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PREFACE

“TaE Theory of Differential Equations,” said Sophus Lie, “ is the
most important branch of modern mathematics.” The subject may

e considered to occupy a central position from which different
lines of.development extend in many directions. If we travel along
the purely analytical path, we are soon*led to discuss Infinite Series,
Existence Theorems and the Theory of Functions. Another leads
us to the Differential Geometry of Curves and Surfaces. Between
the two lies the path first discovered by Lie, leading to continuous
groups of transformation and their geometrical interpretation.
Diverging in anpther direction, we are led to the study of mechanical
and electrical vibrations of all kinds and the important phenomenon
of resonance. Certain partial differential equations form the start-
ing point for the study of the conduction of heat, the transmission
of electric waves, and many other branches of physics, Physical
Chemistry, with its law of mass-action, is largely concerned with
certain differential equations.

The object of this book is to give an account of the central
parts of the subject in as simple a form as possible, suitable for
those with no previous knowledge of it, and yet at the same time
to point out the different directions in which it may be developed.
The greater part of the text and the examples in the body of it
will be found very easy. The only previous knowledge assumed is
that of the elements of the differential and integral calculus and a
little coordinate geometry. The miscellaneous examples at the end
of the various chapters are slightly harder. They contain several
theorems of minor importance, with hints that should be sufficient
to enable the student to solve $hem. They also contain geometrical
and physical applications, but great care has been taken to state
the questions in such a way that no knowledge of physics is required.
‘For instance, one question asks for a solution of a certain partial®
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differential equation in terms of certain constants and variables.
This may be regarded as a piece of pure mathematics, but it is
immediately followed by a note pointing out that the work refers
to a well-known experiment in heat, and giving the physical meaning
of the constants and variables concerned. Finally, at the end of
the book is given a set of 115 examples of much greater difficulty,
most of which are taken from university examination papers. [I
have to thank the Universities of London, Sheffield and Wales, and
the Syndics of the Cambridge University Press for their kind per-
mission in allowing me to use these.] The book covers the course
in differential equations required for the London B.Sc. Honours or
Schedule A of the Cambridge Mathematical Tripos, Part II., and
also includes some of the work required for the London M.Sc. or
Schedule B of the Mathematical Tripos. An appendix gives stigges-
tions for further reading. Fhe number of examples, both worked
and unworked, is very large, and the answers to the unworked ones
are given at the end of the book.

A few special points may be mentioned. The graphical method
in Chapter I. (based on the MS. kindly lent me by Dr. Brodetsky
of a paper he read before the Mathematical Associagion, and on a
somewhat similar paper by Prof. Takeo Wada) has not appeared
before in any text-book. The chapter dealing with numerical
integration deals with the subject rather more fully than uasual.
It is chiefly devoted to the methods of Runge and Picard, but it
also gives an account of a new method due to the present writer.

The chapter on linear differential equations with constant co-
efficients avoids the unsatisfactory proofs involving * infinite con-
stants.” It also points out that the use of the operator D in finding
particular integrals requires more justification than is usually given.
The method here adopted is at first to use the operator boldly and
obtain a result, and then to verify this result by direct differentiation.

This chapter is followed immediately by one on Simple Partial
Differential Equations (based on Riemann’s ¢ Partielle Differential-
gleichungen ”’). The methods given are an obvious extension of
those in the previous chapter, and they are of such great physical
importance that it seems a pity to defer them until the later portions
of the book, which is chiefly devoted tg much more difficult subjects.

In the sections dealing with Lagrange’s linear partial differential
equations, two examples have been taken from M. J. M. Hill’s
Pecent paper to illustrate his methods of obtaining special integrals.



PREFACE vii

In dealing with solution in series, great prominence has been
given to the method of Frobenius. One chapter is devoted to the
use of the method in working actual examples. This is followed
by a much harder chapter, justifying the assumptions made and
dealing with the difficult questions of convergence involved. An
effort has been made to state very clearly and definitely where the
difficulty lies, and what are the general ideas of the somewhat
complicated proofs. Itis a common experience that many students
when first faced by a long * epsilon-proof ” are so bewildered by
the details that they have very little idea of the general trend.
[ have to thank Mr. 8. Pollard, B.A., of Trinity College, Cambridge,
for his valuable help with this chapter. This is the most advanced
Yortion of the book, and, unlike the rest of it, requires a little know-
ledge of infinite series. However, references to standard text-books
have been given for every such theoreg used.

I have to thank Prof. W. P. Milne, the general editor of Bell’s
Mathematical Series, for his continual encouragement and criticism,
and my colleagues Mr. J. Marshall, M.A., B.Sc., and Miss H. M.
Browning, M.Sc., for their work in verifying the examples and
drawing the diagrams.

I shall be very grateful for any corrections or suggestions from

those who use the book.
H. T. H. PIAGGIO.

UniversiTy CoLLEGE, NOTTINGHAM,
February, 1920,
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HISTORICAL INTRODUCTION

Tar study of Differential Equations began very soon after the
invention of the Differential and Integral Calculus, to which it
forms a natural sequel. Newton in 1676 solved a differential
equation by the use of an infinite series, only eleven years after
his discovery of the fluxional form of the differential calculus in
1665. But these results were not published until 1693, the same
year in which a differential equation occurred for the first time in
the work of Leibniz * (whose account of the differential calculus
was Published in 1684).

In the next few years progress was rapid. In 1694-97 John
Bernoulli  explained the method of *“ Separating the Variables,” and
he showed how to reduce a homogeneous differential equation of
the first order to one in which the variables were separable. He
applied these methods to problems on orthogonal trajectories. He
and his brother Jacob tt (after whom * Bernoulli’s Equation ” is
named) succeeded in reducing a large number of differential equa-
tions tq forms they could solve. Integrating Factors were probably
discovered by Euler (1734) and (independently of him) by Fontaine
and Clairaut, though some attribute them to Leibniz. Singular
Solutions, noticed by Leibniz (1694) and Brook Taylor (1715), are
generally associated with the name of Clairaut (1734). The geo-
metrical interpretation was given by Lagrange in 1774, but the
theory in its present form was not given until much later by Cayley
(1872) and M. J. M. Hill (1888).

The first methods of solving differential equations of the second
or higher orders with constant coefficients were due to Euler.
D’Alembert dealt with the case when the auxiliary equation had
equal roots. Some of the symbolical methods of finding the par-
ticular integral were not given until about a hundred years later
by Lobatto (1837) and Boole (1859).

The first partial differential equation to be noticed was that
giving the form of a vibrating string. This equation, which is of
the second order, was discusged by Euler and D’Alembert in 174%.
Lagrange completed the solution of this equation, and he also

* Also spelt Leibnitz. 1 Also spelt Bernouilli, {1 Also known as James.
xv



xvi HISTORICAL INTRODUCTION

dealt, in a series of memoirs from 1772 to 1785, with partial dif-
ferential equations of the first order. He gave the general integral
of the linear equation, and classified the different kinds of integrals
possible when the equation is not linear.

These theories still remain in an unfinished state ; contributions
have been made recently by Chrystal (1892) and Hill (1917). Other
methods for dealing with partial differential equations of the first
order were given by Charpit (1784) and Jacobi (1836). For higher
orders the most important investigations are those of Laplace (1773),
Monge (1784), Ampére (1814), and Darboux (1870).

By about 1800 the subject of differential equations in its original,
aspect, namely the solution in a form involving only a finite number
of known functions (or their integrals), was in much the same state
as it is to-day. At first mathematicians had hoped to solve every
differential equation in this way, but their efforts proved as fruitless
as those of mathematicians of an earlier date to solve the general
algebraic equation of the fifth or higher degree. The subject now
became transformed, becoming closely allied to the Theory of
Functions. Cauchy in 1823 proved that the infinite series obtained
from a differential equation was convergent, and so really did
define a function satisfying the equation. Questions of convergency
(for which Cauchy was the first to give tests) are very prominent
in all the investigations of this second period of the study of dif-
ferential equations. Unfortunately this makes the subject very
abstract and difficult for the student to grasp. In the first period
the equations were not only simpler in themselves, but were studied
in close connection with mechanics and physics, which indeed were
often the starting point of the work.

Cauchy’s investigations were continued by Briot and Bouquet
(1856), and a new method, that of “ Successive Approximations,”
was introduced by Picard (1890). Fuchs (1866) and Frobenius
(1873) have studied linear equations of the second and higher
orders with variable coefficients. Lie’s Theory of Continuous
Groups (from 1884) has revealed a unity underlying apparently
disconnected methods. Schwarz, Klein, and Goursat have made
their work easier to grasp by the introduction of graphical con-
siderations, and a recent paper by Wada (1917) has given a graphical
representation of the results of Picard and Poincaré. Runge (1895)
and others have dealt with numerical approximations.

Further historical notes will be found in appropriate places
throughout the book. For more detailed biographies, see Rouse
Ball’s Short History of Mathematics.



CHAPTER 1

INTRODUCTION AND DEFINITIONS. ELIMINATION.
GRAPHICAL REPRESENTATION

1. Equations such as
d
d—:%= =P, v (1)

9%y oy  dy

32:5 3a~~2 o -10y=e-3%sin 5z, .....oeeueeeeen(2)
dy ]‘}_ d2y
[1 +(dx) e L A 3)
dy o 4
Ei=y§(1 iz ) .............................. ( )
0% _ 0%
3 “zazz’ .................................. (5)

involving differential coefficients, are called Differential Equations.

2. Differential Fquations arise from many problems in Algebra,
Geometry, Mechanics, Physics, and Chemistry. In various places
in this book we shall give examples of these, including applications
to elimination, tangency, curvature, envelopes, oscillations of
mechanical systems and of electric currents, bending of beams,
conduction of heat, diffusion of solvents, velocity of chemical
reactions, etc.

8. Definitions. Differential equations which involve only one
independent variable,* like (1), (2), (3), and (4), are called ordinary.

Those which involve two or more independent variables and
partial differential coefficients with respect to them, such as (5), are
called partial.

* In equations (1), (2), (), ‘54) x is the indopendent and &the dependent variable.
In (8) z and ¢ are the two independent variables and y the dependent.

P.D.B. A



2 DIFFERENTIAL EQUATIONS

An equation like (1), which involves a second differential co-
efficient, but none of higher orders, is said to be of the second order.
(4) is of the first order, (3) and (5) of the second, and (2) of the third.

The degree of an equation is the degree of the highest differential
coefficient when the equation has been made rational and integral
as far as the differential coefficients are concerned. Thus (1), (2),
(4) and (5) are of the first degree.

(3) must be squared to rationalise it. We then see that it is of

2
the second degree, as %Z occurs squared.
Notice that this definition of degree does not require = or y to
occur rationally or integrally.
Other definitions will be introduced when they are required.

4. Formation of differential equations by elimination,® The
problem of elimination will now be considered, chiefly because it
gives us an idea as to what kind of solution a differential equation
may have.

We shall give some examples of the elimination of arbitrary
constants by the formation of ordinary differential equations. Later
(Chap. IV.) we shall see that partial differential equations may be
formed by the elimination of either arbitrary constants or arbitrary
functions. -

5. Examples.

(i) Consider z=A4 cos(pt—a), the equation of simple harmonic
motion. Let us elimjnate the arbitrary constants 4 and a.

Differentiating, ;l? = —p4 sin (pt - a)
and “zuaf = — p?4 cos (pt - a) = - p*z.
Thus Zﬁ—- - p%z is the result required, an equation of the second

order, whose interpretation is that the acceleration varies as the distance
from the origin.

(i) Eliminate p from the last result.

Differentiating again, % = - p’%.
%z |dz d?
Hence 7 l 7 ~pt dt: l , (frem the last result).

d’z de d
Multiplying up, «. F 7 TR equation of the third order.



ELIMINATION 3

(ili) Form the differential equation of all parabolas whose axis is
the axis of z.

Such a parabola must have an equation of the form
y2=4a(x - k).
Differentiating twice, we get
dy
2y% =4a,

te Y —‘g =2a,

d2y + <dy

2
a2\ ) =0, which is of the second order.

Examples for solution,
Eliminate the arbitrary constants from the following equations :

and y

(¥} y=Ae?**+ Be 22, (2) y=4 cos 3z + B sin 3z.

(3) y=4de™. (4) p=Az+ A3,

(5) If 22+y2=a? prove that :%;: - ;f/, and interpret the result
geometrically.

(6) Prove that for any straight line through the origin ¥ -=g—y , and
interpret this. z ax

(7) Prove that for any straight line whatever %=O. Interpret
this.

6. To eliminate n arbitrary constants requires (in general) a differ~
ential equation of the n*® order. The reader will probably have
arrived at this conclusion already, from the examples of Art. 5.
If we differentiate » times an equation containing n arbitrary con-
stants, we shall obtain (n +1) equations altogether, from which the
n constants can be eliminated. As the result contains an n' differ-
ential coefficient, it is of the n** order.*

* The argument in the text is that usually given, but the advanced student
will notice some weak points in it. The statement that from any (n +1) equations
n quantities can be eliminated, whatever the nalure of those equations, is too sweeping.

An exact statement of the necessary and sufficient conditions would be extremely
complicated.

ometimes less than (n+1) equations are required. An obvious case is
y¥=(A + B)x, where the two arbitrary constants occur in such a way as to be
really equivalent to one.
A less obvious case is y*=2A4xzy+ Bz®. This represents two straight lines
through the origin, say y=m;z and y=m,z, from each of which we easily get

Y9 of the first instead of the speond order. The student should also obtain
this result by differentiating the original equation and eliminating B. This will

e (v-+2) - 4m1=0.



4 DIFFERENTIAL EQUATIONS

7. The most general solution of an ordinary differential equation of
the n*® order contains n arbitrary constants. This will probably seem
obvious from the converse theorem that in general # arbitrary con-
stants can be eliminated by a differential equation of the n™ order.
But a rigorous proof offers much difficulty.

If, however, we assume * that a differential equation has a solution
expansible in a convergent series of ascending integral powers of
x, we can easily see why the arbitrary constants are » in number,
dy
a_x"

x? " NP
Assume that y =a, +a,z taygyt e+ Oy gt to infinity.

3,
Consider, for example, g;}ys = of order three.

Then, substituting in the differential equation, we get
x2 n-3,.. x2 zn—l
a3+a4x+a52l+ +an(—)! a1+a2x+as2l+ +a,,(n 1)1
80 az=ay,
Ay =1y,
aﬁ = as = al’
Ay =0yp_g =0, 4=6tC.
23 2P 22 ot of
Hence y=a, +a1<w +3+ 5t ) +a2<z! +3i et )
=@, +a,sinh z +a, (coshz - 1),
containing three arbitrary constants, a,, @, and a,.
Similar reasoning applies to the equation
dy d¥ dr-ly
@ I\> Y 3o v o )
In Dynamics the differential equations are usually of the second

2
order, e.g. %Zh—‘?.‘{ +p2 =0, the equation of simple harmonic motion.

To get a solution without arbitrary constants we need two con-
ditions, such as the value of y and dy/dt when ¢ =0, giving the initial
displacement and velocity.

8. Complete Primitive, Particular Integral, Singular Solution. The
solution of a differential equation containing the full number of
arbitrary constants is called the Complete Primitive.

. Any solution derived from the Cqmplete Primitive by giving
particular values to these constants is called a Particular Integral.

* The student will see in later chapters that thls assumption is not always
justifiable.
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N d*y _dy
Thus the Complete Primitive of e

is Y =0, +a, sinh  +a, (cosh z - 1),
or y=c+a, sinh z +a, cosh z, where c=a,-a,,
or y=c+ae® +be~®, where a=4%(a,+a,) and b=} (a,-a).

This illustrates the fact that the Complete Primitive may often
be written in several different (but really equivalent) ways.

The following are Particular Integrals :

y=4, taking c¢=4, ¢,=0,=0;
y=Dbsinh z, taking @, =5, c¢=a,=0;

y =6 cosh x -4, taking a,=6, a,=0, c=—4;
y=2+e*-3e% taking ¢=2, a=1,b=-3.

In most equatlons every solution can be derived from the Com-
plete Primitive by giving suitable values to the arbitrary constants.
However, in some exceptional cases w& shall find a solution, called
a Singular Solution, that cannot be derived in this way. These will
be discussed in Chap. VI.

Examples for solution.
Solve by the method of Art. 7:

(1) Yoy,
e L

(3) Show that the method fails for 22 = ~.
dz =

[log « cannot be expanded in a Maclaurin series. ]

(4) Verify by elimination of ¢ that y =cx + is the Complete Primitive

of y= =z dy + 1 32 Verify also that y2=4zisa solutlon of the differential

equatlon not derivable from the Complete Primitive (s.e. a Singular
Solution). Show that the Singular Solution is the envelope of the
family of lines represented by the Complete Primitive. Illustrate by

a graph.
9. Graphical representation. We shall now give some examples

of a method * of sketching rapidly the general form of the family of
curves representing the Complete Primitive of
e

d
%y =f(=, y),
Due to Dr. 8. Brodetsky and Prof. Takeo Wada.
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where f(z, y) is a function of # and y having a perfectly definite
finite value * for every pair of finite values of » and y.

The curves of the family are called the characteristics of the
equation.

Ex. () d_Lx(y-l).

dy
dx?

Now a curve has its concavity upwards when the second differential
coefficient is positive. Hence the characteristics will bz concave up
above y=1, and concave down below this line. The maximum or
minimum points lie on =0, since dy/dz=0 there. The characteristics
near y=1, which is a member of the family, are flatter than those
further from it.

These considerations show us that the family is of the general,form
shown in Fig. 1.

Here =y l+x —(x’+1)(y 1).

Fia, 1
Ex. (ii) % =y+e®
2
Here - (‘;—;—;—-Z—g+e”—y+2e".

We start by tracing the curve of maxima and minima y+e®=0,
and the curve of inflexions y+2e*=0. Consider the charactemmc
through the origin. At this point both differential coefficients are
positive, 8o as z increases y increases also, and the curve is concave
upwards. This gives us the right-hand portion of the characteristic
marked 3 in Fig. 2. If we move to the left along this we get to the

- % Thus excluding a function like y/z, which is indeterminate when x=0 and



GRAPHICAL, REPRESENTATION i

curve of minima. At the point of intersection the tangent is paraliel to
Oz. After this we ascend again, so meeting the curve of inflexions.
After crossing this the characteristic becomes convex upwards. It still
ascends. Now the figure shows that if it cut the curve of minima again

y

12
3

Fia. 20

the tangent could not be parallel to Oz, so it cannot cut it at all, but
becomes agymptotic to it.

The other characteristics are of similar nature.

Examples for solution.

Sketch the characteristics of :

) Wy -a.
(2) %=x“y.
3) gg} =y +22%

10. Singular points. In all examples like those in the last
article, we get one characteristic, and only one, through every point

of the plane. By tracing the two curves i'1l=0 and -5 =0 we can
. dx da*

easily sketch the system.
If, however, f(z, y) becomes indeterminate for one or more

points (called singular points), it is often very difficult to sketch the
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system in the neighbourhood of these points. But the following
examples can be treated geometrically. In general, a complicated
analytical treatment is required.

Ex. (i). %=g Here the origin is a singular point. The geo-

metrical meaning of the equation is that the radius vector and the
tangent have the same gradient, which can only be the case for straight

/

/

- 3
lines through the origin. As the number of these is infinite, in this case
an infinite number of characteristics pass through the singular point.

" dy = . y dy
Ex. (ll). tE= —g—/—, 1.€. 5'd—x———1.

This means that the radius vector and the tangent have gradients

Fre. 8.

Fia. 4.

whose product is —1, d.e. that theyeare perpendicular. The char-
acteristics are therefore circles of any radius with the origin as centre.

* See a paper, * Graphical Solution,” by Prof. Takeo Wada, Memosra of the
Oollege of Science, Kyoto Imperial University, Vol. IL No. 3, July 1917.
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In this case the singular point may be regarded as a circle of zero radius,
the limiting form of the characteristics near it, but no characteristic of
finite size passes through it.

dy y-kx
Ex. (iii). Ey = Z+_ky .
Writing dy/dx =tan\, y/z=tan 0, we get
tan 0 -k

B0 Y =1 Fton 6’
i.e. tan\,+ktany,tan O=tan0 -k,
tan @ —tan g[;_ _
1+tanQtanyr
t.e. tan(0-+)=F, a constant.

The characteristics are therefore equiangular spirals, of which the
singtilar point (the origin) is the focus.

\

F1a. 5.

These thmee simple examples illustrate three typical cases.
Sometimes a finite number of characteristics pass through a singular
point, but an example of this would be too complicated to give

here.*
* Sge Wada's paper.
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MISCELLANEOUS EXAMPLES ON CHAPTER I.

Eliminate the arbitrary constants from the following :

1) y=Ae*+ Be®+C.

(2) y=Ae®+ Be?® + Ce®>,

[To eliminate 4, B, C from the four equations obtained by successive
differentiation a determinant may be used.]

(3) y=e*(4 cos x+ B sin x).

4) y=ccosh ;f, (the catenary).

Find the differential equation of

(5) All parabolas whose axes are parallel to the axis of ¥.

(6) All circles of radius a.

(7) All circles that pass through the origin.

(8) All circles (whatever their radii or positions in the plane xQy).
[The result of Ex. 6 may be used.]

(9) Show that the results of eliminating a from

dy
2y-xd;+ax, PR o §
and b from y=a:g—ayp—bm2, cemererineseaangessaressrensas(2)
2
are in each case wgg%—2xgy+2y 0. v, veenee(3)

[The complete primitive of equation (1) must satisfy equation (3),
since (3) is derivable from (1). This primitive will contain @ and also
an arbitrary constant. Thus it is a solution of (3) containing two
constants, both of thch Aare arbljam as far.as (3) is concerned, as a
does not occur jm-tha q‘equatlon, 0, f8%%, it must be the complete
primitive of (3).* ‘Slmllarly the comp'let@'i)ﬁmlﬂves of (2) and (3) are
the same. ,',[’ ns (1) and (2) have*afcommon complete primitive. ]

(10) App!y "the method of the last example Yo prove that

dy
Y+ &5 =2me®

RS
R

and Y- g}é =2be®

have a common complete primitive.
(11) Assuming that the first two equations of Ex. 9 have a common

complete primitive, find it by equating the two values of gg in terms

.
of x, y, and the constants. Verify that it satisfies equation (3) of Ex. Y.

(12) Bimilarly obtain the common complete primitive of the two
equations of Ex. 10.
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(13) Prove that all curves satisfying the differential equation

dy dy d?%y
dx =1 +w(dw) +w2dm3

cut the axis of y at 45°.

(14) Find the inclination to the axis of z at the point (1, 2) of the
two curves which pass through that point and satisfy

(gg) =y?-2x+a%

(15) Prove that the radius of curvature of either of the curves of
Ex. 14 at the point (1, 2) is 4.

(16) Prove that in general two curves satisfying the differential
equation i J> dy
”(dz ~Ygpt1=0
pass through any point, but that these coincide for any point on a
certain parabola, which is the envelope of the curves of the system.

(17) Find the locus of & point such that the two curves through it
satisfying the differential equation of Ex. (16) cut (i) orthogonally ;
(ii) at 45°.

(18) Sketch (by Brodetsky and Wada’s method) the characteristics of

Z—stﬂy.



CHAPTER II

EQUATIONS OF THE FIRST ORDER AND FIRST DEGREE

11. In this chapter we shall consider equations of the form
M+NY o,
dx
where M and N are functions of both « and .
This equation is often written,* more symmetrically, as
Mdz + N dy =0.

Unfortunately it is not possible to solve the general equation of
this form in terms of a finite number of known functions, but we
shall discuss some special types in which this can be done.

It is usual to classify these types as

(¢) Exact equations ;

(b) Equations solvable by separation of the variables ;
(c) Homogeneous equations ;

(d) Linear equations of the first order.

The methods of this chapter are chiefly due to John Bernouilli
of Béle (1667-1748), the most inspiring teacher of his time, and to
his pupil, Leonhard Euler, also of Béle (1707-1783). Euler made
great contributions to algebra, trigonometry, calculus, rigid dynamics,
hydrodynamics, astronomy and other subjects.

12. Exact equations.}
Ex. (i). The expression ydz +x dy is an exact differential.

Thus the equation ydx+xdy=0,
giving d (yz) =0,
te. yr=c,

is called an exact equation.
* For a rigorous )ustnﬁoatnon of the use of tBe differentials dx and dy see Hardy's
Pure Mathematics, Art. 136

1 For the necessary and suﬂicnent condition that Mdx + ¥ dy =0 should be exact
see Appendix A. 12
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Ex. (ii). Consider the equation tan y.dx+tanx.dy=0.
This is not exact as it stands, but if we multiply by coszcos y it

becomes 8in y cos = dz +sin « cos y dy =0,
which is exact.
The solution is sin y sin x=c.

13. Integrating factors. In the last example coszcosy is
called an integrating factor, because when the equation is multiplied
by it we get an exact equation which can be at once integrated.

There are several rules which are usually given for determining
integrating factors in particular classes of equations. These will be
found in the miscellaneous examples at the end of the chapter. The
proof of these rules forms an interesting exercise, but it is generally
tasier to solve examples without them.

14. Variables separate.
Ex. (i). In the equation fd—:=tan y . dY, the left-hand side involves

# only and the right-hand side y only, so the variables are separate.
Integrating, we get logz= —logcosy+c,
t.e. log (x cos y)=c,
 cos yy=e°=a, say.
dy

Ex. (ii). T 2zy.

The variables are not separate at present, but they can easily be
made so. Multiply by dz and divide by y. We get

dy =22 dx.
Y

Integrating, log y=a2+c.
As c is arbitrary, we may put it equal to log a, where a is another
arbitrary constant.

Thus, finally, y=ae”,

Examples for solution.

(1) (122 +by —9) dz + (bx + 2y — 4) dy=0.

(2) {cos z tan y +cos (z +y)} dx + {sin  sec? y + cos (z + )} dy =0.
(3) (sec « taxt = tan y —e®) dx +sec x sec® y dy=0.

(4) (z+y) (dz—dy) =dz +dy.

() y dz—2 dy + 322y2%*'dx =0.

(6) y dx—=z dy=0.

(7) (sin % +cos ) dy + (cos - sin ) dz =0,

® Z—Z= @iy,

(9) yde-= dy=wy da. (10) tan g dy=cot y dz.
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15. Homogeneous equations. A homogeneous equation of the
first order and degree is one which can be written in the form

dy_¢(Y
dz =f (x)
To test whether a function of z and y can be written in the form

of the right-hand side, it is convenient to put

Y
=0 or y=uw.
If the result is of the form f(v), 7.e. if the «’s all cancel, the
test is satisfied.
dy =x2+y? dy 1+40%

Ex. (i). 52 =~5—3— becomes Y2t This equation is homo-
geneous. dz 2z de 2

Ex. (ii). —=ls becomes g_w 2v®,  This is not homogeneous.

16. Method of solution, Since a homogeneous equation can be
reduced to %= f (v) by putting ¥ =vz on the right-hand side, it is

natural to try the effect of this substitution on the left-hand side
also. As a matter of fact, it will be found that the- equation can
always be solved * by this substitution (see Ex. 10" of the miscel-
laneous set at the end of this chapter).

. dy «%+y?

Ex. (i). =T
Put Y=oz,

. dy dv e . .

e o =V+2 . (for if y is a function of z, so is v).

dv 1402
The equation becomes v+z =g
te. 2zdv=(1+v2-20)dz.
. . 2dv  dw
Separating the variables, w-1i" 2
Integrating, 'c_)__:—l_ =logz +e.
But ,,=,2’ 80 :-3= -2 =—2a;= 22 .
T v-1 Y4 Y-® -y
z

Multiplying by z~y, 2z=(z-y) (loé z+c).

* By “solved " we mean reduced to an ordinary integration. Of course, this
integral may not be expressible in terms of ordinary elementary, functions.
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Ex. (ii). (z+y)dy+(x-y)dz=0.

dy_y-z
dz y+z’
Putting y =vz, and proceeding as before, we get

This gives

Lk SOk
dz v+1 v+1
(v+l)dv _ds
v+l z
Zedv_ dv _ds
vl ¥+l
Integrating, —34log(v2+1)-tan~w=logz+¢,

te. 2logz+log(v?+1)+2tanlv+2c=0,

log 22 (v3+1)+2 tan~w+a=0, putting 2c=a.

t.e.

Separating the variables, - ,

t.e.

Substituting for v, log (y2+x2) +2 tan"lg +a=0.

17. Equations reducible to the homogeneous form.

L[] -—
Ex. (i). The equation %=Z+:I;

is not hemogeneous.
This example is similar to Ex. (ii) of the last article, except that

%—;—Z is replaced by z;::;
Now y-2=0 and y+a=0 represent two straight lines through the
origin.
. g'.[‘he intersection of y—x+1=0 and y+2+5=0 is easily found to
-2, -3).
° (Put x=))( -2; y=Y-3. This amounts to taking new axes parallel
to the old with (-2, —3) as the new origin.
Then y-2+1=Y-X and y+z+5=Y+X.
Also dz=dX and dy=dY.
dY Y-X
X" Y+X
As in the last article, the solution is

The equation becomes

log (Y*+ X% +2 tan-1-§+a=0,

ie. log [(y+3)=+(x+2)!]+2tan—lg—:i;+a-o.
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. d -z+1
Ex. (ii). d_g Z s

This equation cannot be treated as the last example, because the
lines y —z+1=0 and y —2+5=0 are parallel.

As the right-hand side is a function of y -, try putting y - z=2,
dy =c_l£
dz = dx

. dz z+1
The equation becomes 1+ p Pl
dz -4
dz z2+5
Separating the variables, (z+5) dz= -4 du.
Integrating, 322 +52= -4z +e¢,

t.e. 223+10z+8x=2c.

%e.

1.e.

Substituting for 2, (y —z)2+10(y - z) + 8z=2¢,
t.e. (y-x)2+10y -2z =a, putting 2c=a.
Examples for solution.,

1) 2z-y) dy=(2y —z) dov. [Wales.]
(2) (z2-9y? Z_Z =xy. [Sheffield.]

2
3) 2 %= g+ %2. [Math. Tripos.]

@ o =y + /(a2 +y)
() dy 2x+9y-20
dz~ 6z+2y—-10°
(6) (12z+21y —9) dz + (47x+40y +T) dy =0.

R dy 3x-4y-2
) dz 3z-4y-3
(8) (= +2y) (dx — dy) =dx +dy.

18. Linear equations.
The equation dy +Py Q,

where P and Q are functions of z (but pot of y), is sa’d to be linear
of the first order.
dy

: . 1
A simple example is wta? =28,
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If we multiply each side of this by z, it becomes
dy

z az +y =ad,
. d
i.e. d—x(xy) =3,
Hence, integrating, zy=}at +c.

We have solved this example by the use of the obvious integrating
factor z.

19. Let us try to find an integrating factor in the general case.
If R is such a factor, then the left-hand side of

dy
R o +RPy=RQ
is the differential coefficient of some product, and the first term

R % shows that the product must be Ry.

dy _d _pdy  dR
Put, therefore, R T RPy = (Ry)=R 7TV
This gives rpy=y 7L,
ie. Pan=2F,
e J.P dx=log R,
R =e'{ Pdz

This gives the rule: To solve % + Py =Q, multiply each side by

GIP

M, which will be an tntegrating factor.

20. Examples.
(i) Take the example considered in Art. 18.

dy /1 2
E—:-l-:-l-x.y x“,

Here P-—-%, 80 JP de=log «, and e'8%=g,
Thus the rule gives the same integrating factor that we used before.

(i) j_gmy=ze--.

Here P =2z, IP do=2% and the integrating factor is e,

P.D.B. B
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Multiplying by this, ¢ 2 +2z6%y =2,

. d
ie. - (yer)=2.
Integrating, ye* =2z +c,
y=(2x+c)e~2
(iii) Z—Z +3y=e?9,
Here the integrating factor is €32,

Multiplying by this, e’”d +3e“y =¢52,

t.e. %(yes”) =65”.

Integrating, §ned® =165 4 ¢,
y=21e¥ +ce3%,

21. Equations reducible to the linear form.

Ex. (i). zy —%=y"e‘“’.
Divide by #3, so as to free the right-hand side from Y.
1 ldy .
Weget ﬁ.y—z—gﬁd—w=e N
. 1 1 d o
e T +5 dz( ) =¢ 7,
.1 2 _ o »
Putting ?;3=z. 2z + %’—'-‘-26 2,

This is linear and, in fact, is similar to Ex. (ii) of the last article with
2 instead of y.
Hence the solution is 2=(2x+c) e,

t.e. -3—/1—2= (2z+c)e ™,

ei?

:bJ(2m+c)'
This example is a particular case of *“ Bernoulli’s Equation ”
dy
dz+Py-Qy”

where P and Q are functions of @, Jacob Bernouilli or Bernoulli of
Béle (1654-1705) studied it in 1695,
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Ex. (ii). (2 -10¢°) Z—Z +y=0.
This is not linear as it stands, but if we multiply by %, we get

2z-10ys+y%=o,

dz 2w
te = +—=10y2
oty
This is linear, considering y as the independent variable.
Proceeding as before, we find the integrating factor to be y?, and
the solution

y2x=2y5+c,
te. z=2y8+cy 2
Examples for solution,
(1) (z+a) %:;I; -3y=(z+a)s. [Wales.]

(2) zcos z%+y(x sin z+cos z)=1. [Sheffield.]
dy _ 2 dy_ 40
(3) mlogx%+y-—2logw. (4) a:y—ac"d—x—y cos .
dﬁ:: -— -d—y=
(6) y+2 Fh=gp(z-1). (6) (a+247) 2 =y.

(7) dz+ady=evsecly dy.

22. Geometrical Problems. Orthogonal Trajectories. We shall
now consider some geometrical problems leading to differential
equations,

4

o _— T N £

F1a. 6.

Ex. (i). Find the curve whose subtangent is constant.
The subtangent TN =PN cot =y 3—:
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Hence Y 5=k,

z+c=klogy,

y=ac,
putting the arbitrary constant ¢ equal to k log a.

Ex. (ii). Find the curve such that its length between any two
points PQ is proportional to the difference of the distances of @ and P
from a fixed point O.

1f we keep P fixed, the arc QP will vary as OQ minus a constant.

Use polar co-ordinates, taking O as pole and OP as initial line.
Then, if @ be (r, §), we have s=kr—kr,.

But, as shown in treatises on the Calculus,
(ds)2=(r dB)2 + (dr)2.

Hence, in our problem,
K2 (dr)?=(r d6)? + (@)%,

ie. do= i\/(kz-n‘%’

d s
r ’ a’S v
giving r=ce®, the equiangular spiral.

Ex. (iii). Find the Orthogonal Trajectories of the family of semi-
cubical parabolas ay?=x3, where a is a variable parameter.

Two families of curves are said to be orthogonal trajectories when
every member of one family cuts every member of the other at right
angles.

We first obtain the differential equation of the given family by
climinating a.

Differentiating ay? =3,
wo geb 2ay g% =3x3,
whence, by division, §%=g coaeeemesinnnn(1)
Now Z—Z=t&n ), where v} is the inclination of the tangent to the
axis of #. The value of v for the trajectory, say v, is given by
V=y'x}mr

t.e. tan\r= —cot’,

for the given family is to be replaced by _d for the trajectory.

i W
& dy
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Making this change in (1), we get
_2dw_3
ydy o
2z dw + 3y dy =0,
2x% + 3y =c,
a family of similar and similarly situated ellipses.
Ex. (iv). Find the family of curves that cut the family of spirals

r=af at a constant angle a.
As before, we start by eliminating a.

rde_
ar

Now %@ =tan ¢, where ¢ is the angle between the tangent and the

This gives

radius vector. If ¢’ is the corresponding angle for the second family,
¢'=¢pxa,,
tan p+tana _ O+k
l1Ftanptana 1-k6’
putting in the value found for tan ¢ and writing % instead of =+tan a.
Thus, for the second family,
rdd 0+k
ar 1k
The solution of this will be left as an exercise for the student.
The result will be found to be

r=c(0+k)¥+le-%,

Examples for solution.
(1) Find the curve whose subnormal is constant,.

tan ¢’ =

(2) The tangent at any point P of a curve meets the axis of zin T
Find the curve for which OP=PT, O being the origin.

(3) Find the curve for which the angle between the tangent and
radius vector at any point is twice the vectorial angle.

(4) Find the curve for which the projection of the ordinate on the
normal is constant.

Find the ortBogonal trajectories of the following families of curves :
(6) 22 -y2=al (6) at+yt=at.
(7) px®+qy®=a? (p and g constant).
af
(8) r0=a. O r=1rp

(10) Find the family of curves that cut a family of concentric circles
at a constant angle a.
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MISCELLANEOUS EXAMPLES ON CHAPTER II.

d d
(1) By*-=) gg=y. (2) “’d‘%=y+2\/(y2—w2)~
(3) tan x cos y dy +sin y dx + e = dz =0,
4) & % +3y2=xy?. [Sheffield.]

d
(5) 2° 37 =1+ 4™y - ).
dy az+hy+g

(6) Show that (E: = m
represents a family of conics.

(7) Show that y dz -2z dy=0
represents a system of parabolas with a common axis and tangent at
the vertex. ’

(8) Show that  (4z+3y+1)dz+(3x+2y+1)dy=0
represents a family of hyperbolas having as asymptotes the lines
2+y=0 and 2z+y+1=0.

dy .
9) If I +2y tan v =sin

and y=0 when =2}, show that the maximum value of y is %.
[Math.Tripos. ]

(10) Show that the solution of the general homogeneous equation
of the first order and degree 9 _ (ﬂ) is

dz z
log x= —dv——+c
LR P B

where v=y/z.

(11) Prove that z*y* is an integrating factor of
py dx +qz dy + 2™y (ry dx + sx dy) =0
. h+1 k+1 h+m+1 k+n+1
if ——=-—= and = .
P q r 8
Use this method to solve
3y dz - 2z dy + 22y~ (10y dz — 6z dy) =O.
(12) By differentiating the equation
j f(zy) + F(zy) d(zy)
flay) - F(zy) =y
1

zy{f(zy) - F (zy)}

+log 2 o
Y

verify that
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is an integrating factor of
f(2y)y dz+ F (zy)z dy =0.
Hence solve (#2y%+ay+1)y do— (222 ~zy +1)z dy=O0.
(13) Prove that if the equation M dz+ N dy=0 is exact,
oN oM
o oy
[For a proof of the converse see Appendix A.]
(14) Verify that the condition for an exact equation is satisfied by

(P dz+Q dye % =0

if 3—1; ® +Qf(x).
Hence show that an integratmg factor can always be found for
Pdz+Qdy=0
if 1 [Qf _®
Qloy ozl

is a function of z only.
Solve by this method
(2® + xyt) dw +2y3dy =0.
(15) Find the curve (i) whose polar subtangent is constant ;
(ii) whose polar subnormal is constant.

(16) Find the curve which passes through the origin and is such
that the area included between the curve, the ordinate, and the axis
of z is k times the cube of that ordinate.

(17) The normal P@ to a curve meets the axis of z in Q. If the
distance of @ from the origin is twice the abscissa of P, prove that the
curve is a rectangular hyperbola.

(18) Find the curve which is such that the portion of the axis of =
cut off between the origin and the tangent at any point is proportional
to the ordinate of that point.

(19) Find the orthogonal trajectories of the following families of
curves : (i) (z=1)2+y2+2az=0,
(ii) r=a0,
(iii) r=a+cos nf,
and interpret the first result geometrically.
(20) Obtain the differential equation of the system of confocal conics

wﬂ y!
FA TR

and hence show that the‘systzzm is its own orthogonal trajectory.

(21) Find the family of curves cutting the family of parabolas
y2=4az at 45°.
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(22) If u+4v=f(z+1y), where u, v, z and y are all real, prove that
the families «=constant, v=constant are orthogonal trajectories.
0% 0% 0% 0%
P + 8?2 =0= o + éf‘ﬁ'
[This theorem is of great use in obtaining lines of force and lines of

constant potential in Electrostatics or stream lines in Hydrodynamics.
u and v are called Conjugate Functions. ]

Also prove that

(23) The rate of decay of radium is proportional to the amount
remaining. Prove that the amount at any time ¢ is given by

A=A,
2
(24) If (‘%:g (1 —%) and v=0 if t=0, prove that

v=F tanh %t-

[This gives the velocity of a falling body in air, taking the resistance
of the air as proportional to v2.  As ¢ increases, v approaches the limiting
value k. A similar equation gives the ionisation of a gas after being
subjected to an ionising influence for time ¢.]

(25) Two liquids are boiling in a vessel. Tt is found that the ratio
of the quantities of each passing off as vapour at any instant is pro-
portional to the ratio of the quantities still in the liquid state. Prove
that these quantities (say # and y) are connected by a elation of the
form y=ca®,

[From Partington’s Higher Mathematics for Students of Chemistry,
p- 220.]



CHAPTER III

LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS

23. The equations to be discussed in this chapter are of the form
n. n-1,
pofi—l;?,{ +p g;n«_yl + e+ Ppy %+pny=f(w), ceennennenn(1)
where f(z) is a function of z, but the p#s are all constant.

These equations are most important in the study of vibrations
of all kinds, mechanical, acoustical, and electrical. This will be
illustrated by the miscellaneous examples at the end of the chapter.
The methods to be given below are chiefly due to Euler and
D’Alembert.* ©

We shall also discuss systems of simultaneous equations of this
form, and equations reducible to this form by a simple transformation.

24, The simplest case ; equations of the first order. If we take
n=1 and f(z) =0, equation (1) becomes

d;
p(,a*g+p,y=0, veererenrernseesesenes 00(2)

2.e. Do ‘Z]y +p,dz =0,

or P, log ¥ + p,x =constant,
80 log y = - p,a/p, +constant

= — P12/, +log 4, say,
giving y =Ae-riiro,

25. Equations of the second order. If we take n=2 and f(x) =0,
equation (1) becomes

&y d
po%a—z+.pla§+pay=0. vrmeneriensssssinsns(3)

* Jean-lé-Rond D’Alembert of Paris (1717-1783) is best known by ‘ D’Alem.
bert’s Principle ” in Dynamics. The application of this principle to the motion
of fluids led him to partial differential equations.

25
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The solution of equation (2) suggests that y =Ae™>, where m is
some constant, may satisfy (3).

With this value of y, equation (3) reduces to

Aem=(pym? + pym + py) =0.
Thus, if m is a root of
R R | N (3 |

y=Aem* is a solution of equation (3), whatever the value of 4.

Let the roots of equation (4) be a and 8. Then, if a and 8 are
unequal, we have two solutions of equation (3), namely

y=Ae”* and y=Be™.
Now, if we substitute y = Ae** + Be®® in equation (3), we shall get
Ae*(poa® + pya + py) + Be* (o 32 + B + p;) =0,

which is obviously true as a and 3 are the roots of equation (4).

Thus the sum of two solutions gives a third solution (this might
have been seen at once from the fact that equation (3) was linear).
As this third solution contains two arbitrary constants, equal in
number to the order of the equation, we shall regard it as the general
solution.

Equation (4) is known as the “ auxiliary equation,”

Example.
dry _dy . . .
To solve 2 d?+5 cﬁ+2y=0 put y=Aem* as a trial solution. This
leads to Aem™=(2m2+b6m +2) =0,

which is satisfied by m= -2 or —3}.
The general solution is therefore

y=Ae 2+ Be-i2,

26. Modification when the auxiliary equation has imaginary or
complex roots. When the auxiliary equation (4) has roots of the
form p +14g, p — g, where 42= —~1, it is best to modify the solution

y=Aertil L Beo-taz ... (B)
80 as to present it without imaginary quantities.
To do this we use the theorems (given in any boek on Analytical
Trigonometry) €% =08 gz +14 8in g,
e~ =cos qz — 1 sin ¢z.
Equation (5) becomes
y =€?*{4 (cos gz +1 sin gz) + B(cos gz 4 sin ¢z)}
=eP*{E cos gz + F sin ¢z},
writing E for 4+ B and F for ¢(4-B). E and F are arbitrary
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constants, just as 4 and B are. It looks at first sight as if ' must
be imaginary, but this is not necessarily so. Thus, if
A=1+2¢ and B=1-2i, E=2 and F=-4.

Example. diy _¢%Y dy
dz?  de
leads to the auxiliary equation
me—6m +13=0,
whose roots are m =3+ 2i.
The solution may be written as

y=Ae®+207 4 Be(8-20)2,
or in the preferable form

+13y=0

=¢3%(F cos 2z + F sin 22),
or again as y=Ce% cos (2 — a),
where Ccosqg=FE and Csina=PF,
8o that C=J(E*+ F?) and tana=F/E.

27. Peculiarity of the case of equal roots. When the auxiliary

equation has equal roots a =3, the solution
y =Ae*® + BeP?
reduces to y=(4 + B)e,

Now 4 + By the sum of two arbitrary constants, is really only a
single arbitrary constant. Thus the solution cannot be regarded as
the most general one.

We shall prove later (Art. 34) that the general solution is

=(4 + Bz)e*®

28. Extension to orders higher than the second. The methods
of Arts. 25 and 26 apply to equation (1) whatever the value of #, as
long as f(z) =0.

: @y Py o
Ex. (i). g 6dac2+ll T -6y =0.
The auxiliary equation is
m8 —6m2+11m —-6=0,
giving m=1, 2, or 3.

Thus y = Ae® + Be?® 4 Cee,
Ex. (ii). %—8y=0.

The auxiliary equation is m®-8=0,
e (m—2)(m®+2m+4)=0,
giving m=2 or —11/3.
Thus y=Ae2® + ¢~®(E cos z4/3 + F sin 24/3),
or y=Ae2* +Ce® cos (24/3 - a).
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Examples for solution.

Solve

(1)"_32 d-"+3y 0. (2) +4y ~0.

(3) dy+l2y =0. 4 3 ” 3” +5y=0.
ds ds

(5) 7de+4—+1as=o. (6) Eﬁ*‘*?z‘ﬁo'

(7)dy 2dy dz/ —9y—

(8) What does the sol utlon to the last example become if the initial
conditions are
y=1, (T=O when 2=0,

and if y is to remain finite when z= + o0 ?

Solve

9) 3 +13§ 4 +36y=0.

(10) 5 dy 13dy+36y 0.

(11) +8y-=0 (12) & '/ — 64y =0.
(13) ld 9+99=0 given that @ =q and —6=O when t=0.*
ds? ’ dt ’

[The approximate equation for small oscillations of a simple pen-
dulum of length I, starting from rest in a position inclined at a to the
vertical. ]

(14) Find the condition that trigonometrical terms should appear
in the solution of d "

™
[The equation of motion of a partlcle of mass m, attracted to a
fixed point in its line of motion by a force of ¢ times its distance from
that point, and damped by a frictional resistance of % times its velocity.
The condition required expresses that the motion should be oscillatory,
e.g. a tuning fork vibrating in air where the elastic force tending to
restore it to the equilibrium position is proportional to the displacement
and the resistance of the air is proportional to the velocity.]

(15) Prove that if k is so small that k%/me is negligible, the solution
of the equation of Ex. (14) is approximately e~ /2™ times what it would
be if k were zero.

[This shows that slight damping leaves the frequency practically
unaltered, but causes the amplitude of successive vibrations to diminish
in a geometric progression. ]

+k +sO
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(16) Solve L d:?-'- R‘;? %»0, given that Q=0Q, and %Q=0 when
t=0, and that CR2 < 4L.

[@ is the charge at time ¢ on one of the coatings of a Leyden jar of
capacity C, whose coatings are connected when ¢=0 by a wire of resist-
ance R and coefficient of self-induction L. ]

29. The Complementary Function and the Particular Integral. So
far we have dealt only with examples where the f(z) of equation (1)
has been equal to zero. We shall now show the relation between
the solution of the equation when f(z) is not zero and the solution
of the simpler equation derived from it by replacing f(x) by zero.
To start with a simple example, consider the equation

2 g—:}%+5%+2y=5+2x.

It is obvious that y =z is one solution. Such a solution, con-
taining no arbitrary constants, is called a Particular Integral.

Now if we write y = +v, the differential equation becomes

32+5<1 +g—£> +2(z +v) =b +2u,
. o _dv
r.e. 2d 2+5dx+2v=0’
giving v=Ae 2% + Be~4?,
so that y=2+Ade 2 + Be- 12,

The terms containing the arbitrary constants are called the
Complementary Function.
This can easily be generalised.
If y =w is a particular integral of

AL dn—-l d
po-&x—z+p1%}7_3—{+...+p,,_l %y+p,,y=f(m), ......... (6)

dn dn-1 du
80 that Po d::: +p, dw”—? Foe tPpoy g Path= =f(®), crerens (7

put ¥ =u +v in equation (6) and subtract equation (7). This gives
dm drl dv
pow+pl -‘-l-:i‘n—:i-" wes + P ‘—ﬁ+p,,v =0. ...............(8)
If the solution of (8) be v=UF(z), containing n arbitrary con-
stants, the general solution of*(6) is
y=u+F(a),
and F(z) is called the Complementary Function.
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Thus the general solution of a linear differential equation with
constant coefficients i3 the sum of a Particular Integral and the Com-
plementary Function, the latter being the solution of the equation
obtained by substituting zero for the function of x occurring.

Examples for solution.

Verify that the given functions are particular integrals of the follow-
ing equations, and find the general solutions :

d% dy

L By ady
T2 t2y=en. @) 3: -1352 +12y = 36.

(1) e T2~ 137

2,
(3) 2sin 3z ; %%+4y= ~10 sin 3.

For what values of the constants are the given functions particular
integrals of the following equations ?

@) aer=; "’+132?’+42y 1122,

(5) ae®; dtz +9s 60e-¢. (6) a sin px ; 3 ‘Z+y 12 sin 22.

(7) asin px+b cos px; p 2+4dy+3./ 8 cos v —§ sin .

©8) a; Z y dy+6y 12.
Obtain, by trial, particular integrals of the following:

®) 5 Py, Zz+5y=80e3" (10) 75 @ ” d Y 1 37y =300e72,
(11) +9y 40 sin 5a. (12) 83~”+9 y =40 sin 5.
(13) “Y 8% , 954 50,

Tt 8%

80. The operator D and the fundamental laws of algebra. When
a particular integral is not obvious by inspection, it is convenient
to employ cettain methods involving the operator D, which stands

for % This operator is also useful in establishing the form of the

complementary function when the auxiliary equation has equal
roots.

D2 will be used for (;—25, D?3 fo‘r g-;%, and so on.
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The expression 2 %y +5 Z—Z +2y may then be written
2D% +5Dy + 2y,
or (2D% +6D +2)y.
We shall even write this in the factorised form
(2D +1)(D +2)y,
factorising the expression in D as if it were an ordinary algebraic
quantity. Is this justifiable ?
The operations performed in ordinary algebra are based upon
three laws :
I. The Distributive Law
m(a+b)=ma+mb ;
IT. The Commutative Law
ab=ba ;
IIT. The Index Law a™ . a®=a™tn,»
Now D satisfies the first and third of these laws, for
D(u+v)=Du +Dv,
and D™, Dry=Dmin gy
(m and n positive integers).
As for the second law, D(cu)=c (Du) is true if ¢ is a constant,
but not if ¢ is a variable.
Also* Dm(Dru) = D" (Dmu)
(m and n positive integers).
Thus D satisfies the fundamental laws of algebra except in that
it is not commutative with variables. In what follows we shall
WIite F (D)= poD" + 9,0+ .. 4Py 1D + Py,
where the p’s are constants and » is a positive integer. We are
justified in factorising this or performing any other operations
depending on the fundamental laws of algebra. For an example
of how the commutative law for operators ceases to hold when
negative powers of D occur, see Ex. (iii) of Art. 37.
81. F(D) e2% =¢8XF(a). Since
De?s = e,
Do = aﬂeao,
and so on,
F(D)e*® =(p,D" + p 01 +... +p, 1D +p,) e
=(P@" + P1a™ L + ooo + Ppy@ + D) €°
=¢"F (a).
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32. F(D){e2xV} =e3XF(D +a)V, where V is any function of x. By
Leibniz’s theorem for the n'* differential coefficient of a product,
Dr{e®V '} =(D"e®®) V +n(Dn-1e*%)(DV)

+3n(n -1)(D"-2e2)(D*V) + ... + 22(D"V)
=ane®V +nar-1e*DV +in(n - 1)a"2DV + ... +e**D"V
=e¥(g" +na*-1D + in(n - 1)a"—2D2+ ... + DY)V
=e**(D +a)*V.

Similarly D-1{e?*V} =¢**(D +a)"-'V, and so on.

Therefore
F(D){e*=V}=(poD" + p, D" + ... + Py D + pu){e**V}

=e"2{py(D +a)* +p,(D +a)* 1 + ... + Py (D +a) +p,}V
=e¢F(D+a)V.

33. F(D? cos ax=F( —a?) cosax. Since

D2 cos ax = —a? cos ax,

D* cos ax =( — a?)? cos aw,
and so on,

F(D?) cos ax =(pyD* + p, D*n—2 + ... +p,_D? + p,) cos az
={Po( - a*)" + Py (- @*)" 1 + ... + Py (- 0%) + Py} cos az
=F(-a?) cos ax. ‘
Similarly F(D?) sin az = F( - a?) sin ax.
34, Complementary Function when the auxiliary equation has equal

roots. When the auxiliary equation has equal roots a and a, it
may be written m? —9ma +a2=0.

The original differential equation will then be
d d
vY 94 d—%+a”g=0,

te. (D?-2aD +a?)y=0,
(D =Py =0. eeeverrrerrrrerrrrennsenn(9)

We have already found that y =Ae** is one solution. To find
a more general one put y =¢**¥, where V is a function of z.

By Art. 32,

(D -a)*{e**V} =e**(D - a +a)*V =e*=D?V,
Thus equation (9) becomes
DwW =0, ¢
t.e. V=4+DBn,

8o that y=e*(4 + Bx).
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Similarly the equation (D - a)ry=0

reduces to D*Y =0,
giving V=(4;+A4x+ 402+ ... + 4,2°1),
and y=e3(A;+ gz + dgx®+ ... + 4,271).
When there are several repeated roots, as in
(D —-a)?(D - BY(D =Yy =0, veverrrvrrrnnn.cn...(10)

we note that as the operators are commutative we may rewrite the
equation in the form

(D -B)(D - yy{(D - a)?y} =0,
which is therefore satisfied by any solution of the simpler equation

(D=a)?y=0. .ccovvverriniiiinininnnnnn(11)

Similarly equation (10) is satisfied by any solution of
(D=BYY=0, csoevrrrrrvrrrrrvsrrrnns(12)
or of D-9)y=0. ..coovriiiiiniiinininnn(13)

The general solution of (10) is the sum of the general solutions
of (11), (12), and (13), containing together (p+g¢+r) arbitrary
constants.

Ex. (i). Solve, (D*-8D2%+16)y=0,
te. (D2-4)%y=0,
The auxiliary equation is (m?—4)2=0,
‘m=2 (twice) or -2 (twice).
Thus by the rule the solution is
y=(4 + Bx) 2% + (E + Fx) e~22,

Ex. (ii). Solve (D%+1)2y=0.
The auxiliary equation is (m?+1)2=0,
m=1 (twice) or -1 (twice).
Thus y=(4 + Bz) e®+(E + Fz) e*,
or better y=(P +Qx) cos z+ (R + Sx) sin .

Examples for solution.
(1) (DA+2D3 4 D?) y=0. (2) (D®+3D%+3D%+1)y=0.
(3) (DA-2D3+2D%-2D+1)y=0. (4) (4D5-3D%-D?) y=0,
(5) Show that
F (D¥(P cosh ax +@Q sinh ax) = F (a®) (P cosh ax +@ sinh azx).
(6) Show that (D — a)¥(e4? sin pz) = pines® sin pa.
356. Symbolical methods of. ﬂ.ndms the Particular Integral when

f(x) =esx, The following methods are a development of the idea

of treating the operator D as if it were an ordinary algebraic quan-
P.D.E. [}
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tity. We shall proceed tentatively, at first performing any opera-
tions that seem plausible, and then, when a result has been obtained
in this manner, verifying it by direct differentiation. We shall use

the notation F(li)_) f(x) to denote a particular integral of the equation
F(D)y=f(2).
(i) If f(z) =e%*, the result of Art. 31,
F(D)ew= e“”F (@)

suggests that, aslong as F (a)r#O w7 €** may be a value of -7 €%,

( ) F(D)

This suggestion is easily verified, for

FO){ oo} =Sor @, by art. 31,

F (a) F@)”
=2,

(i) If F(a)=0, (D -d) must be a factor of F(D).
Suppose that F(D)=(D -a)?¢ (D), where ¢ (a)=+0.
Then the result of Art. 32,

F(D){e**V}=e=F (D +a)V,

suggests that the following may be true, if V is 1,

1 e 1 1 [e 1) e® 1

FO) ¥ ~(D-apg(D)” (D—a)p{«p(a)} @D
_erar
¢(a)p?

adopting the very natural suggestion that % is the operator inverse
to D, that is the operator that integrates with respect to z, while
o Lntegrates p times. Again the result obtained in this tentative

manner i8 easily verified, for

FD) {¢ (@) ;} =(D-a)¢ (D) {/, Z:) 2

-smfo-or(22)]

- (D) [E%z? o 231,’] by Art, 32,

#(D) F=n
we®, by Art. 31,
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In working numerical examples it will not be necessary to repeat
the verification of our tentative methods.

Ex. (i). (D +8)%y =50e22,
The particular integral is

1 B0e2®

D+32 7 T@raE

Adding the complementary function, we get

y=2¢2*+ (4 + Bz) e-3=,
Ex. (ii). (D - 2)%y =50¢2=,

Tt we substitute 2 for D in 50e%*, we get infinity.

1
(D-2)
But using the other method,
(—D_}2—)2 . 50e2® =50e2® %—2 . 1=50e2= , 32 =2bx2%2>.
Adding the complementary function, we get
y =2522%2% + (4 + Bz) 22,

Examples for solution.

Solve .

(1) (D%+6D+25) y==104¢%=. (2) (D2+2pD +p?+¢?) y=e2.
(3) (D?-9) y=>54¢. 4) (DP-D)y=e*+e2.

(5) (D*-p?) y=a sinh pa. (6) (D*+4D2+4D)y=8e¢ 2=

36. Particular Integral when f (x) =cos ax. From Art. 33,
¢ (D?) cos ax = ¢ ( —a?) cos ax.
This suggests that we may obtain the particular integral by
writing - a? for D? wherever it occurs.

Ex. (i). (D?+3D +2)y=cos 2z.

1
.08 2 =——n—— . cO8 2z = . cos 2.

1 1
D?*+3D+2 -4+3D+2 3D-2
To get D? in the denominator, try the effect of writing
1 3D+2
8D-2 9D2-¢
suggested by the usual method of dealing with surds.
This gives

3132"__24 08 22= — 2:(3D cos 2z +2 cos 2)
— (- 6 8in 22+ 2 cos 22)

= 7%5(3 sin 2z - cos 22),
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Ex. (ii). (D3+6D2+11D +6) y=2 sin 3.

1 2 sin 3x =2 1 sin 3z
Dsr6DE+11D+6- 0 —9D-bi+11D+6° "

- sin 3%

1
D-24
D+24 .
=pi_g7g IR 3z
= —51+(3 cos 3z +24 sin 3z)
= — y3¢(cos 3z + 8 sin 3x).
We may now show, by direct differentiation, that the results
obtained are correct.

If this method is applied to
[¢ (D?) + DyYr (D? ]y =P cos ax +{ sin az,
where P, Q and a are constants, we obtain
¢ (—a?) . (P cos azx +Q sin ax) + a)r (-~ a?) . (P sin az - cos az)
(- e g (e ‘
It is quite easy to show that this is really a particular integral,

provided that the denominator does not vanish. This exceptional case
is treated later (Art. 38).

Examples for solution.

Solve

(1) (D+1)y=10sin 2z. (2) (D2-5D +6) y=100 sin 4z.
(3) (D*+8D+25)y=48 cos z—16 sin .

(4) (D?+2D +401) y =sin 20z + 40 cos 20z.

(5) Prove that the particular integral of

2
ZT:+2k%s+pzs=a cos ¢t

may be written in the form b cos (¢t - ¢),
where b=af{(p®-¢)2+ 4k2q”}!' and tan e¢=2kg/(p?—q¢?).

Hence prove that if ¢ is & variable and k, p and a constants, b is
greatest when g=4/(p?-2k?) =p approx. if k is very small, and then
e=[2 approx. and b=a/2kp approx.

°

[This differential equation refers to a vibrating system damped
by a force proportional to the velocity and acted upon by an external
periodic force. The particular integral gives the forced vibrations
and the complementary function tke free vibrations, which are soon
damped out (see Ex. 15 following Art. 28). The forced vibrations
have the greatest amplitude if the period 27/¢ of the external force
is very nearly equal to that of the free vibrations (which is
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27[+/(p? - k¥) =2=[p approx.), and then e the difference in phase
between the external force and the response is approx. 7/2. This
is the important phenomenon of Resonance, which has important
applications to Acoustics, Engineering and Wireless Telegraphy.]

37. Particular integral when f(x) =xI , where m is a positive integer.

In this case the tentative method is to expangd in a series of

1
ascending powers of D. F(D)

Br.(). gy @=H1+1D9)
=1(1-3D2+{5D4...) 22
=}(@*-).
Hence, adding the complementary function, the solution suggested
for (D2 +4)y=g?
is y=%(z%- 1)+ A4 cos 2z + B sin 2z.
Ex. (ii).

1 1 1
1)2-4D+3“3=%(1-D"3—

D D D I
=1 2 3 -1 : e+
7{(1+D+D +D3+DA+..) F<1+3 +5 +27+81+...>}a:"
={}+4D+13D2+ 49D+ 131D +... } 2

=1 4 2 26 80
—3x3+3;x +282+89.

D) 2%, by partial fractions,

Adding the complementary function, the solution suggested for
(D2-4D +3)y=a®
is y=103+ 422+ 302 4+ 89 + e + Bed2,

i), —— - oggs—9g. [ 1 2}
Ex. (iii). D2(D2+4)96x =96 . Dz{D2+4x
—1—1)—2 . i(ﬁ - %), from Ex. (i),
1702 z°

-00.3(5-%)
=224 - 622,

Hence the solition of D?(D? +4) y=96a2 should be

y=2x%-62%+ A cos 22 + Bsin 2z + E + Fx.

=906 .

Alternative method.
Lol 0633 11-1Dv i Do)
D (D*+4)" o

=(24D2-6+3D2-...) 22
=224 - 623 + 3.
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This gives an extra term 3, which is, however, included in the
complementary function.

* The method adopted in Exs. (i) and (ii), where F(D) does not
contain D as a factor, may be justified as follows. Suppose the expan-
gions have been obtained by ordinary long division. This is always
possible, although the use of partial fractions may be more convenient
in practice. If the division is continued until the quotient contains D™,
the remainder will have D™ as a factor. Call it ¢(D). Dm+l, Then

1 _ 9 ¢ (D) . Dmt1
(D) =cy+c;D+c,D +...+cmDm+—~F(D) o eeeenees (1)
This is an algebraical identity, leading to
1=F(D){cy+e;D+eyD2+... +¢, D™ + ¢ (D). D™, ... (2)

Now equation (2), which is true when D is an algebraical quantity,
is of the simple form depending only on the elementary laws of algebra,
which have been shown to apply to the operator D, and it does not
involve the difficulties which arise when division by functions of D is
concerned. Therefore equation (2) is also true when each side of the
equation is regarded as an operator. Operating on z™ we get, since
Dmtlgm —Q,

= F(D){(co+c;D+cyD?+...+ ¢, D™) 2™}, ..nieenen (3)
which proves that the expansion obtained in (1), disregarding the
remainder, supplies a particular integral of F(D)y=a"m.

It is interesting to note that this method holds good even if the
expansion would be divergent for algebraical values of D.

To verify the first method in cases like Ex. (iii), we have to prove
that

—]%; Aleg+ey D+cy D2 +... +¢,, D™) 2™},
te. (cgD"+e, D14 ¢,D-"t2 4 .. +¢, D-7+m) g™,
is a particular integral of {F(D). D} y=am,
t.e. that {F(D). D'}{(ceD™+cy D"+ +¢c,D"+?
FoetCp D) Mt =M, e (4)
Now {F(D).D}u=F(D).{Du},
also Dr{(c,D-7+%) 2™} = (¢, D?) 2™ ;
hence the expression on the left-hand side of (4) becomes
F(D){(co+0,D+cgD*+... +cp D™) ™} =27, by (3),
which is what was to be proved. ‘
In the alternative method we get r extra terms in the particular

integral, say (Cmpi D™ 4 tc,,, D™) ™,

These give terms involving the (3 —1) and lower powers of .
But these all occur in the complementary function. Hence the first
method is preferable.

* The rest of this artiole should be omitted on a first reading.
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Note that if D-lu denotes the simplest form of the integral of ,
without-any arbitrary constant,

DYD.1)=D1.0=0,
while D(D1.1)=D.x=1,
8o that D(D1.1=£D2.(D.1).
Similarly D™ (D-™ . z")==D-™(D™.a"), if m is greater than ».
So when negative powers of D are concerned, the laws of algebra

are no! always obeyed This explains why the two different methods
adopted in Ex. (iii) give different results.

Examples for solution.
Solve (1) (D+1)y=2% (2) (D*+2D)y=24x.
(8) (D?-6D +9)y=54x+18.  (4) (D*-6D*+9D?)y=>54x+18.
(6) (D? - D - 2)y=44 - T6x - 4822
(6) (D3 - D? -2D)y=44 ~ 762 — 4822

38. Particular integrals in other simple cases. We shall now
give some typical examples of the evaluation of particular integrals
in simple cases which have not been dealt with in the preceding
articles. The work is tentative, as before. For the sake of brevity,
the verfication is omitted, as it is very similar to the verifications
already given.

Ex. (i). (D2 + 4)y =sin 2z.

We cannot evaluate -le_’_-—z gin 2z by writing —22 for D? as in
Art. 36, for this gives zero in the denominator.

But 4sin 2z is the imaginary part of €2, and

D21+ 432’z=e2iz~(ﬁ;im . 1, as in Art. 35,
1
DD+E)"

1 D>“1
=% ___ et
ew4iD'<I+4i .1

1 D Dt
—e2in 1 2= )
e"un‘{(l ) 1} @

. | z
= o212 = e2iz =
T Tl v

= —}iz(cos 2z +1 sin 2x)

[""’"’”""’" D21+ 1% 5= 2&(1)1 %)= 5 (Zl_z o)

11 z
mel® — 2’ |.
¢ D & ¢ 41’

= e~
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hence, picking out the imaginary part,

D;:FZ sin 2z= - }x cos 2z.

Adding the complementary function, we get
y=4 cos 2z + B sin 22 — }x cos 22.
Ex. (ii). (D2 -5D +6) y=e2=a,
1 2 - 1 - 1 22,
(D"-5D+6)"° m’”s"(z—D 3-1)) o

%ez"(—‘lﬂ‘f%)ﬁ

=82m<__ll.)_1_D_D2—D3—D‘—...>la

=¢%*( - ot - 2% - 32% - 62— 6).
Adding the complementary function, we get
y=Ae3 — e2%(}at + 2* + 32% + 62 — B),
including the term —6e2? in Be??,

Ex. (iii). (D?-6D +13) y =863 sin 2x.
1 . 1 .
[ —— z =
Fy e R R (7 e Ty e s R
L1

=8¢ —m sin 2z
=8¢3%( — }x cos 2x) (see Ex. (i))
= —2x¢3% cos 2.

Adding the complementary function, we get
y=e3%(4 cos 2z + B sin 2z — 2z cos 2x).
These methods are sufficient to evaluate nearly all the particular
integrals that the student is likely to meet. All other cases may

be dealt with on the lines indicated in (33) and (34) of the miscel-
laneous examples at the end of this chapter.

Examples for solution.

Solve

(1) (D2+1) y=4cos . (2) (D-1)y=(x+3)e?.

(3) (D*~3D-2)y=540a%e=  (4) (D?*+2D+2)y=2¢®sin 2.
(6) (D?+1)%y=24x cos . (6) (DP—~ D)y=12¢%+8 sin z — 2z.

(7) (D?-6D +25) y =263 cos 42 +8¢3(1 - 2) sin 4.

39. The Homogeneous Linear Equation. This is the name given
to the form  (p"D" +pa*-1D"1 +... +p,) y =f (2).
It reduces to the type considered before if we put z=¢’.
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Ex. (x D8 + 322 D2 + D) y = 2423,
Put z=¢,
d—=e‘=w,
so that D=%=¢%d1t=:%gt’
men(d)--Aieloi-A(-4 )

1 d d2 2 d d2 1 d d2
D3=D;2( at dt2> ‘9(‘&2%‘&)*@”('@*@)

=—%(-%+§—Z)+$(-§,—i+§%)

_1
< at dﬂ dt3>
3
thus the given differential equation reduces to £jll-g=24e2‘,
giving y=A+ Bt+Ct®+ 3¢
=A+ Blog z+C (log z)2 + 3x2.
Another method is indicated in (28)-(30) of the miscellaneous
examples at the end of this chapter.
The equation

Pola +bx)"Dry +py(a +ba)* 1D 1y +... +p.y =f ()
can be reduced to the homogeneous linear form by putting

z=a +bz, givin
8 W _dyde_dy
dr dzdx “dz
Examples for solution.
A P T T

(3) ﬁgm‘z+3 2%+x%+8y 65 cos (log z).

d By Ay d
(4) o4 y+2x8dm§ ?’ o3 +y=loga.
(5) (1+2w)° —6(1+2) dwmg =8(1 +20)2.

6) (1+z)255 2y{-(l+a:)dz+y 4coslog(1+a:)
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40, Simultaneous linear equations with constant coefficients. The
method will be illustrated by an example. We have two de-
pendent variables, y and z, and one independent variable z.

D stands for ;i%’ as before.

Consider BD+4)y— (2D +1)z=¢"% .cecrvrerriiinnnnnnn 1))
(D+8)y- 3z =De? .o, (2)

Eliminate 2, as in simultaneous linear equations of elementary
algebra. To do this we multiply equation (1) by 3 and operate on
equation (2) by (2D +1).

Subtracting the results, we get

36D +4)-(2D+1)(D+8)}y= 3e=*-(2D+1)5e7,
ve. (-2D*-2D+4)y= 8e?,
or (D?+D-2)y= —4e=,
Solving this in the usual way, we get
y=2¢*+ Ae* + Be?2,

The easiest way to get z in this particular example is to use
equation (2), which does not involve any differential coefficients of .
Substituting for y in (2), we get

, l4e*+94e* + 6Be2* - 32 =5e2,
so that 2=3¢*+3A4e® +2Be %>,

However, when the equations do not permit of such 4 simple
method of finding z, we may eliminate ¥.

In our case this gives

{-(D+8)2D +1)+3(5D +4)} 2=(D +8)e~* - (5D +4)5¢2,
te. (-2D%-2D +4)z=12¢2,
giving 2=3¢% + Ee* + Fe %=,

To find the relation between the four constants 4, B, E, and F,

substitute in either of the original equations, say (2). This gives
(D +8)(2¢® + de* + Be~%*) — 3(3¢~% + Ee* + Fe~*) =5e~?,
t.e. (94 -3E)e*+(6B-3F)e2*=0,

whence E=34 and F=2B, .
80 2=3¢"? 4+ Ee*+ Fe~2* =3¢~* + 3 4e” + 2Be~2*, as before,
Examples for solution.
(1) Dy-=2 =0, (2) (D-17) y+(2D-8)2=0,
(D-1)y-(D+1)z=0. * (18D-53)y-2:=0.

(3) (2D%*- D+9)y—(D2+D+8)2=0,
(2D%+ D+7)y - (D%~ D +5)z=0.
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(4) (D+1)y=2+e" (6) (D?+5)y—42= - 36 cos Tz,
(D+1)z=y+e® y+ D% =99 cos Tz,
(6) 2D +1)y+(D+32)2=91e~*+147 sin 2z + 135 cos 2,
y—(D—-8)z2=29¢2+47 sin 2z +23 cos 2z.

MISCELLANEOUS EXAMPLES ON CHAPTER III.
Solve
(1) (D-1)3y=16¢*=. (2) (4D2+12D +9) y=144ze %2,
(3) (D*+6D%+11D%+6D) y=20e2%sin x.
(4) (D*— D2+4D-4) y=68¢®sin 2z.
5) (DA-6D%-8D—3) y=256 (v +1) ¢,
(6) (D*-8D2-9) y=50 sinh 2z. (7) (D*-2D?+1) y=40 cosh z.
(8) (D-2)2y=8 (22 +€2%+gin 2x). (9) (D—2)%y =8x2%?2% sin 2z.
(1C) (D2+1)y=3 cos? z +2 sind 2.
(11) (D*+10D2+9) y =96 sin 2z cos .
(12) (D - a)%y=a®, where a is a positive integer.
dJ l1dy 12logz d?y 24d
(3) Th+- F-—2F% (14) Z5+- 2 =10,
gx{:%/ (16) (x+1)2~—+(x+1)ay=(2m+3 )(22+4).
dx
(17) ‘(luf 4= +z=y,
d? dry dy

@t dt
dz_,  dy dz dy
(18) %—231, F =22; =2 (19) t +y =0; A

dt
d a: dz
(20) t2 dt

dy dy
dt’”dt 2x=0.

(21) Show that the solution of (D2%+1—1)y =0 consists of 4e® and
n pairs of terms of the form

¢°® (B, cos sz + C, sin sx),

(15)

+ 4y =252 + 16¢".
+x=0.

+2y=0,

where 0=co8 o' and s=sin _g_'l_rz_’
2n+1 2n+1
r taking the values 1, 2, 3... » successively.
(22) If (D-a)u=0,
( - a) v=u,
and (D-a)y=v,

find successively , v, and y, and hence solve (D-a)®y=0,
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(23) Show that the solution of
(D-a)(D—-a-h)(D-a-2k)y=0
- 2hx _
(e"‘”h 1)_,_06,.@ (e ::"”+1)'

can be written 4e?? + Bes?®

Hence deduce the solution of (D - a)3y =0,

[This method is due to D’Alembert. The advanced student will
notice that it is not quite satisfactory without further discussion. It
is obvious that the second differential equation is the limit of the first,
but it is not obvious that the solution of the second is the limit of the
solution of the first.]

0%

(24) If (D-a)®em= is denoted by 2, prove that z, a , and 5 all
vanish when m=a. m
Hence prove that €%, xe3%, and x%%* are all solutions of (D - a)3y =0.

[Note that the operators (D—a)® and 2 are commutative.
P

om
cos ax—cos (a+h)z
(25) Show that @ihi-at
is a solution of (D?+a?) y=cos (a+h)z.

Hence deduce the Particular Integral of (D2+a?)y=cos az.

[This is open to the same objection as Example 23.]

(26) Prove that if V is a function of z and F(D) has its usual
meaning,

(i) Dr[xV] =2D"V+aD"1V;

(i) F(D) [#V] =xF(D)V + F'(D)V

1 F(D)

) 553 ¥) = 5y V- [P0
(iv) ¢(D)[a*V]=2"¢(D)V +na"1¢'(D)V +... +"C,a»"¢" (D) V

+.. t0 (n+1) terms,
where ¢ (D) stands for ——— 7Oy

(27) Obtain the Particular Integrals of (i) (D—-1)y=uzxe2<,
(i) (D+1)y=x2cos z,
by using the results (iii) and (iv) of the last example.

(28) Prove, by induction or otherwise, that if 8 stands for « Jd;’
n.
ZI=0(0-1)(6-2)... (0-n+1)y.

(29) Prove that
(i) F(O)a:’” —w'"F(m),

R provnded F(m)=£0;

1
F(O0+m) )

() F(‘f»’”’" - g
(iii) F(O)[m V]=2"m —5——

where V is a function of 2.
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(30) By using the results of the last question, prove that the solu-
tion of 2
z? dty_ 4o = dy

dz? dz

where a and b are the roots of m(m—1)-4m+6=0,
t.e. 2 and 3.
(31) Given that (D-1)y=e??,
prove that (D-1)(D-2)y=0.
By writing down the general solution of the second differential
equation (involving two unknown constants) and substituting in the

first, obtain the value of one of these constants, hence obtaining the
selution of the first equation.

d%y

(32) Solve Tt p2y=sin ax by the method of the last question.

+6y =28 is }aB+ 429+ Bab,

(33) If u; denotes e“”_“ue‘“ de,

u, denotes e”"I u,e % dz,

ete.,
prove the solution of F(D)y=wu, where F(D) is the product of n
factors
(D-a)(D-1)...
may be written Y=Uy,
This is true even if the factors of F (D) are not all different.
Hence solve (D -a)(D-b)y=e*log =.

(34) By putting F_(II—)—) into partial fractions, prove the solution of
F(D)y=u may be expressed in the form

F’ ( )e‘“’I ue=%* dg,
provided the factors of F(D) are all different.

[1f the factors of F(D) are not all different, we get repeated inte-
grations. ]

Theoretically the methods of this example and the last enable us to
solve any linear equation with constant coefficients. Unfortunately,
unless u is one of the simple functions (products of exponentials, sines
and cosines, and polynomials) discussed in the text, we are generally
left with an indefinite integration which cannot be performed.

If u=f(x), we can rewrite e‘"‘j ueo® (g

x
in the form “if (t)et=-9de,

where the lower fimit k is an arbitrary constant.
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(35) (i) Verify that
y=l—J. F(0sin pla—1) b
PJe

is a Particular Integral of

ds
d;; +p%y=f(2).

[Remember that if @ and b are funntions of z,

] b
%LF@, ) dt= F(a, b) _Fa,a )d J.d—ﬁi(ﬁ’ldz.]

(ii) Obtain this Particular Integra] by using the result of the last
example.

(iii) Hence solve (D2 +1)y=cosec, .

(iv) Show that this method will also give the solution of
(D2+1)y=f(x)

(in a form free from signs of integration), if f(x) is any one of the func-
tions tan x, cot x, sec ).

(36) Show that the Particular Integral of dzz+ p2y=Fk cos pt repre-

sents an oscillation with an indefinitely increasing amplitude.

[This is the phenomenon of RESONANCE, which we have mentioned
before (see Ex. 5 following Art. 36). Of course the physical equations
of this type are only approximate, so it must not be assumed‘that the
oscillation really becomes infinite. Still it may become too large
for safety. It is for this reason that soldiers break step on crossing a
bridge, in case their steps might be in tune with the natural oscillation
of the structure. ]

(37) Show that the Particular Integral of
%y

¥ +2h +(h2+p'°')y==7ce"“cospz

represents an oscillation with a variable amplitude %te‘“

Find the maximum value of this amplitude, and show that it is very
large if 4 is very small. What is the value of the amplitude after an
infinite time ?

[This represents the forced vibration of a system which is n reson-
ance with the forcing agency, when both are damped by friction. The
result shows that if this friction is small the forced vibrations soon
become large, though not infinite as in ¢he last example. This is an
advantage in some cases. If the receiving instruments of wireless

telegraphy were not in resonance with the Hertzian waves, the effects
would be too faint to be detected. ]
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(38) Solve Z:g niy =0.

[This equation gives the lateral displacement y of any portion of a
thin vertical shaft in rapid rotation,  being the vertical height of the
portion considered. ]

(39) If, in the last example,

dy

o =y=0 when =0 and x=I,
prove that  y=E(cos nx — cosh nx) + F (sin nx — sinh nz)
and cos nl cosh nl=1.

[This means that the shaft is supported at two points, one a height
1 above the other, and is compelled to be vertical at these points. The
last equation gives n when ! is known. ]

(40) Prove that the Complementary Function of

&y  o9% Y
w3ty

becomes negligible when ¢ increases sufficiently, while that of

+2y=40

oscillates with indefinitely increasing amplitude.

[An equation of this type holds approximately for the angular
velocity of the governor of a steam turbine. The first equation corre-
gponds to a stalle motion of revolution, the second to unstable motion
or ““ hunting.” See the Appendix to Perry’s Steam Engine.]

(41) Prove that the general solution of the simultaneous equations :

M— Ve- He dy
7

d” dz

m G2 1=Heg; a’

where m, V, H, and e are constants, is
2=A4 + B cos (wt - ),

y=gt+0’+Bsin (wt - a),
where w={£3 and 4, B, C, a are arbitrary constants.
Given that :ll t —-El—?—/ =x=1y=0 when ¢=0, show that these reduce to
T=—g (1 - cos uy),

y= a% (wt - sin wt), the equations of a cycloid.
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[These equations give the path of a corpuscle of mass m and charge
e repelled from a negatively-charged sheet of zinc illuminated with
ultra-violet light, under a magnetic field H parallel to the surface. V is
the electric intensity due to the charged surface. By finding ex-
perimentally the greatest value of z, Sir J. J. Thomson determined

%, from which the important ratio —? is calculated when V and H are
known. See Phil. Mag. Vol. 48, p. 547, 1899.]

(42) Given the simultaneous equations,

d2l al, I,
Ll—Jﬁ‘+M dt22+——Epcospt

d 1, a1, I,

Laga + M g +32=0

where L,, L,, M, ¢,, ¢y, E and p are constants, prove that I, is of the
form ay cos pt+ A, cos (mt— a) + B, cos (nt - B),
and I, of the form

a, cos pt+ 4, cos (mt— a) + B, cos (nt - B),

where a,= % peq(1 - pe,Ly),

Ga="3" P61Co,
k denoting the expression
(L Ly — M2)c,copt — (Lycy+ Loc,) p2+1;

m and n are certain definite constants; A,, B,, a and 8 are arbitrary
constants ; and 4, is expressible in terms of 4, and B, in terms
of B,.

Prove further that m and n are real if L,, Ly, M, ¢,, and ¢, are real
and positive, and L,L, > M2,

[These equations give the primary and secondary currents I, and
I, in a transformer when the circuits contain condensers of capacities
¢, and ¢,. L, and L, are the coefficients of self-induction and M that
of mutual induction. The resistances (which are usually very small)
have been neglected. E sin pt is the impressed E.M.F. of the primary.]



CHAPTER 1V

SIMPLE PARTIAL DIFFERENTIAL EQUATIONS

41. In this chapter we shall consider some of the ways in which
partial differential equations arise, the construction of simple par-
ticular solutions, and the formation of more complex solutions from
infinite series of the particular solutions. We shall also explain the
application of Fourier’s Series, by which we can make these complex
solutions satisfy given conditions.

The equations considered include those that occur in problems
on the conduction of heat, the vibrations of strings, electrostatics
and gravitation, telephones, electro-magnetic waves, and the
diffusion of solvents.

The methods of this chapter are chiefly due to Euler, D’ Alembert,
and Lagrange.*

42. Elimination of arbitrary functions. In Chapter I. we showed
how to form ordinary differential equations by the elimination of
arbitrary constants. Partial differential equations can often be
formed by the elimination of arbitrary functions.

Ex. (i). Eliminate the arbitrary functions fand F from
y=f(@~at) + F(Z+at). .ivirvirrieerrennnnns. 1)

We get gi; =f'(z—at) + F'(x +at)

a2y 1" i’
and @=f (@—al) + F'"(+aL). ceriieiineniiiiannanane (2)
Similarly %‘% = —af'(x - at) + aF'(x + at)

2
and ZT';/=a3f”(a:— at) +adF" (X +at). cooieiiineennnnnnd(B)

* Joseph Louis Lagrange of Turih (1736-1813), the greatest mathematician of
the eighteenth century, contributed largely to every branch of Mathematics. He
created the Calculus of Variations and much of the subject of Partial Differential
gaua.tiions, and he greatly developed Thecretical Mechanios and Infinitesimal

culus.

P.D,.E. 49 B



50 DIFFERENTIAL EQUATIONS

ay 19
From (2) and (3), a-—m?{ﬁ.gﬁ -a;;i, reereeeeseenesrssnessnsnsensene(4)

a partial differential equation of the second order.*
Ex. (ii). Eliminate the arbitrary function f from
wr()
We get oz = _1f'(-'_/)
g or =¥ \z
and a”z‘ =!‘ ’(Q),
x
80 T~

Examples for solution.
Eliminate the arbitrary functions from the following equations :

(1) z=f(z +ay). (2) z=f(z+1y) + F(z—ty), where ¢2= —1.
(3) z=f(x cos a+ysin a—at)+ F(x cos a+y sin a +at).
4) z=f(z2-y2). (5) z=e**t% f (az - by).

(6) z=z~f<g).

43. Elimination of arbitrary constants. We have seen in
Chapter I. how to eliminate arbitrary constants by ordinary
differential equations. This can also be effected by partials.

Ex. (i). Eliminate 4 and p from 2= Ae?" sin pz.

0% P
We get 5= Ae? sin pw,
2,
and gf: = p24e?'sin px;
2, 2,
therefore g_.; + g_t_; -0,

Ex. (ii). Eliminate @, b, and ¢ from
2=a(z+Yy)+b(x-y)+abt+c.
0z

We get ‘ a=a+b,

=—=a-Db,
%y
%_,
ot

* This equation holds for the transverse vibrations of a stretched string.

The most general solution of it is equation (1), which represents two waves
travelling with speed a, one to the right and the other to the left.

b,
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But (a+b)2—(a—b)2=4ab.

02\* [0z\* ,0z
Therefore (a?) - (a—y) =4 %
Examples for solution,

Eliminate the arbitrary constants from the following equations :

(1) z2=Ade?*cos pz.  (2) z=Ae P cos gz sin ry, where p2=¢2+ 7.
(3) z=az+(1-a)y+b. (4) z2=az+by +a?+B2

(5) z=(z—-a)2+(y-b)2 (6) az+b=alzx+y.

44. Special difficulties of partial differential equations. As we have
already stated in Chapter I., every ordinary differential equation
of the n™ order may be regarded as derived from a solution con-
taining n arbitrary constants.* It might be supposed that every
partial differential equation of the n'" order was similarly derivable
from a solution containing # arbitrary functions. However, this is
not true. In general it is impossible to express the eliminant of
n arbitrary functions as a partial differential equation of order n.
An equation of a higher order is required, and the result is not
unique.}

In this chapter we shall content ourselves with finding particular
solutions. By means of these we can solve such problems as most
commonly arise from physical considerations.] We may console
ourselves for our inability to find the most general solutions by the
reflection that in those cases when they have been found it is often
extremely difficult to apply them to any particular problem.§

* It will be shown later (Chap. VI.) that in certain exceptional cases an
ordinary differential equation admits of Singular Solutions in addition to the
solution with arbitrary constants. These Singular Solutions are not derivable
from the ordinary solution by giving the constants particular values, but are of
quite a different form.

1 See Edwards’ Differential Calculus, Arts. 512 and 613, or Williamson’s
Differential Calculus, Art, 317,

1 The physicist will take it as obvious that every such problem has a solution,
and moreover that this solution is unique. From the pomnt of view of pure
mathematics, it is & matter of great difficulty to prove the first of these facts:
this proof has only been given quite recently by the aid of the Theory of Integral
Equations (see Heywgod and Fréchet’s L’ Equation de Fredholm et ses applications
& la Physique Mathématique). The second fact is easily proved by the aid of
Green'’s %heorem (see Carslaw’s Conduction of Heat, 2nd ed. p. 14).

§ For example, Whittaker has proved that the most general solution of

Laplace’s equation BV DV DV
oyt ="
is V=Ff(xoost+ysint+;’z, t) dt,

but if we wish to find a solution satisf{ing certain given conditions on a given
surface, we generally use a solution in the form of an infinite series,
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45. Simple particular solutions.
Ex. (i). Consider the equation g%=;l§g—: (which gives the con-

duction of heat in one dimension). This equation is linear. Now, in
the treatment of ordinary linear equations we found exponentials very
useful. This suggests z=¢™+™ ag a trial solution. Substituting in
the differential equation, we get

1
mzemz+n¢ - ‘72 nemz+m’

which is true if n=m23,
Thus e™+™* ig g solution.
Changing the sign of m, e-m*+m%% ig algo a solution.

Ex. (ii). Find a solution of the same equation that vanishes when
t= 400,

In the previous solutions t occurs in ¢”***, This increases with ¢,
since m2a? is positive if m and a are real. To make it decrease, put

m=1p, so that m2a?= — p%a?.

This gives e?*~?"%* a3 a solution.

Similarly e-#%-7%% ig g golution.

Hence, as the differential equation is linear, e~#*"(A4c?* + Be~7) ig
a solution, which we replace, as usual, by

e~"(E cos pz + F sin pz).

2
Ex. (iii). Find a solution of g"; %-"E
Y=+, and also when =0.
Putting z=em=+", we get (m2+ n2)em®+n¥ =0, so m2+n2=0.
The condition when y= + o demands that n should be real and
negative, say n= —p.

=0 which shall Yanish when

Then m= %1p.

Hence e PY(Ae'r* + Be~P7) is a solution,
t.e. € P E cos px+ Fsin px) is a solution.

But 2z=0 if x=0, so E=0.

The solution required is therefore Fe~?¥sin pz.

Examples for solution.
0% _0%

(1) dz® o’
0% 1 0%

@) 222 a? dy Pt

% or y), and that z=0 when =0 or y=0.

given that y=0 when = + 00 and‘also whent= +00.

given that z is never infinite (for any real values of

0z, 02 . . Ca 0z
3) % +a53—l =0, given that z is never infinite, and that o =0 when

rx=y=0
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2 2 2
(4) %;Z-,-%Z'{'%;‘—Z:O’ given that V=0 when z=+o, when
Y=~ o, and also when 2=0.
oV o2V

(5) e =5W, given that V is never infinite, and that V=C and

s—=-7-=-75-=0 when x=y=2=0.

or 0y 0z
oV 0%V oV
(6) W+5y—2=_¢9—t’ given that V=0 when ¢= + 00, when 2=0 or
l, and when y=0 or I

46. More complicated initial and boundary conditions.* In Ex. (iii)
of Art. 45, we found Fe?Y sin pz as a solution of
2 2
o0
satisfying the conditions that z=0 if y= + o or if z=0.

Suppose that we impose two extra conditions,} say z=0 if x =1
and z=Ilz —2? if y =0 for all values of 2 between 0 and I.

The first condition gives sin pl=0,

.. pl=nm, where n is any integer.

For simplicity we will at first take I =, giving p =n, any integer.

The second condition gives F sin px =z —? for all values of z
between O,and 7. This is impossible.

However, instead of the solution consisting of a single term, we
may take

FieVsinx + Fye? sin 2% + Fye~® sin 3z + ... ,
since the equation is linear (if this is not clear, cf. Chap. TII. Art. 25),
giving p the values 1, 2, 3, ... and adding the results.

By putting ¥ =0 and equating to 7z —2? we get

F,sin z + F, sin 2z + F; sin 32 +...
=7z —2? for all values of z between 0 and .

The student will possibly think this equation as impossible to
satisfy as the other, but it is a remarkable fact that we can choose
values of the F’sthat make this true.

This is a particular case of a more general theorem, which we
now enunciate.

* As ¢ usually denotes time and x and }I rectangular coordinates, a condition
such as 2=0 when ¢=0 is called an $ritial condition, while one such as z=0 if
=0, or if x=!, or if y==, is called a boundary condition.

+ This is the problem of finding the steady ‘distribution of temperature in a
semi-infinite rectangular strip of metal of breadth /, when the infinite sides are
kept at 0° and the base at (lx —x%)°
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47. Fourier’s Half-Range Series. Every function of z which
satisfies certain conditions can be expanded in a convergent series
of the form

f (@) =a, sin & + a, sin 22 + ag sin 3z +... to inf.

for all values of = between 0 and 7 (but not necessarily for the
extreme values =0 and z =).

This is called Fourier’s * half-range sine series.

Thé conditions alluded to are satisfied in practically every
physical problem.}

Similarly, under the same conditions f(z) may be expanded in
a half-range cosine series

bo+b, cos 2 +b, cos 2z + b, cos 3z + ... to inf.

These are called half-range series as against the series valid
between 0 and 27, which contains both sine and cosine terms.

The proofs of these theorems are very long and difficult.; How-
ever, if it be assumed that these expansions are possible, it is easy to
find the values of the coefficients.

Multiply the sine series by sin nz, and integrate term by term, §
giving

rf(a:) sin nz dx=a1-‘.:sin z 8in nx dz +azj:sin 2z sin nx da + ... .
0

The term with a,, as a factor is

ap -‘." sin? nx dx
0
a, (™ a, 1 . "
=3 L (1 —cos 2nz)dz = 9 [a; —g,, Sl 2nx:|o
=4a,7.

* Jean Baptiste Joseph Fourier of Auxerre (1768 1830) is best known as the
author of La Théorie analytique de la chaleur. His series anose in the solution of
problems on the conduction of heat.

+ 1t is :;tgicient for f(x) to Le single-valued, finite, and continuous, and have
only a limited number of maxima and minima between =0 and x=». However,
these conditions are not necessary. The necessary and sufficient set of conditions
has not yet been discovered.

C
1 For a full discussion of Fourier’s Series, see Carslaw’s Fourier’s Series and
Integrals and Hobson’s Theory of Functions.

| t'% Tl;g assumption that thie is legitimate is another point that requires
ustification. .
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The term involving any other coefficient, say a,, is

us
a,j sin 7z sin nz dz
0

=%’j: {cos (n =r)x ~cos (n +7)x} dz

=0.

=q_,.[s_'ul(n—r)w_sin(n+r)x "
n—r n+r ]

0
So all the terms on the right vanish except one.

Thus jm f() sin nx de =}a,,
0

or a,= 2 _rr [ () sin nz dz.
m™Jo

Similarly, it is easy to prove that if
f(x) =by +b, cos x +by cos 22 +...
for values of # between 0 and 7, then

Bo =}rj:f<x> da

and b= 2 .‘.” f(x) cos nx dx
m™Jo
for values of n other than 0.

48, BExamples of Fourier’s Series.

1]

(i) Expand 7z —2? in a half-range sine series, valid between =0

and z=1.

It is better not to quote the formula established in the last article.

Let 7Tz —x2=a, sin £+ a, sin 2+ ag sin 3w +... .

Maultiply by sin nz and integrate from O to 7, giving

ug
. . T
r(rx —a?) sin nx dz = aﬂ"‘ sin? nx dz = 5 In 88 before.
0 0

Now, integrating by parts,

0

. 1 . "2 (",
=0+I-——2(7r—2x) sin na;] +—2-‘. sin nz dz
_n o "%Jo

=0- ~2§[cos m::l’r=i3 if n is odd or O if » is even.
Thus a, ='7787? if n is odd or®0 if n is even, giving finally

8, . . .
7wE — 22 =—(sin = + gy 8in 3z + gin 6z +...).
p T

j"(wx—mz) sin nx dx=|:—l(7rm—m’) cos nw]w+l-‘—v(r—2x) cos nx dz
n o "Jo
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(ii) Expand f(x) in a half-range series valid from £ =0 to 2=, where

J(@)=mx between =0 and a:=—72'—'

and f(@)=m(m-x) between x= 72_r and z=.

In this case f(z) is given by different analytical expressions in
different parts of the range.* The only novelty lies in the evaluation
of the integrals.

In this case

rf(a:) sin nx da:=rf(x) sin nw da:+j [ (z) sin nz dz
0 0 7
= rma: sin nx dz +r m(m — ) sin nx dz.
0 z
We leave the rest of the work to the student. The result is
%Tn(sin 22—} 8in 3z + 5 sin 52 — 2 sin Tz +...).

The student should draw the graph of the given function, and

compare it with the graph of the first term and of the sum of the first
two terms of this expansion.}

Examples for solution.

Expand the following functions in half-range sine series, valid
between =0 and z=7;

(1) 1. (2) =. (3) «3. (4) cos x. (5) e*.
(6) f(x)=0 from z=0 to m=%, and from x=%7—r to m,
f(@)=(4a - 7) (37 ~ 4z) from x=’z" to w=377’.
(7) Which of these expansions hold good (a) for z=0?
() for =7 ?

49. Application of Fourier’s series to satisfy boundary conditions.
We can now complete the solution of the problem of Art. 46.
We found in Art. 46 that
Fie~vsin 2 + Fye~% sin 22 + Fye~% sin 3% +...
satisfied all the conditions, if “
F; sin z + F, sin 22 + Fy 8in 8z +... = 7w — 22
for all values of = between 0 and .

* Fourier’s theorem applies even if f(x) is given by a graph with no analytical
expression at all, if the conditions given in thé footnote to Art. 47 are satisfied.

For a funotion given graphically, these integrals are determined by arith-
metical approximation or by an instrument known as a Harmonic Analyser.

t Several of the graphs will be found in Carslaw’s Fourier’s Sertes and Integrals,
2nd ed., Chap. VII. More elaborate ones are given in the Phsl. Mag., Vol. 45 (1898).
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In Ex. (i) of Art. 48 we found that, between 0 and o,
g(sin T+ gy 8in 3z + 1 8in Bz +...) =72 - 22
Thus the solution required is
78; (e7? sin 2 + My e~% 8in 3z + ;1€ sin 5z +...).

50. In the case when the boundary condition involved 7 instead
of 7, we found Fe~* sin pz as a solution of the differential equation,
and the conditions showed that p, instead of being a positive integer
n, must be of the form nw/l.

Thus Fe—mvl gin 7zl + Foe~2M gin 27afl +...
satisfies all the conditions if
F\ sin wzfl + Fy sin 27afl + ... =1z — 2?
for all values of z between 0 and 1.

2
Put 7z/l=2. Then lx—w2=%(7rz—z2). The F’s are thus 71:2

times as much as before. The solution is therefore

8i2 . . .
—5 (€™ sin 7afl + Jye~3"/ sin 37w[l + tLge~> sin brafl +...).
w

MISCELLANEOUS EXAMPLES ON CHAPTER IV.

28
(1) Verify that V=—\—/1—te_m is a solution of

02V 19V
0z* K ot
(2) Eliminate A and p from V = Ae ?? sin (2p2Kt - px).
ov_ 9V

(3) Transform o =K 3% 124

ow oW
to o =K o
by putting V =e*W.
[The first equation gives the temperature of a conducting rod whose
surface is allowec to radiate heat into air at temperature zero. The

given transformation reduces the problem to one without radiation.]
(4) Transform
aV Ko aV) 3W 32W
“ra\ ar’
by putting W=rV.
[The first equation gives the temperature of a sphere, when heat
flows radially.]
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(5) Eliminate the arbitrary functions from
V=;[f(r—at) + F(r+at)].

(6) (i) Show that if eme+int jg g golution of
av oW
=l

where n and A are real, then m must be complex.

(ii) Hence, putting m= —g—if, show that Vye?%sin (nt—fr) is a
solution that reduces to ¥ sin n¢ for #=0, provided K(¢%-f2)=h and
n=2Kfy.

(iii) If V=0 when =+, show that if K and » are positive so
are g and f.

[In Angstrom’s method of measuring K (the “ diffusivity ”’), one
end of a very long bar is subjected to a periodic change of temperature
Vo sin nt. This causes heat waves to travel along the bar. By measur-
ing their velocity and rate of decay n/f and ¢ are found. K is then
calculated from K =n/2fy. ]

(7) Find a solution of 8 =K g Z reducing to V,sinnt for =0
and to zero for z= +0c0.

[This is the problem of the last question when no radiation takes
place. The bar may be replaced by a semi-infinite solid bounded by
a plane face, if the flow is always perpendicular to that face. Kelvin
found K for the earth by this method.]

(8) Prove that the simultaneous equations

av ol
a——RI +L— 5
oI ov

-5 =KV+0%,

are satisfied by V =V wtinetin
I =Ie-otinNztint
if 9% —f%=RK -n2LC,
2fg=n(RC + LK),
and I,3(R+iLn) =V*(K +iCn).

[These are Heaviside’s equations for a telephone.cable with resist-
ance R, capacity C, inductance L, and leakance K, all measured per
unit length. I is the current and V the electromotive force.]

(9) Show that in the last question g is independent of n if RC=KL.
[The attenuation of the wave defends upon g, which in general
depends upon n. Thus, if & sound is composed of harmonic waves of
different frequencies, these waves are transmitted with different degrees
of attenuation. The sound received at the other end is therefore
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distorted. Heaviside’s device of increasing L and K to make RC=KL
prevents this distortion.]
(10) In question (8), if L=K=0, show that both ¥V and I are
propagated with velocity 4/(2n/RC).
[The velocity is given by n/f.]
(11) Show that the simultaneous equations
koP_oy 98, pmoda OR 0Q,

cot oy o0z’ cot oy oz

are satisfied by P=0; a=0;
Q=0; B =P, sin p(z—t) ;
R=R sinp(z-0t); y=0;
provided that v=c/v/&u and By= —+/(k/u) Ry
[These are Maxwell’s electromagnetic equations for a dielectric of
specific inductive capacity k£ and permeability u. P, @, R are the
components of the electric intensity and a, (3, v those of the magnetic

intensity. ¢ is the ratio of the electromagnetic to the electrostatic
units (which is equal to the velocity of light in free ether). The solution
shows that plane electromagnetic waves travel with the velocity ¢/v/ku,
and that-the electric and magnetic intensities are perpendicular to the
direction of propagation and to each other.]

(12) Find a solution of — aV a 14 such that

ot a 2
Voo if t=+00;
V=0 if =0 or w, for all values of ¢;
V=mnzx—-22? if t=0, for values of « between 0 and 7.
[N.B. Before attempting this question read again Arts. 46 and 49.
V is the temperature of a non-radiating rod of length 7 whose ends are
kept at 0°, the temperature of the rod being initially (wz—22)° at a
distance z from an end.]
(13) What does the solution of the last question become if the
length of the rod is 7 instead of = ?-
[N.B. Proceed as in Art. 50.]

(14) Solve question (12) if the condition V=0 for =0 or = is
replaced by aa—Z=0 for =0 or m

[Instead of the ends being at a constant temperature, they are here
treated so that no heat can pass through them.]

(15) Solve question (12) if the expression 7z — x2 is replaced by 100.
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(16) Find a solution of aaV—K g—V such that
Voo if t=+o0;
V=100 if 2=0 or = for all values of ¢;
V=0 if =0 for all values of z between 0 and .
[Here the initially ice-cold rod has its ends in boiling water.]
(17) Solve question (15) if the length is ! instead of 7. If I increases
indefinitely, show that the infinite series becomes the integral

200 (©

1 \
——I —e-Ka't gin az da.
o

s
[N.B. This is called a Fourier’s Integral. To obtain this result
put (2r+1)w/l=a and 27[l=da.

Kelvin used an integral in his celebrated estimate of the age of the
earth from the observed rate of increase of temperature underground.
(See example (107) of the miscellaneous set at the end of the book.)
Strutt’s recent discovery that heat is continually generated within the
earth by radio-active processes shows that Kelvin’s estimate was too
small.]

(18) Find a solution of aaV g Z such that

V is finite when t= +00;

ov
oz =0 when 2=0, } for all values of ¢;

V=0 when z=I,
V =V, when ¢=0, for all values of x between 0 and .

[If a small test-tube containing a solution of salt is completely
submerged in a very large vessel full of water, the salt diffuses up out
of the test-tube into the water of the large vessel. If V, is the initial
concentration of the salt and ! the length of test-tube it fills, V gives
the concentration at any time at a height = above the bottom of the
test-tube. The condition ?ag=0 when =0 means that no diffusion
takes place at the closed end. ¥ =0 when =1 means that at the top
of the test-tube we have nearly pure water.]

(19) Find a solution of g—a——-vza—y such that

y involves z trigonometrically ;
y=0 when =0 or w, for all values of ¢;

a—i’=0 when t=0; for all values of « ;

y=mx between z=0 and %,(
y=m(m -2) between =% and =,

when ¢=0.
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[N.B. See the second worked example of Art. 48.

y is the transverse displacement of a string stretched between two
points a distance m apart. The string is plucked aside a distance
mr(2 at its middle point and then released.]

*(20) Writing the solution of j—- D?y, where D is a constant, in
the form
y=e¢"P4A +e*PB,
deduce the solution of a—,‘,=%g in the form
y=f(t+a)+ F(t-2)

by substituting gc for D, f(t) and F(t) for A and B respectively, and

using Taylor’s theorem in its symbolical form
[t +x)=e*2f(2).
[The results obtained by these symbolical methods should be
regarded merely as probably correct. Unless they can be verified by
other means, a very careful examination of the argument is necessary

to see if it can be taken backwards from the result to the differential
equation.

Heaviside has used symbolical methods to solve some otherwise
insoluble problems. See his Electromagnetic Theory. ]

*(21) From the solution of d—z-— D2y, where D is a constant, deduce

2
that of ay—-%g in the form
0 f z? 0f
Yy=fO+ogs +51 g
[This is not a solution unless the series is convergent.]

Use this form to obtain a solution which is rational, integral, and
algebraic of the second degree in &.

+oeee

*(22) Transform the equation giz—azg ‘z by changing the inde-
pendent variables # and ¢ to X and T, where
X=z-at; T=z+al.
Hence solve the original equation.

*To be omitted on a first reading.



CHAPTER V

EQUATIONS OF THE FIRST ORDER BUT NOT OF THE
FIRST DEGREE

51. In this chapter we shall deal with some special types of
equations of the first order and of degree higher than the first for
which the solution can sometimes be obtained without the use of
infinite series. For brevity dy/dr will be denoted by p.

These special types are :

(@) Those solvable for p.
(b) Those solvable for y.
(¢) Those solvable for z.

52. Equations solvable for p. If we can solve for p, the equation
of the n' degree is reduced to » equations of the first degree, to
which we apply the methods of Chap. II.

Ex. (i). The equation p2+px+py+xzy=0 gives

p=-a or p=-y;

from which 2y=—a%+¢; or x=-logy+ecy;
or, expressed as one equation,
2y+a?—c)(@+logy—c5)=0. cerevriririrnnnninnns 1)

At this point we meet with a difficulty ; the complete primitive
apparently contains two arbitrary constants, whereas we expect only
one, as the equation is of the first order.

But consider the solution

(Qy+ax2—c)(@+log y—c)=0. .ieierriininnnnnn(2)

If we are considering ‘only one value of each of the constants ¢, ¢,,
and c,, these equations each represent a pair of curves, and of course
not the same pair (unless ¢=c,=c,). But if we consider the infinite
set of pairs of curves obtained by giving the constants all possible
values from — o0 to + 0, we shall get the same infinite set when taken
altogether, though possibly in a different order. Thus (2) can be taken
a8 the complete primitive.

62
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Ex. (ii). p2+p-2=0.
Here p=1 or p=-2,
giving y=x+c; Or y=-2r+c,

As before, we take the complete primitive as
(y-z-c)(y+2z-c)=0,

not (y—2—cy)(y+20~c,)=0.

Each of these equations represents all lines parallel either to
y=u or to y= —2z.

Examples for solution.

(1) p?+p-6=0. (2) p2+2xp=3a2. (3) p2=ab.

(4) z+yp?=p(1+ay).  (B) P*-p(a®+ay+y?) +ay(s+y)=0.

(6) p2—2pcoshz+1=0.

53. Equations solvable for y. If the equation is solvable for y,
we differentiate the solved form with respect to 2.

EX. (l) P*-—py+w=0.
Solving for y, y=p+ % )
Differentiating, dp 1 _=zdp

e
‘e ( - 1) v, &1
- p/dp p*
This is a linear equation of the first order, considering p as the
independent variable. Proceeding as in Art. 19, the student will obtain
x=p(c+cosh1p)(p2 - l)—i.
Hence, as y=p +;’—9, y=p+(c+cosh~1p)(p?- 1)_!'.

These two equations for z and y in terms of p give the parametric
equations of the solution of the differential equation. For any given
value of ¢, to each value of p correspond one definite value of z and
one of y, defining a point. As p varies, the point moves, tracing out
a curve. In this example we can eliminate p and get the equation con-
necting « and y, but for tracing the curve the parametric forms are as
good, if not better.

Ex. (ii). 3p°—py+1=0.

Solving for y, , y=3p% +p-L,

Differentiating, p=12p3 g—z -p2? g—g,

te. dz=(12p2-p-3)dp.
Integrating, v=4p°+3p% +o,
and from above, y=3pt+pL }

The student should trace the graph of this for some particular value
of ¢, say ¢=0,
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54. Equations solvable for x. If the equation is solvable for =,

we differentiate the solved form with respect to y, and rewrite gg

in the form L
r
Ex. p2-py+2=0. This was solved in the last article by solving
for y.
Solving for =, z=py-ps
Differentiating with respect to y,
1 dp dp
- PHYg 2p W’

te (p 1) Y ry=2p
- p/ dp ’
which is a linear equation of the first order, considering p as the inde-

pendent and y as the dependent variable. This may be solved as in
Art. 19. The student will obtain the result found in the last article.

Examples for solution.

(1) z=4p+4p° (2) p2-2wp+1=0.

(3) y=p%+p. (4) y=ax+p

(5) PP+p=ev. (6) 2y +p2+2p=2x(p+1).
(7) p*-p (y+3)+x=0. (8) y=1p sin p+cos p.

(9) y=p tan p+log cos p. (10) e?-Y=p2-1,

(11) p=tan( ‘1fpz>'

(12) Prove that all curves of the family given by the solution of
Ex. 1 cut the axis of y at right angles. Find the value of ¢ for that
curve of the family that goes through the point (0, 1).

Trace this curve on squared paper.

(13) Trace the curve glven by the solution of Ex.” 9 with ¢=0.
Draw the tangents at the points given by p=0, p="1, p="2and p="3,
and verify, by measurement, that the gra.dlents of these tangents are
respectively O, *1, ‘2 and 3.




CHAPTER VI

SINGULAR SOLUTIONS *

55. We know from coordinate geometry that the straight line
y=mz +% touches the parabola y?=4ax, whatever the value of m.

Consider the point of contact P of any particular tangent. At
P the tangent and parabola have the same direction, so they have

a common value of %g, as well as of z and y.

F1a. 7.

But for the tangent m=§—g =p say, 80 the tangent satisfies the

differential equation y =pz +2.

Hence the equation holds also for the parabola at P, where z,
y, and p are the same as for the tangent. As P may be any point
on the parabola, the equation of the parabola y?=4ax must be a
solution of the differential equation, as the student will easily verify.

»

* The arguments of this chapter will be based upon geometrical intuition. The

results therefore cannot be considered to be proved, but merely su%gesbed ag

probably true in certain cases. The analytical theory presents grave difficulties
(see M. J. M. Hill, Proc. Lond. Math. Soc., 1918).

P.D.E. a5 B
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In general, if we have any singly infinite system of curves which
all touch a fixed curve, which we will call their envelope,* and if this
family represents the complete primitive of a certain differential
equation of the first order, then the envelope represents a solution
of the differential equation. For at every point of the envelope
z, y, and p have the same value for the envelope and the curve of
the family that touches it there.

Such a solution is called a Singular Solution. It does not
contain any arbitrary constant, and is not deducible from the
Complete Primitive by giving a particular value to the arbitrary
constant in it.

Example for solution.

Prove that the straight line y=2% is the envelope of the family of
parabolas y=z+%(z—c)2% Prove that the point of contact is (c, ¢),
and that p=1 for the parabola and envelope at this point. Obtain
the differential equation of the family of parabolas in the form
y=a+(p—1)2, and verify that the equation of the envelope satisfies this.

Trace the envelope and a few parabolas of the family, taking ¢ as
0, 1, 2, etc.

56. We shall now consider how to obtain singular solutions. It
has been shown that the envelope of the curves represented by the
complete primitive gives a singular solution, so we shall commence
by examining the method of finding envelopes. '

The general method t is to eliminate the parameter ¢ between
f (=, y, ¢) =0, the equation of the family of curves, and

of _
ac =%
E.g. if f(z,y,¢)=0 is y—cx—% =0, teerriererinniinennes (1)
0 . 1
3—{;:0 B - w+@=0, ..................... (2)
giving c==x1/+/2.

*In Lamb's Infinitesimal Calculus, 2nd ed., Art. 155, the envelope of a
family 18 defined as the locus of ultimate intersection of cconsecutive curves of
the family. As thus defined it may include node- or cusp loci in addition to or
instead of what we have called envelopes. (We shall give a geometrical reason for
this in Art. 56 ; see Lamb for an analytical proof.)

t8See Lamb's Infinitesimal Calcwlus, 2nd ed., Art. 165. If f(z, y, c) is of
the form Lc®+ Mo+ N, the result comes to M2=4LN. Thus, for
(]
y—cz-%:O,

te. c-cy+1=0,
the result is Y=z
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Substituting in (1), y=+2+/2,
or yi=4x.

This method is equivalent to finding the locus of intersection of

f (x’ Y, c) =0’

and [, y, c+h)=0,
two curves of the family with parameters that differ by a small
quantity %, and proceeding to the limit when % approaches zero.
The result is called the c-discriminant of f(z, y, ¢) =0.

57. Now consider the diagrams 8, 9, 10, 11.
Fig. 8 shows the case where the curves of the family have
no special singularity. The locus of the ultimate intersections

F1e. 8,

PQRSTUYV is a curve which has two points in common with each
of the curves of the family (e.g. @ and R lie on the locus and also
on the curve marked 2). In the limit the locus PQRSTUV there-
fore touches each curve of the family, and is what we have defined
as the envelope.

In Fig. 9 each curve of the family has a node. Two con-
secutive curves intersect in three points (e.g. curves 2 and 3 in the
points P, @, and R).

The locus of such points consists of three distinct parts EE',
AA', and BB'. .

When we proceed to the limit, taking the consecutive curves
ever closer and closer, 44’ and BB’ will move up to coincidence
with the node-locus NN’, while EE’' will become an envelope. So



68 DIFFERENTIAL EQUATIONS

in this case we expect the c-discriminant to contain the square of
the equation of the node-locus, as well as the equation of the envelope.

E R
E
A
\/\/\/\/\/\/\/\/\/\/\/\/ N’
B o) 7 /‘1\ 12 B’
2 8 4 5 6 7 8 9 10 11
Fi1a. 9.

As Fig. 10 shows, the direction of the node-locus NN’ at any
point P on it is in general not the same as that of either branch of
the curve with the node at P. The node-locus has 2 and  in common
with the curve at P, but not p, so the node-locus is not a solution of
the differential equation of the curves of the famaly.

E

N r™ e L™

F1a. 10,

If the node shrinks into a cusp, the loci EE’ and NN" of Fig. 10
move up to coincidence, forming the cusp-locus CC’ of Fig. 11.
Now NN’ was shown to be the coincidence of the two loci 44’ and
BB’ of Fig. 9, so CC’ is really the coincidence of three loci, and
its equation must be expected to occur cubed in the ¢-discriminant.

Fig. 11 shows that the cusp-locus, like the node-locus, is not
(in general) a solution of the differential equation.

AT

Fia. 11,

To sum up, we may expect the c-discriminant to contain :
(i) the envelope;
(i) the node-locus squared,
(iii) the cusp-locus cubed.
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The envelope is a singular solution, but the node- and cusp-
loci are not (in general *) solutions at all.

58. The following examples will illustrate the preceding results :
Ex. (i). y=p
The complete primitive is easily found to be 4y =(z—c)?,
t.e. ¢2-2cx+x%-4y=0.
As this is a quadratic in ¢, we can write down the discriminant at
once as (22)2 =4(22 - 4y),
i.e. y=0, representing the envelope of the family of equal parabolas

given by the complete primitive, and occurring to the first degree only,
as an envelope should.

g
- S ra
F16. 12,
. p?
Ex. (ii). Sy=2px-2 e

Proceeding as in the last chapter, we get
_op 2 (22- 2)%2
3p—2p+2x,+ 2w 49; 7z’
{.e. px’.—2p’=(2a;’—4px)g—£,
te. x2-2p=0 or p=2mg—:. SRR Y

e 2/

z 4

* We say in general, because it is conceivable that in some special example a
node- or ousp-locus may coincide with an envelope or with a curve of the family.
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log z=2log p-loge,
cx =p?,

whence 3y= 9chat — 2¢,
f.e. (3y +2¢)2=4ca?, a family of semi-cubical parabolas with their cusps
on the axis of y.

The c-discriminant is  (3y —a®)2=9y3,

t.e. 23(6y—2a3)=0.
The cusp-locus appears cubed, and the other factor represents the

envelope.
It is easily verified that 6y=2® is a solution of the differential

equation, while =0 (giving p =00 ) is not.
If we take the first alternative of the equations (a),
ne. x2—2p=0,
we get by substitution for p in the differential equation

3y= 35,
t.e. the envelope.
This illustrates another method of finding singular solutions.

Y

Fia, 18,

Examples for solution.
Find the complete primitives and singular solutions (if any) of the
following differential equations. Trace the graphs for Examples 1-4:

(1) 4p2-92=0. (2% 4p2(x-2)=1.
(3) zp2-2yp+4x=0. (4) p2+y?-1=0.
(6) p?+2zp—y=0. (6) xp?-2yp+1=0,

(7) 4xp®+4yp-1=0.



SINGULAR SOLUTIONS 1

59. The p-discriminant. We shall now consider how to obtain
the singular solutions of a differential equation directly from the
equation itself, without having to find the complete primitive.

Consider the equation 2%p?-yp +1=0.

If we give 2 and y any definite numerical values, we get a quad-
ratic for p. For example, if

z=4/2, y=3, 2p*-3p+1=0,

p=% or L

Thus there are two curves of the family satisfying this equation
through every point. These two curves will have the same tangent
at all points where the equation has equal roots in p, 7.e. where
the discriminant y2 - 422 =0.

Similar conclusions hold for the quadratic Lp®+Mp+N =0,
where L, M, N are any functions of # and y. There are two curves
through every point in the plane, but these curves have the same
direction at all points on the locus M2 -4LN =0,

More generally, the differential equation

f(x, y, p)=Lyp" + Lyp** + Ly p* 2 +... + L, =0,
where the L’s are functions of # and y, gives n values of p for a
given pair of values of z and y, corresponding to n curves through
any point. Two of these n curves have the same tangent at all
points on the locus given by eliminating p from

{f (=, y, p) =0,
of
w

for this is the condition given in books on theory .of equations for
the existence of a repeated root.

We are thus led to the p-discriminant, and we must now in.
vestigate the properties of the loci represented by it.

60. The Envelope. The p-discriminant of the equation

1/=15"‘°‘*'l
p
or px—-py+1=0
is y? =4uw.

We have already found thg$ the complete primitive consists of
the tangents to the parabola, which is the singular solution. Two
of these tangents pass through every point P in the plane, and
these tangents coincide for points on the envelope.
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This is an example of the p—discriminant representing an envelope.
Fig. 15 shows a more general case of this.

Fia. 14,

Consider the curve SQP as moving up to coincidence with the
curve PRT, always remaining in contact with the envelope QRU.
The point P will move up towards R, and the tangents to the two
curves through P will finally coincide with each other and with the
tangent at the envelope at R. Thus R is a point for which the p’s
of the two curves of the system through the point coincide, and
consequently the p-discriminant vanishes.

U

F1a. 15.

Thus the p-discriminant may be an envelope of the curves of
the system, and if so, as shown in Art. 55, is a silgular solution.

6l. The tac-locus. The envelope is thus the locus of points
where two consecutive curves of the family have the same value
of p. But it is quite possible for fwo non-consecutive curves to
touch.

Consider a family of circles, all of equal radius, whose centres
lie on a straight line.
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Fig. 16 shows that the line of centres is the locus of the point
of contact of pairs of circles. This is called a tac-locus. Fig. 17

T N N Y v

F F
F1a. 16.

shows circles which do not quite touch, but cut in pairs of neigh-
bouring points, lying on two neighbouring loci 44’, BB'. When
we proceed to the limiting case of contact these two loci coincide
in the tac-locus T7”. Thus the p-discriminant may be expected to
contain the equation of the tac-locus squared.
LN NN NN
[ N\ /\ f\ f\ \
\ \/ V \ \ )
WW\_/

Fi1a. 17,

It is obvious that at the point P in Fig. 16 the direction of
the tac-locus is mot the direction of the two circles. Thus the
relation hetween z, y, and p satisfied by the circles will not be
satisfied by the tac-locus, which has the same 2 and y but a different
p at P. In general, the tac-locus does not furnish a solution of the
differential equation.

w-l >
o A >

62. The circles of the last article are represented by

(z+c)®+y2=r3,
if the line of centres is Ox.
This gives z+c=Vri-yp,
or o l=-yp/ \/W,
s.e. y2p? +y? —r2=0.

The p-discriminant of this is y?(y? -7?)=0.,

The line y=0 (occurring squared, as we expected) is the tac-
locus, y =7 are the envelopes EE’ and FF' of Fig. 16; y=zr,
giving p =0, are singular solutions of the differential equation, but
y =0 does not satisfy it.

63. The cusp-locus. The contact that gives rise to the equal
roots in p may be between two branches of the same curve instead
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of between two different curves, ¢.e. the p-discriminant vanishes at
& cusp.

As shown in Fig. 18, the direction of the cusp-locus at any
point P on it is in general not the same as that of the tangent to
the cusp, so the cusp-locus is not a solution of the differential equation.

’

C

Fie 18

It is natural to enquire if the equation of the cusp-locus will
appear cubed in the p-discriminant, as in the c-discriminant. To
decide this, consider the locus of points for which the two p’s are
nearly but not quite equal, when the curves have very flat nodes.
This will be the locus NN’ of Fig. 19. In the limit, when the nodes

NI

F1a. 19,

contract into cusps, we get the cusp-locus, and as in this case there
is no question of two or more loci coinciding, we expect the p-
discriminant to contain the equation of the cusp-locus to the first
power only.

64. Summary of results. The p-discriminant therefore may be
expected to contain
* (i) the envelope,
(ii) the tac-locus squared,
(iii) the cusp-locus,
and the c-discriminant to contain .
(i) the envelope,
(ii) the node-locus squared,
(iii) the cusp-locus cubed.



SINGULAR SOLUTIONS ™

Of these only the envelope is a solution of the differential
equation.

65. Examples.
Ex. (i). p2(2-3y)2=4(1-y).
Writing this in the form

e, 2-3y
dy T2¢/(1-y)’

we eagily find the complete primitive in the form
(z-0)2=y*1-y).

The c-discriminant and p-discriminant are respectively

y*(1-y)=0 and (2-3y)%(1-y)=0.

1 -y =0, which occurs in both to the first degree, gives an envelope ;
y=0, which occurs squared in the c-discriminant and not at all in
the p-discriminant, gives a node-locus ; 2 —3y =0, which occurs squared
in the p-discriminant and not at all in the c-discriminant, gives a
tac-locus.

It is easily verified that of these three loci only the equation of the
envelope satisfies the differential equation.

t4

1 Envelope
Tac-loous

X

Node-locus
x

F1a. 20,

Ex. (ii). Consider the family of circles
22 + Y3 +@cx +2c2 - 1 =0,
By eliminating ¢ (by the methods of Chap. 1.), we obtain the differ-
ential equation
2y2p? +2zyp + 23 +y2 - 1=0.
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The ¢- and p-discriminants are respectively
z2-2(22+y2-1)=0 and =x%%-2y*(x2+y2-1)=0,
te. z34+2y?-2=0 and Y3 (22 +2y%-2)=0.
23+ 2y2-2=0 gives an envelope as it occurs to the first degree in
both discriminants, while y=0 gives a tac-locus, as it occurs squared
in the p-discriminant and not at all in the c-discrinunant.

e
AN

¥ie. 21,

Tac-locus

Examples for solution.

In the following examples find the complete primitive if the differ-
ential equation is given or the differential equation if the complete
primitive is given. Find the singular solutions (if any). Trace the
graphs.

(1) 4a(z-1)(x-2)p? - (322 - 62 +2)2=0. ,(2) 4op?-(3x—-1)2=0.

(3) yp?-2zp+y=0. (4) 3zp?-6yp+=z+2y=0,

(5) p?+2pa® - da2y=0. (6) p*—4ayp+8y?=0.

(7) 22+y2-2cx+c2cos? a=0. (8) c2+2cy—22+1=0,

(9) c2+(z+y)e+1~-zy=0. (10) 22 +y2+2cxy+c2~1=0.

66. Clairaut’s Form.* We commenced this chapter by con-

gidering the equation o
y=pz+ ?

* Alexis Olaude Clairaut, of Paris (1713-1765), although best known in con-
nection with differential equations, wrote chiefly on astronomy.
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This is a particular case of Clairaut’s Form

Y=PTHL(D).  cererrrrrrerrerrense veervenne (1)
To solve, differentiate with respect to x.

pep++f ()L

dp -
therefore 7z =0, D=C cervrrrrrirriirinniriinr. (2)
or 0=Z+f'(P). ceeererrrerrmrrrrrniirrniininnnenns (3)
Using (1) and (2) we get the complete primitive, the family of
straight lines, N 1 N )

1f we eliminate p from (1) and (3) we shall simply get the p-dis-
criminant.

To find the c-discriminant we eliminate ¢ from (4) and the result
of differentiating (4) partially with respect to c, .e.

0=Z +f(C). ceerrrrrerrrrrirrrernisrennnnens (5)

Equations (4) and (5) differ from (1) and (3) only in having ¢
instead of p. The eliminants are therefore the same. Thus both
disoriminants must represent the envelope.

Of course it is obvious that a family of straight lines cannot
have node-, cusp-, or tac-loci.

Equation (4) gives the important result that the complete primi-
tive of a Hifferential equation of Clairaut’s Form may be written down
smmediately by simply writing ¢ in place of p.

67. Example.

Find the curve such that OT varies as tan v, where T' is the point
in which the tangent at any point cuts the axis of #, - is its inclination
to this axis, and O is the origin.

J

Fie. 28,
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From the figure, OT=0ON-TN
=z—ycot
= -,
p
since tan\=p;
therefore z-~ % =kp,
te. y=px-kp
This is of Clairaut’s Form, so the complete primitive is
y=cx — kc?,

and the singular solution is the discriminant of this,
te. w2=4ky.
The curve required is the parabola represented by this singular

solution. The complete primitive represents the family of straight
lines tangent to this parabola.

Examples for solution.

Find the complete primitive and singular solutions of the following
differential equations. Trace the graphs for Examples (1), (2), (4), (7),
(8) and (9).

(1) y=pz+p* () y=pz+p°.
(3) y=pz+cos p. () y=pa++/(a2p?+b2).
(5) P=l°g (Pf" - .’/) (6) sin P co8 Y =co8 pr sin y+p.

(7) Find the differential equation of the curve such that the tangent
makes with the co-ordinate axes a triangle of constant area %2, and
hence find the equation of the curve in integral form.

(8) Find the curve such that the tangent cuts off intercepts from
the axes whose sum is constant.

(9) Find the curve such that the part of the tangent intercepted
between the axes is of constant length.

MISCELLANEOUS EXAMPLES ON CHAP1ER VI.

Tlustrate the solutions by a graph whenever possible.
(1) Examine for singular solutions p? + 2zp =32
(2) Reduce wyp®— (2 +y? - L p+ay=0
to Clairaut’s form by the substitution X =22; Y =y3.
Hence show that the equation represents a family of conics touching
the four sides of a square.
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(3) Show that axyp?+ (2 —y2-A%)p—2y=0
represents a family of confocal conics, with the foci at (=5, 0), touching
the four imaginary lines joining the foci to the circular points at infinity.

(4) Show by geometrical reasoning or otherwise that the sub-
stitution z=aX +bY, y=a'X+0'Y,
converts any differential equation of Clairaut’s form to another equation
of Clairaut’s form.

(5) Show that the complete primitive of 8pz=y(12p2-9) is
(z+c)®=3y2%, the p-discriminant y2(922-4y%) =0, and the ec-dis-
criminant y4(922—4y2) =0. Interpret these discriminants.

(6) Reduce the differential equation )

o?*p? +yp(2x+y) +y%=0, where p=§—z

to Clairaut’s form by the substitution £=y, y=zy.
Hence, or otherwise, solve the equation.
Prove that y+4x=0 is a singular solution ; and that y=0 is both

part of the envelope and part of an ordinary solution. [London.]
2

(7) Solve y2 (y- m%) =gt (gg) , which can be transformed to

Clairaut’s form by suitable substitutions. [London. ]

(8) Integrate the differential equations :
() 3(p+2)*=(p-2)%
(ii) y2(1+4p? —-2pxy-1=0.
In (ii) find the singular solution and explain the significance of any
factors that occur. [London. ]
(9) Show that the curves of the family
y? - 2cxy + c? (2t — 2%) =0
all have a cusp at the origin, touching the axis of .
By eliminating ¢ obtain the differential equation of the family in
the form '
4p%2(x — 1) — dpoy (4o - 3) + (162 — 9)y2 =0.
Show that both discriminants take the form a3y2=0, but that =0
is not a solution, while y =0 is a particular integral as well as an envelope.

[This example shows that our theory does not apply without modi-
fication to families of curves with a cusp at a fixed point.]

2
(10) Show that the complete primitive of
ar\2
] e Y
Aty ( d0> a
represents the family of equal lgmniscates of Bernoulli
r3=4a% cos 2(0 - a),

inscribed in the circle r=a, which is the singular solution, with the
point =0 a8 & node-locus.
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(11) Obtain and interpret the complete primitive and singular
solution of dr\2

— 2 _ =
70 +72-2ra=0.
(12) Show that r=c@ - c? is the complete primitive and 4r=0? the
singular solution of dr  (dr\2
oty
d9 \do

Verify that the singular solution touches the complete primitive at
the point (c2, 2¢), the common tangent there making an angle tan—lg
with the radius vector.



CHAPTER VII

MISCELLANEOUS METHODS FOR EQUATIONS OF THE
SECOND AND HIGHER ORDERS

68. In this chapter we shall be concerned chiefly with the
reduction of equations of the second order to those of the first
order. We shall show that the order can always be so reduced if
the equation

(i) does not contain y explicitly ;
or (ii) does not contain z explicitly ;
or (iii) is homogeneous.

A special form of equation, of some importance in Dynamics,
may be reduced by using an integrating factor.

The remainder of the chapter will be devoted to the linear
equation, excluding the simple case, already fully discussed in
Chapter III., where the coefficients are merely constants. It will
be found that the linear equation of the second order can be reduced
to one of the first order if

(i) the operator can be factorised,

or (ii) any one integral belonging to the complementary function
is known.

If the complete complementary function is known, the equation
may be solved by the method of Variation of Parameters. This
elegant method (due to Lagrange) is.applicable to linear equations
of any order.

Further information on linear equations, such as the condition
for exact equations, the normal form, the invariantive condition of
equivalence, and the Schwarzig,n derivative, will be found in the
form of problems among the miscellaneous examples at the end
of the chapter, with hints sufficient to enable the student to work

them out for himself.
P.D.E. 81
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We shall use suffixes to denote differentiations with respect to
z, e.g. y, for @, but when the independent variable is any other
than x the differential coefficients will be written in full.

69. y absent. If y does not occur explicitly in an equation of

the second order, write p for y, and gg for y,.

We obtain an equation containing only gg, p, and z, and so of
the first order.

Consider, for example, =y, +y, =4x.
This transforms into  z % +p =4z,

which can be integrated at once
xp =22% +a,

, a
e. p=2& +o

By integrating, y=a%+alog z+b,
where a and b are arbitrary constants.

This method may be used to reduce an equation of the n'* order
not containing y explicitly to one of the (n —1)™.

70. x absent. If  is the absent letter, we may still write p for
dp dp _dydp _dp The

Zl—:l;’ sice pdg —-d——x E:t} =d_££ =Y,
procedure reduces an equation of the second order without « to one

of the first order in the variables p and y.

4y, but for y, we now write p

For example, YYy=1,®
transforms into ypg—g =p?
from which the student will easily obtain
p=by and y=ae?.
Examples for solution.
(1) yycos?z=1. (2) yyat+y:2 =Yy 63) yya+l=y,?
(4) Reduce to the previous example, and hence solve
Y1¥a+ 91" =2ys"
(6) zy3+ys=12a. (6) Yn—2yn_r=e
(7) Integrate and interpret geonfetrically
(gt

Ys
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(8) The radius of curvature of a certain curve is equal to the length
‘of the normal between the curve and the axis of . Prove that the
curve is a catenary or a circle, according as it is convex or concave to
the axis of .

(9) Find and solve the differential equation of the curve the length
of whose arc, measured from a fixed point 4 to a variable point P, is
proportional to the tangent of the angle between the tangent at P and
the axis of .

*71. Homogeneous equations. If 2 and y are regarded as of
dimension 1,

4, is of dimension 0,

¥, is of dimension -1,

Y5 is of dimension -2,
and so on.

We define a homogeneous equation as one in which all the terms
are of the same dimensions. We have already in Chap. II. dealt
with homogeneous equations of the first order and degree, and in
Chap. III. with the homogeneous linear equation

™y, + Ax" 1y, y + Be" 2y, o+ ... + Hzy, + Ky =0
(where 4, B, ... H, K are merely constants), for which we used the
substitution z =€’ or ¢t =log .
Let us make the same substitution in the homogeneous equation

TYYo + Y2 =3YY1e  vereressssnnrisnnnsesninnns (1)
dt dy 1d
Now y1=d—w mg=5 d—?tl’
dy, ldy 1ddy
O " ¥ AT )
__ldy 1dtdy
2?dt oz ded?
l1dy 1d%

T Tardt Tatde
Substituting in (1) and multiplying by x, we get
* (d¥ d dy\?* _, d
-84

a2 dt dt at’
. d dy\2 d
ie yGH+(G) w3

This is an equation, with ¢ ;bsent, similar to those in the last
article with & absent.

* Arts. 71-73 may be omitted on a first reading.
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By putting Zt—y =g, the student will easily obtain

y7=2 (y* +b),
giving t+c=%log (y2+b).
Hence y?+b=et(t+9
=aa*, replacing ¢i° by another arbitrary constant a.

72. The example of Art. 71 came out easily because it had no
superfluous «’s left after associating 22 with y, and « with y,. In
fact, it could have been written

Y (@) + (241)* =3y (zy,).

But @2 +y3) (Y —ayy) + 222y =0  ceevviiiiininennnnn(2)
cannot be so written. To reduce this to a form similar to that of
the last example, put y =vz, a substitution used for homogeneous
equations in Chap. IL

(2) becomes

(22 + 220?) (v — v, 22 — vz) + 222 (2, +20,) =0,
t.e.  —(1+v2)v, +0v¥(2v, +20,) =0,

which may be written — v2220, =(1 —12)2v;. cooveiiiiriiiniiienniannnn(3)
We now proceed as before and put 2 =¢', giving
dv
’01 =¢'ZZ,
d dv
and a2, 2= gm g
(3) becomes (g:;’ g:’) =(1-? d%, >
. (lzv dv
e dtz =7 RPN (- |

an equation with ¢ absent.

dv dw
As before, put =0 an ___,qg%,
dq '
(4) becomes v¥q 3=
t.e. ‘Eg =0 (unless ¢=0, giving y=cx),
d_ 1 1
@&~y

t=av+a* log (v-a) +b,
and finally log z=ay/z +a?log (y - ax) -a®log z +b.
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78. By proceeding as in the last article, we can reduce any
homogeneous equation of the second order.
Any such equation can be brought to the form

f (?//x’ Y15 y,) =0.
For example, the equation of Art. 71 when divided by z becomes

B =3

while that of Art. 72 divided by «® becomes

(422 0)+ (o

The substitutions y =vz and z =¢* transform
S @lz, y1, Yp) =0 to f(v, av, +v, a?v, +22v,) =0,
dv d2v dv)
and then to f< [lt +, d’tz +d? =O,
an equation with ¢ absent, and therefore reducible to the first order.

Examples for solution,

(1) =%, —zy,+y=0. (2) 2%y, -2y, +b6y=0.

(3) 2%y, +y? =%,

(4) Make homogeneous by the substitution y=22, and hence solve
2wy, + 4y? =%y, + 2xyy,.

74. An equation occurring in Dynamics. The form y,=f(y)
occurs frequently in Dynamics, especially in problems on motion
under a force directed to a fixed point and of magnitude depending
solely on the distance from that fixed point.

Multiply each side of the equation by 2y,. We get

29,92 =2f ()%
Integrating, y,2= 2Ij(y) Y da =2] f(y)dy.
This is really the equation of energy.

Applying the method to 3&3 = — p%, (the equation of simple
harmonic motion), we get
dx d* _ dx
dt dt’ 2p’a;d—t-.

Integrating with respect to ¢,
(%’)’ = - pz? +const. =p¥(a® - 2%}, say.
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Hence @ =1 5
dz p +/(a®-2?)’
1

z=a sin (pl +e¢).

Examples for solution.

(1) yo=9°-y, given that y;=0 when y=1.

(2) y,=e%, given that y=0 and y;=1 when 2=0.

(3) yy=sec2ytany, given that y=0 and y,=1 when x=0.

d%x  ga® . dz
(4) GE = g given that =% and c_l?=0 when ¢t=0.

[k —= is the distance fallen from rest under gravity varying inversely
as the square of the distance = from the centre of the earth, neglecting
air resistance, etc.]

d2u P
(5) W-Fu:i_ﬁ_u” in the two cases
(i) P=pu?; (i) P=puu®;
given that 0=Z—1—£=0 when u=1, where u, %, and ¢ are constants.

0 c

[These give the path described by a particle attracted to a fixed
point with a force varying inversely as the square and cube respectively
of the distance 7. wu is the reciprocal of r,  has its ordinary meaning
in polar co-ordinates, u is the acceleration at unit distance, and % is
twice the areal velocity. ]

75. Factorisation of the operator. The linear equation

(z+2)y,— 2z +5)y, +2y=(x+1)e*
may be written as
{(x+2)D? - (22 +5)D +2}y =(x+1)e%,

where D stands for ‘%, as in Chapter III.

Now the operator in this particular example can be factorised,

giving {@+2)D-1}(D-2)y =(z +1)e.

Put (D-2)y=wv.

Then {@+2)D-1}v=(z+1)e®.

This is a linear equation of the first order. Solving as in Art. 20,
we get v=c(z +?)+e”,

ie. (D-2)y=c(x+2)+e?,
another linear equation, giving finally
y =a(2z +5) +be** - e*, replacing -}c by a.
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Of course it is only in special cases that the operator can be
factorised. It is important to notice that these factors must be
written in the right order, as they are not commutative. Thus, on
reversing the order in this example, we get

D-2){(x+2)D-1}y={(x+2)D?* - (22 +4)D +2}y.

Examples for solution.

(1) (+1)ys+(z-1)y, -2y =0. (2) 2y, +(z~1)y, -y =0.

() 2yz+(z-1)y, ~y=32

(4) xyy+(2%+1)y, +2xy=2x, given that y=2 and y,=0 when
z=0.

(6) (22-1)y,— (422 - 3z —b)y, + (422 — 62 — 5) y =22, given that y=1
and y, =2 when 2=0.

76. One integral belonging to the complementary function * known.
When one integral of the equation

Yo+ Py +Qy=0 .oovvrvnrririirinreennnnnnn(1)
is known, say y =2z, then the more general equation of the second
order Yo+ Py +Qy=R, ...cccovvvvviiiiinnenn(2)

where P, @, R are functions of z, can be reduced to one of the first
order by the substitution y=vz.
Differentiating, Y, =02 + 02y,
Yg=0g2 + 20,2 +02,.
Hence (2) becomes
vz +9,(22 + P2) +v(2, + Pz, + Qz) =R,

te 2 %+vl(2z1+Pz) =R, ceireiniinininiiniinen(3)

since by hypothesis 29+ P2y + Q2 =0.

(8) is & linear equatign of the first order in v;.

Similarly a linear equation of the n*" order can be reduced to
one of the (n - 1).‘h if one integral belonging to the complementary
function is known.

77. Example.
Consider again the equation

(+2)ys— (20 #5)y; + 2y =(T+1)€® .ccceierennncirnnn(4)
* The proof of Art. 20 that the general solution of @ linear differential equation is

the sum of a Particular Integral and the Complementary Function holds good when
the coefficients are functions of = as well as in the case when they are constants.
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If we notice that.y=e2* makes the left-hand side of the equation

Eero, we can put Yy =ve??,
giving Yy =(v; +20)e2,
and yg=(vy+4v; +4v)e??

Substitution in (4) gives
(z+2)v,e2% +{4(x +2) — (22 + 5)} v,2®
+{4(x+2) —2(2x +5) + 2} ve?®=(x +1) e,

t.e. (x+2)%+(2z+3) v,=(z+1)e>

Solving this in the usual way (by finding the integrating factor)

we obtain v, =€ +o(z+2)e 22,
Integrating, v=~e%-1c(2x+5)e 2 +b,
whence y=ve2*= —e®— }c(22z +5) + be?>,

Examples for solution.

(1) Show that y,+ Py, +Qy=0 is satisfied by y=e*if 1+ P+Q=0,
and by y=zif P+Qz=0.

(2) 2%, +a2y, —y=84" : )

(3) 22yy— (x2+2x)y, +(w+2)y =0

(4) 2y, ~-2 (z+1)y, +(z+2) y=(x—2)e?2.

(5) x2y,+2zy, —9y=0, given that y=a? is a solution.

(6) zy,(x cos x—2 sin @) + (22 +2)y, sin - 2y ( sin 2+ cos x) =0,
given that y =22 is a solution.

78. Variation of Parameters. We shall now explain an elegant
but somewhat artificial method for finding the complete primitive
of a linear equation whose complementary function is known.

Let us illustrate the method by applying it to the example
already solved in two different ways, namely,

(z+2)yy— 2z +5)y, +2y=(x +1) €%.cevvvrrrrinnnnnnn(1)
of which the complementary function is y=a(2x +5) +be?=,
Assume that Y=(22+5)A +€%B, ....orvvrriniiiinnninnnn(2)

where 4 and B are functions of z.
This assumption is similar to, but more symmetrical than, that
of Art. 71, viz. : y =ve??,
Differentiating (2),
Y1=(2x+5)4, +€**B; +24 +26*B. .....cceoe0vuneenn(3)

Now so far the two functions (or &na/meters) 4 and B are only
connected by a single equation. We can make them satisfy
the additional equation

(20+5)4; +€BB,=0. cvevvvresseernneens(d)
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(8) will then reduce to
Y1=24 +2e**B. .......cecvviieviniiiinnnnnnd(B)
Differentiating (5),
Yy=4¢*B +24, +2e**B,. .....ceivvvuvennnnennn(6)
Substitute these values of y, ,, and y, from equations (2), (5),
and (6) respectively in (1). The co-factors of 4 and B come to
zero, leaving
2x+2) 4, +2(z +2)e%B, =(x +1)€% ....cevvvennnnnn(T)
(4) and (7) are two simultaneous equations which we can solve
for 4, and B,, giving
4, B, (x+1)e® (x+1)e=

e~ —(2x+5) 2= +2)(1-2x-b5)  4(x+2)?F"

_ _(w+1)e“__§f{__1___1__}
Hence 4, fw+22 dlz+2 (x+2)2)°

. . e® .
and, by integration, 4 = ~ i@+ +a, where a is a constant.
Similarly,
2z +5)(x +1)e™ e*® 1 1
Bl = =" 2 [

dx+2)2 4" z+2 (@+2)
e 1
and B=—4—{x—-+2 —‘2} +b.

Substituting in (2),

g=(2 +5){ "47(51—2“)”} +§{501T2 -2} +beto
=a (22 +5) + be? — 7,

79. Applying these processes to the general linear equation of
the second order, Yo+ Py +Qy =R, ..cceovvvnrerreeieenennnnn(l)

of which the complementary function au +bv is supposed known,
a and b being arbitrary constants and « and v known functions of z,

we assume that Y=UA +VB, .ccvveiiirriiiirieerineenen(2)
giving o= A +oB,  ieiennn(3)
provided that ud, +vB;=0. .ieiiiiiiieneeennn(4)

Differentiating (3),
Ya=Ud +vB+u A, +0,By.  ceovviiiiiiininnnnnni(B)
Substitute for y,, %, and y in (1).
The terms involving 4 will be 4 (u + Pu, +Qu), s.e. zero, as by
hypothesis, Uy + Pu, +Qu =0.
Similarly the terms involving B vanish, and (1) reduces to

Uy +4B, =B oo n(6)
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A B, R
Solving (4) and (6), —2= —a = o, —um,e
We then get 4 and B by integration, say
A =f () +a,
B=F (z) +b,

where f(z) and F (z) are known functions of z, and a and b are
arbitrary constants.
Substituting in (2), we get finally
=uf(z) +vF (z) +au +bv.
* 80. This method can be extended to linear equations of any
order. For that of the third order,

Ys+ Py +Qyy + Ry =8, ccovvvveririnnnninnnn(l)
of which the complementary function y=au+& +cw is supposed
known, the student will easily obtain the equations

y=ud +vB+wC, ..ccovvvriviiniiiiiinnnn(2)

yr=w A+, B+w,C, ....cc.oevvriinninnnnnnn(3)

provided that 0=ud, +vB, +wC; weevvvrenvnniiinninnnnnn(4)

hence Yo=uA +0,B+w,C, .ooiiiiiiiiiiiiiiiiiin (D)

provided that O0=wd;+vB+w,Cy; woovivriininiiinnninnnn(6)
then Y3 =uzd +vsB +w,C

FUpdy + 0By +WyC1 5 weeveenrinetiieenn e (7)

by substitution in (1), S=wud; +v,B; +1,0;. wevrvvrvinreriiinnenno(8)

4,, B,, and C, are then found from the three equatlons (4), (6)
and (8).

Examples for solution.
(1) y3+y=cosec z. (2) y;+4y=4 tan 2z.

2
( ) Ya— Y= 1 + Cz
(4) 2%y, + =y, — y=a%", given the complementary function ax +bx1,
(6) y3—6y,+11y, —6y=e?=.

81. Comparison of the different methods for solving linear equations.
If it is required to solve a linear equation of the second order and
no special method is indicated, it is generally best to try to guess
a particular integral belonging to thg complementary function and
proceed as in Art. 76. This method may be used to reduce a linear
equation of the n'* order to one of the (n - 1),

* To be omitted on a first reading.
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The method of factorisation of the operator gives a neat solution
in a few cases, but these are usually examples specially constructed
for this purpose. In general the operator cannot be factorised.

The method of variation of parameters is inferior in practical
value to that of Art. 76, as it requires a complete knowledge of the
complementary function instead of only one part of it. Moreover,
if applied to equations of the third or higher order, it requires too
much labour to solve the simultaneous equations for 4,, B,, C,, etc.,
and to perform the integrations.

MISCELLANEOUS EXAMPLES ON CHAPTER VII.

(1) yy2-y:2+y,=0. (2) =y, +2y,*-y,=0.

(3) yn2=4yn—1' (4) Yn +yn—2=8 cos 3z.

(5) (z2log z—2?)y, -2y, +y=0.

(6) (22+22—1)y,— (322 +8z—-1)y, +(22%+62)y=0.

(7) Verify that cos nz and sin nx are integrating factors of

Yo +nPy=f ().
Hence obtain two first integrals of
Yq + niy =sec nz,

and by elimination of y, deduce the complete primitive.

(8) Show that the linear equation

Ay+ By, +Cyy+... +8y,=1T,

where A, B, C,... T are functions of x, is exact, t.e. derivable imme-

diately by differentiation from an equation of the next lower order, if
the successive differential coefficients of 4, B, C, ... satisfy the relation

A-B +Cy~...+(-1)"8,=0.
[N.B.—By successive integration by parts,
[ Syno= Sy~ Suna Sy e (- )38,y + [ (~1)08,y d]

Verify that this conglition is satisfied by the following equation, and
hence solve it :
(272 + 3x)y, + (62 + 3)y, + 2y =(z +1)e®.
]
(9) Verify that the following non-linear equations are exact, and
solve them : (1) Yya+9,2=0.
(ii) zyys+2y,*+yy,=0.
(10) Show that the substitution y=ve_%I P4 transforms
Y3+ Py, +Qy=R,
where P, Q, and R are functions of 2, into the Normal Form
v’ + Iv =S,
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where I=Q-31P,-}P3,

and S= Reij i

Put into its Normal Form, and hence solve

Y — 4wy, + (422 — 1)y = — 3¢ sin 2.
(11) Show that if the two equations
Ya+ Py, +Qy=0

and 2o+ P2, +g2=0
reduce to the same Normal Form, they may be transformed into
each other by the relation

yeﬂpdz=ze”pdz,
t.e. the condition of equivalence is that the Invariant I should be the
same.
(12) Show that the equations
22y, +2(2® - 2)y, + (1 - 222y =0
and x224+2(2 + )2, — (1 — 222)2=0
have the same invariant, and find the relation that transforms one into
the other. Verify by actually carrying out this transformation.
(13) If » and su are any two solutions of

Vo +Iv=0, .ccovrvrnnnnne eaererersseserransnes 1)
82 _ot .2
prove that Py 2 op e s (2)
2 .
and hence that ’_3—§(f-2) Y RO
8 2\s,
From (2) show that if s is any solution of (3), sl—} and ssl'i are

solutions of (1).

[The function of the differential coefficients of s on the left-hand
side of (3) is called the Schwarzian Derivative (after H. A. Schwarz of
Berlin) and written {s,z}. It is of importance in the theory of the
Hypergeometric Series.]

(14) Calculate the Invariant I of the equation

zly, - (®2 + 22)y, + (x + 2)y 0.
Taking s as the quotient of the two solutions ze® and =z, verify that
{8, x}=2I, .
and that s{" and ml'i are solutions of the Normal Form of the original
equation.
(16) If » and v are two solutions of

Ya+ Py, +Qy =0,
prove that uvy — vt + P(uv, — vu,) =0,
and hence that wo, - vuy mae )T,

Verify this for the equation of the last example.
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(16) Show that yy, =const. is a first integral of the equation formed
by omitting the last term of
1,2
Ya+ v Y2 +y=0.

By putting yy, =C, where C is now a function of z (in fact, varying
the parameter C), show that if y is a solution of the full equation, then

Ci=-9y%
and hence C?=const. — 314,
giving finally y2=asin (24/2 +b).

[This method applies to any equation of the form
Ya+y:2f (y) + F(y)=0.]

(17) Solve the following equations by changing the independent
variable :

d2y
(@) xda;z dy—4w”y=8:cssinw’;
(ii) (1+$2)2 +2x(1 +z2)dx+4y =0.

(18) Transform the dxﬁerentlal equation
%y dy .

T8 Tt sin & — 2y cos® =2 cos®
into one having z as independent variable, where
z=sin ,
and solve the equation. [London.]
(19) Show that if z satisfies
d% _dz
P =%
by changing the independent variable from # to 2, we shall transform
a2 d
. ‘Z +rY +Qy
into g g +8y="T.

2
Hence solve 3;; + (i - —) Zy +4a?ye2® =4 (x2 + 23)e 32,



CHAPTER VIII

NUMERICAL APPROXIMATIONS TO THE SOLUTION OF
DIFFERENTIAL EQUATIONS

82. The student will have noticed that the methods given in the
preceding chapters for obtaining solutions in finite form only apply
to certain special types of differential equations. If an equation
does not belong to one of these special types, we have to use approxi-
mate methods. The graphical method of Dr. Brodetsky, given in
Chapter 1., gives a good general idea of the nature of the solution,
but it cannot be relied upon for numerical values.

In this chapter we shall first give Picard’s * method for getting
successive algebraic approximations. By putting numbers in these,
we generally get excellent numerical results. Unfortunately the
method can only be applied to a limited class of equations, in which
the successive integrations can be easily performed.

The second method, which is entirely numerical and of much
more general application, is due to Runge.t With proper pre-
cautions it gives good results in most cases, although occasionally
it may involve a very large amount of arithmetical calculation. We
shall treat several examples by both methods to enable their merits
to be compared.

Variations of Runge’s method have been given by Heun, Kutta,
and the present writer. '

88, Picard’s method of integrating successive appreximations. The
differential equation dy
az =f(z, y),

* E. Picard, Professor at the University of Paris, is one of the most distinguished
mathematicians of to-day. He is well know:: for his researches on the Theory of
Funotions, and his Traité d’analyse is a standard text-book.

TQ- Runge, Professor at the University of Gottingen, is an authority on
graphical methods.

94
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where y =b when z =a, can be written

y=b +j:f(w, y) dz.

For a first approximation we replace the y in f(z, y) by b; for

a second we replace it by the first approximation, for a third by the
second, and so on.

Ex. (i). % =x+Yy? where y=0 when z=0.
]
Here y=| (z+y?) de.
Jo

First approzimation. Put y=0 in x+y?, giving

X7
y=| wdr=3%z2
Jo

Second approzimation. Put y=32? in z+y?2, giving

ox
y=\ (z+3ioY)dx =122+ a5
Jo

Third approzimation. Put y=3x?+ 2% in z +y?2, giving
o2
y=| (@+ia*+ 552" + 15420 da
Jo
=%+ 752 + Thoa® + 1™,
and so on dndefinitely.

Ex. (ii). fd_z___xs( "
dz =T YT

where y=1 and z=4% when £=0.
2 4
Here - y=1+j zdx and z=%+j 23(y +2)de.
0 0
First approximation.

® ¥4
y=1+j 1de=1+}a,
0

%
z=1}+j 231 +}) de =3+ §at.
0
Second approzimation.

y=1 +J:(1}+:3-z‘)dx=1 +3z + 228,

z=1}+I;z3(§+-}m+§z‘)=}+§w‘+ﬁ;¢“+ﬁx°.
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Third approzimation.
y=1 +‘r(}+ 3ot +\Yya® + &at) da
=1 +1};+1§¢wﬁ+ﬁx“+ rzed
z=%+j:ﬂ?3(%+1’z$+%$‘+ﬁr@‘5+€’ﬂs) das

=1 + 308 + 1528 + 228 + 5 55a® + 515212,
and so on.

Ex, (iii), =—%= (%ﬂ/), where y=1 and %:% when z=0,

By puttin, l—lg=z, we reduce this to Ex. (ii).
y P € i

It may be remarked that Picard’s method converts the differential
equation into an equation involving integrals, which is called an Integral
Equation.

Examples for solution.

Find the third approximation in the following cases. For examples
(1) and (2) obtain also the exact solution by the usual methods.

(1) Z—i’:=2y—2x3—3, where y=2 when z=0.

dy_,_y - -
(2) %—2—;, where y=2 when z=1.

Z—% =2z +2,
(3) p
2_ 3xy + x22
dx ’

where y=2 and 2=0 when x=0.

®
dy

2=z
de ”
) P
dz
where y=>5 and z=1 when z=0.

=a% +aly,

dy_ ,dy _ dy’ _
(5) =2 d—z+a:‘y, where y=5 and %=1 when z=0.

84. Determination of numerical values from these approximations.
Suppose that in Ex. (i) of the last article we desire the value of v,
correct to seven places of decimals, when 2 =0-3.

Substituting z =0-3, we get } (0-3)* =0-045 from the first approxi-
mation.

The second adds  4;(0-3)5 =0-0001215,
while the third adds 13(0-3)® + ;25 (0-3)* =0-00000041... .
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Noticing the rapid way in which these successive increments
decrease, we conclude that the next one will not affect the first
seven decimal places, so the required value is 0-0451219... .

Of course for larger values of z we should have to take more
than three approximations to get the result to the required degree
of accuracy.

We shall prove in Chap. X. that under certain conditions the
approximations obtained really do tend to a limit, and that this limit
gives the solution: This is called an Existence Theorem.

Example for solution.

(i) Show that in Ex. {ii) of Art. 83, =05 gives y=1:252... and
2=0-526... , while £=0-2 gives y=1-100025... and z=0-500632... .

85. Numerical approximation direct from the differential equation.
The method of integrating successive approximations breaks down
if, as is often the case, the integrations are impracticable. But
there are other methods which can always be applied. Consider
the problem geometrically. The differential equation

g?'xl =f (2, y)

determines a family of curves (the “ characteristics ”’) which do not
intersect each other and of which one passes through every point

P .

S R‘D

o >, W N %

Fia. 28,

in the plane.* Given & point P (a, b), we know that the gradient
of the characteristic through P is f (a, b), and we want to determine

°

* This is on the assumption that f(z, y) has a perfectly definite value for every
point in the plane. If, however, f(x, y) becomes indeterminate for one or more
points, these points are called singular points of the equation, and the behaviour
of the characteristics near such points calls for special investigation. See Art. 10,

P.D.B. G
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the y =NQ of any other point on the same characteristic, given that
#=ON =a+h, say. A first approximation is given by taking the
tangent PR instead of the characteristic PQ, 1.e. taking

y=NL+LR=NL +PL tan / RPL =b +hf (a, b) =b + kf,, say.

But unless A is very small indeed, the error RQ is far from
negligible.

A more reasonable approximation is to take the chord PQ as
parallel to the tangent to the characteristic through S, the middle
point of PR.

Since S is (a +3k, b +3kf,), this gives

y=NL+LQ=NL +PLtan LQPL=b+kf (a+%h, b+3if,).

This simple formula gives good results in some cases, as will be
seen from the following examples :

Ex. (i) d—y=z+y2 ; given that y=0 when z=0, required y when
z=0-3. dz

Here a=b=0, h=03, f(x,y)=x+y2

Therefore

fo=f(a, b)=0, a+3}h=015, b+4hf,=0,

giving  b+Af(a+3h, b+3Af) =0+0-3 xf(0-15, 0)=0-045.

The value found in Art. 84 was 0-0451219..., so the error is
0-00012... , about } per cent.

Ex. (ii). Z—:=2—?£; given that y=2 when z=1, find y when =12,

Here a=1, b=2, h=02, fi=2-%=0.
Therefore b+hf(a+4h, b+3hf)=2+0-2xf (11, 2)
2

=2+0-2x(2——1—_1~>=2-036....

Now the differential equation is easily integrable, giving y=z+-,
80 when x=1-2 the value of y is 2:033... . 'Fhe error is 0-:003..., which
is rather large compared with the increment of y, namely 0-036... .

Ex. (iii). %: =z=f(z, ¥, 2), say,

dz
dz= T Y +2)=g(2, y, 2), say;
given that y=1 and 2=0-5 when 20, find y and z when z=05.
Here a=0, b=1, c(the initial value of 2) =05, h=0-5.
Hence  fo=f(0,1,0:5)=06; g,=9(0, 1, 0:5)=0.
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By an obvious extension of the method for two variables, we take
y=b+hf (a +3}h, b+1hfy, c+3hg) =1+0-5xf(0-25, 1-125, 0-5) =1-2500,
and z=c+hg(a+3h, b+3hfy, c+3hg)

=0-5+0-5 x ¢(0-25, 1125, 0-5) =0-5127.
The accurate values, found as in Art. 84, are
y=1-252... and 2=0-526....

Thus we have obtained a fairly good result for y, but a very bad
one for 2.

The uncertainty about the degree of accuracy of the result deprives
the method of most of its value. However, it forms an introduction to
the more elaborate method of Runge, to be explained in the nexi
article.

Examples for solution.

(l) = (22~ y) —1; given that y=4 when =23, obtain the value
y=4- 122 when ©=2'T. [Runge’s method gives 4-118.]

2) ———~{y —1+log,(x+y)}; given that y=2 when z= -1, obtain
the value y=2-194 when z=1. [Runge’s method gives 2:192.]

(3) Z—x— 2 - —, given that y =2 when x =1, obtain the value y=2-076

when z=1-2. Also show that y—§x2+3‘£, so that when z=1-2, y is
really 2-071..

86. Runge’s method. Suppose that the function of y defined * by
W_tww), y=
aw —f(x: ?/)9 ?/—b when z a
is denoted by y =F(x). .
If this can be expanded by Taylor’s theorem,
F(a+h)=F(a)+hF'(a) + F”(a) + F"'(a) +..

Now F(@) = -f @ 9)=f, soy.

»

We shall now take the total differential coefficient with respect
to & (that is, taking the y in f to vary in consequence of the variation
of z). Let us denote partial differential coefficients by

of of & _&f 9.
P=a =3y ""ax oy 'Tap’
and their values when z=a and y=>b by p,, ¢, etc.
* The conditions under which the differential equation and the initial con-

dition really do define a function are discussed in Chap. X. The graphical treat-
ment of the last article assumes that these conditions are satisfied.
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Then  F@)--(5+ L o) f-p e
Similarly, F"'(z)= (ai clw 3y> (p+fq)
=r+pq +fs+f (s +g? +ft).

Thus

F(a+h)-F(a)
=hfo + £h3(po +fofo) +¥h%(ro +2fe80 +follo + Poo +foge®) + --- - (1)

The first term represents the first approximation mentioned and
rejected in Art. 85.

The second approximation of Art. 85, z.e.

y_b":hf(a"'%hs b+%kf0)=kl’ say,

may now be expanded and compared with (1).

Now, by Taylor’s theorem for two independent variables,

f(@+1h b+ 1) .
=fo+3hpo +3hfogo + a1 (1R%ro + 3W3fos0 + }R%fog) + ... »

giving k&, =hfo +3h2(po +fo20) + 5B (7o + 2foS0 + f2to) + cer s veeenn(2)
It is obvious that k, is at fault in the coefficient of /3.
Our next step is suggested by the usual methods * for the
numerical integration of the simpler differential equation

dy _
7S (@). .
Our second approximation in this case reduces to the Trapezoidal
Rule y-b=hf(a+3h).

Now the next approximation discussed is generally Simpson’s
Rule, which may be written

y-b=3h{f(a) +4f (a +}h) +f (a + )}.
If we expand the corresponding formula in two variables, namely
${fo+4f (a+3h, b+iRfo) +f(a&h, b+Hfy)},
we easily obtain
hfo +303(po +fo0) + &1 (1o +2fo80 + fo2l) ++oe s o oeeen(8)

which is a better approximation than k,, but even now has not the
coefficient of A3 quite in agreement with (1).

To obtain the extra terms in A%, Runge } replaces

b (a+h, B+ hfy)

* See the text-books on Calculus by Gibson or Lamb.
t Mathematische Annalen, Vol. XLVI. pp. 167-178.
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by k"' =hf(a +h, b +&"), where k" =hf(a +h, b +hf,). The modified
formula may be briefly written }{k’ +4k, + %"}, where k' =hf,, or
§k1 + 3k, =Ky +3(ky ~ ky), where ky=}(k' +E"").

The student will easily verify that the expansion of Runge’s
formula agrees with the right-hand side of (1) as far as the terms
in &, A%, and A3 are concerned.

Of course this method will give bad results if the series (1) con-
verges slowly.

If fy>1 numerically, we rewrite our equation

dx 1
&y i, )~ O

and now Fy<1 numerically, and we take y as the independent
variable.

87. Method of solving examples by Runge’s rule. To avoid
confusion, the calculations should be formed in some definite order,
such as the following :

Calculate successively k' =#f,,

E'=hf(@a+h, b+E),
K" =hf(a+h,b+k"),
ky=hf (a +3}h, b+3k'),
ky=%(K' +£"),
and finally =k +3 (k- k).

Moreover, as k, is itself an approximation to the value required,
it is clear that if the difference between k and k,, namely 3 (k, - %,),
is small compared with %, and %, the error in % is likely to be even
smaller.

Ex. (i). %=x+y’; given that y =0 when =0, find y when z=0-3.
Here a=0, b=0,0 =03, f(z, y)=z+y?% f,=0;

E =hfy=0;
E'=hf(a+h, b+¥)=03%f(0:3,0)=0-3%x0-3 =0-0900 ;
E'=hf(a+h, b+£&")=03 xf(0-3, 0:09)=0-3 x (0:3 +0-0081) =0-0924 ;
ky=hf(a+4h, b+3k')=03 xf(0-15, 0)=0-3 x 0-156 =0-0450 ;
ko=%(k" + k") =1%x0-092¢ =0-0462 ;
and
k=Fk, +3}(k, - k,) =0-0450 +0-0004 =0-0454.

As the difference between £=0-0454 and k,=0-0450 is fairly small
compared with either, it is highly probable that the error in k is less
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than this difference 0-0004. That is to say, we conclude that the value
is 0:045, correct to the third place of decimals.

We can test this conclusion by comparing the result obtained in
Art. 84, viz. 0-0451219... .

Ex. (ii). zﬁ'—_— given that y=1 when =0, find y when z=1.

This is an example given in Runge’s original paper. Divide the
range into three parts, 0 to 0-2, 0:2 to 0-5, 0:5 to 1. We take a small
increment for the first step because f (z, y) is largest at the beginning.

First step. a=0, b=1, k=02, fi=1;
k' =k, =0-200;
K'=hf(a+h, b+k)=02xf(02,1-2) =0-143;
K" =hf (a+h, b+E")=02xf(0-2, 1-143)=0-140 ;
ky=hf (a+3h, b+3k)=03xf(0-1,11) =0-167;

=3k +%"")=%%0-340 =0-170;
and k=%, +%(ky—%,)=0-167+0-001 =0-168 ;
giving y=1-168 when =02,
Second step.

a=02, b=1-168, ~h=0-3, f,=f(0-2,1-168)=0-708

Proceeding as before we get k,=0170, k,=0-173 and so k=0-171,
giving y=1168+0-171=1-339 when z=05.

Third step. a=05, b=1-339, h=0-5.

We find k,=Fk,=k=0-160, giving y=1-499 when z=1.

Considering the % and k,, the error in this result should be less than
0:001 on each of the first and second steps and negligible (to 3 decimal
places) on the third, that is, less than 0-002 altogether.

As a matter of fact, the true value of y is between 1-498 and 1-499,
so the error is less than 0001, This value of y is found by integrating
the equation, leading to

-2 tan—lg =log,(x% +y%).

Examples for solution.

Give numerical results to the following examples to as many places
of decimals as are likely to be accurate :

(1) -—==-—{y ~1+log(x+y)}; given that y=2 when #= -1, find

y when = 1 takmg h=2 (as fis very small).

(2) Obtain a closer approximation to the preceding question by
taking two steps.

(3) d—;=(w’-—y)*—-l ; given that y=4 when 2=2-3, find y when
z=2-T (a) in one step, (b) in two steps.
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LAy oy _ _ 1
(4) Show that if %-—2—5 and y=2 when z=1, then y=z+-.

Hence find the errors in the result given by Runge’s method, taking
(@) k=04, (b) k=02, (c) =0-1 (a single step in each case), and compare
these errors with their estimated upper limits.

(5) If E(h) is the error of the result of solving a differential equation
of the first order by Runge’s method, prove that

E(h) 1
im0 B(n) ~ nt

Hence show that the error in a two-step solution should be about
+ of that given by one step; that is to say, we get the answer correct
to an extra place of decimals (roughly) by doubling the number of steps.

88. Extension * to simultaneous equations. The method is easily
extended to simultaneous equations. As the proof is very similar
to the work in Art. 86, though rather lengthy, we shall merely give
an example. This example and those given for solution are taken,
with slight modifications, from Runge’s paper.

dy_o _Y_
Ex. dx—2z o [ (z, y, 2), say,
dz Y

e~y 0 2 S
given that y=0-2027 and 2=1-0202 when 2=0-2, find y and 2z when
z=0-4.
Here
a=0-2, 5=0-2027, ¢=1.0202, f,=f(0-2, 0-2027, 1-0202)=1-021,
90=0-2070, A=0-2;
k' =hfy=0-2 x1-027 =0-2054 ;
U =hgy=0-2 x0-2070 =0-0414;
K'=hf(a+h, b+¥, c+V)=0-2x f(0-4, 04081, 1-0616)  =0-2206 ;
V'=hgla+h, b+¥, c+1')=0-2x g(0-4, 0-4081, 1-0616)  =0-0894 ;
K" =hf(a+h, b+k", c+1")=0-2 x f(0-4, 0-4233, 1-1096) =0-2322;
U =hg(a+h, b+k", c+1") =02 x g(0-4, 0-4233, 1-1096) =0-0934 ;
ky=nhf(a+3%h, b+3k, ¢ +31) =02 xf(0-3, 0-3054, 1-0409) =0-2128 ;
L=hf (a+%h, b+3¥, c+3) =02 x g(0-3, 0-3054, 1-0409) =0-0641 ;

ko=3 (K +k")» =0-2188;
L=3(+0") =0-0674 ;
k=k, +3(ky - k,) =0-2128 +0-0020 =0-2148 ;
1=1, +}(l;-1,) =0-0641 +0-0011 =0-0652 ;
giving y=0-2027 490-2148 =0-4175
and 2=10202 +0-0652 = 1-0854,

probably correct to the third place cf decimals.
*The rest of this chapter may be omitted on a first reading,
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Examples for solution.

(1) With the equation of Art. 88, show that if y=0-4175 and
2=1-0854 when £=0-4, then y=0-6614 and 2=1-2145 (probably correct
to the third place of decimals) when & =0-6.

dw 1-w?) dr w .

(2) i _2z+\/( ; ); &= Vi _wz); given that w=0-7500
and r=06 when 2=1-2145, obtain the values w=0-5163 and r=0-7348
when z (which is to be taken as the independent variable)=1-3745.
Show that the value of r is probably correct to four decimal places, but
that the third place in the value of w may be in error.

(3) By putting w=cos ¢ in the last example and y=sin ¢, =7 in
the example of Art. 88, obtain in each case the equations

dz _ . _sing d¢
Z=tan g 2z—-—r +cos ¢ =0
which give the form of a drop of water resting on a horizontal plane.

89. Methods* of Heun and Kutta. These methods are very
similar to those of Runge, so we shall state them very briefly. The

problem is: given that Z—Z:f(x, y) and y=b when z=a, to find

the increment & of 4 when the increment of z is 4.
Heun calculates successively
¥ =Hf a, b),
k' =hf (a+3h, b+1E),
K" =hf(a+3h, b+2k"),
and then takes } (%' +3%""’) as the approximate value of k.
Kutta calculates successively,
¥ =hf (a, b),
k' =hf(a+3h, b+3K),
K" =hf (a+3h, b+k" - 1K),
E'" =hf(a+h, b+E" -k +F'),
and then takes 3 (&' +3k" +3k'"' +k'") as the approximate value
of k. ,
The approximations can be verified by expansion in a Taylor’s
series, as in Runge’s case.

Example for solution.

. dy y-ow _ 0oa
Given that 3" yTz and y=1 when =0, find the value of y (to 8

significant figures) when 2=1-2 by tLe methods of Runge, Heun, and
Kutta, and compare them with the accurate value 1:1678417. [From
Kutta’s paper.]

* Zeitschrift fiir Mathematik und Physik, Vols. 45 and 46.
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90. Another method, with limits for the error. The present writer
has found * four formulae which give four numbers, between the
greatest and least of which the required increment of y must lie.
A new approximate formula can be derived from these. When
applied to Runge’s example, this new formula gives more accurate
results than any previous method.

The method is an extension of the following well-known results
concerning definite integrals.

91. Limits between which the value of a definite integral lies. Let
F(z) be a function which, together with its first and second
differential coefficients, is continuous (and therefore finite) between
z=0 and x=a+h. Let F"(z) be of constant sign in the interval.
In the figure this sign is taken as positive, making the curve concave
upwards. LP, MQ, NR are parallel to the axis of y, M is the
middle point of LN, and SQT is the tangent at Q. OL=a, LN =h.

Jy
P
ske R
T
(o] L M N x

Fi1a. 24.

Then the area PLNR lies between that of the trapezium SLNT
and the sum of the areds of the trapezia PLM(Q, QMNR.

That is, r+hF (x)dz lies between
’ hF(a+3h) =4, say,
and 1h{F (a) +2F (a +4h) + F(a +h)} =B, say.
In the figure F”(x) is positive and A is the lower limit, B the

upper. If F"(z) were negativ:a, A4 would be the upper limit and B
the lower.

* Phil. Mag., June 1919. Most of this paper is reproduced here,
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As an approximation to the value of the integral it is best to
take, not the arithmetic mean of 4 and B, but 2B +14, which is
exact when PQR is an arc of a parabola with its axis parallel to the
axis of z. It is also exact for the more general case when

F(x)=a +bx +cx?® +ex?,
as is proved in most treatises on the Calculus in their discussion of
Simpson’s Rule.

92. Extension of preceding results to functions defined by differential
equations. Consider the function defined by

g?_;':f(m’ ?/), ?/=b when T=a;

where f(, ) is subject to the following limitations in the range of
values @ to a +h for z and b-h to b+h for y. It will be seen from
what follows below that the increment of y is numerically less than A,
so that all values of y will fall in the above range. The limitations
are :

(1) f(=, y) is finite and continuous, as are also its first and second
partial differential coefficients.

(2) Tt never numerically exceeds unity. Tf this condition is not
satisfied, we can generally get a new equation in which it is satisfied
by taking y instead of z as the independent variable.

(3) Neither d?y/da® nor 9f/dy changes sign.

Let m and M be any two numbers, such that

-l=Em<f<MZ=1.

Then if the values of y when z is a + 1A and a +# are denoted by
b +j and b +k respectively,* .

W E=Imh<j<IMR=13h, ..ccceceeeevvvennennnn(l)
and —h=E mh<bk <Mh=h. ..cccoeevvvivinciennn(2)

We shall now apply the formulae of the last article, taking y to
be the same function as that defined by

y=b +j " Fo)ds,

a+h
so that k =I F(x)dx.
We have to express the formulae in terms of f instead of F.
Now, F (a)=the value of dy/dx when z =a,
so that F(a)=f(a, b).

* The following inequalities hold only if k is positive. If h is negative, they
must be modified, but the final result stated at the end of this article is still true,
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Similarly, F(a+}h)=f(a+3h, b+)),
and F(a+h)=f(a+h, b+k).
Now, if 9f/dy is positive, so that f increases with y, the inequalities
(1) and (2) lead to
fla+3h, b+imh)<f(a+3h, b+5)<f(a+3h, b+iMhb), .....(3)
and f(a+h, b+mh)<f(a+h, b+k)<f(a+h, b+Mh); ..........(4)
while if 9f/dy is negative,
fla+3h, b+imh)>f(a+1h, b+5)>f(a+1h, b+1iMhb), ...(5)
and f(a+h, b+mh)>f(a+h, b+k)>f(a+h, b+Mh). ..........(6)
Thus if F”(z) =d%y/da® is positive and 9f/dy is also positive, the
result of Art. 91,

A<k<B,
may be replaced by P<E<Q, . i (T)
where p=hf(a+3h, b+imh)

and  Q=}r{f(a, b)+2f(a+3h, b+3Mh)+f(a+h, b+Mh)};
while if F”(x) is positive, and 9f/dy is negative,
P<k<q, cooovvniinnniiiniinnnienneennn(8)
where P=hf(a+3%h, b+31MPh)
and  ¢=1k{f(a, b)+2f(a +3h, b+imh) +f(a +h, b+mh)}.
Similarly, if F”(z) and 9f/dy are both negative,

P>E>Q, i (9)
while if F”(z) is negative and 9f/dy positive,
Y 2 PPN 1) |

These results may be summed up by saying that in every case
(subject to the limitations on f stated at the beginning of this article)
k Uies between the greatest and least of the four numbers p, P, q, and Q.

As an approximate formula we use k= B + 314, replacing B by
Q or ¢, and 4 by p or P,

93. Application o # .numerical example. Consider the example
selected by Runge and Kutta to illustrate their methods,

-Z2=2—"13 y=1 when z=0.

It is required to find the increment % of y when x increases by
0-2. Here f(x, y)=(y —)/(y +). This function satisfies the con-
ditions laid down in the last afticle.*

We take M =1, m=(1 -0:2)/(1-2 +0-2) =4/1.

* As f (, y) is positive, y lies between 1 and 1-2. When tinding M and m we
slways take the smallest range for y that we can find.
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Then p=0-1654321,
P =0-1666667,
q=0-1674987,

@ =0-1690476.

Thus % lies between p and Q. Errors.
30 +1p=0-1678424, 0-0000007
Kutta’s value 0-1678449, 0-0000032
Runge’s value 0-1678487, 0-0000070
Heun’s value 0-1680250, 0-0001833

The second, third, and fourth of these were calculated by Kutta.
Now this particular example admits of integration in finite terms,
giving

log (22 +y2) -2 tan— (zfy) =0.
Hence we may find the accurate value of k.
Accurate value =0-1678417.

Thus in this example our result is the nearest to the accurate
value, the errors being as stated above.

We may also test the method by taking a larger interval A=1.
Of course a more accurate way of obtaining the result would be to
take several steps, say & =0-2, 0-3, and finally 0-5, as Runge does.

Still, it is interesting to see how far wrong the results come for
the larger interval.

We take M=1, m=(1-1)/(2+1)=0.

Then £Q +3p =0-50000.
True value =0-49828, Errors,
Kutta’s value =0-49914, 0-00086
Our value =0-50000, 0-00172
Heun’s value =0-51613, 0-01785
Runge’s value =0-52381, 0:02553

This time Kutta’s value is the nearest, qnd ours is second.



CHAPTER TX

SOLUTION IN SERIES. METHOD OF FROBENI1US

94. In Chapter VII. we obtained the solution of several equations
of the form
dz-” J+P2H dy Y +qy-o,

where P and @ were functlons of z.
In every case the solution was of the form
=af () +bF (z),
where a and b were arbitrary constants.

The functions f(x) and F(z) were generally made up of integral
or fractional powers of x, sines and cosines, exponentials, and
logarithms, such as

(1 +22)e®, sinz+zcosuz, drad o +log , e%.

The first and second of these functions can be expanded by
Maclaurin’s theorem in ascending integral powers of z ; the others
cannot, though the last can be expanded in terms of 1/z.

In the present chapter, following F. G. Frobenius,* of Berlin, we
shall assume as a trial solution

Yy =2°(ay + a2 + 2% + ... to inf.),
where the a’s are constants.}

The index ¢ will be determined by a quadratic equation called
the Indicial Equation.' The roots of this equation may be equal,
different and dlﬁenng by an integer, or different and differing by a
quantity not an integer. These cases will have to be discussed
separately.

The special merit of the form of trial solution used by Frobenius
is that it leads at once to another form of solution, involving log ,
when the differential equation has this second form of solution.

* Crelle, Vol. LXXVI., 1873, pp. 214-224.

1 In this chapter suffixes will not be used to denote differentiation.
109
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As such a function as ¢* cannot be expanded in ascending powers
of z, we must expect the method to fail for differential equations
having solutions of this nature. A method will be pointed out by
which can be determined at once which equations have solutions of
Frobenius’ forms (regular integrals) and for what range of values
of z these solutions will be convergent.

The object of the present chapter is to indicate how to deal
with examples. The formal proofs of the theorems suggested will
be given in the next chapter.

Among the examples will be found the important equations of
Bessel,* Legendre, and Riccati. A sketch is also given of the Hyper-
geometric or Gaussian equation and its twenty-four solutions.

95. Case I. Roots of Indicial Equation unequal and differing by a
quantity not an integer. Consider the equation

dy d
@z +x3)8;—14 —E%—ny=0. ceeeeereeeenreenene (1)

Put z=a°(ay + a2 +a0® + ...), where a, -0, giving

%=aocxc-l +ay(c+1)a° +ay(c+2)z+t + ...,

2
and % =agc(c—-1)a*~2 +a,(c+1)ca*! +ay(c+2)(c+1)z° +....

Substitute in (1), and equate the coefficients of the successive

powers of z to zero.
The lowest power of zis #*~1. Its coefficient equated to zero gives

ap{2¢c(c—1) —c} =0,

te. ¢(2¢-3)=0, .ccocvrriirrririniinnnnnnnn(2)
as a,=0.

* Friedrich Wilhelm Bessel, of Minden (1784-1846), was director of the obser-
vatory at Konigsberg. He is best known by ¢ Bessel's Functions.”

Adrian Marie Legendre, of Toulouse (1752-1833), is best known by his ¢ Zonal
Harmonics ™ or “Legendre’s Coefficients.” He also did a great deal of work on
Elliptic Integrals and the Theory of Numbers. '

Jacopo Francesco, Count Riccati, of Venice (1676-17564), wrote on “ Riccati's
Equation,” and also on the possibility of lowering the order of a given differential

uation.
i Karl Friedrich Gauss, of Brunswick (1777-1855), ‘‘ the Archimedes of the
nineteenth century,” published researches on an extraordinarily wide range of
subjects, including Theory of Numbers, Deferminants, Infinite Series, Theory of
Errors, Astronomy, Geodesy, and Electricity and Magnetism.

+ Tt is legitimate to differentiate a series of ascending powers of x term by term
i:r:lnssz manner, within the regidn of convergence, See ﬁ%mwich, Infinite Series,
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(2) is called the I'ndicial Equation.
The coefficient of #° equated to zero gives

@ {2(c+1)c—(c+1)}=0, e a;=0. ....cc00veeetn(3)
The coefficient of 2°+! has more terms in it, giving
@y {2(c+2)(c+1) - (c+2)} +ap{c(c-1) -6} =0,
2.e. ay(c+2)(2c+1)+ay(c+2)(c-3)=0,

t.e. ay2¢+1)+ag(c—3)=0. ccvvrrvniiiiinnenn(4)
Similarly, a3(2¢+3) +ay(c—2)=0, .cccvvveenrrerennneennn(D)
a4(2¢+b) +ayc—1)=0, cc.ooovviniiniiiniinnnn(6)
and so on.
From (3), (5), ete., 0 =ty =az=a5=".. =0g4,;.
From (4), (6), etc.,
a4 __c-3 aq_c¢c-1
ay 2c+1 a, 2+b
a4 ¢+l An __C+2n-5
a, 2c+9’ Gy 20+4n-3°

But from (2), ¢=0 or 3.
Thus, if ¢=0,
Y CRRP W JVE P }_
z—a11+3w +5x4—15a:“+-65w3... =au, say,
replacing @y by @ ; and if c=%,
3 1.3 1.3.5 1.3.5.9 o }

— Pt Q2 — i
Z"W{“s’” 8167 T8.16.24% "8.16.94.32

=bw say, replacing a, (which is arbitrary) by b this time.
Thus y =au +bv is a solution which contains two arbitrary con-
stants, and so may be considered the complete primitive.
In general, if the Indicial Equation has two unequal roots a and 3
differing by a quantity not an integer, we get two independent solutions
by substituting these values of ¢ in the series for z.

Examples for solution.
Py o8y % Y. 9,
(1) 4x dx3+2 dx+y =0. (2) 22(1 -2) dx3+(l -x) dz+3y—0.

2
(3) 9z(1 —x)(%%— 12 Z—%+4y=0.

(4) Bessel’s equation of order n, taking 2n as non-integral,

2
wag—ﬁ+wg—z+(x”—n’)y=0.
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96. Convergence of the series obtained in the last article. It is
proved in nearly every treatise on Higher Algebra or Analysis that
the infinite series u; +uy +ug+ ... is convergent if

Uniy

Lt

n—>w

<L

n
Now in the series we obtained u, =a,, o2°+2"-2, 1.e
YUni1_ Gan z2
Un Aan—g
c+2n-5 ,
= -
2c+4n-37"
and the limit when n—>o0 is —}2? independent of the value of c.
Hence both series obtained are convergent for | z | < 4/2.

It is interesting to notice that if the differential equation is
reduced to the form

d? d
227 +ap(2) 3L +q(@)y =0,

giving in our example p(z) =2_Tlmz’
— 622
and q(@)= 92

p(z) and ¢(x) are expansible in power series which are convergent*
for values of  whose modulus |z | < 4/2.

That is, the region of convergence is identical in this example
with the region for which p(z) and ¢(x) are expansible in convergent
power series. We shall show in Chap. X. that this theorem is true
in general.

Examples for solution.

Find the region of convergence for the solutions of the last set of
examples. Verify in each case that the region of convergence is identical
with the region for which p(z) and ¢(z) are expansible in convergent
power series.

97. Case II. Roots of Indicial Equation equal. Consider the
equation

d d
(w—xz)a;%+(l )

Put 2=0°(ay + Ay +Ug? + ...),
and after substituting in the differential equation, equate coefficients
of Buccessive powers of « to zero just as in Art. 95.
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We get ap{c (c-1) +¢} =0,
i.e. =0, SN §
a{(c+1)c+o+1} - ao{c(c 1)+5c+4} =0,
te. @ (c+1)2=ay(c+2)2=0, .oecvrrvrrinniiiennen(2)
ay(c+2)2-a,(c+3)2=0, ...covvvriniiniinnnnn(3)

a3(c+3)2-ay(c+4)2=0, .cocreriiiiiinninnn(4)
and so on.

Hence

=aor (14 (1) o+ (1) 2+ () = )

is a solution if ¢=0.

This gives only one series instead of two.

But if we substitute the series in the left-hand side of the dif-
ferential equation (without putting ¢=0), we get the single term
a,ctz*-l.  As this involves the square of ¢, its partial differential
coefficient with respect to ¢, t.e. 2a,ca*~!+a,c’az*logz, will also
vanish when ¢=0.

That is,

4 o & d :] = -1 21
%[(x—w)d?+(l—5x)%—4c z=2a,c0°' + a,cl*log 2.
As the differential operators are commutative, this may be

written

p
|:(a: - x?%) (%é +(1 - 5x) ;:E - 4:| gg =2a,ca°! + a % log .

Hence 3?: is & second solution of the differential equation, if ¢ is

put equal to zero after differentiation.
Differentiating,

g-z=zlogw+aoaf{2<ﬂ>.—f—l-- z+2(ﬁ§>- -2

—_ 2
c+1) e+ 1) c+1/ (c+1)2¥

+2 (2;3‘) ﬁ—)@xu...}.

Putting ¢=0 and a,=a and b respectively in the two series,
z=0a{1% +2% + 3% + 4% + b%* + ...} = ay, say,

and g—z=bulogw—2b{1 22 +2.322+3 . 4a® + ...} = v, say.

The complete primitive is au +bv.
P.D.E. -4
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In general, if the Indicial Equation has two equal roots c=a,
we get two independent solutions by substituting this value of ¢ in z and

g%. The second solution will always consist of the product of the

first solution (or & numerical multiple of it) and logx, added to
another series.

Reverting to our particular example, consideration of p(x)
and ¢(z), as in Art. 96, suggests that the series will be convergent
for || <1. It may be easily shown that this is correct.

Examples for solution.

%y dy
(1) (x—a:z)d?+(1 —w)(ﬁ—y=0.
(2) Bessel’s equation of order zero

g ‘Z+dy+xy =0.

(3) a: +(1+a:)d +2y=0.

(4) 4(zt-2?) —+8x33y -y=0.

98. Case III. Roots of Indicial Equation differing by an integer,
making a coefficient of z inﬁnite Consider Bessel’s equation of order
unity,

Y B3 oW 4 @1-1)y =0,
If we proceed as in Art. 95, we find

aofc(c-1)+c-1}=0,

te. A-1=0, .ccrivinnininnnn(1)
ay{(e+1)? -1} =0,
e 0;=0, .iiiiriniiieiiinnnnn(2)
0 {(c+2)2 =1} +35=0, .eorcverrriereerini(3)
and @ {(c+n)2 =1} 40, 3=0, orerereririrerreenennn(d)

giving
1 1
"'“"”c{l OIS )1 () R CFS ) P T ey

1
ROV Trrsrer LR
The roots of the indicial equation (1) are ¢c=1 or -1.
But if we put ¢= -1 in this series for 2, the coefficients becorne
infinite, owing to the factor (¢ +1) in the denominator.
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To obviate this difficulty replace * a, by (c+1)&, giving
1

1 2
’W{(°+1)‘(c+3)w tTaREn”
1
"(c+3)2(c+5)2(c+7)w6+'"}’ ...... (5)
and ng;;+wdz+(m3 1)z=ka*(c +1)(c® - 1) =ka*(c+1)*c-1).

Just as in Case II. the occurrence of the squared factor (c+1)2
shows that g—z,.as well as 2, satisfies the differential equation when

c¢=—1. Also putting ¢=1 in z gives a solution. So apparently we
have found three solutions to this differential equation of only the
second order.

On working them out, we get respectively

m—l{_lmZ_'__.l_wll 1 a,"+ } =ku, say,

9% Tor 4% ~91 456
1 1 /2 1
—1 il 4
ku log  + kx {1+22 ~55 7 <2 4)
1 2 21
*22.42.6<2 3t 6>“’°+ }=’“”s‘*y'

and kx{2—ix3+12173x4 YERC
It is obvious that w = —4u, so we have only found two linearly
independent solutions after all, and the complete primitive is au +bv.
The series are easily proved to be convergent for all values of z.
The identity (except for a constant multiple) of the series obtained
by substituting ¢= -1 and ¢=1 respectively in the expression for z
is not an accident. It could have been seen at once from relation (4),

an{(c+n)2 -1} +a,_,=0.

1 aﬁ+ }=kw,say.

If ¢ =1, this gives a g1 +0)P -1} +a, =0, i (6)
Ifc= -1, ,,{( l+n)2-1}+a,_4=0;
hence replacing n by n +2,
G {(1+0)2 -1} +a,=0. .ccoovrrnnnirniin i (7)
Thus [a"“ ] PN (-
-]=-1 [an—a c-l ( )

As [2],._, has 21 as a factoreoutside the bracket, while [2],, has
, relation (8) really means that the coefficients of corresponding

b ;Of course the condition a, % Q is thus violated ; we assume in its place that
%0,
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powers of % in the two series are in a constant ratio. The first series
apparently has an extra term, namely that involving z~1, but this
conveniently vanishes owing to the factor (¢ +1).

In general, if the Indicial Equation has two roots a and B (say
a > ) differing by an integer, and if some of the coefficients of z become
wnfinite when ¢ =, we modify the form of z by replacing ay by k(c - 8).
We then get two independent solutions by putting ¢ = in the modified

form of z and g% The result of putting c=a tn z merely gives a
numerical multiple of that obtained by putling ¢ =,

Examples for solution.
(1) Bessel’s equation of order 2,

gz+ ~—+(x3—4)y=0.
d

@) z(1- w)d2 325 -y =0.

®3) z(l- x)d” (1+3x)3” y=0.

dy
dw

99. Case IV. Roots of Indicial Equation differing by an integer,
making a coefficient of z indeterminate. Consider the equation

dy
(1- a:z) +2xdw+y =0,

4 (a;+w2+x3) +3x2 -2y=0.

Proceeding as usual, we get

e(c=1)=0, vovrvrreene(1)

ay(c+1)c=0, .ceererrrrnenn(2)

ay(c+2)(c+1) +ag{ —c(c-1)+2¢+1} =0, ............ .. (3)
as(c+3)(c+2)+a, {-(c+1)c+2(c+1)+1}=0, ccoouevnnnnn(4)

and so on.
(1) Gives ¢=0 or 1.
The coefficient of @, in (2) vanishes when ¢ =0, but as there is no
other term in the equation this makes a, indeborminate instead of

infinite.
If ¢=1, a,=0.
Thus, if ¢=0, from equations (3), (4), ete.
2a, +€y =0,
6ag +3a, =0,
12a, +3a,=0,

ete.,
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1

.. 1 1
giving [2)e=0 =ao{1 -5 x? +§w4 +% z“}

1 1 3
+ al{ ~3 50+ 0 2 +zas B 60
This contains two arbitrary constants, so it may be taken as the
complete primitive. The series may be proved convergent for
jz|<1.
But we have the other solution given by ¢=1. Working out
the coefficients,

1 3
[z]c=1=aoz{1 -Qa; +40z‘+560w“ }

that is, a constant multiple of the second series in the first solution.

This could have been foreseen from reasoning similar to that in
Case III.

In general, if the Indicial Equation has two roots a and 3 (say
a> ) differing by an integer, and if one of the coefficients of z becomes
indeterminate when c¢=[3, the complete primitive is given by putting
c=0 in 2z, which then contains two arbitrary constants. The result of
pulting ¢c=a in z merely gives a numertcal multiple of one of the series
contained in the first solution.

Examples for solution.

(1) Legendre’s equation of order unity,

(1- m")d 2xg~+2y 0.

(2) Legendre’s equation of order n,

(-2 )sz 2wd—+n(n+1)y 0.
2
(3) %‘7—:+m2y=0. (4) (2+w2)2x2+w(1—+(1+x)y 0.

1
100. Some cases where the method fails. As e® cannot be expanded
in ascending powers of z, we must expect the method to fail in
some way when the differential equation has such a solution. To
construct an example, take the equation gzg y=0, of which e
and e~ are solutions, and transform it by putting z =%.
dy _dao dy * 1dy . 0y
We have G A Al i

i & 5lit) - D) g g

and
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Hence the new equation is
d? d
ot L +220 7 -y =0.
If we try to apply, the usual method, we get for the indicial
equation, —a,=0, which has no roots,* as by hypothesis ay=0.
Such a differential equation is said to have no reqular integrals

in ascending powers of . Of course e® and e ® can be expanded in
1
powers of e

The examples given below illustrate other possibilities, such as
the indicial equation having one root, which may or may not give
a convergent series.

It will be noticed that, writing the equation in the form

d

2% 1ap@) Y +g()y =0,
in every case where the method has succeeded p(z) and ¢(z) have
been finite for =0, while in all cases of failure this condition is
violated.

For instance, in the above example,

p(@)=2,

4(2) =~ which is infinite if 2=0.

Examples for solution.

(1) Transform Bessel’s equation by the substitution z=1/z.
Hence show that it has no integrals that are regular in descending
powers of .

(2) Show that the following equation has only one integral that is
regular in ascending powers of z, and determine it :

dy dy
2 5 +a(l - 2:1;)(—1——23/ =0.

(3) By putting y=v22(1 +2x) determine the complete primitive of
the previous example.

(4) Show that the following equation has no integral that is regular
in ascending powers of , as the one series obtainable diverges for all
values of @ : d2y 1-3 dy

z d?—( - w2%+y=0.

(6) Obtain two integrals of the last example regular in descending
powers of .

Or we may say that it has two infinite roots.
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(6) Show that the following equation has no integrals that are
regular in either ascending or descending powers of  :

(1 - mz) +2z'3—-(1 2?3y =0.

[This is the equation whose primitive is ae®+#~! + be—*—2-1,
q p

MISCELLANEOUS EXAMPLES ON CHAPTER IX.
(1) Obtain three independent solutions of

2 %Y on 8% oy
M+27w 7n =5 +8 == Y=
(2) Obtain three independent solutions, of the form
0z 0%

and

2, —a_‘: 6—2:

9z =0,

d"y

of the equation o+ 3x +(1 x) -y=0.

(3) Show that the transformation y =;—v :% reduces Riccati’s equation

dy 2 _ oy
7 +byt=cx
. d%
to the linear form i beva™ =0,

(4) Show that if v is neither zero nor an integer, the Hypergeometric
Equation dy dy
2(1-2) Th+{y~(a+B+1)a} 3 - affy=0
has the solutions (convergent if |z|<<1)
F(a, B, y,z) and 2'-YFla—y+1, B-y+1,2-4,2),

where F(a, 3, v, ) denotes the Hypergeometric Series

aB oz(a+l),('3(,6’+1)m“‘_'_az(aﬁl)(o:+2)['3(,3+1)(3+2)m>8
l 1.2, 9(y+1) 1.2.3.y(y+1)(y+2)

(5) Show that the substitutions #=1-2 and z=1/z transform the
hypergeometric equation into

2(1 —z)%+{a+,3+l—y—(a+,3+1)z}i—‘g—a,3y=0

and z’(l—z)g%‘;/+z{(l—a—/3)-—(2—y)z}g—g+a,3y=0

respectively, of which the first is also of hypergeometric form.
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Hence, from the last example, deduce that the original equation. has
the additional four solutions :

F(a, 13: a+587|'1 -y 1-2),
(1 -ay-2-fF(y-B,y-a,1+y-a-B,1-2),
z-°F(a, a+1-, a+1-8, ),
and z~BF(B, B+1-vy, B+1-a, 22).
(6) Show that the substitution y=(1 —«)*Y transforms the hyper-
geometric equation into another hypergeometric equation if

n= ‘Y -a-— B-
Hence show that the original equation has the additional two
solutions : (1-2)r-2-BF(y-a, y-B. 7y, 2)
and =¥l —z)r~2FF(l-a,1-8,2-7, 2).

[Note—Ex. 5 showed how from the original two solutions of the
hypergeometric equation two others could be deduced by each of the
transformations ¢=1-2 and x=1f2. Similarly each of the three

P z—-1

transformations o = T= 3 =, gives two more, thus making

1
1-2’
twelve. By proceeding as in Ex. 6 the number can be doubled, giving
a total of twenty-four. These five transformations, together with the
1dentical transformation x =z, form a group ; that is, by performing two
such transformations in succession we shall always get a transformation
of the original set.]

(7) Show that, unless 2n is an odd integer (positive or negative),
Legendre’s equation

d? ’/ dy
2 4 =
(1- x) -2z ) +n(n+1)y=0

has the solutions, regular in descendz'ng powers of z,
e 1F(in+4, n+1, n+3, 272),
wnF( "'%n’ %_ é’”@ %—”9 w—-2).
[The solution for the case 2n= ~1 can be got by changing 2 into
z1in the result of Ex. 4 of the set following Art. 97.]

(8) Show that the form of the solution of Bessel’s equation of
order n depends upon whether n is zero, integral, or non-integral,
although the difference of the roots of the inditial equation is not n
but 2n.



CHAPTER X

EXISTENCE THEOREMS OF PICARD, CAUCHY,} AND
FROBENIUS

101. Nature of the problem. In the preceding chapters we have
studied a great many devices for obtaining solutions of differential
equations of certain special forms. At one time mathematicians
hoped that they would discover a method for expressing the solution
of any differential equation in terms of a finite number of known
functions or their integrals. When it was realised that this was
impossible, the question arose as to whether a differential equation
in general had a solution at all, and, if it had, of what kind.

There are two distinet methods of discussing this question.
One, due to Picard, has already been illustrated by examples
(Arts. 83 and 84). We obtained successive approximations,
which apparently tended to a limit. We shall now prove that
these approximations really do tend to a limit and that
this limit gives the solution. Thus we shall prove the exist-
ence of a solution of a differential equation of a fairly general
type. A theorem of this kind is called an Existence Theorem.
Picard’s method is not difficult, so we will proceed to it at once
before saying anything about the second method. It must be
borne in mind that the object of the present chapter is not to
obtain practically useful solutions of particular equations. Our
aim now is to prove that the assumptions made in obtaining
these solutions were correct, and to state exactly the conditions
that are sufficient to ensure correctness in equations similar to
those treated before, but generalised as far as possible.

* This chapter should be omitted om a first reading.

1 Augustin Louis Cauchy, of Paris (1789-1857), may be looked upon as the
creator of the Theory of Functions and of the modern Theory of Differential Equa-
tions. He devised the method of determining definite integrals by Contour
Integration.

121
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102. Picard’s method of successive approximation. If ZZ =f(z, y)

and y=>b when z=a, the successive approximations for the value
of y as a function of » are

b+ X f(‘”: b)d$=y1, say,

b+ Gf(w, Y1)z =y,, say,

b+ S(@, ys)dz =y,, say, and so on.

We have already (Arts. 83 and 84) explained the application of
this method to examples. We took the case where f(x, y) =z + 42,
b=a=0, and found

Y =3a%
Y2 =%$2 + .210_3;5 ’
Y3 =322 + 05 + 13508 + et

These functions appear to be tending to a limit, at any rate for
sufficiently small values of 2. It is the purpose of the present
article to prove that this is the case, not merely in this particular
example, but whenever f(z, y) obeys certain conditions to be
specified.

These conditions are that, after suitable choice of the positive
numbers & and %, we can assert that, for all values of z between
a-h and a+h, and for all values of y between b-% and b +%, we
can find positive numbers M and A4 so that

(i) | fl@ y)l< M,

i) |f@ 9)~f@ y)[<4|y-y'|, y snd ¢ being any two
values of y in the range considered.

In our example f(z, ) =z + 4?2, condition (i) is obviously satisfied,
taking for M any positive number greater than (% +k2).

Also |(@+9) - (z+y'™) =|y+¥/ [ ly-y/ | 22(]b] +B) |y -¥'],
so condition (ii) is also satisfied, taking 4 =2(] b| +k).

Returning to the general case, we consider the differences between
the successive approximations,

4 -b =-r J(x, b)dz, by definition,
a
but |f(z, b)) < M, b.y condition (i),
w0 |y,-b|<H'de, ie. <M|z-0|<Mh eoor (1)
a
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Also y,—y,=b+ j f(@ )z —b - "z, bydz, by defnition,

- [t ) -fa By ao;

but | f(x, y1) —f(x, b) | < A |y, —b]|, by condition (ii),
<AM|z-a|, from (1),

80 |y2—y1|<U:AM(w—a)dx , te <34AM(zx-a)2<3AMR. ...(2)

Similarly, | 9 = Ynl <—7% b Loy R )|

Now the infinite series
b+ Mh+3MAR + ... +1 Marihn.. =]§(e“h ~1)+b

is convergent for all values of k, 4, and M.
Therefore the infinite series

b+(3/1-b) +(y2_y1)+ +(?/n "?/n—l)"‘"- ’
each term of which is equal or less in absolute value than the corre-
sponding term of the preceding, is still more convergent.
That is to say that the sequence

Y1=b+(y-b),
Y2=b+ (¥ —~b) + (52— %),
and so on, tends to a definite limit, say Y (), which is what we
wanted to prove.
We must now prove that Y satisfies the differential equation.

At first sight this seems obvious, but it is not so really, for we
must not assume without proof that

Lt [ f@ yado=| flo, Tt g e
a a n—>co

n—>w

The student who wnderstands the idea of uniform convergence
will notice that the inequalities (1), (2), (3) that we have used to
prove the convargence of our series really prove its uniform con-
vergence also. If, then, f(z, y) is continuous, y,, ¥, etc., are
continuous also, and Y is a uniformly convergent series of con-
tinuous functions; that is, Y is itself continuous,* and Y -y,
tends uniformly to zero as n increases.

Hence, from condition (ii), f(#, Y)-f(%, ¥,_,) tends uniformly
to zero.

* See Bromwich's Infinfte Series, Art. 45.
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From this we deduce that

r {f(z, Y) - f(z, yn_)} tends to zero.
Thus the limit of the relation

ga=b+[ 10, yos)o

is ¥=b+| e Vaw;
therefore* %: f(x, Y), and Y =b when z=a.

This completes the proof.

103. Cauchy’s method. Theorems on infinite series required.
Cauchy’s method is to obtain an infinite series from the differential
equation, and then prove it convergent by comparing it with another
infinite series. The second infinite series is mot a solution of the
equation, but the relation between its coefficients is simpler than
that between those of the original series. Our first example of this
method will be for the simple case of the linear equation of the first
order dy
dz=P (@) .y.

Of course this equation can be solved at once by separation of
the variables, giving

logy=c+Ip(m)dz.

However, we give the discussion by infinite series because it is
almost exactly similar to the slightly more difficult discussion of

d d
B —p@). % +q(0).0,
and other equations of higher order.

We shall need the following theorems relating to power series.
The variable x is supposed to be complex. For brevity we shall
denote absolute values by capital letters, e.g. 4, for |a,|.

(4) A power series > a,z" is absolutely convergent at all
0
points within its circle of convergence |z | =R.
(B) The radius R of this circle is given by

1 — An+l
R4
provided that this limit exists.

* When differentiating the integral, the student should remember that the
integral varies solely in oonsequence of the variation of its upper limit.
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d (e 2 o
C - ") = 2", within | z | =R.
©) dx(;am> 3 naa |z

(D) If we have two power series, then for points within the
circle that is common to their circles of convergence,

(Z:; “"”") (2:: bn"’”) = z:: (@pbo + Ay 1By + oo +aghy)am

(B) If i a,,x”=i b,x™ for all values of x within the circle
0 0

|z| =R, then a,=b,.

(F) A, < MR-", where M exceeds the absolute value of the
sum of the series at points on a circle [z|=R on which the series
is convergent.

Proofs of these theorems will be found in Bromwich’s Infinite
Series :

4 in Art. 82

B is an obvious deduction from D’Alembert’s ratio test, Art. 12,

C in Art. 52,

D , b4,

E , B2

F , 82

Two theorems on uniform convergence will be required later on,
but we will defer these until they are needed.

104. * Convergence of the solution in series of g—i=yp(x). Let

p(z) be capable of expansion in a power series ip,,a:" which is
0

convergent everywhere within and on the circle |z |=R. We shall

prove that a solution y=i a2 can be obtained which is

[
convergent within this circle.
Substituting in the differential equation, we abtain

i a1 = i a,z" i Py (Theorem C)
0 v 0
= i} (@nPo + Bpy1 Py + BygPy + oo + agp,) 2" (Theorem D)
0
Equating the coefficients®of zn-1, (Theorem E)
Ny =0y 1Py +0p_oPy+Cp_gPg+ .o+ BgPp e cevrernnnnna(l)

* Revise Art. 7 before reading the following,
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Hence for the absolute values of the a’s and p’s, denoted by the
corresponding capital letters, we get

A, < ApPo+ A, P+ A, Pyt ...+ APy ooonnnnn(2)
Let M be a positive number exceeding the absolute value of
P (z) on the circle |z | =R,
then P, <MR; ........ (3)  (Theorem F)
therefore, from (1) and (3),
A4, <= (A,,_1 +d4, R *+A, sR2+...+A,R"). ... 4)

Define B,, (n> 0) as the right-hand side of (4), and define
B, as any positive number greater than 4,; then 4, < B,.

But (4 4 dy Rt Ay R+ 4R
n-1M
R n

Hence, defining B, as above,

M,y (-1)B.,
B”——’I{A”_l n R ’

_—A,,_1 I(A,,_=+A,,_3R 1.+ AgR-"42),

whence, dividing by B,_, and using & for g" ! sothat 0g k<1,
n—1

B, Mk 1_ 1
B,, n "R nR’
n 1
n—»aoB I—R.

whence

Therefore the series Z B,a" is convergent within the circle
|z|=R. (Theorem B.)

Still more therefore is the series E a,x" convergent within the
0

same circle, since A4, < B,.

The coefficients a,, a,, ... can all be found from (1) in terms of
the p’s, which are supposed known, and the arbitrary constant a,.

105. Remarks on this proof. The student will probably have
found the last article very difficult to follow. It is important not
to get confused by the details of the work. The main point is this.

We should like to prove that Lt };4———1- . Unfortunately the
n-1

© N>

relation defining the 4’s is rather complicated. We first simplify
it by getting rid of the n quantities Py, Py, ... P,_;. Still the
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relation is too complicated, as it involves n 4’s. We need a simple
relation involving only two. By taking a suitable definition
of B, we get such a relation between B, and B,_;, leading to
B, 1
B R

We repeat that the object of giving such a complicated dis-
cussion of a very simple equation is to provide a model which the
student can imitate in other cases.

Examples for solution.

(1) Prove that, if p(z) and ¢(z) can be expanded in power series
convergent at all points within and on the circle X =R, then a power
geries convergent within the same circle can be found in terms of the
first two coefficients (the arbitrary constants) to satisfy

d? d

‘—l—a—g=p(w) .d—g+q(x)y.

[Here n(n—-1)a,=(n—-1)a,_1po+(n—2)a, _op;+... +@1Pp.a
ton_ofot A 3qyt.e. tAGy_o

Hence, if M is any number exceeding the absolute values of both
p(x) and q(z) at all points on the circle X =R,

4,< %{(An—l +A4, R1+...+A4,R"+?)
+(Apg+ A, sR1+... +4,R"2)}
< % (1+R)(Ap_y+ 4, 3R +... + AR,

Define the right-hand side of this inequality as B, and then proceed
as before. ]

(2) Prove similar results for the equation
d®y
g —p(w) +q(w) g +r(w) 2

106. Frobenius’> method. Preliminary discussion. When the
student has mastereq the last article, he will be ready for
the more difficult problem of investigating the convergence of
the series given by the method of Frobenius. In the preceding
chapter (which should be thoroughly known before proceeding
further), we saw that in some cases we obtained two series
involving only powers of @, while in others logarithms were
present.

The procedure in the ﬁrst cage is very similar to that of the last
article. But in the second case a new dlﬁiculty arises. The series
with logarithms were obtained by differentiating series with
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respect to a parameter ¢. Now differentiation is a process of taking
a limit and the summation of an infinite series is another process
of taking a limit. It is by no means obvious that the result will
be the same whichever of these two processes is performed first,
even if the series of differential coefficients be convergent.

However, we shall prove that in our case the differentiation is
legitimate, but this proof that our series satisfy conditions sufficient
to justify term-by-term differentiation is rather long and bewildering.

To appreciate the following work the student should at first
ignore all the details of the algebra, concentrating his attention on
the general trend of the argument. When this has been grasped,
he can go back and verify the less important steps taken for granted
on a first reading.

107. Obtaining the coefficients in Frobenius’ series when the roots
of the indicial equation do not differ by an integer or zero. Consider
the expression

d4

2

dy &
ot =2 (). —-—q(w) y= ¢(w, Y d‘Z de) say,

where p(z) and ¢ (x) are both expansible in power series Ep,,w”

» 0
and 37 gne" which are convergent within and on the circle |2 | =R.
0

We are trying to obtain a solution of the differential equation

dy d?y
oo Y dxz) e
If y is replaced by xczanm" (with @,50), ¢(w Y, ZZ, g%{)

becomes
Zanx“*”{(c +n)(c+n-1)-(c+n)p(z)- ¢ ()}

=7 ga2°*", say,
0

where  go=ao {¢ (¢~ 1) - Poc — g0}
and gn=0y {(c+n) (c+n—1)-po(c+n) - g}
=Gy {Pr(c+n-1)+q1} ~ a5 {Pa(c+n-2) +g5}
oo =0 (PnC +¢a)-
For brevity, denote ‘
¢(c—1)-pec—qo by f(c),
go that (c+n) (c+n—-1)-p, (¢ +n)—go=f (c+n).
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Then g, =0 if
@ufle+n)=a, 1 ip(c+n~1)+q1} +an g {palc+n-2) +¢}
+ oo + G (PrC +n) veneen(2)
If we can choose the a’s so that all the ¢’s vanish, and if the

geries i a,x" 80 obtained is convergent, a solution of (1) will have
0

been obtained.
Now as ay=0, g, =0 gives
c(c—1) =P —o=0. cevrerrrrreeriririeraensn(3)
This is a quadratic equation in ¢, and is called the Indicial
Equation.
Let its roots be a and 3.
If either of these values is substituted for ¢ in the equations
9:1=0, 9.=0, g3=0, ..., values for a,, a3, a,, ... are found in the form
an=ah, ©)/[f(c+n)flc+n—-1) ... f(c+1)], coererrreenn(d)
where %,(c) is a polynomial in ¢. The student should work out the
values of @, and a, in full if he finds any difficulty at this point.
The process by which a,, is obtained from (2) involves division
by f(c+mn). This is legitimate only when f (¢ +n)0.

Now as fle)=(c~a)(c-B),
fle+n)=(c+n-a)(c+n-0B),
80 Sla+n)=n(a+n-08), .ceevririiiiiiniiiniinnnn(5)
and JB+0)=n(B+0=a) .vrrrereririirierenannnna(6)

Thus, if a and 8 do not differ by an integer, the divisors
cannot vanish, so the above process for obtaining the a’s is satis-
factory. If a=g, only one series is obtained.

108. Convergence of the series so obtained. Let M be a positive
number exceeding the absolute values of p(x) and ¢(z) at all points
on the circle |z| =R.

Then P,< MR-
and > Q< MR-,
8o that Ip.(c’+n—s)+q,,|<M(0 +n-s+1)R-,

From these inequalities and from (2),

A< M{4,(C+n)RB2+...+4y(C+1)R"}/F(c+m), ...(7)
say A,<B,, denoting the right-hand side of (7) by B,. This
defines B, if n>0. Define By as any positive number greater
than 4, This definition of B, gives

B, F(c+n+1)-B.F(c+n)RB2=4,M(C+n+1)R-*

=kB,M(C+n+1)R-', where 0gk<1,
P.D.E. 1
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B,., Flc+n)+kM(C+n+1)

so that —p==——ppin+n)

[(c +n)(c+n—=1)—pyc+n) - qo|+kM(C+n+1)
Rl(c+n+1)(c+n) - pyc+n+1)—gq

Now for large values of # the expression on the right approaches

e =

the value nt 1
B R’
1
- n+1
Thus B0 T 3

L L2l
Therefore the series > B,z" and still more the series > aan
[ 0

converges within the circle |z| =
Thus, when « and B do not differ by an integer, we get two
convergent infinite series satisfying the differential equation.

109. Modification required when the roots of the indicial equation
differ by zero or an integer. When a and 3 are equal, we get one
series by this method.

When o and B differ by an integer, this method holds good
for the larger one, but not for the smaller, for if a — 3 = (a positive
integer), then from (5) and (6)

fl@+n)=n(a+n-B)=n(n+r),
but f(B+n)=n(B+n-a)=n(n-r),
which vanishes when n =7, giving a zero factor in the denominator
of a, when ¢=8. As exemplified in Arts. 98 and 99 of the preceding
chapter, this may give either an infinite or indeterminate value for
some of the a’s. This difficulty is removed by modifying the form
assumed for y, replacing a, by k(c-@B). This will make a,, a, ...,
ay_, all zero and a,, @,,,, ... all finite when ¢ is put equal to 3. This
change in the form assumed for y will not alter the relation between
the a’s, and so will not affect the above investigation of convergence.

110. Difterentiation of an infinite series with respect to a parameter
¢, the roots of the indicial equation differing by an integer, In Art. 107

we obtained an infinite series m"ia,.w", where the a’s are functions
0
of ¢. As in the preceding chapfier, we have to consider the

differentiation of this series with respect to ¢, ¢ being put equal to
the smaller root 3 after the differentiation.
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Now while this differentiation is being performed we may con:
sider z as a constant. The series can then be considered as a series

of functions of the variable ¢, sayi Yra(c), where
0

Val0) =a*t"a,
=at*+agh, (/[ f (¢ +n) f(c +n —1) ... f(c +1)], from (4),
where a,=k(c~ ) and the factor (¢ -) is to be divided out if it
occurs in the denominator.

Now Goursat (Cours d’Analyse, Vol. II. 2nd ed. p. 98) proves
that if (i) all the y’s are functions which are analytic and holo-
morphic within a certain region bounded by a closed contour and
continuous on this contour, and if (ii) the series of y’s is uniformly
convergent on this contour, then the differentiation term by term
gives a convergent series whose sum is the differential coefficient
of the sum of the original series.

For the definitions of holomorphic and analytic, see the beginning
of Vol. II. of Goursat. It will be seen that the y’s satisfy these
definitions and are continuous as long as we keep away from values
of ¢ that make them infinite. These values are a -1, 8-1, a -2,
8 -2, etc. 'To avoid these take the region inside a circle of centre
¢={3 and of any radius less than unity.

We shall now prove that the series is uniformly convergent
everywhere inside this region. This will prove it is uniformly
convergent on the contour of a similar but slightly smaller region
inside the first.

et s be a positive integer exceeding the largest value of C within
the larger region.

Then for all values of ¢ within this region, for values of n exceed-
ing s,

F(c+n)=|(c+n)(c+n-1)—py(c+n)—gol|, by definition of F,
Z(C+np—(Py+1)(C+n)-Qy a8 |u-v|=|u|-|v|,
>m-82-(M+1)(s+n)-M, asPy<M and Q,<M,
> n?®+Ia+J, say, where I and J are independent of

E 0 PN ()|
“For sufficiently great values of n, say n>m, the last expression
is always positive.

Let H denote the maximunt value of

M[ Ay o(C+m)R-1+ 4, o(C+m-1)B-2+... +4(C +1)B-™] (9)
for all the values of ¢ in the region.
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Then if E,, be any positive number greater than B, and, if,

for values of » > m, E,, be defined by
B _M{E, j(s+n)R'+... E, (s +m +1)R-"tm} + HR-n+m
=
ni+In+J

ME,(s+m+1)R* + HR

(m+12+I(m+1)+d °
which has a numerator greater than and a denominator less than
those of B, ,,, from (8), (9), and the definition of B, as the right-
hand side of (7), we see that

Em+l > Bm+1'
Similarly E, > B,, for all values of n>m.

From (10) we prove Lt E"“=1. This piece of work is so
n—>rwn En R

»(10)

so that E,, .=

similar to the corresponding work at the end of Art. 108 that we
leave it as an exercise for the student.

Hence i E.R" is convergeut if R, < R.
m

Therefore within the circle |z|=R, and within the region

specified for c,
|2t | < A RP+* < B Ryt "< E Rp+".

This shows that Za,2°+" satisfies Weierstrass’s M-test for uniform
convergence (Bromwich, Art. 44), as R,, s, and the E’s are all inde-
pendent of ¢.

This completes the proof that 31, =3a,2°+" satisfies all the
conditions specified, so the differentiation with respect to ¢ is now
justified. This holds within the circle |z| =R,. We can take R,
great enough to include any point within the circle |z| =R.

If the roots of the indicial equation are equal instead of differing
by an integer, the only difference in the above work is that a, is
not to be replaced by %(c-g), as no (¢c-3) can now occur in the
denominator of a,,.



CHAPTER XI

ORDINARY DIFFERENTIAL EQUATIONS WITH THREE
VARIABLES, AND THE CORRESPONDING CURVES AND
SURFACES

111. We shall now consider some simple differential equations
expressing properties of curves in space and of surfaces on which
these curves lie, or which they cut orthogonally (as in Electro-
statics the Equipotential Surfaces cut the Lines of Force ortho-
gonally). The ordinary * differential equations of this chapter are
closely connected with the partial differential equations of the
next.

Before proceeding further the student should revise his solid
geometry. We need in particular the fact that the direction-cosines
of the tangent to a curve are

(&, 4, &)
ds’ ds’ ds/’
t.e. are in the ratio dz : dy : dz.

Simultaneous linear equations with constant coefficients have

already been discussed in Chapter III.

112. The simultanequs equations ‘—1——x=—=~. These equations

express that the tangent to a certain curve at any point (2, y, 2)
has direction-cosines proportional to (P, @, R). If P, @, and R are
constants, we thus get a straight line, or rather a doubly infinite
system of straight lines, as »ne such line goes through any point of
space. If, however, P, Q, and R are functions of z, y, and z, we get
a similar system of curves, any one of which may be considered as
generated by a moving point which continuously altérs its direction

f.e. not involving partial differential coffigients.
133
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of motion. The Lines of Force of Electrostatics form such a
system.*

. de dy dz
EX.(l). T—T-——l-. esesenen tecssecessanan ...........(1)
Obvious integrals are Z=2=0, .eererrererereerirsenencersenesnsess(2)

Y=2=Db, crrriirirnrirniniionsneenieniennad(3)

the equations of two planes, intersecting in the line

which by suitable choice of the arbitrary constants a and b can be made
to go through any given point, e.g. through (f, g, ) if a=f-#% and
b=g-h.

Instead of picking out the single line of the system that goes through
one given point, we may take the infinity of such lines that intersect
a given curve, e.g. the circle 22+ y2=4, z=0.

The equations of this circle, taken together with (2) and (3), give

z=a,
y=b,
and hence a?+b2=4, ...cuuuen.. veenvesensnnsi(B)

This is the relation that holds between a and b if the hne i8 to inter-

sect the circle. Eliminating a and b from (2), (3), and (5), we get

(z-2)%+(y-2)2=4,
the elliptic cylinder formed by those lines of the system which meet

the circle.
Similarly the lines of the system which meet the curve

¢(w) ?/) =0, 2=0

form the surface ¢(x -2, y—2)=0,
" dr dy dz
Ex. (ii). >=0""% DO PRRON ( ) |
Obvious integrals are 242220, ceeeneiereiiirnceniereneneerneeenaas )
y=>b, g )

a right circular cylinder and a plane that cuts it in a circle.

The differential equations therefore represent a gystem of circles,
whose centres all lie on the axis of y and whose planes are all perpen-
dicular o this axis.

One such circle goes through any point of space. That through
(fig 1) is 23422=f21 13, y=g.

A surface is formed by the circles®of the sys'oem that intersect a
given curve.

|4 14 oV
* The equations of the’lines of force are dz =d /a =dz/ , where
V i3 the poet%ntnl fm\lthlon =Y o 3
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If the given curve is the hyperbola

2! R
427 B2
(7) and (8) give, for a circle intersecting this hyperbola,
#?=a, y=b,
a b

=1, 2=0,

and hence Z‘a - Eé= 1, eeeeierenciierecieerecacsseonnss (9)
Eliminating @ and b from (7), (8), and (9), we get the hyperboloid
of one sheet, 2422y
az phb

formed by those circles of the system that intersect the hyperbola.
Similarly, starting from the curve ¢(x2 y)=0, 2=0, we get the
surface of revolution ¢(x2+22, y)=0.

113. Solution of such equations by multipliers, If
de dy dz

PTQ R
each of these fractions is equal to

ldz+mdy +ndz

IP+mQ+nR °
This method may be used with advantage in some examples to
obtain a zero denominator and a numerator that is an exact

differential, or a non-zero denominator of which the numerator is the
differential.

. de.  dy _ dz
fix. () Hory) da-y) FrP
Lo zde-ydy-zdz _zdr-ydy-zdz,
Each fraction S Ety) -y -y - AR 0 ;
therefore 2dr —ydy -2 dz=0,
te. at-y?-z2?=a,
Similarly yde+zdy —2dz=0,
t.e. 2wy -—2z2=b.
" de _dy dz
Ex. (ii) T+y its =
Here dz _ dx+dy _dz—dy

z 25x+y Y-
giving  logz=log (2 +2+y)+loga= —log (z-y) +logb,
te. z=a(2+x+y)=b/(z-y).
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Examples for solution,

Obtain the system of curves, defined by two equations with an
arbitrary constant in each, satisfying the following simultaneous dif-
ferential equations. Interpret geometrically whenever possible. ‘
dy dz

iz dy de o dy
() Ty 2z @ ny nz-lz ly-mz’
3 de dy  de 4 dz_dy_dz
yi+ei-a? —2zy -2az yz 2z xy
dz dy dz zdz dy dz
P ®) oy~ yrey—v
yz-y® y+z y-z

6 ==L
y+z z+x T+Yy
(7) Find the radius of the circle of Ex. 2 that goes through the

point (0, —n, m).
(8) Find the surface generated by the curves of Ex. 4 that intersect

the circle y2+22=1, z=0.
(9) Find the surface generated by the lines of Ex. 1 that intersect

the helix 22 +y2=r%, z=ktan—1:
(10) Find the curve which passes through the point (1, 2, ~1) and
is such that at any point the direction-cosines of its tangent are in the

ratio of the squares of the co-ordinates of that point.
Consider the

114. A second integral found by the help of the first
da: d dz
A crererenanen(1)

—2 %—25111(1/_-*-__2_@ sesssn e
Y+2T=0. cevrrrveiiiiiiniiiiienieennnn(2)

equations

An obvious integral is
Using this relation, we get
de_ _dz
1 3a%sind’
giving z-a3gina=>b.
Substituting for @, 2-2®sin (y +2x) =b. cerreerennnene(3)
Is (3) really an integral of (1) ¢
Differentiating (3),

{dz - 3a®dx sin (y +2x)} — 2® cos (y +2z) . {dy +2 dz} =0

which is true in virtue of (1). 8o (3) s an integral.

Examples for solution.
dx dy dz . de
Ok B 52 +tan (y-—\3x)' ‘ (2) —z z8+(y+¢)l
@ 22 __ b & (4) d.‘_”..d_ol g _
we(+ay) -ya(ttmy) o zy y® 2zy- 2t
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115. General and special integrals of simultaneous equations. If
u=a and v=b are two independent integrals of the simultaneous

equations de dy dz

P QR
then ¢ (u, v) =0 represents a surface passing through the curves of
the system, and should therefore give another solution, whatever
the form of the function ¢.

An analytical proof of this is reserved for the next chapter, as
its importance belongs chiefly to partial differential equations.

¢ (u, v) =0 is called the General Integral. Some simultaneous
equations possess integrals called Spectal, which are not included in
the General Integral.

Examples for solution.

(1) In the Ex. of Art. 113 uw=22-y2—2% and v=2zy— 2% so the
General Integral is ¢p(x%2-y2—22 2xy-22)=0. The student should
verify this in the simple cases where

v+1

¢(u, V)=u-v or ¢(u, v)=u———_2.
(2) Verify that for the equation
dz dy dz
Trve—o-9 12"
the General Integral may be taken as
${2y-2 y+2/(z-z-y)}=0,
while z=x +y is a Special Integral.
116. Geometrical interpretation of the equation
Pdx+Qdy +R dz=0.

This differential equation expresses that the tangent to a curve
is perpendicular to a certain line, the direction-cosines of this tangent
and line being proportional to (dz. dy, dz) and (P, @, R) respectively.

But we saw that the simultaneous equations

> de_dy dz
PQ°R
expressed that the tangent to a curve was parallel to theTine (P, Q, R).
We thus get two sets of curves. If two curves, one of each set,
intersect, they must intersect at right angles.
Now two cases arise. It may happen that the equation
Pdx+Qdy +Rdz=0
is integrable. This means that a family of surfaces can be found,
all curves on which are perpendicular to the curves represented by
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the simultaneous equations at all points where these curves cut the
surface. In fact, this is the case where an infinite number of surfaces
can be drawn to cut orthogonally a doubly infinite set of curves,
as equipotential surfaces cut lines of force in electrostatics. On the
other hand, the curves represented by the simultaneous equations
may not admit of such a family of orthogonal surfaces. In this
case the single equation is non-integrable.

Ex. (i). The equation dz+dy+dz=0
integrates to z+y+z=c,
a family of parallel planes.
We saw in Ex. (i) of Art. 112 that the simultaneous equations

de dy dz
17171
represented the family of parallel lines
s-a_y=b 2
1 1 U
The planes are the orthogonal trajectories of the lines.
Ex. (ii). zdz -z dz=0,
t.e d;x - d;z =0
integrates to z2=cz,

a family of planes passing through the axis of y.
We saw in Ex. (ii) of Art. 112 that the corresponding simultaneous
equations dz dy dz

represented a system of circles whose axes all lie along the axis of y,
so the planes are the orthogonal trajectories of the circles.
Examples for solution.

Integrate the following equations, and whenever possible interpret
the results geometrically and verify that the surfaces are the orthogonal
trajectories of the curves represented by the cdrresponding simultaneous
equations :

(1) zde+ydy+2dz=0.
(2) (y2+2%-a%)de - 2xy dy - 2x2d2=0. [Divide by %.]
(8) yzdr+2xdy+aydz=0. (4) (y+2)de+(z+2)dy+(z+y)dz=0.
(5)\z(ydz—zdy)=y’dz. (6) z;dz+zdy+(y+2z)dz=0.
117, ﬁgthod of integration when the solution is not obvious. When
an integrable equation of the form
Pdz+Qdy+Rdz=0
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cannot be solved by inspection, we seek for a solution by considering
first the simpler case where z is constant and so dz =

For example, yzdz + 22z dy - 3zy dz =0 becomes, if z is constant,

y dz +2z dy =0,

giving zy?=a.

As this was obtained by supposing the variable z to be constant,
it is probable that the solution of the original equation can be
obtained by replacing the constant a by some function of z, giving

zy* =£(2)
leading to y2dx +2xy dy f
This is identical with the original equatlon if
_df
y? 2wy dz

yz 2z —-3xy’
df _3axy* 3f(z)

z.e.
dz~ 2z 2z

giving the final solution zy?=cz%.
For a proof that this method holds good for all integrable
equations, see Art. 119.

Examples for solution.

(1) yzlog z dz — 22 log 2z dy +zy dz=0.

(2) 2yzdz+22 dy —axy (1 +2)dz=0

(3) (22%+2xy+2x22+1)dx+dy +22dz=0. [N.B.—Assume z con-
stant at first. ]

(4) (¥ +y2)da+ (22 +2%) dy + (y? - xy) dz=0.

(6) (2% —y®—y%)de+ (zy?— 2% — 2®) dy + (zy® + 22y) dz2 =0

(6) Show that the istegral of the following equation represents a
family of planes with a common line of intersection, and that these

planes are the orthogonal trajectories of the circles of Ex. 2 of the set
following Art. 113 : :

(mz - ny) da + (nx - Iz) dy + (ly - ma)dz =0
118. Condition necessary for an equation to be integrable. If

Pdz+@dy+Rdz=0 YRR ¢ §
has an integral ¢ (z, y, 2) =¢, which on d:ﬁerentmtlon gwes
9% 42499 dy +22 4z =
am‘l“agd”*azd” 0,
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then %—g-a)\P; %=XQ; ?2=7\R.
Hence az(AR)“a%gg’;, —565%/ aaz( Q),
ie. (‘;f aa?) Q2. Raro e eenenn(2)
Similarly (LR ATy 1o Paa’z‘=o,...................(3)
x(%—gg) p2 Qa o4

Multiply equations (2), (3), and (4) by P, @, and R respectively,
and add. We get

0Q oR oR oP oP 9Q
P(5 “a;,) +Q(% %) +R(@ ~5) =0
If the equation (1) is integrable, this condition must be satisfied.

The student familiar with vector analysis will see that if P, @, R
are the components of a vector A, the condition may be written

A . curl A=0.
Ex. In the worked example of the last article,
yz dz + 22 dy — 3zy dz=0,

P=yz, Q=2zz, R=-3xy.

The condition gives
42 (22 + 3z) + 222 ( — 3y — y) — 3xy(z — 22) =0,
t.e. Bxyz—8zyz + 3xyz=0,
which is true.

Examples for solution.

(1) Show that the equations in the last two sets of examples
satisfy this condition.

(2) Show that there is no set of surfaces orthogonal to the curves
given by de dy dz

*119. The condition of integrability is sufficient as well as necessary.’
We shall prove that the condition is sufficient by showing that
when it is satisfied the method of Art. 117 will always be successful
in giving a solution.

We require as a lemma the fact that if P, Q, R satisfy the con-
dition, so also do P, =AP, @, =)\Q, k, =AR, where X is any function
ofz,y,and z. We le{we this as an exercise to the student.

* ''o be omitted on a first reading.
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In Art. 117 we supposed a solution of
Pdz+Qdy=0
obtained by considering z as constant.
Let this solution be  F(z, y, 2) =a,
oF , oF

?md' a—yd 0

oF oF
80 %/P=@/Q=)\, say.

Put XP=P1, AQ=Q1’ )\R=R1o
The next step was to replace a by f(z), giving

F(z, 4, 2) =f(2); ceovvereerniiiinnnecinniennn(l)
oF oF oF d
and thence a—xdw+a~y dy+{a—z—¢~l£}dz 0,

which gives

0n oo errieeene()

II

ie. Pda+Quy+ {af af } d

dz
This is identical with
Pdx+Qdy+Rdz=0
oF df

if 32 ~da M= B

df oF

i.e. if L = ~Bi cccn(3)

In the example of Art. 117 we got
df Sy _3f(z)

dz 2 z
the z and y being got rid of by virtue of the equation xy?=f(2).
‘What we have to prove is that the  and y can always be got rid
of from the right-hand side of equation (3) in virtue of equation (1).

In other words, we must show that %g—R1 involves z and y
only as a function of F
Now this will be the case if *
gf 33/{ 5% R,} 353% {g—f —R,} =0 identically. ...... 4)
Now, by the lemma, the relation between P, @, R leads to the
similar relation

* Edwards' Differential Calowius, Art. 510.
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also, since equation (2) is integrable,

0@, oF d oF df\ 0P,
Py {?z ay<az f>} % {82:( _c_lE) __a?}
<3F daf ) {aPl 3Q1} 0.
oz dz)\ 0y o0z
By subtraction of these last two equations we get

A R o
_{?_1'_1 df } oP an}__
1

0z dz
orF

But  Pi=os QF%?}?’ and ax@;) ay<dz> =0,

as f is a function of z alone.
Hence (5) reduces to (4).

That is, aa—I: - R, can be expressed as a function of F and z, say
(¥, z). Hence from (1) and (3),
df _
Tow(f,2).
If the solution of this is f=y (), then F(z, y, 2)=x(2) is a

solution of Pde+Qdy+Rdz=0

which is thus proved to be integrable whenever P, @, R satisfy the
condition of Art. 118.

- 120. The non-integrable single equation. When the condition of
integrability is not satisfied, the equation
Pdz+Qdy+Rdz=0 ......cccovveevevvenennn (1)
represents a family of curves orthogonal to the family represented
by the simultaneous equations
de dy dz
PTQTR
but in this case there is no family of surfaces orthogonal to the
second family of curves.
However, we can find an infinite number of curves that lie on
any given surface and satisfy (1), whether that equation is integrable
or not.

Ex. Find the curves represented by the solution of
: Yydz+(z~y) dy+2dz=0, .covveerrerririrnsinnnnens 1)
which lie in the plane 20—y —2=1. ciiinriirnnii (2)

(It is easily verified that the condition of integrability is not satisfied.)
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The method of procedure is to eliminate one of the variables and
its differential, say z and dz, from these two equations and the differ-
ential of the second of them.,

Differentiating (2), ~ 2dw—dy—dz=0.
Multiplying by # and adding to (1),
(y+22)dz+ (2 -z —y)dy =0,
or using (2), (y +2x) dz + (2 - 2y — 1) dy =0,
which gives BY+E2—Y2—Y=0C2 .rrrrrrrrrirrniiniiirnenns (3)

Thus the curves of the family that lie in the plane (2) are the sections
by that plane of the infinite set of rectangular hyperbolic cylinders (3).

The result of this example could have been expressed by saying
that the projections on the plane of zy of curves which lie in the plane
(2) and satisfy equation (1) are a family of concentric, similar and
similarly situated rectangular hyperbolas.

Examples for solution.

(1) Show that there is no single integral of dz=2y dz +x dy.
Prove that curves of this equation that lie in the plane z=x+y lie
also on surfaces of the family (x ~1)2(2y—1)=c.

(2) Show that the curves of

2 2
a;d:c+ydy+c\/(l —5—2—%5) dz=

that lie on the ellipsoid
o y? zz
Sty t =]
lie also on the family of concentric spheres
z2+y2+22=k2

(3) Find the orthogonal projection on the plane of zz of curves

which lie on the paraboloid 3z=x2%+y2 and satisfy the equation
2dz=(z +72) dz +y dy.

(4) Find the equation of the cylinder, with generators parallel to
the axis of y, passing through the point (2, 1, —1), and also through a
curve that lies on the sphere 22 +y2+22=4 and satisfies the equation

(zy + 2x2) dz + y2dy + (2 + y2) dz=0.

MISCELLANEOUS EXAMPLES ON CHAPTER XI.

de dy dz @ de __dy _ de
wz yz xy Pz-24 2p -2y 92 (P -¢f)

(4) (z+z’)oosa:—~-(z+z°)dt+(l 23 (y - amz)—-O
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dy g4z

(5) (2x+y’+2u)dt+2xy +z’—=l

(6) 'Find f (y) if f (y) dx -2z dy — 2y log y dz = O is integrable.
Find the corresponding integral.
(7) Show that the following equation is not integrab]e :
Sydx+(2—3y) dy +x dz=0
Prove that the projection on the plane of zy of the curves that
satisfy the equation and lie in the plane 2z +y — 2 =a are the rectangular
hyperbolas @ +3xy ~y2 —ay =b.
(8) Find the differential equations of the family of twisted cubic
curves y=ax?; y2=>bzr. Show that all these curves cut orthogonally

the family of elhpsoxds
22+ 2y% +322=c2
(9) Find the equations of the curve that passes through the point
(3, 2, 1) and cuts orthogonally the family of surfaces z+yz=c.
(10) Solve the following homogeneous equations by putting z=uz,
y=vz:
(i) (22-y?—22+2xy +222) do + (y? — 22 — 22 + 2yz + 2yx) dy
+(2% - 2% —y2 + 220 + 22y) de =
(i) (2zz—y2) dz+(2y2 — 22) dy — (22— zy +y?) dz=
(i) 22dz + (22 — 2y2) dy + (2y% —yz —x2) dz=
(11) Prove that if the equation
Pz, + Pydx, + Pyday+ Pydz, =0

is integrable, then
oP, oP oP, 0P, oP, 0P,
P'(az, ax:) +P, (a_c,‘ a?{)*P (3.75, a;,) =0,
where 7, 8, t are any three of the four suffixes 1, 2, 3, 4.
Denoting this relation by C,,,=0, verify that
P,Cy3q— PyC s+ PyCrpq— PyCrp3 =0 identically,
showing that only three of these four relations are independent.
Verify that these conditions are satisfied for the equation
(2> — @p23%y) d) + (2° — 2,257,) dsy
+ (23 — @y 224) deg + (2,3 - 2, 2525) dwy =O0.
(12) Integrate the equation of Ex. 11 by the following process :
(i) Suppose ;3 and x, constant, and thus obtain
24+ 28 - 43, 2,0%y = a.
(ii) Replace a by f (%3, ). By diﬁerentiation and comparison with

the original equation obtain =™ and hence f and the solution

Ox,’ Or,
A+ TS+ 2t + :v.‘ da,2,2:2,=c.
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(13) Integrate the equation of Ex. 11 by putting , =ux,, z,=1v2,,
Ty =UZ4.

(14) Show that the following equation satisfies the conditions of
integrability and obtain its integral :
y sin w dz + 2 sin w dy — zy sin w dz - xy cos w dw =0.
(15) Show that the equation
adx?+b dy? +c d2?+2f dy dz + 29 dz dx +2h dx dy=0
reduces to two equations of the form
Pdz+Qdy+ Rdz=0
if abe +2fgh — af? —bg? - ch?=0. (Cf. a result in Conics.)
Hence show that the solution of
wyz (de? +dy? +dz?) +z (y2 +22) dy dz +y (22 +2?) dz dz
+2z (22 +y?) de dy=0

is (x2+y2+2%—-c) (zyz—c)=0. (Cf. Art. 52.)
(16) Show that the condition of integrability of
Pdz+Qdy+Rdz=0...cccceeeenrrrvrnnnneennn(1)
implies the orthogonality of any pair of intersecting curves of the
families
do[P=dyfQ=dz[R ...c...ccocvvvivrnrieirunins (2)
5.2 9
and dxl(az—ay)—dy 3% 5 =dz 3y "da) (3)

Hence show that the curves of (3) all lie on the surfaces of (1).

Verify this conclusion for P=ny-mz, @=1z-nz, R=mz-1ly.

(For the solutions of the corresponding equations, see earlier examples
in this chapter.)

(17) The preceding example suggests that if a=const., 8=const.
are two integrals of equations (3), the integral of equation (1) should
be expressible in the form f(a, B)=const., and hence that

Pdx+Qdy+Radz

should be expressible as 4 da+ Bdf3, where 4 and B are functions of
a and B.

Verify that for the case
P=yzldgz, Q=-zxlogz, R=uay,
a=yz’}" ﬁ=wz§ logz, A=-8, and B=a.
Hence obtain an integral of (1) in the form a=¢8,
te. y=calogz



CHAPTER XII

PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST
ORDER. PARTICULAR METHODS

121. We have already (in Chap. IV.) discussed the formation of
partial differential equations by elimination of arbitrary functions
or of arbitrary constants. We also showed how in certain equations,
of great importance in mathematical physies, simple particular
solutions could be found by the aid of which more complex solutions
could be built up to satisfy such initial and boundary conditions as
usually occur in physical problems.

In the present chapter we shall be concerned chiefly with equa-
tions of geometrical interest, and seek for integrals of various forms,
“general,” “complete,” and “singular,” and their geometrical
interpretations. Exceptional equations will be found to possess
integrals of another form called * special.”

122. Geometrical theorems required. The student should revise
the following theorems in any treatise on solid geometry :

(i) The direction-cosines of the normal to a surface f (x, y, 2) =0
at the point (z, y, 2) are in the ratio

of . of . of
5 3y %
Since
af|of oz of jof o
~3| 23 =5 =P to¥, and ~ oyl 0z oy = 5>

this ratio can also be written p:¢: ~1.

The,symbols p and g are to be understood as here defined all
through this chapter.

(ii) The. envelope of the system of surfaces

f(w’ Y % a, b) ="0’
146



PARTICULAR METHODS 147

where a and b are variable parameters, is found by eliminating
a and b from the given equation and

of o~ o _
=" ="

The result may contain other loci besides the envelope (cf.
Chap. VL.).

123. Lagrange’s linear equation and its geometrical interpretation.
This is the name applied to the equation

Pp+Qq=R, ..oococevvvvvvneunnnnncnnn(1)

where P, @, R are functions of z, y, 2.

The geometrical interpretation is that the normal to a certain
surface is perpendicular to a line whose direction-cosines are in the
ratio P: @ : R. Butin the last chapter we saw that the simultaneous
equations o _dy 02 @)

P Q R
represented a family of curves such that the tangent at any point
had direction-cosines in the ratio P:Q:R, and that ¢ (u, v)=0
(where u =const. and v=const. were two particular integrals of
the simultaneous equations) represented a surface through such
curves.

Through every point of such a surface passes a curve of the
family, lying wholly on the surface. Hence the normal to the
surface must be perpendicular to the tangent to this curve, i.e.
perpendicular to a line whose direction-cosines are in the ratio
P:Q:R. This is just what is required by the partial differential
equation.

Thus equations (1) and (2) are equivalent, for they define the
same set of surfaces. When equation (1) is given, equations (2) are
called the subsidiary equations.

Thus ¢ (4, v) =0 is an integral of (1), if w=const. and v =const.
are any two independent solutions of the subsidiary equations (2)
and ¢ is any arbitzary function. This is called the General Integral
of Lagrange’s Linear Equation,

Ex. (i). p+g=1.
The subsidiary equations are ghose discussed in Ex. (i) of Art. 112,
via &a_dy_dz
1 1 1°

representing a fapily of parallel straight lines.
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Two independent integrals are
z-2z2=a,
y—-z=b,
representing two families of planes containing these straight lines.
The general integral is ¢(z -2, y—2) =0, representing the surface
formed by lines of the family passing through the curve
¢ (z, ¥)=0, 2=0.
1f we are given a definite curve, such as the circle
z2+yt=4, 2=0,
we can construct a corresponding particular integral
(z—2)2+(y—2)2=4,
the elliptic cylinder formed by lines of the family meeting the given
circle.

Ex (ii). zp=—-=. [Cf. Ex. (ii) of Art. 112.]
The subsidiary equations are

of which two integrals are x2+22=a, y=b.

The general integral ¢ (x2+22 y)=0 represents the surface of
revolution formed by curves (circles in this case) of the family inter-
secting the curve ¢ (2, y)=0, 2=0.

Ex. (iii). Find the surfaces whose tangent planes cut off an intercept
of constant length % from the axis of z.
The tangent plane at (z, y, 2) i3

Z-z=p(X-2)+q(Y -y).
Putting X=Y=0, Z=z2-pz-qy=Fk.
The subsidiary equations are

z y z-k
of which y=ax, z—k=>bx, are integrals.

The general integral ¢ (%, ?—;-;—I—c) =0 represents any cone with its
vertex at (0, 0, %), and these surfaces clearly possess the desired property.

Examples for solution.
- Obtain general integrals of the following equations, [Cf. the first
set of examples in Chap. XI.]
(1) zp+yg==.
(2) (mz—ny)p+(ne—1lz)g=ly ~mm.
(3) (y2+22—22)p—-2ryq+222=0.
(4) yzp +2ag=ay.
(6) (y+2)p+(z+a)g=a+y.
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(6) (22 -2y2 - y?) p+(wy +2) g =2y —22.
(7) p+3q=>0z+tan(y - 3x).
(8) 2p—2g=22+(y+2)2
(9) Find a solution of Ex. (1) representing & surface meeting the
parabola y2=4z, z=1.
(10) Find the most general solution of Ex. (4) representing a conicoid.

(11) Show that if the solution of Ex. (6) represents a sphere, the
centre is at the origin.

(12) Find the surfaces all of whose normals intersect the axis of 2.

124. Analytical verification of the general integral. We shall now
eliminate the arbitrary function ¢ from ¢ (4, v)=0, and thus
verify analytically that this satisfies Pp +Qq =R, provided » =a and
v=> are two independent * integrals of the subsidiary equations

' dx _dy_dz
P Q R’

Differentiate ¢ (v, v)=0 partially with respect to z, keeping y
constant ; z will vary in consequence of the variation of . Hence
we get 0p /0w 0Ouodz\ 0¢ dv 0v oz

Pt ARt AR
. O0p(Ou Ou\ Op(ov K v
e (é( + ~—> +af<ax +p~—> =0.

ou\dz P2
ity O (% 4o 00 (20 0\
Similarly B (ay +q az> +a (33/ +q az> =0,
Eliminati . 0¢p 0¢ .
iminating the ratio AR from these last two equations,

(G012 ) -2 G2

(au ov ou av> (au oy ou av>

oyoz ozoy) P \o o " dn) T
ouov owdv
=§Ea—y—a—y5i. ..................(1)
ou ou ou

But from u =g, % daz:+aydy+a dz=

and hence from the subsuhary equations, of which % =a is an integral,
8u 8u
Po+y w iz =0
*If  and v are not independent, ?__:_?u%t;) and the other two similar

expressions all vanish identically (Edwards’ Differentsal Calculus, Art. 510), which
uces equation (1) to 0=0
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Similar] +@? 2% 0.
y ay az

Hence
p_(0udv dudv\ (Oudv Ouodv\ (Judv Judv
P-Q-R-<5§5;"9;a—y~> kSt (away‘ayaw)
80 (1) becomes Pp +Qq =R, the equation required.

125. Special integrals. It is sometimes stated that all integrals
of Lagrange’s linear equation are included in the general integral
¢ (u, v)=0. But this is not so.

For instance, the equation

P-9=2v2
has as subsidiary equations
de_dy _ i
-1 22"

Thus we may take u =z +y, v =2 — 4/2, and the general integral as
Pty T-V2)=

But 2 =0 satisfies the partial differential equation, though it is
obviously impossible to express it as a function of « and v.

Such an integral is called special. It will be noticed that in all
the examples given below the special integrals occur in equations
involving a term which cannot be expanded in series of positive
integral powers.

In a recent paper M. J. M. Hill* has shown that in every case
where special integrals exist they can be obtained by applying a
suitable method of integration to the Lagrangian system of sub-
sidiary equations (see Examples 5 and 6 below). He also under-
takes the re-classification of the integrals, the necessity of which
task had been pointed out by Forsyth.}

Examples for solution.

Show that the following equations possess the given general and
special integrals :

(1) p+2q~§ 3z Plz- zQ Y- z§)=0 =0.
(2) p+gfl +(z- y)*} :1; pfe-2 2+3-ph; 2=y

@) (1+v(z-z-yp+9=2; ${2y-2 y+2v(z-2-y)}=0;
2=a+y. [Chrystal]

* Proc. London Math. Soc. 1917.
t Proc. London Math. Soc. 1905-6.
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(4) By putting (z2—2— y)i =w in Chrystal’s equation (Ex. 3), obtain
w[2(1 +w) %:"’2851";4'1]:0‘
This shows that z—2—y=0 is a solution of the original equation.
| [Hill.]
(5) Show that the Lagrangian subsidiary equations of Chrystal’s
equation (Ex. 3) may be written

dx

dw_. o, dz_
dy—1+(z z-Y)"; dy_2’

and deduce that ‘—g—l (z=2—y)=—(2-2~ y)i,

of which #z—2 - y=0 is a particular solution. [Hill.]
(6) Obtain the general and special integrals of the equation
P-9=2v2
by imitating Hill’s methods as given in Exs. 4 and 5.
126. The linear equation with n independent variables. The
general integral of the equation
P,p, + Pyp, + Pyps + ... + P,p, =R,

where p, = g;il, Pﬁ‘a% y . etc., and the P’s and R are functions

of the z’s and z,is ¢ (uy, Uy, Ug, ... U,) =0,
where u, =const., 4, =const., ... etc., are any n independent integrals
of the subsidiary equations

This may be verified as in Art. 124. The student should write
out the proof for the case of three independent variables.

Besides this general integral, special integrals exist for excep-
tional equations, just 48 in the case of two independent variables.

Examples for golution.
(1) pa+ps=1+p,.
(2) =p; +22qpq + 3wgpg +4a4pg =0,
(3) (23— @g) Py +Tg g — B3Py =T (2 +Ty) — 2g%
(4) g3, + %521 Py PU1T9 Py + 2,743 =0.
(6) p1+%1Pg+T1TgPy=21T4T51/ 2.
(6) Py +py+ps{l +4/(2 -2y — By — 2g)} =3,
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127. The equation P g’ +ng +Rg-'l ~0. If P, {, R are functions
of z, y, 2 but not of f, the equatlon can be viewed from two different
aspects.

Consider, for example,

of of of
55:—ay+2‘/ 2 =0, cvrrirrenereresrieneinan 1)
We may regard this as equivalent to the three-dimensional
equation P=g=24/2, cciiririiiriiiniiiiinienninenn(2)

of which ¢(x+y, x-4/2)=0 is the general mtegral and 2=0 a
special integral.
On the other hand, regarding (1) as an equation in four variables,
we get the general integral
q’(f’ z+y, - '\/z) =0,
which is equivalent to f=1,(z +y, # - 4/2), where v is an arbitrary
function, but if

f=2 L af+2\/z"’f —9/2=2/f.

Thus f=z is not an mtegral of (1), although f=2=0 certainly
gives a solution.

In general it may be proved that
f o . g¥_
Pat oyt Ey=0

regarded as four-dimensional, where P, @, R do not contain f, has
no special integrals.* A similar theorem is true for any number of
independent variables.

Examples for solution.

(1) Verify that if f=ux, f =0 is a surface satisfying

vadavyLivsd-o

and hence that this differential equatmn, mtm {preted three-dimension-
ally, admits the three special integrals £=0, y=0, 2= 0 and the general
integral ¢(4/2—1/%, A/2~4/y)=0.

(2) Show that the general integral of the last example represents

surfaces through curves which, if they do not 80 through the origin,
either touch the co-ordinate planes or he wholly in one of them.

[Hint. Prove that --=\/ ) and that dz/ds=0 if =0,
unless z, y, 2 are all zero.]
* See Appendix B.

T+y+e
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(3) Show that 4/z g‘; +4/y ggy =0, regarded two-dimensionally, repre-
gents a family of parabolas 4/y=+/z+c¢, and their envelope, the
co-ordinate axes #=0, y=0; while regarded three-dimensionally it
represents the surfaces z=¢(y* - Q).

128. Non-linear equations. We shall now consider equations in
which p and ¢ occur other than in the first degree. Before giving
the general method we shall discuss four simple standard forms, for
which a ‘ complete integral” (¢.e. one involving two arbitrary
constants) can be obtained by inspection or by other simple means.
In Arts. 133-135 we shall show how to deduce general and singular
integrals from the complete integrals.

129. Standard I. Only p and q present. Consider, for example,
this equation ¢ =3p%.

The most obvious solution is to take p and ¢ as constants satisfying
the equation, say p=a, g=3a2.

Then, since  dz=pdx+qdy=adx +3a?dy,

z=ax +3a% +c.

This is the complete integral, containing two arbitrary constants
a and c.

In general, the complete integral of f(p, ) =0 is

z=ax +by +c,

where a and b are connected by the relation f(a, b) =0.

Examples for solution.

Find complete integrals of the following :

(1) p=2¢*+1. (2) p*+¢*=1.

©B) p=et. (4) p*g*=1.

(6) p*-¢*=4. (6) pg=p+g.

130. Standard II. Only p, g, and z present. Consider the equation
2%+ =1 (1)

As a trial solution assume that z is a function of z+ay
(=u, say), where a is an arbitrary co1stant.
Then p=§—2=€li._a_1f=iz. q=a_z=.d_z.gg=aq_z.
or du oz du’ oy du oy du'
T dz\?
Substituting in (1), 22 (ZZE) (22 +a?) =1,
t.e. gg = +2(22+ az)*»
ie. u+b=x3(2+ad)t,
te. 9(z+ay+b)2=(22+ad)
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In general, this method reduces f(z, p, ¢)=0 to the ordinary

differential equation P
dz 2
f(z, I’ a&—) =0,

Examples for solution.
Find complete integrals of the following :

(1) 42=pq. (2) 22=1+p2+q%

(3) g*=2%p*1 -p?. (4) PP +¢g3=27z.

(6) p(z+p)+g=0. (6) p*=2g.

131. Standard III. £(x, p)=F(y, ). Consider the equation
p-32t=¢*-y.

As a trial solution put each side of this equation equal to an
arbitrary constant a, giving

p=3z%2+a; g=+/(y+a).

But dz=pdx +qdy
=(32?+a)dx ++/(y +a)dy ;
therefore 2=a% +az +3(y +a)f +b,

which is the complete integral required.

Examples for solution.
Find complete integrals of the following :

(1) pP=g+a. (2) py=uy.
() yp=2yz+logg. (4) g=ayp*.
(5) pe?=ge=. (6) g(p—cosz)=cosy.

132. Standard IV. Partial differential equations analogous to Clair-
aut’s form. In Chap. VI. we showed that the complete primitive of

y=pe+f(p)
was y =cz +f(c), & family of straight lines.
Similarly the complete integral of the partial differential equation
z=px+qy +f (p, 9)
is z=axz +by +f(a, b), a family of planes.
For example, the complete integral of
2=pr+qy+p*+¢*
is 2=az +by +a3 + b2
Corresponding to the singular solution of Clairaut’s form, giving
the envelope of the family of straight lines, we shall find in the next
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¢

article a “singular integral ” of the partial® differential equation,
giving the envelope of the family of planes.

Examples for solution.

(1) Prove that the complete integral of z=pz+qy—2p—3q repre-
sents all possible planes through the point (2, 3, 0).

(2) Prove that the complete integral of z=px+qy+4/(p%+¢*+1)
represents all planes at unit distance from the origin.

(3) Prove that the complete integral of z=px+qy+pg/(pg—p-q)
represents all planes such that the algebraic sum of the intercepts on
the three co-ordinate axes is unity.

133. Singular Integrals. In Chap. VI. we showed that if the
family of curves represented by the complete primitive of an ordinary
differential equation of the first order had an envelope, the equation
of this envelope was a singular solution of the differential equation.
A similar theorem is true eoncerning the family of surfaces repre-
sented by the complete integral of a partial differential equation of
the first order. If they have an envelope, its equation is called a
“ singular integral.” To see that this is really an integral we have
merely to notice that at anv point of the envelope there is a surface
of the family touching it. Therefore the normals to the envelope
and this surface coincide, so the values of p and ¢ at any point of
the envelope are the same as that of some surface of the family, and
therefore satisfy the same equation.

We gave two methods of finding singular solutions, namely from
the c-discriminant and from the p-discriminant, and we showed that
these methods gave also node-loci, cusp-loci, and tac-loci, whose
equations did not satisfy the differential equations. The geometrical
reasoning of Chap. VI. can be extended to surfaces, but the dis-
cussion of the extraneous loci which do not furnish singular integrals
is more complicated.* As far as the envelope is concerned, the
student who has understeod Chap. VI. will have no difficulty in
understanding that this surface is included among those found by
eliminating @ ard b from the complete integral and the two derived

-equations .- f(, y, 2, a, b)=0,
of
da =0,
af \ .
36 =03

* See a paper by M. J. M. Hill, Phsl. Trans. (A), 1892,
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or by eliminating p and ¢ from the differential equation and the
two derived equations

F(z, 9,2 p,q)=0,

oF
o =0
oF
g =0

In any actual example one should test whether what is apparently
a singular integral really satisfies the differential equation.

Ex. (i). The complete integral of the equation of Art. 132 was
z=az+by+a%+b2

Differentiating with respect to a, 0= x +2a.

Similarly 0= y  +2b.

Eliminating ¢ and b, dz= —(z2+y?).

It is easily verified that this satisfies the differential equation

z=pr+qy+p?+q¢?

and represents a paraboloid of revolution, the envelope of all the planes
represented by the complete integral.

Ex. (ii). The complete integral of the equation of Art. 130 was

I(x+ay+b)2=(22-+a%)3 aw.cerriiniiriniiinnennes (1)

Differentiating with respect to a,
18y(z+ay+b)=6a(22+a2)2 ....cevvvrvrennnnnn(2)
Similarly 18(Z+aY +D) =0. ceerrrrrrieneerneenarrenrnnssennnns (3)
Hence from (2), A=0. coeererrrrerrreecnienercenrenenscen($)

Substituting from (3) and (4) in (1), 2=0.
But 2=0 gives p=¢=0, and these values do not satisfy the difler-
ential equation 22(p%2+¢?) =1.

Hence 2=0 is not a singular integral.

Ex. (iii). Consider the equation p?=2q.

Differentiating with respect to p, 2p=0.

Similarly 0=2.

Eliminating p and ¢ from these three equations, we get

2=0. ’

This satisfies the differential equation, so it really is a singular
integral.

But it is derivable by putting b=0 in

' 2= w.’-a(’.v’

which is easily found to be a complete integral.

So z=0 is both a singular integral and a particular case of the
complete integral.
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Examples for solution.

Find the singular integrals of the following :

(1) z=pw+gy+log pg. (2) z=po+gy+p*+pg+g*

(3) z=pz+gy +1p%® (4) z=pz+gy+p/q.

(5) 42=pq. (6) 22=1+p%+¢%. (1) PP+¢*=272

(8) Show that no equation belonging to Standard I. or III. has a
singular integral. [The usual process leads to the equation 0=1.]

(9) Show that z=0 is both a singular integral and a particular case
of a complete integral of ¢2=22p¥(1 - p2).

134. General Integrals. We have seen, in Ex. (i) of the last
article, that all the planes represented by the complete integral

z2=ax +by+a?+b® .....cooiiininiiinnnin(1)
touch the paraboloid of revolution represented by the singular
integral 4= —(T2+Y2). correerrierenerenisennennnene(2)

Now consider, not all these planes, but merely those perpendicular
to the plane y=0. These are found by putting b=0 in (1), giving

z2=a% +a?,
of which the envelope is the parabolic cylinder
dz= -2 ..o «..(3)
Take another set, those which pass through the pomt (0 O 1).
From (1), 1=a?+0b%
80 (1) becomes z2=axxy+/(1 -a?) +1,
of which the envelope is easily found to be the right circular cone
(z=12=a2+92 il (4)
In general, we may put b=f(a), where f is any functlon of a,
giving z=ax+yf(a)+ad+{f(a)} .cecvvvuirnnnni(B)

The envelope of (5) is found by eliminating a between it and
the equation found by differentiating it partially with respect to a,

te. 0=z+yf' (a) +2a +2f (@) f'(@). «eervereeeennnn(B)

If f is left as a perfectly arbitrary function, the eliminant is
called the * general integral ” of the original differential equation.
Equations (3) and (4) are particular integrals derived from the
general integral.

We may define the general integral of a partial differential
equation of the first order as the equation representing the aggregate
of the envelopes of every possible singly-infinite set: of surfaces that
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can be chosen out of the doubly-infinite set represented by the
complete integral. These sets are defined by putting b=f(a) is
the complete integral.

It is usually impossible to actually perform the elimination of
a between the two equations giving the envelope, on account of the
arbitrary function f and its differential coefficient. The geometrical
interest lies chiefly in particular cases formed by taking f as some
definite (and preferably simple) function of a.

1385. Characteristics. The curve of intersection of two con-
secutive surfaces belonging to any singly-infinite set chosen from
those represented by the complete integral is called a characteristic.

Now such a curve is found from the equation of the family of
surfaces by the same two equations that give the envelope. For
instance, equations (5) and (6) of the last article, for any definite
numerical values of a, f(a), and f’(a), define a straight line (as the
intersection of two planes), and this straight line is a characteristic.
The characteristics in this example consist of the triply-infinite set
of straight lines that touch the paraboloid of revolution (2).

The parabolic cylinder (3) is generated by one singly-infinite set
of characteristics, namely those perpendicular to the plane y =0,
while the cone (4) is generated by another set, namely those that
pass through the fixed point (0, 0, 1). Thus we see that the general
integral represents the aggregole of all such surfaces generated by the
charactertstics.

If a singular integral exists, it must be touched by all the char-
acteristics, and therefore by the surfaces generated by particular
sets of them represented by the general integral. It is easily verified
that the parabolic cylinder and right circular cone of the last article
touch the paraboloid of revolution.

136. Peculiarities of the linear equation. To discuss the linear

equation Pp+Qg=R coveverrcrnrecenennnnnan(1)
on these lines, suppose that u =const.
and v=const.

are two independent integrals of the subsidiary equations.’
Then it is easily verified that an integral of (1) is

UF A +D=0. cerviiiriiiniiiiiiniininnnn(2)

* Since ¥ and v are independent, at least one of them must contain z. Let
this one be . We make this stipulation to prevent « +av+b being a function of
x a.mij alone, in which cas¢ u +av +b=0 would make terms in (1) indeterminate,
instead of definitely satisfying it in the ordinary way.
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This may be taken as the complete integral. The general

integral is found from )
U+av+f(8) =0, cceverrriniiiniienininninnnnn(3)

RS Al () LT N (-3
From (4), @ is a function of v alone,

say a=F (v).
Substituting in (3), u =a function of v,
say u=y(v),

which is equivalent to the general integral ¢ (v, v) =0 found at the
beginning of the chapter.

The linear equation is exceptional in that its complete integral
(2) is a particular case of the general integral. Another peculiarity
is that the characteristics, which are here the curves represented by
the subsidiary equations, are only doubly-infinite in number instead
of triply-infinite. Only one passes through a given point (in general),
whereas in the non-linear case, exemplified in the last article, an
infinite number may do so, forming a surface.

Examples for solution.
(1) Find the surface generated by characteristics of
2=pr+qy+pP+pg+q*
that are parallel to the axis of . Verify that it really satisfies the

differential equation and touches the surface represented by the singular
integral.

(2) Prove that 22=4xy is an integral of
2=px+qy +log pg

representing the envelope of planes included in the complete integral
and passing through the origin.

(3) Prove that the characteristics of ¢=3p? tilat pass through the
point (-1, 0, 0) generate the cone (r+1)2+12yz=0.

(4) What is the natuwie of the integral (y +1)2 + 42 =0 of the equation

> z=pr+qy+p[gt
(5) Show that either of the equations
2=(x+y)%+ax+by,
= 2, MMt +ny?
z=(z4y)*+— yy

may be taken as the complete integral of a certain differential equation,
and that the other may be deduced from it as a particular case of the
general integral. [Londox)x.]
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(6) Show that z=(z+a)2 is a complete integral of the differential
equation p?=4zelh,

my 2—-y . .
Show that y’z=4(2——_—!-l) is part of the general integral of the

same equation, and deduce it from the above given complete integral.

[London.]
MISCELLANEOUS EXAMPLES ON CHAPTER XII.
(1) z=pz+9y - pq. (@) Ob=pw§+qy— (p2+2)%.
(3) 2(z*+=y) (pz —qy) =24 (4) p*—-¢" =3z -2y.
(5) P2 +2xypy+x32pg=0. (6) z3p, +2ypy+a,p3=0.
(7) p*+¢*-3pgz=0. (8) P12+ py®+ Py =4z
(9) py+py+pg=4z. (10) p2+6p+2g+4=0.
(11) 2%p%y + 6zpay + 22902 + 4a%y=0.  (12) zpy?=x(y?+2%?).
(13) p%?+¢*=p%. (14) (2~ pz - gy) 2y = g%a® - 3p%2%%.

(15) Find the particular case of the general integral of p+¢=1pq
that represents the envelope of planes included in the complete integral
and passing through the point (1, 1, 1).

(16) Prove that if the equation P dz +@Q dy + R dz =0 is integrable, it
represents a family of surfaces orthogonal to the family represented by

Pp+Qq=
Hence find the family orthogonal to
P{z(x +y)?, @~ y%}=0.

(17) Find the surfaces whose tangent planes all pass through the
origin.

(18) Find the surfaces whose normals all intersect the circle

z2+y2=1, 2=0.

(19) .Find the surfaces whose tangent planes form with the co-
ordinate planes a tetrahedron of constant volume.

(20) Prove that there is no non-developable surface such that
every tangent plane ‘cuts off intercepts from the axes whose algebraic
sum is zero.

(21) Show that if two surfaces are polar reciprocals with respect to
the quadric 2+ y2=22, and (z, y, 2), (X, Y, Z) are two corresponding
pomts (one on each surface) such that the tangent pla.e at either point
is the polar plane of the other, then

X=p; Y=q; Z=pr+qy-2; z=P; y=Q.

Hence show that if one surface satisfies

[ 9,2 p, ¢=0,
the other satisfies f(P,Q PX+QY-Z, X, Y)=0.

(These equations are said to be derived from each other by the
Principle of Duality.) -
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(22) Show that the equation dual to

2=pT+qy +pq
is 0=Z+XY,
. oz
giving z=P=a—X=_Y, y=Q=-X,

2=PX+QY-Z=-XY.
Hence derive (as an integral of the first equation) 2= —zy.

P.D.B, L



CHAPTER XII1

PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST
ORDER. GENERAL METHODS

187. We shall now explain Charpit’s method of dealing with
equations with two independent variables and Jacobi’s method for
equations with any number of independent variables. Jacobi’s
method leads naturally to the discussion of simultaneous partial
differential equations.

The methods of this chapter are considerably more complicated
than those of the last. We shall therefore present them in their
simplest form, and pass lightly over several points which might be
considerably elaborated.

138. Charpit’s T method. In Art. 131 we solved the equation

P=3=0"-Y crrrverrrrrriiniiirnnnnnn (1)
by using an additional differential equation

P=322=a, ceervriiinnnnennnn.

RPN )]
solving for p and ¢ in terms of z and y, and substituting in
de=pdx+qdy, covvvvrrrnniniineneennnn(3)
which then becomes integrable, considered as an ordinary differential
equation in the three variables z, v, 2.
We shall now apply a somewhat similez method to the general
partial differential equation of the first order Wit‘lyl two independent

variables F (z, y, 2, p, q)=0. RN (-3
We must find another equation, say

@Y 20,0)=0, wureveriririinirinnenenn(B)

* To be omitted on a first reading.  ©

t This method was partly due to Lagrange, but was perfected by Charpit.
Charpit’s memoir was presented to the Paris Academy of Sciences in 1784, but
the author died soon afterwards and the memoir was never printed.

162
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such that p and ¢ can be found from (4) and (5) as functions of
z, y, z which make (3) integrable.
The necessary and sufficient condition that (3) should be in-
tegrable is that
0Q OR oR oP oP 90\ . .. ..
P (—a—z —a-?;> + Q (‘a; —'a*z') +R <§§ —5;:) =0 (ldentlcally),
where P=p, Q=¢q, R=-1,
0g 0p 0p 0
pbg—q»ag --315+3»g=0. ceeervrieeeseeenenn(6)
By differentiating (4) partially with respect to z, keeping y and
z constant, but regarding p and ¢ as denoting the functions of «,
Y, 2 obtained by solving (4) and (5), we get
oF 0Fop o0Foq
%4‘3@%""@%-0. ------a--;‘---.....cn-‘-(7)

o oo ooy,

t.e.

Similarly o5 op o tagag =0 e (8)
From (7) and (8), J%;g%"g% PPN ()

where J stands for %Ig giq _g{j % .
Similarly 7¥- g—‘:%—%gf, eeeeeeereree oo (10)
LY . an

Substituting in (6) and dividing out * J, we get

aFof oF3f\ (9Fof oFof
P('a?@‘é;éé) 9(3734‘@35)

N dyog 0qdy oxdp odpox °

oFof oFof oF oF\of

: "5;aw“a—qag;’(1°ap+‘-’a—q>a;

oF oF\of (oF oF

R n

of
Ll @*\@*9%)54:"' (13)

* J cannot vanish identically, for this would imply that F and f, regarded as
functions of p and ¢, were not independent. This is contrary to our hypothesis
that equations (4) and (5) can be solved for p and ¢.
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This is a linear equation of the form considered in Art. 126,
with z, y, 2, p, ¢ as independent variables and f as the dependent
variable.

The corresponding subsidiary equations are

de  dy dz ___dz)___ dg _df
oF  oF oF oF OoF oF oF OoF 0 (14)

m Ta Pap iy wPu ytla
If any integral of these equations can be found involving p or
q or both, the integral may be taken as the additional differential
equation (5), which in conjunction with (4) will give values of p
and ¢ to make (3) integrable. This will give a complete integral of
(4), from which general and singular integrals can be deduced in
the usual way.

139. As an example of the use of this method, consider the

equation 2wz — pr? — 29wy + pg =0. eevveviininnnnnnn (1)

Taking the left-hand side of this equation as F, and substituting
in the simultaneous equations (14) of the last article, we get

de _ dy dz dp_ _dg _df
?-q 2oy-p prt+lvyg-2pg 22-2qy 0 0’
of which an integral is =00 cevniiiiiiiiiiiiiieeieeneeeennn(2)
From (1) and (2), 2—%%@

2x(z — ay)dx
2t -a

Hence dz=pdz+qdy= +ady,

dz-ady 2xdx
z-ay 2%*-a’
1.e. z=ay+b(x?-a).

This is the complete integral. It is easy to deduce the Singular

Integral 2 =%y, ‘
The form of the complete integral shows thet (1) could have
been reduced to 2=PX +qy - Pq,
which is a particular case of a standard form, by the transformation
0z 10z
B#=X; Pt

Equations that can be solved by Charpit’s method are often
golved more easily by some such transformation.
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Examples for solution.

Apply Charpit’s method to find complete integrals of the following :
(1) 22+ p%+qy+2y%=0. (2) yzp?=q.
(3) pzy+pg+qy=ye. (4) 22(2%* +1)=pz.
(5) ¢=3p2 (Cf. Art. 129.)  (6) 22(p%2+¢?) =1. (Cf. Art.130.)
(7) p—3x2=g2—y. (Cf. Art.131.)
(8) z=px +qy+p%+q2 (Cf. Art. 132.)
(9) Solve Ex. 2 by putting y2=7Y, 22=Z.

(10) Solve Ex. 4 by a suitable transformation of the variables.

140. Three or more independent variables. Jacobi’s* method.
Consider the equation

F 2y, 5, T3, Ppy Poy P3) =0y eevevvniinrennviinnnnnn(l)

where the dependent variable z does not occur except by its partial
differential coefficients p,, p,, p; with respect to the three independent
variables #;, %,, ;. The fundamental idea of Jacobi’s method is
very similar to that of Charpit’s.

We try to find two additional equations

Fy (1, 5, T3, D1y Pos P3) =0y cevvvvvvenninennnnnnen(2)

Fy(z,, 2y, T3, D1y Pos Pa) =Gz wevvevveeveeeeereenaen(B)

(where a, and a, are arbitrary constants), such that p,, p,, ps can
be found from (1), (2), (3) as functions of z,, z,, ¥4 that make

dz =p,da, + Pyd@y + Pgdy «ovvvvrinrrennniinnnnnnn(4)
integrable, for which the conditions are
Opy_ 9% _Opy, Oy Oy, Opy 0Py )

Or, 0x,0x, O0xy Ox, O0x; 0T, 0T,
Now, by differentiating (1) partially with respect to x,;, keeping
z, and , constant, but ~ggarding p,, p,, p; as denoting the functions
of x,, ,, x; obtained by solving (1), (2), (3), we get
oF  OF op, oF Op, | OF 9p,
= +5— +=— BT i | IR (]
30, *op, o, *op, 00y " 3, o ®)
aFl +3F1 op, aFl ap, aFl apa
Oz, " Opy 021 40Py 0%y Ops 0Ty
* Carl Gustav Jacob Jacobi of Potsdam (1804-1851) may be considered as one
of the creators of the Theory of Elliptic Funotions. The * Jacobmn ” or * Func-

tional Determinant ” reminds us of the large part he played in bringing deter.
minants into general use.

Similarly =0.cvivenineennnnn(7)
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From (6) and (7),
o(F, Fy) o(F, F) apz o(F, F) op,
@y, pr) 0(py p1) 02y (s 1) Oy
where SEF’ Fll)) denotes the “ Jacobian ” ggl %——f;: —g;—{ %—I;:
Similarly
o(F, F,) o(F, F\) 0p, , 0(F, F,) 0p, _
0@y P 0(pr, Po) 022 O(ps, p) 01y
o(F, Fy) o(F, Fy)op, o(F, Fy) op,
0(23, p3)  0(pys Py) 073 O(pay Py) 0y
Add equations (8), (9), (10).
Two terms are
o(F, Fy) op, O(F, F,) op, _ 0% { (F, Fy)  oF, Fl)}
0(p2 P1) o 9(p1, P2) oz, Ox,0r, 9(p2 p1)  9(p1> o)
Similarly two other pairs of terms vanish, leaving
o(F, F,) o(F,F,) O(F, F)_
0(xy, 1) 0(xy, ps) O(5, )

OF oF, oF oFy  0F 0F, OF ok, 0F0F, 0F0F, , g

=0, +errrrererens(8)

and

=0. coorreennn(10)

..(11)

This equation is generally written as (F, F,)=0.

Similarly (F, F,)=0 and (F,, F,)=0

But these are linear equations of the form of Art. 126. Hence
we have the following rule :

Try to find two independent integrals, Fy=a, and Fy=a,, of the
subsidiary equations

dv, dp, dx, dp, d"’a dps

Tor~3F = 3F “oF ~_oF " o1
op, 0Oz, Op, 0z, dp; O
If these satisfy the condition ¢

oF, oF, oF,0F, "
(Fy, Fp)= Z(g; a_pr—@; %—) =0,

and if the p 8 can be found as functions of the x’s from
F=F -a,=Fy-0a,=0,
tntegrate the equatum* SJormed by substitiiting these functions in
dz =pyd, + Py + pydi,.
* For a proof that this equation will always be integrable, see Appendix C.
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141. Examples on Jacobi’s method.

Ex. (i). 2012183+ 3P%a? + Po2p3=0. ceriviiiiiinrniinennnnd(l)
The subsidiary equations are
da, - dp, - d, d_&o. day - dps
— 22,3, 2Py, —332—2p;ps O — Pyt 2Pi%y+6pgty
of which integrals are Fi=p®1=0q cevvrerrrinirivinienninnnnnennnd(2)
and Fo=p, =0 eeccrrrirrerrrirnrnieinnirennnns (3)

Now with these values (F,, F,) is obviously zero, so (2) and (3) can
be taken as the two additional equations required.

P1=0%,7Y Py=ay pg=—ay"%(2a,25+ 3a,75%).
Hence dz=a,2,7dx, +a,dz,— a,~3(2a,25+ 3a,r4%) dag
or z=a,log @) + agxy — ay~2(a,73% + ayxs®) + ag,

the complete integral.

Ex. (ii). (@ +23) (Pa+P3)2+2p1=0. ccvvireirrniriininenne.(4)
This equation is not of the form considered in Art. 140, as it involves
2. But put
0z Ox ou [ou
2=y P1= »t= P,[P,, say,

5-’;; a3’1 " Oz, 8—:134=
where =0 is an integral of (4).

Similarly Pa=—Po[Py; pg=—Pg4[P,.

(4) becomes (Zg+@3) (Py+ P3)2 —2,P1Py=0, ...cccvvvveerieeeees(B)

an equation in four independent variables, not involving the dependent
variable u.
The subsidiary equations are

de, dP; da, dP, dzg
2Py 0 —2(@, 7)) (Pyt Py (Py+ Pyt —2(wy+2)) (Py+ Py
dP, _iw_ﬂ__ dP,
—(P2+P)2 zP, -PP;
of which integrals are Fi=P =05, covrrviirirviriiieiireniinnneennnas(6)
CFg=Py—Pg=@5, .ccecoeeerrrrreeririrrirnease )
Fy=2,Py=03 suecocrrrrrernrrrnevessnnens we(8)

We have to make sure that (F,, F,)=0, where r and s are any two
of the indices 1, 2, 3. This is easily seen to be true.
Solving (5), (6), (7), (8), we get

P =a,; Py=agr?; 2Py=ay£4/{0,04/(23+25)}; Py=Py—ay;
50 du=a,dz, + aam;"‘l day + $ay(dzy — dag)
+3V/{0,a5/(5 +T)} (dzy + dxy),
te  u=a,2,+0aylog T4+ 30y(7y — 2g) £ 4/{0,05(%y +7,)} + 8¢
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80 u=0 gives, replacing
z by z, ajjagby A;, }asjas by A, aylas by 4,
log 2+ 4@, + Ay(0g — @) /{4 (%3 + 73)} + A3 =0
the complete integral of (4).
Examples for solution.
Apply Jacobi’s method to find complete integrals of the following :

(1) pP+pt+py=1. (2) 3%p %py2ps? + Pr?pe® — ps*=0.
(3) p1%y+ poa=p3 (4) P1PoP3+ Do, 257573 =0.
(B) PyPap3=2"%,T4Ts. (6) pswg(py+pg) +@;+2,=0.

(7) pr®+Ppaps—2(ps+ps)=0.

(8) (py+21)%+(pg+23)2 + (pg +23)2 =8(wy + x5 + ).

142, Simultaneous partial differential equations. The following
examples illustrate some typical cases :

Ex. (i). F=p2+4D0,05%:2,2=0, .ccevviviririinnininnnnnnnd(l)

FIEPI +p2w2=0- .........................,..........(2)

Here
_\[(0FdF, OF 8F1>_ . o
(8, F)=3 (5 525 522) = (papso)za - (pass?)pa=0.
Thus the problem may be considered as the solution of the equation
(1), with part of the work (the finding of F,) already done.
The next step is to find Fy such that
(F, F2)=0=(F1, Fz).

The subsidiary equations derived by Jacobi’s process from F are

day =d_?j= da, - dp, — dag _ dps .
=2p; 0 —paaws® Papss®  —PaaTs? 2p,pstars
An integral is P1=0  ceeren cerresrensensesnnss(B)

We may take F, as p,, since this satisfies ( F F ) —(Fl, F,).
Solving (1), (2), (3) and substituting in dz=p, dz, + py dey + pg das,

dz=adz, - ax,™ dx, + ax4~2 dz,,

80 z=a(z, —log z—25,71) +b.
Ex. (ii). F=p,2,+PsTs— P32 =0, ceevrurrrrrerevrecreneannss 4)
Fi=p,- pot+p3—1=0. .triviiiiiiiiiiiiniiininnns (5)

Here (F, F)=p1+ py ~1)=p1~p»

This must vanish if the expression for dz is to be integrable.
Hence we have the additional equation
P1=P2=0. eriviririiiiiniiiiiiiieinnn(6)
Solving (4), (5), (6) and substituting,
_dz, +da,
dz= _;1-+T + da:,,,
z=log (z, +24) + 23 +a.
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In examples of this type we do not have to use the subsidiary
equations. The result has only one arbitrary constant, whereas in
Ex. (i) we got two.

EX. (iii)- FEx12+w22+p3=0, sscene sscene tevecvevcersnne (7)
Fi=p;+P3+22=0. cecerrvrririeninnniennnns(8)
Here (F, Fy) =2z, +2z, - 22;.

As z,, z,, 5 are independent variables, this cannot be always zero.
Hence we cannot find an ¢ntegrable expression for dz from these
equations, which have no common integral.

Ex. (iv). F=p,+py+ps2—32, - 30, 42,2=0, ..coovvvrrnennn.. (9)
Fi=x,p, - %P5 — 22,2+ 2,2 =0, .ccovvvervinninennnnnn. (10)
Fo=pg—283=0. ccrvvrvriirminiiiiiiiiiiiiiiinciiieis (11)

Solving (9), (10), (11) and substituting in the exprussion for dz,
dz = (2%, + ) dwy + (0, + 21,) dwy + 2252,

80 2=z 2+ @2, + 2,2+ 252 +a.
This time there is no need to work out (F, F,), (F, F,), (Fy, F,).
Ex. (v). F=p,+p,-1-2,=0, cccoocererrvininniinnn(12)
Fi=p,+p3—21~%3=0, ee0vrrvririniinirininenn. (13)

Fo=mpy+p;—1-2,=0. cervrrevrerrininrinnnnn....(14)
These give dz =z,dz, +dz, + z,dzs.
As this cannot be integrated, the simultaneous equations have no
tommon integral.
Ex. (vi). F=xp, - 2,05+ p3— 94 =0, «evvrrerueviniieinennnn (15)
Fi=mp 4Py % —3=0. ceuvrivinniiinininininnnnnn. (16)
Here (F, F\)=p,-a(-1)=py+2y(~1)=p,—py+,~
As in Ex. (ii), this gives us a new equation
Fo=p =P+ = 23=0. werircrincninninnnces(17)
Now (F, Fp)=p,— @~ py(~1) +25(-1)= F, =0,
and (Fy, Fo)=(-1)-1+(-1)(-1)-(-1)=0,
80 we cannot get any morp equations by this method.
The subsidiary equations derived from F are
Aoy’ dpy_day_ dpy _day_dpy_dog_dpy
=% p1 % -pp -1 0 1 0
A suitable integral is Fy=pg=a, ccccrineirirncinnininicennnnn..(18)
for this satisfies (¥, Fg)=(F,, Fa) (Fg Fg)= 0
We have now four equatlons (15), (16), (17), (18). These give
P1=%g; P3=7T1; P3=0a; Pg=0a;
80 =Ty +a(xs+2g) +b.
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But in this example we can obtain a more general integral. The
two given equations (15) and (16) and the derived one (17) are
equivalent to the simpler set :

PL=Tyy sererreerennusirnennirinsnnnonenens (19)
Pa=Fgy eereerererererinnisnneererennnnnnss(20)
ps—p‘=0. R e ..-....--(21)

From (19) and (20), z=%,2,+any function of z; and x,.

(21) is a linear equation of Lagrange’s type, of which the general
integral is @ (2, T3+ 7) =0,
.. z is any function of (x3+x,), and may of course also involve &,

and 2,
Hence a general integral of all three equations, or of the two given

equatioﬂs, iS z2= wlxz + \/, (wa + xA)’

involving an arbitrary function. The complete integral ohtained by
the other method is included as a particular case. The general integral
could have been obtained from the complete, as in Art. 134.

Examples for solution.
Obtain common complete integrals (if possible) of the following
simultaneous equations :
(1) pi®+ps*—8(zy +25)=0,
(P1— P2) (2 — %) + P32 —1=0.
(2) @1%paps=2apapr=23°p1py=1.

(3) P1paps—82,12525=0, (4) 2x4p,ps — 2494 =0,
Po+ Py — 22y — 224 =0. 2p, - p,=0.

(5) pizs®+p5=0, (6) p®+pg®+my +23y +375=0,
Pa®s® +PyTy?=0 P1+ P~ 1=0.

(7) 2py+pg+pg+2py=0,
P1Ps— P2Ps=0.

(8) Find the general integral of Ex. ().
(9) Find the general integral of Ex. (7).

MISCELLANEQOUS EXAMPLES ON CHAPTER XIII

(1) 2x,252p,ps +Z4p5=0. (2) 35+ 214 =P1Ps— PaPa+s2=0.
(3) 9z,24py (pa+ps) —4ps?=0, (4) 92y2p,(p, +ps5) -4 =0,
P1%1+Pa—Ps=0. P1%1+ Py = p3=0.

(5) #,psPs=22psp) =Tap1Py=2"21Z,2;.

(6) p12® — 2,2 =pg2® - 2y? =pg® - 7,2 =0.

(7) Find a singular integral of z=p,z, + p,&, + p3Z3 + P12 + Py + p;?,
representing the envelope of all the hyptr-surfaces (in this case hyper-
planes) included in the complete integral.

(8) Show that no equation of the form F(z,, 5, %3, Py, P2 P3) =0
has a singular integral.
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(9) Show that if 2 is absent from the equation F(z, y, 2, p, 9) =0,
Charpit’s method coincides with Jacobi’s.

(10) Show that if a system of partial differential equations is linear
and homogeneous in the p’s and has a common integral
2=a1U; + Uy +... ,
where the ’s are functions of the 2’s, then a more general integral is
z2=cp(uy, uy, ...).
Find a general integral of the simultaneous equations
TPy~ ToPo + TP =0,
TgPs— T4Pq +TsPs=0.
(11) If p, and p, are functions of the independent variables z,, z,
satisfying the simultaneous equations
F(@y, %, Py p2) =0=Fy(zy, Zo, P1, Po),

op, Op\O(F, Fy)
that F, F (ml o) 25 2
prove ( U+ 0z, 0,/ 0(py, Po)

Hence show that if the simultaneous equations, taken as partial
differential equations, have a common integral, (¥, Fy) =0 is a necessary
but not a sufficient condition.

Examine the following pairs of simultaneous equations :

(i) F=p,+2p,-2=0,
Fy=(p, +2p,)* -
o(F, Fy) ey .
[Here 5(———————=0 identically, and the equations cannot be solved
1

for p, and p,.] .
(ii) F=p,~pa?=0,
Fy=p, +2p,,+2,2=0.

[Here (F, F,) and ?—,—E—F———E% both come to functions which vanish
l,

when the p’s are replaced by their values in terms of @, and x, There
is no common integral.]

(iil) F=p,—py?+2,3=0,
Fi=p,+2py2; + 2,2 +24=0.

o(F, Fy

a( 1: )

function that vanishes when the p’s are replaced by their values.]

[These have a commodn integral, although comes to a



CHAPTER XIV

PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND
AND HIGHER ORDERS

143. We shall first give some simple examples that can be
integrated by inspection. After this we shall deal with linear
partial differential equations with constant coefficients; these are
treated by methods similar to those used for ordinary linear equations
with constant coefficients. The rest of the chapter will be devoted
to the more difficult subject of Monge’s* methods. It ishoped that
the treatment will be full enough to enable the student to solve
examples and to make him believe in the correctness of the method,
but a discussion of the theory will not be attempted.f

Several examples will deal with the determination of the arbitrary
functions involved in the solutions by geometrical conditions. }

The miscellaneous examples at the end of the chapter contain
several important differential equations occurring in the theory of
vibrations of strings, bars, membranes, etc.

0% 0% 0%

2. 33y O will

The second partial differential coefficients
be denoted by 7, s, ¢ respectively.

144. Equations that can be integrated by inspection.

Ex. (i). 8=2x+2y.

Integrating with respect to z (keeping y constant),
g=a2+22y+$(y).

Similarly, integrating with respect to y,

z=oty+ayt+ [ (4) dy+ fia),
say 2=z +zy2+f(z) + F(y).
* Gaspard Monge, of Beaune (1746-1818), Rrofessor at Paris, oreated Descriptive

Geometry. He applied differential equations to questions in solid geometry.

t The student who desires this should consult Goursat, Sur Pintégration des
équations aux dérivées partielles du second ordre.

1 Frost's Solid Geometry, Chap. XXV., may be read with advantage.
172
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Ex. (ii). Find a surface passing through the parabolas
2=0, y®=4axr and z=1, y?= —daz,

and satisfying ar +2p=0.
The differential equation is
P g,
@ *a—x + 21) =0,
giving a*p=£(y),
1
= z'_gf )8

2= ;if(y)+F(y)-

The functions f and F are to be determined from the geometrical
conditions.
Putting 2=0 and z=y2/4a,

0———f(y)+F(y)

Similarly 1 ——~f () + F(y).
1 2
Hence F(Z/)=§, f(y) =%,‘1
1 42
and ¥/ =§ - %9

t.e. 8axz=4ax - y? a conicoid.

Examples for solution.

(1) r=6z. (2) zys=1.
(3) t=sin zy. _A4) ar+p=9%7.
(6) ys+p=cos(z+y)—ysin (z+y). (6) t—xq=22

(7) Find a surface satisfying s =8xy and passing through the circle
2=0=22+y2-1.
(8) Find the most general conicoid satisfying xs+g=4x+2y+2.
(9) Find a surface of revolution that touches 2=0 and satisfies
r=12x2 + 4y2.
(10) Find a curface satisfying ¢=62%y, containing the two lines
y=0=2 y=1=2.

145. Homogeneous linear equations with constant coefficients. In
Chap. III. we dealt at some length with the equation

(D" + @D +8,D%3 oo + @)Y =F(®), veerervnrnerins(l)

where D=

=
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We shall now deal briefly with the corresponding equation in
two independent variables,
(D" +a, DD’ +aD"-2D'% + ... +a D’“)z =f(®@, y), oeeee (2)
where D_=.a%, D'Ea—ay.
The simplest case is (D —-mD’")z =0,
w.e. p-mg=0,
of which the solution is ¢(z, y +mz) =0,
e z=F(y+mx).
This suggests, what is easily verified, that the solution of (2)
if f(z, y)=0is
z=F,(y +mx) + Fy(y + myx) + ... + F (y + m,x),
where the m,, m,, ... m, are the roots (supposed all different) of
m" +a,mt +amt? + ... +a, =0,
0%z i 0%
Ex. 555—3—33—3?5‘7;-'-2357672:0,
te. (D3-3D2D'+2DD’'2)z=0.
The roots of m®—3m2+2m=0 are O, 1, 2.
Hence z=F\(y) + Fy(y + ) + F3(y +22).
Examples for solution.
(1) (D*-6D%*D’+11DD'3-6D'3)2=0.

0% 0%

(2) 2r+5s+2t=0. (3) Jt 3y
(4) Find a surface satisfying r+s=0 and touching the elliptic
paraboloid z =42 + y2 along its section by the plane y=2x+1. [N.B.—
The values of p (and also of ¢) for the two surfaces must be equal for

any point on y=2z+1.]

=0.

146. Case when the auxiliary equation has equal roots. Consider

the equation (D=mD’)22=0. .ccvererrrreeeererersnennean(1)
Put (D-mD') z=u.
(1) becomes (D -mD’") u=0,
giving u=F(y +mz);
therefore (D-mD')z=F (y + mz),
or p-mq="F(y +mz).
The subsidiary equations are
de _dy dz

1" =m" Fly+ma)
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giving y+mr=a,
and dz - F (a)dz =0,
te. z-oF (y+mz)=>b,
so the general integral is
¢{z—2F (y +mz), y +mx}=0 or z=xF(y+mz)+F(y+mz).
Similarly we can prove that the integral of
(D -mD')rz=0
is 2=x"1F (y + mz) +&*2F,(y + m2) + ... + F,,_,(y + mz).
Examples for solution.
(1) (4D2+12DD’ +9D'%)z=0. (2) 267 —40s +16t=0.
(3) (D*—4D2D’ +4DD'%)z=0.
(4) Find a surface passing through the two lines 2=2=0,
2—1=x—-y=0, satisfying r — 4s +4¢t=0.
147. The Particular Integral. We now return to equation (2) of
Art. 145, and write it for brevity as
F(D, D')z=f(z, y)
We can prove, following Chap. III. step by step, that the most
general value of 2z is the sum of a particular integral and the

complementary function (which is the value of z when the differ-
ential equation has f(z, y) replaced by zero).

. . . 1
The particular integral may be written 7D, D)’ f(z, y), and

we may treat the symbolic function of D and D’ as we did that of
D alone, factorising it, resolving into partial fractions, or expanding
in an infinite series.

1 . 1/, 3D\
Ey. pieppropa(i2e +360) =j2(1 - T) (1227 + 36ay)

1/, 6D . D3
D2<1+ 91 75 +...) - (1209 + 36ay)

Da
— . (12% + 36ay) +— 36

—a:‘ + 623y + 924 = 1024 + 623y,
8o the solution of (D?-6DD’ +9D'%) z=1222 + 36ay
is 2=10a +62% + ¢(y +3z) + 2 (y +32).
Examples for solution.
(1) (D*-2DD' + D'¥z=12zy.
(2) (2D2-5DD' +2D'%)z=24 (y-2).
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(3) Find a real function V of = and y, reducing to zero when y=0
and satisfying 2V a V
03 ay’
148. Short methods. When f(x, y) is a function of ax +by,
shorter methods may be used.
Now D¢ (ax+by)=a¢’(ax+by); D'¢p(ax+by)=>b¢’' (ax +by).
Hence F (D, D')¢(ax +by)="F (a, b)¢p™ (ax +by),
where ¢™ is the n*" derived function of ¢, n being the degree of
F(D, D).

— 47 (22 +y?).

Conversely
1 1
D) ™ (az +by) =74 b P (az +by),  eoennnn. (A)
provided F (a, b)+0, e.g.
1 —sin (22 +3y)

cos (22 +3y) = 5

D3 -4D*D' +4DD'"? 5-4.22.3+4.2.3%

" ——1— sin (22 +3y),

since ¢ (22 + 3y) may be taken as —sin (2a: +3y) if
¢'" (2 +3y) =cos (2z + 3y).
To deal with the case when F(a, b) =0, we consider the equation
(D -mD')z= p -mq =" (y +mx),
of which the solution is easily found to be

H_l\b(y +mx) + ¢ (y +ma),

8o we may take

Dy + ma) =2y +ma).

Hence

1 1.
(D =mDy ¥ Wm0 =y pryea - © Y (Y +ma) =

=%\b(y FME)  cevirneniininnniennnen(B)

1
e.g. D*—oDD + D" tan (y +x) = }? tan \y +2),
while

1 ; 1 1
D*=5DD’ +4Dr38m (4¢ +3/) =D_-'ZT)7 'ffi)_' sin (4z +y)
=D-(-14D’ . —}cos (4x +y) by (A)
= —}xcos (4z +y) by (B).
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Examples for solution.

(1) (D*-2DD' + D'?)z=e%2,

(2) (D2-6DD’ +9D'%)z=62+2y.

(3) (D*-4D%D’ +4DD'3)z=4¢sin (2z+y).

(4) 2r —8—3t=05e%/ev. ) ﬂ+a—ﬂf=l2(z+y)
ox?  0y?

(6) 4r—4s+t=16log (z+2y).

149. General method. To find a general method of getting a
particular integral, consider
(D-mD')z=p-mg=f(z, y).
The subsidiary equations are

de_dy _dz_
1 -m f@y)
of which one integral is Y +mx=c.

Using this integral to find another,
dz=f (x, c - mx)dz,
2 =J. f(z, ¢ —mz) dz + constant,

where c is to be replaced by y —ma after integration.

Hence we may take D——l—mﬂ Sz, y) as j f(z, ¢ —mz) dx, where
¢ 18 replaced by y +mx after integration.

Ex. (D-2D")(D+D")z=(y-1)e=.

Here jf(a:, c—2x) da:=j (c—2x—1)e*dz=(c—2z+1)e>.

Therefore D_—lﬁ .(y-1)e®=(y +1)e?, replacing ¢ by y +2x.

Similarly ﬁﬁ . (y+1)e® is found from I (c+z+1) e*dz=(c+z)e®
by replacing ¢ by y—=, giving ye® which is the particular integral

required.
Hence z=ye? + ¢p(y +27) +\ (y — ).

Examples for solution.
(1) (D2+2DD' +D'?)2z=2 cos y—xsin ¥.
(2) (D2-2DD’' —15D'?)z=12ay. (3) (r+8—6t)z=y cos 2.
(4) axa‘azay‘2aya=‘2’” -:xy ¥2) sin xy — cos xy.
() r—t=tand ztan y —tan x tan3 y.
oy 0% 4x ¢
© it —w
P.D.B. '3
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150. Non-homogeneous linear equations. The simplest case is
(D-mD’ -a)2z=0,

t.e. p-mg=az,
giving ¢ (2¢7%%, y +mx) =0,
or 2 =%, (y +mz).

Similarly we can show that the integral of
(D-mD' -a)(D-nD"-b)z=0

is z=e%f (y +mx) +€e**F (y + nx),
while that of (D-mD' -a)2%2=0
is z =e%%f (y + mx) +2e%*F (y +mx).

But the equations where the symbolical operator cannot be
resolved into factors linear in D and D’ cannot be integrated in this
manner.

Consider for example (D2 - D’)z=0.

As a trial solution put z =€, giving

(D?-D")z=(h2 - k) e*>t.

So z=€*® ig a particular integral, and a more general one is
SAet=M), where the 4 and A in each term are perfectly arbitrary,
and any number of terms may be taken.

This form of integral is best suited to physical problems, as was
explained at some length in Chap. IV. Of course the integral of
any linear partial differential equation with constant coefficients
may be expressed in this manner, but the shorter forms involving
arbitrary functions are generally to be preferred.

Examples for solution.

(1) DD'(D-2D' -3)z=0. (2) r+2s+t+2p+2¢+1=0.
o2V v , ,
(3) a—xz—=ﬁn (4) (Dz—D2+D—D)Z=O.
- 22V 92V
(5) (2D‘—3D2D +D 2)Z=0. (6) a—? +W=H2V.

(7) (D-2D'-1)(D-2D"2-1)2=0.
(8) Find a solution of Ex. (4) reducing to 1 when =+ and to
y® when 2 =0.

151, Particular Integrals. The methods of obtaining particular
integrals of non-homogeneous equations are very similar to those in
Chap. III., so we shall merely give a few examples.

Ex. (i). (D®—-3DD’ +D+1)z =223,

1 g2at3y
. eaﬁ"‘a” =3
D3-3DD' +D+1 22-3.2.3+2+1

= — Je22+3y,



SECOND AND HIGHER ORDERS 179

Hence Ze= — 622 4 3 dehathy
where R -3hk+h+1=0.
Ex. (). (D+D'—1)(D+2D'—3)z=4+32+6y.
1 1 et D+2D'}-1
DiD -1 Drap—s—sil-(D+D% {1' 3

=}{1 + D+ D’ +terms of higher degree}
X {1 +D;2D +terms of higher degree}
. { 1 AD+5D

=3
3
Acting on 4 + 3z + 6y, this operator gives
3{4+32+6y+4+10}=6+zx+2y.
Hence 2=6+z+2y +e*f (y — 2) + 2 F(y - 2z).
Ex. (iii). (D?- DD’ -2D)z=sin (3z + 4y).
1 . 1
FEI7)7 05/ Rk G s oy g vy 2

+ terms of higher degree}-

sin (3z +4y)

1 .
=m. Sln(3$+4y)

3+2D . 3 sin (3x +4y) + 6 cos (3 + 4y)
=51 Sin (Bo+4y) = ( 9121(_32) (3z+4y
=% 8in (3 + 4y) + % cos (3 + 4y).
Hence = ylysin (35 +4y) + s cos (33 + 4y) + Zdct=+h,
where h2 - hk-2h=0.,

Examples for solution.
(1) (D-D'-1)(D- D' ~2)z=e22Y,

(2) s+p—qg=z+axy. (3) (D- D'?)z=cos (z - 3y).
0% 0% o4z
(4) r—s+p=1. (5) i 2=y te

(6) (D—-3D'-2)%=2¢%* tan (y + 3x).

152. Examples in elimination. We shall now consider the result
of eliminating an arbitiary function from a partial differential
equation of the first order.

Ex. (i). 2px - qy = ¢ (xy).

Differentiating partially, first with respect to « and then to y, we get

2rz - sy +2p=2wy¢' (x%),

and 25z —ty - q =22’ (x%),
whence (2rz — sy +2p) =2y (2sz -ty - q)
or 2x% — bays +2y% + 2(px + qy) =0,

which is of the first degree in 1, s, .
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The same equation results from eliminating y from
P2 -2y = (y?).

Ex. (ii). p2+g=¢(22+y).

This gives 2pr +s=2¢'(2x +y),
and 2ps +t=¢p'(2x +y),
whence 2pr +8=4ps +2t,
again of the first degree in 7, s, .

Ex. (iii). y—-p=¢(z-9q.

This gives -r=(1-s)¢'(x~-q),
and l-s=-t¢'(xz—9),
whence rt=(1-s)?
or + 25+ (rt—s?)=1.

This example differs from the other two in that p and ¢ occur in
the arbitrary function as well as elsewhere. The result contains a
term in (rt—s?)

Examples for solution.

Eliminate the arbitrary function from the following :

(1) py—g+3y2= (22 +y?). @) z—§=¢<z).
(B) p+z-y=¢(g—-2z+y). (4) pr+qy=p(p?+g?).
(6) p®—z=¢p(q*~-2y). (6) p+2q=¢(2).

153. Generalisation of the preceding results. If v and v are
known functions of z, y, 2, p, ¢, and we treat the equation u =¢ (v)
as before, we get

a,u+ .au+a,?'f+ ?ﬁ‘-(,ﬁf.,. gl)+a_v+ av) '()
Top oo st P~ aptiagtan P g )
ou ,Ou Ou Ou av ov av
and sap taq+ay+qaz a ”5 ay ) ¢'(v).
Eliminating ¢’(v) we find that the terms in rs and st cancel out,
leaving a result of the form
Rr+8s+Tt+U(rt - sz) v,
where R, 8, T, U and V involve p, ¢, and the partial differential
coefficients of w and v with respect to 2, ¥, 2, p, ¢.
The coefficient U _oudv_0vou )
which vanishes if v is a function of % y, z only and not of p or q.
_ These results will show us what to expect when we start with
the equations of the second order and try to obtain equations of the
first order from them.
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164. Monge’s method of integrating Rr+8s +Tt=V. We shall
now consider equations of the first degree in 7, s, t, whose coefficients
R, S, T, V are functions of p, ¢, 2, y, 2, and try to reverse the process
of Arts. 152 and 153.

- _9 40 P g -
Since dp—axdx+ay(ly_rdx+sdy
and dg=sdx +tdy,

Rr+8s+Tt-V =0
becomes R (W) +8s+T (dq ;; dx) -V =0,
te. Rdpdy+Tdgdx-V dydx-s(Rdy?-8dydz+T dx?)=0.
The chief feature of Monge’s method is obtaining one or two
relations between p, ¢, z, ¥, 2 (each relation involving an arbitrary
function) to satisfy the simultaneous equations
Rdy*-Sdydx+T daz?=0,
Rdpdy+Tdqdx -V dydx=0.
These relations are called Intermediate Integrals.

The method of procedure will be best understood by studying
worked examples.

Ex. (i). 2x2%r — brys + 2y% + 2 (px + qy) =0.
Proceeding as above, we obtain the simultaneous equations
222 dy? +5zy dy dz + 2y2 da? =0, ...ocvveeneeenenennnnn(l)
and 2x2dp dy +2y2 dg dx+2(pr+qy) dy dz=0. ..0vveirnrinnnnnad(2)
(1) gives (x dy + 2y dz) (2z dy + y dx) =0,

te. 2%y=a or xzy?=b.
If we take 2%y =a and divide each term of (2) by zdy or its equivalent
-2y dx, we get 2z dp —y dg+2p dx —q dy=0,
1.e. 2px—qy=c.
This, in conjunction with x%y = a, suggests the intermediate integral

20% — @Y= (T2Y), +ereerreiiiiiiiriniinrrnnnnans (3)

where ¢ is an arbitrary function. [Cf. Ex. (i) of Art. 152.]
Similarly 2y2=5b and equation (2) leads to

PT—29Y =Y (Y. eirerririrninniiininiiaieenes 4)
Solving (3) and (4), ’
Spr=2¢ (z%y) - Y (zy*),
3qy = (a®y) - 24 (zy?),
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so dz=pdz+qdy=3¢(z%y). (2‘17” dJ) 1 (ay?) (d” 2d?/)

ie. 2=3] (e . dlog (%) —4] (o) . d1og (),
or  z=f(a%)+F(zy?).

Ex. (ii). ytr—2ys+t=p+6y.

Eliminating r and ¢ as before, we are led to the simultaneous equa-
tions . y2dy? + 2y Ay de +de =0, ..ocovrrerereereereenes(B)
and y2dpdy+dqdz—(p+6y) dydr=0. ....oovvvvnaneena(6)

(5) gives (y dy +dax)?=

te. 2x+y?=a.
Using this integral and dividing each term of (6) by ydy or its
equivalent —dz, we get
y dp - dg+(p+6y) dy=0,
t.e. py—gq+3yc=c.
This suggests the intermediate integral
PY -9 +3y*=¢(2z+y).
As we have only one intermediate integral, we must integrate this
by Lagrange’s method.
The subsidiary equations are

de_ dy dz
P = ey
One integral is 2z +y2=a. Using this to find another,
dz+{-3y*+ $(a)} dy =0,
te. z—y+yp(2x+y?)=b.
Hence the general integral is
Yie-9* +yp(2e+y?), 20+y% =0,

or z-.y3—y¢(2x+y’) +f (2 +y?).
Ex (iii). —-qs=¢.
The simultaneous equatlons are
qadydr+pda?=0, .ccerriiiiiiniiniiinnen. (7)
and pdgde—-Pdyde=0. ....ccoevvrveurerrnenne. 8)
(7) gives dz=0 or gqdy+pdx(=dz)=0, o

1.e. T=a or 2z=b
If dz =0 (8) reduces to 0=0.
If 2=b, ¢dy= — pdzx and (8) reduces to
pdq+q*p dz=0,
dg/q®+dz =0,

giving —;—+x=c=\b(z). RPN ()
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(9) may be integrated by Lagrange’s method, but a shorter way is

to rewrite it oy 1
a_?z/ =—-=L- \P(z):
giving y=xz~ I V(2) dz + F ()

y=az+f(2) + F ().
Examples for solution.
(1) r—tcos?z+ptan =0.
@) (@-y)(er-zs—ys+yt)=(z+y)(p-9.
(3) (g+1)s=(p+1)t. (4) t—rsect y=2qtan y.
(5) zy(t—7)+(2?-y?) (s -2) =py gz
16) 1+¢)2r-2(1+p+q+pg)s+(1+p)2=0.
(7) Find a surface satisfying 2x2r — bxys + 292 + 2 (p2 + qy) =0 and

touching the hyperbolic paraboloid z=x2—y? along its section by the
plane y=1.

(8) Obtain the integral of ¢%r —2pgs+p% =0 in the form
y+af (&) =F(z),
and show that this represents a surface generated by straight lines that
are all parallel to a fixed plane.

*155. Monge’s method of integrating Rr +8s +Tt +U (rt —82)=V.
As before, the coefficients R, S, T', U, V are functions of p, g,
z, Y, 2.
yThe process of solution falls naturally into two parts :
(i) the formation of intermediate integrals ;
(i) the further integration of these integrals.
For the sake of clearness we shall consider these two parts
separately.
156. Formation of intermediate integrals. As in Art. 154,
r=(dp - s dy)/dx
and t=(dq - s dx)/dy.
Substitute for » and ¢ in
+ Rr+8s+Tt+U(rt-s¥)=7,
multiply up by dz and dy (to clear of fractions), and we get
Rdpdy+Tdgdx+Udpdg -V dzdy
-8(Rdy*-Sdedy+T da® + U dpdz + U dgq dy) =0,
say M -sN =0.
* The remainder of this chapter should be omitted on a first reading. This

extension of Monge’s ideas is due to Audré Marie Ampére, of Lyons (1775-1836),
whose name has been given to the unit of electric current.
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We now try to obtain solutions of the simultaneous equations
M =0,
N =0.

So far we have imitated the methods of the last paragraph, but
we cannot now factorise N as we did before, on account of the
presence of the terms U dp dx + U dg dy.

As there is no hope of factorising M or N separately, let us try
to factorise M +AN, where A is some multiplier to be determined
later.

Writing M and N in full, the expression to be factorised is

Rdy2+T da? - (S+AV)dedy+Udpdz +Udgdy
+ARdpdy + AT dgdz +\U dp dg.

As there are no terms in dp? or d¢?, dp can only appear in one
factor and dg in the other.

Suppose the factors are

Ady+Bdz+Cdp and Edy+Fdc+Gdyg.

Then equating coefficients of dy?, dz?, dp dg,

AE=R; BF=T; CG=\U.
We may take
A=R, E=1, B=kT, F=1Jk, C=mU, G=\/m.
Equating the coefficients of the other five terms, we get

kT +Rjk= ~(S+AV), wevvvevrerinncnen(l)
ARM=U, oo ()
ETAN/m =T, ....cccceoviiiiiinnnininnnn(3)
U =R, oo (4)
MUE=U. eoeveveeeveerereerereseresnnnn(B)

From (5), m =Fk, and this satisfies (3).
From (2) or (4), m=AR/U.
Hence, from (1),
A(RT +UV)+ANUS +U%=0. .......c.coeeeeee(B)
So if A is & root of (6), the factors required are

(Ray 2 %] da+xRdp) (dy +5 da+ 2 dy),

‘e,  T(Udy+NTdo+\Udp). s (R dy +U do+\U dg).

We shall therefore try to obtain integrals from the linear
equations Udy +AT dz +AUdp=0 ..covvverrerrrereeene.na(7)

and ARdy +Udz +\U dg=0, ............cccuueuuv...(8)
where A satisfies (6).
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The rest of the procedure will be best understood from worked
examples.

157. Examples.

Ex. (i). s +(rt—s?) =1.
Substituting R=T=0, S=2, U=V=1 in equation (6) of the last
article,* we get A2 +9\ +1=0,

a quadratic with equal roots —1 and -1.
With A = —1, equations (7) and (8) give
dy —dp=0,
dz—dg =0,
of which obvious integrals are
y — p=const.
and 2 — ¢ =const.
Combining these as in Art. 154, we get the intermediate integral

y-p=flz-9.
Ex. (ii). r+3s+t+(rt—s?)=1.
The quadratic in A comes to
2A2+3\ +1=0,

sgoA=-1or —4.
With A= -1, equations (7) and (8) give
dy —dx—dp=0,
—dy +dx—dg =0,

of which obvious integrals are
PHT—Y=00nst. ccocvrrrriirenrirnininennnenna(l)

and g—T+HY=0ON8b. cerrrriiriiriniiii (2)
Similarly A = —} leads to

PHT=2Y=0CONSt. coerrrrernriiiniirninniiiiiennnes (3)

and q¢- 2z +y=const. ...... BTN (4)

In what pairs shall we combine these four integrals ?

Consider again the simultaneous equations denoted by M =0, N=0
in the last article. If these are both satisfied, then M +A,N=0 and
M +A,N =0 are also both satisfied (where A, and A, are the roots of the
quadratic in A). ‘Therefore one of the linear factors vanishes for A =2,
and one (obv1ous1y the other one, or else dy=0) for A=AX,.

That is, we combine integrals (1) and (4), and also (2) and (3),
giving the two intermediate integrals

pro-y=f(q-2z+y)
and pt+z-2y=F(q-x+y).

* We quote the results of the last article {0 save space, but the student is
advised to work each example from first principles.
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Ex. (iii). 2yr+(pz+9y)s+at—zylrt—s2)=2-1pq.
The quadratic in A comes to

Azypg - Azy (pz +gy) +2%y%=0,

giving A=y/p or z/q.
Substituting in (7) and (8) of the last article, we get, after a little
reduction, PAY=dx+ydp=0, .corciviininiiriniiiinninnes (5)

Qydy—prdes—ay dg=0, ....o0vvnviirniirirnniininned(6)
—qydy+xdz—2ydp=0, .cc0o0verviiriiirinnnnnnnnnnn(7)
and ~2dy+qdx+xdg=0. .cocoovinririrerioreririninnes 8)

Combining the obvious integrals of (5) and (8), we get

yp—z=f(-2y+qa).

But (6) and (7) are non-integrable. This may be seen from the
way that p and ¢ occur in them. Thus, although the quadratic in A has
two different roots, we get only one intermediate integral.

Examples for solution.

Obtain an intermediate integral (or two if possible) of the following :

(1) 3r+4s+t+(rt—s?)=1. (2) r+t—(rt-s?)=1.

(3) 2r+te® — (rt —s2) =2¢= (4) rt-s2+1=0.

(5) 3s+(rt—s?=2.

(6) grr+(x+y) s+ pyt +xy(rt —s%) =1 - pq.

(7) (g2 =1)2r-2pgzs+(p2-1)2t+22 (rt—s?) =p2+¢2-1.

158. Further integration of intermediate integrals.

Ex. (i). Consider the intermediate integral obtained in Ex. (i) of

Art. 167, y-p=f(z-q).
We can obtain a ““ complete ” integral involving arbitrary constants
a, b, ¢ by putting z-g=a
and y-p=[(a)=b, say.
Hence dz=pdz+qdy=(y-b) dz+(x—a)dy
and z=2y-br-ay+e.

An integral of a more general form can be obtained by supposing
the arbitrary function f occurring in the intermediale integral to be
linear, giving y-p=m(z-q)+n.

Integrating this by Lagrange’s method, we get

2=xy+ ¢ (y +mz) - nw.

Ex. (ii). Consider the two intermediate integrals of Ex. (ii), Art. 157,
p+a-y=f(g-2z+y)
and p+e-2y=F(g-x+y).
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If we attempt to deal with these simultaneous equations as we dealt
-with the single equation in Ex. (i), we get
g-22+y=a,
9-2+y=0,
p+z-y=f(a),
p+x—-2y=F(B).
If the terms on the right-hand side are constants, we get the absurd
result that z, y, p, ¢ are all constants |
But now suppose that a and B are not constants, but parameters,
capable of variation.
Solving the four equations, we get

z=B-a,
y=f(a) - F(ﬁ)y
p=y-z+f(a),

. 9'_“”_?/'*'13:
giving  dz=pdz+qdy

=(y-2)(dz—dy) +f(a) dz+ B dy
=—3d(zx-y)2+f(a) dB~f(a) da+ Bf'(a) da- BF'(B) dB;

be. 2=~ a9~ [ f(a) da- | BF(8) 4B+ 1 @)

To obtain a result free from symbols of integration, put

[f@da=pt) ama [F(®)dB=y(.
Now J.,BF’(,B) dB=BF(B) - IF (B) dB, integrating by parts,

=BY'(B) - (B)
Hence 2= —4(z-y)2- ¢ (a) - BY'(B)+y (B) + B¢ (),
2= ~}(z-9)?- ¢ (a) +¥ (B) + By,
or finally {x =B-a,
y=¢'(a) -¢'(B).

These three equations constitute the parametric form of the equation
of a surface. As the solution contains twao arbitrary functions, it may
be regarded as of the most general form possible.

Examples for solution (completing the solution of the preceding set).
Integrate by the methods explained above :

(1) p+o—-2y=F(g-2x+3y). (2) p-z=f(g-y).
(3) p-e*=f(q-2y). (4) p-y=f(g+=),
pt+y="F(¢-2).
(6) p—~y=f(g-22), (6) pr—y=f(qy-2).
p-2y=F(g-2). (7) (zp-2)=f(2g-).

(8) Obtain a particular solution of (4) by putting ¢ (a)= —1a?,
V- (B) =482 and eliminating « and 8.
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MISCELLANEQOUS EXAMPLES ON CHAPTER XIV.

(1) r=2y2 (2) logs=z+y. (3) 2yg +y2=1.
(4) r—2s+t=sin (2 +3y). (5) % —2xs+t+¢=0.
(6) rx?—3sxy+2ty® +pr+29y=1+2y.
() 92 +2zys + 2% + px +qy =0.
(8) 5r+6s+3t+2 (rt—s? +3=0.
(9) 2pr+2qt —4pq(rt—s?)=1.
(10) 7t —s2—s(sin z +sin y) =sin 2 sin y.
(11) 7r—8s—3t+(rt —s2) =36.
(12) Find a surface satisfying r=6x+2 and touching z=a3%+y°
along its section by the plane z+y+1=0.
(13) Find a surface satisfying r —2s+¢t=6 and touching the hyper-
bolic paraboloid z=zy along its section by the plane y=uz.
(14) A surface is drawn satisfying r+£=0 and touching z%+22=1
along its section by y=0. Obtain its equation in the form
22(x2 +22—1) =y2 (2% +22). [London.]
(15) Show that of the four linear differential equations in 2, y, p, ¢
obtained by the application of Monge’s method to
2r 4 qs +at — x(rt — s2) =2,
two are integrable, leading to the intermediate integral
p-x=f(gx-2y),
while the other two, although non-integrable singly, can be combined
to give the integral p+igt-z=a.
Hence obtain the solutions
2 =422 - 2may — M2+ nx + ¢ (y + $ma®)
and z2=(a-3}b¥)z+ 422+ by +c,
and show that one is a particular case of the other.

(16) A surface is such that its section by any plane parallel to =0
is a circle passing through the axis of #. Prove that it satisfies the
functional and differential equations

y2+22+yf (z) +2F (2) =0,
(y2+2%)t+2(z—yg) (1 +¢?) =0.
(17) Obtain the solution of z?r + 2zys + 42 =0 in the form

z=f (g) +zF @p),
and show that this represents a surface generated by lines that intersect
the axis of 2.
(18) Show that 7¢ —s2=0 leads to the * complete ” integral
z=ax+by+e.
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Show that the * general ” integral derived from this (as in Art. 134)
represents a developable surface (see Smith’s Solid Geometry, Arts.

222-223).
Hence show that for any developable surface ¢=f(p).
(19) Find the developable surfaces that satisfy
pg(r—1t) - (p* - 9% 8 +(py - ¢2) (rt - 6%) =0.

[Assume ¢=f(p). This is called Poisson’s method. We get

g=ap or pi+g?=b2
giving z=¢(x+ay) or z=bxcosa+bysina+ec.

The second of these integrals represents a plane which generates the
developable surface given by the corresponding “ general ” integral.]

(20) Show that if

X=p, Y=q, Z=pz+gy-z,
then ¢=T/(RT-8%, s=-S/{(RT-8%, t=R[(RT-8?),
2

where R =z—-§,, eto.

Hence show that the equation

ar+bs+ct+e(rt—s2) =0

transforms into AT - BS+CR+ E=0,
where a, b, ¢, e are any functions of z, ¥, p, ¢, and 4, B, C, E the corre-
sponding functions of P, @, X, Y.

Apply this Principle of Duality (cf. No. 21 of the Miscellaneous
Examples at the end of Chap. XI1.) to derive two intermediate integrals
of pg(r=1) = (p2 - g%s+(py - g2) (1t ~ 53 =O0.

(21) Prove that if @, y, u, v are real and u + 4w =f (z+y), then V=u
and V =v are both solutions of

.a_z_I_/. + a_’! =0

ox? dy?

and the two systems of curves % =const.,
v=const.,

are mutuélly orthogonal.
Verify these properties for the particular cases
(i) u+w=x+1y,
(ii) w+iv=(2+1y)?3
(il) »+ow=1/(z+1y).

[The differential equation is the two-dimensional form of Laplace’s
equation, which is of fundamental importance in gravitation, electro-
statics and hydrodynamics. u and v are called Conjugate Functions.
See Ramsey’s Hydro-Mechanz’cs, Vol. II. Art. 41.]

(22) Obtain the solution of

2 ”
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subject to the conditions y=f () and —gg = F(z) when ¢=0, in the form

1 %+at
y=%4f(z+at)+1f (z—at) +-2-5L_MF(7\) dn.

[y is the transverse displacement of any point z of a vibrating
string of infinite length, whose initial displacement and velocity are
given by f(z) and F(z). See Ramsey’s Hydro-Mechanics, Vol. IL
Art. 248.]

(23) If y=f(x) cos (nt+ a) is a solution of

02 ot
at +0' 5 =0
show that f(x) =4 sin mx + B cos m2 + H sinh mxz + K cosh mx, where
m=4/(nfa?).

[The differential equation is that approximately satisfied by the
lateral vibrations of bars, neglecting rotatory inertia. See Rayleigh’s
Sound, Art. 163.]

(24) Show that

w=A4 sin (mmz/a) sin (nmy[b) cos (pct + a)
tisfi 0w _ , (82w 82w>
satishies 5£§=c 5;9?+W s
and vanishes when
=0, y=0, z=a or y=b,
provided that m and n are positive integers satisfying
(p/m)?=(m[a)®+(n[b)2.

[This gives one solution of the differential equation of a vibrating
membrane with a fixed rectangular boundary. See Rayleigh’s Sound,
Arts. 194-199.]

(25) Show that w=AJy(nr) cos (nct+ a)
satisfies aiw <azw+1 aw)

ot? ort "r or
where J i3 Bessel’s function of order zero (see Ex. 2 of the set following
Art. 97).

[Th}s refers to & vibrating membrane with a fixed circular boundary.
See Rayleigh’s Sound, Arts. 200-206.] ¢

(26) Show that V=(Ar+ Brn-1)P, (cos 0)
satisfies OV 2OV LT wtbV

or2 "r or 1200 % 00 '
where P, is Legendre’s function of order n (for Legendre’s equation,
see Ex. 2 of the set following Art. 99).

[N.B—Take u=cos 0 as a new vaciable. This equation is the
form taken by Laplace’s potential equation in three dimensions, when
V is known to be symmetrical about an axis. See Routh’s Analytical
Statics, Vol. I1. Art. 300.]
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The mecessary and sufficient condition that the equation M dx+ N dy=0
should be exact

(@) If the equation is exact,

M dz + N dy =a perfect differential =df, say.
So =g{; and N= g‘; H
ON o of oM
05 050y Oyow 0y’
so the condition is necessary.

(b) Conversely, if 361: aaM , put F= IM dx, where the integration

is performed on the supposition that y is constant.

2 2
Then a—F=M and a'F ———a F _gz_u_gv

oz dxdy Oyox Oy oz

So a—i(N—g—yI—‘>=0,

therefore

F . .
N - aa— =a constant as far as x is concerned, that is,
a function of y,

=¢ (y), say.
F
Then =% + ¢ (y).
Now put f=F+-‘-¢(y) dy.
Then N= gf
Y

Also M =g§ by definition of F
= g'—::, since F and f differ only by a function of y.

Thus M dz+N dy o dx + 5 o dy df, a perfect differential.
So the equation is exact that is, the condition is sufficient.

2
[Our assumption that a—a—a‘— = aag is justified if f and its first and

second partial differential coeﬂiclents are continuous. See Lamb’s
Infinitesimal Calculus, 2nd ed., Art. 210.]
191
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The equation P(z,y, 2) g£ +Q(z, ¥, z)g—?‘f/

four-dimensional, has no special integrals. (See Art. 127.)

+ R(z, y, 2) g—g=0, regarded as

Let u(z, ¥, 2)=a,
v(z, y, 2)=0b,
be any two independent integrals of the equations
da/P=dy/Q=dz/R.
Then we easily prove that

ou . Ou ou
Pa—$'+Q-a—3/‘+Ré;=0 ................................ (1)
o o ov
and Pa—x+Qa?—/+Ra—z- =0, ceeeieeerenresrensereennnnene (2)

The left-hand side of (1) does not contain a, and therefore cannot
vanish merely in consequence of the relation u=a. Hence it must
vanish identically. Similarly equation (2) is satisfied identically.

Now let f=w(z, y,2) be any integral of the original partial
differential equation, so that

ow

ow . ow
Pé‘;'!‘@ay +Ra—z'=0. .............................. (3)

This is another identical equation, since f does not occur in it.

Eliminating P, @, R from (1), (2), (3), we get
0 (u, v, w)
da(z, y, 2)
Hence w is & function of % and v, say

w=¢(u, v).

That is, f=w is part of the General Integral, and therefore, as f=w
is any integral, there are no Special Integrals.

[The student will notice the importance in the above work of a
differential equation being satisfied identically. Hill’s new classification
of the integrals of Lagrange’s linear equation (Proc. London Math. Soc.
1917) draws a sharp distinction between integrals that satisfy an
equation identically and those which have not this property.]

=0 identically.
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The expression obtained for dz by Jacobi’s method of solving a single
partial differential equation of the first order (Art. 140) is always

integrable.
To prove that

dz=p,dz, + pyd, + psdz,

is integrable it is necessary and sufficient to prove that

A7 g (A)
P2 _0ps 4y 0Py Opr n_OP1_Op
where Sow, o0, Y =0n, om’ Y bw, Oz,

Now, by adding equations (8), (9), (10) of Art. 140 and using the
relation (F, F,)=0, but not assuming the truth of (A), we get

o(F, F,) o(F, Fy) o(F, Fy)
L M +N e 1 B
9(pg Pa) 9(p3, p1) 9(py, o) (B)

. o(F,, F,) 0(Fy, Fy) A 0(Fy, Fy)
Similarly L N =0 .ereenn weee(C
Y L S e 20 T e 1) T 3(os £ ©

o(F,, F) o(F,, F) o(F,, F)
d L 2 2 L =0. reerreen D
an 9(pa P3) 9(ps P1) 0(py> P2) (D)

From equations (B), (C), (D) we see that either L=M=N=0 or
A=0, where A is the determinant whose constituents are the
coefficients of L, M, N in (B), (C), (D).

But these coefficients are themselves the co-factors of the constituents
of the determinant _3(F, F, Fy

0(py1, Pas P3)’
and by the theory of determinants A =J2.

Now J cannot vanish* for this would imply the existence of a
functional relation which would contradict the hypothesis of Art. 140
that the p’s can be found as functions of the #’s from

F=3F —a,=Fy—a,=0.
Hence yA=0; therefore L=M=N=0,

* All the equations of this appendix are satisfied identically.
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APPENDIX D
Suggestions for further reading

No attempt will be made here to give a complete list of works on
differential equations. We shall merely give the names of a very
small number of the most prominent, classified in three sections.

1. Chiefly of analytical interest (forming a continuation to Chapter X.).

(@) Forsyth : Theory of Differential Equations (1890 and later years,
Cambridge Univ. Press).

This important work is in six volumes, and is the most exhaustive
treatise in English upon the subject. It should not be confused with
his more elementary work in one volume (4th ed. 1914, Macmillan).

(D) Goursat : Cours &’ Analyse mathématique, Vols. I1. and IIL. (2nd
ed. 1911-15, Gauthier-Villars ; English translation published by Ginn).

This deals almost entirely with existence theorems.

(¢) Schlesinger : Handbuch der Theorie der linearen Differential-
gletchungen (1895-8, 3 vols, Teubner).

II. Partly analytical but also of geometrical interest.

(a) Goursat: Eguations aux dérivées partielles du premier ordre (1891).

(b) Goursat: Fguations aux dérivées partielles du second ordre
(1896-98, 2 vols., Hermann et fils).

(c) Page: Ordinary differential equations from the standpoint of Lie’s
Transformation Groups (1897, Macmillan).

This deals with the elements of differential equations in a highly
original manner.

III. Of physical interest (forming a continuation to Chapters I11. and IV.).

(2) Riemann : Partielle Differentialgleichungen und deren Anwendung
auf physikalische Fragen (1869, Vieweg).

(b)) Riemann-Weber: A revised edition of (a), with extensive
additions (1900-01, Vieweg).

(c) Bateman : Differential Equations (1918 Longmans).

This contains many references to recent researcles.

It is impossible to mention original papers in any detail, but the
recent series of memoirs by Prof. M. J. M. Hill in the Proceedings of the
London Mathematical Society should not be overlooked.
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dy y® + 3z2y
(1 ) =3 [London.]
2 gﬁ+2wy=2w (1+x2). [London. ]
(3) tany 5= d Y+ tan z=cos y cos>z. [London.]
dy  (dy\?
(4) y=2= 71— + ( %) - [London.]
5) 1- w2) (7;; —xy =x%y% [London.]
(6) (D2?+4)y=sin 2. [London.]
(7) (D*— D2+3D+5) y=x2+¢®cos 2z. [London.]
(8) (x®D®+a2D?) y=1+x+a? [London.]
(9) coszsinw % =1 +Co08 Z. [London.]

(10) ——=:c+y+2cos t,

[London.}
dy =3z -y.

an y=s (%) +1. [London.]
(12) y 342 () -y [London.]
(13) (D‘+8D’+16) y = cos 2. [London.]
(14) j xz?dy + j xy dx =13, [London.]
(15) (y2+yz—2)da +(x® +x2—2)dy + (T +y—zy)dz= [London ]
(16) (22®—y®— zs)yzdm+(2y" -8 a;”)za:dy+(2z3 :cs Yy dz=0

[London 1
(17) xp—yq + (22 —y?) =0. [London.]

(18) (z+2y—2)p+(3y—2)g=2+y. [London.]
195
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2 (zz— yz +ay)
(19) zp+yg +———————4y prarps =0. [London.]
(20) p(x+p)+q(y+q) =2 [London.]
(21) r+s8=p. [London.]
(22) z—4px—qy=p3[zd [London.]
(23) r—-z=t-y. [London. ]
(24) z=px+qy - szy. [London. ]
(25) 2 (1t —s2) + pgs=0. [London. ]
(26) x2r +2zys +yX=2xy. [London. ]
(27) rq(q+1)-s(@2pg+p+9+1)+tp (p+1)=0. [London. ]
(28) y*= wy 2p +a'p?. [Math. Trip.]

dy
@ sy zh=(51)-
(30) @—y 29 piny 0. [Math. Trip.]
(31) (zp+x) +(2q+y)?=1. [Math. Trip.]
(32) Find a solution of the equatlon I 2 -3 Z—g + 2y =€%® which shali

vanish when #=0 and also when z=Ilog, 2. [Math. Trip.]
(33) Solve the equation
42z

¥ +2x +(x2+>\“) z=4 cos pt.
Show that, for dlﬁerent values of p, the amplitude of the particular
integral is greatest when p2=A2—«2, and prove that the particular
integral is then
(4/2k\) cos (pt - a), where tan a=p/«. [London.]
(34) Solve the equation
%y  dy
m.‘i—x tanz+y cos? =0
by putting z=sin .
2
a V %;: %—Z—O to be of the
form F(r+7), where r3=x2+y2+22, obtmn the function F; and by
integrating with respect to z, deduce the solution V =zlog (r+2)—r.
(ii) Assummg a solution of %““2%2 to be of the form ¢ (),
where £=x/4/t, obtain the function ¢; and deduce a second solution
by differentiating with respect to . [London.]
(36) ' Obtain a rational integral function V of , y, 2 which satisfies
the condition 2V 02V 9
535+53+553=0,
0x® 0y 022
and is such as to have the value A2* at points on the surface of a sphere
of unit radius with its centre at the origin, [Math. Trip.]

(35) (i) Assuming a solution of ——
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(37) Show that a solution of Laplace’s equation V2u=0 is
u=(A4 cos n0 + Bsin nb)e~** J,, (A7),
where 7, 0, z are cylindrical co-ordinates and 4, B, n, \ are arbitrary
constants. [London.]

(38) Show that J,(r) (@, cos n0 +b, sin n@), where r and @ are
polar co-ordinates and @, and b, are arbitrary constants, is a solution

of the equation oV aZV
s e =+ V=0. [London.]
(39) Show how to find solutions in series of the equation
_ag o 0%u
ot axz’
and solve completely for the case in which, when 2=0,
u=a %Z; =Ccosh ¢ [London.]
(40) Obtain two independent solutions in ascending powers of z of
the equation . d2y _—
d_:t2+ xy =0

and prove by transforming the variables in the equation, or otherwise
that the complete solution may be written in the form

y=4347, (2} + BN (o),
where 4 and B are arbitrary constants. [London.]
(41) Show that the complete solution of the equation

Z—Z+P+Qy+Ry2=0,
where P, @, R are functions of #, can be obtained by the substitution
y =1y, +1/z, if a particular solution, y,, is known.

Show that, if two particular solutions y, and y, are known, the
complete solution is

log <?/ ?/1) _“ R(yy-y,) dz +const.

Obtain the complete solution of the equation

(x’—l)g—zﬂvrl-l ~(x2+1)y+(z-1)y2=0,

which has two particular solutions, the product of which is unity.
(42) Show that the differential equation [London.]

(1-ot) & T +2{b+a- l)x}dx+2ay =0

has a solution of the form (1 +«)?{1 — x)9, where p and ¢ are determinate
constants. Solve the equation completely; and deduce, or prove
otherwise, that if 2a is a positive integer n, one solution of the equation
is a polynomial in z of degree n. [London.]
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(48) Verify that 1 - z2 is a particular solution of the equation
z(1-22)*2 2y+(l -z3) (1 +3x’) Y +da (1+2?) y=0,

and solve it completely.

By the method of variation of parameters or otherwise, solve com-
pletely the equation obtained by writing (1 — «2)® instead of zero on the
right-hand side of the given equation. [London.]

(44) Show that the complete solution of the equation

diy du
dx’ +Qy =0,

where P, Q) are given functions of 2, can be found if any solution of the

equation du, . o 1dP 1
PP Pty L
is known.
Hence, or otherwise, solve the equation
@y .. Y
(l—mz)—2—4x—+(a:‘—3)y=0. [London.]

(45) Prove by puttmg v=we'* that the complete solution of the

equation z -— d:v” 2n +xv—0 where 7 is an integer, can be expressed
in the form
(A cosz+ Bsinz) f (z) +(4 sin 2 — B cos z) ¢ (z),
where f(z) and ¢ () are suitable polynomials. [London.]
(46) If w, v are two independent solutions of the equation
f@) " ~f'@)y" +¢(2) y' +x (2) y=0,

where dashes denote differentiation with regard to , prove that the
complete solution is 4u+ Bv+ Cw, where

w_____uj of (z) dz » uf () da

(o' —w'v)2 " ) (uv’ —u'v)?
and 4, B, C are arbitrary constants.
Solve the equation
o2 (2 +6)y""’ — 2(T22 +25)y"’ + (2222 +40)y’ - 30xy =0,
which has solutions of the form a". ‘ [London.]

(47) Obtain two mdependent power-geries which are solutions of
the equation dy

2 _ a2 L bt oy =
(= a)dx,+bxdz+cy 0,
and determine their region of convergence. [London.]
(48) Prove that the equation

z(l- a:)dzs+(l 2:):) 1y-O
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has two integrals
ad i 1 11 1
;a,,w", 204 ( loga:+l—§+§— ..-%).’c",
where a, {g 2’: _+|_ %;} [London.]

(49) Form the differential equation whose primitive is

y=4 (smw+ : >+B( osx—gi—g—z}

where 4, B are arbitrary constants. [London.]
(50) Obtain the condition that the equation
Pdz+Qdy=0

may have an integrating factor which is a function of  alone, and apply
the result to integrate
(3xwy — 20y?%) dw + (42 — 202y) dy =O0. [London.]
(61) Show that the equations
dy 2as® dy
Y-z teo dz

=0,

—y2+2(xy+bm2)%=
have a common primitive, and find it. [London.]
(62) Prove that any solution of the equation
d u+Q -t Ru=0
is an integrating factor of the equatlon
dxz(Pu) T (Qu) + Ru=0,
and conversely that any solution of the latter equation is an integrating

factor of the former.
Hence integrate the first of these equations completely, it being

given that d P\ R
a__z (@) +(_2. =0, [London.]
(63) If the equation 73 +Pd‘/ +Qy =0,

where P and Q are functlons of z, admits of a solution
y=Asin(nz + a),
where A4 and g are arbitrary constants, find the relation which connects
P and Q. [London. ]
(84) Solve the equation @y _ 4 .
7 A e L
having given that it has two infegrals of the form

al+ l:e‘ . [London.]
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(55) Show that the linear differential equation whose solutions are

the squares of those of di +P +Qy =0

may be written ( (ZB+2P> (le j 3 +2Qy> +2Q P Y_0.

(56) Show that the total dlﬁerentlal equation
322 (y +2)dz + (22 — %) dy + (4% — 2®)dz =0

satisfies the conditions of integrability, and integrate it. [London.]

(67) The operat;or(;z
function of z and ¢ (D) a rational integral function of D,

$(D)oX =2 (D)X +¢' (D) X

Extend the result to the case in which 1/¢(D) is a rational integral

function of D.

Solve the differential equation
3

being represented by D, show that if X is a

—22 -
e L 8y =32 + xe2% cos . [London.]
d?
(68) Show that 3 o z+4acdy 8y=0
has an integral which is a polynomialin z. Deduce the general solution.
[Sheffield. ]

(69) Show that, if in the equation Pdz+Qdy+ Rdz=0, P,Q, R
are homogeneous functions of z,y, z of the same degree, then onevariable
can be separated from the other two, and the equation, if integrable,
is thereby rendered exact.

Integrate

22 (wdx + y2dy) + 2{my2? + 2% — (22 + 4?)%} (dz + dy)
+ (@ +y) {22 — 22 (2 + 4?) — (2 + y*)B dz =
obtaining the integral in an algebraic form. |London.]

(60) Show that, if the equation Pdz+Qdy+ Rdz=0 is exact, it
can be reduced to the form A du +udv=0; where A/u is a function of
u, v only and w=constant, v=constant are two independent solu-

tions of de dy dz
"R BT R
0z 0y 0Ox 0z Oy Ox
Hence, or otherwise, integrate the equation
(yz +2¥)dz — 22 dy + 2y dz=0. [London.]
(61) Prove that 2%=2zy is not included in
z+y+4/(2% - 22y) = f(w+y+z’),
which is the general solution of
{24/(22 - 2zy) - 2z - L} 2p + {1 + 2y - 2¢/(2* - 2zy)}2g =2 — ),
but that it is nevertheless a solution of the equation. [Sheffield.]
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(62) (i) Show how to reduce Riccati’s equation

d
(‘z%=ao(w) +8,(2)y +a,(2) Y
to a linear equation of the second order; and hence or otherwise prove
that the cross-ratio of any four integrals is a constant.
(ii) Verify that 4+ tan z, § — & cot & are integrals of

dy .
T aé =q? i +Y%
and deduce the primitive. [London.]

(63) By solving = —wy,

d
dt
dy
m‘—-ww

in the ordinary way, and eliminating ¢ from the result, prove that the

point (x, y) lkes on a circle.

Also prove this by adding « times the first equation to y times the
second.

[The equations give the velocities, resolved parallel to the axes, of
# point which is describing a circle with angular velocity o.]
(64) Find the orthogonal trajectories of the curves
y*(a - x)=a?
Prove that they reduce to the system
r2=b%(3 + cos 20). [Sheffield.]

(65) — =y —m2,

where I, m, n are constants, prove that
lz +my +ne,
o2+ Y2 + 28,
dz\2  sdy\? /dz\8
and @) (@) + (@
are all constant. Interpret these results.

(66) A plane curve is such that the area of the triangle PNT is
m times the area of the segment APN, where PN is the ordinate, NT
the subtangent at any point P, and 4 the origin, which is on the
curve ; show that its equatiod is y*™-1=a?m 3,

Show that the volume described by the revolution of the segment
APN about the axis of # bears a constant ratio to the volume of the
cone generated by the revolution of the triangle PNT. [London.]
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(67) By using the substitutions z=rcos , y=rsin 6, or otherwise,
solve the differential equation
(@ +y?) (@p-y)*=1+p%
Also find the singular solution, and interpret the results geo-
metrically, . [London.]

(68) Show that the equation
(@ +4? - 2apy)* = daPy? (1 - p?)
can be reduced to Clairaut’s form by making y2—2? a new dependent
variable ; solve it and show that the singular solution represents two
rectangular hyperbolas. Verify also that this solution satisfies the
given equation. [London.]

(69) Prove that the curves in which the radius of curvature is equal
to the length intercepted on the normal by a fixed straight line are
either circles or catenaries. [London. ]

(70) Solve the equation
y=x-2ap + ap?,
and find the singular solution, giving a diagram. [London.]

(71) A plane curve is such that its radius of curvature p is con-
nected with the intercept y on the normal between the curve and the
axis of z, by the relation py=c®. Show that, if the concavity of the
curve is turned away from the axis of z,

y2=c?sin® ¢ +b,
where ¢ is the inclination of the tangent to Oz Obtain the value of

z as a function of ¢ in the case b=0; and setch the shape of the
curve. [London.]

(72) Show that, if the differential equation of a family of curves be
given in bipolar co-ordinates r, 7', , @', the differential equation of the
orthogonal trajectories is found by writing rd@ for dr, v'd@’ for dr’,
—dr for rd@, —dr' for r'do’.

Find the orthogonal trajectories of the curves

a b
-+ 5=c,
ror
¢ being the variable parameter. [London.]

(73) The normal at a point P of a curve meats a fixed straight line
at the point @,.and the locus of the middle point of PG is a straight
line inclined to the fixed straight line at an angle cot™3. Show that
the locus of P is a parabola. [London.]

(74) Solve the equation 2(p—1)y=pz; show that the “ p-dis-
criminant ”” is a solution of the equation, and is the envelope of the
family of curves given by the general solugion. [London.]

(75) Obtain the differential equation of the involutes of the parabola
y*=4az, and integrate it. What is the nature of the singular solution ?
[London.]
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(76) Prove that if the normals to a surface all meet a fixed straight

line, the surface must be one of revolution. [London.]
(77) Integrate the partial differential equation
p5+qy=+/(a*+4%).
Give the geometrical interpretation of the subsidiary integrals and
of the general integral. [London.]

(78) Integrate the differential equation
0z oz
2(z+2y) 5--2(y+22) a—y:y’—zz.

Find the particular solutions such that the section by any plane

parallel to z=0 shall be (i) a circle, (ii) a rectangular hyperbola.
[London.]
(79) A family of curves is represented by the equations
22 +yt+622=qa, 22*+5y%+2%+4ay=L,

where a, 3 are parameters.

Prove that the family of curves can be cut orthogonally by a family
of surfaces, and find the equation of this family. [London.]

(80) Solve b(bey + axz) p + a(acx + byz) ¢ =ab(2% - ¢?),
and show that the solution represents any surface generated by lines
meeting two given lines.

(81) (i) Solve L Z—tl +RI=E,
where L, R, and E are constants.

[This is the equation for the electric current I in a wire of resistance
R and coefficient of self-induction L, under a constant voltage E.]

(ii) Determine the value of the arbitrary constant if I=1I, when
t=0.

(i) To what value does I approximate when ¢ is large %

[Obm’s law for steady currents.]

(82) Solve L g—tI + RI=E cos pt.

[The symbols have the same meaning as in the last question, except
that the voltage E cos pt is now periodic instead of being constant.
The complementary function soon becomes negligible, s.e. the free
oscillations of tke current are damped out.]

(83) Find the Particular Integral of
d?
La§+R%+g=Ecospt.

[This gives the charge @ ,on one of the coatings of a Leyden jar
when a periodic electromotive force E cos pt acts in the circuit con-
necting the coatings. The Particular Integral gives the charge after
the free electrical oscillations have been damped out.]
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(84) Show that the equations

dz _dy . dz
2d—t+3€-u-—16z—3y=0, 75—2x—3y=0
are satisfied by the trial solution y=mx, provided that m is a root of
the quadratic 2+3m_16+3m
T T 2+3m’
and z is given by 7 2—:’—(2+3m)x=0.
Hence prove that two sets of solutions of the differential equations
are y=4r=44e*
and y=-3z=-3Be™,

s0 that the general solution is z=Ae? + Be™,
y=44e*-3Be,

(85) Use the method of the last example to solve

gt2+23z 8y =0,
dix d?
85 +2 7f ~132+10y=0.

[Equations of this type occur in problems on the small oscillations
of systems with two degrees of freedom. The motion given by y=2z
(or by y= —bz) is said to be a Principal or Normal Mode of Vibration.
Clearly it is such that all parts of the system are moving harmonically
with the same period and in the same phase. If y—2x and y+ bz are
taken as new variables instead of z and y, they are called Principal or
Normal Coordinates. ]

(86) Given that L, M, N, R, S are positive numbers, such that LN

is greater than M2, prove that z and y, defined by
dx dy
L Et— +M =2 dt

dz dy
M~ +th

+ Rx =0,

+8y =0,

diminish indefinitely as ¢ increases.

[Show that z=Ae% + Be® and y= Eed + Fob, where a and b are
real and megative. These equations give the free oscillations of two
mutually influencing electric circuits. L and N are coefficients of
self-induction, M of mutual induction, and R and S are resistances. ]

(87) Show (without working out the solutions in full) that the
Particular Integrals of the simultaneous equations

AL +Rz+j’”—:’ﬁ=Esin o,

Md7+N‘—u—+Sy=0
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are unaltered if in the first equation the term J?} dt is omitted and L
is replaced by L—c%"

[This follows at once from the fact that the Particular Integrals are
of the form 4 sin (pt - a).

These equations give the currents in two mutually influencing
circuits when the primary, which contains a condenser of capacity c,
is acted upon by an alternating electromotive force. This example
shows that the effect of the condenser can be compensated for by in-
creasing the self-induction. ]

dx dy 1
(88) If LB? +ME?+Zdet=f(t)
dz dy
and Mzt— +N ‘-l—t——o,

where LN * M2 is a very small positive quantity, show that the Com-
plementary Function for « represents a very rapid oscillation.

[These equations occur in Rayleigh’s theory of the oscillatory dis-
charge of a condenser in the primary circuit of an induction coil with
a closed secondary. Notice that the second equation shows that the
secondary current is at its maximum when the primary current is at its
minimum. See Gray’s Magnetism and Electricity, Arts. 489 and 490.]

(89) Prove that the Particular Integrals of the simultaneous equations

m%:- —a(z—-X)+k cos pt,
X
M WI: —AX+G($—X)
may be written o= 35 " pt,
-a
X=m cos pt,

where b=mp? -~a and B=Mp? - (a+ A).

Hence show that  and X are both infinite for two special values
of p.

[These equations give the oscillations of the * elastic double pen-
dulum.” Masses m and M are arranged so that they can only move
in the same horizontal line. A spring connects M to a fixed point of
this line and another spring connects m to M. A peniodic force acts
upon m, and the solution shows that both masses execute forced vibra-
tions whose amplitude becomes very large for two special values of p.
Of course this is the phenomenon of Resonance again. It is important
to notice that the values o®  that give resonance in this case are not
the same as they would be if only one mass were present. This may
be applied to the discussion of the ‘ whirling” in a turbine shaft.
See Stodola’s Steam T'urbine.]
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(90) Show that the solution of the simultaneous equations

(§m+M)4a£Q+ 2Mb ¢= -g(m+2M)6,

4b d*¢

3 ar +2a d?’ ==-9¢,
where m=M and a=>b, may be expressed by saying that 6 and ¢ are
each composed of two simple harmonic oscillations of periods 27/p, and
27 [py, p;® and p,? being the roots of the quadratic in p?

28a2p* — 84agp® +27¢%=0.

[These equations give the inclinations to the vertical of two rods
of masses m and M and lengths 2a and 2b respectively when they are
swinging in a vertical plane as a double pendulum, the first being freely
suspended from a fixed point and the second from the bottom of the
first. The two oscillations referred to are known as the Principal (or
Normal) Oscillations. Similar equations occur in many problems on
small oscillations. A detailed discussion of these is given in Routh’s
Advanced Rigid Dynamics, with special reference to the case when tLe
equation in p has equal roots. ]

d*x dy

(91) El—2—+KE£+czz=0’

dx
g—;’/-—x 7 + 2y =0.

[These equations give the motion of the bob of a gyrostatic pen-
dulum which does not swing far from the vertical. Notice that if the
initial conditions are such that B=0, we get motion in a circle with
angular velocity p, while if 4 =0, we get motion in a circle with angular
velocity ¢ in the opposite sense. (For p, ¢, 4, B see the answers.)

Similar equations hold for the path of revolving ions in the ex-
planation of the Zeemann Effect (the trebling of a line in a spectrum
by a magnetic field). See Gray’s Magnetism and Electricity, Arts.
565-569. ]

(92) Given dz +az=0,
dt
dz
&=
r+y+z=c,

where @, b, ¢ are constants, obtain a differential equation for 2.

Hence prové\-that if 2= ZE =0 when ¢=0,

z=ct-— [be‘“‘ ‘ae-).

[These equations octur in P’hyswal Chemistry when a substance 4
forms an intermediate substance B, which then changes into & third
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substance C. g, y, 2 are the ‘ concentrations ” of 4, B, C respectively
at any time ¢, See Harcourt and Esson, Phil. Trans. 1866 and 1867.)

(93) The effect on a simple dynamical system with one degree of
freedom of any other dynamical system to which it is linked can be
represented by the equation

z+2ut +ntr=X.

If the exciting system of waves is maintained steady so that
X =4 cos pt, find the value of p for which there is resonance, and prove
that if u exceeds a certain value there is no resonance. Draw curves
illustrating both cases. [Math. Trip.]

(94) Solve the differential equation
& +2ki+n*r=0 when k% < n
In the case of a pendulum making small oscillations, the time of a
complete oscillation being 2 secs. and the angular retardation due to
the air being taken as -04 x (angular velocity of pendulum), show that
an amplitudd of 1° will in 10 complete oscillations be reduced to about
40’. [Take log,qe=4343.] [Math. Trip.]

(95) The motion of a system depends practically on a single co-
ordinate ; its energy at any instant is expressed by the formula
ma? +fex?; and the time-rate of frictional damping of its energy is
$ki?.  Prove that the period () of its free oscillation is

o (ﬁ _d !‘f)’i
m 16 m®/ °

Prove that the forced oscillation sustained by a disturbing force of
type 4 cos pt is at its greatest when p?= ‘- g
AmTo . -m 8 .

v while its phase lags behind that of the

force by the amount tan‘lMZp . [Math. Trip.]

and that the amplitude

of this oscillation is then

ds

2
(96) Show that the substitution T'=3 (%)’ reduces

o) o

to the linear form %—f +2PT =Q.

d?s  (ds\®
From (s+a) st (E) =(s-a)g,
with the conditions g—:=0 and s=2a when ¢ =0, obtain
ds\? 2
(32 =2(s - 20)

a’s
and S
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[This gives the solution of the dynamical problem : A uniform
chain is coiled up on a horizontal plane and one end passes over a
smooth light pulley at & height a above the plane ; initially a length
2a hangs freely on the other side. Prove that the motion is uniformly
accelerated.” See Loney’s Dynamics of a Particle and of Rigid Bodies,
p- 131.]

(97) Find a solution of the equation

of the form ¢=f(r)cos @,
given that - g? =V cos O when r=a
and -a—¢=0 when r=00,

or

[¢ is the velocity-potential when a sphere of radius @ moves with
velocity V¥ in a straight line through a liquid at rest at infinity. See
Ramsey’s Hydro-Mechanics, Part II. p. 152.]

. . o%y 0%

(98) Find a solution of W —-cz—a;z
which shall vanish when =0, and reduce to 4 cos (pt+ a) when z=b.

[This gives the form of one portion of a stretched string, fixed at
both ends, of which a given point is made to move with the periodic
displacement A4 cos (pt +a). The portion considered is that between the
given point and one of the ends. See Ramsey’s Hydro-Mechanics,
Part II. p. 312.]

(99) Obtain the solution of

¢ (a=¢ 20¢
-t o
in the form ré=f(ct—r)+ F(ct+7r).

[¢ is the velocity-potential of a spherical source of sound in air.
See Ramsey, p. 345.]

(100) Obtain a solution of

7,

3 T ap =0,
such that 0¢/0y=0 when y=-n
and ¢ varies as cos (mz —nt) when y=0.

[¢ is the velocity-potential of waves in a canal of depth &, the sides
being vertical. See Ramsey, p. 265.]

(101) Obtain the solution of the simultaneous differential equations
dx dy
P70 -2 ¥ +pir=0,

de
%"'% ‘a‘t"!‘p’yﬂo,
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with the initial conditions
dz_, dy
dt dt
in the form 2= Q‘iq {(g +n)ei@-Mt 4 (g—n)e-ilatm),

z=a, y=0, =0, =0,

where z=z+ty and g=+/(p*+n?).
Show that the solution represents a hypocycloid contained between
two concentric circles of radii @ and an/q.

[This example gives the theory of Foucault’s pendulum experiment
demonstrating the rotation of the earth. See Bromwich, Proc. London
Math. Soc. 1914.]

(102) Obtain an approximate solution of Einstein’s equation of

planetary motion d2u m .
(W +Uu= ’Tz' + 3mu
in the following manner :
(@) Neglect the small term 3mu?, and hence obtain

u=2—né{l + e cos (¢ — @)}, as in Newtonian dynamics.
(b) Substitute this value of % in the small term 3mu2, and hence

obtain

d*u m 3m3 6md 3m3e?
-5 €¢08 (p—B) +~

d7)2+u=h-z+—h—4+ 7 <2h¢4~{1+cos2(¢—z:r)}.
(c) Neglect all the terms on the right-hand side of this diffcreatial
3
equation except %’: and %"41 ecos (p—w). The term in cos (¢ — &) must

be retained ; it is of the same period as the complementary function, and
therefore produces a continually increasing particular integral. [See the
resonance problem Ex. 36 on p. 46.] Hence obtain

u=;§{1+e cos (¢—m)+§%ze¢ gin (¢ —m)}

- % {1 +€ cos (¢ —@ —¢)} approximately,

3
where e=3—h"—:— ¢ and ¢? is néglected.

[This result pr(;ves that when the planet moves through one revolu-
tion the perihelion (given by ¢ —~@ —¢=0) advances a fraction of a

revolution given by = = g‘%—-. When numerical values are given to the

constants it is found that Eit%stein’s theory removes a well-known
discrepancy between observed and calculated results on the motion
of the perihelion of Mercury. Sce Eddington, Report on the Relativity
Theory of Gravitation, pp. 48-52.]

P.D.E.
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(103) L(z, y, «', ¥') is a function of the variables z, y, @', ¥'.
X, Y are defined by the equations
oL oL
X = a—w—,, Y = a~y—, .
If these equations can be solved for 2’ and ¥’ as functions of X, Y, z, 9,
and if H(X, Y, «, y) is the function obtained by expressing

X2'+Yy —-L
entirely in terms of X, Y, z, y, then prove that
oH |,
a-? =0 eeecccecccstcttctscccttccttcssccncetnntssnnee (I)
oH oL
and T T T hp s (2)
Prove also that the equation
d (OL\ 0L
a(%;)=a;...................f .................. @)
. . dX oH
is transformed into TE = TP e, 4)

[This is the Hamiltonian transformation in dynamics. Equation (3)
is a typical Lagrangian equation of motion in generalised co-ordinates.
Hamilton replaces it by the pair of equations (1) and (4). See Routh’s
Elementary Rigid Dynamics, Chap. VIII. This transformation should
be compared with that of Ex. 21 of the miscellaneous set at the end of
Chap. XII., where we had two partial differential equations derivable
from each other by the Principle of Duality.]

(104) Show that Jacobi’s method (Art. 140) applied to Hamilton’s
partial differential equation
0z
67+H(m” Dgy oo Ty D1y Pas oo Py £) =0

do, 9H dp, 0H
E—-a—?:, 7{——3%. (1‘=1,2, ...'n),

which are the equations of motion of & dynamical system, in Hamilton’s
form. [See Whittaker’s Analytical Dynamics, 2nd ed., Art. 142.]
¢

(105) (i) Prove thatif  u(z, y, 2)=a

leads to

and v(z, ¥, 2)=b
are any two integrals of the system of differential equations
dz dy dz

@49 1@y.9) r@u9)
19(w, v) 1 2(u, v) _1 0 (ulv)
P2 ¢o(2) ri@y)
[m is called a multiplier of the system.]

then

=m(z, ¥, 7), 8ay.
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(ii) Show that m satisfies the partial differential equation
2. (m9) + 3 () + & () =0.
(iii) Jf n(z, y, 2) is any other multiplier of the system, show that

ra (DD s ()=

0 (m/n, u, v)
d(z, y, 2)
so that m/n is a function of u and v, ani1 m/n=c is an integral of the

original system of differential equations.

(iv) If u(z, y, 2)=a can be solved for z, giving z=f(z, y, a), and
if capital letters V, P, @, R, M denote the functions of x, ¥, a, obtained
by substituting this value of z in v, p, ¢, 7, m, then prove that

and hence that =0 identically,

V(, y, a)=>b is an integral of %’: %
Prove also that MP= - %—; g;—‘
and MQ= %g gg
(Where g:_‘ is to be expressed in terms of , ¥, a), go that

dV=M(de—de)/%:—‘.
[This suggests that if any integral u=a and any multiplier m are

known, then M(Qdxz— P dy) / g;—l' will be & perfect differential, leading
to an integral of the system when a is replaced by u(z, y, 2).

For a proof of this theorem see Whittaker’s Analytical Dynamacs,
2nd ed., Art. 119. A more general theorem is that if (n —1) integrals
of a system of differential equations

doy_dzy 02, _do
Pr P2 P P
are known and also any multiplier, then another integral can be deter-
mined. This is generally referred to as the theorem of Jacobi’s Last
Multiplier. In Dynamics, where this theorem is of some importance
(see Whittaker, Chap. X.), the last multiplier is unity.]
(v) Show that unity is a multiplier of
de _ dy _ dz
22-2 2x-yz yi-a?
and 2® +y? + 28 =aq an integral, say %(z, y, 2)=a.
Show that in this case

J
0
MQda-Pdy) [ =d{~{ay - v/(a-o*- g1,
and hence obtain the second integral oy +32=b.
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(]
(106) Show that if y =I ¢*f (t) dt, where a and b are constants, then

“"/’(;%)!I +\lr(3%)y=6“¢(b)f(b) -2 (a) f(a)

b
-[[epororeoso-vosopae.
Hence prove that y will satisfy the differential equation

(v (=0

if S0 f () =exp { lﬁ% dt}
and e ¢ (b) f (b) =0=e**¢ (a) f(a).
Use this method to obtain

-1 @ 1,
”‘Aj-fx/(tﬂ—nwj_f’\/(tz-l)

as a solution, valid when >0, of

@y dy
x Ez + ZZ:;: -xY= 0.
The corresponding solution for the case 2<<0 is obtained by taking
the limits of the first integral as 1 to oo, instead of — to —1.
[Exs. 106-108 give some of the most important methods of obtaining

solutions of differential equations in the form of definite integrals.]

x)24/(xt)
(107) Verify that v=v,+ EKJ e~dz
Vlo
. . o o
is a solution of 3 =% 52

reducing, when ¢=0, to v+ V for all positive values of z and to vy~ V
for all negative values.

[v is the temperature at time ¢ of a point at a distance z from a
certain plane of a solid extending to infinity in all directions, on the
supposition that initially the temperature had the two different constant
values v+ ¥ and vy~ ¥ on the two sides of the plane z=0.

Kelvin used this expression for v in his estimate of the age of the
earth (see Appendix D of Thomson and Tait’s Vatural Philosophy). The
discovery that heat is continually generated by the radio-active dis-
integration of the rocks introduces a new complexity into the problem.]

(108) (a) Show that
V” ertmyinsf (g t) dsdt

(the limits being any arbitrary quantities independent of @, y, 2) is a

solution of the linear partial differential equation with constant

coefficients d 9 9
(s 2, --)V=o
.7 \9z’ oy’ o
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if I, m, n are any constants or functions of s and ¢ such that
F(l, m, n)=0.
Extend the theorem to the case when there are » independent
variables z, y, 7, ..., and (n~1) parameters s, ¢, ... .

Obtain V=” er(oonttysintin) £ (o 1) do e
By 2V _ov
PR i Py

(b) Show that if F(%;’ %,—a% V O is a homogeneous linear

[H. Todd))

as a solution of

partial differential equation with constant ccefficients a solution is
V=jf(l:c+my+nz, t) dt,

where the limits are any arbitrary quantities independent of z, ¥, 2, and
l, m, n are any constants or functions of ¢ such that
F(l, m, n)=0.
Extend the theorem to the case when there are n independent
variables and (n —2) parameters. [See H. Todd, Messenger of Mathe-
matics, 1914.]

2%
Obtain V=j f(zcost+ysint+iz, t)de
0
ation of 2y v av_
as a solution o axz““ayz 552 =0

[Whittaker’s solution of Laplace’s equation.]
(109) By substituting the trial solution

a a
y=a,+ a—:+—’+...

7?
. . . . dy 1
in the differential equation wty=z
. . ol 11 2! 3!
obtain the series y=,tatatat-.

Prove that this series is divergent for all values of 2.
Obtain the particular integral

X L]
y=e| Zim,
and by repeated integmtion by parts show that
N o 11 2l nl  _f* (n+l)le®
€ ”I—“;dz=;+;’+;+..-+m+e ’I prvT dz.

Hence prove that if z is negative the error obtained by taking n
terms of the seris instead ofethe particular integral is less than the
numerical value of the (n +1)* term.

[Such a series is called asymptotic. See Bromwich’s Infinste Series,
Arts. 130-139.]
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(110) Show that if the sequence of functions f,(z) be defined by
Jo(@)=a+b(z—c), where a, b, ¢ are constants,

wd  fa@=[e-aF0sna0
then Z fu@)= - F@ foala).
Hence show that y= i Ja(2) i8 & solution of
0

Y +yF ()=0,

provided that certain operations with infinite series are legitimate (for
a proof of which see Whittaker and Watson’s Modern Analysis, p. 189.
They give a proof of the existence theorem for linear differential equa-
tions of the second order by this method).

(111) Prove that the solution of the two simultaneous linear differ-
ential equations with constant coefficients

f(D)z+F(D)y=0,
$(D)z-+(D)y=0
(where D stands for d/dt), may be written
z=F(D)V,
y= -f(D)V,
where V is the complete primitive of
{f(D) y(D)~- F(D) ¢(D)} ¥ =0.
Hence show that if the degrees of f, F, ¢, \- in D be p, g, r, s respec-
tively, the number of arbitrary constants occurring in the solution will
in general be the greater of the numbers (p+s) and (¢+7), but if

(p+8)=(g+7) the number of arbitrary constants may be smaller, and
may even be zero as in the equations

(D+1)z+ Dy=0,
(D+3)z+(D+2)y=0.
(112) (a) Prove that if y=u(z),
y=0(z)
are any two solutions of the linear differential equation of the first order
P(z)y, +Q(z)y=0,

then (vu, — uv,)/ud=0,
so that v =au, where a is a constant.
(b) Prove that if y=u(z),
y= v(z),

y=1(o)
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are any three solutions of the linear differential equation of the second

order P(2)y, +Q(x)y, + R(x)y=0,

then P(—z%(wvl—vw,)+Q(wvl—vw,)=0

and P;—;(uvl-—vu,HQ(uv,-wl) =0
Hence show that w=au +bv.

[By proceeding step by step in this manner we may show that a
differential equation of similar form but of the n'" order cannot have
more than n linearly independent integrals.]

(113) Let u, v, w be any three functions of z.

Prove that if constants a, b, ¢ can be found so that y=au +bv+cw

vanishes identically, then

% v ow

w v w, |=0,

Uy Vg Wg
while conversely, if this determinant (the Wronskian) vanishes, the
functions are not linearly independent.

Extend these results to the case of n functions.

[Consider the differential equation of the second order formed by
replacing u, 4;, 4, in the determinant by y, ¥,, y, respectively. Such
an equation cannot have more than two linearly independent integrals.

The Wronskian is named after Hoéné Wronski, one of the early
writers on determinants.]

(114) Prove that z=et* =1/ gatisfies the partial differential equation
a(ta) =42 (1) (=)
‘az 5 < ¢+t 25 7)) %
Hence, if J,(z) is defined as the coefficient of ¢* in the expansion
i:c(t 1/t)=2J tnJ (x)’

prove that y=J,, () satisfies Bessel’s equation of order n,

dy
2 o

[The operatit;ns with infinite series require some consideration.)

+a:-~ +(2® - n?)y=0.

(1156) If u, denotes a function of #, and E the operator which changes
u, into u, ., prove the following results :

(i) Ea®=a.a"® s.e (E-a)a*=0.
(i) Ea®= a’ a®,
(iii) E(za®) = a(a:a") +a .8, s (E-a)(za®) =a. a®.
(iv) (E - a)¥(za®) =0.
(v) (poE? +p, B + pg)a®=(pea® + p,6 + pg)a®, if the p’s are constant.
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(vi) u,=Aa®+ Bb®is a solution of the linear difference equation
Potgss + P1¥at1+ Pats =0,
te. (PoE%+p B +po)u,=0,

if 4 and B are arbitrary constants and a and b the roots of the auxiliary
equation pym?®+p,m +pg=0. (Cf. Art. 25.)

Solve by this method (2E%+5E +2)u,=0.

(vil) u,=(A4 + Bz)a® is a solution of (E2-2a K +a?)u,=0.

Here the auxiliary equation m2-2am+a®?=0 has equal roots.
(Cf. Art. 34.)

(viii) w,=r*(P cos z0 +@ sin 20) is a solution of

(1{0E2+P1E+P2)“x=0

if P and Q are arbitrary constants, p=tq the roots of the auxiliary
equation P+ pym+py=0
and p+ig=r(cos O +4sin 0). (Cf. Art. 26.)

Solve by this method (E?-2E +4)u,=0.

(ix) The general solution of a linear difference equation with constant
coefficients

F(E)=(p,E* +P B+ P B ) U, =f(w)

is the sum of a Particular Integral and the Complementary Function,
the latter being the solution of the equation obtained by substituting
zero for the function of x occurring on the right-hand side. (Cf.
Art. 29.)

(x) a%/ F(a) is a particular integral of

F(E)u,=a",

provided that F(a)#0. (Cf. Art. 35.)

Solve by this method (E%+8E —-9)u,=22

[For further analogies between difference equations and differential
equations, see Boole’s Finite Differences, Chap. XI.]



ANSWERS TO THE EXAMPLES

CHAPTER 1.
Art. 5.
d¥y
1) 24y, @ -9y
d2y (dz/ _.dy (dy
(3) ¢ Y 2= \qa (4) y—wda;-'_(dx) )

(5) The tangent to a circle is perpendicular to the line joining the
point of contact to the centre.

(6) The tangent at any point is the straight line itself.

(7) The curvature is zero.

Art. 8.

(1) y= a+ax+am2+ama+aw4+ .=ae®,

21 4!
2
(2) y=a-+bx— a bm? 2

3 +a + .=acos +bsinz,

Miscellaneous Examples on Chapter I.

&y _dy dy dy . dy
) dz_‘, s (2) 53-675+1157 - 6y=0.
(3) Z-’/+2J 0.

BTN N N
(6) {1 +(%)’}a=aﬂ(%)’, ie. pA=ad,
(1) (8+4%) 2 =2(z%-y){1 +(%>’}.

® {1+(2)) 38 g)‘j: (11) y=az-+Dat
(12) y=ae®+be-e, ¢14) 60° and —60°.
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(16) Differentiate and put =1, y=2. This gives % and hence p.
(17) (i) z+1=0; (i) y2=a2+6z+1.

CHAPTER 11,

Art. 14.
(1) 622 +5zy+4y* -9z -4y =c. (2) sinztany +sin(z+y)=c.
(3) secztany—e?=c. (4) z—y+ec=log(z+y).
(6) z+ye’=cy. (6) y=ca.
(7) e¥(sin  + cos x) =c. (8) 'y +4cy+4=0.
(9) ye®=cx. (10) sin x cos y=c.

Art. 17.
1) (z+yP=c(z-y). (2) 22 +2y%(c+log y)=0.
(3) zy?=c(z-y)* (4) cx*=y++/(a®+?).

(5) (2% — y)2=c(z +2y - b). (6) (z+b5y—-4)3(8z+2y +1)=c.
() z—y+c=log(3x—-4y+1). (8) 3z -3y +c=2log(3z +6y-1).
Art, 21,

(1) 2y=(z+a)s +2c(x+a)d. (2) 2y=sin 2+c cos .

(3) ylog x=(log x)%+ec. (4) 2*=43(3sinz+c¢).

(6) y*(z+ce®)=1. (6) z=y2+cy. (7) z=e"¥(c+tan y).
Art, 22,

(1) The parabola y*=4az +ec.
(2) The rectangular hyperbola zy=¢2.
(3) The lemniscate of Bernoulli 72 =a2sin 20.

(4) The catenary y==Fk cosh :c_]:_c

(6) ya=za +db, (7) y?=cat. (8) r2=ce?.
(9) logr+462+346®=c. (10) The equiangular spirals r=ce+®tans,
C

Miscellaneous Examples on Chapter II.,

(6) zy==c2

1) zy=y*+e. (2) e®=y+4/(y*-2%).

(3) sin z sin y +e®P* =g, (4) 22* - 2y + 3y + 2c2%y =0,
(6) cay=y++/(y2-2?). (11) ady—2+2aby3=c.

(12) tan—(zy) +log(z/y) =c. (14) (g;’ -1+ e =c.

(16) (i) The Reciprocal Spiral #(6 — a) =c.
(ii) The Spiral of Archimedes r=¢(6 - a).
(16) The parabola 3ky*=2z. . (18) z=y(c ~klogy).
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(19) (i) 22+ (y—c)?=1+¢?% a system of coaxal circles cutting the given
system orthogonally.
(ii) r2=ce-?. (itl) n2=r {c+log(cosec nO+ cot nh)}.

(20) (w+y%z>(w—yg——;)=a’~b’.

6 $j:2y
2 —_— ~1 ==
(21) log(22® 2y + ¥ )+\/7 tan o/

.

CHAPTER III.

Art. 28.
(1) y=Ae®+ Be 32, (2) y=4 cos 2z + B sin 2z.
(3) y=Ae3=+ Be4=, (4) y=€**(4 cos z+ Bsin ).
() s=e"%(4 cos 3t + B sin 3t). (6) s=A+ Be-*.
(7) y=Ae®+ Be~=+Ce%2, (8) y=2e=-e2=,

(9) y=A cos (2z—a) + B cos (3z - B).
(10) y=A cosh (2¢—a) + B cosh (3z - ), or
y=Ee** + Fe~?% + Ge3® + He ™32,
(11) y=Ae 2%+ Be® cos (x4/3 — a).
(12) y=Ae**+ Be~2% 4 Ee~® cos (z4/3 — a) + Fe® cos (24/3 - B).

(18) O=a cos ty/(g/1). (14) k% < 4me.
_ R . 1 R?
(16) Q=Qe~Ri2L (cos nt+ 57 sin m), where n = \/ ( E'—IL_*)'
Art. 29,
(1) y=e€*(1 +A cos z + B sin z). (2) y=3+ Ae®+ Bet?=,
(3) y=2sin 3z + 4 cos 2z + B sin 2z. (4) a=2; b=1.
(5) a=6; b=-1. 6) a=—-4; p=2. (7) a=1; b=2; p=1
(8) a=2. (9) 4e%=. (10) 3¢~
(11) -4 sin 5z, (12) £ cos bz — 1§ sin bz 13) 2.
Art. 34,

(1) y=A4+ Bz +(E + Fg)e®.

(2) y=(4 + Bz +Ca?) cos z + (E + Fx + Ga?) sin 2.
(3) y=(4 + Bx)e®+ E cos z + F sin z.

(4) y=A4 + Bz +Ce®+(E + Fa)e-¥=,

Art, 35.
(1) y=26**+e7%(4 cos 42 + B sin 4z).
(2) y=e7*(A cos gz + B sin q2) +e**/{(a + p)* +¢%}.
(3) y=(4 +9z)e*®+ Be3=,
(4) y=4+(B+{z)e+(0+{x)e ",
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(5) y=(4 +ax/2p) cosh pz + B sinh pz.
(6) y=A4 +(B+O0x —2a?%) e 22,

Art. 36.
(1) y=2sin 22 —4 cos 2z + Ae*.
(2) y=4 cos 4x—2 sin 4z + A%+ Be3,
(3) y=2 cos z+¢e4*(A4 cos 3z + B sin 3ux).
(4) y=sin 20z + e~*=(4 cos 20z + B sin 20x).

Art. 37.
(1) y=23-322+ 62 -6+ Ae2. (2) y=6a%—6x+ A+ Be27,
(3) y=6x+6+ (A4 + Br)ed=.
(4) y=2*+32%+ Ex+ F + (A4 + Bx)e3*.
(6) y=242%+14x -5+ Ae~*+ Be?®,
(6) y=8x3+Ta®—bx+ Ae2+ Be2* + C.

Art. 38.
(1) y=A cos z+ (B +2z) sin x. (2) y=Ae* +(x+2)e,
(3) y=A4e**+ (B + Cx — 202 — 2023 — 15x* — 9z°) e~ =,
(4) y={A sin z+(B—x) cos x}e =
(5) y=(A+ Bx—23) cos z+ (E + Fz + 322) sin =.
(6) y=A+(B+3z)e®*+Ce®+2%+ E cos z + (F +2x) sin z.
(7) y={A4 sin 4z + (B — x +2?) cos 4z} 32,

Art. 39.
(1) y=Az+ Ba® + 223,
(2) y=2+ Az cos (3 log ) + Bz~ sin (3 log ).
(3) y=8 cos (log z) —sin (log z) + Az~2 + Bx cos (4/3 log z - a).
(4) y=4+log x+ Az + Bz log =+ Cx (log x)2 + Dz (log x)3.
(8) y=(1 +2x)?[{log (1 +2x)}* + 4 log (1 +2z) + B].
(6) y=4A cos {log (1 +x) —a}+2 log (1 +) sin log (1 +z).

Art. 40,
(1) y=Acos(x—a); 2= —Asin(z-a).
(2) y=AeS®+ Be®; 2=6A4¢5%—TBe?,
(38) y=Ae*+ B cos (2z—a); z2=2Ae*— B cos (22 - a).
(4) y=e*+ A+ Be?®; z=e+ A~ Be2®,
(6) y=4 cos (x—a)+4B cos (22— 8) +cos Tz ;
z2=A4 cos (v —a) + B cos (2x — 8) — 2 cos Tx.
(6) y= —bAe?®—4BeA® +2¢~% +cos 2z —8in 27 ;
z2=Ae3? + Ber? +3¢~® + 4 cos 2z + b sin 22.
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Miscellaneous Examples on Chapter IIL
(1) y=(4 + Bz + C2?)e® + 2632, (2) y=(4 + Bx +62%) e,
(3) y=Ae3®+ Be=2%+ Ce—2+ E + 2¢%(sin z — 2 cos z).
(4) y=Ae®+ B cos (2¢ — a) — 2¢*(4 sin 2z + cos 2x),
(8) y=(4 + Bz + Cx?)e~2+ (E +z + 22?) €32.
(6) y=4 sin (z— a) + B sinh (3 - 8) ~ 2 sinh 2z.
(7) y=(A4 + Bz +ba?) cosh + (E + Fz) sinh 2.
(8) y=38+4x+2a®+ (4 + Bz +42?) €2 + cos 2.
(9) y=(4 + Bz + 3 sin 2z — 42 cos 2z — 222 sin 2z) €2,
(10) y=A4 cos (x—a) +4 — } cos 2 — §& cos Z + y sin 3z.
(11) y=A4 cos (x— a) + B cos (32— B) — 3z cos &+ x cos 3.
(12) y=(4dy+ A @+ A2 +... + A5_;7* 1) *® +a*/(log a — a)2,
(13) y=A4 + Blog z +2(log )3. (14) y=A + Bx 1+ §a2,
(16) y=Aa®4 Bcos (1/2logz —a).
(16) y=A4 + Blog (x+1) +{log (z+1)}*+2* + 8.
(17) s=Ae% + Be-3 + E cost+ Fsint—e;
y=Aé"+ 25Be3 + (3E —4F) cos t+ (3F + 4E) sint — ¢,
(18) x=Ae* + Be~t cos (/3t—a) ;
y=Ae* + Be~t cos (v/3t —a+27/[3) ;
2=Ae* + Be~t cos (4/3t — a+47/3).
(19) z=At+ Bt1; y=Bt1- At
(20) z=At cos (log ¢t — a) + Bt~* cos (logt - ) ;
y = At sin (log t — @) — Bt gin (log t - B).
(27) (i) (z-1)€®=; (ii) $(x?—22+1)sin z+§(x®-1) cos 2.
(31) y=6224 Ae>.
(32) y=(sin ax)/(p®—a?) + 4 cos px + B sin pa.

(33) y=4e®+ Beb* + e"“.[ xe@-%(log & - 1) da.

(35) (iii) y=4 cos (¢ —a) — 2 cos  +sin z log sin 2.
(37) (i) k[(2phe) ; (ii) zero.
(38) y=E cos nx + F sin nz + G cosh nx + H sinh nz.

CHAPTER IV.

Art. 42,
0z 0z
(1) a?l =a é;‘
2
(@) 823 + gi;-op (Laplace’s»equation in two dimensions.)
0% 0% 1 0% 0z

oz
(3) —a~z—a+a—'7""a—i—a—ti- (4) yoa—w'i‘z*a'g“()n
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0z
dy

(6) = aa"?:: +y aa—z =n2. (Euler’s theorem on Homogeneous Functions.)

0z

Art. 43,

0%z 0z 0% Bz 0% 0z
W 2= a @ a2t ot om0 ©) g2+ g~

0z 0z (02 02
4) 2=z 5 +y ay (6:0) +<53~/) )

az 0z 0z 0z
() 2= (31;) +(5g>' © 5z 5~

Art. 45,

(1) y=Ae- P+ (2) 2=A sin prsin pay. (3) 2=4 cos plax-y).
(4) V=Ae r*+% gin 24/(p® +¢?), where p and ¢ are positive.
(6) V=0C cos (pgz + p%y + ¢%2).

(6) V=Ae " sin (mmxfl) sin (nry/l), where m and n are any integers
and rl2=7?(m? + n?).

Art. 48,
(1) %(sin z+}6in 3z+1sin bz +...).

(2) 2(sin -} sin 2z + % sin 3z —...).

2|:<,”a 67) sin ¢ —- (23 23)51 2x+<3 g;r)sm&v ]

4 2 4 6
(4) [22 1151n2.'z:+4 1s1n4.'z:+6 1sm6:t;+ ]

5) - [,}(1 +¢7) sin &+ (1 —¢) sin 22+ P5(1 +¢”) sin 3z
+y7(l-e)sindz+...].

E 5 (48111’,%—1&7608 4>5mnm
(7) (@) (2), (3), and (6) ; (b) (6).

Miscellaneous Examples on Chapter IV.

*vV_19V 0V a*0d [0V
@ ==xa ® =5 a("%)
(7) V=Vye9°sin (nt - gz), where g= +4/(n/2K).

C
) v =1§r (e~X¢ sin @ + 4y 7K gin 3z + t3x € 2% sin b7).

(13) Replace x by x/l, ¢ by #%/l? and the factor 8/x by 812/x®,
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2
(14) V= ’-é- — (e~4E* cos 2z + } €~ 19K! cos 4z + } €8¢ cos Bz +...).

(15) v =%O(e'x‘ sin z +}e?X¢gin 3w + e~ 2% gin bz +...).

[Notice that although ¥ =100 for all values of = between O
and 7, V=0 for =0 or 7, a discontinuity.]

(16) Write 100 — V instead of V in the solution of (15).
(18) V= %9 {e~ Kt/ cog (7ra[21) ~ } €9t/ cos (37x(2) +...}.

(19) y=%—@(sin z cos vt — } sin 3z cos 3vt + 44 s1n bz cos Bvt —...).

(22) g—g—zﬁo; y=f(x - at) + F(x +at).
CHAPTER V.
Art. 52.
(1) (y—2x—c)(y +3x—c)=0. (2) (2y—®-c)(2y +3a%—c)=0.
(3) 49(y —c)2=4a". (4) (2y-2?-c)(2z—y2—c)=0.

(5) y-2*—c)(y—ce®)(y+x—1-ce®)=0.
(6) (y—e*~c)(y+e*-0c)=0.

Art. 54.
(The complete primitives only are given here. It will be seen later
that in some cases singular solutions exist.)
(1) x=4p+4p%; y=2p*+3p*+ec.
(2) z=3(p+p™); y=1p*-flogp+e.
(3) (p-1pz=c-p+logp; (p-1)y=p*(c-2+log p) +p.
(4) x=3p*+3p+3log(p-1)+c; y=p*+3p*+3p+3log(p-1)+ec.
(5) z=2tan"lp—pr+c; y=log (p®+p).
(6) z=p+ce?; y=3p*+c(p+1)e>.
(1) e=2p+ep(p*-1)4; y=p—1+c(p* -1
(8) x=sin p+c¢; y=p sin p+cos p.
(9) z=tan p+c; y=p tan p+log cos p.
(10) z=log (p+1)-log (p—1)+log p+c; y=p-log (p*-1).
(11) z=p/(1 +p?) +tanlp; y=c-1/(1+p%. (12) c=1.

CHAPTER VI.

' Art. B8.
(1) C.P. (y+c)®=a3; =0 is a cusp-locus,
(2) C.P. (y+cp=2-2; 8.8. z=2.
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(3) C.P.a%+cy+¢2=0; B.8. y2=4a

(4) CP.y=sn(z+c); 8.8.y*=1.

(6) C.P. (203 +3zy+¢)? —4(22+y)®=0; 2*+y=0is a cusp-locus.

(6) C.P. 2 —12cwy +8cy® - 12222 +1623=0; y?-2=0 is a cusp-locus.
(7) C.P. & +6cxy - 2cy® - 2(3y® - )2 =0; y*+2=0 is & cusp-locus.

Art. 65,

(1) CP.(y+oP=2z(z-1)(z-2); SS. z(z-1)(z-2)=0; z=1-1/4/3
is a tac-locus and #=1+1/4/3 a tac-locus of imaginary points
of contact.

(2) CP. (y+o)2=z(z—1)%; 8.8. 2=0; x=1/3 is a tac-locus; z=1
is a node-locus.

(3) C.P. 42 -2cx+c2=0; S.8. y2=22

(4) C.P. a®+c¢(z—-3y)+c2=0; 8.8. (3y+z)(y —x)=0.

(6) CP.y—ca®—c2=0; 8.8. 2*+4y=0; x=0 is a tac-locus.

(6) C.P. y=c(z—c)%; y=0is a 8.8. and also a particular integral ;
27y —443=01is a 8.8.

(7) Diff. Eq. p%?cos?a — 2pzy sin?a + 4? — 42 8in%aq =0 ;

8.8. 2 cos®q == sin®q ; y=0 is a tac-locus.

(8) Diff. Eq. (x®-1) p2—2zyp-22=0; S.8. 22 +¢2=1;

z=0 is a tac-locus.

(9) Diff. Eq. (222 +1) p? +(2® + 22y + 42 +2) p+2y2+1=0;

8.8. 22+ 6wy +y?=4; z=y is a tac-locus.
(10) Diff. Eq. p*(1-2*)-(1-4%)=0; S.8.z==+1and y==+1.

Art. 67,
(1) C.P. y=co+c®; S.8. 22 +4y=0.
(2) C.P. y=cx+c®; S.8. 2742 + 4a3=0.
(3) C.P. y=cx+cosc; S.8. (y—wsin~lz)=1-a?,
(4) C.P. y=cx+4/(a??+b?) ; 8.8, 2?/a? +y?[b? =1,
(5) C.P. y=cx—e¢; 8.8. y=z(logz-1).
(6) C.P. y=cx—sin~lc; 8.8. y=4/(2?-1) —sin14/(1 - L/2?).
(7) 3(y—px)2=—-pk?; 2xy=Fk? a rectangu’ar hyperbola with the
axes 43 asymptotes.
(8) (z-y)2—2k(z+y)+k* =0, a parabola touching the axes.
(9) The four-cusped hypocycloid z# +y¥=#3,

Miscellaneous Examples on Chapter VI.

(1) No 8.8.; 2=01s a tac-locus.
(8) 2y= =3z represent envelopes, y=0 is both an envelope and a
cusp-locus,
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(6) C.P. xy=yc+c2.
(7) CP. z=yc+ayc®; 8.8. y=0, y+422=0. (Put y=1/Y; z=1/X.)
(8) (i) Putting p+x=31® we get
2z=3( -12); 40y=9(5t%+2t* —b5t4) +c.
(ii) CP. y2+4c?=1+2cx; 8.8. 2% -4y2+4=0; y=0is a tac-locus.
(11) C.P. r=a {1 +cos (6 — a)}, a family of equal cardioids inscribed in

the circle r=2a, which is a 8.8. The point r=0 is a cusp-
locus and also a 8.8,

CHAPTER VII
Art. 70.
(1) y=logsec z+ax+b. (2) z=a+y+blog (y-b).
(3) ay=cos (ax +b). (4) x=Ilog {sec (ay +b) + tan (ay + b)} +c.

(5) y=a®+axlog z+bx+ec.

(6) y= —e**ae?®+bx"2+ca™ 3 +... +hx +k.

(7) The circle (x—a)®+(y—b)2=k? The differential equation ex-
presses that the radius of curvature is always equal to .

(9) V(1 +y.%)=ky,; the catenary y—b=Fk cosh {(x—a)/k}.

Art. 73.
(1) y==(alog z+b). (2) y=ax cos (2 log @) + b sin (2 log ).
(3) y=a(alogx+b. (4) y=a*(alog o+ by

Art. 74.
(1) y= =coth ”\/1; (@) y=-log (1 -a). (3) y=sin"a.

(4) t=£J<%} {h cos‘K/%f \/(xh - a:z)}.

(6) (i) The conic u=ufh®+(1/c— u/h?) cos O;
(i1) cu=cos 6+4/(1 — ufh?) or cosh O4/(ufh? - 1), according as u=4A2.

Art, 75.
(1) y=a(2*+1) +be2. (2) y=a(z-1) +be>.
3) y=a(x—1)+be®+ad. (4) y=1+e-22, (6) y=e¢2
? Art. 77,
(2) y=2+ax -1 a. (3) y=(a?+ax)e* + ba.
(4) y=e®+ (ax®+ b)e®, (6) y=aa®+ba3,
(6) y=aaz?+bsin .
o Art. 80,

(1) y=(a-2x) cosw+(b+log;inw)sinz.
( w .
(2) y=1a—logtan<z+a;) cos 2z + b sin 2a.

P.D.E. * P b4
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(3) y={a-e"+log (1 +e*)}e*+{b-log (1 +e%)}e".
() y=az+bz 1+ (1 -zYe. (5) y=ae®+(b-2)e2® + e,

Miscellaneous Examples on Chapter VII.
(1) y=aes*-b. (2) y=a+log (x*+0).
3) y=%%+2ag+a’@§i—;)!+bxﬂ-*+om"-a+...+hz+k.
(4) y=-3*"cos {3z —wr(n-2)}+acosz+bsinz+ca"3+... +ha+k.
(5) y=ax+blog . (6) y=ae®+b(x?-1)e,
. z . 1
(7) y=a cos nx+bsin ne +— sin nx—;zcosnzlogsec na.

(8) y(22+3)=alog z+b+e?.
(9) () y=+/(az+b); (ii) y=+/(alogz+b).
(10) y=(a cos x +b sin & +s8in 2x)e*,
(12) y=a2. (14) I=-1}.
(17) (i) y=ae® +be~?—sin a?. (Put z2=a%.)

(i) y(1+2*) =a(l -2?) +bx. (Put z=tanz.)

(18) %— 2y=2(1 -22) ; y=sin2z+ 4 cosh (4/2sinz+q).
(19) y=acos {2(1 +x)e~%} +bsin {2(1 +x)e~%} +(1 +x)e 2.

CHAPTER VIII.
Art. 83.

(1) y=2+x+2® - Jat — %" ; exact solution y=2 +x +22,
(2) y=2x-2logz - }(logx)®; exact value y=m+£-
(3) y=2+2%+23+ 352 + Pab ;

2=3a2 + 3t + $ad + Bya” + B5a8.
(4) y=b+z+ 5ot + b + 252" + 5% ;

z=1+32%+25+ 208 + 3o + 21 a® + pfralh,
(5) y has the same value as in Ex. 4.

Art. 87.
1) 2:19. (2) 2-192. (3) (a) 412; (b) 4-118.
(4) Errors 0-0018 ; 0-00017 ; 0-000013 ;
Upper limits 0-0172 ; 0-00286 ; 0-(()90420.

Art. 89,
1-1678487 ; 1-1678025C ; 1-1678449,
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CHAPTER IX.
Art. 95.

(1) u={l-—£+w—’—... =081/ ; v=mi{1—ﬁ+g—:—...}=sin'\/z.

31
o AP
(2) u={1 3z + 1 3+ 5+5 7 7 9 }, v=z(1 -2).
1 1.4, 1.4.

= - —x)8;

3) u {1+ Ttz 6a:"+3 5 a:’+ } (1-2)"3;
8.11 , 8.11.14

T+15.13% T10.13.16% T }
1 1

@ w1 g e
1

v= a:/3{1+

~1.8. 12(1+n)(2+n)(3+n) }
To get v from u change n into —n. If « is multiplied by
1 , .
the constant ST (n 1)’ the product is called Bessel’s function
of order n and is denoted by J,,().

Art. 96.
(1) and (4), all values of . (2) and (3), |z|< 1.
Art. 97.

2.5 . 2.5.10 .
1) u= {1+a>+ m’+4 gxs+mw‘+...},

v=ulog z+{- 2z~ 2% - }4a3...}.
1 1
(2) u= {l—ﬁéx +22'42w4—22.42.62x“+...};

1 1 1
v=ulog x+ {é—zﬂ—%—.—‘p(l +i‘)$‘+22.4—2‘62(1 +£‘+-§-)$‘-—...}.

u is called Bessel’s function of order zero and is denoted by

JIo().
3

4 .
3) u= {1—2z+ma:’—3—]a:3+...} H

v=ulogm+{2(2—}):::—23—!(2+}—§)z’+%(2+}+§ -—})za—...}.

@) u=a {1+1 3m’+1'3'5°7x4+1'3'5'7'9'112:“+...}‘;

42 42 .8 42 82,122
v=ulogm+2m§{li;§(l £} -} a?

/P S USSR SR ¥

P.D.B. P2
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Art. 98.

1 1 1
] ’ — —
1) u “'{ Pt T A B 68

l 10 }'
te eerg 10”0 S
1- 11
22.42”"22.42.61””6

v=ulogm+x"{1+%z’+

(2) u=2+222+323+...=2(1 —2)2;
v=ulogz+l+z+a®+...=ulogz+(1-2)2L.

(3) u={1.242+2.323+3.42%+...};
v-—u=ulogz+{-1+z+32%+52° + Tt +...}.

(4) u={22+2% -2 —at+5a® ...} ;
v=ulog z+{1 -&—52% - 2® + 1at.. .},

Art. 99,

@) y=ao{1—n(n+1)m” n(n - 2)(”4—:-1)(n+3)z‘ }

+a1{z_(n—1:)3(ln+2)ms+(n 1)(n - 315(!""'2)(""-4)@5-...}.

[For solutions in powers of 1/z see No. 7 of the Miscellaneous
Examples at the end of Chapter IX.]

1 1 1
@) ”=“°{1"37.2”'*3.4.7.8’”8"3.4.7.8.11.12”“*"‘}

1 1, 1 " }
+“1{”” 18 158 9% 158 0. 12.3° T f
(4) y=a,{1 — Ja? - 523 + 5t} + a, {x — 2° — b + 425 .}

Art. 100,
Py sy
(1) z‘w+z3;l;+(l—n’z’)y=0. (2) y=aa?(1+22).

(3) y==2(1+22){a +bjr’ 1 +2a:)"e’l‘ da}.

(6) ze~* and ze"logZ+z’{l—ﬁ(l+ ) l!(l+%+§>z’—.--}],
where z=1/z.
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Miscellaneous Examples on Chapter IX,
1) u=x‘*{l+glm+ x’+ :v3+ }

3
v= 4! T+ x2+10,m-‘+

1

—at 1 3 }

w—x{ +5!z+ m2+mw’+
LA

1 1
(2) u= {1+12:z:+13-229172+12.22.32 +...};

V= ulog:c+2{ 112 12122<1+1)

(g e @)

w=u(lagx)?+2 (v—ulog ) logw

6 8 6
+{6x+<14'22+13‘23+12_24)w2+...}.

CHAPTER XI.

Art. 113.

(1) z/a=y/b=2; straight lines through the origin.

(2) lu+my+nz=a; a®+y2+22=b; circles.

(3) y=az; a®+y2+22=bz; circles.

(4) 2*—y®=a; 2*—22=>b; the intersections of two families of rect-
angular hyperbolic cylinders.

(5) z-y=0a(z-u); (z-y)?(x+y+2)=b.

(6) 22 +y*+22=0a; y®-2yz—-22=b; the intersections of a family of
spheres with a family of rectangular hyperbolic cylinders.

() V/(m?+n?). (8) The hyperboloid 2+ 2% —2z2=1.
(9) (2% +y?) (k tan—ly/z)? =222, (10) Yz=1jy+1/2=1]z+2.
s Art. 114,

(1) y—-3z=a; Hz+tan (y — 3x) =be®?,
(2) y+z=a; log {2 +(y +x)?} - 2z=D.
(3) zy=a; (P+zy)?-at=b. (4) y=ax; log (z-2x/y)-x=b.

» Art. 116,
(1) 22+ 4% +22=c; spheres With the origin as centre.
(2) %+ +22=cw; spheres with centres on the axis of z, passing
through the origin, (8) zyz=0>
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(4) yz+2zx+xy=c?; similar conicoids with the origin as centre.

(5) x—cy=ylogz.
(6) #*+2yz+2:2=c®; similar conicoids with the origin as centre,

Art, 117,
(1) y=cxzlogz. (2) 2%y =cze®. (3) (x+y+2*)e”=e.
(4) y(@+2)=c(y +2). (6) (y+2)fz+(z+2)fy=c.
(6) ny—mz=c(nz—1z). The common line is z[l=y/m=2[n.
Art, 120,
(3) z=cet®, (4) 222 +4 0.
Miscellaneous Examples on Chapter XI.
(1) y=ax; 22— ay=>. (2) #PyPz=a; o®+y3=ba*y?
(3) y+2=ae®; y2—22=>b. (4) y=sinz+cz/(1 +22).
(5) B?®+azy?+atz=t+e. (6) fly)=ky; d*=cy.
(8) dwjz=dy/2y=dz/3z. (9) y+2=3¢%3; y?—22=3.

10) () P+ +2=c(z+y+2); (i) a®—zy+y=cz;
(iti) y2—yz—az=ce?
(14) @y = ce? sin w.

CHAPTER XII.

Art. 123,
(1) ¢(x/z, yl7)=0. (2) ¢(lx+my+nz, 2®+ 2 +22)=0.
(3) p{y/z (x®+y?+28)[2}=0. (4) p(2? 12 a?-22)=0.
(8) p{@- 9@ +y+2), (2 y)/(z—2)} =0,
(6) p{a®+y?+2% y*—2yz—2%}=0.
(7) ¢[y-—3=z, e52{6z+ tan(y — 3z)}]=0.
(8) pfy+=,log(2® + 4+ 2yx + a?) — 2x} =0.
(9) yP=4wz (10) a(2®-y?) +b(a? —22) +c=0.
(12) ¢(a®+14? 2)=0; surfaces of revolution qbout the axis of 2.

Art. 126,
(1) ¢p(z+@q, 2, +2y, Ty +a45)=0.
(2) ¢(z, 72wy, 23247, 7,42,71) =0,
(3) ¢p(2—2,2q, T, + Ty + x4, T424) =0,
(4) p(22+72 2,2 -}, 7,2 - 24%) =0.
(5) (42 -4, 223~ T,t, 234 —,%) =0; special integral z=0,
(6) ¢pfz~32;, 2-32,, 2+64/(2~3,~23—25)}=0; special integral
$=3, + 34+,
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Art. 129,

(1) z=(202+1)z+ by +c. (2) z=zcosa+ysina+e.

(3) 2=az+yloga+c. (4) z=a’v+a %y +c.

(5) 2=2zsec a+2y tan a+ec. (6) z=2(1 +a)+y(1 +1/a) +ec.
Art, 130,

(1) az=(z+ay+Db)2. (2) 2= 2=cosh{(z+ay+b)[4/(1 +a?)}.

(8) 2—a?=(x+ay+Db)2 or 2=b. (4) 22(1 +a3)=8(z+ay+b)3.

(5) (2+a)e*t¥ =}, (6) z="Dbeswtay,
Art. 131.

(1) 32=2(z+a)% +3ay +3b. (2) 2az=a%?+ 42+ 2ab.

(3) az=a2?+ a%x + % + ab. (4) (22 —ay? - 2b)%=16az.

(8) z=a(e*¥e¥) +b. (6) az=a%x+asin x+siny+ab.
Art. 133,

(1) z= -2 -log zy. (2) Se=ay—a2—y2 (3) 83= —2Ta%y2

(4) 2z=—y. (6) z=0. (6) 22=1. (7) z=0.
Art. 136.

(1) 4z= -4
(4) A particular case of the general integral, representing the surface
generated by characteristics passing through the point(0, -1, 0).

Miscellaneous Examples on Chapter XII.
(1) z=ax+ by —a?b; singular integral 22=a%y.
(2) 2z =az+by —a?b ; singular integral 22=y.
(3) play, (2 + o)t -8} =0.
(4) 2=2323— 3aa? + a®z + 2y - 4ay® + 3a%y® — aPy +b.
(6) z=ax, +blog x4+ (a®+2b)zg! +ec.
(6) 2=gp{(w, + )/, 7,* — 247}
(7) 3a(z+ay+b)=(1+uwP)logz, orz=>. 2=0isincluded in z=5, but
it is also a singular integral.
(8) z(1 +a? +b?) =(z, +azy + bzg + )3
(9) (2 +e™, 256", 245 64%) =0. (10) z=az —(2+3a +4a®)y +b.
(11) 22=az*- (2 +3a+4a®)y? +b. (12) 22=(1+a®)a®+ay®+b.
(13) z=atan(z+oy+Dd), or z=b. 2=0is a singular integral, but it is
also included in z=>b.
(14) 2*=aaz®+by® - 3a® + B2, Singular integral 28 = 2-243/9 — 44/4.
(16) z=2+y~1x24/{(z-1)(y-1)} (16) 2 —zy=a.
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(17) ¢(2/2, 2/y)=0; cones with the origin as vertex.

(18) #* +y*+22=2zxcosa+2ysina+c; spheres with centres on the
given circle.

(19) @yz=c. (This is the singular integral. The complete integral
gives the tangent planes.)

(20) The differential equation (z2—pzx-gqy)(1-1/p—1/g)=0 has no
singular integral, and the complete integral represents planes.
Every integral included in the general integral represents the
envelope of a plane whose equation contains only one
parameter, that is, a developable surface.

CHAPTER XIIIL

Art. 139,
(1) $*{(x—a)?+y2+22} =b. (2) 22=2az+a%?+b.
(3) z=ax+be¥(y +a)a. (4) 22=2(a%+1)2%+2ay +b.
(6) z=az+3a%y +b. (6) (22+a%)3=9(z+ay +b)2
(7) 2=2%+az+§(y +a)*+b. (8) z2=ax+by +a?+b%

Art. 142,
(1) z= (2, +2,)? +log 23 +a. (2) No common integral.

(3) z=22+22+22+a, or z=2,2+2x,25+a.
(4) z=a(x,+2x,) +blog w3 +2ablog z,+ec.
(5) 2=a(3zy + 2, ~ g% +b. (6) No common integral.
(7) z2=a(z;—x,) +b(z,—x5) +c¢, or 2=a(z, —2%,) +b(2x3~1,) +c.
(8) z=¢p(3z, +x,% - x5?).
(9) z2=¢(2, -2y, T, x3), Or 2=(7, — 22, 273-7,).
Art. 141,
(1) z=0,2, + x5+ (1 —a,® - a)zs+as.
(2) z=0a,2, +a,x,+8in"1(a,a,7;) + ag.
(3) z=a,log ®; +a,log xy+241/(a; +a,) +as.
(4) 22=0a,2%+a,0? + az25% - 2(a 0,05 2log z, + 0y
(6) 2(a10909)'2log 2 =a,2:% +aghy® +agwg® +1.
(6) 4a,z=4a,tlog zy+2a,a,(x, — ;) — (%, +2,)% + 40,05
() (1+a,4a,) log 2= (a, +ay) (%, + @125 + a3 + ay).
(8) 2= —(ay+ay)z, + (20, — ag)zy + (- ay +2a5) 2y
=3 (@2 + 2% + %) £ §{z; + T+ 5 - 20,% + 20,0, - 20,7 + ay,
Miscellaneous Examples on Chapter XIII.
(1) 22=a,log 2, —a,a,log 23+ azlog xs+ag.
(2) No common integral.
(3) zm=a, log x, +ag7; +(a; +a) 23+ v/{a,(a; +2a) 2 3} + ag,
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(4) 0=a,log z, +a,2,+(a, + a,) 25 £ 1/{a,(a, +2a,) 2%} +1.

(6) 2logz=c+ (2,2 +z,? +x42). (6) B=z3+x2+22+c. .

(7) 42+22+2,2 +2.2=0. (10) z2=¢p(x,2,, Ty+a3+24, T2).
(11) (iii) 3z=2,®-3z,z,+c.

CHAPTER XIV.

Art, 144,
(1) z2=a>+2f(y) + F(y). (2) z=log zlog y+f(z) + F(y).
(3) z= ——l—sin zy +yf(z)+ F(z). (4) z=2%°®+f(y)logz+ F(y).

pe
(5) z=sin(z +7) +§ F@)+F().  (6) 2= —ay+f(@)+e™ F(a).

(7) z=(a+9?)%-1. (8) z=9%+2zxy +2y +ax® +bzx+e.
(9) z=(x?%42)2 (10) z=a%2+y(1 -3

Art. 145.
(1) z2=F,(y+2) + Fy(y +22) + Fg(y + 3).
(2) 2=f(y—22) + F(2y - x). (8) z=f(y +x)+ F(y-=).
(4) The conicoid 4a® — 8zy +y* +8x — 4y + 2 + 2 =0.

Art. 146,
(1) z=£(2y — 3z) + = F(2y — 32). (2) z=f(5y +42) + = F (5y + 4)
(3) z=f(y+2x)+xF(y+22) + p(y). (4) 2(2z+y)=3=.

Art. 147.
() 2=t + 23y + f(y + 2) + 5f (y +2).
(2) z=6x% + 3%+ f(y + 2x) + F(2y +x). (3) V= -27a?yp,

Art, 148,
(1) z=e**¥ + fly +z) +zF (y +2).
(2) 2=22(3z +y) + f(y +32) +z F (y + 32).
(3) 2= —xPcos(2x+y) + f(y +22) + = F (y +22) + ¢ (y).
(4) z=we®¥ + f(y — )% F(2y + 3z).
(6) V=(z+yJ®+f(y+iz)+ F(y - ).
(6) z=2a2log(x +2y) + f(2y + x) + ©F (2y + ).

Art, 149,
(1) z=zsiny 1f(y —2)+2F(y - 2).
(2) 2=ar+2a% + f(y +b62) ¥ F(y - 8a).
(3) z=sinz -y cos z+ f(y — 3x) + F(y +2z).
(4) z=sinay + f(y +2x) + F(y - ).
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(8) 2=} tanztany+ f(y +2) + F(y - x).
(6) y=xlogt+tlogz+ f(¢+2z) + F(t - 2x).

Art. 150,
(1) 2=f(x) + F(y) + ¢ p(y +2a).
(2) z=e={f(y —2) +zF(y —x)}. (3) V=X Aerl=tr),
(4) 2=f(y +z)+e=F(y - ). (5) z2=SAeretM) L T Berletth),
(68) ¥V =XA¢rtososatysinal (7) z=e*{f(y +2a) + S +%}
(8) z=1+e2{(y—-z)* -1},
Art. 151,
(1) z=3}>¥ +ef(y +x) + 2°F (y +x).
(2) z2=1+z-y—zy+e3f(y) +e¥F(z).
(3) z=gls{sin (z —3y) +9 cos (z — 3y)} + TAet+k),
(4) z=z+f(y) +e*F (y+2). (6) y=— et 4+ TAersecptstona,
(6) z=¢22{a? tan (y +3z) + zf (y + 3z) + F(y + 3xz)}.

Art. 152,
(1) y*r —2ys+t=p+6y. (2) pt-gs=pg.
(3) r+3s+t+(rt—s?)=1.
(4) pg(r—1) - (p* - ¢*) s +(py — gx) (rt - s%) =0.
(6) 2pr +qt - 2pq(rt — s?) =1. (6) gr+(2q — p)s—2zpt=0.

Art. 154,
(1) z2=f(y+sinx)+ F(y-sinz). (2) z=f(z+y)+ F(zy).
B) y-Y(@+y+2)=¢(x), or z=f(z)+ F(x+y+2).
(4) z=f(r+tany)+ F(z-tany). (b) z=f(a®+y?% + F(y/z) +zy.
(6) y=fx+y+2)+zF(z+y+2). (7) 3z=4a?y—2%-6logy-3.

Art. 157.
(1) p+x-2y=Ff(g-22+3y); A=-14.
(2) p-2=fl¢g-y); A=w. (3) p—e®=f(¢g—-2y); A=,

(4) p-y=flg+2); p+y=F(g-2); A==%1.
(6) p-y=flg-2a); p-2y=F(g-x); A=-1or -}
(6) pr-y=f(qy-2); A= -z or -y.

(T) zp-z=flzg~y) ; A=2/Pq.

Art. 168.

(1) z=az+by -2+ 20y - 42 +o0;
z=42*(1 +3m?) + (2 +3m) vy + nz + P(y + maw)

=22y - }(2* +34%) +nz+ Y (y + ma).
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(2) 2=3(22+9?) +azx+by +c; z=3(a*+ ) +nx +(y +mz).

(3) z=e*+y?+ax+by+c; z=e*+y? + 0w+ (y +m2).

() 2=3(a-B); y=HP (B - (@} 2=y +3{pla) ¥ (B} +By.
(6) 2=8-a; y=¢'(a) -Y¥'(8) ; z=2y - p(a) +¥(B) +By.

(6) z+y/m+max—nlogx=g(z™y); the other method fails.

(1) 2=2®+1y%+2az+2by +¢; 22=2%+y* + 201+ (y +mz).

(8) 2z=9y2-22

Miscellaneous Examples on Chapter XIV.

(1) z=a*2+af(y) + F(y). (2) z=e™ 1 f(2)+ F (y).
(3) yz=ylog y - f(x) +yF (a).
(4) 2=f(x+y)+aF(x+y)-sin(2z +3y).
(5) z=f(y+logz) +zF(y+logz). (6) z=z+y+f(xy)+ F(a?y).
(7) z=log(z+y) . f(2® - 4*) + F(2* - 4°).
(8) 42=6xyr 322 - by* +4ax+4by+c;

42 =6xy — 32% - 5y® + 2nw + 2y (y + max).
(9) 32=3c+2(x+a)¥2+2(y+b)%2
(10) mz +sin y +m? sin & — mnz=me(y +mz).
(11) 2z=a-8; 2y=y'(B) - ¢'(a) ;

22=38a% - 6xy — Ty + ¢ (a) — Y (B) +28y.
(12) 2=+ +(z+y+1)% (13) z=22 -y +92.
(20) pz+qy=f(p*+4®; py-gz=F(q/p).

Miscellaneous Examples on the Whole Book.
) (@ - 9?2 =cay. (2) y=a*+ce~*.
(3) 2secxsecy=z+sinzcosz+c. (4) (vy+c)®=4(2>+y)(y* - cx).
(6) 1+zy=y(c+sinx)y/(1-2?). (6) y=(4 - }x)cos 2+ Bsin 2.
(7) y=£2._.6_:.n+_2_8_+_1_
5 25 1256 16

(8) y=4 + Bz +Cz log = +log z + 3z(log »)? + 322,

(9) y+sec x=ctan .
(10) z=Ae* + Be~* - 3(cos t —sin t) ; y=Ae*—-3Be%* -4 cos ¢,

xe®(sin 2x — cos 2z) + Ae=* + Be® cos (22 + a).

(11) a¥8=(y-1)#+e. - (12) y=a cosec (b - x).
(13) y= (A + Bz g—l) gin 2z + (E +Fz - 3%) cos 2z.

(14) 2zy=32+c. (16) z+ay=c(x+y —zy).
(16) @ +y°4-2° = cxyz. (17) z2=f(2y) - §=* - 492

(18) (z~y)e“-Ma=D=f{(z -3y +2)/(z - y)%}.
(19) (z+2)2=(z+2y)f(y/2). >
(20) z=az+ by +a? +b?; singular integral 42 +a? +y2=0,

(21) z=ef(c-y) + F(y).



xx DIFFERENTIAL EQUATIONS

(22) z=aa®+by+4a?; singular integral 162 +a4=0,
(23) z2=f(a+y)+ F(z-y)+} (= +4).
(24) z=af (y) +yF (). (25) cz=(z+a)(y+b).
(26) z=4zy +f (y/z) + = F (y/). (27) z=f(z+2) + F(2+y).
(28) y (z+c)=c%; singular solutions y=0 and y+42?=0.
gnil

(29) ay?*=(x+b)® (30) y= Acos( )+Bsm< +1>
(31) 22 +92+22=2(xcosa+ysina+c). (32) y=e*—3e*®+465%,
(33) z=e*t (acos At+bsin At) + C cos (pt - a),

where C'=A[4/{(x® + A% — p?)2 + 4«2p?}, tana =2«p[(x®+ A2 - p?),

and a and b are arbitrary constants.
(34) y=A4 cos (sin x) + B sin (sin x).
(35) (i) F=Alog(r+2)+ B;

(i) =4 IG'F‘/ ‘a*df+ B _q_S \/ e—2/4at,

(36) V=A{:+3(322~-1)+ n(35z‘ 30222 + 3r4)},
where 72 =22+ 2 + 22,

(39) u=0(1+ +4j";

22 o af .
+0 (gt gl glgs ot ) ik
(41) y~x=c(zy—1) ™
(42) y=(1 +2)3-b(1 - 2)+*{4 + B I (1 +2)-a+-1(1 — g)-o-b-1 4z},
If 2a is an integer, the integral can be evaluated by
putting 2=(1 +x)/(1 — ).
(43) (i) y=(1-2*) (4 + Blogz); (ii) y=(1-2?)(x+4 + Blog z).

(44) 1-28)y=(a+bd I 2 dx) RIS [Put log y=j(u -3P)dx. u=zis
a solution of the differential equation in w.]
(2n—-2)x* (2n-2)(2n—4)(2n - 6) z* .
48) (@) =1-Gr 731t @) @n-2)@n -5 41 "
(21 —2)(2n —4) 2*
¢ @) =2- o T @n=9)3i
(46) y=AdS + Bo® + E(a? +1), replacing C/6 by E.

ppIORed

Lo+ 20 +1Ho+4(b+3)} (o .
) (£

om ( ) {c+b}< ) {c+b}{c+3(b+2)}( ) +
a a

both converge within the circle || = |a].

+5'z55+ )cosht

eee 9
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(49) a;’ =(2 ~a?)y.

(60) Q{&P 32} must be a function of z alone ; 2%y — az?y? =e.

(51) 22+ 4%+ 2bzy =2az.
(62) uve”= ajvzew dz +b, where v=Q/P and w= Iv dz.

(53) Pn cot (nw + a) +Q =n2
(54) y(1 -2)=A(3 -22) &=+ B(1 —22) 22,
(56) 2®+yz=c(y+2).
(67) y=Ae 2%+ e%(B cos x4/3 + C sin 24/3)
+ 8%+ 5k 5 e 2*{1672(6 cos z +11 sin z)
+3(783 cos z — 56 sin z)}.

(58) Y= (3 ke 4%2){/1 +B I(3 + 4$2)_2e“§r’ d{l}}.
(59) 24(x +4)*(@? +y? +22) = c(a® +y% — 22). (60) z2=c(y+2).
(62) () Pub y=——1 P i) y-Lt2(ertana)

uay(x) do’ W) ¥-3=T cteanz
[See Ex. 41 for method.]
(65) If a particle P moves so that its velocity is proportional to the
radius vector OP and is perpendicular to OP and also to a
fixed line OK, then it will describe with constant speed a
circle of which OK is the axis.
(67) 2sin 2(0 +a)=1; singular solution r=1.
(68) 92 —a?=cx+2a%+a4/(4a% - ¢?) ; singular solution y? — %= =+ 2ay.
(70) 4a(y—c)=(x—c)?; singular solution y=x-a.
(71) z+a=c cos ¢ +c¢ log tan ¢. (72) acos G+bcos §' =
(74) 2cy=(x +c)* ; singular solution y(y — 2x)=0.
(76) ¢+ py+ap?=0; (y+up)y/(p*+1)=c+asinhp,
z4/(p?+1) + p(c+a sinh—1p) =0.
There is no singular solution. The p-discriminant y?=4ax
represents the cusp-locus of the involutes.

{17) y=az, 2=b+ /(229" ; 2=v/(2*+4*) +/(y/2).

The subsidiary integrals represent a family of planes through
the axis of z and a family of paraboloids of revolution with
the axis of z as axis ; the general integral represents a family
of surfaces each of which contains an infinite number of the
parabolas in which the planes and paraboloids intersect.

(78) 22+ +22=f{a2+ 92+ (0+9)%}; BP+y?+22=c?; 22=ay+c.
(79) (22— y)" =c%2(z + 2y).
(80) (az - by)/(2+0) =f{(az +by)/(z~c)}. ,
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(81) (i) I=E|R+Ae-®%; (i) A=I,~E|R; (i) I=EJR.

(82) I=acos(pt—e)+Ae-RiL, where a= E[+/(R?+ L*p?), tan e=Lp/R,
and A is arbitrary.

(83) @Q=asin (p? —¢), where tan ¢=(CLp?-1)/pCR and
a=EC[+/{(CLp®-1)2+p*C2R%}.
(85) =4 cos (t—a)+ B cos (8t —8); y=24 cos (t—a)—5B cos (3t - )
(86) a and b are the roots of A\2(LN — M?)+X(RN +LS)+ RS=0.
(91) z=A cos (pt —a) + B cos (¢t — B), y=A sin (pt — a) — B sin (gt — B)
where 2p=1/(4¢% + %) +«, 29=1/(4c®+«%) —«.
(92) ‘fuiz+(a+b) §+abz=abc.
(93) p=4+/(n%-2u?) makes the amplitude of the particular integral a
maximum, provided 2u? does not exceed n2.
(94) z=Ae* cos (pt - €), where p=: 1/(n? - k?).
(97) ¢=3Va®r=2cos 0. (98) y sin (pb/c) = A sin (px[c)cos (pt + a).
(100) ¢=C cosh m(y+ k) cos (mx — nt).
(118)  (vi) u,=A(-2)*+B(-})*;
(viii) u,= 2"<P cos 7—? +@sin 7—? ;
9z

(x) w,=A(-9"+B+3;.
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Ampére, xvi, 183,

Angstrom’s determination of diffusivity,
58.

Approximatd methods, 5, 94, 209.

Arbitrary constants, 2, 50, 126, 127,
214.

Arbitrary functions, 49, 137, 147, 172.

Asymptotic series, 213.

Aurxiliary equation, xv, 26, 174, 216.

Bar, vibrating, 190.

Bateman, 194.

Bernoulli, xv, 12, 18.

Bernoulli’s equation, 18.

Bessel, 110.

Bessel’s equation, 114, 116, 118, 120,
2165.

Boole, xv.

Boundary conditions, 53, 56.

Briot and Bouquet, xvi.

Brodetsky’s graphical method, vi, 5.

Bromwich, 209.

Cauchy, xvi, 121, 124.

Cayley, xv.

c-discriminant, 67, 165.

Change of variables, 40, 61, 79, 85, 91,
93, 119, 120, 164.

Characteristics, 6, 97, 168.

Charpit, xvi, 162.

Charpit's method, 162.

Chemistry, 206.

Chrystal, xvi, 150,

Clairaut, xv, 76.

Clairaut’s form, 76, 79.

Common primitive, 10.

Co;nplementary function, 29, 87, 175,

16. '

Complete integral, 153. 2

Complete primitive, 4.

Conditions of integrability, 139, 144,
191, 102

xxiii

Conduction of heat, 52, 63, 67, 58, 59,
60, 212.

Confocal conics, 23, 79.

Conjugate functions, 24, 189.

Constant coefficients, xv, 25, 49, 173,
178, 212, 214, 216.

Constants, arbitrary, 2, 50, 126, 127,
214.

Convergence, xvi, 112, 124,

Corpuscle, path of a, 48.

Cross-ratio, 201.

Cusp-locus, 68, 73.

D’Alembert, xv, 25, 44, 49.

Darboux, xvi.

Definite Integrals, solution by, 212, 213.

Degree, 2.

Depression of order, 81.

Developable surface, 189.

Difference equations, 216.

Difficulties, special, of partial differen-
tial equations, 51.

Diffusion of salt, 60.

Disoriminant, 67, 71, 155.

Duality, 160, 161, 189, 210.

Dynamics, 2, 24, 28, 36, 46, 47, 50, 61,
85, 86, 190, 204, 205, 206, 207, 208,
209, 210, 211.

Earth, age of, 60, 212.

Einstein, 209.

Eleotricity, 24, 29, 46, 48, 58, 59, 134,
203, 204, 205, 206.

Elimination, 2, 49, 50, 179.

Envelope, 66, 71, 146, 155.

Equivalence, 92.

Euler, xv, 12, 25, 49.

Exact equations, 12, 23, 91, 191.

Existence theorems, 121, 214.

Factorisation of the operator, 86,
Falling body, 24, 86.
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Falling ohain, 208,

Finite differences, 215, 216.

First order and first degree, ordinary,
12, 133 ; partial, 147, 151.

First order but higher degree, ordinary,
62, 85; partial, 163, 162, 165.

Fontaine, xv.

Forsyth, 150, 194.

Foucault’s pendulum, 209.

Fourier, 54.

Fourier’s integral, 60.

Fourier’s series, 54.

Frobenius, xvi, 109.

Frobenius’ method, 109, 127.

Fuchs, xvi.

Functions, arbitrary, 49, 137, 147, 172.

Gauss, 110.

General integral, xvi, 137, 147, 149, 157.

General solution, 4.

Geometry, 5, 19, 65, 133, 137, 146, 173,
188, 189.

Goursat, xvi, 172, 194,

Graphical methods, 5, 8.

Groups, xvi, 120, 194.

Hamilton’s equations, 210.

Heat, 52, 53, 57, 58, 59, 60, 212.

Heaviside, 68, 61.

Heun, 94.

Heun's numerical method, 104.

Hill, M. J. M., vi, xv, xvi, 65, 150, 155,
192, 194.

Homogeneous equations, xv, 14, 40, 44,
83, 144, 171, 173, 213.

Homogeneous linear equations, 40, 44,
171, 173/

Hydrodynamics, 208.

Hypergeometric equation, 119, 120,

Hypergeometric series, 92, 119,

Indicial equation, 109, 111.

Initial conditions, 4, 28, 53.

Inspection, integration by, 12, 172.

Integrating factor, xv, 13, 17, 22, 23, 91,
199.

Integrability, 139, 144, 191, 193,

Integral equation, 96.

Intermediate integral, 181.

Invariant, 92.

Jacobi, xvi, 165.
Jaoobi’s Last Multiplier, 211.
Jacobi’s method, 165, 193, 210.

Kelvin, 58, 60, 212,
Klein, xvi.

Kutta, 94, 104, 108,
Kutta’'s numerical method, 104.

Lagrange, xv, 49, 81, 162.

Lagrange’s dynamical equations, 210.
Lagrange’s linear partial differential
equation, xvi, 147, 151, 158, 192.

Laplace, xvi.

Laplace’s equation, 51, 189, 190, 196,
197, 213.

Last multiplier, 211.

Laws of algebra, 30.

Legendre, 110.

Legendre’s equation, 117, 120.

Leibniz, xv.

Lie, v, xvi, 104,

Linear difference equations, 2186.

Linear equations (ordinary), of the
first order, 16, 214; o: the second
order, 86, 87, 88, 109, 127, 214, 215,
with constant cocfficients, xv, 25,
214,

Linear equations (partial), of the first
order, xvi, 50, 147, 151, 158, 192;
with constant coefficients, 49, 173,
178, 212.

Linearly independent integrals, 216,

Lines of force, 24, 134.

Lobatto, xv.

Maxwell’s equations, 59.
Mechanics, see Dynamics.
Membrane, vibrating, 190.
Monge, xvi, 172.

Monge’s method, 181, 183.
Multipliers, 135, 210, 211.

Newton, xv.

Node-locus, 68.

Non-integrable equations, 142.

Normal form, 91, 92.

Normal modes of vibration, 204, 206.

Number of linearly independent inte-
grals, 216.

Numerical a; proximation, 94.

One integral used to find another, 87.
136.

Operator D, 30, 44, 86, 174 214,

Operator 0, 44.

Orbits, planeta.ry, 8e, 209.

Order, 2.

Orthogonal trajectories, xv, 20, 23, 138,
189.

Oacillations, xv, 2, 28, 29, 36, 46, 47,
48, 50, 61, 190, 203, 204, 203, 206,
207.
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Page, 104.

Particular integral, xv, 4, 29, 33, 44, 87,
175, 178, 216.

p-discriminant, 71, 155.

Pendulum, 28, 206, 207, 209.

Perihelion of Mercury, 209.

Physics, see Conduction of heat, Cor-
puscle, Diffusion, Dynamics, Electri-
city, Hydrodynamics, Potential, Ra-
dium, Resonance, Telephone,V aporisa-
tion, and Vibrations.

Picard, xvi, 94, 121.

Picard’s method, xvi, 94, 122.

Poincaré, xvi.

Poisson’s bracket expression ( F, F;), 166.

Poisson’s method, 189.

Potential, 134, 190.

Power series, xXv, xvi, 4,109, 124.

Primitive, 4.

Radium, 24.

Reduction of order, 81.
Regularintegrals, 110,118.
Resonance, 37, 46, 205.
Riccati, 110.

Riccati’s equation, 119, 201.
Riemann, vi, 194.

Runge, xvi, 94, 99, 100.
Runge’s numerical method, 99.

Schwarz, xvi, 92.

Schwarzian derivative, 92.

Schlesinger, 194.

Second integral found by using a first,
87, 136.

Separation of the variables, xv, 13.

Series, solution in, xv, xvi, 4, 109, 124,

Shaft, rotating, 47.

Simple harmonic motion, 2, 85, 204, 208.

Simultaneous equations, 42, 59, 133,
168, 171, 214.

Singular integral, 155.

Singular point, 7.

Singular solution, xv, 4, 65.

Solid geometry, 133, 137, 146, 173, 188,
189.

Solving for p, z, or y, 62.

Special integral, 137, 150, 192.

Standard forms, 153.

String, vibrating, xv, 50, 61, 190, 208.

Subsidiary equations, 147, 164, 166.

Substitutions, 40, 61, 79, 85, 91, 93, 119,
120, 164.

Symbolical methods, xv, 33, 44, 45, 61,
175, 178, 214.

Tac-locus, 72.

Taylor, xv.

Telephone, 58,

Todd, 213.

Total differential equations, 137.

Transformations, 40, 61, 79, 85, 91, 93,
119, 120, 164.

Transformer, electrical, 48.

Vaporisation, 24.

Variation of parameters, 88, 93.

Vibrations, xv, 2, 28, 29, 36, 46, 47, 48,
50, 61, 190, 203, 204, 205, 206, 207.

Wada, xvi. 6, 8, 9.

Weber, 194.

Whittaker and Watson, 214.

Whittaker’s solution of Laplace’s equa.
tion, 61, 213.

Wronski, 215.

Wronskian, 215,

z absent, 82.
y absent, 82.

Zeemann effect, 206,
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