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FOREWORD

In publishing these lectures I would first of all thank the Senatus
Academicus of the University of Aberdeen for the honour which they
conferred upon me in the year 1925 by inviting me to be Gifford
Lecturer. To Sir George Adam Smith, the Principal of the University,
I amindecbted for many kindnesses both in connection with the lectures
and on other occasions: of the hospitality which was received from
Lady Adam Smith and himself, when the lectures were being delivered,
most happy memories remain. There were many in Aberdeen who com-
bined to make visits there enjoyable; and not least would I thank
those who attended the lectures and made the lecturer feel that his
labour in preparing them had not been in vain.

Of the lectures themselves I would merely say that, wide as is their
range, they have an inner coherence. I trust that they express the
attitude of the modern man of science who, as he hopefully makes
theories, is aware of the limitations of his knowledge and also, in part
because of his loyalty to truth, bears in mind the reality and the claims
of the spiritual world.

Since the lectures were given they have been extensively revised
and some recent developments of knowledge have been included.

Acknowledgments are, I trust, adequately madc in the lectures. Of
those now living in this country to whom I am specially indcbted I
would mention my old teacher, Professor E. W. Hobson, whose own
Gifford Lectures I have constantly consulted, Professor S. Alexander
and Professor J. S. Haldane. If Hastings Rashdall, lately Dean of
Carlisle, had not died before his time, I would rejoice to say how much
talks with him had helped me in my thinking. He and Fenton John
Anthony Hort were, among those no longer living, the greatest men of
the Modernist movement in English theology.
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Finally, my wife has helped me with constant encouragement and
criticism: and my secretary, Miss N. M. V. Owen, daughter of the late
Bishop of St David’s, has been unwearied in preparing clean type-seript
from rough and illegible manuscript. I am ashamed to recall how often
certain passages have been recast without, from her, a murmur of
complaint.

E.W.B.

BISHOP’S CROFT
BIRMINGIIAM
November, 1932



Lecture 1
INTRODUCTION

§1. Jewish cosmology.

The Christian Church at an early period of its existence took over
from the Jews behefs as to the creation and early history of the world
and as to the orlgm of man. Such beliefs, as every educated person
knows full well, can no longer be accepted. The beliefs, however, formed
a background to Catholic theology and were consequently associated
with the Christian idea of God. That idea rests primarily on the teaching
of Jesus of Nazareth; and it is noterroneous to say that Heregardedit as
an intuition which man’srichest and deepest spiritual experience would
confirm. But human thought naturally and rightly refuses to rest con-
tent with such an intuition. The God to whom man’s spiritual experience
leads him must be also the God revealed in Nature. Hence the picture
of earth’s beginnings framed by Jewish speculation was used-to supple-
ment and confirm the_ bohcf as to God’s character to which Jesus Christ
gavethe weight of Hisauthoritative understandmg Until quite modern
times the synthesis thus made was deemed satisfactory. In fact many
traditional types of argument were so framed as to leave the impression
that the Christian conception of God was derived {rom Jewish cos-
mology; and that it would not be true unless the Biblical accounts of
the Creation and the Fall were, in substance, historical facts. It was an
axiom of Catholic orthodoxy that the Creation took place in time: and,
though opinions varied as to its exact date B.c., the belief was general
that the Universe came into cxistence less than 10,000 years ago.
Further, the earth was assumed to be the centre of this Universe. Sun,
moon, planets and stars were all subordinate to it. On the earth and on
the carth alone existed man, specially created ‘in the image of God’.
I*urthermozc, all the manifold defects of human hature which Tead to
individual corruption and social disorder were deemed to be the result
of a Fall, an act of disobedience on the part of the ‘first man’ Adam, by
reason of which all his descendants inherited a moral taint. Christ had
insisted alike on the inherent valuc of the individual human soul and on
tbgggodtlcss of God. For traditional theology man’s Thherentvalue was
preserved by thefact that he was created with unique attributes to rule
the earth, which itself was of supreme significance in the cosmos: God’s

BST I
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goodness was preserved by attributing all the evil, alike of nature and
of human society, to the fact of Adam’s Fall.

§2. The different picture created by modern science.

Within the last four centuries the old Jewish cosmology has vanished.
Science has created an entirely different picture of the nature and dura-
tion of the Universe. The single act—or week—of “ Creation’ is replaced
by a process of unimaginable extent whose beginnings elude us, though
soberly argumentative speculation carries them back for at least tens
of thousands of millions of years. The earth, far from being the centre of
the Universe, is a minor planet of a solar system whose central luminary
is one of, at least, some 50,000 millions of suns. Even this vast aggregate
of suns does not exhaust the visible Universe: it is, in fact, but one of
many ‘island universes’ of comparable magnitude. For the age of the
carth astronomers and physicists compute periods which excced a
thousand million years. During the latter part of that time lifc has been
developing uponit. Biological evolution upon this planet has continued
for many hundreds of millions of years; and finally by such evolution
man has emerged from an ape-like stock. Sub-human types were pro-
bably in existence upon the earth a million years ago: and traces of
rudimentary human civilisation have been found which can hardly be
less than 150,000 ycars old. Pre-history may be said to have begun in
Europe, Egypt and the Kuphrates valley 20,000 years ago: and written
history goes back for something like 6000 or 8000 ycars.

§38. Repercussions of scientific progress: free-will: invariable sequence.

While the coordinated discoveries of modern times have thus em-
phasised theidea of development, and while they have led to an amazing
extension of knowledge, I must warn my readers that they have not
enabled us to solve the great problems of philosophy. There has now
been built up a coherent plan of the evolution of the Universe, a plan
which concludes with that development of terrestrial life which has led
to man. The scheme, though vaguc in many details, is magnificent, and
we need not fear that its main outlines are wrongly drawn. But little
has been discovered which helps us to an understanding of such funda-
mental enquiries of philosophy as relate, say, to the nature of time, or
to the existence of evil, or to human free-will. In fact, new difficulties
confront us.

If Einstein’s speculations have made it probable that spacc is finite
and have thereby freed human thinking from one scandal, they have
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also forced us to conclude that space and time together form a single
continuum into which all events must be placed. It is obvious that
such a conclusion is highly satisfactory to those who hold that we are
mere automata. They can now contend that time, like space, lies before

us to be explored and that consciousness meets but does not cause
cvents. Yet it belongs to our constant and invariable experience that
we have some measure of free-will, that our mental states cause and
are not mere concomitants of events in the material world. In short,
the darkness which clouds all ¢ enquiries into human freedom is no less
dense than of old. The Heisenberg uncertainty-relations, immensely
important though they must be, have brought controversy rather than
light.

Again, it cannot be said that the so-called ‘laws of Nature’ have
become easier to understand. For the theist all such laws are the
expressions of God’s will; and they are regular because God is self-
consistent and His actlon not capricious. But the man of science, who,
as such, makes no metaphysicat assumptlons, rightly thinks of such
laws as mere sequences: as to their cause he does not speculaté.” Our
laws of nature are descriptions of behaviour. But the progress of science
has not given us a clearer insight into their range or character. It isnot
outside the bounds of possibility that some laws are disguised truisms,
results of our own modes of measurecment, and that others express
statistical averages resulting from the free behaviour of individual
monads, or units, possessing some freedom of choice. Moreover, we
do not know whether it will ultimately be possible to bring the whole
of Nature under the reign of law. It appears, for instance, that bio-
logical mutations are the raw material of evolution: yet in the present
state of our knowledge such mutations are merely inexplicable facts.

There are, of course, some among us who cannot satisfy themselves
that God exists, as they contemplate that progressive development of
life which has led to man, because they do not see in it purpose and plan.
Such desire rather to be shewn signs of the free creative activity of God.
Yet it will not help them to be told that such activity is most typically
expressed in the production of mutations, inasmuch as in such biological
changes there is, so far as we can see, no ethical quality whatever. In
fact, our present knowledge of changes in the germ-plasm seems to shew
that evil and good alike are present at the very basis of the evolutionary
process. I personally hold that God must be good in that He has made
man to seek goodness; but recent additions to our knowledge of evolu-
tion do not,make it any easier to solve the problem of evil.
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I have thought it well thus to allude to enquiries, which in later lec-
tures we shall consider in detail, in order that on the one hand I may
indicate the repercussions of scientific progress in the domains of philo-
sophy and religion and in order that, on the other hand, I may not at the
beginning of my course excite false hopes. We must set our religious in-
tuitions and aspirations against the background created by the new
knowledge. We must, whenever possible, test religious dogmas by the
methods of scientific enquiry and refashion them in the light of scientific
progress. But also we must, in the end, allow that our minds are finite
and that, even after the unparalleled intellectual advance which cul-
minated in the first quarter of the twentieth century, we cannot solvq
all the puzzles of the Universe.

§4. The constant progress of science constitutes a series of ever closer
approximations to the truth.

We must be content with partial knowledge, ready to admit that, in
regard to many matters of the highest importance, we must balance
opposing theories and reach probability rather than certainty. An
element of agnosticism, a willingness to say ‘I don’t know’, is necessary
in the attitude of every honest thinker. But we have no right to use
scepticism as a support of superstition. To decry the value of human
reason in order that one may continue to hold beliefs that will not stand
the test of rational enquiry is discreditable. Similarly we have no right
to take refuge in the obscurantism which, because our knowledge of
Nature is progressive, alleges that ‘ the scientific theories of one genera-
tion are repudiated by the next’. The man of science builds upon the
labours of his predecessors. He seldom, if ever, entirely rejects their
conclusions when these are the result of scientific method; that is to say,
when they result from careful observation and experiment. He usually
finds that such conclusions are, as it were, first approximations to the
truth. They become, in the development of his research, rough outlines
of theories to which he gives more accurate form. Sometimes he can
make a higher synthesis, as when the laws of conservation of mass and
conservation of energy are combined into a single law in consequence of
the discovery that energy has inertia and therefore weight. But to
fancy that the main development 1t of any great branch of modern scien-
tific theory may ultimately be proved to be valueless is absurd. What-
ever, for example, may be the machinery of evolution, the facts that
man has evolved from lower forms of terrestrial life and they in turn
from primitive organisms will not be overthrown. Einstein’s success in
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bringing gravitation within the scope of the general relativity-principle
has shewn that Newton’s empirical law of gravitation is not absolutely
exact; but no competent student imagines that the Newtonian scheme
of planetary motions is not an exceedingly accurate approximation to
the truth.

§5. Theology cannot be based solely on human spiritual experience: it
must take account of the God of Nature revealed by science.

By reason of the knowledge laboriously built up from the application
of scientific method to various branches of enquiry, we have now a pic-
ture of the nature and past history of the Universe on which, so far as it
is clear and not blurred, we can place considerable reliance. We have
already said that it differs fundamentally from that associated with
traditional Christian theology. Now any scheme of theology must, to
be adequate, take account of the way in which God has fashioned and
controls the Universe and must therefore be permeated by the new
knowledge. Moreover, no adequate theology can be limited to human
spiritual experience. Man is the outcome of Nature’s processes. He is
a product of the gencral scheme of the Universe. No one of his faculties
is entirely independent of his ancestry and environment. Without ex-
aggeration we can assert that man’s spiritual experience is as unreal as
a dream unless the God to Whom it leads him is also the God Whose

‘nature is shewn in the Universe as a whole.

The right starting-point for theology, as Inge* has well said, “is to
examine the conception of the world as known to science”. I propose
in these lectures to make such an examination as my ignorance will
permit. To this end I shall try to set out in some detail the general
results which have been reached in those branches of science to which
we owe the modern picture. Often enough it is not possible to relate
them directly to theology. But my object is not a narrow apologetic.
I would rather say: “Such is our world. Such is its past development.
Such is man’s place within it. Is it reasonable or necessary to believe
that the Christian God Whose character is goodness and truth is alike
its Creator and Ruler?” I believe, as will become apparent, that the
scientific. conception of the world leads us to postulate the guldance of
a smgle controlling Intelligence. The phllosophlc view termed Natur-
alism suffices when we merely describe phenomena. To explain them we
need to assume the existence of a unifying and djrecting Mind. I main-
tain further that, though an examination of such facts as are available

* W. R. Inge, Outspoken Essays, Second Series. Longmans, 1922, p. 27.
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to us does not lead of necessity to a conviction that the God thus pos-
tulated is good, yet this conclusion is more reasonable than any other.
We can, I believe, claim that the new conception of the world which
science now lays before us does not increase the doubts to which the
problem of evil has always given rise.

§6. The philosophical assumption of these lectures is amoderate realism
the physical world exists independently of any human mind.

These lectures are intended for educated men and women who have
no technical knowledge of science or philosophy. They will thercfore, so
far as possible, be free from the technical terms to be found in scientific
and philosophical discussions. The concrete is more easily apprehended
by us all than is the abstract. From the concrete results obtained by
scientific method we can, I believe, draw conclusions valuable for
theology even though we avoid processes which the profane call ‘logic-
chopping’. To make fine-drawn distinctions, which had no counterpart
in the world of sense observation, was a vice of medieval scholasticism.
To such distinctions the mind which works upon itself is naturally led.
The modern philosopher, however, can use the theories rcached by the
man of science as material for critical cxamination. His work is of the
greatest value as he lays bare the assumptions which underlic ‘ obvious’
arguments and as he estimates the extent to which the human mind
creates that knowledge of the external world which we believe ourselves
to possess. Of the rival systems of philosophy which have been built up
as a result of such enquiries we must choose one. But in making our
choice we must needs join faith to reason. Rival systems would not
exist if it were possible to prove that one was true and all the others
false. My own philosophical position, which I shall assume throughout
these lectures, is that known as moderate realism. I believe that a
physical world exists independently of any human mind. I'hold, in fact,
that we may trust the evidence of our senses when they tell us that there
is an external world from which we derive our sensations. If 1 were the
only human being in the Universe, I might reasonably assume that the
data thus presented for investigation were themselves engendered in
my mind. But I assume that other human beings, other centres of con-
sciousness, exist. I compare notes with these people and find that the
data presented by their senses have a general likencss to those which I
get myself. As a consequence I believe that the ultimate source of these
data is an external world which would still exist should my own
consciousness of it cease.
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But the external world thus postulated is not necessarily the world as
conceived by humanity. Though it is not constructed by my mind, my
supposed knowledge of it is the construction of the general human
mind. We can only believe that we have some, not entirely inaccurate,
knowledge of the external world as it really is, as it is known to God, if
we make the further assumption that our minds are akin to the Divine
Mind; or, in other words, that there is some ground of _l_x‘n‘l’gyjle_i_;yymgen
man and God. Belief in the existence of such a fundamental unity is
regarded by some of our theologians as the necessary foundation of the
Christian doctrine of the Incarnation. Rashdall* (1858-1924) has well
said: “If ‘Divine’ and ‘human’ are thought of as mutually exclusive
terms, if God is thought of assimply the Maker of man, if man is thought
of as merely a machine or an animal having no community of nature
with the Universal Spirit who is the cause or source or ‘ground’ of the
existence alike of Nature and of other spirits”, then the Christian
doctrine of the Incarnation cannot be maintained. With Rashdall I
postulate that there is a certain community of nature between God and
man, that all human minds are reproductions ‘in limited modes’ of the
Divine Mind, that in all true human thinking there is a reproduction
of the Divine thought; and, above all, that in the highest ideals which
the human conscience recognises there is a revelation of the ideal
eternally present in the Divine Mind. Bethune-Baker} maintains the
same standpoint even more firmly than Rashdall. In connection with
the Incarnation he says that ““we know enough of the order of Nature
now to discredit the ancient idea that the new can only come about by
a break in the continuity of the order of Nature’. “The being of God
and the being of Man are indissolubly interrelated.. . .The Creator is
not separated from His creatures.. . .God is always being actualised,
fulfilled, expressed in Man.”

§7. The external world a somewhat unexpected synthesis gradually being
constructed by the observation and thought of humansty.

We need continually to emphasise that the external world whose ex-
istence we postulate is not the world of any one individual: it results
from a synthesis of the appearances which it presents to different ob-
servers. The actual synthesis which our physicists make is, in fact, much

* Hastings Rashdall, Jesus Human and Divine. Melrose, 1922, p. 17.

1 J. K. Bethune-Baker, The Way of Modernism and other Essays. Cambridge
University Press, 1927, pp. 94 and 99, 100. The full passage from which I have
compressed the second quotation is well worth careful study.
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more recondite than would result from the acceptance of a mere aggre-
gate of appearances to unreflective observers. From that which is actu-
ally observed our men of science use the faculty of imagination (which
must be sharply distinguished from fancy) to construct what would be
observed under conditions which humanity cannot reach or in circum-
stances in which no human being could place himself. In the theory of
relativity we have to imagine a man moving relatively to ourselves with
velocities so large that they are comparable with the velocity of light:
and we then construct the framework of space and time in which he
would put events which we perceive. It is only thus that we reach the
amazing conclusion that man’s instinct that his measures of space and
time are independent is mistaken. Similarly in atomic physics we have
to imagine what would be the appearance of matter were it to be ob-
served by a human being whose dimensions were smaller than those
of a ‘“filter-passer’, which is a micro-organism so small that it can pass
through a porcelain filter and much smaller than can be seen under our
most powerful microscopes. For such a being the most solid matter of
our experience would appear to be, so we believe, electric charges either
rotating with tremendous rapidity round oppositely charged nuclei, or
existing in regions of space-time indeterminacy as satellites to such
nuclei, charges and nuclei alike being so small as to occupy less than a
billionth* of the volume which to us the matter appears continuously
to fill. These instances shew conclusively that our direct knowledge of
the external world is by no means as satisfactory as men who have
given no thought to the subject naively fancy.

A further illustration will emphasise the same truth. Physiologists
give good reasons for thinking that, of all man’s facultics, vision is the
most important. Now we see things because the retina of the eye is
sensitive to light-rays. These rays have different wave-lengths which
correspond to the different colours which we perccive. But the total
range of wave-lengths to which our eyes are sensitive is but a very small
fragment indeed of the range of all such rays as exist. We are uncon-
scious of ‘wireless rays’ which may be passing around us; yet these
belong to the same system as rays of light. Suppose that, instead of our
eyes, we had different organs sensitive to another group of rays. The
appearance of the external world for us would be entirely changed. Yet
it would be, so we postulate, the same world differently perceived. We
need always to bear in mind the fact that our minds, and the faculties
that minister to them, have been by the process of evolution developed

* We use the English billion of one million millions.
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in special directions. Certain kinds of perception have been practically
useful: they have had survival-value, so that animal ancestors of our
own who have developed them have survived in the struggle for
existence. Scientific progress is a somewhat artificial development of
human intelligence by which we transcend the limitations due to our
ancestral history. We may, however, fairly claim that, because such
progress enlarges our understanding, it should therefore enable us the
better to know the nature of the Supreme Activity which, as it seems
to me, directs, or is the ground of, the Universe.

Although the external world is very different from what it appears to
be before we analyse the sensations which reveal its existence, the
realism which I personally accept denies that it is in any true sense
created by being known. As Plato taught, knowledge is the'discovery of
that which was there to be discovered before the discovery was made.
This holds good, as it seems to me, alike in the domain of morality and
in that of physical science. No doubt there is some kinship between the
mind and the ideas which it rightly constructs from experience. But I
believe that this kinship results from the fact that the human mind is
akin to the guiding Intelligence of the Universe. The extent to which
we frame true ideas is a measure of our capacity to ‘think the thoughts
of God’.

§8. Rational and irrational faith.

This philosophical position, as I have said, must be accepted as an
act of reasonable faith. In stating my acceptance of it I would protest
against any philosophical assumptions that ultimately lead to discord
with the results of rational enquiry. Whatever may be said for the
Idealism which asserts that whatever is known is thereby given some
nature or quality of reality which it did not otherwise possess, I would
protest against the misuse of such a standpoint. By religious apologists
of a certain type it is sometimes said that all reality is a creation of the
mind and that therefore—a strange non sequitur—any belief which can
find a place in our scheme of reality can be accounted true if it have
emotional value. The result of this type of argument is that we may be-
lieve what we like provided the belief gives us emotional satisfaction.

Such a misuse of Idealism is disguised scepticism and the whole
scheme is the familiar, and odious, combination of scepticism and
superstition. Against it we assert that all beliefs must be subjected to
rational enquiry, whether they be scientific or religious. Among fit sub-
jects for experimental investigation are, for instance, the disguised
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forms of ‘animism’ which still survive, and allied beliefs that spiritual
presences can be attached to, or made to inhere in, non-living matter.
These beliefs will disappear when the possibility of experimental en-
quiry into the psychology of the religious consciousness becomes under-
stood. Science has freed itself from the sway of irrational fancy: we may
hope to free religion from similar contamination.by linking it up with
science.

§9. The limitations of scientific knowledge.

I can easily imagine that complaint will be made, with regard to some
of the earlier of these lectures, that certain fundamental questions,
especially of geometry, are treated at inordinate length. Such treatment
is, however, essential to my scheme for two reasons. In the first place,
I desire to shew that in science we are never free from possible errors of
perception. The axioms of geometry, though often regarded as among
the fundamental certainties of scientific knowledge, are dubious deduc-
tions from empirical observation. In mathematical analysis we start
with certain postulates or conventions and work out their consequences
without necessarily troubling ourselves as to whether the initial pos-
tulates or conventions belong to the objective world of our experience.
In geometry, however, we scek to describe relations in this objective
world; and the assumptions which we perforce make are only true so far
as our observations are frec from errom] The cxistence of alternative
systems of geometry, which may equally serve to describe relations in
the world of our experience, is a significant illustration of the difficulty
of reaching ultimate truth. In the second place, I have been anxious to
make it clear that even in such a science as geometry we do not, to use
an expressive phrase of the French, ‘touch reality with the finger’. We
seek, of course, to discover properties of space: we actually investigate
consequences of our belief that ideally rigid bodies can be moved from
one position to another without change of size or shape. Once this fact
is grasped it will probably be admitted that an investigation of such
consequences, however far continued, is unlikely to give us a complete
insight into the nature of space. Moreover, the special theory of rela-
tivity will make us hesitate cven to accept the fundamental belief of
which I have just spoken, for in that theory we learn that no physical
disturbance can be propagated more quickly than with the velocity of
light. If then we move a rigid body by disturbing two points of it, the
disturbances will expand in spheres surrounding the two points; and, so
long as these spheres expanding with the velocity of light do not over-
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lap, the parts of the body surrounding the two points will move in-
dependently of one another. In other words, a body which can be moved
cannot be ideally rigid! In geometry, as a matter of fact, we disentangle
space from time by making a cross-cut of the space-time continuum
in such a way that for this cross-cut the time is, according to our arbi-
trary method of measurement, everywhere the same: thus motion,
because it involves change of time, ought to be excluded from the
fundamental postulate of geometry. Only when such facts are thrust
upon our attention do we begin to see that, as a picture of what is a
completely satisfactory description of the actual space of the external
world, geometry is by no means as adequate as the intelligent citizen
believes.

So too with regard to matter. We shall try to bring out clearly that
we study almost exclusively, not matter in its essential nature, what-
ever that may be, but matter so far as we can get at its properties by
measuring its inertia. Matter which is the vehicle of life certainly has
other properties, or is associated with other qualities, than can be
grasped by the measurement of inertia. It is therefore difficult to be-
lieve that we canultimately explain, by means of its physical properties,
why the brain of a living man is a thinking machine. In short, physics,
which is our most fully developed science, at present merely allows us
to investigate certain measurable properties of things; but we must
never forget, in contemplating the very cxtensive conquests made by
this science, that there are possibly vast regions of the phenomenal
world to which its methods, so far as they have been developed, do not

apply.

§10. The opportunity of superstition.

It is my duty to emphasise such facts because they are true and we
seek truth. But I am only too well aware that, if we admit the existence
of realms which scicnee has not conquered, we give to religious quacks
and obscurantists domains where only too probably they will house
superstition. As against their consequent claims we can only protest
that for any belief there must be some evidence, some fact of observa-
tion which substantiates the belief: and further that, as between rival
theories to account for facts that are not within the present domain of
science, we must choose the one which best accords with that view of
the inner nature and meaning of the Universe which a general survey
leads us to create. We can thus, as I believe, repel most of the common
superstitions of our age.
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§11. The laws of Nature.

At one period of the nineteenth century science seemed to be well on
the way to exclude religion from a world where everything could be
known and freedom did not exist. To-day, however, the state of science
is such that, wherever we probe, we are conscious that reality is evading
our touch. In artificially isolated realms we can, from certain percepts
derived from our physical experience, construct schemes embracing
sequences of events. These schemes have, as it were, a predictive power
in such limited realms: they tell us what will happen under certain
conditions and, as has been stated in § 3, we call them laws of Nature.
Such laws of Nature are to some extent a construction of the mind; for
the mind creates by isolation the realm in which any particular law
holds good. But, in seeking to make intelligible the sequences which he
observes, the man of science is always in danger of introducing con-
ceptual schemes derived from facts of experience which are so frequent
in life that we think that we understand them. For instance, we are as
children made so familiar by sad experience with the properties of hard
bodies that we feel that there is nothing unintelligible in collisions be-
tween balls on abilliard-table. If therefore we canreduce any phenome-
non to such collisions we feel that we have understood it. Hence in the
nineteenth century certain physicists sometimes wrote as though the
whole of reality was becoming comprehensible on the theory that atoms
were tiny billiard-balls and that the properties of all material bodies
were in process of being explained by mutual collisions of the atoms of
which they were composed. Poincaré (1854-1912)satirised this attitude
of mind when he asked whether we are to believe that God, in contem-
plating His work, experienced the same sensations as a man at a
billiard match*.

We must, as I have already indicated, guard against the idea that a
law of Nature is nothing but a construction of the mind: it is our way of
expressing sequences which humanity continues to observe in the
physical Universe. On the other hand, because it is our way, there is in
it a human element liable to change as our understanding is enlarged.
Our percepts, so far as they are accurate, convey to us knowledge of the
external world. But a law of nature is a conceptual scheme determined
by the action of the human mind in arranging such percepts: and only
by continued reflection and experiment can we determine how far the
conceptual scheme is adequate: how far, that is to say, it can be made

* H. Poincaré, La Science et U Hypothése. Paris, Flammarion, n.d., p. 193.
The suggestiveness of Poincaré’s satire is emphasised at the end of Lecture IX.
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to embrace all percepts relevant to the particular class of phenomena
to which it relates.

§12. The range of the lectures.

This course of lectures falls naturally into four divisions: Space and
Time: Matter and Stars: Life and Evolution: Man and Mind. Un-
fortunately, the discussions of space and matter cannot be kept separ-
ate: hence, in the investigation of the first two divisions, the order that
we have indicated cannot be maintained. Throughout we shall be
concerned with the search for ultimate Reality. We try to see how far
modern knowledge will take us that we may thereby get some inkling
of what lies beyond the confines of the known. In such a way we may be
led to a knowledge of God less inadequate than if we trusted to specula-
tion that was largely d priori. The difficulty with the scheme is that in
its initial stages we cannot entirely dispense with mathematics. But,
then, ‘knowledge is measurement’; and mathematics is the science of
number. Alternatively, in words attributed to Robert Boyle, ‘“mathe-
matics is the alphabet in which God wrotethe world . In the thirteenth
century Roger Bacon* said with truth, “he who knows not mathe-
matics cannot know any other sciences; what is more, he cannot dis-
cover his own ignorance or find its proper remedies .

* Roger Bacon, Essays collected and edited by A. G. Little. Clarendon Press,
1914, p. 167.



Lecture 11
MATTER

§18. The physicist’s definition of matter: inertia.

The physical Universe of our experience is built up of matter. We
can give no definition of matter which could convey its nature to a
being who lived in a Universe where it had no place. It is the stuff of
our physical experience. Of it earth, air and sea, the distant stars and
every living organism, including ourselves, are made. From it we derive
our sensations of touch, taste, sound and sight.

The mathematical physicist, making a great abstraction, says that
matter is that which has inertia. And following Galileo (1564-1642) and
Newton (1642-1727) he gives the law or principle of inertia: “A body
(i.e. a piece of matter) removed away from all other bodies would con-
tinue in a state of rest or of uniform (i.e. steady) motion in a straight
line”’. This law at once forces us to ask what we mean by a straight line
and by uniform motion. The law does not help us to know what matter
is; but it shews that there is an intimate relation between a fundamental
property of matter and the geometry of space. To seize upon this
property of matter is rather like defining a man by his laziness: it is,
however, the best basis that has so far been discovered.

The law states that the characteristic property of matter is inertia.
Moreover, corresponding to every piece of matter there is a definite
constant, its inertial mass. This constant is often mistakenly believed
to measure ‘the quantity of matter’ in a body. Its connection with the
weight of the body we shall discuss shortly: still later we shall discover
that the physical measure of the constant depends upon the velocity of
the body and we shall have to discriminate between the inertial mass of
Newtonian physies and what is called the invariant inertial mass of the
more accurate relativity-mechanics. When we affirm that matter has
inertia we affirm that which is its most characteristic property. But it
is not true to say that everything which has inertia is matter. Light,
as we shall see, has inertia: it possesses mass and yet it is certainly not
matter in the sense in which the term is commonly used.

§14. The Galilean principle of inertia an experimental fact.
The principle of inertia is by no means obvious. The ancients be-
lieved that the motion of a body ceased when the cause of the motion
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ceased to operate: this belief of Aristotle persisted until Galileo* denjed
it. We might reasonably have expected that Aristotle’s assumption
would be true or that some ‘perfect’ form of motion, like motion in a
circle, would go on for ever.

The Galilean law of inertia must be regarded as an experimental fact:
but it is a fact most difficult to establish rigorously by experiment, for
we can never observe a body so far removed from all other bodies that
they do not influence it. However, such experiments as we can make
lead us to believe that the law is true. We may state it in the form that
a body which is not subject to any force can only have a uniform recti-
linear motion. On this basis Newtonian dynamics has been built up.
When that system of dynamics and, still more, when the relativity-
dynamics of Einstein are applied to the motion of the bodies which con-
stitute the solar system, the agreement between theory and observa-
tion is so exact that we may feel justified in accepting the principle of
inertia.

§15. Matter in ancient speculation.

In the Golden Age of Greece the nature of matter was an object of
speculative enquiry by Greek philosophers. Aristotle put forward a
scheme which was accepted for nearly two thousand years and played
an important part in medieval Christian thought. He assumed that
matter was continuous; and he further held that it was in some way
made up of four ‘clements’: earth, air, fire and water. With these
elements were associated, two by two, the qualities which make things
hot and cold, dry and wet. The unsatisfactory nature of this scheme
became evident when the foundations of the modern science of
chemistry were gradually laid down. Effective experimental enquiry
may be said to have been begun in the seventeenth century by Robert
Boyle (1627-1691), “father of chemistry and uncle of the Earl of
Cork ™. With him we get the modern view of the ‘elements’ of which
matter consists. They are those kinds of matter which cannot be de-
composed by chemical experiments. To discover the elements it was
necessary to experiment, to try to decompose every chemical substance
which Nature provides. The first steps of the enquiry were, of course,
the most difficult. As soon as a few of the more common elements were

* Though Galileo used the law of inertia and applied it in particular
instances, he did not formulate it as a general principle. See A. V. Vasilief,
Space—Time—Motion. Translated by Lucas and Sanger. Chatto and Windus,
1924, p. 48.
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isolated and their properties known, the character of the compounds
which they formed by chemical combination, one with another, in-
dicated the course of further enquiry.

§16. The nature of combustion.

During the eighteenth century there was a protracted conflict which
led finally to the discovery of the true nature of combustion. The ques-
tion was at bottom: ‘Is fire an element?’ We know now that, when
carbon burns freely, it produces heat in uniting with the oxygen of the
air to produce a compound called carbon-dioxide. But an influential
school of chemists, following Stahl (1660-1734), for long maintained
that in combustion there was an escape of the ‘element’ phlogiston.
Ultimately decisive experiments were made. Substances were weighed
both before and after combustion. The weight of the oxygen taken from
the air was found to be approximately (that is to say, within the limits
of experimental error) equal to the weight of that added to the carbon
in making carbon-dioxide. ‘Phlogiston’ is, in fact, energy: heat is a
form of energy. Fire is simply a manifestation of the energy which
escapes during certain chemical combinations. It is not produced by
the combinations but is liberated when they take place, just as water is
not produced by turning a tap but is then liberated from the pipe which

supplies the tap.

§17. The law of ‘conservation of matier’.

Lavoisier (1743-17 94) was thus led to formulate the law of conserva-
tion of matter. Matter, according to this law, is never destroyed: in all
chemical transformations it merely enters into new combinations.
Strictly speaking we have no right to affirm the conservation of matter.
The experimental fact on which the principle is based is that the total
weight of any group of substances is unaltered by any chemical com-
bination which may take place between them. Now weight is a way of
measuring inertial mass. Hence Lavoisier’s principle should be for-
mulated as the law of conservation of mass. It is based on experiment;
and recent research goes to shew that its experimental basis is not
rigorously true. In a chemical experiment in which heat is evolved, the
heat escapes as energy. Now within the present century Einstein has
shewn that energy itself has mass; but so small is the mass of the heat
produced in ordinary chemical experiments that the most delicate
balances would fail to reveal its loss. We may not say that, in a chemical
experiment in which energy is given out, the total mass of the sub-
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stances remains unaltered. The difference between the initial and final
masses of the substances involved is a minute quantity which measures
the mass of the energy lost.

§18. Force.

What now is the nature of energy? Before we can answer this ques-
tion we must explain what is meant by the terms force and acceleration.
We have said that heat is a form of energy and we all know that the heat
obtained by burning coal can be used to drive arailway train. The engine
pulls the train with a force exerted through the couplings. Weexert force
whenever we push bodies. Force, says the mathematical physicist, is
that which when applied to matter produces change of velocity in the
direction of the force. The rate of change of velocity is termed accelera-
tion. The acceleration of a train is the rate at which it increases its
specd. Retardation is negative acceleration, the rate at which a train’s
speed is diminished. Newton laid down the law that the force acting on
a body is to be measured by the product of the inertial mass of the body
and the acceleration produced in it by the force. Newton’s second law
of motion thus states that the acceleration of a body is equal to the
force which acts upon it divided by its mass.

§19. The implications of Newton’s second and third laws of motion.

In this law there are three terms, acceleration, mass and force. If we
assume that we can measure acceleration or change of velocnty——and
this assumption is by no means as obvious as we might think-—we are
left with two unknown terms, mass and force. Mass, you may say, we
can measure. Yes, but by weighing bodies, i.e. by comparing the forces
with which the earth pulls them. We all know vaguely what force is.
We experience certain sensations in our muscles when we try to move
abody. We can then state that force is the cause of movement: but this
1s a metaphysical statement useless for the measurement of force. What
Newton’s second law does is to state how we can measure force when we
assign to bodies certain numbers which we term their mass-measure-
ments. As these mass-measurements are determined by the law, it is
really a definition or, according to Poincaré, a convention and not an
experimental fact.

The third law of motion states that to every action there is an equal
and opposite reaction. In other words, if there is a force between the
bodies 4 and B, the action of 4 on B is equal to the reaction of B on 4.
If we measure the forces by the convention assigned by the second law

BST ”



18 MATTER

of motion, we can theoretically verify the third law by experiment.
When 4 and B act upon one another we can approximately (that is to
say, within the limits of experimental error) demonstrate that the mass
of 4 multiplied by its acceleration is equal and opposite to the mass of
B multiplied by its acceleration. But the convention of the second law
of motion determines the numbers by which we measure the masses of
A4 and B.

§20. The law of conservation of energy.

A force does work, that is to say it produces energy, when it moves
the body to which it is applied. Thus the force in the coupling which
attaches a train to its engine does work in moving the attached car-
riages relatively to the rails on which the train is moving. The energy
produced is measured by the product of the force and the distance
through which its point of application is moved in the direction of the
force. A moving train thus acquires kinetic energy which ultimately
comes from the coal which is burnt in the engine. Let us now suppose
that the coupling, which attaches the train to the engine, snaps. The
guard immediately applies his brakes to bring the train to rest. He thus
applies frictional force to the wheels. The force of friction does work in
stopping the train. Where has the encrgy of the train gone to? It has
been dissipated in heat. Wherever the brake has been applied heat has
been gencrated. Now comes a most important question: has any energy
been destroyed in the whole process which began with the burning of
the coal and ended with the stopping of the train? Joule (1818-1889),
a great English physicist of the middle of the nineteenth century, by
careful experiments was led to give a negative answer. He discovered
the mechanical equivalent of heat, the conncction between heat and
kinetic energy. Energy is indestructible. We can transform it and, in so
doing, deprive it of utility; but we cannot destroy it. The two laws of
‘conservation of mass’ and ‘conservation of cnergy’ were the great
generalisations of nineteenth-century ph ysics. They both rest upon ex-
periment and therefore we can only allirm that they are true within the
limits of experimental error. That the first of these two laws is erroneous
we have alrcady stated: the fusion of the two laws we shall shortly
describe.

§21. Mass and weight: inertia and gravity.
We have seen that, if the first and third laws of motion be accepted
on experimental facts, the inertial mass of a body is a number assigned
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to it by the definition contained in the second law. Now, in practical
life, we always associate mass with the idea of quantity of matter; and,
when we wish to determine the quantity of matter in a body, we weigh
it. We are sure that there is twice as much butter in a lump which
weighs two pounds as in a lump which weighs one pound: and we believe
that there is as much matter in a pound of feathers as in a pound of lead.
We cannot, however, measure quantity of matter: we measure either
inertial mass or weight. Now the weight of a body is the force with
which the earth attracts the body. Why then should measurement of
this force lead us to assign to different bodies the same set of mass-
numbers as we get by measuring inertia? The reason is a consequence
of a remarkable fact which can be verified by experiment. In a vacuum
a bullet and a feather fall with equal acccleration. We may say, more
generally, that the acceleration of a body under the influence of gravity
is independent alike of its material and of its physical state. Thus there
is associated with every body a number, which we may term its
gravitational mass, such that its weight is equal to its gravitational mass
multiplied by the intensity of gravity.

Now by Newton’s second law, the force acting on a body is equal to
its inertial mass multiplied by its acceleration. When gravity is the
cause of the acceleration, the force is the gravitational mass of the body
multiplied by the intensity of gravity. Thus the acceleration of a body
falling under gravity

__gravitational mass

" inertial mass
Hence because of the truth of the experimental fact to which we have
just referred the ratio of the gravitational mass of a body to its inertial
mass must be a constant which is the same for every body we may care
to investigate. By a suitable choice of units we can make this constant
equal to unity. In this manner we reach the law that the gravitational
mass of abody is equal toits inertial mass. This result Einstein has made
fundamental in the general theory of relativity.

We thus sec how, by weighing bodies, we can measure their relative
masses. The weight of a body, however, depends on the intensity of
gravity. This intensity varies slightly at different parts of the earth’s
surface, as is proved by the fact that bodies in vacuo fall with slightly
different accelerations at different places. Thus, though weight gives
us a convenient because roughly accurate measure of the inertial mass
of abody, the weight of a body in London (i.e. the force with which the
earth attracts it in London) will differ slightly from, say, its weight in

x intensity of gravity.
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Calcutta. The ordinary man, confronted by terms like inertial mass and
gravitational mass, is apt to say indignantly: ‘But I wish to know the
quantity of matter in a body’. Before he can get an answer he must tell
us how to measure ‘quantity of matter’. We can only measure mass
or weight.}

§22. Kinstein’s revolution: energy has inertia.

We have said that matter is not the only thing which possesses mass.
A moving electron (atom of negative electricity) possesses inertia and,
therefore, has inertial mass. When some radio-active elements break up
such electrons are one result of their decomposition. Now the whole
mass of an electron appears to be due to its electrical properties, its
inertia being derived from the electro-magnetic field associated with it.
That is why an clectron has been described as content without a con-
tainer. A Cheshire cat has been defined as a smile apart from a cat:
similarly an electron, as a measurable entity, is believed to be inertia
apart from matter. Hence, if we could attach any meaning to the prin-
ciple of the conservation of matter, it could hardly be equivalent to the
law of conservation of mass. Moreover, as we have already indicated,
the latter law has lost its old independence of the law of conservation of
energy. Einstein, as a deduction from the special principle of relativity,
has shewn* that, if a body takes up an amount of energy E, its inertial
mass increases by E/c?, where ¢ is the velocity of light. Thus the inertial
mass of a body is not a constant but varies with the change in the
energy of the body. Further, the aggregatc inertial mass of a system of
bodies can be regarded as the measure of the energy of the system.
Hence the law of the conservation of mass becomes identical with the
law of the conservation of energy and is only true of a system which
neither takes up nor gives out energy.

The velocity of light is very great, some 186,000 miles a second.
Hence it is impossible to shew directly by experiment that the inertial
mass of a moving body increases with its velocity. But the fact has been
established for the electrons (the so-called B-rays) which are ejected
from radio-active bodies with speeds approximating to the speed of
light. The inertial mass of those electrons which travel at 99 per cent.
of the speed of light has been shewn to be about seven times as great as
the inertial mass of an electron travelling with the ordinary velocities
of our normal experience. Other indirect consequences of the relativity

* The theoretical investigation will be given in the concluding paragraphs
of Lecture V.
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theory have successfully satisfied experimental tests; and the great
generalisation which Einstein calls the principle of the inertia of energy,
that mass may be considered as a form in which energy appears, can
hardly be doubted.

Matter may be nothing but congealed energy. On the other hand,
inertia may be quite inadequate if it is regarded as a property which
completely reveals the true nature of matter. The wise man will prob-
ably conclude that, in any such analysis of matter as we have sum-
marised, reality has eluded us.

§23. Dalton’s atomic law.

We were led to Einstein’s great generalisation that mass is a mani-
festation of energy by the fact that the progress of chemistry was long
impeded by modifications of the old belief that fire was one of the
‘elements’. As soon as the phlogiston doctrine had been decisively
abandoned, the analysis of material substances into their elements pro-
ceeded rapidly. One by one the common elements were separated and
the more simple laws of their combination discovered. A theoretical
advance of the greatest importance was made by Dalton* (17661 844)
with his Atomic Theory. It was found that the elements combined in
fixed proportions as measured by weight. Thus, when carbon and
oxygen combine to make ecarbon-monoxide (the familiar and poisonous
‘water-gas’ now commonly mixed with the coal-gas supplied to our
houses), 12 parts by weight of carbon unite with 16 parts by weight of
oxygen to given carbon-monoxide of weight 28. Similarly when carbon
burns in oxygen to make carbon-dioxide, 12 parts by weight of carbon
unite with 32 parts by weight of oxygen to give carbon-dioxide of
weight 44. A similar law of combination by weight was discovered to be
general. What did it imply? Dalton assumed that matter was not in-
definitely divisible: it was not continuous, as Aristotle had taught, but,
as Democritus had surmised, was built up of atoms (and molecules).
An atom we may define to be the smallest particle of matter which can
enter into chemical combination. According to the atomic theory each
element is such that a quantity of it ultimately consists of atoms, in-
distinguishable from one another, each atom having a definite fixed
weight. If the weight of an atom of hydrogen, the lightest element, be
taken as unityt, that of an atom of carbon will be 12, and of an atom of

¥ Dalton’s main conclusions, which almost inevitably contained errors,

appeared in the first decade of the nineteenth century.
T More accurately, as will be seen later, 1-0078.
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oxygen 16. In the language usually used, the atomic weight of hydrogen
is 1 and that of carbon 12. When two or more elements combine to form
a compound substance, one or more of the atoms of each unite to form
a molecule of the compound: and the weight of the molecule will be the
sum of the weights of the constituent atoms. The atoms of a single
element may similarly unite to form molecules of the element. I would
have you notice how the whole basis of the atomic theory is weight: we
are still building on that fundamental property of matter which we
term inertia.

§24. Atoms: their existence and size.

The atomic theory remained for some time no more than a specula-
tion derived from the experimental law of combination by weight.
Within the limits of experimental error (as to which we shall have some-
thing to say later) the law was true. But was the speculative deduction
a fact? Did atoms really exist, or were they convenient figments of the
mind? It was impossible to see an atom. Matter appeared to be in-
finitely divisible. If the atom existed, it was certain that it must be so
small that even the most powerful microscopes could not reveal the
atomic structure of matter.

Answers to enquiries as to the size and weight of an atom were given
in the first place by ingenious deductions from the theory of gases. We
are all familiar with the fact that water exists in three states. Normally
it is a liquid. It becomes solid ice when sufficiently cooled; and it takes
the state of a gas, steam, when sufficiently heated. As ice, its molecules
are, roughly speaking, fixed relatively to one another: more accurately,
the atoms oscillate about fixed mean positions, and their quivering
produces such heat as the ice has. As water, they are in close contact
but can move freely. As steam, they are dissociated one from another.
The properties of a gas, some of which we shall consider in Lecture VIII,
shew the behaviour of the free molecules of which it is composed. By
investigating these properties, both the size and weight of the atoms
of the various elements were theoretically determined long before
there was any direct experimental evidence for the existence of an
atom.

In these investigations certain assumptions were made. Onc of the
most important was what is now called Avogadro’s hypothesis, because
it was first adumbrated by him in the year 1811, that equal volumes of
different gases at the same pressure and temperature contain equal
numbers of molecules. It follows from this hypothesis that, even in
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gases which are not compounds, the atoms are often united to form
molecules. Most elements have diatomic molecules; but a number of
metallic elements, such as mercury-vapour, are monatomic. A second
assumption of the kinetic theory of gases is that the molecules of a gas
are perfectly elastic, so that no energy is lost when they collide with
each other or with the vessel in which they are contained. A third
assumption is that the molecules of every gas are in a state of rapid
motion. Each molecule travels with a high velocity for a very short
distance when it meets another molecule (or exceptionally the vessel in
which the gas is contained). Moreover it is a part of the third assump-
tion that the heat of a gas is supposed to be due solely to the kinetic
energy of the molecules. Under these assumptions the pressure on a
vessel containing a gas will be due to the impacts of the molecules of the
gas. Hence the pressure of a gas will be doubled when its volume is
halved, provided the temperature be unchanged: this fact can be
verified experimentally and is known as Boyle’s law.

Avogadro’s hypothesis can be deduced from our third assumption.
For if two gases are at the same temperature, heat will not be trans-
ferred when they are in contact. Hence the average kinetic energy of
the molecules of the two gases must be the same. Further, it will be
shewn in Lecture VIIIin connection with isotropic radiation that, if the
pressures of two gases be the same, their energy density, i.e. the energy
per unit volume, must be the same. Hence, if two gases are at the same
pressure and temperature, their molecular density must be the same:
in other words, equal volumes of each will contain equal numbers of
molecules.

The average short distance that each molecule of a gas, at a given
pressure and temperature, travels between successive impacts is called
its mean free path for such pressure and temperature. Suppose now that
two portions of the same gas at different temperatures are brought
together. It is an experimental fact that they will gradually reach a
common temperature: in other words, the average kinetic energies of
their molecules will become uniform. Now the molecular velocities will
become uniform as a result of collisions. Hence the rate at which a gas
conducts heat at a given pressure and temperature will depend on the
magnitude of its average molecular velocity and on the length of the
corresponding mean free path. In this way a relation between the con-
ductivity (which can be found experimentally), the average molecular
velocity and the mean free path of a gas can be obtained.

But, as Joule first shewed, the average molecular velocity of a gas
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can be calculated when its pressure and mass-density are known. Hence
the length of the mean free path of a gas can always be obtained.

As illustrating the size of the quantities under consideration, we may
state that the average molecular velocity of hydrogen at 0° C. and atmo-
spheric pressure is 1-8 k. per sec. and its mean free path is -000017 em,

Assume now that all molecules of a gas, even those which are not
monatomic, are spherical. Then when the gas is condensed to a liquid
all the spherical molecules are closely packed. Hence in any gas, com-
pressible to a liquid, we can obtain a relation between the size of the
molecules and their density at a given pressure and temperature. But
obviously the length of the mean free path of a gas depends upon its
average molecular velocity combined with the size and density of its
molecules. If then we know the mean free path and also the average
velocity of the molecules of a gas we have a second relation connecting
their size and density. We can then theoretically find an approximate
value for the size of the molecules of a gas.

Though based on assumptions that were not entircly satisfactory,
the kinetic theory of gases thus led to the very probable conclusion that
in size the molecules are all of the same order of magnitude, about
10-8 em. in radius, so far as a radius can be said to exist. The number of
molecules in one cu. cm. of a gas at 0° C. and atmospheric pressure is
roughly 27 x 1018, Further, an atom of hydrogen weighs 1-6 x 10~
grammes. The weight of an atom of any other element is obtained by
multiplying this number by its atomic weight.

What does an atom look like? It is natural to think of the atoms of
any solid substance as tiny billiard-balls. We shall sec later that the
true picture is rather a nucleus, small compared even with the dimen-
sions of the atom, round which a number of electrons form a satellite
system. The difficult question as to whether the satellites can be rightly
pictured as moving in definite orbits will be considered in Lecture IX.
The “size’ of the atom is the size of the small sphere within which the
whole system can be contained.

It is an important philosophical principle that distinctions which
make no difference to observable phenomena should not be introduced
into physics. This principle was used by Mach (1888-1916) as the basis
of speculations which paved the way for the theory of relativity. It led
him also to regard the atomic theory as merely transitory. Until the
present century his scepticism was shared by many; and a group of
physicists and chemists regarded atoms and molecules as merely im-
aginative and sought to remove the atomic theory from physical



MATTER 25

chemistry. They urged in defence of this desire that atoms and mole-
cules were, and always would be, inaccessible to observation. Since
then, however, ingenious experiment has put an end to such pleas.
Incredible thoughit sounds, *“ we are nowin a position to examine many
of the activities of a single atom, and even to count atoms, one by one,
and to photograph the path of an individual atom. All these discoveries
depend upon the behaviour of electrically charged atoms moving under
the influence of electrical forces””. We cannot indicate the character of
these experiments until we come to that great triumph of physical
theory, associated especially with the names of SirJ. J. Thomson and
Lord Rutherford, the electrical constitution of matter.

§25. Mendeléev’s Periodic Table.

The discovery of the atomic weights of the elements led men to con-
sider whether any principle of connection between them could be dis-
covered. When the elements werc arranged in increasing order of atomic
weight it was found that elements with similar properties tended to
recur at periodic intervals. Mendeléev (1834-1907), about the year
1870, formed a Periodic Table in which such similarities were graphic-
ally exhibited. Only some 60 of the elements were known at that time:
there are now places in the Periodic Table for 92 elements and all but
two are believed to have been discovered. But the Table, even sixty
years ago, shewed a striking periodicity of the elements: and its value
was enhanced as newly discovered clements were gradually fitted into
the gaps or vacant places which existed.

In the Table as we have it to-day the similar elements fluorine,
chlorine, bromine and iodine occupy the 9th, 17th, 85th and 53rd places.
The alkalis lithium, sodium and potassium occupy the 3rd, 11th and
19th places. The ‘alkaline earths’ beryllium, magnesium, calcium,
strontium and barium occupy the 4th, 12th, 20th, 88th and 56th places.
Obviously there was some reason for this periodicity : and it became still
more challenging when the inert gases were discovered. These gases,
helium, neon, argon, krypton, xenon and niton, are all monatomic; they
will not combine chemically with other elements (or with one another)
and they occupy the 2nd, 10th, 18th, 86th, 54th and 86th places of the
Table.

But the Table was not wholly satisfactory, for in certain cases an
element of larger atomic weight had to precede an element of smaller
atomic weight in order to get the sequences of like elements satis-
factorily spaced. Thus argon of atomic weight 39-94 precedes potassium
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of atomic weight 89-10. Similarly tellurium precedes iodine and cobalt
precedes nickel.

§26. Atomic number and the true order of the elements.

An explanation of Mendeléev’s Table was not forthcoming until the
electrical theory of matter was developed. Then it was seen that, for the
right order of the clements, atomic weight must be replaced by a new
measure, atomic number; and the chemical properties of atoms were
discovered to depend mainly on the outer rings of the planetary elec-
trons which form groups of satellites to the central nuclei in the different
atoms of matter. The total number of electrons which, in the electrically
neutral atom of any element, are satellites of the central nucleus is
equal and opposite to the positive charge on that nucleus and is defined
to be the atomic number of that element. H. G. J. Moseley (1887-1915),
a brilliant young English physicist who was killed in the Great War,
demonstrated decisively, by investigating X-ray spectra, that the
elements in Mendeléev’s Table are properly arranged according to their
atomic numbers and not according to their atomic weights. The great
importance which chemists formerly assigned to atomic weight has
been finally destroyed by Aston’s discovery of the existence of isotopes,
elements with identical chemical properties but of different atomic
weights. But an adequate discussion of such matters belongs to the
exposition of the electrical theory of matter which we shall discuss in
a later lecture.

What I would, in conclusion, now insist upon is that in the Periodic
Table we pass from deductions from measures of inertia to more general
likenesses and dissimilarities between elements. Further, we reach the
fact that all the elements are built to plan and are, so to speak, manu-
facturcd articles. Moseley’s re-ordering of Mendeléev’s Table is, in fact,
a sort of manufacturer’s catalogue. We are thus led to think of a cosmic
factory and its products, and to reflect that from these products the
whole material Universe is built. Is there not intelligence behind the
whole elaborate scheme? I confess that I can form no satisfactory un-
derstanding of the process which has led to the creation of matter, as
we now know it, save on the assumption that some Cosmic Artificer
has been at work with the result that we can observe, even in the
building of raw matter, creation according to plan.

Two generations ago Clerk Maxwell (1881-1879) ended his treatise
on the Theory of Heat by a prophecy that molecules would be ultimately
discovered to be uniform in size. He allowed himself for a moment to
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lift the veil by which, in his scientific work, he hid his religious con-
victions. In the light of subsequent discovery his words are worth
recalling. ““If we suppose the molecules to be made at all, or if we sup-
pose them to consist of something previously made, why should we
expect any irregularity to exist among them? If they are, as we
believe, the only material things which still remain in the precise con-
dition in which they first began to exist, why should we not rather look
for some indication of that spirit of order, our scientific confidence in
which is never shaken by the difficulty which we experience in tracing
it inthecomplex arrangements of visible things,and of which our moral
estimation is shewn in all our attempts to think and speak the truth,
and to ascertain the exact principles of distributive justice?”’*

The physicist of the present day would not allow that the molecules
“remain in the precise condition in which they first began to exist”.
But, on the other hand, he certainly finds in the structure of matter a
spirit of order. Yet there is a profound difference between orderly
arrangement in the physical realm and the moral order associated with
truth and justice. ‘T am the Lord, I change not’, could be said by a con-
sistently unjust God. We must admit that in mechanical perfection, as
such, there is no moral quality; just as there is no spiritual principle,
save a bare consistency, in the uniformity of the law of inertia.

* J. Clerk Maxwell, Theory of Heat. Longmans, 1891, p. 342.



Lecture 1ii
SPACE

§27. Our intuitions of space and time.

From our experience of the external world we get our intuitions of
space and time. We derive our idea of space from distances between
objects. Time we think of as a something which flows uniformly or
steadily. Newton defined absolute time as that which flows uniformly;
but the definition is really only a description: we could not give any
meaning to steady flow unless we already had a conception of time. This
conception is an abstraction from experience. In actual life time is filled
with values: it is qualitative. Lines of Scott and Tennyson expressing
this fact have become hackneyed.

One crowded hour of glorious life
Is worth an age without a name.
Better fifty years of Europe than a cycle of Cathay.

Time, we say, goes quickly when we are pleased or excited, slowly when
we are bored. We can thus draw a distinction between ‘ psychological
time’, which is measured by our sensations, and ‘clock-time’, which is
the public time of the community to which we belong. Now clock-time
we can measure by numbers: it is quantitative. Hence it can be used in
physical science. But necessarily in such science we ignore all the
qualitative aspects of time. When we abstract from psychological time
in this way we may even ignore the primary quality of time for our ex-
perience, the fact that it is irreversible. We cannot go backwards in
time; but the numbers by which we measure it form a sequence which
is not thus limited. These numbers, in fact, form what is called a one-
dimensional continuum. By this we mean that they constitute a single
sequence and that near any one we can find two others on either side
of it and as close to it as we desire.

§28. Measurements of time and of space.

Our clock-time is public time: it is independent of estimates of the
passage of time peculiar to particular individuals. The most obvious
phenomena from which to get standard measurements, common to all,
are furnished by the day and the year. Unfortunately, Nature has pro-
vided no satisfactory astronomical clock: it is a rather complicated
process to get accurate averages of such varying quantities as the length
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of the day or month. A different physical phenomenon gives us a more
simple way of measuring time. The beats of an ideally perfect pendulum
are of equal duration. This is a fact which can be verified experimentally,
by comparing the motions of pendulums of different lengths placed near
together: it can also be deduced from physical theory. Clock-time as
measured by such beats replaces the use of the earth as a time-keeper.
Of course no clock which we can construct is perfect. Our measures of
time may therefore be vitiated by the small errors which enter into all
practical measurements. When, however, time is measured by aid of
the refinements which the astronomer employs, such errors are very
small indeed. ,

We thus see that ideally perfect clock-time, which we represent by
the numbers of a one-dimensional continuum, is an abstraction from
our ordinary physical experience. The conception of space which we use
in natural science is similarly an abstraction. We get it partly from
sight, partly from movement and touch. Our senses tell us that space
has three dimensions, up or down, right or left, in front or behind. But
things are seen, as we say, in perspective. A geometry based on sight
alone would be what is called projective gcometry. No two different
individuals see the world around them in exactly the same way.

In order to get public space, an abstraction which shall correspond
to the experience of all individuals, we start with the distance between
two material points. Of ‘space’, apart from material bodies* which (as
we say) arc in space, our experience tells us nothing. We can, however,
by means of a rigid rod measure the distance between two material
points. (The question as to whether the rod, in view of the quivering of
the atoms at its ends, has a definite length must be considered later: it
leads to the idea that space is a statistical concept.) By moving the rod
we can determine whether the distance between two other points of a
material body is the same. But, in so doing, we use the assumption that
the rod does not alter in length by being thus moved. Is this assumption
true? We believe it to be a fact of experience. So far as we can test it
empirically, it holds good. Euclid assumed its truth in his method of
superposition. If we state the assumption accurately it takes the form:
The distance or line-interval between two points of a rigid body is un-
altered by any change of position of the body. Of course, no body is
absolutely rigid. All may vary under strain or change of temperature.
Our assumption applies to the ideally rigid body.

‘* We ignore, for the present, the determination of space by the existence
within it of electrons or radiation.
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§29. The arbitrary separation of space from time.

At this point it is necessary to say explicitly that in our measurements
we cannot actually detach space from time. We observe °point-
instants’: there is a time-succession in the operation of measurement
and this time-measure we ignore in constructing a geometry of space
independent of time. How far such a proceeding is legitimate is an
enquiry which must be made later in connection with the doctrine of
relativity.

§80. The straight line and ideal measuring rod.

How, now, are we to determine the distance between two points?
The natural answer is: Measure the length of the straight line joining
the two points. But what is the straight line? Euclid defines it as that
which lies evenly between the two points. In different words, a point C
lies on the straight line between the points 4 and B if it is in the line of
sight from 4 to B. But this assumes that the path of a ray of light is a
straight line. To avoid this assumption we define the straight line as
the shortest distance from 4 to B, a definition which agrees with our
intuition of straightness.

A distinguished ecclesiastical lawyer* of a gencration ago wrote a
book, How to draw a straight line. It was an interesting lecture on link-
ages. An equally interesting book might be written on the subject,
How to define astraight line. Obviously we cannot use the idea of shortest
distance unless we have some method of measuring lengths; and, in
practice, this method depends upon our having as a unit of measure-
ment some standard of length or, in other words, a short piece of a
straight line. Empirically we can determinc the shortest distance be-
tween the two points which we call the ends of this ‘bit’ of straight line;
but there is little basis for a rigorous theory in the processes of measure-
ment used in practical life. In the next lecture I shall describe the
assumptions on which Riemann built the general geometry of space:
and then it will become apparent that the lines of shortest distance
between assigned points (or geodesics as they are called) form the
naturally fundamental lines of space.

§81. Coordinates: three-dimensional space and its numerical representa-
tion.
With our ideal measuring rod we can measure distances. The use of
the measuring rod thus enables us to construct a scheme whereby the
* Sir A. B. Kempe (1849-1922).
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position of any point in space can be determined by three numbers. To
do this, we take three plane surfaces perpendicular to each other and
attached to one another so as to form a rigid body. The planes them-
selves are called planes of reference and the intersections of these planes
are called azes of reference. We may conveniently think of the three
planes as two adjacent sides and the floor of a room. Then the position
of any assigned point will be uniquely settled if we know the lengths of
its perpendicular distances from the three planes. We must, of course,
have a convention of positive and negative. If the distance of a point
from the floor of a room is positive when the point is above the floor it
must be negative when the point is in the cellar. The three (positive or
negative) numbers which represent the distance of the point from the
planes of reference are called its coordinates. There will be an indefinite
number of points near an assigned point whose coordinates differ from
those of the point itself by numbers less than the smallest number
which we care to choose: as the numbers vary we cover (if we include
irrational numbers) the whole of the possible space to which the point
may pass. Thus we arrive at an abstraction from our experience, a space
which is a three-dimensional continuum. Each point of the space is
determined by three coordinates, @,, @,, ;. As the numbers which
measure these coordinates change, we get all points of the continuum.
The advantage of this abstraction is that geometry is replaced by
schemes of relations between sets of points, each of which is a triplet of
numbers. We thus reduce geometry to algebraical analysis, of which
number is the basis. To shew how this abstraction can be used would be
to write a treatise on analytical geometry.

It is important to notice that our arbitrarily chosen framework of
reference is essential in the scheme. To the notion of the position of a
point in vague ‘space’ we can attach no meaning. “Every description
of events in space involves the use of a rigid body to which such events
have to be referred.”

The three mutually perpendicular planes which we have used as the
framework of reference, though the simplest, do not constitute the only
framework which can be employed. Analytical expression of the rela-
tion of other possible frameworks of reference to that chosen is obtained
by using a set of numbers u, v, w, where u, v and w are each functions of
@y, &y, x3. (A quantity ¢ is said to be a function of quantities @, @,, ¥,
when the value of ¢ is determined from the values of @y, 2,, @3, by a
definite scheme of mathematical operations.) These functions are to a
great extent arbitrary: that is to say, the scheme of operations can to
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alarge extent be arbitrarily assigned. The relations which connect u, v,
w with a;, @,, @, are called the equations of transformation from the
one framework of reference to the other. Such transformations may
involve the element of time when one framework is moving with respect
to the other.

The most remarkable use of the general continuous transformation
which corresponds to the choice of different fixed frameworks of
reference was made by Riemann. His work we shall describe in the

next lecture.

§82. The fundamental assumptions of our geometries.

The fundamental assumption made in all systems of geometry which
we can construct to correspond with what we imagine to be our experi-
ence is, as we have said, that rigid bodies can be moved in space without
change of size or shape. Euclid made a further assumption, equivalent
to what is now known as Playfair’s axiom, that from a point outside a
straight line one, and only one, coplanar straight line can be drawn
which does not cut the first line. This is the famous ‘parallel postulate’.
From it we derive the theorem that the sum of the angles of a triangle
is equal to two right angles. From it also comes Pythagoras’ theorem
that the sum of the squares of the two sides of a right-angled triangle is
equal to the square on the hypotenuse. For long attempts were made
to prove Euclid’s parallel postulate. All failed. Finally in the years
1826-1829 Lobatchewsky (1793-1856), followed independently in the
years 1823-1832 by Bolyai (1802-1860), constructed a system of geo-
metry in which a whole sheaf of coplanar lines can be drawn through a
point outside a straight line so as not to cut the line. This so-called
hyperbolic geometry of space is entirely self-consistent. It differs re-
markably from the system of Euclid. For instance, the sum of the
angles of a triangle is less than two right angles, the difference depend-
ing on the size of the triangle. In it, as in Euclidean geometry, space is
infinite.

It was left for Riemann (1826-1866) to shew that hyperbolic geo-
metry was not the only self-consistent scheme alternative to that of
Euclid in which the fundamental hypothesis of the mobility of rigid
bodies holds good. He constructed a scheme of what is often called
spherical geometry, in which it is not possible to draw a single coplanar
line through a point outside a straight line which does not intersect it.
In other words, all coplanar straight lines intersect. In spherical
geometry there are no parallels such as Euclid postulated. The three
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angles of a triangle are together greater than two right angles; and,
further, every straight line returns into itself and is of finite length.
Spherical three-dimensional space is of finite volume but has no bounds.

At this stage I will assume that the elements of Euclidean geometry
are known to my readers and will proceed * to indicate the way in which
the two types of non-Euclidean geometry can be built up by elementary
considerations.

Before we begin our discussion two facts must be emphasised.

We shall, in the first place, speak of straight lines in non-Euclidean
geometries. But it must be remembered that such lines are defined as
lines of shortest (or longest) distance between assigned points. If a two-
dimensional non-Euclidean surface were immersed in our own sup-
posedly three-dimensional Euclidean space, such straight lines would
appear to us to be curved and would not be lines of shortest distance
between assigned points. When, however, we have three-dimensional
non-Euclidean space there can be in it no lines joining assigned points
which are shorter than the geodesics. The latter we can rightly call
straight lines because they are paths of rays of light; and any point C
on the ‘straight line’ joining 4 and B will be in the line of sight from
A to B.

Secondly, we shall throughout speak of the two-dimensional spaces
in which Lobatchewskyan and Riemannian geometries hold good as
planes. It must not, however, be supposed that such two-dimensional
areas are planes in three-dimensional Euclidean space. In such space
they would be represented by curved surfaces for which what is called
‘the Gaussian measure of curvature’ is everywhere a constant, positive
for Riemannian space and negative for Lobatchewskyan. Such curved
surfaces cannot, by any process of bending without stretching, be made
to coincide with Euclidean planes. Though we may visualise non-
Euclidean ‘planes’ as curved surfaces in three-dimensional Euclidean
space, such a proceeding is dangerous in so far as it may lead to the idea
that non-Euclidean three-dimensional geometries are fanciful con-
structions in three-dimensional Euclidean space. They are, of course,
nothing of the kind. If the actual space of our experience is non-
Euclidean, it cannot be also Euclidean. We shall see later (§71) that
three-dimensional space of constant positive (Riemannian) curvature
could exist in four-dimensional Euclidean space, if such space itself
existed; but such Riemannian space cannot be changed into three-

* In the succeeding paragraphs I have made use of the exposition of
H. S. Carslaw, Elements of Non-Euclidean Plane Geometry. Longmans, 1916.

BST 3
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dimensional Euclidean space. The two types are, in fact, radically
different forms of space.

§388. Constderation of Lobatchewskyan or hyperbolic plane geometry.

In this geometry we accept Euclid’s tacit assumption that the un-
limited straight line is infinite in length. We do not, however, assume
the truth of his postulate with regard to parallel lines. This postulate is
by him stated in the form: “If a straight line falling on two other
straight lines makes the interior angles on the same side less than two
rightangles, the two straight lines, if produced indefinitely, will meet on
that side on which the angles are together less than two right angles”.

This postulate is not used by Euclid to establish the earlier pro-
positions of the first book of his Elements. In fact, these propositions
hold good for hyperbolic geometry.

Euclid defines parallel lines as ““straight lines which being in the
same plane and being produced indefinitely in both directions do not
meet one another in either direction . Then he finds it necessary to use
his parallel postulate to prove (1. 29) that ““if a straight line falls on two
parallel straight lines, it makes the alternate angles equal to one another
and the interior angles on the same side together equal to two right
angles”’.

From this proposition it follows that the sum of the thrce angles of
atriangle is equal to two right angles and the whole scheme of Euclidean
geometry can be deduced in the familiar manner.

Euclid assumed, in effect, that if we have a straight line 4B and a
point P, we can through P draw a single parallel to 4B.

Lobatchewsky rejected this postulate and, on the contrary, assumed
that through P we can draw a whole sheaf of lines which, by Euclid’s
definition, are parallel to 4 B. Formal shape was given to the assump-
tion by Hilbert.

§34. Hilbert's axiom.

This axiom states that through any point P, not on a straight line
AB, we can draw in the plane PAB b b
two lines b,Pa, and a,Pb,, as in the 2
figure, such that any line through P
within or on the boundary of the angle as
a, Pb, will not meet AB, while every
other line, which passes through P,
within the region a, Pa,, will meet AB. A M B

a4




SPACE 35

In hyperbolic geometry the lines Pa, and Pa, are called the right-
handed and left-handed parallels through P to AB. The other lines
through P which do not meet 4 B are not termed parallels in hyperbolic
geometry, though they are parallels by Kuclid’s definition.

The angle between either Pa, or Pa, and the perpendicular PM from
P on A B (both angles are readily proved to be equal) is called the angle
of parallelism and is usually denoted by II(p) when p = PM.

When II(p)= g, the lines Pa, and Pa, will be in the same straight
line; and we have Euclidean geometry.

A peculiar feature of hyperbolic geometry of the plane at once strikes
us. With every length p there is associated by the very nature of space an
angle II(p). Thus, when we have settled the measure of an angle, the
raeasure of length is thereby determined. In Euclid’s geometry, after
the measure of an angle is settled, the measure of length is still arbitrary.

Simple considerations shew that in hyperbolic geometry a straight
line Pa, preserves at all its points its
property of being parallel to a given line
AB. 4

Moreover if Pa, is parallel to 4B, then ke
AB is parallel to Pa,.
Further, if we have three straight lines A/ L

L,, L,, L; in the same plane and if L,, L,
are parallel and also L,, L,, then will L,, L, be parallel.

If now the parallel lines L, and L, are cut in 4 and B respectively by
a line ABC, as in the figure, then the exterior angle CBL, may be
proved to be greater than the interior and opposite angle BAL, .

§385. Saccheri’s quadrilateral.

Saccheri (1667-1733) was an Italian Jesuit, professor of mathematics
at Pavia, and a younger contemporary of Newton. He was firmly con-
vinced that Euclid’s scheme was the uniquely possible geometry of the
space of our experience and was led to frame alternatives to Euclid’s
postulate so that by the process of reductio ad absurdum he might leave
Euclid’s scheme alone in possession of the field. Had he been a little
more adventurous* he would by a century have anticipated the work
of Lobatchewsky and Bolyai. As it was, he made important advances,
and the quadrilateral called by his name is associated with propositions

* Perhaps one cannot fairly expect that a Jesuit should be adventurous in
upsetting established belief.

3-2
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often made fundamental in modern elementary expositions of non-
Euclidean geometry.

Saccheri’s quadrilateral is an isosceles quadrilateral 4 BCD of which
the base angles 4 and B are both right angles
and of which the sides 4D and BC are equal. 2 ¢

If we use congruence theorems, which depend
on the principle that rigid bodies can be freely
moved without change of size or shape, it can be
shewn that the angles at C and D are equal.
Furthermore, in hyperbolic geometry the angles
at C and D can fairly easily be proved to be both acute. Thence it
follows by quite elementary considerations that the sum of the angles
of every triangle is less than two right angles.

In Euclidean geometry the angles at C and D of Saccheri’s quadri-
lateral are both right angles: we shall see later that in Riemannian or
spherical geometry they are both obtuse.

B

§36. The limiting curves of sets of parallel lines and the fundamental
congruence theorem associated with them.

We have seen that between the parallels b, Pa, and a,Pb, to a given
line 4B there is a whole sheaf of lines which according to Euclid’s
definition would be parallel to 4 B. As these lines are not called parallels
in hyperbolic geometry we may describe them as lines which neither
intersect nor are parallel to 4 B. In connection with such lines there is
a somewhat important proposition that “if two straight lines neither
intersect nor are parallel, they must have a common perpendicular .
The converse of this proposition is also true: “if two straight lines have
a common perpendicular, they will neither intersect nor be parallel .

If then we have a set of parallel lines they cannot have a common
perpendicular. The curved line which
corresponds to the common perpen- P, Qq

dicular of Euclidean geometry is in Q L
hyperbolic geometry often called the P, > ta
2

limiting curve.

On two parallel lines L, and L, take p Q.
points P, and P, such that the angle
L,P,P,= L,P,P,, these angles being on the same side of the line
P,P,: then P, and P, are called corresponding points and the locus
of points corresponding to a given point on a sheaf of parallel lines is the
limiting curve.
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If P,P, and Q,Q, are two limiting curves, cutting the parallels L,
and L, in Py, Q, and P,, Q, respectively, then P,Q, = P,Q,.

It can further be established that any two limiting curves of the same
sheaf of parallel lines are congruent: in other words, if we take up Q,Q,
and its parallels and put @, on P; and Q,L, along P, L, then @,Q, will
lie along P, P, and the line @, L, will fall along a parallel to L, through
the point P, of the curve P;P, which corresponds to Q,. This im-
portant proposition serves to measure arcs of limiting curves. From it
we deduce that, if a third parallel L, cuts the limiting curves in Py, Q,,

then
arc P\P; arc Q,Q;

arc P,P, arc Q,Q,’

We can now shew that, if the parallel straight lines OV and U P be cut
by two limiting curves in OU and VP re-
spectively, and if « = OU, the length being Y
measured along the limiting curve, and if
v= 0V = UP, then arc PV = ue~"%, where
R is a constant.

The proof is rapid. Let PV = ¢ (v). From
the congruence theorem we have, for all
general real values of v and ¢,

gott) o)

$(0) Sw—1)
Let ¢ be small: expand by Taylor’s theorem and equate coefficients of £2.
We get
djt_ﬁ — (‘ﬂ’ ‘}2 =0
dv: \dv’ ’

whence ¢ (v) = Ce~*R, where C and R are constants. When v=0,
¢ (v) =wu. Hence C=w.

If O be taken as origin of coordinates and if we take axes w =0 and
v = 0 (namely the line through O and the corresponding limiting curve),
any point P in the plane may be defined by coordinates » and v.
Obviously, therefore, our theorem opens the way to an analytical
investigation of hyperbolic geometry.

The constant R which has been introduced in integration is the natural
constant of hyperbolic space. We shall sce later that it can be used to
measure the curvature of that space. For different types of hyperbolic
space R varies: in other words some are more curved than others.
Evidently for Euclidean space R is infinite, so that Euclidean space is
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not curved. Inasmuch as the space of our experience is, at most, only
slightly different from Euclidean space we may be certain that, if our
space is Lobatchewskyan, R is a very large number.

§87. The line-element in hyperbolic geometry.

Let P be the point (u, v), and let @ be the point (v + du, v + dv).
Further let ds be the line-element
PQ. Then, in the figure,

PR=dv and QR =TUeE
= due "~
Now, since Pythagoras’ theorem
holds good for infinitesimal triangles,
wehave PQ? = PR? + QR?; and hence
ds? = du?e~?"® + dv?. This gives the
expression for the element of length
in plane hyperbolic geometry. As we
shall see later (§75), it can be made fundamental in the theory.
If we change to new variables 2 and y by means of the equations

o v vV w

m_ ¥ ¥
&% B coth B

sinh 193 - %e‘”/R,

we have

ds? = da? cosh? % + dyy*

Let 4 be the area OVPU, and let dA4 be the change in 4 corresponding
to an increase of v to v + dv. Then we have d4d = PVWR = PV x PR;
or dA = dvue~'%, Hence
A=uR{l— e vE},

If we make v—>00, we shall have 4 —>uR. Thus we see that the total
area between any two parallel lines and a limiting curve is finite and
equal to uR, where « is the length of the limiting curve intercepted
between the lines and R is the constant of hyperbolic space.

§38. The value of the angle of parallelism in hyperbolic space.

Suppose that Pa be a parallel through a point P to a line OL, and
let p be the length of the perpendicular PM on OL. Then 6, the angle
M Pa, is the angle of parallelism II (p) corresponding to the distance p.

We have already stated that, by the very nature of hyperbolic space,
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an angle II (p) is always associated with a length p. But we have also
seen that in such geometry there is a P
natural constant R which measures the A
curvature of space. We now proceed to a
connect II(p), pand R. p

Let OP be the limiting curve of the
parallels OL and Pa. oM L

Let OP =u, OM =z, PM = y. Then, by the elementary geometry
of congruent figures, we may shew* that

e = cosh y/R,
u-= Rsinhy/R.

From these results it follows that, since sin = gz , we have
cos 0 ==tanh y/R.

We therefore have
]
tang - e VIR,

Thus the angle of parallelism I (p) is such that
tan JI1(p) = e PR,
which is the relation required.
When R ->c0 we have Euclidean geometry and I1(p) - /2.

§89. The self-consistency of hyperbolic geometry.

We need not further work out the geometry of the hyperbolic plane.
So far as we have gone such geometry is fantastic but self-consistent:
and these propertics it retains however far we may carry it. For long
it was thought that some self-contradiction would emerge from the
scheme if only it were carried sufficiently far. That belief, however,
within the second half of the nineteenth century was finally dissipated.

The most simple proof of the inherent consistency of Lobatchew-
skyan geometry is derived from the general theory of transformations;
but it can be expressed in terms of elementary geometry. It consists in
establishing a unique correspondence between lines in the hyperbolic
plane and Euclidean ares of circles within and, when produced, ortho-
gonal to a given circle.

Poincaré calls this the ‘dictionary’ method of proof. We take pro-
positions in hyperbolic gcometry and translate them into propositions
affecting circles orthogonal to a given circle in the Euclidean plane.

* The investigation is not reproduced as the analytical methods adumbrated
in the next lecture are more powerful and much less tedious. (Vide §§ 75, 76.)
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Because every proposition of the hyperbolie plane can be so translated
and because also there are no inconsistencies in Euclidean geometry,
it follows that hyperbolic geometry is self-consistent.

§40. The analogue with sets of circles orthogonal to a given circle.

We take a fundamental circle K and call points inside it k-points.
Points on the circumference of K
are excluded from the domain of
h-points. The h-line through two
h-points is the arc of a circle through
the two points orthogonal to K.
The angle between two h-lines is the
angle at which they meet.

The parallels through an k-point
P to an h-line L,L, are the A-lines
PL, and PL,, where L, and L, are
the points in which the k-line meets
the fundamental circle. Surprise at
this definition diminishes if we remember that from our circular
figure we exclude all points on or outside K. To see that the definition
is reasonable we construct PJM, the A-line perpendicular to L,L,, i.e.
the arc of the circle which cuts both K and L, L, at right angles.

Then, as we readily see by inverting with respect to the intersection
of PM and K, the angles L, PM and L,PM are cqual. Further, any
h-line through P within the angle L, PM will cut L,L,. Further, if
L,P, MP and L,P be produced to L'}, M', L',, any h-linc through P
and withintheangle L, PL’, willnot cut I, L, . Thus our new definition of
parallels corresponds to that of the hyperbolic plane. The angle L, PM
is the angle of parallelism corresponding to the perpendicular PM.

We need to define the h-length of an h-line 4AB. Let 4B meet K in
L, and L, so that the order of the points
is L,ACBL,, as in the figure. Then the L,
h-length of 4 B, which we denoteby 4B, X
is defined by

AB-—R 1og(

AL, QL;)
AL,/ BL,)’
where R is our previous constant of

curvature. L
Plainly from this definition 4L, is infinite, so that L, and L, corre-

spond to points at infinity in the hyperbolic plane.
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Further, if C lies between 4 and B on the same h-line, it follows from
the definition that AC+ CB = 4B.

Thus our definition satisfies the metrical properties of the hyperbolic
plane; and, as we shall shortly shew (§42) by evaluating the angle of
parallelism, R as just defined is actually the previous constant of
curvature.

An example.

As an example of the use of our circular analogue for establishing
propositions of the hyperbolic plane we will now prove that, in the
analogue, any h-triangle has the sum of its angles less than two right
angles.

Such a triangle is made of arcs of three circles C;, C,, Cy, orthogonal
to K.

Let C,Cs meet in P, outside K, and invert the system from P so that
K inverts into itself. The angles of the curvilinear triangle are unaltered
by inversion; and after inversion we get a triangle within K formed by
two straight lines meeting at the centre of K and an arc of a circle
orthogonal to K whose centre is therefore outside K. The sum of the
angles of this triangle is obviously less than two right angles: and there-
fore the same fact holds good of the original A-triangle.

§41. The analogue to displacements of a rigid body.

When first confronted by the circular analogue to the hyperbolic
plane we tend to object that the analogue must be imperfect because
nothing corresponds to the free movement of a rigid body which is
possible in hyperbolic space. But an analogue in two dimensions to
such movement can readily be constructed.

Suppose that we have any two A-points 4 and a. We can in general
find one and only one circle o, orthogonal to K, with respect to which
A and a are inverse points. Moreover the k-line 4a will then be ‘bi-
sccted’ by the h-line a. In other words a will be the h-reflection of A4
in the h-line «.

If then we wish in the k-planc to move a rigid lamina so that a point
4 of the lamina comes to the position a, we merely invert the lamina
with respect to «.

Suppose next that we wish to make an A-line 4 B of the lamina lie in
a given h-direction ab’. After the inversion with respect to a the A-line
AB will take the position of the h-line ab, let us say. To make it now
take the position of the h-linc ab’, all that is necessary is a second
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inversion with respect to an A-line 8 which passes through a and with
respect to which ab and ab’ are inverse h-lines.

Thus any displacement of a rigid lamina in the hyperbolic plane can
be represented by two inversions in the circular analogue. We can, in
fact, assert that nothing can happen in the hyperbolic plane for which
there is not a circular analogue.

We have limited our ‘dictionary’ to two dimensions: but we can
readily extend it so as to create a complete analogue between hyper-
bolic space and systems of spheres cutting a fixed sphere orthogonally.
The extension is so obvious that it is unnecessary to develop it in detail.

A simple analogy between the French and English languages will
now convince us that the hyperbolic geometry of space is a self-
consistent system. For the sake of argument we may assume that any
idea capable of expression in English can equally well be expressed in
French. There would then be no point in describing one language as
more perfect or more satisfactory than the other. Similarly, remember-
ing that the geometry of our circular analogue is Euclidean, we are
forced to say that it is impossible, as between Lobatchewskyan and
Euclidean geometry, to describe one system as more perfect or more
satisfactory than the other. Each is self-consistent and, provided R be
very large, either can be true within the limits of empirical observation.
The Euclidean scheme is much the more simple and so we tend to
prefer it. But Nature is not determined by our preferences: there is no
reason to believe that the Universe was built on a simple plan that we
might understand it. In point of fact, as we shall see later, it is probable
that the space of the Universe is neither Euclidean nor Lobatchew-
skyan: it is more likely to be that which has the geometry which in
§ 82 we termed Riemannian or spherical.

§42. The utility of the circular analogue. Various examples.

Many theorems relating to the hyperbolic plane are most ecasily
proved or visualised by their circular analogues.

For instance, we see at once that two straight lines can either meet,
be parallel or not meet. In the latter case they have a common per-
pendicular which does not exist in the two former cases.

Also parallel lines are asymptotic: they continually approach one
another but only meet at infinity.

Further, similar triangles of different sizes cannot exist in the hyperbolic
plane.

If they could exist we could move one of the triangles 4 BC so that
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one corner and two sides were coincident with one corner and two sides
of the other triangle A4’B’C’. We should N
then get a figure, as in the diagram, in
which bB’C’c is a quadrilateral the sum
of whose angles is four right angles. It is ¢
obvious that this is impossible in the
h-plane inasmuch as the sum of the angles
of each of the triangles bcC’ and bB'C’ is
less than two right angles. In fact similar B’ c
figures of different sizes only exist in Euclidean space.

As a final example of the utility of the circular analogue we will use
it to find the value of the angle of parallelism.

Let P be an h-point not lying on an k-line L,M L,, and let PM be the
h-line through P perpendicular to L,L,.

Then L,PM is the angle of parallelism corresponding to the per-
pendicular PM.

Let the circles PM and L,M L,, which are each orthogonal to the
fundamental circle K, meet again in M’; and invert with respect to
M’ so that K inverts into itself.

Denote inverse points by small letters.

The h-line L,ML, becomes a straight line /,l, cutting K at right
angles, i.e. a diameter. Similarly pm is a diameter and, therefore, m is
the centre of K.

The h-parallel PL, becomes the arc [, p of a circle touching l;m at [.

Because h-lengths are defined by an anharmonic ratio they are
unaltered by inversion.

H PM = pm = Rlo (l?f my
ence pm g g mq)

=Rlog<£~;>.
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Let the tangent at p to the arc /,p meet l;m in ¢.
Then the angle tpm = L,PM = 6, the angle of parallelism. Hence

the angle thp=(n/4—0/2).

Thus tan (/4 — 0/2) = pm/[ml,,
pr_1+tan(n/4—6/2)

so that pq—l—tan(w/4—0/2)—cow/2'

Thus PM = Rlog(cot/2),

or tan 0/2 = e~V/E,

where y is the perpendicular from P on the line L; M L,. We thus obtain
with singular elegance our previous result of §38, and shew that the
two definitions in which R is involved are consistent.

§43. Riemannian or spherical geometry, and its assumptions.

We proceed now to consider briefly the alternative type of non-
Euclidean geometry which is called Riemannian or spherical geometry.

This geometry, like the Lobatchewskyan, is self-consistent. His-
torically it is less significant, for it was discovered after the other had
challenged the uniqueness of the Euclidean scheme. But, in fact, in
the light of present developments it is of far greater importance for,
as has been suggested, it is probably the geometry of actual space.

In the Riemannian scheme we abandon Euclid’s tacit assumption
that a straight line is of infinite length. It can be proved, if Euclid’s
assumption be granted, that the angles of a triangle cannot exceed two
right angles. Thus, when a complete straight line is infinite in length,
we must have either the Euclidean or the Lobatchewskyan scheme of
geometry. Of course, when a complete straight line is finite it must be
unbounded or endless: thus, in other words, it must return into itself.
If this happens, any two straight lines in a plane must intersect*, and,
therefore, parallel lines according to Euclid’s definition will not exist.
Thus at the basis of spherical Riemannian geometry lie two facts.
First, any straight line produced indefinitely will return into itself
and so be of finite length. Secondly, any two straight lines in a plane
will intersect if each be produced sufficiently far.

§44. The pole of a line in Riemannian geometry.
We rapidly prove that all perpendiculars to a given line L on the
same side of it must meet in a point O, called the pole of L. The per-

* We are excluding ‘elliptic’ geometry (§ 44) by assuming that the plane is
a two-sided surface.
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pendiculars when produced on the other side of the line will meet in a
point O’, which is called the anti-point of O. All the perpendiculars
from either pole to the line will be of equal length A. If any perpen-
dicular 40 be produced to meet L again in 4’, we shall have 04’ = A,

Discrimination between spherical and ‘ elliptic’ geometry.

Two possibilities now arise. There is, in the first place, the case of
spherical geometry in which O and O’ are different. In this case the
line 0’40, when produced, will return to O’ and be of length 4A. Thus
two straight lines joining O and O’ can enclose a space; and the two
points O and O’ will not determine a straight line.

The second possibility gives rise to the so-called ‘elliptic’ geometry
(the name is unfortunate) in which O and O’ coincide. The length of
a complete straight line is now 2A. Moreover, if we have two points P
and @ on opposite sides of an endless line L in the same plane as P and
Q, we can pass from P to @ without cutting L. An endless straight line
in elliptic geometry does not in fact divide the plane into two parts.

The plane in spherical geometry is two-sided: that of elliptic geo-
metry is a one-sided surface. The latter type of surface can be formed
from a ribbon by giving one end a twist through two right angles and
then sewing it to the other end of the ribbon. We shall not further
consider this elliptic geometry.

§45. Riemannian plane geometry is, in effect, that of a sphere.

By elementary geometry it may readily be shewn that the sum of the
angles of a triangle in the Riemannian plane is greater than two right
angles.

Moreover, the area of a triangle is proportional to the excess of this
sum above two right angles. Hence similar figures of different sizes do
not exist.

In the Riemannian plane let PM be the perpendicular from a point
P to a line OX. Put PM =y, OP =r, OM = z. Then, so long as 7 is
less than A, it is easy to shew that y/r decreases and a/r increases
with r.

If OY be perpendicular to OX, and if PN be the perpendicular to
Oy from P, we must not assume that NOMP is a parallelogram: it
will be a quadrilateral with three right angles and therefore with the
angle at P an obtuse angle.

It is hardly worth while to develop Riemannian geometry by elemen-
tary methods as, from what has already been said, it is fairly clear that
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a complete correspondence can be established between plane Rieman-
nian geometry and the Euclidean geometry of the surface of a sphere.
Just as such geometry of the surface of a sphere is self-consistent, so is
plane Riemannian geometry, and such consistency extends to Rieman-
nian geometry of three dimensions. All the formulac of the Riemannian
plane can be reduced to spherical trigonometry.

We shall consider Riemannian geometry in more detail in our next
lecture. As we have just remarked, plane Riemannian geometry is, in
effect, the geometry of a surface of constant positive curvature, a
sphere on which the geodesies or great circles correspond to straight
lines in the Riemannian plane. Similarly, as we shall shew in detail in
§76, plane Lobatchewskyan geometry is the geometry of a surface of
constant negative curvature, called a pseudo-sphere, on which the
geodesics also correspond to straight lines in the plane. We may add
that the initial propositions of Euclid, which rest on the notion that a
rigid lamina can be freely moved without change of size or shape, will
apply to all surfaces of constant curvature provided we replace the
straight lines of a plane by geodesics of the surface. Euclid’s develop-
ment of geometry obscures this fact; for he first excludes Ricmannian
geometry by his assumption that the straight line is infinite in length
and hc then excludes Lobatchewskyan geometry by his postulate as to
parallels.

Euclid’s scheme and method bear witness to the existence of acute
geometrical insight in himself (and also most certainly in his prede-
cessors). Yet we need to emphasise more fully than the consideration
is emphasised in his Klements, that all our geometries rest on the fact
that rigid bodies can be freely moved. This fact would appear to be
more certain than subordinate assumptions such as the parallel pos-
tulate or the infinite length of the unbounded straight line. These sub-
ordinate assumptions cannot be demonstrated by observation or ex-
periment. All we can affirm is that they are very good approximations
to the truth.

§46. The theory of groups of displacements of a rigid body as the basis of
geometry.

An alternative method of building up the three possible geometries
of the space of our experience is based upon the theory of continuous
groups. Let capital letters denote positions in space. Then the displace-
ment of a rigid body from 4 to B followed by its displacement from B
to C is, we believe, equivalent to its displacement from 4 to C.
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So also the displacement from 4 to B is equal and opposite to the
displacement from B to 4.

Now a set of operations is said to constitute a group when the result
of combining any number of the operations is to give a member of the
set.

Hence all the displacements of a rigid body constitute an infinite
group in which is included the operation of identity. Further, if space
be continuous the group is continuous, for the displacements along any
line, joining homologous points of two positions 4 and B, can be so
chosen that they form a continuous scries whose elements correspond
to all commensurable or incommensurable numbers arising from the
division of the line.

§47. The idea of space as homogencous, isotropic and unbounded.

We say that space is homogeneous when it is such that the group of
displacements of a rigid body from a position 4 corresponds exactly
to the group of displacements from any position B to which the rigid
body can be moved from the position 4. Thus our fundamental pos-
tulate as to the possibility of freely displacing a rigid body in space,
without any change in the size or shape of the body, involves the idea
that space is homogeneous.

Similarly this postulate implies that all displacements possible from
position 4 are also possible from position I3 to which the body can be
rotated from 4. We express this technically by saying that space is
isotropic.

If space is homogeneous and isotropic it must be unbounded, for at
a point on the boundary of space, did such exist, these properties would
fail.

§48. The two sub-groups of rotation which exist for all types of
space.

Sophus Lic (1842-1899), whose investigations into the groups of
space are classic, shewed the great importance in the theory of the
sub-groups of rotation.

When out of all the operations of a group we can separate a class of
operations which themselves constitute a group, this is called a sub-
group of the complete group.

Evidently all the displacements of a rigid body which correspond to
rotations round a fixed point constitute a sub-group. Equally all the
displacements of the body which correspond to rotations round an axis
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joining two points of the body constitute a sub-group. It may be
observed that one way of defining a straight line is by saying that a
straight line joining two points consists of those points which are
motionless in rotations round an axis joining the two points.

Lie gave analytical expression to the theory of continuous groups
and shewed that there are three groups of displacements which have
the sub-groups just described. These three groups correspond to
the space-geometries of Euclid, Lobatchewsky and Riemann re-
spectively.

§49. Euclidean space and the parallel displacement sub-group.

What in the theory of groups constitutes the criterion by which we
single out Euclidean space? For an answer we need to grasp the idea
of ‘parallel displacement’.

In Euclidean space we can always, as we believe, freely move a body
so that the direction of an axis of the body is invariable: it can be
readily shewn that the aggregate of such displacements constitutes a
sub-group. For let I be an axis of the body and consider motions in
which the direction of ! is fixed: let us say, for example, that  always
points to the pole star. As a rigid body is thus moved, the motion from
A to B followed by the motion from B to C will be equivalent to the
motion from 4 to C. We thus have a series of parallel displacements in
which the direction of [ is unaltered and they constitute a sub-group.
But this is only possible in Euclidean space. In Riemannian space no
parallel in position B exists to correspond to the line ! in position 4;
and in Lobatchewskyan space Euclid’s idea of a single parallel is
abandoned.

We can prove, moreover, that no corresponding sub-group exists in
non-Euclidean space.

Suppose for convenience of description that our rigid body consists
simply of a directed line ! which moves in two-
dimensional space. We can in non-Euclidean space
of two dimensions move ! from 4 to B and we
might define its position at B as that which
makes at B the same angle with the straight line c
(or geodesic) AB produced as it makes with 4B
at 4. In similar fashion we could uniquely specify
the position of I at any other point C. Now it A
might be thought that, although the different positions of I were not
parallel in the Euclidean sense, yet they were everywhere, definite

8
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and so enabled us to build up the sort of sub-group which exists for
parallel displacements in Euclidean space.

But this involves the assumption that the direction of the rod at C,
when moved from A4 to C, is the same as its direction at C after it has
been moved from 4 to B and then from B to C. This assumption in
non-KEuclidean space is untrue. Thus Euclidean space emerges from
the theory of groups as that space in which alone a sub-group of parallel
displacements exists.

§50. ““Ifthere were no solid bodies we should not have geometry.”

The investigation of space by means of the theory of groups is of
value because it shews clearly that our geometry is built on what we
imagine to be the behaviour of rigid bodies: it results from the assump-
tion that such bodies can move freely without change of size or shape.
Poincaré puts it: “ If there were no solid bodies we should not have had
geometry . The same writer has also said epigrammatically: “ What
we call geometry is nothing but the formal properties of certain groups
and so we can say ‘space is a group’”’.

When a man, who has been brought up to believe in the absolute
truth of Euclidean geometry, is for the first time introduced to the far
more complicated possibilities of non-Euclidean geometry, he is in-
clined to ask somewhat impatiently: “ But can this fantastic stuff apply
to the Universe of our experience? Is there any chance that our space
is thus curved or warped?” When at length he is converted to the
possibility that our space may be slightly curved, he goes on to ask
whether the fact can have any importance, sceing that the curvature is
so slight that we have not yet invented instruments and appropriate
experiments sufficiently precise to measure it. We reply that, if space
is Riemannian, it will be finite; and there is a vast difference between a
Universe which is infinite and one which is finite. If God’s Universe is
finite, we can hope to begin to understand the range of His activity:
if it is infinite any such hope must be abandoned. Suppose, however,
that a philosopher comes to us and says: “ You have elaborated non-
Euclidean forms of geometry, but do you think that you have really
discovered the metaphysical character of space?”” To him our answer
must be a humble negative. All that we actually know, or think that
we know, about space is that in it a body can be moved unchanged from
one position to another. Of space apart from matter, or from energy
which is perceived as radiation and which like matter has inertia, we
can say nothing. Matter is so closely bound up with our spatial per-

BST 4
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ception that it seems to create space*. It is true that greater knowledge
tells ust that radiant energy equally with matter gives, as it were,
actuality to space. But the void, where neither matter nor energy
can potentially exist, remains the void, a pure negation.

If we are to give a meaning to such a negation, we must assume that
in it ideally solid bodies can be freely moved without change of size or
shape. It is this assumption which gives to space a geometry, and such
geometry can be Euclidean, Lobatchewskyan or Riemannian. If the
geometry be Riemannian, then space is finite and, as we shall see in
§ 80, there is no space outside it. In other words, a finite Riemannian
cosmos embraces the whole of space: it is not a cosmos set in some
imaginary product of hazy thinking termed ‘empty space’.

* This statement must be considered in conjunction with certain speculative
conclusions from the General Theory of Relativity set out at the end of
Lecture VI.

t Perhaps we ought merely to say that radiation can be reprcsented by
mathematical formulac which seem to imply vibrations in space.



Lecture iv
RIEMANN’S GENERAL THEORY OF SPACE

§51. Introduction.

In the present lecture we shall consider one of the most brilliant
achievements in the history of human progress: Riemann’s General
Theory of Space.

A few words as to its author may not be superfluous. Georg Friedrich
Bernhard Riemann was born in the year 1826 and died in the year 1866
before he had attained the age of 40. He studied under Gauss at ( Gottln-
gen and subsequently at Berlin. His complete works are “are contained in
asingle, not very large; voliite; but, by reason of the fertility of thought
and the mental grasp shewn in the various memoirs which Riemann
wrote, he will rank among the greatest mathematicians of all time. His
great paper* On the hypotheses which lie at the basis of Geometry was
written in the year 1854 when he was but 28 years of age. It was not,
however published until the year 1867, nearly two years after his death.
Its importance was quickly perceived, not least because Helmholtz
(1821-1894) at the height of his fame drew attention to its value. In
the novelty and range of its ideas and in the far-reaching character of
its conclusions, it marks an epoch in the development of our under-
standing of space and its properties. The nature of the analysis by
which Riemann gave form to his ideas was barely indicated in the
paper; and since his time a group of men, among whom we may mention
Christoffel, Ricci and Levi-Civita, have built up the calculus of ten-
sors as the necessary techniqié. Riemann did not confine his specula-
tions to three-dimensional space. They were concerned with manifolds
(varieties of space which exist in the mathematician’s mind) of any
number of dimensions; and the analysis for the most general case can
be expressed in such a form that it is not more complicated than when
we are dealing with three dimensions.

When we set out to investigate the properties of a generalised space,
each point of which is defined by » numbers, the extreme generality of

* Clifford’s translation of the paper will be found in W. K. Clifford, Mathe-
matical Papers. Macmillan, 1882, pp. 55-71. The paper is available in French
in Oeuvres Mathématiques de Riemann. Gauthier-Villars, 1898, pp. 280-99. The
original text is in B. Riemann, Gesammelte Mathematische Werke. Teubner,
1876, pp. 254-69.
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the undertaking gives us at the outset a sense of impotence. What
assumptions must we make, and how can we give mathematical form
to such assumptions?

We assume first of all that our generalised space is continuous when
continuity is conceived in the following way. A point P of the space is
defined by n numbers, which are, of course, not necessarily either in-
tegers or rational. If each of these numbers is changed by some small
number and all these small numbers are less in absolute magnitude than
a definite small number », the new set of numbers will define an ad-
jacent point @ of our generalised space. Moreover, if our space is con-
tinuous, a point @ will exist however small v may become and the
distance or interval PQ will become as small as we please when we
choose v sufficiently small. At this stage a critic may raise the objection:
‘But is space really continuous?’ The answer must be a confession of
ignorance. Certain quantum phenomena appear to suggest that space
may be ultimately discontinuous, and it must be admitted that other
speculations point in the same direction. Yet, per contra, one may ask
whether space has any texture apart from the binding forces, gravi-
tational and electrical, which act within it. It is a reasonable hypothesis
that space subjected to such forces is continuous.

Secondly, we assume that we can find some common rule for com-
paring lengths at different points of our generalised space. We assume,
in fact, that if we move a length I from 4 to B, its measurement at B
will not depend on the path by which it is moved and, further, that the
length of a small interval at B can be expressed in terms of the numbers
defining the ends of the interval exactly in the same way as the length
of a small interval at 4 can be expressed in terms of the numbers
defining its ends.

In order to get a satisfactory conception of the way in which we may
choose the numbers defining our continuous manifold we must at the
outset explain the nature of the intrinsic coordinates introduced by
Gauss for the study of surfaces in three-dimensional space.

§52. Intrinsic geometry of a surface.

It was Gauss (1777-1855) who first called attention to the intrinsic
geometry of a surface. Imagine, in the space of our common experience,
an ordinary surface represented by a flexible inextensible membrane,
this membrane having any natural shape when it is everywhere taut
and not necessarily having then the form of a plane. When a surface of
this kind is deformed in any way, figures drawn upon it will take dif-
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ferent shapes in space; but some at any rate of their properties will be
invariant, that is to say unchanged by any deformation. For instance,
if two intersecting lines be drawn on the membrane, they will continue
to intersect however it be deformed. Further, if we measure along the
surface the length of the line joining any two points, this measurement
will be invariant. In fact, any property which can be investigated
without leaving the surface of the membrane will be independent of its
deformations and will belong to its intrinsic geometry. It is only after
some thought that we convince ourselves that this statement is true:
it is surprising that any geometry of a plane should remain invariant
when the sheet of paper on which the geometrical figures are drawn is
crumpled up into a ball.

§53. Gaussian coordinates.

Gauss’ coordinates were devised for the expression of intrinsic pro-
perties. On an ordinary surface in three-dimensional space we can
imagine a series of curves drawn. We call these curves z; = constant.
For varying values of the constant they will cover the whole surface,
and we imagine that the functions ; are so chosen that through each
point of the part of the surface that comes within our consideration one,
and only one, x,-curve passes. Similarly we draw another series of
curves, 2, — constant, which intersect the former system and together
with it form a network covering the whole surface. We assume that an
#,-curve and an @,-curve only intersect in a single point. Any point on
the surface will then be given uniquely by the values of #, and x, at
the point. Thus we may say that the coordinates of a point P are
@, , @,: similarly the coordinates of an adjacent point P’ willbe z; + da,,
Xy + dwy.

§54. The line-element in Riemann’s generalised space.

The distance PP’ = ds will be measured wholly in the surface and
will be an intrinsic element of length. If z, y, z are the three-dimensional
rectangular Euclidean coordinates of P,  + dz, etc., will be similar
coordinates of P’; and by Pythagoras’ theorem we shall have

ds? = da? + dy® + dz*.
Now z, y, 2, the coordinates of P, will each be expressible in terms of
2, and z,. Hence we must have

ds? = gy, da,® + 2815 de, Ay + yo iy,
where the g’s are magnitudes which depend in a definite way on z; and
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Z,. Riemann assumed that for manifolds of any number of dimensions
the line-element could be similarly expressed. When, in fact, the
Gaussian coordinates of an n-dimensional manifold are z,, ... z,,
Riemann assumed that
ds?= glld‘z’l2 +eeet gnndwnz
+ 28 daydey + ... 28, 4 ndo,_,dz,,

where g,,= g,,. He thus assumed that Pythagoras’ theorem is true for
infinitesimal triangles in space of any number of dimensions. It is
difficult to see exactly what is involved in this assumption: as Riemann
himself indicated, we might equally have assumed that a fourth power
of ds was a bi-quadratic function of dz,, ... dz, . Pythagoras’ theorem,
however, suggests that the assumption actually made is satisfactory;
and alternatives must wait for further investigation. The expression
for ds? is said to determine the metric of space or of the corresponding
n-dimensional manifold. It gives, in fact, the law of measurement at
every point; and thus all the intrinsic properties of a two-dimensional
surface (or of a more general manifold) are analytically expressible in
terms of the quantities g and their differentials.

Why, it may be asked, should it be necessary to introduce infini-
tesimal quantities, as we do when we define the character of space by
a formula of the type

ds? =gy de® + ... + 2g,de de, + ... 7

For an answer we observe that the formula serves to express the way
in which we can find the length of a small “bit’ of interval at every point
of space. By means of it, therefore, we can pass continuously from point
to point through the whole of space; and so, in fact, geometry at a
distance can be built up from the geometry of adjacent points. It is
well known that Faraday (1791-1867), in exactly the same way, re-
duced electrical action at a distance to electrical action at adjacent
points of what is called the electrical ficld. The mainspring of Riemann’s
work, as Weyl has well said *, is *“ the principle of gaining knowledge of
the external world from the behaviour of its infinitesimal parts”’.

In order completely to characterise the intrinsic geometry of our
generalised space we need no knowledge save of ds and therefore of the
n (n + 1)/2 functions g. These functions determine all the properties of
our generalised space: any natural features of the space can therefore
be expressed in terms of them.

* Hermann Weyl, Space—Time—Matter. Translated by H. L. Brose.
Methuen, 1922, p. 92.
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§55. Geodesics of a manifold.

It is fairly obvious that we can make no progress with regard to the
analysis of space, even after we have obtained Gaussian coordinates to
specify its points, unless we can determine some natural structure
within it. The natural structure for Euclidean space is made by straight
lines: they are the shortest distances between points which they join,
and are thus defined by particularly simple properties. In general space
we create an analogous structure by determining the geodesics of the
space. If we have two points P,, P,, the length of the line joining them

will be Py
L= J’ ds.
Py

This line will be a geodesic if it issodrawn that L has a stationary value:
in other words, it must be as long or as short as possible. Expressed
mathematically we say that its variation must vanish, or
3L = 0.

We can immediately by analytical transformations put this condition
in the form Prn

L)l )l_‘.kkawkds =0,
dz;dx,
ds ds’
In the latter expression [jI, k] is called Christoffel’s symbol of the first
kind and is defined by

) 0gji , 08 08
_. 1| Yk , Yokl __ “ojl
Lt k] = % [aw, + o; 8wk] :

Inasmuch as the condition just written must hold whatever be the arbi-
trary functions 8z, we must necessarily have p, =0, fork=1, 2, ... n.

We thus obtain the equations of the geodesics of our manifold and
we find that they contain only intrinsic functions, the g’s and their
differentials, as the nature of geodesics leads us to expect. The geo-
desics will obviously form a natural system of threads through our
manifold which we can use as a basis when we proceed to investigate
its curvature.

n d*r; &
where Pr= 21‘1g:ilc 3’;2—] + %‘jl[jl’ k]

§56. Outline of Riemann’s investigation.

We will now, before proceeding farther, give a brief outline* of the
method which Riemann suggested for the investigation of the curvature
of continuous manifolds of any number of dimensions.

* Throughout this investigation I have made use of the exposition of
T, Levi-Civita, The Absolute Differential Calculus. Translated by M. Long.
Blackie, 1927. I have sought to indicate ideas and methods, while of necessity
omitting elaborate analysis.
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The geodesics of generalised space are clearly the most simple
natural constructions within it, for they correspond to straight lines in
ordinary Euclidean space. Now, if in such ordinary space we are given
a point P and two straight lines P4 and P B, we can find one and only
one plane containing P4 and PB. Similarly, in generalised space, if we
are given a point P and two geodesics P4 and PB, we can find one and
only one geodesic surface (doubly-infinite manifold) containing P4 and
PB. In this way we construct natural two-dimensional surfaces in
Riemann’s generalised space. Is there now any intrinsic property of
these surfaces which will give us knowledge of some intrinsic property
of generalised spacc? Before the time of Riemann’s investigation a
satisfactory answer to this question had been given by Gauss, who had
shewn that what is now called the Gaussian curvature of a surface was
an intrinsic property depending solely on the inner measure-relations
of the surface or, in other words, on the quantities g which enter into
the expression for ds in terms of the intrinsic coordinates of the surface.

If we have a plane curve we define the curvature at any point P to
be the rate at which the curve bends. We take a small ‘bit’ of the curve
ds = PP,, joining two adjacent points P and P, upon it. From an
arbitrary point O we draw radii of unit length, perpendicular to the
tangents at P and P,; and we measure the small angle da betwcen these
lines. Then the curvature of the curve at P is the value of the ratio
da/ds in the limit when do and ds are both very small.

Gauss shewed that we can find similarly an expression for the cur-
vature of a two-dimensional surface. We take an element of the surface
of area d§ bounded by a small oval curve on the surface. From an
arbitrary point O we draw radii of unit length perpendicular to the
tangent-planes to the surfacc at all points of the small curve. We shall
thus get a number of radii of a sphere making a small solid angle dw at
the centre of the sphere. The Gaussian curvature of the surface at a
point P within dS§ is defined as the value of the ratio dw/dsS in the limit
when dw and dS are both very small. Because Gaussian curvature is an
intrinsic property of a surface, it is unaltercd however the surface be
bent provided there is no stretching. In the language of analysis,
Gaussian curvature is a function of the g’s which is an invariant for all
such transformations of the two intrinsic variables z; and a, as leave

ds? = g1, dw,® + 28, de; dy + ggp iy
unaltered.

A geodesic through a point P is completely determined if we know
itsdirection at P. Hence a geodesic surface through P will be completely
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determined if we have given two directions tangential to it drawn from
P, say Pa and Pb.

Riemann, in investigating his generalised space, took at an arbitrary
point P the geodesic surface determined by two directions Pa and Pb.
He then calculated the Gaussian curvature K of this surface at P.
Nowadays we call K the Riemannian curvature at the point P of
generalised space corresponding to the section of that space determined
by the two directions Pa and Pb. Such curvature is an intrinsic pro-
perty of the space and therefore depends solely on its inherent nature
and also, of course, on the directions Pa and Pb. Thus K can be ex-
pressed in terms of the quantities g together with expressions which
give the directions of Pa and Pb. Moreover, for all transformations of
Gaussian coordinates which leave ds invariant, K will itself be an
invariant.

Thus, corresponding to any two specified directions Pa and Pb at a
point P of our generalised space, we can find a quantity K which is an
invariant for general transformations of coordinates.

Now in gencralised space of n dimensions a direction Pa is deter-
mined by n contravariant components of a vector !, ... w".

Suppose that the direction Pb is similarly determined by the com-
ponents v%, 1==1, 2, ... n. Let o be the angle between Pa and Pb.
Evidently K sin2a will be symmetrical in the w’s and v’s. It can, as we
shall see in § 66, be put in the form

K sin?a = X (4, hk)uiviulok, .. (1)
where the summation is for all values from 1 to n of 4, j, k and k and
where (), hk) is called Riemann’s symbol of the first kind.

The algebra of generaliscd space is thus the algebra of Riemann’s
symbols. It was originally developed as the calculus of tensors in order
to investigate generalised space: since that time it has been found to be,
when 7 = 4, exactly the type of analysis necessary in the theory of
general relativity.

In obtaining the cxpression for K sin?« we shall only have assumed
that our generalised space is continuous and with a metric defined by
ds® = gy, da,® -+ 2812d@, A2y + oo+ Gun iy
If, now, such space is the space of our experience, it will be, in the
language of §47, homogeneous and isotropic. The formula (1) will
enable us to give algebraical form to this characteristic of our space and
so to determine the most simple form which ds? can take for the kinds
of space in which rigid bodies can be freely moved without change of

size or shape.
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§57. The measurement of angles.

Before we can begin any investigation of curvature we need to devise
expressions by which angles can be measured. Let us at the beginning
confine ourselves to ordinary two-dimensional surfaces for which #,, z,
are intrinsic (or Gaussian) coordinates. If P be a point z,, @, then
clearly da,, dz, represent a definite tangential direction drawn from P.
For the parameters of this direction we take the quantities

dx
1™ 2 2
M=t Y=g
where ds is the distance between P and the adjacent point whose

coordinates are @, + dz,, @,+ dx,. Remembering the metric of the
surface, we see that the parameters are connected by the identity

_da,

2
e8P AE = 1.
1

Corresponding to such parameters (or contravariants) we have a
system of moments (or covariants) defined by

2
A = Z gikAk’ fOI‘ ’i= 1,2.
k=1

2
Evidently 2 AN =1,
i=1

If we express the rectangular Euclidean coordinates , ¥, z in terms of
the Gaussian coordinates ,, #,, and then use the usual expression in
rectangular coordinates for the cosine of the angle between two lines
whose direction-cosines are given, we get

2 2 2
€os 0= X . g X' = T Mg = By Nopa,
1 1 1

where 0 is the angle between the lines whose parameters are A1, A2 and

Y, p2respectively. If we take Aids = w® and u?dS = v%, where ds and dS

are elements of length on the surface in the directions A and p respec-

tively, then the «’s and v’s are independent. Hence ZI‘; G Wik is a
U

bilinear form in two sets of arbitrary contravariant variables. Further,
the quantities g, form, as we shall shew in § 63, a tensor of the second
rank. Hence, as we shall see later (§63), the bilinear form must be an
invariant. Its value is actually cos 8dsdsS.

We may readily prove that

SIn20 = (g11805 — &%) (A1 2 — A2p1)2,
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§58. Parallelism with respect to a surface.

We next introduce the very important idea of parallelism with
respect to a surface. A little reflection convinces us that we cannot in
general move a vector (or directed length) from one point P, of a surface
to another point P, without changing its direction, the vector remain-
ing constantly tangential to the surface. In the particular case when
the surface is a Euclidean plane there is no trouble: lines at the two
points P;, P, are then parallel. For a general two-dimensional surface
we can in the following way get a correspondence which we shall call
parallelism. We join the two points P, , P, of the surface by some definite
line I lying, of course, on the surface. We then roll* the surface on a
plane so that it begins by touching the plane at the point P;: as the
surface rolls, its point of contact with the plane continually moves
along the line / till motion ends when the surface touches the plane at
the point P,.

Corresponding to the vector at P, there will be a definite line p, on
the plane. At the point P, on the plane draw the line parallel to p,:
then the vector on the surface which coincides with this parallel after
rolling is said, with respect to the surface and to the line 1, to be parallel to
the original vector. The parallelism between two vectors defined in this
way obviously depends on the line joining the points at which they are
placed. If then two points P,, P, are at a finite distance apart, we can
only speak of the parallelism of two tangential vectors R, at P, and R,
at P, if we describe it as being with reference to a definite line [ joining
P, and P,. But the lengths of the vectors do not enter into the
conditions for parallelism.

We can now shew that geodesics are autoparallel curves.

If Ibe a geodesic on the surface, it will be the shortest distance joining
P, and P, and will therefore be a straight line on the plane. Thus the
angle which the vector R, makes with the geodesic at P, will be equal
to the angle which the vector R, makes with the geodesic at P,: in
other words, parallel directions on the surface at points of a geodesic
make equal angles with the geodesic. If then the vector R, be tangential
to the geodesic at P,, the vector R, will be tangential at P,: in short,
geodesics are autoparallel curves.

§59. Infinitesimal parallel displacement.
If there is only an infinitesimal distance between P, and P,, the con-
dition for parallelism between vectors R, and R, at these two points

* The rolling must be ‘pure’: there must be no spinning.
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will be independent of the are joining them. Our geometrical construc-
tion by which parallelism was defined shews that we must join P, and
P, by the arc of a geodesic on our two-dimensional surface and that the
angle which R, makes with the geodesic at P; must be equal to the
angle which R, makes with the geodesic at P,. When, however, P; and
P, are infinitesimally near points any infinitesimal line joining them
may be regarded as a geodesie. It is therefore clear that the fact that
two vectors at points of a surface infinitesimally distant from one
another are parallel is analytically expressed by conditions which
involve only the vectors, the two points and the metric of the surface.
In other words, infinitesimal parallelism is intrinsic to the surface.
Finite parallelism has, of course, no such property.

Suppose now that R, R? are the contravariant components of a
unit-vector R which is, of course, tangential to our two-dimensional
surface of which the metric is given by

Let R be displaced from the point @;, @, along an infinitesimal path on
the surface, the path being defined by d,, dz,. Let dRY, dR? be the
changes in R, R?respectively corresponding to a parallel displacement
of R. We proceed to obtain the conditions which connect d R, d R? with
R, R?, and to verify that they depend only upon the quantities g,
which give the metric of the surface.

Let ds be the are of the geodesic, through a,, @,, which is in the divec-
tion defined by the elements da,, dz,. If § be the angle between the
unit-vector R and the geodesic, we know by §57 that
Wk

cos 0 = Z]kg,kR

For an infinitesimal parallel displacement of R in the direction dz;, dz,
this angle is constant.
Hence along the geodesic we must have

;S(Lg L dwk) 0,

da, dx;, 08, dx

2
Utilise now the value of dd:;’? given by the equations of the geodesic

which were obtained in §55. We thus eliminate from our parallelism
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conditions the curvature of the geodesic and obtain an equality which

merely involves the direction ‘Z (g This equality is
dRI dwk ; dwk dwl agjk
= e +2Rd8ds{ — K, j}

Now, if [#, k] be Christoffel’s symbol of the ﬁrst kind as defined in § 55,
we have 3 g
"‘ — [kl,5]= 41, k].

Our equality may therefore be written

dz
>: tk ds’c 0o, . (1)
2
where ty= 2 g dRI + E [4L k] R da,.
j=1 7, 1=1

Now because R,, R, are components of a unit-vector which is
tangential to the surface, we have

jle
Hence, differentiating, ’

0=23%g, REIRI + SRIRFE agf" " da,
l

or 0=2}_.Rk{tk—2[jl, k]R’dw,}+ ZRfR’f—éii’-”dm,.
2
Thus Ztk Rk=1} S RIRk {agllc agjl} da,,
ikl w" wk
ot 3 t,REk=0. . (2)
k=1

Since the vectors whose components are respectively R* and
dx;,/ds are unconnected, we see from equations (1) and (2) that
4, =0, (k=1,2).
These equations give the values of dR?, dR? corresponding to the in-
finitesimal parallel displacement of the vector whose components are
R, R?, in the direction defined by dz,, dz,.

An alternative form of the conditions for infinitesimal parallel displace-
ment.
We have obtained the conditions for the infinitesimal parallel dis-
placement of the versor*, whose contravariant components are R, R?,
in the form ¢, =0,

2 2
Where tk = ?jgjdej + IZﬂ [jl, k] R7d$l (k = 1, 2).

* Tt is convenient to use the term versor to express a vector of unit length.
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A different form can readily be given to these equations. We put

g=|8n 82
821 82
and we take g x g"* to be the minor (with its proper sign) of gy in g.
Then obviously

b

2
28" =0,if h#k,
1

=1,if h=k.
2
Take now i =X, g%t,.
1
Then ti=2X gikg, dRT + X gi¥[jl, k] R da,,
ki kil
or #=dR'+ X {jl,1} Rl d,,
il
2
where {51, 3} = 2 g% [, k]
1

The expression {jl, i} is called Christoffel’s symbol of the second
kind.

We thus see that the conditions for the infinitesimal parallel dis-
placement in the direction defined by da;, dz,, of the versor whose
components are k', R% may be written in the form

2
AR = — 2y {jl, ) i da.

These are the intrinsic equations of parallelism for a surface of two
dimensions.

§60. Infinitesimal parallel displacements of infinitesimal tangential
vectors satisfy the parallelogram rule.

Suppose now that we have two infinitesimal tangential vectors at a
point P of a surface. We may denote these by dP and 6P respectively,
where dP stands for an infinitesimal element PP, on the surface and
8P for a similar element PP,. The (contravariant) components of dP
will be da,, dz,, and of 8P they will be dz,, dz,.

Suppose now that the vector dP be moved by infinitesimal parallel
displacement from P to P,. It will take up the position P,Q,, let us
say. If now the vector P be moved by infinitesimal parallel displace-
ment from P to P, it will similarly take up the position P;@,, let us say.
Our proposition asserts that @, and @, coincide. Thus, if we denote the
point of coincidence by @, PP,QP, will be an infinitesimal parallelo-

gram.
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The increment of dP, when P is moved a distance 3P to P,, may be
denoted by 8dP, the corresponding increment of a coordinate z; being
dx;.

Hence, by the result obtained in the previous paragraph, we have

dday = — Z{jl, 7} du;om,.
gt

Similarly ddz; = — Z{jl, 1} dx;dm,.
i

But, as is readily seen, the symbol { I, 7} is unaltered by the interchange
of j and I. Hence
Sdmi = d Sm i

But the coordinates of P are ;; of P, they are z; + dz;, and of P,they
are a; + Sz, for ¢ =1, 2. Hence the coordinates of @, are

@+ dxy + d (@, + d2;) or wa;+ dwy+ day+ dowy.
Similarly those of @, are
x; + dwi + 8[135 + dei'
Thus, because ddr; = ddz;, Q, and Q, will coincide.
The above parallelogram property of infinitesimal parallel displace-
ments of infinitesimal vectors tangential to a surface can be made the
basis of the whole theory. We would again emphasise that the in-

finitesimal vectors can be regarded as infinitesimal arcs of geodesics on
the surface.

§61. The extension to n-dimensional manifolds.

The whole of the previous investigation can be readily extended from
two-dimensional surfaces to continuous n-dimensional manifolds. The
fundamental metric or inner measure-determination of the manifold is
taken to be

ds®= ikgikdwi dexy,
1
Where gik = gk‘i .

Sometimes we shall speak of the continuous n-dimensional manifold
with such a metric as a V,,. Any vector within it will be determined by
n parameters (contravariant components of the vector)

. dx; .
v = —3 = cee .
X ] (T=1,...n);
or, equally, by n moments (covariant components of the vector)

N=Zpggle  (k=1,...n).
1
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The notion of angle.
We may assume that the angle 0 between two vectors whose para-
meters are A and p is defined by

n n n
oS 0 = Xy g X' ¥ = By N pug = 2y A .
1 1 1

For, if Xids = u* and p?dS = v%, when ds and d:S are elements of length
in the directions of the two vectors, the u’s and v’s will be independent.
Hence Z,; g, u*v* will be a bilinear form in two sets of arbitrary con-
travariant variables. Since the quantities g, are components of a
tensor, the form, as we shall sce in § 63, will be invariant for all trans-
formations of the coordinates ;, ... #,. Our assumption, being the
natural extension of the result previously obtained when n =2, is
therefore justified.

The scalar product of two vectors R and 7'is defined to be the product
of the lengths of the vectors multiplied by the cosine of the angle
between them: this scalar product may therefore be written

n
L7
?‘i R'T,
and in analogous forms.

The definition of infinitesimal parallel displacement in n-dimensional
manifolds.

The notion of parallelism corresponding to infinitesimal displace-
ment is easily extended to an n-dimensional manifold V,,. If dR be the
change in a vector R, corresponding to an infinitesimal parallel dis-
placement of R from its point P, then the angle between R and the
geodesic defined by the direction of the displacement must be unaltered
by the displacement.

Further, the vector must belong to the manifold V,. These
conditions correspond exactly to those previously adopted when
n = 2 and evidently express properties intrinsic to V,,. If now we
use the equations of a geodesic in the manifold, already obtained in
§ 55, we see that we can define the n quantities dR7 by the equations

=0, (k=1,...n),
where to= 3,8 dRI + S, k] Ride,  (k=1,2,...n).
1 1

§62. Parallel displacement round an infinitesimal parallelogram.

By using the conception of infinitesimal parallel displacement we
can determine the curvature properties of a manifold in the vicinity of
any assigned point.
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Consider an ordinary surface (n = 2) which we may imagine to be
drawn in three-dimensional space. Take a vector R tangential to the
surface at a point P and give to it a parallel displacement round an in-
finitesimal closed circuit C so that it returns again to P. We shall
finally obtain a vector R, drawn from P tangentially to the surface but
not, in general, coinciding with R. The change in the vector will in
general depend on two things: (1) the area of the infinitesimal circuit
and (2) the metrical properties of the surface at P, these metrical pro-
perties being such as may be expressed by the g’s and their derivatives.

For a similar displacement in a general manifold V,, we must also
include, in addition to the two conditions enumerated above, the
orientation in the manifold of the circuit round which the vector is
taken: a circuit on a surface (n = 2) has, of course, only a single orienta-
tion at any point, namely the tangent plane at the point.

Let us first of all consider, in a general manifold, the parallel dis-
placement of a vector round an elementary parallelogram from the
point P through successive corners P,, @, P, and finally back again
to P. As before, we assume that PP, =dP and PP,=3P. Let q be
any scalar or vector quantity. If dg denotes the change in ¢ as we pass
from P to P;, then its value at P; will be ¢ + dg. The value of this
quantity after passing from P, to @ will be

q+dg+dq+ ddg.

Similarly the value of g after passing from P to Q through P, will be
g+ 8q +dq + ddq.

Hence the change in ¢ on passing from P right round the circuit will be

Ag=(8d — dd)q.
Suppose now that g stands for the determinant
g1 v B |»
8n1 +er Bnn
where, of course, 8rs = Ber-

Let gg"* be the minor (with its proper sign) of g, in g. Then, by the
properties of determinants,

Sghig =0, if b~k
1
=1, if h=k.
It is customary to put

h_. 3 ghi
gk=§¢g Eiea -

BST 5



66 RIEMANN’S GENERAL THEORY OF SPACE

Let now R’ be one of the parameters (contravariant components) of
any vector R in V,,. Then, if dR" be the change in R corresponding
to an infinitesimal parallel displacement in the direction defined by
dzy, ... dz,, we shall have, by §61,

3, g AR = — S [hk, 1| Rda,, for I=1,2,...n.
1 1

Multiply both sides of this equality by g% and sum for all values of !
from 1 to n. We get, as in § 59,

AR = — Sy, (b, 7} R* da .
1
The expressions [kk, I] and {hk, 7} are Christoffel’s symbols defined by
the identities
_ 1 (98w | %8 aghk}
ks 1= % {pu, 2y, ~ 0,

and (hk, vy = 3, g [Rk, 1]
1

We have previously said in § 55 that [kk, 1] is usually called Christoifel’s
symbol of the first kind. Similarly {hk,7} is, for general values of n,
called Christoffel’s symbol of the second kind. Comparatively simple
algebraical calculations now shew that the change

ARr
in the parameter R, owing to its parallel displacement round the
elementary parallelogram, is given by the equality

AR = — B, {ir, bk} Rid, Sy
1

§63. The Riemann-Christoffel tensor.
In this formula {ir, hk} is defined by the identity

fir, b} — 5= (i, 7} — 2. ik, 7} — 5, [lh, ik, 1} — (U, 7} (i, 1]
), oxy, 1 _
(3,1, b, k=1,2,...n).
This function of the g’s and their first and second differentials is some-
times called Riemann’s symbol of the second kind: by some writers it is
denoted by the expression Bj,, . The aggregate of the set of symbols of
the second kind bears the name of the Riemann-Christoffel tensor, the

symbols themselves being called the components of the tensor. Con-
nected with it are Riemann’s symbols of the first kind,

(9, hk) = Byp; = %rgir {or, hk}.
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A different form can be given to these symbols of the first kind. We
have, by definition,
.. 0 . 0 ;.
(5,40 = g, [37,‘{"" )= g, r}]
— Z g [{lh, r} {ik, I} — {lk, v} {zh, 1}],
rl

each summation being taken from 1 to n. But
? &y {ih, 1} = %;4 gir8" [0h, U] = [ih, j].

3 N VR
Thus (5, bk) = - [ih, ] — 5 {ih, 1Y 22 — [k, ]
+ (i1} ?-gﬂ — S{th, ) ik, -+ 5 [0k, 1 i, 1.
r l

%, a 9 1
)
7

Hence we see that
9 0%gh; gk 2gin %8s
-1 3 _ ih
(4, k) = § {am,c on; ¥ 5,00, om,0m,  omy aw,.}
—IE{ih, B gk, 11+ Z{ik, I} [jh,1).  ...... (1)
i

This expression for Riemann symbols of the first kind at once gives us
a number of their most important properties.

For instance, the symbols are unaltered in value when we simul-
taneously interchange ¢ and j and also A& and k. Equally there is no
alteration in value if we simultaneously interchange ¢ and b, j and k;
or ¢ and &, § and h. Thus

(4, hk) = (g1, kh) = (hk, ij) = (kh, ji).
Further, the symbols are merely changed in sign if we interchange
either ¢ and j or & and k. Thus
(7;7.: hk) = (]7’, h,c) = (7(7’ kh).
Finally we have the cyclic relation
(Y, hk) -+ (ih, kj) + (ik, jh) =

Evidently there are, in each kind of Riemann’s symbol, 4* com-
ponents corresponding to the n values of each of the numbers 1, 4, &, k.
These components are by no means all independent of one another: it
may, in fact, be proved that the number which are independent is
n?(n? — 1)/12. Thus in two-dimensional space the Riemann-Christoffel
tensor has but one component. When n = 8 there are six independent
components; and, when n = 4, there are twenty such components.

5-2
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From the mode of its origin, it is clear that the Riemann-Christoffel
tensor is an analytic expression, derived from the g’s, which is closely
connected with the intrinsic geometry of our manifold. When the
Riemann-Christoffel tensor vanishes, the parallel displacement of any
vector round any elementary parallelogram within the manifold will
vanish: and this is a property of the manifold independent of the
coordinate system in terms of which the g’s may be expressed.

The aggregate of functions to which we have given the name ‘Rie-
mann-Christoffel tensor’ is, in fact, a ‘tensor’ of the fourth rank; and
its discovery opened the way to such a development of the calculus of
tensors as made it an effective instrument of analysis alike in hyper-
geometry and in the general theory of relativity. Naturally the
development of the algebra of Riemann’s symbols must be assumed in
any general discussion of these branches of knowledge. Here we can
merely give a few fundamental facts.

Tensor transformation-equations.

When the coordinates z,, ... z,, of our manifold are changed by trans-
formationtoa,’, ... z,’, Riemann’s symbols will satisfy the fundamental
transformation-equations of the components of a tensor of the fourth
rank. We have, in fact, if we denote by accents expressions in terms of
the new coordinates,

{ir, kk}Y = B,

g Org Oxp Oxy Ox,’ ¢

B a%’;’e EQJ? a?,;i aw),,; aa"c Baﬂy’
and (%, hk)' = B’ n;
« Oxo Oxg Oxy Ore
Oxe Oxp Omy Oe

aBye o, —aw—k/ '8_;5,/ ’a'w-]f (e, ¥B)s

where the summations are for all integral values of a, 8, 7, € from 1 to n.
In each of these relations there will be 256 terms in the summation.
Furthermore, each relation typifies 256 different transformation-
equations.

We have stated that Riemann’s symbols only involve the g’s and
their first and second differentials. But they are complicated functions
of these quantities, and the fact that they satisfy the relatively simple

transformation-equations just given is a result that is both surprising
and beautiful.

afye
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It is usual to say that quantities such as Bagye are components of a
covariant tensor of the fourth rank, while quantities such as Bg, are
components of a mixed tensor of this rank. The laws of transformation
just given for Riemann’s symbols are examples of the transformation
formulae which all tensors satisfy. For a tensor of rank n there will be,

ox,, ’

under the sign of summation, » elements, such as 20 OF 3y forming a
T a

product. The number of elements of the type g%% will correspond to the

covariant indices of the tensor, while those of the type g—ff will corre-
x

spond to the contravariant indices.

The notion of a tensor.

The notion of a tensor is best reached by first considering a vector
in n-dimensional space.

Let z,, ...z, be the general coordinates of a point in a spatial mani-
fold of » dimensions whose measure-determination is given by

n
ds? = ergrsdwrd‘”s'
1
Let v be a versor in this manifold. We take the (contravariant) com-
ponents of the versor to be v%,i=1,...n, where v’ = ‘(ii? . Evidently the

v’s will be connected by the identical relation
1=2g,0"0"%
rs

When we pass from the coordinates z,, r=1,...n, to new coordinates
x,’, we shall have

, _da, da,’
(vr) - dS’ - d-S‘ H
, & ox
or (v") —agl “a—;all .

This is the fundamental transformation-equation of the contravariant

components of a unit-vector.
The covariant components of the unit-vector willbe v, s =1, 2, ... n,

where
5 ¢
vy= 2 gyt
t=1

Now the g's form a tensor of the second rank. For we have
Egrs'd‘zr,d‘z’s’ = Egrsdwrdms!
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since each side is equal to ds®. Hence we have

’ ’ ’ aw 5.1:
ggaﬁ d‘xa de graa ‘law 5 dz dmﬁ
Since this equality holds good for all values of dz,’, dzg’, we must have
, oz, ox,

8ot = 2o, By o
Thus the g’s are the covariant components of a tensor of the second
rank.
Using this result we have at once
, no, O awﬁ 8w,

== 2 '——q- ﬂ.
uﬂgaﬁ Bws'v
Thus the fundamental transformation-equation for the covariant com-

ponents of a unit-vector is
aw
I

.
aa""

The significance of a tensor-equation.

Suppose now that we have some physical fact expressed by the
equality of two vectors » and v. Then alike the covariant and the con-
travariant components of the two sides of the equality will be equal.
If either set of equalities exist, the other set will exist also. And, more-
over, if either set of equalities exist for any one set of axes, similar
equalities will exist for any other set of axes which may be chosen
instead of the first set. Such an equality of two vectors is the simplest
form of a tensor-equation. A tensor-equation, in fact, embraces a series
of equations which are together independent of the coordinate system
chosen.

The fundamental property of the components of a tensor of any rank.

If we have any vector v, we may take v, and v* to be its covariant and
contravariant components. These components for an arbitrary vector
will themselves be quite arbitrary. There will be no relation between,
say, the various contravariant components, though, of course, such
components will be connected with the length I of the vector by a

relation
Xg,. vt =12
r8

Suppose now that we wish to form a mixed tensor of rank 4, contra-
variant with regard to one index and covariant with regard to the other
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three indices. We take v, ... ,v to be four arbitrary vectors, and then
we say that such a tensor as we require will have components T;YE.
when the 7”s are such that the expression
F= 3 T%, 10450P507 ¢
afye ﬂ'ye 1Ya2Y 3¥° 4
is an invariant for general transformations of the coordinate system.
For suppose that a new set of coordinates be denoted by accented
letters. Then, since F is an invariant, we shall have
ox; oxg' ow,’ 0w, ;
e LB T T ok gl v = BT v 0% 0t o
“%%; Bye awa/ awk awh am’_ 1Y%2Y 3V 4 ikhi knj1Y¢2Y 3V 4
U

Since this result is an identity and the four vectors are arbitrary, we
shall have
S,
«Bye 02 Oy, Ox),’ O;

which is the fundamental transformation-equation of such a mixed
tensor as we set out to form. Clearly we have also the converse result
that, if the T’s satisfy such a transformation-equation, the quantity I
will be an invariant.

We see now that, if (47, kk) be Riemann’s symbols of the first kind,
and if, as we have stated, they constitute a tensor of the fourth rank,
covariant with regard to all the indices, then the expression

% (i, hk)w'vighy*
ijhk

will be an invariant, the vectors u, v, £, % being arbitrary. We shall
shortly give Pérés’ theorem which determinesthe value of thisinvariant.
Conversely, if Pérés’ theorem is true, the symbols (ij, hk) are the com-
ponents of a tensor of the fourth rank. Thus the proof of Pérés’ formula,
which will be given in § 64, establishes the fact that Riemann’s symbols
of the first kind are actually components of a tensor of the fourth rank,
covariant with regard to all four indices.
We also see that, if 7', be the components of a tensor of the second
rank covariant with regard to both indices, the expression
ST, urvs
8
will be an invariant, u and v being any arbitrary vectors.
Further, we can see at once from the preceding result that we may so
define our symbols that

Taﬁye = ﬁgam Tg;e .



72 RIEMANN’S GENERAL THEORY OF SPACE
For clearly, if the v’s are arbitrary vectors,
TR 0,080 0= X Tg 0% 0B 07 Jve.
e Pretime s = Bye8am1V" 20" 30" 4
If either side of this equality be an invariant, so is the other. Thus
)1.:: 8am Ty, may, by the result already obtained, be equated to the

tensor-component 7'.g,.

The laws for the raising and lowering of tensor-suffices are now
readily deduced. We cannot, of course, write a treatise on the tensor
calculus. But the results, to which we have just drawn attention, in-
dicate the character of those which will be used in subsequent analysis.

Geodesic coordinates.

Suppose that in an n-dimensional manifold we have a general trans-
formation of coordinates from , ... @, to @', ... z,’. We proceed to shew
that it is always possible so to choose the transformation that all
Christoffel’s symbols vanish at any assigned point, which without
loss of generality may be taken as the origin of our old coordinates.
In this case it is customary to say that we have chosen geodesic or
normal coordinates at the point.

We know that, if ds be any element of length,

dwk __ E awk'dw
“ds q 0@, ds’
where the summation is taken from 1 to n. Hence
d’my 5 0%z, (iw_pd_wg_‘_ zawk d*z,

ds*  pg0x,om,ds ds Yy Ox, ds*’
Suppose now that ds is the arc of a geodcsw Then, by § 55, we have

d’z; daz dz/
ds® ds’
oy, d?x; &z'k daydz,
and Yo At T on P 00 g

where {jI, k}’ is formed from the quantltles &' pq Which correspond tothe
expression for ds? in terms of the accented coordinates.
Hence, when ds is the arc of a geodesic, we have the identity
oz , Ox;’ o/ 8a2k }dx da,
Z[a aw, T E UL G, o, PPY
But this is an mvarlant relatlon of the form Zf,, (z;, ... @,) w?u?=0,
»q

=0.

where f,,=f,, and u!,...u" are the contravariant components of a
quite arbitrary vector.
Hence f,, = 0, for all values of p and ¢.
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We therefore have
0 8w aw,
y { t} = Z{llc} paw,,' ...... (
We shall now make use of this relatlon to choose new accented co-
ordinates so that at an assigned point the Christoffel functions corre-
sponding to the new coordinates all vanish. By Maclaurin’s theorem we
may assume that near the assigned point the new coordinates can be

expressed as power and product series of the old coordinates in the form

I

@ = ap+ %Z 'z 8 x,x, + higher terms,

for all values of k from 1 to n, the differentials being taken at the
assigned point.
If such relations hold good we shall have at the assigned point

o ik
oz,
=1, t=k.
Take now at the assigned point, as is always possible, such values of
;" that 0%,

o, 0, {pg, k}.

Then by the formula (2) we shall have {pg, k}' = 0 for all values of p, ¢
and k. The transformation to geodesic coordinates is thus effected.

The fact that by the choice of such coordinates we can make Christof-
fel’s symbols vanish at any assigned point is often of great assistance in
symplifying algebraical analysis in the tensor theory. Suppose, for
instance, that we wish to establish a tensor equality. Such an equality
subsists however the axes be changed. If, then, we establish it when
Christoffel’s symbols all vanish, it will be true universally. In particular
we shall see later (§117) how this device enables us easily to establish
certain important relations between Riemann’s symbols which are
known as Bianchi’s identities.

World-tensors.

A tensor which only involves the quantities g, which define the
metric of space, and also their differentials is sometimes called a
Jundamental tensor or world-tensor. It can be proved that all world-
tensors which only contain the g’s and their first and second differentials
are functions of the g’s and of the Riemann-Christoffel tensor. This
fact accounts for the fundamental importance of the latter tensor. It
shews that, in any investigation of those properties of n-dimensional
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manifolds which are independent of the axes of reference, we must
expect to reach the Riemann-Christoffel tensor. We shall see in
Lecture VI that the tensor, for the four dimensions of space-time, is
fundamental in thc general theory of relativity.

§64. The definition of a section of a manifold. The change in the com-
ponents of a vector after the description of an infinitesimal circuit
lying in a given section. Péres’ formula.

Let ¢ and 7* be the parameters (contravariant vector-components)
of two lines PP, and PP, at a point P, and let 6 be the angle between
these lines, the lines being within our manifold V, and the angle being
measured according to the metric of the manifold. A versor defined by

p&i 4 o, (1=1,2,...n),

where p and ¢ are constants, will determine a section of the manifold

through P. The quantities p and o cannot be independent inasmuch as

parameters of the versor must satisfy the fundamental equation of the
metric. We therefore have

n

‘?‘ikgik (pE" + o) (p* + on¥) = 1,

or p?+ 0%+ 2pocos f =

Clearly, however, when p and o are connccted by this relation they

define a simply-infinite aggregate of directions through P, this aggre-

gate including the lines PP, and PP,: such an aggregate we term a

section of the manifold at P.

Suppose now that AS represents the area of an infinitesimal circuit
on the section through P thus defined, and further let AR¢ represent
the change in R?, the contravariant component of a vector R, corre-
sponding to the description of this circuit.

We have already in § 62 obtained a formula which gives the change
in the contravariant components of any vector due to its parallel dis-
placement round an infinitesimal parallelogram. This formula shews
us that the change can be expressed in terms of (1) the contravariant
components R of the vector R; (2) the quantities day, and 8z, which
give the directions and magnitudes of two adjacent sides of the
parallelogram; and (8) the Riemann symbols derived from the funda-
mental metric of the manifold. We now put da; = £*ds and 8z, = n*8s,
so that ds and 8s are the lengths of the sides of the fundamental paral-
lelogram. If the area of this parallelogram be AS and 6 be the angle
between adjacent sides, we have

AS = sin 0ds3s.
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We thus obtain from §62 the equality

AR = :f: AS 1hk{1’r’ hk}Rié‘h k

Thisresult willbe truefora parallel displacementround any infinitesimal
circuit of area AS, which surrounds the point P and is in the section of
the manifold through P determined by the versors ¢ and 7. Riemann’s
symbol of the second kind is such that {ir, hk} = — {ir, kh}. Therefore
the sign of the expression on the right-hand side is changed when §¢
and 7 are interchanged. The sign depends, in fact, on the convention
which connects the direction in which the fundamental circuit is
traversed with the relative positions of ¢ and 7.

We thus sce that the change in the contravariant components of a
vector, due to a parallel displacement round an infinitesimal circuit of
any oval shape, depends upon the area of the circuit, the contravariant
components of the vector, the components of the two vectors which
determine the section of the manifold on which the circuit is drawn,
and the metric of the manifold.

The formula giving this connection is of the highest importance, as
Schouten and Pérés have shewn in their investigations. From it, as a
special case, it is immediately possible to derive

Péres’ formula.

Suppose that « and v are two versors drawn from P, but not neces-
sarily in the section of our n-dimensional manifold determined by the
versors ¢ and 1. Let o be the angle between w and v, just as 6 is the angle
between £ and n. Further, let Ax be the change in acorresponding to the
parallel displacement of either « or v round an infinitesimal circuit of
area AS in the section determined by ¢ and »; then, in the limit when
AS tends to zero,

n
%“S' - _sTni slin 0 ?imk (4, hk) wio ¥
where (7], hk) is Riemann’s symbol of the first kind.
The proof is immediate.
Let us supposc that the versor u is displaced, v remaining unaltered.

n
Then since, by §61, cosa= Zl u'v,,
r=
we shall have —sinaAa = Z v, Aur

=4 —— AS 2 {zr hk} utv, Ernk.

sin
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But v, = 2 g0
i
Aa +1 ; i £hok
A—S o Sinot sin Bij%k§grj {zr, hk}u v § ’
and this, by the definition of Riemann’s symbols of the first kind, is
equivalent to the given result.

Hence

§65. The total or Gaussian curvature of a two-dimensional surface.

We are now nearing the end of what is, when the analysis is set out
in full detail, a somewhat long journey. First of all we limit ourselves
to the case n = 2 and consider the form which Pérés’ formulatakes when
the infinitesimal circuit is drawn on a general two-dimensional surface.
If we like*, we may imagine that this surface exists in the three-
dimensional Euclidean space in which we appear to live. All Riemann’s
symbols vanish when n = 2 save such as reduce to (12, 12); and, by
making « and v coincide with £ and 7, we obtain the formula
This, in turn, because of the formula of § 57 connecting sin « with the
vectors which define «, reduces to

Ltéo—c:K, where K=—:££E’~1—2—),
a85=0A8 8
and, as before,
8=|8u &2
812 822

The quantity K is an invariant, although neither g nor Riemann’s
symbol (12, 12) is an invariant. Their quotient, however, is invariant
because it is a function of position which is the measure of an intrinsic
property of the surface.

We proceed to shew that the limiting value of Aa/AS is actually the
total or Gaussian curvature of the surface. This curvature is defined
as the product of the curvatures of the principal sections through any
point. In fact, in the neighbourhood of any ordinary point of a surface
we can, by suitable choice of Euclidean rectangular coordinates, write

its equation in the form

m2 y2
22 = —- + L (a, 34
P1 P2 (@9)

and then the Gaussian curvature is 1/p;p,.

* Any two-dimensional space can be immersed in a three-dimensional
Euclidean manifold : but general three-dimensional space can only be immersed
in a six-dimensional Euclidean manifold.
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The proof depends upon ideas which ultimately go back to Gauss and
are to be found in textbooks which treat of curves on two-dimensional
surfaces in Euclidean space*.

Suppose that we have any oval curve C on such a surface, there
being no singularities of the surface in the area under consideration.
We can circumscribe the surface by a developable touching the surface
along the curve. The normal to the surface at any point P on C will
then be perpendicular to the tangent plane to the developable at P and
will therefore be perpendicular to the rectifying line of the developable
through P.

If we draw from a fixed point O lines of unit length parallel to the
normals to the surface at all points on C, they will form a curve ¢ on
a sphere of unit radius and c is called the horograph of C.

Suppose now that we slit the developable along the rectifying line
through a point 4 of the curve C and then smooth it out into a plane.
On this plane the closed curve C becomes an open curve 4 B4’ and the
rectifying line through 4 will become two lines 04 and 04’ inclined
at an angle ¢, say, one to another.

The tangents at 4 and 4’ to 4 B4’ will, of course, make equal angles
with 04 and 04’. If a line be
moved from A by parallel dis-
placement along C to 4’, it will
be, on the flattened developable,
parallel to its former position.
Thus ¢ will be the change, owing
to parallel displacement, of the
angle between a fixed and a
moving vector consequent on a
circuit of the closed curve C from
4 to 4 again.

The integral change of direction
as we pass along any portion of a
curve Cis defined to be the integral sum of the angles between geodesic
tangents at successive points of C. Now, when the developable is
flattened out, geodesic tangents to the surface become linear tangents
to the developed curve. Hence the integral change of direction along
any arc 4 B of the curve C is measured by the angle between tangents

* See, for example, Thomson and Tait, Treatise on Natural Philosophy.
Cambridge University Press, 1879, vol. 1, part 1, pp. 108-14: or P. Frost,
Solid Geometry. Macmillan, 1886, pp. 810, 311.
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at 4 and B when the developable is flattened into a plane. Thus the
integral change of direction as we pass completely round C from 4 to
4 again will obviously be

2m — o,

Suppose now that we draw a developable to touch the sphere of unit
radius at all points of the horograph c. At corresponding points of C
and ¢ the tangent planes of the two developables will be parallel.
Hence they will have parallel rectifying lines, and the integral change
of direction as we pass completely round ¢ will be equal to the integral
change of direction as we pass completely round C and each will be
equal to 27 — ¢.

But on a sphere of unit radius the area of a triangle formed by
geodesics (or arcs of great circles) = 27 — sum of the exterior angles
of the triangle. Hence the area bounded by the curve ¢ will be equal to
27 minus the integral change of direction as we pass completely round
¢; and thus the area of the horograph c is equal to ¢.

In the previous investigation we have assumed that C is a curve of
finite length enclosing a finite area .S on our surface. Suppose now that
C be a small oval enclosing an area AS surrounding a point Q at which
the principal radii of curvature are p, and p,. Then we know, by Gauss’
theorem, that the area of the horograph tends to

AS/pspss
when AS tends to zero.

If we replace ¢ by Ax, we can say that this quantity is equal to the
change, owing to parallel displacement, in the angle between a fixed
and a moving vector as we make a complete circuit of the curve C.

Thus Aa/AS tends to 1/p,p,, when the area AS tends to zero. Hence
the Gaussian curvature at any point of a surface is + (12,12)/g.

Consideration of any simple special case will remove the indeter-
minacy of sign and lead to the conclusion that, if we define K as the
Gaussian curvature at any point of a surface, we shall have

K = (12,12)/g,
when the formula defining the metric ts so chosen that ds® > 0.
For instance, if we take a sphere of radius a, we have
ds? = a?dx,® + a?sin®z, dx,?,
whence g = a*sin®z; and (12, 12) = a®sin®a,, so that K = 1/a? When,
however, we have
— ds?*= a%dz,® + a*sin®x, dz,?,
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it is obvious that we must put K = — (12, 12)/g. Thus the sign of K is
changed when ds? < 0.

In relativity-mechanics, as we shall see in Lecture VI, it is usual to
define the metric of space-time by the formula

ds? = c2dt* — dl?,

where dI? is an element of pure space. For such a metric we work with
imaginary time 7 = v — 1 ¢t and replace K by — K.

The expression which we have thus found for K can, of course,
be obtained by direct analysis; but the investigation is somewhat
laborious.

§66. Use of geodesic surfaces to determine the curvatures of an n-dimen-
sional manifold at an assigned point.

We can now use the result of the last section in conjunction with
Péres’ formulain order to determine what will be called the Riemannian
curvatures of a general manifold at any point P.

We have previously seen that the natural lines of structure of the
manifold are the geodesics. Furthermore, from the way in which a
geodesic is defined, it will, as we have previously said, be determined by
a single point and a single direction at that point. Now if we take at
the point P two directions £ and 7 in the manifold, they will, as in § 64,
determine a section of the manifold which is the aggregate of a simply-
infinite number of directions from P. Corresponding to each of these
directions we can draw a geodesic. The aggregate of all these geodesics
will be a geodesic surface which we call the geodesic surface with P as
pole. This surface will be a doubly-infinite aggregate of points and will
therefore correspond exactly to an ordinary two-dimensional surface
in a Euclidean manifold for which n = 8. We shall take the Gaussian
curvature at P of this geodesic surface to be, by definition, the Rieman-
nian curvature of the manifold at P withrespect to the particular section.

The idea of using geodesic surfaces in this way to describe the cur-
vatures at any point of a general manifold was onc of Riemann’s most
fertile inventions. It is especially valuable as there is in it nothing
artificial: geodesics are natural lines of structure, and geodesic surfaces
are the natural analogues to what in Euclidean geometry we should
term plane sections through P.

From Péres’ formula, if K be the Riemannian curvature of the section
of the manifold which is given by a point P and the two versors w and v,
we have

n
e 2 (1, hl) ol ut ok
Slllzot. lz]hk(]’ ) ’



80 RIEMANN’S GENERAL THEORY OF SPACE

where o is the angle between u and v. The values of u%, etc., and of
Riemann’s symbols (i, kk) are, of course, taken at the point P. This
formula* is of surpassing elegance and value. It enables us to relate a
type of curvature (of which we can form for simple manifolds a mental
picture) to Riemann’s symbols which depend solely on the metric of
the manifold: we have, in fact, in a very simple though highly condensed
form, an analytical expression which serves to measure curvature at
any point of the most general n-dimensional space which is con-
tinuous and possesses an inner measure-determination of Riemann’s

type.

§67. The condition that generalised space should be flat.

From the preceding formula we can readily deduce one result of
great interest.

When the Gaussian curvature of a two-dimensional surface vanishes
at every point of the surface, the surface becomes a plane in which we
can always choose rectangular coordinates such that the metric is
given by ds? = da? + dy®.

Our two-dimensional surface is then flat.

Similarly, we can say that three-dimensional space will be flatt when
all the geodesics within it are the intersections of flat planes or, in other
words, straight lines. The Riemannian curvature corresponding to
every section through any arbitrary point will then vanish. Our space,
moreover, will be Euclidean with a metric which can be, by suitable
choice of coordinates, expressed in the simple form

ds? = da® + dy? + dz*.

In general, a continuous manifold of n-dimensions is termed flat if the
Riemannian curvature corresponding to every geodesic section through
every point vanishes. Such a manifold will be hyper-Euclidean and its
metric will be expressible in the form

ds?=dz,®+ ... + dz,’
Evidently, by the formula which we have obtained for K, a continuous
manifold of n-dimensions will be flat if the Riemann- Christoffel tensor
vanishes at every point. The converse theorem is true (vide § 69).

In general therefore n2 (n? — 1)/12 conditions are necessary for fat
space.

* The formula is substantially due to Riemann. For another method of
deducing it, vide W. Pauli, jr, “Relativititstheorie”, Encyklopddie der Mathe-
matischen Wissenschaften, Bd. v, Theil 2, p. 596.

+ The older term, now happily falling into disuse, was homaloidal.
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When 7 = 2, we have a single condition (the vanishing of the Gaus-
sian curvature) that space may be flat.

When n = 8, six conditions must be fulfilled in order that general
three-dimensional space may be Euclidean.

When n = 4, as (for example) in the space-time continuum of the
general theory of relativity, twenty conditions must be satisfied if the
manifold is to be flat.

§68. Application to our three-dimensional space and to similar n-dimen-
stonal manifolds.

We now apply the results which we have obtained to the three-
dimensional space of our ordinary experience. That space, as we have
previously said, besides being continuous, and therefore unbounded,
is homogeneous and isotropic. It has, however, no further properties
given to us, as we believe, by experience. We have already seen that it
is not necessarily the space postulated by Kuclid: we naturally now
enquire whether it can possibly be of a more general type than the
spaces we have called hyperbolic and spherical. The foregoing analysis
enables us to give an answer to this enquiry for n-dimensional manifolds.

If, at any point, n-dimensional space (n > 2) is isotropic, its curvature
corresponding to any section through the point must be independent
of the orientation of the section. Hence K must be independent of the
quantities » and v.

We proceed now to shew that, for the most general manifold whose
curvature at any point is independent of the section through the point
and equal to a given function of position K, we have the relations

(4, hk) = K (gan8sie — Bae&in)-  woeeee (1)
Of thesc relations n2(n? — 1)/12 are independent.

In our manifold let % and v be two versors inclined at an angle «, and
let a section of the manifold be determined by two versors £ and 7
inclined at an angle 6. Then, if A« be the change in « corresponding to
the parallel displacement of w or v round an infinitesimal circuit drawn
in the section and of area AS, we know, by Pérés’ theorem, that

A 1§ g ok
AS ™ sina sinOi,%k (&, hle)utv €n"

When « and v are in the section made by ¢ and 5, we have

3 (4, hk)wivighak. )

" sina sin 8 ;ipk

BST 6



82 RIEMANN’S GENERAL THEORY OF SPACE
Substitute now for (ij, hk) the value given by (1). We know that
L ginu'é" = cos ('/42),
where u¢ denotes the angle between « and ¢. Hence, on making the
substitution, the relation (2) becomes an identity.
Put now bijne = (Y, k) — K (88— Luwdin)-
Then, since the difference of two tensors is a tensor, ¢, must be the

components of a tensor of the fourth rank, covariant with regard to all
four indices. Hence, by the conclusion just reached,

2 b w0l E
ik
Is an invariant which vanishes when ¢ and 7 are in the section of the
manifold made by w and v. In such a section
§=pu+ oy, N = pa¥ + 030,
the p’s and o’s being constants. We thercfore see that
D ppviviubvt  and X utviuF ot
are both equal to zero for all values of w and v. From the first result, by
making all the u’s and v’s vanish except w?, u*, v/, v%, we get
Bijne + Brjie + Peng + Py =0 e (3)
for clearly ¢,;;;=0, and we can easily shew that ¢;;;;, = 0. )
Similarly, from the second result,
bugnte T brgni + binge + brngs=0. . (4)

Now, by the properties of Riemann symbols established in § 63,

bijni = Pnkis = Preni -
We therefore have, by (3) and (4),

Pijne=— bura; and Py = — -
Thus biinic == Pinks = birjn -
Hence, since by §63 (4], hk) + (ih, kj) + (ik, jh) = 0, we have
Bigntc + Pinkj + Pirjn = 0-
Finally, therefore, for all values of ¢, 7, h, k we have
Bijnr = 0.

This establishes our result: at any point where n-dimensional space is

isotropic and of curvature K, Riemann’s symbols take the especially
simple form given by the relation (1).

Schur’s theorem.
The question now arises as to whether the value of K in space which
is everywhere isotropic can be an arbitrarily assigned function of posi-
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tion. An important theorem, obtained by Schur in the year 1886, states
that in such space K must be a constant. In other words, n-dimen-
stonal space which is everywhere isotropic is also homogeneous.

In Lecture VI we shall introduce the idca of covariant differentiation
and prove Bianchi’s identity (§ 117)

(i, k), -+ (i, kD + (5, Th)y, = O

Couple this identity with the relation (1) which gives the values of
Riemann’s symbols in space which is everywhere isotropic. We get

(8in&in— glkgjh) oK + two similar terms = 0,

the terms being obtained by the cyclical interchange of &, k, L.
Multiply the relation just obtained by gi*gi* and sum for all values
of 7 and j from 1 to n. We get

oK h aK oK
(1 - g:gl}i) 8 ghgl o; 8&3 (g?g’;: - g;c) a‘l‘; =0

Since our letters denote any numbers from 1 to n, we can assume that
h, I, l are all different. Then the relation just written becomes

oK [0z, = 0.
Thus K must be an absolute constant.

Evidently Schur’s theorem only applies when n > 2; for, when n = 2,
only one section can be drawn through a point and it is meaningless to
speak of the constancy of local curvature. When n = 8, Schur’s theorem
corresponds to our intuitions: it would be difficult to imagine con-
tinuous space which at every point had the same curvature correspond-
ing to all sections through the point and yet had different curvatures
at different points. Between such an intuition and its proof there is
naturally a vast gulf. This gulf the work of Riemann and his followers
has enabled us to bridge.

§69. The canonical form for the line-element in generalised space of
constant curvature.

Riemann, in the fundamental paper to which we have so often
referred, gave a canonical form for the metric of n-dimensional space
of constant curvature K. For such a space we may always make such a
choice of Gaussian coordinates ,, ... @, that the line-element is given by

ds®= ( g? dw,2)/v2

where v=1+ n‘ r2) / 4.

r=1
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To Beltrami (1885-1800) is due an alternative and more simple
canonical form for the metric of a manifold of constant negative cur-
vature. When K is negative, we may so choose the coordinates &y, .. Ty
that the line-element is given by

ds?= (;ﬁl dx,‘«’) /( — Kz,?).

We begin with ajformula due to Finzi. Suppose that our manifold,
or n-dimensional space, is given by

d32=§.tjgijdw1dd'j- ooo-to(l)

Let (4j, hk) denote the genera] Ricmann symbol of the first kind for this
manifold, and let (IJ, HK) denote the corresponding Riemann symbol
for the manifold of which the coefficients are g;;/u?.

It is not as laborious as might be expected first to calculate Christof-
fel’s symbols corresponding to the latter manifold and then to find the
Riemann symbols.

If we put u; = o W= 3 ghu
1 am{’ ret 0%
% T
and Uy = 8—12:,-—85;, — IE.I (%, 1

we get

.. 1 n
u?(1J, HK) = (ij, hk) — w2 (Ein&ir — gikgjh)ui:‘l uhy

1
+ ,l;(gihujk — Zni Wik T BrejWan— ZriWin)-

This is Finzi’s formula.
Now we desire to find the conditions, alike necessary and sufficient,
which % = 1/v must satisfy in order that the manifold given by

d82 = (E gu d(lji d(l:])/uz
U]
may be Euclidean when the original manifold given by (1) is isotropic
and of constant curvature K. Clearly it must be possible so to choose
w that (I1J, HK) = 0, when
(4], hle) = K (gnZsxc — Em&ur)-
We must therefore have, by Finzi’s formula,

1 n
u(gendsn— EmEax) (- K + 1;5;51 “’“z)
= (Zin Wi — &njWire + iy Wan — Sri%in)s
where i, §, h, k can take all values from 1 to n inclusive.
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These equations will be satisfied provided we can find u such that
u,-k = gjk (au + b), ...... (2)
while, in addition,
au+b=3u{— K+ Zdwu?}, ... (3)
where a and b are arbitrary functions or, in particular, constants. That «
can be so found, when a = — K and b is a constant, can be established
by means of the theory of systems of total differential equations*.
Now equations (2) and (8) are tensor-equations. In other words, if
equations (2) are true for any one system of coordinates they will be

n
true for any transformed system; and, since X w'y; is an invariant,
1=1

such a transformation will leave equation (8) unaltered.
Furthermore, if the manifold, whose line-element is given by

ds? =3, dada,
1

u? (au +b)
be Euclidean, it must be possible to find a system of coordinates such
that

;= u?(au + b)} 4

wp—0, ek (4)
And corresponding to such a system we shall have, by equations (2),

gjj = u2; g]'k' = 0, j # k. ------ (5)

We require, therefore, to find a function » which satisfies the equations
(4) when the g’s are given by equations (5). In addition equation (3)
must be satisfied. Now, when g;;=u? and g; =0, we clearly have
g =1/u? and g’*=0. Furthermore, if the letters 4, j, k stand for
different numbers, it may be readily seen that

[¢,7] = uwy, [d,Kk]=—wuy, [¥,%]=uu;, and [4,k]=0.
Also i, 1 = [, >
Hence from equations (2) and (3) we see that we must find a function
u which satisfies the equations

u  2u? 1/ .
o~ 7——ﬁ<,>;'1u’>+u (au + b), s=1,2,...m
*u  2uu, n
aw,%;_ v r#s, S}~1,2,.. n
and (au+b)= [ K+ ~ Zu ]

* A proof is given in the Appendlx (p. 658).
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In these equations put » = 1/v. Then the equations become

o[ £0)- (5 +0)

0%
om, ox, 0
and ﬁ v,2— K=2(a+ bv).
r=1

Suppose now that v is expanded in a convergent series of powers and
products of the n variables z,, @,, ... @, . Then the second set of equa-
tions shews that the expansion can contain no product terms. The first
set of equations shews that

v _ Pv

oz o2’
Hence the expansion for v cannot contain powers of the variables
higher than the second. We may then assume that

«—1+ Ed (w’ja>,

where a,, ... a,, d,, ... d,, and ¢ are all constants.

when 7r#s.

n
If now we put S = X v,2, we have the equations
r=1

2d,/c= S[v— alv— b;
S - K =2(a+ bv).
Hence d, must be independent of » and equal to d (say). And our
equations will then be satisfied provided
a=—4d=—K, and b=2djc.
Thus we see that for isotropic space of constant curvature K we can
obtain a line-element of the canonical form

ds?= (,gi 1dac,z) / v?,

n 2
provided =1+K X (w’ —*c— a,.) / 4.

r=1
This is evidently equ1valent to Riemann’s result.
In the concluding stages of the investigation just given we assumed
that d did not vanish. Let us now see whether a value of v can be found
for which d = 0. We shall naturally assume

v—c—i-Z a,,,
r=1
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where ¢, a;, ... a, are constants. Then the equations to be satisfied

become
1Za,2 ~2 4 b;
v v

Ya2—K=2(a+bv).
‘We must therefore have b= 0, a = £ q,2= ~ K. Now X g,2is essentially
positive if v be real. Hence our alternative value of v is only possible
when K is negative.
Obviously we may, without any essential limitation, put

and then v=V—-—Kua,.
We thus obtain Beltrami’s canonical form.

§70. Some transformations of the canonical form for three-dimensional
space.

Let us now limit ourselves to three-dimensional space of constant
curvature. For such space we may take y,, ¥, 5 to be the coordinates
for which the metric assumes Riemann’s canonical form, so that we
have

ds? — dy,® -+ dy,? + dy,?
u? ?
where w=1+4 p2/4R% and p2=y%-y,2+ Yy,

We have replaced the curvature K by 1/R?, so that B is the Gaussian
radius of curvature at any point of our space.
This canonical form naturally admits of a large number of trans-
formations. If we put
Ty =Yy fu, Ty = Ya/u,
23 = Ys/u, 2= R(2/u—1),
it can be readily shewn that
af,’12 + w22 + m32 +' w42 = Rz.
Moreover, the foregoing expression for ds? now takes the form
ds? = da,® + da,? + daeg® + d,®.
Again, we may put Y= (2—u)u,,
Yo == (2 — U) Uy,
Ys=(2—u)uy.
Then we shall have
2—u R
u Vg + ug + ugt + B

Zy Ty T3 Ty
u, Uy ug R
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§71. A geometrical interpretation of three-dimensional space of constant
positive curvature.

The first of these transformations shews that the surface of a hyper-
sphere of radius R in Euclidean space of four dimensions constitutes a
three-dimensional manifold of constant positive curvature 1/R2. In
other words, we can represent the most general three-dimensional space
of constant postitive curvature by a hypersphere in Euclidean space of
Jfour dimensions.

To interpret the second transformation we take the origin of co-
ordinates to be the centre of the hypersphere, the four mutually
orthogonal axes being Oz,, ... Oz,. Let any radius OP meet in Q the
tangent plane at the point where Oz, cuts the sphere. Then if the co-
ordinates of P be 2, ... ,, the coordinates of @ will be u,, u,, u;, R,
where the u’s and 2’s are connected by the relations which have just
been written down. Hence the w’s of the three-dimensional space in
which the four-dimensional space of the ’s is cut by the tangent plane
may be regarded as parametric coordinates of a point on the four-
dimensional sphere. In terms of the u’s the line-element of our three-
dimensional space of constant curvature 1/R? may be written in the
form
(du,® + duy® + dug?) o (U duy + uyduy 4 ugduy)®
(u+ u? +u + R?) (uy® + us® + ug® + R?)?

This form can be readily extended to n-dimensional space.

ds? = R2

§72. The canonical forms in quasi-spherical coordinates of the three
possible types of homogeneous and isotropic three-dimensional
space. :

It is convenient now to make a further transformation. We take

u, =rcos0,

Uy =rsinfcos ¢,

Ug=rsinfsin ¢.
Then we easily see that the line-element, for three-dimensional space
of constant curvature 1/R?, takes the form

R (dr)? R2y? .
2 — 2 2 2
ds R+ 72)2+ yZL rg{(d()) b sin20 (dg)?}.  ...... (1)

This gives us the expression for the metric of the canonical form of
general three-dimensional space in what may be regarded as spherical
coordinates. Further developments depend upon the sign of R2.
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If K be positive, R will be real and we shall have the case of spherical
or Riemannian three-dimensional space. For such space we may put

r= Rtany,
where x will be real. Then we get for the metric of Riemannian three-
dimensional space
ds® = R?(dy)*+ R%sin? x [(d0)? + sin?0 (d¢)?].

For Euclidean three-dimensional space K = 0, and therefore R tends

to infinity. For such space we have
ds®= (dr)? + r2{(df)? + sin® 6 (d¢)?}.

When K is negative, R is imaginary and we have Lobatchewsky’s
three-dimensional space. That we may deal with real quantities we now
put K = — 1/R?, so that in the canonical formula (1) for ds?, just given,
we change the sign of R2,

Further, we write, after this change, r = R tanh y.

This transformation gives us, as the canonical form of Lobatchew-
skyan space in quasi-spherical coordinates,

ds® — R?(dx)? + R2sinh2 y[(d0)? + sin28 (d¢)?].
X

§78. The true range and value of Riemann’s achievement.

When one reflects upon the vast amount of labour which has gone
merely (as it seems) to demonstrate the existence of the three familiar
forms of three-dimensional space, to which we were led by elementary
considerations, the result may appear at first sight to be somewhat
disappointing.

Weyl comments upon this feeling: “Space”, he says*, ““is a form of
phenomena, and by being so, is necessarily homogeneous”. (In saying
that space is a form of phenomena Weyl means that the same thing,
still remaining what it is, can equally well be at some place in space
other than that at which it is actually.) “It would appear from this
that, out of the rich abundance of possible geometries included in
Riemann’s conception, only the three special cases mentioned come
into consideration from the outset, and that all the others must be
rejected without further examination as being of no account: parturiunt
montes, nascetur ridiculus mus!”’

Weylgoes onto explain that Riemannrightly held a different opinion.
The existence of matter constitutes, as Einstein has lately shewn, bind-
ing forces in space which alter its metric. Not only so, but space and

* H. Weyl, Space—Time—Maiter. Translated by H. L. Brose. Methuen,
1922, pp. 96, 97.
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time together form a four-dimensional continuum of which the metric
depends upon thedistribution of the matter within the continuum. Itis
true that Riemannian hyper-geometry merely demonstrates that for our
three-dimensional space three different types of geometry are possible;
and it is also true that these, as we have seen in the previous lecture,
can be investigated by relatively simple methods. But Riemann also
shewed that for a general manifold (and therefore, in particular, for
that of space-time) it is possible to create a geometry corresponding
precisely to the type of metric which Einstein has found adequate as
the expression of the existence of gravitational forces.

§74. The nature of the space of common experience in the light of Rie-
mann’s analysis.

At the risk of some repetition we will now take up again the questions
discussed in our previous lecture.

The three-dimensional space of our common experience is the space
in which, as we believe, solid bodies can be moved without change of
form. Such solid bodies are ideal constructions, perfectly rigid, and un-
altered in size or shape by heat or other physical conditions. In con-
sequence of this property of the free motion of solid bodies, we assume
that our space is homogeneous and isotropic. Further it has three
dimensions. Such space, as we have now realised, can be of three
different types.

(1) It may, in the first place, be Euclidean. In this case it is infinite
in extent. For it Euclid’s postulate as to parallel lines holds good:
through any point, outside a given line, one and only one parallel to the
given line can be drawn, and this parallel will never meet the line. In
Euclidean geometry, therefore, the angles of a triangle together make
up two right angles. As was shewn by Wallis (1616-1703) at the end of
the seventeenth century, Euclid’s postulate is equivalent to the
assumption that to every figure therc corresponds a similar figure of
any size. In fact, if we could accurately demonstrate that we could
make two absolutely similar triangles of which the linear dimensions
of one are double those of the other, we should prove that Euclidean
geometry is the geometry of the space in which we find ourselves.
Equally in this geometry the parallax of a very distant star would be
zero,

The line-element in Euclidean space takes the well-known form

ds® = da* + dy® + dz2.
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(2) Secondly, the geometry of our space may be Lobatchewskyan or
(rectangular) hyperbolic. In this geometry Euclid’s postulate as to
parallels does not hold. In place of it we may take Hilbert’s axiom: “ If
in two-dimensional geometry b be any straight line and 4 any point
outside it, there are always two rays through 4, namely a, and a,,
which do not form one and the same straight line and do not intersect
the line b, while any other ray, which lies in the region bounded by a,
and a, and also passes through 4, does intersect the line . The lines
a, and a, are called the right-handed and left-handed parallels from 4
to the line b. Parallel lines as thus defined approach one another con-
tinually and their distance apart ultimately becomes less than any
assigned quantity. In this hyperbolic space the sum of the three angles
of a triangle is less than two right angles. If stellar space were hyper-
bolic the parallax of a star, however distant, would be positive. Three-
dimensional Lobatchewskyan space is ‘curved’ and the Riemannian
curvature at any point and in any direction at that point is the same
negative quantity: naturally, this quantity must be almost incon-
ceivably small if by any chance the space of our actual experience
should be hyperbolic.

(8) As a third possibility space may be spherical or Riemannian.
The properties of this space can, as we have seen in the previous lecture,
be developed in a simple manner from the assumption that there is no
parallel to a given line from any point outside it. In other words, all
co-planar straight lines intersect one another. If K be the curvature of
this space and if we put K = 1/R?, then R is real and serves to measure
thefinitedimensionsof sphericalspace. In this space, every straight line
is of finite length. In contradiction to the axioms of Euclidean space,
twostraight lines in Riemannian geometry canenclose a space; and two
points, if they happen to be a point and its anti-point, do not determine
a straight line. (An analytical definition of the anti-point of a given
point will be given shortly : the geometrical definition was given in the
last lecture.) The sum of the angles of a triangle is always greater than
two right angles; and, if the amount by which they are greater be called
the excess, the area of a triangle is proportional to its excess. The
parallax of an infinitely distant star would in spherical geometry be
negative: in other words there are no infinitely distant stars. Further-
more, in Riemannian geometry similar figures of different sizes do not
exist.
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§75. The analytical investigation of plane hyperbolic geometry.

Hyperbolic geometry of the plane can be investigated ab ovo by
taking for ds the expression

ds?= R2(dy)? + R?sinh? y (d6)2.

Alternatively, we may take the form, already given in § 87,
ds? = da? cosh? ;ll + dy?,
which results from the former by the transformation

cosh y = cosh% cosh y—,

tanf = tanh% + sinh %
From the equations of the geodesics, which this expression for the line-
element enables us readily to obtain, we may find expressions for the
parallels to Oz. If u be a parameter, the lines

m_ Y% Y
er B coth ;o
form a right-handed system of parallels to Oz. Similarly, the sheaf of
lines

—zjp . % A
e Rcoth 7
forms a left-handed system of parallels to Oxz. If the right-handed
parallel to Oz through a point P makes an
angle 0 with the perpendicular PM from P |V
to Ogz, then, as in our previous investigation, P

tan 6/2 — e~v/E, 0

We see that these left-handed and right-
handed parallels will not coincide unless
y/R=0. In this case, either y =0, and then
the parallels coincide with Oz itself: or R = 0, and we have Euclidean
geometry. We have previously seen that from elementary considera-
tions based on Hilbert’s axiom we can build up an entirely self-
consistent Lobatchewskyan geometry of space. We now see that
equally we may start from the canonical (or from some equivalent)
form of the line-element and fashion the same geometry by purely
analytical methods.

M z
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§76. Lobatchewskyan geometry of the plane is that of the pseudo-sphere
in Euclidean space.

The geometry of the hyperbolic plane is the same as that of the sur-
face which in Euclidean space is commonly called the pseudo-sphere, a
surface of revolution obtained by rotating a tractrix round its asymp-
tote. Inthe figure Vis the vertex of the tractrix and Oz isits asymptote.

Y
\i
P
(0] N T I3

If PT be the tangent at a point P, the tractrix is defined by the con-
dition that PT = R, where R is a constant. The tractrix is, in fact, the
path of a heavy particle dragged along a rough horizontal plane by a
string of length R, of which one end describes a straight line which is
the asymptote of the curve. Ifthe arc VP = o and if PN be the perpen-
dicular from P on Oz, we have dy/do == —y/R,and hence PN = Re~°/E,
Suppose now that ds is an element of length on the pseudo-sphere, and
that df is the difference of longitude of the ends of the element. Then
we have

ds® = R2e~218 (d0)2 + (do)>

When this formula is compared with that obtained in the previous
lecture for the line-element of the hyperbolic plane (§87), it shews that
circles of latitude on the pseudo-sphere correspond to what we have
previously called limiting curves in the hyperbolic plane, and that
longitudinal tractrices on the pseudo-sphere correspond to the bundle
of parallels orthogonal to these limiting curves.

§77. The volume of Lobatchewskyan space.
We have scen that in three-dimensional hyperbolic space the line-
element can be written

ds® = R (dy)? + R2sinh? x[(d6)? + sin? 6 (dg)?).

This formula shews that, corresponding to any surface for which y is
constant, ds would be an element of length on a sphere which in
Euclidean space would have a radius of length Esinh x.

Now when 6 and ¢ are constants we have s = Ry, if s and x vanish
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together: hence Ry will be the radius of the sphere whose surface is
obtained by varying 8 and ¢. Such a sphere will have an area

4w R?sinh? y.
This area increases indefinitely with .
The volume of the sphere will be

J *4mR2sinh? y Rdy — mR? (sinh 2y — 2y).
0

This formula shews us that the total volume of Lobatchewskyan space
is not finite.

§78. Riemannian geometry of the plane is that of the sphere in Euclidean
space.

The plane geometry of Riemannian or spherical space can be derived
from that of a sphere in Euclidean three-dimensional space just as the
plane geometry of hyperbolic space can be derived from that of a
pseudo-sphere. Take a sphere of radius E. Let O be its centre and C'its
north pole. Take rectangular axes such that OC is the axis of y, while
the axes of y; and ¥, are in the plane of the equator. Let x be the
co-latitude of any point P on the sphere, y
and let 0 be the longitude of P measured cl™®
from the axis Oy, . Then we can take

Yo = R cosy, N
y, = Rsin ycos 0, X
Yy, = Rsin xsin 6.
These equations give 9 4 I
Yo +yi® + ' = R?, L
and also Y,

ds® = R2(dx)?+ R?sin?x (db)>.
But this, as we have seen in §72, is the expression for the element of
length in two-dimensional Riemannian or spherical space. Clearly the
geometry of such space can easily be worked out in terms of spherical
trigonometry.

§79. The volume of spherical or Riemannian space of three dimensions.
We have seen that for Riemannian space of three dimensions the
line-element is given by

ds? = R2(dy)? + R2sin® x [(d6)? + sin?6 (dg)?].
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Taking any point in this space as origin, we may assume that 6 and 6
are pseudo-spherical coordinates: as 6 and ¢ vary, x remaining con-
stant, they will trace out the surface of a sphere. The radius of this
sphere will be given by putting 6 = ¢ = constant, so that for it we shall
have ds = Rdy, or s =Ry, if s and x vanish together. We may then take
Ry to be the radius of a sphere whose surface is given by varying 0
and ¢. Points on such a sphere will be obtained by drawing radii of
length Ry in all directions from the origin. Plainly, from the formula
which gives ds, the arca of the sphere will be
4mR?sin? y.

If now we put @ = Ry, we may say that in Riemannian space the area
of a sphere of radius a is

47 R?sin? ;‘g

This area will be a maximum when a is 7R/2, and its value will then be
47w R2. As a increases, however, the area of the sphere of radius a will
decrease when a has become greater than wR/2 and will ultimately
become zero when a = wR. Thus any two radii drawn from the origin
will meet after the length of each has become #R: the point at which
they meet is called the anti-point of the origin. It follows that, if a ray
of light passes from the origin and continues indefinitely, it will after
traversing a distance =R pass through the anti-origin; and then*, after
traversing a further distance 7R, it will return to the point from which
it started.

Thus in Riemannian space there will be, corresponding to any sun,
an anti-sun; and, unless light be lost by dispersion or in other ways, it
should be possible for an observer to see not only the sun but also the
anti-sun by means of rays that have passed right round the Universe.
If then our space is Riemannian, as is probable, it may be (apart from
physical circumstances unconnected with our present theory) that our
astronomers see stars several times over: the light by which the
secondary, tertiary, ete. stars are seen will have passed once, twice, ete.
round the Universe.

The volume of the whole of threc-dimensional Riemannian space of
Gaussian curvature 1/R? will be

R L, T
[ 47 R?sin?  dr = 272 B3,
o 17
* We assume that the origin and its anti-point do not coincide. Such

coincidence is possible and some would even say that it is probable. If it
occurs, space will be ‘elliptic’ (§ 44).
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Thus Riemannian space is of finite volume. The larger the curvature of
such space, the smaller will be its volume. When the curvature vanishes
and space becomes Euclidean, its volume becomes infinite.

§80. Properties of Riemannian space.

It should be borne in mind that the point which we have chosen for
our origin of coordinates in Riemannian or spherical space is quite
arbitrary. All that we have said will apply to spheres drawn with any
point whatever of Riemannian space as centre. Hence in such space
there can be no boundary. Every point of such space has, in fact, the
same relation to the whole space as every other point. Moreover, although
Riemannian space is finite, we must not think of it as in any way
immersed in space of four dimensions. Though finite, it is complete in
itself; and it exists unaccompanied by any space which wrongly may
be thought to be beyond itself.

This feature of Riemannian space is that which is the greatest puzzle
to the plain man ignorant of geometrical speculation. He cannot
imagine how space can be finitc unless it is immersed in some other
space that is infinite. So he always enquires what happens at the end
of space. The reply that space is unbounded, and that therefore it is
impossible to come to the end of it, does not satis{y him. He can con-
ceive that the surface of a sphere in two dimensions is alike finite and
unbounded; but he cannot conceive a three-dimensional analogue to
this surface unless it be placed in space of four dimensions. It is difficult
to see how the mathematician can help him to correct prejudices of his
imagination: and it must be admitted that the mathematician himself
is not seldom disturbed by what appear to be the paradoxes of Rieman-
nian space.

§81. To which of the three possible types docs our space belong?

The question remains as to which, of the three different types of
space which we have described, is in actual fact the space in which we
live. Probably our space, as we shall see later at the end of Lecture VI
and in §291, is Riemannian; but we cannot yet pass a final judgment
on this point. Evidently our space only differs from that described by
Euclid by an extraordinarily small degree of curvature.

Poincaré, in his Science and Hypothesis, went so far as to assert that
we could not by empirical observations decide for or against the validity
of Euclid’s geometry*. According to his standpoint, Euclidean geo-

* H. Poincaré, La Science et I’ Hypothése. Flammarion, n.d., p. 91.
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metry was the more convenient and therefore we should always in-
terpret the physical facts which are at the basis of geometry on the
assumption that the Euclidean scheme was valid. The change of out-
look due to the general theory of relativity is such that I doubt whether
to-day the majority of those who have speculated in this realm would
agree with Poincaré; but it is certain that conclusive experiments will
only become possible when a complete scheme, alike of geometry and
of physics, is worked out for Riemannian space. Obviously we need the
great distances of astronomy if we are to make effective observations
involving quantities so small as the possible curvature of Riemannian
space. These distances are measured by light rays which are a physical
phenomenon, and therefore we need to link up physics to our geo-
metrical scheme before final verdicts become possible.

It may well be, however, that in future ages the view that space is
finite will become a firmly held dogma, an assumption as universal as
the truth of the Copernican view of planetary motions. Men will then
regard Euclidean geometry as a convenient approximation to the
truth, reprehensible mainly because it tolerates the absurd idea that
space can possibly be infinite. Clifford (1845-1879) said*, half-
jestingly, ““I do not mind confessing that I personally have often found
relief from the dreary infinities of homaloidal (Euclidean) space in the
consoling hope that, after all, this other (Riemannian space) may be
the true state of things”.

* W. K. Clifford, Lectures and Essays, vol. 1, p. 888. Macmillan, 1901.

BST 7



Lecture v

SPACE-TIME: THE SPECIAL THEORY
OF RELATIVITY

§82. The measurement and interconnection of space and time.

In the two previous lectures we have considered space in separation
from time. We have now to consider the remarkable transformation of
fundamental concepts which, by developing the consequences of the
fact that space and time are always fused together in experience,
constitutes theory of relativity*.

Until the present century philosophers and physicists generally
assumed that space and time were separate, cach existing in its own
right and in complete independence of the other. Time is presented to
our experience as continuous duration in which there is succession. In
space we expcerience continuous extension without succession. The
conception of time as an independent entity presents obvious diffi-
culties. At any instant the past is dead, the ‘now’ alone exists. How
then can we get continuous duration? What is there that binds to-
gether successive moments of time? Descartes (1596-1650) assumed,
and the idea appears also in earlier Indian philosophy, that the world
is perpetually re-created. Conservation, for Descartes, is continuous
creationt.

But, if we analyse our experience aright, we reach the conviction that
space and time are abstractions made by the mind from a single entity,
space-time}. We do not perceive points of space or instants of time. We
perceive point-instants or events. The plain man will object that the

* The historical development of the new ideas may be briefly indicated. The
Michelson-Morley experiment was first described in the year 1887. Important
papers by H. A. Lorentz appeared in the years 1887, 1895 and 1904.
A. Einstein’s classical paper on the special theory of relativity belongs to the
year 1905. H. Minkowski set out his most pregnant ideas in the year 1908.
Original papers by Lorentz, Kinstein and Minkowski were published together
under the title Das Relativititsprinzip. Teubner, 1915. Subsequent editions
of this book have included further papers by Einstein. Einstein’s fundamental
discussion of the General Theory of Relativity appeared in the year 1916.

T Oeuvres de Descartes, cd. V. Cousin. Levrault, Paris, 1824, tome i, pp. 381
and 458.

I For the present we leave open the question as to whether space-time is
other than a necessary form of our perception. This and cognate matters are
discussed in Lecture XVII.
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end of a lightning-conductor on the Victoria Tower of the Houses of
Parliament is a definite point of space which we can perceive. It is,
however, only definite with respect to a set of axes in, shall we say,
Parliament Square. These axes move with the earth, which is revolving
on its own axis and moving roughly in a circle round the sun, while the
sun itself is in motion with respect to the so-called fixed stars. A set of
axes determined by the stars is as fixed as any set we can choose. But,
because the axes in Parliament Square are moving with respect to
these axes, we cannot determine the position of the end of the lightning-
conductor, even with reference to the stellar axes, without bringing in
the notion of time.

It might be thought that if we had two clocks identical in all respects,
one fixed in Parliament Square and one fixed with reference to the
stellar axes, they would go at the same rate and that therefore we could
measure absolute time. But the two clocks are moving rapidly with
respect to one another. It is a pure assumption that, if a man in
Parliament Square could see the clock fixed to the stellar axes, he
would find that it appeared to be going at the same rate as the clock by
his side. And the theory of relativity says that this assumption is untrue.
We need to bring in a knowledge of how the identical clocks are moving
with respect to one another in space before we can settle their relative
rates for our observer.

All physical science is primarily quantitative: it deals with measure-
ments which are expressed by numbers. When the nature of the mea-
surement of space or of time by means of material ‘events’ is analysed,
it is found that considerations of time enter into determinations of
space and that considerations of space enter into determinations of
time. For instance, an observed distance, like the length 4 B of a mile
of chain stretched out along a straight road, is a system of events. If
we stand at one end 4 of the chain, the light from the other I3 takes a
definite (though very small) time to reach the eye. Thus we actually
perceive the two ends 4 and B at different times. Similarly, actually
observed time-intervals are always measured spatially. Our usual
measurement uses the coincidence of the hand of a clock with a point
on its dial.

§83. Absolute space.
We naturally picture space as a vast tenement-house in which
different bodies occupy places in its various rooms. We thus fancy that

we can define our position in absolute space by saying that we are in a
7-2
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certain position in a certain room. In point of fact we have no means
of discovering any such absolutely determined room. All we can do is
to find our location with reference to the location of other bodies. We
have no knowledge of absolute position or of absolute motion. We
cannot, in fact, find out if we are in the same place at two different times.
The geometry of space is the study of a network of relations based on
observation of the way in which rigid bodies can be moved relatively
to one another.

If absolute space, the vast tenement-house of our imagination,
exists, we have failed to discover it. There may, or there may not, be
an ‘ether’ filling all space (vide § 150), but it is certain that, if an ether
exists, we have failed to determine the motion of matter relative to it.
The assignment of different bodies to different tenement-rooms in
absolute space belongs to the class of distinctions which are not derived
from observable phenomena. We can therefore have no use for it. The
conception of absolute space we set aside. Geometry is based on the
notion of extension and not on the notion of location.

Such a conclusion will, of course, be challenged by those who
venerate the name and accept the authority of Newton. Newton’s
belief in absolute space grew naturally out of the quasi-philosophical,
quasi-religious, ideas of the Cambridge Platonism of his age. Henry
More (1614-1687) in effect deified space, as when he could write*:
*“This infinite extent will seem to be something divine. It cannot be
nothing as it has so many splendid attributes, such as the following,
which are ascribed by metaphysicians to the Supreme Being”. Then
follows a list which is certainly imposing, “one, simple, motionless,
eternal, complete’” and so forth. From the atmosphere in which such
thought flourished there apparently came Newton’s scholiumt: “Ab-
solute space by its nature without relation to anything external always
remains similar and motionless. Relative space is a measure of this
space or a certain movable dimension of it, which is defined by our
senses by its position with regard to bodies, and is usually taken for
motionless space”’.

§84. Does absolute rotation exist? The views of Newton and Mach.
Though neither Newton nor any of his successors could point to any
experiment which appeared to give us knowledge of absolute (as

* In the metaphysical treatise of 1671, entitled Enchiridion Metaphysicum :
sive, de rebus.. . .This work was an attack on Cartesian philosophy.

t See, for instance, Thomson and Blackburn’s reprint (Maclehose, 1871) of
Newton’s last edition (1726) of the Principia, p. 6.
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opposed to relative) motion of translation, yet a number of experiments
seem to point to absolute rotation. The earth, for instance, owing to its
rotation is flattened at the poles. Foucault’s pendulum changes its
orientation as the earth rotates and so would prove the existence of
such rotation, even though the earth were perpetually covered with
clouds so that we were unable to see the so-called fixed stars.

These arguments for the existence of absolute rotation were almost
universally accepted as cogent until Ernst Mach (1838-1916) in the
second half of the nineteenth century challenged them. He urged that
we have no right to claim that the centrifugal forces produced by
rotation are due to absolute rotation: they result from rotation relative
to the fixed stars. If all the fixed stars had a rotatory motion equal and
opposite to that which we ascribe to the earth, and if the earth were at
rest, we should not know of the circumstance; and we should be very
much surprised if the centrifugal forces of our common experience were
not produced. We are thus led to the belicf that the law of the inertia
of matter must be so formulated that all the masses of the Universe
enter into its expression. We are not entitled to say that there is a
distinction between rotation and translation, the former being absolute
and the latter relative. Both are relative: the fixed stars are the origin
of the centrifugal forces which arise where a body is rotated with respect
to them. Though this conclusion cannot be proved by experiment, it
can be provisionally accepted because we do not then assume the
equally undemonstrable belief that we can discover, as regards rota-
tions, the existence of absolute space.

Mach, in the year 1866, wrote: ““Physical space such as I have in
view (it also includes time) is nothing but the interdependence of
phenomena. Modern physics which would recognise this interdepend-
ence would have no further need of special views on time and space
since they would have been already exhausted”. Forty years after
these words were written Einstein fused together space and time in the
special theory of relativity and shewed that geometry is, in essence, a
branch of physics.

§85. The belief in absolute chronometric time.

But is there not absolute time? We have an intuitive belief that time
is absolute: and Newton* formulated this belief in the Principia. He
said: ‘“ Absolute true mathematical time of itself and from its nature

* This scholium immediately precedes that, relating to space, which has just
been quoted.
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without relation to anything external flows equally; and its other name
is duration”.

Newton is here speaking of mathematical time, such as is measured
by a perfect chronometer, and not of psychological time, which is
measured by our sensations. It is the public time of a comrmunity,
which different individuals fill with varying intensities of feeling.
Belief in the absolute nature of such time, a conviction that it would
be the same for ourselves as for beings on a star moving quickly rela-
tively to the earth, was until recently universal. But such belief and
conviction cannot be maintained.

We have previously reached the conclusion that we cannot find out
what is the same place at two different times: we pass now to the
correlative fact that we cannot find out what is the same time at two
different places. “But that is obvious nonsense”, says the plain man
when first introduced to this region of cnquiry. “I can move my clock
from 4 to B and discover whether it tells the same time as an exactly
similar clock at B. If the two clocks are perfect and synchronised
accurately, I have done what you say is impossible.”

Let us grant that we can construct perfect chronometers, accurately
synchronised, just as we grant the existence of rigid measuring rods.
The reply to the objection of the plain man has nothing to do with such
mechanical difficulties as are due to imperfections of chronometers.
It rests upon the less obvious fact that we do not know whether the
rate of our clock 4 has not altered in going to B. The plain man replies
that, if the clocks were a mile apart and sufficiently large and clear,
he could by a telescope see that they went at the same rate. “Yes,”
we answer, ‘““but have you allowed for the fact that light is not instan-
taneous. It travels at the rate of 186,000 miles a second*, if we may
assume that its velocity is unchanged when its direction is reversed.”
If he replies that one hundred and eighty-six thousandth of a second is
so small a period of time as to be negligible, we ask him to imagine the
second clock of the sun, whence light will take eight minutes to reach
the earth.

The point which I wish to emphasise by this imaginary conversation
is that at great distances our measures of time depend upon light-
signals, and that the pre-relativity physicist had but a hazy notion of
what he meant by the same time at two different places.

* The fact that light travels with a finite though large velocity was first

determined by the Danish astronomer Romer {1644-1710) in the year 1676,
as a result of observations of Jupiter’s moons.
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§86. The belief in absolute simultaneity.

Light travels so fast that its speed baffles imagination. Sound, how-
ever, travels slowly. Let us therefore imagine that we determined time
by sound-signals. We have, say, on a still day two soundless motor
boats, side by side and each a mile from the ends of a straight canal two
miles long. Though they happen to be side by side at a given moment,
we postulate that one is at rest and the other moving rapidly. At the
given moment shrill whistles are blown at each end of the canal. For
an observer on the stationary boat the whistles are simultaneous. Are
they simultaneous for an observer in the moving boat? No. He travels
to meet sound coming from one of them and away from sound coming
from the other. He hears the former whistle first. The whistles, in fact,
are not simultaneous for cach of the two observers. Simultaneity of
sounds depends on the velocity of the observer.

Exactly in the same way simultaneity of events conveyed by light-
signals is not absolute but dependent on the motion of the observer.
The plain man replies: “I know that I only see things which happen on
the sun some cight minutes after they have happened. But an astro-
nomer, knowing distances and velocities, can always make the neces-
sary corrections. All this talk does not upset my belief in absolute
time”’. To which we answer: “The whole point is whether the astro-
nomer has such knowledge based on conclusive physical experiment as
to give us absolute time throughout the Universe. In point of fact he
has no such knowledge”.

§87. Two fundamental enquiries.

At the basis of the special theory of rclativity are two questions. In
the first place, how can we determine the same moment at two different
points 4 and B? Secondly, how can the length of a moving rod be
accurately measured by a stationary observer (or, say, the length of
a moving railway train by a man on the embankment of the line)?
In answer to the first question we have to admit that the definition of
simultaneity rests upon a convention. Suppose that M is the middle point
of the straight line 4 B. When flashes at 4 and B reach an observer at
M at the same instant we say that the flashes were simultaneous: they
occurred at what we define to be the same time at 4 and B. In this
definition we assume (what we cannot prove) that light travels from
A to M in the same time that it travels from B to M.

Suppose now that an observer § is at M when the flashes occur, but
that he is moving along 4 B towards B. The flash from B will clearly
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meet him before the flash from 4. Hence for the moving observer the
flashes were not simultaneous. In short, events which by the most
natural and convenient definition are judged to be simultaneous for
one observer will not usually be simultaneous for an observer moving
relatively to him. Moreover, as we shall see shortly, we cannot discover
which observer is moving relatively to the medium in which it is natural
to assume that the light is moving.

It may be objected that a more natural definition of simultaneity
would be found by having two synchronised identical clocks, one of
which was left at 4 and the other slowly moved to B. When the clocks
indicated the same time we should have simultaneity at the two
places. In this definition, however, there is an assumption which
cannot be demonstrated to be a physical fact. In slowly going from 4
to B the clock might gain exactly the time which it lost in its slow
return journey from B to 4; and then an observer at 4 would think
that it had continuously kept perfect time. To define simultaneity by
a moving clock we assume that the clock does not alter its rate when it
is slowly moved. It can be proved that this assumption is equivalent
to the former.

How, in the second place, can we measure the length of a railway
train AB from the embankment with respect to which it is rapidly
moving? For the embankment we can find, by our previous definition
or convention, simultaneity at all points. We take then an instant of
embankment-time f,; and we suppose that, at that particular instant,
the ends 4 and B of the train are opposite to points 4" and B’ of the
embankment. The measure of 4'B’ by a man on the embankment will
then be the measure of the length of the train from the embankment.
It must be carefully noticed, however, that, at the instant of embank-
ment-time when 4 and B are opposite 4’ and B’ respectively, the time
at 4 as measured by a man on the train will differ from this man’s
measurement of the time at B.

§88. The Michelson-Morley experiment.

What knowledge of light-signals have we? We donot know that light
travels backwards and forwards with equal velocities: but we make this
very natural assumption. We have seen that it is at the basis of our
conventional definition of simultaneity. If the assumption be granted,
a famous experiment, the Michelson-Morley experiment, has shewn
that the measured velocity of light is independent of the velocity of the man
whomeasures it. Not only so, but the astronomer de Sitter, from observa-
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tions of double stars, has demonstrated the congruous fact that the
measured velocity of light is independent of the velocity of its source.

We may add that the velocity of light is the same for all colours,
besides being independent of the velocity of its source. This conclusion
follows from the observed fact that the minimum of emission is observed
simultaneously for all colours when a fixed star is cclipsed by a dark
neighbour.

We must then assume that light always travels in vacuo with con-
stant velocity c relative to all bodies in space, however they may be
moving. Its velocity, of course, changes when the light travels through
a medium such as air or water. But we can make corrections for such
change: moreover, the intervals between astronomical bodies are, save
near the bodies, free from such media.

Now the constancy of the measured velocity of light is the puzzle
which led to the theory of relativity. If light moves with velocity ¢
relative to 4, and if 4 moves with velocity v in the same direction
relative to B, the principles of classical Newtonian kinematics would
lead us to assert that the velocity of the light relative to B would be
¢+v. Yet we learn from the Michelson-Morley experiment that the
velocity of light relative to B is not ¢+ v but ¢. Obviously, then, a
radical revision of one of the foundations of classical kinematics, the
law of composition of velocities, becomes necessary. This revision
turns out to be so drastic that in it we give up both the idea of absolute
measurement of length and also the idea of absolute simultaneity in
time.

§89. The fundamental result of the special theory of relativity.

We proceed now to consider bodies moving relatively to one another
with constant velocity or, as it is sometimes described, in uniform
relative motion. For such bodies we shall shew how to formulate
measurements of length and time that will be in agreement with the
Michelson-Morley experiment. We assume that, if the direction of light
be reversed, its velocity will be unaltered. We further accept the ex-
perimental result that this velocity ¢ is a constant, whatever be the
velocity of the observer who measures it. We measure a distance by the
time which it takes light to travel along it: if light takes time ¢ to travel
from A to B, then the length of 4B is ct. But we make no assumption
that the measurement of distances or times is independent of the
velocity of the observer.

Suppose that we have a ‘ fixed ’rod 04, of length I, with two identical
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synchronised clocks fixed at O and 4. We must, of course, synchronise

our clocks by flashing a signal from O to
—>

4 and back again: and we make the o A
assumption that the ‘to and fro’ velocities
of light as measured by an observer at O 0 5 A

are the same. If now light flashed from
O takes time ¢ to get to 4, we have
l=ct.

Suppose further that we have an exactly similar rod 0’4’, instan-
taneously coinciding with 04 but moving with velocity v relative to
0A. Let there be an observer S at O and a ‘moving’ observer $” at 0'.
Let $” have at 0" and 4’ clocks which are duplicates of the clocks at
0 and 4. (The two rods are scparated in the diagram, although they
are coincident for a moment in actual fact.)

We do not assume that the length of 04 as measured by S’ would
bel. We callit I/, so that I’ is the apparent length of the rod as measured
by the ‘moving’ observer.

Neither do we assume that the time which the flash takes to go from
O to 4 would be t when measured by $’. We assume that according
to his measurement it is ¢’'; and he, in this measurement, will act on the
belief that the ‘to and fro’ velocities of light are the same. Thus both
S and S’ will respectively assume that they are at rest relatively to the
luminiferous ether, if such cxists.

S’ will then see a flash start from O, a point where he momentarily
is; it will go a distance which he measures as !’ in time which he mea-
sures as t’. It will go from him with velocity ¢ and thercfore according
to his calculation will have passed over a distance ¢t’ on arriving at 4.
But the point 4 appears to him to be travelling towards the origin of
the flash with velocity v.

Thus he will compute that the light has passed over a distance
UV —ut'.

Hence ct'=U'—-vt', or t'=1U[(c+v).
Hence the time which § measures as /¢, $” will measure as
Ufe+o). (I)

Now no physical experiment enables us to detect absolute motion.
Hence we may repeat the preceding argument after we have impressed
a velocity — v on the whole system. Then §’ will be ‘at rest’ and S
with his rod and clock will be moving with velocity — v relatively
to S,
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Assume now that the length of 0’4’ as measured by § is the same as
the length of 04 as measured by S’.

Then, as before, the time which §’ measures as I/c, S will measure as

Ule=v). ... (IL)

By (I), unit measure of time by § corresponds to a measure
c'fl(c+v) by S'.

By (II), unit measure of time by § corresponds to a measure
lc—v)/cl by §'.

Hence c2l'% = 2 (¢ — v?);
or l=1Uh, where h=1/V1—v?c

§90. The restricted principle of relativity.

In the previous investigation we have assumed:

(1) that, if the direction of light be reversed, its velocity will be
unaltered;

(2) that the measured velocity of light is the same constant quantity
¢ for both observers § and §’, notwithstanding that they are in uniform
motion relative to one another;

(8) that the length of the rod 0’4" as measured by § is the same as
the length of the rod 04 as measured by $".

The second assumption is the result of the Michelson-Morley
experiment.

The third assumption is an illustration of the special or restricted
principle of relativity. This principle may be stated in Einstein’s words*
as follows: “If, relative to §, S’ is a system moving with uniform
velocity of translation, then natural phenomena run their course with
respect to §” according to exactly the same general laws as with respect
to §”°. Alternatively we may state the principle in the form¥: “It is
impossible by any experiment to detect uniform motion relative to the
ether”.,

The principle is justified by the fact that we cannot detect an
absolute movement of uniform translation in space.

The restricted principle of relativity gives rise to Einstein’s special
theory of relativity. The more general cxtension of this principle gives
rise, as we shall see later, to the general theory of relativity.

* A. Einstein, Relativity, the special and the general Theory. Translated by
R. W. Lawson. Methuen, 1924, p. 13.

t A. S. Eddington, Space, Time and Gravitation. Cambridge University
Press, 1928, p. 20.
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§91. The Fitzgerald-Lorentz contraction.
What is the meaning of our result
U=1V1—2v¥c? or I=Uh?

When c is infinite, this equality becomes ! =1’, so that Newtonian
dynamices rests on the assumption that ¢ =co. Usually v/c is very small.
Except in some modern experiments concerned with the motions of
electrons we have no knowledge of velocities approximating to that of
light. Thus Newtonian dynamics did not, until recent times, conflict
with experimental results.

Evidently 1 — v2/c? is a positive quantity less than unity, so long as
v is less than ¢. Hence h is greater than unity; and thus I’ is less than /.
Hence the length of a rod moving with uniform velocity v along its
length is, as measured by a stationary observer, contracted in the ratio
1/h. This is the famous Fitzgerald-Lorentz contraction.

The intelligent but puzzled citizen asks at once: ‘“Does the rod really
growsmaller?” Wemust answer ““ No”’; because the rod, for an observer
moving with it, keeps the same length. But the only way, in which an
observer with respect to whom the rod is moving can measure it, makes
it appear shorter. We cannot get behind our measurements and we
must be content to repeat ascertained truths. Two observers with
respect to whom the rod is respectively stationary and moving, when
they measure it by the only methods available, get different results.
For an observer § at O the length of the rod 04 isl. For an observer &',
momentarily at O, but moving along 04 with velocity v, its length is /h.

Can we say what its ‘real’ length is? We can only do so if we make
the convention that the ‘real’ length is the length as measured by an
observer at rest relatively to the rod. We call a length so measured the
proper length.

If v becomes equal to ¢, k becomes infinite and I’ becomes zero. Thus
the length of a rod moving with the velocity of light is zero.

If v were greater than ¢, h would be imaginary. Hence, unless we pass
to conditions not contemplated by the special theory of relativity, there
can be no speeds in nature greater than c. Thus the velocity of light is not
only an absolute constant of the Universe: it 1s the greatest velocity possible
wn that Universe. It must be remembered that this is the conclusion
reached for the special theory of relativity, in which we ignore gravi-
tational fields and their effect on the motion of light.
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§92. The equations of the Lorentz transformation.

Suppose that we have two axes Oz and O'2’, such that 0’2’ moves
along Oz with velocity v. (For
convenience of drawing the axes
are separated in the figure. In this
figure the points P’ and P are actually coincident.)

Suppose further that we have identical synchronised clocks at 0 and
P and that the time ¢ given by them vanishes when 0’ is at O.

Let there be an observer S at O and another observer $’ at 0.

Let 8’s measure of OP be z; and, when # is the time measured by the
clock at 0, let O’ P’ as measured by S’ be of length 2'.

Then a — vt is the distance O’ P’ as computed by S

o ——> P’ '

P &x

and ' is the distance O’ P’ as computed by S’.

These computations are measures of the same ‘moving’ length as seen
by ‘fixed’ and ‘ moving’ observers. Hence

’

rx—uvt @
T
Take the point P’ on O’z’ which instantaneously coincides with P.
Suppose further that we have identical synchronised clocks at 0" and
P’ and that the time ¢’ given by them vanishes when O’ is at O.
If now we give a velocity — v to the whole system and repcat our
previous argument we shall get
x= (2 +ot')h.
Hence, eliminating z’, we have

B o
t = (t — ‘éé’) h.

Thus for two systems of rectangular axes moving uniformly with
regard to one another, with velocity v in the direction Oz, we shall have

or a'=(x—uvt)h.

x' = h(x— vt),
¥ =9
=2, e (L)
' =h (t — z_g) ,
and conversely &= (2’ +ot')h,
Y=Y,
2=2
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These equations constitute the Lorentz transformation. They connect
the measurements of space and time made by two observers with regard
to whom the two systems are respectively at rest.

The hypothesis that the length of a moving body contracts in the
direction of motion in the ratio (1 — v%/c)} : 1 was first suggested in the
year 1892 by G. F. Fitzgerald (1851-1901), the Irish physicist. It was
immediately adopted by the Dutch physicist H. A. Lorentz (1853-
1928), who made it an element in his general electrical theory. Lorentz’
discovery that the time must be changed as in the last of equations (L)
was published in the year 1895.

§93. Einstein’s deduction of the Lorentz transformation.

Einstein* obtains the previous results in the following manner. We
reproduce his argument because it serves to bring out equally clearly,
though in conjunction with a different proof, the underlying assump-
tions of the theory.

Suppose that we have two parallel sets of rectangular axes Oz, Oy,
0z and 0'z’, 0'y’, 0'%', and that O’ is moving with velocity v along Oz
so that 0’2’ and Og are in the same straight line.

Let an event whose coordinates are z, y, 2, £ in the one system have
accented coordinates in the other. Further, let us assume that £ and ¢’
are so measured that both vanish when O and O’ coincide. Clearly
y=y and z=7%".

Since the two systems are moving uniformly with respect to one
another, linear relations will connect accented and unaccented co-
ordinates. Moreover, a light-signal (z, ¢) will be transmitted according
to the equation  — ¢t = 0. Hence, since a ray of light travels in both
directions with the same velocity ¢ in the two systems, we must have

' —ct’ = A(x—ct),
and 2 +ct’ =p (x+ ct),
where A and p are constants.
Hence we must have
&' = ha + kct,
ct’ = kx + hct,
where h and k are constants.
Now O’ (' = 0) moves with velocity v along Oxz; and therefore 2 = vt
when ha + kct = 0. Thus k= — hv/c.

* See his popular exposition, to which reference has just been made,
pp. 115-20.
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Hence 2’ = h(z—ot),

, vx
v=n(e=52),
where A is a constant still to be determined.
Eliminating ¢ we have

hx{l —v?¥/c?} = a’ + ot'.
If we have a rod 4'B’, fixed relatively to O’z’, we can measure its
o' A B !
—

o A B z
length in the ‘moving’ system (just as we should measure its length in
a railway carriage) by using a foot-rule that moves with the rod.

But how can we measure the length of the rod as it appears to an
observer §'in the ‘fixed’ system? We have seen that we take the points
A and B of Oz, which coincide with A" and B’ at the same instant of S’s
time, and then measure 4 B. This is what Einstein calls taking a snap-
shot of A4’B’ from the fixed system.

Let I be the length A’ B’ as measured by §”; and let I’ be the length
AB as measured by S.

Then, since ' = h(z — vt), we have [ = hl’. Evidently  is the length
of the rod at rest and I’ its length when measured by an observer with
respect to whom it is moving with velocity v.

Put now the rod of length I in Ox and take a snapshot of it from the
moving system. For this snapshot ¢ must be constant.

Hence, from the equation

hx{l —v?[c?} =&’ + ot',
we see that the length of the rod as measured from the moving system is
hl{1 —v?/c?}.
But this length is I, since the measure of a ‘fixed’ rod as seen from a
‘moving’ system is the same as the measure of the same ‘moving’ rod
as seen from a ‘fixed’ system.

Hence U= {1 —v?c?}.

Combine this with I=hl’' and we have h=1/v1—v2/ct Thus the
Lorentz equations are, as before,

a' = h(x—ot),
Y=Y o (L)
3 =3,

" = h(t— va/c?).
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§94. The Lorents transformation for infinitesimals.
Obviously the equations just obtained lead at once to
dx' = (dz —vdt)h,

dy' = dy,
dz’ = dz,
at = (dt—%da)h
c
If then we put — ds? = da? + dy? + dz® — c*di?,

the quantity ds will be invariant.

We call ds the interval between the two adjacent events

(@, Y,21) and (z+de, y+dy, =z+dz, t4dt).

Our result tells us that the Lorentz transformation leaves ds, the ele-
ment of interval, unaltered. In other words, the element of interval is
an invariant for the Lorentz transformation.

It can further be proved that the Lorentz transformation is, in effect,
the most general linear transformation between two sets of four-
dimensional rectangular coordinates for which ds is an invariant.

§95. Time-measurements in the special theory of relativity.

The Lorentz equations enable us to consider the rclation of the
different measures of time made by two observers § and §’ moving
uniformly with respect to one another.

We have assumed that the observer ' is with his clock at the origin
0 of the (z, t) coordinates, and that S’ with his clock is at the point o’
of the axis 0’2’ which is moving with velocity v along Oz. The clocks
are exactly similar and measure the same zero time when O and O’
instantaneously coincide. Let us suppose that an event happens in the
moving system of $’. According to the clock at O which measures the
common time of the ‘fixed’ system the event has taken place at time ¢;
but according to the clock at O’ which measures the common time of
the moving system it has happened at a time #'.

The equation t= (t’ + vg) h
connects the two times.

The difference between the times ¢,” and f,’ of two events which
happen at O’ will be ¢’ —t,’ and for them a’=0. Let t, -1, be the
corresponding difference between the times of the two events as
measured by S at O. Then we have the relation

ty—ty=h(t'— )
Now h is greater than unity. Hence ¢’ — 4, is less than ¢; — ;. In
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other words time in the moving system seems to the observer § to go
more slowly: it is retarded in the ratio 1/h.

At this statement all our prejudices rise inrevolt. So ingrained is our
belief in absolute time that we cannot accept the idea that time on a
body moving rapidly with respect to ourselves goes more slowly than
our time. It should, moreover, be noticed that an observer on the
moving body finds that our time goes more slowly than his, for we are
moving with respect to himself.

The paradox seems intolerable; but it is the only conclusion we can
derive from such measurements as we can make. It results, of course,
from the fact that each observer assumes that he himself is at rest
relatively to the ether (or to whatever be the medium in which light
travels) and makes his calculations accordingly.

The paradox gives risc to a very pretty conundrum. An observer,
say, shoots away on a ball moving with nearly the velocity of light. He
returns, having made a vast circuit of the heavens, after a century of
our time. Measured by himself this time is only a year. What is the
true time? We must, as Eddington* says, draw a distinction between
the time of consciousness and time as used in physical or astronomical
measurements. Suppose that we define proper time as the time of an
observer moving with the system in which the time is measured. Then
proper time will be time of consciousness, and its element du will be
definite in amount. Physical time, the element of which we can take
to be dt, changes (as we have scen) for different observers. On the other
hand, dt is a perfect differential, so that the sum of its values over a
track will only depend on the end points of the track. But du is not a
perfect differential and the sum of its values will depend not only on
the end points of the track but also on the particular track along which
it is summed.

In the language of the integral calculus [du, taken from point of
departure to point of return, will be the time lived by the two men, one
on the earth and the other on the ball, and will differ according to the
tracks along which they move. But [d will be the common time for
each as objects observed by some super-observer and will be indepen-
dent of their tracks.

Why the time of consciousness for the man on the ball should go so
much more slowly than for ourselves on the earth has not, I think, been
satisfactorily explained.

* A, S. Eddington, The Mathematical Theory of Relativity. Cambridge
University Press, 1924, p. 241.

BST 8
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Critics of relativity have sometimes contended that, since the motion
of the ball is merely relative to the earth, we might equally well argue
that the man on the ball is at rest and we in motion, so that our year
would be equal to a century of his time. But in the case postulated the
ball is, by hypothesis, moving in a strong gravitational field, while in
the second case we should be so moving. Relativity does not assert that
physically different processes are the same. For the case when the ball
moves first directly away from, and then backwards again to, the earth,
Einstein has shewn that the right use of the principle of relativity does
not lead to contradictions*.

§96. The space-time continuum and the interval.

Let us take a system of coordinates z, ¥, , f. We take the quantities
z, Y, zto fix the position of a point in space with respect to three mutually
perpendicular planes. We take ¢ to be a fourth dimension so that Ot is
perpendicular to Oz, Oy and Oxz.

“It cannot be done”, you will say. Quite true. Imagination fails to
picture a fourth dimension. But any event in space needs four numbers
to describe it. Three of these, @, y, 2, fix its relative position. The fourth,
t, fixes its time relative to an observer whom we may suppose to be at
the origin of the @, y, 2 coordinates.

We have knowledge only of events; that is to say, of relative positions
atrelative times. So we need four numbers to describe the results of our
observations. We do not observe points in space but events in space-
time. The Universe of our observation is thus a four-dimensional space-
time continuum. We call it a continuum because near to any event there
are as many events, either actual or conceivable, as we care to choose.

Now we have to make a way of picturing this continuum. Just as for
linear motion we can take Oz and Of to be axcs at right angles with
respect to which # and ¢ arc measured, so for general motion in space we
take four mutually perpendicular axes, Oz, Oy, Oz and Ot, which serve
for similar measurements. We are safe in using such imaginative geometry
provided we avotid internal contradictions.

Suppose now that we have two sets of mutually perpendicular
reference-axes Oz, Oy, Oz, Ot and O’z’, O'y’, 0’2, O't’; and that 0’2’
moves with velocity v along Oz. Then, by what we have already learned,

&' = h(z — vt),
Yy =y,
=2 F (L)

¢ =h(t—%‘:).)

* Vide Die Naturwissenschaften, vol. vi, 1918, p. 697.
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The equations (L) constitute the Lorentz transformation.
Newtonian dynamics was built upon the system in which ¢ = oo,

h=1. That system is

' =x— vt,‘l

y=% L (N)
2 =2,

t =t

Thus, in Newtonian dynamics, the time is absolute.

Suppose now that we have the events P; and P, whose coordinates
in the ‘fixed’ system of axes are @y, ¥y, 21, t; and @y, Y, 2, ts-

Let accented letters denote their coordinates for the moving axes.

Then
@) — @y = [ —xy—0(t — ty)]h,
Y — Y2 =Y1— Ya»

2y — &y =2 — 2,
Y v
tl o tz = tl - t2 - (’?2(w1 - wZ) ho

Hence (2 —@)2 + (Y1 — ¥2)* + (31 — 25)* — € (6, — 15)?
=(z) — &)+ (g — ¥ )P+ (& — =) — (L — &)~
Thus the expression
€2 (b — 15)% — [(2 — @)%+ (Y1 — Y2)* + (21— 2)°]
is unaltered by the Lorentz transformation.

Calling this, by a natural extension of our previous definition of ds,
the square of the interval between the two events, and denoting it by s?
we have

82 =2ty — bp)® — (21— @)% — (Y1 — ¥2)* — (21— %)™

When the events take place at the same point of space as judged by
our fixed reference system, s/c is the time between them.

If the two events are observed at the same moment of time, the
space-distance between them is V' —1s.

Hence the interval is a generalisation of space-differences and time-
differences; and, because it is unaltered by the Lorentz transformation,
it is the same for all observers moving with a uniform velocity of
translation relative to one another. Thus, though measures of length
and measures of time differ for different observers, the interval is the
same for all.

Introduce now a new measure of time, given by

r=v — lct.
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Then —8%= (& — )2 + (Y1 — Ya)* + (31— 22)* + (11 — )%
The expression for s? is now symmetrical in @, y, z and 7. In the ex-
pression for the interval the part played by 7 is exactly that played by
z or y or z. Space and time have thus been put on the same footing, so
far as analysis is concerned. Are they actually on the same footing in
Nature? The answer is in the negative. We have put r=+ — 1ct; and
the existence of the imaginary quantity v — 1 expresses the funda-
mental difference between space and time. Analytically the difference
is slight: practically it has a profound significance.

We know that the square of the distance between two points in
three-dimensional space is

(T = Zo)® + (Y1 — Y2)* + (21— 2,)2
Hence the interval is v/ — 1 times the distance between two points in
the four-dimensional continuum measured by the coordinates z, y, z, 7.
The latter continuum we call Minkowski’s world.
In view of the elegance of the contribution made by Hermann

Minkowski (1864-1909) to the special theory of relativity, his death at
the height of his powers was a grave loss.

§97. Minkowski's world and its stratification*.

Take a two-dimensional section of Minkowski’s world given by
¥ =0, 2= 0. In accordance with the common notation we put. =V —1.
Then, since ¢ = 7/ic, the Lorentz transformation becomes

w’=(ac+5)'r>k,
C

If h= cos 6, we have

1 —v?%/c?=1/cos?0,
so that v=1ctan@ and hv/c= —siné.
Thus the Lorentz transformation becomes, for our two-dimensional
section of Minkowski’s world,

' =axcosf—rsinb,

7' = 7cos 0 + xsin 6.
These are the usual equations of transformation with respect to two
sets of rectangular axes having a common origin and inclined at an

* An admirable discussion of Minkowski’s world will be found in Chapter 1

of A. S. Eddington’s book, Space, Time and Gravitation. Cambridge University
Press, 1920 and subsequently.
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angle 0. As a generalisation of this result to four dimensions we canstate
that, in Minkowski’s world, the Lorentz transformation is exactly equi-
valent to rotation of axes. Thus in the special theory of relativity
different observers break up the space-time continuum by taking
different stratifications within it. Al their different measurements are
merely the result of taking, with a common origin, different sets of mutually
orthogonal axes of reference in Minkowski’s world.

§98. Geometrical illustration of the way in which different observers
break up the space-time continuum.

A simple mechanism, for illustrating the way in which two observers
S and $’, moving uniformly relatively to one another, break up the
space-time continuum, can be constructed when we limit ourselves to
one dimension in space.

Let us choose our units of space and time so that the velocity of light
is unity. In this system of units let v be the velocity of §” relative to §
along the space dimension under consideration.

Our former equations now become

&' = (x—vt)h,
t'=(t—va)h,
where 1/h=\"1 —v2

Put v = tan 6. Then h— 50 sin 0

= and vh=—7——.
Vcos 20 Vcos 20
Our equations now become

Vecos 20’ = xcos — tsin b,
Veos 20 = tcos 8 — asin 6;
whence conversely
V cos 20 = 2’ cos 0 + ¢’ sin 0,
Vcos 20t = t' cos § + @’ sin 6.
Take axes Ox and Ot at right angles,
and on them make a meshwork in which °
each square has sides of unit length. This
meshwork will, of course, be symmetrical
with respect to the diagonal OP whose
equation will be z=1t.
The lines ¢’ = cons. will be given by
tcos  — xsin 0 = cons.

They are thus a series of lines making an
angle § with Oz.




118 SPACE-TIME: THE SPECIAL THEORY OF RELATIVITY

Similarly the lines 2" = cons. are a series making an angle 6 with Ot.
Hence a meshwork for a’, ¢ consists of
a series of diamond shapes (equilateral ! ¢ /
parallelograms) symmetrical with respect
to OP. But

@l 4 2=

p

a2+ t'2+ 22"t sin20
cos 20 :

Hence the scale of S’ is enlarged in the T
ratio 1/V/cos 26. In other words unit length
for 8’ is a length 1/V/cos 20 in §’s measure- 7
ment. Hence we get from §’s meshwork ©O z
to $”’s by squeezing Oz and Ot each through an angle § towards OP
and then enlarging the resulting diamond-shaped network in the ratio
1/Vcos 26.

We have only to lay one network over the other to get the two ways
of breaking up space and time adopted by our two observers S and S’

>

The Fitzgerald-Lorentx contractions.

The fact that a rod as measured by S is contracted for $’. and vicé
versd, is easily deduced by use of the networks.

Let OA be a rod which for S is of unit length.

He will measure it on the assumption that time at O and 4 is the
same. He will thus put it along Oz (or along B
some parallel to Oz). Moreover, as ¢t varies,
the end O of the rod will occupy different
positions along Ot and the end 4 will occupy o
different positions along the line 4 B parallel
to Ot. A /

S’ will measure the rod on the assumption 4
that the times ¢’ of its end points are thesame. © A v
His measure will therefore be the value in his own scale of OA4’, where
A’ is the point where 4 B meets Ox'.

Now, if 04 =1, ¢ t
0A4' = 1/cos 8 in the scale of S.
Therefore
04’ =Y 20_1 in the scale of S'. x'
cos § h pr
Hence the rod as measured by § is contracted

for §' in the ratio 1/h. o P @
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Next let OP’ be a unit rod as measured by $’. Inhis measurement he
assumes that t’ is constant for the rod. He thus puts it along Oa’ (or
along some parallel line). As ¢’ varies, the end O of the rod will occupy
different positions along Ot" and the end P will occupy different posi-
tions along the line PP’ parallel to Ot'.

S will measure the rod at his time ¢ = 0 by the length OP.

If OP’ = linthemeasureof §’,it willbe 1/V/cos 20in thc measure of S.

From the triangle OP’P we have

OP _cos20
OP" cosb’
Hence, in §’s measure,
Veos20 1
iy

Hence the rod, as measured by &, is contracted for § in the ratio 1/h.

Now in our figure therc is complete symmetry when times and
lengths are interchanged. Hence a measure of time made by § will be
contracted for S in the ratio 1/h, and vicé versd. Hence S’ will think that
§’s clocks go slow in this ratio, and vicé versd.

The two networks which we have constructed give for time and one-
dimensional space a concrete picture of the way in which different
observers break up the space-time continuum.

Minkowski’s general transformation cannot be given the same phy-
sical interpretation since four-dimensional space has no actual exist-
ence. For the mathematician, however, it is equally valuable as an
analytical picture which includes the whole of the space-time con-
tinuum. In it both time and the three dimensions of space enter
symmetrically. It is the analytical expression of the method in the
madness of simple relativity.

§99. The order of events in the world.

In Minkowski’s picture of the world the whole of space and time is
spread before us. Furthermore, space and time have ceased to be in-
dependent of one another. Time has become a conventional something
which depends upon the axes we may choose. Now man has an incur-
able propensity for imagining himself at rest when he is undisturbed
with reference to his surroundings. Hence observers instinctively
break up space and time on the assumption that they are at rest; and
this they are encouraged and apparently ordered to do by the result of
the Michelson-Morley experiment. So observers moving relatively to
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one another, and each of them satisfied to make measurements as
though he himself were at rest, choose different axes in the space-time
continuum. They break it up in different ways.

Again there comes the revolt of the common sense of the plain man.
“It is”, he affirms, “nonsense to say that space and time are inter-
woven in a single continuum. We can go backwards and forwards in
space: we cannot go backwards in time. Here is a distinction which no
sophistry of physicists, with their talk about methods of measurement,
can overcome.’’

It may be answered that relativity does not, in fact, deny this
fundamental distinction.

In Minkowski’s picture any point of the four-dimensional continuum
corresponds to an event, a point-instant. Any track through the con-
tinuum is a string of events. All events of the track might happen to the
same particle in its life-history, but only if the track were such that the
particle in following it did not have to move at any time with a velocity
greater than that of light.

For simplicity let us consider time as associated with one-dimension
of spacc. As before, we choose co-
ordinate measurcs such that ¢, the
velocity of light, is unity. We picture
x and t by rectangular coordinates. Let o
UOU’ and VOV’ bisect the angles be- ‘P
tween Oz and Ot. Then, if U'OU be o) x
the world-line of a particle, that particle
will move so that it passes over unit
distance in unit time. Thus U'OU is Y v
the path of a light-signal, or if we prefer
to say so, of a wireless-signal, since wireless waves travel with the
velocity of light. Similarly V'OV corresponds to a wireless-signal sent
in the reverse direction.

Any event Q in the scctor UOV takes place after the event O inas-
much as a particle could travel from O to @ with a velocity less than
that of light. This moreover will be true for all observers, for we get
S”’s network by squeezing S’s network symmetrically with respect
to OU. Similarly any event in the sector V'OU’ will be before the
event O.

What about an event P in the sector UOV’? The same particle can
never be at the event O and also at the event P because to do so it
would have to travel with a velocity greater than that of light.

t
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For our observer S the event P is after the event O when, as in the
diagram, P is above Oz. But for an observer §’, for whom P is below
O2’, the event P is after the event O. In other words events in the
sector UOV” cannot be said to be either before or after the event O:
and the same is true of events in the sector VOU'.

The plain man with his belief in absolute time is naturally indignant
at this statement. To persuade him that it is reasonable let us take a
concrete example.

Consider an event, say a violently brilliant explosion, on a star
which is 150 light-years distant. Light-signals telling us of this event
take a century and a half to reach us.

Suppose that astronomers on the carth in the twenty-first century
calculate, when they have knowledge of the event, that it happened in
the year 1927. Could we say, at the moment when this lecture was
being given, in the year 1928, that the event was already in the past?
We have no knowledge of it and all of us will be dead before knowledge
of it can reach the earth. Thus it does not exist for us here and, though
the fact is irrelevant, never will exist for us. Moreover, the astronomers
of the future will only be able to say that the event had happened before
the year 1928 provided they then make the assumption that their
time-measurcments are satisfactory. Astronomers elsewhere in space
on some planet of a solar system which moves rapidly in relation to
the earth will make other time-measurements, and some will reach the
conclusion that it happened in the year 1929. There will be a difference
of opinion which only a super-observer with a knowledge of absolute
time could authoritatively settle. May we not fairly say, as regards
ourselves and that explosion, that the terms before and after have
ceased to have any meaning?

The upshot of the discussion is clear. For two events which are so
related that a particle travelling with a velocity not exceeding that of
a wireless-signal could experience both, there is a clear difference
between ‘before’ and ‘after’ as regards time. And this difference per-
sists for all observers. For all observers one such event is before the
other, if it is before it for any one observer.

But when the events are not so related, a particle to experience both
would have to travel with a velocity greater than that of light, which is
physically impossible in non-gravitational fields. In this case ‘before’
and ‘after’ have no meaning.
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§100. Weyl’s picture of ‘the scene of reality’.

Weyl, in a striking paragraph*, sums up the change in our thought
which has resulted from Einstein’s union of space and time.

“The scene of action of reality is not a three-dimensional Euclidean
space but rather a four-dimensional world in which space and time are
linked together indissolubly. However deep the chasm may be that
separates the intuitive nature of space from that of time in our experi-
ence, nothing of this qualitative difference enters into the objective
world which physics endeavours to crystallise out of direct experience.
It is a four-dimensional continuum, which is neither ‘time’ nor ‘space’.
Only the consciousness that passes on in one portion of this world
experiences the detached piece which comes to meet it and passes
behind it, as history, that is, as a process that is going forward in time
and takes place in space.”

§101. Composition of velocities according to the special theory of relativity.

With the notation which we used in obtaining the Lorentz trans-
formation let (a, £) be the space and time-coordinates of an event P
relative to an observer S at the origin 0. Let §’ move along the
axis Ox with velocity v relative to .S, and let (2, t') be the coordinates
of P relative to the observer S’ who is at the origin O’ of his own
coordinates. Further, let O’ coincide with O when ¢ = 0; and let ¢’ be
measured from this instant.

Then we have seen that, by Lorentz’ equations of §92,

&' = h(x—vt), t' = h(t—vx/c?).
Now u, the velocity of P relative to S, is dz/dt; and the velocity of
P relative to 8’ is da’/dt’. But
da'  de—vdt dx’ uU—"v
at " di—vdeje *' AT 1 wvjer”
If we change the sign of v, we obtain the following law of composition
of velocities: If P be a point moving with velocity « relative to the
observer S and if § move in the direction of » with velocity v with
reference to an observer S’, then the velocity of P with reference to S’
will be
U+

Trw (1)
The ‘plain man’ objects that, if the velocity of P relative to § is  and

* H. Weyl, Space—Time—Malter. Translated by H. L. Brose. Methuen,
1922, p. 217.

w =



SPACE-TIME: THE SPECIAL THEORY OF RELATIVITY 128

of Srelative to 8" is v, then the velocity of Prelative to S” is ‘ obviously’
w=u+v. .. (2)

What the ‘plain man’ has to realise is that in calculating  we assume
that § is ‘at rest’, while in calculating v and w we assume that S’ is
‘at rest’. Thus in obtaining the formula (2) two contradictory assump-
tions are made. Evidently the Einsteinian formula (1) coincides with
the Newtonian formula (2) when ¢ = oo.

§102. Fizeaw’s experiment.

The result of an experiment performed by A. H. L. Fizeau (1819-
1896) in the middle of the nineteenth century elegantly confirms the
Einsteinian law of composition of velocities.

Suppose that light travels through a motionless liquid with velocity
u, then its velocity with respect to the liquid will be w when the latter
is in motion in any manner. Suppose that the liquid is moving with
velocity v relative to a straight tube along which the light travels in the
direction of v.

Then the velocity of the light relative to the tube will, by Einsteinian

kinematics, be _ utvo
1+ uw/e?”
2
Thus U;;—(u,—{—'())(l—-%g)zu"{—U(l—gg),

approximately, if we remember that « and ¢ are large compared with v
and both of the same order of magnitude.
Fizeau proved that
U=u+v(1-—1/u?),
where p = ¢/u is the index of refraction of the liquid. The agreement of
this result with that reached by the kinematics of the special theory of
relativity is obviously most satisfactory.

§103. The fundamental definitions of the mechanics of the special theory
of relativity.

We now proceed to investigate the manner in which the fundamental
definitions and formulae of mechanics must be changed when Einstein’s
assumptions of the special theory of relativity replace the postulates of
Newton.

The numerical differences between Einsteinian and classical me-
chanics will, as we have seen, be slight, for they will involve at most
terms of the order of 1/c2, where ¢ is the velocity of light. On the other
hand, the formula for the composition of velocities, just given, shews
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that in form the changes may be such as deserve to be described as
revolutionary.

Volume and statical volume.

We proceed first of all to find the formula which connects the
measure of an element of volume dV’, measured with respect to axes
with respect to which it is itself fixed, with its measure dV measured
with respect to axes in regard to which it is moving with uniform
velocity v.

Let the coordinates of a point P with respect to a set of rectangular
axes, fixed relatively to an observer § at the origin O, be 2, y, 2. Let
accented letters denote similar coordinates relative to an observer S’,
moving with velocity v relative to S.

Suppose that the element of volume is at the point P and that it is
rigidly attached to the 2/, ', 2’ system.

We will assume that the axes of « and 2’ are measured in the same
direction, and that Oz’ is moving with velocity v relative to Oz.

Then, by the Lorentz equations,

&' = h(x— vt); 3 =2
Yy =y; t' = h(t—vax/c?).
Now an elementary volume at P will, with respect to axes O'z’, O'y’,
O’%’, with respect to which it is fixed, be
AV’ =dx'dy' dz’.
The same element will be measured in the unaccented system by
aV = dzdydz.
But dz’ is the measure of an element of length at P made by the
observer S’ who uses a foot-rule moving with the element; and dz will
be the measure of the same element made by the observer S. S, how-
ever, measurcs by taking a snap-shot of this element of length: that is
to say, he measures the distance between two points which at the same
moment of his own time ¢ instantaneously coincide with the ends of
da’. Thus we have, from the first of the Lorentz equations, dz’ = hda.
Also dy’ = dy, dz’ = dz. Hence
dV’' = hdV.

It is convenient to term an element of volume, measured with respect
to axes with respect to which it is itself at rest, the statical element of
volume and to denote it by dV,. Similarly we call dV the moving
element of volume. We therefore have

dV=dVy/h, where h=1/V1—0v¥c2
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Sometimes dV, is called the proper-measure of the element of volume:
it is the measure made by an observer moving with the element.

The formula just obtained connects the statical and moving ele-
ments of volume. Evidently the final result is quite general, and
independent of our preliminary assumption that the axis of « should
be measured in the direction of v.

Mass and invariant mass.

According to Newton’s second law of motion we can, as we have seen
in Lecture II, attach to every body some number, which we call its
inertial mass; and this number, in classical mechanics, is fundamental
in the dynamics of the body.

There is always the possibility that M, the mass of a body as the term
is commonly used in classical dynamics, will prove to vary as the body
moves with respect to the axes with respect to which it is measured.
There must, however, be some invariant number attachable to the
body: let us call this m, its invariant mass. We shall usually term M the
‘physical’ mass of a body.

Density: statical invariant-mass density.

Consider an infinitesimal body of invariant mass dm. Let dV and p
be the volume and density of this body calculated with reference to
axes with respect to which the element is moving with velocity v.

Let dV, and p, be the volume and density of the same infinitesimal
body calculated with respect to axes moving with the element. We call
po the statical, or proper, invariant-mass density of the body.

Clearly we shall have, since dm is by its definition an invariant
number attached to the infinitesimal body,

pdV=dm, and p,dVy=dm.
But we have just scen that dV,= hdV. Hence

p = hpy.
This result connects the invariant-mass density of a moving infini-
tesimal body with its statical invariant-mass density.

Before we proceed farther we must make a simple yet highly
important observation.

It is clear that the usc of the conception of density enables us to deal
with what is happening at a point and therefore to obtain microscopic
equations. Kven a single particle of matter, according to our modern
knowledge, consists of a discontinuous arrangement of nuclei and
electrons; and, therefore, cquations for the motion of a particle are
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macroscopic equations which may only be statistical averages of more
accurate results. Consequently we use the ideas of force-density and
mass-density when we wish to build up the Einsteinian modification of
the fundamental classical equations of the dynamics of a particle.

§104. The fundamental law of kinetics, and its transformation in the
spectal theory of relativity.

If P be the force acting on a particle of mass M and if « be its con-
sequent acceleration, then by Newton’s law of motion in classical
mechanics, o is in the same dircction as P. Further, if the units be
suitably chosen,

P=Mo.
If  be the velocity of the particle we may put «= du/dt and write
the fundamental equation in the form

du
P=M dt. ...... (1)

We wish to modify this result so as to obtain a formula which shall
be valid when the assumptions of the special theory of relativity replace
those of classical mechanics. Any such formula must reduce to the
form (1) when ¢ = c0; and it must only differ from (1) by terms of at
most the order (v/c)?, where v is the order of a planetary velocity and ¢
is the velocity of light. The formula will thus be such that we cannot,
save in certain rare and exceptional cases, experimentally distinguish
between it and (1). Further, by the fundamental postulate of the
special theory of relativity, since the formula expresses a physical law
it should assume a form which is invariant for any linear transforma-
tion, corresponding to the Lorentz equations, which leaves ds unaltered.
In particular, therefore, the time must no longer have in the formula
the privileged position which it occupies in the classical theory.

§105. Minkowski’s world. Time and proper-time. The ‘four-velocity’
and ‘ four-acceleration’ vectors.

Minkowski’s world, as we have seen, is one in which the Lorentz
transformation equations of the special theory of relativity assume a
symmetrical and singularly elegant form. Itis of four dimensions; and
the axes in it, which we may take to be Oy,, ... Oy,, are mutually

orthogonal. Any Lorentz transformation is equivalent to the choice of
a new set of mutually orthogonal axes with the same origin, say
Oy, ... Oy,'.

When a particle is represented in Minkowski’s world, its successive
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positions will be a string of ‘events’, each represented by four co-
ordinates y,, ¥,, y3, ¥4 . The interval between two successive events will
be given by
—ds?=dy*+ ... + dy>

and this interval is invariant for any possible change of axes consistent
with the Lorentz transformations. In three-dimensional space we
think of the particle as moving on a curve, the coordinates of each point
of which are functions of the time ¢. Similarly in four-dimensional
space-time we can picture the particle as moving on a world-line s, the
coordinates of each point of which are functions of s.

In Minkowski’s world the time has no privileged position. We
proceed to relate that world to a world in which space and time are
separated. To this end we suppose that an observer splits up Min-
kowski’s world by taking his time-axis along the axis of ys. We shall
then have

dy, = wdt,
where =V ~1, and ¢ is the velocity of light; and also
ds? = c2d® — dy,® — dy,? — dy.?.

Put now (2%1 =9, and 0%=yg,%+ g2+ ¢,2

Then obviously v will be the velocity of the particle and we shall have
ds = cdt{1 —v2/c?}},
or ds = cdt/h, where h=1/V1—v%c.

Proper-time.

When an observer moves with the particle, dy,, dy, and dy, will all
vanish for him; and his time ¢ will be given by ds? = ¢2d#2. Thus we can
take s/c to be the proper-time of the particle, that is to say, time as
measured by an observer moving with the particle.

The * four-velocity’ vector.
Consider now the ‘four-velocity’ vector U, of which the (contra-
variant) components along the axes in Minkowski’s world are
dy dy
1_ 771 4_ "I
e R
Evidently U is a vector in space-time for which time has no privileged
position; and for Minkowski’s world it is a sort of generalisation of the
notion of velocity.
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When we split up Minkowski’s world, by taking the time-axis along
Oy, as in the last paragraph, we get, for the components of U,

h h h
1y 2.y 3_ "o 4_
=gy, ur= gy, W= gy, u uh.

Thus the space-components of U will be & /c times the classical velocities
?]l ’ :'/.2’ gS .

If the coordinates y,, ... y, are altered into accented letters by the
Lorentz transformation it is evident, since ds’ == ds, that the velocity-
components !, ... u* will obey the same Lorentz law of transformation.

The ‘ four-acceleration’ vector.
We can now similarly construct in space-time a vector F, ‘the four-
acceleration vector’, whose components are
L dut ~du?
fr= ds® fi= ds °
These components represent the rate of increase of the components of
the four-velocity vector with respect to s. Evidently time has no
privileged position for F. If we split up Minkowski’s world by taking
Oy, for the time-axis, we shall get
h d

fr= o Et(hy,c), for k=1,2,38;
and Sfi= L—ZL c(llltz’ where h=1/V1 —v¥c2.
We may write these results at length in the form
= st @ g Gall i fork=1,2,3;
and f4=w?]1’!71+272?72+?]3173.

( c% — 7)2)2
Thus when we take Oy, for the time-axis, the space-components of ¢2F
will become Newtonian components of acceleration when ¢==oo.
Clearly the components of F' obey the same Lorentz law of linear
transformation as y,, ...y, satisfy.

§106. The fundamental dynamical equations of the special theory of
relativity.

We have seen that, in Minkowski’s world, the Lorentz transforma-
tions are equivalent to a change from one set of mutually orthogonal
axes to a similar set with the same origin. Moreover, by Einstein’s
fundamental postulate of the special theory of relativity, physical laws
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must be such that their expression is unaltered by any Lorentz
transformation.

Suppose now that P be a force acting on a particle of physical mass
M and producing in it acceleration «, P and « being vectors. We have
seen that, according to classical Newtonian mechanics, P = Ma; and
we seek to generalisc this result for Minkowski’s world.

Let II be a four-vector in this world representing force-density.
Further, let F' be the four-acceleration vector representing the accelera-
tion of the element dV, of invariant-mass density p, at which II acts.
If F results [rom the action of II, the two vectors must coincide in
direction. By definition, the element dV has pdV for its invariant mass,
and the components of force acting on the element are components
of I1dV.

It is natural to assume for our required generalisation the formula

H=epF, e (1)

the number ¢2 being inserted that we may have the ordinary formula
when Minkowski’s world is split up into space and time.

By Einstein’s principle, however, the assumed equation cannot ex-
press a physical law unless it is a vector equation. In it, therefore, p
must not be a quantity which changes with the change of axes Oy, to
Oy, (k=1,...4). But we have seen that, if p be the invariant-mass
density at a point, it will be connected with the statical invariant-mass
density p, by the relation p = hp,. Now p, is a constant, while 4 is a
quantity which by §97 depends upon the way in which the axes are
rotated in Minkowski’s world. Thus p changes with the change from
the axes Oy, to the axes Oy,’. Hence such an equation as (1) cannot be
a satisfactory gencralisation of the fundamental law of kinetics given
by the second law of motion.

Such a generalisation, however, may be given by

I = c%,F.

This vector-equation may be written, if we use the four-velocity
vector U,

IT = ¢%p, At e (A)

To see whether it is adequate as the generalisation which we seek, we
will see what it becomes when we first integrate it so as to apply to a
particle of matter and then split up Minkowski’s world into space
and time. Let 7% (k=1,...4) be the components of the space-time-

BST 9
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vector II. Then, remcmbering that the components of U are uk,
k=1,...4, we see that the equation (A) will take the form

du*
Is k=1,...4. ... (A)

It is worth while noticing that, if these equations are valid,

7' = c%p,

¥ kg € ‘i{z( k)2 — 0
k=17r u *‘2P0d8 w — Y
2
since 2 (k)2 = Z——;S%’i =1

Suppose now that we integrate equation (A) so that it applies to an
infinitesimal material element of volume dV and proper-mass m. We
thus change from density at a point to an actual particle of matter.

Then m=pydVy=pdV,
where dV is the proper-volume of the element.
Equations (A) will now take the form

: duk
7 dVy = mc? s k=1,...4. ... (B)

Suppose now that we put £, = 7*dV, so that the quantities P, are the
components of the total force acting on the infinitesimal material
element. Then, if we remember that dV, == hdV, our equations may be

written
k

th:mcz%ug , k=1,...4. ... (€)

Let us now split up Minkowski’s world by taking:Oy, as the time-axis
as in previous paragraphs.
Then, as we have seen,

du* hd, .

& g\ k=123
and Oy

ds ¢ dt’

Suppose now that M be the ‘physical’ mass of the element; and let
us assume that it is connected with the invariant mass by the equality
M = mh.
Then equations (C) may be written

o
Py=_(My), k=128 ... (1)

aM
and P,=c TR veeend(2)
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Obviously equations (1) are the usual equations expressing the con-
nection between force and rate of change of momentum in classical
mechanics.

Hence the vector-equation 11 = c2poc-§g is a satisfactory generalisation

of the fundamental law of kinetics. This generalisation assumes that
Newtonian mechanics is only an approximation to the truth, inasmuch
as the ‘physical’ mass M is not an invariant associated with the
material element since it is connected with the invariant number m by
the relation M = mh.

§107. The equivalence of mass and energy.
What now is the meaning of the equation
aM

— Y
Pi=wSr? (2)

We recall that, as we have established,
4
2 akuk = 0.
k=1
IIence, when Minkowski’s world is split up into space and time in the
usual manner,

3
N PLhy, -+ Pyeh = 0.
o EY K 1

Thus equation (2) may be written

3, dy,,  d(Mc?)
) Jii TN
ki‘]_l k- dt dt ’
3
or X P8y, = o (Mc?).
k=1

Thus the equation asserts that the work done by the forces on the
element when it undergoces an infinitesimal displacement is equivalent
to the increase of the physical mass multiplicd by ¢2. In other words,
the increase of energy of the element is measured by the increase of

We have just stated that the generalisation of the fundamental
equation of kinetics in classical mechanics, that is to say, of P = M,
is the four-vector density equation

IT = c%, I
in Minkowski’s world. We now see that the latter equation is equivalent
9-2
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to four equations. Three of these, when integrated so as to apply to
an isolated particle, are equations of momentum; and in a world split
up into space and time they may be written

P, d% (My),  k=1,2,3.

The fourth is an energy equation which asserts that the increase of the
energy of the particle is measured by the increase of

mc?
V1 —?e?
We notice that, in the equations of momentum, M is a quantity which
we have called the ‘physical’ mass. It is related to the invariant mass
of the element whose motion we are considering by the identity

Mc? =

m
M VI ot .
Thus M varies with v, the velocity of the element; and, in so far as
classical mechanics assumes that M is an absolute constant, it is in
error. The error, however, only involves a quantity of order v2/c? and
is thus inappreciable when we are dealing with the velocities of ordinary
experience.

That the special relativity theory should lead to such a modification
of the measure of mass in the fundamental equations of dynamics is
alike surprising and intcresting. But of still greater interest is the fact
which has emerged that the increase of the energy of a particle of
‘physical’ mass M is measured by the increase of Mc2. This suggests
that the measure of the whole intrinsic encrgy of the particle is simply
the measure of its mass. ¥or, if I be the kinetic energy of the particle,

we have E = cons. + Mc2.

mc?
V1—v?c?
= cons. + mc? 4 mo? + terms in 1/¢2,
This result shews that, for a particle of invariant mass m moving with
velocity v, the part of the kinetic energy which depends upon v is }muv2,
if we neglect terms of order 1/c2. We thus have the ordinary formula of
classical mechanics.

Presumably ¥ and m will vanish together, inasmuch as it seems right
to assume that a particle of zero invariant mass cannot have energy.
The constant of integration previously introduced is therefore zero;
and we have the remarkable conclusion that the measure of the kinetic

Thus E = cons. +
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energy of a particle of invariant mass m, referred to axes with respect
to which the particle is at rest, is

L =mc?.
It would thus appear that kinetic energy, like mass, has inertia, and that
the inertia of matter is due solely to its internal energy. This conclusion is
one of Einstein’s most significant discoveries.

Can we go further and say that matter is simply congealed energy?
The idea is attractive. We cannot, however, proveit. As we have several
times insisted, our knowledge of matter is almost exclusively a know-
ledge of its inertia. Inertia is the measurable property on which we
naturally seize. By arguing as to inertia we have reached the conclusion
that the inertia of matter is due solely to its internal energy. Now
there can be little doubt that, in so far as we investigate inertial pro-
perties of matter, it will be satisfactory to regard matter as congealed
energy. But matter may have other properties, qualities or attributes
which energy has not; and, vicé versd, energy may have characteristics
which are not those of matter. It may even be that, although energy
can congeal into matter under conditions of which we are at present
ignorant, yet in the very process some type of creative activity may be
manifested which will lead to the matter being possessed of qualities
or attributes which apparently had no existence in the energy from
which it was derived.

In the transformations which are common in our experience, the
regular sequences of Nature, there may continually be the emergence
of that which is new; and equally such a change as that by which energy
congeals into matter is quite possibly a creative process. So also if, as
Jeans was the first to suggest, the reverse process can take place in the
stars with the result that in their depths matter can dissolve into
radiation, this process may actually be a process of destruction, a
reversal of the first stages of that creative development which has led
to ourselves. We may then allow it to be just possible that energy can
turn into matter: it is also possible, and (as we shall see in §300) at
present much more probable, that matter can turn into radiant energy:
but our knowledge alike of matter and of cnergy is so limited that we
must beware of the assumption that the two for all purposes can be
regarded as identical. In the change of one into the other some im-
ponderable, something which has no inertia and cannot be weighed,
may be lost or gained. When a man dies, such an imponderable vanishes;
but not even the most hardened physicist would dare to say that its
vanishing could be disregarded.



Lecture vi
GENERAL RELATIVITY

§108. The fundamental limitation of the special theory of relativity.

The special theory of relativity makes it clear that we must abandon
not only belief in absolute position but also belief in absolute time. As
Eddington has well expressed it*: *“ The denial of absolute simultaneity
is a natural complement to the denial of absolute motion. The latter
asserts that we cannot find out what is the same place at two different
times; the former that we cannot find out what is the same time at two
different places”. The special theory, however, was based on a modi-
fication of the equations of Newtonian dynamics which led to equations
invariant for axes moving uniformly and rectilinearly with respect to one
another. 1t naturally suggested the question as to whether extensions
could not be made to meet the case of axes whose relative motion was
variable or, if uniform, at any rate not rectilinear.

§109. The ‘reality’ of centrifugal forces.

Everyone knows that, if a stone be whirled round at the end of a
string, a force is produced by the motion which is measured by the
tension of the string. The more rapidly the stone moves, the greater the
force. This force thus appears to take its origin in the motion of the
body. It is certainly an actual force, as will be admitted by anyone who
has felt the pull of the string experimentally. In classical dynamics,
however, it has always been regarded as but  partially real’: it has been
thought of as the sort of apparent force which arises owing to changing
axes. Einstein was led to ask whether such pseudo-forces are not as
real as, and analogous to, gravitation.

§110. Does absolute rotation exist?

Can we think of such forces as having an actual existence because we
must attribute an absolute meaning to uniform rotation whereas we
attribute no such meaning to uniform motion in a straight line? In the
last lecture, in a brief discussion of this matter, we referred to Newton’s
belief in absolute rotation, which was based on the experiment of a

* A. S. Eddington, Space, Time and Gravitation. Cambridge University
Press, 1923, p. 51.
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rotating vessel filled with water. Bishop Berkeley (1685-1758), in his
essay De Motu* printed in the year 1721, gave an acute criticism of the
derivation of the belief from the experiment. His views, however, had
little influence on thought until revived by Ernst Mach. As we have in-
dicated in § 84, Mach became the protagonist of the idea that all spatial
motion is relative. In the year 1883, for instance, he said: “ For me only
relative motions exist; and 1 can see, in this regard, no distinction
between rotation and translation. When a body moves relatively to
the fixed stars, centrifugal forces are produced; when it moves rela-
tively to some different body and not related to the fixed stars, no
centrifugal forces are produced. I have no objection to calling the first
rotation so long as it be remembered that nothing is meant except
relative rotation with respect to the fixed stars™.

It is, in fact, plain that any body with which we can experiment is
surrounded by the vast mass of so-called fixed stars and spiral nebulac
which constitutes, as it were, a firm background against which all our
experiments take place. Mach suggests that these distant masses are
the cause of the centrifugal forces developed in rotation. We have, of
course, no means of determining whether Mach’s belief is true, or
whether we must alternatively accept the Newtonian hypothesis of
absolute rotational motion.

Einstein, in the year 1921, set forth his own opinion with character-
istic wisdom: “ With Mach I feel that an aflirmative answer is impera-
tive, but for the time being nothing can be proved. Not until a dy-
namical investigation of the large systems of fixed stars has been
performed from the point of view of the limits of validity of the
Newtonian law of gravitation for immense regions of space will it
perhaps be possible to obtain eventually an exact basis for the solution
of this fascinating question”.

§111. The equality of inertial and gravitational mass.

In classical dynamics we know that the forces which arise from non-
uniform motion are always proportional to the mass of the particle in
which they arise. This, however, as we have seen in § 21, is exactly true
of gravitation. A body moving under the influence of a field of gravita-
tion receives an acceleration which is entirely independent of any
physical property of the body save its inertial mass. In other words, one
and thesame quality of abody shews itself under some circumstances as

* The Works of George Berkeley, ed. A. C. Fraser. 8 vols. Clarendon Press,
1871, vol. 111, pp. 95, 96. [De Motu, §§ 60-2.]
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inertia and under others as weight. Eotvés, in the year 1890, used an
exceedingly sensitive apparatus known as a torsion balance. This
apparatus enables the inertial mass of a body to be measured with as
great a degree of accuracy as that with which its weight may be deter-
mined by the most sensitive balance. More recently, in the year 1919,
Pekar repeated these experiments. The result is to shew that, in
measurements of the greatest refinement, no difference between inertial
and gravitational mass can be detected.

§112. The likeness between gravitational and uniformly accelerated
regions.

Consider now the experiment imagined by Einstein, which by him is
made to serve as the starting-point of the general theory of relativity.
We imagine a large chest equipped like a room in which there is an
observer with the necessary instruments. If this chest were not in a
gravitational field, the slightest impact between the man and the floor
would cause him slowly to rise to the ceiling. But suppose now that,
the observer being on the floor, some external being attaches a rope to
the top of the chest and begins to pull it upward with constant force.
The chest will then move upwards with uniform acceleration. How will
the man in the chest regard this process? Most certainly if he were one
of ourselves, and therefore accustomed to gravitation, he would assume
that he had suddenly been placed in a gravitational field similar to that
which, on the earth, conditions human existence. Every experiment
which he could make would, moreover, confirm his belief that the chest
was at rest in a gravitational field whereas, in fact, it would be moving
with uniform acceleration. Gravitational force can thus be regarded as
emerging from an acceleration in exactly the same way as the centri-
fugal forces, which arise when a stone is swung at the end of a string,
emerge from the acceleration of the stone.

§118. The passage from the special to the general theory of relativity.

The special theory of relativity was based on the assumption that
space and time form a single four-dimensional continuum, and that
the laws of nature are invariant for any Galilean mesh-system within
this continuum. By Galilean mesh-system we mean a set of axes of
reference corresponding to which the element of interval ds is given by
an equality which can be put into the form

ds® = c*dt* — da® — dy? — d=?,
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where dt is the element of time and ¢ is the velocity of light. For any
such mesh-system ds is an invariant; and the most general trans-
formation by which two such mesh-systems can be connected with one
another is effectively that of Lorentz.

In the general theory of relativity we retain the idea that space and
time form a four-dimensional continuum, but we assume that our mesh-
system of reference has the most general character possible. Any
‘event’ in the world, that is to say any occurrence at a point of space
and an instant in time, is signified by four numbers determined with
respect to this general mesh-system of reference. These numbers we
may term 2, 2, , @,, £;. We do not assume that one of them is temporal
and the other three spatial; but, when it is necessary to make compari-
sons with classical dynamics, from which our new equations will only
differ slightly, we shall assume that x, is some multiple of the time-
coordinate. In the new general mesh-system the interval will be
denoted by ds; and we shall assume that the square of this interval is
the most general possible quadratic function of the coordinate dif-

ferentials
dzy, ... dz,.

This is equivalent to the assumption that space-time is a continuous
manifold of four dimensions of the type investigated by Riemann. We
shall thus have
ds? == goodwg? + ... + gz dwy? + 2g, dugde, + ... + 28,3dxyday.

In this expression the g’s are, in gencral, continuous functions of
Ty, ... ¥3. Altogether there are ten g’s and they are known as coefficients
of potential. As in any general transformation ds will be invariant, the
condition for such invariance will connect the expressions for the g’s in
terms of the new coordinates with their expressions in terms of the old.
The general principle of relativity asserts that it is possible to express
the laws of any physical phenomenon whatever in a form which is invariant
Jor the most general possible transformation of space-time coordinates.

§114. The type of mathematical analysis needed in the general theory of
relativity.

It is obvious that if we arc to apply the general principle of relativity
to formulate a new type of mechanics we need a calculus which shall
provide us with forms (in other words expressions involving coor-
dinates, potentials and their differentials) which are invariant for the
most general change in the mesh-system of reference which leaves ds
invariant. These forms are provided by the calculus of tensors which,
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as we saw earlier, was developed by Christoffel, Ricci, Levi-Civita, and
others in order to build up, on Riemann’s foundations, the geometry of
many-dimensional space.

In this calculus, as we have seen in Lecture IV, invariants are tensors
of zero rank: they are functions of the coordinates which are absolutely
unchanged when the coordinates are transformed. Vectors are tensors
of the first rank. The vanishing of a vector in the four-dimensional
manifold which we call space-time is equivalent to four equations.
Although the components of a vector are not individually unchanged
by the transformation of coordinates, yet all components are similarly
changed so that, if a vector vanishes in one system of coordinates, it
will vanish in any other. Similarly, a tensor of the second rank has
sixteen components. If all these vanish for any one system of co-
ordinates, they will all vanish for any other. We thus see that according
to the general principle of relativity the laws of nature must be expressible
as tensor-equations.

§115. Riemann’s symbols.

It is by no means easy to build up tensors of the type which we
require for the general theory of relativity. There is, however, as we
have seen in our discussion of generalised space of n dimensions, a
tensor of the fourth rank called the Riemann-Christoffel tensor (§63),
the discovery of which is one of the triumphs of the tensor calculus. It
is the aggregate of the set of symbols which are variously denoted by

i
B, and {ij,hk}; ‘2»:1,2,...11.
A

These symbols are, we have said, known as Riemann’s symbols of the
second kind.
We recall that in §55 Christoffel’s symbol of the first kind was
defined by
oo O . 0% 08
=1 |-8ik  “oki__ &3l
L7t k=4 [8w, + o, ax,J '

J

In § 62 Christoffel’s symbol of the second kind was defined by
{ﬂ’ if = Zgik (4L, k],
k

the summation being taken for all values of k& from 1 to n.
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In § 63 Riemann’s symbols of the second kind, which are the com-
ponents of the Riemann-Christoffel tensor, were defined by

(5, = - (i) - o (i) — S [{th g} B — Uk 5} . )

Finally Riemann’s symbol of the first kind is
By = (4, hk) = %gﬂ {al, hk},

the summation being taken for all values of ! from 1 to n.

The Riemann-Christoffel tensor for four-dimensional space-time is
of the fourth rank and contains in consequence 256 components. Many
of these, however, are repetitions of one another, inasmuch as Riemann’s
symbol of the first kind (ij, hk) is anti-symmetrical in % and k and also
in 5 and j, while it is symmetrical for the double interchange of ¢ and k,
handj. We are thus left with twenty-one different components between
which there is one further relation which was given in §63. In short,
when 7 = 4, the Riemann-Christoffel tensor has twenty independent
components.

When, then, the Riemann- Christoffel tensor vanishes for space-time,
twenty equations must be satisfied. In order that thesc equations may
be satisfied, there must be imposed on the g’s a very rigorous set of
restrictions. It has, in fact, been proved in our discussion of con-
tinuous manifolds (§ 67), that such vanishing of the Riemann-
Christoffel tensor is a necessary and suflicient condition that space-
time should be Galilean. In Galilean space-time, it will be recalled,
the element of interval is reducible to the form

ds? = dxy? — da)® — da,® — dag?,

by a suitable transformation of coordinates.

The Einstein world-tensor.

From the Riemann-Christoffel tensor we can, by the practice known
as ‘contraction’, deduce the Einstein world-tensor Gy, defined by the
relation .
G, = S g (i, hk), i} ~0,1,2,3.

ih
Evidently we have
jzhgjh (ZJ9 h/”) = jz‘;z‘;gihgjl{ila /I,/C} = }":' {Zh’ hk}‘
Hence we may put

or Gy = % {ih, hk} = % B},

508 9, 3 .
Gu= 2, [5@ (0.1 5 i 1}] 3,16t m) o, ) — (1} o, )
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The Einstein world-tensor of which the components are G is sym-
metrical (in other words its value is unaltered when ¢ and k are inter-
changed), and hence it has ten components. From the Einstein tensor
we can deduce the Einstein invariant G, which is defined by the
relation i

G= %cgik G k

}, =0,1,2,3.
The Einstein tensor for a general type of space-time.

We often need to know the values of the components Gy, of the
Einstein world-tensor for various types of space-time. A general type,
which includes most of those connected with problems which we shall
consider, is given by

3
dSZ:—'fzdez”* Zikaikdwi d&vk, """ (1)
1

where 2, = ct, and fis a function of a,, ,, ,, but is independent of the
time. The quantities a;;, belong to a space, variable with the time,

dl2 - Z aikdm,l'dwk .

Furthermore, these quantities a,; are supposed to be functions of
&y, &y, &3 which only depend on x, owing to the presence of a factor r2
common to them all, r being a function of z, only.

We suppose that 4, is a tensor-component formed from the three-
dimensional a;;’s just as the Einstein tensor-component G, is formed
from the four-dimensional coefficients of potential g, given by

3
0

0 3
Further, we put Son = %L’ ft= 3 anf,,
m m=1
0%f S
and Jir= amzaw,; - 13‘1 {ik, 1} fy,

where {ik, I}’ is Christoffel’s symbol of the second kind formed from the
coeflicients a;,. We also use a to denote the determinant of the ay’s.

Naturally it is laborious to write down first all Christoffel’s symbols
of the first kind corresponding to the form of ds? given by (1), then to
calculate all the symbols of the second kind, and finally to use the long
formula which expresses Gy, in terms of Christoffel’s symbols of the
second kind. But, laborious though this proceeding is, it rapidly be-
comes almost purely mechanical. We will content ourselves with giving
results which can be easily verified.
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If >0, k> 0, we have

8 d¥ f ,

0= o s~ 7 2 3V
__ 2fpdr
Go= — ferdt’

. Ay (Ld?r 2 /dr\?
and G das+Filf = s s i+ (1) |-
Further, the Einstein invariant G Is given by
3 6 (1d% 1 /dr\?
G_—A“V:fl ; 8&91 \/afZ f Zea® iy, -+ zfi’{; E{g’“+},2<%) }a

where 4 is formed from the coefficients a;;, just as G is formed from the
coefficients g;, .

The Einstein tensor for spherical space.

When we are dealing with a problem in which space is of a threc-
dimensional Riemannian type which has spherical symmetry round the
origin it is, by §72, convenient and legitimate to assume that the line-
element for space has the form

dl? = r*{dx,? + s