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PREFACE TO THE SECOND
EDITION

In this new edition, Volume II, as in the case of Volume I, has heen so re-
vised that hardly a chapter has been left untouched. In particular the last two
chapters, which are concerned with hypercomplex numbers and their representa-
tions. have been considerably expanded and reorganized so as to meet the demands
of the impetuous development of the modern theory of algebras. As to polynomial
ideals, I have omitted those parts which belong more to algebraic geometry than
to algebra.

I wish to extend my sincerest appreciation to Dr. Reichardt who assisted me in
reading proofs, as well as to a number of colleagues who pointed out minor errors
in the first edition.

B. L. VAN DER WAERDEN
Leip:zig, February 1910
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CHAPTER XI

ELIMINATION THEORY

In elimination theory we study systems of algebraic equations in several un-
knowns in order to set up conditions for their solvability as well as formulas for
calculating their solutions in various cases. In this chapter the corresponding theory
for linear equations. i.e., the theory of determinants, is assumed as known. Further-
more, it shall also be assumed that one equation in a single unknown of degree
higher than one can be solved. or more precisely, if such an equation can not be
resolved in a given field. an extension field may be constructed in which it is decom-
posable. and in fact one in which it may be completely decomposed (Chapter 5).
In the following when we refer to the “solutions of an equation” or the “zeros of a
polynomial,” we shall always assume that the solutions are in a suitably chosen
extension field of the fixed commutative field K .

77. THE RESULTANT SYSTEM OF SEVERAL POLYNOMIALS
IN A SINGLE VARIABLE

THEOREM. Let {,,..., [, be r polynomials in a single variable of given de-
grees with indeterminate coefficients. Then there evists a system D, ..., D, of
integral polynomials in these coefficients with the property that if these coeffi-
cients are assigned values from the field K the conditions D, =0,...,Dy =0
are necessary and sufficient in order that either the equations f; =0,...,f,=0
have a solution in a suitable extension field or that the formal leading coefficients o}
all polynomials f,, . . ., f, vanish.

The proof is based on Kronecker’s method of elimination.

First, we transform the polynomials f,,...,f, into polynomials of the same
degrec by multiplying every polynomial f, by ~™and (¥ — 1)"™™ provided
that #, is smaller than n where n is the greatest (formal) degree of the given
polynomials. In this way two polynomials of formal degree n arise from f, such
that for any specialization of the coefficients their common zeros and their leading
coefficients are the same as those of f,. This system of polynomials of the same
degree may contain more polynomials than are in the system f,, ..., f, but it has
the same common zeros. We designate these polynomials by g,, ..., g,.

1



2 ELIMINATION THEORY

Next from gy, ..., g we form the linear combinations

Gu=18g + T %8 & ="181F T+ Vg
where u,v are indeterminates which are adjoined to the field K.If g, and g, have
a common factor for any specialization of the coefficients of g,, .. ., g, , this factor
is expressible rationally in terms of u and v (Section 18). However a factor which
is rationally dependent explicitly on the v cannot occur as a factor in a decomposi-
tion of g, since g, is independent of the v. Hence every factor common to g, and
g, must be independent of the v and similarly of the u, and therefore must divide
g1, 82 - - -, & - Conversely, if g, ..., g have a common factor, it also divides g,
and g,.

Finally. let R be the resultant of g, and g,. Then the necessary and sufficient
condition that g, and g, have either a common factor or leading coefficients which
vanish is that
(1) R = 0 identically in the u and v.

If we arrange R according to the power products of the u and v, and denote the coeffi-
cients by D, ..., Dy, (1) is equivalent to

D,=0,D,=0,...,D,=0.
We note that the D; are integral polynomials in the indeterminate coefficients of
fi, fas - - -, f,- Hence the proof of the theorem is completed.

The system D, ..., D, is called the resultant system of the polynomials

firee sk
By Section 27 it follows that R = 0(g,, &,

=0(g,-.-,8)
= O(fl,fzyo . °’fr):

and, on arranging both sides according to power products in the u and v, we obtain

(2) Dy, D) =0, .. 1)

REMARKS. 1. If it is known beforehand that the formal leading coefficient
of one of the polynomials f,, say f,, does not vanish, we may omit the entire pre-
liminary operation whereby the polynomials f, are transformed into polynomials
of the same degree. Morcover the calculations may then be simplified by forming
the resultant of f, and v,fy + - - - + v,f, rather than that of g, and g,.

2. As in Section 27 the exceptional case of the vanishing of all formal leading
coefficients can be avoided by passing over to homogeneous forms in x, and x,.
The g, are then formed from f; through multiplication by 7™ and 3™
(instead of "™ and (x — 1)*™™).

3. In the case of a single polynomial the application of the process described
above gives rise to a resultant system which consists only of zero.
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78. GENERAL ELIMINATION THEORY

In the following {&,, ..., £,} always indicates an’ ordered sequence of n ele-
ments belonging to a suitably chosen extension field of the fixed ground field K. Ifa
polynomial f has the property f(&,,...,&,) =0, the sequence {&,, .., &}, or
briefly ¢, is called a zero of f. In the general theory of elimination we are con-
cerned with the problem of determining, at least theoretically, all solutions of a
system of arbitrary algebraic equations

h(é) =0, fz(§) =0, ..., f(§) =0,

i.e., all zeros common to the polynomials f,, ..., /. in Klxy, . .., 2] 0

The method to be used is the “successive elimination” of all unknowns by
means of the resultant system described in the previous section. For this purpose
it is convenient to assume that the system f,,. .., f, contains a polynomial of de-
gree & in which the coefficient of %{ is a non-zero constant. This condition may be
satisfied from the start. If not, it may be brought about as follows. We first note that
all polynomials S, ..., f; may vanish identically. In this case since all sequences
(&, ..., &) are solutions, it need not interest us further. Hence we may assume
that there is an f, , say f,, which does not vanish identically. Under this hypothesis

we introduce new variables %], ..., x], by the substitution

X = U %y,

Xy = Xy + uyx],
1) 2o mt

Xp = xz,z + “nxi;
where u,, ..., u, are indeterminates which are adjoined to the field K. If we sub-
stitute (1) in f,,...,f,, new polynomials f, ...,/ in ], .. ., x,, are obtained
in which the coefficient of the highest power of ] is now a non-vanishing poly-
nomial in %,, .., u,. If & denotes the degree of the polynomial /1, then

fr=hinxy, o+ uxy, o 2] 4 0,1)),

and the coefficient of ] in this expression is [} (x,,. ., u,), where f¥ is the set

of terms in f, of highest (o -th) degree.?
Now we may eliminate 2] and find a resultant system

dl' .. "dl'

which depends only on #3, . .., x}, . Every zero {&, .. ., &} of this resultant sys.
tem (since we have imposed the condition that there is a leading coefficient which
1In practice the required calculations are very often too complicated to be carried out
effectively,
2 REMARK. Instead of indeterminates u, we may also use particular values of the u,

in the ground field or (in case this should be finite) in a suitably chosen extension field pro-
vided that for these values f*(1,,. ,u,) does not vanish.
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does not vanish) leads to at least one zero {£], ..., &} of the polynomials f}, .

<, fn. In fact all zeros of fi,...,f, may be obtained from this resultant system.
We note that the omitted unknown &} is determined by a system of equations whose
greatest common divisor is not a constant, i.e., £} salisfies an algebraic equation

of the first degree at least. Next, if d,, ..., d; does not vanish identically, we may
continue the transformation (introducing x3, . . ., %), instead of x5, ..., x;) and

elimination described above, and so on. The process stops at the s-th step if, after
%3, %3, ..., % have been eliminated, a system of polynomials in 2%, ..., 22 is
obtained which vanishes identically. If this does not happen, the process is continued
until all indeterminates are eliminated. If the (constant) resultant thereby obtained
does not vanish, the proposed system of equations obviously cannot be solved. How-

ever, in the case where the resultant becomes zero after s steps, we may replace

Zgr1s - - -, %y by arbitrary values & ,..., & and then determine successively
§,&,..., & (inthe reverse order). In fact for every specialized sequence
{21, . .., &)} a finite number of specialized sequences {7, &7, ..., £%} is ob-

tained. Furthermore by substitution (1) each of these leads to a solution {£,, &,,
.., &4} of the original system of equations.

We may also replace &, ,, ..., &2 by indeterminates and then determine &7,
..., & formally in terms of one or more systems of algebraic functions in these

indeterminates. However, it should be noted that for particular values of £, ,,...,

» there may exist solutions which cannot be obtained by specializing the solu-
tions in terms of the indeterminates {&2,;, ., &7} This will be illustrated in the
following example.

Let h= 2+ 2%,

fa= 2% + %5 + 2, + %,

The preliminary transformation (1) is not necessary in this case since the term 3
already occurs in f;. The resultant, after x, is eliminated, vanishes identically since
for every value of x, the polynomials f, and f, have the common factor %,
+%,. Hence in terms of the indeterminate &, we have &, = —§,. However. if we
assign to &, the value — 1, the polynomial f, vanishes and & may take on
the value 0 as well as the value +- 1. It is obvious that the zero {0, —1} cannot be
obtained by specializing the gencral solution & = —&,.

As in this example the “algebraic manifold” of the zeros common to fio-- ks
may also be decomposed 4n the general case into distinct “irreducible manifolds” of
distinct dimensions which admit a “parametric representation” by algebraic func-
tions. In regard to the proof (independent of the theory of elimination), see Chapter
13. These manifolds and their parametric representations can be explicitly calculated
by means of the theory of elimination. However we will go no further into this
matter.?

3See F. S. Macaulay: Algebraic Theory of Modular Systems, Cambridge Tracts No. 19,
Cambridge 1916, or the author’s Einfihrung in die algebraische Geometrie, Berlin 1939,
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From the congruence (2) of the previous section we obtain the following
congruence
(2) @,....d)=0(f1,.... 1)
in the polynomial domain K(#)[x3, ..., ;] .

On applying (2) to the case whereby the elimination finally produces a non-
vanishing constant as a resultant, the interesting congruence

1= O(flﬁ st fr)
is obtained. In other words, if the polynomials f, ..., f, in K[%,,. .. x,] have
common zeros in no algebraic field over K, a relation

1=Afp 4+ 4,f,

i

isvalid in K[x,, ..., x,].

The proof is by the method of complete induction on the number of variables.
The statement is valid for constants f, as well as polynomials in a single variable.
Hence we will assume that it is also valid for polynomials in n—1 variables. In the
case of n variables the resultants d,, ..., d,, which first appear are polynomials
in # — 1 variables. Since these polynomials do not have a common zero a relation

1 = Byd, + --- + Bd,.
is valid in K (u) [x5, . . ., 7] . By (2) this becomes

V= A AL
Now replace x; by its value given in (1). Then f; goes over into f,. Further-
more, as the terms on the right are rational in the u, on multiplying through by the
denominator g(u) we obtain

g0 = Ay) - fy+ -+ A,0) - .

On equating the coefficients of like power products of the u whose coefficients on the
left do not vanish, the relation

1=Af +---+ 4},
follows.

EXERCISE. The degrees of the polynomials A,, ..., 4, are bounded as

soon as the degrees of the f, are bounded.

79. HILBERT’S NULLSTELLENSATZ

A generalization of the theorem proved at the end of the previous section is
given by Hilbert’s Nullstellensatz.

If { is a polynomial in K[%,, ..., x,], which vanishes at all zeros common to
the polynomials f,, ..., {,, then a congruence

/950(11'--'/")
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is valid for an integer o (and conversely).
PROOF.* For f= 0, the result'is clearly valid. To consider the case f = 0
we introduce a new variable z. The polynomials

oo oo hp 1 —2f
in K[#,, ..., %y, 2] have no common zeros since every common zero of f,, ..., /,
is a zero of f and so not of 1 —2f. Therefore, by the theorem proved in the previous
section, we have
t=d4h+ -+ AL+401—2)).

1 . The fractions that are thereby

In this identity let us make the substitution z =
introduced may be removed by multiplying by a power f¢. Hence
fe=Bify+ -+ Bifr, QED.

The converse is trivial.

From this proof and the exercise of Section 78 it follows that a bound may be
obtained for the exponent g as soon as the degrees of f,, ..., f, and f are known.
In fact there is a bound for ¢ which depends only on f,, ..., f,, as will be seen
in Section 95.

EXTENSION OF THE NULLSTELLENSATZ. If the polynomials h,, .. ., k4

take on the value 0 for all zeros common to f,, ..., [, ,a congruence

(rs - Y =0(f, ..o, 1)
is valid. In other words, every power product of the h; such that the sum of the ex-
ponents is @ belongs to the ideal (f,, . . ., f,) (and conversely).
PROOF. The congruence
8 =0, ... f

~|

is valid. Let
o=(0p—1)+(ee— 1)+ -+ (e—1)+1.

Every power product #h...H* with I, 4+ ...+ [, = o contains at least one
factor A% since otherwise I, + - - - + I, would be at most equal to (0g — 1) +-
-+ + (ox — 1) = o — 1. The theorem follows immediately.
The converse is trivial.

80. CRITERIA FOR THE SOLVABILITY OF A SYSTEM OF
HOMOGENEOUS EQUATIONS

In Section 78 we gave a procedure that could be used to determine whether or
not a system of algebraic equations possessed solutions. However we did not develop
an “algebraic criterion” for solvability, that is, a system of integral rational func-
tions of the coefficients whose vanishing is necessary and sufficient for the existence
of solutions (as the resultant system of Section 77 in the case of a single unknown

4 See A. Rabinowitsch: Math. Ann., Bd. 102 (1929), p. 518



80. CRITERIA FOR SOLVABILITY OF HOMOGENEOUS EQUATIONS 7

or the determinant of a system of linear homogeneous equations). In general such a
criterion cannot be developed,® though it does exist in the special case of homogene-
ous equations which we will now consider.

If f,,...,f, are homogeneous non-constant polynomials in %y,...,x,(n>1),

they always have at least the “trivial” zero {0, .. , 0}. We shall now find a criterion
for the existence of a non-trivial zero {z,, . .., 7,} and, on account of the homo-
geneity, a whole “ray” of zeros {A%,, ..., A,}.°

The following technique is due to H. Kapferer.” It is based on the method of
successive elimination due to ‘Kronecker. The first step is to consider the forms
fis -+ -+ Iy, as polynomials in #,; and, according to Section 77, form the resultant
system D, ..., D, (however without the preliminary transformation (1) of Sec-
tion 78). It will now be shown that if the polynomials f,, ..., J, have a non-trivial
zero in common, then D,, ..., D,, as polynomialsin x,, . x,, also have a non-
trivial zero in common and conversely.

In the proof we need to consider only two cases.

CASE 1. The coefficients of the terms in f;, .. , /, consisting only of powers
of x; do not all vanish. In this case on applying the properties of resultant systems
we have that every non-trivial zero {&,, ..., &} of Dy, .., D, gives rise to at
least one zero {£,, &,, ..., &} of f,,...,f, which of course cannot be trivial.
Conversely, every zero {£,, ..., &} of the f, gives rise to a zero {§,, ..., &,) of
the D, , which also cannot be trivial because the vanishing of &,, ..., &, would
lead immediately to the vanishing of &; since f, = c¢&P + ... = 0.

CASE 2. The coefficients of the terms in f,, .. , f, consisting only of powers
of x,all vanish. By Section 77 Dy, ..., D, vanish identically in this case. Hence the
system D,, ..., D, has a non-trivial zero, say {1, 1, ..., 1}. Furthermore, in this
case, the polynomials f,, ..., f, have a non-trivial zero, namely, {1,0,..., 0},
since the terms with the highest power of x; are all omitted.

5 This is illustrated by the following example: the equations
;%) + agxy + a3 = 0,
byx, + byxy 4 by =0 }
have “in general” a solution, i.e., for a;b, — a,b, + 0. Hence, if
D,(a, b) = 0, . Dy(a,b) =0

were necessary and sufficient for solvability, the D must vanish for the indeterminates a, b, and
s0 must vanish identically. Accordingly the equations would always have a solution, which 1s not
true. (Also the inequality a,b, — a,b, 1. 0 is not necessary and sufficient.)

6 The zeros {7, . .., in,} for fixed 7 and variable A form a line of the space R, which
goes through the origin {0, . ., 0} and on this account is called a “ray.” The rays will also be
thought of as “points” of the “projective space” P,_, whose “homogeneous coordinates” are the
7, cf. Section 91.

7Kapferer, H.: “Uber Resultanten und Resultantensysteme.” Sitzungsber. Bayer. Akad.
Miinchen 1929, pp. 179-200.
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This proves the statement made above. Now D,, ..., D, are homogeneous in
%3, ..., %, . Hence the elimination mdy be continued. On eliminating x,, etc., a
system of forms in x,

byasl, Byxit, .., bpxyt

is finally obtained. These forms possess a non-trivial zero if and only if all co-
efficients &y, ..., by vanish.

The quantities by, ..., b, are obtained by fixed, namely dependent only on
the degrees of the original forms, integral rational processes on the coefficients of
these forms. Hence they are integral polynomials of the coefficients of f;, .. ., f,.

The system of polynomials &, ..., b, (or any other system whose vanish.
ing implies the existence of a zero) is also called a resultant system of the forms

fuo oot

Let us apply the relation
(D1, .., DY) =0(f, ... fo)s

which was proved earlier, at every step of the successive eliminations. On combining
all these relations together we obtain

(3) x:”b,,EO(/,,..., ) v=1,...,k).

The construction of &,, . . ., b, enables us to show easily that they are homoge-
neous forms in the coefficients of every individual form f,. Thus the system Dy, ..
., Dy is generated by a resultant R in which the coefficients a4, of f; appear only
in the combinations a,%, and a,v,. Hence every term of R has the same degree
in the a, as in the #, and v; together, and if R is then arranged according to
the power products in the u and v, the coefficient D, of such a power product is
homogeneous with a definite degree in the a,. If we apply the same line of reason-
ing to the second, third, etc. steps of the elimination, our result is proved.

To recapitulate we have:

rforms f,,...,{, withindeterminate coefficients possess a resultant system of
integral polynomials b, in these coefficients such that for special values of the co-
efficients in an arbitrary field K the vanishing of all resultants is necessary and
sufficient in order that the equations f, =0, ..., f, = 0 have a solution distinct
from the zero solution. The b, are homogeneous in the coefficients of every indi-
vidual form-f, and satisfy a congruence (3).

EXERCISES. 1. What can be said about the resultant system of a system
of linear forms?

2. Let @y(t, %), ..., @u(t, t) be homogeneous forms without a common
factor. In the projective space consider the totality of points & with the property
that the ratios of the coordinates of each point £ are given by the parametric
equation

(4) Epbpr o b= (T, T0) @2 (T), Te) 1o (Ty, TY)



81. ON INERTIA FORMS o

for non-trivial 7-values. This totality, augumented by the sequence {0, ..., 0},
may also be characterized by homogeneous equations F(§,, ..., &,) = 0. [First
express the ratios (4) as homogeneous equations in the £ and 7 .]

3. Let fy(%y,...,%,) =0,...,be a system of homogeneous equations in
which indeterminate parameters beside the x appear rationally. If the system has a
solution for a particular indeterminate parameter, it has a solution for every special-
ization of this parameter.

4. Give an algebraic criterion for the solvability of a system of equations in
several sequences of unknowns x,, ..., %,; %1, - - -, ¥m; - - -, which are homogene-

ous in each one of these sequences.

In regard to the determination of the solutions of homogeneous equations, see also F. Mer-
tens: Sitzungsber. Wiener Akad. Wiss. Bd. 108 (1889) p. 1174, as well as Section 83 of this
volume.

81. ON INERTIA FORMS

In the previous section we obtained a resultant system for an arbitrary number
of homogeneous forms. As a rule such a resultant system contains numerous forms.
It will now be shown that for n forms in n variables a single resultant is sufficient,
while in general for less than n forms no condition for solvability is necessary. In
order to prove these results we will first establish a number of theorems concerning
the so-called “inertia forms.”

Let _
L1 = ayx) + ax; " lxy o o awx),
fo= blx{: + bzx'liMIxz + -+ bmxff,

fr=e%) + % " 'ay + -0 + %)
be r forms of degrees I/, = «,l, = f,...,l, = ¢ such that all coefficients are in-

determinates. It is to be noted that the last coefficients (therefore those of x%, %,
..., x%) are designated by a,, b, ..., €,. All following considerations refer to

integral polynomials in the indeterminates x,, ..., %,, a5, .. ., €,.

In Section 80 we encountered a polynomial T in a,, ..., ¢, alone with the
property
(1) T=0(y ... 1)

for a suitable i and 7. Such polynomials T are called inertia forms, a nomenclature
due to Hurwitz. Each form contained in the resultant system of Section 80 is an
inertia form.

Inertia forms may also be characterized as follows: set

..........

/r = /: + ewx:u
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If we substitute

Ay = — 'Zl;‘ ,
x-
@ e -
Cop = — —';-
x”
in (1), the forms {,, ..., {, all vanish. Hence the left side of congruence (1) must

also vanish. But #, is not affected by substitution (2). Hence T must vanish after
this 'substitution, that is,

_ .
(3) T(al,. , ,‘;,...;el, .,—-«~';—)=

ll xll

This conclusion follows as soon as we assume that congruence (1) is valid for
one ;.

Conversely, if for any polynomial T'(a,, ..., a,,, ..., ¢, ..., €,) relation (3)
’
is satisfied, we can arrange T according to powers of 4, + /'a, e o+ F x‘ and

show by means of (3) that the term independent of these powers vanishes. Hence

it follows that
TEO(aw i—‘,, co ot /')

in the domain of fractions with denominators x%. On multiplying through by the
highest power of x, that appears in these denominators, all terms become integral
and we obtain =T =0(/,, i)

Hence if (1) is valid for one x,, (3) is also; and if (3) is valid, (1) is also
with x, instead of «x,. It follows immediately that if (1) is valid for one x,, (1) is
also true for x,.But the index n does not play a special role. Hence from the validity
of (1) for one x, it follows that (1) is satisfied by all other x,. Therefore, (1) and
(3) are equivalent, i.e., inertia forms may be defined either by equation (3) or
by (1).

Obviously the sum and difference of two inertia forms as well as any multiple
of an inertia form are inertia forms. Hence the inertia forms T form an ideal .

The ideal € is a prime ideal. Thus if a product T, T, has property (3), one of
these factors also must satisfy (3).

The inertia forms may be used as the resultant system of Section 80. Thus if
the forms f,, ..., f, have a (non-trivial) common zero and we substitute this zero
in (1), the member on the right vanishes. Since not all x; are zero it follows that
T = 0 for every inertia form. Conversely, if all inertia forms of a particular sys-
tem f,, ..., f, vanish, the resultant system in particular vanishes, and conse-
quently the f, have a common zero. Hence if the ideal T of the inertia forms has
a basis, this basis may also be used as a resultant system. This fact will be used in
the next section.
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We shall now prove:

If the number r of forms {, is less than the number of variables n, then there is
no inertia form distinct from zero. If r = n, there is no inertia form independent
of e, and distinct from zero.

By the first half of this theorem it follows immediately that the resultant system
of less than n forms vanishes identically. Hence in this case there always exists a
common zero.

PROOF. Firstlet » <. If T were an inertia form distinct from zero, by
(3) the quantities

_r _r
T
would be algebraically dependent relative to the polynomial domain of the elements
Ay, ooy @y_yy vy €y, y_q. This result would also be true if we were to
set x,=1.

Similarly, in the case 7 = n, if we were to assume that the hypothesis was
false, the quantities

_ _fia
LA
(where 0 denotes the degree of the form f,_,) would be algebraically dependent
(f* does not occur since T should be independent of ¢, ). Here also we could
set x, = 1.

In each case therefore there would be a sequence of polynomials

[~Alaw=1s - - oo [ Bl (s <n)

algebraically dependent in relation to the polynomial domain of the a,,. , a,_;,
.o, €, ..., €,y . We shall now prove the following

LEMMA. When a sequence of polynomials f,, ..., f, in the indeterminates
@y, ..., @, %, .., % is algebraically dependent relative to the polynomial do-
main Kla,, ..., a,], where K is a domain of integrity, this dependence is also valid
for every specialization a, = o(x € K).

PROOF OF LEMMA. By hypothesis a relation

(4) F(ay,....ap, f1,---, ) =0
exists where F is a polynomial such that if z, ..., z, are indeterminates,
(5) F(ay,...,ap,2,...,2) %0

We may assume that the polynomial F(a,z) is not divisible by the factor a,
— & ; otherwise we could reduce (4) and (5) by this factor. Hence under this as-
sumption F does not vanish for the substitution a, = «,
Flay,...,a 1, %,2%,...,2) % 0.

Furthermore the validity of (4) is preserved by the substitution a, = o . This
proves the lemma.
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On applying this lemma successwely it follows that we may specialize several or
all of the indeterminates a,, ..., Aoty -+ o) €, , €o—1 Without losing the alge-
braic dependency.

We can now easily complete the proof that was interrupted by this lemma. We
specialize the elements @, ..., @,-1, ..., €,—150 that the forms ff,..., T go
over into 2%, .., %2 Since s < # these expressions remain unchanged by the previous
substitution %, = 1. Since the specialization does not alter the algebraic dependency
the expressions x%, ..., ¥* must be algebraically dependent. But the latter are obvi-
ously independent. Hence our assumption is false and the theorem is proved.

However the result just proved for r < # is not valid for 7 = n. Instead we
have:

If r =mn, there is a non-vanishing inertia form D,. It is homogeneous in
, ..., 8,10 by, ..., b,,et., and of degree L,=1,l,...1, , in ¢, ..., €,.

PROOF. Let
n
S0 —1) =1 1.
1

The totality of power products in x, of degree / may be arranged as follows:
first, all power products which contain b ;

then, all which contain #% but not %, etc.;

finally, all which contain %!, but neither xb nor &, etc.

This process yields all power products of degree I since only those may be
omitted which contain x; at most to the (/; — 1) -th power, etc., finally x, at most
to the (I, — 1)-th power. These power products have at most the degree > (J, — 1)
and therefore not the degree I. Let us designate the power products so obtained by

g HY, o, B, o HE

Inn

where the H;”, designate power products of degree ! — [,. We note that the last
category H,_; contains only power products of degree </, in x,, ..., <[,_;in
X,-1. while the degree in x, is determined by the condition that the total degree
shall be I —/,. Hence the last category contains exactly [l,...l,_, power
products.

We now form all forms

(7) HP, f,.

There are evidently exactly as many of these as there are power products (6) of
degree I. The matrix of the coefficients of the forms (7) is therefore square; its de-
terminant D, has by the specialization f, = x% the value 1 and consequently cannot
vanish identically. Furthermore D, is an inertia form. Thus, if we multiply the
equations

ﬁv)l‘ /‘ A Na, H(")
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by the subdeterminants of a column of D, and add, the left side becomes a linear
combination of f; and the right side D,- H®. Hence if we let H{* = !, we obtain

Daxt=0(f,....1).

Finally, D, is homogeneous in the coefficients of every individual form {,, and has
the degree L, = l;i,...1,_, in the coefficients of f,. This proves the theorem.

For further properties of inertia forms see A. Hurwitz: “Uber die Trigheitsformen eines
algebraischen Moduls,” Annali di Matematica (3*) 20 (1913).

82. THE RESULTANT OF n FORMS in n VARIABLES

Let f,,...,f, be n generic forms in x,, ..., x,, i.e., forms with indetermi-
nate coefficients, T the ideal generated by the inertia forms. We now seek in %
a polynomial of lowest possible degree in ¢,,. There is such a polynomial and its
degree in ¢, is not zero since there is no inertia form independent of ¢, except
zero. If it is factored into indecomposable factors, at least one factor must belong
to T since ¥ is a prime ideal. This factor must have the same degree in ¢, as the
polynomial under consideration since no polynomial in & can have a lower degree
in e, . We designate this factor by R and prove the theorem:

Every polynomial of the ideal ¥ is divisible by R.

PROOF. Arrange R in descending powers of ¢, :

R=Sé +... A>0,S 0.
Let T be a polynomial in . Since the degree of T in ¢, is at least 1, we can
lower its degree in ¢, by multiplying T by S and subtracting an appropriate multi-

ple of R. If we repeat this process until a polynomial is obtained whose degree is less
than 4, we arrive at an equation of the form
ST—QR=T".

Here T’ also belongs to ¥ and its degree in ¢, is <<A. This implies that T” is
zero and that §’ T is divisible by R. However R is indecomposable and S is not
divisible by R (since S is independent of ¢,). Hence T is divisible by R. Q.E.D.

We have shown that T is a principal ideal with basis R. Hence R is uniquely
determined up to a constant factor. We call R the resultant of the forms f,, ..., f..
This nomenclature is justified by the following remarks. If R vanishes for any
specialization of the coefficients of the forms f,, ..., f,, all forms of the ideal ¥
must also vanish. In particular all forms of the resultant system of f,, ..., f, must
vanish; this implies that f,, ..., f, must have a non-trivial zero in common. Con-
versely, if f,, ..., f, have a non-trivial zero in common, the right-hand side of the
identity

HR=Afi4 -+ Aufn

must vanish for this zero, hence the left-hand side must also. But there is at least
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one x; which does not vanish. Hence R must vanish. In view of the remarksYnade
in the previous sections, R may be called a resultant of the forms f,, .. ., f, since
R = 0 is a necessary and sufficient condition for the existence of a non-trivial solu-
tjon.

We shall now prove a theorem on resultants which will be particularly useful
in degree determinations.

If f, is specialized to g-h, where g and h are arbitrary forms of degree
u, v (u+ v =1), then R is divisible by the product

R,-Ry=R(g, fo, .-, [n) - Rk, fo, ..., f).
PROOF. From

xZ;R = Alfl + e+ Aufy
it follows that
x, - R(gh' fzv ) fn) = Algh + Agfp+ -+ + Anfn'

Hence R(gh, fs, ..., f,) belongs to the ideal I, generated by the forms g, f,, .
-» In as well as to the corresponding ideal ). This means that R(g#, f,, ..., f,) is
divisible by R, as well as by R,, and (since these are both irreducible and dis-
tinct) by R;- R,.Q.E.D.

Now let f,, ..., f,_, be specialized as products of linear forms. By successive
application of the above theorem it follows that R is divisible by a product of L, =
lly...l,_y subresultants. By an earlier theorem each of these subresultants
contains the ¢, explicitly. Hence the product has at least the degree L, in the ¢,.
On the other hand we have already seen that R has at most degree L, in the e,.
Hence its degree is exactly L, .

As in the case of D, (Section 81), we may form D,, D,, ...by arranging the
forms f,, ..., f, so that f,, respectively f,, etc. occupies the last place: Then D,
has degree L, = l,l3...1,in the a,, D, has degree L, = l,l;. ../, in the b,, etc.
Also D,,D,, ...,D,are each divisible by R and R has degree L, in «;, degree L,
in d,, etc. The definition of R as a basis of the ideal T does not depend on the
ordering of the forms f,, ..., f,. Furthermore R has the highest degree which a
commeon divisor of D,, D,, ..., D, can have. Hence:

R is the greatest common divisor of the polynomial