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ON STOCHASTIC DIFFERENTIAL EQUATIONS
By

KIYOSI ITO

Let Xy be a simple Markoff process with a continuous parameter t, and F(t,%;s,

be the transition probability law of the process:

(1) F(t,3 js,E) = Pr{x ¢ E/x;= 3},
where the right side means the probability of x, ¢ E under the condition: x,=§.
The differential of x, at t = 8 is given by the transition probability law of x;

in an infinitesimal neighborhood of t = s:
(2) F(s-8,,5% 3840, JE)e

W. Feller!) has discussed the case in which it has the following form:
(3) F(s-b,, § ;s¢A1,E) = (1-p(s, ¥) (A1+A2)G(5-Aa,§ 38+8,,E)

+(A1¢A2)P(5,3 )P(s,3 ,E) + o(A14A2),

where G(s—Aa, L1 ;s¢A1 ,E) is a probability distribution as a function of E and

satisfies
® =g fh _g| > 5 (585, 8 jeeby,d0)—>0,
(5) e
1§A2 j (1 = S )2 G(B-Aay ! ;S*A«' )d! )—_9 2a(t) 5 )!

[ -%l<s
6) — - -
(6 Th, jl’t-SIS_ ‘_(1 3)G(s-0,, 3 ;8¢44,,dm)—> b(t, § ),

for A’+A2——> 0 and p(s,¥) > 0 and P(s, ¥ ,E) is a probability distribution in E.

special case of "' p(s,§) = O' has already been treated by A. Kolmogorof!‘z) and
S. Bernstein.”

We shall introduce a somewhat general definition of the differential of the
process x, (Cf. 85). Let P denote the conditional probability law:
t 8,3 584,48,

Pr{x € E/xa =31}, 8,,8, 2 0.

8+dy oty -8,

- 4
If the [1/8,+8,]- tines ) convolution of Py, g b8,

with regard to Lévy's law-distance as A1oA2--> 0, then L‘ 3 is called the
’

stochastic differential coefficient at s. Ls ¥ is clearly an infinitely divisible

2

law., In the above Feller's case the logarithmic characteristic function 5)
Received by the editors March 29, 19L9,

E)

tends to a probability law L‘ 3
)
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Y (z ’L”S ) of Ls,; is given by
(M) (2,1, ) = 1(s,3 )z - als, 5 )sp(s, 3 )]m (e™%-1)p(s, ¥ ,du(+)§ ).5)
-0
A problem of stochastic differential equations is to construct a Markoff process
whose stochastic differential coefficient Lt,3

W. Feller has deduced the following integro-differential equation from (3), (4),
(5) and (6):
2
(8) FrF(t,3 59,E)0a(t, 3) 355F(4,8 38,E) + b(1,3) 54 F(4, 5 33,E)

-p(t, 3 )F(t, ¥ ;8,E) + p(t,§ )JODF(t,7 ;8,E)P(t,¥ ,d%) = 0. He has proved the
=00

is given as a function of (t,¥ ).

existence and uniqueness of the solution of this equation under some conditions and has
shown that the solution becomes a transition probability law, and satisfies (3),(4),(5)
(6). He has termed the case: p(t,¥) = O as continuous case and the case: a(t,¥ )z O
and b(t,¥ ) = O as purely discontinuous case,

It is true that we can construct a simple Markoff process from the transition

probability law by introducing a probability distribution into the functional space RE
by Kolmogoroff's theorem,7) but it is impossible to discuss the regularity of the ob-
tained process, for example measurability, continuity, discontinuity of the first kind
etc.,, as was pointed out by J. L. Doob.8)  To discuss the measurability of the process
for example, J. L. Doob has introduced a probability distribution on a subspace of RRE
and E. Slutsky has introduced a new concept ''measurable kernel'' .9) We shall in-
vestigate the sense of the term ''continuous case'! and 'f purely discontinuous case''
used by W, Feller from the rigorous view-point of J. L. Doob and E. Slutsky. A recent

research of J, L, Doob10) concerning a simple Markoff process taking values in an en-
umerable set has been achieved from this view-point. A research of R. Fortet!l) con-

cerning the above continuous case seems also to stand on the same idea but the author
is not yet informed of the details .

In his paper % ON STOCHASTIC PROCESSES (I)" 12) the author has deduced Lévy's
canonical form of differential processes with no fixed discontinuities by making use

of the rigorous scheme of J. L. Doob. Using the results of the above paper, we shall
here construct the solution of the above stochastic differential equation in such a way
that we may be able to discuss the regularity of the solution. For this purpose we
transform the stochastic differential equation into a stochastic integral equation.

The first and most simple form of stochastic integral is Wiener's integral13) which
1s an integral of a function O (t) € L, based on a brownian motion g(t):

_j}f(t)dg(t). In this integral 9 (t) is not a random function., The author has ex-
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extended this notion and defined an integral in case 0" (t) is a random function satis-
sying some conditions.1“) A brownian motion is a temporally homogeneous and
differential (i.e. spatially homogeneous) process with no moving discontinuity. The

process x(t) s‘J’%T (t)dg(t) obtained by Wiener's integral is not temporally homo-
a

geneous but spatially homogeneous. In order to obtain a simple Markoff process--which
is in general neither temporally nor spatially homogeneous--we shall have to solve

a stochastic integral equation:
t

x(t) =j o (T,x(7))de(T)
a

or more generally
t
x<t>=c+j n(T,x(T))aTs | o (T,x(T))ag(T).

a a
The author has published a note15) on this stochastic integral equation, which concerns
the continuous case above mentioned.

In order to discuss the general case we shall have to consider a stochastic integral
equation where the integral is based not on a brownian motion but on a more general
temporally homogeneous differential process, which will be called a fundamental
differential process (Cf. 8 6) in this paper.

Chapter I is devoted to the explanation of the fundamental concepts. Some of them
are well-known but we shall explain them in a rigorous form for the later use. In
Chapter II we shall introduce a stochastic integral of a general type. The results of
the author's previous paper16) will be contained here in an improved form. The aim of
this paper will be attained in Chapter III, where we shall investigate a stochastic
differential equation and a stochastic integral equation,

The author expresses his hearty thanks to Professor S. Iyanaga, Professor K. Yosida,
Professor S. Kakutani and Mr. H. Anzai who have encouraged him with their kind dis-
cussions and to Professor J. L. Doob who has given him valuable suggestions to improve
the manuscript and friendly aid to publish it,

I. Fundamental concepts,

81. Function of random variables. Let X be any set and By be a completely

additive class of subsets of X. When we consider X together with By we call it a

Borel field (I,Bx). It is evident that Bx may be arbitrarily taken, but in case X is

the real number space R1, then we usually take the system B1 of all Borel subsets of
R! as Bx, and in case X is RA, ax is usually the least completely additive class that
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contains all Borel cyclinder subsets of R which we denote by BA. If BX and By

are associated respectively with X and with Y, then we usually associate with the

product space the least completely additive class that contains all the sets of the

form: E @Y, X E .E€EB , E€B ; this class will be denoted by B @B . The
@0 X OE, BEB, BERY XX

product of many Borel fields can be similarly defined.
Let (X,Ex) and (Y’BY) be Borel fields. A mapping f(x) from X into Y is called

to be B-measurable if f-1 (EY) € BX for any EYE B o If f(x) is a B-measurable mapping
from (X,Bx) into (Y,Er) and if g(x) is a B-measurable mapping from (Y’BY) into (Z,BZ),
then g(f(x)) will be a B-measurable mapping from (X,Bx) into (Z,BZ).

Let ({1,B, ,P) be a probability field, where {1 is a set, Bn 1is a completely
additive class of subsets of {2 , and P is a probability distribution (p.d.) on

(£2,Bn). An (X,B, )-valued function x(w) defined on L1 ie called an (X,By)-valued
random variable, if it is B-measurable i.e. x""‘(Ex) € Bn for any Ey € By, If we put

- -1
Px(Ex) P(x (F“x)) for Ey € Bx. Px is a p.d. on a Borel field (X,Bx) which is called
the probability law (P.£.) of x; we also say that x is governed by Px.
Let x(w) be an (X,By)-valued random variable and f(.) be a B-measurable mapping
from (X,Bx) into (Y,BY). Put y(w) = f(x(w)). Then y(w) will be a (Y,BY)—valued
random variable, y(w ) is called a B-measurable function of x(w).

Theorem 1. Let yn(w), n=1,2,..., be real-valued B-measurable functions of an

(X,BI)-valued random variable. If y n(w) be convergent in probability, then the limit

variable y(w ) is also coincident with a B-measurable function of x(«w) up to P-measure
0.

Proof. By taking a subsequence if necessary, we may assume that yn(w) be con-
vergent with P-measure 1. Put Y, (w) = ¢ (x(w)). Then

P (/\ U N 510 (3) - £,08) | <1/phD=H(NA U N {wslg,(x(w))
q m,n>q P q myn>q

- rn(x(w))l < 1/p}) = 1.
Put £f(5) = lim fn(j ) in the above § -set and = O elsewhere, Then f£(3 ) is a
B-measurable furc tion of ¥ € (X,B ), since the above 3 -set belongs to By. We have
clearly, with probability 1,

f(x{w)) = ljm £ (x(w)) = Um yy(w) = y(w),

which completes the proof.
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82. Conditional probability law. Let x(«) and y(«w ) be random variables taking
values in (X,Bx) and (Y,B!) respectively. A function Py(EI/J) of EI € Brand REID ¢

will be called the (conditional) probability law of y(« ) under the condition that x(w )
= § and will be denoted by Py(Ey,/x('v) =3 )or Pr[yaE!/x =3 ), if and only if
(2.1) Py(E!/J ) is a p.d. on (Y’BI) for any § ,

(2.2) Py(EI/S ) is a B-measurable function of J€ (X,B) for any Fy € By, and
1, -1
@3) f #E /300,005 - rlxe géyen - Py ny” ).
X

The existence and uniqueness (up to P-measure 0) of Py(F.!/5 ) was proved by J. L. Doob!7)

in the case that (Y,BI) is the n-dimensional space (Rn,Bn).

Py(E!_/x(w )) i.e. the function of w obtained by replacing ¥ with x(w) in Py(E/S)

will be called the conditional p.AL of y(w) under the condition that x(« ) is determined
and it will be also denoted by Pr{ye EI/x(w)}: this is clearly a real-valued random
variable for any assigned EI. By (2.3) we have

2.4 P (E,/x(«w)) = Pr{ye = expectation.).
() € P (R /x(=)) = Priye By} (€= expectation.)

If the p.A. of the combined random variable (x(«w),y(w)), which clearly takes
values in (X.Y,PXOBY), is coincident with the direct product measure of P_ and

Py: PXG Py on (X@Y,Bx0 BI) then x(w ) and y(«) are called to be independent. The in-

dependence of many random variables can be similarly defined. Clearly we have
Theorem 2.1. x(w) and y(«) be independent. Then
P(E/x(w)=%)=2P(E) for almost all (P.) §
VY 3 vy (7 3

i.e,
Py(E 1jx(w)) = Py(E!) for almost all (P) w .,

Theorem 2.2, x(w) and y(w) be independent. G($ ,7) be a B-measurable mapping
from (X@Y,By8By) into (R1,BY). Put z(w) = G(x(ew ),y(w)). Then we have

P (E/x(w) =) = Pr{G(§ ,y(w)) € E}
for almost all (Px) ¥ .

Proof. Since x(w) and y(«) are independent, we can make use of Pubini's theorem,
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PrizeE, x¢E ] = (7, ®P)({(5,2)31(5,2)¢E, SeE})

. j P ({n;6(3,7)€E}) P (d3) = j Pr{f(3 ,y(w))€EJP (d5),
EI y E
X
which completes the proof.
Theorem 2,3. x(w) and y(w) be independent. G(§,% ) be any real-valued B-measur-
able function in (§ ,7%). If G(x(«),y(«)) = O with P-measure 1, then G(§ ,y(«w))=0
with P-measure 1 for almost all (Px) 5,

Proof. By Theorem 2.2 we have x1"1‘{(}(§ ,y(w ) = O}Px(dj) Pr{G(x(« ),y(w))=0}=1

and 8o Pr{G(¥ ,y(w)) = 0} = 1 for almost all (Px) 5,

83, Transition probability law. x(7,«) be a real random variable for any & ,
a< T b, The system x(7",w), a < Z< b, is called a stochastic process, which is also
considered as an (RI,BI)-valued random variable, I being the interval [a,b]18), The
p.l. of x(s,w) under the condition that (x(Z,«), a < Z°¢ t)19) is determined:

(3.1) Pr{x(s,w)€E/x(t",w), a ST t} (t < 8)
is called the transition probability law of this process. If this is equal to

(3.2) Pri{x(s,w) € B/x(t,w)}
for almost all (P) w, the process is called a simple Markoff process, In such a process
we put

(3.3) F(t,¥;s,E) = Pr{x(s,w) € E/x(t,w) = §}.

Then we can easily prove, for almost all (P ) S,

x(t,“’)
oo
(3.4) F(t,3;s,E) = F(t,§ ;u,d % )F(u,% ;s,E), (t<u<s),
-0
which is well-known as Chapman's equation.
If x(s, ,w) - x(t, ,«), ¥=1,2,,..,n, are independent random variables for any
system of non-overlapping intervals (t_ ,s, ),» =1,2,...,n, then we call x(2 ,« ),

8 T b, a differential process. This is evidently a simple Markoff process whose
transition p.l. is given by
(3.5) PF(t,5;8,E) = rt’s(E(-)S),

where Ft . is the p.l. of x(s,w)-x(t,«) and E(-) 3 is the set {v - §; #€ E}; (3.5) will
’

be obtained at once if we substitute (x(%,« ), a < < t), x(s,w)-x(t, «) and x(s,w) re-

spectively for x(w), y(w) and z(w) in Theorem 2.2,
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84. THREE ELEMENTS OF AN INFINITELY DIVISIBLE LAW OF PROBABILITY.

The logarithmic characteristic function (l.c.f.) of an infinitely divisible law of
probability (i.d.l.) can be expressed in the form:

o2
(4a1) imz - - 22 »5 (eir(“)z— 1) %— + J- (eu(u)z-hif(u)z)-gg-
u

u
ful>1 Jul<t

in one and only one way, where m 1is real, 0" 2 0, and f(u) is monotone non-decreasing
and right-continuous and

jlulg YET

this formula is deduced at once from Levy's fomula.ao) These m, 0", f(u) will be called
the three elements of this i.d.1. . The i.d.l. whose Ll.c.f. is

2 iuz iuz

-4z - Z o) du “1-izu) SW

(4.2) Vo(z) = iz 5* (e 1) ¥ + (e 1-izu) u2 ,

[ul>1 Jul<1

ie. m=g=1, f(u) =z v,

will be called the fundamental i.d.l. in this note.

Theorem 4.1. Let m(L),0" (L) and f(u,L) be the three elements of an i.d.l. L.
Then m(L),0 (L) and f(u,L)(for any fixed u) are all B-measurable in L=(L(E);E€ B! )ﬂl’ﬁ’f‘)

Remark. By the expression " m(L) is B-measurable in L-_-(L(E),E(‘B’)e (RB1,BB1) we
mean that there exists at least one B-measurable function M(L) defined on the whole space
(RB! ,BF' ) such that we have M(L) = m(L) for any L s (L(E), E€B') that is an 1.d.1. as a
function of E.

Proof. Let ¢(z,L) be the characteristic function of any i.d.l. L. For any z,
$(z,L) is B-measurable in L € (RB',BB!)  because, if we define ﬁz(L) by

n2

§Z(L) = lim > exp(ikz/n)L((k-1/n,k/n)) (if this limit exists)
n—>00 k=-n2

= 0 (if otherwise),

then §Z(L) (for each z) is B-measurable function defined on the whole space

RB',8B') and §2(L) = $(z,L) for any i.d.l. L.
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Let ¥ (z,L) be the logarithmic characteristic function of any i.d.l. Since

VY (z,L) is the branch of log ¢(z,L) which is obtained from log ¢(0,L)=1 by the analytic
prolongation along the curve:
d(AL), 0 < A<z (or o> A D 2)
and so it is expressible as
1 H( K20 - d(EL a0)
10 (z1) =n-if:oo k=1 ($(§z,L) - $(kﬁl—z,L))t+1

o

a
2

we see that Y (z,L) is also B-measurable in L for any z. By virtue of the Levy's
formula W (z,L) is written in the form

V (2,L) = ia(L)z - f-iil“l 22+ j P e - Ay,
1402

=00

where the measure n is determined by the following procedure (Cf. A. Khintchine: Dé-

duction nouvelle d'une formule de P, L@vy, Bull. d. 1'univ, d'etat a Moscou, Serie In-
ternational, Sect. A, Vol, 1, Fasc. 1, 1937),

t+1
A(t,L) = \ Y (z,L)dz - 2¥(¢,L),
t-1
1 ¢ it
K(u,L) = —— lim 2= A(t,L)dt,
T c—>»m it

-c
G(v,L) = -Jv —L——— dk(u,L),
- (- =

2
n((s,®), L) = jm T —da(v,l) (2> 0),

a-o
a+o 2

n((~c0,a),L) = 1Y _46(v,L) (a < 0).
-00

Therefore we can prove recursively the B-measurability of the above functions of L. Thus

we obtain, for each a > O, a B-measurable functions Na(L) defined on the whole space
1
(rB ,BB1) such that N‘(L) = n((a,o),L) for any i.d.1. L. We may assume that NQ(L) is

monotone-decreasing and left-continuous in a for each L, by taking the supremum of
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N.(L), r running over all rational numbers r < a, instead of Na(L)’ if necessary.

Now we shall prove, for each u > 0, that f(u,L) is B-measurable in L. f(u,L) is
written in the following form by the definition,

£(u,L) = inf {a;n((a,00),L) < ‘]’-} (u> 0).
Therefore, if we put
Fy(L) = inf{a;N, (L) < é},

Fu(L) (for each u > 0) is a function defined on the whole space RB! and Fu(L)-f(u,L) for

any i.d.l. L, The B-measurability of Fu(L) is clear on account of the fact that

"Fu(L) < a" 1is equivalent to "Na(L) < 11: " which follows from the definition of
Fu(L) and the monotone-property (in a) of NA(L). Thus we see that f(u,L) (for each

u > 0) is B-measurable in L, Similarly we can show that f(u,L) (u < 0) is B-measurable
in L, It is clear that f(O,L) (= O) is B-measurable in L.
Now we put

{(z,L) = im(L)2 -6.—2&-“22 = yY(z,L) - [ (exp(izf(u,L))-1) -:i‘—‘al—
[ul>1

- J (exp(izf(u))-1=izf(u,L)) i;‘ .

u
[ul<t

Then §(z,L) (for each z) is B-measurable in L, since Y (z,L) and f(u,L) are B-measurable.
But we have
n(L) = L-G§ (1,1) - B(2,1))

and
o 2(L) = 2§(1,1) - bd(2,L),
from which follows the B-measurability of m(L) and 6 (L).

Theorem 4.2, Let Lo , €A, be any system of i.d.1. depending on oL € A and
My 5, & and fo (u) be the three elements of L« In order that Ly , x€¢A, be totally
bounded in the sense of Levy's law-distance,21) it is necessary and sufficient that each
of |my |, o and |1t ”n’ n=1,2,...s, 18 bounded, where
2 d
Heell, = fu ()2 S5- .

u
[ulgn
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Proof., L« 1is decomposed as

L= 1) * 1) #10) « LI L(i) .

where the l.c.f. of the factors are respectively

2 ife (u)z
o =< di
im, z, - %— z2, iz fo (u) -%, (e -1-i&(u)z) “—:
1<|u|<n o< Jul<n
1fy (u)z
and f (e -1) —d—zu—.
Jul> n u

Sufficiency. If the condition is satisfied, {LQ)}, {L&a)} are clearly totally
bounded and {L.(‘B)n} is also totally bounded for any fixed n, since we have, by Schwarz'
inequality,

2
du 2 du
| f(U)TISZI O
1<ful<n u 1<lul<n ¢ w2

L(l:_)n has the expectation O and the standard deviation Hf.‘ || and so{L(l:‘) n,'(‘ A}
is totally bounded. Therefore
* 2 (3 (4
wr el #1® w10 i) gy
is totally bounded, and so we have

*
clim inf, L7y ,((-c,c)) =1,

But
Ly ((-¢,0)) 2 Ly ((=c,¢)) L3P) ({0}) = LY ((~c,c)) exp(-2/n).

Consequently we have

lim inf, L ((-c,c)) 2 exp(-2/n) and so 1lim inf, La((-c,c))=1,
C==300 C—>=
which completes the proof.

22)

Necessity. Let Q(L,c) be Levy's concentration function of the p.d.L. Suppose

that {Lo} is totally bounded. Then
(2)
inf 0L/, c) —3 1 as ¢ —> 0.

But we have Q(L.(‘a) s¢) 2 Q(L, ,¢) by Levy's theorem concerning the non-decreasing of
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concentration function. Therefore

(2)
inf, Q(L, ,c) —> 1 as ¢ —> o,

and so og will be bounded since L(2) 1is a Gaussian distribution with the mean O and
the standard deviation &, .

(5) 5 5
L < is decomposed as L(“ )n = L(“)

» L(5) , where the factors has the l.c.f.
n+ ol n-

©o -n
(exp(if, (u)z) - 1)du/u2 and (exp(ify (u)z) - l)du/u2
n -00
respectively, By the above-cited Lgvy's theorem we see

(4.3) mf“Q(L(Si m‘,c) 2 inf Q(Ly ,c) —> 1 as ¢ —> .
But ¢ < f, (n) implies Q(L(so)L nesC) = exp(-1/n), i.e.
(b4a4) Q(L(j) ,c) > exp(-1/n) implies c > fqo (u).
n

By (4.3) there exists c such that Q(L(S) ,¢) > exp(-1/n) and so that ¢ > £, (n) for
o n+ = T«

o€ A, Thus we see that f, (n) is bounded for any assigned n. This is also the
case for fo (-n). Consequently we see that fo (u) is bounded whenever o€ A and
Jul < n, for any fixed n.

If Ly (p)sP=152,444, be chosen from {Lo} such that ”roc(p)“n increases in-

(&) is approximately a Gaussian distribution with the mean O and

L
o (p)n
the standard deviation “1;{_

definitely with p,

(p )|| as p —> oo by the central 1imit theorem., Thus we

have
1

(&)
QL LlE 1) =) /v exp(-tZ/2)at < 1
o(p)n d(p) n .
as p —> oo, which contradicts with the fact that
inf, Q(L(l‘,)t ne) 2 inf, ALy, ,¢) —> 1 (as p —> »).

Thus III‘,‘ ”n proves to be bounded for any fixed n. Therefore

{L(B) * L(l‘) * L(i) } s totally bounded. Therefore Lg_) mist be totally
n

o« n «n
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bounded and so {m, } will be bounded.

85. STOCHASTIC DIFFERENTIATION, x(T,w), a < TE b, be a stochastic process on
(N,B,P) and F(E,w ;A1,A2) be the conditional p.l. of Jc(t,4»A1,w)-x(t:-Aa,W)(A1 ,A2 > 0)

under the condition that x(T,w), a < T< t - 4,, be deternined. If the [1/A14A2]-t.imes

2’
convolution of F(E,w ;A1,A2) P -converges to a distribution L(E,w) in probability as

Aq+48,—> 0, i.e, for any ¢ > O, there exists § = §(¢) such that 0 < 8448, < § implies
Pr{ / (H(E,w 389,8,), L(E,w)) > e} <e,

S being Lévy's law-distance, then we say that x(Z ,«) is differentiable at t and we
call L(E,w ) the differential coefficient of x(Z,w) at t, and we denote it with Dyx(T,«)

or briefly with D {t,w), This is considered as an (RB1,BB1)-valued random variable,
By taking a convenient sequence A;+Aé > A;' + Aé > «ee —> 0, we see that L(E,w) is the

P-1imit of the [1/A$n)*Aén)]—t:Lmes convolution of F(E,w;Agn),Aén))with P-measure 1, and
so we obtain

Theorem 5.1. DX(t,«) is an i.d.l. with P-measure 1.

From the definition we obtain, by making use of Theorem 1,

Theorem 5.2, DX(t,w) is a B-measurable function of (x(7T,w), a TL t). If
x(T,w), a< < b, is a simple Markoff process, then DK(t,« ), if it exists, is a B-

measurable function of x(t,w); the form of the function clearly depends on t. If
x(T,w), a<l< b, is a differential process, then DX{t,w ), if it exists, does not de-

pend on w but on t. If x(7T,w), a <7< b, is a temporally homogeneous differential
process, then DX(t, ) exists and depends neither on wnor on t; the l.c.f. of DX/t,w)

is equal to the l.c.f. of the p.l, of x(b,w) - x(a,w) divided by b-a.
We can easily see that, if F™M p-converges to a probability law, then F f-con-
n

verges to the unit distribution., and so we have

Theorem 5.3, If x(7,w) is differentiable at t, then it is continuous at t in
probability i.e. t is not a fixed discontinuity of this process.

II, Stochastic Integral.

The integral of the form:

fr(?)dg( T,w),
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where O (t) € L, and g(T,w) is a brownian motion, is well-known as Wiener's
23
integral. ) The author has extended this integral to the case in which 9” depends not

only on ¥ but also on w and called it a stochastic integral.el‘) In this Chapter we

treat a more general stochastic integral for the later use,

86. FUNDAMENTAL DIFFERENTIAL PROCESS. Let 1(t,w), a <t < b, be a temporally
homogeneous differential process such that both 1(t+0, w) and 1(t-0, «w)exist and 1(t+0,w,
=1(t,w), 1.6, 1(t,w) is continuous in t except possibly for discontinuities of the

first kind (hereafter we term this property with " belong to d’-class" )« Further we re-

quire that the p.l. of 1(s,w) - 1(t,w) has the l.c.f. (s-t)wo(z), where Vo(z) is the
l.cof. of the fundamental i.d.1. . Then 1(t,w), a < t < b, is defined to be a funda-
mental differential process. Such a process can be realized on a conveniently defined
probability field (£2,B4 ,P), where the p.l. of 1(a,w) can be arbitrarily assicned.

Any jump of 1(t,w) is expressed by a point (t,u) € [a,b] & R1, t being its position
and u being its height: 1(t,w) - 1(t-0,w). The number p(E,w) of the jumps in E, E
being a Borel subset of [a,b] @ R‘, can be considered a real random variable, which proves

to be roverned by the Poisson distribution with the mean:

w(E) =5 d Tdu/ul.
E

p(E,w) is evidently a function of 1(t,w), a < t < b. The system {p(E,w)} is called
the discontinuous part of 1(t,w), a <t < b, 1(t,w) can be expressed as
t t
1(t,w) = 1(a,w) + t + g(t,w) + S g up(d Tdu,w) +S uq(dtdu,w)
a lul >1 a |u|<1
for any t, a < t { b, for almost all (P) w , where q(E,w) = p(E,w) - n(E) and g(t,w)
is a brownian motion which is also a function of 1( 7 ,w), a_<¥< t, and is called the
continuous part of 1(7T,w),
For any disjoint system E1,E2,...,En, p(E1,w),p(Ez,W),...,p(En,w) and (g( T, w),
a {T< b) are independent.
All these properties can be immediately deduced from the results in the above-
cited paper.25)
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87. STOCHASTIC INTEGRAL BASED ON g. We shall define here an integral of the

form:
(7.1) ‘ﬁ( T ,w)dg(?,w), E being a Borel subset of (a,b}, in such a way that it
E

may be a natural extension of Wiener's integral.
First we shall consider the case in which E is an interval: I1u(o<,ﬂ]. By S(I1)

we denote the class of all functions I (T ,w), <7 f, w ¢L), satisfying the follow-
ing three conditions:

(8.1) O (t,w) is measurable in (t,w),
y]
(8.2) [a"( 7,w)2 dT< oo for almost all w , and

(8.3) for any t, « < t < @, the system (o (T ,w),a<7< t;

g(T,w) - g(®,w), &« T< t) is independent of (g(T,w) - g(t,w), t <TS ).  As
is easily verified, 8(11) is conditionally complete; u‘o; € S(I1) tends to o~ for

almost all (t,w) and if 6" | < 07€5S(1,), then 6~ € S(I1,).
n o 1 [¢¢) 1

Theorem 7.1. We can determine, for 7 € S(I1),

.4
(7.1") fr(?',w)dg(‘t’,w) or f (7,w)dg(T,w) or briefly f(d“,w) in
o« I
1

one and only one way so that it may satisfy (G.1) and (G.2). Furthermore it satisfies
(6-3)’ (G.I&), (GOS) and (G'6)°
(G.1) When 0 (t,w) is a uniformly stepwise function, i.e., when there exist

ol u t, < t1 < eee < tk-ﬁ independent of w such that 0" (t,w) "r(t’rq’w)’ti;qst' <t,,

we have
k
J(rpw) = 3.10’(t'y_1"“’)(8("y ’w) - S(ty_1;“’))'
(a.2) Ito € 5(11) tends to 0 for almost all (7,w), and if

Id"nl L0, ¢ 3(11) and further if every B-measurable function ¢ (t,w) of (0';, 0’2',...)
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satisfies (S.3), then f(a:‘, w) converges to f(a;,w) in probability.

(G.3) f(c,d’#c 0w) = ¢ ﬁa’ w) + ¢, ‘[(

it 0, 0, ¢

T e, 0,¢€ s(I1).

(o) C(([ (@,w))?) -[fwe(rwndr

if the right side is finite.
(a.5) It g, (T,w) = 0,(T,w) for Tel,, weld, _(11 being a

P-measurable set, then f(d’ yw) = ﬁd’a,uu) for almost all (P) wfq.

(G.6) If f(g(a‘e(‘f',uI))df<oo, then 6( f(a’,w))-o.
I1
Proof of the existence. 1In case 0 is a uniformly stepwise function we define by

(Ge1). It is evident that this definition satisfies (G.3), (G.4), (G.5) and (G.6).

The condition (S.3) will be used in the proof of (G.4) and (G.5) and (G.6).
In order to define j(f,W) for 0 € 5(I4) such that

aa Nl fé«r?(rwna Ca,

we shall establish

Lemma 7.1. For any 0" € S(I) satisfying (7.2) we can find a sequence of uniformly
stepwise functions o’n € S(I) such that

1.3) o, -ol? - Lf((rn(r,w)-cr(t,w))emr
1

may tend to O.
The proof can be achieved by the method 26) J« L. Doob has used in his research of
measurable stochastic processes. By defining 0 (T ,w) s 0 for T { xorT >/ , we

may assume that ¢ (T,w) € La(ﬁ1xﬂ), and so, for almost all w ,o’(f,w)ll?(ll').
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Now put
§.(t) = (k-1)/n for (k-1)/n < t < k/n, keo, + 1, 3 2,004,n=1,2,0u0,
Then En(t) —>t as n—> 0, and 8o we have for all t and for almost all (P) w,
)
(F(§, (1) + 8,w) -0 (t+s,w))%ds —> 0 (n—> @),
-00

since 07 (t+s,w) belongs to L4R1) as a function of s for almost all (P) w, The left

* 2 2
side is always less than LJ g (a,w)ada, since (a-b) < 242 + 2b , and 8o

J j g (0 (§y(t)+8,0) - (ts3, w))Pdnatp(dw)—> 0,
S==00

Therefore there exists a sequence a, < a, < +es for almost all s such that

Y]
2 w
!} L ld"(éan(t)os,w)-d'(tn,w)l dtP(d w)

A -8
-][ ld‘(ign(t)*s)“’ )-f(t;s’w)le dt P(dw)
n° s

/[ |0"($ (t)+s w) -0 (t+s, w)' dt P(dw) —> 0.

Put
o (t,w) -a*(Ln(t-s)u,u), n=1,2,¢ ,
Then {rn} is the required sequence, Thus the lemma is proved.

Since 0~

n» N=1,2,¢¢¢, are all uniformly stepwise, we have already defined

f(a'n,w) and by (G.4)
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2 2
é(lﬁfn,“’) - .f(‘rm:w)l ) - C(lj(rn'fn,“’)l )

~ 2
- & (7w~ (TP — o,
I1
C 2
as m,n—> 00, Thus we have f(«w) such that (( (rn,w) - f(w)) ) —> 0.
This f(w ) does not depend on the special choice of the sequence [fn}, but it is de-

termined by ¢  only. We denote it by j (0,w). For this extended definition we
can easily verify the properties: (G.3), (G.4) and (G.5). The proof of (G.6) is
following., Let [0" n} be the sequence obtained above from ¢ ., Then we have

1S yurl « 1€ Sio,e - Efi, ) - | Efior-ap,

NS @ -ag, o) oA [E@-0) at —> o.
For any 0 € S(I1) we define o, by

t
o (t,w) = &n(La'z( T,w)dt)o (¢, w),

where &n(l) =1 for |A| <{n, and = 0 for |A]| > n.

We shall prove that o’n(t,u) satisfies (S.1) and (S.3). It is sufficient to show

t
that L 0 2(T,w)d T 1is B-measurable in (0" (T ,w), a < TS t). Since

t t
,L 78z, war- nmn[ b (0 (T,w)03(T,w)aT

for any w , it is sufficient to show the B-measurability of

t
J & (r(T’w))fa(tn“’)dt: n=1,2,¢¢¢
»” n

by Theorem 1, which is evident since we have, by Lemma 7.1,

t t
2 2
L b (7 (T, ) 0T, w)at = Lin_ L b (T BT -0)00,0))T 2y (te)es i
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v -1
a

- V-1 2
= 14 > $ (07 (— +3,w)) 0 (
IIIp-—-—)cco ap?t-a)<v<1¢ap(t-s) n P °

+ B w) ——

P P

for some s and some sequence & < 52 < ese o

Let..Qn be the set of all «w such that fo’ 2(?,w)d'¢' < n. Then we have
I
1

fo¥ QQ C ee mde)n (- ¥, P(N) = 0 by (5.2). Furthermore

o (4, @) = (4, @), tel,, wel), since || 0 || < 00, we have already defined

ﬁrn,w). We define f(r,W) as ﬁd”n, w ) on ﬂn- Q-P and O on N,

This extended definition satisfies (G.3), (G.4), (G.5) and (G.6), as is easily
verified. We shall prove (G.2)., If || 0'0" < o, then HO’n— 0’0” —> 0. There-

fore we have é ((ﬁdn,w) - f(a’oo,w))z) —> 0 by (G.4) and so f(d‘n,w) will

tend to (o'm,u') in probability. In the general case we consider

(m) C
Ty W) = b 02T w0 (@), ne1 2,0,
By virtue of (S.2) we have

P([W;d'r(]m)(t,u') =0, (t,w), n=1,2,...,0})
ZP({W;I;OE( Tyw)d? <m}) > 1 -g

(m) (m) (m) (m)
for a sufficiently large m. Since 0'" (tyw) —> 0 (t,w), Id’n | < o
©

(m)
and || fo |l < o, we have, for a sufficiently large n,

(m) (m)
P({w; If(ern ,w)-f(o’ m,w)l>c})<§.
©o

We obtain from the above two conditions

P({w; lf(d’n,“')- j(o“ ,w)l >el) <e .
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Proof of the uniqueness. Let f(f,w) and f(o’,w) satisfy (G.1) and (G.2).
1 2

We see by (G.1) that f(o’,w) = f (0°,w) for any unitormly stepwise function
1 2

o€ 5(1). If o’es(11) is bounded (]0”| < m), we have [o"]] < m(B-«). The se-
1

quence {fn} obtained by Lemma 7.1 from 0~ is uniformly bounded (|0"n‘ < m). By taking a

subsequence we may assume that d’n—-> 0~ for almost all (T ,w), ﬂ“n being uniformly
stepwise, we have f(d’n,w) = f( a’n,w), n=1,2,,.., and so f((f,w)= f(a/,w) by
1 2 1 2

(G.2),
By (G.2) and (G.3) we have

Theorem 7.2, Let o"n € S(I1), n=1,2,... . If every measurable function of the
Jotnt variable (0, 07 ,...) satisfies (S.3) and if Slo | € S(I,), then we have
_® _® -
f Z oln(f,w)dg(z"w) = 2 f o’n(t’w)dg(?" w)
I, n=1 n=1 Y1
1

in the sense of 'limit in probability'.
Let E be any Borel subset of (%,87, For 0 € S(I1) we define as follows:

J oz wnmere) - [o(@ w0 (@7,
E I E

where CE( ) is the characteristic function of the set E, This definition is clearly

independent of the choice of (o, ] containing E, and so it is an extension of (7.1').

Theorem 7.3. Let0” € S(I). Then we can define ja’ dg for EC I, If {En}
E
be a disjoint sequence of Borel subsets of I. Then we have

> E,

n E
n n

in the sense of 'limit in probability'.
This is clear by the previous theorem,

§8. THE CONTINUOUS KERNEL OF THE INTEGRAL. Let ¢”€ 3(I), I = (%,8]. Then
o€ 5(1,), I=(«,t]) for any t, o« < t< B, and so we can define
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t

(8‘1) J 0/( an)dg( ?,w),
o

which is uniquely (up to P-measure O) determined for any assigned t.
Theorem 8, We can determine, for 0€ S(I), a stochastic process:
t
(*) 0 (T,w)dg(T,w),x<t<B)

in one and only one way (up to P-measure 0) so that the process may be continuous in t
with P-measure 1 and that

t t
(G1) *L 07 (T, w)dg(T,w) =f o (T,w)de(7T,w)

ol

with P-measure 1 for any assigned t.
For this integral we have

t
(G'4) caP({w;:gg‘,l*L (7, w)dg(z,«)| > c})

< E fo(z,wan(z,w)?) =f(o~2<r,w>u~ :
o 4

if the right side is finite.
Proof of the existence. If 0 (T,w) is uniformly stepwise in(< T< 8 ,
then it is so in of < T< t. In this case we shall define

t
*J (T, w)ag(T,w)

by (G') i.e. by (G.1), which is clearly continuous on account of the continuity of
g(T,w). In order to show (G'.4) we need

Lemma 8, Let y_ (w),x (w),» =1,2,...,m, be random variables satisfying the
following conditions:

(8.2) C(xr) =0, é(xzv )s é(ﬁ)<°°: vV =1,2,...,n,

(8.3) (xk(w),xkﬂ(w),...,xm(w)) is independent of (y1(w),
x1(“-’))}'2(“’))x2(“"))N0,)'}(_1(“’),xk_“("“),yk(m.')) for k=1,2,...,m.
Then we have

k

n
(8.4) ¢2}=>({w;maxk'1 | Ev . Yo lw)x (@) >c})

m
<EUSumt v (w)x (w2 = 3" .Elv. () Fix ()Y,
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In case y, (w) = 1,¥=1,2,3,,..,m, this lemma is nothing but the so-called
Kolmogoroff's inequality, whose proof will be available for our lemma, if we give it a
slight modification.

t
Now let {sn} be a sequence dense in (x,pJ. By the continuity of *| 0 dg, we
ol

have

00 8y
sup | #\ o dg| = sup | *j o agl.
te] ol v =1 «

Since {w ; maf“"] j‘s? dgl > c], m=1,2,...,13 a monotone increasing sequence tending to
V= o<

0o 8y
{w; sup ; IJ‘J dgl > c}, we need only prove
V=

2 mo (% £ o (Fo2
<“Plw ; max IL' agl > o} < £ J;ddg) ) =L£(0’ )dT

for the proof of (G'.4). Let& =t < t, < ... <t =f bechosen so that 0 (T,w) may

1

be constant in (t,y 1,ty ) for each w , » =1,2,044 If we rearrange 81"2""”:1:'

to,t1,...,tn in the order of magnitude and denote it with UgsUgsees,U it is

m+n’
suf:icient to prove s
Sy
cal:’({w,;m,axmn I*J o dg| > c}) < 6(( fo’ dg)2) = ﬁo’z)di" , which we obtain
X
o o

¥ =0

Y
In order to define "j Y dg for g € S(I) such that
ol

at once by putting y, = @ (u 1,w),xy =glu, ,w) - g(uy 1,‘0) in the above Lemma 8,

@) o ml?: [Erdz,mnm <o,
(.4

we define o‘n,n=1 325440, from 0 by Lemma 7.1. By choosing a convenient subsequence, we

may assume

(8.6) oo -a 1% < /8, n=1,2,... .
n+1 n

0" -0, nst1,2,..., being uniformly stepwise, we can apply (G'.4) to it and we have
n‘1 n, "=

t t
P({w ;sup |§J 0"n’1 - *‘Lﬂ'nl > 1/2°}) < 1/2"
ol t<p -«

t
Therefore * O’ndg is uniformly (in t) convergent with P-measure 1 by Borel-Cantelli's
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theorem; the 1imit depends only on ¢ (t,w) and it is independent of {O’n}, if we choose

them so that U’n(t,w) may be a function of 0°(Z°,«), a < T< t, for any t. We define

t t t t t
*Ltr dg as this limit. But *L o ag =L0’ndg and so *Ltr ag = f 7 dg with
P-measure 1 for any assigned t.
By the uniformity of the convergence, *j:o’ dg is continuous in t and it satis-
fies (G'.4). For any function 0~ for which (8.5) does not hold, we can definej:ﬁ’ dg in

the same way as the previous g 7.

Proof of the uniqueness. Let *‘f and *f satisfy the assigned conditions.,
1 2

By (G') we have

v v T
*| 0 dg - *| 0dg = J 0 dg
1,0 2,x x

for any rational number ¥ with P-measure 1, and by the continuity of *j and #* f
1 2

we obtain

t t
*| 0 4g- *) 0 g
1, 2,&

for any t with P-measure 1.

t
Definition 8, The above *j 0" dg is called the continuous kernel of
(3

t
jxa- dg.

89, STOCHASTIC INTEGRALS BASED ON p AND q AND THEIR REGULAR KERNEL.

We consider p and q appearing in the resolution of a fundamental

differential process (86). Let I be a half-open 2-dimensional interval
(x,8] x(¥,8),0< ¥, §< o0, a{&X< B b By F(I) we denote the class of

all functions f(t,u, w ), x<t< B, xS ugéd, such that
(F.1) f(t,u, w ) is measurable in (t,u, w ),

(F.2) Jlf(t,u,w)ldfdu/ue < oo with P-measure 1, an”
I

(F.3) (£(t,u,w), &< T< t;p(E,w),E & R2(t)) is independent of
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(p(E,w), ES Inﬂe(t)), Rz(t),l’f(t) being respectively the half-plane {(T,u);T>t},
+

+
In the same way as in 87 we obtain

Theorem 9.1. We can determine, for f € F(I),

2.5
(9.1) ij( ?,u,w )dp(T, u,w) or jf(f,u,w)dp(f,u,u)
«Vy 1

or briefly j(f,w)

in one and only one (up to P-measure 1) way so that it may satisfy (P.1) and (P.2).
Furthermore it satisfies (P.3), (P.4), (P.5) and (P.6).

(P.1) When £(7T ,u,w ) is a uniformly stepwise function, i.e. when there exists
X = t, <Yy < eee £ tn =f, ¥=u, <y < e < u - § independent of w such that

f(Tu,w) = f(t ¥y 1,W), t/“_1 Sttt ,u  Sucuy,,m=,2,000,m, ¥ =1,2,.00,0,
we have
m n
fit,) - S5t (G ) X, ) ),
Kl va

(P2) If £(T,u,w) € F(I) tends to f, (T,u,w) for almost all (T,u,w),
and if |fn| f € F(I) and furthermore if every B-measurable function f(T ,u, w) of

(f1,f2,...) satisfies (F.3), then j(f w) converges to J(f ,w) in probability.

(P.3) S(c1f seply, w ) = <, J(f1,w) LN j(fe,w) ir £, f cqfyrcy !‘6!’@.

k) E S0 - fff(f,u,w)dfdu/u’é it j(SIr(rm.«»)ldlfdu/u2 <w.
I I

(P.5) If fy=f, for (T ,u) € I, “"01, q being a P-measurable set, then

j(f1,w) = f(fe,w) for almost all w on 01.
Let £(T,u,w), <t < B, ¥<u,well(#> 0) belong to F((«,A] x(¥,1)) for

any integer n > # . Then we can define

fjf(‘t‘,u w)dp(t,u,w), n> 4§ .

Let f) denote 'che set {w;p((&,p)x(n,0),w) = O. Then we have, for wlq and m > n,
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/4 n
{ " fdp = ffr fdp.
A - 0
But () Q_(Zm, and PL()n) = exp{ -JJ dTdu/u’} —> 1 as n—> 0.
T’ U=N

y]

n
Therefore lim fj fdp exists with P-measure 1 and it has the above properties:
n—>w e ¥

(F.1), (F.2), etc., and so we denote it with

A ®
j 5 (7T ,u,w)dp( 7T ,u,w).
A 4

Similarly we can define, for 4 < O,

j‘js £f(T,u,w)dp(T,u,«),
« V-00

Let E be any Borel subsets of I = (¢,B]) x(¥,§]), ¥,8 >0, a <xX<p < b,
Then we define, for f € F(I), as follows,

jEf(t,u,w )dp(t,u,w) = J-I f(t,u,w )CE(t,u)dp(t,u, w),
where CE(t,u) is the characteristic function of E. This definition is clearly in-
dependent of the choice of the interval 12 E.
From (P.2) and (P.3) we obtain
Theorem 9.2, If En,n=1,2,..., are disjoint Borel subsets of I, and if
f € F(I), then we have

g}
— fdp = Zf fdp
-V §
n

2E
="n

in the sense of limit in probability.
From (P.4) we obtain

~ 2
Theorem 9.3, If f € F(I), and if Jlf(T,u,W)ld‘-du/u < o, then
E

6( fEfdp) = Lé(f(f,u,w))dt du/u2,
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Now we define ther egular kernel of 5 fdp, f € F(I), which will be denoted by
E

* J-tdp. Firstly we consider the case in which f > O and
02) [ Etettuw)aumi < .
I

Let { %}, { %} be dense in (e¢,B] and in ( ¥, §] respectively. We assume that
["‘v} 3« ,B and { % }» ¥, § . We shall here call any finite sum of intervals

of the form ( &, «, ] x( ¥, ¥] elementary set. Then the system of all elementary
sets is enumerable and forms a finitely additive class, Let E1 ’EQ’“"En disjoint

elementary sets and E their sum, Then we have
j _n
g fdp = 2 j fdp
y=1 YE,

with P-measure 1., Since this system of all these equalities is enumerable, we sees that

they hold simultaneously with P-measure 1, Since f > O, we obtain jfdp 2 0 for any
E

elementary set E with P-measure 1, Thus fdp is a finitely additive measure for al-
E

most all w

Let G be any set open in I and B any Borel subset of I, We define

* J-fdp = sup{ f fdp; E is any elementary set whose closure < G}
G E

* f fdp = inf{ f fdp; G is any open (in I) set that contains B}.
B G

As is easily proved, we have

o o}

I <
* fdp = 2 f fd B= > B
IB i = B, P “net n’

for any disjoint system of Borel sets {Bn}.

Now we shall prove that

(9.3) ""jafdp . jafdp
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with P-measure 1 for any Borel set B, For any open set G we can choose a monotone-

increasing sequence of elementary sets {En} so that the closure of En is contained in

G, n=1,2,... and that G = v E .« By Theorem 9.2 we see that

J-fdp = 1.1.P. f fdp (1.i.P. = limit in probability)
G E
n

and so that ffdp < *® j
G

fdp with P-measure 1. Besides jfdp 2 *jfdp, since
G G G

jfdp is monotone in E on account of f > O, Thus we see that (9.3) holds for any open
E

set. By (9.2) and (P.4), jfdp is finite for almost all., Therefore by Theorem 9.3
I

we have

fBrdp = 1.i.P. f fdp,
B

n

if B1 2 Be._) «ss —> B. Consequently (9.3) holds also for any closed (in I) set B.

Let B be any Borel set. By (9.2) we can find a sequence of open sets G and a

sequence of closed sets {Fn} such that

F1€ FQC....CBC ...;02;61

and that
f C (£(t,u, w ))dtdu/v? < 1/n, n=1,2,¢0.. .
Cy~Fn

It is clear that

jfdpg jfdpg...s jfdp_(_...s_ jfdpg dep
F F B G

1
with P-measure 1. Furthermore we have

(.c/( fG fdp - f? fdp) = L -FC (£)dtdu/u® < 1/n —> 0.
n n

n n
Therefore

(9.4) f fdp = 1.1.P. f fdp = 1.i.P. j fdp.
B A Fy

But we have
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+
fF1fdp_<_ *f fdpg...g*jfdpg...s*jfdpg *jfdp
F2 B 02 G1

by the definition, and so

(9.5) 1lim * j fdp_<* frdp < lim *f fdp.
F B n

n
n Gn

As has been already proved,

*f fdp = ffdp, *f fdp = f fdp, n=1,2,...,
F F G G

n n n n

with P-measure 1 and so we obtain (9.3) at once from (9.4) and (9.5).
For f € F(I) for which f > O but (9.2) does not hold, we define *f fdp by
B

jfdp= 1im f&(

2 f( r’ A,w)d Td )'/2' 2)f(t,u,w)dp(t,u, w )’
N—>00 B N “1,R5(t)

where ¢ (A ) is the characteristic function of the interval [-N,N].
N

For any general f we shall define

J' f |£]+£ f It| - ¢
* fdp = # ~————— dp ~ * ~——p— dp.
B B ° B

Now, we shall define f fdqe For f€ F(I), I =(x,#]x (7,8}, v, 8§ >0, we put
I
(9.6) frdq = ffdp - f £( 'L“,u,w)deu/ua.
I I I

Then we can easily prove that
o Cic f 20 - f 5<r2>dfdu/u  Cf o,
for f such that
fé(fa)dfdu/ue <.
I
For I =(«%,8]x(0,5),a<«x<p<b, 0< §< o0, we define F1(I) as the class

of all functions f(t,u, w ) satisfying (P.1), (P.3) and
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(F1.2) f(f(f,u,w))edfdu/uz < oo.
I
We shall define j fdq for £ € F_(I). Firstly we consider the case:
1 1
(r".2) jé(f(t’,u,w)a) d7du|u? <
I

Let I_ denote (e,p] x (1/n, §5F. Then

€« f][nmr,u,«»)Idfau/u%z)sflncx"‘du/u2 flntf(r(f,u.w)z)drdu/u?

with P-measure 1. Therefore f € F(In) and so we can define

fln fdq

by (9.6). By (9.7) and (F*" ,2) we have

C [ raa- [ra®- C [
In Im In--Im

- f C‘(lz)df‘d\.\/u2
I-I
nm

1
Tﬁé(rz)drd 2
u/u” ——> 0.
%71

We shall define

deq = l.iem, f fdq (l.i.m. = limit in mean).
I I
n
This extended definition satisfies (9.7) evidently.

In order to define the integral in the general c ase we put
t
£, (tu,w) = bn(J'

Tmo
where ¢ 1is the characteristic function of the interval (-n,n). By F'.2) we have
n

Py
f (£(T u, w)2)aT du/u?)e(t,u, w),
u=0

P(On) T 1, where ‘()n = {w ;fn(’t’,u, w) = f(T,u, w) for (T,u) €1},
We shall define

fquas fquonﬂ.
1 0 n
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Similarly we can define the integral in case I = (X,8])x(¥, 0). 1In case
I=(,BIx(¥,0]. IncaseI = (x,8] x(0,5], we define

JIqu = { fdq + j; fdq, 11 = (¢,8) x (¥,0}, 12 = («x,8] x(0, 5].
1 2

As in the previous integrals we can define fqu as ijEdq, CE(t,u) being the
E
characteristic function of E.
For the regular kernel of this integral we establish

Theorem 9.4, Let I = (x,8]x(¥,§JandES(¥,§). For fé& F1(I) we can de-

t
termine *L fqu, « £ t £ B, which belongs to d1-clasa as a function of t with P-
E

measure 1 and satisfies

*Lt fqu ) j[«,dequ

with P-measure 1. We have, for this regular kernel,

v
c2Pr°[‘ Su\:psﬂll- Lth tdq | > c} € _J:j; 6((f(t,u,w))2)dtdu/u2.

The proof can be achieved in the same way as that of Theorem 8,
III. STOCHASTIC DIFFERENTIAL BEQUATION AND STOCHASTIC INTEGRAL EQUATION.

810. Stochastic differential equation. We shall solve a stochastic differential
equation:

(10.1) Dx(t,w) = L(t,x(t,w)), a<t<b,
under the condition:

(10.2) Px(a.,w)-L’
where L 1is a given distribution on R1.

Theorem 10, We can construct a simple Markoff process x(t,w) on a convenient
probability field ({2,Bn ,P) so that x(t,w) may satisfy (10.1) and (10.2) and that
x(t,w) may belong to dy-class with P-measure 1, if the three elements n(t,%),0(T,F)

and f(Z,u, ) of L(T, §) satisfies the following conditions (A) and (B):
() In(z,3) -n(z,) <HIF-,
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lU’( T’g) ‘W(?sn)l .<. S|§-"L|,
1
” f(Tﬂl’ S) - f(?)“, ')L)"nl ( f (f( T,“: ¥ )"f(r)u”)-))ad“/ua)z
[ulgn

< Fnl 5 - ’l' ’
where M,S,F,n=1,2,..., are independent of (<, §, % ),

(B) L(T, %) is continuous in  with regard to Lévy's distance for any fixed§.
Proof. We construct a fundamental differential process /( (T,w), a<T< b, on

a convenient probability field so that /Z (a, & ) may be governed by L, and we consider

a stochastic integral equationi

t t
(10.3)  x(t,w) = L(a,w) .j n(T,x(T ,w))dT »5 ¢ (T ,x(T,w))d
a

t t *
5 j ﬂTmﬂTmH®+§ J £(T yu,x( T ,w))da,

* a Jul>1 a Jul<1
whose solution is the required stochastic process by virtue of the following 811 (Here-
after the stochastic integral means the continuous or regular kernel, even if the notation
' # ! be omitted.

811. Stochastic integral equation.

Theorem 11, Let L(Z, %) satisfy the condition (A) and (B) in Theorem 10. Let
c(w) be independent of A(%,w ) - l(a,w), a { T< b, Then there exists one and
only one (up to P-measure 0) stochastic process satisfying a stochastic integral equation:

t t
(11.1)  x(t,w) = c(w) +$ m(T,x(T,w))dT +S (T ,x(T,w))dg

t
(T )u)x(? ,w))dp + f(T’u,x( z',w))dq

a /|ul>1 a J]|ul<1
for a < t < b with P-measure 1 and fulfilling the following property:
(112) (x(7,w), z(f,w) - ,e(a,w);a <T< t) is independent of

(I(’i‘,w) - ,((t,w), t T _<b) for a_<t < b. This solution is a simple Markoff process,
which belongs to d.l-class with P-measure 1 and satisfies a stochastic differential

equation:
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(11.3)  Dx(t,w) = L(t,x(t,w)).

Proof: We shall firstly remark that the condition (B) implies that each of
lm(t,s Wy 1o, ), |l £(T,u, §)|l , n=1,2,..., are bounded in a < t < b for any
assigned § , which is deduced from Theorem 4.2, since {L(%,§), a < < b} is compact

and so totally bounded as a continuous image of a compact set [a,b] for any assigned S .
Next we shall remark that (A) and (B) imply that m( 7, ¥), (%, §) and £(7T,u,¥)

are all B-measurable. Since L(t,§) is continuous in t for any § by (B) and m(t,§ ) is
B-measurable in L(t, § ) by virtue of Theorem 4.1, m(t, § ) is also B-measurable in t for
any § . Besides m(t,§ ) is continuous in ¥ for any fixed t by (A). Thus m(t, §) is
B-measurable in (t, ¥). Similarly 0°(t, §) and f(t,u, ¥ )(for any fixed u) are
B-measurable in (t, ¥ ). Therefore f(t,u, ¥ ) is B-measurable in (t,u, ¥ ) since

f(t,u, ¥ ) is right-continuous in u.

For brevity we introduce the following notations. We put

)

= (- g’
c1K1+c2K2 (c1m1oc2m2, €0 ¢ 9y c1f‘oc2f2

for K1’(m1;r19f1) and K2’(m2,0“2)f2)° When K(z‘)w) = (m( Z‘,w),cr(‘l‘,w),f(z",u,w)),

we define

y A A
jK(Z‘,w)dL = fm( T,w )dT + fd”(‘l",w)dg + j (7 ,u, w)dp
o 3 « « |u|>1
yJ
+ j[ £(T,u,w)dq.
«7ul<1

The triple of three elements of an i.d.1. L is also denoted by the same notion L.
We put

(1) ey(w) = byle(w)e(w),

(11~5) fN('z',U,S) » &N(“)I(T’“J 3 ))

(11.6) LN( T, ¥) = the 1.d.1., whose elements are m(T, §), 0°(7, ) and
£f (T,u
N( f Bt ] § )’
where &N is the characteristic function of the interval (-N,N).

Firstly we shall prove the existence and uniqueness of the solution of the sto-

chastic integral equation:
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t
(1107) x(t,w) = cN(w) + 5 LN( ?Qx( z"w))d‘

a

such that

(11.8) (x(t,w), /((’L',“‘) - /((a,w), a_<?T¢ t) is independent of ([(2",“’)

A, @), £<T< ),

In order to find a solution we make use of the method of successive approximations;

we define x (t,«), n=1,2,..., recursively by

(11.9.1) xo(t,N) = any measurable process such that xo(t,w) is a function

of (cN(w); ,Z(Z',W) —I(Q,W), a<TEt) fora<t<band that C(xo(t,“')‘) is

bounded,

t
(119.2)  x,(t,@) = cp(w) oS Ly(% x4 (T, %)L , 8 <t < b, nel 2,000

From (11.9.2), n=1, we have, for any fixed § o

43 t
x (tyw) = oy(w) S L(T, 3)d j(xnw,xo(r,w)) - 1,(7, )L,
a a

t t t
j L(T, 5,)al = j m(z, 5 )az+ Yw(r, So)dg#} J (T ,u, jo)du/u2dt
a a

a a 1<|ul<N
t

j‘ £( Ty, 5,)dq = I, + I+ I3 + IA’
[ul<N
2 2 2 2 2
Ca SA L(T) 5)a2)%) = 41+ AC(Iz) *a e h 5(11.)’
a
t

b
If < (t-a)S n(T, 30)2d‘t'_<_ (b-a) 5 (T, 50)2dr ,
a

Cd ta"t' 240 (o7, 3 ar
@ -\ o0z, 30 sj (T, 3% v,
a

a
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b dr

t
2
123 < 4T du/u?® J J £(T v, 50)2 at du/u? <2 J‘ | £(T v, 50)4l
a

a
1<|ul<n 1<|ul<N

t b
C(xi) j j 2T u, §)% aTawi® g 2T 0, 31 at
[ul<N

a a

t
Thus C((S LN(Z', So)dl )2), a < t<b, is bounded by Theorem 4.2 and the condition
a

(B)s Similarly we can prove the boundedness of

t
C((K 1 (Tx(Tw)) - (T, 50 ), sge g,
a

by making use of the condition (A). Consequently C(x1(t, w )2) is bounded.

1
in (t,w). Besides (x(?,w), £ (T ,w) - [(a,u); a < T< t) is independent of

Furthermore x1 (t,w ) belongs to d,-class with P-measure 1 and so measurable

L(r,w) - I(t,w); t < T <b) for any t, as is easily verified.
Thus we can define x2(t,w) by (11.9.2) and so recursively xn(t.,w), n=3,4 400,

and we have ¢

X \q(bw) - x (t,w) = S (T ,x (7, )) - n(tx_ (T, =)))z

t
. mf,x,,(f,w))-fr<f',=s,-1<f.w>))dg~j J<r(f,u.x,,(r,w>>

a
1< ul<N

- 2T (T,w)) S5—
u

+ S J (f(r;u,xn(tyw))'f(f’uﬁan( f’“‘)))duluz’l-“’la’l;’ll‘)

a
1<}ul<N
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t
2
fu1) < & Sa In Ty, (T, ) - n(T x_ (T, w))|at)?)

t
sﬁb-a)j(f((xn(t,w) - x_(tw)Par,
a
t
C(I:),S.fi2 j‘[((ﬁ,( T,w) - :51_1(2',“’))2)d7 )
a

t
6(1‘2)5 E g g (7 ju,x ( 7,)) = 82 u,x_,(7,))|dT i)}

a
1<|u|m

t

2 2
ce-ar | £ (z,w) -x (T, @)t

a

t
2 2
£ @) <F 5 £ (7,w) - x_ (7, wnPar,
a

Elx_ (tyew) = x (t,0))®) < 408 o) s B
X qlh -x s@))?) L 4(M (b-a) + S+2(b—a)FN+ FN)
t
xj £l (7 ,w) - x_ (2, @)z
a

2
But C((x1(t,w) - xo(t, w))®) has a finite upper bound (G), as is above proved. We
obtain recursively (« = A(Me(b-a)osa-»z(b-a)FﬁonN))

(1.10) (e (tw) - x_ (40D < ™ o(t-2)™" / (a1,
t

(11.11) f((j la(Tyx (7,w)) - a(Tyx_ (T,0))dT )
a

n-1
St @M(b-a)(t-a)?/ |Ln,
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t
(1.12) (f((J' (O (Tx (T,w)) -0 (Fx_(T,w))de)’)
a

-1
< o as(t-a)Y Lo,
t
(11.13) é((j [ 807 % (7,0)) - £(F,x (T, w)))t duin?)

1<]u] <
g 2w 1 gg (Fﬁ(b—e)(t-a)n/ Lo,
t
may C 5 J (£(T,x (7,w)) - £(F,x_(F,w))) da)}) &

N/ 2
ol GF,(t- a)/un.
|u|>N

Now, putting t=b in (11.11) and using Bienaymé—Tschebycheff'u inequality,

we obtain
t 1
N
P({w; sup ) @(Tyx (T,w)) -n(T,x (T,w))dT|xa })
a{t<hb n n-1 n
a
b
1 1
< P({“’ij Im(r;xn(?’w)) - m(?’,xn_1(‘t’,w))|df_>_ /\l‘ }) < )2 s
n n
a
1 1
n-1 5 - 4 _ .2
where ).n-c( ™M (b-a)/ |n=1. Since > A , > A < oo,
. n n
En S (m(r,%(?)‘“)) -m(T,xn_1(f,W)))dt ’ atgly,

a

is uniformly convergent in a < t < b with P-measure 1 by Borel-Cantelli's theorem.
If we make use of (G'.4) (88) and (11.12), we can prove in the same way that
t

Enj (0 (%% (T,w)) - O(T,x_,(T,w)))s
a

is uniformly convergent with P-measure 1. Similarly
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t

S J (£( T',u,xn( T,w)) - £( Z',u,xn_1('2' ,‘v)))dt'du/ua and

v

N ul>1
t

5 J (£(% u,x (7,@)) - £(Tyu,x (7, %)))dq

M

N> |ul
are uniformly convergent in a { t < b with P-measure 1. Consequently xn(t,u) is also

uniformly convergent in a { t < b with P-measure 1. We denote this limit with x(t,« ),

Then x(t,«) belongs to d,-class with P-measure 1, and so measurable in (t, « ), since

1
it is so the case with xn(t, w ), as is recursively proved. By letting n—> o in

(11.9.2), we can easily see that x(t,w) satisfies (11.7).
Let y(t, w ) and z(t, «/ ) be any two solutions of (11.7) such that
6 (y(t, w )2) and C(z(t,w )2) are bounded ( < G1). Then in the same way as

above we see

C ) - (6, @))?) < 40 (o0) + 2 + 282(b-a) + 7o)

t
n
x5£<<y<r,w>-z(r,~))2>dts & (4Gy)(t-a)" —> 0.
a

Therefore y(t,w) = z(t,«) with P-me-sure 1 for t. Since y(t,« ) and z(t,w) belong
to d1-class as thc solution of (11.7), wé have y(t,w) = z(t,w), a < t < b, with
P-measure 1.

Por the solution x(t,« ) obtaincd above by the successive approximations,

f(x(t,w)z) is bounded and so it does not depend on xo(t,w Jo Let y(t, «w ) be any
solution of (11.7). Starting from xo(t,w) = 6M(y(t,w))y(t, w), *H being the
characteristic function of (-M,M), we define x,(t,w), n=1,2,..4, by (11.9.2), and obtain

the solution x(t,w ). Now we put

f)x = {w;ly(t,w)] <M, a <t < BL
Then ﬁn increases with M and P(nx) —> 1 since y(t, w ) belongs to d,-class with

P-measure 1. y(t,w) satisfying (11.7), we have, by (G.5) and (P.5). y(t,w) -xét,w)
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-x1(t.,w) ese and so

x(t)w) = lim %(t’u) = Y(tx“')
n

for almost all w on_('].M and so with P-measure 1(M —> 0o). Thus we have proved the

existence and uniqueness of the solution of (11.7), say x(t,w ;N).
We put

b
Ey‘{“’i'c(‘“)lsl"j 5 dp( T,u, w) = 0},
a

[ul>M
Then EM increases with M and P(EH) -—> 1 as M—> . Starting from x,(t,w)

=x(t,w;M), we define x (t,«) by (11.9.2) and so we obtain the solution of (11.7)
x(t,w;N) as the limit, Forw € E“(M > N) we have x(t,w ;M) = xo(t,w) = x1(t,w)

=coomx(t,w;N). Therefore x(t,« ;M), a <t < b, does not depend on M for a

sufficiently large M with P-measure 1 and so 1lim x(t,w ;M) exists and satisfies
M~—>c0
(11.1).

Let y(t,w ) be any solution of (11.1). We put

FN B ENA[“’i ly(t,w)l <N, a g t < bl

Then y(t, « ) satisfies (11.7) in FN. Starting from

(b ) = 4 (3, «))y(t, «)
we obtain xn(t,w), n=1,2,...,by (11.9.2). Porwe¢ FN we have, by (G.5) and (P.5),
y(t,w) = xo(t,v) = x1(t.,w) = «ee —> x(t,w ;N). Since y(t,« ) belongs to
d,-class with P-measure 1, we have P(PN)ﬁ 1. Therefore y(t,w) coincides with the

above obtained solution. Thus we have proved the existence and uniqueness of the

solution.
Let x(t, « ) be the solution. Then we have
t
(11.15) x(t,w ) = x(s, w) 45 L(Tx(%,w))dL ,8<t<b,

s
This is also considered as a stochastic integral equation of the above type concerning
x(T,w), 8 <7< b, By the uniqueness of the solution, x(t, w ) is obtained by the
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above procedure and 80 x(t,w) is a B-measurable function of x(s,w) and (£(Z,w)
-l(a,w), 8 { U< b), as is easily verified if we use Theorem 1. We put

x(t,w) = £,(x(s,w); £(T,w) -L(8,w), 8 STE D)
and
x(tywis, §) = £,(§;£(8 w) -L(s,w), 8 ST D),
From (11.15) we obtain
(11.16) x(t,w;s,8) = § +Jt L(Z,x(T,w;s, g ))dl
s

with P-measure 1 for almost all (Px(‘ w)) §, by replacing, in Theorem 2.3, x(« ),y(w)
I
and G(x(w),y(w)) respectively with x(s,w),(£( T, )~ (s,w),s< T< b) and x(t,w )-
x(s,w) - jt L(T,x(%,w))dl ; the measurability condition can be easily verified by
8
the definition of the stochastic integral, if we use Theorem 1,
By Theorem 2.3 we have, for almost all (with regard to the probability law of
(x(T,w), a << 8)) ( §ry 8 £T< 8),
Pr{x(t‘r“’) € E/x(T,«) = Stna (24 5}'Pr{x(t"“';3: sa) € E]’
Pr{x(t,w) € E/x(s,w) = §, } = Pr{x(t,w ;s, §s) € E},
and so
Prix(t,w) € E/x(T,w) = ¥z, a LT s}-Px‘{x(t,W)eE/x(s,w)- 51,
which implies that x(t,« ) is a simple Markoff process.

It remains only to prove (11.3). By the above discussion we need only prove
that, as A1¢A2—9 o,

(11.17) the [1/A1¢A2] - times convolution of the p.1. of x(aoA1,w;s-A2, 5)

tends to L(s, E ).
Let xN(t,w;s-Az, ¥ ) be the solution of the stochastic integral equation:

t
x (tyw s8-8, 8) = § o 3 Ly(Tx (T, wie-dy, 54 L
s-Aa
Then we have
(11.18) xn(t,w;s-Aa,s) = x(t,w;s-da, §) for 8-8, < t  8+A, and for

w such that
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s-A1
(11.19) J' J dp = 0.
s-Aa

Ju>N
Now we have
(11.20) x(a+A1,w;a-—Aa,§ ) = x(w) + y(w) + z(w),
where
¢A1
x(w) -j‘ L(T,§)dL
°-AZ
so-A1
Y(“") 'j (X‘N(T:N(?’“’is'dzss)) 'LN(tn S))d‘ ’
s-A2
a¢A1
2(w) 'j (L(T ,x(7,w 5542: 5)) - LN( r:ﬁ‘( r:“'is‘Aa» 5)))de
a-Ae
sc»A1
+ (LN(T,S)-L(T,S))dl )e
s-Az

L(7, §) being continuous in ¥ for any § by (B), the logarithmic
characteristic function ¢(z; %, § ) of L(Z, § ) will be uniformly continuous in t, when-
ever 3z runs over any assigned bounded region, and so the l.c.f. of the [1/A14A2]-t1mu
convolution of Px:

aoA.I
[1/A1+A2] $(z;T,w)dT

8-62

will tend to ¢(z;%,w) and so

W[1/81085)
P

X

(* means convolution)

is arbitrarily near L(s, §). By the property of stochastic integrals we have
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€ @) = oagey), € (3(w)?) = olapsny),

Pr{z(w) $ o} ( = (A1+A2)(1-e— S)) = o(A1¢A2).

Thus it is sufficient to prove the following lemma.

Lemma 11, x(w), y(w) and z(w ) be real random variables on ({2,B,P) such
that

2
(1.21)  [Ex@)l <%, E@w) ) <Z, pria(e) § 0} <% (x< 1),

Then we have
1

*n ’n 3
£, P&)uﬂ‘« ,

where ¢ = x + y + z and / 1s the Levy's distance.
Proof. Let (_Q*,B*,P*) be the product probability field (,(I,B,P)n.

* *
For w = (w1,w2,..., wn) we define x*,(w ) = x(w), y*, () = y(w),

* LK PR N P
z*y (w) =2(wy), ¥=1,2,000,n.  Then (x*(w ),y (w ),z (w)), V=1,2,...,n, are
independent random vectors.
* -
P”n and P*n are respectively the p.1. of X (w*) = > x*v (w*) and
*oo* f * i - - # *
I( w )s 2x, (w)+2 y*v (™) + 2 z ,(w). But we have

- - L -
EWsy (DM SES M)+ SEGL (WD’
174 v

0n:-:‘- xeoa(<2¢ .

Therefore we have

(| SaAMI>adigenl,
But

Pr{zyz:( w*) $ 0} ¢ %Pr{z‘;( w*) o} _<_n°a" .o,
Thus we have

pr{| () - X > «dcoadiuc 3«5,
from which we obtain

P (e, of X*(w*), put. of T( M) <4 VT3, queud.

Remark. 1In case L(t, §) is a Gaussian distribution, the above obtained protess is con-

tinuous with P-measure 1(continuous case). In the case when the l.c.f, of L(t,§ ) is of
the form:
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©
iAu

¥ (25t,3) J (¢ -ty ¢ (au),

—w
the above process increases only with jumps with P-measure 1 (purely discontinuous case)
The most simple case of ¢°= 0, f = O is reduced to that of an ordinary differential
equation:

% = m(t,x) .

IV. Appendix I.

We shall show an interesting property of the stochastic integral which does
not appear in the ordinary integral.
Theorem.27) Let A (%) be any function of § with the continuous second

derivative. Then we have
b

b
(1) j A (g(t,@))da(t,w) = A(g(b,w)) - A(g(a,w)) - } P"(gu,w))dt.
a a

Proof. For the brevity of the notation we may assume a = 0,b=1, We have

clearly
(2) A (g(1,%)) - Alglo,w)) = Ip 11, 41,4 1,
where
1, - 2:_1 A (e, w))(a( K w) - g, w))
-5 ReEhend

n
L= 5 X G e b gl W) - ]

n
N k k-1 2
Il‘ =2 ;(n)k,“‘")(g(ﬁ; w) - 8('_n'n w));
k=1
f(n,k, «w ) tends to O uniformly in k as n—> o for almost all «w on account of the
continuity of /\'( %) and g(t, w ),
We can choose a sufficiently large N for any § > 0 such that n > N implies
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(3) Pr{]d(nk,«)| < §, k=1,2,0.0,n} > 1= § .
If we define
§*(n,k,w) = §(n,k, w) for | S(n,k, w)| <& and = O elsewhere, and if we put

*# -
L E 5 *(kyn,w) (g5, w) - g(E5,0)),
then we have

) Pr{Ih-I:} >1-5.

(5) E@P <35 EE ,w) - el w )P -ns2l-s2
By (4) and (5) we have, as n—> o, IL,— 0 in probability.

By the continuity (in t), of /\”(g(t,w)) we can choose a sufficiently large M
for any & > O such that

(6) P /\”(g(k—;l-,W))I < M,k=1,2,3,.00,n} > 1- &,
If we define
(5 = N(¥) for | N(§)| <M and = O elsewhers, and if we put
ot 3 e, = (e - s, w0 - 1,
then we have, by (6),
(1) Pr{13-13’n} >1- 5,

and by making use of the fact that g(T,w) is a differential process,

2 2 n
(s)az”)gu 5 € (Uels, «) - gL, w))? - 1))

k=1

§ 2
% -n§2/2 © -
= M%n J:oo J_g“ o (§2- %)2d3 = M%/n j_m \-’,—%.“— o 7252-1)2d§—> 0.

Therefore we have, as n—> o, 13-—> 0 in probability.

Similarly we can prove that
1

1,—s S N (8(t, «))dg(t, w )
[}

in probability. By the continuity (in t) of N'(g(t,w)) we have
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1

Lz 3 XE=Fhenl— | Meten.

Thus our theorem is completely proved.

Mathematical Institute, Faculty of Science, Nagoya University.
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Appendix 2, A generalized Fokker-Plank equation.

When I sent this paper to Professor J. L. Doob, he suggested to me to show
that the process of Theorem 11 satisfies the Pokker-Plank equation. Though I cannot
yet prove it in its complete generality, I have been able to solve it to a certain ex-
tent. It seems to be of some use to add it as an appendix.

Let x(t,w) be the solution of the stochastic integral equation in Theorem 11,

and x(t,w ;s, §) be the solution of the stochastic integral equation:
t

(1) x(t,wjs, §5) = 5o X L(%,x(T,w;s,5))dL, s < t < b,
s
By putting a=s and c(w) = § in Theorem 11, we see that x(t,w;s, ) is
uniquely determined for each § and obtained by the procedure stated in Theorem 11, so
that x(t,w;s,3) is B-measurable in § . Denote the probability law of x(t,w;s, §)
with F(s, §;t, E). By the argument in the proof of Theorem 11 we have
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(2) F(s,§;t,E) = Pr{x(t,«) €E/x(s,w) = § }
for almost all (Px(t,-v)) 5.

Theoremn. F(s, % ;t,E) has the following properties:

I. Chapman's equation.
oo

(3) F(s,3 ;t,E) 'J F(s,§ 5u,d 1 )F(u,% ;t,E) (a <s<ugtgb).
—m

II. Let ¥(§ ) any bounded function with the sccond derivative {“ (§). Then we have

(%) 1lim -1 [f;(n )F(s—A1,S ;soAz,dl ) - }( § )]
A1+A v 0 A_+A
2 12
A1,A2 20

2 2
cnge,8) 2 (5) . T8y 4 oy [ ew - 8Cs)
2

a§ 2 a8

- =2 §(5))n(au,s, ),
1+u

where m(s, §), (s, %) and n(E,s, § ) are determined by
(5) the logarithmic characteristic function of L(s, §)
®
2

. .
- tn(s, §)z - T (88D 2 *J (o -1 - -1_:2__) a(du, s, § ).

1T+w

III. Generalized Fokker-Plank equation.

2
If }_3_?2_ F(s,% ;t,E) exists, then

- 1
(6) D, F(s, § ;t,E) = Alimo —x—(F(s, § ;t,E)-F(s-8, § ;t,E))

exists and we have, in using m, 6 and n in II

2 2
(7) D] F(s,554,E) + u(s,§) 5 F(s,5 ;t,8) + T{2a8) &z FasiuE)

@

"J (F(5,5 ‘u;t,E) - F(S;S 5t‘)E) = —_}5- -3%. F(s"s ;L:E))n(dups’S) = 0O,
1+u
-Q0
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Remark 1. By specializing m,9 ,n, we obtain the Fokker-Plank equations that

have already been known.

Case 1. m(s,§) =m(§),67(s,§) =6(%), n(E,s, §) =z o... Fokker-Plank's
original case.

Case 2, n(E,s, ) = o0 ... Kolmogoroff's continuous case.

Case 3. p(s, %) =n(( -0, ®), 8,5)< o « . . Feller's mixing case.
In this case, by putting

n(E,s, §) = p(s, 5)P(s,§ ,E(+) § )

a,3) - [ aw, 5,85 - v0s, ),
+u

and

2
g;_.(il.zi_l___ = a(s’g),

we obtain Feller's equation: ,

—&— F(s,55t,E) + a(s, §) 3%—22— F(s, §5t,E) + b(s, § ) JA-F(s,5;1,E)

v 5(5,3) [ (F(s,234,8) - F(s, 3 51,8)) B(s, 5 ,42) = o,

Remark 2. It is desirable to prove the existence of -Ji’sz F(s, § ;t,E)
under some adequate restrictions concerning m,o  and n, but it is an open problem for
the author.

Proof 1. By the proof of Theorem 11 we see that x(t,w;s, § ) is a
B-measurable function of § and A(T,w) - L(s,w), s < T< t. Put

x(tywy8,8) = £,,(5, (7, w) -Lls,w), s <TS 1),
Since

x(t,w;s, 3) = 3 + L(T,x(T,w;s, ¥)) at

u t
-So-j 4]

= x(u,w;s, 5) + L(T,x( T,w;s, §))dd ,(s_<u < t),

‘:g—_—-\o
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we have, by the uniqueness of the solution in Theorem 11,

x(t,w;s,§) = !‘ut(x(u,w i, 8),L(7,0) - L(s,e), u LTS t)
for almost all «w x(u,w ;s, 3 ) being a function of £ (7T ,w) —l(s,u), 8 {T< u, and so
independent of z(t,w) - (syw), u<?< t, we have, by Theorem 2.2,

Prix(t,a;s, §)€E} = Pr{f  (2,£(%,w) - M(s,),u <TC t)e BIB(nu;a M)

o fertatt,win, 1€ B Pytuymss, 30,
which prove:Chapman's equation.
Next we shall prove III, assuming II. Since we have, by I,
F(s-8, § ;t,E) = _rF(s-A, ¥ ;s,d% ) F(s,% ;t,E), we obtain III at once, by
putting $(§ ) = F(s, § ;t,E), 8, =2and &, =0 in II.

We have only to prove II. In the proof of Theorem 11 we have shown that

%* 1
(8) F(s-8,,5 ;548 ,5(+) )" [mpemg—] — L(s,3).
Therefore it is sufficient to show that (8) implies (4). For this we state some pre-

liminary lemmas.,

Lemma 1. Let the logarithmic characteristic function (1.¢.f.) of an in-
finitely divisible law (i.d.l.) P be given by

<)
izu iz ) 1“12
(9) (z) = imz + (e =1 - —-a- _T_d G(u), G(~o) = 0
w 1+u u ’
-
and {Pk} be a sequence of probability laws such that
S
Pk -—> P,
Then
u
v2
(10) G (u) = k —T e P (dv)
k 1+ v2 k
-0

is bounded for k=1,2,... and -0 < u < o, and

(11.a) Gk(u) —> G(u)

for any continuity point u of G(u), and
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(11.b) fdG-’S(“) > o

u

This lemma can be proved in the same way as k, Khintchine's proof of Lévy's
formule (A. XKhintchine: Déduction nouvelle d'une formule de P, Lévy, Bull., d. l'univ,

d'etat a Moscou, Sér. inter. Sect. A. Math. et Meca. Vol. 1, Fasc. 1, 1937).
Lemma 2, Let P be an i, d. 1. with the 1. c¢. f. ¥(z) in (9). Let [Ph} be

a system of probability laws, h running over (o,c), (c=positive constant) such that

#[—)
(12) P, h™ 5 p,
Then u 2
(13) Gylu) = % j 1—%—— P, (dv)
+Vv

-0
is bounded for o< h< c and - < u < oo, and

(14.a) Gh(u) —> G(u)

for any continuity point u of G(u), and

(14.1) J’ dGn(u) > m.

u
This lemma follows immediately from Lemma 1,
Fundamental Lemma. Let P be an i.d.l. with the l.c.f.:

@
i
(1) wwsm-%f—z%y<e‘“-1-—j—gl>n<du>,
+u
-®

and {Ph} be a system of probability laws, h running over {(o,c). Then (12) implies that
Je have, for any bounded function §(§ ) (-0 <5< ) with the second derivatives I (%),

/ a——2 ”
(16) Lia U}(;m) Ph<au>-$<s>]=m§<§>*—§-} (%)

00

j (5 ) - §(5) - 1—-“r£’<5))n<du).
+u

=00
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Proof. (Concerning the following proof the author has obtained many suggestions
in his discussions with Professor K. Yosida, whose research on a generalization of
Fokker-Plank equation will soon be published in some journal,)

(15) is written in the form (9) if we put

u

2
(17) G(u) = 2+ j ——‘%— n(dv) (u > o)
1+
> v
u
2
G(u) [ —s—— n(dv) (u< o).
1+v
-0
Defining Gh(u) by
u .

v
6 (w -1 Y rw,
h(u) h j’ 1+v2 h(dv)
-~

we obtain
111 [f&(s#u)l’h(d\x)-&f)]
-1 U@(gou) - B(5)) By(au)

2
. f(§(§*u) -}(35) —ag )
u

, d G (u) 2
=55 j i“u . f(&(s»u)-hn- —3- 505y 14— a g ),

’ (u)
= §(3) f qu,;) d 6, (w),

where y9(u,g ) is defined by

(18) 1P (u’§ )
Y (o, %)

(3(5 +u) -
3w,

1¢u2
L (u o)
u

"
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Then yV(u,g ) is bounded and continuous outsides of any neighborhood of u=o for any
fixed § by the boundedness of }, while ¥ (u, §) is also bounded and continuous within
any neighborhood of u=o for any fixed § , since

‘ ’ 2 ”
Bsow - d(5) - 2 F w0 - ud (5) 05—} (3) = u (5) +o(?,
+u

2 " 2
- 2 373« 00D
2(1+u%)

Therefore we have, by Lemma 2, (17) and (18),

(¢ o]
< 1 ’
%J;: B U&(s +u)P, (du) - &(s’)] =m §(§) ‘JV(u,g)d G(u)
-
-0 [« )
' 2 "
-n §(5) + 5 §(S)*(J +J)V(u,§)dc(u)
[o 0]
‘ 2 M ,
-nd(5) + & 5(5){ <$<;«u)-§<s>-1—l‘2—§<5>)n<au),
+u

which proves the fundamental lemma.
Proof of II of the above theorem. We can modify the above fundamental lemma
without any essential change in the proof as follows:

" Let {P } be a system of probability laws, where o < A, A < ¢ and
A1A2 ’ -1 2

A10A > o, and P be an i.d.l. stated in the lemma. Then

2
g
(12') PA1A2 1'% ——p
implies
(16') lim —— [§(5 +u)p, , (du) - F(§)]
A1+A2&o A1*A2 12
@
’ o 2 " ’
=ad (§)- > $ (%)« (&(S*u)-é(S)-r"—g §(8))n(duy.
+u

=00
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Now put
$(8) = F(s, 55t,E),
Pla (E) = F(s—A1,3 35,E),
12

and

P = L(s,¥ ).
Then (8) i.e. (12') implies (16') i.e. (4), Thus the theorem is completely proved,
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