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PREFACE

HIS book is intended as an introduction to some recent
developments of Maxwell’s electromagnetic theory which
are directly connected with the solution of the partial differential
equation of wave-motion. The higher developments of the
theory which are based on the dynamical equations of motion are
not considered at all. Even with this limitation the subject is a
vast one, and to bring the work of perusing the literature within
my power I have omitted an account of the modern theory of
relativity which has been expounded very clearly in several recent
publications.

For a thorough understanding of the present subject a very
extensive knowledge of mathematics is necessary, but there are
parts of the subject in which a reader with only a limited
mathematical equipment may soon feel at home and perhaps do
useful original work. With the idea of enabling such a reader to
obtain a quick grasp of the nature of the subject and the results
obtained, I have thought it advisable to state without proof a
‘number of relations of which adequate demonstrations can only
be obtained by means of complicated and difficult analysis.
I have also endeavoured to keep the analysis as elementary as
possible, but in some places where the work is perfectly straight-
forward a few details are omitted.

The book is far from being a complete treatise on the subject,
for I have not given any existence theorems to show that the
solutions of certain problems exist and are unique, and no
attempt has been made to enter into the details of numerical
computations. There are many parts of the subject indeed to
which a pure mathematician might make useful additions; in
particular, [ might direct attention to p. 21, line 2, and p. 101,
where there are one or two matters which require further

discussion.



vi PREFACE

Chapter viir and paragraph 5 contain some of my own con-
tributions to the subject. At present there seem to be several
different directions in which future developments may be made,
and so it seems unwise to give a hasty judgment concerning the
physical significance of the results. Ideas which naturally
present themsclves are that the aether can be regarded as built
up from singular curves of the type considered in § 43, and that
§§ 41 and 44 may throw some light on the question of the difference
between positive and negative elementary electric charges. I
hope to discuss an hypothesis relating to the first idea in a future
note, but am unable to give any support at present to the
second idea.

I gratefully acknowledge my indebtedness to Sir Joseph
Larmor.who read the manuscript before it was revised and made
some helpful suggestions, to Prof. Ames who read the greater
portion of the manuseript, to Prof Morley and Mr Hassé who
helped me with their advice and vigilance in reading the proof-
sheets, and to the officers and staff of the University Press for
their careful work and constant consideration shown in matters
connected with the printing. For the correctness of the new
formulae and examples I alone am responsible ; if any errors are
discovered I shall be grateful if my readers will inform me.

HARRY BATEMAN.

October, 1914.
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CHAPTER 1
FUNDAMENTAL IDEAS

§ 1. The fundamental equations for free aether.

In Maxwell’s electromagnetic theory the state of the aether
in the vicinity of a point («, y, z) at time ¢ is specified by means
of two veetors K and H which satisfy the circuital relations®

10K 1eH
rot H=‘-"c at, T()t:h-——c a—t‘ ............... (1),

and the solenoidal or sourceless conditions
divE=0, div H=0.

If right-handed rectangular axes are used the symbol+ rot H
denotes the vector whose components are of type
o0H,_oH,
oy oz’
the three components of H being H,, H,, H, respectively.
The symbol div H denotes the divergence of H, ie. the
(uantity
aI{.’ + af{_" + a__}l_z
ox oy 0z
The vector K is called the electric displacement or electric
Sfurce and H the magnetic force. The quantity ¢ represents the

* The equations are written in the symmetrical form in which they were
presented by O. Heaviside, Electrical Papers, Vol. 1, § 30, and H. Hertz,
Electric Waves, p. 138. Sir Joseph Larmor points out that a set of equations
equivalent to these was first used by MacCullagh in 1838 as a scheme
consistently covering the whole ground of Physical Optics, Collected Works of
James MacCullagh (1880), p. 145.

+ We use here the units and notation employed in Lorentz’s The Theory of
Electrons, Ch. 1, except that large letters are used to denote vectors and E is
written in place of D. Many writers use the symbol curl instead of rot.



2 FUNDAMENTAL IDEAS [cH.

velocity of propagation of homogeneous plane waves and is
commonly called the velocity of light; we shall assume it to be
a constant, although in the most recent speculations it is treated
as variable*.

Some of the modern writers on the theory of relativity
maintain that the introduction of the idea of an aether is
unnecessary and misleading. Their criticisms are directed
chiefly against the popular conception of the aether as a kind
of fluid or elastic solid which can be regarded as practically
stationary while material and electrified particles move through
it. This idea has been very helpful as it presents us with
a vivid picture of the processes which may be supposed to take
place, it also has the advantage that with its aid we can attach
a mesning to the term absolute motion, but herein lies its
weakness. Larmor, Lorentz and Einstein have shown, in fact,
that the differential equations of the electron theory admit of
a group of transformations which can be interpreted to mean
that there is no such thing as absolute motion.

If this be admitted, the popular idea of the aether must be
regarded as incorrect, and so if we wish to retain the idea of a
continuous medium to explain action at a distance we must
frankly acknowledge that the simplest description we can give
of the properties of our medium is that embodied in the
differential equations (1).

If we abandon the idea of a continuous medium in the
usual sense only two ways of explaining action at a distance
readily suggest themselves. We may either think of the
aether as a collection of tubes or filaments attached to the
particles of matter as in the form of Faraday’s theory which has
been developed by Sir Joseph Thomson and N. R. Campbell ;
or we may suppose that some particle or entity which belonged
to an active body at time ¢ belongs to the body acted upon at a
later time ¢+ 7. From one point of view these two theories are
the same, for if particles are continually emitted from an active

* A. Einstein, 4nn. d. Phys. Vol. 35 (1911), p. 898; Vol. 38 (1912), pp. 856
and 443. M. Abraham, Phys. Zeitschr. (1912), pp. 1—5, 310—314, 793—797;
Ann. d. Phys. (1912), pp. 444 and 1056 ; Fifth International Congress of Mathe-
maticians, Proceedings, Vol. 2, p. 256.
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body they will form a kind of thread attached to it. The first
form of the theory is, however, more general than the second.

At present we are unable to form a satisfactory picture of
the processes that give rise to, or are represented by, the vectors
K and H. We believe, however, that some points may be made
clear by studying the properties of solutions of our differential
cquations,

It will be seen from the investigations of Chapter v
that the mathematical analysis connected with these equations
is suitable for the discussion of three distinct theories of the
universe, which may be described briefly as follows :—

Aether Matter
Continuous medium. Aggregates of discrete par-
ticles.
Discontinuous medium con- An aggregate of discrete

sisting of a collection of tubes particles attached to the tubes.
or filaments.

Continuous medium. An aggregate of discrete
particles to which tubes are
attached.

The last theory may be supposed to include that form of
the emission theory of light in which small entities are projected
from the particles of matter under certain circumstances and
produce waves in the surrounding medium. This theory might
be justly ascribed to Newton*. )

For other theories of the aether the reader is referred to
Prof. E. T. Whittaker’s recent workt A Hustory of the Theories
of the Aether. -

In the first part of this book the analysis is adapted almost
entirely to the first theory, the high development of which we owe
to the pioneer work of Maxwell, FitzGerald, Hertz, Rayleigh,
Heaviside, J. J. Thomson, Lorentz and Larmor. The other
theories have not yet received much attention but it is hoped

* A form of the theory in which the entities are electric doublets has been
developed by W. H. Bragg and applied to the X and v rays. British Association

Reports (1911), p. 340,
t Dublin Univ. Press ; Longmans, Green and Co. (1910).
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that the analysis of Chapter viir will lead to further develop-
ments so that a comparison can be made between the different
theories. It is quite likely that one theory will be enriched by
the developments of another.

§ 2. Electromagnetic fields.

For many purposes it is convenient to work with a complex
vector* M= H + iE, wherc 1=+"=1 and the ambiguous sign
1 is independent of the ambiguity which occurs in the determi-
nation of ¥ —1. The differential equations (1) may then be
replaced by the simpler equations

oM

rot M=F P divM=0....cceuvvvnnenn. (2).

When a solution of these equations has been found a pair
of vectors K and H satisfying equations (1) may be obtained by
equating coefficients of the ambiguons sign. In working with
an ambiguous sign it must be remembered that when two
ambiguous signs are multiplied together the ambiguity is
removed. The chief advantage in using the two independent
ambiguities + and ¥ —1 is that we can assume that the vectors
F and H are the real parts of expressions of the form de“! and
we are at liberty to equate the coefficients of either ¢ or + in
any of our equations.

Definition. A solution of the differential equations (2) or (1),
which provides us with single-valued vector functions £ and H
for each space-time point (z, y, z, t) belonging to a certain
domain D, is said to define an electromagnetic field in the
domain D.

Since the differential equations are linear the sum of any
number of solutions is also a solution. The physical meaning
of this is that when two electromagnetic fields are superposed,
they are together equivalent to an electromagnetic field.

Two superposed electromagnetic fields can of course be
related to one another in some way. When electromagnetic

* The use of a complex vector H - iE is recommended by L. Silberstein, Ann.
d. Phys. Vols. 22 and 24 (1907) ; Phil. Mag. (6), Vol. 23 (1912), p. 790. He does
not, however, use the ambiguous sign.
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waves fall upon an obstacle, a sccondary disturbance is produced
which depends in character upon the nature of both the primary
waves and the obstacle.

We shall find that in some cases it is possible to find two
fields in which the vectors (K, H), (E’, H') are connected by the

two relations embodied in the equation
(MM’ = M M, + MM,/ + MM, =0 ......... (3)

for all values of (z, y, 2, t) belonging to some domain.
When this is the case the fields are said to be conjugate
within this domain.
It we use the notation
. (]”2)=Mx2+ﬂ[yg+Mz2r
we may write

(M) =(H*) - (E*) £ 20(EH) =1, £ % L,

where 1, and I, are two quantities which we shall call the
invariants*. It is easy to see that when two conjugate fields
are superposed the invariant 7, for the total ficld is the sum of
the invariants 7, for the two component ficlds. Similarly for
the invariant 7,.

When the invariants are zero over a given domain the field
may be called self-conjugate for this regiont.

§ 3. The flow of energy.

An entit}y whose volume density; p is a function of (2, ¥, 2, t)
will vary in a manner which can be descnbed as a simple flow
with component velocities (u, v, w) if the equation of continuity

d d
ag’”a (pu)+a (P0) +5- () =0 w.coneee. (4)

is satisfied. This cquation implies in fact that there is no

* They are invariants for the group of linear transformations which leave
the electromagnetic equations unaltered in form., Cf. H. Minkowski, Gdtt.
Nachr. (1908); E. Cunningham, Proc. London Math. Soc. (2), Vol. 8 (1910),
p. 89; H. Poincaré, Rend. Palermo (1906) ; M. Planck, 4nn. d. Phys. Vol. 26
(1908). Other invariants are given by these authors,

1 Silberstein calls it a pure electromagnetic wave.

+ The limitations to which the idea of density ia subject and the question of
the continuity of the function p are discussed by J. G. Leathem, ‘*‘ Volume
integrals and their use in physics,” Cambridge Mathematical Tracts (1905).
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creation or annihilation of the entity in the neighbourhood of
(x, 4, 2, t).

Now it is easy to see that the equation of continuity is
satisfied in virtue of equations (1) if we put

p=%(E)+%(H"), pu=c(EH,—EH,),
and two similar equations. We shall regard p in this case as
the volume density of the energy contained in the electro-
magnetic field. The vector % whose components are of the

type ¢ (E,H, — E,H,) can then be supposed to indicate the rate
at which energy flows through the field. Since

P —w—v?—w)=}c (B2 — H + ¢ (EH),
it appears that energy travels through the field with a velocity
which is less than the velocity of light. The velocity ¢ is
attained only in the casc of a self-conjugate field.

The vector 3 was introduced by Prof. Poynting* and is
usually called Poynting’s vector. The idea of describing the
transfer of energy in this way also occurred to Prof. Lamb
before the publication of Poynting’s work.

Example. Prove that the equation of continuity may he satistied by
putting

1906 06 8 1 06 06 L]
pu= g Bam gy Mot gy My po= g7 Bum 5o Hoty M,
108 00 04 06 00
Po=_ o Fo tp ”+?+y'H"’ Po= =g P~ gy Br 5, B

where 6 is an arbitrary function. Obtain a similar solution by replacing
Ebvy Hand Hby - E. .

§ 4. First solution of the fundamental equations.
Let us use the symbol Qu to denote the Dalembertian+
of u, viz.
10« 0% O 82u 1 6%
Qu=Au—- 2804, 7 +i=— =,
cott ow 0y 028 ¢ ot

* Phil. Trans. A, Vol. 175 (1884), p. 343. See also H. A. Lorentz, I'he
Theory of Electrons, p. 22.

1 This is the name suggested by Lorentz, loc. cit. p. 17. Many writers use
Cauchy’s symbol O to denote the Dalembertian, but I think Q is preferable
beeause its form suggests a wave. Murphy’s symbol A is also used here in place
of the usual symbol V2. E. B. Wilson and G. N. Lewis use the symbol O 2u

to denote the Dalembertian of u. Cf. Proc. Awmer. Acad. of Arts and Sciences,
Vol. 48 (1912), p. 389,
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and the symbol grad U to denote the vector whose components

2 o7 3y

oz’ oy’ 0z

respectively. Let us also use QA, where A is a vector with
components Az, Ay, A;, to denote the vector whose components
are QA,, QA,, QA,. The equation Qu=0 will be called the
wave-equation and a solution of this equation a wave-function.
A vector function A will be said to satisfy the wave-equation
when each of its components is a wave-function, ie. if QA =0.
We may now satisfy equations (1) and (2) by writing
M=+irot L= -l-%?+gradA ............... (),
where the scalar potentiul A=V F i® and the vector potentzal
L = B F 14 satisfy the equations

QA=0, QL=0

are

: 10A
, (11VL+Z'§-—O ......... (6).
The last three equations may be solved in a general way by

writing

L= %%q+zrotG+gm(lK
e dive] K [ o,
’ c ot
where the veetor G =T F <IT and the scalar K satisfy the wave-
equation
Qu=0...... rereeesanenernasaans (8)

The solution of equations (1) which is embodied in (5),
(6) and (7) is a simple extension of Hertz’s solution* and is
suggested by Whittaker's solutiont in terms of two scalar
potentials. It is clear that the function K drops out when we
differentiate to find M and so the electric and magnetic forces
depend only on the veetor G.  The form of this vector indicates
that the electromagnetic field can be regarded as the sum of
two partial fields; one of these is derived from the vector IT and

* Ann. d. Phys. Vol. 36 (1838), p. 1. The general solution is given by
Righi, Bologna Mem. (5), t. 9 (1901), p. 1; Il Nuovo Cimento (5), t. 2 (1901), p. 2.
He finds suitable expressions for the vectors IT and I' in & number of cases.

t Proc. London Math. Soc. Ser. 2, Vol. 1 (1903).
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will be called a field of electric type, the other is derived from
the function I' and will be called a field of magnetic type.

This resolution of an electromagnetic field into two partial
fields is analogous to the one used by H. M. Macdonald* in the
study of the effect of an obstacle on a train of eclectric waves.
The component fields are then of such a type that in one case
the magnetic force normal to the obstacle vanishes over the
surface of the latter, in the other case it is the electric force
normal to the obstacle that vanishes. The same idea has been
used recently by Mict and Debye? in the treatment of the case
of a spherical obstacle.

In Hertz's solution we have I'=0, K =0 and II has
components (0, 0, S).

The components of £ and H are conscquently given by the
formulae

N 1 928
B =gz == ooyt
8 1 o8
E,= 53/?32 . H,=- camapl e 9).
L
B=gp = H:=0

Hertz uses Euler’s wave-function§
1.
S= Sk (r—ct), =4y + 2,

and obtains in this way a theory of his oscillator|. The electric
and magnetic forces become infinite at the origin which is there-
fore a singularity of the electromagnetic field. A singularity of
this type is called a vibrating electric doublet and is regarded as
the simplest model of a source of light or electromagnetic waves,

* Electric Waves, Ch. vI.

+ Ann. d. Phys. Vol. 25 (1908), p. 382. + Ibid. Vol. 30 (1909), p. 57.

§ Periodic solutions representing a disturbance sent out from =n-fold poles
had been used previously by H. A. Rowland and applied to the elucidation of
optical phenomena. Amer. Journal of Mathematics, Vol. 6, p. 359 ; Plul. Mag.
Vol. 17 (1884), p. 423. Cf. also Stokes, Cambr. Phil. Trans. (1849).

|| To deal with the case in which the vibrations are damped we assume

S:%c""("-“) sink (r—ct). Cf. K. Pearson and A. Lee, Phil. Trans. A, Vol. 193
(1900), p. 159.
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The solutions of equations (1) which are obtained by superposing
elementary solutions of this type are of great importance in
physical optics.

When » is very great the most important terms in the
expressions (9) are

K’xzs K*ys
Ez="" a2 HZ= )
o 22
9 2
K YzZs K XS
Eu—-—;i_, [11[= P’

, H,=0,

Ly = -

. _ K@+ s
E, = T

where s =sink (1 —ct). All the other terms are of order 1/ or
1/r.  These expressions give
(FH) =0, (K*)—(H*)=0.

Hence at a very great distance from the origin the field 1s
practically a sclf-conjugate field and so the encrgy travels with
a velocity very nearly equal to the velocity of light. The
expressions indicate that Poynting’s vector is ultimately along
the radius from the origin; now the electric and magnetic
forces are at right angles to Poynting’s vector and so the
vibrations of the light-vector, whether we take it to be the
clectric or magnetic force, are at right angles to the radius.
The waves sent out from the source have, then, the character
of monochromatic light at a great distance from the origin*.
The amplitudes of the vibrations at points on the same radius
are proportional to the quantities 1/» when » is large, and so if
the intensity of the light be measured by the square of the
amplitude the inverse square law is fulfilled.

Since the electric force is ultimately at right angles to the
radius there is no total charge associated with the singularity,
for the charge is equal to the surface-integral of the normal
electric force over a large sphere concentric with the origin
and this integral is evidently zero. We are consequently
justified in regarding the singularity as a doublet and in fact

* For a fuller discussion see Larmor, Phil. Mag. (5), Vol. 44 (1897), p. 503 ;
Aether and Matter, Chap. x1v, where it is shown that energy is radiated from a

moving charge only when the velocity of the charge alters in either magnitude
or direotion.
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as a simple electric doublet of varying moment as is indicated
by the way in which the electric and magnetic forces becomne
infinite®. The axis of the doublet is along the axis of z.

The electric lines of force due to a vibrating electric doublet
have been drawn by Hertzt for various stages of the motion.
The general character of the lines of force is indicated in Fig. 1.

—

N - [+

Fig. 1%.

It will be noticed that the lines are all at right angles to a
plane perpendicular to the axis of the doublet. M. Abraham§
has used a Hertzian doublet to obtain a model of the clectro-
magnetic field produced by the oscillations in a vertical antenna.
the plane just mentioned being supposed to represent the carth
which is regarded as a perfect conductor. Zenneck| has,
however, pointed out that when the imperfect conductivity of
the earth is taken into account the circumstances of the

* See § 42.

+ Ann. d. Phys. Vol. 36 (1888), p. 1. The case of damped vibrations is
considered by K. Pearson and A. Lee, loc. cit.

1 I am indebted to the Macmillan Company and A. Gray, Esq., for permis-
sion to reproduce this diagram.

§ Phys. Zeitschr. Vol. 2 (1901), p. 329; Theorie der Elektrizitiit, Vol. 2,

§ 34; Encyklop. d. Math. Wiss. Band 5, § 18.

| Ann. d. Phys. Vol. 23 (1907), p. 846 ; Phys. Zeitschr. Vol. 9 (1908), p. 50 ;
Ibid. p. 553.
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propagation are somewhat different. The spreading of electro-
magnetic waves over the earth’s surface has been investigated
thoroughly by A. Sommerfeld* and his pupil H. v. Hoerschle-
mannt, and their results seem to indicate that the imperfect
conductivity of the earth is an important factor in directing
clectric waves and in enabling their effects to be detected at
great distances. The ionisation of the air by sunlight is also
an important factor, as has been pointed out by J. J. Thomson,
W. H. Eccles} and J. A. Fleming§. Marconi’s experiments have
indicated that the circumstances of propagation are not yet
thoroughly understood. No good reason has been given to
explain why communications by means of electric waves can be
made more easily when the receiving station is in a north or
south direction than when the direction is east or west. The
curious contrasts in the results obtained with waves of different
frequencies in day and night communications are also un-
explained||.

The use of the vector IT instead of the scalar S was
recommended by Abraham¥. Von Hoerschlemann has obtained
m this way a model of Marconi’s bent antenna which gives
a directed effect to the radiation. A number of arrangements
of Hertzian doublets that can be used to imitate the action
of antennac have been described by Fleming**, Larmort,
Sommertfeld and Macdonald}?.

In the theory of FitzGerald’s magnetic oscillator§§ we have

II=0, T'=(0,0, 4,

N being Euler's wave-function. Whittaker’s solution is
obtained by adding the solutions of Hertz and FitzGerald.

* dnn. d. Phys. Vol. 28 (1909), p. 665.
I Jahrb. d. draht. Teleg. Vol. 5 (1912).
+ Proc. Roy. Soc. A, Vol. 87, p. 79.
§ British Association Reports, Dundee (1912). See also O. J. Lodge,
Phil. Mag. Vol. 25 (1913), p. 775.
II See Marconi’s address to the Royal Institution, June, 1913.
9 Theorie der Elektrizitit, Vol. 2, Ch. 1. See also Righi, loc. cit.
** Proc. Roy. Soc. A, Vol. 78, p. 1.
++ Ibid. in a footnote to Fleming’s paper.
13 Proc. Roy. Soc. A, Vol. 81, p. 394.
§§ Trans. Roy. Dublin Soc. Vol. 3 (1883); Scientific WWritings, p. 122.
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§ 5. Second solution of the fundamental equations.
It is easy to see that equations (2) will be satistied if we
can find two functions (a, 8) such that

a(a 8)_ =" 1 9(a, 3)

a ., 2)” Te¢ a(x t)
M, = (1, B8)_ ,10(a, B)

2

5o = +E?3(y, t)) ............... (10).
3@ B)_ , i3 R
M= = 5061

An electromagnetic field that is specified in this way is
necessarily a self-conjugate field, for if we multiply together
the two expressions for M, and do the same for M,, M,, we tind
that M2=0. A particular pair of functions a, 3 is obtained by
putting

a=xzcosf+ysin@Fiz, B=uwsinf@—ycosf—ct...... (1),

where @ is an arbitrary constant. To generalisc this field we
multiply the cxpressions for M,, M,, M, by an arbitrary
function* of a, B, 6 and integrate with regard to : we thus
obtain a very general electromagnetic field in which

MFJ:ifz"f(a, 8, 0)(:080({6)
0

t

M,=%: fzwf(a, B, 0)sinfdb . ............ (12).
S0

27
M, =— f F(a, B, 0)d8
0

The components of the electric and magnetic forces are
obtained by equating the ambiguous and unambiguous parts in
these equations; it is easy to verify that they are all wave-
functions.

It should be remarked that these definite integrals may
give a representation of the electromagnetic field, required for
the solution of a problem, only in a certain limited domain of

* When we speak of an arbitrary funetion it must be understood that the
function may be subject to certain limitations which render the integration and
differentiation under the integral sign intelligible operations.
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the variables #, y, z, t; the integrals may in fact represent
discontinuous functions.

The limits of integration could have been taken to be any
other constants instead of 0 and 27 ; they can also be taken to
be functions of «, ¥, z, t of the type », where w is defined by an
equation of the form

£sinw — ycos w— ¢t = F(w),
F being an arbitrary function.

A suitable pair of functions a, B is also obtained by putting

and in this case Poynting’s vector 1s along the radius from the
origin. A more general type of electromagnetic field in which
this is true is obtained by multiplying the above expressions
for the components of M by an arbitrary function of @ and 8.

Other pairs of functions a, 8 of a very general nature are
obtained in Chap. vur. It should be remarked that in all cases
the functions (a, 8) are of such a nature that if ¥ (a, 8) is an
arbitrary function of a and B, F satisfies the partial differential

(*quati(m
(%f)*(@) Kaz - (F> ......... (14),

which is of fundamental importance in geometrical optics* and
may be called Hamaltow’s equation. It is found that this
equation is also satistied in many cases by the functions of
«, Y, 2, t which are the limits of a definite integral rcpresenting
a wave-function, when the function under the integral sign is
a wave-function for all values of the parameter with regard to
which we are integrating. Thus the function o just defined and

. 1 . . .
the function ¢ — F (r +7,) which will be used later arc solutions
of this equation.

* For another connection between this equation and the electromagnetie

equations see A. Sommerfeld and J. Runge, *‘ Grundlagen der geometrischen
Optik,” Ann. d. Phys. Vol. 35 (1911), p. 277.
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§ 6. The fundamental equations for a material medium.

For a material medium which is stationary relative to the
axes of coordinates, the equations (1) must be replaced by the
more general equations®

rotH=%<J+%€>, divD=p}

10B
rot E = - E 5{
where D) is the electric displacement, £ the electric force or
field strength, H the magnetic force and B the magnetic induc-
oD
ot

i1s made up of a conduction-current C, a displacement-current

)

, divH=Or

tion. The quantity J + — represents the total current which

3t and a convection-current pv, p being the volume density of
electricity.

Various notations have been used for the different vectors
of an electromagnetic field. Most English writers use (a, b, ¢)
for the components of the magnetic induction, (a, 3, ¢) for those
of the magnetic force, (£, g, k) for the components of the electric
displacement and (P, @, R) or (X, Y, Z) for those of the
electromotive intensity or electric forcet. This is not to be
confused with the mechanical force ¥ of electromagnetic origin,
whose components are sometimes denoted by (X, ¥, Z).

* Lorentz (1892—1895) and Larmor (1895) have derived these equations and
a corresponding set of equations for moving bodies by a process of averaging,
starting from the fundamental equations of the theory of electrons in which we
have B=H, D=E, J=pv. Cf. H. A. Lorentz, 4kad. van Wetenschappen te
Amsterdam (1902), p. 305; Encykl.d. Math. Wiss. Bd. b, § 14, pp. 200—210. This
method of averaging has been developed so as to give results in accordance with
the Theory of Relativity by M. Born, Math. Ann. Bd. 68 (1910) and E. Cunning-
ham, Proc. London Math. Soc. Ser. 2, Vol. 10 (1911), p. 116. The Born-
Minkowski equations differ slightly from those of Lorentz and indicate the
existence of an electrostatic field due to the motion of a magnetised body.

It has been realised by the foregoing writers and others that the principle of
relativity alone is not sufficient to determine a complete set of equations for
moving bodies, a theory of the constitution of matteris needed. Cf.H. R. Hassé,
Phil. Mag. Jan. (1914).

+ Clerk Maxwell, Electricity and Magnetism, 8rd edition (1892), Vol. 2,
p. 257.
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In any material medium there are certain constitutive
relations connecting the vectors D, E, B, H, J. In moving
media, crystalline media and ferromagnetic bodies the relations
are rather complicated, but for an isotropic medium in which
p =0 the relations can be represented to a good degree of
approximation by the simple cquations

D=¢E, J=cE, B=yuH ............... (186),

where ¢, o, p are scalar quantities which are generally regarded
as constants; they will be regarded in fact as the optical
constants of the medium. The quantity o is called the con-
ductivity, p the permeability, and e the dielectric-inductive
cupacity.

The units that are used here are the so-called modified
units*, in which Heaviside’s suggestion of eliminating a factor
47 has been adopted. We can pass to electrostatic units or
electromagnetic units by replacing our quantities E, H, etc. by

ak, BH, etc., where a, B are certain factors which are given in
the following table :

e, D, J t E ‘ B l H \ m
Electrostatic system Ji Lo e R o
R L 4w “ ,,/Er ~/41;__ C\/‘G C.J41r

1 1

1 .
cdin | Jin | Jam | VAT

Electromagnetic system | ¢ /4w

We use ¢ here to denote a quantity of electricity, and m a
quantity of magnetism.

§ 7. The energy equation for a material medium.
If we use I as before to denote the vector whose components
are of type ¢ (¥, H,— E,H,), we find that

0%, 0%, . 0B, 0B, 0B,
E}—-{-a +—+at2(1‘1ﬁ)+b{z “+ H, at+H= *+ o (E)=0.

* Cf. H. A. Lorentz, Encyklopddie der Math. Wiss. Bd. 5, § 13, pp. 83—87.
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If 4 is a constant and }eE?+ 3uH? be regarded as the
energy per unit volume, the change in the distribution of the
energy can be described by means of a flow o and a loss per
unit volume of magnitude oE* due to the transformation of
electric energy into heat (Joule's heat)*. If B does not depend
on the instantaneous value of H so that x is not a constant
there is a loss of energy due to hysteresis. B may depend
upon H alone but not be a single-valued function of H, con-
sequently in a cycle of changes [(H.dB) is not zero and may be
taken as the heat per unit volume developed during the
description of the cycle. Notice that

J(H.dB)=— [(B.dH) round a cycle,
and is always positive since the value of B for a given value of
H is greater when H is increasing. The experimental analysis
and the accompanying theory are due to E. Warburg+ and
independently in much greater devclopment to J. A. Ewing} by
whom the name hysteresis was applied to such phenomena.

§ 8. Solution of the fundamental equations for a
material medium.

Let us assume that o, u, € are constants and that E, H arc
the real parts of expressions of the form Ae~®!, where A is
a complex quantity independent of £. Then if we write

patetuer B Mo HrwE..a,
and regard E, H now as the complex vectors of which they were
formerly the real parts, the differential equations to be satisfied
by M are

rot M=+kM, divM=0............... (18).
These may be solved by putting
M=rot Tl 47 grad div T £ ML ............ (19),

where IT is a solution of the equation Au + A%« = 0, and may be
of the form U +:V.

* For a fuller discussion see R. Gans, Einfilhrung in die Theorie der
Magnetismus; H. A. Lorentz, Encykl. d. Math. Wiss. Bd. 5, § 14, p. 240, Heft 1
(1903) ; Heaviside, Electrical Papers, Vol. 1, pp. 437—450.

+ Ann. Phys. Chem. (3), Vol. 13 (1881), p. 141.

% Phil. Trans. A, Vol. 176 (1885), pp. 523—640; Proc. Roy. Soc. Vol. 34
(1883), p. 89; Phil. Mag. Vol. 16 (1883), p. 381 ; Magnetic Induction in Iron
and other Metals, London (1892).
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Problems which deal with the effect of small obstacles upon
light or electric waves require the taking into account of the
properties of the material of which the obstacle is composed : it
is only for long waves and conducting media that the obstacle
can be treated as a perfect reflector. This is illustrated by the
work of Maxwell Garnett* and Miet on the optical properties
of colloidal suspensions of metals and in the work of Sommerfeld
to which we have already referred.

Unfortunately, however, the analytical difficulties are very
great when imperfect conductivity is taken into account}. The
simple-looking problem of the reflection of the disturbance
produced by a moving charge, when the obstacle is an infinite
plane sheet of metal or other conducting substance, has not yet
been solved accurately§ and therc are many similar preblems
that have completely baffled mathematicians.

Much more progress has been made with problems dealing
with perfeet reflectors. These problems are to some extent
ideal but some of the characteristics of actual physical problems
arc often preserved|l. Apart from this, such problems are of
considerable mathematical interest, and have been studied by
some writers simply on this account.

§9. Boundary-Conditions.

The conditions to be satistied at a surface separating two
different media are obtained by integrating equdtions (15) across
a thin layer of transition¥. Taking the axis of 2 along the

* Phil. Trans. A, Vol. 203 (1904), p. 385 ; Vol. 205 (1905), p. 237.

t dAnn. d. Phys. Vol. 25 (1908), p. 377.

$ An important solution of the equations has been given by M. Brillouin,
¢ Propagation dans les miheux conducteurs,” Comptes Rendus, t. 136 (1903),
pp. 667, 746. (See Ex. 20, Ch. 1x.) For other references see Ex. 5, p. 23.

§ An approximate solution was suggested by Maxwell and has been developed
by Larmor, Proc. London Math. Soc., Ser. 2, Vol. 8, p. 1. An accurate solution
for the case in which the sheet is treated as infinitely thin and the charge moves
with uniform velocity parallel to the plane has been given by G. Picciati, Rom.
Ace. Linc. Rend. (5), 11, (1902), p. 221.

I A metal behaves practically as a perfect conductor to electric waves when
the oscillations are rapid but slow compared with waves of light. Cf. J. Larmor,
‘¢ Electric vibrations in condensing systems,’’ Proc. London Math. Soc. Ser. 1,
Vol. 26, p. 119.

9 Rayleigh, Scientific Papers, Vol. 1; Phil. Mag. Vol. 12 (1881), p. 81;
H. Hertz, Electric Waves, pp. 207, 238; Larmor, Phil. Trans. (1895),

B. 2
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normal to the surface we shall assume that E, H, D, B and
their derivatives with regard to z, y, ¢ are finite within the
layer and that the conductivity o is also finite. The equations

0B, °E, 19B, 0H, oH,_ 1( E+6D>
9z 0y cot’ oy 0z =Tt
oE, oH, oD,
e o Vet
integrals with regard to z across a thin layer of thickness 6 are
less than a@ where a is a finite positive quantity independent of 6.
This means that the tangential components of the electric force,
magnetic force and electric current are continuous in crossing
the surface.

Again, the equation

then show that —*% are finite and so their

0B, + 9B, 0B, + 98 0B, ~0
oz ' oy 0z
shows that 9B, is finite and so the normal component of the

0z
magnetic induction is continuous. This result may, however,
be regarded as a consequence of the previous one.
The normal component of the electric displacement may be
discontinuous, for the equation div D = p gives

d,= aD’ ——dz= f pdz + terms of order 6,

where d, is the discontmmty in the electric displacement. Hence
if o is the surface-charge of electricity per unit area we have d,=g.
When the media are both conducting we have & =0 and the
normal component of the electric displacement is continuous.

It is known that in the case of a good conducting body
rapidly alternating currents are confined within a very thin
layer close to the surface®. In the ideal case of a perfect
conductor or perfect reflector the field-vectors are zero within

p. 733; H. M. Macdonald, Electric Waves, p. 14; H. A. Lorentz, Zeitschrift
f. Math. u. Phys. Bd. 22 (1877).

* Ctf. H. Lamb, Phil. Trans. A (1883) ; O. Heaviside, Electrical Papers, Vol. 2,
p. 168; J. J. Thomson, Recent Researches, p. 281. For some recent work on
the subject see & paper by E. F. Northrup and J. R. Carson, Journ. of the
Franklin Institute, Feb. (1914), p. 125. The results of many other researches
on the skin-effect and alternating ourrent resistance are given in J. A. Fleming’s
The principles of Electric Wave Telegraphy.
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the body of the conductor. This case is characterised by o = o
and the tangential components of the magnetic force are no
longer continuous as a point moves across the surface, we have
in fact if A is the discontinuity in the magnetic force

0OH 0
h, = o8, dz= -1 oE.dz + terms of order 6.
v 0z c
0 0

Hence if K is the surface-current and & the discontinuity
of the magnetic force, we have

1
hy=—-6

K. h=_K,

At the surface of a perfect conductor the tangential com-
ponents of the electric force must vanish and as a consequence
of this we can say that the normal component of the magnetic
induction must also vanish. If the medium outside the con-
ductor is free aether the surface-conditions are simplified on
account of the relations D=FE, B= H.

In the case of a very thin conducting sheet it is convenient
to treat the thickness of the sheet as negligible and regard the
tangential components of the magnetic force as discontinuous
when a point moves along the normal from one side of the
sheet to the other.

The boundary-condition is then*

T T
—h,y=2E, h=2
'Yy c 2] T c Yy

]
where 7= [ adz is the conductivity of the sheet.
0

If we wish to extend the idea of Green’s equivalent layer to
electrodynamics we must consider electromagnetic fields in free
aether with surfaces at which the tangential components of the
electric and magnetic forces are discontinuous; this requires an
electric current sheet and a magnetic current sheet on the

* Cf. T. Levi-Civita, Rend. Lincei (5), 11, (1902), p. 75. These conditions
are used by Picoiati in his solution of the problem of an electric charge moving
parallel to a conducting sheet. In some previous papers, Rend. Lincei (5), 11,
(1902), pp. 163, 191, 228, Levi-Civita had used the electromagnetic potentials to
detexmine the effect of a conducting sheet on an alternating current flowing
along a straight wire parallel to the sheet; the boundary-conditions are then
determined by the discontinuities of the potentials due to the induced current.

22
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surface*. For a complete generalisation we ought to consider
the cases when the normal components are also discontinuous
and when the surface is in motion. The last circumstance
alters matters to some extent and must now be discussed.

In the case of electric waves in free acther, the vectors
E and H may be discontinuous at a wave-boundary. If this
can be regarded as the limit of a thin layer of transition within
which equations (1) are satisfied and the vectors K, H are
finitet, the values of these vectors on the two sides of the
boundary must satisfy certain conditions which may be found
as follows.

Let the equation of the moving boundary be expressed in
the form

L A AT ) P (20).

If now we apply Green’s theorem to the integral

ff[(M, ¥ szyg ticM, gy) dydz

+ (My FicM, g 5
(M ¥ 'Lch 5 + c M, gt> dwdy] ...... (21),
which is supposed to be taken over a closed surface, we find
that it vanishes on account of the equations (2) provided ¢ is
supposed to be expressed in terms of #, y, z according to some
definite law which we shall take to be that expressed by (20).
We now apply this theorem to a disc-shaped surface whose
two faces very nearly coincide. We shall suppose that on one
side of the disc the vector M represents the field of the advancing
waves and that on the other side it represents the ficld obtain-
ing just before the arrival of the waves. We shall also suppose
* Cf. J. Larmor, Proc. London Math. Soc. (2), Vol. 1 (1903), p

H. M. Macdonald, Electric Waves, p. 16 ; Proc. London Math. Soc. (2), Vol. 10
(1911), p. 91.

+ The idea is practically due to Stokes, Math. and Phys. Papers, Vol. 2,
P. 275, but was not worked out in detail. The different possible types of dis-
continuity are discussed with some care by Love. The case in which E and H
are continuous but some of their derivatives are discontinuous at the moving
boundary may be discussed more simply by analysis analogous to that given in
Hadamard’s Legons sur la Propagation des Ondes, Paris (1903), Ch. 2. See also
Ex. 2, p. 23, and the references to Duhem and Silberstein on the next page.

+cM, ot ) dzdz
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that the derivatives of M are finite or behave in such a way
that an application of Green’s theorem is justifiable. Now
let M be the discontinuity of M, i.c. the difference in the values
of M at two neighbouring points on opposite sides of the wave-
boundary. Then when the two faces of the disc coincide we
find that a certain surface-integral over one face of the disc is
zero. The surface-integral is of the same type as (21) except
that M is written in place of M. Since the face of the disc can
be chosen arbitrarily the integrand must vanish and so we
obtain three equations of the type*

= Ot

M,;icﬂy%iwmafo e (22).

These equations give

M:=0 and (%)2 + (g;y + (292 = Elg- .

Hence the wave-front advances with the velocity of light
and the difference between the two electromagnetic fields at
the wave-boundary behaves as a self-conjugate field in which
Poynting’s vector is along the normal to the moving
boundary.

If the equation of the wave-boundary be expressed in the
form

F(z,y,2t)=0,

we find on calculating the values of

u o
oz’ oy’ 0z’
tha (%—2)2 + (%)2 + (@a%)ﬂ - %,@g—)g ...... (14).

This is the differential equation of the characteristics, it
expresses that the moving boundary moves normally to itself
with the velocity of light. According to the theory of Stokes+

* Equations equivalent to these are obtained in a different manner by
0. Heaviside, Electrical Papers, Vol. 2, p. 405; A. E. H. Love, Proc. London
Math. Soc. Ser. 2, Vol. 1 (1903), p. 37; L. Silberstein, dnn. d. Physik, Vol. 26
(1908), p. 751 ; P. Duhem, Comptes Rendus, t. 131 (1900), p. 1171.
® + Proc. Camb, Phil. Soc. (1896); Manchester Memoirs (1897); Math. and
Phys, Papers, Vol. 4.
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and Wiechert*, Rontgen rays consist of pulses travelling through
the aether, the energy in a pulse being confined within a thin
shell. The above theory indicates that the front and rear
surfaces of the shell move forward with the velocity of light.
A slight modification of the preceding method can be used
to find the conditions to be satisfied at a moving surface which
is the boundary between two different media. If we write
L=B +1iD,N = E T tH and assume that the surface-charge and
surface-current can be neglected, the six boundary-conditions
can be expressed by saying that the three quantities of type

L,-—c%N,+ca—tN

o oz Y
must be continuous as the boundary is crossed. The equation
of the moving boundary is expressed as before in the form (20).
When the moving boundary is the surface of a perfect conductor
or perfect reflector, the boundary-conditions are simply that the
three quantities of type
Bz—-cgz—jEz+cg-ZEy

should vanisht.

In the last two cases the boundary-conditions do not imply
that the boundary moves normally to itself with the velocity of

light ; in fact, the motion of the boundary can be quite arbitrary.

EXAMPLES.

1. The surface of discontinuity is the sphere r=ct and the electro-
magnetic field within this surface is expressed by the equations
o2 o'l G
(Eyy By, E,)=c (‘3}‘3‘29 5.1/_-85’ "m"—a‘y‘ﬁ)’
o’1r on
(Hz) Hw H3)= 6:75“1 "aT'at) ),
where O=Ar-le~U%~"gin p (ct~r+e)

* A4bh. d. Phys.-5kon. Ges. zu Konigsberg, 1 Pr. (1896), p. 1; Ann. Phys.
Chem. Bd. 59 (1896), p. 283. See also J. J. Thomson, Phil. Mag. (5), Vol. 45
(1898), p. 172.

1 These conditions are equivalent to the condition that the mechanical force,
which would act on a charge moving with the normal velocity of the surface,
must be along the normal to the surface, Cf. Heaviside, Electrical Papers,
Vol. 2, p. 514; Electromagnetic Theory, Vol.1, p. 278 ; Hertz, Electric Waves,
P. 267.
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The constants p and ¢ being known determine the constants A4 and e
in order that the field outside the surface r=ct may be the electrostatic

field for which the potential & is —a% (}) .
(Cambr. Math. Tripos, Part II, 1904.)

2. If the vectors £ and H are known for all points (z, , 2, t) of a
moving surface
F(z,9,2t)=0
the values of all the derivatives of £ and H, and consequently values of £
and A at points not on the moving surface can generally be found pro-
vided # does not satisfy the differential equation

O0F\2  (OF\? (OF\%? 1 (0F\?
%) () + (%) - ()
(Havelock, Proc. London Math. Soc. Ser. 2, Vol. 2, p. 297.)

3. An electromagnetic field is conjugate to an electrostatic field.
Prove that the flow of energy in the electromagnetic field takes place along
the lines of electrig force in the electrostatic field.

4. Let the line OC of length ¢ be drawn in the direction of Poynting’s
vector at each space-time point O of a self-conjugate electromagnetic
field and let OV represent a velocity » associated with the point O.
Prove that if this electromagnetic field is conjugate to another field
(E, H) in which c¢H is the vector product of » and E, the direction of E is
parallel to VC.

5. Prove that when o, ¢, p are constants, the vectors E, H of § 6
satisfy the differential equations

eu?H opoH

T T & ot
Solutions of these equations for the case in which p=0 have been given by

0. Heaviside, Phil. Mag., Jan. (1889), p. 30 ; Electrical Papers, Vol. 2,
p. 478.

H. Poincaré, Comptes Rendus (1893), p. 1030 ; Théorie analytique de
la propagation de la chaleur, Ch. 8.

J. Boussinesq, Comptes Rendus (1894), pp. 162—223; Théorie
analytique de la chaleur, t. 2 (1903), p. 538.

Kr. Birkeland, Archives des sciences physiques, Geneva (1895), p. 5.

0. Tedone, Rend. Lincei, Mar. 31st (1913), Jan. 18th (1914).

M. 1. Pupin, Trans. Amer. Math. Soc., Vol. 1 (1900), p. 259.

o8 Prove that the function

AH =0. (Maxwell.)

1 -Zus/i—a

Ji-z°

U=
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satisfies the equation
ot _ o 8u

Er il v T

7. If u satisfies the partial differential equation

u\?  (Ou\Z [Ou\Z 1 [Ouw\?
@) G +G) -G

and we make the transformation
ou ou
x0=x+fa’i’ zo=z+fa'zr

Ou S ou
3/0=3/+fa—y, hy=t—"5 3

where f is an arbitrary function, then « also satisfies the partial differential

equation
ou\? ou\?  [ou\? 1 /ou\?
(‘az;,) +<aio> +() =3 (5)"

8. Plane electromagnetic waves fall on the convex surface of an infinite
paraboloid of revolution 2=a —r, whose surface is a perfect reflector. If
the incident waves are given by expressions of the type

(ay B) a (a, IS)
H+1'E"‘f<aaﬁ) a('/ Z) ‘_f( B)axt)
where a=y4-1z, B=x+ct, the boundary-conditions at the surface of the
paraboloid may be satisfied by subtracting from the primary field a
secondary field represented by expressions of a similar type but with

a=a‘y~—r, B=a—r+ct.

If waves represented by the above expressions with a=y —1iz, 8=z - et,
fall on the concave surface of the paraboloid the boundary-conditions at
the surface of the paraboloid may be satisfied by supposing that the
secondary disturbance is of the form — M’'— M" 4 M"™, where the fields
M', M", M are represented by expressions of the above type, where q, 8
have the values

a'=y+1z, B =2a—x—ct,
y___t’lﬁ "__ —_—
a$+r B'=a—r—ct,

" y"lz "
a =a ,8’ =a+r—ct
z4r’ ’

respectively. With these suppositions the forces are finite at the focus,
when f is independent of a.



CHAPTER 1II

GENERAL SURVEY OF THE DIFFERENT METHODS OF
SOLVING THE WAVE-EQUATION

§ 10. The object to be attained.

It has been shown in Chapter 1 that the solution of
Maxwell’s equations can be made to depend upon the solution
of a single partial differential equation which is either the
wave-equation Qu=0 or the equation Aw+k*u=0 which
is satisfied by wave-functions of the form u=e** f(z, y, 2).
The properties of functions satisfying these equations must
accordingly be studied at some length. It is desirable,
also, that all types of such functions should be studied
and not merely those which admit readily of application to
physical problems. If certain solutions of the fundamental
equations must be rejected in the treatment of the boundary
problems of mathematical physics, a knowledge of their
behaviour is at any rate useful as it gives a clear indication of
the reason why such solutions must be rejected. There is,
however, another rcason why the scope of the inquiry should
not be restricted. The theory of wave-functions forms a
natural extension of the theory of functions of a complex
variable* and may consequently lead to results of great value
for the general theory of functions.

* This point of view is adopted, for instance, by Volterra, Rend. Lincei (4),
111, pp. 225-330, 274-287 (1887); 1v,, pp. 107-115, 196-202 (1889); v,, pp. 158-165,
291-299, 599-611, 630-640 (1889); Rend. Palermo, Vol. 3, pp. 260-272. See
also Appell, Acta Math. t. 4, p. 313 (1884); Painlevé, Toulouse Ann., t. 28
(1888) ; Bocher, Bull. Amer. Math. Soc. Vol. 9, p. 455 (1903). The theory of
functions of two complex variables is closely connected with the theory of wave-
fynctions.  Cf. H. Poincaré, dcta Math. Vol. 2 (1883) ; Vol. 22 (1898) ; H. F.
Baker, Camb. Phil. Trans. Vol. 18 (1899), p. 431; Proc. London Math. Soc.
Ser. 2, Vol. 1 (1903), p. 14.
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We shall now describe briefly some of the principal methods
of solving the wave-equation.

§ 11. Reduction to ordinary differential equations.
The aim of this method is to determine elementary solutions

of the form
u=}@Li (B Ss (W)fi(®) cerrrinniannnn. (23)

where f}, f, /s, /. are particular functions of their arguments and
a, B, v, & are particular functions of #,y,2,¢ This method was
used by D. Bernoulli in 1732 in the treatment of the vibrations
of a hanging chain, the partial differential equation being how-
ever in this case different.

The general theory of elementary solutions is due to Lamé*
who transformed Laplace’s equation into curvilinear coordinates.
For a historical account of the development of the theory we
may refer to Prof. Bocher’s book Die Rethenentwickelungen
der Potentialtheorie, Leipzig (1894) and to Byerly’s Fourier
Series and Spherical Harmonics.

A simple elementary solution of the wave-equation is
obtained by putting a=2, 8=y, y=2 8=¢; we can then
take

u=ele+my+nzpt .. ... ... (24)

where the constants I, m, n, p satisfy the relation
P=c+m*+n?) i (25)

and can be either real or complex quantities.

When p is a purely imaginary quantity and !,m,n unre-
stricted, the solution is periodic and more general periodic
solutions may be derived from this one by summation, I, m,n
being regarded as variable parameters subject to the relation
(25). When l,m,n are purely imaginary the solution (24) is
appropriate for the representation of plane waves of mono-
chromatic light, the intensity and phase of which are the same
at all points of any plane perpendicular to the direction of

Ppropagation.
* Liouville’s Journal, t. 2, pp. 147-183; Legons sur les coordonniss

curvilignes, Paris (1859). See also E. Mathieu, Cours de physique mathématique
(1878).
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Takingm=n=0,l= —-%= v 80 that the axis of z is in the
direction of propagation, we may write
E,=E,=H,=H,=0, E,=acosv(z—ct),
H,=acosv(@—ct).ccoerennennen. (26)
where a is a constant. These waves will be said to be linearly
polarised in a direction parallel to the axis of y and will be
called homogeneous because £ and H do not depend on y and z.
It will be noticed that the constant ¢ represents the velocity of
propagation of a phase of the disturbance.
A wave-function of the type
Q) = sin vz cos vct
is appropriate for the representation of standing waves. Ex-
pressions for £ and H may be written down by analogy with
the above. To obtain a representation of plane waves in a
conducting medium, we must use a solution of
P bu=0,
where &2 has the complex value given in §8. Putting V' =0,
U= (0,0, ¢itz-iwt) we find that

Ex=Ey =H,=H,=0, Ey=yﬁg9_efikz—iwt’

H, =1k eikz-ivt ..., JC (27)
where the real parts of the quantities are retained. If
k=&+u

where 7 is positive, the oscillations of the vector E are damped
owing to the exponential factor e-7z.

The elementary electromagnetic fields that have just been
found are fundamental in the theory of the reflection and
refraction of light at a plane surface. This theory is given in
the text-books on Physical Optics* and need not be reproduced
here. Various attempts have been madet to prove that any

* See for instance, Wood’s Physical Optics (1911), Ch. 13; Jeans, Elec-
tricity and Magnetism (1911), Ch. 18.
See for instance a series of papers by G. Johnstone Stoney, Phil. Mag.
(5), Vol. 43 (1897), pp. 189, 273, 368 ; Vol. 44, pp. 98,208 ; Brit. dssn. Reports
(1902), p. 539 ; Phil. Mag. Feb. 1903. The idea is probably due to Stokes.
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electromagnetic disturbance in the aether can be represented as
the sum of a finite or infinite number of elementary disturbances
of the character of plane-waves travelling in various directions.
Such a representation is generally only suitable within a
restricted domain of the variables 2, , z, ¢ ; nevertheless, it may
sometimes be employed with advantage.

When waves of all directions and frequencies are considered,
the method of summation leads to Whittaker’s formula*

w27
ﬂ=f [ Slzsin acos B + y sin asin B + z cos a — ct, a, B]
00
xsina.dadf ...ocooiiiniiiiiian, (28)
for a wave-function. The case when

SflEa,Bl=ert E<bO<m
=0 £>6
has been used by Debye+ in a discussion of the behaviour of
waves of light in the vicinity of a focus. In order that an
integral of the type (28) may represent a wave-function it is
not necessary for the limits of integration to be those chosen.
The limits for @ may, for instance, be 0 and @ where 8 is a
root of an equation of type

2 sin @ cos B+ y sin @ sin B + z cos 6 — ¢t = F (0).

In order to obtain other types of elementary solutions it is
necessary to transform our differential equations to a system of
orthogonal coordinates (u, v, w) for which the linear element is
given by
du2 dv®  duw?

U2 V2 + B 7/CIRRRSIIIIITRLLIE (29).

If H,, H,, H, are the three components of a vector H in
directions normal to the surfaces u = const., v = const., w = const.
through a point (z, y, z), the corresponding components of rot A
are of the type}

a4 Lf_v (%) -2 (5{7)} ............... (30),

* Math. Ann. (1903). See also G. N. Watson, Mess. of Math. Vol. 36
(1906), p. 98.

1 Ann. d. Phys. Vol. 30 (1909), p. 735.

%+ See for instance, H. M. Macdonald, Electric Waves, Ch. 6; M. Abmha.m,
Mazh Ann. Bd. 52, p. 81. Some very general transformation-formulae are

ds=-
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the new expression for div H is

UVW[a (\fw)ﬁ (%ﬁ) o (g;;)]...(:sl),

and the wave-cquation becomes*

v (& e )+ 2l -2

It is also sometimes advantagcous to transform the wave-
equation to a systemn of coordinates for which
dz* + dy? + dz — c*dt* = A*d g + B*dn* + C*d§* — Ddr?,
the wave-equation then becomes

0 (BCD 8¢)+B%(UDA E)d;) 0 (DAB a¢)

EE_A__@E B on +a§ ¢ ot
2 (ABC2$ _
aT< IS af> ......... (33).

§ 12. The generalisation of wave-functions.

When a solution of the wave-equation has been obtained
other solutions may be derived from it in various ways. For
instance, the function obtained by differentiating the given
wave-function any number of times with regard to the coordinates
, ¥, 2, t, is also a wave-function. By adding sogether arbitrary
constant multiples of all the wave-functions obtained in this
way we may obtain a very general type of wave-function.

Another method of gencralisation is to make an arbitrary
change of rectangular axes. The wave-cquation is a covariant
for such a transformation and so is a wave-function of the new
coordinates. A number of arbitrary constants can be introduced
into the solution in this way. We can also make a linear
transformation of coordinates for which the expression

dz® + dy* + dz* — c*dt?

contained in the papers of V. Volterra, Rend. Lincei, Ser. 4, Vol. 5, pp. 599,
630 (1889), and J. Larmor, Cambr. Phil. Trans. Vol. 14 (1885), p. 121.
* Lamé, Journ. de U'Ecole Polytechnique, Cah. 23 (1833), p. 215; Lecons

wr les coordonnées curvilignes, t. 2. A simplitied proof was published by Lord
Kelvin, Cambr. Math. Journ. Vol. 4 (1843),
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remains unaltered in form and the preceding remarks still hold
good.
To illustrate this let us first of all add together two particular

) .1 .
cases of Euler’s wave-function o f(r £ ct), viz.

_,.__1—_ and ——
r(r—ct) r(r+ct)’

we then see that (72 —¢%*)™! is a wave-function. Generalising
this by writing « —,, ¥ — Yo, 2 — 2, t — 1, in place of «, ¥, 2, ¢,
we obtain the wave-function
1
(@—=2o)'+ (Y — 9o)* + (2= 2,)' = (L = t)*

When we have obtained a wave-function involving one or
more arbitrary parameters we may obtain others from it by
differentiating with regard to the parameters, or by integrating
with regard to them after having multiplied the expression by
an arbitrary function of the parameters. For instance, from
the above wave-function we may derive the more general wave-
function

f f(@dr
(@— 2P +(y — yof + (2~ 2" — (¢ — 7)?

where the integration is between constant limits. It is not,
however, really necessary for the limits to be constant, we may

for instance take them to be —o and t—%(r+ro), where

re =+ ¥y’ + 2 The resulting integral is then a wave-function
provided f(r) behaves in a suitable manner. If we take f(7)=1,
we obtain a wave-function

- 1 .R —-7r—- To
U= R ].Og RTT g (36),
where R=(2 -2+ (y —y)* + (2 — 2, )%

This function is independent of ¢ and so must be a solution of
Laplace’s equation Au=0. It is closely connected with the
function used on p. 3 of Basset’s Hydrodynamics, Vol. 2.
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§ 13. Transformations.

In addition to the linear transformations that have already
been mentioned there are certain other transformations which
enable us to pass from one wave-function to another*.

The first transformation, which is analogous to inversion, is
defined by the equations

s =4 =72 =t
#=3, y’—s,, 7 & t prRRRPRRE 87
where =17 -2

It is easy to verify that if f(z, ¥, z, t) is a wave-function,
then

1 .z y 2z 1
S ;,) ceverrrereererer(38)

1s also a wave-functiont.
The second transformation is}

_x Yy, _r=cf-1 , r-cf+l
=i YT’ PT 2=ct) ' ' T 2—ct)
ceieenen(39).

It is easy to verify that if f(z, y, 2, t) is a wave-function,
then

LI R

is also a wave-function. Since e~#+¢9 is a wave-function we
may deduce in this way that .

1 £
e z-ct
z—ct

1 $£—1 s$+1 ]

1s a wave-function.
It should be noticed that if we put 4r=2—ct, o =2+ct,
a function of the type
u=F(z, y, 7)€ uu........ cererena (41)

* For a general account of these transformations see a paper by the author,
Proc. London Math. Soc. Ser. 2, Vol. 7 (1908).

+ This of course is a simple generalisation of Kelvin’s theorem for Laplace’s
equation. The generalisation to the corresponding equation in n variables is
mentioned by Bdcher, Bull. of the Amer. Math. Soc. Vol. 9 (1903), p. 459.

+ Proc. London Math. Soc. Ser. 2, Vol. 7 (1909). This transformation is
equivalent to a conformal transformation of a space of four dimensions which
"gag discovered by Cremona. Cf. Darboux, Legons sur les systémes orthogonaux
et les coordonnées curvilignes, Paris (1910).
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is a wave-function if F satisfies the differential equation
o'F o°F oF

5? + a—'yz = 'a—‘r' ..................... (42).
The wave-function we have just obtained indicates that
1 =y
se v = F i, (43)

is a solution of the above equation. This solution is fundamental
in the theory of the conduction of heat. It is evident that any
solution of the equation of the conduction of heat in two
dimensions can be used to construct a wave-function.

Our second transformation theorem for the wave-equation
also tells us that if F(, y, 7) is a solution of the equation (42)

the function
1-%2p(%, Y, 1)
T F(_r, TR [ (44)
is also a solution. This result is due to J. Brill* and Appell .
The corresponding theorems for the two-dimensional wave-

equation
ooV oV 19V

_a_;;..l. a—y; = c_ﬂ ——a?“ .................. (45)
are first that if f(=, ¥, t) is a wave-function and
s=a?+ y* — ¢},
the function
| 7 t
G L 5) e (46)

is also a wave-function. This is equivalent to Lord Kelvin's
theorem for Laplace’s equation if we simply replace ict by .

The second theorem is that if f(z, y, t) is a wave-function,
then

1 7 = s2—1 s?4+1
Vg —at [y —ot’ 2(y=ot)’ Zo(y- ct)]
is also a wave-function. Writing 47=y—ct, o=y +ct as
before we find that u =e~?F (z, 7) is a wave-function if
oF _oF
aza - aT ........................

* Messenger of Mathematics (1891).
+ Liouville’s Journal, Ser. 4, t. 8 (1894).
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The second theorem can now be used to show that

is a solution of this equation and that if F («, 7) is one solution
the function

T T

,—ae-f—ip(f, e (50)

is also a solution. This theorem is likewise due to Brill and
Appell, it can evidently be generalised to the equation in
n variables.

EXAMPLES.

1. Prove that it is possible for a train of plane electmic waves
to travel along an infinite isolated slab of dielectric material without
being dissipated by spreading out into the adjacent empty space. Show
that if 2a is the thickness and K the inductivity of the slab, the velocity
of propagation of such waves of length A along the slab, when polarised so
that their magnetic vector is parallel to it, is

¢

JK
where 6 is the lowest real or the pure imaginary root of the equation
omra , (K*-K 3
tan T 0 —<T K ) .
(Larmor, Cambr. Math. Trl'pos, Part 11, 1906.)

(1+6},

2. Prove that with the notation of § 13, the function
1 $+30
(B =x0) + (Y = Yo)*+ (e — 20)* = * (€ = 00)* /3804 2+ Yo+ 220 — CP 1k,

is a wave-function, 2y, ¥o, Zo, % being arbitrary constants.

3. If F(x, y, 2 t) is a solution of the wave-equation, the function

$? o?r oct

o -5 : 0\ d
V=foe4—r 3 21,<a_¢,,g’ 2 tdr

T T T T ;-2_
is, under suitable conditions, a solution of the equation
13V o0V
2o cot’
The Yuantity s? has the meaning assigned to it in § 13 and is supposed in
the present case to be negative.
B, 3

AV=
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4. The function
2 f}[\/v(x-vt+iy)+\/v(a:—vt—iy)]
e

G

satisfies the equation

v =AM\

—a

oV oV oV

W aE T W
of the conduction of heat in two dimensions: it is zero over a semi-infinite
line which covers part of the axis of x and moves in the positive direction

with uniform velocity . The isothermal lines at any given instant are
confocal parabolas.

5. Prove that, under suitable limitations, the function

P, . .
o = g-A¥ 47 z—1 dt
= [f<‘7ﬁ)+p<“71) 7o P

is a solution of

a2V BV ..
a2t

Obtain in this way the particular solution
1 - L -
b M (e tiy)E,

6. Prove that if 22+ 3%>¢% the integral

© e %dg -
fo Fry+dat—dat™
. 2V o2V otV A%
gt wn
and if 22>, the integral

satisfies

0 x’+4a?—4az

RV 2V oV

satisfies Friaieri +o TR

7. Prove that if p?=a2+y? po?=1,%+y,?% the integral
=[ «© sink (€+a) da¢
ptee & — (2~ 20)'~ (y — 30)*

eV v
53+ V=0

satisfies the equation



CHAPTER III
POLAR COORDINATES

§ 14. The elementary solutions.
If we make Laplace’s transformation
z=rsinfcos¢d, y=rsinfsine, z=rcosh ...(51),
the equation Au + k*u =0 becomes -
2 1 0 1
e g0 930) Ws1n2084>’+ #u =0...(52).
This is satisfied by a function of the form
w=R (1) ® (6) D (¢)

. o*d
if aqb’ Lk 2 | (53),
1
9 a0 <sm0 ) (n(n+1) 6]@ 0...(54),
d*R 2dR [k 5
S ST [-——n(n+ 1)]R 0 ...... (55).

The first equation is satisfied by P =cos (m¢ +a), the
second by P,™(cos@) and Q,™(cos#), where these are the
associated Legendre functions. The third equation may be
written in Bessel’s form

2
65—720+%“2—1:+[g——(n+§)’]w=0 ...... (56),

where w = r3R, and is satisfied by Jniy (kr) and J_ (544 (k).

In these solutions m and n can have any constant values.
It should be noticed that when » +} is an integer the Bessel
functions that have just been written down are not independent
anll the second solution Y, ; (kr) of Bessel’s equation must be
used.

3—2
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In dealing with a problem such as the effect of an obstacle
on a train of electric waves, the secondary waves sent out from
the obstacle must have the character of diverging waves at a
great distance from the obstacle. In the case n=0 the differen-
tial equation for R is satisfied by

=% EIRT i (57),

and if the real part of k£ has the same sign as o when the
electric and magnetic forces are the real parts of expressions
of the form Ae™'“*, we can obtain a solution appropriate for the
representation of a diverging wave by taking the positive sign,
for then we have a function of the form
% gilkr—ot)
Neither of the given solutions of Bessel’s equation has the
required form in fact

2. 2
J;(kr)=\/m81nkr, J~%(kr)=\/%coskr.

We may, however, obtain solutions of the form (57) by taking a
suitable combination of the preceding solutions.

In the case of electromagnetic fields in the free aether the
physical interpretation of the elementary wave-functions when
n is zero is as follows* :

}‘ cosk (r—ct) Progressive divergent waves.
%' cos k(r+ct)  Progressive convergent waves.
—17: coskr.cos ket Standing forced waves, source at origin.

! sin kr.cos ket Standing free waves.
r

To obtain the solution of (56) appropriate for divergent
waves when n has any value we writet

* A fuller discussion is given by A. Sommerfeld, Jahresbericht der deutsch.
math. Verein, Bd. 21 (1918).

+ The theory is due to Stokes, Phil. Trans. Vol. 158 (1868), p. 447;
Collected Papers, Vol. 4, p. 321, See also Rayleigh’s Sound, Vol. 2, p..304.
1t should be mentioned that different notations are used by different writers.
This is the notation used by Debye, Ann. d. Phys. Vol. 30 (1909), p. 57.
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@)=/ Iuni @

3n @ = (VN 2T @ ==V @4 1 58)
Nn (.1}) = "l"n (.’l)) - 'LXn ('7")
En () = Y (2) +1xn (%)

These new functions #,, & are connected with Hankel’s
cylindrical functions* by the relations

n@=r/TH @, @)= \/’””H“*(w)

When the real part of « is large and positive we have the

asymptotic expansion
1 i n(n+1 .
o (@) = (= 3+ [1 +o 22t n(n+1)

1 (n— 1)7}(n+1)(n+2) }

 (2ay 21

The series terminates when n is an integer and then gives

a true representation of the function. To get &, (z) we change

the sign of 7. Various other notations have been used for the

solution of Bessel’s equation that is suitable for the representa-

tion of diverging waves. Lamb uses D,(z), (v=n+ %) to denote
the solution of equation (56) which has the asymptotic value

D,(z) = (-2~)§i"e—" (=4,

g

while many other English writers use K,(iz) to denote the
solution with the asymptotic form

(%c)ie" (Z‘“) .

\

The following formulae will be found useful :

(kry+

¥l =3 @t D)
(fry: (kr):
e [1 T 9(2n+8) 724 . @n+3)(@n+5) ] """ (60),

* See Nielsen’s Handbuch der Cylinderfunktionen, p. 18,
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e [ nGt D)
allr) =16 [1 o 1

_ 1 (n- l)n(n+1)(n+2) _am_(20)!
@y 21 o O | (61
We have written down the last term in the series on the
supposition that n is an integer. In this case

Vo (kr) =34 [ivt1e % 4 (= 2)r T e*7],  |r| large ...(62),
d\lrn (x) N
@2n+1)—S5—"=1+ 1) Yu, (@)= 2Yrus () ...(63),
(2n +1) \{r,, (ac) =z [Yua (&) + Yo ()] -oonenens (64),
K, (z) =f e~#shacosh ya.da ............ (65),
0

J, (x) = ijmf———-—m fo’rcos (zcosa)sin*a.da, R(v)>—%

[ Taeyon), @0 @ap)
w30,p>0 (67)

2n +1 (n=p)

In the last formula n and p are supposed to be integers.
For further properties of Bessel functions the reader should
consult Gray and Mathews’ Treatise on Bessel Functions,
Nielsen's Handbuch der Cylinderfunktionen, and Whittaker’s
Analysis. Tables ire given in the first work and in Jahnke
and Emde’s Funktionentafeln, Leipzig (Teubner). A few ad-
ditions to the tables have been made recently by J. W. Nicholson,
Proc. London Math. Soc. Ser. 2, Vol. 11, p. 104 ; Dinnik, Archiv
der Mathematik und Physik (3), Bd. 20, Heft 3, 1912 ; J. R. Airey,
Phil. Mag. Vol. 22 (1911), p. 85, Brit. Ass. Reports (1911);
A. Lodge, Brit. Ass. Reports (1909); J. G. Isherwood, Manchester
Memoirs (1904).

The best definitions of the generalised Legendre functions
for unrestricted values of m and n are those given by Hobson*.

* Phil. Trans. A, Vol. 187 (1896), pp. 443—531. E. W.Barnes has recently
given new definitions of the functions as integrals involving Gamma Functions
which make it possible for the principal formulae to be proved very quickly.

His definition of Q™ (z) differs from that of Hobson by a numerical factor which
becomes rather troublesome when 7 is an integer and m is not.



1] USEFUL FORMULAE 39

We are interested here in the case when the variable is cos 8
and 6 is a real angle, such that 0 <@ <=7. We may then put,
with the usual notation of the Gamma and hypergeometric
functions,

P, (cos 0) = fﬁ‘lj’;n_)c‘)t‘mgﬁ'(\—"’ n+l;1-m; sin‘g)

T 1

Qu™ (cos 6)=2sin (n+m)w I'(1—m)

X {cos(n+m)7rcot"‘gF<—n, n+1l; 1—m; sin’%)

— tan™ g F (—- n,n+1,1—m, cos? g)} ......... (69),

cosec™@ [ o cos(n+3)¢p °
2mT ()T (m + 4) /o (2 cos ¢ — 2 cos )} ™

R(m+3)>0 ... (70).
When m is a positive integer, we have

P, ™(cos )=

m

Pm(@)=(1—a)? o Po(@)

...... (11),
Qnm (x) (1 - a'&) 2 da/n], Qn (w)
and when n is a positive integer .
_L13..@n=D) I, n(e-l) .
Pa@) =73 % [”” ZEn-1)"

n(n—=1)(n—-2)(n=3) . :
+ 9.4 (20 —1) (20 =3) z -—] ...... (72),

P, (cos 8) =cos"8 — nn —D cos"%d . sin*d
+2 (n = 1)(27: 422) (n=3) cos™ 40 .sn*0 ... ...... (78),
( l)n dnr
i Pa(eos )= (T O G ) .................. (14),

1 (-1 dr /1 r+z
s Qn(cos 6) = =22 75 (- log T2 e (T5).

n'!
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The last two formulae illustrate the method of deriving
more complicated wave-functions from simple ones by differen-
tiation. The functions
r+z
r—z
are in fact solutions of (52) when &k = 0.

The formula

1 1
; and ‘—2; ].Og

f TP (@) Pm () do=0 (n )
-1

2 (n+m)!

T R e SR
in which m, n, v are positive integers or zero, cnables the
coefficients in an expansion of a function in series of functions
P,™ () to be determined by a simple integration.

For further properties of the Legendre functions we must
refer to Heine’s Kugelfunktionen, Byerly’s Fourier Series and
Spherical Harmonics, Whittaker's Analysis, Nielsen’s Handbuch
der Cylinderfunktionen and Théorie des fonctions métasphériques,
and to memoirs by E. W. Hobson* and E. W. Barnest.

Tables of the Legendre functions have been published by
J. W. L. Glaisher}, J. Perry§ and A. Lodge|; some tables of
the functions P,™ (u) have been given by H. Tallquist.

For the history of the functions of Legendre and Bessel
the reader should .consult the article by A. Wangerin in the
Encyklopidie der Mathematischen Wissenschaften, Bd. 1L 1,
Heft 5 (1904), p. 695.

§15. Relations between various solutions.

We have already remarked that when a wave-function or
a solution of equation (52) involving arbitrary constants has
been found, other solutions may be derived from it by the
method of summation or integration. By choosing our sum or
integral so that it represents certain simple solutions of the

* Proc. London Math. Soc. Ser. 1, Vol. 22 (1891), p. 431, and op. cit.

1 Quarterly Journal, Vol. 39 (1908), p. 97.

I Brit. Ass. Report (1879).

§ Phil. Mag., Dec. (1891). See also Byerly, loc. cit.

Il Phil. Trans. A, Vol. 203 (1904).
9 Acta Societatis Fennicae, Vols. 32, 33.
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fundamental equation, a number of important identities may
be obtained. A few formulae will be written down to illustrate
this*,

It R=12 4 1 — 2rr, cos 6,
sin (kR
__%_) ~/(m) nZO(Qn + 1), 4y (Br) T 4y () Pr (cos 6)
(Heine and Hobson)...... ),

}ee—zw—_ S (20 + 1) Y (kr) En (kry) Pp (cos6)  (r,>7)

fin=e (Heine and Macdonald)...... (78),
sin (kR)

P 3y () PaCeos ) =2 [ Ty (o) dn,

We may illustrate the peculiar behaviour of certain definite
integral solutions of our fundamental equation by the following
example, in which % is supposed to be real and positive.

Let S (@)= f:cos at x (t)dt,

where x(¢) is a function such that f mix(t){dt is convergent,
0

then it may be proved by means of Fourier’s double integral
theorem thatt
L[ RN ) dn= ) (6> m)
=fi (r}y (kgm).

Hence U= L silll—sz Jom (1) diy

) —c

is a solution of (52) which reduces to either f, (r) or fi ()
when 6 =0. Solutions of (52) which are derived from the
elementary solutions by integrating with regard to » have
been employed by H. W. March]. He makes use of an inversion-
formula§

* Some very general formulae are given by L. Gegenbauer, Monatsh. f. Math.

Bd. 10 (1899), p. 189.

+ This equation is obtained in a different manner by G. H. Hardy, Proc.
London Math. Soc. (2), Vol, 7 (1909), p. 445.

1 Ann. d. Physik, Bd. 37 (1912). See also H. Poincaré, Comptes Rendus,
t. 154 (1912), p. 795 ; W. v. Rybeynski, Ann. d. Phys. Bd. 41 (1913).

§ This is in some respects analogous to the inversion-formula given by
F. G. Mehler, Math. dnn. Bd. 18 (1881), p. 161.
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£(6) =f: P, _, (cos 6) ¥ (o) ada

...... (80),
¥r(a)= f Sy (cosy)f (sinydy |
where ’ .
S _ Ccosawr  2(7  sin @B.d3 81).
-y am cosg-{h"r v {2 (cosy — cos B} &)

It is sometimes instructive to find how a wave-function,
depending on an arbitrary function, can be expressed in terms
of elementary wave-functions. Now in the second example
of § 5 the electric and magnetic forces are all of the form

Ly [7‘ S W] ............... (82),

z4+7r

or are the sums of terms of this form. Consequently, a function
of this type may be expected to be a wave-function and it is
easy to verify that this is the case*. We may now deduce that

L pir p (‘fcﬁ?ﬁy) ..................... (83)

r z+r

is a solution of (52) and consequently it follows that tanmg

and cot™ g are solutions of equation (54) whenn=0. We
have in fact
1
.Pom (COS 0) = m) cot™ § ,
2

In the last formula 7 must not be zero or a negative integer.

Q™ (cos ) = 4I" (m) <cos mar . cot™ g — tan™ g) .

§16. The convergence of series of elementary solutions.

When k=0 our fundamental equation (52) reduces to
Laplace’s equation Au= 0 and we have the familiar elementary
solutions

* The theorem also follows immediately from a result given by A. R.
Forsyth, Messenger of Mathematics (1898), p. 114, and E. W, Hobson, loc. cit.
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71 P," (cos 6) cos m (¢ — ¢,), r*Q,™ (cos ) cos m (¢ — ¢s)

1 1
s P,™ (cos 6) cos m (¢ — o), e Q.™ (cos 6) cosm (¢ — ¢0)}

A pair of series of the type
n n+1
() h6 e, (8 R6 e

which converge when 7=a are suitable for representing harmonic
functions inside and outside the sphere r =a because the first
converges absolutely when r < a and the second when » > a.

The case in which k #0 is very similar. When n is large
the function yr, (kr) may be replaced by

(et
1.83...(2n+1)
and so a series of the form

RRRCVACEY

converges like a power series. Again, when kr is real, we have
1 1
| En(lr)|z=1 +§n(n+1) oy

+%—:—Z(n—1)n(n+ 1)(”+2)'(_k1r—)‘+"'

1.3...(2n—1)

1
+ - 9 —4‘*—-@)* (2n ’) (k‘;)‘__m ......... (85)’

n being a positive integer. It is clear from this equation that
| & (kr) | decreases as r increases, hence if a series of the form

ERANCOVACRY

converges absolutely for any value of » it converges absolutely
for all greater values of .

For a discussion of the convergence of series of spherical
harmonics we may refer to C. Neumann’s book Ueber die nach
Kreis-, Kugel-und Cylinder- Funktionen fortschreitenden Entwicke-
lungen, Leipzig (1881); to Heine’s Kugelfunktionen, Bd. 1, p. 435,
Bd. 2, p. 361, and to papers by U. Dini, Ann. di Mat. (2), t. 6
(1874); H. Poincaré, Comptes Rendus, t. 118 (1894), p. 497;
S. Chapman, Quarterly Journal, Vol. 43 (1912), p. 1; T. H.
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Gronwall, Math. Ann. Vol. 74 (1913), Vol. 75 (1914), Comptes
Rendus (1914), Amer. Trans. Jan. (1914), Vol. 15; C. Jordan,
Cours d’ Analyse, 2nd ed., Vol. 2, p. 252 ; and B. H. Camp, Bull.
of the Amer. Math. Soc. Vol. 18 (1912), p. 236. The con-
vergence of series of Legendre polynomials has been discussed
very thoroughly by G. Darboux, Liouville's Journal (2), t. 19
(1874), p. 1; (3), t. 4, p. 393; O. Blumenthal, Dissertation,
Géttingen (1898); E. W. Hobson, Proc. London Math. Soc. (2),
Vol. 7 (1909); L. Féjer, Math. Ann. Bd. 67, p. 76; D. Jackson,
Amer. Trans. Vol. 13 (1912).

§17. The scattering of plane homogeneous electro-
magnetic waves by a spherical obstacle.

The effect of small particles in scattering incident radiation
has beeun discussed very thoroughly by Lord Rayleigh* who has
used it as the basis of a mathematical theory of the blue colour
of the sky. The action of a single spherical particle is of
fundamental importance and so the electromagnetic theory
of the scattering of light by a dielectric sphere has been worked
out by Lord Rayleight, Prof. Love} and other writers. This
theory can also be developed so as to cover the mathematical
theory of the rainbow.

The more general theory of the scattering of incident radia-
tion by a spherical obstacle§ with arbitrary optical properties||
admits of some very interesting applications in the study of the
colours exhibited by metal glasses, metallic films and colloidal
solutions or suspensions of metals. The electromagnetic theory
of these colours has been developed by J. Maxwell GarnettT,
G. Mie**, R. Ganstt and Happeltt, who have considered

* Phil. Mag. Vol. 41 (1871), pp. 107, 274, 447; Vol. 12 (1881), p. 81;
Collected Papers, Vol. 1, pp. 87, 104, 518.

1 Phil. Mag. Vol. 44 (1897), pp. 28—52; Collected Papers, Vol. 4, p. 321;
Proc. Roy. Soc. Vol. 84 (1910), p. 25; Vol. 90 (1914), p. 219.

I Proc. London Math. Soc. Vol. 30 (1899), p. 308.

§ The work of Stokes, Camb. Trans. Vol. 9 (1849), p. 1, with later appli-
cations, Collected Papers, Vol. 4, and of L. Lorenz, Wied. Ann. Vol. 2 (1880),
p. 70, opened up the subject.

|| The case of small conductivity was discussed by G. W. Walker, Quart.
Journ. Vol. 80 (1899), p. 204; Vol. 31 (1900), p. 36.

91 Phil. Trans. A, Vol. 203 (1904), p. 385; Vol. 205 (1905), p. 237.

** Ann. d. Phys. Vol. 25 (1908), p. 377.

1t Ibid. Vol. 29 (1909), p. 280 ; Vol. 37 (1912). p. 881.
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the cases of spheres and ellipsoids endowed with the optical
constants €, u, o

The particular case of a perfectly conducting sphere was
worked out by J. J. Thomson* and has been discussed in
greater detail by J. W. Nicholsont.

The problem is also of importance in connection with the
theory of comets’ tails which has been developed by Euler,
FitzGerald} and Arrhenius§ The pressure of light on a
perfectly conducting spherical obstacle has accordingly been
calculated by K. Schwarzschild|| and J. W. Nicholsonq. The
more general case of a sphere with the optical constants ¢, u, o
has been treated very fully by P. Debye**.

Let us assume that the electric and magnetic forces E’, H’
at any point of space are the real parts of vectors K, H of the
form Ae®t, where A is a complex quantity independent of ¢.
We then write

H + wE = Me', where 12 =" ‘7
pw
and we find that the differential equations satisfied by M in a
medium whose optical constants are €, u, o can be written in
the form

1 0, . 0
+ kM,r = ;‘Télr—l 0 [5—0 (7" sind. Jl[q,) - a$ (T}‘[g)i‘
1 oM,
+ kM, = PR [ b (r sin 6. Mq,)_J eeena(87),

0 oM,
kM = [Br (M) — 8—0]

) epnw? — 1o
wherek:"ig— or Ic2=-‘g;~c;’u .

* Recent Researches, p. 437.

t Proc. London Math. Soc. (2), Vol. 9 (1910), p. 67; Vol. 11 (1912), p. 277.

I Scientific Writings, pp. 108, 531.

§ Phys. Zeitschr. Vol. 2 (1901), pp. 81—97 ; Das Werden der Welten, Leipzig
(1907), p. 85.

|| Sitzungsber. d. Kgl. Bayer. Akad. d. Wiss. Vol. 31 (1901), p. 293.

91 British Association Reports (1910), p. 544; Monthly Notices of the Royal
Astrgnomical Society, Vol. 70, p. 544. See also J. Proudman, Ibid. Vol. 73 (1913),
p. 585.

** Ann. d. Physik, Vol. 30 (1909), p. 57.
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These equations may be satisfied by putting
ae
M, = e (rQ) + krQ

M_la'“’(rﬂ) k. 0(Q)
®" 7 0rof “rsinf o

1 Q) _ka(rQ)

¢~ rsin 6 orog t o0

where the function Q= U + 1V is a solution of (52).

The electric and magnetic forces may be derived at once
from these expressions by equating the ambiguous and un-
ambiguous parts as explained in § 2.

We shall now assume that the incident wave of plane
homogeneous monochromatic polarised light is represented by

M, My, My) = ¢ikreosd2ib (gin @, cos 6, +1) ...... (89),

the electric vector being parallel to the axis of .
The corresponding function {), is obtained by solving the
equation

aa_:a (7‘90) +krQ, =sin @, gikreosoxid

We easily find that
rQ, =k e**# [cosec 0. e*7°8 + £, (0, $) e* + £, (8, p) e~*r]
‘
Choosing the unknown functions so that r€, is finite for 8 =0
and 6 = 7 we obtain finally

rQ, =3k~ e*% [2 cosec 0. greosé — cot, g ¢% — tan g g~ tkr ]

We may now assume an expansion for 7Q, of the form
rQy = k2 e % anry (kr) Pyl (cos 6).
n=1

To determine the coefficients a, we multiply by sin § and
differentiate both sides of the equation. Then since

g@ [sin 8. Py} (cos 8)] = —n(n + 1)sin 8. P, (cos 6)...... (95),
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the coefficients may be determined at once with the aid of
Lord Rayleigh’s expansion*

ik sin 6. é¥om0 = S, %+ (2n 4 1) Yo (k) Py (cos 0) sin 0
n=0

We thus obtain

rQ, =k et gl v 2n+1

ot A+ D Y (k1) Pyt (cos 6)......(94).

Now let Q,, Q, be the functions from which the electric
and magnetic forces in the scattered light and transmitted
light may be derived respectively. The appropriate forms are
given by equations of the type

rU,= E An&y (kr) Pyl (cos 0) cos ¢} -~
n=1

rVi= S B,ta(kr) Py (cos 8) sin ¢[
n=1

rU,= 3 Curn (hr) Pyt (cos 6) cos ¢
n=1
rV,= g D,, Y (hr) Py (cosf) sing

where A, n are the values of &, v respectnvely within the sphere.

It is easy to deduce from (88) that the tangenblal components
of the electric and magnetic forces are continuous in crossing
the sphere » = a, if when r=a -

k h .
wem-te, |
0 r\q_ 0
E.[r(Uo"‘ Ll)]“'a_r(rUz)
kE(Vo+V)=hV,
10 10
S lr (Vot Ifl)]=;787.(TVa)J

¥ Theory of Sound, Vol. 2, p. 272. The expansion was also obtained
independently by Heine, Kugelfunktionen (1878), Bd. 1, p. 82.
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These conditions give

b dute k)= O tha) = v L g ) |
BAL (k) = WOy (ha) = 0 s ! (ha .
EBuLa (ka) — hDy (ha) = | iv* 7;2(::—11) «p,,(k) o
R A L)

Solving these we get
2n+1 H, 0, =7 g 2n+1 F,

= on+1 2 -
Ap =0l n(n+1) G’ Rk n(n+1)G,’
2n+1 E, 7 2n+1 F,
= qn+1 2 _ —_ L ontl -n
Ly s | AR Ay co by
where

H, = n¥n (ka) ¥’ (ha) = vipa’ (ka) Ya (ha)

B = v{rn (ka) ¥a' (ha) — n¥a’ (ka) Ya (ha)

Fy, = 8 (ka) ¥ra (ka) — & (ka) ¥ra’ (ka) -++(99).
= nyn’ (ha) & (ka) — vEy' (ka) Yru (ha)

Ly = vy (ha) En (ka) — 080’ (ka) Yra (ha)

We can proverthat our series all converge absolutely and
uniformly at about the same rate as a power series of the form

s
1.3...(2n+1)’

2
where « is either kr or ]%. The proof depends on the fact
that when n is large we have approximately

o ’ (n+1)w
Vn(@)~ g .(2n+1)’ Yo' (@)= Rt )
tu(@)~1.3 ...(2n—1)x..ie-iz’

& ()=—1.3...(2n = 1)nmiz—" e
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§18. Free damped vibrations for the space outside the
sphere.

It should be noticed that some of the terms of our series
become infinite when either G, =0 or L,=0: fortunately,
however, the roots of these equations turn out to be complex
and so when % is real no values of % need be excluded from the
discussion. The damped vibrations determined by the roots of
the equations L,=0 may be distinguished as the electric
vibrations, those determined by equations of type G, =0 as the
magnetic vibrations. Some of the roots of the equations have
been calculated for the case of a totally reflecting sphere by
Sir J. J. Thomson*, who finds that the roots are all complex.
The vibrations for the space inside a totally reflecting sphere
have been discussed by Prof. J. W, Nicholsont, those for the
space between two concentric spheres by Sir J. J. /l‘homsoni,
Sir Joseph Larmor§, Prof. H. M. Macdonald| and A. Lampad.

P. Debye, who has calculated some of the roots for a case of
a dielectric sphere, finds that the roots are complex and of two
types. When the index of refraction is large, the imaginary
part of a root of the first type varies very little with the index
of refraction N and approaches a limit different from zero when
N — . If on the other hand p is a root of the second type,
Np tends to a finite real limit, viz. a root of Y, (Np) =0, when
N — o and so the imaginary part of a root of this type must
be very small when X is large.

The vibrations belonging to the space outside a sphere
must be in all cases damped on account of the loss of energy by
radiation; when the refractive indices of the outside medium
and sphere are very nearly equal, they are clearly very strongly
damped ; thus it is only when the refractive index is large that
some of them are durable. It is doubtful whether a substance
exists which has a large refractive index and does not absorb
light to a marked extent.

* Proc. London Math. Soc. Ser. 1, Vol. 15 (1884), p. 197 ; Recent Researches,
F 3’? 113hiz. Mayg. 19086, p. 703.
1 JRecent Researches, p. 373.

§ Proc. London Math. Soc. Ser. 1, Vol. 26 (1894), p. 119.
il Electric Waves, Chapters 6-7. 9 Wien. Ber. 112 (1903), p. 37.

B, 4
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It will be seen later that the characteristic vibrations play
an important part in determining the size of the sphere on
which the pressure of a given type of incident radiation has
a maximum value.

Prof. Love* has used the solutions corresponding to the
characteristic vibrations to discuss the mode of decay of an
arbitrary initial disturbance. He makes use, in fact, of the
functions ¢, (kr), where %k is one of the roots of one of the
equations G, =0, L,=0; only the sphere is treated as a perfect
conductor.

This method can easily be extended so as to provide us
with a method of discussing the problem of the scattering of an
arbitrary primary disturbance by a spherical obstacle. In this
method we assume that the total disturbance outside the sphere
can be represented by

U=3 3 ZA,. m,pYn (k) Pp™ (cos 6) cos m (¢ — ¢b,)

ne=0 m=0

rV = 2 zanmp‘i’n(k T)P7 (COSG)SHI’m(di ¢0)

»=0 m=0 p

where the k,’s are roots of one of the equations of the type

"7‘["71’ (h'a) \l’\n (ka) - V\lrﬂ’ ('Ica) ‘\II‘»,; (ha’) = 0} (100)

vrr' (ha) ¥rn (ka) — myra’ (k@) Yrn (ha) = 0) =777
The coefficients must then be chosen so that this total disturb-
ance has the same character as the primary disturbance at its
singularities outside the sphere and at an infinite distance,
taking into account of course the presence of diverging waves
from the spherical obstacle the effect of which is, however,
negligible at infinity.

The field inside the sphere is represented by equations
similar to (), one with A, written in place of k,. The boundary
conditions are satisfied in virtue of (100).

If a series of type () should fail to represent the disturbance
outside the sphere, it may be necessary to add terms cor-
responding to the free characteristic vibrations. These are of
the form (w) with the function {, written in place of 4, and
numbers k, determined by equations of type L, =0, G, = 0.

* Proc. London Math. Soc. Ser. 2, Vol. 2 (1904), p. 88.
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§ 19. The case of a very small obstacle.

When a, the radius of the sphere, is very small compared
with the wave-length A of the incident radiation, we may treat
ka and ha as small quantities. We may then obtain some idea
of the relative magnitudes of the different coefficients in our
series by using the expansions (60) and (61).

It is easy to see that the values of 4,, B, decrease very
rapidly in absolute magnitude as » increases. The disturbance
radiated from the sphere can consequently be represented
approximately by superposing a small number of partial waves,
the effect of the others being negligible.

Remembering that vh = 9k, we find that when H is finite
vk® vt (kz —_ h2) aint+3

. h n i
Ho~ Cn+3).12.8 .. (2n+ 1)’ Gn~ i (/}) € “)
(n + 1) Ic”h""n (ka — hz) a1 ,
B~ 12,3 (2n + 1) y Fum—d -+(101),
(n+1)*+ nh2

—ika

. —~n—2
L, ~ vl ]

and 1t is easy to see that all our series converge.

It appears from these expressions that the nth magnetic
wave, ie. the disturbance due to the nth term in the expansion
for U,, is of the same order of magnitude as the (n+1)th
electric wave, i.c. the disturbance due to the (n+1)th term in
the expansion of V,. This is in sharp contrast with the result
obtained by Sir J. J. Thomson for the case of the totally
reflecting sphere wherein the nth electric wave and the nth
magnetic wave are of the same order of magnitude.

The first electric wave is clearly of chief importance and
Mie has proposed to call this Rayleigh’s radiation. We easily

find that
k*—h? -1 k2 (k2= 1)
Bl ~+ 1tk 3 2 o?, B, ~ e Al T o0 a’®
2k + 2.3 3k + 2k ..(102).

A~ o 1y

The following diagrams, which are taken from Mie’s paper,
indicite the character of the electric lines of force for the first
four partial vibrations of each type. For the magnetic waves

49
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E,=0 and so the electric lines of force are spherical curves.
In the case of the electric waves the lines of force lie on
certain cones and the diagrams represent the intersections of
a sphere with these cones, the vertices of the cones being at
the centre of the sphere®*.

§ 20. Polarisation of the scattered light.

Let us now look for cases when the light scattered by the
sphere is linearly polarised. It is easy to see that K, and M,
both vanish when aa—g-‘ =0 and aa—g‘= 0. These conditions are
both satisfied by ¢ =0, i.e. when the observer looks in a direction
at right angles to the electric vibration in the incident wave
(Fig. 3).

It appears from the figure that the component of the.electric
vector of the scattered light, which ™~ /
is at right angles to the direction ’
in which the observer is looking,
is parallel to the electric vector
in the incident wave. In asimilar [
way it is found that Ey and M,

both vanish when ¢=+7_r ie. /

35,
when the observer looks in a

direction at right angles to the H

magnetic vibration in the incident > Fig. 3.
wave. The magnetic vibrations in the incident and scattered
waves are now found to be parallel.

The experiments of Steubingt with different kinds of col-
loidal gold solutions have shown that when the solution is
illuminated with polarised light and viewed in the manner
described, there is always a small quantity of unpolarised light
sent out from the particles, but the greater portion of the
scattered light is polarised in the way the theory requires.
The slight disagreement between the theory and observations
is attributed to the fact that the metallic particles are probably

* The author is indebted to the publisherof the Annalender Physik,Herr Johann

Ambrosius Barth, for permission to reproduce the figures on pp. 52, 59 and 64.
+ Dissertation, Greifswald (1908) ; Ann. d. Phys. Vol. 26 (1908), p. 329.
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not all spheres®, that some may have developed into crystals
pethaps of octahedral form. The mathematical theory of the
stattering of waves has not yet been fully developed. The
problem is, however, one of great importance in meteorological
optics. The case of a regular distribution of atoms or molecules
has recently been brought into prominencet by experimental
work on the scattering of Rontgen rays by a crystal}. Approxi-
mate mathematical theories have been given by several writers§.

§21. Intensity of the scattered light.
When Rayleigh’s radiation alone is considered, we have

H,=0 HE evyriev

T Ty o

_. % _a(r¥) _13@YV)

T riin6 0p ’ 0= or ora0 ..(103),

_wa(rV) 1 (V)
He==3"%0 > B=%rsino oo

where
ke — b
rV=- ’“zka+h=“""(1-y)m9s1n¢ (104).

At a great distance from the origin the radial electric force

18 of order 71‘—2While the transverse electric and magnetic forces

are of order -}; “Hence the intensity of the scattered light

diminishes ultimately according to the inverse square law when
points on the same radius are considered. It also varies as the
square of the volume of the particle.

* This remark is made by both Maxwell Garnett and Mie.

1 It had previously been considered by Lord Rayleigh, ¢ On the influence of
obstacles arranged in rectangular order on the properties of & medium,’” Phil.
Mag. (5), Vol. 34 (1892), p. 481; Scientific Papers, Vol. 8, p. 19; and by
T. H. Havelock, Proc. Roy. Soc. A, Vol. 77 (1906), p. 170.

} Laue, Friedrich, und Knipping, Sitzungsber. der Konigl. Bayerischen
Akad. d. Wiss. June 1912.

§ See, for instance, W. L. Bragg, Proc. Camb. Phil. Soc. Vol. 17 (1913),
P. 43; Proc. Roy. Soc. A, Vol. 88 (1913), p. 428 ; M. Laue, Minchener Ber
(1612), p. 868; Ann. d. Phys. Bd. 41 (1918), p. 989, Bd. 42 (1913), p. 897;
P. P. Ewald, Phys. Zeitschr. (1018), p. 465; L. 8. Ornstein, 4dmsterdam Proc.
(1913) ; M. Born u. T. v. Karman, Phys. Zeitschr. (1912), p. 297.
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An approximate formula for the intensity is
I = ktat (:;, ke ) (cos? @ sin® ¢ + cos® ¢) ...(105),
the intensity of the incident radiation being %.

If =0 for the medium outside the sphere, the quantity
k is inversely proportional to the wave-length A of the incident
radiation. Hence when h is large compared with %, we have
Lord Rayleigh’s result that the intensity of the scattered light
varies inversely as the fourth power of the wave-length. The
short waves are on this account scattered far more profusely
than the long ones and so we have an explanation of the blue
colour of the sky.

The above formula for the intensity of Rayleigh’s radiation
indicates that there is no light of this type in a direction for

which § = ¢ = 5, i.e. when the observer is looking in,a direction

parallel to the dlrectlon of the electric vibration m/ the incident
wave. To obtain an expression for the intensity of the light
sent out in this direction we must take into account the second
electric wave and the first magnetic wave. Referring back to
the expressions for B, and 4,, we find that when o is neglected
both inside and outside the sphere, the intensity of the scattered
radiation varies inversely as the eighth power of the wave-
length*. This corresponds to Tyndall’s “ residual blue ” which
18 purer than the blue seen under other conditions.

§22. The absorption of light by a spherical obstacle.

The total energy absorbed from the incident radiation by
a single particle consists of two parts; first of all the energy
scattered and secondly the energy which flows into the particle
and is transformed into heat or chemical energy. Both these
quantities may be calculated by the following method which is
a simplification of the one given originally by Mie.

The flow of energy across unit area of a very large sphere
concentric with the spherical particle takes place at a rate
measured by the radial component of Poynting’s vector, ie.
E Wy — EyHy.

* Lord Rayleigh, Phil. Mag. Vol. 12 (1881), p. 81.



56 POLAR COORDINATES [ch.

Now if E, E and H, H are conjugate complex quantities,
this component is equal to
1[(Eyeiet + Eyeiat) (Hyetwt + Hye ot
— (Epe™t + Egeiot) (Hyetot + Hyemiot)],
Integrating with regard to ¢ so as to obtain the mean value

of this quantity over a period, we obtain an expression which
may be written in the form+

§ = o (M = Ho My — My Hg* + 0 M)

where M, M* are the values of M corresponding to the signs
+, — respectively in (86) and M, M* are derived from them by
changing the sign of 1.
The function Q for the outer space is the sum of , and Q,,
hence wé may write
Vow
rQ = 21 P, (cos 0) [une™® + vy + wye*]
n=

rQ = % P, (cos 8) [une™™ + v + W, 6]

n=1

i ...(106),
rQ*= 3, P.(cos ) [une™™ + v,e™ + w,e*]
n=1
rQ*= S P (cos 8) [line® + Tne= + 10, e9]
n=1 J
where ‘
1. 2n+41 1
Up = E?Jl' ! 7;(11 +1) Y (kr)’ Up = ) (An + Bn) &n (kT),

1
wn=5 (An — By) & (kr).
When the expression S is integrated over the spherical
surface, the result can be expressed in the form
I ot 1 1= I 015
where I, depends only on the incident radiation, I, depends
only on the scattered radiation and represents the amount of

energy absorbed by scattering, I, depends on both types of
radiation and represents the total absorption of energy from

1 We assume now that o =0 outside the sphere.
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the incident wave. The sum of the three terms with its sign
changed represents the amount of energy that flows into the
sphere and is truly absorbed by it.

Performing the integration with regard to ¢ and collecting
the different terms together, we find that the surface integral
can be written in the form

3% U0< P i 0D dP)de

200 o1 me1 dfd df /siné

e+ (B y D) 4 g, B 14 32 (d”“ Ly

- ,,dw"'l f( " patd % P)de

(a3 (T dd”;" £

+ k& (up + v2) (tign + V) — ,l«/m,,wm}] .

This expression can be simplified with the aid of the relations

APy, | dP, _
f(dﬁ P+ S P dO=0 ....... (107),
T ip 1 e g APF AP O
[ (PPt sint 67 “5") g =0 mtn o8
2 (n + 1) -+(108).
= — m=n
2n+1 o

The first of these is evident since the integrand is the
differential coefficient of a function which vanishes at both
limits. To prove the second we make use of the formulae
sm0 d P (cos @)= —cos 8. P, (cos 0)

—n(n+1)sin6. P,(cos6)
d
P, (cos 8)=— 40 P, (cos 6)

Lffoi_e PP, +n(n+1)cosf. P, Py

sin @
+m (m+1)cos@. P, Py
= [cos 6. P, P,l]

L...(109).
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The integral is thus equivalent to
n(n+1)m(@m+ 1)/;r P, (cos 8) P, (cos 6) sin 6d6,

and so has the value we have assigned to it*.
Our surface integral now reduces to

TS {k(u,.+v,,) (d“" dv”)-i—lcw 4w,

Waot dr " dr
du, dv _ dw,) nt(n+ 1)
~ 5 (G2 +52) B}

Since o =0 outside the sphere, we have k=k. Also when
r 18 very large we may use the approximations

2n 41
n(n+1)

Uy, ~ COS {kr —n+1 g} k3t

p~ 3 (A + By) trtie
Wo ~ § (Ap— B,) i"H e

ﬁn~oos{kr—n+l } k2 (— oy

n~ § (da + B,) et (—i)mh
Wy~ ’} (Zn - En) etr (- “‘)"'H

We thus find that 7,= 0 and
L=1 °2°: @D @+ B = (- (dn+ B ..(11D),

'rrk’ 3 n*(n+1y
V n=1 2n + 1
When v =1 these expressions are just half those given by
Mie on p. 436 of his memoir. The reason why they must be
doubled is that our expressions for the incident light give an
intensity $§.
In the case of a solution containing N spherical particles
per unit volume the total absorption coefficient is thus

= 3’5’! % n(n + 1) [i* (Ap + By) = (= 3)* (A + Bp)]...(113).

v...(110).
2n +1 ( )

n(n+1)

(AnpAn+BuBp) oo, (112).

It is interesting to study the variation of this quantity with
the wave-length for particles of different sizes. Mie has drawn
* Cf. L. Lorenz, Oeuvres scientifiques, p. 526.
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the absorption curves for particles of gold varying in size from
20 pp to 180 pp.
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It will be seen that for ruby red gold solutions containing
very fine particles there is an absorption maximum in the
green corresponding to a wave-length of about 525 up.

Mie has also drawn curves showing the pure absorption in
colloidal gold solutions.

The colours of silver particles in colloidal silver solutions
have been discussed with the aid of the mathematical theory
by E. Miiller*. The particles of a silver solution show beautiful
colqur phenomena, all colours of the spectrum from the extreme

* Ann. d. Phys. Bd. 35 (1911).



60 POLAR COORDINATES [cH.

blue to the extreme red being present®. For other applications
of the theory we must refer to the papers of Lord Rayleigh,
Garnett and Mie and to Prof. Wood’s Physical Optics.

The mathematical theory for a large number of particles
has been developed further on certain simplifying assumptions
by F. Hasenohrl+, A. Schuster!, W. H. Jackson§, L. V. Kingl||,
A. Einstein¥ and M. v. Smoluchowski**. It has been used
recently by W. J. Humphreystt in a study of the effect on
climate of large quantities of volcanic dust in the upper
atmosphere.

§ 23. The pressure of radiation on a spherical obstacle.

We shall now calculate the pressure of radiation on a spherical
obstacle, following the work of Debye except in some of the
details. The pressure is calculated on the assumption that the
force exerted by an electromagnetic field on a unit charge
moving with velocity » has components of typef}

F,=Ez+1ic’iH,—%’Hy ............... (114),

and that the equations of the field can be derived by a process
of averaging from the electron equations

. 1,0E _ _10H
IOtH-—E(“at*'f'P”), rOtE——Ea_t ...... (115).
diVE=P, leH=O

Now if ,
X,=%(Ef-E/—E*+3}(H—Hp—-H)p)
X,=E,E,+ H,H,=Y, t

r...(116),
X,=E,E,+H,H,=12, l
S,=c(E,H,— E,H,) )

* A coloured reproduction of an ultramicroscopic picture of a silver solution
is given by H. Siedentopf, Ber. d. Deutsch. Phys. Ges. (1910), p. 6.
+ Wien. Berichte (1902). 1 Adstrophysical Journal, Vol. 21 (1908).
§ Bull. of the Amer. Math. Soc. Vol. 16 (1910), p. 473.
|| Phil. Trans. A, Vol. 212 (1913), p. 375.
9 Ann. d. Phys. Bd. 83 (1910), p. 1275.
** Boltzmann Festschrift (1904), p. 626; Ann. d. Phys. Bd. 25 (1908), p. 205 ;
Phil. Mag. Vol. 23 (1912).
1+ Bull. of the Mount Weather Observatory (1913) ; Journal of the Franklin
Institute, Aug. (1913). -
11 We assume now that =0, e=u=1 for the external medium, so that »=1.
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etc., we have identically on account of (115)
sz=%+@-‘¥¥+8—;‘¥’~—1@§? ......... 1.
Hence by Green's theorem, if (I, m, n) are the direction

cosines of the outward drawn normal to a surface o enclosing
all the charges in the field,

f f(lx,, +mX,+nX,)do = f f f (pFet - aZ%) dedydz...(118).

The z-component of the force exerted by the electromagnetic
field on the obstacle is thus the same as if there were tractions
X, Y, Z at cach point of the surface and a volume force

1 -
~a%" similarly for the other components.
Now when we integrate with regard to ¢ so as to obtain the

mean value of the pressure over a period, the term aa%‘
contributes nothing on account of the periodicity of S. The
pressure may consequently be calculated from Maxwell’s tractions
X, Y,Z 1In the present case the mean value of the pressure
in the direction of the axis of z is derived from the quantity *
(Zy+mZy+nZ)=—%cos 0[Ef*+ Ey* + Hy* + Hy*
—k/*— H*|—sin 0[E/E/ + H/H,'].
The surface integral of the mean value g¢f this quantity over
a period is accordingly
oy o : [c08 0 (EyEo+Ep Eo+ HyHy+ HoHy—E, E,—H, )
+sinb(E,Ey+ E,Ey+ H,Hy+ H,Hg)]sin 6.d0 de.
When the incident radiation only is taken into account, this
integral becomes simply

al l a :
- —f f cos @sin 0 d8d¢
2 0J0
and vanishes completely. Again, it is easy to see that when 7
is large the components E,, H, for the scattered field are small
* We assume now that the surface ¢ is a sphere whose centre is at the origin.

Our expression is easily obtained by writing down the expressions for £, E/, E,’
in terms of E,/, E¢’, E¢'.
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compared with the transverse components, a product such as
H,H, being of order r—* may be neglected when r is large, and
so we have only to consider the integral

E?njf(mm+mm+mm+mHmmumMM¢

where E=E,+ E,, H=H,+ H,. The terms which depend
only on the incident field may, moreover, be disregarded.
To evaluate P, we need the values of the integrals

o dP,! AP,
Ir-f (PJlm. A )cote.da

I,= f (dP" P+ Py P‘) cos @.d6b.

de de

By using the relations (109) we may transform the first of
these into

n(n+1)m(m+ l)f"P,,(cose) P,, (cos 8) sin 6 cos 0 df
0
- {ﬂgg[cos 0.P;. P,]cos 8. db.
Jo

Now
(2n +1)cos 8. Py (cosb)=(n+1) Py, (cos 0) + nP,_, (cos 6)
......... (119),
and
(2n+ 1) cos 8. P, (cos ) = nPy,, (cos 8) + (n + 1) P2,_, (cos 6)
......... (120);

hence when the second integral is integrated by parts we
obtain two integrals of the type (76) and so we have finally
—g(=1yn(ntly
@2rn-1)(2n+1)
w(ntl)(nt2y
@nil)@n+3 Tm=ntl
When the second integral I, is integrated by parts it becomes
L=f?%x¢mnaw=o m#n

n(n+1) I
2n+1 m=n

m=n-—1

=2
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Writing P, in the form
_." ] f (Mo M, + My* My*
+ My My + M,*M,*)sin 6 cos d6d¢
and making use of equations (121), (122) and (106), we obtain

e nt(n+ 1)(n+2)’[ Qunyy Aoy (di, db
P,=- Iy
T @) (@n19) ( + dr)(dr+dr)

dwy.4, dy,
d7‘+1 d + A2 (un-H + vn+1) (u" +v") + Mﬂ+l Wn

du, dv,\ dig,, dnl dndnl
Car+ @) 5o+ o)+

dr dr
+ 1 (un + V) (U + Un41) + K2 Wy W 4y

—kin 3 ’i’li—l-’[w,.mo (a4 din)

+

=1 2n +1 dr + dr
du, | du, dwn dw,] 4
(un + vn) < dT) + d - Wy - a‘r‘] .

We now use the asymptotic expressions for u,, vn, wn, when
r is large and omit the terms that depend only on the u’s,
We also write

) 2n+41 } 2n4+1
A,n = -t = Ay, = - 1 ns
Y i+ 1) Ba " (fn+l)B

and obtain after some simplifications

pz—_§ 3 (2n+1)[an + 8+ Ba+ B
n=1

® 2n+1
|-’7‘l’](?2 }4 (7;-:_ 1)(a‘nﬁn+aan)

S EI
n=1

n+2 _ _ - -
fz T1 )[an“n+1 + g + BaBuni + BnBntl

This expression turns out to be negative, i.e. the pressure
acts in the direction in which the incident light is moving. If
the constants in the incident light are chosen so that its
intensity is unity, the above expression must be doubled. The
numerical value of the pressure has been calculated from the
abo® formula by Debye in a number of cases. When the
radius of the spherical obstacle is small compared with the
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wave-length of the incident light, the functions yr, (ka), &» (ka),
Vrn (ha), &y (ha) occurring in the expressions for a,, 8, can be
expanded in ascending powers of a. This method, however,
fails when ka approaches unity and numerical values of the
functions must be used.

In the case of a totally reflecting sphere

= Yon' (ka) _ ¥a(ka)
e~ BT (124),
and Debye finds that if
27mra
P = ak = ")\T‘ ,

where X is the wave-length of the incident light, L denotes the
light-pressure and W = }ra? is the energy of the incident train
of waves per unit length of a cylinder circumscribing the
spherical obstacle and having its axis parallel to the direction
of motion of the waves; then

%,:131,)« [1+ 4 pP— 3485 p%on] v (125).

The first term of the series was given by Schwarzschild.
The convergence of the series is slow as p approaches unity and
several terms of the series (123) must be taken into account.
By using numerical values of the functions vy, (p), {a(p) and
their derivatives for z =1, 2...5, Debye has succeeded in
drawing a curve ‘or W
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It will be seen that the pressure has a maximum value for
a certain value of p, approximately equal to 1. When p is

large the ratio —ILv approaches asymptotically the value 1.

Debye compares the light pressure so obtained with the
gravitational attraction for a spherical particle of specific gravity
s under the influence of the sun’s radiation. He finds that if G
is the gravitational attraction,

L 4800 L
G = )\Tp W
and to get a numerical estimate he takes A =600 up, s =1,

It appears that the ratio vanishes both for small and large
values of p : it has a maximum value of about 20 for p = 1.

In the case of a dielectric sphere with refractive index n,
the expansion corresponding to (125) is

L 8/m -1\ , 1 _ PP 7 —29n +34n? + 120

W3 (ﬁz"ﬁ) P [ 15T m+2)2m+3) ]

and is suitable for calculations only when np is small.

Debye has drawn curves for {f,in the cases n=ow, n=2,

=15 and n=133. When n=2 the curve appears to have
three maxima and two minima between the values p=1 and
p= 3. .

The greatest value of L 1s now about 2'6; the following

w
table indicates when the light pressure exceeds the gravitational
attraction, the numbers p, and p, give the extreme values of p
belonging to the range in which this is the case.

L
n (G>Max. Po [}
') 20 ‘3 8
2 13 ‘6 5
1'5 3 ‘8 —

The maximum light pressure is just balanced by the
gravitBtional action when n is about equal to 1'33, the value
for water: for smaller values of n gravitation prevails.
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In the case of an absorbing spherical particle, the equation
which takes the place of (126) is

g

L ©

2
(x +27 + =

When a is small the light pressure and gravitational action
are both of order a® and their ratio tends to a finite limit, hence
for certain types of absorbing material there is no lower limit
in the size of a particle below which gravitation exceeds the

light pressure. Debye has drawn a curve for —57 for the case of

a gold particle and finds that there is a maximum value for
p =15 nearly.

The existence of a maximum value for —£ in the cases that

w
have been discussed appears to be due to the fact that the

value of p for which the maximum occurs is very nearly equal
to the real part of the complex value of p corresponding to one
of the free damped vibrations®*. The first electric vibration
seems to be of chief importance in determining the position of
the maximum.

The determination of the limiting value of —é;, for very small

wave-lengths, ie. for large values of p, is a matter of some
difficulty, it depends on some expressions giving the behaviour
of the Bessel functions for large values of n and p. These have
been found by J. W. Nicholsont and P. Debye?.

If p is real and n + % < p, we have when p - «

- (on-3)
= ¢ i
& (p) (sin -ro)i
g\ [ treeeeeeeeeees (128),
cos (pﬂ - E)
\”n (p) - (sin To)é

* Cf. Debye, loc. cit., and the similar remarks for the case of optical
resonance by F. Pockels, Physik. Zeitschr. Bd. 5 (1904), p. 152.

1 British Association Reports, Dublin, 1908, p. 595; Phil. Mag. Vol. 13 (1906),
p. 195; Vol. 14 (1907), p. 697; Vol. 16 (1908), p. 271 ; Vol. 18 (1909), p. 6.

+ Math. Ann. Bd. 67 (1909), p. 535.
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¥s an angle lying between 0 and % for which

+3

n
COS Ty= ——=

and Jfo=sinT,— 7, COS Ty,
When n+ 4 > p and p = 0, we have

. e'iﬂfo

En(p) =1 3

(¢sin 7,)
P PP (129),
e o

Yalp)= TG

(¢ s1n 7,)2

where 7, is now the root of the equation
oS T = nti

whose imaginary part has a negative sign.

. When n and z are very nearly equal the values‘of ¢, (p) and
Ya (p) can be made to depend on Airy’s integral and are much
more complicated ; for these we must refer the reader to the
original memoirs,

24. Other problems which may be treated with the
aid of polar coordinates.

The diffraction of electric waves travelling round the earth
is a problem of some importance which has heen discussed by
H. M. Macdonald*, Lord Rayleight+, H. Poincaréf, J. W.
Nicholson§ and other writers.

The calculations are very long and depend on the use of the
formulae to which we have just referred. Rybeyfiski|| has
recently treated the problem by a method due to March and
has taken into account the finite conductivity of the earth. As
we have already mentioned this was done by Zenneck and
Sommerfeld for the case in which the earth’s surface is treated

* Proc. Roy. Soc. Vol. 71 (1903), p. 251 ; Vol. 72 (1904), p. 59 ; Vol. 90 (1914),
p. 50; Phil. Trans. A, Vol. 210 (1909), p. 113,

1 Proc. Roy. Soc. Vol. 72 (1904), p. 40.

1 Rend. Palermo (1910) ; Proc. Roy. Soc. Vol. 72 (1904), p. 42.
§ Phil. Mag. Vol. 19 (1910), pp. 276, 435, 516, 757; Vol. 20 (1911), p. 157;

Vol. 21 (1911), pp. 62, 281; Jahrb. d. draht. Telegr. Bd. 4 (1910), p. 20.
|| Ann. d. Phys. Bd. 41 (1913).

5—2
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as a plane. The results of Nicholson and Poincaré indicate
that diffraction round a perfectly conducting surface is not
sufficient to explain the apparent bending of the electric waves
round the earth’s surface. A generally accepted opinion is that
the ionisation of the atmosphere by the sun’s rays is a very
important factor in producing the observed effects®.

The diffraction of a solitary wave or pulse by a spherical
obstacle might be discussed with advantage. The evaluation
of certain definite integrals involving Bessel functions, however,
presents some formidable difficulties which probably account
for the fact that the problem does not appear to have been
solved.

The scattering of electric waves by a perfectly conducting
conical obstacle has been treated very briefly by H. S. Carslawt.

EXAMPLES.

1. Prove that

® 9n+1
1+2
+ 1 n(n+1)

P, (cos 6) P, (cos a)=log (xe»ec2 % cosec? g) , 0Kagégm.

(C. Neumann.)
2. Prove that

ekucoouo (kp sin a)= \/g ; (2n+1)dn Jn+§(k7’)
! 1

Vkr

P, (cos 8) P, (cos a).
(E. W. Hobson.)

* Cf. the discussion at the British Association meeting, Dundee (1912), and
an article by W. H. Eccles in the Year Book of Wireless Telegraphy (1913).
Some quantitative experiments on long distance telegraphy have been made
recently by L. W. Austin, who obtains an empirical relation between the
magnitude of the current received and the distance between the two stations,
Bulletin of the Bureau of Standards, Vol. 7 (1911).

f Phil. Mag. Vol. 20 (1910), p. 690.



CHAPTER IV
CYLINDRICAL COORDINATES

§25. The wave-equation in Cylindrical Coordinates.
If we put = p cos ¢, y = psin ¢, the wave-equation becomes
O  lou 10w 0w 104
YT P
Two particular solutions of this equation aré suggested at
once by the general solution of § 5: they are*

0 ...... (130).

2
u=f F[z+z’pcosa, t—gsina] da ...... (131),
0

+6 , o .
and u =f ¥ [z +wpcosa, t— 5 Sin a] da ...... (132),
-¢

respectively. The first of these represenfs a wave-function
which is symmetrical round the axis of z and which reduces to
2w F (2, t) when p=0. It gives us at once the formulae

Y — 1 [ Y n _Z

™P, ()= Q?rfo (z +1ipcosa)da ( = ;) ...(133),
1 1 [ da z

P =], rpesapn (£ 3) 139

where n is an integert, and many other interesting forfiiffhe
may be written down by simply choosing different wave-
functions that are symmetrical round the axis.

* The first of these is an obvious generalisation of a formula given by
D. EC wardes, Educational Times, Oct. (1904).

+ The formula is also true under certain limitations when = is not an integer.
See Hobson, Phil. Trans. A, Vol. 187 (1896).



70 CYLINDRICAL COORDINATES [cH.

For instance,

™ log (2 + ip cos 6) 0) 1 2r® -
f Siaass -—rlog R (135),
log(z+'zpcos€)—-logzod0 ~1gr+z°+R

xlo z—2zy+1tpcosf r+z,—R
(R*=p*+ (2 — 2,)%, 2> 2)...(136),

2m
1 [*rsink(z+1pcos®) ipsina y _ SIAT ..(187).
O z+1pcosa r

There is another general formula for a wave-function sym-
metrical about an axis, viz.

u-_-.-fm F [t——gcosh a, z-—psinh a] da ...(138),
where the function F is of such a nature that
1. oF oF
Esmha % +eosha7z-
vanishes when a= + . As a particular instance of this we
have the function*

Q =5 t—Lcoshal)da ......... (139),
7, #(e-omha)

which may be regarded as the cyhndrical wave-potential for a
line source of strength ¥ (t) along the axis of 2.

A peculiarity } of the two-dimensional propagation of waves
18 the existence of a “ tail ” to the disturbance when F (¢) is zero

for t< 0 and ¢ > 7, for ift>7+%we have

0= —1— F(t — P cosh a) da ......... (140),
2 /s c

where pcoshs=c(t— 7). It is clear that this expression for
 does not generally vanish. The wave-function (139) is thus
essentially different from Euler's wave-potential for a point

source, viz.
a=1p (t - f) ,
r c

* Cf. H. Lamb, Hydrodynamics, pp. 281, 500; V. Volterra, Acta Math.
t. 18 ; Levi-Civita, Nuovo Cimento (4), t. 6 (1897). The formula is a particular
case of a more general one given by Dr Hobson in 1891.

+ This was discussed by O. Heaviside, Phil. Mag. (5), t. 26 (1888); Elec-
trical Papers, Vol. 2. See also Lamb, Hydrodynamics, p. 282.
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. . . r . .
for in this case Q is zero for t>7+=, provided the source is

only active when 0 <¢ < 7.
V. Volterra* has obtained a number of elementary wave-
functions of the form

u= tF(‘;f) Y 10 NN (141),

He finds that F must satisfy the differential equation
d'F dF
(1 —s’)-gs—2 +8(2n —8%) T n(n—1)F=0 ...(142).

If we try to solve (130) by means of a function of the form
w=Wpmcos m (¢ — o),
where W is independent of ¢, we find that W must satisfy the
equation
oW, 2maloW  @W_10W_
op* p Op tToE TeoE
Solutions of this which are independent of z may be derived
from the following formulae+, in which m > -},

W=f”f<t— P cos a\) sin®™a.da ......... (144),
0 c

w=["F (t + £ cosh 7,) sinh?™ 5. dy ... (145).
Jo
There are, of course, certain limitatiohs concerning the
behaviour of F'(¢) at infinity. The first formula enables us to

determine the value of W when its value is known for p=0.

§26. Elementary solutions of Au + k*u = 0.
The differential equation

o 10ou 1 0*m 0™
e T St — Cu=0......... 14
ot pop o T ot S0 o

possesses elementary solutions of the types
Im (VI + 1)y e ™" cos m (b — o) -vnven (147),
Kn(pVA=E)e™™ cosm (¢ — o) .evvne (148),

* Jcta Math. Vol. 18.
+ E. W. Hobson, Proc. London Math. Soc. Vol. 22 (1891), p. 431. The
first solution is due to Poisson.

s’
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where A, & and m are real or complex arbitrary constants. The
first solution may of course be generalised into

we [ " T (GVIETTE) €% £(h) hlh ... (149),

and a similar remark applies to the second. If we wish to
express a given wave-function in the first of these forms, the
following inversion formula due to Hankel is particularly
useful*.

If F(z)= f: T (at) f (8) £t
then £) = f: T (at) F (2) 2ds

Let us use this formula to express %‘ e in the form (149)

when m=0. Since the representation should be valid for z=0,
we find on putting k* + h2=2? a =k, that
ikp

e ® .
= = [7 T/ (B nan;

Jo
© 1
.. = A 1/tpd = ———, IC>O.
Fwy=[" T dp=
Hence we obtain Sommerfeld’s formulaf

1. ® TR pYIAN
— ¢ = e J AP) ————"  crere. 151 3
re fo ¢ o P)\/)J—lc2 (15D)
the upper or lower sign being taken according as z50. A

more complete proof is obtained by applying Hankel’s inversion
formula to the equation

(= pdp  e-lzlJETE
tkTP_P=______<
e e I
’l:e“zl\/lﬂ—A’ "'( )’
oy va =——— A.2<k2
Vig -\

which is established in Prof. Lamb’s paper.

* Bee Qray and Mathews, Treatise on Bessel Functions (1895), p. 80;
N. Nielsen, Handbuch der Theorie der Cylinderfunktionen (1904), p. 366.

t Ann. d. Physik, Bd. 28 (1909), p. 683. Some analogous formulpe are
given by H. Lamb, Proc. London Math. Soc. Ser. 2, Vol. 7 (1909), p. 140;
O. Heaviside, Electrical Papers, Vol. 2, p. 478; N. Sonin, Math. Ann. Bd. 16.
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A few more formulae will now be written down to illustrate
the method of generalisation by integration with regard to
a variable parameter

— kR
K, (pVA* = k?) cos \ (z—b)=1}r —f~ ¢os A(a—-0b)da
A >k RP=p*+ (2 —a)).
If m is zero or a positive integer and = is a positive integer,

T.l—;i Pm (cos 0) = e (Ap) NN,  2>0,

STl

r"“Q (cos ) = 2F(n m+l)f e Yo,(Ap)N"dN, 2>0.
(Hobson.)

§27. The propagation of electric waves on a semi-
infinite solid bounded by a plane surface*.

In this problem the surface of the earth is regarded as an
infinite plane and the waves are supposed to be gtnerated by an
antenna, of which one portion is vertical and the other horizontal.

Let us assume that the electric and magnetic forces are the
real parts of vectors of the form Ee=*!, He 't respectively,

then if M =H + twE, where »*= %’E}li’ we may satisfy Max-
well’s equations by putting

M=rotIl + 5 % grad div IT +&IT ......... (153),

where Al + BII =0, k= epw’ + tpwo ...... (154).
To imitate the action of the antenna we shall place two
vibrating doublets at a point at distance a from the plane. If
one of these vibrates vertically and the other horizontally, we
may put for the primary radiation I, = (P, 0, P,), where
P.=-B%Y, P=4%C R=p R
=g R’ =p'+ (2 —a) .. (W,
and the axis of z is vertical. We write B with a negative sign
to signify that the horizontal branch of the antenna is drawn
in the negative z-direction.

* A. Sommerfeld, Ann. d. Phys. Bd. 28 (1909), p. 665 ; H. v. Hoerschlemann,
Jahrb. d. draht. Teleg. Bd. 5 (1912), pp. 14, 188 ; Dissertation, Munich (1911).
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A convenient expression for II, is obtained by using Sommer-
feld’s equation

}-ei"R =fJU()\.)e”z—“))‘%‘l)v, 0<z<a...... (156),
0
where [ = \/)»’ k% Appropriate functions II,, II, for the re-
flected and transmitted disturbances are obtained by putting

=S cosng | Jn(Ap)e-te+a) Fy(n)dA
n=0 0

z<a...(157),

o= § cos n f T (Ap) (=) G, (N) dA '

where m=~XN=h* and h is the value of k¥ in the second
medium. The functions F, (A), G, (\) are vectors with com-
ponents [ fn(A), 0, ¥n(N)], [gn (A), O, xa (X)] respectively.
We can satisfy the condition that the tangential components
of the electric and magnetic forces should be continuous at the
surface of separation of the two media by putting for z=0

H0+H1= H2
rot (1, + II,) =rot I,

1 .. 1 ..
Z}; div (no+ H1)=—};2 div I_I2

where u has been taken to be unity for both media.

Substituting the integral expressions for II,, II,, II, in these
equations and equating to zero the coefficients of functions
of type Jn(Ap) in the resulting integral equation, we obtain
the system of equations

B
—1 —la — _
f;e G_Te la"_'gOe e, fne l“=gne_m“,
\P e—la + 4 e—la = e—ma —la — —ma
) ] Xoe ™%, Ve = xne ",
o Tlfoe— Belt=mg e, —If, €74 =mg, e,

(Ae—la _l‘!fo e-la)l‘:l2 — m ™ X ¢ma.

B
Te"’“—'l‘he —lo — xfoe—’“) i (mxle — A goe™™),

~y

~

"’"e Xne
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where the last equation has been simplified with the aid of the
relations fn=g,=0(n>0) which are a consequence of the
previous equations.

Solving these equations we eventually find that if
II,=(Q 0, Q.), Il.=(R,, O, R,),

Qo= BfJo(NP)e_l (z+a) (mb +ll))7; dx,
R,=—2B f Jy(Ap) eme-ta le ,7:,
- a[ Rtz End
+ 2B cos & [: J(rp) e-tieta) q _f_h;;— (k};)lll‘i;m),
R,=24RK f:Jo (Ap)emete leTdI):’m

(k= k2 A2dn

L+ m) (B + k*m)’

The “directed effect ” depends on the presence of the terms
involving cos ¢ in the expressions for @, and R,. Now when
o= for the second medium, = o0, and these terms vanish
altogether; hence the possibility of directing the energy of the
radiation sent out from the bent antenna is due to the im-
perfect conductivity of the earth. Von Hoerschlemann has
given a numerical discussion of the above formulae but the
investigation is too long to be inserted here,

+2B cos f J1 (A p) eme—ia
0

§ 28. Propagation of electromagnetic waves along a
straight wire of circular cross-section*.

Let us consider the symmetrical case when the electric
force at any point is in a plane through the axis of the wire

* H. Hertz, Electric Waves; J. J. Thomson, Proc. London Math. Soc.
Vol. 17 (1886), p. 310; Recent Researches, § 259; A. Sommerfeld, Ann. d.
Physik, Bd. 67 (1899), p. 233; Gray and Mathews, Bessel Functions, Ch. 13;
M. Abraham, Encykl. d. Math. Wiss. Band V. 2, Heft 3 (1910), p. 526;
J. Legmor, Proc. of the 5th Int. Congress of Mathematicians, Vol. 1 (1912), p. 206.
The problem considered in this last paper is chiefly that of alternating currents,
viz. the forced alternations of flow produced by & uniform periodic electric force.
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and the magnetic force is in circles at right angles to this
plane. The field equations are then of the types

¢edE, o _ c0E, o . __8—1_{1.\

oot ol E?ﬁ(pHO Tt BT |(159)
_ woH, _3E, 0K, [
c et oz dp )

These may be satisfied by putting

E’,=—12<paa%), E=8?H_\

pop * " 9pdz |
H___‘?LH_?_??_H Loveeneeen (160),
T T cotop ¢ op J
where IT satisfies the equation
G_;l:aﬂ oudll _ Il 129 ( 3H> .
st e 5 = oa toap\P o) AL en(161)

Putting IT = ¢%! u, we find that Au + k* =0, where
k= epnw? —az,u,wa'
c
We now assume that for points outside the wire*

u=Ae™ K,(pVN— k),
and that for points inside the wire
w= Be™ J,(ip VAT — h?),
where h is the valug of k inside the wire. These assumptions
are made for the purpose of determining the periods and rates
of decay of electric waves that can travel along the wire and
maintain their own field. The first solution is chosen so as
to make the flow of energy negligible at an infinite distance
from the wire so that the system is self-contained; and to
ensure this it is necessary to suppose that the real part of
WAT—* is positive. The second solution is chosen so as to
make the electric and magnetic forces finite on the axis of
the wire (p = 0).
Let p =a be the equation of the surface of the wire, then
* We follow here the work of Sommerteld in which it is supposed that there
are no conductors outside the wire. 8ir J. J. Thomson allows for the pr-sence

of external conductors by supposing the dielectric surrounding the wire to be
bounded by a cylindrical conductor having the same axis as the wire.
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the continuity of the tangential components of the electric and
magnetic forces requires that when p=a

Ag—[pKo(p«/w—kﬂ)]=Bﬁ[p.fa(¢p«/x2-hf)]‘

P op

5 - 5 (162),
Aya‘;) ]{o(p\/xa—k“)=Byla—p Jo(’tp‘\/X“—h’)

v and », being the values of the quantity o +iwe at points
outside and inside the wire. The elimination of A and B gives
rise to a transcendental equation for the determination of A.
The total current flowing along the wire is

J= 271'[(‘ ak,pdp
0

=— 27106“"“pBaa—p g (ip‘\/f\2 —h*) for p=a.

On the other hand the electric force E, at the surface

of the wire is
- 19 o, 0 . T |
Ez=—_—[Be—WL‘J pNAT= I for p=a
¥ o (1p v )j P
= — B(M =) e J, (ia VA = h?),
Hence, if we put

EZ=J{R+i_':’L},
[4

where R and L are the resistance and self-induction of the wire,

we get
Jo(@) 1 o
R+ __L 2-n-o- [xJ (w)J

r=1aVA -2

The roots of the transcendental equation have been discussed by
Sommerfeld who used a method of successive approximations.
The values of A are complex as the waves which travel along
the wire are damped owing to the imperfect conductance of the
wire. It appears that when the disturbance does not penetrate
far into the wire, the damping is small and so the velority of
propagation is very mnearly equal to the velocity of light.
When, however, the field does soak into the wire to some
extent, the damping is of course considerable and so the wave
travels with a velocity a little less than that of light. In the
first ®ase the real part of ¥A*— A2 is large, in the second case it
is small,
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In Lecher’s arrangement* there are two conjugate parallel
wires between which the waves travel, consequently the field is
not symmetrical round the axis of one of the wires. This case
has been discussed by G. Miet with the aid of bi-polar
coordinates, and the lines of force have been studied by W. B.
Mortoni. The latter also considers the case of n parallel wires
passing through the corners of a regular polygon§.

The mathematical analysis for the case of a curved or twisted
wire has not yet been fully developed. The important case of
a spiral wire has, however, been discussed by H. C. Pock-
lington|| and J. W. NicholsonY. The latter gives numerous
references to the literature of the subject. D. Hondros** has
recently discussed the propagation of some types of unsym-
metrical waves along a single wire. The electromagnetic
theory of an electric cable has been given by Sir Joseph
Thomsontt and F. Harms}}. The latter considers the case
when the outer conductor of a cable is replaced by air.

§29. Other problems which may be treated with
cylindrical coordinates.

The diffraction of electromagnetic waves by a cylindrical
obstacle has been discussed by Lord Rayleigh§§, W. Seitz]||,
W. Ignatowsky¥q, P. Debye*t, C. Schaefer*t, and J. W. Nichol-
son*§.  Schaefer has made an extensive study of the case of a

1

* Ann. d. Phys. Bd. 41 (1890), p. 850. See also D. Mazzotto, Il Nuovo
Cimento (4), t. 6 (1897), p. 172.

+ 4Ann. d. Phys. Bd. 2 (1900), p. 201. The case in which the capacity
is small is discussed at length by J. W. Nicholson, Phil. Mag. Feb.—Sept. (1909).
The current is supposed to flow along one wire and return along the other.

1 Phil. Mag. Vol. 50 (1900), p. 605; Vol. 4 (1902), p. 302.

§ Phil. Mag. Vol. 1 (1901), p. 563.

I Proc. Camb. Phil. Soc. Vol. 9 (1897), p. 324.

€ Phil. Mag. Vol. 19 (1910), p. 77.

**.* .. d. Phys. Bd. 30 (1909), p. 905; Dissertation, Munich (1909).

1t Proc. Roy. Soc. Vol. 46 (1889), p. 1; Recent Researches, p. 262.

It Ann. d. Phys. Bd. 23 (1907), p. 44.

§§ Phil. Mag. Vol. 12 (1881), p. 81.

{lll Ann. d. Phys. Bd. 16 (1905), p. 746.

AT Ann. d. Phys. Bd. 18 (1906), p. 495.

*+ Phys. Zeitschr. (1908), p. 775.

*+ Anm. d. Phys. Bd. 31 (1910), p. 462.

*§ Proc. London Math. Soc. Ser. 2, Vol. 11, p. 104.
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dielectric cylinder and his results have been tested experimentally
by Grossmann. This is one of the few cases in which the
influence of the material properties of the obstacle has been
taken into account in the mathematical treatment of a diffrac-
tion problem; the necessity of doing this has been clearly
indicated by some of the experimental results.

P. Debye has studied the diffraction problem with reference
to the theory of the rainbow. This had been done for the case
of the sphere by L. Lorenz long ago*.

Electrical vibrations in regions bounded by cylinders of
various shapes have been studied by Sir J. J. Thomsont, Lord
Rayleight, Sir J. Larmor§, R. H. Weber|, A. Kaldhne¥, and
J. W. Nicholson**. The latter has also calculated the pressure
exerted by a train of plane electromagnetic waves on a perfectly
conducting cylindertt.

EXAMPLES.

1. An infinitely long metal cylinder of specific’ conductivity o
and permeability u, bounded by the surface r=R, is surrounded by a
dielectric of specific inductive capacity e. A train of waves, in which the
electric force is perpendicular to the cylinder and to magnetic force and
if undisturbed would be represented by the real part of Mt (o +krcosd),
is passing in the dielectric. Prove that the magnetic force H, inside

the cylinder and the part /; of the maguetic force outside representing
the scattered wave, are given by the real parts of

Hy=¢"“'s a,,K,, (kr) cos mep, H, =5 by, (hr) cos me,
m m

where A?= — 4wpoiw, and
b (hR) = ap Ko (kR) =2 Mim T, (KR),
2 ymLa2
Tl (RR) =22 Kt ey <R ),

Twe

b
4ro

* QOeuvres scientifiques, pp. 406—502. See also Gans and Happel, loc. cit.
(p. 44). The most recent paper on the rainbow is by W. Mobius, Ann. d. Phys.
Bd. 33 (1910). -« -

t Recent Researches, p. 344.

+ Phil. Mag. (5), Vol. 43, p. 125.

§ Proc. London Math. Soc. (1), Vol. 26, p. 119.

|| Habilitationsschrift, Heidelberg (1902); Ann. d. Phys. (4), Bd. 8 (1902),
p. 721.

9 Ann. d. Phys. (4), Bd. 19 (1906), pp. 80, 879 ; Bd. 18 (1905), p. 92.

** Bhil. Mag. Aug. (1905), May (1906).

+t Proc. London Math. Soc. Ser. 2, Vol. 11, p, 104.
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for positive integral values of m. The constants here have reference to the
electromagnetic system of units.
(Cambr. Math. Tripos, Part II, 1905,)

2. Plane electromagnetic waves represented by
E,=E,=H,=H,=0, H=¢*@+) g =gktet)
fall upon the perfectly conducting cylinder p=a. Prove that in the
scattered field

1 et (2 © K, (ikp)
E= -- ke f_mezkacosﬁdﬂ . mk_a)cosuda.cos vB.dv.
(P. Debye.)
3. The wave-potential for a circular ring of point sources is given by
n=/°° TEVNEE ket 5 oy @ADL, 20,

0
(A. G. Webster.)
4. The wave-function

o=cket |7, K e~*2J, (o VEE+NE) cos aX d\

is zero at points on the plane z=0 which lie inside the circle p2<a?; for
2=0, p¥>a? its value is e (p2— g2) ¥ cos (ka/p? — a?). (Sonin.)

5. If R*=p?+(z+asinhu)?, £=e¥ the integral

/:-’o (Ap)Adx jj Jo [7\ \/tz—z2+a’+a{§(z—z)+é (t+z)}] e dt

kR
represents the function e—F. e~ 0@sh% outside a paraboloid of revolution

whose focus is at thg singularity 2= —a sinh %, p=0, and which passes
through the circle p=a, z=0. Tt is zero inside the paraboloid.
6. The circuital relations in cylindrical coordinates are

poB, 0H, 0H; pOEy 0H, OH,
cif"‘aE Pa’ ca P P

0H, o0, al’l2
PRFTS ap(P $)— a¢ ’ 3¢ +p =0

and similar equations in which Z is repla.ced by —H and H by E.

( H,) +—

7. If X=xcoswt—ysinw?, Y=2sin ot+ycos ot, Z=2z-vt, where v
and w are constants, the function @=F (X, ¥, Z) is a wave-function if F
satisfies the partial differential equation

RF o OF oF  _oF
(““Y%Yz ( X2)arz+2 2 XY syayta (‘Yéi’*yﬁ?)

2\ 02F
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Obtain particular solutions of the form
Q=e)\(z—vt)+im(¢-ut) [AJ,, (pp)+BY,, (PP)]
v\  mlw? .
where p?=2A2? (1 —C—Z) -z and A, m, 4, B are arbitrary constants,
8. An oscillatory current is induced on a circular wire of radius a
excited by a uniform electric force Ryet acting on its surface from the

surrounding medium. Obtain expressions for the inductance and resistance

of the wire per unit length when the wire is regarded as straight and no
disturbing conductor is near.



CHAPTER V
THE PROBLEM OF DIFFRACTION

§ 30. Multiform solutions of the wave-equation®.

The wave-functions required to solve many of the boundary
problems of Mathematical Physics are not single-valued func-
tions of @, y, 2, t in an ordinary space. We may, however,
regard them as single-valued functions in a Riemann’s space.
This is a simple generalisation of the Riemann’s surface of the
theory of functions of a complex variable+; every plane
section of the Riemann’s space is in fact a Riemann’s surface.
Instead of branch lines and branch points we have branch
membranes and branch curves. Thus in the physical problem
of the diffraction of light through a circular hole in a screen,
the boundary of the shadow of the screen is the branch mem-
brane and the edge of the hole the branch curve.

We shall commence by finding a multiform solution of
the equation

2. 2,

g—; + —g—;: FEU=0 o, (163).
The fundamental solution w = et (zcosa+ysina) = gike cos (6 —a) jg
of period 27 and can be expanded in the form

ko 003(9-0) = ] (kp) + 2 5, 1, (kp) cos n (¢ — a)...(164).
1

* This theory is due to A. Sommerfeld, Math. Ann. Bd. 45 (1894), Bd. 47
(1896) ; Zeitschr. fiir Math. u. Phys. Bd. 46 (1901); Proc. London Math. Soc.
(1), Vui. 28 (1897), p. 417. It has been developed by H. 8. Carslaw, Proc.
London Math. Soc. (1), Vol. 30, p. 121: (2), Vol. 8, p. 365; Phil. Mag. Vol. 5
(1903), p. 374: Vol. 20 (1910), p. 690 ; Fourier’s Series and Integrals, Ch. 18;
W. Voigt, Gitt. Nachr. (1899); E. W. Hobson, Camb. Phil, Trans. Vol. 18
(1900), p. 277. Different methods have been used by H. M. Macdonald, Electric
Waves, Appendix D; K. Schwarzschild, Math. Ann. Bd. 55 (1902), p. 177;
Proc. London Math. Soc. Vol. 26 (1895), p. 156; C. W. Oseen, Arkiv for mat.
Bd. 1 (1904), Bd. 2 (1905).

+ See Harkness and Morley’s Theory of Functions (1893), Ch. 6-
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A solution of period 2mm may evidently be constructed by
writing down a series of the form

_E a,.J (kp) cos — (¢ - a),

where the a,’s are suitable constants. The solution that seems
the most natural extension of (164) is

P, 80) = Jo(kp) + 2247, (kp) cos (¢ — $) ..(165).

To sum this series when m =2, we transform the terms for
which 7 is odd by means of the equation

S (kp) = ___(_k_pz__ g'te cova sin® a, da,
P sl

Summing the two series separately we find that

Fu(p, . $0) =€ @) 1 £ ($ = 60) + £ (o=

where

10 }‘!2‘10 _ ﬁz 76
2

_+ - " e costa+tkpcosa
f(e)_<zk_p) e? ? foe sin a. da

= (l)i ezkp cos 6 J.Te—(k’ dx’
T S ]
— 8 ko\i/ & %
with T =W2kp cos 9 S = <2p> <e —e2).

S s
Now f e-™NMdn= 2/ e~ dN,
-8 0

and ﬁ:"""" d\ = (Z: )& ;

hence we may write

Fo(p, &, o) = (—) gito con (6= 80 f - . ...(T56),

where T =V2kp cos } (¢ — o).

With the aid of the function F, we can solve some problems

on the giffraction of plane electromagnetic waves by a se'mi-

infinite plane bounded by a straight edge. Let us consider
6—2
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the case of a totally reflecting screen*. If the electric force
in the incident wave is parallel to the edge of the screen, the
electric force u = E, for the total disturbance must vanish over
both faces of the screen and must satisfy the differential equa-
tion (163). These conditions are fulfilled by taking

E,=F, (o, ¢, ¢o) — F,(p, b —bg) cerennnnn (167).
This value of E, also satisfies the right conditions at infinity.
To prove this we must find an asymptotic expression for F,
when p is large.
Now when 7> 0, we have the asymptotic expansion +

e 1 18 T
f,e - [1 i T @iy J

while when 7<0, { has a similar asymptotic expansion with the

sign changed. ThlS means that when cos4 (¢ — ¢) >e> 0 we
have
F( ¢ ¢)~eikpcos(¢—¢o) + ’L% —ikp .

2Py P> Po \/MCOS%@)—(%)E ey
while when cos 4 (¢ — ¢,) < € <0 there is a similar asymptotic
expansion in which the first term is missing. It thus appears
that the electric force in the geometric shadow vanishes at
infinity to the order p-%.

If the magnetic force in the incident wave is parallel to the
edge of the screen, the magnetic force v = H, must satisfy the

differential equation (163) and be such that %:O over both

faces of the screen. The conditions are fulfilled by putting

HZ=F2 (p, ¢,¢o)+F2 (P: 4’: - d)o) .......... (168).
Prof. H. M. Macdonald has shown that the solution of
a prehlem concerning a perfectly absorbing body can be made
to depend on the solution of two allied problems:. “A per-

* The incident waves are supposed to come in a direction for which
¢=7+¢, An approximate solution of this problem was given by H. Poincaré,
Acta Mathematica, Bd. 16, p. 297 ; Bd. 20, p. 813.

+ Bromwich's Infinite Series, p. 328,

% Phil. Trans. A, Vol. 212 (1912), p. 337; Proc. London Math. Soc. (2),
Vol 12 (1913).
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fectly absorbing body may be regarded as a body which is
incapable of supporting either electric or magnetic force;
hence if C' is the electric current distribution on the surface
of the body when it is supposed to be perfectly conducting,
and (' 1is the magnetic current distribution on the surface of
the body when it is supposed to be incapable of supporting
magnetic force, the superposition of these two distributions
gives the electric and magnetic current distributions on the
surface of the body when it is perfectly absorbing and the
amplitude of the incident waves is doubled.”

Now if we suppose our screen to be incapable of supporting
magnetic force, the boundary condition is that the tangential
component of the magnetic force should vanish. When the

electric force is parallel to the axis of z, a—f must vanish over

o
the screcen. Hence
E.=F.(p,$, $0) + Fs(p, b, = ¢0) -........(169).
The solution for a totally absorbing screen is thus simply *
E.=F,(p, b, o) -evvvvvvninvinnnnn (170).

Similarly, it can be shown that when the magnetic force
is parallel to the axis of z, the solution for a perfectly
absorbing screen is

H,=F,(p,$, bo) «evvvvvirninnnnnn. 7.
Prof. Lambt has discussed the case of perpendlcular incidence
with the aid of the parabolic substltutlon

E'—P COS%(‘#’ "I—P sul‘k‘b } 172)
z=8-n, y=28y, p=E+7’ A72)

The curves £=const., n=c nst. are confocal parabolas, n=0

is the screen. A solution of Maxwell’s equations is obtained

by writing
H,=0, H,=0, H,=u
aE Lo aF OB 0} ..173),
“5y y’ ot ox’ ot
0w o 10%
where P + 53—/—2 = Ea 'a—t.z' ............... (174)

* W Voigt, Gitt. Nachr. (1899), p. 1, discusses the case of an absorbing
screen.
+ Proc. London Math, Soc. (2), Vol. 4 (1907), p. 190 ; Vol. 8 (1910), p. 422.
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Starting with Poisson’s wave-function* x = p~* cos 3 ¢ . f(ct — p),
let us put

ou _
o X
Transforming to the coordinates £, 5, we obtain
au a_u = —_ £ __ N2 3
Egg—nan—%‘f(ct -7 . (175).

Solving this partial differential equation by Lagrange’s method
and adjusting the complementary function so that the boundary

condition ou =0 for 7 = 0 is satisfied, we obtain

on
u= [y -ar+ [ Flt-y-e)i
+% F(ct+y)+ % F(ct —y)...(176),

where F'is an arbitrary function. If the boundary condition is
u=0 for =0 the sign of the second term must be changed.

It is easy to verify that each of the integrals represents a wave-
function.

Let us now put  f(z)= %fﬁ" (x — v*) dv,
0

and make the substitution {=ocosa, v=0csina, then after
a little reduction we find that+

u=F(ct+y)—7—1rf2F[ct+y—(p+y)sec2a] da
0

\

|

1(3 l

+;—Jo Flet—y—(p—1y)seca]da z<0, y20 I

= |

u=F(ct+y)+F(ct—y)—-};f2F[ct+y —(p+ y)sectalda {’
0

1 % z>0
- ;.[0 Flct—y—(p—y)sectalda y>0
u=~~;1’:f2 Flct+y—(p+y)secta]da
0

”

1 (2 z>0
+7—J0 Flct—y—(p—y)secta] da >0

* Journal de 1’Ecole Polytechnique, Cah. 19, t. 12 (1823). See also V.
Volterra, dcta Math. t. 18 ; Hintzschel, Reduction der Potentialgleichung, Ch. 1.
+ These formulae are not given'in Prof. Lamb’s paper.



v] SCREEN WITH A STRAIGHT EDGE 87

Each of the integrals represents a wave-function provided
F(+©)=0 and
™

tana F' [ct + y—(p £ y) sec’a] >0 as a — 5

In these circumstances we have the solution of the diffraction
problem for the case when the initial disturbance is represented
by u=F(ct+y), the magnetic force being parallel to the
axis of z. By suitably choosing F' we can deal with the case
of a solitary wave.

A new method of solving the problem of diffraction by
a straight edge has been given recently by Oseen*.

Problems connected with a wedge have been treated success-
fully by Sommerfeld and other writers by using a certain type
of contour integral. The fundamental solution of (163) is now

dv da

1 [ ocos@-a)
—-2_”1‘.[8 P €O (‘Za. g e (178),

ia i
where v=e" — ¢” and the path of integration is *a simple con

tour which starts from ¢+ and goes to o7+  witho
crossing the real axis. The quantities v, o' are subject to ¢
inequalities
2 >y >, 0>y >—m

This function % is multiform and of period 2nsr, but
n-sheeted Riemann’s surface with the origin as branc
and the line ¢ =— (7w —¢,) as branch-sectipn, it is

With the aid of this function a number of
problems may be solved.

Thus in the case of a perfectly conducting pr’
2w —a if the electric force in the incident waves
the edge of the screen and is represented by
of the expression

eik [ct+p cos (¢ — ¢°)])
it can be shown by an extension of the meths
for the total disturbance the electric force
the expressiont
Ez = g% eikct feikp cf):f :Z? lo
%

* Arkiv for matematik, a:t,;ld r
+ Macdonald, Electric W¢ &
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where

s T(p-g)  w=cosTE—cos T (4+ o),

w = COo8

and the path of integration is the same as before.

In the associated problem when the magnetic force in
the incident wave is parallel to the axis of z, the magnetic
force for the total disturbance is the real part of the expression

H,= E}E ket f g'ke cos ¢ %log (ww,) d¢.......(180).
These solutions and the solutions of analogous problems have
been discussed by W. H. Jackson *, H. M. Macdonald t, F.
Reiche}, A. Wiegrefe § and other writers.

§ 31. Elliptic coordinates||.

If we put
2 = cosh w cos y, y=sinhwsin y ...... (181),
the differenticl equation (163) becomes
0u  *u .
Pl o + A*(cosh? w —cos? ) u=0 ...... (182).

elementary solutions are now of the form
u=FE (o) F(y),
F and F satisfy the equations of the elliptic cylinder T

% + (k? cosh’w + p) E = 0‘[

I

ar _
v (k2 cos*x +p) F—O}I

solutions of these differential equations have been
tly by Prof. Whittaker **,

Math. Soc. Ser. 2, Vol. 1 (1904), p. 393.
913), p. 430.
3d. 37 (1912), p. 131.
12), p. 449.
inn. Vol. 1 (1869) ; Mathieu, Louwville’s Journal, Ser. 2,
ein, Hoppe’s Archiv (2), t. 14, p. 170 ; R. C. Maclaurin,
17 (1898), p. 41.
Heine, Handbuch der Kugelfunktionen ; Lindemann,
~~chel, Zeitschr. f. Math. u. Phys. Vol. 31, p. 25
urnal, Ser. 2, Vol. 18 (1868).
e (1912).
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Elliptic coordinates are appropriate for the solution of
problems connected with the scattering of electromagnetic
waves by an elliptic cylinder*.

W. Wien has suggested + that the problem of the diffraction
of light through a straight slit in a screen} may be treated
with the aid of elliptic coordinates by regarding the screen as a
limiting case of a hyperbolic cylinder.

H. Weber § has shown that when k#0 the elliptic and
parabolic substitutions are the only transformations which lead
to elementary solutions of the equation (163). For further
properties of this differential equation we may refer to Pockels,
Uber die partielle Differentialgleichung Au + k*u =0, Teubner,
Leipzig (1891), and to Lord Rayleigh’s Theory of Sound.

§32. Other diffraction problems.

The diffraction of light and electric waves by a grating of
wires is a problem of importance, but the mathematical treat-
ment is very difficult and the theories that have been given so
far are of an approximate character. Sir J. J. Thomson|| has
discussed the theory of Hertz's grating Y which consists of
a number of parallel equidistant metal wires. When electric
waves whose wave-length is large compared with the distanc
between the wires fall normally on the grating, they p:
through if the electric force is at right angles to the wires
are reflected if the electric force is parallel to the wires. !
Lamb ** has considered the case of a grating which consi
parallel strips of metal ; his theory has been supported t

* See, for instance, K. Aichi, Proc. Tokyo Math. Phys. Soc. (2),
(1908) ; B. Sieger, Ann. d. Physik (4), Bd. 27 (1908), p. 626.

1 Jahresbericht d. deutsch. Math. Verein, Bd. 15 (1906), p. 42.

1 For this problem see K. Schwarzschild, loc. cit.; Lord Ra-
Mag. Vol. 43 (1897), p. 259 ; Scientific Papers, Vol. 4, p. 283; P
A, Vol. 89 (1913), p. 194. An interesting experimental result ha
recently by P. Zeeman, Amsterdam Proc., Nov. 28 (1912), p. 59

§ Math. Ann. Bd. 1. See also Hantzschel, Reduction der ©
p. 137.

|| Recent Researches (1893), p. 425.

9 Coiiected Works, Vol.2, p. 190. For some recent r
H. du Bois and H. Rubens, dnn. d. Phys. Bd. 35 (191)
Phys. Review, Jan. (1913).

** Proc. London Math. Soc. Ser. 1, Vol. 29 (1898)
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experimental work of Cl. Schaefer ®, J. Langwitz*, and G. H.
Thomson +.

Lord Rayleigh} has given an approximate electromagnetic
theory of the action of a grating on waves of light and this
theory has been extended by W. Voigt§ so as to take into
account the properties of the material of which the grating
is made. Voigt’s theory has been tested experimentally by
B. Pogany|| who gives an account of previous experimental
work on the subject.

The diffraction of light through a circular hole in a screen
is a problem of interest to mathematicians which has yet to be
solvedT. A promising method of attack is to regard the screen
as the limiting case of a hyperboloid of revolution of one sheet.

Ezxamples. 1. Prove that
(i/cc)’: t-2 ¢+
- Vi T penp 4

ikct vy

e My (p, o) =

_7;
2. If z4dy=a cosh(w+iy), £é=4kae®, n=%kae *,
. .
I, (k) e =3 T, ()T, () e

2 2

'here the summation extends over all even integral values of » if v iseven
1 over all odd integral values of » if v is odd.
(J. H. Hartenstein, Grunert’s Archiv (2),t. 14, p. 170.)

32a. The introduction and elimination of discontinuities.
/ave-functions with singular lines or with singularities
ling along straight lines with the velocity of light may
nes be employed with advantage in the solution of
on problems. To illustrate the method to be adopted
consider the diffraction of waves of sound by an

Phys. Bd. 21 (1906), p. 587. The theory is developed from & new
'y C. Schaefer and F. Reiche, Ibid. Bd. 32 (1910), p. 577; Bd. 35

* (1907), p. 365.
c. A, Vol. 79 (1907), p. 532.
911). II Ann. d. Phys. Bd. 37 (1912), p. 257.
lutions have been given by G. G. Stokes, Camb. Phil.
venz, Vidensk. Selsk. Skr., Copenhagen (1890)- H. A,
Vol. 6; A. Grimpen, Digs. Kiel (1890); A. E. H. Love,
(1901).
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infinitely thin semi-infinite plane bounded by a straight edge*.
We shall suppose that the waves are sent out from a stationary
source and that the screen acts as a perfect reflectort.

Let the axis of 2z be taken along the edge of the screen and
the axis of z in the plane of the screen at right angles to the
edge. Let P be the source of sound and @ an arbitrary point
on the edge of the screen. If the disturbance issuing from P
were reflected according to the laws of geometrical optics, the
total disturbance would be discontinuous in crossing two semi-
infinite planes, each of which is bounded by the edge of the
screen. The first of these planes is a boundary of the geometrical
shadow, when continued across the edge of the screen it passes
through P. The second plane is the boundary of the geometrical
shadow for the optical image of P, viz. P,.

To obtain the correct solution of the diffraction problem we
must add to the disturbance just described a second one having
discontinuities which will annul the above-mentioned dis-
continuities, the new disturbance must also be chosen so that
the boundary condition is satisfied at the two faces of the
screen. We shall now show that the required disturbance can
be built up by superposition from elementary disturbances
with singularities along lines such as PQ and P, produced.

Let R be the distance of an arbitrary point (z, y, 2, %)
from @, then if (0, 0, {) are the coordinates of @ and ¢ is the
velocity of sound, we know that a function 8f type

' 1 R x4y

#f (=% R
satisfies the wave-equation. Let us choose the arbitrary function
£ in such a way that the expression becomes infinite along the
line PQ produced and returns to its initial value when the
point z, y, z is rotated twice round the cdge of the screen.
This last condition is added so as to enable us to sa#isfy the
boundary condition.

* This problem has been solved by H. 8. Carslaw, Proc. London Math. Soc.
Vol. 30 (1898), p. 121. A transformation of his solution suggested the method
described ‘here.

t Thig assumption is usually justifiable. In Prof. A. G. Webster’s experi-
ments on the reflection of sound from the ground (Phys. Review, Vol. 28 (1909),
p. 65) it was found that the reflection is more than 90 ?/,.
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Now if we write
a+ zy
z—C+R
where u and ¢ are real quantities, and use R,, u,, ¢, to denote

the values of R, u, ¢ for the point P, it is easy to see that the
function

— e—u+z¢’

%F(t—g} sec § [ — do+ 1 (u + uy)]

satisfies the requirements, for it is periodic in ¢ with period
47 and is infinite along PQ produced, where
U=—1u, ¢=a¢,+
We now imagine sources corresponding to wave-tunctions of
this type to be associated with each element d¢ of the edge,
and suppose the strength and phase of the source at @ to
depend on its position relative to P in such a way that

P )= (- 2B

where f(¢) 18 the strength of the source at P at time ¢.
In this way we obtain an integral

Vl-—1~ }‘:RR f(t—g*'R)secg[qb o + 0 (u + )],

which will be shown to be discontinuous in the way required
as the point (z, y, z) crosses the boundary of the shadow for P.
In a similar way we can construct an integral
1 (” R+ R,
V2=Z;rf- f(t— ——-»>sec%[¢+¢o—z(u+uo)]
which can be shown to be discontinuous in the way required as

the point (#, y, z) crosses the boundary of the geometrical
shadow for P,.

Now let 7, 7, be the distances of the point 2, y, z respectively
from P and P,, then the velocity potential V of the total

disturbatice is given by the following expressions in the different
regions of space

V=%f<t_£)+%f<t——> V.-V, inSl,“
V=11:f<t_g)_v,-ve in S,
V=—V.—V, &,

-
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The space S, is bounded by the screen and the limiting
plane of the geometrical shadow for P,, S, is bounded by the
limiting planes of the shadows for P and P,, S, is bounded
by the screen and the limiting plane of the shadow for P.

The boundary condition is that%gshould be zero over the

two faces of the screen and it is easy to verify that this
condition is satisfied. To show that V is continuous for the
whole of the space outside the screen and vanishes at infinity
when the function f is finite, we shall transform the integrals
V., V, to the forms given by Prof. Carslaw. To do this we put

u + u, =b, then if p is the distance of a point from the axis
of z, we have

pet=z—{+R, poes =2~ {+ Ry,
R=p*+ (2 &), Ry=p?+ (2 - ),
Pe’“:R—Z-}-; Poe—“0=Ro—zo+§,

ppo cosh (u+u) = (2= ) (2~ §) + RR,,
P>+ pi + (2 — 2,)* + 2pp, cosh (u + w) = (B + R,)?,

db= du+du°_—d§(R ;)
Hence it follows that

f R+Rf< R+R°>Se°%(¢ o+ D).

On substltutmg the expression for R 4s R, in terms of b we
obtain an integral which is equivalent to the one given by
Prof. Carslaw. To see that it 1s discontinuous* we use V. and V-
to denote the values of the integral for ¢ =+ ¢,+ e and
¢ = + ¢, — € respectively, where € is a small quantity. The
difference between these quantities may be regarded as a

contour integral and can be evaluated by Cauchy’s theorem
We may write

[ J
Vi—-V_=- Z:—ﬁ.fg(fRof(t R+ > cosec }£.

Taking the residue for €= 0, i.e. ¢ =7 + ¢,, b =0, we get

Voo Vomm g (= 0) -3 ()

* A more careful proof is given in Prof. Carslaw’s paper.
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for the conditions ¢=m +¢,, b=0 imply that the radii
R and R, are in one straight line and so give » when added
together.

It is now clear that the integral V, possesses the right type
of discontinuity and a similar remark holds for the integral V,.
The method can no doubt be modified so as to give solutions of
other types of diffraction problems, the chief difficulty arises
in the choice of a function which will satisfy the boundary
conditions. At any rate the method suggests an interesting
type of boundary problem in which the desired wave-functions
have specified discontinuities instead of being continuous
everywhere. This type of problem ought to be studied more
completely.

In the general problem of the diffraction round a moving
object of the waves issuing from a moving source, the wave-
functions that are derived by the methods of geometrical optics
have discontinuities at a certain boundary which is the locus of
points travelling along straight lines with the velocity of light.

The points in question start from certain points of the
moving object and move along tangents to the surface of the
object, their paths being in fact continuations of the paths of
particles that may be considered to have been emitted from the
source. Indeed, if we imagine the source to emit particles in
all directions as it moves about, the particles which just graze
the moving object will, when they continue their rectilinear
motion with the velocity of light, form the boundary at which
the discontinuities arise.

In Chapter viir we shall obtain a class of wave-functions
with singularities moving along straight lines with the velocity
of light. These functions seem to be just the ones that are
required for the building up of wave-functions with dis-
continuities of the type just described. The problem of forming
in this way the functions which will enable us to complete the
solution of the diffraction problem is one which awaits solution.



CHAPTER VI

TRANSFORMATIONS OF COORDINATES APPROPRIATE FOR
THE TREATMENT OF PROBLEMS CONNECTED WITH A
SURFACE OF REVOLUTION

§ 33. Spheroidal coordinates.
Problems in which there is symmetry round the axis of 2
can often be treated with the aid of a substitution of the form*

ptiz=f(a+iB) .ccviviniininnl. (184).
Taking a, 8, ¢ as orthogonal coordinates, we have

da® + dy? + d2* = (de? + dS?) g(%% + p*d¢?...(185),

and equations (18) of § 8 become

J[o 2 /1 N\
’ [@ (pM@-%(jMﬂ)‘ -+ kM.

J [a% (_1 M°> - ;’a (pMs) | = £ kM .....(186),

o [ 0) -5 )] -2

)+ 3+ (o) -0
0(a, B)
0(p, 2)

L4

* This substitution has been used in other branches of mathematical
physies by C. Neumann, Theorie der Elektricitiits- und Wirme-Vertheilung in
einem Ringe (1864); E. Mathieu, Cours de physique mathématique (1873);
A. Wangerin,