We suppose the notations for the cycles 4, B, C so chosen that

(22-3) A+N)/a 2 (w+w)/b S v+ )/ e

It will be simpler if we assume that the first of the relations (22.2) is
true and prove the second, since the proof of the first requires similar
but fewer arguments. Consider now two functions

'0=ul771+"~+“n7)m §'=91§'1+...+vn§-"

for which the coefficients «,, v, are constants. Since the determinant A
of Section 20 is different from zero at the value x, it follows that when a
number % of the set 0, 1, - - -, b—1 has been selected arbitrarily, the
coefficients u; can be determined so that the function 5 has at 4, B, C,
respectively, the expansions

n = a(x — xa))/a-’-l + cee,
7= (x —_ _yo)(ﬂ'“l)/b + 6(x _ xo)ulHl + cee
n= ay(x —_ xo)V/C+l + cee

The coefficients 7, can then be selected so that { has orders exactly \’,
u',v'at A, B, C, respectively, and so that

(22-4) T(pt) = vy + - - - + 1,0, # 0.
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With the help of the first equation (22-2) it is clear that the smallest
exponents possible for the expansions of the product n{ at 4, B, C are
then

WN+N/at+1=1/e, W+u+h/b, (' +v)/c+1.

If the first of these were the smallest the trace T'(n¢) would have to
vanish at x =x,, contrary to (22-4). The second is less than the third,
by (22-3), and hence must be the smallest. Since T'(n{) is a constant
different from zero it follows from the last paragraph of Section 18 that
(u'+p+k)/b must be negative when it is a fraction and zero when it is
an integer. We see readily then that the largest of the values (u'+u
+4k)/b for k=0, 1, - - -, b—1 must be zero, and the second relation
(22-2) is therefore proved. The proofs of the other two are similar.

We can prove that.at the value x, the determinant A of Section 20
formed with respect to the divisor R for the basis ¢;, - - +, ¢, can not
be zero. For if it had this value, constants v: not all zero could be
selected so that at 4, B, C the function { would have, respectively, the
expansions

¢ =a'(x — xo)™ e 4o
¢=p"(x — x)t b4
E=79(x — x)H e o,

Since for every choice of the constants «, the orders of 5 at the cycles
A, B, C are at least \, u, v, the exponents of the terms in T'(n{) would
then all bé greater than zero, on account of the relations (22-2). The
trace (22-4) would be zero for every choice of the constants u;, which is
impossible.

Since the above reasoning applies at every finite value x, it follows
that {1, - - -, {a is a basis for the divisor R, as stated in the theorem.

As a first application of the properties of the complementary basis
we may establish formulas for the number of multiples of divisors of the
form D2/(P, - - - P,X) which will be of service in a later section. Let
M, - - -, 7. be a basis for the divisor Q=1/(P, - - - P,X), normal at

x= o0 and with column orders
(22-5) N1 222> 2 1.

Since the order of Q is ¢= — (u+w), the formula (21-7) gives the rela-
tion

(22-6) r1+~-'+rn—(n+w)+—zi=0-
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The basis {1, - - -, {» complementary to 7, - - -, 7. is a basis for the di-
visor R=1/XQ=P, - - - P, and has at x=c the column orders —r,

-, —r.. Each of the functions ¢, must have a negative column order
at x = o since each has zeros at the cycles P, - - -, P, and must there-
fore have some poles at infinite places which are the only places where
such poles are possible. The numbers 7, are therefore all positive, and
those following 7, in the arrangement (22-5) are unity. Formula (22-6)
and the equation (21-6) therefore give

y=(n—1)+ ---+(r,,—1)=120-—n+/.¢=p+,u-1

as the number of multiples of D?/(P, - - - P,X). When no cycles P,
- - -, P, are present, we have R=1 and it follows from the argument
of the last paragraph of Section 21 that r,=0, while the other column
orders are positive. Hence we now have, from formulas (21-6) and
(22-6) with =0,

= (n—1) + -~~+(r,.—1)+1=%—-n+l=p

as the number of multiples of D?/X. This proves the following theorem:

THEOREM 22-3. Let D be the divisor whose factors are the cycles at
x=o, X the divisor of the branch cycles, and P, - - -, P, arbitrarily
chosen cycles. Then the number of linearly independent multiples of the
divisor D*/X is exactly v=p, and the number for D*/(P, - - - P.X)
m21)isv=p+u—1.

23. The invariant property of the genus number. If the poles and
zeros of a rational function n(x, y) are at the cycles Py, - - -, P, and
have the orders ui, - - -, us, then the divisor Q,=P - - - P/ is called
the divisor of 7. Since the sum of the orders of a rational functionis al-
ways zero, it follows that the order of the divisor Q, must be zero.
Conversely one might expect that there would be a rational function
corresponding in this way to every divisor Q of order zero, but this is not
always the case. It is true in the case of functions of a single variable x
which may be regarded as rational functions of the algebraic function
defined by the equation y—x=0. For we can easily construct out of
factors of the type (x—x,)* a rational function of x with arbitrarily
prescribed poles and zeros in the complex x-plane, provided only that
the sum of the orders of these poles and zeros is zero. But for rational
functions 7(x, y) of a more general algebraic function no such simple
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construction is possible, and it may be that for some divisors of order
zero no corresponding rational function exists.

Some of the factors in Q, have positive exponents and some nega-
tive. We may agree to denote the product of those with positive ex-
ponents by N,, and may express the divisor in the form Q,=N,/D,,
where the meaning of D, is evident. At every cycle P of a factor P° of the
denominator D, the expansions (18-1) for the rational function 5 and
its derivative have the forms

B8

(23-1) P=—te, = —ap

n o~ 1
a4 dt t2

+...,

where 8 is a constant different from zero. At other cycles these expan-
sions have the form

d
(23.2) n=a+pt+ -, ;Z.zaﬂtaﬂ_'_...,

where (8 is again different from zero and « a constant which vanishes at
the factors of IV, but not elsewhere. A cycle P of either type is called
a branch cycle for n(x, y) if a= 1. The divisor of the branch cycles for 7 is
defined to be X, =IIP*!, where the product is taken for all the branch
cycles P of 7. We may for convenience denote the orders of X, and D, by
w, and #,, respectively. For the function n=x, the notations which
have just been introduced give the special cases X., D,, w,, n, which
have been denoted in the preceding pages by X, D, w, ».

THEOREM 23-1. The divisor whose orders are identical with those of the
derivative dn/dt at the various cycles of an algebraic function is X,/D,>.
The order w,— 2n, of this divisor is the same for all rational functions 7.

The first part of the theorem is evident after an examination of the
exponents in the expressions (23-1) and(23-2) for dn/dt. To prove the
second part we notice that, by elimination of y from the two equations

n=n(xy,  flx =0,

a relation ¢(x, n) =0 can always be found in which ¢(x, ) is a poly-
nomial. Since all of the expansions for x and # satisfy this equation
identically it follows that

dn (64) a¢) dx
da \ox/ on)dt’

which shows that at every cycle the order of dn/dt is the sum of the
order of a rational function of x, y and the order of dx/d¢. The divisor
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of dn/dt is therefore the product of the divisor of dx/dt by that of a ra-
tional function, and the orders of the divisors of dy/dt and dx/dt are
therefore always equal.

As a result of the invariance of the expression w,—2#n,, we see that
the genus of our algebraic function is also expressible in the form

p=%w,,—n,,+1,

since, according to Theorem 23 1, this number will have the same value
no matter what rational function n(x, y) is used in its computation.
From Corollary 2 at the end of Section 21 we know that p is always a
positive integer or zero and hence that w,/2 is always an integer.

24. Construction of elementary integrals. Integrals of the form

1= [ a e,

where 7n(x, y) is a rational function of x and y, are the so-called Abelian
integrals associated with the algebraic equation f(x, y) =0. They play
a most important and interesting role in the theory of the algebraic
functions defined by such equations. If we write such.an integral in the
form

I f 9
= X, y) —
(9 —

and substitute the expansions of 7 and dx/d¢, it is evident that at each
cycle the value of the integral will be expressible in terms of ¢ by means
of a series of the form

=pr

A
(24-1) —tp“+"'+——t-‘+.4logt+Ao+A1t+--~.

If the series has no logarithmic term or terms with negative exponents,
the cycle is called an ordinary cycle for the integral; if terms with nega-
tive exponents are present but no logarithmic term, it is a pole;if a
logarithmic term is present, it is a logarithmic singularity. Integrals
which have no singularities are called integrals of the first kind; those
which have poles but no logarithmic singularities are of the second kind;
while those with logarithmic singularities are of the third kind.

All integrals of the first kind may be thought of as elementary in-
tegrals, but an integral of the second kind is called an elementary in-
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tegral only when it has no singularity except a single pole with an ex-
pansion of the form

1
— Ao+ A
2

An integral of the third kind is an elementary integral if it has only two
singularities at which its expansions are

logt+ Ao+ A + -+ -, —logt+ Bo+ B+ .

The coefficient 4 in the expansion (24-1) is a residue of the function
n(x, y) and we have found in Section 18 that for every such function the
sum of the residues is zero. We see then that the elementary integral
of the third kind is as simple as one could hope to find, since every such
integral must have at least two logarithmic singularities. :

We shall see presently that every Abelian integrai whatsoever is
expressible as a sum of elementary integrals of the first, second, and
third kinds multiplied by constant coefficients, but for this result to
have significance we must be certain that elementary integrals of the
three kinds actually exist. For integrals w of the first kind it is evident
that at every cycle the expansion for pdx/d! must be without terms in
negative powers of ¢, and the sum of the orders of # and dx/d¢ must there-
fore be positive or zero. This means that 5 is a multiple of the reciprocal
of the divisor of dx/dt, and according to Theorem 23-1 this reciprocal
is D?/X. From Theorem 22-3 the number of linearly independent mul-
tiples of this divisor is p, and we have the followig theorem:

THEOREM 24-1. The number of linearly independent integrals of the
first kind is exactly the genus p. If wy, - - -, w, are such integrals of the
first kind then every other integral of the first kind is expressible uniquely
with constant coefficients in the form

w=cw + -+ c,w, + c.

For an elementary integral of the second kind with no singularity
except a simple pole at a cycle P the product ndx/d¢ can have no singu-
larity except a pole of order two at P. It follows readily that the number
of linearly independent functions 5 for which the product ndx/d¢ has
these properties is the same as the number of multiples of the divisor
D?/P*X. According to Theorem 22-3 this number is »=p+1. One at
least of the multiples 7 must give the product ndx/d¢ a negative order
at P since otherwise all would be integrands of integrals of the first kind,
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and only p of these are linearly independent. For an 5 which provides
a negative order the expansion at P must have the form

dx A~2
n—=—+do+ A+ -, (A2 #0),

dt 2
the term in 1/¢ being absent since the sum of the residues of 7 is zero.
The integrand —n/A4_: gives the integral of the following theorem for
the case when u=0.
THEOREM 24-2. For every cycle P and every integer u=0 there exists
an elementary integral {.(P) of the second kind with an expansion at P of
the form

Su(P) = Wl/BH 4 Ao+ At - -
in which it is understood that u! =1 when p=0. The integrals

G(P)+awi+ -+ -+ w, +c

are also of this type and there are no others.

The last statement is evident since the difference of two integrals
¢.(P) with the same u is necessarily an integral of the first kind.

- If the theorem is true for p—1 and preceding integers the proof for

w is similar to that for u=0. An integrand function » for an integral
¢.(P) must give ndx/dt no singularities except a pole of order — (u+2)
at the cycle P. The number of linearly independent functions 5 pro-
viding orders = —(u+2) for ndx/dt at P is the number p+pu+1 of
linearly independent multiples of the divisor D?/(P+*2X) given by
Theorem 22-3. The number providing orders = —(u+1) for ndx/dt at
P is similarly p+u. Hence among the p+u+1 multiples there must be
one at least which gives ndx/dt exactly the order — (u+2). By subtract-
ing a suitable linear combination of {o, - - -, {,—1 from the integral
having this n as its integrand, and multiplying finally by a constant
if necessary, an integral {,(P) can be constructed with the properties
of the theorem.

THEOREM 24 3. For an arbitrary pair of distinct cycles P., P, there
exisls an elementary integral of the third kind w(P,, Py) with expansions
at P, and Py, respectively, of the forms

+logt+Adg+ A+ - -, —logt+ Bo+ B+ - - - .
The integrals
w(Py, Po) +cywr + -+ - +cpwp + ¢

are also of this type and there are no others.
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To construct such an integral =(P,, P;) one must nnd an integrand
function 5 which gives ndx/d¢ no singularities except simple poles at P,
and P, and which is therefore a multiple of the divisor D?/P.P.X.
According to Theorem 22-3 there are »=p+1 linearly independent
multiples of this divisor, one at least of which must give ndx/dt a pole
at one at leastof the cycles Py, P.. But if n gives ndx/d¢ a simple pole at
P, with an expansion

A
7+A0+A1t+ e,
it must also provide a simple pole at P, with an expansion
A
——t+Bo+Blt+ Ty

since the sum of the residues of 7 is zero. The integrand 5/4 furnishes
the integral =(P,, P,) of the theorem.

THEOREM 24-4. Every Abelian integral I is expressible linearly in
terms of elementary integrals with constant coefficients.

To prove this let L be a cycle at which the integral I has a logarith-
mic singularity and at which the residue of the integrand function 7
of I is denoted by 4, and let L, be a cycle distinct from all the singulari-
ties L. The difference

I — Y Ax(L, L),
L

where the sum is taken for all the logarithmic singularities L, has no
logarithmic singularities at the cycles L, and also none at L, since the
sum of the residues 4 is zero. It may still have poles, however, at cycles
P with expansions of the form

B, B,
7+"'+T+Bo+315+"'.

The difference

B_,
I — > An(L,Ly) — Z[ Cuot(P) + - - - + B-ls“o(P)],
L P (Il-_l)!

where the last sum is taken for all the poles P, is an integral of the first
kind linearly expressible as indicated in Theorem 24-1.

25. The Riemann-Roch theorem. The theorem designated by this
name is a famous one in the theory of algebraic functions, with many
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applications in both geometry and analysis. The purpose of this section
is the presentation of a proof of the theorem free from restrictive as-
sumptions on the singularities of the algebraic function defined by the
equation f(x, y) =0, and based upon the theory of multiples of a divisor.
We shall need the following two lemmas:

LeEMMA 25-1. The number of linearly independent multiples of a
divisor Q is the same as the number for the product Q:Q, where Q; is the
divisor of a rational function £(x, y).

This is evident because if ¢(x, y) is a multiple of Q then the product
o is a multiple of Q;Q; and if ¢ is a multiple of Q;Q then ¢/£ is a mul-
tiple of Q. Hence &0, (k=1, - - -, ») is a complete set of linearly inde-
pendent multiples of Q;Q if o,(k=1, - - -, ») is such a set for Q.

LEmMMA 25-2. If Py, - - -, Pn are cycles selected arbitrarily among
those of a divisor Q, there is always a rational function n(x, y) such that the
divisor Q,Q contains none of the cycles Py, - - - , Py

In proving the lemma we may suppose that none of the cycles
Py, - - - ,P,isatx= o since a transformation of the formx,=1/(x —a)
will bring this about if it is not already so. Let 5y, - - - , 7. be a basis for
the divisor Q=P - . . P,,~»m where u, is the exponent which P,
has in Q. Since at every finite value x, the determinant A of the basis
is different from zero, we may select the constants ¢; in the expression

1’=cl"1+"'+cnﬂn

so that they do not satisfy any of the linear equations whose coefficients
are the rows of the determinants A corresponding to the values x, for
the cycles Py, - - -, P,.. Then  will have exactly the orders —pu, at the
cycles P,, and the divisor Q,Q will contain none of these cycles.

We are now ready to prove the following principal theorem of this
section:

THEOREM 25-1. (RIEMANN-ROCH.) If the product QQ’ of two divisors
is equal to the divisor Q; X /D* of a product £dx/dt, where £(x, y) is a rational
function, then the orders q, ¢’ of Q and Q' and the numbers u, ' of linearly
independent multiples of 1/Q and 1/Q’ satisfy the relations

(25-1) p=u+g—-p+1, ¢+q =2p-2
T hese equations may also be written in the form
u—q=24—¢, g+4q =2p-—2.

In making a proof of the theorem there will be no loss of generality
in assuming that none of the cycles of the divisor X are at x =, since



[ §25] RATIONAL FUNCTIONS 69

this can be brought about by a transformation x,=1/(x—a), and such
a transformation does not disturb the character of the product QQ’.
We may see this because Q.,=D/D., and because the argument on
page 52 following the proof of Theorem 21-1 shows that the transfor-
mation takes the cycles of X into those of X ,,, so that

QQ’ = QE‘X/D2 = Qi(sz/D)zx/Dﬁz = QE/n’le/Dzlz'

It is easy to see that the relati\on between () and Q' can be expressed
in the form X/0,0/ =1, where

(25-2) Q1 = DQOQ,/Qx, Q1" = DQ'/Q,.

Furthermore the function 5(x, y) can be so chosen that Q, has no cycles
at x = o0 according to Lemma 25-2. The same will then be true of Q,’
=X /Q,, since X has also no cycles at ¥ = . The numbers g, u’ of mul-
tiples of 1/Q and 1/Q’ are the same as those of D/Q. and D/Q/, by
(25-2) and Lemma 25-1.

Let n1, - - -, 7. be a basis for the divisor 1/Q; normal at x =« and
with column orders

rZre2 27, 20>7402

v

Tn.

According to the Corollary to Theorem 21-3 the number of linearly
independent multiples of D/Q; is

p=ri+ -t

The basis complementary to i, - - -, 7. is a basis for 1/Q,’ and has
column orders

—nE-—ns- 2= 0< s S

by Theorems 22 -1 and 22-2. Hence the number of multiples of D/Q,’ is

’
W= =T = Topg — - — Ta.

The last two equations with (21-7) and (21-8) give the formula
p—w=n+ - F+rn=q+tn—w2=q—-p+1

since the order of 1/Q,, from (25-2),is —»n —g. Furthermore the orders
of the two sides of the equation QQ’=(Q;X/D? must be equal, so that

g+q¢ =w—2n=2p—-2.

Thus the theorem is proved.
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26. Rational functions with prescribed poles. In Section 6 it was
shown that a rational function of the variable x can always be con-
structed with arbitrarily selected poles and zeros provided only that
the sum of the orders of the zeros is equal to the sum of the orders of the
poles. The analogous theorem is not true for rational functions £(x, y)
on the Riemann surface of an algebraic function. The problem of con-
structing rational functions £(x, y) which have poles only among an
arbitrarily selected set of cycles Py, - - -, P, is one of the fundamental
problems of algebraic function theory. The theorems of this section
have to do with this problem.

We shall adopt the notation ¢;(P) =y.(x, y) G=1, - - -, p) for the
2 linearly independent multiples of the divisor D?/X whose existence is
asserted in Theorem 22 -3. All other such multiples are then expressible
in the form

(26-1) v=cyr+ - F ¥

These functions y are the integrands of integrals of the first kind de-
scribed in Theorem 24 -1. The divisor Qy of every such function has the
form Qu,=RD?/X where R is a divisor having only positive exponents
and of order w—2n=2p—2, since the lelSOl’ D?/X has order 2n—w
=2—12p and Q, has order zero.

LeMMA 26-1. If the rational functions 9:(i=1, - - - , u) are linearly
independent then for every integer ¢>0 it is possible to select finite non-
singular places Py (k=1, - - - | q), distinct from any finite number of other
places given in advance, and such that the rank of the matriz | | n,(Py) || is
the smaller of the numbers p and q.

If this were not the case let p be the maximum rank attainable for

the matrix, and suppose P, - - - , P, selected so that the matrix has this
rank. Then the linear equations
Cl’?l(Pk)+“‘+Cunﬂ(Pk)=0 (k=1,"',¢1)

would have solutions ¢, not all zero. The function

1(x, ) = com(x, y) + - - - + amu(, )

would vanish at all finite non-singular places P permitted by the
lemma, since otherwise the maximum rank attainable for the matrix
would be greater than p. Hence (x, y) would have an infinity of zeros
and be identically zero, and the functions 5; could not be linearly inde-
pendent.
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Let Py, - - -, P, be a set of places distinct from the places of the
divisor D?/X and chosen as described in the lemma for the integrands
Yi(i=1, - - -, p) of integrals of the first kind. The number of linearly
independent integrands of this sort vanishing at Py, - - - , P, is evidently
the larger of the two numbers p—g¢ and 0. It is also the number of
linearly independent multiples of the divisor P, - - - P,D?/X since the
integrands ¥ are multiples of D%/X. Thus we see that for a set of places
Py, - - -, P, chosen as above the number of linearly independent mul-
tiples of the divisor P, - - - P,D?/X is the larger of the two numbers
p—q and 0.

A special set of places Py, - - - , P, is by definition one for which the
number of linearly independent multiples  of P, - - - P,D?/X is greater
than the larger of p —¢ and 0. Evidently for such sets ¢ <2p—2 since
the divisor P, - - - P,D?/X would otherwise have order greater than
2p—2+42n—w=0 and would therefore have no multiples. A special
divisor Q=P, - - - P, is one for which the set Py, - - -, P, is special.
A special rational function is by definition one whose poles occur only
among the places of a special set Py, - - -, P,.

THEOREM 26-1. There is no place P’ which is common to all the di-
visors R in the formulas Q, =RD?/X for integrands  of integrals of the
first kind. The integrands  have therefore no zero in common other than
those prescribed by the divisor D*/ X, and for every place P some of these
integrands have consequently exactly the order prescribed by D*/X.

To prove this suppose that P’ were a place common to all of the
divisors R, and that the places Py, - - - , P,_, were selected distinct from
P’ and so that the matrix | | ¢,(P%) || has rank p—1, asin Lemma 26 1.
There would then be exactly one linearly independent multiple ¢ of the
divisor QD?/X, where Q=P, - - - P,_,, and its divisor would have the
form Q,=QQ’'D?/X with Q’ containing the fixed place P’. Evidently
there would also be exactly one multiple of 1/Q’, by Lemma 25-1. In
the Riemann-Roch theorem applied to Q and Q’ we should have g=p —1,
u'=1, and hence u=1 from (25-1). But this number p of multiples of
1/0Q would be the same as the number of multiples ¥ of Q’D?/ X, by
Lemma 25-1, and to obtain multiples of the latter divisor we should
have only to find integrands ¥ which vanish at the places of Q’/P’. The
equation Qy =QQ’D?/ X implies that the order of Q" is p—1, so that the
number u of integrands ¥ vanishing at the places of Q’'/P’ would be at
least p— (p—2) =2, and this would contradict the value u=1. Thus the
theorem is proved.
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THEOREM 26-2. For a divisor Q=P, - - - P, the number q and the
number u of linearly independent multiples of the divisor 1/Q, one of which
is of course a constant, are related as indicated in the following table:

P, .. ., P, Py, -, P,
Range of ¢ non-spectal special
p<qsS2p—2 p=g—p+1 p>q—p+1
2p-2<q p=qg—p-+1 No case

In order to discuss the case ¢ <p we may first choose an arbitrary
rational function £(x, y) and determine a divisor Q' by the equation
QQ’'=Q:X/D? The number u’ of multiples of 1/Q’ is the same as the
number of multiples of 0D?/X, by Lemma 25-1. But from the preced-
ing paragraphs we see that this numberis p’=p—gqif theset Py, - - - , P,
is non-special, and that u’ > p —g¢ if it is special. Hence the first equation
(25-1) of the Riemann-Roch theorem gives u=1 for non-special sets,
and p > 1 for special sets.

The proof for the second row of the table is similar except that we
find u’=0 or u’ >0, so that equation (25-1) gives the two results u=g¢
—p+loru>qg—p+1.

When 2p—2 <g there are no multiples of QD?/X since the order
of this divisor is ¢+2—2p>0 and no rational function can have order
greater than zero. Hence the special case does not occur and we have
ﬂ,=0; “=q-p+1‘

The number u of the last theorem is the number of linearly independ-
ent rational functions with poles at most among the places Py, - - -,
P, and with orders greater than or equal to these possessed by the
divisor 1/P, - - - P,. If places P; are repeated in the product P, - - - P,
some of the orders of these poles may be greater than unity.

CoROLLARY. The only rational functions with poles at most among the
points of a non-special set P,, - - - , P, and orders greater than or equal to
those possessed by the divisor 1/P, - - - P, are constants when ¢<p. If
P <q then the number of linearly independent functions of this sort is
p=q—p+1, and such a function will in general be determined to a con-
stant factor if q— p zeros are prescribed for it.

The first row of the table of Theorem 26-2 shows that when ¢=<p
all functions with the properties described in the corollary are linearly
dependent upon one of them, and we know that 1 is such a function.
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When p<g there are u=q¢—p+1 linearly independent functions
n:(e=1, - - -, u) with the properties of the corollary. But for every set
of u linearly independent functions there exist places P} (s=1, - - -,
¢—p) such that the matrix | | 7:(P/) | | has rank ¢—p, by Lemma 26 1.
Hence the ratios of the coefficients ¢, in the function n=cm+ - - -
~+c¢un, will be uniquely determined by the condition that the.function
shall vanish at the points P;, as indicated in the last sentence of the
corollary.

The result stated in the corollary should be contrasted with the
analogous theorem for the plane or for algebraic functions for which
#=0. In these cases the number of zeros which can be chosen arbi-
trarily for a rational function is equal to the number of the poles.

THEOREM 26- 3. If a rational function 1(x, v) is a multiple of a divisor
1/P, - - - P,, and if there exists an integrand function ¥ of an integral
of the first kind whick is a multiple of the divisor P, - - - P,D*/X, then
n(x, y) is expressible as a quotient n= /Y of two wntegrand functions of
the first kind. In particular every special rational function is so expressible.

For under the hypotheses of the theorem the product ¢, =ny is
evidently also a multiple of the divisor D?/X and hence an integrand
function of an integral of the first kind. Since every special rational
function is by definition a multiple of a divisor 1/P; - - - P, for which
there exists a multiple ¢ of the divisor P, - - - P,D?/X, the last state-
ment of the theorem is also true.

THEOREM 26-4. If there exists a rational function v(x, y) with a single
simple pole then the value of the genus p must be zero. If p=0 then for
every place P there exists a rational function n(x, y) with a single simple
pole at P.

If n(x, ¥) has a single simple pole then for every constant « the dif-
ference n(x, y) —a has a single simple zero. The expansion of 7 at a
place where it is finite has the form n=7%0+ct+ - - -, and the constant
¢ is different from zero, since otherwise n(x, ¥) —n, would have a double
zero. At the pole of n we have n=(d/t)+ - - -, with d=0. Hence for the
function 7 the numbers described on page 63 have the values w,=0,
#n,=1 and the genus is p=w,/2—n,+1=0.

The last statement of the theorem is a consequence of Theorem 26-2
for the case p=0, g=1. The third row of the table of the theorem gives
p=2. Hence there must be at least one function not a constant with
a pole at the place P.

Consider now a divisor Q=1/P, - - - P, for which 2p+2<gq. By
the third row of the table in Theorem 26-2 there are u=g—p+1
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linearly independent rational functions oy, - - - , ¢, which are multiples
of Q. At an arbitrary place P the expansion of such a multiple has the
form

0=Ct"+dl"+l+

where » is the smallest exponent permitted by Q at P. The coefficients
¢, d may be called the leading coefficients of o at P. For the functions
g, - - -, 0, and places P’, P’/ P’’’ they may be designated by suitable
subscripts and primes. In a later chapter we shall need the following
lemma and its corollary.

LEMMA 26-2. If 2p+2<q then the u=q—p+1 linearly independent

multiples a1, - - -, o, of a divisor 1/P, - - - P, have a matrix of leading
coefficients

C1 PR C“

4 ’

¢ e
(26-2) " ,

cl DY E“l

e’ c”III

at four arbitrarily selected places P, P', P'') P'"' which is of rank 4. If P
coincides with P’ the same conclusion holds provided that the second row
in the matrix is replaced by d,, - - - , d,.

Suppose that this were not true for a set of places P P, P" P
Then there would be at least u —3 linearly independent functlons of the
form w1+ - - - +wu,0, with u,, - - -, u, constants and with leading
coefficients zero at P, P’, P'’, P’'’. These functions would be multiples
of the divisor 1/Q, =PP'P""P'"'/(P, - - - P,), which is impossible since
the number of linearly independent multiples of 1/Q; can be shown to
be u—4. To prove this consider the divisor Q, defined by the equation
0:1Q: =X/D? Its reciprocal 1/Q. has no multiples since the order of
1/Q: is ¢—4+2n—w=g—2p—2>0. Hence by the Riemann-Roch
theorem the number g, of multiples of 1/Q1is u=(¢—4)—p+1=p—4.

COROLLARY. The matrix corresponding to (26-2) for k<4 places has
always rank k. In particular the leading coefficients ¢y, - - - , ¢, at each
place P are not all zero, and the same is true of the second coefficients
dy, - -, d,

These results follow readily from Lemma 26-2.
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References for the various sections of Chapter III above, in the list
at the end of this book, are the following: 9; 28, Vorlesungen IX-XX;
42, Chapters 1V, VI-IX; 44.



CHAPTER IV

THE RIEMANN SURFACE OF AN
ALGEBRAIC FUNCTION

27. Introduction. In the theory of elementary analytic geometry
methods are given for determining a curve in the real xy-plane whose
points are in one-to-one correspondence with the pairs of real values
(x, v) satisfying a given algebraic equation f(x, ¥) =0 of the kind de-
scribed in the last chapter but with real coefficients. In the theory of al-
gebraic functions the coefficients are allowed to be complex numbers as
well as real, and the totality of real or complex number pairs (x, y)
which satisfy the equation f(x, y) =0 is the subject of study. These
number pairs cannot be represented on a real curve in the plane, but a
surface can be constructed whose places are in one-to-one continuous
correspondence with the branches of the form (13-2), described in
Theorem 13 1, which satisfy f(x, y) = 0. This surface is called a Riemann
surface for the algebraic function y(x) defned by the equation f(x, y) =0.
If the places on the surface corresponding to singular values of x are ex-
cluded the remainder of the surface is in one-to-one correspondence with
the pairs (x, y) which satisfy f=0 and belong to ordinary values of x.

In this chapter a method for constructing a Riemann surface is
described, and some of the more elementary properties of such a sur-
face and of single-valued holomorphic functions on it are deduced.

28. The construction of the Riemann surface T. In the finite part of
the x-plane the singular values of x for an algebraic function are finite in
number, since they are the roots of the polynomials f,(x) and D(x). Let
us denote them by a,, - - -, @, and suppose a polygon drawn through
them and to infinity, as illustrated in Figure 28-1. The remaining part
of the x-plane is a simply connected region R in which the values of the
algebraic function y(x) form # distinct holomorphic functions y(x)
(k=1, - - -, n), according to Theorem 12-3.

In order to construct a surface which shall represent the algebraic
function we may take » planes, one over the other, each cut as shown
by the heavy lines in the figure. With the point in the k-th sheet over a
value x in the region R we associate the pair of values [x, y:(x) ]. In this
way a one-to-one correspondence is set up between the places on the
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sheets and the pairs of values (x,y) which satisfy the equation f(x,y) =0
over the region R.

In order to make the correspondence continuous along the cuts
exclusive of their ends, let two regions R’, R’’ be defined in a neighbor-
hood of each cut, as indicated in Figure 28 1 for the cut asas. In the
region formed by R’, R’ and the cut between them exclusive of its

G

Fic. 28-1

ends, the values of the algebraic function y(x) form again # distinct
holomorphic functions ¥;(x) (/=1, - - -, n), and these can be so num-
bered that y.(x) = ¥ x(x) in R’. In the region R’’ the functions y(x) are
the functions of the set ¥;(x) but possibly in a different order. We join
the edge of the cut bounding R’ in the k-th sheet to the edge bounding
R’’ in the I-th sheet, where / is so determined that y:(x) = ¥;(x) in R"".
The continuous Riemann surface so formed has the property that its
places over non-singular values of x are in one-to-one continuous corre-
spondence with the non-singular pairs of values (x, y) which satisfy the
equation f(x, y) =0.

Over a small circle in the x-plane with center at a singular point
x =a the sheets of the Riemann surface are associated into cycles of one
or more sheets like those shown in Figure 13- 2. The sheets of a cycle are
supposed to be joined over the singular point at a single point called the
vertex of the cycle, but the vertices of different cycles are distinct over
x=a. If Cis a circle with center at x =0 and so large that it has all of the
finite singular values of x in its interior, then the sheets of the surface
over the exterior of C similarly form cycles for x = o which by the trans-
formation x =1/x’ go into cycles for ” =0. The points of the Riemann
surface, including those at x =, are all vertices of cycles of one or
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more sheets, and are called places to distinguish them from the points
of the z-plane corresponding to them. It is understood of course that
each point where the surface intersects itself is to be regarded as con-
sisting of two distinct points, one for each of the sheets passing through
it. The complete Riemann surface which has thus been described, in-
cluding the vértices of cycles at x =, will be designated hereafter by
the symbol T.

THEOREM 28-1. By the process described in the preceding paragraphs
an n-sheeted closed Riemann surface T is constructed such that to every
place P of T there corresponds a pair of values x(P), y(P) which satisfy the
equation f(x, y)=0.

Every place P, on the surface has a neighborhood N which is in one-to-
one correspondence with a circle in the t-plane with center at the poini t=0.
In this circle the values x(P), y(P) are given by a primitive branch of the
form

(28-1) x=a+1r, y=br b 4

or of this form with x =a+t replaced by x=1/t".

The correspondence between the places Py on T and the primitive
branches satisfying f(x, y) =0 is one-to-one in the sense that every branch
has one and but one place near which it represents x(P), y(P), and con-
versely.

The places of the surface T which have non-singular values x(P) are in
one-to-one correspondence with the pairs (x, v) which satisfy f(x, y)=0
and have non-singular values x.

It is understood that in the pair x(P), y(P) one or both of the co-
ordinates may be infinite. By a branch is meant a set of » primitive ex-
pansions of the type (28 1) which are equivalent to each other by trans-
formations of the type t=wt’, where w is an r-th root of unity. The r
different expansions of such a set all define the same » values y corres-
ponding to a given x.

The arguments preceding Theorem 13-1 justify the statement that
each place P, has a unique branch giving the values 2(P), y(P) at places
P near to Py. Every branch (28-1) satisfying f(x, y) =0 must similarly
belong in this way to one and but one place P,. For as we have seen in
Section 13 every branch (28-1) satisfying f(x, y) =0 must be equivalent
to one of the set of non-equivalent branches defining the n distinct
values of y near ¥ =a.

The correspondence between places and pairs (x, ¥) having non-
singular values x is one-to-one because for each non-singular value x=a
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the correspondence between the pairs (g, b;) satisfying f(x, y) =0 and
the branches satisfying this equation near x =¢ is one-to-one.

Riemann surfaces with the properties described in the theorem may
be constructed in many different ways. In forming the region R in which
the values of the algebraic function y(x) form » distinct holomorphic
functions yi(x) (k=1, 2, - - -, n) it is sometimes more convenient to
join each singular point a, to infinity by a straight line, as indicated in
Figure 28-2. The point O should be chosen not collinear with any pair
of the singular points. The rest of the argument justifying the construc-
tion of the Riemann surface is the same as before.

a"\\ I‘I‘
} _,-‘7;‘ “““““ as
/71; P 0 \
.
rd
a;
FiG. 28-2

It is clear that every surface 7', whose places P, are in one-to-one
continuous correspondence with the places P of T can also be regarded
as a Riemann surface for the algebraic function y(x) with the properties
described in Theorem 28-1. Thus any surface T into which T can be
continuously deformed is a Riemann surface for y(x). The properties of
an algebraic function characterized by the Riemann surface of the
function are thus properties which one studies in Analysis Situs.

It is important to notice here a property of the Riemann surface of
an equation f(x, y) =0 for which the polynomial f(x, y) is irreducible.
The Riemann surface of such an equation consists of a single connected
piece, as stated in the following theorem:

THEOREM 28-2. Let f(x, ¥) be a polynomial having D(x)#0 and no
factor x—a. Then a necessary and sufficient condition that f(x, y) be ir-
reducible is that its Riemann surface T consists of a single connected piece.
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We may first prove the condition necessary. For let T consist of
more than one connected piece. Without loss of generality we may
suppose that one of these pieces is made up of the sheets corresponding
to yi(x), - - -, ¥(x) (¢ <m). Every symmetric polynomial S[y(x), - - -,
¥.(x)] in y1, - - -, ¥, is single-valued and holomorphic in the portion
of the x-plane‘remaining after the cuts used to form the Riemann sur-
face are made. Furthermore S has the same properties on the cuts ex-
clusive of the singular points. For in the region R'+R’’ of Figure 281,
including the cut between R’ and R’/ exclusive of its ends, the roots of

J(x, ) =0 which are equal to yi(x), - - -, y,(x) in R’ form a set of
holomorphic functions Vi(x), - - -, ¥,(x). These are identical with
yi(x), - - -, y,(x) in some order in R’ also, since the first ¢ sheets of the

Riemann surface are connected with each other across the cuts. Then
in either R’ or R/, on account of the symmetry of S,

S[yl(x)y ] yQ(x)] = S[Yl(x)’ ) YQ(x)]y

and we see that S is holomorphic in the whole x-plane except possibly
at singular points of y(x). For each singular point x =a there is a factor
(x—a)* such that all the products (x —a)?y.(x) are bounded near x =g,
by Lemma 13-1, and hence there is a similar product (x —a)*S which is
also bounded near x=a. The function S has therefore only poles as
singularities and is rational.

Consider now the polynomial

P=yi4+Syt4 - +Se=0—y) (=)

whose coefficients are except for signs the elementary symmetric func-
tions of v, - - -, ¥, and therefore rational in x according to the argu-
ment in the preceding paragraph. When we divide this polynomial into
f we find

f=PQ+ R(x,y),

where Q and R are polynomials in y with coefficients rational in x, and
the degree of R in y is at most ¢—1. At every non-singular value of x
at which the coefficients of the powers of y in Q and R are finite the poly-
nomial R must vanish for all of the roots y=y, - - -, ¥, and hence it
vanishes identically. When the equation f = PQ is multiplied through by
the lowest common denominator of the coefficients of y in P and Q it
follows from Lemma 9-1 that the factors of the coefficient of f are fac-
tors in the coefficients of the powers of y in the polynomials of the second
member of the equation, and hence f is reducible.
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The sufficiency of the condition of the theorem is evident frcm the
fact that when f=P, - - - P, is reducible the continuations of the roots
yi(x), - + -, y,(x) of Py, say, are always roots of P;=0. Hence this set
of roots permutes into itself across the cuts, and the Riemann surface
consists of k£ connected pieces, one for each of the factors Py, - - -, Ps.

From this section on we shall always understand that the polynomial
f(x, y) defining the algebraic function y(x) under consideration is irre-
ducible, so that its Riemann surface T consists of a single connected
piece.

29. Holomorphic functions on a Riemann surface. We have seen in
Section 28 that every place P, on a Riemann surface T has a neighbor-
hood N whose places are in one-to-one correspondence with the points
of a circle I' in the ¢-plane with center at /=0. A function g(P) of the
places on T is said to be analytic at a place P, if there is a neighborhood
N of Pyin which g(P) is single-valued and defines a function G(¢) =g(P)
which is analytic at £=0 in the ¢-plane. A function g(P) is holomorphic
on a portion S of the surface T if g(P) is single-valued and analytic at
each place on S. Such functions have many properties analogous to
those of functions holomorphic in a region of the x-plane. Some of these
will be deduced in this section.

A function g(P) holomorphic in a neighborhood N of a place P,
except possibly at P, itself has by definition at P, an ordinary place,
a removable singularity, a pole, or an isolated essential singularity accord-
ing as the function G(f) =g(P) in T has such points at ¢=0.

If it is agreed beforehand that all removable singular places of a
function g(P) have been removed, then the value of g(P) at an arbitrary
place P, near which it is holomorphic is completely determined by the
values of g(P) in a neighborhood of P,, since the coefficients of the Laur-
ent expansion for G(f) =g(P) in powers of ¢ are so determined. Since the
places on T over non-singular values of x are in one-to-one correspond-
ence with the non-singular pairs (x, y) satisfying f(x, ¥) =0 it is clear
that when the values of g(P) are given at all such non-singular places
its values at all points near which g(P) is holomorphic are well defined.
Hence it is customary to represent a function g(P) by the notation
g(x, ¥) and we shall use this notation from now on.

A regular arc C on ihe Riemann surface T is one whose projection
x=x(u) (41 =4 Suy) in the x-plane is regular. If the projection does not
pass through any singular point in the x-plane then C will have as-
sociated with it a regular continuation function y(«) such that the pair
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x = x(u), y = y(u) (w1 S u < u)

satisfies the equation f(x, y) =0 identically in ». In the sequel we shall
consider only arcs C on T which have these properties unless expressly
stipulated otherwise. If a function g(x, y) is holomorphic on an arc C
then the integral

J st e = [ gletw, 00 )
(o} uy
is well defined.

The residue at a place P, of a function g(x, ¥) holomorphic in a
neighborhood of P, except possibly at P, itself is by definition

1
Rp, = '—*f g(x, y)dx
271 [od

where C is a simply closed arc on T bounding a neighborhood N of the
place P, in which g(x, y) is holomorphic except possibly at P,. The value
of this residue is also expressible in the forms

(29-1) Rp, = 51_ G(t)(dx/dt)dt

T c,
1

= —_-.f {g(x> yl) + et + g(x’ yr)}dx
27rl C,

where G(#) =g(P) near P,, C, is the image of C in the ¢-plane for the
place Py, C. is the projection of C on the x-plane, and y:(x), - - -, y.(x)
are the continuation functions belonging to the 7 sheets of the cycle with
vertex at P,.

THEOREM 29-1. The residues of a function g(x, y) at places Py near
which g(x, ) is holomorphic are given by the following table:

Projection of Pg Substitution Expansion of Residue
g(x, y)
x=a x=a+t +ao rA_,
> A
x=0 x=1/t p=—s0 —r4,

These values are readily calculated with the help of the formula
(29-1) for the residue in the ¢-plane.
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30. Cauchy’s theorem. The integration theorems of Section 2 have
generalizations for integrals along curves on Riemann surfaces which
are of great importance for the theory of algebraic functions. These
results and some necessary auxiliary theorems concerning connected
surfaces are to be explained in this section.

A connected surface S is one which has the property that every pair
of its points can be joined by a continuous arc lying entirely on S. A
simply connected surface S is one which is connected and which has the
further property that every simply closed continuous curve C on §
separates S into two connected parts one of which has C as its complete
boundary. A sphere is a simply connected surface, but an anchor ring
is not. Similarly the interior of a rectangle in the plane is simply con-
nected, but the interior of a rectangle with a hole cut in it is not.

If a surface S has a boundary B then by a cross cuf in S is meant an
arc C not intersecting itself and interior to S except for its two ends
which are on B. A loop cut in S is an arc L interior to S except for one
end-point on B, and not intersecting itself except that its second end-
point is on L. A loop cut is a limiting case of a cross cut as indicated by
the dotted line in Figure 30- 1. All of the cuts considered in the following
pages are supposed to consist of regular arcs, and the same is true of
boundary curves when such curves exist.

B

¥16. 301

THEOREM 30-1. If a surface S has a boundary B and is simply con-
nected then every cross cut C or loop cut L in S divides S into two simply
connected portions.

If S were not separated by a cross cut C then two points P, Q on op-
posite sides of C could be joined by a simply closed continuous arc T'
in S, as indicated schematically in Figure 30-2. But then the points of
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S on both sides of I' would have points of B as boundary points, which is
impossible if S is simply connected.

B
Fic. 30-2

Each of the two portions S, S: resulting from the cut along C is
simply connected. For every simply closed continuous arc I'y in S,
divides S into two portions one of which has no point of B as boundary,
and hence also no point of C. It is therefore entirely in S; and has only
points of I'y as boundary points.

The proof for a loop cut L is similar.

THEOREM 30-2. A surface S whose boundary B is known to consist of
simply closed curves has only one bounding curve if it has the further
property that every cross cut or loop cut in S divides S into two simply con-
nected pieces. A simply connected surface S has therefore only one bounding
curve if it has bounding curves at all.

F16. 30-3
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If there were two boundary curves, B, and B, we could join them
by a cross cut C since S is connected, as shown in Figure 30- 3. But then
two points, P and Q, on opposite sides of C could be joined by a curve
in S, as indicated by the dotted line, and S would not satisfy the hy-
pothesis of the theorem.

THEOREM 30-3. CaucHY’S THEOREM. If S is a simply connected
portion of the Riemann surface T bounded by a simply closed regular arc
B not passing through any singular places on T, and if g(x, y).is holo-
morphic on B and S except possibly at a finite number of places interior to
S, then

f g(x, y)dx = 2ri [sum of the residues of g(x, y) in S],
B

where the value of the integral along B is taken in the positive sense with
respect to S.

To prove this let us first cut out successively the singular places of
T in S and the singularities of g(x, ) in S by loop cuts L each enclosing
only one singularity. Theorems 30-1 and 30-2 tell us that the part S; of
S remaining will be simply connected and have a single bounding curve
B,. Then

L g(x, y)dx = fBlg(x, y)dx + ZfL g(x, y;dx,

where the sum is taken for all the loop cuts L, and consequently

f g(x, y)dx = f g(x, y)dx + 2mi [sum of residues of gin S|
B B,
since the integral along each L is 27z times one of the residues. It is
understood that the integrals along B, and L are taken in the positive
senses with respect to S; and the interior of L, respectively. The value
of the integral along B, is zero, at least if B, intersects the cuts used in
constructing the Riemann surface T only a finite number of times. For
if we cut T along these cuts the effect upon S, is that of a succession of a
finite number of cross cuts. The result, according-to Theorem 30-1, is
that S is separated into a finite number of simply connected pieces.
Each of these pieces lies in a single one of the sheets of T and contains
no singular point of T or g(x, ¥). Hence the value of the integral taken
around its boundary is zero, by Theorem 3-1, and the same is true of
the value of the integral around B, which is the sum of the integrals
around the boundaries of the pieces.
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The proof has been made only for an arc B, which intersects the cuts
used in making 7T only a finite number of times but a remark below will
indicate how this deficiency in the proof may be removed.

It is clear that the theorem applies even to a region S of the surface
T which includes places at x = . For when these places are cut out by
loop cuts simuyltaneously with the singularities of 7" and g(x, 9), as de-
scribed above, the remaining portion S, of S will be bounded and simply
connected.

When the region S of the theorem contains no singularities of g(x, y)
the value of the integral is evidently zero.

The case not covered in the proof of the theorem is taken care of by
the following lemma:

LemMa 30-1. If Sy is a simply connected portion of the Riemann sur-
face T bounded by a simply closed regular curve B, not passing through any
singular places on T, and if g(x, y) is holomorphic on B, and S\, then there
exists a second such portion S and boundary B, for which B, intersects the
cuts used in making T only a finite number of times and

fn g(x, y)dx = fB g(x, y)dx.

1 2

The truth of this lemma seems intuitive since the arc B, can be
moved slightly without destroying any of its properties described in the
theorem. But the proof of the lemma, as it occurs to the writer of these
pages, is inconveniently long. Only a synopsis will be given here.

Let the curve B, on T be defined by functions

x = x(u), y = y(u) (uy = u < uy).

The first step in the proof is to show that there exists an arc w,us of B;
which can be replaced by an inscribed polygon forming with the re-
mainder of B, a simply closed arc on T with the properties of the the-
orem, except possibly the one concerning intersections with the cuts
used in making 7T'. There will be a least upper bound #, to the values u;
defining intervals #,u; for which this is possible, and we can prove that
u, must be at #» and that a polygon with the properties described can
be inscribed in the whole arc B;. By moving corners of the polygon
slightly if necessary it can be changed into a new polygon B, with the
same properties, and such furthermore that no side is parallel to one of
the cuts used in making the surface 7. Then B; will intersect these cuts
in a finite number of points only.
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31. The connectivity of a Riemann surface. If the Riemann surface
T of an algebraic function is simply connected then Cauchy’s theoren
for a function g(x, ¥) can be applied to every simply closed regular arc
B on T which does not pass through singular places of the surface or ot
g(x, y), since such an arc B divides T into two portions one of which has
B as its complete boundary. Not every Riemann surface is simply con
nected, however, as one can see, for example, by examining the surface
for the algebraic function defined by the equation y*= (1 —x?)(1 —k%x?)
In this section it is proposed to show that every Riemann surface car
be reduced by a succession of cuts to a simply connected surface 7’ o1
which Cauchy’s theorem holds for arbitrary simply closed arcs B witl
the properties described above. The theorems which lead to this resul
are theorems concerning the connectivities of two-sided surfaces i1
space. The Riemann surfaces described above have always two sides.

THEOREM 31-1. A necessary and sufficient condition that a surface !
having a boundary B be simply connected is that every cross cut C or loo;
cut L in S divides S into two simply connected pieces.

The statement of the necessity of the condition is Theorem 30-
proved above. To prove the sufficiency let I' be a simply closed regula
arc in .S and draw the cut P,P; as in Figure 31-1. If T did not separat
S then two points P; and P, on opposite sides of T' could be joined b;

F1c. 31-1

a continuous arc in S not intersecting T, but that arc would necessaril
touch the cut PP, since by the hypothesis of the theorem every loo
cut separates S. It can readily be seen, however, by following the edge
of P,P; and T, that in this case P; and P, could be joined by an arc nc
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intersecting either PP, or T', which is a contradiction. Hence I sepa-
rates S into two connected parts.

The boundary B consists of a single arc, according to Theorem 30- 2.
Hence P; and P, can not both be joined to B without intersecting T,
since otherwise by following an edge of B they could be joined to each
other without, intersecting T'. It follows that one of the regions into
which T" divides S has only points of T' as boundary points. Thus S is
simply connected.

THEOREM 31-2. If a system Z of surfaces with simply closed regular
curves as boundaries is decomposed by v cross or loop cuts into o simply
connected pieces, then the difference v—« is the same for every such decom-
position.

Suppose » cuts C dividing 2 into « simply connected pieces, and
v’ cuts C’ dividing 2 into &’ such pieces. Without loss of generality it
may be supposed that the systems C and C’ meet in a finite number of
points only, each of which is interior to 2 and not at an intersection
of the cuts C or at an intersection of the cuts C’. If this were not already
so we could displace the cuts C’ slightly, or compare C and C’ with a
third system C’’ such that the pairs C and C’’, C’" and C’, both have
these properties.

If then the cuts C have all been drawn, the cuts C’ can be drawn
successively. If one of the latter meets the cuts of C in & points it counts
as k+1 new cross cuts. Let K be the total number of intersections of the
cuts C and C’. Then by Theorem 30-1 the number of simply connected
pieces resulting after superposing the cuts C’ on the cuts Cis a+K +»’,
and the number obtained by superposing the cuts C on the cuts C’ is
a’+ K +v. Since these two numbers are equal the theorem is proved.

The connectivily of a connected surface S is defined to be the number
N =v—a+2 when by » cross or loop cuts the surface is dividied into «
simply connected pieces. If the surface has no boundary to start with
we draw a simply closed curve on the surface and count it as the first
cut. The proof of the last theorem then shows that for a surface without
boundary the connectivity is also independent of the system of cuts
used in calculating it. By Theorem 30-1 a simply connected surface has
evidently the connectivity N =1.

THEOREM 31-3. If a connected surface S has connectivity N and a
cross or loop cut is drawn not severing S, then the resulting surface S’ has
connectivity N' =N —1. An N-tiply connected surface can be made into a
simply connected surface by N —1 cuts; and, conversely, if S can be made
into a simply connected surface by N —1 culs its connectivity is N. On a
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surface of connectivity N not more than N —1 cuts can be drawn without
severing it.

To prove the first statement let N’ =y—a+2 be the connectivity
of §'. Then evidently N=(+1) —a+2=N'+1.

To prove the rest of the theorem we note that by Theorem 31-1 it is
always possible to draw in a surface .S of connectivity N >1 a cross cut
or loop cut which does not sever S. Then with the help of the first state-
ment of the theorem the rest of the theorem follows at once.

THEOREM 31-4. If from a surface S having boundary curves a simply
connected portion bounded by a simply closed curve T' is removed, then the
remaining surface S’ has connectivity N' =N +1, where N is the connec-
tivity of S. If S has no bounding curves then N' =N.

In the surface S’ remaining after the simply connected region
bounded by T has been removed, draw the cross cut C. The resulting
surface S’’ has a connectivity N'' =v—a+2 which is related to the
connectivity N’ of S’ by the equation N''=N’—1, according to The-
orem 31-3. But S’/ is formed from S by drawing the loop cut consisting
of C and T, so that N=(+1)—(a+1)4+2=N'' and consequently
N=N'-1.

F16.31-2

If S has no boundary, and if for S’ we have N’ =v—a+2, then T
will count as a first cut in S and we find N=(@+1) —(a+1)+2=N".

THEOREM 31-5. The connectivity of every closed surface is an odd
number N =2p+1. The number p is called the genus of the surface.

The connectivity N of a closed surface S is equal to the connectivity
of the surface S’ formed from S by removing the interior of a small
simply closed curve on S, by Theorem 31-4. The surface S’ has a single
bounding curve, and it is transformed into a simply connected surface
S’ by N —1 cross or loop cuts which do not sever it. Each time a cross
or loop cut not severing S’ is drawn the number of bounding curves is
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increased or decreased by unity, as may be inferred from Figure 31-3 in
which the dotted lines represent new bounding curves which replace
old ones after the cuts C are drawn. According to Theorem 30-2 the
simply connected surface S’ has like S’ a single bounding curve, and

Fi1c. 31-3

hence the number N —1 of cuts necessary to reduce S’ to a simply con-
nected surface §'’ is even.

THEOREM 31-6. The connectivity of a Riemann surface T of an n-
valued algebraic function is an odd number N =2p+1 and the genus p has
the value

—1
(31-1) p= Zr——2—~—n+1.

In this expression r is the number of sheets in a cycle and the sum is taken
for all the cycles of the surface T.

To prove this let a;, - - -, a, be the values of x under the cycles of T
having more than one sheet, and let the set include # = « whether it has
such cycles over it or not. The number of cycles over a; will be denoted
by n.. If one of the vertices at = = is cut out by a spiral, the remainder
of T has the same connectivity N =2p+1 as T, by Theorem 31 -4, since
T has no boundary. If all of the other vertices over a,, - - -, a, are
similarly cut out by spirals the remainder T, of T has, by Theorem 31 -4,
the connectivity

Ni=N+m+- - +n—-1=2p+m+ - +n,

one spiral about a place over x = having already been drawn. But by
cutting the Riemann surface by n(s —1) straight lines leading from the
spirals around the s—1 finite points of the set a,, - - -, a, to those at
x= o, as in Figure 282, it is seen that T, falls into # simply connected
pieces so that

Ni=n(s—1) —n+2.
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By equating the two values of N, so found we see that
20= 2 (n—n)—2n+2

where the sum is taken for all the cycles over all the points a;. But
n—n;=2(r—1) where the sum is taken for the cycles over the single
point a;. Hence the formula of the theorem is true.

The number p is called the genus of the algebraic function defined by
f(x, ¥) =0, as well as the genus of its Riemann surface 7. Evidently the
value of p is determined by the branches which satisfy f(x, y) =0, or by
their cycles of sheets, and is therefore independent of the particular
method used in constructing the Riemann surface T. The sum =(r—1)
in formula (31-1) is clearly always an even number.

32. Canonical systems of cuts making T simply connected. In the
preceding section it has been shown that the Riemann surface T of an
algebraic function will in general be multiply connected. In order to
have a surface on which Cauchy’s theorem may be applicable to every
simply closed regular curve it is desirable to reduce T to a simply con-
nected surface T’ by a system of cross and loop cuts. This can be done
in many ways, one of which will be exhibited in this section.

In order to explain the system of cuts to be used, the following two
lemmas are helpful:

LeMMA 32-1. If a connected surface S is cut in such a way that its
boundary becomes a single simply closed curve C, then the resulting surface
S’ is also connected.

This is evident since every point of the resulting surface can be con-
nected with the boundary by a continuous arc in §’, and hence by
following along the boundary every two such points can be connected
with each other by a continuous arcin S’.

LemMA 32-2. If S is multiply connected and has a boundary consisting
of a single arc B then it is always possible to draw a loop cut in S without
severing 1t.

According to Theorem 31-1 either a cross cut or a loop cut can be
drawn in S without severing it. But every such cross cut can be made
into a loop cut with the same property, as indicated by the dotted line
in Figure 32-1.

If the connectivity N =2p+1 of the surface T is greater than one we
may proceed in the following manner to draw a system of 2p cutson T,
none passing through a singular place, which will reduce T to a simply
connected surface 7. In the first place, since T is not simply connected,
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there will be a simply closed cut a, in T which does not sever T, and
which therefore provides a resulting surface with connectivity N —1,
according to the definition in Section 31 of the connectivity of a surface
without boundary. If a, passes through a singular place we may move
part of it slightly so as to avoid the singularity. Since the new surface

)

B

Fi16. 32-1

is still connected, a cut b, can be drawn in it which joins two points on
opposite sides of a;, as shown in Figure 32-2. The resulting surface is
connected, by Lemma 32-1, since its boundary consists of a single
curve, and by Theorem 31-3 its connectivity is N —2. If this connec-
tivity of the remaining surface is still greater than unity, a loop cut
c1+a; can be drawn which does not sever the surface, according to
Lemma 32 -2, and which produces a new surface with connectivity N — 3.

b

Fi16. 32-2

A further cut b, then joins two points on opposite sides of as. The result-
ing surface is still connected, by Lemma 32-1, since its boundary con-
sists of a single curve, as is clear from Figure 32- 2. Hence b, also reduces
the connectivity by unity. We see then that by a continuation of this
process, and since cuts can always be moved slightly to avoid singular
places, the following theorem is justified:
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THEOREM 32-1. The Riemann surface T of an algebraic function can
always be reduced to a simply connected surface T' by a system of cuts a,,
by - - -, ap, by joined by cuts ¢, - - -, ¢, as shown in Figure 32-2, and
such that none of the cuts passes through a singular place on T. Every
simply closed regular arc B in T' separates T' into two parts, one of which,
say S, has B as its complete boundary. Cauchy’s theorem for an integrand
function g(x, y) can therefore be applied to B and S provided that g(x, v) is
holomorphic on B and S except possibly for a finite number of singular
points in S.

With the help of preceding theorems the following generalization of
Cauchy’s theorem can also be proved:

THEOREM 32-2. If S is a portion of the Riemann surface T, not neces-
sarily simply connected but having a boundary B consisting of one or more
simply closed regular arcs, and if a function g(x, y) is holomorphic on B
and S except possibly for a finite number of singular points in S, then

f g(x, y) dx=2xi [sum of residues of g in S,
B

where the integral along B is laken in the positive sense with respect to S.

This is easy to prove since by Theorem 31-3 it is always possible to
separate S, by a finite number of cross cuts, into a number of simply
connected pieces. The value of the integral of the theorem along B is the
sum of its values along the boundaries of the simply connected pieces.
But according to Theorem 303 the integral along the boundary of each
piece is the sum of the residues of g(x, ¥) in that piece. Hence the equa-
tion of the last theorem is justified.
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CHAPTER V
INTEGRALS OF RATIONAL FUNCTIONS

33. Introduction. The theory of algebraic functions seems to have
been developed originally out of problems in the theory of integration.
In the elementary calculus methods are exhibited for evaluating in-
tegrals of the form

(33-1) 1= [ i

where 7 is a rational function of x and y, and y is a simple algebraic
function of x defined by one of the equations

33-2) y? = ax + b, y? = ax?+ bx + c.

For the first of these two functions the substitution x=(y2—b5)/a re-
duces the integral to an integral with respect to y of a rational function
of y, and the result of the integration is a sum of a rational function of y
and logarithms of such functions.

Another simple substitution reduces the integral (33-1) for the sec-
ond function (33-2) also to the integral of a rational function. For if
.1 and e; are the roots of the polynomial

(33-3) y2=ax?+ bx+ ¢ = a(x — e))(x — )

the straight line y=1#(x—e,) meets the curve (33-3) in a fixed point
(x, ¥) =(e1, 0) and in a single second point variable with ¢ whose co-
ordinates are

x = (e — aes)/(1? — a), y = a(er — e2)t/(* — a).

When these values are substituted in the integral I the result is an
integral with respect to ¢ of a rational function of ¢ whose value is ex-
pressible as a logarithm of rational functions of ¢=y/(x—ei) plus
logarithms of such functions.

These simple methods do not apply when y is defined as an algebraic
function of x by means of an equation

y2=qaxt+ ba*+cx®+dv+e
93
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of the third or fourth degree in x. The integrals are then called elliptic
integrals, and elliptic functions and their inverses are required in order
to effect the integration. The hyperelliptic cases are those for which
¥*=R(x) where R(x) is a polynomial of degree higher than 4.

It was Abel who first seriously attempted the study of integrals 7
of the form (33-1) for which y is defined as a function of x by an al-
gebraic equation f(x, y) =0 of the type described in preceding chapters.
Such integrals are called Abelian integrals. In spite of the great gene-
rality of the problem many results of interest can be obtained, some of
which are to be presented in the following pages.

34. Singularities and periods of integrals. Let the integrand 75(x, y)
of the integral (33-1) be a rational function of x and y on the Riemann
surface T of an algebraic function y(x) defined by an irreducible equa-
tion f(x, y) =0. Further let C be a regular arc on 7, distinct from singular
places of T or of n(x, y), and with initial place Py(xs, o) and end place
P(x, ). Then the integral

I= fc n(z, y)dx

has a unique finite value. If a number of these integrals are under con-
sideration it will always be understood that their paths of integration
are the same unless otherwise expressly indicated.

Near every place P’ on T the values of n(x, y) are defined by a power
series in ¢ with at most a finite number of terms with negative exponents,

C

(1‘0; y“)
F16. 34 1

and ¢ is related to x by an equation of one of the forms x=x'+1,
x=1/t". Let C, be a path leading from P, to a place P, in a neighborhood
N of P’ in which the series for 7(x, y) in powers of ¢ converges. Then the
integral
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= e ax+ [ 2tz s,
Cy C

where C is a path in N from P, to P, defines a function 7(P) in N which
may be either single or multiple valued. The values of I(P) in the neigh-
borhood N are defined by the formula

t
1(P) = f n(x, y)dzx + f n(x, ¥)(dx/db)dt
Cy ty

where the last integrand has the form
n(x, y)(dx/dt) = B_,/t* + --- + B_,/t + Bo+ Byt + - - - .

The coefficient B_, is the residue of 7(x, y) at P’. The value of I(P) is
changed at most by a constant when the path C, is changed. Hence in
every case the values of I(P) for a fixed C, are defined in N by a series
of the form

I(P) = const. + B_,/[(1 — w)t+= 2]+ - - — B_y/t
+ B_jlogt+ Bet+ - - -,

as was seen also in Section 24, and the character of P’ as a singularity
of I(P) is determined by this series.

THEOREM 34-1. If at a place P’ on the Riemann surface T the inte-
grand n(x, ) of an integral

b I= fn(x, y)dx

has its residue equal to zero then P’ is either an ordinary place or a pole of
I. If the residue of n at P’ is different from zero then I has a logarithmic
singularity at P’.

From this theorem it is evident that the only singularities of an
integral I are poles and logarithmic singularities. According to the defi-
nitions already given in Section 24 an integral of the first kind is one
which has no singularities on the surface 7. An integral which has
poles but no other singularities is said to be of the second kind, and one
which has logarithmic singularities is an integral of the third kind.

There are only a finite number of places a,, - - -, o at which an
integrand function 7(x, ) has residues different from zero. We may cut
these places out of the simply connected surface T’ by loops as shown
in Figure 34-2. The resulting surface 7’/ is also simply connected,
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according to Theorem 30-1. Along every simply closed integration path
Con T’ the value of I is zero, since C separates T'’ into two parts one
of which, say S, has C as its complete boundary. The value of 7 along
C is zero, by Cauchy’s theorem, since 7(x, y) has no.residues in S. By
an argument like that used for the proof of Theorem 3-2 of Chapter I

Fi6. 34-2

it can be shown that the value of I is zero on every closed integration
path C on T'/, whether simply closed or not, and we have therefore the
following theorem:

THEOREM 34-2. Let T'' be the simply connected surface formed from
T’ by cutting out by means of loops the places on T’ where n(x, y) has
residues different from zero, as indicated in Figure 34-2. Then the integral

I(x, y) = f n(x, y)dx
c

has the same value on every integration path C on T'' which joins a given
initial place (%o, o) to a given end-place (x, y). It is therefore a single-
valued function I(x, y) on T’ when (xo, yo) is fixed.

The periods of the integral I are by definition the numbers 4, By,
Hyk=1,---,p;l=1, -, q) defined by the equations

Ar = f n(xr y)d-\”, B, = f ﬂ(x’ y)dx:
by ay,
H, = 2xi [residue of n(x, y) at ay],

where the integrals are taken around the cuts in the directions indicated
in Figure 34-3. The directions on the cuts are chosen so that at each
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intersection of a pair of cuts a, b, the directions on a; and b, are related
to each other as the positive directions on the x- and y-axes.

a

F16. 34-3

THEOREM 34 -3. For an arbitrary path of integration C on the Riemann
surface T joining (xo, yo) to (x, y) the value of the integral I has the form

(34-1) f n(x, y)dx = I(x,y) + D (mA; + n.B) + DsiH,
o] ? k

where the coefficients m;, n;, s, are positive or negative integers.

There is no loss in generality in assuming that the path C intersects
the cuts used in making 7"’ only a finite number of times, and that at
each intersection C crosses the intersecting cut. For C, and the cuts also,
can be displaced slightly without changing the value of the integral
along C, or its periods. We could, for example, take curves for cuts
whose projections on the xz-plane are polygons, and without changing
the value of the integral we could replace C by a similar curve whose
polygon sides are not parallel to any of the sides of the polygons belong-
ing to the cuts.

The value of the integral I on a loop L consisting of an arc of the
boundary of T’/ from a point on one side of the boundary to the opposite
point on the other side is always a sum of periods. One verifies readily
from Figure 34-3 that the value of I thus taken from the negative side
of a cut to the positive side along such a loop is that given in the follow-
ing table:

Cuts l @ b Cr d, ' e

Values of 1 ‘ —A; —B; 0 —-H, l 0
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In calculating these values it must be remembered that values of I along
an arc of a cut in opposite directions cancel each other, and that the sum
of the values of I on the loops enclosing the points a; is zero, since the
sum of the residues of the integrand 5(x, y) is zero.

To compare the value of I along C with its value I(x, y) on a curve
in T’ joining (xo, ¥0) to (x, y) we may sever C at each intersection with
a cut and join the two ends of the segments of C so formed by a loop L
on the boundary of 7’’. Then we have

[ ate e =105 = T [ atx, i
C L

where the sum is taken for all the loops L corresponding to intersections
of C with the cuts. This proves Theorem 34-3 and also the following
corollary: -

COROLLARY. If the path of integration C inlersects the boundary of T'’
only a finite number of times then the integer m, in the equation (34-1) is
the difference between the number of times C crosses ay. from the — to the +
side and the number of times it crosses ay in the opposite direction. The
other integers ni, s, have similar interpretations with respect to the cuts by
and d,.

35. Integrals of the first kind. According to Theorem 24 -1 there are
p linearly independent integrals of the first kind. If we denote such a

set by w,, - - -, w, then every other integral w of the first kind is ex-
pressible in the form

(35-1) w=cw + - + cpwp

where ¢, - - -, ¢, are constants. This relation means that the integrand

functions ¥,(x, y) of the integrals w, are related by the same equation,
and equation (35-1) itself holds with the understanding that all of the
integrals are taken over the same path of integration C. If the paths are
different then a constant term ¢ must be added which is a linear expres-
sion in the periods of the integrals w; similar to the first sum in the
equation (34-1). We may denote the periods of the integral w; by the
symbols A.‘k, By (k=1, vy, P)

A system w,, - - -, w, as described above is called a fundamental
system of integrals of the first kind. Every other such system =y, - - -,
w, is related to it by equations of the form

w! = cawi+ - - + cipW,
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where the coefficients ¢, are constants with determinant |c,|=0.
Conversely every system w, defined by such equations is a fundamental
system.

LeMMmA 35-1. Let S be a simply connected portion of the Riemann sur-
face T bounded by a simply closed regular arc B, and let g(x, y) =u-+iv
be a function which is holomorphic on S and B. Then '

f udy > 0
B
unless g(x, y) is a constant.

If x=x,+1x; then the real and imaginary parts of g are functions
u(x,, xz), v(21, x2) which satisfy the equations

du/dx, = 9v/dx,, Ou/dx; = — 9v/dx,

near every place on S. If we cut out the branch places and places at
2= in .S by loop cuts L, the remainder of § is a simply connected
region S’ bounded by a simply closed arc B’, and

f ud'v=f udy + Ef udv
B B L

where the sum is taken for all the loops L. When the surface S’ is cut
along the cuts used originally in forming 7 it falls into simply con-
nected plane pieces on each of which Green’s theorem may be applied,
and we find

f udy = [u(dv/dx1)dxy + u(dv/dxz)d s ]
B’ B’

(35-2) = f . [(8v/021)% + (3v/d%,)%|dx1d s

f [(6u/8x1)2 + (au/éxz)z]dxldxz,
S’

which is positive unless g is constant in S’.
Let the value of g at the center P, of a loop L be go=uo+1ve. Then

in the formula
f udy = f (u — uo)dv + f uody
L L L

the last integral is zero, since g =#-14v is holomorphic and v is therefore
single-valued near P,. The first integral on the right approaches zero
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with the radius of the loop L, since the value of # —u, on L approaches
zero. If the radii of the loops L are made to approach zero simultane-

ously then
f udy = lim f udv.
B B’

The integral around B’ increases as the radii of the loops decrease, as
is easily seen from formula (35-2), and its limit as the radii of the loops
approach zero is therefore certainly positive unless the first derivatives
of » and v all vanish and g is constant in S.

LeMMA 35-2. If w is an integral of the first kind with an integrand not
tdentically zero and with periods

Ak=0£k+iak', Bk:ﬁk‘l"ﬁk, (k=1,,p)

then

(35-3) Brak — Biax > 0,

where the repeated subscript indicates a sum for k=1, - - -, p as in tensor
analysis.

To prove this we note that if w(x, y) =u+74v is the value of w taken
from (xo, o) to (x, ¥) along a path C in 7, then at points p, ¢ and u, »

a

v
Fi16.35-1

on opposite sides of the cuts ax and b, respectively, the values of « are
related by the formulas

u(o) = ulp) — ax, v(e) = v(p) — af,
u(v) = u(u) + Bs, v(v) = v(u) + B¢,
so that

‘fa» [u(o) - ’u(P)]dv = — Lk apdy = — afy,
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[ 166 = wtlas = [ st = g,

bi by

where the terms on the right are this time not summed for the repeated
index. But when we add these equations we find the value

1]
‘Bkak' - Bk'a;, = f udv,
B

where the first term now represents a sum with respect to &, and this is
positive, by Lemma 35-1, unless w(x, y) is a constant, in which case its
integrand would be identically zero.

These lemmas justify at once a succession of theorems concerning
integrals of the first kind.

THEOREM 35-1. For an integral of the first kind whose integrand is not
identically zero

(1) the periods A are not all zero,

(2) the periods By, are not all zero,

(3) the periods A, By are not all real or all pure imaginary.

These properties follow at once from the inequality (35-3).

THEOREM 35-2. A necessary and sufficient condition that a system
wi(i=1, - - -, p) of integrals of the first kind with periods A .., Bi: be
linearly independent is that the determinant | A..| be different from zero,
or that | By | be different from zero.

For if the determinant | 4, | were zéro, for example, we could find
constants ¢, not all zero such that the sums ¢;4 ., vanish for every k. By
(1) of Theorem 35-1 the integral c,w; would then have its integrand
identically zero. A similar argument holds for | B |.

THEOREM 35-3. The integrand of an integral of the first kind is
uniquely determined when one of the following sets of data are assigned:

(1) arbitrary values not all zero for the periods A;

(2) arbitrary values not all zero for the periods B;

(3) arbitrary values not all zero for the real parts, or for the imaginary
parts, of the periods Ay, B.

The proof for (1) is simple. Constants ¢, not all zero are uniquely
determined by the equations Ay=c:4d.x (k=1, - - -, p) where the A
are periods of a fundamental system w;. The integral w=c,w; has the
desired periods. A similar proof holds for (2).

To prove (3) we see that for an integral w=c.w; for which c;=1v;
+v!(—1)"2 the real parts of the periods are the sums

(35-4) Vi — viad, YBuk — v/ Bik .
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The determinant of coefficients of the y; and v/ in these expressions is
not zero, since by (3) of Theorem 35-1 it is not possible to determine
constants ¢; not all zero so that the real parts of the periods of w vanish.
Hence if we assign real numbers oz, 8x not all zero arbitrarily the con-
stants v, ¥{ can be determined so that the expressions (35-4) are equal
to them. A similar proof shows that one can assign arbitrarily the
imaginary parts of the periods of w.
COROLLARY. There is no linear relation

mkAk + nkBk = 0,

with my, n; real constants, whick holds for the periods A, By of all integrals
of the first kind.

This clearly is true since by the last theorem the real parts of 4, By
can be chosen arbitrarily.

36. Expressions for an integral in terms of elementary integrals or
fundamental systems. In the theory of elliptic integrals it is proved that
every elliptic integral is expressible as a sum of integrals of three simple
types. The analogue of this theorem for Abelian integrals was proved in
Section 24.

We. shall represent as above a fundamental system of integrals of
the first kind by the notations

we = fw(x,wdx (k=1 ,p).

According to Theorem 24-2 there exists for every place P on T and
every integer v an elementary integral of the second kind

¢z, y; P) = f n(x, y ; P)dz
C

which may be denoted also by {,(P) when no confusion results. This
integral is completely determined except for an arbitrary additive
integral of the first kind by the property that it has no singularity ex-
cept at P and that at P its expansion has the form

SUP) =/t + o+t + - - - .
Similarly for an arbitrary pair of places Py, P; on T there is an ele-
mentary integral of the third kind,

w(x, y; Py, Py) = f n(x, y ; P1, Pg)dx
C
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which has expansions
1I‘(P1,P2)=10gt+60+61t+"' atPl,
T(Pl,Pz)‘—‘—10gt+do+d1t+"' ath,

and no other singularities. In terms of these notations Theorem 24-4is
as follows:

THEOREM 36-1. Let I be an arbitrary Abelian integral

I= fc n(x, y)dx.

If I has singular places we may denote one of them by P, and the principal
part of the expansion of I at P by

A,/ 4+ -+ A1/t + A log t.
T hen
I = 3 [An(P, Py) + (41/1)¢o(P)
P

36-1
(36-1) L

( ___1)' E-1(P)] + crwe
where the sum is taken for all the singularities P of I and P, is an arbi-
trarily chosen fixed place.

In the formula it is understood that the paths of integration are all
the same. If they are different a constant term must be added which is
a sum of periods of the integrals.

There are other methods of expressing an arbitrary Abelian integral
I in terms of a finite number of others given in advance. We have
seen above, for example, that every integral w of the first kind is
expressible in the form w=c¢,w; in terms of a fundamental system
(k=1, - - -, p). We shall see that an analogous theorem holds for in-
tegrals which have at most poles as singularities. In order to prove this
we may define a fundamental system of integrals of the first and second
kinds to be a set of 2p integrals {1, - - -, {2, having no singularities other
than poles and having the determinant of its (2p)? periods different
from zero.

THEOREM 36-2. A necessary and sufficient condition that a set of
integrals {1, - - -, $ap of the first and second kinds shall form a fundamental
system is that for common paths of integration C on T’ from (xo, o) to
(x, y) there exists no identity of the form

(36-2) abr+ - -+ capbep = (%, y)
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in which n(x, y) is a rational function and the constants c,, - - -, czp are
not all zero.

If there were such an identity the periods 4k, Bix (=1, - - -, 2p;
k=1, - - -, p) of the integrals would satisfy the relations ¢;4;x=c¢;Bix =0
since 7(#, ) is single-valued on 7. Hence the determinant of the periods
would be zero, and {3, - - -, {2, could not be a fundamental system.

If there is no such identity the determinant of periods cannot be
zero. Otherwise there would be constants ¢; not all zero satisfying the
equations ¢;4:x=¢:B:ix=0 and the function a1+ - - - +capfs, Would
be single-valued on T as well as 7’ and would have only poles as singu-
larities. Hence it would be a rational function 5(z, y), by the corollary
to Theorem 19-1, which contradicts the assumption that there is no
identity of the form (36-2).

THEOREM 36-3. Every integral I having at most poles as singularities
is expressible in terms of a fundamental system 1, - - -, tap Of integrals
of the first and second kinds in the form

I'=cfi+ - + capfop + n(x, ¥)
where 1(x, y) is a rational function and the paths of integration are all on
T,

Forci, - - -, ¢c2p may be selected so that the periods of the difference
I—cf1— « - - —eapte, are all zero. This difference is then single-valued
on T as well as on T’ and has only poles as singularities. Hence it is a
rational function %(x, y), by the corollary to Theorem 19-1.

THEOREM 36-4. If {1, - - -, tap i5 a fundamental system of integrals
of the first and second kinds then every other such fundamental system

&, - - -, $ap is expressible in the form

(36-3) H=cati+ -+ Cizpt2p + nilx, ¥) G=1,---,2p),
where the coefficients c;; are constants with determinant | ¢ij |0 and the
Sfunctions ni(x, vy) are rational. Conversely, every system ¢y, - - -, $ap

expressible in this form is o fundamental system.

Evidently each integral {/ is expressible in the form (36-3), by
Theorem 36-3, and the determinant |c;, | must be different from zero
since the penods A, Bid of ¢! are related to the periods 4, Bi: of
the integrals {; by the equations

A"G’=ciiAik’ B‘k,'_‘c'iBlk (i’j=ly"' ,2P3k=1:"' ’?)'

The determinant of the periods 4:¢, B:/ is therefore the product of the
determinant |¢;;| by the determinant of the periods A, Bix and is
different from zero if and only if | ¢; | 0.
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THEOREM 36-S. An arbitrary Abelian integral I, such as that described
in Theorem 36-1, is expressible in the form

I = EAW(P, Po) +61§'1+ st +52ﬂ§-2y+77(x, y)
P

where the sum is taken for all singularities P of I, P, is an arbitrarily
chosen fixed place, the set ¢y, - - -, $2p iS a fundamental system of integrals
of the first and second kinds, and y(x, y) is a rational function.

The proof of the theorem is immediate as soon as we recognize the
fact that the difference I —ZAn(P, P,) is an integral with no singu-
larities except poles.

37. Relations between periods of integrals. There are many rela-
tions between periods of integrals of various kinds which can be deduced
by the application of the following theorem:

" THEOREM 37-1. If two Abelian integrals

I= fn(x, y)dax, I'= fn’(x, y)dx
have periods Ai, By and A{, B{ (k=1, - - -, p), respectively, and if I
has no logarithmic singularities, then
A{ By, — B/ Ay = 2xi [sum of residues of In’ on T'].

The proof of this theorem is much like that of Lemma 35-2. From
Figure 35-1 we see that

I(s) — I(p) = — Ay, I(v) — I(s) = By,

from which it follows that

[ U@ ~10)ar =~ as [ wax = - 4B,
a.' a

k
f (1) = I(w)]n'dx = ka n'dx = BiA{,
by, 1,.

where the terms on the right are not summed for k. The sum of these
integrals for k=1, - - - | p is the value of the integral

f I(x, y)n'(x, y)dx

taken around the boundary of T/, and it is also 2#¢ times the sum of the
residues of the product Iy’ on T’, so that the theorem is proved.
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The application of Theorem 37-1 to pairs of integrals I, I’ of various
types gives the period relations of the following table. The results in the
last column are found in each case by evaluating the sum of the residues
on T’ of the product of the first integral in the first column by the in-
tegrand of the second integral, and applying Theorem 37-1.

PERIOD RELATIONS FOR ELEMENTARY INTEGRALS

Integrals I, I' Values of (AwB{ —BA{)/2mi
1L w, w 0
IL. w, §£,(P1) Crt1, ¥ (21, y1)
111 w, 7(Py, Ps) w(P,CP,)
IV. $u(P1), $5(Ps) d'nu(Ps, Py)/dxs® — dn,(Py, Py)/day
V. $u(P1), w(Py, Py) $u(P2CPy; Pi) — d*n(Py; Py, Py)/dxy*
VI. x(Py, Py), n(P{, P{) |w(P{C'P{; Py, Py) —u(PCPs; P{,P;)

The constant ¢,,, in Case II is from the coefficient of #*! in the
expansion

w=co+ (/1N + -+ (c/vDtr + - - -

of the integral w of the first kind at the singularity P, of the elementary
integral of the second kind {,(P,) defined in Section 36. For the inte-
grand 7,(x, y; P)) of this latter integral we have at P,

m(x, y; P)dx/dt = — (v + D)I/t7*2 4+ dy+ 2dot + - - -,

and hence the product w »,(x, y; P1) has at P, the residue —c,+1, which
is its only residue. The result in the table has its sign changed since the
period sum at the top is the negative of that evaluated in Theorem 37-1.
If P, is a finite place (x, y) = (1, y1) and not a branch place then

crp1 = [dY(x, y)/dxr]m==1 v = YO (a4, 1),

where ¢ is the integrand of w. The second value for the period sum in
Case I is valid for such a place.

The proofs for the other rows of the table are similar, with the ex-
ception of Case VI which is discussed below. For simplicity it is under-
stood that in each of Cases III-VI the places P involved are distinct
from each other. The integrands 7,(x, v; P1) and n(x, v; P, Ps) of {,(P1)
and w(Ps, Py) are represented by 7,(P; P;) and n(P; Ps, Ps). If some of
the places Py, Py, P;in Cases IV and V are at infinity or branch places
the values of some of the functions # or their derivatives must be re-
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placed by suitable coefficients from the expansions of the products
ndx/dt. In all cases where integrals occur their paths of integration are
supposed to be on the simply connected surface T’ unless otherwise
specified. In Case VI, for example, the symbol x(P,CP;; P/, P{) repre-
sents the value of #(P{, P;) taken along a path C from P, to P, and
the paths C,'C’ are supposed to be distinct from each other and the
period cuts.

The resultin Case VI requires a proof slightly different from that of
Theorem 37-1. The integral of wdx’, where =’ ==(P{, P{), taken
around the boundary of the surface T’ for , is 274 times the sum of

Fr6.37-1

the residues of w(P; P{, PJ) on T’'. The part of this integral arising
from the cuts ax, by is the period sum B,4/ — A B/, as before. The part
arising from the loops L enclosing P, and P, in Figure 37-1 is

—frdr'= —rr’| + fﬂ"dﬂ".
L m L

The first term on the right vanishes since = and 7’ have the same values
at m and #. The second is 277 times the sum of the residues of the
product n’n(P; Py, Ps) at P, and P; which is

W,(Pl) - W,(PQ) = - w(P;CPg; Pl', Pg’)
The sum of the residues of 75(P; P/, P{) on T"'is
w(P{) — n(P{) = — xa(P{C'P{; P, Py).

Hence the formula of Case VI is justified.

38. Construction of fundamental systems. There are two methods
of constructing fundamental systems of integrals of the first and second
kinds which will be explained here in Theorems 38-1 and 38-2.



108 ALGEBRAIC FUNCTIONS [§38]

THEOREM 38-1. Let w; (i=1, - - -, p) be a fundamental system of
integrals of the first kind with integrand functions Yz, y), and let P,
= (xx, yi) (=1, - - -, p) be a set of p finite places distinct from branch
places such that the determinant | Yi(Py) | is different from zero. Then the
system w;, $o(P:) (i=1, - - -, p) is a fundamental system of integrals of
the first and second kinds.

From Lemma 26-1 we know that finite non-singular places P(k =1,

-, p) can always be selected so that the determinant | y.(Ps) | is
different from zero.

If the periods of w; and {.(P;) are respectively 4;;, B, and 4,/,
B;! then Cases I and II of the table in the last section give the period
relations

AjuBri — Bjdw = 0,

(38-1) , , .
A,-z .Bu - B,]Au = - 21ru[«;,(P,~).

If we could determine constants c;, d; not all zero and a rational func-
tion 7(x, y) such that

(38-2) ciwi + d;fo(P;) = n(x, )
then we should have
(38-3) cAu+diAdil =0, ¢iBji+d;B;y/ =0,
and hence from the period relations (38-1)
dy.(P,) = 0.

The constants d, must therefore all be zero, and the constants ¢; also,
from equations (38-3). It follows that no relation of the form (38-2)
with constants ¢;, d; not all zero is possible, so that the integrals, w;,
$o(P;) surely form a fundamental system, according to Theorem 36 -2.

LemMa 38-1. 4 necessary and sufficient condition that a set of rational

functions Y,(x, y) w=1, - - -, s) be linearly independent on T is that the
determinant

Vi Y

o | ¥ !
(s=1) (s~1)

i

is not identically zero on T, where ) =dmy,/dx".
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If D is not identically zero the functions ¥, are evidently linearly
independent. If D=0 then at least when s=1 the function ¢, is identi-
cally zero and satisfies a linear relation ¢y, =0 with c¢>=0. Suppose then
that the theorem is true for s—1 functions. It follows that there is a

linear relation between ¥, - - -, Y., if the determinant
‘l/l ! ¢e—l
(s—2) (s—2)
‘pl v ‘l’s-—l

vanishes identically. If this last determinant does not vanish identically,
then near a place where it is different from zero there are functions
A, - - -, A, satisfying the equations

)\1% + -+ N-Ms«l + 'ﬁc = 0,

...................

(s—1) (s—1)

M A A e =0,

since D=0. By differentiating these equations we find that

...............

(8—2) (s—2)
)\1' 1 + -+ M’-l\bc—l = 0,

from which it follows that Ay, - - -, N\, are constants and ¢y, - - -, ¢,
are linearly dependent.
COROLLARY. For the integrand functions Y.(x, y) (i=1,-- -, p) of a

Sfundamental system of integrals of the first kind the determinant D is not
identically zero.

This is evident from the lemma above since the functions y; are
linearly independent.

THEOREM 38-2. Letw, (i=1, - - -, p) be a fundamental system of in-
tegrals of the first kind with integrand functions y.(x, y), and let P= (£, n)
be a finite place, distinct from the branch places, at which the determinant
D for the functions ; is different from zero. Then the system w;, ¢i-(P3
(=1, - - -, p) is a fundamental sysiem of integrals of the first and second
kinds.

To prove this let the periods of w; and ¢{;—, be denoted by A, B
and 4;{, B;/. Then from Cases I and II of the table of Section 37 we
have the period relations
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(38-4) AjBy — Bpydu = 0,

(i-1)

AiiBu — BilAu = — 2miyr (& n).

If there were a relation of the form (38-2) with {o(P;) replaced by
¢i-1(P), we should have, from (38-3) and (38-4)

(i—1)

di'pk (&)"7)=0 (j,k:l,"',?)-

Since D0 at (£, ) this implies that the constants d; are all zero, and
from (38-3) that the same is true of the constants ¢;. Hence the func-
tions w;, {;—1 form a fundamental system as stated in the theorem.

39. Normal integrals. If w; (i=1, - - -, $) is a fundamental system
of integrals of the first kind with periods 4., Bix (3, k=1, - - -, p) then
the most general such integral

W= W + - + W,
has periods
Ar = cidix, By = ¢:Bi.

Since the determinant | 4| is different from zero, according to The-
orem 35-2, the constants ¢; can be determined so that the periods 4,
have arbitrarily assigned values.

THEOREM 39-1. There exists a fundamental system of integrals of the
Sfirst kind

W, = f\I’z(xy y)dx (i =1---, ?)

with a table of periods of the following form:

Al A2 S A,, Bl B2 [P Bp
W; 2wt 0 s 0 2(111 2a12 s 201,,
W: 0 21!'1: e v 0 2(231 2a22 c e 2a2,,
W, 0 0 s 27 2ap 2ap9 s 2a,,

Such a system is called @ NORMAL SYSTEM OF INTEGRALS OF THE FIRST
KIND. The integrands Vi(x, y) of the integrals of a normal system are
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uniquely determined and are linearly independent. The matrix of half-
periods aix=a+aif (—1)V% is symmetric and the quadratic form a.z:3:
is positive definite.

The period relation of Case I of the table of Section 37 applied to W
and W; shows that the matrix o, is symmetric. The periods of W =z,W;
are A,=2mizx, Bx=2z,a;x. The relation 35-3 applied to these periods
shows that for every choice of real numbers z; not all zero the quadratic
form a;i2,2; is positive.

THEOREM 39-2. There exists an elementary integral of the second kind

Z,(P) = fH,.(x, y; P)dx

having no other pole except one at a place P on T where it has an expansion
Z,(P)=vl/tH 4o+t + -

and having all its periods A,=0 (k=1, - - -, p). If the singularity
P=(t n) of Z,(P) is a finite non-singular place then the values of the
periods By for the integral Z,(P) are B, =Y, (&, 1), where the functions
W, are the integrands of a normal system of integrals of the first kind, as
described in Theorem 39-1. Such an integral is called @ NORMAL INTEGRAL
OF THE SECOND KIND with pole of order v+1 at P. Its integrand H,(x,y; P)
=H,(Q; P) is uniquely determined. Furthermore,

(39-1) Ho(Q; P) = Ho(P; Q),
(39-2) H,(Q; P) = d"H(Q; P)/d¢".

From Section 24 we know that there is an elementary integral
¢,(P) of the second kind with an expansion of the form

g‘,(P) = ll!/tH'l + Co + 61t+ cee

at the place P and no other pole. The most general such integral has
the form

Z.,(P) = g-v(P) +aw,+ - +6pwm

where the constants c¢; are arbitrary. If they are chosen so that the
periods 4 of the sum are zero then the resulting integral Z,(P) has an
integrand which is uniquely determined. From the period relation of
Case II of the table of Section 37 applied to W, and Z,(P) it follows
that B,=¥,®(%, n), as indicated in the theorem above, when P is
finite and non-singular. The symmetry of Ho(Q; P) is a consequence of
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Case IV of the table of Section 37 for u=» =0, since the periods 4., 4/
of Zo(P), Zo(Q) are zero. The last equation of the theorem is similarly
a consequence of Case IV of the table applied to Z,(Q) and Z,(P) with
the help of the relation (39-1).

THEOREM 39-3. There exists an elementary integral of the third kind

H(Pl, Pg) = fH(x, v, Pl, Pz) dx

having expansions of the forms

H(Pl,Pz)=lOgt+Cu+Clt+"' atPl,
H(P,,P2)=—logt+do+d1t+ dth,

and no other singularities, and having periods A, =0, B,=W  (P,CPy),
where the path of integration C is on T'. Such an integral is called a
NORMAL INTEGRAL OF THE THIRD KIND. [Is integrand is uniquely deter-
mined and has the value

(39-3) H(Q; Py, Py) = Zo(P,CPs; Q)

where the path of integration C is on T'. The integrand H, of the integral
Z,(P) of Theorem 39-2 is expressible in terms of H(Q; Py; Py) in the form

(39-4) H,Q; P) = d*'H(Q; Py, P)/dg"+.

The most general elementary integral of the third kind with singu-
larities at P,, P, has the form

I(Py, Py) = w(Py, P3) + c1wr + - - + Cpw,.

If the constants c; are chosen so that the periods 4 of this sum are all
zero the resulting integral II(P,, P,) has an integrand which is uniquely
determined. The period relation of Case III of the table of Section 37
applied to W, and II(P,, P,) shows that the periods B; have the values
indicated in the theorem. The formula (39-3) of the theorem is a con-
sequence of Case V of the table of period relations applied to Zo(P)
and II(P,, Py), since the periods 4, of both of these integrals are zero.
Equation (39-4) for v=0 is the result of writing (39-3) in the form

H(Q; Py, P) = Zy(P:CP; Q)

and differentiating with respect to the coordinate ¢ of P. Equations
(39-1) and (39-2) then justify (39-4) for other values of ».

There are a number of properties of normal integrals of the third
kind which should be mentioned. These are given in the following list,
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and the proofs are indicated below. The paths of integration of in-
tegrals in the same formula are the same unless otherwise indicated.
The paths C, C’ are on T” and distinct from each other. In IV the point
P = (¢, n) is supposed to be finite and not over a branch po’nt.

I. H(Pl,P2)+H(P2,Ps)+"‘+H(Pk,P1)=0
II(P,, Py) = II(Py, P) — II(P2, P)
II. I(P.LCP,y; P{, Py) = NI(P{C'Py; Py, Py)
III. TI(P,CPy; P{,PJ)=T(P!C'P{; P, P) — II(P{C'P{; P, P)
Iv. Z,(P,CPs; P) = d"*'11(P,CP,; P;, P)/dt".

The first member of the first equation in I is an integral with no
singularities and periods 4 all zero. Hence it is identically zero. The
second formula under I is a special case of the first. The formula ITis a
consequence of the sixth period relation of the table of Section 37, since
for the two normal integrals of the third kind involved the periods
Ax, A¢ are all zero. Formula III is readily deduced from formula II
and the second formula under I. Formula IV is the result of integrating
equation (39-4) along the path C from P, to P;.

40. Expressions for rational functions in terms of integrals. Every
rational function 5(x, y) is expressible as an Abelian integral of the sec-
ond kind. For the algebraic function y(x) defined by the equation
f(x, y) =0 and the derivative of y(x) satisfy the equation

fz(x, y) +fll(x, )’)d}’/dx = 09
and hence

dﬂ(x; )')/dx = (ﬂxfy - nvfz)/fv'
Consequently

40-1) (s, 3) = n(x, y0) + f (1fy — nuf Ndz/ o,

where C is a path of integration on T’ joining (%o, ¥o) to (x, y), and the
integral is of the second kind since 7(x, y) has no singularities other than
poles.

THEOREM 40 - 1. Every rational function n(x, y) on the Riemann sur-
face T is expressible by the formula (40-1) as a sum of a constant and an
Abelian integral of the second kind whose periods are all zero. Conversely,
every Abelian integral of the second kind whose periods are all zero is a
rational function n(x, y) on T.
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It is evident that the integral in (40-1) has periods all equal to zero
since 7(x, y) is single-valued on the surface T. Conversely, an integral
of the second kind whose periods vanish is rational in z, y since it is
single-valued on T and has only poles as singularities, according to the
corollary of Theorem 19-1.

THEOREM 40-2. Let

(402) I s SIRICIRRE S S

be the principal part of the expansion at a pole P of a rational function

n(x, y) on T. Then n(x, y) is expressible in terms of normal integrals of
the second kind in the form

(40-3) n(x, 3) = 2laZo(P) + - - +
P

Cy

(-1

Z,i(P)] + ¢,

where the sum is taken for all the singularities P of n. If these singularities
occur only at finite non-singular places P= (&, n) on T, then

(40-4) S [eu(P) + - - - v @) =0
. P

Cy
+(u—1)!
(k=1,---,p).

Conversely, if a set of such places P=(£&, n) and constants c satisfy the
equations (40-4), then the second member of equation (40-3) is a rational
Sfunction of x and y with the singularities P and principal parts (40-2).

The expression (40-3) for n(x, y) is a consequence of Theorems 40- 1
and 36-1. The period 4, of the second member of (40-3) is zero since
all of the integrals Z,_,(P) involved are normal integrals. Since 5(x, ¥)
is single-valued on T the period B of the second member of equation
(40-3) must also be zero, and according to Theorem 39-2 this fact is
expressed by the equation (40-4). Conversely, when the equation
(40-4) is satisfied the second member of equation (40-3) is single-
valued on T and has no singularities except poles, so that it is indeed
a rational function of x and y.

THEOREM 40-3. The logarithm of a rational function n(x, y) on T is
expressible as an Abelian integral

log n(x, y) = log n(xs, y0) + f dn/n
(40-5) ¢

= log n(x0, y0) + fc (ﬂ:_fv - "Ivfz)dx/’?fv-
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The only singularities of this integral are logarithmic singularities at the
zeros and poles of n(x, v). If at such a place

(40-6) n(x, y) =ct’+ - - (c #=0)
then log 1 has at that place an expansion
(40-7) logn=vlogt+co+ct+---.

The periods of the integral for log n are all integral multiples of 2mi.

The first statement of this theorem is evident. At a place where
n(x, ¥) has the expansion (40-6) we see that the expansion for dn/ndt
has the form

dn/ndt = v/t + 1+ et + - - -

from which it follows that the integral for log n has an expansion
(40-7). The periods for log 7 are integral multiples of 2 since on
opposite sides of a period cut the values of 5 are the same and the values
of the integral in (40-5) therefore can differ only by integral multiples
of 2mi.

THEOREM 40 - 4. Every rational function n(x, y) on the Riemann surface
T is expressible in the form

(40-8) n(x, y) = ¢ Exp [ STI(P, Po) — D II(P, Py) + nW; ]
P P’

where 1 has the range 1, - - - | p, ¢ is a constant, the symbol Exp stands for
the exponential series, the sums are taken for all the zeros P and poles P’
of n(x, v), and the coefficients n; are integers. Furthermore there exist
integers my, suck that the equations

(40-9)  ZWi(P) — LWuP) = 2mri — ey (k=1,--, p)
P P’

hold. Conversely, if for a set of places P and an equal number of places P’
there exist integers my, n; satisfying the equations (40-9) then the second
member of equation (40-8) is a rational function of x and y whose zeros
and poles are the places P and P’ respectively.

If 9(x, v) is a rational function with zeros P and poles P’ then ac-
cording to Theorem 40-3 the difference

logn — XI(P, P)) + D T(P', Py
P P’

has no singularities and is an integral of the first kind, say »;W;. It
should be noted that the set of places P will contain a particular place
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P, a number u; of times if P, is a zero of order u; of n(x, y). A similar
remark holds for the set P’. Hence 7 has the form indicated in equation
(40-8). The quotient of the values of the second member of this equa-
tion at places on opposite sides of a cut a; is Exp [2n#,7:] and #; must
therefore be an integer since the quotient of the corresponding values
of n(x, ¥) is unity. Similarly with the help of Theorems 39-1 and 39-3
it is seen that for two places on opposite sides of a period cut b, the
values of the second member of (40-8) have the ratio

Exp[ S Wi(P) — D Wi(P') + 2na;i ]
P P’

Since this ratio also must be unity it follows that there are integers m;
for which equations (40-9) are satisfied.

Conversely, if equations of the form (40-9) hold for two sets of
places P and P’ then one can readily see that the second member of
equation (40-8) is single-valued on T and has zeros at the places P
and poles at the places P’ and no other singularities. It must therefore
be a rational function.

COROLLARY. ABEL’S THEOREM FOR INTEGRALS OF THE FIRST KIND.
If a set of places P and an equal number of places P’ are respectively the
zeros and poles of a rational function n(x,y), then for every integral w of
the first kind with periods A, B there exist integers my, ni such that

(40-10) > w(P) — Y w(P') = medr + By
P P

Conversely, if for a set of places P and an equal number of places P' and
every integral w of the first kind there exist integers my, ny satisfying the
equation (40-10), then the sets P and P’ are the zeros and poles of a rational
Sfunction.

If the integral w is expressed in terms of the fundamental system W,
(k=1, .- -, p) in the form w=c,W, the equation (40-10) is an im-
mediate consequence of (40-9). Similarly (40-10) applied to an integral
W gives (40-9).

The theorem of the corollary is a special case of a famous theorem
of Abel which is to be discussed in the next chapter.

It will be interesting to study for a moment the case when the genus
p is zero, and to analyze the analogies between the theorems of this
section and the theorems concerning rational functions of x which
were developed in Section 6 of Chapter I. When p =0 the Riemann sur-
face T is itself simply connected and needs no period cuts to make it so.
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There are no integrals of the first kind, and every integral of the second
kind is single-valued with no singularities except poles on T, and hence
is a rational function of x and y. The integrals of the third kind have
periods due to their singularities but no others. In the case p=0 the
class of all rational functions of # and y and the class of all integrals of
the second kind: are evidently identical. When p >0 the class of inte-
grals is the larger. In that case the integral Z(P), for example, is a func-
tion with a single simple pole; and according to Theorem 26-4 there is
no rational function of x and y with this property when p >0.

The complex x-plane is the Riemann surface T of the simple alge-
braic function y(x) of genus p =0 defined by the equation y—x=0. On
this surface the integral Z,(P) is a rational function with no singularity
except a pole at the place P = at which it has an expansion »!/(x — £)*+!
+cot+c(x—E)+ - - - . The function »!/(x—£)"*+! has these properties
in the xz-plane, and one readily sees that it can differ from Z,(P) by at
most an additive constant. The difference Z,(P)—»!/(x—£)*+! is in
fact a rational function with no poles and hence a constant. We see then
that in this case the expansion for Z,(P) at the place P has no terms with
positive exponents. It is evident therefore that the expression (40-3)
is a generalization of the formula (6-1), described in Theorem 6-6 of
Chapter I, expressing a rational function 5(x) in terms of the principal
parts of its expansions at its poles.

Similarly the formula (40-8) above is a generalization, of a some-
what more complicated sort, of the formula (6-2) described in Theorem
6-7 of Chapter I. When p =0 there are no integrals of the first kind and
formula (40-8) can be written in the simpler form

(40-11)  9(x, y) =cExp[ZH(P, Po) — 2 N(P, Po) ]
P P’

Since p =0 the integrals II have as periods only integral multiples of
275 and each of the factors Exp [II(P, Py)] is single-valued on T with a
simple zero at P and a simple pole at P,. Hence each such factor is a
rational function of x and y. For the simple case y—x =0 one readily
verifies that

Exp [II(P, Po)] = v(x — §)/(x — &),

where v is a constant, so that formula (40-11) expresses a function
n(x) in the x-plane as the quotient of the product of the factors (x—£)
belonging to its zeros by the product of the factors (x—§£’) belonging
to its poles.



118 ALGEBRAIC FUNCTIONS [§40]

REFERENCES FOR CHAPTER V

References for the various sections of Chapter V above, in the list
at the end of this book, are the following: 13, Chapter X; 15, Chapter
XIV; 16, Chapter VII; 18, Chapters V, VII; 20, Abschnitt III; 21,
Chapters II-VII; 24, Chapter XVI; 27, Chapters XI-XX; 28, Vor-
lesungen XIX-XXII, XXXII-XXXVII; 39, Chapter VIII; 42,
Chapter XIII; 47, Chapters IV, V.



CHAPTER VI
ABEL’S THEOREM

41. Introduction. The theorem to be studied in this chapter is a
most remarkable and extensive generalization, discovered by Abel, of
the addition formulas for elliptic integrals. In the history of mathe-
matics there have been few instances in which as great an advance has
been made by one writer at one time, and the theorem is one which
every mathematician should know. Its applications range from the
addition formulas for elementary trigonometric functions to the most
advanced theories of algebraic geometry and multiply periodic func-
tions of several complex variables. -

In the following pages two forms of the theorem are given. The first
form, in Section 42 below, is more nearly the original theorem as stated
and proved by Abel [1, vol. 1, pages 146-149]. The proof as given in
Section 42 is relatively elementary but is based upon restrictive assump-
tions which are undesirable. The second and more general discussion of
the theorem in Section 435 includes the preceding as a special case and
affords a more satisfactory proof. In Sections 43 and 44 the applications
of Abel’s theorem to elementary transcendental functions and elliptic
functions are given. Section 46 contains a formula for expressing a sum
of 41 Abelian integrals in terms of p such integrals, and the last sec-
tion of the chapter is devoted to the proof of a lemma used in Section 42.

42. A first form of Abel’s theorem. The theorem to be described
here has to do with the intersections of a curve f(x, ¥) =0 with a second
curve g(x, ¥, ay, - - -, a5) =0 which depends upon a set of parameters
a, (=1, - - -, s). We shall suppose as usual that f(x, y) is an irreducible
polynomial, and that g is a polynomial in x and y with coefficients which
are rational in the parameters a,. For a particular set a,/ (e=1, - - - ,5)
it is assumed that the zeros of the polynomial g are all simple and at
finite non-singular places (., ¥:) (=1, - - - , u) on the Riemann surface
T of the equation f=0. There will be no loss of generality in requiring
further that the values x; shall all be distinct, and similarly for the y,,
since if this is not the case it can readily be brought about by a simple
linear transformation of the form x’ =ax+by, y’ =cx+dy with constant

110
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coefficients. When the properties just described hold for the sets (x;, y.)
corresponding to the particular values ¢,/ they will hold also in a neigh-
borhood of these values, and it is to such a neighborhood that the fol-
lowing theorem will apply.

THEOREM 42-1. A FirsT FOrRM OF ABEL’S THEOREM. T ke sum of the
values of an Abelian integral

1= [ o ez

taken on the Riemann surface T of an irreducible algebraic curve f(x, y) =0
from a fixed place (xo, ¥o) to the variable intersections (xi,y:) (i=1, - - - ,u)
of this curve with a second curve g(x, ¥, a1, - - -, a,) =0 of the kind de-
scribed above, is expressible in the form

(zi,v4)

(421 X n(x, y)dx = play - -, a,)

i (z0.v0)

+ ¢ log ri(ay, - - -, @) + P

where the functions p and r are rational in the paramelers a,, the sum c,
log ri contains only a finite number of terms and has constant coefficients
ck, and P is a suitably selected period of the integral.

If it is agreed that the paths of integration of the integrals in equa-
tion (42-1)shall all lie on the surface 7'’ of the integral I then the period
P can be thought of as part of the functions p and omitted.

To prove the theorem we note first that the values x, are the roots
of an equation

(42-2) O(x,81, - ,8)=0

found by eliminating y from the equations f=0, g=0. The function ®
is a polynomial of degree u in x with coefficients rational in ay, - - -, a.,
and having distinct roots x; for the parameter values which we are con-
sidering. For each of these roots z; the greatest common factor of f(x., ¥)
and g(xi, ¥, a1, - - -, a,) is linear in y. By the greatest common divisor
process applied to f(x, y) and g(x, ¥) we find therefore an equation

Yi = 'p(x"y ay, ", as)
which gives us the corresponding value y;. The function ¢ is rational in
its arguments and is the same for all roots y;. The sum

(zs,v4)

S= 3 n(x, y)dz,

s (Z9,v0)
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when the paths of mtegratlon are on T, is a single-valued functlon of
the parameters a,, - - -, @, and has the differential

as = n(x,, yi)dx,
where the differentials dx; are determined by the equations
Gx(xu ay, -, at)dxi + @dv(xi; ayg -, ae)dac =0

in which the second term is a sum with respect to o and the first is not
a sum with respect to 7. Hence

dS = — da, n(xi, ¥:) Oup (s, 0)/O (x4, a)
= R,(a;, Ty aa)dan

where the coefficients R, are rational in a,, - - -, @, since they are sym-
metric in the variables x; and therefore expressible rationally in terms
of the coefficients of the equation (42-2). Theorem 421 is an immediate
consequence of the last form for dS since a single-valued function §
whose differential has this form is expressible as a rational function of
ay, - -+, a, plus asum of constants times logarithms of such functions.
This last statement is a theorem from integral calculus, an explicit
proof of which is given in Section 47 below.

43. Elementary applications of Abel’s theorem. The familiar addi-
tion theorems for elementary transcendental functions and elliptic func-
tions can be proved by means of Abel’s theorem. In this section a num-
ber of such proofs will be given in order to illustrate the methods which
may be used in making other applications of the same sort. The follow-
ing lemma will be found frequently useful.

LemMA 43-1. If h(x) is a polynomial of the n-th degree with distinct
rools x1, - - -, Zn, and if g(x) is a polynomial of the m-th degree, then the
sum

g(x)/ W' (x:) = ¢

where c is the constant term of the quotient found by dividing xg(x) by h(x).
According to the theory of partial fractions

ag(x)/h(z) = c+ x4+ - + 2ag(x)/(x — x)k (x:)

where the constants ¢, r;, - - - are all zero unless m+1 2#n. For x =0 this
gives the desired result at once provided that none of the roots x; is zero.
If one of them is zero the term corresponding to the root x;=0 in the
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sum in the second member of the last equation vanishes, and for x=0
the equation becomes

gO)/K(©0) = ¢ — 2g(x;)/H(x)),

where the last sum is taken for the roots x,70 only. But this equation
gives again the conclusion of the lemma.

The addition formula for sin x is deducible from that for arc sin z,
and the latter is the addition formula for the integral

I = fdx/y

on the Riemann surface of the algebraic function defined by the equa-
tion f(x, y) =22+y2—1=0. If we intersect this curve f =0 by the straight
line g(x, ¥, a, b) =y —ax—b=0 the coordinates x,(i=1, 2) of the points
of intersection (x;, y:) will be roots of the equation

O(x,a,b) = (a?+ )22+ 2abx + 82— 1 = 0.
Their derivatives with respect to ¢ and b are
9x;/3a = — Ou(xi, a, b)/O'(xi, a, b) = — 2x,y:/0'(x,, a, b),
9x;/0b = — Op(x, a, b)/0'(x,, a, b) = — 29,/0'(x,, a, b),
where the primes indicate derivatives with respect to x. Hence the sum

S(a, b) = fndx/y+ z’(lac/y
0

0

has the derivative

S = — EZx;/@'(x.), Sy = — Zz/@’(x,-).

According to Lemma 43-1 these have the values
Se = —2/(1 + a?), Sy =0
and therefore

= — 2 arc tan @ = arc sin [— 2¢/(1 + a?)],

the additive constant of integration being zero since ¢=0, b=1 gives
#1=x,=0 and S(0, 1) =0. From the equations

y1 = ax; + b, ¥y = axs + b, a = (31— y2)/(x1 — %9),

Y = (1 — x.’)”’, Yo = (1 —_— x22)lI2,
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we find after simple calculations that
- 20/(1 + az) = X1)2 + X2Y1.

Hence

z W) ER S ") .
[Tansy+ [ Tansy = arcsin ot m = [T desy
0 0 0

which is the addition formula for arc sin x.
The addition formulas for

log x = f dx/x, arc tan x = f dx/(1 + x?)
1 0
can be found in a similar manner by means of the polynomials f(x, )
=y—x and g(x, v, a, b) =x*+ax+b.

44. Addition formulas for elliptic integrals.* The addition formulas
for elementary elliptic integrals can be most conveniently calculated
for the algebraic function defined by the equation

(44-1) y: — x(1 — x)(1 — k%x) = 0.

The three elementary integrals for this function have the form
Il = fdx/y, Iz = f(l - k’x)dx/y, I; = fdx/(l + nx)y.

These are readily transformable into the usual Legendre types by the
substitution x=z2"

If we intersect the curve (44-1) by the straight line y —ax —b =0, the
coordinates x; of the three points of intersection (x;, y;) (:=1,2,3) are
roots of the equation

(44-2) O(w, a,b) = k23 — (1 + k2 + a®)x? + (1 — 2ab)x — b2 = 0,
and their derivatives with respect to ¢ and b are

dx;/0a = 2x;y:/0'(x;), dx;/9b = 2y;/0'(x;).
Hence for the integral of the first kind I, the sum

3

s v = [ ax/y+ f “axfy+ [ dx/y
0

/&

* See Barnum, Abel’s theorem and the addition formulae for elliptic integrals, Annals of
Mathematics, 2nd Series, vol. 11 (1910), pp. 103-114.
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has the derivatives

Sa= 22x,/0'(x) = 0, Sy = 222/0'(x) = 0,

according to Lemma 431, and we see that S(a, b) =C.
To elimjnate the constant C we may substitute in place of x;, x2, x3
a set of the special form 0, 2/, x;. Then

[Tawry+ [Ty =c,
0 1743

and by subtracting this from the equation S(a, b) =C we find

(44-3) foﬁ dx/y + f: dx/y = foz'dx/y.

The relation between the coordinates x1, x2, x5 of the intersections P,
Py, Py of the curve (44-1) with the straight line y=ax+b, and the co-
ordinate x’ of the intersection point of the line through Ps and the
origin, is shown in the accompanying figure for the case when the curve
(44-1) and the line y=ax+b have real graphs.

Fic. 4-1

The places P,=(x,, y1) and P;=(x,, ¥;) are supposed to be given in
advance. They determine successively Ps;=(xs, y5) and P’=(x', y').
The coordinates of P, and P; satisfy the equations

vy = (1l — 2)(1 — k%), y? = 22(1 — 22)(1 — R%xy),
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and determine the coefficients @, b of the straight line joining them by
means of the equations

y1 = ax; + b, Vs = ax; + b.
It turns out that only the value i
(44-4) b = (x1y2 — %231)/ (21 — %2) = x122(1 — k2x129)/(%1y2 + %291)

is needed. From equation (44-2) we see that x;=>502/k%x;. For the
straight line through the origin and (xs, ¥;) the constant b is zero, and
from the coefficient of x in (44 - 2) it follows that x’xs=1/k2, so that with
the help of (44-4)

(44-5) a = 2125/0% = [(x1y2 + x231)/(1 — E2x1%9) |2/ 21200,

The addition formula for integrals of the first kind is the formula (44-3)
with the value (44-35) for x'.

When the substitution x =22 is made this addition formula takes the
well-known Legendre form

f: dz)V + f: dz)V = fol'dz/Y

Y= (1 — 22)(1 — k%),
7 = (z21Vs + 2.V1)/(1 — k%225).

The addition formulas for the integrals of the second and third kinds
are as follows:

fn(l — kx)dx/y + f = f + 2k2(xy202" )12,
0 0 0

fZIdx/(1+nx)y+ f 2= f + M,
0 0 0

where the integrands not indicated are the same as the preceding ones,
x’ has the value (44-5), and M has one or the other of the values

where

n(paixg) /s’
(1 + na")x"M% — ny'(x12)"/?
1+ na’ — bny’ + bna’'(— p)t/2
14 na’ — bny' — bnx'(— p)‘/”

where b= (x%2/2')V? from (44-5), and y'’=2'(1—2')(1—%%’'). The
two forms for M are given so that when » and % are real only real ex-

M = (2/p'?) arc tan

= [1/(= p)"2] log
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pressions need occur. The first is to be used when p=(1+n)(1+42/n)
is positive, and the second when p is negative. If complex quantities are
allowed arc tan % is always expressible in terms of a logarithm by means
of the formula

arc tan » = (1/24) log [(i — u)/(i + u)].

The proof of the addition formula for the integral of the second kind
is quite as simple as that for the integral of the first kind. For the inte-
gral of the third kind Lemma 43 -1 must be applied for the function 4(x)
= (1+nx) O(x). The integrations in order to find S(e, b) from its deriva-
tives S, and S, are more complicated, but are elementary in character.

45. Abel’s theorem in more general form. The theorem to be proved
in this section is the following one:

THEOREM 45-1. On the Riemann surface T of an irreducible algebraic
equation f(x, y) =0 let

I= fn(x, y)dx

be an Abelian integral with periods Ay, By across the period cuts ax, by
(k=1, - - -, p). Suppose further that £(x, y) is a rational function on T
with zeros P;=(x:, ;) and poles P! =(x!, y!) (G=1, - - -, q) distinct

F1c. 451

from the singularities of 1. Let D be a simply closed curve on T containing
all of the singularities of I but no zero or pole of &. Then

q (z¢,u35) (zi,427)
(45-1) E[ f ndx — f udx]
1=1 (z9.,¥0) (z9.v0)

= [sum of residues of n logt in D] + mwdy + niBy
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where xo, Yo is an arbitrary place on T and the coefficients my. and ny, are
integers.

To prove the theorem let I’ represent the integral

I' = log &(x, 3) = log £(xo, y0) + f fy = BTy

with properties as described in Theorem 40-3. The surface T with the
cuts indicated in Figure 45-1 is a surface T’/ for the integral 7. On
its boundary B'+4D

f 1dr f Idg/¢
B'+D B'+D

(45-2) = 2mi[sum of residues of (I/£)(d&/dx) on T"]

= 2mi ) [I(xi, yi) — I(x!, y)].

tm=]
But this integral can be calculated in another way also. By an argument
like that used in proving Theorem 37-1

(453) f IdI' = AkBk' - BkAk’ = 21ri(mkA,, + ﬂkBk),
BI

where the coefficients m and #, are integers, since the periods 4/, B{
of I’ are all integral multiples of 2w as stated in Theorem 40-3.

Furthermore
- f I'dl,
m D

where m and 7 are the places indicated in Figure 45-1. Since the sum
of the residues of 5 in D is zero, and since D contains no zero or pole of £,
the values of both I and I’ are the same at m and # and the first term
on the right side of equation (45-4) vanishes. The second has the value

(45-4) f nar =1r
D

(45-5) f I'dl = — 2xi[sum of residues of n logt in D],
D

the negative sign being taken since in (45-2) the integral around D is
taken in clockwise sense. The formulas (45-2) to (45-5) justify the
statements in the theorem.

It should be remarked that the sum on the left in equation (45-1)
can be written in the form
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q (z4,93)
2 f ndx
=1 (2¢/,95")
for a quite arbitrary pairing of the zeros and poles of £(x, y), provided
that the paths of the integrals here and in formula (45-1) are all on
the surface 7'’. If there is no restriction on the paths the last expression
may differ by a period of the integral 7 from the sum in the first member
of (45-1). If the path of one of the integrals in the equation (45-1) is
properly modified the two sides of the equation will be equal for the
values m; =n,=0.
CoRrROLLARY 1. If &(x, y) is @ rational function of parameters a,,

-, @, as well as x, y then the bracket on the right in equation (45-1) has
the form

(45-6) play, - -+ ,a) +cjlogray---,a)

where p and the function r; in the sum c; log r; are rational in a,, - - - , a,
and the coefficients c; are constants.

This follows because the expansion of the function log £(x, y, @) at a
place P, is found by substituting the branch

x = x4+ 1, y o= bt 4 -

in ¢ and expanding the resulting function log (¢, ¢) in powers of ¢ in
the form

log £(¢, ) = log £(0, a) + [£.(0, a)/£(0, @) J(t/11) + - - -

The function £ (0, a) and the coefficients of this expansion are rational
in @y, - + -, a, and hence the sum of theresidues of the product 5 log ¢
at points in the interior of D has the form described in the corollary.

Theorem 421 is a consequence of Theorem 45-1 and Corollary 1
since the poles of a polynomial g(x, y, a) on the Riemann surface T
occur only at the poles of the algebraic function y(x) and are therefore
fixed. Hence the sum of the integrals to the poles (x/, ¥/) in the formula
(45-1) is a constant and may be taken into the function p of the ex-
pression (45-6). The proof of Theorem 42-1 thus supplied by the
arguments of this section is more satisfactory than that of Section 42,
since it lays no restrictions upon the positions of the zeros (x;, y:;) on T
except that they must be distinct from the singularities of the integral I.

COROLLARY 2. If the integral I has no logarithmic singularity then there
are no logarithmic terms in the expression (45-6).

For in this case the product ndx/df has no expansion with a term of
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the form 4 /¢, and consequently the function » logé dx/dt has no expan-

sion with a term in ¢~ having a coefficient of the form log £(0, a).
COROLLARY 3. For an integral w of the first kind, an elementary in-

tegral {,(P) of the second kind, and an elementary integral w(Py, Ps) of

the third kind, the formula (45-1) of Abel’s theorem has respectively the
forms

q
Do [w(x, y) — wix!, y!)] = mudi + niBy,

=1

Z[g',(x., }’-'; P) - g-v(xnl ) :V:, 5 P)] = - (d"‘H log E/dtv+l)P + mkAlc + "chk:

=1

q
D[ (xsy yi; Py Py) — w(xi, y!; P1, Py))

i1
= log [£(P1)/E(Ps)] + med + niBy.

The first of these formulas is evident since the product ¢ logé dx/dt,
where y is the integrand of w, has no expansions with negative powers
of ¢ at places distinct from the zeros and poles of £ The first formula of
the corollary is also formula (40-10).

For the integrand »n(x, ¥; P) of {,(P) the only residue of n logé dx/dt,
except at the zeros and poles of £ is at the place P, where

ndxfdt= — w+ D24 co+ct+ -+,
log £ = log £(P) + (d log ¢/dt)p(¢/1!) + - - -,

and the residue is therefore as indicated in the second formula of the
corollary.

The required residues of n log £ for the integrand n(x, y; Py, Py) of
w(P1, Py) occur at the places P, and P,, where

ndx/dt = tl14co+ct+---,logE=logtP)+ -,
ndxjdt = —t '+ do+dit+ -, logt=log&(Py) + - .

The sum of the residues of 5 logé dx/dt at Py and P, is therefore in this
case log[£(Py)/E(Py) .

46. An expression for p+1 integrals in terms of p integrals. For the
theorem to be proved in this section the following lemma is important.
LEMMA 46-1. If p+1 places Py (k=1, - - -, p+1) are selected arbi-
trarily on the Riemann surface T the matrix || Y.(Py) || of values of the
integrands Y,(i=1, - - -, p) of a set of linearly independent integrals of
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the first kind will in general have every one of its determinants of order p
different from zero.

It has been shown in Lemma 26-1 that the determinant | ¢:(P;) |
for p places P;(j=1, - - -, p) will be different from zero unless the p
places are special. To adjoin a place P,., with the properties described
in the lemma let ¢y, - - -, ¢ip be solutions of the linear equations whose
coefficients are the rows of | y:(P;) | except the i-th. If P, is not a solu-
tion of any of the equations

cayr(P) + - - - + cig¥p(P) =0 G=1,---,9)

then the matrix | | ¥:(P)) || will have the properties described in the
lemma.

THEOREM 46- 1. If a set of places Pr=(xi, yi) (=1, - - -, p+1) is
such that the matrix | | ¥:(Px) [|G=1, -, p;k=1,-- -, p+1) hasall
of its determinants of order p different from zero, then there is a rational
function £(x, v), uniquely determined except for a constant factor, which has
simple poles at each of the places Py. If the set of places (x!, y!) (i=1,

-« -, p) are the zeros of the function E(x, y) — E(x0, o) other than (xo, ¥o),
then for an arbitrary Abelian integral

I= fn(x, y)dx

the equation

r+1 (i w) P (zi’,¥i")
(46-1) > ndx = ndx + p
k=1% (29,¥0) i=1v (z9,v0)

+ ¢;log ri + miA: + niB;

holds, where p and the functions r, are rational in the coordinates (xx, ¥i),
the coefficients c, are constants, and the coefficients m;, n; are integers.
Since the placcs Pi(k=1, - - -, p+1) are non-special we know by
Theorem 26-2 that there are exactly p=2 linearly independent mul-
tiples of 1/P; - - - P,,,, and there will be one of these £(x, y) which-is
not a constant. If we set up a basis for the divisor Q=1 and then trans-
form it into a basis for 1/P; - - - P,y normal at = o by the processes
described in the proofs of Theorems 20-2 and 21-2 we see that the
resulting functions will be rational in the coordinates (xx, yx) of the
places Pi. Hence £(x, y) will also have this property, since it is a linear
combination of products of functions of the basis by powers of z, as
described in the proof of Theorem 21- 3. The function £(x, y) must have
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a pole at each point P, since otherwise £ would be a rational function
not constant with poles among the points of a non-special subset of
r < p of the points P, which is impossible by the corollary to Theorem
26-2.

Equation (46-1) of the last theorem is equation (45-1) of Abel’s
theorem applied to the integral I and the function £(x, y) — — E(%o, ¥o).
The residues of the product 5 log (£ — &) are rational in the coordinates
(xx, yx) of the places Py, since £(x, y) has this property, and the sum of
these residues has the form p+-c; log »; as indicated in Corollary 1 of
Theorem 45-1.

The formula (46-1) is an expression for the values of I at p+1 places
Py in terms of its values at the p places P, .

47. Proof of a lemma. In the proof of the first form of Abel’s the-
orem in Section 42 use was made of the following lemma which was not
proved.

LEMMA 47 -1. If a function S(x1, - - - , x.) has a differential of the form

dS = Ri(xy, - - -, xn)dx; (i=1,---,n)

where each R; is rational in x,, - - - , x,, then S is itself expressible in the
Jorm

S = p(xl, e, xn) + ¢k lOg rk(xly Ty x"):

where p and r, are rational in xy, - - -, X., the sum ci log ri contains a
finite number of terms, and the coefficients c. are constants.

We know that the lemma is true for »=1. Suppose it is true for
n—1 and let us prove it for n. We have

aS/0xy = Ry(xy, - - -, %)
where R, is expressible by the theory of partial fractions in the form
(471) R1=P(x17 x2)”'yxn)+ EN/D“'

In this expression P is a polynomial in x, with coefficients rational in
%2, + + -, Zn; D is one of the irreducible polynomial factors in the de-
nominator of R;; N is a polynomial in x, of degree lower than the degree
of D in x, with coefficients rational in a3, - - - , 2,; and the sum is taken
for all the factors D and exponents u less than or equal to that with
which D occurs in the denominator of R,.* We may denote the roots of
D as a polynomial in x, by &, @', @', - - - . We consider them near a set
of values of x,, - - -, x, for which they are distinct. Then

* See, for example, Goursat-Hedrick, A course in Mathematical Analysis, vol. I, p. 211.
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47:2) /D= Tla/(wi = @) + aa/(x: — ) + - + @,/ (11 — )]

where @y, - - -, a, arerational in @, x5, - - - , x,. The sum is taken for all
the roots o, o, - - - of D, and the coefficients a, for the different roots
are found by permuting the roots @, o/, - - - in the expressions giving
them for o. It follows by an integration of (47-1) with respect to x, that

S = (rational function of xy, - - - , x,) + 2_a1log (31 — @)

+ Clag, - -+, xa)

since the integral of the sum of the terms after the first in (47-2) is
symmetric in the roots « and therefore rational in x,, - - -, x, as well
as x1. The coefficients a, are constants since they are functions of x.,
-+, x, explicitly and in the roots «, and since the last equation when
differentiated with respect to one of these variables, say x;, gives for
D (3a:1/9x;) log (21 — a)
a rational function of x;. This is impossible unless da;/dx,=0. The con-
stants g, are all equal for the different roots «, since a rational equation
ai(a, %2, - - -, xa) =c, when satisfied by one of the roots a of an irre-
ducible polynomial D, will necessarily have a factor in common with
D and therefore have D itself as a factor. The equation will therefore be
satisfied by all the roots of D. Hence we see that

> aylog (x1 — a) = ¢ log D,

where ¢ is the common value of the coefficients a;. But from the equa-

tions 35/0x;=R,(i=2, - - - , n) we now know that C is expressible in
terms of 23, - - -, ¥, in the form described in the theorem, which com-
pletes the proof.
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CuAPTER VII

BIRATIONAL TRANSFORMATIONS

48. Introduction. Two algebraic curves f(x, y) =0 and ¢(¢, n) =0,
defined by irreducible polynomials f and ¢, are said to be equivalent by
a birational transformation provided that there is a one-to-one cor-
respondence between their branches and that this correspondence is
defined by equations of the form

(48 1) E = E(x) )’), n = ﬂ(xy )’),
with inverses of the form
(48-2) x = x(k ), y = y(& ),

where the four functions on the right are rational in their arguments.
This is equivalent to saying that there is a one-to-one correspondence
between the places on the Riemann surfaces of the two curves, defined
by equations of the form (48-1) and (48-2).

A Cremona transformation is a transformation of the complex xy-
plane into the complex £9-plane which is one-to-one except possibly for
certain exceptional loci in the two planes and which is also defined by
equations of the form (48-1) and (48-2). A simple example of such a
transformation is afforded by the equations £=x, n=x/y and their
inverses x=§, y=§£/7. The correspondence in this special case is one-
to-one between the portions of the planes which are not on the coordi-
nate axes. It is evident that a Cremona transformation will in general
take an algebraic curve in the xy-plane into one birationally equivalent
toitin the £n-plane. But not every birational transformation of one curve
into another is a Cremona transformation of one plane into another, as
can readily be shown in special cases. The curves

$—x(x—1 =0 g-£=0,

for example, are equivalent under the transformation {=y/x, n=y/x
and its inverse x=1/(1—£?%), y=£/(1—£?), but this is not a Cremona
transformation of the xy-plane into the £n-plane.

In Section 49 below the structure and first properties of birational
transformations are discussed. In Section 50 it is shown how birational

122
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transformations may be used to reduce algebraic curves of special types
to normal forms. Thus every irreducible algebraic curve f(x, y) =0 of
genus p=0 can be transformed birationally into the straight line
n—£=0. Such curves are called unicursal curves. Similarly every curve
with genus p =1 can be transformed into the curve

w = (1= )1 - )

usually associated with the theory of elliptic integrals. Normal forms
are also deduced for curves of genus p=2 and the so-called hyper-
elliptic curves.

Projective transformations are among the most important of the
Cremona transformations. Simplifications which can be effected by
projective transformations are discussed in Section 51, and the next
three sections are devoted to the application of these results to the
determination of a second formula for the genus, the number of pro-
jective intersections of two curves, and a further formula for the
integrands of integrals of the first kind.

‘49. Birational transformations. In this section a number of theorems
applicable to the study of birational transformations will be deduced,
the first of which is the following one:

THEOREM 49 -1. On the Riemann surface T of an irreducible algebraic
equation f(x, y) =0 the values of a pair of rational functions E(x, y),
n(x, ¥), for which £ is not constant, satisfy an irreducible algebraic equation
o(&, 1) =0 in which the polynomial ¢ is unique except for a constant factor
and has a degree in n which is a divisor of the sum v of the orders of the zeros
of &(x,9) on T.

To prove this one may first show that every cycle of the algebraic
equation f(x, ¥) =0 defines a similar cycle for the variables &, 5. At a
cycle of f(x, y) =0 at which £(x, y) has a finite value «, for example, we
have expansions for £ and 7 of the form

(49-1) f=atyr+ -, n=0"4 -+ (y#0,p21).
The first of these equations has a solution
(49.2) t = ’Y—IIP(E -— a)l/ﬂ + ey,

and when this expression for ¢ is substituted in the second a cycle for
&, n is found with the equations

(493) £=a+7p, "=B7’+"‘
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For a cycle of f(x, y) =0 at which £ has a pole instead of a finite value «
the result is similar, except that the first equation (49-3) is replaced by
E=1/7v.

For a given constant « the sum of the orders of the zeros of the dif-
ference £(x, y) —aon T is », since the sum of the orders of the poles of
£(x, y) is —v. Hence for the expansions (49-1) having the same constant
a the sum of the exponents p is ». For every value £ near « the corres-
ponding expansions (49-3) define » values 7, - - -, 7,, and the pairs
(& m:) (=1, - - -, ») so determined are the totality of pairs of values
of the functions £(x, y), 7(x, ¥) on T having this value of £ A non-
singular value £ =a or £ =« is by definition one for which the exponents
p in (49-3) are all unity and the exponents ¢ not negative. With the
help of Theorem 23-1 we see that the number of singular values of £
is finite, since by that theorem the sum w; of the values p—1 for the
branch places of £ is finite.

The expansions (49-3) satisfy an algebraic equation (£, 7)=0.

Forif ni, - - -, 5, are the values of n on T corresponding to a non-singu-
lar value £ the product

(49-4) m=m)---(n—m)

is a polynomial in 5 with coefficients which are symmetricin n, - - -, 7,

and uniquely determined by the value £. With the help of the expansions
(49-3) one readily sees that these coefficients are holomorphic at non-
singular values £ =q, and that at other values they have at most poles,
by Theorem 5-2. Hence they are rational functions of £ If the poly-
nomial (49-4) is multiplied by the lowest common denominator of the
coefficients of its powers of 5, a polynomial ¥(&, n) is found which
vanishes for all pairs of values of the functions £(x, y), n(x, ¥) on the
surface T, and hence for all of the expansions (49 3).

Each irreducible factor ¢(§, 7) of ¥(&, 1) vanishes for an infinity of
values of £(x, y), n(x, y) at pairs of values (x, y) satisfying the equation
f(z, y) =0. Hence the rational function ¢ [£(x, ¥), n(x, y)] has roots y
in common with f(x, ) for an infinity of distinct values x, and we see
with the help of the corollary to Lemma 9-1 that its numerator must
be divisible by f(x, y). Thus all of the pairs of values £, n on T satisfy the
equation ¢ =0. Since the same is true of every other irreducible factor
of ¢ it is evident, by the corollary to Lemma 9-1 again, that these
factors can differ by constant multipliers only. The polynomial ¢ is
therefore expressible as a power of an irreducible polynomial ¢ and the
degree of ¢ in # must then be a divisor of ». The same argument which
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shows that the irreducible factors of Y are identical except for constant
multipliers shows also that the polynomial ¢ of the theorem is unique
except for a constant factor.

COROLLARY 1. A necessary and sufficient condition for the curves
f(x, ¥) =0 and ¢(&, n) =0 to be birationally equivalent is that the degree of
¢ in 7 be exactly equal to the sum v of the orders of the zeros of £(x, y), or
that there exists a value £ =a for which the v corresponding values of n(x, y)
on T are all distinct. If the curves f=0 and ¢ =0 are not birationally
equivalent then the genus of ¢ =0 is less than that of f =0.

If the degree of ¢ in 7 is less than » then the polynomial ¥ construc-
ted above is a power higher than the first of ¢, and for every value
£ some of the corresponding values ny, - - -, 7, will be equal. To a place
(¢, ») on the Riemann surface of ¢ =0 there correspond therefore more
than one place (x, ), and x and y cannot be expressible as rational func-
tions of £ and 5. Thus the relation between the curves f=0 and ¢ =0
is not bi-rational.

On the other hand, if the degree of ¢ in 7 is v, so that ¢ and ¥ coincide
except possibly for a constant factor, then for all except a finite nunt-
ber of values of ¢ the corresponding roots 7y, - - -, 1, of ¢ =0 will be
distinct. Each branch (49-3) must provide precisely p distinct values of
n for values of ¢ near to a, and must be primitive, by Theorem 13-1.
The totality of branches (49 3), obtained as described from the cycles
of the equation f(x, y) =0, is therefore the totality of non-equivalent
primitive branches of the curve ¢(£, n) =0. We have thus a one-to-one
correspondence between the cycles of ¢ =0 and those of f =0 defined by
the equations

(495) = E(x; y)) n = n(xy y)

The vertices of corresponding cycles are also transformed into each
other by these equations when their coordinates are finite. To each place
(&, m) near the vertex of a cycle (49-3) the corresponding solution (x, y)
of equations (49-5) is found by substituting the series

(49-6) fm oy ter o

from (49-2), in the expansions for x and y at the cycle of f =0 from which
(49-3) was deduced. Hence x and y are holomorphic functions except
for poles on the Riemann surface of the equation ¢ =0 and are rationally
expressible in terms of £ and 7, so that the relation between f=0 and
¢ =0 is birational.

If f=0 and ¢ =0 are not birationally equivalent then the polynomial
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¥ used in the proof of Theorem 49-1 is a power of its irreducible factor
¢. If Y =¢* then the set of values n,, - - -, , corresponding to a given
value of £ is composed of », groups of k£ equal values, where »; is the de-
gree of ¢ in 5. The cycles

L n=BE— eyt

from (49-3) may not all be primitive, but each will provide a primitive
cycle when the exponents of (§—¢) are reduced to a suitable common
denominator p; which is a factor of p. The sum of the exponents p corre-
sponding to a given value {=a is % times the sum of the exponents p,.
The values of the genus p for the curves f=0 and ¢ =0 are now

p=20~=1/2—v+1=kQp/2 ) —N/2+1,
pr=2(or—1)/2 — v+ 1=2p/2 v —N/2+1,

where N is the number of cycles with exponents p>1. The sum in the
formula for p, should be taken for all cycles arising from cycles (19 3)
with p>1, even though for some of them p, =1. It is evident then that
p>piwhen k>1.

COROLLARY 2. When two irreducible algebraic curves f(x, y) =0 and
o(£, 1) =0 are equivalent by a birational transformation the parameters t
and 7 of corresponding places on two corresponding branches are related by
an equation of the form

(497) t=ClT+CzT2+"‘ (§1¢0).

The equation of the corollary is equation (49-6) in slightly different
notation.

CoRrOLLARY 3. If two irreducible algebraic curves f(x, y)=0 and
@ (&, 1) =0 are equivalent under a birational transformation then the trans-
formation takes every rational function g(x, y) on the Riemann surface
T of f=0 into a rational function v(&, n) on the Riemann surface T of
¢=0. At corresponding places on T and T, the orders of g(x, y) and
v(&, n) are the same. The genus of f =0 is equal to the genus of ¢ =0.

If the equations relating x, y and £, n are

£E= £(x’ }’), n= n(x; y)
then

g(x, v) = v[&(x, 3, a2z, M}

The expansion for g(x, y) in powers of ¢ at a place P of T goes over into
the corresponding expansion for v(£, ) in powers of r by means of the
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transformation (49-7). Hence the orders of g and v at corresponding
places are the same. The genus of the curve f =0, from Section 23, is

p=wg/2 —ng+ 1

where w; is the sum of the numbers p—1 for the expansions (49-3) for
£(x, y), and n; is the negative of the sum of the orders of the poles of £.
Since these numbers for £ have the same values when calculated on the
Riemann surface T, of ¢=0 as when calculated on T it follows that the
genus of T is also p. )

We could also see that the genus of 7 is the same as that of T by
drawing on T the images of the cuts a;, b, on 7. A cut which does not
sever T has an image on T which does not sever T, and conversely. It
is evident then that the number of cuts necessary to reduce T to a
simply connected surface T{ is the same as that required to transform
Tinto T".

COROLLARY 4. Every Abelian integral on the surface T is transformed
into an Abelian integral of the same kind on the surface T\ and the new
integral has the same periods as the original one.

By a birational transformation

(49-8) x = x(& ), y =

an Abelian integral I on the Riemann surface T is transformed into one
on T by the formula

(49-9) I= f R(, y)dx = f Ru(E, m)de,
c [

where C, is the path on T corresponding to C on T and

Ry(§, ) = R[x(&, 1), ¥(& n)])(xe + x,dn/df)
R[x(£7 77): J’(E, n)](‘x‘f‘b'l - xn¢£)/¢n-

The last form is valid since along every path C; on T} the values of ¢
and 7 satisfy the equation ¢ =0 and their differentials along the path
satisfy ¢:dt+¢,dn=0. The expansion for the former of the integrals
(49-9) in powers of ¢ at a place P on T is transformed into the expansion
in powers of 7 for the latter at the corresponding place P, of T, by the
formula (49-7), since this formula relates places (x, ) and (¢, n) satis-
fying equations (49-8) on the cycles with vertices at P and P,, and since
the function R, was so defined that for paths or cycles which satisfy
(49.8) we have always Rdx = R.dt. Hence we see that the singularities
of the two integrals at corresponding places have the same character,
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and the orders of the principal parts are the same. The periods of the two
integrals are the same since the period cuts on 7 can be taken as the
images of the cutson T.

As a consequence of the equivalence of the expansions of an integral
at corresponding places on T and T by means of equation (49-7), one
verifies readily that an elementary integral of the first kind is trans-
formed by a birational transformation into one of the same kind; an
elementary integral {o(P) with a single simple pole is transformed into
a new integral of the same kind except for a constant factor; an ele-
mentary integral {,(P) goes into an integral with a single pole of order
v+1 but with a principal part for its expansion at the pole which is
possibly different from that of {,(P); and an elementary integral of the
third kind is transformed into a similar integral except for a constant
factor.

50. Curves of genus p=0 or p=1, and hyperelliptic curves. A wuni-
cursal curve is by definition one which is representable in the parametric
form

(50-1) x = Ri($), y = Ry(¢),

where R, and R; are rational functions of a parameter { such that each
point (x, ¥) on the curve is determined by one and but one value of ¢.
By means of the theory of birational transformations developed in the
last section it can be shown that every algebraic curve of genus p =0 is
representable as a unicursal curve and is birationally equivalent to the
straight line n — £=0. Curves of genus p =1 may be called elliptic curves
since they are always transformable birationally into the simple curves
usually associated with the theory of elliptic integrals. Hyperelliptic
curves are related curves of genus p>1, and curves of genus p=2 are
always of hyperelliptic type. These are the results which are established
in the theorems of this section..

THEOREM 50-1. Every irreducible algebraic curve f(x, y) =0 of genus
p =0 1is representable as a unicursal curve, and conversely.

We have seen in Theorem 26-4 that when an irreducible algebraic
curve f(x, y) =0 has genus p=0 there always exists a rational function
¢(x, y) with a single simple pole. According to Theorem 49-1 the ration-
al functions

(50-2) £={(x, ), n = {(x,y)

on the Riemann surface of the curve f(x, y) =0 satisfy an irreducible
algebraic equation, and we see by inspection that this equation is
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¢ =n—£t=0. Since the degree of ¢ in 7 is the sum of the orders of the
zeros of {(x, y), which is unity, it follows by Corollary 1 of the last sec-
tion that the curves f=0 and n—{ =0 are birationally related by the
equations (50-2). Hence the coordinates x and y of places on the curve
f=0are expressible rationally in terms of {, in the form (50-1). To each
place on f=0 there corresponds one and but one place on the line n—£
=0, and therefore one and but one value ¢, so that the representation
(50-1) is unicursal according to the definition given above.

When a unicursal curve is given the functions (50 1) defining it may
be regarded as a pair of rational functions of the coordinates of the place
(& n) =(t, {) on the straight line ¢ =9 —§£=0.. According to Theorem
49-1 these functions will satisfy an irreducible algebraic equation
f(x, ¥) =0. The correspondence between ¢ =0 and f=0 defined by the
equations (50-1) is birational, by Corollary 1 of Theorem 49 -1, because
for every value x at which the v roots of the first equation (50-1) are
distinct the second of these equations defines » distinct values of y since
the curve (50-1) is now by hypothesis unicursal. We can see in a num-
ber of ways that there are such non-singular values x, for example by
the remarks at the end of the second paragraph of the proof of Theorem
49-1. Since the straight line n — £ =0 has genus p =0 it follows that the
birationally equivalent curve f=0 has the same property, according to
Corollary 3 of Theorem 49-1, and Theorem 50-1 is therefore proved
completely.

COROLLARY 1. 4 necessary and sufficient condition that an irreducible
algebraic curve f(x, y) =0 shall have genus p =0 is that it be birationally
equivalent to the straight line n —£=0.

This is evident from the arguments in the preceding paragraphs.

COROLLARY 2. A necessary and sufficient condition that the equations

(50-3) x = Ny(£)/Di(), y = N2()/Da($)

shall define a unicursal curve, where Ny and D, are polynomials without
common factor, and similarly for Ny and D., is that the resultant with
respect to ¢ of the two polynomials

(50-4)° Ni(§) — xDy(5), N2(§) — yDo(5)

is an irreducible polynomial f(x, y).

The resultant of the polynomials (50-4), formed as indicated in
Section 8, is a polynomial f(x, y) in x and y. It has no factor in x alone,
since otherwise there would be a value x for which the two polynomials
(50-4) would have a common root { for every value of y. This is clearly
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impossible, because for a fixed value of « the first polynomial (50-4) has
only a finite number of roots, and we can always select y so that none
of them is a root of the second. Since the resultant has no factor involv-
ing x alone, and with the help of formula (8-4), it follows that except for
a constant factorlthe resultant f(x, y) is the product

[y — Na(:)/Da(53)]

taken for all the roots of the first polynomial (50-4) and multiplied by
the lowest common denominator of the coefficients of its powers of y
when expressed in terms of x. This is, however, precisely the polynomial
in x and vy, analogous to ¥ in the proof of Theorem 49 -1, which is satis-
fied identically by the functions (50 - 3) when we think of them as rational
functions of the places (£, ) = (¢, ¢) on the line n—£=0. From Corollary
1 of Theorem 49-1 it follows that the line n—£=0 and the curve
f(x, ¥) =0 are birationally related by the equations (50-3) if and only if
f(x, ) isirreducible. From the second paragraph of the proof of Theorem
50-1 it follows further that the curve (50-3) is unicursal if and only if
the curves f(x, ) =0 and 7 —£ =0 are birationally related, and therefore
if and only if f(x, y) is irreducible. The corollary is therefore proved.

COROLLARY 3. For every unicursal representation (50-1) of an irredu-
cible algebraic curve f(x, y) =0 of genus p =0 the value of the parameter {
corresponding to a place (x, y) on f=0 is expressible as the value of a ra-
tional function ¢ (x, y) with a single simple pole. The most general repre-
sentation (50-1) is found from a particular one by a bilinear transforma-
tion ¢ =(at1+b)/(ct1+d).

It has been shown in the proof of Theorem 50-1 that the equations
(50-1) of a unicursal curve relate birationally the line n—£=0 and the
curve f=0. Hence the coordinates {=7=¢{ of a place on the line are
determined by a rational function {(x, ). This function can have but a
single pole, since otherwise there would be more than one place (x, ¥)
corresponding to each value { =a.

For two unicursal representations of the curve =0 in terms of par-
ameters { and {; the corresponding functions {(x, ¥) and {1(x, y) satisfy
an irreducible equation ¢(¢, 1) =0 which is linear in each of them, by
Theorem 491, since each of them has but a simple pole. Hence { and {;
are bilinearly related, as stated in the corollary.

THEOREM 50-2. Every irreducible algebraic curve f(x, y) =0 of genus
p =1 can be transformed birationally into a curve of the form

(50-5) 7”2 —(1—8)(1— k%) =0
where k is a constant.



142 ALGEBRAIC FUNCTIONS [ §50]

To prove this we note first that if two places P;, P; on the Riemann
surface T of f=0 are selected arbitrarily there is always a rational func-
tion £(x, y) which has a simple pole at each of them and no other singu-
larities. For according to the third row of the table of Theorem 26-2
there are u=2 linearly independent functions with no poles except at
P, and P;. One of these functions is not a constant, and must have poles
at both P, and Ps since if it had a pole at only one of them the genus of
f=0 would be p =0, by Theorem 26-4. If we select for P, and P, ordi-
nary places at which the values of y are distinct then the functions
£(x, y), n(x, y) =y will satisfy an irreducible equation ¢(£, 1) =0 of de-
gree 2 in 5. For according to Theorem 49-1 the degree of ¢ in 7 is a
divisor of the sum of the orders of the zeros of £, and it must be exactly
2, by Corollary 1 of Theorem 49-1, since at two places on T where £
takes a value near £= o the corresponding values of n =7y are near to
those belonging to P, and P; and are therefore distinct. The curves f=0
and ¢ =0 are consequently birationally equivalent by a transformation
of the form

(50-6) £ =&, y), n=y.

Since the equation ¢ =0 satisfied by the functions (30-6) is of the
second degree in y it has a solution which can be given the form

(50-7) 1= P(§) + Q&) [R(§)]'7,

where P and Q are rational in £ and R is a polynomial in £ having no
squared factors. Consequently the birational transformation

(50-8) £=t, 7= P + 0Em
following the transformation (50-6) takes the curve f=0 into the curve
(50-9) 7’ — R(&) = 0.

The genus of the last equation must be p =1, since it is birationally
equivalent to f=0. By examination of its two-sheeted Riemann surface,
which has no cycles except at £,=  or at the roots of R(£1), it is found
that the genus can be unity only if the degree of R(£,) is 3 or 4. If we
determine a constant £ so that an anharmonic ratio of the numbers
+1, +1/k is equal to one of the anharmonic ratios of the four roots
of R(&), or of its three roots and £, = =, then a bilinear transformation
£1=(at2+0b)/(ct2+d) can be determined which will take the four roots,
or the three roots and £, =, into +1, +1/kin suitable order. A simple
transformation of the form
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& = (& + b)/(cks + d), n1 ="eny/(cky + d)?

will then take (50-9) into a curve of the form (50-5).

THEOREM 50-3. If on the Riemann surface T of an irreducible alge-
braic equation f(x, y) =0 of genus p there exisis a rational function £(x, v)
with the sum of the orders of its poles equal to 2, then the curve f=0 is
transformable birationally into a curve of the form

(50-10) n* — R(§) =0

where R(£) is a polynomial in & with no multiple roots and of degree 2p+1
or 2p+2. A curve f(x, y) with this property is called an elliptic curve if
p=1, or a hyperelliptic curve if p>1.

The proof is similar to that of the preceding theorem provided that
we can prove, as in the next paragraph, that there exists a rational
function n(x, y) on T which for some constant value o takes distinct
values at the two places on T where £(x, ¥) —a =0. For then, by Corol-
lary 1 of Theorem 49-1, the irreducible equation ¢(§, 7) =0 satisfied by
£ and n must be of degree 2 in n and therefore birationally equivalent to
f=0. It has a solution of the form (50-7) which goes into a curve of the
form (50-9) by a transformation (50-8). The genus of the curve (50-9)
must now be p, which can be true only if R(£&) is of degree 2p+1 or
2p+2.

To show the existence of a function 5 which has two distinct values
at two places where £ has the same value o, we may first select a distinct
from the branch values of £, so that the two places P, P’ on T where
£(x, y) —a=0 are distinct. If we select ¢>2p+2 other places Py, - - -,
P, then according to Theorem 26-2 and the corollary to Lemma 26-2
the u=¢—p+1 linearly independent multiples oy, - - - , g, of the divisor
1/P, - - - P, will have a matrix of leading coefficients at P and P’ of
rank 2. Hence in the linear combination

n = U0y + - -+ + U0,

the constant coefficients # can be chosen so that the values of n at P
and P’ are distinct.

THEOREM 50-4. On the Riemann surface of every irreducible algebraic
curve f(x, y) =0 of genus p =2 there is a rational function with the sum of
the orders of its poles equal to 2. According to the last theorem every such
curve is therefore transformable birationally into a curve of the form (50 -10)
for which the polynomial R(£) has degree S or 6.

When p=2 an integrand function ¥(x, y) of an integral of the first
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kind has a divisor of the form Qy=P,P,D? X, since every such func-
tion ¥ must be a multiple of the divisor D?*/X which has the order
2—2p=—2, and since Qy has order zero. Furthermore if ¥ is one such
function, then according to Theorem 26-1 there is a second, ¢’, with
places P{, P{ in its divisor Q/ =P! P; D?*/X distinct from P,. The
places P{, P; are also distinct from P, since otherwise the quotient
¥'/¥ would have but a single pole and the genus p could not be equal
to 2. The quotient ¢’/y is therefore a special rational function with two
poles, and the theorem is proved.

51. Projective transformations. A projective transformation is one
of the form

(51-1) £ =u/w, 1 =v/w,
where
u=ax+biy+c, v=ax+byy+c, w=ax+ byy-+cs

and the determinant | aibscs| of the constant coefficients in these ex-
pressions is different from zero. It is one of the most important of the
special cases of a Cremona transformation and may be used to simplify
an algebraic equation f(x, y) =0, as indicated in the following theorems.
THEOREM 51-1. By a projective transformation an irreducible alge-
braic curve can be transformed into one with the following properties:
1. If the terms of degree k in x and y are denoted by (x, y)« so that

f(xr y) = (x: y)o + (x: )’)1 + -+ (x, y)v

then (x, y), has v distinct linear factors and contains terms in x* and y* with
coefficients different from zero.

II. The polynomial f(a, y) has a multiple root b of order q only when
the curve f(x, y) =0 has at (x, y) =(a, b) a multiple point of order q, or an
ordinary point with a vertical tangent at whick f.(a, b)#0, f,»=0,
fw(a, b)52£0. The latter case occurs only when q=2.

We shall first see that the equation

f(xr }’) = (x: y)0+ (x) y)l + ct + (xs y)" =0
can be transformed into an equation
o) = [gnlo+ [+ + 60, =0

which has the property I. For this purpose we select a line
w=cx—y+d=0
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for which the equation f(x, cx+d) =0 defining its intersections with
f(x, ¥) =0 has » distinct finite roots x. To have such a line it is only
necessary to select numerical values for ¢, d such that the coefficient
(1, ¢), of 2 in the polynomial f(x, cx+d) is different from zero, and
furthermore such that the discriminant of f(x, cx+d) as a polyno-
mial in x is different from zero. The latter selection is possible'since
f(x, cx+d) as a polynomial in #, ¢, d is irreducible when f(x, ) is irre-
ducible. We may then select the lines =0 and v =0 not intersecting on
w =0 and so that they do not pass through any intersection of w=0 and
f=0. The relation between f and its transform ¢, by the transformation
E=u/w, n=v/w, is

f(x, 3) = woE 1) = [u,v]ow + [u, v]iwt 4+ - - + [4, 9],

and we readily see that the roots of [, v], must be distinct and that
u* and v” occur in [, v],, on account of the properties of u, », w as
chosen above.

If a polynomial f(x, y) has the property I then a transformation
(51-2) x = A + Bn, y=Ct+ Dn

can be selected which will take it into a new polynomial ¢(¢, n) having
the property II as well as I. To see this we note first that the polynomial

V(x, ¥) = fzof § — 2faufofu + fuuf

in which the subscripts indicate partial derivatives of f, does not vanish
identically on the Riemann surface of f(x, ¥) =0 unless f(x, ) is linear
in x and y. If Y(x, y) were identically zero then for the branch y(x)
through a non-singular place (%o, ¥o) where f, 0 the equations

fetfuy' =0, fez+ 2fuy’ + fuy? + 13" =0,

satisfied by the branch, would imply y’’ =0, and this would mean that
f(x, ¥) =0 would be of the first degree or else have a linear factor. In the
former case the properties I and II are easily attainable, and the latter
case is impossible since f(x, y) is irreducible. We therefore can assume
¥(x, ) #0.

The property II will be attained if we can find a transformation
(51-2) taking f=0 into a new curve ¢(£, 5) on which 8%¢/d7?#0 at
every multiple point of order ¢, and on which ¢, and ¢,, vanish simul-
taneously only when ¢; also vanishes. At a multiple point (a, b) of order
¢ the polynomial f(x, y) has an expansion of the form

f(x,y)={x—a,y—b}q+...+{x_a,y_b}._
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For the transformation (51-2) we select the coefficients 4, B, C, D
with determinant different from zero so that (4, C),=0, (B, D),>0,
{B, D},#0 for every multiple point (a, b), and furthermore so that
f:B+f,D#0 at every finite zero of the polynomial ¥ (x, ¥) on T. The
first two restrictions on the coefficients insure the preservation of the
properties I after the transformation. If (x, y)= (g, ) and (¢, 1) = («, B)
are corresponding points under (51-2) the transformation may also be
written in the form

t—a=A@E—a) + B(n—f),
- y—b=CE—a)+ Dn—§).

It is evident then that
o(& 1) = f(4E + Bn, Ct + Dy)

has a multiple point of order ¢ at the image (o, 8) of each multiple point
(a, b) of order g of f=0, and in the terms {£{—a, n—B}, the coefficient of
(n—B)eis { B, D},0. Furthermore if the functions

(51'3) by = sz -+ fyD, bpy = fz:vB2 + zfszD + wa2

vanish at a point (£, 1) of ¢ =0 then ¢;=f.4 +f,C also vanishes. Other-
wise the image of (£, 1) would be a point where

(f2 fu) #= (0, 0), f:B+ f,D =0,
faafd — 2faufafy + fufd =0,

and the last two equations are not compatible on account of the way in
which the coefficients 4, B, C, D were selected above.

THEOREM 51-2. An irreducible algebraic curve f(x, y) =0 with the
property I of Theorem 51-1 has at x =00 expansions of the form

(51-4) Y=o+ Bty (E=1,2, )

for which the constants oy are the distinct finite roots of the polynomial
(1, &), =0. These places at x =0 are the only poles of the algebraic function
y(x) defined by the equation f=0. If f=0 has further the property 11 then
it has branch places only at multiple points (a, b) of order q at which f(a, y)
has a multiple root y=">b of order exactly q, or at poinis (a, b) at which
f=(a, b) %0 and f(a, y) has y=>b as a double root. At places of the laiter type
the branches have the form

(51-5) x=a-+ £, y=b+at+---.
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The expansions at ¥ =0 may be found in the manner described in
Section 14, or more directly by substituting y=vx in f(x, y) =0 and
writing this equation in the form

f(x; )’) = xy{(li v)o/x, + (1, v)lxy_l + tr + (1; v)v; = 0.
From Theorem 7-1 it follows then that v has expansions
v=ak+6kx_l+7kx_2+"' (k=1,"',l’),

and the expansions for y are therefore of the form given in the theorem.

From the property II we see that every point (e, b) at which f(aq, )
has a multiple root y =5 of order ¢ is a multiple point of order ¢, or
possibly a point with a simple vertical tangent when ¢=2. At a point
of the latter type we have f.(a, b) #0, f,(a, b) =0, f,,(a, b) #0, and The-
orem 16-1 shows that the expansion for y has the form (51-5).

52. A second formula for the genus. With the help of the properties
I and II described in the last section it is possible to deduce for the genus
p of an algebraic curve an expression in terms of the degree » of f(x, ¥) in
x and v, the orders of multiple points with distinct tangents, and the
number of cusps. This is deduced from the formula (31-1) and sup-
plements it.

THEOREM 52 1. If the order of a multiple point of an irreducible alge-
braic curve f(x, y) =0 of degree v in x and y is designaled by q then the
genus of the curve has the value

(52-1) p=0—-Dr—-2/2-24q@-1)/2—R—-1

where the sum is taken for all multiple points with distinct tangents of the
curve, R is the number of simple cusps, and I is a non-negative integer
which is zero in case the curve f =0 has no multiple points of other types.

To prove this we may first suppose the curve to have been trans-
formed by a projective transformation into one having the properties I
and II of Theorem 51-1. According to formula (8- 6) the discriminant of
f(x, ¥) with respect to y differs from the product

D(x) = fv(x) 3’1) T fv(x: yV)

by a constant factor only, since the coefficient of y” in f is a constant, by
property I. This product is therefore a polynomial in x, as one may also
see because it is rational in x and as a result of property I has no
poles in the finite part of the x-plane. The formula (52-1) is to be proved
by calculating the degree of the polynomial D(x) in two different ways.

On account of the property I it is readily seen with the help of the
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expansions (51-4) that each factor f,(x, y) has a pole of order v—1 at
x=oc0, and hence that D(x) has a pole of order »(»—1) and is a poly-
nomial in x of degree (v —1).

The zeros of D(x) occur only at finite places (a, ) where one of the
factors f,(x, ¥.) vanishes. Such places are ordinary points with simple
vertical tangents or multiple points (a, ) of order ¢ for which f(a, y)
has a multiple root y=">5 of order exactly ¢, as described in Theorem
51-2. We may further classify the multiple points as those with distinct
tangents, simple cusps, and those of other types.

At an ordinary point (e, b) with a simple vertical tangent the ex-
pansions for y and f,(x, v) in the notations of Theorem 16-1 are

y—b=alx—air+ .. [cr = — (d10/402) V2],
fu(x, y) = 24 gec1(x — a)t2 4 - - - .
Since there are two such factors f,(x, ¥,) in the product D(x), cor-
responding to the values of y on the two sheets of the cycle, it follows
that D(x) has a factor (x—a) for each point (a, b) with a vertical tan-
gent.

For each multiple point (a, b) of order ¢ with distinct tangents we
have

fo, ) ={v—ay—blo+ -
and ¢ cycles
y=b=mlx—a)+ - =19

for which the constants u, are the roots of {1, u},, according to The-
orem 16-2. Hence there are ¢ corresponding expansions

fulx, 3) = {1, m}“(x —a)l 4 ..

and D(x) has the factor (x —a)e(eD,
In the notations of Theorem 16-3 we have at a simple cusp (e, b)
the expansions

f(x,y)={x-a,y-b}2+{x—a,y—b}3+...’
y—b=pu(x—a)+r(x— @) -,

where u is the double root of {1, m}; and »=0. Hence
fﬂ(xy y) = 2A02v(x — a,)3/2 4+

Since there are two such factors f,(x, y;) corresponding to the cycle it
follows that D(x) has a factor (x —a)? for each simple cusp.
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These results give for the degree of D(x) the value
(52-2) vy — 1) =N+ 2glg—1)+3R+ 1,

where N is the number of vertical tangents, the sum is takéen for all
multiple points with distinct tangents, R is the number of simple cusps,
and 7, is a positive'integer which is zero if there are no multiple points
of other types. The formula (31-1) gives

(52:3) p= 2@ —1/2—n+1=N+R+1L)/2—v+1,

where I is the sum of the numbers » —1 taken for all cycles not arising
from vertical tangents or cusps, i.e., all cycles of more than one sheet
arising from multiple points. It is zero if all the multiple points are
simple cusps or have distinct tangents. By combining the last two equa-
tions we see that

p=0—-D0r—-2/2—- 324q@@—-1/2—-R— (- I1)/2.

It is evident from this formula that (/;—15)/2 is an integer I, and
we have seen that it vanishes if the curve f=0 has no singular points
other than multiple points with distinct tangents and simple cusps. We
can prove that in every other case it is positive. For the only factors of
D(x) not accounted for in the above paragraphs are those arising from
cycles at multiple points (e, b) whose tangents are not all distinct. At
such a point

J(x, 9) = Aa(x — a)*(y — 1),
fﬂ(x) y) = 6Aolﬁ(x - 0)“(}’ - b)B—l,
and a cycle arising from such a point has the form

(525) y—b=c(x—a)6/f+....

(52-4)

Hence the lowest power of x —a in the r factors f,(x, ) belonging to such
a cycle has an exponent of the form [ar+(8—1)s]/7, and the con-
tribution of the whole cycle to the integer I, in (52-2) is at least
ar+(B8—1)s. On the other hand the contribution of the cycle to the in-
teger I, in formula (52-3) is »—1, and the difference of these contribu-
tions is at least (a—1)r+(8—1)s+1. This difference is surely positive
since for a multiple point (a, ) every term in the expression (52-4) has
its point (@, B) in the aB-plane not on the same side of the line
(a—1)r+(8—1)s =0 with the origin, because this line is parallel to the
polygon side giving rise to the expansion (52-5) and passes through the
point (1, 1). Hence the difference I, — I, is also positive in case there are
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multiple points other than those with distinct tangents and simple
cusps.

The following corollary has an important application in succeeding
paragraphs:

COROLLARY. For every irreducible algebraic curve f(x, y) =0 of degree
vin x and y we have the inequality

Salg—1)/24+ R (v — 1)(p — 2)/2

where the sum is taken for the orders q of all multiple points with distinct
tangents and R is the number of simple cusps.

This formula is an immediate consequence of formula (52-1) since
p is always a positive number.

53. The number of projective intersections of two curves. Let f(x, ¥)
and g(x, ¥) be two irreducible polynomials not differing by a constant
and of degrees v and p, respectively, in ¥ and y, and let w =asx 4 b3y s
be a straight line intersecting f=0 and g=0 in »4p distinct finite
points. Such a line can be determined by the argument in Section 51
above. Furthermore let

u=ax+ by+ ¢, v = ax + by + 2

be selected so that %0, 2520 at the »+p intersection points and so that
the determinant of coefficients in #, v, w is different from zero. The
transformation £=u/w, n=v/w then takes f=0 and g=0 into two
curves ¢(£, 1) =0 and ¥(£, 7) =0 whose intersections are all in the finite
£n-plane since none of them are on the line w=0 in the xy-plane. The
old and the new polynomials are related by the formulas

f(x, y)/w* = ¢, n), g(x, y)/we = Y(& ).

The number of projective intersections of the two curves f=0 and g=0is
by definition the sum of the orders of the zeros of the function ¥(£, 1)
on the Riemann surface of the equation ¢(£, ) =0, or what is the same
thing the sum of the orders of the zeros of g(x, ¥)/w* on the Riemann
surface of f(x, y) =0.

THEOREM 53-1. The number of projective intersections of two irre-
ducible algebraic curves f(x, y) =0 and g(x, y) =0 is the product vp of their
degrees in x and ¥.

To prove this we see first that ¢(£, n) has the property I of Theorem
51-1 and hence that the algebraic function 7(£) defined by the equation
¢ =0 has no poles in the ﬁmte part of the &-plane. At £=00 its expan-
sions have the form
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(531) n=ak£+ﬁk+7k£-l+"' (k'——-l,"',V)

where the numbers oy are the distinct roots of the polynomial (1, «),
defined by the terms (£, ), of highest degree in the polynomial ¢.
Furthermore the terms [£, ], of highest degree in (£, n) are such that
for each a; the expression [1, a;], is different from zero, on account of
the manner in which the line w =0 was selected. It follows readily then
that Y (&, n) has no poles at finite places on the Riemann surface 7', of
¢ =0, and at £=o0 it has poles the sum of whose orders is vp, as one sees
by substituting the expansions (53-1) in the polynomial ¥. But the sum
of the orders of the zeros of Y on T, is then vp.

54. A formula for integrand functions ¢ of integrals of the first kind.
A projective transformation £ =u/w, n =v/w takes an integral

I= f\ﬁ(x, y)dx

of the first kind for an irreducible algebraic curve f(x, y) =0 into a second
such integral for the transformed curve ¢(%, n) =0, with an integrand
function which may be designated by ¥(%, 5). If we make the trans-
formation in such a way that ¢ =0 has the property I of Section 51 then
we can prove that ¥ and also ¥ have the property described in the fol-
lowing theorem.

THEOREM 54 -1. An integrand function Y(x, y) of an integral of the
first kind for an irreducible algebraic curve f(x,y) =0 can always be ex-
pressed in the form

l//(xy y) = Q(JC, y)/fll(x; )’)

where Q(x,y) is a polynomial of degree at most v—3 in x and vy, v being
the degree of f(x, y) in x and y.

Let us prove the theorem first for a curve f=0 which has the prop-
erty I of Theorem 51-1. We can infer that the sum

(54-1) Pro(x) = yFy(x, y1) + - - - + yE¢(x, 3.),
where % is a positive integer, is a polynomial in x of degree at most 2 —2.
It is clearly rational in x since it is symmetricin y,, - - -, ¥,. At a finite

non-singular point # it has no pole since the algebraic function y(x) and
the integrand ¥(x, y) have no poles over such a value x. At a singular
point x=a it is possible that ¢ has a pole of order r—1 and that some
of the terms in (54 - 1) may have expansions of the form

Cr(x — a)—‘(f’—l)/r + .. + C](x —_ a)"“l/f + Co + e,
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But since the sum (54-1) of these terms has an expansion in powers of
x—a which are not fractional, it follows that in the sum the terms with
negative exponents cancel. Hence P_s(x) has no pole at any finite value
x whatsoever and is a polynomial. At a place over x = the expansions
for y and ¥ have the form

y=ax+ﬁ+7x_l+"': ‘/’(x;y)=6x'2+dx_3+"‘;

since every integrand function ¥ of an integral of the first kind has a
zero of order at least 2 at each place over x = . Consequently each term
of the sum (54-1), and therefore P;_,(x) itself, has a pole of order at
most k—2 at x=o, and the degree of P;_2(x) in x is at most £—2. In
particular we see that P_y=P_,=0.

The equations (54-1) for k=0, 1,- - -, »—1 can be solved for the
values ¥(z, y;) by a special device. Let

f(xy y) = foy" +f1y'"1 + AR +fv
=(y — y)Boy" '+ - + B,y)
so that

fu(x, y1) = Boy»™' + - - - + B,
By comparison of coefficients in the next to last equation
Bi = foyt + fiyt=t 4+ - + fi.

Each By is of degree at most % in « and y; since each f, is of degree at
most % in x. By multiplying the equation (54 1) by B,_i_; and summing
for k=0,1,---,v—1 we find

Fulz, y¥(x, y1) = BoPy_s + B1P,s + -+ - + B,3P,,

and the polynomial on the right is of degree at most »—3 in x and y,.
Since (x, y1) is a quite arbitrary place on T the conclusion of the the-
orem is established.

If the equation f(x, y) =0 has not the property I we may transform
it by a projective transformation £ =u/w, n=v/w into a curve ¢(£, 1) =0
which does have this property. Then on the Riemann surface T of
¢ =0 an integral of the first kind has an integrand of the form Qi(%, 1)/
#.(£, n) where Q, is a polynomial of degree at most » —3. Under the pro-
jective transformation we have the following relations on the Riemann
surface T between Q, ¢ and their transforms Q, f:

f(x, ¥) = wo(§, 9), Qx, 3) = w0u(¢, 1),

(54-2)
¢€Ev + ¢»’70 = fv/w” ¢E£, + ¢»77, = 0)
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where £ =£,+£,y', ' =n.+n,y’, and ¥’ is the derivative of the alge-
braic function y(x) defined by the equation f=0. The last two equations
{54-2) give the value

$o = Ef/w(Eny — En) = Ef /w3,
where A is the determinant of the coefficients of #, v, w. Hence we find

Qo oo (L2,

éq(&,m) fulx, ¥)
Since Q is of degree at most »—3 and every integral of the first kind on
T is the transform of one on T\ it follows that the conclusion of the
theorem is true for an arbitrary irreducible curve f(x, y) =0.

The polynomials Q(x, y) which occur in the numerators of the inte-
grands ¥ =Q(x, v)/f,(x, ¥) of integrals of the first kind are called ad-
joined polynomials of degree v—3. There are evidently p linearly inde-
pendent polynomials of this kind such that every adjoined polynomial
of degree » —3 is expressible linearly in terms of them.

THEOREM 54-2. If an irreducible algebraic curve f(x, y) =0 of degree
v in x and y has the properties 1 and 11 of Theorem 51-1, and if in the
projective xy-plane it has no singularities other than multiple points with
distinct tangents and simple cusps, then its adjoined polynomials of degree
v—3 are characterized by the properties that they vanish at each cusp and
have multiple points of order at least ¢—1 at each multiple point of order
gof f=0.

If Q(x, y) is a polynomial of degree » —3 in x and y the integral

Q(x, y)

—_— d.’\'

(%, )

has no singularity at a place over x =0 . For at such places the expan-

sions of Q and f, are found with the help of the formula (51-4) to have
the forms

(54:3)

Q(x’ y) = xvos(Co -+ cl/x -+ Cz/x2 4+ - .)’
ful®, ) = @ o+ di/x + do/xt A ) (do #0).

The constant d, is different from zero since it is the value (1, )., of the
derivative with respect to y of the polynomial (x, ), of Theorems 511
and 31-2 at one of the distinct roots « of (1, «),. Hence the integrand
of the integral (54-3) has a zero of order at least 2 at each place over
x=00 and is finite.
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The only other places where the integral could have singularities are
finite places at which the derivative f, vanishes. These places arise from
points (e, b) at which the curve f=0 has a vertical tangent, a multiple
point with distinct tangents, or a simple cusp. It is easy to see by an
examination of the expansions used in the proof of Theorem 52-1 that
the quotient (dx/d?)/f, has no singularity at a cycle of two sheets cor-
responding to a vertical tangent, and that it has a pole of order ¢—1
at each cycle corresponding to a multiple point of order ¢, and a pole of
order 1 at a cycle corresponding to a cusp. It follows then that Q(x, y)
must have the properties of the theorem if the integral (54 3) is to
remain finite everywhere, and conversely.

The number of coefficients in a polynomial Q(x, y) of degree »—3 is

1424 - 4+v=2=(0-1)F-2)/2.

The condition that Q(x, y) shall have a multiple point of order ¢—1 at a
point (g, b) imposes

1+24+- +g—1=4q(g—-1)/2

linear relations on these coefficients, and the condition that Q shall
vanish at a cusp imposes one such linear relation. Hence the number of
arbitrary constants remaining in an adjoined polynomial of degree »—3
is

(54-4) v—10—2/2- Xq@q-1)/2—R,

where the sum is taken for all the multiple points with distinct tangents
of the curve f=0, and R is the number of simple cusps. But the ex-
pression (54-4) is precisely the value of the genus p given by formula
(52-1), as it should be since there are exactly p linearly independent
adjoined polynomials of degree » — 3, as we have seen above.
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CHAPTER VIII

THE REDUCTION OF SINGULARITIES
BY TRANSFORMATION

55. Introduction. There are two famous transformation theorems in
the literature of the theory of algebraic curves. The first of these states
that every irreducible algebraic curve can be transformed by a Cre-
mona transformation into another algebraic curve which has no singu-
larities other than multiple points with distinct tangents. The second
theorem asserts that every irreducible algebraic curve can be trans-
formed by a birational transformation into another such curve having
no singularities other than double points with distinct tangents. For
convenience we may designate these theorems in this chapter as The-
orems A and B.

Theorem A has been with universal agreernent ascribed to Noether.*
In 1871 he stated the theorem and indicated a proof which has since
been perfected and modified by many writers. The proof in Section 56
below is one which was published by Picard and ascribed by him to
Simart. Theorem A has frequently been made a starting point for the
theory of algebraic functions. For if the curve f=0 has no singularities
other than multiple points with distinct tangents many of the proofs
of theorems concerning the algebraic function y(x) associated with it
can be greatly simplified. An example in the preceding pages of such a
discussion is the determination of the properties of adjoined poly-
nomials of degree »—3 in Theorem 54-2.

The precise origin of Theorem B is much less easy to determine.
The first published statement and proof of the theorem seems to be one
by Halphen in 1884. But Halphen ascribed the theorem to Noether;
Klein states that he first heard of it from Kronecker in 1869; and other
writers before 1891 seem to have regarded it as familiar material. Since
1891 the literature concerning the theorem has been greatly extended.
Many of the published proofs have, however, been criticized, and none
of them has apparently been adopted with universal or even with wide-
spread approval. In the reference cited above the writer has called at-

* For the literature and a discussion of the various methods of proof of Theorems A and
B see the paper [43] by Bliss.
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tention to the fact that there are really two Theorems B, one for the
projective xy-plane, and one for the function-theoretic plane consisting
of all the pairs of values (x, y) for which x and y themselves range over
two complex planes. The distinction between the theorems in the two
cases has not been clearly made in the literature, though they do not
seem to be easy consequences of each other. If a curve has only double
points with distinct tangents in the projective plane it will in general
have singularities of a much more complicated sort in the function-
theoretic plane, and vice versa.

The proofs of the two Theorems B in the following pages are based
upon a most interesting memoir of Kronecker concerning the discrimi-
nant of an algebraic function, published in 1881. Hensel and Landsberg
extended Kronecker’s results to secure a proof of Theorem B in the
function-theoretic plane. Their proof is given, with some modifications
by the writer, in Sections 59 and 60 below. A similar extension has been
made by the writer in order to secure Theorem B in the projective plane,
which seems considerably more difficult to prove. These methods are
described in Sections 57 and 58. There are many other proofs in the
literature, but the ones based upon the results of Kronecker are perhaps
the most interesting from the standpoint of the theory of algebraic func-
tions because of the information, important in itself, which they give
concerning the structure of the discriminant. It should be noted that the
proofs of Theorem B in the following sections are purely analytic in
character, dependent only upon the expansion theorems of Chapter II
and the theory of rational functions in Chapter III.

56. Reduction of singularities to multiple points with distinct tan-
gents. The theorem to be proved in this section is the following one:

THEOREM 56 - 1. By a succession of projective and Cremona transforma-
tions of the form

(56-1) §=1x—aq, n=(x—a)/(y—b)

every irreducible algebraic curve f(x, y) =0 can be transformed into one
having no singular points in the projective plane other than multiple points
with distinct tangents. This property will be designated as property 111
of 1 =0.

First let us suppose a projective transformation to have been ap-
plied so that f=0 is a curve having the properties I and II of Theorem
51-1. The intersections of such a curve with the line at infinity are all
distinct, as one readily verifies, and hence all of its multiple points are
finite.
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Consider then a finite multiple point (a, b) of order ¢ with tangents
not distinct, and suppose that the x- and y-axes have been rotated so
that each of the lines x =a and y = b has exactly ¢ intersections with the
curve at (a, b) and all of its other intersections with the curve finite and
distinct from each other and those at (a, b). If we apply the transfor-
mation (56-1) the original and transformed curves are

(56 2) fla,y)=(x—a,y—=b)+ - +(—ay—10),
(56:-3)  ¢(&,m) = (n, Dgn= ¢ + & (0, Dopan*™27 4 -+ + £74(n, 1),.

The latter is of degree 2v —¢ and in homogeneous coordinates £, 4, { has
the form

(564) (779 f)qﬂ”—qi‘”—q + f(’?, ?)‘H—ln‘hq—lgw—llhl + e + E”_"(ﬂ, ?)V

At the vertices of the coordinate triangle in the &n{-plane we find
multiple points of ¢ =0 determined by the initial terms

(1, O,
(ly O)q g-y_q + E (ly 0)q+1 g—v-q-—-l + tre +' Ev_'l(ly O),,,
0, Dgn= 7+ £(0, Dgpan= 7 + - - - + £7%0, 1),.

On account of the property I and the choice of axes these have distinct
tangents. On the lines { =0 and n=0 there are no other intersections.
On the line £=0 there are ¢ other intersections which may lie in mul-
tiple points the sum of whose orders is at most g.

A second multiple point (a’, b’) of f=0is transformed by (56-1) into
a point (a’, ') not on the coordinate axes in the &n-plane, since the
lines x—a=0, y—b=0 do not pass through it. If we write the trans-
formation (56 1) in the equivalent form

s—d =t—a, y—b=[E—a) — (-8B

we can verify readily the fact that a multiple point (a’, b") of (56-2)
transforms into a multiple point of (56-3) or (56-4) not on aside of the
coordinate triangle in the &n{-plane, and the new multiple point has the
same order as before and has distinct tangents if the tangents at
(a’, b’) are distinct.

The accompanying figures show schematically the results of trans-
forming the multiple points. The lines z=0 and {=0 are the lines at
infinity. The letters at the corners indicate the orders of the multiple
points. The multiple points at the corners in the £7{-plane have distinct
tangents. The sum of the orders of those on the line £ =0 and not surely
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having distinct tangents is at most ¢, and hence each of them has multi-
plicity less than ¢ unless there is only one.

If there is only one multiple point on the line £ =0 aside from those
at the vertices of the coordinate triangle the same process may be ap-
plied again to that multiple point. It will be shown in the next para-
graph that after a finite number of such steps the original multiple point

Fi6. 561

of order ¢ will surely be replaced by multiple points with distinct tan-
gents and possibly by a number of others each with multiplicity less
than ¢ and with the sum of their multiplicities less than or equal to g.
It is evident then that after a finite number of such transformations it
can be brought about that all of the multiple points remaining have
distinct tangents.

To prove that after a finite number of projective and Cremona trans-
formations like those described above there will surely be more than one
multiple point distinct from the corners on the side £ =0 of the coordi-
nate triangle, let us assume that the contrary were true. Let C and C,
denote, respectively, the curve f=0 and the curve deduced from it by a
first projective transformation and transformation of the form (56-1).
The degree of C, would be »,=2v—q¢=2(v—¢)+¢, and C; would have,
in place of the original multiple point (e, ) of order ¢, three new mul-
tiple points with distinct tangents of orders » —gq, v —g, v at the vertices
of the new coordinate triangle, and one of order ¢ on the axis £ =0 which
would possibly have tangents not distinct. We could then repeat the
process on C; and the multiple point of order ¢. If the same result were
always attained after successive transformations we should find a suc-
cession of curves C; of degrees v, =2%(v —¢q) +¢ and the multiple points
with distinct tangents introduced after transforming C, would have
orders v —gq, v —q, vx. For the curve C, however, we must have

2og(g — 1)/2 £ (m — D — 2)/2,
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according to the corollary to Theorem 52-1, where the sum is taken for
all multiple points with distinct tangents of C;. In particular for those
introduced for C; by the successive transformations we would have

k—1

-1
Sl — qu, ~ =D +n0 = 1)/2] = 3/2)0 — q>’ 1
k .
P Ak pe YR —"3’-—2——- < G0 — D — 22,

where it is understood that vo=v». The second form for the first member
of this inequality is found by substituting the value v, =2*%(v —¢) +¢ and
summing the coefficients of the powers of » —¢. By the same substitution
in the second member this would reduce to

=92+ —9Q2¢—3)/2+(q—1D@—2)/2—kgg—1)220

which is impossible if % is sufficiently large. Hence at some stage there
must be a curve C for which the original multiple point of order ¢ of C
is replaced by multiple points with distinct tangents and multiple
points of orders less than q.

57. Curves in the projective plane with double points only. If the
substitution x =x,/x3, ¥ =,/xs is made in an irreducible algebraic equa-
tion f(x, ¥) =0 this equation will take the form

g(x1, xg, x3) = 2 f(x1/ %3, X3/%3) = 0

where g is a homogeneous polynomial in xy, x2, 5 with the degree » which
f has in x and y. The equation g=0 defines a curve in the totality of
points (x1, %2, x5) which constitute the projective plane.
Each primitive branch of one of the two forms

x =1, =b++ b+,
(57-1) Y ,

x=a++1?, yo=btr 4+ b 4+
which satisfies the equation f=0, defines a branch satisfying g =0 of the
form

(57-2) =0+ at+ - (i=1,2,3)

with (a, as, as) (0, 0, 0). It can be readily verified that every point
(1, 2, 23) in a neighborhood of (a1, as, as) on one of these branches cor-
responds to one and but one value of ¢ near ¢=0, since the branches
(57-1) are primitive and have a similar property. A branch (57-2) which
has this property is also called primitive.
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A linear branch (37 2) is one for which the mairix

‘; ay as as
i

I al [24] a3

has rank 2. If the coordinate a3 is different from zero, for example,
equations (57-2) give

ro=a/x3 = ay/ag + (s — qas)t/ad 4 -,

v = X/ = as/ay + (a3 — agoz)t/ad + - - -
Since the determinants in the coefficients of ¢ cannot both vanish when
the matrix above has rank 2, it follows that in terms of x and v the
branch has one of the forms

y—=b=oal(x—a)+ -,

57-3
G739 by=B+ -,

I

X —a

where a=a,/a;, b=ay/as, c; = (a0 — a203) /(@301 — a103) and d, is the re-
ciprocal of ¢;. Hence a linear branch is one on which y —b is expressible
in positive integral powers of x —a, or vice versa.

“Two linear branches with the same vertex a,:a::a; have distinct
tangents provided that the determinant

Iay as as
1
ay Qg 2%}
af af af

is different from zero, the constants o/ being the coefficients of ¢ in the
second branch. This can be readily verified by comparing the values of
the constants ¢, for the two branches.

If two curves g =0 and g, =0 are equivalent under a projective trans-
formation of the form

Pyz = a,\, + A.2X2 + a,3%3 (i = 1; 21 3)

with determinant |a, |#0, then this same transformation takes the
totality of primitive branches satisfying the equation g=0 into the
similar totality for gy =0. Furthermore a linear branch is transformed
into a linear branch, and two branches with the same center but dis-
tinct tangents are transformed into two other branches with the same
property.

A curve g =0 is said to have no singularities other than double points
with distinct tangents if all of its branches are linear, if the same center
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(@1, a1, as) is never shared by more than two branches, and if every pair
of branches with a common center has distinct tangents.

THEOREM 57-1. The following conditions A and B are sufficient to
insure that an irreducible curve f(x, v) =0 of degree n in y has no singular-
ities other than double poinis with distinct tangents in the projective plane:

A. At x= the n values of the algebraic function y(x) defined by the
equation f(x, y) =0 are given by expansions

(57-4) y=abe+b/amt4 ) (k=1,--,n)

with distinct constants by, and y(x) has no other poles.
B. The discriminant of y(x) has the form

D(x) = V(x)?A(x)

where A(x) is the product of the factors (x—a) ! belonging to cycles of r
sheets, and V(x) is a polynomial with roots distinct from each other and
those of A(x).

The most convenient formula for the discriminant for the proof of
this theorem is

(57-5) D(x) = f&"2 JT(y. = 30)? (G k=1, ,n),
<k
where fo is the coefficient of y» in the polynomial f(x, ¥) and y1,- - , ya
are the roots of f(x, ¥). It is the formula (8 5) except for an unessential
constant factor.
To prove the theorem let f(x, ¥) be expressed in the form

f(xy }') = (x) }')o + v + (x; y)v

where (x, v). is homogeneous and of degree k in x and y. From the as-
sumption that the series (57-4) satisfy the equation f=0 it follows
readily that (1, 4,),=0 for every value of %, and hence that (x, y),
is of degree exactly # in y since by the hypothesis of the theorem it is
of degree at most # in y. Furthermore the degree » of (x, y), in x and y
together is equal to # since otherwise (x, y), would have a term in y»
multiplied by a power of x and the coefficient of y" in f would be a poly-
nomial in x. The function y(x) would then have poles at finite values of
x as well as x = o contrary to the property A of the theorem. The # in-
tersections of f=0 with the line at infinity are defined by the equation
(%, ¥).=0 and are distinct. None of them is a multiple point of the
curve. Since the term y actually occurs in (x, y). it follows that fo
is a constant different from zero.
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For a root x=a of A(x) the » values of y are given by one or more
expansions of the form

(57-6) y=b+d(x—a)ir+ .-

Each of these series furnishes 7 values of y and 7(»—1)/2 differences
y:—9y: in the expression (57-5), each with a factor (x—a)Vr at least.
Hence if D(x) contains at most a factor (x—a) ! for each cycle, as
indicated in assumption B, it follows that no two of the series (57-6)
defining different cycles over x =@ can have the same constant term b,
and for each of these series the coefficient b’ is different from zero. The
value y =0 is therefore exactly an r-tuple root of f(a, y), by Theorem

13-2, and (y—b)" is the lowest power of (y—b) alone occurring in the
expansion

(577) f(x)y)=(x"'a)y_b)l"l""'+(x_afy—b)n

at (x, y) =(a, b). It can readily be verified that the series (57-6) will
satisfy f=0 identically only if the term in x—a is present in (x—a,
y—>5);. Hence none of the points (a, b) corresponding to a root x=a of
A(x) is a multiple point of the curve f=0.

At a root x=a of V(x) the series (57-6) for y(x) all have r=1 since
by the assumption B no such root is a branch value of x. Since D(x)
has exactly the factor (x—a)? it follows that only one of the differences
y:—y: vanishes at x=ga, and that for this difference the expansions are

yi=bta—a+ -,

(57-8)
yk=b+cz(x—a)+...’

with ¢;¢,. The polynomial f(a, y) has no multiple root except the
double root y =b,and (y—bd)?is the lowest power of y —b alone occurring
in the expression (57-7). The two series (57-8) can satisfy f=0 identi-
cally only if the terms of the first degree in (57-7) are absent, and if
(1, ¢1)2=(1, ¢2)2=0. Hence the point (a, d) is a double point of the curve
f=0 with distinct tangents.

At every point =a not a root of D(x) the roots y=25 of f(a, y) are
distinct and the corresponding points (a, b) are ordinary points of the
curve f=0.

It is easy to verify that the projective branches (57-2) for the curve
f=0 corresponding to the branches (57-4), (57-6) and (57-8), and to the
non-singular branches satisfying f=0 as well, have the properties re:
quired in the definition of a curve with no singularities in the projective
plane other than double points with distinct tangents.
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58. Reduction of singularities in the projective plane to double
points with distinct tangents. In this section it is proposed to prove the
following theorem:

THEOREM 58 1. An irreducible algebraic curve f(x, y) =0 can always
be transformed by a birational transformation into a second such curve
(&, 1) =0 having no singularities in the projective £n-plane except double
points with distinct tangents.

Let us consider first a divisor Q =Py~!- .- P;! containing ¢ >2p+2
distinct places on the Riemann surface T of f=0. Such a divisor has
p=¢—p-+1 linearly independent multiples o,(x, y) (z=1, .- u),
according to the third row of the table of Theorem 26-2. The theorem
of this section is to be established by constructing two multiples

£(x,y) = wo1 + - - + w0,
n(x, y) = vier + - -+ + 0,

of the divisor Q having constant coefficients %,, v, and satisfying an ir-
reducible equation ¢(£, n) =0 birationally related to f(x, y) =0 and hav-
ing the properties A and B of Theorem 57-1.

Since by the corollary to Lemma 26-2 the leading coefficients in the
expansions of the functions ¢; at each of the planes P, (k=1, - - -, q)
are not all zero we know that the constants u, can be selected once for
all so that the function £(x, y) has a simple pole at each of these places.
If at one of the places Py

£=th_l+'--, °'i=CLkr—l+"'
then 7 has a corresponding expansion in powers of 1/£ of the form
(58-1) n=EB+BE+ ),

where 8:=7v.¢.1/ck, this expression being summed for i but not for 4.
According to the corollary to Lemma 26-2 the matrix of coefficients ¢y,

-, ¢ux for two of the places P, has rank 2, and it is evident that no
two of the linear expressions 3xin v, - - -, v, have coefficients which are
proportional. It follows then that if in selecting numerical values for
v, - - -, v, we avoid solutions of a certain system L of linear equations
the values 8, will all be distinct. Corresponding to a value £ in a neigh-
borhood of £ = the ¢ values n defined by the series (58-1) will be dis-
tinct, and according to Corollary 1 of Theorem 491 the irreducible
equation satisfied by £ and 7 will therefore be of degree ¢ and will be
birationally related to f(x, y) =0.
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If we denote by m1, - - -, 7, the values of the function n(x, y) cor-
responding to a fixed value of £(x, y) then the product

(582) ¢('01,"','0p, E; 77)= (7)"171)"'(77—%)

is a polynomial in vy, - - -, v,, £, #n. We see this because the coefficients
of its powers of 5 are symmetric in #,, - - -, n, and therefore poly-
nomials in o5, - - -, 9, and rational in £ and they are polynomials in
£ since they have no poles except at £ = . This is due to the fact that
n(x, ) has no poles except at those of £(x, ¥). The discriminant of the
polynomial (58-2) with respect to 7,
D@y, - -0, 8) = [T — ) (k1=1,---,9),
k<l
is also a polynomial in the variables vy, - - -, 9,, £. It may be written in
the form W (v, - - -, v, £)A(¥) where A(§) is the product of its ir-
reducible factors containing £ alone.
Near every place P distinct from the poles of £(x, y) on the Riemann
surface T of f=0 we have expansions

) f=a+tatt+ .-, oi=oa;+alt+ -
and a corresponding expansion
(583) 77='Y+‘Y/(£—¢X)””+"-

where vy =v,0,, v’ =v.a) (a’)~/». The values 7, corresponding to a value
£ near £ =« are given by a number of expansions (58-3). Each of them
contributes a number p of the values 7, and the corresponding p(p —1)/2
differences 7, — 7 contribute a factor (£ —a)*~! to D when the coefficients
v; are indeterminates. The polynomial A(£) therefore contains the factor
II(£ —a)»~! where the product is taken for all of the expansions of the
form (58- 3) corresponding to £ =c. It can contain no more factors { —«
since from the corollary to Lemma 26-2 it follows that when the
variables »; do not satisfy a certain system of linear equations the
constant terms v in the expansions (58-3) corresponding to £ =« are all
distinct, and the coefficients v’ are all different from zero. Hence for
such a particular selection of the », the discriminant D contains only the
factor II(¢—a)»~!, and D can evidently not contain more factors £ —a
when the coefficients v; are indeterminates.

The factor W of the discriminant is the product of a number of
irreducible polynomials in the variables v, - - -, v,, £ Each of these
irreducible factors must occur at least twice in W. Otherwise we could
select special values for the coefficients v; such that the roots £ of the
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distinct irreducible factors of W would all be distinct and distinct from
the roots of A(£). A zero & of a simple irreducible factor of W would then
be a simple root of D distinct from the branch values of £ But this is im-
possible since £ must be a zero of one of the factors n,—n; when ex-
panded in powers of £—£,, and each such factor occurs twice in D. No
irreducible factor of W can occur more than twice in W. For when we
substitute a value £, distinct from the branch values of £ the polynomial
W becomes the square of a product of factors 7, —n, which are linear
in v, - - -, 9,, and such that no one is a constant times another, as one
can see with the help of Lemma 26-2 and its corollary. Hence no
one of these factors can occur three times in D. It follows that D=

V(vy, - - -, v, £)?A() where V is a product of distinct irreducible fac-
tors no one of which contains £ alone.
It is a simple matter now to see that the coefficients vy, - - -, v, can

always be selected numerically so that the polynomial ¢(%, #) has the
properties A and B of Theorem 57 1. We may select them not satisfying
a certain system L of linear equations, described in a preceding para-
graph, in order that the coefficients 8 in the expansions (58-1) shall all
be distinct; and we may furthermore select them so that the roots £ of
the irreducible factors of V(vy, - - -, v,, £) are all distinct from each
other and from the roots of A(£). Then the properties A and B are as-
sured. The curve ¢(£, ) =0 is birationally related to f(x, y) =0 and has
no singularities in the projective plane other than double points with dis-
tinct tangents.

59. Curves in the function-theoretic plane with double points only.
When homogeneous coordinates x1, x2 and y1, ¥» are introduced in the
equation f(x, y) =0 by means of the relations x=x,/x;, y=y/y, an
equation of the form

h(xy, 295 1, ¥2) = 2"y f(21/ %2, y1/y2) = 0

is obtained, m and » being the degrees of f in x and y respectively. The
polynomial % is homogeneous and of degree m in x, and x,, and homo-
geneous and of degree » in y; and y,. When set equal to zero it definesa
curve in the function-theoretic plane of points (21, x2; y1, ¥2).

The primitive branches (57-1) which satisfy the equation f=0 are
transformed into branches of the form

(59-1) am=aitat+- -, yi=b+Bt+- - (i=12)

satisfying the equation #=0 and having (ai, as) = (0, 0), (b1, b2) #(0, 0),
and furthermore such that each point (x1, x2; y1, ¥2) on the branch and
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sufficiently near the center (ai, as; b1, ) is defined by only one value of
¢t near £=0. A branch with this property is said to be primitive, and it is
furthermore said to be linear if the determinants a,os—as; and
b182 — byB; are not both zero. Two such branches with the same vertex
are said to have distinct tangents if the expression

(ar0f — apaf )(b{ B2 — b5 B1) — (a @ — af ar) (b7 — 62B1)

is different from zero, where the primes designate coefficients of the
second branch, and it is understood that (af, af)=(ka,, ka:) and
(b, bf)=(lb), lb;) for two branches with the same vertex. A linear
branch is always representable in one of the forms (57-3), as one
readily verifies.

If two curves =0 and %; =0 are equivalent under a bilinear trans-
formation of the form

px! = a,ux + ., oy, = Buyr + Buy: (i=1,2)

with determinants | e | and | 8. different from zero the totality of
primitive branches satisfying 2=0 will transform into the similar
totality for 4 =0, and the properties of linearity, and distinctness of
tangents for two branches with the same center, are preserved.

A curve ~£=0 with no singularities other than double points with
distinct tangents is now defined to be one whose primitive branches
are all linear and such that no vertex is shared by more than two of
them, and furthermore such that every pair of branches with a common
vertex has distinct tangents.

THEOREM 59-1. An irreducible algebraic curve f(x, y) =0 of degree
n in y has no singularities except double points with distinct tangents in
the function-theoretic plane, provided that the algebraic function y(x) de-
fined by the equation f=0 has the following properties:

A, At x= o the function y(x) has distinct finite values.

Az, The poles of y(x) are simple and at values x =a distinct from each
other and from the branch values of x.

B. The discriminant of y(x) has the property B of Theorem 57-1.

From the property A, it follows that the branches giving the values
of y(x) at x = have the form

x = 1/1, y=bi+ct+ - (=1 -,n)
where the constants b, are distinct. These define branches (59-1) which
are linear and have vertices distinct from each other and those of other

branches which satisfy f=0. Similarly at the poles of y(x) we have
branches
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x = ax+ ¢, y=bttt+cr+dit+ .-

with distinct values a;, and those branches define branches (59-1)
which are linear and have vertices distinct from each other and those
of other branches. The remainder of the proof is similar to that of The-
orem 57-1.

60. Reduction of singularities in the function-theoretic ;;lane to
double points with distinct tangents. The theorem to be proved in this
section is similar to that of Section 58 but a simpler birational trans-
formation can be used, as indicated in the following theorem:

THEOREM 60 1. An irreducible algebraic curve f(x, y) =0 can always
be transformed by a birational transformation of the form

(60-1) =z, = a(x, y)

into a second such curve ¢(x, n) =0 having no singularities in the function
theoretic plane except double points with distinct tangents.

To prove this we start from a divisor Q=P;~! - - - P, with
¢>2p+2, as in Section 58, whose places P, (k=1, - - -, ¢) have values
xx which are distinct from each other and from the values of x at
branch places on the Riemann surface T of f(x, y) =0. With the help of
the corollary to Lemma 26-2 we see that the function

‘f](x, y) = 0101 + st + VuOpu

will take ¢ distinct finite values at x = and have a simple pole at each
place P, provided that the coefficients v, do not satisfy a certain system
L, of linear equations. It follows then, by Corollary 1 of Theorem 49-1,
that the degree of the irreducible equation ¢(x, ) =0 satisfied by x and
7 is exactly ¢, and that this equation is birationally equivalent to f=0
by the transformation (60-1). The curve ¢=0 has evidently the
property A; of Theorem 59-1, and the property As is an immediate
consequence of the way in which the places P; in the divisor Q were
chosen.

To show that the coefficients »; can be chosen numerically so that
&(x, ) has the property B we may consider the discriminant
(60-2) D(vs, - -+, vy %) = &2 [T (me — m0)? (B,l=1,-,¢9

k<l

of the algebraic function 7(x) defined by the equation ¢ =0. The factor
¢o is the coefficient of #¢ in the polynomial ¢(x, ) and must contain a
factor x —x, for each of the places P, where 7(x) has a simple pole. At
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each such place P one only of the values 7; has a simple pole, and the
product in equation (60-2) has a pole of order 2¢—2 which is canceled
by the factor preceding the product. Since the places P, are the only
finite places where D could become infinite it follows that D is a poly-
nomial in x as well as v, - - -, v,. It may now be proved as in Section
58 that D is a product of the form D=V (v, - - -, v, x)?A(x) where V
has distinct irreducible factors all containing the variables v;, - - -, 2,
and A(x) is the product II(x —a) ! formed for all branch places on 7.
If we select numerical values vy, - - -, v, not satisfying the system L, of
linear equations mentioned above, and so that the roots « of the irre-
ducible factors of V are distinct from each other and those of A(x), then
the curve ¢(x, 1) =0 will be birationally related to f(x, y) =0 and will
have the properties A;, A;, B of Theorem 59-1. It will therefore have no
singularities except double points with distinct tangents in the function-
theoretic plane.

REFERENCES FOR CHAPTER VIII

The literature concerning the reduction of singularities by birational
transformation is extensive. It has been listed by the author in the
reference numbered 43 in the list at the end of this book. For the special
methods of this chapter see 28, pages 402-409, and 41.



CHAPTER IX
INVI_‘DRSION OF ABELIAN INTEGRALS_

61. Introduction. The importance of the problem of the inversion of
an Abelian integral, to be discussed in this chapter, will be understood
from the fact that all of the elementary transcendental functions, and
many other such functions besides, can be defined as Abelian integrals
or as inverses of such integrals in the manner described in the following
paragraphs. The function log «, for example, may be defined by the first
of the equations

U = fdx/x=log x, x = Exp u,
1

and the exponential function e*, which will be denoted here by Exp #, is
then the solution of this equation as a function of #, the so-called inverse
of the function defined by the integral. The functions arc sin » and sin »
are related in a similar manner, as indicated by the equations

- z
u = f dx/(1 — x?)12 = arc sin x, x = sin u,
0

and the other trigonometric functions and their inverses can be defined
in analogous ways.

These definitions of elementary transcendental functions suggest
the desirability of studying the possibility of the determination of in-
verse functions x(«), y(#) by means of an equation of the form

(z,9)

(61-1) w= [ e, s,

(Z0,¥0)
where the integral on the right is an arbitrarily selected Abelian integral
on the Riemann surface of an irreducible algebraic equation f(x, y) =0.
It turns out, however, that the integrals # which define single-valued
inverses x(u), y(u) are very special ones relative to the total class of
such integrals. In the following pages these special cases are analyzed,
and it is shown that for them the inverse functions defined are rational
functions of «, or rational functions of a simple exponential of the form
Exp (#/a), or the so-called elliptic functions.

169
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62. Integrals which define single-valued inverses. It is quite easy to
discover the types of integrals which have single-valued inverses, with
the help of the theory of rational functions and their divisors developed
in Chapter III. Suppose that the integral (61-1) has such inverses

x(u), y(u). At one of its ordinary places P on the Riemann surface T its
expansion

(z,9)
(62-1) u=f Wz, y)dx = wy 4 ot + - - - (c  0),
(Zo.¥0)

must have the exponent p equal to unity. Otherwise the equation (62-1)
would define a solution series for ¢ in powers of (# —u,;)!» of the form

t=cUs(u— u)lo 4 -+,
and to each value of # near to u, there would correspond by this equa-
tion p values of ¢ and consequently p places (x, ¥) on T near P for each
of which equation (62-1) would be satisfied. The equation has a single-
valued inverse only when p=1.

Since when p =1 the value of ¢ in the expansion (62-1) is the value of
the product ndx/dt at the place P, it follows that this product can have
no zeros on the surface 7. The divisor of the product has therefore the
form Q,X/D*=1/I, where Q, is the divisor of 7, X/D? is the divisor of
dx/dt, and I is an integral divisor. The order ¢ of I is ¢=2—2p since the
orders of Q, and X/D? are zero and w—2n =2p — 2, respectively, in ac-
cordance with Corollary 2 of Theorem 21-4. Since ¢=2—2p is neces-
sarily positive or zero it follows that the only possible values for the genus
$ when the integral (62-1) defines single-valued inverses are p =0 and
p=1

In the case p=1 the value of ¢ is zero and the product ndx/d¢ has
the divisor Q,X/D?=1 and has no zeros or poles on the surface T. The
integral (62-1) is then an integral of the first kind. When p =0 we have
¢=2, and the divisor of ndx/dt has the form Q,X/D*=1/P,P;. If the
places P, and P; are coincident the integral (62-1) is an integral of the
second kind with a simple pole, and if P, and P, are distinct it is an
integral of the third kind with two simple logarithmic places and no
other singularities. These results may be summarized in the following
theorem:

THEOREM 62-1. If an Abelian integral

(:hﬂ)'
(62-2) % = f n(x, y)dx
«

Zei¥e)
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on the Riemann surface T of an irreducible algebraic equation f(x, y) =0
defines single-valued inverse functions x(u), y(u), then the genus of the
curve f=0 must be either p=0 or p=1. In the case p=0 the integral is
either of the second kind with a single simple pole, or of the third kind with
two simple logarithmic places and no other singularities. In case [) =1 the
integral is of the first kind.

The integrals which may have single-valued inverses are thus of
relatively simple kinds, but the functions which they define and their
inverses are some of the most useful ones known to mathematicians, as
we shall see in the following sections.

63. Inverse functions for the case p=0. It has been seen on page
117 that when p =0 all integrals of the second kind are single-valued on
the Riemann surface T and are expressible as rational functions of x and
y. An integral (62-2) of the second kind which has a single-valued in-
verse is therefore a rational function £(x, y) with a single simple pole.
The equation #=£(x, y) with the equation f(x, y) =0 consequently
define x and y as rational functions of %, as shown in the proof of The-
orem 50-1. The inverse functions x(«), y(%) for the integral (62-2) are
therefore in this case rational functions of «.

When the integral (62-2) is of the third kind with two simple log-
arithmic singularities at places P, and P, we can always construct a
rational function £(x, y) with a simple pole at P, and a simple zero at
P,. For by the third row of the table of Theorem 26-2 for the case
?=0, ¢=1 there are u=2 linearly independent functions with no
singularities other than a simple pole at P;, and a linear combination
of them can be selected which vanishes at P,. According to Theorem
40-3 the function log [£(x, v)/&(x0, y0)] is expressible as an Abelian
integral with simple logarithmic singularities at P, and Py, and the dif-
ference u—a log [£(x, )/£(x0, y5)] will be an integral with no singu-
larities provided that a is the residue of the integrand 7 of the in-
tegral (62-2) at the place P,. The integral expressing the difference
u—a log (£/£0) must have its integrand identically zero since when p =0
there is no integral of the first kind. Hence we have

f(x’ 3’) = f(xo, yo) EXP (“/a)°

The argument applied in the last paragraph now shows that x and y are
expressible as rational functions of Exp («/a).

THEOREM 63-1. When p =0 an integral (62-2) of the second kind with
a single simple pole defines single-valued inverse functions x(u), y(u) which
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are rational in u, an integral of the third kind with two simple logarithmic
places and no other singularities defines single-valued inverse functions
x(u) and y(u) which are expressible rationally in terms of Exp(u/a),
where a is a residue of the integrand n(x, y) of the integral.

The integral of the third kind for the case p =0 is single-valued for
integration paths on a surface 7"’ formed from T by joining the log-
arithmic singularities P, and P; by a cut. The period of the integral
across this cut is 2wia, where a is the residue described in the the-
orem, and the values of the integral corresponding to arbitrary paths
on T from (xq, ¥0) to (x, y) differ by integral multiples of this period,
since when p =0 there are no other periods. It is evident, therefore, that
if a value # corresponds to a place (x, y) then all of the values u+m2wia,
where m is an integer, will correspond to the same place. The inverse
functions x(#), y(x) must consequently be periodic with the period
2wia, as indicated also by the fact that they are expressible rationally
in terms of the function Exp (#/a) which has the same period.

64. Inverse functions when p=1. Every integral (62-2) of the first
kind defines single-valued inverse functions x(%), y(#) when p=1. To
prove this we may notice in the first place that equation (62-2) has at
most one solution (x, y) for each value of u. If it were satisfied by two
places Py =(x), 1), P2=(x2, ¥2) and the same value » there would be a

Fic. 64-1

rational function £(x, y) with a simple zero at P, and a simple pole at P,
according to the corollary to Theorem 40-4. But this is impossible when
p=1, by Theorem 26-4.

We can also prove that equation (62-2) has at least one solution
x(u), y(u) for every finite value #. To do this let us consider the curve
I' in the #-plane which corresponds to the boundary B’ of the simply
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connected Riemann surface 7’ by means of equation (62-2) in which
the path of the integral is supposed not to cross the boundary of T". It
is a curvilinear polygon, as shown in Figure 641, whose opposite sides
are congruent under the translations %; =u 42w, and #, =u#+2w,, where
2w, and 2w, are the periods of the integral (62-2) across the cuts a, and
by. If ' is a value in the interior of T' the first integral in the equation

fr du/(u — ') = fB, ndx/(u — u')

has the value 27, and since the product ndx/dt has no singularities on
T’ it follows that in the second integral the denominator u(x, y) —u’
must vanish at one place P’ =(x’, y’) at least on the interior of 7’. The
same reasoning applied to the two integrals in opposite order shows that
every value ' of (x, v) at a place P’ interior to 7/ must be interior to
I'. Hence equation (62-2) defines a one-to-one correspondence between
the surface 7’ and the parallelogram T' when the paths of integration
of the integral do not cross the boundary of 7. Equation (62-2) has
further a solution x(u), y(u) for every finite value «, whether on the
parallelogram T' or not, provided that the path of integration of the
integral is properly chosen. This follows from the fact that every such
value # is expressible in the form u=u’+42m,w, 4 2mw, where m, and
m, are integers and #’ is on T or its interior. Hence if values x’, ¥’ cor-
respond to %’ by means of equation (62-2) with a path of integration
on T’, they will also correspond to # by the same equation with a path
on T which crosses the period cuts a proper number of times. The func-
tions x(u), y(u) thus defined on the entire #-plane are therefore single-
valued and doubly periodic with the periods 2w; and 2ws.

It is easy to see that x(#) and y(«) have no singularities in the finite
u-plane other than poles. To prove this we may show first that the
product ndx/dt has no zeros on the Riemann surface T. Its divisor
Q,X/D? has in fact the order zero when p =1, as was seen in Section 62,
and this shows that ndx/d¢ has no zeros, since for an integral of the first
kind it can have no poles. The expansion for the integral (62-2) at an
arbitrary place P on T has therefore the form

(x,9)
(64-1) u = f n(x, y)dx = u+ct+ -+,
(Zo.¥0)

where %, and ¢ are the values of the integral and its derivative ndx, d¢
at P, and ¢ is different from zero. For values of u near to u, the places
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P=(x, y) on T where equation (64-1) is satisfied are consequently de-
fined by a series

(64-2) t=cYu—u)+ -

in positive integral powers of # —u;. The corresponding values of x(%),
y(u) are found by substituting the value of £ from (64-2) in the expan-
sions of the branch satisfying f=0 with vertex at P. It is evident then
that x(») and y(%) have no singularities except poles. Hence we have
the following theorem:

THEOREM 64-1. When p=1 an Abelian integral (62-2) of the first
kind defines single-valued inverse functions x(u), y(u) whick are holo-
morphic except for poles in the finite u-plane and which are doubly periodic.
The periods of x(u) and y(u) are the periods 2w, and 2w, of the integral
(62-2) on the cuts a, and b,.

According to the corollary to Theorem 35-3 the periods 2w, and
2w, do not satisfy any linear relation of the form aw,+bw.=0, where a
and b are real constants. Two periods of this sort are said to be independ-
ent. An elliptic function g(u) is by definition one which is holomorphic
except for poles in the finite #-plane and which has two independent
periods 2w;, 2we. The inverse functions x(#), y(#) in Theorem 64-1 are
evidently elliptic functions.

COROLLARY. Every irreducible algebraic curve f(x, y) =0 of genus p=1
is representable parametrically in the form x=x(u), y="y(u) where x(u)
and y(u) are elliptic functions with periods 2w, and 2, equal to those of an
integral (62-2) of the first kind associated with the curve.

This representation of a curve of genus p =1 is analogous to that for
a unicursal curve of genus p =0 in equation (50-1).

65. Analogies between elliptic functions and rational functions of
x and y. The following theorem describes a correspondence between
rational functions on the Riemann surface of a curve f(x, y) =0 and
elliptic functions by means of which many properties of the latter may
be deduced as corollaries to theorems which have been proved in pre-
ceding pages concerning the former, or vice versa. In the following
paragraphs, after the proof of the theorem, a number of such properties
and their analogues in the theory of rational functions are listed.

THEOREM 65 - 1. Every elliptic function g(u) with the periods 2w, 2wy
of an integral

(z,9)
(65-1) = f ¥(x, y)dx
(

Zo.¥e)
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of the first kind on the Riemann surface T of an irreducible algebraic curve
of genus p=1, is a rational function £ (x, y) when the value (65-1) for u
is substituted in it. Every rational function £(x,»y) becomes similarly an
elliptic function g(u) when the inverse functions x(u), y(u) defined by the
equation (65-1) are substituted. For every zero of g(u) in the period paral-
lelogram T' thexe is a zero of £(x, y) of the same order at the corresponding
place on T, and similarly for poles.

To prove the theorem we see first of all that the result of substituting
the integral (65-1) in an elliptic function g(«) is a function (x, y) which
is independent of the path of integration used for the integral, on ac-
count of the periodicity of g(#). Consequently £(x, y) is single-valued on
the surface T. The expansion for £(x, ¥) near a place P at which the
integral (65-1) has the value %, on T is found by substituting the series
(64-1) in the expansion for g(%) in powers of % —u,. Since the coefficient
cin (64-1) is different from zero it follows that the orders of g(«) and
£(x, v) at corresponding places are the same. Since g(#) has no singulari-
ties in the finite #-plane except poles the same is true of £(x, y) on the
surface T, and £(x, y) is therefore rational. It is clear that every rational
function £(x, ¥) becomes an elliptic function g(x) when the inverse
functions x(u), y(u) are substituted, and by reasoning similar to that
described above it follows that the orders of £(x, y) and g(u) at corre-
sponding places are the same.

The equation (65-1) defines a one-to-one correspondence between
the points of the period parallelogram I' and the places on the Riemann
surface 7. According to the last theorem every property of rational
functions £(x, y) on T should therefore give a corresponding property
for elliptic functions on the parallelogram I'. In the following tabulation
a number of such correspondences are listed involving theorems con-
cerning rational functions which have been proved in preceding pages.
It is always understood that the functions £(x, y), n(x, ¥) of the the-
orems are rational functions on the Riemann surface T of an algebraic
curve f(x, y) =0 of genus p=1, and that the elliptic functions have the
periods 2w;, 2w, of an integral of the first kind on 7.

A rational function &(x, y) with An elliptic function g(#) with no

no poles on T is a constant. poles in its period parallelogram T
is a constant.

The sum of the orders of the zeros The sum of the orders of the zeros

and poles of £(x, ) on T is zero. and poles of an elliptic function g(«)

on its period parallelogram T is zero.

The sum of the residues of £(x, y) The sum of the residues of an

on T is zero. elliptic function in its period paral-

lelogram is zero.
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There exists no function £(x, y)
with a single simple pole on 7.

The sum of the values of an in-
tegral of the first kind at the zeros
of a rational function £(x, y) differs
from the sum of its values at the
poles of £(x, ¥) by a period 2myw
+2MQO)2.

Every pair of rational functions
£(x, ), n(x, y) on T satisfies an irre-
ducible algebraic equation ¢ (£, 7)=0
of genus p=1 or p=0. A necessary
and sufficient condition that the
curve ¢ =0 shall be birationally re-
lated to f=0and have genus p=11is
that there exists a constant a such
that the values of 7 at the zeros of
£(x, y)—a on T are distinct. The
degree of ¢ in 7 is then the sum of
the orders of the zeros of £ (x,y) on T'.

Every rational function {(x, y) on
T is expressible rationally in terms
of two such functions £(x, y), n(x, y)
for- which the corresponding irre-
ducible curve ¢(¢, 7)=0 is bira-
tionally related to f=0 and has
genus p=1.

ALGEBRAIC FUNCTIONS

[§65]

There exists no elliptic function
having a single simple pole in its
period parallelogram.

The sum of the values of « at the
zeros of an elliptic function g(u) in
the period parallelogram I' differs
from the sum of the values of « at
the poles of g(u) in T by a period
2m1w1+2mzwg.

Every pair of elliptic functions
g(u), h(u) satisfies identically an irre-
ducible algebraic equation ¢(g, #)=0
of genus p=1 or p=0. A necessary
and sufficient condition that the
curve ¢ =0 shall be birationally re-
lated to f=0 and have genus p=1
is that there exists a constant a such
that the values of #(%) at the zeros
of g(u) —a in I are distinct. The de-
gree of ¢ in % is then the sum of the
orders of the zeros of g(u) in T.

Every elliptic function &(u) is ex-
pressible rationally in terms of two
such functions g(u). k() for which
the corresponding irreducible equa-
tion ¢(g, £)=0 is. birationally re-
lated to f=0 and has genus p=

Let us consider for the moment the integral of the first kind

(65-2)

=)

(z,v)

dx/y

0,1)

for the algebraic function y(x) defined by the equation

(65-3)

¥ —(1—a)(1 — k%) =0

O<k<1).

The equation (65-2) defines inverse functions x(#), y(#), and the funda-
mental elliptic function snu of Jacobi is by definition the function x(u).
Near a place (x, y) on the Riemann surface T of the algebraic function
y(x) defined by equation (65-3) the integrand of the integral (65-2) is
a function of x and the upper limit of the integral is x. The equation
(65-2) becomes an identity in # when x=snu is substituted for this
limit. Hence by differentiation with respect to % we find 1 =(1/y)dx/du
and y=d snu/du. According to the last theorem in the list above every
elliptic function with the periods of the integral (65-2) is expressible as
a rational function of swu and d snu/du. In a similar manner the funda-
mental elliptic function x = ¢(») of Weierstrass may be defined as the
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inverse function for the integral (65-2) on the Riemann surface of the
algebraic function defined by the equation

¥ — 4Pt gex 4+ g3 =0,

and the corresponding function y(%) is the derivative y = ¢'(x). Every
elliptic function with the periods of () is rationally expressible in
terms of ¢(u) and ¢'(u).

66. Further remarks concerning elliptic functions. The theorems
concerning elliptic functions in the dual list given in the preceding
section may seem at first sight to have only a restricted application,
since the periods 2wy, 2w, of the functions must be those of an integral
of the first kind on the Riemann surface of an algebraic function of
genus p=1. If we are willing to accept the existence of the elliptic func-
tiong (#) of Weierstrass, however, when two arbitrarily selected periods
2wy, 2w, for it are given, we can show that these periods are those of an
integral of the first kind, as described above, and hence that the the-
orems are true for all elliptic functions. The existence proof for the func-
tion g(u) is a fundamental one in the books on the theory of elliptic
functions. ‘

Fi6. 661

A number of the theorems listed in the last section can be proved
directly with very little difficulty for elliptic functions with any inde-
pendent periods 2w, 2w, whatsoever. We can see in the first place, with
the help of Theorem 6- 1, that an elliptic function g(x) with no poles is a
constant. For the absolute value of such a function will have an upper
bound M in the period parallelogram = of Figure 66-1 which will also
be an upper bound for |g(x) | in the whole finite u-plane. A function
g(u) with such an upper bound is a constant, as stated in Theorem 6-1.
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In every finite region of the u-plane the poles of an elliptic function
g(u) are isolated from each other, since otherwise they would have an
accumulation point which would be an essential singularity, and an
elliptic function has by definition only poles as singularities. If g(«) has
poles on the boundary of the period parallelogram = the parallelogram
can be translated slightly to a new position in which it contains all the
poles of g(#) which lie on 7 and which is such that no poles of g(u) lie
upon its boundary. On account of the periodicity of g(x) the integrals
of g(u) in the same direction on two opposite sides of such a period paral-
lelogram are equal, and hence the integral of g(#) around the boundary
of the parallelogram is zero. It follows at once that the sum of the resi-
dues of an elliptic function in a period parallelogram = is zero, and that
there is no elliptic function with a single simple pole in .

By differentiating the equation

g(u + 2miwy + 2mawy) = g(u)

we see that the derivative g’(#) of an elliptic function is an elliptic func-
tion with the same periods. Hence the sum of the residues of the quo-
tient g’(u)/g(u) in the parallelogram = is zero, which means that the
sum of the orders of the zeros and poles of g(«) in 7 is zero.

When two independent periods 2w;, 2w, are selected arbitrarily
there exists an elliptic function ¢(x) having these periods, having a pole
of order 2 at the origin and no other pole in the period parallelogram ,
and having the constant term zero in its expansion at % =0. Further-
more this function is an even function so that ¢(—u) = ¢(«). The proof
of these results is beyond the scope of this book, but it is an important
part of the Weierstrassian theory of elliptic functions and is given in
every treatise on the subject. Let us accept these properties of the func-
tion p(x) and see what further conclusions can be drawn.

By differentiating the relation ¢(—u) = ¢(u) it is seen that ¢’(—u)
= — ¢'(u) and hence that ¢’(«) is an odd function. From this and the
periodicity of ¢’(w) it follows that

() = — ¢'(— 1) = — ¢'(w)

so that u =, is a zero of ¢’(%). A similar argument shows that w. and
wy+ws are also zeros. All three of these zeros are simple since ¢’(%) has
a pole of order 3 at # =0 and no other pole in 7, and the sum of the or-
ders of its zeros and poles in 7 is zero. If we denote by ey, €., e; the values
of p(u) at wy, wi+ws, w,, respectively, we may infer readily that e,
s, ¢; must be distinct, since each difference (%) —e; has no pole in =
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other than one of order 2 at #=0, and it can have no zero in = other
than the one of order 2 which it has at the one of the points w;, w;+w,, ws

which corresponds to e;. With the help of this result we see that the two
elliptic functions

9'%(u), 4[p(uw) — er][#(u) — ea][p(w) — es]

have the same zeros and poles in = and hence that their quotiént isa
constant. By comparing their expansions at » =0, where

p(u) = 1/ut 4+ cu + - - - | o'(w) = —2/ub+ 2cu + - - -,

we see that the value of the constant is unity, and that the term in
#%(u) in the product on the right must vanish. Hence the functions
x=p(u), y= ¢'(u) satisfy an algebraic equation of the form

(66-1) ¥ =413 — gox — g5

where the roots of the second member are distinct numbers ¢, e, €3
such that e;+e:+e;=0. By examining the expansions for the simple
algebraic function y(x) determined by this equation we see that the
genus of the equation is p=1.

If the equation ¢(u+2w)= ¢(u) is an identity in #, then w=mw,
+maw,, where m, and m; are integers. This equation in fact implies that
for every value of # the sum #+42w is congruent modulo a period to
either # or —u. It is evident that #+2w cannot be congruent to —u for
all values of ». There must therefore be values # for which #+42w is
congruent to #, and it follows readily that w has the form given. A pair
of primitive periods of ¢(w) is a pair of periods 2w/, 2w/ which satisfy
equations of the form

(66' 2) rowl = my ey + M w2, wg = My w1 + Mg wa

in which the coefficients m;; are integers with determinant equal to +1.
Every half-period w is evidently expressible linearly in terms of w/,
ws with integral coefficients, as well as in terms of w;, and w;. With these
results in mind we may prove the following theorem.

THEOREM 66- 1. For every pair of independent periods 2u, 2w there ex-
ists a pair of elliptic functions

(66-3) x = p(u), y =9

having these periods and satisfying an irreducible algebraic equation (66-1)
of genus p =1. For each pair (x, y) satisfying the equation (66-1) there exists
one and but one solution u of equations (66 - 3) in the period parallelogram ,
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and the totality of solutions of (66-3) is the set of values u~+2miw,+ 2myw,
where my and my are integers. These solutions are the values of the integral
of the first kind

(z,v)
(66-4) w = f dx/y

(20.¥0)
on the Riemann surface T of equation (66-1), except for an additive con-
stant. The periods 2w!, 2ws of the integral are a pair of primitive periods
for the function ¢(u).

The first statement of the theorem has been proved above. For a
given value x the first equation (66-3) has a pair of solutions » and
—u~+ 2w+ 2w, in the period-parallelogram, at which ¢’(#) has opposite
signs. When x and y satisfy equation (66-1) one and only one of these
solutions makes ¢’(u) =y. It is evident then that the solutions « of the
equation (66-3) have the properties described in the second sentence of
the theorem.

Every solution u of the equations (66-3) can be joined to the point
#oin 7 corresponding to (xo, ¥o) by a path C, in the #-plane not passing
through any point congruent to a half-period. The equations (66-3)
then define a corresponding path C on the Riemann surface 7 of equa-
tion (66 1) not passing through any branch place (x, y) = (e., 0) on T..
On the path C the integral w is a function of » with the derivative
dw,/du=(1/y)dx/du=1. Hence at corresponding places on the paths C
and C'; we have w=u—1u,, and it is evident that every solution # of the
equations (66-3) is equal to u, plus a value of the integral (66 4) on a
properly chosen path C joining (xo, yo) to (x, ¥).

Every value w of the integral (66-4) defined by a path C joining the
places (xo, ¥0) and (x, y) on the Riemann surface T is equal to a dif-
ference # —u, in which % is a solution of equations (66 3) corresponding
to (x, y). For one can readily see that the equations (66 3) define a path
C, in the u-plane corresponding to C and joining #, to a solution u of
these equations. The argument of the preceding paragraph then shows
that w=1u—u,.

If the variable place («, y) describes the period cut b, on the surface
T from an initial place (%o, ¥0) back to that place again, the correspond-
ing value « describes a path in the u#-plane leading from a point %, to a
congruent point %o+ 2muw,+2mywe. If we designate the periods of the
integral (66-4) by 2w/, 2w/, then on the path 4 we have w=2w/,
and hence by the relation w=u—u, on the paths b, and C, it follows
that w/ is expressible in the form (66-2). A similar argument justifies
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the second equation for w;. By starting from paths C; in the u-plane
leading from a fixed point #, to points #o+ 2w, and %o+ 2w, we may
see similarly that equations of the form

- _ ' ’ -
(66-3) wp = #nw + npws, wy = Mgy w{ + Hag wey

hold with integral coefficients #,,. Since the succession of the two
transformations (66 2) and (66 5) must be the identity it follows read-
ily that the determinant of the coefficients m,, is either +1 or —1, and
the theorem is proved.

Theorem 66 1 makes it clear that for every pair of independent
periods 2w;, 2w, there is an algebraic curve f(x, y) =0 of genus p=1
whose integral of the first kind has 2w, and 2w, as primitive periods.
Hence we see that the theorems of Section 65 must hold for all elliptic
functions.

COROLLARY. If a pair of elliptic functions g(u), h(u) define parametri-
cally a curve

(66 6) x = g(u), v = h(u)

such that to each point (x, y) on the curve there corresponds one and bul one
point u on a period parallelogram, then the curve has an irreducible alge-
braic equation f(x, v) =0 of genus p=1. The values u corresponding by
equations (66 6) to the places (x, v) on the curve are the values of an
integral of the first kind

(o, ¥)

w = f Y(x, y)dx
(X0, ¥a)

on the Riemann surface T of f=0. The periods of the integral are a pair of
primitive periods of the functions g(u) and h(u).

The first statement of this theorem is a consequence of the next to
last theorem concerning elliptic functions, in the dual list of Section 65.
Let u, be the solution of equations (66 6) in the period parallelogram =
corresponding to the place (xo, ¥o) on the Riemann surface T of the
equation f(x, y) =0. By a proof similar to that of Theorem 66 1 we may
see that to every path C on the Riemann surface T of the curve f=0,
joining (xo, yo) to (x, y) and consisting only of finite ordinary places
(x, y) on T, there corresponds by means of equations (66-6) a unique
path C; on the u-plane joining u, to a solution « of equations (66-6)
and not passing through any pole of g(u) or k(u) or any zero of g'(u).
Conversely every path C, with these properties defines a corresponding
path C. On such a path C the values of the derivative
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dw/du = Y(x, y)dx/du = Y(x, y)g'(u)

are the values of a rational function of # and y since the derivative g’(«)
is rationally expressible in terms of g(#) and %(u), by the last theorem
of the list for elliptic functions in Section 65. The rational function
representing dw/du has no poles on the Riemann surface T, since
otherwise w itself would have singularities in the #-plane when the
functions (66-6) are substituted and would not remain finite near cor-
responding places (x, y) on T, which is impossible for an integral of the
first kind. Hence dw/du is a rational function with no poles on T and
therefore a constant, and we see that it will be unity if we modify w by
a suitable constant factor. Let us suppose that this has been done. Then
for the paths C and C; we have w=u—u, as in the proof of Theorem
60-1. The remainder of the proof of the corollary is the same as that of
the original theorem.

REFERENCES FOR CHAPTER IX
References for the inversion problem when p =1 are: 2, 1st ed., Vor-
lesung IX; 18, Chapter X; 27, Chapter XXII. For the theory of elliptic
functions one may consult the standard texts. For more general inver-
sion problems see 4; 11, Memoire VI; 13, Chapter X; 18, Chapter X;
20, Part II; 21, Chapter IX; 27, Abschnitt III; 47, Chapter VIII.



CHAPTER X
EXAMPLES

67. Introaucuon. It is not always easy to apply the theorems de-
veloped in the preceding pages to an arbitrarily given special case of an
algebraic function. Examples can be selected, however, for which var-
ious parts of the theory can be carried through with reasonable calcula-
tion. In the following pages a number of such cases are worked out in
considerable detail, and other examples are listed which can be similarly
discussed. Sections 68-70 are devoted to examples for which the expan-
sions at singular points and at ¥ =, or the Riemann surfaces, can be
determined without serious difficulty. In Section 70, in particular, equa-
tions of the elliptic and hyperelliptic types are treated. Additional
methods are developed in Sections 71-76 for algebraic curves f(x, y) =0
which are of the third degree in v, or of the fourth degree in x and y. For
the former case the results are attained by rational methods depending
upon the computation of greatest common divisors. In the final section
of the chapter examples are given to which this theory can be applied.

68. Examples for expansions. For the purpose of illustrating the
determination of the expansions of an algebraic function let us consider
the special equation

(68-1) fx, ) =¥+ a3y +2=0

which has been discussed by Baur [19, p. 56]. The discriminant of this
equation, according to the results of Section 8, is

D(x) = 3x(4x” + 27),

and the values of x over which there may be branch places are therefore
x=0, x= o0, and the seven roots x=¢£ of the equation 4£7+427=0. We
can readily tabulate the corresponding solutions y of equation (68-1)
as follows:

x ¥ Yy y
0 o, 0, 0
© 0, 0, %)
£ — 3/28, — 3/28, 3/g.

183
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The first two values in the last row are equal to the one of the two roots
(—8/3)vs = +3/28 of the derivative f,(§, y) =3y%+£ which satisfies
f(&, ¥) =0 also. The branches corresponding to these values of x will be
determined in the following paragraphs, but the results may be collected
in advance as indicated in the following list:
At x = 0; x =8, y=wt+ (w/3)8 4 - - - (W= —1),
Atx=oo; 2x=1/ y=—82+84...,
x = 1/8, y=3E4+ /24 ),
Ate=§  c=§(48, y=-—3/28+ GET/3A+ -,
x=f(+1t y=3/84+ (10/38)¢+ - - - .
At the place (x, y) = (0, 0) Newton’s polygon has the simple form

shown in Figure 68-1. The corresponding substitution is x=#, y=1tu
which with the help of (68-1) gives the equation

wW+tu+1=0

\ 3,1)
x

3
(1,0)
Fic. 681

in the variables ¢, ». If we substitute the series
u=co+ct+c?+ .-

‘in this equation and determine its coefficients by comparison we find
u"‘°+(“”/3)t7+ Tty

where w is a primitive cube root of —1. This gives at once the branch
indicated in the above list.



[§68] EXAMPLES - 185

To determine the expansions at x = we first substitute x =1/x’ in
equation (68-1) obtaining

(68-2) 2yt 4 y 4+ 22 = 0.
The first expansion of the list for = o is found by substituting
! y=co+ax' +---

in this equation and determining the coefficients by comparison. To
- determine the other expansions we use the equation

234y 4 a2y =0
found from (68-2) by substituting y=1/y’. The Newton polygon for
(x’, ¥") =(0, 0) gives the substitution ' =2, y’ = and the equation
14 w4 ' = 0,
from which we find
u=—1t+48/24. -,
y=1/tu= ()G + /24 ).

At the place (x, y) = (¢, —3/2£2) Taylor’s formula gives

[ 9) = = 10z = 9/2 + 3a(x — 9 + 38:(x = O — )
+ 3y =

The corresponding Newton Polygon is easily constructed and gives
the substitution x = £-+42, y =n-+tu. The equation for ¢, u is

— 7/2 + 3fni2 + 38w+ qut 4 - - =0

from which we find easily the first expansion for x=£ in the list above.
A similar process gives the last expansion of the list.

One can now determine readily the genus of the algebraic function
defined by equation (68-1) from the formula (21-8) or (31-1),

P = /22 (r —1) —n+1.

For the particular curve (68-1) the genus has the value p =3, since there
is one cycle of =23 sheets at x =0, one of two sheets at x=, and one
of two sheets at each of the seven roots £ of the equation 4£74-27 =0.

The following examples have been collected from various sources
which are indicated in the references given in the brackets adjoining
each of them. The numbers refer to the list of references at the end of
the book.
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ExAMPLES FOR EXPANSIONS

1. y3 — 3y + 2z [18, 1st ed. p. 193, 2nd ed. p. 180]
2.9 4+3y—x [35, 1st ed. p. 313, 5th ed. p. 403]
3.y =3yt —x [35, 2nd ed. p. 377, 5th ed. p. 396]
4. 4 — 4y — ¢ [35, 1st ed. p. 331, 5th ed. p. 401]
S. 94 2(1 — 2x)y2 + 1
6. y3 — 3y + xb [18, 1st ed. p. 193, 2nd ed. p. 181; 34, p. 422]
7. 9% — 3y + 2222 — x?) [34,p. 422]
8. y3 — 3y + 2432 — x%) [34, p. 422]
9. 3x(x — 1)yt — 4(x — 1)(x — 2)3* + (4/27)(x — 2)*

[34, p. 418]
10, 95 + (22 — 1)y — (44/55)a2(x2 — 1)

[34, p. 422]
11. 33 — 3axy + 3 [34, p. 422]
12, y3 — xy — a2 [42, pp. 31, 41]
13. y3 — 3a2y + 2« [42, p. 141]
14. y% — 3xy + 222 [42, p. 134]

15. y® — 3y + a8

69. Examples for Riemann surfaces. Let us consider the equation
(69-1) yt—4y — x = 0.

It is evidently of genus p =0 since the equation is linear in x and there-
fore defines a unicursal curve. The discriminant is found to be

D(x) = — 45(x® 4 27).

The roots of D(x) have the values —3w* (k=1, 2, 3), where w is the
primitive cube root of unity in the second quadrant of the x-plane. One
finds readily that the roots y of equation (69-1) corresponding to
x= —3w* have the values w*, w*, w*(—1+1:212),

The Riemann surface for the function y(x) defined by equation
(69-1) has four sheets which may be cut along the radii through the
origin and the points —3w*, as shown in Figure 69-1. If we designate
the sheets by the values of the roots of equation (69-1) at the point
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—3w?

|
w
O

F16. 69-1

x=0, we find the following table for the roots belonging to the various
sheets at the singular points x = —3w*:

x N Ye Y3 Y4

0 O 22/3 22/3w 22[3‘02
-3 1 1 — 1 4 212 — 1 — 4212
- 3w w w(— 1 — 421/?) w w(— 14 121/2)
— 3w?  w? (- 14 2212 w?(— 1 — 3212) w?

The values into which the roots y, at x=0 vary continuously as x
traverses a radius from the origin can be found by substituting x=
—3tw*, y =nw* in equation (69-1), which then becomes

7t — 4n 4 3¢ = 0.

As £ increases from 0 to 1 the two real roots 5 of this equation vary from
the values 0, 223 to the value 1, as shown in Figure 69-2, and the two
imaginary roots remain imaginary and keep the same signs for their
imaginary parts. Hence as x varies from x=0to x = —3w*along a radius
the roots y=0, 223w* vary continuously into w*. For each other root
the values of n=7v/w* at x=0 and x= —3w*, and in the same sheet,
must have imaginary parts with the same sign. Thus we see that the
numbering of the roots in the table is the correct one.
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The character of the expansions at the branch places can readily be
determined by the methods of the last section. Each of the double roots
y in the table corresponds to the vertex of a cycle of two sheets, and at

7
(0, 21)
(1,1)
0,0) 5
F16. 69-2

x = there is a single cycle of four sheets. Thus the sheets of the Rie-
mann surface should be joined along the edges of the cuts as indicated
in Figure 69-1.

One of the difficulties in constructing a Riemann surface is the iden-
tification of the values of y belonging to the various sheets near the
branch values of x, when values of y have been assigned to the sheets at
a particular non-singular value of x. Theoretically one should be able
to find corresponding values by analytic continuation, but this process
is often very difficult. The following examples can be discussed by the
method used above or suitable modifications of it. When the genus p
is greater than zero it is interesting to try to find a system of cuts which
will make the surface simply connected, as described in Section 32.

EXAMPLES FOR RIEMANN SURFACES

1. Examples 1-8, 11-15 of the list at the end of Section 68.
2. 98 — (x — a)%*(x — b)3 [35, 1st ed. p. 319, 5th ed. p. 388]
3.y — [(x = a)/(x — ¢)2]3 — (x — b)1/2

[35, 1st ed. p. 318, 5th ed. p. 388]
4, y — 23 — (x — 1)1/2 (42, p. 37]
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TSyt — s 41 [42, p. 132]
6. (x — )y — (x — b) [35, 1st ed. p. 318, 5th ed. p. 388]
7, ¢ — A(x — a)(x — B)2(x — ) [18, 1st ed. p. 236, 2nd ed. p. 229]
8. 94 — A(x — a)(x — B)2(x — 7)® [18, 1st ed. p. 237, 2nd ed. p. 229]
9. ¥ — A(x = a)(x — B)(x — v)(x — §) -
[18, 1st ed. p. 237, 2nd ed. p. 231]

(x -— al)kl o e (x — am)km .
10. y* — [35, 1st ed. p. 318, 5th ed. p. 388]
(x — bl)ll “ e (x p— bn)ln
11. y* — R(x), R(x) rational [18, 1st ed. p. 238 ff., 2nd ed. p. 2311i.]

70. Elliptic and hyperelliptic curves. One of the very important
classes of algebraic functions is the class defined by equations of the
form

(70-1) V=A@ —a) - (x = am)

in which ey, - - -, am are distinct complex numbers. When m =3 or 4
these are elliptic curves of genus p =1. For m >4 they are hyperelliptic
and the values of the genus p are greater than 1.

Let us consider the cr.se when m is even and can therefore be repre-

sented in the form m =2k+2. One can readily construct the discrimi-
nant

D(x) = 44(x —ay) - - - (x — am)

of equation (70-1) and verify the fact that at each of the values x=a;
there is a cycle of two sheets. At x = o there is no branch place when m
is even. Hence we find

p=m/2—-2+1=k (m =2k +2).
The two-sheeted Riemann surface can readily be constructed by

cutting each of the sheets along a broken line passing through all of the
points x =a; and out to x = «, as shown in Figure 70- 1. If we assign the

/
/
a, \ L7
\‘\g a‘ Qn
\ / N .
e ‘\ [
a;
a, as

F16.70-1
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values of y arbitrarily on the two sheets at a particular non-singular
point x,, then by writing

X — ap = rke"“

and following the variations of the arguments ¢, we find from the ex-
pression

y = (Arl e . rm)llzei(¢l+“'+¢m)/2

that a value y, at x=x, goes continuously into the same value along
paths leading from x =1, to opposite sides of one of the dotted lines in
the figure, and to values with opposite signs on paths leading to opposite
sides of the non-dotted lines. Thus we see that the sheets of the Riemann
surface should be joined along the heavy and dotted lines, as indicated
by the diagrams adjoining the first two of them in the figure.

For the hyperelliptic case here under consideration a canonical sys-
tem of cuts reducing the Riemann surface to a simply connected one is
shown in Figure 70-2. One verifies readily that none of the cuts severs
the surface, and hence that after 2p of them have been drawn the re-
maining surface 7" is simply connected. The figure is for the case m =8
when the genus is p=3.

Fi6.70-2

It is often difficult in special cases to construct elementary integrals
of the three kinds described in Sections 20 and 36, but for hyperelliptic
curves the constructions can readily be made. We can see by inspection
of the determinant A of Section 20, for the pair of functions 1, y, that
these functions are a basis for the divisor Q=1. Hence by Theorem
22-2 the complementary basis is a basis for the divisor R=1/X, where
X is the divisor of the branch places. But the basis {1, {> complementary
to a basis 71, 72 is related to these functions by equations of the form

m=rn1+ rafs, N = 111+ 7222
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in which the coefficients have the values 7., = T'(n:1:), since by definition
of a complementary basis the trace 7'(n.{) is zero for % and unity for
i=k. From this relationship, set up for the basis (7, 72) = (1, ¥), we find
readily that the complementary basis, except for a constant factor, is
(&1, &2 =(1, 1/y). If we wish to find the integrands of functions of the
first kind we must examine the expansions for 1/y at x = c. We find

1y = A~ Veg=r=1{1 4 ...}
1y, = — A-V2g=k=1{t 4 ...},

Hence the column orders of 1, 1/y at x= are r,=0, ro=k+1. The
integrands of integrals of the first kind are multiples of the divisor D?/X
and therefore must have orders =2 at x = «. Hence they are products of
1/y by polynomials in x of degree at most k£ —1, as indicated in the proof
of Theorem 22-3. We have therefore the following result:

THEOREM 70-1. For an algebraic function of hyperelliptic type defined
by an equation (70-1) with m=2k-+2 the genus is p =k and the functions

1/3’; x/y7 T xp—l/y

are the integrands of p linearly independent integrals of the first kind.

The integrands of elementary integrals of the third kind are mul-
tiples of divisors of the form D?/P,P,X. Such an elementary integral
can easily be constructed for two non-singular non-conjugate finite
places Py =(x;, y1) and P;= (s, ¥») by modifying the basis 1, 1/y of the
divisor 1/X, as indicated in the proof of Theorem 20-2, so that it
becomes a basis for 1/P,P.X. The only two places where modification
is necessary are P, and P,. At the point x =2, the determinant A of the
basis 1, 1/y with respect to the divisor 1/P1P.X is

0 0
1 -1 / Y1 ’
where the first row belongs to the place P, and the second row to the

place conjugate to P; over x=x,. If we set c;=1/2, c;=y:/2 the two
functions

(70-2)  1/y, (cr+ co/y)/(x — x1) = (y + y1)/2(x — %)y

will have their determinant A with respect to the divisor 1/P1P.X dif-
ferent from zero at x =x;, as one readily verifies. Similarly at the point
x =1, the functions (70-2) have the determinant

0 0
- 1/3’2 (y2 — ¥1)/2(%2 — x1) e '
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If we set
a = (yn— y)/2, C2 = X1 — %2
we find a pair of functions

1 1
(70-3) 1/, _____<”_‘+ _&&_;)=_<y+y1_y+ye)

c
X — X\ 'y 22(:}5—:)51) 29\x — 21 X — %,

whose determinant A with respect to the divisor 1/P,P,X is different
from zero at x=ux, also, and which is therefore a basis for the divisor
1/PP,X. The basis (70-3) is normal at x=o with column orders
rn=p+1, r2=2, as can be verified by substituting the expansions fory
at x=co. The multiples of the divisor D?/P;P;X are therefore sums of
products of the two furtctions of this basis by polynomials of degrees
at most 7,—2=p—1and ».—2 =0, respectively, and we have the follow-
ing theorem:

THEOREM 70-2. For an algebraic function of kyperelliptic type defined
by an equation (70-1) with m=2k+2, and for two non-singular places
Py=(x1, y1), Pa=(x2, ¥2), the integral

(70-4) I= f(l/Zy) [(y + y1)/(x = 21) — (y + y2)/(x — x2) |dx

is an elementary integral of the third kind with logarithmic singularities at
P, and P,. Its expansions at these places have the forms

I=log(x—2a)+c+olx—x)+ -+,
I=—log(x— ) +do+di(x— )+ -+,

respectively.
The character of the expansions, and the fact that the theorem
holds even when P, and P, are conjugate places, can be readily verified.
From the last theorem one may readily deduce the following one:
THEOREM 70-3. For an algebraic function defined by an equation
(70-1) with m=2k+2, and for a non-singular finite place P, = (x1, y.), the
integral

(70-5)

6z, 33 PY) = — f @02 [(y + 2)/25(x — 2)Jdx

is an elementary inlegral of the second kind with an expansion at its single
pole P of the form

Sz, YL PyY) = »l/(x — x)) P o+ ol — x) + -+ - .
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The form of the integral of the theorem for » =0 is suggested by the
fact that when the first of the expansions (70-5) is differentiated with
respect to x; a new expansion is found with the form given in Theorem
70-3, where we understand that the notation 0!is to be interpreted as 1.
The properties of the integral of the theorem can also be proved directly
for the case » =0 by examining its expansions. By successive differentia-
tions with respect to x; the theorem is established for all values ».

THEOREM 70-4. If a set of non-singular finite places Pi(x., y.)
(=1, - - -, p) have distinct values x; the 2p integrals

[@ymas, aeyp) G=1p)

form a fundamental system of integrals of the first and second kinds.

This follows from Theorem 38-1 since the determinant |x,*!/y; | of
the integrands of the integrals of the first kind at the places P; is dif-
ferent from zero.

For the elliptic case when

(70-6) y?2 = (1 — x?)(1 — k2x?) = R(x)

the two fundamental integrals of the first and second kinds are usually
taken in the forms

(107) [asrs, [ 10 - werylas.

We can prove that they form a fundamental system according to the
definition of Section 36. If they were not a fundamental system there
would be a pair of constants ¢, d not both zero, and a rational function
n(x, v), such that

(70-8) ¢ [asty+a [ (= wa/5lis = ata, 9,

according to Theorem 36-2. The limits of the integrals are understood
to be (xo, o) and a variable place (%, y). The integrals in equation (70-8)
have no poles on the finite part of the Riemann surface, and hence
n(x, ¥) would have none and would be expressible in the form

n(x, y) = A(x) + B(x)y

with polynomial coefficients 4, B, since the functions 1, y are a basis for
the divisor Q =1. By differentiating equation (70-8) we find
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[e + d(1 — k2x?)]/y = A’ + B’y + BR'/2y
= A’ 4+ (B'R + BR'/2)/y,

from which it follows that 4’/ =0, and by comparing the degrees of the
two sides of the equation that B’=0, B=0. Consequently ¢=d=0,
contrary to the assumption made above. Hence we have the following
theorem:

THEOREM 70-5. For the algebraic function defined by the elliptic equa-
tion (70-6) the integrals (70-7) are a fundamental system of integrals of
the first and second kinds. According to Theorem 36 -5 every elliptic integral
on the Riemann surface of the equation (70-6) is expressible as a sum of
integrals (70 -4) of the third kind with constant coefficients, plus a sum of the
two integrals (70-7) with constant coefficients, plus a rational function
(%, 3).

The following examples are not all of hyperelliptic type but their
expansions and Riemann surfaces can be found by the methods used in
this section. It would be interesting to see if elementary integrals can
be constructed for them in the manner described above for the hyper-
elliptic case.

ExAMPLES OF ELLIPTIC OR HYPERELLIPTIC.TYPE

1. Discuss the algebraic function defined by the equation (70-1)
and its integrals when m =2k 4-1.

2. Construct the elementary integrals of the 2nd and 3rd kinds for
singularities at x= o or branch places when m =2k+2 or m =2k +1.

3.9 =[R@)2(x~=) - - - (&~%m).

71. Normal forms for equations of the third degree in y. An irre-
ducible equation

ao(x)u® + ai(x)u? + ag(x)u + asz(x) = 0

of the third degree in #, with polynomial coefficients, can always be re-
duced by the transformation v=aw-+a,/3 to an irreducible equation
of the form

3 + bo(x)v + b3(x) = 0

in which b, and b; are also polynomials in x. If d(x) is the polynomial
of highest degree such that d2? and d® are factors in b, and bs, respectively,
then the transformation v=d(x)y takes the last equation into an irre-
ducible equation

(71-1) f(x, v) = y¥ 4+ fa(x)y + f3(x) = 0
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in which f, and f; are polynomials having no common factor which oc-
curs twice in f; and three times in f;. In this and the succeeding sections
of this chapter we shall consider cubic equations (71-1) whose coeffi-
cients have the property just described.

An algebraic function which has no poles for finite values of x will
be called an integral algebraic function. The characteristic property of
such a function y(x) is that it satisfies an algebraic equation with poly-
nomial coefficients and with the coefficient of the highest power of y a
constant different from zero. The algebraic function y(x) defined by
equation (71-1) is evidently integral, and it has the further property
that no quotient of the form z=1y/(x—c) is integral, on account of the
restriction made above on the coefficients f, and f;.

Every rational function 5(x, y) on the Riemann surface of the equa-
tion (71-1) is expressible in the form

(711-2) 1 =11+ ray + r3y?

with coefficients 7,, 7., 7; rational in x, as we have seen in Section 19.
Such a function 5 satisfies an equation of the third degree with coeffi-
cients polynomials in x which can be determined as follows. With the
help of equation (71-1) we see that

ny = — fars + (r — fz"s)y + r33?,

1y? = — fars — (fara + fars)y + (r1 — fors)y*.
From these equations and (71-2) it follows that

L6 Shunii/ ] 4] 73
— Jars r— fars — 1 79 = 0.
— f3rz — fara — far3 ry— fars — 1
When written in the form
(71-3) 7% — Bim? + Bm — By =

this equation has the coefficients
By = 3ry — 2fars,
By = 3r2 — 4forirs + fors + 3fsrers + fPrd,
By =r? — 2f21’12”3 +f27’1’22 + 3farirars +f2271732
- fsfza - f2f372732 +f:;2'33 .
If we denote by A(n, 72, 15) the square of the determinant of con-

jugates of three functions 71, 72, 73, the discriminant of equation (71-1)
except for an unessential constant factor is

(71-4)
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(71-5) af + 21f¢ = — I(]’;(%' = )t = — A1, 3, ¥%),
as we see with the help of equation (8-5). It will be convenient in later
sections to have the following formulas for B; and B; in terms of By, A,
and the quantity 2f,r.+3fsr;. They can be verified by elementary com-
putations.
By = B /3 + (2fers + 3fsrs)?/4fs + Ard /12f,,
B; = B /27 + By[3(2fara + 3fars)? + Ars |/36fs

— f3(2fars + 3fsr5)%/ 812

— AQ2fary + 3fsra)roars/12f + A% /2163 .

72. A basis for the divisor @ =1. The multiples of the divisor Q=1
on the Riemann surface of the equation (71-1) are called integral ra-
tional functions n(x, y) since they have no poles at finite values x. A
basis for the divisor Q =1, according to the definition in Section 20, is a
basis of rational functions 7, s, 73 such that the totality of integral
rational functions is identical with the totality of functions expressible
in the form

(72-1) R 7 = gi(®)m + g2(x)n2 + ga(¥)ns

with polynomial coefficients. We can readily prove the following the-
orem:

THEOREM 72 1. 4 basis n1, 2, ns of rational functions is a basis for the
divisor Q=1 if each function n; is integral, and if there exists no function
of the form

(71-6)

(cxm + cama + csms)/(x — o)

which is inlegral except the one for whick the constants c; are all zero.

For a set of functions #i, 72, 73 satisfying the conditions of the the-
orem every function of the form (72-1) is evidently integral. Further-
more every integral function 5 is expressible in the form

g1()m + ga(®)n2 + ga(x)ns
d(x)

where g1, g, g5 and d are polynomials having no common factor. To
prove that 7, 72, 73 is a basis for the divisor Q=1 we must show that
d(x) is a constant. This is easy to do since the argument following The-
orem 20-1 shows that if d(x) had a factor x —x, the quotient

g1(xo)m + g2(x0)n2 + ga(xo)ns

X — Xy
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would also be an integral function, and this is impossible under the
conditions of the theorem.

If the coefficients f2, f; in equation (71-1) have a common factor it
must be on the form 4 B? where 4 and B are polynomials in x prime to
each other with distinct linear factors, since f, and f; have no common
factor which occyrs to the second power in f; and the third power in f;.
Using the notation of Baur, who has studied cubic equations compre-
hensively [14, 19], we may write

fo = AB%h,, f3 = AB2hs,

where ; is prime to A, and also to B, since f; contains no factor to the
third power whose square occurs in f,. Furthermore if 4, is the greatest
common divisor of 4 and 4, so that A =A4,4,, hy= A:h,, we have

(72-2) fa = A14,B%h,, fs = A2 AsB%h,,

where now h; s prime to Ay, hy is prime to A:Bhsy, and A,, Ay, B are
polynomials prime to each other and having distinct linear factors. Ex-

pressed in terms of these polynomials the discriminant (71-5) has the
value

(72:3) ' A(l, y, y?) = — AP2AS B,
where
(724) Az = 4Aszhza + 27A1h42,

and A, is readily seen to be prime to A, As, B, hy, k. Thus the factors in
the expression (72-3) for A are all prime to each other. It will be useful
in succeeding sections to have A, written in the form A,=C?A; where
A; contains only linear factors. Then

A(l, y, ¥2) = — AP A2 BCAs

where all the factors are prime to each other except possibly 4; and C
which might have linear factors in common.

To construct a basis for the divisor Q =1 we may start from the basis
1, 9, ¥2 All three of these functions are integral and the quotient of 1 or

y by a factor x —x,is never integral. The equation (71-3) satisfied by y?
is readily found to be

() + 2fs(y)? + f2y* — f& = 0.

With the help of the expressions (72-2) it is seen that the function
2=%?/A B satisfies the equation
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28 4 243Bhyz® + AE Blhy%s — A A3Bhe =

and no quotient » =2z/(x—x,) is integral, as one finds by setting up the
equation for # and examining its céefficients in view of the properties
of the polynomials 4, B, k. The basis

w; = l, wg = %, w3z = yz/AlB

has therefore the property that each of its functions is integral and no
quotient of the form w;/(x —x,) is integral. Furthermore

(72-5) A(1, y, y*/4:1B) = (1/A2BYA(1, y, y?) = — A48 BXC?A;.

The functions w; may not have the last property described in The-
orem 72-1, but it can be shown that a function of the form

_a+ cay + csyt/A.B

X — X

(72-6) w

can be integral only if x —x, is a factor of the polynomial C. If a func-
tion w with coefficient ¢, 0, for example, is integral, then w, y, y*/4,B
are also integral functions and

c?
——— A1, 3, y*/4.1B).
(x - .7(50)2
The functions A in this equation are polynomials in « since they are
rational and have no poles except at x = . From this it follows that if
a quotient w of the form above given is integral its denominator must
occur twice in A(1, y, ¥2/A.B). The expression (72-5) shows therefore
that the only denominators x —x, possible for integral functions w are
factors in A,, B, or C.

In order to investigate further the character of these denominators
let us consider a function

7 = v + vy + v3y2/A4.B.
The coefficients of the equation (71-3) for 5 take the form

A(w, v, y*/A1B) =

B, = 3vy, — 24,Bhavs,

By = 3v® — 4A4,Bhv1vs + A1 A9B2hve? + 3414 Bhvavs
+ AZ B*hivd,

Bs = v — 243Bhy vy + A 1A B2haviv® + 3.1,A43Bhvivavs
+ A2 Bhltvwd — A2 820w — A A2 B2hahgvavd

+ .1 1,132 B/I.;?U:;s

(72-7)



[§72] EXAMPLES 199

when the expressions
r1 = 7y, Ty = Vs, ry = va/AlB

for the coefficients in equations (71-2), and the values (72-2), are
substituted in the formulas (71-4).

The formulas (72-7) hold for all coefficients v; which are rational in x,
but we are for the moment interested in the case when they are constants
¢.. Let x —as be a factor of the polynomial 4,. Then if n/(x —a2) were an
integral function, the coefficient B, would necessarily be divisible by
(x—a2)'. If B, were divisible by x—a» we should have v, =c¢,=0. Then
B; divisible by (x—as2)® would imply v=¢2=0, and B; divisible by
(x—as2)® would imply v3=c¢3=0. A similar argument is effective for a
factor (x—0) of B. Hence the only non-vanishing quotients 7/ (x —x,)
with constant coefficients v, which are integral have factors x—ux, be-
longing to the factor C in equation (72-5).

It is now possible to show that the quotient n/C is integral pro-
vided that the coefficients 01, vs, v; are properly chosen polynomials in x.
Since A has the factor C? and f; is prime to A; and therefore to C, it
follows from the first formula (72-7) and the formulas (71-6) that B,
will be divisible by C*, and n/C will therefore be an integral function,
when v3=1 and

v = 2/123]12/\; = 2f2/3A]B, 2f27}2 + \;f;;/AlB =0 (modulo C).

When we substitute the values of f, and f; the latter congruence is
equivalent to

2Bhyvy + 3hy = 0 (modulo C).
If v,=I(x) is the polynomial of lowest degree which satisfies this con-
dition we see that the coefficients v,=2f,/34.B, v.=1, v;=1 define a
quotient A =7/C which is an integral function. The value of X is

(72-8) A = (1/C)(2f2/34.B + ly + y*/A,B).

We can now prove the following theorem:

THEOREM 72-2. The three functions 1, y, N are a basis for the divisor
Q=1 and the equation (71-1) when \ is defined by the equation (72-8) and
the coefficient I(x) is the polynomial of lowest degree which satisfies the
congruence

2Bhyl 4+ 3y = 0 (modulo C).

We have seen that 1, y, \ are all integral functions. The theorem can
therefore be proved with the help of Theorem 72-1 by showing that no
quotient
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n = (k] + kzy + k;;)\)/(x _— .l'o)

with constant coefficients is an integral function except the one for
which the coefficients &; are all zero. If 5 is an integral function the de-
nominator x—x, is necessarily a squared factor in the polynomial
A(1, v, \). With the help of equation (72-5) this function A is seen to
have the value

(72-9) AL, y,N) = (1/CHAQ, v, y/41B) = — A1 A B?A;.
Hence x —x, is a factor in 4, or B. But in that case

Cn 2fs _ kiC + (koC + kal)y + ksy?/A\B

X — X 33(x—x0)AlB— x — X

is also integral, as we see from the formulas (72-2). The coefficients
kiC, kyC+k3l, k; are all divisible by x —x, since otherwise, by the argu-
ment following Theorem 72 -1, there would be an integral function of the
form (72-6) with denominator a factor of 4, or B and coefficients ¢, not
all zero, which is impossible. Since C does not contain the factor x —x,
the coefficients k,C, k.C+kyl, k3 can be divisible by x—x, only when
k1=ky=k;=0. Thus the functions 1, y, XA have the properties described
in Theorem 72-1 and are a basis for the divisor Q=1..

73. The complementary basis. In calculating complementary bases
two principles are useful. According to the definition in Section 22 a
basis {1, {2, {3 is complementary to a basis 71, 7., 73 if the relations
T(nitx) =8;x hold, where 8;.=1if i=Fk, and 8,,=0 if k. If we express
the functions 7, in terms of the functions ¢, in the form

(73-1) N = auf1 + @l + a8 (i=1,23)

the coefficients have the values ai=T (), as is readily verified.
If H,, H,, H; is a basis related to 7y, 72, 73 by the equations

H, = bim + biane + bisns (i=1,2,3),

and if (By;) is the matrix reciprocal to (b.:), then the basis Z,, Z,, Z;
defined by the equations

(73-2) Zi = Bufr + Bufz: + Buls (k=1,2,3)

is the complementary basis to H;, H;, H;. For using the summation
notation of tensor analysis, we see that

THZi) = buBmeT(mitm) = buBu = dir.
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With these two principles in mind we may compute successively the
basis {1, {2, {3 complementary to (n1, 12, 73) =(1, ¥, »%), and the basis
Z1, Zs, Zy complementary to (H,, Hy, Hs) =(1, y,\). With the help of the
relations

() =3, T(y) =0,
T(y?) = (Cyi)? — 2299k = — 2fs,

(73-3) ‘
T(y*) = T(— fay — fo) = — 3fy,

T(y) = T(= foy* = fa3) = 2f7,

we find the matrix of coefficients of the equations (73-1) to be

;3 0 — 2f,
((l,rk) =< 0 bl 2f2 i 3f3>
— 2f, — 3fs 2f¢

When the equations (73-1) are solved for ¢y, ¢, {3 and the results
multiplied by f,=3y%4f, it is found that the basis complementary to
1, v, y? is expressible in the form

So= 0+ f)/fy $2 = y/fy $s=1/f,.

The matrix (b,;) by means of which the basis 1, y, Nis expressed in terms
of 1,9, ¥? and its reciprocal (B.:), are

1 0 0 1 0 0
< 0 1 0 >< 0 1 0 )

By simple calculations we justify the following theorem:
THEOREM 73-1. The basis complementary to the basis (Hy, Hy, Hy)
=(1, y, \) of the divisor Q=1 is

(73-4)  Zy=1/3, ZLy= (y—ABl)/fs,  Z3= ABC/f,.

The functions Zy, L, Zs are a basis for the divisor R=1/X, where X, is the
divisor of the branch places corresponding to finite values of x.

The last statement of the theorem is a consequence of Theorem 22 -2
which was proved under the assumption that there was no branch place
at x=co. If there are branch places at x = the theorem is still true if
we replace X by X,, and the proof is unchanged.

If there is no branch place for the function y(x) at x = © then X = X,,
and the basis Z,, Z, Z; is a basis for the divisor 1/X. It can be trans-
formed into a basis normal at x = ® by the process described in the proof
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of Theorem 21-2. In order to apply the result so attained it is impor-
tant to know that the equation (71-1) can always be replaced by an
equation with similar properties and having no branch place at x =,
as indicated in the following theorem.

THEOREM 73-2. If x=c is a point at which the discriminant of the
equation (71-1) and the coefficients f, fs are different from zero, and if »
is the smallest integer for which y/x™ remains finite at x = | then the func-
tions

(73-5) £=1/(x — o), n=y/(x = ¢)
satisfy an equation
(73-6) 7+ ¢2(E)m + ¢3(§) = 0

with the properties prescribed for equation (71-1). Furthermore ¢, is of
degree 2r, ¢3 is of degree 3r, r is the smallest integer for which n/¢" remains
finite at £ = o there is no branch place at £ = o, and the expansions for n
at £ = have the form

n=£r(75+51/£+"') (i=17273))

where the constants v, are the three distinct roots of equation (711-1) for x=c.

By sctting x=1/x", y=3z/x"" in equation (71-1) we see that thc
integer 7 is the smallest integer for which z remains finite at *"=0, and
that this integer is the smallest for which 2» —m, and 37 —m; are both
positive, where m, and m; are the degrees of f»(x) and f;(x), respectively.
The solutions of equations (73-5) for x and y are

(73-7) x=c+ 1/§ y = /¢

By substituting these solutions in equation (71-1) we find the equation
(73-6) with

da(§) = E7fa(c + 1/8), d3(8) = Efs(c + 1/8),

and the properties stated in the theorem can be readily verified.

THEOREM 73-3. If the equation (71-1) has no branch place at x=
and has the properties at x= o described for equation (13-6) in the last
theorem, and if the column orders ri=0, —r,, —r; of the basis 1, y, X
at x= oo satisfy the relation ry<r;, then this basis is normal at x= o,
According to Theorem 22-1 the complementary basis Z,, Zs, Zs is also
normal and has the column orders r,=0, 7y, r3 at x = 0.

We know that the column orders of ¥ and X at x = are negative,
since these functions are not constants and have no poles at finite
values of 2. The column order at x =« of the second term in
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N = 2f2/34,BC + ly/C + y*/4,BC

is greater than —r; since / is of lower degree than C. The terms of degree
—r; in the expansions for N at x = therefore come from the first and
third terms. The expansions for y at = « have by hypothesis the form

. y=a(c;+di/x+ ) (1=1,2,3)

with distinct constants ¢;. If we denote by ay, B, v the degrees of 4,,
B, C, respectively, then since f; has by hypothesis the degree 2r =27, we
see that the expansions for X at £ = o have the form

N=za"(a+ bct+ efx+ ),

where 73 =27, —a; —f8 —+y and the constant b is different from zero. Hence
the determinant of leading coefficients of 1, y, N at x =0 is

1 1 a + bei?
1 Cy a + b622 # 0,
1 c3 a + becg

and we see that the basis 1, y, N is normal at x =,
THEOREM 73-4. The transformation

is birational and takes the equation (71-1) into an equation

1° + ¢2(E)n + ¢3(§) = 0

with similar properties. By a succession of transformations of the forms
(73-5) and (73-8) equation (711-1) can be replaced by an equation of the
same form with the properties described in Theorem 13 -3. For the equation
so attained the basis 1, y, N and its complementary basis Ly, Lo, Zs are there-
fore normal at x= .

To prove the first statement of the theorem we may first note that
the equation (71-3) satisfied by the function n=\(x, y) is irreducible.
Otherwise, according to Theorem 49-1 and its Corollary 1, the first
member of equation (71-3) would be the third power of a factor linear
in 5, and from the formula (72-8) we see that y would satisfy an equa-
tion of the second degree, which is impossible since equation (71-1) is
by hypothesis irreducible. From the corollary cited above it follows
then that the transformation (73-8) is birational. There is no term in
n? in the equation (71-3) for n=XA(x, v) since with the help of the for-
mulas (73-3) it follows that By=17(\) =0. The cocflicicnts B, and B;
must be polynomials with no common factor occurring twice in B uand
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three times in Bj, since N is an integral function and no quotient
N/ (x—xo) has this property. Hence the equation (71-3) for =X\ (x, y)
has the properties prescribed for the equation (71-1).

If we first make a suitable transformation

x = 1/(x — o), y1=y/(x = ¢)"

equation (71-1) goes into an equation of the same form with no branch
place at x = =, as indicated in Theorem 73-2. If we denote the column
orders at x;=c of the basis 1, y;, X\, for the new equation by r,=0,
—r, —ns the transformations

E=mx, 7 = Nix1, y1),
xy = 1/(E — o), ye =n/(x — §)m

are again birational and provide a new equation with a basis 1, y,, \,.
Continuing the process we find a sequence of equations with bases 1,
Y, N having column orders at x; = © which may be denoted by 7., =0,
—7k2, —73, and such that 7,3 =7,_1 ;. The function A(1, yi, A) is a poly-
nomial in x, equal to the norm of the divisor of branch places, by
Theorem 21-4. It is of the same degree in x, for every k&, since the
transformations which have been applied are bilinear in the variables
x, £ and do not change the orders of the branch places. The order of
A(1, yi, M) at xp=o0 is, however, at least —2(ria+743), and since
rie=r;_1,3 the difference between this expression and the similar one
for k—1 is at least 4 if the relations 7,_1,2>7:_1.3, 712 >71s are satisfied.
Hence we see that for some finite value of ¥ we must have 7,, <7,;, and
the corresponding basis 1, yx, N\« will be normal at x =, by Theorem
73-3.

74. A theorem of Baur. The theorems in the preceding sections
were developed with the aid of transformations which led to equations
of the form (71-1) having no branch places at x = . Baur has proved
an interesting theorem which is applicable in other cases also.

A simple procedure in order to investigate the behavior of the alge-
braic function y(x) at x=o is to make the substitution x=1/x", y
=y'/x'" in equation (71-1), where r is the smallest integer such that
y/x" remains finite at £ = . The resulting equation has the form

(74-1) y'* + ga(ax")y’ + ga(x”) = 0,
in which
ga(x') = 2'¥fy(1/2),  ga(a") = "3 f3(1/x').
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1t is evident that r is the smallest integer such that 2» —m; and 37 —m;
are positive, m, and m; being the degrees of the polynomials f, and f;,
respectively. The notations A{, 47, B’, C’, A{ will be used to designate
the polynomials for the equation (74-1) analogous to the similar un-
primed polynomials for equation (71-1). On account of the possibility
of factors which are powers of x” alone in the coefficients g, and g; we see
readily that 4{ =A4,x’*', where &' is a positive integer which is at least
equal to the degree « of 4, and may be greater. Similar relations and
notations hold for the other polynomials listed above. Baur’s theorem
is then as follows:-

THEOREM 74-1. Let r1=0, 1y, r; be the smallest integers for which the
quotients H,/x™ belonging to the basis (H, Ha, H3) =(1, v, \) for equation
(71-1) remain finite at x = o , and let Ly, Ly, Zs be the basis complementary
to Hy, Ho, Hs. If ro <13, and if the factor C’ of the discriminant of the equa-
tion (74-1) arising from (71-1) is not divisible by x', then the functions

(74-2) Z; (i 0;pi=0,1, - ,7r,—2;i=23)

are a set of p linearly independent integrands of integrals of the first kind
for the equation (71-1.)

To prove this we use the property, from Section 24, that every
integrand n(x, y) of an integral of the first kind is a multiple of the di-
visor D?/X, and hence also of the divisor 1/X, for which Z,, Z,, Z; are a
basis. Such a function 5(x, y) is expressible in the form

n = g1(2)Z) + go(x)22 + gs(x)Zs

with polynomial coefficients whose values are g;=T(nH,), on account
of the relations T(HiZ;) = 8;x. The divisors of 7 and x have the forms
Q,=1ID?%/X,Q.=N/D, where I is a divisor with no negative exponents.
Hence Q,,=IDN/X, and it is evident that the product nx vanishes at
each place P over x= o since D contains a higher power of P than X.
Consequently g;/x~!=T(gx-H;/«7) vanishes at x= o, since H,/x" is
finite, and it follows that the degree of g; is at most equal to 7;—2. This
shows that every integrand function 7 of an integral of the first kind is
expressible as a linear combination of the functions (74-2). It remains
to be proved that every such linear combination is a multiple of the
divisor D?/X.

To prove this it may first be shown that the functions (1, y/a7,
N/x7%), when expressed in terms of the variables x’ and y’, are a basis for
the divisor Q=1 and the equation (74-1). Equation (74-1) has a basis
(1, ', \') for the divisor Q =1 of the kind described in Theorem 72-2.
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Since the quotient /7 is finite for all values of x’ except possibly
x’ = o it must be expressible in terms of this basis in the form

(74-3) Nan = ky(x') + ko (2)y' + Es(2")N,

the coefficients #; being polynomials. These coefficients can have no
power of ' in common as a factor, since 7; is the smallest integer for
which N/x7 remains finite at = . Since the traces of A, ¥’, \ are all
zero it follows that k£, =0. We may express the value of A from (72-8)
in terms of ¥’ by means of the formula y=1y’/x's. By comparing coef-
ficients of powers of ¥’ in equation (74-3) we then see, with the help
of the relation C' =Cx’’, that

ks = x"‘, ky = (lx’*'*""' - l’x’“)/C',

where ¢ is a positive integer or zero since &; is a polynomial. The first
term in the parenthesis has a factor 2" since 72 <r; and v’ is greater than
the degree v of C and consequently than the degree of / in x=1/x".
Furthermore C’ contains no factor x” by hypothesis. Since &; and k; can
have no power of x#’ as a common factor, the last equation shows that
a=0. Hence the bases (1, y/272, N/x7s) and (1, y’, \’) are related by the
equations

y/xn =y, Nxm = kyy' 4 N

The former must therefore be a basis for the divisor Q =1 and the equa-
tion (74-1), since the latter has this property.

With this result in mind we can prove that every linear combination
7(x, ) of the functions (74-2), with constant coefficients, is an integrand
of an integral of the first kind for equation (71-1). Such a function 5 has
the form

(74-4) 1 = g2(%)Zy + gs(x)Zs

where g; and g; are of degrees at most 7. —2 and r;—2, respectively. The
basis complementary to (H{, Hf, H{) =(1, y/272, N/2™) is (Z{,Z{, Z{)
=17, Zoam, Zsa™), according to the first paragraph of Section 73. Hence
from equation (74-4) the product n«?is expressible in the form

nx’ = Gz(x’) Zg’ + Gs(x’) Za’

where the coefficients G;=x"ri"%g; are also polynomials. Let us set
X =X,X,X, where X, and X, are the divisors of the branch places at
=0 and ¥ = o, respectively. Equation (74-4) shows that 7 is a multi-
ple of the divisor 1/X,=1/X X, for which the functions Z,, Z,, Z; are a
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basis, according to Theorem 73 - 1. Similarly the last equation shows that
nx? is a multiple of the divisor 1/X.X,. Hence

0, = I,/ XoX,, 0,2 = I,/X,X,,

where I, and [, are divisors with no negative exponents. But from these
equations and the equation Q.= N/D it follows that

Iy = Xo[,D¥ X N = I,D*/ X,

since I is integral and D is prime to N'. Hence Q,=13D% X and nis a
multiple of the divisor D?/X. Thus we see that every linear combination
(74-4) of the functions (74-2) with constant coefficients is an integrand
of an integral of the first kind, and the proof of the theorem is complete.

75. Applications to equations of the third degree in y. The results of
the preceding sections are useful in the study of special equations of
the third degree in y, as indicated in the following theorems.

THEOREM 75-1. At every root x=£ of the factor A\A;z of the function
A1, ¥, N) = —A\A2BA; there is a cycle of two sheels for the equation
(71-1), and at every root of A.B there is a cycle of three sheets. There are no
other branch places at finite values of x. If the number of cycles with two
sheets at x= o 1s represented by ks, and the number with three sheets by «s,
then the genus of the equation (71-1) is given by the formula

(75-1) 2p = ay + 209 + 28 + 63 + k2 + 2k3 — 4,

where oy, on, B, 83 are the degrees of the polynomials Ay, As, B, 4y, re-
spectively.

To prove this we first notice that Theorem 21 -4 holds even if there
are branch places at x = o, provided that we replace X by X,. The proof
is identical with that given in Section 21. Hence for the basis 1, y, X
of the divisor ) =1 we have

A1, 3, \) = <N (X)),

The branch places at finite values of x can occur therefore only at the
roots of the expression A(1, ¥, X\). The statements in the theorem con-
cerning branch places at finite values of x follow at once since N(X))
contains a linear factor x —x, only when there is a cycle with two sheets
at x=ux,, and a factor (x—x,)? only when there is a cycle with three
sheets. Thus for every cubic equation of the form (71-1) the cycles at
finite values of x can be readily determined.

The character of the places at x= o can be found from their expan-
sions, or by applying the theorem just proved to the equation (74-1).
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If x" is a factor in A/ A there is a cycle with two sheets at x =, or if
x’is a factor in A4 B’ there is a cycle of three sheets. The genus is deter-
mined, according to formula (21-8), by the equation

p=(a14+ 2a:4+ 28463+ 24+ 2x3)/2 — 3 4+ 1,

where . and «; are the powers of x’ in A/ AJ and A/ B’, respectively.
The only possible pairs of values (k, xs) are (0, 0), (1, 0), (0, 1) since
A, A/, B’, A{ have no repeated factors and are prime to each other.

In order to find p linearly independent integrand functions of in-
tegrals of the first kind for a numerical case of equation (71-1) we may
adopt the one of the procedures described in the theorems of the pre-
ceding sections which seems most convenient for the special case in
question. A first method is to transform the equation (71-1) into one
with no branch place at x =, as described in Theorem 73-2. The
basis Zi, Zs, Z; of Theorem 731 for the divisor Q =1/X will perhaps not
be normal at x =, but it can be transformed into an equivalent nor-
mal basis by the method used in proving Theorem 21-2. It will not
cause confusion if we denote this new basis by Z, Z., Z; and its column
orders by ri, 7, 3. Then the functions

(75-2) aZ, (p,20;p,=0,1,--- 7, —2;1=1,2,3)

are a set of p linearly independent integrands of integrals of the first
kind, as indicated in the proof of Theorem 21-3 and its corollary.

A second method of finding a basis normal at x =« for the divisor
1/X is to apply successively transformations of the forms (73-5) and
(73-8) until an equation is reached with a basis 1, y, N which is normal
at x=, as indicated in Theorem 73-4. The complementary basis
Z1, Zs, Z; for the divisor 1/X is then also normal, and the p linearly inde-
pendent integrands of integrals of the first kind are again the functions
(75-2). The column order of Z, in this case is zero, so that the only.prod-
ucts occurring among the functions (75-2) are those involving Z, and
Z3.

If the equation (71-1) has a branch place at x =c it may be that
the polynomial C’ for equation (74-1) does not contain x’ as a factor,
and that the smallest integers r,, 7; for which the quotients y/x%, N/x's
are finite at x= oo satisfy the relation 7, <7;. Then Theorem 74 1 is
applicable, and the functions (74-2) are p linearly independent integrals
of the first kind.

To construct an integrand of an elementary integral of the third
kind with logarithmic singularities at two non-singular places P; = (x1, y1)
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and P, = (x., y2) we may presuppose that equation (71-1) has no branch
place at x= o and has properties at = o similar to those of equation
(73-6) in Theorem 73-2. Let H,, H,, H; be a basis for the divisor Q =1
normal at x= o, constructed in any way. In the proof of Corollary 2
of Theorem 21 -4 it was shown that one of the column orders at x=
of such a basis,is zero, and that the others are negative, so that we may
represent them by »,=0, —r,, —r;. The function H, is then a constant
since it has no poles. The complementary basis Z,, Z,, Z; belongs to the
divisor R=1/X and is normal at x=« with the column orders 7, =0,
73, 3, by Theorems 22-2 and 22-1. An integrand function 7(x, y; Py, P3)
of an elementary integral of the third kind with logarithmic singularities
at P, and P. is a multiple of the divisor D?/P,P,X. We might construct
a basis for this divisor by starting from the basis Z, Z,, Z; for 1/X and
applying the method used in proving Theorem 20-2. But when this has
once been done the result may be attained more directly in the following
manner. The matrix of conjugates of the functions H; is both a right
and left reciprocal of the matrix of conjugates of the functions Z; with
rows and columns interchanged. Consequently the functions

H.(x1, y0)Z.(x, ¥)/(x — x1),

where the notation of tensor analysis for a sum is used, has a simple
pole with residue 1 at P;=(x, y1) and is finite at the other two places
over x =x,. It is a multiple of the divisor 1/P,X. Similarly

H,(xg, ¥2)Z.(x, ¥)/(x — x2)

is a multiple of 1/P,X, and we can see without difficulty that the dif-
ference

H,,(.\’l, }’1)Za(-", y) Ht(~1'2, yz)Zz('\.y )’)

X - 1 X = Xy

(75:3)  n(x, y; P, Py) =

is a multiple of D?/P,P,X. The function so defined has in fact a zero of
order two at each place at x= oo, since the column orders of Z; and Z,
at x= o are both positive, and since at each place over x= % the first
factor in the product

(Hl(xly y1) _ Hj (2, ¥2)

x — X X — X

>Z1(.¥', y)

has an expansion beginning with (1/x)? because Hi(x, y) is a constant.
THEOREM 75-2. For an equation (71-1) with no branch place at x= =,
as described for equation (713-6) in Theorem 73-2, the function defined
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by equation (75-3) is an integrand n(x, y; P\, Ps) of an elementary
integral m(x, y; Py, P.) of the third kind with logarithmic singularities and
residues +1, —1 at two non-singular places P, and P,. The function

(75-4) m(%, ¥; P1) = — @*'n(x, y; Py, Py)/dayt!

is an inlegrand of an elementary integral ¢.(x, y; P1) of the second kind
with no singularity except a pole at Py. The expansion of ¢, at P, has the
form

Cx, vy Py) =vl/(x — )M o a(v — )+ -0 -

The last part of the theorem concerning elementary integrals of the
second kind can be readily proved by differentiating the expansion of
n(x, v; P, P;) or w(x, y; Py, Py) with respect to x;.

It should be noted in concluding this section that the methods de-
scribed in Sections 71-75 are rational in character. The common factors
d(x) of the coefficients f, and fs, and the squared factor in d(x), can be
found by the greatest common divisor process. The squared factor is the
greatest common divisor of d(x) and its derivative. A similar remark
applies to the squared factor C in the factor A; of the discriminant, in
the equation following (72-4).

76. Equations of the fourth degree in x and y. An irreducible equa-
tion of the fourth degree in x and y may be reduced to one of the third
degree or less in y by a simple transformation. Let the equation be
written in the form

Sy ») = (x, Yot -+ (5, )4 =0,

where the parenthesis (x, y), is homogeneous and of degree % in the
variables x and y, and let a, b, ¢, d be constants such that (b, d),=0,
ad —bc~0. Then the transformation

(76- 1) X = at + by, v =ct+ dy

takes the equation f(x, ¥v) =0 into an equation of the fourth degree in £
and 7, but of the third degree at most in 5. This is evident when we
substitute the values (76-1) in f(x, y) and set £=0. If the resulting
equation in £ and 7 is of the first degree in 5 it defines a unicursal curve
of genus p=0. If it is of the second degree in 5 it may be reduced to an
elliptic or hyperelliptic curve by the method used in proving Theorems
50-2 and 50-3. If it is of the third degree in 5 the methods of Sections
71-5 are applicable. Thus every curve of the fourth degree in x and y
can be discussed by methods described in the preceding sections.
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A simple geometrical argument also shows that every irreducible
algebraic curve of the fourth degree in x and y can be transformed bilin-
early into one of the fourth degree in £ and n but of the third degree only
in , and with the coefficient of #* a constant different from zero. For
if we take the lines

' L=ax4+by+c=0 (i=1,2,3)
as indicated in Figure 76-1, the transformation §=1,/ls, n=1/l; will
take the curve f(x, y) =0 into a curve

o) = E o+ -+ (& 0

which has two intersection's with the line at infinity at the intersection of
the line at infinity with the ¢-axis. This means that in the polynomial

/ L m(

Fi6.76 1

(£, )4 the terms in n* and »® are missing. Furthermore in the polynomial
(0, n) the term of the third degree is present, since the line £=0 has
three finite intersections with the curve.

77. Examples. The theory developed in the preceding sections is
illustrated by the example

(77-1) ¥~ 3xy+ x¥Qx — 11) =0

which was discussed by Baur [19, p. 57]. For this equation we readily
calculate, from the formulas in Section 72,

fa = — 3x, f3 = x%(9x — 11),

Ay = x, A, =1, B =1, hy = — 3, hy = 249y — 11),
27[2°(9x — 11)2 — 4] = (v — 1)*(81a° + - - - ),
C=ux-—1, Ay = 81294 . - -

A2
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The squared factor C in A; is found by finding the common factor of A,
and dA,/dx. According to Theorem 722, abasis for the divisor Q=1 is

(77°2) Hy=1, Hy=9y, Hy=X=(—2x—ay+ y3)/x(x — 1),
and by formula (72-9) the square of the determinant of the basis is
A(l, y,\) = — A, A2 B%; = — x(812° + - - - ).

Applying Theorem 75-1 we see that the algebraic function defined by
equation (77-1) has a cycle of two sheets at the origin x =0, and a cycle
of two sheets at each of the nine roots of the polynomial A;.

By substituting x=1/2', y=y'/x'? in equation (77-1) we find the
equation '

(77-3) '3 — 3x%y + 229 — 11x') =0
analogous to (74-1). For this equation

.‘11, = 1, Az’ = 1, B, = x’, hg’ = - 3x'3, 4’ =0 — 11.\”1

A = 27[(9 — 11x")? — 4a'11], C'=x —1.
The square of the determinant of the basis (1, y’,N) is

~ A(L, ¥/, N) = — 2" '
so that equation (77-3) has a cycle of three sheets at x"=0, and the
equation (77-1) a similar cycle at x= . The constants ks, «; have the
values 0, 1, and from formula (75-1) the genus of the equation (77-1)
is p=4.

The conclusions of Theorem 74-1 are applicable to this example,
since C’ has no factor " and since the values of the integers rs, 75 for
the functions y, X are both 3, as we shall now see. The value of 7; is the
exponent of 2 in the transformation y=7y’/x’® giving equation (77-3).
To find the value of 7; we may apply the Newton polygon method to
equation (77-3) at the point (x’, y’) = (0, 0) and so secure the expansion
for y’, and the corresponding branch

(77-4) x =13, y =T334 - ) (@ = — 1)
for y at x = co. When substituted in the expression for X from (77-2) we

see that \ has a pole of order —8 at x= =, and hence that r;=3. By
Theorem 731 the basis complementary to 1, y, A is

Z,=1/3, Zy=(y+ 2)/3(y* — x), Z3= x(x— 1)/3(y*~ x).
Hence by Theorem 74-1 the functions
Z2, xZ2, Za, xZ3
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are four linearly independent integrand functions for integrals of the
first kind.

The integrand function defined by equation (75-3) has the form

1 1 1
n(x, y; Py, Py) = - - )
\ 3\ —x; x— 2,
Sy
3\ — 1 x-—xgjy2—x

3

1< A N \x(x = 1)

- x—xgj y:—x

for the equation (77-1), where v, ¥;, i, Ay are the values of y and A
belonging to the places P, and P,. The argument of the last section
shows that this function is a multiple of the divisor 1/P.P,X, and has
simple poles with residues +1, —1 at the places P; and P, but it does
not assure us that g(x, y; Py, P,) is an integrand of an elementary in-
tegral of the third kind because the curve (77-1) has a branch place at
x=oc0. We may easily see, however, that the product ndx/dt is finite
at x= o, and hence that 7 is an integrand function as desired. For from
the expansions (77-4) it follows readily that n has a zero of order 6, and
dx/dt a pole of order —4, at x=cc.

From the formula (75-4) the integrand functions of elementary
integrals of the second kind could be calculated without difficulty if
needed.

ExAMPLES FOR THE METHOD OF BAUR

1. Discuss the example of the text above by first transforming so
that there is no branch place at x= .

2. Y +ady+x=0  [19, p. 56]

3. Discuss the last example by first transforming so that there is no
branch place at x = «.

4. Apply the methods of Baur to examples 6-8, 11-15 of Section 68.
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elliptic curves, 189; algebraic functions
defined by equations of the third or fourth
degreein y, 194ff, 211, 213

Expansion theorems, 17, 25, 29, 32; Laurent
expansion, 9; Newton’s polygon method,
35; at singular points of special types, 40
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Fields, iii

Functions: analytic, 1; algebraic, 24; holo-
merphic on a plane, 1, on a Riemann sur-
face, 80; rational, 12ff, 43ff, 70; special ra-
tional, 71; inverse, 171ff

Function-theoretic plane, 165

Fundamenta! systems of integrals: of the

first kind, 98; of the first and second kinds,

103; const.uction of, 107; for curves of el-

liptic or hyperelliptic type, 193-4
Fundamental theorem of algebra, 13

Genus: of an algebraic function, 58, 90, 147;
invariant property, 62; of a Riemann sur-
face, 88; of elliptic or hyperelliptic curves,
191; of an equation of the third degree in
y, 207

~ Gordan, iii

Halphen, 155

Hensel, iii, iv, v, 156

Holomorphic functions: on a z-plane, 1, to-
gether forming an algebraic function, 28;
on a Riemann surface, 80

Hyperelliptic curves, 139, 189

Ideal norm of a divisor, 35

Integral algebraic function, 195

Integrals: of a function f(z), 2; associated
with an algebraic function, 64, 93; see also
Abelian integrals, Elliptic integrals

Inversion of Abelian integrals, 169ff

Inverse function: when p=0, 171;
p=1,172

Irreducible algebraic equations, 78

Jacobi, 176

Klein, 155
Kronecker, iii, v, 135-6

when

Landsberg, iii, n, v, 156

Laurent expansion, 9; principal part of, 13, 15
Leading coeflicients of a rational functlon 74
Logarithm of a rational function, 114

Multiple points with distinct tangents, 40
Multiples of a divisor, 47, 48, 51, 34, 72

Newton, 33

Newton’s polygons, 36

Noether, iii, 155

Noether, Emmy, iii

Norm: of a rational function, 44; ideal norm
of a divisor, 55

Normal basis for a divisor, 52

Normal form cf equation of third degree in y,
194

Normal integrals, 110

Ordinary point, 9, 11; ordinary place, 80

Periods: of an Abelian integral, 96ff, 101;
period relations, 100, 105-6; primitive
periods of an elliptic function, 179

INDEX

Picard, 135

Place on a Riemann surface, 34, 77; special
set of places, 71; singular places, 80, for
an equation of the third degree in y, 207

Primitive branch, 32

Principal parts, 15

Projective intersections of two curves, 150

Projective plane, 159

Projective transformations, 144ff

Rational function: in the plane, 12ff; on a
Riemann surface,43ff; conjugate values, 44;
with prescribed poles, 14-15, 70, 72; spe-
cial rational function, 71, 73 expressed in
terms of integrals, 113 analogles with el-
liptic functions, 174ﬁ, integral rational
function, 196

Reducibility of polyncmials, 21{f

Reduction of singularities, 155ff; to multiple
points with distinct tangents, 156; to
double points in the projective plane, 163;
to dcuble points in the function-theoretic
plane, 167

References, 23, 42, 74, 92, 118, 132, 154, 168,
182,213, 214

Region, 26; connected, 3; simply connected,
5 26

Regular arc, 2; on a Riemann surface, 80

Residues, 7, 12, 44; theorems concerning, 8,
11, 14, 45; of a function on a Riemann sur-
face, 81

Resultant of two polynomials, 18

Riemann, iii, iv, 67, 75

Riemann-Roch Theorem 671

Riemann surface T, 75ff; construction of T,
T', and T", 75, 92, 96; places on, 77; for
an irreducible algebraic equation, 78;
genus of, 88, 147; examples, 136ff

Roch, iv, 67

Severi, iii

Simart, 155

Singularities' reduction of, 135ff; see also Re-
duction of singularities

Singular points, 9, 11; for an algebraic func-
tion, 25; of special types, 40

Singular places: of an algebraic function, 34;
of functions on a Riemann surface, 80; of
Abelian integrals, 94

Special places and rational functions, 71, 73;
special divisor, 71

Surface: connected or simply connected, 82;
connectivity, 87

Trace of a rational function, 44

Transformations: projective, 144ff; see also
Birational transformations, Cremonatrans-
formations

Unicursal curves, 139ff

Weber, iii, iv
Weierstrass, iii, 176~7
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