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PREFACE

AvtHOUGH Lebesgue integration is now well established as an indis-
pensable part of the theory of functions, its treatment in English
text-books remains unsatisfactory and apparently uninfluenced by
the simplifications due to the work of C. Carathéodory. The account
of the Lebesgue integral which is developed in this book follows the
lines of C. Carathéodory’s Vorlesungen iiber reelle Funktionen, being
based on the geometric approach which identifies the problem of
integration with that of measuring sets of points, An important
advantage of this method is that it makes the discussion of integrals of
functions of several variables no more difficult than that for functions
of asingle variable. The chapter on Riemann integration has two main
aims: to establish conditions in which the Riemann integral exists,
and to discuss its relation to standard problems such as the integra-
tion of derivatives and the integration of limit functions in general.
For many purposes of analysis the Cauchy-Riemann integral is quite
sufficient; but to appreciate the circumstances in which it is not
sufficient is to understand more clearly the peculiar achievement of
the Lebesgue integral. The geometric aspect of Riemann integration
is discussed in the last section of Chapter II (appeals to geometric
tntuition have been carefully avoided in all the proofs), and the few
theorems on Jordan content which are given there will enable the
reader to compare Riemann and Lebesgue integrals from the
measure-theory point of view; many of the characteristic differences
between the two integrals are best understood by this comparison.
In Chapter IX we consider some extensions of the Lebesgue integral,
these being restricted to the single line of development from the
Cauchy-Lebesgue to the general Denjoy integral. The account given
of the Denjoy integral is derived from a recent paper of P. Roman-
ovski in which the usual rather complicated treatment of the integral
is replaced by something altogether simpler, and the need for trans-
finite numbers is at the same time avoided. The Perron integral,
which is a development of integration theory regarded as the inverse
to differentiation, is not discussed at all, and the reader may be
referred to S. Saks’s Théorie de I intégrale for a thorough treatment of
this as well as of other modern problems of integration. Chapter X,
on Fourier series, has been included largely in order to illustrate the
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application of Lebesgue theory to a branch of analysis where it has
proved to be of the greatest importance; the reader who is interested
in a systematic study of the subject may regard this chapter as an
introduction to A. Zygmund’s 7'rigonometrical Series.

The book is intended primarily for students who have covered
the ground of G. H. Hardy’s Pure Mathematics, and no other special
knowledge is assumed. The text has been written so as to be of
service to readers who are not following courses of lectures on the
subject, and it is hoped that the numerous cross-references in the
proofs will be of special assistance to such readers.

In addition to the works of G. H. Hardy, C. Carathéodory, and
S. Saks already mentioned, the volumes of Fundamenta Mathematicae
have been an invaluable source of information and of simplification:
in particular, the contributions of S. Banach, S. Saks, and W.
Sierpinski.

. Finally I must express the greatest debt of all to my teacher and
colleague Dr. T. Estermann. My own labours in the production of
this book have been a continuation of his original plan to present a
concise and accurate introduction to the theory of Lebesgue integra-
tion based on post-graduate lectures which he had given at University
College, London. The notes of these lectures, which Dr. Estermann
has so generously placed at my disposal, have been incorporated in
this book and form its essential nucleus. More than this, Dr. Ester-
mann has read the manuscript of the book, criticized it, and colla-
borated with me at every stage for its improvement. For his un-
stinted personal assistance and for his constant encouragement I
wish here to thank him and to express my indebtedness. I am also
grateful to Professor E. C. Titchmarsh for reading the manuscript

and for his suggestions. T .
H. K.

UNIVERSITY COLLEGE, LONDON
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SETS OF POINTS

§ 1. Real numbers

THE real numbers, as defined in Hardy, Chapter I, have the property
that, if  is any real number, then there are others, say y and z, such
that y < x < 2. We shall call such numbers finite real numbers to
distinguish them from the numbers co and —co which we now
introduce; the term ‘real number’ will then be used in an extended
sense so that it may also denote oo or —o0. The introduction of these
symbols as real numbers, and the conventions which are chosen to
govern their relations with other real numbers, are justified largely
on the grounds of expediency. There are certain propositions, for
example

(A) a,, tends to infinity as n tends to infinity,
and
(B) > b, diverges to plus infinity,

r=1

which continually occur in the analysis of finite real numbers and
whose meaning may be made precise in terms of such numbers;
thus (A) means that to every integer s there is a positive integer
r(s) such that a, > s whenever n > r(s), while (B) means that, if

n
8, = 3 b,, then S, tends to infinity as n tends to infinity. It is
r=1

convenient to replace (A) by the equation
(A') lim a, = oo,
n—>x0

and (B) by the equation
(B) 21 b, = o0;
<

for, in addition to the economy of the notation, this convention
permits considerable formal simplification when enunciating general
theorems. Thus, when (A’) and (B’) are admitted, we may say that
every increasing sequence of finite real numbers tends to a limit, and
that every infinite series of positive terms has a sum. Similar and
obvious definitions will give the meaning of

lima, = —0 and 3 b = —co.

n—»w r=1

It is also convenient to say that the upper bound of an aggregate of
4374 B



2 SETS OF POINTS

real numbers unbounded above is co, and that the lower bound of an
aggregate of real numbers unbounded below is —oo. The conventions
defining the use of oo and —co in combination with real numbers by
the symbols N
are as follows:

If a is any finite real number, then

—00 << a4 << 0, 0 >a > —w,
a+w:w+a:a_(_w)=®_a:w’
a—oo = a+(—-oo) = _w_*_a = —0—@ = —00,

@_,
e’

© - oxa=axw=/{ P ff a>0

@ —oo if a < 0;

further,
00 X0 == (——00) X (—00) == 0 +00 = 00— (—00) == 0,

The following combinations remain meaningless, and are thercfore
not admissible:
0-+(—w), —oo-+o0, w—00, (—ow)—(—o), 0Xoo, o X0,
@ o —w o -0 0 —00
000" 0’ w o’ —w —own
We could of course assign meanings to these symbols, but, for the

. . 0 .
general purposes of analysis, no convenience would result; thus — is
0.0

declared meaningless, because statements about finite real numbers

which such a combination might reasonably be expected to represent

may have several meanings; for example, each of the functions
2n/n, n/n?, n?n

tends to a different limit as »n tends to infinity, and hence no economy

would result from expressing their limits by the symbol g

Use of ¢, 6, z, and y: Whenever ¢, 8, , or y (with or without a suffix)
18 used to denole a real mumber, the following convention is to be

observed: x and y stand for finite numbers;

e and & stand for positive finite numbers.
§ 2. Sets of points

This chapter is mainly concerned with some of the definitions and
elementary theorems of the theory of aggregates: more particularly
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with the theory of sets of points in so far as it is needed for a study
of the Lebesgue integral. To present the foundations of the theory
of aggregates in a rigorous manner is beyond the scope of this book;
the reader who is interested in the basic concepts of this theory is
referred to Einlettung in die Mengenlehre by A. Fraenkel, where the
difficulties of this branch of mathematics and the controversies to
which they have given rise are discussed in detail. The difficulties
which appear when the concept of ‘set’ is examined critically belong
properly to the study of the foundations of mathematics, and, for
the purpose of this book, the reader need not probe them too deeply.
(See also § 5 of this chapter.)

Roughly speaking, an aggregate « consists of certain objects, and
corresponds to our ordinary notion of a collection; « is defined when
we have indicated, by some formula, or by some distinguishing pro-
perty, which objects are included in « and which are not. Thus, we
speak of the aggregate of all even integers, or of the aggregate of all
rational numbers, or of the aggregate of the pairs of real numbers
(@,y) which satisfy a?-fy? = 1.

Definition 1. If « is an aggregate and P is a member, or element,
of o, we say P belongs to o, and write P € «; if P is an object which is
not an element of «, we write P € «.

There is a point of distinction between the ordinary use of the word
‘collection’ and our use of the word ‘aggregate’ which the reader
should note carefully: we might say, for example, that the letters
which spell the word ‘noon’ form a collection which has four members,
namely the letters » and o each taken twice; however, the aggregate
of the letters in the word ‘noon’ has just two members, the letters
n and o. Thus ‘multiplicity’ is not a character of the elements of an
aggregate: for our purpose we need only know of any given object
whether it belongs to the aggregate in question, or not.

Definition 2. An n-dimensional point is given by = finite real
numbers z,, Z,,..., &, (its coordinates), and is denoted by (z,, z,,...,2,).
The integer n being fixed, the aggregate of all n-dimensional points is
called the n-dimensional space and is denoted by R,. A point is
called rational if all its coordinates are rational; the point with all its
coordinates zero is called the origin. If P is the point (x,, z,,...,%,_,),
then (P, x,) denotes the point (x,, x,,..., ;).

Definition 3. We shall often use the symbol ‘&’ to combine
propositions as an abbreviation for the word ‘and’: thus if 4 and B
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are propositions, then to assert A & B is to assert both 4 and B,
while to deny A & B is to deny either 4, or B, or both.

‘A implies B’ means ‘If 4 is true, then so is'B’; for example, the
proposition ‘

‘?+y? < 1& y >0 implies f(x,y) > 0
means that, if 2*+y? < 1 and y > 0, then f(x,y) > 0. It will be
noticed that the symbol ‘&’ binds propositions more closely than
does ‘implies’.

Definition 4. An aggregate whose members are points of R, is
called a set of points in R,, and may consist of all, or some, or none
of the points of R,. In the last case, the set is said to be empty, and
is denoted by 0 (confusion of this symbol 0 with the number 0 will
be excluded by the context). Similarly any aggregate which has no
members, for example the aggregate of the integers n satisfying
n? = 2, is said to be empty. The set of all the points of R, which
satisfy a given condition C' is denoted by

& (P; P satisfies C),
the integer » being implied in the context. Thus
#((x,9); y > 0)
denotes the set of all points (x,y) for which y > 0, and similarly,
#((P,y); y > 0), where P denotes a typical point of R,, denotes the
set of all points (2,,2,,..., 2, ;) for which 2, ., > 0.

Unless otherwise stated, the word ‘set’ will be used to denote a
set of points in R, for some positive integer n. Sets in R; are called
linear sets, and sets in R, are called plane sets. It is convenient, in
practice, to denote the point (x) of R, by the real number «; on the
other hand, an aggregate of finite real numbers is often identitied
with the linear set of points having those numbers for coordinates.
It is also convenient to represent the points of R, by the geometrical
points of a straight line, and those of R, by the geometrical points
of a plane. To represent the points of R,, a directed straight line is
chosen, one of its points is taken for origin, and then, a unit of
measurement having been chosen, we assign to the point x of R,
the geometrical point of the line whose ‘algebraic distance’ from the
origin is . Similarly, to represent the points of R,, a plane is chosen
and in it a set of rectangular Cartesian axes; the point (z,,x,) of R,
is then represented by the geometrical point of the plane whose
coordinates are (r,,z,) in the usual notation of analytical geometry.
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This physical representation is very useful; it often happens, especially
with general theorems on sets in R,, that the idea behind a proof is
simple and is easily grasped by the imagination in terms of visual
images, whereas to express it accurately requires 8o many symbols
as to end by obscuring itself; in such cases, the language of analytical
geometry may be best suited to suggest economies in the form of
proof. Naturally, suggestions from these sources must be tested to
ensure that they can be transformed into logical statements derivable
from the system of axioms proper to the subject. The reader should
note that sets which can be represented by the same set of geometrical
points are not necessarily identical; for example, o#((x,, z,); &, = 0)is
not identical with R,, although both sets may be represented on the
x-axis in a Cartesian plane.

Definition 5. If e, < b,, a, < b,,..., @, < b,, and the numbers
ay, by,..., a,, b, are all finite, the set of all those points (x, xy,...,2,)

ns
for which a, <z, <b, (r=12,..,n)

is called an interval, and the set of those for which
L, <Lb, (r=12,.,n)
is called a closed interval. (The term ‘closed’ is later used in a more
precise sense (def. 21), but there is no inconsistency (th. 21).) The
point
P al—l_bl a‘2+b2 a’n,_*_bn

2 72 T2

is said to be the centre of both the interval and the closed interval.
The interval is said to be rational if all the numbers a,, by,..., @,, b,
are rational. If n > 2 and

@,

b,—a, =by—a,=..=b,—a, =o,
the interval is said to be a cube of side 0. If @ and b are real numbers
and @ < b, then “
(a,b) denotes the linear set o (x; a < x < b);
if @ and b are both finite and a < b, then clearly («,b) is an interval,
and in this case ,
[@,b] denotes the closed interval o/ (x; a < x < b);

a and b are called the end-points of (a,b) and of [a,b].

The reader will easily see that intervals in R, are represented by
segments of a straight line, and those in R, by rectangles whose sides
are parallel to the axes of coordinates.
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Definition 6. If « and B are aggregates and
Peoa implies Pef,
we say that « is a sub-aggregate of B, or o is contained in B, (x C B),
or 8 contains «, (B0 a). If ac B & B ca, wand B are said to be equal
(« = B); otherwise the aggregates are unequal (x 5 ). When the
aggregates are sets, the sub-aggregates are called subsets; clearly, for
every set S,0c S& ScS.

Definition 7. The aggregate of the elements common to two
aggregates o and B is denoted by of; if of = 0, « and B are said to be
mutually exclusive. If A and B are sets in the same space, 4 B denotes
the set of all the points common to 4 and B: in symbols,

AB = of(P; Pc A & Pe B);
A B is called the intersection of A and B. If & is a positive integer and
A,, Ao,..., A} are sets in the same space, we write

K
A, 4,...4,, or H 4,, fortheset #(P; Pc 4, (r=1,2,.,k)).

Again, if to every positive integer » there is a set 4, in Rn, the inter-
section of the sets A4, is defined as

APy Ped, (r=1,2,..), denoted by [ 4, or by A, A,....
r=1
More generally, if « is an aggregate of sets of points in R, the set of
the points common to all the members of « is called the intersection
of the members of «.
Examples.

() If 4, = 0}”((xl,xq) 0 < 2242l < ) then T 4, = 0.
=izt

(ii) If A, = o#((xy,2,); 0 << af+a} < r), then J] A4, consists of
r=1
the ‘circle’ a3} = 1 together with its interior, i.e.
o ((arg, @p); 0 < afaf < 1).

Definition 8. If £ is a positive integer and 8, S,,..., S are sets
in the same space, their union is defined as the set of all points which
belong to at least one of the sets 8, S,,..., S, and is denoted by

. . . k
S +8,+4...4+8, orby >*8;
1

re
if and only if the sets are mutually exclusive, their union may be
called their sum, which may then be denoted by

K
S+8+...+8 orby 3 8.
r=1
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Again, if to every positive integer » there is a set S, in R,, the union
of the sets S, is defined as the set of all the points P which satisfy
the relation P e 8, for at least one positive integer 7;
the union is denoted by

8,+8;4-... or by i* S,;

if and only if the sets S, are mutually exclusive, their union may be
called their sum, denoted by

S;+8,+... or by zlS,.
P =

Similar conventions define the meanings of
k. k 0 n
S*a,, Yo, d*a, and Y a,
r=1 r=1 r=1 r=1

when the «. are aggregates which are not sets of points. Also, if
a is an aggregate of aggregates, then the union of the members of «
is defined as the aggregate of all objects which belong to at least one
of the members of «; as before, the term ‘sum’ may replace ‘union’
if and only if the aggregates are mutually exclusive.

Examples.

(i) If « consists of the numbers 1, 2, 3, 4, and B consists of the
numbers 3, 4, 5, 6, then «--8 consists of the numbers 1, 2, 3,
4, 5, 6; thus, to form a-}-8 we add to B only those elements of
« which are not already in .

(ii) If «, is the aggregate of all the positive rational numbers Znﬁ
(where m and n are integers having no common divisor) such
that m-+n = r, then i «, is the aggregate of all positive
rational numbers. "

(iii) If 8. = #((@y, x,); r—1 < xi+a} < r), then E* S, = R,; note

r=1

that Z 8, is not defined.

r==

(iv) If S, = F(x; r—1 < |x| < r), then z S, = R,.

Definition 9. If Bca, the dzﬁerence a—pf is defined as the
aggregate of those elements of « which do not belong to 8. Thus if
A and B are sets and 4 > B, then

A—B=of(P;Pcd& PEB).
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If Ac R,, then
R, — A is called the complement of A, and is denoted by 4.
Theorem 1 summarizes a number of formulae which are constantly
being used to manipulate equations relating sets in the same space;

they are immediate consequences of the definitions, and their proof
is left to the reader.

Theorem 1.
(i) If A = B, then A = B;
(i) A—AB = AB; G -

(iii) A+B =A+ BA4;
(iv) if C c B, then A(B—C) = AB—AC;
(v) 4 z* B, = z* AB,; A z* B, = z* AB,;

(vi) if4 = ]_[ B, then A Ek: B,;if A = H B,, then

r=1 T

»“-'mx
HMa
- *

Ny}

I
—s
‘wl

(vil) if 4 = $* B, then A — T B,; if A — $* B,, then
r=1 r=1 r=1
(In (v), (vi), and (vii), & denotes a positive integer.)

§3. Equivalence of Aggregates

Given two collections of physical objects, we can always find out
whether they have an equal number of members; broadly speaking,
there are two methods: the usual one of counting, and the more
primitive one of pairing off the members of the two collections with
a view to exhausting them simultaneously. For example, to discover
whether there are as many persons as chairs in a room, we may count
the number of persons and then the number of chairs; alternatively,
we may invite the persons to sit down, one in a chair; if no person
is left standing and no chair is left empty, we conclude that there
are as many persons as chairs. Thus, to deduce the equality, we
need not know how many members there are in each collection: in
fact the conclusion does not depend on counting. The same two
methods are, of course, available for the comparison of any two
.aggregates of mathematical objects which are finite in number, but
what is their application to aggregates which are not finite? Will
they enable us to compare the aggregate of all positive integers with
the aggregate of all rational numbers, or with the aggregate of all
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real numbers? The theorems which follow will make it clear that
merely to characterize all such aggregates as ‘infinite’ is to overlook
essential distinctions among them. Now counting, as we ordinarily
know it, is clearly not applicable to ‘infinite’ aggregates, and so we
turn to the notion of pairing, or, more technically, to the notion of
one-one correspondence. This idea, as we shall see, not only enables
the problem of the comparison of aggregates to be clearly formulated,
but also suggests simple arguments which reveal important differ-
ences among infinite aggregates.

Definition 10. Two aggregates « and 8 are said to be equivalent
(e ~ B) if a one-one correspondence between their members is
possible; more precisely, if there exists a function F(x), deﬁned for
every element z of 8, such that

(i) if b € B, then F(b) € o,
and

(ii) if @ € «, then there is one and only one member b of 8, such
that F(b) = a.
(The term ‘function’ is here used in a generalized sense, in which
neither the independent nor the dependent variable need be a
number.)
For example, if B8 is the interval (0, 1) and « the interval (0, 2), the
function F(x) = 2z effects a correspondence which shows that « ~ 8.

We first classify aggregates according to their relation to the aggre-
gate of all positive integers.

Definition 11. If m is a non-negative integer, the aggregate of all
positive integers not exceeding m is said to be a section of the positive
integers.

Definition 12. An aggregate is called finite if it is equivalent to
a section of the positive integers; otherwise it is called ¢nfinite.

Definition 13. An aggregate which is equivalent to the aggregate
of all positive integers is said to be enumerable; more precisely, ‘« is
enumerable’ means that there exists a function F(n), defined for
every positive integer n, such that

(i) if » is a positive integer, then F'(n) € «, .
and ¢
(ii) if @ € o, then there is just one positive integer m, such that*
F(n) = a.

4374 c
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For example, the aggregate of all even positive integers is enumerable
(F(n) = 2n); the aggregate of all odd positive integers is enumerable
(F(n) = 2n—1). There are, however, infinite aggregates which are
not enumerable; in particular, the set of the points of a closed interval
is non-enumerable (ths. 21 and 37.1).

Definition 14. If a, is defined, not necessarily as a number, for
every positive integer n,'we speak of the sequence a,, a,,... and denote
it by {a,}. The objects a, are not necessarily different for different
values of n, but it is essential in our definition that @, should be
defined for every positive integer n. For example, if a, = (—1)",
the aggregate of all the terms of the sequence {a,} consists of two
members, viz. 1 and —1. If m,, m,,... is an increasing sequence of
positive integers, then

@y s @, ... 18 said to be a sub-sequence of {a,}.

m,?
In ths. 2 and 6 we state two of the most important properties of

enumerable aggregates.

RIE

» Theorem 2. Any sub-aggregate of an enumerable aggregate is finite
or enumerable.

Proof. If « is an enumerable aggregate and B c o, then « is equi-
valent to the aggregate of all positive integers, and B is therefore
equivalent to an aggregate of positive integers. Hence it is sufficient
to prove that any infinite aggregate of positive integers is enumerable.
Let y be such an aggregate, and define f(n) for every member » of
y as the number of members of y which do not exceed n. If n, and n,
belong to y and n, << n,, then clearly
(1) 0 < f(ng)—f(ny) = o(ny, ny),
where o(n,, n,) is the number of members n of y such that n, < n < n,.
So, to prove that y is enumerable, we have only to show that, as »
runs through y, f(n) runs through all positive integers. Suppose, if
possible, that m is the least positive integer not assumed'by f(n).:
If v is the least member of y, then f(v) = 1; hence
' m > 1, and m—1 = f(n,) say;
since y is infinite, it will have members which exceed #, : let n, be the
least of these; then

n<mn, & ony,ny) =1,

f(nz) = 0‘(7&1, n2)+f(n1) = m,

and so, by (1),
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which contradicts the definition of m. Hence f(n) runs through all
positive integers, and this completes the proof.

Theorem 3. If « i3 an enumerable aggregate and B is equivalent
to a sub-aggregate of o, then B i3 finite or enumerable.

Proof. By th. 2 and def. 13.

Theorem 4. Let o be the aggregate of all the terms of a sequence
{a,}; then o is enumerable or finite.

Proof. Assign to each member P of « the least integer n for which
a, = P; then « is equivalent to the aggregate 8 consisting of the
integers assigned to members of «. By th. 2, Bis finite or enumerable,
and so, by th. 3, « is finite or enumerable.

Theorem 5. The aggreéale m of all pairs of positive integers is
enumerable.

Proof. (The idea of the proof is to represent the members of = as
the terms of a sequence. The first step is to express = as a sum of
finite aggregates: let w, consist of (1, 1) alone, m; of (1,2) and (2,1),
m, of (1,3), (2,2), (3, 1), and, more generally, let 7, be the aggregate
of the members (m,r) of = for which m-r = n, arranged so that
(m,r) is the mth member of =,,,,. If the sub-aggregates =, are then
arranged so that all the members of =, precede all those of =, ,,, an
arrangement of all the members of 7 is thereby effected so that they
form a sequence of which (m,7) is the

{m+ mi'Er—-l(s——l)}th, i.e. the {}(m—+r—2)(m-+r—1)+m}th

term. This suggests a precise function with which to show that = is
equivalent to the aggregate of all positive integers.)

Let
(1) Fim,r) = {(m+r—2)(m+r—1)+m.
Clearly
" if (m,r) € m, then F(m,r) is a positive integer.
Now let = be any chosen positive integer; we have to show that
there is just one member (m,r) of = such that
(2) n = }m+r—1)(m-+r—2)+m.
If m and r are positive integers satisfying (2), then
im+r—1)(m+4+r—2) < n < (m+r—1)(m+r—2)+m+r—1
= Y(m+r—1)(m+r),
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which means that m--r is the unique integer p such that
Ho—)—-2) <n<ip(p-1) & p=>2
hence, if we put
m = n—§p—1)(p—2) & r=p—m,
it follows that m and r are positive integers and are unique in satisfy-
ing (2). T
Theorem 6. Let « be a finite or an enumerable aggregate whose

members are themselves finite or enumerable aggregates; then the union
of the members of o 18 finite or enumerable.

Proof. The idea of the proof is to set up a 1-1 correspondence
between the union in question and a certain aggregate of pairs of
positive integers.

The members of « may be denoted by «,, where 7 runs through all
positive integers or through a section; put B, = «,, and for each of
the remaining aggregates o, let

r—1
Br = 0Oy Z* Oge
8=1

Then v, the union of the members of «, is the sum of the aggregates
B,; hence, if P is any chosen member of y, there is a unique positive
integer r for which P € B8,. Now, by th. 2, 8, is finite or enumerable,
and so there is a 1-1 correspondence, say I}, between the members
of B. and a certain aggregate of positive integers; suppose m is the
positive integer assigned to P by I, and let us now assign to the
member P of y the pair of positive integers (m,r). Since to different
members of y are assigned different pairs of positive integers, this
effects a 1-1 correspondence between the members of y and a certain
aggregate of pairs of positive integers; hence, by ths. 5 and 3, y is
finite or enumerable.

Theorem 7. The aggregate of all rational numbers is enumerable.

Proof. Let o, be the aggregate of all positive, a, that of all negative
rational numbers, and let «, consist of the number 0 alone. Since
every member of «, can be expressed in one and only one way in the
form r/m, where r and m are positive integers prime to one another,
«, is equivalent to the aggregate of all pairs of positive integers (m, r)
for which m and r are prime to each other. Hence, by ths. 5 and 3,
o, is enumerable, as it is obviously not finite. Similarly «, is enumer-
able, and oy is finite. Hence, by th. 6, a;+ay+ oy is enumerable.
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Theorem 8. The set of all the rational points of R, i8 enumerable.

Proof. The case n = 1 is equivalent to th. 7; hence, by the prin-
ciple of induction, it is sufficient to prove the theorem for every
n greater than 1 for which the set of the rational points of R, _, is
enumerable. Now, in this case, there is a 1-1 correspondence between
the rational points P of R,,_, and the positive integers m; also, by th. 7,
there is a 1-1 correspondence between the rational numbers x, and
the positive integers . Hence there is a 1-1 correspondence between
the pairs (P,z,) and the pairs (m,r), and so (ths. 5 and 3) the
aggregate of the pairs (P, z,) is enumerable, which gives the required
result by def. 2.

Theorem 9. Fvery aggregate of rational points of R, is finile or
enumerable.
Proof. By ths. 8 and 2.

Theorem 10. 7The aggregate of all rational intervals in R, s
enumerable.

Proof. The correspondence between the interval given by
a, <z, <b (r=12,.,n)
and the point (@y, by, g, bs,s...,a,,0,) of Ry,
shows that the aggregate in question is equivalent to a set of rational

points of RE,,, and hence (ths. 9 and 3) it is enumerable since it is
obviously not finite.

Theorem 11. Let o be an aggregate of mutually exclusive intervals
in R, ; then o is finite or enumerable.

Proof. By th. 8 there is a sequence P, P,,... consisting of all the
rational points of R,. Assign to every member U of « the least
integer m for which P, € U. Since the members of o are mutually
exclusive intervals, this defines a 1-1 correspondence between « and
an aggregate of positive integers, and hence (th 3) « is finite or
enumerable.

§ 4. Metrical Properties of R,

We now consider what may be called the metrical .properties of
the space R,,.

Definition 15. If P and @ are the points
(), Ta5evs ), (%1, Y2>-2 Ya)»
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the distance between P and @, denoted by dist(P, @), is defined as

3 2
,‘/{rgl(xr_yr) }'
The next theorem is the analogue, in R, of the well-known theorem
of plane geometry that two sides of a triangle are together greater

than the third.
Theorem 12. Let A, B, C, be any points of R, ; then
dist(A4, B)+dist(B, C) > dist(4, C).
Proof. Let (a,,@,,...,2,), (b,bs,...,,), (¢, Cs...,€,) be the points
A, B, C respectively; if we put
¢ = b,—a, and 1, =c,—b,,

we have to show

(1) J(E8)+/(Z7) = /[T €+
where 7 runs from 1 to n.
Now

W(Ea)+/E ) =sa+Inte/(Sazm);
hence, if s runs from 1 to n, we may replace
28200 by Z&m
and obtain
@ {[J(Z&)+/(Zn)) =S Ernrr2(J(San)- S}

Now

212 f;). ")E = 1_25 (& 1’8+§3 "72) = 2 (& nsﬁgsnr)z"'QTzs § "7r§s Ns
= Z (¢ ")s_fs 77r)2+2{ Z ¢ 7”}2;

henco J(587) > S,
which, by (2), gives (1).

Definition 16. If Qe R, and p is any finite positive number,
the set #(P; dist(P, Q) < p)

is called the sphere about @ of radius p, and @ is called the centre
of the sphere.
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A set is said to be bounded if there is a sphere which contains it,
and a sequence of points of R, is said to be bounded if the set of its
points is bounded.

Theorem 13. Let P be a point of R,; then

(i) every sphere about P conlains a rational interval including P;

(i) every sphere about P contains a closed interval centre P (a cube
centre P if n > 2);

(iii) every tnterval sncluding P contains a sphere about P;
(iv) every sphere including P contains a sphere about P.

Proof. Suppose P = (&, &,,...,£,) and let U denote a sphere about
P of radius p. To every integer r from 1 to n choose numbers a, and
b,, such that

a, and b, are rational & 5,,—7'% <a,<§é<b < §,+%,

and let I be the rational interval given by
a, <z <b, (r=1,2,...,m);
then @el implies dist(P, Q) < p,

and hence I c U, proving (i).
Similarly, the closed interval (a cube if n > 2) given by

— P <a< P =1,2,..
gr 2\/n\xr\fr+2\/n (r y~y ’n)
is contained in U and has its centre at P. To prove (iii), let / be any
interval including P and suppose I is given by
a, <z <b, (r=1,2,...,n).
Let p be the least of the 2n numbers
fl—a_l’ §2‘—a27“" fn—an, b]."'gl’ b2~—fz,..., bn_fnr .

which are all positive, and let U be the sphere about P of radius p.
Let @ be any point of U; if @ = (z,,x,,...,z,), then

S (@,—£,)? < p?, which implies |r,—&,| <p (r=1,2,..,n).

r=1
Hence, by the definition of p, it follows that
z,>a & x,.<b (r=12,..,n),

which means that @ € I; hence U c I, proving (iii). Finally, to prove
(iv), let 4 be the centre of a sphere U of radius p which includes P.
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By th. 12, if @ is any point such that
' dist(Q, P) < p—dist(P, 4),
then dist(Q, 4) < dist(Q, P)+dist(P, 4) < p,
which means that @ e U; hence the sphere about P of radius
{p—dist(P, A)} is contained in U.

Definition 17. The point P is said to be interior to the set S if
there is a sphere about P every point of which belongs to S. The
set of all the points interior to S is called the interior of S and is
denoted by Se°.

Definition 18. If all the points of a set are interior to it, the set
is called open; the empty set is also called open.

"Theorem 14. Every interval in R, i3 open, and every sphere in
R, i3 open.

Proof. By th. 13 (iii) and (iv) and def. 17.

Theorem 15. The interior of any set S is open.

Proof. Let P be any point of S° (def. 17); then S contains a sphere
U about P. U being open (th. 14), every point of U is interior to U
and therefore to S which contains U. Hence U c §°, which means
that P is an interior point of 8°, and so S° is open.

Theorem 16. Any union of open sets is open.

Proof. Let o be an aggregate of open sets and U the union of the
members of a. If P € U, there is a member S of « which includes P;
since S is open, it contains a sphere about P, and this sphere must
be contained in U; hence P is interior to U-

Theorem 17. The intersection of a finite number of open sets is
open.
)
Proof. Let 4,, A4,,..., 4; be open sets and let 4 = ] 4,; the
r==1
theorem being trivial if 4 = 0, suppose P € 4. Then to every integer
r from 1 to k there is a sphere U, about P contained in A,. Let p,
be the radius of U, and let p be the least of the numbers p,, p,..., px;
then U, the sphere about P of radius p, is contained in U, and there-
fore in A, for r =1, 2,..., k. Hence U c 4 and so P € A°.
The word ‘finite’ is essential in th. 17; for suppose 4, is the interval
(—;l-,;); then A, is open for every positive integer », but [T 4,

re=1
consists of the origin alone and is therefore not open.
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Theorem 18. Let S be a non-empty open set; then there is a sequence
{L}, consisting of all the rational intervals contained in S, such that
§—=3*1,

r=1 .

Proof. By ths. 10 and 2, the aggregate of the rational intervals

contained in 8 is enumerable, for it is obviously not finite, and so

these intervals can be arranged in a sequence {,}. Clearly S > f* I;
r=1

on the other hand, if P € 8, there is a sphere about P contained in
S, and therefore (th. 13 (i)) a rational interval including P and

contained in §, which implies S c i* I.; hence S = E* I..
r=1 r=1

Theorem 19. Let U be a bounded open linear set; then U s the
sum of the members of a finite or enumerable aggregate of intervals,
the end points of which belong to U.

Proof. Let « be the aggregate of all intervals (A, 1) such that
(1) AWpcU & AelU & pel.

By (1) the members of « are mutually exclusive, and so (th. 11) « is
finite or enumerable. Since every member of « is contained in U, it
remains only to show that if £ € U, then there is a member of « which
includes £. Let m be the upper bound of the aggregate 8-which con-
sists of all numbers x such that

x<¢ & zel,
and let M be the lower bound of the aggregate of all numbers y such
that y>¢ & yel.

Since U is bounded, B is not empty, and since U is open, it follows
that me U & m < £&; hence (m,£)c U & me U, and, similarly,
(¢, M)c U & M € U. Since ¢ € U, this means that (m, M) is a member
of « which includes £.

The restriction of th. 19 to linear sets is essential; the reader will
readily see, for example, that the plane set consisting of the interior
of a circle cannot be expressed as the sum of a finite number, or of a
sequence, of intervals.

Definition 19. A point P is called a limiting point of the set § if
every sphere about P includes a point of S other than P. (A limiting

point is also sometimes called a point of accumulation, Hardy, § 18.)
4374 D
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Example. If S is the linear set consisting of the points 1/r, where
r runs through all positive integers, then the origin is a limiting
point of S. Note that a limiting point of S is not necessarily a point
of 8.

Theorem 20. Suppose P is a limiting point of S and U is any
8phere about P; then the set US is infinite.

Proof. If possible, suppose U contains only a finite number of
points of 8 other than P, and let p be the least of the distances of
these points from P; then the sphere about P of radius p includes
no point of § other than P, which contradicts the definition of P.
Hence US is infinite.

Definition 20. The set of all the limiting points of a set § is
denoted by S’ and is sometimes called the derived set of S. The set
S48, denoted by 8¢, is called the closed envelope of S.

Definition 21. A set S is said to be

(1) closed if 8'c 8
(i.e. a closed set either has no limiting points or includes all
its limiting points),

(if) dense in vtself if Sc 8" & S £ 0

(i.e. S is dense in itself if every point of S is a limiting point
of 8), :

(iii) perfect if S = 8" #£ 0

(i.e. 8 is perfect if S is closed and dense in itself).

Examples.

(i) If Sis finite, then 8’ = 0 (th. 20), and so § is closed but not
dense in itself.

(ii) The set X, consisting of all rational numbers, is dense in itself,
but is not closed since every irrational number belongs to E’.
It should be noted that K is not open either, since every
interval contains points which are not rational; thus a set may
be neither open nor closed. The empty set and the set R, are
both open and closed.

Theorem 21. Every closed interval is perfect.
Proof. Suppose J is a closed interval given by
a, <z <b (r=12,..n);

if possible, suppose P € JJ'; then, if P = (é1,€a,..., €,), there is an
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integer £k among 1, 2,..., n such that
&e<a, or & >b.

Suppose the former is true and put € = a;,—§,; let U be the sphere
about P of radius ¢, and let @, the point (z,,x,,...,z,), belong to U;

n
since dist(P, Q) < €, i.e. X (x,—&,)? < €%, we have x,—§,, < €, which
r=1

implies @ € J; but this is impossible, since every sphere about P
includes points of J. Similarly, the assumption fk > b, leads to a
contradiction, and so it appears that

PeJ’' implies Ped, iec.d is closed.

To prove J c J', let P be any point of J, P = (£,,§,,...,£,). Let 8
be freely chosen; then, since £, << b, or £, > a,, it follows that there
is a number ¢; such that .

<6H<h & 0< -4l <8

Hence (f;,fz,...,gn) belongs to J, and its distance from P, being
|é;—&1], is less than 8. Hence every sphere about P includes a point
of J other than P, ie. Pe J’.

Theorem 22. If S is any set, then S’ is closed.

Proof. Suppose P is a limiting point of S’ and let U be any sphere
about P; then U includes a point of 8, say @, and so (th. 13 (iv))
U contains a sphere U, about @; since @ € §’, SUj is infinite (th. 20),
and hence U, which contains U, includes points of S other than P,
which means P € §'.

Theorem 23. Let C be a closed set and P a point such that every
sphere about P includes at least one point of C; then P € C.

Proof. Suppose P € C; then, by hypothesis, every sphere about
P includes a point of C other than P, which means P e ('. Since
C is closed, this 1mphes P € C, which contradicts the assumption
PeC.

Theorem 24. Let S be any set; then S°, i.e. S48, is closed.

Proof. Suppose P is a limiting point of S¢. If every sphere about
P includes points of 8, then P € S and/or P € §', i.e. P € 8¢; other-
wise there is a sphere U about P such that SU = 0, and so, since
every sphere about P includes points of 8¢, it follows that every
sphere about P includes points of §’, and this, by ths. 22 and 23,
means that Pe §’
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Theorem 24.1. Let S be any set; then
(i) S° contains every open subset of S;
(ii) every closed set containing S also contains S°.

Proof. Suppose U is an open subset of S; if P € U, then P is the
centre of a sphere which is contained in U and therefore in §, and
hence P € 8°; this proves (i).

Suppose F is a closed set which contains S; then we have

ScF & S'cF'cPF,
from which 8= 848 cF,
and this proves (ii).
Theorem 25. Let C be a closed set; then C is open.

Proof. Suppose P e C; we have to show that there is a sphere
about P which is contained in €. Now if this is not so, every sphere
about P includes a point of C, and this, by th. 23, implies P € C,
contrary to hypothesis.

Definition 22. Let C be a closed linear set contained in I, an
interval (a,b), or in [@,b], and such that I C £ 0; then IC is a
bounded, non-empty, open linear set (ths. 256 and 17), and can
therefore be expressed as the sum of the members of a finite or
enumerable aggregate of intervals whose end points (with the
possible exceptions of a and b) belong to C (th. 19); this aggregate of
intervals is sometimes known as the aggregate of the intervals of I
contiguous to C.

Theorem 26. Let U be an open set; then U is closed.

Proof. Suppose P is a limiting point of U; then every sphere
about P includes a point of U, and hence f is not interior to U.
Since U is open, this implies P € U, i.e. Pe U.

Theorem 27. Any intersection of closed sets i3 closed.

Proof. Let B be an aggregate of closed sets, C their intersection,
and U the union of their complements. Since U is open (ths. 25 and
16), U is closed (th. 26); it remains to show that C = U. If Pe U,
then P belongs to every member of 8, and so P € C; on the other
hand, if Pe C, then P does not belong to any of the sets which
are complements of members of B, which means PEU, ie.
Pel.
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Theorem 28. The union of a finite number of closed sets is
closed.

k
Proof. Let C,, C,,..., C;, be closed sets and put C = Y*C,; by
r=1
th. 1 e
c=T]¢,
r=1
and so, by ths. 25 and 17, C is open; hence C is closed (th. 26).

The word ‘finite’ is essential to th. 28, just as it is to th. 17, of
which it is obviously a dual; for example, if

C. is the closed interval [-. !v«, l],
r+1

then S*C, is HS(x;0 << 1),
r=1

which is not closed, since the origin is one of its limiting points.
Definition 23. The sequence {F,}, where F, is the point
(Ty0s g pyenes x,,),
is said to be convergent if each of the n sequences
, Zgq, Tagper (8 = 1,2,...,m)
is convergent; if
r,=limz,, (s=12,.,0) & P = (2,,2..,%,),
ro®

then P is called the limit of the sequence {P}, and is written

P =limP.
r—>0
Theorem 29. P -- imP. if and only if limdist(P, B) == 0.
Pr~>00 >0

Proof. Let {P} be a sequence of points of R, and suppose
b= (xl,r’ xz,r!‘"’xn,r) (r=1,2,..).
To prove the condition necessary, suppose
P=I1lmP, & P = (2,,2,..,2,), ie.

r—>00

(1) x, = limx,, (s=1,2,.,n).
r—>0
Choose ¢ freely; by (1) there are numbers p,, p,,..., i, such that

r > p, implies |r,—z,,] < (8 =1,2,...,m);

<
vn

hence, if == MaX(hq, foseees fy)s
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then r > p implies |r,—z,,| < :Z—L (8= 12,..,n);

hence r > p implies dist(P, F) <e,
and this, since e is arbitrary, means lim dist(P, P,) = 0.
Conversely, suppose only that i
lim dist(P, P.) = 0;

r—>0

choose € freely, and then a number p such that
r > u implies dist(P, B) < ¢;
by def. 15, it then follows that
r > p implies |r,—x,,| <e (s=1,2,.,n),
which, since e is arbitrary, means

z, = limz,, (8=12,.,n), ie. P =limF,.
r—>©

r—»0

Theorem 30. Suppose lim P. = P and [m,} is an increasing

sequence of positive integers; t1l;;: lixg P, =P
. PN
Proof. Choose e freely; by hypothesis and th. 29, u exists so that

r > p implies dist(P, P) <, '

and since obviously m, > s, it follows that
8§ > pn implies dist(P, P,) < €;

€ being arbitrary, this means

lim dist(P, P,,) = 0,

8—>0

and so (th. 29) lim P, = P.
8—>00

Theorem 31. Let {a,} be a bounded sequence of real numbers; then
{a,} contains a comvergent sub-sequence.

Proof. Let «, be the aggregate of the numbers a,, a,,..., and g,
its upper bound; let n, be the least integer n satisfying

0< h—a, < L
Let ay be the aggregate of the numbers @, having r > n,, and let
g be the upper bound of ay; let 2, be the least integer n satisfying

0<g,—a, <3 & n>n,.

More generally, suppose @, , @,;..., @,, , are defined and let o be the
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aggregate of the numbers a, having r > n;_,; let g, be the upper
bound of o, and n, the least integer n satisfying

1
i & n>n,.

Clearly % DdgD.., andso g, =g, = ...;

)] 0< gp—a, <

the sequence of numbers g, being bounded and non-increasing tends
to a finite limit, say g, and by (1)

nl < n2 < .o & lim ank == g;

k~»0

hence the sequence a,, , a, ,... satisfies the conditions of the theorem.

Theorem 32. Any bounded sequence of points of R, contains a
convergent sub-sequence.

Proof. The case n = 1 is equivalent to th. 31; hence, by the
principle of induction, it is sufficient to prove the result for every
n greater than 1 for which the corresponding result holds with n—1
instead of n. Suppose n is such a number and {F,} is a bounded
sequence of points of R,. Let

R‘ = (xl,nxz,r’“'ixn,r) & P1" = (xl,r! x2.r""?xn-l,r);
then {P;} is a bounded sequence of points of R,_, and must therefore
contain a convergent sub-sequence P,,, P, ,.... Put
P'r,nr = @, and Lp,my = fr;
then {¢,} is a bounded sequence, and so, by th. 31, contains a conver-

gent sub-sequence §,, £, ,...; also, by th. 30, the sequence @, , @, ,...
converges. Put m, = h,; then

fr. = Ly h, & Qr, = P;n.

Hence the sequences P;, Py ,... and ,,, %, ,... converge, which
means that the sequence P, , F, ,... converges.

Theorem 33. T'he limit of a convergent sequence of distinct points
18 a limiting point of their set.
Proof. Let {P} be a sequence of distinct points and S their set.

Suppose
P =1lim P, i.e. (th.29) limdist(P,F) = 0;

. r—w r—>0

choose e freely and then a number p such that
dist(P,B) <e (r=p,pt+1).
Since at least one of the points F,, F, ., differs from P, this means
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that the sphere about P of radius e includes a point of 8 other than
P; ¢ being arbitrary, this implies P e §'.

Theorem 34 (WEIERSTRASS). Let S be a bounded infinite set of
points; then S’ £ 0.

Proof. Since 8§ is infinite, it follows (see also § 5) that S contains
a sequence of distinct points, and this sequence, being bounded,
contains a convergent sub-sequence (th. 32); the limit of the latter
is, by th. 33, a limiting point of a subset of § and therefore belongs
to §'.

The word ‘bounded’ is essential to th. 34, for if S is the set of all
integers, then § is infinite, but 8’ = 0.

Theorem 35. Suppose P = lim P. and C s a closed set such that

r—>
P. € C for infinitely many values of r; then P € C.
Proof. Choose € freely and let U be the sphere about P of radius €;
by th, 29, m exists such that

n >m implies P,e U,
and since P, e C for values of r exceeding m, it follows that U

includes points of C. Since ¢ is arbitrary and C is closed, it follows
from th. 23 that P e C.

Theorem 36 (CANTOR). Let {C,} be a sequence of bounded non-
empty closed sets such that C; > C, > ...; then ﬁ C. # 0.
r=1

Proof. For every positive integer r let P. be a point chosen from
C. (since C, is closed and bounded, it is easily seen that P, may be
precisely defined in terms of C,: for example, if C, is linear, we may
(by th. 35) take P, to be the number £, which is the upper bound of
the numbers z belonging to C,). Since {F} is contained in C, it is
bounded; hence, by th. 32, there is an increasing sequence of positive
integers {r,} such that the sequence F,, F, ,... converges to some limit
P. Let m be any chosen positive integer; then

r > m implies B eC,,
and, since r; >> 8,
8 >m implies F, eCp,;

hence, by th. 35, P € C,. This being true for every positive integer

m, we have o
PeTJC.
r=1
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The words ‘closed’ and ‘bounded’ are both essential to th. 36, as
the following examples show.

(%Let C = f(x;x = r); C,is closed and C; > C, > C; > ..., but

TIC =o.
r=1
(ii) Let S, = (0, 1/r); then§, 0 8,... and the intervals S, are bounded,
but ©
r_I];S, = 0.

Theorem 37 (BAIRE). Let C be a non-empty closed set which is
the union of a sequence of closed sets {C,}; then there is a closed cube K
(@ closed interval if C c R,) whose centre belongs to C, and a positive
integer n such that CK c C,,.

Proof. Suppose the theorem is false; to prove the truth of the
theorem it will be sufficient to show that this assumption implies
the existence of a sequence of closed intervals {J;} such that

(1) Jyudd, & C,#0 & J,C,=0 (n=12..),
for, if (1) holds and we put § = ﬁ CJ,,, it follows from ths. 27 and

n=1
36 that 0 £ Sc C, and at the same time SC, =0 (n = 1,2,..)),
which contradicts the hypothesis &= C,4-Cp+....

To define {J,}, let « be the aggregate of closed rational intervals
J such that CJ° £ 0. By ths. 10 and 2, « is enumerable and its
members may be arranged in a sequence o: A,, A,,.... If Jis a
member of o and n is any positive integer, it follows easily (since
the theorem is assumed false) that J° includes at least one point of
C—C,, say P. Since C, is closed, J° contains a sphere in C, centre
P, and consequently J° contains members of o in C,; these form
a sub-sequence of o, and we shall denote the first member of this
sub-sequence by f,(J). We now put

Jy = fl(Al) and J, 4y ::fn+1(']n) (n=1,2,.);
the sequence {J,} clearly satisfies (1).

Theorem 37.1. Let E be an enumerable closed set; then E is not
perfect. .
Proof. Let P, B,... denote the members of £ and let C, be the
set whose only member is F,. By th. 37 there is a closed cube X,
whose centre belongs to E, and a positive integer n such that

KE c C,; this means that P, is the centre of K and is the only point
4374 B
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of E which belongs to K; hence (th. 13 (iii)) P, is the centre of a
sphere which includes just one point of E. This means that P, is
a point of £ which is not a limiting point of ¥, and hence K is not
perfect.

Theorem 38. Let C be a closed bounded set, and let {U,} be a
sequence of open sets such that C c i* U,; then there i3 an integer k such
r=1

k
that C c 3* U,

r=1

7
Proof. For every positive integer r, let B, = >* U,; then B, is
8=1

open and B, closed (ths. 16 and 26). Put C, = CB,; then C, is closed
(th. 27) and bounded (like C), and C, > C, >.... Hence, by th. 36,

if C. # 0 for every positive integer r, then ﬁ C. # 0. But, by th. 1,
r=1

TT C. is the intersection of C and the complement of > * B,, and this
r=1

re=1
0
intersection must be empty since Cc Y*U,. Hence there is an

r=1
integer k such that C;,, = 0, which means that
k
CcB,=>*U.,.
r=1

Definition 24. An aggregate o of sets of points is said to cover a
set S, if S is contained in the union of the members of .

Theorem 39 (LINDELOF). Let o be a non-empty aggregate of open
sets covering a set S; then there is a sequence, {U,}, of members of a,
such that S c 3* U,.

. r=1

Proof. Let 8 be the aggregate of all rational intervals contained
in members of «; by th. 18, 8 covers 8, and, by ths. 10 and 2, B is
finite or enumerable. Let us consider the non-trivial case, S £ 0;
then B cannot be finite, and so we may suppose that I, L,... are the
members of 8. Now I, is contained in a member of «, say U;; I, is
contained in a member of «, say U,, and so on. Since B covers §, this

means S C f"‘ U,. (See also § 5, where a similar application”of the
re=1

‘Selection Axiom’ is explained in detail.)
Theorem 40 (HEINE-BOREL). If an aggregate o of open sets covers
a closed bounded set C, then there is a finite sub-aggregate of « which
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covers C; i.e. there are sets U, U,,..., U, belonging to « such that
k
Cc*U.
r=1

Proof. By ths. 39 and 38.

The words ‘closed’ and ‘bounded’ are both essential to th. 40,
and it is essential that the covering sets should be open; these facts
are emphasized by the following examples:

Examples.

(i) Let S be the linear interval (0, 1) and let « be the aggregate of
all intervals (x,1) for which 0 < 2 < 1. The members of «
are open sets, a covers §, and S is bounded. Since the union
of any finite number of intervals (a,, 1), (a,, 1),..., (@, 1), with
0<a, <1 (r=12,..,k), is the interval (a,1), where a is
the least of the numbers a,, a,,..., a;, it follows that no finite
sub-aggregate of o covers §.

(ii) Let S = R, and let « be the aggregate of all linear intervals;
then 8 is closed and is covered by «, which is an aggregate of
open sets, but no finite sub-aggregate of « covers S.

(iii) Let S be the linear set of the points x for which
r=0 or xz =;.1- (r=1,2,.),

and let o be the aggregate whose members are the sets 4(x),
where z € S and A(x) consists of the point z alone. Then S
is closed and bounded, and « covers S, but no finite sub-
aggregate of « covers S.

Definition 25. A point P is said to be a point of condensation of a
set § if every sphere about P contains a non-enumerable subset of S.

Corollary. Every point of condensation of S belongs to §’.

Theorem 40.1. Let S be a non-enumerable set; then S includes at
least one point of condensation of S.

Proof. Let « be the aggregate of spheres U whose centres belong
to S and which are such that US is finite or enumerable. If the
theor®m is false, it follows from th. 39 that S is covered by a sequence
of members of « and consequently that S is the union of a sequence
of sets each of which is finite or enumerable; but this implies (th. 6)
that S is finite or enumerable and contradicts an assumption of the
theorem. Hence the theorem cannot be false.
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Corollary. If 8 is any set, then the set of the points of S which
are not limiting points of 8 is finite or enumerable.

Theorem 40.2 (CANTOR-BENDIXSON). Every non-enumerable closed
sel 18 the sum of a perfect set and one that is finite or enumerable.

Proof. Let C be a non-enumerable closed set, and let X be the
set of all the points of condensation of C; since C is closed, K c C
(cor. to def. 25), and, by th. 40.1, C—K is finite or enumerable. It
remains only to prove that K is perfect, and since K is obviously
closed, we have only to show that

K+#0 & KcK'.

Now K 5 0 by th. 40.1, and, if P is any point of K, then every spherc
about P contains a non-enumerable subset of S, which subset clearly
remains non-enumerable when P is removed from it; hence (th. 40.1),
every sphere about P includes a point of K other than P,i.e. P e K’,
and this completes the proof.

§ 5. The Selection Axiom

The proofs of several theorems in the preceding sections have
depended on the ‘existence’ of certain aggregates for which no ‘con-
structive’ rule was offered. The introduction of these aggregates is
legitimized if we admit the following axiom:

Selection Axiom. Let « be an aggregate whose members are
aggregates, none of which is empty, and no two of which have an
element in common; let 8 be the sum of the members of «. Then B
contains a sub-aggregate y which has exactly one element in common
with every member of a.

It will be noted that the axiom only asserts the existence of y and is
not concerned with the problem of how y may be ‘constructed’. The
role which this axiom plays in the theory of aggregates is discussed
in detail by A. Fraenkel in the work referred to on p. 3, and by W.
Sierpinski in Legons sur les nombres transfinis; here we shall content
ourselves with a single detailed example of its application, namely
to the proof that every infinite set contains a sequence of distinct
points, a result that was assumed in th. 34.

Let S be an infinite set. If 4 is any non-empty subset of S, let
m(4) denote the aggregate of all pairs

(4,a), where a is any member of 4.
Let « denote the aggregate of all possible aggregates (4 ) correspond-
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ing to all the subsets 4 of S. Since the members of « are mutually
exclusive, there is, by the Selection Axiom, an aggregate v, of pairs
(4,a), which has just one member in common with each of the
aggregates 7(A) composing «. This means that there exists a function
f(4) which assigns to every subset 4 of S a point belonging to 4 and
denoted by f(4). We now define a sequence of distinct points of S
as follows: let P, = f(S), and let S; be the set of the points of §
different from P,; S, is not empty since 8§ is not finite, and so we may
define P, as f(S;). More generally, when P,, B,,..., P, are defined, let
S, be the set of the points of 8 not included among P, B,,..., P,;
again, S, # 0, and so we may define P, ,, as f(S,). Since P,,,€8,, it
follows from the principle of induction that this defines a sequence
of distinct points, {P,}, contained in S.

Another detailed example of the use of the Selection Axiom will
be found in the proof of th. 130. The axiom is also used implicitly in
other existence theorems, e.g. ths. 107, 108, 111, 114, 124, and 174,
whose proofs depend on the existence of certain sequences for which
no precise rule is given; on the other hand, the exact specification of
a sequence is sometimes a detail left to the reader, and its omission
in such cases, to avoid burdening the proof, will of course not mean
that the Selection Axiom is essential to the argument.
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§ 1. Functions defined in a Set of Points

Definition 26. If to every point P of a set S there is a real number
f(P), then fis called a function of P defined in S. If P = (x, %,,..., Z,,)
and F' is the function of the n variables z,, ,,..., ,, given by

F(xlr Tayeees x’n) = f(P):
then we say that the function F(x,,x,,...,x,) is defined in § and
that f(P) is its corresponding point function. In Chapter VI the
notion of a function of P defined in S is extended so that f(P) is a
complex number, but, unless otherwise stated, f(P) will denote a
real function.

Definition 27. Let f(P) be defined in S; then M(f; 8) and m(f; S)
denote respectively the upper and the lower bounds of the aggregate
of the values of f(P) when P runs through all points of S. The
oscillation of f(P) in S is denoted by w(f; S), where

o(f; 8) = M(f; 8)—m(f; S),
whenever the right-hand side is defined.

For example, if

fe) = |

then w(f; I) = 1 for every linear interval I.

Definition 28. Let f(P) be defined in S and let @ be any point
interior to S; let U, denote a sphere about @ of radius € and contained
in S. Now as e decreases, so

1 when =z is rational
0 otherwise,

M(f; U,) decreases (or remains constant), while
m(f; U,) increases (or remains constant);

hence we may define M(f; @), the maximum of f(P) at @, and m(f; Q),
the mintmum of f(P) at @, by the equations

M(f;Q) =lim M(£;U) & mif; Q) = Lim m(f; U,)

If f(x) is defined in J, a closed interval [a, b], but not outside J, then
M(f,a) = lim M(f; JU,); similar definitions give the minimum of f(z)
0

at @ and at b.
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The oscillation of f(P) at Q, denoted by w(f; @), is defined by
o(f; @) = M(f; @)—m(f; @)
whenever the right-hand side exists.

Example. Let 0 if 2=0

@) = sin:—ll; if x #0;
then M(f;0) = 1, m(f;0) = —1, and w(f;0) = 2.

Theorem 41. Let f(P) be defined in a sphere U about a point Q;
then o(f; Q) =€ implies w(f;U) > e

Proof. By defs. 27 and 28.

Theorem 42. Let f(x) be defined and bounded in a closed interval

J, and let € be freely chosen; put D(e) = Jo#(x; w(f;2) = €); then D(e)
18 closed. :

Proof. Suppose £ e J—D(e);
we shall show that ¢ is not a limiting point of D(e). Suppose

w(f;§) = 1.
Since 7 < ¢, there is an interval I, centre £, such that, if z, and x,
belong to IJ, then |f(x,)—f(x,)| < }(n+e€) < e. Hence ID(e) = 0,
which means that ¢ is not a limiting point of D(e). Since every
limiting point of D(e) must clearly belong to J, this proves the
theorem.

Definition 29. The function f(P) is said to be continuous at @,
if to every ¢ there is a § such that

dist(P, @) < 8 implies [f(P)—f(Q)] <¢;

this implies that f(P) is defined in some sphere about @, and that
f(@) is finite. The function F(x,,x,,...,x,) is said to be continuous
at (¢,, &y, &) if its corresponding point function is continuous at
(é1, €90 €p).  If f(z) is defined in a closed interval [a,b], then f(z)
is said to be continuous throughout [a, b] if

(i) f(x) is continuous at every point of (a,b),

(ii) f(a) and f(b) are finite, and
lim f@) = f@) & lim f@) =10
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Examples.

ay
i) It fery) = {5:—2_*_—?-,—2 when 22442 > 0

0 when z =y =20,
then f(x, ) is not continuous at the origin since
f(0,0) =0, while f(x,z)=1 if z=#0.

B 242> 0
(i) If f@y) = | ztpgr "o T Ty >
0 when =y =0,

then f(x,y) is continuous at the origin since
If@, )| < |zl
Theorem 43. Let f(P) be defined in a sphere about Q; then f(P) is
continuous at @ if and only if w(f; Q) = 0.

Proof. The necessity of the given condition follows at once from
defs. 28 and 29. On the other hand, if w(f; @) = 0, then, by def. 28,
to every e there is a sphere U (depending on €) about @ such that
M(f;U)—m(f;U) < ¢, and this, by def. 29, implies the continuity
of f(P) at Q.

§ 2. The Riemann Integral
Definition 30. Let J denote a closed linear interval [a,b]; let
N be any finite set of numbers, say z,, 2,,..., «,, such that
a=xy <2, <Xy < ..<x,=D>.

Then N is said to be a net over J, and the closed intervals [z,_,, z,]
(r = 1,2,...,n) are called its cells. The gauge of N, denoted by g(N), is
givenby o) — max(z,—z,) (r =1,2,.,n).
Definition 31. If the interval [ is given by

a, <z <b (r=1,2,.,n),
its content, cI, is defined as f[ (b,—a,); cI may also be denoted by |I|.
r=1

If J is a closed linear interval [a,b], then |J| shall denote b—a.

The reader will recognize that cI agrees with the usual definitions
of length, area, or volume, according as I is an interval of R,
R,, or Ry,

Definition 32. Let f(x) be defined and bounded in J, a closed
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interval [a,b]. Let N be any net over J, and let §,, §,,..., §, be its
cells; let
n n
U(fiN) = 3 18,1 M(fi3) and  L(5N) = 3 18, m(f:5,);

then U(f; N) is called an upper sum, and L(f; N) a lower sum of f(x)
over [a,b].

The following theorem follows at once from defs. 32 and 27.

Theorem 44. Let f(x) be defined and bounded in a closed interval
J; let N be any net over J, and 8,, 3,,..., 8, its cells; then
(i) U(—f;N) = —L(f;N);
@) |Jm(f;J) < Lf;N) < U N) < | M(f;J);

n

(iil) U N)—L(f;N) = 3 w(f; 8,18

=

Definition 33. Let f(x) be defined and bounded in the closed
interval [a,b]; then the lower bound of the aggregate of all possible
upper sums of f(z) over [a,b] is called the upper Riemann integral of

5

f() over [a, b], denoted by f f(x) dz; the upper bound of the aggregate

of all possible lower sums of f(x) over [a, b] is called the lower Riemann
b

integral of f(x) over [a, b], denoted by f f(x) dz; if and only if

b 3
[ 1@) dz = [ f(z) da,
g_ a
their common value is called the Riemann integral of f(x) over [a, b],

b
and is denoted by f f(z) dz (in subsequent chapters, to avoid ambi-
a

b
guity, this integral may be denoted by (R) f f(@) dz); f(x) is then said
a
to be integrable in the Riemann sense (integrable-R) over [a,b]. If
a < b, then a b
[ f@) dz = — [ fla) de
b a
a b
if the right-hand side exists. f f(x) dx is defined to be zero; f dz
b Y *
denotes f 1 dz, and f gz denotes f 1 dex.
a ) @) ) @)

4374 ¥
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Theorem 45. Let f(z) be defined and bounded in J, a closed interval
[a,b], and let N, and N, be any nets over J ; then

b 1]
Wim(f; ) < L M) < [ f@) de < [ fz) de

S U(N,) < |JIM(f; ).
Lemma. If N, and N, are any two nets over J, then
) LN < LEENAN) < UG NN, < UGN,
Proof of Lemma. Let $,, ,,..., 3, be the cells of N,; then (Nl—i—Nz)S,
is a net over §,: let A, A®,..., A& be its cells (r = 1,2,...,n). Then

2 MfAR) < M(f3) & 3 1A0] = 3,

I<r<nl1<s8<g)
and
n . n 4

UMy =3 BIMA8) & UGNAN) = 3 3 (A0 M(AP).
So, if @
0, = 18| M(f;8,)— X AP | M(f;0L) (r = 1,2,...,m),

8=1
then U(f; N,)—U(f; N,-+V,) =r§10,,
and this, by (2), gives

U(f; Ny) = U(f; Ny +y).

The proof of (1) is now easily completed, in virtue of th. 44 (i), by

applying a similar argument to the function —f(x) and interchanging
the nets N, and N,.

Proof of th. 45. By def. 33 and th. 44 (ii) it suffices to prove
b D
(3) © [f@) dz < [ f@) da.
a a

Let N be any net over J; by (1) L(f; N) does not exceed any of the
upper sums of f(z) over J, and so, by def. 33,

3
L(f;N) < [ fla) do;
N being arbitrary, this last formula implies (3), by def. 33.

Example. Let f(z) = { 1 if z is rational

0 otherwise ;
then m(f;8) =0 & M(f;8) = 1 for every closed interval 3,
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80 that
Uf;N)=1 & L(f;N) = 0 for every net N over [0, 1];

hence

Ol

1
fa)de =1 & ff(x) dz = 0.
o

The following three theorems follow at once from the definitions.

Theorem 46. If f(x) is defined and bounded in the closed interval
[a,b], then

f —f(x) de = — ff(x) dz.

b b
Theorem 47. f —f@) dx = — f f(x) dz

a

if either side exists.

Theorem 48. If [a,b] is a closed interval, and k is a finite real
number, then b ’
fk dz = k(b—a).

a

Theorem 49. Let f(x) be defined and boynded in J, a closed interval
[@,b]; then a necessary and sufficient condition for f(x) to be integrable- R
over J 18 that, to every e there 18 a net N over J such that

U(fiN)—L(f;N) < e

Proof. Sufficiency follows at once from the formula (th. 45)
b )
Lf;N) < [ fl) dz < [ fl@) dz < U(f; N).
a a

On the other hand, suppose f(x) is integrable-R over J, and let €
be freely chosen. By def. 33 there exist nets N, and N, over J
such that

b b
0< [f@) de —L(fiN) <ie & 0<UFN)— [ f@)de < e,

whence, by the lemma of th. 45,
U(f; M+N)—L(f; M+ 2Np) < e,
and this proves the necessity of the given condition.
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Theorem 50. Let f(x) be defined, finite, and non-decreasing in J,
a closed interval [a,b]; then f(x) 18 integrable-R over J.

Proof. Choose any positive integer n, and let N be the net whose
points are given by

x, = a—{—:—z(b—a) (r=0,1,2,..,n).

Since f(x) is non-decreasing in J,
m(f;[2,-1,2,]) = fl@,y) & M(f;[,,2]) = fl@,) (r=12,..,n);
hence

UGN -GN = 1 5 )} = o1

r=1
and since n is arbitrary, this implies that f(x) is integrable-R over
J (th. 49).

§ 3. Conditions for a Function to be Integrable-R

The reader will be familiar with the theorem (Hardy, § 156) that
a function which is continuous throughout a closed interval J is
integrable-R over J; in the theorems which follow we obtain con-
ditions which are necessary and sufficient for a bounded function
f(z) to be integrable-R over J.

Theorem 51. Suppose f(x) is integrable- R over a closed interval J,
and let € and n be freely chosen positive numbers; then there is a net
over J such that the sum of the lengths of those of its cells which include
in their interiors points x, with w(f;x) = 7, 18 less than e.

Proof. By ths. 49 and 44 (iii) V may be chosen over J so that

e 3 alfis) 18] < ne,
where §,, 3,,..., 3, are the cells of N.

Now, by th. 41, the oscillation of f(x) in a cell which includes in
its interior a point x, with w(f;x) > 7, is not less than ». and this, by
(1), gives the required result.

Definition 34. A set S in R, is said to be null if to every e there
is a sequence of intervals, {1}, such that

Sc3*L & SiLi<e
r=1 r=1

If a condition is satisfied at all points of a given set 4, except at the
points of a null subset of 4, then we say the condition is satisfied

almost everywhere in A, or at almost all the points of 4.
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The expression ‘almost everywhere’ is often denoted by
P-p. (presque partout),
in accordance with the usage of the French and other writers.
The following theorem will suggest examples of null sets.

Theorem 52. Let S be a finite or an enumerable set; then S 1s
null.,

Proof. Let {F,} be a sequence of points including every member
of . Choose ¢ freely, and then to every positive integer r an interval

I such that Pel & |L|<e2
Then Sc3S*r & S|Li<e
r=1 r=1

and this, by def. 34, means that S is null.
It is, however, not necessary for a null set to be enumerable; the
existence of null sets which are perfect follows easily from th. 123.

Theorem 53. Let f(x) be integrable-R over J, a closed interval
[a,b]; then f(x) i continuous almost everywhere in J.

Proof. With the notation of th. 42, put D = i* D(1/r); then D
F=1

is the set of the points z of J at which f(x) is discontinuous (th. 43),
and so we have only to prove that D is null. Choose € freely, and then
choose any positive integer r. By th. 51 there is a finite number of
intervals which cover the set D(1/r), with the exception of those of
its points which belong to a certain net, and the sum of the lengths
of these intervals is less than €2-". Since the net in question may
itself be covered by a finite aggregate of intervals, the sum of whose
lengths is less than €2, it follows that there is a finite number of
intervals, say IV, I®,..., I, such that

n, "
(1) D(%)CZ* 1 & Sipl<a & n>1
i=1 =

By th. 6 the intervals I, where r runs through all positive integers
and 1 < ¢ < n,, can be arranged in a sequence, say {J,}.
It follows from (1) that
ki 1 2 * © o N
D=S*D[z)cS*J & Sl = IP| < 2¢;
,Z; (") Z; g rzll g r§1¢§1| a ¢

and since e is arbitrary, this means that D is null.
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The aim of the next two theorems is to state a converse to th. 53,
and so obtain sufficient conditions for a function to be integrable-R.

Theorem 54. Let f(z) be defined and bounded in J, a closed
interval [a,b], and let 7 be a finite number such that

(1) zedJ wmplies w(fx) <<n;
then there 1s a net N over J such that
(2) U(f; N)—L(f;N) < n(b—a).

Proof. By th. 44 (iii), (2) will be proved if we can show (3) there
is a net N over J such that

w(f;8) < 7 for every cell 6 of V.
Let f(x) be defined outside J as follows:
a) if zx<a
J@) = {ﬁb)) if x> b
Then, by (1), every point « of J is the centre of an interval I(x), say
(o, B), such that

(4) a<§ <€ <P implies |f(§)—f(E) < n.
Since the intervals I(x) are open (th. 14), it follows by th. 40 that
there is a finite number of them, say I(z,), I(x,),..., I(x;), such that

(5) Jc i* I(x,).
r=1

By (5) and (4), (3) will be proved if the following lemma is true.

Lemma. Let I, L,..., I, be any finite number of linear intervals,
and let J be a closed linear interval; then there is a net over J such
that, if & is any one of its cells and r is any integer from 1 to k, then

either 31, = 0, orelse I.D3° (cf. def. 17).

Proof. Suppose
I, = (a,b,) (s=1,2,..,k);
choose N so that it includes all those points a,, b, which belong to
J. Then

(6) no point a, or b, is interior to any cell of V.
Let [A, u] be any cell of N, and suppose [A, u](@,,b,) #% 0; then
(7) ' @ <A<p<b,

for if (7) is false, it follows, since [A, n](a,,b,) # 0, that
A<a, <p or A<b, <up,
which contradicts (6). Hence (7) is true, and the lemma is proved.
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Theorem 55. Let f(x) be defined and bounded in J, a closed interval
[a,b], and let f(x) be continuous almost everywhere in J; then f(x) vs
integrable-R over J.

Proof. With the notation of th. 53, we are given that i* D(1)r)
F=1
is null, and have to deduce that f(x) is integrable- R over J. Choose
e freely, and choose any positive integer s; since i* D(1/r) may be
r=1

covered by a sequence of intervals the sum of whose lengths is less
than ¢, the same is true of D(1/s), and since D(1/s) is bounded and
closed (th. 42), it follows by th. 38 that there is a finite number of
intervals, say I, L,..., I, such that

1) | <k k
(1) D(E)C; L & YL<e

By the lemma to th. 54 there is a net N, over J such that, if 8 is

- k
any one of its cells, then either 8 >* I, = 0, or else 8° is contained
r=1

in one of I, I,,..., I. Since the interiors of the cells of N, are mutually
exclusive, it follows easily from (1) that the sum of the lengths of the
cells of N, which include points of D(1/s) is less than ¢; or, if we put

o _ (1 if 8.D(1s) # 0
"7 10 otherwise,

where §,, 8,,..., 8, are the cells of N, then
n
(2) 26,13, <e
r=1
We now define a net N, over each of the cells §, as follows:
if 6, = 1, let N, consist of the end-points of 3,;

if 6, = 0, then, since z €3, implies w(f;x) < 1/s, N, may be
chosen (th. 54) so that

U B)—Lif: B) < b5

Then, on putting N =r§1* N,, it follows at once that N is a net over
J and that
®) U N)— L N) = 3 U M)~ Lif: B}
Now clearly, by th. 44, -
0{U(f; N)—L(f; N)} < w(f; J) [8,] 6,
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and (=6 W)~ LU N} < 18,15
hence, by (2),

n n 1 &
2UER)—LENY < olfs) 3 Brlo+ 5 > 13|

r=1
< olfi et 113,

and so, since € and s are arbitrary, it follows by (3) and th. 49 that
f(z) is integrable-R over J.
Example. Let f(x) be defined in [1, 2] as follows:
0 if z is irrational
fla) ={ (=1 if x = m/n, m and n being positive integers with
no common factor.

Then f(x) is bounded in [1,2] and is continuous except where z is
rational; since the set of the rational points of [1, 2] is null (ths. 9
and 52), it now follows from th. 55 that f(x) is integrable-R over

2
[1,2]. The value of f f(x) dz will be found following th. 57.
i

Definition 35. Let J be a closed interval, and let ¢(V) be a real
number defined for every net NV over J; then

lim (V) = A

g(N)—0
means A is a finite real number such that to every e there is an 7
with the property:
7 >0, and ¢g(N) <% implies [H(N)—A| < e.
We come now to what may be regarded as a key theorem for the
Riemann integral.

Theorem 56 (DArBOUX). Let f(x) be defined and bounded in J,
a closed interval [a,b)], and let N be any net over J; then

£ 13
(1) ”(llglil’oL(f;N) = !f(x) dr & a(lztrﬁoU(f;N) =jf(x) iz,

Proof. Choose ¢ fre_c-aly and then N, a net over J, such that
b
2) 0 < [ f@) dz — L(f; ) < 3e.
a

Let N be any net over J, and 3, ,,..., 8, its cells. (Nl-i—N )3, is a net



—rH. §7] RIEMANN INTEGRATION 41
over 3,: let A, AQ,..., Al be its cells; clearly

@) LENFN)—L( ) = 3 S m(rs00) 601 —m(;3,) 1,1}

Now, for every integer r from 1 to =,

[
3 mif 80 1891 —m(£:8,) 18] < wlf B0,

1 if N8 0

here 0, =
v T {0 otherwise.

Hence, by (3) and the lemma to th. 45,

n n
@ LEM—LEN) < olfi ) 38,16, < olfi Do) 3 6,
< o(f; J)9(N) p,
where p is the number of points in N;. Hence, if g(&V) is so small that
w(f; J)gN)p < de,
it follows by (4) and (2) that

b
0 < [ fl@) dz —L(f;N) < ¢;

since e is arbitrary, this implies the first part of (1). The second part
of (1) may be deduced from the first part in virtue of ths. 46 and
44 (i), on replacing f(x) by —f(x).

Theorem 57. Let f(x) be defined and bounded in J, a closed interval
[a,b]. Let N be any net over J and 8y, 8,,..., 8, its cells; then

(1) if f(x) is integrable- R over J, there i3 to every € a positive number
7 such that
<e

7 b
gN) <= implies | 3 f(¢)18,|— [ fx) du

£, being any point of 8, (r = 1,2,...,n);
(ii) of there is a number 1 with the property that to every e there is a
positive number n such that

o) < implies | 3 1€ B~ <

however the point ¢, is chosen from 8, (r = 1,2,...,n), then f(x)

18 integrable-R over J.
4374 G
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Proof. To prove (i) we observe that, from def. 32,

(1) L N) < 3 f&) 18] < U3 N);
also, if f(x) is integrable-R over J, we have, by th. 56,

lim L(f; N)_ hm SO N) = j f(x) de,

g(N)—0
and this, by (1), proves (i).
To prove (ii) suppose f(x) is not integrable-R over J, and put

3 b
(@) f f(z) de — f f(x) do = 4e.
Choose any net N and take A, a,n(—l K, in 3, so that
(3) O< M) —fu) <5 & 0<JA)—m(fi8) <5
by (3) and def. 32
4 O UGEN—LEN— 3 fw) 181+ 350 5,1 < 26
and so, from (2), (4), and th. 45, we have

(®) 3 fw 1= 310018, > 2.

Since (5) holds for g(IV) arbitrarily small, it is clear that the conditions
laid down in (ii) are not satisfied by f(x). Hence it follows that (ii)
is true.

Example. To evaluate the integral discussed in the example
following th. 55, we observe that every cell of every net over [1, 2]
includes points ¢ for which f(¢) = 0; hence, since f(x) is integrable- R
over J, we have, by th. 57,

J?f(x) de =

IJI

§ 4. Properties of the Riemann Integral
We now proceed to discuss some of the properties of the Riemann
integral, and, more particularly, to discuss methods for its evaluation.

Theorem 58. Let f(x) be deﬁned and bounded in J, a closed interval
[@,b), and suppose a = x, < x; < ... < &, = b; then

) [ f@dz =3 f fz) d

Zr—1
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Proof. Let N, be any net over [#,_;,#,], and put N = i* N,; then
=1
N is a net over J, and ’

@) L) = 3 L N);

also, if each of the » numbers g(&,) (r = 1, 2,...,n) tends to zero, then
so does g(N), and so, by (2) and th. 56, we have (1).

Theorem 59. Let f(x) be defined and bounded in the closed interval
[@,b], and suppose a < ¢ < b; then

M [ fde = [ f0)do + | f)

if either side exists.

Proof. By th. 58 and a similar result for upper integrals,

b b
[ f@) dz — [ f@) do

= {ff(x) dx —ff(x) dx}—l—‘ff(m) dx —cfbf(x) dx};

now the sum of two non-negative numbers is zero if and only if each
of them is zero; hence, by the last equation and th. 45, if one side of
(1) exists, so does the other, and their equality follows from th. 58.

Theorem 60. Let f(x) be defined and bounded in the closed interval
[a,b]; then
3 b

b
[ @) dz < (b—a) M(f;(a,0)) & [ f(@)da > b—a)m(f; (,b)).

a

Proof. Choose € so that a+¢ << b—e; by th. 58,

ate€

[ fayde = [ f@) o+ [ f@)ds+ [ f@) do,
a a b—e€

and so, b; th. 45, .
b
(1) [f@)dz > 2em(f;J)+(b—a—2) m(f;[a+e,b—e]);

since this is true for all sufficiently small ¢, and since

m(f; [a+€> b—G]) > m(f; (a’) b)),
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it follows by (1) that

fb f@) dz > (b—a)m(f; (@,b))
A similar argument;q shows that
f f@) dz < (b—a) M(f; (a,b)).
Theorem 61. 1; X and p are finite real numbers, then
(1) f (@) +pg()} do = A j @) dz +p f g() da

assuming the right-hand side of (1) to be defined.
Proof. "The proof is divided into two parts.

(i) Suppose a < b, and A = p = 1; put h(z) = f(x)+g(z). Then
h(x), like f(x) and g(x), is bounded in [a, b], and since for every subset

§ of [,0] M(h; 8) < M(f; $)+M(g; 9),
it follows that for every net N over [a, b]

Uk N) < U(f;N)+U(g; N);
this, by th. 56, implies

(2) f W) dr < f f@) o 4 f 9(a) de.
Similar reasoningashows that ’

(3) f hw) do > f f@) d + f 9(z) da.
By (2), (3), and tﬁ. 45 we havz ’

(4) f (f@)+g@) dz = f f@) do + j 9(@) de.

(if) Suppose @ < b, A > 0, and p = 0; put j(x) = Af(x). Clearly,
for every net N over [a,b], U(j;N) = AU(f; N), and 80, by def. 33,

b
J@)de = A ff(x) dzx.

Similarly,

Ia'——;e. ﬂ'—‘ag-

b
j@) dz = A [ fiz) da,



~TH. 62] RIEMANN INTEGRATION 45

and so ) ,
(5) f M(x) dz = A f f@)de if A>o0.

Now, by the aid of def. 33 and th. 47, every case of (1) can be resolved
into cases examined under (i) and (ii). Hence, by (5) and (4), (1) is
true in all cases.

Theorem 62. Let f(x) be integrable-R over J, a closed interval [a, b],

and let F(x) = JﬂE f(&) dt; then

(1) F(x) vs continuous throughout J;
(2) ifa < & < b, and f(x) is continuous for x = ¢, then
F'(¢) = f(6). .
Proof. By th. 59, F(x) is defined and finite in J. Suppose
a < ¢ < b, and choose h to satisfy the condition
h#0 & a<é4+h<b (ie 0 < k| < min(é—a,b—§)).
By th. 59 E+h
(3) FE+h—FE) = | f@) de.

£
Hence, by th. 45,

|[F(E+h)—F(E)| < R M(If1; )],
which, since f(x) is bounded in J, implies the continuity of F(x) for
x = £. To prove

lim F(z) = F(a) & lim F(z) = F(b)
x—a+0 z—b—0

the above argument- is modified only by restricting the sign of &,

and this completes the proof of (1). To prove (2) suppose f(x) is

continuous for x = £, and suppose a < {é+h < b; by th. 48 and

def. 33

E+h
(4) hi(€) = [ J(6) d. (4)
13
By (3), (4), and th. 61, & % 0 implies
E+h
® PO g - L [ e—seya
3

Choose ¢ freely, and then, since f(z) is continuous for x = §, & exists
such that

(8) " |gl <38 implies |f(&)—f(E+n)| < e.
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So, by (6) and th. 45,
|h| < 8 implies

¢+n

[ @) —f&)} dz | < Ihle,
¢

which, with (5), gives
FE+h=F() —f(f)! <e

0 < |h| <8 implies

and this means F’'(¢) = f(¢).
Theorem 63. Let f(x) be integrable- R over the closed interval [a,b],
and let

F(x) = fzf(t) dt; then F'(x) =f(x5 p.p. in [a,b].

Proof. By ths. 53 and 62.

§ 5. Riemann Integration of Derivatives
The reader will be familiar with the presentation of the elementary
theory of integration as an aspect of the inverse problem to differen-

tiation (Hardy, § 127).
Definition 36. Let f(x) be defined in the interval (a,b); F(x) is
said to be a primitive of f(x) in [a, b] if
(i) F(a) =0,
(i) F(z) is continuous throughout [a,b], and
(iii) F'(x) = f(x) for every point z of (a, b).
When the function f(z) is continuous throughout [a, ] the problem

x
of evaluating f f@t) dt (@ < x < b) becomes identified with the pro-
a

blem of finding a primitive of f(x) in [a,b]; and it is this principle
which forms the basis of technique for the evaluation of integrals.

Theorem 64. Let f(x) be defined and finite in the interval (a,b);
let F(x) and G(z) be primitives of f(x) in [a,b]. Then

F(z) = Gz) wn [a,b].

Proof. Put H(z) = F(x)—G(x).
Then H(z) is continuous throughout [a, b], and H(a) = 0.

Hence, by the first mean-value theorem (Hardy, § 126), H(x) = 0
in [a, b] if it is true that
(1) a<zx<b implies H'(z) =0.



~TH. 66] RIEMANN INTEGRATION 47

Now, since f(z) is finite throughout (a, b), it follows that F'(x) and
G'(z) are equal and finite, and hence, that their difference is zero
throughout (a,b). Hence

a <<z <b implies H'(z) = F'(z)—& () = 0,
which proves (1).

In brief, then, a finite function cannot have more than one primitive
in [a, b].

Theorem 65. Let f(x) be continuous throughout J, a closed tnterval
[a,b]; then the Riemann integral

x
f f(¢) d¢ is the unique primitive of f(z) in J.
a

Proof. Since f(x) is continuous throughout J, f(x) is bounded in
J (Hardy, § 102); hence f(x) is integrable- R over J (th. 55). It follows
by th. 62 that

f f(t) dt is a primitive of f(z) in J,

and, by th. 64, it is the unique primitive of f(x) in J.

Bearing in mind the necessary and sufficient conditions for a
function f(z) to be integrable-R over the closed interval [a,b], we
must now consider the following questions:

(«) If f(x) has a primitive in [a,b], is it necessary that f(x) be

integrable-R over [a,b]?
(B) If f(x) is integrable- R over [a, b], is it necessary for f(x) to have
a primitive in [a, b]? ’

(y) If f(z) is integrable-R over [@,b] and has a primitive in [a, b],

is it necessary that the primitive shall be identical with

f oy are

We shall first prove that the answer to (y) is ‘yes’, and then show, by
examples, that ‘no’ is the answer to («) and (B).

Theorem 66. Let [a,b] be a closed interval, and let F(x) be a
function such that
(1) F'() is defined and bounded in [a,b],
(2) F'(x) 18 continuous almost everywhere in [a,b];

b
then j F'(x) dz = F(b)—F(a).
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Proof. Let z,, 2,,..., x,, be any finite set of points such that

o= <z, <. <x,=0>b
Then

@) F(b)—F(a) = 3 {Fz)—F@,).

By the first mean-value theorem (Hardy, § 125) there is to every
integer  from 1 to n a point £, such that

(4) xr—l < fr < xr’

and

(5) F(xr)_F(xr—l) = (xr—xr-l)Fl(Er)'
By (5) and (3)

0) S (@,—2,)F'(¢,) = F(b)—Fla).

r=

Now, by (1), (2), and th. 55, F'(x) is integrable- R over [a,b], and so,
by th. 57, the left-hand side of (6) may be made arbitrarily close to

b
IF'(x) dz by a suitable choice of the points z,, 2,,..., z,. Hence,
by (G)y b

f F'(2) dx = F(b)— F(a).

Corollary. If f(x) is integrable-R over [a, b] and if f(x) has a

primitive in [a,b], then this primitive must be f f(¢) dt.

Examples.
. _ [a%inm/zr if x7#0
(i) Lot F(x)—“ 0 if z=o0.
Then F'(0) = limAsin” = o,
h—0 h

and if x £ 0, then F'(x) = 2xsin£—wcos;—;.

Hence F'(z) is defined and bounded in [—1,1] and is continuous
if x # 0 (it is easy to see that F'(x) is discontinuous at x = 0). The
conditions of th. 66 being therefore satisfied, we have

1
fF'(x) dz = F(1)—F(—1) = 0.
-1
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(ii)) To prove that

n
li " = im
'n—rv?o = n2--r? im
Proof. Let F(x) = arctanx; then F'(x) = (1422?)~!in [0,1], and
so it follows from th. 66 that

1 1
(1) I(l+x2)—1 dx = f F'(x) dx = F(1)—F(0) = }m.
1] 0

Now, if » is any chosen positive integer, and N, is the net whose
cells are given by

it follows by th. 57 that

lim{i 1(1+f)*1_ fl (14-22)-1 dx} =0
nool g N n® P ’
and this, with (1), gives the required result.
Example. To show that the answer to (8) p. 47 is ‘no’. Let
0 if —1<<2<0
f(x):{l if 0 29:21;

then f(x) is bounded in [—1,1] and continuous except for z = 0.
Hence f(x) is integrable-R over [—1,1]. Let

F@) = [ fit) ds;

by the corollary to th. 66, if f(x) has a primitive in[—1, 1], it must be
F(x); but F(x)—{o if —1<w<0
x if o<z,

and so F'(0) does not exist, which means that f(x) has no primitive
in [—1,1].

Example. To show that the answer to («) p. 47 is ‘no’. We have
to find a function f(x) such that

f(x) has a primitive in the closed interval [a, b],

and f(x) is not integrable-R over [a, b].
For this to happen, either '

(i) the set of the discontinuities of f(x) in [a,b] is null and f(z) is

unbounded in [a, b],
4874 H
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or else
(ii) the set of the discontinuities of f(x) in [a, b] is not null.
Following the lines of the example following th. 295, it is possible
to construct an example of (ii) in which f(z) is even bounded in [a, b].
The example given below illustrates (i). Let
Fz) = {.’::Ztsin;cl—2 if o<1
0 if z=0.

Then F(z) is continuous throughout [0,1], and, since
. .1
}gr(l)hsm i 0,
0 if =0
F'(z) = 1 2 1

2x8in——>cos— if 0 <<l
2 x a2

we have

Thus F’(z) is defined in [0,1], and is continuous except at = 0.
To show that F’(z) is unbounded in [0, 1], let » be any positive
integer, and let z,, = (2nx)-t. Then

——:z—cosn.'z:;2 = 2(2nm)t & 2z,sinz;%=0,

wn
and hence lim F'(x,) = —o0.

n—0
§ 6. Riemann Integration of Limit Functions
We now consider a common and important case of the problem

b
of evaluating (R) f f(x) dz, namely that which occurs when f(z)

is defined as the limit of a sequence of functions, each of which is
integrable- R over [a,b]. More precisely, let {f,(x)} be a sequence of
functions and f(x) a function such that

b
1) (R) f fo(@) d exists (n = 1,2,...),
and lim f,(x) = f(x) for every z in [a, b];

in what circumstances is it true to write

b b
(I1) (B) [ flz) dw = lim(R) [ falw) do?
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To assert the truth of (II) is to assert three things:
(i) that f(z) is integrable-R over [a, b],
b
(i) that lim(R) [ f,(x) dz exists,
n—w a

(iii) that the two sides of (II) are equal.

The following examples illustrate the independence of (i), (ii), and
(idd).

Examples.

(i) For every positive integer n let

nsinmanx  if O<x<%
fn(x) = 1
0 if —<x<.
n
Then limf () =0 if 0<ae<< L.
n—+0

By ths. 59, 48, and 66, for every positive integer n,

1 1/n i/n
. 1 d .
ffn(x) de = f nsin e de = —= j J;coswnx dx = 2[m;
1] 0 0
1 9 1
hence lim J ful)de = = # J lim f,(x) dz = 0.
n—»ooo w Y n—>o
(ii) Let f,(x) be defined as in (i), and put
gn(®@) = (—1)"f,(2);
1 1 9
i = = —(—1)"
then !il_{l; gx)de =0 & 6’.gn(w) dx ﬂ( ",
1
and so lim J. ¢.(x) dz does not exist.
n—»0 0

(iii) Let {x,} be a sequence consisting of all the rational points
of [0,1], and for every positive integer » let
(1 if zis among 2,, Z,,..., T,
Ful®) = {0 otherwise,
go that, in [0,1],
1 if z is rational

&%f"(x) = :0 otherwise,
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It follows from the example to th. 45 that
lim f,(z) is not integrable-R over [0, 1].
n—»o

However, since f, () is continuous except in a finite number of points,
it follows that f,(x) is integrable-R over [0, 1], and, as in the example
to th. 57,

1 1
jfn(x) dx=0 (n=12,.), whence lim ffn(x) dx = 0.
0 el

It is, however, not difficult to find a condition which together with
(I) implies (1I).

Definition 37. Let {f,(P)} be a sequence of functions defined in
a set S. Let f(P) be defined and finite in S so that

(i) P € 8 implies f(P) = lim f,(P), and

n—»0
(ii) to every e there is an integer ¢ such that, for every point P of
8, n > q implies |f(P)—f,(P)| < .

Then f,(P) is said to tend to f(P) uniformly in S as n tends to infinity.
Examples.

(i) Suppose 0 < 7, < r, and ¥ @,a" converges for « = r,; then,

n=1

as n tends to infinity,

i a,z’ tends to > a,z’ uniformly in[0,r,].

v=1 v=1
el
Proof. Choose ¢ freely; since > |a,7}| < co (Hardy, §192), ¢ may
=1 .
be chosen so that o ’
S e, <e

v=q
Hence, if 0 < 2 < 7, & n > ¢, we have

0 n
>a,xr— Y a2’
v=1 v=1
which is the required result.

(ii) Let f,(«) be defined as in example (i) p. 51, and let f(x) = 0;
then f(z) = lim f,(z) in [0,1]. However, f,(x) does not tend to f(x)
n—+0

uniformly in [0, 1], for, if » is any positive integer,

Mer) (33

< €,

= n.
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Theorem 67. Let J be a closed interval [a,b], and let {f,(x)} be
a sequence of functions such that

b
(1) (R) ffn(x) dx exists (n=1,2,..),

and
(2) f.(x) tends to f(x) uniformly in J as n tends to infinity;

b b
then (R) f f(z) dx = lim f fo(@) da.

Proof. Choose € freely, and then, in virtue of (2), choose g so that
(3) zed & n>=q implies |[f(x)—f.(x)] <e.
Since f,(x) is bounded in J, so is f(x), by (3). Let N be any net over
J, and & any one of its cells; by (3)

n >q implies m(f,;8)—e < m(f;8) < M(f;8) < M(fy;8)+e,
and so, by def. 32, n > ¢ implies
L(fy; N)—e|J| < L(f;N) < U(f; N) < U(f; N)+elJ|.
Hence, by (1), def. 33, and th. 56,
(4) n > q implies

b

b 1] N
[ £al@) dz —elJ| < [ f@@) dx < [ f(@) da < [ ful@) do +elJ];

e being arbitrary, (4) implies

b 13

[ f@) da = | f(@) de,
and so (4) may be written

b b
n>q implies —elJ| < (B) [ f@@)de — [ fu@)dz < €|,

b b
which means (R) f f(x) dz = lim f frlz) de.

1

Example. To evaluate _dx
14-ab
The series 1—a5+4219—... converges to (1+2%)-! if || < 1, and so,

by example (i) following def. 37, its partial sums converge uniformly
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in [0, }]. Hence, by th. 67

[ 3
= hm Z j( 1)yrabr doe = Z (_)&-1-1%,

and so the answer requlred is given in the form of an infinite series.

§ 7. Cauchy-Riemann Integral
b
The definition of (R) f f(x) dx can sometimes be extended to include

cases in which f(z) is defined, though not necessarily bounded, in a
set (a,b), where (b—a) is not necessarily finite.

Definition 37.1. Suppose @ < b and f(x) is defined in (a, b) so that

(i) if @ < a < B < b, then f(z) is integrable-R over («, ), and

(ii) there is a finite number k such that, if « and B tend indepen-
dently to a-+0 and b— O respectively, then

B
(R)ff(x) dx tends to k;

then f(x) is said to be integrable in the Cauchy-Riemann sense
(integrable-CR) over (a,b), and

(CR) f f(x) dx denotes the number %.
It follows easily fro;l th. 62 (i) that
(CR) ff(x) dz = (R) fbf(w) do
if the right-hand side ex‘izsts, and that, ifl'x either of the limits

b B
lim (R) ! f(z)dz and pli,f‘lo(R) af flx) da

a—a+0

b
exists and is finite, then its value is (CR) f [f(z) de.
Examples. ¢

(i) (CR)fx'* dx = 2, since

0 <a<1 implies R)f -t dx = 2(1—Aa).
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(i) (CR) [x-%dx = 1, since
1 B .
1<pB<oo implies (R) J‘x“2 dr = (I—B).
1

(1 if z>=0
(iii) Iff(x)—"{__l if z<0,

over (—o0,0); for, although (R) f f(x) de = 0 for every posi-

-

then f(x) is not integrable-CR

a+1
tive finite number «, [ f(x) dz = 1, and so the limit postulated
“a

in def. 37.1 does not exist.

§ 8. Geometric Interpretation of Riemann Integration
When f(z) is bounded and non-negative in the closed interval [a, b]
we can interpret its upper and lower sums geometrically as follows.
Definition 38. Let f(«) be defined and non-negative in the linear
set §; then Qy(f; S) denotes the plane set

(@, y);xe S & 0 <y < f(x)).

Clearly, when S is a closed interval, Qy(f; S) is what we usually call
the ‘set of the points between the curve y = f(x) and the z-axis’.

Let f(x) be defined and bounded (f(x) > 0) in J, a closed interval
[a,b]. Let N be any net over J, and 3,, 3,,..., 8, its cells; for every
integer 7 from 1 to n put

IL=c(xy);2ed & 0 <y <m(f;3,) (cf. def. 17)

and J, = H((x,y);x €8, & 0 <y < M(f;8,);
then
(1) SLcayfid)cS*d.

r=1 r=1

n
Clearly, Y I, is a sum of intervals to which in elementary geometry
re=l
we would assign the area

3 Im(fi8) e L(fiN);

n
also, >* J, is a union of closed intervals to which we would assign
re1

the area "
3 15 M(5;3) de. U(N).
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n
So, if we refer to the sets i I, and >* J, as elementary figures, we
r=1

see that the'ﬁ.pper and \};::g sums of f(x) over J are respectively the
areas of elementary ﬁgures inscribed and circumscribed to the set
Q(f;J); moreover, when f(z) is integrable-R over J, Qy(f;J) has
the property that to every e there is an elementary figure contained
in Qy(f;J), and an elementary figure containing Q(f; J), whose areas
differ by less than e (th. 49); in this case (Hardy, § 157) the ‘area
under the curve y = f(x) between x = a and z = b’ is defined as

b
(B) [ f(@) da.

This leads to the more general problem of defining a function which
assigns to every plane set S a number «(S) which may be regarded
as its area. Of such a function «(S8) it would be natural to require
that

(i) if Sis anelementary figure, then «(S) shall be the area assigned
to 8 in elementary geometry, and
(ii) if Sc 7', then «(S) < (7).
If «(S) satisfies (i) and (ii), it follows easily that
(iii) if 8 is covered by the intervals I, L,..., I, then

a(8) < Z [Z.1,
and

(iv) if S contains the mutually exclusive intervals I, I,..., I, then

k
a(8) > 3 IL.
e
These considerations suggest the following definitions:

Definition 39. Let S be any set in R, ; the exterior Jordan content
of S (¢8) is defined as follows: if S is bounded, let I, L,,..., I, be any
Jfinite number of intervals such that

Scz I, and let u——z VAR
r=1
then ¢S is the lower bound of the aggregate of all possible such
numbers u; if S is unbounded, ¢S = co. The interior Jordan content
of 8 (¢8) is defined as follows: let I, I,..., I, be any finite number
of intervals such that

k k
S>Y 1, andlet v=3 |L|;
re=1 re=l
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then ¢8 is the upper bound of «, the aggregate of all possible such
numbers » (¢S = 0 if « is empty). If and only if ¢S = ¢S < o0, then
8 is said to be measurable in the Jordan sense (measurable-J), and the
common value of ¢S and éS is called the content of S (cS). The
consistency of this with def. 31 is proved by th. 70.

Example. If S is a finite set of points, then ¢S = 0.
Theorem 68. Let I, I,,..., I, be a finite number of intervals in R,;

then there is a finite number of intervals, say Cy, C,,..., C,, with the follow-
ing properties: If s is any integer from 1 to k, then
(i) I, contains all those intervals C; with which it has points in
common, and
(ii) the content of I, is the sum of the contents of the intervals C, which
are contained in I,

Proof. To avoid obscuring an essentially simple idea, we prove
the theorem for the special case n = 2. (Expressed geometrically,
the idea of the proof is to produce all the sides of all the rectangles
L, I,..., I, so as to produce a background of rectangles which have
the required property.) Suppose

L =((x,y);a) <z < b & o) <y<dP) (r=12..k),
and let 2, ,,..., z, be the set of all the numbers a{”, b{? (r = 1,2,..., k)
arranged so that
(1) Ty <Xy < oo < X5
similarly, let ¥y, ¥y,.-., ¥, be the set of the af, b{" arranged so that

Yo < Y1 < voo < Yo
Allowing m to run from 1 to v and r from 1 to w, let
Clm,r) = F((#,9); Ty <2 < & Yy <y <),
and let C,, C,,..., C, denote all the intervals so obtained (in fact,
q = vw). Now consider any one of the intervals I, 1,,..., I, say I,
and suppose
p=a) <=2z, & y=a <HP =y,

then I, contains all those intervals C(m,r) for which

AMlsm<p & p+l1<r<o,
the sum of whose contents is

‘? 3 Cn— ) G ra)

m=A+1r=p+1
4374 I
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or ﬁ (Zp—2p-1) Z (yr Yr-1)s

r=p+
which is equal to (z,—x)\)(y,—y,) or |Isl. Hence it remains only to
show that

(2) LC(m,r) #0 implies A+1l<m<p & p+l1<<r<o
Suppose then that I, C(m,r) # 0, i.e.
@1 Z) (@, 0) #£ 0 & (Y1, 4,)(a8, 1Y) # O;

this implies AP <z, & WP >z,
ie. <z, & z,>x,,
and so, by (1), A1 <m < .

A similar argument applied to the numbers y, now completes the
proof of (2).

Theorem 69. If S is any set, then ¢S < ¢S

Proof. The theorem being trivial if S is unbounded, suppose S is
bounded and that I, L,..., I, are intervals such that
(1) iI,cSc S:* L,
r=1 r=v+1
where v is some integer between 1 and k. Clearly the theorem will
be proved if we can show that

v k
(2) SILI< Y L.
r=1 r=v+1
Let C,, C,,..., C, be the aggregate of intervals defined in th. 68. As
a result of that theorem, we may define a function f(s,?) such that

1 if I,C,+ 0, which implies C,c [,
f(’g’ t) = . ¢
0 otherwise,
and then LI = $feniCl (=1,2,..k).
=1

Hence (2) will be proved if we show that

3 Ssemai< 3 % s,

and for this it is clearly sufficient to prove that, if ¢ is freely chosen
from among 1, 2,..., ¢, then

@ Sren< 3 fe

8=p+1
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Now since 1, I,,..., I, are mutually exclusive, no two of them can
contain C,, and so v

2 flet) < 1L

8=

on the other hand, if zv f(s,t) =1,
=
then, by (1), ’
C;IF # 0 for some integer u among v+1, v+2,..., %,

k
and this implies > fls,t) >1
8=v+1

which proves (3).

We can now deduce that Jordan content is a generalization of the
notion of geometric content.

Theorem 70. Let I be an interval; then ¢cI = ¢I = |I|.

Proof. Since I c I, it follows from def. 39 that

> I & ¢l <|I],

which, together with th. 69, implies the required result.

Theorem 71. If Ac B, then ¢A < ¢B & ¢cA < ¢B.

Proof. By def. 39.

Theorem 72. Let J be a closed interval; then ¢J = |J°|.

Proof. Suppose J is given by

a, < X, < br (7' = 1: 2,---, n):
and let I, be given by
a,—e <z, <b-te (r=12,..,n);

then JoecdJ cl, andso (th.71) ¢J° < éJ < ¢l..
Now by suitably choosing e, it follows from th. 70 that ¢, may be
made arbitrarily close to [J°|, which is equal to ¢J°; hence it follows
that ¢J = |J°|.

Theorem 73. Let S,, S,,..., S, be any finite number of sets in R,;
then
(1) &S, +8+.. +8,) < 88488, +...+E8,.

Proof. The theorem being trivial if one of the sets is unbounded,
suppose they are all bounded, so that their union is likewise bounded.

Choose € freely, and then, to every integer r from 1 to k, a finite
number of intervals, say IV, I®,..., I, such that

ny n,
ScIHIP & 3P| <+
1 t=1
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then the finite aggregate of intervals I#), where » runs from 1 to &,

k
and ¢ from 1 to n,, covers }* 8, and
r=1

K M k
19| < e és,.
rggtza‘r I\‘ 4‘2;]$
k k
Hence é 2:‘ S < e+ ZIES,,
r= re=

and since e is arbitrary, this proves (1).

The sign < in (1) of th. 73 cannot be replaced by = even when
the sets Sy, S,,..., S, are mutually exclusive; to see more clearly how
this comes about, and also the reason why the restriction of th. 73 to
a finite number of sets is essential, we require the following:

Theorem 74. Let S be any set; then
(1) ¢S = ¢8°%
(2) ¢8 = ¢Se.
Proof. To prove (1) it is sufficient, by th.71, to show that ¢S° > ¢8.
To this end, suppose
L, L,..., I, are intervals such that §1I' cS;
-

k
since Y I, is open (ths. 14 and 16), we have, by th. 24.1, that
r=1

K
Y I.c 8°, and this implies ¢S < ¢8°.
r=1
To prove (2) we observe first that
if S is unbounded, then ¢S = ¢S° = oo, verifying (2).
Suppose 8 is bounded and that I, L,..., I, are a finite number of
intervals covering 8; if J, denotes the closed interval of which I, is

K
the interior, then }* J, is closed (th. 28), and, since it contains 8, it

r=1

must also contain S¢ (th. 24.1). Hence, by ths. 71, 73, and 72,
k k k
08 <EX* I < Yok =3 |Ll,
r=1 re=1 r=1
and this implies ¢8°¢ < ¢S; the proof of (2) is now completed by
th. 71.

Example. Let 4 be the set of the rational points, and B the set
of the irrational points of the interval (0,1). Clearly

A° = B°=0, sothat ¢4 =¢B =0,
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whereas A+B = (0,1), sothat ¢(4+B)=1 (th.70).
Again
A°= B°=1[0,1], sothat ¢4 =¢éB=1 (th.72),
while é(A+B) =1,
which is an example where
(44 B) < ¢4A+éB.
The set A also shows that the restriction of th. 73 to finite aggregates

of sets is essential; for, if we regard 4 as the sum of a sequence of

sets S, each consisting of just one of the points of 4, which we may
do since 4 is enumerable (th. 9), then éA, which is 1, exceeds 020: és,,
r=1

which is zero, since S =0 (r=12...).

Theorem 75. Let Sy, S,,..., S, be any finite number of mutually
exclusive sets of R,, all of which are measurable-J; then
k
> 8, is measurable-J & c Z S, = z
r=1 r=1 r=1
Proof. Choose ¢ freely, and then to each integer » from 1 to &
a finite number of intervals, IV, I?,..., I such that
(1) 21“)CS & ZII“)|>CS_E
=1
(A slight modification, left to the reader, is necessary if ¢S, = 0.)
By (1), the intervals

IO (r=1,2,.,k t=12,..,n)

k

are mutually exclusive, their sum is contained in Y §,, and the sum
r=1

of their contents exceeds

k

—e+ Z QSr
=

€ being arbitrary, this implies '

k k
(2 ¢28 =2k

r=1 r=1

By (2) and ths. 73 and 69 it follows that

Ss>e38>e58>3e,

r=]

and since each of the sets S, is measurable-J, this implies

k k. 13
X8 =cX8=72cS <oo.
ral re=1 r=1
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The restriction of th. 75 to finite aggregates of sets is essential, just
as it is to th. 73; the set 4, in the example following th. 74, is not
measurable-J although it is the sum of a sequence of sets each of
which consists of a single point and therefore has content zero.
Although the theory of Jordan content is now only of historic
interest, its intimate connexion with the Riemann integral, which
the next theorem reveals, is worth examining, especially if we are
to understand how it is that the Lebesgue integral, which is based
on another theory of measure of sets, is free from many of the limita-
tions of the Riemann integral; and it is instructive to note how
exactly the deficiencies of the Riemann theory of integration are re-
flected in those of the theory of Jordan content. In the next theorem

% b
we obtain a geometrical interpretation of f f(x) dz and f flx) dz,
a a

when f(z) is non-negative and bounded in [a,b], in terms of the set
of the points ‘between the curve y = f(z) and the z-axis’. Since f(x)

b b
must be bounded in order that f f(x) dx and f f(x) dz shall be defined,

the reader will easily see that the restriction of f(x) to be non-
negative is not a serious one.

Theorem 76. Let f(x) be defined, non-negative, and bounded in J,
a closed interval [a,b]; then

b [}
Qulfs]) = [f@)de & EQf;T) = [ flz) do.

Proof. Let a == x, < z; < ... < &, = b define any net N over J,
and let 8, = [x,_,,x,]; put
4, =F((x,y);zed & 0<y<m(f;8) (r=12..,n).
Then 4, = 0 or else 4, is an interval with content [5,| m(f;82); hence

(def. 39), sinceé"lA, c Qu(fs J),

Qi) > 3 B, Im(f:8) > 3 [81m(f38) = L),
and so, by def. 33, cQ(f;J) > f f(x) dx. To complete one-half of the
theorem we have now to show%:hat, if ¢cQy(f;J) > 0, then

b
(1) Qf3J) < [ f(x) da;
-
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to this end, let I,, I,,..., [, be any finite number of intervals satisfying
k

@ S LcQuf ).

Choose N so that it includes all the extreme abscissae of I, I,,..., I,
(a, and b, being called the extreme abscissae of an interval given by
4 <z<b &a,<y<b,y). If we put

IN = LS ((x,y);2€8) (8= 1,2,k r=1,2,.,n),

then clearly
3) SI0cl & SO =L (s=1,2,...k),

r=1 r=1
where |I| denotes zero if I = 0. Hence, by th. 58,

b k n % E n

[f@yde — 3 LI =3 [f@de—> 310

b4 8=1 r=1 8=1pyr=1

Zé:lﬁ'f(x) & -élllﬁ’)li ;

since the intervals I, L,,..., I;, have only to satisfy (2), it now follows
by def. 39 that (1) will be proved if we show that

(4) [ f@) d > SUPL (= 1,2,0)

Tr-1
Now, if (¢, 7) € I{, then there is a number 7’ greater than 5 and such
that (z,n’) € I{” for every z in 82; since I c Q,(f; J), this means that
f(x) > n' for every z in 82, and hence m(f;32) > n’ > 7, which implies
k
(¢6,m)e 4,. It now follows that Y I{c A4,, and since the I, are

8=l
intervals or are empty, we have (th. 70)

k
SHPI< 4] = BIm(f:8) (= 1,2,..m),
which, together with th. 60, proves (4). To prove

b
eQ(f;J) = | fi(x) da,
we proceed along similar lines. If N is any net over J and 3,, 3,,..., 3,

are its cells, then Qu(f;J) c En;* H((x,y);2€8, & 0 < y < M(f;3,),
=1
whence it follows that ’

(13 J) < 3 M$3)B = Vi),
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)
and hence that Q(f; J) < f f(x) de.
a

To reverse this inequality, we proceed as follows. Let I,, I,,..., I be
a finite number of intervals covering Q(f; /), and let N be chosen so
as to include all the extreme abscissae of I, I,..., I;, which belong to
J. Let I (r=1,2,..,m; 8 = 1,2,...,k) be defined as before, and
let m be any number such that 0 < n < M(f;8,), the integer r
having been freely chosen. Then ¢ exists in §, so that (¢, ) € Qy(f;6,);
hence there is a positive integer s such that ({,7) € I, and since
£ €3d,, we have

(¢, m) € I, where J{ is the closed envelope of I{?;
consequently, (x,7) € J{ for every x in §,. It now follows that
3
K ((x,y); x€8, & 0 <y < M(f;3,) c X*JN,
8§=1
and, applying ths. 71, 72, and 73, we have

18, M(f;8,) cz* J < ch"’) = z [IP] (r = 1,2,...,n),

n k
whence  U(£N) <3 31101 = 3 3 1101=3 1L

r=1

so that fl@) dx < Z | L]

8 50'1 ®
I
'MR‘

and since I, I,..., I, are any intervals covering Q(f;J), it follows
that 5
[ f@) dz < 2Qq(f; ),
a

which completes the proof.

Theorem 77. Let f(x) be defined, bounded, and non-negative in a
closed interval J; then each of the following three statements implies
the other two:

(1) f(x) 18 integrable-R over J;

(ii) f(x) 18 continuous almost everywhere in J;

(iii) the set Qy(f; J) is measurable-J.

Proof. Since f(z) is bounded in J, Qy(f;J) is bounded, and so the

theorem follows at once from ths. 53, 65, and 76, and defs. 33 and 39.
Th. 77 enables us to assert that when a function f(z) is defined,
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bounded, and non-negative in a closed interval J, the integrability- R
of f(x) over J may be regarded from two points of view:
(i) as prescribing the degree of ‘irregularity’ of f(x), namely that
the set of the discontinuities of f(x) in J shall be null, or
(ii) as imposing a structural condition on Q(f;J), namely that
eQo(f; J) = EQy(f; J), i.e. that Qu(f;J) be measurable-J.
We can now see how it is that a bounded function, defined as the
limit of a sequence of integrable functions, may itself be non-
integrable in the Riemann sense. Briefly, it is because the property
of being continuous almost everywhere in a set is one which may be
possessed by every member of a convergent sequence of functions
without being possessed by their limit function; or, from the other
point of view, because the union of a sequence of sets which are
measurable-J need not itself be measurable-J.
Example. Let {x,} be a sequence consisting of all the rational
points of J, the closed interval [0, 1]; for every positive integer n let

(1 if xis among x,, x,,..., T,
ful@) = {0 otherwise,
and let 1 if o is rational
if x is rationa. . .
= L. = l .
/@) {O otherwise, ie. J@) nl—?;f"(m)

(It is of interest to note that f(x) is also given by the equation

flx) = lim {lim cos2"(m!x1r),.)

m—>0 ‘n—>0
We have already seen (example following th. 45) that f(x) is not
integrable-R over J, and we may now examine this case from the
two points of view we have been discussing.

(i) For every positive integer n, the set of the discontinuities of
fa(z) in J is finite and therefore null, but the set of the discon-
tinuities of f(z) in J is the whole of J. Now J is not null; for
if it were, there would be a sequence of intervals, {}, such that

JcS*L & SIiLl<1,
r=1 r=1
and so, by th. 38, an integer k such that
k k
Jc3*I, & EIII,I <1,
r=1 r=

which contradicts th. 72. Hence the set of the discontinuities

of f(z) in J is not null.
4374 K
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(ii) Let » be any positive integer, and choose e freely; then
Qqy(f,; J) is covered by the n intervals given by

le—z,| < Eeﬁ & 0<y<l (r=12,..,n),

the sum of whose contents is ¢; € being arbitrary, this means
¢Qy(fn;J) = 0, and so, by th. 69, cQy(f,;J) = 0.
But, if § = Qq(f;J), then clearly
8o=0 & 8=c(y);0<2<1&0<y<1)
so that, by ths. 74 and 72,
0 = cQq(f; J) < 8Q(f;J) = 1,
showing that Qu(f; J) is not measurable-J.

In the Lebesgue theory of measure, to which the next chapter
is devoted, every set S has a number assigned to it, its ‘exterior
Lebesgue measure’, and the essential difference between this number
and ¢8 is that the former is based on the use of infinite aggregates of
covering intervals, whereas ¢S is defined (def. 39) in terms of finite
aggregates of covering intervals. As a result of this modification, and
of a new definition of measurability, we shall see that the union of a
sequence of measurable sets is again measurable, and also that the
measurability of Q(f;J) in the new sense imposes on f(x) a certain
condition which is much weaker than that of continuity almost
everywhere; moreover, if every member of a convergent sequence
of functions satisfies this condition, the same is true of their limit
function.



III
LEBESGUE MEASURE

I~ the last chapter we considered the problem of assigning a measure
number to an arbitrary set in R, ; we discussed in detail one solution,
namely the theory of Jordan content, which proceeds by approxi-
mating, in a certain sense, to the given set by finite sums of intervals.
The sets which are measurable-J form a special and important class
in this theory; the main feature of this class is that it always includes
the sum of a finite number of its members, the content being additive
(th. 756), but one of its chief deficiencies is that it does not always
include the sum of a sequence of its members. We saw furthermore
that the theory of the Riemann integral, which is essentially linked
to this theory of measure, reflects exactly the same defect in the way
it deals with a function which is defined as the limit of a sequence of
integrable functions. The Lebesgue theory of measure solves the
problem in a much more satisfactory way, and, as we shall see in
Chapter V, forms the basis of a theory of integration which is free
from the major defects of the Riemann theory.

§ 1. Exterior Lebesgue Measure

Definition 40. The exterior Lebesgue measure (m*S) of any set
S is the lower bound of a certain aggregate « of real numbers, defined
as follows: u € « if and only if there is a sequence of intervals, {I},

such that ™ ©
ch‘:I, & ,lel'l = u.

It may of course happen that m*S = oo, for example, if S = R,;
but it does not follow that m*S = co whenever 8 is unbounded
(cf. def. 39); for example, if S is the sum of the intervals (n,n+2-7)

(n = 1,2,...), then clearly m*S < § 2-7, It should be noted that

n=1
the intervals I, referred to in def. 40, must be contained in the same

space as S; this is emphasized in the next theorem.

Theorem 78. Let a be any finite real number, and let
S = c#((P,y);y = a); then m*S =0.
Proof. Assuming S c R, .,, let {1} be a sequence of intervals such

that R, = i"‘ I.. Choose ¢ freely, and then for every positive integer
r=1
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r let J, be the interval in R, ,, given by
~r-1
L=o(PusPel & oyl <<

14|
then [J,| = €2-7, and so f: ] = €;
r=1
clearly Sc f* J,,
r=1

and since e is arbitrary, this means m*S = 0.

It is usual to define the aggregate «, referred to in def. 40, so that it
also includes all numbers « for which there is a finite number of
intervals, I, I,,..., I, say, such that

k k
Sc3*L & 3 |Ll=u
re=l r=1

in other words, what is usually called m*§ is, in our notation,
min(m*8,¢8). The equivalence of the two definitions of m*S follows
from the next theorem.

Theorem 79. m*8 < és.

Proof. If 8 is unbounded, ¢S = oo, and the result is obvious.
Suppose S is bounded; choose € freely, and then a finite number of
intervals, I,, L,..., I, say, such that

k k
1) Scd*I & Y |L| <éS+e.
r=1 r=1
Let I,,,, I;.s,... be any intervals such that

lIk+sl < €2-¢ (8 = 1’22-");

then, by (1), o ©
Sc3*r & 3Ll <oS+2e
7= r=1

Hence m*S << ¢S+ 2¢ for every e, which means m*S < ¢S.

Theorem 80. Let S be a closed bounded set; then ¢S = m*S.

Proof. Let {1} be a sequence of intervals covering S. By th. 38
there is an integer % such that

k k 0
Scy*l & X ILI<3ILI;
ra=l r=1 r=1

hence, by defs. 40 and 39,
m*S > és,

and this, together with th. 79, proves m*8 = é8S.
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Theorem 81. If 4 c B, then m*4A < m*B.

Proof. By def. 40.

Theorem 82. If I i3 an interval, then

IcS8SclIe implies m*S =cl.
Proof. Suppose I is given by
a <z, <b, (r=1,2,.,n),
and let J, be a closed interval given by
a+te<x <b—e (r=12,.,n)
Clearly I°>8>1o>J,
and so, by ths. 80, 72, and 81,
cl = m*Ic = m*S > m*J, = H (b,—a,—2¢);

and since € may be made arbitrarily small, this implies m*S = cI.

Th. 82 shows that we may, consistently with the usage of def. 31,
adopt a more convenient notation for m*S.

Definition 41. If S is any set, let |S| denote m*S Thus, com-
paring defs. 41 and 36, it appears that |S| = 0 is equivalent to the
statement ‘S is null’; so we may restate th. 52 as

Theorem 83. If S s finite or enumerable, then |S| = 0.
When dealing with the theory of Jordan content, it was observed

k k
that the inequality (th. 73) c'( >* S,.) < Y é8, cannot in general be
r=1 r=1

extended to a sequence of sets {S,}. The next theorem shows that
this defect disappears when ¢ is replaced by m*.

Theorem 84. Let {A,} be a sequence of sets in R,; then
<34,
r=1

Proof. Choose ¢ freely, and then, to every positive integer r, a

sequence of intervals, I,,, I,,,... say, such that

(1) 4,c3% L, & 3L < |4 |+

By th. 6 the intervals I,,, where  and s run through all positive
integers, can be arranged in a sequence {J}}, say; and

) Tl = ©0 © Il
‘le (] | rgl 821' r,s[
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Hence, by (1),
$ra.c3ra & Zu<3 Al
and so it follows that
204
and this gives the required result.

Theorem 85. If A,, A,,..., A} are a finite number of sets in R,,

then k k
| 34| <3 14,

Proof. By putting 4, = 0 for » = k+1, k+2,..., we obtain a
sequence of sets A, to which th. 84 may be applied to give the
required result. This artificial method may of course be replaced
by an argument on the lines of th. 73.

< f |A,|+e for every e,
r=1

Theorem 86. The union of a sequence, or of a finite number, of
null sets is also null.

Proof. By th. 84.

§ 2. Measurable Sets

Just as with th. 73, the inequality sign in ths. 84 and 85 cannot be
replaced by the sign of equality even when the sets in question are
mutually exclusive. It is more difficult to prove this by an example
than was the case with th. 73; however, the set N discussed in th. 130
has the property that it is contained in an interval I such that

m*I < m*N-+m*(I—N).

Let us first consider the problem of finding conditions in which
(1) AB = 0 implies |4+ B|= |4|+|B].
It is in fact true (th. 103) that, if 4 is contained in an interval which
has no points in common with B, then (1) is verified; in particular,
(1) is always true if 4 is an interval. However, intervals are not the
only sets which have this property. Let £ be an aggregate of sets
defined as follows:

8 € £ if and only if for every pair of sets A and B such that

AcS8 & BcS itistruethat |4+ B|= |A|+|B|.

This aggregate £ will be found to possess a number of simple
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properties of far-reaching importance; for example,
if S belongs to £, so does S ;

if S and 7 belong to £, so do S4T and ST; if {3} is a sequence of
members of &, then

i* S, and ﬁS,, belong to £.
r=1 r=1

Definition 42. A set S is said to be measurable (S € £) if and
only if for every pair of sets A and B such that
AcS8 & Bc&S itistrue that |4+ B|= |4]|+|B|.
If and only if S is measurable, we may denote m*8 or |S| by mS,
which is said to be the measure of S. In practice we shall only use
the symbol mS if we wish to draw attention to the measurability of
§; thus the equation
mA = |B| is taken to imply that 4 is measurable.
It is often convenient to have the condition for measurability stated
as in the following theorem:
Theorem 87. If Sc R,, then S € £ +f and only if
(1) for every set W in R,, |W|= |WS8|+|W§S|.
Proof. Suppose S satisfies (1); then 4 c S & B c S implies
|44 B| = |(4+B)S|+|(4+B)S| = |4]|+|B|,
which, by def. 42, means S € £.
On the other hand,
ifSe¥ & WcR, then WScS & WScS&,
and so, by def. 42,
|WS+WS| = |WS8|+|WS|, which means that (1) is true.

Theorem 88. Suppose S c R, and
(1) WcR, & |W| <o implies |W|>|WS|+|WS|;

then Se .
Proof. Since W = WS+ WS§, it follows by th. 85 that
(2) Wc R, implies |W|<|WS|+|WS)|.

By (2) and (1)
(8 WcR, & |W|<oco implies |W|= |W8|+|WS[;
and from (2)



72 LEBESGUE MEASURE [TH. 88~
(4) WcR, & |W|=oc0 implies oo = |W|= |WS|+|WS]|.
By (3), (4), and th. 87 SeX.

Theorem 89. Every null set is measurable.

Proof. Suppose |S| = 0, and that W is any set in the same
space as S. By th. 81

IWS| < |W| & |WS|=0; hence |W|=>=|WS|+|WS|,
which, by th. 88, means S e £.
Theorem 90. If S is measurable, so is S.
Proof. Since the complement of § is 8, the result follows from
def. 42.
Theorem 91. Let A and B be measurable sets in R,; then
(A+B)e £.
Proof. Let W be any set in R, ; since
A4+ B = A+Bd4, andsince Ade %,
\W(A+B)| = |WA+WBA| = |WA|+|WBA|;
hence
(1) |W(A+B)|+|WAB| = |WA|+|WAB|+|WAB|.
Since both A and B are measurable,
|WA|4-|WAB|4-|WAB| = |WA|+|WA| = [W|;
hence, by (1) and ths. 1 and 87, (44 B) € £.
Theorem 92. If A,, A4,,..., 4; are measurable sets in R,, then

3
d*A,. e X.

r=1

Proof. By induction from th. 91.

Theorem 93. Let A, A,,..., A, be measurable mutually exclusive
sets in R,; then

k k
i) WcR, implies ]W):A, =3 |WA,|;
r=1 r=1
(i m(34) =3 ma
r=1 g ——r=1 r

Proof. Put §, = 3 4, (p = 1,2,...,k); then
r=1
WSy = WSyt Wl & Apne2 (p=1,2,..,k=1),
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and so, by def. 42,

IWSp+ll = |WSp|+|WAp+ll’
whence (i) follows by induction. On putting W = R, in (i), (ii)
follows in virtue of th. 92.

Theorem 94. Let {A,} be a sequence of measurable mutually exclu-
sive sets in R, , and let W be any set in R,,; then

@) W3 A|=3 WA,
(ii) E A, 13 measurable;
r=1
(i) m(3 4,) =3 ma,
r=1 re=1
Proof. Put§, = 3 4, (p = 1,2,...); by th. 93 (i)
r=1
v
) WS,| =3 WA (p=1,2,..);
by (1) and th. 81
w3 al>5iwal =1z,
and so
(2) W3 A>3 WA,
On the other hand, by th. 84,

hence, by (2), we have (i).
By th. 92, §, € Z, so that

(3) W) = WS, |+ W8, (p=1,2,..).
Put 4 ———erA,; by (1) and (i), |WA4]| =pli_)r2|WSp|; also WS;, o) W.;l-,
which implies |WS,| > |WA| (p = 1,2,...); hence, by (3),
IW| > WA+ WA,

which, by th. 88, means 4 € £. Finally, (iii) follows from (i) and
(ii) on putting W = R,,.

Theorem 95. Let A and B be measurable sets in R, ; then

ABe X.
Proof. By ths. 90 and 91, (A B) € £; hence (th. 90) 4B e £.

4374 L
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Theorem 96. If S, S,,..., S, are measurable sets in R,, then

ke
TIS. s measurable.
r=1

Proof. By induction from th. 95.

Theorem 97. Suppose A and B are measurable sets, and A > B;
then

(i) (A—B)e £,

(ii) if mB<oo, then m(A—B) = mA—mB.

Proof. By th. 90, Be Z; hence (th. 95) AB € £, which means
(i). Since A=Bi(A—B) & Be¥,
we have, by (i), mAd = mB+m(4A— B),
and this implies (ii).

Theorem 98. Let {A,} be a sequence of measurable sels such that

a0

(1) 0=A4y,cd;cd,c.. & A=73*A4,;
r=1
then mA = limmAd,,
Proof. By (1) A=73(4,—4,.,);
r=1

hence, by ths. 97 (i) and 94 (iii),
md =lim 3 m(4,—4,_,),

n—wo r=1

which, by th. 93 (ii), implies m4 = limmA4,,.

Theorem 99. Let {S} be a sequence of measurable sets in R,; then
S*S e 2.

r=1
Proof. Put A, =3*8, (r=12..);
=1

then (th. 92) {4,} is a sequence of measurable sets; also

Ajcdzc.. & 3¢ =3S%4,
re=1 1

hence, by th. 98, i* S ek
r=1
Theorem 100. Let {4,} be a sequence of measurable sets in R,,; then
ﬁ Ad.e k.

rel



~TH. 101] LEBESGUE MEASURE 76

Proof. By ths. 90 and 99

i’:* ;4‘, e¥;
r=1
hence, by ths. 1 and 90, ﬁ A, e 2.
r=1
Theorem 101. Let {A,} be a sequence of measurable sets such that
1 A:)AD...&A=°°A,
( ) 1 2 rI==I r
(2) md,; < oo;
then mA = limmA,.

Proof. Put B, =A,—A4, (r=1,2,.);
by (1), (2), and ths. 81 and 97 (ii)

3) B,cByc.. & A,—A4=3*B,
=1

and '

(4) mB, = mA,—md, (r=1,2,...).

By (3), (4), and th. 98

m(4,—A) = limmB, = mA,—limmA,;
7> r—>0

hence, from (2) and ths. 100 and 97 (ii), we have
mA = limmA,.

r—o
The reader should note that th. 101 is not generally true if the
condition (2) is relaxed; for example, if A, = (r,0), it will appear
from ths. 104, 81, and 82 that
md, =0 (r=12,.), sothat limmd, = oo;

r—>0

nevertheless 4,0 4,>... & ﬁ_' 4, is empty and therefore null.
r=1

We now proceed to the fundamental result that every interval in
R, is measurable; to prove this, it is convenient to represent an
interval as an intersection of sets of a simpler character.

Definition 43. Let ¢ be any finite real number, and r any one of
the integers 1, 2,..., n; then

(@, Zgpeens 2,); 2, >¢) and  &((2y, 2y,..., 2,)5 2, < )
are called special half-spaces of R,.
For example, the set of the points of a line which lie to one side
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of any chosen point of the line represents a special linear half-space;

similarly, if R, is represented by a plane, a line parallel to one of the

axes of coordinates divides R, into two special half-spaces.
Theorem 102. Any special half-space H of R, 18 measurable.

Proof. Let W be any set in R,; by th. 88 it is sufficient to show
that

(1) \WH|+|WH| < |W|.
Let {1} be a sequence of intervals such that

WcS*L; then WHcS*HI & WHcS*AI,

r=1 r=1 r=1

hence (ths. 81 and 84)

@ WH+|WH| < 3 \HL1+ 3 1AL = 3 (HL,I1+H1))

So, if (1) is true whenever W is an interval, (2) will imply
(WHI+IWH| < 3 |1,

and consequently (def. 40) that (1) is true for every set W. Hence
the theorem will be proved if we show that, for every interval
Iin R,

(3) 1| = IH|+|IH)|.
Suppose I is given by
a <x, <b (r=12..,2),

we may, without loss of generality, suppose H is given by z, < c.
Since (3) is obviously true if ¢ < @, or ¢ > b,, suppose

ay <c<bg;
IH is then the interval given by
<z <ec & a. <z, <b (r=23,...,n),
and IH is the set given byc <z, < b, & a, <z, <b, (r = 2,3,...,n).
Hence, by th. 82,
IH| = (c—a) T] (b—a) & H| = () [T ,—a,),

so that \IH|+|1H| = (b,—ay) H (b,—a,) = |1],
thus verifying (3).
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Theorem 103. Any interval I in R, is measurable.
Proof. Let I be given by
a <z <b. (r=12,..,n),
and let H, and K, be the special half-spaces given by
z,>a, and 2z,.<b,

respectively. Then I = H K H,K,... H, K,,
and so, by ths. 102 and 96, I € £.

Theorem 104. Any open set U is measurable.

Proof. If U = 0, then U € £ (th. 89); if U # 0, there is, by th. 18,

a sequence of intervals {1} such that U = i"' I,, and so, by ths. 103
=1

and 99, U € &. i

It follows from ths. 19, 103, 82, and 94 that the measure of any
bounded open linear set is the sum of the lengths of the intervals
which compose it.

Theorem 105. Any closed set is measurable.

Proof. By ths. 104 and 90.

Theorem 106. Let S be any set, and let € be freely chosen; then there
18 an open set U such that

ScU & mU <L m*S+e.
Proof. By def. 40, there is a sequence of intervals, {}, such that

ScS*I & 3 |L| <m*S+te
r=1 r=1
Put U = z* ; then U is open (ths. 14 and 16) and, since

UcS*I,

r=1

it follows by th. 104 and def. 40 that mU < z |I,] < m*S4e. The

reader should note that the sign < may be replaced by < in th. 106
if and only if m*8 < co.

Theorem 107. To every set S there 18 a set S* such that
Sc8* & m8* =m*8.
Proof. By th. 106 there is a sequence of open sets, {U,}, such that

1) Scl & mU < |S|+ (r=1,2,.).



78 LEBESGUE MEASURE [TH. 107-

Put §* = T] U; by (1) and th. 100
r=1
(2) Sc8* & S*cX;
also, for every positive integer =,
§* c U, so that, by (1), (2), and th. 81, |8] < m8* < ]SI-}-;&,

which implies mS* = |8|.
The next theorem is an important generalization of th. 98.

Theorem 108. Let {S,} be a sequence of sets such that

(1) 8,c8c.. & 8 =§f 8
then |8} = lim|§,|.

Proof. By th. 81 —

IS < ISyl < 8] (0= 1,2,...);

hence the theorem is proved if we show
(2) Lim |§,] > |8].
To prove (2) we construct a sequence of sets, {7}}, such that
(3) TycT,c
(4) ScT, & mL=I§| (r=12..);

it then follows by (4) and th. 81 that
18] <

and by (3), (4), and th. 98 that
Z*T = limmT, = llml s
r=1 n—»o

which together imply (2). The sequence {7}} is constructed as follows:
by th. 107 there is a sequence {S;} such that

(8) S,c8 & mSF=|8| (r=12..);
put T = H S (r=1,2,.).
n=r

Obviously (3) is true; by (1) and (5), for every positive integer 7,
S.cT,c 8 endso(th 81) |8 <|T| < |S¥ = IS,

which means |7;| = |8,|; but 7}, as the intersection of a sequence of
measurable sets, is measurable (th. 100), and so (4) is verified.
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Theorem 109. Let S be a measurable set in R,; then there is a
sequence of bounded measurable sets whose sum s S.
Proof. Let U, denote the sphere about the origin of radius r if r
is a positive integer, and let U = 0; then
1 S =TZIS(Ur_ U-y).

By ths. 14, 104, and 97 (i) (U,—U,;) € £, and so, by th. 95,
S(U,—U,_,) € £ for every positive integer r; hence (1) represents §
as a sum of bounded measurable sets.

Theorem 110. Let S be any measurable set, and e any positive
number; then there are sets H and K such that

(1) S4+H tsopen & mH <e,
(2) S—K isclosed & mK <e.

Proof. Suppose m8 < oo; by th. 106 there is an open set U
satisfying ScU & mU<mS+e

Put H = U—S8,; then
S-+H is open, and, by th. 97 (ii), mH = mU—m8 < e, verifying (1).
If mS = o0, there is (th. 109) a sequence of bounded measurable sets,

{8}, such that § = f: S,. By what we have just proved, there is, to

=1
every positive integer r, a set H, such that

S+H,isopen & mH. < e2-7.
Hence, if we put H = $*(S,+H)—S5,
r=1

it follows that S+ H is a union of open sets, and H ¢ i* H,. So, by
r=1
th. 16, S+ H is open, and by ths. 81 and 84

|H| <§1IH,I <e

Since H is the difference of two measurable sets, it is measurable
(th. 97 (1)), and so (1) is verified. B
To prove (2), we apply the result of (1) to the set S which, by
th. 90, is measurable, and hence there is a set K such that
K+Sisopen & mK <e.

Since S—K is the complement of K+, it is closed (th. 26), and so
(2) is satisfied.
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The next theorem shows that every measurable set may be
expressed in terms of a sequence of open sets and & null set.

Theorem 111. Let 8 be any measurable set; then there is

(i) @ sequence of open sets, {U,}, such that ﬁ U,.—Sl =0,
(i) @ sequence of closed sets, {C,}, such that IS — i* C.|=0.
r=1

Proof. By th. 110 there is a sequence of open sets, {U,}, and a
sequence of closed sets, {C,}, satisfying
U—8I<> & IS=C| <} (r=12.);
since for every positive integer n
(I1U—8) c(U—8) & (8—3*G)c(8-0,),
r=1 r=1
(i) and (ii) are verified in virtue of th. 81.

§ 3. Interior Lebesgue Measure
The reader should note the distinction between ths. 110 and 106;
th. 106 asserts that if S is any set, then to every e there is a set H such
that (S+H) isopen & m(S+H) < |S|+e,
but it affirms nothing of |H|. In fact, if S is not measurable, the
lower bound of the aggregate of values of |H|, for which (S+H) is
measurable, is positive; this follows from the next theorem.
Theorem 112. Let S be a set such that to every e there is a set A
satisfying the conditions

Ae¥ & |A-8|<e¢;
then S e £.

Proof. By hypothesis there is a sequence of measurable sets,

A}, such that
4 14,— 8| <; r=1,2,.).

Put A= ﬁA,;
then 4 € £ (th. 100), and |A— S| = 0 since (th. 81)
1A—8| < |4,—8| < 7{ (n=1,2,.).

Hence 8 is the difference of A, which is measurable, and a null set,
and this, by ths. 89 and 97 (i), means S e <.



~TH. 115] LEBESGUE MEASURE 81

The result of the last theorem naturally raises the question of
what can be said of |4 — 8| when A4 alone is known to be measurable.
This question can be answered precisely in terms of the following
definition:

Definition 44. The interior Lebesgue measure (m, S) of any set
8 is the upper bound of the measures of measurable subsets of S.

Theorem 113. A c B implies my, A < m, B.
Proof. By def. 44,

Theorem 114. To every set S there i3 a set S, such that
SecS & mS,=m,S.
Proof. By def. 44 there is a sequence of sets, {§,}, such that

(1) S8c8 (r=12.) & limmS,=m,8S.
Put S, = S*8;
r=1
then, by (1) and th. 99, S, is a measurable subset of S, and so
mSy < my S;

on the other hand, by th. 81,
mSy = mS, (r=1,2,...), which, by (1), implies mS, > m, S,
and this completes the proof.
Theorem 115. Suppose A = B+C & A € Z; then

(1) mA = m*B+m, C.

Proof. By ths. 107 and 114 there are sets B* and C, such that
@) BcB* & mB* = |B|,
(3) C>C & mCy =m,C.

Since BCy = 0 & Cy € £, we have (def. 42)
[Bl+mCy = |B+Cyl;
hence, by (3) and th. 81, since B+ C, c 4,

(4) |B|+my C < md.

On the other hand, since B* € ¥, we have (th. 87)

() mA = |AB*|+|A—AB*|;

now A—AB*is a measurable subset of C (ths. 95 and 97),
and so |A—AB*| < m,C;

4374 M
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also, by (2) and th. 81, |4 B*| < |B*| = m*B; hence, by (5),
mA < m*B+m, C,
which, with (4), gives (1).
Theorem 116. My S < m*8.
Proof. By th. 81 and def. 44.

Theorem 117,

(i) Se & implies m, S =m*S;

(i) my 8 = m*S < oo implies Se .

Proof. Suppose Se £; since Sc S, m, S > mS (def. 44), and
8o, by th. 116, we have (i).

Now let S be any set; by th. 114, S, exists such that

(l) S*CS & MS* = m* S;
since
(2) 8 = (8—84)+ 84,

we have, by (1), (2), and def. 42,
I8] = |S—8y|+[8x| = |S—8y|+my S;
hence My S = m*S < oo implies |[S—8,| =0,
and this, by (2) and ths. 89 and 91, implies S € £, which proves (ii).
Theorem 118. Let S be any set in R, ; then
(i) cS < my 8 < m*8S < és,
(ii) if S is measurable-J, then m8 = ¢S < 0.
Proof. Let I,, I,..., I, be any finite number of intervals such

k
that > I c §; by ths. 93, 82, and 103,

r=1
k

m($1)=$mi =S

pr=l r=

k
and so, by def. 44, m, 8 > Y |L|; hence (def. 39) m, S > ¢S, and
r=1

this, together with ths. 116 and 79, gives (i).

If S is measurable-J, then, by def. 39 and (i),

my S = m*S = ¢S < o0,

and this, by th. 117 (ii), proves (ii).

Theorem 119. Suppose A = B+N & |N| = 0; then

(i) myA=myB & |A]|=|B|;

(ii) AeX ifand onlyif Be X.
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Proof. Suppose Sc A & S € £; then, by ths. 89 and 97 (ii),
S—8SNcB & wm(S—SN)=mS.
Hence, by def. 44,
my B > m, A, which together with th. 113 gives m, 4 = m, B.
Furthermore, by th. 85,
|[4] < |B|+|N| = |B],
and this, together with th. 81, completes the proof of (i). Since
N € £ (th. 89), (ii) follows at once from ths. 91 and 97 (i).

Theorem 120.

(i) If A=3A4, then myd>Sm,d,
r=1 r=l
k k

(i) If A=YA4, then med>>>m,A,.
r=1 r=1

Proof. Suppose 4 = ilA,; by th. 114 there is a sequence of

sets, {B,}, such that ’
1) B.cA, & mB,=m,A4, (r=12..).
Since the sets A, are mutually exclusive, we have, by (1) and th.
94 (iii),

$B.ca & m(3B)=3mB =3ma4,

=1 r=1 =1 r=1
which, by def. 44, implies the truth of (i). The proof of (ii) is estab-
lished on similar lines.

Theorem 121. Let {A,} be a sequence of mutually exclusive
measurable sets in R, ; let

A= i 4,, andlet W be any set in R,;
r=1
then my(WA) = zlm*(WA,).
r=

Proof. By th. 114 there is a set B such that
BcWA & mB = m,(WA).

Clearly B=SBA, & BA,cWA, (r=12,..);
r=1
hence, by ths. 95 and 94 (iii),
my(Wd) = mB =m(3 BA,) = 3 mBA, < 3 my(WA4,);
r=1 r=1 r=1
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but since W4 = Z WA,, th. 120 implies m,(WA4) > zlm,(WA,);

r=1
hence it follows that ©
my(WA) =r§1m,(WA,).

Theorem 122. Let S be a measurable set in R, and let W be any
set in R,; then me W = m,..(WS)+m,,(W§).
Proof. By th. 90 S and S are mutually exclusive measurable
sets; put
A, =8, A4,=8, and 4,=0 (r=3,4,.),
and the required result follows from th. 121.

Theorem 123 (CaNTOR). Let J denote the closed interval [0, 1], and
let 0 be any number satisfying 0 < 6@ < 1; then there is a set K con-
tained in J such that
(1) K 1is perfect & mK =6,

(2) every sub-interval of J contains an interval free from points of K.

Proof. The idea of the construction is to remove from J a sequence
of mutually exclusive intervals, {1}, and then to show that the set
of the remaining points satisfies the conditions for K. Put A = 16,
remove from J a concentric interval of length 4A: the remaining set
consists of two mutually exclusive closed intervals, each of length
3(1—13A). From each of these closed intervals remove a concentric
interval of length }A; the set of the points of J which remain consists of
four mutually exclusive closed intervals, each of length }(1—A{}+3});
from each of these remove a concentric interval of length $A, and
so on. Let {I,} be the sequence of intervals removed by this infinite
process. Since these are mutually exclusive, their sum, U, is an open
set (th. 16) and, by th. 94 (iii),

Put K = JU; then K is closed (ths. 26 and 27), and, by th. 97 (ii),
mK = mJ—mU = 1—\ = 4.
To show that K is perfect, we observe first that the end-points of

J clearly belong to K’. Suppose then that £ e K(0,1); if (¢ € K’,
then ¢ belongs to an interval I such that

IcJ & IK consists of ¢ alone.
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Since J—K =31,

r=1
this means that ¢ is an end-point of two different intervals I,, which
is inconsistent with the method of constructing the sequence {I.}.
Finally, to prove (2), we observe that
J-31
r=1
consists of closed intervals none of which exceeds 2-" in length;

hence K, i.e. J— 3 I, cannot contain an interval, which means that
r=1

every sub-interval of J incluiles a point, and therefore contains a
sub-interval, of the open set K.

Theorem 124. (ViraLi). Suppose E is a set of points in R,, and
that « is an aggregate of closed cubes in R, (or of closed intervals if
n = 1) such that
(1) the union of the members of « has finite exterior measure,

(2) if P e E,then every sphere about P contains a member of o which
includes P;

then there is a finite or an enumerable aggregate of mutually exclusive

members of o whose sum includes almost all the points of E.

Proof. Suppose
(3) the theorem is false.

Let K, be any member of «, and let {K,} be a sequence of members
of « constructed as follows: suppose K;, K,,..., K, have been chosen
an__d that their sum is S ; then §, is open (ths. 28 and 25), an_(_i, by (3),
ES, # 0; so, by (2), there are members of « contained in §,; choose

K., from among these so that

(4) the side of every member of « contained in S’q is less than twice
that of K ,,.

Now put A = 3 K.; by (1) and th. 94 (i),
r=1

(5) o > 4] = 3 K.
Choose ¢ freely, and then, in virtue of (5), choose N so that
(6) 3 K<«

Suppose P € EA; since P belongs to Sy, which is open, it follows,
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by (2), that there is a member of «, say K, which includes P and is
contained in Sy. Now, by (5), lim |K,| = 0, and so, by (4), K cannot
r—>a0

be contained in ASTq for all values of q; hence there is an integer v
such that

(7) KS,,=0 & KK, #0 & v>N.

By (7) and (4) it follows that K is contained in K}, the cube con-
centric with K, and such that |K}| = 5*|K,|, and hence P, which
belongs to K, belongs to S'* KY¥. Hence, by def. 40 and (6),

2
BA| < 3 |K* =5 3 |K,| < ebm,
r=N r=N

and since e is arbitrary, this means |EA4| = 0, which is inconsistent
with (3). Hence (3) is false, and the theorem is proved true.

The proof of th. 124 given above is due to S. Banach.

(If the members of « can be arranged in a sequence, the reader will
eagily see that a precise rule can be given for the selection of {K.};
cf. th. 11.)

Theorem 125. Suppose E is a set of points in R, of finite exterior
measure, and that « is an aggregate of closed cubes in R, (or of closed
intervals if n = 1) such that, if P € E, then every sphere about P
contains a member of o which includes P. Let e be freely chosen; then
there i3 a finite number of mutually exclusive members of «, say K,
K,,..., Ky, such that

N N
m 2 |K|—e < |B] < | 3 BK | +e
r= r=

Proof. By th. 106 there is an open set U such that
(2) EcU & mU< |E|+e.

Let a* be the aggregate of all the members of « which are contained
in U; since every point of E is the centre of a sphere contained in U,
it follows from the hypothesis on « that «* satisfies all the conditions
for « which are laid down in th. 124, Hence, by that theorem, there
is a finite aggregate, or else a sequence {K,}, of mutually exclusive
members of a* whose sum includes almost all the points of E.
Assuming that the latter is true, it follows by th. 119 that

3) |B| =

S EK,
r=1
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Since E:K, c U, we have, by ths. 94 (iii) and 81, and (2),

r=1
) S IKI=|3E|<IUI<|Bl+e<oo;

a0
hence N exists such that g |K,| < e, and so, by (3) and ths. 85,
=N+1
81, and 84, ’

N
B < |3 EF,
r=1

+1'

N 0 N
<|3EKl+ 5 Ki<|3PEK

which, together with (4), implies (1).

In the case where a finite aggregate of members of a* includes
almost all the points of E it is easy to see that this aggregate
satisfies (1).

S EK,
=N+1

e

§ 4. Linear Transformations

Definition 45. If to every point P of S, a set in R,, there is
assigned a point of R,, and this point is denoted by F(P), we say
that F transforms P into F(P); the set of all points #(P) obtained
when P runs through S is denoted by F(S), and F is said to trans-
form S into F(S). We shall also use the symbol f(S), when f(P) is a
function defined in a set S, to denote the set of the values assumed
by f(P) as P runs through S. If

F((xl’ Loseeey xn)) = (yl’ Yaseees yn):
and the z, and y, are connected by a fixed system of linear equations
Ypr = Up b0, By Vo TgF o0, T, (1= 1,2,..,1),

then F is said to be a linear transformation.

Definition 46. If the equations defining a linear transformation
F are of the form

Y =utvx, & 0, #0 (r=1,2,..,mn),
so that
F((, %yens @) = (ug+01 20, g 0225, Up+0,2,),

we shall denote the positive number |v, v,...v,,| by v, and in this case
F will be called a restricted linear transformation. (We shall only be
concerned with such restricted transformations.) ’

Definition 47. If F is a restricted linear transformation, and
@ is any point of B,,, then the unique point P such that

F(P) = @ will be denoted by F-1(Q),
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and F-! will be called the inverse transformation to F. In the nota-
tion of def. 46, if Q = (y,, ¥5,-..,¥,), then

F1Q) = (?!1_?:?‘1 Yoty ,?/.n.,‘:’fn)_

v v Un
The reader will recognize that in R, the geometrical transformations
of figures by translation, reflection (about a point or about one of
the axes of coordinates), or by uniform stretch (in which the point
(z,y) is transformed into (z, ky)) may all be expressed by restricted
linear transformations. The following simple theorem enables us to
compare the metrical properties of a set with those of its transform.

Theorem 126. If I is an interval, and F is a restricted linear
transformation, then F(I) is an interval and |F(I)| = v|I]|.

Proof. If I is given by

o, <z, <b (r=12..,n),

it is easily seen that F(I) is the set of the points (y,,¥s,...,¥,) such
that (in the notation of def. 46)

u,+min(v, a,, v, b,) <y, < u,+max(v,a,v.0b,) (r=1,2..,n).
Hence F(I) is an interval, and

|F(D)] = TT {max(v,a,, v,b,)—min(v,a,, v,b,)}
=1

==;[I.h4l(br_-ar)=: U'IL
Theorem 127. If F 18 a restricted linear transformation, then
|F(8S)| = v|8]. '
Proof. Choose € freely, and then a sequence of intervals, {I},
such that

(1) Sc3*L & 3L <I8|+e
r= r=1
Since F(S)c f:* F(L),
r=1

it follows by def. 40, th. 126, and (1) that
O < 3 IFI)] = 30IL| < o(|8]+e)

for every e. This means
) |F(S)| < 18].
Now F-YF(8)) = 8, and 1/v bears the same relation to F-! as v
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does to F. Hence we obtain, as an analogue of (2),
1 .
181 = [F-X(FE)]| < S IFS)],
which, with (2), gives |F(8)| = v |S|.
Theorem 128. Let F be a restricted linear transformation and S
any set in R, ; then F(S)e £ if and only if Se £.
Proof. Suppose W c R, ; since F(P) and F(Q) are different if the
points P and @ are different, it follows that
F(WS) and F(WS) are mutually exclusive;
hence, by def. 42, if F(S) € £, then
|F(W)| = |F(WS+WS8)| = |[F(WS)|+|F(WS),
which, by th. 127, means
(W] = |WS|+|WS];
so, by th. 87, F(S)e £ implies Se £.
On applying the transformation F-1 to the set F(8), it now follows
that S € £ implies F(S) € £.
Theorem 129. If F is a restricted linear transformation, then
my F(S) = vm, 8.
Proof. By th. 114, S, exists such that

(1) SecS & mSe =m,S.
By (1)
(2) F(84) c F(8),

and, from ths. 127 and 128, it follows that
mF(Sg) = vmSy;
hence, by def. 44, (2), and (1),
(3) my F(8) = vm, 8.
Similarly, as in th. 127, it follows that m, S > (1/v) My F(8), which,
with (3), gives the required result.
§ 5. Non-Measurable Sets

When we introduced the definition of a measurable set our pur-
pose was to set up a class of sets of points whose exterior Lebesgue
measures satisfy a certain condition of additivity. It is natural to
ask: Do there exist sets which are not measurable?—a question which

has been of some historical importance. The study of this problem
4374 N
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has coincided with a period in which the foundations of the theory of
aggregates have been critically scrutinized; and this criticism has
revealed that the words and concepts, which we usually accept in
building a theory of aggregates, conceal subtle difficulties of a logical
character which have serious bearing on the problem of the non-
measurable set.

To prove that there are non-measurable sets, there appear to be
two obvious paths: either to ‘produce’ such a set, or else to show that
the assumption of their non-existence contradicts some axiom of
mathematics. The first alternative compels us to examine the condi-
tions in which a set may be said to have been produced or con-
structed; if we decide that a set is only produced when a ‘rule’ is
given by which it can be determined whether or not any assigned
point belongs to the set, we are further compelled to specify the
conditions in which a collection of propositions becomes a ‘rule’. It
may at once be said that no example of a non-measurable set has
yet been given along these lines. It is by proceeding with the second
alternative that results have been obtained; and the mathematical
axiom which plays the important role in these results is the Selection
Axiom, which we discussed briefly in § 5 of Chapter I.

Theorem 130. There exists a non-measurable set.

Proof. Let I denote the interval (0,1); if ¢ € I, let R(£) denote
the set of the numbers x such that

O0<z<l & x—¢isrational.
Clearly, y € R(x) implies R(y) = R(x),
and so the members of the aggregate of the sets R(x), obtained

when z runs through I, are mutually exclusive. Hence, by the
Selection Axiom, there is a set S such that

(1) Scl,andif x € I, then SR(x) consists of a single point.

It is easy to prove that S is a linear non-measurable set. By th. 9
there is a sequence, say r,, 7,..., consisting of all the rational numbers
in the interval (—1, 1); to every positive integer n let F, be the trans-
formation defined b

y F (x) = x+r,.

Now if m and » are distinct positive integers, then F,(S) F,(S) = 0:
for otherwise there are points ¢ and 7 in 8 such that

E+r, = n+r,, ie. é—n=r,—1r,,
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which, by (1), implies § = 5 and consequently n = m. We can now
show that S is not measurable. Suppose S e Z; by ths. 127 and
128, mF, (8) = mS (» = 1,2,...), and so, since

nlen(S) c (" 11 2),
we have, by ths. 82, 81, and 94,

3> m(ngan(S)) =§1an(8) =§1ms;

hence mS = 0, and consequently ' § Fn(S)I = 0. On the other hand,
n=1
if ¢ € 1, it follows by (1) that

£e F,(S) for some positive integer n;

hence Ic f: E.(8),

n=1
0
which contradicts the conclusion l > Fn(S)l = 0. Hence the assump-
n=1

tion S € £ leads to a contradiction.
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SETS OF ORDINATES AND MEASURABLE FUNCTIONS

§ 1. Sets of Ordinates

WirH the Lebesgue theory of measure at our disposal, we can now
generalize the problem of ‘measuring the area under a curve’.

Definition 48. Let B be any set in R,, and let f(P) be a non-
negative function defined in B; let

Quf; B) = #((P,y); Pe B& 0 < y < f(P)),
Q(f; B) = #((P,y); Pe B& 0 <y < f(P));
then Q(f; B) is called the least, and Q,(f; B) is called the greatest set
of ordinates of f(P) over B. The symbol Q(f; B) is used to denote
any set S satisfying
Qqy(f; B) ¢ S cQy(f; B),

and S is called a set of ordinates of f(P) over B.

It should be noted that Q(f; B) c R,,,, so that Q(f; B) is plane if
B is linear, and three-dimensional if B is plane. The problem which
we shall consider in this chapter is that of finding necessary and
sufficient conditions for Q(f; B) to be measurable (in the Lebesgue
sense).

The next two theorems arc obvious corollaries to def. 48.

Theorem 131.
14 : k
() If B=3 B, then Qf;B)=3Qf;B,);

(i) f B=3 B, then Quf;B)=3Qu(f;B),
assuming in each case that one side of the result equation is defined.

Theorem 132, If 0 < f(P) < g(P) for every point P of B, then
Qo(f; B) c Qolg; B) & Qu(f; B) c Q,(g; B).

Theorem 133. If 0 < a < oo, and g(P) = af(P), then

(i) 1Q(g; B)| = a|Qo(f; B)] & myQo(g; B) = amyQy(f; B);

(ii) mQy(g; B) = amQy(f; B),

assuming in each case that one side of the equation exists.
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Proof. Let F be defined by

F((P,y)) = (P,ay);

then F{Qy(f; B)} = Qog; B),
and so (i) follows by ths. 127 and 129, and (ii) from ths. 128 and
127,

Theorem 134. Let {f,(P)} be a sequence of non-ﬁegative functions
defined in B.

() If P e B implies f,(P) < fo(P) < ... & f(P) = lim f,(P), then

n—ro

Quf; B) = 3* Qlfy B;
(i) if P € B implies f;(P) = fo(P) = ... & f(P) = lim f,(P), then

Q,(f; B) = 11 Qulfu; B).
Proof. By def. 48.
Theorem 135. Let f(P) be defined and non-negative in B; then
@) 1Q(f; B)l = 1Q(f; B)l & myQo(f; B) = maQy(f; B);
(ii) mQy(f; B) = mQ,(f; B) if either side exists.

Proof. Let £.(P) = (1+;ll.) £(P).

If n is a positive integer, then
Q,(f; B) € Qo(fu; B)  (def. 48),
and hence, by ths. 81 and 133,

Q(f: B < 1f; B)| < 1Q(fu; B) = (1+ )IQo(f; B,

1
n
which, since n is arbitrary, means |Q(f; B)| = |Q,(f; B)|. Similarly,
appealing to th. 113 instead of th. 81, we have
mxQo(f; B) = maQu(f; B),
which completes the proof of (i). Now

M) UEB) =TI B) & Qulfi B) = 3*u(f05 B);
if the left-hand side of (ii) exists, then, by th. 133,
Qyfs; B)eZ (n=1,2,..);
hence, by (1) and th. 100, Q,(f; B) € £. This, together with (i), proves
mQq(f; B) = m&4(f; B).
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If Q,(f; B) € £, we replace th. 100 by th. 99 in the above argument,
and so complete the proof of (ii).

We now consider the problem of finding conditions in which
Qo(f; B) € £. The simplest case occurs when f(P) is finite and con-

stant in B.

§ 2. Cylinder Sets

Definition 49. Let & be any finite positive number; then the
cylinder on B of height h, G(h; B), is defined by

#(h; B) = #((P,y); Pe B& 0 <y < h).
B is called the base, ¢#((P,0); P € B) is called the bottom, and
#((P, h); P € B) is called the top of the cylinder é(h; B). The reader
should note that
if Bc R,, then 9%(h;B)c R,.;

hence the base and the bottom are distinct sets.

The aim of the next six theorems is to show that

mb(h; B) = hmB

if either side is defined.

Theorem 136. |4(1; B)| < |B].
Proof. Let I, I,,... be intervals such that
(1) Bc3*1.
r=1

Now %(1;1) is an interval & |4(1;1)| = || (r = 1,2,...); hence,
by (1), @ ® o«
%(1; B) Crzl* 8(1,L) & g,ll‘@(l;lr)l =T§lllrl,
which, by def. 40, implies |4(1; B)| < |B|.

Thus, if Bc R,, th. 136 asserts that the volume of a cylinder of
unit height does not exceed the area of its base.

Theorem 137. Let B be bounded; then m, 6(1; B) > m, B.
Proof. Let I be an interval containing B; then

(1) %(1;I) = 6(1; B)+%(1; [—B).

Now ¥(1;1) is an interval & m%(1; I) = mI; hence, by (1) and

th. 115,
ml = m%(1;I) = m, 6(1; B)+|4(1; I—B)|,

which, together with ths. 136 and 115, proves
my6(1; B) > mI—|I—B| = m, B.
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Theorem 138. Let B be a measurable set; then m%(1; B) = mB.

Proof. If B is bounded, the result is a corollary of ths. 136, 137,
and 117, for
mB < m, 6(1; B) < m*&(1; B) < mB < 0.
Hence, if B is the sum of a sequence of bounded measurable sets,
{B,}, it follows from ths. 94 and 131 that

mB =3 mB, = 3 m8(1; B) = m( 3 6(1; B)) = m$(1; B),
r=1 r=1 r=1
which, by th. 109, proves the result when B is unbounded.

Theorem 139. Let B be any set; then |4(1; B)| = |B|.

Proof. Let #(1;S) denote the sum of the cylinder %(1;S), its
top, and its bottom. Let V be any set such that
(1) Visopen & ¥(1;B)cV.
Let U be the set of all points P such that (P,y) € V for all y satisfying
0<y<1;by (1)
(2) BcU & %(1;U)cV.
We first show that U is open. Let P be any point of U, and suppose
P € U°; then there is a sequence {F,} such that

(3) imP =P & PeU (r=1.2..).
By (3) and the definition of U, there is a sequence {(F,,y,)} such that
(4) 0<y,<1l & (P,y)eV (r=12..);

by (3) and (4) the sequence {(F,y,)} is bounded, and so (th. 32)
contains a convergent sub-sequence, whose limit, by (3) and (4),
must be of the form (P, ), where 0 < § << 1. Furthermore, V being
closed (th. 26), it follows by (4) and th. 35 that (P,0) e V which
contradicts the hypothesis P € U. Hence P € U implies P € U°, i.e.
U is open. Since U € £ (th. 104), it now follows from (2) and ths. 81

for every open set ¥ which contains %(1; B); hence, by th. 106,
|4(1; B)| > |B|, which, together with th. 136, proves
(8) 16(1; B)| < |B| < |%(1; B)|.
Now, by th. 78, both the top and the bottom of #(1; B) are null sets;
hence, by ths. 86 and 119,

|8(1; B)| = |8(1; B)|, so that (5) means |#(1;B)| = |B|.



96 SETS OF ORDINATES AND [TH. 140-

Theorem 140. Suppose 6(1; B)e ¥£; then Be £.
Proof. Let W be any set in the same space as B; then

(1) B(1; W) = 4(1; WB)+%(1; WB),
and
() G(1;WB)c6(1;B) & ¥(1;WB)8(1;B)=o0.

Since 4(1; B) € £, it follows by (2), (1), and def. 42, that
|6(1; W)| = |6(1; WB)|+|8(1; WB)|,
which, by th. 139, means
|W| = |WB|+|WB|.
Hence, by th. 87, Be £.

Theorem 141. If 0 < h < o0, and B is any set, then

(i) |8(h; B)| = h|B],

(ii) mG(h; B) = hmB if either side extsts.

Proof. Since 4(1; B) = Qq(f; B), where f(P) == 1 for every point
P of B, the result follows from th. 133 on putting @ = A.

Theorem 142. Let f(P) be defined and non-negative in a null set B;

then (/3 B)| = o.
Proof. Since Qu(f; B) c i* b(r; B),
r=1

it follows by ths. 141 and 86 that Q(f; B) is contained in a null set,
and is therefore null.

§ 3. Measurable Functions

We are now in a position to discuss conditions for the measurability
of Qq(f; B) in the more general case when f(P) is not constant in B.

Theorem 143. Let f(P) be defined and non-negative in B; then
Q,(f; B) is the union of a sequence of cylinders (except when f(P) = 0
for every point P of B, in which case Qy(f; B) = 0).

Proof. By th. 9 there is a sequence, {h,}, consisting of all the
positive rational numbers. Let

B, = B.#(P;f(P) > h,) (r=12,.);
clearly
M 3% 6(h; B) c Qf; B).

On the other hand, if (P,y) € Qy(f; B), there is a positive rational
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number, say h,, such that 0 <y <k, < f(P), which means that
(P,y) € €(h,; B,); hence

Q,(f; B) c§:‘ @(h,; B,),

and this, together with (1), gives the required result.

Since the measurability of a cylinder is equivalent to the measur-
ability of its base (ths. 138 and 140), th. 143 at once suggests a
condition sufficient for the measurability of Q(f; B).

Definition 50. Let B be a measurable set, let f(P) be defined in
B, and let B(a) = B.c¥(P; f(P) > a); the function f(P) is said to
be measurable in B if and only if B(a) € £ for every real number a.
A function of the n real variables z,, z,,..., z, is said to be measurable
in B if its corresponding point function is measurable in B. It
should be noted that def. 50 is not restricted to functions that are
non-negative in B.

Theorem 144. Let f(P) be non-negative and measurable in B; then

Qo(f; B) e £.
Proof. With the notation of th. 143
M Qy(f; B) = 3* 6(h; B,).

By def. 50, B, € £, and so (th. 138) 4(h,; B,) € £ for every positive
integer . Hence, by (1) and th. 99, Q(f; B) € Z.

We shall now show that, when B € £ and f(P) is non-negative in
B, the measurability of f(P)in B and the measurability of Q(f; B)
are exactly equivalent.

Theorem 145. Let f(P) be defined and positive in B, and suppose

Qof;B)e Z; then Be X.

Proof. With the notation of th. 143, for every positive integer
r put

(1) 8, = Qy(f; B).#((P,y); y < h,),
@) F(Pw) = (P.2).

Since 8, > G(h,; B,), it follows that
F(8)> F((h,; B)) = 6(1;B) (r=1,2..),

4374 0
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so that, since f(P) > 0 for every point P of B, i.e. B = f"‘ B,,
r=1
we have

) S»E(8)> 32601 B) = 6(1; B).

On the other hand, by (2) and (1),
F(§)cé(1;B) (r=1,2,.);

hence, by (3),

O 3+ E(8) = 61 B).

Now, by (1), S, is the intersection of a special half-space and Q(f; B),
which is measurable by hypothesis; hence, by ths. 102 and 95,
S, € £, and consequently (th. 128)
FS)eZ2 (r=12..).
Hence, by (4) and th. 99,
¥(1; B) e £, and this means B e £ (th. 140).
Th. 145 is not true if we replace the condition
‘f(P)y >0 by ‘f(P)>=0" forevery point P of B;
for, if BE £ and f(P) = 0 in B, then Q(f; B) will be empty and
therefore measurable without B being measurable.

*Theorem 146. Let f(P) be defined and non-negative in a measur-
able set B, and suppose Q(f; B) € £; then f(P) is measurable in B.

Proof. Let B(a) = B.c#(P;f(P) > a); suppose 0 < @ < 00. (The
idea of the proof may be pictured when B is a linear set in this way:
that part of the set Qy(f; B) which lies above the line y = a may, by
translation, be transformed into the least set of ordinates of a positive
function defined in B(a); an application of th. 145 then gives the
result.)

Suppose Bc R,, and let H(a) be the special half-space in R,
given by z, ., > a; let S(a) = Qy(f; B)H(a). Define F by

F((P,y)) = (P,y—a),

and let g(P) = f(P)—a;
then
(1) F(S(a)) = Qq(g; B(a)).

Now 8S(a) is the intersection of Q(f; B), which is measurable by
hypothesis, and a special half-space; hence (ths. 102 and 95)

S(a) e £ and consequently (th. 128) F(S8(a)) € £.
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So, by (1), Q(g; B(a)) € £.
Since P € B(a) implies g(P) > 0, this means (th. 145) that B(a) € £.
We have thus shown that,
if0 <a <o, then B(a)e L.

Now B(w0) = 0, and, if @ < 0, B(a) is the measurable set B; hence
B(a) € £ for every real number a.

The remainder of this chapter is devoted to discussing the principal
properties of measurable functions.

Theorem 147. Let f(P) be defined in a null set Z; then
f(P) 18 measurable in Z.
Proof. By def. 50 and ths. 89 and 81.

Theorem 148. If f(P) is measurable in B, then f(P) is measurable
i every measurable subset of B.

Proof. By def. 50 and th. 95.

Theorem 149. If « i3 a finite or an enumerable aggregate of sets
in each of which f(P) 18 measurable, then f(P) is measurable in the
unton of the members of a.

Proof. By def. 50 and th. 99.

Theorem 150. Let f(P) be measurable in B, and let a be any real
number; let
Sy(@) = B.c?(P;f(P) = a), Sya)= B.c?(P;f(P) < a),
Sy(@) = B.c?(P;f(P) < a), 84a)= B.#(P;f(P)=a);
then S@eZ (r=123,4).
Proof. Clearly S,(—o0) is B, which is measurable by hypothesis.
If a > — o, there is a sequence {a,} such that
4 <y <a;<.. & lima,=a;

r—0

it is easily seen from def. 50 that
Sy(@) = I1 Bla,),
and hence, by hypothesis and th. 100, S;(a) € Z. Since
Sy(a@) = B—8,(a) & 8y(a) = B—B(a),
it follows by th. 97 (i) that Sy(a) € £ & S3(e) € £. Finally,
Sy(@) = 8(a)Ss(a),
and so S,(a) € £ (th. 95).
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Theorem 151, Let f(P) be defined in B, and such that
B.#(P;f(P) >a)e £

for every real number a; then f(P) is measurable in B.

Proof. Let

Si(@) = B.o#(P;f(P) >a) & B(a)= B.c’(P;f(P) > a);
then, knowing that S,(e¢) € £ for every real number a, we must
prove that
Be¥% & B(a)e £ forevery real number a.

Since B = S,(—o0), we have Be £. Now B(w) being empty is
measurable, and, if @ < oo, there is a sequence {a,} such that
a; > a, > ... & lima, = a, and it is easily seen that

B(a) = 3* S(a);
hence, by th. 99, B(e) € £.
Theorem 152. Let {f,(P)} be a sequence of functions measurable
in B; let g(P) denote the upper bound, and h(P) the lower bound of the

aggregate of the numbers fi(P), fo(P),...; then g(P) and h(P) are
measurable in B.

Proof. Let a be any real number, and put
G(a) = B.¢#(P;g(P) > a),
and G,(a) = B.c?(P;f,(P) >a) (r=1,2,..);

clearly G(a) —_—2’: G.(a),

and so, by def. 50 and th. 99, G(a) € £; hence, since Be £, g(P) is
measurable in B. Now put
L(a) = B.c’(P;h(P) > a),

and L(a) = B.&’(P;f(P) Za) (r=12,..);
then L(@) = IT L,(a),
r=1

and so, by ths. 150 and 100, L(a) € £; hence (th. 151) 2(P) is measur-
able in B.

Definition 51. Let {a,} be a sequence of real numbers; for every
positive integer n let g, be the upper bound and %, the lower bound
of the aggregate of the numbers a,, a,,,,,...; then the lower bound of
the aggregate of the numbers g;, ¢,,... is denoted by lima,, and the

r—>0

upper bound of the aggregate of the numbers A, h,,... is denoted by
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lima,. If lima, = lima, = a, we write hma =a. If {f,(P)} is a

r—® r—>© r—>w

sequence of functions defined in B, then the function hm f,(P is

defined in B, and is called the upper limit function in B of the

sequence {f,(P)}; a similar definition explains the lower limit function,
lim £,(P).
r—»w
Example. If 6 is any finite real number, then lim cosnf = 1.
N>

Proof. Suppose 8 has been freely chosen, and let ¢ = lim cosn#.
With the notation of def. 51, if @, = cosnf, then "

(1) 1>¢,>¢,>.. & limg,=¢g<1L

n—»o0

Now to every positive integer 7 there is a positive integer n, such

that lg,—cosn, 0| <27 & n, >7;

it follows from (1) that

2) limcosn,0 = g,

and hence that ~

3) lim |sinn, 8] = (1—g?)k.
r—>00

Let m be any chosen positive integer; then
n > m implies g¢,_,, = max{cos(n+m)fd, cos(n—m)d}, i.e.
(4) = >m implies g¢,_, > cosnbcosmb + |sinnfsinmf|.
On allowing 7 to run through the values n;, n,,..., it follows from
(1), (2), (3), and (4) that
1 > g > gcosmf+4(1—g?)t|sinmb|,
and if we consider this formula for m = n,, n,,..., it follows that
1>9>¢4+01-9¢) =1,

which gives the required result.

(I am indebted to Dr. T. Estermann for this elegant proof.)

The consistency of def. 51 with the usual definition of the limit of

a sequence of numbers, or of a sequence of functions, is proved in
the following theorem, in which ‘lim’ is used as in def. 51.

Theorem 153.
(i) Ifima, = A & |A| < o0, then to every e there is an integer m(e)
r—>0
such that n > m(e) implies |a,—A| < €;
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(ii) if lim a, = oo, then to every integer N there is an integer m(N)
r—o

such that n > m(N) implies a, > N.
Proof.
(i) Suppose lima, = A& |A| < 00. Choose e freely; then, with the
r—o
notation of def. 51, p exists such that
A—e < by < gy < Ate
and so n > p implies A—e < a, < A+te
(i) Suppose lima, = c0; then to every integer N there is an
r—
integer m(N) such that k) > N; hence
n > m(N) implies a, > N.

Theorem 154. Let {a,} be a sequence of real numbers; then

) lima, < lina,
n—>0 *N—>0
(i) "~ lim(—a,) = —lima,.
n—0 n—>0
Proof. Let n be any chosen positive integer; with the notation
of def. 51 hy <gu (p=12.),
which implies lima, <g, (n=12..);

—» 00

hence (i) is true.

To prove (ii) we need only observe that, if g, and %, are respec-
tively the upper and the lower bounds of the aggregate of the
numbers —a,, —a,,,..., then, with the notation of def. 51,

hy=—g9, & g,=—h, (n=12,..),
and the result follows at once.

Theorem 155. If f,(P), fo(P),... are measurable in B, so are
limf(P) and limf,(P).
r—>0 r~—»00

Proof. By def. 51 and repeated application of th. 152,

Corollary. If every member of a convergent sequence of functions
is measurable in B, so is their limit function.

We noticed, p. 65, that a function may be discontinuous at every
point of a set B although it is defined as the limit of a sequence
of functions each of which is continuous almost everywhere in B;
but, as we now see, a function which is defined as the limit of a
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sequence of functions measurable in B must itself be measurable in
B; in brief, measurability is not lost in a passage to a limit, whereas
continuity almost everywhere may be lost in such a process.

Theorem 156. Suppose f,(P) and f,(P) are measurable in B, and
f3(P) = fi(P)+fo(P) for every point P of B; then f,(P) is measur-
able in B.

Proof. Put

' B,(a) = B.#(P;f(P) >a) (r=1,23).
By hypothesis, ‘
(1) Bi(a)e & & Bya)e £ for every real number a.
Since f3(P) is defined in B,
By(—o0) = By(—00)By(—00),
and hence, by (1) and th. 95, By(—0) € £.

Suppose |a| < c0; then f3(P) > a,i.e. fy(P) > a—fy(P), if and only

if there is a rational number, say A, such that
filP) >A & A>a—fo(P), ie. fil(P)>A & fo(P)>a—A
Hence, if {b,} is a sequence consisting of all rational numbers (th. 8),

P € By(a) if and only if there is a positive integer n such that
P € B,(b,)B,(a—b,), which means

@ Bya) = 3* Bi(b,) Byfa—b,).

By (2), (1), and ths. 95 and 99, By(a) € £. To complete the proof
that f,(P) is measurable in B it remains only to remark that Bg(co)
is empty and therefore measurable, and that B e £.

Theorem 157. Let f(P) be measurable in B, and let A be any
finite real number different from zero; then

M(P) ts measurable in B.
Proof. Let a be any real number; then

f(P)>9 if A>0,

M(P) > a means A
f(P)<; if A< o.

Hence, by th. 150, B.c?(P;M(P) > a) € £ for every real number
a, and so, since B € Z, Af(P) is measurable in B.
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Theorem 158. Let f(P) and g(P) be measurable in B, and let A
and p be any finite non-zero real numbers; then Af(P)-+ug(P) s
measurable in the subset of B in which it is defined.

Proof. Put Af(P) = ¢(P) and pug(P) = J(P);
B, = B.c¥(P;$(P) = ), B, = B.c#(P;$(P) = —o0),
By = B.#(P;§(P) =), B,= B.o!(P;(P) = —0),
and let A = B—(B, B,+B, B,).
Then 4 is the subset of B in which {¢(P)-+y(P)} is defined. Now
B,, B,, B,;, B, are all measurable (th. 150), and so, by ths. 95, 91,

and 97, 4 € Z; hence, by ths. 157 and 148, ¢(P) and ¢(P) are
measurable in 4, and so their sum, i.e.

A(P)+pg(P), is measurable in 4 (th. 156).

Theorem 159. Let f(P) be measurable in B; then so is |f(P)].
Proof. Let a be any real number; then
B.#(P;|f(P)| > a) = B.c(P;f(P) > a)+B.c’(P;f(P) < —a);
hence, by hypothesis and ths. 150 and 91, B.c?(P; |f(P)| > a) € £;
gince B € ¥, this means that |f(P)| is measurable in B.

Theorem 160. Let f(P) be defined and constant in a measurable
set B; then f(P) s measurable in B.
Proof. Suppose f(P) = p in B, and let @ be any real number;

then 0 if a>p
B if a<uy,

which, since B € £, implies that f(P) is measurable in B.

B.#(P;f(P) > a) = {

Theorem 161. Let f(P) be measurable tn B, and let X and p be
any real numbers; let

o) = [{P) i 1P <2

p  otherwise;
then &(P) is measurable in B.
Proof. Let A = B.J(P;|f(P)| < A);
by ths. 159 and 150, 4 € £, and so (th. 148) f(P) is measurable in 4.
Hence, by th. 149, it is sufficient to show that ¢(P) is measur-

able in B—A. Now ¢(P) is constant in B—A4, and, by th. 97 (i),
(B—A4) € Z; hence (th. 160) ¢(P) is measurable in B—A4.
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Theorem 162. Let f(P) be continuous at every point of a set B,
and let a be any real number; then there is an open set U such that
B(a) = BU, where B(a) = B.c#(P;f(P) > a).

Proof. Suppose f(P) is defined in A, and let U be the interior of

A(a). Since f(P) is continuous at every point of B, it follows easily
from def. 29 that

P e B(a) implies P e UB;
on the other hand,
PeUB implies f(P)>a & PeB, ie. Pe B(a).
Hence B(a) = U B; and, by th. 15, U is open.

Theorem 163. If f(P) is continuous at every point of a measurable
set B, then f(P) is measurable in B.

Proof. Since every open set is measurable (th. 104), it follows

by ths. 162 and 95 that the measurability of B implies that of B(a)
for every real number a.

Corollary (i). If f(x) is continuous throughout a closed interval
J, then f(x) is bounded and measurable in J.

Proof. f(x) is bounded in J (Hardy, § 102) and measurable in J°
(th. 163), and the result now follows from ths. 147 and 149.

Corollary (ii). If f(P) is defined in a measurable set B and is
continuous p.p. in B, then f(P) is measurable in B (ths. 119 (ii), 147,
and 163).

The following theorem states, roughly, that any continuous func-
tion of two finite measurable functions is itself measurable. Particular
cases of this theorem have already been proved (ths. 166, 157, and
159) without restricting the functions to be finite.

Theorem 164. Let f,(P) and f,(P) be finite functions measurable
wn B. Let A be the set of all points (x,y) for which there is a point P of
B such that x = f,(P) & y = fo(P), and let g(x, y) be a given function
continuous at every point of A; then g(fi(P),fo(P)) i8 measurable in B.

Proof. Let h(P) = g(fi(P),fs(P)), and let @ be any real number;
put
A(@) = A.¢*((x,y);9(x,y) > a) and B(a) = B.¢*(P;h(P)> a).
By th. 162 and def. 29 there is a plane open set U such that
A(a) = AU, and it now follows easily that

(1 B(a) = B.#(Pi(fi(P),fo(P)) € U).

4374 P
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If U = 0, then B(a) is empty and therefore measurable; otherwise,

there is a sequence of plane intervals, {1}, such that (th. 18) U = i"‘ L,
=1
and so, by (1), i

@ B(a) = 3* B.#(Pi(f{P)fyP) € )
By (2) and th. 99, B(a) is proved measurable if we show
(3) B.#(P;(fu(P),fo(P)eL)e 2L (r=12,..).

Suppose I is a plane interval given by
G<r<b & a,<y<by
let 8= B.¢(P;a; < fi(P) < by).c?(P;ay < fo(P) < by).

Since f;(P) and f,(P) are measurable in B, it follows by th. 150 and
a repeated application of th. 95 that S e £. This proves (3) and
completes the proof of the theorem.

Theorem 165. Let f,(P) and f,(P) be finite and measurable in B
then Ji(P)fo(P) is measurable in B.

Proof. By th. 164, on putting g(z,y) = xy.

Theorem 166. Let f(x) be defined in a measurable linear set B,
and suppose
1) <z, tmplies f(x,) < f(xz) if x, and x, belong to B;
then f(x) is measurable in B.

Proof. Let @ be any real number; there are three possibilities
for B(a), the set B.c#(x;f(x) > a):
(i) B(e) = 0, or (i) B(a) = B, or (iii) B(a) # 0 & B—B(a) # 0.
In cases (i) and (ii) B(@) is clearly measurable. In case (iii) let ¢ be
the lower bound of the aggregate B(a); then |{| < co. It now follows
by (1) that
Bay— [B-@wz>8 i f@)>a
B.c#(x;x > £) otherwise.

In either case, by ths. 104, 105, and 95, B(a) € £.
Theorem 167. Let f(x) be measurable in B, and let g(t) be a non-

decreasing function of t defined for all real numbers t; then g(f(x)) is
measurable in B.
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Proof. Let a be any real number, and let
B(a) = B.#(x;9(f(x)) > a).

If B(a) = 0, then B(a) € £; otherwise, let » be the lower bound of
the aggregate of the real numbers ¢ for which ¢(¢) > a. Then

Bla) = B.of(z;f(x) = n) if g(n) >a

B.#(x;f(x) > n) otherwise.

So, since f(x) is measurable in B, it follows by th. 150 that B(a) € ¥;
and since B € £, this means g(f(x)) is measurable in B.

Theorem 168. Let f(x) be measurable in (—o0,0), and let A and p
be any finite real numbers, A % 0; then

f(Ax+p) v8 measurable vn (—o0,00).
Proof. Let a be any real number, and put
B(a) = & (x;f(x) > a) and O(a) = & (x;f(Ax+p) > a).
Let F be the transformation defined by
z—

F(z) =" ¥,

Since x € C(a) means z € F(B(a)), it follows easily that
C(a) = F(B(a)),

and so (th. 128) C(a) is, like B(a), measurable.

Theorem 169. Let f(P) be non-negative and measurable in B; then

(i) 1Qu(f; B)—Qo(f; B)| = 0;

(i) every set of ordinates of f(P) over B has the same measure.

Proof. Let O denote the origin of coordinates, and let n be any
chosen positive integer; put

B, = B.c’(P;f(P) < n).¢¥(P;dist(0, P) < n);
then B, is the intersection of a sphere and a measurable set (th. 150),
and hence B is measurable (ths. 95, 14, and 104). It follows (th. 148)
that f(P) is bounded and measurable in the bounded set B,, and
hence (ths. 144 and 135)
mQ(f; B,) = mQy(f; By) < co.

This implies (th. 97 (ii)) that Q,(f; B,)—Q,(f; B,) is null, and hence,
by th. 86,

(s B)—Qulfs B = | 3 {ulfs B)—ulfs B}
which proves (i). It now follows, by (i) and th. 81, that any given set

=0,
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of ordinates of f(P) over B differs from Q(f; B) by a null set, and so
(ii) follows from ths. 144 and 119.

Theorem 170. Let f(P) be non-negative and measurable in B; then
there i8 a sequence of functions, {f.(P)}, such that, for every positive
integer r, f,(P) t8 bounded and measurable in B, and assumes only a
Jinite number of values as P runs through B, and

1) O<HP) AP & f(P)=lmf(P) inB.

Proof. (The idea of the construction may be easily pictured when
B is linear as follows: to obtain f.(x) we draw the line y = r, and
divide the strip 0 < y < r into 72" strips of equal width: these,
together with the strip y > r, make up the half-plane y > 0; the
ordinate of the function f.(x) which stands on any point x of B is
then obtained by retaining only that part of the corresponding
ordinate of f(x) which lies below the highest strip intersected by it.)

Let r be any positive integer; put

r if f(P)=r
(2) f(P) = { (s—1)2+ if s is a positive integer not exceeding r2
and (s—1)2-" < f(P) < s2-".
Then f,(P) assumes only a finite number of values as P runs through
B, and since, by (2) and ths. 150 and 95, the set of the points of B at
which it assumes any of these values is measurable, it follows by
ths. 160 and 149 that f,(P) is measurable in B; moreover f.(P) is
bounded in B, since the values assumed by f,(P) are all finite. To
prove that (1) is satisfied, we observe first that,
if f(P)=s82", then f(P)=s82" & 0<s<r2;
hence f(P) = 282-¢+D) & 0 < 28 < (r41)2r+,
which, by (2), implies
Jra(P) = 28271 = f(P).

Now if f(P) < o0, it follows by (2) that

r > f(P) implies 0 < f(P)—f,(P) < 2,
and so lim f(P) = f(P).
Finally, by (2), H

if f(P)=o0, then f(P)=1r (r=12,..),

and so (1) is satisfied.



-TH. 171] MEASURABLE FUNCTIONS 109

§ 4. Lusin’s Theorem

It was shown in th. 111 that to every measurable set S there is
a sequence of open sets whose intersection differs from S by a null
set; a similar underlying simplicity is to be found with measurable
functions, and the aim of the next four theorems is to show that, to
every finite function f(x) measurable in (—o0,0), there is a sequence
of functions which are continuous in (—c0,00) and which converge
almost everywhere to f(z).

The proof of th. 171, which contains the principal result, is due to
L. W. Cohen.

Theorem 171. Let f(P) be measurable in B, and let € be freely
chosen; then there is a closed set K such that

(1) KcB & m(B—K)<e,
and
(2) if {B,} is a sequence of points of K converging to some point P,
then f(B) = Limf(B,).
n—wo

Proof. Let {r,} be a sequence consisting of all the rational numbers
(th. 8), and for every positive integer » put

G, = B.#(P;f(P) >r,).
Then, for every n, G, € £ (th. 150), and hence (th. 110) there is a
set §, such that

(3) G,—8, is closed & mS, < je2-™.
Put A=B—S*g,;
n=1
by ths. 99, 84, and 97
AdeZ & m(B—A4) < ie.

Suppose {B,} is a sequence of points of 4 converging to a point P,
of 4; then

(4) f(B) = lim f(P,),
for otherwise there is a rational number, say r,, such that
(5) f(Fy) < r, < f(P,) for infinitely many values of n,

and so, since 4G, c G,—8,, and (G,—8,) is closed by (3), it follows
from (5) and th. 35 that

Fye G,—8,, which implies f(F) > r
contradicting (5). Hence (4) is true.

v
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Now —f(P) is measurable in A (ths. 148 and 157), and so, on
reasoning as above, there is a measurable set 4, such that 4,c 4 &
m(A—A4,) < ¢, and, if {F,} is a sequence of points of 4, converging
to a point F, of 4,, then —f(F,) > lim (—f(F,)), which, by th. 154,
means f(F;) < lim f(P,); and hence, since 4, c 4, it follows by (4)

n—>wo

and th. 154 that f(F)) = lim f(P,). By th. 110 there is a closed set

K such that Kcd, & m(4,—K) < ie,
and it follows by th. 35 and the properties proved of 4,, that K
satisfies (2). Finally,
B—K = (B—A4)+(4—A4,)+(4,—K),
and so, by th. 85, K also satisfies (1).

Theorem 172. Let f(x) be finite and measurable in I, a linear
interval (a,b), and let € be freely chosen; then there is a function g(x)
such that .

(1)  gla)=g) =0 & g(z) is continuous throughout [a, b},

2 m{I.of(z;f(x) # g())} < e,
3) M(lgl; I) < M(|f[; 1).
Proof. By th. 171 there is a closed set K such that
(4) m(I—K) <,
and
(8) if zy, x,,... belong to K and z, = limz,, then f(z,) = lixrol0 flx,).

Define g(z) in [a, b] as follows:
0 fr=ao0rx=0»>

flx) if zeK
O IO 042~ i A<z < and () is an

interval of I contiguous to K.
Clearly g(x) satisfies (3), and, in virtue of (4), also satisfies (2).
Suppose ¢ is freely chosen so that ¢ < ¢ < b, and let & denote a
variable positive number; we shall show that

(7) lim g(é+h) = g(£).
h—0

If (A, p) is an interval of I contiguous to K, and A < ¢ < p, then
g(x) is linear in some closed interval [£,¢], and so (7) is true. Suppose
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then that ¢ is a limiting point of K[¢,b]. Choose & freely; since
¢ € K, it follows easily from (5) and (6) that there is a positive number
7 such that

(8) 0<z—¢f<n & xeK implies |g(x)—g(¢)] < 8.

Since g(x)—g(¢) is a monotone function of z in every interval of I
contiguous to K, it follows that the restriction ‘x € K’ contained in
(8) is unnecessary, which means that (7) is true. A similar argument
shows that

a<¢<b implies }lin;g(é—h) = g(é),

and so (1) is satisfied.

Theorem 173 (Lusin). Let f(x) be finite and measurable in (—oo,0),
and let € be freely chosen; then there is a function g(x) such that

(1) g(z) is continuous in (—oc0,0),
(2) m{cf(x; f(x) # g(x))} < e,
(3) M(lgl; By) < M(|fl; By).

Proof. By th. 172 there is to every integer n a function g,(x)
such that g¢,(x) is continuous throughout [n—1,%], vanishes for
x = n—1 and x = n, and satisfies the conditions

m{[n—— 1’ n] ¢ dﬂ(x» gn(x) ‘_Ié f(x))} < 52_|ML2:
and M(lgl;[n—1,n]) < M(|f];[n—1,7]).
It is now easily seen, by th. 84, that the function g(x), defined as
being equal to g,(x) in [n—1,n] satisfies the conditions (1), (2),
and (3).
Theorem 174. Let f(x) be finite and measurable in (—o0,00); then

there is a sequence of functions, {g, (%)}, which are continuous in (—o0,00)
and such that

(1) ig{lgn(x) zf(x) b.p. n (——oo,oo),
(2) M(lg,|; By) < M(Ifl; By) (n=1,2,...).

Proof. By th. 173 there is a sequence, {g,(x)}, of functions con-
tinuous in (—o0,0), satisfying (2), and such that

(3)  if H,=#(2;9,() #f(®), then mH, < 2-m,
By (3) and ths. 99 and 84, for every positive integer 7,
m{ S} < S mH, < 2,
n=r

n=r
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and so, if H= ﬁ i* H,,
r=1n=pr
it follows by th. 81 that H is null; hence {g,()} satisfies (1) if
(4) zeH implies limg,(x) = f(z).
n—»co

Now, if x € H, there is a positive integer v such that
r€Y*H,
n=vy
which, by the definition of H,, means

gn(x) = f(x) whenever n = v,
"and this proves (4).



\4

LEBESGUE INTEGRAL OF A NON-NEGATIVE FUNCTION

TaE Lebesgue integral, which we are about to define, is a generaliza-

tion of the Riemann integral. We have seen (ths. 76 and 77) that,

if f(z) is defined and non-negative in a closed interval J, then the

equation b

cQ(f;J) = (R) Jf(x) dz, where J = [a,b],
a

is true if either side exists, and that this will happen if and only if
Jf(x) satisfies two conditions:

(i) f(x) must be bounded in J,

(ii) the set of the points z of J at which f(x) is discontinuous must
be null.

The Lebesgue theory of measure, which is now at our disposal,
permits a vast extension to the solution of the problem of areas
partially solved by the Riemann integral (or, what comes to the same
thing, by the theory of Jordan content). The main features of the
generalization are:

(1) J, the range of integration, is replaced by any measurable

set Bin R,

(2) the condition of boundedness is relaxed entirely,

(3) the condition (ii) above, which may be said to prescribe the
degree of ‘trregularity’ of the function which is integrable, is
replaced by the much weaker restriction that the function
f(P) must be measurable in B.

The reader will realize that the theory of the Lebesgue integral for
non-negative functions is obtained largely by a restatement, in new
terms, of the properties of measurable sets; and that the marked
simplicity of the new integral is a reflection of the broad and simple
properties which characterize the Lebesgue theory of measure. The
greater fitness of the resulting theory for the ordinary purposes of
analysis is best illustrated by the remarkable way in which it deals
with functions defined as limits of integrable functions; for example,
the equations

flim Jol@) de = lim le folx) dz

4374 Q
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b o w b
and [ 2 fnte e =3 [ fule) de,

which are true in rather restricted conditions for Riemann integrals,
are true in greatly extended circumstances when the integrals are
taken in the Lebesgue sense. It is to this added simplicity and
power that the Lebesgue integral owes its importance.

In virtue of ths. 144 and 146 we may now enunciate

Definition 52. Let f(P) be defined and non-negative in a measur-
able set B; then, if
f(P) is measurable in B,

or, what is the same thing,
Qo(f > B ) € 2 ’

the Lebesgue tntegral of f(P) over B, f f(P)dP, is defined by
B
[ f(P) aP = mQy(f; B).
B
If f f(P) dP < o0, then f(P) is said to be summable over B.
B

Definition 53.
(i) Ifa < b, then

b
f f(x) dx denotes the Lebesgue integral of f(x) over (a, b).
(If @ > —o0, the same symbol is used to denote the integral

of f(x) over ¢?(z;a < x < b); similar remarks apply to b if
b < o0; however, the four possible integrals which may be

b
represented by the one symbol f f(x) dx are all equal when
a
they exist (ths. 177 and 181)).

b a
(ii) If @ > b, then ff(x) de = — ff(x) dex.
a b

b
(ili) If @ = b, then j f(x) dz = 0.

That the Lebesgue integral is a generalization of the Riemann
integral, for non-negative functions, is proved by the following:
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Theorem 175. Let f(x) be non-negative and integrable-R over a
closed interval J; then f(x) is summable over J, and its Riemann and
Lebesgue tntegrals over J are equal.

Proof. By ths. 77 and 118

eQy(f; J) = mQy(f; J)
and so, by th. 76 and def. 52, J being measurable (th. 105), we have
the result.

Theorem 176. Let f(P) be non-negative and measurable in A; then
Be% & BcA implies ff(P) dP < ff(P) dP.
B i
Proof. Bc A implies Qu(f; B) c Qy(f; A);

also, if Be ¥, then f(P) is measurable in B (th. 148). Hence the
result follows from th. 81 and def. 52.

. .Theorem 177.
K
+ (i) Suppose B = > B, and f(P) is non-negative and measurable in
re=1
each of the sets B,, B,,..., By; then

[rpyap=3 [ fP)aPp.
B ™=%p,

(ii) Suppose B = § B, and f(P) is non-negative and measurable
r=1
wn each of the sets By, B,,...; then

[rpyap =3 [ fp)ap.
B =R,

Proof of (ii). By th. 131, Qy(f; B) = S Qu(f; B,), and hence
r=1

(ths. 144 and 94) ©

mQy(f; B) = rF;‘lon(f 3 B,);

since B € ¥ (th. 99), this gives the required result in virtue of def. 52.
The proof of (i) is on exactly the same lines.

Theorem 178. Let f(x) be a non-negative function measurable in
(@, b); then
(i) if « and B tend independently to a+0 and b—O0 respectively, then

B b
j f@)dz tends to f f(x) da;
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(ii) if f(x) 18 integrable-CR over (a,b), then
14 b
[ fiw) dx = (CB) [ f(@) da.

Proof. Let {a,} and {b,} be any chosen sequences such that
a,>a,>..&lima, =0a,anda, = b, < b, < ...& limb, = b. Let
n—»o

Nn—»x0
Ar = C’y(x;ar-i-l <z <a,) and Br = oy(x;br <z< br+1);
then each of the sets A4,, 4,,..., B,, B,,... consists of an interval
together with one of its end-points and is easily seen to be measurable;
hence f(x) is measurable in each of these sets (th. 148) and, since

(@,6) = 3 (4,+B,), it follows from th. 177 that
r=1

b bat1
[ f@) dz = lim { 3 ( [ fa) des + [ fa) dx)} —lim [ f@)da,
a noolr=1ly, B, R S
which implies (i).
Suppose now that f(x) is integrable-CR over (a,b); by def. 37.1
if a < o < B < b, then f(x) is integrable-R over («, B), and as « and
B tend independently to @ and b respectively,

B
(1) (R) f f(z)dz tendsto (CR) fb f(x) da.

B B
By th. 175 (R) f flz) de = j f(z) de,

and so (ii) follows from (1) and (i).
Examples.

(i) If « > 0, then j e dt = 1/a.
0

fdx {l/a if «>0
1

(ii)

Zive | oo if a<O.

1 .
o if «>0
o~1 —_
(i) !x dx”{oo if «<0.
Proofs. The cases where o > 0 follow at once from th. 178 (ii) and
th. 65. If « < 0, then, by th. 175, for every positive integer » we have

1 1 logn if «a=0
-1 — -1 = _
Jortde = () et do Lt it a0

1/n



—TH. 180] NON-NEGATIVE FUNCTION 117

and since x*-! is continuous and therefore measurable in (0, 1), the
proof of (iii) is completed by th. 178 (i). The proof of (ii) is similarly
completed.

Theorem 179. If f(P) and g(P) are measurable in B, and P € B
implies 0 < f(P) < g(P), then [f(P)dP < [g(P)dP; if g(P) is
summable over B, so 18 f(P). o o

Proof. By ths. 132 and 81.

Theorem 180. If f(P) i8 non-negative and measurable in B, and
0 < a<<oo, then

j.a f(P)dP =a f f(P) dP.
B B
Proof. By th. 133.

Example.
(i) e-t*-1is summable over (0,00) if z > 0 but not if z < 0; when
x > 0, we define

Nx) = f e~{=-1 dt.

0

(ii)) D(m—+1) = f em dt = m! if m is a positive integer.
0
(iii) If A > 0, then [ e~ dt = m!A-"-2 (m as in (ii)).
0

Proof. For every x, e-%4*-! is a non-negative continuous function

of ¢ in (0,00), and therefore (th. 163 and def. 52) f e~t*-1 dt exists. It
0

follows easily from th. 179 that
1 1 1
j e U1 dt < j e~tz-1dt < f {=-1 dt,
0 0 0

and so, by th. 180 and example (iii) following th. 178,

1 1
f e-#7=-1dt is finite if x >0, and f eltz-1dt =0 if x<O0.
0 0

By th. 177 it remains, to prove (i), only to show that

(1) e~t*-1 is summable over (1,00) if x> 0.

Now, z being fixed, #%e-# is bounded in (1,c0) (Hardy, § 206), and so
there is an integer k£ such that

e~ 71 < ke~¥# in (1,00);
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hence, by ths. 179 and 180,

f e t=-1dt < f ke¥dt=1F j? e¥dt <k fo e dt,

and the proof of (1) is completed by example (i) following th. 178.

It is possible to deduce (ii) and (iii) from the theorems on Lebesgue
integration by parts (th. 242) and on change of variable (th. 241);
alternatively, we may argue with Riemann integrals as follows:
choose A > 0 and m a positive integer; then

t >0 implies %(e*"‘t’") = me-Ngm-1_— \e-Ngm,
Hence, if n is any positive integer,
%(e"“tm) is continuous throughout [0, 7],
and so, by ths. 65 and 61,
(2) (R) fme-"‘t"‘—1 dt —(R) f)\e—"‘tm dt = e-dnpm,
0 0

Now, by th. 175, the integrals in (2) may be taken in the Lebesgue
sense, and so (th 178)

m J. e Mm-1dt — ) f e Ngm dt + lim e-Mpm = X f e~Ngm dt,

Nn~»00

It now follows by 1nduct10n that
f e-Mgm gt — A-m! f eM dt,
0 0

and both (ii) and (iii) now follow from example (i) following th. 178.
Theorem 181. If f(P) is non-negative in a null set B, then
f f(P)dP = 0.
B

Proof. By ths. 142 and 89.

Example. If B is the set of all the rational points of R, and f(P)
is any non-negative function defined in B, then f f(P)dP = 0 (ths. 8,
83, and 181).

Theorem 182. If Be £ & a > 0, then f a dP = amB, the right-

hand side being replaced by zero if one if zts factors is zero and the
other co.
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Proof. The case |B| = 0 has been dealt with in th. 181; ifa = 0,
the result follows from def. 52, and the case 0 < a < o follows from
th. 141. Finally, by ths. 160 and 179, and what we have already
proved in this theorem,

0 <a<oo implies foodP}fadP:amB,
B B

and this means f wdP =0 if mB>0.
B

1 if =z is rational

Example. Let f(z) = {0 if x is irrational;

then f f(x) dx = 0.

Proof. Let A be the set of all irrational numbers, and B the set
of all rational numbers; by the example to th. 181

f f(x) dx = 0;
B
also, since 4 is measurable (ths. 89 and 90), we have (th. 182)
f f(x) dz = 0,
A

and so, by th. 177,
[ f@) de = [ f@) dz + [ f(@) da = 0.
E 4 3

Theorem 183. Let f(P) be non-negative, bounded, and measurable
i B, and suppose mB < co; then f(P) i8 summable over B.

Proof. Let a = M(f; B); then, by ths. 179 and 182,
ff(P)dP < fadp.—_amB<oo.
B B

Theorem 184. Let f(P) be non-negative in B and summable over
B; then f(P) <o pp.in B.
Proof. Let By = B.c#(P;f(P) = );
then B e £ (th. 150), and so, by th. 176,
foodp= ff(P)dP < ff(P)dP < oo,
B, B, B

which, by th. 182, is only possible if |B,| = 0.
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Theorem 185. Let f(P) be non-negative and measurable in B, and

such that ‘
f f(P)dP ='0; then f(P)=0 p.p.in B.
B

Proof. Let B(a) = B.c¥(P;f(P) > a);
then, by ths. 182, 179, and 176,

0<a<oo implies
amB(@)= | adP < | f(P)dP < | f(P)dP =0,
Jaap< [ royir<

B(a) B(a)
which requires |B(a)] = 0.
< 1
Hence (th. 86) * B(—), i.e. B(0), is null.

Theorem 186. Suppose fi(P), fo( P),... are measurable in B, and
P e B implies 0 < f1(P) < fo(P) < ...; then

f lim f,(P) dP = lim f fa(P)dP.
B n—>0 n—wa

Proof. By ths. 132 and 134 (i)
Qulfs; B)C Qolfis B) C . & Qulimf,; B) = 3% Qulfy; B),
and the result follows from th. 98.
The reader should note the remarkable simplicity of th. 186, and
compare it with the limitations of the Riemann integral illustrated
by the example following th. 77.

Theorem 187. Let fy(P), fo( P),... be non-negative and measurable
in B; suppose

(1) " PeB implies fi(P)>=fo(P)>...

and fi(P) is summable over B;

then f lim f,(P) dP = lim f fu(P)dP < co.
B n~—»o0 n—-»ooB

Proof. By ths. 132 and 134 (ii)
Q(fy; B) > fys B> & Qy(limfy; B) = TTQu(f,; B);

hence, since mQq(fy; B) < co, the result follows from ths. 101 and
135 (ii).
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Example. Let x be any real number, x > 1; then

lim n(z¥»—1) = log .

n—o

Proof. If we put fat) = -1,
then 1 <t<az implies fi(t) = fo(t) = ...,
and, by ths. 175 and 65,

ffn(t) dt = n(xir—1) (n = 1,2,...).
1

Since f(t) = 1 in (1,%), it now follows from th. 187 that

n—»w

x T x
limn(z¥r—1) = f lim f,(¢) dt = ‘-ltf = (R) j%f = log x.
n—o
i 1 i

It should be observed that th. 187 is false if the assumption of
summability of f;(P) over B is merely replaced by its measur-
ability in B; for example, let

fn(x)={l f 2>7 en Timfy(z) =0 in (0,00).

0 otherwise; n—rc0

However, it is easily seen from ths. 177 and 182 that

j?fn(x). dx = fdx =0 n=12.),
0 n

whereas f lim f,(x) dx = 0.
0

n—»0

Theorem 188. Let f(P) be non-negative and measurable in B, and
suppose a > 0; then

(1) [{a+fP)ydP = [ adP+ [ f(P)aP.
B B B

Proof. The case @ = o0 follows at once from ths. 181 and 182.
If 0 < @ < o0, let the transformation F be defined by

F((P,?/)) = (P,a+y),
and let g(P) = a+f(P).

Then g(P) is measurable in B (ths. 156 and 160), and so (th. 169 (ii))
4374 B
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£g(P) d P is the measure of any set of ordinates of g(P) over B; hence
2) [ 9(P) &P = m{Q(a; B)+ F{Q(f; B)}).
B

Now, by ths. 135 and 160, mQ,(a; B) = f a dP, and, by ths. 128 and
127, B

m{F{Qy(f; B)Y] = mQy(f; B) = [ f(P) dP;
hence (1) follows from (2) and th. 93 (ii).

Theorem 189. Let f(P) and g(P) be non-negative and measurable
in B; then

[P +g(P)aP = [ f(P)dP + [ g(P)dP.
B B B
Proof. Suppose first that f(P) assumes only a finite number of
values, ¥;, Ys,..., ¥), all finite. Let
B, = B.c¢?(P;f(P) =1y, (s=1,2,...,A).
Then (th. 150) B, € £, and so, by ths. 148 and 188,

[(P)+g(P}aP = [ f(P)dP + [ g(P)dP (s =1,2,..,]).
B, B, B,
Hence, by th. 177, since B = ZI\IBS,

(M) [P +9(P)}aP = [ f(P)aP + [ g(P) aP.
B B B

Now consider the most general case for f(P); by th. 170 there is a
sequence of functions, {f,(P)}, such that

(2) fu(P) (n = 1,2,..)is bounded and measurable in B, and assumes
only a finite number of values,
and

(3) Pe B implies 0 < fi(P) < [fo(P) < ... & limf,(P) = f(P).
By (2) and what we have already proved "

[PV +9(P} AP = [ f,(P)AP + [g(P)dP (n=1,2,.),
B B B
and so, by (3) and th. 186,
(4)  lim [{f,(P)+g(P)}dP =lim [ f,(P)dP + [ g(P)dP
n—wa ’n—wa B

= [f(P)dP + [ g(P)aP.
B B
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Moreover, by (3), P € B implies
0 < fi(P)+9(P) < fo(P)+H9(P) < ... &
Lim {£,(P)+9(P)} = f(P)+9(P).

Hence, by (4) and th. 186, we have (1) in the general case.

Theorem 190. Let f,(P), foP),..., [x(P) be mon-negative and
measurable in B; then

k k
[2f4P)dP =3 [ f(P)dP.
B r=1 r=1 B
Proof. By induction from th. 189.

Theorem 191. Let {f,(P)} be a sequence of functions, non-negative
and measurable in B; then

[3r@yap =3 [ jp)ap.
pr=l r=1p

k
Proof. Put g,(P) = 3 f,(P); then P e B implies
=1

0<o(P) SGuP) < & limg(P) = 3 £(P).
Hence, by ths. 186 and 190,

[ S sprar
B r=1
=l —lim 3 =3 [ f(P)aP
= lim Bf gdP)dP = lim 3 i fAPYaP =3 i f.(P) dP.
Example. Let p and g be finite positive numbers; then

1

-1

f__..xp dx::-}.—- 1 + 1 _— 1 +....
1422 P pt+q9 p+29 p+3q

0
Proof. If 0 < x < 1, then
2P (14291 = 2P Y1 —a?4-2%W—2%24-...) = i fa(2),
where Sfu(®) = (1—22)xP-1+202 > (; "
hence, by th. 191, since the functions f,(x) are continuous and there-

fore measurable in (0, 1),
1 1

(1) 1420 tde = 3 [ f.(2) da.
6[ x nZOG[f z) dx
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Now, for every positive integer n,
fa(x) is of the form z*—af where o> —1 & B> —1;
hence, by ths. 175 and 66,

1 1
f fa(x) dz = (CR) J. (wp-1+2nq g0 ~1+200+0) dy
0 ]

1 1
" pt2ng pt+(Ent1)g
and the result now follows by (1) since
lim (p+42ng)-1 = 0.

Corollaries. "
(@) 1—3+3—3+... =1og2 (p=1,¢9=1);
(ii) I-}+i—i+..=1r (p=19=2)

in each case the integral in question is evaluated as a Riemann
integral, relying on th. 65; in (i) the primitive is log(14-%), and in
(ii) arc tan z.

The reader will be struck by the simplicity of treatment for the
integral of a function which is defined as the limit of a monotone
sequence of functions. To deal with the more general case of functions
defined as limits, we consider such functions in relation to the
monotone sequences by which they are defined as upper or lower
limits.

Theorem 192 (Fartou). Let f,(P), fo(P),... be non-negative and
measurable in B; then
(1) [ lim £,(P)dP < lim [ f,(P) dP.

B "R

n—»o0

Proof. Let r be any chosen positive integer. For every point P
of Blet h,(P) denote the lower bound of the aggregate of the numbers
F(P), fr42(P),.... Then (th. 152)

h(P) is measurable in B & k. (P) < f(P) (n=rr41,...),
and hence, by th. 179,

(2) f h(P)dP < f fu(PYAP (n=rr+1,..).
B B

By (2) and def. 51
(3) [(P)aP <lim [ f(P)AP (r=1,2,..).

n—+o© p
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But P € B implies
0 < hy(P) <hy(P) < .. & limh,(P)=limf,(P);
r—>0

n—o

hence, by (3) and th. 186, we have (1).
Example. Let f,(z) = na™! in (0, 1); then

1 1
ff,,(x) dx = (R)fmn—l de=1 (n=12..),
0 (1]

while lim f,(x) = 0 in (0,1),
n—>wo

1 1
so that 0= flimfn(x) de € lim f falx) dz = 1.
0 n—ro n—»0 0

Theorem 193. Let f,(P), fo(P),... be non-negative and measurable
in B, and let F(P) be a function summable over B and such that, for
every positive integer r,

(N Pe B implies 0<f,(P)< F(P);

then

(2) 0 > [ lim f,(P) dP > lim f f.(P)dP.
B n—»o n-»coB

Proof. Let r be any chosen positive integer. For every point
P of B let g,(P) denote the upper bound of the aggregate of the
numbers f,(P), f,41(P),.... Then (th. 152)

g.(P) is measurable in B & F(P) = ¢,(P) = f.(P)

(n=rr+l,.).
Hence, by th. 179 and def. 51,

(3) 0 > fg,(P) dP > lim ffn(P) dP (r=1,2,..).
B ﬂ—in
But P € B implies
$(P) > 0(P) > .. & limg,(P) = Fmf,(P).

Hence, by (3) and th. 187, we have (2).
The summability of F(P) over B is essential to th. 193;.this is
illustrated by the example quoted after th. 187, in which

fn(x)={1 if x>n

0 otherwise;
for this sequence of functions we have

0= J'limfn(x) de < lim j fu(®@) dx = co.
0 n—+0 n-—>0 0
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It is now easy to deduce a standard theorem for the integration
of non-negative functions which are defined as limits of sequences
of non-negative summable functions.

Theorem 194. Let f,(P), fo(P),... be measurable in B, and such that
(1) lim f,(P) exists for every point P of B,
and n—o

(2) there ts a function F(P), summable over B, and such that, for
every positive integer r and every point P of B,
0 < f(P) < F(P).
Then

(3) [ lim £,(P) dP = lim [ fuP)dP < .
B n— n—»aoB

Proof. By (1)
lim £,,(P) = lim f,,(P) = Iim f,(P)

n—»o0

for every point P of Bj; hence, by (2) and ths. 193 and 192,
lim f fu(P)dP < j lim f,(P) dP < lim f f.(P)dP,
n—»aoB B n—»o r 00

o g

while }Efri f fu(P)dP < o0;
and this means (3). :

Example. 1111}’1:0 f ZT—FZ%}THW =1

0

Proof. Let fa@) = {(1+%)ntun}‘l;
then (Hardy, p. 136 and § 208)
(1) ,l,i_ﬂf"(t) = e+ in (0,00).

Now in (0,00) the non-negative functions f,(f) are continuous and
therefore measurable; so, by (1) and th. 194, since
f e*dt =1 (example (i) following th. 178),
0
the result is proved if we define a function F(¢) summable over (0, o)

and such that ‘
(2) 0<it{<oo implies f,() < F(t) (n=23,..).
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Let n be any positive integer, n > 2; it follows easily that, if
1 <t < o0, then

0 < (1+%)'" ~ { D (:;) (—f;)m}l < {én(n—l) :—;}—k 4,

m=0
while, if 0 < ¢ < 1, then f,(f) < ¢-¥* < t-t; so, if we put
[t if o<
F@) = {4t—2 if 1<t<oo,
(2) is satisfied. The proof that F(t) is summable over (0,00) is left to
the reader.



VI

INTEGRALS OF FUNCTIONS WHICH ARE SOMETIMES
NEGATIVE
§ 1. Real Functions
THE definition of f f(P) dP as mQy(f; B), when f(P) is non-negative
B

and measurable in B, arose in connexion with the problem of
measuring the ‘area between a curve y = f(x) and the z-axis’. Now,
if f(x) is sometimes negative and sometimes positive, the set of the
points between the curve y = f(x) and the xz-axis is composed of two
parts, namely that part which lies above the axis, and that part which
lies below it. Ifeach of these partsis measurable in the Lebesgue sense,
and at least one of them has finite measure, it is natural to define
the integral of f(x) over the xz-axis as the difference between their
measures. These ideas will be expressed more precisely in what follows.

Definition 54. Let f(P) be defined in B; then f . (P) and f_(P) are
defined in B as follows:

f+(P)={f(P) if f(P)>0 f_(P)::"—f(P) if f(P)<0

0 otherwise, 0 otherwise.

Theorem 195. Let Sf(P) be measurable in B; then f, (P) and f_(P)
are non-negative and measurable in B.

Proof. f.(P)= max(f(P),0) & f_(P)= —min(f(P),0); hence
f+(P) and f_(P) are non-negative in B. Also, arguing as in th. 152,
it follows that f,(P) and f_(P) are measurable in B.

Definition 55. Let f(P) be measurable in B; the Lebesgue
integrals of f, (P) and f_(P) being defined by def. 52 (in virtue of
th. 195), the Lebesgue integral of f(P) over B, denoted by f f(P)dP,
is defined by

[1P)aP = [ f.(P)dP — [f.(P)aP,

B B B
provided at least one of the integrals on the right-hand side is finite.
If J f(P) dP is finite, i.e. if f,(P) and f_(P) are both summable over
B, then f(P) is said to be summable over B. The conventions govern-

b
ing the use of the symbol f f(x) dx remain as given in def. 53.
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Theorem 196. Let f(P) be measurable in B; then
(1) [5P)1dP = [ f.(P)dP + [ f.(P)dP.
B B B
Proof. Let
B, = B.&#(P;f(P) >0) & B_= B.c*(P;f(P)< 0).
By th. 150 B, e & B_eX.

Since P € B_ implies f,(P) = 0, and since B = B_+ B_, we have,
by ths. 195, 177, and 182,

(2) [f:(P)aP = [ f.(P)dP = [ |f(P)| 4P,
B B, B,

and similarly

(3) [f-(PyaP = [ f(P)dP = [ |f(P)| dP;
B B_ B_

and so, since B = B,+ B_, (1) follows from (2) and (3) by th. 177.

The next two theorems are of fundamental importance for the
general theory of summable functions.

Theorem 197. Let f(P) be summable over B; then

i) |f(P)| 18 summable over B
and
(i) | [1#)aP| < [ 171 ap.
B B

Proof. By def. 55
0< ff+(P)dP<oo & 0< ff_(P)dP<oo;
B B

hence, by th. 196,
> [ |f(P)| dP > | [£:(P)aP — [ f(P) dP[ = [ [ 1) ap
B B B B

Theorem 198. If |f(P)| i3 summable over B and f (P) i8 measurable
in B, then f(P) is summable over B,

Proof. By th. 196 and def. 55.

The reader should note that the summability of |f(P)| over B
does not imply the measurability of f(P) in B; for example, let N be
a linear non-measurable set contained in (0, 1), and let

1 if zeN
f@) = ‘—1 otherwise;
4374 s
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then |f(x)| is clearly summable over (0, 1); but the set of the points
z of (0,1) at which f(x) is positive, being N, is non-measurable, and
therefore f(x) is not measurable in (0, 1).

Theorem 199. If f(P) is summable over B, then f(P) is finite
almost everywhere in B.

Proof. By ths. 197 (i) and 184.

Theorem 200. Let f(x) be integrable- R over a closed interval J ; then
f(x) 18 summable over J, and its Riemann and Lebesgue integrals over
J are equal.

Proof. Since f(x) = f, (x)—f_(x), it follows (th. 61) that it is
sufficient to show that

b b b b
M) [fi@)de = B) [fu@)de & [f(@)de=(B) [f(x)dx

Since f(x) is bounded in J, f,.(x) = #{|f(x)|+f(x)}, from which it
follows that f,(x), like f(x), is continuous almost everywhere in J
(th. 53). Moreover f.(x), like f(x), is bounded in J; hence (th. 55)
f+(2) is integrable-R over J, and this, by th. 175, proves one half
of (1). A similar argument applied to f_(x) completes the proof.

Theorem 201. Let f(P) be measurable in B, and let g(P) be
summable over B and such that

: Pe B implies |f(P)| < |g9(P)l;
then J(P) 28 summable over B.

Proof. By th. 197, |g(P)| is summable over B; hence (ths. 159
and 179) |f(P)| is summable over B, and, since f(P) is measurable
in B, the required result follows from th. 198.

sinx .
Example. e-=——= is summable over (0,00).
x

sinz . . .
Proof. e-*—=is continuous and therefore measurable in (0,0),
x

and its modulus is less than e~% in (0,00). Since e-% is summable over
(0,00) (example (i) following th. 178), the required result follows from
th. 201.

Theorem 202. Let f(P) be measurable in B, and let $(P) and y(P)
be summable over B and such that
PeB 1implies ¢(P) < [f(P) < y(P);
then f(P) 8 summable over B.
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Proof.
PeB implies f.(P)<¢.(P) & [f(P)< $(P)
Hence, by ths. 195 and 179, f,(P) and f_(P) are summable over B.
Theorem 203. Let f(P) be bounded and measurable in B, and
suppose mB < oo; then
f(P) s summable over B &

Proof. By th. 182
[ M(f1; B)dP = | B| M(/f\; B),
B

P) dPl < |B| M({|; B).
B

and so (th. 201) f(P) is summable over B, and by ths. 197 and 179
we have

l l f(P)dP

< [P 4P < [ M(fI; B) 4P,
B B
which completes the proof.
Theorem 204. f —f(P)dP = — f f(P) dP if either side extsts.
B B

Proof. Put g(P) = —f(P); then g,(P) = f_(P) & g_(P) = f,(P),
and the required result follows at once from def. 55.

Theorem 205. Let f(P) and g(P) be measurable in B; suppose

(1) PeB vmplies f(P)< g(P),
and
(2) f f(P)dP > —o0;
B
then f f(P)dP < f g(P) dP.
B B

Proof. By (1) P e B implies f (P) < g.(P) & f_(P) = g_(P).
Hence, by (2) and ths. 195 and 179,

[f{P)aP < [g.P)dP & oo > [f.(P)dP > [g.(P)dP,
B B B B

and so

[1®yap = [ f.(P)aP— [ f.(P)dP
B B B

< [guP)dP— [g(P)dP = [ g(P) dP.
B B B
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Theorem 206. Suppose £ f(P) dP is defined, and B, i3 a measur-

able subset of B; then f f(P) AP exists, and is finite if f(P) 18 summable
over B.

Proof. By ths. 195 and 176
f foP)dP < f fP)dP & f fAP)dP < f f(P)dP,
and the result follows from def. 55.
Theorem 207. Let f(P) be defined in B, and suppose | B— B,| = 0;
then [f(PYdP = [ f(P)dP if either side exists.
B B,

Proof. By ths. 119, 181, and 177
f f(P)dP = f f+(P)dP if either side exists,
B B,
and f f(P)dP = j f_(P)dP if either side exists.
B B

The result now follows at once from def. 55.
Theorem 208. Let f(P) be defined in a null set B; then
f f(P)dP = 0.
B

Proof. By th. 181 f f(P)dP = f f-(P)dP = o.
B B

k
Theorem 209. Let B = > B,, and let f(P) be summable over each
r=1

of the sets By, B,,..., B, then
f(P) is summable over B & f f(P)dP = 2 f J(P)dP.

Proof. By hypothesxs and ths. 195 and 177
Jfupyap = 3 f fAP)IP <® &
Jrprap = 3 P <

Hence f(P) is summable over B, and

[#prap =3 | [fupyaP— [ 1(PydP) = 3 [ [P)ap.
o re=l B, B r=lB.-
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Theorem 209.1. Suppose f(x) is summable over (a,b); then

c b b
(i) a<c< b implies ff(x) dx + jf(x) de = ff(x) dx;

(ii) of F(x) = f f@t) dt, then
a<<A<b & a<<pu<<b implies ff(t) dt = F(u)—F(A).
A

Proof. By th. 206, f(x) is summable over (@, ¢) and over (c, b), and
since the sum of these two sets differs from (a,b) by a single point,
(i) follows from ths. 207 and 209. To prove (ii) suppose a <A < p < b;
by (i) it follows that

®
F(p) = FQO)+ | f@) d,
A
m
and, since F(u) and F(A) are finite, this gives F(u)— F(A) = f fx) da.
If a < p < XA < b, then the reasoning above gives A

A
[ f@) dw = FQ)—F(p),
w

and so, by def. 53, (ii) is proved in all cases.
It may be left to the reader to prove that (i) of th. 209.1 is true

whenever fb f(@) dz is defined, even though f(x) is not summable
over (a, b).a

Theorem 210. Let f(P) be summable over B, and let {B,} be a
sequence of measurable sets such that B = f: B,; then

r=1

[fPyap =3 [ fP)dP.
B r=lB'
Proof. By ths. 195, 148, and 177,

ifh(P) dP = [f(P)AP <0 &
=15, B

S [ fAPyaP = [ f(P)dP < co;
r=1
hence By B

[rprap =3[ [f(Prap — [ 1.(P) dP} =3 [1pap.
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The reader should note in what respects the enunciation of th. 210
differs from that of th. 177 (ii); the difference is emphasized by the
next theorem.

Theorem 211. Let B = f B,, and let f(P) be measurable in each
r=1
of the sets By, B,,...; then f(P) 18 summable over B if and only if

rlef' If(P)| dP < oo.

Proof. Since |f(P)| is measurable in each of the sets B,, B,,...
(th. 159), it follows by th. 177 that

(1) [ 1Py ap = 3 [ 1f(P)| dP;
B =1z,
moreover f(P) is measurable in B (th. 149), and so, by ths. 197 and

198, f(P) is summable over B if and only 1ff [f(P)] dP < c0; hence

the result follows from (1).
Example. Let
fl@) = (—.;1): if r—1<e<r;

then - ff(x) da = L?') (7'= l: 2:'“):
ri1
so that z J' f(x) dx exists and is finite.
r=1,_1

However, f(x) is not summable over (0,00) since

flf(w)ldx—- Sloo.

r=1
Theorem 211 1. Suppose f(x) is summable over (a,b); then
(i) j f(z) dz = llm f f(x) dz = 0;

a—»a+0

(ii) of « and B tend mdependently to a+0 and b—0 respectively, then
8 b
f f(x) dz tends to f f(x) de.

Proof. Since f(x) is summable over (a,b), it follows (th. 176) that

b
Sa<B<Lb implies 0< ff+(x)dx< ff+(x)dx<oo.
o a
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Hence, by ths. 178 and 177, as « tends to a0 and B to 6—0,

B b
f fi(x) dx  tends to f f+() de,

and { f [fi(z) dx -|—f fi(@) dx} tends to 0.

Since f,(x) is non-negative, it now follows that (i) is satisfied when
f(z) is replaced by f.(x), and similarly when f(x) is replaced by f_(x);
this proves (i), and since

b « B b
[ f@) do = [ f@@) do + [ f@) de + J f@) de,
we have (ii).

Theorem 211.2. Suppose

(1) f(x) is integrable-C R over (a,b),
and
(2) f(x) 18 summable over (a,b);
b b
then f f(z) dz = (CR) f f(z) da.

Proof. It follows from (1) and def. 37.1 that
f(x) is integrable-R over (x,8) whenever a < a < B < b,
and so, by th. 200,

B B
a<oa<<fB<b implies ff(x) dx = (R) ff(x) dzx;

hence the result follows from (1), def. 37.1, (2), and th. 211.1.

It should be observed that the conditions (1) and (2) of th. 211.2 are
independent; the reader may verify that f(x), defined in the example
following th. 211, is integrable-C R over (0,00) without being sum-
mable over (0,00). A more interesting example is the following:

Example. For x > 0 let

d . .om 2w
flx) = %(xzsln;:—z) = 2xsmg—v—2-?cosa—:2-.

By th. 66,

1
(R) fl f@)dz = —e?sin”, and hence (CR) f f(@) dz = 0.
€ € 0
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However, f(x) is not summable over (0, 1): since 2z sin /22 is bounded
and continuous in (0, 1), it is summable over (0, 1); hence it will be
sufficient to show that 1/x cosw/22 is not summable over (0, 1); this
will be proved by showing (th. 197) that

1
1
x
0

Let a, = (n+3%)-* and b, = (n—4%)-}; then a, <z < b, implies
nr—3m < w/x? < no+ 3w, and consequently |cos /22| > 4. Hence,
by ths. 176 and 177,

dx = co.

cos 7
22

1 o bn
f %cosx% de > Z f ;Ccos—z dx
0 n=1 an
ba
1< (de 1<, (3n+1\
>3 2 [F=1 20t y) =
142/(3n—1) 2_
since log[37+1 dz dn—l _ 2
B\an—1) = z > L 2 T
3n—1
Theorem 212. Suppose fO(P), f@(P),... are measurable in B, and
(1) Pe B implies fOP)<fOP)< ..,
and
(2) [ foP) dP > —co;
B
then
(3) —00 < f lim f®((P) dP = lim [ f™(P)dP,
B n—»wo n—>o0 B

Proof. Let f(P) = lin:) f®™(P); by (1) P € B implies
fP(P) <f‘§(—}’) <. & fdP)=limfP(P),
fOP) ZfO(P)>.. & f(P)= Ibi-;lmf‘.’."(l’)-
Now, by (2), j fO(P)dP < co. HD

B

(4)

Hence, by (4) and ths. 195, 186, and 187,
f f+(P)dP = lim f fo(P)dP & j f-(P)dP = lim f f®(P) dP,
‘B n—o B B n—.u)B
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and so, by th. 179,
—0 < f f(P)dP = lim f f®(P) dP —lim j f®(P)dP
B ‘n—wa n—»uoB

_ },i_'}:,,: [ro@yap — [ fop) dP},
which gives (3). i i
Theorem 213. Suppose f,(P), fo(P),... are measurable in B, and
P € B implies f,(P) = fo(P) = ...; suppose also that
f f(P)dP < oo; then o > j lim f,(P) dP = lim j f.(P) dP.
B B B

Proof. Apply th. 212 to the sequence {—f,(P)}, and the required
result follows by th. 204.

The fundamental theorem on the integration of functions defined
as limits of summable functions is the following:

Theorem 214. Let F(P), f,(P), fo( P),... be summable over B, and
such that

lim f, (P) exists for every point P of B
and Pe B wmplies |f,(P)|<F(P) (n=1,2,..);
then lim f, (P) is summable over B, and
n—>0

j lim f,(P) dP = lim j f.(P)dP.
B n-—»wo n—w B

Proof. Either by an argument similar to that of th. 212, but
based on th. 194, or else by a combination of the following two
theorems.

Theorem 215. Let F(P), f,(P), fo(P),... be summable over B, and
such that
Pe B implies f(P)< F(P) (r=12,.)

and J' f(P) dP does not tend to —oo as r tends to co;
B

then lim f,(P) is summable over B, and
r—>00

f Iim f,(P) dP > lim f f,(P)dP.
B r—>0 r—>0 B
Proof. Using the notation of the parallel theorem for non-
negative functions (th. 193), we have

4374 T
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Hence, by th. 202, g,(P) is summable over B, and, by th. 205,
(1) © > [g(P)dP > [ [(P)dP (n=rr+1,.).

B B

By (1) and the terms of the hypothesis there is a number % such that
(2 © > [g(P)dP >Fm [ f(P)dP>k>—m (r=12,..).
B n—»wo B

Moreover, P € B implies
0(P) 2 g(P) > ... & limg,(P) = lim f,(P);

and hence the required result follows from (2) and th. 213,

Theorem 216. Let F(P), fy(P), fo(P),... be summable over B, and
such that
Pe B implies F(P)<f(P) (r=1,2,.)

and Bf f.(P) dP does not tend to oo as r tends to co;

then lim f,(P) 18 summable over B, and

r—>o
f lim f(P) dP < lim f f.(P)dP.
B r—® r—»oo B
Proof. By applying th. 215 to the sequence {—f,.(P)}, and then
using ths. 204 and 154.
log(x+n)

Example. lim e %cosxdxr = 0.

n—+w

Proof. Forn = 1,2,... & x > 0 we have (Hardy, § 197)

log(z+n) < x+n <1tz
n n

and so, if we put
22e* if z>1

__log(x+n) _, _
flz) = = ——e"cosz & F(x)_—{ 9ee if o<1,

it follows that
(1) z >0 implies |[f,(x)] < F(x) (n=1,2,..).

Since xe~* and e~ are summable over (0,c0) (examples following
ths. 178 and 180), it follows that F(x) is summable over (0, 1) and
over (1,00), and consequently over (0,00). Also, each of the functions
fal(x) is continuous and therefore measurable in (0,c0); hence, by (1)
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and th. 201, each of the functions f,(x) is summable over (0,0),
and (th. 214)

HmeﬂM:jhmMMx
n—0 ? 0 n—rxo
if lim f, (x) is defined in (0,00). Since (Hardy, § 199)
n~»w
xz > 0 implies limlog(x———_l_"l) =0,

n—o n

the result now follows at once from th. 182.
In some of the theorems which follow, we are concerned with the
properties of
f(P)+g9(P),  f(P)—g(P),  f(P)g(P),
where f(P) and g(P) are summable over B. By ths. 199 and 86,
these functions are defined almost everywhere in B, but there may

be a non-empty null set in which they are not defined. For the sake
of uniformity in enunciations, it is convenient on this account to use

the symbol f f(P) dP in an extended sense described in def. 57. To
B

establish the consistency of this definition, we require a few simple
theorems.

Theorem 217. Suppose f(P) and g(P) are defined in B, and
f(P) = g(P) p.p. in B;

then fﬂﬂdP:fmmdPgamwmhamm
B B
Proof. Let B, = B.#(P;f(P) = g(P));
by hypothesis |B—B,| = 0.
Suppose f f(P) dP exists;
B

then, by th. 207,
fﬂmdP=fﬂmdP=fﬂmdP=IMHdR
B B, B, B

Definition 56. The functions f(P) and g(P) are said to be equi-
valent in B if the equation f(P) = g(P) is true for almost all points
P of B (there may be points P of B for which f(P) or g(P) is
not even defined). The relation between f and g is symbolized by

f(P) ~ g(P) in B.
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Confusion of this use of the symbol ~ with that of def. 10 will be
excluded by the context.

Example. lim lim cos®(m!#7z) ~ 0 in (—o0,00) (cf. example
m—>0 N—»0

following th. 77).
Theorem 218. If f(P) ~ g(P) in B & g(P) ~ h(P) in B, then
f(P) ~ h(P) in B.
Proof. The proof, which is a simple exercise on th. 86, is left to
the reader.

Definition 57. If
f g(P) dP exists (in the sense of def. 55) & f(P)~ g(P)in B,
B

then the Lebesgue integral of f(P) over B, denoted by f f(P)dP, is
B

A B

If g(P) is summable over B, then f(P) is said to be equivalent in B
to a summable function.
The uniqueness of 1! f(P) dP, when it exists in this generalized

sense, is guaranteed by ths. 217 and 218.

Theorem 219. If f(P) ~ g(P) in B, then
f f(P)dP = f g(P) dP if either side exists.
B B

Proof. By th. 218 and def. 57.
Theorem 220. Suppose I! f(P) dP exists (in the sense of def. 57),

and that |B—B,| = 0;

then

(1) f f(P)dP = [ f(P)dP.
B By

Proof. By hypothesis, there is a function g(P) defined in B,,
such that

g(P)~f(P)in B, & J' g(P) dP exists in the sense of def. 55.
B,

g(P) if Pe B,

Let MP) ={ 0 otherwise;
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since |B—B,| = 0, h(P) ~ f(P) in B, and, by th. 207,

j h(P)dP = j g(P)dP = f f(P)dP,

B Bl Bl

which implies (1).

Theorem 221. Let f(P) be equivalent in B to a summable function;
then
S(P) 18 equivalent in B to a finite function summable over B.

Proof. By hypothesis there exists a function g(P) summable over
B and such that f(P) ~ g(P) in B.

_ [ 9(P) if |g(P)| <oo
Let MP) —{ 0  otherwise.

Then A(P) is finite in B, and, by th. 199, h(P) ~ g(P) in B. Hence
h(P) is summable over B (th. 217), and A(P) ~ f(P) in B (th. 218).

Theorem 222. Let f(P) be equivalent in B to a summable function,
and let B be the sum of a sequence of measurable sets, { B,}; then

[#Pryap =3 [ (P)ap.
B ™8,

Proof. By hypothesis there is a function g(P) such that
(1) g(P) is summable over B & f(P)~ g(P) in B.
Since f(P)~g(P)in B, (r=1,2,.),
it follows by (1) and th. 210 that

ff(P)dP= fg(P)dP:ilfg(P)dP=§l ff(P)dP.
B B = B, r=1g

Theorem 223. Let f,(P), fo(P),... be equivalent in B to summable
Sfunctions; suppose f(P) ~ lim f,(P) in B, and
n—>w
f(P)| < F(P)pp.in B (r=12,.),

where F(P) is equivalent in B to a summable function; then f(P) his
equivalent in B to a summable function, and

[ f(P)aP =1im | f,(P)dP.
B n=o 5

Proof. To every positive integer r there will be a set B, consisting
of all those points P of B for which either f,(P) or F(P) is not
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defined, or else the statement |f,(P)| < F(P) is false; and |B,| = 0
by th. 86 and def. 57. Let Z be the set of the points P of B for which
the statement f(P) = lim f,,(P) is false; then |Z| = 0. If

n—»wo

B, = Z+ i* B,,
r=1

then B, is null (th. 86), and the conditions of th. 214 are satisfied
when B is replaced by B—B,. The required result is then an imme-
diate deduction from th. 220.

- Theorem 224. Let f(P) be equivalent in B to a summable function,
and let a be any finite real number; then

f af(P)dP = a f f(P)dP.
B B

Proof. Let g(P) be a finite function summable over B and such
that f(P) ~ g(P) in B (th. 221),
and let k(P) = ag(P) in B.
Then @ = 0 implies A(P) = 0, and so (th. 182)
fh(P) dP=0=0 ff(P) dP.
B B

If 0 < a < o0, then
h(P)=ag(P) & h.(P)=ag_(P),
and so (th. 180)
j h(P)dP — f h_(P) dP
B B

— +(P)dP — _(P)dP = P)dP = P)dP.
an() angu abjgu allf()

Since af(P) ~ ag(P) in B, it now follows that
0<a<oc implies f af(P)dP = a j f(P)dP.
B B
The proof is now easily completed by applying th. 204.

The following two theorems are simple exercises on th. 86, and
their proof is left to the reader.

Theorem 225. If f.(P) ~ g(P)in B (r = 1,2,...), then
h(P) ~limg,(P) in B implies h(P)~ lim f.(P) in B.
r—»00 r—>00
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Theorem 226.
Q) If f(P) ~ g,(P) in B (r = 1,2,..., k), then
h(P) ~r2:g,(P) in B implies h(P) ~§;lf,(P) in B.
@) If f(P) ~ ¢,(P) in B (r = 1,2,...), then
(P) ~§19,(P) in B implies h(P)~ 2 JAP) in B.
Theorem 227. Let f(P) and g(P) be each equivalent in B to a

summable function, and let A and p be any finite real numbers; then
{Af(P)+pg(P)} 18 equsvalent in B to a summable function, and

[ (P)+Rg(P}aP =X [ f(P)dP +p [ g(P) aP.
B B B
Proof. After th. 224 it is sufficient to prove the result for the
special case A = u = 1. By th. 221 ¢(P) and §(P) exist such that
(1) ¢(P) is finite and summable over B & f(P)~ ¢(P)in B,
(2) (P) is finite and summable over B & ¢(P) ~ (P)in B.
Put
(3) k(P) = ¢(P)+¢(P).
Then A(P) is finite and measurable in B (th. 156), and since
IW(P)| < 1$(P)|+ Ip(P)l,

it follows by ths. 197, 189, and 201 that 4(P) is summable over B;
hence, by th. 226, {f(P)+g(P)} is equivalent in B to a summable
function, and

(4) [{f(P)+9(P)}dP = [W(P)dP = [h(P)dP — [h(P)dP.
B B B B

Since all the functions in question are finite, (3) implies

b (P)+¢_(P)+¢_(P) = h_(P)+¢.(P)+.(P),
whence, by th. 190,

[#P)dP + [ $.(P)aP + [y_(P)aP
B B B

= [h(P)dP + [ $(P)dP + [§,(P)dP;
B B B
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since all the integrals in question are finite, this implies
f h,(P)dP — f h_(P)dP
B B
= [$(P)dP — [ $(P)dP + [y(P)dP — [ y_(P)dP.
B B B B
Hence, by (4), (1), and (2),
[#(P)+9(P)dP = [ f(P)dP + [ g(P)dP.
B B B

Theorem 228. Let f,(P), fo(P),..., fi(P) be each equivalent in B to

o
a summable function; then Y f.(P) is equivalent in B to a summable
r=1

k k
[S1PyaP =73 [ j(P)aP.
pr=1 r=lg

Proof By induction from th. 227.

The following is one of the most frequently used theorems for the
integration of functions defined as sums of infinite series.

Sfunction, and

Theorem 229. Let {f,(P)} be a sequence of functions measurable
in B, and such that

(1) f _f If.(P)| dP < o0;
. r=lp
then Y f.(P) is equivalent in B to a summable function, and
re1
2 S f(P)dP = S [ f(P)dP.
2) J S HPaP =3 1{ fAP)
Proof. Put F(P) = 3 |£.(P)|; by (1) and ths. 159 and 191
r=1

(3) F(P) is summable over B.

Put S,(P)= 3 f(P) (n=1,2,.);
by (3) and th. 184 =t

f: f+(P) converges absolutely p.p. in B.
r=1

Hence

) 3 1(P) ~lim 8,(P) in B,

and

(5) 18,(P)] < F(P) pp.in B (n=1,2,.).

Also, |f.(P)| < F(P), so that, by (3) and th. 201, f,(P) is summable
over B (r = 1,2,...); hence (th. 228) S,(P) is equivalent in B to a
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summable function, and

(8) [8uPyaP =3 [ f(P)aP (n=12..).
B r=lp

By (3), (4), (8), (6), and th. 223, i f+(P) is equivalent in B to a
=1
summable function, and "

[ Elf,(P) dP = lim [ §,(P)dP = lim 3 f f.(P)dP,
BT n—o 5

n—w r=1
which means (2).
Example (i).
2 1,2 3
fe * cos Vi dx = 1—§+1—! 6'+8'

0

Proof. We have (Hardy, § 217)

(1) e~Tcos Vr = z (—1)n? (0! =1).

(2 ')
Now, by the example to th. 180,

o

jxne-’ de=mn! (n=0,1,2,..),

it now follows

kd we—xxn
— 2-n
and so Z f (2n)‘ Z (2n)' <n§0 < o0;
=09
by (1) and th. 229 that

fe—-‘”cos«/x dx = Z (—1 )"(21;),,

which is the requlred result.

Example (ii). Suppose f(z) is finite and summable over (a, b), and
let r be a fixed number such that 0 << r << 1; then

ff (= )l 2:2;;; +7‘2 z rn-1 J‘ f(@)sinnx de.

n=1
Proof. For every positive integer n
1) fxyrm1ginnx is measurable in (a,b)
b b
and f |[f(z)rm1sinnx| de < r*? f |f(x)| de;
a

4374 U
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© b b
hence > j If(@)rm-tsinne| dz < '1{7 f f(@)] dz < oo,
a a

ne=1

and so, by (1) and th. 229, it remains only to prove that

& sinx
2 rr-1gin _—
(2) ,.Z; s 1—2rcosxz+r?

Put 2 = rcosx-+irsinz; since |z| < 1, we have

@ .. @ z rcosx —r2 4 irsinx
Y r*(cosnx + isinnx) = 3 2" = = + il
=1 1 1—2 1—2rcosx 47

from which (2) follows on comparing imaginary parts.
It is easy to give examples in which

[ 3 supyar = 3 [ f.(P)ap
B n=1 n=1B

although both sides exist and are finite; as the following shows, the
functions f,(P) may be of the most elementary character.

Example. Let
fo@) = nan-1—(n41)2® (0= 1,2,..).
Clearly

3 ful@) de = 1;

n=1

0 <z <1 implies 121 fo(®) =1, and so f
on the other hand, by ths. 200 and 66, ’
jfn(x) de =0 (n= 1,2,...)f and so nglffn(x) dx = 0.
It follows from th. 229 that this can only hap;en if
3 f ful@)| do = oo,

and it is easy to verify this directly. Let » be any positive integer;
since 0 < x < n/(n+1) implies f,(x) > 0, we have
n/(n+1)

1
[fa@ldz > [ fu(@)da
0 0

- G-
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and since (1+1/n)* < 3 (Hardy, § 73), we have

© 1 )
L[ nwids > ;,Z;}r_l — .

Theorem 230. Let f(P) be bounded and measurable in B, and let
g(P) be equivalent in B to a summable function; then f(P)g(P) s
equivalent in B to a summable function, and

(1) [ [ 7(Pyg(P) dP| < M(f1; B) [ lg(P)| dP.
B B

Proof. By th. 221 there is a finite function #(P) summable over
B and equivalent to g(P) in B. By th. 165

(2) f(P)M(P)~ f(P)g(P)in B & f(P)h(P)is measurable in B.
Put A = M(|f|; B); then P € B implies |f(P)h(P)| < A|h(P)|, and so,
by (2) and ths. 219, 201, 197, and 180,

| [#Py(P) dP{ = [ [ 1P dP| <A [ [P)| aP = X [ g(P)| aP,
B B B B

which implies (1).

The reader should note that, in th. 230, the summability of f(P)
over B cannot replace the assumption that f(P) is bounded and
measurable in B; for example, if f(x) = g(z) = z~* in (0, 1), then
f(x) and g(x) are both summable over (0,1), but f(x)g(x) is not
(example (iii) following th. 178).

Definition 58. Let {f.(P)} be a sequence of functions defined in
B and satisfying the following conditions:

(i) there is a finite constant k such that, if P is any point of B

and n is any positive integer, then

S P <k
(ii) 5: f+(P) exists for every point P of B;
=1

the series i f+(P) will then be said to converge boundedly in B.
r=1

(The reader should note that the existence of % f+(P) as a function
r=1
bounded in B gives no indication of the behaviour of its partial sums,
Eld therefore does not imply that f f+(P) converges boundedly in B;
r=1

is is emphasized in example (ii).)
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Examples.
(i) Let {P,} be a sequence consisting of all the rational points of
R, (th. 8), and for every positive integer r let f.(P) be defined

to be zero except at F,, where its value is unity; then i f(P)
=1
converges boundedly in R,. ’

(ii) For every positive integer n
__[msinmx if 0<<2z<<1/n
let 9n(®) = { 0 if 1jn <2<1,

and let gy(x) = 0in [0, 1];
let fn(x) = gn(x)_gn—l(x) (n =1, 2»--))

Then S f.(z) = limg, () = 0 in [0, 1],
r=1 n—o
but the series 3 f.(x) does not converge boundedly in [0, 1],
r=1

since for every positive integer n

ELQ) %()—m

(iii) The series i 1/r sin rz, which converges for all « (Hardy, § 189),
r=1

converges boundedly in (—o0,00); this follows at once from
the following theorem.

Theorem 230.1. Let n be any chosen positive integer; then for
every real number x

n
1
1 —si 2V,
(1) ; rsmrx < 2vm
Proof. Suppose x freely chosen so that
(2) 0< < m
since sinrz| < re (r=1,2,..,n),

(1) is obvious if nx < v=. Suppose then that n > (1/z)+r, and let
¢ = [(1/x)~7]; on using the same inequality as before, we have

- 1 - 1
Z —sinre — Z Zsinrz| < v,
r r
r=1 r=q+1
and so, to prove (1), it is sufficient to show that
n
(3) ;sinrx < Alm.

r=q+1
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Now
< 1 - 1 - 1
2sin x -sinrz| = —cos(r—4)x — ~cos(r+4)x
r;i-lr r%—lr Zr r
n—1
= b%cos(q—{—})m—-%cos(n—[—;-)ar:-l—quJrl ;_-*l_i )cos(r+1})x
and so

(4)
- 1 i (1 1 2 o
2sin {x —sinrx s ) = <
t 721 q+l+ + %lr r—}-l) g+1 " Wm
now, by (2) and a well-known theorem,of elementary trigonometry,
| cosec dx| < m,

and hence (3) follows from (4). The truth of (1) for all z is now easily
derived from the case when 0 < x << 7 in virtue of the fact that

‘i\l /rsinrx is an odd function of x with period 27 which vanishes
r=1

for x = 0.

Theorem 231. Let g(P) be summable over B, and let {f,(P)} be
a sequence of functions measurable in B whose sum converges boundedly

tn B; then g(P) i fr(P) 18 equivalent in B to a summable function, and
r=1
[9P) 3 5P aP =3 [g(P)f,(P)aP.
B = =B

Proof. By hypothesis there is a finite number k such that

1) PeB implies | 3 f,(P)l <k (n=12..),
and - =
(2) > f.(P) exists for every point P of B.
F=1
Since ¢g(P) is finite p.p. in B (th. 199), it follows by (1) and (2) that
®) 9(P) 3 fAP) ~lim 3 g(P)f,(P)in B.

By ths. 230 and 228,

@ [ 3aPup)ap =5 [ aPUPIIP (b =1.2.)
Also, by (1),

(5) Iéla(P)fr(P)l < klg(P)| pp-in B (n=1,2,..).
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Now k|g(P)| is summable over B (ths. 197 and 180), and so by (3),
(4), (6), and ths. 219 and 223

[9P) S f(PyaP =1im 3 [ g(P)f(P)dP,
B r=1 n—wo r—lB

which is the required result.
The reader will recognize the following theorem as a generalization

of th. 57 (i).

Theorem 232. Let f(P) be summable over B, and let g(P) be
defined and bounded in B and continuous almost everywhere in B.
A sequence of numbers S, is defined as follows:

to every positive integer n, let B be represented as the sum of a sequence
of non-empty measurable sets, namely

(1) B= EB;’) & B is contained in a sphere of radius 1/n;
ra=1
let P be freely chosen from BY, and put

@ Su= 3 0(PY) [ f(P)aP;
r= Bﬁ,”
then
(3) lim§, = [ f(P)g(P) dP.
B

Proof. Let n be any chosen positive integer, and define k,(P) in
B go that h(P) = g(PY) in BY;
by ths. 160 and 149,
(4) h,(P)is measurablein B & P € B implies |h,(P)| < M(|g|; B).

By (4) and th. 230 f(P)h,(P) is equivalent in B to a summable
function, and so by ths. 222 and 224, (1), and (2)

(5) [ #P(PYP =F [ f(PI,(P)dP =3,
B =" o
Now, if g(P) is continuous at F,, then, by (1),
lim i (B) = 9(By);
hence, by hypothesis,
(6) 'l‘in:ohn(P) ~ g(P) in B.

But [ha(P)f(P)| < If(P)| M(lg|; B) p-p. in B,
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and, by ths. 197 and 180,

If(P)| M(]g|; B) is summable over B.
Hence, by (6), (4), and th. 223,

lim [ £(P(P)dP = [ f(P)g(P)aP,
B B

which, by (5), gives (3).
Corollary. Th. 232 is true if E is replaced throughout by z

r-l -
where k is a positive integer, i.e. 1f the numbers S, are formed by

representing B as the sum of a finife number of sets.
Example. Let B be the plane set
H((z,y);0<z<1 & 0<y<1);
it is required to evaluate f xy d(z, y).
B

Let » be any chosen positive integer, and put

—1 —1
B(r,s>=d’((x,y>;’ <e<l & Thay<y

clearly z 2 B(r,s), mB(r,s8) = 7%2,

r=18=1

and rs/n? is one of the values assumed by xy in B(r,s); hence, by
ths. 232 and 182,

n n

foyd(xy)—h ii"’ f d(x,y)——hm{ Z Z}

=1 Bre) r=1 =1
Theorem 233. Let f(P) be measurable in B and f*(P) summable
over B, and suppose mB < oo; then f(P) is summable over B.

Proof. P e B implies |f(P)| < 14f%P); hence, by th. 201, it is
sufficient to show that {14f%* P)} is summable over B, and this
follows at once from ths. 188 and 182 since

f {14f%P)} dP = f 1dP + f f¥P)dP = mB+ f f3P)dP < .
B B B B

»Al

The reader should note that the restriction mB < co is essential to
th. 233; for example, -2 is summable over (1,00) but z-! is not
(example (ii) following th. 178).

We have already seen (example to th. 230) that the product of two
functions summable over B is not necessarily equivalent in B to a
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summable function. The next theorem, however, gives conditions in
which the product ¢s equivalent in B to a summable function.

Theorem 234 (Schwarz’s inequality for integrals). Let f(P) and
g(P) be measurable in B and such that f3(P) and g*(P) are both
summable over B; then f(P)g(P) ts equivalent in B to a summable
function, and

M
[ #PwP ap| < [P ap < [([ 7P)ap [ o) ap).
B B B B

Proof. By th. 184 f* P) and g% P) are finite p.p. in B, and so,
by th. 86, there is a set B, such that
(2) |B—B;|=0, and Pe B, implies |f(P)| < & |g(P)] <co.
By (2) and th. 119 (ii) B; € &, and so (ths. 148 and 165)
(3) i f(P)g(P) is measurable in B;.
By th. 207 there are non-negative numbers @ and b such that

(4) f fYP)dP = f fAP)dP = a? <
B By

& f g% P) dP = f g%(P) dP = b? < co.
B
If @ = 0, then (th. 185) f3(P) ~ 0 in By, and so f(P)g(P) ~ 0 in B,
which, by def. 57, means

[ f(P)g(P)| &P = 0 = [ f*(P) &P [ g*(P)dP,
B B B

thus verifying (1).
Suppose a > 0& b > 0; then P € B, implies

AP, g%(P)_ (If(P)] _lg(P))\?
2 5Py =L D I (a _ ﬁ)_

Hence, by (8), ths. 159, 179, and 227, and (4),
2 f(P) 2(P)
= [ oy ap < [ {E2 D) ap
B, B,

__jfz(P dP+b2J‘g2(P)dP__2

By

b

and thus f If(P)g(P)| dP <
B,
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By (3) and ths. 207, 198, and 197

[ #PwPrap| | [ PPy P | < [ 11PHP) 4P < ab,
B By B,

which means (1).

Corollary. If f(P) is measurable in B and f%(P) is summable
over B, then

[ 1P dPl < l If(P)] dP < A/{mB Bf 7(P) dP} if mB < oo.

B

o

m’
Example. The crudest approximation to f x-tsinx dx isJ x-tdz,
1]

i.e. 471/3; using Schwarz’s inequality, we have

m
f z-tsinx dz
0

2 w m ks T
- : — -t da — \
<ofx *dxéfsmzx dx J%x of(l cos 2z) dx

mw
f z—tginx dx
0

Theorem 235. Let f(P) be summable over B, and let

which gives < 7t

[Py o If(P)l<mn
f(P) _‘ 0  otherwise;
then
(i) lim f f.(P)dP = j f(P)dP,
n—»aoB B
(i) lim [ |f(P)—f,(P)| dP = 0.
B

Proof. By th. 161 f,(P) is measurable in B, and P € B implies
(1) fa(P)I < If(P)] & |f(P)—fu(P)] < If(P)] (n=1,2,.).
Hence, by ths. 201, 227, and 197,

(2) f.(P) and |f(P)—f,(P)| are summable over B (n = 1,2,...).
Moreover, by th. 199, |f(P)| < oo p}. in B, and so
@) fiP)~lmf(P)in B & Lim |A(P)—fu(P)| ~ O in B.

Applying ths. 197 and 223 to (1), (2), and (3), we have (i) and (ii).

4374 x
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Theorem 236. Let f(P) be summable over B; then to every e there
18 a & such that

EcB & mE <38 implies <e

[rpyap
2

Proof. Choose ¢ freely; by ths. 206 and 197 it suffices to show
that 8 exists such that

(1) EcB & mE <3 implies f]f(P)]dP<e.
E

By th. 235 there is a positive integer n and a function f,(P) such that
(2) f.(P)is summable over B & P e B implies |[f,(P)| <n,
and

(3) [ F(P)—fu(P) AP < fe.
B

Put 8 = }¢/n, and let E be any measurable subset of B with mE < 8.
By (3) and th. 176

(4) [ f(P)=fu(P) 4P < 3e,
E
and, by (2) and ths. 203 and 197,
(5) f Ifa(P)| dP < nmE < nd = }e.
E

Now |f(P)| < |f(P)—f.(P)|+|f.(P)]; hence, by (4), (5), and th. 189,
f If(P)| dP < ¢, which shows that 8 satisfies (1).
E

Corollary. Theorem 236 remains true when the assumption ‘f(P)
is summable over B’ is replaced by the assumption ‘f(P) is equivalent
in B to a summable function’.

Theorem 237. Suppose f(P) ts summable over B, and let S be a
measurable set in B satisfying the following conditions:
(1) mS < oo,
(2) +f Pe8, then every sphere about P conlains a closed cube K
(closed interval K if n = 1) such that

KcB, PeK, and J'f(P)dP>0;
K

then J(P) =0 p.p.in 8.
Proof. Let v be any chosen positive integer, and let
E = 8.(P;f(P) < —1)/v);
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clearly, by th. 86, it is sufficient to show that
(3) E is null.

Let « be the aggregate of all the closed cubes K in B such that
i f(P)dP > 0. By (1) and (2), « and E satisfy the conditions of

th. 125, and so, if € is freely chosen, there is a finite number of
mutually exclusive closed cubes, say K,, K,,..., Ky, such that, if

N
C =3 K, then

r=1

(4) mC—e < mE < |CE|+e,

and

(5) K.cB & o> ff(P) dP >0 (r=1,2,..,N).
K,

Since E € ¥ (ths. 150 and 148)and C € £, wehave CE e Y& CEe £
(ths. 90 and 95), and so, by (5) and ths. 206 and 209,

0< S [fP)dP = [[(P)aP = [ f(P)aP + [ f(P)dP <,
r=1g, ¢ CE CE
and hence, by ths. 205 and 182,
ff(P)dP > — f f(P)dP > f ;dP - l%moza,
% CE CE

which, by (4), implies
(6) lnp < f f(P) P+,
CE
Since E € £, mC = mCE+mCE; and so, by (4), mCE < 2¢ while

CE c B; hence, if ¢ is taken small enough, it follows from th. 236 that
f f(P) dP can be made arbitrarily small, and this, by (6), means

—mE = 0, which implies (3).
Theorem 238. Let f(x) be defined in an interval (a, b) so that
B
) [fod=0 if a<a<p<b;

then * F@) ~ 0 in (,b).
Proof. Let v be any chosen positive integer; put

E=e§"(x;a<x<b & f(x) <—%).
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and let H be freely chosen so that
(2) (E+H) is an open subset of (a,b).

By (1), (2), and th. 206, f(x) is summable over (£+ H) and, since
(E+ H) is the sum of a sequence or of a finite number of sub-intervals
of (a,b) (th. 19), it follows from (1) and ths. 209 and 210 that

[ f@) dz > 0;
EYH
Since H € £ & E € £ it now follows from ths. 206 and 209 that

0< f f(x) dx = ff(x) dr + ff(x) dz,
EYH E 4
and hence, by ths. 205 and 182, that
[ ferdz > [ ~f@) 42 > SmE.
H E Y

E being measurable, H can be chosen so that mH is arbitrarily small
(th. 110 (i)), and so it follows, as in th. 237, that mE = 0 and conse-
quently f(P) > 0 p.p. in (a,b). Since (1) remains true when f(z) is
replaced by —f(x), it now follows that —f(x) > 0, i.e. f(x) < 0 p.p.
in (a,b). Combining the two results, we now have (th. 86) f(z) = 0
P.p- in (a,b), which is the required result.

§ 2. Integration of Complex Functions

The reader will be familiar with the notion of a complex function
of a real variable (Hardy, Chapters IIT and X) and will know that
the definitions of differentiation and integration can be extended to
such functions. The remainder of this chapter is devoted to an outline
of the application of Lebesgue integration to complex functions.

In the first place we generalize the idea of a function defined in a
set of points B and say that
(1) f(P) = g(P)+1ih(P)
is a complex function of P defined in B if the functions g(P) and
h(P) are defined (as real functions) and finite in B. f(P) is measurable
in B if both g(P) and &(P) are measurable in B, and, similarly, f(P)
is continuous at @ if both g(P) and k(P) are continuous at Q. If f(¢)
is a complex function of a real variable ¢, then

f(t+h) —f(t) ie. fl(t),

lim——— " 227

h—0 h
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exists if and only if ¢'(¢) and A’(f) exist and are finite, and then we

have 16 = g @) +ik'(e).
The rules for differentiation are those for real functions; in particular
(Hardy, § 239), if f'(t) exists, then

(2) L0 = f(0er;
also, if z is a complex number and # is defined as e#1°¢¢ for ¢ > 0, then
(3) t >0 implies d%t‘ = 2171,

Definition 59. If f(P) is given by (1), and g(P) and k(P) are
summable over B, then f(P) is said to be summable over B and we

define [£(PyaP = [ g(P)dP + i [ W(P)dP.
B B B

If f(P) is summable over B, then |f(P)| is measurable in B (th. 164)
and |f(P)| < |g(P)|+ |h(P)|; hence it follows (ths. 197, 190, and 179)
that |f(P)| is summable over B. Conversely, if |f(P)| is summable
over B and f(P) is measurable in B, then, since

g(P) < If(P)] & |W(P)| < |f(P)I,
it follows (th. 201) that g(P) and h(P), and consequently f(P), are
summable over B. The further result, that

|[#PraP| < [ 1P| aP,

B B

which plays such an important part in the theory of real functions,
requires more careful consideration; however, once we have estab-
lished the truth of ths. 197 and 198 for complex functions, it follows
easily that all the subsequent theorems, except those whose enuncia-
tions become meaningless (ths. 202, 205, 212, 213, 215, 216), remain
valid for complex functions. Schwarz’s inequality is valid if f2(P)
and g%(P) are replaced by their moduli.

Theorem 239. Suppose the complex function f(P) is summable
over B; then

’ [ fpyapP| < [1f(P)| dP.
B B

Proof. Suppose Sf(P) = g(P)+1h(P),
and ff(P) dP = rcosf 4 irsinf (0 < r < o0).
B
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Then f g(P)dP = rcosf and f h(P) dP = rsind,
B B
and so, by th. 227,
(1) f {g(P)cos 8 + h(P)sin 8} dP = 7.
B

But {g(P)cos 8 + h(P)sin 6} is the real part of f(P)e-%, and so
g(P)cos 8 + h(P)siné < |f(P)e~*| = |f(P)| in B;
hence, by (1) and th. 205, since |f(P)| is measurable in B,

[rpyap
B

(I am indebted to Dr. T. Estermann for this elegant proof of
th. 239.)

Integrals of the elementary complex functions of a real variable
are evaluated by finding their primitives; it follows easily that, if
ft) = g(t)+3h(t) and f'(t) is continuous throughout a closed interval
[@,b], then

b b b
[F@yae= [g®de+i [ () dt = jb)—fla).

=r= f {9(P)cos 8 + h(P)sin 8} dP < f If(P)| dP.
B B

In particular, if z is a complex number, then, by (3), p. 157, dittz = 2171,

and zt>~! is continuous throughout every closed sub-interval of (0,c0);
hence, it now follows that

B
ft’—1dt=§(ﬁz—az) if 0<a<B<wo & z£0.
Arguing as in th. 211.1, we find that

1
f(ét‘; = f t>-ldt = ; if the real part of z is positive.
V]

Similarly, by (2), p. 157, if z is a complex number, then (%e”‘ = ze3,

and ze¥ is continuous in every interval; hence, if « and B are finite real
numbers and z £ 0, then

B 1
J'eddt = —(¢F—em),
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and again, arguing as in th. 211.1, we have
0

(1) J. e4dt = ; if the real part of z is positive.
0

Example. If x > 0, then
0 - _ " ) e _
6[ e~ cosyt dt Ty and 5[ e~@ginyt dt
Proof. Put f(t) = e~=+w¥; by (1) above

_Yy
@y

0

w_m, ot _°° i . Xty
Je cosyt dt +z!e sinyt dt = !f(t) dt = (x—wy)1 = Py

from which the required results follow immediately.

Example. Suppose z = z+1y and z > 0; then I'(z f etr-1dt

is defined and finite, and
n!n?
n—m z(z—l- 1)(z+2)...(2+n)

(this is known as Gauss’s formula for the gamma function).

I'z) =

Proof. Put f(t) = e*>-1; then f(¢) is continuous and therefore
measurable in (0,00), and |[f(¢)| = e~%*-1. Since [f(t)| is summable
over (0,00) (example following th. 180), it now follows by th. 198 (for
complex functions) that f(¢) is summable over (0,c0). Now, if n is any
positive integer, we have (ths. 179 and 182)for0 < ¢t < n

1 1
% n
1-t/n 1-t/n
whence log(1—t/n) < —t/n and therefore (1—¢/n)" < e, So, if we
define > (A—tret i 0<i<n
e 0 if t>n,

it follows that f, (¢) is continuous and therefore measurable in (0,00);
also (since lim(1—¢t/n)" = e~)
n—>o

Ifn(t)l < 'f(t)l (n=12.) & ”li_lgfn(t) ‘=f(t) in (0,00).

Since we have shown that f(t) is summable over (0,00), it now follows
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by ths. 201 and 214 (interpreted for complex functions) and ths. 177
and 182 that

@ @ n n
f f(t) dt = lim f fa(t) dt = lim f fo(t) dt = lim f (1_ i)"t,_x dt,
n—>® n—> n—o n
0 0 0 0
and so Gauss’s formula is proved if we show that

(1) f (1—i)"tz—1dt= nln? (n=12.).
0

n 2(z+1)(z+2)...(z+n)

n
Now J' fn(t) dt may be evaluated as a Cauchy-Riemann integral for
0
complex functions; on substituting » = #/n, its value is seen to be
1
n? J (1—v)™*-1 dv, and, on integrating by parts n times successively,

(1) follows immediately.



VII
FUNCTIONS OF A SINGLE VARIABLE

§ 1. Miscellaneous Theorems
Theorem 240. Suppose f(x) is summable over (a,b); then f f(¢) dt

18 a continuous function of x bounded in (a,b) and is contmuous
throughout [a, b] if both a and b are finite.

Proof. Suppose a < ¢ < b; then f(x) is summable over (a,¢)
(th. 206), and by ths. 197 and 176 we have

4 b
< [ @)l dz < [ |f@)] de < o,

4
(x) dx

T
and this proves that f f(@) dt is bounded in (@,b). Again, since f(x) is

summable over (a,£&) and over (£,b) (th. 208), it follows from th.
211.1 (i) that

ﬁgfngoﬁff(x) da =¢_ljgn+0!f(x) dx =

X
and this, by th. 209.1, proves that f f(¢) dt is continuous in (a, b); the
proof is now completed by th. 211.1 (i).

Theorem 241. Suppose f(x) is defined in (a,b), and that f Jf(x) dx
exists. Let k be any ﬁmte real number; then

b+k
(i) f fla) de = f fw—k) da;
a a+k
b ] kb (x)d o
(if) f@)yde = | f(7) d= i :
o Jroseg [

Proof. By def. 55 it is sufficient to consider the case in which f(x)
is non-negative, for if the theorem holds for f,(x) and f_(x) separately,
it also holds for f(x). To prove (i) let

(1) S =20Qfi(a,0)) = F((@,y)a <z <b & 0 <y <flx)).
By (1) and def. 52, »
(2 mS = j f(x) da.

4374 Y
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Let the transformation F be defined by F((z,y)) = (x+k,y); then
F(8) = #((zy);a+k <2< b+k & 0 <y < flz—Fk)),
and so, by (2), ths. 128 and 127, and def. 52, we have
b b+k
f f(x) dz = m8 = mF(S) = f flz—k) dz,
a a+k

which proves (i). To prove (ii) suppose first that £ > 0, and let
G((z,y)) = (kx,y); then

G(S) = oﬁ”{(z,y); ka<z<kb & 0<y <f(%)},

and so, by the same theorems as before,
kb

? f (@) dz = kmS = mF(8) = k{ f(%) dz.

Finally, to prove (ii) generally it is now sufficient to show
b -b
(3) [f@) dz = — [ f(—=) da.
a -a

Let H((x,y)) = (—=,y); then
H(S) = #((@y); —b <2< —a & 0 <y < f(—2)),

and so, as before,
J.f(x) de = m8 = mH(S) = f f(—2) dz,

and this, by def. 53, gives (3).

Theorem 242. (Integration by parts.) Suppose f(x) and g(x) are
summable over (a,b); let A and u be any chosen finite real numbers, and
let

t t
F)= [f@dz 42 and G@) = [g@)dz+p if a<t<b;
then ‘ ‘
(1) j f@)6(x) dart- f (#)F (@) dz = F(b)G(b)—F(a)G(a).

Proof. Suppose o and 8 are finite and satisfy
a<a<B<Lb
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choose z,, z,,..., z, freely, so that o« =y <, < .. <z,=p8. By
th. 209.1 (i),

@) 3 6@ [ ) dz+ 3 R [ gto) de
Ty-1

Tya1
= 3 0@)F@)—F )+ 3 F )06 —0w )
— G(B)F(B)— G F(a).

Now G(z) and F(z) are continuous and bounded in (a, b) and there-
fore in (e, B) (th. 240), and so, by (2) and th. 232, we have

B B
3 [f@)6@) dz + [ g@)F(x) de = FB)G(B)—F(2)6(w).

Since F(x) is continuous and bounded in (@,b), it follows that
F(x)g(x) is equivalent in (a,b) to a summable function (ths. 163 and
230), and hence, applying th. 211.1(ii) (extended slightly so as to
apply to functions equivalent in (a,b) to a summable function), it
follows that, as « and B tend independently to a+-0 and b—O0 respec-
tively, B b
fF(x)g(x) dx tends to f F(x)g(x) dx;
ol a

at the same time,
B b
f G(z)f(x) dx tends to f Q(x)f(x) da

for similar reasons.
Hence, by (3), as « tends to a+0 and 8 to b—0,

b b
F(B)G(B)—F(x)G(x) tends to f F()g(z) dz + f G(@)f(x) d,

and this, in virtue of th. 211.1, gives (1).

Theorem 243. Let f(x) be finite and non-decreasing in (a,b); then
D, the set of the points x of (a,b) for which f(x) is discontinuous, is
finite or enumerable.

Proof. By th. 7 there is a sequence z,, &,,... consisting of all the
rational numbers. Suppose ¢ € D; since f(x) is non-decreasing in
(@, b), we may define n(¢£) to be the least integer » such that

f(f_o) < 2 <f(§+0)'
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If ¢ eD & ¢ > ¢ then f(¢'—0) > f(£40) and hence n(£) # n(¢’).
It follows that D is equivalent to an aggregate of positive integers
and is therefore finite or enumerable (th. 3).

Theorem 244. Suppose f(x) is summable over J, a closed interval
[a,b], and let g(x) be finite, non-negative, and non-decreasing in J; let

F(z) = Jqf(t) dt in J; then
(i) gOYM(F;J) < f f(@)g(w) de < g(O)M(F;J);
(ii) there 8 @ point ¢ of [a, b] such that
b b
f f@)g() dz = g(b) f f@) d.

Proof. Let h(z) = g(z)ifa < 2 < b and A(a) = 0; suppose

0 =0,< 2y < ..<z,=>;
then

z {h(x,)—h(x,1)} = h(b) & h(z,) > h(x,_,) (r=1,2,.,n).
Hence
(1)  hOdYmM(F;J) <rglF(xr){h(x,)—k(x,_l)} < h(O)M(F; J).
Since A(z,) = 0 & F(x,) = 0, we have
3 b Fw) = 3w, ) Fe, ),

and hence, by (1),

h(bym(F; J) < Z (@, {F (@, 1) — F(x,)} < WD) M (F; J),
which, by th. 209.1 (i), means

@ HOm(F D) < 3 b [ o) e < HOME; ).

Now h(x) is bounded in J, and A(x) is continuous p.p. in J by ths.
243 and 83 (or ths. 53 and 50); since A(x) = g(x) for @ < z < b,
(i) now follows from (2) and th. 232.

Now F(z) = F(a)— f f@t) dt
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and so, by th. 240, F(z) is continuous throughout [, b]; hence, by (i)
(Hardy, §§ 100 and 102), there is a point £ of [a, b] such that

b

[ f@)g(@) dz = g(B)F(£),
which proves (ii). *

Example. Suppose g(z) is finite, non-negative and non-decreasing
in [a,b]; then

b
fg(x)cosnx dx| < %g(b) (n=12...).

Proof. With the notation of th. 244, € J implies
b
F(x) = fcos nt dt = %{sinnb—sinnx}, andso |F(z)| <

.
’

S

X

the result now follows from (i) of th. 244.

Theorem 245. (Second mean-value theorem.) Suppose f(x) is
summable over (a,b), and let g(x) be bounded and non-decreasing in
(@, b); let A and p be freely chosen so that

—0 <A< lim g(zx) < lim g(z) < p < ©;
. z—a+0 z—+b—0
then £ exists such that

b £ b
[ @) de =2 [ f@) dw +p [ f@) do & @ <E<.
a a ¢

Proof. Let o and B be any finite numbers satisfying
e <La< B
Let g*(x) =g(z) if a <2z < B, and g*(B) = n. Since g*(x)—A is
finite, non-negative and non-decreasing in [a, 8], it follows from
th. 244 (ii) that ¢ exists such that

B B
| @*@—Nf@) do = u—) [f@)de & «<E<B,
® 3

and, since g*(x) = g(x) in («, B), it follows easily that this means

B B 8
(1) [ f@)y(@) de = X [ f@) dz +(@u—) | flz) da.
3 o ¢
Now let {a,} and {b,} be sequences such that
a,>a,>.. & limae,=a
n—o
and a, <b<by<.. & limb,=20.

n—>x
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If we define F(x) = f f(#) dt, we have (th. 209.1 (ii)), as the analogue

a
of (1), that for every positive integer n there is a point £, of (a,b)
such that

b bn
@ [f@e) de = ) [ f@) dz - (u—D{F (b,)— F(E)}-

It follows, as in th. 244, that f(x)g(z) is equivalent in (a,bd) to a
summable function, and, arguing now as from (3) of th. 242, it
follows from (2) of this theorem that

b
(3) | fi@)g(@) dz = NF®)+(u—AH{F (b)—lim F(¢,)}-

If {£,} contains a bounded sub-sequence, then (th. 32) it must con-
tain a sub-sequence {£, } such that

(4) lim¢, = ¢ for some ¢ satisfying a < ¢ < b;

otherwise there is a sub-sequence {¢, } of {¢,} such that

(5) lim¢, = ¢, where £=a or £ =b.
r—>00

Whether (4) is true or (5) is true, it follows from (3) and th. 211.1 that
fb f@)g(x) dx = AF(b)+(u—A{F(b)—F(£)},
and this, by th. 209.1, gives
fbf(w)g(x) de = A ff(x) dx +p fb f(x) da,
2 a ¢

while, by (4) and (5), @ < ¢ < b.

Theorem 246. Let f(x) be summable over R,, and let € be freely
chosen; then there is a function g(x) continuous and bounded in R, and
such that

(1) [ f@)—g@)| de < e.

Proof. By th. 235 there is a positive integer » and a function f,(x)
such that
(2) Ifa@)] <n & f,(x)is measurable in R,,
and

(3) [ f@)—fu(@)| dz < ie.



~TH. 247} FUNCTIONS OF A SINGLE VARIABLE 167

By (2) and th. 173 there is a linear set £ and a function g(z) satisfying

(4) lgx)] <n & g(x)is continuous in R,,
and
(8) ze B implies f,(r) =g(xr), and mE < ‘—:;

From (2), (4), and ths. 163 and 158 we have
Ifa(@)—g(x)] < 2n & f,(x)—g(x) is measurable in R,,
and hence, by (5) and ths. 182 and 203,

[fa@)—g@)dz=0 & [If,(@)—g()|de < 2mmE < fe;
E K

so, by th. 177,
(6) [ 1fal@)—g(@)] dz < }e.
R,
Since @) —g9(@)] < f@)—ful@) |+ Ifa@)—g(@)],

(1) now follows from (3) and (6) in virtue of ths. 179 and 189.

Theorem 247. Suppose a < b and X = (a,b); let I be an interval
(—8,3), and let (x, k) be a function of two variables such that

(1) if hel, then J(x,h) ts summable over X,
(2) there is a function 6(x) summable over X such that
hel & xe X wmplies Y(x.h)| < |0(x)]
(this s so, in particular, if X is bounded and J(x,h) is bounded
in F((x,h);xe X & h e I)),

and
(3) $(@) ~ lim (. ) in X;
then
b . b
(4) f $(x) dw = lim f Wz, h) da,
. 1
Proof. By (3), $(@) ~ lim z/:(x,ﬁ);

hence, by (1), (2), and th. 223, ¢(x) is equivalent in X to a summable
function, and so, if (4) is false, there is an € and a sequence of numbers,
{h,}, such that h, 5 0,lim k, = 0, and

n—»w

(8)

b b
f¢(x,hn) dw — I¢(x) de| >e (n=12,..)
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However, by (3), since lim 4,, = 0,
Nn~»o0
n—o
and so, by (1), (2), and th. 223,

b b
tim { [ (o, hy) d — [ 9(e) ds} = o,

which contradicts (5). Hence (4) is true.

Theorem 248. Suppose

(1) f(x) 18 summable over R,;

then -

2) lim [ |f(z4h)—f(z)| dz = o.
h—0 o

Proof. Choose ¢ freely; if we show that § exists such that

0

(3) 0 < |hl <38 implies | |flz+h)—f(x)l de <e,

0
it follows easily from ths. 209.1 (i) and 241 that (2) is true. By (1)
and th. 241, for every finite number ,

(4) —00 < f fl@+h) de = j?f(x) dr < oo,

from which it follows (ths. 227 and 197) that |f(x-+h)—f(x)| is
equivalent in R, to a summable function; hence if

F(b) = [ If@+h)—f(@)] da,
then v °
(6) > F() = [ If+h)—f@)| dz + [ |f@+h)—f()| d=
0 N
for every positive integer N. Also, by ths. 179 and 189,
©® [ feth)—f@)] do < [ Ifet+h) do + [ [f(@)] de.
N N N

Now, by (1) and th. 211.1 (i), N may be chosen so that

-]

[ @) de < 3,

N-1
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in which case (ths. 176 and 241) f If(x)| dz < 3, and |k| < 1 implies
N

[fet+mlde = [ If@)de < [ If@)lde < }e;
N N+h N-1

hence, by (6) and (5), N
(1) |4l <1 implies 0< F(h)— [ |f(z+h)—f(2)| dz < }e.
0

By th. 246, g(x) exists such that

(8) g(x) is continuous and bounded in R,,
and
(9) [ 1f@)—g(@)] do < e

From (9) and ths. 241 and 176, the integrals of |g(x)—f(x)| and
|f(x+h)—g(x+h)| over (0, N) are both less than }e, and hence that
of |f(x+h)—f(x)+g(x)—g(x+h)| is less than }e (ths. 179 and 189);
hence, by (7), (3) is proved if we show that

N
(10) lim f lg(x+h)—g(x)| dx = 0.
h—0 o

If we put ¢(x,h) = |g(x+h)—g(x)|, then, by (8), the conditions of
th. 247 are satisfied if ¢(x) = 0 in [0, N]; hence, as a result of ths.
247 and 182, we have (10), and this completes the proof.

Theorem 249. Suppose f(x) 18 summable over R,, and
(1) ¢(z) s bounded and measurable in R,
and
(2) there is a constant A such that

dx+A) = —¢(x) for every x in R,;
then

(3) lim f f(x)p(kx) dx = 0.
K-> %

Proof. Let k be any finite real number, k£ 5% 0; by (1) and ths.
168 and 230, f(x)$(kx) is equivalent in R, to a summable function; let

(4) I(k) = [ fle)pike) da.

474 z
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It follows from th. 241 and (2) that

1) = f f(x+%)¢(kx+?\) d = f —f(x+%)¢(kx) da,
and so, by (4)_:nd th. 227, -
21(k) = f ‘f(w)—f(x+%)}¢(kx) dz;

— 00

hence (th. 230) ®

2|1(k)| < M(l$; By) f dz,

f@)—f (x + ,%)

which, by (1) and th. 248, implies (3).
Example. Let g(x) be summable over a linear set S; then

lim | g(x)coskx dx = 0.
k>0 K

Proof. Put fl@) = {9((;5) g zig

since S € £, we have (th. 182)
ff(x) dr=0 & ff(x) de = Jg(x) dzx;
] 8 $

hence (th. 209) f(x) is summable over R,, and (th. 249)

k—>o k—

lim jg(x)cos kx dx = lim f f(x)cos kx dx = 0.
S —0

Theorem 250. Suppose a < b and X = (a,b). Let f(x,t) be a
function of two variables defined and finite when x € X and t belongs
to some interval T centre t,, and such that

(1) for every t of T, f(x,t) is summable over X,
and
(2) there is a function F(x) summable over X, and

'é‘%f(x, t)| < F(x) whenever te T and x € X;

then b

b
3) g f f@, ) do = f 2 fla,to) da.

a
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(The left-hand side of (3) denotes the value of %f f(z,t) dx when
t =ty and 3% f(z,t,) denotes the value of 5% fz,?) wh:n t=t,)

Proof. Let ¢, be any point of 7' other than £y; by (1) and th. 227
(4) ff(x, t,) de — Jqf(x, t,) dx = Jq{f(x, t,)—f(x,t,)} da.

Let ¢ be any point of X; by (2) and the first mean-value theorem
of the differential calculus (Hardy, § 125) there is a point ¢’ of 7'
such that

(5) .f(f’ tl f(g to

tl—to

= [Gren|< Fe.

Since hmf e t::) J; Bto) _ f(x t,) for every z of X,
>ty ]

it follows from (4), (5), and th. 247 that

b
lim mm{ f flaty) de — f flat) dx} — [ Gt d=,

t,—t, t,—
a

which means (3).

Example. I(¢t) = f e® sn;t dx = arctant.
0

Proof.

o Sintz < tle™ & (ge_xsmtx = |e~®cosix| < e7%;

ot

since e~* is summable over (0,00), it now follows from ths. 201 and
250 that o

d I(t) = | e®costx dx

at of ’

and hence, by the example on p. 159, that
d
—_ = l 2)-1.
S10 = A+

from this, and the fact that I(0) = 0, it follows easily from th. 64
that I(¢) = arctant.
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§ 2. Derivative of a Lebesgue Integral

Definition 60. Let f(x) be defined and finite in an interval
including z,. To every sufficiently small € let A(xy;€) be the lower
bound and u(xy; €) the upper bound of the aggregate of the values

.t(;’”) —J(o)

P when 0 < [z—2z,] < ¢;
then, as e decreases,

A(z,; €) increases (or remains constant),
and p(xy; €) decreases (or remains constant);
hence we may define

Df(x,) = lin; Mo €) and  Df(x,) = 1in; w(Z; €).
Df(x,) is called the lower derivate of f(x) at x,, and Df(x,) is called the
upper derivate of f(x) at z,; clearly
_Qf (@o) < Bf (@o)-

If and only if Df(x,) = Df(x,), their common value is denoted by

, d
f'(@o) or by = f(@,).
(In analogy with def. 51 we may denote

lin; w(zo; €) by lim f@)=f(,) and limA(zy;€) by lim f@)—f (xo).
€—> €0 prsiiniy

oz, XL—X e r—xy

It is also useful to denote the upper and the lower limits of
f(@o+€)—f(2)
€
as € - 0 by D*f(x,) and D, f(x,) respectively, and the upper and lower
limits of f@o—e)—f(zo)
—€
as € > 0 by D-f(x,) and D_f(x,) respectively.)
Corollary. Df(x) = —D{—f(x)}.
Example. Let
__fxsinlfz if x=0
f@) = ‘ 0 if =0;

then z 5 0 implies f_({”_)_'_;ﬂ)) = sin%,

and so Df(0) = —1 and Df(0) = 1.
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Theorem 251. Let f(x) be continuous in an interval I; then
Df(x) and Df(x) are measurable in I.
Proof. With the notation of def. 60, Df(z) = lim u(z; 1/n), and
n—o

80, to prove the measurability of Df(x) in I, it is sufficient (th. 155)

to prove that u(x;e€) is measurable in I for every e. Choose ¢, and

let {r,} be a sequence consisting of all the rational numbers in (—e¢, €)

except 0 (th. 9). Since f(z)is continuous in I, it follows that, if z, € I,

then u(x,; €) is the upper bound of the aggregate of the numbers
f(xo+7'n)_f(xo) (n=1,2,..).

Tn

Now each of the functions

Tedr)=J@) = 1,2,.)
is continuous and therefore measurable in I, it being assumed that
f(x) is defined outside I so that f(x) is continuous in (—o0,00). Hence,
by th. 152, u(x;e€) is measurable in I, and this completes the proof
that Df(x) is measurable in I. The measurability of Df(x) in I is
proved similarly, or by considering D{—f()}.

Theorem 252. Let f(x) be summable over (a,b), and let
F(z) = [ f0) dt;

let ¢ be a point of (a,b) for which f(x) is continuous; then
F'(€) = f(€).
Proof. Choose ¢ freely, and then &, so that
|h| < hy implies a <é+h<b & |f(€+h)—f(¢)| <e.
By ths. 209.1, 227, 224, and 203, |k| < h, implies

E+h
|F(¢+h)—F(§)—hf(£)| =

[ (@) —f(&)) da
§
and this gives the required result.
The reader will recognize the following theorem as a generaliza-
tion of th. 63.

Theorem 253. Suppose f(x) is summable over an interval (a,b);
then

< elhl,

7 [ 108~ f@) in @b
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Proof. Let I denote (a,b), and F(x) = f f(¢)dt. Let {r,} be a

a
sequence consisting of all the rational numbers (th. 7), and for every
positive integer n let
A, =1. d’(x;ﬁF(x) >1,)
d

Since r,dt =
dz "n
a

it follows easily that
xe€ A, implies D{ I {f@)—r,} dt} > 0,

and since 4, € Z (th. 251), it now follows from def. 60 and th. 237
that f(x)—r, > 0p.p.in 4,, i.e.

(1) I.o¢(x; DF(x) > 7, > f(x)) isnull (n=1,2,..).

Now if = is a point of I for which DF(x) > f(x), then there must
be a positive integer m such that DF(x) > r, > f(z); hence, by (1)
and th. 86,

(2) I.o#(x; DF (%) > f(x)) is null.

Since —F(z) = f —f() dt,

a

we have, as an analogue of (2), since D{— F(x)} = —DF(x), that
(3) I.o¢(x; DF(x) < f()) is null.
By (2), (3), and th. 86
DF(x) < f(x) < DF(x) p.p. in I,
and since DF (x) DF(x),
this means F'(x) ~ f(x) in I.

§ 3. Summability of Derivatives

The result of th. 253 suggests the problem of finding conditions
in which 5
(1) ‘ [ F'@) dz = F(b)—F(a),

F(x) being a function which is continuous throughout a closed
interval [a,b]. The equation (1) might be false for several reasons:
(i) F'(x) might be undefined in a subset of (@, b) which is not null,
(ii) F'(x) might not be equivalent in (@, b) to a summable function,
or finally,
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(iii) the integral of F'(x) over (a,b) might exist and differ from
F(b)— F(a).
Each of these possibilities can, in fact, be realized.
Example. Let
0 if z=0

Flz) = ‘ar:zsimr/av“x if x5#0;

then F’'(z) exists and is finite for every z in (0, 1), but F’(x) is not
summable over (0, 1) (example following th. 211.2); this illustrates (ii).

We shall now show that, if F(x) is bounded and non-decreasing
in [a,b], then F’(z) is equivalent in (a,b) to a summable function,
although (th. 263) the integral of F'(x) over (a,b) may differ from
F(b)—F(a).

Theorem 254. Let f(x) be non-decreasing in [a,b]; suppose
S c(a,b), and x € S tvmplies Df(x) > k; then

f©)—f(@) = k|S|.

Proof. By def. 60 every point of S belongs to arbitrarily small

closed intervals [A, ] contained in [a,b] and such that
J)—fQ) > k(u—A).
Choose ¢ freely; it then follows from th. 125 that there is a finite
number of points, &, Zs,..., T,y Y1y Yase+es Y, Such that
a’<x1<y1<x2<y2<"'<xn<yn<b’

M 181 < e+| 3 Sz
and @) —f@) > ky,—=,) (r=1,2,...,m).

Since f(z) is non-decreasing in [a, b], this implies (th. 93)

f(b)_f(a) >r§1{f(yr)_f(mr)} >r§1k(yr— r) = k'rgl[xn yr]l’
and hence, by (1) and th. 81, f(b)—f(a) > k{|S|—e} for every
which means f(b)—f(a) > k|S|. (See also th. 277.1.)

Theorem 255. Let f(x) be bounded and non-decreasing in [a,b], and
let S be a subset of (a,b) such that
(1) zeS implies Df(x) < o< B < Df(z),
o and B being fixed numbers; then S is null.

Proof. By (1) every point of S belongs to arbitrarily small
closed intervals [A, u] such that

Mulc@b) & fw)—fQ) < alp—A2).



176 FUNCTIONS OF A SINGLE VARIABLE [TH. 255~
Choose ¢ freely; it then follows, by ths. 125 and 85, that there is a
finite number of points, x,, ,,..., ,,, Y1, Ya,--.r Yn, satisfying

K <Y < Ty <Y <o KT, <Y <O,

@ 3 w—m)—e < 181 < 3 186 5l +e,

and

3) ) —f) < oly,—2,) (r=1,2,..,n).

By (3) and (2), since a > 0,

) 3 () —fa))—ae < 3],

and, by (2) and a repeated application of th. 254, since B > 0,
) BISI < 3 {fw)—fla)} +Be.

By (4) and (6) (B—a)|S| < (a+B)e for every e,
and this means that § is null.

Theorem 256. Let f(x) be bounded and non-decreasing in [a,b];
then f'(x) exists and 18 finite almost everywhere in [a, b].

Proof. Let I = (a,b), and let 4 = I.¢#(x; Df(x) < Df(x)). Let
{r,} be a sequence consisting of all positive rational numbers (th. 9),
and for every pair of positive integers m and n let

Ay = 1.0%(; Df (@) < 1, <1, < Df())

(which is taken to mean 4, , = 0 if r,, > r,); then, since f(x) is

-

0 0
non-decreasing in I, we have 4 = 3* >* 4 . It now follows from
m=1 n=1 ’

ths. 255 and 86 that A is null, and hence f'(x) exists at almost all
points x of I. If Z = I.c#(x;f'(x) = ), it remains only to prove
that Z is null. By th. 254, f(b)—f(a) = k|Z| for every finite real
number k, and, since f(x) is bounded in [a,b], this means |Z| = 0.
A more elementary, though somewhat longer, proof of th. 256 is
given in § 6 of this chapter.
An interesting consequence of th. 256 is

Theorem 257 (FuBiNi). Suppose
(1)  fil@), fa(@),... are non-decreasing in J, a closed interval [a, b],
and
2) '21 f,(x) converges to fo(x) for every x in J;
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then

@
(3) fol@) ~ 3 fi(x) in J.

r=1
Proof. By (1) and (2), fo(x) is finite and non-decreasing in J, and
8o, by (1) and th. 256, if r = 0, 1, 2,..., then Z,_, the set of the points
z of J for which f,(x) is undefined or is infinite, is null; so, if

2=3 0
we have, by (1) and th. 86,
(4) reJZ implies 0<fixr)<oo (r=0,1,2,.),
and Z is null.

Let §,(@) = 3 x); by (4) and (),

xeJZ implies Si(x) < fyx) (n=1,2,..),

which, since Z is null, implies
(5) i f1(x) converges p.p. in J to lim S, (x).
r=1 n—>0

It follows from (5) that (3) will be proved if there is an increasing
sequence of integers n,, n,,... such that

(6) tim & (7,2) 8, (&)} ~ 0in J.
Now, by (1) and (2), for n = 1,2,...,
(7) ¢ fox)—8,(x) is finite and non-decreasing in J;

by (7) and (2) there is an increasing sequence of integers n,, n,,...
such that, for every z in J

|f0(x)“'Sn,(-'”)| <2 (T =1, 2)"-),
and this implies that

i {fo(x)—S, (x)} converges for every x in J;
=1

hence, by (7), we have, as an analogue of (5),
- d .
z d—é{fo(x)——Snr(x)} converges p.p. in J,
r=1

and this implies (6).
4374 A&
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Theorem 258. Let F(x) be bounded and non-decreasing in J, a
closed interval [a,b]; then F'(x) is equivalent in J to a summable
Sfunction, and

: b
(1) f F'(z) dz < F(b)—F(a).
Proof. Let ‘ )
__[(F(a) if z<a
(2) Fla) = {If‘(b) if x>0,
and let F(x) = r{F(x+1/r)—F(x)} (r=1,2,.).

Since F(x) is non-decreasing in R,, it follows, by ths. 166, 164, and
192, that

b b
(3) 0< f]imF,(x) dx < 1imrf{F(x+ 1/r)— F(x)} dx.

o To® r—o g
Since F(z) is bounded and measurable in R;, we have (ths. 168 and
203) that F(xz+1/r) and F(x) are summable over J; hence, by ths. 241,
227, and 209.1,

b b+1/r a+1/r

(4) j {F(a+1/r)—F(2)} de = f F(z) da — f F(z) dx
a b a
(r=1,2,..).
Now, by (2) and ths. 182 and 205,
b+1/r a+1/r
r J. Fx)de = F@®b) & r f F(x)dx > F(a) (r =1,2,.),
b a

and so, by (4) and (3),

b
0 < [ lim F(z) dz < F(b)—Fl(a);
a ™%

since F'(x) exists almost everywhere in J (th. 256), and since
F(b)—F(a) < o0, this means that F'(x) is equivalent in J to a
summable function and that (1) is true.

The sign < in th. 258 cannot be replaced by = even when F(z) is
continuous throughout J, as the following theorem shows.

Theorem 259. There is a function 6(x) which is continuous and
non-decreasing in J, the closed interval [0,1], and which is such that

1
f 0’ (x) dz < 6(1)—6(0).
(/]
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Proof. Following the method of th. 123, we first construct a
sequence of intervals, {I,}, whose sum, U, together with a perfect
null set K, composes J. More precisely, we take I, to be concentric
with J and of length }; I, and I; are obtained by selecting from each
of the closed intervals which compose J—1I, a concentric interval of
length 3. At the next stage four more intervals are defined, and, more
generally, at the nth stage we define I, for r = 2n-1,2n-11 ., 27 —1,
the order being determined among the 2"-1 intervals by the rule that
(@, b) precedes (c,d) if a << c. We now set up a 1-1 correspondence
between the intervals I, and the aggregate « which consists of all the
numbers s/2*, where n is any positive integer and s any odd positive
integer less than 27; the procedure is modelled on the method used in
constructing the intervals I,. We assign } to I, } and £ to I, and I,
respectively; 4, 3, §, § to I, I, I;, I, respectively. The intervals are
thus considered as they are formed (i.e. in groups, the nth group
consisting of 27-! members), and to the rth member of the nth group
(the order in the group being determined as above) we assign the
number (2r—1)/2*. 6(x) is now defined in I, as being constant and
equal to the member of « assigned to I; it is easily seen that, after

2"—1
the nth stage, 6(x) is defined in Y I, so as to be constant in each of
r=1

the constituent intervals I, and so that
x, < x, implies 0(x;) < O(x,);
also, 8(x) assumes each one of the values 1/27, 2/2%, 3/2",..., (2*—1)/2",
The function 6(x) thus defined in U has the following properties:
(1) 6(x) is constant in every interval contained in U,
(2) ifz, € U & x, € U, then x, < x, implies 0(x,) < 0(x,), and
(3) if A € @, then there is a point x of U such that 6(x) = A.
Having defined 6(x) in U, we now define it in U by the formula
0 if <0
(=) = {M(G; U0,2) if ©>0.
By (2) 6(x) is non-decreasing, and from (3) it follows that
6(1)—6(0) = 1.
Now, if 6(x) is discontinuous for some value of x, then, since 6(z) is
non-decreasing, it follows that there is a sub-interval A of (0,1)

consisting of numbers which are not values of 8(x) for any x; but,
since A must include members of «, this clearly contradicts (3), and
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80 6(x) must be continuous for every x. Since x € U implies 6'(x) = 0,
by (1), and since K is null (th. 123), it follows that

1
6'(x) ~ 0 in J, and hence f@'(w) dr = 0 < 1 = 6(1)—6(0).
0

Theorem 260. Let f(x) be defined in [a,b], and let there be a finite
real number k such that

(1) a<e<y<b implies [fly)—f(x)| < k(y—=);
b
then f f'(@) dz = f(b)—f(a).

Proof. Let g(x) = f(x)+kx in [a,b]; by (1) g(x) is bounded and
non-decreasing in [a,b], and so, by th. 258,

b
0 < [¢'(2) de < g(b)—g(a);

since g'(x) = k-f'(x) whenever ¢'(x) exists, it now follows from
ths. 227 and 182 that

b b
g0)—9(@) > [ b+ @)} de = [ f'(2) do +h(b—a),
and hence ‘ ‘

b
() f®)—=fl@) > [ f'(@) d.

Since (1) remains true when f(x) is replaced by —f(x), we have, as
an analogue of (2), b

f@)—f®) > [ —f (@) da,

a

which, together with (2) and th. 204, proves the theorem.

Theorem 261. Let f(x) be continuous throughout [a,b], and let
f'(x) be defined and bounded in (a, b); then

b
[ 1'(@) dz = f(b)—f(@).

Proof. By hypothesis and the first mean-value theorem there is
a finite number % such that

e<z<y<b implies |[f(y)—f(x)] < k(y—=),
and so the result follows from th. 260.
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When f'(z) is finite but unbounded in [a,b], f'(x) need not be
summable over [a,b] (example, p. 175); however, as th. 264 shows,
if f'(x) is finite and summable over [a, b], then

b
[ 1/@) dz = f&)—f(@).

Theorem 262 (ZvaMuND). Suppose f(x) is continuous throughout
J, a closed interval [a,b], and suppose that E, the set of the points x of
J for which Df(x) < 0, satisfies the condition (def. 45)

(1) f(E) contains no interval
(this is so, in particular, if E is finite or enumerable); then f(x) s non-
decreasing in J.

Proof. Suppose, if possible, that « and B exist such that

(2) e<a<B<b & flo) > f(B)

By (1) there must be a number A such that

(3) fla) > A > f(B),

and

(4) - xedJ & f(x)=A implies Df(x) > 0.

Since f(x) is continuous throughout [«,B], it follows (Hardy, § 100)
from (3) that [«, B]c(x;f(x) = A) is not empty and also that £, its
upper bound, satisfies the conditions

a<éE<B, fl&)=2A and fx) <A if E<a<p;
but this contradicts (4), and hence (2) is false.

Theorem 263. Suppose f(x) s continuous throughout J, a closed
interval [a,b], and is such that

(1) the set of the points x of J for which Df(x) = —oo 18 finite or
enumerable, and

(2) Z, the set of the points x of J for which Df(x) < 0, is null;
then f) = f(a).

Proof. Choose ¢ freely; by th. 106 there is to every positive
integer r an open set Z, containing Z and such that
(3) |Z,| < e2-7.
If we put Z;(x) = |(a,x)Z,|, then Z (x) is a non-decreasing function of
z, and (th. 81)
(4) Zr(b)’_zr(a) <1Z| (r=12,..)
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Since Z, is open,
x€ Z, implies Z.(x+h)—Z.(x)="h
provided |k| is small enough, and since Z c Z,, it now follows that

xeZ implies Z[(x)=1 (r=12,.).

Hence, by (3) and (4), if Z(z) = E Z,(x), we have
r=1

(5) Z(x) is non-decreasing in J,
(6) Z(b)—Z(a) <,
and

(1) zeZ implies DZ@)=DS Z@) =n (n=12..),
r=1
ie. Z'(x) = 0.

Put 6(z) = f(2)+ Z(@)+ex;
by (7) ze€eJZ & Df(z) > —co implies Db(x) = o,
and by (5) xeJZ implies DO(x) > ;

hence, if 6(x) is continuous throughout J, it follows from (1) and th.
262 that 6(b) > 6(a), and so, by (6), .
(8) f6)—f(a) > Z(a)—Z(b)—e(b—a) = —e—e(b—a).

To prove that 6(x) is continuous throughout J it is clearly suffi-
cient to show that Z(x) is continuous throughout J. Let & be a
freely chosen positive number. By (3) n exists so that

0

9 2 %] <1

r=n+
Now, by th. 103, ¢ < z < y < b implies
l(a’ x)Zrl+l(w’y)Zrl = |(a! y)ZrI (’l‘ = 1’2:'"),
and hence, by (5),

By th. 81,

and so, by (9) and (10),
0 < Z(y)—2Z(@) < nly—z)+15,
which means that |Z(y)—Z(z)| < 8 provided (y—z) is small enough;

hence Z(x) is continuous throughout J, and (8) is true for every e,
which means f(b) > f(a).
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Theorem 264. Suppose f(x) 18 continuous throughout J, a closed
interval [a,b], and that

(1) f'(x) ts defined and finite in J except at the points of a set K
which s finite or enumerable,

and
(2) f'(x) 18 equivalent in J to a summable function;
b
then f f'(z) dz = f(b)—f(a).
Proof. Let » be any positive integer, and
(3) g,(*) = min(n, Df(z)) in (a,b).
Arguing as in th. 152, we have from th. 251,
(4) g,(x) is measurable in J;
also

(6) zeJE implies |g,(@)] < I|f'(x)] & limg,(x) = f'(z).

Since E is null (th. 52), it follows from (2), (4), (5), and ths. 201 and
223 that

b b
(6) f f'(@) dz = lim f g, () da.

Choose n freely, and put G, (x) = f g,(?) dt; if 2 and x-+h belong to J,

then (th. 209.1) z+h
Gola+h)—Go(2) = [ g,0) d,

and so, if 2 % 0, we have (ths. 205 and 182)
Hence, if 0,(z) = f(z)—G,(2),

e EJ implies Df,(x) = f'(x)+D{—@,(x)} = f'(®)—n > —o0;
also, since G, (x) ~ g,(x) in J (th. 253), and |E| = 0, it follows that
for almost all z of J
Thus we have shown that J.c#(x; Df,(x) = —o0) is finite or enumer-

able, and J.c¢#(z; D0, (x) < 0) is null; by hypothesis and th. 240
0,(x) is continuous throughout J, and so it now follows from th. 263
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that 6,,(b) > 0,(a), i.e.

b
f&) = [ ga(@) dz > fl@) (n = 1,2,..);
hence, by (8), ¢ »
) f®)—f(@) > [ §'(@) da.

Since the conditions of the theorem are satisfied when f(x) is replaced
by —f(z), we have, as an analogue of (7),
b

f@)—f®) > [ =f'(z) da,

a

and this, together with th. 204 and (7), gives the required result.

§ 4. Bounded Variation and Absolute Continuity
Suppose F(x) is continuous throughout [a,b], F(a) = 0, and F'(x)
is equivalent in [a,b] to a summable function; let

a(x).—_fﬁ"(t)dt a<x<b;

we have seen (th. 264) that G(x) and F(z) are identical if F'(x) is
finite in (a,b), but (th. 259) that in general F(x) and G(x) are not
identical. Thus, given a function f(x) defined in (a,b), the problem
of finding a function F(x) satisfying the conditions

(i) F(a) = 0, and F(x) is continuous throughout [a, b}, and

(ii) F'(z) ~ f(z) in [a,b]

does not admit of a unique solution. There will certainly be a solution
x
if f(x) is summable over (a, b), for then f f(t) dt satisfies the conditions

for F(x), and it follows easily from th. 251 that there will be no
solution if f(x) is not measurable in [a,b]; but the function 6(x)
defined in th. 259 enables us to assert that, if there is one solution,
then there are infinitely many; for, if F)(x) satisfies (i) and (ii), and
O(x) (th. 259) is such that 6(0) = 0, (1) = 1, and 6(x) is continuous
throughout [0, 1], while 8'(x) = 0 p.p. in [0,1], then clearly F(x),
given by il
F) = Rw+0(=2),

satisfies (i) and (ii) for every finite numberl)\.
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We are therefore presented with the following two related problems:
(1) Suppose f(x) is summable over [a,b]; what distinguishes

x

f f@t) dt from all the other functions F(x) which satisfy (i)
a

and (ii)?

(2) If F(x) is continuous throughout [a,b], what conditions are
necessary and sufficient in order that

Fm—m@=wamta<x<m

Before discussing the solution of these problems we consider a new

b
class of functions F(z) for which f F'(z) dx is finite.
a

Definition 61. Let f(x) be defined and finite in J, a closed interval
[a,b]. Then T'.(f;J), the positive variation of f over J, and T'(f; J),
the negative variation of f over J, are respectively the upper and the
lower bounds of a certain aggregate a of real numbers, where u € «

if and only if there is a finite number of points ;, Zs,..., Z,,, Y1, Yar--s Yn
such that

eSS KUY SLSYS ST, SY, S

and U = rgl{f (yr) —f (xr)}
Clearly 7'.(f;J) = 0, T (f;J) < 0, and so we may define 7'(f;.J),
the ftotal variation of f over J, by the equation
T(f;J) = To(f; J)—T1L(f; J).
If T(f; J) < oo, f is said to be of bounded variation in J.
Examples.

(i) Let f(x) be bounded and non-decreasing in [a,b]; then f(x) is
of bounded variation in [a, b]; for, with the notation of def. 61,

0 < 3 {fw)—f(w)} < J6)—f(@).
" __ fxsinm/x if x#0
(ii) Let fe) = { 0 if z=0;

then f(z) is continuous throughout [0, 1], but f(z) is not of bounded
variation in [0, 1], for

4374 Bb
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w3 D) = Sy

n=1

which implies T'_(f;[0,1]) = — 0.

Theorem 265. Suppose f(x) and g(x) are of bounded variation in
[a,b], and let X and p be any finite real numbers; then Af(x)+ug(x) is
of bounded variation in [a, b].

Proof. Put h(zx) = Af(x)+pg(x); with the notation of def. 61,

n n n
rgl{h(yr)—h(xr)} = Argl{f (yr) '—f (xr)}'*‘#rgl{g(yr)—g(xr)},
from which it follows easily that
T,(h;J) < T3 J) + |l T(g; J);
a similar argument proves that 7' (h; J) is finite, and this completes
the proof.
Corollary. If f(x) and g(x) are finite and non-decreasing in [a, b],

then f(x)—g(x) is of bounded variation in [a,b]; this follows at
once from example (i) following def. 61 and th. 265.

—_— __w’

Theorem 266. Suppose f is of bounded variation in J, a closed
interval [a,b]; then f(b)—f(a) = T\(f;J)+T_(f;J).
Proof. Suppose
=Y ST <Y ST CY < o ST, S Yp S Ty = b

then  fb)—fla) = Z{f(y, —f(xr)}+r§1{f(x )~}
hence 3 {flu)—f(a)} = JO)—f(@)— 3, &) )}
and since 'S a1} < TS ),

this gives 3 (fy)—f(@)} > fO)—F@—T.(5;J),
which, by def. 61, implies T (f;J) > f(b)—f(a)—T.(f; J), i.e.
1) f)=f(a) < T,(f; ))+T_(f;J).
Now, by def. 61, it follows at once that
T(—f;J) = —1(f; J);

—fb)+f(a) < —T_(f;J)-T.(f;J),
and this, together with (1), gives the required result.

hence, by (1),
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Theorem 267. Let f(x) be of bounded variation in J, a closed
interval [a,b]; then there are functions 0(x) and ¢(x) which are non-
negative, non-decreasing, and bounded in J, and such that

fz) = 6(x)—¢(x)

for every point x of J.

Proof. Let P(x) and N(x) be defined in J as follows:
1) P(a) = N(a) = 0,and, ifa < x < b, let
P(z) = T,(f;[a,z]) and N(z) = —T_(f;[a,z]).
It follows from def. 61 that P(x) and N(x) are non-negative and non-
decreasing in J, and that neither exceeds 7'(f;J). Also, by (1) and
th. 266, x € J implies

fl@)—f(a) = P(x)—N(z), ie. f(x)= P(x)+f(a)—N(z);

. _ (P@+f@ if fla)>0
hence, if O(x) = { P(2) if fla) <o,
and é(x) = 6(x)—f(),

the conditions of the theorem are satisfied.

The following theorem shows that the definition of 7'(f;J) given
in def. 61 is consistent with another well established definition of
the total variation of a function.

Theorem 268. Let f(x) be defined and finite in J, a closed interval
[@, ], and let u be the upper bound of the aggregate of the numbers u for
which there is a finite number of points xy, x,,..., x,, such that

a:xo<x1<--.<xn:b
and U :rgllf(xr)—f(xr—l)l;

then w=T(f;J).

Proof. It follows at once from def. 61 that none of the numbers %
can exceed T'.(f; J)—T_(f; J), and so we have only to prove
(1) p = T ) =T(f; J).
Now obviously u>=7.(f;J) & p=-—-TA(f;J),
and so (1) is certainly satisfied if 7'(f;J) = co. Suppose now that
T(f;J) < oo, and let xy, x,,..., Z,.y, Yo, Yy».-., Yo be freely chosen so
that a =y < 2, < 9y < ... < 2, < Yp < Tpyy = b; then '

b > 3 ) —fle =3 @)1}
= fO)—f@)—2' (fla) g1
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and so, by def. 61, p > f(b)—f(a)—2T_(f; J), from which (1) follows
in virtue of th. 266.

Theorem 269. Let f(x) have bounded variation in [a,b]; then f'(x)
18 equivalent in [a, b] to a summable function.

Proof. By th. 267 there are functions f(z) and ¢(x) which are
bounded and non-decreasing in [a,b], and such that

(1) a<x<b implies f(x) = 0(x)—¢(x).
By ths. 258 and 227 {#’(x)—¢’(x)} is equivalent in [a,b] to a sum-
mable function, and hence, by (1), we have the required result.

It does not of course follow that, if f(z) is continuous throughout
[a, b] and is of bounded variation in [a, b], then

b
[ @) dz = f(b)—f(@),

since this equation is not necessarily true even when f(z) is non-
decreasing in [a, b] (th. 259). We shall now define a sub-class of the
class of functions f(z) which have bounded variation in [a,b], and
we shall show that the above equation is always true for members
of this sub-class.

" Definition 62. Suppose @ < b and X consists of (, b), or of this set
together with the points a and b; let f(x) be defined in X so that to
every e there is a  such that, if (x,, ¥,), (%5, ¥5),..., (¥, ¥,,) are mutually
exclusive sub-intervals of X, then

Z (y,—=,) <8 implies E Ifly)—flx,)| <e.

In these circumstances f(x) is said to be absolutely continuous in X.
Clearly, if f(x) is absolutely continuous in X, it is also continuous
in X for to every e there is a & such that

k] < & implies |f(x+h)—f(x)] <€
if z and 24k belong to X. The following example not only shows
that the converse is false (cf. example (ii) following def. 61), but also

shows that a continuous function may have bounded variation in
X without being absolutely continuous in X.

Example. Let 6(x) be the function defined in th. 259. Using the

n_1
notation of that theorem, J— > I is the sum of 2" closed intervals,
r=1
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say [ay, b;], [@g, by),..., [@sn, byn], €ach of length 3-7, where
0=a, <b <ay<<by <...<lgp <bpw=1;

since 0(xr) is constant in each of the closed intervals [b,,a,,,]
(r=1,2,...,2"—1), it follows that

3 {80)—0(@)} = 6(1)—600) = 1,

while 2Z:(br_'ar) = (i)n,

this being true for arbitrarily large =, 6(x) cannot be absolutely
continuous in J.

Theorem 270. Let f(x) be summable over [a,b], and let

F(z) = [ f0) dt;

then F(x) is absolutely continuous in [a,b].
Proof. Let (z,,4,), (%3, ¥5),-.., (€, ¥,) be a finite number of mutually
exclusive sub-intervals of [a, b]; by ths. 209.1, 197, and 177

Ur

M SIF@)-Fa) < 3 [ ol = [150)
r=1 r= 8

Ly

where S = i (2, ¥,)-
r=1

Now |f(x)| is summable over [a, b] (th. 197 (i)), and mS =§:l(y,— +)

(th. 93); hence it follows from th. 236 and (1) that F(x) is absolutely
continuous in [a, b].

Theorem 271. Let F(x) be absolutely continuous in [a,b]; then F(x)
18 of bounded variation in [a,b)].
Proof. By hypothesis e can be chosen so that

a<2<2<.<zz<b & z—2z <e implies
(1) t
S |Fe)—Fle, )| < 1.

r=2
Let 2y, 2y, ..., %, be chosen so that .
@2 e=r <2, <. <2Z,=b & w—x,;<e (r=12,..,n)
Now let y,, #y,..., ¥, be any finite set of points such that
a=yY <y <. <Yg="b;
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by th. 268 our theorem is proved if we show

@) 3 1P —-F <.

To this end, let z,, 2,,..., 2, be the union of the sets of the points z,
and y,. By (1) and (2), if A is among 1, 2,..., n, then

(4) ' 2 | Fz)—F(z_1)| <1,

m
the condition of summation being z,_; < 2., <z < ), By (4)
and (2)

8
() 2 |F(z)—F(z)| <,

r=1
and from the definition of the points z, it follows that

3 1Pw)—Fly-)| < 3 1FE)—Fel;
whence, by (5), we have (3), and this completes the proof.

Theorem 272, Let f(x) and g(x) be absolutely continuous in X,
and let A and p be any finite real numbers; then Af(x)+pug(x) 18
absolutely continuous in X.

Proof. Let h(z) = Xf(x)+pg(x) in X;
let (z1,y,), (%, ¥2)s--» (%, Y,) be a finite number of mutually exclusive
sub-intervals of X; then

h(yr)—h(xr) = A{f(yr)—'_f(xr)}'*‘l"{g(?/r)'_g(xr)} (7’ =1, 2,...,1’&),

and hence

3 1) —ht@)| < W 3 )~ 1+ el 3 lgw)—g(@).
Since A and u are finite, the terms of the hypothesis now imply that
if € is freely chosen, then

i |h(y,)—h(z,)] < e provided i (y,—,) is small enough,

r=1 r=1
and this means that h(x) is absolutely continuous in X.

Theorem 273. Suppose F(x) is absolutely continuous in [a, b}, and
F'(x) ~ 0 in [a,b]; then F(b) = F(a).

Proof. Choose ¢ freely, and let « be the aggregate of closed
intervals [A, u] such that
(1) a<A<p<b & [F(p)—FO)| < e(p—).

Let 8 = [a,b]ef(x; F'(x) = 0);
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then every point of S belongs to arbitrarily small members of «, and,

by hypothesis, |S| = |b—a|; hence, by (1) and th. 125, there is a finite
number of points, say x,, Z,..., Z,, Yo, Y1,--+» Yn—1 Such that

A=Y < <Y <2 <Y< .o <Thg <Yy ST, =b,

(2 n=1
b—a > Zl(yr'_ ) > b—a—e,
and ”
(3) |F(yr)—F(xr)l < e(yr— r) (T = 1’2""’”‘_1)'

Now F)—Fl@) = 3 (Fu)—Fa+ 3 (Fa)—Fy,-),
and so, by (3) and (2),

(4) |F(b)—F(a)] < e(b—a)+§_l|F(wr)—F(yr—1)I,
while illx,—y,_ll <e

Since e is arbitrary, it follows by (4), (}), and def. 62 that F(b) = F(a).

Theorem 273.1. Let F(x) and G(x) be absolutely continuous in J, a
closed interval [a,b], and such that

F@)=G@a) & F'(x)~ Q') ind;

then F(x) and G(x) are identical in J.

Proof. Let H(x) = F(x)—G(x);
then H(x) is absolutely continuous in J (th. 272), and H(a) = 0;
hence, by th. 273, it is sufficient to show that H'(z) ~ 0 in J. Now
F(x) and G(x) are both of bounded variation in J (th. 271), and so
(ths. 269 and 221) F'(x) and G'(x) are finite p.p. in J; since, by
hypothesis, F'(x) ~ G'(z) in J, it now follows (th. 86) that F’(x) and
G’(x) are finite and equal p.p. in J, and hence H'(x) ~ 0 in J.

The result of th. 273.1, together with th. 270, enables us to answer
the questions which were raised at the beginning of this section. To
the question (1), namely, if f(x) is summable over [a,b], ‘What

distinguishes f f(t) dt from all the other functions F(x) which vanish
a
at a, are continuous throughout [a,b], and satisfy the condition
x
F'(x) ~ f(x) in [a,b]?’ the answer is that f f(t) dt is the only func-
a

tion which satisfies the conditions for F(x) and is at the same time
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absolutely continuous in [a,b]. The answer to the other question is
contained in th. 270 and the following theorem.

Theorem 274. Let F(x) be absolutely continuous in [a,b]; then
z
F@-ﬂ@:fpumta<x<a
a

Proof. By ths. 271 and 269 F’(x) is equivalent in [a,b] to a
summable function; let

mn:fpvmtagxgh

a
By hypothesis it follows that F(z)— F(a) is absolutely continuous
in [a,b], and its derivative is equivalent in [a,b] to G'(x) (th. 253);
since G(z) is absolutely continuous in [a,b] (th. 270) and vanishes
for = a, the required result follows at once from th. 273.1.

§ 5. Integration by Substitution

We can now consider the problem of finding conditions in which
the formula for integration by substitution (Hardy, §161) is valid
for Lebesgue integrals It follows from th. 241 that, if ¢(¢) is a linear

$(t)
function of t,and | f(x) dx exists, then
¢ 1)
b(ts)
f fp0) ) dt = | f) da.
f $it)
This formula is also valid when the functions f(x), ¢(¢), and ¢'(¢) are
continuous in appropriate intervals, and the elementary argument

which proves it is roughly as follows: Put F(z) = f f(u) du; then
Bitn)

Q) Fi(t))— Fig(t)} = f L Figa) a,
t
(ii) Fl(x) =fx) if x=¢@0) & t <t<t,,
and so %F{g&(t)} = fl¢(t)}¢'(t) in (¢,,1,).

Now, in the more general case, it follows from th. 274 that (i) is
valid if F{¢(t)}is absolutely continuous in [¢,,2,]. Greater difficulty
is found in justifying a suitable analogue of (ii), and the trouble
arises from the fact that the equation F'(x) = f(x) may be false
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for all the points z of a null set X, while the set of the points ¢ for
which ¢(¢) € X is not null; it will appear, however, that if ¢(¢) is
absolutely continuous in [¢;,¢,], then ¢'(f) ~ 0 in the set of the
points ¢ for which ¢(¢) € X, and, finally, the governing factor is the
absolute continuity of F{4(¢)} in [¢,,,].

Theorem 275. Let f(x) be summable over J, a closed interval [a, b],

and let ]
F(zx) = ff(u) du i J;

suppose

(1) (t) is absolutely continuous in a closed interval T such that
(def. 45) $T)cJ.

Then F{¢(t)} 1s absolutely continuous in T' if

(2) f(x) is bounded in J,

or if

(3) &(t) i3 non-decreasing in T'.

Proof. Suppose
T=[t,t], and t, <A <p <..<A < p, <ty

by th. 209.1
4’([‘1)

4 Fgu)}— PO} = [ fe)du (r =1,2,...,).
()
If (2) is satisfied, then, by (4) and ths. 197 and 203,

éﬁllF (B )}— F{dAH < M(If1;J )éll¢(p,)——¢(/\,)|;
and since, by (1), the right-hand side of this inequality tends to

zero with i (u,—A,), it follows that F{¢(¢)} is absolutely continuous
mr.
If (8) is satisfied, then
d(A1) < dlpy) < d(Ag) < oo < PA,) < blpy);
let § = ) <u<¢(w), and 8=3;
it then follows from (4) and ths. 197 and 177 that

® 3 PG FGON =& [ S0 du| < [ 1f0w) du
S,

By th. 93, mS§ = il{cﬁ(p,)-——qﬁ()t,)}, and hence, by (1), mS tends to

4374 ce
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zero with f (#,—A,); since |f(u)| is summable over J (th. 197), it
r=1

now follows from (5) and th. 236 that F{¢(¢)} is absolutely continuous

in 7.

Theorem 276. Let f(x) be absolutely continuous in J, a closed
interval [a,b], and let E be any subset of (a,b) for which |f(E)| = 0
(def. 45); then f'(x) ~ 0 in E.

Proof. It is convenient first to prove three lemmas.

Lemma 1. Let U be any open subset of J; then

IO < f If ()] dw.
U

Proof. Let W be any closed sub-interval of J; since f(z) is con-
tinuous throughout W, it follows that f(W) is a closed interval of
length w(f; W) (def. 27) (or else consists of a single point), and more-
over there are points A and & belonging to W such that

A<p & |f(W)—fA)] = o(f; W) = [f(W)];
hence, by ths. 81, 274, 197, and 176,

3 ©
WWN<WWH=“ﬂwM<ﬁU%wh<fmmwa
A A Wo

and so, if U is the sum of a sequence of intervals, {I,}, it follows from
ths. 84 and 177 that

fO) = | Z2 1)

<gmm<AJWMM=JWMM-

A similar argument applies when U is the sum of a finite number of
intervals, and this, in virtue of th. 19, proves lemma 1.

Lemma 2. Let C be a closed subset of (a,b), and 0 a positive
number such that for every pair of points z,, z, of C

(1) *y <z, implies f(x,)—f(z;,) = O0(xy—2,);
let U be any open subset of J containing C'; then |f(U)| > 6 mC.

Proof. Asin lemma 1, we shall only consider the case where U
is the sum of a sequence of intervals {(a,,b,)}. If C(a,,b,) is not
empty, let o, and B, be its bounds («, < B,), and put

8 =@ a0 <z<B);
otherwise, let S, = 0. By th. 23, and since U > C, it follows that



—TH. 276] FUNCTIONS OF A SINGLE VARIABLE 1956

oy, By, oy, By,... are all the points of C which do not belong to ES,.;
r=1

these, being finite or enumerable, form a null set (th. 83), and so, by
ths. 119, 81, and 94,

(2) mC <m(38) =3 B—a).
Let Y, = H(y:f(x) <y < f(B));

since «, and B, belong to C, it follows from (1) that the sets ¥, are
mutually exclusive, and that mY, > 6(B,—«,); hence, by (2) and
th. 94,

(3) m(3%) =3 m¥, >0 z (B.—a) = 6mC.

Further, since f(x) is continuous throughout J, it follows, as in
lemma 1, that f(S.) o ¥, and consequently

1(38)>3%:

hence, by (3), since U > ES,, we have (th. 81)
r=1

1 = |f(3s)| = | 3% > ome.

Lemma 3. Let K be a closed set of positive measure contained
in (@, b) and such that f'(x) > 0forevery pointz of K; then |f(K)| > 0.

Proof. For every pair of positive integers m and = let §,, , be the
set of all the points z of J such that

f (y;—f ) for all y satisfying 0 < |z—y| < l
Clearly K = 2* 2"‘ KS,, ,, and so, by ths. 6 and 86, since mK > 0,
n=1m=1

there is a pair of positive integers x and v such that |KS,,| > 0,
and moreover there is a closed interval A such that

Ac(a,b) & |AKS,,|>0 & |A] <é
(this follows easily by considering a net N over J for which

g(N) < 1jv). Put C = AKS,,; then

imolies 4 ¥)—f(@)
Li
(4) =x2eC & yeA & y#=x implies y—z >#

Now 8, is closed: for suppose ¢ is the limit of a sequence {x,} of
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points of S, ; choose y freely so that 0 < |é—y| < 1/v; since
limz, = ¢, it follows that 0 < |y—=z,| < 1/v, and consequently
n—xo
=
Y—x, I
for all large n, and this, since f(z) is continuous throughout J, implies

f@)—1¢) > ! and therefore £e8,,.
y—§ T p #
Since K, A, and S, , are all closed, so is C' (th. 27), and so, by (4)
and lemma 2, if U is an open subset of (a,b) containing C, then
If(U)] = (1/p)ymC. Put Uy = U—C; then U, is open (ths. 25 and

17), and so, by lemma 1, [f(T})| < f |f'(x)| dx; hence (th. 85)
Ul

(5) Il/"C < fWO)] = IO
< SO+ fU)] < (O] + [ If ()] da.
U,

Now f’(x) is equivalent in J to a summable function (th. 274), and
so the same is true of |f'(x)| (th. 197); hence, since U may be chosen
so that mUj is arbitrarily small (th. 110), it now follows from (5) and
the cor. to th. 236 that |f(C)| > (1/u)mC, and so (th. 81)

If(K) = 1f(C)] >0,
which proves lemma 3.

Proof. of th. 276. Suppose first that E is measurable. By th.
274, f'(x) is equivalent in J to a summable function, and hence, by
ths. 119 and 148,

E . (x;f'(x) > 0) is measurable,
and, if it were not null, would contain a closed set of positive measure
(ths. 110 and 97); since, by lemma 3, this would imply |f(E)| > 0,
it follows that |E.c’(x;f'(x) > 0)| = 0. Reasoning similarly with
—f(x) in place of f(x), we have |E.c¥(x;f (x) < 0)| = 0, and hence,
since f'(x) is defined almost everywhere in E, we have
(6) f®)~0inE if EeX.

Now suppose E is non-measurable, while |f(£)] = 0. By th. 106, to
every positive integer r there is a’set U¥uch that

(7) U. isopen, f(E)cU, and mU, < -;
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Let A, = (a,b).F(z;f(x) e U,);

then 4, is open; for suppose ¢ € A,: since f(z) is continuous for
x = ¢, it follows that to every ¢ there is an interval I centre ¢ such
that f(I) is contained in the linear interval (f(¢)—e, f(£)+¢). Since
U, is open, ¢ may be chosen so small that the latter interval is
contained in U}, in which case f(I) c U,, showing that ¢ is interior
to 4,.

Put 4 = ﬁ 4,; by ths. 100 and 104, A € £; and since
r=1
flA)c U (r=12,..),

it follows from (7) that |f(4)] = 0, and so, by (8), f'(x) ~ 0 in
A. Since Ec A4, (r=1,2,...), we have E c A, and hence f'(x) ~ 0
in K.

Theorem 277. Suppose f(x) 18 finite and summable over J, a closed

x
interval [y, %,], and that F(x) = f fu)du wn J. Suppose
2

(1) ¢(t) s absolutely continuous in T, a closed interval [t,,1,],
satisfying &(T) c J,
and
(2) F{¢(t)} is absolutely continuous in T
(this 8 true, in particular, if f(x) is bounded in J or if $(t) 18 non-
decreasing in T (th. 275)); then
$(t) &
3 [ fa)du= [ f$e)g'(t) dt = Fig(t)}—Fl(t,)}-
B(t) 4L
Proof. Let T} be the set of the points ¢ of T for which ¢'(¢) is
finite and not zero, and let = be any point of 7}; then, if || is small
enough,
() FOeHM—Fo} _ FR-+h)—F@) fr-+h)—4(r)
h $r+h)—g(r) 2
Let X be the null set of the points x of J for which the equation
F'(x) = f(x) is false (th. 253); by th. 276
|Ty.c#(t; 4(t) € X)| = 0,
and hence, by (4), » '

®) & P40} ~ FHOM(0) in T,
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If we are also given that f(z) is bounded in J, then, by ths. 209.1
and 203, if ¢ and ¢+ belong to 7', we have
| F{$(¢+Rh)}—F{$()}]
$t+hn)
[ fw) du
10

< |p(t+R)—4®)| M(If]; J)

and consequently
() ¢'(t) = 0 implies (ili-t F{¢(t)} = 0.

' Now, by (1) and ths. 274 and 221, §'(¢) is defined and finite almost
everywhere in 7', and so, by (5) and (6),
(7) if f(z) is bounded in J, then %F{q&(t)} ~ flp)}$'(t) in T.
By (7) and ths. 275 and 274,
(8) iff(x) is bounded in J, then F{¢(t,)}— F{¢(t,)} = Jt.. f$)}'(t) at.
i

If f(x) is unbounded in J, we proceed as follows: for every positive
integer » we define in J

ey = 10 T V@I <n ) = [ am

0 otherwise,
and it then follows (th. 235) that
(9) F{g(t)}— F{g(t)} = Lim (F{$(t,)}—Fo{$(t)})-
Since ¢'(t) is equivalent in 7' to a summable function, it follows that
(10) Tye¥, T-T,e%, and ¢'(t)~0in T—T;
hence, by (8) and ths. 209 and 182,

F{$t)—F (4t} = [ L0 @) dt (n=1,2,..),
T,

which, by (9), implies
() Flg(t}—Fg(t)} = lim [ f.{(0)¢'(0) dt.
T

Now since f() is finite in J, it follows for every point ¢ of T} that
I {00 < IF OB (0 =1,2,..),
(12) and FBOM (O = lim £, {30} 0);
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further, by (2), (5), (10), and ths. 274, 219, and 206, f{¢(t)}¢'(t) is
summable over T}; hence (ths. 197 and 214), by (12) and (11),

(13) F{g(t)}— F{p(t)} = ,! F$e)'®) dt.
By (13), (10), and ths. 209 and 182,

4

Figt)}—Figt)) = [ ) 0) dt,
which proves (3). b
§ 6. Appendixto §3

The use of Vitali’s theorem (th. 125) in proving the result of th. 256
may be avoided by a lemma due to F. Riesz.

Lemma. Let ¢(z) be defined and bounded in an interval (a,b),
and let U be the set of the points x of (a, b) for which there is & point
2’ such that

(1) r<x <b & o) > M;x);
then U is open, and, if (a’,0')c U & a' € U &b €U, then
d(a'+¢) < O(B)

for all sufficiently small ¢, where
Mp;z) if z<b
() = \Tmg(b—e) if = b.

€0
Proof. Suppose z € U and 2’ satisfies (1); it follows at once from
def. 28 that ¢(z') > M(¢;¢) for all ¢ sufficiently close to z, and this
means that U is open. Now suppose, if possible, that

(2) (@,b)cU & ae€lU & belU
and that there is a number ¢ such that
(3) o <E<H & () >00).

Let p be the upper bound of all numbers x satisfying
o <z<b & ¢x) =)

clearly pu > ¢ & ®(r) > ¢(¢), and so, by (3), p #% b’, which im-
plies ¢’ < £ < p < b'. By (2) this means p e U, and so p’ exists
satisfying
(4) p<p <b & (u)>0(u) > 4()
Hence, from the definition of u, p’' > b’; this being impossible if
b’ = b, it follows from (4) and (3) that

V<K <b & $u)> () >OW).
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Now the possibility p’ = b’ is excluded by the definition of ®(z), and
so we have b’ < p’ < b & ¢(u') > ®(b'), which implies b’ € U and
therefore contradicts (2). This completes the proof of the lemma.

Theorem 277.1. Let f(x) be bounded and non-decreasing in the
interval (a,b), let K be any finite real number, and (def. 60)

= (a,b).¢(x; D*f(x) > K);
then f(b—0)—f(a+0) = K|8S|.
Proof. Let ¢(x) = f(x)—Kz. If ¢ is a point of S for which f(x)
is continuous, then ¢’ exists such that
E<E<b & (&) > (&) = M($;8),
and this means that ¢ belongs to the set U defined in the lemma.
Since f(x) is continuous p.p. in (@, b) (th. 243), it follows that

(1) Ul = US| = |8].
Since f(x) is non-decreasing in (@, b), ®(x) of the lemma is given by
_ [flx4+0)—Kzx if z<b
Ole) = {f(b——O)—-Kb if z—b,
and so, by the lemma, if I = (a/,0')c U & a’ € U&b €U, then
(2)

A(I) = K(b'—a’), where A(I):{f(b'+0)—f(a’+0) if b <b

f6b—0)—f(a’+0) if b =b.
Now «, the aggregate of all possible such intervals (a’,b’), is finite
or enumerable (th. 19); if « is enumerable and consists of I, IL,...
then, by (2), since f(x) is non-decreasing in (a,b), we have for every
positive integer »

f6—0—fa+0) > 3 ML) > K 3 |1
which, by (1) and th. 94 (ii), gives
f(b—0)—f(a+0) > KZ IL| = K|U| = K|S]|.
This completes the proof when « is enumerable; the proof when « is
finite is practically the same.

Theorem 277.2. Let f(x) be bounded and non-decreasing in the
interval (a,b), let k and K be finite numbers, 0 < k << K, and let
= (a,b)#(z; D_f(x) < k < K < D*f(2));
then |S| = 0.
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Proof. If £ € 8, then lim €= =) _ & which means

0 —€
«—0 €

so that, if ¢(z) = f(—=z)+kz, then D+d(x) >0 when = = —¢.
Hence, if the transformation F(x)is defined by F(x) = —u, it follows
from the lemma (as in the proof of th. 277.1) that there is an aggre-
gate o of mutually exclusive intervals whose sum contains almost
all the points of F(S), and, if (—b’, —a’) is any member of «, then
(since f(—x) is non-increasing in (—b, —a))

(1) $(—b'+0) < ¢(—a'—0).

It now follows from th. 127 that the sum of all the intervals (a’,b’),
such that (—b’, —a’) € o, contains almost all the points of S, and,
by (1), if (—b', —a’) € a, then f(b'—0)—kb" < f(a’+0)—ka’, i.e.

(2) fo'—0)—f(a’+0) < k(b'—a’).

By (2) and th. 277.1 it now follows that there is an aggregate 8 of
mutually exclusive sub-intervals of (@,b) whose sum contains almost
all the points of S, and, if I € 8, then '

K|SI| < k1],
and, since B is finite or enumerable, it follows easily from th. 94 that
K|8| < k(b—a).
Now the above argument could be used to prove that

a<A<p<b implies [S0,p)| < 2 (u—N);

hence, if I, I,,... are sub-intervals of (@, b) covering S, we have

) k<
18I < 3 18L] < 1?21 I,
which implies (def. 40) that
k
18] < e |8] < oo,
and since 0 < k/K < 1, this means |S| = 0.
Theorem 277.3. Let f(z) be bounded and non-decreasing in (a,b);
then f'(x) exists and s finite almost everywhere in (a,b).
Proof. Let {r,} be a sequence consisting of all positive rational
numbers (th. 9), and for every pair of positive integers m and n let
A, = (@,b)f(x; D_flx) < r, < 1, < Df(2))

4374 pd
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(which is taken to mean 4,, = 0 if r,, > r,); then, since f(x) is
non-decreasing in (a, b), we have

(@b) (@ D_f@) < DY) = 3* 3% 4,,,,
and so it follows from ths. 277.2 and 86 that

(1) D+f(x) < D_f(x) p.p. in (a,d).
If we now show
(2) Df(x) < D, f(x) p-p. in (a,d),

it will follow from (1) and (2) that, for almost all z in (a,b),

D) < D_f(z) < Df@) < D, f@),
i.e. f'(x) exists. To this end, put ¢(z) = —f(—x); $(x) is non-decreas-
ing in (—b, —a), and so, by an analogue of (1),

#(x;—b <z < —a & D*¢(x) > D_¢(x)) is null;
hence (th. 127) (2) is proved if we show that
(3) a<é<b & Df(§) > D,f(¢) implies
D+é(—¢) > D_$(—9).

Now (3) implies

flE— €) —f(€) f(§+e)~f(§)

T AN ANEALL > lim
€0 €0
T S L e §>>hm¢( —¢— e) $(—8)
€0
i.e. D%(&>D¢(&

and this completes the proof of (2). It remains only to prove that if
= (a,b)e?(z;f'(x) = ),
then |Z| = 0, and this follows at once from th. 277.1, which gives
n|Z| < fb—0)—f(@+0) (n=1,2,.).



VIII
EVALUATION OF DOUBLE INTEGRALS

THE reader will be familiar with the method of evaluating the volume
of a solid S (in R,), which consists in integrating with respect to £ the
function whose value for every real ¢ is the area of the section of S
by the plane z = £. The same volume will sometimes be more con-
veniently evaluated by considering sections of 8 parallel to one of the
other coordinate planes. The validity of this method presupposes
(i) the existence of a number which may be regarded as measuring
the volume of S,
(ii) that to every one of the sections of S which are considered
there is a number which measures its area,
(iii) that the area function so defined is integrable over an appro-
priate range,
(iv) that the result is independent of the direction of the planes
of section of S.
The Lebesgue theory of measure enables us to state very simple
conditions in which this procedure is valid.

Theorem 278 (FuBini). Let A be any measurable set in R,; for

every real number ¢ put A(€) = #((y,2); (¢,y,2) € A); then, for almost
all x, A(x) is a plane measurable set, and

md = f |A(x)] dzx.

Proof. ©
Lemma 1. Let J be an interval in Ry; then mJ = | mJ(x) da.

Proof. Suppose J = f((x,y,2);2€X & yeY & ze Z); then
z € X implies J(z) = 0, and, if z € X, then J(z) is a plane interval
and mJ(z) = |Y||Z| = k, say. Hence, by ths. 182 and 82,

[ do = [ kdz = k|X| = mJ.
_afomJ(x)x X[ =kl X|=m

Lemma 2. If e(x) = |A(x)|, then 4| = |Q(e; R,)|.
Proof. Let {J;} be a sequence of intervals covering 4, and put
u(x) = § |/,(x)]. By lemma 1, th. 191, and def. 52,
r=1

-]

M W= [ 3 U@lde= [ u@ds = Q0w R)l;

—



204 EVALUATION OF DOUBLE INTEGRALS [TH. 278~

also, by ths. 81 and 84, since i: Jy(x) > A(z), we have u(x) = e(x)
r=
in R;; hence, by (1) and ths. 132 and 81,
rZIIJrI = [Qqy(e; By)l,

and since the J, are only required to cover 4, this implies
[A] = [Q(e; By)]
(The reader will note that the measurability of 4 is irrelevant to
this lemma.)
Lemma 3. Let 4 be bounded and measurable; then

mA = flA(x)|dx.

Proof. Since mA < oo, it follows from lemma 2 and ths. 116
and 117 that

my Qy(e; Ry) = mA implies mQqy(e; R,) = mA,
and so, by def. 52,
2 my Qle; By) >mA implies md = f |A(x)| da.

With the notation of lemma 1, choose J so that J > 4; put
i(x) = my{J(x)—A()} and B(z) = |J(x)—A()].
Let B = o#((,t); v € X & e(x) <t < k); then (def. 49)
Q(e; X)+ B = B(k; X);
hence, by ths. 1156 and 141,
(3) my Q,(e; X) = kmX—|B| = mJ—|B|.
Let the transformation F be given by F((z,t)) = (z,k—t); then
F(B) = f((x,t);2e X & 0 <t < k—e(r));
hence, by ths. 127, 115, 132, and 81,
|B| = |F(B)| = |Q4(i; X)| < I(8: X,
and, by lemma 2, this implies
|B| < 1Q(8; Ry)| < 1T—Al;
since 4 € £, it now follows from (3) and ths. 135 and 97 that
my Qye; BRy) = m, Q,(e; X) = mJ—(mJ —md) = mA,
and so the proof of lemma 3 is completed by (2).
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Proof. of th. 278. By ths. 109 and 92 there is a sequence of
bounded measurable sets, {4,}, such that

Ajcd,c.. & A=3*4,

r=1
Hence, by lemma 3 and ths. 81 and 108, we have for every z

@) md, = [ 14,@)d & |4,6)] < 4@ =12.)
'°° & lim|4,(@)] = |4().
By (4), and ths. 98 and 186, ~

(5) mA = limmd, = lim f |4,(x)| dax
>0 r—>o v

= f lim |4,(x)| dx = j? |A(x)| de.

Finally, to show that mA(x) ~ |A(z)| in R, let {C.} be a sequence
of closed sets such that (th. 111)

(6) A=7Z+3*C & |Z|=o.
r=1
Now C,(z) is, for every positive integer r, a closed set; for, if (A, u)

is a limiting point of C,(z), then (x, A, 1) is a limiting point of C, and
therefore belongs to C, (which is closed); hence (A, u) € C.(z). It now

follows from ths. 105 and 99 that i* C.(z) is a plane measurable set
r=1

for every z, and so, by (6) and th. 119, it will suffice to show that
(7) Z(x) is null for almost all .

Since Z is null, it is measurable (th. 89); hence, as an analogue of (5),
we have ®
[ 12(@)) dz = o,

—

which, by th. 185, implies (7).

Theorem 279. Let f(x,y) be non-negative and measurable in R,;
then

0

[t dwy) = [ d [ fwgay= [ ay [ fe.9) .
R, -0 -

-0 -— 00

(The symbol [ dz [ f(x,y) dy denotes [ g(x) dx, where g(x) is defined,

for almost all x, as f flz,y) dy.)
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(1) mA = [ fz,y) d@,y).
Ry

Now, if ¢ is any real number, we have, with the notation of th. 278,
A(¢) = H((y,2); 0 <z<[f(€y)

and hence (def. 52)

(2) A® e ¥ implies mA@) = [ fi€,9)dy.

Now, by th. 278,
|A(x)] ~ mA(x) in B, and f |A(x)| dx = mA.
Hence, by (1) and (2),
[fe.y)d@,y) = [ dz [ f.y)dy.
Ry —© —

Similar reasoning, in which ‘sections of A parallel to the yz-plane’
are replaced by ‘sections of A4 parallel to the xz-plane’, shows that

e}

[ fy) dte.y) = [ day ff(x, y) de,
Ry

- 00 — 0

and this completes the proof.
Theorem 280. Let f(x,y) be measurable in R,, and suppose

(1) jdxf \f@y)| dy < o0;

—
o]

then f da f f,y) dy = f dy [ f(@,y)dw = [ flz,y) d(@,9).
"o —© —© — Ry

Proof. By th. 159 |f(x,y)| is measurable in R,, and hence, by
(1) and th. 279, |f(x,y)| is summable over R,. Since f(z,y) is measur-
able in R,, it now follows from th. 198 that f(z, ) is summable over
R,, which means that f.(z, ) and f_(z, y) are both summable over R,.
Since both these functions are non-negative, we have, by th. 279,

(2) © > [ L@y dey) = | da [ £, dy,
R, ) )

and
(-]

®) © > [y day) = | o | 1) dy.
R, — —®
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Let N be the set of all points x for which at least one of the integrals

f fulz,y) dy, f f-(z.y) dy

is undefined or is infinite. By (2), (3), and ths. 221 and 86, N is null;
hence

(4) fw f,y)dy = ff+(w, y)dy — f f-(x,y) dy for almost all z.
No;voj by (2), (3), and th, 227, -
[ o) ) = f: daf f:f+(x, ) dy — Eﬁ(x,y) dys
hence, by (4) and th. 219,
[fepden = [ [ fenay

Similar reasoning shows that

[ e dey) = | dy [ fe.9) e
oA o e

Ths. 279 and 280 are easily modified so as to be applicable to
integrals over plane sets not consisting of R,; the following theorem
deals with a case of frequent occurrence.

Theorem 281. Suppose &, < &, 1, < 1, and
S8 =(x,y); &<z <& & <y < m)
Let f(x,y) be non-negative and measurable in S; then

M £ £, My
[ fy) d@y) = [ dy [ fley) de = [ do [ fzy) dy.
s N & ¢ T
Proof. Let
_ [f&y) if @yelS
() 9@,y) = { 0 if (r,y)eS.
Since 8 € £, it follows from (1) and ths. 90, 182, and 177 that
(2 [ f@.y) d@,y) = [ g@y) d(z.y).
I R,
Now, by th. 182,

[smpdy=0 if z>gora<s,

-
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and so, by (2) and ths. 279, 209.1, and 182,

f. ©
(3) f [, y) dx,y) = f dx f g(z,y) dy.
8 & —-®
Again, g(z,y) = 0 if y > 9, or y < 7,, and so, by (3), (1), and ths.
209.1 and 182, &L
[fey) d@y) = [ do [ fy) dy,
8 ¢ M

and similar reasoning shows that
7, ¢,
[fy) d@y) = [ dy [ f,y) da.
8 T &

Theorem 282. Let 8 be defined as in th. 281, and let f(x,y) be
measurable in S; then either both the integrals
LM, 7 &
![ de [ @yl dy, [dy [ Ifxy)l d

‘T K §
are infinite, in which case f(x,y) i3 not summable over S, or else f(x,y)

18 summable over S, and then

¢ N s ¢,
[fey) d@y) = [ do [ fy) dy = [ dy [ f(z,y) da.
s &00m n &

Proof. By ths. 197 and 198, f(z, y) is summable over S if and only
if |f(z,y)| is summable over S, and so the first part of the theorem
follows from th. 281. The proof of the second part is almost the
same as that of th. 281, except that the reference to th. 279 is replaced
by a reference to th. 280.

Example. The formula for integration by parts can easily be
deduced from th. 282; we have, essentially, to show that, if f(x) and
g(x) are summable over (a,b), and if

i t
Fo)=[f@)de & G(t) = [ g() da,
then a a

b
(1) [ f@)6(@)+9(x) F (@)} de = FB)G).

Proof. Let 8§ = ¢#((z,t);a <z < b & a <t <b), and let y(z,?)
be defined in S by the formula

y(w,t)={g(x) if t<ez

0 if ¢t >z
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b b b
then [1@)6(@) dz = [ da [ f()y(a, 1) dt.
a a a
It is left as an exercise to the reader to prove that f(x)y(x,t) is

‘ v b
measurable in S, and that [ dx [ |f(z)y(,?)| dt < co. This done, it
follows from th. 282 that “

f f@)G(z) do = f dt f f@)y(z,t) de = f dt f f@)g(t) de,

and hence the left~ha,nd sxde of (1) equals

b b b
[9e{F@O)—F@} dt + [ g0 F @) dt, ie. FO) g dt,

which verifies (1).
In connexion with th. 282 it should be observed that, if f(z,y) is

measurable in S, but is not summable over S, then it may happen
that

Lo, 7,
.[dxff(x y)dy and fdyff(x y) dx
& T A &
both exist and are different. On the other hand, if it happens that
these two integrals are equal and finite, it does not follow that
f(z,y) is summable over S. These remarks are illustrated by the
following examples.

Example (i) Let I be the interval given by
0<x<1 & 0<y<l,

2 .
and let flx,y) = (x2+y2)2 if (x,y)el.

Clearly f(x,y) is continuous and therefore measurable in I.
Suppose z is fixed, and 0 < < 1; then

_ 0 oy
fla,y) = @F(x,y), where F(z,y) = .
and since f(z, y) is bounded for 0 < y < 1, we have (th. 261)
1
ff(x,y) dy = F(z,1)—F(x,0) = (x24+1)-1
Hence °
1 1 1
jdx f fla,y) dy = f (x®+1)"1 dx = [arc tanx]; = }m,
(1] [V] 0

4374 Be
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and, since f(y,x) = —f(z, y), it follows easily that

fl dy f flx,y) dz = —1m.
0 0

Since fl dy f flx,y) dx +#~ }dx f f(z,y) dy,
[} 0 0 0

f(z,y) cannot be summable over I, and, since f(z,y) is known to be
measurable in I, it must be that

f f@,9)l d(z,y) = o0, ie. (th.279) j do f \fl@,9)] dy =

This is easily verified; for, if 0 < z < 1, it follows as before that

f f@,y) dy = F@,2)—F(z,0) = —
0

1
1
and so of f@, )l dy > 5

which means that
1
dx
f s f fenldy >3 [ 5=
0
Example (ii) Let f(x, y) be defined in R, so that

fla,y) = " @ +y2)2

we shall show that f(x,y) is not summable over R,, although

l\ol

when a%2+y2 > 0;

(2]

(1) fdxfﬂxy)dy—jdyff(xy)dx=o

— 00

It is easy to see that, if 5 0, then

® 1 ? 1
off(x,y)d =50 & _[of(x,y)d ==
and that

1

[feydy =0, while [ \f@y)ldy =,

all the integrals in question existing in the Cauchy-Riemann sense.

A similar argument shows that f f(x,y) dx = 0 if y # 0, and so it
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follows that (1) is true. At the same time

—fdx—f fe,9)| dy =_f% — o,

and this means (th. 282) that f(x, y) is not summable over R,.

Although th. 282 was proved only for real functions f(z,y), it is
obvious that the same proof, with slight modifications, will establish
the theorem when f(z,y) is complex; the following example is an
application of th. 282 to complex functions.

Example. Let z and { be complex numbers each of which has a
positive real part; then (see example, p. 159)

1
TET(Q) = De+) [ ub-H1—u)-t du,
Proof. We have °

I'(z) = f e%x>ldx, andso eVI'(2) = f e~V-%g?-1 dyg
0 0
for every real number y; moreover (th. 241)

-] @

fe-”-"x’“l de = fe—"(ar;—y)‘—1 de = ff(x, y) dx,
o 0

Yy

. e—z(x_y)z_l if O < y < x
where fle,y) = { 0 otherwise;
hence
(1) e_”r‘(z) = f f(x’ y) dx'

0

Also it is clear that f |f(x,y)| dz = e~¥ f |e~%x%-1| dz, and so, since
0 1]

I'(2) and I'({) are finite, we have (th. 197 (i))
@ [y [ 1wyl de = [ lewyt-t dy [ et do < co.
0 0 0 0

From (2) and th. 282 it follows that, if

(3) y*-Yf(x, y) is measurable in S,
where 8 =cz,y); 2>0 & y>0),
then, by (1),

(4) I'(2) J‘ evyt-1 dy = f dx J‘ F@, gyt dy.
0 o 9
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Now, if z > 0, it follows, on substituting » = y/z, that
) x
[ f@. gyt dy = == [ yi-Ya—yp-tdy
0 0

1 .
= e~Txz+i-1 J. uc'l(l—u)z-l du,
and hence, by (4), °
© 1
PET() = [ eastt-1da [ ul-Y(1—up- du,
0 0

which is the required result. It remains only to prove (3); now yé-1
is continuous in 8, and f(x,y) is continuous at all points (z,y) of
S except possibly at those for which y = 2z, and since these excep-
tional points form a plane null set (th. 169), it follows that y%-1f(x, y)
is continuous almost everywhere in S and is therefore measurable in
S (th. 163, cor. (ii)).

Corollary. I'(}) = #m; for, from the above example, since

' =1,

o (C-R) f ‘7{1—_(2-?‘—::—[—)—2} = [arc sm(2u—1)](l) = 1.
0



IX
EXTENSIONS OF THE LEBESGUE INTEGRAL

-§ 1. Holder-Lebesgue Integral

SurrosE f(x) is defined in an interval (a,b) so that f(x) is summable
over (a-e¢,b) for all sufficiently small ¢; if we put

b
Fl) = [ f@)da,
a+e

then either
(1) f(x) is summable over (@,b), in which case (th. 211.1)

b
| f@) dz = Tim Fe),

or else
(2) f(x) is not summable over (a,b), in which case lim F(e) may or
-0
may not exist. )
For example, if fx) = ——( smx) in (0, 1),
1. =
then (th. 261) ff(x) de = —cans,
1
and hence lim f f(x) dx does not exist.
€0
€
On the other hand, if
fl@) = (x2 sin )
then
1 1
ff(x) dz = —e2sin’, and hence lim ff(x) de = 0;
pA €e? €—0 H

but, as we have seen (example following th. 211.2), f(x) is not
summable over (0,1). In view of (1) it would be natural and con-
sistent, in those cases where 11m F(€) exists and is finite, to extend

the definition of the Lebesgue integral, and to say that f(x) has a
Cauchy- Lebesgue integral over (a,b) whose value is lim f f(x) d.

€0 gl ¢
This definition could be further extended to include the case where
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there is a net over (a,b) defined by a = z, < z; < ... < x, = b such
that each of the limits
xr—€
lim j f@ydz (r=1,2,.,n)
Tr-1+€
exists and is finite as € and €’ tend independently to zero. When such
a decomposition of (a, b) into a finite number of intervals is impossible,
the problem of extending the Lebesgue integral becomes much more
difficult. Before discussing these difficulties, it is convenient to
consider some general theorems on aggregates of linear intervals.
Definition 63. Let J denote a closed interval [a,b], and let « be
any given aggregate of sub-intervals of J; a point z of J will be said
to be regular for « if 2 belongs to a member of «, or, in the special
cases ¢ = a and & = b, if  is an end-point of a member of «; a point
of J which is not regular for « will be said to be singular for o, and the
aggregate of the points singular for « will be denoted by S,
From def. 63 it follows at once that

Theorem 283. S, is closed.

Theorem 284. Let J be a closed interval [a,b], and let « be any
aggregate of sub-intervals of J satisfying the following conditions:
(1) every sub-interval of a member of « also belongs to «, and
(2) if (@, b,) and (by,c,) belong to «, then so does (ay, ¢,);
then every sub-interval of J whose closed envelope includes no point of
S, belongs to o.

Proof. Let I be any sub-interval of J such that (def. 20)

(3) I8, = 0,
and suppose that
(4) 1€ a.

To show that (4) implies a contradiction we construct a sequence
of intervals as follows: let I, = I, and, when 1, I,,..., I,_; have been
defined and are intervals not belonging to «, define I, to be a sub-
interval of I,_; such that

lInl = %lIn-—ll & Inéa’
the existence of such an interval being an immediate consequence
of (2). If I, = (a,,b,), then clearly

6) e, <a, <.,y b2b;,>2b,> ..., and lim(b,—a,) = 0,
: n—>o
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from which it follows easily that {a,} and {b,} both converge to the
same point of I°, say to £&. By (3) ¢ is regular for «, and so, by
def. 63 and (5), there is a member of « which contains I, for all
sufficiently large n, and this contradicts (1). Hence (4) is false and
the theorem is proved.

Definition 64. Let f(x) be defined in a closed interval J and let
o be the aggregate of all the sub-intervals of J over which f(x) is
summable; then, with the notation of def. 63, S, is said to be the set
of the points of non-summability of f(x) in J.

Theorem 285. Let f(x) be defined in a closed interval J, and let
N be the set of the points of non-summability of f(x) in J; then N s
closed, and f(x) 18 summable over every closed interval contained in
J—N.

Proof. That N is closed follows at once from def. 64 and th. 283.
Moreover, it is clear that «, the aggregate of the sub-intervals of J
over which f(x) is summable, satisfies (1) and (2) of th. 284 (ths. 206
and 209); hence th. 284 completes the proof.

We can now define an extension of the Lebesgue integral along
the lines suggested at the beginning of this chapter.

Definition 65. Let f(x) be defined in a closed interval [a,b], and
suppose
(1) the set of the points of non-summability of f(z) in [a,b] is

finite or enumerable,
and

(2) there exists a function F(z) continuous throughout [a,b] and
such that, if & < A < p < b and f(x) is summable over (A, u),

n
then F(u)—F(Q) = [ f(x) dz (the integral on the right being
A

a Lebesgue integral);
then f(x) is said to be integrable in the Holder-Lebesgue sense
(¢ntegrable-H) over [a,b], and

b
() [ f@) dz = F(b)—F(a).

3
Clearly (H) f f(x) dz is the Lebesgue integral of f(x) over (a,b) when-

ever f(x) is summable over (a,b); but, when f(z) is not summable
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over (a, b), the definition, as it stands, requires a uniqueness theorem,
namely, that, if F)(x) and F,(x) both satisfy (2), then

F\(b)—F\(a) = F;(b)—Fy(a);
this is supplied by the following theorem.

Theorem 286. Suppose f(x) 18 integrable-H over [a,b], and let
F,(x) and Fy(x) both satisfy the conditions laid down for F(x) in (2) of

def. 65, then F,(b)—F,(a) = Fy(b)— Fy(a).

Proof. Let G(x) = Fy(x)—F(z), and J = [a,b]; we have to show
that G(x) is constant in J, or, with the notation of def. 45, that G(J)
consists of a single point. Since G(z) is continuous throughout J
(def. 85 (2)), G(J) consists of a single point or else G(J) is a closed
interval (Hardy, §100), and since every closed interval is non-
enumerable (ths. 21 and 37.1), our theorem is proved if we show that
G(J) is finite or enumerable. N being defined as in th. 285, G(N) is
finite or enumerable (def. 65(1) and th. 2), and so, by th. 6, it is
sufficient to show that G(J—N) is finite or enumerable. Since X is
closed (th. 283), it follows at once, by def. 22, that we need only
show that G(x) is constant in each of the intervals of J° contiguous
to N. So suppose (A, u) is such an interval and let ¢ and » be freely
chosen so that A < ¢ < 7 < p;then[¢, 5] c J—N, and so, by th. 285,
f(z) is summable over [£, 7], and hence, by def. 65 (2), G(n) = G(£).
This means that G(z) is constant in (A, u), and so completes the proof.

It might be thought that the Holder-Lebesgue definition could
be extended by omitting the restriction on the set of the points of
non-summability of f(z) in [a, b]; but it can be shown that the effect
of omitting (1) from def. 65 is to deprive that definition of all meaning
whenever the set of the points of non-summability of f(z) in [a, b] is
non-enumerable. More precisely, if f(x) does not satisfy (1), then to
every function F(z) satisfying (2) of def. 65 there is another, F,(x),
satisfying the same condition and such that

Fy(b)—Fy(a) # Fy(b)— Fya).
For suppose the points of non-summability of f(z) in [a,b] form a
non-enumerable set N; by ths. 285 and 40.2, N contains a perfect
subset, say K, and it is then possible, following the lines of th. 259,
to construct a function 6(x) such that 6(x) is continuous throughout
[a,b], 6(b)—6(a) = 1, and 6(x) is constant in each of the intervals
of (a,b) contiguous to K; it is easily seen that, if F(x) = Fy(x)
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satisfies (2) of def. 65, so does Fy(x) = Fi(x)+kb(x) for every finite
real number %, and hence (2) fails to define a unique number
F(b)— F(a).

§ 2. General Denjoy Integral

Now it is possible for a function F(x) to be such that F'(x) is
finite throughout a closed interval [a,b] while the set of the points
of non-summability of F’'(zx) in (@,b) is non-enumerable, so that
F'(x) is not integrable-H over (a,b); an example of such a function
F(x) is given on p. 226. Clearly, if we wish to extend the Holder-
Lebesgue definition to obtain an integral applicable to such a
function F'(x), we must omit condition (1) of def. 65, but, at the
same time, we must replace (2) by something more stringent. One
such set of conditions is enunciated in def. 67 and gives rise to an
integral known as the general Denjoy integral; the validity of this
definition rests on an extension of th. 284 which we consider at once.

Theorem 287 (RomaNovskl). Let J denote a closed interval [a,b],
and let « be any aggregate of sub-intervals of J which satisfies the
following conditions:

(1) every sub-interval of a member of o also belongs to «;

(2) if (ag, by) and (b, co) belong to o, then so does (a,, c,);

(3) if {(a,,b,)} is a sequence of members of « contained in (a,, by)

and if lima, = a, & limb, = by, then (ay, by) € o;
n—0 n—r0

(4) if K 13 a perfect subset of J such that every interval of J° con-
tiguous to K belongs to o (tncluding the case K = J), then at
least one point of K belongs to a member of «;

then (@, b) belongs to «.

Proof. Let (a,, b,) be any sub-interval of J which includes no point
of S, (def. 63); by (1), (2), and th. 284, (ay+1/n,by—1/n) € o for all
sufficiently large », and so, by (3), (@, b,) € «. Hence we have that
(5) every sub-interval of J which includes no point of S, belongs to «;
in particular, every interval of J° contiguous to the closed set S,
(th. 283) belongs to «, and this, by (4) and the definition of S,,
implies that S, is not perfect. Since S, is closed, this means that
either S, = 0, in which case the theorem is proved by (5), or else we
may choose z so that
(6) zeS, & x€S8,;

4374 ¥f
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hence it will be sufficient to prove that (6) implies a contradiction.
Suppose z satisfies (6) and @ < x < b; then y and z exist in J such
that @25 =0 & (2,28, =0,

and hence, by (5) and (2), (¥, z), (z,2), and consequently (y,z) belong
to o, which contradicts the assumption z € 8,. A similar argument
draws a contradiction from (6) when z is at a or at b, and this com-
pletes the proof.

Definition 66. Let F(x) be a finite function defined in a closed
interval of which I is the interior; let S be any closed set (so that
IS is open, ths. 25 and 17); if

O  I5=3@.b) & 3|FG)-F@) <o,
or if

- ok
(if) I8 = (a,,b,), where k is a positive integer,
re=1
we write V(F;18) = 3 {F(b,)—F(a,)},

where 7 runs through all positive integers in case (i), and from 1 to
k in case (ii); if IS = 0, we put V(F; I8) = 0; if in case (i)

3 IFG)—Fla)| =,

V(F; 18)is not defined. It follows (Hardy, § 185) that, when V(F'; I S)
is defined, its value is independent of the way in which the intervals
of IS are enumerated.

We can now state the definition of the general Denjoy integral
due to P. Romanovski (Fundamenta Math., 1932).

Definition 67. Let f(x) be defined in J, a closed interval [a,b],
and suppose there exists a function F(x) such that
(1) F(x)is continuous throughout J,
and
(2) if K is any perfect subset of J, then K includes points A and p
such that (A, u)K # 0 and
¢ €[\ p]K implies FE—FQO) = [ f&)de +V(F;(\§)K),
AHK
the integral on the right being a Lebesgue integral.
Under these conditions f(x) is said to be integrable in the general
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Denjoy sense (integrable-D) over J, and we write
b
(D) [ f@) dz = F(b)—F(a);

F(z) is said to be an indefinite D-integral of f(z) in J. (It follows
easily from ths. 206 and 209 that, if A and p satisfy (2) above, then
A< € < 9 < p implies

i) f(x) is summable over (¢, 1)K,
(ii) V(F; (€, 7)K) is defined,
and
(iii) F(q)—F(¢) = f f@) dz +V(F; (¢ 1)K)).
¢mK

Just as with the Holder-Lebesgue definition, a uniqueness theorem
is now necessary, namely

Theorem 288. Suppose f(x) is integrable-D over [a,b]; then
b
(D) f f(x) dz 18 unique.
a

Proof. We first prove a lemma.

Lemma. Let F,(x) be an indefinite D-integral of a function f,(x)
in [a,b] (r = 1,2), and let K be any perfect subset of [a,b]; then
K includes points A and p such that (A, x)K # 0, f,.(x) is summable
over (A, n)K, and £ € [A, ] implies

F@)-FEN = [ f@)dze +V(E;\HK) (r=1,2)
AHK

Proof of Lemma. By def. 67 X' and p’ exist in K so that
(N, p')K # 0, and
() ¥<é<n<p implies

F()—F@ = [ fiw)ds+V(F;EnK).
¢K
Since (X', u')K # 0, it follows easily that A” and p” exist in K so that
N <p”" < p &[N, n"]K is perfect, and hence (def. 67) A and p
exist in [A”, u"]K so that (A, u)K # 0, and A < ¢ < p implies
BO-FMN = [ file) de +V(F;(HK,),
MK,
where K; = [A",u"]K. Since A" < A < p < p”, it follows that
K, € =K@)§ if A<E<y,
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and hence we have A’ < A < u < p/,and

¢e[\u] implies FE—FKN = [ fil@)de +V(F;0HK),
WHE
which, together with (1), proves the lemma.

Proof of th. 288.

Suppose F(x) and F,(x) satisfy the conditions of def. 67 for F(z),
and put G(z) = Fy(z)—Fy(z); if J = [a,b], we have to show that
G(x) is constant in J. Let o be the aggregate of all the sub-intervals
of J in which G(z) is constant; obviously « satisfies (1) and (3) of
th. 287, and it satisfies (2) of that theorem because G(x), like F(x)
and Fy(z), is continuous throughout J (def. 67 (1)). Now let K be any
perfect subset of J such that
(2) every interval of J° contiguous to K belongs to a.

By the lemma, it follows that A and p exist in K so that (A, u)K # 0,
and ¢ € [A, u] implies
E@—-FEN = [ f@)de+V(E;VOEK) (= 1,2);
AHK
and since, by (2),
(eK & A< ¢ implies V(F;(\6K) = V(F; ] €K),

it follows that
(3) ¢e[Ap]K implies G(¢) = G(A).
Now, by (2), G(x) is constant in every sub-interval of (A, u)K, and,
since G(x) is continuous throughout J, it now follows from (3) that
G(x) is constant in (A, u). Since (A, u)K 5 0, this means that « also
satisfies (4) of th. 287, and hence J°€ «, which implies that the
continuous function G(x) is constant in J.

To show that the general Denjoy integral is a generalization of
the Holder-Lebesgue integral, we prove the following theorem:

Theorem 289. Let f(x) be integrable-H over J, a closed interval
[a,b]; then f(x) is integmble D over J, and

(D) f f@) dz = (H) j f@) dz.

Proof. Let F(x) sa.tlsfy condition (2) of def. 65; we have then to
show that f(xz) and F(x) satisfy (2) of def. 67. To this end let K be
any perfect subset of J. Since the set of the points of non-summa-
bility of f(x) in J is finite or enumerable (def. 65), it follows (th. 37.1)
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that the perfect set K includes at least one point belonging to an
interval over which f(z) is summable, and consequently, since K is
perfect, there must exist points A and p such that

(1) AeK & peK & @A uK #0,
and
(2) f(x) is summable over (A, u).

By (2) and th. 206 it now follows that, if { is any point of [A, u]K,
then f(x) is summable over (A, {)K and over (A, £)K; since f(x) is
integrable-H over J, this implies (th. 209 and def. 65)

¢
3  FO-FN) = [f@)dz= [ f@)de+ [ fz)d,

A AHK AHK
and, by ths. 210 and 211,
(4) V(F0K) = [ f)de.

AHE

From (1), (8), and (4) it follows that F(z) and f(x) satisfy (2) of def. 87,
and this completes the proof.

Theorem 290. Let f(x) be integrable-D over a closed interval J;
then f(x) is measurable in J and finite almost everywhere in J.

Proof. Let « be the aggregate of all the sub-intervals of J in which
f(x) is measurable and almost everywhere finite. It follows from
ths. 148, 149, and 86 that « satisfies conditions (1), (2), and (3) of
th. 287. Let K be any perfect subset of J such that every interval
of J° contiguous to K belongs to «; by (2) of def. 67 there are points
A and p in K such that (A,u)K 5 0 and f(z) is summable over
(A,n)K. Hence (th. 199)

(1) f(x) is measurable and finite almost everywhere in (A, u) K.

Since K is closed, there is a sequence or else a finite number of
intervals whose sum is (A, )X, and each of these intervals belongs
to «; hence it follows from ths. 149 and 86 that f(x) is measurable and
finite almost everywhere in (), )X, and so, by (1), it follows that
(A, p) € a. Since (A, u)K 7% 0, we have shown that o« also satisfies
(4) of th. 287, and hence J° € «, which gives the result required.

Theorem 291. If f(x) t8 integrable-D over J, a closed interval
[a,b), and g(z) 18 defined in J so that

b b
f(x) ~ g(z) in J, then (D) f f(x) dz = (D) f g(z) dz.
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Proof. By def. 67 and th. 217.

Theorem 292. Let f(x) and g(x) be finite functions integrable-D
over J, a closed interval [a, b], and let « and B be any finite real numbers ;
then b b b

(D) [ {of@)+Bg@)} dv = (D) [ fiz) dz +B (D) [ 9(a) de.

Proof. It follows easily from def. 67 that
(D) faf(w) dz =« (D)jf () de,
and so we need only show that
1 (D) fb{f(x)+9(x)} dz = (D) fb fx) dz +(D) j g(x) de.

Let F(z) and G(x) be indefinite D-integrals of f(zx) and g(x) re-
spectively in J; it will be sufficient to show that F(z)+4 G(z) is an
indefinite D-integral of f(x)+g(x)in J. Let K be any perfect subset
of J. By the lemma to th. 288 there are points A and p in K such that
M p)K # 0, f(x) and g(x) are both summable over (A,px)K, and
¢ €[, p]K implies

F&—FN = [ f@)dz+V(F;(HK)
AHK
and @) -0 = [ g(@) dz +V(6G; (A §K),
AHK
whence, by th. 227, f(x)+g(x) is summable over (A, u)K, and, if
H(x) = F(x)+G(x), then £ € [A, p]K implies
HE)—HN) = [ {f@)+9(@)} dz +V(H; \HK).
AHKE
Since H(z) is, like F(x) and G(x), continuous throughout J, and
since (A, u)K 5 0, this completes the proof that H(x) is an indefinite
D-integral of f(z)+g(x) in J.

Theorem 293. Let f(x) and g(x) be integrable-D over J, a closed
interval [a,b], and such that

b b
f@) = g(a) for all = in J; then (D) [ flz) dz > (D) [ g() da.

Proof. By ths. 200 and 291 there is no loss of generality in
assuming that f(x) and g(z) are both finite throughout J, and it then
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follows from th. 292 that we need only show that, if A(z) is a non-
b

negative function which is integrable-D over J, then f h(z) dz = 0.
a

Let H(x) be an indefinite D-integral of k(z) in J, and let « be the
aggregate of all the sub-intervals of J in which H(x) is a non-decreas-
ing function of z. Clearly « satisfies (1), (2), and (3) of th. 287; to
show that « also satisfies (4) of th. 287, which will complete the proof
of th. 293, let K be a perfect subset of J such that every interval of
J° contiguous to K belongs to «. Then, by def. 67, A and u exist such
that Ae K, pe K, (\,p)K # 0, and
ée\p]K implies H(E—HN = [ h)dz +V(H; )\ EEK);
AHK

since h(x) > 0 throughout J, and since H(xz) is non-decreasing in
the intervals of J° contiguous to K, this implies that H(x) is non-
decreasing in (A, u). Hence, since (A, u) K 5~ 0, (4) of th. 287 is verified.

Theorem 294. Let f(x) be a non-negative function which s inte-
grable-D over J, a closed interval [a,b]; then f(x) is summable over J.

Proof. By th. 290 f(x) is measurable in J, and so, by th. 170,
there is a sequence of functions {f,(x)} such that

(1) weJ implies 0<fi(®) <AHE)<.. & lmfa)=f@),
and
(2) each of the functions f,(x) is bounded and measurable in J.

By (2) and th. 183, f,(x) is summable over J for every positive integer
n, which, by th. 289, implies

b b
(3) [ fa@) dz = (D) [ fu(e)dz (v =1,2,...).
By (1), (3), and ths. 186 and 293,

[ i) = im [ 1,001 e = 1im (0) | f) b < @) [ fia) ds,

b
and since (D) [ f(x) da is finite by hypothesis, this means that f(x) is
a

summable over J.

One of the most striking properties of the general Denjoy integral
is contained in the following theorem.
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Theorem 295. Let F(x) be a function having a finite derivative
throughout J, a closed interval [a,b]; then

b
(D) f F'(z) do = F(b)—F(a).

Proof. It is convenient to prove the following two lemmas:

Lemma 1. Let S be a perfect subset of J for which there is an
integer n such that

(1)  ze8 & yed implies |F(y)—F(a)| < nly—al;
then F'(z) is summable over 8, and

F(B)=F(e) = [ F'(z) dz +V(F; (. B)S),
S

where « and B are respectively the lower and the upper bounds of
the aggregate of the numbers 2 which belong to §.
Lemma 2. To every perfect set K contained in J there are points
A and u such that Ae K, pe K, (A, x)K # 0, and there is an integer
n such that, if # and y are any points of K[A, u], then
|F(x)—F(y)| < nly—z|.
Proof of Lemma 1. Let G(z) be defined in [«, 8] so that
(2) G(x) = F(x) if ze€8,
and
(3) if x belongs to (a,, b,), an interval of («, 8) contiguous to S, then
6@) = Flag+(@—ay) T~ T10),
0%
It follows easily from (1), (2), and (3) that
(4) xSz <y<p implies |G(y)—G(x)] <n(y—2),
and hence, by th. 260,

B
(5) [ @) dz = G(B)—G(a).

Now, by (4), ¥(G; («, 8)8) is defined, and, by (3) and th. 210,

V(F; (@ B)S) = V(6 BS) = [ 6'()da,
(@p)§
and since « and B clearly belong to the closed set §, it now follows
by (2), (56), and th. 209 that

(8) F(B)—F(a) = f & (z) dz +V(F; (x, B)S).
S
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Now, if £ is a point of 8 for which G'(x) exists, then, since £ € S’
(8 is perfect), it follows from (2) that G'(§) = F’'(¢). Hence the
required result is implied by (6).

Proof of Lemma 2. To every positive integer r let E, be the set
of all the points x of J for which

(1) yeJ implies |F(x)—F(y)| < rly—zl.

The sets E, are closed: for, if r is any chosen positive integer and E,
is not closed, then there must be a sequence of points {x,} of E,,
converging to some point £ of J, and a point y of J such that

|[F()—F(y)| > rly—El;
but, since F(z) is continuous throughout J, this is inconsistent with
the sequence of inequalities derived from (7), namely

[F(x,)—F@)| < rlz,2—yl (n=12,..).

a

Moreover, J = >* E,; for suppose ¢ € J, and let r be a positive integer

r=1

such that |F’(£)| < r; then § exists such that
yed & [{—y|<d implies |F(§)—F(y)| <rlé—yl,
and since
yeJ & le—yl >3 implies |F@—F@) < l6—yl,

where M is the upper bound of |F(z)| in J, it follows that £ belongs
to E, where N exceeds both » and 2M/8. Now let K be any perfect

subset of J; then ®
K =>*KE,
r=1

and the sets K E, are closed (th. 27); so, by th. 37, there is an integer
n and a point £ of K which is the centre of a closed interval A such
that KA c E,. If we now take A and p to be respectively the lower
and the upper bounds of the aggregate of the numbers x which belong
to the closed infinite (th. 20) set KA, it follows from (7) that A and
satisfy the conditions of lemma 2.

Proof of th. 295. Since F'(x) is finite, it follows that F(x) is con-
tinuous throughout J; hence we have only to show that f(x) = F'(x)
satisfies (2) of def. 67. Let K be any perfect subset of J,let A and u
be chosen to satisfy lemma 2, and let £ be any point of [A, u]K. If

4374 ag
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[A, €]K is perfect, then, by lemma 1,

F'(x) is summable over (A, £)K,
and

(8) FO—FQ) = [ F(@) de+V(F;6K);
WHE
otherwise, let « and 8 be the bounds of (A, £)K, « < B; it follows easily

that [«, B]K is perfect, that the integrals of F'(x) over (a,8)K and
over (A, £)K are equal if either exists, and that

(9)  V(F;AHK) = V(F;(«,f)K)+ F()—F Q)+ F(E)—F(B).
Now, by lemma 1, F'(z) is summable over («, 8)K, and
F(B)—F(x)

= f F'(z)dz +V(F;(x, B)K) = j F'(x) de +V(F;(a, B)K),
(CW:):4 AHE
and so, by (9), (8) is again verified; this completes the proof.

(Note: The following generalization of th. 295 is also true: Let
F(x) be continuous throughout J, a closed interval [a,b], and
let f(x) be a finite function defined in J and such that the set of
the points z of J for which the equation f(x) = F'(x) is false is
finite or enumerable; then

b
(D) [ f(x) dz = F(b)~F(a).

The proof of this generalization is substantially the same as
that of th. 295; the necessary modifications of detail are left
to the reader.)

We can now show that a function may be integrable-D without
being integrable-H over a closed interval J. In virtue of the last
theorem and def. 65, it is sufficient to show that there exists a function
F(x) such that F'(x) is finite throughout J, while the set of the points
of non-summability of F'(z) in J is non-enumerable.

Let J =[0,1], and let K be a perfect subset of J obtained as in
th. 123, 6 having been arbitrarily chosen. We first define F(z) to
be zero in K+ J, and then define F(z) in each of the intervals of J°
contiguous to K as follows: let ¢ be freely chosen so that '

(1) 0<e<it & ii—aszsinl = 0 when z = ¢,
dx x?
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and let f(x) be defined in (0, 1) so that
x?ginlfx? if O<z<ec
(2) fle) = { fley if e<z<}
fa—z) if }j<z<l.
If (a,b) is one of the intervals of (0, 1) contiguous to K, we define
F(x) for a < z << b by the equation

(3) F(z) = f (‘Z:Z) (b—a)2,

By (1), (2), and (3), F'(x) is defined and finite in J—K. Now let ¢
be any chosen point of K, and let x be a variable point; if x € K +J,
then F(§)—F(x) = 0; if x € J—K, let (a,b) denote the interval of
(0, 1) contiguous to K which includes z, and it then follows from (3)
and (2) that
[F(§)—F(z)| = |F(x)] < min((x—a)? (b—2)?) < (x—§)?,

and consequently that F’(¢) = 0. It remains only to prove that N,
the set of the points of non-summability of F'(z) in J, is non-enumer-
able, and for this it is sufficient (th. 37.1) to show that K ¢ N. Now
it follows easily from the example following th. 211.2 that the end-
points of every interval of (0, 1) contiguous to K belong to N, and
since every point of K is a limit point of such end-points, it follows
from th. 285 that K c N.
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FOURIER SERIES

§ 1. Introduction
LET a,, a,, a,,... and b,, b,,... be any given sequences of finite real
numbers; then the series

(1) Ya,+ f (a, cosnx + b, sin nx)
n=1

is called a trigonometric series. Each term of the series being of period
27 in 2, the same must be true of the sum function in the set of points
in which it is defined. Suppose this sum function to be defined for all
z and denoted by f(x); now we know from Taylor’s theorem that, if
a finite function g(x) is defined as the sum of a power series, say

> ¢, x", then there is a simple formula which relates the numbers c,,
n=0

to the function g(x), namely n!c, = ¢g™(0) (» = 0,1,2,...), and it
is natural to inquire whether there is a formula which relates the
coefficients in (1) to f(x), the sum of that series.

Theorem 296. If n is any positive integer, then

27 2m 27

i) fcosnx dx = fsinnx de = fcosnxsinnx dx = 0,
0 0
1 27 1 2m
(ii) —f cos?nx dax = —f sin?nx dx = 1,
w w
o 0
2w

(iii) f cos nx cos mx dx

0
21

2m
=fsinnxsinmxdx= f sinnx cosmx dx = 0
0

Jor every positive integer m different from n.
The proof is left to the reader.

Theorem 297, If the series }a,+ f (@, cosnx + b, sinnx) con-
n=1

verges boundedly in (0, 27) to f(x), then

29 27
a, = %ff(z)cosnxdx & b, = 1 f f@)sinnrdr (n=0,1,2,..).
' ks
0 0
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Proof. Since each of the terms of the series is continuous and
therefore measurable in (0,27), the result follows from ths. 231
and 296.

Since the partial sums of a trigonometric series are continuous
functions, it follows that, when such a series converges for all , its
sum function is measurable in (0, 27) ; but it does not follow that this
function is summable over (0,27). It may therefore happen that
the coefficients of a trigonometric series are not obtainable from its
sum function by means of the formulae given in th. 297. On the other
hand, it follows from th. 230 that if f(x) is any finite function sum-
mable over (0, 27), then f(x)cos nx and f(x)sin nx are summable over
(0,27) for every integer m; this enables us to associate a definite
trigonometric series with f(x) as follows:

Definition 68. Let f(x) be finite and such that

(i) f(x) is summable over (0, 27),
“and
(ii) fl@) = flx+2m);

then the numbers a,, a,, a,,..., b, b,,..., given by the formulae
1 2w 1 2m
a, = — f f(x)cos nx dx, b, == f Sf(x)sin nx d,
™ ™
0 0

are called the Fourier coefficients of f; we write
so(f;x) for la,,
and for every positive integer n we put
n
8,(f;2) = da,+ D (a,cosrx + b,sinrz);
r=1

the trigonometric series
fart 3, (@, cosnz + bysinne), denoted by &(f;a),

is called the Fourier scries of f.

As the following theorem shows, the Fourier coefficients of f may
equally well be evaluated by integrating

f(x)cosnx and f(x)sinnx

over any linear interval of length 27.
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Theorem 298. Let g(t) be summable over (0, 2mw) and of period 2w;
let x be any real number; then

2T-”“’ dt = T-‘I(wﬂ) dt = Tg(x—t) dt = Tg(t) d.
T 0 0 %

Proof. From the periodicity of g it follows easily that g(t) is
summable over every linear interval, and further, by th. 241,
x 2n+x
[owyat= [ g0 a,
0

2w

and so (th. 209.1)
2+

j’ﬂga) dt = f g(t) dt + }ﬂgu) dt= | "o dt + Tg(t) dt = f “g(0) d;
0 T T F

0 2w

hence (th. 241)

2m 2+ 2m
1) [oyde= [ g@)dt= [ gla+t)de.
[1] £ 0
By th. 241 and the periodicity of g, we have
27 0 2w
fg(x—f—t) dt = f g(x—t) dt = fg(x——t) dt,
0 — 21 0

and this, by (1), completes the proof.

Theorem 298.1. Let f be a function whose Fourier series is
defined; then, for n = 0,1,2,...,

f”j(x)sin nx dr = f (f(@)—f(—x)}sin nx dx

and ff(x)cos nx de = f {f(x)+f(—x)}cos nx du.
0 0
Proof. To verify the first equation, put g(z) = f(z)sinna; by ths.
298 and 209.1, we have

2fwy(w) dz = f" g(x) dx = fo g9(x) dz -+ f" g(x) du,
0 -1 - 0

and since (th. 241)

™

0 T
fg(x) dz = fg(—x) de = — ff(——x)sinnx dx,
- 0 0

the result follows at once.
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Examples.
(i) Let f(x) =z if —7 < 2 < m; then
S(f;x) = 2(sinx—}sin 22+ 8in 3x—...).

Proof. Since f(x) is odd in (—,n), it follows from th. 298.1 that
:ff(x)cosnx dr =0 (n=0,1,2,.),
0

and
27 T
ff(x)sinnx dz = 2 f wsinna de = gnf(—l)n—l (n=12..)

(ii) Let f(x) = « if 0 <z < 27; then
S(f;x) = 7—2(sinx+ 1 sin 224} sin 3x+-...).
Proof.

27 2
1 f(x) dx = 1 zdx ==, and, ifn=12,.,
2w 2w

0 0

27 27
we have f flx)cosnx dr = f cosnxdx = 0
0

w

ff(x)smnx de = | xsinnx de = —2x/n.
0
(iii) Let f(x) = |z| if —7 <<z < 7; then
4 08 3 bx
S(f;x) = %n—;{co sa+ ;zx 00?)2 —|—}

and

Proof. Since f(z) is even in (—, 7), we have from th. 298.1 that

27
ff(x)sinnx de =0 (n=12,..),
0

and
27 v 2 1 1) 1,2
ff(x)cosnxdx———‘- 2J‘xcosnxdx={__—2( _(— ) ) (n= ) ,---)
H 712 lf n = 0.
. (1 if o<
(iv) Let flx) = {__1 if —m<x<0,

and let f(0) be freely assigned; then
S(f;2) = *{sine+1sin 3v+3 sin 6z-t...}.
m™

Proof. Since f(x) is odd in (—m, =) (there will be a single exception
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if f(0) 7~ 0, but this will not affect the integrals in question), we have
from th. 298.1

2w
ff(x)cosnx de=0 (n=0,1,2,..),
1]

27 . o ) 9
and off(av)smm: de = 2!smnw dz = 7_%(1_(_1) ).

It is clear that the notion of Fourier coefficients may be incor-
porated with definitions of integration other than that of Lebesgue.
Strictly speaking, what we have defined as Fourier series should be
called Fourier-Lebesgue series, to distinguish them, for example,
from Fourier-Riemann series which are obtained from def. 68 when
the notion of summability is replaced by integrability in the Riemann
sense. With this wider prospect in view, it is obvious that whether
a given trigonometric series is a Fourier series or not depends on the
definition of integration which is to be the admitted source of Fourier
coefficients. However, the term Fourier series in this chapter will
be used to denote Fourier-Lebesgue series only. A number of ques-
tions at once suggest themselves:

(i) If the Fourier series of f(x) is defined, for what values of x does
&(f;x) converge, and how is its sum related to f(x) for such
values of x?

(ii) Are there trigonometric series which converge for all  without
being Fourier series?

(iii) What conditions must be satisfied by the coefficients of a
trigonometric series if it is to be a Fourier series?

(iv) If a given trigonometric series is a Fourier series, is there more
than one function of which it is the Fourier series, and what
is the relation between all the possible functions of which it
is the Fourier series?

In this chapter it will be possible to answer (ii) and (iv) completely,
but the other questions receive only partial answers, for their general
solution is not yet known, and a detailed study of them is beyond the
scope of this book; the interested reader may refer to T'rigonometrical
Series by A. Zygmund.

§ 2. Convergence Tests
The following theorem is of fundamental importance in the study
of Fourier series:
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Theorem 299 (RIEMANN-LEBESGUE). Let g(x) be summable over
(a,b), and let ¢(x) denote either of the functions cosx and sinz; then

b
lim f g(x)p(kx) de = 0.
k—>© a

Proof. By th. 249, on putting f(x) = g(z) in (a,d) and f(x) = 0
elsewhere.

Working directly from def. 68, we can easily obtain a formula for
the partial sums of a Fourier series.

Definition 69. If » is a positive integer and x any real number,
D, (x) (Dirichlet’s kernel) is defined by the equation

D, (x) = %-—{-élcos re.

It follows at once that, if cosec {x exists, then

) 1 sin(n+3)x
Di=) = sin §x

Theorem 300. Let f be a functum whose Fourier series is defined;
let n be any positive integer and x any real number; then (def. 68)

(1) slfi) = [ 10D at.
Proof. By def. 68 ’
w3, \f; x)

2n

= 3 f f@&) at + i {cos T J%Tf(t)cos rt dt 4 sinrx T' J(@)sinrt dt},

and so, by th. 228,
w8, (f;x) = fj’(t):-}—l— 2 (cos r2 cos rt--sin rx sin rt)} dt,

which, by def. 69, gives (1).
Before examining the formula for s,(f;) just obtained, we con-
sider some of the properties of Dirichlet’s kernel.

Theorem 301. Let n be any positive integer; then
) [ Diw de = 4,
0

< 2Vn+ilz] &

f D,(t) dt’ 4V +}|z—y|

for all real numbers x and y.
4374 Hh
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Proof. It follows at once from def. 69 that
x x n x n l .
Dt)dt=7%|dt+ > | cosrtdt = ja{ > —sinrz;
e foe 3, fomna— e 3

(i) is now an immediate conclusion, and (ii) follows from ths. 230.1
and 209.1.
Theorem 302.

(i) If 0 < =z < 7 and g(t) is summable over (x,n), then

lim f g(t)yD,(t) dt = 0;
n—>wo z

(ii) of D(x) = lim fpn(t) d,

then D(x) 18 an odd function of x, D(0) = 0, and
D) =1}r if 0<a<2m

Proof. Suppose 0 < x < 7; then cosect is bounded and con-
tinuous in (z, 7); hence (th. 230), if g(¢) is summable over (z, ), so is
g(t)cosec 3t, and so, by th. 299,

lim f g(t)D,(t) dt = lim f 1g(t)cosec 3t sin(n+3)t dt = 0,
n—-»oox n—-»oom
proving (i). Further, from 301 (i), we have
in = f D,(t) dt = f D,(t) dt +fD,,,(c) dt (n=1,2,.);
0 0 x

hence, if we put g(t) = 1 in (i) of this theorem, we have

D)=ir if 0<ax<m
Suppose now that = < 2 < 27, and put y = 27—=z; since D,(¢) is
an even function of ¢ with period 2w, it follows from th. 241 that

fp,,(t) dt = fD,,,(t) dt (n=1,2,..),
K v

and hence, by (i), that
T
lim fD,,(t) dt = 0;
n-—»wo e

since (th. 301 (i))

fD,,(t) dt=1ir m=1,2,..),
0
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it now follows from th. 209.1 that D(x) = }=. It is obvious that
D(0) = 0, and that D(z) is an odd function of z is easily deduced
from th. 241 in virtue of the fact that D,(¢) is an even function of ¢
for every positive integer n.

Theorem 303. Let g(t) be a bounded non-negative and non-decreas-
ing function of t in an interval (0,8), where 0 < 8§ < =, and such that

lim g(t) = 0, then
t—+0

)
lmfwmmw=u
n—»wo ) .

Proof. If 7 satisfies 0 < n < §, then, by ths. 244 and 301 (ii),
we have

< g{dvadlm) (0= 1,2..);

f o

hence, if ¢ is freely chosen, it follows, since g(+0) = 0, that 5 exists
such that
(1) 0<n<d &

fg(t)l)n(t) dt| < e (n=12,.).

0

Since g(t) is summable over (7, 3), it follows from th. 302 (i) that N
exists such that

n > N implies

8
Joon,0 @ < g,
n

and hence, by (1), we have
n > N implies

)
[o0n0 ) <
0

which is the required result.

We now proceed to examine conditions under which a Fourier
series converges; it is convenient for this purpose to transform the
formula for s,(f;x) obtained in th. 300.

Definition 70. If f is a function whose Fourier series is defined,
then for every pair of finite real numbers « and ¢ we write

Po(fit) = fla+8)+fla—10).
Theorem 304. Let f be a function whose Fourier series 13 defined;
then for every real number x
(i) ¢.(f;t) 8 a function of t with period 27 summable over every
linear interval, -
(ii) qo<8<mmMnmf%mnqmm=o.
- n—»0 8
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Proof. Since f(¢) is summable over (0,2x), and since f(¢) is of
period 2w, it follows easily that f(¢) is summable over every linear
interval. Hence (i) follows from def. 70 and ths. 227 and 241, and
consequently (ii) follows from th. 302 (i).

Theorem 305. Let f be a function whose Fourier series is defined,
and let x be any real number; then

0  sfir) =1 j bfOD At (1 =1,2,..),

(ii) 0 <8 < = implies lim{ fix)——= J . (f38)D,(t) dt} =
n—ro
Proof. By th. 300, if » is any positive integer,

ns,(f:2) = [ JOD,(t—2) d,

and since f(t)D,(t—=x) satisfies the conditions of th. 298 for g(¢), we
have

(1) 78, (f; %) = j fl@-+t)D,(t) dt.
On making the substitution u = 2r—¢, we find (th. 241) that
f flx+t)D,(t) dt = j fle—u)D,(«) du,
and g0 it follows from (1) and ths. 209.1 and 227 that
msulfia) = [ (fle+0+fe—)D,0 d,
which means (i). Now, if 0 < 5 < m, then (th. 200.1)
of" b ODLO dt = f Bl 0DL0 dt + Bf bl 0DL0) dt,

and so (ii) follows from (i) and th. 304 (ii).

Theorem 306. Let f be a function whose Fourier series is defined
and let x be a point for which there i3 a finite number s and a number
8, 0 << 8 < =, such that

8
(1) lim f {o(f 1) — 28} D, (t) dt = 0;
then ° S(f;z) = s.
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8
Proof. By th. 302(ii) lim f D,(t) dt = m, and so, by (1) and
th. 227, s °
tim [ ufi)D,0 dt = s
n—o 7
[|]

this, by th. 305 (ii), implies S(f;z) = lims,(f;z) = s.
n—»o

Theorem 307 (Dinr’s test). Let f be a function whose Fourier
series 18 defined, and let x be a point for which there is a finite number
8 such that

(1) %{:/:I( fit)—2s} is summable over (0,);

then S(f;x) = s.
Proof. 1f 0 <<t << m, then
Yolfi)— 28| _ [half3t)—2s
28in ¢ t
and hence, by (1) and th. 201,
ofit)— 2'9

2sin §¢

1t
sin 4¢

<

is summable over (0, 7);

the result now follows immediately from ths. 306 and 299.

Corollary. Since {{,(f;t)—2s}/t is summable over (8, ) for every
3 satisfying 0 < 8 < m, it follows that (1) of th. 307 may be replaced
by the condition

%{«,bz( f;t)—2s} is summable over (0, 3) for some 8 such that 0 << & < .

1 1 N

Example. 1—[—@-[-5—2—{-... = {n2
Proof. Let f(z) = |z| if —7 < x < 7; clearly
%x/:o(f;t) —2 if 0<i<m

and so, by th. 307, S(f; 0) = 0. The result now follows from example
(iii) following th. 298.1.

Theorem 308. Let f be a function whose Fourier series 18 defined,
and let x be a point such that f'(x) 18 finite; then

&(f;z) = flx).
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Proof. Put s = f(z); then
bulfit) =2 _ flott)—f@) _fle—)—f)
t ¢ ’

—t
and so, by hypothesis, the function {i,(f; t)—2s}/t is bounded in some
interval (0,8) in which it is also measurable (ths. 304 and 164);
hence (th. 203) {,(f;¢)—2s}/t is summable over (0,8) and the proof

is now completed by the corollary to th. 307.
Examples.
(i) If —7 < @ < =, then sinz—}sin 22+ § sin 3z—... = }x.
Proof. Let f(z) = z if —7 <« << #; then f'(x) =1 in (—=,n),
and the result follows from th. 308 and example (1) following th. 298.1.
It should be observed that f’(x) does not exist when x = , for the
periodic nature of f(x) requires
fr+0) = f(—7+0) = —m,
whereas f(r—0) = =
= if O<z<nm
—ir i << 2m
1 if 0<a<n
—1 if —m<2<O;
then f'(x) = 0 in (0, 27) except where 2 = 7, at which f’(x) does not
exist; hence the result follows from th. 308 and example (iv) following
th. 298.1.

Theorem 309 (JorpAN’s test). Let f be a function whose Fourier
series 18 defined, and let x be a point which is the centre of a closed
interval [x—8,z+8], 0 < 8 < m, in which f has bounded variation; then
(1) &(f;z) = Hf(x+0)+f(x—0)}.

Proof. It follows easily from def. 61 that i, (f;t) is of bounded
variation in [0, 8], and so, by th. 267, there are functions g,(¢) and
g,(¢) which are non-decreasing and bounded in [0,3] and such that

0<t<d implies ¢.(f;t) = g:(t)—g(%),
and so (th. 227) for every positive integer n

]
@) [ Wi )—{f@+0)+f— R D) dt
0

(ii) sinz+3isin3z+isindzr+... = {

Proof. Let _ﬂx)::{

) )
= [{0O—a:(+ONDL(0 dt — [ {g:()—go(+O)}D,(0) .
0 0
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To prove that the condition is necessary, suppose
&(f;x) and &(g; x) are identical.
It is clear from def. 68 and th. 227 that, if A(x) = f(x)—g(x), then the
Fourier coefficients of & are all zero, and hence, by th. 311,

uw
0 < u < 2r implies fh(x) dx = 0,
0

which, by ths. 238 and 209.1, implies k(z) ~ 0 in (0, 27), i.e.
f@) ~ g() in (0, 2).

§ 5. Trigonometric and Fourier Series

We now consider briefly some simple conditions which are neces-
sary and some which are sufficient for a given trigonometric series
to be a Fourier series.

Theorem 313. Suppose ya,+ > (a, cosnxr+b,sinnx) is @ Fourier

n=1

series; then

(i) lima, = lim b, = 0,
n—>w n—o
(ii) . i Iﬁ converges.
' n=1 n

Proof. By hypothesis there is a function f(x) summable over
(0, 27) and such that for » = 0,1, 2,...

a, = 1 f f@)cosnx dx and b, = 1 f f(x)sin nx dx;
o m™
’ 0 0

hence (i) follows from th. 299. Also

2w
< b o 1 1.
]. —"/ = — —_—
(1) Z " Z ﬂff(x)nsmnxdx,
n=1 n=1" g
and since the series g: (1/n)sinnx converges boundedly in (0, 27)
n=1

(example (iii) following def. 58), (ii) now follows from (1) and th. 231.

0 .
sSin nxy

It follows from th. 313 (ii) that the series Z - , which con-
“, logn

verges for all 2 (Hardy, § 189), is not a Fourier series, since
f (nlogn)! = oo (Hardy,§ 211).
2

n=
4374 1i2
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The following theorem is one of the outstanding applications of
Lebesgue integration to the theory of Fourier series.

Theorem 314 (Riesz-FiscHER). Let a,, a,,... and by, b,,... be
sequences of real numbers such that s = }ad+ i (@24b2) < co; then
n=1
there is a function f(x) for which

(1) S(f;x) = 3a,+ il(an cos nx+-b,, sin nx)
27

and ;r.[ fUz) dx = s.
0

Proof. Let n,, n,,... be an increasing sequence of positive integers
such that

2 S (@45 <4vs (r=1,2,.).
Put Jo(x) = Yap+ f (@, cos nx+b, sin nx),
n=1
and
(3) filz) = 'EH 1(ancosnczc—f—bnsin nz) (r=12..).
n=n,+

From (2) and ths. 296 and 228 we have

2w n,

[ f3(@) dz = Ymai+7 3 (@54b3) < 7,
@) . s ) n=1
[ fi@) de == S (@303 < 4sm (r=1,2,..%
0

n=n,+

By (4) and the corollary to th. 234,

2m
[ @) dz < y@)2rm (r=0,1,2,..),
and so °

6 3 [ Ifta)l de < oo;
0

this, by th. 229, implies that 3 f,(x) is equivalent in (0, 27) to som
r=0

finite function f(z) summable over (0,2#) (th. 221). Now let r b
any chosen positive integer; by (4) and th. 234

27

(®) [ fn(@)f@)| dz < (4-mms 4-rms)h = 2-mrms (m = 0,1,2,..).
0
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Since f(z)f,(x) is measurable in (0, 2x) (th. 165), and

f@ @) < 3 |fn@fda)] in (0,20),
it follows by ths. 179 and 191 and (6) that

27 2 o o 27
[ @@ de < [ 3 | fu@fia)l de = 3 [ 1fu@)fia)] de < 2t-rms,
0 o™= m=0%

and so, by th. 229,

M [fe)de =3 fefe de =3 [ f@)e) de.

To prove (1) let » and n be freely chosen non-negative integers;
clearly f,.(x)cos na is measurable in (0, 27) and

2w 27
[ f@)eosnz| dz < [ If,(@)] das
0 (]

hence, by (5), ths. 229 and 296, and (3),

2m 2T 5 o 27
f f(x)cos nx dax = f D fr(x)cosnx de = > f fi(x)cosnx dx = na,,.
o o r=0 r=0 °

2m

A similar argument, applied to f f(x)sinna dx, completes the proof
0

of (1). It now follows from (3) and def. 68 that

[ 1@ de = 13+ 3 @,
0

27
.l; — Nr41 2 . _
and - 6ff(rc)fr(x) dx n=§+l(“n+”n’ r=1,2...),

and so, by (7), we have

2m

}T!f?(x) de = s.

Theorem 315 (PARSEVAL). Suppose

S(f;x) = da,+ f: (@, cos nz+b, sin nx);
n=1
then o
1 0
) 2 [ P de = e+ 3 @z,

0
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Proof. We first prove a lemma.

2
Lemma (Brsser’s Inequality). a2+ 3 (a2--52) g}r f f(x) de.
r=1

Proof. Let » be any chosen positive integer; it follows easily

2m 2
from def. 68 and th. 296 that f f(@)s,(f;x) dx and f 8%(f; x) dx are both
0 0

equal to }mai+tm i (a2+b?2), and consequently that
r=1

2m n
@ [Ee-Y@efia) de = —n{lab+ 3 (@+5).
0 r=1

If f3(x) is summable over (0, 27) it now follows from (2) and th. 227
that

2m 2mr n
0 < [ (@) —suf o) da = [ fia) de —n{bad+ 3 (@2+5),
0 0 =

which implies
2

jai+ 3 @ < f f@)de (=1,2,.),
r=1 T

0
. thus verifying the lemma. If f¥x) is not summable over (0, 27), then,
gince f%(x) is measurable in (0, 27) (th. 165), it follows that

2

f f¥x) de = oo
0
and the lemma is obvious. “

Proof of th, 315. It is obvious from the lemma that (1) is true
whenever the right-hand side diverges. Suppose then that

Jai+ 3 (@+8) < oo;
by th. 314 there is a function g(x) such that
2m
v 1 © R
Soie) =Glfa) & [ ) de = fai+ 3 Gk

0
hence (th. 312) f(x) ~ g(x) in (0, 2x), and so, by th. 219, (1) is again
verified.
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