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PREFACE

During recent years there has been an ever increasing interest in modern
algebra not only of students in mathematics but also of those in physics,
chemistry, psychology, economics, and statistics. My Modern Higher Alge-
bra was intended, of course, to serve primarily the first of these groups, and
its rather widespread use has assured me of the propriety of both its con-
tents and its abstract mode of presentation. This assurance has been con-
firmed by its successful use as a text, the sole prerequisite being the subject
matter of L. E. Dickson’s First Course tn the Theory of Equations. However,
I am fully aware of the serious gap in mode of thought between the intuitive
treatment of algebraic theory of the First Course and the rigorous abstract
treatment of the Modern Higher Algebra, as well as the pedagogical difficulty
which is a consequence.

The publication recently of more abstract presentations of the theory of
equations gives evidence of attempts to diminish this gap. Another such at-
tempt has resulted in a supposedly less abstract treatise on modern algebra
which is about to appear as these pages are being written. However, I have
the feeling that neither of these compromises is desirable and that it would
be far better to make the transition from the intuitive to the abstract by the
addition of a new course in algebra to the undergraduate curriculum in
mathematics—a curriculum which contains at most two courses in algebra
and these only partly algebraic in content.

This book is a text for such a course. In fact, its only prerequisite ma-
terial is a knowledge of that part of the theory of equations given as a chap-
ter of the ordinary text in college algebra as well as a reasonably complete
knowledge of the theory of determinants. Thus, it would actually be pos-
sible for a student with adequate mathematical maturity, whose only train-
ing in algebra is a course in college algebra, to grasp the contents. I have used
the text in manuscript form in a class composed of third- and fourth-year
undergraduate and beginning graduate students, and they all seemed to find
the material easy to understand. I trust that it will find such use elsewhere
and that it will serve also to satisfy the great interest in the theory of matrices
which has been shown me repeatedly by students of the social sciences.

I wish to express my deep appreciation of the fine critical assistance of
Dr. Sam Perlis during the course of publication of this book.

UNIVERSITY OF CHICAGO A. A. ALBERT
September 9, 1940
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CHAPTER I
POLYNOMIALS

1. Polynomials in x. There are certain simple algebraic concepts with
which the reader is probably well acquainted but not perhaps in the termi-
nology and form desirable for the study of algebraic theories. We shall thus
begin our exposition with a discussion of these concepts.

We shall speak of the familiar operations of addition, subtraction, and
multiplication as the integral operations. A positive integral power is then
best regarded as the result of a finite repetition of the operation of multi-
plication.

A polynomial f(x) in x is any expression obtained as the result of the ap-
plication of a finite number of integral operations to z and constants. If
g(x) is a second such expression and it is possible to carry out the operations
indicated in the given formal expressions for f(z) and g(z) so as to obtain
two identical expressions, then we shall regard f(x) and g(x) as being the
same polynomial. This concept is frequently indicated by saying that f(x)
and g(z) are identically equal and by writing f(z) = g(z). However, we
shall usually say merely that f(z) and g(z) are equal polynomials and write
f(x) = g(x). We shall designate by 0 the polynomial which is the constant
zero and shall call this polynomial the zefo polynomial. Thus, in a discus-
sion of polynomials f(x) = 0 will mean that f(z) is the zero polynomial.
No confusion will arise from this usage for it will always be clear from the
context that, in the consideration of a conditional equation f(x) = 0 where
we seek a constant solution ¢ such that f(c) = 0, the polynomial f(z) is not
the zero polynomial. We observe that the zero polynomial has the
properties

0-g9() =0, 0+ g(2) = g(x)

for every polynomial g(z). '

Our definition of a polynomial includes the use of the familiar term con-
stant. By this term we shall mean any complex number or function inde-
pendent of z. Later on in our algebraic study we shall be much more ex-
plicit about the meaning of this term. For the present, however, we shall
merely make the unprecise assumption that our constants have the usual
properties postulated in elementary algebra. In particular, we shall assume
the properties that if @ and b are constants such that ab = 0 then either

1



2 INTRODUCTION TO ALGEBRAIC THEORIES

a or b is zero; and if a is a nonzero constant then a has a constant inverse
a~! such that aa™! = 1.

If f(x) is the label we assign to a particular formal expression of a poly-
nomial and we replace  wherever it occurs in f(z) by a constant ¢, we ob-
tain a corresponding expression in ¢ which is the constant we designate by
f(c). Suppose now that g(z) is any different formal expression of a poly-
nomial in z and that f(z) = g(z) in the sense defined above. Then it is
evident that f(c) = g(c). Thus, in particular, if A(z), q(z), r(x) are poly-
nomials in z such that f(z) = h(z)q(x) + r(z) then f(c) = h(c)g(c) + r(c)
for any ¢. For example, we have f(z) = 2% — 222 + 3z, h(z) = z — 1,
q(x) = a® — x, r(z) = 2z, and are stating that for any ¢ we have ¢® —
2¢2 4+ 3¢ = (¢ — 1)(c® — ¢) + 2c.

If the indicated integral operations in any given expression of a poly-
nomial f(z) be carried out, we may express f(z) as a sum of a finite num-
ber of terms of the form ax*. Here k is a non-negative integer and a is a
constant called the coefficient of z*. The terms with the same exponent &
may be combined into a single term whose coefficient is the sum of all their
coefficients, and we may then write

(1) f(@) = az™ + ax* 4 . .. + GpaZ + Ca .

The constants a; are called the coefficients of f(z) and may be zero, but
unless f(z) is the zero polynomial, we may always take ao % 0. The ex-
pression (1) of f(x) with ap # 0 is most important since, if g(z) is a second
polynomial and we write g(z) in the corresponding form

2) ‘ g(x) = bxz™ + bz 1+ ... + bn

with by 5% 0, then f(z) and g(x) are equal if and only if m = n, a; = b; for
1=20,...,n. In other words, we may say that the expression (1) of a
polynomial is unique, that is, two polynomials are equal if and only if their
expressions (1) are identical.

The integer n of any expression (1) of f(z) is called the virtual degree of
the expression (1). If ap # 0 we call n the degree* of f(x). Thus, either any
f(z) has a positive integral degree, or f(z) = a, is a constant and will be
called a constant polynomial in z. If, then, a, > 0 we say that the con-
stant polynomial f(z) has degree zero. But if a, = 0, so that f(z) is the
zero polynomial, we shall assign to it the degree minus infinity. This will

* Clearly any polynomial of degree no may be written as an expression of the form (1)
of virtual degree any integer n = no. We may thus speak of any such n a8 a virtual de-
gree of f(z).



POLYNOMIALS 3

be done so as to imply that certain simple theorems on polynomials shall
hold without exception.

The coefficient aq in (1) will be called the virtual leading coefficient of this
expression of f(z) and will be called the leading coefficient of f(z) if and only
if it is not zero. We shall call f(z) a monic polynomial if ay = 1. We then
have the elementary results referred to above, whose almost trivial verifica-
tion we leave to the reader.

LemwmA 1. The degree of a product of two polynomials f(x) and g(x) 18 the
sum of the degrees of f(x) and g(x). The leading coeffictent of f(x) - g(x) 18
the product of the leading coefficients of f(x) and g(x), and thus, if {(x) and
g(x) are monic, so is £(x) - g(x).

Lemma 2. A product of two nonzero polynomials is nonzero and is a con-
stant of and only if both factors are constants.

LemMA 3. Let f(x) be nonzero and such that f(x)g(x) = f(x)h(x). Then
g(x) = h(x).

LemMa 4. The degree of £(x) + g(x) is at most the larger of the two degrees
of £(x) and g(x).

EXERCISES*

1. State the condition that the degree of f(x) + g(z) be less than the degree of
either f(z) or g(z).

2. What can one say about the degree of f(z) + g(z) if f(z) and g(z) have posi-
tive leading coefficients?

3. What can one say about the degree of f?, of f3, of f % for f = f(x) a polynomial,
k a positive integer?

4. State a result about the degree and leading coefficient of any polynomial
s(x) =fi+ ...+ fifort > 1, f; = fi(x) a polynomial in z with real coefficients.

5. Make a corresponding statement about g(z)s(z) where g(z) has odd degree
and real coefficients, s(z) as in Ex. 4.

6. State the relation between the term of least degree in f(z)g(x) and those of
least degree in f(z) and g(z).

7. State why it is true that if z is not a factor of f(z) or g(z) then z is not a fac-
tor of f(z)g(x).

8. Use Ex. 7 to prove that if k is a positive integer then z is a factor of [f(z)}* if
and only if z is a factor of f(z).

9. Let f and g be polynomials in z such that the following equations are satisfied
(identically). Show, then, that both f and g are zero. Hint: Verify first that other-

* The early exercises in our sets should normally be taken up orally. The author’s
choice of oral exercises will be indicated by the language employed.
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wise both f and g are not zero. Express each equation in the form a(z) = b(z) and
apply Ex. 3. In parts (c) and (d) complete the squares.

Q) fitat=0 o '+ 2+ @ - o)t =0

b) ff—a% =0 d) f*+ 2efg — 2g* = 0
~ 10. Use Ex. 8 to give another proof of (a), (b), and (d) of Ex. 9. Hint: Show that
if f and g are nonzero polynomial solutions of these equations of least possible de-

grees, then z divides f = zf, as well as g = xg,. But then f; and g, are also solutions
—a contradiction.

~ 11, Use Ex. 4 to show that if f, g, and % are polynomials in  with real coefficients
satisfying the following equations (identically), then they are all zero:

a) f* — xg* = zh?

b) f2—zg?+h =10

O g+ @+ h =0

~ 12. Find solutions of the equations of Ex. 11 for polynomials f, g,  with complex
coefficients and not all zero. .

2. The division algorithm. The result of the application of the process
ordinarily called long division to polynomials is a theorem which we shall
call the Division Algorithm for polynomials and shall state as

Theorem 1. Let f(x) and g(x) be polynomials of respective degrees n and m,
g(x) # 0. Then there exist unique polynomials q(x) and r(x) such that r(x)
has virtual degree m — 1, q(x) ts either zero or has degree n — m, and

&) f(x) = q(x)g(x) + r(x).

For let f(z) and g(x) be defined respectively by (1) and (2) with b, £ 0.
Then, either n < m and we have (3) with ¢(z) = 0, r(z) = f(z), ora, # 0,
n > m. If ¢x is the virtual leading coefficient of a polynomial h(zx) of virtual
degree m + k > m, a virtual degree of h(z) — bylcz*g(z) is m + k — 1.
Thus a virtual degree of f(x) — byla,z™™g(x) isn — 1, and a finite repetition
of this process yields a polynomial r(z) = f(z) — by (az™™ + . . .)g(z) of
virtual degree m — 1, and hence (3) for q(z) of degree n — m and leading
coefficient azbg? = 0. If also f(z) = g,(x)g(x) + ro(z) for ro(z) of virtual
degree m — 1, then a virtual degree of s(z) = ro(z) — r(z) is m — 1. But
Lemma 1 states that if {(x) = q(z) — qo(z) = 0 the degree of s(z) =
t(x)g(x) is the sum of m and the degree of ¢(x). This is impossible; and
t(x) = 0, g(z) = qo(x), r(x) = ro(x).

The Remainder Theorem of Algebra states that if we use the Division
Algorithm to write

f@) = q¢@)(z — ¢) +r(2),
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80 that g(z) = £ — c¢ has degree one and r = r(z) is necessarily a constant,
then r = f(c). The obvious proof of this result is the use of the remark in
the fifth paragraph of Section 1 to obtain f(¢) = q(c)(c — ¢) + 7, f(c) = r
ag desired. It is for this application that we made the remark.

The Division Algorithm and Remainder Theorem imaply the Factor Theorem
—a result obtained and used frequently in the study of polynomial equa-
tions. We shall leave the statements of that theorem, and the subsequent
definitions and theorems on the roots and corresponding factorizations of
polynomials* with real or complex coefficients, to the reader.

* If f(x) is a polynomial in z and ¢ is a constant such that f(c) = 0 then we shall
call ¢ a root not only of the equation f(z) = 0 but also of the polynomial f(z).

EXERCISES

1. Show by formal differentiation that if ¢ is a root of multiplicity m of f(z) =
(x — c)™g(x) then c is a root of multiplicity m — 1 of the derivative f'(z) of f(z).
What then is a necessary and sufficient condition that f(z) have multiple roots?

2. Let ¢ be a root of a polynomial f(z) of degree n and ordinary integral coeffi-
cients. Use the Division Algorithm to show that any polynomial h(c) with rational
coefficients may be expressed in the form bo + bic + ... + bp1c™? for rational
numbers by, . . ., bp—1. Hint: Write h(z) = ¢(x)f(z) + r(z) and replace z by c.

3. Let f(z) = 2% 4+ 322 + 4 in Ex. 2. Compute the corresponding b; for each of
the polynomials

a) c® + 10c* + 25¢? c) c® — 2t + c?
b) ¢t +4c3+6c2+4c+ 1 d) (2¢% + 3)(c® + 3¢)

3. Polynomial divisibility. Let f(z) and g(x) # 0 be polynomials. Then
by the statement that g(x) divides f(x) we mean that there exists a poly-
nomial ¢g(z) such that f(z) = ¢q(x)g(x). Thus, g(x) # 0 divides f(x) if and
only if the polynomial 7(z) of (3) is the zero polynomial, and we shall say
in this case that f(x) has g(x) as a factor, g(x) s a factor of f(x).

We shall call two nonzero polynomials f(z) and g(x) assoctated polynomials
if f(x) divides g(z) and g(z) divides f(z). Then f(z) = q(z)g(x), g(z) =
h(z)f(x), so that f(z) = q(z)h(z)f(x). Applying Lemmas 3 and 2, we have
qg(x)h(z) = 1, q(x) and h(z) are nonzero constants. Thus f(x) and g(x) are
associated if and only if each is a nonzero constant multiple of the other.

It is clear that every nonzero polynomial is associated with a monic poly-
nomial. Observe thus that the familiar process of dividing out the leading
coefficient in a conditional equation f(z) = 0 is that used to replace this
equation by the equation g(z) = 0 where g(z) is the monic polynomial
associated with f(z).
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Two assoctated monic polynomials are equal. We see from this that if
g(z) divides f(z) every polynomial associated with g(z) divides f(z) and
that one possible way to distinguish a member of the set of all associates
of g(z) is to assume the associate to be monic. We shall use this property
ater when we discuss the existence of a unique greatest common divisor
(abbreviated, g.c.d.) of polynomials in z.

In our discussion of the g.c.d. of polynomials we shall obtain a property
which may best be described in terms of the concept of rational function.
It will thus be desirable to arrange our exposition so as to precede the study
of greatest common divisors by a discussion of the elements of the theory of
polynomials and rational functions of several variables, and we shall do so.

EXERCISES
1. Let f = f(z) be a polynomial in = and define m(f) = z™f(1/z) for every posi-
tive integer m. Show that m(f) is a polynomial in z of virtual degree m if and only
if m is a virtual degree of f(z).

2. Show that m(0) = 0, m[m(f)] = f.
3. Definef = 0if f = 0, and f = n(f) if f is any nonzero polynomial of degree n.
Show that m(f) = 2™ "f for every m > n and that, if f > 0, z is not a factor of f.

4. Let g be a factor of f. Prove that g is a factor of m(f) for every m which is at
least the degree of f.

4. Polynomials in several variables. Some of our results on polynomials
in 2 may be extended easily to polynomials in several variables. We define
a polynomial f = f(z1, ..., z,) inxy, . . ., 2, to be any expression obtained
as the result of a finite number of integral operations on i, . .., z, and
constants. As in Section 1 we may express f(x, . . . , 2,) as the sum of a
finite number of terms of the form
4) azhrzh . .. zh,

We call a the coefficient of the term (4) and define the virtual degree in
Ty, ...,z 0f such a term to be k1 + . . . + k,, the virtual degree of a par-
ticular expression of f as a sum of terms of the form (4) to be the largest of
the virtual degrees of its terms (4). If two terms of f have the same set of
exponents kj, . . . , k,;, we may combine them by adding their coefficients
and thus write f as the unique sum, that is, the sum with unique coefficients,

(5) .I..:f(xl;---qu): z akl...qulfl...x:q.

k"-o.l....,ﬂi
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Here the coefficients as, . . . &, are constants and n; is the degree of f(z,,

., xg) considered as a polynomial in z; alone. Also f is the zero poly-
nomial if and only if all its coefficients are zero. If f is a nonzero poly-
nomial, then some ay, . . . x, # 0, and the degree of f is defined to be the
maximum sum k; + . .. + kg for ax, . . . x, # 0. As before we assign the
degree minus infinity to the zero polynomial and have the property that
nonzero constant polynomials have degree zero. Note now that a poly-
nomial may have several different terms of the same degree and that con-
sequently the usual definition of leading term and coeflicient do not apply.
However, some of the most important simple properties of polynomials in
z hold also for polynomials in several z;, and we shall proceed to their
derivation,

We observe that a polynomial f in z;, ..., z, may be regarded as a
polynomial (1) of degree n = n,in x = x, with its coeflicients a,, . . . , a, all
polynomials in 2y, . . . , o1 and a, not zero. If, similarly, g be given by
(2) with bg not zero, then a virtual degree in z, of fg is m 4 n, and a virtual
leading coefficient of fg is a¢be. If ¢ = 2, then a, and b, are nonzero poly-
nomials in z; and a¢bo # 0 by Lemma 2. Then we have proved that the
product fg of two nonzero polynomials f and g in z,, z, is not zero. If we

prove similarly that the product of two nonzero polynomialsin zy, . .., 44
is not zero, we apply the proof above to obtain a¢be > 0 and hence have
proved that the product fg of two nonzero polynomials in z, . . . , 2, is not
zero. We have thus completed the proof of

Theorem 2. The product of any two nonzero polynomials in Xy, . . . , Xq
18 not zero.

We have the immediate consequence

Theorem 3. Let f, g, h be polynomials in x,, . . ., Xq and f be nonzero,

fg = fh. Then g = h.

To continue our discussion we shall need to consider an important special
type of polynomial. Thus we shall call f(z,, . .., z,) a homogeneous poly-
nomial or & form in zy, . .., z, if all terms of (5) have the same degree
k =k + ...+ kg, Then, if fis given by (5) and we replace z; in (5) by
yx;, we see that each power product z%: . . . 2k is replaced by y* - - - +*exh
... z¥a and thus that the polynomial f(yzy, . . ., yz,) = y* (2, .. ., z,) identi-
cally in y, x5, . . ., z, if and only if f(z;, ..., z,) is a form of degree k
inz,..., =z,

The product of two forms f and g of respective degrees » and m in the
same 1z, . . ., 7, is clearly a form of degree m + n and, by Theorem 2, is
nonzero if and only if f and g are nonzero. We now use this result to obtain
the second of the properties we desire. It is a generalization of Lemma 1.
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Observe first that all the terms of the same degree in a nonzero poly-
nomial (5) may be grouped together into a form of this degree and then
we may express (5) uniquely as the sum

(6 F=f@, ...,z =fo+ ...+,

where fo is a nonzero form of the same degree n as the polynomial f and f; is
a form of degree n — 4. If also

(7) g=g@, ..., %) =g+ ...+ gn,
for forms g; of degree m — ¢ and such that go % 0, then clearly
(8) fg=h0+-°-+hm+n7

where the h; are forms of degree m + n — 7 and ho = fogo. By Theorem 2
ho = 0. Thus if we call f, the leading form of f, we clearly have

Theorem 4. Let f and g be polynomials in Xy, . . ., Xq. Then the degree
of fg is the sum of the degrees of f and g and the leading form of fg is the prod-
uct of the leading forms of f and g.

The result above is evidently fundamental for the study of polynomials
in several variables—a study which we shall discuss only briefly in these

pages.

6. Rational functions. The integral operations together with the opera-
tion of division by a nonzero quantity form a set of what are called the
rational operations. A rational function of zy, . . . , z, is now defined to be
any function obtained as the result of a finite number of rational operations
onz, ..., and constants. The postulates of elementary algebra were
seen by the reader in his earliest algebraic study to imply that every rational
function of z,, . . . , , may be Expressed as a quotient

(©) f= a(@y . . ., Zo)

—b(xl,...,xq)'

for polynomials a(zy, . . ., z,) and b(z,, . . ., z,) # 0. The coefficients of
a(zy, ...,z and b(xy, . . . , 1,) are then called coeffictents of f. Let us ob-
serve then that the set of all rational functions in z, . . . , z, with complex
coefficients has a property which we describe by saying that the set is
closed with respect to rational operations. By this we mean that every rational
function of the elements in this set is in the set. This may be seen to be
due to the definitions a/b + ¢/d = (ad + bc)/bd, (a/b) - (¢/d) = (ac)/(bd).
Here b and d are necessarily not zero, and we may use Theorem 2 to obtain
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bd # 0. Observe, then, that the set of rational functions satisfies the prop-
erties we agsumed in Section 1 for our constants, that is, fg = 0 if and only
if f = 0 or g = 0, while if f # 0 then f-! exists such that f.f-! = 1.

6. A greatest common divisor process. The existence of a g.c.d. of two
polynomials and the method of its computation are essential in the study
of what are called Sturm’s functions and so are well known to the reader
who has studied the Theory of Equations. We shall repeat this material here
because of its importance for algebraic theories.

We define the g.c.d. of polynomials fi(z), . . . , fi(z) not all zero to be any
monic polynomial d(x) which divides all the fi(x), and is such that if g(x) di-
vides every fi(x) then g(x) divides d(x). If do(x) is a second such polynomial,
then d(z) and dq(x) divide each other, d(z) and do(z) are associated monic
polynomials and are equal. Hence, according to our definition, the g.c.d.
of fi(z), . . ., fi(z) is a unique polynomial.

If g(z) divides all the f(z), then g(z) divides d(z), and hence the degree
of d(z) is at least that of g(x). Thus the g.c.d. d(z) is a common divisor
of the fi(z) of largest possible degree and is clearly the unique monic com-
mon divisor of this degree.

If di(z) is the g.c.d. of f1(z), . . . , fi(z) and do(x) is the g.c.d. of d;(x) and
fin(z), then do(z) is the g.c.d. of fi(z), ..., fiu(z). For every common
divisor h(z) of fi(x), . . ., fi1(z) divides fi(z), . . ., fi(z), and hence both
di(z) and fi1(x), h(x) divides do(x). Moreover, do(z) divides f;1(z) and
the divisor d;(z) of fi(z), . . ., fi(z), do(x) divides fi(z), . . ., fi1(z).

The result above evidently reduces the problems of the existence and
construction of a g.c.d. of any number of polynomials in z not all zero to
the case of two nonzero polynomials. We shall now study this latter prob-
lem and state the result we shall prove as

Theorem b. Let f(x) and g(x) be polynamials not both zero. Then there
exist polynomials a(x) and b(x) such that

(10) d(x) = a(x)f(x) + b(x)g(x)

18 @ monic common divisor of f(x) and g(x). Moreover, d(x) is then the unique
g.c.d. of £(x) and g(x). )
Forif f(z) = 0, then d(z) is associated with g(z), a(z) = 1and b(z) = b;?
is a solution of (10) if g(x) is given by (2). Hence, there isno loss of generality
if we assume that both f(z) and g(z) are nonzero and that the degree of

g(z) is not greater than the degree of f(z). For consistency of notation
we put

(11) ho(z) = f(z),  M(2) = g(z).
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By Theorem 1
(12) ho(2) = qu(@)ha(2) + ha(2) ,

where the degree of hs(x) is less than the degree of hi(z). If hy(zx) # 0, we
may apply Theorem 1 to obtain

(13) hi(z) = ga(2)ha(2) + hs(2) ,

where the degree of h3(z) is less than that of he(z). Thus our division process
yields a sequence of equations of the form

(14) hi2(z) = gir1(@)hia(2) + hi(2) ,

where if n; is the degree of h;(x) then n; > ny > . .., while n; > 0 unless
hi(x) = 0. We conclude that our sequence must terminate with

(15) hr-a(2) = gra(@)hra(2) + ho(x)

and

(16) he() #0, k() = ¢ (2)h(2)

forr > 1.

Equation (16) implies that (15) may be replaced by h,_s(z) =
[gr-1(x)q-(z) + 1}R.(x). Thus h,(z) divides both h,_(z) and k,_;(z). If we
assume that A.(z) divides h;(z) and h;_i(z), then (14) implies that h.(z)
divides h;_s(x). An evident proof by induction shows that A.(x) divides
both ho(z) = f(z) and h(z) = g(x).

Equation (12) implies that ky(z) = as(z)f(z) + ba(x)g(x) with ax(z) = 1,
be(z) = —aqi(z). Clearly also h(x) = ai(x)f(x) + bi(x)g(x) with ai(z) = 0,
bi(z) = 1. If, now, his(x) = a;is(@)f(z) + bia(z)g(x) and hia(z) =
a;1(2)f(x) 4+ bii(z)g(z) then (14) implies that hy(z) = [aia(z) —
¢ia1(@)aia(@)]f (@) + [bi-a(@) — gia(@)bina(@)]g(z) = ai(@)f(z) + bi(z)g(2).
Thus we obtain h.(z) = a.(z)f(z) + b.(x)g(z). The polynomial k.(z) is a
common divisor of f(x) and g(z) and is associated with a monic common
divisor d(z) = ch.(z). Then d(z) has the form (10) for a(z) = ca,(z), b(z) =
¢b,(x). We have already shown that d(z) is unique.

The process used above was first discovered by Euclid, who utilized it in
his geometric formulation of the analogous result on the g.c.d. of integers.
It is therefore usually called Euclid’s process. We observe that it not only
enables us to prove the existence of d(z) but gives us a finite process by
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means of which d(z) may be computed. Notice finally that d(z) is computed
by a repetition of the Division Algorithm on f(z), g(z) and polynomials se-
cured from f(z) and g(z) as remainders in the application of the Division
Algorithm. But this implies the result we state as

Theorem 6. The polynomials a(x), b(x), and hence the greatest common
divisor d(x) of Theorem 6 all have coefficients which are rational functions
with rattonal number coeffictents of the coefficients of £(x) and g(x).

We thus have the

CoOROLLARY. Let the coeflicients of {(x) and g(x) be rational numbers. Then
the coefficients of their g.c.d. are rational numbers.

If the only common divisors of f(z) and g(z) are constants, then d(z) = 1
and we shall call f(z) and g(z) relatively prime polynomials. We shall also
indicate this at times by saying that f(z) is prime to g(z) and hence also
that g(z) is prime to f(z). When f(z) and ¢(z) are relatively prime, we use
(10) to obtain polynomials a(z) and b(x) such that

(17) a(@)f(z) + g(2)b(z) = 1.

It is interesting to observe that the polynomials a(x) and b(z) in (17) are
not unique and that it is possible to define a certain unique pair and then
determine all others in terms of this pair. To do this we first prove the

LemMmA 5. Let {(x), g(x), and h(x) be nonzero polynomials such that f(x)
18 prime to g(x) and divides g(x)h(x). Then f(x) divides h(x).

For we may write g(z)h(z) = f(x)q(z) and use (17) to obtain [a(z)f(x) +
b(z)g(x)]h(z) = [a(x)h(z) + b(z)q(2)]f(x) = h(z) as desired.

We now obtain

Theorem 7. Let f(x) of degree n and g(x) of degree m be relatively prime.
Then there exist unique polynomials a,(x) of degree at most m — 1 and bo(x)
of degree at most n — 1 such that ay(x)f(x) 4+ be(x)g(x) = 1. Every pair of
polynomzals a(x) and b(x) satisfying (17) has the form

(18) a(x) = ao(x) + c(x)g(x),  b(x) = be(x) — e(X)f(x)

for a polynomial c(x).

For, if a(z) is any solution of (17), we apply Theorem 1 to obtain the
first equation of (18) with a¢(z) the remainder on division of a(z) by g(z).
Then ao(z) has degree at most m — 1, a(x)f(z) + b(z)g(z) = ac(x)f(x) +
[b(z) + c(x)f(x)lg(x) = 1. We define bo(z) = b(z) + c(z)f(x) and see that
bo (z)g(x) = —ao(z)f(z) + 1 has degree at most m + n — 1. By Lemma 1
the degree of bo(x) is at most n — 1, ao(2)f(z) + bo(z)g(z) = 1 as desired.
If now a)(z) has virtual degree m — 1, by(z) virtual degree n — 1 and
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a(2)f () + bi(z)g(z) = ao(z)f(x) + bo(z)g(z), then f(z) clearly divides
[bo(x) — bi(2)]lg(z). By Lemma 5 the polynomial bo(z) — bi(z) of virtual
degree n — 1 is divisible by f(z) of degree » and must be zero. Hence,
bo(z) = bi(x), 8o that a,(z)f(z) = ao(z)f(x), a1(x) = ao(z). This proves a(x)
and bo(z) unique. But the definition above of a(z) as the remainder on
division of a(x) by g(z) shows that then (18) holds.

There is also a result which is somewhat analogous to Theorem 7 for the
case where f(z) and g(z) are not relatively prime. We state it as

Theorem 8. Let f(x) # 0 and g(x) # 0 have respective degrees n and m.
Then polynomials a(x) = O of degree at most m — 1 and b(x) # 0 of degree
at most n — 1 such that

(19) ‘ a(®)f(x) + b(x)gx) = 0

exist if and only 1f £(x) and g(x) are not relatively prime.

For if the g.c.d. of f(x) and g(z) is a nonconstant polynomial d(z), we
have f(z) = fi(z)d(z), g(z) = g:(x)d(z), g:(2)f () + [—fi(2)g9(x)] = O where
g1(z) has degree less than m and fi(z) has degree less than n. Conversely,
let (19) hold. If f(z) and g(x) are relatively prime, we have ao(x)f(z) +
bo(x)g(x) = 1, a(z) = a@)a(@)f(z) + a(@)bo(z)g(z) = g(x)a(z)bo(z) —
ao(z)b(z)]. But then g(z) of degree m divides a(z) ¢ 0 of degree at most
m — 1 which is impossible.

EXERCISES
1. Extend Theorems 5, 6, and the corollary to a set of polynomials fi(z), . .. ,
Ji(z).
2. Let fi(x), . . ., fi(x) be all polynomials of the first degree. State their pos-
sible g.c.d.’s and the conditions on the f;(z) for each such possible g.c.d.

3. State the results corresponding to those above for polynomials of virtual
degree two.

4. Prove that the g.c.d. of f(z) and g(z) is the monic polynomial of least possible
degree of the form (10). Hint: Show that if d(z) is this polynomial then f(z) =
q(@)d(z) + r(x), r(z) has the form (10) as well as degree less than that of d(z) and
so must be zero.

5. A polynomial f(z) is called rationally irreducible if f(x) has rational coefficients
and is not the product of two nonconstant polynomials with rational coefficients.
What are the possible g.c.d.’s of a set of rationally irreducible f;(x) of Ex. 1?

6. Let f(z) = 0 be rationally irreducible, g(z) have rational coefficients. Show
that f(z) either divides g(z) or is prime to g(z). Thus, f(z) is prime to g(z) if the
degree of g(z) is less than that of f(z).
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7. Use Ex. 1 of Section 2 together with the results above to show that a rational-
ly irreducible polynomial has no multiple roots.

8. Find the g.c.d. of each of the following sets of polynomials as well as of all
possible pairs of polynomials in each case:

a) fi= 225 — 23 — 2 — 6z + 4 e) fi=2"+ 2z* — 28 — 5z — 62 — 3
fe=at42d—a?— 22— 2 fi=a*+2*+3x43

b) fi = 3z* + 82— 3 fi=xt423—2z-—1
fa=a*+222+ 346 ) i=23+ 22— 3c—6

) fi=x*— 22 — 22 — 2z — 3 hi=at+2z—2
fa=a84 622+ 112+ 6 fi=azt+2284+2+2

fi=a2—82—-5x+46
dfi=z+42+2—6

fi=a22—3z42

fi=2—323 422 — 4 — 4

9. Let f(z) be a rationally irreducible polynomial and ¢ be a complex root of
f(x) = 0. Show that, if g(z) is a polynomial in 2 with rational coefficients and g(c) =
0, there then exists a polynomial k(zr) of degree less than that of f(z) and with
rational coefficients such that g(c)h(c) = 1.

10. Let f(x) be a rationally irreducible quadratic polynomial and ¢ be a complex
root of f(x) = 0. Show that every rational function of ¢ with rational coefficients
is uniquely expressible in the form a + bc with a and b rational numbers.

11. Let fy, . . ., f: be polynomials in z of virtual degree n and f, # 0. Use Ex. 4
of Section 3 to show that if d(z) is the g.c.d. of fy, . . . , fr then the g.c.d. of fy, . . ., fi

is d. Thus, show that the g.c.d. of n(fy), ..., n(f.) has the form z*d for an integer
k> 0.

7. Forms. A polynomial of degree = is frequently spoken of as an n-ic
polynomial. The reader is already familiar with the terms linear, quadratic,
cubic, quartic, and quintic polynomial in the respective casesn = 1,2, 3,4, 5.

In a similar fashion a polynomial in z,, .. ., 2, is called a g-ary poly-
nomeal. As above, we specialize the terminology in the cases ¢ = 1, 2, 3,
4, 5 to be unary, binary, ternary, quaternary, and quinary.

The terminology just described is used much more frequently in connec-
tion with theorems on forms than in the study of arbitrary polynomials.
In particular, we shall find that our principal interest is in n-ary quadratic
forms.

There are certain special forms which are quadratic in a set of variables
Ty ..., Zm Y1y - .., Yn and which have special importance because they
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are linear in both z;,..., 2. and ¥, ..., ¥, separately. We shall call
such forms bilinear forms. They may be expressed as forms

J=1,...,n
(20) f= Z Zi0iiYi

t=1...,m

so that we may thus write

n

(21) J= Zaiyi) a; = zxiaiir

j=1 i=1

and see that f may be regarded as a linear form in y;, . . . , ¥, whose coeffi-
cients are linear forms in zy, . . . , Zm.

A bilinear form f is called symmetric if it is unaltered by the interchange
of correspondingly labeled members of its two sets of variables. This state-
ment clearly has meaning only if m = n; and f is symmetric if and only if
f = Zzia:y; = Zysaiz;. But f = Zy;a;:x;, and hence f is symmetric if and
only if m = n,

(22) aij = Qji Gj=1...,n).

A quadratic form f is evidently a sum of terms of the type a;z? as well as
the type ¢;;zz; for ©  j. We may write a;; = a;, a;; = aj; = Jc;;fori = j
and have ¢;jzz; = aijziz; + ajziz,, so that

(23) f= inaiixi
i5=1 _
(aii=aii; 1,] = 17---””)-

We compare this with (22) and conclude that a quadratic form may be re-
garded as the result of replacing the variables y,, . . ., ¥, in a symmetric
bilinear form in z;,..., 2z, and y1, ..., Y by 24, ..., Z,, respectively.
Later we shall obtain a theory of equivalence of quadratic forms and shall
use the result just derived to obtain a parallel theory of symmetric bilinear
forms.

A final type of form of considerable interest is the skew bilinear form.

Here again m = n, and we call a bilinear form f skew if f = f(zy, . . ., n;
Yy o ooy Yn) = —fW1, . . ., Yns 21, . . ., Z,). Thus skew bilinear forms are
forms of the type

n
(24) [= Exiai:’yi,

3,j=1
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where

(25) aji = —ai Gji=1,...,n).
It follows that a;; 4+ ai;; = 0, that is -

(26) . aii =0 G=1,...,n).

Hence f is a sum of terms a;;(ziy; — zy:) fori =, ¢=1,...,n—1,
J=2,...,n Itisalso evident that if we replace the y; by corresponding
z;, then the new quadratic form f(zy, . . . , Zs; 21, . . . , 2,) is the zero poly-
nomial. It is important for the reader to observe thus that while (22) may
be associated with both quadratic and symmetric bilinear forms we must
associate (25) only with skew bilinear forms.

ORAL EXERCISES

1. Use the language above to describe the following forms:
a) z8 + 3xy* + 2° d) 21 + 2z
b) =} + yt €) Ty — T
¢) 2zun + Ty + 21y
2. Express the following quadratic forms as sums of the kind given by (23):

a) 2z} + 3xix,
b) 2l — 23 + 2125 + 223 — 4xrs

8. Linear forms. A linear form is expressible as a sum

@7 f=axi+ ...+ az,.
We shall call (27) a linear combination of x, ..., z, with coefficients
ay . . ., 6, The concept of linear combination hasalready been used with-

out the name in several instances. Thus any polynomial in z is a linear
combination of a finite number of non-negative integral powers of x with
constant coefficients, a polynomial in z,, ..., z, is a linear combination
of a finite number of power products z% . . . zk« with constant coefficients,
the g.c.d. of f(z) and g(z) is a linear combination (10) of f(z) and g(z) with
polynomials in z as coefficients.

The form (27) with a; = a2 = ... = a, = 0 is the zero form. If ¢ is
a second form,
(28) g= b1x1 + e + b,,:v,.,

with constant coefficients by, . . . , ba, we see that
(29) fHg=(a+b)z+ ...+ (@ + ba)za.
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Also if ¢ is any constant, we have

(30) : of = (car)zs + ... + (can)z, .
We define —f to be the form such that f + (—f) = 0 and see that
"~ (31) —f==1-f=(—a)mi+ ...+ (—a)z,.
Then f)= gifandonlyif f—g=f+4+(—¢g) =0, thatisa; =b; ¢ =1,
.y ).

The properties just set down are only trivial consequences of the usual
properties of polynomials and, as such, may seem to be relatively unimpor-
tant. They may be formulated abstractly, however, as properties of se-
quences of constants (which may be thought of, if we so desire, as the coeffi-
cients of linear forms) and in this formulation in Chapter IV will be very
important for all algebraic theory. The reader is already familiar with these
properties which he has used in the computation of determinants by opera-
tions on its rows and columns.

Let, then, u be a sequence

(32) u=(ay...,a)

of n constants a; called the elements of the sequence . If a is any constant,
we define

(33) au = ua = (aay, . . ., GGy)

and call au the scalar product of u by a. We now consider a second sequence,
(34) v=(by...,bn),

and define the sum of » and » by

(35) u+v=(a+by,...,an+by).

Then the linear combination

(36) au + bv = (aa; + bby, . . ., aa, + bb,)

" has been uniquely defined for all constants a and b and all sequences
w and v,

The sequence all of whose elements are zero will be called the zero

sequence and designated by 0. It is clearly the unique sequence z with the
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property that u + z = u for every sequence u. Evidently if a is the zero
constant au = 0 for every u.

We define the negative —u of a sequence u to be the sequence v such
that u + v = 0. Evidently, then, —u is the unique sequence

37) —u=—1l-u=(—ay,..., —a,),

and we see that the unique solution of the equation v + z = v is the se-
quence v + (—u). We evidently call this sequence

(38) v—u=0b—a,...,bh—a,).

The reader should observe now that the definitions and properties derived
for linear combinations of sequences are precisely those which hold for the
sequences of coefficients of corresponding linear combinations of linear
forms and that the usual laws of algebra for addition and multiplication
hold for addition of sequences and multiplication of sequences by constants.

9. Equivalence of forms. If f = f(zy, ..., z,) is a form of degree n in

24, . . ., T, and we replace every z; in f by a corresponding linear form
(39) Ti=aayr + ... + auy, =1,...,9,
we obtain a form g = g(y1, . . ., yr) of the same degree n in yy, ..., ¥

Then we shall say that f is carried into g (or that g is obtained from f) by
the linear mapping (39). If ¢ = r and the determinant

an Qi ... Gy
(40).

Qg1 Qg2 ... Qgq

is not zero, we shall say that (39) is nonsingular. In this case it is easily
seen that we may solve (39) foryy, . . . , y,aslinear formsinz,, . . ., z,and
obtain a linear mapping which we may call the inverse of (39). This termi-
nology is justified by the fact that the equation f(z, ..., z,) = gy,
.., Yo is an identity, and thus if we replace y1, . . . , yoin gy, - - . , ¥g)
by the corresponding linear forms in zy, . . . , , we obtain the original form
f(a:l, ey :Uq). . . ) '
We now consider two forms f = f(z1, ..., z,) and g = g(z1, . . ., 2;) of
the same degree n. Then we shall say that f is equivalent to g if f is carried
into g(y1, . . ., ¥¢) by a nonsingular linear mapping. The statements above
imply that if f is equivalent to g then g is also equivalent to f. Thus, we
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shall usually say simply that f and g are equivalent. We shall not study the
equivalence of forms of arbitrary degree but only of the special kinds of
forms described in Section 7, and even of those forms only under restricted
types of linear mappings.

We have now obtained the background needed for a clear understanding
of matrix theory and shall proceed to its development.

EXERCISES arn

1. The linear mapping (39) of the form z; = y; for ¢ =1, ..., ¢ is called the
identical mapping. What is its effect on any form f?

2. Apply a nonsingular linear mapping to carry each of the following forms to an
expression of the type ay? + a3 Hint: Write f = ai(z1 + ¢z2)? + . . . by com-
pleting the square on the term in x} and put z; + ¢x2 = y1, 22 = 9.

a) 2x% — 4zxy + 37} d) 223 — 112,
b at 4 14z, + 923 e) 32t + 2ryx. — %
¢) 3zt + 18z, + 24x%

3. Find the inverses of the following linear mappings:

){2$1+ T2 = b){ Tt T=0
3T+ 202 = 1 =22 + T2 = Y2

4. Apply the linear mappings of Ex. 3 to the following forms f to obtain equiva-
lent forms g and their inverses to g to obtain f.

a) f = x% + x% b) f = 427% el 41?1133-'- 31%



CHAPTER II

RECTANGULAR MATRICES AND ELEMENTARY
TRANSFORMATIONS

1. The matrix of a system of linear equations. The concept of a rec-
tangular matriz may be thought of as arising first in connection with the
study of the solution of a system

anyy + auy: + ...+ anyn = ki,
(1) anys + QY2 + ... + A2nlYn = ko y

Am¥Y1 + Am2yz + . . .+ GunYn = knm
of m linear equations in n unknowns v, . . . , ¥, with constant coefficients
a;;. The array of coefficients arranged as they occur in (1) has the form

a;; Qe v e . Qip

a1 Q22 e .. Q2
(2) A= "

AQnl1 Qm2 ... Qnun

and is called the coefficient matriz of the system (1). We shall henceforth
speak of the coefficients a;; and k; in (1) as scalars and shall derive our theo-
rems with the understanding that they are constants (with respect to the
variables y1, . . . , ¥») according to the usual definitions and hence satisfy
the properties usually assumed in algebra for rational operations. In a later
chapter we shall make a completely explicit statement about the nature
of these quantities.

It is not only true that the concept of a matrix arises as above in the
study of systems of linear equations, but many matrix properties are ob-
tainable by observing the effect, on the matrix of a system, of certain natu-
ral manipulations on the equations themselves with which the reader is
very familiar. We shall devote this beginning chapter on matrices to that
study.

Let us now recall some terminology with which the reader is undoubtedly
familiar. The line

(3) Uu; = (au, e e ey a;,.)
19
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of coefficients in the 7th equation of (1) occurs in (2) as its ¢th horizontal
line. Thus, it is natural to call u; the ¢th row of the matrix A. Similarly,
the coefficients of the unknowns y; in (1) form a vertical line

ay;
(4) ul) =

which we call the jth column of A.

We may now speak of A as a matrix of m rows and n columns, as an
m-rowed and n-columned matrix or, briefly, as an m by n matrix. Then
the rows of A are 1 by n» matrices and its columns are m by 1 matrices. We
shall speak of the scalars a;; as the elements of A, and they may be regarded
as one by one matrices. The notation a;; which we adopt for the element
of A in its 7th row and jth column will be used consistently, and this usage
will be of some importance in the clarity of our exposition. To avoid bulky
displayed equations we shall usually not use the notation (2) for a matrix
but shall write instead

5) A=y @GC=1,...,m;j=1,...,n).

If m = n then A is a square matriz, and we shall speak of A simply as an
m-rowed square matrix. This, too, is a concept and terminology which we
shall use very frequently.

ORAL EXERCISES
1. Read off the elements ay, ai2, @z, a2 in the following matrices

1-2 0 3 10-2 3
3 4-1 0 ol 20 1 2
9l_y 2 3 1 ) -1 3 4 1
3 4 1 2 51 6 7
4 0 5 0
0 -1 —2 —3 32 4 5
9l 3 1 4 7 ‘”(-11 6—6)
6 0—1 8

2. Read off the second row and the third column in each of the matrices of Ex. 1.

3. Read off the systems of equations (1) with constants k; all zero and matrices
of coefficients as in Ex. 1.
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2. Submatrices. In solving the system (1) by the usual methods the
reader is led to study subsystems of s < m equations in certain ¢ < n of
the unknowns. The corresponding coefficient matrix has s rows and ¢ col-
umns, and its elements lie in certain s of the rows and ¢ of the columns of A.
We call such a matrix an s by ¢ submatriz B of A. If s <m and ¢ < n,
the elements in the remaining m — s rows and n — ¢ columns form an
m — 8 by n — t submatrix C of A and we shall call C the complementary
submatriz of B. Clearly, then, B is the complementary submatrix of C.

It will be desirable from time to time to regard a matrix as being made
up of certain of its submatrices. Thus we write

(6) A=(Ai'1') (’i=1,...,8;j=1,...,t),

where now the symbols A ;; themselves represent rectangular matrices. We
assume that for any fixed ¢ the matrices A1, Az, . . ., A all have the same
number of rows, and for fixed k£ the matrices Ayx, Aok, . . ., A,x have the
same number of columns. It is then clear how each row of A is a 1 by ¢
matrix whose elements are rows of 4,5, . . ., A;; in adjacent positions and
similarly for columns. We have thus accomplished what we shall call the
partitioning (6) of A by what amounts to drawing lines mentally parallel to
the rows and columns of A and between them and designating the arrays
of elements in the smallest rectangles so formed by A;;. Our principal use
of (6) will be the use of the case where we shall regard A as a two by two
matrix

g 4= 4)

whose elements A;, A;, A3, A4 are themselves rectangular matrices. Then
A, and A4, have the same number of rows, A3 and A4 have the same num-
ber of rows, and every row of A consists partially of a row of A; and of a
corresponding row of A, or of a row of A3 and a corresponding row of A,
Note our usage in (2), (5), (6), (7) of the symbol of equality for matrices.
We shall always mean that two matrices are equal if and only if they are
identical, that is, have the same size and equal corresponding elements.

EXERCISES

1. State how the columns of A of (7) are connected with the columns of 4,, 4.,
A;, and A,

2. Introduce a notation of an arbitrary six-rowed square matrix A and partition
A into a three-rowed square matrix whose elements are two-rowed square matrices.
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Also partition A into a two-rowed square matrix whose elements are three-rowed
square matrices. '

3. Write out all submatrices of the matrix

2-13 4 5
1 0 2-1-2
0 12 3 6
7 32 1 0

and, if they exist, the complementary submatrices.

4, Which of the submatrices in Ex. 3 occur in some partitioning of A as a matrix
of submatrices?

5. Partition the following matrices so that they become three-rowed square mat-
rices whose elements are two-rowed square matrices and state the results in the
notation (6).

2-1 3 4 1 2 1-1 0 0 1 0
0 1 1-1 21 1100 0 1
1-2 1 0 00 —2 0 2 0 3 1

9lo 0o 1 1-1 3 D1 0o 2 0 2-1 2
0 0 4 2 10 0 0-1 1-4 0
0 0-1 3 01 0 0—1-1 0 —4

6. Partition the matrices of Ex. 5 into two-rowed square matrices whose elements
are three-rowed square matrices.

7. Partition the matrices of Ex. 5 into the form (7) such that A, is a two by three
matrix; a one by six matrix; a two by two matrix. Read off A,, 4;, and A, and
state their sizes.

3. Transposition. The theory of determinants arose in connection with
the solution of the system (1). The reader will recall that many of the prop-
erties of determinants were only proved as properties of the rows of a de-
terminant, and then the corresponding column properties were merely
stated as results obtained by the process of interchanging rows and columns.
We call the induced process transposition and define it as follows for mat-
rices. Let A be an m by n matrix, a notation for which is given by (5),
and define the matrix

(8) A = (i) (i=apj=1...,n1=1...,m),

which we shall call the transpose of A. It is an n by m matrix obtained from
A by interchanging its rows and columns. Thus, the element a;; in the 7th
row and jth column of A occurs in A’ as the element in its jth row and 7th
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column. Note then that in accordance with our conventions (8) could have
been written as

©) A= (@) G=1...,mi=1...,m).
We also observe the evident theorem which we state simply as
(10) Aany =4.

The operation of transposition may be regarded as the result of a certain
rigid motion of the matrix which we shall now desecribe. If A is our m by n
matrix and m < n we put ¢ = m and write

(11) A= (Ah AZ) )

where A, is a g-rowed square matrix. On the other hand, if n < m, we put
¢ = n and have

=)

where the matrix A, is again a g-rowed square matrix. The line of elements
Gy, Qa2 . - . , Gg Of A and hence of A, is called the principal diagonal of A
or, simply, the diagonal of A. It is a diagonal of the square matrix 4, and
is its principal diagonal. We shall call the a;; the diagonal elements of A.
Notice now that A’ is obtained from A by using the diagonal of A as an
axis for a rigid rotation of A so that each row of A becomes a column of 4’.
We should also observe that if A has been partitioned so that it has the
form (6) then A’ is the ¢ by s matrix of matrices given by

(13) A'=(Gii) (G,'.'=A£i;j=1,...,t;i=1,...,8).

We have now given some simple concepts in the theory of matrices and
shall pass on to a study of certain fundamental operations.

EXERCISES
1. Let A have the form (7). Give the corresponding notation for A’. Give also
A’ if A is any matrix of Ex. 1 of Section 1.
2. In Ex. 1 assume that A = A’. What then is the form (7) of A? Obtain the
analogous result if A = —A’, where — A is the matrix whose elements are the nega-
tives of those of A.

3. Let A be a three-rowed square matrix. Find the form (2) of Aif A = A’ and
alsoif 4 = — A/,
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4. Prove that the determinant of every three-rowed square matrix A with the
property that A’ = — A4 is zero.

5. Solve the system (1) with matrix

1-2 1
4=(-1 3 -2
2 -4 3
3
for g, Uz, s in terms of ki, ks, k. Write the results as y; = > bk; and thus com-
i=1
pute the matrix B = (b;;). Do this also for the system (1) with matrix A’ and com-
pare the results.

4. Elementary transformations. The system (1) may be solved by the
method of elimination, and the reader is familiar with the operations on
equations which are permitted in this method and which yield systems
said to be equivalent to (1). The resulting operations on the rows of the
matrix A of the system and corresponding operations on the columns of A
are called elementary transformations on A and will turn out to be very useful
tools in the theory of matrices.

The first of our transformations is the result on the rows of A of the inter-
change of two equations of the defining system. We define this and the
corresponding column transformation in the

DeriNiTION 1. Let i 5 r and B be the matriz obtained from A by inter-
changing its ith and rth rows (columns). Then B is said to be obtained from A
by an elementary row (column) transformation of type 1.

The rows (columns) of an m by n matrix are sequences of n (of m) ele-
ments, and the operations of addition and scalar multiplication (i.e., mul-
tiplication by a scalar) of such sequences were defined in Section 1.8.* The
left members of (1) are linear forms. The addition of a scalar multiple of
one equation of (1) to another results in the addition of a corresponding
multiple of a corresponding linear form to another and hence to a corre-
sponding result on the rows of A. Thus we make the following

DEFINITION 2. Let i and r be distinct integers, ¢ be a scalar, and B be wne
matriz obtained by the addition to the ith row (column) of A of the mulliple
by ¢ of its rth row (column). Then B is said to be obtained from A by an ele-
mentary row (column) transformation of type 2.

Our final type of transformation is induced by the multiplication of an

* We shall use a corresponding notation henceforth when we make references any-
where in our text to results in previous chapters. Thus, for example, by Section 4.7,
Theorem 4.8, Lemma 4.9, equation (4.10) we shall mean Section 7, Theorem 8, Lemma 9,
equation (10) in Chapter IV. However, if the prefix is omitted, as, for example, Theorem 8,
we shall mean that theorem of the chapter in which the reference is made.
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equation of the system (1) by a nonzero scalar a. The restriction a # 0
is made so that A will be obtainable from B by the like transformation
for a1, Later we shall discuss matrices whose elements are polynomials
in r and use elementary transformations with polynomial scalars a. We
shall then evidently require a to be a polynomial with a polynomial inverse
and hence to be a constant not zero. In view of this fact we shall phrase
the definition in our present environment so as to be usable in this other
situation and hence state it as

DEFrINITION 3. Let the scalar a possess an inverse 8~ and the matriz B be
obtained as the result of the multiplication of the ith row (column) of A by a.
Then B s said to be obtained from A by an elementary row (column*) trans-
formation of type 3.

The fundamental theorems in the theory of matrices are connected with
the study of the matrices obtained from a given matrix A by the applica-
tion of a finite sequence of elementary transformations, restricted by the
particular results desired, to A. Thus, it is of basic importance to study
first what occurs if we make no restriction whatever on the elementary
transformations allowed. For convenience in our discussion we first make
the

DEFINITION. Let A and B be m by n matrices and let B be obtainable from A
by the successive application of finitely many arbitrary elementary transforma-
tions. Then we shall say that A is rationally equivalent to B and indicate this
by writing A £ B.

We now observe some simple consequences of our definition. First, we
see that, if A is rationally equivalent to B and B is rationally equivalent
to C, the combination of the elementary transformations which carry A to B
with those which carry B to C will carry A to C. Then A is rationally
equivalent to C. Observe next that every m by n matrix A is rationally
equivalent to itself. For the elementary transformations of type 2 with
¢ = 0 and of type 3 with a = 1 are identical transformations leaving all
matrices unaltered.

Finally, we see that if an elementary transformation carries A to B there
is an inverse transformation of the same type carrying B to A. In fact, the
inverse of any transformation of type 2 defined for ¢ is that defined for —¢,
of type 3 defined by a is that defined for a1, of type 1 is itself. But then A
is rationally equivalent to B if and only if B is rationally equivalent to A.

* The reader should verify the fact that, if we apply any elementary row transforma-
tion to A and then any column transformation to the result, the matrix obtained is the
same as that which we obtain by applying first the column transformation and then the
row transformation.
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Thus we may and shall replace the terminology A s rationally equivalent
to B in the definition above by A and B are rationally equivalent.

We have now shown that in order to prove that A and B are rationally
equivalent it suffices to prove A and B both rationally equivalent to the
same matrix C. As a tool in such proofs we then prove the following

LEmMA 1. Letr < m, s < n, and A and B be m by n matrices of the form

(A0 (B 0
A—(O Az)’ B_(O Bz)'

for r by s rationally equivalent mairices A; and B;and m — r by n — s ra-
tionally equivalent matrices A, and By. Then A and B are rationally equivalent.

Foritis clear that any elementary transformation on the first r rows and s
columns of A induces a corresponding transformation on 4, and leaves A;
and the zero matrices bordering it above unaltered. Clearly the sequence
of such transformations induced by the transformations carrying A, to B,
will replace A by the matrix

B, 0
4o = (O Az) )
We similarly follow this sequence of elementary transformations by ele-
mentary transformations on the last m — r rows and » — s columns of A,
which carry 4. to B; and obtain B.
1t is important also to observe that we may arbitrarily permute the rows
of A by a sequence of elementary row transformations of type 2, and simi-
larly we may permute its columns. For any permutation results from some
properly chosen sequence of interchanges.
Before continuing further with the study of rational equivalence we shall
introduce the familiar properties of determinants in the language of matrix
theory and shall also define some important special types of matrices. We

shall then discuss another result used for the types of proofs mentioned
above.

6. Determinants. Let B be the square matrix
(14) B = (by;) Gi=1...,0.
The corresponding symbol
bu ... bu
(15) D= ba ... bu

btl oo b“
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is called a t-rowed determinant or determinant of order t. It is defined as the
sum of the ¢/ terms of the form

(16) (—l)ibu,bz.‘, e bu, ’
where the sequence of subscripts 7, . . ., 7. ranges over all permutations
of 1,2, ..., tand the permutation ¢y, . . . , 7, may be carriedinto 1,2, . . .,

t by ¢ interchanges. That the sign (—1)?is unique is proved in L. E. Dick-
son’s First Course in the Theory of Equations, and we shall assume this re-
sult as well as all the consequent properties of determinants derived there.

The determinant D will be spoken of here as the determinant of the matrix
B and we shall indicate this by writing

17) D = |B|

(read D equals determinant B). Nonsquare matrices A do not have de-
terminants, but their square submatrices have determinants called the
manors of A. If A is a square matrix of n > ¢ rows, the complementary sub-
matrix of any t-rowed square submatrix B is an (n — t)-rowed square ma-
trix whose determinant and that of B are minors of A called complementary
minors. In particular, every element a;; of a matrix A defines a one-rowed
square submatrix of A whose determinant is the element itself. Thus we
have seen that the elements of a matriz may be regarded either as its one-rowed
square submatrices or as its one-rowed minors. We now pass to a statement
of some of the most important results on determinants.

The result on the interchange of rows and columns of determinants men-
tioned in Section 3 may now be stated as

LeMMA 2. Let A be a square matriz. Then

(18) |A’] = |A].

The next three properties of determinants are those frequently used in
the computation of determinants, and we shall state them now in the lan-
guage we have just introduced.

LemMa 3. Let B be the mairiz obtained from a square matriz A by an ele-
mentary transformation of type 1. Then |B| = — |A|.

Lemma 4. Let B be the matrixz obtained from a square matrix A by an ele-
mentary transformation of type 2. Then |B| = |A|.

LemMa 5. Let B be the matriz obtained from a square matriz A by an ele-
mentary transformation of type 3 defined for a scalar a. Then |B| = a - |A].

The reader will recall that Lemma 3 may be used in a simple fashion
to obtain
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LeMma 6. If a square matrix has two equal rows or columns, its determi-
nant 18 zero.

Another result of this type is

Lemma 7. If a square mairiz has a zero row or column, its determinant is
zero.

Finally, we have

Lemma 8. Let A, B, C be n-rowed square matrices such that the ith row
(column) of C s the sum of the ith row (column) of A and that of B while all
other rows (columns) of B and C are the same as the corresponding rows (col-
umns) of A. Then

(19) ICl = |A] + [B].

There are, of course, many other properties of determinants, and of these
we shall use only very few. Those we shall use are, of course, also well
known to the reader. Of particular importance is that result which might
be used to define determinants by an induction on order and which does
yield the actual process ordinarily used in the expansion of a determinant.
We let A be an n-rowed square matrix A = (a;;) and define d;; to be the
complementary minor of a;;. Then the result we refer to states that if we
define Cis = (—1) H”'d.‘,’ then

(20) [A] = Zaikai = ZCjkaki @ j=1...,n).
k=1 k=1

Thus, the determinant of A is obtainable as the sum of the products of the
elements a;; in any row (column) of A by their cofactors c;;, that is, the
properly signed and labeled minors (—1)#id;;.

The result (20) is of fundamental importance in our theory of matrices
and will be applied presently together with the following parallel result.
Let B be the matrix obtained from a square matrix A by replacing the ¢th
row of A by its gth row. Then B has two equal rows and by Lemma 6
|B| = 0. We expand B as above according to the elements of its ith row
and obtain as its vanishing determinant the sum of the products of all ele-
ments in the gth row of A by the cofactors of the elements in the ith row
of A. Combining this result with the corresponding property about col-
umns we have

(21) Za,-kckq = zc.kaﬁ =.0 -
k=1 k=1

G#*qs#j;h5qs=1...,n).
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The equations (20) and (21) exhibit certain relations between the arbitrary
square matrix A and the matrix we define as

(22) ad] A= (C.‘j) (’L,] = 1, e ey n) .

These relations will have important later consequences. We call the matrix
(22) the adjoint of A and see that if A = (a.;) is an n-rowed square matrix
its adjoint is the n-rowed square matrix with the cofactor of the element
which appears in the jth row and ith column of A as the element in its
own ¢th row and jth column. Clearly, if A = 0 then adj A = 0.

EXERCISES
1. Compute the adjoint of each of the matrices

o) (LY a2 a1 %)

2. Expand the determinants below and verify the following instances of Lem-
ma 8:

3 2 -1 3 -3 -1 3 -1 -1
a) |1 2 0f + 1-1 0f=1|1 1 O
0-1 3 0 0 3 0-1 3
1 -1 4 -1 1 -3 0 0 1
b) {1 -1 1]+ 1-1 1f{=1|1-1 1
2 3 4 2 3 4 2 3 4

6. Special matrices. There are certain square matrices which have spe-
cial forms but which occur so frequently in the theory of matrices that they
have been given special names. The most general of these is the triangular
matrix, that is, a square matrix having the property that either all its ele-
ments to the right or all to the left of its diagonal are zero. Thus a square
matrix A = (a;;) is triangular if it is true that either a;; = 0 forallj > 7 or
that a;; = 0 for all j < 7. It is clear that A is triangular if and only if A’ is
triangular; and, moreover, we have

Theorem 1. The determinant of a triangular matriz is the product anase
. . . agp Of its diagonal elements.

The result above is clearly true if n = 1 so that 4 = (au), |A| = au.
We assume it true for square matrices of order » — 1 and complete our
induction by expanding |A| according to the elements of its first row or
first column in the respective cases above. .

A matrix A = (a,;) is called a diagonal matrix if it is a square matrix,
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and a;; = 0 for all ¢ > j. Clearly, a diagonal matrix A is triangular so
that its determinant is the product of its diagonal elements.

If all the diagonal elements of a diagonal matrix are equal, we call the
matrix a scalar matrix and have |A| = a};. The scalar matrix for which
ay = 11is called the n-rowed tdentity matriz and will usually be designated
by I. If there be some question as to the order of I or if we are discussing
several identity matrices of different orders, we shall indicate the order by
a subscript and thus shall write either I, or I as is convenient for the n-
rowed identity matrix.

Any scalar matrix may be indicated by

(23) al ,

where @ = ay, is the common value of the diagonal elements of the matrix.
We shall discuss the implications of this notation later.

It is natural to call any m by n matrix all of whose elements are zeros
a zero matriz. In any discussion of matrices we shall use the notation 0 to
represent not only the number zero but any zero matrix. The reader will
find that this usage will cause neither difficulty nor confusion.

We shall frequently feel it desirable to consider square matrices of either
of the forms

_ A1 O _ Al A2
(24) A-(As A4)’ Ao—(o A4>,

where A, is a square matrix. Then (24) implies that A4 ,is necessarily square,
and the reader should verify the fact that the Laplace expansion of de-
terminants implies that

[A] = |4o| = [Ai] - |44].

The property above and that of Theorem 1 are special instances of a
more general situation. We let A be a square matrix and partition it as in
(6) with s = ¢t and the submatrices A; all square matrices. Then the La-
place expansion clearly implies that if all the A ; are zero matrices for either
all t>joralli<j then |[A| = |Aul| ... |Awu|. Evidently Theorem 1
is the case where the A;; are one-rowed square matrices and the result con-
sidered in (24) the case where ¢ = 2,

In connection with the discussion just completed we shall define a nota-
tion which is quite useful. Let A be a square matrix partitioned as in (6)
and suppose that s = ¢, the A;; are all square matrices, and every A;; = 0
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for 7+ ¢ j. Then A is composed of zero matrices and matrices A; = 4
which are what we may call its diagonal blocks, and we shall indicate this
by writing

(25) A = diag {4y, ..., A} .

As above, the determinant of A is the product of the determinants of its
submatrices 4y, ..., A..

In closing we note the following result which we referred to at the close
of Section 4.

LemMA 9. Every nonzero m by n matriz A is rationally equivalent to a
matrix

(26) (o o)

where 1 1s an identity matrizx.

For by elementary transformations of type 1 we may carry any element
@y, # 0o0f A into the element by, of 2 matrix B which is rationally equivalent
to A. By an elementary transformation of type 3 defined for a = b3 we
replace B by a rationally equivalent matrix C with ¢;; = 1. We then apply
elementary row transformations of type 2 with ¢ = —¢. to replace C by
the rationally equivalent matrix D = (d;;) such that du = 1, d.. = 0 for
r > 1, and then use elementary column transformations of type 2 with
¢ = —dy, to replace D by the matrix

@7) A, = ({)‘ gl).

Now A,is an m — 1 by n — 1 matrix, and I, is the identity matrix of one
row. Clearly, A and A, are rationally equivalent. Moreover, either A; = 0
and we have (26) for I = I, or our proof shows that A, is rationally equiv-
alent to a matrix

(28) Bi= (g %)

But then, by Lemma 1, A is rationally equivalent to a matrix

» I, 0 O
(29) <o I 0)=(é’ g).
0 0 A, :
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After finitely many such steps we obtain (26).
We shall show later that the number of rows in the matrix I of (26) is
uniquely determined by A.

EXERCISES
1. Carry the following matrices into' rationally equivalent matrices of the
form (26)
3 5 10 4 112
a) 01 21 b) (2 3 5
-1-1-20 1 2 3
101 2 -1 1 1 1
2 0 2 3 3 -3 -3 -3
910 00 0 Dl-2 2 2 2
1011 0 0 1 o0

2. Apply elementary row transformations only and carry each of the following
matrices into a matrix of the form (26)

911 -3) | 5] 24| (2400
3 2 —4 00 o1 4500

3. Apply elementary column transformations only and carry each of the follow-
ing matrices into a matrix of the form (26).

0-2 1 0
32 -1 1 5 -5 0
o2 3 - D1 o s o
5 4 - 1 0 -1 -1

10 3-1 010 2
c)<—124 5) d)(0513>

4. Show that if the determinant of a square matrix A is not zero then A can be
carried into the identity matrix by elementary row* transformations alone. Hint:
The property |A| # 0 is preserved by elementary transformations. Some element
in the first column of A must not be zero, and by row transformations we may
carry A into a matrix with ones on the diagonal and zeros below and then into I.

7. Rational equivalence of rectangular matrices. The largest order of any
nonvanishing minor of a rectangular matrix A is called the rank of A. The
result of (20) states that every (¢ 4+ 1)-rowed minor of A4 is a sum of nu-

* Not every matrix may be carried into the form (26) by row transformations only,
e.g., take A = (1 1).
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merical multiples of its t-rowed minors, and if the latter are all zero so are
the former., We thus clearly have

LemMma 10. Let all (r + 1)-rowed minors of A vanish. Then the rank of A
18 at most r.

We may also state this result as

LemMA 11. Let A have a nonzero r-rowed minor and let all (r + 1)-rowed
minors of A vanish. Then r s the rank of A.

Note that we are assigning zero as the rank of the zero matrix and that
the rank of any nonzero matrix is at least 1.

The problem of computing the rank of a matrix A would seem from our
definition and lemmas to involve as a minimum requirement the computa-
tion of at least one r-rowed minor of A and all (r 4+ 1)-rowed minors. The
number of determinants to be computed would then normally be rather
large, and the computations themselves generally quite complicated. How-
ever, the problem may be tremendously simplified by the application of
elementary transformations. We are thus led to study the effect of such
transformations on the rank of a matrix.

Let then A, result from the application of an elementary row transforma-
tion of either type 1 or type 3 to A. By Lemmas 3 and 5 every t-rowed
minor of A, is the product by a nonzero scalar of a uniquely corresponding
t-rowed minor of A, and it follows that A and A, have the same rank. If
Ao results when we add to the 7th row of A the product by ¢ # 0 of its gth
row and B is a {-rowed square submatrix of A, the correspondingly placed
submatrix By of A, is equal to B if no row of B is a part of the ith row of A.
If, however, a row of B is in the 7th row of 4 and a row of B is in the gth
row of B, then by Lemma 2.4 we have |By| = |B|. If, finally, a row of B
is in the 7th row of A but no row is in the gth row of A, then by Lemma 8
|Bo| = |B| + ¢|C], where C is a t-rowed square matrix all but one of
whose rows coincide with those of B, and this remaining row is obtained by
replacing the elements of B in the ith row of A by the correspondingly
columned elements in its gth row. But then it is easy to see that + |C] is
a minor of A as well as of Ay. If A has rank r we put ¢ = r 4 1 and see
that |[B| = [C| = 0, |By| = 0 for every (r + 1)-rowed minor | B,| of A,.
Also there exists an r-rowed minor |B| # 0 in 4, and our proof shows the
existence of a corresponding minor |By| = |B| or |Bo| = |B| 4+ ¢|C| in
A,. But then |Bo| = 0 implies that |C| = —c!|B| # 0, and A, has a
nonzero r-rowed minor + |C|, 4 and A4, have the same rank.

We observe, finally, that if an elementary row transformation be ap-
plied to the transpose A’ of A to obtain A, and the corresponding column
transformation be applied to A to obtain Ao, then A = A;. By the above
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proof A’ and A, have the same rank, by Lemma 2 A and A’ have the same
minors and hence the same rank, so that A; and A} = A4, have the same
rank. Hence, A and A, have the same rank. Thus, any two rationally
equivalent matrices have the same rank.

Conversely, let the rank r of two m by n matrices A and B be the same
and use Lemma 9 to carry A into a rationally equivalent matrix (26). It
is clear that the rank of the matrix in (26) is the number of rows in the ma-
trix I. By the above proof A and this matrix have the same rank, I = I,,
4 is rationally equivalent to

(30) (é g) .

Similarly, B is rationally equivalent to (30) and to A. We have thus proved
what we regard as the principal result of this chapter.

Theorem 2. Two m by n matrices are rationally equivalent ¢f and only if
they have the same rank.

We have also the consequent

CoRroOLLARY. Every m by n matriz of rank r is rationally equivalent to an
m by n matriz (30).

A matrix is called nonstngular if it is a square matrix and its determinant
is not zero. But then Theorem 2 implies, as in Ex. 4 of Section 6,

Theorem 3. Every n-rowed nonsingular matriz vs rationally equivalent to
the n-rowed tdentity matriz.

In closing let us observe a result of the application to a matrix of either
row transformations only or column transformations only. We shall prove

" Theorem 4. Every m by n matrix of rank r > 0 may be carried into a

matriz of the forms

(31) (o) @ o,

respectively, by a sequence of elementary row or column transformations only,
where G 18 an r-rowed matriz, H is an r-columned maitriz, and both G and H
have rank r.

For A is equivalent to (30) by a sequence of elementary row and column
transformations. Clearly, we may obtain (30) by first applying all the row
transformations and then all the column transformations. If we then apply
the inverses of the column transformations in reverse order to (30), we ob-
tain the result of the application of the row transformations alone to A.
But column transformations applied to (30) clearly carry this matrix into
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a matrix of the form given by the first matrix of (31). Moreover, it is evi-
dent that the rank of this matrix is that of G, G has rank ». The result for
column transformations is obtained similarly.

EXERCISES

1. Compute the rank r of the following matrices by using elementary transforma-
tions to carry each into a matrix with all but r rows (or columns) of zeros and an

obvious r-rowed nonzero minor.
1 1 3 2 —1 4
a) |1 5 2 b) (1 3 — 2)
1 5 -1 1 —-11 14
6 4 3 -4

1 —3 4
c) |4 —12 16 d) 123 8
3 9 12 1 -2 1 -12
- 4 4 -1 —-24

2. Carry the first of each of the following pairs of matrices into the second by
elementary transformations. Hint: If necessary carry A and B into the form (30)
and then apply the inverses of those transformations which carry B into (30) to
carry (30) into B.

2 -1 3 10 2
a)A'_'(l -1 0)’ B=(0 0 1)
1 -2 1 2 0 -1
b) A=(1 —2 2>, B=(6 0 3)
2 —4 1 10 1
1 -2 1 11 0
9)Ad=(2 -4 2), B=(11 0
3 —6 3 00 o0



CHAPTER III
EQUIVALENCE OF MATRICES AND OF FORMS

1. Multiplication of matrices. If z1, ..., 2, and 41, . . . , ¥, are variables
related by a system of linear equations

(€)) ;= Za.-,y,- C=1,...,m),
i=1

this system was said in Section 1.9 to define a linear mapping carrying the
z; to the y;. We call the m by n matrix A = (a;;) the matriz of the map-
ping (1).

Suppose now that zy, . .., 2z, are variables related to y1, ..., y. by a
second linear mapping

Q
@ ¥i = > bz G=1...,m),
. k=1

with n by ¢ matrix B = (b;x), carrying the y; to the z;. Then, if we sub-
stitute (2) in (1) we obtain a third linear mapping

g
3 Ti = Zcika =1,...,m),
k=1

with m by ¢ matrix C = (c:), and it is easily verified by substitution that

(4) Cik = Zaiibﬂ:
i=1 .

G=1,...,m;k=1,...,9 .

The linear mapping (3) is usually called the product of the mappings (1)
and (2), and we shall also write C = AB and call the matrix C the product
of the matrix A by the matrix B.
We have now defined the product AB of an m by » matrix A and an
n by g matrix B to be a certain m by ¢ matrix C. Moreover, we have de-
fined*C so that the element c¢;; in its 1th row and kth column is obtained
36
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as the sum c;; = aubix -+ Gighar 4+ . . . + Ginbax of the products of the
elements a;; in the ith row

(5) (aih Ai2y o ¢ oy ain)
of A, by the corresponding elements b;; in the kth column

bix
bex

(6) w

bnk
of B. Thus we have stated what we shall speak of as the row by column rule
for multiplying matrices.

Observe that if either A or B is a zero matrix the product AB is also.
Moreover, if A is an m by n matrix, then we have

@ I.A = Al =4,

where I, represents the r-rowed identity matrix defined for every r as in
Section 2.6. Observe also that I, is the matrix of the linear transforma-
tion x; = y; for 1 = 1, ..., m, and thus in this case the product of (1)
by (2) is immediately (2); hence (7) is trivially true.

We have not defined and shall not define the product A B of twe matrices
in which the number of columns in A is not the same as the number of rows
in B. Then, evidently, the fact that AB is defined need not imply that BA
is defined. But when both are defined, they are generally not equal and
may not even be matrices of the same size. This latter fact is clearly so if,
for example, A is m by n, B is n by m, and m < n.

If A and B are n-rowed square matrices, we shall say that A and B are
commutative if AB = BA. Note the examples of noncommutative square
matrices in the exercises below.

Finally, let us observe the following

Theorem 1. The transpose of a product of two matrices is the product of
their transposes in reverse order.

In symbols we state this result as

8) (ABY = B'A’.

Here A is an m by n matrix, B is an n by ¢ matrix, (AB)’ is a ¢ by m ma-
trix, which we state is the product of the ¢ by » matrix B’ and the n by m
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matrix A’. We leave the direct application of the row by column rule to
prove this result as an exercise for the reader.

EXERCISES

1. Compute (3) and hence the product C = AB for the following linear changes
of variables (mappings) and afterward compute C by the row by column rule.

) {z;:iz;t Lo (pn_prats
o= 9+ 2s %2 21+ 22 — 323
2= 20+ 3y2 — Us y1 = —132 + 262, + 1323

b) {Z2= i+ Yo+ 4ys Y2 = 921 — 1820 — 9z
T3= Y2 — Y3 Ys = 21— 22— 23

2. Compute the following matrix products AB. Compute also BA in the cases
where the latter product is defined.

43 2\ /-1 -2 —3 s 1 o/ 182
ofs2 1) 1 3 o b)<412)——101
2 1-1/\-1-2 4 3 2 0

—flz _g 3-21 3 !
91 3 -1 <1 140) d) <§>(2 13 4
0 —2
6
e)g(-—1232)
1

3. Let the symbol E;; represent the three-rowed square matrix with unity in the
1th row and jth column and zeros elsewhere. Verify by explicit computation that
EEjr = E; and that if j 5 g then Es;E g, = 0.

2. The associative law. It is important to know that matrix multiplica-
tion has the property

9) (AB)C = A(BC)

for every m by n matrix A, n by ¢ matrix B, ¢ by s matrix C. This result
is known as the associative law for matrix multiplication and it may be
shown as a consequence that no matter how we group the factors in forming
a product A; . . . A, the result is the same. In particular, the powers A ¢ of
any square matrix are unique. We shall assume these two consequences of
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(9) without further proof and refer the reader to treatises on the founda-
tions of mathematics for general discussions of such questions.

To prove (9) we write A = (ai;), B = (bjr), C = (cx:), where in all
cagest1=1,...,mj=1,...,m;k=1,...,¢1l=1,...,s Thenit
is clear that the element in the ith row and Ith column of G = (AB)C is

(10) g = Z(Z“" ;k)ckls

i=1

while that in the same position in H = A(BC) is

(11) ha = Z“‘f(Zb ka1>

ji=1

Each of these expressions is a sum of nq terms which are respectively of the
form (ai;bjx)cr: and a.j(b;icr). But those terms in the respective sums with
the same sets of subscripts are equal, since we have already assumed that
the elements of our matrices satisfy the associative law a(bc) = (ab)c.
Hence, gi; = hiforall 7and [, G = H, and (9) is proved.

EXERCISES
Compute the products (AB)C and A(BC) in the following cases.

2 —1 3 2 ~1
10 4
a)A=<3 12>, B=<_1 2), C=<_1 5 2)

0 -1 1 1 1
na=G27) a-(0%g) e=(5T100)
-1 —2
2 -1
9gd=02-19, B=lg_ 2, c=(_y)
1 3

3. Products by diagonal and scalar matrices. Let A = (a.;) be anm by n
matrix and B be a diagonal matrix, and designate the ¢th diagonal element
of B by b;. Then our definition of product implies that if B is m-rowed so
that BA is defined, then .

(12) ‘ BA = (b.-a.-,-)

E=1,...,m;j=1,...,n);
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while if B is n-rowed, then

(13) AB = (aid;)
G=1,...,m;j=1,...,n).

Thus the product of a matrix A by a diagonal matrix B on the left is ob-
tained as the result of multiplying the rows of 4 in turn by the correspond-
ing diagonal elements of B; the product of A by a diagonal matrix on the
right is the result of multiplying the columns of A in turn by the corre-
sponding diagonal elements of B.

Now, let m = n, A be a square matrix. Then from (12) and (13) we see
that AB = BA if and only if

(14) (bs — bj)as; = 0 Gi=1...,n).
As an immediate consequence of the case b, = ... = b, we have the very
simple

Theorem 2. Every n-rowed scalar matriz is commutative with all n-rowed
square malrices.

We next see that, if © # j and b; # b;, then (14) implies that a;; = 0.
This gives the result we shall state as

Theorem 3. Let the diagonal elements of an n-rowed diagonal matriz B be
all distinct. Then the only n-rowed square matrices commutative with B are
the n-rowed diagonal matrices.

We may now prove the converse of Theorem 2—a result which is the
inspiration of the name scalar maitriz.

Theorem 4. The only n-rowed square matrices which are commutative with
every n-rowed square matriz are the scalar matrices.

For let

(15) B = (bii) ('L) h=1..., n)

and suppose that B is commutative with every n-rowed square matrix A.
We shall select 4 in various ways to obtain our theorem. First, welet Z; be
the diagonal matrix with unity in its jth row and column and zeros else-
where and put BE; = E;B. Equations (12) and (13) imply that the jth
row of E;B is the same as that of B and the jth column of BE;. is the
same as that of B, while all other columns of BE; are zero. Thus if 7 # 7,
the elements in the ith column of E;B must be zero. Since b;; is in the
ith column, we have b;; = 0 for j 5 4, and B is a diagonal matrix. If D,
is the matrix with 1 in its first row and jth column and zeros elsewhere, the
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product BD; has by in its first row and jth column and is equal to the
matrix D;B which has b;; in this same place. Hence, b;, = biy = b for j = 2,
.., n, and B is the scalar matrix b[,.
Let us now observe that if A is any m by » matrix and a is any scalar,
then

(16) (aInm)A = A(al,)

is an m by n matrix whose element in the ith row and jth column is the
product by a of the corresponding element of A. This is then a type of
product

(17) ad = Aa

like that defined in Chapter I for sequences, and we shall call such a product
the scalar product of @ by A. However, we have defined (17) as the in-
stances (16) of our matrix product (4).

EXERCISES

1. Compute the products AB and BA by the use of (12) and (13) as well as the
row by column rule if

1 0 0\ . 2 4 -5
a)A=<0—2 o), B=[-4 o0 1>
0 0 3 -1 -3 —2
1 00 1 0 -2
b)A=<O—10, B={ 21 4)
0 0 0 —2 3 =3
20 0 0 0 0-1 0
02 0 0 00 0-=1
d4=1g0-2 o] B=li0 0o o
00 0-2 01 0 0
30 0 010
da=(0 2 0, B={0 0 1
00 1 2 00

2. Find all three-rowed square matrices B such that BA = AB if

1 00 010
a)A=<0—1 0> b)A=<o 0 1)
0 0 2 100
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3. Prove by direct multiplication that BA = —AB if 12 = —1 and
1 0 0-1
a=(5 =) 2=("0)

4. Let w be a primitive cube root of unity. Prove that BA = wAB if

100 010
A=0wO,B=001>
00 w a 00

5. Show that the matrix B of Ex. 4 has the property B2 = al and that the
matrix A has the property A% = I. Obtain similar results for the matrices of Ex. 3.

6. Compute BAB if
c —d 0 -1
A=<a E)’ B=<1 0)’
where ¢ and d are any ordinary complex numbers, ¢ and d are their conjugates.

4. Elementary transformation matrices. We shall show that the matrix
which is the result of the application of any elementary row (column) trans-
formation to an m by n matrix A is a corresponding product EA (the prod-
uct AE) where E is a uniquely determined square matrix. We might of
course give a formula for each E and verify the statement, but it is simpler
to describe E and to obtain our results by a device which is a consequence
of the following

Theorem 6. Let A be an m by n matriz, B be an n by q matriz so that
C = AB s an m by q matriz. Apply an elementary row (column) transforma-
tion to A (to B) resulting in what we shall designate by A.(by B(®), and then
the same elemenlary transformation to C resulting in Co (in C®). Then

(18) Co=AB, CO=ABO.

For proof we see that if we replace a;; by a,; in the right members of (4)
we get c,x. Thus we obtain the result of an elementary row transformation
of type 1 on AB by applying it to A. Our definitions also imply that for
elementary row transformations of type 3 the result stated as (18) follows
from

(19) Z(aaa‘i)bjk = azaiibik = ACix
i=1 i=1

G=1...,m;k=1,...,q).
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Finally, we see that for type 2 they follow from

(20) Z(aii + ca.)bix = <Eaiibik> + ¢ <zau‘bik> = cix + CCak

i=1 j=1 i=1

G=1,...,nk=1,...,9,

and we have proved the first equation in (18). The corresponding column
result C© = A B has an obvious parallel proof or may be thought of as
being obtained by the process of transposition. It is surely unnecessary to
supply further details.

We now write A = IA where I is the m-rowed identity matrix and apply
Theorem 5 to obtain Ao, = I,A, in which I, is the matrix called E above.
Then we see that to apply any elementary row transformation to A we
simply multiply A on the left by either E;;, P;;(c), or R:(a). Here we define
E;; to be the matrix obtained by interchanging the ¢th and jth rows of
1, P;;(c) by adding ¢ times the jth row of I to its ¢th row, R:(a) by multiply-
ing the ith row of I by a % 0. We shall call E;;, P;;(c), and Ri(a) elementary
transformation matrices of types 1, 2, and 3, respectively.

Observe that

(21) E:i=Ex=E;, EuE;=1I,

so that, if we now assume that E,; is n-rowed, the product A E;; is the result
of an elementary column transformation of type 1 on A. Similarly,

(22) [Pii(0)) = P;i(o), P;i(—c)P;i(c) = Pii(c)Pii(—c) =1,

and if Pj;(c) is n-rowed, then A P;;(c) is the result of an elementary column
transformation of type 2 on A. Finally,

(23) [Ri(a)) = Ria),  RiaRi(a) = Ri(a)Ri(a™) =1,

and if R;(a) is n-rowed, then 4 R;(a) is the result of an elementary column
transformation of type 3 on A. Thus the elementary column transforma-
tions give rise to exactly the same set of elementary transformation mat-
rices as were obtained from the row transformations.

We shall now interpret the results of Section 2.7 in terms of elementary
transformation matrices. First of all, we may interpret Theorem 2.2 as the
following
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LeMMaA 1. Let A and B be m by n matrices. Then there exist elementary
transformation matrices Py, . .., Py, Qi, . . ., Qi such that

B = (P1P5)A(Q1Qt)

if and only if A and B have the same rank. .

Theorem 2.3 is the case of Lemma 1'where A is the n-rowed identity
matrix, and consequently B = P; ... P,Q, ... Q. Thus we obtain

Lemma 2. Every nonsingular matriz vs a product of elementary transforma-
tion matrices.

‘We shall close the results with an important consequence of Theorem 2.4,

Theorem 6. The rank of a product of two matrices does not exceed the rank
of either factor.

For, by Theorem 2.4, if the rank of A is r, there exists a sequence of ele-
mentary transformations carrying A into an m by n matrix A4, whose bot-
tom m — r rows are all zero. By Theorem 5, if we apply these transforma-
tions to C = A B, we obtain a rationally equivalent matrix Co = A,B. Then
the bottom m — r rows of the m-rowed matrix C, are all zero, and the
rank of Cy is the rank of C and is at most r, as desired. The corresponding
result on the relation between the ranks of C and B is obtained similarly.

EXERCISES
1. Express the following as products of elementary transformation matrices.

1 1 1 6 4 3
7 3
0 (G9) wl-s1) ofi 29)

2. Find the elementary transformation mat;
row transformations used in Ex. 2 of Section 2
cise into the form (2.30) by matrix multi

s corresponding to the elementary
and carry the matrices of that exer-

6. The determinant of a product. In the theory of determinants it is
shown that the symbol for the product of two determinants may be com-
puted as the row by column product of the symbols for its factors. In our
present terminology this result may be stated as

Theorem T. The determinant of a product of two square matrices is the
product of the determinants of the factors, that 1is,

(24) |AB| = |A] - |B].

The usual proof in determinant theory of the result is quite complicated,
and it is interesting to note that it is possible to derive the theorem as a
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simple consequence of our theorems which were obtained independently
and which we should have wished to derive even had Theorem 7 been as-
sumed. We shall, therefore, give such a derivation. We thus let A and B
be n-rowed square matrices and see that Theorem 6 states that if |[A| = 0
then |AB| = 0. Hence, let A be nonsingular so that, by Lemma 2,

A=P1..-P',

where the P; are elementary transformation matrices. From our defini-
tions we see that, if E is an n-rowed elementary transformation matrix of

type 1, 2, or 3, then |E| = —1, 1, or @, respectively. Thus, if G is an
n-rowed square matrix and Gy = EG, then Lemmas 2.3, 2.4, and 2.5 imply
that |G| = — |G|, |G|, a|G|, respectively, and hence |Gy| = |E| - |G].
It follows clearly that, if E,, ..., E, are any elementary transformation
matrices, then |E\E;_; ... E,.G| = |E:| ... |Ei| - |G|. We apply this re-
sult first to A to obtain |A| = |Py| ... |P,| and then to AB to obtain
|AB| = |Py...P,B| = |Py| ... |P.| - |B| = |A| - |B] as desired.

6. Nonsingular matrices. An n-rowed square matrix A is said to have an
tnverse if there exists a matrix B such that AB = BA = I is the n-rowed
identity matrix. Clearly, B is an n-rowed square matrix which we shall
designate by A~ and thus write

(25) AA = A4 =1.

Moreover, we have S

Theorem 8. A square w ‘ if:‘ has an inverse if and only if A is non-
singular. ’

For if (25) holds, we apply Theorem 7 to obtain |A| - |4~ = |I| =1,
|A| 5 0. The converse may be shown to follow from (21), (22), (23), and
Lemma 2; but we shall prove instead the result thatif |4 | = 0 then A—'is
uniquely determined as the matrix

(26) Al = |A|7.adj4d.
This formula follows from the matrix equation
27) A(adj A) = (adj A)A = |A] - T

by multiplication by the scalar |A|~, and we observe that (27) is the in-
terpretation of (2.20) and (2.21) in terms of matrix product, where adj 4 is
our symbol for the adjoint matrix defined in (2.22).
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We now prove A—! unique by showing that if either AB = I or BA = I
then B is necessarily the matrix A of (26). This is clear since in either
case |A| = 0, A~ of (26) exists, A= = A~ = A7Y(4B) = (A7'4)B =
IB = B, and similarly if BA = I.

We note also that, if A and B are nonsingular,

(28) (AB)7* = B'A.

For (AB)(B'A™') = A(BB)A! = AA~! = I. Finally, if 4 is nonsingu-
lar we have
(29) A4 = 4N,

ForI' =1 = (AA™)' = (AY)'A’, (A7)’ is the inverse of A’.

A linear mapping (1) with m = n has an tnverse mapping (2) with
n = ¢ if the produect (3) is the identical mapping, that is, if C = AB is the
identity matrix. But this is then possible if and only if |A| # 0, that is,
(1) is what we called a nonsingular linear mapping in Section 1.9. We shall
use this concept later in studying the equivalence of forms.

EXERCISES

1. Show that if A is an n-rowed square matrix of rank n — 1 0, then adj A
has rank 1. Hint: By (27) we have A(adj A) = 0, PAQ(@™! - adj 4) = Ofor

PAQ = (Ia" g) .

Then the first n — 1 rows of @~ - adj 4 must be zero, adj A has rank 1.

2. Use the result above and (28) to prove that adj (adj A) = |[A|* 24 if n > 2
and adj (adj A) = Aif n = 2and |A]| = 0.

3. Use Ex. 1 and (27) to show that |adj 4| = |4|*
4. Compute the inverses of the following matrices by the use of (26).

00 2 3-2 0
a)<’{ bﬁ”) b)<100> c)<—0 3-2)

010 2 0 3
2 3 4 111 pTr Y2
d (12 6 e) (1 2 3 )
00 1 13 6 2 121
3-21 6
2-11 6 2 -5 2 -3
0012 1 -1-3 3-1
Di-1 11-2] Pl 1 1-1 o0
1 02 3 -1 1 0 1
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5. Let A be the matrix of (d) above and B be the matrix of (¢). Compute C =
(AB)™! by (28) and verify that (AB)C = I by direct multiplication.

7. Equivalence of rectangular matrices. Our considerations thus far have
been devised as relatively simple steps toward a goal which we may now
attain. We first make the

DeFviTioN. Two m by n matrices A and B are called equivalent if there
exist nonsingular matrices P and Q such that

(30) PAQ = B.

Observe that P and @ are necessarily square matrices of m and n rows,
respectively. By Lemma 2 both P and Q are products of elementary trans-
formation matrices and therefore A and B are equivalent if and only if A and
B are rationally equivalent. The reader should notice that the definition of
rational equivalence is to be regarded here as simply another form of the
definition of equivalence given above and, while the previous definition is
more useful for proofs, that above is the one which has always been given
in previous expositions of matrix theory. We may now apply Lemma 1 and
have the principal result of the present chapter.

Theorem 9. Two m by n matrices are equivalent if and only if they have
the same rank.

We emphasize in closing that, if A and B are equivalent, the proof of
Theorem 2.2 shows that the elements of P and Q in (30) may be taken to
be rational functions, with rational coefficients, of the elements of A and B.

EXERCISES

1. Compute matrices P and @ for each of the matrices A of Ex. 1 of Section 2.6
such that PAQ has the form (2.30). Hint: If A is m by n, we may obtain P by ap-
plying those elementary row transformations used in that exercise to I,, and simi-
larly for Q. (The details of an instance of this method are given in the illustrative
example at the end of Section 8.)

2. Show that the product AB of any three-rowed square matrices A and B of
rank 2 is not zero. Hint: There exist matrices P and @ such that Ao = PAQ has the
form (2.30) for r = 2. Then, if AB = 0, we have A¢By = 0 where By = Q!B has
the same rank as B and may be shown to have two rows with elements all zero.

3. Compute the ranks of A, B, AB for the following matrices. Hint: Carry 4
into a simpler matrix Ao = PA by row transformations alone, B into B, = BQ by
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column transformations alone, and thus compute the rank of A,By = P(4AB)Q in-

stead of that of AB.
1 2 3 3 4 5
a)A=<234>, B <024>
-1 1 3

135
-1.2 0 1 3 2
A= 11 0]}, B=| 2 6 4
-4 50 -1 -4 1/ .
3-5 2 4 -4 10 2 6
1-2 1 3 -2 6 2 4
dAd=1;_1 0-2" B=| 3-4 21
' 5—-8 3 5/ -1 2 0 1

8. Bilinear forms. As we indicated at the close of Chapter I, the problem
of determining the conditions for the equivalence of two forms of the same
restricted type is customarily modified by the imposition of corresponding
restrictions on the linear mappings which are allowed. We now precede
the introduction of those restrictions which are made for the case of bi-
linear forms by the presentation of certain notations which will simplify our
discussion.

The one-rowed matrices

@31) =@, ), Y =0y...,Y)

have one-columned matrices = and y as their respective transposes. We
let A be the m by n matrix of the system of equations (1) and see that this
system may be expressed as either of the matrix equations

(32) z=Ay, <z =yA.

We have called (1) a nonsingular linear mapping if m = n and A is non-
singular. But then the solution of (1) for yi, ..., y. as linear forms in
Zi, . . . , Zn is the solution

(33) y=A47%z, ¢ =2A)"=2A")

of (32) for y in terms of z (or y’ in terms of z’). We shall again consider
m by n matrices A and variables z; and y; and shall now introduce the no-
tation

(34) : z=Pu
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for a nonsingular linear mapping carrying the z; to new variables wuy, for 7,
k=1,...,m, so that the transpose P of P’ is a nonsingular m-rowed

square matrix and w’' = (u, . . ., U»). Similarly, we write
(35) y=Qv
for a nonsingular n-rowed square matrix Q and v' = (v, ..., v,). We now
return to the study of bilinear forms.
A bilinear form f = Zza4y;, forv=1,...,mandj=1,...,n,isa

scalar which may be regarded as a one-rowed square matrix and is then the
matrix product

(36) f=1z'Ay.

Here z and y are given by (31), and we call the m by n matrix A the mairiz
of f, itsrank the rank of f. Alsolet g = z’By be a bilinear forminzy, . .., z,
and y1, . . ., ¥» with m by n matrix B. Then we shall say that f and g are
equivalent if there exist nonsingular linear mappings (34) and (35) such
that the matrix of the form in w;, ..., s and vy, ..., v, into which f is
carried by these mappings is B. But if (34) holds, then z’ = «'P and

f=WP)AQv) = w'(PAQ)v,

so that B = PAQ and A are equivalent. Thus, two bilinear forms f and g
are equivalent if and only if their matrices are equivalent. By Theorem 9 we
see that fwo bilinear forms are equivalent if and only if they have the same
rank. It follows also that every bilinear form of rank r is equivalent to
the form

37 2+ ...+ ..
These results complete the study of the equivalence of bilinear forms.

ILLUSTRATIVE EXAMPLE
We shall find nonsingular linear mappings (34) and (35) which carry the form
f = 2zyn — 322 + 2ays — T + STays — 6zsyr + 3Tsy: + 192sys
into a form of the type (37). The matrix of f is

2-3 1
a=(-170 ).
-6 3 19
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We interchange the first and second rows of 4, add twice the new first row to the
new second row, add —6 times the new first row to the third row, and obtain

-1 0 5
0-3 11},
0 3-11

which evidently has rank 2. We then add the second row to the third row, multiply
the first row by —1, the second row by —3, and obtain

1 0-5
PA=<O 1 =4,
00 0

The matrix P is obtained by performing the transformations above on the three-
rowed identity matrix, and hence

0-10
P=<—§ -3 0).
1-4 1

We continue and carry PA into PAQ of the form (2.30) for r = 2 by adding five
times the first column and % times the second column of PA to its third column.

Then
1 0 5
Q= <0 1 13*) .
00 1

The corresponding linear mappings (34) and (35) are given respectively by

T = —%us 4 us Y1 = v+ 5u3
Ty = —u — $uy — 4us , Yo = vz + LH'vg .
T3 = Us Ys = 03

We verify by direct substitution that

f = (—iuz + ux)(2vl + 10y — 3v; — 11v; + Ua)
+ (w1 + $us + 4us) (1 + 5vs — 5vs)
+ us(—6v; — 3005 + 3v; + 11v; + 19v5)
= —fuw + usvs + 2uy — ugve + wivy + Fur + dusrs — Bugty + ug,
= Wt + uz;,
as desired.

EXERCISES

1. Use the method above to find nonsingular linear mappings which carry the
following bilinear forms into forms of the type (37).

@) 2z + 321ys — T — 2rays
b) T — Ty + Tiys + dxn — 3rays + 22ys — Ty + 2%3yz — 3TsYs
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¢) 2z + 3xwy: — TiYs + 5T + 2292 + Toys + 3Ty — Tsy: + 2255
d) 2xn — T2 + 3Tys + T — 2xn + 3Taye — 1312ys + 52ays + 2sth
— TaYs + 2x5ya + 4T — Tay2 + TYs + ST
2. Use the method above to find a nonsingular linear mapping on z;, 23, 23 such
that it and the identity mapping on 1, ¥,, ¥3 carry the following forms into forms
of the type (37).
a) ‘—3231:(/1 + 51711/2 + oY1 — 23721/2
b) 3w + Taye + 4rn + 220
€) Ty — 4x1Ys + TiYs — T + TY2 + 2Ty — TsYs
d) 3z1ys + 5rays + Tay2 + 2xays + Ty — 27sYs + Tays
e) —niy + TiYs + Tiya + T2 + 2rys — 3Toys + T3y — 2xsy2 + 3Tsys
+ 4xsys + 222 — TYs — 3T4Ys
3. Find a nonsingular linear mapping on ¥, ¥, ¥s such that it and the identical
mapping on i, &3, 23 carry the forms of Ex. 2 into forms of the type (37). Hint: The
matrices A of the forms of Ex. 2 are nonsingular so that the corresponding matrices

P have the property PA = I. Then P = A™!, AQ = I has the unique solution
Q=P

4. Use elementary row transformations as above to compute the inverses of the
matrices of Section 6, Ex. 4.

5. Use elementary column transformations to compute the inverses of the fol-
lowing matrices.

-1 1 0 1 -2 1 0 1
0 01 1 1 1 0 2-1

Dl o 3 2 5] Yi-s4 1-3 1
-1 0-1-2 ~1 0-2 2
0—4 1-1 —3-1 0 1

-1 3 0 1 1 2-1 0

Al 2-3 o0 o] Pl-sa-2 1 1
1 3-1 1 3 0 1 -1

9. Congruence of square matrices. There are some important problems
regarding special types of bilinear forms as well as the theory of equivalence
of quadratic forms which arise when we restrict the linear mappings we use.
Welet m = nso that the matrices A of forms f = z’Ay are square matrices.
Then (34) and (35) are called cogredient mappings if Q = P’. Then fand g
are clearly equivalent under cogredient mappings if and only if

(38) B = PAP'.

We shall call A and B congruent if there exists a nonsingular matrix P
satisfying (38).
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We shall not study the complicated question as to the conditions that
two arbitrary square matrices be congruent but shall restrict our attention
to two special cases.

Before passing to this study we observe that Lemma 2 and Section 7
imply that A and B are congruent if and only if A may be carried into B by
a sequence of operations each of which consists of an elementary row trans-
formation followed by the corresponding column transformation. Thus
P = P, ... P, where the P; are elementary transformation matrices, B =
P,...PAP;...P,=P,...Py(PiAP))P; ... P,, and so forth as de-
sired. We shall speak of such operations on a matrix A as cogredient ele-
mentary transformations of the three types and shall use them in our study
of the congruence of matrices.

10. Skew matrices and skew bilinear forms. A square matrix A is called
symmetricif A’ = A, and skew if A’ = —A. If B = PAP’ is congruent to
A then B’ = PA'P’, B is symmetric if and only if A is symmetric, B is
skew if and only if A is skew.

If A = (ai;) is a skew matrix, then a;; = —as; for all 7 and j. Hence
a;i = —ay; and consequently every diagonal element of A is zero. We use
this result in the proof of

Theorem 10, Two n-rowed skew matrices are congruent if and only if they
the same rank r. Moreover r is an even integer 2t, and every skew matriz s
thus congruent to a matrix

0 -1, O
(39) I. 0 0]).
0 0 O

For either A = 0 = PAP’ for every P and our result is trivial, or some
ai; # 0. We may interchange the ¢th row and first row, the jth and sec-
ond row and thus also the corresponding columns by cogredient elementary
transformations of type 1. We thus obtain a skew matrix H = (h;;) con-
gruent to A and with a;; = hm 7~ 0, hn = —hu, hi = hge = 0. Multiply
the first row and column of H by h;! and obtain a skew matrix C = (¢;;)
congruent to A and with ¢12 = —1,¢a1 = 1, ¢ = ca2 = 0. We now apply
a sequence of cogredient elementary transformations of type 2 where we
add —c; times the second row of C to its jth row as well as c;» times the
first row of C to its jth row for j = 3, ..., n, and thus obtain the skew
matrix -

(40) | A.,=(g] ?11)’ E=<‘1’ "(1)).



EQUIVALENCE OF MATRICES AND OF FORMS 53

The matrix A, is congruent to 4, 4, is necessarily a skew matrix of n — 2
rows, and any cogredient elementary transformation on the last n — 2 rows
and columns of A, induces corresponding transformations on A,, carrying
it to a congruent skew matrix H, and carrying A, to a congruent skew

matrix
(E 0
0 H,/°

It follows that, after a finite number of such steps, we may replace A by
a congruent skew matrix

(41) G = diag {Ey, ..., E;0,...,0}

with each E, = E. Clearly, G and A have rank 2¢. If B also is a skew ma-
trix of rank 2¢, then B is congruent to (41) and to A, both A and B are con-
gruent to (39).

If A is a skew matrix, the corresponding bilinear form z’Ay is a skew
bilinear form. Hence, two such forms are equivalent under cogredient non-
singular linear mappings if and only if they have the same rank. Moreover,
if f is a skew bilinear form of rank 2t it is equivalent under cogredient non-
singular linear mappings to (12 — Zay1) + . . . + (T2—1¥2r — TaYaer).

EXERCISES
Use a method analogous to that of the exercises of Section 8 to find cogredient
linear mappings carrying the following skew forms to forms of the type above.
a) Tz — Toy1 + 2TYs — 275y + 3Tays — 3TsYe
b) 2z — 2my: — Twys + Ty + 22ys — 235y,
) Ty — Ton + 3Tays — 3Tsyr — 4rayr + 4y + dTys — 4Ty,
+ 8y — Sxay: + 8131/4 - 83541/3

11, Symmetric matrices and quadratic forms. The theory of symmetric
matrices is considerably more extensive and complicated than that of skew
matrices, and we shall obtain only some of its most elementary results. Our
principal conclusion may be stated as

Theorem 11. Every symmetric matriz A is congruent to a diagonal matriz
of the same rank as A.

We may evidently assume that A = A’ 0, and we shall prove ﬁrst
that A4 is congruent to a symmetric matrix H = (h;;) with some diagonal
element hy; #£ 0. This is true for A = H if some diagonal element of A is
not zero. Otherwise there is some a;; % 0, a;; = a;j, and a;; = a;; = 0. We
then obtain H as the result of adding the jth row of A to its ith row and
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the jth column of A to its ¢th column, hi; = aj; + ai; = 2as; > 0 as de-
sired. We now permute the rows and corresponding columns of H to ob-
tain a congruent symmetric matrix C with ¢y = hi; £ 0. Then we add
—ciiiey times the first row to its kth row, follow with the corresponding col-
umn transformation, and obtain a symmetric matrix

42) <f)“ ?41)

congruent to A. Clearly, A, is a symmetric matrix with » — 1 rows. As
in the proof of Theorem 10 we carry out a finite number of such steps, and
it is clear that we ultimately obtain a diagonal matrix. It is a matrix equiv-
alent to A and must have the same rank.

The result above may be applied to obtain a corresponding result on
symmetric bilinear forms of rank r, that is, bilinear forms f = 2’Ay defined
by a symmetric matrix A of rank r. Theorem 11 then states that f is equiva-
lent under cogredient transformations to a form

(43) alxlyl + R + arxryr .

The results of Theorem 11 may also be applied to quadratic forms f =
f(xy, ..., z,). As we saw in Section 1.7, f is the one-rowed square matrix
product

n

(44) f=24z = z:c,-a.-,-x,-

t,j=1

for a symmetric matrix A. We call the uniquely determined symmetric
matrix A the matriz of f and its rank the rank of f. Now in Section 1.9 we
defined the equivalence of any quadratic form f and any second quadratic
form ¢ = y’By. We may then use the notations developed above and see
that f and g are equivalent if and only if A and B are congruent. For if
our nonsingular linear mapping is represented by the matrix equation z =
P’u, then 2’ = w'P is a consequence, and f = u'(PAP’)u, f and g are equiv-
alent if and only if B = PAP’. Thus Theorem 11 states that every quad-
ratic form of rank r is equivalent to

(45) azxi+ ...+ a2t
The form (45) is of course to be regarded as a form in 3, . . . , 2, with
matrix diag {a;,...,a, 0,...,0}. However, it may be regarded as a

form in x, ..., z» with nonsingular matrix diag {a,, ..., a}. We shall



EQUIVALENCE OF MATRICES AND OF FORMS 55

call a quadratic form f = 2’Az in z,, . . ., z, with nonsingular matrix A
a nonsingular form, and we have shown that every quadratic form of rank r in
n variables may be written as a nonsingular form in r variables whose matriz
18 a diagonal matriz.

EXERCISES

1. What is the symmetric matrix A of the following quadratic forms?

a) 3z} + 2122 + 2xx3 — 3x2xy + 23
b) 2z — 3zywy + 3
¢) z} — 3z1zy + 22124 — 322

2. Find a nonsingular matrix P with rational elements for each of the following
matrices A such that PAP’ is a diagonal matrix. Determine P by writing A =
IAI' and by applying cogredient elementary transformations.

6 1 -1 2 41
o 1 14 —3> b) <4 9 4)
-1 -3 1 146

4 —-1 5 10 -3 3
(-1 -1 2 d{—-3 1 —1>
5 2 -2 3 -1 1

0 0 2 3 7 6 0 —1
0 0—-2-3 6 15 0 1
dlg —2 0 -1 9 0 0 2 3
3 -3 -1 -3 -1 1 3 5
-3-41 0 3 21 -1
—4-50-5 2 2 1-1
Dl 1 01 1 Wl 1 11 o
0-5 1 14 -1-10 0

3. Write the symmetric bilinear forms whose matrices are those of (a), (), (c),
and (d) of Ex. 2 and use the cogredient linear mappings obtained from that exercise
to obtain equivalent forms with diagonal matrices.

4. Apply the process of Ex. 3 to (¢), (f), (9), and (k) of Ex. 2 for quadratic forms.

5. Which of the matrices of Ex. 2 are congruent if we allow any complex num-
bers as elements of P?

6. Show that the forms f = at + «} and g = 2% — «} are not equivalent under
linear mappings with real coefficients. Hint: Consider the possible signs of values
of f and of g.
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12. Nonmodular fields. In our discussion of the congruence and the
equivalence of two matrices 4 and B the elements of the transformation
matrices P and @ have thus far always been rational functions, with rational
coefficients, of the elements of A and B. While we have mentioned this
fact before, it has not, until now, been necessary to emphasize it. But the
reader will observe that we have not, as yet, given conditions that two sym-
metric matrices be congruent, and our reason is that it is not possible to do
so without some statement as to the nature of the quantities which we allow
as elements of the transformation matrices P. We shall thus introduce an
algebraic concept which is one of the most fundamental concepts of our
subject—the concept of a field.

A field of complex numbers is a set F of at least two distinet complex
numbers a, b, . . ., such that a + b, ab, a — b, and a/c are in F for every
a, b, ¢ # 0in F. Examples of such fields are, then, the set of all real num-
bers, the set of all complex numbers, and the set of all rational functions
with rational coefficients of any fixed complex number c.

If F is any field of complex numbers, the set K = F(x) of all rational
functions in z with coefficients in F is a mathematical system having prop-
erties, with respect to rational operations, just like those of F. Now it is
true that even if one were interested only in the study of matrices whose
elements are ordinary complex numbers there would be a stage of this study
where one would be forced to consider also matrices whose elements are
rational functions of z. Thus we shall find it desirable to define the concept
of a field in such a general way as to include systems like the field K defined
above. We shall do so and shall assume henceforth that what we called con-
stants in Chapter I and scalars thereafter are elements of a fixed field F.

The fields we have already mentioned all contain the complex number
unity and are closed with respect to rational operations. But it is clearly
possible to obtain every rational number by the application to unity of a
finite number of rational operations. Thus all our fields contain the field
of all rational numbers and are what are called nonmodular fields. The fields
called modular fields will be defined in Chapter VI. We now make the fol-
lowing brief

DEFINITION. A set of elements F is said to form a nonmodular field if F
contains the set of all rational numbers and ts closed with respect to rational
operations such that the following properties hold:

I.a+b)+ec=a+((b+ec), (ab)e = a(be) ;
II. a(b + ¢) = ab 4+ ac;
III. a+b=b+a, ab = ba
for every a, b, ¢ of F.
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The difference ¢ — b is always defined in elementary algebra to be a solu-
tion z in F of the equation

(46) z+b=a,
and the quotient a/b to be a solution y in F of the equation*
47 yh=a.

Thus our hypothesis that F is closed with respect to rational operations
should be interpreted to mean that any two elements a and b of F' determine
a unique sum a + b and a unique product ab in F such that (46) has a
solution in F and (47) has a solution in F if b ¢ 0. In the author’s Modern
Higher Algebra it is shown that the solutions of (46) and (47) are unique.
In fact, it may be concluded that the rational numbers 0 and 1 have the
properties

(48) a+0=al =aqa, a0 =0,

for every a of F and that there exists a unique solutionz = —aofz + a =
0 and a unique solution y = b~! of yb = 1 for b # 0. Then the solutions
of (46) and (47) are uniquely determined by z = a + (—b), y = ab™L.

We also see that the rational number —1 is defined so that (—1) 4
1 =0,and thus (-1 4+ 1)a=0-:a = 0, whereas(—1+ 1)a= —1-a+
l1-a=—1:a+ a. Hence —a = —1 - a. It is also true that —(—a) =
a, (—a)(—b) = ab for every a and b of a field F.

EXERCISES

1. Let a, b, and ¢ range over the set of all rational numbers and F consist of all
matrices of the following types. Prove that F is a field. (Use the definition of ad-
dition of matrices in (52).)

b ¢
—2b b 4b a
o6 ) oz )

2. Show that if a, b, ¢, and d range over all rational numbers and 2 = —1, the
set of all matrices of the following kind form a quasi-field which is not a field.

<a+bi 3(c +di)> .

c—di a—W

* Note that in view of III the property II implies that (b 4+ ¢)a = ba + ca, and the
existence of a solution of (46) is equivalent to that of b 4+ z = a, of (47) to that of
by = a. But there are mathematical systems called quasi-fields in which the law ab = ba
does not hold, and for these systems the properties just mentioned must be made as
additional assumptions.
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13. Summary of results. The theory completed thus far on polynomials
with constant coefficients and matrices with scalar elements may now be
clarified by restating our principal results in terms of the concept of a field.
We observe first that if f(z) and g(z) are nonzero polynomials in z with
coefficients in a field F then they have a greatest common divisor d(z) with
coefficients in F, and d(z) = a(z)f(z) + b(z)g(x) for polynomials a(z), b(z)
with coefficients in F.

We next assume that A and B are two m by n matrices with elements in
a field F and say that A and B are equivalent in F if there exist nonsingular
matrices P and @ with elements in F such that PAQ = B. Then A and B
are equivalent in F if and only if they have the same rank. Moreover, corre-
spondingly, two bilinear forms with coefficients in F are equivalent in F if
and only if they have the same rank. Since the rank of a matrix (and of a
corresponding bilinear form) is defined without reference to the nature of
the field F containing its elements, the particular F chosen to contain the
elements of the matrices is relatively unimportant for the theory.

If A and B are square matrices with elements in a field F, then we call A
and B congruent in F if there exists a nonsingular matrix P with elements
in F such that PAP’ = B. Similarly, we say that the bilinear forms z’Ay
and z’By are equivalent in F under cogredient transformations* if A and B
are congruent in F. When A’ = —A the matrix A is skew, and every ma-
trix B congruent in F to A is skew, two skew matrices with elements in F
are congruent in F if and only if they have the same rank. Hence, the pre-
cise nature of F is again unimportant.

Let A = A’ be a symmetric matrix with elements in F so that any ma-
trix B congruent in F to A also is a symmetric matrix with elements in F.
Then two corresponding quadratic forms z’Az and z’Bzx are equivalent in
F if and only if A and B are congruent in F. Moreover, we have shown
that every symmetric matrix of rank r and elements in F is congruent in F
to a diagonal matrix diag {a;,..., a, 0,...,0} with a; > 0 in F and
that correspondingly every quadratic form z’Az is equivalent in F to
ax: + ... + a3l

The problem of finding necessary and sufficient conditions for two quad-
ratic forms with coefficients in a field F to be equivalent in F is one in-
volving the nature of F in a fundamental way, and no simple solution of this
problem exists for F' an arbitrary field. In fact, we can obtain results only
after rather complete specialization of F, and these results may be seen to
vary as we change our assumptions on F.

* We leave to the reader the explicit formulation of the definitions of equivalence in

F of two forms, of two bilinear forms, and of two bilinear forms under cogredient linear
mappings, where all the forms considered have elements in F.
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The simplest conditions are those given in

Theorem 12. Let F be a field with the property that for every a of F there
exists a quantity b such that b? = a. Then two symmetric matrices with ele-
ments in F are congruent in F if and only if they have the same rank.

For every A = A’ of rank r is congruent to Ao = diag ‘{a;, ..., a,, O,
...,0} for a; # 0 and a; = b?forb; % 0in F. Then if P = diag {b7%, ...,
b4, 0,...,0}, PA,P’ = diag {I,,0}. If also B = B’ has rank r, then B s
also congruent in F to diag {I,, 0} and hence to A. The converse follows
from Theorem 2.2.

We then have the obvious consequences.

CoroLLARY I. Two symmetric matrices whose elements are complex num-
bers are congruent in the field of all complex numbers if and only if they have
the same rank.

CoroLLARY II. Let F be the field of either Theorem 12 or Corollary I.
Then two quadratic forms with coefficients in F are equivalent in F if and only
if they have the same rank. Hence every such form of rank r is equivalent
m Fto

(49) x4+ ...+ x2.

14. Addition of matrices. There is one other result on symmetric matrices
over an arbitrary field which will be seen to have evident interest when we
state it. Its proof involves the computation of the product of two matrices

_ A1 Az _ Bl B2
(50) A-(As A4>, B-(Bs 34),

which have been partitioned into two-rowed square matrices whose ele-
ments are rectangular matrices. If these matrices were one-rowed square
matrices, that is to say in F, we should have the formula

AiB: + A:Bs AiB: + AzB4>

(51) AB = (AsB1 + AB; \AsBz + AB,

But it is also true that if the partitioning of any A and B is carried out so
that the products in (51) have meaning and if we define the sum of two
matrices appropriately, then (51) will still hold. Thus (51) will have major
importance as a formula for representing matrix computations.

We now let A = (a;;) and B = (b;;), where 1 =1,...,mand j =1,
., n, so that A and B are m by n matrices. Then we define
(52) S=A+B=(s), 8;i=ai+Dbi

=1,...,m;j=1,...,n).
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We have thus defined addition for any two matrices of the same shape such
that A + B is the matrix whose elements are the sums of correspondingly
placed elements in A and B. .

The elements of our matrices are in a field F, and a;; + bi; = by; + a;.
If C = (cs;) is also an m by n matrix, we have (as; + bs;) + ¢i; = aij +
(bs; + ci;). Hence we have the properties

53) A+B=B+A, (A+B)+C=A+@B+0).

We observe also that if 0 is the m by n zero matrix, then A + 0 = A4,
A+ (-1:-4)=0.
Now let C = (cjx) be any n by ¢ matrix. Then

(54) (A +B)C = AC + BC.

For this equation is clearly a consequence of the corresponding property
of F, that is, of

(55) (@i + bij)eir = asicie + biscin -

We have thus seen that addition of matrices has the properties (53) al-
ways assumed for addition of the elements of our matrices and that the
law (54), which we call the distributive law for matriz addition and multipli-
catton, also holds. Clearly if D is a matrix such that DA is defined, then
similarly we have

(56) D(A +B) = DA + DB.

Observe, however, that if n > 1 and A and B are n-rowed square mat-
rices, then |A + B| and |4 | + |B| are usually not equal. For example,
if A and B are equal, then |A| + |B| = 2|4 | while |[A + B| = |24 =
27|A].

Let us now apply our definitions to derive (51). We let A = (a:;) be an
m by n matrix, B = (b;z) be an n by ¢ matrix, and 4, be an s by ¢ matrix,
so that A; = (a;;) but now with 2 =1,...,sand j=1,...,¢ Then
(561) has meaning only if B; has ¢ rows, and we thus assume that B is a
matrix of ¢ rows and g columns. Our partitioning is now completely de-
termined and necessarily A, has s rows and n — ¢ columns, Az has m — s
rows and ¢ columns, A has m — s rows-and n — ¢ columns, B, has ¢ rows
and ¢ — g columns, B has n — ¢ rows and g columns, B, has n — ¢ rows
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and ¢ — g columns. The element in the ith row and kth column of A B may
clearly be expressed as

n t n
Zaiibik = za\'ibik + z @ik

ji=1 j=1 j=t+1

G=1,...,mk=1,...,q).

But this equation is equivalent to the matrix equation given by

57) A=(D; D), B= (g:), AB = D\E, + DiFs,

where we define Dy, D,, E,, E, by
A1 A2

(58) D, = ’ D, = ) E, = (Bl, BZ) ) E;, = (Bs, B4) .
A, A,

Moreover, we may obtain (51) from (57) by simply using the ranges 1, 2,

.,sand s+ 1,...,m for ¢ separately, as well as 1, 2, ..., g and
g+ 1,...,qforjseparately. In matrix language we have used (58) and
computed

o (S)ou - (8 42). (2)ouna- (12 12)

as the result of partition of matrices and then have used (57) and addition
of matrices in (59) to give (51).

We shall now apply the process above to prove the following theorem on
symmetric matrices mentioned above.

Theorem 13. Let A, and B, be r-rowed nonsingular symmetric matrices
with elements in F, and A and B be the corresponding n-rowed symmetric
malrices

(60) A=<OA‘ 8), B=(0Bl g)

of rank r. Then A and B are congruent in F if and only +f A, and B, are
congruent in F.

For if 4, and B, are congruent in F there exists a nonsingular matrix Py
such that P,A,P; = B;. Then P = diag { P, I,—} is nonsingular, and com-
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putation by the use of (51) gives PAP’ = B. Conversely, if PAP’ = B for
a nonsingular matrix P we may write

_ (P P,
P= (P s P 4) '
where P, is an r-rowed square matrix, and we shall have

P! P! A.P! A.P! P,A.P, P,A,P,
’ 1 3 ’ *1 * 3 — 14414 1 1+14 3
Pr= (P; P.:)’ PAP' =P (0 0 )‘(PSAJ’; P3A1P3>

But then B, = P,A,P], and P, must be nonsingular since |B,| =
|Py| « |A;| + |Py] # 0. Hence B, and A, are congruent in F.

The result above thus states that, if f and g are quadratic forms with
coefficients in F so that f and g are equivalent only if they have the same
rank r, then f may be written as a nonsingular form f,in r variables, g may be
written as a nonsingular form g, in r variables, and finally the original forms
fand g are equivalent in F if and only if f, and g, are equivalent in F.

ORAL EXERCISES
1. Compute 4 + B if

2 -1 3 1 7 -6
@gAd=( 1 02|, B=(-21-5
-1 3 4 4 3 -1

-3 45 -3 5 3
b) A=( 5 -1 2), B < 4 —1 1)
5 21

3 11
2. Verify that (A + B)’ = A’ + B’ for any m by n matrices A and B.

3. Show that every n-rowed square matrix A is expressible uniquely as the sum
of a symmetric matrix B and a skew matrix C. Hint: Put A = B + Cwith B = B,
—C = (’, compute 4’, and solve.

16. Real quadratic forms. We shall close our study of symmetric mat-
rices and hence of quadratic forms with coefficients in F as well by consider-
ing the case where F is the field of all real numbers. Let then f = 2’4z
have rank r so that we may take f = aa? + ... + a.x2 for real a; > 0.
We now call the number of positive a; the index ¢ of f and prove

Theorem 14. Two quadratic forms with real coefficients are equivalent in
the field of all real numbers if and only if they have both the same rank and the
same index. .



EQUIVALENCE OF MATRICES AND OF FORMS 63

For proof we observe, first, that by Section 14 there is no loss of generality
if we agsume that f = 2’Ax where A is a nonsingular diagonal matrix, that
is, r = n. Moreover, there is clearly no loss of generality if we take A =
diag {dy, ..., ds —diy, ..., —d,} for positive d;. Then there exist real
numbers p; # 0 such that p? = d;, and if P is the nonsingular matrix diag
{p7Y, ..., p;*} then PAP’ is the matrix diag {1,...,1,-1,..., =1}
with ¢ elements 1 and r — ¢ elements —1. Thus, f is equivalent in F to

(61) @4+ ... F2) - @2+ ...+ 2Y).

Now, if g has the same rank and index as f, it is equivalent in F to (61) and
hence to f. Conversely, let g have rank r = n and index s so that g is equiva-
lent in F to

(62) @EB4+...+2)— (@2, +...+27).

We propose to show that s = ¢. There is clearly no loss of generality if we
assume that s = ¢ and show that if s > ¢ we arrive at a contradiction.

Hence, let s > ¢. Our hypothesis that the form f defined by (61) and
the form ¢ defined by (62) are equivalent in the real field implies that there
exist real numbers d;; such that if we substitute the linear forms

(63) x.~=d,~1y1+...+d.-,.y,, (z'=1,...,n),
in f=f(z,...,%,), we obtain as a result (¥ + ...+ y?) — (¥, +
oo+ yd). Putz,=2,=...=2,=0and y,4y; = ... =y, = 0in (63)
and consider the resulting ¢ equations

(64) dayi+ ...+ duy. =0 t=1,...,1.
These are ¢ linear homogeneous equations in s > ¢ unknowns, and there
exist real numbers v, . .., v, not all zero and satisfying these equations.
The remaining » — ¢ equations of (63) then determine the values of z; as
certain numbers u; for j =t +1,...,n, and we have the result h =
JO, 0,..., 0, Upyyy ..., u) =0+ ...+ 02>0. But clearly h =
— (Ul + ... + u) £0, a contradiction.

We have now shown that two quadratic forms with real coefficients and
the same rank are equivalent in the field of all complex numbers but that,
if their indices are distinct, they are inequivalent in the field of all real
numbers. We shall next study in some detail the important special case
t = r of our discussion.
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A symmetric matrix A and the corresponding quadratic form f = 2’Az
are called semidefinite of rank r if A is congruent in F to a matrix

(aI , 0
0 0) !
for a % 0 in F. Thus f is semidefinite if it is equivalent to a form a(z? +
...+ z%). We call A and f definite if r = n, that is, 4 is both semidefinite
and nonsingular.

If F is the field of all real numbers, we may take a = 1 and call A and f
positive or take a = —1 and call A and f negative. Then A and f are nega-
tive if and only if —A and —f are positive. Thus we may and shall re-

strict our attention to positive symmetric matrices and positive quadratic
forms without loss of generality.

If f(x1, ..., s) is any real quadratic form, we have seen that there
exists a nonsingular transformation (63) with real d;; such that f = 33 +
oo+ - Wia At ...+ ). If ey, ..., c, are any real numbers and

if we put z; = ¢; in (63), there exist unique solutions y; = d; of the result-
ing system of linear equations, and the d; may readily be seen to be all zero
if and only if the c; are all zero. Nowift < r,wehavef < Ofory, = ... =
Ye = 0,91 = 1,f(cr, . . ., c») < 0. Conversely, if f(cy, . . ., ¢2) < 0, then
t<r. For otherwise f=9+...4+ 92 fla,...,c)=dr+ ...+
d2 2 0. If t = r < n, then we put y,.; = 1 and all other y; = 0 and have
iy . .., Cs, not all zero such that f(ci, ..., c.) = 0. Hence, if f(cy,. ..,
¢,) > 0forall real ¢; not all zero, the form f is positive definite. Conversely,
if f is positive definite, we have f =42 + ... + 42, f(er,. .., ¢n) = A2 +
...+ d2 > 0 for all d; not all zero and hence for all ¢; not all zero. We
have proved

Theorem 16. A real quadratic form £(xy, . . . , Xa) 18 positive semidefinite
if and only if f(cy, . . ., ca) = 0 for all real c;, is positive definite if and only
if £(ci, . . ., €a) > O for all real c; not all zero.

As a consequence of this result we shall prove

Theorem 16. Every principal submatrix of a positive semidefinite matriz
18 positive semidefinite, every principal submatriz of a positive definite matriz
18 positive definite.

For a principal submatrix B of a symmetric matrix A is defined as any
m-rowed symmetric submatrix whose rows are in the 7;th, ..., t,th rows
of A and whose corresponding columns are in the corresponding columns
of A. Putzy = (24, .. ., Z4,) so that g = z¢Bz, is the quadratic form with
B as matrix, and we obtain g from f by putting z; = 0 in f for j # 4.
Clearly, if f 2 0 for all z; = ¢;, then g 2 0 for all values of the z;,, and
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hence B is positive semidefinite by Theorem 15. If A is positive definite
and B is singular, then g = 0 for z;, not all zero, and hence f = 0 for the
z; above all zero and for the z;, not all zero, a contradiction.

The converse of Theorem 16 is also true, and we refer the reader to the
author’s Modern Higher Algebra for its proof. We shall use the result just
obtained to prove

Theorem 17. Let A be an m by n matrix of rank r and with real elements.
Then AA’ is a positive semidefinite real symmetric matrix of rank r.

For we may write

=r(y oo -(g Q)

where P and @ are nonsingular matrices of m and n rows, respectively.
Then QQ’ is a positive definite symmetric matrix, and we partition QQ’ so
that @, is an r-rowed principal submatrix of QQ’. By Theorem 16 the ma-
trix @, is positive definite,

r__ Ir 0 ’ Ir 0 ’ __ Ql 0 ’ __ ’
AA -P(O O>QQ <0 0>P —P<0 0>P — PCP

is congruent to the positive semidefinite matrix C of rank r and hence has
the property of our theorem.

EXERCISE

What are the ranks and indices of the real symmetric matrices of Ex. 2, Sec-
tion 11?



CHAPTER 1V
LINEAR SPACES

1. Linear spaces over a field. The set V, of all sequences
(1) u=(C,y...,Cn)

may be thought of as a geometric n-dimensional space. We assume the
laws of combination of such sequences of Section 1.8 and call u a point or
vector, of V,. We suppose also that the quantities ¢; are in a fixed field F
and call ¢; the ith coordinate of u, the quantities ¢, . . . , ¢, the coordinates
of u. The entire set V, will then be called the n-dimensional linear space
over F.

The properties of a field F may be easily seen to imply that

2) wu++w=u+ (v+w, ut+v=v+u
3) a(bu) = (ab)u, (a + b)u = au + bu, a(u + v) = au + av

for all a, b in F and all vectors u, v, w of V.. The vector which we designate
by 0.is that vector all of whose coordinates are zero, and we have

(4) u+0=u, u+(—u)=0,
where —u = (—e¢;, ..., —¢,). Then
) 0-u=0, l-u=u, —u=—1-u.

Note that the first 0 of (5) is the quantity 0 of F, and the second zero is the
zero vector. We shall use the properties just noted somewhat later in an
abstract definition of the mathematical concept of linear space, and we leave
the verification of the properties (2), (3), (4), and (5) of V, to the reader.

2. Linear subspaces. A subset L of V, is called a linear subspace of V,, if
au + by is in L for every a and b of F, every » and v of L. Then it is clear
that L contains all linear combinations

(6) U=at+ ...+ Gnllm,

for a; in F, and u; in L.
o
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We observe that the set of all linear combinations (6) of any finite num-
ber m of given vectors, uy, . . . , Un i8 & linear subspace L of V, according
to this definition. If now L is so defined, we shall say that ), ..., Um
span the space L and shall write

(7) L={u1,...,u,,.}.

It is clear that, if e; is the vector whose jth coordinate is unity and whose
other coordinates are zero, then ey, . . . , e, span V,.

The space spanned by the zero vector consists of the zero vector alone
and may be called the zero space and designated by L = {0}. In what fol-
lows we shall restrict our attention to the nonzero subspaces L of V,, and,
for the time being, we shall indicate, when we call L a linear space over F,
that L is a linear subspace over F of some V, over F.

3. Linear independence. Our definition of a linear space L which is a
subspace of V, implies that every subspace L contains the zero vector. If
L= {w,...,us}, then 0 = Ou; + ... + Oun. Hence the zero vector of
L is expressible in the form (6) in at least this one way. We shall say that
Ut . . ., Un are linearly independent in F or that uy, ..., u. are a set of
linearly independent vectors (of V., over F), if there is no other such expres-
sion of 0 in the form (6). Thus, u;, . . ., un are linearly independent if it
is true that a linear combination au; + . .. + anim = 0 if and only if
G =0a=...=0ayn=0. Ifu,..., un,arenotlinearly independent in F,
we shall say that they are linearly dependent in F.

A set of vectors uy, . . . , um are now seen to be linearly independent in F
if and only if the expression of every u of L = {uy, . . ., un} in the form (6)
18 unique. For this property clearly implies linear independence as the spe-
cial case u = 0. Conversely, if uy, ..., u, are linearly independent and
Uu=au+ ...+ aGnlhm = b1 + ... + bpltm, then 0 = (a1 — b)u; +
voo+ (@m — bp)Um, a; — b; = 0, a; = b; as desired. We now make the

DEFINITION. Let L = {uy,...,un} over Fandu,,. .., uy be linearly inde-
pendent in F. Then we shall call uy, . . . , Uy a basis over F of L and indicate
this by writing

(8) L=uF+...4+uF.
It is evident that V. = &F + . .. + e,F. But we may actually show

that every subspace L spanned by a finite number of vectors of V, has a
basis in the above sense. Observe, first, that the definition of linear inde-
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pendence in case m = 1 is that au = 0 only if @ = 0 and thus that u % 0.
Then let wuy, . .., u be linearly independent vectors of V, and u # 0 be
another vector. Then either uy, . . ., u,, u are linearly independent in F or
auy + ... + au, 4+ au = 0 for a; not all zero. If ay = 0, then a;us +
...+ au, = 0,from which a; = ... = a. = 0, a contradiction. But then
u = (—agla)u, + ... + (—aglay,)u, is in {u,, ..., u,}. It follows that,
if w, ..., u, are any m distinct nonzero vectors, we may choose some
largest number r of vectors in this set which are linearly independent in F
and we will then have the property that all remaining vectors in the set are
linear combinations with coefficients in F of these r. We state this result as

Theorem 1. Let L be spanned by m distinct nonzero vectors uy, . . . , Un.
Then L has a basts conststing of certain r of these vectors, 1 < r < m.

EXERCISES

1. Determine which of the following sets of three vectors form a basis of the
subspace they span. Hint: It is easy to see whether some two of the vectors, say
u and wu, are linearly independent. To see if w1, ug, us are linearly dependent we
write 43 = zu; + yus and solve for z and y.

a) m = (1; 3: —3) ’ Uz = (27 5; —2) ) Uz = (1! l! 6)
b) = (3) l) 2)1 Ug = (41 11 3): Us = (_1) _1) O)
Ye) wm=(-1,-11), w=3,21), wu=(7,3,9)

d) m = (ly -2, -1, 3)’ U = (2) -1,1, 6), wu=(0, -1, =3, 1)
8) U = (1: 1,1, "1) ’ U = (2y 2: 21 ’—2) y U= (11 21 3, 4)
4 f) u1=(1) —17 1, —1)) uﬁ:(l: 1) 110)! Us = (5; -1, 5, _3)
2. Show that the space L = {w, us, us} spanned by the following sets of vectors
is V. Hint: In every case one of the vectors, say w;, has first coordinate not zero,
and L contains u, — zuy = (0, by, ¢5), us — 2su1 = (0, bs, cs). Some linear combina-

tion of these two quantities has the form (0, 0, d) and L contains e; = (0, 0, 1). It
is easy to show then that L contains e; = (0, 1,0) and ¢; = (1,0,0), L = V,.

a) m=(1,-23), w=(231), u = (—1, 3, 2)
b) w= (0,1, 8)’ Up = (1; —3y 6) ’ ug = (1, —1, 23)
) wm=(,32), w=(0,21), us = (1,5, 4)

3. Determine whether or not the spaces spanned by the following sets of vectors
1, 4 coincide with those spanned by the corresponding vy, vo. Hint: If L; =
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fui; af = Ly = {1, v2}, there must exist solutions i, s, Ts, z4 of the equations
v = Ty 4 TalUs, V2 = Tasus + ZT4ue such that the determinant z,xy — zaz; # 0.

o u=3 -1,21), w=(,4,6,1),
v=(7,—-11, -6,1), 9v,=(7,2,10,3)

b) w = (1, 2”"1)2)1 u=(1,2,3,4),
nw=(1,2 —13, —4), v =(0,0,4,1)

C) U = (1) -1, 2, —3)) U = (21 —2: 4, _6)1
u =3, —-36 -9, v2= (4, —4,8, -9)

d w=(1,-10,3), uw=(2101),
n=(-1,-2 1, 2) ’ V2 = (2) -2, 0, 6)

e) w= (1, =2,0, 1)7 w=(2,-110),
n=@3, -311), V2 = (_1: -1, -11)

f) u1=(1,0,1, —2), u‘2=(0)1: _1:2)’
n=(2 —24,-8), n=(1,1,0,0)

4. The row and column spaces of a matrix. We shall obtain the principal
theorems on the elementary properties of linear spaces by connecting this
theory with certain properties of matrices which we have already derived.
Let us consider a set of m vectors,

9) U = (@Gigy . - oy Gin) C=1,...,m),

of V,over F. Then we may regard u; as being the ith row of the correspond-
ing m by n matrix A = (a;;) and the space L = {uy, ..., u.} as being
what we shall call the row space of A. Thus every m by n matrix defines a
linear subspace of V,, every subspace of V, spanned by m vectors defines
a corresponding m by n matrix.

If P = (p&:) is any ¢ by m matrix, the product P4 is a ¢ by n matrix.
The jth coordinate of the vector

(10) W = Puls + . . . + Dimlim

i8 praa1; + . . . + PimGmj, that is, the element in the kth row and jth col-
umn of PA. Hence the kth row of PA s that linear combination of the rows
of A whose coefficients form the kth row of P.

We have now shown that every row of PA is in the row space of A. It
follows that the row space of PA is contained in that of A. If P is nonsingu-
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lar, then the result just derived implies that the row space of A = P-1(PA)
is contained in the row space of PA and therefore that these two linear
spaces are the same. Thus we have

LemMA 1. Let P be an m-rowed nonsingular matriz. Then the row spaces
of PA and A coincide.

In the proof of Theorem 3.6 we used the matrix product equivalent of
the elementary transformation Theorem 2.4, and we shall now state this
theorem as the useful

LeMwMma 2. Let A be an m by n matriz of rank r. Then there exist nonsingular
matrices P and Q of m and n rows, respectively, such that

(1) PA = <OG) AQ=(H 0),

where G and H have rank r, G s an r by n mairiz, H is an m by r matriz.

We use (11) and note that the rows of @ differ from those of PA only in
zero rows. Then the rows of G span the row space of PA. By Lemma 1
we have

LeMMA 3. The row spaces of G and A coincide.

We shall use this result in the proof of

Theorem 2. The r rows of G form a basis of the row space of A. Any
r + 1 vectors of the row space of A are linearly dependent in F.

For we may designate the rows of G by vy, . . ., v.. Our definition of @
implies that there is no loss of generality if we permute its rows in any de-
sired fashion. Thus, if by, + ... 4 b, = 0 for b; in F not all zero, we
may assume for convenience that b, 0. The determinant of the r-rowed
square matrix

12 P= (g) . Pi=(y...,b), Py=(0,12)

is clearly by, and hence P is nonsingular. Then P@ is r-rowed and of rank r.
But this is impossible since b, + . . . + b, = 0 is the first row of PG.
Hence the rows of G are linearly independent in F, they span the row space
of G and of A, they are a basis of the row space of A.

Assume, now, that wy = b1 + ... + b, fork=1,...,74+ 1, so
that w, are any r 4+ 1 vectors of the row space L = v,F 4 . .. 4 v,F of A.
Define B = (by;) and obtain w; as the kth row of the r + 1 by n matrix
BG. By Theorem 3.6 the rank of BG is at most r, and by Lemma 2 there
exists a nonsingular (r + 1)-rowed matrix D = (dgx) for g, k =1,...,
r + 1, such that the (r 4 1)st row of D(BG) is the zero vector. But then
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dryyy W1 + . . .+ dryyy raWrep = 0, the dyyy,, form a row of the nonsingu-
lar matrix D and cannot all be zero, the vectors wy, . . . , Wy are linearly
dependent in F. This proves Theorem 2.

We now apply Theorem 1 to obtain

Theorem 3. The matriz G of Lemma 2 may be taken to be a submatriz of A.
The integer r of Theorem 1 is in fact the rank of the m by n matriz whose ith
row 18 ;.

For let A be an m by n matrix whose ith row is u; and let  be the integer
of Theorem 1, the rank of A be s. After a permutation of the rows of 4, if

necessary, we may assume that u,, . . . , u, are a basis of the row space of 4.
Then ui = byus + . .. + by, for bysin F,and k =7+ 1, ..., m. The
matrix P given by
I, 0

(13) P=(5 7)) B=(h,
is nonsingular, and it is clear that if

Uy
(14) ¢=| . |,

Uy

then PA is given by (11). It follows that sis the rank of G, s < r. If s < r
we apply Lemma 2 to obtain a nonsingular r-rowed matrix D = (d,;) such
that the rth row of DG = 0, the rth row of D is not zero, dyu, + . . . +
d,u, = 0 contrary to our hypothesis that wu,, ..., u, are linearly inde-
pendent. This completes our proof.

We may now obtain the principal result on linear subspaces of V,.

Theorem 4. Every linear subspace L over F of V,, over F has a basis. Any
two bases of L have the same number r < n of vectors, and we shall call r the
order of L over F.

For V,=eF + ...+ ¢,F, and by Theorem 2 any n + 1 vectors of
V. are linearly dependent in F. Thus any linear subspace L over F of V,
contains at most n linearly independent vectors. It follows that there

exists & maximum number r < 7 of linearly independent vectors uy, . . . , u,
in L, and that u, u,, . . ., %, are linearly dependent in F for every u of L.
By the proof of Theorem 1 the vector w is in {uy, ..., u,}, L = w,F +

...+ uF. ButifalsoL = v,F + ... + v,F, then Theorem 2 implies that
s < r and similarly that r < s, r = s is unique.
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In closing this section we note that the rows of the transpose A’ of A
are uniquely determined by the columns of A and are, indeed, their trans-
poses. Thus we shall call the row space of A’ the column space of A. It is
a linear subspace of V,.. We call the order of the row and column spaces
of A, respectively, the row and column ranks of A. By Theorem 3 the rank
of A isits row rank. Also A and A’ have the same rank and we have proved

Theorem 6. The row and column ranks of a matriz are equal to its rank.

EXERCISES

1. Solve Ex. 1 and 2 of Section 3 by the use of elementary transformations to
compute the rank of the matrices whose rows are the given vectors.

2. Form the four-rowed matrices whose rows are the vectors ui, uz, vy, v of Ex. 3,
Section 3. Show thus that L, = {w;, ws} = L; = {v), v;} if and only if the ranks
of the corresponding matrices A are equal to the order of the subspace L, that is,
the rank of the matrices formed from the first two rows of each A.

3. Find a basis of the row space of each of the following matrices, the basis to
consist actually of rows of the corresponding matrix.

1-2 10 ! 2 3 0 1
2-4 20 -2 -1-1 1
| 2-3-11 | -2-1 0 3
4 -7 11 0 4-1 2
2 -3 -1 1 \ 2 1 2-2
-1 00 1 [ 12-1 3 4
0-11 1 35 1 0 2
0) 2 3 0-1 d| 11 3 -6 —6
5 10 0 47 0 3 6
1 23 4 l10 7 —15 —16

4. Let A be a rectangular matrix of the form
(e %)
A 4,/

where A, is nonsingular. Show that then there exists a nonsingular matrix P such
that

PA = (A‘ A’) .

0 A4

Give also a simple form for P. Hint: Show that the rows of 4, are in the row space
of Al.
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5. Let the matrix of Ex. 4 be either symmetric or skew. Show that the choice
of P then implies that
PAP' = (A‘ 0 ) :

0 A
Show also that, if the order of A, is the rank of A, the matrix As = 0.

6. The concept of equivalence. In discussing the properties of mathemati-
cal systems such as fields and linear spaces over F it becomes desirable
quite frequently to identify in some fashion those systems behaving exactly
the same with respect to the given set of definitive properties under con-
sideration. We shall call such systems equivalent and shall now proceed to
define this concept in terms of that of function.

Let G and G’ be two systems and define a single-valued function f on G
to G’. In elementary mathematics it is customary to call G the range of
the independent variable and G’ the range of the dependent variable. How-
ever, it is more convenient in general situations to say that f is a function
on G to @ or that f is a correspondence on G to G’. Then f is given by

(15) g—4¢ = f(g)

(read g corresponds to ¢’) such that every element g of G determines a unique
corresponding element g’ of G’. In elementary algebra and analysis the sys-
tems G and G’ are usually taken to be the field of all real or all complex
numbers and (15) is then given by a formula y = f(z). But the basic idea
there is that given above of a correspondence (15) on G to G’. This concept
may be seen to be sufficiently general as to permit its extension in many
directions.

Suppose now that (15) is a correspondence such that every element g’ of
G’ is the corresponding element f(g) of one and only one g of G. Then we
call (15) a one-to-one correspondence on G to G’. It is clear that (15) then
defines a second one-to-one correspondence

(16) f@) =¢—-yg,

which is now on G’ to G, and we may thus call (15) a one-to-one correspond-
ence between G and G’ and indicate this by writing

a7 ge—g .

Note, however, that, if G and G’ are the same system, the functions (15)
and (16) are, in general, distinct. Thus we may let G be the field of all real
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numbers and (15) be the function z — 2z, so that (16) is the function
z — 4x. Of course, if G and G” are distinct it is not particularly important
whether we use (15) or (16) to define our correspondence.

We proceed to use the concept just given in constructing the fundamental
definition of this section, that of equivalence. Let us consider two mathe-
matical systems G, G’ of the same kind such as two fields or two linear
spaces over a fixed field F. These systems consist of sets of elements g, h,
. . . closed with respect to certain operations. (Thus, for example, we might
have g + h in G for every g and k in G and also ¢’ 4+ A’ in G’ for every ¢’
and k' in G’.) We then call G and G’ equivalent if there exists a one-to-one
correspondence between them which is preserved under the operations of
their definition. We now see that we have defined two fields F and F’ to
be equivalent if there exists a one-to-one correspondence (15) between them
such that (g + k)’ = ¢’ + &, (gh)’ = g’k’ for every g and h of F. Let us
then pass to the second case which we require for our further discussion of
linear spaces.

Let F be a fixed field and V consist of a set of elements such that v + v
and au are unique elements of V for every u and » of ¥V and a of F. Then
we shall call V a general linear space over F. If V, is a second* such space
and there is a one-to-one correspondence u «— u, between V and V, such
that

w4+ v)o = % + o, (au)o = au,

for every u and v of V and a of F, then we shall say that V and V, are equiva-
lent over F. We have thus introduced two instances of what is a very im-
portant concept in all algebra.

The reader should observe that under our definition every mathematical
system G is equivalent to itself and that if G is equivalent to a system &',
then @ is equivalent to G. Finally, if G’ is equivalent to G/, then @ is
equivalent to G”'.

EXERCISES

1. Verify the statement that the field of all rational functions with rational coeffi-
cients of the complex number V2 is equivalent to the field of all matrices

-6

for rational a and b under the correspondence 4 «—— a + bV2.

* We use the notation V, instead of V'’ to avoid confusion in the consequent usage
of u’ for the arbitrary vector of V' as well as for the transpose of u.
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2. Verify the statement that the field of complex numbers is equivalent to the
field of matrices
G o)
b a

3. Verify the statement that the set of all scalar matrices with elements in a field
F forms a field equivalent to F.

for real @ and b.

4. Verify the statement that the mathematical system consisting of all two-rowed
square matrices with elements in F and defined with respect to addition and multi-
plication is equivalent to the set of all matrices

an 0 ap 0

0 an 0 ap !
a; 0 ax O

0 an 0 a2

(asj in F)

under the correspondence indicated by the notation.

6. Linear spaces of finite order. We shall restrict all further study of
linear spaces to linear spaces of order n over F. Then we define V to be a
linear space of order n over a given field F if V is equivalent over F to V,
over F. Clearly, our definition implies that every two linear spaces of the
same order n over F are equivalent over F.

Our definition also implies that, if V is a linear space of order n over F,
then the properties (2), (3), (4), and (5) hold for every u, v, w, of ¥V and
a,bin F. Moreover, every quantity of V is uniquely expressible in the form

(18) avi + ... + Catn,
where the equivalence between V and V, is given by

(19) e+t ... F e (c,...,0Cn).

Conversely, define au = ua and u + v to be in V for every u, v of V and
a of F. Then it may be shown very easily that, if (2), (3), (4), and (5) hold
and every u of V is uniquely expressible in the form (18) for ¢; in F, then V
is equivalent over F to V,. However, we prefer instead to define V by its
equivalence to V,. This preference then requires the (somewhat trivial)
proof of

Theorem 6. Every linear subspace L of order r over F of V., is equivalent
over F to V..

Thus we justify the use of the term linear subspace L of order r over F by
proving that L is indeed what we have called a linear space of order r over F
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contained in the space V,. For proof we merely observe that every vector
of L = wF + ...+ uF is uniquely expressible in the form

(20) u=cu+...+cu

for ¢; in F. Thus u in L uniquely determines the ¢; in F and conversely.
It follows that

(21) u— (Cl; vy C,.)

is a one-to-one correspondence between V and V, and it is trivial to verify
that it defines an equivalence of L and V..

We have now seen that every linear space L of order n over F may be
regarded as a linear subspace of a space M of order m over F for any
m > n. Moreover, L = M +f and only if m = n.

Theorem 3 should now be interpreted for arbitrary linear spaces of order
n, and we have a result which we state as

Theorem 7. Let L=wF + ... +u,Fand vi,..., vi be in L so that
there exist quantities a;; in ¥ for which

Vi=aum + ...+ 8pls,

and the coefficient matriz A = (ai;) 18 defined. Then the number of the vy
which are linearly independent in F 1s the rank of the matriz A. Moreover,
Vi, « « . Viy form a basts of L over F if and only if m = n and A is nonsingular.

EXERCISES

1. Verify the statement that the following sets of matrices are linear spaces of
finite order over F and find a basis for each.
a) The set of all m by n matrices with elements in F.
b) The set of all m by n matrices whose elements not in the first row are zero.
¢) The set of all n-rowed scalar matrices.
d) The set of all n-rowed diagonal matrices.

2. Find bases for the following linear spaces of polynomials with coefficients in F'.

a) All polynomials in z of degree at most three.

b) All polynomials in independent variables z and y and degree at most two
(in z and y together).

¢) All polynomials in z = t2 4- ¢t and y = ¢* 4 ¢2 and degree at most two in
z and y. _

d) All polynomials in V2, with F the field of all rational numbers.

e) All polynomials in a primitive cube root of unity with F the field of all
rational numbers.



LINEAR SPACES ”

f) All polynomials in w = (i + 1) with F the field of all rational numbers
and 2 = —1, u? = 2. Hint: Prove that 1, u, ¢, ui are a basis.
g) The polynomials of (f) but with F the field of all real numbers.

3. Let A = diag {1, —1, 2}. Show that I, A, A? form a basis of the set of all
three-rowed diagonal matrices.

4. Show that I, A, B, AB form a basis of the set of all two-rowed square mat-

rices if
04-(Y. 1-()
pas(Y. 5-()

0 00 010
A=(0-10), B=[0o0 1),
0 01 100

then I, A, A%, B, AB, A'B, B?, AB? A’B?form a basis of the set of all three-rowed
square matrices.

5. Show that, if

7. Addition of linear subspaces. If L, = {v;,...,v,} and L, =
{wy, ..., w,} are linear subspaces over F of a space L of order n over F,
the subspace Lo = {vy, ..., m, wy, ..., we} of L will be called the sum of
L, and L, and will be designated generally by

(22) L, = {Ly, Ly} .

If the only vector which is in both L; and L, is the zero vector, we shall say
that L, and L, are complementary subspaces of their sum and write

(23) Lo=Li+ L.

In this case the order of L is the sum of the orders of L, and L, and in fact
we shall show that, if Ly =v./F + ... + v.F, Ly =wF + ... 4+ w,F,
then Ly =0,F + ... 4+ v.F +wF 4 ... 4+ w,F.

For it is clear that a4+ . . . + @utm + by + . . . + baw, = 0 if and
onlyifv=an+...4 aun = (=b)wr+ ...+ (—bg)w, is in both L,
and Ls. Thus v 0 implies that the a; and b; are not all zero and therefore
that the vectors v; and w; spanning L, are linearly dependent in F and do
not form a basis of L,. Conversely, if necessarily v = 0, then the v; and w;
do form a basis of Ly, and L, has order m + ¢.

If L, and L, are linear subspaces of L and if L contains L;, we may ask
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whether a linear subspace L. of L, exists such that Ly = L; + L2. The
existence of such a space is clearly a corollary of

Theorem 8. Let L, of order m over F be a linear subspace of L of order n
over F. Then there exists a linear subspace Ly of L such that Ly and L, are
complementary subspaces of L.

The result above may be proved by the method we used to prove Theo-
rem 1, where we apply this method to the set vy, ..., U, U, ..., U, in
L =wF 4+ ...+ u.F. However, let us give, instead, a proof using matrix
theory. We put L = V,, let G be the m by n matrix whose rows are the basal
vectors vy, . . . , ¥ Of L1. Then G has rank m, and there exists a nonsingular
matrix @ such that the columns of GQ are a permutation of those of G,

Q=G G,

where G, is nonsingular. Then the matrix

_ G1 Gz
A°—<O I,,_,n)

is nonsingular, and A = A @!is obtained by permuting the columns of 4.

But then
G
4= (H)

is nonsingular, the rows of A span V,, and the rows of H span the space L,
which we have been seeking. Moreover, it is clear that the rows of H are
certain of the vectors e; which we defined in Section 2.

EXERCISES

1. Let L, be the row space of each of the m by n matrices of Section 4, Ex. 3. Use
the method above to find a basis of the corresponding V. consisting of a basis of
L, and of a complementary space Ls.

2. Let the following vectors u; span Li, v;span L,. Find a complement in {L;, L,}
to L; and to L.

a) w=(1, -1, 1, 1) ’ w= (2 -21,2), us = (1, =1, 0, 1)
U= (19 2, 1, 0)) Uy = (4y -1, 4, 0)

b) ul = (1, 2) 0; 0) ) u’2 = (17 _11 1) 0) b u3 = (1’ 0’ 0} 1)
n=(4311), v, = (4, —3,3,2), s = (1, 4, 2, —3)

) w=(1,02 —1), u=(0,1,2 —-1), u = (2,1, 6, —3)

K 0= @, —-2,2 -1), v = (=5, 3, —4, 2), v = (=2, 1, =2, 1)
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8. Systems of linear equations. The set of all linear formsinz,, ..., z,
with coefficients in F is a linear space

(24) L=x/F+...+4+a,F

of order n over F. The left members

(25) fi=fxy, .., %) = anzi + . ..+ G
of a system
(26) auZy + . .. F G = ¢ (i=1,...,m),

of m linear equations in » unknowns, are such forms and are in L. Then,
if » is the rank of the m by n matrix A = (a;;) of coefficients of (26), we
see by Theorem 7 that certain r of the forms f; are linearly independent in
F and the remaining m — r forms are linear combinations of these r.

We may assume without loss of generality that the equations (26) have
been labeled so that fy, . . . , f, are linearly independent in F, and

(27) fk‘=bklfl+~’-+bkrr (k=T+1,...,m)

for bx; in F. Then

Uy
28) A= . |, w=(a..., ¢

- G=1,...,m),
where uy, . . . , 4, are linearly independent in F, and
(29) U =buuy+ ...+ bu k=r+1,...,m).

If the system (26) is consistent, there exist quantities dy, . . . , d, in F such
that fi(dy, . . ., ds) = ¢;. Then (27) implies that

(30) Ck =fk(d1} . -;dn) =buer + ... +bkrcr
k=r+1,...,m).
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Define the augmented matrix A* of the system (26) to be the m by n + 1

matrix

w

(31) A* = y U= (U 6) = (Giyy e v ey Giny G)

, G=1,...,m)),
and see that (29) and (30) imply that
(32) up = byut + ... + but k=r+1,...,m),

8o that the rank of A* is at most r. But A* has A as a submatrix; A* has
rank 7.

Conversely, if A* has the same rank r as A and we choose uy, . . ., u, to
be linearly independent, then u3, . . ., ur are clearly linearly independent.
We then have (29) and may apply elementary row transformations of type
1 to A* which add — (byuf + ... + bpul) to upfork=r+1,...,m.
These replace the submatrix A of A* by

U
G
(33) (5), ¢-
U,
and replace A* by
(/1
G C _ )
(34) <0 Cz) ’ Cl = . ’
C

where the (m — r)-rowed and one-columned matrix C; has cxo = ¢ —
(bmer + . . . + biec) as its elements. But, clearly, if any cxo % 0, the
matrix A* has a nonzero (r 4+ 1)-rowed minor. This is impossible if A* is
of rank r.

We now see that the system (26) is consistent if and only if A* has the
same rank r as A. Moreover, we have already shown that, if A* does have
the same rank as A, then m — r of the equations (26) may be regarded as
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linear combinations of the remaining r equations and are satisfied by the
solutions of these equations. It thus remains to show that any system of r
equations in z,, . . . , 2, with matrix of rank r has solutions. We may write

z = (1, ..., ,) and see that such a system may be regarded as a matrix
equation

(35) Gr' =v, v="(cy...,6C).

Before solving (35) we prove
LemMA 4. Let G be an r by n matrix of rank r. Then

(36) G=(=@ 0Q

for a nonsingular n-rowed matriz Q.

For Lemma 2 states that G = (H 0)Q,, where @, is n-rowed and non-
singular and H ig an r by r matrix of rank r. Then H is nonsingular, so is
Q. = diag {H, I.-,}, (I, 0)Q; = (H 0). Thus we have (36) for Q =
QﬁQl-

The system (35) may now be written as
(37 (I, Oy =0, y=2Q=(=,...,9n).

But then y = zQ’ is a nonsingular linear transformation and the y; are
linearly independent linear forms in z, . . ., z,. Evidently, (37) has the
solution y; = ¢; for 7 = 1, ..., r; the solution of (35) is then given by
z=y@Q) " for yy=ci(t=1,...,r) and Yr, . .., Y arbitrary. Ob-
serve that, if we choose the notation of the z; so that G = (G., G5) with
G, an r-rowed nonsingular matrix, then

G G
6 e=(¢ ), v-m, a-@x),
where Y, and X, have r columns. From this we obtain

4 0 Vi U ’
Q = <gz I —,> y Q= (X6 + X,G;, X,)

so that
X2= Yz= (a:,+1,...,xn),

Y, =XG+ X6 =(a...,6),
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and our solution of (35) is given by
(39) X, = (¥, = X,@)(G)™.

But then we have solved for zy, . . . , z, as linear functions of 2,44, . . . , Zs.
For exercises on linear equations we refer the reader to the First Course in
the Theory of Equations.

9. Linear mappings and linear transformations. The system of equations
(3.1) of a linear mapping was expressed in (3.32) as a matrix equation
z’ = y’A’. Let us interchange the roles of m and n, A and A’ in this equa-
tion. Then we see that a linear mapping may be expressed as a matrix
equation

(40) v=ud,
where A is an m by n matrix and
(41) u=(Yy...,Yn), v= (T, ..., %) .

Clearly, u is a vector of V,, over F, v is a vector of V,, over F, and (40) may
be regarded as a correspondence w — uA defined by A whereby every u
of V,, determines a unique vector w4 of V,. We now proceed to formulate
this concept more abstractly.

Let L and M be linear spaces of respective orders m and n over F and
consider a correspondence on L to M. Designate the correspondence by the
symbol S, so that S is the function

S: u— us

(read u goes to u upper S) wherein every vector u of L determines a unique
48 in M. Suppose also that

(42) (au + buy)® = aus + buf

for every a and b of F, u and uo of L. Then we shall call S a linear mapping
of the space L on the space M and describe (42) as the property that S is
linear.

Suppose now that L = wuwF + ... + u,F and M = o,F 4+ ... + v,F,
so that we are given not only the spaces L and M but fixed bases as well.
Then a linear mapping S uniquely determines »$ in M, and hence

(43) ‘ ud = a0 + ...+ a0, G=1,...,m),
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for a;;in F. Thus S determines also an m by n matrix A = (a;;). But, con-
versely, if A is an m by n matrix and we define uf by (43) for the given ele-
ments a;; of A, then the property that S is linear uniquely determines the
mapping S. This is true since every u of L is uniquely expressible in the
form

(44) U=y + ...+ Ynllm,
for y; in F and (42) implies that
(45) uS =yl + .yl

It follows that to every linear mapping S of L on M and given bases of L
and M, there corresponds a unique m by n matrix A and conversely. We
shall call A the matriz of S with respect to the given bases of L and M.

We now observe that

where

m
a:,-=2y.~a¢,- G=1,...,n).

But then, if we assume temporarily that L = V,, and M = V,, and put
v = uSin (40) and (41), we see that S is the linear mapping

(46) u—uS =ud

for the given matrix A. Thus every linear mapping which is a change of
variable as in (3.1) may be regarded as a linear mapping of the space V,,
on the space V,.

Let us next observe the effect on the matrix defined by a linear mapping
of a change of bases of the linear spaces. Define new bases of L and M,
respectively, by

m n
(47) uf® = Z D Us v = 2 Qi

t=1 i=1
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fork=1,...,mand l=1,...,n Then P = (px:) and Q = (g;;) are
nonsingular and, as we saw in (3.33), we may also write the second set of
equations of (47) in the form

(48) v; = 27‘,‘;050) ,
=1
where R = (r;;) = @. We apply the linearity of S to (47) and obtain
(uf)8 = Zp,ﬁu?. Substituting (43) and (48), we have
i=1
(49) @f?)S = burf?,
=1

where by, = Zpriaiiryi. Hence the matrix B = (by;) of the linear mapping
S with respect to our new bases is given by

(50) B = PAQ!.

Since P and Q! are arbitrary nonsingular matrices of m and n rows, re-
spectively, we see that changes of basis in L and M replace A by an equiva-
lent matrix. Thus any two equivalent m by n matrices define the same
mapping of L on M.

If L and M are the same space we shall henceforth call a linear mapping
S of L on L a linear transformation of L. Since we are now considering only
a single space, the only possible meaning of the u; and v; in (43) can be that
of a fixed basis ui, . .., us of L of order n over F and of a second basis
vy, ..., v, of L. Let us restrict our attention to the case where v; = u;.
Then we define the matrix A of a linear transformation S on L with respect
to a fixed basis u;, ..., u, of L to be the matrix A determined by (43)
with u; = v;. We have defined thereby a one-to-one correspondence be-
tween the set of all n-rowed square matrices with elements in F and the set
of all linear transformations on L of order n over F. If L = V,, such a
correspondence is given by

u—uS =ud.

Clearly, we should and do call S a nonsingular linear transformation if A is
nonsingular. Since we may then solve for v = uSA~!, we see that a non-
singular linear transformation defines a one-to-one correspondence of L
and itself.
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We now observe the effect on A of a change of basis of L. We use (47)
but note that u; = v; and uf® = v{”, so that we have P = Q. Hence a
change of basis* of L with matrix P replaces the matrix A of a linear trans-
formation by

(51) B = PAP-!,

It is now clear that in order to study those properties of a linear trans-
formation on L which do not depend on the basis of L over F we need only
study those properties of square matrices A which are unchanged when we
pass to PAP-!. We shall call two matrices A and B stmilar if (51) holds
for a nonsingular matrix P and shall obtain necessary and sufficient condi-
tions that A and B be similar in our next chapter.

EXERCISES

1. Let S be the linear mapping (46) of Vs on V, defined for the following mat-
rices A. Find the vectors of ¥, into which (-2, 3, 4), (1, 0, 0), (0, 1, 0) of Vs are
mapped by S.

1-3 0 1 234 0
a)A=<2—6—1 2) b)A=<—1 2 0 4)
-1 3 1-1 00 2-3

2

0

1

2-1 2 -5 -
1 1-1-1 -

2. Show that the linear transformations (46) of Vs defined for the following mat-
rices A are nonsingular and find their inverse transformations. Apply both S and
S~ to the vectors of Ex. 1.

-4 3 5 3 -1 —4
a) A= 3 0 20 by A=(5-2 —1>
5-2 11 2 -1 2

3. Define S for the matrices of Ex. 2 and let C be one or the other of the curves
of all vectors (points) u = (zi, #,, xs) whose coordinates satisfy the following equa-
tions. Find the equation of the curves C into which each S carries each C. )

a) 3zt — 2} + 223 + dxixs — 22935 — 20075 = 1
b) —411% + 111:;2, = — 61,23 — 101113 - 18352,133 +1
* Observe that a change of bases (47) of L defines a linear transformation of L when

we put uf = u{®. Thus we may regard a change of basis as being induced by a nonsingu-
lar linear transformation.
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10, Orthogonal linear transformations. The final topic of our study of
linear spaces will be a brief introduction to those linear transformations per-
mitted in what is called Euclidean geometry. Let then V, be the n-dimen-

sional linear space of vectors u = (¢, . . . , ¢x) over a field F. We define
the norm of w (square of the length of u) to be the value f(u) = f(ci, . . ., ¢n)
of the quadratic form

(52) f@, ..., z)=2+...+.

We propose to study those linear transformations S on V, which are said
to be length preserving and define this concept as the property that f(u) =
SF(uS) for every u of V,,. Such transformations S will be called orthogonal.

We may define S by uS = uA for an n-rowed square matrix A. Then,
clearly, f(u) = uu’, f(uS) = uS(uS)’ = uAA'v'. Write B = AA’ = (b;;)
and see that f(uS) = Zebije;, f(u) = Z¢t. Put ¢, = 1, ¢; = 0 forj > p and
have f(u) = f(uS) only if b;; = 1 for every ¢. Then take ¢, = ¢, = 1, all
other ¢; = 0, from which f(u) = 2, f(u8) = 2 + 2b,, = f(u) only if
bpe = 0 for a p #% q, B = I is the identity matrix. We call matrices A
satisfying
(53) AA' =1
orthogonal matrices and have shown that S is orthogonal if and only if its
matrix is an orthogonal matrix.

We have seen that S determines A uniquely only in terms of a fixed
basis of V,. Now in Euclidean geometry the only changes of basis allowed
are those obtained by an orthogonal linear transformation, that is, those
for which the matrix P of (51) is orthogonal. But then PP’ = I, P’ = P,
P’P = I, so that if S is a linear transformation with orthogonal matrix A
and we replace A by PAP-! = B, then

BB’ = (PAP")(PA'P") = PAA'P' =1,
and B is also orthogonal.
EXERCISES

1. What are the possible values of the determinant of an orthogonal matrix?

2. Let I be the identity matrix, A be a skew matrix such that I 4+ A is nonsingu-
lar. Show that (I + 4)"1(I — A) is orthogonal.

3. Show that every orthogonal two-rowed matrix A has the form

(+5 =a).
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where a = s(s? 4 2)71/2, b = t(s? + t2)"1/2, & and ¢ range over all quantities in F
such that s? + ¢ ¢ 0. Hint: The result is trivial if 4 is a diagonal matrix. Now
6} + al = 1 s0 that s = an, t = ar are of the form above, while, conversely,
a? 4 b* = (s2 4+ ¢2)(s2 + )~ = 1. Thevaluesan = +b,a» = Faare derived from
AA' =1,

4. The equations for rotation of axes in a real Euclidean plane through an angle
harez = z9co8 h — yosin h, y = Zosin k + y, cos k. Show that the corresponding
matrix is orthogonal and that every real orthogonal two-rowed matrix is either the
matrix of a rotation or its product by the matrix

£=(5-1)

5. Find a real orthogonal matrix P for each of the following symmetric matrices
A such that PAP’ is a diagonal matrix. Hint: Compute PAP’ = D = (d;;) and
put di = 0.

01 3 4 11 3 2\ °
9@ o) Yl 9G1) 27
11. Orthogonal spaces. We shall call two vectors u and v of V, orthog-
onal (that is, in a geometric sense, perpendicular) if uv’ = 0. Then, if A is

any orthogonal matrix and we define a linear transformation S of V, by
uS = ud, we have

of a reflection z = 2, ¥y = —yo.

uS = ud, S =4, uS(S) = udAY =uv’ =0

if and only if uv’ = 0. Thus orthogonal transformations on V, preserve
orthogonality of vectors of V,.

If L =vF+4 ...+ v,F is a linear subspace of V,, we define the set
O(L) to be the set of all vectors w in V,, such that vw’ = 0 for every v of L.
Then O(L) is a linear subspace of V', which we shall call the space orthogonal
in Va to L. For, clearly, if w, and w; are in O(L) and a and b are in F, we
have v(aw, + bw,)’ = avw] + bvw; = 0, aw, + bw, is in O(L). We now
prove

Theorem 9. Let L be a linear subspace of order m of V. Then the order
of O(L) isn — m.

In fact we shall prove

Theorem 10. Let L be the row space of the m by n matriz G of rank m so
that G = (In 0)Q for a nonsingular n-rowed matriz Q. Then O(L) is the
row space of H = (0 I,_n)(Q) of rank n — m.

For proof we first note that the elements of GH’ are the products v;w}
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of the rows »; of G by the transposes of the rows w; of H. But GH' =
In 0)[(0 I,_n)], and, clearly, then GH’ = 0. Let then O(L) = yF +
... + yF of order ¢ over F so that O(L) contains the row space of H.
Evidently H has rank n — m, and we must have ¢ > n — m. We let H, be
the ¢ by n matrix whose kth row is y: and we have GH; =0, 0 =
(I. 0)QH;. The rank of the n by ¢ matrix

—on = (P
D =QH; = ( D,
is ¢ since @ is nonsingular. But

@ oo = (g,

so that D, = 0, D has at most n — m nonzero rows, and D must have rank
g < n — m. This proves that ¢ = n — m, the row space of H is O(L).

Note that the row space of H is the set of all solutions z = (z4,.. ., z,)
of the homogeneous linear system Gz’ = 0.

The sum of the orders of L and O(L) is n, and it is natural to ask whether
or not they are complementary in V,, that is, whether V, = L + O(L).
This is not true in general, since if F is the field of all complex numbers and
L =vF, = —1,v = (1, 1), then w’ = 1+ 2 = 0. Hence O(L) is con-
tained in L and O(L) = L. However, we may prove

Theorem 11. Let F be a field whose quantities are real numbers. Then
Vn =L + O(L)

For by Theorem 9 it suffices to prove that the only vector w in L and
O(L) is the zero vector. Hence let w be in both L and O(L) so that w = dG,
where d = (dy, . . ., d,) has elements in F and @ is an m by n matrix of
rank m whose row space is L. Then Gw’ = 0 while also Guw’ = GG'd’. By
Theorem 3.17 the matrix GG’ has rank m and is nonsingular, GG'd’ = 0
onlyifd =0,d = 0, w = 0 as desired.

EXERCISE

Let L be the space over the field of all real numbers spanned by the following
vectors u;. Find a basis of the space O(L) in the corresponding V.
a) wm=(,2 -1,0), u = (0,1, 2,1)
b) u1=(1)0; 17 1); u’2=(01 1,01 1)7 u3=(_1) 2) 1;0)

c) u = (11 -1, 2; 1) ’ u = (2, —1, 2’ 3) ’ u = (1, —2,4,0)
d) U = (ly 2, —1)) U = (_1: 11 O)! Ug = (3) 3; 3)



CHAPTER V
POLYNOMIALS WITH MATRIC COEFFICIENTS

1. Matrices with polynomial elements. Let F be a field and designate by
1) Flz]

(read: F bracket z) the set of all polynomials in z with coefficients in F.
We shall consider m by n matrices with elements in #[z] and define elemen-
tary transformations of three types on such matrices as in Section 2.4. As
we stated in that section, we assume that in the elementary transformations
of type 2 the quantities ¢ are permitted to be any quantities of F[z]. But
those of type 3 are restricted so that the quantity a in F[z] shall have an
inverse in Flz]. Then a # 0 must be a constant polynomial, that is, a may
be any nonzero quantity of F.

We now let A and B be m by n matrices with elements in F[z] and call
A and B equivalent in F[z] if there exists a sequence of elementary transfor-
mations carrying A into B. The field F(z) of all rational functions of  with
coefficients in F contains I'[z], and it is thus clear that if A and B are equiva-
lent in F[x] they are also equivalent in F(r). Hence we see that A and B
are equivalent in F[z] only if they have the same rank. We may then
prove

LemMa 1. Every nonzero matriz A of rank r with elements in F[x] vs equiva-
lent wn ¥[x] to

G, 0
@ 6" o)
where G, = diag {fy, . . ., {;} for monic polynomials f; = fi(x) such that f; di-
vides fii1.

For the elements of all matrices equivalent in F[z] to A are polynomials
in z, and in the set of all such polynomials there is a nonzero polynomial
f1 = fi(x) of lowest degree. Using elementary transformations of types 3
and 1, we may assume that f1 is monic and is the element in the first row
and column of a matrix C = (c¢;;) equivalent in F[x] to A. By the Division

89
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Algorithm for polynomials we may write cia = ¢if1 + r; for ¢; and r; in
F[z) and r; of degree less than the degree of f;. But if we add —g; times the
first row of C to its 2th row, we pass to a matrix equivalent in F[z] to A
with r; as the element in its 7th row and first column. Our definition of f,
thus implies that r; is zero. Moreover, we have now shown 4 equivalent
in F[z] to a matrix D = (d;;) with d;; = 0 for ¢ 1, di; = f1. Similarly,
we see that every dy; is divisible by fi and hence that A is equivalent in
Fl[z] to a matrix

3) ( W)

where A, has m — 1 rows and n — 1 columns. Then either Ay = 0, or we
may apply the same process to A;. After a finite number of such steps we
ultimately show that A is equivalent in F[z] to a matrix (2) of our lemma
such that every f; = fi(z) is monic and is a polynomial of least degree in
the set of all elements of all matrices equivalent in F[z] to

@ Ai = (g g) @ = diag {fs, . .., il .

Write fiy1 = fiss + i, where s; and ¢; are in F[z] and the degree of ¢; is less
than the degree of f;. Then we add the first row of A; to its second row so
that the submatrix in the first two rows and columns of the result is

©®) (f : f(')i+1> '

We then add —s; times the first column to the second column to obtain
a matrix equivalent in Fz] to A; and with corresponding submatrix

® (&)

Our definition of f; thus implies that ¢; = 0, f; divides fi;1 as described.
We observe now that the elements of every ¢-rowed minor of a matrix A
with elements in F[z] are polynomials in z, so that these minors are also
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polynomials in . By Section 2.7 if B is obtained from A by an elementary
transformation, then every ¢-rowed minor of B is either a t-rowed minor of
A, the product of a f-rowed minor of A by a quantity a of F, or the sum
M, 4+ fM, where M, and M, are {-rowed minors of A and f is a polynomial
of Flz]. If d in F[z] then divides every {-rowed minor of A, it also divides
every t-rowed minor of all m by n matrices B equivalent in Flz] to A. But
A is also equivalent in F[z] to B and therefore the t-rowed minors of equiva-
lent matrices have the same common divisors. We may state this result as

LeEmMMA 2. Let A be an m by n matrix with elements in F[x] and d be the
greatest common divisor of all t-rowed minors of A. Then d, is also the greatest
common divisor of the t-rowed minors of every matriz B equivalent in Fx] to A.

Every (k + 1)-rowed minor M., of A may be expanded according to a
row and is then a linear combination, with coefficients in F|z], of k-rowed
minors of A. Hence d; divides every M, so that di divides diy1. We ob-
serve also that in (2) the only nonzero k-rowed minors are the k-rowed
minors |diag {fi, ..., fi,}| for 11<i2< ... <4, and since clearly every f;
divides f;;; we see that the g.c.d. of all k-rowed minors of (2) is f . . . fx
We thus have di = f1. .. fi, whence

(M Ek—_}=f"'

It is customary to relabel the polynomials f; and thus to write f, = g4,
Jfr—1 = g2, f1 = gr. We call g; the jth invariant factor of A and see that if we
define dy = 1 we have the formula

d,_; .
®) 0; = 2 G=1,...,1.
r—j
Moreover, g; is now divisible by g;;1forj =1,...,r — 1. We apply ele-
mentary transformations of type 1 to (2) and see that if A has invariant
factors gy, . . ., gr, then A is equivalent in F[z] to
G 0 o
(9) (0 0) ) G = dl&g {gli R g"} .

If, then, B is equivalent in F[z] to A, it has the same greatest common di-
visors d; and hence the same g; of (8), while, if the converse holds, B is
equivalent in F[z] to (9) and to A. We have proved



92 INTRODUCTION TO ALGEBRAIC THEORIES

Theorem 1. Two m by n mairices with elements tn F[x] are equivalent in
F(x] +f and only if they have the same invariant factors. Every m by n mairiz
of rank r with invariant factors gy, . . . , g: 18 equivalent tn F[x] to (9).

As in our theory of the equivalence of matrices on a field we may obtain
a theory of equivalence in F[z] using matrix products instead of elementary
transformations. We thus define a matrix P fo be an elementary matriz if
both P and P! have elements in Fz]. Then, if a = |P| and b = |P-|,
the quantities a and b are in Flz], ab = |I| = 1, so that a and b are nonzero
quantities of F. But if P has elements in F[x] so does adj P. Hence so will
P~ = |P|tadj Pif |P|isin F. Thus we have proved that a square ma-
triz P with polynomial elements is elementary if and only if its determinant
18 a constant (that is, in F) and not zero.

‘We now observe that, in particular, the determinant of any elementary
transformation matrix is in F. Hence, if A and B are square matrices with
elements in F[z] and are equivalent in F[z], their determinants differ only
by a factor in F. Moreover, if |A| and |B| are monic polynomials, then
the equivalence of A and B in F[z] implies that |A| = |B| and, in fact,
that when A is a nonsingular matrix with g, . . . , g, as invariant factors its
determinant is the product g; . . . ga.

It is clear now that a square matrix P with elements in F[z] is elementary
if and only if P is equivalent in F[x] to the identity matrix, and thus the
invariant factors of P are all unity. We may now redefine equivalence. We
call fwo m by n matrices A and B with elements in F[x] equivalent in F[x] +f
there exist elementary matrices P and Q such that PAQ = B. Then we again
have the result that A and B are equivalent in F[x] if and only if they have
the same tnvariant factors. For under our first definition P and @ are equiva-
lent in F[z] to identity matrices and hence may be expressed as products of
elementary transformation maitrices. But, if Py and @, are elementary trans-
formation matrices, the products PoA, AQ, are the matrices resulting from
the application of the corresponding elementary transformations to A.
Hence, PAQ must have the same invariant factors as A. The converse is
proved similarly, and we have the result desired.

In closing let us note a rather simple polynomial property of invariant
factors. The invariant factors of a matrix A with elements in F[z] and rank
r are certain monic polynomials g:(x) such that g.i.(x) divides gi(x) for
t=1,...,7r—=1 If gi(x) = 1, then g;(x) =1 for larger j =k + 1,
..., r. Let us then call those gi(x) = 1 the nontrivial invariant factors
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of A, the remaining gi(z) = 1 the trivial invariant factors of A. Thus there
exists an integer ¢ such that gi(z) has positive degree for i = 1,...,1¢,
gen(x) = ... =g.(z) = L.

EXERCISES

1. Express the following matrices as polynomials in = whose coefficients are
matrices with constant elements.

0 22+ z?

<1+2x 2?4424+ r+2 2 +4r+ 2 >
a)
1—-2z 2432 —-3r -1 22—+ 4 -2

x2 z 2 - 2z
b) <z’-—1 142 :c2—2:c—-3>
xd 4+ 222 - 2 22+ 2z + 2 23— 4r — 6
¥4 22— 2z z? — 28 4z
c)( z3 z — a8 x? )
20 + a2 — 2 + 1 2—-z—1 z +1

24z z 2241
d) |22+ = z+1 x2+x>
x?—1 2z 272 4+ 2

2. Let A be an m by n matrix whose elements are in F[z]. Describe a process by
means of which we may use elementary row transformations involving only the
tth and kth rows of 4 to replace A by a matrix with the g.c.d. of a;; and ay; in its
ith row and jth column. Hint: Use the g.c.d. process of Section 1.6 with f = ay;,
g = ax;.

3. Use elementary transformations to carry the following matrices into the
form (9).

®) <:(c) x -?- 1) b) <x(x (; g z(x -f 1)) ¢) <1’ +09~' i z? +02:c - 3)

4. Describe a process for reducing & matrix A with elements in F[z] to an equiva-
lent diagonal matrix. How, then, may we use the process of Ex. 3 to carry this
preliminary diagonal matrix into the form (9)?

5. Reduce the matrices of Ex. 1 to the form (9) by the use of elementary trans-
formations.

6. Determine the invariant factors of the matrices of Ex. 1 by the use of (8).
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7. Use elementary transformations to reduce the following matrices to the
form (9).

x? 1 z? — 23 z—x*—2
0 1 2 z—2
o) z3 -z 24z—28 -2zt 142z —22~23
223 1 2424 22— 20t —-14z— 223
z2 -2z 2 — 2 22— 2
) 4z + 4 3z + 2 -3z 4z 46
z z 1—2 r+1
422 + 42 22 2224+ —2 42 + 5 — 2
z+3 3z2 + 3z 2z + 3 z+4+3
z 22 22 z

©) 142 —23 32+ x 2r+1 z+1
-z +1 x — 212 1—-2 1—12

- 2t +1 z—1 z+1
d) 2—z z—1 r+2 r—2
-3 -2z 3r+ 4 z 2z + 4
—z24+z—1 224+z+2 243z —1 2 —x 4+ 2
222+ 42+ 2 -z 202+ 3z + 1 -z —1
2+z-—3 522 + 2z z2—1 622 + 5z + 2
0 R 2%tz 3¢ +3 —922 + 25 + 1
z+2 —z2 z+1 —z?

2. Elementary divisors. Let K be the field of all complex numbers so that
@) =@&—c)a... (& — c)%,

where ¢y, . . ., ¢, are the distinct complex roots of the first invariant factor
of a matrix A with elements in K[z]. Since g;y1(x) divides g;(z), it is clear
that every gi(x) divides gi(z), and thus

(10) gi(x) = (x — c1)%n. .. (x — cy)%is t=1...,7).

Here r is the number of invariant factors of 4, e;; = ¢;, e;; = 0 for ¢ = 2,
..., 7. We shall call the rs polynomials

fi = (z = ¢;)%i

the elementary divisors of A. Those for which ¢;; > 0 will be called the
nontrivial elementary divisors of A.
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The invariant factors of A clearly determine its elementary divisors
uniquely as certain rs powers f;; of linear functions £ — ¢; where r is the
rank of A, and s is the number of distinet roots of the invariant factors
of A. Conversely, the elementary divisors of A uniquely determine its in-
variant factors. In fact, let us consider a set of ¢ polynomials each a power
with positive integral exponent of a monic linear factor with a complex
root. The distinct roots in our set may then be labeled ¢y, . . . , ¢, and our
polynomials have the form Ai; = (z — ¢;)*% for ni; > 0. For each ¢; let ¢; be
the number of A; in our set, ¢ be the maximum ¢;. Then, clearly, ¢ = ¢, +
...+t =< ts, and our set of polynomials may be extended to a set of
exactly ¢s polynomials by adjoining ¢ — ¢; polynomials (z — ¢;)™i with
ni;; = 0. Let us then order the ¢ exponents =n;; to be integers e;; satisfying
1= €5 = ... 2 e; =0, Define gi(x) as in (10) for 2 =1,...,¢ and
obtain a set of polynomials g;(z) such that g;..(z) divides g;(z) for z = 1,
..., t—1, the g;(z) are the nontrivial invariant factors of a matrix A
whose nontrivial elementary divisors are the given hy;. If A has rank r, we
have r 2 t, and we adjoin (r — t)s new trivial elementary divisors f;; to
obtain the complete set of r invariant factors gi(z) of A.

It is now evident that fwo m by n mairices with elements in K[x] are
equivalent in K[x] if and only if they have the same elementary divisors.

The matrix (9) has prescribed invariant factors and hence prescribed
elementary divisors. However, it is desirable to obtain a matrix of a form
exhibiting the elementary divisors explicitly. We shall do this. Let us prove
first

Theorem 2. Let f,, . . ., f, be monic polynomials of F[x] which are rela-
tively prime tn pairs. Then the only nontrivial invariant factor of the matrix
A = diag {fy, ..., fs} ts its determinant g = f, . . . f,.

The result is trivial for s = 1. If s = 2, the g.c.d. of the elements f; and
f2of Ay = diag {f1, f2} is unity, d; = 1, f1f2 is the only nontrivial invariant
factor of A, and A, is equivalent in F[z] to diag {f.f2, 1}. Assume, then,
that 4, = diag {f1, . .., fi—1} is equivalent in F[z] to B,_, = diag {g,—,
1,...,1},whereg,_1 = f1... fe—1. Then A = diag {fy, ..., f.} is equiv-
alent in Flz] to diag {gs—1, fs, 1,..., 1}. But g, is prime to f,, diag
{ge—1, fu} is equivalent in F[z] to diag {g, 1}. Hence A is equivalent to
diag {g, 1,..., 1}. Then g is the only nontrivial invariant factor of 4,
and our theorem is proved.

We see now that if g:(x) is defined by (10) for distinct complex numbers
¢;, the corresponding elementary divisors fy3, . . . , fi. are relatively prime
in pairs. By Theorem 2 the matrix A; = diag {fu, . . ., fu} is equivalent
in Flz] to diag {gs, 1,..., 1}. But then A = diag {4, ..., 4.} is equiv-
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alent in F[z] to diag {g1, ..., g, 1,..., 1}, and hence the nontrivial in-
variant factors of A are gy, . . ., g.. We examine the form of A to see that
we have proved

Theorem 3. Letc,, ..., ¢, be complex numbers and fi=(x — ¢;) for in-
tegers ny = 0. Then the matriz

A = diag {fy, ..., f;}
has the f; as its elementary divisors.

EXERCISES

1. The following polynomials are the nontrivial invariant factors of a matrix.
What are its nontrivial elementary divisors?

a) 2+ 22+ 28, 2P+, 24z

b) a4 24+ 203+ 2242, 2342, =z

¢) z(z — 1)2 (a2 — 2z + 1), »¥—24+z . z-—1

d) x* — 523 + 922 — Tx + 2, ¥ -4+ 5r—2 a?—3z+ 2
e) (x2 — 1)3, (z2 — 1)2, (x2—1), =z-1

) @+14y (@@+13 2241

2. The following polynomials are the nontrivial elementary divisors of a matrix
whose rank is six. What are its invariant factors?

a) (z — 1), (z—1)2 (z—-1), (z + 1), z+1)

b) (z — 2)4 (z — 2)3, (x—2), = (x4 12 22

c) (x —3), (x — 3)3, (x — 3), a2, x4, a8

d) z, (x — 1), (z — 2), (z — 3), (x — 4), (x — 5)
e) (z+ 1)3 (z + 1) (z—1), z, z2, x3,  x?

f) =, (x —1), x2, (z — 1)2, x3, (z+1)4 22

3. Find elementary transformations which carry the following matrices into the
form (9).
@—1% 0 0 3 0 0
a)< 0 z—2 0> b)<0 z+1 0)
0 0 z—1 0 0 z+2

x8 0 0
¢) <0 (x— 1) 0 )
0 0 z+1
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3. Matric polynomials. Let the elements a;; of an m by n matrix A be
in F[z] and let s be a positive integer not less than the degree of any of the
a;;. Then every a;; has s as a virtual degree and we may write

(11) a; = a2 + aPr* 1 4+ ...+ afY
for af¥ in F. Define A; = (af?) and obtain an expression of A in the form

(12) f@) = Agw* + . . . + A,

for m by n matrices A;. Thus f(z) is a polynomial in z of virtual degree
s with m by n matrixz coeflicients A, and virtual leading coefficient A,.
Moreover, we say that f(x) has degree s and leading coeffictent Agif Ay 5 0.

In order to be able to multiply as well as to add our matrices we shall
henceforth restrict our attention to n-rowed square matrices with elements
in F[z] and thus to the set of all polynomials in x with coefficients n-rowed
square matrices having elements in F. Let us call these polynomials n-
rowed matric polynomials. If all the A;in (11) are zero matrices, the poly-
nomial f(z) is the zero polynomial, and we again designate it by 0. Evident-
ly we have

LemMA 3. The degree of £(x) + g(x) is not greater than the degree of f(x)
or g(x).

LeEMMA 4. Let £(x) have degree n and leading coefficient A, g(x) have de-
gree m and leading coefficient By such that ABo = 0. Then the degree of
f(x)g(x) is m + n and the leading coefficient of f(x)g(x) is A¢Bo.

As in Chapter I we use Lemma 4 in the derivation of the Division Algo-
rithm for matric polynomials which we state as

Theorem 4. Let £(x) and g(x) be n-rowed matric polynomials of respective
degrees s and t such that the leading coefficient of g(x) is nonsingular. Then
there exist unique polynomials q(x), Q(x), r(x), R(x) such that r(x) and R(x)
have virtual degree t — 1 and

(13) f(x) = a(x)g(x) + r(x) = g(x)Qx) + R(x).

Moreover, if s < t, then q(x) = Q(x) = 0, while if s 2 t, then q(x) and
Q(x) have degree s — t.

While the proof is very much the same as that in Theorem 1.1, let us
give it in some detail. We assume first that s = ¢ and let A, # 0 and B, be
the respective leading coefficients of f(z) and g(x). Then B;! exists, and if
¢.(x) = A By'z*~* the polynomial fi(z) = f(z) — qi(x)g(x) has virtual de-
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gree 8 — 1. This implies a finite process by means of which we begin with
a polynomial f;(z) of virtual degree s — ¢ = ¢ and leading coefficient A"
and then form fi11(z) = fi(z) — qiy1(x)g(z) of virtual degree s — 1 — 1
for ¢;41(z) = A{¥’By'z*—*~t. The process terminates when we obtain an
fi(x) of virtual degree t — 1. Thus we have the first equation of (13) with
q(x) = 0, r(x) = f(x) if s < ¢, and otherwise with ¢(z) of degree s — ¢t and
leading coefficient A ,B;! and r(z) the f;(x) above. If alsof(x) = qo(x)g(x) +
ro(z) for qo(x) — q(x) # 0, the degree of this polynomial is # = 0, and its
leading coefficient is Co 5% 0. Also CoB, = 0 since By is nonsingular. But
then by Lemma 4 the degree of [qo(x) — q(x)lg(x) = r(z) — ro(z) ist + A,
whereas its virtual degree is¢ — 1, a contradiction. This proves the unique-
ness of g(z) and r(x). The existence and uniqueness of Q(zx) and R(z) is
proved in exactly the same way except that we begin by forming f(z) —
g(x)BglAxt .

Let us regard the first equation of (13) as the right division of f(z) by
g(z), the second as the left division of f(z) by g(x). Then we shall speak
correspondingly of ¢(x) and r(z) as right quotient and remainder, of Q(zx)
and R(x) as left quotient and remainder. If r(z) = 0, we have f(z) =
g(x)g(z), and g(x) is a right divisor of f(x). Similarly, we call g(z) a left
divisor of g(x) if f(z) = g(x)Q(x), so that R(z) = 0in (13).

It is natural now to try to prove a Remainder Theorem for matric poly-
nomials. However, the theorem in usual form is ambiguous since, for ex-
ample, if C is an n-rowed square matrix and f(z) = A@x? = 224, = zd .,
the polynomial f(C) might mean any one of A4,C?% C24,, CA,C, and these
matrices might all be different. Thus we must first define what we shall
mean by f(C). We shall do this and obtain a Remainder Theorem which we
state as

Theorem b. Let f(x) be an n-rowed square matric polynomial (12), C be
an n-rowed square matrix with elements in F. Define fr(C) (read: fright of C),
and f1,(C) (read: f left of C) by

(14) fr(C) = AC* + ALC*1 + .. .4+A,,.CHA,,
and
(15) fr(C) = CAy +C*1A; + ... +CA,1+ A,.

Then the right and left remainders on division of f(x) by xI — C are fr(C)
and £1,(C), respectively.
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To make our proof as in the case of polynomials with coefficients in a
field we use Theorem 4 with g(z) = 2I — C and have f(z) = q(z)g(z) +
r(z) where ¢(z) has degree s — 1 and r(z) = B has elements in F. We then
wish to draw our conelusion from fz(C) = ¢g(C)(C — C) + B. This state-
ment is correct, but let us examine it more closely. We write ¢(z) =
Cor*'+ ...+ C,1 and have

h(z) = q(x)(zI — C)
= (Cox' + Clz‘—l + c e + C,_]_I) - (CoCx"l + e + C _1C) .

Then, if D is any n-rowed square matrix with elements in F, we have
hg(D) = CoD* + (C; — CLL)D*1 4+ . .. + (Comy — Co—2C)D — C,C
while

qe(D)(DI — C) = CoD* + (C1.D*1 — CoD*1C) + . ..
+ (Cu—lD - CJ—ZDC) - Cl—lc )

and these matrices are equal in general* if and only if D and C are commu-
tative. They are equal if D = C, and thus f(z) = h(z) + B implies that
fr(C) = hp(C) + B = qz(C)(C — C) + B = B. The second part of our
theorem is proved similarly.

As a consequence of the result just proved we have the Factor Theorem
for matric polynomials which we state as

Theorem 6. The matric polynomial £(x) has xI — C as a right divisor if
and only if fp(C) = 0; 1t has xI — C as a left divisor if and only if £,(C) = 0.

For Theorem 5 implies that, if fp(C) = 0, then in (12) the polynomial
r(x) =0, f(x) = q¢@)(@] — C). Conversely, if f(z) = q(z)(zI — C), we
have seen that fz(C) = ¢g(C)(CI — C) = 0. The results on the left follow
similarly.

Our principal use of the result above is precisely what is usually called
the trivial part of Theorem 5, that is, if f(x) has x — C as a factor, then
C is a root of f(x). However, it is nontrivial that fg(C) = 0 and follows
only from the study above where we showed that if D is any square matrix
such that DC = CD, then h(x) = q(z)(zI — C) implies that hz(D) =
gr(D)(D — C).

*E.g.,if g(x) = z so that h(z) = z* — Cz, then hp(D) = D* — CD, ¢x(D)(D - C) =
D?* — DC 3 D* — CD unless DC = CD.
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EXERCISES

1. Express the following matrices as polynomials f(z) and g(z) with matrie coeffi-
cients and compute ¢(z), Q(z), r(z), R(z) of (13).

a)f(x)=<x3+5z+1 3z‘+:c—12>, g(z)=<2x2—l x’)

203+ 22 +2 428+ 22 + 3z? 222
¢+ 322 —1 23-1 32+ 24+ z+1
niw=(GIY 1R w= (1 TR

2t —22+2 —234zr-—1 1—a?
c)f(x)=<z’—z+1 —zt 422 -2 14z >,

22 —1 -1—-z 422 -1
24+2r+1 22—-1 2241
g(x) = 1—2 202+ 2 22—1
2z 241 22+ 22

z+2 222+ 1 z? 3z
T 2z 223 bx3

D@ =\opw_1 w4z 3 -2
2»-1 x4+1 -2 1

-1 2 222 —xr 32241

3 4 . 2—-1 2242
0@ =lop 4, 30 1 2
2 -2 3 5

2. Use f(z) of Ex. 1(c) and find fz(C) and f1(C) by the use of the division process
as well as by substitution if

010 0 2 0 1 20
a) C=(0 0 1 b)C=(1 00 c)C=<2—1 0)
2 00 0 01 0 01
4, The characteristic matrix and function. If f(x) is a matric polynomial

(12) with n-rowed scalar matrix coefficients A, then we shall call f(z) a
scalar polynomial. Thus A, = ail for the ax in F, and

(16) f@) = (@ex* + ...+ a)I,

where I is the n-rowed identity matrix. We call f(z) monic if ap = 1. If
now g(z) is also a scalar polynomial, the quotients ¢(z) and Q(z) in (13)
are the same scalar polynomials and also r(z) = R(z) is scalar. For obvi-
ously this case of Theorem 4 is now the result of multiplying all the poly-
nomials of Theorem 1.1 by the n-rowed identity matrix.
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If A is any n-rowed square matrix, the polynomials fz(A4) and fL(4) are

equal for every scalar polynomial f(x), and we shall designate their com-
mon value by

an JA) = aed* + ...+ @14 + a1 .

We now say that either the polynomial f(x) or the equation f(z) = O has A
as a root if f(4) = 0. By Theorem 6 the matrix A is a root of f(z) if and
only if f(x) has 2I — A as either a right- or a left-hand factor.

We shall call the matrix I — A the characteristic matriz of A, the de-
terminant |zl — A| the characteristic determinant of A, the scalar poly-
nomial

(18) fl@)=|aI —A| -1

the characteristic function of A, and the corresponding equation f(z) = 0
the characteristic equation of A. We now apply (3.27) to zI — A to obtain

19) (zI — A)adj (I — A)] = [adj I — A)]I — A)
= |2l —A|-1.

Then the elements of adj (xI — A) are the cofactors of the elements of
2l — A, and adj (zI — A) is a matric polynomial (in general, nonscalar).
By the argument above we have

Theorem 7. Every square matriz is a root of its characteristic equation.

The g.c.d. of the elements of adj (zI — A) is clearly the polynomial d,_(z)
defined forzI — A and d,(z) = |x[ — A |. But thenadj (zI —A) =d,_:(z) B(z),
where B(z) is an n-rowed square matrix with elements in Flz]. Hence B(x)
is a matric polynomial. The invariant factors of I — A were defined in (8),
and by (19) |2 — A|I = g1(x)dn-1(x)] = (I — A)B(z)d.-1(2). By the
uniqueness of quotient in Theorem 4 we have

(20) 9(z) = g1(@)I = (zI — A)B(x).

Hence, clearly, g(A) = 0. Observe also that the g.c.d. of the elements of
B(z) is unity so that if B(z) = Q(x)g(x) for a monic scalar polynomial
q(z), then g(z) = 1.

We now define the mintmum function of a square matrix A to be the
monic scalar polynomial of least degree with A as a root. The remark just
made above then implies

Theorem 8. Let g,(x) be the first invariant factor of the characteristic ma-
triz of A. Then g(x) = g1(x)1 is the minimum function of A.
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For if h(z) is the minimum function of A we may write g(z) = h(z)q(z) +
r(z) for scalar polynomials 2(z) and r(z) such that the degree of r(z) is less
than that of A(x). But h(4) = 0,and g(A) = 0so thatr(4) = 0,r(x) = 0.
Hence g(z) = h(z)q(z), and since g(z) and h(z) are monic so is ¢(z). By
Theorem 6 we have h(zx) = (zI — 4)Q(x), and by (20) we have g(z) =
(zI — A)Q(x)q(x) = (I — A)B(z). The uniqueness in Theorem 4 then
states that B(z) = Q(z)q(z), ¢(x) = 1, from which g(z) = h(z) as desired.

We see now that [z — A| is a monic polynomial of degree n and is not
zero, r = m = n in (9), and

@n P(z) - (eI — A) - Q(z) = diag {gy, . . ., ¢}

for elementary matrices P(z) and Q(z). But then, as we have already ob-
served in an earlier discussion,

(22) c-lel —Al-d=g1...¢a

for ¢ = |P(z)| and d = |Q(z)| in F. Hence c¢d = 1, and we have proved

Theorem 9. The characteristic function of a square matrix A is the product
by I of the product of the tnvariant factors of the characteristic matriz of A.

This result implies that |zI — A| is the product of gi(z) by divisors
gi(z) of gi(x). It follows that every root of |zI — A| in any field K con-
taining F is a root of gi(x). But in fact we have already seen that if F is
the field of all complex numbers, the elementary divisors of zI — A are
polynomials (z — ¢;)¢i whose product is |z — A|. Then the ¢; are the
distinet roots of gi(z) as well as of |I — A|. They are called the charac-
teristic roots of A.

In closing this section we note that if we write f(z) = |2 — 4| - I =
(@z*+az '+ ...+a,) I, thenf(0) = | -A|-I=(—-1)"|A]| - I,sothat
|A| = (—1)"a,. It follows that, if |4 | 5 0, then

(23) A7l = =g (A 4 g A2+ ot a0 D),

and hence it is obvious that AA—* = A—-'4. Moreover, if |4| = 0, then
A1 does not exist. If, then, 4 £ 0 and g1(z) = 2™ + biz™ ' + ... + bn,
the polynomial g(z) = gi(z)I can be the minimum function of 4 only if
bm = 0. Since A # 0, we have m > 1, and G = A™1 4+ b A2+ ... +
bm-1I is a nonzero matrix with the property

@) AG =GA =0.
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EXERCISES
1. When is the minimum function of a matrix linear?

2. What, then, are the minimum functions of the following matrices?

o3 9Ga) oGy 26

3. Let A = diag {A,, A2} where A, and A, are square matrices of m and 7 rows
respectively. Show that if f(z) is any polynomial in F[z] and we define f,(z) =
f(@)I; for any ¢, then fin(4) = diag {fm(41), fa(42)}. Hint: Prove first by induc-
tion that A* = diag {AF, A}}.

4. Let A have the form of Ex. 3 and let g(z)Imyn, g1()Im, and g(z)I, be the
respective minimum functions of A, A,, A,. Prove that g(z) is the least common
multiple of gi(x) and g.(x).

5. Apply Ex. 4 in the case where 4, is nonsingular and 4, = 0.

6. Compute the characteristic functions of the following matrices.

1 2 3 2 3 1
a) |2 -1 4 b) {1 2 1
3 11 0 0—4

0-1 2-3 43 2-1
1 0 3-2 32 1 0
Al_2-3 0 1] D| 2 1-1-2
3 2-1 0 —1 0 -2 —5

7. It may be shown that the characteristic function f(z) = z® — a2z +
cooF (=Diaiz™ 4+ ... + (—1D™a, of an n-rowed square matrix A has the
property that a; is the sum of all i-rowed principal minors of A. Verify this for the
matrices of Ex. 6.

b. Similarity of square matrices. We have defined two n-rowed square
matrices A and B with elements in a field F to be similar in F if there exists
a nonsingular matrix P with elements in F such that

PAP' =B.

The principal result on the similarity of square matrices is then given by
Theorem 10. Two matrices are similar in F if and only if their charac-
teristic matrices have the same invariant factors. )
For if PAP!'= B, then P(xI — A)P™! = zPIP' — B = zI — B.
But P has elements in F, |P| # 0isin F, P is elementary. Hence zI — A
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and zI — B are equivalent in F[z] and have the same invariant factors.
Conversely, let zI — A and I — B have the same invariant factors, so that

(25) P(x)[zI — AlQ(x) = zI — B
for elementary matrices P(z) and Q(z). We define
(26) P=PrB), Q=0QrB)
as in Theorem 5 and have
(27) P(x) = (I — B)Po(xz) + P, Q(z) = Qu(x)(zI — B) + Q.
Then \
P(@)[(z] — A)]Q(x) = (zI — B)Po(z)(zl — A)Q(z) +
P.-(@ —A)-Qyx)xIl —B)+P-(xI —A):-Q=2zl —B.

We now use (25) and the fact that P(x) and @(x) are elementary to write
[P(x)]t = C(x), Q(x)! = D(x) for matrix polynomials C(x) and D(zx)
such that

(28) (xI — A)Q(z) = C(x)(x2I — B), P(x)(xI — A) = (zI — B)D(z).
But then from (27) and (28)
P.(zI — A) = (zI — B)[D(x) — Po(z)(zI — A)]
and thus
(29) (zI = B) —P-(xI —A):-Q = (zI — B)R(zI — B),

where R = R(z) = Po(x)C(z) + D(x)Qo(x) — Po(z)(xI — A)Qo(z). By Lem-
ma 4 the degree in z of the right member of (29) is at least two unless
R(x) = 0. But the degree in z of the left member of (29) is at most one,
R(z) = 0,

(30) P.(21 =A)-Q=2zI -B.
It follows that PAQ = B, PIQ = I, Q = P!, PAP! = B as desired.
Observe that the degree of |zI — A | is n and hence that if n; is the de-

gree of the ith nontrivial invariant factor g;(z) the property |2I — A| =
g1(z) . . . g«(x) implies that

(31) mtn+...+n=n, m=ne=...2n=20,

Obviously, this is an important restriction on the possible degrees of the in-
variant factors of the characteristic matrix of an n-rowed square matrix.
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EXERCISES

1. What are all possible types of invariant factors of the characteristic matrices
of square matrices having 1, 2, 3, or 4 rows?

2. Give the possible elementary divisors of such matrices.

3. Use the proof of Theorem 10 to show that if A, A, By, and B; are n-rowed
square matrices such that A, and B, are nonsingular, then Az + 4, and Bix + B,
are equivalent in F[z] if and only if there exist nonsingular matrices P and @ with
elements in F such that PA,Q = B; and PA.,Q = B,. Hint: Take A = —A714,,
B = —By'B; in (25).

4. Show that the hypothesis that A, is nonsingular in Ex. 3 is essential by proving
that Aix — I and Byx — I are equivalent in F[z], yet P and @ do not exist, if

010 010
A1= 0 ]. 0, B1= 00 1 .
000 001

6. Characteristic matrices with prescribed invariant factors. If g.(z),
., gi(z) are the nontrivial invariant factors of a matrix zI — A and n; is
the degree of g;(z), then by Theorem 1 the n-rowed square matrix

B=dl&g {Bl,...,Bg}

will be similar in F to A if B; is an n;-rowed square matrix such that the
only nontrivial invariant factor of the characteristic matrix of B; is gi(z).
For then zI — B = diag {zl., — By, ..., zl,, — B} is equivalent in
Flx] to diag {G, ..., G:}, where G; = diag {g;, 1,..., 1}, and we con-
clude that I — B has the same invariant factorsas zI — A. Thus the problem
of constructing an n-rowed square matrix 4 whose characteristic matrix has
prescribed invariant factors is completely solved by the result we state as
Theorem 9. Let g(x) = x» — (bx™1+4 ...+ b,) and

0 1 0 ... 0
0 0 1 ... 0
(32) A= . . e
(U 0 R |
ba basy bas ... by

Then g(x)I is both the characteristic and the minimum function of A, g(x) 18
the only nontrivial vnvariant factor of xI — A.

For
z -1 0 ... 0 0
0 x -1 ... 0 0
33) zI— A= . . . . .
0 0 0 R A |

—b,‘ —bn—l —bn-—2 e —'bz r — b1
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The complementary submatrix of the element —b, of (33) is an (n — 1)-
rowed square triangular matrix with diagonal elements all —1 and its de-
terminant is (—1)*!. Thus the cofactor of —b, is (—1)"*(—1)"1 =1
and hence d,_1(z) = 1. It remains to prove that d.(z) = |z — A| = g(z).
This is true if » = 1, since then A = A, = (by), and |z] — A| =z — b,
Let it be true for matrices A,_; of the form (33) and of » — 1 rows, so that
|2 — Apy] = 2™ — (biz" 2 + ... + ba_y) is the cofactor of the element
z in the first row and column of (33). We now expand (33) according to its
first column and obtain |zl — A| = z[2"! — (bix™ 2+ ...+ b,_1)] —
bs = g(z) as desired. This proves our theorem.

The construction of square matrices 4 with complex number elements
whose characteristic matrices have prescribed elementary divisors has a
simple solution, and we shall see that the argument preceding Theorem 9
reduces the solution to the proof of

Theorem 10. Let ¢ be a complex number, A be the n-rowed square matriz

c 1 0 0 0
0 ¢c 1 00
(34) A= . L.
0 0 O c 1
0 00 0 ¢

Then the only nontrivial tnvariant factor of xI — A is (x — c)=.

For zI — A is a triangular matrix with diagonal elements all z — c,
|zI — A| = (z — ¢)*. The complementary minor of the element in the
nth row and first column of I — A is a triangular matrix with diagonal
elements all unity, d._1(x) = 1, and d.(x) = (¢ — ¢)" is the only nontrivial
invariant factor of A.

Thus if ¢y, . . . , ¢; are complex numbers and 7, . . . , n; are positive in-
tegers, we construct matrices 4; of the form (34) for ¢ = ¢; and with n;
rows. The matrix A = diag {A4., ..., A.} then has n rows, and its char-
acteristic matrix zI — A = diag {B,, ..., B}, where B; = zI,; — A, is
equivalent in F[z] to diag {fs, 1,..., 1} such that f; = (z — ¢;)". But
then 21 — A is equivalent in F[z] to diag {fy,...,f, 1,..., 1}, and by
Theorem 3 the nontrivial elementary divisors of zI — A4 are fy, .. ., f: as
desired.
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EXERCISES

1. Compute the invariant factors and elementary divisors of the characteristic
matrices of the following matrices.

-1 -1 1
a) <—2 5 —1)

-1 -1 -1

1 -1
b) {1 0
2 -2

107

-1
_1>
-2

1 -1 -1 1-1 0
0 (2 -1 -2 d)<2—1 —1
1 1 -1 6 —2 —2
~4 63 > oo o
o (-3 5 4 )
s 1 -1 2 —1
0-11 0
—2 1 3 -2 —6 2 -5 —19
-1 03 0 2 0 1 5
Dl 1-10-1] MPl=2 1 0-5
-3 08 0 3.1 2 9

2. Find a matrix B = diag {B,, . . ., B,} similar in F to each of the matrices of
Ex. 1, respectively, where B; has the form (32), and the characteristic function of B;
is the 7th nontrivial invariant factor of A.

3. Solve Ex. 2 with the characteristic function of B; now the ith nontrivial ele-
mentary divisor of A, B; of the form (34).

7. Additional topics. There are many important topics of the theory of
matrices other than those we have discussed, and we leave their exposition
to more advanced texts. Let us mention some of these topics here, however.

The quantities of the field K of all complex numbers have the form

c=a+bi (@, bin R, 92 = —1),

where R is the field of all real numbers, a subfield of K. The complezx con-
Jugate of ¢ is

t=a—UW,

and the correspondence ¢ «— ¢ defines a self-equivalence or automorphism
of K, a fact verified in Section 6.9. This automorphism of K leaves the
elements of its subfield B unaltered, that is, @ = a for every real a. We
then may call it an aufomorphism over R.
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If A is any m by n matrix with elements a;; in K, we define A to be the
m by n matrix whose element in its 7th row and jth column is @;;. It is then
a simple matter to verify that

AB = 4B, (A)y = A7, = (),

for every A, B, and nonsingular C. Moreover, then (AB)’ = B’A7. We
now define a matrix A to be Hermitian if A7 = A, skew-Hermitian if A7 =
—A. Two matrices A and B are said to be conjunctive in K if there exists a
nonsingular matrix P with elements in K such that

PAP = B.

The results of this theory are almost exactly the same as those of the theory
of congruent matrices, and it is, in fact, possible to obtain a general theory
including both of the theories above as special cases.

Two symmetric matrices A and B with elements in a field F are said to
be orthogonally equivalent in F if there exists an orthogonal matrix P with
elements in F such that PAP’ = B. But PP’ = P'P = I so that B =
PAP-1is both similar and congruent to A. Analogously, we call a matrix P
with complex elements such that PP’ = P’P = I, a unitary matriz. Then
we say that two Hermitian matrices A and B are wnitary equivalent if
PAP’ = B, where P is a unitary matrix. Both of these concepts may also
be shown to be special cases of a more general concept.

Finally, let us mention the topic of the equivalence and congruence of
pairs of matrices. Let A, B, C, D be matrices of the same numbers of rows
and columns. Then we call the pairs A, B and C, B equivalent* pairs if
there exist nonsingular square matrices P and @ such that simultaneously
PAQ = C and PBQ = D. Similarly, if A, B, C, D are n-rowed square
matrices, we call A, B and C, D congruent pairs if simultaneously PAP’ =
C and PBP’ = D for a nonsingular matrix P.

References to treatments of the topics mentioned above as well as others
will be found in the final bibliographical section of Chapter VI. We shall
not state any of the results here.

* In this connection see Exs. 3 and 4 of Section 5.



CHAPTER VI
FUNDAMENTAL CONCEPTS

1. Groups. These pages were written in order to bridge the gap between
the intuitive function-theoretic study of algebra, as presented in the usual
course on the theory of equations, and the abstract approach of the author’s
Modern Higher Algebra. The objective of our exposition has now been at-
tained. For our study of matrices with constant elements led us naturally
to introduce the concepts of field, linear space, correspondence, and equiva-
lence, and we are ready now to begin the study of abstract algebra. How-
ever, we believe it desirable to precede the serious study of material such
as that of the first two chapters of the Modern Higher Algebra by a brief
discussion of this subject matter, without proofs (or exercises). We shall
give this discussion here and shall therewith not only leave our readers with
an acquaintance with the basic concepts of algebraic theory but with a
knowledge of how these concepts may lead into those branches of mathe-
matics called the Theory of Numbers and the Theory of Algebraic Numbers.

Our first new concept is that of a set G of elements closed with respect
to a single operation, and we wish to define the concept that G forms a
group with respect to this operation. It should be clear that if we do not
state the nature either of the elements of ¢ or of the operation, it will not
matter if we indicate the operation as multiplication. 1If we wish later to
consider special sets of elements with specified operations we shall then re-
place “product” in our definition by the operation desired. Thus we shall
make the ‘

DEeFINITION. A set G of elements a, b, ¢, . . . is said to form a group with
respect to multiplication if for every a, b, ¢ of G

1. The product ab is in G;
I1. The associative law a(bc) = (ab)c holds;

II1. There exist solutions x and y in G of the equations
ax=>, ya=Db.

The reader is already familiar with the groups (with respect to ordinary
multiplication) of all nonzero rational numbers, all nonzero real numbers,
109
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and, indeed, all nonzero elements of any field. These are all examples of
groups @ such that for every a and b of G we have

IV. The products ab = ba .

Such groups are called commutative or abelian groups. An example of a
nonabelian (noncommutative) group is the group, with respect to matrix mul-
tiplication, of all nonsingular n-rowed square matrices with elements in a
field.

Every group G contains a unique element e called its identity element,
such that for every a of @

1) ae =ea =a.

Moreover, every element a of G has a unique tnverse a=! in G such that

2) acl=aa=c¢e.

Then the solutions of the equations of Axiom III are the unique elements
3) z=a", y =bal.

A set H of elements of a group G is called a subgroup of G if the product
of any two elements of H is in H, H contains the identity element of G
and the inverse element A~ of every h of H. Then H forms a group with
respect to the same operation as does G.

The equivalence of two groups is defined as an instance of the general
definition of equivalence which we gave in Section 4.5. The concept of
equivalence of two mathematical systems of the same kind as well as the
concept of subsystem (e.g., subgroup of a group, subfield of a field, linear
subspace over F of a linear space over F) are two concepts of evident funda-
mental importance which are given in algebraic theory whenever any new
mathematical system is defined.

The number of elements in a group G is called its order. This number is
either infinity, and we call G an infinite group; or it is a finite number =, and
we call G a finite group of order n. For finite groups we have the important
result which we shall state without proof.*

Lemma 1. Let H be a subgroup of a finite group G. Then the order of H
divides the order of G.

A simple example of a finite abelian group is the set of all nth roots of
unity. The reader may verify that an example of a finite nonabelian group

* The proof is given in Chapter VI of my Modern Higher Algebra.
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is given by the quaternion group of order 8 whose elements are the two-
rowed matrices with complex elements,

@) L A=<8—?>’ B=f<(1) <1))
AB, -I, -4, -B, —AB.
The set of all powers
(5) a®=e q, a, a% a? ...

of an element a of a group G forms a subgroup of G which we shall desig-
nate by

(6) [a]

and shall call the cyclic group generated by a. Its order is called the order of
the element a and it can be shown that either all the powers (5) are distinct
and a has infinite order, or a has finite order m, and [a] consists of the m
distinct powers

) e,a,at ...,a" 1,

where e is the identity element of [a], a® = e. Then the order m of a is the
least integer t such that a* = e. Moreover, it can be shown that at = e #f
and only if m divides t.

The order m of an element of a finite group G divides the order of G,
since m is the order of the subgroup [a], and we may apply Lemma 1. Thus
n = mq, a* = (a™)? = e¢? = e. We therefore have

LEMMA 2. Let e be the identity element of a group G of order n. Then

(8) ar = ¢
for every a of G.

2. Additive groups. In any field and in the set of all n-rowed square mat-
rices there are two operations. Thus we have said that the set of all nonzero
clements of a field and the set of all nonsingular n-rowed square matrices
form multiplicative groups. But the elements of any field, the set of all
m by n matrices with elements in a field, the elements of any linear space,
all form additive groups, that is, groups with respect to the operation of
addition as defined for each of these mathematical systems. The reader will
observe that the axioms for an additive abelian group G are those axioms
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for addition which we gave in Section 3.12 for a field. Additive groups are
normally assumed to be abelian, that is, the use of addition to designate the
operation with respect to which a group G is defined is usually taken to
connote the fact that G is abelian.

The identity element of an additive group is usually called its zero
element, that is, the element 0 such that ¢ + 0 = a = 0 4+ a. The in-
verse with respect to addition of a is designated as —a and is such that
a+ (—a) = (—a) + a = 0. Thus the solutions of the additive formula-
tion

9) a+z=0», y+a=09,
of the equations of our group Axiom IIT are
(10) z=(—a)+0b, y=b+ (—a).

When @ is abelian, we have z = y and designate their common value by
b — a. Thus we define the operation of subtraction in terms of that of addi-
tion.

In a eyclic additive group [a] the elements are always designated by

11) 0,a, —a,2-a,—(2-a),...,

where, clearly, if m is any positive integer —(m - a) = m + (—a), and we
define (—m) - a = —(m - a). Here m - a does not mean the product of a
by the positive integer m but means the sum a + ... 4+ a with m sum-

mands. If [a] is a finite group of order m, the elements of [a] are 0, a, 2a,
..., (m —1) - a, and m is least positive integer such that the sum of m
summands all equal to a is zero. However, if [a] is infinite, then it may be
seen that n « @ = ¢ - a for any integers n and ¢ if and only if n and ¢ are
equal.

3. Rings. The set consisting of all n-rowed square matrices with elements
in a field F is an instance of certain type of mathematical system called a
ring. Many other systems which are known to the reader are rings and we
shall make the _

DeFINITION. A ring ts an additive abelian group of at least two distinct
elements such that, for every a, b, ¢, of R,

1. The product ab is in R;

IL. The associative law a(bc) = (ab)c holds;
II1. The distributive laws a(b + ¢) = ab 4+ ac, (b + ¢)a = ba + ca hold.
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We leave to the reader the explicit formulation of the definitions of sub-
ring and equivalence of rings. They may be found in the first chapter of the
Modern Higher Algebra. The reader should also verify that all nonmodular
fields are rings, the set of all ordinary integers is a ring.

The zero element of a ring R is its identity element with respect to addi-
tion. Observe that by making the hypothesis that R contains at least two
elements we exclude the mathematical system consisting of zero alone from
the systems we have called rings.

Rings may now be seen to be mathematical systems R whose elements
have all the ordinary properties of numbers except that possibly the prod-
ucts ab and ba might be different elements of R, the equations az = b of
ya = b might not have solutions in R if @ # 0, b are in R. A ring may also
contain dunsors of zero, that is, elements a = 0, ¢ # 0 such that ac = 0.
In particular, the ring of all n-rowed square matrices has already been seen
to have such elements as well as the other properties just mentioned.

A ring is said to possess a unily element e if e in R has the property
ea = ae = a for every a of R. The element e then has the properties of the
ordinary number 1 and is usually designated by that symbol. The unity
element of the set of all n-rowed square matrices is the n-rowed identity
matrix, and the unity element was always the number 1 in the other rings

we have studied. However, the set of all two-rowed square matrices of the
form

(12) (g 6>

with 7 rational may easily be seen to be a ring without a unity element. In
fact, all nonzero elements of this ring are divisors of zero.

A ring R is said to be commutative if ab = ba for every a and b of R. The
ring of all integers is a commutative ring, the ring of all n-rowed square mat-
rices with clements in a field F is a noncommutative ring.

4. Abstract fields. If R is any ring, we shall designate by

R*
the set of all nonzero elements of R. Then we shall call R a division ring if
E* is a multiplicative group. This occurs clearly if and only if the equations
ar = b, ya = b have solutions in R* for every a and b of R*. The set of all
n-rowed square matrices is not a division ring. However, let ¢ and d range
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over all complex numbers, ¢ and d be the complex conjugate of ¢ and d.
Then the set Q of all two-rowed matrices

(13) A= <§ “‘z)

is a noncommutative division ring. The reader should verify this, noting
in particular that every A # 0 is nonsingular since 4 # 0 implies that
c#0ord==0and |[A| = ¢t + dd > 0. The ring Q is a linear space of
order 4 over the field of all real numbers and it has the matrices I, A, B, AB
of (4) as a basis over that field. It is usually called the ring of real quater-
nions.

Until the present we have restricted the term “field”’ to mean a field con-
taining the field of all rational numbers. We now define fields in general.

DEFINITION. A field is a ring F such that F* is a multiplicative abelian
group.

The identity element of the multiplicative group F* is then the unity
element 1 of F. The whole set F is an additive group with identity element
0, and 1 generates an additive cyclic subgroup [1]. If this cyeclic group has
infinite order, it may be shown to be equivalent to the set of all ordinary
integers. But F is closed with respect to rational operations, and {1] then
generates a subfield of F equivalent to the field of all rational numbers. We
call all such fields nonmodular fields.

The group [1] might, however, be a finite group. Its elements are then
the sums

(14) 0-1=0,1,2,...,p—1,

where p is the order of this group, and we have the property that the sum
1+ 14 ...+ 1 with p summands is zero. It is easy to show that p is a
prime, and it follows that if ¢ is in F, then the suma + a + ... 4 a with
p summands is equal to the product (1 41+ ...+ 1)a = 0. We call
such fields F modular fields of characteristic p. 1t may easily be shown that
the characteristic of all subfields of a field F is the same as that of F, and,
in fact, every subfield of F contains the subfield generated by the unity ele-
ment of F under rational operations.

b. Integral domains. A commutative ring with a unity element and with-
out divisors of zero is called an integral domain. Any field forms a somewhat
trivial example of an integral domain. Less trivial examples are the set
F[z] of all polynomials in z, the set Flz,, . .., z,] of all polynomials in
21, . .., 2, and coefficients (in both cases) in a field F, the set of all ordinary
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integers. The set of all integers may be extended to the field of all rational
numbers by adjoining quotients a/b, b # 0. In a similar fashion we adjoin
quotients a/b for aand b 5 0in J to imbed any integral domain J in a field.

When we studied polynomials in Chapter I we studied questions about
divisibility and greatest common divisor. We may also study such ques-
tions about arbitrary integral domains. Let us then formulate such a study.

Let J be an integral domain and @ and b be in J. Then we say that a is
divisible by b (or that b divides a) if there exists an element ¢ in J such that
a = be. If win J divides its unity element 1, then u is called a unit of J.
Thus  is a unit of J if it has an inverse in J. The inverse of a unit is clearly
also a unit.

Two quantities b and b, are said to be associated if each divides the other.
Then b and by are associated if and only if by = bu for a unit u. Morcover,
if b divides a so does every associate of b. Every unit of J divides every a
of J. Thus we are led to one of the most important problems about an inte-
gral domain, that of determining its units.

A quantity p of an integral domain J is called a prime or irreducible quan-
tity of J if p # 0 is not a unit of J and the only divisors of pin J are units and
associates of p. Every associate of a prime is a prime. A composite quantity
of J is an a ¢ 0 which is neither a prime nor a unit of J. It is natural then
to ask whether or not every composite a of J may be written in the form

(15) a=pi...ps

for a finite number of primes p; of J. We may also ask if it is true that
whenever also @ = ¢; . . . ¢, for primes ¢;, then necessarily s = r and the ¢;
are associates of the p; in some order. When these properties hold we may
call J a unique factorization integral domuin. The reader is familiar with the
fact that the set of all ordinary integers is such an integral domain. This
fact, as well as the corresponding property for the set of all polynomials in
Zy, ..., T, with coefficients in a field F are derived in Chapter II of the
author’s Modern Higher Algebra.

The problem of determining a g.c.d. (greatest common divisor) of two
elements a and b of a unique factorization domain is solvable in terms of the
factorization of a and b. However, we saw that in the case of the set F[z]
the g.c.d. may be found by a Euclidean process. Let us then formulate the
problem regarding g.c.d.’s. We define a g.c.d. of two elements a and b not
both zero of J to be a common divisor d of @ and b such that every common
divisor of a and b divides d. Then all g.c.d.’s of a and b are associates. We
call @ and b relatively prime if their only common divisors are units of J,
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that is, they have the unity element of J as a g.c.d. We now see that one of
the questions regarding an integral domain J is the question as to whether
every a and b of J have a g.c.d. Moreover, we must ask whether there exist
z and y in J such that

d=azx+ by

is a common divisor and hence a g.c.d. of a and b; and finally whether or not
d may be found by the use of a Euclidean Division Algorithm.

6. Ideals and residue class rings. A subset M of a ring R is called an
1ideal of R if M contains g — h, ag, ga, for every g and h of M and a of R.
Then M either consists of zero alone and will be called the zero ideal of R,
or M may be seen to be a subring of R with the property that the products
am, ma of any element m of M and any element a of R are in M.

If H is any set of elements of a ring R, we may designate by {H} the set
consisting of all finite sums of elements of the form zmy for z and y in R,
m in H. It is easy to show that {H} is an ideal. If H consists of finitely

many elements my, . . . , m,of R, we write {H} = {my, ..., m},andif H
consists of only one element m of B, we write
(16) M = {m}

for the corresponding ideal. This most important type of an ideal is called
a principal ideal. It consists of all finite sums of elements of the form amb
for @ and b in R. When R is a commutative ring, M = {m} consists of all
products am for a in R.

The ring R itself is an ideal of R called the unit ideal. This term is de-
rived from the fact that in the case where R has a unity quantity R = {1}.
Evidently {0} is the zero ideal.

Let M be an ideal of R and define

a7 a=b (M)

(read: a congruent b modulo M) if ¢ — b'is in M. We may then define
what we shall call a residue class a of M for every a of B. We put into the
class every b in R such that @ = b (M). Clearly a = b (M) if and only if
b = a(M). Moreover, if a — bisin M and b — ¢ in M, then (@ — b) +
(b= ¢c) =a— cisin M. It follows that @ = b (a and b are the same resi-
due class) if and only if b is in a.
Let us now define the sum and product of residue classes by
(18) a+b=a+b, a-b=ga-b.
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It may be verified readily that if a; = @, by =b, then a1 + by =a + b,
a,b; = ab. It follows that our definitions of sum and product of residue .
classes are unique. Then it is easy to show that if M is not R the set of all
the residue classes forms a ring with respect to the operations just defined.
We call this ring the restdue class or difference ring R — M (read: R minus
M). When M = R the residue classes are all the zero class, and we have
not called this set a ring.

When the residue class ring R — M is an integral domain, we call the
ideal M a prime ideal of R. We call M a divisorless ideal of Rif R — M is
a field. These concepts coincide in the case where R — M has only a finite
number of elements since it may be shown that any integral domain with a
finite number of elements is a field. This coincidence occurs in most of the
topics of mathematics (in particular the Theory of Algebraic Numbers) where
ideals are studied.

7. The ring of ordinary integers. The set of all ordinary integers is a ring
which we shall designate henceforth by E. It is easily seen to be an inte-
gral domain, and we shall prove that it has the property of unique factori-
zation.

We observe first that the units of E are those ordinary integers u such
that uv = 1 for an integer ». But then 1 and —1 are the only units of E.
Thus the primes of E are the ordinary positive prime integers 2, 3, 5, ete.,
and their associates —2, —3, —5, etec. Every integer a is associated with
its absolute value |a| = 0. We note now that if b is any integer not zero,
the multiples

(19) 0) Iblr —lblr 2Ibl) _2“’17 ..

are clearly a set of integers one of which exceeds* any given integer a.
Then let (g + 1)|b| be the least multiple of |b| which exceeds a so that
glbl < a, (g +1)|b] > a, a— g|b| =rsuch that 0 < r < |b|. We put
g =gifb > 0,q = —g otherwise, and have g|b| = ¢b, a = bg + r. If also
a = bqy + r, with 0 < r; < |b], then b(g — q1) = 1 — r is divisible by b,
whereas |r — r;| < |b|. This is possible only if r, = r and ¢, = ¢. We
have thus proved the Division Algorithm for E, a result we state as

Theorem 1. Let a and b # 0 be integers. Then there exist unique integers
qandr such that0 <r < |b|,a = bq 4.

We now leave for the reader the application of the Euclidean process,
which we used to prove Theorem 1.5, to our present case. The process yields

* We use the concept of magnitude of integers throughout our study of the ring E.
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Theorem 2. Let f and g be nonzero integers. Then there exist integers a
and b such that

(20) d = af + bg

18 @ positive divisor of both f and g. Then d ts the unique postitive g.c.d. of f
and g.

The result above implies

Theorem 3. Let f, g, h be integers such that { divides gh and is prime to g
Then f divides h.

For by Theorem 2 we have af + bg = 1, afh + bgh = h. But by hypothesis
gh = fq, h = (ah + bg)f is divisible by f.

We then have

Theorem 4. Let p be a prime divisor of gh. Then p divides g or h.

For if p does not divide g, the g.c.d. of p and g is either 1 or an associate
of p. The latter is impossible, and therefore p is prime to g.

We also have

Theorem b. Let m be an integer. Then the set of integers prime to m s
closed with respect to multiplication.

For let a and b be prime to m and d be the g.c.d. of ab and m. If abis not
prime to m we have d > 1, and by Theorem 3 if d is prime to a it divides b.
But then a divisor ¢ > 1 of d divides a or b as well as m contrary to hy-
pothesis,

‘We may now conclude our proof of what is sometimes called the Funda-
mental Theorem of Arithmetiec.

Theorem 6. Every composite integer a is expressible in the form

(21) a=+pi...pr

uniquely apart from the order of the positive prime factors py, . . . , Pr.

For if a = bc, every divisor of b or of ¢ is a divisor of a. If a is composite,
it has divisors b such that 1 < b < |a|, and there exists a least divisor
p1 > 1 of a. But then p, is a positive prime, a = pia, for |a| < |a]. If
@, i8 a prime, we write a; = + p, with p2 a positive prime and have (21) for
r = 2. Otherwise a, is composite and has a prime divisor p; by the proof
above, a; = pea; and a = pipeas for |as| < |as|. After a finite number of
stages the sequence of decreasing positive integers |a| > |as| > |as| >

. must terminate, and we have (21). If alsoa = +¢;. .. ¢, for positive
primes qy, . . . , ¢,, the sign is uniquely determined by a, and p; ... p, =
q1...¢. Then either we may arrange the ¢; so that q1 = p;, or p1 # ¢;
forj = 1,..., s. Butif the divisor p;of ¢1 . . . ¢, is not equal to ¢,, it does
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not divide ¢; and by Theorem 4 must divide ¢ . . . ¢.. By our hypothesis
it does not divide ¢, and must divide ¢; . . . ¢,. This finite process leads to
a contradiction. Thus p; = g1, p2...Pr = ¢2. .. q., and the proof just
completed may be repeated, and we may take p; = ¢s. Proceeding simi-
larly, we ultimately obtain r = s, the p; = ¢ for an appropriate ordering*
of the g¢..

8. The ideals of the ring of integers. Let M be a nonzero ideal of the
set I of all integers and m be the least positive integer in M. Then M con-
tains every element gm of the principal ideal {m}. If his in M, we may
use Theorem 1 to write h = mq + r where 0 < r < m. But mq and h are
in M, h — mq = risin M. Our definition of m implies that r = 0 and thus
that every element of M isin {m}. We have proved

Theorem 7. The ideals of E are principal ideals {m}, m a positive integer.

The residue classes of F modulo {m} are now the classes

(22) 0,1,...,m—1.

For if a is any integer, we have a = mg 4+ rforr =0, 1,...,m — L

Then @ — risin {m}, @ = r. Thus the elements of the residue class ring
E — {m}

defined for m > 1 are given by (22). Then E — {m} is a ring whose zero
element is the class 0 of all integers divisible by m and whose unity element
is the class 1 of all integers whose remainder in Theorem 1 on division by
m is 1.

If a is an integer prime to m, the elements of the residue class a are all
prime to m. For by Theorem 2 there exist integers ¢ and d such that

(23) ac+md=1.

If bisin g, then b = a + mq, bc + m(d — gc) = ac + m(gc + d — qc) =
ac + md = 1, and therefore b and m are relatively prime. But a - ¢ = 1,
and Theorem 7 implies

Theorem 8. The residue classes a in K — {m} defined for a prime to m
form a multiplicative abelian group. ’

If m is a composite integer ¢d where ¢ > 1,d > 1, then m > ¢, m > d,
and ¢ and ¢ are both not the zero class. Butc-d = ¢d =m = 0, E — {m]}
has divisors of zero and is not an integral domain. If m is a prime, then

* We may order the p, so that p1 < p: < ... < p, and similarly assume that ¢ <
¢S ...Sgq,. Then weobtainr =s,p, =g, fori =1,...,r



120 INTRODUCTION TO.ALGEBRAIC THEORIES

every a not in m is prime to m, and Theorem 8 states that E — {m} is a
field. We have proved

Theorem 9. An ideal M of E s a prime ideal if and only if M = {p} for
a posttive prime p, M ts a divisorless ideal.

‘We observe now that a = b (M) for M = {m} means that a — b = mgq,
that is, @ — b is divisible by m. Thus it is customary in the Theory of Num-
bers to write

(24) a = b (mod m)

(read: a congruent b modulo m) if a — b is divisible by m. But then ¢ =
and if we also have ¢ = d, we willhave a+c=b+ daswellas a - ¢
b - d. Hence if (24) and

(25) ¢ = d (mod m)

b,

hold, we have
(26) a+c="b+d (modm), ac = bd (mod m) .

Thus the rules (26) for combining congruences are equivalent to the defini-
tions of addition and multiplication in £ — {m}.

We next state the number-theoretic consequence of Theorem 8 and Lem-
ma 2 which is called Euler's Theorem and which we state as

Theorem 10. Let f(m) be the number of positive integers not greater than
m > 0 and prime to m. Then if a is prime to m we have

27) af® =1 (mod m) .

For f(m) is clearly the order of the multiplicative group defined in Theo-
rem 8. Our result then follows from Lemma 2.

We next have the Fermat Theorem.

Theorem 11. Let p be a prime. Then

(28) aP = a (mod p)

for every integer a.

For (28) holds if a is divisible by p. Otherwise a is prime to p, and g is
one of the residue classes 1, 2,..., p — 1. Thus f(p) = p — 1 and by
Theorem 10 a#-! — 1 is divisible by p, a(a*! — 1) = a®» — a is also di-
visible by ».

The ring E — {p} deﬁned by a positive prime p is a field* P whose

* This field is equivalent to the subfield generated by its unity quantity of any field
of characteristic p.
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nonzero elements form an abelian group P* of order p — 1. The elements
of P* are the distinet roots of the equation z#~! = 1 and are not all roots
of any equation of lower degree. Then it may be shown that P* is a cyclic
multiplicative group [r] where 7 is an integer such that 1, 7,72, ..., r»2are
a complete set of nonzero residue classes modulo {p}. Such an integer r is
called a primitive root modulo p. We then have

Theorem 12, Let p be a prime of the form 4n + 1. Then there exists an
integer t such that

(29) t?4+1=0 (mod p).

For p — 1 = 4n, and we let r be a primitive root modulo p, ¢t = r*. Then
tt=rr Lt —1=@+1E—-1), 4+ 1@ —1) = 0in the field E —
{p}. However ? = r’ = 1 since 7 is primitive, 2 + 1 = 0 as desired.

There is a number of other results on congruences which are corollaries
of theorems on rings and fields. However, we shall not mention them here.

9. Quadratic extensions of a field. If F is a subfield of a field K which
is a linear space wiFf + . .. uF over F, we say that K is a field of degree
n over F. The theory of linear spaces of Chapter IV implies that u; may be
taken to be any nonzero element of K. Hence we may take u; to be the
unity element 1 of F. Then if n = 1, the field K is F. We call K a quad-
ratic, cubic, quartic, or quintic field over F according as n = 2, 3, 4, or 5.

Let n = 2 so that K has a basis u; = 1, us over F. The quantities of K
are then uniquely expressible in the form & = ¢; 4+ cous for ¢, and ¢z in F,
and kisin F, k = k - 1 4 Ou,, if and only if ¢; = 0. Clearly, if kisin F,
then 1, k do not form a basis of K over F. We now say that a quantity »
in K generates K over F if 1, u are a basis of K over F. Then u generates K
over F if and only if 4 is not in F. For if 1, u are linearly dependent in F we
have a; + azu = 0 for a; # 0, u= —az‘al isin F.

The elements k of a quadratic field have the property that 1, k, k? are
linearly dependent in F, cok? + ik + c2 = 0 for cq, ¢1, ¢z not all zero and
in F. If ¢y = 0, then ¢, cannot be zero, and k = —c,¢;' isin F, k is a root
of the monic polynomial (x — k)? with coefficients in F. If k is not in F,
then ¢o # 0, k is a root of a monic polynomial of degree two. Thus every
element k of a quadratic field is a root of an equation

(30) flx, k) =22 - Tk)x+ Nk&) =0
with T'(k) and N(k) in F. In particular, if u generates K over F we have
(31) w—but+c=90
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for b and c in F, and we propose to find the value of T'(k) and N (k) as poly-
nomials in b, ¢ and the coordinates k, and k2 in F of k = k; + kqu.
Define a correspondence S on K to K by

(32) k=k1+k2u-—>ks=k1+k2us,

for all k; and k. in F where u° is in K. Then (32) is a one-to-one corre-
spondence of K and itself if and only if uS generates K over F. If ko =
ks + kqu for ks and kqin F we have k5 = ks + kauS, k + ko = (k1 + k3) +
(ks + ks)u, so that (& + ko)S = k1 + ks + (ks + k;)u and we have

(33) (k 4 ko)S = kS + kS .

A].SO kko = k1k3 + (k1k4 + ’Czka)u + k2k4u2 (k1k3 - k2k40) + (k1k4 + kzka
+ kzk;b)u, Whlle kSkS = k1k3 + (k1k4 + kzks)us + k2k4(us)’ But then

(34) (kko)S = k5KS

if and only if (u5)? = bu® — ¢, that is, uS is a root in K of the quadratic
equation 22 — bz + ¢ = 0. But the quadratic equation can have only two
distinet roots in a field K, the sum of the roots is b,

(35) w=u or b—u.

In the former case S is the identity correspondence k «— k. In either case
S defines a self-equivalence of K leaving the elements of F unaltered and
is called an automorphism over F of K.

If K were any field of degree n over F and if S and 7 were automorphisms
over F of K, we would define ST as the result k — kST = (k5)T of apply-
ing first k — kS and then k% — (k5)7. It is easy to show that the set of all
automorphisms over F of K is a group G with respect to the operation just
defined. In case G has order equal to the degree n of K over F it is called
the Galois group of K over I, and that branch of algebra called the Galois
Theory is concerned with relative properties of K and G. In our present
case uS' = (uS)S = (b — u)S = b — (b — u) = u so that S?is the identity
automorphism. But b — » = w if and only if 2u = b, which is not possible
since u is not in F unless K is a modular field in which v + » = 0. Hence
if K is a nonmodular quadratic field over F, the automorphism group of K
over F is the cyclic group [S] of order 2 and is the Galois group of K.

We see now that if k = k; + kou, then kkS = (ki + kqu)[ky + ko(b —
w)] = k2 + kikab + kiu(b — w). But bu — u? = c. Hence if

(36) T(k) =k +k%, N(k) = kk%,
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we have

37) T(k) = 2k1 + kab,  N(k) = k? + kic + kikqb,
and the polynomial of (30) is

(38) f@ k) =@ —kE—k.

The function T'(k) is called the trace of k, and N (k) is called the norm of k.
Moreover, we may show that

(39) T(alk -+ agko) = (hT(k) + agT(ko) y N(kku) = N(k) . N(ko)

for every a;and a; of F and kand ko of K. For T(a:k + azke) = (ark + asko) +
(aik + asko)S = aik + asko + a:ikS + acks = ai(k + k5) + ax(ko + k5) as
desired. Similarly,* N (kko) = kko(kko)S = kkokSk§ = (kkS)(koks). Note that
if kis in F, then N (k) = k=

Let us now assume that the field K is nonmodular so that K = F + uF
where u satisfies (31). Then K is also generated by the root v — b of the
equation

(40) 2=a (ain F),

ifa=(u—10/2)%=u>—bu+b*/4 = —c+ b*/4. Let us then assume with-
out loss of generality that u is a root of (40) so that in (31) we have b = 0,
¢ = —a. Then (37) has the simplified form given by

(41) Tk) = 2k, , N(k) = k¥ — kia.

Now if a = d? for d in F, we have u? = d?, (u + d)(u — d) = 0, whereas u is
notin F and u + d # 0, v — d # 0. This is impossible in a field.

The quantities of K now consist of all polynomials in u with coeflicients
in F. For if k(z) is any polynomial in Flz], we may write k(z) = ki(2?) 4
ko(x®x, k(u) = ki(a) + ka(a)u. Thus every nonmodular quadratic field vs the
ring F[u] of all polynomials with coefficients in F in an algebraic root u of an
equation x? = a where a ts in F, a 1s not the square root of any quantity of F,
and F is nonmodular. Since K is a field, it is actually the field F(u) of all
rational functions in » with coefficients in F. .

Conversely, if the nonmodular field F and the equation 22 = a in F are
given, then K is defined. For we may take

(0, =Y

* The trace function is thus called a linear function and the norm function a multipli-
cative function.
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and identify F with the set of all two-rowed scalar matrices with elements
in F (so as to make K contain F). Then every polynomial in » has the form
k="Fk + ko and Nk) = k% — kia=0if and only if ky = ke =k = 0.
For otherwise ks # 0, a = (k,k3')? contrary to hypothesis. But then we
take K = F 4+ uF and have k™ = (k? — kia)~'(k, — k,u) for every k of
K. Hence K is the field F(u). That K is nonmodular is evident since the
unity element of K is that of F. We have thus constructed all quadratic
fields K over a nonmodular field F in terms of equations z? = a for a in
F,a # @ for any d of F.

Observe in closing that if K = F(u), then K = F(v) for every v = bu
such that b > 0 is in F. But v is a root of

(43) z? = bla.

Thus we may replace the defining quantity a in F by any multiple b% for
b # 0in F. It is also shown easily that if K is defined by a and K, by a,,
then K and K, are fields equivalent over F if and only if a, = b%a.

10. Integers of quadratic fields. The Theory of Algebraic Numbers is
concerned principally with the integral domain consisting of the elements
called algebraic integers in a field K of degree n over the field of all rational
numbers. We shall discuss somewhat briefly the case n = 2.

Let, then, K be a quadratic field over the rational field so that K is
genetrated by root u of u? = a where a is rational and not a rational square.
By the use of (43) we may multiply a by an integer and hence take a inte-
gral. Write a = c%d where d has no square factor and ¢ and d are ordinary
integers. If we take b = ¢'in (43) we replace a by d. Hence every quadrat-
ic field is generated by a root u of the quadratic equation

(44) 22=a=+p1...0,

where the p; are distinet positive primes and r > 1 for a > 0, while if
a = —1 we interpret (44) as the case a negative and r = 0.

The quantities k of K have the form k = k;, + kou where k; and k, are
ordinary rational numbers. We call ¥ an integer of K if the coefficients
T(k), N(k) of (30) are integers. Thus k is an integer of K if and only if
2k, and k? — kia are both ordinary integers. We shall determine all integers
of K stating our final results as

Theorem 13. The integers of a quadratic field XK form an integral domain J
containing the ring E of all ordinary integers. Then J consists of all linear
combinations

(45) ¢1 + cow
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for ¢y and cq in E, where w = u if a = 2 (mod 4) or a = 3 (mod 4) but

(46) w=142-u

if a = 1 (mod 4).
Note that a # 0 (mod 4) since a has no square factor. We write

b

=b—0’

b2 k=b1+b2u

ke = by’ B

ke

for by, by, b2 in E and b, the positive least common denominator of k; and k..
Then 1 is the g.c.d. of by, by, bs. Now 2k, is an integer, by divides 2b;,
k? — k2a = by%(b} — bia), so that b divides b? — bla. If p were an odd prime
factor of by, it would divide 2b; only if it divided b;. But then p? would
divide b}, and p? would divide b} — bia as well as —bZa. Since a has no
square factors this is possible only if p divides bs, a contradiction. Hence
bo is a power of 2. If by > 4 divides 2b,, then 2 divides b,, 4 divides b? and
—b2a, and thus 2 divides b;. We have a contradiction and have proved that
bo=1, 2. If by = 2 and b, is even, then 4 divides —b3a, and hence 2
divides b, contrary to the definition of b,. Similarly, if b, were even, then
4 would divide b%, a contradiction. Hence by = 2m, + 1, b, = 2mq + 1 for
ordinary integers m, and m,, and b} — bla = 4[m? + m; — a(m? + m,)] +
1 — a is divisible by 4 if and only if ¢ = 1 (mod 4). Thus we have proved
that J consists of the elements (45) with w = u if a = 2, 3 (mod 4). But
if @ =1 (mod 4), then we have shown that either &k = b, + byu with b,
and by in E, by = 1,0or k = m; + meu 4+ w for w in (46). However, u =
2w — 1, and in either case k has the form (45) with ¢, and ¢; in E.

It remains to show that J is an integral domain. The elements of J are
in the field K, and thus it suffices to show that k& + h, kh are in J for every
k and h of J. But the sum of k and h of the form (45) is clearly of that
form, the product

(c1 + caw)(dy + daw) = cidy + (crdz + cod))w + codaw?

is of the form (45) if w? is of that form. But this condition holds since i
w = u then w? = a + Ow, while otherwise 4* = a = 4m + 1 for an inte-
germ, Tw)=%34+3=1L,Nw)=31—-a)=-mw—w—-—m=0,

47 w=m+w.

This completes the proof.
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The units of J are elements k such that kh = 1 for h also in J. Then
N(kh) = N(k)N(k) = 1, N(k) is an ordinary integer which divides unity,

(48) N(k) = 1.

Conversely, if (48) holds, k has the property kk% = 1 or —1. But kS is in
J when kisin J since T (k%) = T(k) and N (k¥) = N (k). Hence k¥ = k~*or
—k% = k1. Thus (48) is a necessary and sufficient condition that k be a
unit of J.

If a = 2, 3 (mod 4) so that k = ¢, 4+ c;u, then (48) is equivalent to

(49) & —cla= +1.

However, if a = 1 (mod 4), then (48) becomes N (k) = ¢} 4+ cica — c&m =
+1 so that 4N(k) = 4¢? + 4cica + 2 — (4m + 1)c¢; = +4. But this is
equivalent to

(50) (2¢y + ¢3)? — cta = +4.

We may determine the units of J completely and simply in case a is
negative. For both (49) and (50) have the form z? + z2¢g = +1, +4 for
g = —a > 0, and this is possible for ordinary integers z, and z; and ¢ > 4
onlyif z = 0, ¢, = 1, —1. Now a has no square factors, and hence g # 4,
the only possible remaining cases are g = 1, 2, 3. If ¢ = 2 we have a2} +
2x% = 1onlyif z, = 0. Hence we have proved that the units of J are 1, —1

for every a < 0 save only @ = —1, —3.

Now let a = —1 so that (49) becomes ¢} + ¢2 = 1. Then one of ¢; and ¢,
is zero, the other is 1 or —1, and the units of J are
(51) L, u —u,uw?=—1.
In the remaining case a = —3 we use (50) and have (2¢; + ¢2)* + 3¢2 =
4, and if ¢c; # 0 we must have ¢; = +1, 2¢; + ¢; = +1 with any choice
of signs. Then ¢; = 1 gives ¢; = 0 or —1, while ¢; = —1 gives 0 or 1
for ¢;. Clearly, the units of J are
(52) 1, -1, w, —w, wS, —wS.

The units of J form a multiplicative group, and we have shown that if a is
negative this group is a finite group.

Ifa=2,thenh =3+ 2u hasnorm 9 — 4u? = 9 — 8 = 1. Hence h is
a unit of J, and so is h* for every integer ¢. If bt = h* for s = ¢, we may take
t > sand have h** = 1. But we may regard u as the ordinary positive V2
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and have A > 5, h*—* > 5 > 1. Hence the multiplicative group of the
units of J is an infinite group. It may similarly be shown to be infinite for
every positive a.

‘We shall not study the units of quadratic fields further but shall pass on
to some results on primes and prime ideals in two special cases.

11. Gauss numbers. The complex numbers of the form z + y¢ with ra-
tional z and y are called the Gauss complex numbers, and those for which
z and y are integers are called the Gauss tnfegers. Then the Gauss complex
numbers are the elements of a quadratic field K of our study with

= -1,

and the Gauss integers comprise its integral domain J. We have deter-
mined the units 41, +u of J and shall now study its divisibility properties.
Our first result is the Diviston Algorithm which we state as

Theorem 14. Let f and g 5~ 0 be in J. Then there exist elements h and r
in J such that

(83) f=gh+r

and 0 < N(r) < N(g).

For fg~'isin K, fg—! = ki1 + kou with rational £, and k;. Every rational
number ¢ lies in an interval s < ¢ < s + 1 for an ordinary integer s. If
s<t<s+3% then ¢t —s) <} whileif s+3<t<s+1 then |t —
(s + 1)| < %. Hence there exist ordinary integers h; and ks such that

(54) 81=k1—h1, 32=k2—h21 IS]'S%, |82IS‘}'

Put h = hy + hou, s = 81+ sau, » = sg so that fg' =h+ s, f=gh+
sg =gh+r. Then N(s) = st + s <3} N(r) = N(s)N(g) < N(g) as de-
sired.

We observe that the quotient h and the remainder r need not be unique in
our present case. For example, if f =2+ u» and ¢ =1 4 u, we have
N(@) =2 Thenf=1-9g4+1=2.¢9 —uwith N(1) = N(—u) = 1.

We shall use the Division Algorithm to prove the existence of a ge.d.
Our proof will be different and simpler than that we gave in the case of
polynomials and indicated in the case of integers but has the defect of being
merely existential and not constructive. We first prove

Theorem 156. Every ideal M of J is a principal ideal.

For the norms of the nonzero elements of M are positive integers, and
there exists an m = 0 in M such that N(m) < N(f) for every f of M. By
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Theorem 14 we have f = mh + r for h and r in J and N(r) < N(m). But
f, mand mh are in M, so is r = f — mh, and it follows that r must be zero.
Thus f = mh, M = {m}.

The above result then implies

Theorem 16. Let f and g be nonzero elements of J. Then there exist b and ¢
in J such that

(55) d = bf + cg

18 a common divisor of f and g. Thus d is a g.c.d. of f and g.

For the set of all elements of the form zf 4+ yg with z and y in J is an
ideal M of J. By Theorem 15 we have M = {d}, d in M has the form (55)
and dividesf =1-f+0g,andg=0-f+4+1:gin M.

The above result may now be seen to imply that if f divides gh and is
prime to g, then f divides &, and also if p is a prime of J dividing gh, then p
divides g or h. Moreover, if f is a composite integer of J, then f = gh for
nonunit g and h, N(g) < N(f). Then if p is a divisor of f of least positive
norm it is a prime divisor of f, and we continue the proof of Theorem 6
to obtain

Theorem 17. Every composite Gauss integer is expressible as a product

(56) f=pi...p:

of primes p; which are delermined uniquely by f apart from their order and
unit multipliers.

We observe that Theorem 17 implies that an ideal M of J is a prime ideal
(and, in fact, a divisorless ideal) if and only if M = {d} for a prime d of J.
Let us then determine the prime quantities d = d; + dsu of J. We see first
that if d is a prime of J, so is d° = d; — dsu. Forif d5 = gh with N(g) # 1,
N(h) # 1, we have d = g5hS for N(g5) = N(g), N(hS) = N(h), and d is
composite. We now prove

Theorem 18. A positive prime p of E is either a prime of J or the product
N(d) = ddS, where d is a prime of J. Every prime d of J s either associated
with a positive prime of E or arises from the factorization in J of a positive
prime p = dd® of E which is compostte in J.

For if p is a positive prime of E and is composite in J, then p = dk for
N() >1,Nk) > 1, N(p) = p* = N(d)N(k). But thenp = N(d). Ifd =
gh with N(g) > 1, then N(d) = p = N(g)N(h) so that N(h) = 1, his a
unit, d is a prime. Conversely, let d be a prime of J. Then ¢ = N(d) is a
positive integer of E and is either a prime or is composite. But ¢ = ddS can
" have at most two prime factors in E, ¢ = pp, for positive primes p and p,
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of E. We may assume that p is associated with d and p, with d so that
ps = p, is associated with d and with p. Since p and p, are both in E, we
have po = + p. But p and p, are positive and must be equal, N(d) = p*
Therefore d is associated with the prime p of E which is prime in J.

We now clearly complete our study of the primes of J by proving

Theorem 19. A positive prime p of E is a prime of J if and only if p has
the form 4m + 3.

To prove this result we observe first that if ¢ is an odd integer of E we
havet =2s+ 1,2 =4s2+4s+1=4s(s+ 1)+ 1. Oneof sand s 4+ 1
is even, {2 = 8 4+ 1 =1 (mod 8). If ¢ is even, we have {2 = 0 (mod 4)
and #2 = 0, 4 (mod 8). Thus a sum of two squares is congruent to 0, 1, 2, 4,
or 5 modulo 8 while 4n + 3 is congruent 3 or 7 modulo 8. It follows that
p = 4n + 3 # 2* + y%. We now assume that p = gh for g and k in J and
have p? = N(p) = N(g)N(h). If neither g nor A were a unit, we would
have N(g) > 1, and both of these integers would be divisors of p2. But
then N(g) = N(h) = p = 2% + ¥?, which isimpossible. Hence,p = 4n 4+ 3
is prime in J. Wenotethat 2 =1+ 1 = (1 + u)(1 — u) is composite in
J and that it remains to show that p = 4n + 1 is composite in J. We know
by Theorem 12 that there exists an integer b in E such that b* 4 1 is divisible
by p. If p divides b + u or b — u, then b + u = p(k, + ksu), and +1 =
pk2, which is impossible. But a prime p of J cannot divide the product
(b + u)(b — w) = b + 1 without dividing one of its factors b + u, b — u.
Hence p is not a prime of J. This completes the proof.

We use the result above to derive an interesting theorem of the Theory of
Numbers. We call a positive integer ¢ a sum of two squares if ¢ = 22 + y?
for z and y in E. Then we have

Theorem 20. Write ¢ = f2g where f and g are positive integers and g has
no square factors. Then ¢ is a sum of two squares if and only if no prime factor
of g has the form 4n + 3.

For if c=2+ 3?2 = (z + yu)(z — yu), we may write z + yu = d,
...d,for primes d;in J, ¢ = N(d1) . . . N(d,). Then N(d;) = p;is a prime
of E if and only if p; # 4n + 3 and otherwise N(d;) = p% Thus the prime
factors of ¢ of the form 4n + 3 occur to even powers and are not factors of g.
Conversely, if g = p: . . . p,for positive primes p; of E not of the form 4n +
3, we have p; = N(di) for d;in J, g = N(d1) ... N(d,) = N(d, ... d,),
andc=N(fd,...d) =Nk) =2+ y*fork =z + yuin J.

Note in closing that a positive prime p of the form 4n + 3 divides z? + 32
if and only if p divides both z and y. For p is a prime of J and divides
(z + yu)(z — yu) if and only if p divides either z 4+ yu or z — yu. Then
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z + yu = p(ky  kou), x = pki, y = pks for integers k;, and ks of E. It
follows, then, that if z, y, z are ordinary integers such that

(67) 2+ =2,

every prime divisor p = 4n + 3 of z divides both z and y. Then let z, y, 2,
have g.c.d. unity. It follows that the odd prime divisors of z have the form
4n 4+ 1. We may show readily also that z and y cannot both be even or be
odd and that z must be odd.*

12, An integral domain with nonprincipal ideals. We shall close our ex-
position with a discussion of some properties of the ring J of integers of
the field K defined by @ = u? = —5. Since —5 = 3 (mod 4), the elements
of J have the form %, + kou for k, and k. in the set E of all integers. Ob-
serve that if b is an integer of E which is a divisor in J of k; + kou, then b
must divide both k1 and kz. For k1 + kzu = b(hl + hzu), kl = bhl, kz =
bhs. We now prove

Theorem 22. The elements 3, 7, 1 4+ 2u, 1 — 2u are primes of J no two
of which are associated. .

For if k is a composite of J we have k = gh, N(k) = N(g)N(h) for ordi-
nary integral proper divisors N(g) and N(h) of N(k). The norms of the
integers of our theorem are 9, 49, 21, 21, respectively, and the only positive
proper divisors of these norms are 3, 7. But if g = ¢, + gsu, we have
N(g) = g1 + 5g3 > 0, g1 + 5g3 = 3,7. Evidently g, = 0, g3 < 1. Butg} = 1
is impossible since g? % —2, 2. Thus 3, 7, 1 4+ 2u, 1 — 2u are primes of J.
The units of J are 1, —1, and clearly no two of them are associated.

We see now that 21 = 3 - 7 = (1 + 2u)(1 — 2u), and we have factored
21 into prime factors in J in two distinct ways. Moreover, the principal
ideal {3} of J defined for the prime 3 is not a prime ideal. For 3 does not
divide 1 4+ 2u and 1 — 2u in J yet does divide their product, and therefore
the residue class ring J — {3} contains 1 4+ 2u and 1 — 2u as divisors of
zero.

The ring J contains nonprincipal ideals one of which we shall exhibit.
We let M be the ideal of J consisting of all elements of J of the form

(58) 3z + y(1 + 2u) (z,yin J).

If this ideal were a principal ideal {d}, there would exist a common divisor
d of 3 and 1 4 2u. Since these are nonassociated primes, d must be a unit

* For further results see L. E. Dickson’s Introduction to the Theory of Numbers, pp.
40-42,
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lor —1of J, and {d} = {1}. Then1 = 3b + (1 + 2u)c for b and ¢ in J,
7=21b4 (1 4+ 2u)7c = (1 4+ 2u)[b(1 — 2u) + 7c]. But 1 4+ 2% does not
divide 7, a contradiction. We now proceed to prove that M is a divisorless
ideal of J and hence is a prime ideal of J.

We have shown that M is not a principal ideal and does not contain 1.
Since M contains 3 but not 1 it cannot contain 2. For otherwise 3 — 2 = 1
would be in M. Let ¢ be an integer of E in M so that ¢ = 3q 4 r where
r =0, 1, 2. Since M contains 3¢ it contains ¢ — 3¢ = r, r = 0. Hence
the ordinary integers in M are divisible by 3.

The ideal M contains 3 and 1 + 2% and so contains

59)  wm=3, w=3u-(1+2u=u—1.

If hisin M, then b = ho + hzu fOI'ho and hzin E, h — haw, = ho + hqin
E and in M. By the proof above kg + hy = 3h, for h, in E,

(60) h = h1w1 + hz’LUz .

We have thus proved that M consists of all quantities of the form (60) for
hi and k; ordinary integers. Thus we may call wy, w, a basis of M over E.
Note that {1} has a basis 1, u over E in this sense. It may be shown that
every ideal of J has a basis of two elements over E.

Every integer of J has the form k = k1 + keu = k; + kqws + ko. Write
ki+ks=3c+rforcinEandr=0,1,2 Thenk = cw, + kows + r =
r (M), the elements of J — M are the residue classes 0, 1, 2 such that 3 = 0.

We have proved that J — M is equivalent to E — {3} and is a field, M is
a divisorless ideal of J.

This completes our discussion of ideals and of quadratic fields. We shall
conclude our text with the following brief bibliographical summary.

Let us begin with references to standard topics on matrices not covered
in our introductory exposition. The theory of orthogonal and unitary equiv-
alence of symmetric matrices is contained with generalizations in Chapter V
of the Modern Higher Algebra and is further generalized and connected with
the theory of equivalence of pairs of matrices in the author’s paper entitled
“Symmetric and Alternate Matrices in an Arbitrary Field,” in Transactions
of the American M athematical Society, XLIII (1938), 386-436. See also pages
74-76 and Chapter VI of L. E. Dickson’s Modern Algebraic Theories, and
Chapter VI of J. M. H. Wedderburn’s Lectures on Matrices. Both of these
texts as well as Chapters III, IV, and V of the Modern Higher Algebra in-
clude, of course, all the material of our Chapters II-V. For a discussion
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without details but with complete references of many other topics on ma-
trices see C. C. MacDuffee, The Theory of Matrices (‘“Ergebnisse der Mathe-
matik und ihrer Grenzgebiete,” Vol. II, No. 5 [pp. 110]).

The theory of rings as given here is contained in the detailed discussion
of Chapters I and 11 of the Modern Higher Algebra, and the theory of ideals
in Chapter XI. See also the much more extensive treatment in Van der
Waerden’s Moderne Algebra. The units of the ring of integers of a quadratie
field are discussed on page 233 of R. Fricke’s Algebra, Volume III, and its
ideals on pages 106-10 of H. Hecke’s Theorie der algebrdischen Zahlen. We
close with a reference to the only recent book in English on algebraic num-
ber theory, H. Weyl’s Algebraic Theory of Numbers (Princeton, 1940).
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Cofactor, 28 matrix, 2?
Cogredient: of a matrix, 23
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Element—continued

unity, 113

zero, 112, 113
Elementary:

divisors, 94

matrix, 92
Elementary transformations, 24, 25

cogredient, 52

matrices of, 43
Equations, systems of, 19, 79
Equivalence, 73, 74
Equivalence of:

bilinear forms, 49

forms, 17

groups, 110

linear spaces, 74

matrices, 47, 89, 92

quadratic forms, 59
Euclid’s process, 10
Euler’s theorem, 120

Factor theorem, 5, 99
Fermat theorem, 120
Field, 56, 114

characteristic of, 114

of complex numbers, 56

degree of, 121

generating quantity of, 121
Forms, 7, 13; see also Bilinear forms
Function, 73

characteristic, 101

minimum, 101
Fundamental Theorem of Arithmetic, 118

Galois group, 122
Gauss integers, 127
Gauss numbers, 127
General linear space, 74
Greatest common divisor, 9
of Gauss numbers, 128
of integers, 118
of polynomials, 9
process, 10
Group, 109
abelian, 110
additive, 111
commutative, 110
cyclic, 111
order of a, 110
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order of a subgroup of, 110

subgroup of, 110

zero element of, 112
Groups, equivalence of, 110

Homogeneous polynomial, 7

Ideal, 116
divisorless, 117
prime, 117
principal, 116
unit, 116
zero, 116
Identity:
element, 110
matrix, 30
Independent vectors, 67
Integers:
algebraic, 124
congruent, 120
ordinary, 117
Integral domains, 114
Integral operations, 1
Invariant factors, 91
Inverse:
element, 110
mapping, 46
matrix, 45
Irreducible quantities, 115

Leading coefficient, 3, 97
virtual, 3, 97
Leading form, 8
Left division, 98
Length preserving transformation, 86
Linear:
combination, 15
dependence, 67
form, 15
independence, 67
space, 66, 74
subspace, 66, 71
Linear change of variables, 38
Linear mappings, 17, 82
cogredient, 51
inverse of, 17, 46
matrix of, 36, 83
nonsingular, 17
product of, 36
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Linear space, 66, 71, 74
basis of, 67
order of, 71

Linear transformations, 84
orthogonal, 86

Mappings; see Linear mappings
Matrices:
addition of, 59
commutative, 37
congruent, 51
congruent pairs of, 108
conjunctive, 108
equivalent, 47, 89, 92
equivalent pairs of, 108
orthogonal, 86
orthogonally equivalent, 108
products of, 36
rationally equivalent, 25, 34, 47
similar, 85, 103
unitary equivalent, 108
Matrix:
adjoint of, 29
augmented, 80
of a bilinear form, 49
characteristic, 101
characteristic function of a, 101
of coefficients, 19
columns of, 20
determinant of, 27
diagonal, 29
diagonal of, 23
diagonal elements of, 23
elementary, 92
of an elementary transformation, 43
elements of, 20
equal, 21
Hermitian, 108
identity, 30
invariant factors of, 91
inverse of, 45
of a mapping, 36, 83
minimum function of, 101
nonsingular, 34
partitioning of, 21
principal diagonal of, 23
rank of, 32
rectangular, 19

rows of, 20
scalar, 30
skew, 52
skew-Hermitian, 108
square, 20
symmetrie, 52, 53, 59, 64
transpose of, 22
triangular, 29
unitary, 108
zero, 30
Minimum function, 101
Minors, 27
Monic polynomial, 3, 100
Multiple roots, 5

n-ary g-ic form, 13
n-dimensional space, 66
Nonsingular:

linear transformation, 84

mapping, 84

matrix, 34

quadratic form, 55
Norm in a field, 123
Norm of a vector, 86

Order of:
a group, 110
a group element, 111
a linear space, 71
Orthogonal:
matrices, 86
subspaces, 87
transformations, 86
vectors, 87

Point, 66

Polynomials:
associated, 5
coefficients of, 6
constant, 1
degree of, 2, 7, 97
divisibility of, 5
equal, 2
factors of, 5
g.c.d. of, 9
homogeneous, 7
identically equal, 6
monic, 3, 100
n-ic, 13
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Polynomials—continued
products of, 3
g-ary, 13
rationally irreducible, 12
relatively prime, 11
roots of, 5
scalar, 100
in several variables, 6
virtual degree of, 2, 6, 97
zero, 1
Positive form, 64
Prime to a polynomial, 11
Prime quantity, 115
Primitive root, 121
Principal diagonal, 23

Quadratic field, 121
integers of, 124 -
Quadratic form, 54
definite, 64
index of, 62
negative, 64
nonsingular, 55
real, 62
Quadratic forms, equivalent, 59
Quantities:
associated, 115
composite, 115
congruent, 6, 11
irreducible, 115
prime, 115
relatively prime, 115
Quartic field, 121
Quartic form, 13
Quasi-field, 57
Quaternary form, 13
Quaternions, 114
Quinary form, 13
Quotient, 57
right, left, 98

Rank of:
an adjoint matrix, 46
a bilinear form, 49
a matrix, 32
a product, 44
a quadratic form, 54
a row space, 72

Rational:
equivalence, 25
functions, 8
operations, 8

Real:
quadratic form, 62
quaternions, 114
symmetric matrix, 64

Reflection, 87

Relatively prime:
polynomials, 11
quantities, 115

Remainder:
right, left, 98
theorem, 4, 98

Residue classes, 116

Right division, 98

Ring, 112
commutative, 113
difference, 117
division, 113
residue class, 117

Roots,
multiple, 5

Rotation of axes, 87

Row, 69
rank, 72
space, 69, 72

Row by column rule, 37

Scalar:
matrix, 30
polynomial, 100
product, 16, 41
Scalars, 19
Self-equivalence, 107
Semidefinite forms, matrices, 64
Sequence:
elements of, 16
zero, 16
Similar matrices, 85, 103
Skew forms, 53
Skew matrices, 52
Space; see Linear space
Spanning a space, 67
Subfield, subgroup, 110
Submatrix, 21
complementary, 21
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Subring, 113 Unit ideal, 116

Subspaces, 66, 75, 77 Units, 115
complementary, 77 Unity element, 113
sum of, 77

Variables, change of, 38
Subsystems, 110

1 Vectors, 66

Subtraction, 112 linearly independent, 67

Symmetric bilinear forms, 54 norm of, 86

Symmetric matrices, 52, 53 orthogor’ml 87
congruence of, 59 zero, 66 ’

definiteness of, 64 Virtual degree, 2, 6, 97

Ternary forms, 13 Virtual leading coefficient, 3, 97

Trace, 123 Zero:
Transformations, 84 divisors of, 113
Transpose, 22 element, 112, 113
of a product, 37 ideal, 116
of a sum, 62 matrix, 30
polynomial, 1
Unary form, 13 sequence, 16
Unique factorization, 115, 118, 127 space, 67
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