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PREFACE

During the past twenty years abstract mathematical concepts have
come into general use in statistical research. Advanced methods make
it possible conveniently to treat cases that involve an infinite number
of random variables. Undergraduate courses in mathematical statistics
and probability theory, however, are usually confined to finite cases.
Consequently, those students who go on to graduate work and
research are faced with the problem of reorientating their under-
graduate work in terms of the more general mathematical setting.

There is a growing feeling that an undergraduate should be
exposed to advanced techniques early in his statistical training—that
is, in his first or second course in mathematical statistics. In this
way the student would be able right away to co-ordinate the more
concrete methods of the finite case with the more abstract methods
of the infinite case.

This book gives a concise presentation of probability theory,
limit theorems, and stationary stochastic processes. The underlying
mathematical theme of the book is presented in Chapter I: the metric
space and the measure space. In Chapter II, probability theory is
presented as measure theory, which makes possible the rigorous treat-
ment of an unlimited number of random trials. Chapter III deals
with sums of an indefinite number of independent random variables;
and the resulting limit theorems, such as the Central Limit Theorem,
are corner-stones of statistical theory. The concept of convergence
in metric space plays a predominant role in Chapter III. The rest
of the book presents a generalization of the regression analysis of a
finite number of random variables to the infinite number of the
stationary stochastic process. Again the concept of convergence in
metric space plays a predominant role.

This book can be used in undergraduate statistics courses as a
supplement to standard texts that require only calculus. Some pre-
liminary knowledge of measure and integration such as is found in
Cramér’s Mathematical Methods of Statistics would be helpful, but is
not necessary if some class time is spent on this subject. Learning
mathematics has points in common with learning a new language.
A student can plunge into this book and think in terms of such
concepts as measure, the Lebesgue-Stieltjes integral, metric space,
and Hilbert space, before he has had formal courses on these subjects.

In the two-semester first course in statistics at the University of
Wisconsin, intended for students who have had one or two years of
calculus, a standard text is used. During the first part of the year
1958-9, in conjunction with the text-book, the first few chapters of
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this volume were presented to a class which was especially receptive
and interested. Most of the students are majoring in the physical,
social, and biological sciences, mathematics, and engineering. These
fields, in common, are feeling the impact of modern statistics. Because
this book is concerned with the mathematics of statistics, we used
during the latter part of the year Quenouille’s The Fundamentals
of Statistical Reasoning (this Series, No. 3) to introduce the principles
of the science of statistics.

So that overall unity would not be lost in details and lengthy
description, many of the proofs and applications are either outlined
or left as exercises. Throughout the book the student is encouraged
to go to the references, which is the key toward making him research-
minded.

E. A. RoBINSON
Madison, Wisconsin, U.S.A.
May, 1959
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CHAPTER 1

METRIC AND MEASURE

1.1 Metric space

An abstract mathematical space is any collection of things, such as
functions, or sequences, or geometrical points. Each thing is called
an element, or point, of the abstract space.

A metric space is an abstract space for which a metric, or distance
between two points, is defined.

Definition 1.10 A metric space is a set K of points for which the
distance between any two points x,y is given by a single-valued,
non-negative, real function d(x,y), which satisfies the metric
conditions:

(1) d(»,y) = 0 if and only if x = y (equivalence axiom);

(2) d(x,y) = d(y,x) (the axiom of symmetry);

(3) d(x,y)+d(y, 2) > d(x, 2) (the triangle axiom).
Example 1.10 Let E, be the space with points x the real numbers
x = u where u is real. If x = u and y = v where u and v are real
numbers, let the distance function be d(x,y) =|v—u| Then
E, is a metric space and is called Euclidean one-tuple space. Let
E, be the space with points x the ordered n-tuples x = (u,, ..., u,)

of real numbers u;,...,u,. If x = (uy,...,u,) and y = (vy, ..., v,),
let the distance function be

n ]
a(w3) = | £ (-]
Then E,, is a metric space and is called Euclidean n-tuple space.

Example 1.11 Let E,, be the space with points x the sequences
0
% = (Uy, Uy, ...) of real numbers uy,u,, ..., where Y u? is finite

i=1
(i.e. each point must be a finite distance from the origin (0,0, ...)).
If x = (uy, uy, ...) and y = (v4, vy, ...), let the distance function be

a3 = [ & -wp]

Then E,, is a metric space and is called a Fuclidean sequence space.
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Example 1.12 Let C? be the space with points x the real con-
tinuous functions x = u(¢) of the real variable ¢. If x = u(¢) and
y = v(t), let the distance function be

i@y = [[[o0-uepa]

Then C? is a metric space and is called the space of continuous
functions with quadratic metric.

An e-neighbourhood of a point x in a metric space K is the set of
all points y of K that satisfy the condition d(y,x)<e. Let S be a
subset of the metric space K. A point x is called a contact point of the
set S if every neighbourhood of x contains at least one point of S.
The set of all contact points of S is called the closure [S] of S. It
follows that every set is contained in its closure: S < [S]. The
point x is called a Iimit point of the set S if every neighbourhood of x
contains an infinite number of points of 8. The point x of the set S
is called an isolated point of S if x has a neighbourhood that does not
contain any points of 8 different from x. It can be shown that every
contact point of 8 is either a limit point of 8 or an isolated point of S.
Hence the closure [S] in general consists of (1) isolated points of S,
(2) limit points of S that belong to 8, and (3) limit points of S that
do not belong to S. We may obtain the closure [S] by taking the
union of the set 8 and the set of all the limit points of S.

Let x,,x,,... be a sequence of points in the metric space K.
We say that the sequence {x,,} converges to the element x if the numbers
d(%y, x), d(%,, %), ... converge to zero, and shall denote such con-
vergence in metric space by : x, = x as #—>00. The element x is called
the hmit of the sequence {x,}.

The concept of contact point and limit point and the concept of
limit are related in the following way. The point x is a contact point
of 8 if and only if x is the limit of a sequence 4, x,, ... of points of S.
The point x is a limit point of § if and only if x is the limit of a
sequence x;, ¥,, ... of distinct points of S.

A set S is said to be closed if it coincides with its closure [S];
i.e. if 8 contains all its limit points. The closure [S] of a set S is
closed, and [S] is the smallest closed set that contains S.

The set S is called everywhere dense in the metric space K if its
closure [S] coincides with the entire space K. A metric space K is
called separable if there exists a countable set S (i.e. a sequence
%y, Xy, ...) of points in K that is everywhere dense in K. The metric
space E; (Example 1.10) is separable because the rational numbers
form an everywhere dense countable set in E;. The metric space E,
(Example 1.10) is separable because the set of all n-tuples (u,, uy, ..., #,)
with rational co-ordinates u,,u,, ..., %, is an everywhere dense count-
able set. The metric space E,, (Example 1.11) is separable because
the set of all sequences in each of which all terms are rational, and
only a finite (but arbitrary) number of terms is distinct from zero,
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forms an everywhere dense countable set in E,. The metric space C?
(Example 1.12) is separable because the set of all polynomials with
rational coefficients is countable and everywhere dense.

A sequence {x,} of points of a metric space K is called a funda-
mental sequence if it satisfies the Cauchy criterion, i.e. if for arbitrary
€>0 there exists an N such that d(x,,x,)<e for all m,n>N. It
follows from the triangle axiom that every convergent sequence is
fundamental. For if {x,} converges to x, then for >0, there is an N
such that d(x,, x) < ¢/2 for all n>N. Then

A (% %) < A (% %)+ d (Fogy %) < €

for arbitrary n,m> N.

If every fundamental sequence in the metric space K converges
to an element in K, then K is said to be complete. It is a theorem in
analysis that the space of real numbers (Euclidean one-tuple space)
is complete, from which it follows that Euclidean n-tuple space E,,
is complete (Example 1.10). It can also be shown that the metric
space E,, (Example 1.11) is complete. Nevertheless the metric space
C? (Example 1.12) is not complete. For example, the sequence of
continuous functions x, (t) = arctannt is fundamental, but does not
converge to a continuous function.

1.2 Measure space

Let Q be an abstract space of points w. A point-set, denoted by
4, B, etc., is a set of points w.

Definition 1.20 A class F of point-sets is called a field if
(1) the whole space Q is an element of F;
(2) the complement, Q— 4, of any element 4 of F is also an
element of F;
(3) finite unions and intersections of elements of F are also
elements of F.

A field is called a Borel field if, in addition, countable unions and
intersections of elements of F are also elements of F.
A measure may be defined on a Borel field as follows.

Definition 1.21 A measure is a real, non-negative set function p (4)
for which
(1) the domain of definition is a Borel field of sets;
(2) for any finite or countable number of disjoint sets 4,
the measure of their union is the sum of their measures;
that is, u(V 4,) = Zp(4,).

The sets A belonging to the domain of definition are called
u-measurable sets, or simply, measurable sets. A measure space,
denoted by (Q,F, ), is formed by the space Q, the Borel field F of
measurable sets in this space, and the measure p defined on this
Borel field.
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If a class F, of point-sets of Q do not form a Borel field, then a
measure cannot be defined for F,. In this case, we consider all Borel
fields that contain the sets of F,. It can be shown that the inter-
section of all these Borel fields is itself a Borel field, and thus is the
minimal Borel field containing F,. This minimal Borel field, denoted
by B (F,), is called the Borel closure of Fy with respect to Q.

Example 1.20 Let the space Q be one-dimensional Cartesian space,
i.e. the real line E,;, so that the points w are the real numbers .
Let F, be the class of finite unions of right semi-closed intervals
{a<u<b}. Then the sets of B(F,) are called the linear Borel sets.
Let F be a distribution function on the real line; that is, F is a
monotone, non-decreasing function of the real variable u, con-
tinuous on the right, and with F(—o0) =0 and F(c0)=1. If 4
is the finite union of non-overlapping right semi-closed intervals
{a;<u<b},i=1,2,...,n, define

w(4) = 3 [F (b))~ F(a)]

The domain of definition of u can be extended to B (F,) so that
p is a measure on the linear Borel sets. The measure p is called
the Lebesgue—Stieltjes measure for the distribution function F.
Because u(E;) = 1, p is a bounded measure.

Example 1.21 Let the space Q be 2-dimensional Cartesian space,
i.e. the plane E,, so that the points w are the ordered pairs (u,, 4,)
of real numbers. Let F, be the class of finite unions of right
semi-closed rectangles. Then the sets of B(F,) are the two-
dimensional Borel sets. Let F be a distribution function on the
plane; that is, F is monotone, non-decreasing, and continuous on
the right for each variable u,, u,, and furthermore

F(—o0,uy) = F(uy, —0) =0, F(u;,00) = F(00,uy) =1
and for a, <by,a,< by,
AF = F(by, by)— F (a1, by) — F (by, a) + F (ay, a5) > 0
If A is a right semi-closed rectangle,
A = {a,<u, < by, a5 <uy < by}

define u(4) = AF. Also if 4 is a finite union of disjoint right
semi-closed rectangles, define p(A4) as the corresponding sum of
the measures of the individual rectangles. The domain of defini-
tion of u can then be extended to B(F) so that p is a measure
on the two-dimensional Borel sets, and is called the Lebesgue—
Stieltjes measure for the distribution function F.

Example 1.22 In a way similar to Examples 1.20 and 1.21,
Lebesgue-Stieltjes measure can be defined for a distribution func-
tion in n-dimensional Cartesian space E,.
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A transformation or mapping is a single-valued function T that
maps points w of one set to points w’ of another set; that is, o’ = T (w).
The image of the set A, denoted by T'(4), is the set of points w’ that
are of the form T'(w) for some w in A. The inverse image of the
set 4’, denoted by T-*(A4’), is the set of all points w that are mapped
onto A’ by T'(w). The function T is called a measurable mapping
of the measure space (Q,F, p) into the measure space (Q',F', p') if
the inverse image of every measurable set of F’ is a measurable set
of F. The measure p', of course, can be defined on F' in any way.
If we define the measure p' of a set A’ of F’ to be

p(A) = p[T71(4)]
then p’ is called the measure on F’ induced by the mapping from
the measure p on F; that is, u’ is the induced measure.
A measurable function x(w) is a measurable mapping of the
measure space (L, F, u) into the real line. The Lebesgue integral of a

measurable function x over the measurable set 4, which is an element
of the domain of definition F of the measure g, is denoted by

[ #@n)

This integral is finite if and only if

[ Js @@
4

is finite, in which case we say that x (w) is integrable on A.

If two different measures p and v are assigned to the same Borel
field F, then v is said to be absolutely continuous with respect to p if
©(A4) = 0 implies v(A4) = 0 for every set A of F. Then the following
theorem is true.

Theorem 1.20 (the Radon-Nikodym Theorem) If v is absolutely
continuous with respect to p, then there exists a measurable

function f such that
(4) = | f(@)n(do)

for every measurable set A4 of F. Moreover, the function f is
unique, except on a set of u-measure zero.
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CHAPTER 11

PROBABILITY

2.1 Probability space

André Kolmogorov (1933) established the mathematical founda-
tions of probability theory on a postulational basis with the

Normed Measure Postulate: Probability P(A4) is a measure satis-
fying the additional normalization condition P(Q) = 1.

There is general agreement on the correctness of Kolmogorov’s
postulate in its characterization of the mathematical properties of the
concept that we call ‘“‘probability”’. As with all other scientific
developments, it is expected that refinements ultimately can and will
be made. In fact, Kolmogorov himself has recently introduced the
postulate of normed “perfect” measure as an improved characteriza-
tion of probability.

Whereas the mathematical properties of probability are accepted
by most people, the more philosophical questions concerning the
interpretation of the mathematical concepts are very much open and
highly controversial. The most popular view on the interpretation
of probability is the relative frequency theory associated chiefly with
the name of Richard von Mises. Gaining in popularity, however, are
the classical theories, so-called because of the early work of Laplace.

Under the Kolmogorov postulate, the measure theoretic concepts
of Chapter I become probability concepts. Thus measure space
(Q,F, ) becomes, in probability terminology, probability space
(Q,F, P). A point w represents an elementary event, and the aggregate
of all these points is the sample space Q. A measurable set 4 is called
a random event, and its measure P (A) is the probability of the occur-
rence of A. A property that holds for all points of Q, except for
points in a set of probability zero, is said to hold with probability 1,
or almost everywhere.

A random variable x (w) is a measurable function defined over the
sample space Q; that is, a random variable is an assignment of a real
number to each sample point w. A complex random variable is an
ordered pair of two (real) random variables. A synonym for random
variable is variate.

The expectation, or mean value, E(x) of a variate x is given by
the integral

E(x) = fnx (w) P(dw)
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The variance D?(x) of a variate x is given by E[(x—E(x))?]. The
standard deviation D (x) is the positive square root of the variance.

Example 2.10 A fair coin is tossed once. The simplest suitable
space Q consists of 2 points, represented by the number £, where
¢ is either 1 (for head) or O (for tail). The measurable sets are the
null set, {0}, {1}, and {0,1}, to which we assign the measures
0, 0-5, 0-5, and 1, respectively. That is, the measure of a set is
1/2 times the number of points which lie in the set.

Example 2.11 A fair coin is tossed twice. The simplest suitable
space € consists of 4 points w which are the ordered pairs (&, £,),
where each £, £, can be either 1 or 0. All Q point-sets are
measurable, and the measure assigned to each set is equal to
1/4 times the number of points which lie in the set.

Example 2.12 A fair coin is tossed » times. An appropriate
space  consists of 2 points w which are the ordered finite
sequences (&, &y, ..., €,), where each £ can be either 1 or 0.
All Q point-sets are measurable, and the measure assigned is
equal to 1/2" times the number of points w which fall in the set.

Example 2.13 A fair coin is tossed an unlimited number of
times. A suitable space Q consists of all points w which are
infinite sequences (&, &,, £, ...), where each §; is either 1 or 0.
Call the set of all sequences (1, §,, £5,...) the random event that
“head” comes up on the first throw, and assign probability 1/2 to
this set. Similarly, assign measure 1/2 to the set of sequences
(0, &5, &5, ...). Call the set of all scquences (1,0,&; &, ...) the
random event that “head” comes up on the first throw and “tail”
on the second, and assign measure 1/4 to the set. More generally,
the set of all sequences (ay,ay, ..., @, £nt1y Enyer ---) is called the
event that the faces a;,4,,...,4, (each ;=1 or 0) come up in
the first # tosses, to which event is assigned a probability 1/2%.
Thus we have defined a measure of a sample space with an
infinite number of points w, where each point w is a sample
infinite sequence.

2.2 Distribution functions

A variate x(w), by definition, maps the sample space into the real
line E;. The induced measure P, on the real line E, resulting from
this mapping is called the (one-dimensional) probability distribution of
the variate ¥ (w). The domain of definition of the probability distri-
bution P, contains all (linear) Borel sets of E,.

Define the function F(x) of the real variable u by

F(u) = P{x(w)<u} = P ((—o0,u])

where (—oo, %] is the set consisting of all points on the real line lying
to the left of and including #. It follows that F(x) is monotone,

2
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continuous on the right, non-decreasing, and satisfies F(—o0) =10
and F (o) = 1. Hence F is a distribution function on the real line,
as defined in Example 1.20, and so is called the distribution function
of the variate x (w).

As we have seen in Example 1.20, the distribution function F(u)
defines a Lebesgue-Stieltjes measure on the real line. This Lebesgue~
Stieltjes measure is the (one-dimensional) probability distribution P,.
The (one-dimensional) probability distribution P, is uniquely deter-
mined by its distribution function F.

Since the variate x(w) is a mapping of points w of the sample
space  to real numbers u of the real line E,, i.e. x(w) = %, and since
under this mapping the measure P on the sample space Q induces a
measure P, on the real line E,, it can be shown that

B(s) = [ #()P(d) = [ uP.(@)

If F () is the distribution function of the probability distribution P,,
and if (a, b] is the half-open interval @ < # <b on the real line E,, then

f(  uPo(d) = f:udF(u)

More generally, if the variate y = h(x) is a Borel measurable function
of the variate x, then

B(y) = [ BN P(do) = [ hw Pa(a)

and I= | nwP(m = f *h () dF ()

(a, b]

If the function & (u) is continuous in the closed interval a<u <b, then
the integral J can be approximated by the Stieltjes sum

n
Sn = 2 h(w)[F(a) = F(ai)),
a=a,SU<a<U<...<u,<a,=>b

As n—>o0 and max (a;—a;_;)—>0, the sums S, converge to the inte-
gral J. We then have

b ©
E(y) = Lh(u)Pw(du)= lim f b (u) dF (u) = f h(u) dF ()
1 ag-':)";”w a - 00

provided the limit exists.

Any n variates xy,...,x, can be considered as an n-tuple
x = (%y,...,%,) that maps the sample space € mto n-dimensional
Cartesian space E,. The induced measure P,=P, , ., on E,
resulting from this mapping is called the (n-dzmenszonal) probabzlzty
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distribution P, of the n-tuple x, or the joint or multivariate distribution
P, .. ..n. of the variates x,,%,,...,%, 'The domain of definition of
the probability distribution P, contains all (n-dimensional) Borel
sets of E,,.

Define the function F(uy, ...,%,), of n real variables u,, ..., u, by

F(ul’ "'sun) = P{xl (0)) <u].’ "'vxn (w) sun}

The function F so defined is monotone, continuous on the right, and
non-decreasing for each variable, with

F(ul, ceey uj__l, —OO, uj+1, seey un) = 0
F(co,...,0)=1
AF = A, (@3,by) ... Ay, (@0, by) F (g, -, ) 20
for a;<b;, i =1,2,...,n. The operator A, (a,d) is defined by

Ay (a,b) = F(uy, ..oy thig, bythjigy ooy ) = F (g, ooy 8455, 8,854, -y )

Hence F satisfies the conditions of a distribution function in #-
dimensional Cartesian space E, (Example 1.22), and so F is called
the distribution function of the variates x;(w), %, (w), ..., %, (). It is
seen that AF = P{a, <x,(w)<by, ..., a, <%, (0)<b,}.

As we have seen in Example 1.22, the distribution function F
defines a Lebesgue—Stieltjes measure in E,. This Lebesgue—Stieltjes
measure is the (n-dimensional) probability distribution P,. The
(n-dimensional) probability distribution P, is uniquely determined by
its distribution function F.

Mathematical expectations may be obtained from multivariate
probability distributions in a way similar to the single variate case.

2.3 Discrete distributions

The two most useful special cases of distribution functions are
the discrete and continuous distributions. A distribution function is
called discrete if it can be represented as

F(uly )un) = Z 27
uP<u

where # = (u,, ..., 4,) and u® = (uf®,...,ul"). The points #*) must
be finite or countable in number, and the non-negative p; must add

up to one.
In particular, the one-dimensional discrete distributions

F(u)=’:2_wp,, (n<u<n+1)

are well known in elementary statistics.

Example 2.30 Suppose a biased coin, with probability p for heads
(denoted by 1), and probability ¢ = 1—p for tails (denoted by 0),
is tossed # times. A suitable sample space Q consists of 27
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sequences w = (£y, &y, ..., £,), Where each &;( j=1,...,n) is either
1 or 0. Assign probability p*g*~* to each point w that has exactly
k ones in its representation = (&, ..., §,). Let the variate & ()
be the function that assigns the integer k to any point w that
contains exactly % ones. That is, by definition x(w) = & if and
only if w=(&,...,&,) has exactly k of the &’s equal to one.
Since there are () such points w, we have

P{x(w) =k} = (Z)p"q""“, (k=0,1,...,n)

The distribution of x is known as the binomial distribution. The
distribution function is

F= 3 () e

Let N(4) be the number of the integers 0,1, ...,7 in the Borel
set 4 on the real line. It can be readily checked that N(4) is a
measure. By the Radon-Nikodym theorem there must exist a

function f(u) for which
P() = [ £ N ()

which, from the distribution function, is

P@ = [ (*)prqN(an
A\Y
The mean of a binomial distribution is np, and variance is npq.

Example 2.31 Suppose that a lopsided, N-sided die is tossed
n times. On each toss, the probability of faces 1,2, ..., N turning
up is Py, Pg, .-+, Py respectively, where p,+pyo+...+py = 1. The
sample space () can be the N™ points w = (&, &, ..., §,) where
each £ is either 1,2,..,N—-1, or N. Assign probability
Pl pl | pk¥ to each point w that has exactly &, ones, &, twos,
oo ky =mn—Fk,...—ky_yN’s in its representation (&, ...,§,). Let
the variate x, (») be the function of w that assigns the number &,
to any point w with exactly k, ones. Let x,(w) be the function
that assigns the number k, to each w with &, twos, and similarly
for x4, ..., xy. Since there are

n!
Bylkyl.. Ry
points w that contain k, ones, k, twos, ..., Ry N’s, we have
Py () = Ey, %3 () = kg, -0, sty (@) = ky}

. T
= RTRT g PUPE P

(Ry+kRy+...+ky=mn)

This probability measure defines the multinomial distribution, a
multivariate distribution.
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Example 2.32 A biased coin, with probability p for heads (1) and
g =1-p for tails (0), is tossed an indefinite number of times.
The points w of the sample space £ are chosen to be the sequences
w = (£, &, ...) where each ¢; is equal to 1 or 0. Assign proba-
bility p to the point-set of w = (1,£,,&,...), and ¢ to the point-
set of w = (0, &y, &3, ...). For any n, assign probability p” ¢* to the
point-set of w = (ay,ay, ..., @y, 444, --.) Where ay,a,,...,a, repre-
sents a sequence of 7 1I’s and & 0’s in a specific order (r+k& = n).
Define the variate x(w) to be the number of tails preceding the
first head. That is, x (w) = 0 whenand only when w = (1, §,, &3, ...),
and x(w) =k when and only when w=(0,0,...,0,1, £,,,...).
Therefore we have

Plx(w)=K=¢p (k=0,1,2..)

The distribution of x(w) is known as the geometric distribution.
The mean of x is g/p and variance is ¢/p®.

Example 2.33 Continuing Example 2.32, let the variate y(w) be
the number of tails preceding the rth head. That is, y(w) =10
when and only when w = (1,1,...,1,,,,,...); and y (w) = k& when
and only when w = (ay,4y,...,8. 5 1,1, ériyrs ---) With exactly
r—1 of the a;’s equal to 1, and & of the 4;’s equal to 0. There are
("+%-1) such points w, and the probability of each of them is p"g*.
Therefore we have

Po@=8=("re G-tz

This is known as the Pascal distribution. The mean of y is 7 g/p,
and the variance is 7 g/p%.

Example 2.34 Let x(w) be a variate, which for » a non-negative

integer,

ate?®
n!

Pl{x(w)=n}= (n=0,1,2,...,a>0)

This probability defines the Poisson distribution. The mean and
variance of x are each equal to a. Let N(4) be counting measure
on the real line; that is, N(A4) is the number of non-negative
integers in the Borel set 4 on the real line. Then we have

P(A) = L TN ()

24 Continuous distributions

A distribution function is called continuous if it can be represented
as

Uy

Up
o | F'(vy,...,9,)dvy, ..., dv,
-0

F(uy,...,u,) = f
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where dv, ... dv, represents ordinary n-dimensional Lebesgue measure.
The function F’ is called the density function which by the Radon-
Nikodym theorem exists when and only when F is absolutely con-
tinuous with respect to Lebesgue measure.

Example 2.40 A variate x(w) that is degenerate at a has a
degenerate distribution F(u) = 0 for u<a, and F(u) =1 for u>a.
The mean of x is @, and the variance of x is zero.

Example 2.41 A variate x (w) has a rectangular or uniform distribu-
tion if its density function F’(u) is equal to the constant 1/2b on
the interval a—b<u < a+b, and equal to zero outside this interval.
The mean of x is a and the variance is (28)/3.

Example 2.42 A variate x(w) has a normal distribution if

Fu) = a—\/-(%;) fjwexp{—(vé:’_ ;’)2} do

The normal density function is then

F'(u) = (”““)2}

1
oy2m) P { s
The mean of x is @ and the variance is o2
Example 2.43 A variate x(w) has an exponential distribution if

Fu)=0 for u<0
F(u)=1—e‘““=fuaeﬂ°dv for u>0
0

The exponential density function is then F’ () = ae~ for u> 0,
and F'(u) = 0 for #<0. The mean of an exponential variate is 1/a,
and the variance is 1/a2.

Example 2.44 A variate x (w) has a gamma (or Pearson Type III)
distribution if it has the density function

F'(u)=0 for u<0

k
F’(u)=——q——u"“1e"““ for u>0

I'(%)
The mean of a gamma variate is k/a, and the variance is k/a2.

Example 2.45 A variate x (w) with a 2 distribution with 2k degrees
of freedom is obtained from the gamma distribution if a = 1/2 and
2k is an integer. The mean of x is 2k and the variance of x is 4k.
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Example 2.46 A variate x(w) has a Cauchy distribution if it has
the density function

=22

A -

The mean and variance of x are not finite.

b>0

Example 2.47 A variate x(w) has a Laplace distribution if it has
density

N |u—al
F(u)—z—benp{— b :
The mean is @ and the variance is 252.

2.5 Independence

Let (X, F, P) be a probability space. Random events 4; are called
statistically independent if

P{i\l Ai} = P{A}P{4,}...P{4,)}

for every finite subset 4,, 4,,...,4,. Classes of random events are
called statistically independent if events selected arbitrarily one from
each class are statistically independent.

Suppose we have a finite or infinite set $ of variates x,. Associate
with each random variable x, a field of Borel sets M,, on the real line.
Then the inverse image {x;* (M,,)} is a Borel field, say B,,, of random
events in the probability space (, F, P), where B,, = F. In this way
we obtain a Borel sub-field B,, for each variate x,. If the sub-fields
B,, are statistically independent, then the variates «x, are called statisti-
cally independent. Equivalently, variates , of a set S are statistically
independent if and only if

Pix,(w)e My, ..., x, (w) e M,} = P{x,(w)e My} ... P{x, (w)e M,)}

for every finite subset x;, ..., x, of S and every finite class M,, ..., M,
of Borel sets on the real line. It follows then that the variates x, are
statistically independent if and only if the multivariate probability
distribution P, , (or distribution function F) of every finite sub-
set &y, ..., &, is the product of the individual probability distributions
P, ..., P, (or distribution functions Fj, ..., F,); that is,

P wn=Py Py ...P,, F(uytg...,u,) = F(u;)F(uy)... F(u,)

Let % be a real-valued, Borel-measurable function of a real vari-
able. Then k(x) is a function of the variate x,. Since the inverse
images ! are contained in B,, and since the B, are statistically
independent if and only if the x, are statistically independent, it follows
that functions of statistically independent variates are statistically
independent.
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Useful in the study of statistically independent variates is the
concept of Cartesian product. If A, 4,,... 1s any sequence of sets,
not necessarily subsets of the same space, the Cartesian product
A;x Ayx ... is defined to be the set of all sequences (w;,ws,...)
where w; € Ay, wp€4,, ... If (Q4, Fyy pg), (Qg, Fa, p1a), .- is @ sequence
of measure spaces, then their Cartesian product is a space
Q, x Q, x ... with the Borel field F; x F,x ..., on which a bona fide
measure u can be defined. In the special case when we take

p(Ayx Az x ...) = py (4y) pa(As) ..

with 4,€F,, A,€F,, ..., we call u the product measure, which is some-
times denoted by u = u; X pgx .... The measure space

(legzx ey lesz ooy [LIX[LZX --.)

is then called the product space of the component measure spaces
(© Fo 1) | )

Let x;,x, ... be a sequence of variates on a probability space
(Q,F,P). Since each x; assigns values on the real line E,, let
Q' = E;xE;x ... be the Cartesian product of a sequence of real
lines E,, one line for each variate, and let the measure on the Borel
sets of each line be the (single-variate) probability distribution of
the variate associated with that line. The points o’ of the Cartesian
product space )’ are the n-tuple or sequence

@' = [#(w), %2 (w), ...]
If we define the transformation T'(w) by w’ = T'(w), then it follows
that T'(w) is measurable transformation from (Q, F, P) to the product
space (Q,F',P’). The measure P’ induced by 7' (w) on the set
A" = A;x Ay % ... of the product space is the (multivariate) proba-
bility distribution P, , =~ and is given by P’(4") = P{T-1(4")}.
On the other hand, the product measure of the set 4’ is, by definition,

P{ag (A} Pl (Ap) ..

That is, the product measure is the product of the (single-variate)
probability distributions P, of the variates x;,x,,.... It is readily
seen that this product measure is equal to the induced measure
P{T-*(A')} (i.e. the multivariate probability distribution) if and only
if the variates x,, x,, ... are statistically independent. In other words,
the probability space (Q', F’, 1') induced by a sequence of statistically
independent random variables is the product space of the component
probability spaces induced by each one of the random variables
separately. That is, as a measure in the product space

Q,—_—EIXEIX ey

the multivariate probability distribution P, ,  of statistically inde-
pendent variates is the product of the single-variate probability
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distributions P, on each line E;:
Poiay.. = P, X Pyx ...

Let g,(w") be the co-ordinate function on the space Q'; that is,
if o’ = (wy, wy, ...), then g, (') = w), for n = 1,2,.... Since

o = T(0) = {, (@), 24(w), -}
we see that the variate x,, (w) is given by

% (@) = gn (@) = @,

Hence, the statistically independent variate x,, is the nth co-ordinate
w,, of the point w’ = (w}, wy, ...) in the product space Q'.

'The use of product space makes it possible conveniently to repre-
sent a finite or indefinite number of statistically independent repeti-
tions or observations of a statistical experiment. If the description of
an experiment is given by a probability space (Q,F,P), then the
description of a finite, or infinite, sequence of statistically independent
repetitions is the finite, or infinite, product space

(QxQx ...,FxFx ..,PxPx ...

Example 2.50 Suppose a biased coin, with probability p for head
(1) and g = 1—p for tail (0), is tossed twice. A single toss has
probability space (Q, F, P) with points w = 0 and 1. The sets are
A ={1,0},{1},{0}, and the null set, with probabilities 1, p, g,
and 0 respectively. (Note that the symbol {1, 0} represents the
set with elements 1 and 0, and does not represent an ordered pair
or two-tuple, which would be denoted by (1,0).) Thus two
statistically independent tosses would be described by the product
space (Qx Q,FxF,PxP) with points «’ the ordered pairs
(1,1), (1,0), (0, 1), (0,0), where, for example, (1,0) would mean
heads on the first toss and tails on the second toss. The sets of
the product space are

{(1,1),(1,0), (0,1, (0, 0}

{1, 1), (1, 0), (0, D}, {(1, 1),(0, 1), (0, 0)},
{(1,1),(1,0),(0,0)}, {(1,0),(0, 1, (0, 0)},

{(1,1),(1,00}, {(1, 1), (0, 1)}, {(1, 1), (0, 0)},
{(1,0), (0, D}, {(1,0), (0, 0)}, {(0, 1), (0,0)},

{11} A, 0} {0, 1}, {(0,0)}, null set,

with probabilities 1, p2+ 2pq, p*+ pq+ ¢%
P Ape+ah2pgt PP P00 P
P2+ 4% 2pq, g+ ¢ pq + 4% 1% 19, 9, 4 0,
respectively.

Basic to statistical theory are the relationships between integrals
(or expectations) of independent random variables. Fubini’s Theorem,
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which relates integrals on a product space and integrals on the com-
ponent spaces, is the key theorem in this context. First, however,
let us state some definitions. Let (Q,F;, p,) and (Qy, Fy, p,) be
measure spaces, and let (Q, F, p) = (Q; x Qq, F; x Fy, py X py) be their
product space, where w = (w;,w;). Let w; be any point of Q,, and
let A= A;xA, be a subset of Q. Define 4, to be the set of
points w, for which w = (w;,w,) is an element of A. Then 4,,
which is a subset of the component space Q,, is called the ;-section
of A. Now, let f(w) be a function defined on 4, and w, be any point
of Q,. Decfine the function f, on the Q -section 4, by

f @ (wp) = f (w1, wy)

Then f, is called the Q;-section of f. In a similar manner, 4,, the
Q,-section of A, and f,,, the Q,-section of f, are defined.
The integral

f(@) p(dw) = | f(wy, wp) p(dwy dwg) = | f(wr, g) py X pra (dey derg)
J J J

on the product space Q is called the double integral of f. Denote the
integral of the Q,-section of f by g; that is,

#(0) = [fu (g (do) (2:50)

and denote the integral of g (w,) by any of the equivalent expressions:

[t o) = [[rn, 1) ()
= [12(do) {0100 o)

which is called the iterated integral of f. Similarly, let & denote the
integral

@) = [un() 2 () 2:51)

so that the other iterated integral of f is denoted by any of the equiva-
lent expressions:

f () () = [ [ g ) (o) )

= [ a(de) [fwn 0 s ()
We then have
Theorem 2.50 (Fubini’s Theorem) If f is an integrable function on

Q = Q, x Q,, then every section of f is integrable, except for a set
of points of measure zero. Moreover, both g and % as defined by
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equations (2.50) and (2.51) are integrable, and the double integral
of f and the two iterated integrals are all equal; that is,

ff (w1, @g) g X prg (dwwy dwwy) = J‘.“q (dwl)ff (w01, wg) g (dwy)
- [ f(s o) o

Fubini’s theorem can now be used to derive theorems for statis-
tically independent variates x;(w) and x,(w) on a probability space
(Q,F, P). Let

(Q,F,P)=(QxQ,FxF,PxP)

be the product space. The points w’ = (w], wy) of the product space
Q' have the variates xy,x, as co-ordinates w;, wy; 1.e. ¥; (w) = wj,
%y (w) = wy. Using Fubini’s theorem, we have

[m@n@P@) = [oio;p @)
= [t Px P(du duy) = [P [} 0} Pt

= fw; P (dwy) f wy P (dwy) = f %1 (w) P (dw) fxz (w) P (dw)
so E (2, 25) = B () E (xy)

where x, and «x, arc statistically independent. Also, since (Borel)
functions of statistically independent random variables are statistically
independent, we have, in particular,

E{eit(:mﬂ:s)} = E(eilz,) E(eilac-)

These theorems can be readily extended to an arbitrary number of
statistically independent variates.

2.6 Conditional probability

The key concepts involved in the definition of conditional proba-
bility are those of measurable transformation and the Radon-Nikodym
theorem. Let ' = T'(w) be a mecasurable transformation of the
probability space (Q,F, P) into the probability space (', F', P’) so
that P’ (A4') = P(A4) where A’ = T'(4). Let y(w) be a variate integ-
rable on €, and define A(4’) to be

AN4) = [ y@P@), 4 =T(4)

Now, if P'(4’) = 0, then P(A4) = 0 also, which, in view of the above
equation, implies A(4’) = 0. Hence A is absolutely continuous with
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respect to P’. Therefore, by the Radon-Nikodym theorem, there
exists an integrable function E’(y|w’) of o’ defined uniquely almost
everywhere on Q' by

A = [ B (5] P (o)

Since w’ = T'(w) is a measurable mapping of points w into points w’,
and E’(y|w’) is a measurable mapping of points w’ into points  on
the real line, it follows that E(y|w) defined by

E(ylo) = E'(y|e), o=T"()

is the equivalent measurable mapping of points w directly into
points u on the real line. Hence E(y|w) is a measurable function, or
variate, which satisfies

NA) = [ (316 P (@) = [ B(y|a) Pl
Combining the two expressions for A(4'), we have

[y @P) = [ E1w)Paw)
for every measurable set 4 of F. The variate E(y|w) = E'(y|w’) is
called the conditional expectation of y given o' = T (w).
Let B be a set belonging to F, and let y be the variate
y(w) =1, weB
=0, «weQ-B (i.e. complement of B)

The variate y, so defined, is called the characteristic function of the
set B. Then the conditional expectation of y, given o' = T'(w), for
the characteristic function y (w) is defined to be the conditional proba-
bility of B given ' = T'(w). The conditional probability is denoted
by P’ (B|w') = P(B|w). Because

f y(w)P(dw) = P(4 0\ B)
4
the conditional probability satisfies the relation
P(AnB)= f P(B|w)P(dw)
4

for every measurable set 4 of F.

Example 2.60 1In a probability space (Q, F, P), consider a set 4,
with non-zero probability, and its complement 4,. The random
events A, and A, are then mutually exclusive (A, N A, = null set)
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and exhaustive (4, U A, = Q). Let T be the measurable trans-
formation of (Q,F, P) into a probability space (Q', F’, P’), where
Q' consists of exactly two points &, and a,, and where

T(w)=a, if wed,
T(w) = az if weAz
The class F’ of random events consists of the sets

{al} ) {az}’ Q= {al’ a2}

and the null set, with probabilities P (4,), P(A4,), 1, and 0, respec-
tively. Let B be any measurable set (random event) of the original
space (,F, P). Then

P(4;nB) = [ P(Blo)P(da) = P(B| 4) P(4)

P(4,n B)
P(4y)

which is the usual elementary definition of conditional probability.

s0 P(B|4,) =

Example 2.61 Continuing Example 2.60, suppose that B,, B,, B;
are mutually exclusive (B; N B; = null set, i%j) and exhaustive
(B Y By U By = Q) random events of F. Define the variate y (w)

to be y(@) =b, if weB,
y(w)=b, if weB,
y(w)=b; if weB,
Then, since a; = T'(4,), we have
M) = [ 3@ P(@)
= b P(ByN Ay)+by P(By N 4) + b3 P(By N 4y)
But, we also have
MN@) = [ B(y|o)P(du) = E(y] 4) P(4)

Combining the two expressions for A(a;), we have

3
P(A)E(y|4) = ZbP (B0 4)

3
which is E(y|4,) = 3 b,P(By|4y)
=1

an elementary definition of conditional expectation.
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Example 2.62 Consider a probability space (Q, F, P) which can
be partitioned into random events 4y, Ay, ... Ays each with a posi-
tive probability, and which are mutually exclusive (4;n 4; = null

set, 1 # j) and exhaustive (Ln)Ai = Q|. Let T(w) be a measurable
=1

i=
transformation of (Q,F, P) into (Q',F,P’) where the space Q'
consists of exactly # points ay, ay, ..., a,, and where T'(w) = a; if
w€d,. Let B be any random event of F, and let A be the random
event made up of any collection of the A;s, say

A=4, VA, V...V4,
Then P(ANB)= f P(B|w) P(dw)
4
which is
P(ANB)=P(B|4,)P(4;)+...+ P(B|4,) P(dy)
the so-called theorem of total probability.
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CHAPTER III
THE GENERAL LIMIT THEOREM

3.1 Characteristic functions

Definition 3.10 'The characteristic function f(t) of the variate (i.e.
random variable) x (w) on the probability space (Q, F, P) is defined
to be

f(t) = E(ei®) = foem @ P (dw) (3.10)

If F(u) is the distribution function of x(w), then the character-
istic function may be written

£(2) = f :eﬂu dF (u) (3.11)

In this chapter the capital letters F, G, H will denote distribution
functions, and the lower-case letters f, g, k the corresponding charac-
teristic functions. Throughout this chapter we assume that all variates
are real. As usual, ¥, y, 2, w will denote variates, and ¢, u, v real
variables. Since for real ¢, || = 1, we have

r@l< [ jemlare =1

so that the characteristic function is finite for all real . Moreover,
a characteristic function is continuous (in fact, uniformly continuous)
for real ¢.

Let x, and x, be variates with distribution functions F, and F,,
and characteristic functions f; and f,, respectively. If x, = ax,+b
where a and b are real constants, we have

fo(t) = E(ei) = E (e (02:tb)) = ¢ilo F (etlam)
which is f2(2) = e f, (at) (3.12)
Provided a> 0, we also have

Fy(4) = Plax, +b<u} = P{xl\u—;é} - Fl(“;b) (3.13)

Suppose that x; and x, are statistically independent variates. Then
we have seen in Section 2.5 that

E(e" (eta)) = E(e%=) E () = f1(1) /2 (2)
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which says that the characteristic function of the sum, x, +x,, of two
statistically independent variates is the product f;(#)f;(f) of the
characteristic functions of the summands, x, and x,. More generally
the characteristic function of the sum, x, + x,+ ... + x,, of » statistically
independent variates is equal to the product of the characteristic
functions of the summands, i.e.

E (et 4e) = fi (1) fo (1) - Ju (D) (3.14)

Given the characteristic function f(t) of the variate x, we may
recover the distribution function F(u) by the inversion formula
e—thn . a—tlus

Fu)~F(w) = - [[ =5 r0e 6

where u, and u, are continuity points of the function F(u). If the
variate ¥ has a density function F’(u), then the inversion formula
takes the form

F' () = 5- f_:e‘”“ oy

The inversion formula establishes a one-to-one correspondence
between distribution functions F (%) and characteristic functions f (t).
That is, a distribution function is uniquely determined by its charac-
teristic function, and conversely. Consequently we may use F(u) or
f(2) interchangeably to characterize a variate x.

Example 3.10 As we have seen in Example 2.40, the family of
degenerate distribution functions are those with one and only
one point of increase, a. The corresponding family of degenerate
characteristic functions are those of the form

f(t) = e = cosat +isinat

so that their moduli are equal to 1. In particular, f(f) = 1 is the
characteristic function of a random variable degenerate at 0.

Example 3.11 Let x be a normal variate with mean @ and vari-
ance o® (Example 2.42). The characteristic function is

f@) = ffwei‘“ = ‘/(1277) exp { -~ (—u—z_-_&—?—z-} du = exp {ita—}t*o?} (3.16)

Let the statistically independent variates &, and %, be each norm-
ally distributed with means @, and a,, and variances ¢} and o},
respectively. The characteristic function of their sum, %, +x,, is

Elexp {it (v, +%,)}] = f1 (8)f2(£) = exp {it(a; + az) — } (o1 +oB) %}

which is the characteristic function of a normal variate with mean
a, +a, and variance o +03. Hence if two statistically independent
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variates are normally distributed their sum is also normally
distributed.

Example 3.12 Suppose the variate x has the Poisson distribution
with mean @ and variance a (Example 2.34). The characteristic
function of x is then

) n a—a =) (140
@)= Eo ean_‘.‘_nf;_ — e-a Zog‘_‘nﬁll — ea(e*-1)
n= . n=

Let x, and x, be statistically independent Poisson variates with
means g, and a, respectively. Then the characteristic function of
their sum is

B [exp {it (4, + m)}] = £y (0o (1) = exp[{ay + ag} fexp (i#) - 1]

so their sum x,+x, is also a Poisson variate with mean a, +a,.
A more general form of the Poisson variate may be obtained by
the transformation y = b+c¢x. Then we have

a” ~Q

P{y=b+cn} = , a>0,n=0,1,2, ...

n!
with characteristic function, by equation (3.12),
fy(t) = eeats-n) (3.17)

3.2 Convergence properties

Let F, (u), Fy (), ... be a sequence of one-dimensional distribution
functions. Then we say that the F, (u) converge weakly to a distribu-
tion function F(u) as n—>o00 when and only when

lim F, (u) = F(x)

at every point of continuity of F(u). Weak convergence of F, to F
is denoted by F,=>F. Paul Lévy has given the following definition
of distance d(F,G) between two distribution functions, F and G.
The graphs of F and G are drawn with vertical line segments at
points of discontinuity. The distance, or metric, d(F, G), is defined
as the maximum distance between points on the two graphs along
lines of slope —1.

With d(F, G) as the metric, the metric space of one-dimensional
distribution functions can be shown to be complete. Weak con-
vergence of distribution functions then becomes convergence in this
metric space; i.e. for the weak convergence F, = F, it is necessary
and sufficient that the numbers d(F,, F)-0.

Under the one-to-one correspondence between distribution func-
ions and characteristic functions, the totality of characteristic func-
ions becomes a metric space if we define the distance function

3
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8(f,8) to be 8(f,g) = d(F, G) where f,g are the characteristic func-
tions corresponding to the distribution functions F,G. The con-
vergence f, = f, defined by 8 (f,,f)—0, is then equivalent to F,, = F
for the corresponding distribution functions.

The following theorem, and its converse, relate the convergence
fn = f to the properties of the functions f, and f.

Theorem 3.20 1If f, (f) and f(¢) are characteristic functions of the
distribution functions F, () and F (u), and if F, (u) = F(u), then
fn(£)=>f(t) as n—>co uniformly in every bounded interval |¢]| < T.

Theorem 3.21 The Lévy Continuity Theorem. Conversely, if £, (t)
is the characteristic function of the distribution function F, (u)
and f,, (¢) converges as n— o for all ¢ to a continuous function f (%),
then F, (u) = F(u), where F(u) is a distribution function with the
characteristic function f(z).

These theorems show that the convergence f,, (¢) = f(¢) for charac-
teristic functions is equivalent to each of the following:

(1) uniform convergence of f, () on every finite interval;

(2) convergence at every point ¢ without any requirement of
uniformity. (Note: We recall that characteristic functions,
unlike distribution functions, must be continuous.)

3.3. Infinitely divisible variates
Definition 3.30 A variate x, its distribution function F(u), and
characteristic function f (), are called infinstely divisible if for every
positive integer n, the variate x can be represented as the sum
X=Xy +Xpat .o+ %
where x,,, %9, ..., ¥,,,, are # statistically independent and identically
distributed variates.

Denote the common distribution function of each x,;(j = 1,2, ..., 1)
by F,.(u) and the common characteristic function by f,.(¢). Then,
clearly, a variate « is infinitely divisible if and only if its characteristic
function f(f) may be written for every # as

f@) =@ (3.30)
where f,.(t) is a characteristic function. By requiring f,.(0) = 1 and
Ja- () to be continuous, the equation

Ja ) = [f @]/
makes it possible to determine uniquely f,.(¢) from f ().

Example 3.30 'The degenerate distribution is infinitely divisible,
since, as we have seen in Example 3.10, f(f) = e# and

fau(t) = eilaln
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is a characteristic function of a variate degenerate at afn, for
every n>0.

Example 3.31 Let x be a normal variate with mean a and variance
o?, and with characteristic function f(t) given by equation (3.16)
(Example 3.11). Since, for every n>0,

Fal®) = £ = exp (15 1- 71

is the characteristic function of a normal distribution, it follows
that the normal variate x is infinitely divisible,

Example 3.32 Let x be a Poisson variate with possible values
b+ck (k=0,1,2,...), with characteristic function given by equa-
tion (3.17) (Example 3.12). Since for every n>0,

fa-(t) = exp (z’t %) exp [S {exp (itc) — 1}]

is the characteristic function of a Poisson variate, it follows that
the Poisson variate « is infinitely divisible.

Theorem 3.30 The distribution function of the sum of a finite
number of independent infinitely divisible variates is infinitely
divisible.

Proof. Let f(¢) and g(t) be the characteristic functions of the

infinitely divisible variates x and y, respectively. Hence, for every
positive integer n, we have

fO =@  &@)=I[g.O"
where f,.(t) and g,.(¢) are characteristic functions. The character-
istic function % (z) of the sum x+y is then

h(2) = f(8)2(2) = [fa () ga- ()]
and hence is infinitely divisible. Thus the distribution function of

the sum x+y of infinitely divisible variates is also infinitely divisible,
and the theorem follows by induction. Q.E.D.

Theorem 3.31 A distribution function F(ux) that is the limit
(weak convergence) of a sequence FU (), F® (u), ... of infinitely
divisible distributions is infinitely divisible.

Proof. Suppose that the sequence f@ (t), f® (t),... of infinitely
divisible characteristic functions converges to the characteristic func-
tion f(z); i.e.

fo@)y=>f(t) as k>0 (3.31)

Since the f® () are infinitely divisible, the function

2@ =1rerm (3.32)
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is a characteristic function for every # and never vanishes for any ¢
(see Exercise 3.9). From (3.31) and (3.32) it follows that

fa @)= [f @1
From the Lévy Continuity Theorem 3.21, the function [f(z)]'",
which we call f,.(#), is a characteristic function. Hence, for every =,
equation (3.30) is true, and so f(¢), and its distribution function F (u),
are infinitely divisible. Q.E.D.

Theorem 3.32 A characteristic function is infinitely divisible if
and only if it is the product of a finite number of Poisson charac-
teristic functions, or is the limit (=) of a sequence of characteristic
functions of such products. A distribution function is infinitely
divisible if and only if it is the distribution function of the sum of
a finite number of statistically independent Poisson variates, or is
the limit (=) of a sequence of distribution functions of such
sums.

Proof. Suppose that F(u) is the distribution function of a sum
of statistically independent Poisson variates or that F(u) is the limit
(=) of a sequence of distribution functions of such sums. Because
a Poisson variate is infinitely divisible (Example 3.32), application of
Theorems 3.30 and 3.31 shows immediately that F(x) is infinitely
divisible.

Conversely, suppose that F(u) is an infinitely divisible distribu-
tion function, and so its characteristic function f(#) satisfies

ful®) = L = [ eteaF, (0 (333

where f,.(2) is a characteristic function, and F,,. () the corresponding
distribution function. Since

n(ya—1) = n(eW/mlora_1) = n(1+%loga+o(1/n)— l)—>loga

it follows that
n{fp.(t)—1}=>logf(t) as m—>o0 (3.34)

exp[n{f..()—1}]=>f(t) as m—>o0 (3.35)

The integral (3.33) for f,.(¢) can be represented as the limit of
Stieltjes sums (as m—>c0):

Z et [Fy. (ur) — Fo. (tp-2)] = . (2) (3.36)
Put ay = n[F,.(u)—F,.(4_,)], and substitute (3.36) into (3.35),
which gives
exp{ £ au(ctr- 1) = )

and so
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since Za,->n as m—>o0. Hence f(#) is the limit (=) of a sequence
of characteristic functions that are the products of a finite number
of Poisson characteristic functions (Example 3.12).  Q.E.D.

3.4 The canonical representation

André Kolmogorov (1932) established the following canonical
representation for infinitely divisible distribution functions with
finite variances. This section will be devoted to its proof.

Theorem 3.40 The canonical representation. The function f(z) is
the characteristic function of an infinitely divisible distribution
function F(u) with mean @ and (finite) variance o? if and only if

log f(?) = iat + fjo (e —1—itu) z—ll—z- dK (u) (3.40)

where K (u) is a non-decreasing function with
K (00)— K(—0) = o?

The representation of log f(f) by formula (3.40), called
Kolmogorov’s formula, is unique.

Note. The integrand at # =0 in formula (3.40) is defined by
continuity; that is,
— 12

[(eﬂu— 1 —itu) %] - (3.41)

U=0
Also with loss of generality we may and shall take K (—o0) = 0.

Proof (“only if” statement). By hypothesis F(u) is infinitely
divisible, so its characteristic function can be represented by equa-
tion (3.30) for every n>0. By equations (3.34) and (3.33), we have

nlfo(t)=1] =n f:o(eﬂu— 1)dF,. (u)=logf(f)  (3.42)

where f,.(f) and F,.(u) are the common characteristic function and
common distribution function of each individual summand #,; in
the sum x, = x,,+%,,+... +%,, Because the summands x,; are
statistically independent, the variance ¢? of x,, is

[+e]

o = D?(x,) = D? (%) + ... + D2(x,,) = n f _uAdF, (u)

With this motivation, we define the “partial”’ variance K, (#) b
P n y

K, (u)=n f " odF, (v) (3.43)
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where clearly K, (—o0) = 0 and K, (c0) = o Equivalently, equation
(3.43) may be written

;IEdKn (4) = ndF,, () (3.44)

so expression (3.42) becomes

J':o(eau -1) —1;15 dK, (u) = logf(t) (3.45)

It can be shown by analytical considerations that we can always
pick a subsequence from the sequence K, (u),K,(x),... of partial
variances such that K, (u) = K (4) where K, (u) is a member of the
subsequence, and K (u), like the K, («), is also a function for which
K(—o) =0 and K () = 0% Put

a, = fw ﬂz(“_) =n f 0;udF,,. (»)

—00 -

Then by equation (3.44) we have
ita, — f ® itk dK, (4) = 0
-—00 u
which we add to the left-hand side of expression (3.45) and obtain

0
ia,t+ f (et —1— itu)ul2 dK,, (u) = log f(2)
-0
The integral in this expression converges to

© .1
[e#—1—itu] — dK (u)
-0 u

and since the whole left-hand side of this expression converges to

logf(t), we must conclude that a, converges to some number a.
Thus we have obtained Kolmogorov’s formula (3.40). Q.E.D. (1).

Proof (“if” statement). By hypothesis Kolmogorov’s formula
(3.40) holds. The integral in this formula is the limit of the Stieltjes
sums (where all #; are chosen different from zero)

m . 1
2 (et —1—ituy) — [K (ug) — K ()]
k=1 U

Since each term is the logarithm of the characteristic function of a
Poisson distribution, it follows from Theorem 3.32 that f(¢) is infin-
itely divisible. Q.E.D. (2).

Example 3.40 Let x be a normal variate with mean a and vari-
ance o2 Then in Kolmogorov’s formula (3.40), it is seen that
a=a, and K (u) = 0 for u<0, K (u) = o for u>0, i.e. the partial
variance K (u) is a step-function with a single step equal to o®
atu=0.
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Example 3.41 Let x be a Poisson variate with mean a and
variance 4. Then in Kolmogorov’s formula (3.40) it is seen that
a=a, K(u)=0 for u<1, K(u) =a for u>1; ie. the partial
variance K (u) is a step-function with a single step equal to a
atu=1.

3.5 Vanishingly small variates

The General Limit Theorem, due to G. M. Bawly (1936) and
A. Ja. Khintchine (1937), concerns sums of an increasing number of
independent variates. Let x,,%,,...,%,,... be a sequence of variates,
each of which is the sum of %, mutually independent variates
X1y Xngy -y Xy, Where &, — 00 as n—>00; i.e.

Xy =Xy +Xpat ...+ 2y, (n=123,..)

For the General Limit Theorem it is required that the role of each
summand x,;(j = 1,2, ..., k,) must become more and more negligible
as n—>o0. In this way no single summand x,; can have a predominant
effect on the total x,. Hence the total sum #, is not dominated by
any one, or a few, of the summands x,;, but instead represents the
combined effect of many small influences %, %y, ..., X4z,, €ach and
every one of which becomes negligible (or vanishingly small) as
n—> 0.

In this section, we wish to define “vanishingly small variates”,
and prove three important lemmas about them.

Definition 3.50 The variates x,; (j = 1,2,..., k,), with distribu-
tion functions Fy;(u), and characteristic functions f,;(#), are called
vanishingly small (or infinitesimal) if

max P{|x,;|>e¢}—>0
1<i<kn

as n—> oo for arbitrary €> 0.

In other words, the variates «,,; are vanishingly small if and only if
x,; converge (in probability) to zero uniformly in j (j = 1,2,...,%,)
asn—o00. In this section, and the next, primes will indicate vanishingly
small variates, their distribution functions, and their characteristic
functions.

As we have seen in Example 3.10, the characteristic function of a
variate degenerate at zero is equal to 1. Hence, if we define a,,; to be

g = frs (€)1

we see that «,; represents the discrepancy between the characteristic
function of the vanishingly small variate x;, and the characteristic
function of a variate degenerate at zero. We shall assume throughout
that all vanishingly small variates x;,; have zero mean, i.e. E(xy;) = 0,
and finite variance, i.e. D?(x},;) <co.
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Lemma 3.50:

max |a,|=>0 as n—>©
i=1,2, .., Ky

Proof. By hypothesis, x),; are vanishingly small. Consider, for
e>0

ma| o | = max | 3,1 1] = max| [ (e~ 1) s
i i —©

< max |e““—1|dF,’,j(u)+2maxf dF,,(u)
j lul=e

i Jlul<e
Since |e®”— 1| <|v| for real v, we have

max | o | < €| ]+ 2 max P{|a,| > ¢}
i i

Hence, because the xj,; are vanishing small, the right-hand side of
this inequality can be made arbitrarily small for large enough .

QE.D.

Lemma 3.51:
I logffr,cj (t) - O‘MI S l Xng |2
Proof. By Lemma 3.50, it follows that for n> N, where N is

sufficiently large
max|a,;| < 1/2
J

on an arbitrary but fixed interval of ¢. Since, for real v,

v? o3 ot
log(14+9)—v = _7+?_Z+'"

we have .
o0
|logf'r,»j(t)_°‘n:i| = Ilog(l +°‘nj)—°‘nf| Ssgz's-lo‘nf lg
1= 1 o,
z == Al 2 .E.D.
<28§2|an,|‘ 21—|°‘1.4|<|0wI QED
Lemma 3.52:

|<fD”(x' )
|°‘n1 ) nj

Proof. Since
B(sag) = [ wdFyy() = 0
)

a,; may be written

ooy = [ (e D aFLy ) = [ (e 1)}y )
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For every real v, the following inequality holds:
2 4)2
|eto—1—ito] <2

Consequently,

12 [ , 12 ,
Lo | <5 f_wtﬂ dFy;(u) = 7 D?(xpy) QE.D.

3.6 The General Limit Theorem
This section is devoted to the proof of

Theorem 3.60 The Khintchine-Bawly General Limit Theorem (for
sums with bounded variances):

(I) Given a sequence A,,A4,,... of constants, let F,(u) be the
distribution function of the sum

Xp = Xy + Xpgt+ ...+ 2y, — 4, (3.60)

where the summands x,,;(j = 1,2, ..., k,) are independent variates
subject to the conditions:
(1) The deviates ay,; = x,;— E(%,), j = 1,2, ..., k,, are vanish-
ingly small as 7—o0.
(2) The variates x,; have finite variances D?(x,,).
(3) The variance of the sum is bounded by C for all n; i.e.

D?(x,) = D%(x,,)+ ...+ D?(x,,, )< C (3.61)
where C is a constant independent of #.
(ITI) Given a sequence A;, A,,... of constants, let G, (x) be the

distribution function corresponding to the characteristic function
e¥n ® whose logarithm is

bo®) = =iyt B [itB )+ [ (1) a0+ B )
(3.62)

where F,;(u) is the distribution function of x,;. Then, the follow-

ing statements are true:

(A) G, (u) is an infinitely divisible distribution function.

(B) For a given sequence of constants A;, 4, ... the sequence
F, (), Fy(u) of distribution functions (which involve 4,, 4,, ...)
converges weakly to a limit distribution function F(u) if and
only if the sequence of G (u), G,(u), ... of distribution func-
tions (which involve the same 4,, A,, ...) converges weakly to a
limit distribution function G(u). Moreover, the two limit
distribution functions coincide, i.e. F (1) = G (u).

(B") (Concise statement of B.) For a given sequence 4,, 4,, ..., we
have F, = F if and only if G, > F.
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(C) For a given sequence 4, 4,, ..., we have f, ()= f(¢) if and
only if g, (t) = e¥» ® = f(1).

(D) For a given sequence 4,, 4,, ..., we have f, (t)—e¥»® = 0.

(E) For a given sequence 4,, Ay, ..., we have logf, (£)—, (t) = 0.

(F) The limit distribution function F(u) = G () is infinitely
divisible.

Proof of Statement A. Consider the partial variance defined by
L
K, ()= f " GdF, () (3.63)
j=1J-w
where F,;(v) = F,;{v+E(x,)} is the distribution function of the

deviate x,; = x,;,—FE(%,;). The partial variance K, () is non-
decreasing, K, (—) = 0, and

Ko(o0) =3 [* 0dF,y (o4 E(en)) = 3 D2 = D2(x,)
j=1

j=1J—00

We readily see that i, (£) may be rewritten as

bo®) = 1] BB )= 4]+ [ (et 1) gy i, )

which is the Canonical Representation (3.40) of the logarithm of an
infinitely divisible characteristic function. Q.E.D.(A).

Proof of Statements B, B', C, D, E. Since it may be readily veri-
fied that these statements are equivalent, we shall prove only State-
ment E. Consider the sum (3.60) which may be written

kn
Xy = [xnl - E(xnl)] +. [xnkn - E(xnk,;)] +1§1E (xnj) - An

Because the summands are independent, the characteristic function
of x, is

1n(0) = Fa (OFia(0) - Fin O xp [ SE )~ 4,
where sums on j are from 1 to k,. By taking logarithms we have

log f,, () = log fu, () +log fra () + ...
+log for, (£) +1t ?‘_, E (x,;)—itA,

which is logf, (t)+itA, — X itE (x,;) = X logf,;(t)
j j
We recall that «,; = f,.,(¢)—1. Hence we have

log, ()= { =ity + St (1) + S| = o () Sy
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It immediately follows from the definition of a,; that ¢, given by
equation (3.62) is equal to

‘/’n (t) = ztAn + ? itE (xm') + % Xnj
) logf, (t) =4, (2) = ? {log fa; (8) — oz}

Hence, we have
I lngn (t) - ‘/’n (t) I < ? | logf'l'mj (t) - O‘nf'
Applying Lemma 3.51 to the right-hand side of this expression,
we have
Ilogfn(t)—‘/’n(t)l < ;' "‘m‘l2
Since | a,;| < max|a,|, it follows that
i

|logfn(t)_¢n (t)l Smjax| O‘njl k;: | O‘m'l
Applying Lemma 3.52, we have

12 ,
|Tog fu (8) —~a ()] < max| oy |15 2 D ()
Since D?(x,,) = D?(x,,) and since by equation (3.61)
X D?(x,)<C
i

2
we have 18, ()= ()] < 5 ma] |

Therefore, by Lemma 3.50, we have |log fn - (@] =0, so
logf ()—4a(®)=0.  QED. (B, B, C

Proof of Statement F. Statement F follows immediately from
Theorem 3.31. Q.E.D. (F).

From the general limit theorem, conditions for the existence of
limit distribution functions F (x) can be established. These conditions
are established in

Theorem 3.61 (Gnedenko, 1939): Choose the constants 4, by
the formula

A4, =j'°z" E(x,;)—a+o (1) (3.64)
=1

where a is any constant. Then the distribution functions F, (u)
of the sums %, = %,;+ ... + %, — 4, of independent variates x,,

with vamshmgly small deviates xn Xpi—E (%) (j=1,2,. n)
converge weakly to a limit distribution F (u), and the varlances
D?(x,) of these sums converge to the variance o® of the limit
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distribution F(u), if and only if there exists a non-decreasing
function K(u) (with K(—o0) =0 and K(c0) = 0% such that
K, (4)= K(u) as n—>oo, where K,(u) is defined by equation
(3.63). The limit distribution F (x) has the characteristic function
f(#) where logf(t) is given by Kolmogorov’s formula (3.40) with
the constant a and partial variance, K ().

The proof follows readily from Theorem 3.60 and a convergence
theorem for infinitely divisible distributions. See Gnedenko and
Kolmogorov, Chapter 3, §19 and Chapter 4, §21.

3.7 The Central Limit Theorem

The classical limit theorems of statistics and theoretical physics
are special cases of the general limit theorem. From Example 3.40
and Theorem 3.61, we obtain

Theorem 3.70 The Central Limit Theorem. Choose the constants
A, by formula (3.64), where a is any constant. Then the distribu-
tion functions F), («) of the sums &, = x,; + ... + %, — 4, of inde-
pendent variates with vanishingly small deviates converge to the
normal distribution (with mean a and variance o?) and the vari-
ances D?(x,)— o® as n—> o if and only if

kn [u
K, (u) = 51 f_w‘vz dF,;(v)-> {22

In the special case when E(x,;) =0 and D?(x,) = 1 for all ,j,
the condition (3.71) is seen to be equivalent to the condition

u<0

oo Kal@)—or  (3.71)

K, (0)— K, (€)+ K,(—€)— K, (— ) =§1 M}:}2 dF,;(v)>0

as n—>0o0 where ¢>0. Hence we have
Theorem 3.71 The Lindeberg—Feller Central Limit Theorem. Let
Yu Y --- be a sequence of independent variates with distribution

functions Fy, F,, .... The distribution functions of the normalized
sums

n
ZI-E)] .
=2 (01- E0r0y)
with vanishingly small summands converge to the standard normal

distribution (i.e. a normal distribution with zero mean and unit
variance) if and only if Lindeberg’s condition

1 »
F”Elfl v dF;{v+E(y;)}>0

n v1>6D,,
is satisfied for every > 0.
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The classical Central Limit Theorem of Liapounov follows readily from
the Lindeberg-Feller Central Limit Theorem 3.71.

3.8 The Poisson Limit Theorem
From Example 3.41 and Theorem 3.61 we obtain

Theorem 3.80 The Poisson Limit Theorem (Gnedenko, 1944).
Choose the constants 4, by formula (3.64), where a is any con-
stant. Then the distribution functions of the sums

X, = Epy oo+ X, — A,

of independent variates with vanishingly small deviates converge
weakly to the Poisson distribution (with mean a and variance a)
and the variances D?(x,)—>a as n—>oo0 if and only if K, (u)->0
for u<1, K, (¢)>a for u>1, and K, (00)—>a.



CHAPTER IV
HILBERT SPACE

4.1 Linear space

G. Udny Yule (1921, 1927) proposed methods of time-series
analysis that were of essentially wider scope than classical methods.
The work of André Kolmogorov (1933) and A. Ja. Khintchine (1933)
on probability theory made possible the study of (finite or infinite)
families of variates: the so-called stochastic processes. Khintchine
(1934) defined and laid the groundwork of stationary stochastic pro-
cesses. M. Fréchet (1937) observed that a set of variates with finite
variances becomes a metric space by defining the distance between
two variates, say x and y, as the standard deviation of the difference
variate x—y. Herman Wold (1938) unified the fertile methods of
Yule with the probabilistic work of Kolmogorov and Khintchine.
Not least among Wold’s results was his use of Fréchet’s observation
to develop the theory of (second-order) stationary stochastic processes.
Wold’s novel way of treating an infinite number of variates as ele-
ments in linear space led to the central result of the theory of stationary
processes: the Wold decomposition. Kolmogorov (1939, 1941)
generalized Wold’s contributions and obtained further deep results.
Norbert Wiener (1942), making use of some of his earlier important
work (Wiener, 1930), independently arrived at Kolmogorov’s results.
Furthermore, Wiener developed the direct application of this field
to communication and control, which already has had profound effects
in diverse sciences.

The rest of this book will be devoted to the Wold—Kolmogorov
approach. The reason for the way in which we develop our presenta-
tion, which is not the conventional way, is to make clear the relation-
ship of the mathematics of stationary processes with that of quantum
mechanics.

The postulational treatment of linear, inner product space is due
to John von Neumann (1929, 1932, 1933). Let V denote an abstract
space, with elements x,y, 2, w, and let «,b,c be complex numbers.
We assume throughout that addition, x+y, is defined for every pair
of elements x,y in V, and that multiplication, ax, by an arbitrary
complex number a, is defined for every x in V.

Definition 4.10 If x and y are two elements of a space V, then V
is called linear if x+y and ax also belong to V, and if

(1) *+y = y+x (commutative law of addition),
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(2) x+(y+2) = (x+)+= (associative law of addition),

(3) there exists a unique element 0 in V such that x+0 = «
(role of the null element 0),

(4) there corresponds to every element ¥ a unique element
—x such that x+(—x) = 0 (role of the inverse),

(5) a(bx) = (ab)x (associative law of multiplication),

(6) 1x = x (role of unity),

(7) (a+bd)x = ax+bx (distributive law),

(8) a(x+y) = ax+ay (distributive law),

where x,y, 2 are elements of V and 4, b are complex numbers.

Postulate P, The space V is linear,

4.2 Inner product

Definition 4.20 If a complex number ((x,y)) exists for each pair
of elements x,y of linear space V such that

(1) ((ax,y)) = a((»,y)) where a is a complex number (associa-
tive law for the first factor),

(2) ((x+,2)) = ((x,2))+ ((, 2)) (distributive law for the first

factor),

(3) ((=,9)) = ((, x)) where the bar indicates the complex conju-
gate (Hermitian symmetry),

4) ((x,%))=0, and = 0if and only if x = 0 (definite form),
then ((»,y)) is called the nner product of x and y.

Postulate P, An inner product ((»,y)) is defined over the linear
space V.

Definition 4.21 The positive square root of ((x,x)) is called the
length of the element x and is denoted by ||x|. The distance
d(x,y) between x and y is defined to be ||y —x|.

Since it is easily verified that the distance function d(x, y) satisfies
the metric conditions, the space V is a metric space with the elements
x,9,... as points. Consequently, all concepts defined for points in a
metric space are applicable, in particular such concepts as con-
vergence, separability, fundamental sequences, and completeness.

Postulate P; 'The linear space V, with inner product ((,y)), is
complete.

Definition 422 A space V satisfying Postulates P,, P, and P is
called von Neumann space V.

We assume throughout that V is a von Neumann space.
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4.3 Orthogonal elements

To investigate the geometry of the von Neumann space V, the
only trigonometry we shall use is the concept of the right angle, i.e.
orthogonality.

Definition 4.30 Two elements x and y in V are said to be ortho-
gonal, x1y, if ((x,7)) =0. A set O of elements in V is called
orthonormal if each element x in O has length ||#|| =1, and if
each pair of distinct elements x,y(x#y) in O is orthogonal
((x,»)) = 0. If O is an orthonormal set in V, O is called maximal

in V if it is not a proper subset of any other orthonormal set in V.

We see that for any orthonormal set O to be maximal in V,
V cannot contain any element x, of length 1, that is orthogonal to
every element in Q. Hence V cannot contain any element y, of
positive length ||y||>0, that is, orthogonal to every element in a
maximal orthonormal set Q. For if such a y did exist, then y/|y||
would be an element of length 1 orthogonal to every element in O,
which would violate the maximality of O.

Let 6,,...,0, be an orthonormal set in V, (i.e. ((6;06;)) =0 if
i%j, and = 1 if i =j). If x = a,0;+... +a,0,, then it follows that
a, is the Fourier coefhicient a; = ((x, 6;)). Moreover, if x is arbitrary,
let x' = a; 0, +... +a,0,, where a; = ((x,0;)). Then x—x' is ortho-
gonal to 6,, ..., 0, because ((x—x', 6;)) = a;—a; = 0.

Theorem 430 Let 6,,0,,...,0, be a finite orthonormal set in V
n

x—Ya;6; |
1

and let x be any element in V. The distance d =

is minimized when a; = ((x, 6,)).
If d, is the minimum value of d, then

0<d2y =+l - (5 6P
Proof.

a2 = ((x——%ai 0y, x—gai 04))

() (G (G )

= (5 9)~2Re[ S0, @ 00| + B

(e ~2Re [ @ B+ (= LD -+ 1 - 1 (s B P

]
=M =M

= (@ B+ 1P - S s B
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Certainly, d? is minimized when a; is the Fourier coefficient
a; = ((x,8,)). For this choice of a;, we see that the element x is equal
to the sum of two orthogonal elements, i.e.

n n
X = (Eai 0{)+(x“'2a1-0{)
1 1
where the lengths of the elements
n n
xYa;0;, and x—Xa;0;
1 1
satisfy the Pythagorean theorem (or Bessel’s identity):
n
“'xnz = ? I ai|2+ dx?nn
Since d2, >0, we have Bessel’s inequality:

sl S 6P QE.D.

4.4. Linear independence
Definition 4.40 A finite number of elements xy, X, ..., ¥, of von
Neumann space V are called linearly independent if the condition
a, %, + ay Xy + ... +a, %, =0 (where a; are complex numbers)
implies @, = @y = ... = @, = 0. Elements that are not linearly
independent are called linearly dependent.

Clearly, every finite orthonormal set 8, ..., 0, is linearly independent,
for it follows from a, 6, + ... +a, 0,, = 0, by forming the inner product
with 8, that a; = ((0, 6;)) = 0.

Theorem 4.40 (Gram—Schmidt Orthogonalization) If x,, ..., %, are

linearly independent elements in V, then there is an orthonormal
set O of elements 4,,...,0, in V.

Proof. Using the Gram—Schmidt orthogonalization process, we
form
Y1=% 0, = y/lnl,

Yo = %3 — (%9, 6,))0; 0y = ys/ Ilyzll )
Y5 = %3—((x3, 01))0; — (3, 02))0 03 = yslllysll» -

Each 0, is possible since ||y, # 0. For if it were not possible, then
9; = 0 and x; would be a linear combination of 6,,..., 0, 4, i.e. 2 linear
combination of x, ..., x;_y, contrary to hypothesis. The orthogonaliza-
tion process may be continued until the set 6;,...,0, is obtained.
Furthermore, we see that x; is 2 linear combination of 6, ..., 0;, and
that 0, is a linear combination of xy, ..., %;, forj = 1,2,...,7. .E.D.

4
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4.5 Unitary space
Let V be a von Neumann space.

Postulate P’y 'The maximum number of linearly independent
elements in V is n; that is, there exist # elements x;, ..., x, in V such
that a,x,+...+a,x, =0 implies a, =... =a, =0, while if
Y1y ++-»Yn41 are arbitrary elements of V, there are complex numbers
not all zero such that a; y,+... +a, 1 y,.1 = 0.

Definition 4.50 Any von Neumann space V for which Postulate P’
is true is called (n-dimensional) unitary space, and is denoted by V,,.

Definition 4.51 Let U, denote the class of all n-tuples
o = (ay,...,a,) of complex numbers a,,...,a,. Define the null
element to be 0 = (0, ...,0). For any n-tuples o = (a,, ..., a,) and
B = (b, ..., b,) of U,, defineadditionby a + 8 = (a; + by, ..., a, +b,),
multiplication by a complex number ¢ by cx = (cay, ..., ca,) and
inner product by ((¢,f)) = @,6,+...+a,b,. Then U, is called
unitary n-tuple space, or complex Euclidean n-tuple space.

Since unitary n-tuple space U, satisfies Postulates P,, Py, P;, and
P’,, U, is an n-dimensional unitary space V,,.

Theorem 4.50 (Weyl, 1928) Let V,, be an arbitrary n-dimensional
unitary space. Then V,, is ésomorphic with n-tuple space U,; i.e.
V,, can be put in one-to-one correspondence with U, so that if
the correspondence is indicated by x<>a=(ay,...,4,) and
y>B=(by,....,b,), then x+y>ra+p, cx<>ca (¢ a complex

number), and ((x, y)) = (o, B))-

Proof. There is an orthonormal set 6,,...,0, in V, by Theorem
4.40, so that elements x and y of V,, have the unique Fourier repre-
sentations x = @, 0, +... +a, 0,, with a; = ((x,6;)) and y = b, 0, +...
+b,0,, with b, =((y,0;)). Hence let x<>a=(ay...,a,) and
y>B=(by,...,b,). Thatis, ais the n-tuple consisting of the Fourier
coefficients of x, and B is the n-tuple of Fourier coefficients of y. It
follows that x+y«>a+B and cx<>ca. On the other hand to each
n-tuple (ay, ..., a,) there corresponds an element ¥ = @, 6, +...+a, 0,
of V,, since V,, is linear. Moreover, we have

((x’y)) = ((al b1+...+ay, 0, by 01+"'+bn 6,.))
= a151+"'+an5n = ((O‘)B))

It also follows that an orthonormal set 0,, ..., 6, is maximal in V,, if

and only if k& = n. Q.E.D.

The Weyl Theorem 4.50 tells us that all unitary spaces of
dimension # are formally identical, and hence can only differ by the
different interpretations we attach to their elements.
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4.6 Linear manifolds

Definition 4.60 A linear manifold M is a subset of von Neumann
space V such that if x and y are in M, then ax+by is also in M
for every pair of complex numbers @ and b.

Because V is a complete metric space, it follows that M is a complete
metric space (i.e. each fundamental sequence in M converges to an
element in M) if and only if M is closed (i.e. M contains all its limit
elements). A linear manifold that is closed is called a closed linear
manifold.

Let A be any set in V. There always exists at least one linear
manifold M that contains A, because the space V itself is a linear
manifold that contains A. The common part, or intersection, of all
linear manifolds containing A is the smallest linear manifold contain-
ing A. This smallest linear manifold containing A is denoted by {A}
and is called the linear manifold spanned by A.

Similarly, the smallest closed linear manifold containing A is
denoted by [A] and is called the closed linear manifold spanned by A.
It follows that [A]>{A}>A. Moreover, {A} and [A] may be con-
structed as follows: Let x; belong to A. Then {A} is the set of all
finite linear combinations @,%,+...+a,x, where a,,...,q, are
complex numbers, and n = 1,2,.... If we add to {A} all its limit
elements, we obtain [A]. If A contains only a finite number of
elements xy, ..., x,, then {A} = [A].

Let M be any subset of V. Then, clearly,

(1) M satisfies Postulate P, if and only if M is a linear manifold.

(2) M always satisfies Postulate P, (since we assume, of course,
that the definition of ((x,y)) remains unchanged).

(3) M satisfies Postulate Py if and only if M is closed.

Thus the closed linear manifolds M of von Neumann space V are
in their own right von Neumann spaces. If V is unitary space V,,, then
clearly any closed linear manifold (subset) of V,, is also a unitary space
with dimension less than or equal to #. If V is not finite-dimensional
(i.e. V violates Postulate P’,), then any closed linear manifold of V
may or may not be a finite-dimensional unitary space V,,.

An element x in V is said to be orthogonal to a linear manifold M
in V if x is orthogonal to every element of M. Two linear manifolds
in V are said to be orthogonal if every element of one is orthogonal
to every element of the other.

4.7 Hilbert space
Let V be a von Neumann space.
Postulate P, There are arbitrarily many linearly independent

elements in V; i.e. for every n = 1,2, ..., there is a set of z linearly
independent elements of V.
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Postulate P; The space V is separable, i.e. there is a sequence
%1, Xg, ... in V that is everywhere dense in V.

Definition 4.70 (von Neumann, 1929) Any von Neumann space V
for which Postulates P, and P are true is called a Hilbert space and
is denoted by V.

We now wish to outline some theorems about Hilbert space.
Complete proofs may be found in von Neumann (1929, 1932, 1933)
and Stone (1932).

Theorem 4.70 Each orthonormal set O in Hilbert space V,, is
either finite or countably infinite. If O is maximal, it is certainly
infinite.

Because of this theorem, we see that every orthonormal set O may
be written as a finite or infinite sequence 6y, 0,, ... where ((6;, 6,)) =1
and ((0;, 6;)) = 0 for  # j. In order for O to be maximal, the sequence

b 05, ... must be non-terminating, but a non-terminating orthonormal
sequence 0,, 0,, ... is not necessarily maximal. The following theorems
about orthonormal sets 6, 0,, ... are valid for both infinite and finite
sets. For finite sets 0,,...,0,, all terms for 7>, of course, must be
regarded as absent.

Theorem 4.71 Let 0,,0,,... be an orthonormal set in Hilbert

space V. Then we have Bessel’s inequality ||x|?> Z|((x 6,)) |2

and all series Z ((x, 8.)) (3, 6;)) are absolutely convergent for every

x and y in V.

Proof. By Theorem 4.30, Bessel’s inequality holds for 6,,..., 0,.
Letting n—>o0, we see that the series ZI((x, 6;))|* has a sum that

cannot exceed | %]]? and is convergent, so Bessel’s inequality is valid
in this case. The second part of the theorem follows from the

inequality: [((x, ) (3, 0))| <}[((% 6) P+ 3| (3, 0)[*.  QE.D.

Theorem 4.72 Let 0,,0,, ... be an orthonormal set in Hilbert

space V,. Then the series Z a;0; converges (i.e. the sequence
1
n -]
{x,} = {E a; Bi} converges) if and only if the series X | ;|2 converges.
1 1

[+ ]
If x =Y a;0, (convergence is assumed), then a; is the Fourier
1

coefficient a; = ((x, 6;)).
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Theorem 4.73 Let 0,,0,,... be an orthonormal set in Hilbert
space V.. Then for every x in V,, the Fourier series

©
¥ = ?ai b;, a; = ((x,6,)),

is always convergent, and x — ' is orthogonal to 68,, f,,....

Proof. The convergence follows from Theorems 4.71 and
4.72. By Theorem4.72, ((x—«’, 6,)) = ((x, 0;)) — ((«", 6;)) = a;—a; = 0.
Q.E.D.

Theorem 4.74 Let 0,,0,, ... be an orthonormal set in a closed
linear manifold M of Hilbert space. In order for 6,,80,,... to be
maximal in M, each of the following conditions is necessary and
sufficient:

(1) The closed linear manifold spanned by 0,, 0,, ... is M.
(2) Every » in M has the Fourier series representation
[e]

X = Z a; 0,,:, a; = ((x: Bi))
i=1

(3) The Parseval identity ((x,y)) = E((x, 0.))((, 0,)) is true
i=1
for every x and y in M.
In particular, we may let M be V,, itself.

Theorem 4.75 'To each sequence x;, %y, ... in Hilbert space there
corresponds an orthonormal sequence 6, 0,, ... (finite or infinite)
that spans the same linear manifold as x;, x,....

Proof. Replace xy, x,, ... by linearly independent y,, y,, ... which
spans the same linear manifold. The sequence yy, ,, ... may terminate,
or not. Use the Gram-Schmidt orthogonalization process (of
Theorem 4.40) to construct the orthonormal set 6;, 0, .... Since each
; iIs a linear combination of 0, ..., 6;, and conversely each 6, is a linear
combination of y,,...,y;, it is clear that y,,y,,... and 6,,8,,... span
the same linear manifold. Q.E.D.

Theorem 4.76 Let M be a closed linear manifold of Hilbert space.
Then there is a maximal orthonormal set 6;,0,,... in M (i.e. the

closed linear manifold spanned by the orthonormal set 8y, 0,, ...
is M).

Proof. If M is isometric to n-tuple space, the proof follows readily.
Otherwise we must call upon Postulate P; (V,, is separable) from which
it follows M is separable. Hence we may find a sequence x;,%,, ...
everywhere dense in M. The closed linear manifold spanned by
%y, %, ... is equal to M. By Theorem 4.75 we can find an orthonormal
sequence 0;,0,, ... that spans the same closed linear manifold as
%y, Xy, ..., Namely M. Q.E.D.
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Definition 4.71 Let H denote the class of all sequences
@
o« = (ay, a,, ...) of complex numbers ay, d,, ..., such that 3|a;|? is
1

finite. Define the null element to be 0=(0,0,...). For any
sequences o = (dy, @y, ...) and B = (by,b,,...) define addition by
a+p = (a,+b;, a,+b,,...), multiplication by a complex number ¢
by ca = (cay, ca,, ...), and inner product by

(s B)) = @by +ayby+ ...
Then H is called Hilbert sequence space.

It can be verified that H satisfies Postulates Py, Py, Py, P,, and Pg
and so is a Hilbert space.

Theorem 4.77 (von Neumann, 1929) Let V,, be an arbitrary
Hilbert space. Then V,, is isomorphic with Hilbert sequence
space H: i.e. V,, can be put in one-to-one correspondence with H
so that if the correspondence is indicated by x> = (a;, a, ...)
and y«> B = (b, by, ...), then x+y>a+f, cxe>ca (c 2 complex

number), and ((%,)) = ((o B))-

Proof. By Theorems 4.70 and 4.76, there is a maximal ortho-
normal set 0,,0,,... in V,, which must be countably infinite. By
Theorem 4.74 each element in V,, has the Fourier representation

[+¢}

x=Ya;0, a;=((x0,). Thus to each element x there is one and
1

only one sequence of Fourier coefficients (a;,a,,...) such that, by

[e0]
Theorem 4.71, }|4;[? is convergent. Conversely, to each sequence
1
[+ 0]
(ay, ay, ...) such that | a;[? is finite, there corresponds one and only
1

[e2]
one x = Y a;0, of V, with this sequence as Fourier coefficients

1
(Theorem 4.72). Moreover, by Parseval’s identity (Theorem 4.74)
we have ((%,9)) = a;5;+ a0, +...= (¢,8)).  Q.E.D.

The von Neumann Theorem 4.77 tells us that all Hilbert spaces
are formally identical and hence can only differ by the different
interpretations we attach to their elements. Postulate P, requires
Hilbert space to have infinite dimension, and Postulate Pj restricts
the dimension to be no more than countably infinite. Hence a
Hilbert space has countably infinite dimension, i.e. dimension number
aleph nought X,. A closed linear manifold of a Hilbert space is
either a Hilbert space or an n-dimensional unitary space.
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CHAPTER V
LINEAR OPERATORS

5.1 Linear operators

In this chapter, unless otherwise stated, we shall assume that the
space V is either Hilbert space V,, (with countably infinite dimension)
or unitary space V,, (with finite dimension #).

Definition 5.10 A single-valued operator in V is a transformation T
which is defined over some subset D of V and which has exactly
one value #7 in V corresponding to each element x of D. The
set D is called the domain, and the set of all values xT is called
the range R, of the operator. An operator is called linear if D
and R are linear manifolds.

We assume throughout that all operators are single-valued, linear
operators whose domains D are everywhere dense. Clearly an oper-
ator T is linear if and only if, whenever &y, ...,x, are elements of D,
a; % +...+a,x, is in D, and

(@ +...+a, 0 )T =a, (%, TY+...+a,(x, T)

where a,, ..., a, are complex numbers.

Suppose that T establishes a one-to-one correspondence between
D and R (i.e. distinct elements of D correspond to distinct elements
of R). Then there is an operator 71, whose domain is R and range
is D, such that xTT'=x for x in D and 71T = x for x in R.
The operator T-1 is called the inverse of T. The operator I such
that xI = x for all x in V is called the identity operator.

Example 5.10 Interms of matrix algebra, an n-tuple o = (ay, ..., a,)
in U, is called a row vector. The inner product of « and
B = (by, ..., b,) is given by the matrix multiplication

(% B) = of = a;b;+... +a,b,

where §' is the transpose (indicated by a prime) of the complex
conjugate (indicated by a bar) of the row vector B. A linear
operator T is represented by an n by n matrix T = [t;] whose
elements t;;(5,j = 1, ..., n) are complex numbers. If « = (ay, ..., a,),
then o7 is given by the matrix multiplication

n n
aT = (% a,,: t’l:l’ ey ?ai t’l:ﬂ)
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Definition 5.11 'Two linear operators T and T'* are called adjoint
if they have the same domain D, and if, in D, ((x7, y)) = ((%, yT*)).
The operator H is said to be Hermitian if H* = H. A Hermitian
operator H is called definite if ((xH, x)) > 0.

If H is Hermitian, the Hermitian form ((xH, x)) is always real
since it equals ((x, xH)) = ((xH, x)).

Example 5.12  Let «, B be n-tuples in unitary space U,. In order
for ((oH,B)) = (o, BH)), i.e. for aHF = aH'f’, we must have
H = H'. Thus a Hermitian matrix H is one that is equal to the
transpose of its complex conjugate. A real Hermitian matrix is
a symmetric matrix.

Definition 5.12 A linear operator U such that ((xU, yU)) = ((x,))
for every pair of elements x, y in its domain D is called an isometric
operator. An isometric operator whose domain D and range R
each coincide with the entire space V (i.e. D = R =V) is called
a unitary operator.

Because isometric and unitary operators preserve inner products,
they also preserve distances ||yU—xU]|| = ||y —x||.

Theorem 5.10 The inverse U-! and adjoint U* of a unitary
operator U are also unitary operators and are equal (i.e. U~ = U*).

Proof. The equation ||xU—yU|| = ||x—2y|| holds for every pair of
elements x,y in V. That is, xU = yU if and only if x = y so that U
has an inverse U~! with domain and range V. In ((xU,yU)) = ((x,%))
replace y by 2U~1 to obtain ((xU, 2)) = ((x, 2U~")) for every x,2in V.
Hence U* exists and coincides with U, In ((xU,yU)) = ((»,7))
replace x and y by wU ~* and 2U~* to obtain ((w, 2)) = (wU1, 3U 1)),
showing that U1 is a unitary operator. Q.E.D.

Example 5.13 Let o and B be n-tuples in unitary space U,.
A unitary matrix U is one for which ((aU,BU)) = ((,B)) for
every «,B. Hence we have aUU'B = of’ so that UU' = I, the
identity matrix, and U* = U~ = U’. A real unitary matrix is an
orthogonal matrix.

5.2 Projection operators

Definition 5.20 If M and N are closed linear manifolds and if N
is a subset of M, then the set of all elements of M that are ortho-
gonal to N is denoted by M—N, and is called the orthogonal
complement of N with respect to M.

The set M—N is a closed linear manifold. In particular, V-M
"is the set of all elements in V orthogonal to M, and is called the
orthogonal' complement of M.
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Theorem 5.20 The Projection Theorem. If M is a closed linear
manifold in V, then every element x of V can be resolved in one

and only one way into two components, x = y+ 2, where y is in
Mand zisin V-M.

Proof. By Theorem 4.76 there is a maximal orthonormal set
0),05 ... in M. Let y=3((x0,)0;. This series converges by
i

Theorem 4.73, and clearly y is in M. Moreover, 2 = x—7y is ortho-
gonal to 6;,0,,..., and hence to M, so that 2 belongs to V—M.
Uniqueness can be established by showing that another resolution
x ="+ 2" would lead to a contradiction. =~ Q.E.D.

The concept of projection corresponds to that in Euclidean
geometry.

Definition 5.21 If M is a closed linear manifold in V, if x is an
element of V, and if x = y+ 2 where y is in M and z is in V—M,
then y is called the projection of x in M and z is called the normal
from x to M. The projection operator Py is defined by xPy = y;
i.e. the projection operator Py is the operator that assigns to
each x of V its projection, xPy, in M.

Definition 5.22 A linear operator E, with domain V, is said to
be idempotent if xE* = xE for every x in V. The range of an
idempotent operator is called the eigenmanifold of the operator.

Theorem 5.21 'The projection operator Py is a Hermitian, idem-
potent operator with eigenmanifold M.

Proof. Let x = x;+x, and y = y,+y, where x; and y, are in M
and x, and y, are in V—-M. Since x, and y, are orthogonal to x,
and y,, we have

(*Pp, ) = (%1, 71+ 2)) = (%1, 31)) = (32 + %2, 31)) = (%, yPp))

so Py is Hermitian. Because xPy belongs to M, it has the unique reso-
lution xPp; = xPp +0 by Theorem 5.20, and hence (xPy) Py = xPy,
so Py is idempotent. We see that M is the set of all solutions of the
equation xPy = x, and V— M is the set of all solutions of the equation
xPy = 0. All xPy belong to M by Definition 5.21, and each x’ of M
is equal to an xPy, in fact to #'Py. Hence the closed linear manifold
M is the range, or eigenmanifold, of Py. Q.E.D.

The following theorem characterizes a projection operator inde-
pendently of M.

Theorem 5.22  An operator E is a projection operator if and onl
if E is a Hermitian, idempotent operator. The eigenmanifold JAi¢
of a projection operator E is uniquely determined by E,

E = P M- )
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Proof. A projection operator is Hermitian and idempotent by
Theorem 5.21. Conversely, suppose E is Hermitian and idempotent.
Let M be the closed linear manifold spanned by all the xE. Because

((*E,y - yE)) = ((*E,y)) = (*E, yE)) = ((*E,y)) — (*E®,)) = 0
we see that y —yE is orthogonal to all xE. The elements (of V) ortho-
gonal to y —yE form a closed linear manifold. Hence they include M
as well as xE, and so y—yE belongs to V—M. The resolution of y
(by Theorem 5.20) is then y = yE +(y—yE) where yE belongs to M,
and so yPy = yE, and E is the projection operator Py. The eigen-
manifold M of a projection operator E is the set of all solutions of
the equation xE = x. Q.E.D.

Let E and F be projection operators with eigenmanifolds M and N
respectively, i.e. E = Py and F = Py. The operators E and F are
said to commute if EF = FE. We sce that the operator EF is Hermitian,
((xEF,y)) = ((xE, yF)) = ((x, yFE)), and idempotent

(EF)? = EFEF = EEFF = E*F* = EF

if and only if E and F commute. Hence EF is a projection operator
if and only if E and F commute. In this case, the eigenmanifold of
the projection operator EF is the closed linear manifold M UN
consisting of elements common to M and N.

Let E and F be projection operators with eigenmanifolds M and N,
respectively. Then E+ F is clearly Hermitian. Also E+ F is idem-
potent, (E+F)* = E?+EF+FE+F*=E+EF+FE+F=E+F, if
and only if EF+ FE = 0. But, it can be shown that EF+ FE = 0 if
and only if EF = 0 (or, equivalently, if and only if FE = 0). Hence
E+F is a projector if and only if EF = 0 (or, equivalently, if and
only if FE =0). The condition EF =0 means that M is ortho-
gonal to N. In this case, the eigenmanifold of the projection operator
E+F is the closed linear manifold [M, N] spanned by the set con-
sisting of M and N. The closed linear manifold [M, N] is usually
denoted by M+N. Since only a finite number of closed linear mani-
folds M,N are present, and since M is orthogonal to N, it can be
shown that the linear manifold {M, N} spanned by M and N is equal
to the closed linear manifold M+ N, the eigenmanifold of E+ F.

Let E and F be projection operators with eigenmanifolds M
and N, respectively. It can be shown that the operator E—F is a
projection operator if and only if EF = F (or, equivalently, if and
only if FE = F). The condition EF = F (or, equivalently, FE = F)
means that N is a subset of M. In this case, the eigenmanifold of the
projection operator E—F is the closed linear manifold M—N, the
orthogonal complement of N with respect to M.

Definition 5.23 The projection operators E and F are called
orthogonal if their eigenmanifolds are orthogonal. The projection
operator F is said to be a part of E (in symbols, FSE) if the
eigenmanifold of F is a subset of the eigenmanifold of E.
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If the projection operators E and F are orthogonal, then EF = 0 or
also FE=0, and E+F is a projection operator. If F and E are
projection operators and F<E, then EF = F, or also FE=F, so
E and F commute, and EF and E—F are projection operators.
We see that ESF,/—F<I—E, and E orthogonal to I—F are all
equivalent.

Definition 5.24 If E(X) is a family of projection operators, defined
as a function of the real variable A, —00 <A <00, with properties:

(1) xE(A)=>0 as A—>—o00, xE(A)=> x as A->00, and
xE(A+€) > xE(X) as e— 0 (e positive),
(2) if A< X, then E(QQ)<E(X),

then E(2) is called a resolution of the identity operator I.

As usual, we let the symbol = denote convergence in metric
space, which is now the metric space V. We shall introduce the
symbolism E(A) = E(X) to stand for xE(A) = xE(A"). Then Property
(1) of Definition 5.24 may be equivalently written: E(A)=>0 as
A—>—00, E(X)=I as A->00, and E (A+ €)= E(A) as e—>0 (e positive).
The last condition in Property (1) states that E(A) is continuous on
the right. Property (2) states that E(X) is non-decreasing, i.e. the
eigenmanifolds of E(A) are non-decreasing as A increases. Moreover,
from Property (2) we see that the increments of E(A) are orthogonal,
i.e. if A <Ay<A3< ], then the eigenmanifolds of E(A)—E(A;) and
E(A;)— E(A,) are orthogonal.

5.3 Function space L?
We now wish to consider specific realizations of von Neumann
space V.

Definition 5.30 Let x(w) be a complex- alued, measurable func-
tion defined on the measure space (Q,F, ). Then the function
space L%, or L2(u) is the set of all those x (w) for which

[J#@raa) (5.30)

is finite. Two functions x(w) and y(w) of function space L? are
considered as identical if and only if x(w) = y(w) almost every-
where (i.e. except for a set of measure zcro).

Theorem 5.30 If we define the null function as the function
which vanishes almost everywhere, and the inner product by

(@9 = [ #(@)5T) (o) (5.31

then L? is a von Neumann space V with the functions x(w) as
elements.
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Proof. We must show that L2 satisfies Postulates P,, P,, and P,. If
% (w) belongs to L2, then certainly ¢x(w) belongs to L? where ¢ is a
complex constant. If x(w) and y (w) belong to L2, then ((x, y)) given by
equation (5.31) is finite because |x (w) y (@)| < (|*(@)[2+]y (@)[?)/2
Moreover x(w)+y(w) belongs to L? because of the identity

|2 (@) +3 (@) = |2 (@) +]y ()2 + 2Re 2 () y (w)]

From the above it easily follows that L2 satisfies Postulates P, and P,.
That L? satisfies Postulate P, is the content of the Riesz—Fischer—
Weyl-von Neumann Theorem. That is, the reformulation due to
Weyl (1909) of the theorem of F. Riesz (1907) and E. Fischer (1907)
states that if Q is the real line and u is Lebesgue measure, then L2
is a complete metric space. Von Neumann (1929, 1933) extended this
theorem to cover more general measure spaces (Q, F, u). Q.E.D.

Convergence x, = x in the function space L2? (a metric space by
Theorem 5.30!) means that the numbers d (%, x) = ||x— x,|| converge
to zero as n—>00; i.e. that the numbers

[ (@) (@) (@)
0

converge to zero as n—>o00. Hence x, = x is sometimes called “con-
vergence in the mean” to distinguish convergence (=) in function
space L? from point-wise convergence x,(w)—x(w) for a given
point w.

5.4 Variate space

In the case when the measure is probability measure p = P, then
the functions x(w) are variates, and L?(P) is a variate space whose
elements are those variates with finite second absolute moments
(equation 5.30). Since P is normed measure, the function x(w) =1
for all w belongs to L2 Consequently the mean value E(x) of any
variate x of L2 exists, for E(x) = ((x,1)). If ((x,5)) = E(x) E(9), the
variates x and y are said to be uncorrelated. 1f x and y are uncorrelated,
then x—E(x) and y—E(y) are orthogonal. Therefore we shall
suppose throughout that all variates of variate space L2 are centred
by subtraction of their mean values. Then the inner product ((x,y))
is the covariance of x and y, the inner product ((x, x)) is the variance
D?(x), and the length || x|| is the standard deviation D (x).

Example 5.40 Let the sample space Q be countable; i.e. let Q
be a finite or infinite sequence of points wy, wy, ..., with probabilities
P, P,, ..., respectively. A variate x(w) is a function of each
point w;, and hence can be represented as a finite or infinite
sequence 4y, 4,, ..., where @, = x(w,;). Variates x(w) belong to L2
if %;|a;|* P; is finite. This condition, of course, is automatically
satisfied if the number of points in Q is finite. The inner product
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is ((x,))=Z;a;b; P;, where x is represented by the sequence
ay,a, ... and y by by, b,,.... The L2 space is certainly separable
(Postulate P;), and Postulate P, or P, holds, depending upon
whether there are a finite number n or an infinite number of
points w; with P;>0. Hence this variate space L? is either
n-dimensional umtary space or Hilbert space.

Example 541 Let the sample Q be n-dimensional Cartesian
space E,, and let P be Lebesgue-Sticltjes measure which is
absolutely continuous with respect to n-dimensional Lebesgue
measure dw. Then, by the Radon-Nikodym Theorem, we have

P(4) = L f(w)dw

where f(w) can be chosen to be a real, non-negative, measurable
function. Variates x (w) belong to L2 if

J#lf = [ J(@)PP(a) = [ |@)Ef @) do

is finite. Unless L? contains only the null variate 0, and hence
has dimension 0, it can be shown that L2 has infinite dimension
and thus satisfies Postulate P,. The separability of L2 follows
from the separability of E, (von Neumann, 1929, 1933) and hence
L? satisfies Postulate P;. Therefore this variate space L? is a
Hilbert space.

5.5 The stochastic integral

Let V be a variate space L% and let E()) be a resolution of
the identity (Definition 5.24). If x is a variate of V, then the family
of variates xE (A), —c0 <A <00, belongs to V and is a stochastic pro-
cess. The increments xE(A)—xE(A;) and xE(X))—xE();), where
A <A <A3< ), belong to eigenmanifolds of E(A)—E();) and
E (A2)—E(A,) respectively. Since these eigenmanifolds are ortho-
gonal, the increments are orthogonal, and the stochastic process
xE (2) is said to have orthogonal increments. With suitable restrictions
on the A-function (I)()\), the integral (over A) given by [®(A)dxE(X)
is a variate of V and is called a stochastic integral, a concept intro-
duced in a different way by Wiener (1923).
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CHAPTER VI
SPECTRAL REPRESENTATION

6.1 Multiple regression

We assume throughout the chapter that V is either n-dimensional
unitary space or Hilbert space, as the case requires. When we refer
to V as variate space, we mean variate space L2 (P).

In preparation for his generalization of the analysis of a finite
number of random variables to the infinite number of the stationary
process, Wold (1938) gave the following interpretation of multiple
regression analysis as a linear approximation in variate space. In this
way he showed that the multiple regression theory founded and
developed by the English statistical school (see Yule and Kendall,
1937) can be interpreted as a particular branch of the theory of
approximations in linear, inner product space (i.e. von Neumann
space).

Let x,, ..., %, be linearly independent variates in variate space V
and let x be any variate in V. The linear manifold M spanned by
%, ..., %, is finite-dimensional and necessarily closed. We wish to
approximate x in the least-squares sense by an element of M. Every
variate in M can be expressed uniquely by a finite linear combination
byx,+...+b,x,. The complex numbers b,,...,b, are called the
co-ordinates of the variate relative to the basis #y,...,%,. In linear,
least-squares regression analysis, we find the constants by, ..., b, that
minimize the distance d = ||x—b;%,—...—b,x,| from x to M.
We write

GRS LA CENESIICRD ISP CE

and set the derivatives of d2 with respect to the real and imaginary
parts of b,,...,b, equal to zero. Thus we obtain a system of linear
equations, called the normal equations. The solution of the normal
equations gives the constants b,,...,b,, which are called the regres-
sion coefficients. With these coeficients, the linear combination
by %, + ... +b, x, is the best linear approximation to x (by an element
of M) in the sense of the principle of least-squares.

Wold (1938) points out that the same result may be obtained in
the following way. Apply the Gram—Schmidt orthogonalization
process (Theorem 4.40) to x,...,x, to obtain the orthonormal set
6y, ..., 8, which spans the same linear manifold M (Theorem 4.75).
By Theorem 4.30, the distance d =||x—a, 0, —... —a,0,]|| from x to
M is minimized when g, is the Fourier coefficient a; = ((x, 6;)). With
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these coefficients, the linear combination &, 6, + ... +a,, 8,, is the linear,
least-squares approximation to x (by an element of M), and is identical
with the linear combination b, %, + ... + b, x,, where b, ..., b, are the
regression coeflicients.

Example 6.10 We wish to approximate the variate x as closely
as possible by &, x, in the least-squares sense. The minimum of
d =||x—b, x| is obtained when b = ((x, x,))/((x, %)), the regres-
sion coefficient. The best linear approximation to x is

by xy = ((%, 21)) %1/((%1, 1))

Example 6.11 Continuing Example 6.10, the Gram-Schmidt
orthogonalization of x; is 6; = x,/||x;|. The Fourier coefficient
of x is a; = ((x,6,)), and the best linear approximation to x is
a, 0, = ((», 1)) %, /((%y, %,)), as above.

Let xy, x5, ... be an infinite sequence of linearly independent vari-
ates in V and let x be any variate in V. Iet M be the closed linear
manifold spanned by %, %,,.... We wish to approximate x in a least-
squares sense by an element of M. We recall that M is the set of all
finite linear combinations b, %, + ... +b, %, (n = 1,2, ...; by, ..., b, arbi-
trary complex numbers) together with all the limit variates of these
finite linear combinations (see Section 4.6). These limit variates of M
in general cannot be expressed by a convergent infinite series of the

2]
form Y b,x;. Consequently, we cannot assume that the linear, least-
1

squares approximation, which may be any variate in M, can be
represented by such an infinite series b, %, +byx,+.... Thus, for an
infinite number of variates x;, x,, ..., multiple regression analysis fails
in that, in general, we cannot speak about an infinite number of regres-
sion coeflicients by, b,, ... for an infinite regression b; %, +b, %+ ... .

We may proceed, however, along the alternative route. By the
Gram—Schmidt orthogonalization process, construct the infinite ortho-
normal sequence 6,,0,,... that spans M (by Theorem 4.75). By
Theorem 4.74, 6,,0,,... is maximal in M, and hence every variate
in M has a Fourier series representation a, 6, +a,60,+.... Applica-
tion of Theorem 4.71 shows that the linear least-squares approxima-
tion to x is given by the (convergent) Fourier series a; 0, +a,0,+ ...,
where a; is the Fourier coefficient a; = ((x, 6;)). That is, the least-
squares approximation ((#, 6,)) 6, +((x, 0,)) 05+ ... is equal to the pro-
jection, xPy;, of x on M (Theorems 4.73, 5.20).

6.2 Multivariate analysis and the eigenvalue problem

Returning to the finite case, let %y, ..., x,, be  linearly independent
variates that span the closed linear manifold M. Consequently, every
variate x in M can be expressed uniquely as a finite linear combination
x=a,%+...+a,x,, where a,,...,a, are the co-ordinates relative to
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the (nom-orthonormal) basis x,...,%,. Let the n-tuple o be these
co-ordinates, i.e. a=(ay,...,a,) when and only when

X=a; % +...+a,x,

and call the resulting unitary n-tuple space U,. There is a one-to-
one correspondence x<—>a between the variates x of M and the
n-tuples « of U, such that if x<>o and y«>B (x,y in M, and «,f
in U,), then x+y<«>a+pB and ¢x <> co (¢ a complex number). Inner
products, however, are not preserved by this correspondence. That
s, if

X=a,%+...+a, %, >0 =(ay,...,a,)
and y=bx+..+b,x,>B=(by,..., 0,)

then ((x,9)) = ((«H,B)) where H = [((x;,%;))] (,j=1,...,m) is a
Hermitian matrix, and is called the covariance matrix. The variance
of the variate x in M is equal to ((x, x)) = ((«H, «)).

A variate x = a, %, +... +a, %, in M is said to be normalized if its
co-ordinate n-tuple « = (ay, ..., a,) has length one, i.e. ||| = 1. The
normalized variate in M that has maximum variance p,, is called the
first principal component z,, of the variates x, ..., %,. The normalized
variate in M that is orthogonal to 2, and that has maximum variance
Pn—y is called the second principal component z, ;. The normalized
variate in M that is orthogonal to 2,2, , and that has maximum
variance u,_, is called the third principal component %, _,. Now this
process can be repeated (see Kendall, 1957) until we obtain z principal
components 2y, ..., 2, With variances p,, ..., p,, Where p; < py < ..o < .
The principal components form a maximal orthonormal set in M.

If the principal component 2; ( =1,...,n) has the representa-
tion ;= cy% +...+Cp%, denote its co-ordinate n-tuple by
é; = (€i15 --+» €1n)- Then its variance is p; = ((25 %)) = (:H, $;))- 1n
matrix notation, this equation becomes ¢, Hd; = p;. Let U be the
matrix whose 7th row is the row vector (n-tuple) ¢, (i = 1,...,7), and
let A be the diagonal matrix with p; in the ith diagonal position
((=1,..,n) and zeros off the diagonal. We note that since
P < pp<... <, the diagonal of A has the same ordering. Since
UU' = I, the matrix U is a unitary matrix. The relationship between
p; and ¢; is then expressed by UHU 1= A, or UH = AU, or
¢;H = pw;¢; ((=1,...,n). We recognize this equation to be the
characteristic equation of the Hermitian matrix H, the covariance
matrix. In other words, the problem of finding the principal com-
ponents in M is the well-known eigenvalue problem in U,, which
always has a solution.

The eigenvalue problem in unitary n-tuple space

Given the Hermitian matrix H in unitary n-tuple space U,,
find all (non-null) solutions ¢ of the characteristic equation
¢H = u¢p where ¢ is an n-tuple and p is a real number (ie.
H given, ¢ and p to be determined). From these solutions form
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a maximal orthonormal set ¢,,...,¢,. The ¢,,...,¢, are called
the eigensolutions, and their corresponding real numbers p,, ..., py,
the efgenvalues, of the matrix H. The totality of the eigenvalues
is called the spectrum.

The eigensolution ¢; is the co-ordinate n-tuple (with respect to
the basis xy,...,%,) of the principal component z;, and the corre-
sponding eigenvalue p; is the variance of z;. Equivalently, as we have
just seen, the eigenvalue problem is the problem of finding a unitary
matrix U that reduces H to a real diagonal matrix, i.e. UHU1 = A.

6.3 The spectral representation in unitary space

The eigenvalues p; need not be distinct, and any value A; that
occurs k; times among g, ..., 4, is said to be an eigenvalue of multi-
plicity ;. From now on, when we refer to the set of distinct eigenvalues
of the Hermitian matrix H, we shall denote them by A, A, ..., A,
where A; <A< ... <A, (m <), and their multiplicities by &y, Ry, ..., &,
where k; +ky+... +k, = n.

The eigensolutions ¢, are not unique. If A; has multiplicity one,
then its corresponding eigensolution is uniquely determined except
for a factor e (¢ a real number) of magnitude one. If A; has multi-
plicity k; greater than one, then its corresponding eigensolutions are
not uniquely determined. (As we shall see, each A; has an eigen-
manifold of dimension k; associated with it. The only requirement
on the eigensolutions corresponding to A; is that they be a maximal
orthonormal set in the eigenmanifold of A;, and hence the eigen-
solutions are not uniquely determined. The eigenmanifolds of two
distinct eigenvalues are orthogonal, and the eigenmanifolds of all the
2; span the whole space.) This lack of uniqueness in the eigen-
solutions is serious enough to prevent any generalization of the solu-
tion of the eigenvalue problem to Hilbert space by some limiting
process n—>c0 in n-tuple space. That is, the arbitrarily large varia-
tions in the eigensolutions that are possible because of the incomplete-
ness of their determination are enough to prevent any limiting process
involving them from converging.

Although the unitary matrix U, whose rows are the eigensolutions,
is not uniquely determined by H, Hilbert (1912) and von Neumann
(1929, 1932) exploited the unitary nature of U to reformulate the
eigenvalue problem. The Hilbert-von Neumann reformulation which
is called the spectral resolution problem yields the same results as the
eigenvalue problem in n-tuple space, but has the advantage that it
can be extended to Hilbert space.

If « and B are n-tuples of U, then the inner product

((B) = (U1, BUT)

is a numerical invariant, regardless of the particular choice we make
for the non-unique eigensolution matrix U, because U (and hence U~?)

5
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is unitary. To decompose ((o,B8)) into numerically invariant com-
ponents, we shall establish a correspondence between U,, whose
elements, we recall, are the co-ordinate n-tuples o = (ay,...,a,) of
x = a, %, + ... +a, %, relative to the (non-orthonormal) basis #y, ..., %,
and the n-tuple space W,, whose elements we define to be the co-
ordinate n-tuples p = (ry,...,7,) of a=7,¢,+...+7,¢, relative to
the orthonormal basis ¢,,...,¢,. This correspondence is possible
because the eigensolutions ¢, ..., ¢, form a maximal orthonormal set
in U,. By the Weyl Theorem 4.50, this correspondence,

a=1h+ .. +7, P p=(ry...,7,)

(the 7; = ((o, $;)) = af; being the Fourier coefficients), establishes an
isomorphism between U, and W, that preserves inner product. That
is, if a4 p = (r4,...,7,) and B0 = (5y, ...,5,), then

(B)) = ((p0)) = 1151+ ... + 7,5y
In matrix notation, we have

p = (11 eeesta) = (ot ocrof) = 2’ = U

and similarly ¢ = UL

The conditions of the eigenvalue problem, which are expressed by
the characteristic equation ¢, H = p;;(i = 1,...,n), or H=U1AU,
may equivalently be written (since U* = U—?)

((«H, B)) = (U AU, B)) = ((pA;0)) = 7181+ + pan Sy (6.30)

The Cartesian character of the co-ordinate system in W, is expressed

by
(e B)) = (U4, BU)) = ((pL, 0)) = 7151+ ... + 7,5, (6.31)

We recall that the diagonal matrix A was defined to be the matrix
with the eigenvalues, ordered by increasing magnitude, along its
main diagonal, and zeros off the diagonal. Because of this ordering,
the matrix A is uniquely determined for any given Hermitian matrix H.
Consequently, for given H we have the unique decomposition
A=X0;+...+ 2,0, where Q, is a diagonal matrix with one’s in
those places on its main diagonal in which A; occurs in A, and zeros
elsewhere. Clearly I = OQ;+...4+Q,,.

Using the decomposition I = Q; + ... + O, equation (6.31) becomes

(@ B) = ((p(Qr+ -+ + Oy 0)) = (pQ1s @) + - + (P Dms ©))  (6.32)

where each ((pQ;,0)) (j=1,...,m) is the sum of those 7;5; (k; in
number) that are associated with the eigenvalue A; (of multiplicity ;).
Each ((pQ;,0)) is numerically invariant under the variations of tfle
non-unique eigensolutions ¢,. Thus for given «, 8, H, equation (6.32)
is a decomposition of ((«, 8)) into components numerically invariant
with respect to the particular choice of the non-uniquely determined
eigensolutions.
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Let us define P; to be P;=U-1Q,U (j = 1,2,...,m). Then the
invariant components in equation (6.32) are equal to

(pQ50)) = (U Q;, BUT) = (2P, ) (j=1,...,m)

and equation (6.32) becomes
(2w B)) = ((«Pr, B)) + --- + ((«Ppus B)) = AEm((‘ﬂ’p B)
This equation leads us to define the Hermitian form
(«K (), 8)) = AEA((&PJ-’ B)- (6.33)

which, we see, is invariant for fixed o B8,H,X. Moreover, given
((«K (A), B)) we may retrace our steps to obtain the eigensolutions and
eigenvalues of H. In the Hilbert-von Neumann reformulation of the
eigenvalue problem (ie. in the spectral resolution problem), the
((«K(A), B)) only will appear, instead of the eigensolutions and eigen-
values, so that the reformulation will be a unique formulation. To
obtain the Hilbert-von Neumann spectral resolution problem, then,
we must convert equations (6.30) and (6.31), which express the

conditions of the eigenvalue problem, into equivalent conditions on
((«K(A),B)). We proceed as follows:

First, we wish to show that equation (6.31) means that K (1) is a
resolution of the identity (Definition 5.24). From equation (6.33) we

see that K(A) is given by
KM= $P= S UQU-U(30)U (634
<A <A A3<A

Clearly, from the definition of Q,, we sce that Q, is a projection

matrix (i.e. Hermitian and idempotent) and Q,;Q; =0 for i#j.
Because

(0P, B)) = («U Q5 U, B)) = (4, BU Q; U)) = (( BPy))
we see that P; is Hermitian, and because
P;P;=U1Q;UUQ,;U=P;

we see that P, is idempotent, so P is a projection matrix. Since, for
i#j, P;P; = U1 Q,UU-Q, U = 0, it follows that P, + P; is a projec-
tion matrix, and the eigenmanifold of P, is orthogonal to the eigen-
manifold of P;. Since, by equation (6.34),

K(A)=P+Py+...+P;, d<A<dy,

it follows that K (}) is a family of projection matrices (i.e. idempotent
and Hermitian) with the property that the eigenmanifolds of K(2)
are non-decreasing as A increases. Hence if A< X', the eigenmanifold
of K (1) is a subset of the eigenmanifold of K (X’), and so K () < K (X').
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Moreover, equation (6.31) means that if X is larger than all the eigen-
values (i.e. A> A,), then K(X) = I. If A is smaller than all the eigen-
values (i.e. A< },), then K (A) = 0. Also K () is seen to be continuous
on the right. (In fact, K(A) is always constant, except at the eigen-
values 1, ..., A, where it changes discontinuously.) Therefore K(2)
satisfies the properties of Definition 5.24, and hence is a resolution
of the identity.

Next, we wish to show that equation (6.30) means that K(A) is
the so-called resolution of the identity belonging to the Hermitian
matrix H. Using the decomposition A =X O,+...+2, 0y, equa-
tion (6.30) becomes

((«H, B))
= (P (M Q1+ + 2 Q) 0)) = X ((pQ1, ) + - + A (pOrmy ©)
= A (2P, B) + - + A ((2Prs B))

where the components ((«P;,8)), as we have seen, are numerically
invariant for given «, B, H. This equation may be rewritten as

(aH,B) = £ (oK (), B) ~ (K (y-0) B)]

which, using the Stieltjes integral, is

(@H,B) = [ M@K ).B) (635)

This equation is called the speciral representation of the Hermitian
matrix H. Symbolically, for the spectral representation (6.35) we
write (which for n-tuple space U, is a bona fide matrix cquation, as
indicated by the right-hand side):

H= | MEQ)=NPi+...+ APy, (6.36)
We also write
o0
o= f daK(N) = oPy + ...+ Py, (6.37)
—o0
oH = fw MaK () = A oPy+ ... + Ay aPy, (6.38)

That is, the spectral representation (6.37) exhibits « as the sum of its
m projections, oP;, on the m (orthogonal) eigenmanifolds of the pro-
jection matrices P; (also called the eigenmanifolds of A;(j = 1, ...,m)).
If each of these projections oP; is submitted to an appropriate magni-
fication A; to yield A; «P;, then the spectral representation (6.38) exhibits
oH as the sum of these A;«P;. The eigenmanifold of P; has dimension
equal to k; (i.e. the multiplicity of its eigenvalue A;), and the linear
manifold spanned by all these eigenmanifolds (j = 1,...,m) is the
whole space U,. From the characteristic equation, we see that the
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cigensolutions corresponding to A; form a maximal orthonormal set
in the A;-eigenmanifold. From the spectral representation (6.36) we
have

— WPyt 4 APt = P 4o+ N2 P, = fwwAsz(,\)
so numerically
(@HYE) = [ Ra(K .Y
When o = B, this equation becomes
ot = [* e ajar o) (6:39)
since ((aH?, o)) = ((aH,0H)) and ((xK(2),)) = ((«K(A), aK(A))).

Since ||aK ()\)“2 is a non-decreasing function of A, and A* is non-
negative, the integral in equation (6.39) must be either a finite non-
negative number or plus infinity. If the integral is finite, then of
has finite length ||aH||, and so «H is defined. In the unitary space
setting, o always has finite length, and so aH is defined for all a.
Thus the condition that the integral in equation (6.39) must be finite
will have independent meaning only when these results are extended
to Hilbert space. With this motivation, we have

Definition 6.30 Given the Hermitian operator H in (unitary or
Hilbert) space V, a resolution of the identity K (), such that:

(1) the domain of H consists of those elements x of V for
which the integral

[«¢]
[RBT
—0
is finite (i.e. xH is defined if and only if this integral is
finite);
(2) when xH is defined, it has the spectral representation

(H) = [ M@K @)
for every y of V,
is called the resolution of the identity belonging to H.

Clearly K(2), equation (6.34), is the unique resolution of the
identity belonging to the Hermitian matrix H.

Then the Hilbert-von Neumann reformulation of the eigenvalue
problem is

The spectral resolution problem for unitary n-tuple space. Given
the Hermitian matrix H in U, find the resolution of the identity

belonging to H.
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We have just seen that the solution of the eigenvalue problem
for H in unitary space U,, as expressed by equations (6.30) and
(6.31), means that there is a unique resolution of the identity K ()
belonging to H. It is not difficult to show the converse: from K (X)
we may obtain the eigenvalues and a set of eigensolutions. The
eigenvalue problem and the spectral resolution problem always have
a solution in unitary space, and moreover the solution K (A) of the
spectral resolution problem is unique.

6.4 Eigenvalue problem in Hilbert space
Corresponding to the eigenvalue problem in unitary space, we have

The eigenvalue problem in Hilbert space. Given the Hermitian
operator H in Hilbert space V., find all (non-null) solutions ¢ of
the characteristic equation ¢H = A, where ¢ is an element of V,,
and A is a real number (i.e. H given, ¢ and A to be determined).
From these solutions form a maximal orthonormal set ¢,, ¢, ... .
The ¢; are called the eigensolutions, and the corresponding real
numbers A;, the eigenvalues of the Hermitian operator H.

The solution of the eigenvalue problem in Hilbert space does not
always exist, as the following examples show.

Example 6.40 Suppose V. is the function space L? (with
Lebesgue measure) where the configuration space Q is the
real line with points the real numbers u. Let H be the operator
that multiplies the function x(u) by u; i.e. H is defined by
x(u)H = x(u)u. Because

(Hy) = |

© ——
F@uy ) du = ((xyH))

we see that H is Hermitian. The characteristic equation is
¢ (v)u = A (u), the solution of which is ¢ (u) = 0 for us ), and
= k for u = A, where k is arbitrary. Since ¢ (u) vanishes at every
point of the real line, except for the point u = A, which has
Lebesgue measure zero, we see that ¢ (4) vanishes almost every-
where. Hence ¢(u) is the null function, and so ¢(x) is not an
eigensolution. Thus the operator H has no eigensolutions
whatever.

Example 6.41 Let V, be the L? (with Lebesgue measure) of
Example 6.40 and let the operator H be defined by

b ox
21 Ou

where % is Planck’s constant. For x and y in the domain of H it

xH = (—oo<u<o) (6.40)
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can be shown that x(u)y (#)->0 as u->00 or —oo. Then we have
(HN) - (@31 =55 [ 1 @7@ + 2@ ) du

- Wy @]%=0

so H is Hermitian. The solutions of the characteristic equation
¢H = ) are the functions

¢ (u) = c(A) e?ridu/h (6.41)

where ¢ is an arbitrary function of A. Because

fw|c()\)|2du .

these functions do not have finite length, and so do not belong
to L2 (unless ¢ = 0, in which case ¢ = 0). Hence the operator H
has no eigensolutions whatever.

In Hilbert space then, we may or may not be able to find a
sufficient number of cigensolutions of an Hermitian operator H to
form a maximal orthonormal set, i.e. the eigenvalue problem may or
may not have a solution. If we cannot form a maximal orthonormal
set (i.e. the eigenvalue problem for H does not have a solution), then
we say that the continuous spectrum of the operator H exists. Any
eigenvalues A, Ay, ... that the Hermitian operator H might have are
called the discrete spectrum of H. We see that in both Examples 6.40
and 6.41 the operator H has a purely continuous spectrum (i.c. the
discrete spectrum is absent).

6.5 The spectral representation in Hilbert space

Because the eigenvalue problem in Hilbert space does not in
general have a solution, von Neumann (1929, 1932) turned his atten-
tion to

The spectral resolution problem in Hilbert space. Given the Her-
mitian operator H in V., find the resolution of the identity
belonging to H.

It is the spectral resolution that is required both in quantum
mechanics and stationary processes, rather than the solution of the
eigenvalue problem as such. The solution of the spectral resolution
problem in Hilbert space is due to John von Neumann (1929).
M. H. Stone (1929, 1930) arrived at similar results on unbounded
Hermitian operators independently. The results of von Neumann
are as follows:

An Hermitian operator H is maximal if it has no proper extensions,
i.e. if xH is defined for all elements x where it could be defined without
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violation of the Hermitian nature of H. If H is non-maximal, then
von Neumann showed that the spectral resolution problem has no
solution. Nevertheless, every non-maximal Hermitian operator can
be always extended to a maximal one, so we need to consider only
maximal Hermitian operators.

Let U be the Cayley—Moebius transformation of the maximal
Hermitian operator H. That is, U is symbolically defined by

I+i:H
U= T (6.50)

which interpreted means this: 2U is defined for an arbitrary element z
if and only if 2 = x(/—7H) where x belongs to the domain of H,
and then 2U = x(/+¢H). The domain D of U is then the set of all
x—1ixH, and the range R of U is the set of all x+:xH. Since H and U
are linear, D and R are linear manifolds, and moreover they are
closed linear manifolds. Because H is Hermitian, we have

|2l = l|x—ixH|| = || 2+ ixH]| = | 2U]|

so U is an isometric operator. In fact, von Neumann showed that
the Cayley—Moebius transformation establishes a one-to-one corre-
spondence between the (closed) Hermitian operators H and the so-
metric operators U. Consequently, from the isometric operator U
one may recover the Hermitian operator H by the inverse Cayley-
Moebius transformation:

xH = -zl-i(zU—z) (6.51)

for all x=13%(2U+2) (6.52)

Given the Hilbert space V,, the Hermitian operator H, and its
corresponding isometric operator U, where U has domain D and
range R, the following relationships are true:

(1) H is non-maximal if and only if D#V, and R#V;
(2) H is maximal if and only if D = V, and/or R =V,

Von Neumann calls H hypermaximal if and only if D =V, and
R =V,, in which case, by definition, U is unitary. We may then
write:

(2) H is maximal, but not hypermaximal, if and only if D = V,
R#V,orD#V ,R=V;

(2”") H is hypermaximal if and only if U is unitary (i.e. D =V,
and R = V).

Thus the Cayley-Moebius transformation (6.50) of a hypermaximal
Hermitian operator H is a unitary operator U; and conversely, the
inverse Cayley—Moebius transformation (6.51 6.52) of a unitary
operator U is a hypermaximal Hermitian operator H.
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If H is maximal, but not hypermaximal, then von Neumann
showed that the spectral resolution problem has no solution for H.
Moreover, since H is maximal, no proper extensions of H exist, and
so the non-solvability of the spectral resolution problem for H is a
final state of affairs. Thus we need to consider only hypermaximal
Hermitian operators H.

We now turn our attention to a unitary operator U. Since,
because of linearity, ||*U—yU| = ||(x—y) U|| = || *—2y]|, each unitary
operator U is always continuous (i.e. bounded in the sense of Hilbert
(1912)). Hermitian operators, however, are not necessarily continu-
ous; for example, the operators H in Examples 6.40 and 6.41, which
are important in quantum mechanics, are discontinuous (i.e. un-
bounded in the sense of Hilbert). Making use of the continuity of U,
von Neumann (1929) solved the spectral resolution problem for U;
i.e. he established

Theorem 6.50 The von Neumann spectral representation for the
unitary operator U in Hilbert space. Given the unitary operator U
in Hilbert space V,, there is a unique family of projection
operators E (v) (—0-5 <v<0-5) with properties:

(1) E(—-0-5)=0, E(0-5) = I, E(v) continuous on the right,
and if »<v', then E(v) < E(v');
(2) 2U has the spectral representation

(=U, w)) = f j:sezwivd((zE ), w)) (6.53)

for every z,w in V.

Property (1) says that E(v) is a resolution of the identity, and
property (2) says that E (v) belongs to the unitary operator U. Because
a unitary operator is defined everywhere (i.e. its domain is V), a
description of its domain, corresponding to the condition (1) in
Definition 6.30 for Hermitian operators, is unnecessary. Thus
Theorem 6.50 states that, given the unitary operator U, there is a
unique resolution of the identity, E (v), belonging to U.

The following theorem gives rules of calculation for the Hermitian
operator H.

Theorem 6.51 (von Neumann, 1931) If the Hermitian operator H
has the (symbolic) spectral representation

H= fmAdK(A)

and @ (A) and ¥’ (A) are functions of A, then we may symbolically
write the operators

®(H) = ff)()\)d]{@), Y(H) = f:qf()\)dK(A)
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which have the properties

oY@ - [T oW¥WKM, @)= [~ THaKE)

O (H)+ ¥ (H) = f_""w[@ N)+¥ W) dK (3)

Proof. Reference is made to von Neumann (1931) for the precise
foundation of this function concept. The relations, however, may be
verified by formal manipulations. For example, because K(A) is a
projection operator with orthogonal increments, we have

KWOE) = [ 0K ME®W = [ owar()

and so ¥ (H)©(H) = f_°° ¥ () dK ()  (H)

0 A
- [T oma|” owaxw
which equals the desired result. Q.E.D.

Similar rules of calculation hold for the unitary operator U.
If U has the spectral representation (6.53), and if @ (e**) is a function
of e2m, then

0-5
@(U) = f_o_;p (e2) dE (v)

is an operator with properties corresponding to those given in
Theorem 6.51. We may summarize these rules in this way: In the
spectral representation of H, the (quasi-eigenvalue) A represents the
Hermitian operator H, and thus the (quasi-eigenvalue) @ (X) repre-
sents the operator @ (H). In the spectral representation of U, the
(quasi-eigenvalue) e?"® represents the unitary operator U, and thus
the (quasi-eigenvalue) @ (e?%) represents @ (U).

The following theorem makes the solution of the spectral resolu-
tion problem for the (possibly discontinuous) Hermitian operator H
depend upon the solution of the spectral resolution problem for the
corresponding operator U.

Theorem 6.52 (von Neumann, 1929) Let H be a (closed) Her-
mitian operator and let U be the Cayley—Moebius transformation
of H. Then there is a unique resolution of the identity, K (),
belonging to H (Definition 6.30) if and only if U is unitary.

Proof. (1) We observe that all the eigenvalues of a Hermitian
operator are real. Hence a bilinear mapping that transforms the real
axis in the A-plane into the circumference of the unit circle,
e?» —(0-5<v<0-5, would transform Hermitian operators into
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operators whose eigenvalues all lie on the unit circle (i.e. the
isometric/unitary operators). The Cayley—-Moebius transformation is
such a mapping, i.e.

— e (p2miy _
A= __t_(.e_;.." m.._l..) =tanmy, v= %tan_l A (6.54‘)

maps the intervals 0 <v < 1and — o0 < A <00 monotonically and one-to-
one onto each other. (To see the relationship between the above
equation and equations (6.50), (6.51) and (6.52), replace the quasi-
eigenvalue A by H and the quasi-eigenvalue 2™ by U.) If we let

Q) = 1!3(1-1r tan-t A), E() = K (tanm) (6.55)

it then follows that K (A) (—oo<A<o0) is a resolution of the identity
if and only if E(v) (—0-5<v<0-5) is a resolution of the identity.
Q.E.D. (1).

(2) Now assume that U is a unitary operator with spectral
resolution (6.53), and let H be obtained from U by the inverse
Cayley—Moebius transformation (6.51) and (6.52). Equation (6.52)
gives

05 05
x=1%=U+2)= % f_o's(ez”f" +1)dzE(v) = J;Mcos v e™™ dzE (v)

Since E(v) is a projection operator with orthogonal increments, we
have

xE(v) = f *?

cosm' e dzE(v' ) E (v) = f " cosm/ e dzE (")
5 ~05
(6.56)
Equation (6.51) gives

05 05
xH = —1—.(zU— ?) = lf (e*” —1)dzE (v) = J‘ sinmv e™™ dzE (v)
2 2i)_os5 ~0-5
) 06
which is xH = tan 7w cos v "% dzE (v)
—0-5

0-5 v
= f tanmvd cosm/' e"” dzE (v')
—0:5 ~0-5

Hence, by equations (6.56), and by equations (6.54), (6.55), we have
05
sH=| tanmdxE(y)= f K ()
—-0-5 -
which is the spectral representation of H. We see that

el = [ 2alsr o= [ sintmdlE @
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is finite because the integral on the right is dominated absolutely
by ||2|]>. Hence these manipulations were justified, and so K(2) is
the resolution of the identity belonging to H. Q.E.D. (2).

(3) Now assume that K () is the resolution of the identity belong-
ing to H (i.e. that H has a unique spectral representation). We
write, for arbitrary z,

* 1 akm= (" 1 _4E
“=f_w1_,-x % ()=f_0.51‘_7;;;7;; 2E ()

0-5
= f cos v e™ dzE (v)

-05
These integrals converge because their integrands are bounded. Then
we have xK (1) = xE(v), and using the representation of x given in
the above equation, we obtain the same result as before for xE (v),
namely equation (6.56). Then from the spectral representation of H,

we proceed in the opposite direction as before, again using equation
(6.56), to obtain

© 0-5 0-5
xH = f AdxK (A) = f tanmv dxE (v) = j sinmv e™ dzE (v)
—00 -0-6 5
Therefore
05 0-5
x—ixH = dzE(v) =2, x+ixH = f e dzE (v) = 2U
—0:5 —0-5

This equation defines 2U for all 2, because = was arbitrary. If w is
arbitrary, then

- 05 - 05
@) = [ e dGED ) = [ e a(@E)2)
~05 ~05
and since ((2U, w)) = ((wU*, 2), we see
0-5
U* = f e-—21rill dE (V) —_ U—l
—0-5
so U is unitary and E(v) is the resolution of the identity belonging

toU. QED.(3).

Because the Cayley-Moebius transformation U of the Hermitian
operator H is unitary if and only if H is hypermaximal, we have

Theorem 6.53 The von Neumann spectral representation for the
hypermaximal Hermitian operator H in Hilbert space. There is a
unique resolution of the identity belonging to the Hermitian
operator H (Definition 6.30) if and only if H is hypermaximal.

6.6 Discrete and continuous spectra

Let K () be the resolution of the identity belonging to the hyper-
maximal Hermitian operator H in Hilbert space V..
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Definition 6.60 An eigenvalue of a Hermitian operator H in
Hilbert space is a real number A for which the characteristic
equation ¢H = Ap has non-null solutions ¢ in the Hilbert space.
Orthonormal ¢ are called the eigensolutions corresponding to A.

Theorem 6.60 The real number A, is an eigenvalue of H if and
only if A, is a point of discontinuity of K (A).

Proof (‘“only if” statement). By hypothesis there is a non-null
solution ¢ in V,, of the characteristic equation with A,. Hence for y
in V, we have:

0= Xo(($3)~ ($H,)
= [ a@E M- 7 @K

- [7 qu-na@r )
First, if we set y = ¢K(A,), we have

0= fmoo—h)d«qbK(A), $K (%))
_ f j’w(;\o — N d((BK V) K (M), )
- f :o()\o — ) d(($K (min{}, Ap}), 4))
- fi‘“‘”d" $K (min {3, A})|*
= [ Go-nalgr @I+ [“00- N alsx ol

- [* d-nargr e (6.60

since ||K (X)||? is a constant, so d||¢K(A)|? = 0. Second, if we
set y = ¢, then

0= fw(Ao—A)d(@K (), )
- [ ao-nagsxre (65D

If we subtract equation (6.61) from equation (6.60), we obtain

0= [“oa-rdisEpe (6.62)
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In both equations (6.60) and (6.62) the integrand is non-negative,
and the function behind the differential sign is a monotone, non-

decreasing function of A. Consequently, for an arbitrary positive ¢,
we have

Ay Ao—e
0= [ Qo= NalgRMIF> [ Ou- DK W
> [rar O = sk 0u- 9l
md 0= ["O-N) RO [T -2 dlsK

>[7 cal¢ROIE = clgl= K o I
= 4= $K (o)

The expressions on the right-hand sides are clearly non-negative,
and yet (because of the left-hand sides) are non-positive, and so are
equal to zero. Thus ¢K(Aj—€) = 0 and ¢K (A + €) = ¢ for arbitrary
positive e. We recall that K()) is continuous on the right. We
therefore have the condition

¢K(/\)={g iz; i;;: (6.63)

which characterizes the discontinuity of K(A) at the point 2,
Q.E.D. (1).
Proof (“if” statement). By hypothesis K(A) is discontinuous at

the point A, (i.e. condition (6.63) is true for some non-null ¢ in V).
Then, clearly, the Stieltjes integral reduces to

|7 2a@x ) = 250

Thus ((¢H,y)) = % (($,5)), or ($H—24,9))=0 so ¢H = A¢.
Q.E.D. (2).

If A2y (with A> ), then K(X)= K(X+0) = K(},) because
K (A) is continuous on the right. If XAy (with A<)), then
K (A)=> K(Ay—0). Thus A, is a point of discontinuity if and only if
K(2—0)#K(A). Moreover, because K(X)<K(Ay) for A<),, it
follows that K (2—0)< K(A,). Hence K(A))— K (}y—0) is a projec-
tion operator, and this projection operator is #0 if and only if A,
is a point of discontinuity of K ().

Lemma 6.60 Condition (6.63) is true if and only if $K (Ay—0) = 0
and ¢K (Ay) = 4.

Proof. The “only if” statement is obvious. If K (2y—0) =0,
then ¢K(A)=0 for A<], since K(A)<K(A—0) for A<, If
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¢ = ¢K(A,), then $K(A) = $K(Ay) K(A). Because for A< A we have
K (M) <K(), it follows that K () K (A) = K (}y). Hence

$K () = $K (%) = ¢
for Ay <A Q.E.D.

Theorem 6.61 The non-null solutions ¢ in V, corresponding to
the eigenvalue A, form a closed linear manifold M,,, which is
the elgenmamfold of the projection operator K (Ag)— K (A—0).

Proof. By Theorem 6.60 and Lemma 6.60, the condition
dK(2g—0) =0 and ¢K (X)) = ¢ is true if and only if ¢H = Ay¢ for
non-null ¢ in V,. In other words, the condition

PEA)—K(X—0)]=¢
characterizes the solutions ¢ corresponding to A,. These solutions

form a closed linear manifold, the eigenmanifold of K (A,) — K (Ao — 0).
Q.E.D.

Theorem 6.62 The eigenmanifolds M, and M, of the distinct
eigenvalues A, and p, are orthogonal.

Proof. If Aj< p,, then K(Ag)— K (Ag—0)< K (A)) <K (po—0) and
K(po)—K(uo—0)<I—K(ny—0). Because the eigenmanifolds of
K (pp—0) and I — K (uy—0) are orthogonal, it follows that the eigen-
manifolds of K (Ay) — K (Ay—0) and K () — K (o—0) are also ortho-
gonal. Q.E.D.

Example 6.60 Suppose that the eigenvalue problem in Hilbert
space for H (Section 6.4) has a solution, i.e. there exists a maximal
orthonormal set ¢, ¢, ... of eigensolutions corresponding respec-
tively to the (not necessarily distinct) eigenvalues A, Ay, ... We

define
K(A) = 2 P[¢il
A, <A

It is not difficult to verify that K(A) is a resolution of the identity.
To see that K (X) belongs to H, represent x by its Fourier series
X=a1$+ay¢yt+.... We see that xH =X a,¢+Aa,,+...
which is defined if X2|a,|*+ 23| ay|? is finite. Because

xK(Q)= X xPyy= Z (%d))di= T ay¢;
A<A A<A <A

we see that
[Crearsroop- 7 rea( g jak) = 50l
|7 paexonm = [7 2a( 5 @) = Znabi= (eH.9)
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so K(2) belongs to H. If N, is the closed linear manifold spanned
by ¢, for A; < A,, then K(A) is the projection operator with eigen-
manifold N,

Example 6.61 Returning to Example 6.40, we see that a linear
combination of solutions ¢ () for A,, ..., A, would be any function
that may be non-zero only for the points A,,...,A,. Hence,
heuristically, a linear combination of all solutions ¢ (u) for A< 2,
would be any function that may be non-zero only for A< A,
(For the pure discrete spectrum (Example 6.60), K(A,) was the
projection operator with eigenmanifold N, the closed linear
manifold spanned by all the eigensolutions ¢, corresponding to
eigenvalues A; < A,. That is, N, consisted of all linear combinations
of all solutions of the characteristic equation ¢H = A for which
A<A,) Hence we might now expect that K(A)) = Py, where
N, now consists of all those functions that may be non-zero only
for u< Ay Then V,— N, consists of all functions that vanish for
u< Ay Hence x(u) K(Ay) = x(u) for u<A, and =0 for u> A,
It is readily seen that K(A) is a resolution of the identity. To
show that K (X) belongs to H, we see that

fiwuxK(A)uz - f:/\ﬂd[ f;|x(u)|2du]

= fwmx()\)w)\: f:)lux(u)Pdu:"xH"Z (6.64)

is finite for x in the domain of H (i.e. for those x(u) for which
| wx (u)|? is integrable). The spectral representation is then

[7 2k = 7 2a][* s@y@a = @H
(6.65)

Example 6.62 ILet the Hilbert space be the L? space (with
Lebesgue measure) of Examples 6.40, 6.41, 6.61. If y(v) is a
function of L2, then y(v) has the Fourier transform

y@)L = x(s) = Jlﬁ fieﬂmv/h 3(0)do (6.66)

where % is Planck’s constant. Plancherel’s theorem states that

[Cp@pd =" jsepa

which is || y]| = ||y L||, so that x(x) is also a function of L2, and the
Fourier transform L is an isometric operator. Furthermore, from
the theory of the Fourier transform, it is true that

:/IZ J :o e2riwlh () dy = y (—v)
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which is y(v) LL = y(—v). Hence the equation y(v)L = x(u)
has the solution y (v) = x(—u) L for each x (u) of L%, i.e. L maps
L2 onto itself. Consequently, the Fourier transform L is a
unitary operator, and x («) L~1 = x («) L* = x(—u) L.

Example 6.63 Continuing Example 6.41, let us now designate
the Hermitian operator defined by equation (6.40) by H’ (instead
of by H, as is done in equation (6.40)). Proceeding in a heuristic
way, the functions

% (1) = f jwc (X) e@ridern g (6.67)

represent linear combinations of all solutions given by equation
(6.41). Among the functions (6.67) are functions that are in L?;
for example, if we set ¢(A) = 1 for A; <A< ), and = 0 elsewhere,
the resulting x () belongs to L2. Let Nj be the set of those x(u)
which belong to L2 and whose inverse Fourier transforms
x(u) L1 = y(v) arc equal to zcro for v> A, (Comparing equa-
tions (6.66) and (6.67), we see that y(v) = y(h)c(v).) But such
¥ (v) (i-e. functions of L? that vanish for v>A,) as we have seen
in Example 6.61, form the closed linear manifold N,. Hence Ny,
which is the image of N, under the Fourier transform L (i.e. if
y (v) belongs to Ny, then y(v) L = x(u) belongs to Np), is also a
closed linear manifold. As we have seen in Example 6.61, K(},)
is the projection operator with eigenmanifold N,. We shall form
the projection operator K’ (},) from K () as we formed N from
N, (i.e. by transforming the L2 space by L). That is,

x(w) K’ (X)) =y () K(X) L = 2 (u) LT K () L

so K'(X)) = LK (A)) L. Now we claim that K’(2,), which is a
projection operator with eigenmanifold N, is the resolution of
the identity belonging to H'. From Examples 6.40 and 6.61, we
know that K () is the resolution of the identity belonging to the
operator H (i.e. the operator that multiplics the function y(v)
by ©). Because K'(A) =L 1K (X)L it is readily verified that
K’ () is a resolution of the identity. If x(u) = y(v) L, then

ko (1 * 2miuv/h )
2 Ou (Jh f STy @) de

h [*® 0 i
____2‘1;;' f—wy (‘ZJ) 5& (ezmm)/h) do

x(uwH' =

— :/% © y ('U) p e2miuv/h gy
—0o0

= [y(©)v]L = x(w) L HL
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so H' = L-VHL. Now, from Example 6.61, H has the spectral
representation (6.65) for all x for which equation (6.64) is finite,

and these equations are still valid after transformation of L2 by L.
Hence they hold for H' = L-*HL and K'() = LXK () L. That
is, if x (u) is differentiable and

L
[eo]
|7 rapax e

is finite, and H' has the spectral representation

GH\ ) = [ MK 0,9)
Hence K’ () belongs to H'.

2
du

h o,

is finite, then
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CHAPTER VII
STATIONARY PROCESSES

7.1. Stationary processes and quantum mechanics

Definition 7.10 A sequence x(t), —oo<t<oo, in Hilbert space
V., is called a stationary process if the inner product

R(s) = ((x(t+9),2(2)))
does not depend on 2. The set of sequences
% (), ..., %,(2), —oO<t<o0

is called a (multiple) stationary process if the inner products

Rij () = ((x:(t+3),2,(1))) (bj=1,....m)

do not depend on t. Both s and ¢ are assumed to be integers.
The variable s is called the lag. (Note: R;;(s) may also be denoted

by Rg,z(5)-)

If V,, is variate space L2(P), then x; () is called a (second-order)
stationary random (or stochastic) process, and if ¢ represents time, a
(second-order) stationary time-series. If the variates of a stationary
stochastic process are centred at their means, then R;;(s) is called the
autocovariance; R;;(s)[R;;(0) the autocorrelation; Ry;(s) the cross-
covariance; and R;; (s)/[R;; (0) R;; (0)]'/2 the cross-correlation. We shall
assume that all variates are centred, unless otherwise stated.

There is an elegant relationship between stationary processes and
unitary operators due to André Kolmogorov.

Theorem 7.10 (Kolmogorov, 1941) Let
%)y eeey Xp(2), —oO<t<o0

be a multiple stationary process in Hilbert space, and let X,
be the closed linear manifold spanned by all the elements of the
stationary process. Then the equation

x@)U=2x0+1), (j=1,..,n), —oco<t<oo

uniquely determines the unitafy operator U = U,, __, with domain
and range X, ,.

This theorem shows that each stationary process is characterized
by a uniquely determined unitary operator. As we have seen in
Chapter VI, there is a one-to-one correspondence between unitary
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operators and hypermaximal Hermitian operators, and hence each
stationary process is characterized by a uniquely determined hyper-
maximal Hermitian operator. John von Neumann (1932) has shown
that the spectral representation enters so essentially into all quantum
mechanical concepts that its existence cannot be dispensed with.
Accordingly, in the mathematical foundations of quantum mechanics
he admits only hypermaximal Hermitian operators. Thus quantum
mechanical concepts are associated with hypermaximal Hermitian
operators. Therefore we see that stationary processes and quantum
mechanics have a common mathematical framework, namely the
hypermaximal Hermitian operators.

7.2 Time-domain and frequency-domain

Let x(f), —oo<t<oo, be a stationary time-series. The closed
linear manifold X spanned by x(¢), —co<t<oo, is called the time-
domain of the time-series. By Kolmogorov’s Theorem 7.10, the
time-series is characterized by the unitary operator U with domain X
and range X where x(¢+1) = x(¢f)U for all integers £. Using the
von Neumann spectral representation of U (Theorem 6.50), we obtain

06
x(t+1)=2()U = f e dyx (1) E (v)
—0-5
Hence the spectral representation of the time-series is
05
x(t) = f et dx (0) E (v) (7.20)
—0-5

a result given by Kolmogorov (1941). This integral is a stochastic
integral (Section 5.5). The stochastic process f(v) defined by
f() = x(0)E(»), —0-5<v<05, has orthogonal increments. By con-
sidering the properties of f(v) (instead of the Spectral Representation
Theorem, 6.50), Cramér (1942) independently arrived at the spectral
representation (7.20) (with x(0) E (v) replaced by f(v)).

Define the function F(v) to be

F@) =|=)E®)|?, -0-5<v<05 (7.21)
Because E (v) is a resolution of the identity, it follows that
F(-05)=|0]p=0, F(05)=|=(0)I[ =R(0)

and F(v) is a real, monotone, non-decreasing function of v that is
continuous on the right. Since F(v) has the properties of a distribu-
tion function (except that F(0-5), although finite, is not necessarily
one), the function F(v) is called the spectral distribution function of
the time-series. The variable v is called the frequency.

From the spectral representation (7.20) we may deduce the
Khintchine~Wold Theorem:



83

Theorem 7.20 (Khintchine, 1934; Wold, 1938) Let x(f) be a
stationary time-series with autocovariance R(s) and spectral
distribution function F(v). Then R(s) may be determined from
F(v) by

R(s) = f jzsezm dF (v) (7.22)

and, conversely, F(v) may be determined from R(s) by
F(v) = W(v+0)+ C where
R(

_ — __sz —2mivs
W) = R(0)v 83:_‘,0 s © K

and the constant C is calculated from F(—0-5) = 0.

Proof. From the spectral representation (7.20) we see that

R = (@@= ) = ([ eaEe), =0))

0-5 0-5
= j e d((x (0) E(v),x(0))) = f e 8 dF (v)

~05 05
Since F(0-5) — F(—0-5) is finite, F (v) has the Fourier series expansion
F(v)= W(¥+0)+C, where W(v) and C are determined as above.
Thus the spectral distribution function determines the autocorrelation,
and conversely. Q.E.D.

The spectral distribution function F(v) defines the Lebesgue-
Stieltjes measure on the real line segment —0-5<v<05 (see
Example 1.20). Then the function space L2(F), for the line seg-
ment —0-5<v<0-5 with F-measure, is called the frequency-domain of
the time-series. That is, the frequency-domain L2?(F) is the space
of all complex-valued, measurable functions @ (v) of the frequency v
for which

0-5
" 10erare)
—05
1s finite.

Theorem 7.21 The Isomorphism Theorem (Stone, 1932;
Kolmogorov, 1941) Given a stationary time-series

x(t), —oo<t<oo

define a correspondence between an element x of the time-domain
X and an element @ (v) of the frequency-domain L?(F) by

%= f " ) dx(0)E() > ® () (7.23)
—06
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Then under this correspondence the time-domain and the
frequency-domain are isomorphic in the sense that:

(1) The correspondence is one-to-one between the whole X
space and the whole L2(F') space;

(2) cx>c® if x> D (c a complex number);

(3) x+ye?+¥if x> ®and y ¥,

@ @M =@¥)= [ oTFe);

(5) A sequence of elements in X converges and has the limit
05
X = f @ (v)dx(0)E(v)
—05

in X if and only if the corresponding sequence of functions
in L2(F) converges and has the limit @ (v) in L?(F).

Proof. The set M of all elements of X of the form

x = f ** ©()dx(0)E()
—05

where ® belongs to L2(F) is a closed linear manifold in X, by
Theorem 6.2 of Stone (1932). Since x(#) is given by the spectral
representation (7.20) and since the functions e*™, —oo<t<oo,
belong to L2(F), we see that M contains all the x(#), —oo<z<oo0.
But X is the closed linear manifold spanned by all the x(#),
—oo<t<oo, so therefore M>X. But, by the definition of M,
McX. Therefore M = X. The remainder of the theorem follows
directly from Theorem 6.2 of Stone (1932). The verity of state-
ments (2), (3), and (4) may be seen by formal manipulation; for
example, in the case of (4), we have:

((%,9)) = fj:-s O (v)d((x(0) E(v),5)
- f_";@(v)d((x(()),yE(v) )
- f j:.; ® (%) d((E (), #(0)))

- [* 00rd[" F@ GO EE =)

- [" owa[ F@IGOE O

- ﬁ;d’("ﬁ’—(_”) dF () QE.D.
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We recall Definition 5.30, which states that two functions of
L2(F) are considered as identical if and only if they are equal for all
sets of frequencies v that have positive measure. That is, two func-
tions that differ only on a v-set of F-measure zero are identical in
L2(F). From the definition of the F-measure (Example 1.20), we
see that a v-set has positive measure if and only if it is a set on which
F(v) increases. That is, any set of frequencies on which F(v) does
not increase has zero F-measure, and conversely. For

20 [E@)—E @] = (x(0) [E() - E (o)), x(0) [E(») - E(o)])
=(*(0)E(), #(0)E()))~((*(0) E(), x(0) E(0)))
—((*(0) E(0), (0) E ())) +((*(0) E(e), 2(0) E(0)))
=) E()|*~||%(0) E(o)|}* = F () F(o)
we write symbolically
| dx (0) E (v)|]? = dF (v) (7.24)

Definition 7.20 Let x(t) be a stationary time-series with unitary
operator U which has the resolution of the identity, E(v),
—0-5<v<0-5. Those frequencies v in whose neighbourhoods
E(v) is not constant form the spectrum S of the time-series x (Z).
Those frequencies o for which E(v) is discontinuous form the
point (or discrete) spectrum. The spectrum consists of the point
spectrum and the continuous spectrum. The set of frequencies
that do not belong to the spectrum forms the resolvent of the
time-series.

From equation (7.24) we see that the spectrum S is the set of
those frequencies v (—0-5<v<0-5) for which the spectral distribu-
tion function F(v) increases, and the resolvent is the set of those
frequencies for which the spectral distribution function F (v) does not
increase. Accordingly, two functions @ (v) and ¥ (v), —0-5<v<0-5,
that are equal for frequencies v€ S, but which may not be equal for
frequencies v in the resolvent, are considered as identical functions
in L2(F). Also, all integrals on v for v =—0-5 to v = 0-5 may be
replaced by integrals on v for ve S. Because it is common practice to
use the terms “spectrum” and “spectral distribution function” inter-
changeably, the reader should note the distinction between these
terms in our usage: the spectrum S is a point-set of frequencies »
on the real line segment — 0-5 <v<0-5, whereas the spectral distribu-
tion function F(v) is a distribution function on the real line segment
—0-5<v<0-5, the set of increase of F(v) being S.

The Isomorphism Theorem 7.21 allows us to work with func-
tions @ (v) defined on the spectrum S instead of the variates x defined
on the abstract space Q. For example, the time-series x(#) at time ¢
corresponds to a complex sinusoidal function; i.e.

% (£) > 2™ = cos2mvt +isin2mt, veES
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In particular, we see that
x(0)e1, veS (7.25)

The stochastic process x(0) E (o) (which has orthogonal increments)
corresponds to the characteristic function y, (v) of the set —0-5<v<o;

1, —-05<v<go, veS

ie. sOE@orn®={y 2 los ves (720

Moreover, if x <> ®, then
xUle> D (v) e, ye S

so that operation on the variate x in the time-domain by the unitary
operator U corresponds to multiplication of the function @ (v) in the
frequency-domain by the complex sinusoidal function e, If
x> ®, then

#E(0) = f_";@(u) dx(0)E(v) E(0) = fao

O (v)dx(0)E(v)
-5
80 xE (0) <> ® (v)y, (v). Because, if x<>® and y >V,

(@3 = [ 23 @P@) = [ 0@ FEFE) = (1)

we see that

GE@) = [ 0. FiFe) = [ 00)FRFC) (.27

7.3 The Gibbs ergodic theorem

The first systematic exposition of the foundations of statistical
mechanics and its applications to thermodynamics was given by
Willard Gibbs (1902). It is a tribute to the originality of his ideas
and the magnitude of his contribution that his ergodic theorem
remained unproven for thirty years. B. O. Koopman (1931) per-
ceived the relationship between the ergodic theorem and function
space, which led John von Neumann (1932a), using Hilbert function
space L2, to give the first proof of the ergodic theorem. Carleman
did the fundamental work for the L2 version independently, and
Birkoff gave a proof for function space L. Khintchine (1934) applied
the ergodic theorem to stationary processes. For second-order station-
ary processes, von Neumann’s L? version, in the framework of
Khintchine, is required.

Theorem 7.30 The Gibbs ergodic theorem Let x(t) be a stationary
time-series with spectral representation (7.20). Then as m —n—>co,
the time average

3 x(t) e > x(0)[E(e)—E(@—0)]  (7.30)

m—mn t=n41
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Proof. Since cx < c® if x <> ®, we have

05
x (£) e~27iot = J e2mi v=o)t 0y (0) E (v)

Hence

o5 [ 1
—2miot — I 2ni (v—a) i
m— nﬂ%}lx(t)e fos[m n'n%-: ¢ ]dx(O)E(V)

Consider the integrand in the above integral (i.e. the expression
in the brackets). Clearly, when v =0, the integrand is equal to
(1+1+...41)/(m—mn) = 1, whatever be the value of m—n. That is,
when v = o, the components of the complex sinusoidal functions
cos2m(v—o)t+isin2w(v—o)t are exactly in phase, so their sum
(for t = n+1 to m) divided by m—n is precisely equal to 1. On the
other hand, when v#o0, the components of the complex sinusoidal
functions are out of phase, and hence their sum (for ¢t = n+1 to m)
suffers interference effects. Consequently, their sum divided by m—n
tends to zero as m—mn tends to infinity. Thus when m—n-— oo, the
integrand tends to zero for all v except for v = o, where the integrand
is 1, and equation (7.30) results. Q.E.D.

Definition 7.30 An eigenvalue of a unitary operator U in Hilbert
space is a number e (—0-5 <0 <0-5) for which the character-
istic equation

SU = e2mir ¢ (7.31)

has non-null solutions ¢ in the Hilbert space. Orthonormal ¢ are
called eigensolutions.

Theorem 7.31 Let x(t) be a stationary time-series with unitary
operator U. Then the time average

2‘ x (t) e—27no‘l =0

M—Ni=pt1
as m—n—>o0 if and only if €?"¥ is not an eigenvalue of U.

Proof. The unitary-operator counterpart of Theorem 6.60 states
that €?"™ is an eigenvalue of U if and only if ¢ is a point of dis-
continuity of the resolution of the identity E(v) belonging to U;
i.e. if and only if E(c)—E(s—0)#0. Application of Theorem 7. 30
then gives the desired result. Q.E.D.

Theorem 7.32 Let x(t) be a stationary time-series with unitary
operator U. If e*% is an eigenvalue of U, then the non-null
solutions ¢ (in X) of the characteristic equation (7.31) form a
closed linear manifold, which is the eigenmanifold of the projec-
tion operator E (o) —E(c—0).

Theorem 7.32 is the unitary-operator counterpart of Theorem
6.61. We see that x(0)[E(c)— E(oc—0)] of expression (7.30) is the
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projection of x(0) on the eigenmanifold of e**. Corresponding to
Theorem 6.62, eigenmanifolds of distinct eigenvalues of U are
orthogonal.

Theorem 7.33 Let x(¢) be a stationary time-series with auto-
covariance R (¢) and spectral distribution function F(v). Then, as
m—n—>o0, the time-average

L 3 R(t)etiots F(o)— F(a—0) (7.32)
m—=ni=nt1

Proof. By using equation (7.22) the proof is similar to the proof
of Theorem 7.30, except that we now have point-wise convergence
(=) instead of metric space convergence (=). Since

l#(0)[E (o)~ E(o—O)]|* = F (o) - F(c—0) (7.33)

it follows that the right-hand side of expression (7.32) is non-zero if
and only if €% is an eigenvalue. Q.E.D.

In practice the autocorrelation or the autocovariance is estimated
by time-averages over a fixed realization (i.e. a given observation) of
a stationary time-series. We recall that a variate is a numerical-
valued function of the points w of Q, and so, more specifically, we
should write x (¢;w) instead of x(#) in order to show the dependence
of the variate x(¢) on the point w. A fixed realization, then, is
x(t;wy), —oo<t<oo, where w, is a single fixed point. Thus we
may think of each point w as a (two-sided) sequence

@ = (.uoy U_y, Ug, Uy, ... )

i.e. each w represents a fixed realization #, —oo<#<oo (where u are
complex numbers). Then the random variable x(¢;w) is the co-
ordinate function that assigns to w the fth co-ordinate of w, i.e.
x(t;w) = u.

By inspection we see that the time-average given in expression
(7.34) below is unbiased (i.e. has mean equal to R («)). The following
theorem gives the condition for the time-average to be consistent
(i.e. to be asymptotically equal to R ()).

Theorem 7.34 (Wiener, 1942; Doob, 1953) Let x(t), —oo<?<o00,
be a stationary time-series in L2(P) with autocovariance R(s).
Define y () = x(¢+u) x(t), —oo<t<o0, where u is a fixed integer.
(Note: The variates y(¢) will not in general be centred at their
means.) If y(¢) is a stationary time-series in L%(P), i.e. if the
inner products

S(s) = (x(t+u+s)x@E+5),x(E+u)x(2)))
do not depend on ¢, then the time-average

m

S x(t+uw)x ()= R(u)+0 (7.34)

Mm—Nieni1
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(where 0 is the null variate) as m —n—>co if and only if

L % S~ lR@P

m—1"Nng=ni1

as m—mn->o0.
Proof. We have

Ely@] = ((y@),1)) = fnx (t+u)%(?) P(de) = R ()

Hence the time-series y (£)— R (u) is centred (i.e. has zero mean) and
so application of Theorem 7.30 (with o = 0) shows that, as m —n—oo,
the time-average

5 O-RE] =5 3 x@+0)50-RW

converges (=) to a limit variate in L2 (P). By Theorem 7.33 (equa-
tions (7.32) and (7.33)) this limit is the null variate of L2(P) if and
only if

MRy

3 ((y(t+9)-R@),y (O)— R(®)))

m—"ng—ni1

- 3 [0+, 0N - R (45, 1)
~R@)((Ly()+ [ R@

=2 % SO-|R@L

m—mng_.

converges (—>) to zero as m—mn->o0. We recall that [R(x)+null
variate] is a function equal to R () with probability 1 (i.e. equal to
R (u) except on an w-set of probability zero).

7.4 Multiple stationary time-series

Let x,(t) and x,(¢), —oo<t<oo, be a multiple stationary time-
series. Then, by Theorem 7.10,

05
%)= [y OEG) (=12 (7.40)

—05
where E = E,, is the resolution of the identity belonging to the
unitary operator U = U,,. The cross-spectral function is defined to be
Fu®) = (4 (0 EG),%(0), —05<r<05  (7.41)

It follows that F;,(v) is a function continuous on the right and has
bounded variation. From E(—0-5) =0 we see that Fy,(—0-5) = 0.
The counterpart of Theorem 7.20 is that

06
Ry(9) = f_o.sez"m dFy,(v)
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and, conversely, Fy,(v) = Wy, (v)+ C where

R, (s .
W12 (V) = R12 (s) v ——s§o _212%(.). e—2mivs

and C is calculated from Fy,(—0-5) = 0. We see that

Ryp(s) = Rzl("s): Fip(v) = Fy (v)

Moreover, it is true that the increments AF;; = F;(0)— Fy;(v), 0>,
satisfy | AFy, |2 < AFy, AF,,.

Definition 7.40 A stationary time-series x,(f), —c0<t<oo, is
called subordinated to a stationary time-series x, (f), —o0o<#<00,
if x,(¢) and x,(f) form a multiple stationary time-series and if
%y (t), —o0<t<o0, belongs to the time-domain X, of x, (£).

If x,(t) is subordinated to x,(f), then X, = X,, U}, = U;, and
12 = L.
Theorem 7.40 (Kolmogorov, 1941) For each stationary time-

series ¥, (¢) subordinated to x, (f) there corresponds one and only
one function ®Q (v) in the frequency-domain L?(F,,) for which

Fu@) = [ 1000 dFL0) (.42)
Fu@) = [ 0P @) dra® (7.43)

The correspondence x,(0)<«> @ (v) is one-to-one between the
class of all stationary time-series x,(#) subordinated to x,(¢) and
the frequency-domain L2(F};) of x,(f). For any x,(¢) and x4 (2)
in the class of stationary time-series subordinated to x, () we have

Fopy(v) = fio.5®él) (—ﬁgﬂ dF;; (v) (7.44)

Proof. If x,(t) is a stationary time-series subordinated to x, (%),
then x,(0) belongs to X;. According to the Isomorphism Theorem
7.21, there is a function ®{V of L2 (F,,) for which y (0) <> ®{V. Hence,
by (7.41) we have

Fyg (v) = ((%2(0) Ezg (v), %3 (0))) = ((2(0) E; (v), #3(0)))
which, by equation (7.27), gives equation (7.44). In the particular
case when x5(t) = %, (), then x;(0) = x,(0)«—>1 = @V by equation
(7.25), and hence (7.43) results from (7.44). In the particular case
when x5(f) = x,(¢), then x3(0) = x,(0)«> D" and hence equation
(7.42) results from (7.44). That , (¢) determines @ uniquely follows
from equation (7.43), by which

O (v) = dFy (v)

.E.D.
aFy () Q
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Theorem 7.41 (Kolmogorov, 1941) Let «,(¢) and x,(f) be a
multiple stationary time-series. Then x,(f) is subordinated to
%, (f) if and only if there is a function ® in L?(Fy,) for which

Fu@®) = [ 106)1dFL0) (745)

Fa@ = [ 00)aFy0) (7.46)

Proof. The “only if” statement follows from Theorem 7.40. To
establish the “if”’ statement, construct the time-series x3(¢) by the
correspondence x3(0) <> ®. Since, by hypothesis, @ is in L?(Fy;) and
equations (7.45) and (7.46) are satisfied, the one-to-one correspon-
dence of Theorem 7.40 shows that x3(¢) is subordinated to x,(2).
Then it can be shown that x4(t) coincides with x,(¢).  Q.E.D.

Definition 7.41 'Two stationary time-series x,(¢) and x,(¢) are
called equivalent if they are mutually subordinated, i.e. if x,(¢)
and #, (¢) form a multiple stationary time-series and X; = X,.

Theorem 7.42 'The stationary time-series x,(¢), subordinated to
#,(t), is equivalent to x,(¢) if and only if ®§’+#0 for v in the
spectrum S; of x,(¢) (i.e. if and only if @’ =0 only on a v-set
of Fj;-measure zero).

Proof. The proof can be established from the following observa-
tion: If x, (¢) is equivalent to x, (¢) then by equation (7.42) F,,-measure
is absolutely continuous with respect to Fy;-measure, and (by inter-
changing indices) the converse is also true. Hence the spectra S; and
S, of equivalent time-series x, () and x, (¢) coincide, and

DL (v) = veS; = S, (7.47)

_1
P Gy
Q.E.D.

7.5 The spectral decomposition

Let S be the spectrum, and F(v) the spectral distribution func-
tion, of the stationary time-series x(¢). Let S be divided into two
non-overlapping sets S; and S, (i.e. S =8, U S,, S; NS, = null set)
each of which is measurable with respect to F-measure. If the spectral
representation of x (¢) is given by equation (7.20), define x;(¢) (j = 1,2)
to be

% (t) = Llez"""dx(O)E(v) = fsezﬂmAj 0)dx(0)E®) (7.50)

where A,;(v) is the characteristic function of the set S; (i.e. A;(v) =1
for v in S, and = 0 for » not in S;). We see that x; (t) <> 2™ A, (v)
in the isomorphism of X and L2(¥) (Theorem 7.21). We note that
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Ay(v)+A3(») =1 for v in S, and A;(») A;(») =0 for v in S. By
Theorem 7.21 we have

(s (2+5), 2 (2) ) = Le“"‘”’ A; () Ay (v) dF (v)

which = 0 for j# & and which does not depend on # for j = k. Hence
%, (t) and x,(¢) form a multiple stationary time-series, and x, () and
%y (s) are orthogonal for all ¢ and s. The spectrum of #,(¢) is S; and
its spectral distribution function is

Fu@)= [ M6)dFE) (7.51)

and similarly for Fj,(v). The cross-spectral function Fy,(v) is equal
to zero. Thus the decomposition

x(t) = j e dx (0) E (v) + f e2 dx (0) E (v) = x, (¢) + x5 (2)
S, 8,
divides x(¢) into two orthogonal time-series, where
F(v) = F,()+F3(v)

If F,,(v) is the cross-spectral function of , (f) and x(¢), then from
the decomposition we see that F, (v) = Fy, (v). Hence from equations
(7.43) and (7.51) we have

dFy,(v) _ dFy (v)
dF(v) ~ dF ()

and similarly for ®@ (v). Corresponding orthogonal decompositions
can be made by dividing S into any finite or countable number
of non-overlapping sets S;,.S,, S, ... .

If o is in the point spectrum of x (t) then €2 is an eigenvalue of U,
and conversely. For each eigenvalue of U, choose one and only one
eigensolution. In this way we obtain an orthonormal set in X. By
Theorem 4.70 this set must be either finite or countable. Since, by
construction, there is a one-to-one correspondence between the
eigensolutions in this set and the eigenvalues of U, the eigenvalues
must be either finite or countable. Hence the point spectrum of a
time-series must be either a finite or countable set, and so has
Lebesgue measure zero.

Suppose that the continuous spectrum of x(t) exists, and let the
interval »; <v<w, be in the continuous spectrum of x(¢). That is,
in this interval E(v) increases continuously, so E(v)<E(v,). For
o<y, we have E(0)—E(c—0)< E(0)<E(v,); for v; <o <y,

E(0)-E(c—-0)=0
by the continuity; and for vy<o,
E(0)—E(c—0)<I—-E(c—0)<I—E(v,)

o () = = A 0)
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Hence E(o)—E(o—0) is always orthogonal to E(v;)—E(v;). Let N
be the eigenmanifold of the projection operator E (v;)—E (v4). Thus
the eigenmanifolds of all the eigenvalues are orthogonal to N. Now
N contains elements other than the null element (because, by hypo-
thesis, E (v,)— E (v,)#0). Hence the eigensolutions (which, by defini-
tion, belong to the eigenmanifolds of the eigenvalues) cannot form a
maximal orthonormal set in X. In other words, if the continuous
spectrum of x(#) exists, then x(¢) cannot be expressed by a Fourier
series in the eigensolutions.

Let 04,05, ... be the point spectrum of x(¢). Then, by definition,
the eigenmanifolds of the eigenvalues are the eigenmanifolds of the
projection operators E(oy)—E(0;—0), E(0y)—E(03—0), .... Let M
be the closed linear manifold spanned by these eigenmanifolds.
Alternatively, M is the closed linear manifold spanned by all the
eigensolutions. The projection of x(z) on M, which we call x, (¢), is
a stationary time-series with time-domain M, and has the spectral
representation

%1() = (1) Py = Z &2l (0) [E (o) — E (0 = 0)]

Because of equation (7.33), the spectral distribution function F(v) of
x(t) has a jump (i.e. F(v)—F(v—0)>0) at and only at » = g, i.e.
a frequency in the point spectrum.

The normal x () [I — Py], which we call x, () + x5 (2), is a stationary
time-series with time-domain X— M, which is the eigenmanifold of
the projection operators corresponding to the continuous spectrum
of x(t). Because of equation (7.33) the spectral distribution function
F(v) is continuous if and only if v is a point of the continuous spectrum
of x(t).

The continuous spectrum of x (¢) may be decomposed into a set S,
of frequencies where F(v) is absolutely continuous with respect to
Lebesgue measure p(dv) = dv, and into a set S, of frequencies where
F(v) is not absolutely continuous. Because F(v) is a distribution
function (i.e. F(v) has bounded variation: F(0-5)— F(—0-5) <o), the
set S, necessarily has Lebesgue measure zero. If we let S; denote
the point spectrum oy, 0y, ..., then we have decomposed the spectrum
S of x(#) into three non-overlapping sets: S;, the point spectrum;
S,, the continuous but non-absolutely continuous spectrum; and S,
the absolutely-continuous spectrum. That is, S=5; US, US,,
where S; NS, NSy =null set. Both S; and S, have Lebesgue
measure zero. Hence the following theorem may be readily
established:

Theorem 7.50 The Spectral Decomposition (Cramér, 1942) Let
x(t), —c0<t<oo, be a stationary time-series with spectrum S
and spectral distribution function F(v). Then x(Z) has the unique
decomposition

x () = wy (£) + 25 (£) + 25 (2)
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where the components ;(f) (j = 1,2, 3) form a multiple stationary
time-series with the properties:

(1) The x;(¢) are mutually orthogonal; i.e. ((x;(2), %(s))) =0
for j#k.

(2) The spectrum S; of #,(t) is the point spectrum of x(z);
the spectrum S, of x,(#) is the continuous, non-absolutely
continuous spectrum of x(¢); and the spectrum S; of
x4 (t) is the absolutely-continuous spectrum of x(?).

(3) S;US,US;=S;8; NS, NS; = null set.
(4) If the spectral representation of x; (#) is

05
% (1) = f.o.fw dx; (0) E; (v)

then dx; (0) E; (v) = dx(0) E (v) for veS; and = 0 otherwise.
(5) The spectral distribution functions satisfy

F(v) = Fyy (v) + Fpa (v) + Fy3(v)

Fy;(v) is a step-function and Fyy(v) and Fy(v) are con-
tinuous functions. The derivative of Fy,; (v) does not exist
for v in 8, (but Fy, (v)—Fy; (v—0) = F(v)—F(v—0) for v
in S;), and Fy, (v) = 0 for all v, —0-5<v<0-5, except for
the set S; of Lebesgue measure zero. The derivative
Fi,(v) does not exist for v in S,, but Fg,(v) =0 for all »
except for the set S, of Lebesgue measure zero. The
derivative Fj;(v) exists for all v, and Fgg(v) = F'(v) >0 for
vin Sy and Fy (v) = 0 elsewhere.

(6) Any of the components , (), %5(t), and x5 () may be the
null variate. If x,(t) is non-null then the spectrum S; has
positive Lebesgue measure. The spectra S; and S, always
have zero Lebesgue measure.

The derivative Fyy(v) is called the spectral power function, or
spectral density function of x(t). To verify property (6) of Theorem
7.50 we note that

Fo(05) = [ Fa@)ds

will equal zero unless S has positive Lebesgue measure. We also
note that the component x; (£) may be constructed from Fy, (£) by use
of Theorem 7.21; i.e. form the frequency domains L?(F;) and then
let x;(t)«>e2 in L2(Fy;). The time-domains X; (j=1, 2,3) are
mutually orthogonal and satisfy X = X, + X, + X;; and the frequency-
domains L2 (F;;) are mutually orthogonal and satisfy

L(F) = L(Fy)+L(Fy)+L(Fg)



95

7.6 White noise

Definition 7.60 A time-series x(¢) is said to be a running average
of a stationary time-series 0 (2) if it is possible to choose coefficients

a, such that, as m—n->o0,
m

a,0(t—s)=x(t)

8=n+1

Clearly, if x(¢) is a running average of a stationary time-series
6(2), then x(¢) is stationary and subordinated to ().

Definition 7.61 A stationary time-series 0(¢) is called white noise
if 6(t), —oo<t<oo, is an orthonormal sequence (i.e. if its auto-
covariance Ry (s) = 1 if s = 0, and = 0 if s#0).

From Theorem 7.20 we see that if 0(¢) is white noise, then
Fy = v+0-5, and conversely any stationary time-series with a spectral
distribution function equal to v+ 0-5 is white noise. If () is white
noise, then 0(#), —co<t<oo, is a maximal orthonormal set in the
time-domain @ of 6(z), and hence every element in this time-domain
has a unique Fourier series representation in terms of 8(#) (Theorem
4.74). Thus, for a stationary time-series x (¢) to be a running average
of white noise 6 (%) it is necessary and sufficient that x(¢) be subordin-
ated to 0(¢); in this case, x(f) has the unique Fourier representation

2()= 3 5,0(—9), b=(=(@),00-9)  (7.60)

Because dFg,(v) = dv, we see that the spectrum S, of white noise is
the whole interval —0-5 <»<0-5, except for a set of Lebesgue measure
zero. Since the Lebesgue measure of a line segment is equal to
the length of the segment, S, has Lebesgue measure equal to
0:5—(—0-5) =1. The frequency domain L2?(Fgy), which (because
Fgo = 0-5+v) we shall denote by L2(0-5+v), is the L? space with
Lebesgue measure dv.

Theorem 7.60 (Kolmogorov, 1941) Given the stationary time-
series x(¢); if x(¢) is a running average of white noise 6(z), then
F,, (v) is absolutely continuous with respect to Lebesgue measure.
If F,,(v) is absolutely continuous with respect to Lebesgue
measure, and if the orthogonal complement V,— X has infinite
dimension, then x(t) is a running average of white noise 6 (z).

Proof (1). By hypothesis, x(#) has the representation (7.60), and
so x () is subordinated to 0 (). By Theorem 7.40, we have

Fu®)= [[ 1000)Fd, Fuot)= [[ 000 (.61

which shows that F,, is absolutely continuous with respect to
Lebesgue measure. We also note that, under the isomorphism

7
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between © and L%(0-5+v), we have x(0)«>®® and 6(t)«> e
Hence, by Property (4) of Theorem 7.21, the coefficient b, in the
representation (7.60) is given by

05
b= (0, 0(-9) = [ o ermray
—05
and so @@ has the Fourier series in L2(0-5+v) given by
0
QY = 3 bye-2nivs (7.62)
8=~
with b, as Fourier coefficients. From equation (7.61) the spectral

density function is

FL.(v)=|00 W)}t = l § b, e—2nive
8w= —00

2

(7.63)
Q.E.D. (1).

Proof (2). By hypothesis, F,, is absolutely continuous with respect
to Lebesgue measure, and V,, — X has infinite dimension. Hence, by
the Radon—Nikodym theorem, there exists a non-negative function
| ¥ (v) |2 such that

F ()= ﬁ:s | (v) [2 dv (7.64)

This shows that ¥ (v) (which is any square root of |'¥ (v)|?) belongs
to L2(0-5+v). Define the functions

Ful)=Fal) Fu@)= [ ¥O)dby Fu@) =05+

These functions satisfy |AF,|P<AF;;AF,, and so represent the
spectral functions of a multiple stationary time-series. Because
V., — X is infinite, there always exists a time-series 6(¢) such that
x(t) and 0(t) are multiple-stationary and such that

Fu®)=Fu®)= [ 0 Fu®)=Fa()=05+s  (165)

Because Fgy = 0-5+v, 0(¢) is white noise. Equations (7.64) and (7.65),
by Theorem 7.41, show that x(f) is subordinated to 6(t). (Note:
Two cases may occur: (1) ¥ (v)#0 almost everywhere with respect
to Lebesgue measure. Then by Theorem 7.42, x(¢) is equivalent to
0(t), i.e. X=0, in which case use of the infinite dimension of
V., —X is not needed. (2) ¥ (v) =0 on a set of positive Lebesgue
measure. Then x(¢) is not equivalent to 0(¢), i.e. X is properly
contained in O, and so ® —X has infinite dimension. But @ —X is
contained in V,— X, and so the condition that V,— X have infinite
dimension is needed.) Because x(t) is subordinated to 6(t), we can
use equation (7.60) to express x (t) as a running average.  Q.E.D. (2).
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Case (1) in the proof above, by noting that F,, (v) =|¥ (»)[3,
becomes

Theorem 7.61 A stationary time-series x(¢) is a running average
of white noise 0 () with X = @ if and only if F,, (v) is absolutely
continuous with respect to Lebesgue measure and F_ (v) is positive
almost everywhere with respect to Lebesgue measure.

7.7 The Wold decomposition

Definition 7.70 Let x(s), —co <s< o0, be a stationary time-series.
A given integer £ is called the present time; integers s <t, the past
time, and integers s> ¢, the future time.

Definition 7.71 The closed linear manifold X = X (c0) spanned
by x(s), —oo<s<oo, is called the time-domain. The closed linear
manifold X(¢) spanned by the present and past variates x(s), s< ¢, is
called the present-and-past time-domain The common part X (— o)

of all the X(2), i.e. X(—o0) = nX(t), is called the remote-past

time-domain. The orthogonal complement X(2)— X(—o0) is called
the present-and-recent-past time-domain.

The remote-past time-domain is a closed linear manifold, and so
is the present-and-recent-past time-domain. Since x(t) U*® = x (¢ +5),
we may write X (2) U® = X(¢+5). We also have

X(—0) Us = X(—o0)

Definition 7.72 A stationary time-series x (¢) is said to be singular
if X(—o0)=X. A stationary time-series that is not singular is
said to be non-singular. A stationary time-series x () is said to be
regular if x(t)#0 and X (—o0) =

We see that a stationary time-series is singular if and only if
X(#) = X for all #. In fact, if X(¢) = X for a given ¢, it must be true
for all ¢ (because x (z) is stationary), and

X(—o0) = X(t) = X(t+5) =

Thus a stationary time-series is singular if and only if its present-
and-recent-past time-domain is equal to the null variate; i.e.
X (f)— X(—o0) = 0. A non-null stationary time-series is regular if
and only if its remote-past time-domain is equal to the null variate;
ie. X(—o0) =

Theorem 7.70 The Wold decomposition (Wold, 1938) Let
x(t), —oo<t<oo, be a non-singular stationary time-series. Then
x(t) has the unique decomposition
x(t)=y(t)+=2(t), with 2(&)=2b0()+b0(—-1)+...
(7.70)
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where the components 6(%),y (), 2(t), —co<t<co, form a mul-
tiple stationary time-series with the properties:

(1) Each of the variates 0(t),y (¢), 2(?) is in X(2).

(2) The stationary time-series y (¢) is singular and the station-
ary time-series z(t) is regular.

(3) 0(¢) is white noise.

(4) The variates y(f), —oo<t<oo, are orthogonal to the
variates 0(t) and z(t), —o0<t<c0; i.e.

() 0@®) =y () 2(0)) =0
for s =t as well as s#1.
(5) bo>0 and B3+|b, [2+]be[*+ ... < co.

Proof. Application of the Projection Theorem 5.20 shows that
x(t) can be resolved in one and only one way into two orthogonal

components
%(2) = 2(t) Pxg—p+w(?)

where the first component is in X(¢—1) and the second component
w(¢), the normal to X(¢—1), is in X(#)—X(¢—1). Because x(?) is
regular, it follows that X (f)# X(¢—1), and so [|w(#)[|>0. Define
8(2) to be w(?)/|w(?)|. Since 8(z) is in X(#)—X(¢—1), and since
9(¢t—s),s>1, isin X (¢—1), we see that ((6(2), 0(t—s))) = 0 for s> 1,
and so the 0 (), —co<t<oo, form an orthonormal set. The 6(¢) are
called the (white noise) inmovations. The closed linear manifold
spanned by 6(¢) is [0(2)] = X()—-X(¢—1).

Let O () be the closed linear manifold spanned by the present
and past innovations 0(s), s<t. Suppose ye X (t)— 0 (t); i.e. ye X(?)
andyL O (f). ThenyL[0(t)] = X(f)—X(t—1)and so ye X(¢—1). In
a similar way, it follows that ye X (¢—2),ye X(¢—3),..., and so by
induction yeX(—o0). Hence X(t)—@(t)>X(—00). Conversely,
suppose yeX(—o0). Since X(—o0)=X(s—1), it follows that
yeX(s—1). But X(s—1)L0(s), so yL0(s) for arbitrary s. Thus
y10(t),and so ye X (¢)— O (¢). Hence X(—c0)>X()—©(t). There-
fore X(—o0) = X(2)—©(2), and so

X () —-X(-0) = X(5)-[X(1)-0(:)] = 0(2)

which says that the present-and-recent-past time-domain is equal to
the closed linear manifold spanned by the present and past innovations.
In other words, the present and past innovations, 8 (s) for s<¢, form a
maximal orthonormal set in the present-and-recent-past time-domain.

Thus we have X(#) = X(—0)+ 0 () where X(—o0)L0O(#). By
the Projection Theorem 5.20, the time-series x(f) has the unique

decomposition
x(t) = x(2) Px (o) +2(2) Po
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which we denote by x(t) = y()+2(t). The time-series y (¢) and z(2)
are stationary. It can be readily shown that the present-and-past
time-domain Y (¢) of y(¢) is X(—0), and that the present-and-past
time-domain Z (#) of 2(¢) is @ (#). Since Y (¢) = X(—c0) for all ¢, it
follows that the time-series y () is singular: Y (¢) = Y (—o0).

By Theorems 4.74 and 5.20, 2(f) has the Fourier series repre-

sentation ®
3(t) = Xb,0(t—s)
=0
where the Fourier coefficients are given by
]
= (@.00-9), 30, T|bf<o0
8=

Because Z(—o0) = O (—00) = X(—00)—X(—00) =0, we see that
z(t) is regular. We have
bo = ((2(2), 8(2))) = ((*(2) Px ¢y + % (2), 6 (8))) = [[w () |
s0 b, is real and positive, and 2(#) is non-null. Q.E.D.
Theorem 7.71 In the Wold decomposition (7.70), the stationary

time-series 2(¢) and 6(t) are equivalent (i.e. Z = @) and their
spectra S, and S, coincide.

Theorem 7.72 1In the Wold decomposition (7.70) the spectrum S,
of z(t) is a set of Lebesgue measure one.

Proof. The spectrum S, of white noise has Lebesgue measure one
(Section 7.6) and Sy = S,, by Theorem 7.71. Q.E.D.

Theorem 7.73 In the Wold decomposition (7.70) the spectrum S,
of y(t) is a set of Lebesgue measure zero.

Proof. By hypothesis, y(¢) and z(#) are orthogonal, and each
subordinated to x(¢). From Theorem 7.40 we know that

Fu®) = [ 100 0)PdFL0)
Fy(v) = fjo-s O (v) dF,, (v)

and similarly for F,, and F,,. But because y(z) and z(t) are ortho-
gonal, R, (s) =R, (s)+R,,z (s) R,,(s) and so F,, = F,,. Hence,
by the above equatlons,

| 0@ (v) |2 = O (), |DF (¥)[|* = O (v) (7.71)
almost everywhere with respect to F,,-measure. Moreover,

0@ (v) + 0@ (v) = dF, W_|. jﬁ Zﬁm =1 (7.72)
xx xxz




100
For equations (7.71) and (7.72) to be satisfied, we must have

O (v) 0P (v) = 0

almost everywhere with respect to F,,-measure. Hence the spectra
S, of y(¢) and S, of 2(¢) do not overlap. That is, S, =S, US, and
S N S, = null set. But by Theorem 7.72, S, has Lebesgue measure
one. Since S, at most can have Lebesgue measure one, S, does have
Lebesgue measure one, and S, Lebesgue measure zero. We note
that in the isomorphism between X and L? (Faz)

YO OPE) = A,0), 2(0)OPE) = AG)  (1.73)

where A, (v) is the characteristic function of S, (i.e. A,(v) =1 for v
in S, and = 0 for v not in S) and A, (v) is the characteristic func-
tion of S,. Q.E.D.

Theorem 7.74 Given a non-singular stationary time-series x (%)
with spectral decomposition x(t) = x; (£) + x, (£) + %3 () and Wold
decomposition x(t) = y(t)+=2(t), then y(f) = x,(¢)+x,(¢) and
2 (t) = %3 (2).

Proof. Because Fj(v) is absolutely continuous with respect to
Lebesgue measure, x3(f) is a running average of white noise, by
Theorem 7.60. Because z(f) is a running average of white noise,

F,,(v) is absolutely continuous with respect to Lebesgue measure.
Because S}, S, and S, have Lebesgue measure zero, Fy;, Fyy, and
F,, are not absolutely continuous with respect to Lebesgue measure.
Stnce S = S;USUS;=85,US, we have S; US,=.S, (which
has Lebesgue measure zero) and S; =S, (which has Lebesgue
measure one).  Q.E.D.

Theorem 7.75 Given a non-singular stationary time-series x (&),
then its spectral power function F’(v) exists and is strictly posi-
tive, except on a v-set of Lebesgue measure zero.

Proof. The spectrum S; = S, has Lebesgue measure one, and so
by Property (5) of Theorem 7. 50 F'(v)>0 for v in S,. Q.E.D.

Theorem 7.76 In the Wold decomposition (7.70) we have
As () omin
0(t) B() e (7.74)

in the isomorphism between the time-domain X and the frequency-
domain L2(F,,), where

0, ves ® o —omin
8O =) T BG)= her
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Proof. Let 0(0)«<>¥(v) in the isomorphism between X and
L2(F,,). Then by Property (5) of Theorem 7.21 we have

z(o) = § bs 0 ( "‘s) — § bslp(y) e—21r'ivs
§=0 8=0
in the isomorphism. But by equation (7.73), 2(0) > A, (v), and solv-
.E.D.

ing for ¥ (v) we get the desired result. Q

A non-singular stationary time-series x(t) is regular if and only
if y(t) = 0 in its Wold decomposition. Then x(t) is equivalent to
6(z), and has the one-sided (i.e. b, = 0 for s<0) representation

£ = Th00-5), b=(=@,00-9)  (79)
By equation (7.62) we have
£(0) > DO () = X b, = B(y) (7.76)

which defines B(v). Since
I+l = |5 = R0

o]
is finite, the power series > b £® is analytic within the unit circle
0

|£|<1, and its limit value on the boundary of the unit circle is
B(v) where £ =e 2 for |£|=1. Since x(¢)#0, the power series
is not identically zero, and hence B(v)#0 almost everywhere for
—0-5<v<05 (i.e. B(»)#0 for v in S;). Hence by Theorem 7.42,
x(t) is equivalent to (). By equation (7.63), F'(v)=|B(»)|*>0
almost everywhere.

Fundamental results of Kolmogorov (1941) and Wiener (1942) are

Theorem 7.77 1If x(t) is regular, then ¥ b, £° has no zeros in the
8=0

unit circle |£|<1, where the b, are the coefficients of the Wold
decomposition of x (z).

Theorem 7.78 x(t) is regular if and only if all the following
conditions are true for —0-5<v<0-5:

(1) F,,(v) is absolutely continuous with respect to Lebesgue
measure.

(2) F;,(v)>0, except for a set of Lebesgue measure zero.
05

3) f log F’ (v) dv is finite (i.e. > — o0, since it is always <0).
—0-6

Because condition (1) in Theorem (7.78) is equivalent to
S; U S, = null set, we have
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Theorem 7.79 x(t) is non-singular if and only if both conditions
(2) and (3) are true.

Example 7.70 Consider a time-series x () for which conditions
(1) and (2) hold, and (3) does not. Then we see that x(f) is
singular, and moreover by Theorem 7.61, x(¢) is a running average
of white noise, with spectrum S, of Lebesgue measure 1.

7.8 Electric filters, prediction, and filtering
The stochastic process given by the finite linear operation

e(t) = apx(t) + a2 (t—1)+... +a, x(t—n) (7.80)

was introduced by Yule (1921, 1927). Equation (7.80) states that the
convolution of the input x(t) with the constant coefficients ay, ..., a,
yields the output «(t). Because equation (7.80) involves only a finite
number of constant coefficients, and because only inputs at or prior
to the time ¢ (and no future inputs) are required to compute the
output at time #, the linear operation (7.80) can be realized physically
by a linear electric filter with pulsed data (i.e. a pulsed filter), or by a
(high-speed) digital computer. A pulsed filter is a transmission device
which is supplied with input data at specified equally-spaced times
and, in response, furnishes output data at the same moments.
Hurewicz (1947) shows that a pulsed filter (7.80) is equivalent to
the combination of a clamping device together with a linear filter
of the continuous type.

The transient-response function of a filter is the response of the
filter to a single unit input at ¢ = 0 (i.e. (0) = 1,x(¢) = 0 for £+#0).
Hence we see that the constant coefficients ay,ay,...,a, are the
transient-response function of the filter (7.80). A filter is essentially
an instrument for the separation of different frequency ranges. To
see this, let the input x(¢) to the filter (7.80) be the (complex) sinu-
soidal wave x(z) = ™, Then we see that the output is necessarily
a sinusoidal wave of the same frequency v but generally will differ in
amplitude and phase, and so may be written e(f) = 4 (v)e?™. The
function 4 (v), which is a complex function expressing the amplitude
and phase changes, is called the transfer function, or the filter charac-
teristics, or the frequency-response function, or the gain, of the filter.

Substituting into equation (7.80), we have A4 (v) = ia, e~2%s, The

0
absolute value | 4 (v)| is called the absolute gain, and | A (v)|? the power
transfer function.

If x(2) is a stationary process, then e(f) given by equation (7.80)
(N.B. n is finite!) is called a Yule process. Using the spectral repre-
sentation of x(t), we have

e(t)=%a,x(t—-s)= fj:sez"i"‘A(v)dx(O)Ew(v) (7.81)
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where A (v) is the transfer function. The Yule process (%) is station-
ary, and subordinated to x(#). In the isomorphism between X and
L?(F,,), we have

n
€(0) = % a,x(—$) > A@V) = 3 a e 2rive
0 0
From equation (7.81) we obtain the autocovariance

R, (s) = f j:; e8| 4 () [ dF,, (¥) (7.82)

so that F..() = f :M[A W)FdF,, ) (7.83)

These equations show the filtering action of the transfer function.
In particular, we see that the input spectral power dF,, (v) is multi-
plied by the power transfer function |4 (v)[* to yield the output
spectral power dF,, (v).

Now, let €(t) be the limit (=) of a sequence of Yule processes

n
Ya,x(t—s) as n—>o0 where x(t) is a stationary time-series. Then
0

€(t) is stationary and subordinated to x(¢). By Theorem 7.40, we
have €(0)« ®* (v), which serves as the definition of the transfer
function;i.e. A(v) = ®® (v). Then, with this 4 (v), €(2), R..(s), F,. (¥)
are equal respectively to the right-hand sides of equations (7.81),
(7.82), (7.83).

Let x(t) be a non-singular, stationary time-series. The problem
of the linear, least-squares prediction of x(t+ o) from the whole past
x(s), s<t, is the problem of finding an element £(z+ o) in X(¢) such
that the distance ||x(t+a)—#£(t+ )| is a minimum. Clearly the
solution is

Jé(t»l—a) = x(t+0¢)Px(t)

which is, since 0(s) Px ) = 0(s) if s<t, and =0 if s>¢,
ﬁ(t+(¥)=y(t+0()Px“)+ EobsO(t'*‘(x—S)qu)
8=
= y(t+a)+ 3 b,0(t+a—s) (7.84)

a result due to Wold (1938). This equation exhibits the least-squares
prediction operator. We have, by equations (7.73) and (7.74),

$(0+0) = y(0)+ 3 b,e(a-s)HA,,(uH%% 3, byemtrs

Hence the expression on the right is the transfer function of the
optimum linear predictor, a result due to Wiener (1942) and
Kolmogorov (1941). That is, the transfer function is equal to one
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for ve S, (i.e. waves of “pure” frequencies are passed without modu-
lation). The transfer function is equal to

13 —2mivt
BG) s (7.5

for ve S, (i.e. waves of “‘non-pure” frequencies are modulated, i.e.
their spectral power density is multiplied by the factor (7.85)). The

“non-pure” frequencies have their spectral power density spread
over the whole spectral band,

i.e. F,,(v)>0 for v in S, = {—0-5<v<0-5, except for S}

The “pure” frequencies have their power so concentrated that it is
crowded in the set S, of Lebesgue measure zero. Since

ly(@+a)-3(t+a)||=0

the past of y(#) determines its future for an infinite time (i.e. for
arbitrary prediction lead «>0), so the singular component y(z) is
deterministic. On the other hand, the future of the non-singular time-
series x(t) is not completely determined by a linear operation on its
past. That is, we have the (non-null) prediction error

o1
x(t+o)—£(E+a)= X b, 0(t+a—ys) (7.86)
§=0
and the positive mean-square prediction error

oa—1
|2(E+o)— £(t+a)] = 20|b8|2>0
8=

since by > 0.

Now suppose that x(t), m(t), and z(¢) form a multiple stationary
time-series, and « (¢) is additively composed of the message m (z) and
the noise n(#); i.e. x(¢) = m(t)+n(f). We assume that these three
time-series are regular. Hence they have absolutely continuous
spectral distribution functions. The problem of linear least-squares
filtering (using the whole past x(s), s <t) is the problem of finding an
element s (t+«) in X () such that the distance | m (¢ +a)— (¢ + )|
is a minimum. To find the solution, we use the Wold decomposition

x(f) = g]ob,, 0(t—s)

Since 6(f), —oo<t<oo, is a maximal orthonormal set in X, the
projection of the message m (¢) on the time-domain X has the Fourier
series representation

mO)Px= I 60(-s) c=(m@)0¢-9) (.87
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Hence the least-squares approximation to m ( +«) is
(t+o) =m(t+a) Py g =m(t+e)Px Px o
since projection on X followed by projection of X () is the same as

projection on X(#) directly. Using equation (7.87), we have

[oo] o0
Mm(t+o)= 3 ¢,0(t+a—s)Pxy= 3 c0(t+a—s) (7.88)
2] §=0

§=—

The transfer function is the expression on the right of

1 = ;
(04 a) «—»»Ezv—) t§o Cpyq €2 (7.89)

a result due to Wiener (1942). This is the optimum transfer function
for separating message from message-plus-noise by a linear operation.
If « is positive, it is called the lead of the filter; if « is negative, then
— o is called the lag. The classic papers on the intuitive content of
Wiener’s work as applied to electric networks are Blackman, Bode,
and Shannon (1946) and Bode and Shannon (1950).

Because the transfer functions (7.85) and (7.89) in general involve
an infinite number of coefficients, in this sense they are not necessarily
physically realizable by an electric filter, or high-speed digital com-
puter. Nevertheless, because £(¢+«) and #(¢+«) are elements of
the present-and-past time-domain X (), and since every element in
X (#) is a limit (=) of a sequence of Yule processes (7.81) (see Section
4.6), we can approximate £(¢+o) and M (t+«) by Yule processes
which are physically realizable.

7.9 Wavelet theory

The Wold decomposition reaches its full beauty in physical appli-
cations. This application to wavelet theory was developed to solve
certain problems in the interpretation of geophysical recordings of
seismic wave propagation through the earth (Robinson, 1954, 1957).

Suppose that a real-valued time-series x(¢) is additively composed
of many overlapping wavelets which arrive as time progresses. We
assume that each wavelet has the same shape ¢, but that each is
amplified by a random factor. In keeping with physical processes, we
require the wavelets to be one-sided (¢, = 0 for s <0) and to damp out

Goer)

Let the amplification factor of the wavelet which arrives at time ¢ be
6(t). Then we see that the wavelet with arrival time # has zero
amplitude for times prior to ¢, has amplitude ¢, 0(¢) at time #, has
amplitude ¢, 0(¢) at time ¢+ 1, has amplitude ¢, 6 (¢) at time #+2, and
so forth. We assume that amplification factors 6(¢), —oo<t<o0, are
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uncorrelated variates with the same variance, so by centring and
scaling, 0 () becomes white noise.

Consider the time instant 2. The wavelet which arrives at time ¢
contributes ¢, 8(z) to x(¢). The wavelet which arrived at time z—1
contributes ¢, 8(t—1) to x(f). The wavelet with arrival time #—2
contributes ¢,0 (t—2) to x(¢), and so forth. Because x(¢) is the sum
of all these contributions, we have

() = o 0(t)+cr0(t—=1)+ g 0(t=2)+... = §oc,0(t—s) (7.90)

In this equation we see that the basic wavelet shape ¢, represents the
“dynamics”, and the amplification factors, or impulses, (), the
“random’ nature, of the time-series x(z).

Wavelet problem Given a fixed realization of the time-series x(s),
for s<t, find (1) the basic wavelet shape c,, and (2) the amplifica-
tion factor 6 (s) for every s<t.

That is, we are given the observed past values of a time-series that
is the resultant of many overlapping and interfering wavelets which
arrive at various times with random amplifications. We are to pick
out each wavelet as a distinct entity and identify it by its arrival time,

For the wavelet problem to have a unique solution, a stability
condition must be imposed on the wavelet shape. Suppose that the
wavelet shape damps to zero (i.e. ¢, = 0 for s>#). Form the homo-
geneous difference equation

ce(®)+ce(t—1)+...4+¢c,e(t—n)=0

from the wavelet shape. For an arbitrary set of initial values
€(0), €(1), ..., e(n—1), the sequence e(n),e(n+1),... may be gener-
ated by recursive deductions from this difference equation, and this
sequence will form a general solution. A necessary and sufficient

o0
condition that 3| (#)|? converges is that the magnitude of the roots
0
of the characteristic equation
Co+61£+-..+cn£n = 0

n
be greater than one (i.e. that X ¢, £* has no zeros for | £|<1). In this
0

case the general solution of the homogeneous difference equation is a
damped oscillation, and the difference equation is said to be stable.
In case there are any roots with magnitude equal to one, then the
difference equation is semi-stable; whereas if there are any roots with
magnitude less than one, the difference equation is unstable. Accord-
ingly, if ¢, = 0 for s> n, we shall impose the stability requirement that

f} ¢, £ (which is analytic in the whole plane) have no zeros for | £|< 1.
0
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In the general case, we shall impose the stability requirement that
@
3. ¢, € be analytic for | | <1 and have no zeros for |£|<1. With this
0

stability requirement, x(¢) is regular and representation (7.90) is its
Wold decomposition (7.75) where ¢, = b,.

The solution of the wavelet problem proceeds according to the
following steps.

(1) Given the observed time-series x(s), s<?, the first step is to
average out (i.e. destroy) the random, uncorrelated elements 4 (s), s<?,
and yet preserve as much information about the wavelet shape as
possible. Phase information cannot be saved; but we can obtain the
spectral energy information about b, To do this, we compute the
autocovariance R (x) from x(#) by the time-average (7.34) in which
m = t—u, and n——o00. Because

R(u) = ((Eo'i B0 (t+u—s), %::bs 0(t—s))) _ 8§0b3+u b,

we see that the autocovariance contains no information about indi-
vidual values of 8(s). From R (u) we obtain the spectral power func-
tion F'(u) by Theorem 7.20. By equations (7.63) and (7.76) we have

= J{F' (")}

so we may compute the absolute gain | B(v)| of the transfer function
B (v) by taking the square root of the spectral power function. That
is, the spectral energy function | B (v)[? for the wavelet shape is equal
to the spectral power function F’(v) of the time-series.

(2) The second step is to compute B(v) from |B(v)|, and thus
obtain the wavelet shape b,. Equivalently, if we write

B@) =|B@)|e#w (7.91)

the second step is to find the phase function ¢ (v). We recognize this
step to be the problem of the factorization of the spectral power
function, which was first solved by Wold (1938) in the case of
physically realizable transfer functions, and by Kolmogorov (1939,
1941) and Wiener (1942) in the transcendental case. Because x (t) is
regular, condition (3) of Theorem 7.78 is true. As a consequence,
log J{F' (v)}, which is an even real function of », may be expanded
in a real, symmetric Fourier cosine series

|B()| =

©
Z bs e——21r1!vs
8=0

[oo]
log \{F’ ()} = }log F' (v) = .8, cos 2mus = 84+2 3, 8, cos 2mvs
-0 1

(7.92)
where the Fourier coefficients §; are given by

5, =5, = L ** cos 2ms log F' (v) dv (7.93)
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‘By taking the logarithm of each side of equation (7.91), and utilizing
equation (7.92), we have

log B(v) = log J{F’ ()} +id (v) = 8o+ z% §,cos2ms+ip(v)  (7.94)

[oo]
Because x (¢) is regular, ¥, b, £* has no singularities or zeros within
0

=]
the unit circle. Hence log Y b, £ is analytic within the unit circle,
0

and consequently has the power series representation
log £5, ¢ = o+ 236, £ (7.95)
for | €] < 1. As|£| approaches 1, this power series has
log B(+) = fo+2 2 f, e
= By+2 gﬂs Cos Zmus — 24 %:: B, sin 2mvs (7.96)

as its limit values on the unit circle | £| = 1 where { = e~2m%,
Comparing equations (7.94) and (7.96), we see that §; = 8, and

w 05
d(v)=-2 ;’, 8,8in 2mvs = — 2 3 sin 2mws f cos 2avslog F' (v) dv
1 1 0

This equation shows that the phase function ¢ (v) is the Hilbert trans-
form of log\{F’(v)}, and thus ¢ (v) is uniquely determined by x(s),
s<t. Substituting ¢ (v) into equation (7.91), we obtain the desired
transfer function B (v), from which we obtain the wavelet shape by

0-6
b, = f B(v)ersdy
—05
Alternatively, we may write equation (7.95) as
[oe] [e)
b, &8 = exp (8o +2 X 5, £°)
0 1

which gives the wavelet shape b, in terms of the §, of equation (7.93).
In particular, this equation gives b, = ¢’ which shows the reason for
condition (3) in Theorem 7.78.

(3) The last step consists of removing the wavelet shape b, from
x(t), thereby leaving, as a residual, the random components 6 ().
The wavelet shape b, uniquely determines the least-squares prediction
operator, as seen by equation (7.85). If we let the prediction lead
a = 1, then equation (7.86) shows that if we predict x(s) from X (s—1)
the prediction error is by 0(s). We may repeat this process for all s <1,



109

thereby obtaining the amplification factors 6(s) for s<t. Thus we
have obtained the theoretical solution to the wavelet problem.

The practical solution of the wavelet problem in which we only
have a finite section x(1),x(2),...,#(/N) of an observed time-series
involves statistical estimation. The method we proposed uses first
the Gauss method of least squares to obtain the prediction operator
(with < N)

#(t+1) = ct %oksx(t-s) (7.97)

where the constant ¢ appears if the section of x(¢) does not have a
zero average. Then, provided the difference equation is stable, the
wavelet shape is computed by

bt+1 = Eoks bl-—m (t =0,1,2, ) (7-98)
8=

where we let b, =0 for <0, and b2 equal to the variance of the
prediction errors w(t) = x(t)—£(¢). That is, the wavelet shape 4, for
t > 0 is determined by successive step-by-step predictions from its own
past values, where its initial values are b, = 0 for ¢ <0 and b, for ¢ = 0.
The amplitude factors 6(#) are the normalized prediction errors:
0(2) = w(t)/by.
The coefficients &, are autoregressive coefficients of the time-series.

The operator (7.97) cannot predict from past values of the time-series
the arrival of a new wavelet, and thus a prediction error ,0(¢) is
introduced at the arrival time ¢ of each wavelet. Nevertheless, for
times subsequent to the arrival time of the wavelet, the prediction
operator can perfectly predict the remaining values of the wavelet, as
seen by equation (7.98). Hence the prediction error b, 0 (¢) indicates
the arrival of a new wavelet at time ¢ with initial amplitude b, 6 ().
For this reason () is called the innovation at time .

The wavelet method provides the estimate of the spectral power
function given by

[Estimate of F'(v)] = l S b, e~2mivs 2
>0

where the Wold coefficients (i.e. wavelet shape) are computed from
by =l @]
by == (®)]| ko
by = ||l w ()| (k5 + 1)
by = || (2) || (k§ + 2k Ry + Ra), - -

and where the autoregressive coefficients ky, &y, ..., k, (n < N') are com-~
puted from the observed time-series x (0), #(1), ..., #(/N) by the Gauss
method of least squares.
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So far we have confined ourselves to a section of a time-series
which we assumed to be stationary. The optimum prediction operator
transformed this section into the uncorrelated prediction errors b, 6 (£),
the mean-square value of which is a minimum. As we have seen, the
prediction operator cannot predict from past values of the time-series
the initial arrival of a new wavelet, and thus a prediction error, in the
form of an impulse b, 0(t), is introduced at the arrival time of each
wavelet. Nevertheless, for times subsequent to the arrival time of the
wavelet, the prediction operator can perfectly predict the wavelet, and
thereby yield zero error of prediction for this wavelet.

Suppose now we apply the prediction operator to another section
of the time-series which has dynamics different from the original
section. The prediction operator, applied to the new section, will
encounter wavelets of a different shape, and consequently the predic-
tion errors will no longer be impulses, but instead will be transient
time-functions. As a result the mean-square prediction error will be
much greater. This procedure provides a method for the detection
of various types of wavelets comprising a non-stationary time-series.
In the case of multiple time-series, multiple prediction operators can
be used, which take into account coherency relationships. These
multiple operators yielded highly successful results in the analysis of
seismic records (Wadsworth, Robinson, Bryan, and Hurley, 1953;
Robinson, 1953, 1953 a). The high-speed Whirlwind digital com-
puter at the Massachusetts Institute of Technology was used.
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EXERCISES

General

Complete proofs and give examples and counter-examples.

By use of the references, further develop any of the topics or
related material, bringing the treatment up to date and including
your own research.

Develop applications to your field. What réle do digital com-
puters play?

Chapter I

References: Cramér (1946), Halmos (1950), Kolmogorov and Fomin

1.1

1.2

1.3

1.4

1.5

1.6
1.7

1.8

(1957), Munroe (1953), von Neumann (1933).

Verify the metric conditions for the distance functions in
Examples 1.10, 1.11, and 1.12.

Show that the set of all #-tuples of real numbers, x = (u,, ..., %,),
¥y = (vy, ..., v,), with distance function

n 1/p
d(x,y) = (Ell'”i—uilp) , p=1

forms a metric space.

Give examples to show that a limit point of a set S of a metric
space K can either belong to S or not.

Find the definition of a topological space, and show that every
metric space can be considered as a topological space. What is
the Hausdorff axiom? Is every metric space a Hausdorff space ?

What is Lebesgue measure ? What is Lebesgue—Stieltjes meas-
ure with distribution function F, and how does it differ from
Lebesgue measure ? (Cramér, 1946, p. 22, 48-56.)

Write a paper on the Lebesgue integral.

Find the definition of measure preserving transformation. Differ-
entiate between a one-to-one, and a single-valued, measure pre-
serving transformation.

Prove the Radon-Nikodym Theorem 1.20, and show that
f(w) = dv[du is non-negative. Show that Theorem 1.20 as stated
is still true if v is a signed-measure (i.e. can assume positive and
negative values) where f(w) will now also assume positive and
negative values.
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Chapter II

References: Cramér (1946), Doob (1953), Feller (1950), Gnedenko
and Kolmogorov (1954), Halmos (1950), Kendall and
Stuart (1958), Kolmogorov (1933), Logve (1955), Savage
(1954), Wadsworth and Bryan (1958).

2.1 A die is rolled until an ace (one-spot) comes up. Describe a
sample space for the experiment and assign probabilities to the
various sample points.

2.2 'The number of eggs that an insect lays is a Poisson variate with
mean a. Each egg has a probability p of developing, and develops
independently of the other eggs. Show that the number of eggs
that develop is a Poisson variate with mean ap.

2.3 Three points are taken at random on a circle. Show that the
probability that they lie on the same semicircle is 3/4. Assume
that the limits of elementary intervals of arc are equally probable.

2.4 'Two statistically independent observations, x, and x,, are drawn
from a population with a continuous distribution function. Show
that P(», <x,) = 1/2 regardless of the form of the distribution
function.

2.5 How many different sequences of three notes can be formed
from an eight-note scale if no note is repeated ?

2.6 Suppose that 5 men out of 25 are colour-blind and 5 women
out of 100 are colour-blind. A colour-blind person is chosen at
random. What is the probability of the person being a woman ?
(Assume men and women to be in equal numbers.)

2.7 A man wishes to unlock his door in the dark, and has a ring of
m keys. The correct key can only be found by trying it in the
lock. He can select successive keys at random, or by rotation
key by key around the ring. Find the probability of success at
the nth trial by each method, and so determine which is more
efficient.

2.8 A random sample of » statistically independent observations is
taken from a population with an unknown continuous distribu-
tion function. Prove that the probability that an additional
(n+ 1)st observation is greater in magnitude than any of the =
already drawn is 1/(n+1).

2.9 Inthe Gregorian calendar, is the probability of Christmas falling
on a Sunday equal to 1/7? (Leap years are centesimal years
divisible by 400, and non-centesimal years divisible by 4.)

2.10 Two urns identical in appearance contain respectively three
white and two black balls; two white and five black balls. One

urn is selected and a ball taken from it. What is the probability
that this ball is white ?
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2.11 What is the probability that the birthdays of six people will fall

in exactly two calendar months ? (Assume cqual probabilities for
the 12 months.)

2.12 What is the probability of throwing nine heads twice in five
throws of ten true coins ?

2.13 Three urns contain respectively one white and two black balls;
three white and one black ball; two white and three black balls.
One ball is taken from each urn. What is the probability that
among the balls drawn there are two white and one black ?

2.14 Lct the radius of the base of a circular cone be x, and the height
of the cone be y. If all values of ¥ from 0 to 1 are equally likely,
and all values of y from 0 to 2 are equally likely, what is the
probability that the volume of the cone will be less than #/3 ?

2.15 Find the probabilities of all the poker hands.

2.16 Let n statistically independent observations of a variate x with
density function F’ (u) be taken at random. Denote the smallest
of these n values by y. Find the distribution of y.

2.17 If three cards are drawn from a deck (or complete pack), and xand
y denote the number of spades and hearts obtained respectively,
find (a) the distribution function of x, and (b) the conditional
distribution function of y given x.

2.18 In a sample of # statistically independent observations from a

distribution with mean a and variance o? let x;,%; denote any
pair of observations, and & the sample mean. Show that

El(s—9) (5= = 2 (i#))

2.19 Review transformations of variates with continuous distribu-
tions. These transformations follow the ordinary laws for the
transformation of differentials (Kendall and Stuart, 1958). If
F’(u) is the density function of the variate x(w) = u, find the
density function of the variate y (w) where:

11

(a) F’(u)—ﬂm (—oo<u<o), y=x?
(b) F'(u) as in (a), y =tan"lw
(<) F’(u)=jé1;5u—2e“”2“’ (—oo<u<o), y=1/x

2.20 Let x, and x, be two independent observations of the variate
x(w) = u with density function F’ () = 1 for 0Su<1 and =0
elsewhere. Find the distribution function G (v) of the product
%) (w) x5 (w). Answer: G'(v) = v(1—logv) for 0Sv<1land =0
elsewhere.
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2.21 The variates x (w) = u and y (w) = v have the joint density func-
tion F'(u,v) = 24v(1—-u) for O0<u<1, 0<ov<u and F'=0
elsewhere. Find the density function H'(¢) of the quotient
y(w)[x (w). Answer: H'(t) = 2t for 0<t<1 and = 0 elsewhere.

2.22 If x is a variate with density function F’(u), and y = F(x), what
is the distribution function of: (a) y; (b) 2, where z = y??

2.23 For an observed value u; of the test variate x with density
function F’, let the measure of significance S; be the area under
F’ to the right of u;. If n statistically independent tests yield
significance measures Sy, S, ..., S, let the combined significance
measure P be the probability of obtaining a set of n observed
values for which S; S,... S, <A. Show that

N (log2)* _(log A)* _ 1yn-a (log A"
P—}\[l log A+ 20 30 +...+(—1) (n=1)]
If we let A = —2log), show that P is equal to the area (from
A to o) under the chi-square density function for 2n degrees
of freedom.

2.24 In Exercise 2.23, let two tesis be made. If S; = 0-1, how small
must S, be in order that the combined results be significant at
the 5 per cent level ? Use a chi-square table.

2.25 Find the density function H'(u) of the quotient of two inde-
pendent normal variates, each with zero mean and unit variance.
Answer: H' (u) = 1/ (1 +u?), —co<u<oo.

2.26 Statistically independent variates x, and x, are distributed as
chi-square with 2a and 2b degrees of freedom respectively. Find
the joint density function of y and z, and the single density
function of 2 where y = x,+ %, and 2 = x;/(x; + x,).

2.27 Derive the Student ¢ distribution and the F distribution.

2.28 Two statistically independent observations x; and x, are drawn
from a Cauchy distribution. Find the distribution of their
average (%, + %,)/2.

2.29 Summarize the main properties of beta and gamma functions
and how they relate to the beta and gamma distributions.

2.30 If x; and x, are independent exponential variates with means a,
and a, respectively, find the distribution of x, —x, if (1) a;#a,
and (2) if a; = a,.

2.31 Accidents in a certain industry are found to follow a Poisson
distribution with a mean of four accidents per week. (a) Find
the median time between accidents; (b) Find the density func-
tion of the time required for ten accidents to occur.

2.32 Show that the variance of a sum of statistically independent
variates is equal to the sum of the variances of the individual
variates.




2.33

2.34

2.35

2.36

2.37

2.38

2.39
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Prove that in order to obtain the lower critical limit for an
F distribution, we may take the reciprocal of the upper critical
limit of the “F” with interchanged degrees of freedom.

Find the definitions of convergence in probability (or con-
vergence in measure), convergence with probability 1 (or almost
certain convergence), and mean-square convergence (or con-
vergence in the mean). Give examples of each. Show that
convergence with probability 1 and mean-square convergence
each imply convergence in probability (but not conversely).

If a fair coin comes up heads, a red ball is placed in an urn, but
if tails, a white ball. This is done seven times. Afterwards,
three balls are drawn and they turn out to be white. What is
the probability that there were three white and four red balls in
the urn ?

If x is a variate with density function F'(u), find the density
function of: (a) |x|, (b) ¥%

If x is a non-negative variate with a skewed density function,
then the density function of which of the following tends to be
more nearly symmetrical than the density function of x°?
(a) #1/%; (b) x3; (c) €=

Let an urn contain N balls, of which N, are white and N, are
black (N = N;+ N,). Draw a random sample (without replace-
ments) of # balls, where n, denotes the number of white balls,
and 7, the number of black balls, in the sample (z = n;+n,).
The balls may be drawn successively or simultaneously. Des-
cribe a suitable sample space, and by assuming all balls have an
equal chance, assign probabilities to the sample points. If the
variate x is the number of white balls in the sample, show that

(o) (2
n ) \n
P(x=my)= —TFL’
)
This is the kypergeometric distribution.

Using Exercise 2.38, find the probability that a poker hand of
five cards will contain two kings.

n1 = 0, 1, 2, ooy min(Nl, n)

Chapter III

References: Bochner (1955), Doob (1953), Gnedenko and Kolmogorov

3.1

(1954), Kendall and Stuart (1958), Khintchine (1933,
1949), Lévy (1937, 1948), Loéve (1955).

What is the relationship between composition of distribution
functions and multiplication of characteristic functions ?
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3.2

3.3
34

3.5
3.6

3.7
3.8

3.9

3.10

3.11
3.12
3.13

3.14

Find the definition of a non-negative definite function. Prove
the Herglotz—Bochner theorem: A function of a real variable is
non-negative definite and continuous if and only if it is a
characteristic function.

Derive the inversion formula (3.15) and prove its uniqueness.

What is the relationship between the characteristic function and
the moments of the distribution ?

Find the characteristic function of the binomial, Pascal, rectan-
gular, exponential, gamma, Cauchy, and Laplace distributions.

What is the relationship between the characteristic function and
the moment-generating function ? Does the latter always exist ?

Prove the Lévy continuity theorem 3.21.

Suppose that the characteristic function f(¢) is infinitely divisible.
Show that the characteristic functions f,.(t)= 1 as n—>oc0, and
so the common distribution function F,,. (u) converges weakly to
the distribution degenerate at zero.

Show that the characteristic function of an infinitely divisible
law never vanishes.

Show that the characteristic function
f)=(1-b)(1-be?)1, 0<b<1

is infinitely divisible.

Verify the continuity equation (3.41).

Show that Kolmogorov’s formula (3.40) is unique.

Show that a gamma variate (Example 2.44) is infinitely divisible,
with Kolmogorov formula

) 0 —au
logf(t) = ikt +k f (et —1—itu) S — du
a 0 u
and partial variance
K(u) = kfu*v e ®dy
0

In a large sample of size » from a binomial population with
known probability p of success on an individual trial, denote the
observed number of successes by O,, the expected number of
successes by E;, the observed number of failures by O,, and the
expected number of failures by E,. Show that the statistic

1 (O-Ep

e R
is distributed approximately as chi-square with one degree of
freedom. State the generalization of this theorem to the case of
sampling from a known multinomial population, and discuss
how it may be used to test goodness of fit.
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3.15 Is the distribution of the sum of two statistically independent
variates drawn from a rectangular distribution (a) gamma,
(b) normal, (c) rectangular, (d) triangular ?

3.16 State and prove Tchebychefl’s inequality.

3.17 Is the sum of ten statistically independent variates all from the
same exponential distribution (a) an exponential variate, (b) a
Poisson variate, (c) a normal variate, (d) a gamma variate ?

3.18 If the variate x has density function f(u) and the statistically
independent variate y has density function g(v), then the sum
x+y has density function: (a) f(u) +g(v) (b) F[f(u)+g (@),
(c) ff (t-v)g(v)dv, (d) g(u+2)f(ut+v)?

3.19 Prove: If x is a normal variate with mean a and variance o2,
then the sample mean ¥ of # observations is a2 normal variate
with mean a and variance o%/n.

3.20 Using the inequality (where 8> 0)

1
2 dF, . 248
flvl>a1),,v dF;(v+E(y))) < "D“f | o[> dF;(v+E(y;))

in Theorem 3.71 obtain Ljapounov’s Central Limit Theorem.

Chapter IV

References: Besicovitch (1932), Birkhoff and MacLane (1948), Cooke
(1950, 1953), Halmos (1951, 1958), Hamburger and Grimshaw
(1956), Riesz and Sz.-Nagy (1952), Stone (1932), von Neumann
(1929, 1932, 1933), Weyl (1928).

4.1 Give examples of linear spaces.

4.2 A linear space is normed if to each element x there corresponds a
non-negative number ||x|| such that (1) ||x|| = 0 if and only if
£ =0, (2) Jax] = allxl, () [yl <[] [yl A complee
normed space is called a Banach space. For what distance func-
tion is a Banach space a metric space? Show that von Neumann
space is a Banach space. Give other examples of Banach space.

4.3 Prove the Schwarz inequality: If x and y are elements of von
Neumann space V, then | ((x, )| <] ] || 7]l

4.4 Establish subadditivity: If x and y are elements of von Neumann
space V, then [|x+y[|<||«[|+|y[l

4.5 Show that ((x,by)) = b((x,)).

4.6 Show that a space satisfying Postulates Py, P, P}, necessarily
satisfies Postulates P; and P;, and so is a unitary space.

4.7 Show that Bohr’s almost periodic functions as generalized by
Besicovitch (1932), satisfy Postulates P, Py, Py, and P, but
not P;.
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4.8

4.9

In Euclidean space (i.e. unitary space over the real numbers
a,b, ... instead of the complex numbers) is a point a linear
manifold ? Is a line? Is a plane? Must they pass through the
origin (i.e. null element) to be linear manifolds ?

Show that every linear manifold in finite-dimensional unitary
space is closed, and hence we cannot obtain an intuitive-
geometrical picture of a non-closed linear manifold.

4,10 Let 0,0, ... be an orthonormal set in Hilbert space. Then

a,b,+...+a,0, (n=12,...; a,...,a, arbitrary) form a linear
manifold. It is not closed because

®1

Z
is a limit point, but not an element of the manifold. Exhibit
other non-closed linear manifolds.

Chapter V

References: Same as Chapter IV.

5.1

5.2
5.3
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5.5

5.6

5.7
5.8

There are two geometrical interpretations of a unitary operator.
First, it may be interpreted as the replacement of every element
by another of equal length in such a way that angles between
elements are unchanged. This process may be described as a
generalized rotation of the space about the origin (i.e. null
element). Secondly, it may be interpreted as the substitution
for the co-ordinates of every element in one orthonormal system
in terms of new co-ordinates in a new system. This process
may be described as a transformation of the co-ordinate system.

Show that L? forms a complete metric space.

Find the definition of class L! and show that it forms a complete
metric space.

Write a paper on the connection between linear operators and
infinite matrices in Hilbert space.

Develop the properties of the stochastic integral. Find applica-
tions in the theory of stochastic processes; for example, in the
theory of Brownian motion.

If E(A) is a resolution of the identity, show that

E(Q) E(p) = E (min{, p})
Prove that |x—y|2+||x+y|? = 2(|#|?+] ¥|]?) in Hilbert space.

Show that the following are orthonormal sets in L? (Lebesgue
measure):

(a) e*r*™ with configuration space Q the interval —0-5 <¢<0-5.
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(b) A/2”;’119,,(:) with Q = {~1<z<1),
where P, (¢) is the Legendre polynomial of order #.
V287, () .

c) L 2 with Q ={0<¢<g1},

( ) Jp+1 (rn { }

where 7, is the ath positive zero of the Bessel function J,.

Chapter VI

References: Same as Chapter IV.

6.1
6.2
6.3

6.4

6.5

6.6

Derive the normal equations (Section 6.1).
Show that every eigenvalue of a Hermitian operator is real.

Show that solutions of the characteristic equation corresponding
to distinct eigenvalues are orthogonal.

Derive von Neumann’s celebrated result showing the basic
identity of the Heisenberg-Born—Jordan matrix-mechanics form
of quantum mechanics and the Schroedinger wave-mechanics
form of quantum mechanics by use of abstract Hilbert space
(von Neumann, 1932).

Let the Hilbert space be the L? (Lebesgue measure) space of
functions x () defined on the real line, —c0 <t <co. The Hermite
operator H is defined by xH = —x" +#2x on —oo<#<o00, where
the prime indicates differentiation with respect to 2. Show that
the eigensolutions are, except for constant factors, e # H, (z),
where the H, (¢) are the Hermite polynomials. Show that the
eigenvalues are odd positive integers. What relationship do
these polynomials have to the normal distribution ?

Let the Hilbert space be the L2 space of Exercise 6.5. Show
that the operator defined by xH = —x" on —o0<?<o0 has the
set 0<A<oo as spectrum. (Note: the spectrum is the set of
non-constancy points of the resolution of the identity K(A)
belonging to H.)

Chapter VII

References: See REFERENCES.
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7.2

7.3

Define the strictly stationary stochastic process. How does it
differ from a second-order stationary process ?

Specialize the equations of Chapter VII for the cases: when
x(t) is real; when x(¢) has an absolutely continuous spectral
distribution function.

State and prove Theorems 6.1 and 6.2 of Stone (1932).
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7.4 Prove the ergodic theorem for strictly stationary processes
(Doob, 1953).

7.5 If equation (7.20) is the counterpart of equation (7.22), find the
equation for x(0) E (v) that is the counterpart of F (v) = W (v)+C.

7.6 Show that |AF;,|2<AF,;AF,,. Discuss its intuitive meaning
when < holds and when = holds, and relate to the coherency
between two time-series (Wiener, 1930; Cramér, 1940).

7.7 1If x(t) is (1) a running average of white noise 6(t), and is also
(2) equivalent to 0(¢), then does S, have Lebesgue measure 1?

7.8 If x(t) is (1) a running average of white noise 8(¢), and also
(2) S, has Lebesgue measure 1, then is x(¢) equivalent to 0(¢) ?

7.9 1If F,,(v) is absolutely continuous for all v (—0-5<»<0-5) and
S, has Lebesgue measure 0-5, then is x (¢) singular, non-singular,
regular, or non-regular ?

7.10 If F;,(v) = 0 only on a set of Lebesgue measure zero, then is
x(t) singular, non-singular, regular, or non-regular, or can no
statement be made ?

7.11 If F'(v) =0 on a v-set of positive Lebesgue measure, is x(t)
singular, non-singular, regular, or non-regular ?

7.12 What is the transfer function of the optimum linear predictor
for the time-series of Exercise 7.9; of Exercise 7.10; of Exercise
7.11? Give physical interpretations of these time-series.

7.13 Let F,,(v) be absolutely continuous with'respect to Lebesgue
measure and let S, have Lebesgue measure 1. Show that 6(z),
subordinated to x(z), is white noise if and only if, for v in S,

1
0P (V)2 = —;
| ] (V)l F_()

7.14 In the Wold decomposition show that Y(f) = X(—o0) and
Z(t) = O (t), and so establish Theorem 7.71.

7.15 In the running average representation (7.60), verify and inter-
pret by = R, 4(s).

7.16 Why is F’ (v),veS;, called the spectral power function ? (Wiener,
1930, 1942.)

7.17 Show that the integral in condition (3) of Theorem 7.78 is
<oo for any stationary time-series x(¢). (Hint: For F'>1,
log F'< F'))

7.18 Does the spectral power dF(v) have to be concentrated in a
v-set of Lebesgue measure zero in order for x(¢) to be singular ?
If not, then why does the singular component of the Wold
decomposition have its spectral power concentrated on a v-set
of Lebesgue measure zero ?
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Find the optimum linear predictor for the time-series x(f) of
Example 7.70. Describe the physical meaning of condition (3)
of Theorem 7.78, and hence give intuitive reasons why x(z) of
Example 7.70 is singular.

In terms of electric filter theory, why cannot a function and its

Fourier transform be simultaneously very small at infinity?
(Wiener, 1942.)

Let x(t) be a regular time-series. Interpret its Wold decomposi-
tion as a filter with input 6 (), transfer function B (v), and out-
put x(£). 1f we call log| B(v)| the attenuation of the filter, then
condition (3) of Theorem 7.78 is a condition on the attenuation,
and is called the Paley—Wiener criterion. Show that the filter
cannot have infinite attenuation in any finite frequency band.

7.22 Let equation (7.60) represent a filter. Show that if any 4,#0

7.23

for <0, then its output x(z) at time ¢ is affected by a future
(i.e. subsequent to time t) input 8(¢—r), which is physically
impossible. Show that this difficulty may be overcome by intro-
ducing a sufficiently large time delay into the network; i.e. if
b_,, where m is positive is the first non-vanishing coefficient,
then equation (7.60) can be computed at the delayed time ¢+m,
but no sooner. What application does this have to numerical
smoothing methods ?

If the Yule process
€(t) = S a,x(—s)
0

is white noise, then x(t) is called an autoregressive process of
order n. In particular, an autoregressive process of order 1 is a
Markov process. For an autoregressive process, find the auto-
covariance, spectral distribution function, optimum linear pre-
dictor, and mean-square prediction error, in terms of the
constant coefficients ay, ay, ..., 4,. Is an autoregressive process
regular ? What stability restriction must be made on the constant
coefficients of an autoregressive process ! (Wold, 1938.)

7.24 Let x(t) have the Wold decomposition x () = y (£)+2(t) where

¥(t) is singular with spectrum S, the single point » =0, and
where z(f) is a Markov time-series with @, = 1,|a;|<1. By
use of Gibbs’ ergodic theorem, show that, as n— 00, the Yule
process

1+

@y () + 2 [ (B)+x(t— 1)+ (a1 = £(E+1)

(Hint: Since 1 is an eigenvalue of U, we have the characteristic
equation y(2+1) = y(t) U = 1.y (#), so y(t) is a constant.)
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7.25 Let x(t) have the Wold decomposition x(t) = y(¢) + 2 (t) where
S, has a finite number of points and z(t) is an autoregressive
process of order n. Find the Yule process in X(#) that con-
verges (=) to £(¢+1); to £(¢+ o).

7.26 Find the counterparts of equations (7.88) and (7.89) if x(¢) is
non-singular.

7.27 If A,(v) and A,(v) are the transfer functions of two Yule pro-
cesses, describe the process with transfer function 4, (v) 4, (v).

Extend your results to processes that are limits (=) of Yule
processes as 7 —> 0.

7.28 Show that the transfer function (7.85) for the optimum pre-
dictor (veS,) is

1 3 —2miv8 . B 2rio (8+a) o,

B (V)a=oe f-—o-s (U)C 7

Show that this transfer function has minimum phase charac-
teristic in the sense of Bode. (Bode and Shannon, 1950.)

7.29 Show that the transfer function (7.89) for the optimum (message
from message plus noise) filter is

1 2 isf” Frn (9)+ Fpn (9) anio 04
—27miv: Tio d
B0)SS s B(=o) °© o

Show that this transfer function has minimum phase character-
istic in the sense of Bode.

7.30 Corresponding to equation (7.86) find the filtering error
m(t+o)—M(t+a). Divide the mean-square filtering error into
two components, one depending on « and the other not depend-
ing on « (Wiener, 1943).

7.31 Let x(t), —oo<t<oo, be a stationary stochastic process for
which the time ¢ is continuous. The continuity condition
| % (£) — x(0)]| >0 as £ 0 is imposed. Because of this continuity
condition, the closed linear manifold generated by x(s), r <s<¢
is the closed linear manifold generated by x(s,), % (s,), ... where
§15 5, -+ is any sequence everywhere dense in the interval r <s< 2.
Hence the time-domain of x(f) is a Hilbert space, and the
prediction and filtering theory of stationary time-series with
continuous time ¢ reduces to that of stationary time-series with
discrete time ¢ (Wiener, 1942; Doob, 1953). In practice this
means that any physical time-series (in which time is continuous)
may be transformed into a discrete sequence (i.e. a time-series
with integer times) without losing essential information, pro-
vided we make the time-spacing fine enough. Discuss applica-
tions to high-speed digital computers.
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Relate Exercise 7.31 to Shannon’s sampling theorem (Shannon,
1949). Discuss the roéle of stochastic processes in Shannon’s
information theory (Shannon, 1948; McMillan, 1953 ; Khintchine,
1957).

¢ 0]
Let x () = X ¢, 0(t—s) be a real time-series where
[}

8

%}cg <o, ¢,>0

o0
and 0(f) is white noise. Assume that ¥ ¢, ¢ has zeros for

0
| €| <1. Show that x(¢) is regular, and hence has a Wold decom-
position, with coefficients b, by,.... Show that by>c¢, (Doob,
1953). Give applications to wavelet theory (Robinson, 1957).

Show that the Yule process €(t) is equal to x(f)4 where the
linear operator A4 is ﬁ a, U2

0
Let x(f) be a regular time-series. Use F,, (v) = |B(¥)[? to show

that the elements e*™|B (v), —co<t<o0, form an orthonormal
set in L2(F,,).

Expand upon the following. The elements e*™*, —oo<t<o00,
form an orthonormal set in function space L2(0-5+v») with

[ee]
Lebesgue measure dv. Let Y b,€% be a power series that is
(1}
analytic for |£|<1 and has no zeros for |£|<1. Substituting
[oo]
¢ = re~*% (where 7 < 1), the power series becomes Y b,7 e=27s,
0
Since the €2 are orthonormal, we have
0:6 /o0 . .
J‘ (Z bs r e—27rws) el gy, — bt r
—05\'0

Since b7 — b, as r— 1 for each t, we have
© 3 o] .
Y bre? ¥ b e~ = B(v)
0 0

That is, the power series has the limiting value B(v) on the
unit circle.

Expand upon the following. The elements e*™, —oo<?< o0,

" do not form an orthonormal set in L2(F,,) (see Exercise 7.35).

o0
Let Y a,¢ be a power series that is analytic for |£|<1 and
0

has no zeros for |£|<1. The power series may be written
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7.38

7.39

7.40

o]
3 a,re~28 (where r < 1). Since the e*® are not orthonormal,
0

we have
05 /o0 X i
f (Z a,r e-2mvs) e2mivt dFm (V) #ayr
—0-5\ 0

Hence the limiting value of the power series in general cannot

@
and should not be written 3 a,e—27%5,
0

Let x(¢) be a regular time-series with Wold coefficients by, by, ... .
[oo]

Then the power series Y b, €8 has no zeros or singularities for
0

[o o]
|é]<1. Hence the function 1/3 b,£¢* has no zeros or singu-
larities for |£|<1, and therefore can be expanded in a power

series %as ¢ for |£]<1. Show that the a, and b, are related by
0
n
agby=1; Xa, b,=0, n=12,73,...
0

Let x(¢) be a regular time-series with Wold coefficients by, by, ... .
Using the Exercise 7.37, show that the next sentence is not
generally correct, and hence the conclusion in the following

o0
sentence is not valid. The power series 3 a, &% of Exercise 7.38
0

[e 2]

has the limiting value Y a,e~2"** on the unit circle. Since
0

x () «>e*™ in the isomorphism between X and L2(F,,), we

o0 [o0]
conclude that Y a,x(—s)<> Y a,e~™s, and so x(f) has the
0 0
2]
infinite autoregressive representation 0 (t) = Y a,x (t—s).
0

Let x (¢) be a regular time-series with Wold coefficients b, by, ... .
From the Wold coefficients, define the coefficients ay, 4y, ... by
means of the equations at the end of Exercise 7.38. Show that
the following argument is not valid. We have

x(t) = %(£)+0x (t— 1)+ 0x (£—2) +...

©

= 2 (% an—sbs)x(t“n) = § b3 g a,.x(t—s—r)
0\s=0 8=0 r=0

which comparing with the Wold decomposition (7.75), we see
that

ORI O
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so x(t) has an infinite autoregressive representation. (Hint: In
X the 0(f) are orthonormal elements. If Xb,0(s) = Zc, 0(s),
then we have ((Zb,0(s),0(2))) = ((Zc,0(s), 8(2))), which is
b, = ¢, But the x(t) are not orthonormal elements in X.)

For finite sections of time-series, Bartlett (1946, 1950), Daniell
(1946, in Discussion, pp. 85-97, }. Roy. Statist. Soc., B, 8),
Kendall (1946), Tukey (1949), and Tukey and Hamming (1949)
obtained results on the effects of sampling and the choice of com-
putational procedure on the behaviour of the estimated spectral
power. Discuss estimates of spectral power, and their applicability
to physical time-series. Include more recent developments
(Bartlett, 1955; Grenander and Rosenblatt, 1957; Blackman and
Tukey, 1958; and references given in these works).

7.42 The applicability of time-series methods to physical problems

depends chiefly upon having adequate statistical estimation and
testing procedures. Study the contributions to this field
(Bartlett, 1946, 1955; Champernowne, 1948; Grenander, 1950;
Kendall, 1945, 1946; Kendall, 1955—see under Kendall and
Stuart ; Quenouille, 1947, 1957; Whittle, 1951, 1953, 1954;
Wold, 1953; and references given in these works).
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