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PREFACE

My object in writing this book has been to provide an elementary
and easily readable account of linear algebra. The book is intended
mainly for students pursuing an honours course in mathematics,
but I hope that the exposition is sufficiently simple to make it
equally useful to readers whose principal interests lie in the fields
of physics or technology. The material dealt with here is not
extensive and, broadly speaking, only those topics are discussed
which normally form part of the honours mathematics syllabus in
British universities. Within this compass I have attempted to
present a systematic and rigorous development of the subject.
The account is self-contained, and the reader is not assumed to
have any previous knowledge of linear algebra, although some
slight acquaintance with the elementary theory of determinants
will be found helpful.

It is not easy to estimate what level of abstractness best suits
a textbook of linear algebra. Since I have aimed, above all, at
simplicity of presentation I have decided on a thoroughly concrete
treatment, at any rate in the initial stages of the discussion. Thus
I operate throughout with real and complex numbers, and I
define a vector as an ordered set of numbers and a matrix as a
rectangular array of numbers. After the first three chapters,
however, a new and more abstract point of view becomes prominent.
Linear manifolds (i.e. abstract vector spaces) are considered, and
the algebra of matrices is then recognized to be the appropriate
tool for investigating the properties of linear operators; in fact,
particular stress is laid on the representation of linear operators by
matrices. In this way the reader is led gradually towards the
fundamental concept of invariant characterization.

The points of contact between linear algebra and geometry are
numerous, and I have taken every opportunity of bringing them to
the reader’s notice. I have not, of course, sought to provide a syste-
matic discussion of the algebraic background of geometry, but
have rather concentrated on a few special topics, such as changes
of the coordinate system, reduction of quadrics to principal axes,
rotations in the plane and in space, and the classifichtion of
quadrics under the projective and affine groups. -
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The theory of matrices gives rise to many striking inequalities.
The proofs of these are generally very simple, but are widely
scattered throughout the literature and are often not easily
accessible. I have here attempted to collect together, with proofs,
all the better known inequalities of matrix theory. I have also
included a brief sketch of the theory of matrix power series, a topic
of considerable interest and elegance not normally dealt with in
elementary textbooks.

Numerous exercises are incorporated in the text. They are
designed not so much to test the reader’s ingenuity as to direct his
attention to analogues, generalizations, alternative proofs, and so
on. The reader is recommended to work through these exercises,
as the results embodied in them are frequently used in the sub-
sequent discussion. At the end of each chapter there is a series of
miscellaneous problems arranged approximately in order of in-
creasing difficulty. Some of these involve only routine calculations,
others call for some manipulative skill, and yet others carry the
general theory beyond the stage reached in the text. A number
of these problems have been taken from recent examination papers
in mathematics, and thanks for permission to use them are due to
the Delegates of the Clarendon Press, the Syndics of the Cambridge
University Press, and the Universities of Bristol, London, Liver-
pool, Manchester, and Sheffield.

The number of existing books on linear algebra is large, and it is
therefore difficult to make a detailed acknowledgement of sources.
I ought, however, to mention Turnbull and Aitken, An Introduction
to the Theory of Canonical Matrices, and MacDuffee, The Theory
of Matrices, on both of which I have drawn heavily for historical
references.

I have received much help from a number of friends and
colleagues. Professor A. G. Walker first suggested that I should
write a book on linear algebra and his encouragement has been
invaluable. Mr. H. Burkill, Mr. A. R. Curtis, Dr. C. S. Davis,
Dr. H. K. Farahat, Dr. Christine M. Hamill, Professor H. A.
Heilbronn, Professor D. G. Northcott, and Professor A. Oppenheim
have all helped me in a variety of ways, by checking parts of the
manuscript or advising me on specific points. Mr. J. C.Shepherdson
read an early version of the manuscript and his acute comments
have enfbled me to remove many obscurities and ambiguities; he
has, in addition, giyen me considerable help with Chapters IX and
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\K. The greatest debt I owe is to Dr. G. T. Kneebone and Professor
R. Rado with both of whom, for several years past, I have been
in the habit of discussing problems of linear algebra and their
presentation to students. But for these conversations I should not
have been able to write the book. Dr. Kneebone has also read
and criticized the manuscript at every stage of preparation and
Professor Rado has supplied me with several of the proofs and
problems which appear in the text. Finally, I wish to record my
thanks to the officers of the Clarendon Press for their helpful
co-operation.
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PART 1

DETERMINANTS, VECTORS, MATRICES,
AND LINEAR EQUATIONS

I
DETERMINANTS

THE present book is intended to give a systematic account of the
elementary parts of linear algebra. The technique best suited to
this branch of mathematics is undoubtedly that provided by the
calculus of matrices, to which much of the book is devoted, but we
shall also require to make considerable use of the theory of deter-
minants, partly for theoretical purposes and partly as an aid to
computation. Inthisopening chapter we shall develop the principal
properties of determinants to the extent to which they are needed
for the treatment of linear algebra.}

The theory of determinants was, indeed, the first topic in linear
algebra to be studied intensively. It was initiated by Leibnitz
in 1696, developed further by Bézout, Vandermonde, Cramer,
Lagrange, and Laplace, and given the form with which we are now
familiar by Cauchy, Jacobi, and Sylvester in the first half of the
nineteenth century. The term ‘determinant’ occurs for the first
time in Gauss’s Disquisitiones arithmeticae (1801).1

1.1. Arrangements and the e-symbol

In order to define determinants it is necessary to refer to arrange-
ments among a set of numbers, and the theory of determinants
can be based on a few simple results concerning such arrangements.
In the present section we shall therefore derive the requisite
preliminary results.

1.1.1. We shall denote by (Ay,...,A,,) the ordered set consisting
of the integers A,,...,A,,.

1 For a much more detailed discussion of determinants see Kowalewski,
Einfuhrung in die Determinantentheorie. Briefer accounts will be found in Burnside
and Panton, T'he Theory of Equations, and in Ferrar, 2, Aitken, 10, and Perron, 12.
(Numbers in bold-face type refer to the bibliography at the end.)

I For historical and bibliographical information see Muir, Thg Theory of
Determinants in the Historical Order of Development.

5582 B



2 DETERMINANTS I§l.1

DEFINITION 1.1.1. If (Ap,...; A,) and (pg,..., ptp) cOntasn the same
(distinct) integers, but these integers do mot mecessarily occur in the
same order, then (A,,...,A,) and (uy,..., u,) are said to be ARRANGE-
MENTST of each other. In symbols: (Ay,...,A;) = S (fyseees i) OF
(B1seees i) = FApyeees An).

We shall for the most part be concerned with arrangements of the
first n positive integers. If (v,...,v,) = &(1,...,n) and (kyyeees k)
= &/(1,...,n), then clearly (vi,...,v,) = &(1,...,n). We have the
following result.

TreoreM 1.1.1. (i) Let (v,..., v,) vary over all arrangements of
1,...,n), and let (ky,..., k,) be a fived arrangement of (1,...,n). Then
(Vigys++or Vi) varies over all arrangements of (1,...,m).

(ii) Let (vy,...,v,) vary over all arrangements of (1,...,n), and let
(gyenrr ) be a fixzed arrangement of (1,...,m). The arrangement
(Agyeer Ay), defined by the conditions

Vi = P e VA, = o
then varies over all arrangements of (1,...,n).

This theorem is almost obvious. To prove (i), suppose that for
two different choices of (vi,...,v,)—s8y (ay,...,,) and (By,..., Bn)—
(Vigyse+s Vi) 18 the same arrangement, i.e.

((xkl,..., akn) - (ﬁkl"“’ﬁkn)’
and so O, = Bri oo Oy = Biear

These relations are, in fact, the same as

o = 181’ vy QG = ﬁm
although they are stated in a different order. The two arrange-
ments are thus identical, contrary to hypothesis. It therefore
follows that, as (v,,..., v,,) varies over the n! arrangements of (1,..., n),
(Vig++-sv2,) 8lso varies, without repetition, over arrangements of
(1,...,n). Hence (vy,...,v;,) varies, in fact, over all the n! arrange-
ments.

The second part of the theorem is established by the same type
of argument. Suppose that for two different choices of (vy,...,v,)—
8ay (oq,...,a,) and (By,..., B,)—(A;,...,A,) is the same arrangement,
ie.
ay =p =B e O, = pn =P,

t We aveid the familiar term ‘permutation’ since this will be used in a some-
what different sense in Chapter IX.
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Then («y,...,a,) = (B,,-.., By), contrary to hypothesis, and the
assertion follows easily.

1.1.2. DEFINITION 1.1.2. For all real values of = the function
sgnz (read : signum ) 18 defined as

1 (x>0)
sgnx = 0 (x=0)
—1 (z<O0).

Exercise 1.1.1. Show that

sgnz.sgny = sgn ay,
and deduce that

SgN Xy .88N Ty... 8GN T}, = SEN(T; Ly... Ty).
DErINITION 1.1.3.

® easds) =sgn TT  (A—A).t
1<r<s<n

i} eAl""’/\")_—_eA o

(n) (I-Ll,-..,l.l,n (1""’ n)' (#1,-..,’1,‘")_

ExEgrcise 1.1.2. Show that if A} < ... < A,, then €(A;,...,A,) = 1. Also
show that if any two A’s are equal, then €(A,,...,A,) = 0.

ExErcisE 1.1.3. The interchange of two A’s in (A,,..., A,) is called a
transposition. Show that, if (A,,...,A,) = &(1,...,n), then it is possible to
obtain (A;,...,A,) from (1,...,n) by a succession of transpositions. Show,
furthermore, that if this process can be carried out by s transpositions, then

€(AgyererAp) = (—1)%
Deduce that, if the same process can also be carried out by s’ transpositions,
then s and 8’ are either both even or both odd.

THEOREM 1.1.2. If (A;,..., A,), (Kpseees ), @0A (Ky,-.., E,) are
arrangements of (1,...,m), then

G(,\l,..., A,,') _ e("h""”‘k:).;t
Heyseees Bop Peyseees i,

We may express this identity by saying that if (a,,...,2,) and
(pqy.--» ) e sUbjected to the same derangement, then the value of

e(al,...,an)
B1seees By,
t Empty products are, as usual, defined to have the value 1. This implies, in

particular, that for n = 1 every e-symbol is equal to 1.
t Definition 1.1.3 implies, of course, that

Akpreror Ney) = 8 Ay — k)
(Mg, k) gnl(;l;[l<n( kg™ kg
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remains unaltered. To prove this we observe that
()‘k,—)\m)(ﬂk,“#m) = (A—A) (s—1r), (1.1.1)
where r = min(k;, k), s = max(k;, k). (1.1.2)
Now if r, s (such that 1 < r < s < n) are given, then there exist
unique integers ¢, j (such that 1 < ¢ < j < n) satisfying (1.1.2).

Thus there is a biunique correspondence (i.e. a one-one correspon-
dence) between the pairs k,, k; and the pairs r, s. Hence, by (1.1.1),

II ()‘k,—)‘lq)(l'-k,—#k‘): IT A=A (p—ny)-

1<i<j<n 1<r<s<n

Therefore, by Exercise 1.1.1,
Bgn H (Akj Ak() Sgn H (P’k,_l"l‘k()

1i<j<n i<j<n
= sgn 1—.[ (As_Ar)'Sgn 1__[ (f"’s_f"r)1
1<r<s<n 1<r<ssn
- G(Akl,...,)\k:) _ G(Al,...,)«n).
Hegeysees Mg Hiseees fop
TaEOREM 1.1.3. Let 1 < r < s < n. Then
e1,..,r—1,8,r+1,...,8—1,r,84+1,...,n) = —1.

The expression on the left-hand side is, of course, simply
€(1,2,...,n) with r and s interchanged. Denoting this expression
by €(A;,-..,A,), We observe that in the product

=2

1<i1<jsn
there are precisely 2(s—r—1)+1 = 2s—2r—1 negative factors,
namely, (r+1)—s, (r+2)—s, .., (s—1)—s,
r—(r+1), r—(@+2), .. r—(s—1),
r—s.
Hence, €(A,,...,A,) = (—1)%-¥-1 = —1, as asserted.

The results obtained so far are sufficient for the discussion in
§1.2 and §1.3. The proof of Laplace’s expansion theorem in
§ 1.4, however, presupposes a further identity.

TaEOREM 1.1.4. If (1y,...,7,) = & (L,..., 1), (8,...,8,) = H(1,...,m),
and 1 < k < n, then

(7'1’ “Tn ) = (—1)rteitritotots e(rl "’rk) . (r"ﬂ’ ,r)
,

31, 815000y 8, Sk+15000s 8n
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By Exercise 1.1.1 we have
€(TyyeeesTy)
=sgn ] (r;—r;).sgn H (rj—r;).8gn H (rj—"y)

1<i<j<k k+1<i<j<n 1<i<k
k+1<j<n

= €(Tyy0s Tg) - €(Ppiqseees T) - (— 1)1tV (1.1.3)
where, for 1 < ¢ << k, v, denotes the number of numbers among
Th+1r---» Tn Which are smaller than r,.

Let ry,..., 7}, be defined by the relations
(Fhseees T3) = S (P1yeees T)s 7y < . < T
and denote by v; (1 <7 < k) the number of numbers among
Tk41r++» T, Which are smaller than ;. Then

-~

vy =1r1—1, vy =1—2, .. v,=nr—k,
vty = vty = b — k(B 1),
and hence, by (1.1.3),
€(TyyeeeyTy) = (— 1)t 34D () 1) €(Tigseens Th)-
Similarly
€(Sgyeeey 8y) = (—1)Brtte—tkE+D g(g) .. 8) . €(Sps1sees Sp)s

and the theorem now follows at once by Definition 1.1.3 (ii).

1.2. Elementary properties of determinants

1.2.1. We shall now be concerned with the study of certain
properties of square arrays of (real or complex) numbers. A
typical array is

ay;; Qo . . . 27
Aoy Qoo . . . Aoy (1 9 1)
anl an2 ann

DerFiNiTION 1.2.1. The n® numbers a; (1,5 = 1,...,n) are the
ELEMENTS of the array (1.2.1). The elements

i1y Aigseees Qi

constitute the i-th ROW, and the elements
Qyjs Qgjyeres A

constitute the j-th COLUMN of the array. The elements
Q15 Aogyeves Opp

constitute the DIAGONAL of the array, and are called the BIAGONAL
RLEMENTS.
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The double suffix notation used in (1.2.1) is particularly appro-
priate since the two suffixes of an element specify completely its
position in the array. We shall reserve the first suffix for the row
and the second for the column, so that a;; denotes the element
standing in the sth row and jth column of the array (1.2.1).

With each square array we associate a certain number known
as its determinant.

DEeFinITION 1.2.2. The DETERMINANT Of the array (1.2.1) is the

mbe:
number o z)‘ )5(’\1’"-”\1»)“1/\1---“1;)«,.» (1.2.2)
where the summation extends over all the n! arrangements (A,,...,7,)

of (1,...,n).T This determinant 13 denoted by

all a12 . . . aln
Ay @ R /

2 22 2n , (1.2.3)
Ap1 Ap2 - * « Opp

or, more briefly, by |a;],.

Determinants were first written in the form (1.2.3), though
without the use of double suffixes, by Cayley in 1841. In practice,
we often use a single letter, such as D, to denote a determinant.

The determinant (1.2.3) associated with the array (1.2.1) is
plainly a polynomial, of degree n, in the n? elements of the array.

The determinant of the array consisting of the single element
a,, is, of course, equal to a,;. Further, we have

a,, a )
12 = €(1, 2)ay, Bgpt+€(2, 1)ay5 A9y = Ay Ggp—ay3 Ty}
A1 A
Ay Gy B3| = €(1,2,3)a;; Qg Ay3+€(1, 3, 2)ay; Ay ag,+
Qg1 Qgp g3 +€(2,1,3)a,,a, ag3
Gy Qg Qg +€(2, 3, 1)ay, a9y agy+€(3, 1, 2)a,3 a9y agp+

+€(3,2, 1)agza5a5
= Gy Ggy Bgg— gy Bog Ggp—Oyp Ay Ag3+
+ 8o Aoy a1+ 01309y B3y— T390 B3y
We observe that each term of the expression (1.2.2) for the

determinant |a;|, contains one element from each row and one
element from each column of the array (1.2.1). Hence, if any array

1 The sdme convention will be observed whenever a symbol such a8 (Ay,..., Ay)
appears under the summation sign.
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contains a row or a column consisting entirely of zeros, its deter-
minant is equal to 0.

A determinant is a number associated with a square array.
However, it is customary to use the term ‘determinant’ for the
array itself as well as for this number. This usage is ambiguous but
convenient, and we shall adopt it since it will always be clear from
the context whether we refer to the array or to the value of the
determinant agsociated with it. In view of this convention we may
speak, for instance, about the elements, rows, and columns of a
determinant. The determinant (1.2.3) will be called an n-rowed
determinant, or a determinant of order n.

1.2.2. Definition 1.2.2 suffers from a lack of symmetry between
the row suffixes and the column suffixes. For the row suffixes
appearing in every term of the sum (1.2.2) are fixed as 1,...,7,
whereas the column suffixes vary from term to term. The following
theorem shows, however, that this lack of symmetry is only
apparent.

TaEOREM 1.2.1. Let D be the value of the determinant (1.2.3).
() If (A,,..., A,) is any fized arrangement of (1,...,n), then

Agyeeey A
= z E( 1 n)ahlﬂ-l"'a/\nﬂm'
iy e B

(ii) If (iyy-.., (o) 48 any fized arrangement of (1,...,n), then

Aoy A
D = z e('ul’ Yo a)‘m...am‘_.
(Asyeeesdn) s LY o}

In view of Definition 1.2.2 we have

D= z e(l’"""’ )al,,l...am,u. (1.2.4)
(V1ye00s¥n) Vireess Vn

Let the same derangement which changes (1,...,n) into the fixed
arrangement (Ay,...,A,) change (vy,...,v,) into (py,..., p,). Then

alvt...anvﬂ = aAlFl"'aAnF'n’

and, by Theorem 1.1.2 (p. 3),

D s

(V1yees¥n) 100 o
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Hence, by Theorem 1.1.1 (i) (p. 2),

Apyeees A
D = E 6( e "ahm...a,\w“,
(prrepm) 1o B

and the first part of the theorem is therefore proved.

To prove the second part we again start from (1.2.4). Let the
same derangement which changes (vy,...,v,) into the fixed arrange-
ment (yg,..., 4,,) change (1,...,2) into (Ay,...,A,). Then, by Theorem

1.1.2,
. Apyeens A,
= € a,\!m...aAn#n,
(raerom) 17002 B
and also V), = M1y e VA, = Hp-

Hence, by Theorem 1.1.1 (ii),

Apyeees A
D = el v e a')\x}l-l"'a/\n}lm’

(AryeeesAn) 1ees
as asserted.

Theorem 1.2.2. The value of a determinant remains unaltered
when the rows and columns are interchanged, i.e.

By G - - - Oy Gy A - - - Ay
o1 Qg - - -« Qo [Ggp Gy - - - Qp
An1 Apz - . © Qg T YA . - gy

Write b,, = a,, (r,s=1,.,n). We have to show that
la;l, = |byl,. Now, by Theorem 1.2.1 (ii) and Definition 1.2.2,
Ayeees Ay
Ibijln = el )bz\ll"'b)t,.n

(AyeesAn) ( Lo,n

:(Ah;'meo\l,...,An)al,\‘...a")‘ = Iaij'm

and the theorem is therefore proved.

Exercise 1.2.1. Give a direct verification of Theorem 1.2.2 for 2-rowed
and 3-rowed determinants.

Theorem 1.2.2 shows that there is symmetry between the rows
and columns of a determinant. Hence every statement proved
about the rows of a determinant is equally valid for columns, and
conversely.

TarEoxreM 1.2.3. If two rows (or columns) of a determinant D are
interchanged, then the resulting determinant has the value —D.
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Let 1 < r < 8 < n, and denote by D' = |aj;|, the determinant
obtained by interchanging the rth and sthrowsin D = |a;],. Then

a; (E#r; 1 5£8)
Aij = | g (¢=r)
a,.j (’l: B 8).

Hence, by Definition 1.2.2,

D= 3 )e(Al,...,)\n)a'm...a;,\"

= z e()«l,...,Aﬂ)amx...asA,...a,A,...an,\”.

e W)
But, by Theorem 1.1.3 (p. 4), €(1,...,8,...,7,...,m) = —1, and so
1,..., 8uey T n
D= — e( ey Torrey T )a,\...a I T S
(MZM Ayeros Apyeeey Agyaeny Ay 17 80 CrAene End

Hence, by Theorem 1.2.1 (i), D' = —D.

COROLLARY. If two rows (or two columns) of a determinant are
identical, then the determinant vanishes.

Let D be a determinant with two identical rows, and denote by
D’ the determinant obtained from D by interchanging these two
rows. Then obviously D' = D. But, by Theorem 1.2.3, D' = —D,
and therefore D = 0.

ExERCISE 1.2.2. Let 7y < ... < 7. Show that, if the rows with suffixes
715795 T3 Of & determinant D are moved into 1st, 2nd,..., kth place respec-
tively while the relative order of the remaining rows stays unchanged,
then the resulting determinant is equal to

(-1 )r,+r,+...+rk—ik(k+l)D-

When every element of a particular row or column of a deter-
minant is multiplied by a constant k, we say that the row or
column in question is multiplied by k.

THEOREM 1.2.4. If arow (or column) of a determinant is multiplied
by a constant k, then the value of the determinant is also reultiplied
by k.



10 DETERMINANTS I,§1.2
Let D = |a,|, be a given determinant and let D’ be obtained
from it by multiplying the rth row by k. Then

P

z G(Al,..., An)al)h...(ka,)")...an)n

D =\ka, . . . ka,|=
m ™ (Ay+e0sAn)

arm

= k(Al:;nA") G(A]_)..-, A")alﬂl'--a/n,\" = kD.

The next theorem provides a method for expressing any deter-
minant as a sum of two determinants.

THEOREM 1.2.5.

’
Ay - - Aty o . G,
’
Ay« o Aty o . Gy
an a, A1n
anl a’nr ann
’
@y - . Ay . . Opy
’
App « + Qpp o . Qun

Denoting the determinant on the left-hand side by |[b;],, we
have ,
b — {a'-ij (J #r)
9 ’ .
air+a’ir (.7 = r)'
Hence, by Theorem 1.2.1 (ii) (p. 7),
[bjla = 3 )E(Ap---,An)b)«.x---b)«,r---b,\,.n

z G(Al,...,An)al\l1...(&)”,—}—6!5",.)...(1)‘""
(A1yeesAn)

== z ) e()\l,...,)\n)a,\ll...a,\',...a)‘"n—}—

Aryeeesdn z (A N ) ,
€A1y A )A) 100 B) 4o B )
[0 owt ¥ IR
’
all . . alr . . aln all . . alr . . aln
= - S
’
a1 Ay Ann a1 App L9
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ExEerciseE 1.2.3. State the analogous result for rows.

A useful corollary to Theorem 1.2.5 can now be easily proved by
induction. It enables us to express a determinant, each of whose
elements is the sum of % terms, as the sum of A* determinants.

COROLLARY.

o).+ afy afl) ...+ af)

ay)+...4-ay aff)+-...+al)

k (Fen
h agll) in )

— k ,.-é.@l k. . ’
ke gl alky

THEOREM 1.2.6. The value of a determinant remains unchanged
if to any row (or column) is added any multiple of another row (or
column).

By saying that the sth row of a determinant is added to the rth
row we mean, of course, that every element of the sth row is added
to the corresponding element of the rth row. Similar terminology
is used for columns.

Let D = |a;|,, and suppose that D’ denotes the determinant
obtained when k times the sth row is added to the rth row in D.
Assuming that » << 8 we have

ayy . . . a,,
a;l +.kas; ‘;m + ka;n
D=|. . . co
Qg . . . Agy
A1 Ann

Hence, by Theorem 1.2.5 (as applied to rows),

an Q1n an A1n

2 kas.1 I.cam
D =

Ay« .« Qg agn Tgn

(2% "lnn Ay Apn
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and so, by Theorem 1.2.4 and the corollary to Theorem 1.2.3,

all . . . aln

Y
=D+k| . . . . . |=D.

s

Qpy « - o (uy

1.3. Multiplication of determinants

We shall next prove that it is always possible to express the
product of two determinants of the same order » as a determinant
of order n.

Theorem 1.3.1. (Multiplication theorem for determinants)

Let A = |a;|, and B = |b, |, be given determinants, and write
C = ¢y |, where

z a; b, (r,s = 1,..,m).

Then AB=_C. (1.3.1)
We have
= Apros A )esa, o
(A,,..E.,A,.) “h eun-+<Cna
:(/\,,..2.,/\,‘) G(Al’“.,An)<#lz=l all‘-l b,“lhx)‘ ( z; np,,. )
:P‘zzl...ﬂ:z;lal,,l...an,t,. (AI,Z.,A,,) €Mppeees )b aenbpne (1.3.2)
By Definition 1.2.2 the inner sum in (1.3.2) is equal to
b1 buin
byt -+ - by

Hence, if any two u’s are equal, then, by the corollary to Theorem
1.2.3, the inner sum in (1.3.2) vanishes. It follows that in the n-fold
summation in (1.3.2) we can omit all sets of u’s which contain at
least two equal numbers. The summation then reduces to a simple
summation over n! arrangements (y,,..., &,), and we therefore have

C = z alm...anmmz e(Al""’An)bml\l“'bp An

(K15ee0rkim) ceosdn)

g Hepseees Bp
= €(Uyyeney U )Py, oo O € b b .
(I"h;u#n) (‘u'l ,‘n) 1 Tn (AlrgAﬁ) (A‘l yeeey Aﬂ) 1)‘1 ndn
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Hence, by Theorem 1.2.1 (i) (p. 7),

bll . . . bln
0 = z €(,u1,..., F’n)alyl'"anp.,. . . . .
(B1yeeespin) b b
nl nn
@y - . . Q| by . . o b
— —_ AB.
T L

The theorem just proved shows how we may form a determinant
which is equal to the product of two given determinants A and B.
We have, in fact, 4 B = C, where the element standing in the rth
row and sth column of C is obtained by multiplying together the
corresponding elements in the rth row of A and the sth column of
B and adding the products thus obtained. The determinant C
constructed in this way may be said to have been obtained by
multiplying 4 and B ‘rows by columns’. Now, by Theorem 1.2.2,
the values of 4 and B are unaltered if rows and columns in either
determinant or in both determinants are interchanged. Hence
we can equally well form the product 4B by carrying out the
multiplication ‘rows by rows’, or ‘columns by columns’, or ‘columus
by rows’. These conclusions are expressed in the next theorem.

THEOREM 1.3.2. The equality (1.3.1) continues to hold if the
determinant C = |c, |, ts defined by any one of the following sets of
relations:

n
Crs ::izlan.bm- (r,s = 1,...,n);
1

n
Cpg = Zla,-,bis (ry8 = 1,...,n);
L

n
Crs = .zlairbsi (r,s = 1,...,m).
i=

An interesting application of Theorem 1.3.2 will be given in
§ 1.4.1 (p. 19).

ExErciseE 1.3.1. Use the definition of a determinant to show that

Ay - « - @y 0 . . 0 0l=lay . . . o
Qs + « + Qpm O . . . O Apy « « Oy
o . . . 0 1 . . .0

~—o
~~
~-

o . . . o0 o0 . . .1
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Deduce, by means of Theorem 1.3.1, that

Qg « - o Gy 0 . .. 0

Gy o . . G O . . . 0O

o . . . 0 by . . . b,

0 . .. 0 by . . b
an G | |0y - - - biy
Ay ‘;mm ‘ bn; : . : i’nn

1.4. Expansion theorems

1.4.1. We have already obtained a number of results which can
be used in the evaluation of determinants. A procedure that is
still more effective for this purpose consists in expressing a deter-
minant in terms of other determinants of lower order. The object
of the present section is to develop such a procedure.

DEFINITION 1.4.1. The COFACTOR A,, of the element a,, in the

determinant
T

D=
@y - - - Quy
18 defined as
AT&

where D,, is the determinant of order n—1 obtained when the r-th row
and s-th column are deleted from D.

= (=1)+D,, (r,8 =1,...,n),

For example, if
@11 @12 O3

D=ay ay ay|
a3y Qg Qg
Aoy @
— 141 | Bo2 Qo3| __
then Ay, = (—1)+ = Qg Q33— 03 39
A3y Qg3
a,, @
— (_1\2+38 | ®11 Q12| _
and Aoy = (—1)% = @503 — 0y Q3o
Qg Qg

Exerorse 1.4.1. Suppose that |b;|, is the determinant obtained when
two adjacent rows (or columns) of a determinant |a;|, are interchanged.
Show that if the element a,, of |a;;|, becomes the element by, of |b;;|,, then
B,, = —eA,,, where 4,, denotes the cofactor of a,, in |aij]n and B,, the co-
factor of b, in by |y
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Theorem 1.4.1. (Expansion of determinants in terms of rows
and columns)

If the cofactor of a,, in D = |ay|, 18 denoted by A, then

Sapdp=D (r=1,..,n), (1.4.1)
k=1
kf 4, A, =D (r=1,.,n). (1.4.2)
=1

This theorem states, in fact, that we may obtain the value of a
determinant by multiplying the elements of any one row or column
by their cofactors and adding the products thus formed. The
identity (1.4.1) is known as the expansion of the determinant D
in terms of the elements of the rth row, or simply as the expansion
of D in terms of the rth row. Similarly, (1.4.2) is known as the
expansion of D in terms of the rth column. In view of Theorem
1.2.2 (p. 8) it is, of course, sufficient to prove (1.4.1).

We begin by showing that

1 O . . . 0 - b22 . . . b2n .

by by . . . by A
. by . . . b

by b . . . b, (1.4.3)

Let B, B’ denote the values of the determinants on the left-hand
side and the right-hand side respectively of (1.4.3). We write

B = 'bijlm so that bll =1, 612 = ..= b1n = 0. Then
B = o ,\.E ) E(Aly A2""’An)b1/\1b2h“'bnh
B l’A 0oty boygeebp e
(""""’\N)Zd(z ..... n)E( 2 A’n) 22ssOni,

But, for any arrangement (A,,...,A,) of (2,...,n), we clearly have
6(1, Az,..., A.n) = €(A2,n., An)’
Hence B = €(Agyees Ap)bgpe by, = B,

Agyeees An) =27 (2,...,m)

as asserted.
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Next, by Theorems 1.2.4 and 1.2.5 (pp. 9-10), we have

N
D=l|a, . . . 0,
anl ann
an Ay A
= >a 0 o10. . . 0
rk
=1
Apy - - Qppe  + - - A
n
= 3 ot (L4.4)

where A, is the determinant obtained from D) when the kth element
in the rth row is replaced by 1 and all other clements in the rth row
are replaced by 0. By repeated application of Theorem 1.2.3 (p. 8)
we obtain

0 ... 1 ... 0
ag Ay Ain
_ -1
A1'k - <— l)r ar_1,1 Qr_1 .k Ar_1,n
Ari11 Ari1,k Ari1,n
Apy Ak Apn
1 0 0 0 0
a1k ay - a1 k-1 Q1 k41 Qi
—_ — k-1
= (=1)-t¢Dig, 1 @y, Qr_1k-1  Qr1k+1 Qr_1,n |
Qryrke By - Ary1k-1 Aryrk+l Ari1,n
7% Apy - Apk—1 Ap k41 Apn

Hence, by (1.4.3),

where D,; denotes the determinant obtained when the rth row and
kth column are deleted from D. Hence, by (1.4.4),

Ark = (—1)r+kDrk>

n n
D= z ark(_l)r+kDrk = z arIcArIa
k=1 k=1

L]
and the theorem is proved.



I§14 EXPANSION THEOREMS 17

We now possess a practical method for evaluating determinants.
This consists in first using Theorem 1.2.6 (p. 11) to introduce a
number of zeros into some row or column, and then expanding the
determinant in terms of that row or column. Consider, for example,
the determinant

9 7 3 —9
D= 6 3 6 —4 .
15 8 7 —7

—5 —6 4 2
Adding the last column to each of the first three we have
O —2 —6 —9
2 -1 2 —4
8 1 0 —17/
—3 —4 6 2

_D—_—

Next, we add once, twice, and four times the third row to the
second row, first row, and fourth row respectively. This leads to

th i
e expression 16 0 —6 —293

10 0 2 —11
s 1. 0 —7(
29 0 6 —26

D:

Expanding D in terms of the second column we obtain

16 —6 —23
D=—]10 2 —11|,
29 6 —26

and we can continue the process of reduction in a similar manner
until D is evaluated.

Exercisg 1.4.2. Show that D = —532.

The expansion theorem (Theorem 1.4.1) can be used to show
that the value of the Vandermonde determinant

n—1 n—2

a? at co.oay 1

a?"l a~%* . . . a, 1

D—|% 2 2

-1 gn-2

ay ay N |

is given by =1<;[<'£<n(ai—aj). *(1.4.5)

<

6582 C
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Che assertion is obviously true for » = 2. We shall assume that it
s true for n—1, where n > 3, and deduce that it is true for n. We
nay clearly assume that all the a’s are distinct, for otherwise
1.4.5) is true trivially. Consider the determinant

anlogn-2 0 0 ]
n—1 n—2

ag ay |
n—1 n—2

an ap N S |

ixpanding it in terms of the first row, we see that it is a polynomial
n x, say f(x), of degree not greater than n—1. Moreover

flay) = ... = f(a,) = 0,
ind so f(zx) is divisible by each of the (distinct) factors
t—Qy,...,—a,. Thus

f(x) = K(z—a,)...(x—a,);

wind here K is independent of z, as may be seen by comparing the
legrees of the two sides of the equation. Now, by (1.4.1), the
soefficient of -1 in f (z) is equal to

a3”® . . . a 1
1
which, by the induction hypothesis, is equal to

11 (a;—a;).
2<1<)sn
This, then, is the value of K ; and we have
flx) = (x—az)m(x—_an)zgggn(ai_aj)'

We now complete the proof of (1.4.5) by substituting x = a,.

n—2
a, . . . a,

The result just obtained enables us to derive identities for discriminants

>f algebraic equations. The discriminant A of the equation
zt+a, 2" 4. ta, 2+a, = 0, (1.4.6)
whose roots are 0,,...,0,, is defined as
A= TI (6,—6)
1<i<jsn

[t follows that A = 0 if and only if (1.4.6) has at least two equal roots. To
sxpress A in terms of the coefficients of (1.4.6) we observe that, in view of
(1.4.5), }

e R W T S e R N
A= .

o T WY I S R T
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Carrying out the multiplication columns by columns, we have

San—2 Sap3 -+ - - 8p
A= |fns Bane - - . En
- ’
81 842 .+ . . &

where ¢, = 0{+...+6, (r = 0,1,2,...). Using Newton’s formulaet we can
eXPress 8y, 81,..., 83,_s In terms of the coefficients a,,..., a, of (1.4.6), and hence
obtain A in the desired form.

Consider, for example, the cubic equation 23+px+¢ = 0. Here
8 83 8y
83 8 8
82 81 &

A =

’

and it is easily verified that
$=23, 8, =0, s, = —2p, 8 = —3q, 8 = 2p

Hence A = — (4p®+27¢?), and thus at least two roots of z3+pzx+q = 0 are
equal if and only if 4p3+4-27¢2% = 0.

Exgrcise 1.4.3. Show, by the method indicated above, that the dis-
criminant of the quadratic equation z?+pux+v = 0 is p2—4v.

We now resume our discussion of the general theory of determi-
nants.

THEOREM 1.4.2. With the same notation as tn Theorem 1.4.1 we
have for r + s, "
kglark Ask = 0,

n
Z A Agg = 0.
k=1

In other words, if each element of a row (or column) is multiplied
by the cofactor of the corresponding element of another fixed row
(or column), then the sum of the » products thus formed is equal to
zero. Thisresult is an easy consequence of Theorem 1.4.1. We need,
of course, prove only the first of the two stated identities.

If D" = |aj|, denotes the determinant obtained from D = |ay/,
when the sth row is replaced by the rth row, then

a. = % EF8)
K a,j (7: = 8).
Denoting by A4;; the cofactor of the element a;; in D’, we clearly
have Ay =4, (k=1,.,n).

t See Burnside and Panton, The Theory of Equations (10th edition), i. 165-7, or
Perron, 12, i. 150-1.
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Hence, by (1.4.1) (p. 15),

n n
’ ’ ’
D =k21ask Ag = kzlark A

But the rth row and sth row of D’ are identical, and so D' = 0.
This completes the proof.

It is often convenient to combine Theorems 1.4.1 and 1.4.2 into
a single statement. For this purpose we need a new and most useful
notation.

DEFINITION 1.4.2. The symbol §,,, known as the KRONECKER
DELTA, 18 defined as
1 (r=29)
8rs =

0 (r # s).
With the aid of the Kronecker delta Theorems 1.4.1 and 1.4.2
can be combined in the following single theorem.

THEOREM 1.4.3. If A, denotes the cofactor of a,, in the deter-
minant D = |a,;l,, then

n
kgla’rk Ask = 8r.‘; D
kglakr Aks = 8rs D

1.4.2. Our next object is to obtain a generalization of the
Expansion Theorem 1.4.1. Werequiresome preliminary definitions.

DErFINITION 1.4.3. A4 k-rowed MINOR of an n-rowed determinant
D is any k-rowed determinant obtained when n—k rows and n—k
columns are deleted from D.

Alternatively, we may say that a k-rowed minor of D is obtained
by retaining, with their relative order unchanged, only the elements
common to k specified rows and k specified columns.

For instance, the determinant D,;, obtained from the n-rowed
determinant D by deletion of the ¢th row and jth column, is an
(n—1)-rowed minor of D. Each element of D is, of course, a
1-rowed minor of D.

ExERrCISE 1.4.4. Let 1 < k < n, and suppose that all k-rowed minors of

a given n-rowed determinant D vanish. Show that all (k+ 1)-rowed minors
of D vanish also.

The k-rowed minor obtained from D by retaining only the
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elements belonging to rows with suffixes r,,...,7; and columns with
suffixes s,,..., 8; will be denoted by
D(ryyeee, T | 815005 )
Thus, for example, if
@1 %1z Qg3

D =\ay @y ay|
a3y Qg Qgg
Ay, @
then D(1,3]2,3) = | 12 "1
A3y Og3

DEFINITION 1.4.4. The COFACTOR (0r ALGEBRAIC COMPLEMENT)
D(ry,..., 75 | 815.-., 8y;) Of the minor D(ry,..., 7y | 81,..., 8) tn a determinant
D is defined as

D(ryyeis i | 810eer 83) = (— 1)t dmutBitet e D(ry 1 7y | Spg1see )
where Tyq,.., 7, are the n—k numbers among 1,...,n other than
Piyeres Ty AN Spi1,e.., S, r€ the n—k numbers among 1,...,n other than
Sgyeers Sppe

We note that for k = 1 this definition reduces to that of a cofactor
of an element (Definition 1.4.1, p. 14). If k = n, i.e. if a minor
coincides with the entire determinant, it is convenient to define its
cofactor as 1.

Consider, by way of illustration, the 4-rowed determinant
D = |a;|,. Here

D(2,3]2,4) = | %22 %
Az Q34
and
D(2,3]2,4) = (—1)2+3+2+4D(1,4 | 1,3) = — @y O3 |
VI

Theorem 1.4.4. (Laplace’s expansion theorem)

Let D be an n-rowed determinant, and let ry,...,7; be integers such
that l <k<nandl <r, <..<r,<n Then

D = > D(ryyeees T | Ugyeees i) D@y, 13 [ Ugyeny ).
1Sy <. <up€<n

This theorem (which was obtained, in essence, by Laplace in
1772) furnishes us with an expansion of the determinant D in terms
of k specified rows, namely, the rows with suffixes r,..., 7. We form
all possible k-rowed minors of D involving all these rows and

multiply each of them by its cofactor; the sum of the (Z) pr.oducts
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is then equal to D. An analogous expansion applies, of course, to
columns. It should be noted that for k = 1 Theorem 1.4.4 reduces
to the identity (1.4.1) on p. 15.
To prove the theorem, let the numbers r,,,,...,7, be defined by
the requirements
1< g<.<r,<mn, (Pypees ) = H(1,...,0).
Then, by Theorems 1.2.1 (i) (p. 7) and 1.1.4 (p. 4) we have
Tiseres T
a, g ...4
(s,,...,s..):.aa,...,n)E(sl,...,sn) TS rnén

— (= 1)ratetradsit 48 e(rl"--’ "'k) <
(813++,38) = & (1,00,1) 815eees S

D=

a T
K+ Tn
Xe( )a,)sl...a,ns,‘. (1.4.7)

S)t150++5 S,

Now we can clearly obtain all arrangements (s,,...,s,) of (1,...,n)
—and each arrangement exactly once—Dby separating the numbers
1,...,n in all possible ways into a set of k and a set of n—k numbers,
and letting (s;,...,8;) vary over all arrangements of the first and
(Sg+15---»8,) Over all arrangements of the second set. Thus the
condition (s;,...,8,) = &(1,...,n) below the summation sign in
(1.4.7) can be replaced by the conditions

(gseen, Uy) = H(1,...,m); (1.4.8)
Uy < oo < Uy Upyg < oo < Uy (1.4.9)
(8150 8) = & (Uq,..., u); (Sga1rerrSn) = & (Upygyeers Uy).

Indicating by an accent that the summation is to be taken over the
integers u,,..., 4, satisfying (1.4.8) and (1.4.9), we therefore have

Tireres T

D= Z' (= D)rtAmettintety Z e( )arm"'arwt

(811ee0,88) = (1,00, uk) \8p50005 S

rk+1,..., rn
X z e( Cry o ss 10 Prase
(8k41r000s80) = (Uk 4 15000 rUn) \Sf 4350005 Sy,

arl“l anuz
—_ z/( - 1)r1+...+rk+u,+...+uk . . . . . . . X

Crpuy

TEUE
a
X|.

a

Tk4aUk 11 Tk 1Un

Pallk 41 * * . Tnlin
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= Z,(_ 1)r;+...+rk+ux+...+ukD(rl"”’ Tk I Uypseeny uk) X
XD sgseees o | Upptseres Up)
= S D1y T | Ugyeens W) D(F gy Ty | Ugyeeny Ug)

= > D(rq,yee, 7y | Uyy..n, Ug) X -

1<y <o <ug<n
XD(ryyers i | gy ) S 1,
Uk 4 19000sUn

where the inner sum is extended over all integers u;.,,...,%,
satisfying (1.4.8) and (1.4.9). Now the integers wu,,,...,u, are
clearly determined uniquely for each set of u,,...,u;. Hence the

value of the inner sum is equal to 1, and the theorem is proved.

The natural way in which products of minors and their cofactors
occur in the expansion of a determinant can be made intuitively
clear as follows. To expand an n-rowed determinant in terms of the
rows with suffixesr,,..., 7, we write every element a,; in each of these
rows in the form a;,+0 and every element a,,, in each of the remain-
ing rows in the form 0+-a,,,. Using the corollary to Theorem 1.2.5
(p. 11) we then obtain the given determinant as a sum of 27
determinants. Each of these either vanishes or else may be
expressed (by virtue of Exercise 1.3.1, p. 13, and after a prelimi-
nary rearrangement of rows and columns) as a product of a k-rowed
minor and its cofactor. The reader will find it helpful actually to
carry out the procedure described here, say for the case n = 4,
k=2r=11r,=3.

As an illustration of the use of Laplace’s expansion we shall
evaluate the determinant

0 a3 ay a5
0 ay a, O
0

Qgo (43 Ogq Oy
@51 G5y (53 G5q O
by expanding it in terms of the first three rows. The only 3-rowed
minor which involves these three rows and does not necessarily
vanish is
Q13 @14 Og5
D(1,2,3]3,4,5) = |a@y; @y, O
a3 0 O
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Expanding this minor in terms of the last column, we obtain

D(1,2,33,4,5) = a,, | 2 “54 = g5y g
Furthermore
. D(1,2,33,4,5) = (—1)142+3+3+4+5D(4, 5 | 1, 2)
0 ap|_
T las agp| Gaz o

and so, by Theorem 1.4.4,
D = D(1,2,3]3,4,5)D(1,2,33,4,5) = a5y 0332051

1.5. Jacobi’s theorem

With every determinant may be associated a second determinant
of the same order whose elements are the cofactors of the elements
of the first. We propose now to investigate the relation between
two such determinants.

DeFiNtTION 1.5.1. If A,  denotes the cofactor of a,,in D = |ayl,,
then D* = |4;,|, is known as the ADJUGATE (DETERMINANT) of D.

Our object is to express D* in terms of D and, more generally,
to establish the relation between corresponding minors in D and D*.
In discussing these questions we shall require an important general
principle concerning polynomials in several variables. We recall
that two polynomials, say f(y,...,2,,) and g(x,,...,2,), are said
to be identically equal if f (x,,..., %,) = g(2y,..., z,) for all values of
Zyyeees X,y Again, the two polynomials are said to be formally equal
if the corresponding coefficients in f and g are equal. It is well
known that identity and formal equality imply each other. We
shall express this relation between the polynomials f and g by
writing f = g.

Tuaeorem 1.5.1. Let f, g, b be polynomials in m variables. If
fo =fhand f +# 0, then g = h.

When m = 1 this is a well known elementary result. For the
proof of the theorem for m > 1 we must refer the reader elsewhere.f

TaHEOREM 1.5.2. If D is an n-rowed determinant and D* its
adjugate, then D* — Dn-1

This formula was discovered by Cauchy in 1812. To prove it, we
write R = |a|,, D* = |4;;|,, and form the product DD* rows by

t See, for example, van der Waerden, Modern Algebra (English edition), i. 47.
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rows. Thus
D o . . . O
uJ o D . . . O
DD* = lkzlaikAjk . 85 Dln = R
o o . . . D
and therefore DD* = D™, (1.5.1)

If now D = 0, then, dividing both sides of (1.5.1) by D, we obtain
the required result. If, however, D = 0 this obvious device fails,
and we have recourse to Theorem 1.5.1.

Let us regard D as a polynomial in its n2 elements. The adjugate
determinant D* is then a polynomial in the same n? elements, and
(1.5.1) is a polynomial identity. But D is not an identically vanish-
ing polynomial and so, by (1.5.1) and Theorem 1.5.1 (with f=D,
g = D*, h = D"-1) we obtain the required result.{

Our next result—the main result of the present section—was
discovered by Jacobi in 1833.

THEOREM 1.5.3. (Jacobi’s theorem)

If M is a k-rowed minor of a determinant D, M* the corresponding
minor of the adjugate determinant D*, and M the cofactor of M in D,

then M* — D+-1]7. (1.5.2)

Before proving this formula we point out a few special cases.
The order of D is, as usual, denoted by n. (i) If £ = 1, then (1.5.2)
simply reduces to the definition of cofactors of elements of a
determinant. (ii) If ¥ = n, then (1.5.2) reduces to Theorem 1.5.2.
(iii) For &k = n—1 the formula (1.5.2) states that if D = |al,,
D* = |A,,, then the cofactor of 4,, in D* is equal to D"~*a,,.
(iv) For k = 2 (1.5.2) implies that if D = 0, then every 2-rowed
minor of D* vanishes.

To prove (1.5.2) we first consider the special case when M is
situated in the top left-hand corner of D, so that

@y - - - Qi N Bpsrk+1r + + c Okin
M= . . . . . |, M=\ ,
L Cpg+r = - - Qpg
Ay, . . . Ay
M* = S
Akl . . . .Akk

+ Alternative proofs which do not depend on Theorem 1.5.1 will b& found in
§1.6.3 and § 3.5.
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Multiplying determinants rows by rows and using Theorem 1.4.3
(p. 20), we obtain

@y - o Oy | Ay o o Ay Aypgn - - Ap,
A Ay Appia Agn

0 0 1 0

Ay - . Gy 0o . . . 0 0 1
QN- 0 @ An

0. v D g - . Wy
0. . .0 Gy - - G

0. . .0 @Gupyy - - . Gy,

Now, by Laplace’s expansion theorem, the second determinant on
the left is equal to M *, while the determinant on the right is equal
to .DkM. Thus .DM* — .DkM.

Since this is a polynomial identity in the n2? elements of D, and
since D does not vanish identically, it follows by Theorem 1.5.1
that (1.5.2) is valid for the special case under consideration.

We next turn to the general case, and suppose the minor M to
consist of those elements of D which belong to the rows with
suffixes r,,...,7,, and to the columns with suffixes s,...,s, (where
7y < ..<rnands <..<s) We write

i+ Fr 6+ s =L
Our aim is to reduce the general case to the special case considered
above by rearranging the rows and columns of D in such a way that
the minor M is moved to the top left-hand corner, while the relative
order of the rows and columns notinvolvedin M remains unchanged.
We denote the new determinant thus obtained by 2, the k-rowed
minor in its top left-hand corner by .#, the cofactor of # in 2 by
A, and the k-rowed minor in the top left-hand corner of the adju-
gate determinant 2* by .#*. In view of the special case already
discussed we then have 5
M = Dk (1.5,3)
Now obviously .# = M; and, by Exercise 1.2.2 (p. 9),
2 = (—1)D. (1.5.4)
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It is, moreover, clear that
M= (—1)]. (1.5.5)
In view of Exercise 1.4.1 (p. 14) it follows easily that the cofactor
of a;; in 2 is equal to (—1)'4,,.T Hence
M* = (—1)EM*, (1.5.6)
and we complete the proof of the theorem by substituting
(1.5.4), (1.5.5), and (1.5.8) in (1.5.3).
ExERCISE 1.5.1. Let A, H, G,... be the cofactors of the elements a, k, g,...
in the determinant
a h g
h b fl
g f ¢
Show thatad +hH +gG = A,aH+hB+gF = 0,and also that the cofactors
of the elements 4, H, G,... in the determinant

A H G
H B F
G F C
are equal to al, hA, gA,... respectively.

A=

1.6. Two special theorems on linear equations

We shall next prove two special theorems on linear equations
and derive some of their consequences. The second theorem is
needed for establishing the basis theorems (Theorems 2.3.2 and
2.3.3) in the next chapter. In touching on the subject of linear
equations we do not at present seek to develop a general theory—a
task which we defer till Chapter V.

1.6.1. THEOREM 1.6.1. Let n > 1, and let D = |ay;|, be a given
determinant. Then a necessary and sufficient condition for the existence
of numbers t,,..,.t,, not all zero, satisfying the equations

a11t1+a12 t2+ +a1n =0

. (1.8.1)
nltl+a’n2t2+ +a’nn =0

is D=0. (1.6.2)

The sufficiency of the stated condition is established by induction

with respect to n. Forn = 1 the assertion is true trivially. Suppose
it holds for n—1, where n > 2; we shall then show that it also holds

+ It must, of course, be remembered that a;; does not necessarily stand in the
ith row and jth column of 2.
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for n. Let (1.6.2) be satisfied. If a@;; = ... = a,, = 0, then (1.6.1)

is satisfied by =1, ty=..=t,=0,

and the required assertion is seen to hold. If, on the other hand,
the numbers a,,...,a,; do not all vanish we may assume, without
loss of generality, that a,; ¢ 0. In that case we subtract, for
1 = 2,...,Mn, a;/a,, times the first row from the ith row in D and
obtain

4y QG - - - Oy b22 . e . b2n
.D — 0 b22 . . . b2n — all . . . . . ,
) b"2 bnn
0 b"?- bnn
A; Ay .
where b = a;,— A (i, = 2,...,m)
11
622 b2n
Hence L =0,
bue - . . by

and so, by the induction hypothesis, there exist numbers {,,...,,,
not all zero, such that

2(%—%£94:° (G =2,..,n). (1.6.3)

7=2 all
Let t, now be defined by the equation
1 n
tl = —— al]'tj, (1.6.4)
=3
n
so that ,Zla” t, = 0. (1.6.5)
By (1.6.3) and (1.6.4) we have
n
Sa;6=0 (i=2,..,n), (1.6.6)
i=1

and (1.6.5) and (1.6.6) are together equivalent to (1.6.1). The
sufficiency of (1.6.2) is therefore established.

To prove the necessity of (1.6.2) we again argue by induction.
We have to show that if D 7 0 and the numbers ¢,,...,t, satisfy
1.6.1), then ¢, = ... = ¢, = 0. For n = 1 this assertion is true
trivially. Suppose, next, that it holds for n—1, where n > 2.
The numbers a, ..., @, are not all zero (since D # 0), and we may,
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therefore, assume that a,, % 0. If ¢,,...,¢, satisfy (1.6.1), then
(1.6.4) holds and therefore so does (1.6.3). But

bye . . . by,
e e e #* 0.
by - . . b
Hence, by (1.6.3) and the induction hypothesis, t, = ... = ¢, = 0.
It follows, by (1.6.4), that ¢, = 0; and the proof is therefore
complete.t

An alternative proof of the necessity of condition (1.6.2) can be based on
Theorem 1.4.3 (p. 20). Supposc that there exist numbers t;,...,¢,, not all
zero, satisfying (1.6.1), 1.c.

n
Sa,t,=0 (5= 1..,n).
1=1

Denoting by 4,, the cofactor of a,; in D we therefore have

n

n
> A, 210”11 =0 (k = 1,...,m),
gy

=1

. n n

ie. >St,>a,A,;, =0 (k = 1,..,m).
=1 =1

Hence, by Theorem 1.4.3,
n
34.8;,D=0 (k=1,.n)
=1
ie. D = 0 (k = 1,...,,n). But, by hypothesis, {,...,{, are not all equal to
zero; and therefore D = 0.
An obvious but useful consequence of Theorem 1.6.1 is as follows:
THEOREM 1.6.2. Let a; (i = 1,..., n—1;j = L,..., n) be given

numbers, where n > 2. Then there exists at least one set of numbers
tyseees by, Mot all zero, such that

a; b+ Fa,t, =0
(1.6.7)

gyttt gty =0
To the n—1 equations comprising (1.6.7) we add the equation
ot,+...40¢, = 0,
+ The reader should note that the proof just given depends essentially on the

elementary device of reducing the number of ‘unknowns’ from n toan—1 by
elimination of ¢,.
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which does not, of course, affect the choice of permissible sets of
the numbers ¢,...,¢,. Since

2

Ap11 + o Opaa
0 coe . 0
it follows by the previous theorem that there exist values of ..., ¢,
not all zero, which satisfy (1.6.7).

It is interesting to observe that we can easily give a direct proof
of Theorem 1.6.2, without appealing to the theory of determinants,
by using essentially the same argument as in the proof of Theorem
1.6.1. For n = 2 the assertion is obviously true. Assume that it
holds for n—1, where n > 3. If now ay; = ... = @a,_,; = 0, then
the equations (1.6.7) are satisfied by ¢, = 1,8, = ... =t, = 0. If,
however,ay,...,a,_, ; donot all vanish, we may assume thata,, # 0.
In that case we consider the equations

antitaptt...+ apt, =20
butytot bauty =0 (1.68)
bpgotottby gty =0
where the b;; are defined as in the proof of Theorem 1.6.1. By the
induction hypothesis there exist values of f,,...,¢,, not all 0, satis-
fying the last n—2 equations in (1.6.8); and, with a suitable choice
of t,, the first equation can be satisfied, too. But the valuesof¢,,...,t,
which satisfy (1.6.8) also satisfy (1.6.7), and the theorem is therefore
proved.

ExEercisg 1.6.1. Let 1 < m < n and let a,; ¢ = 1,...,m; j = 1,...,n) be
given numbers. Show that there exist numbers ¢,,... ¢, not all 0, such that

ay b+t ag,t, =0,
Aty +...+ aputy, = 0.
1.6.2. As a first application of Theorem 1.6.1 we shall prove a

well-known result on polynomials, which will be useful in later
chapters.

THEOREM 1.6.3. If the polynomial
J @) = cox™+c a1+ e 2+,

vanishes Jfor n+1 distinct values of z, then it vanishes identically.
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Let ,,...,%,,, be distinct numbers, and suppose that
fx) = . = f(x,44) = 0, ie.

CoaT+C 2 1. Fc,y 2y Fc, = O
CoTntC1 2531+ A Cpy Tppy FC, = 0.

Since, by (1.4.5), p. 17, the Vandermonde determinant

A |
n n—1
T+l Tnyr - - . Tpyy 1
is equal to . (2;—=;)
1<idjEnt1

and therefore not equal to zero, it follows by Theorem 1.6.1 that
Co = ¢, = ... = ¢, = 0, i.e. that f(x) vanishes identically.

CoroLrarY. If f(z), g(x) are polynomials, and there exists a
constant x, such that £ (@) = g(z)

whenever x > x,, then the equality holds for ALL values of .

Let n be the greater of the degrees of f and g. Now f(@)—g(x)
vanishes for any n+1 distinct values of z which exceed z,, and the
assertion follows, therefore, by Theorem 1.6.3.

1.6.3. Theorem 1.6.1 enables us to dispense with the comparatively deep
Theorem 1.5.1 (p. 24) 1n the proof of Theorem 1.5.2. As we recall, there is
only a difficulty when D == 0, and in that case we have to show that D* = 0.
We write, as before, D = |a,,|,, D* = |4,,|,, and assume (as we may clearly
do) that at least ono element in D, say ay;, does not vanish. In view of
Theorem 1.4.3 (p. 20) and the assumption D = 0 we infer that the relations

SA4,=0  (i=1l,.n)
j=1

are satisfied for Uy = Qgys  eery by = Qg
But here t; = a;; ¢ 0 and so, by Theorem 1.6.1,

4y . . . A4y,

D* = = 0.

Ay . . . A,

1.6.4. Tt is useful to possess some easily applicable criteria for
deciding whether a determinant does or does not vanish. Below
we shall deduce one such criterion due to Minkowski (1900).
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DerFINITION 1.6.1. A determinant |a;;|, is DOMINATED by ifs
diagonal elements if
n
anl > 3l = L) (1.6.9)
s#r
TrEOREM 1.6.4. A determinant which is dominated by its diagonal
elements does not vanish.
Let D = |a,], be the determinant in question and suppose that
D = 0. Then, by Theorem 1.6.1, there exist numbers ¢,,...,¢,, not

all 0, such that
Sagt, =0 (r =1,...,m). (1.6.10)
8=1

We have, for some £k,
max |f,| = [l # 0.

1<8<n

n
Then, by (1.6.10), el = — 2 Al
£
n n
and so a1l < 3 x| ] < 3 el I
sk s7k
n
Therefore ] <X lagsls
§=1
s#k

and this contradicts the hypothesis (1.6.9).

Exercise 1.6.2. Show that if even a single one of the n signs * >’ in
(1.6.9) is replaced by ¢ > °, then the conclusion of Theorem 1.6.4 need no
longer be true.

A result related to Theorem 1.6.4 is as follows.

TaeoREM 1.6.5. If D is a determinant, with real elements and
positive diagonal elements, which is dominated by its diagonal elements,
then its value is positive.

We give a proof due to Furtwingler (1936). The theorem is
obviously true for n = 2. Assume that it holds for n—1, where
n > 3. We know that a;; # 0; and subtracting, for r = 2,...,n,
a,,/a,, times the first row from the rth row, we obtain D = a,, D',
where

L
D= . . . . .
bpo - - - bun
Ay Ayg

and e by = Qpy—
@
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Now, by hypothesis, 3 [a,,] < |ay]-
8=2

n
Therefore z s < lag| (r=2,..,1),
8=2 1
and hence, for r = 2,...,n,
a,.a a.,a n e, a
rl 1r+ Z !bral vl 1r+ Z Iarsl+ Z r1 %15
an 8=2 =
8#T g¢?
n n a’lal n
< 322 Iarsl—'_ z — 4 < 322 'ars|+'ar1] - =4 ,a’rsf < arr‘
8#T 8§=2 a;r ;r
n
Thus b,, > Zg|b,s| (r = 2,...,n).
ser

Hence, by the induction hypothesis, D’ > 0, and so D > 0. The
proof is therefore complete.

It is possible to obtain further refinements of Theorems 1.6.4
and 1.6.5, and we conclude this cha,pter by stating two of these
without proof. (i) If D = [a;], is a determinant satisfying the
conditions of Theorem 1.6.4, then

n

1T (a1 —a) < 1D} < T (o |+a),

n
1 <
where a* — s=§+1 la| (I1<r<n)

r
0 (r = n).
(ii) If D = |a,,, is a determinant satisfying the conditions of
Theorem 1.6.5, then

n

I1 (a,—a¥) < D < IT (a,+a?),
r=1

r=1
where o} is defined as before.t

PROBLEMS ON CHAPTER 1
1. Evaluate the determinant
x; Y a b

22, x, Y ¢

6z, 3xy w3 ys |

24z, 122, 4x, =z,
t Iam indebted to Professor A. Oppenheim for these estimates. Anindependent

proof has been given by G. B. Price, Proc. Amer. Math. Soc. 2 ( 1951), 497-502.

5682 D -
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2. Express the determinant

1 a®—bc at
1 b%—ca b
1 c¢*—ab ¢t

as the product of one quadratic and four linear factors.
/ 8. By squaring the determinant

b ¢ 0

a 0 cl,

0 a b
b24c? ab ca

ab c?+4-a? be = 4a%b2c?.

ca be a%4-b?

show that

4. Use Laplace’s expansion to show that
a —b —a b
b a —=b —a
¢c —d ¢ —d
d ¢ d c

5. Find the discriminant of the equation z4+ax-+b = 0. Hence show
that the equation *+4xr+3 = 0 has at least two coincident roots.

6. Ifs, = o' +p"+y" and

= 4(a®4b%)(c2+d?).

Sn Sny1 Snye
A, =

Sny1 Snez Snys v

Snta Snt3  Snya
show that, for any positive integer n,
A, = (By)™M(B—y)y—a)(a—B)}*
Show that, when a, B, v are the roots of the equation 2%+ bx+c¢ = 0, then
A, = (—1)r+ic"(4b%4-27c?).
7. Show that |a,j|, = [b,)|n, Where b,; = (—1)i*ay;.
/8. If 8 = a;+...+ay A = 8—ay (k = 1,...,n), prove that
\,

z—A4, a, a . . . a,
a, z—A, a3 . . . a, = w{z—s)"L,
a, a, ag . . - T—A,
9. Denoting by A, the n-rowed determinant
1422 x 0 0
x 1422 x 0 .
0 z 1+ x A
0 0 ] 1423

prove that A,—A,_; = 2%¥A,_;—A,_,), and hence evaluate A,.
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10. A determinant D) is of order n, and a determinant E is obtained from
it by subtracting from each element of D the sum of the other elements
in the same column. Prove that £ = —(n—2)2"1D.

11. D, is the n-rowed determinant in which the elements in the diagonal
are a, those immediately above and immediately below the diagonal are b
and c¢ respectively, and all the remaining elements are 0. Obtain a relation
between D, D,_,, and D,_,; and evaluate D, when a = 1+-bc.

12. Let D, be the n-rowed determinant

z a 0 O
a x a 0
0 a =z a
0 0 a x

Show how to find the valuc of D,; and prove that, if a =1, x = 2cosf
(0 < 8 < 7),then D, = sin(n+1)f/sin 6.
13. Prove that

l1+a, a, ag Y
a, 1+a, a . . . a,
a, a, l14a; . . . .a, = l+a;,+a,+as+...+ay,
a, a, as S

and deduce that

x a a . .- . @
a ® QG . . - O L n
a; a3 x . . . ay|= {l+ Z n } (x—ap)-

T—an,
. . . . . . . . m=1 m=1
Gy, QG QG . . - X
14. Prove the identity
1

= I (al—az)(b:_bz)/iﬁl(arl-bj).

a,+bln 1<i<i<n

15. Evaluate the determinant |a;;|,, where a;, = |r,—2;| and zy,..., 2y
are given real numbers.

Evaluate the determinant

0 1 2 3 ... on—1
1 0 1 2 ... n—2
2 1 0 1 n—3 |
n—1 n—2 n—3 n—4¢ . . . 0
16. Show that
Gy - - - QGp P Gy - - O » 4
=7 . . . . . —_ »
i.EI P
Qpy - + + Qpn Py Qpy - - - Oy
@G - - - Qn T

where 4,; is the cofactor of a;; in |@y|n.
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17. Let 4,, denote the cofactor of a, in the determinant A = |a;;|,, which
is such that a;; = a;; (3,§ = 1,...,n). Show that
Ay, - . . 4 oy

Ay o o Ay u,
Uy . . . u, 0

n
= —An? z Q5 U U
=1

Deduce, (i) by using Theorem 1.4.3 (p. 20), (ii) by using Theorcm 1.5.2
(p. 24), that, for k = 1,...,n,

Ay . . . A, 4y

SRR DI N
Ay o . . Ay, Ag Kk

Ay . . . Ay, O
18. Prove that, if F(t) = |a,,|,, where a,,= (t+2,) (i,j = 1,...,n), then

(O I o = P(0) [T (¢4,

Deduce that
lxl...xf‘lx’{“...x;" 1 = . . .ap?

k-1 k+1 n n—1
1 =, . . . e 4 1 2, . . .a%

n
where g, is the coefficient of ¢ in [T (¢+x,).
r=1
J 19. Let a.(x) (r,s = 1,...,n) be differentiable functions of z and denote

by D(z) the determinant

an(x) . . )

a’ﬂl(x) . . . ann(x)

Show that D'(x) = D,(x)+ ...+ Dy(x), where D;(x) denotes the determinant

obtained from D(x) by differentiating the elements of the kth column only.
20. Show that the determinant

filz)) o oo filzg)
fule) - oo )

where f,..., f, are polynomials and ,,...,z, are variables, is divisible by

’

(xt_xj)-
1<i<isn

21. Show that the value of the ‘circulant’
a GG . . . A,y G,
a, a, . . . Qp g Qp g

a a . . . @, a

. e n V4
is equal to k]'[l (a;+a;wp+a;wi+...+a,0}1),
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where w;,...,w, are the nth roots of unity. Deduce that

2 +y°+2° = (z+y+2)@+yp+2p’)e+yp*+2p),

where p = e*™/3,
22. Let |a;|, be a determinant whose value is zero. Show that, if 4;;
denotes the cofactor of a,,, then

Ay Ay = A4, (¢t £Jsr #8).

If no cofactor vanishes, show that the cofactors of clements in any one row
(column) are proportional to the cofactors of elements in any other row
(column).

23. The determinant |a,,|, is said to be skew-symmetric if a;; = —ay;
(¢, = 1,...,n). Show that cvery skew-symmetric determinant of odd order
is equal to zero, and that every skew-symmetric determinant of even order is
equal to the square of a polynomial in the elements of the determinant.

24. Let ¢y, Cy,..., ¢, bo given integers whose highest common factor is 1.
Show (say by induction with respect to |c,|+ |c|+...7+ |c,|) that there
exists an n-rowed determinant with integral elements whose first row is
€1 Cayeery €y and whose value 1s 1.

25. Let D = |a,,|, be a determinant with complex elements, and write

n

Ar = Z Ianl'
8=1
8FT

(i) Show that, if |a,,| = 4, # 0 and |a,,| > 4, (r = 2,...,n), then D + 0.

(i1) Show that, if |a,|.|a,| > 4,4, (r,s = 1,...,n; r 5% &), then D 0.
26. Let n > 2 and let a, (1,8 = 1,...,n) and b, (r = 1,...,n—1) be given

numbers. Suppose that, for every value of 7 in the range 1 < r < n,

b, Arri1 Arria c e . A
Ariyr Qppiprsr Argrree - -+ - Qrpan =0
Qpy Apry1 L 7YY

Prove, by induction with respect to n, that

Ay - . . Gy
= (@3, —b M@ — ;). (@p_yn1—0n_1)0pn.

Apy « .« Qg

27. Let D = |a;;|, and denote by 4, the cofactor of a;;. By considering
the determinant

an—D[4y; @ o . . Gy,
Qa1 Q3+ .+ .+ Qg
[ Qpa « « « Gy

and making use of Theorem 1.6.4, prove (by induction with respeét to n)
the two results stated at the end of § 1.6.4.
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28. Let 1 < » < N and suppose that the rectangular array of complex
numbers

a;; Qi . . . N
Qg1 Qg . . . (2294
Qpy  Apa . . - Quy
N
is such that lar] > 3 lays| (r=1,..,n).
s

By using the idea of the proof of Theorem 1.6.5 (p. 32), show that the
modulus of the determinant

ay - - - G

Y

is greater than the modulus of any other n-rowed minor selected from the
array. Deduce Theorem 1.6.4.
29. Give a proof of Theorem 1.6.5 by considering the determinant

a,+ax a,, ce A,
a Ao+ . . . a,
D(l‘) — 21 22 2n
Apy Apy . . . ann+x

and making use of Theorem 1.6.4 and of propertics of continuous functions.



II
VECTOR SPACES AND LINEAR MANIFOLDS

WE shall find it convenient to use the customary symbolism to
denote class membership, writing # € X to indicate that an object
z is a member of a class X and x € X to indicate that it is not a
member of X. We also write z,y,... € X to indicate that z, y,... all
belong to X. If X and Y are two classes such that, whenever z € X
then z € Y, we say that X is contained in Y, and we write X c Y
(or Y 5 X). The relation X c Y does not, of course, preclude the
possibility that X and Y are the same class.

2.1. The algebra of vectors

In this chapter we shall develop the algebra of vectors and
examine the axiomatic foundations of the theory. Many of the
ideas we shall meet in the course of our discussion originated in the
work of Grassmann.}

2.1.1. In the present section we propose to deal with the simplest
properties of operations defined for vectors. We begin by introduc-
ing the concept of a field, which plays a fundamental part through-
out algebra.

DEeFINITION 2.1.1. A FIELD 18 a set of (not fewer than two) numbers
which ts closed with respect to the four rational operations of addition,
subtraction, multiplication, and division by any non-zero number.}

This definition may be stated more fully as follows. A set § of
numbers is a field if, whenever we have a, b € ¥, we also have
a+b, a—b, ab €  and, provided that b 5~ 0, a/b € F.

Obvious instances of fields are the set of all rational numbers,
the set of all real numbers, and the set of all complex numbers. On
the other hand, the set of integers is not a field since it is not closed
with respect to division, and the set of positive numbers is not a
field since it is not closed with respect to subtraction. In what
follows we shall normally be concerned with the set of all real

1 TFor bibliography and comment see Hamburger and Grimshaw, 21, 171.

1 The system we have defined should, strictly speaking, be called a number
field since the normal usage of the word ‘field’ embraces systems more general
than that with which we are concerned.
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numbers (the real field) and the set of all complex numbers (the
complex field).

It may be of interest to note that every field contains the field
of rational numbers. For, since a field § contains a number other
than 0, suppose that a € §, @ # 0. Then 0 =a—a € §. Also
1 =afa € §, and hence, for every positive integer & we have
k = 1414-...+1 € §. This, in turn, implies that —k = 0—Fk e %,
and sol/m € , where [, m are any integers and m # 0. Thus every
rational number belongs to .

We next introduce vectors. In elementary mathematics a vector
is described as an entity having both magnitude and direction.
We can handle such entities analytically by representing them as
pairs or triads of numbers. An immediate extension of this idea
leads to the definition of vectors now to be adopted.

DErinNiTION 2.1.2. Let § be a field. A VECTOR X OF ORDER 7 > 0
OVER & 18 an ordered set (2, Z,,..., &,) of n numbers which belong
to §.

Vectors will normally be denoted by small letters in bold-face

type. If X = (¥, Zy,..., T,),

then z,, z,,..., z, are called the first, second,..., nth components of X.

Definition 2.1.2 implies that two vectors (of the same order) are
equal if and only if all their corresponding components are equal.
Thus, if x = (2, 2,,...,4,) and y = (Y1 Y2, Y,), then X =y
means that x; = y,, 2, = y,,...,2, = ¥,.

The field & from which the components are chosen is often called
the reference field. Vectors over the real field are known as real)
vectors and those over the complex field as complex vectors. In
contrast to vectors over §, the numbers of § are called scalars.

DEerinrrioN 2.1.3. The ZERO VECTOR of order m is the vector
(0,0,...,0) with n components. It is denoted by 0.

Throughout this chapter all numbers are supposed to belong to a
field § which is assumed to be specified once and for all.

The introduction of vectors only becomes interesting when we
define and investigate operations performed on them.

DEriNiTION 2.1.4. The MULTIPLICATION OF A VECTOR BY A
SCALAR s defined by the formula

. X = Xa = (odty,..., &L,,),

where X = (..., %,).
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We note the following obvious results.

1x =x,

(—1)x = (—xgee0y —2,),
ox =0,
a0 =0,

()X = o(Bx).
DEFINITION 2.1.5. VECTOR ADDITION, i.e. addition of vectors of
the same order ts defined by the formula
(@gseees @) F Yrre s Yn) = (@1FY150es Tt Yn)-
From the last two definitions a number of important con-

sequences can be inferred immediately. Thus we have the following
results.

THEOREM 2.1.1. (i) Vector addition is commutative and associative,
ve X4y = y+X,
X+(y+z) = (x+y)+z.t

(il) Vector addition and multiplication by scalars are connected by
the following distributive laws.
a(X-+y) = ax+ay,
(x4+-B)X = aX-+Bx.
ExEercise 2.1.1. Write out the proof of Theorem 2.1.1.
The next theorem allows us to define the operation of subtraction.
THEOREM 2.1.2. If X,y are any vectors (of the same order), then
there exists a unique vector z satisfying the equation
y+z =X.
For let x = (2y,...,%,), ¥ = (¥1,---sY,). Then
Z= (xl—‘:’/l”"’xn—yn)
satisfies the above equation and is clearly the only vector to do so.
DErINITION 2.1.6. The vector z of the previous theorem is called

the difference of X and y and is denoted by x—y. Moreover, we write
—Xx for 0—x.

t The associativity of vector addition enables us to use expressions“such as
X +y 42z without ambiguity.
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A number of results relating to subtraction now follow at once.
Thus we have

x—x =0,
(——l)x = —X,
—(—x) =x,

x—y = —(y—x),
x—(y—2) = (x=y)+2z,
a(x'_—y) = aX—uaoy,
(x—B)x = ox—fX,
X—y = Z implies X = y+}z.
2.1.2. DEFINITION 2.1.7. An expression of the form
¢33 Xl+...+ak Xk,
where oy,..., oy are scalars, 1s called a LINEAR COMBINATION of the
vectors Xy,..., X.. If a vector X is equal to some linear combination of
Xy,..e, Xy, Ut 18 said to be expressible linearly in terms of, or to depend
linearly on, Xi,..., X;.
Tt is obvious that a linear combination of vectors is again a vector.
We shall be particularly interested in sets of vectors having the
property that any linear combination of vectors of such a set is

again a vector of the set. Sets of this type are introduced in the next
definition.

DEerFINITION 2.1.8. A VECTOR SPACE of order n over § is a set
B of vectors of order m over F with the property that, whenever
X,y € B, a € §, we have oX, X+y € B.

This definition states, in fact, that a vector space is a set of
vectors closed with respect to vector addition and multiplication
by scalars. The most obvious instance of a vector space is, of course,
the set of all vectors of a given order.

DErINITION 2.1.9. The set of all vectors of order n over § s called
the TOTAL VECTOR SPACE OF ORDER 2 OVER {, and s denoted by
B, (F) or, more briefly, by B,.

It is not difficult to give other instances of vector spaces. We
mention the following.

(i) The set consisting of the zero vector only. This vector space
is called the null space.
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(i1) The set of all vectors of the form (0, z,,..., %,,).
(iii) The set of all vectors of the form

a1X1+...+aka, (2.1.1)

where X,,..., X, are fixed vectors.
The last example is particularly important.

DEeriNITION 2.1.10. Leét X,,..., X;, be given vectors over . The
vector space B of all vectors of the form (2.1.1), where oy,..., oy are
variable scalars in §, is satd to be SPANNED (or GENERATED) by
Xy,..., Xy ; and these vectors are called GENERATORS of B.

It is, for instance, obvious that 8B, (over the real or the complex
field) is spanned by the vectors

e, = (1,0,..,0), e,=(0,1,..,0),...,e, = (0,0, ..., 1).
(2.1.2)

Exercise 2.1.2. Can a vector space possess more than one set of
generators ?

ExErcisE 2.1.3. Ifxy,...,X;, X;,, span a vector space 8 and X;, ., depends
linearly on Xj,...,X;, show that x,,...,X; span 8.

2.2. Linear manifolds

2.2.1. It frequently happens that in studying the properties of
a mathematical system S we come to recognize that the results
obtained do not depend essentially upon the precise definition of
S but only upon certain formal relations holding between its
elements. In that case it may be useful to select a suitable set E of
such relations and then consider a system X of entities of which
nothing is presupposed except that they, too, satisfy all relations
in R. The system X constructed in this way is said to be derived
from S by a process of abstraction. If we now investigate the
properties of X, the conclusions at which we arrive will, of course,
hold for §, since S is a special case of 2. In this way we obtain
results more general than those relating to the system § only; and
we are able, moreover, to distinguish between the basic structure
of 8, and its more superficial features.

This procedure will be adopted in the present section and the
following one, the principal object being to study those properties
of vector spaces which are concerned with generators. As we shall
presently see, however, our investigation depends not so much
upon the actual definitions of vectors and vector spaces a3z upon
the fact that vector addition and multiplication by scalars obey
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certain formal laws of algebra. We shall accordingly introduce the
notion of a ‘linear manifold’, derived by abstraction from that of a
vector space, and shall study the properties of this abstract system,
returning from time to time to the particular instance of a vector
space.

DerINITION 2.2.1. Let & be a field and M a set of elements
X, Y, Z,.... Suppose that with each a € F and each X € M 1is
associated a definite element of M, denoted by oX (or Xa), and that
with each pair X, Y € M is associated a definite element of M, denoted
by X+Y. Suppose further that the operations of ‘muliiplication by
scalars’ and ‘addition’ thus defined satisfy the following conditions for
al XY, Z e Mand all o, € §.

(i) X+4Y = Y+4X;
(i) X+(Y+2)=(X+Y)+Z;
(1ii) the equation Y+ U = X is soluble for U;
(iv) (a+B)X = aX +BX;
(v) a(X4+Y) = aX+4aY;
(vi) ()X = o(BX);
(vii) 1X = X.

Then M is called a LINEAR MANIFOLD OVER & (with respect to
multiplication by scalars and addition as defined).

The terminology used in algebra is, as yet, far from standardized,
and the structure we describe as a linear manifold is also referred
to in the literature as a vector space, an abstract vector space, a
linear space, or a linear system.

It will normally be assumed without explicit mention that a
reference field § has been chosen and that statements about linear
manifolds relate to that field.

It is clear that a vector space is a particular instance of a linear
manifold; and in this case the elements of the linear manifold are
vectors. There are, of course, many other types of linear manifolds.
Consider, for example, the set of all continuous (or all differentiable)
functions defined in the interval 0 <<  <{ 1. This set is evidently
a linear manifold with respect to the addition of functions and their
multiplication by scalars.
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DEFINITION 2.2.2. Let M be a linear manifold and let M’ be a set
of elements of M. If M is also a linear manifold with respect to the
same operations of multiplication by scalars and addition as M, then
M’ s called a (LINEAR) SUBMANIFOLD of M. In particular, if M
i8 a vector space, then M’ is called a (VECTOR) SUBSPACE of M.

Suppose that X,...,X; are any given elements of the linear
manifold M, and consider the set M’ consisting of all linear combina-
tions of X;,..., X, i.e. the set of all elements of It having the form

[¢21 X1+°"+°‘ka’

where a,,..., o, are arbitrary scalars of §. It is then obvious that
M’ is a submanifold of M. By analogy with Definition 2.1.10 we
shall say that I’ is spanned (or generated) by X,,..., X, and we
shall call these elements generators of M’. Our terminology is then
clearly in agreement with that used in the special case of vector
spaces.

2.2.2. We next derive a series of results showing that the
operations of addition and multiplication by scalars in linear mani-
folds obey the same formal laws as those defined for vectors.

It is assumed throughout that M is a given linear manifold over
&, that X,Y,... are elements of M, and that «, B are scalars in §.

THEOREM 2.2.1. There exists a unique element ©, called the zero
element of M, such that, for all X € M,

X+0 =X. (2.2.1)

To prove the existence of such an element, let X, be any fixed
element in M, and let ® be a solution—known to exist by condition
(iii) in Definition 2.2.1— of the equation

X406 = X,
Let X be an arbitrary element of It, and let ¥ be a solution of
X,+Y = X.
Then, using conditions (i) and (ii) of Definition 2.2.1, we obtain
X140 = (Xg+¥)+0 = (T+X)+0 = Y+(X,+0)
=Y4+X,=X+Y =X.
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Thus M contains at least one element @ satisfying (2.2.1) for all
X e M. If @ is another such element, then

0’40 =0/,
040" =0.

Hence, in view of condition (i), @' = ©; and the uniqueness of ® is
therefore established.

TaeoreM 2.2.2. If X4+-U = Y+ U, then X = Y.

This result may be described as a cancellation law for addition.
To prove it we denote by U’ an element of I satisfying

U+U =0.
Then X+ U = Y+ U implies

X+U)+U = (Y+U)+U".
Hence, by (ii),
X+H(U+U)=Y+H(U+U),

ie. X+0 =Y40,
and so, by (2.2.1), X = Y, as asserted.

One of the postulates in Definition 2.2.1 was the solubility of the
equation Y4 U = X for U. We shall now show that this equation
has precisely one solution.

THEOREM 2.2.3. The solution U of the equation Y+U = X is
unique.

Let U, U’ be elements of M such that
Y+U =X, Y+U = X.
Then Y4+U=Y+U,
U+Y =U'+7,
and therefore, by Theorem 2.2.2, U = U’.

DEerinITION 2.2.3. The unique element U satisfying the equation
Y+U = X is denoted by X—Y. In particular, ®—X s denoted
by —X.

This definition implies the identity
(X—Y)+Y = X.
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THEOREM 2.2.4. Forall X e M
X+(—X) =0; X—X=0.
Denote by X' the unique solution of X+X'=0. Then
X' =0—X = —X,and so X+(—X) = O. Again, denote by X"
the unique solution of X+X" = X. Then X" = X—X. But, in

view of (2.2.1), X” = @ isalso asolution of theequation X + X" = X.
Hence X—X = 0.

TaEoREM 2.2.5. Forall X, Y e M
X—Y =X+(-7).
By condition (i) of Definition 2.2.1 and Theorem 2.2.4 we have
(=Y)+Y = 0.
Hence X+{(=Y)+Y} = X140,
and so, by condition (ii) and (2.2.1),
(X+(—-T)}+Y = X.

Thus the element U = X +(—Y) satisfies the equation Y +U = X.
But the unique solution of this equation is U = X—Y, and the
theorem therefore follows.

THEOREM 2.2.6. Forall X e Mand all « € §
0X =0,
a® = 0.
Using conditions (iv) and (v) of Definition 2.2.1 we have
aX+0X = (¢+0)X = aX = o X+0,
aX+a® = a(X+0) = aX = aX 40,
and the assertion now follows at once by Theorem 2.2.2.

THEOREM 2.2.7. For all X € M
(—-1)X = —X; —(—X) = X.
Using Theorem 2.2.6 and conditions (iv) and (vii) we have
0 = 0X = {14+(—1)}X = 1X4(—1)X = X4 (—-1)X.
Hence (=1)X =0—-X = —X.
This, together with conditions (vi) and (vii), implies
—(=X) = (=D){(=)X} = {-)(-)X =1X = X,
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Exercise 2.2.1. Show that, forall X e Mand alla € F,
(—a)X = —aX.
Exgrcise 2.2.2. Show that, forall X, Y e Mand all v, 8 € §,
(X —-Y) = aX—a¥,
(a—B)X = «X—BX.
ExErcisE 2.2.3. Show that, if a 7 0, X = 0, then oX # 0.

ExERrcisE 2.2.4. Let X,,...,, X}, be gencrators of a linear manifold M, and
let ¥3,...,Y; be any elements of M. Show that X,,..., X, ¥;,..., 1] are genera-
tors of M.

Exgrcise 2.2.5. If a linear manifold M is spanned by the elements
Xyseees X1, ¥y,..., ¥, and if each Y is a lincar combination of the X’s, show that
M is spanned by X;,..., X,.

+'2.3. Linear dependence and bases

2.3.1. Let M again denote a linear manifold over a reference
field §. Since every vector space is a linear manifold, the definitions
and results developed below apply (with appropriate verbal
changes) to the special case of vector spaces.

DEerFiNtTION 2.3.1. The elements Xy, Xj of M are LINEARLY
DEPENDENT if there exist scalars ay,..., oy, not all zero, such that

X+t a X, = 0. (2.3.1)

In the contrary case, i.e. when (2.3.1) implies oy = ... = o, = 0, the
elements X,,..., X, are LINEARLY INDEPENDENT.

It should be observed that linear dependence or independence is
a property of the unordered set of elements X ,..., X,.. An analogous
remark applies to a number of statements below.

For vectors over § Definition 2.3.1 states that x,,...,X, are
linearly dependent or linearly independent according as there
exist or do not exist scalars a,,..., o, not all zero, such that

a1x1+...+akxk = 0.
The concept of linear dependence will be seen to be of crucial
importance for almost all topics treated in this book.t

Exrrcise 2.3.1. Using Exercise 2.2.3 interpret the terms ‘linear depen-
dence’ and ‘linear independence’ for the case of a set consisting of a single
element only.

Exercise 2.3.2. Show that a set of linearly independent elements of a
linear manifold cannot contain the zero element.

t For geometrical applications of the concept of linear dependence see Bocher,
11, Chapter iii.



II, § 2.3 LINEAR DEPENDENCE AND BASES 49

ExErcisk 2.3.3. (i) Show thatif X,..., X,Y],... Y;arc linearly independent,
then so are X,..., Xj,. (ii) Show that if X,,..., X} are linearly dependent and
Y;,..., 1; are any elements, then X,,..., X}, Y;,...,Y; are linearly dependent.

DzeriNiTION 2.3.2. A BASIS of a linear manifold M is a finite
ordered set of elements X;,..., X, € M having the property that every
X € M is expressible as a unique linear combination of X,,..., X;. T

Thus the elements X,,..., X constitute a basis if every X € M is

expressible in the form
X = (¥1X1+...+Olk Xk’
where a,..., oy, are uniquely determined.}

If a basis exists in M, then it furnishes M with a ‘coordinate
system’, since we may regard the scalars o,..., oy, specifying X as
the ‘coordinates’ of X. This idea will be discussed at greater length
in § 2.4.

We shall frequently denote a basis by a single symbol, say B,
and shall indicate the fact that it consists of the elements Xj,..., X,
(in that order) by writing

- {X].""’ Xk}‘

It is, of course, obvious that if B is a basis of a linear manifold M,
then so is any (ordered) set B’ obtained by rearranging in any way
the elements in B. This fact suggests that it might be more con-
venient to regard a basis as an unordered set of elements. However,
the order of elements in a basis is relevant in any discussion of
‘representations’,§ and we prefer, therefore, to retain Definition
2.3.2 as it stands.

The total vector space B, has a basis consisting of the vectors
e,,...,e, defined by (2.1.2) (p. 43); for the vector (z,,...,%,) can be
written in the form

(Tppees @) = 2101+ . FT €y,
and this representation is clearly unique. We shall always denote
the basis {e,,...,e,} of B, by the symbol €.

Whereas the vector space B,, possesses a basis, the linear mani-
fold of functions continuous in the interval 0 < x << 1 has none.
Thus we do not know in advance whether a given linear manifold
possesses a basis, and the aim of the present section is to clarify the

1 What is here described as a basis is more commonly known as a finite basis.
b In other words, if X = oy X; 4+t X and X = of X;+.. +°‘th then
oy = 0‘1» o 0y = a

§ See § 2.4 and Cho,pter Iv.
5582 E
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situation. In particular we shall demonstrate that every vector
space possesses a basis.

2.3.2. THEOREM 2.3.1. Every basis of a linear manifold is a set
of linearly independent generators, and conversely.

Let {X,,..., X;} be a basis of a linear manifold M. Then X,..., X}
are obviously generators of M. Moreover, suppose scalars ay,..., a
are chosen such that

o Xyt ot X, = 0. (2.3.2)
In view of Theorems 2.2.6 (p. 47) and 2.2.1 (p. 45) we also have
0X,+..4+0X, = 0.
But the representation (2.3.2) of ® in terms of X,,..., X, is unique,
and therefore o, = ... = o, = 0, i.e. X,,..., X, are linearly inde-
pendent. This establishes the first part of the theorem.

To prove the converse, let X,..., X; be a set of linearly inde-
pendent generators of M. If X € M, then there exist scalars
B1--.s B such that

X =B X, +...+B Xp (2.3.3)
Suppose that we also have
X =y X+...+v:. X,

In view of Theorem 2.2.4 (p. 47) and Exercise 2.2.2 (p. 48) it
follows easily that

0 = (Bi—y) X1+ +(Br—vi) X
But X,,..., X, are linearly independent and therefore

Bi=7v1 o Be= e
The representation (2.3.3) of X is therefore unique, and so
{Xy,..., X} is a basis.

Some linear manifolds—for example that consisting of all
functions continuous in the interval 0 < « < 1—possess arbitrarily
large sets of linearly independent elements. However, our main
concern is with those linear manifolds for which that is not the case.

DeriniTiON 2.3.3. The DIMENSIONALITY d(MM) of a linear
manifold M vs the maximum value of r for which M contains r linearly
independent elements.t If mo such maximum value exists, then
d(M) = co.

+ If M is the null manifold, i.e. the linear manifold consisting of the zero
element only, we define d(M) as 0.
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The statement d(9M) = r (where » > 0) means, then, that M
contains at least one set of 7 linearly independent elements, but no
set of r-+1 (and therefore no set of more than 1) linearly inde-
pendent elements. In that case we say that M is r-dimensional.

A linear manifold M having finite dimensionality is said to be
finite-dimenstional. In contrast, if d(M) = co (i.e. if M contains
arbitrarily large sets of linearly independent elements), then I
is said to be infinile-dimensional.

ExERrcisg 2.3.4. Show that d(3;) = 1 and d(B,) = 2.

Exurcise 2.3.5. Let the clements X,..., X, of a lincar manifold Mt span
a submanifold M’. Show that d(M’) 1s equal to the maximum number of
linearly mdependent clements among X,,..., X,.

We are now able to establish the connexion between the dimen-
sionality of a linear manifold and the nature of its bases by showing
that if a linear manifold has a basis consisting of » elements, then
the dimensionality of that manifold is », and conversely.

Theorem 2.3.2. (Basis theorem for linear manifolds)

Let M be a linear manifold.

(i) If M has a basis of r elements, then d(M) = r and every basis
of M consists of r (lknearly independent) elements.

(i) If d(M) = r, then M has a basis of r elements and, indeed,
every set of r linearly independent elements is a basts of M.

It should be noted that this theorem asserts, in particular, the
existence of at least one basis in every finite-dimensional linear
manifold.

Let {E,,..., E,} be a basis of M and let X,,..., X,,; be any r+1
elements. Then there exist scalars ay; (i = 1,...,7; j = 1,...,7+1)
such that ,

X, =i§1aﬁEi (7 = 1,...,r+1).

Now, by Theorem 1.6.2 (p. 29), we know that there exist scalars
ty,eees tryy, DOt all 0, such that

Hence
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and so X,,...,X,,, are linearly dependent. In view of Exercise
2.3.3 (i) (p. 49) it follows that any s elements in MM are linearly
dependentifs > r. On the other hand, there exists a set of 7 linearly
independent elements, namely Z,,..., E,. Hence d(M) = r. More-
over, if M has another basis of »’ elements, then, by what has just
been proved, d(M) = r’ and so »’ = r. The proof of (i) is therefore
complete,

To establish (ii) suppose that d(IM) = r and denote by E,,..., E,
any set of » linearly independent elements in M. If X e M, then,
by the definition of r, the r+1 elements X, E,,..., K, are linearly
dependent, i.e. there exist scalars «, ay,..., a,, not all 0, such

oX+o B\ +...+o, B, =0, (2.3.4)

Now if « were 0, then (2.3.4) would imply the linear dependence of
E,,...,E,; hence o 7 0, and

X = (~_‘3‘—1)E1+...+(_51)E,.
(4 [0

Thus E,,..., E, are generators of M, and since they are linearly
independent they constitute, by Theorem 2.3.1, a basis of M. This
completes the proof.

Theorem 2.3.2 applies, in particular, to vector spaces; but in
that special case we can obtain a stronger result, since the finiteness
of dimensionality now follows as a consequence of definitions and
need not be taken as a separate postulate.

Theorem 2.3.3. (Basis theorem for vector spaces)

Let B be a non-null vector space of order n. Then B has finite
dimensionality r > 0, and (i) » < »n; (ii) any r linearly independent
vectors of B constitute a basis; (iil) every basis of B consists of r
(linearly tndependent) vectors.

In view of Theorem 2.3.2 it is sufficient to prove that the dimen-
sionality  of % is finite and satisfies the inequality » << n. Wehave,
infact, toshow that any n+1vectorsin 8,sayx,,...,X,,,, arelinearly
dependent. Write

X; = (xliv'-:xni) (i = 1,...,n+1).
We know by Theorem 1.6.2 (p. 29) that there exist scalarst,,..., ?, 4,

not all 0, such that

n+1
izlxk‘ti = O (k = 1,..., n).
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Now these relations are equivalent to the single vector equation

n+1l
2 tx, =0,
is1

and the proof is therefore complete.}
ExERCISE 2.3.6. Write out a proof of Theorem 2.3.3 without introducing
the notion of a linear manifold or quoting the result of Theorem 2.3.2.

Exzercise 2.3.7. Show that the vectors (a, b), (¢, d) constitute a basis
of B, if and only if ad # bc.

COROLLARY 1. The dimensionality of the total vector space B, is
n, and a basis of B, is simply a set of n linearly independent vectors
of order n.

Since B, possesses a basis € consisting of the n vectors e,,..., e,
it follows that d(%8,) = n. The remainder of the assertion is then
an immediate consequence of Theorem 2.3.3, (ii) and (iii).

CoROLLARY 2. If a vector space is of order n and has dimensionality
n, then it is the total vector space B,,.

In view of Theorem 2.3.3 (iii), any basis of the given vector
space B consists of n linearly independent vectors. But, by
Corollary 1, these n vectors span B,. Hence 8B, ¢ B, and since,
trivially, 8 ¢ 8B, we obtain 8 = B,,.

THEOREM 2.3.4. If B, B’ are two vector spaces of dimensionalities
r, v’ respectively and B c B’, then r < r'. Moreover, if r = r’, then
B =T

The vector space B contains a set of r linearly independent
vectors, and these also belong to 8’. Now B’ contains no set of
' +1 linearly independent vectors, and so r < r'+1,1e.r < r.

If Bc B’ and r = 7/, then B and B’ are both spanned by the
same set of r vectors, and so are identical.

2.3.3. We know by Theorem 2.3.2 that every finite-dimensional
linear manifold possesses a basis. We shall now prove that a basis
can be constructed if we start from an arbitrary set of linearly
independent elements in the linear manifold.

t For an alternative argument establishing the existence of bases in vector
spaces and the invariance of the number of basis elements see MacDuffee, 23,
206-7, or Lichnerowicz, 17, 9-12. The former treatment also includes & prbof of
Steinitz’s ‘replacement theorem’.
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Theorem 2.3.5. (Completion of basis)
Any set of linearly independent elements in a finite-dimensional
Uinear manifold M is part of a basis of M.

Let d(M) = r and let X,..., X, be a set of linearly independent
elements in M, so that & < r. If k = r, then, by Theorem 2.3.2 (ii),
X,,..., X, constitute a basis of I, and the conclusion of the theorem
therefore holds. If, on the other hand, & < r, then let us denote
by R the set of all linear combinations of X,..., X;. Now, in view
of Theorem 2.3.2 (i), X;,..., X, cannot generate M and so there
exists some element X, € M such that X, , € N. Now suppose

that ale—}‘...—{»aka—l—ockHXkﬂ == @.

Then o, = 0, for otherwise we should have X,,, € 0. Hence
o Xyt top X = 0,

and, since X,,..., X, are linearly independent, it follows that

a = .. = oy = 0. The elements X,,..., X, X, are therefore

linearly independent.

We have thus shown that if k¥ < and X,,..., X, are linearly
independent elements in N, then a further element X, € I can
be found such that X;,..., X, X, arelinearly independent. Repeat-
ing this process as often as is necessary, we ultimately obtain a
set of r linearly independent elements X,,..., X}, X;,y,..., X;. By
Theorem 2.3.2 (ii) these elements constitute a basis of M, and the
assertion is therefore proved.

COROLLARY. Any set of linearly independent vectors in a vector
space B s part of a basis of V.

2.3.4. Weshall conclude the presentsection witha brief discussion
of complements. It will be understood that U, U’ denote throughout
subspaces of B,,.

DEFINITION 2.3.4. The vector spaces W and U’ are COMPLEMENTS
(of each other) if every x € B,, has a unique representation of the form

x =u-+u’ (uel,u el). (2.3.5)

We first require a preliminary result.

THEOREM 2.3.6. Suppose that U, U are subspaces of B, whose
only common vector is 0. Ify,,...,y, are linearly independent vectors
in Wand z,,..., Z, are linearly independent vectors in W', then the r4-s
vectors Yyye.., Ypr Zy,--.» Z are linearly independent.
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Suppose that

51 YI+°"+arYr+Bl z1+-'-+lgs Zs = 0’
ie. Vit toy, = —(B1Z;+... B Z,).

Here the left-hand side is a vector in U and the right-hand side is &
vector in U’. But, by hypothesis, 0 is the only common vector of
U and U’, and therefore

Y, +...+ay, =0, Bizy+..-+B,z, = 0.

This implies that o =..=a, =p; =..=p, =0, and the
assertion therefore follows.

THeEOREM 2.3.7. The subspaces U, W' of B, are complements
if and only if 0 is the only common vector of U and W', and

dU)+d(U') = n.
First, let W and U’ be complements. Ifx belongs to both U and
U’ we may write
X =x}0 (xel, 0el),
x = 0+x 0el,xe ).

But the representation of x in the form (2.3.5) is unique, and so
x = 0. Thus 0 is the only common vector of U and U’".

Now write d(U) = r, d(U') = s. If either U or U’ is the null
space, then obviously r+s = n. We may, therefore, assume that
r>1,s>1. Let {y,....V,}, {Z,....Z;} be any bases of U, U’
respectively. Then, by Theorem 2.3.6,y,,..., ¥,, Z;,..., Z, are linearly
independent vectors. Since, moreover, every X € B, is represent-
able in the form (2.3.5), it follows that it is representable in the form

X =ooy+..+oy,+BZ+...+Bs Z,. (2.3.6)

Hence y,,...,¥,, Z;,-.., Z, are linearly independent generators of B,
and so, by Theorems 2.3.1 (p. 50) and 2.3.3 (ili) (p. 52),
r—4s = d(B,) = n.

Next, suppose that 0 is the only common vector of U and W',
and that d(U)+d(U') = n. Write, as before, d(U) = r, d(U') = s,
and denote by {y,..., ¥,}, {Zy,..., Z,} bases of U, U’ respectively. Then,
in view of Theorem 2.3.6, the vectors y,,...,¥,, Zy,..., Z, consfitute
a basis of 8,; every x € B,, can therefore be represented in the
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form (2.3.6), and so in the form (2.3.5). Therepresentation (2.3.5)is,
moreover, unique; for if we have

X=udu, X=v4Vv (u,vel; u,v. e ll'),
then u—v=v-—-u'
Nowu—ve U, v'—u’ € U, and since 0 is the only common vector

of U and U’ we have u = v, u’ = v’. The theorem is therefore
proved.

If B, B’ are two sets of objects we shall denote by B U B’ the
set consisting of all objects belonging to at least one of B, B’. Two
sets of objects are said to be disjoint if they possess no common
object.

THEOREM 2.3.8. Let B, B’ be any bases of U, U respectively.
Then U, W are complements if and only if B, B’ are disjoint and
B U Bt ¢s a basis of B,.

Let d(¥) = r, d(U') = s, and write

B = {YI""7Yr}» B = {Zl"“’zs}'

If U, W’ are complements, then, by Theorem 2.3.7, r+s = n and
0 is the only vector common to U and U’; so that, in particular,
B, B’ are disjoint. It follows by Theorem 2.3.6 that the n vectors
Yise-s Yps Zysee., Zg are linearly independent and so constitute a
basis of B,,. In other words, B U B’ is a basis of B,,.

Assume, next, that B, B’ are disjoint and that B U B’ is a basis
of B,. Then r+s = n. Moreover, if x € U, x € U, then there
exist scalars «,..., o, By,..., Bs such that

X =0 Y+..+oy, = B Z;+...4+BZ,.
Hence Y+t o Yo+ (—B)zy+ o+ (—Bs)z, = 0.

But y,,..., ¥, Zys...,Z, constitute a basis of 8, and so are linearly
independent. Thus

Gy=..=a=p=..=F=0.
Hence x = 0, i.e. 0 is the only vector common to U and U’. It
follows, by Theorem 2.3.7, that U, U’ are complements. The proof
is therefore complete.
EXERCISE 2.3.8. Let B, € be bases of i, and B’, €’ bases of U’. Show
that if B, B’ are disjoint and B U B’ is a basis of B,, then €U €’ is also a
basis of By,.

t The vectors in B U B’ may, of course, be ordered in any way.
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We have, so far, derived a number of properties of complements
without having yet considered the question of their existence.
However, the theorem just proved enables us to settle this question.

THEOREM 2.3.9. Every subspace of B, possesses a complement.

Let U be a subspace of B, and let {x,,...,X,} be a basis of U. By
the corollary to Theorem 2.3.5 there exist vectors X,,,...,X, such
that {X,,..., X, Xp41,---, X,,} is & basis of B,. By Theorem 2.3.8 the
vector space U’, defined as the space spanned by X,,y,...,X,, is &
complement of .

The completion of the basis {X;,...,X,} of U, made use of in the
above proof, does not lead to a uniquely determined basis of B,.
There is, therefore, no reason to suppose that the complement of 1
is unique; and, in fact, if 0 < d(U) < n, it is easy to verify that it
is not.

ExEercise 2.3.9. Extend the theory of complements to more than two
subspaces of B,.

2.4. Vector representation of linear manifolds

2.4.1. So far we have been careful to distinguish between the
general notion of a linear manifold and the special instance of a
vector space. We shall now see, however, that for many purposes
this distinction need not be maintained.

Itis necessary, first of all, to introduce the concept of isomorphism.
Roughly speaking we call two mathematical systems isomorphic if,
however they may differ in the nature of their elements, they
possess the same structure. This means that it is possible to set up
a biunique correspondence between the elements of the two systems
in such a way that there is also an exact correspondence between
the operations involved in the definitions of the two systems. In
the case of linear manifolds the operations in question are, of course,
those of addition and multiplication by scalars.

We shall use the symbol <> to denote biunique correspondence.
Thus X <> X’ (X e M, X' € M) means that a biunique corre-
spondence has been set up between I and M’ and that in this
correspondence the element X of 9 is associated with the element
X' of M.

The definition of isomorphism for linear manifolds may now
be framed as follows.
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DEeFINITION 2.4.1. Two linear manifolds M, M’ over a reference
field § are 130MORPHIC (in symbols: M =~ M') if a biunique
correspondence X <> X’ (X e M, X' € M') can be set up between
M and M’ in such a way that, whenever X <> X', Y < Y', a € §,
we have oX <> aX’ and X+ Y <> X'+ Y'. The correspondence itself
18 called an ISOMORPHISM between M and M.

In other words, M ~ M’ if a biunique correspondence can be
set up between M and M’ such that, for all X, ¥ € M and all
a€F, (aX) =aX and (X+Y) = X'+7Y’, where Z’ denotes
the (unique) element of M’ which corresponds to Z in M.

It is instructive to express the same idea in yet another way by
making use of the functional notation. An isomorphism between
M and WM’ is a “function’ $(X) defined uniquely for all X € M and
having the following properties. (i) For every X, ¢(X)is an element
of M’. (ii) Given any element X' € M’, there exists precisely one
element X € M such that ¢(X) = X’. (iii) For all X,Y € M and
all e § we have ¢(aX) = ad(X) and ¢(X+Y) = ¢(X)+H(Y).

Two linear manifolds are, of course, said to be isomorphic if there
exists an isomorphism between them.

EXERCISE 2.4.1. Show that the correspondence X < ¢X, where o is any
fixed non-zero scalar, is an isomorphism of Mt with itself.

ExERCISE 2.4.2. Show that tho correspondence (x4, z,) <> (¥, —2,) is an
isomorphism of B, with itself.

It follows at once from Definition 2.4.1 that if MM ~ M’ and
X, <> X; (X;eM X;e WM, 1= 1,.,k) and if oy,.., 0, € &, then
oy Xi+ oo X <> o Xy tay, Xy
Thus, if M and M’ are isomorphic and we form a linear combination
of some elements in M and the same linear combination of the
corresponding elements in 9¢’, then the resulting elements in Mt and

M’ again correspond to each other.

Some further properties of isomorphisms between linear mani-

folds may easily be inferred.

THEOREM 2.4.1. If M =~ ', then the zero elements in M and MW’
correspond to each other.

For let X e M, X' € M’ be any elements such that X «> X".
Then .OX <> 0X'i.e. 0 <> ', where ©, O’ are the zero elements of
M, M’ respectively.
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THEOREM 2.4.2. Isomorphism preserves linear dependence and
independence. More precisely, if M ~ M’ and X; <> X (X;e M,
X, eW, ¢ =1,.,k) and if X,,..,X, are linearly dependent
(linearly independent), then X3,..., X}, are linearly dependent (linearly
independent).t
Let ©, ®' denote the zero elements of 9, M’ respectively.
Suppose that X,,..., X, are linearly dependent, i.e. that there exist
scalars ay,...,a;, not all 0, such that
oy X+t Xp = 0.
Then, in view of Theorem 2.4.1, we have
o X1+t X = 0.
Hence X3,..., X}, are linearly dependent. Again, since isomorphism
is a symmetrical relation, it follows that linear dependence of
Xj},..., X}, implies linear dependence of X,,..., X;. The proof of the
assertion is therefore complete.

As an immediate consequence of Theorem 2.4.2 we have the
following result.

COROLLARY. If two linear manifolds are isomorphic they have the
same dimensionality.

We are now in a position to show in what sense the study of linear
manifolds can be replaced by that of vector spaces.

Theorem 2.4.3. (Isomorphism theorem for linear manifolds)

Every linear manifold M over §, which has finite dimensionality r,
18 1somorphic to the total vector space B, ().
Let B = {E,,..., E,} be any basis of M. Then, corresponding to
each X € M, there exist unique scalars z,,...,x, such that
X =z E+..+xE,.
A biunique correspondence between the elements of It and those
of B, may now be specified by the scheme
X =x,E+..42,E < (r,.,2) =X (x € B,).
It is then clear that, for every o € §, «X corresponds to ax. Again,

if Y € M corresponds to y € B,, then X+ Y corresponds to x+y.
This proves the theorem.

+ The form of statement ‘if P(Q) then R(S)’ means that P implies:R, and
Q implies S.
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DerINITION 2.4.2. If B = {E,,..., E,} s a basis of M and the
element X € M has the form X = x, B,+ ...+, E,, then the vector
X = (ty,..., ,) 18 said to REPRESENT X with respect to B ; and we
write x = R(X; B).

The scalars 2,,..., ¥, may be referred to as the coordinates of X
with respect to B.

We have thus arrived at a representation of M by B, which
preserves the structure of M. This representation is not, however,
unique since it depends on the arbitrary choice of a basis in .
By varying this choice of basis we obtain different representations
of M by B,.

ExErcrsgE 2.4.3. Show that if B 1s any basis of M and © is the zero
element, then 0 — #(0; B).

ExEgrcisE 2.4.4. Prove that if two linear mamifolds have the same
finite dimensionality then they are 1somorphie.

For the special case of vector spaces, Theorem 2.4.3 reduces to
the following result.

CoROLLARY. A wector space of order n and dimensionality r s
1somorphic to the total vector space of order r.

ExgrcisE 2.4.5. Illustrate this corollary by considering the vector space
consisting of all vectors of the form (0, zg,...,2,).

ExERrcisE 2.4.6. Let B be a basis of B,. If x,y € B,, explain what is
meant by the statement ‘x represents y with respect to 8’. Show that every
vector in B, represents itsclf with respect to €.

2.4.2. A vector space which is isomorphic to a linear manifold
is said to represent it, and the importance of such representations
lies in the fact that they furnish us with a simple and effective
technique for studying the properties of linear manifolds. In view
of this we shall from now on confine our attention for the most
part to vector spaces and return only occasionally to the more
general idea of a linear manifold. Nevertheless, it is sometimes
more illuminating to think in terms of linear manifolds rather
than in terms of vector spaces representing them. For in the
n-dimensional vector space B,, we have a favoured basis {e,,..., e,},
and any vector (x,...,,) is expressible in the simple form

(T1yee0s 2,) = 2y €340 4T, €.

Ina ﬁpear manifold, on the other hand, all bases are of exactly the
same standing; and while the existence of a favoured basis in a
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vector space makes for convenience of calculation, it may obscure
some of the essential features of the problem.

Representation of a given linear manifold M by a vector space is
possible, as we have seen, in more than one way. Indeed, it is clear
from the proof of Theorem 2.4.3 that each choice of a basis in M
leads to a different isomorphism between M and B,. All such
representations of M by B, are of equal status, none having
precedence over any other. We should think of 9 as an entity
possessing infinitely many representations in terms of B,, but
existing independently of them all.

The idea of representing a linear manifold by a vector space is,
of course, already familiar to the reader since it is virtually the
same as that of representing points by means of cartesian co-
ordinates. This representation of points is arrived at in the
following manner. Let & be ordinary three-dimensional space.
If an origin O is fixed, then with every point X of & is associated

a unique directed segment 53( .1 By obvious geometrical construc-
tions the directed segments can be added together and multiplied
by real scalars, and it is easy to verify that, with respect to these
operations, they constitute a linear manifold M.

Every choice of coordinate axes, rectangular or oblique, through
O is equivalent to a choice of basis in M. For let a system C of
coordinate axes through O be given and let 4,, 4,, 4, be points on

— — —
the axes such that the segments 04,, OA4,, O4,, measured posi-

— —
tively, are all of unit length. Then 04,, 0A4,, 0—:43 are linearly
independent elements of IM; and if the coordinates, with respect
to C, of a point X are (x,, x,, x3), then

- —> — —
OX = x, 0A,+x,04,+x, 0A,.

Thus 6;11, 0_;12, 0—_;43 constitute a basis of M; and conversely, every
choice of basis in M (together with a choice of scale) determines a
unique coordinate system in &.

If now the coordinates, with respect to C, of points X, Ye &
are (,,%,,%3), (¥1,Ys Ys) respectively, then the coordinates of

points corresponding to the segments a0_5( ) 53( —|—07' are
(atty, oy, ag), (X,+Yq, Xo+Y,, 23-+Yys). Hence M is isomorphic to

t The directed segments are often referred to as ‘position vectors’ of points
with respect to O.
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B, and each choice of axes in G (i.e. each choice of basis in )
leads to a different mode of representation of M by B,.
Situations of the above type where an entity (such as, for instance,
a linear manifold) admits of infinitely many representations but
exists independently of them are quite common in algebra, and we
shall meet further instances when we come to consider linear,
bilinear, and quadratic operators in Chapters IV and XII.

2.5. Inner products and orthonormal bases

2.5.1. Let a system of rectangular coordinates be introduced
in three-dimensional space, and let (z;,%,,%3), (¥1,¥2 ¥s) be the
coordinates of two points. We may think of these triads as vectors
x,y. The expression

Y1 F Y2t 23Ys

(which is familiar from elementary geometry) is called the scalar
product or inner product of x and y. This notion is obviously capable
of generalization to any number of dimensions. If x = (zy,...,2,)
Y = (435---»Yn) are two real vectors we shall define their inner
product (X,y) as the expression

x,y) =291+ + 2 Yn- (2.5.1)
We shall also define the length |x| of the vector x as
x| = 4+(x,x)} = +(2]+...+a})t (2.5.2)

When n = 2 or n = 3, and a system of rectangular cartesian
coordinates is given, then x can be identified (in the obvious way)
with a position vector. In that case |x|is simply the length of the
position vector.

The definitions just given are no longer appropriate when we
deal with complex vectors. We shall, therefore, introduce modified
definitions of inner product and length for the general case of
complex vectors; these definitions will naturally reduce to (2.5.1)
and (2.5.2) when the vectors are real. It is to be understood that
all vectors and scalars which occur below are complex unless the
contrary is stated. As usual  denotes the complex conjugate of £.

2.5.2. DEriNiTION 2.5.1. The INNER PRODUCT (X,Y) of two
complex vectors X = (Ty,..., &), ¥ = (Y15e--» Yn) 18 defined as

N (%,¥) = Ty Y1+ +Tp Yo
A number of identities follow trivially from this definition.
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THEOREM 2.5.1.
@) (xy) =@x);
(ii) ofx,y) = (ax,y) = (X,0¥);
(i) (x+y,z) = (X,2)+(y,2),
(x,y+z) = (X,y)+(x,2).
COROLLARY. If X,y are real vectors and o a real scalar, then
(x,y) = (¥, X),
«(X, y) = (aX, y) = (X, ay).
DEFINITION 2.5.2. (i) The LENGTH (or NORM) |X| of the complex
vector X = (zy,..., &) is defined as
x| = +(x,X)}F = (|24 4|, D
(ii) T'he expression |x—y | will be called the SEPARATION of xandy.
When n = 2 or 3 and the vectors are real, these ideas have a
simple geometrical interpretation. Consider the case n = 3. If a

system of rectangular coordinates is introduced in ordinary
geometrical space G, every point P becomes associated with a

definite vector 0—;’ = x with components (z, ¥, z); and we thus have
a biunique correspondence between the points of & and the
vectors of B,. If P, Q are any two points and X, y are the corre-
sponding vectors, the separation [x —y| of the vectors is simply the
distance PQ. The length of the vector X, on the other hand, is
equal to the distance of the point P from the origin O.

We return now to the consideration of complex vectors and note
that |x| is always real. Moreover, [x| > 0 for all X, and [x| = 0 if
and only if x = 0. Again it is clear that

lox] = |of. [x|.¥
ExrrcisE 2.5.1. Show that [x—y| = |y—x].

We next consider some inequalities connected with inner
products.

THEOREM 2.5.2. l(x, )] < |x] |y]-

To prove this result we write X = (&;,...,2,), Y = (¥1,---»¥»)- The
assertion then becomes

"< (3 ) 2 o l)-

t The reader should be careful to distinguish between the two uses of v.rtical
bars; |«| denotes the modulus of the number « and |x| the length of the vector x.

n -
> &Yy
r=1
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This is the inequality of Cauchy and Schwarz for complex numbers.
We may establish it by observing that

n n o
0 < zllxrys_xsyr|2= 2 (xrys_xsyr)(irgs_xsyr)

r,s= r,8=

= Z (@ &, Ys P50 B Yp Y — 2, Gr Ty Y™ Ty Yr X Fs)

r, 8=

= 2(r§1xr :Er) (sglys gs) - 2(;§15r yr) (sglxs .773)

2

=2 3 I l?)( 3 0 ) 2| 2 70|
TueorEM 2.5.3. (Triangle inequality)
x4yl < X[+l (2.5.3)
Using Theorem 2.5.1, (iii) and (i), we obtain
[X+y[? = (X+y,X+Yy) = (X,X)+(¥,¥)+(X,Y)+(¥,X)
= X[+ [¥ P+ 9) (%)
< XPHy P42, y)]-

The assertion now follows by Theorem 2.5.2.

Theorem 2.5.3 may be restated in the form
x—y| < x—z|+|y—z|
If this inequality is interpreted for the case of real vectors of order
2, it is seen to state that the sum of two sides of a triangle is not
smaller than the third side. It is for this reason that (2.5.3) is called
the ‘triangle inequality’.
2.5.3. DErFINITION 2.5.3. (i) A vector X s @ UNIT VECTOR if

|x| = 1. (ii) The process of replacing a non-zero vector X by the unit
vector |X|~1X is known as NORMALIZATION of X.

The next definition is suggested once again by analogy with
elementary geometry. If the inner product of two real vectors of
order 2 or 3 vanishes, then the corresponding directed segments are
orthogonal to each other. We now extend the notion of orthogon-
ality to complex vectors of arbitrary order.

DpriniTiON 2.5.4. The vectors X,y are ORTHOGONAL (to each
other) if (x,y) = 0.
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The wording of the definition suggests that orthogonality is a
symmetrical relation. This is, in fact, the case since (X,y) = 0
implies (y,x) = 0.

ExErcisE 2.5.2. Show that if X is orthogonal to every vector of a basis
of a vector space B, then it is orthogonal to every vector of B.

Exgrcise 2.5.3. Show that orthogonality is not preserved by iso-
morphism, i.e. if the vector spaces U, U’ are isomorphic and x, ye U
correspond to x’, y’ € U’ respectively, then the relation (X,y) = 0 does not
imply (x’,y’) = 0.

DEeriNtTION 2.5.5. (i) The vectors X,,..., X, form an ORTHOGONAL
SET if they are orthogonal in pairs. (ii) The vectors X,,..., X;, form an
ORTHONORMAL SET if they are orthogonal in pairs and each vector s
a unit vector.t

If a basis of a vector space is an orthogonal (orthonormal) set,
we call it an orthogonal (orthonormal) basis.

From an orthogonal set of non-zero vectors we can at once obtain
an orthonormal set by normalizing each vector.

THEOREM 2.5.4. If a number of non-zero vectors form an orthogonal
set, then they are linearly independent.

For let x,,...,x,, be non-zero vectors such that
(X,,%x,) = 0 (r,8 = 1,...,m; r 7~ 8).
If «,..., a,, are scalars such that
X+ Fo, X, =0,
then, forming inner products with x,, we obtain
g (Xpy Xq) oo o (X, X)) = 0.

Hence «,(Xx,,X,) = 0 and so «, = 0. Since this result holds for
r = 1,...,m, the theorem is proved.

CoroLLARY 1. The vectors of an orthonormal set are linearly
independent.

COROLLARY 2. If n non-zero vectors of order n form an orthogonal
set, then they constitute a basis of the total vector space B,,.

t It is sometimes more convenient to speak of ‘orthogonal vectors’ or ‘ortho-
normal vectors’ when we refer to an orthogonal set or an orthonormal set of
vectors. An orthonormal set of vectors consisting of a single vector is, of gourse,
& unit vector.

5582 F
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For, in view of the theorem just proved, the n vectors are linearly
independent. Hence, by Corollary 1 to Theorem 2.3.3 (p. 53),
they constitute a basis of B,,.

Exercise 2.5.4. Suppose that the vectors uy,...,u,€$8, form an
orthonormal set. Show that any vector v € 8,, can be expressed in the form

n
v =‘21(u.-, v)u;.

We shall next turn to the question of orthonormal bases. The
total vector space B, clearly possesses at least one orthonormal
basis, namely, €. It is not, however, obvious whether 8,, possesses
an orthonormal basis containing a given set of orthonormal vectors,
though geometrical intuition suggests that this is the case. Again,
in dealing with a vector space other than a total vector space we
do not as yet know whether an orthonormal basis need exist at all.
These questions will now be settled.

Theorem 2.5.5. (Theorem on orthonormal bases)

Every mon-null vector space B possesses an orthonormal basis.
Moreover, every orthonormal set of vectors in B is part of an ortho-
normal basis of B.

It is instructive to note the resemblance between this result and
the corollary to Theorem 2.3.5 (p. 54).

We need only prove the second assertion since the first then
follows as a trivial consequence. Write d(8) = r (= 1) and let
Xy,...,X;, be an orthonormal set of vectors in 8B, where 1 <k <.
By Corollary 1 to Theorem 2.5.4 and the corollary to Theorem 2.3.5
there exists a vector x € B such that Xx,,...,X,,X are linearly
independent. The vector y € B, given by

Y = X— (X, X)X, — 0. — (Xp X)X,

is then non-zero and is evidently orthogonal to each of x;,...,X;.
Since y can be normalized we see that to every orthonormal set of
k (< r) vectors in B we can add a further vector such that the
augmented set is again orthonormal.

The proof of the theorem is completed by a repeated application
of this result.} Forif,,...,E,, is an orthonormal setin Band m = r,
then the assertion is trivial, while if m < r, then we can successively
find unit vectors §,,,,,...,, such that §,,...,§,,,E11,..,8, i8 an
orthonormal set, and therefore an orthonormal basis of 8.

1 Compare the proof of Theorem 2.3.5.
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Exgroise 2.5.5. Give a geometrical interpretation for the construction
of orthonormal bases in real spaces B, and B,.

The principle underlying the construction carried outin the proof
above can be put even more explicitly. We are concerned with the
problem of obtaining an orthogonal set of » vectors (in 8,) from
any given set of n linearly independent vectors. The procedure by
means of which this object is achieved—known as Schmidt’s
orthogonalization process—will be used in the proof of the next
theorem.

THEOREM 2.5.6. If X,,..., X,, are linearly independent vectors in
B,,, then scalars ¢; (1 <j < i< n) can be found such that the
vectors ¥y,..., Y, given by the scheme

Y1 =%
V2 = X +X,
Y3 = 031X1+632x2+xa , o (2.5.4)

y *01»13\1+c1z2x2+ +cﬂn‘1xn 1+X

form an orthogonal set of mom-zero vectors.

Consider the vectors y,,..., y, defined by the formulae

y.=% ]
(yl’xz)
=X
Y 2™ ¥ Yl)YI

(Y15 X3) (Yz,xa)

=X > . 2.5.5
Ys s (Y1:Y1) (Y2: Y2)y ( )
(yl’ n) (Yn-l’ n)
=x Vy— i 2n=l 2]
- " (Yp Y1) (Yn-—an 1)yn !

To show that these definitions have a meaning we must verify that
sach y, 7 0. This is done by induction. We clearly have y, # 0.
Assume now that, for some k > 2, y,,...,¥,_, are all non-zero. Then
the definition of y, in (2.5.5) is significant and we recognize, further-
more, that y, is a linear combination of x,,...,X, in which X, has the
soefficient 1. Since X,,..., X, are linearly independent it follows that
y. # 0. Thusy, ##0,...,y, # 0.

We next show, once again by induction, that y;,...,y, form an
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orthogonal set. Assume that, for some k > 2, y,,..., ¥4, form an
orthogonal set. Now

(y'ka)
7 (Vi ¥3)

and therefore, forming the inner product (¥, ¥x) where 1 < j <k,
we obtain

Yi = Xp— Yo

(¥, Yi) = (¥} %) — g: ’;’3 (¥, ¥2)
= (¥;,Xy)— (y” ")(y,y)—
7 v, y,) "

Thus y,,..., ¥, form an orthogonal set. To complete the proof of the
theorem we need merely to note that yi,..., y,, as defined by (2.5.5),
can, in fact, be written in the form (2.5.4).F

ExERCISE 2.5.6. Let x,,...,X,, be lincarly independent vectors in 8, and
suppose that the first 7 of them form an orthogonal set, If y,,...,y, are the
vecvors defined by (2.5.5), show that y, = x;, (k = 1,...,7).

2.5.4. In the discussion below U denotes a subspace of the total
vector space B,,.

DerFiNITION 2.5.6. The ORTHOGONAL COMPLEMENT of U is the
set of all vectors in B, which are orthogonal to every vector in U.

ExERCISE 2.5.7. Show that the orthogonal complement of 9, is the null
space, and that the orthogonal complement of the null space is B,,.

THEOREM 2.5.7. If U’ is the orthogonal complement of U, then
(i) W is a vector space; (ii) the orthogonal complement of W is U;
(iii) d(U)+d(W') = .

The verification of (i) is immediate. To prove (ii) and (iii) write
d(U) = r. The cases r = 0 and r = n have already been dealt with
in Exercise 2.5.7 and we may, therefore, assume that 0 < r < u.
Let {x,,...,X,} denote an orthonormal basis of . By Theorem 2.5.5
there exist vectors X, ,,,...,X,, € B, such that {x,,...,X,, X,,q,...,X,,}
is an orthonormal basis of B,. Every x € 8, is then expressible in

the form o _ o % oo X, Aoy X, g e, X,

t For some interesting applications of Schmidt’s orthogonalization process to
certain infinitely-dimensional linear manifolds whose elements are functions see
Jackson Fourier Series and Orthogonal Polynomials, 1561-4, and Courant and
Hilbert, Methods of Mathematical Physics, vol. i, chap. ii, §§ 1, 8, 9.

1 We do not know at this stage whether the orthogonal complement of i is a
complement of U. This question will be settled below.
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By Exercise 2.5.2 (p. 65) x € U’ if and only if

(X,X) = ... = (X,,X) = 0,
ie.ifand only if o; = ... = o, = 0. Thus x € U’ if and only if it
is of the form X = 0pyy Xy gty X,

Therefore U’ is the vector space spanned by X,._,,..., X,. It follows by
symmetry that the orthogonal complement of U’ is spanned by
X;,..., X, and so is identical with i. Moreover, d(U’) = n—r, and
therefore d(U)+4-d(U’) = n.

THEOREM 2.5.8. The orthogonal complement of U is a complement
of U.

Let U’ denote the orthogonal complement of U. Ifx € U,x € W,
then (x,x) = 0and sox = 0. Thus 0 is the only vector common to
U and U'. Moreover, by Theorem 2.5.7 (iii), d(U)+d(U') = n.
Hence, by Theorem 2.3.7 (p. 55), U and U’ are complements.

ExEercisE 2.5.8. Let U be a subspace of B,,. Show that, given any vector

X € B, there exist unique vectors y,z € 8, such that
X =Yy+z, yel, (y,z) = 0.

In our discussion of inner products we confined ourselves to
vector spaces and did not attempt to consider linear manifolds.
It should be pointed out, however, that the notion of inner product
can be based on a set of abstract postulates and axiomatized in
much the same way as the notions of vector addition and multiplica-
tion by scalars. Since it is not essential for our purpose to pursue
this topic, we refer the reader elsewhere for details.

PROBLEMS ON CHAPTER II

1. Show that the set & of numbers of the form a+-b+/(—5), where a and b
are arbitrary rational numbers, is a field. Show also that & is not a field if
a and b are allowed to take integral values only.

2. Show that if a number of vectors span a vector space U, then they
contain a basis of U.

3. Let U be the set of all vectors (z,y) whose components satisfy the
relations ax+by = 0, cx+dy = 0, where a, b, ¢, d are given numbers. Show
that U is a vector space and determine its dimensionality in terms of a, b, ¢, d.

4. Let X,,..., X, 13,..., Y, be elements of a linear manifold. Let u be the
maximum number of linearly independent elements among Xj,..., X,, and
v the maximum number of linearly independent elements among Y3,.0.,Y,.

1 See Birkhoff and MacLane, 3, 183-9, and Stoll, 7, 214-25.
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Show that the maximum number of linearly independent elements among
Xiyeees Xy Y55ee., Y, does not exceed p+v.

5. Let Xi,..., Xp, ¥35..., Y, be elements of a linear manifold and suppose
that each Y is a linear combination of the X’s. If u denotes the maximum
number of linearly independent elements among the X ’s and v the maximum
number of limearly independent clements among the Y’s, show that v < u.

6. Let m > 2, and let X,,..., X,, be any non-zero elements of a lincar
manifold. Show that these elements are linearly dependent if and only if at
least one of them is a linear combination of the elements preceding it. Hence
deduce Theorem 2.3.5 (p. 54).

7. Show that a subset M of a linear manifold M is a submanifold if and
only if it is closed with respect to multiplication by scalars and addition.

8. A subspace U of B, is spanned by the vectors (2, —1,0,1), (6,1, 4, —5),
(4,1,3,—4). Find an orthonormai basis of .

9. Show that the vectors (2, —3, 1), (0, 1, 2), (1, 1, — 2) constitute a basis of
B3, and find the vector representing («, 8,y) with respeet to this basis.

10. Prove that, with respect to suitable definitions of multiplication by
scalars and addition, the sct of all polynomials in ¢, of degree < 2, is a linear
manifold I of dimensionality 3. When do three given quadratic polynomials
J1(2), f4(2), f4(t) constitute a basis of M ?

Show that {t2+¢, t2—t, t-+1} is a basis of M, and obtain the vector re-
presenting 2¢2— 7t+ 3 with respect to this basis.

11. Prove that, for any two complex vectors x and y (of the same order),

[x+y[*+ x—y[* = 2|x[*+2]y]%

Give a geometric interpretation of this result for the case of real vectors of
order 2.
12. Show that, for any orthogonal set of complex vectors X,,..., X,

k
2 X,
v=1

2 k
= z |va2'
v=1

Give a geometric interpretation of this result for the case of two real vectors
of order 2.

13. Let Xx,,...,X; be an orthonormal set of complex vectors. Show that,
for any vector x, k
VEII(X,XV) [* < %%

with equality if and only if X is a lincar combination of X,,..., X;. (Thisis
known as Bessel’s inequality.) Hence deduce Theorem 2.5.2 (p. 63).

Also deduce that, if {X,,..., X,} is an orthonormal basis of B,, then, for
any X € B,,, n
2 |, %) = |,
My

14. By considering the expression [AX+y |? as a quadratic in A, prove that,
for all real vectors x,y,
. 3| < [x] |yl

Extend the method of proof to the case of complex vectors.
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15. Let {X,} be a sequence of vectors and X some vector in a vector space.
If, as n > oo, [Xx,—X| - 0, we say that x,, - X. Prove the following results.
(i) If x, - X%, X, X', then x = x’.
(ii) If x, > x, y, >y, then ax,+By, - ax+pBy.
(iii) If x, - X, y, =y, then (X,,y,) > (X,¥).
() If |x,—x,| > 0 as m,n — co, then there exists a vector X such that
X, > X.

16. Show that if the subspaces U, U’ of B, are orthogonal complements,
then 0 1s the only vector common to U and U’.

17. Show that two subspaces U, U’ of B,, are complements if and only if
0 is the only vector common to il and W’, and every x € 8,, can be expressed
in the form x = y+y’, wherey e U,y e U’.

18. Let U, B be two subspaces of B, and let B’ be a complement of B.
Show that, if B c U and the only vector common to U and B’ is 0, then
U=2.

19. Let U, BV be subspaces of B, and let U’, B’ be their orthogonal
complements. Show that U ¢ B implies B’ c U’ and that U c B’ implies
B cl.

20. A subspace U of B, consists of all vectors (x,, ,, £;) which satisfy the
relations 3x,+4x,—x; = 0, x,—52,+x; = 0. Determine a basis of the
orthogonal complement of .

21. The subspace U of B, is spanned by the vectors (1,0, —1,2) and
(—1,1,1,0). Show that the orthogonal complement U’ of U is the set of
veetors of the form (x—2B, —28,«,8), where o, are arbitrary numbers.
Also find an orthonormal basis of ’.

22. Let U,,..., U, be subspaces of the total vector space B,, and suppose
that every x € 8, can be expressed in the form x = y,+...4yy, where
¥: € Us,..., ¥ € U, Show that there exists a basis of B, every vector of
which belongs to some U,. Deduce that d(U,;)+...4-d(Up) > n.

23. Let U, B be two subspaces of B,. Let U+ B denote the set of all
vectors in O, expressible in the form x+y, where x € U, y € B; and let
U n B denote the set of all vectors common to U and B. Show that U+ B
and U n QB are vector spaces, and that

AU+B)+d(U n B) = d(U)+d(B).
What becomes of this result when U, 8 are complements ?



III
THE ALGEBRA OF MATRICES

THE algebra of matrices was first developed systematically by
Cayley in a series of papers which began to appear in 1857, and most
of the results derived in the present book were discovered during
the second half of the last century. Our aim in this chapter is to
consider in some detail the elementary notions in the theory of
matrices.

3.1. Elementary algebra

Mathematicians often find themselves compelled to introduce
new types of entities and to define operations applicable to these
entities. It then becomes a matter of considerable importance to
determine to what extent the operations so defined resemble the
familiar operations of elementary algebra. Thus, in the previous
chapter we introduced certain objects called ‘vectors’ and, having
defined two operations (addition and multiplication by scalars) to
which vectors could be subjected, we proceeded to study the formal
nature of these operations. A similar programme is to be carried
out in the present chapter with respect to matrices, whose definition
we defer till the next section. THere we shall also define operations
applicable to matrices and shall investigate to what extent the
resulting matrix laws reflect the structure of the number system.
It will, therefore, be useful at the present stage to enumerate
briefly the basic algebraic laws valid for real and complex numbers.

We recall, in the first place, that any two numbers @ and b are
either equal (@ = b) or unequal (a # b).

The fundamental operations in number algebra are those of
addition and multiplication, both operations being applicable to
pairs of numbers. The result of adding a and b is a number which
is called their sum and is denoted by a-b; the result of multiplying
a and b is a number which is called their product and is denoted
by a.b or ab. Addition and multiplication are both commutative:

a+b = b+ta, ab = ba.

L 3
In other words, it is immaterial in which order the terms of a sum
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or the factors of product are taken. Addition and multiplication
are, furthermore, both associative:

a+(b+c) = (a+b)+c, (3.1.1)

a(bc) = (ab)c. (3.1.2)

These results imply that we may, without danger of ambiguity,
remove the brackets and write simply a--b+-c for either side of

(3.1.1) and abc for either side of (3.1.2). Hence we may also remove
brackets from expressions such as

{a+(b+c)}+d or {(ab)(cd)}e.
The operations of addition and multiplication are involved
together in the distributive law:

a(b-+c) = ab+ac.

The number system contains two numbers, 1 (unity) and 0 (zero),
which have very special properties. Thus, for all a,

a+0=a, Oa = 0, la = a.

Again, ifab = 0, then at least one of a, b is equal to 0. Thisresult
is known as the division law; and we often express it by saying that
the set of real (or complex) numbers has no divisors of zero.t A
consequence of this fact is the cancellation law which states that if
axr = ay and a # 0, then z = y.

The equation a-+z = b possesses a unique solution for z; this
solution is denoted by z = b—a; in particular we write —a for
0—a. The number b—a is called the difference of b and a, and the
operation of forming differences is known as subtraction. Of the
algebraic laws involving subtraction we may mention the following :

a—a =0, (—1l)a = —a,
a(—b) = —ab, a(b—c) = ab—ac.

If a # 0, the equation ax = 1 has a unique solution for z, which
is denoted by x = é or 1/a or a-1. The number a-! is called the
tnverse or reciprocal of a. For a 5 0 the equation ax = b has the
unique solution x = a~1b which is usually denoted by 2 orb/a. The
number b/a is called the quotient of b by a, and the operation of

t Cf. Definition 3.6.3 (p. 95).
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forming quotients is known asdivision. The following identities are
typical of those involving division:

a C ac

afc ad

3/a=7, (©F0c#0,d#0),
a ¢ ad+tbc

sTa= e 0F%EFO

When r is a positive integer, a” is defined as a.a ... a (r factors).
When a # 0 and r is a negative integer, a” is defined as (a~1)~".
Moreover, for every a, we put a® = 1. With these conventions we
have the following index laws, valid for all integers r, s and all
numbers a # O:

a’a® = ar+s’ (ar)s = as.

3.2. Preliminary notions concerning matrices

In this section we shall collect together for convenience a number
of definitions relating to matrices and explain the notation that
is to be used subsequently.

The context in which matrices arise most naturally is that of
linear substitutions. A linear substitution is a system of relations
between two sets of variables, say #,..., z, and y,,..., ¥,,, of the form

Y1 = 0%t 101, 2,
(3.2.1)

Ym = Q1 Tyt oo+ Ty
The reader will readily call to mind situations where such systems
of relations make their appearance. We may conveniently charac-
terize the system of relations (3.2.1) by isolating the array of

coefficients a;;. This point of view, first adopted by Cayley, leads
at once to the notion of a matrix.

DeriNiTION 3.2.1. (i) An mXn MATRIX (or @ matriz of type
mXn) A over the field § is a rectangular array of numbers in §,
consisting of m rows and n columns, say

A G - . - Oy
a a . . . oa
A — 21 22 2n . (3.2-2)

aml amz . . . amn
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ii) The mn numbers a,y, Qys,..., @, are the ELEMENTS of the
11 12 mn
matriz A.

The term ‘matrix’ is due to Sylvester (1850). Matrices will
normally be denoted by capital letters printed in bold-face type.t
The element standing in the 7th row and jth column—often called
the (¢,j)th element—of a matrix A will be denoted by A,;. If, as
in (3.2.2), Ay; = a;;, we shall write A = (a;;). It is important to
remember that the first suffix of an element indicates the row and
the second the column of that element.

Definition 3.2.1 (i) implies that two matrices of the same type
are equal if and only if all their corresponding elements are equal.

In future we shall not, as a rule, mention the reference field §
explicitly but shall assume tacitly that such a field has been given.
If & is the real (complex) field, a matrix A over ¥ is called a real
(complex) matrix.

DEerFINITION 3.2.2. (i) 4 SQUARE MATRIX of order m is a matrix
of type nXn.

(ii) The elements a,y, @yo,..., a,, of the square matrizx

@y @y . . . Gy,
Byy Qg - o . Oy
Tn1 Qpg - . « Oup

constitute 1ls DIAGONAL, and are called DIAGONAL ELEMENTS.

The reader is, in effect, already familiar with square matrices
from the discussion of determinants.

When we wish to emphasize that we are not necessarily dealing
with square matrices we speak of rectangular matrices.

DEeriNiTION 3.2.3. The ZERO MATRIX (of type m X n) is the mXn
matriz all of whose elements are equal to zero. It is denoted by OF, or,
when no confusion is likely, by O.

DEriNiTION 3.2.4. The UNIT MATRIX of order n (denoted by 1,
or simply by 1) is the square matriz of order n whose diagonal elements
are equal to 1 and whose remaining elements are all equal to 0.

1 The exceptions to this convention are explained after Definition 3.2.8.
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Thus 100 . . .0
010 . . .0

In= =(8'tj)’
000 . . .1

where §,; is the Kronecker delta. We note that the linear substitu-
tion characterized by I, has the form y, = x;, ¥, = Z;,..., ¥p = Zp.
This is known as the identical substitution.

DEFINITION 3.2.5. (i) A DIAGONAL MATRIX 1§ @ square matrix all
of whose elements outside the diagonal are equal to zero. (ii) A SCALAR
MATRIX 38 @ diagonal matriz all of whose diagonal elements are equal
to one another.

Thus a diagonal matrix of order n has the form

«“u 0 . . . 0
0 a . . . O0F
o o0 . . . o

we shall denote this matrix by dg(«;, «,,...,,). A scalar matrix has
‘the form dg(«, ..., «). Particular instances of scalar matrices are
the unit matrix and the square zero matrix. We shall presently see
that scalar matrices behave essentially like scalars.

DEFINITION 3.2.6. An UPPER (LOWER) TRIANGULAR MATRIX ¢S @
square matriz all of whose elements below (above) the diagonal are
equal to zero. A TRIANGULAR MATRIX 18 one that is either upper
triangular or lower triangular.

If a matrix is both upper triangular and lower triangular, it is
clearly diagonal.

DEFINITION 3.2.7. The TRANSPOSE AT of @ matrix A is the matriz
obtained from A by the interchange of rows and columns. The
operation of deriving AT from A ts known as TRANSPOSITION.

Thus, if

Y« L
A= . . . . . ], then AT={ . . . . . |,
Qpi - - - Oy Y

ie. if A = (a;), then AT = (b;;), where b; =a; (+ = 1,...,m;
j = 1,...,m). The transpose of an m X n matrix is an % X m matrix.
The transpose of an upper triangular matrix is a lower triangular
matrix, and conversely.
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Clearly (AT)T = A, and so the relation between A and AT is
symmetrical, either matrix being the transpose of the other.

DrrFINITION 3.2.8. 4 COLUMN MATRIX 8 @ matriz of type n X1,

say 2y

Ly

n
A ROW MATRIX t§ @ matrix of type 1 Xn, say
(x; 2o ... ).

Matrices of both these types may be regarded as vectors} and
referred to respectively as column vectors and row vectors. A matrix
may thus be thought of as a generalization of a vector.

In the majority of cases it is more convenient to use column
vectors in preference to row vectors. We shall, accordingly, adopt
the convention that, unless the contrary is stated, all vectors are
understood to be column vectors. In particular, the vectors e,,...,e,
defined by (2.1.2) on p. 43 will from now on be regarded as column
vectors.

We shall continue to denote vectors by small letters in bold-face
type. Suppose, for instance, that

x=1.1 (3.2.3)

The transpose of a column vector is a row vector, and we shall then

have
xT = (24,...,&,).

For typographical reasonsit is generally preferable to avoid the form
(3.2.3) and to write instead

X = (Zy,eee, 2,7
The notion of row vectors and column vectors enables us to

introduce a very convenient notation connected with matrices.

t Strictly speaking this assertion will have been justified only after the opera-
tions defined for vectors have been extended to matrices in § 3.3. It will then
also be seen that 1 x 1 matrices can, in fact, be treated as scalars. We shall' make
use of this identification whenever it is convenient to do so.
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DEFINITION 3.2.9. The i-th row of a matrix A (regarded as a row
vector) is denoted by A,y ; the j-th column of A (regarded as a column
vector) is denoted by A;.

ExErcise 3.2.1. Establish the identities

(Ai*)T = (AT)M; (A*j)T = (AT)j*-

3.3. Addition and multiplication of matrices

3.3.1. Matrix algebrat is based on four operations—multiplica-
tion by scalars, addition, matrix multiplication, and transposition.
The first three of these will be discussed in the present section. It
should be noted that the definitions of multiplication by scalars
and of addition given below coincide with the previous definitions
(Definitions 2.1.4 and 2.1.5) for the special case when the matrices
are vectors.

DEFINITION 3.3.1. The product «A( or Ax) of an m X n matriz A
by a scalar « is a matrix defined by the relations

(O‘A)ij = (Aa)” == (XA,':]- (i = 1,...,m;j s 1,..., n).
We obtain at once a number of obvious results, such as

1A = A,
(—1A = (=1)(ay) = (—ay),
0A = O,
a0 = 0,
(«B)A = «(BA),
al = dg(a,..., ).

The last result shows that a scalar matrix is a scalar multiple of the
unit matrix.

DErFINITIONS 3.3.2. Let A, B be matrices of the same type, say of
type mXn. Then their sum A+ B is a matriz defined by the relations
(A+B)if = A,[]“*—B,,J (’l: = 1,..., m;j - 1,...,'"/).

Thus, if A = (a;), B = (b;), then A+B = (a;;+b;). For

instance
2 3 —1\4+/0 —1 1\=/(2 2 0\.
0 1 2 2 0 3 2 1 b
When A and B are not of the same type, A+ B is not defined.

t Matrix algebra can be studied at different levels of sophistication. An
elementary exposition will be found, for instance, in Durell and Robson, 9, chap.
xvii® For treatment from an advanced point of view, on the other hand, see Mac
Duffee, 23, chap. vii, or Albert, 24, chaps. iii-v.
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‘We note that we can now form linear combinations of matrices,
i.e. expressions of the form

a1A1+...+akAk,

provided only that A,,..., A; are of the same type.

The usual algebraic laws relating to the two operations so far
introduced follow at once from the definitions.t Some of these are
incorporated in the next theorem.

THEOREM 3.3.1. Mairix addition is commutative and associative,
1.e.

A+B = B4A,
A+(B+C) = (A+B)+C.

Furthermore, matrix addition and multiplication by scalars are
connected by the following distributive laws:

a(A+B) = «A+aB,
(a4 B)A = aA-+BA.

The associative law implies, in particular, that when we have an
expression involving only addition of matrices and containing
brackets, all such brackets can be removed without danger of
ambiguity.

There is no difficulty in introducing subtraction of matrices. By
Definition 3.3.2 it is obvious that if A, B are matrices of the same
type, the equation A+X = B possesses a unique solution for X;
this solution is denoted by X = B—A and is called the difference
of B and A. In fact, if A = (a;), B = (b;;), then X = (b;;—ay;).
For O—A we write —A. It is easy to see that subtraction satisfies
all the usual rules. We have, for instance, the following identities.

A—-A=0, (—1)A = —A, —(—A)=A,
a(A—B) = aA—aB, (a—PB)A = «cA—pBA.

ExErcise 3.3.1. Verify that the scalar matrices of order n form a one-
dimensional linear manifold M and that the scalars form a linear manifold
M’. Prove that WM ~ W',

t The reader is advised to write out in detail the proofs of the results given
below and to observe how the various laws relating to matrices are derived from
analogous laws of number algebra.
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Exgrcise 3.3.2. Show that the set My, , of all m x n matrices over § is
a linear manifold over §.f By considering the mn matrices of M, , whose
elements consist of a single 1 and mn—1 zeros, or by using the corollary to
Theorem 2.4.2 (p. 59), show that d(M,, ,) = mn.

3.3.2. Matrix addition and multiplication of matrices by scalars
are obvious extensions of the corresponding ideas for vectors. In
introducing next the idea of matrix multiplication, however, we
break fresh ground.

DEFINITION 3.3.3. Suppose that A is an I X m matrix and B an
m X n matriz, so that the number of columns of A is equal to the number
of rows of B. Then the matrix product AB is the | X n matrix defined
by the relations )

(AB)U .—_—_kzl Aik Bk]' (’l: = l,...,l; j = 1,..., 'n).

In other words, the (z,j)th element of AB is obtained by multi-
plying together corresponding elements in the ¢th row of A and
the jth column of B and then adding the products.

EXERCISE 3.3.3. Show that, if the product AB exists, then
(AB),, = Ay By,.

We note that AB, when it exists, has as many rows as A and as
many columns as B. Thus, for instance, the product of a 4x2
matrix and a 2 X 3 matrix (in that order) is a 4 X 3 matrix, e.g.

2 1 5 —2 —l).
—1 3|1 1 —2 8 —13 11

1 0(3 —4 3)= 1 1 -2

5 2 11 —3 —4

If the number of columns of A is not equal to the number of rows
of B, then AB is not defined.

The two products AB and BA are quite distinct entities and,
indeed, one of them may exist whereas the other does not. The
condition for both AB and BA to exist is that if A is of type m X n,
B should be of type n X m. Inthat case AB, BA are of type m Xm,
n X n respectively, and consequently the two products cannot even
be compared unless m = n. The question whether AB and BA are

+ We could have begun our discussion of matrices by proving this result as
soon as the operations of addition and multiplication by scalars had been defined.
It would then have been unnecessary to verify successively all the various laws

relating to these two operations since these laws would have been known to hold
Lon ciledicn AL 2lin wnnlén Aawisrad in R 9 9
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equal only arises, therefore, when A and B are square matrices of
the same order. Analogy with elementary algebra may lead us to
expect that in this case the two products are necessarily equal, but
this is not in fact so.

THEOREM 3.3.2. Matriz multiplication is non-commutative, i.e.
the equation AB = BA need not be satisfied even when both AB and
BA exist and are of the same type.

To establish this negative conclusion we need only construct a
single example where AB = BA. In fact, almost any two square
matrices taken at random satisfy this requirement. Thus, taking

1 3 1 —1
Sl S

4 5 —1 2
btai AB = , BA = .
we obtain (3 0) ( 5 5)
In view of Theorem 3.3.2 it is essential when referring to a matrix
multiplication to state unambiguously the order in which the
factors are taken.

DEeFINITION 3.3.4. The matrix A is said to PREMULTIPLY B and
B s said to POSTMULTIPLY A in the product AB.

DEeFINITION 3.3.5. T'wo matrices A, B coMMUTE (with each other),
or are COMMUTING MATRICES, ¢f AB = BA.

ExEercise 3.3.4. Let A be a diagonal matrix whose diagonal clements are
distinct. Show that if A commutes with A, then A is also a diagonal matrix.

Although multiplication of matrices differs from that of numbers

in that it does not obey the commutative law, in most other respects
the two operations have similar properties.

THEOREM 3.3.3. Matrix multiplication is associative, i.e.
A(BC) = (AB)C, (3.3.1)
provided that either side of (3.3.1) is defined.

Let the matrices A, B, C be of type p X g, r X 8, t X u respectively.
Then BC exists and is of type r X u provided that s = {. Inthat case
A(BCQC) exists and is of type pXwu provided that ¢ = ». Thus
A(BC) exists if and only if ¢ = 7, s = ¢, and in that case it is of type
pXu. In exactly the same way we see that the same is true of
(AB)C. Hence the existence of either side of (3.3.1) implies, the
existence of the other side, and the matrices on the two sides are

5682 G
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then of the same type. It now remains to prove that they are
equal. Writing A = (a;;) and so on, we have, in view of the
associative and the distributive laws for numbers,

{ABQC)}; = % au(BC)y; = % aik{ ZZ bkz%‘} = kZ’laik by Cij»
where k, I run over the appropriate ranges of values.t Similarly
{(AB)C};; = IZ(AB)HCU = ;{ % e bkl}clj = kEIaik by Cyp»

and the proof is therefore complete.

The result just proved shows that the matrix product
A(BC) = (AB)C
can be written unambiguously as ABC.

The associative law extends immediately to any number of
factors. Thus we have, for instance,

(AB)(CD) = A(BC)D = (ABC)D = A(BCD),

provided that any one of these expressions is defined. In fact, we
can write ABCD for the product in question. Quite generally we
may say that in forming products of matrices we need only pay
attention to the order of the factors but not to the way in which
they are bracketed.

We saw above that

(ABC);; = kzl Ay By Gy

Analogous formulae hold for products of more than three factors,
o8 (ABCD);; = 3 Ay By Gy Dy
k,l,m

ExrrcisE 3.3.5. If A,,...,A; are matrices of typo mmy X7y,..., My XNy
respectively, what is the condition for the product A,... Ay to exist; and,
when it exists, what is its type?

A matrix can be multiplied by itself if and only if it is a square
matrix, and in that case the index notation can be conveniently
employed.

DeriNITION 3.3.8. If A is a square matriz of order n, then

A'=1, Ar=A1A (r>1).

t Infact, k = 1,2,...,q; L = 1, 2,..., 8.
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In virtue of the associative law we have, in fact,
Al=A, A2=AA, A3=AAA, A'= AAAA,
and so on. It is now an easy maater to verify the index laws
ATA® = AT+8, (Ar)e = A8

for all non-negative integers, r, s.
The zero matrix and the unit matrix play a particularly interest-
ing part in matrix algebra. If A is any m X n matrix, then clearly

A40n = A,
AOr = 07, OrA = O}.
Moreover, since I, is the n X n matrix (3;;), we have
n
(AL = 121 Ay Bkj = Ay
Hence Al, = A, (3.3.2)

and similarly I A=A (3.3.3)

These results show that in matrix algebra the zero matrix and
the unit matrix play roles corresponding to those of the numbers
0 and 1 in elementary algebra.

We may also note that, in view of (3.3.2) and (3.3.3), multiplica-
tion by scalars can be interpreted as matrix multiplication, for we

have oA = (aL)A = A(al,).

THEOREM 3.3.4. Matriz multiplication is distributive with respect
to addition, i.e. A(B+C) = ABAGC, (3.3.4)
provided that either side of (3.3.4) is defined; and

(B+C)A = BA+CA, (3.3.9)

provided that either side of (3.3.5) is defined.

We confine ourselves to the proof of the first identity, since the
second can be dealt with in exactly the same manner. Let A, B, C
be matrices of type pxgq, r X s, t X u respectively. It is easily seen
that either side of (3.3.4) is defined if and only if ¢ = r = ¢, 8 = u,
and that in that case both sides are p X« matrices. It remains,
therefore, to show that the corresponding elements in the ¢wo
matrices are equal. We write A = (a;;), and so on. Making use of
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Definitions 3.3.3 and 3.3.2 and the distributive law for numbers,
we obtain

{A(B+C)}y; = % @ (B+C)y; = % @ise(brejtCrs)
= g @ b+ % @ige Crej
= (AB);+(AC);; = (AB+AC),;.
The proof is therefore complete.

The distributive law can at once be extended to more complicated

expressions. For example, we have
(A+B)(C+D+E) = AC+AD+AE+BC+BD+BE.

ExERCISE 3.3.6. Show that the set of all matrices which commute with
a given matrix is closed with respect to addition and multiplication.

3.3.3. The results contained in the next two theorems are
almost trivial. Thus, for instance, Theorem 3.3.5 (i) merely states
that the ith row of AB can be obtained by premultiplying B by the
ith row of A. Nevertheless identities such as these are useful since
they help to reduce the manipulation of matrices to a purely
mechanical procedure.

THEOREM 3.3.5. @) (AB)yu = A B;

(i) (AB)y; = AB,;

(ili) (ABG);; = A;xBC,;.
By Exercise 3.3.3 (p. 80) we have

(AB); = Ay, By, (3.3.6)
Hence (AjxB)yy = (Ap)14 By = A;xBy; = (AB);.
Moreover - {(AB);4}y; = (AB);;,

and so, for all j,‘r {(AB);4}1; = (A B)yje
Since both sides of (i) are row vectors, this identity is now proved.
Identity (ii) is proved similarly. Again, using (3.3.6) and (i), we
have (ABC),; = (AB);4 Cy; = Ay BC,.

TrEOREM 3.3.6. If A is an m X n matriz, and X = (2y,..., %,)7,
Y = (Y1seees Ym)T, then
Ax = 23 A gyt 20 Ay,
Y7A = 1 At ot Ym Amae

¢
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Let A = (a;;). Then

a1 P1n
2 At F2, Ay =20 L |7,

aml a’mn

ay, X+ ... Fay, 2,
= . = Ax,

X1 x1+'“+amn Tp

and the second assertion is established similarly.

ExERcISE 3.3.7. Show that the inner product (x,y) (as given by Defini-
tion 2.5.1, p. 62) satisfies the identity (x,y) = XTy = yT%.+ yx' . % Y

ExERCISE 3.3.8. Let A be an nxn matrix such that Ax = 0 for all
vectors x (of order n). By taking, in turn, X = €,,...,X = €,, show that
A=0.

ExERCISE 3.3.9. Show that, if A is an n X n matrix, then

efAe, = A, (3,7 = 1,...,m).
e A c‘;
3.4. Application of matrix technique to linear substitutions

We have now carried the discussion of matrix algebra a fairly
long way without, as yet, having shown much need for the introduc-
tion and development of the notion of a matrix. We know, indeed,
that the m X n matrix A = (a;;) provides a convenient means for
specifying the system of relations

Yp= 8y Tt Ty
B (3.4.1)
Ym = U1 Byt o i T,
It is easily seen, moreover, that (3.4.1) can be written as a single
matrix equation v = Ax, (3.4.2)

where X = (2,,...,2,)T, ¥ = (¥1,---,Ym)T- Nevertheless, it is not in
the first place obvious that the introduction of matrices gives us
anything more than a contracted notation for systems of relations
such as (3.4.1). However, we are now in a position to demonstrate
that the advantages arising from the use of matrices are not purely
notational and that matrix technique enables us to handle systems
of the type of (3.4.1) rapidly and efficiently.

»
t If x = (2,..., Z,), then X denotes the vector (Z;,..., Z,); and similarly for
column vectors.



86 THE ALGEBRA OF MATRICES II1, § 3.4
Suppose, for example, that

Y= “11x1+“12x2+a13x3} (3.4.3)
Yo = Gy Xy +Aop Xyt g3 T3
and 23 = by ¥1+b12Ye
2y = by Y1+D2n ¥ ) (3.4.4)

2y = b3 Y1 +032Ys
23 = by Y1 +b4 Y

Substituting (3.4.3) in (3.4.4) we obtain

2y = byy(@y;, T+ 015 %5 +055 @3) +b15(@gy ¥y oo To 1 Cg3 Tg)
2y = bgy(Ay; X1+ 015 Ty 103 2g) ooy Ty 0oy Tyt Aoy ;)
2y = bgy (@) 2105 Ty +0y3%5) Fbyy(Bgy Ty 4 Ay Xy o3 Z)
24 = bgy(a1, T+ 1275 +0g5 Tg)+byo(@gy T3+ Agp To+ g3 T5)

Thus

2y = (b11031-Fb12000) 2+ (byy @yp4b1p @20) Tyt (b1y A1a+b10Qo3)y
2y = (Dgy @1+ D20 G21)3+ (b Ayp+bgg Qo) Ta—t(Doy Byztbos Ag3)Ts
23 = (b3 @31 +030 0212 + (bay @ya+b32 @20) Tyt (31 @y3+b3e Qg3)25
2y = (Day @y;+bg0 @91)% 4 (b Aya+Dag Bg0) o (bay By +-b4a Ag3)y
(3.4.5)
The relation between the z’s and the z’s is therefore specified by the
matrix
by @y +b1aas  b13 Gyptbis s, b11 @13+b15 Q03
by Gy +boeyy by patbas@sy by Ay3+bye Gos
by1 @iy +D3000; by Biptbag@ay b3y Ayzt039 00
byy @11 +0g20g; b4y B1ptbyn @y gy 213+ byp ays
which is seen to be equal to the matrix product
by b
by by, (an @12 am} — BA
by bas|\@gy y Gy ’

b41 b42

where A = (a;;), B = (b).

The result just obtained has been arrived at after a certain
amount of computation, and the work would naturally be even
heavier if a larger number of variables were involved. However,
the'conclusion that BA is the matrix specifying the relation between
the z’s and 2’s can be reached much more rapidly as follows.
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Put X = (xl,x2,x3)7', Y= (%1 yz)Ta Z = (21,2, 23, z4)T'
Then (3.4.3) and (3.4.4) can be written in the form

y = AX, z = By.

Hence z = B(AXx),
and so, by the associative law, we have
z = (BA)x,

which is equivalent to (3.4.5).

The rapidity of the process demonstrates the superiority of
matrix technique over straightforward calculation. Matrices are
thus seen to be an effective tool for manipulating linear substitu-
tions. The principal reason for their effectiveness lies in the appro-
priateness of the definition of a matrix product; we can now see
that this has been defined in precisely such a way that the resultant
of two successive substitutions specified respectively by the matrices
A and B is itself specified by BA.

A matrix was originally defined as a rectangular array of
numbers. We see now that it is convenient to think of a matrix
as a ‘transformation of vectors’. Thus the equation (3.4.2) associ-
ates with every vector x of order n a certain vector y of order m,
and the mode of associating these pairs of vectors is represented
by the matrix A. The idea of a transformation of vectors points to
fresh possibilities inherent in the concept of a matrix. We shall not,
for the moment, pursue this topic but return to it in Chapter IV.

ExXERCISE 3.4.1. Let X range over a vector space of order n and let A be
a fixed m x n matrix. Show that Ax ranges over a vector space of order m.

3.5. Adjugate matrices
In this section all matrices are assumed to be square matrices of
order .
DeriviTIoN 3.5.1. (i) Let A = (ay,). The determinant |a), ts
known as the DETERMINANT OF A, and is denoted by |A| or det A.
(ii) The matrix A i3 SINGULAR or NON-SINGULAR according as
|A| = 0or |A]| # 0.
Exgrcise 3.5.1. Show that |xA| = a”|A|.
THEOREM 3.5.1. |AB| = |A|.|B| = |BA
In other words, the determinant of a matrix product is equaz to
the product of the determinants of the matrix factors. We note,

.
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in particular, that although AB and BA are generally distinct,
their determinants are equal.

Theorem 3.5.1 is an immediate corollary of the multiplication
theorem for determinants (Theorem 1.3.1, p. 12). For, writing
A = (a;), B = (b;), AB = (c), we have

n
kg1aikbkj = Cyj (6,j = 1,...,m),
and so |t ln- 1biiln = 1€4]ns
ie. |A].|B| = |AB|.

Interchanging A and B we obtain |B|.|A| = |[BA[, and the
theorem is therefore proved.

Theorem 3.5.1 extends at once to any number of factors. In
particular we have, for any non-negative integer £,
|A¥] = |AJ*.
Our next definition makes use of cofactors. These are defined as
in the theory of determinants (Definition 1.4.1, p. 14).

DEFINITION 3.5.2. The ADJUGATE MATRIX A* of A s the trans-
pose of the matriz of cofactors of the elements of A.

In other words, A* = (4,)7, where A = (a;) and 4,, denotes
the cofactor of the element a;; in A.

EXERCISE 3.5.2. Show that (xA)* = a® 1A*.

THEOREM 3.5.2. AA* = A*A = [A[L

Let A = (a;), A* = (b;), so that b; = A, Then, using
Theorem 1.4.3 (p. 20), we obtain, for ¢,j = 1,..., 7,

(AA*); zkgla'ik by :kgla‘ik Ajk = |A[3;,

(A*A);; zkzlbik Cgej ZkZI"'ijkt = |A[3;.
These relations are equivalent to the assertion.
It is interesting to recall at this stage the result of Theorem 1.5.2
(p. 24). In the language of matrices this states that
|A*| = |A|*L, (3.5.1)
The proof given in § 1.5 may now be formulated as follows. By

Theorem 3.5.2 we have
|AA*| = |(det A)I]|.
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Hence, by Theorem 3.5.1 and Exercise 3.5.1,
|A].|A*] = |A[MI]
= |A|", (3.5.2)
and (3.5.1) now follows by virtue of Theorem 1.5.1.
In § 1.6.3 we gave an alternative proof of (3.5.1) which was
independent of Theorem 1.5.1 We shall now sketch yet another

proof, again independent of Theorem 1.5.1, and employing a useful
new device. Let A = (a;;), and consider the matrix

A —x Qg Coe Gin
a Aoo—X . . . a
Azl = 21 22 2n
any 2% Ay — T

The determinant |A —zI|is obviously a polynomialin z'with leading
term (—1)"x". Hence, for all sufficiently large values of z (say for
x > x,) |A—xlI| # 0. Again, each element of (A—zI)* is a poly-
nomial in z, and so [(A —=zI)*| is a polynomial in x.
Rewriting (3.5.2) with A—2I in place of A we have

[A—zI|. [(A—zI)*| = [A—aI|™

Hence, for x > z,,
[(A—z])*| = |A—xI|"-1

Here both sides are polynomials in x and since they are equal for
x > x,they are equal for all values of z, by the corollary to Theorem
1.6.3 (p. 31). In particular, the two sides are equal for x = 0, and
the identity (3.5.1) is therefore proved.

THEOREM 3.5.3. (A¥)* = |A|"2A.

Forn = 2the factor |A |"2is interpreted as 1, no matter whether
A is singular or not. In that case the proof is trivial and we shall
at once assume that n > 2. We write, for simplicity, A** for (A*)*.
Applying Theorem 3.5.2 with A* in place of A and using (3.5.1) we

obtain A*A** — |AX|] = |A]»-1L
Hence (AA*)A** = |A|n-1A,
and so, again by Theorem 3.5.2,
|A|A** = |A|"-1A.
Thus |A|(A**); = |A|"1A,; (4,5 = L,...,m).
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Both sides in this relation are polynomials in the n? elements of A,
and since |A| does not vanish identically it follows, by Theorem

1.5.1, that

(A**),, = |A|"2A (¢, = 1,...,m).
This is equivalent to the theorem. Just as in the case of the identity
(3.5.1) so here, too, an alternative proof depending on the considera-
tion of the matrix A—=xI can easily be constructed.

ExrRrcisE 3.5.3. Write out such a proof in detail.

THEOREM 3.5.4. (AB)* = B*A¥*,
Making use of Theorems 3.5.1 and 3.5.2 we obtain
|A|.|B|B*A* = |AB|I(B*A*) = (AB)*(AB)(B*A¥*)
= (AB)*A(BB*)A* = (AB)*A|B|A*
= |A|.|B|(AB)*. (3.5.3)
Hence |A|.|B|(B*A*); = |A].|B|{(AB)*};; (i,j = 1,...,n).
All the expressions involved here are polynomials in the 2n?
elements of A and B. Since, moreover, |A|.|B| does not vanish
identically, it follows by Theorem 1.5.1 that
(B*A*),; = {(AB)*},; (,J = 1,..,m),
and this is, in fact, our assertion.
An alternative argument of the now familiar kind runs as follows.
Rewriting (3.5.3) with A—zI, B—=zI in place of A, B respectively,
we have

|[A—zI|. |B—2I|(B—zI)*(A—zI)*
= |A—2I|. | B—2I[{(A—2zI)(B—zI)}*.
Now there exists a number z, such that, for all z > z;,
|A—=zI| 5 0, |B—2aI| # 0.
It follows that
(B—a2I)*(A—2aI)* = {(A—aI)(B—zI)}* (® > xy).
Comparing the matrices on the two sides element by element and

using the corollary to Theorem 1.6.3 we complete the proof of
Theorem 3.5.4.

3.6. Inverse matrices
3.651. In § 3.3 we dealt with addition, subtraction, and multi-
plication of matrices. We shall next investigate to what extent the
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laws of division carry over from number algebra to matrix algebra.
It will be recalled that we introduced division in number algebra by
considering the equation axz = 1. An analogous procedure is now
to be followed for matrices. Unless the contrary is stated it is
again assumed that all matrices are of type nXn.

TrEOREM 3.6.1. (i) If |A| £ 0, then the matrixz equations

AX =1, (3.6.1)
XA =1 (3.6.2)
are both uniquely soluble for X and possess the common solution
1
X =_—_A* 3.6.3
Al (3.6.3)

(ii) If at least one of the equations (3.6.1), (3.6.2) is soluble for X,
then |A| £ 0, and so both equations are soluble and possess the
common unique solution (3.6.3).

If |A| # 0, then, by virtue of Theorem 3.5.2, the matrix X given
by (3.6.3) satisfies AX = XA = I, and is therefore a solution of
both (3.6.1) and (3.6.2). To show that this solution is unique,
suppose that Y also satisfies (3.6.1), i.e. AY = I. Then

X = X(AY)= (XA)Y =1Y = Y.

Hence the solution of (3.6.1) is unique; and a similar argument
applies to (3.6.2).

To prove (ii) suppose, for instance, that (3.6.1) is soluble. Then,
by Theorem 3.5.1, |A|.|X]| = |I| =1, and so |A| # 0.

DeriNiTION 3.6.1. If |A| 5% 0, then the common unigue solution
of equations (3.6.1) and (3.6.2) of .the previous theorem is called the
INVERSE (MATRIX) of A, and is denoted by A-1. The operation of
obtatning A-1 from A is known as INVERSION,

Consider, for instance, the matrix

a b
A=)
where |A| = ad—bc 5 0. Clearly
=% 2)
—c a

and so Al = ( d/(ad—bc) "b/(ad—bc))‘

—c/(ad—bc)  af(ad—bc)
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If A is not a square matrix, or if it is a singular square matrix,
then A-1is not defined.

Both terminology and notation relating to inverse matrices are
chosen by analogy with elementary algebra, where with any
number a # 0 is associated a unique inverse number a-! having
the property that aa~! = a~la = 1. As we have seen, every non-
singular square matrix A possesses a unique inverse such that

AA-1=AA=1L
ExXERCISE 3.6.1. Show that I-! = I. Also find the inverse of dg(;,--+» Op)s
assuming that o 5 0,...,a, 7# O.
The introduction of inverse matrices enables us to recognize a

result anticipated a little earlier, namely, the analogy between the
behaviour of scalar matrices and that of scalars. We have, in fact,

oI 4Bl = (a£B)L,

al. BT = (o),

(a)! = a1 (o 7~ 0).
Thus there is a complete correspondence between the scalars and
the scalar matrices, each scalar « being associated with the matrix
ol. It is this correspondence which motivates the use of the term
‘scalar matrix’.

In elementary algebra one of the first problems we deal with is

the solution of the equation ax = b. The corresponding problem
in matrix algebra will now be considered.

THEOREM 3.6.2. (i) If A is a non-singular m X m matriz and B is
an m X n matrix, then the matrix equation
AX =B (3.6.4)
possesses the unique solution
X = A-1B. (3.6.5)
(ii) If C is a non-singular n X n matriz and D i3 an m X n matriz,
then the matrixz equation

YC=D
possesses the unique solution
Y = DC-L
It is sufficient to consider (i) since (ii) is proved similarly. If the

equagion (3.6.4) possesses a solution, then, premultiplying both
sides by A-1, we obtain (3.6.5). Thus a solution, if it exists, is
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unique and is given by (3.6.5). Moreover, X as given by (3.6.5),
is clearly a solution of (3.6.4).

THEOREM 3.6.3. (i) If A is a non-singular matriz, then so is A1
and (A-1)-! = A. Moreover |A-1| = |A|L.
(i) If A, B are non-singular matrices, then so is AB; and

(AB)-t = B-1A-L (3.6.6)
If A is non-singular, then A-! exists and
A-A =1 (3.6.7)

Hence the equation A-1X =1 is soluble and has X = A as a
solution. In view of Theorem 3.6.1 it therefore follows that A-1is
non-singular and that the above equation has the unique solution
X = (A-1)-1, Hence (A-1)-! = A. Moreover, by (3.6.7) and
Theorem 3.5.1, |A-1|.]A| = 1, so that |[A-1| = |A|-L

Again, if A, B are non-singular, then, by Theorem 3.5.1, AB is
non-singular; and we have

(AB)(B-1A-1) = A(BB-1)A-1 = AA-1 = L.
Hence the equation (AB)X = I has a solution X = B-1A-1. But,
by Theorem 3.6.1, the unique solution of this equation is given by

X = (AB)-1, and (3.6.6) therefore follows. We may note in
passing the analogy between (3.6.6) and Theorem 3.5.4.

Exercise 3.6.2. Show that, if A, B,..., K are non-singular, then so is
their product AB..K; and (AB...K)™! = K-1...B—1A-1

DerFINITION 3.6.2. If A is non-singular and r is a positive integer,
then AT — (A'l)'.

We can now extend the index laws, established in § 3.3 for non-
negative indices, to all integral indices.

THEOREM 3.6.4. For all integral values of r, s
ATA® = Ar+s, (3.6.8)
(AT)s = Ars, (3.6.9)
provided only that the matrices in question are defined.
If r is a positive integer, then, by Exercise 3.6.2,
(AA..A)L = A-1 A-1A-1
where each product comprises r factors. Thus
(A1 = (A",
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and so, by Definition 3.6.2,

A" = (A-1y = (A" (r > 0). (3.6.10)
We first prove (3.6.8) . This is already known to hold forr > 0,
s > 0. If both r and s are negative, put r = —p, 8 = —o. Then,

by (3.6.10),

ATAS — A-PA-° = (A—l)p(A—l)a — (A-—l)p+o — AP0 — Arts,
If just one of 7,s is negative, let, for instance, r > 0, s < 0 and
write s = —o. Then, by (3.6.10),

ATA® = ATA-7 = AT(A-1). (3.6.11)
Now, if > o, then, since AA-1 = I, the right-hand side of (3.6.11)

is equal to A7-° = Ar+%. If, on the other hand, r < o, then the
right-hand side of (3.6.11) is equal to

(A—l)o—-r — AT-0 — Ar+s,

Next, consider (3.6.9). This is already known to hold for r > 0,

§>0. Whenr > 0, s < 0, write s = —o. Then, by (3.6.10),
(Ar)a i (Ar —o — {(Ar)a} -1 — Ara)—l = A-T0 — Ars,
Again, let r < 0, s > 0. Writing r = —p and using (3.6.10) we
obtain (A')s — (A..p s — { Ap —1}8 — (AP -8
hence, by the previous case,
(Ar)s = A-Ps — Ars,

Finally, let » < 0, s < 0 and write r = —p, 8 = —o. Then, by

(3.6.10),
(A7) = (A°)-1 = {(AP) 1}t = AP = AT,
and therefore
(Ar)a — (Ar)—o — {(Ar)-—l}a —_ (A-—r)a.

But, by the previous case, the expression on the right is equal
to A-r* = A’¢, and the proof is therefore complete.

3.6.2. One of the most far-reaching results in elementary
algebra is the division law, which states that if ab =0, then
a = Oorb = 0. Ttiseasy to see that this does not apply to matrices.

THEOREM 3.6.5. The division law ts not valid in matriz algebra,
i.e. the equation AB = O, where A, B are rectangular matrices, does
not imply that A = O or B = O.F

+ Each symbol O must, of course, be interpreted as a zero matrix of the appro-
priate type.
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Take, for instance,

2 —1
A=( 8 -—4), B=(3 1)-
6 2
-2 1
Then A + O, B # O, but AB = O2.

Though the division law does not hold for matrices, there is a
modified form which is still valid.

THEOREM 3.6.6. If A, B are square matrices and AB = O, then
A = 0,o0r B= 0, or A and B are both singular.

For suppose that A 5= O, B 3£ O. If at least one of A, B isnon-
singular, let, for instance, |A| # 0. Then AB = O implies
A-1AB = O, i.e. B = O, and we have a contradiction.

DEFINITION 3.6.3. A rectangular matriz A is @ DIVISOR OF ZERO if
A £ O and if there exists a matrix B 5 O such that AB = O ora
matriz G %= O such that CA = O.

Theorem 3.6.5 asserts the existence of divisors of zero in matrix
algebra. For instance, the matrices A and B which appear in the
proof of that theorem are both divisors of zero.

In elementary algebra an important consequence of the division
law is the cancellation law which is deduced as follows. Let a # 0
and suppose that ax = ay. Then a(z—y) = 0 and hence, by the
division law, x—y = 0, i.e. z = y. An analagous argument cannot
be applied to matrices, for if A # O and AX = AY, then
A(X—Y) = O, but we cannot infer from this that X—Y = O,
since A may be a divisor of zero. In fact, it is easy to write down
examples which show that the relations AX = AY, A 5 O, may
be compatible with X % Y. One such example is provided by the
matrices

1 -3 5 8 2 2
A=l T x=f Y=
Similarly, we can find matrices which satisfy the relations
XB = YB,B # 0,X # Y. Wethusarrive at the following result.
THEOREM 3.6.7. The relations AX = AY, A # O, where A, X,Y
are rectangular matrices, do not tmply that X = Y. Similarly, the

relations XB = YB, B % O, where B is also rectangular, do not
imply that X = Y.
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ExrRcISE 3.6.3. Let A, B be non-singular square matrices. Show that
either of the relations AX = AY, XB = YB imphes X = Y.

The problem of determining which matrices are divisors of zero
now naturally presents itself. We shall solve it here for the case of
square matrices and deal with the general case in § 5.5.2.

THEOREM 3.6.8. A (non-zero) square matriz 1s a divisor of zero if
and only if it is singular.

This result is almest obvious. For if A is a non-singular matrix
and AX = O (YA = O), then, premultiplying (postmultiplying)
by A-1 we obtain X = O (Y = O). Hence a non-singular matrix
is not a divisor of zero. On the other hand, if A is singular, there
exists (by Theorem 1.6.1, p. 27) a vector X # 0 such that Ax = 0.
Hence A is then a divisor of zero.

It is, in fact easy to obtain the stronger result that if A is singular,
then there exist square matrices X, Y such that AX = O, YA = O.
For suppose A is of type n X n and denote by Xx,,...,X, any vectors
(of order %), not all zero, such that Ax, = ... = Ax,, = 0. Let the
n X n matrix X be defined by the relations X,; = x,; (1 = 1,...,n).
Then X # O and, by Theorem 3.3.5 (ii), p. 84,

(AX)y; = AX,; = Ax; =0 (= 1,.,2).

Hence AX = O, as required. Again, in view of Theorem 1.6.1,
there exist scalars ¢,,...,¢,, not all zero, such that (¢,,...,¢,)A = 0.
Denote by yy,...,¥, any n row vectors, not all zero, satisfying
y:A = ..=Y,A =0, and let Y by the nxn matrix defined by
the relations Y,, = y; (¢ = 1,...,%). Then Y 3£ O and, by Theorem
3.3.5 (i),

(YA) = Y A=y,A=0 (¢ =1,.,n),
so that YA = O.

We may summarize the conclusions reached so far about matrix
algebra by saying that in most respects it resembles the algebra of
numbers, with the unit matrix and the zero matrix playing the
parts of the numbers 1 and O respectively. The vital points on which
the two algebras differ is that matrix multiplication is non-
commutative and that the division law (and consequently the
cancellation law) is not valid for matrices.

%6.3. We conclude the present section by deriving some
identities relating to transposition.
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It is, in the first place, obvious that
(cA)T = aAT, (A+B)T = AT+ BT,
A more interesting identity concerns the transpose of a product.
THEOREM 3.6.9. If A, B are rectangular matrices, then
(AB)T = BTAT, (3.6.12)
provided that either side of the equation is defined.

We note the analogy between this result, Theorem 3.5.4, and
equation (3.6.6).

Let A, B be of type p X ¢, r X s respectively. Then (AB)7 exists
if and only if ¢ = 7, and is then of type s X p. The same is true of
BTAT; and therefore, if either side of (3.6.12) exists, so does the
other side and both sides are of the same type. To prove the actual
equality it now suffices to note that

{(AB)T}”. = (AB)jt = kE A]k By = ; (BT)ik(AT)kj = (BTAT)ij'
Exkercist 3.6.4. Show that (AB..K)T = KT...BTAT, provided that
ewther side is defined.
A useful deduction from Theorem 3.6.9 is as follows.
THEOREM 3.6.10. If A is a non-singular square matriz, then
(AT)-1 = (A-Y)T,
In other words, the operations of transposition and inversion

can be carried out in either order.
To prove the theorem we put B = A-1in (3.6.12) and obtain

(AAT)T = (A)TAT,
ie. (A-)TAT = L

The assertion now follows immediately.

3.7. Rational functions of a square matrix

We have already considered positive and negative powers of
matrices. We shall now extend this idea still further.

DxriniTION 3.7.1. Let f(x) be a polynomial in the scalar variable
z, say f (@) = coF-cyx+co2%+... ) 2K,

If A is a square matriz, of order n, then f(A) 18 defined as the (square)
matrix given by the relation

F(A) = cyL,4¢; Ac, A2t ... +c; A, (3.7.1)
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An expression of the type (3.7.1) is called a matriz polynomial
or polynomial in a matrix. By contrast, a polynomial in a scalar
variable is known as a scalar polynomial.

We recall that two scalar polynomials f(z), g(x) are said to be
identically equal if f(x) = g(x) for all values of x.

TaeoreM 3.7.1. If the polynomials f(x), g(x) are identically
equal, then, for any square matriz A, f(A) = g(A).

This result is obvious since f(z) = g(x) implies, as we know, that
the coefficients of like powers of z in f and g are equal. The con-
clusion therefore follows.

It is not difficult to extend the scope of Theorem 3.7.1.

THEOREM 3.7.2. Any polynomial identity between scalar poly-
nomials remains valid for the corresponding matriz polynomials.

Thus, for instance, if f;,...,fs are polynomials, and

{f1(@) fo(@) +-fa(2)} falx) = f5(@)—f5(2),

then, for every square matrix A,

{1(A)o(A)+f(Afo(A) = f(A)—fo(A

In view of Theorem 3.7.1 the proof of Theorem 3.7.2 will be
complete if we can show that

f@)+g(@) = $(z) implies f(A)+g(A) = $(A), (3.7.2)
J@)g(@) = ¢(x) implies f(A)g(A) = (A).  (3.7.3)

The proof of (3.7.2) is trivial and we leave it to the reader. To
establish (3.7.3) we write

fo)=3Faz g0 =3be,  $e) =3 ok

Since f(z)g(x) = ¢(x), the coefficients of like powers of 2 may be
equated; hence r+s = ¢, and

¢, = z aibj (k= 0,1,...,1), (3.7.4)
%3
where the summation extends over all pairs of integers ¢, j satisfy-
ing the conditions

’ Hj=k 0<i<r, 0<j<s (3.1.5)
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Next, using the distributive law for matrices and identity (3.6.8)
(p- 93), we obtain

r AWK X r 8 .
FAYA) = (3 a,A)( 3 b,A7) =3 > a;Al.b;Al
1=0 j=0 =0 j=0
r 8 r+s
= b A+ =3 d, A¥,
igo j=oa1 ! kzo k

where dp =Y a;b; (k=0,1,.,r+s),
(%4

with the summation extending over all pairs of integers ¢, j satisfy-
ing (3.7.5). Hence, by virtue of (3.7.4), d, = ¢, and so

F(A)g(A) = ¢(A).
Since, for any two polynomials f(z), g(x), we have

f@)g(x) = g(x)f(x)
it now follows that f(A)g(A) = g(A)f(A). We have therefore the
following corollary.
COROLLARY. Any two polynomials in A commute with each other.

Again, let f(z), g(z) be two scalar polynomials and suppose that
the square matrix A satisfies the relation |[g(A)| # 0. We have just

soen. that [(A)g(A) = g(A)/(A). (3.7.6)
Hence, premultiplying and postmultiplying by {g(A)}-!, we obtain
{g(A}1f(A) = f(A){g(A)}. (3.7.7)

This identity enables us to define rational functions of A.

DErINITION 3.7.2. Let f(2), g(x) be scalar polynomials and let A
be any square matrix such that [g A)] # 0. Then the matriz appear-
ing on either side of (3.7.7) is known as the QUOTIENT of f(A) by

g(A), and is denoted by ffA) or f(A)/g(A).

A quotient of two polynomials in A is called a rational function
of A. If g(x) is identically equal to 1, then g(A) = I, and it follows
that any polynomial in A is a special rational function of A.

ExErcisE 3.7.1. If f, g, ¢, ¢ are polynomials, show that
f(@)jg(x) = $p(x)/f(x) implies f(A)/g(A) = G(A)Y(A)
for any square matrix A such that |g(A)| 5= 0, [i)(A)] 5~ 0.
Theorem 3.7.2 can now be extended to rational functions.
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THEOREM 3.7.3. Any identity between scalar rational functions
remains valid for the corresponding rational functions of a square
maitriz, provided that all the latter functions are defined.

It is clearly sufficient to establish the following results.

fl®) | fo®) _ filx) . . fi(A) | f(A) _ fs(A)
= implies = N 3.7.8
F R B Bl ArN M 0 Vit A R
fi(=@) fa(x) — Js(@) fi(A) _fa(A) — fs(A) ,
fo(x) fo@)  fo(@) fo(A) fu(A)  fo(A)
fi(@) [fs(x) :fs(x) Fi(A) [f5(A) =f5(A)'
fo(@)] fa@)  Sol@) fo(A)] fo(A)  fe(A)
Here all the f; are polynomials and it is assumed that the rational
functions of A involved in each case are defined. Thus, in (3.7.8) it
is assumed that |fy(A)| % 0, |fy(A)] # 0, | fe(A)| #% 0. We shall
give a proof of (3.7.8) and leave the proofs of the remaining two
statements to the reader.

The identity on the left-hand side of (3.7.8) implies

J1(@) () fo(@) +-fa(x) fo(@) fe(x) = fo(@) fol2) folc).
Hence, by Theorem 3.7.2,

fl(A)f4(A)f6(A) ‘I'fa(A)fz(A)fe(A) = fa(A)fz(A)f4(A)-

Premultiplying both sides by {fy(A)}~{fy(A)}"{fs(A)}* and
making use of (3.7.6) and (3.7.7), we obtain

[iA{fo( AN} Hf5(AN (AT = fo(A){ fo(A)}
The proof of (3.7.8) is therefore complete.

implies

implies

Theorem 3.7.3 shows that rational functions of matrices can be
manipulated in accordance with the same formal rules that are
used for the rational functions of a scalar variable. It might now be
concluded that the theory of rational functions of matrices is
virtually the same as that of scalar rational functions. In one
important respect, however, the analogy breaks down completely
for, as we shall see in § 7.4, every rational function of A is equal to
a polynomial in A—a result which has, of course, no analogue in
the theory of scalar rational functions.

3.8. Partitioned matrices

In the present section we shall introduce a very useful technical
device which will frequently facilitate the manipulation of matrices.
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The results to be established below are almost obvious intuitively,
even though the details of the formal argument may be found
rather tedious.

Consider a rectangular matrix A, and let a number of lines be
drawn between its rows, or columns, or both. These lines will then
partition A into a number of smaller arrays. Thus, if A is the

4 % 3 matrix
Ay Qg Qg3

A — |21 P22 Oz
31 Q3zg Qgg
Qg1 Qo Qg3

three of the possible ways of partitioning it are as follows:

(1) [(an | @ ag); (i) (ay ap Q135
Ggy | Agp Qo3 (o1 Qgp | Qg3
Qg | A3p Ogg A3y Qgp | Agg
Qg1 | Qg2 Qg3 Qg1 Qg2 | Qg3

Qg1 Q2 Qg3

A matrix devided in some such way by horizontal or vertical lines
is called a partitioned matriz. If P stands for the mode of partition-
ing of the original matrix A, then the resulting partitioned matrix
will be denoted by Ay. If P consists of all lines drawn between
every pair of consecutive rows and every pair of consecutive
columns of A, then Ay, is, of course, indistinguishable from A.
We can represent a partitioned matrix most economically by
denoting each constituent array by a single matrix symbol. Thus
in the case (i) above we can write
AQD  AQ2)
Ag = (A(21) A(zz))’
where

A — (ali)’ Ad2) — (“12 “13), AC) — (“ai),

0 Qa2 Qo3 2

AR — (aaz “ss).

Qg2 Qgg
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In the case (ii) we have

AQD  AG2
Ay = [Ae Aen)
AGD  AG2
where
a. a
AW = (ay; ay,), AR = (ay  ay,), ABD = ( i 32)»
agy @y
a
Al = (a,3), ALY = (ay), ABY = ( 33) '
Q43
e e e AQD
Again, in (iii), Ag = Acy)
where
Q1 G Qg3
A(ll) - a21 a22 a23 R A(21) p— (a4] a42 a43).

gy Gzg QAgz

The constituent matrices of a partitioned matrix will be called
its elements. It must, however, be borne in mind that an arbitrary
rectangular array of matrices is not, in general, a partitioned matrix
since when the constituent matrices are written out in full the
resulting array of numbers need not, of course, be a rectangular
array.

If T is any partitioned matrix we shall denote by {I'} the ordinary
matrix obtained from I' by removing its partitions. Obviously
{Ag) = A.

We can at once extend the definitions of addition and multiplica-
tion to partitioned matrices simply by replacing the operations
carried out on numerical elements by the corresponding operations
carried out on the matrix elements. Addition and multiplication
8o defined will be found to obey the same formal laws as those
established for ordinary matrices. What is equally important is
that in forming sums or products of partitioned matrices we arrive
at precisely the same results we should have obtained if the
partitions had been removed initially.t It is this last fact that
makes partitioning so convenient a device.

Let us first consider addition. Here the discussion is almost
trivial.

t ‘C'o be more precise, the two results are the same apart from the partitions.
This qualification must be added wherever the context requires it.
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DeriniTION 3.8.1. Let A, B be matrices of the same type and let
the same partitioning P be applied to them, so that

AQD . A0 Bw . . . Bw
Ay = e e , Bg= ce e .
A0 AW B®» . . . Bw9?
Then addition is defined by the equationt
AW BaY | AUl9 4 B(g
Ag+By =

A@L LB | A9} B®9

We note that this definition reduces to Definition 3.3.2 (p. 78)
for the case of ordinary matrices.

It is at once clear that

Aq;‘f‘Bq; = (A+B)m;

in other words {Ag+Bg} = A+B.
Thus, no matter whether we add two matrices or their partitioned
forms, we obtain the same result.

It is equally clear that addition of partitioned matrices is
commutative and associative, i.e.

Agz+Bg = By+Aqg,
Asn—f—(B«s‘f‘Csp) = (Am+Bsp)+Csu-

The discussion of multiplication requires a little more care.

DeriNiTiON 3.8.2. Let A, B be two matrices for which AB 1s
defined, and supposc that partitions P, Q are applied to A, B respec-
tively, so that

A A9 Bw . . B
Ag=( . . . . . ) Bg={ . . . . . |
A AW B . . B9
If q = r and if every matrix product
AOB®E) (3= 1,..,p;] = 1,.,8 k = 1,...,9)

is defined, then the product Ay B, is defined as the partitioned matrix
of p rows and s columns whose (1,5)th element is the matrix

q
3 AWBE (i =1,..,p;j = 1,...8).1

t It is obvious that A®) and B are of the same type.

t It should, in the first place, be noted that the ¢ matrices ACKIB®) (k = 1,..., q)
are all of the same type, so that they can be added together. Furthermore, any
two elements of the matrix AgBg are matrices with the same number of rows
(columns) if they stand in the same column (row) of ApBg. Hence Ag Bg'is a
partitioned matrix in the sense in which we use this term.
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This definition reduces to Definition 3.3.3 (p. 80) for the case of
ordinary matrices.

TaEOREM 3.8.1. If the product Ag By 1s defined, then
{AgB BD} = AB.

This result states, in effect, that partitioning of matrices does
not affect their multiplication. It is extremely useful in certain
cases where it is found to be more economical to multiply matrices
in their partitioned form.}

Theorem 3.8.1. is almost obvious intuitively, and before we give
a formal proof we shall illustrate it by a simple example.

Let A, B be two matrices of type 4 X 4, 4 X 2 respectively, and
let them be partitioned as follows:

11 12 O3

Ay = @a1  Qgg (o3 | Qg __ (A(ll) A(IZ)),
A3y O3y Qg3 | Qgq AL AGY
@41 Qg Q43 | Oyg
by by,
B, = by by — (B(Il))
by bay BeV):
by by

Then, by Definition 3.8.2, Ag By is the 2 X1 matrix

AQDBAD_ A0 can
AgBg = (A(m)Bm) + A(22)B(21)) = (0(21))’

Here we have

say.

by, b
C1) — AMDBAD_ | AG2DBEY — (au 12 ala) (b: b:z) + (31:) (bgy b4o)

Aoy Qoo A
21 “22 23, 2
b31 b32

_ (au bi1t@12 0041303+ 015 043 @13 b1p+15 0001505+ b4z) .
Q91611+ @op byy 003 by g by By b1gtAop boo g3 Dgp+Aog byy)’

G G @ b1y by a
CeL — ACOBAD | AC2BED) — ( 31 “32 33) byy by |+ (ajj)(bu bys)

Ay Qyo Q,
41 “42 Y43 ba1baz

— (a:u b1+ Aa2 91+ 033051+ Aagbyy Ay byp4-0pboo+-g5 b3pt-a5, b4:)
.au bi1Fup by 4305+ by Gy brat-Aapbast s baa 404, bys)

1 See, for instance, the proofs of Theorems 5.6.2., 6.4.1, and 10.3.4.
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Therefore

Ag By

@11 011015001+ 013 051010041 Qg 1o+ 015 Bag+0ya b5+ 14 g,
By b1y b+ oy byy 5y bay Gy b1p 0oy byy 003055 +ag by
g1 011+ g by + 53 b5y 34 ba1 Gy b1pH a5 bop+A33 035+ 34 by
g1 b33+ @gp b+ 04 ba:+0g Bay Ay Byot-a5 bgp+Rag bgo+Aes by
and so {Ay B} = AB, as stated by the theorem.

To prove the assertion in general we shall, for the sake of brevity,
write I' = Ay B, We note, in the first place, that {I'} and AB are
matrices of the same type.

Next, consider a typical element (AB),; of AB. Suppose that the
tth row of A is made up of the Ath rows of the matrices

A AW,
and that the jth column of B is made up of the uth columns of the
matrices B ... B@,

Let I*«v denote the (u, v)th element of I'. Then, by Definition 3.8.2,
Tw) — z AR Bkv),

and so¥ (T, i (ACRB®),
i Awb)) (BED),
= (AB)y;. (3.8.1)

Hence (AB),, is an element of {T'}.

The matrices {I'} and AB are thus of the same type and have the
same elements. It remains now only to prove that the elements in
the two matrices occur in the same order. Suppose that, in addition
to (3.8.1), we also have

(T pr = (AB)yye.
It is clear that if ¢’ > ¢, then either 4’ > u or u’' = u, A’ > A
Similarly, if j* > j, then either v > v or v’ = v, u’ > u. This
means, in fact, that (T)y = (AB),,.

The proof of the theorem is therefore complete.

T It is essential to be qulte clear about the precise significance of each symbol.
We repeat then, that I is the partitioned matrix Ag Bg; its (u, v)th element
T is, of course, itself & matrix, Again (I'4?) au denotes the (A, p)th element of
T'®9); this is therefore an element of {I'} and s0 18 & scalar.
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In conclusion it should be mentioned that multiplication of
partitioned matrices is associative and also distributive with
respect to addition, i.e.

Ag(BgCg) = (Ag Bg)Cy,
Ag(By+GCg) = AgBg+Ag Gy,
(Ba+Cx)Ag = BgAg+Cy Ay,
provided that the matrices in question are defined. Multiplication
of partitioned matrices is obviously non-commutative.

PROBLEMS ON CHAPTER III
‘/l. Compute the matrix products

o (2o)@ @ (I o o)

3 1 1 -2 -1

o

=

w 0on( i )

2. Find AB and BA when

1 2 1 0
i1 A= (1 3 2), B = (0 );
1 4 6 1 0
woa-(L) ()

In case (ii) find a non-zero matrix C such that BC = O.

S = O
O -

J 3. If 01 0
0 0 O
find UU7, UTU, Us, U3,
4, Find A2, A3, and A* when
1 1 1 1 1 1 1
i) A=|1 o w? (w = e2mi3); (1) A = 1 T —1 —1
1 0 w 1 —1 1 —1

1 —7 -1 7

5. Find Ak, given that every element of the n X n matrix A is equal to a.
6. Show that, if AT = A, then (A*)T = A*,

7. If 1 a a?
P = (l b bz),
1 ¢ ¢
show that

—bc —ca —ab\ /b—c O 0
. P* = (b+c cta a+b)( 0 c—a O )
-1 -1 -1 0 0 a—bd
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8. Show that the product of two lower triangular matrices is again a
lower triangular matrix. Also show that the inverse of a non-singular lower
triangular matrix is a lower triangular matrix.

 Find the inverse matrix of

DD et
O~ DO
- W o o
=]

9. Find the inverse matrix of

1 1 1\,
(1 w w2>
1 0 w
where w = €273,

10. Let A@) = (cf)s() —sinB).
sinf@  cosf
Show that A(6)A(6’) = A(f+6’), and give a geometrical interpretation of
this result.
11. A is a given square matrix. Writing A;= ({I—A)"! whenever
tI— A is non-singular, prove that

(t—u)A A, = A,—A,.

+ 12. Determine the condition for the matrix

1 -_nm m
( n 1 —1
—m l 1

to be non-singular; and in that case finds its inverse.

13. Show that if B commutes with A, then it commutes with every
polynomial in A,

14. Show that if A and B commute, so do A* and B!, where k,! are
positive integers. Discuss the case when k,! are not necossarily positive.

15. Show that, if P7!AP = Q~1BQ, then there exist matrices R, S such
that A = RS, B = SR.

16. Let A = (a,,) be an n X n matrix and write A = (d,,). Show that, if
X = (2y,...,2,)7T, then

XTATAX kz]! Z Apr X,

17. A (square) matrix A is said to be idempotent if A2 = A. Show that
the sum of two idempotent matrices A and B is idempotent if and only if
AB = BA = O.

18. Show that if the product of two matrices is equal to a non-zero scalar
matrix, then the two matrices commute. Can the term ‘non-zero’ be
omitted in this statement ?

19. Let A be a fixed m X m matrix and B a variable m X n matrix. Show
that the equation AX = B in X is soluble uniquely for every choice of B if
and only if [A[ 5 0.
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20. Find all matrices which commute with the matrix

A1 0.
<0A Q
0 0 A

21. Show that any two matrices which commute with (——(l) (1)) , commute
with each other.

22. Show that a necessary and sufficient condition for an n X n matrix
to commute with every n X n matrix 1s that it should be scalar.

23. Express the matrix
13 7 3
A=(75 9
3 4 6

in the form A = BBT, where B is an upper triangular matrix with positive
elements.
24. Let the vectors X,...,X,, ¥1,--., ¥ of order m, be connected by the

equations n
Yy, = )‘,lanx, (r =1,..,n).
§=

Show that Y = AX, where A = (a,,), and X and Y arc the matrices having
X,y X, and yy,..., ¥, respectively as their rows.

25, Let A = (g Il)), where a # 1. Show that, for n > 0,
A" — (an bn)’
0 1

where a, = a®, b, = b(a®—1)/(a—1), and discuss the validity of this
formula for n < 0. Also consider the casc a = 1.
26. Let A = (a,,) be a rectangular matrix, and write

N(A) = {E ]a,,,jﬂ}*.

Show that N(AB) << N(A)N(B), and deduce Theorem 2.5.2 (p. 63).

27. Defining N(A) as in the preceding question, prove, by means of
Minkowski’s inequality,t that N(A+B) << N(A)+N(B). Also show that
this relation is equivalent to the triangle inequality for vectors (Theorem
2.5.3, p. 64).

28. By considering powers of the n X n matrix

0100 . . .0
0o0o1o0 . . .0
o001 . . .0
0 0 0 0 1

o000 . . .0

t See Hardy, Littlewood, and Pélya, Inequalities, 31.
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show that

A1 00 0\~

0 A 10 0

00 A1 0

0 0 0 A 0

0000 . . .2
e (e G (e
S A

B 0 0 ANV (IY)AM—] .. (nIZ:;),\N—nﬂ ’
I S

where (IIZ) is interpreted as 0 when & > N.

29. Let f(t), g(¢) be polynomials whose highest common factor is 1; let
M be an n X n matrix; and write A = f(M), B' = g(M). Show that every
solution of the equation ABx = 0 can be wnitten in the form x = y+2z,
where By — Az = 0.

30. Show that the sum and the product of two matrices of the type

( Z Z) arc again matrices of the same type. Deduce that the product of

two matrices of the type

P g
—q P —8 r
—r 8

-s —r ¢ p

is again a matrix of this type.

31. Uis a subspace of B, (n > 2), which consists of all complex vectors x
whose last n— 2 components all vanish; and A is a complex n X n matrix such
that |Ax| = k|x| for all X € U, where k is a constant. Prove that the first
two columns of A are orthogonal to cach other and have length k.

32. Referred to a system of rectangular cartesian coordinates
0X,,0X,,0X,, the coordinates of a point X are given by the column
vector X, whero X7 = (¢}, 2,,@;). Tho direction cosines of a given line 1
through O are given by the column vector 1, where 17 = (I,1,,1,). Prove that
the foot of the perpendicular from X to ! is the point Ax, where A = 117;
and show that A=A, IA| = 0.

33. Find all 2 X 2 matrices which satisfy the equation X? = X, and show
that all but one of these matrices are singular.
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34. Let ay,...,@, be numbers such that a?+...+a? = 1, and put

alt+x aya, . . . GG,
a,a, ait+x . . . aya,
A, =
a,a; ama, . . . aiitzx
Show that, for every value of z, A} = —a"2A_,_,.

35. Let w;,...,w; be distinct numbers and t,...,#; arbitrary numbers.
Prove that there exists one and only one polynomial f of degree < k—1
such that f(w;) = ¢t, (+ = 1,..., k).

Show that, for any square matrix A and any distinct numbers w;,..., Wg,

2HQ$FL

=1 k=1
K#Ei

36. A, B, C, D are n x n matrices, A being non-singular and AC = CA.
Prove that the determinant of the 2n X 2n matrix

© o

C D

is equal to that of the nXxn matrix AD—BC. By replacing A by A+21,
prove that the restriction that A 1s non-singular can be dropped.

37. If E,,1s the n X » matrix whose elements all vanish except for a 1 in the
ith row and jth column, show that E,,E;; = 8, E,;.

If
B 10) _(01) _(00) _(00)
A‘"(oo’ M=o H=\1o) A=\04)
4
show that ; kzz X eleZAlAjAkAl == O,
Wl =
where €, = e( ; ]2 ’; i) Deduce that this result still holds when A, Ay, Ay, A,

are replaced by arbitrary 2 x 2 matrices.
38. Let ¢(n) denote the number of integers not exceeding n and prime

to n, and write

L1l (L2 . . . (L)
p_|@D @2 . . . e
(n,1) n,2) . . . (nn)

where (7, 8) denotes the highest common factor of r and s. By considering the
matrix product PT®P, where ® = dg{$(1),$(2),...,¢(n)} and P,; = 1 or 0
according as 7 divides or does not divide s, show that
D = ¢(1)¢(2)...¢(n).

39. Let N(n) denote the number of non-singular n X n matrices each of

whose clements is 0 or 1. Show that
N(n) = (22— 1)(23—1)...(2"—1)2¢nn-1),

Hetice find the number of n-rowed determinants whose value is odd and
each of whose elements is O or 1.



Iv
LINEAR OPERATORS

THE object of the present chapter (which may be omitted at the
first reading) is to elaborate the remark about ‘transformation of
vectors’ made at the end of § 3.4. The discussion in that section
already pointed to a close relation between matrices and linear
substitutions or transformations. We now propose to study this
relation in greater detail and to show how, when we attempt to
construct an analytical apparatus for handling linear transforma-
tions, we are naturally led to develop the calculus of matrices. In
particular, we shall discover that, contrary to the impression that
may have been derived from § 3.4, matrices and linear transforma-
tions cannot be identified. What, in fact, we shall find is that a
linear transformation can be ‘represented’ by any matrix of an
infinite class of matrices and that all such ‘representations’ have
equal status. As it is desirable to frame the argument with the
greatest possible degree of generality, we shall base our discussion
on the idea of a linear manifold.

4.1. Change of basis in a linear manifold

Throughout the present section we denote by I a given linear
manifold, of finite dimensionality » > 0, over some specified field
&. The zero element of M is denoted by O.

TueOREM 4.1.1. Let B = {E...., E,} be a basts of M, and suppose
that the elements E,,..., E, are defined by the equations

E; :21101.,.117@. (j=1,...,n). (4.1.1)

Then B = {E,,..., B} is a basis of M if and only if the matriz
P = (p;;) is non-singular.

If t,,...,, are any scalars, then, by (4.1.1),

n n =)
=2 B 3 puty (4.1.2)
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Suppose, in the first place, that [P| 7= 0. If¢,,...,t, are scalars
such that

ng t,B =0, (4.1.3)

then, since E,,..., E, are linearly independent, we have by (4.1.2)
ép,., =0 (i=1l,..,n). (4.1.4)
Hence, by Theorem 1.6.1 (p. 27), t; = ... = t, = 0. The elements

B,,..., E, are therefore linearly independent, and B is a basis.
Next, let [P| = 0. Then there exist scalars t,,..., ¢, not all zero,

satisfying (4.1.4). Inview of (4.1.2) these scalars also satisfy (4.1.3).

Hence £,,..., E, are linearly dependent and so do not constitute a

basis.

We recall from § 2.4 that once a basis in a linear manifold has
been chosen, the elements of that manifold can be represented by
vectors. We shall now investigate the relation between any two
such representations arising from two different choices of basis.

THEOREM 4.1.2. (i) Let B, § be any two bases in M. If, for any

Xe, x=RX; 8), %=RX;8), (4.1.5)
then there exists a unique non-singular n Xn matriz P, independent
of X, such that % = Px. (4.1.6)

(ii) If P is a given non-singular n X n matrix and B is any given
basis in M, then a second basis B can be found such that, whenever
X, X satisfy (4.1.5), they also satisfy (4.1.6).

This result states, loosely speaking, that when the elements of a
linear manifold are represented in terms of vectors, a change of
basis in M is appropriately described by a matrix multiplication.
Moreover, each such multiplication corresponds to a change of
basis.

To prove (i), let B = {&,,.., E,}, 8 = {£,,..., £,}, and write

X = (x17"‘,xn)T, i = (5:1,..-, Q?n)T. (4,1_7)
By (4.1.5) we have
n n
X=3uk=73&§E (4 1.8)
j=1 1=1
L 3 n .
Let B =73 pyB (j=1..n) (4.1.9)
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Then, by Theorem 4.1.1, the matrix P = (p,;) is non-singular. By
(4.1.8) and (4.1.9) we have

X = sz)' szPuE EEEPw Zj,

and so, since the coordinates of an element with respect to a basis
are uniquely determined,

n
Z, =j21pijxj (¢ = 1,...,n).

These relations are, of course, equivalent to (4.1.6). Furthermore,
if in addition to (4.1.6) we also have X = Qx, then, for all x,
(P—Q)x = 0; and it follows by Exercise 3.3.8 (p. 85) that
Q=P

To prove (ii), let P be a given non-singular »Xn matrix and
write P-1 = (p}). Let B = {£,,..., E,} be any given basis in I,

and put
Zp E, (j=1,.,n).

Then, by Theorem 4.1.1, 8 = {£,,..., £} is also a basis of M. If
x and X are defined by the relations (4.1.5) and if the notation
(4.1.7) is used again, then

X = sz—zszpu = > E Y pii#,

j=1 i=1 j=1
and so z P& (= 1,.,n);
i=1
in other words, x = P-1X, and the proof is complete.

4.2. Linear operators and their representations
4.2.1. Let us consider two sets of objects 9t and IM*.
DEFINITION 4.2.1. If with each object X in M is associated a
unique object L(X) in M*, then L s called a MAPPING or @ TRANS-

FORMATION OF M INTO M*, and M is said to be mapped into M* by
L. Furthermore, for each X € M, L(X) is called the IMAGE of X.

Other terms such as operator, operation, or function are also used
to describe L, and the idea they express is an exceedingly common
one. The term ‘function’ is particularly apt; for L(X), as defined
above, is in fact an obvious extension of the elementary notion of
a function. Here the argument X is taken from the set of objests
M and the functional value L(X) lies in the set Mt*.

5682 I
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For example, let M be the set of real and M* the set of complex

numbers. The function

L(X) = 2miX
is then clearly a mapping of M into M*. Or, again, let M be the set
of points of a plane and M* the set of non-negative real numbers.
If, for any X e M, L(X) is defined as the distance of X from some
fixed point in 9 (the unit of measurement having been chosen), then
L is a mapping of M into Wi*.

Our main concern is, however, with linear manifolds and we
shall throughout this chapter use the symbols It, IM* to denote
two linear manifolds, of finite non-zero dimensionality, over the
same reference field §. Until the contrary is stated we shall also
write d(M) = m, d(M*) = n. We propose to study a particularly
simple and interesting class of transformations of one linear mani-
fold into another.

DEFINITION 4.2.2. Let L be a mapping of M into M* and suppose
that, forall X, Y € Mand all o« € F,

L(aX) = oL(X), LX+Y)=LX)+L(Y). (42.1)
Then L s said to be LINEAR.

Similarly we speak of linear transformations, or linear operations,
or linear operators, and we say that M is mapped linearly into IM*
by L.

The requirements (4.2.1) are referred to as the conditions of
linearity, and an immediate consequence of them is that, for all
Xy X, € Mand all oy,...,04 € §,

Ly Xy 4.ty Xp) = oy L(X )+ 4oy L(XG).  (4.2.2)

ExERcISE 4.2.1. Let R, , denote the linear manifold of m x n matrices.
Show that transposition is a linear mapping of R, , into N,, ,,..

EXERCISE 4.2.2. Let L be a linear mapping of M into IM* and denote
by ©, @* the zero elements of M, M* respectively. Show that L(Q) = O*,

It may be recalled that we have already encountered one
important instance of a linear mapping. If Aisa givenn X m matrix
and X is any vector of order m, then the function L, specified by the

equation L(x) = Ax, (4.2.3)

is a linear mapping of B,, into B,,. This fact can, of course, be
verified immediately.
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We know (by Theorem 2.4.3, p. 59) that every linear manifold
of finite dimensionality can be represented by a total vector space.
Equation (4.2.3) therefore suggests that it may be possible to
represent every linear mapping of M into W* by means of a suitable
matrix. This is, indeed, the case as is shown by the next result.f

THEOREM 4.2.1. Let L be a linear mapping of M into M* and let
B, B* be any bases of M, M* respectively. If, for any X € M, we

write x = RX; B), x*=RLX); B*),
then there exists a unique n X m matriz A, independent of X, such that
X* = AX. (4.2.4)

Let 8 = {E,,..., E,}, B* = {E%,..., E}}. Each of L(E,),..., L(E,)
is an element of MM* and so is expressible as a linear combination
of Ef,..., E¥, sa

L(E) = :ilai, B (j=1,.,m). (4.2.5)

Ifx = (2,,...,2,)7, X* = (aF,...,z%)T, then, by hypothesis,

3

X

SaE, LX) = S ¥ B,
= i=1

j=1

Hence, using (4.2.2) and (4.2.5), we obtain
= L{zlijj} = 2.5 L(E)
:]Z zau Ef = 2 E¥ za“ -

But the expression for L(X) as a linear combination of Ef,..., E}
is unique; therefore

m -
=Y ayr; (1=1,.,n),
j=1

and this is equivalent to (4.2.4) with A = (a;;), The uniqueness of
A is proved by the same argument as that used in the proof of
Theorem 4.1.2 (i).

The theorem just proved shows that every linear operator can be
represented in terms of a matrix multiplication. The representation

t Throughout the discussion below we make use of properties of matrices to
deduce properties of linear operators. For a treatment of linear algebra in which
the study of operators precedes that of matrices see, for example, Halmos, 14,
and Lichnerowicz, 17.
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is not, of course, uniquely determined since it depends on the arbi-
trary choice of bases in It and M*.

DEFINITION 4.2.3. The matrix A in (4.2.4) is said to REPRESENT
the linear operator L with respect to the bases B, B* of M, M*. In

symbols: A — %(L; 23, %*).

Suppose now that we take new bases in M and IM*. With respect
to these bases the linear operator L will be represented by a new
matrix; and we see, in fact, that L possesses an infinity of matrix
representations corresponding to the variable choice of bases in
M and M*. We are therefore led to consider what relations exist
between different matrices representing the same operator.

THEOREM 4.2.2. Let L be a linear mapping of M into M*, and
let B, B be any bases in M and B*, B* any bases in M*. If

A= .@(L, B, %*)’ A = '%(Ly %’ ﬁ;*)’
then there exist non-singular matrices P, Q, of order m, n respectively,

such that A = QAP-L (4.2.6)
The proof is almost immediate. If X is any element in 9, write
x = 2(X; B), X = 2(X; B),

x* = B(L(X); B*), X*= RB(L(X); B*).
Then, by hypothesis,
x¥ = AX, %* = A%.

Moreover, by Theorem 4.1.2 (i), there exist non-singular matrices
P, Q, of order m, n respectively, such that

X = Px, X* = Qx*,
Hence %* = Qx* = QAx = QAP-IX,
and (4.2.6) follows by virtue of the uniqueness of A.

4.2.2. The situation described by Theorem 4.2.2 becomes even
more interesting if we take Mt and M* as identical linear manifolds.
In that case both the variable X and the functional value L(X) are
elements of M, and we speak now of a linear mapping, or linear
transformation, of M into itself.t The mapping L(X) = X (for all
X e M) is called the identical transformation of M.

t It is important to stress that if L is a linear mapping of I into itself, then to
eaqgh element X € It corresponds a unique element L(X) € Y. On the other hand,
given X’ € M, there may be no X € M such that L(X) = X*; or there may possibly
be more than one X satisfying this relation.
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ExERCISE 4.2.3. Show that the operator which transforms every element
of a linear manifold M into the zero element is a linear mapping of M into
itself.

By specializing Theorems 4.2.1 and 4.2.2 we could obtain a
number of results about transformations of I into itself. But itis
essential that the reader should become thoroughly familiar with
the idea of representation of operators by matrices and we prefer,
therefore, to give an independent derivation of the theorems relating
to linear transformations of a linear manifold into itself. Through-
out the remainder of the present secton we shall write d(IM) = n.

Theorem 4.2.3. Let L be a linear transformation of MM into itself,
and let B be any basts of M. If, for any X € M, we write

x=RX;®B), x =2RLX); ),
then there exists @ unique n X n matriz A, independent of X, such that
x' = Ax. (4.2.7)
Let B8 = {E,,..., E,} and write

L(E,) :éla” E,  (j=1,.,n), (4.2.8)
X = (Z4,...,2,)7, X = (x,...,25)7.
Then LX) = L{élx, E,) :élxj L(E))
=J§l xjélau E, = é:xE’]gﬂ" x;,
so that z; =}ila,-jxj (¢ =1,..,n).

This is, in fact, (4.2.7) with A = (a,,); and the uniqueness of A
follows in the usual manner.

Theorem 4.2.3 shows, in particular, that a linear transformation
of M into itself can be represented by a linear transformation of B,
into itself.

We may also remark that the matrix equation X’ = Ax, where A
is non-singular, can be interpreted in two different ways. On the
one hand, we may think of I as undergoing a transformation which
changes the element X, represented by x, into the element L(X),
represented by Ax. On the other hand, we can consider the effect
produced by a change of basis in . In view of Theorem 4.1.2 i)
(p. 112) we know that if x represents X € I with respect to B,
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then a second basis B can be found such that AX represents the
same element X with respect to 8. The transition from x to Ax
can thus be regarded as resulting either from a linear transforma-
tion of M or from a change of basis in M. The same twofold aspect
of matrix transformations appears in projective geometry when we
consider collineations and changes of the coordinate system.

The terminology and notation of Definition 4.2.3 can, of course,
be suitably modified to meet our present requirements.

DEFINITION 4.2.4. The matriz A in (4.2.7) is said to REPRESENT
the linear transformation L with respect to the basis B of M. In

symbols: A = R(L; B).

It is easy to obtain a converse of Theorem 4.2.3. This shows, in
particular, that, for a fixed choice of basis, there is a biunique
correspondence between the linear transformations of M into itself
and the matrices representing them.

THEOREM 4.2.4. Let A be an nXn matriz and B a basis of M.
Then there exists @ unique linear transformation L of MM into itself
which is represented by A with respect to B.

Let A = (a;) and B = {E,,..., E,}, and let the elements L(E)
of M be defined by (4.2.8). Then, in view of the linearity of L,
L(X) is uniquely determined for every X € M. Using now the
equations appearing in the proof of Theorem 4.2.3 we can easily
show that A = Z(L; B).

Suppose now that we also have A = Z(M; B), where M is
some linear transformation of M into itself. Then, if X € M and
x = A(X; B),

A(L(X); B) = Ax = Z(M(X); B).
Hence L(X) = M(X)forall X € M, i.e. L = M as required.

EXERCISE 4.2.4. Write out the details of the proof sketched above.

ExErcise 4.2.5. Let L,, L, be linear transformations of M into 1itself,
and let the transformations «L,, L+ Ly, L, L; be defined respectively by
the formulae

(aL)(X) = aLy(X); (Ly+ L) X) = Ly(X) 4 Ly(X);
(Lo Ly )(X) = Ly{Ly(X)} (X € M).
Show that «L,, L,+ L,, L, L, are all linear.

.If L,, L, are represented, with respect to a basis 8, by the matrices A,, A,
respectively, show that aL;, L, + L,, L, L, are represented by aA;, A; +A,,
A, A, respectively.
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In comparing matrix representations of a linear operator with
respect to different bases we encounter a type of relation between
matrices which will play a prominent part in our subsequent
discussion.

DErINITION 4.2.5. If A and B are square matrices, and
B — S-1AS, (4.2.9)
where S is some non-singular matriz, then B is said to be obtained

from A by a SIMILARITY TRANSFORMATION, in which S is the
TRANSFORMING MATRIX. Furthermore, B is said to be SIMILAR fo A.

Since (4.2.9) may be rewritten in the form A = (S-1)-1BS-1, it
follows that if B is similar to A, then A is similar to B. There is,
therefore, no ambiguity in speaking simply of two matrices as being
similar.

The next theorem states, roughly speaking, that two matrices are
similar if and only if they represent the same linear transformation
of M into itself.

Theorem 4.2.5. (Representation theorem for linear trans-
formations)

(i) Let L be a linear transformation of M into itself. If A, A are
the n X n matrices representing L with respect to the bases B, B of M
respectively, then A, A are similar.

(i) Let A, A be similar n X n matrices, and let B be any basis of M.
Then a second basis B and a linear transformation L of M into itself
can be found such that

A = ZA(L; B), A = 2(L; B).
To prove (i), let X € M and write

x = Z(X; B), % = #(X; B),
X = RLX); B), ¥ =RLX);B)
By hypothesis we have

x' = Ax, % =A%

Furthermore, by Theorem 4.1.2 (i) (p. 112), there exists a non-
singulas matrix P such that

X = Px, X = Px'.
From these relations we infer that

%' = Px’ = PAx = PAP-X,
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and it follows that A = PAP; (4.2.10)

thus A, A are similar.

Assume, next, that A, A are given similar matrices, so that
(4.2.10) is satisfied for some matrix P. If B is a given basis, then,
by Theorem 4.2.4, there exists a linear transformation L of M into
itself such that A = 2(L; B). This means, of course, thatif X e M

and x=AX; ), X =ALX); B),
then x' = Ax.
Again, by Theorem 4.1.2 (ii) (p. 112), It possesses a second basis B
such that, if
% =RX;8), X =RLX);Y),
then X = Px, X = Px'.

Hence, in view of (4.2.10), X' = A%, i.e. A = Z(L; B). The proof
is therefore complete.

The preceding theorems show that in dealing with linear trans-
formations of a linear manifold into itself we encounter a situation
of a type with which we are already familiar from the study of
representations of a linear manifold by means of vector spaces.t
A linear transformation of 9M into itself exists quite independently
of any representation; but it possesses, at the same time, infinitely
many different representations (in terms of matrices) none of which
has special precedence over the others. Our choice of representa-
tion (that is, essentially our choice of basis in 9R) is therefore
governed in any particular problem solely by considerations of
convenience.

4.2.3. Since in the problems that actually arise we deal more
often with vector spaces than with linear manifolds, it is useful to
reformulate some of the results obtained in § 4.2.2.

We note, in the first place, that if L is a linear transformation of
B, into itself and ¥ = {X;,...,X,,} is a basis of B,,, then there exists
a (unique) 7 X 7 matrix A such that ’

A = A(L; X). (4.2.11)
This means, in fact, that if
X = oy Xy o, X, L(x) = By X, + ... +BrXp,
then (Busees Ba)T = Alagseen ap)T. (4.2.12)
1 See § 2.4.
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A more convenient way of characterizing the representing matrix
A follows from (4.2.8) (p. 117). This set of equations shows that if

L(x;) =izl%xi (j = L,...,n), (4.2.13)

then A = (ay).
In the particular case when X is taken as € = {ey,..., €,} (4.2.11)
means, then, that

Lfey) =i§1%-e¢ = Ay (j = L.un).

Writing x = (%,,...,%,)? and using Theorem 3.3.6 (p. 84) we see
that

Lix) = L et ta,e) = 37, 1e) = 3 2,A,, = Ax.

We have, therefore, the following result:

TaEOREM 4.2.6. If L is a linear mapping of B, into itself, and
A = A(L; €), then, for all xe B,, L(x) = AX.

ExEercrsk 4.2.6. Deduce Theorem 4.2.6 from (4.2.12).

THEOREM 4.2.7. Let L be a linear mapping of B,, into itself. Let
X = {Xp,...,X,} and X = {&;,....%,} be any two bases in B,, and
suppose that n '
X; =i521p,-jxi (7 = 1,...,m).
then A = P-1AP,
where P = (py)-T

This result follows immediately from Theorem 4.2.5 (i) and the

construction of P in the proof of Theorem 4.1.2 (i), when an obvious
change of notation has been made.

We may specialize Theorem 4.2.7 still further by taking € to
be one of the given bases.

Theorem 4.2.8. Let X = {X,,..., X,,} be a basis of B, and let X
be the n X n matriz having X,,...,X,, (in that order) as its columns. If

the nXn matriz A represents the linear transformation L of By, into
stself with respect to €, then X-*AX represents L with respect to X.

1 The matrix P is non-singular by virtue of Theorem 4.1.1.
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We apply Theorem 4.2.7 with €, X in place of X, X respectively.
This shows that if

n
x’- =iglpij ei (j = l,..., n), (4.2.14)

then Z(L; X) = P-'AP, where P = (p;). But (4.2.14) can be
written as
X; = (PrjpersPu)T (= L..ym).

Hence Pu - - - P
X = e e =P,

pnl . M . pnn

and the assertion follows.

4.2.4. Now that the relations between matrices and linear
operators have been discussed at some length, it becomes clear that
the properties a square matrix may possess are of two distinct kinds,
which might be termed ‘invariant’ and ‘non-invariant’—an
‘invariant’ property being one that is shared by all matrices
representing (with respect to suitable bases) the same linear
operator as the given matrix. In view of Theorem 4.2.5 this simply
means that a property is invariant if it is possessed by an entire
class of similar matrices. It is, for instance, obvious that similar
matrices are either all singular or all non-singular, and singularity
is thus seen to be an invariant property. On the other hand, the
symmetry of a matrix A, i.e. the property A7 = A, is clearly non-
invariant.

Invariant properties of matrices are fundamental since they
»xpress intrinsic characteristics of the underlying linear operators,
whereas non-invariant properties depend on the arbitrary choice
»f a basis in a linear manifold and so are, as it were, accidental. To
letermine the invariant features of a given matrix A (that is, to
jetermine the intrinsic characteristics of the operator represented
)y A) we endeavour to find and then to examine some matrix A,
imilar to A, and having at the same time as simple a form as
sossible. This procedure leads to the discussion of canonical forms
vhich will be undertaken in Chapter X.

In projective geometry, too, similarity transformations play a
yrominent part. Projective geometry is the study of ‘projective
ipace’. Although this space is not a linear manifold, its properties
‘an_ be made to depend in a simple way on the properties of such
nanifolds. For example, projective space can be represented by
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means of systems of ‘projective coordinates’; each such system is
derived from a basis of a vector space, and the change from one
gystem to another can be described in terms of matrices. In
discussing projective geometry we have often to deal with collinea-
tions, i.e. with linear transformations of projective space into itself.
These transformations have properties closely resembling those of
linear transformations of a linear manifold; in particular, they can
be represented by matrices, and two matrices represent the same
collineation with respect to two systems of coordinates if and only
if each is similar to a scalar multiple of the other. It follows that in
investigating the nature of a given collineation it is advantageous
to choose the system of coordinates in such a way that the represent-
ing matrix assumes as simple a form as possible; and this amounts
to finding a matrix having a simple form and similar to the given
matrix. Thus, no matter whether our interest lies primarily in
pure matrix theory or in geometry, we are led naturally to the
recognition of the importance of similarity transformations and to
the systematic study of these transformations.f

4.3. Isomorphisms and automorphisms of linear manifolds

The reader has probably already noticed the close resemblance
between the notion of an isomorphism (as specified in Definition
2.4.1, p. 58) and that of a linear transformation. An isomorphism
between two linear manifolds I and IM* is obviously a linear
transformation of M into M* (and equally of M* into IM). On the
other hand, a linear transformation of 9 into IM* need not be an
isomorphism, as may be seen, for example, by considering the
linear transformation which maps every element of M into the
zero element of M*. If, however, in addition to the requirements
imposed on M, M*, and L in Definition 4.2.2 (p. 114) we also
assume that to every element X’ of M* there corresponds one and
only one element X of M such that L(X) = X', then the linear
transformation L of M into IMM* becomes an isomorphism, and
M, M* are isomorphic.

A somewhat weaker requirement is specified in the next defini-
tion.

t For a discussion of projective geometry based on the methods of linear
algebra the reader may be referred to Semple and Kneebone, Algebraic Projective
Geometry, or, for a more comprehensive treatment, to Todd, Projective*»and
Analytic Geometry.
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DerintTiON 4.3.1. A linear transformation (or linear mapping)
of P oxTO M* is a linear transformation L, of M into M*, having
the additional property that, corresponding to every X' e I*, there
exists AT LEAST one X € M which satisfies the equation L(X) = X'.§

In particular, we may speak of a linear transformation of M onto
atself.

We note at once that an isomorphism between It and M* is a
mapping of M onto P*. The converse need not be the case. Thus,
take M = B, M* = B, and define L as the transformation which
associates with every vector (2, %,, z,) of B, the vector (z,,x,) of
B,. It is easily verified that L is a linear mapping of B, onto B,,
but it is obviously not an isomorphism since it does not set up a
biunique correspondence between the vectors of 8B, and those of
B,. If, however, the dimensionalities of I and Wt* are equal, then
a linear mapping of M onto M* and an isomorphism between M
and M* are equivalent concepts. Thisisshown by the next theorem.

THEOREM 4.3.1. If M, M* are linear manifolds having the same
(finite) dimensionality and if L is a linear transformation of M onto
M*, then L is an isomorphism.

Let d(M) = d(M*) = n and let {£,,..., E,} be any basis of M.
If X’ is any element of M* then there exists, by hypothesis, at least
one element X in I such that X’ = L(X). Writing

X=oB+..4o, E,
we therefore obtain
X' = o L(E)+...+o, L(E,).
Thus L(E,),..., L(E,) are generators of M* and, since d(V*) = =,
it follows that these elements constitute a basis and so are linearly
independent.

Now let Y’ € M* and suppose that ¥,,¥, e M and L(Y;) =Y,
L(Y,) = Y'. Then L(Y,—Y,) = ©*, where ®* denotes the zero
slement of M*. Writing

we obtain B1 L(E,)+...+B, L(E,) = O,
ind since L(E,),..., L(E,) are linearly independent this implies
shat B; = ... = B, = 0. Hence Y; =Y, and thus corresponding

0 any element Y’ € IM* there exists precisely one element ¥ € M
wuch that L(Y') = Y’. The mapping L is therefore an isomorphism.

1 Thus ‘mapping onto’ is a special case of ‘mapping into’.
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We are particularly interested in the case when I = M*.

DEFINITION 4.3.2. An AUTOMORPHISM of a linear manifold M
18 an isomorphism of M with itself.

The mapping L(X) = X (for all X € M) is called the identical
automorphism of M.

Exercise 4.3.1. Show that the biunique correspondence between the
elements of B,, spccified by the scheme

(21, 22) <> (21 + 20, 7, — 23),

is an automorphism of B,.

As a special case of Theorem 4.3.1 we have the following result.

THEOREM 4.3.2. A linear transformation of a finite-dimensional
linear manifold onto itself is an automorphism.

A criterion for deciding whether a linear transformation L of I
into itself is an automorphism can be given in terms of matrix
representations of L. We need to observe in the first place that the
(infinitely many) matrices representing L are either all singular or
all non-singular. For any two such matrices A, A are similar by
Theorem 4.2.5, i.e. they are connected by a relation of the form
A = PAP-!; and hence, by Theorems 3.5.1 (p. 87) and 3.6.3 (i)
(p. 93), [A] = |A|.

THEOREM 4.3.3. A linear transformation L of a finite-dimensional
linear manifold I into stself is an automorphism if and only if the
matrices representing L are non-singular.

Let 8 = {£,,..., E,} by any basis of M, and write
L(E]) = 'zlaij Ei (j = 1,...,%).

Then A = (a;;) = %(L; B). Suppose first that |A| # 0. Let X'
be any given element of M and write X' = Z(X'; B). Let Xe M
be defined by the relation A-x’ = #Z(X; 8B). Then

RX'; B)=A. %X, B),

and it follows from Theorem 4.2.3 (p. 117) that L(X) = X'. Thus
L is a linear mapping of M onto itself; and so, by Theorem 4.3.2, it
is an automorphism.

If, on the other hand, |A| = 0, then L(E,),..., L(E,) are linearly
dependent by virtue of Theorem 4.1.1, ie. there exist scalars
0.0y &y, NOL all 0, such that

L(oy By+... 4o, B,) = oy L(Ey)+...4o, L(E,) = O,
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where 0 is the zero element of M. Thus, forsome X # 0, L(X) = 0.
But clearly L(©®) = 0, and therefore L is not an automorphism of
M. The proof is now complete.

We may summarize the results of Theorems 4.3.2 and 4.3.3 by
saying that the following statements, relating to a linear mapping
L of a finite-dimensional linear manifold of M into itself, are equi-
valent.

(i) L is a mapping of M onto itself;
(ii) L is an automorphism of IM;
(iii) the matrices representing L are non-singular.

EXERCISE 4.3.2. Let M, M* be linear manifolds of the same fimite dimen-
sionality and let L be a lmear mapping of M into IN*. Show that the matrices
representing L are either all singular cr all non-singular.

EXERCISE 4.3.3. Show that if I, Vi* are Linear manifolds of the same finite
dimensionality and L is a linear mappimg of M into M*, then the following
statements are equivalent.

(i) L is a mapping of M onto W*;
(n) L is an isomorphism between 9t and M*;

(1ii) the matrices representing L are non-singular.

4.4. Further instances of linear operators

The idea of a linear operator introduced in Definition 4.2.2 pervades, in
one form or another, a large part of mathematics. The operators we have
encountered so far have all been associated with matrices, but there also
exist lincar operators of quite different types, and many of these are impor-
tant in analysis and especcially in the theories of differential and integral
equations. The basic fact in this context is that differentiation and intcgra-
tion are linear operators, i.e.

d
= (o (@) +Ba(@)} = af (@)+By'(x);

b b b

[ faf@)+Bo@)} dz = o [ f(x) dz +B [ g(x) da.

a a a

The linearity of all operators mentioned below is, as we shall see, an almost
immediate consequence of this fact.

Consider, for example, the class € of all real-valued functions of ¢ and its
subclass €™ consisting of those functions which possess derivatives of the
nth order. Multiplication by scalars and addition of elements in € can be
defined in the obvious way, and with respect to these operations € and €™
are, of course, lincar manifolds (of infinite dimensionality). Let, now, Q be
the operator

. dn-1

d
t-it—”_—1+...+a,,_1 Et+an,

dan
Q= a°d_t—"+a1
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where ag, @y;..., @,_1,0, 8re constants. If Q) operates upon a function x = (f)
in €™, the resulting function is denoted by £2(x) or Q, and is defined by the
equation

a1z
din—1

Tt is clear that, for every real number o and every pair of functions 2,y € €"),
o have Q) = o, Qoty) = D240y,

Hence Q 1s a inear transformation of €™ mto €, and 1t is precisely this fact
which underlies the theory of the differential equation
Qx = 0,

since it implies that every lincar combination of solutions of the equation
is again a solution. The set of all solutions 1s, in fact, a linear manifold and,
as we may recall, 1ts dimensionality 1s n (provided that a, # 0); thus every
solution may be cxpressed as a lincar combination of n inearly independent
solutions.

A somewhat similar situation arises with regard to numerous partial
differential cquations. We may, by way of illustration, consider the three-
dimensional equation of heat conduction, namely,

drx d.
Qr = a, Eﬁ+a1 +...+an_1-d—f+a,,x.

Pu Pu | P du
o T = e
If Q denotes the operator
0* 0 0? 0
bt oyt e Nt

(4.4.1)

then this equation can be rewritten in the operational forn Qu = 0. Now the
functions of the four varables x, ¥, 2, t which possess all the requisite partial
derivatives form a Iinear manifold M, and 1t 15 at once clear that Q is a
Iinear operator in that mamfold. Hence any Iinear combination of solutions
of Qu = 0 1s again a solution, and the method of treatment of the equation
(4.4.1) depends essentially upon this fact. Exactly the same remarks apply
to most of the other standard equations of mathematical physics, such as
the wave cquation, and Laplace’s equation. Generally speaking, when the
operator speeifying an (ordinary or partial) differential equation is linear,
the equation 1s far more likely to be tractable than when it is not.

We may also mention certain operators connected with integration. Let
3 be the class of real-valued functions integrable in the range a < t < b.
This class 15 obviously a lincar manifold. The operator Q defined by the
relation b

Qx = [a(t) dt
a

is clearly a lincar transformation of J into the manifold of real numbers. A
similar, but slightly more complicated linear operator €2, defined for the
linear manifold of functions integrable in —o0 < ¢ < 0, is given by the
relation

b
Qx = j K(t)x(u—t) dt, (4.1.2)
a
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where K(t) is a given integrable function, known as the kernel of Q. Here
Qg is a function of %, and so (when K(t) satisfics suitable conditions) Q is &
linear transformation of the class of integrable functions into itself. Operators
such as (4.4.2) occur in the theory of integral equations.

Many other ‘integral transforms’ involve lmear operators. The Laplace
transform of a function wz(t), for example, is defined as the function Z(p)
given by the formula

&(p) = f e~Ptz(t) dt,
(1]

and the operation of changing x(t) into &(p) is obviously linear. The treat-
ment of many types of differential equations depends precisely upon thisfact. t

PROBLEMS ON CHAPTER IV

1. Lisalinear transformation of a lincar manifold M into a linear manifold
M*. Show that theset of all X € M such that L(X) = O*, where ©* denotes
the zero element of M*, is a submanifold of M.

2. Show that every linear mapping of one linear manifold onto another
preserves linear dependence but not necessarily linear independence. Show
further that if the dimensionalities of the two inear manifolds are equal, then
linear independence is also preserved.

3. L is a linear transformation of a linecar manifold I into itself;
B = {E,,..., E,} 15 a basis of M; y(B) is the maximum number of lincarly
independent elements among L( E,),..., L(E,); and R(B) is the submanifold
of M spanned by L(E,),..., L(E,). Show that both »(B) and N(B) are
independent of the choice of B.

4. Let L, L’ be linear transformations of a lincar manifold 9t into itself.
Show that, if a, o’ are any complex numbers and B any basis of M, then

R(aL+aoa'L'; B) = aR(L; B)+o'2(L'; B).

5. Lisalinear transformation of alinear manifold 9 into alinear manifold
M*. Show that M* possesses a submanifold W’ such that L effects a linear
transformation of M onto WM’.

6. Let L be a linear transformation of B, into itself which is represented,
with respect to the basis (—1,1,1), (1,0, —1), (0,1, 1), by the matrix

1 0 1
11 O).
-1 2 1

Find the matrix representing L with respect to €.

7. A linear mapping L of B, into itself transforms the vectors (—1, 0, 2),
(0,1,1), (3, —1,0) into (—5,0,3), (0, —1, 6), (— 5, — 1, 9) respectively. Find
the matrix representing L with respect to (i) the basis consisting of the first
three vectors given above; (ii) €.

t The reader who wishes to see how the algebraic idea of linearity can be

syslematically employed in analysis should consult Courant and Hilbert, Methods
of Mathematical Physics.
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8. The matrix ( ab 2) represents the linear transformation L of the

complex space B, with respect to the basis €. Find the matrix representing
L with respect to the basis consisting of the vectors (1,4), (1, —1).

9. Lis a linear transformation of 8B, into itself, B is a basis of 8, and B’
is another basis obtained from B by rearrangement of the vectors in B.
Determine the relation between %#(L; B) and %#(L; B’).

10. L is a linear transformation of the n-dimensional linear manifold I
into itsclf; M, is tho submanifold consisting of elements of the form L(X)
(X € M); and M, is the submanifold of elements'X € M such that L(X) = O,
where @ is the zero element of M. Prove that

(M) +d(M,) = n.

11. Verify the result of the preceding question for the case when It = B,
and L is the matrix operator
01 0
0 0 1}y.
0 0 0

12. Let P, be the sct of all polynomials in ¢ of degree < n. Show that,
with the obvious definitions of addition and multipheation by scalars, P,
is a lincar mamfold and that B = {1,¢,t%...,*1} is a basis of P,. Show
further that the operator D, defined by the relation Dp(t) = p’(t), is linear
and find #(D; B).

13. Let U, i’ be complements in B, and let L, M be linear transforma.-
tions of B, into itsclf such that L(x) = M(x) whenever X € U or x € U".
Show that L = M.

14. Let M, M* be isomorphic linear manifolds, and let L be a linear
mapping of M nto 1tself. Show that there exists a linear mapping L* of M*
into 1tself such that L(X) <> L*(X*) whenever X <> X*,

15. L isalincar mapping of an n-dimensional linear manifold I into itself,
and X,,..., X, are lincarly independent elements of 9. Prove that L is an
automorphism of M if and only if L(X,),..., L(X,) are lincarly independent.

16. M is an n-dimensional linear manifold over §, and X, X’ are two
distinct elements in Y. Show that there exists a linear transformation f of
M into F such that f(X) # f(X').

17. M is a lincar manifold of (finite) dimensionality n, over a field §, and
IM* is the set of all linear transformations of M into §. Show that, with
suitable definitions of multiplication by scalars and addition, I* is also a
linear manifold of dimensionality n.

18. M is a linear manifold of dimensionality n. Show that the set of all
linear transformations of M into itself is & linear manifold of dimensionality
n?. Generalize this result for the case of linear transformations of I into a
second linear manifold M’.

19. Let L be a linear transformation of 9B, into itself and let

B = {X;,...sXp} B’ = {X{,..,Xp}
5682 K



130 LINEAR OPERATORS v

be bases of B, such that, for & = 1,...,n, X3, is a linear combination of
X,,...,Xz. Show that there exists a triangular matrix A such that
A%(L; B') = %(L; B)A.

20. Let B = {X;,...,X,} be a basis of B, and suppose that A is an nXn
matrix such that Ax,,, = ... = Ax, = 0, while each one of Ax,,..., AX,is
a lincar combination of Xy,...,X,. Prove that, if A represents the linear trans-
formation L with respect to €, then the matrix representing L with respect
to B has the form ( A, 0)

o o/
where A, is an r X r matrix.

21. Let 1 < r < n, and suppose that U is an r-dimensional subspace of
B,. Show that the general formula for the matrix A, which satisfies the
conditions

Ax = 0 (for all x € U), Ax 3 0 (for all x € N),

. o P

is A = S( o Q)S 1

where S is any given non-singular matrix whose first 7 columns constitute a
basis of U, while P is an arbitrary r X (n—7) matrix and Q an arbitrary
non-singular (n—7) X (n—r) matrix.

22. A transformation L of B, into itself is called a projection if there exist
complements 1, U’ such that L(x) = x for all X € U and L(x) = 0 for all
x € U’. Show that (i) a projection 1s a linear transformation; (ii) a linear
transformation L is a projection if and only if L? = L; (iii) a linear trans-
formation L is a projection if and only if I— L is a projection, where I
denotes the identical transformation of B,.

23. Let L,, L, be two projections. Show that (i) L, L, is a projection if
and only if I, L, = L, L, = O; (ii) L,— L, is a projection 1f and only if
LiL,=L,L, = L,.
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SYSTEMS OF LINEAR EQUATIONS AND
RANK OF MATRICES

IN the present chapter we shall give a complete account of the
theory of simultaneous linear equations. The results of Chapter IV
will not be needed here and we shall make use only of the simplest
properties of determinants, vectors, and matrices. The most
important new idea which we shall introduce is that of rank of a
matrix.

5.1. Preliminary results
In this section we shall explain the terminology and notation and
consider the simplest cases of our problem.
5.1.1. DEeFINITION 5.1.1. 4 LINEAR EQUATION in the unknowns
Zyyenes Ty 18 am equation of the form
a, 2, +...+a, x, =b. (5.1.1)
If b= 0,then (5.1.1)1s known as a HOMOGENEOUS LINEAR EQUATION.

A system of linear equations in the unknowns z,,..., %, has the
form gy Byt Gy & = by }
(5.1.2)
Ay X1t i F B @y = by
where the a;; and b; are given numbers. The associated system of
homogeneous equations is given by
Ay Tyt iy T, = O}
A O (5.1.3)
a2+ a2, =0
Our problem is to investigate whether a set or sets of values of
Zy,..., ¥, satisfying (5.1.2), or (5.1.3), can be found; how all such sets
may be determined in the case when they exist; and what are the
relations between them.
A certain amount of complication is introduced into the study of
linear equations by the possible presence of redundant equations.
Consider, for instance, the system of equations

z+y =5, 2zx+4y = 3, 3r+2y = 8. (5.1.4)
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It is clear that the last equation adds nothing to the information
provided by the first two, since it can be obtained by adding these
equations. Such an equation which arises from a linear combina-
tion of other equations of the system is called redundant (with
respect to the system in question.) It is easy to see that redundant
equations can be discarded.

ExEercisk 5.1.1. Discuss the fallacy involved in the following argument.
“The second and third equations in (5.1.4) are both redundant since the
second is equal to the difference of the third and first while the third is equal
to the sum of the first and second. Hence the sccond and third equations
may both be discarded, and the solutions of the system (5.1.4) are precisely
the solutions of the single equation z+y = 5.’

DEFINITION 5.1.2. A SOLUTION of a system of equations in the
unknowns @,,..., x, is a set of numbers é,,..., £, such that every equation
of the system is satisfied for the values x; = &y,..., %, = £,

Even quite trivial instances reveal that a variety of different
cases may arise with regard to the nature of solutions of a system
of linear equations. Thus the system

z,+x, =1, x+x, =0
possesses no solution; the system
x,+x, = 2, ,—xy, =0
possesses precisely one solution (¥, = x, = 1); and the system
x,+x, = 1, 22,42z, = 2
possesses an infinity of solutions (x; =1, ¥, = 1—1, ¢ arbitrary).

DEFINITION 5.1.3. A system of egquations is CONSISTENT if it
possesses at least one solution ; otherwise it 1s INCONSISTENT.

A homogeneous systemt is necessarily consistent since (5.1.3)

always possesses the zero solution %, = .. =z, =0. Such a
golution is, however, of little interest.
DerFINITION 5.1.4. The solution x, = ... = 2, = 0 of a homo-

geneous system in the unknowns ,,..., Z, 8 called TRIVIAL; any
other solution is called NON-TRIVIAL. -

A system of equations not all of which are homogeneous may, of
course, be consistent or inconsistent; the examples given a little
eal;lier illustrate both alternatives.

1 i.e. a system of homogeneous linear equations.
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In our discussion below we shall make systematic use of matrix
technique. Thus the system of linear equations (5.1.2) will generally
be written in the form

Ax = b,
T z, by
where A=| . . . . . |, x=[:] b=|:
51 Ann Tn bm
Correspondingly, the homogeneous system (5.1.3) assumes the form
Ax = 0.

A solution z, = §,,...,z, = ¢, (of either system) will, accordingly,
be regarded as a column vector (£,,...,£,)7.

5.1.2. It is convenient to determine at once the connexion
between a system of linear equations Ax = b and the associated
homogeneous system Ax = 0.

THEOREM 5.1.1. Suppose that the system Ax = b possesses a
solution X,. Then (i) any solution of this system is expressible as the
sum of X, and a suttable solution of Ax = 0; (ii) the sum of X, and any
solution of Ax = 0 is a solution of Ax = b.

We may express this result informally by saying that the general
solution of Ax = b is equal to the sum of any particular solution
of Ax = b and the general solution of Ax = 0.

The proof is trivial For let x; be any solution of Ax = b. Then
X; = Xo+(X;—X,), and

A(x;—Xx,) = AX,—Ax, = b—b = 0.

Thus X, = X,+Y, where y is a solution of Ax = 0, and so (i) is
proved. Again, let X, be any solution of Ax = 0. Then

A(Xo1+X,) = AX,+AX, = b+0 = b,
and 80 X,+X, is a solution of Ax = b. This proves (ii).

The demonstration just given succeeds by virtue of the fact that matrix
multiplication is a linear operation.t In this context it is useful to recall that
a result analogous to Theorem 5.1.1 holds in the theory of differential
equations.} Let Q(¢) be a given function of ¢, f a polynomial, and D the
operator d/dt. Consider the differential equation

f(D)x = Q(¢) (5.1.5)
and its auxiliary equation f(D)x = 0. (5.1.6)

t See Definition 4.2.2 (p. 114). } Compare the remarks in § 4.4.
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Then, as we know, the general solution of (5.1.5) is equal to the sum of any
particular solution of (5.1.5) and the general solution of (5.1.6). The proof of
this result depends on the linearity of the differential operator f(D) in
precisely the same way as the proof of Theorem 5.1.1 depends on the linearity
of the matrix operator A.

5.1.3. The simplest case of a system of linear equations is that
in which the number of unknowns is equal to the number of equa-
tions. Since the general process of solution depends on reducing
any given system to an equivalent system of this special type, we
begin by discussing systems of the form (5.1.2) for which m = n.

THEOREM 5.1.2. (Cramer’s rule)
If the nXn matriz A = (a;;) is non-singular, then the system of

linear equations
a;, %+ ... +ay, T, = b

.. (5.1.7)
@ttt a,, v, = b,
possesses a unique solution given by
[AD .
2, = bt (i = 1,..,n), (5.1.8)
A :

where AD is the matriz obtained when the i-th column of A isreplaced
by the vector b = (by,...,b,)7.

The solution (5.1.8) was found by Cramer in 1750. Essentially
the same result was known, however, to Leibnitz some fifty years
earlier.

If we rewrite (5.1.7) in the matrix form Ax = b, where
X = (y,...,%,)7, we see at once that the existence and uniqueness
of the solution are guaranteed by Theorem 3.6.2 (i) (p. 92), which
also shows that the solution is given by the formula x = A-1b.
Denoting the cofactor of the (i, j)th element in A by A,; we therefore
obtain

1 1 4y - - . An Ifl

=——A*b=-— .
Al AT\ 4

in

X . B
A"n'n bn
Hence, by Theorem 1.4.1 (p. 15), we have for ¢ = 1,..., %,

1 A®
2 = T (Aubyt Ausba) = 'I—Al—'

[ 9
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As an illustration consider the system of equations

ax+by =k, a'z-+by =k’

Cramer’s rule shows that, if

a b
a b # 0,
then the system has a unique solution given by
r— E b a b _la k& a b
TR a by a K a b
Again, if a b ¢
D=|a b ¢ |#0,
a” b ¢
then the system
ax+-by+cz =k
a'z+by+cz=1k
a"z+b"y+c"z = k"
has a unique solution given by
E b ¢ a k ¢
z=DYEk b | y=Dla kK ¢ |
kll bl’ cl' a” kll c”
a b k
z=D"Ya" b k|
a" b” k”

COROLLARY. If A is a non-singular square matriz, then the only
solution of the homogencous system AX = 0 is the trivial solution
x = 0.

An equivalent statement is that, if A is a square matrix and
Ax = 0 possesses a non-trivial solution, then A is singular. This
result is not, of course, new to us as it is contained in Theorem 1.6.1
(p. 27).

Exercise 5.1.2. Let gy, (3,7 = 1,...,n) be given numbers. Show (say by
considering components of vectors) that a necessary and sufficient condition
for the existence of vectors X,...,X,, (of order n), not all zero and satisfying
the equations "
jglaﬁx,- =0 (‘l: = 1,...,”),

is the vanishing of the determinant |a;;|y.
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5.2. The rank theorem
In this section we shall establish a link between the notion of a
determinant and that of linear dependence, and thereby obtain the
preliminary results necessary for the solution of the main problem.
The key idea in this context is that of rank, first discussed explicitly
by Sylvester in 1851.
DerFINITION 5.2.1. (i) Let A be an mxn matriz. If k< m,
1 < n, then any k rows and 1 columns of A determine a kXl suB-
MATRIX of A. (ii) The determinant of a kxk submatrix of A 1is
called a k-ROWED MINOR of A, or a MINOR OF ORDER k.
DEFINITION 5.2.2. (i) The RANK (sometimes called DETERMINANT
RANK) R(A) of a non-zero matriz A is the maximum value of r for
which there exists a non-vanishing r-rowed minor of A. (i) 4
CRITICAL MINOR of a non-zero matriz is any non-vanishing minor of
mazimum order. (iii) The rank of any zero matrix is equal to zero.
Thus, for A # O, the statement R(A) = r means that (i) A
contains at least one non-vanishing minor of order r; (ii) A contains
no non-vanishing minor of order greater than . In order to show
for a particular matrix A that (ii) is satisfied it is, of course, sufficient
to verify that all minors of order r+1 vanish.
Exgrcise 5.2.1. Use Exercise 1.4.4 (p. 20) to prove this statement.
It is obvious from Definition 5.2.2 (i) that, for any non-zero
matrix A of type m xn, the rank cannot exceed m or n, i.e.
0 < R(A) < min(m,n).
It is equally obvious that, for a square matrix A of order =,
R(A) < nor R(A) = n according as A is singular or non-singular.
To illustrate the notion of rank, consider the matrix
-1 0 2 1
A= 01 1 —1
2 0 —4 =2
This matrix possesses no minors of order greater than 3; and its
four minors of order 3 all vanish, since

—1 0 2 -1 0 1 —1 2 1
01 1| = 01 —1(= 0 1 —1
2 0 —4 2 0 —2 2 —4 =2
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On the other hand, A contains at least one non-vanishing 2-rowed
minor, e.g. that situated in the top left-hand corner of A and
indicated in bold-face type. Hence R(A) = 2. The reader should
have no difficulty in determining a number of critical minors of A
in addition to the one just mentioned.

ExEercisE 5.2.2. Show that if A’ is a submatrix of A, then R(A’) << R(A).
ExERcIsE 5.2.3. Show that, for every non-zers scalar A, R(AA) = R(A).

EXERCISE 5.2.4. Show that the rank of a diagonal matrix with n—k zero
elements and k non-zero elements on the diagonal is equal to k.

EXERCISE 5.2.5. Show that the rank of a matrix remains unchanged if the
rows, or the columns, are permuted, or if the matrix is transposed.

In what follows we shall have frequent occasion to speak of
linear combinations and of linear dependence of the rows (or
columns) of a matrix. This terminology introduces no new ideas
and simply means that the rows or columns of the matrix are
treated as vectors.

DerFINITION 5.2.3. (i) The ROW RANK (COLUMN RANK) of a
matriz A % O is the maximum value of r for whichthere existr linearly
independent rows (columns) of A. (ii) The row rank and column rank
of any zero matrix are both equal to zero.

In view of Exercise 2.3.5 (p. 51) it is clear that the row rank
(column rank) of A is equal to the dimensionality of the vector
space spanned by the rows (columns) of A.

We need the next theorem in order to demonstrate that the rank,
row rank, and column rank of a matrix are all equal.

THEOREM 5.2.1. Let R(A) = r (= 1). Then any r rows (columns)
of A which contain a critical minor are linearly independent, and
every row (column) of A may be expressed linearly in terms of these
r rows (columns).

It is, of course, sufficient to prove this theorem for rows. Let A
be the m X n matrix (a;;) and assume, as may be done without loss of
generality, that a critical minor A is situated in the top left-hand
corner of A, i.e.

all . . . alr
A=| . . . . . |s#0. (5.2,1)
a, . . . a,
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We then have to show that (i) the first » rows of A are linearly
independent; (ii) every row of A is expressible linearly in terms of
the first r rows.

Suppose ¥y, Ys,..., ¥, are numbers such that

Y1(@115e05 @1p) FY2(B2pse o Agp)+ oY1y Opp) = 0.

Equating to zero the first » components of the vector on the left, we

obtain
Y1 e T o N 0,

Y10t Yr Oy = 0.

Hence, by (5.2.1) and the corollary to Theorem 5.1.2 it follows that
y; = ... = y, = 0. Thus the first r rows of A are, in fact, linearly
independent.

We shall show next that every row of A is expressible linearly
in terms of the first r rows. When r = m there is nothing to prove,
and we may therefore assume that r < m, r < n. Consider the
determinant

Ay - . . Oy Oy
D= a a a.; |’
L S . . rr j
@y . . . Gy Gy

where r+1 <1< m, 1 <j < n Ifj<r, then D possesses two
identical columns and therefore vanishes. If j > r, then D is an
(r+1)-rowed minor of A and so vanishes in virtue of the assumption
R(A) = r. Thus, in every case, D = 0.

The cofactor of the element a,; (t = 1,...,7) in D depends on ¢
and ¢ (but not on j), and so may be denoted by A,. The cofactor of
a;; in D is obviously A. Expanding D in terms of the elements of
the last column we therefore obtain

0 = .D = ale1{+...+arjAﬁ+a‘jA.
Hence, by (5.2.1), there exist numbers u,,; such that

a‘j = [.Luau—f—...—}—,ur‘a,j (i = T"I"l,...,m;j = 1,-..,”).
These relations may be written as
(ail""’atn) = l"’li(all""’ aln)+"'+/“ri(ar1""’ a’m) (1’ = T+l,..., m):

and the proof is therefore complete.
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Theorem 5.2.2. (Rank theorem)

The rank, the row rank, and the column rank of a matrix are all
equal.

Let the row rank and the column rank of a matrix A be denoted
by E,(A) and R,(A) respectively. It is clearly sufficient to show
that R(A) = R,(A), for R(A) = R,(A) will then follow by an
analogous argument. Alternatively, we may deduce the second
relation from the first by observing that

R(A) = R(AT) = R,(AT) = Ry(A).

The theorem is trivially true for A = O, and we may therefore
assume that A is a non-zero matrix, say of type mxn. If
ER(A) = r (> 1), then, by Theorem 5.2.1, A possesses r linearly
independent rows, say E,,...,€,, and every row of A is expressible
as a linear combination of §,,...,§,. Denote by B the vector space
(of order n) spanned by all rows of A. Since (in view of Exercise
2.2.5, p. 48) B is also spanned by E;.,...,E. and since these vectors
are linearly independent it follows, by Theorem 2.3.1 (p. 50), that
they constitute a basis of 8. Hence d(B) = r = R(A). But, as
was pointed out immediately after Definition 5.2.3, B (A) = d(B),
and so R(A) = R,(A).

CoroLLARY. The maximum number of linearly independent rows
of a matrix is equal to the mazimum number of its linearly independeni
columns.

Alternatively, we may say that the rows and the columns of a
matrix span vector spaces of the same dimensionality. It is worth
noting that although this result involves only the notion of linear
dependence, we have found it simplest to establish it indirectly by
appealing to the theory of determinants.

Since rank, row rank, and column rank are now known to be
equal, we need no longer to differentiate between them. When in
future the term ‘rank’ is used we shall bear in mind that it denotes
a number which possesses all the three properties specified in
Definitions 5.2.2 and 5.2.3.

ExEeroisE 5.2.6. Show that a square matrix is singular if and only if its
rows (or columns) are linearly dependent.

t For proofs independent of determinant theory see Artin, Galois Theory
(2nd edition), 7-9; Schreier and Sperner, 4, 117-19; or Perlis, 6, 56. See a.lso
Hasse, 13, 68-103, for & systematic development of lmear algebra without the use
of determinants.
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The following simple result will prove very useful in our sub-
sequent discussion.

TaEOREM 5.2.3. Let A be a given mxn matriz. The set of all
vectors of the form AX, where X is an arbitrary vector of order n, isa
vector space of order m and dimensionality R(A).

Let B denote the set of all vectors of the form Ax. In view of the
linearity of matrix multiplication B is obviously a vector space (of
order m). By Theorem 3.3.6 (p. 84) we have

AX = 2, A+ 42, Agns

where X = (,,...,2,)T. Hence B is spanned by A,,..., Ay, and
8o d(%B) is equal to the maximum number of linearly independent

columns of A, i.e. d(B) = R(A).

5.3. The general theory of linear equations

5.3.1. The results of the previous section furnish all the
necessary preliminary material and enable us to construct a com-
plete theory of linear equations.f

DEFINITION 5.3.1. In the system of linear equations

gy Tyt ety T = by
. . (5.3.1)

Ay 1+ oo+ 2, = by,
P
Ay - - - Opy

@y - - . 8y, b
B = e e e e e
Qp1 + + o+ Oy bp

18 known as the AUGMENTED MATRIX.

the matrix

Theorem 5.3.1. (Consistency theorem)

A necessary and sufficient condition for a system of linear equations
to be consistent is that the matriz of coefficients should have the same
ra.nk as the augmented matriz.

+ For an alternative treatment see Wade, 1, 147-55.
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The system of equations (5.3.1) is, in view of Theorem 3.3.6,
equivalent to 2 Ayt t, Ay, = b, (5.3.2)

where b = (b,,...,6,,)T. Moreover, the augmented matrix B has
Ayiyeery Ayp, b as its columns.

To prove necessity, suppose that there exists a solution z,,...,%,
of (5.3.2). Then b is a linear combination of the columns of A, and
so B cannot have a greater number of linearly independent columns
than A. Hence R(B) < R(A). Furthermore, since (by Exercise
5.2.2, p. 137) R(A) < R(B), we infer that E(A) = R(B).

Sufficiency is established as follows. Suppose that

R(A)= RB)=r > 1

(the case r = 0 being trivial). Consider r columns of A which con-
tain a critical minor, say A, and assume, without loss of generality,
that A ,,,..., A, are such columns. By hypothesis, A is also a critical
minor of B and therefore, by Theorem 5.2.1, b is a linear combina-
tion of A,,...,A,,, say

b =B Aunt.tB A
It follows that (5.3.2) is satisfied by
Ty = PBpy oo T =Py T,y =0, ..., , = 0;%
and the system is therefore consistent.
Since the rank of a matrix can be found by evaluating a number
of determinants, it follows that the result just proved furnishes
not merely a theoretical criterion but also a practical procedure for

testing a system of linear equations for consistency. Consider, for
example, the system of equations

3x4y—5bz= —1, xz—2y+2z=—5 2+5y—Tz=2. (5.3.3)

Here the matrix of coefficients is

3 1 -5
A=|1 -2 1).
1 5 —7

t For r = n we have simply z, = B,,..., , = B,,.
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It can be verified at once that the determinant of A vanishes, and
that therefore R(A) < 3. Again, the augmented matrix is

3 1 -5 -1
B=|1 -2 1 -5},
1 5 —7 2

and the 3-rowed minor of B consisting of the first, second, and
fourth columns has the value 49. Hence R(B) = 3, and so
R(A) < R(B). The system (5.3.3) is therefore inconsistent.

It should be noted that the method illustrated by this example
has an obvious disadvantage. It depends on the evaluation of a
number of determinants and so often involves a considerable
amount of numerical work. This can be avoided by a more
expeditious method of determining rank which will be described
in the next chapter.

Theorem 5.3.1 does not, of course, exhaust the theory of linear
equations, for though it enables us to carry out tests for consistency,
it provides no method for finding solutions of a system of equations
or for determining the nature of the totality of the solutions.

DEFINITION 5.3.2. Two systems of linear equations (in the same
unknowns) are EQUIVALENT if they have the same solutions.

Exercise 5.3.1. Show that the systems
z+y+z=0 22+y—22=1, and x+ty+z=0, 3z42y—2z=1
are equivalent.

TaEOREM 5.3.2. (Complete solution of a system of linear
equations)

Let S be a consistent system of linear equations in n unknowns, and
let A be a critical r-rowed minor of the matriz of coefficients. Then

(i) the r equations of & whose coefficients are involved tn A form
a system &' equivalent to S;

(ii) if arbitrary values are assigned to the m—r ‘disposable’
unknowns in &', whose coefficients are not elements of A, then the
remaining r unknowns are uniquely determined;

(iii) by assigning all possible sets of arbitrary values to the disposable
unknowns in &' and determining in eachcase theremaining unknowns,

we obtain all solutions of the original system S.
L ]

t See § 6.2.2.
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For r = n the theorem must be interpreted as meaning that
there are no disposable unknowns, and that all unknowns are
determined uniquely.

Let (5.3.1) be the given system & and assume that

Ay . . . Oy

A= # 0.

T

The r equations whose coefficients are involved in A, namely,
@y 2+ Fa, T, = by,

Ay Byt Ty, = b,,

then constitute the system &'. Any solution of & is trivially a
solution of &’. To prove the converse we may clearly assume that
r < m. Since G is consistent by hypothesis, A is a critical minor of
the augmented matrix; hence, by Theorem 5.2.1, every row of the
augmented matrix is expressible linearly in terms of the first » rows.
Thus there exist numbers A;, (¢ = r+1,...,m; k = 1,...,r) such that

’
at'j =k§lh'ikakj (1’ = r—}‘l,'“:m;] = 17--')n):

b= S Agby (5 =r+1,.,m).
k=1

Let z,,...,z, be any solution of &’. Then, for r < 1< m,
n b n r A r b
Qi Xi— = x vy Qyg—
Zl 1§ X104 ,'21 jkgl ik Qg kzl’\ik k

:121)\”“ élakj xj—bk, =0,

and 80 2;,..., 2, i8 a solution of S. Hence S and &’ are equivalent.
The reason why we obtain a solution of the entire system by
considering a solution of r selected equations only is that the other
equations are, in fact, redundant and do not add anything to the
information provided by the r selected ones.

We now consider the system &’. If r = =, then, since A 5 0, it
follows by Cramer’s rule (Theorem 5.1.2) that all the unknowns are
uniquely determined. If, on the other hand, r < =, then tho
coefficients of 2, ,4,..., Z, are not elements of A. Assign any arbitrary
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values to these n—r unknowns (which may be called disposable
unknowns) and rewrite &’ in the form

Gy Tyt O, T = by — 0y Ty — o — 01 Ty

A Xyt 0 X = b= Ty — oo — Qo T
The remaining » unknowns z;,...,z, are now seen to be uniquely
determined by Cramer’s rule.

It remains to show that by giving all possible sets of values to
X,,1,--- T, and in each case determining the corresponding (unique)
values of ,,..., z, we obtain all solutions of &. Let y,,...,¥y, be any
solution of &, and so of &’. In the procedure described above we
may take Z,.; = ¥,,1,--,%, = Y,. We then obtain a solution
YireosYrs Ypitres Yne But, in view of Theorem 5.1.2 (p. 134),
Y1 = Y1r-» Yp = Y,, and so our procedure does, indeed, yield y,,..., ¥,
as a solution of the system. The theorem is therefore established.

From the proof of Theorem 5.3.2 and from Theorem 5.1.2 it is
clear that the general solution of the system & has been obtained

in the fi
1n the lorm Pl,r+1 r+1+ APy +q1
Ty = Prr+1 r+1+ +pm)‘ +q’ (5.3.4)
Tpp1 — A1'*)-1
X, = An

where A,.,,..., A, are parameters, i.e. numbers to which arbitrary
values may be assigned. The scheme (5.3.4) is not symmetrical
since in our discussion the position of a critical minor was chosen
in such a way that z,_,,..., 2, became disposable unknowns. How-
ever, the following formulation is independent of the position of
critical minors.

THEOREM 5.3.3. The general solution of a consistent system of
linear equations in the unknowns &.,..., , is given by

Pn 1+ +Pls s+41
(5.3.5)

=Pm 1+ +pna s+qn
Here the py;, q; are constants,‘]‘ Ay,-ees A are paramelers; and 8 = n—r,
where r 18 the rank of the matriz of coefficients.

[
+ These constants are not, of course, uniquely determined since they depend on
the choice of disposable unknowns.
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Thus all solutions depend linearly on n—r parameters. We note
that (5.3.5) can be expressed in the form

x = PA+q,

where x = (z,,...,2,)7, P is an n X s matrix, q a vector of order =,
and A a variable vector of order s.

The information derived from Theorems 5.3.1 and 5.3.2 about
the number of solutions of a system of linear equations may be
summarized as follows.

TaEOREM 5.3.4. Let A be the matrix of coefficients and B the
augmented matriz of a system of linear equations in n unknowns. Then
the system possesses an infinity of solutions if and only if

R(A) = R(B) < n.
It possesses a unique solution if and only if
R(A) = R(B) = n.
It possesses no solution if and only if
R(A) < E(B).

Exercise 5.3.2. Tllustrate the above result by reference to (i) the
systems of equations mentioned immediately after Definition 5.1.2 (p. 132);
(ii) a single equation pxr = q.

ExXERCISE 5.3.3. Suppose that a system of linear equations in n unknowns
is consistent and that the rank of the matrix of coefficients is n. Show that
the solution of the systern is unique.

Since the determination of solutions of systems of linear equa-
tions involves only rational operations we obtain the following
result which is implicit in the previous work.

THEOREM 5.3.5. If all the coefficients of a system of linear equations
belong to a reference field & and if all the disposable unknowns (if any
exist) are also restricted to values in §, then all solutions of the system
are vectors over .

5.3.2. As an illustration of the procedure established by
Theorem 5.3.2 let us consider the following system of equations in

4 unknowns: 32— Ty 14z— 8w = 24
z—4y+3z—w = —2
5.3.6
i 8 (5.3.6)

22—156y—z+bw = —46
5582 L



146 LINEAR EQUATIONS AND RANK OF MATRICES V,§56.3
The augmented matrix of this system is

3 =7 14 -—8 24

1 —4 3 —1 -2

0 1 1 —1 6]

2 —15 -1 5 —46
It can be verified that all 3-rowed minors of this matrix vanish.
There are, however, non-vanishing 2-rowed minors, and the figures
in bold-face type indicate one such minor. It is, of course, critical
both for the matrix of coefficients and for the augmented matrix.
Thus the system (5.3.6) is consistent and we have, in fact, m = 4,
n = 4,r = 2. We may now discard the first and fourth equations
since none of their coefficients is an element of the critical minor we
are considering. In the system consisting of the second and third
equations, namely,

r—4y+3z—w = —2, Yy+2z2—w = 6,

the coefficients of y and z are not elements of the critical minor. We
therefore take y and z as the disposable unknowns, and giving them
the arbitrary values A, u respectively obtain

x = 5A—2u—8, w = A4p—86.
The general solution of (5.3.6) is therefore given by
x = 5A—2u—8, Y = A, z=p, w = A+4pn—86,

where A, u are parameters. In vector notation this may be written
ast

(x, Y,2, w) = (5A—2F’—8, A, ©, A'*—l-l"_'(;)

= X(5,1,0,1)+u(—2,0,1,1)+(—8,0,0, —6). (5.3.7)
Here (—8,0,0, —6) is a particular solution of (5.3.6) while
A(5,1,0,1)+u(—2,0,1,1)

is the general solution of the associated homogeneous system.}

The form in which the general solution of a system of linear
equations is written out is not, as a rule, unique, since it depends on

the initial choice of a critical minor. In the case of the system
(5.3.6) just considered we might, for instance, discard the first and

¢ 1t We use row vectors for typographical convenience.
1 Compare Theorem 5.1.1 and also Theorem 5.4.2 below.
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second equations and consider the third and fourth only, since these
contain the critical minor

1 1],
—15 -1
In that case z and w became our disposable unknowns, and we
obtain y= %x_l_%w_{_g?o, 2 = —%x-i—%w—l—%g-

Putting x = 7p, w = 7o, where p, o are arbitrary parameters, we
are led to the general solution of (5.3.6) in the form

(x,y,2,w) = p(7,1,--1,0)+0(0,2,5,7)+(0,%, 2%, 0). (5.3.8)

This formula must, of course, yield the same set of solutions as
(5.3.7), and we may also verify this directly by putting

A= p+20+%, p = —p+5o+%
in (5.3.7), or
p=P—tu—f  o=PN+iu—t
in (5.3.8).
EXERCISE 5.3.4. Obtain the general solution of the system (5.3.6) by

discarding the second and third equations, and taking z, w as the disposable
unknowns.

The solution of a system of linear equations by the method just
illustrated can result in a great deal of tedious work since it involves
the evaluation of numerous determinants. A better practical
procedure is to treat the given set of equations according to the rules
familiar from elementary mathematics, i.e. by combining equations
linearly and obtaining a simpler system equivalent to the original
one. The justification of this rule lies in the fact that if some
multiple of an equation is added to another equation of the system,
the resulting system is equivalent to the original system. It follows,
therefore, in particular, that redundant equations can be discarded.

In the case of the system (5.3.6) we may, for instance, proceed as
follows. Subtracting the third equation from the second we obtain
(5.3.6) in the equivalent form

3x—Ty+142—8w = 24,
x—by+22 = —8,
y+z—w = 6,
22— 15y—z+bw = —486.
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Next, we add 5 times the third equation to the fourth, and obtain
3x—Ty+142—8w = 24,
x—5y+2z = —8,
y+z—w =6,
2x—10y+4z = —186.
Here the fourth equation is simply equal to twice the second. It
may therefore be discarded, and the system is equivalent to
Sx—Ty+142—8w = 24,
r—5y+4+2z = —8,

Y+z—w = 6.
Subtracting the second equation from the first and multiplying the
result by 4 we have
r—y46z—4w = 16,
r—by+2z = —8,
Yy+z—w = 6.
Here the second equation is equal to the difference between the

first and 4 times the third. Hence it may be discarded, and we are
consequently left with the system
T—yY+62—4w = 16, Yy+z—w = 6.

We may take y, z as the disposable unknowns; and putting y = A,
z = p, where A, u are parameters, we are at once led to the general
solution in the form (5.3.7).

.In § 6.3.2 we shall see how the method for solving systems of
linear equations illustrated above can be used with even less labour.

5.4. Systems of homogeneous linear equations

5.4.1. All conclusions of § 5.3.1 are, of course, valid for the
special case of homogeneous systems. There are, however, certain
results that relate to homogeneous systems only, and we propose
next to deal with these results.

The question as to the existence of non-trivial solutions is settled
at once by the previous theory.

THEOREM 5.4.1. The homogeneous system AX = 0 in n unknowns
possesses a non-trivial solution if and only if R(A) < n.

« The matrix of coefficients and the augmented matrix of a homo-
geneous system have obviously the same rank. Hence, by Theorem
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5.3.4, the system possesses an infinity of solutions, and hence at
least one non-trivial solution, if and only if E(A) < =.

CoroLLARY 1. A homogeneous system in which the number of
equations is equal to the number of unknowns, possesses a non-trivial
solution if and only if the matrix of coefficients is singular.

This result is, of course, identical with Theorem 1.6.1.

CorOLLARY 2. If a homogeneous system has fewer equations than
unknowns, then it possesses a non-trivial solution.

The next result furnishes us with important new information
concerning the totality of solutions of a homogeneous system.

Theorem 5.4.2. (Dimensionality theorem for homogeneous
gystems)

The solutions of the homogeneous system

Ax =0 (5.4.1)
in n unknowns constitute a vector space of dimensionality n— R(A).

Let B be the set of all solutions of (5.4.1). If X, y € B, then
clearly ox,x+y € B, and so Bisavector space. Wewrite R(A)=r
and have now to prove

d(B) = n—r. (5.4.2)
We shall give three proofs of this important result.

(i) Write d(8B) = k. It follows by Theorem 5.4.1 that £ = 0
implies » = n, while obviously ¥ = n implies r = 0. We may
therefore assume that 0 < k < n.

Let {X,,...,X;} be a basis of 8. By the Corollary to Theorem 2.3.3
(p. 54), there exist vectors X;,,,...,X,, such that

X1 Xppy Xpe 1005 X}

is a basis of B,,. The vectors Ax,,..., Ax,, therefore span the space
B’ of vectors of the form Ax (x € B,). But AX; = ... = Ax, =0,
and so the vectors AXp.y - AX, (5.4.3)
span B'. Let the scalars oy,y,..., «, be such that

ak+1(Axk+1)+"'+an(Axn) =0,
i.e. A(ak+1xk+1+...+anxn) = 0.
This means that oy 3 Xpq+...+o,X, € 8. But {x,,..,x;} is &
basis of B, and so, for suitable scalars a,..., o,

ak+1xk+1+ ...+¢ann = a1x1+...+akxk.
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Since x;,...,X,, are linearly independent this implies, in particular,
that

Upyg = oo = a, = 0.

The vectors (5.4.3) are therefore linearly independent and con-
stitute a basis of B'; hence d(B’) = n—k. But, by Theorem 5.2.3
(p. 140), d(B’) = r, and (5.4.2) is therefore proved.

Though in the proof just given we speak of the matrix A rather
than of a linear transformation, the argument is, in fact, of the
‘invariant’ type; and of this the reader should have no difficulty
in satisfying himself. The ‘invariant’ restatement of Theorem 5.4.2
is as follows. Let L be a linear mappingt of 8, into B,,. Denote
by U the vector space of vectors in 8,, which are images of vectors
in B, and by U’ the vector space of vectors in 8,, which map into
the zero vector of B,,. Then d(U’) = n—d(U).

(ii) The next proof depends on the general theory of § 5.3.1. If r = 0,
then clearly 8 = B, and if r = n, then B 1s the null space. In these two
cases (5.4.2) is therefore valid and we may now assume that 0 < r < n.

In view of the discussion preceding Theorem 5.3.3 (p. 144), we know that
the general solution of (5.4.1) 1s given by

x = P, (5.4.4)
where A is an arbitrary vector of order n—7 and P 1s an n X (n—r) matrix of
the form

Pirgr - -+ Pin
Presr - -+ Pra
1 0 0
0 1 0
o o0 . . . 1

Since P contains a non-vanishing (n—r)-rowed minor (namely, that con-
sisting of its last n—r rows), it follows that R(P) = n—r. But, by (5.4.4)
and Theorem 5.2.3, d(B) = R(P). Hence (5.4.2) 1s vald.

(iii) Finally, we give a short proof depending on orthogonal complements,
It is obvious that the vector x satisfies the equation Ax = 0 if and only if it
is orthogonal to every column of the matrix AZ7.1 This implies that x € B
if and only if X is orthogonal to every vector of the spaco I generated by
the columns of A7, Thus 8 and 28 are orthogonal complements and so, by
Theorem 2.5.7 (ii1) (p. 68), d(B)4d(W) = n. But (W) = R(AT) =r,
and (5.4.2) follows.

Exercise 5.4.1. Let A be the matrix of coefficients of a consistent
system of linear equations in » unknowns. Show that there exists a vector

‘space B, of order n and dimensionality n— R(A), such that the general

1 L corresponds, of course, to A.
1 If A = (ay;), then A denotes the matrix (d;;).
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solution of the system is of the form x,+ §, where X, is any particular solu-
tion and E is an arbitrary vector in 3.

5.4.2. DzriNiTION 5.4.1. A set of solutions Xi,...,X; of a
homogeneous system is a FUNDAMENTAL SET of solutions if (i)
X1, X are linearly independent, and (ii) every solution of the
system is expresstble as a linear combination of X,,...,Xy.

In fact, a set of solutions is a fundamental set if and only if it is a
basis of the vector space of all solutions. By Theorem 5.4.2 it
follows that, if R(A) = r, then any n—r linearly independent
solutions of the system AX = 0 in » unknowns form a fundamental
set.

It is easy to see how a fundamental set may be constructed. Let
us suppose, to fix our ideas, that z,,...,,_, are taken as the dis-
posable unknowns. Then the n—r uniquely defined solutions
corresponding to

x, =1, 2,=0, .. x,,=0,
2, =0, z,=1, .. =z,,.=0,
2, =0, 2=0, .., T,,=1,

constitute a fundamental set.

ExERcISE 5.4.2. Prove the statement just made, and use it as a basis for
a proof of Theorem 5.4.2.

Consider, by way of illustration, the homogeneous system

6x+y+z+w =0, l6xt+y—z+bw =0, Tx+t+2y+3z=0.

(5.4.5)
The matrix of coefficients is
6 1 11
16 1 —1 5]).
7 2 3 0

This has rank 2 and a critical minor is indicated in bold-face type.
Discarding, as we may, the second equation, and treating x, y as
the disposable unknowns, we rewrite (5.4.5) in the equivalent form

24w = —6x—y, 32 = —Ter—2y.

If x=1,4y=0,then 2= —} w= —4,; if £ =0, y =1, then
z = —4%, w = —3%. Hence the vectors

(13 O::_%) _'151‘): (O’ 1: _§'> —%)
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constitute a fundamental set of solutions of (5.4.5). The general
solution may therefore be written in the form

(9, 2,w) = X(3,0, —7, —11)+u(0,3, —2, —1),

where A, u are parameters.

The importance of fundamental sets of solutions derives, of
course, from the fact that any solution can be represented as a
unique linear combination of the solutions of a fundamental set.
We recall that an analogous result is valid for the linear differential
equation n el

N B eun =

any solution of which can be represented as a unique linear com-
bination of n fixed linearly independent solutions.

5.5. Miscellaneous applications

5.5.1. The notion of linear dependence of vectors was intro-
duced in § 2.3.1, but at that stage we had no means of testing effec-
tively whether the vectors of a given set were linearly dependent
or not. We are now able to deduce simple criteria for deciding these
questions.

By a matrix of a set of vectors (all of the same order) we shall
mean any matrix having these vectors as its rows (or columns).t

THEOREM 5.5.1. Let A be a matrix of m vectors of order n. A
necessary and sufficient condition for these wvectors to be linearly
dependent is that R(A) < m.

Let x,,...,X,, be the given vectors and let A be the matrix of
which they are the rows. Denoting by u the maximum number of
linearly independent vectors among X,,...,X,,, we have u = R(A).
Now X,,...,X,, are obviously linearly independent or linearly
dependent according as u = m or u < m, and the assertion therefore
follows.

Theorem 5.5.1 states, in particular, that if » < m, then any m
vectors of order n are linearly dependent—a result with which we
are, of course, already familiar.

If m = n, the condition R(A) < m means that |A| = 0. We
therefore have the following consequence of Theorem 5.5.1.

% We speak here of ‘a matrix’ rather than ‘the matrix’, since the order in
which the vectors are taken is not laid down.
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CoroLLARY. A necessary and sufficient condition for n vectors of
order n to be linearly dependent is that a determinant formed by their
components should vanish.

A problem closely allied to the problem of linear dependence of
vectors is concerned with the linear dependence of linear forms.

DEFINITION 5.5.1. A LINEAR FORM L in the variables z,,..., Z, 8
a polynomial of the type

L = L(xy,...,x,) = a,2,+...+a,z,.

ExErcise 5.5.1. Show that, with respect to obvious definitions of
multiplication by scalars and addition, the set of linear forms in n variables
is a hinear manifold of dimensionality n.

It is easy to see that linear forms can be used to ‘represent’ linear
transformations of a linear manifold into its reference field. We
leave it to the reader to supply the details.

DErInITION 5.5.2. The linear forms L,..., L, in the variables
Ty,e.e, T, are sard to be linearly dependent if there exist mumbers
t1yeees by, MOL all zero, such that, identically tn x,,...,x

bl n?
tyLi+...4-ty L, = 0.
THEOREM 5.5.2. A necessary and sufficient condition for m linear

forms in n variables to be linearly dependent is that R(A) < m, where
A is a matrix of the linear forms.y

Let  Lya,,...,x,) = ay2,+...+a,x, (@ =1,.,m)
be the given linear forms. It is seen at once that they are linearly
dependent if and only if the m vectors (a,,...,a,,), ¢t = 1,...,m, are
linearly dependent. The assertion now follows as an immediate
consequence of Theorem 5.5.1.

It should be observed that Theorems 5.5.1 and 5.5.2 are not based
on the detailed theory of linear equations and could have been
proved immediately after § 5.2.

5.5.2. The question concerning the characterization of divisors
of zero in matrix algebra, which was first raised in § 3.6.2, can be
settled now without difficulty.

THEOREM 5.5.3. A (non-zero) matrixz A of type m X n is a divisor
of zero if and only if R(A) < max(m,n).

t By a matrix of a set of linear forms (in the same variables) we mean, of coursb,
any matrix formed by the array of their coefficients.
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This statement includes Theorem 3.6.8 (p. 96) and shows further
that a (non-zero) non-square matrix is necessarily a divisor of zero.

We recall that a matrix A = O is called a divisor of zero if and
only if there exists a matrix X 5= O such that AX = O or a matrix
Y = O such that YA = O. In the former case X possesses a non-
zero column, say X,; = X. Then (AX),; = 0, and so, in view of
Theorem 3.3.5 (ii) (p. 84),

Ax = 0, x #0. (5.5.1)

In the latter case Y possesses a non-zero row, say Y;, = y7. Then
(YA);x = 0, and so, in view of Theorems 3.3.5 (i) and 3.6.9 (p. 97),

ATy =0, vy =#0. (5.5.2)
It follows that A is a divisor of zero if and only if there exists a
vector X satisfying (5.5.1) or a vector y satisfying (5.5.2). But, by
Theorem 5.4.1, a vector X of the required type exists if and only if
R(A) < n, and a vector y of the required type exists if and only
if R(A) = R(AT) < m. Hence A is a divisor of zero if and only if
R(A) < max(m,n).

5.5.3. We shall next give an interesting proof that if n (complex)
non-zero vectors of order n form an orthogonal set, then they are
linearly independent—a result which is a special case of Theorem
2.5.4 (p. 65).

Let the vectors in question be denoted by

X; = (Tsppeees Tin) (¢ =1,..,m),
and consider the n-rowed determinant D = |x;|,. Then, multi-
plying D and D rows by rows, we obtain

Ty + o o Ty | o o o Wy
|D|? = :
a-:nl x.nn xnl . N M xnn
(xly xl) . . . (xl’xn)
(xn’ xl) . . . (xn’ xn)
X,%) O . . . 0
_ 0 (X,,%5) . . . 0
0 0 e (Xexy)

= (x1,x1)(x2,x2) oo (xn’xn)-
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Hence D = 0 and so, by the corollary to Theorem 5.5.1, X;,...,X,
are linearly independent.

Determinants such as |(x;, X,)|,, occur frequently in algebra, and
are often referred to as Gram determinants, after J. P. Gram
(1850-1916).

DErFINITION 5.5.3. Let A be a rectangular matriz. Then the
(square) matrix G = ATA is known as the GRAM MATRIX of A, and
|G| as the GRAM DETERMINANT of A.

Our procedure in the argument above consisted essentially in
constructing the Gram matrix of the matrix having X,,...,X, as
its columns.

ExERCISE 5.5.2. Let A be the m X n matrix having the vectors X;,..., Xp,
of order m, as its columns and let G be the Gram matrix of A. Show that

G, = (X, X)) (i,§ = L, n).
There is a simple connexion between the rank of any matrix and
the rank of its Gram matrix.

TaEOREM 5.5.4. If G s the Gram matrix of A, then R(G) = R(A).

Let x be a vector such that AZAx = 0. Then X7TATAX = 0,
and so (Ax)TAx = 0, i.e. [Ax[2 = 0. We therefore have Ax = 0.
Conversely, if x satisfies the relation Ax = 0, then clearly
ATAx = 0. It follows that the homogeneous systems Ax = 0
and Gx = 0 are equivalent. Hence, by Theorem 5.4.2,

n— R(A) = n— E(G),
where 7 is the number of columns of A. The theorem is therefore
proved.

5.5.4. The theory of homogeneous linear equations enables us
to give an alternative proof of the theorem on orthonormal bases
(Theorem 2.5.5, p. 66). This proof is based on Theorem 5.4.1
(p. 148) and makes no use of an explicit construction such as that
furnished by Schmidt’s orthogonalization process.

Let X,,...,X, be an orthonormal set in a vector space B of dimen-
sionality r. We have to show that this set may be augmented in
such a way as to become an orthonormal basis of 8. We may
assume that 1 < k < r.

By the corollary to Theorem 2.3.5 (p. 54) there exist vectors
Yisrs- ¥y € B such that {X,,...,X, Yxi1,-.., ¥y} is & basis of B. Now
it is possible to choose a non-zero vector x;,; € B such that ,

(XpXp1) = oo = (Xpy Xp4q) = 0. (8.5.3)
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For,if  Xp = X+ +Xptogn Yeate % Yn
then (5.5.3) is equivalent to the system of equations

°‘1(x1’x1)+ +°‘k(xl’xk)+°‘k+1(x1:Yk+1)+ Ao (Xy,Y,) =0,

0‘1(Xk’x1)+ +°‘k(xk’xk)+°‘k+l(xk’Yk+1)+ +°‘ (xk’Yr) = 0

and, since k < r, there exist, by Corollary 2 to Theorem 5.4.1,
values of «y,..., a,, not all zero, satisfying these equations.

Since X,.,, #* 0, it may be normalized; and it follows that if
X,,..., X; is an orthonormal set in B and k& < d(B), then there exists
a vector X,,, € B such that the augmented set X,,..., Xy, Xy, i8
again orthonormal. The proof of the theorem is now completed by
a repeated application of this result.

5.5.5. An interesting application of matrix technique can be
made in the calculus of observations. Consider the system of
linear equations

Ay, Tyt tay, T, = by
(5.5.4)

Ay Ty F oot 2, = b,y
in which m > n, and suppose that the coefficients a,;, b; (which
have real values) have been determined as the result of experiments
and that, owing to errors of observation, the system (5.5.4) is, in
fact, inconsistent. There exist, then, no values of z,,..., z, satisfy-
ing (5.5.4) and we are consequently faced with the problem of
determining the set of values satisfying the system with the ‘least
degree of inaccuracy’. The principle of least squares states that such
a set of values makes the expression

(@1 %4 ooy =02 o (A Ty o+ T — b))
(5.5.5)

aminimum.} Taking this as our starting-point we can easily deter-
mine the appropriate values of z,,...,z,. We rewrite (5.5.4) in the

t It will have been noted that whereas the system (5.5.4) remains unaffected if
its equations are multiphed by any non-zero constants, the expression (5.5.5) is
certainly changed as the result of such an operation; and so are therefore the
values of 2,,..., , which are obtained by the application of the principle of least
squares. The determination of the appropriate multiples by which the equations
are to be multiplied is therefore vital; but since it depends on the ‘weighting’ of
observations and is not relevant in the present context we shall ignore it. The
reader who wishes to pursue this topic further may consult Whittaker and
Robinson, The Calculus of Observations (2nd edition), chap. ix.
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familiar form Ax = b and put § = Ax—b. The principle of least
squares just enunciated requires that the expression

878 = xTATAXx—xTATb—bTAx+bTb

should be a minimum, so that
9 578y =0 (5.5.6)
0x ’

where the differential operator 0/0x is defined by the formula
% %)T

1y 7
o0x, ox,,

%‘/’(xls"': T,) = (

It is not difficult to verify that

9
ox

and so (5.5.6) can be written as ATAx = ATb. Hence, if ATA is
non-singular, our problem has the unique solution

x = (ATA)-'ATb. (5.5.7)

(878) — 2ATAx— 2ATD,

We note that the n xn matrix ATA is non-singular if and only if
R(ATA) = n and, in view of Theorem 5.5.4, this is equivalent to
the requirement that R(A) = n. This means that among the
equations (5.5.4) there is at least one set of n linearly independent
equations.

As an example consider the determination of a straight line by
means of the measurement of the position of £ (>> 3) points on that
line. Let the coordinates of these points, as observed, be

(1, Y1)y oees (X Yi)s (5.5.8)

and write the equation of the required line in the form y = mz+-c.
Then the unknowns m, ¢, should satisfy the equations

mx,+c—y, =0, .., mx,tc—y, = 0.

If these equations are inconsistent—as, in almost every practical
case they are bound to be—we have to determine the values of
m, ¢ which will make the line y = max+-c pass ‘as nearly as possible’
through the points (5.5.8). The formula (5.5.7) shows that these
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values are given by
(m, o)f = (ATA)_IAT(?/I’-"’ yk)T!

where z, 1
A=
z, 1
Hence g
(m, )T = (xf—}-—}—x,ﬁ x1+---+xk)—l(xly1+~~-+xkyk)
’ 2,442, k oty )

and it is easy to show that the first matrix on the right-hand side
is non-singular except when z;, = ... = x;,. The reader who is
familiar with statistical terminology will have now no difficulty in
verifying that the gradient m of the required line is given by
m=ry,
0.’!3
where o,, o, are the standard deviations of the x’s and y’s respec-
tively, and r is the coefficient of correlation between these two sets
of numbers.
ExgRrcISE 5.5.3. Determine the parabola y = a-+bx+-cx? which passes
‘as nearly as possible’ through the points (x,, ¥,), ¢ = 1,..., k, where k > 4.

5.6. Further theorems on rank of matrices

Since the idea of rank is of fundamental importance in linear
algebra we proceed now to derive a number of results involving the
ranks of sums and products of matrices.

THEOREM 5.6.1. If A and B are matrices (of the same type), then
E(A+B) < E(A)+ R(B).

Write R(A) = r, R(B) = s. Denote by x,,...,X, a set of r linearly
independent columns of A and by y;,..., ¥, a set of s linearly inde-
pendent columns of B. Then every column of A+ B is expressible
as a linear combination of the r}-s vectors

Xy Xy Yoo Yo (5.6.1)

Let U denote the vector space spanned by the columns of A+ B.
Then U is also spanned by the vectors (5.6.1), and we have

R(A+B) = d(N) < r+s = R(A)+R(B).
CoroLLARY. R(A—B) > |R(A)—R(B)|.
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This inequality follows at once from Theorem 5.6.1 if we replace
A by A—B in that result and also make use of the fact that
R(—C) = R(C).

EXERCISE 5.6.1. Show that Theorem 5.6.1 is best possible in the sense
that the sign ‘<’ cannot be replaced by ‘<.

Theorem 5.6.2. The rank of a product of two matrices is not
greater than the rank of either factor, i.e. if AB exists, then
R(AB) < min{R(A), R(B)}.
We shall give three proofs of this result.

(i) Let U be the vector space of vectors x such that Bx = 0, and
let B be the vector space of vectors x such that ABx = 0. If
x € U, thenx € B,and so U c B. Hence, by Theorem 2.3.4 (p. 53),
d(U) < d(B) and hence, by the dimensionality theorem (Theorem

5.4.2), n— R(B) < n— R(AB),

where 7 is the number of columns of B. Hence R(AB) < R(B);
and from this we also infer that

R(AB) = R(BTAT) < R(AT) = R(A).
The assertion therefore follows.

(ii) Let R(A) = r and let n now denote the number of rows of A. Suppose
that A,,..., A, are numbers such that

MAL -+ A AL =0, (5.6.2)
Then, by Theorem 3.3.5 (1) (p. 84),
A(AB)y + oo FA(AB) = 0. (5.6.3)

If r < n, then any r+ 1 rows of A are connected by a linear relation in which
not all the coefficients are zero; and, in view of (5.6.2) and (5.6.3), it follows
that the same 1s true of the rows of AB. Hence R(AB) < r = R(A), and
when 7 = n this inequality holds trivially. The proof is now completed in
the same way as in (i).

(iii) A longer but more direct proof is as follows. Suppose, in the first
place, that A, B (and therefore AB) are square matrices of order k, and
write A = (a;;), B = (b,;). The case when R(AB) = 0 is trivial and we
shall assume that R(AB) = r, where 1 < r < k. Then at least one r-rowed
minor of AB (say A) does not vanish, and there is no loss of generality in
supposing that A lies in the top left-hand corner of AB. Thus

ayy bll “+ .. +a,k bkl . . . Qaqy b1r+ ...+alk bk,
A =

’

A byt et by o o o G byt 8 by
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and so, by the corollary to Theorem 1.2.5 (p. 11), we obtain

" @y, b1 . . . apb,,
A =
ViseossVp=1 .
beer=lig, b5, . . . a,b,,
x @y - - - Oy,
= > bnl ...b,',.
Vigesos¥p=1 ay,, . . . ay,,

But A 5 0 and therefore, for some values of vy,...,v, chosen from 1,2,..., %,
we must have
a, 1 . . . alvr

£ 0.

Apy, . . Qpy,
Hence A possesses at least one non-vanishing r-rowed minor, and so
R(AB) < R(A). (5.6.4)
Next, let A, B be of type I X m, m X n respectively, write C = AB, and
put k£ = max(l,m,n)+1. To each of the threc matrices A, B,C we add a
suitable number of zero rows and zero columns so as to convert them all into
square matrices of order k. The new matrices A’, B’, C’ thus obtained can
be expressed most conveniently in partitioned form:

A 0{»'—'") B — (B 01‘,.‘") = (AB 0&“").
op, o) op., o) 0, Ok}
Since AB = C, it follows casily by Theorem 3.8.1 (p. 104), that A’'B’ = C’.
Hence, by (5.6.4), R(C’) < R(A’). But clearly

R(A’) = R(A), R(B’)= E(B), R(C’)= R(AB);
and therefore (5.6.4) continues to hold in the general case.

-~

The result just proved establishes an inequality between the
ranks of two matrices and the rank of their product. In one
important case this inequality may be sharpened to an equality.

THEOREM 5.6.3. The rank of a matrix remains unchanged if the
matrixz 18 premultiplied or postmultiplied by a nmon-singular square
matrix.

Let A be an m X n matrix and let X, Y be non-singular square
matrices of order m, n respectively. Then, by Theorem 5.6.2,
R(XA) < R(A) and also

R(A) = R(X-1.XA) < R(XA).
Hence R(XA) = R(A). This implies
R(AY) = R(YTAT) = R(AT) = R(A).
CororLLARY. Rank is invariant under similarity transformations,
Le. R(X-AX) = R(A).
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In view of Theorem 4.2.2 (p. 116), the interpretation of Theorem
5.6.3 in terms of linear transformations is clear. It shows, in fact,
that the rank of a matrix is a number which is characteristic not of
that matrix only but of the entire class of matrices representing
the same linear transformation. The corollary expresses the same
idea for the special case of square matrices and linear transforma-
tions of a linear manifold into itself.t

Theorem 5.6.2 gives an upper bound for the rank of the product
of two matrices. To obtain alower bound we first need a preliminary
result.

THEOREM 5.6.4. The vectors of the form BX, subject to the condition
ABx = 0, constitute a vector space of dimensionality R(B)— E(AB).

We note that when B = I, this reduces to the dimensionality
theorem (Theorem 5.4.2, p. 149). However, the argument below
does not contain a new proof of Theorem 5.4.2 since it depends
itself on that theorem.

Let 8B be the set of all Bx such that ABx = 0. It is at once
obvious that B is a vector space. Let A, B be of type m xXn, n Xp
respectively and write p— R(B) = ¢, p— R(AB) = r. Then, by
Theorem 5.6.2, 0 <{ ¢ < r. We shall, in the first place, assume that
0<g<r.

By Theorem 5.4.2, the vector space of vectors x satisfying
Bx == 0 is g-dimensional, and so has a basis {X,,...,X }, say. Again,
the vector space of vectors x satisfying ABx = 0 is r-dimensional
and, in view of the corollary to Theorem 2.3.5 (p. 54), there exist
vectors X,;,...,X, such that {X,,...,X,, Xg,;,...,X,} is a basis of this
vector space. The r—gq vectors Bx,,,,..., BX, are linearly indepen-
dent; for if

0 = ayyy . BXgiy 440, BX, = B(agy X+ 2, X,),
then there exist scalars a,...,«, such that
g1 Xgt et X, = oy Xyt oy Xy,
and this implies that «,,; = ... = o, = 0. Thus B possesses r—q

linearly independent vectors BX,,,,..., BX,. Suppose now that
Bx € 8. Then ABx = 0, and so X can be writen in the form

X = By X+ ... +B X+ BoraXgrat o B X,
Hence Bx = 8,,,.Bx,,+...4-8,. Bx,,

1 Cf. Theorem 4.2.5 (i) (p. 119).
5582 M
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and therefore Bx,,,,..., BX, are generators of 8. Thus, when
0<gq<r, d(B)=r—q= R(B)—R(AB).

The remaining cases can be disposed of without difficulty. If
0 = ¢ = r, then only the zero vector satisfies ABx = 0. Hence 8
consists of 0 only, and d(B) = 0 = g—r. If 0 < g = r, then the
q linearly independent solutions X;,...,X, of Bx = 0 form a basis
of the space of vectors such that ABx = 0. Hence any such vector
x may be written as

X = B, X, +... 4B, X,

This implies that Bx = 0, and hence B consists of 0 only, so that
d(B) = 0 = r—q. Finally,let 0 = ¢ < r. In this case let {x,,...,X,}
denote a basis of the space of vectors x such that ABx = 0. Then,
arguing as above, we easily see that BX,,...,Bx, are linearly
independent generators of 8. Hence d(8B) = r = r—q.

Theorem 5.6.5. If the product AB exists, then
R(AB) > R(A)+ E(B)—mn,
where m 1s the number of columns in A (and of rows in B).

Theorems 5.6.2 and 5.6.5 were found, for square matrices, by
Sylvester in 1884 and are known jointly as Sylvester’s law of nullity.

The ‘nullity’, say v(A), of an n X n matrix A is defined asn— R(A).
For square matrices Theorems 5.6.2 and 5.6.5 state that

max{r(A),v(B)} < v(AB) < v(A)+v(B).

To prove Theorem 5.6.5 we do not require the full force of
Theorem 5.6.4. For our purpose it is sufficient to know that there
exist R(B)— R(AB)linearly independent vectorsy = Bx satisfying
Ay = 0. Hence, by Theorem 5.4.2,

R(B)—R(AB) < n—R(A),
and the assertion follows.

’

ExERcISE 5.6.2. Show that the sign ‘>’ in Theorem 5.6.5 cannot be
replaced by ‘>,

A result proved by Frobenius in 1911 goes a little beyond
Theorem 5.6.5.

THEOREM 5.6.6. If ABC exists, then
¢ R(AB)+R(BC) < R(B)+R(ABC).
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This theorem contains the law of nullity, for when B =1 it
reduces to Theorem 5.6.5, while the two cases A = QO and C = O
lead at once to Theorem 5.6.2.

Denote by U the vector space of all vectors BCx such that
ABCx = 0, and by B the vector space of all vectors Bx such that
ABx = 0. Clearly W c 8B, and so d(U) < d(B). But, by Theorem
5.6.4,

d(U) = R(BC)— R(ABC), d(B) = R(B)— R(AB),
and the required theorem follows at once.

It should be noted that in the discussion of the last three theorems
we have been employing, in effect, arguments of the ‘invariant’
type.

PROBLEMS ON CHAPTER V

1. Solve completely the following systems of equations.

(1) 2r—3y+ 6z = 3, (1) z4+y—22+3w = 0,
dx—y+z =1, r—2y+z—w =0,
3x—2y+ 3z = 4. r+Ty—8z+1lw = 0,
r—5y+42—5w = 0.
(1i1) Sr+2y—3u—v = 11, (iv) —z+2y+2z+3w = 6,
Sr—y+bz—u—2v = 2, Tx+Ty—1324+3w = —24,
r—2y+4z4+u—v = —5. 3r+y—oz—w = —12.
(v) 1llx+8y—22+43w = 0, (vi) z+2y—z = 2,
2x+43y—z+2w = 0, 2x—3y+72 = —1,
Txe—y+2z—3w = 0, —x+y+32 =6,
dr—11y+52—12w = 0. Sr+y—2z = 0.
(vii) 4r—2y+52 = 0, (viii) x+2y—2z—w =9,
x—y+z =0, r—y+z+2w =1,
br—y+T72 = 0, 5x—10y+ 102+ 17w = 47.
—3xr+y—4z = 0.

2. Solve completely the system of equations

(n—1)x, = 2yt+2a3+...42,,
(n—1z, = 2, +23+...+2,,

(n—1)x, = x;+x,+...+xy_;.
3. For what values of a, b, ¢ is the system of equations

(a+3)x—2y+32 = 4,
3z+(a—3)y+92 = b,
4r—8y+(a+14)z = ¢
consistent ?
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4. Discuss, for all values of a, the system of equations

z+y+z =2,
2x+y—2z = 2,
ax+y+4z = 2.

5. Discuss, for all values of a, the system of equations

ax+(3a+4)y+2(a+1)z = 0,
ax+(4a+2)y+(a+4)z = 0,
2x+(3a+4)y+3az = 0.

6. Tllustrate Theorem 5.4.2 by discussing, for all values of p, the system

of equations (2p+1)z+(p+2)y+(3p+3)2 = 0,
(5p+ 1)z +(3p+3)y+(Tp+5)z = 0,
3px -+ 3py +(4p+2)z = 0.
7. Determine the conditions for the consistency of the system of equations
z+y—22 =0,
ax+by+cz = 0,
bx+cy+taz =d,
and obtain the complete solution in each consistent case.
8. Determine the conditions for the consistency of the system of equations
x +y +z = b’
az+by+bz = a?,
ax+cy—+dz = ab,
and obtain the complete solution in each consistent case.
9. Determine the conditions for the consistency of the system of equations
z+y+z=1,
ax+by+cz =d,
a®z+by+c?z = d?
and obtain the complete solution in each consistent case.
10. Determine the conditions for the consistency of the system of equa-

tions zty+z=1,
ax+by+cz = d,
a’z+b3y 4¢3z = di,
and obtain the complete solution in each consistent case.

11. Let M be a linear manifold, of dimensionality n, over a reference field
¥. Show that there is a biunique correspondence between the set of linear
transformations of Minto §, the set of vectors of order n over §, and the set
of linear forms in n variables with coefficients in .

12. Show, by an example, that linear dependence of the columns of a
matrix does not imply the linear dependence of the rows.

13. Let A, B be matrices of type m X n, n X p respectively. Show that
the inequality R(AB) > R(A)+p—n does not always hold.

14. Let A be a square matrix. Show that theinequality R(A) < R(A?)+1
does not always hold.
¢ 15. Show that, if the numbers a,,...,a, are distinct, then the n vectors
(1, @y, a2,...,aP"1) (r = 1,...,n) are linearly independent.
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16. The vectors X;,...,X,, are defined by the equations

X, = (@ipseer i)y W5 = b+ (E+7)c, (3 = Lywym; j = Luoyn).

Show that, if m > 3, then X,,...,X,, are linearly dependent.

17. Show that, given any system of m lincar homogeneous equations in
m+ 2 unknowns z,,..., Ty, o, there are two indices ¢, j in the rango 1,2,....,m+2
such that the system possesses a solution in which z, and z, have any pre-
scribed values.

18. Show that, for any given constants a,, and b, (¢ = 1,...,m;j = L,...,n),
exactly one of the two systems of equations

n
(1) Zla,,:cJ = b, (¢ = L,...,m),
9=

.o m . m
(“) 'Zla” Y, = 0 (7= 1,...,7n), Elb@ym =0
i= 1=

is consistent.

19. Show that, if A has n columns and B n rows and if AB
R(A)+ E(B) < n.

20. Show that, if the n X n matrix A satisfies the equation A? = A, then
R(A)+R(I—-A) = n.

21. Let A, B be rectangular matrices for which the product AB is defined.
Show that R(AB) = R(B) if and only if ABx = 0 implies Bx = 0.

22. Let A be a square matrix, p a positive integer, and X a non-zero vector
such that APx == 0, A?+1x = 0. Show that the vectors X, AXx,...,APX are
linearly independent.

23. Show that, if R(A) = R(BA), then R(AC) = R(BAC).

24. Show that, for k > 2,

R(A,...Ap) > R(A))+...+R(A)—n(k—1),

O, then

I

where A,,..., A are square matrices of order 7.
25. Show that, if k 1s a positive integer such that R(A¥) = R(A*+1), then

R(AF+1) = R(A*+2) = R(A¥+3) = ...
26. A sequence {a;} of real numbers is said to be convez if, for all k&,
ap1 < Haptage)

Show that the sequence {R(A¥)} is convex.
27. Let A be any n X n matrix. Show, using either No. 22 or No. 25, that

R(A") = R(A™!) = R(A™?) = ...

28. Let the matrices Py,..., Py, Q1,..., Q; commute in pairs, and suppose
that R(P,) = R(P,Q,) (k = 1,...,k). Show that

R(P,..P;) = R(P,..P;Q,...Qp).

29. Let the matrices A,,...,A; commute in pairs and suppose that
R(A,) = R(A2) (k = 1,...,k). Show that, for any positive integers «;,..., ay,

R(A,..A;) = R(A%...Af).
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30. Let 6,,...,0, be given numbers and let the linear forms L,,..., L, be
defined by

Ly = Ly (@, x,) = 03+ 2, + B2y + ...+ 02, (k= 1,..,n).

Show that the maximum number of linearly independent forms among
L,,..., L, is equal to the number of distinct numbers among 8,,...,0,,.

31. Let uy,...,u, be n linearly independent complex vectors of order n.
Show that there exist n vectors X;,..., X, such that (x,,u,) = §,, (1 < 7,5 < n).

32. Let A be an m X n matrix of rank r. Show that the general solution
of the system of homogeneous equations Ax = 0 can be written in the form
X = PA, where P is any fixed n X (n—r) matrix such that AP = O,
R(P) = n—r, and A is a variable vector of order n—r.

33. Let n > 1 and suppose that A is an n X7 matrix. Show that (i)
R(A) = nifand only if R(A*) = n; (11)) R(A) = n—11fand only if R(A*)=1;
(in) R(A) < n—1 if and only if A* = O.

34. Show that, if the matrix A is singular, then its adjugate can be
expressed in the form A* = xy7, where X and y are column vectors.

35. Let U be an r-dimensional subspace of 8,, where 1 << 7 < n. Show
that an n X n matrix A satisfies the conditons

Ax = 0 (forallx e ), Ax # 0 (forallx € U)
if and only if it satisfies the conditions
Ax, = ... = Ax, = 0, R(A) = n—r,
where X,,...,X, are any r linearly independent vectors of .
36. Suppose that the system of equations?%1 a,x, =b, (1 =1,..,m)

possesses a unique solution. Show that this solution is given by

where the ¢’s depend only on the a’s.

37. A square matrix A, of order n, is called a G-matrix if the transforma-
tion y = Ax implies the identity y’Gy = xTGx, where G is a given non-
singular matrix. Prove that, if A is a G-matrix, then [A| = 4 1.

If A = (a,) and B = (b,,) are two G-matrices and if |A|4|B| =0,
prove that the system of equations

n
.Zl<a,,~x,~+b,,x,) =0 (i=1,.,n)
i<

possesses a non-trivial solution.

38. A is a symmetric n X n matrix of rank n— 1, and § is a non-zero vector
such that AE = 0. Show that the relations uT§ = 0 and u”A*u = 0 imply
each other.

39. Prove that a ne essary and sufficient condition for the system of
qquations "
lea“m,- = (¢ = 1,...,m)
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to have a solution is that every solution of the system of equations
m
izla“ Yy, =0 (7 = 1,..,n)

m
should also satisfy >by,=0.
=1

Find for what values of 5 the equations
z+y+z =1,
z+2y+4z = 7,
z+4y+10z = 7?
have a solution; and solve them completely 1n cach case.

40. Let k£ < n and let L,,..., L; be lincarly independent linear forms in
Z1,.005%,. Show that there exists a non-smgular linear transformation of
Zyseees Ty MO Yy,..., Y, Which carries Ly,..., Ly into y,..., y;, respectively.

41. A is a square matrix of order » and rank r; X,,...,X; are n X 1 matrices
and u,,...,u; are 1 Xn matrices. The matrix B 1s formed by bordering A
with columns Xx,,...,X; and rows uy,...,u;, and completing the matrix with a
block of k* zeros. Prove that, if & < n—r, then |B| = 0.

n
42. Show that the system of equations X a,x, =b, (¢ = 1,..,m) is
=1

consistent 1if and only 1f

m n
2P 2 a,x, =0 (identically in x,...,z,)
-1 =1
. . m
implies ¥ p, b, = 0.
=1
A and B are rectangular matrices having the same number of columns.
Show that a necessary and sufficient condition for the existence of a matrix

G such that B = CA is that Ax = 0 should imply Bx = 0.



VI

ELEMENTARY OPERATIONS AND THE
CONCEPT OF EQUIVALENCE

THOUGH the results obtained below are interesting and afford
additional insight into the structure of matrices, they will not—
with very few exceptions—be needed subsequently. The present
chapter (apart from § 6.5) may therefore be omitted by the reader
who is anxious to proceed at once to the more advanced theory of
Part IT.

6.1. E-operations and E-matrices

6.1.1. DurINITION 6.1.1. Anm ELEMENTARY OPERATION (or,
more briefly, an E-OPERATION) on a matrix is an operation of one
of the following three types.

(i) The interchange of two rows (or columns).
(ii) The multiplication of a row (or column) by a non-zero scalar.
(ili) The addition of a multiple of one row (or column) to another
row (or column).

We distinguish between row operations and column operations
according as the FE-operations in question apply to rows or to
columns.

Our aim is to study the effect of £-operations upon matrices, and
it is useful to note at the outset that if B is obtained from A by an
E-operation, then A can be obtained from B by an E-operation.

EXERCISE 6.1.1. Prove this statement and deduce that, if D 18 obtained

from C by a chain of E-operations, then the converse 1s also true, 1.e. G
can be obtained from D by a chain of E-operations.}

EXERCISE 6.1.2. Show that the identical transformation, i.e. one which
leaves the matrix unchanged, 1s an IZ-operation.

We shall adopt the following notation for E-operations. The
interchange of the sth and jth rows (columns) will be denoted by
R, <> R; (C; <> (C,); the multiplication of the i¢th row (column)
by a scalar A = 0 by R, - AR; (C;—AC;); and the addition
of u times the jth row (column) to the ith row (column) by
B; > R;+uR; (C; - C;+puCy).

.1' The term ‘chain’ is taken to mean ‘finite chain’. A chain may, of course,
consist of & single operation only.
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THEOREM 6.1.1. The rank of a matriz is invariant (i.e. remains
unchanged) under elementary operations.

Operations of types (i) and (ii) obviously do not affect rank and
we need therefore only consider those of type (iii). We may, without
loss of generality, restrict our attention to row operations.

Let, then, the matrix B be obtained as the result of an E-opera-
tion of type (iii) on the rows of A. Then each row of B is a linear
combination of the rows of A. Hence the maximum number of
linearly independent rows in B is not greater than the maximum
number of linearly independent rows in A,{ i.e. B(B) << R(A).
But A may be obtained from B by means of an E-operation; hence
R(A) < R(B), and so R(A)= R(B). The proof is therefore

complete.

The notion of invariance which appears in Theorem 6.1.1, and which we
have met earlier on a number of occasions, 1s a key concept in algebra. Before
passing on to further results on E-operations we shall, therefore, formulate
this notion in gencral terms.

Let & be a sct whose clements we denote by z, ¥, z,.... Let Q be a trans-
formation of & into itself, i.e. an operator operating on the elements of G in
such a way that with each clement € © is associated a unique element
y = Qx € S. Suppose, furthermore, that a function f is defined on & so
that with cach z € G 1s associated a functional value f(x) (which need not,
of course, be either & number or an element of &). If, for every xz € G,

f(Q) = f(x), (6.1.1)

then we say that f is wnvariant under (or with respect to) the operator Q.

In Theorem 6.1.1 above, & is the set of matrices z, y,...; f(x) is the rank of
the matrix x, and Q is any E-operation. In the corollary to Theorem 5.6.3
(p. 160), & is the set of square matrices, f(z) the rank of the matrix x, and
Q any similarity transformation. Again, the proposition that the value of a
determinant rermains unaltered when its rows and columns are interchanged,
may also be expressed in the same terms by taking & as the set of square
matrices, f(z) as the determnant of the matrix z, and Q as the operation of
transposition.

It is easy to see why the notion of invariance is important. For let @ be
a sot of operators on © and suppose that (6.1.1) holds for every z € € and
for every Q € @; in other words, suppose that f is invariant under every
operator of the sot . If now the determination of f (x,), for some particular
z, € &, is difficult or tedious we may be able to find a suitable operator
Q, € @ such that the determination of f (Q, x,) can be carricd out more easily.
Since, however, f(z,} = f(Qo®,), the original difficulty will then have been

1 Cf. Problem II, 6.
t For an alternative proof depending on consideration of minors, see Boches,
11, 55. '
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overcome. One usefulapplication of this procedure will befound, for example,
at the end of § 6.2.2.

6.1.2. We resume now our discussion of E-operations. The
next step—an important one—is to represent such operations by
means of matrix multiplication. This device will enable us to use
matrix technique when dealing with E-operations.

DEFINITION 6.1.2. An ELEMENTARY MATRIX (or, more briefly,
E-MATRIX) is any matriz dertved from a unit matrix by a single
E-operation.

Thus, for instance,

01 0 1 0 0 1 0 0
1 0 O}, 0 5 0}, 01 0
0 0 1 0 0 1 3 0 1

are the E-matrices obtained from I, by means of the E-operations
C, < C,, C,—» 5C,, R, - R,;+ 3R, respectively.

It should be noted that any E-matrix can be obtained equally
well by a row operation or a column operation on I. For the opera-
tions B, <> R; and C; <> C, have the same effect on I; so have
R, AR; and C; - XC,; and, finally, so have R; > R;+uR, and
C; - C,+uC,.

THEOREM 6.1.2. An elementary operation on the rows (columns)
of an mXxXn matrix A is equivalent to premultiplication (post-
multiplication) of A by the elementary matriz derived by the same
operation from I, (L,).

Let ¢ denote any E-operation on the rows, y any E-operation on

the columns; and write ¢(X), (X) for the matrices obtained when
X is operated on by ¢, i respectively. The theorem then asserts that

B(A) = $(I,)A,  P(A) = AY(,).
The proof is almost immediate. For if X, Y are any matrices for
which the product XY exists, then (XY);, = X, Y; and con-

sequently any E-operation on the rows of X effects the same
operation on the rows of XY. Thus we have

$(XY) = ¢(X)Y. (6.1.2)

Similarly, any E-operation on the columns of Y effects the same
operation on the columns of XY, so that

HXY) = X(Y). (6.1.3)
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As special cases of (6.1.2) and (6.1.3) we obtain
$(A) = (I, A) = $(I)A;  $(A) = ¢(AL) = AY(L,),

and the theorem is therefore proved.

EXxERCISE 6.1.3. Let A be an m X n matrix and let E, E' be any E-matrices
of order m, n respectively. Show that EA can be obtained by an E-opera-
tion on the rows of A and AE’ by an K-operation on the columns of A,

To illustrate Theorem 6.1.2, consider for instance the 3 x4
matrix
@y Gy Az Q4
A= (b by by 64).
€1 €2 C3 C
If ¢ is the operation R, <> R, then
0y Ay Qg G4 1 00
HA)=[c, ¢y ¢ c4), ¢(I;) ={0 0 1
by b, by b, 1
and we have, in fact,
a; a, Ay a4 1 0 O\/a, a, a; a,
€, Cy Cy o) =1(0 0 1}{b, b, by by}.
by by b3 by 0 1 0/\c; ¢ ¢35 ¢

Again, if i is the operation C, — C;—2C,, then

1 0 0 —2
a, a, a; a,—2a, 01 0 0
Sb(A) = bl b2 b3 b4—21)1 ) ¢(I4) = 0 0 1 O
C Cy C3 C4—2¢ 0 0 0 1
and we have, in fact,
a; a, a; a,—2a, a, ay, az; al\fl 0 0 —2
bl bz ba b4—2b1 == bl bz b3 b4 0 1 0 0
€, €y C3 C4—2¢ i1 C €3 C¢/[0 O 1 0
0 0 0 1

THEOREM 6.1.3. (i) Every elementary matriz is nonm-singular.
(ii) The vnverse of an elementary matrix is again an elementary matriz.

The first assertion is obvious by Theorem 6.1.1 since an E-matrix
is derived by an E-operation from a non-singular matrix.

To prove the second assertion let E denote a given E-matrix, say
of order n. Then I, can be derived from E by a row operation, i.e.
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I, = ¢(E). Writing E = ¢(In) and using Theorem 6.1.2 we

The inverse of E is therefore the E-matrix E .

6.2. Equivalent matrices

6.2.1. We begin this section by introducing a general notion
which is useful in the investigation of algebraic problems.

Let Q,, Q, be operators mapping a set & of elements into itself,
so that if x € G, then Q, x, Q,x € S.

DEFINITION 6.2.1. The PrRODUCT Q, Q, of the operators Q; and
Q, (in that order) is defined by the relation

(Q,Q))x = Q,(Q, %) (x € ©). (6.2.1)

In other words, (Q2,Q,)x denotes the element obtained when z is
first operated on by Q,, and Q, z then operated on by Q,. In view
of this definition we may, without ambiguity, write Q,Q,z for
either side in (6.2.1). The notion of multiplication of operators can,
of course, be extended immediately to any number of factors. Using
informal language we may say that when we multiply operators we
simply apply them successively; or that the product of operators
is their resultant.

THEOREM 6.2.1.7 Muliiplication of operators is associative.

Let Q,, Q,, Q, be operators mapping a set G into itself and let
x be any element of &. Writing Q;2 = y and using Definition
6.2.1, we obtain

{Q(Q, Q)2 = Q(Q,Q7) = Qy{Qy(Q32)} = Qy(Qy )
= (@, Q)y = (A Q) (Q7) = {4 Q) Q).

Thus Q,(Q2,Q3) = (2,9,)Q;, (6.2.2)
and the theorem is proved.

It follows that we may, without ambiguity, write Q,Q,Q, for
either side of (6.2.2).

6.2.2. When we are given a set @ of operators each of which
maps & into itself, we sometimes require to know under what
circumstances there exists an operator Q € ® such that Qr = 2/,
vzhere z, 2" are given elements of &.

1 This theorem is not used in the present chapter.
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Our present discussion is concerned with the set & of matrices
and the set ® of operators each of which is a product of E-operations.
For this special case the question just formulated in general terms
takes the following form. When is it possible to pass from a matrix
A to a matrix B (of the same type) by a chain of E-operations?
The main object of the present section is to answer this question.

We begin with a result which asserts the possibility of reducing
every matrix to some particularly simple standard form by means
of E-operations.

Theorem 6.2.2. (Reduction of matrices to normal form)
Any mxn matriz of rank r can be reduced to the form
lor”. o)
0..-» On7%
by a chain of elementary operations. Conversely, the matriz (6.2.3) can

be transformed into the original matriz by a chain of elementary
operations.

(6.2.3)

The matrix (6.2.3) is known as the normal form of the original
matrix. It will, for brevity, be denoted by N{™™.

The expression (6.2.3) for the normal form has, of course, to be
modified in an obvious way ifr = 0,7 = m, orr = n. In particular,
if the original matrix is a non-singular » X n matrix, then its normal
form is simply I,.

In view of Exercise 6.1.1, the second part of the theorem is &
trivial consequence of the first; and in the proof of the first we may
obviously assume that the given matrix is not a zero matrix, since
otherwise it already has the required form. If the leading element{
vanishes it is possible, therefore, to bring a non-zero element into
leading position by means of E-operations of type (i). Let the
matrix so obtained be denoted by A = (a,;), where a,; 7 0. The
successive application of the FE-operation R; > R;,—aj‘a; R,
(¢ = 2,...,m) then transforms A into the matrix

Ay @19 - . . Qp
O b22 . . . bZn
0 by . . . by
+ The leading element of a matrix is the element standing in the top left-hand
corner.
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(where b;; = a;,—a'a;a,,). We next apply the operation
C,—a;'C; and follow this by the operations C; - C,—a,;Cy
(j = 2,...,m). These transformations reduce the matrix to the

form 1P o . . . 0
0 ¢p . . . ¢y
b
0 Cpno - - . Cua

and this may be written as

1 0!
2.4
(O:n_l c ) (6.2.4)

where C is an (m—1) X (n—1) matrix. If C = O our reduction is
complete, but if C £ O, then we treat it in the same was as the
original matrix. This does not affect the first row and first column
in (6.2.4) and leads to the matrix

( I, 0;“2)
m-2 D/
where D is an (m—2) X (n—2) matrix. Continuing in this way as

long as the bottom right-hand matrix is not zero, we ultimately
obtain the matrix n—s
fo:". 01

05, O/
Now the rank of this matrix is s; hence, by Theorem 6.1.1, 8 = r
and the proof is complete.

We shall illustrate the procedure described above by actually
carrying out the reduction of the matrix

03 -3 1
5 9 —10 3
—1 0 5 —2|°
21 -3 1

(6.2.5)

The operation C; <> C, transforms this into

1 3 -3 0
9 —10 5

-2 0 5 —1f°
1 -3 2
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Next, applying in succession the operations R, > E,—3R,,
Ry~ R;+2R,, R,—~ R,—R,, C,—~(C,—3C,, O3> (C3+43C,, we
obtain 1 0 0 0

0 0 —1 5

0 6 —1 —1}|

0 —2 0 2
The operation C, <> C, transforms this matrix into

1 0 0 0

0 —1 0 5

0 —1 6 —1}

0 0 —2 2
We now apply the operations R;—> R;—R, C,— —C,,
C, — C,—5C,, and are led to

1 0 0 0
0 1 0 0
0 0 6 —6]|

o0 —2 2

The final stage consists of the operations By, - R,+3R;, C5 — 3C;,
C, - C,+6C,. This reduces the matrix to

1 0 0 0
01 0 0
0 0 1 o)
0O 0 0 0

which is, in fact, the normal form N9,

Throughout the above series of operations we have followed
precisely the procedure laid down in the proof of Theorem 6.2.2.
But in numerical cases it is usually possible to introduce ad hoc
modifications which simplify the work, and the reader should have
no difficulty in performing the reduction of the matrix (6.2.5) in
fewer steps than were required above.

The technique exemplified in the preceding example is par-
ticularly useful in the determination of rank. As we know by
Theorem 6.1.1, the rank of a matrix remains unchanged when the
matrix is subjected to E-operations. When, therefore, we wish to
determine the rank of a given matrix A we apply a chain of suitable
E-operations which transform A into some matrix A’ whose rank



176 ELEMENTARY OPERATIONS AND EQUIVALENCE VI, §6.2

can be recognized at a glance.t It is not, as a rule, necessary to
carry the reduction as far as the normal form, and often a small
number of steps suffices to effect the necessary transformation.

6.2.3. We are now ready to deal with the problem raised at the
beginning of this section.

DEeFINITION 6.2.2. A matrix A 18 EQUIVALENT fo a mairix B
(in symbols: A ~ B) if it is possible to pass from A to B by a chain
of E-operations.}

The relation of equivalence as here defined has three obvious but

important properties.
(i) Itisreflexive. This meansthat A ~ A, aresult which follows

at once from Exercise 6.1.2.

(ii) It is symmetric, i.e. A ~ B implies B ~ A. This holds by
virtue of Exercise 6.1.1.

(i) It is transitive, i.e. the relations A ~ B, B ~ C imply
A ~ C. This is an immediate consequence of Definition 6.2.2.

Since, in particular, the relation of equivalence is symmetric
(in other words, since it is immaterial whether we say that A is
equivalent to B, or B equivalent to A) we can speak simply of
equivalent matrices. Our problem is to determine in what circum-
stances two matrices are equivalent.

Theorem 6.2.3. (Equivalence of matrices)

Each of the following two conditions is necessary and sufficient for
two m X n matrices A and B to be equivalent.

(1) There exist non-singular matrices X, Y (of order m, n respec-
tively) such that XAY = B,

(ii) B(A) = R(B).

Let the condition that A and B should be equivalent be referred
to as (iii). We have then to prove that each of the conditions (i),
(ii), (iii) implies the other two, and it will be sufficient to infer (ii)
from (i), (iii) from (ii), and (i) from (iii).

In the first place, if (i) is satisfied, then (ii) follows by Theorem
5.6.3 (p. 160).

Again, if R(A) = R(B) = r, say, then (by Theorem 6.2.2) A and
B have the same normal form N¢™™. Hence we can pass from A to

1 Cf. the remarks at the end of § 6.1.1.

* 1 For a theory of equivalence based on row operations only see Birkhoff and
MacLane, 3, 270-9.
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B by a chain of E-operations via the matrix N{™®). Thus A ~ B,
and so (ii) implies (iii).

Finally, suppose that A ~ B. Then, by Theorem 6.1.2, there
exist E-matrices E,,...,E,, E®,... E® such that

E, .. E.AE® _ E® = B.
Hence XAY = B, where
X =E, ..E, Y = E® .. EO,

and the matrices X, Y are non-singular by Theorem 6.1.3 (i).
Thus (iii) implies (i), and the proof is complete.

CoOROLLARY. Stmilar matrices are equivalent.

It is convenient to have a special term for transformations of
matrices consisting of chains of E-operations.

DEerINITION 6.2.3. A% EQUIVALENCE TRANSFORMATION 18 @
product of E-operations.

The terminology introduced by this definition is a natural one
since it makes equivalent matrices transformable into each other
by equivalence transformations. It may be noted that E-operations
are special equivalence transformations.

In view of Theorem 6.2.3 we know that A and B are connected by
an equivalence transformation if and only if there exist non-singular
matrices X, Y such that B = XAY. By restricting, in one way or
another, the nature of X and Y we arrive at various special types
of equivalence transformations; and in the course of our subsequent
discussion we shall be led to consider in detail a number of such
types. With two of them—the elementary operations and the
similarity transformations—we are already familiar.

Some further useful results follow immediately from Theorem
6.2.3.

THEOREM 6.2.4. Let A be an m X n matrix of rank r. Then there
exist non-singular matrices X, Y (of order m, n respectively) such that

A = XNmnY,

The matrices A and N{™™ are equivalent by virtue of Theorem
6.2.2, and the assertion therefore follows by Theorem 6.2.3 (i).

THEOREM 6.2.5. Every non-singular square matrix can bg
expressed as a product of elementary matrices.
5582 N
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Let A be a non-singular n X » matrix. By Theorem 6.2.3 A and
I, are equivalent, i.e. A can be derived from I, by a chain of
E-operations. But, by Theorem 6.1.2, each such operation is
effected by premultiplication or postmultiplication by an E-matrix.
Hence

A=E,..E,LLEV. . E0=E,..E,EV.  EO,

where the E; and E® are suitable E-matrices.

6.3. Applications of the preceding theory

6.3.1. We begin by explaining a practical method of computing
inverses of non-singular matrices. We know by Theorem 6.2.2 that
such matrices can be reduced to the unit matrix by a chain of
E-operations. We need, however, a slightly stronger result.

THEOREM 6.3.1. A non-singular matriz of order n can be reduced
to I,, by means of elementary row operations only.

If a matrix A is non-singular at least one element in the first
column is non-zero. Hence, interchanging two rows (if necessary)
we can bring a non-zero element into leading position. Subtracting
now suitable multiples of the first row from the other rows we
obtain a matrix in which all elements in the first column, other than
the leading element, are equal to zero. The leading element is then
made equal to 1 by multiplying the first row by a suitable constant.
In this way we obtain a matrix of the form

1 by, . . . by,
0 by . . . byl
0 by . . . by,

Applying now the same technique to the non-singular submatrix

(b22 oo bzn)
by - . . by,

and continuing the process for as long as is necessary, we obtain
ultimately a triangular matrix of the form

I Do P13 - - - P
0 1 py . . . Do
0 o0 1 . . . Pl

o o o . . . 1



VI, § 6.3 APPLICATIONS OF THE PRECEDING THEORY 179

All elements above the diagonal can now be made equal to 0 by
means of row operations of type (iii), and the reduction of A to I has
thus been proved possible.

ExXERCcISE 6.3.1. Show that, by the application of elementary row opera-
tions, any rectangular matrix can be reduced to the form P = (p,,), where
p;, = 0 whenever ¢ > j.

THEOREM 6.3.2. Suppose that a non-singular matriz A is reduced
to I by a sequence, say ¢y,..., by, of elementary row operations. Then
the application of these operations, in the same order, transforms 1
into AL

By Theorem 6.1.2 the application of ¢,,...,¢; respectively is
equivalent to premultiplication by certain E-matrices,say E,,..., E;.
Hence, by hypothesis,

E,..EA=1
and so, postmultiplying by A-! we obtain
A1=E, .. EL

Consequently A-1 is obtained when the operations ¢,,...,$, are
applied, in that order, to 1.

To illustrate the result just proved we consider the matrix

1 1 -3
A=|-1 0 21.
—3 5 0

The reader should verify that A can be reduced to I3 by applying,
inturn, the operations B,— R,+ R;; Ry~ R3+3R;; R;— R;—8R,;
R, > —R,; R, > R,+Ry; R, > R,+3R;; R, -~ R,—R,. If these
operations are applied, in the same order, to I; we obtain the
following sequence of matrices:

1 00 1 0 0 1 00 1 0 0
(1 1 0), (1 1 0), (1 10), (11 0),
0 0 1 3 0 1 -5 —8 1 5 8 —1
1 0 0 16 24 —3 10 15 —2
(6 9 —1), (6 9 —1), (6 9 —1).

5 8 —1 5 8 —1 5 8 —1

The last matrix in the sequence is the required matrix A-1,
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A procedure for finding inverses which involves both row
sperations and column operations can also be devised without
lifficulty since, given a non-singular matrix A, E-matrices
E,,...,E;, ED,...,E? can be found such that

E,..E,AE® E® =L

This procedure is not, however, as convenient as that given by
Theorem 6.3.2.

6.3.2. An important use of E-operations (or, more precisely, of
elementary row operations) can be made in the theory of linear
equations.

Ifin a system G of linear equations we interchange the position of
two equations, or multiply the coefficients of an equation by some
non-zero constant, or add any multiple of one equation to another,
then the resulting system is plainly equivalent to S. Now a system
of linear equations can be conveniently represented by its aug-
mented matrix, and the transformations just listed correspond, in
fact, to E-operations on the rows of this matrix. Thus, for instance,
the addition of twice the third equation to the fifth equation
corresponds to the operation R;—> R;+2R; on the augmented
matrix.

It follows, then, that if we subject the augmented matrix B of
S to a chain of elementary row operations, the resulting matrix will
be the augmented matrix of a system of linear equations equivalent
to S. The obvious procedure is, therefore, to operate on B in such
a way as to obtain a matrix which shall be as simple as possible;{
and Exercise 6.3.1 shows that we can always reduce B to some
matrix P = (p,) in which p;; = 0 for i > j. The system of which
P is the augmented matrix is then far more manageable than the
original system. It is not, of course, necessary in every case to
effect the complete reduction of B to the quasi-triangular form P,
for often we recognize even after a few steps whether the original
system is consistent, whether it possesses non-trivial solutiohs, or
whether certain equations are redundant.

As an example we may consider the system of equations (5.3.6)
discussed in § 5.3.2. Performing the operations R,<«> R,,
.R, -~ R,—3R,, R,~> R,—2R,, R,—~}R,, R,—~ —}E, on the

t This amounts, in practice, to having as many zero elements as possible.
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augmented matrix
—1 14 —8 24
—14 3 -1 —2
1 1 —1 6|’
—15 —1 5 —46

N O =W

we reduce it to the form
1 —4¢ 3 —1 =2

0 1 1 —1 6]
0 1 1 —1 6
0 1 1 —1 6

The original system (5.3.6) is therefore equivalent to the system
consisting of the two equations

r—4y+-3z—w = —2, y+z2—w = 6.

We can now take y and z as the disposable unknowns and complete
the solution as before.

The procedure just indicated is not, of course, at all surprising
gince it amounts to little more than the familiar manipulation of
simultaneous linear equations as described in school textbooks.
However, by pursuing the idea a little farther, we could give
alternative proofs of some of the results established in § 5.3 and
§ 5.4. We must refer the reader elsewhere for details.}

6.3.3. As another application of the theory developed in § 6.1
and § 6.2 we shall give a new proof of Theorem 5.6.2 (p. 159).

The first step is to prove Theorem 5.6.3. Let S be an m X n matrix
and X a non-singular matrix of order m. By Theorem 6.2.5, X can
be expressed as a product of E-maitrices, say

X == El “es Ek'
Now, by Theorem 6.1.2, multiplication by an E-matrix is equi-
valent to an E-operation and since, by Theorem 6.1.1, E-operations
preserve rank we have

R(S) = R(E,S) = R(E,,E;S) = ... = R(E, ... E,_, E;S).
Thus R(XS) = R(S). (6.3.1)

We next come to the proof of Theorem 5.6.2, i.e. effectively of
the inequality R(AB) < R(B). We assume that A, B are of typg

t See, for instance, Birkhoff and MacLane, 3, 50-53, and Stoll, 7, chap. i.
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mXxn, nXp respectively and that R(A) =r, and we write
N{mm —= N.
Let P be an n X p matrix and represent it in the partitioned form

P
P=|(1
)
where P, denotes the matrix consisting of the first r rows of P, and
P, that consisting of the remaining n—r rows. We then have
|
NP = 1)
oz

Hence R(NP) = R(P,), and therefore
R(NP) < R(P). (6.3.2)

Now, by Theorem 6.2.4, A may be written in the form A = XNY,
where X, Y are non-singular matrices of order m, n respectively.
Hence, by (6.3.1) and (6.3.2),

R(AB) = R(X.NYB) = R(N.YB) < R(YB) = R(B),

and Theorem 5.6.2 is therefore established.

6.4. Congruence transformations

It was mentioned earlier that various special classes of equi-
valence transformations play an important part in linear algebra.
In the present section we propose to consider one such class—the
class of congruence transformations. Its precise significance will
not, however, become fully apparent until we come to the discussion
of quadratic forms in Chapter XII.

Unless the contrary is stated, all matrices considered below are
assumed to be square matrices of order 7.

DErFINITION 6.4.1. If B = PTAP, where P is some non-singular
matriz, then B ts said to be obtained from A by a CONGRUENCE
TRANSFORMATION, and B is said to be CONGRUENT {0 A.

We observe at once that a congruence transformation is a special
equivalence transformation. We also observe that, since

Q7(PTAP)Q = (PQ)TA(PQ),

the product of two congruence transformations is again a con-
gruence transformation.

ExErcise 6.4.1. Show that the relation of congruence is reflexive,
symmetric and transitive.
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Since, in view of this exercise, the statements ‘A is congruent
to B’ and ‘B is congruent to A’ imply each other, it follows that we
may speak simply of two matrices as being congruent (to each
other).

The problem we propose to discuss below is suggested by Theorem
6.2.2. That result shows, in particular, that every square matrix
can be reduced to diagonal form by an equivalence transformation.
We now ask ourselves whether this statement continues to be valid
if instead of considering equivalence transformations we restrict
ourselves to the narrower class of congruence transformations.
The answer to this question is contained in Theorem 6.4.1 which we
prove by the use of F-operations and E-matrices.

DerFiNITION 6.4.2. The square matrix A = (a;,) of order n is
SYMMETRIC if a;; = a,; (¢,§ = 1,...,n), t.e. if AT = A.§

The symmetry mentioned in the definition is, of course, symmetry
with respect to the diagonal.

Exercise 6.4.2. If A is a rectangular matrix, show that ATA is a
symmetric (square) matrix.

THEOREM 6.4.1. A matriz is congruent to a diagonal matriz if
and only if it is symmetric.

(i) One part of the theorem is trivial. For if A is congruent to
a diagonal matrix, then there exists a non-singular matrix P and
a diagonal matrix D such that A = PTDP. Since diagonal matrices
are obviously symmetric, this implies that

AT = PTDTP = PTDP = A,

and so A is symmetric.

(i) Next, assuming that A = (a;,) is symmetric, we have to
show that if can be reduced to diagonal form by a congruence
transformation.

We first make some preliminary observations. Suppose that
t # j. Let E;, be the E-matrix obtained from I by the operation
R; <> R; (or alternatively by the operation C; <> C,). We then

clearly have EZ;) = E.

1 For some interesting results on the rank of symmetric matrices see Stoll, 7,
118.
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If Q;; denotes the product (in either order) of the operations
R, <> R;, C; <> C;, then, by Theorem 6.1.2,

Q,;,(A) = Eu) AEy,
B E(I.:j) AE(zj)‘ (6.4.1)

Again, let G be the E-matrix obtained from I by the operation
R, > R;+R,, or, alternatively, by the operation C, - C;+-C;. It
is then at once clear that

G{‘fi) = G(ij)'
If Qf denotes the product (in either order) of the operations

Q5 (A) = Gy AGyy

Equations (6.4.1) and (6.4.2) show that both Q,; and Q¥ are con-
gruence transformations.

We now come to the main part of the proof. Assume, as may be
done, that A = (a;,) # O. Then at least one element of A is non-
zero, and we shall show that the leading element is either non-zero
or else can be made so by a congruence transformation. If a,; = 0,
but a,; 5 0 for some ¢ in the range 2 < ¢ < n, then the operator
Q,, effects the required change. If, on the other hand, a;; = 0 for
1 < 1 < m, then there exists some a;, 7 0 with ¢ 5 j. In that case
we apply QF, and it is easily seen that the (i, 7)th element of Q5(A)
is a;+a; =2a; #0. If ¢ =1 this means that the leading
element has now been made non-zero, while if ¢ > 1 the required
change is brought about by the additional application of €,;.

Thus it is always possible to place a non-zero element in the
leading position by applying a suitable congruence transformation.
The resulting matrix will, of course, be again symmetric. Thus
there exists a non-singular matrix P such that

T
PTAP — (i B )
where b # 0, X is a column vector of order n—1, and B is a square
matrix of order n—1.
The matrix 0- ( 1 —b-le)
Or-r L
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is plainly non-singular, and we have

T _p-1xT
S I 4 iy

(b x7 1 —bixT\ (b 0
— 0 B—b1xx7/\0 I —\0 B—b1xxT/

Thus there exists a non-singular matrix S (= PQ) such that

b 0
TAS —
STAS = (0 C)’

where C is a square matrix of order n—1. This conclusion has been
reached on the assumption that A % O, but for A = O it holds,
of course, trivially. We have, furthermore,

(STAS)T = STATS = STAS;
thus STAS is symmetric and so, therefore, is C.
The proof is now easily completed by induction. For n = 1 the
assertion is trivial. Assume that it is true for n—1, where n > 2.

Then there exists a non-singular matrix U, and a diagonal matrix
D,, both of order n—1, such that U] CU,; = D,. Hence

o v)le dlo v)=lo )

" 1 ©0 b
Writing U= (0 Ul), D= (0 Dl),
we have, therefore, UT(STAS)U = D,

i.e. (SU)TA(SU) = D.

Since D is diagonal and SU obviously non-singular, the proof is
complete.

EXERCISE 6.4.3. Show that if A is a real (complex) symmetric matrix of
rank 7, then there exists a real (complex) matrix U such that UTAU is a
diagonal matrix having precisely 7 non-zero diagonal elements and that the
value of each of these elements is 1 or —1 (is 1).

It should be noted that the reduction of A to diagonal form in
the proof above has been carried out entirely by means of rational
operations. For this reason we speak in this case of a rational
reduction. In contrast we shall, in Chapter X, consider reductions
which cannot be effected by rational operations alone.
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6.5. The general concept of equivalence

6.5.1. It was pointed out after Definition 6.2.2 (p. 176) that
the relation of equivalence between matrices is reflexive, symmetric,
and transitive. These three properties occur so persistently in
different mathematical situations that it is useful to introduce an
abstract concept of equivalence, of which equivalence between
matrices is a special instance.

DEerinNiTION 6.5.1. Let S be a set of elements, and let ~ be a
relation such thatif x,y € S, where x and y are not necessarily distinct,
then x ~ y either holds or does not hold. Suppose further that the
relation ~ 1s

(i) REFLEXIVE, t.e. * ~ x for every x € G;
(ii) SYMMETRIC, t.6. & ~ ¥y implies y ~ x;
(iii) TRANSITIVE, i.e. x ~ Yy and y ~ z imply x ~ z.

Then ~ is said to be an EQUIVALENCE RELATION tn &, and any two
elements x, y such that x ~ y are said to be EQUIVALENT in the sense
of this particular relation.

The simplest and in some ways the most fundamental instance
of equivalence is that of equality.T Equivalence, asdefined above, is
anatural generalization of equality, and it is interesting to note that
in dealing with therelation of equality we normally make use only of
the three properties of reflexiveness, symmetry, and transitiveness.

Other examples of equivalence come readily to mind. Thus, if
m is a positive integer, then two integers a and b are said to be
congruent modulo m if a—b is divisible by m. This relation between
them is denoted symbolically by a = b (modm), and is called
congruence modulo m. Since it plainly satisfies the three axioms, it
is an equivalence relation in the set of integers.

We are also familiar with various equivalence relations which
hold between matrices. The relation defined as equivalence of
matrices in Definition 6.2.2 is an instance of an equivalence relation
in our present sense. Congruence of matrices is also an equivalence
relation, in view of Exercise 6.4.1 (p. 182); and so, t00, is similarity,
as the reader should have no difficulty in verifying.

ExERrcisSE 6.5.1. Show that isomorphism between linear manifolds is an
equivalence relation.

T Axiom 1 of Book I of Euclid’s Elements states that two things which are
equal to a third are equal to each other. This statement expresses, in effect, the
transitive property of the relation of equality.
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THEOREM 6.5.1. Let S be a set of elements for which an equivalence
relation has been defined. Then & can be subdivided into classes of
elements in such a way that (i) each element belongs to precisely one
class, (ii) two elements belong to the same class if and only if they are
equivalent.

The proof is almost obvious. If z is any element of &, let C,
denote the class of elements equivalent to z, i.e. the class of all
y € G such that x ~ y.

We first show that if x ~ y, then C, = C,.t If z € C,, then
x ~ zand so z ~ x. But since 2 ~ y this implies z ~ y, and hence
y~z ie. zeC(, Similarly z € C, implies z € C,, and we have,
therefore, C, = C,.

If, on the other hand, x and y are not equivalent, then the classes
C,, C, are disjoint, i.e. they possess no common element. For
assume that z €C,, 2 €C,. Then x ~z, y~z, and so z ~z,
z ~ y; hence x ~ y, contrary to hypothesis.

We have thus obtained a subdivision of & into disjoint classes
such that two elements belong to the same class if and only if they
are equivalent. Moreover, in view of the property of reflexiveness,
each element x € © belongs to at least one class, namely to C,; and
it belongs to no other class for, as we have seen, two classes are
either disjoint or equal.

DEFINITION 6.5.2. The classes of equivalent elements into which
a set S 18 subdivided by means of an equivalence relation ~ are
called the EQUIVALENCE CLASSES (of &, with respect to ~).

If an equivalence relation is defined in &, each equivalence class
is determined completely by any one of its elements, and equi-
valence between elements of S can be replaced by equality between
equivalence classes.

The definition of equivalence classes has been given above in
terms of equivalence, but the converse procedure can equally well
be adopted. If a subdivision of & into disjoint classes C, C',... of
elements is given, we can define an equivalence relation in & with
respect to which O, (",... are the equivalence classes. We simply
put x ~ y whenever z and y belong to the same class. The relation
~ then evidently satisfies the three axioms of Definition 6.5.1, and
80 is an equivalence relation.

t Two classes are said to be equal if they comprise precisely the same elements.



188 ELEMENTARY OPERATIONS AND EQUIVALENCE VI, §6.5

A branch of mathematics in which the idea of equivalence is
particularly prominent is that part of analysis in which the con-
struction of the number system is carried out from an initial set
of axioms. Thus, in passing from the integers to the rational
numbers, we consider ordered pairs (a,b) of integers a, b, and
write (a,b) ~ (c,d) whenever ad = bc. It is then easily verified
that ~ is an equivalence relation. Rational numbers can now be
defined as equivalence classes with respect to this relation, and it
then remains to be shown that they possess all the properties
which we associate intuitively with rational numbers.t

EXERCISE 6.5.2. What are the equivalence classes when equivalence is
defined as (i) equahty between numbers, (ii) congruence modulo 7 ?

ExERCISE 6.5.3. Let {z,}, {v,} denote convergent sequences, and write
{2} ~ {y,} whenever z,—y, - 0 as n— co. Show that the relation ~ is
an equivalence relation and determine the equivalence classes.

6.5.2. Equivalence relations may often be associated with sets
of operators.

THEOREM 6.5.2. Let G be a set of elements and ® a set of trans-
formations of G into itself with the following properties.

(i) @ conlains the identity operator, which transforms every element
of & into itself.

(i) Ifz,y € S,Q € O, and Qx = y, then there exists an operator
Q* € ® such that Q*y = x.

(ili) If «, y, 2 € G, Q,Q €D, and Qx = y, Q'y = z, then there
exists an operator Q" € ® such that Q"x = z.

Suppose further that, for any z, y € S, we write x ~ y if and only
if there exists someQ € @ such that Qx = y. Then ~ 1s an equivalence
relation tn G.

The relation ~ is reflexive since, in view of (i),  ~ z for all
z € &. Suppose next that x ~ y,i.e.Qx = y for some Q € ®. Then,
by (ii), there exists some Q* € ®@ such that Q*y = x, i.e. y ~ 2.
This proves the symmetry of ~. Finally, let x ~ y, ¥ ~ 2. This
means that, for some Q, Q' € ®, Qr = y and Q'y = 2. Hence, by
(iii), there exists some Q" € @ such that Q"z = ¢z, i.e. ¥ ~ z. Thus
~ is transitive, and therefore it satisfies all three axioms of
Definition 6.5.1.

1 For details see Landau, Foundations of Analysis, chap. ii.
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DErINITION 6.5.3. The equivalence relation ~ of the preceding
theorem s called EQUIVALENCE IN & WITH RESPECT TO THE SET
® OF OPERATORS.

In the case of an equivalence with respect to a set of operators,
an equivalence class simply consists of all elements which can be
transformed into a specified element by means of suitably chosen
operators.

Several examples of equivalence with respect to a set of operators
are implicit in our earlier discussion. Thus, let G be the set of
m X n matrices and ® the set of equivalence transformations (in
the sense of Definition 6.2.3, p. 177). Then equivalence between
matrices can be interpreted as equivalence in & with respect to @;
and the equivalence classes consist, as we know, of m X« matrices
having the same rank. Again, let G be the set of X n matrices.
Similarity is then an equivalence relation in &, the equivalence
classes being sets of similar matrices. This equivalence is, in fact,
equivalence in & with respect to the set of similarity transforma-
tions. An analogous statement applies to congruence transforma-
tions.

ExERCISE 6.5.4. Verify these statements.

In our subsequent discussion in Parts IT and III we shall meet
many further instances of equivalence relations, equivalence
classes, and equivalence with respect to sets of operators. The
reader’s attention is directed particularly to the remarks in § 9.2.3.

6.6. Axiomatic characterization of determinants

The technique evolved in studying elementary operations
enables us to throw further light on the theory of determinants.
In Chapter I we were concerned with deriving a series of properties
of determinants, and our object now will be to prove that three of
the simplest of these properties suffice to characterize completely
the nature of determinants. We shall, in fact, show that if a
particular numerical function of a square matrix is known to
satisfy certain simple conditions stated below, then it is equal to
the determinant of that matrix.

We require, in the first place, a preliminary result on certain
matrix transformations which closely resemble E-operations.
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THEOREM 6.6.1. Any non-singular square matriz can be trans-
formed into a diagonal matriz by a chain of operations of the following
two types.

(i) Addition of any multiple of a row to another row.
(ii) Interchange of two rows followed by the multiplication of one of
them by —1.

It may be noted in passing that the relation between two
matrices which can be transformed into each other by chains of
operations enumerated above is a relation of equivalence. Theorem
6.6.1 asserts, in fact, that every non-singular matrix is equivalent
(in the sense specified) to a diagonal matrix. Since, moreover, the
determinant of a matrix clearly remains unaffected by either of the
two operations, it follows that the diagonal matrix in question is
also non-singular.

To effect the transformation whose existence is asserted by the
theorem we rely essentially upon the method established in
§6.2.2 and § 6.3.1. We denote, as usual, the order of the matrices
by n. Since the given matrix is non-singular the first column
contains at least one non-zero element, and if necessary we can use
an operation of type (ii) to bring this non-zero element into the
leading position. Next, subtracting suitable multiples of the first
row from the other rows we can reduce to zero the last n— 1 elements
in the first column. Proceeding in a similar manner we obtain
eventually an upper triangular matrix whose diagonal elements are
all non-zero. We now subtract suitable multiples of the last row
from the first n—1 rows and reduce to zero the first n—1 elements
of the last column. Treating the other columns in a similar manner
we gradually reduce to zero all elements above the diagonal and
are then left with a diagonal matrix.

ExErciSE 6.6.1. Show that the conclusion of Theorem 6.6.1 need not be
valid for a singular matrix.

We can now prove the principal result of this section. We shall
consider a numerical function f(A) of a square matrix A and,
assuming that it satisfies certain conditions which are also satisfied
by |A[, we shall show that it is equal to |A].

THEOREM 6.6.2. Let f(A) be a numerical function of the square
matriz A, and suppose that it satisfies the following conditions.
(i) The value of f(A) remains unchanged if any operation of the
type R, > R+ R, (r # 8) is performed on A.
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(i) If any row of A is multiplied by a constant A, then the value of
J(A) is also multiplied by A.

(i) f(I) = 1.
We then have J(A) = |A] (6.6.1)

Our first step consists in showing that the value of f (A) remains
unchanged when A is subjected to either of the operations listed
in Theorem 6.6.1.

Let r £ s, A % 0, and suppose that A is subjected in turn to
the operations R, - AR, R, - R,+R,, R,~ AR, the resulting
matrices being denoted by A,, A,, A, respectively. Then, by
conditions (i) and (ii),

J(Ag) = A7 (Ay) = A (Ay) = ATIAf(A) = f(A).
Now A, is obtained from A by adding A times the sth row to the rth
row; and it follows, therefore, that f is invariant under operations
of type (i).

Again, let r 7 s and suppose that A is subjected, in turn, to the
operations R, > R+ R,, R,—~ R,—R,, R, > R, + R,, the resulting
matrices being denoted by A, A,, A, respectively. Then, by the
result just proved, we have

J(Ay) = f(Ay) = f(A)) = f(A).
Now A, is obtained from A by interchanging the rth and sth rows
and then multiplying the sth row by —1. Hence f is invariant
under operations of type (ii).

Now let A be a given non-singular matrix. By virtue of Theorem
6.6.1, A can be transformed by a chain of operations of types (i)
and (i) into a matrix A = dg(A,,...,A,,), where A, 7% 0,...,A, % 0.

Hence f(A) = f(A). But, by conditions (ii) and (iii),
JA) = A A, f () = A4, = [A] = |A],
and therefore (6.6.1) is valid for non-singular matrices.

If, on the other hand, A is singular then its rows are linearly
dependent and one of them, say the kth, is expressible as a linear
combination of the other rows. Hence a chain of suitable operations
of type (i) will reduce all elements in the kth row to zero. Denoting
the matrix thus obtained by A’ we have f(A) = f(A’). But,
multiplying the kth row of A’, which consists entirely of zeros, by
A 3 0and making use of condition (ii), we see at once that f (A’) = 0.
Hence f(A) = 0 and (6.6.1) remains valid for singular matrices.
The proof is therefore complete.
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It should be noted that even if all references to determinants
were suppressed, the above argument would still show that a
function f(A) which satisfies conditions (i)-(iii) is unique. This
suggests that the entire theory of determinants could be built up
in a way quite distinct from that adopted in Chapter I. The basis
of the new method would be the definition of the determinant of A
as f(A). We do not propose here to enter into further details but
may mention in conclusion that this programme was carried out
about seventy years ago by Weierstrass.f

PROBLEMS ON CHAPTER VI
1. Let f(x), g(x),... be functions defined for 0 < # < 1, and write f ~ g
whenever B& |f(x)—g(z)| < 1. Show that ~ is not an equivalence rcla-

EXAS

tion.
2. Criticize the following argument. ‘ Conditions (i1) and (i) of Definition
6.5.1 (p. 186) imply condition (1), for  ~ y mmplics ¥ ~ z, and thesc two

relations imply x ~ z.’
3. Express the matrix
4 3 -6
(1 1 0)
1 1 5

as a product of E-matrices.
4. Find the inverse of

1 11 -3
010 0
11 2 -3
2 2 4 -5
5. Determine the normal forms of the matrices
(i) 6 —1 0 4 Gy /—5 10 5
( 3 b5 1 l); 1 -2 -1
—1 0o —2 2 —2 4 2
2 —1 1
6. Solve completely each of the following systems of equations.
(1) 4x+ 6y+ 3244w = 3,
2x+4y+24+w = —1,
Sr+4y+3z2+4w = 4,
2+ 3y+z+w = 0.
(ii) 2x—y+32—6w = —1,
z+3y+w = 3,

—Tx+by+4z—w = —3.

t See Carathéodory, Vorlesungen uber reelle Funktionen (2nd edition), 318-26;
Artin, Galois Theory (2nd edition), 11-20; Schroier and Sperner, 4, 68-83;
Lichnerowicz, 17, 26-39.
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(iii) 3r+3y—z+4u—20v = 14,
r—y+Tz—u = —2,

br+y+13z+2u—2v = 10,

2x-+4y—8z-+5u—2v = 16.

7. Let A, B bo two diagonal n X n matrices whose diagonal elements are
identical except possibly for order. Show that there cxists a non-singular
symmetric matrix H such that HAH = B.

8. Show that the reduction to normal form of an m X n matrix can always
be effected by fewer than (m+1)(n+1) E-operations.

9. Show that any rectangular matrix of rank » (> 1) can be expressed
as the sum of » matrices of rank 1.

10. By using the technique of E-operations prove that (i) a system of n
homogencous linear equations in » unknowns possesses a non-trivial solution
if and only 1If the matrix of coefficients is singular; (u) a system of m homo-
geneous lincar equations in n > m unknowns always possesses a non-trivial
solution.

11. Show that every non-singular 2 X 2 matrix can be represented as a
product of matrices of the following types:

1 O) (0 1)
(z 1/’ 1 0/

G Gd G

Obtain such a representation for the matrix (; —g)

12. Show that an E-operation of type (i) can be expressed as a product
of E-opcrations of types (i1) and (iu). Hence obtain a refinement of the
result stated 1n the preceding question.

13. Show that every square matrix can be represented as a product of
triangular matrices.

14. Show that if A is any square matrix, then there exist non-singular
matrices P and Q such that PA and AQ are triangular.

15. Let then X n matrix A = (a,,) be of rank r and suppose that it satisfies
the equation A? = A. Use Theorem 6.2.4 (p. 177) to provo that

n
Z Qg = T.
1=1

16. Usc Theorem 6.2.4 (p. 177) to prove Theorem 5.6.5 (p. 162) for the
case of square matrices.

17. By a modification of the proof of Theorem 6.4.1 (p. 183) show that,
if A is a matrix such that AT = A, then there exists a non-singular matrix
P such that PTAP is diagonal.

18. A rectangular matrix A has an r X r submatrix B such that (i) B is
non-singular, (1) every (r+1) X (r+1) submatrix of A which contains B is
singular. Prove that R(A) = r.

19. Find the rank of

0 c —-b a
—c 0 a b’
b —a 0 cl

—a’ —=b" —¢" 0
where aa’+bb’+4-c¢’ = 0, and a, b, ¢ are positive numbers.
5582 o
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20. By an elementary integral operation on a matrix we shall understand
an operation of one of the following types: (i) interchange of any two rows
(or columns); (11) addition of any integral multiple of one row (or column) to
another row (or column); (iii) multiplication of any row (or column) by —1.

Let A be a rectangular non-zero matrix whose elements are integers, and
let [A] denote the minimum of the absolute values of the non-zero elements
of A. Show that, if [A] does not divide every element of A, then A can be
transformed, by a chain of elementary integral operations, into a matrix B
such that [B] < [A]. Deduce that any non-zero matrix with integral elements
can be transformed, by a chain of clementary integral operations, into a
matrix G such that [C] divides all elements of C.

21. Prove that cvery rectangular matrix A with integral elements and
of rank » > 0 can be transformed, by a chain of elomentary integral opera-
tions, into a matrix

d, .
d,

d . . .|

whore dots indicate zeros and d,,...,d, are positive integers such that, for
1 < k < r—1, dy divides d; ;. Show, furthermore, that

dk = hk/hk—l (k = l,...,T),
where hy = 1 and, for 1 < k < 7, h;, is the highest common factor of all
k-rowed minors of A. (The numbers d,,...,d, are called the elementary
divisors of A).

Let two matrices with integral elements be called cquivalent if ono can
be transformed into the other by a chain of elementary integral operations.
Give necessary and sufficient conditions for two matrices to be equivalent.

22. A square matrix is said to be unimodular if its elements aro integers
and its determinant is 4 1. Show that, if A is any given m X n matrix with
integral elements and of rank 7, then there exist unimodular matrices P, Q
of order m, n respectively, such that PAQ = D, where D is the matrix
defined in the preceding question.



PART II

FURTHER DEVELOPMENT OF MATRIX
THEORY

VII
THE CHARACTERISTIC EQUATION

ArL results obtained in Part I have been essentially simple and
may be said to have followed almost automatically from the two
notions of matrix and linear dependence. The introduction of a
new and powerful idea, that of the characteristic equation, permits
the further development of the subject at a somewhat less elemen-
tary level, and enables us to deal with a series of problems which
are beyond the range of the methods employed previously. The
idea of the characteristic equation will be seen to underlie virtually
all subsequent discussion of matrices and quadratic forms in the
remaining parts of the book.

From now on, unless the contrary is stated, all vectors are
assumed to be of order » and all matrices of type n X n; moreover,
both vectors and matrices are assumed to be complex.

7.1. The coefficients of the characteristic polynomial

7.1.1. DEFINITION 7.1.1. Let A = (a;;) be an nXn matrix and
A a scalar variable. The CHARACTERISTIC POLYNOMIAL of A is the
polynomial x(A) = x(A; A) given byt

A=y, —Cyp . . . —ay,
o) = N—A| = | ~02 A= . . .
—Q, —Qpyo . . . A_a’nn

The CHARACTERISTIC EQUATION of A s the equation x(A\) = 0. Its
roots} are the CHARACTERISTIC (or LATENT) ROOTS of A.

The polynomial () is evidently of degree n; in fact, its leading
term is A». Thus the characteristic equation has precisely n roots;
1 We have, in fact, already made use of this polynomial in § 3.5.

1 The existence of the roots is guaranteed by the fundamental theorem of
algebra.
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but these need not, of course, be all distinct. If a certain root
occurs precisely k times it is said to be a k-fold root, or a root of
multiplicity k. A k-fold root is called simple or multiple according as
k = lork > 1. We shall denote by m,(A) the multiplicity of the
number A as characteristic root of A, with the convention that
my(A) = 0 if A is not a characteristic root of A at all.

ExERCISE 7.1.1. Show that different matrices need not have different
characteristic polynomials.

The characteristic equation was first investigated for general
matrices by Cayley in 1853. It occurs in many different contexts
of which one may be indicated here. Consider a collineation of
projective space of n—1 dimensions. In this space each point is
represented by a non-zero vector of order n, and two vectors which
only differ by a non-zero scalar multiple represent the same point.
For a given choice of the coordinate system the collineation may
be specified by an n X n matrix A such that each point X is trans-
formed into Ax. It is often important to obtain information about
the united points of the collineation, i.e. points which are trans-
formed into themselves. Now the vector x 5= 0 represents such a
point if and only if there exists some A 5 0 such that Ax = Ax, i.e.
(AI—A)x = 0. By the theory of homogeneous linear equations
we know that an X = 0 which satisfies this equation exists if and
only if |A\I-A| = 0. Thus the analysis of collineations leads at
once to the study of the characteristic equation.

There are many other topics in both pure and applied mathe-
matics where the characteristic equation makes its appearance.t
Historically, one of its first applications occurs in the theory of
secular perturbation of planetary motion. It is for this reason that
the equation was referred by the earlier writers as the secular
equation.

The determination of the characteristic roots of a matrix involves
the solution of an equation of the nth degree, but in a few special
cages the roots can be found by inspection. Thus, if A is a diagonal
matrix, or even a triangular matrix, its n characteristic roots are
equal to the n diagonal elements.

7.1.2. A simple criterion for the singularity of a matrix can
be deduced from the following result.

1 See, for example, § 12.2.3.
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TuEorREM 7.1.1. If A,,..., A, are the characteristic roots of A, then

[A] = Ap...,.

We have AL—A| = A=2y)...(A=2A,).

Hence, putting A = 0, we obtain
[—A] = (—1)"A...A,,
and the assertion follows.

CoROLLARY. A matriz is singular if and only if at least one of
its characteristic roots is equal to zero.

The problem of determining the precise number of zero charac-
teristic roots of a matrix will be considered in § 10.2.1.

Theorem 7.1.1 relates the value of the constant term in x(A) and
of a minor of A. It isnot difficult to obtain analogous results for all
coefficients of x(A).

DEFINITION 7.1.2. A PRINCIPAL MINOR of @ matrix A is a minor
whose diagonal is part of the diagonal of A.

Thus a principal minor of A is obtained by selecting rows and
columns with the same suffixes. Special cases of the principal
minors of A = (a,,) are the diagonal elements a;,..., a,, and the
determinant |A|.

THEOREM 7.1.2. For 0 <r < n, the coefficient of A" in the
characteristic polynomial x(A) of A is equal to (— 1)"~" times the sum
of all (n—r)-rowed principal minors of A.

We note that for » = 0 this result reduces, effectively, to
Theorem 7.1.1.

We have (= 1)*x(A) = |A—AIL|.
Writing the determinant on the right in the form
a—A ap+0 . . . a,+0
o1 +0 @yp—A . . . ay,+0
1 +0 ap+0 . L L @,,—A

and using the corollary to Theorem 1.2.5 (p. 11), we obtain
n
—1)"x(A) = |—AI D(iy,..., %),
(UM = =M+ S 5 Dl i)
where D(t,,..., %;,) denotes the n-rowed determinant whose columns
with suffixes 4,,...,7; are identical with the corresponding columns
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in A and whose remaining columns (if any exist) are identical with
the corresponding columns in —AI. Hence, for 1 < k < n,

D(il""’ik) = (_A)n_kA(il,-..,ik),
where A(iy,...,7;) is the k-rowed (principal) minor of A, obtained

by deleting from A all rows and columns other than those with
suffixes ?;,...,7,. Thus

(=1)"A) = (=1L S S (=) RAGy,enn, ),

k=11<<...<<n

X0 =X 3 (1t S Al i)

1S <o <igsn

and so

— An+ i (___I)IcSkAn—k’
k=1
where S, is the sum of all k-rowed principal minors of A. The
theorem now follows at once.

ExercisE 7.1.2. Let 1 « k < =n, 1 < 4, < ... << 43, < n. Show that the
coefficient of A,,...A,; in

an—XA a;, o Gyp
g1 Gp—Ay . . . Q2n
Ayy QApa . . . ann—'An

is equal to (—1)¥M,, .. ;,, where M, ., denotes the (n— k)-rowed (principal)
minor of A obtained by deleting the rows and columns with suffixes 4y,..., i.
Hence deduce Theorem 7.1.2.

THEOREM 7.1.3. Let 1 <r<n. Then the r-th elementary

symmetric functiont of the characteristic roots of A is equal to the sum
of all r-rowed principal minors of A.

This result follows immediately from Theorem 7.1.2 and the
well-known relations between the coefficients and the roots of an
algebraic equation.

DEerFiniTION 7.1.3. The TRACE of @ matriz A is the sum of its
diagonal elements. It is denoted by tr A.

Exzsrcise 7.1.3. Show that the function trX is a linear operator in the
linear manifold of n X n matrices.

t The rth elementary symmetric function of the numbers z,,...,z, (where
1 < r < n) is defined as

. Z,h...x,i'.
1€ <. <4<
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The special case r = 1 of Theorem 7.1.3 is worth stating explicitly.

THEOREM 7.1.4. The trace of a matrix is equal to the sum of its
characteristic roots.

ExERCISE 7.1.4. Write out an independent proof of Theorem 7.1.4.

7.2. Characteristic polynomials and similarity transforma-
tions
The significance of similarity transformations has already been
discussed in § 4.2. We shall now note some of their properties in
relation to characteristic polynomials.

THEOREM 7.2.1. The characteristic polynomial, and therefore the
characteristic roots, of a matrixz are invariant under similarity trans-
formations.

For we have
[AI—=S-1AS| = |S-1AI-A)S| = |S-1| |AI—-A| |S| = |AI-A].

Theorem 7.2.1, though proved in a single line, is important. It
shows, in fact, that the characteristic roots are numbers which
pertain not merely to a matrix but to the linear operator of which
that matrix is a representation. We may consequently speak of
characteristic roots of linear operators.

Theorem 7.2.1 implies, in particular, that similar matrices have
the same determinant. Moreover, in view of Theorem 7.1.4, we
can make the following inference from Theorem 7.2.1.

CoroLLARY. The trace of a matriz is invariant under similarity
transformations. i.e.
tr(S-1AS) = trA.

Exercise 7.2.1. Show that a matrix and its transpose have the same
characteristic equation.

THEOREM 7.2.2. The diagonal matrices dg(ay,..., «,) and
dg(By,..., B,) are similar if and only if (oy,..., o) 18 an arrangement

of (Byse-ss Br)-

Denote the two matrices by A and B respectively and suppose,
in the first place, that they are similar. Their characteristic
polynomials are (A—oy)...(A—a,) and (A—pB,;)...(A—pB,) respec-
tively; these polynomials are, by Theorem 7.2.1, identical and
hence (ay,..., «,) is an arrangement of (B,,..., 8,)-

Next, assume that (o,...,«,) is an arrangement of (B,,...,B,).
Denote by E the matrix obtained when the ¢th and jth rows of the
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unit matrix are interchanged. Then E = E-! and it follows at
once from Theorem 6.1.2 (p. 170) that E-2AE is the matrix obtained
from A when the elements o; and «; are interchanged.} Hence
matrices E,..., G may be chosen such that

G-1..EAE .. G = B,
ie. (E ... G)"'A(E ... G) = B,
and A and B are therefore similar.

THEOREM 7.2.3. If A, B are arbitrary matrices, then AB and
BA have the same characteristic polynomial.

In proving this result (which is due to Sylvester) we shall employ
an idea whose usefulness was already recognized in § 3.5.

If |A| # 0, then BA = A-1(AB)A. In that case AB, BA are
similar matrices and the assertion follows by Theorem 7.2.1. In
the general case we have |[A—tI| £ 0 for all sufficiently large values
of t, say for ¢t > t,. In view of the previous case it therefore follows
that, for ¢t > ¢;, the matrices

(A—tI)B, B(A—1I)
have the same characteristic polynomial. Thus
AI—(A—tI)B| = [AI-B(A—tI)]

forallt > tyand allX. For every fixed value of A we have, therefore,
two polynomials in ¢ which are equal whenever ¢ > t,. Hence, by
the corollary to Theorem 1.6.3 (p. 31), we have equality for ¢ = 0,

Le. N[—AB| — NI—BA|

for all values of A.

The required result can be established more rapidly if we are
prepared to make use of the notion of continuity. For, if ¢,(X)
denotes the coefficient of A" in the characteristic polynomial of X,
then clearly

¢,(AB) = ¢, (BA) (r=0,1,...,n—1) (7.2.1)

provided that A is non-singular. But ¢,(X) is a continuous function
of the elements of X, and hence (7.2.1) remains valid even when A
is singular.}

Tt The reader who is not acquainted with the theory of E-operations may

regard the proof of this statement as an exercise.
1 For yet another proof see MacDuffee, 21, 23-24.
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CoroLLARY. If B,,..., B, is any cyclic arrangementt of the
ordered set A,,...,A, of matrices, then A,..A; and B,...B; have
the same characteristic polynomial.

ExERcisE 7.2.2. (1) Deduce from Theorem 7.2.3 that

tr(AB) = tr(BA), (7.2.2)

and also give an imndependent proof of this result. (1) Use (7.2.2) to deduce
the corollary to Theorem 7.2.1. (ii1) Extend (7.2.2) to products of any
number of matrices.

7.3. Characteristic roots of rational functions of matrices
Polynomials and rational functions of a matrix A were defined
in § 3.7. We shall now discuss the relation between the charac-
teristic roots of such matrix functions and those of the original
matrix A. The results derived below are due to Frobenius (1878).

TaeorEM 7.3.1. If f is a polynomial and A,,..., A, are the charac-
teristic roots of A then

IF (A = f A f ).
Denote the characteristic polynomial of A by x(A; A), and write
ft) = cleg—1)...(c,—1).
Since, as we know by Theorem 3.7.2 (p. 98), any identity between
scalar polynomials implies the corresponding identity between
matrix polynomials, we have
f(A) = c(; I—A)...(q. I—A).

Hence

78) = T aI—A] = o ] x(oi A)

=TT TT (—3) =TT o1 (=) =TT/ %)

and the assertion is proved.

EXERCISE 7.3.1. Show that Theorem 7.1.1 is a special case of Theorem
7.3.1.

THEOREM 7.3.2. The conclusion of Theorem 7.3.1 is still valid if
f is a rational function, say f = g/h, where g, h are polynomials such
that |h(A)| #~ 0.

+ A cyclic arrangement of the ordered set of objects x;,..., 7}, is any arrange-
ment of the form &,, T;i1se..s Tpy Tyseees Tj_ye
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By Theorem 7.3.1,

oA =ITo0.  hA) =TT 0.

Hence
B _ l9(A)]
|7(A)] = [g(A}R(A)] = mr)l ﬂh

THEOREM 7.3.3. If the characteristic roots of A are Ay,..., A, and
if ¢ = flg, where f,g are polynomials such that |g(A)| # O, then the
characteristic roots of Y(A) are Y(Ay),...,¥(A,).

gy 1!.‘[

1=1

For any value of A write

$(x) = A—ih(z) = MO @)

g(x)
Since |g(A)| % 0, Theorem 7.3.2 may be applied to ¢(z). This leads
to the relation 1$(A)] = $(A,)...
ie. AI—=¢(A)] = A—4(A1))-..A—¥(A,))-

This holds for all values of A, and the theorem now follows since
the left-hand side represents the characteristic polynomial of }(A).

CorOLLARY. If the characteristic roots of A are A,..., A, and
k is an integer (positive if A is singular), then the characteristic roots of

AR are M,..., Ak,

ExEercIsE 7.3.2. (i) Show that if, for some positive integer m, A™ = I,
then all characteristic roots of A are roots of unity. (i1) Show, by consider-

ing the matrix ((1) i) that the converse inference is false.

7.4. The minimum polynomial and the theorem of Cayley

and Hamilton

7.4.1. DEFINITION 7.4.1. A polynomial f ANNIHILATES the matrix
Aiff(A) =

The existence of a non-zero polynomial annihilating a given
matrix A is an immediate consequence of the fact that the set of all
n X n matrices is a linear manifold of dimensionality n2.1 This
implies that the n24-1 matrices I, A, AZ,..., A are linearly depen-

dent; thus there exist scalars c,, ¢;, Cy,..., C,2, DOt all zero, such that

coI+4c; Atcy A2, 4 A™ = O. (7.4.1)

1 See Exercise 3.3.2 (p. 80).
10
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Hence the non-zero polynomial
FQ) = coFe A0 A% e A
annihilates A.

Instead of appealing to properties of linear manifolds we may
also argue directly. The matrix equation (7.4.1) is equivalent to a
system of n? homogeneous linear equations in the n*+1 unknowns
Co» C1perr, Cpa. Such a system possesses a non-trivial solution and
hence the existence of a non-zero polynomial annihilating A is
proved once again.

Among all non-zero polynomials annihilating A we now consider
those of least degree, and by multiplying them by suitable non-zero
constants we ensure that they are monic (i.e. they have their
leading coefficients equal to 1). Any two such polynomials, say
f,and f,, are in fact identical. For otherwise ¢ = f;—f, is a non-zero
polynomial of lower degree than f; and f,, and

$(A) =f1(A)—f2(A) = 0,
which contradicts the definition of f;, f, as non-zero annihilating
polynomials of minimum degree. Thus f; = f,, and we may intro-
duce the following definition.

DEFINITION 7.4.2. The MINIMUM POLYNOMIAL of @ matrix A is the
(unique) monic polynomial of minimum degree which annihilates A.

The notion of a minimum polynomial is due to Frobenius (1878).
Our previous remarks show that the degree of the minimum poly-
nomial of A is at most equal to n2. This crude bound will be
improved in § 7.4.2.

We already know that the characteristic polynomial is invariant
under similarity transformations. The corresponding result will
now be established for the minimum polynomial.

TuEoREM 7.4.1. Stmilar matrices have the same minimum
polynomial.

If B = S-1AS, we can at once verify, by induction with respect
to k, that Bt — S-1AKS (k= 0,1,2,..).
It follows that, for every polynomial f,
f(B) = STf(A)S.

Hence the same polynomials annihilate A and B, and therefore
A and B have the same minimum polynomial.
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THEOREM 7.4.2. The minimum polynomial of @ matrix is a divisor
of every polynomial which annikilates the matriz.

Denote the minimum polynomial of A by (), and let f(A) be a
polynomial such that f(A) = O. By the division algorithm, there
exist polynomials ¢(A), (A) such that

F Q) = q)rQ)+r(),
where 7(A) is either identically equal to O or else is of lower degree
than u(A).t
Hence F(A) = g(A)R(A)+r(A),
and so 7(A) = 0. Thus, by the minimum property of u(A), it follows
that r(A) vanishes identically; therefore f(A) = ¢q(A)u(A), i.e. p(A)
is a divisor of f(A).

The existence of a minimum polynomial for every matrix enables
us to reduce rational functions of matrices to polynomial form.
THEOREM 7.4.3. If f(A), g(A) are scalar polynomials and g(A) is
non-singular, then the quotient f (A)/g(A) is equal to a polynomial in
A whose coefficients depend on f, g and A.
It is sufficient to show that {g(A)}-! is equal to a polynomial in
A. We write S = ¢g(A) and denote by
pA) = Nty A4 a1 Aoy,
the minimum polynomial of S. Hence
St4 o, S¥14 .. 4a;_; S+, I = O,
and so o S = —(S*-14o Sk-24 .. +a;_; I).
The assumption that o, = 0 would clearly contradict the definition
of u(A). Hence oy, % 0 and we have
S-1 = o S*¥-14-05 S¥-2 4+, L
Thus {g(A)}~! is equal to a polynomial in S, and so in A. The
coefficients of this last polynomial depend not only on g but also
on o,...,0_y, i.6. on the minimum polynomial of S = g(A); they
depend, therefore, on A.

The fact that the coefficients of the polynomial whose existence
is asserted by Theorem 7.4.3 depend on A is important. It shows
that Theorem 7.4.3 does not furnish us with an identity for convert-
ing rational functions of matrices into polynomials. Thus, if

t We associate no degree with the 1dentically vanishing polynomial.
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f(A)/g(A) = $(A), where f, g, ¢ are polynomials, it is not legitimate
to conclude that f (B)/g(B) = ¢(B), for the coefficients of ¢ depend
on A as well as on fand g. On the other hand, there exists, of course,
a polynomial ¢ such that f(B)/g(B) = (B).

The possibility of expressing every rational function of a matrix
as a polynomial marks a vital point of difference between matrix
algebra and the algebra of numbers.

7.4.2. We had observed in § 7.4.1 that the minimum polynomial
of an n X n matrix is of degree not greater than n%. We shall now
improve on this statement by showing that the degree of the
minimum polynomial is, in fact, not greater than n. We shall
establish this result by determining an annihilating polynomial
of degree n.

It will be necessary to consider polynomials in a scalar variable A
which have matriz coefficients, and we shall always write each power
of X to the right of the corresponding matrix coefficient. Let ()
be such a polynomial, say

f(A) = Cy-+C A +...+Cy A%, (7.4.2)
Then the matrix f(A) is defined by the equation
f(A) = Cy+-C; A+...+C A%
THEOREM 7.4.4. Let f(}), 8(A) be polynomials in A with matrix
coefficients; and suppose that they are related by the equation
g(A) = f(2). AI—A),
where A is a given matriz. Then g(A) =

This result, though very simple to prove, is not quite as trivial as
it may look at first 51ght It is not, of course, legitimate merely to
‘substitute’ A = A in f(d). (AI— Af for we must multiply out the
factors f(A) and AI—A and arrange the product as a polynomial in
A before making the substitution.
Let f(A) be given by (7.4.2). Then

g(\) = £(0). AI—A)
— —CyA+(Co—C; A +(C,—Cy AW A-...+

+(Cpoy—Cp AN Cy AF+1,
and so

g(A) = —CyA+(Co,—C, A)A+(C,—Cy A)AZ ...+
+(Cyy — C A)A*+ C;, A1 = O.
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We next come to our principal result.
Theorem 7.4.5. (Theorem of Cayley and Hamilton)

Every matriz satisfies its own characteristic equation, i.e. if x(A)
is the characteristic polynomial of A, then x(A) = O.

This theorem was established by Hamilton for a special class of
matrices in 1853. Five years later Cayley enunciated the general
result without proof.

Write

xA) = A=A = A+, An 1+ 4,3 A-cp.

The adjugate matrix of AI—A has the form

(Pu()‘) T _pln(A))
=AY =( . . . . . . .
pnl(}‘) . . . p'nﬂ(’\)

where the p,;() are polynomials in A. Clearly, then, (AI—A)* may
be written as a polynomial in A having matrix coefficients. Now, by
Theorem 3.5.2 (p. 88),
e, IX-14- . +c, ; IM4c, I = AI—A)*(AI—A),
and hence, by Theorem 7.4.4,
A ¢, A 14 +c, 1A+, I =0,

ie. x(A) = O.t

EXERCISE 7.4.1. Discuss the fallacy involved in ‘proving’ the theorem of
Cayley—Hamilton by substituting A = A in x(A) = AI—A]|.

The manipulation of matrices is often greatly facilitated by the
Cayley-Hamilton theorem, whjch provides an easy method for
expressing any polynomial in A as a polynomial of degree not
exceeding n—1. For, if f(A) is any polynomial, then there exist
polynomials ¢(A), #(A) such that

@A) = gM)xA)+r@),
where () is either identically zero or else is of degree less than the

degree of x(A), i.e. less than n. Hence, in view of the Cayley—
Hamilton theorem,

f(A) = q(A)x(A)+r(A) = r(A).

1 For a less sophisticated version of the same proof see Ferrar, 2, 111-12.
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As an example, let us compute 2A8—-3A54A*+A%—4I, where

A is the matrix 1 0 2
A=[0 —1 1}
0 1 0
The characteristic polynomial of A is
A—1 0 —2
0 A+l —1|=X1—2x+1.
0 —1 A
Now, long division of 2A8—3X5-4-A44+A2—4 by A3—2A41 leaves
the remainder r(\) = 24A2—37A10.
Hence  2A®—3A5 1 A% A2 4] = 24A2—37A-+10L.
But 1 2 2
Az=(0 2 —1},
0 —1 1

and therefore
—3 48 —26
2AS _3AS ;A4 A2 4l = 0 95 —61).
0 —61 34

Again, the Cayley—Hamilton theorem may be used to express
rational functions of a given matrix A in polynomial form. This is
achieved by carrying out the process explained in the proof of
Theorem 7.4.3 but using the characteristic polynomial in place of
she minimum polynomial.

7.4.3. Theorems 7.4.2 and 7.4.5 lead at once to the following
onsequence.

THEOREM 7.4.6. The minimum polynomial of a matrixz divides
ts characteristic polynomial.

This theorem furnishes us with no information as to whether the
ninimum polynomial and the characteristic polynomial are equal
r not. In fact, equality occurs in some but not in all cases. Thus,
f A =dg(l,0,—1), the minimum polynomial u(A) and the charac-
eristic polynomial x(A) are both equal to AA—1)(A+1). On the

ther hand, if
0 01
A= (0 0 O),
0 00
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then p(d) = A%, x(A) = A3. Both these examples illustrate the
following general result.

THEOREM 7.4.7. The distinct linear factors of the minimum
polynomial cotncide with those of the characteristic polynomial.

Let A,,..., A, be the distinct characteristic roots of A, and denote
their multiplicities by «y,..., o respectively, so that oy,..., 0 > 1
and oq+...404 = n. The characteristic polynomial x(A) is then

given by x(A) = A=X)*. (A—=A,)%,
and so, by Theorem 7.4.6, the minimum polynomial u(A) must be of
the form pA) = A=) A—=X,)B,

where 0 < B; < o; (1 = 1,..., k). Assume now that some B, is equal
to 0. Then u(A;) # 0, and so, by Theorem 7.3.3 (p. 202), the matrix
1(A) possesses at least one non-zero characteristic root. Hence
1(A) £ O, contrary to hypothesis. Thus B,,...,5; = 1, and the
theorem is proved.

CoroLLARY. If the characteristic roots of a matrix are distinct,
then tts mintmum polynomial and its characteristic polynomial are

equal.t

7.5. Estimates of characteristic roots

In the present section we shall establish a number of results
giving information about the position of characteristic roots in
the complex plane.

7.5.1. We have already met the notion of a symmetric matrix
(Definition 6.4.2, p. 183). Another special class of matrices is
specified by the next definition.

DeriniTION 7.5.1. The matrix A = (a,;) 18 SKEW-SYMMETRIC
if a,, = —a, (r,s = 1,...,n), i.e. if AT = —A.

ExEercise 7.5.1. Show that all the diagonal elements of a skew-symmetric
matrix are equal to zero.

The notions of symmetry and skew-symmetry are generally only
of interest when the matrix in question is real. For matrices over
the complex field it is desirable to modify these notions by intro-
ducing complex conjugates. If A = (a,,) we shall, as previously,
use the symbol A to denote the conjugate matrix (d,,).

t For further information on the minimum polynomial see MacDuffee, 8, 77-85.
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_Exercise 7.5.2. Show that (i) (AT) = (A)T; (ii) AB = AB; (iii)
(A%) = (A)*; (iv) (A7T) = (A) L if |A| % 0.

DeriNiTION 7.5.2. The (complex) matriz A = (a,,) 48 HERMITIAN
if Ge= a, (r,s = 1,...,n), i.e. if A = AT; it 13 SKEW-HERMITIAN
tf Gy = —a, (r,s = 1,...,n), t.e. if A = —AT.

Hermitian matrices are so named after Hermite, who was the
first to discuss their properties.

For real matrices the terms ‘hermitian’ and ‘symmetric’
evidently coincide, as do the terms ‘skew-hermitian’ and ‘skew-
symmetric’.

ExERCISE 7.5.3. Show that a hermitian matrix all of whose elements are
purely imaginaryt 1s skew-symmetric.

EXERCISE 7.5.4. Show that if A 1s skew-hermitian, then ¢A is hermitian.

Theorem 7.5.1. The characteristic roots of a hermitian matriz,
and in particular of a real symmetric matrix, are real.

For real symmetric matrices this result was established by
Cauchy in 1829; the general theorem for hermitian matrices is due
to Hermite (1855).

Let A be a hermitian matrix and A any characteristic root of A.
Then [AI-A| = 0 and, in view of Corollary 1 to Theorem 5.4.1
(p. 149), there exists a (possibly complex) vector x £ 0 such that
(AI—-A)x = 0. Thus AX = Xx; and, premultiplying by X7, we

obtain XTAX = \KTX. (7.5.1)
On the other hand, Ax = Ax implies X7A” = AXT. Since A is
hermitian, A7 = A; and hence

KTAX — JKTX, (1.5.2)
Comparing (7.5.1) and (7.5.2) we infer that A—A)X7Tx = 0. But
XTx = 0, and therefore A—A = 0, i.e. A is real.

ExErcise 7.5.5. Write out the proof of the preceding theorem without
making use of the notion of matrix multiplication.

CoroLLARY. T'he characteristic roots of a skew-hermitian matrix
are purely imaginary.

For let A be skew-hermitian. Then, by Exercise 7.5.4, tA is
hermitian. If A is any characteristic root of A, then [{AI—¢A| = 0
and so, by Theorem 7.5.1, ¢ is real, i.e. A is purely imaginary.

1 A complex number is said to be purely imaginary if its real part is equal to
zero. In particular, the complex number 0 is purely imaginary.

6682 P
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The relation just proved was first noted (for real skew-symmetric
matrices) by Clebsch in 1863.
A quantitative result which contains Theorem 7.5.1 for the case
of real matrices was proved by Bendixon in 1902.
THEOREM 7.5.2. Let A = (a,;) be a real nXn matriz and write
a = max }|a,—agl.
1srssn

If X is any characteristic root of A, then
|3mA| < ayffn(n—1)/2}.

The number « may be regarded as a measure of deviation of A
from symmetry. A isevidently symmetricif and only ifa« = 0, and
in that case the asserted inequality implies the reality of the
characteristic roots.

Letx = (,,...,,)T be a non-zero vector such that Ax = Ax and
assume, without loss of generality, that X7x = 1. Then

A= XTAx
and so A = (XTAX)T = XTATx.
Hence 2 ImA = A—A = XT(A—AT)X.

It is easily verified that the expression on the right-hand side is

equal to i (@,,— )%, %, Since the left-hand side is purely

rs=1
imaginary, it follows that

203ImA = i (ars" sr)‘%(irxs"’xrx‘s):

r,8==

n

21IMA| < o Y |F,2,—2, Ty (7.5.3)
r,8=
r#8

Now for any real non-negative numbers p,,..., py, we have
(Pt top)? < k(P +PR)-T (7.5.4)

Hence, since the right-hand side in (7.5.3) contains n(n—1) terms,
we have

n
4P < an(n—1) 3 |&2,—2, %, (7.5.5)
r,,'a:sl
But "’ers'—xrja 2= 2|x,]2|x8|2—-§:3x§——xﬁi§,

t This inequality is a special case of the inequality of Cauchy and Schwarz
which was mentioned in the proof of Theorem 2.5.2 (p. 63).
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and so

n n
|2, 22, Z,|? < 2 Z |z, |2 Z |z*=2 3 2 3 3
= 2[x|2[x[2— 20t = 2—2]¢[?,

n
where t = > 2. Hence
8=1

n
21 I'7-71-533"'5%“7-’3|2 < 2’
e

7,

and the theorem follows by (7.5.5).

Other useful estimates were obtained by Hirsch in 1902,

THEOREM 7.5.3. If A = (a,,) ts @ complex n X n matrix and
p = Mmax |[a,l, o= max 3}|a,+d,l
1<rs8<n 1<r,s<n
7T = Inax %]ara__&’srh
I<rs<n

then every characteristic root X of A satisfies the inequalities
Al < mp, |RIA| < no, [ISmA| < nr
The third inequality implies, of course, Theorem 7.5.1 and the
second implies its corollary. All three inequalities will be sharpened
in § 10.4.2.

Let G = (c,,) be any complex matrix, and suppose that |c,,| <
(r,s = 1,...,n). If x is any complex unit vector, then

3 et < 3 gzl =« 3 1a)"

r,8=1
n
Hence, by (7.5.4), XTCx| < nk Y |z,
r=1

|XRTCx| =

r,s=1

and so |XTCx| < nk. (7.5.6)

Now, by hypothesis, there exists a complex unit vector x such
that Ax = Ax. Hence A = XTAx and so, by (7.5.6),

Al = [XTAx| <
Again, A = XTATX, and therefore
2RI = A1) = KTA+AT)X,  2iImA = A—X = RT(A—AT)x.

Hence the remaining assertions again follow by (7.5.6).
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7.5.2. THEOREM 7.5.4. If A = (a,,) 18 a complex nXn matrix
and n
Px = z |aks|:

8=1
8#k

then every characteristic root X of A lies in at least one of the circles
specified by the inequalities
le—ay| < pp (k=1,.,n).
Let x = (y,...,2,)T # 0 satisfy the equation Ax = Xx, so that

n
A—a,)x, = Zla,sxs (r = 1,...,n).
st

Denote by z, the greatest, in modulus, among the numbers z;,..., z,,.
Then z,, # 0 and we have

n n
[A—ay ||| = Zla’kszs 2_: |axs||Zk| = prl@l.
a7k oy

Hence |A—ay;| < pi, as asserted.

The theorem just proved shows, in particular, that if A = (a,,)
is dominated by its diagonal elements, i.e. if

Iakkl > Z |a’k8| (k = 1}"'1")’
s;élc

then each characteristic root A of A satisfies at least one of the

equations
a M=ty < lage] (k= 1,...,m).

This implies, of course, that no characteristic root of A is equal
to zero, i.e. that A is non-singular—a result with which we are
already familiar in view of Theorem 1.6.4 (p. 32).

Exercise 7.5.6. Show that if A = (a,,) is dominated by its diagonal

elements, and n
5= min (lowl— 3 [anl),
1<k<n =1
s#k

then |[det A| > 8%, (7.5.7)

The following lower estimate for |det A|, more precise than
(7.5.7), was given by Ostrowski (1937).
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THEOREM 7.5.5. Let A = (a,,;) be a complex nxXn matriz which
18 dominated by its diagonal elements. If

n
dr = |@|— Zl Iarsl (r=1,..,n),
=t

then [detA| >=d;...d,.T
Comnsider the matrix B = (b,,) specified by the equations
b, = a,/d, (r,s=1,..,n).
Then det A = d,...d,det B. (7.5.8)

If A is any characteristic root of B we have, by Theorem 7.5.4,

[A=b| < Z [ Oy
sk
for some value of k. Hence

1Al = bl — X 1bgsl = 1,
§7k
and so, by Theorem 7.1.1, |[det B| > 1. The assertion now follows
by (7.5.8).

We conclude our series of estimates with another interesting
consequence of Theorem 7.5.4.
THEOREM 7.5.6. For any complex n X n matrix A we have
|det A| < min(R", C),

where R = max R, C = max C,
1<k<sn 1<k<n

R, (C,) being the sum of the absolute values of the elements in the
k-th row (k-th column) of A.

If A is any characteristic root of A = (a,,), then, for a suitable
value of k, we have
n

A=l < A=) < 3 |ag,l.

8§=1
8%k
Hence |A| < R, < R, and so |det A| < R». This implies that
|det A| = |det AT| < C7,
and the theorem therefore follows.

t A still more precise inequality was stated, without proof, in § 1.6.4.
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7.6. Characteristic vectors

The determination of the united points of a collineation leads, as
we have seen in § 7.1.1, to a system of equations having the form
Ax = Xx; and this, in turn, entails the investigation of the charac-
teristic equation [A\I—A| = 0. It is, however, the vector x rather
than the scalar A that is needed in the geometrical problem; and
the situation is similar in many other applications. Furthermore,
the study of vectors of this type is indispensable in the further
development of matrix theory.

DEFINITION 7.6.1. Let A be a characteristic root of A. Then any
non-zero vector X which satisfies the relation

AI—A)x = 0

(i.e. AX = AX) ¢s called a CHARACTERISTIC VECTOR of A, and it 18
said to be associated with the characteristic root A.

Since |AI—A| = 0, we know that characteristic vectors asso-
ciated with X do, in fact, exist; and it is clear that the set of all these
vectors, augmented by the zero vector, is a vector space. The
problem of determining the dimensionality of this space (a problem
which is equivalent to the determination of the rank of AI—A) is
important but cannot be treated at all fully at this stage. We shall,
however, obtain one interesting result, and then return to the
topic in § 10.2.

Theorem 7.6.1. (Rank-multiplicity theorem)

For every nxXn matriz A and every number w we have
R(wI—A) = n—my (A).T (7.6.1)
When o is not a characteristic root of A, the theorem is true
trivially. When 1 < ¥ < » and w is a k-fold characteristic root of
A, then the theorem asserts that there exist at most & linearly
independent characteristic vectors associated with w. The equi-
valence of the two ways of formulating the theorem is an immediate
consequence of Theorem 5.4.2 (p. 149).
The assertion is obviously true for k¥ = »n and we may, therefore,
assume that 1 << k < n. By Theorem 7.3.3 (p. 202), 0 is a k-fold
characteristic root of wI—A, and hence

NI—(wI—A)| = AP-c, A1 .. t-c,_ AE,

1 The reader is reminded that m,(A) stands for the multiplicity of w a8
characteristic root of A.
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where ¢,_;, # 0. But, by Theorem 7.1.2 (p. 197), (—1)**c,_, is
equal to the sum of certain (n—k)-rowed minors of wI—A. Hence
at least one of these minors does not vanish; thus R(wI—A) > n—k,
and (7.6.1) is proved.

It is possible to give an alternative proof in which we make use of Theorem
2.3.5 instead of Theorem 7.1.2. The assertion is trivial when R(wI—A) = 0
orn, and we may, therefore, assume that 0 < s < n, wheres = n— R(wI—A).
By Theorem 5.4.2, s linearly independent vectors X;;..., X, can be found such

that (@I—A)X, =0 (i =1,..8).

By the corollary to Theorem 2.3.5 (p. 54), there exist vectors Xy y,...,X,
such that Xi,...,X X, ..., X, are linearly independent. Let X denote the
(non-singular) matrix defined by the relations Xy, = x, (¢ = 1,...,n). We
then have

(XY wl—-A)X),, = X Yol —-ANX,, = XY wI-A)X; =0 (i=1,..,8),

and so the first s columns of X~} (wI—A)X consist entirely of zeros. By
Laplace’s expansion theorem (Theorem 1.4.4, p. 21) it now follows that the
characteristic polynomial of X-3(wI—A)X, and so of wI—A, has the form
A%5(A), where i is a certain polynomial. Thus 0 is at least an s-fold charac-
teristic root of wl—A, i.e. w is at least an s-fold characteristic root of A.
Hence k > s, and this imphes (7.6.1).

It should be noted that strict inequality in (7.6.1) may actually
occur. Thus consider the case

2 1

Az(l 0), w=1, k=2,

0 0
H —A =
ere wl (_—2 0),

and 1 = R(wl—A) > n—k = 0. On the other hand, equality in
(7.6.1) may also occur, as can be seen by considering the case
A=I,w=1k=2

As an immediate consequence of Theorem 7.6.1 we have the
following corollary.

CoRrOLLARY. If w ts a simple characteristic root of the nXn
matriz A, then R(wI—A) = n—1
i.e. the vector space consisting of the characteristic vectors of A
assoctated with w, together with the zero vector, has dimensionality 1.

For, by Theorem 7.6.1, R(wI—A)>n—1, and since w is a
characteristic root of A we cannot have R(wI—A) = n.
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ExERrcise 7.6.1. Show that an n X n matrix A possesses at least n—R(A)
zero characteristic roots.

From Theorem 7.1.2 we can also deduce the following useful
consequence.

THEOREM 7.6.2. If A is a non-zero matrix such that

R(A) = n—mqy(A),

then A possesses a critical principal minor.

If 0is not a characteristic root of A, the assertion is obvious ; and
if 0 is an n-fold characteristic root of A, then A = O, contrary to
hypothesis. We assume, therefore, that 0 is a k-fold characteristic
root of A, where 0 < k << n. The characteristic polynomial of A
then has the form A"+c¢, A"-1+...4-c, _, A¥, where ¢, _;, # 0. But
(—1)»*c,_, is equal to the sum of (n—k)-rowed principal minors.
Hence at least one of these minors does not vanish; and since
n—k = R(A), the theorem follows.

PROBLEMS ON CHAPTER VII

1. If A is any rectangular matrix, show that ATA is symmetric and
ATA hermitian.

2. Is either symmetry or skew-symmetry preserved by similarity trans-
formations ?

3. Establish the following results. (i) The sum and the difference of two
hermitian matrices are again hermitian matrices. (ii) The product of two
hermitian matrices is hermitian if and only if the matrices commute. (iii) If
A and B are hermitian, then so is AB-+BA.

4. Show that the determinant of every hermitian matrix is real.

5. Find the characteristic roots of the matrices

Q) (cos0 —sin 0) . (i) (coshﬂ sinh 0) .
snf@ cosf /’ sinhf coshf/’
(i) ( 1/43 (1+i)/«/3)
(1—2)/¥8 —1/48 /°

6. Find the characteristic roots of the matrix

1 1 1

1l w w?l,

1 0w w
where w = €?mi/3,

7. Let wy,...,w, be the characteristic roots of the matrix A = (a,,).

Show that n n
2= 3 Qyay,
r=1 7,8=1

n
and also express Y wf in terms of the elements of A.
r=1
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8. Find the cube of 1 —18 5
(3 )
5 22 —3

9. Evaluate the matrix A%—25A2%4112A, where

0 0 2
A::( 2 1 0}
-1 -1 3

10. Evaluate the matrix A¢—4A3—A242A —5I, where A = (? —:l;)

11. Let A be an n X n matrix, X a characteristic root of A, and x a charac-
teristic vector associated with A. Show that, for every positive integer k,
A*x = Mx. Deduce that, if f is any rational function for which f(A) is
defined, then f(}) is a characteristic root of f(A).

12. Find the characteristic equation of the matrix

b ¢ a
A = (c a b),
a b ¢
and prove that the matrices

c a b a b ¢
B = (a b c), C = (b c a)
b ¢ a ¢c a b

have the same characteristic equations as A. Show also that, if BC = CB,
then at least two roots of this equation are equal to zero.

13. If A = (; ';) express (2A%—12A3419A%2—29A437I)" as a
linear polynomial in A.
14. If A = (_? _g), express (A%+5A%—48A*—I)"! as a linear

polynomial in A.
15. The characteristic roots of the 3 X 3 matrix A are 1, —1,2. Express
A®" ag g quadratic polynomial in A.

16. Let 1 00
A=(1 0 1).
01 0

Show that, for every integer n > 3, A® = A"24 A?—I. Hence find A%,

17. If tr(AX) = O for all matrices X, show that A = O.

18. Find the characteristic roots of the nxn matrix A all of whose
elements are equal to 1. Also find the minimum polynomial of A.

19. Express the sum of the diagonal elements of ATA in terms of the
elements of A.

Show that, if A, B are real and symmetric and C is real and skew-
symmetric, then A2+ B? = C? implies A = B = C = O. Does this con-
clusion still hold if A is not necessarily symmetric ?

20. Give an easy proof of the theorem of Cayley and Hamilton for the
case of matrices which are similar to diagonal matrices.
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21. Show that the following statements relating to an n X n matrix are
equivalent. (i) A® = O; (i) A*¥ = O for some positive integer k; (iii) all
characteristic roots of A are equal to 0.

22. Show that there exist no matrices A, B such that AB—BA = 1.

23. Show that the constant term in the minimum polynomial of A
vanishes if and only if A is singular.

24. Show that the zeros of the minimum polynomial of a diagonal matrix
are distinct. Deduce that, if A is similar to a diagonal matrix, then the zeros
of the minimum polynomial of A are distinct.

25. Prove the identity

M(ATB—BAT)— M(AB—BA) = tr{(ATA—AAT)BTB—BB”)),

where M(X) is defined by the equation M(X) = tr(X7X).
26. Suppose that all characteristic roots of I — A are less than 1 in modulus.
Prove that 0 < |[det A| < 27; and show that this result is best possible.
27. Let A = (a,,) be a real n X n matrix and suppose that

n

Qe > Ella,‘,[ (r = 1,..,m).
P
s8FET

Show that all characteristic roots of A have positive real parts.

28. A real matrix A has all 1ts elements equal to zero except those of the
form a,,, a,,,y, @,,,,- If, for each value of 4, a,,,, and a;,,, have the same
sign, show that there exists a real diagonal matrix D such that D-1AD is
symmetric. Deduce that all characteristic roots of A are real.

29. Suppose that 0 is a simple characteristic root of A. Show that
tr A* £ 0. Show also that, if [A] = 0 and tr A* s 0, then 0 is a simple
characteristic root of A.

30. Let the distinct characteristic roots of the nx n matrix A be Ay,..., A.
Show that .

n(k—1) < 3> BAI—-A) < k(n—1).
1

1=

31. The characteristic roots of an (n+1) X (n-1) matrix A are 0 and the
nth roots of unity. Prove that

21
21—

- = 1+2n1_ C(2PTA 2P IAT L L 2ARL 4 An).

32. Find the characteristic polynomials of the matrices

aa —1 0 0 0 0
ay 0 -1 o0 0 0

@) ay 0 0 —1 . . . 0 of.
Ay 0 0 0 0 —1
a, 0 0 0 . 0
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000 . . .000 -—a,
100 . . .00 0 —ay,
(ii) 01 0 . . . 00 0 —a,,l|;

000 . . .001 —a

aa 100 . . . 00
aa 01 0 . . . 00
(i) ag 00 1 . . . 00
Gy, 0 0 0 . . . 01

agz 0 0 0 . 0 0

33. Show that if A? = I, then every characteristic root of A is +1 or — 1.

Let the 3 X 3 matrix A satisfy the cquation A2 = I, and suppose that all
characteristic roots of A are equal to 1. Show that A = I,.

34. Show that any real 2x 2 matrix A which satisfies the equation
A? = —J is similar to the matrix dg(:, —3).

35. Show that, if A 1s a non-singular n X n matrix, then the coefficient of
Ain the characteristic polynomial x(A) of A is equal to (—1)*~1|A|tr(A~1).

36. Establish the 1dentity

AI—A| = P—A2trA+AtrA*—|A]
for every 3 x 3 matrix A.

37. Show that, for any 3 x 3 matrices A and B,

AA—B| = Z*|A|—-A%tr(A*B)+Atr(B*A)— |B|.
Deduce that |A+B| = |A|+tr(A*B)+tr(B*A)+ |B].

38. Let A"+c¢, A" 14-...-+c,_;A+c, denote the characteristic polynomial

of A. Deduce, from the Cayley—-Hamilton theorem, that
A¥ = (—1)"Y{Ar 14, A24 tc, I}
Also, derive the Cayley-Hamlton theorem from this identity.

39. Let A be a matrix which satisfies the relation A2 = I. Let U be the
space of vectors X such that Ax = x and U’ the space of vectors X such that
Ax = —x. Show that U and U’ are complements.

40. Let w,,...,wy be a sot of distinct characteristic roots of the nxn
matrix A and let, for 1 < ¢ < k, U; denote the space of vectors X such that
AX = w,X. Show that, if X,+...+X; = 0, where x, € Uy,..., Xz € Uy, then
X1=...=Xk=0.

(A, O )

41. Let A = ( o A)
and let x, yy, x, be the characteristic polynomials of A, A,, A, respectively
and y, p;, up the minimum polynomials of A, A,, A, respectively. Show that
X = X1 Xz 8nd that u is the least common multiple of u, and w,. Find the
characteristic polynomial and the minimum polynomial of the matrix

5 —1 0 0 0
6 0 —1 0 0
0 0 0 0 0].
0 0 0 3 1
0 0 0 —1 1
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42. Let 1 1 1 ce . 1
1 w w? ce w1
A=|1 o o . . . o
1 o™l @D . . g-bin-D

where w = e?™", By considering ATA, determine the value of |det A|.
43. Let f(x) be a monic polynomial and let 6,,..., 0, denote the roots of
the equation f(x) = 0. Show that the discriminant A of this equation is

given by n
A = (=1)in=D TT f7(6,).
r=1

Deduce that (detA)? = (—1)Hn-Din-2nn where A denotes the matrix

defined in the preceding question.
44. Show that the matrix A defined in No. 42 satisfies the relation

100 . . .0200
000 . . .00 1
Az 000 . . . 010
001 .. .000
010 .. .000

Hence obtain the expression for (det A)? given in the preceding question.
Also deduce that A4 is a scalar matrix and show that all characteristic roots
of A are to be found among the numbers ++n, 4-ivn.

45. Suppose that the elements of A™ are bounded as m — co. Show that
the modulus of every characteristic root of A is less than or equal to 1. Show
also that the converse inference is false.

46. Let G be a 2 X 2 matrix; let (z5,2,), (¥;,¥.) be any two row vectors;

d writ/
and wribe (1:€2) = (21, 7,)G, (M1:72) = (Y1, ¥2)G-
Show that the three components of the row vector on the right of the equation
(@1 Y1> T2 Yo+ 22 Y1 2 Y2)T = (€171 E1MatE2n1s €20)
are all linear combinations of the three components of the row vector on the
left, so that the equation thereby defines the 3 X 3 matrix I'. Obtain the
relation trT = (tr G):—|G|.

If the characteristic roots of G are A and y, find the characteristic roots of I';
and deduce that |T'| = |G|

47. Show that the n X n matrix A = (a,,) is non-singular if and only if
there exists a matrix B.= (b,,) such that

n non
hy = | > b — 2 | 2 Gy byy
k=1 8=1lk=1

8F#T

>0 (r=1l,.,n).

Show, furthermore, that for any such matrix B, .
[det Al|det B| > hy... by
Obtain theorems arising from the special cases B = I and B = AT,
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48. The characteristic roots of the matrix A are w;,ws,...,w, and
|w,| > |wg| (B = 2,...,n). Show that
lim {tr(AM)}Im = w,.

m—»0
49. Let A be a given n X n matrix. Show that, for every value of A,
(A=AD* = o I+ A+...+ib,_, A,
where i, 1;,...,,_; are polynomials in A. Find these polynomials when

0 1 0
A=<——l 0 I).
0 —1 0

50. A = (a,,) is a complex n X n matrix; p,,..., p, are positive numbers;

d
an K — max (Ianlpl"f'“"}‘lamlpn).
DPr

1<7<n
Show that every characteristic root w of A satisfies the inequahty |w| < K.
51. Let A;, B, be 3 x 3 matrices and suppose that, for all values of A

and i, (MA;+1B,)* = XA, + MGy +u?B,,
[AA;+uB,| = NPA+A2uO+Au20"+ A’

Show that C,A,+A,B, =0I, C;B,+B,A, = 01,
and deduce that |C,| = ©0'—AA’.

Also show that, if (AA,+uB,)* = A2A;+AuC;+p2B;, then

A,C;+AB A, = AQ'T, B,C;+A’A,B, = A'GI.

52. Show that, for any matrix A, any distinct numbers w;,...,w, and

any polynomial f of degree < k—1,

J(a) = Zﬂwn [T (=)

1<k<k e
KFE

Show also that this identity continues to hold for a polynomial f of any
degree, provided that w,,..., w; are taken as the distinct characteristic roots
of A and provided further that the minimum polynomial of A is a product of
distinct linear factors. (This result is known as Sylvester’s interpolation
formula.)

53. Show that R(A) = R(A?) if and only if R(A) = n—my(A).

54. Show that R(A™) = R(A™1) = R(A™+2) = ..., where m = my(A).




VIII
ORTHOGONAL AND UNITARY MATRICES

THE first two sections of this chapter are devoted to the investiga-
tion of two special classes of matrices, namely orthogonal matrices
and unitary matrices. The remaining two sections deal with the
use of orthogonal matrices in the algebraic manipulation of rota-
tions in two and three dimensions.

8.1. Orthogonal matrices
8.1.1. DerFinrTiON 8.1.1. A4 maitriz A is ORTHOGONAL if it i

real and ATA =1 (8.1.1)
Equation (8.1.1) implies that A is non-singular. It may therefore

be written as A-1 = A7, and hence also as
AAT = 1. (8.1.2)

By equating corresponding elements on both sides in (8.1.1) and
(8.1.2), we can rewrite these relations in the more explicit form

3

O Qpg = 8,5 (r,8 = 1,..,m), (8.1.3)

k=1

O Qg = O, (1,8 = 1,..,m), (8.1.4)

b
1Mz

where A = (a,,).
TueorREM 8.1.1. If A is orthogonal, then |A| =
For, by definition, ATA = I. Hence |AT||A| = 1,i.e. [A]2= 1.

Examples of orthogonal matrices with determinants 1 and —1
respectively are easily given. Two such matrices are I, and
dg(1, —1).

ExEercisE 8.1.1. Show that if A = (a,,) is an orthogonal matrix, then the
(unique) solution of the system of equations

aux1+ -l-amx —bv

an1x1+ +a'rmwn = b

is ‘”1 = an b1+ +a,,1 b,,,

Ty "‘alnb1+ +ann n
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THEOREM 8.1.2. A real matriz is orthogonal if and only if its
columns (or rows) form an orthonormal set of vectors.t

A real matrix A = (a,,) is orthogonal if and only if the relations
(8.1.3) hold, and that is precisely the condition for the columns of
A to form an orthonormal set. Similarly, (8.1.4) is precisely the
condition for the rows of A to form an orthonormal set.

By Theorem 8.1.2 it is, for instance, obvious that the matrix

(e v

is orthogonal.

Two immediate inferences from Theorem 8.1.2 are as follows.

CoroLLARY 1. Ifthe columns of a real matriz form an orthonormal
set, then so do the rows ; and conversely.

COoROLLARY 2. If the order of the columns (or rows) of an orthogonal
matrix 1s changed, then the resulting matriz is again orthogonal.

Exercise 8.1.2. Deduce Theorem 8.1.2 from Definition 8.1.1 and
Exercise 3.3.3 (p. 80).
ExEerciseE 8.1.3. Show that if any rows (or columns) of an orthogonal
matrix are multiplied by — 1, then the resulting matrix is again orthogonal.
ExERCISE 8.1.4. Let AN X
T = (# I #”)
v VI 1}//
be an orthogonal matrix with positive determinant. Using the equation
TT = T-1, show that

A p— I‘le)l_#”v/’ “ — V’AI/__V’IAI, y = A,IL”_A”,L,.
THEOREM 8.1.3. Let X, be a real unit vector. Then there exists an

orthogonal matrix A having X, as its first column. Furthermore, the
sign of |A| can be chosen at will.

In view of the theorem on orthonormal bases (Theorem 2.5.5,
p. 66) there exist vectors Xx,,...,X,, such that x;,x,,...,X, is an
orthonormal set. The matrix A having x,,X,,...,X,, as its columns
is then orthogonal by Theorem 8.1.2. If necessary, we can adjust
the sign of |A| by replacing x, by —X,.

1 In view of this result, the term ‘orthonormal matrix’ might be regarded as
more appropriate than ‘orthogonal matrix’, but custom has firmly established
the latter usage.
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TraroreM 8.1.4. If A and B are orthogonal matrices, then so
are AT, A-1, and AB.

Since A is orthogonal, AAT = I. Hence

(AT)TAT = 1,
and so A7 is orthogonal. Moreover, A-1 = A” and so A~!lis
orthogonal. Again
(AB)TAB = BTATAB = B7B =1,

and therefore AB is orthogonal.

An important property of orthogonal matrices can be formulated
in terms of linear substitutions.

THEOREM 8.1.5. Let X = (T3, )Ty ¥ = (Ypse-sYp)T. A real
matriz A is then orthogonal if and only if the substitution X = Ay
transforms the polynomial a3+... 4% into y3+...+¥z.

The substitution x = Ay transforms z}+4...+2% = xTx into
(Ay)TAy = yTATAy. Now if A is orthogonal, this polynomial is
clearly equal to yTy = y?+4...+y%. On the other hand, if the
polynomials y?ATAy and y”y are equal, then ATA = I, i.e. A is
orthogonal. The theorem is therefore proved.

Consider, for example, the substitution x = Ay, where A is the
2% 2 matrix given on p. 223. Then
X = (y,—Y2)/V2, xy = (Y1 +92)/V2,
and it can be verified at once that this substitution transforms
a}+23 into yi+y3.
THEOREM 8.1.6. A real matrix A is orthogonal if and only if it
preserves length, i.e. if and only if
|AX| = [x] (8.1.5)
for every real vector X.
Equation (8.1.5) is equivalent to
(Ax, AX) = (X,X), (8.1.6)
ie. xT(ATA—I)x = 0. (8.1.7)
If A is orthogonal, this relation clearly holds for all x. Suppose, on
the other hand, that (8.1.7), and so (8.1.5), holds for all x. Writing
B = (b,,) = ATA—I and putting X = e, in (8.1.7) we obtain, by
Exercise 3.3.9 (p. 85),

b =0 (k=1,.,n). (8.1.8)
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Next, let k£ # land putx = e,+e;in (8.1.7). Again using Exercise
3.3.9 we obtain

bkk+bll+bkl+blk =0 (k,l = 1,..., n; k ;é l).
Hence, in view of (8.1.8) and the obvious symmetry of B,
bu=0 (k1=1,.,n;k*1). (8.1.9)

By (8.1.8) and (8.1.9) it follows that B = O, i.e. A is orthogonal
This completes the proof.

CoroLLARY 1. 4 real matrixz A 1is orthogonal if and only if it
preserves separation i.e. if and only if

|JAX—Ay| = [x—Y| (8.1.10)
Jor all real vectors x, y.
If A is orthogonal, then, by (8.1.5),
|Ax—Ay| = |[A(x—Yy)| = [x—V|.

On the other hand, if (8.1.10) holdsforallreal x, y, then(8.1.5) holds
a forttort, and A is orthogonal.

ExErcise 8.1.5. Give a geometrical interpretation of Corollary 1 for the
case n = 3.

CoroLLARY 2. A real matriz A is orthogonal if and only if it
preserves inner products, i.e. if and only if

(Ax, Ay) = (x,Y) (8.1.11)
for all real vectors X, y.
If A is orthogonal, then
(Ax,Ay) = (Ay)TAx = yTATAx = y7x = (X,Y).
On the other hand, if (8.1.11) holds for all real x, y, then (8.1.6),
and so (8.1.5), holds a fortiori. Hence A is orthogonal.

8.1.2. The next series of results is concerned with the values of
characteristic roots of orthogonal matrices.

TaHEOREM 8.1.7. If X is a characteristic root of the orthogonal
matrix A, then so 1s A1,

It should be noted that, since |A| 5 0, none of the characteristic
roots of A is equal to zero.
5682 Q
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By Theorem 7.3.3 (p. 202), we know that A-1 is a characteristic
root of A-1, and so of AT. Hence

0 = P-U—AT| = |A-1—A)T| = AI—A],

and therefore A-1 is a characteristic root of A.

The next theorem we prove is due to Briochi (1854).

THEEOREM 8.1.8. Every characteristic root of an orthogonal matriz
has unit modulus.

Let ) be a characteristic root of the orthogonal matrix A, and let
x be a non-zero vector such that

Ax = AX. (8.1.12)

Then AX = AX, and so
AXT = XTAT. (8.1.13)

By (8.1.12) and (8.1.13) we obtain
METx = XTATAX = XTX.
Since %X7x =~ 0, this implies that |A|2 = A = 1, i.e. [A] = L.

ExEgrcisk 8.1.6. Give a proof of the above theorem without making use
of matrix notation.

As an immediate consequence of Theorem 8.1.8 we have the
following result.

CoROLLARY. The mon-real characteristic roots of an orthogonal
matrix occur in conjugate pairs of the type e**, e~ where 0 < a < 7.

We may also note some further relations concerning characteristic
roots.

TaEorREM 8.1.9. Let A be an orthogonal nxXn matriz. (i) If

|Al =1 and n is odd or if |A| = —1 and n is even, then 1 is a
characteristic root of A. (ii) If |A| = —1, then —11s a characteristic
root of A.

We have AT(I—A) = AT—1I = —(I—-A)T,
and therefore Al JI=A| = (—1)*I—A],
I—AK{IAI—(—1) = 0.
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Hence (i) follows. Again,
AT(I4-A) = AT+1 = (I+A)T,
Al [I+A] = [I+A],

and (ii) follows.

8.1.3. In § 8.1.1 we obtained a number of conditions necessary
and sufficient to ensure that a matrix should be orthogonal. These
conditions do not lead to a convenient method for constructing
orthogonal matrices, but the next theorem (discovered by Cayley
in 1846) provides us with such a method.

TurorEM 8.1.10. If S is a real skew-symmetric matrizx, then
148 s non-singular, and the matrix

A = (I-S)(I4+S)?
18 orthogonal.

By the corollary to Theorem 7.5.1 (p. 209), all characteristic
roots of S are purely imaginary, and therefore [I4-S| # 0.
Since ST = —S we have

(I-S)T = I4S, (I4+S)T =1-S,
and so, using equation (3.7.7) on p. 99, we obtain
AT = {(I-S)(I+S)} = {(I4S)}7(I-S)*
= {(I4+S)T}1(I1+8) = (I—S)(I+S).
Hence ATA = (I+S)I—-S)}I—-S)I+S)* =1,
and the theorem is proved.f

ExERcISE 8.1.7. Obtain an orthogonal matrix of order 3 involving 3
independent parameters.

8.1.4. We know, by Corollary 1 to Theorem 8.1.6 that every
transformation X’ = AX, where A is an orthogonal matrix,
preserves separation. We shall show next that the converse state-
ment is also, in a sense, true.

+ For further results bearing on the relation between orthogonal and skew-
symmetric matrices, see Ferrar, 2, 164-7. For a generalization of Theorem
8.1.10, see Turnbull, 18, 158-9.
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TaEOREM 8.1.11. Let f be a transformation of the real total vector
space B, into itself. If f(0) =0, (8.1.14)
and, for all X,y € B,
[f&)—f(D] = x—VI, (8.1.15)
then f(X) = AX, where A is an orthogonal matriz.

To prove the theorem we begin by showing that f preserves
inner products. For, by (8.1.14) and (8.1.15), we have

If(®)] = 1f (x)—f(0)] = x|

for all x € B, and so

(f(x), f(x)) = (x,X). (8.1.16)
Again, by (8.1.15) we have, for all X, y € B,,

(fX)=Ff(y), fX)—=f(¥) = (x—y, X—Y).

Therefore, in view of (8.1.16),

(fx), f()) = (%,¥) (8.1.17)
for all X, y € B,. In particular

(f(ei)’f(ej)) = (eis ej) = 8121‘ (7’:.9 = 1,‘..,’)?4),

and the vectors f (e,),..., f (€,) thus form an orthonormal set. Hence

the matrix A, defined by the relations A,; = f(e;) (¢ = 1,...,7n),
is orthogonal by Theorem 8.1.2. Furthermore,

f(e;) = Ae; (¢ =1,..,n). (8.1.18)
Now, if the vectors u,,..., u,, constitute an orthonormal set, then,
by Exercise 2.5.4 (p. 66), any vector v can be expressed in the form
n
v =i§l(ui, v)u,.

Hence, by (8.1.17) and (8.1.18),
100 =3 (Fle, fx)S (e) = 3 (en X)Ae;
== Aé:l(et,x)ei = Ax,
and the assertion is therefore established.

Theorem 8.1.11 states that a transformation which preserves
geparation and leaves the zero vector invariant is an orthogonal
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transformation. By dispensing with the second requirement we
are led to the following modified statement.

COROLLARY. Let f be a transformation of the real total vector space
B, tnto itself. If, for all X,y € B,, |f(x)—f(y)| = [x—Y|, then
f(X) = Ax+-c, where A is an orthogonal matrixz and ¢ a fixed vector.

Putting g(x) = f(x)—f(0), we see that g¢g(0) =0 and
lg(x)—g(y)| = |x—Yy]| for all real x, y. Hence, by Theorem 8.1.11,
g(x) = AX, where A is an orthogonal matrix, i.e.

F(%) = AX+£(0).

The result just proved has a simple geometrical interpretation
for the case n = 3. Taking B, to represent ordinary three-dimen-
sional space we can infer from the corollary, the remark following
Definition 2.5.2 (p. 63), and Theorems 8.4.7 and 8.4.13 below, that a
transformation of space which preserves distance is either the
product of a rotation and a translation or else the product of a
rotation, a reflection, and a translation.t

8.2. Unitary matrices

In considering complex matrices, it is desirable to generalize the
notion of orthogonality.

DerintTION 8.2.1. The complex matriz U is UNITARY if

UTU = 1. (8.2.1)

Thus a real unitary matrix is simply an orthogonal matrix.
Unitary matrices stand in roughly the same relation to orthogonal
matrices as hermitian matrices to real symmetric ones.

The defining relation (8.2.1) may, of course, be restated in many
alternative ways, such as U7 = U-1, U = (U7)-1, and UUT = 1.
A simple example of a unitary matrix is given by

CHM(AH@
(1+9)/2  (1—i)2)

Exercise 8.2.1. Show that if A is hermitian and U unitary, then
U-1AU is hermitian.

The theory of unitary matrices closely resembles that of ortho-
gonal matrices. We shall, therefore, deal with it rather summarily
and in many cases leave the details to the reader.

1 We recall that by the product of & number of transformations we mean their
resultant.



230 ORTHOGONAL AND UNITARY MATRICES VIII, §8.2
Treorem 8.2.1. If U is unitary, then |det U| = 1.

TreorEM 8.2.2. If U,V are unitary, then so are U, UT, U-1
and UV.

These results follow immediately from (8.2.1). The next theorem
involves the notion of inner product of complex vectors, introduced
in Definition 2.5.1 (p. 62).

THEOREM 8.2.3. A (complex) matrix is unitary if and only if its
columns (or rows) form an orthonormal set of vectors.

The defining relation (8.2.1) is equivalent to
(UT0),, = §,,  (r,8 = 1,..,n),
and this means that
85 = (U7),4 Uy = (U,,)7Uy = (Uy,, Uyy) (1,8 = 1,..,m).

In other words, the columns of U form an orthonormal set. Again,
(8.2.1) is equivalent to UUT =1, i.e.

8,s = (OUT),, = Ur*(UT)*s = Ur*(Us*)T (r,s = 1,...,m).
Since U,,, U,, are row vectors, this means
(U, Ugy) = 8, (r,s = 1,..,m),
i.e. the rows of U form an orthonormal set.

ExEercise 8.2.2. If X 1s a unitary (orthogonal) matrix of order n—1,
show that ( 1 On—l)
1

0., X
is a unitary (orthogonal) matrix of order n.

ExErcise 8.2.3. Show that Corollaries 1 and 2 to Theorem 8.1.2. remain
valid if the term ‘orthogonal’ is replaced by ‘unitary’.

THEOREM 8.2.4. Let X, be a (complex) unit vector. Then there
exists a unitary matrix having X, as its first column.

This theorem is proved in the same way as Theorem 8.1.3.

THEOREM 8.2.5. Let X = (2y,...,%,)T, ¥ = (Y., ¥,)T. A
(complex) matriz U is unitary if and only if the substitution x = Uy
transforms the expression &y x,+...+&, x, Mo §, Y+ ...+ 7, Yn-

The proof is immediate.
THEOREM 8.2.6. A (complex) matriz U is unitary if and only if
|Ux| = [x| (8.2.2)

for every complex vector x.
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Equation (8.2.2) is equivalent to

x7(UTU—~I)x = 0. (8.2.3)

If U is unitary, then (8.2.3) is clearly satisfied for all x. Suppose,

on the other hand, that (8.2.3) is satisfied for all x. Writing
V = (v,,) = U7U—I and putting X = e, in (8.2.3), we obtain

Uy =0 (k= 1,...,n). (8.2.4)
Next, let &k # I and put X = e;,+e,in (8.2.3). Making use of (8.2.4)
we then obtain
Y+ =0 (k,l = 1,...,m; k #£ 1).
Similarly, putting X = e, +te;, we obtain
Vyy—vg = 0 (k1= 1,..,n; k #1).
Hence V = O, and U is unitary.
CoROLLARY 1. A (complex) matriz U is unitary if and only if
[Ux—Uy| = [x—y]|
for all complex vectors X, y.
CoROLLARY 2. A (complex) matriz U is unitary if and only if
(Ux, Uy) = (x,y)
Jor all complex vectors X, y.
TuroreM 8.2.7. If A is a characteristic root of the unitary matrix
U, then so is 1/A.
For 1/ is a characteristic root of U-1 = U7, and therefore
0 = [(1/MI=T07| = |(1AI-UT| = |[(1/HI-T].

The following generalization of Theorem 8.1.8 is due to Frobenius
(1883).

TueorEM 8.2.8. Every characteristic root of a unitary matriz has
unit modulus.

Let X be a characteristic root of the unitary matrix U, and let
the vectorx = 0 satisfy the equation Ax = Ux. Then AXT = XTU7,
and so MxTx = XT0TUx = %Tx.

Hence |A\|2 = 1, and the assertion follows. Alternatively, it may
be established by using Theorem 8.2.6 and noting that

x| = |Ux| = [Ax]| = A|[x].
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The reader will have observed the similarity between the proofs
of Theorems 8.2.8 and 7.5.1 (p. 209). These theorems are, in fact,
included in the following more general result.

THEOREM 8.2.9. If the matrixz A satisfies the equation
N
> ¢ (ATy"Av = O,
v=1
and if A is any characteristic root of A, then
N
S e, Avar = 0.
v=1
Let x be a characteristic vector of A, associated with A, so that
Ax = Xx. Then, for k > 1,
Akx = Ak-1Ax = MAK¥-1x,
and therefore Alx = Nex (k> 0).
This implies that XT(AT)k = MXT (k > 0).
Hence XT(ATYAX = IAXTX,

and so N
{ z c, (AT ""A"”}X = Z ¢, XT(AT)Asx

— (§ o0,
=1
The assertion now follows since XTx £ 0.

We may restate Theorem 8.2.9 in a convenient manner by
saying that if f(x,y) is a polynomial in (the non-commuting
variables) x and y, and f (A7, A) = O, then f(A,X) = 0. If we take
f(x,y) = xy—1, we obtain the result on the characteristic roots of
unitary matrices (Theorem 8.2.8), while the choice f(z,y) = z—y
leads to the result on hermitian matrices (Theorem 7.5.1), and the
choice f (x,y) = x+y to that on skew-hermitian matrices (corollary
to Theorem 7.5.1).

Theorem 8.1.10 has an obvious analogue for unitary matrices.

TaEoREM 8.2.10. If S is a skew-hermitian matriz, then I4-S is
non-singular, and the matriz (I—S)(I4-S)-1 ¢s unitary.

ExERrcisE 8.2.4. Write out a proof of this theorem.



VIII, § 8.3 ROTATIONS IN THE PLANE 233

8.3. Rotations in the plane

The theory of orthogonal matrices owes its interest, in the first
place, to the part it plays in the study of rotations in the plane and
in space. Its relevance to this problem is not surprising, for
orthogonal substitutions preserve separation and may therefore be
expected to occur in the analysis of rigid motion.

In this section and the next we shall discuss in some detail the
relation between orthogonal matrices and rotations.t We shall
find it necessary to distinguish between orthogonal matrices with
positive and negative determinants.

DEeriniTION 8.3.1. The orthogonal matrix A is PROPER or
IMPROPER according as |A| = 1or |A| = —1.

Throughout the present section all matrices will be assumed to
be of type 2 < 2. We shall choose some point O in the plane and take
it as the origin of a system of rectangular coordinates, which will
then be kept fixed throughout the section. A vector x = (x,y)T
will be said to represent the point P(x, i) with respect to the given
coordinate system. When we speak of a transformation X" = f(x)
we shall understand a transformation which changes the point
represented by x into that represented by f(x). The term ‘rotation’
will be taken to mean a rotation of the plane about the origin. As
usual, a rotation will be reckoned as positive if its sense is counter-
clockwise.

THEOREM 8.3.1. Any rotation of the plane can be represented by
a proper orthogonal matriz.

Stated more explicitly this means that there exists a proper
orthogonal matrix A such that, if P is any point and P’ the point
into which P is carried by the given rotation, then X’ = Ax, where
X, X’ represent P, P’ respectively.

Let the plane be rotated through an angle « in a counterclockwise
sense, while the coordinate axes remain fixed. If the point (z,y) is
carried into position (z',y’), then, as is well known,

2’ = xcosa—ysina,
y' = xsina+ycosa.
t A much fuller account of two-dimensional and three-dimensional rigid motion

will be found in Schreier and Sperner, 4, 153-78. See also Schwerdtfeger, 5,
237-44.
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In matrix form these relations may be written as

x’\ _ [cosa —sina)(x

y']  \sina  cosa/\y)’
ie. X' = AX,
where x = (z,%)7, X' = (2/,y')7, and A is a proper orthogonal
matrix.

To establish the converse of the theorem just proved we need a

simple result on proper orthogonal matrices.

THEOREM 8.3.2. Let A be a proper orthogonal matrix. Then there
exists a unique angle o such that 0 < o < 2w and

A— cosay —Sina (8.3.1)
" \sina cosal e
We write A= (p q).
r 8

Since p24¢2? = 1, r2-+s? = 1, there exist angles o, § such that

p = cosa, q= —sina, 0<a<<2m

r =sinf, s = cosf, 0< B < 2m
But 1 = |A| = ps—qr = cos(a—p), and so a—f is an integral
multiple of 2. Hence 8 = «, and A is of the form (8.3.1) with
0 < a < 27. Moreover, this representation of A is obviously
unique.

ExErcise 8.3.1. Show that, if A is a proper orthogonal matrix, then
X’ = AX represents a rotation.

THEOREM 8.3.3. For every proper orthogonal matrix A there
exists a unique angle o such that 0 < o < 7 and the characteristic roots
of A are e, e=i*, The equation X' = AX then represents a rotation
either through o or through 2m—a.

By Theorem 8.1.8 we know that the characteristic roots of A
have unit modulus, and it is obvious that they are either both real
or else are conjugate complex numbers. Furthermore, their product
is equal to |A| = 1, and so they cannot be 1 and —1. They may
therefore be taken as ei®, e~i®, where 0 < a << 2. It is, however
possible to restrict « to the range 0 < a < =, for, since

(om—o)  ai o) i
eil2m—0) — -t gnd e-i2m Ot)_eW‘,
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we can replace o« by 2m—a whenever 7 < o < 27. The characteris-
tic roots of A are thus ei®, e—* where 0 << a <{ 7, and the value of «
satisfying these requirements is plainly unique. The first part of
the theorem is therefore proved.
By Theorem 8.3.2, A may be written in the form
A— cosf —sinf
sinf  cosB/’

where 0 << B8 < 27. The characteristic roots of A are therefore
'8, e=i8, and hence ¢ = ei* or ¢ = ¢~1% je. § = aor f = 27 —a.
Hence the equation X’ = Ax, which can be written as

' = xcosB—ysinf,

y' = xsinf+4ycosp,
represents a rotation either through « or through 27—a.

Finally, we give a geometrical interpretation of improper
orthogonal matrices.
TurEoREM 8.3.4. Let A be an improper orthogonal matrixz. Then

the equation X' = AX represents the product of a rotation and a
reflection in a line through the origin.

Write B — A(l 0),
0 —1
1 0
so that A = B(O ——l)'

Then B is a proper orthogonal matrix. The transformation
x’ = Ax is the product (in that order) of the transformations
X' = (1 O)x, x' = Bx.
0 —1
The second of these is, by Theorem 8.3.3, a rotation. The first may
be written as ' = z, ¥y’ = —y, and is therefore a reflection in the
z-axis. Thus the transformation x’ = Ax is the product (in that
order) of a reflection and a rotation. By considering the matrix
1 0
C= A

o -
in place of B, we see that X' = Ax is equally the product of a
rotation and a reflection.
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It is interesting to observe that (in view of Theorem 8.3.3) the
characteristic roots of a proper orthogonal matrix virtually deter-
mine its geometrical significance. This is no longer the case for
improper orthogonal matrices, since the characteristic roots of any
such matrix are 1 and —1.

ExEercIisE 8.3.2. Prove the last statement.

8.4. Rotations in space

In this section all matrices are assumed to be of type 3X3.
We shall find it convenient to write

1 0 0
R,={0 cosa —sinal.
0 sina cosa

8.4.1. We begin with a number of purely algebraic results
concerning properties of proper orthogonal matrices.

THEOREM 8.4.1. For every proper orthogonal matrix A there
exists a unique angle o such that 0 < o << 7 and the characteristic roots
of A are 1, er2, e—ic,

By Theorem 8.1.9 (i) (p. 226) at least one characteristic root of
A is equal to 1. The remaining two roots are, of course, of unit
modulus and are either both real or else are conjugate complex
numbers. Since |A| = 1, the characteristic roots of A cannot be
1, 1, —1. Hence they are 1, €%, ¢—**, where it may, of course, be
assumed that 0 << « << 27. The angle a can now be made unique
by being restricted to the range 0 < o < 7.7

DEFINITION 8.4.1. The unique angle o of the preceding theorem
will be called the ANGLE of the (proper orthogonal) matrix A.

THEOREM 8.4.2. If A is a proper orthogonal matrix with angle
a, § 18 a unit characteristic vector of A associated with the characteristic
root 1, and T isany proper orthogonal matrix with § asits first column,}

then A = TR T,
where B = a or 27r—a.
We have, by hypothesis,§
Te, = E.

t Cf. the proof of Theorem 8.3.3.
1 Such a matrix exists by Theorem 8.1.3 (p. 223).
§ We write, of course, e, = (1, 0, 0)T, e, = (0, 1, 0)T, e, = (0, 0, 1)T.
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Putting B = (b,,) = T-'AT, we obtain
Be, = T-'ATe;, = T-'Af = T = e,

and, since Be, is simply the first column of B, this means that

1 b12 b13
B=[0 by byl
0 b32 b33

Now B is, by definition, a (proper) orthogonal matrix. Hence

14034635 = 1,
and so by, = b3 = 0. We therefore have

1 0 0
B = (0 byy bzs).

0 by b

The submatrix (b” b23)
bsy  bsg

must again be proper orthogonal and so, by Theorem 8.3.2, there
exists an angle B such that 0 < B < 27 and B = Ry, ie.
A = TRgT-1. Now the characteristic roots of Rg are 1, eiB, e—iB,
while those of A are 1, ¢!*, e-**. But, by Theorem 7.2.1 (p. 199),
Rg and A have the same characteristic roots. Hence 8 = « or
27 —a, and the theorem is proved.

DerFiNiTION 8.4.2. If A is a proper orthogonal matriz, any unit
vector § satisfying the equation A = ¥ will be called a PRINCIPAL
VECTOR of A.

THEOREM 8.4.3. If A is a proper orthogonal matriz other than I,
then its principal vector is uniquely determined to within a scalar
multiple +1.

In view of the corollary to the rank-multiplicity theorem
(Theorem 7.6.1, p. 214), it suffices to show that 1 is a simple charac-
teristic root of A. Denote the angle of A by «. If « = 0, then the
angle B of Theorem 8.4.2 is 0 or 27, and then A = I contrary to
hypothesis. Hence 0 < a < =, and as the characteristic roots of
A are 1, >, e~to it follows that 1 is, in fact, a simple root.

8.4.2. We next consider the geometrical aspect of the theory of
orthogonal matrices. We shall choose a system S of rectangular
coordinate axes, to be kept fixed throughout the discussion, and we
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shall refer all measurements to this system unless the contrary is
stated. If § is another system of rectangular coordinates with the
same origin O as S, we can associate with it the unique orthogonal
matrix whose columns are the vectors representing (with respect
to S) the points on the positive axes of S and at a unit distance from
0. This matrix will be called the matrix of S. In this way a bi-
unique correspondence is established between orthogonal matrices
and systems of rectangular coordinates with O as origin. The
matrix of the fundamental system S has, of course, e,, e,, €; as
its columns and is therefore the unit matrix.

TaEOREM 8.4.4. If P is the matrixz of the coordinate system S,
and if a point X is represented by the vectors X, X with respect to S, S
respectively, then % — PTx

Write P = (p,,). Then the unit vectors &, &, & along the positive
axes of § are given by

€ = py1€+Pn€+P3€;
€, = P1s€;+ P tPses - (8.4.1)
€; = Pi3€;+ P23 €1+ P33 €3
Since P is orthogonal, it follows easily that?
e, = P1 &+ P12 &+ P13 &
€ = Py &2 &+ P23 &
€3 = D3 &+ P32 8,1+ P33 &;
Writing x = (x,y,2)T and X = (&, §, £)T, we therefore have
X = we,tye,+ze;
= (P &+ D12 85+ D013 83) FY(Po1 &1 D22 €+ P23 &)+
+2(P31 &1+ P32 &+ P33 &;)

= (P T+Pn Y+ 2)8 4 (P12 x+P22?/+P32 2)&+

+ (P13 ¥+ Pos Y +P332)€;.
Th o
us T =pp2+puYt+rn?
T = P12aT+ Do Y+P32? >
Z = P13%+Po3lY+Pas?

1 Cf. Exercise 8.1.1 (p. 222).
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Pu Pa Pa1\ (%
1.e. X = = P12 P2 Pa2|lY]| = P7x,
13 Pz Pas/ \%

as asserted.

It may be noted in passing that the relations between , y, z and
&, 7, % (i.e. between the coordinates of the same point with respect
to the two systems S, §) may be exhibited in a convenient form by
means of the following table:

e S R

x Yy 2
Z | Py Pa Par
T | P12 P22 P32
Z | P13 Doz Pss

The rows of this array give the direction cosines of the axes of S
with respect to the axes of .S, while the columns give the direction
cosines of the axes of S with respect to those of §. For, by (8.4.1),

(érr es) = Psr (7‘, s=1, 2, 3)’

and (&,, e,) is clearly the cosine of the angle between the rth axis of

S and the sth axis of S.

In discussing spatial relations we cannot avoid referring, in
one form or another, to right-handedness and left-handedness of
coordinate systems. This intuitive notion (like the notion of a
counterclockwise sense) is unambiguous but does not admit of a
precise verbal definition. We are able, however, to express mathe-
matically the distinction between right-handed and left-handed
systems.

DEFINITION 8.4.3. The coordinate system S will be called proper
or improper according as its matrix is proper or improper orthogonal.

The property of being proper or improper is not an intrinsic
feature of S but one that characterizes the relation of S to the
arbitrarily chosen fundamental system S. In fact, if S is right-
handed, then S is right-handed or left-handed according as it is
proper or improper, while if §is left-handed, then § is right-handed
or left-handed according as it is improper or proper. We can justify
these assertions by a continuity argument. Thus, if S and S are
both right-handed, then S can be obtained from S by a continuous
rigid motion of the coordinate axes, in which the determinant of the
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matrix associated with the coordinate system cannot change its
value discontinuously. Since its value is 1 for 8, it is also 1 for S;
and § is therefore proper.

8.4.3. We now turn to the mathematical

Tx analysis of rotation. By ‘rotation’ we shall
< understand a rotation of space about a
.  directed line through the origin. This line

o will be called the axis of rotation. A rotation

through an angle « about the positive x-axis
clearly carries any point x = (z,%,2)7 into
the point X’ = (2’,y’,2')T, where

=z

Yy = ycosa—=zsina ¢, (8.4.2)

2’ = ysina+zcosa
or, in matrix notation,

x' = R, Xx. (8.4.3)

In these formulae all components are assumed to be measured
with respect to a right-handed system of coordinates.

Consider now a rotation, through «, about any directed line I.
This rotation can be represented by the equation (8.4.3) with respect
to a right-handed system of coordinates having ! as the positive
z-axis. Accordingly, a convenient mathematical definition of
rotation can be given as follows.

DEFINITION 8.4.4. A rotation through an angle « about a directed
line I (through the origin) is the transformation represented by (8.4.3)
with respect to a proper coordinate system S having 1 as its positive
z-axis.

For the sake of brevity we shall contract the phrase ‘rotation
through an angle o’ into ‘an a-rotation’.

If S is right-handed, then S is also right-handed and the defini-
tion just given agrees with our intuitive notion of rotation. In
interpreting geometrically the theorems deduced below, we shall
accordingly take a right-handed system of axes as the fundamental
system 8.

THEOREM 8.4.5. Let | be a directed line through the origin and let
U be the same line with its sense reversed. Then an a-rotation about
18 equivalent to a (27— «)-rotation about l'.
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An a-rotation about ! is represented by the equations (8.4. 2) with
respect to a proper coordinate system in which the positive z-axis
lies along I. We now take a new system of coordinates by reversing
the directions of the z-axis and the y-axis. This new system is
again proper, and with respect to it the rotation in question assumes

the form ,
r =z,

Yy = ycosa-+tzsina,

2’ = —ysina-t+zcosq,
: ’

ie. x'=R_,x =R, X

This transformation is, by definition, a (27 —a)-rotation about I'.

The next step is to obtain the matrix representation of a pre-
scribed rotation.

Theorem 8.4.6. Let P = (A, p, v) be a point at unit distance from
the origin. Then the equation representing the o-rotation of space
about the line OP is given by

x' = TR, T-x,
where T is any proper orthogonal matrix with (A, u,v)T as its first
column.

Let T be a proper orthogonal matrix with (A, p, v)7 as its first
column, and let S be the coordinate system whose matrix is T.

- —>
Then S is proper and OP is its positive x-axis. If X is any point
and if the vectors representing it with respect to S, S are x, X
respectively, then, by Theorem 8.4.4,
% = T-1x.

—

The a-rotation about OP carries X into a point X', say, and the
vectors X, &’ representing these points with respect to S are, in view
of (8.4.3), connected by the equation

X' =R, X.
Again, if X’ is the vector representing X' with respect to S, then

% =T,
Combining these results, we obtain

x' = T& = TR, X = TR, Tx,
as asserted.
5682 R
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It is sometimes useful to break up the formula of Theorem 8.4.6
into expressions for the separate components of x’. Writing

AN X
T — # I.LI ‘.L”
v V, V”

and using the orthogonality relations for T as well as the equations
of Exercise 8.1.4 (p. 223) we are led to the identity

c+AX2(1—c) Au(l—c)—vs vA(1—c)4-ps
TR, T = [ Ap(l—c¢)+wvs c+p*(l—c) w(l—c)—2As),
A(l—c)—ps wpv(l—e)+As  c+v¥1—c)
where ¢ = cosa, s = sina. Writingx' = (', ¢, )7, x = (v, 4,2)7
in Theorem 8.4.6 we now obtain

’

x' = xcos a (uz—vy)sin a-+A(1—cos a)(Ax+py-+vz),

’

Yy = ycos a+t (ve—Az)sin a+pu(1—cos a)(Ax+py +1z),

2 = z o8 a4 (Ay—px)sin a-+v(1—cos a)(Ar -+ py +vz).

These formulae are known as Euler’s equations of transformation.t
ExercisE 8.4.1. Obtam the equations (8.4.2) as a special case of Euler’s

equations of transformation.

ExERcISE 8.4.2. Show that in Euler’s equations of transformation it 1s
permissible to interchange the accented and the unaccented coordinates
provided that, at the same time, o 18 replaced by —a.

Theorem 8.4.6 shows how a matrix representation for a given
rotation can be determined. The next result deals with the converse
problem of interpreting geometrically a given orthogonal trans-
formation.

Theorem 8.4.7. Let A be a proper orthogonal matriz other than I,
and let « be its angle. Then the equation X' = AX represents an
a-rotation about a suitably directed line specified by a principal
vector of A.

Let € be a principal vector of A and write § = (A, u,»)”. Then §

specifies the directed line | = 0_I>), where P = (A, u, v). We denote
by I’ the same line with its sense reversed. Since, by Theorem 8.4.3,
the principal vector of A (# I) is determined to within a scalar
multiple +1, it follows that the line specified by the principal
vector of A is unique except for its sense.

t+ For a simple geometrical derivation see Sommerville, Analytical Geometry of
Three Dimensions, 38-39.
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Let T be any proper orthogonal matrix having & as its first

column. Then, by Theorem 8.4.2,
A =TRg T,
where 8 = a or 2r—a; and the equation X’ = Ax can therefore be
written in the form
T-1x" = Ry. T-x. (8.4.4)

If § is the (proper) coordinate system associated with the matrix
T, then (by Theorem 8.4.4) the transformation (8.4.4) assumes, with
respect to S, the form X' = Rgx;
and this is a B-rotation about the positive x-axis of S, i.e. about I.
Thus, by virtue of Theorem 8.4.5, the transformation in question is
an «-rotation about ! or about /.

THEOREM 8.4.8. The product of two rotations is again a rotation.

Suppose that the first (second) rotation carries the point repre-
sented by X into that represented by x’ (x”). Then it follows by
Theorem 8.4.6 that there exist proper orthogonal matrices A, B

such that X — AX, x” — Bx.

Hence the product of the two rotations is a transformation of space
which carries the point represented by x into that represented by
BAx. Now BA is again a proper orthogonal matrix and the
transformation in question is, by Theorem 8.4.7, once more a
rotation.

Theorem 8.4.8 will presently be superseded by the more general
Theorem 8.4.12,

8.4.4. We have so far used orthogonal matrices to represent
rotations. A different mode of representation in terms of (real)
skew-symmetric matrices is to be considered next.

Let R be a rotation through an angle « (0 << « < 27) about the

—_
line OP, where P =(A, u, v) is a point at unit distance from the
origin. If a 5= =, we associate with R the skew-symmetric matrix

0 vtanfa  —ptania
S =(—vtan i« 0 Atania |. (8.4.5)
ptania —Atan o 0

Conversely, any skew-symmetric matrix S can be written in the
form (8.4.5), where A’4-p2+41% = 1 and 0 < « < 27. This expres-.
sion for S is not unique, since o, A, u, v can be replaced by 27 —a, —A,
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—pu, —v respectively, but these two sets of parameters correspond
to the same rotation.t We have thus set up a biunique corre-
spondence between the set of all rotations (other that z-rotations)
and the set of all skew-symmetric matrices. The matrix S asso-
ciated with the rotation R will be called the skew-symmetric matrixz
of R. Similarly, the (proper) orthogonal matrix A which represents
R in the sense that R is specified by the equation X’ = Ax, will be
called the orthogonal matriz of R. The advantage of associating
with R a skew-symmetric rather than an orthogonal matrix is that
from the former the geometrical character of R can be inferred
almost immediately.

ExERCISE 8.4.3. Show that the skew-symmetric matrix
0 —~2  —12
( N2 0 1/v2 )
V2 —1/42 0
represents the rotation through 120° about the directed line joining the
origin to the point (1, 1, —2).

THEOREM 8.4.9. Let R be a rotation other than a m-rotation, and
let A and S be its orthogonal matrixz and its skew-symmetric matrix
respectively. Then

A = (I-S)(I+S)1, S =(I-A)I+A)L

Tt is, of course, sufficient to establish either of these equations.
We may note at once that, since S is a real skew-symmetric
matrix, I4+S is non-singular and, by Theorem 8.1.10 (p. 227)
(I—S)(I+S)~! is orthogonal.

Let the given rotation R be specified by the numbers o, A, u, v
defined above. Then, by Theorem 8.4.6, A = TR T-1, where T
is any proper orthogonal matrix with (A, u, v)T as its first column,
say A XX

T= (u I u)

’ ”
14 14 14

Now « # 7 and therefore —1 is not a characteristic root of A.
Hence I+ A is non-singular, and

(I—A)(I+A)* = I—TR, T-})(I+ TR, T-1)-2
= T(I—R)T-YT(I+R,)T-1-1
= T(I—R)(I+R,)T-1,

t Cf. Theorem 8.4.5.
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Now it is easy to verify that

0 0 0
(I—RYI+R)1 = tan%a(o 0 1).
0 —1 0

Hence, using Exercise 8.1.4 (p. 223), we obtain

AX A"\ /0 0 O\/A u v
(I—A)X4+A) 1= tan%a(p u ;/,")(O 0 l)(/\' © v')

v v v f\0 —1 o/ \A" u" Y
0 vV —pu

=tanfaf —v O A ] =S.
p —A 0

The theorem is therefore proved.

Theorem 8.4.9 is concerned with the representation of a single
rotation, but the skew-symmetric matrix of the product of two
rotations is also easy to evaluate.

THEOREM 8.4.10. Let R be the product of the two rotations R,, R,,
carried out in that order, and suppose that none of the three rotations is
a w-rotation. If the skew-symmetric matrices of R, Ry, Ryare S, S,, S,
respectively, then

S = (I+Sl)(l+sz Sl)‘l(sl+sz)(l+sl)—l‘

We know, by Theorem 8.4.9, that the orthogonal matrices of
R,, R, are

(I=S)I+S8)",  (I—S)(I+8y)1 = (I+8,)(I—S,).
It follows that the orthogonal matrix A of R is given by

A= (I+Sz)_l(l"sz)(l_‘Sl)(l+s1)-1-
Hence

I+A = (I+48S,)"{(I4-S,)X+S,)+T—S,)(I—S)}I+S,)-!
= 2(I4+8,)1(I4S, S,)(I+S,)1,

and similarly
I—A = 2(I+8,)7(8;+8,)(I+S,)
But, by Theorem 8.4.9, S = (I4+A)-}(I—A), and so
S = (I4+S)(I+S,; S;)HI+S,). 2(I4-S,) (S, 4-S,)(I4S,)-?
= (I4+8;)(I+8,5,)71(S;+S,)(I+5,).



246 ORTHOGONAL AND UNITARY MATRICES VIII, § 8.4

8.4.5. The last topic to be considered in the present discussion
is that of rigid motion. We restrict ourselves to motions of space for
which one point remains fixed, and we naturally choose this point
as the origin of coordinate systems.

DerFINtTION 8.4.5. Let S be a system of coordinates with the same
origin O as the fundamental system S. A transformation of space
which carries every point X into a point X', whose coordinates with
respect to S are the same as those of X with respect to S, is called a
(rIGID) MOTION. The motion will be said to be proper or improper
according as S is proper or improper.

To visualize a proper motion we can imagine the axes of S forming
a stiff framework and being moved, without deformation, about the
origin until they come into coincidence with the corresponding
axes of S. We then obtain a proper motion if the entire space is
made to move together with the coordinate axes as one rigid body.

THEOREM 8.4.11. (i) If P is the matrix of the coordinate system S,
then the motion specified by Definition 8.4.5 can be represented, with
respect to the system S, by the equation

x' = Px. (8.4.6)

(ii) Conversely, any transformation of type (8.4.6), where P is ortho-
gonal, is a proper or tmproper motion according as P is proper or
improper.

Consider a point X, represented by the vector x with respect to S.
If the motion in question transforms X into X', then (by definition)
X'’ is represented by x with respect to S and so (in view of Theorem
8.4.4, p. 238) by Px with respect to S. Thus x’ = Px, where x’ is
the vector representing X’ with respect to .

Again, given the transformation (8.4.6), let us denote by S the
system of coordinates associated with the matrix P. Then, by (i),
(8.4.6) represents the motion specified in Definition 8.4.5. This
motion is proper or improper according as S is proper or improper,
i.e. according as |[P| = 1 or |P| = —1.

We are now able to prove an important result due substantially
to Euler (1776).

Theorem 8.4.12. (Euler’s theorem on rigid motion)
Every proper motion is a rotation, and conversely.
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By virtue of Theorem 8.4.11 (i), every proper motion can be
represented by an equation X’ = Ax, where A is a proper ortho-
gonal matrix. Hence, by Theorem 8.4.7, every proper motion is
a rotation. Conversely, we know by Theorem 8.4.6 that every
rotation can be represented by an equation X’ = Ax, where A is
a proper orthogonal matrix. Hence, by Theorem 8.4.11 (ii), every
rotation is a proper motion.

In geometrical terms Theorem 8.4.12 means that if a system of
coordinate axes is moved in any way about the origin, subject only
to the requirement that it is treated as a rigid body, then its motion
is equivalent to a single rotation about a suitable axis. This result
is of considerable importance in the dynamics of rigid bodies.}

The case of transformations involving improper orthogonal
matrices is now easily disposed of.

TuEOREM 8.4.13. If A is an tmproper orthogonal matriz, then
the equation X' := AX represents the product of a rotation and a
reflection tn the origin. Conversely, the product of a rotation and a
reflection tn the origin can be represented by an equation X' = AX,
where A is an tmproper orthogonal matrix.

The transformation X’ = Ax is the product, in either order, of
the transformations

x' = (—A)x, x' = —x. (8.4.7)

If A is an improper orthogonal matrix, then the first of these is a
rotation, while the second is evidently a reflection in the origin.

Again, consider a rotation and a reflection in the origin. These
transformations can be represented by equations (8.4.7), where
A is an improper orthogonal matrix. Hence their product, in either
order, is the transformation x’ = Ax.

EXERCISE 8.4.4. Arguing as in the proof of Theorem 8.3.4 (p. 235), show
that the equation X’ = AX, where A is an improper orthogonal matrix,
represents the product of a rotation and a reflection in a plane through the
origin.

ExErcisE 8.4.5. Show that every improper motion is the product of a
rotation and a reflection in the origin.

1 For a geometrical proof see Lamb, Higher Mechanics, 2-3.
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PROBLEMS ON CHAPTER VIII

1. Verify that 144 v3(1—1)
oV 24/2

V244 —14iV2
2 2+4/3

is & unitary matrix, and evaluate its determinant.

2. Let oy,...,a, be complex numbers of modulus 1. Show that, if the
rows of a umtary matrix are multiphed by aj,..., o, respectively, then the
resulting matrix is again unitary.

3. The rows of a matrix A form an orthogonal set. Show by an example
that the columns of A nced not form an orthogonal sct.

4. Show that, if an orthogonal matrix is triangular, then it is diagonal;
and that all its diagonal elements are equal to + 1.

5. Let U be a complex matrix, and write U = P--1Q, where P, Q are
real. Show that U is umtary if and only if PTQ is symmetric and
PIP+QTQ = 1.

6. Show that any two of the following three statements relating to a
matrix A imply the third: (1) A 1s hermitian; (i1) A is unitary; (1) A? = 1.

7. Show that Theorem 8.1.11 (p. 228) is no longer valid if the words ‘real’
and ‘orthogonal’ are replaced by ‘complex’ and ‘unitary’ respeetively.

8. Let a be an angle such that cos 3o # 0, and let

1 0 0
A =0 cosa —smmal.
0 smno CO8 &

Verify that I+ A is non-singular, and show that

0 0 0
(I—A)I+A)? = tan {;a(() 0 1).
0 —1 0

9. Let A be a proper orthogonal matrix of order 3. Show that there exists
a number ¢ such that —1 < ¢t <. 3 and

A3 —tA2+tA—1 = O.

10. Lot a,, = n—te?m-D6-Din (r,5 = 1,..,,n). Show that the matrix (a,)
is unitary.

11. A matrix A satisfies tho equation ATA = —A. Show that the value
of each characteristic root of A is 0 or —1.

12. U is a unitary matrix such that [U—1I| s 0, and H is defined by the
equation {H = (U+I)(U—I)-1. Prove that H is a hermitian matrix. If
the characteristic roots of U are eif1,..., e¥», find the characteristic roots of H.

13. If S is real symmetric and T real skew-symmetric, show that

[I—T—iS| £ 0
and that the matrix

U = (I4+T+iS)(I—T—iS)!
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is unitary. Find the characteristic roots of U, when
(1 3 _(0 —w
S= (1 1/’ T= 1 o/
14. Let A be a real symmetric and S a real skew-symmetric matrix, and
suppose that AS = SA, |A—S| # 0. Prove that (A+S)(A—S)™! is

orthogonal.
Construct an orthogonal matrix by taking A = I; and

0 1 0
S={-—-1 0 2).
0 —2 0

15. Let A and B be commuting orthogonal matrices such that A+1I and
B +1I are non-singular. Prove that

(AB—I)AB-+A+B+I)!

is a skew-symmetric matrix.
16. Let A and B be orthogonal matrices and suppose that |A| = — |B|.
Show that A +-B 1s singular.

17. Let (:l 2) be an orthogonal matrix and suppose that X # 0. Show

that —1 < a < 1, and provo that A+bxyT 1s orthogonal if and only if
b= (1—a)lorb = —(14+a)t

18. Wrniting N(A) = {tr(ATA)}}, show that, for every matrix A and every
unitary matrnx U,

N(UA) = N(AU) = N(A), N(A—-U) = N(I-U"1A).
19. Lot U be a unitary matrix, and A = dg(a,,...,a,). Show that any
characteristic root w of UA satisfies the inequalities
m < || < M,

where M == max |a,| and m = mm {a,|.
1<r<n 1<r<n

20. Let S, T be proper orthogonal 3x 3 matrices with the same first
column. Show that, for any anglea, SR, S—1 = TR, T~!; and interpret this
rosult geometrically.

21. A rotation through an angle « is said to be infinitesimal if o? is
negligible. Use Euler’s equations of transformation to show that any two
infinitesimal rotations commute with each other.

22. Let P = (A,pu,v) be a pont at unit distance from the origin; let A be

—_—
the orthogonal matrix of the a-rotation about OP; and put

0 v —
T = (—V 0 A )
m - 0
Show that
A = I—sina.T+(1—cosa)T?, HA—AT) = —sina.T.

23. If P is the point (1, 1, 1), find the orthogonal matrix which represents
—_—
the rotation of space through 45° about the line OP.
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24. The orthogonal matrix of a rotation is given by
1/V2  1/v2 0
( 1/2 —1/2  1/¥2 )
12 —1/2 —1/42
Find the angle and the axis of rotation.

25. Let A be the proper orthogonal 3 x 3 matrix corresponding to the
f-rotation of space about a straight linc through the origin. Show that

cos 30 = IV(14trA).

26. Let a fixed coordinate system be given. The entire space is made
to carry out, in turn, an a-rotation about the z-axis, a B-rotation about the
y-axis, and a y-rotation about the z-axis. Show that the angle 0 of the resul-
tant rotation is given by

2cosf = cos B cosy-+cosy cosa-+cosacosfB-sinasinBsiny—1.

27. The entire space is made to carry out an a-rotation about the x-axis
and then a B-rotation about the y-axis of a fixed coordinate system. Show
that, if 0 < «, B < 1, then the resultant transformation of space is a rotation
through the angle 2 cos™!(cos }a cos }8) about a hne whose direction ratios
are tan 3o, tan}p, —tanjotan §B.

28. Show that, if S is the skew-symmetric matrix of a f-rotation and
0 < 6 < 7, then 2tan?1f = —tr(S?).

29. Let S,, S, bo the skew-symmetric matrices of two rotations carried
out successively, and suppose that I1+S,S,; is non-singular. Show that
o == tan? 16, where 6 18 the angle of the resultant rotation and o 1s the sum
of 2-rowed principal minors of (S, +S,)(I+S,S,)-1.

30. Let the directed lines 1,1, through the origin make an angle ¢ with
each other, and suppose that an o, -rotation of space about [, is followed by
an a,-rotation about l,. Show that the angle 6 of the resultant rotation is

given by cos 46 = cos }a, cos Ja,— cos ¢ sin 3o sin Ja,.

31. Leto(A)denote the sum of the squares of the elementsof A. Show that,
for every orthogonal matrix P, o(PTAP) = o(A).

32. Let o(A) be defined as in the preceding question. If the matrix S is
such that, for all A, o(S—IAS) = o(A),

show that S is a scalar multiple of an orthogonal matrix.
33. Show that every unitary 2 x 2 matrix can be expressed in the form

ag(ers, o)

where a, 8, v, 0 are real numbers.

34. Use Theorem 2.5.6 (Schmidt’s orthogonalization process) to show that
every non-singular matrix A can be expressed in the form A = U, A,, where
U, is unitary and A, triangular, and also in the form A = A,U,, where
U, is unitary and A, triangular.

35. Show that, if

XTAX = A, [I+X]| # 0, Y = (I-X)(I+X)73,
then AY+YTA = O.

cosf) —sinf -
sin @ cos0)dg(ey’e "),
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Find the most general real matrix X satisfying the relations XTAX = A,
|I+X]| # 0, in each of the following cases: (i) A = dg(a,bd) (@ # 0, b # 0);
(ii) A = I; (ui) A = dg(1, —1); (iv) A = I ; (v) A = dg(1,1,—1).

36. Show, by using Laplace’s expansion theorem (Theorem 1.4.4) and
Jacobi’s theorem (Theorem 1.5.3), that the sum of the squares of all 7-rowed
minors formed from r given rows of an orthogonal matrix is equal to 1.

37. Show that all characteristic roots of any square submatrix of a unitary
matrix are, in modulus, less than or equal to 1. Also show that any minor
of a unitary matrix is, in modulus, less than or equal to 1.



IX
GROUPS

I~ the course of our previous discussion we have repeatedly met
classes of matrices—such as the class of non-singular diagonal
matrices or that of orthogonal matrices—which have the property
that if two matrices belong to the class in question, then so do their
inverses and their product. Since sets of objects having a similar
structure occur frequently both in algebra and in other branches
of mathematics, it is important to isolate and to study the common
properties of all such sets. We are, in this way, led to introduce the
concept of a group; and the object of the present chapter is to
explain and illustrate this concept. We do not intend here to prove
any general theorems on groups, but merely to exhibit the basic
notions so as to make the language of the theory of groups available
in the subsequent discussion of matrices and transformations.t

9.1. The axioms of group theory

9.1.1. Let S be a set of elements, and suppose that some rule
is given whereby with each ordered pair of elements a, b in S we
associate a new object, which we denote by ab and which may or
may not be an element of S. Such a rule is known as a rule of
composition, and since we use the product notation for denoting the
object constructed from a and b, we also call it multiplication. It is,
of course, important to bear in mind that ab is, in general, distinct
from ba.

DeriniTION 9.1.1. Let @ be a set of elements a, b, c,..., and let
R be a rule of composition (called multiplication), defined for all
ordered pairs of elements of G. Then G is a GROUP (with respect to R)
if the following four axioms—the GROUP AX10MS—are satisfied.

(i) If a, b are any two (distinct or equal) elements of G, then ab
i8 also an element of G.
(ii) Foralla,b, c € Q,
(ab)e = a(bc).
t For a systematic exposition of the theory of groups see Ledermann, Introduc-

tion to the Theory of Finite Groups, or, if a more advanced treatment is required,
van der Waerden, Modern Algebra, vol. i, chaps. ii and vi.
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(iii) G contains an element e, called @ UNIT ELEMENT, such that,

forall ae @,
ae = ea = a.

(iv) To every element ae @ there corresponds an element a=1,

called an INVERSE ELEMENT of a, such that
aa™l = a~la = e.

Axiom (i) states simply that G is closed with respect to multiplica-
tion, and axiom (ii) that multiplication is associative. Axiom (iii)
asserts the existence of an element having certain special properties,
and axiom (iv) the existence of a special element associated with
each element of the group.

A group, then, is a set (7 of elements with a structure imposed
on it by the rule of composition. This rule is often referred to as the
group operation. One of the simplest instances of a group is provided
by the set of all real numbers other than zero; this set is a group with
ordinary multiplication as its group operation.

ExEercisE 9.1.1. Verify this statement.

It is easy to see that the elements whose existence is postulated
by axioms (iii) and (iv) are, in fact, unique.

THEOREM 9.1.1. Each group contains precisely one unit element,
and each element of a group possesses precisely one inverse element.

The validity of this theorem will enable us to speak of the unit
element and of the inverse of any given element.
Let both e and ¢’ be unit elements of a group @, so that, for all

ae@, ae = ea = a, ae’ = e'a = a.
This implies, in particular, that
’ ’

e=¢ce=2¢,

and the uniqueness of the unit element is therefore established.
Next, let both « and y be inverses of an element a. Then

ar = e, ya = e.

Premultiplying the first equation by y, we obtain

y(ax) = ye.
Hence, by axioms (ii) and (iii),
(ya)r =y,

and so x = ex = (ya)r = y.
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The inverse of a is therefore unique, and the symbol a-! is thus
unambiguously defined.

ExERCISE 9.1.2. Show that the unit element is its own inverse.

Exgrcise 9.1.3. Let a and b be any elements of a group G. Show that
the equation az = b possesses the unique solution x = a~b, and obtain the
corresponding result for the equation xa = b.

DEFINITION 9.1.2. A group G is ABELIAN if any two elements
commute with each other, i.e. if, for all a, b € G, ab = ba.

DEFINITION 9.1.3. A group is FINITE or INFINITE according as it
possesses a finite or infinite number of elements. In the former case
the number of elements is called the ORDER of the group.

DErFINITION 9.1.4. Let G be a group and H a subset of G. If H is
stself a group with respect to the same rule of composition as G, then
H 1is said to be a SUBGROUP of G.

Trivial examples of subgroups of @ are @ itself and the group
consisting solely of the unit element of G.

EXERrCISE 9.1.4. Let G be a group, and let Z be the set of all those elements
of @ which commute with every element of . Show that Z—which is
known as the centre of G—is an abelian subgroup of @.

9.1.2. Mathematics affords many instances of concrete systems
which possess the group structure, and in order to give some idea
of the importance of the theory of groups we shall now mention a
few examples.

The most obvious instances of group structure are provided by
groups whose elements are numbers. Thus the rational numbers,
the real numbers, and the complex numbers, with 0 excluded in
each case, form infinite abelian groups with respect to ordinary
multiplication. In each case the unit element is 1, and the inverse
of @ is 1/a = a~1. It is precisely this fact which gives rise to the
notation and terminology in axioms (iii) and (iv) of Definition 9.1.1.
It may be noted in passing that the first of the three groups men-
tioned above is a subgroup of the second, and the second is a sub-
group of the third. Again, the integers, the rational numbers, the
real numbers, and the complex numbers all form infinite abelian
groups with respect to addition as group operation.} The unit
element is now 0, and the inverse of a is —a. Each group is again
a subgroup of all those mentioned later in the list. All groups

1 Thus the term ‘multiplication’ in the sense of the group operation is here
interpreted as ordinary addition.
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enumerated so far have been infinite. An instance of a finite group
of numbers is furnished by the mth roots of unity e?7*¥/m (k = 0, 1,...,
m—1). These numbers form an abelian group of order m with
respect to ordinary multiplication. The unit element here is
1 = ¢2mi0m_and the inverse of e?™k/m jg ¢~2mkim_ Tn particular, the
numbers 1, —1 form a multiplicative group, as do the numbers
1,4, —1, —i.

Again, let m be a positive integer and denote by C, the residue
class consisting of all integers congruent to x (modm). Addition
and multiplication of residue classes can be specified by the
formulae

CHC, = C.yps c.c,=¢C,,

which can easily be shown to lead to unambiguous definitions. The
m residue classes (modm) then form an abelian group with respect
to addition. In this group C, is the unit element, and C_, is the
inverse of C,. However, we obtain a much more interesting group
by taking multiplication of residue classes as the rule of composition.
A residue class (modn) is said to be prime to m if some number
(and therefore every number) in it is prime to m. It is easy to show
that the residue classes (mod m) prime to m form an abelian group
with respect to multiplication as defined above. The unit element
is now C}, and the inverse of C, is the residue class C,.,, where ' is
any number such that 'z =1 (modm). This group is of great
importance in the theory of numbers.

Many groups have functions as their elements. In this case the
most natural rule of composition for the functions f(z), g(x) is the
formation of the composite function g(f(x)); which, in accordance
with Definition 6.2.1 (p. 172) we call the product of f(x) and g(x)
and denote by the symbol gf. In view of Theorem 6.2.1, we have
f(gh) = (fg)h, so that with our definition of products the associative
law is satisfied. Consider, for instance, the set G of all functions
f () continuous and strictly increasing in the interval 0 <z < 1,
and such that f(0) = 0, f(1) = 1. Then f,g € G implies fg € G.
Again, the function e(x) = x belongs to ¢ and satisfies the equation
fe=¢f = f for all f e . Finally, if f-1 denotes the (unique)
functional inverse of f € G, then clearly f~! € G and ff-! = f-f =e.
Hence @ is a group and it is evidently infinite and non-abelian.

Some of the most important groups have as their elements
geometrical transformations of various types. In accordance with
Definition 6.2.1 we shall continue to refer to the resultant of two
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transformations as their product. More precisely, if ¢, and ¢, are
transformations, we shall denote by ?,t; the transformation
obtained by first applying ¢, and then ¢,.

The translations of a plane (or of space) clearly constitute a
group, but a more interesting group is formed by rotations. If ais
any real number, let us denote by o’ the unique number such that
0 < o’ < 27 and o/ —« is an integral multiple of 2. Furthermore,
if 0 < a < 27, let us denote by R(«) the rotation of the plane, in a
counterclockwise sense, through the angle « about a fixed origin.
Then, for 0 < o, B < 27, we have

R(B)R(c) = R((x+-B))-

The rotations of the plane thus form an infinite abelian group; its
unit element is R(0) and the inverse of R(«) is R((—«)’). More
generally, it is easy to see that the set of all euclidean collincations
(i.c. the set of all transformations composed of translations,
rotations, and reflections) is an infinite non-abelian group.

ExERCISE 9.1.5. Show that the rotations of space about a fixed point
form an infinite non-abehan group.

9.1.3. By a permutation of degree n is meant the operation of
changing the order of n given distinet objects, say the numbers
1, 2,..., n. Such a permutation is, in other words, the operation of

replacing one arrangement (Ay,...,A,) of (1,.,m) by a second
arrangement (uy,...,p1,). We represent this permutation by the

symbol A\ A
-0 Ay
(l‘l!"" :“’n)

If in this symbol the X’s and p’s are rearranged in the same way,
then the new symbol will clearly represent the same permutation;
that is, if (ky,..., k) = o (1,...,n), then

()\,C‘,..., Ak”) . (Al,..., )\n)
T Ty B VTR T8
For example
(3241)_(2431)_(1234)
1324 3214 4312/
Tt is clearly always possible to take 1,...,n (or any other prescribed

arrangement of 1,...,n) as the upper row of the symbol representing
any given permutation of degree n.



IX,§9.1 THE AXIOMS OF GROUP THEORY 257

The identical permutation e is the permutation which leaves
unaltered every arrangement, i.e.

1,2,....,n
e = .
(1, 2,..., n)
The product gp of the two permutations p and ¢ is defined as the
permutation resulting from first carrying out p and then q. Thus

if p— ( 1,,,,,n) g = (/\1,..., An)
Ayeees A/’ TP

then w2,
Pisenes B

The n! permutations of degree n form a group with respect to
multiplication, the symmetric group S,. For the identity permuta-
tion acts as the unit element; the inverse of

p= ()\1,...,/\”)
B1rees B
is the permutation p1 = (Ho b
Apyeees Ay
and it is easy to verify that the associative law is satisfied. For
n > 2 the group S, is non-abelian.

Extrcise 9.1.6. Prove the last statement by considering permutations

of the form (l, 2,3, 4, 5,.., n)
A py v, 4 5,0, )
where (A, u, v) = (1, 2, 3).

In addition to the symmetric group, which comprises all permuta-
tions (of degree n), there are other groups of permutations, all of
them naturally subgroups of the symmetric group. Thus, for
instance, the four permutations of degree 4,

e:(l234) a=(1234) b=<1234) c=(1234)
1234) 2341) 3412/ 4123/
(9.1.1)
form an abelian subgroup of §,, in which all elements are powers
of a single element,t since
b = a? ¢ = ad, e = ad.

+ Powers of elements of a group are unambiguously defined in view of the
associativeness of multiplication.

65682 S
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Anoéher abelian subgroup of S, is formed by the permutations
e=(1234) a=(1234) b=(1234) Cz(1234)
1234) 2143/ 3412/ 4321/
(9.1.2)
and here we have a2 = b2 =c2 =¢,bc =a,ca =b, ab=c.
We can now give an interesting interpretation, in terms of

permutations, of the e-symbol of § 1.1. Let (Ay,...,A,) and (g, tn)
be arrangements of (1,..., 7). Then, in view of Theorem 1.1.2 (p. 3),

e()‘l’"" An) (9.1.3)
Hysenes i
is a function of the permutation
— ()‘1"“’ An), (9.1.4)
M1see5 o,

and we therefore simply write ¢(p) for the symbol (9.1.3). The
function e(p) assumes the values 41 and —1; and it satisfies,
moreover, the equation

e(gp) = €(@)e(p) (9.1.5)
for all permutations p, g. For let p be given by (9.1.4) and write

q= (f“l)"" f‘n).
ViseeorVn

Then
5(9)5(1’) = Sgn](g(ﬂ(#s_pr) -Sgn1<'1<—!<” (Vs_—vr) X
xsgn TT A—A).sgn  TI (us—np)
1<r<s<n 1<r<s<n
= 8gn H 3 ()‘e—'Ar)'sgn (V.s_vr)
1<r<ls<n 1<r<s<n
Aoy A,
= ( : ) — «(gp).
Viyeers Vp,

A particularly simple type of permutation is a transposition, i.e.
the interchange of two numbers of an arrangement. Any trans-
position ¢ can clearly be written in the form

§ — 1,..,7.,8.,1
T\, 80,1, )]
where r < s; and it therefore follows by Theorem 1.1.3 (p. 4)
that et) = —1. (9.1.6)
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L]
It is easy to see that every permutation can be expressed (though
not in a unique way) as a product of transpositions. Let, then, a
permutation p be written in the form p = ¢, ... {,, where ¢,,..., ¢,
are transpositions. By (9.1.5) and (9.1.6) we have

e(p) = e(ty) ... e(ty) = (—1)% (9.1.7)

This shows that, whenever a given permutation is expressed as a
product of transpositions, the number of factors in the product is
either always even or always odd.t It is natural, therefore, to call
a permutation even or odd according as it is the product of an even
or an odd number of transpositions. Equation (9.1.7) then shows
that ¢(p) = -+1 or —1 according as p is even or odd.

We now call the arrangement (A,,...,A,) of (1,...,n) even or odd
according as the permutation

Aseees Ay
1,...,n
is even or odd. It follows that in the expression
D = Apyees A) By, oo @
(A,,...,An)gd(l,...,n)E( e An) By -,

for the determinant D = |a;;|,, the symbol (A;,...,A,) has the
value +1 or —1 according as (A,,...,A,) is an even or odd arrange-
ment.

9.1.4. We recall that structural identity of two linear manifolds
was referred to as an isomorphism between them.f A similar
terminology is used in the theory of groups.

DEFINITION 9.1.5. Two groups G, @' are ISOMORPHIC (in symbols :
Q ~ @) if a biunique correspondence a <>a’ (a € G, a’ € G') can be
set up between them in such a way that, whenever a <> a', b <> b', we
have ab <> a'b’. The correspondence itself is then called an 1s0-
MORPHISM between G and G'.

In other words, G ~ @' if a biunique correspondence can be set
up between @ and G’ such that, for alla, b € G, (ab)’ = a'b’, where
2’ denotes the (unique) element of G’ which corresponds to x € G.
As in the case of linear manifolds we can also express the same idea
in terms of the functional notation. An isomorphism between G
and @ is a function ¢(a) defined uniquely for all @ € G and having
the following properties: (i) ¢(a) is an element of @' for all a € @;

t Cf. Exercise 1.1.3 (p. 3). 1 Definition 2.4.1 (p. 58). .
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(i) given any element a’ € @', there exists precisely one element
a € G such that ¢(a) = a’; (iii) for all a, b € G we have

$(ab) = $(a)p(b).

Definition 9.1.5, or either of the two equivalent definitions,
express in precise language the requirement that the groups @ and
G’ should possess the same structure. Two isomorphic groups
will, of course, have in common all properties which are purely
structural in character and are independent of the nature of the
elements. For example, if one of them possesses exactly 3 sub-
groups of order 4, then so does the other.

Exgrcisg 9.1.7. Show thas isomorphism between groups is an equiva-
lence relation.

Exgrcist 9.1.8. Let G, G’ be 1somorphic groups with umt elements e, ¢’
respectively. (i) Show that e < ¢’. (1) Show that, 1f @ <> @’ and a2 = ¢,
then a’? = ¢'.

A useful device for exhibiting the structure of a finite group is
the multiplication table, which is a square array displaying the
product of every pair of elements. Consider, for example, the
symmetric group S;. Its elements are

L_ (123 123 (123 (123
“les) PTlise) 97(321) "7l 3)
2
1

123 1
S = , t:
(231) (‘;

and its multiplication table is as follows:

b

e p q r s .t
e e p q r s t
plp e s t q r
q q ¢ e s r p
r r 8§ t e p gq
] s r p q e
t t g r p e s

Here the product zy is the element standing in the row correspond-

ing to x and the column corresponding to ¥, e.g. gt = p, tg=r.
Itis clear that two finite groups are isomorphic if and only if they

have the same multiplication table, provided, of course, that the
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elements in each group are suitably labelled. Thus the set of the six

functions
x

x—1’

e(x) =z, px)= %, q(x) = 1—z, r(x)=

x—1
= —W t = -
s@) = ) ) =
is a group, if multiplication of functions is defined as on p. 255. It
is, in fact, easy to verify that this group has the same multiplication
table as S,, and so is isomorphic to S;.
Again, the group of permutations given by (9.1.2) has the follow-

ing multiplication table:

e a b ¢
ele a b ¢
ala ¢ ¢ b
bl1b ¢ ¢ a
clec b a e

Any group whose structure is specified by this table is known as a
Klein four-group. Further instances of groups of this type are

provided by the group of functions

e(r) =z, a(x)= —x, bx)= i, c(x) = __;:’

and by the multiplicative group of residue classes (mod 8) prime
to 8. On the other hand, the group of permutations (9.1.1) is not a
Klein four-group.

Exrrcise 9.1.9. Verify these statements.

9.2. Matrix groups and operator groups

9.2.1. Among the groups that have been studied most exten-
sively are groups of matrices.f Obvious rules of composition for
such groups are matrix addition and matrix multiplication. Thus
the set of all m X n matrices is a group with respect to addition,
with O as the unit element and — A as the inverse of A. Again, a
vector space (or, more generally, a linear manifold) is a group with
respect to addition. However, in almost all important examples of
matrix groups, multiplication is the group operation.

DEFINITION 9.2.1. A MATRIX GROUP s a set of matrices which
form a growp with respect to_ matriz multiplication.

1 Seeo, for instance, van der Waerden, 26.
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It is thus to be understood that, unless the contrary is stated
explicitly, the rule of composition is matrix multiplication.

It is plain, in the first place, that a matrix group must consist of
square matrices of the same order. Secondly, either all matrices
of a group are non-singular or else all are singular. For let A be
an element of a matrix group I" and suppose that |[A| = 0. If E
denotes the unit element of I', then AE = A; and, premultiplying
by A-1, we obtain E = I. Now let X be any element of I', and
denote its inverse element by X’. Then X'X = E = I, and this
implies that |X| # 0. Hence, if one element is non-singular, then
8o is every element; and the assertion follows.

We must therefore distinguish between groups of non-singular
and those of singular matrices. All important matrix groups are
of the former type, and we shall for the present confine ourselves to
these groups. In § 9.4 we shall turn to groups of singular matrices
and shall show that, in a sense to be explained, their structure does
not differ essentially from the structure of groups of non-singular
matrices.

ExERrcise 9.2.1. Discuss the fallacy in the following argument: ‘Groups
of singular matrices cannot exist since such matrices donot possess inverses.’

ExERcISE 9.2.2. Show that the real matrices of the type (g g

x 7 0, form a group which is isomorphic to the multiplicative group of real
non-zero numbers.

), where

The discussion a few lines above enables us not only to recognize
that a matrix group cannot contain both singular and non-singular

matrices, but also to draw the following conclusion.
t

THEOREM 9.2.1. In a group of non-singular matrices the unit
element is the unit matriz, and the group inverse coincides with the
matrix inverse.

The second part of the theorem means simply that the inverse
element X' of X is actually equal to the inverse matrix X-1—a
conclusion which must not be taken for granted solely on the
ground that the term ‘inverse’ is used in both matrix theory and
group theory.

If we wish to show that any particular set of matrices constitutes
a group, there is no need to verify every one of the axioms of
Definition 9.1.1. We have, in fact, the following useful criterion.
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THEOREM 9.2.2. A set G of non-singular matrices (of the same
order) is a matriz group if and only if, whenever A and B belong to
@, so also do AB and A-1,

In other words, @ is a matrix group if and only if it is closed
with respect to matrix multiplication and matrix inversion.

The proof is immediate. The stated condition is obviously neces-
sary. It is also sufficient, for axiom (i) is implied by this condition,
axiom (ii) holds automatically since matrix multiplication is
associative, and axioms (iii) and (iv) follow since, if A € G, then
I=AA1eq.

Of the matrix groups mentioned below we shall recognize several
as already familiar to us. Possibly the most important of these is
the full linear group G L(n), which consists of all non-singular n X »
matrices (over a specified reference field). In view of the discussion
in§ 4.2, it is clear that the full linear group can be used for studying
linear transformation of vector spaces. When we are dealing with
projective space, however, a slightly modified group is required.
This is the projective group PGL(n—1) which is defined as the
group of all non-singular » X » matrices, with the convention that
two matrices which only differ by a scalar multiple are to be
regarded as identical.t

The following sets of nxn matrices evidently form groups:
(i) unimodular matrices, i.e. matrices whose determinants are
equal to -1; (ii) unitary matrices; (iii) orthogonal matrices;
(iv) proper orthogonal matrices. These groups are known respec-
tively as the unimodular group, the unitary group, the orthogonal
group, and the rotation group.} It is clear that the third of these
groups is a subgroup of the first and also of the second, and the
fourth is a subgroup of the third.

Exgrcise 9.2.3. Show that the non-singular upper triangular matrices
form a matrix group, but that the non-singular triangular matrices do not.

An important matrix group is provided by matrices of the type

(_“b 2) (9.2.1)

t To make this definition precise we need the notion of a factor group (see
Ledermann, op. cit., 102). Indeed, PLG(n—1) is the factor group GL(n)/S(n),
where S(n) is the group of non-singular scalar matrices of order n.

1 These and several other important groups have been the subject of very
detailed study. For an account of the resulting theory see Murnaghan, 29
Dieudonné, 30, and Woyl, 31.
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where @ and b are real. We have

a b n a0\ [ a+ta’ b4-b’

—b a —b o) \—=@b+b) ata’)
and from this it is easily seen that the matrices (9.2.1) form a group
with respect to addition. The group is isomorphic to the additive

group of complex numbers, with the correspondence given by the

scheme ( a b

° a) <> a+tib. (9.2.2)

Again, we have
a b\fa b0\ [ aa’—bb ab’ 4-a'b
(—b a) (—b’ a’) - (—(ab’+a’b) aa’—bb’)'
Moreover, if @ and b are not both zero, then the matrix (9.2.1) is
non-singular, and
a b1 [a/(@+b%) —bj(a’4-b?)
(—b a) - (b/(a2+b2> af(a*+b?) )
It follows by Theorem 9.2.2 that the matrices (9.2.1), with a, b
not both zero, form a group with respect to matrix multiplication.
It is easy to verify that this group isisomorphic to the multiplicative
group of non-zero complex numbers, and that the correspondence
is once again given by the scheme (9.2.2).

The analogy, exhibited by the two isomorphisms, between the
algebra of complex numbers and that of matrices of type (9.2.1),
malkes it possible to discuss the extension of the system of real num-
bers to the system of complex numbers by means of such matrices. ¥
Furthermore, the second isomorphism implies that with any set
of complex numbers forming a group with respect to multiplication
there is associated an isomorphic group of real 22 matrices.
Thus, for instance, the numbers 1, 4, —1, —¢ form a multiplicative
group; and an isomorphic matrix group consists of the matrices

oo Coop (02 03)

The two groups are also isomorphic to the multiplicative group of
residue classes (mod 5) prime to 5, and also to the group of permuta-
tions listed in (9.1.1) (p. 257).

1 See, for example, Copson, An Introduction to the Theory of Functions of a
Complex Varwble, 2-5.
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Next, consider the matrices

z W
oeu = (", %)
— Z
where z and w are complex numbers. These matrices are easily
seen to form a group with respect to addition. Moreover

Q(z,w)Q(2, w') = Q(zz’' —wi', 2w’ +-Z'w),
and, when z, w are not both zero,
{Q(z,w)}! = Q(Z/(zZ+wid), —w/(2Z+wib)).
From these formulae it follows that the matrices Q(z, w), with z, w
not both zero, form a group with respect to multiplication. The
significance of these matrices lies in the fact that they constitute a

system isomorphic (as regards both addition and multiplication)
to an important system known as the ring of real quaternions.}

9.2.2. The majority of groups mentioned earlier in this chapter
may be regarded as groups of operators. Thus n X n matrices are
operators in the vector space ®B,, functions are operators in the
system of numbers, geometrical transformations are operators in
geometrical space, and permutations are operators in the set of
arrangements. We shall now introduce a few further groups of
operators which arise in the theory of matrices.

We begin by considering similarity transformations; these may
be regarded as operators in the set of matrices. If X is a non-
singular matrix, we denote by ¢x the similarity transformation
having X as the transforming matrix, so that, for every square

matrix A, ix(A) — X-1AX.
We observe that
(te tx)(A) = ty{tx(A)} = ty(XTAX) = YA(XTAX)Y
= (XY)TAXY) = txv(A),

and so tytx = Ixy. (9.2.3)
In particular, therefore,

txtx-1 = lx-1lx = Ir; (9.2.4)
and t#; is, of course, the identical transformation which carries
every matrix into itself. It is now clear that similarity transforma-

tions form a group. For axiom (i) is satisfied by virtue of (9.2.3),
which also implies axiom (ii); axiom (iii) is satisfied since #; has

1 For details see McCoy, Rings and Ideals, 9 and 21.
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the properties of a unit element; and axiom (iv) is satisfied since,
by (9.2.4), tx-: is seen to be the inverse of tx.

DrrintTION 9.2.2. The group of similarity transformationst is
known as the SIMILARITY GROUP.

ExEercise 9.2.4. Show that ¢,x = tx, where « is any non-zero scalar.

Exercise 9.2.5. Discuss the fallacy in the following argument. ‘The
elements of the similarity group can be put into biunique correspondence,
tg <> X1, with those of the full linear group. Hence, by (9.2.3), the relations
ty <> X1, ty <> Y1 imply txty <> X-1Y~!; and the two groups are there-
fore isomorphie.’

Certain subgroups of the similarity group play an important part
in the discussion of the later chapters.

DEeriNiTION 9.2.3. If the matrices A and B are connected by the
relation B = U-1AU, where U is unitary (orthogonal), then B 1is
said to be obtained from A by a UNITARY (ORTHOGONAL) SIMILARITY
TRANSFORMATION ; and A and B are said to be UNITARILY (ORTHO-
GONALLY) SIMILAR fo each other.]

Using Theorems 8.1.4 (p. 224) and 8.2.2 (p. 230) the reader can
readily convince himself that the unitary similarity transforma-
tions and the orthogonal similarity transformations form groups.

DrrFiNiTION 9.2.4. The group of unitary (orthogonal) similarity
transformations s called the UNITARY (ORTHOGONAL) SIMILARITY
GROUP.

An analogous situation arises in the case of congruence trans-
formations. We recall that a matrix A is said to be subjected to a
congruence transformation if it is transformed into PTAP, where
P is some non-singular matrix. It is easy to verify that the con-
gruence transformations form a group. If P is restricted to ortho-
gonal matrices, we call the transformation an orthogonal congruence
transformation; such transformations again form a group.

DrerFiNiTiON 9.2.5. The group of congruence (orthogonal
congruence) transformations s called the CONGRUENCE (ORTHO-
GONAL CONGRUENCE) GROUP.

The reader will have noticed that the terms ‘orthogonal con-
gruence transformation’ and ‘orthogonal congruence group’ are,
t We speak here, of course, of transformations of matrices of a fixed order.

1 The relation between A and B is, of course, symmetric and is, indeed, an
equivalence relation.
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in fact, synonymous with the terms ‘orthogonal similarity trans-
formation’ and ‘orthogonal similarity group’ respectively. Never-
theless, it is useful to retain both pairs of terms.

Another type of transformation that arises in the discussion of
Part III is that specified by the scheme PTAP, where |P| £ 0.
Such a transformation is called conjunctive, and the set of conjunc-
tive transformations is a group. If P is unitary, then the trans-
formation is simply & unitary similarity transformation.

9.2.3. Groups of operators are important in the study of equi-
valence relations. Thus it is clear that if ® is a group of operators
in a set G of objects, then it satisfies conditions (i)—(iii) of Theorem
6.5.2 (p. 188). Hence, in view of Theorem 6.5.2 and Definition 6.5.3
we can speak of equivalence in & with respect to the group @ of
operators. This notion enables us, in particular, to gain a unified
view of several branches of geometry. Thus, for example, euclidean
geometry is seen to be the study of properties of figures from
the point of view of equivalence with respect to the group of
euclidean operations—translations,rotations, and reflections. More
generally, any group of operators in a space defines a corresponding
geometry.t

9.3. Representation of groups by matrices

9.3.1. In investigating the structural properties of a group G
we may find that the problems we wish to solve are intractable if
G is given in an unmanageable form, say in the form of a multiplica-
tion table. In such circumstances it can be advantageous to
replace G by some isomorphic group G, chosen in such a way that
it can be handled easily and efficiently. It is often particularly
useful to take as G’ a group of matrices, for then the highly de-
veloped matrix technique at once becomes available in our in-
vestigation.

DerintTION 9.3.1. If G 18 a group and G' a matrix group iso-
morphic to G, then G’ is called a REPRESENTATION (or, more precisely,
@ FAITHFUL REPRESENTATION) of G.

The branch of algebra which deals with the representation of
groups by matrix groups is known as the theory of representations.
It was initiated by Frobenius at about the turn of the century and
has since been developed more systematically and more intensively

1 For further elaboration of this remark see Semple and Kneebone, Algebraic
Projective Geometry, chap. i.
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than any other part of group theory. Here we can do little more
than give some examples of matrix representations.f
It has already been noted that the matrices

(_‘_‘b 2) (9.3.1)

where a, b are real and not both zero, provide a representation of
the multiplicative group of all non-zero complex numbers. This
implies, in particular, that any multiplicative group of complex
numbers possesses a Tepresentation by real matrices; an example
of such a representation was given on p. 264. We can use the same
idea to obtain a representation, in terms of real matrices, for the

group @ of matrices Y w
( v ), (9.3.2)
—W Z
where z, w are complex and are not both zero. If we replace each
element in (9.3.2) by the appropriate matrix of type (9.3.1), we
recognize easily that the 4 <4 matrices
a b c d
—b a —d c
—c d a —bl|’
—d —c b a
where a, b, ¢, d are real and not all zero, represent the group Q.
Again, the group of plane rotations about the origin is represented
by the rotation group of 2x 2 matrices. More precisely, in this
representation the matrix

cosa —sinw
(sin o cos a) !
corresponds to the rotation R(«a) through an angle «. The group of
space rotations about the origin is represented by the rotation
group of 3 3 matrices.
The intimate connexion between matrices and linear transforma-
tions of linear manifolds has already been noted in Chapter IV. We

can now show that certain sets of linear transformations form
groups which admit of matrix representations.

THEOREM 9.3.1. The set of all automorphisms of a linear manifold
of dimensionality n is a group tsomorphic to the full linear group
G L(n).

+ For a systematic discussion see e.g. Speiser, 27, chaps. xi-xv, and Murnag-
han, 29.



IX,§9.3 REPRESENTATION OF GROUPS BY MATRICES 269

Let M be the linear manifold and let L;, L, be two linear trans-

formations of I into itself. If B is any basis of M, write
Ay = %(Ly; B), A, = R(Ly; B).T
For any X € M, put
X' =L(X), X"=(LL)X)= LX),
x = A(X; B), x'=ZAX'; B), X" = A(X"; B).

Then x' = A;X, X" = A/,
and so X" = A A X.
This means that L, L, is a linear transformation of M into itself,
and A, A, = R(L,Ly; B). (9.3.3)
Now, if L;, L, are automorphisms of M, then, by Theorem 4.3.3
(p- 125), A, and A, are non-singular. Hence A, A, is non-singular
and so, again by Theorem 4.3.3, L, L, is an automorphism of M.

To show that the set of all automorphisms of I is a group, we
have to verify the four group axioms. Axiom (i) is satisfied, as we
have just observed; and axiom (ii) holds by virtue of the associative
law for multiplication of operators.f The identical automorphism,
say L,, which transforms every element into itself acts as the unit

element, and so axiom (iii) is satisfied. Finally, let L be any auto-
morphism of M, and write

A = A(L; B). (9.3.4)
If the automorphism L* is defined by the equation

Al = Z(L*; B),
then, by (9.3.3),
I = R(LL*; B) = Z(L*L; B).

In other words, LL* = L*L = L,. Thus L* is the inverse of L,
and axiom (iv) is satisfied.

The automorphisms of 9t thus form a group H. Consider now
the biunique correspondence, given by (9.3.4), between the
elements of H and those of GL(n). In view of (9.3.3) it follows at
once that H ~ GL(n).

ExgrcisE 9.3.1. Show that any group of automorphisms of a linear

manifold of dimensionality n is isomorphic to a group of non-singular n X n
matrices.

1 This notation is explained in Definition 4.2.4, p. 118.
1 Alternatively, axiom (ii) follows from (9.3.3) and the associative law for
matrix multiplication.
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Exzroise 9.3.2. Let T' be a set of n X n matrices and I'V the set of linear
transformations of B,, into itself represented by the matrices of I' with
respect to some fixed basis in B,. Show that if I is a group, then so is I'/,
and conversely ; and that I' ~ IV,

9.3.2. We have been concerned, so far, with matrix representa-
tions of infinite groups. The possibility of representing finite
groups by matrices is, however, equally interesting and we shall
show that every finite group can, in fact, be so represented.

Theorem 9.3.2. Every finite group is tsomorphic to some
matriz group.t

Let the elements of a group G of order n be denoted by a,,..., a,.
With each element a, let us associate the n X n matrix M(a,) defined

by the equations
. 1 (a’z:—laj = ar) T
{M(a,)}; = 10 (a7 'a; # a,) (2,7 = 1,..., m). (9.3.5)

In particular, if e denotes the unit element of G (so that e is one of

the a,), then
{M(e)}ii - {O (ai _—’é aj)} - Sif’

so that M) = 1.
Since evidently M(a,) 7% M(a,) for r 7 s, it follows that the
definition (9.3.5) sets up a biunique correspondence between @
and the set G’ of matrices M(a,).

We have, forr, s, 1,7 = 1,...,n,

(M@ M(@)}y; = 3 M@)alM(@)y =3 1,

where the conditions under the sign of summation on the right-
hand side are a; la; = a,, agle; = a, 1 <k <, ie.

a, = a;0, = a;a;}, 1<k (9.3.6)
If a;a, # a;a;", then there exists no value of & satisfying (9.3.6),
and the sum has the value 0. If, on the other hand, a,q, = a;q;%,
then precisely one value of k satisfies (9.3.6), and the sum has the
value 1. Thus

1 (a;ta; = a,a,)
M M@y ={ § 60,4 = 2o L = ey,

and so M(a,)M(a,) = M(a,a,) (1,8 =1,..,n). (9.3.7)

t This result should be compared with Cayley’s theorem that every finite group
is isomorphic to some group of permutations. See Ledermann, op. cit., 78.
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In particular, this implies
M(a,)M(a; ) = M(e) = 1,
ie. {M(a,)}* = M(a; ) (r=1,..,n). (9.3.8)

By (9.3.7) and (9.3.8), we see that the set G'is closed with respect
to multiplication and inversion of matrices. Hence, by Theorem
9.2.2 (p. 263), G' is a group; and, by (9.3.7), ¢ =~ G".

It may be noted that each matrix M(a,) has precisely one 1 in
each row and precisely one 1 in each column, all other elements
being equal to 0. It is thus plainly orthogonal and we see that
every group of order n is isomorphic to a subgroup of the group of
orthogonal n X n matrices.

The proof of Theorem 9.3.2 not merely establishes the existence
of a matrix representation for every finite group but describes
an actual procedure for constructing such a representation. In
particular, it provides a method for representing groups of permuta-
tions by means of matrices. However, the resulting representations
are generally unwieldy, the symmetric group S, requiring, for
instance, matrices of order n!. It is therefore useful to note that a
slight modification in the procedure leads to a more convenient
representation of groups of permutations.

THEOREM 9.3.3. Any group of permutations of degree n can be
represented by n X n matrices.

Let G be a group of permutations of degree n, and let p € G be
the permutation which changes the arrangement (1,...,n) into
(ay,...,a,). We can regard p as a function of a single variable such

that (1) =ay, .. pn)=a,.

With the permutation p we associate the » X n matrix N(p) defined
by the equations
1(i=2() |
N(p) G = { 5 . 1,7 = 1,..,m). 9.3.9
W% =10 2p) ) (©-3:9)
Thus the first column of N(p) contains a 1 in the a,th place, the
second column contains a 1 in the a,th place, and so on, while all
the remaining elements are equal to zero. Matrices of this type are
known as permutation matrices.
The definition (9.3.9) sets up a biunique correspondence between
G and the set @' of matrices N(p). The reader should have no
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difficulty in verifying that, for any two permutations p,q € G,
N(p)N(q) = N(pq)-

This implies, in particular, that {N(p)}-* = N(p~'). From these
two relations we recognize that G’ is a group and that it is iso-

morphic to G.

As an example consider the symmetric group §; which consists
of the six permutations

123 123 123 123 123 123
12 3) 1382 21 38) 231) 312/ 321/

The proof just given shows that Sj is isomorphic to the group of the
8ix 3 X 3 matrices

100 100 010 001 010 001
010}, [(001], 100], {100}, {001}, [(O1O0].
001 010 001 010 100 100

9.4. Groups of singular matrices
The existence of groups of singular matrices has been indicated
in§ 9.2.1. As an example of such a group, a little less obvious than
that given in Exercise 9.2.2 (p. 262), we may mention the set of
matrices of the form
A(z) = (“' )

x x)
where 2 # 0. This set is a matrix group, with A(}) as its unit
element and A(Zl;) as the inverse of A(x).

We propose now to investigate more systematically groups of
singular matrices with a view to elucidating the relation between
the structure of such groups and that of groups of non-singular
matrices. In the course of our discussion we shall also discover
certain criteria for deciding whether a given matrix is an element,
or even the unit element, of a matrix group. It is, at any rate,
clear that not every matrix is an element of a suitable matrix group.
For if the matrix A 0 1

~[o
were an element of a group T, then so would be A2. Now A? = O,
and a group which contains the zero matrix can contain no other

element.
ExXERCISE 9.4.1. Prove the last statement.
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DEFINITION 9.4.1. (i) A GROUP MATRIX 18 a matrix which %is an
element of at least one matriz group. (ii) A GROUP UNIT MATRIX i$ @
matriz which is the unit element of at least one matrix group.

We begin with an almost obvious result.

TuroreM 9.4.1. (i) If A is a group matrix, then so is every
matriz similar to A. (i) If A is a group unit matriz, then so 18 every
matrix similar to A.

Let A be an element of a matrix group I" and let A’ = S-1AS.
We have to show that A’ is also an element of some matrix group.
Consider the set IV of matrices

S-1IXS (X eTl).
There is clearly a biunique correspondence X <> S~!XS between
the elements of I" and those of I'V. Now

S-1XS.S-1YS = S-IXYS,
and hence, if X', Y’ € I/, then X'Y’ € I'". Again, let E be the unit
matrix of I' and let X* be the inverse element of X € I'. Then
EX = XE =X, X*X = XX* = E,
and so
S-1ES.S-1XS = S-1XS.S-IES = S-1XS,
S-1X*S . S-1XS = S-1XS.S-1X*S = S-1ES.

Thus the set I satisfies all the necessary axioms and so is a group.
Moreover, A’ = S—1AS is an element of this group.

The second part of the theorem follows in exactly the same way,
forif A is the unit element of T', then A’ is seen to be the unit element
of I'.

EXERCISE 9.4.2. Show that if T" is a group of matrices, S a non-singular
matrix, and IV the group of matrices of the form S™!'XS (X eT'), then
" ~T.

TaEOREM 9.4.2. The following four statements are equivalent.

(i) A is a group matrix.
(i) R(A) = R(A2).
(iii) A is similar to a matriz of the form

&9 o)

where A, is a non-singular square matrix.
(iv) R(A) = n—mo(A).t

+ The reader is reminded that m,(A) denotes the number of zero characteristic
roots of A.

5582 T
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Write R(A) = r. If A is similar to the matrix (9.4.1) and A, is
non-singular, then A, is of type rxr. The form (9.4.1) must, of
course, be interpreted in an obvious sense when r = 0 or r = n;
but in these cases the theorem is evidently valid, and we shall

therefore assume that 0 < r < m.
Let (i) be given, i.e. let A be an element of a matrix group I'.
Denoting by B the group inverse of A and by E the unit element

of P, we have E = AB, A — AE.
Therefore, by Theorem 5.6.2 (p. 159),
R(E) = R(AB) < R(A) = R(AE) < R(E),
and so R(A) = R(E). All matrices in I" have therefore equal rank,
and so R(A) = R(A?). Thus (i) implies (ii).
Next, let (iii) be given. The matrix (9.4.1) is evidently a group
matrix, since it belongs to the group of all matrices of the form
X O
(O 2N 0)
where X is of order . Hence, by Theorem 9.4.1 (i), A, too, is a
group matrix; and so (iii) implies (i).
Again, if A satisfies (iii), then, by Theorem 7.2.1 (p. 199),
my(A) = my(C), where C denotes the matrix (9.4.1). Hence

my(A) = n—r = n—R(A),

) (1X] # 0), (9.4.2)

i.e. (iii) implies (iv).
If (iv) is given, then by Theorem 7.6.1 (p. 214) and the corollary
to Theorem 7.3.3 (p. 202), we have

R(A2) > n—my(A2) = n—my(A) = R(A),

so that R(A) < R(A?). But, by Theorem 5.6.2, B(A) > R(A?).
Hence R(A) = R(A?), and (iv) implies (ii).

To complete the proof of the theorem it is sufficient to show that
(i) implies (iii). We denote by U the vector space of all vectors of
the form Ax (x € B,), and by U’ the vector space of all vectors
x € B, which satisfy Ax = 0. Then d(U) = r, d(U') = n—r; and
moreover, since R(A) = R(A?), it follows by Theorem 5.6.4 (p. 161)
(with B = A) that the only vector common to U and U’ is 0.
Hence, by Theorem 2.3.7 (p. 55), U and U’ are complements. If,
then, {X,...,X,}is a basis of Wand {X,,,..., X, } a basis of U’, it follows
by Theorem 2.3.8 that X = {X,,...,X,, X,4},...,X,,} i8 & basis of B,,.
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»

Let the linear transformation L of B, into itself be defined by
the equation A = Z(L; €), where € denotes the basis {ey,...,€,}
of B,. Let the matrix B be defined by the equation B = R(L; X).T
Now, by Theorem 4.2.6 (p. 121), L(x) = Ax, and hence each of
L(x,),..., L(x,) is a linear combination of x,,...,X,, while

Lx,,,) = .. = Lx,) =0.
Moreover, by equation (4.2.13) (p. 121),

n
L(XJ) = Zlbijxi (j = 1)-“:”’)’
where B = (b;;). Hence b; =0 for i =r+1,..,n, j=1,.,1,
andfori = 1,...,n;j = r-+1,...,n. Thus B has the form (9.4.1),and
the theorem is proved since A and B are similar.

THEOREM 9.4.3. The following three statements are equivalent.

(i) A is a group unit matriz.
(il) A2 = A.
(iii) A s similar to a matriz of the form

((I) g). (9.4.3)

Here again the form (9.4.3) must be interpreted suitably for 7 = 0
and r = n, where r = R(A). In these two cases the theorem is
true trivially and we shall therefore assume that 0 <r < n.

If (i) is given, then (ii) follows at once. Again, if A satisfies (ii),
then, by Theorem 9.4.2, it is a group matrix and so is similar to a
matrix of the form (9.4.1), where A, is non-singular and of order r.
In view of (ii) we have A? = A, and therefore A; = I,. Thus (ii)
implies (iii).

Finally, let (iii) be given. Now the matrix (9.4.3) is obviously the
unit element in the group of matrices of type (9.4.2). Hence, by
Theorem 9.4.1 (ii), A is a group unit matrix. Thus (iii) implies (i),
and the proof is complete.

Theorem 9.4.4. For r > 0, every group of matrices of rank r}
18 tsomorphic to a group of non-singular r X r matrices.

+ In point of fact we know, by Theorem 4.2.8 (p. 121), that B = X~'AX,
where Xy = X; (¢ = L..., n).

1 The fact that all matrices of a matrix group have equal rank was established
in the proof of Theorem 9.4.2.
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€

This theorem shows that all results on the structure of matrix
groups can be obtained from the study of non-singular matrices
alone.

Let E be the unit element of a matrix group I'. Then, by Theorem
9.4.3, there exists a (non-singular) matrix S such that

I. O
-1 | *r
STES = (O 0)'

For any A € T' we write

S-IAS — (Al A,

A, A)
where A, is of type r X r. Then

A, A
-1 —_ -1 ~1 — 1 2
S-1EAS = S-1ES.S AS_(O O)’
A, O
-1 — §-1 -1 — [t )
S-1AES — S-1AS.S-'ES (A3 0)
But S-1AS = S-1AES = S-1EAS,
and so A, =0, A;=0, A, =0.
A, O
Th S-1AS = ("1
us ( o o)’

and here the rXxr matrix A; must be non-singular since
R(A) = R(A,). Now S is independent of A and only depends on
I'. Hence, by Exercise 9.4.2, I is isomorphic to a group of matrices
having the form (9.4.1) and this, in turn, is obviously isomorphic to
a group of non-singular r X matrices. Since isomorphism is an
equivalence relation the theorem is proved.

ExERcISE 9.4.3. Deduce Theorem 9.4.4 without making use of Theorem
9.4.3.

9.5. Invariant spaces and groups of linear transformations

In developing the theory of linear transformations we are bound
to inquire into the relations that exist between vector spaces and
their image spaces under such transformations. We propose in the
present section to study this problem by invariant methods; that
is, by making use only of the intrinsic properties of linear trans-
formations and not of their matrix representations. The most
important new concept we shall introduce is that of an invariant
space. In the course of the discussion we shall also touch on the
problems considered in § 9.4, but now regard them from the point
of view of invariant properties.
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When we speak below about a transformation (or linear trans-
formation) it is to be understood that we mean a linear transforma-
tion of B, into itself. All vectors spaces we shall consider are
subspaces of B,. Ifx € B, and L is a transformation we shall, for
the sake of simplicity, write Lx in place of L(x). If ¥ is a vector
space we shall denote by LU the image space of U under L, i.e. the
vector space of all vectors of the form Lx, where x € U. A trans-
formation will be called singular or non-singular according as its
representing matrices are singular or non-singular.

Although the theory presented below is stated in terms of vector
spaces, it might equally well have been stated in terms of linear
manifolds. Indeed, since components of vectors are never men-
tioned, the difference between statements involving vector spaces
and those involving linear manifolds is not one of substance but
merely of language and notation.

9.5.1. DEFINITION 9.5.1. The rank R(L) of the transformation L
ts defined by the equation R(L) = d(L%B,).

Let A = Z(L; €). Then Lx = Ax, and hence L%, consists of
all vectors of the form Ax, where x € B,,. Hence d(LB,) = R(A),
and thus the rank of a transformation is equal to the rank of each of
its representing matrices.

DeriniTioN 9.5.2. If L is a transformation and W a vector space,
and if LU = U, then U is said to be an INVARIANT SPACE of L.}

Thus a vector space U is said to be an invariant space of L if its
image space, under L, coincides with the original space. Every
transformation possesses at least one invariant space, namely,
that which consists of the zero vector only.

DrrFiNiTION 9.5.3. If U is an invariant space of a transformation
L, and if every invariant space of L is a subspace of U, then U is
called the MAXIMAL INVARIANT SPACE of L.

The uniqueness of this space (if it exists) is inherent in the
definition. If the maximal invariant space of L exists, it will be
denoted by S(L). We shall see presently that it exists, in fact, for
every L.

t In the literature the term ‘invariant space’ is normally used in a slightly
different senso. Cf. MacDuffee, 8, 116, or Julia, 24, 69.
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TuroREM 9.5.1. Let L be a linear transformation and suppose
that, for some non-negative integer k,t

L*Q, = L¥13,.
Then L*8B,, is the maximal invariant space of L.

Write = L*B,,. In view of our hypothesis we have LU = U,
and so U is an invariant space of L. Moreover, if 9 is an invariant
space of L, i.e. if LB = B, then L*8 = B. Hence, since Bc B,

B = Lk¥Pc L¥B, = U.
Thus B c U, and therefore G(L) = U.

THEOREM 9.5.2. Every linear transformation L possesses a
maximal invariant space. Moreover, there exists a mom-negative
integer ko = ko(L) such that, for all k >k,

S(L) = L*B,,.

We have 8,>LB,> LB, >...

Suppose that, for all k > 0, L*®B, % L*1®,. Then, in view of
Theorem 2.3.4 (p. 53),
n = d(B,) > d(LB,) > d(L*B,) > ....

Since each of the terms involved is a non-negative integer, this
infinite chain of strict inequalities cannot be satisfied, and we must
therefore have, for some k,,

L@, = LH13Q,. (9.5.1)
Hence, by Theorem 9.5.1, L possesses a maximal invariant space,
which is given by &(L) = L*$Q,. Moreover, in view of (9.5.1),
we clearly have Lx%, = L¥®, for all k > k,. The proof of the
theorem is therefore complete. '

ExErcisE 9.5.1. Show that &(L) = L"Q,,.

EXERCISE 9.5.2. Show that, if L*3,, is an invariant space of L, then it is
the maximal invariant space of L.

ExERCISE 9.5.3. Show that a linear transformation has 9B, as its maximal

invariant space if and only if it is non-singular.

The argument above shows that if we consider first the image
space of B,, under L, then the image space of the image space, and
80 on, we obtain a series of progressively contracting spaces, each
contained in the preceding one. After a certain number of steps
this process terminates and the renewed application of L does not

1 L° is defined as the identical transformation.
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result in any further contraction. The space reached at this stage
is the maximal invariant space of L.

We may also note that, if k, denotes the least non-negative integer
satisfying (9.5.1), thent
n > d(LB,) > ... > d(L"B,) = d(L*>*1B,) = d(L*+?B,) = ....

(9.5.2)
Now, let A be any matrix and let L be the transformation represen-
ted by A with respect to any given basisin 8,. Then A¥ represents
L*, and in view of (9.5.2) we have
n > R(A) > ... > R(A¥%) = R(Ake+1) = R(Ako+2) = ..,

where the case k, = 0 (characterizing non-singular matrices) must
again be interpreted in the obvious way. It follows by Theorem
9.4.2 that A is a group matrix if and only if k, = 0 or 1. Moreover,
if A is any matrix and k is a sufficiently large integer, say k > n,
then A¥ is a group matrix, since R(A¥) = R(AZ%).

THEOREM 9.5.3. Every linear transformation effects an auto-
morphism of each of its invariant spaces.

Let U be an invariant space of the transformation L, so that
LA = U. To prove the theorem it is sufficient to show that the
correspondence X — Lx of U with itself is biunique. Now, if
y € U, then (since LU = M) there exists a vector X € U such that
Lx = y. It remains, therefore, to show that if x,x" e U, x # x’,
then Lx = Lx’. This means, in fact, that if z e U and Lz = 0,
then z = 0. To prove this, write d(U) = r and let {z,,...,2,} be a
basis of . The vectors Lz,,..., Lz, then obviously span LU = U,
Hence these vectors constitute a basis of U and so are linearly
independent. Now, if

zZ=02+..10,.2,
then 0=Lz=c.Lz,+..+0o.Lz,.
Hence a; = ... = o, = 0 and so z = 0. The required conclusion
is therefore established.

ExXERCISE 9.5.4. Show that if L effects an automorphism of U, then U
is an invariant space of L.

COROLLARY. A linear transformation effects an automorphism of
its mazimal invariant space.

t For ko = 0 these relations must be interpreted as
n = d(LB,) = d(L*B,) = ....



280 GROUPS IX,§9.5
DEFINITION 9.5.4. The transformation L ANNIHILATES the vector
space W if Lx = 0 for all x e U.

TuroreM 9.5.4. If U = L¥B, is the maximal invariant space of
the linear transformation L, then L effects an automorphism of U, and
L¥ annihilates one and only one complement of .

The first part of the assertion holds by the corollary to Theorem
9.5.3. To prove the second, write d(U) = r, and let {x;,...,X,} be a
basis of U. Take X,.;,...,X,, such that the vectors

Xpi1reer X (9.5.3)
constitute a basis of B,, and put

y, = L*¥x; (1 =r+1,.,n).
Then y; el (= r+1,..,n).
Now L*9, is, by hypothesis, an invariant space of L. Hence it
follows that L?*¢®B, = L*®B,,i.e. L* = U. Thus Uis an invariant
space of L¥ and so, by Theorem 9.5.3, L¥ effects an automorphism
of U. Hence there exist vectors z,,,..., Z, such that

Lz, =y, z,el (=r+1,.,n)

Put X; =X,—2; (1 =r+1,.,n)

Xyyeees X

ry

and consider the vectors

XyyeosXpy  Xipigseeer Xnpe (9.5.4)
Since z,,,...,2, € U, it follows that every vector in (9.5.3) is a
linear combination of vectorsin (9.5.4). Hence the vectorsin (9.5.4)
constitute a basis of B,. Therefore, in view of Theorem 2.3.8
(p. 56), the vector space U’ spanned by X, ,,,...,X;, is a complement
of U. Moreover, for ¢ = r+1,...,n, ,

Hence L* annihilates W’. To show that L* annihilates no other
complement of U, let x € B, and write

X = oy X+t o, Xt Xp gyt o, X

Then Lkx = oy LFX 4+ ...+ o, LFX,.
But L* is an automorphism of U, and so L*X,,..., L*x, are linearly
independent. Hence L*x = 0 implies o = .. =a, = 0, i.e.

x € W. This completes the proof.

It may be noted at this stage that Theorem 9.4.2 follows easily
from the results of the present section. We recall that the critical
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step in the proof of Theorem 9.4.2 consists in showing that, if
R(A) = R(A?), then A is similar to a matrix of type (9.4.1). This
inference can be made as follows. Let L be defined by the equation
A =%(L; €). We then have R(L)= R(L?) and therefore
LS, = LB, sothat (by Theorem 9.5.1), U = LB, is the maximal
invariant space of L. Hence, by Theorem 9.5.4, L effects an
automorphism of I and annihilates a certain complement U’ of 1.
Let {X,,...,X,} be a basis of U and {X,,,,..., X} a basis of W. Then
X = {X1,-., X, XpypoesXp} 18 @ basis of B,; and the matrix re-
presenting L with respect to X is of type (9.4.1) and is also similar
to A.
The next result may be regarded as a converse of Theorem 9.5.4.

THEOREM 9.5.5. Let U be a vector space, W a complement of U,
L a linear transformation, and k a non-negative integer. If L effects
an automorphism of U and L* annihilates W', then U is the maximal
invariant space of L, and U = LkB,.

Let x € B, and write X = y+Yy’, where y € U, y’ € I". Then

Lkx = Lky+ Lky' = L*y.
Thus L¥®B, c L¥U; and since trivially L¥W c L¥%B,, we have
L*g, = LK.
But, since L effects an automorphism of U, we know (by Exercise
9.5.4) that U is an invariant space of L, ie. LU = U. Hence
L¥ = U and therefore
U= LFB,.
In exactly the same way we obtain U = L*+18, and therefore, by
Theorem 9.5.1, G(L) = U = LY,

We know by Theorem 9.5.2 that each transformation possesses
a unique maximal invariant space. On the other hand, if a vector
space W is given, there exist infinitely many transformations having
U as their maximal invariant space. The procedure for con-
structing all such transformations is as follows. We take an
arbitrary complement U’ of U and an arbitrary non-negative
integer k, and consider all transformations L having the property
that L effects an automorphism of i while L* annihilates U’. Then,
by Theorem 9.5.5, for each such transformation L we have
S(L) = U. The set of all possible transformations of the type
described (with U’ and k varying) is, by Theorem 9.5.4, identical
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t

with the set of all transformations having U as maximal invariant
space.

9.5.2. So far we have been concerned with relations between
transformations and their invariant spaces. A good deal of further
information can be obtained by considering not individual trans-
formations but groups of transformations.

THEOREM 9.5.6. All elements of a group of linear transformations
have the same maximal invariant space.

Let T" be a group of transformations, and let L, M € . We
know, by Theorem 9.5.2, that there exists a positive integer k such

that S(M) — M*B,.
Hence S(M)c MDB,.

Now there exists a transformation N eI such that L — MkN.

Hence
S(L)c LB, = M*NQ, c M*B, = S(M). (9.5.5)

Thus &(L)c &(M), and by symmetry S(M)c S(L). Therefore
G(L) = S(M) (L, M el), (9.5.6)
and the theorem is established.

In view of the result just proved, we may speak of the maximal
tmvariant space of a group T of transformations, and we shall denote
this space by &(T).

THEOREM 9.5.7. If I' is a group of linear transformations and

This result is an immediate consequence of (9.5.5) and (9.5.6).

THEOREM 9.5.8. The unit element of a group T" of linear trans-
formations effects the identical automorphism of S(I').

Denote by E the unit element of I' and let x € S(I'). Since, by
Theorem 9.5.3, E effects an automorphism of S(I'), there exists a
vector y € S(I') such that Ey = x. Now K2 = E, and so

x = Ey = E% = E(Ey) = Ex.
The theorem is therefore proved.
THEOREM 9.5.9. Let U be a vector space and W' a complement of

U. The set T of all linear transformations which effect automorphisms
of W and annikilate W’ is a group with S(I') = U.
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L]

We know, by Theorem 9.5.5, that all transformations of the
given type have U as their maximal invariant space. Hence we
need only to show that I' is a group.

We first verify that I'is closed under multiplication of transforma-
tions. Let L, M €. Then LM obviously annihilates 2’. More-
over, since L and M effect automorphisms of U, it follows that U
is an invariant space of both these transformations. Then
LMU = LY = U, and so U is an invariant space of LM. Hence,
by Theorem 9.5.3, LM effects an automorphism of U, and so

LM eT.
Next, let £ be the transformation in I" which effects the identical

automorphism of .t If x € B,, we write X = y-+Yy’, where

yel,y e€U'. Then
Ex = Ey+Ey' =;

and if L € I" we have, similarly, Lx = Ly. But, by Theorem 9.5.5,
U = LB,, and so Lx € U (x € B,). Therefore

ELx = Lx = Ly = LEX.
Thus EL=LE =L (Lel). (9.5.7)

Again, denote by L* the automorphism which L effects in .
The set of all automorphisms L*, where L €T, is, in fact, the set
of all automorphisms of 1; and by Theorem 9.3.1 (p. 268) this set
is a group. The unit element of this group is evidently £*, and with
each element L* there is associated its inverse element (L*)-1. We
define the transformation L-! €T" by the requirements

(L*)x (xel),
0 (x e W).
If x € U, then Lx € U and we have

L1Lx = (L*)1L*x = x = EX,

LL-1x = L¥L*)x =x = EX.
Also, if x € W', then Lx = 0 = L-Ix, and so

L1Lx = 0 = EX, LLx = 0 = Ex.

Thus LL=LL'=E (Lel). (9.5.8)
Equations (9.5.7) and (9.5.8) complete the argument showing that
T is a group.

Lx =

t It should be borne in mind that & linear transformation is determined
completely if it is defined on two complements.
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We shall denote the group of the theorem just proved by
rQ; w).

Next, consider any group I of linear transformations. If L e T,
then, by Theorem 9.5.7, S(I') = L$,,. Hence, by Theorem 9.5.4,
L annihilates a certain definite complement of S(I'). We therefore
wish to inquire whether different elements of I' annihilate different
complements of G(I'). It is easy to see that this is not the case.

TuEOREM 9.5.10. All elements of a group T of linear transforma-
tions annihilate the same complement of S(I').

Let E, the unit element of I', annihilate a complement U’ of
S(I"). If L eI and x € W', then

Lx = LEx = L0 = 0.

Thus L annihilates U’ and, in view of Theorem 9.5.4, it annihilates
no other complement of G(I').

CoroLLARY. Every group of linear transformations having the
vector space U as its maximal invariant space is a subgroup of one of
the groups I'(U; U').

We are now in a position to describe the construction of all
groups having a preassigned maximal invariant space.

THEOREM 9.5.11. Let U be a vector space. The set of all groups
I'(U; W)—where W' is a variable complement of U—together with all
their subgroups is identical with the set S(U) of all groups of linear
transformations having W as their maximal invariant space.

If W' is any complement of U, then we know by Theorem 9.5.9
that I'(U; U’) and all its subgroups are elements of S(U). Con-
versely, if G € S(U), then, by the corollary just proved, ¢ is a sub-
group of one of the groups I'(U; U’).

TrHEOREM 9.5.12. Any group T" of linear transformations is iso-
morphic to a group of automorphisms of S(T').

By the corollary to Theorem 9.5.3 every L € I' effects an auto-
morphism, say L*, of S(I"). The set I'* of all automorphisms L*,

where L € T', is a group. For if  is the unit element of I", then E*
is the unit element of I'*; and the element (L*)-1, defined by the

equation (L*x = Lx  (x e &(I)),
is the inverse of L*. Since, then, I'* is a group and since obviously
(LM)* = L*M* (L, M €l),
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it only remains to show that the correspondence L <> L* bet#een
I and I'*is biunique. This will be done by showing that,if L* = M*,
then L = M. Now L* = M* means that

L*x = M*x (x e &(I")),
ie. Lx = Mx (x e &(I).
Hence, for x € &(I),

LMx = L-1Lx = EX,
and so, by Theorem 9.5.8,

LMx =x (xe (). (9.5.9)
Now, if xe 8B,, then Exe EB,, and so, by Theorem 9.5.7,
Ex € &(I'). Hence, by (9.5.9), LM Ex = Ex, and so Lx = Mx
(x € 8,). Thus L = M, and the proof is complete.

If in the preceding argument we put I' = I'(U; W’'), then I'*
becomes the group of all automorphisms of S(I'). In view of
Theorem 9.3.1 (p. 268) we therefore have the following result.

CoroLLARY 1. If U is a vector space of dimensionality r, and W’
ts any complement of U, then T'(U; W) ¢s isomorphic to G L(r).

As an immediate inference we obtain:

CoROLLARY 2. If U is a vector space and W, W' are any two
complements of U, then I'(U; W) ~ T(U; U").

From Theorem 9.5.12 we may easily deduce Theorem 9.4.4. Let
T be a group of matrices of rank », and denote by I'” the set of
transformations represented by these matrices with respect to any
fixed basis in B,. Then, by Exercise 9.3.2 (p. 270), I'" is a group
isomorphic to I'. Moreover, if L € IV and L is represented by
A €T, then, by Theorem 9.5.7, &(I'V) = L®B,, and therefore

d{S(I")} = d(LB,) = R(A) =r.

Hence, in view of Theorem 9.5.12, I'" is isomorphic to a group I'*
of automorphisms of the r-dimensional vector space S(I''). But,
by Exercise 9.3.1, ['* is isomorphic to a group I'” of non-singular
rXr matrices. Thus I' ~ I'”, and Theorem 9.4.4 is established
once again.

It is easy to see that not every transformation is an element in
a group of transformations. By making use of the results of
§ 9.4 it would, of course, be easy to obtain criteria for deciding
whether a given transformation is an element (or possibly the unit
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elenient) of some group of transformations. However, we prefer
to deduce these criteria without appealing to the theory of matrices.

THEOREM 9.5.13. The following statements are equivalent to each
other.

(i) L is an element in a group of linear transformations.
(i) R(L)= R(L?).

(iii) ©S(L)= L%D,.

If (i) is given, let L be an element of a group I'. Then, by Theorem
9.5.7, (L) = LY, and so LB, = L*B,. Hence R(L) = R(L?),
and so (i) implies (ii).

Next, let (ii) be given, ie d(LB,) = d(L?*8B,). Then
LB, = L*B, and therefore, by Theorem 9.5.1, &(L) = LY,.
Thus (ii) implies (iii).

Finally, let (iii) be given and write = L%®B,,. Then, by Theorem
9.5.4, L effects an automorphism of U and annihilates a certain
complement W’ of U. Therefore L is an element of the group
I'(U; W’). The condition (iii) therefore implies (i), and the theorem
is proved.

ExEgrocise 9.5.5. Deduce from the results just proved the equivalence of
the conditions (i) and (ii) in Theorem 9.4.2 (p. 273).

THEOREM 9.5.14. The linear transformation L is the unit element
of a group of linear transformations if and only if L? = L.

If L is the unit element of a group, then obviously L* = L. If,
onthe other hand, L2 = L, then, by Theorem 9.5.13, Lis an element
in a group I" of linear transformations. Hence it possesses an inverse
element L-!, and so L-1L2 = L-1L, i.e. L = L-L. Hence L is
the unit element of I.

'
ExEeRrcisE 9.5.6. Deduce from the result just proved the equivalence of
the conditions (i) and (ii) of Theorem 9.4.3 (p. 275).

PROBLEMS ON CHAPTER IX

1. Show that the group of translations of a plane is isomorphic to the
additive group of complex numbers.

2. Show that the additive group of residue classes (modm) is isomorphic
to the multiplicative group of mth roots of unity.

3. H is a subset of a group G. Show that H is a subgroup of G if and only
if both the following conditions are satisfied: (i) if @, b € H, then ab € H;
(ii)ifa € H, thena~! € H. Verify that conditions (i) and (ii) can be replaced
by the single equivalent condition: if a,b € H, then ab~! € H.

Show also that in the case of finite groups condition (ii) can be omitted.
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4. H is a subset of a group @ and, for any elements a, b of G, we’write
a ~ b whenever a~' € H. Show that ~ is an equivalence relation if and
only if H is a subgroup of G. When ~ is an equivalence relation, show that
one equivalence class and one only is a subgroup of G.

5. An automorphism of a group G is an isomorphic mapping of @ into
itself. Show that the set of all automorphisms of G is a group I'. Show
further that, when G is a Klein four-group, I' is isomorphic to the symmetric
group S;.

6. Let G be a group and z a fixed element of G. The transformation which
maps a € G into zax~! is called an inner automorphism of @. Show that an
inner automorphism is an automorphism, and that the set all inner auto-
morphisms of @ is a group.

7. Let G be a group. Ifa, b € G, write a ~ b whenever there exists some
x € G such that b = zax~!. Show that ~ is an equivalence relation, and
interpret 1t in the case when G is the full linear group of degree n.

8. Show that among the n! permutations of degree n preciscly in! are
even and that these permutations form a group—the alternating group of
degrec n. Show also that the odd permutations do not form a group.

9. Show that each of the two sets of matrices

oG Co ) o) (To ik

O G R N R
0o 1/’ o -1/ -1 0o/ 1 0/’
is a matrix group, and that the two groups are not isomorphic with each
other.

10. Show that the matrices (a

0
11. Show that all non-singular matrices which commute with a given
matrix constitute a matrix group.
12. Show that the set of matrices of one or the other of the types

GO Y wiosso

?) (a # 0) constitute a group.

is a matrix group.

13. Let A be a given non-singular matrix. Show that the set G of all
matrices P such that PTAP = A is a matrix group. Interpret this result
for the case A = I.

14. Let I" be a matrix group, S a fixed non-singular matrix, and I'* the
group of matrices S~!AS (A €TI'). Show that, if Q is a matrix such that,
for all AeT, ATQA = Q, then, for a suitable matrix Q' and all B € T'*,
BTQ'B = Q.

15. Let I, and T, be groups of non-singular » X n matrices and suppose
that every matrix in I'; commutes with every matrix in I',. Show that the
set of all matrices of the form A, A, (A, eI}, A; €I}) is again a group.
Show also that this conclusion need not be valid if the condition of com-
mutativity is dispensed with.
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16. Show that if a non-singular matrix is an element of a finite matrix
group, then its characteristic roots are roots of unity. Show also that the
condition of finiteness cannot be dispensed with.

17. Show that the characteristic roots of every permutation matrix are
roots of unity.

18. Obtain a representation, in terms of real matrices, for the multiplica-
tive group of mth roots of unity.

19. Obtain a matrix representation for the group of permutations

(1234) (]234) (1234) (1234)
1234/’ 2143/’ 3412/° 4321/°
Also show that this group is isomorphic to the multiplicative group of
residue classes (mod 8) prime to 8.
20. Show that the multiplicative group @ of the numbers 1,4, —1, —iis

isomorphic to the multiphcative group of residue classes (mod 5) prime to
5, and also to the group of permutations

(1234) (1234) (1234) (1234)
1234)° 2341/’ 3412/’ 4123/°

Obtain a matrix representation of G in terms of 2 X 2 matrices and another
matrix representation 1n terms of 4 x 4 matrices.

21. Let M;,..., M, be the six matrices given on p. 272, which represent the
symmetric group S;. By considering the matrices T"'"M,T (¢ = 1,...,8),

where
1 -1 1
T = (l 2 l),
1 -1 -2

obtain a representation of S; in terms of 2 X 2 matrices.

22. Let I be a finite matrix group. Show that there exists a hermitian
matrix H such that, for all A e ", ATHA = H.

23. Show that the set of all upper triangular n X n matrices, all of whose
diagonal elements are equal to 1, is a matrix group.

24. Let @ be the set of all n x n matrices each of which has precisely one
non-zero element in each row and each column. Show that G is a matrix
group.

25. Show that the set B of bilinear transformations w = (az-+b)/(cz+d),
where a, b, ¢, d are complex numbers such that ad # bc, is a group. Discuss
the relation between B and GL(2).

26. Let A be an m X n matrix, and denote by (P, Q) the operation which
transforms A into PAQ, where P, Q arc non-singular matrices of order
m, n respectively. Show that tho set of all operations ¢(P, Q) is a group.
Deduce that the set of equivalence transformations (in the sense of Definition
6.2.3, p. 177) is a group.

27. Show that,if A == O is an element of a matrix group, then no positive
power of A can be equal to O.
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28. Show that

SO OO
SOoOO=O
[N =l e
CO~OO
(=R = =

is not a group matrix.

29. Let A and B be square matrices such that R(A2?) = R(A),
R(B?) = R(B). Show that R(ABAB) = R(AB).

30. L is a linear transformation of 8, such that LR, = L*®B,, and N is
the subspace of 8, annihilated by L. Show that L3, and R are comple-
ments.

31. L is a linear transformation of B,; U is an r-dimensional invariant
space of L; and U’ is a complement of U. Show that, if X,,...,X, are linearly
independent vectors in U and X, ,,...,X,, are linearly independent vectors in
W, then the matrix representing L with respect to the basis

{XpreeesXps Xp 1500y X}
Ay Az)
O A’

where A, is a non-singular 7 X » matrix.
32. Show that any matrix A is similar to a matrix of the form

(6 &)
O A,)’
where A, is non-singular and, for some value of k, A§ = O. Show further that

A is a group matrix if and only if A, = O.
33. Show that, if tho matrices A,,..., A} constitute & matrix group, then

kR(Al “+ .. +Ak) = tr(Al e +Ak)‘

is of the form (

5582 U



X
CANONICAL FORMS

10.1. The idea of a canonical form

10.1.1. We have already had occasion to note the importance of
similarity transformations.t We shall now investigate the manner
in which given matrices can be changed by similarity transforma-
tions into matrices of particularly simple types. Thus, given a
matrix A, we shall consider the transformed matrix S-1AS and
shall try to choose S in such a way that S-1AS is as simple as
possible. The significance of this procedure in terms of linear
mappings is clear in view of Theorem 4.2.5 (p. 119). When a
matrix A is given we interpret it as the matrix representing the
linear mapping L (of B, into itself) with respect to the basis
€ = {e,,...,e,}, and we attempt to find a second basis B with
respect to which L is represented by a matrix having a simple form.
The discussion below provides no more than a slight sketch of a
large and important subject, since a more systematic treatment
would fall outside the scope of the present work.}

DeriniTION 10.1.1. Let A be a given matriz. If there exists a
(non-singular) matrix S such that S-'AS = A is a diagonal
(triangular) matriz, then A is called @ DIAGONAL (TRIANGULAR)
CANONICAL FORM OF A UNDER THE SIMILARITY GROUP.

Thus A possesses a diagonal (triangular) canonical form under
the similarity group if and only if it is similar to a diagonal (tri-
angular) matrix. '

It is often desirable to operate not with the entire similarity
group but with certain of its subgroups.

DEriNITION 10.1.2. Let A be a given matrixz. If there exists a
unitary matriz S such that S7AS = A is a diagonal (triangular)
matriz, then A is called @ DIAGONAL (TRIANGULAR) CANONICAL
FORM OF A UNDER THE UNITARY SIMILARITY GROUP.

1 See § 4.2.

1 For further information see Schreier and Sperner, 4, chap. v; MacDuffee, 8,
chaps. vi-viii ; Halmos, 14, Appendix I ; Ferrar, 15, chap. iv; Turnbull and Aitken,
19, chap. vi; Jacobson, 20, chap. iii; Hamburger and Grimshaw, 21, 122-32;
MacDuffee, 22, chaps. iv—vi ; MacDuffee, 23, 240-2 ; Albert, 24, chap. iv; Wedder-
burn, 28, chap. iii.
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An analogous terminology applies if the term ‘orthogonal’ is
substituted for ‘unitary’.

The invariant interpretation of orthogonal and unitary canonical
forms is, of course, clear in view of Theorem 4.2.8 (p. 121). If Lis
the linear transformation represented by A with respect to the
orthonormal basis €, then we seek a new orthonormal basis B of
B,, with respect to which we wish L to be represented by a diagonal
or a triangular matrix.

Fundamentally, the study of canonical forms is the study of
intrinsic properties of matrices, and the purpose of obtaining a
canonical form A of A is to have a matrix at our disposal which
shall be easier to manipulate than A but possess the same invariant
characteristics. We have, in fact,

A = SAS-, (10.1.1)

where A and S are subject to certain prescribed restrictions. The
representation of A in the form (10.1.1) is very convenient for
many purposes. Thus, for instance, it may enable us to determine
the rank of A, since R(A) = R(A), and A can generally be dealt
with more easily than A.t A similar use can be made of (10.1.1) for
the evaluation of the trace. Again, if f is a polynomial, then

f(A) = Sf(n)S-.

This identity is indispensable for dealing with many problems which
might otherwise prove insoluble.}

In investigating canonical forms we deal with representations of
matrices in certain standard forms which exhibit structure and
facilitate calculation. This procedure may be compared with the
representation of integers as products of powers of primes or the
representation of conics in terms of their standard equations.

In the present chapter we are concerned with canonical forms
under similarity transformations but it will be recalled that an
analogous problem for congruence transformations was considered
in § 6.4, where it was found that if A is symmetric, then a non-
singular matrix P can be found such that P7AP is diagonal. The
study of ‘canonical forms under congruence transformations’ will
be resumed in Chapter XII.

1 See, for example, the proof of Theorem 10.2.3.
1 See, for example, the proof of Theorem 11.1.1.
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t
10.1.2. Two simple results may be noted at once.

TaeoreM 10.1.1. If A is any canonical form of A, then the
diagonal elements of A are the characteristic roots of A.t

By Theorem 7.2.1 (p. 199) A and A have the same characteristic
roots, and since A is diagonal or triangular its diagonal elements
are precisely its characteristic roots.

Exercist 10.1.1. Let A be similar to a diagonal matrix. Show that all
characteristic roots of A are equal if and only if A is a scalar matrix.

Theorem 10.1.1 naturally leads us to inquire in what order the
characteristic roots of A appear on the diagonal of a canonical
form. The next theorem shows that for diagonal canonical forms
this order may be preassigned arbitrarily.

TarorREM 10.1.2. Suppose that A possesses a diagonal canonical
Jorm A under a group G of transformations. 1f A is a diagonal matriz
whose diagonal elements are the characteristic roots of A in any pre-
assigned order, then ' is also a diagonal canonical form of A under G.

We have, by hypothesis,

A = SAS,
where S is of a certain prescribed type (non-singular, unitary, or
orthogonal). In view of Theorem 10.1.1, A and A’ differ at most in
the arrangement of their diagonal elements. Hence, by Theorem
7.2.2 (p. 199), there exists a matrix T such that

A =TAT-,
and it is, in fact, clear from the proof of Theorem 7.2.2 that T is
orthogonal. Thus A = (ST)A/(ST),

and A’ is therefore a canonical form of A'under @.

Theorem 10.1.2 remains true (with obvious verbal adjustments)
for triangular canonical forms. The argument just used is no
longer effective in this case, but the required conclusion will be
seen to be an obvious consequence of the proof of Theorem 10.4.1.

10.2. Diagonal canonical forms under the similarity group

10.2.1. We begin with a theorem which not only asserts the
existence of diagonal canonical forms for certain types of matrices

t It is, of course, implied in this statement that each characteristic root of A
occurs among the diagonal elements of A with its correct multiplicity.
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but provides an explicit method for arriving at such canonical
forms.

TeEOREM 10.2.1. If Xi,..., X, are linearly independent charac-
teristic vectors of an mxXn matriz A, and S is the (non-singular)
matriz having X,,..., X, as its columns, then. S71AS is a diagonal
matriz.

Denote by w, the value of the characteristic root of A with which
the vector x; is associated.t Thus

AX; = w;X; (j = l,..,m); (10.2.1)
and using Theorem 3.3.5 (iii) (p. 84), we obtain
(S-1AS);, = (S71);x ASy; = (S71) i AX; = (S7)ix ;X
= wj(s_l)i* S*; = wy(s_ls)ij = wj Iij = szij'

Hence S-1AS = dg(w;,..., wy), (10.2.2)

and the theorem is proved. We may arrive at the same conclusion
without any calculation by interpreting A as the matrix re-
presenting a linear transformation L with respect to the basis €.
Since X,...,X,, are linearly independent, X = {X,,...,X,} is a basis
of B, and, by Theorem 4.2.8 (p. 121), the matrix S—1AS represents
L with respect to X. We have, by Theorem 4.2.6 and (10.2.1),

LX]. = wjxj (j = l,...,n).

Moreover, if S-1AS = (b;;), then, by (4.2.13),
ij :iglbijxi (j = 1,..., n).
Hence b;; = w;8; (¢,j = 1,...,n), and this is equivalent to (10.2.2).

Consider, for instance, the matrix

010
A=|[0 0 1 (10.2.3)

1 0 0

whose characteristic roots are 1, p, p%, where p = €273, If (z,y,2)T
is a characteristic vector associated with the characteristic root A,

then
Az, y,2)T = A,9,2)T = (y,2,%)T.
+ We are not entitled to assume that the numbers wy,..., w, give us all the
characteristic roots with correct multiplicities. This is, however, the case as is seen
by (10.2.2.)
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Hence (1,1,1)7, (1,p,p%7, (1,p%p)T are three characteristic
vectors associated with 1, p, p? respectively. Itiseasy to verify that
these vectors are linearly independent. Hence the matrix

1 1 1

S = (l p p?

1 p* p

is non-singular, and S—1AS = dg(1, p, p?).
ExERCISE 10.2.1. Write down matrices T and U such that
T-IAT = dg(l, p% p),  UAU = dg(pp, 1),

where A is the matrix defined by (10.2.3).

Theorem 10.2.2. An mXn matrix is similar to a diagonal
maitriz if and only if it possesses m linearly independent vectors.

An alternative way to express this result is to say that an nxXn
matrix is similar to a diagonal matrix if and only if its characteristic
vectors span the total vector space B,,.

In view of Theorem 10.2.1 we need only prove that if A is similar
to a diagonal matrix, then it possesses n linearly independent
characteristic vectors. Suppose, then, that

S-1AS = A = dg(A,,...,A,),
where A,,..., A, are, of course, the characteristic roots of A. Then,
fori = 1,...,n, (AS); = (SA)4,, and so
AS,, = SA,; = A, Se; == A, S,;.
The columns of S are therefore characteristic vectors of A; and
since |S| # 0, they are linearly independent.

Exgrcisg 10.2.2. Prove Theorem 10.2.2. by an mvariant argument.

DeFINITION 10.2.1. A characteristic root of a matrix is REGULAR
if its multiplicity is equal to the maximum number of linearly inde-
pendent characteristic vectors associated with .

Thus, a k-fold characteristic root A of A is said to be regular if

RAI—A) = n—k.
It will be recalled that, by the rank-multiplicity theorem (p. 214),
we have in every case

R(AI—A) > n—k.
Theorem 10.2.3. A matriz is similar to a diagonal matriz if
and only if all its characteristic roots are regular.

This theorem states, in fact, that A is similar to a diagonal
matrix if and only if RAI—A) = n—m,(A) for every value of A.
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Suppose, in the first place, that A is similar to a diagonal maltrix,
ay S-1AS = A = dg(A,,..,A,)-

[f A is a k-fold characteristic root of A, then precisely k among the
aumbers },,..., A, are equal to A; and we have

RAI—A) = R{S(A\I—A)S-1} = RQAI—-A)
= R{dg(A—A,,..,A—A,)} = n—k.
Thus every characteristic root of A is regular.

Suppose, next, that all characteristic roots of A are regular.
Denote the distinct characteristic roots by wy,..., w, and let r,,...,7,,
be their multiplicities, so that r,+ ...+, = n. For every 1 in the
range 1 < 7 < m there exist, by hypothesis, 7; linearly independent
vectors X (j = 1,...,7;) such that

AX) = @, X (¢ = 1,..,m;j = L,..,7,). (10.2.4)

We now assert that the n characteristic vectors x( (z = 1,...,m;
j=1,..r,) are, in fact, linearly independent. To prove this, let

Ty
t,, be scalars such that
2 X =0;
]

here i ranges over the values 1,...,m and, for each ¢, j ranges over
the values 1,...,7,. Let « be any number such that 1 < « < m.

Then, using (10.2.4), we obtain

m

0 =TT (xI—A) S t,x = 3 t;; TT (o, I—A).x
] 1, k=1

}Ig;'l( ’ k+# K
m
== z t”- l I (wk—wi).x(l]).
(%) k=1
k#k

Now the product in the expression on the right-hand side certainly

vanishes if k % ¢. Hence
,

0 = 3t TT (@p—wy) .x.
R -
But the vectors X9 (j = 1,...,7,) are linearly independent, and
therefore m
t,q.k];II (wp—w,) =0 (= 1,..,7,).
k#x

Since the w’s are distinct, it follows that t; = 0 (j = 1,...,7,).
This holds for every « in the range 1 < « < m; and therefore the
n characteristic vectors x@ are linearly independent. Hence, by
Theorem 10.2.2, A is similar to a diagonal matrix.
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COROLLARY. Suppose that A possesses a diagonal canonical form
under the similarity group. Then the number of its zero characteristic
roots is equal to n— R(A).

For, by Theorem 10.2.3, R(A) = R(—A) = n—m,(A), and the
assertion follows at once.

ExEercise 10.2.3. Show that A is similar to a diagonal matrix if and only
if \I—A is a group matrix for every value of A.

The criteria of Theorems 10.2.2 and 10.2.3, though valuable
theoretically, are of very little use in practice; and it is, therefore,
important to determine some easily recognizable classes of matrices
which possess diagonal canonical forms. The next theorem deals
with one such class; others will be found in § 10.3.

TaEOREM 10.2.4. If the n characteristic roots of the nXn matriz
A are distinct, then A is similar to a diagonal matriz.

The proof is immediate for, since every characteristic root of A
is simple, every one is regular by the corollary to Theorem 7.6.1
(p. 215). Hence the assertion follows by Theorem 10.2.3. We shall,
however, also give an easy alternative proof.

Let 2,,..., A, be the n (distinct) characteristic roots of A, and let
X,,...,X, be any characteristic vectors of A associated with A,,...,A,
respectively. Thus

AX; = A;X; (j = 1,...,m).
Hence, for k > 1,
Akx, = AF-1AX; = A AR-1x,,
and so Arx; = Mx; (k=055 =1,..,n). (10.2.5)

Next, suppose a,..., o, are scalars such that

Premultiplying by A* and using (10.2.5) we obtain
SaNx; =0 (k=0,1,.n—1),
j=1
and this may be written as

i akjyj = 0 (k - O, 1,...,”—1),
j=1
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4
where a;; = X and y; = o;X;. Now

o1 Ao, 1 e 1
Y S I Y Ay o .o A,
n-1 n-1 -1
@11 « + « Quan A7 AR S it

and since the X’s are distinct, this determinant does not vanish in
view of equation (1.4.5) on p. 17. Hence, by Exercise 5.1.2 (p. 135),

Vi=..=Y,=0,
ie. X, = ... =0, X, = 0.
But x,,..,X, are non-zero vectors by hypothesis. Hence
® = ... = a, = 0, and 80 X,...,X,, are linearly independent. The
required result now follows by Theorem 10.2.1.

Exercise 10.2.4. Give a proof of Theorem 10.2.4 based on the same
procedure as the proof of Theorem 10.2.3.

10.2.2. A further criterion for the existence of diagonal canonical
forms establishes a link between canonical forms and minimum
polynomials.

THEOREM 10.2.5. A matrix is similar to a diagonal matriz if and
only if the linear factors of its minimum polynomial are distinct.

We shall denote the matrix in question by A. Let w,,...,w; be
its distinet characteristic roots and ry,...,7; their respective
multiplicities.

Suppose that A is similar to a diagonal matrix so that, for some
S, S-1AS = dg(«y,..., «,), where, of course, each « is equal to some
w. Denoting by u(A) the polynomial

Q) = A—w,)...A—wy)
we have p(A) = S.dg{u(x),..., u(x,)}S1 = O.
Hence, in view of Theorem 7.4.7 (p. 208), u(}) is the minimum
polynomial of A, and its linear factors are evidently distinct.

Next, suppose that u(A), as defined above, is the minimum poly-
nomial of A. Then

(w; I—A)...(w, I—A) = p(A) = O,
and by repeated application of Theorem 5.6.5 (p. 162), we infer that

f R(w; I—A) < (k—1)n. (10.2.6)

i=1
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Now we know that

R(w,I1—A) = n—r;, (1= 1,.,k).
Assume that A is not similar to a diagonal matrix. Then, by
Theorem 10.2.3, we have, for some «,

Rw JI—A) >n—r,.
k
Hence Y R(w;I—A) > nk—(ry+...41;) = (k—1)n,
i1

and thisis contrary to (10.2.6). The proof of the theorem is therefore
complete.

A matrix A may be said to be periodic if, for some k > 1, Ak = 1.
We already know by Exercise 7.3.2 (p. 202) that if a matrix is
periodic, then its characteristic roots are roots of unity, but that
the converse of this is false. Necessary and sufficient conditions for
periodicity of matrices can now be deduced.

THEOREM 10.2.6. A matrix is periodic if and only if it ts similar
to a diagonal matrixz and has all its characteristic roots equal to roots
of unity.

Suppose that A¥ = I, where k > 1. Then, writing f (A) = AF—1,
we have f(A) = O. Hence, by Theorem 7.4.2 (p. 204), the minimum
polynomial u(X) of A divides f(A). Now the linear factors of f (1) are
distinct, and so are therefore the linear factors of u(A). Hence, by
Theorem 10.2.5, A is similar to a diagonal matrix. Moreover, every
characteristic root of A is, of course, a kth root of unity.

Next, suppose that S-1AS = A, where A is a diagonal matrix,
and that each characteristic root of A is a root of unity. Then there
exists an integer £ > 1 such that each characteristic root of A is a
kth root of unity. We therefore have

S-1A%S = (S'AS)k = Ak =1,
hence A* = I, and the theorem is proved.

10.2.3. One of the many applications of diagonal canonical
forms is in the study of matrix equations. Thus, for instance, we
might ask for solutions of the equation

X2 =A,
where A is a given matrix. Any such solution may, by analogy with
the corresponding problem in scalar analysis, be referred to as a
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square root of A. However, while every complex number possesses
at least one square root, there exist matrices which have none. For
example, it is easy to verify that the equation

01
2 ==
x=()
has no solution.

A more general problem is concerned with the equation
f(X)=A, (10.2.7)
where f is any given polynomial. We are naturally interested in
conditions which will ensure the solubility of this equation.

TaEorREM 10.2.7. If A is similar to a diagonal matriz and f is a
non-constant polynomial, then the equation (10.2.7) is soluble for X.

Let S be a matrix such that

A = S.dg(,,...,A,). S, (10.2.8)
and let p,,...,u, be any (complex) numbers such that
f(f‘bl) = Al’ ey f(:u’n) - An'

Then the matrix X = S.dg(iy,..., ) - S~! clearly satisfies (10.2.7).

Each y, in the above proof can, in general, be chosen in k distinct
ways, where £ is the degree of f. Hence our construction yields, in
general, k" solutions of (10.2.7). Thisreasoning shows, in particular,
that a non-singular matrix with distinct characteristic roots
possesses at least 27 distinct square roots. More precise informa-
tion is given by our next result.

THEOREM 10.2.8. An mXn matriz with distinct characteristic
roots possesses precisely 2" or 2"-1 distinct square roots according as it
18 non-singular or singular.

The given matrix A is similar to a diagonal matrix by Theorem
10.2.4 and may, therefore, be written in the form (10.2.8). Then
every matrix

X = S.dg(VA,,..., VA,).S1 (10.2.9)
satisfies the equation X2 = A. If A is non-singular, all A’s are
different from 0 and there are 2" such matrices; if A is singular,
then precisely one A is equal to 0 and the number of matrices is 271,
It remains to show that there are no other solutions of X2 = A.
Now, if X is any solution, we have

(S-IXS) = SIKIS = dg(hy,..)) = A,
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say. "Hence

(S-1XS)% = (S1XS)A = A(S-IXS).
Since S-1XS commutes with a diagonal matrix A whose diagonal
elements are distinct, if follows by Exercise 3.3.4 (p. 81), that
S-1XS = M, where M is diagonal. But

M2 = S-1X2S = A,
and therefore M = dg(vA,,..., ¥A,),

when suitable values of the square roots are taken. Thus X is of
the form (10.2.9), and the proof is complete.

When the characteristic roots of A are not all distinct, various
possibilities may occur. We have already seen that there exist
matrices which possess no square roots. There also exist matrices
which possess infinitely many. Thus every matrix of the form

z 1
X= (l—x2 —x)

satisfies the equation X? = I,, and so I, has infinitely many square
roots.

10.3. Diagonal canonical forms under the orthogonal
similarity group and the unitary similarity group

10.3.1. We begin this section by proving some rather special
results which will presently be superseded.

THEOREM 10.3.1. If an n X n matriz A possesses a set of complex
(real) orthonormal characteristic vectors X,,...,X,,, and S 1s the unitary
(orthogonal) matrix having X,,...,X,, as its columns, then S-*AS is a
diagonal matriz. ,

The vectors X;,...,X,, are orthonormal and therefore linearly
independent. The assertion now follows at once by Theorem 10.2.1.

Exgrcise 10.3.1. Discuss the fallacy in the following argument. ‘Let
Xj,...s X, be linearly independent characteristic vectors of A. The space
spanned by the characteristic vectors is then the total vector space 8B, and
we can select an orthonormal basis {Xj,..., X,} of B,, consisting of charac-
teristic vectors of A. Hence, by Theorem 10.3.1, it follows that every n xn
matrix which possesses n linearly independent characteristic vectors is
unitarily similar to a diagonal matrix.’

TaeEorEM 10.3.2. If A is a hermitian matriz, then any two
characteristic vectors associated with two distinct characteristic roots
of A are orthogonal to each other.
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Let A, u be two distinct characteristic roots of A, and let x,’y be
vectors such that Ax = Ax, Ay = py. Since, by Theorem 7.5.1
(p- 209), A and u are real, we have

ATy = (XX)Ty = (Ax)Ty = XTATy = XTAy = p&XTy.
Now A # pu, and therefore (x,y) = XTy = 0.

THEOREM 10.3.3. Any hermitian (real symmetric) matrixz with
distinct characteristic roots is unitarily (orthogonally) similar to a
diagonal matrix.

Let A,,..., A, be the (distinct) characteristic roots of a hermitian
or real symmetric matrix A, and denote by Xx;,...,X,, a set of unit
characteristic vectors of A, associated respectively with A,,...,A,.
When A is real and symmetric, real vectors can, of course, be
chosen. Now, by Theorem 10.3.2, X,,...,X, constitute an ortho-
normal set, and the assertion therefore follows by Theorem 10.3.1.

We now possess an actual procedure for transforming to diagonal
form certain hermitian (real symmetric) matrices by means of a
unitary (orthogonal) similarity transformation. Consider, for
example, the real symmetric matrix

1 0 —4
A= 0 5 4].
—4 4 3

Tts characteristic polynomial is

A—1 0 4
0 A—5 —4|=N—92—9\181 = (A—3)(A1-3)(A—9),
4  —4 A3

and the characteristic roots are thus 3, —3, 9. Now if (z, ¥, 2)T
is a characteristic vector associated with the characteristic root A,

then 1 0 —4)\ /x x
—4 4 3/ \z 2

ie. z—4z = Mz,

5y+4z = My,
—4x+4y+3z = 2.
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From this it is easily found that unit characteristic vectors asso-
ciated with the characteristic roots 3, —3, 9 may be taken as

(%: %’ —%)T, (22{’ —%’ %)T’ (%’ —'%’ "%)T

respectively. Consequently the orthogonal matrix

8 % 3
S = ( § -1 —i
-3 % -3
has the property that S-1AS = dg(3, —3, 9).

10.3.2. We next turn to the more general problem in which
the distinctness of characteristic roots is not presupposed. For the
sake of simplicity we first deal with the real case, and in the proof
of the next theorem we employ a type of argument that is found
particularly effective in the discussion of canonical forms.t This
argument will be used again for proving a number of subsequent
results.

Theorem 10.3.4. (Orthogonal reduction of real symmetric
matrices)

Every real symmetric matriz is orthogonally similar to a diagonal
matrix.

This theorem contains, of course, Theorem 10.3.3 in so far as the
latter refers to real symmetric matrices. We shall first give an
existence proof of Theorem 10.3.4 and then describe the process
for constructing the transforming matrix.

The proof is by induction with respect to n. For n = 1 the
assertion is true trivially. Assume, then, that it is true for n—1,
where n > 2. We shall show that it is then true for ».

If A, is a characteristic root (necessarily real) of A, then there
exists a real unit vector x, such that

Ax, = A X,. (10.3.1)
Let S be an orthogonal matrix with x, as its first column.} Then,
using (10.3.1), we obtain for r = 1,..., %,

(S7'AS),; = (S71),x ASy; = (S71),x AX,
= A (S7)u Xy = A(S7)rx S
= A (S8718), = A L, = A8,

T A similar idea was used in § 6.4.
1 Such a matrix exists by Theorem 8.1.3 (p. 223).
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’
Moreover, since A is symmetric, so is S-TAS = STAS. Hence

(S_IAS)lr = A181‘1 (7' = 1,...,71«).
The matrix B = S-AS thus has the form
A O;“l)

B= (o', °x,

where B, is a real symmetric matrix of order n—1. Now, by the
induction hypothesis, there exist an orthogonal matrix G, and a
diagonal matrix A,, both of order n—1, such that B, C; = C, A,.

Henoe A, 0\/1 0\ (1 0\ O

o BJlo ¢/ \0o CJ/\0 A
orsay BC = CA. Here A and C are both of order n; A is obviously
diagonal and C is orthogonal by Exercise 8.2.2 (p. 230). We thus

have S-1AS.C = CA,
(SC)-1A(SC) = A;

and since SC is orthogonal, the required result is established.

Although Theorem 10.3.4 deals with a rather restricted class of
matrices it will be seen, in § 12.2, to be the appropriate instrument
for the study of quadratic forms, where it is precisely transforma-
tions of real symmetric matrices that are relevant.

Let us now consider how an orthogonal matrix S may be con-
structed such that S-1AS is diagonal. Denote the distinct charac-
teristic roots of A by A,,..., A, and let m,,..., m;, be their multiplicities,
so that m,+...4m; = n. Since A is real and symmetric it is, by
Theorem 10.3.4, similar to a diagonal matrix. Hence, by Theorem
10.2.3 (p. 294), the real vectors x satisfying the equation AX = A;x
constitute a vector space of dimensionality m,. Denote by B, an
orthonormal basis of this space. If ¢ # j, then, by Theorem 10.3.2,
any vector in B, is orthogonal to any vector in 8B;. Thus the n
vectors contained in B,,..., B, form a (real) orthonormalset. Hence,
by Theorem 10.3.1, the orthogonal matrix S having these vectors
as its columns possesses the required property.t

The preceding argument establishes, in particular, the following
result.

t For a numerical illustration of the procedure described here, see § 12.2.2.
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TarorEM 10.3.5. [ f A is a real symmetric matriz having charac-
teristic 100t Ay,..., A,, then there exist characteristic vectors Xy,...,X,
of A which are associated with 2y,..., A, respectively and which con-
stitute an orthonormal set.
Alternatively, we may infer this result from Theorem 10.3.4 by
observing that if S-1AS is diagonal, then the columns of S are

characteristic vectors of A associated with A,,...,A, respectively.
We also note that the converse of Theorem 10.3.4 is true. This

may be expressed more precisely as follows.
TaeoreM 10.3.6. If a real matriz is orthogonally similar to a
diagonal matriz, then it is symmetric.
For, if A is real, S orthogonal, A diagonal, and S-1AS = A, then
A = SAS-! = SAST,

and so AT = A, as asserted.t

We next consider complex matrices. A complex symmetric
matrix need not be similar to a diagonal matrix. Thus, if the matrix

A=)

(whose characteristic roots are 0,0) were similar to a diagonal
matrix, we would have S-1AS = O, i.e. A = O. However, a valid
analogue of Theorem 10.3.4 for complex matrices is not difficult to
obtain.

TaEOREM 10.3.7. Every hermitian matrix is unitarily similar to
a diagonal matriz.

This result contains, of course, Theorem 10.3.3 in so far as that
theorem relates to hermitian matrices', but it does not contain
Theorem 10.3.4. However, the proof is virtually the same as that
of Theorem 10.3.4, and we shall indicate it rather briefly.

Let A, be a characteristic root of the hermitian matrix A, and let
X, be a unit (complex) characteristic vector associated with A,;.
If U is a unitary matrix with x, as its first column, then

(U-1AU),; = A0, (r = 1,...,m).
Since, by Exercise 8.2.1 (p. 229), U-AU is hermitian, it follows
that (U-AU), = A8, (r = L,..,m).

+ The condition that A is real has not, in fact, been used and can be omitted
from Theorem 10.3.6.
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-1 _ (O

Thus U-1AU = ( o B.)

where B, is a hermitian matrix of order n—1. The proof is now

completed by induction with respect to n.

ExErcise 10.3.2. Let wy,..., wy be the distinct characteristic roots of the
hermitian n X n matrix A. Show that the minimum polynomial of A is
(A—;)eee(A— cwy)-

If A is a given hermitian matrix, then the construction of a
unitary matrix S such that S-1AS is diagonal proceeds by virtually
the same steps as those described on p. 303. In the present case we
again obtain a set of » orthonormal characteristic vectors of A,
and the matrix having these vectors as its columns is the required

matrix S. ,

Exgrcise 10.3.3. State and prove the analogue of Theorem 10.3.5 for
hermitian matrices.

10.3.3. It is possible to give a far-reaching generalization of
Theorem 10.3.7. With this end in view we introduce the notion of
a normal matrix.

DerFinITION 10.3.1. A (complex) matriz A i NORMAL if

ATA = AAT.

Various types of matrices with which we are already familiar are,
in fact, normal. Among these are diagonal matrices, unitary
matrices, hermitian matrices, and skew-hermitian matrices.

Exercisg 10.3.4. Verify that the property of normality is invariant
under unitary similarity transformations, i.e. if A isnormal and U is unitary,
then U1AU is normal.

The following necessary and sufficient condition for the existence

of diagonal canonical forms under the unitary similarity group was
found by Schur and Toeplitz in 1910.

Theorem 10.3.8. A matrixz is unitarily similar to a diagonal
matriz if and only if it is normal.

This result contains Theorem 10.3.7 (but not Theorem 10.3.4)
as a special case.

If A is a given matrix and U-AU = A, where U is unitary and
A diagonal, then, by Exercise 10.3.4, it follows that A is normal.

Suppose, on the other hand, that A is normal. Let A, be a
characteristic root of A, X, a unit characteristic vector associated
with A}, and U any unitary matrix having x, as its first column. By

5682 X
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precfsely the same argument as that employed in the proof of
Theorem 10.3.4, we have
(U-1AU),, = A8, (r =1,...,m).
Hence V = U-AU may be written in the form
A yT
V=|(.1 ,
(0},-1 Bl)

where y is a (column) vector of order n—1, and B, a square matrix
of order n—1. Since

A, On-1
7 [M V1
v (3 %)
we have
A A A ¥7 N +yTy yTBT
'VTV:(I_I _n ), VVT:(ll_ 1).
ALY ny'jFFTBl B,¥ B1E1T

But V is normal; hence A, A, = A, A,+y7¥ and so y = O}_;.
Therefore BY B, = B, B” and, furthermore, V may be written in
the form v 0
vV — (1
(6 »)

where B, is a normal matrix of order n—1.

The proof is now completed by induction with respect to n. If the
theorem holds for n—1, then there exists a unitary matrix C, and
a diagonal matrix A,, both of order n—1, such that B, C; = G, A,.

Hence A, O\1 0\ (1 0\, 0
0B1001_0010A1’

or say VG = CA, where A is diagonal, C is unitary, and both are

of order n. Thus (UC)'A(UC) = A,

and the proof is complete since UC is unitary.f

ExEercisk 10.3.5. (i) Show that all characteristic roots of a normal matrix
are regular. (ii) Show that the characteristic vectors of a normal nXxn
matrix span the total vector space B,,.

10.4. Triangular canonical forms

10.4.1. We have so far confined our attention to diagonal
canonical forms. In general, however, a matrix does not possess
such a form. On the other hand, we may, in every case, assert the

+ For an alternative proof see Perlis, 6, 194.
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existence of a triangular canonical form. The initial steps towards
the proof of this result were taken by Jacobi in a paper published
posthumously in 1857. The theorem to be proved next is due, in
its present form, to Schur (1909).

Theorem 10.4.1. Every matriz is unitarily similar to a triangular
matriz.

This statement is equally valid whether the term ‘triangular’ is
taken to mean ‘upper triangular’ or ‘lower triangular’. We shall
prove it in the first instance for the former interpretation and then
deduce at once that it continues to hold for the latter.

The argument is by induction with respect to n and is of the type
with which we are now familiar from the proofs of Theorems 10.3.4,
10.3.7,and 10.3.8. Let us assume that the assertion is true forn—1,
wheren > 2. Let A, be a characteristic root of A, X, a unit charac-
teristic vector (generally complex) of A associated with A;, U a
unitary matrix with x, as its first column, and V = U-AU. Then
V,=A4, (r=1,.,n), and so

V — A yT
0 A/
where y is a vector of order n—1 and A, a square matrix of order
n—1. By the induction hypothesis there exists a unitary matrix

C, and an upper triangular matrix A;, both of order n—1, such that
A,C, = C,A,. Hence

(6 2o )b clls "a)

and therefore U-1AU.C = CA, where C is unitary and A upper
triangular. The theorem now follows at once for upper triangular
canonical forms.

The case of lower triangular canonical forms is an easy corollary.
For if A is any given matrix there exists, as we have just shown, a
unitary matrix W and an upper triangular matrix T such that
W-1ATW = T. Hence U-IAU = A, where U = Wis unitary and
A = TT7 is lower triangular.

It is instructive to consider an alternative proof of Theorem 10.4.1 which
uses only invariant notions. We assert, in the first place, that if L is a linear

transformation of B,, into itself, then there exists a basis {Y,,..., Y} of By, such
that, for k = 1,...,n, Ly;, 18 a linear combination of y,,..., ¥i.
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(]

To prove this, let A; be a characteristic root of the matrix representing L
with respect to &, and let y, be any characteristic vector associated with
4. Then Ly, = \ Vs (10.4.1)
Denote by U the space consisting of all scalar multiples of y,, and let U’ be
any complement of 1. Then, givenany y € B,, there exists a unique scalar
cx(y) such that Ly_a(y)yl e .

It is evident that

alty) = t.ofy),  ay+Y') = oy)+ay’),
and therefore the mapping M of W’ into itself, defined by the formula
My = Ly—ofy)y, (yell’) (10.4.2)
is linear. Since U’ is a complement of U, we have d(U’) = n—1, and so U’
is isomorphic to B,_,. We define a mapping M* of B,_, into itself by the
requirement that, if y € W, n € B,_,, and y <> 1, then My <> M*n. Then
M* is evidently linear.
We now argue by induction with respect to n. The assertion is true
trivially for n = 1. Assume that it is true for n > 2. Then B,_, possesses
a basis {n,,...,n,} such that, for k& = 2,...,n, M*n; is a linear combination

of ng,..., My S8Y

M‘nk = ’\kzn2+"'+/\kknk (k = 2,...,”).
Denote by y,,..., ¥, the vectors in U’ corresponding to n,..., N, respectively.
Then {yj;..., ¥} is a basis of U’ and

Myk = Ak2y2+--.+Akkyk (k = 2,...,7L). (10.4.3)
Now {¥1¥asesYa} is & basis of B, and in view of (10.4.1), (10.4.2), and
(10.4.3) it satisfies the required condition. Thus our assertion is proved.

We know by Schmidt’s orthogonalization process (Theorem 2.5.6, p. 67)

that B, possesses an orthonormal basis ¥ = {X;,...,X,} such that

X = Ck1y1+...+ckkyk, Crk #* 0 (’C = l,..., n).
In view of the result just proved it follows that, for k = 1,...,n, Lx; is a
linear combination of X,,...,X;.

Let, now, A be a given matrix and let the linear transformation L be
defined by the equation A = #(L; €). If X is the (unitary) matrix having
X;,...,X,, 88 its columns, then, by Theorem 4.2.8 (p. 121), X—!AX = £(L; X).
Writing X~*AX = (b;;), we then have

Lx;, = bypX,+ ..+ bpp Xy (B = 1,...,m).
But Lx, is a linear combination of Xy,...,X; only. Hence b,, = 0 (¢ > k),
and so X~1AX is triangular. Theorem 10.4.1 is therefore proved once again.

Even if A is real its characteristic roots may be complex, and it
is therefore not generally possible to find a real unitary (i.e. an
orthogonal) matrix U such that U-AU is triangular. However,
by adapting the argument used in proving Theorem 10.4.1, we
obtain without difficulty the following companion result.
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THEOREM 10.4.2. A real matrix ts orthogonally similar to @
triangular matriz if and only if all its characteristic roots are real.

ExEercise 10.4.1. Write out a proof of this result.

It is interesting to observe that the main theorem on diagonal
canonical forms previously established in § 10.3.3 follows once again
from results on triangular canonical forms. To demonstrate this
we require a simple preliminary result.

TuroreM 10.4.3. A triangular matriz is normal if and only if
it 18 diagonal.

Assume, without loss of generality, that the given normal matrix
A = (a;) is of the upper triangular type. If A is non-diagonal,
let 7 be the suffix of the first row in A which contains an element
a,s 7 0 such that r < s. Then a;, = 0 for k 5 r and we have

(ATA), = 3 lag, |2 = Ja I,

AKT)rr 2 larkl2 [a,,[2—+— Ia‘rslz > larr|2°
Hence ATA # AAT, and our assertion is therefore proved.

Theorem 10.3.8 can now be derived as follows. Let A be a
normal matrix. By Theorem 10.4.1 there exists a unitary matrix
U and a triangular matrix A such that U-AU = A. Hence A is
normal, and therefore diagonal by Theorem 10.4.3. Thus any
normal matrix is unitarily similar to a diagonal matrix; and
Theorem 10.3.8 follows.

10.4.2. Schur, in 1909, used the triangular canonical form to
derive a number of interesting inequalities.

Theorem 10.4.4. If A = (a,;) ts any complex n X n matrix and
Ayye-es A, @re ils characteristic roots, then

2SS (10.4.4)
n n 7 |2
3 RN < > ‘i%’”—' , (10.4.5)
= re=1
ImA 2 < s ", 10.4.6
2 [3m] zl 5 (10.4.6)

Equality in any one of these relations implies equality in all three and
occurs if and only if A is normal. .
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We note, in the first place, that if X is any matrix, then

tr(X7X) = 2 (X7X),, E E X, = }ilx,sxrs,

S§=1r=1
ie. tr(X7X) = 2 X2 (10.4.7)
r,s=1
Next, suppose that G, K, U are matrices such that
C = UKU-!, U unitary. (10.4.8)

Then CTC = UKZKU-! and so tr(C”C) = tr(K”K). Hence, by
(10.4.7),
S Gl =3 Kl (10.4.9)

r,s=1 7,8=
Now, by Theorem 10.4.1, there exists a unitary matrix U and
an upper triangular matrix A = (d,,) such that

A = UAU-1. (10.4.10)
Here evidently d,. == A, (r==1,..,n). Since (10.4.8) implies
(10.4.9), we have
3 = 3 [t =3 N 3 12 > 3

Again, by (10.4.10),
JALAT) = U.3(A+E7). U,
and hence, by (10.4.9)

> z ﬂ

rs=1 r.s=1
2
r=1

The three inequalities are therefore established.

Equality in (10.4.4) evidently occurs if and only if d,, =
(r < s); it occurs in (10.4.5) if and only if d,,+d,, = 0 (r 5£ s), and
in (10.4.6) if and only if d,,—d,, = 0 (r # s). Now since d,, =
for » > s, it follows that each of the above conditions is equivalent
to the requirement that A should be diagonal. The proof is there-
fore complete in view of Theorem 10.3.8.

re

+3

r¥ES

Schur’s inequalities imply a number of further results with most of which
we are already familar.

(i) The inequalities of Theorem 10.4.4 obviously imply the weaker
inequalities of Theorem 7.5.3 (p. 211).
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(i) Theorem 7.5.2 may be deduced from (10.4.6) as follows. If A L (Ays)

is real, then
2

n
n —
S [SmA 2 < Z @‘T"—" < atn(n—1), (10.4.11)
r=1 r,8=1
T¥#8
where o =1<rrrnz,§n§]a,s—aa,|.

Let A be any characteristic root of A. Since the non-real characteristic roots
of a real matrix occur 1n conjugate pairs, it follows that every non-vanishing
value of |JmA,|? occurs at least twico on the left-hand side of (10.4.11).

Hence 2|3mA|2 < a?n(n—1),

and Theorem 7.5.2 follows.
(i1) Using the inequality of the arithmetic and geometric means and
(10.4.4), we obtain

n n
PN ERRER LU |
np = g < (BB LS

n
7n8=1

1 )"
LTy
(n.np ’
|det A| < ninpn.

An alternative derivation of this inequality will be given in § 13.5.

ExEercisE 10.4.2. Show that the weaker inequality |detA| < n!p® is
trivial.
(iv) Let A = (a,;) be a unitary matrix. Then, by (10.4.7),

If max |a,| = p, then

1<rs<n

[det A2

N

i |ars|? = tr(ATA) = trI = n,
=1

7,8
n
1
and so, by (10.4.4), . z 2 < 1.
r=1
Now the determinant of A has modulus 1, and therefore

1
1= A Al = (A2 A3 < ﬁ{l)\1|2+"'+ M]3 < 1.

1
Henco (At DAl = A [ e a2

But the incquality of the arithmetic and geometric means reduces to an
equality if and only if the numbers involved are all equal. Hence

A = o = A, = 1.
Thus every characteristic root of a unitary matrix is of modulus 1, a result

with which we are, of course, already familiar. Moreover, we have
n

n

SNPF=n= 3 lal*
r=1 r,8=
and thus there is equality in (10.4.4). Hence any unitary matrix is unitarily
similar to a diagonal matrix. This result (which is a special case of Theorem

10.3.8) was first discovered by Frobenius in 1883.
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10.5. An intermediate canonical form

As we know, not every matrix is similar to a diagonal matrix.
At the same time the knowledge of triangular canonical forms does
not provide us with an adequate foundation for the study of the
deeper properties of matrices, and some more special canonical
form is therefore needed. It is, in point of fact, possible to show that
every matrix A is similar to an ‘almost diagonal’ matrix C. This
means, to be rather more precise, that the diagonal elements of G
are equal to the characteristic roots of A, the elements immediately
above the diagonal are equal to 1 or 0, and all remaining elements
are equal to 0. The matrix C is known as the classical canonical
form of A, but the proof that every A is similar to a matrix C of the
type just specified cannot be given here.tf We propose, however,
to derive a canonical form which is intermediate in type between
the triangular canonical form (under the similarity group) and
the classical canonical form.

Throughout the discussion below, A denotes a given nXn
matrix, of which A,,...,A, are the distinct characteristic roots
occurring with respective multiplicities m,,...,m;. Furthermore,
U, denotes the vector space of vectors x such that

AI—A)"x = 0.
We require a number of preliminary results.
THEOREM 10.5.1. For every number A we have
d(U,) = my(A).
From the discussion on p. 279 we know that (AI—A)" is a group
matrix. Hence, by Theorem 9.4.2,1
R{AI—A)"} = n—mo{AI—A)"} = n—my(AI—A) = n—my(A),
and therefore
d(Uy) = n—R{AI—A)"} = m,(A).
COROLLARY. a(u,)+...+dUy,) = n.
TaeOREM 10.5.2. Let X be a non-zero vector. Then there exists a

unique mon-constant monic polynomial ¢ having minimum degree
and such that $(A)x = 0.

+ Classical canonical forms and related questions constitute one of the central
topics in the theory of matrices and are discussed fully in many textbooks. For
references see the footnote on p. 290.

1 The appeal to the results of Chapter IX is not essential since it is not very
difficult to show directly that, for every n x n matrix B, R(B") = n—m,(B).
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The n41 vectors X, AX,..., A"x are linearly dependent and there
exist, therefore, scalars c, c,,..., c,, not all 0, such that

CoX+c; AX+...4c, A"x = 0.

In fact, since x = 0, not all scalars c,,..., c, are 0, and thus the non-
constant polynomial f(f) = ¢o+c¢,t+...4c,t* has the property
that f(A)x = 0. Among all such polynomials there is at least one,
say ¢, which is monic and has minimum degree. Then ¢ is unique,
for if ¢, # ¢ is another polynomial having these properties, then
{#(A)—¢,(A)}x = 0. But $—¢, is of lower degree than ¢, and we
therefore have a contradiction.

DerFInNITION 10.5.1. (i) Let X #~ 0. Any non-constant polynomial
f such that f(A)X = 0 i¢s an ANNIHILATING POLYNOMIAL of X.
(ii) The unique polynomial ¢ of Theorem 10.5.2 is the MINIMUM
ANNTHILATING POLYNOMIAL of X.

THEOREM 10.5.3. Let X %= 0. Then the mintmum annthilating
polynomial of X divides every annihilating polynomial of X.

Let ¢ be the minimum annihilating polynomial of x, and f any
annihilating polynomial of x. Then there exist polynomials g, 4
such that f = gé-+h, where h either vanishes identically or else is
of lower degree than ¢. We then have

0 = f(A)x = {g(A)$(A)+A(A)}x = h(A)x.

Thus we cannot have & 5= 0, for this would be in contradiction to
the minimal definition of . Hence » = 0, f = g¢, and the theorem
is proved.t

THEOREM 10.5.4. Let B,,..., B, be any bases of U,,..., U,
respectively. Then the n vectors contained in these bases constitute a
basis of B,.

If k = 1, then U = B, by Theorem 10.5.1, and the theorem is
therefore true. Next, assume that £ > 1, and write

B, = {xP,...,x) (¢ = 1,..,k).
Let o;; be scalars such that

> ayXP =0,
i‘j

+ It will be recalled that precisely the same reasoning was used in the proof of
Theorem 7.4.2 (p. 204).
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wher'e ¢ ranges over the values 1,..., k and, for each ¢, j ranges over
the values 1,...,m,;. Write

mi X
y’i = z O‘ijx;'l) ('I: = l,...,k).
i=1
Then y, € U, (¢ = 1,...,k), and

Vit oty = 0. (10.5.1)

It is sufficient to show that y, = ... =y, = 0, for this implies that
all o’s vanish and the theorem then follows at once.
Premultiplying (10.5.1) by (A, I—A)"...(A, I—A)", we obtain

A I=A) " (AL I=A) "y, + A I—A) ... (A, I—A)y,+... = 0.
The second term on the left is equal to
A I—=A)"...(A I—A)" (A I—A)"y,,
and this vanishes since y, € U, . Similarly the third,..., kth terms
also vanish, and therefore
A I—=A) (A, I—A)y, = 0. (10.5.2)

Suppose that y, # 0, and denote by ¢ the minimum annihilating
polynomial of y;,. Then, by (10.5.2) and Theorem 10.5.3,

é(t) divides (A,—1)™...(A,—E)™ (10.5.3)
Again, y, € U, ,ie. (A, I—A)"y, = 0; and therefore
¢(t) divides (A, —¢)". (10.5.4)

Since, however, A,..., A, are distinet by hypothesis, there exists no
non-constant polynomial ¢ satisfying both (10.5.3) and (10.5.4).
We thus arrive at a contradiction, and it follows that y, = 0. By
symmetry y, = ... =y, = 0, and the proof of the theorem is
therefore complete.

In the statement and proof of the main theorem below we shall
make use of the following notation. If C,,..., C, are square matrices
of order my,..., m; respectively, then we denote by

dg(C,,...,Cy)

the square matrix C, of order m,-...4my, of which C,,..., C, are
submatrices such that the diagonal of C consists of the diagonals
of C,,..., G (in that order), while every element of C which does not
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belong to any of C,,..., C; is equal to 0. Thus, for example, if *

€17 €y0 €
d.. d 11 62 €3
D= (dn dm)’ E = (921 €22 ‘323):
a e €31 €32 €33
dy dy O 0 O

dyy dyy O 0 O
then dg(D,E)=]0 0 e e, é3]-

If C,,...,C;, are all 1x 1 matrices, then dg(C,,...,C;) is simply a
diagonal matrix, and the notation in this case reduces to one that
is already familiar.

We may note that if, for ¢ = 1,..., k, the order of C; is the same
as that of C;, then

dg(cl9'~~9 Ck) dg(c'l” C;c) = dg(cl Cll"--) ck C;c)'

Theorem 10.5.5. If the characteristic roots of the n X n matriz A
are dy,..., Ay, with multiplicities my,..., my;, respectively, then there exists
a (non-singular) matriz S and upper triangular matrices A,,..., Ay,
of order my,...,my, respectively, such that

S-1AS = dg(A,,..., A).

In this statement ‘lower triangular’ can, of course, be substituted
for ‘upper triangular’.

Denote by L the linear transformation of 8, into itself such that
A =ZA(L; €). Ifx e U, then

N I—A)(Lx) = L, I—A)"Ax = AN I—A)"x = A0 = 0.

Thus x € U, implies Lx € U,,.

By Theorem 10.5.4 we know that a basis B of 8B, can be selected
having its first m, vectors of U, , the next m, vectors in ,,, and
so on. In view of the result just proved and (4.2.13) it follows that

A(L; B) = dg(A,,...,Ay),
where A,,..., A, are of order m,,..., m; respectively. Thus, for some
matrix P, P-1AP = dg(A,,..., Ay).
We now complete the proof by applying Theorem 10.4.1 separately
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to the matrices A,,..,A;. There exist non-singular matrices
Q,,..., Qp, of order my,...,my respectively, such that
Q7 1A,Q,=4; (¢ =1,.., k),
where A, is an upper triangular matrix of order m;. Writing
Q =dg(Q;,-,Qy), S =POQ,
we obtain
S-1AS = Q-1P-1APQ
= dg(Qi%,..., Qi Y)-dg(Ay,..., Ap) .dg(Qye-, Qi)
= dg(Qi*A, Q,,..., Qg 'A; Q) = dg(Ay,-., Ay).

10.6. Simultaneous similarity transformations

In the preceding sections we have been investigating canonical
forms of individual matrices. It is, however, of interest to inquire
whether several matrices can be reduced to their canonical forms
by the same transformation.

DEFINITION 10.6.1. The matrices A, B, C,... are SIMULTANEOUSLY
SIMILAR fo diagonal (triangular) matrices if there exists a mairiz S
such that S-1AS, S-1BS, S-1CS,... are all diagonal (triangular).
If, in addition, S is unitary, then A, B, C,... are said to be
SIMULTANEOUSLY UNITARILY SIMILAR fo diagonal (triangular)
matrices.t

The problem is to determine under what conditions the given
matrices are simultaneously (unitarily) similar to diagonal or
triangular matrices. As we shall see below, commutativity in pairs
of the given matrices is the essential condition in each case. To
simplify the argument we shall restrict ourselves, in the first place,
to the case of two matrices only.

10.6.1. We require, to begin with, some preliminary results on
matrices of a special class.

DEFINITION 10.6.2. A matriz of TYPE (ry,..., ;) 18 a matrix of
order ry+...~7, having the form dg(A,,..., Ay), where A,,..., Ay are

of order 1y,..., 1y, respectively.
The type of a matrix is not defined uniquely. Thus the matrix

a,; @, O
Ay Gy O
0 O ag

1 When we speak of triangular matrices we must, in any one problem, restrict
sur attention either to upper triangular matrices or to lower triangular matrices.



X,§10.6 SIMULTANEOUS SIMILARITY TRANSFORMATIONS 317

may equally well be said to be of type (2, 1) or of type (3). However,
the question whether a given matrix is of a given type can always
be decided unambiguously.

TuEorREM 10.6.1. Let A,..., A, be distinct numbers, and write
71+ .41, = n. Then an nXn matrix commutes with

D =dg(\,L,,....A L)
if and only if it is of type (ry,...,7y).
Let AD = DA and write A in the partitioned form

Ay . AW
A= e ,
Ak AlR
where A% is an r; X 7; matrix. Then
AAWDD 0 X AGR
AD={( . . . . . . . |
MA®D o X ARR
AAW L A AR
DA={ . . . . . . .}
MARD L QAR

and therefore A; AW = A\; A®) (¢, j = 1,..., k). This implies that
A = O when ¢ 5 j, and thus A is of type (ry,...,7;). Conversely,
if A is of type (ry,...,7;), then it obviously commutes with D.

Exercisg 10.6.1. Deduce from Theorem 10.6.1 that, if w,,..., w, are
distinct, then a matrix commutes with dg(w;,..., w,) if and only if it is
diagonal.

TareorEM 10.6.2. If a matriz A of type (ry,..., ;) 18 similar to a
diagonal matriz, then there exists a mairix S of type (ry,..., 1) such
that S-1AS 1is diagonal.

Write r,4...47, = n and A = dg(A,,...,A;), where A,,...,A;
are of order 7,,...,7, respectively. If X is any p X p matrix and w
any number, put

fulX) = R(wl,—X)+m,(X)—p.
By the rank-multiplicity theorem (p. 214) we have, for all X and
all o Ju(X) = 0. (10.6.1)
Moreover, by Theorem 10.2.3 (p. 294),
foX) =0 (for all w)
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if antd only if X is similar to a diagonal matrix. Now clearly

fw(A) :igl fw(Ai)’

k
and so > fu(A) =0
i1

for all w. Hence, by (10.6.1), f(A;) = 0 for s = 1,...,k and all
w. Each matrix A, is therefore similar to a diagonal matrix.
For i = 1,...,k let S, be a non-singular matrix and D, a diagonal
matrix, both of order r, such that S;'A;S; = D,. Writing
S = dg(S,,..., S;), we obtain at once

S-1AS = dg(D,,...,D;),
and the theorem is therefore proved.

THEOREM 10.6.3. Two matrices are simultaneously similar to
diagonal matrices if and only if they commute and each is similar
to a diagonal matrix.

Let A, B be given matrices. If there exists a matrix S such that
S-1AS, S-1BS are both diagonal, then these two matrices commute
and therefore A and B commute.

Suppose, on the other hand, that AB = BA and that A and B
are both similar to diagonal matrices. Let A,,..., A, be the distinct
characteristic roots of A and let their multiplicities be 7,...,7,
respectively. There exists, then, a matrix P such that

P-1AP = dg(\, L., A, Ly).

Now, in view of our hypothesis, P-1AP commutes with P-1BP
and hence, by Theorem 10.6.1, P-1BP is of type (r,,..., 7). Since B
is similar to a diagonal matrix, so is P-1BP; therefore, by Theorem
10.6.2, there exists a matrix Q, of type (ry,...,7;), such that
Q-'P-'BPQ is diagonal. Moreover, again by Theorem 10.6.1, Q
commutes with P-1AP, and therefore

Q-'P-1APQ =dg(\, I,,..., AL L).
Thus (PQ)-1A(PQ) and (PQ)-'B(PQ) are both diagonal, and the
theorem is proved.

Exgrcise 10.6.2. Write out the proof of Theorem 10.6.3 for the case
when the characteristic roots of one of the two given matrices are distinct.

It is worth mentioning that Theorem 10.6.3 can be appreciably
extended. It can, in fact, be shown that the matrices A,,...,A,,
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are simultaneously similar to diagonal matrices if and only ifthey
commute in pairs and each is similar to a diagonal matrix.}

10.6.2. To deal with the case of unitary similarity transforma-
tions, we shall need the following result.

THEOREM 10.6.4. Two commuting matrices possess a common
characteristic vector.

Suppose that AB = BA. Let A be a characteristic root of A and
{Xy,...,X;} a basis of the vector space U of vectors x satisfying the
equation Ax = Ax. Since Ax; = Xx; (1 = 1,..., k) we obtain

A(Bx;) = B(Ax;) = A(Bx,) (¢ =1,.., k).
Thus Bx; € U (¢ = 1,...,k) and there exist, therefore, scalars «,;
(2,5 = 1,..., k) such that

k
Bx; = Y a;X;  (j= L. k).
=1

If n is any characteristic root of the k X k matrix («;;), and (fy,..., ;)7
is any characteristic vector of (a;;) associated with u, then

k E ok ko k k
B(Z tjxj) =242 ayX; = D X; D oty = p 3 X,
j=1 j=1 i=1 i=1 J=1 i=1
k
Thus x = Y #,X, is a common characteristic vector of A and B.
1==1

THEOREM 10.6.5. If two matrices commute, then they are simul-
taneously unitarily stmilar to triangular matrices.

If AB = BA, then, by Theorem 10.6.4, there exists a unit vector
x and scalars a, B such that Ax = ax, Bx = fx. Let U be any
unitary matrix having x as its first column. Then
v-au=(* P gy (¢ 4
v=fo &) BU=(s 5)
where A,, B, are square matrices of order n—1 and p, q row vectors
of order n—1. Hence
B of Bp+qA
U-ABU — (% *4FPB)) - yapau - 1),
( 0 A,B /) 0 BA
Since AB = BA it follows that A; B, = B, A,;.and we now argue
by induction with respect to ». Suppose that any two commuting
t For a proof of this theorem and for many related results on simultaneous

similarity transformations see M. P. Drazin, J. W. Dungey, and K. W. Gruenberg,
J. London Math. Soc. 26 (1951), 221-8.
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mattices of order n—1 are simultaneously unitarily similar to
triangular matrices. Then there exists a unitary matrix V;, of
order n—1, such that VA, V, and V1B, V, are both triangular.
Writing vl 0

=lo v,
we see that UV is unitary, and (UV)-1A(UV), (UV)-1B(UV) are
both triangular. The proof is therefore complete.

ExERcISE 10.6.3. Deduce Theorem 10.3.8 from Theorem 10.6.5 without
making use of Theorem 10.4.3.

ExERcise 10.6.4. Show that the converse of Theorem 10.6.5 is false.

10.6.3. We shall next demonstrate that the restriction of
Theorem 10.6.5 to the case of two matrices is not essential. We
begin with a few obvious remarks.

When we say that the matrices A,,..., A, are linearly independent
we mean, of course, that the relation

a1A1+...+akAk = O

implies o, = ... = a4, = 0. A set of n X » matrices contains at most
n? linearly independent ones. If k is the maximum number of
linearly independent matrices in the set and if A,,..., A; are linearly
independent matrices of the set, then every matrix of the set can
be expressed as a linear combination of A,,..., A;.

TaEOREM 10.6.6. Let S be a (finite or infinite) set of matrices
which commute in pairs. Then all matrices in S possess a common

characteristic vector.

Let & be the maximum number of linearly independent matrices
in G and let A,,..., A, € G be linearly independent. It is then
clearly sufficient to show that A,,..., A; possess a common charac-
teristic vector.

Let 1 <r < k and assume that A,,..., A, possess a common
characteristic vector, say X,. Then there exist numbers «,..., «,
SuCh that AiX, = otix,. (7: = 1,...,T).

Let 5 denote the set of all vectors y satisfying the r conditions
A’I:y = (xiy (1: = 1,...,7).

Then J is not empty since X, € J. Let s be the maximum number
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of linearly independent vectorsin J, and let y,,..., ¥, € J be lin¢arly
independent. Then

Ay, = oy; (t=1,.,r75=1,..,s), (10.6.2)
and we have, for 1 <7<, 1 <j <s,

Ai(AL0Y) = Aa(AY) = (A4 Y,)-

Hence, for j = 1,...,s, A,,;y, € 3, and so there exist numbers c;;
such that

ALy = z ¢ Vs (j = 1,..,8). (10.6.3)

There exist a number x and numbers ¢,,..., {,, not all zero, such thatt

’sy

Zcu j=pl (= L..,s). (10.6.4)

WI‘itO r+1 - zt Y]'

Since,,..., {; are not all zero and y,,..., y, are linearly independent, it
follows thatx,,; #% 0. Moreover, for 1 < ¢ < r we have by (10.6.2),

A X, =j21tj Ayy; = zltj Yy = a4y Xpg-
< =
Again, using (10.6.3) and (10.6.4), we obtain

S S 8
A, X :,.Z-lt] Ay :jz::1tj1§1cﬁ Y = Z Yz E Cytj

=p thi Y. = pXpia
<

We see, then, that the matrices A,,..., A,, A, possess a common
characteristic vector x,.,. Hence, by induction with respect to r,
it follows that A,,..., A, possess a common characteristic vector,
The theorem is therefore established.f

We are now able to prove an important generalization, due to
Frobenius, of Theorem 10.6.5.

Theorem 10.6.7. Let G be a set of matrices which commute in
pairs. Then the matrices of S are simultaneously unitarily similar to
triangular matrices.

By Theorem 10.6.6, all matrices in & possess a common charac-
teristic vector, say X, which may be assumed to be normalized. If
+ In fact, p is a characteristic root and (t,..., t,)T an associated characteristic

vector of the s X s matrix (c,,).
t I owe this proof to Professor R. Rado.

5582 Y
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U isca unitary matrix with x as its first column, then, for every

A € G, we have
-1 _ [ ¥
U-AU = (071'_1 A,)'

Here the scalar «, the vector y (of order »—1), and the square
matrix A, (of order n—1) depend on A. Let &, be the set of matrices
A, corresponding to A € &. Since the matrices of & commute in
pairs, so do the matrices of &,;. The proof of the theorem can now
be completed in the usual way by induction with respect to n.}

THEOREM 10.6.8. The matrices of a set S of normal matrices are
simultaneously unitarily similar to diagonal matrices if and only if
they commute in pairs.

If the matrices of a set S of normal matrices are simultaneously
unitarily similar to diagonal matrices, then they obviously commute
in pairs. If, on the other hand, they commute in pairs, then by
Theorem 10.6.7 they are simultaneously unitarily similar to
triangular matrices. Each of these triangular matrices is again
normal and so, by Theorem 10.4.3 (p. 309), diagonal. Hence the
matrices of G are simultaneously unitarily similar to diagonal
matrices.

PROBLEMS ON CHAPTER X

1. Let A be any given matrix. Show that there exist unique matrices P,
Q such that: (i) A = P+ Q, (ii) P is hermitian and Q skew-hermitian. Show
further that A is normal if and only 1if PQ = QP.

2. Show that a matrix A is normal if and only if |Ax| = |ATx| for all
vectors X.

3. Let A be a normal matrix. Show that (i) if all characteristic roots of
A are real, then A is hermitian; (ii) if all characteristic roots of A are of
modulus 1, then A is unitary.

4. Suppose that A issimilar to a diagonal matrix and that a positive power
of A is equal to O. Show that A = O.

5. Show that an orthogonal matrix all of whose characteristic roots are
real is necessarily symmetric.

6. Find asimilarity transformation which reduces thereal matrix ( _(_zb 2)

to diagonal form.
7. If A? = I, show that tr A is an integer. Show also that, if A is not &
scalar matrix, then [trA| < n.

t Cf. the proof of Theorem 10.6.5.
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8. Express the matrix :

1 1 —14 —10
gl-14 -2 —1
—10 —4 10

in the form XKXT, where X is orthogonal and K diagonal.

9. The following problem was considered in Chapter VII. ‘If all elements
of A™ are bounded as m - oo, show that all characteristic roots of A are, in
modulus, less than or equal to 1.” Prove this result by the use of triangular
canonical forms.

10. Let Ay,...,A, bo the characteristic roots of A and p,,..., py, the (neces-
sarily real) characteristic roots of ATA. Show that

A2+ [An]? < pat et s

with equality if and only if A is normal.

11. Prove the result of Problem V1, 15 by the methods of the present
chapter.

12. Show that every real symmetric 3 X 3 matrix A whose characteristic
roots are 1, —1, —1 can be written in the form A = 2117 —1,, where 1 is a
suitable unit vector.

13. Find orthogonal reductions for each of the matrices

01 0 0 1 0 2 3v2 342
(i) (1 0 0); (ii) (1 —3/2 0); (iii) (3«/2 7 —5).
00 2 0 0 1 W2 —5 1

14. Find all solutions of the equation

4 4 4
X'~‘=( 6 7 6].
—6 -7 —6

15. Find a matrix X such that 2X2—5X = A, where

-1 0 2
Az( 01 2).
2 2 0

16. Suppose that the characteristic roots of A are distinct and that B has
the same characteristic roots as A. Show that there exist matrices Q and R,
at least one of them non-singular, such that A = QR, B = RQ.

17. Let A = (a,,) be an arbitrary mXn complex matrix and write
P= énrafi . |ays|- Show that [det A| = ninp® if and only if the following three
conditions are satisfied. (i) A is normal; (ii) |a,| = p (1 < 7,8 < n); (iii) all
characteristic roots of A are equal in modulus.

18. Show that A is normal if and only if the characteristic roots of ATA
are equal to the squares of the moduli of the characteristic roots of A.

19. Show that an n X n matrix is normal if and only if it possesses an
orthonormal set of n characteristic vectors.
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20. *Show that, if f(A, B) = tr(ATB), then
If(A,B)|2 < f(A,A).f(B,B).
Deduce that N(A+B) < N(A)+N(B),

where N(A) = {f(A,A)}t.

21. Deduce from the inequality (10.4.4), p. 309, that all characteristic
roots of a hermitian matrix are real.

22. The matrix A has distmet characteristic T00ts wy,...,,. If $(t) is
any function, let ¢(A) be defined by the equation H(A) = f(A), where f(?)
is a polynomial such that f(w,) = ¢(w,) (v = 1,...,n). Show that d(A)
depends on A and ¢(t) only, but not on the choice of f(2).

23. Use the result of Problem VII, 39 to show that, if A satisfies the equa-
tion A2 = I, then 1t 1s similar to a diagonal matrix.

24. Show that a matrix which is similar to a diagonal matrix possesses a
critical principal minor. Deduce that the rank of a skew-hermitian matrix
is even.

95. Let A be a unitary matrix, B a normal matrix, and denote by g, B*
the characteristic roots of B of least and greatest modulus respectively.
By using the result of Problem VIIT, 19 show that if w is any number which
satisfies |A—wB| = 0, then 8] < |w|™ < |B*].

. . . . {a b
26. Find neccessary and sufficient conditions for the matrix (c d) to

be similar to a diagonal matrix.

27. Explain how to obtain all n X n matrices X which satisfy the equation
f(X) = O, where f is a polynomial with distinct zcros.

Solve the equations

(i) X2=X; (i) X2+4X+3I = O.

28. A and B are matrices such that (1) the characteristic roots of A aro
distinet; (11) every characteristic vector of A is also a characteristic vector
of B. Show that AB = BA. Show also that if AB = BA and (1) 1s given,
then (11) is valid.

29. Show that a 2 X 2 matrix which is not similar to any diagonal matrix
is similar to some matrix of the form (ﬁ ;\)

Let & be the set of all 2 X 2 matrices A having the property that any two
matrices which commute with A commute with each other. If A € S and
P 15 non-singular, show that P~!AP € &; and deduce that a matrix belongs
to & if and only if it is non-scalar.

30. Show that A is similar to a diagonal matrix if and only if, for every

number w, (wI—A)2x = 0 implies (wI—A)x = 0.

31. If the n X n matrix A has distinct characteristic roots and AB = BA,
show that B = f(A), where f is a polynomial of degree < n—1.

32. Show that AT is equal to a polynomial in A if and only if A is normal.

33. Show, by using either the preceding question or Problem VII, 256
that AB = BA implies ATB = BAT for every B if and only if A is normal.
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34. Suppose that the matrix A satisfies the equation
(A—w I)(A—wiI) = O,

where w,,...,w;, arc distinct numbers. If, for any x € 8,

k
A—w I) .
= S = 1,..., k),
v, H(w,—wx x G #)

K=
K#1

show that Ay, = w,y, (+ = 1,...,k), and that x = y;+...+y;. Using
Problem 11, 22, deduce that A possesses n lincarly independent characteristic
vectors. Hence show that a matrix, whose minimum polynomial 1s the pro-
duct of distinct hinear factors, is similar to a diagonal matrix.

35. Let wy,...,w; be the distinet values of the characteristic roots of A,
and let, for 1 < 4 — k, U, denote the space of vectors x such that Ax = w,X.
Show that, 1f the minimurmn polynomial of A is the product of distinct linear
factors, then d(U,;)+...+d(2;) = n.

36. Let A be agiven matrix and let Uy,..., W;, be defined as in the preceding
question. Using Problem VII, 40, show that, if d(U;)4...4+d(Uy) = n,
then A 1s similar to a diagonal matrix.

Deduce Theorem 10.2.3 (p. 294) from this result, and also establish the
converse inference.

37. A and B are commuting 2 X 2 matrices. Prove that there exists a
matrix C and polynomials f, g such that A = f(C), B = g(G). Show also
that this assertion becomes false for matrices of order greater than 2.

38. Show that, 1f A and B arc 2 x 2 matrices with the same characteristic
veetors, then AB == BA. Show also that this inference is false for matrices
of order greater than 2.

39. Let G be a set of n X n matrices such that, if A, B € S, then A% = A,
AB = O. Prove, by induction with respeet to the number of matrices in &,
that the matrices in S are sumultancously similar to diagonal matrices.

Deduce that, if A,,...,A;, € S, then

R(A;+...+Ap) = B(A)+...+ B(Ay),
and hence show that & contains at most n non-zero matrices.

40. Let A be a matrix which is similar to a diagonal matrix, and put
E, = ﬂ (’f‘—_—‘i‘-!) (i = L, k),
15v5k T %

PE
where a,..., o, are the distinet values of the characteristic roots of A. Show
that

(i) E.E, =0 (i,j = L.kt #7);

(i) E,4+.+E;=1I;

(in) E2=E, (¢=1,.,k);

(iv) A=oE+..+opEp.

41. Let & be a sct of matrices which commute in pairs and are similar to
diagonal matrices. By considering the E-matrices (defined in the preceding
question) associated with every matrix of &, show that the matrices of &
are simultaneously similar to diagonal matrices.
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42."Show that the matrices of a set S are simultaneously similar to
triangular matrices if and only if there exist linearly independent vectors
X;s...sX, such that, for any AeS and any k in the range 1 < k < n,
Ax, is a linear combination of x,,...,Xy.

Deduce that, if the matrices of & are simultaneously similar to triangular
matrices, then they are simultaneously wunitarily similar to triangular
matrices.

43. Show that an orthogonal matrix all of whose characteristic roots are
real is orthogonally similar to a diagonal matrix.

44. Let A be an orthogonal matrix, e™** a non-real characteristic root of
A, and x a vector such that Ax = e~t*x, XTx = 2. Verify that xTx = 0,

and prove that tho vectors § = }(x+X),n = %(x—*i) satisfy the relations
ET”I =0, ETg =1, 71T7l =1,
AE = Ecosa+7sina, Ay = —Esinatncosa.

Hence show that if S is any orthogonal matrix with E,n as its first two
columns, then

cosae —sine 0 . . . O
sIn o cosa 0 . . . O
S—1AS = 0 0 ,
Coe . A,
0 0

where A, is a square matrix of order n— 2. Deduce that every orthogonal
matrix is orthogonally similar to a matrix of the form

dg(Cl’"-’ Cm’ D)a

cosa, —sin a,,)
sina, cosa,

where C, = ( v = 1,...,m; a, real)

and D is a diagonal matrix all of whose diagonal elements are 4-1.
45, Show that, if A, B, and AB are normal, then so is BA.



XI
MATRIX ANALYSIS

IN our discussion so far we have confined ourselves to purely
algebraic methods—that is, methods based on the four rational
operations—and have avoided reference to limiting processes.t
It is interesting, however, to remove this restriction in order to
see how an analysis of matrices might be initiated. In the first three
sections of the present chapter we propose to develop the more
elementary parts of such a theory, but we shall be able to do no
more than touch the fringe of an extensive subject.f In the last
section we shall approach the question from the opposite point of
view and use the theory of matrices to solve a problem in classical
analysis. The distinctive common feature of both lines of inquiry
is, of course, the fusion of algebraic and analytic ideas. The results
obtained in this chapter will not be needed in Part III.

11.1. Convergent matrix sequences

11.1.1. An analytic theory of matrices must naturally be
founded on the notion of convergence or some equivalent notion.

DeriNitioN 11.1.1. The sequence {A,,} of nXn matrices CON-
VERGES (or TENDS TO) A (in symbols: A,,— A as m — o0 or
lim A,, = A) ¢f

m—>0
(Am)rs = A, a8 m — 00 (r,s = 1,...,n).

A sequence which does not converge is satd to DIVERGE.

In other words, {A,} converges to A if each element of A,
converges, as m — 00, to the corresponding element of A.

In many ways the behaviour of sequences of matrices resembles
that of sequences of numbers. Thus, if A, - A, B,, - B (m — 0),

then oA, BB, — «A+BB
and A, B, — AB.

1 The only notable deviation from this course consisted in the appeal to the
fundamental theorem of algebra, which was needed to establish the existence of
characteristic roots of every matrix.

1 For a more adequate troatment see Ferrar, 15, chap. v; Frazer, Duncan, and
Collar, 16, chap. ii ; and Wedderburn, 28, chap. viii.
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The fast statement implies, in particular, that if P, Q are any
tri h

matrices, then PA, Q — PAQ.

ExEercise 11.1.1. Prove these results.

DerFiNiTION 11.1.2. Let A = (a,,) be a complex matrix and
B = (b,;) a non-negative matrix (i.e. a matrix whose elements are
real non-negative numbers.) Then B is said to MAJORIZE A (in
symbols: A < B) if

@, < b, (r,s =1,...,n).

ExErcisE 11.1.2. Let A be a complex matrix, B a non-negative matrix,
and m a positive integer. Show that B™ is non-negative and that, if
A < B, then A™ <Z B™.

Exercise 11.1.3. Let {A,,} be a sequence of complex matrices, {B,} a

sequence of non-negative matrices, and suppose that A, <Z B,, and B,, — O.
Show that A,, — O.

DeriNiTiON 11.1.3. For any matriz A = (a,,) we write
Al = max |a,]|.
LT8R

Exrrase 11.1.4. Let A be a complex matrix and B a non-negative
matrix, and suppose that A < B. Show that ||A]] 7 ||B]|.

Exercise 11.1.5. Show that ||[ABC|| < n? [|A]]. ||B]] . ||C||.
ExERrcise 11.1.6. Show that A,, — O1if and only if ||A,, || — 0.

The most natural sequences arc those formed by powers of a
single matrix, and some conditions governing the convergence of
such sequences are given in the next theorem and in Exercise 11.1.8.

TrHEOREM 11.1.1. A necessary and sufficient condition for the
relation A™ — O to hold is that the moduli of all the characteristic roots
of A should be less than 1.

Let A,,...,A, denote the characteristic roots of A. By Theorem
10.4.1 (p. 307), there exists a non-singular matrix U and an upper
triangular matrix A (with diagonal elements A,,...,A,) such that
U-AU = A.

To prove the necessity of the stated condition we note that

U-tAnU = A™.

Hence A™ — O implies A™ — O, and since the diagonal elements
of Amare A,..., A, it follows that

<1, o, Pl<l (11.1.1)
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Next, we establish the sufficiency of (11.1.1). We can choose
distinct real numbers w;,..., w, and a real number ¢ such that

DN <oy <g<l  (@=1,.k).
Let T be any upper triangular non-negative matrix majorizing A
and having w,,..., w,, asits diagonal elements. Since the characteris-
tic roots wy,...,w, of T are distinct, there exists a non-singular
matrix S such that

S-1TS = dg(wy,...,w,) = 1\, say.
Now U-AU L T and so, by Exercise 11.1.2,

U-1A"U < T™ = SA™S-1,
Hence, by Exercises 11.1.4 and 11.1.5,
[U-TA™U|| < [[SA™SY| << n?|IS]|. [[A™]].[[S~|
< n*|IS||.[S-Y.¢™ — 0.

Consequently, by Exercise 11.1.6, U-TA"U — O, and so A™ — O.

Exkrcise 11.1.7. Interpret Theorem 11.1.1 for the case n = 1.

ExrrcIsE 11.1.8. Show that if the modulus of at least one characteristic
root of A exceeds 1, then the sequence {A™} diverges.

11.1.2. As an application of the result just proved we shall
establish a theorem due to Frobenius (1908) on the location of
characteristic roots of matrices. If the characteristic roots of A
are A,..., A,, we shall write

p(A) = max ]),|.
1<r<n

TueoreEM 11.1.2. If A is a complex matriz, B a non-negative
matrix, and A < B, then p(A) < p(B).

Let A be any characteristic root of A, and let p, be a charac-
teristic root of B having maximum modulus. Let ¢ > 0, and write
— 1 A p__1

Ito| +-€ 1ol +e
All characteristic roots of B’ are less than 1 in modulus and so, by
the sufficiency part of Theorem 11.1.1, B’ — O. But A’< B’ and
so, by Exercise 11.1.2, A'»< B'™. Hence, by Exercise 11.1.3,
A'm —~ O and so, by the necessity part of Theorem 11.1.1, all
characteristic roots of A’ are less than 1 in modulus. Thus
IAl/(Jugl4€) < 1, and since e can be chosen arbitrarily small,
this implies that |A| < |uo|, which is equivalent to the assertion.

AI
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CoroLLARY. If A = (a,), A’ = (|a,|), then p(A) < p(A').

TaEOREM 11.1.3. If B is any non-negative matrix obtained from
a non-negative matriz A when the latter s ‘bordered’ by rows and
columns, then p(A) < p(B).

Let A be of order n and B of order N (> n). Write
A oy "")

n N—n|*
ON—n ON——n

|

The characteristic roots of A’ are the characteristic roots of A
together with N—n zeros. Hence p(A) = p(A’). Moreover, by
Theorem 11.1.2, p(A’) < p(B), and the assertion therefore follows.

11.2. Power series and matrix functions

In the analysis of functions of a scalar variable power series play
a prominent part. It is therefore natural that in seeking to develop
an analysis of matrices we should again make extensive use of this
notion. Most theorems derived below are concerned with power
series, but some of the results they contain are necessarily frag-
mentary since a satisfactory discussion of the problems involved
can only be based on the classical canonical form. Here, on the
other hand, we must content ourselves with making what use we
can of triangular and diagonal canonical forms.

11.2.1. In ordinary analysis convergence of infinite series is
defined in terms of the behaviour of their partial sums. The exten-
sion of this idea to matrices is immediate.

DerFINITION 11.2.1. The series of matrices

YA, (11.2.1)
m=0
18 said to CONVERGE 10, or to have the suM, S if the sequence of partial
sums N
Sy = E A,
m=0

converges to S as N — 00. A series which does not converge is said to
DIVERGE.

0
The statement > A, = S thus means that
m=0

mgo(Am),s = S, (r,8 = 1,...,m). (11.2.2)
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0 ’
EXERCISE 11.2.1. Show thatif 3 A, is a convergent matrix series, then
m=0

@
> PA,,Q is also convergent, and
m=0

mg;oPAmQ - P(mof_:;oAm)Q.

DeriNiTION 11.2.2. The series (11.2.1) 1 ABSOLUTELY CONVER-
GENT if each of the series on the left-hand side of (11.2.2) is absolutely
convergent.

It follows at once from corresponding results in scalar analysis
that, if the series (11.2.1) is absolutely convergent, then it is con-
vergent and its terms may be rearranged in any manner without
alteration of the sum.

THEOREM 11.2.1. The series > A,, ts absolutely convergent if
m=0

and only ¢ S [|A,l] 28 convergent.
m=0 "

Suppose that i A,, is absolutely convergent. Then there exists
m=0

a number K, independent of N, r, s such that

N
zol(Am)rsl <K (N=0;rs=1..,n).
me

m

Hence S A< 3 3 (Al <K,

0 r 1

and i Al is therefore convergent.
m=0

On the other hand, if 3 ||A,| is convergent then, since
m=0

I(Am)rsl < ”Am” (’1’,6‘ = 19'--)n)’
it follows that each of the series on the left-hand side of (11.2.2) is
absolutely convergent. The theorem is therefore proved.

TaEOREM 11.2.2. If ¥ A, 18 absolutely convergent, then so is
m=0

S PA,0.
m=0

By Exercise 11.1.5 we have
IPA,, Qll < n*|[P[|. [ Ayll.Ql < KI|All,

ml

where K is independent of m. Now, by Theorem 11.2.1, i I|A
n=0
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is cc;nvergent. Hence ¥ ||PA,, Q| is convergent; and therefore,
m=0

again by Theorem 11.2.1, § PA,, Q is absolutely convergent.
m=0

11.2.2. After the preliminary remarks of § 11.2.1. we turn to
the discussion of power series and begin with an easy result on
infinite geometric progressions.

TarorEM 11.2.3. If the moduli of all characteristic roots of A
are less than 1, then 1—A is non-singular, and the series

I+A+AZHA3H .
converges to (I—A)-1.
The first assertion is obvious. Writing
Sy = I+A+...+AY,
we obtain S,(I—A) = I—AN+1,
Hence, by Theorem 11.1.1, Sy(I—A)—1, and the required con-
clusion follows.

More generally, it is possible to obtain a striking relation between

0
the matrix power series 3 ¢, A™ and the corresponding scalar
m=0

[ee]

1 m

power series Zocmz .
o

Theorem 11.2.4. (i) If all characteristic roots of A lie in the
interior of the circle of convergence of the power series

é(2) :mz_:ocmz'", (11.2.3)
then the matrix power series
S ¢, Am (11.2.4)
m=0

converges absolutely. (ii) If at least one characteristic root of A lies
outside the circle of convergence of (11.2.3), then (11.2.4) diverges.

This theorem is due to Weyr (1887). A more complete result was
found in 1926 by Hensel who dealt fully with the critical cases
when some of the characteristic roots of A lie on the circle of
convergence. Hensel showed, in fact, that the matrix power series
(11.2.4) converges if and only if all characteristic roots of A lie
within or on the circle of convergence of (11.2.3) and satisfy the
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further condition that, for every k-fold characteristic root A onl the
circle of convergence, the power series for ¢*-1(}) is convergent.
To establish Theorem 11.2.4 we argue in much the same way as
in the proof of Theorem 11.1.1. Let R be the radius of convergence
of the power series (11.2.3) and denote by A,,..., A, the characteristic
roots of A. Let U be anon-singular matrix and A an upper triangular
matrix, with diagonal elements A,,...,2,, such that U-AU = A.

N
Then the diagonal elements of > ¢, A™ are
0

m=

m

N .
z (.m)\'{n (7/ = 1;---:");
m=0
and if, for at least one ¢, |A,| > R, then the series
S ¢, A (11.2.5)
m=0

diverges; in that case (11.2.4) also diverges in view of Exercise
11.2.1.

Suppose, on the other hand, that [A;| < R,..., [A,| < R; and let
wy,...,w, be distinct real numbers and ¢ a real number such that

N <o, <g< R (=1,.,n).

Let T be any upper triangular matrix majorizing A and having
wy,...,w, as its diagonal elements, and let S be a non-singular
matrix such that

S-ITS = dg(wyy..., w,) = A, say.
Then A™ £ SA™S-1, and so

c A" <L |c,, |SAmS-1 (m = 0).
Hence, by Exercises 11.1.4 and 11.1.5,

llem A7 < [l e [SA™SY| < e, [n¥IS]- JA™]L IS < Kle,, g™,

where K is independent of m. Since 0 << ¢ < R, it follows that
mzo”cm A™|| converges. Hence, by Theorem 11.2.1, the series
(11.2.5) converges absolutely; and therefore, by Theorem 11.2.2,

8o does the series (11.2.4).

It is worth pointing out that for two special cases the proof of
Theorem 11.2.4 can be simplified still further. In the first instance
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assume that A is similar to a diagonal matrix, say

S-1AS = dg(A,,...,A,),
where A,,..., A, are, of course, the characteristic roots of A. Writing

N
¢N(z) =m§00m zm

we obtain  @y(A) = S.dg{y(A),-.., dy(A,)}. S

Now if some A; lies outside the circle of convergence of (11.2.3), then
the sequence ¢,(A;) does not converge, and so (11.2.4) diverges. If,
on the other hand, all A; lie within the circle of convergence of
(11.2.3), then

éx(A;) —>¢(d;) as N — © (z=1,.,n)
and therefore the series (11.2.4) converges (absolutely) to

S.dg{d(\),..., s(A,)}. S-L. (11.2.6)

In this case, then, we not only recognize the fact of convergence
but also obtain an explicit formula for the sum of the matrix power
series (11.2.4).

We state the second special case in the form of a corollary.

CorOLLARY. If the power series (11.2.3) comverges in the whole
complex plane, then the matrix power series (11.2.4) converges
absolutely for every matrix A.

An independent proof of this result can be given very easily.
We can show at once by induction with respect to m that, form > 0,

[A™] < (n]|All)™.
1% N
Hence méo“cm A™|| <m§010m|(nllA”)m <K,

where K is independent of N. The required conclusion therefore
follows at once by Theorem 11.2.1.

11.2.3. Theorem 11.2.4 suggests a method of defining new
classes of functions of a matrix variable. Before we can adopt this
method, however, we need to consider briefly the case of power
series whose sums are rational functions.
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TaeorEM 11.2.5. Let ¢(z) be a rational function and suppose
that, for |z| < R, ®
mgocmz'" = ¢(2).

If A is any matrix whose characteristic roots are, in modulus, less

than R, then ¢(A) exists and is equal to the sum of the series i Cn A™,
m=0

It is essential to emphasize that ¢(A) is not defined as the sum
of the power series %:_ ¢, A™; it is defined by Definition 3.7.2
m=0

(p. 99), and the fact that it is equal to the sum of the power series
is precisely what Theorem 11.2.5 asserts.

Write ¢(z) = f(2)/g(z), where f(z), g(z) are polynomials and, by
hypothesis, g(z) # 0 for |z] < R. If A,.-s A, are the characteristic
roots of A, then, by Theorem 7.3.1 (p. 201),

lg(A)] = g(A,) ... g(A,) # O.
Hence ¢(A) = {g(A)}~1f(A) exists.

k 1
Put 9(2) = > pp™  f(2) = 3 gnz™
m=0 m=0
We are given that, for |z| < R,
g(z) Z 2™ = f(2),

and this implies that
Pont Pt et Pecns = {2

where ¢, = 0 for r < 0. Hence
A)mgocmAm = (poI+p1 A+...+Dpi Ak)mgocmAm
=3 Poon AT+ 3 Prop ATt T P AT

I
Ms

pocmAm+ 21’1 m— 1Am+ + zpkc -—kA

o

Ms?

(Pocm‘i‘Pl m— 1+ +pkc -k)A

3
I

I
HYS

(=]

In A" = f(A

and therefore

3 o Am = GAS(A) = (A).
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Ex%rcise 11.2.2. Interpret Theorem 11.2.3 in thelight of Theorems 11.2.4
and 11.2.5.

‘We are now able to extend our definition of functions of matrices.

DEriniTION 11.2.3. If all characteristic roots of A lie in the
interior of the circle of convergence of the power series (11.2.3), then
&(A) is defined as the sum of the series (11.2.4).

If ¢(2) is a rational function, then ¢(A) is defined in two ways—
by Definitions 3.7.2 and 11.2.3. However, the preceding theorem
shows that the two definitions of ¢(A) are consistent.

In future, when we use the term ‘matrix function’ we shall mean
the sum of a power series in A and assume that all characteristic
roots of A lie in the interior of the circle of convergence of this power
series.

11.2.4. Since the power series for exp z, cos z, sin z converge
everywhere, it follows that the matrix functions

expA = T4 A+9‘A2+ AL
cosA —=I— LAz taa
I R

sin A = A——A*—}— A5

are defined for every matrix A. From this it follows at once that
exp(tA) = cos A+isinA;
and this, in turn, leads to the identities

cos A = }{exp(tA)+exp(—iA)}

] (11.2.7)
Sin A = é—i{exp(iA)—exp(—iA)}

Exercise 11.2.3. Define the hyperbolic functions of A and derive the
basic identities connecting them.

The actual evaluation of a function ¢(A) may be carried out in
different ways. We can, for instance, make use of the diagonal
canonical form—if A possesses such a form—and obtain ¢(A) by
means of the expression (11.2.6). Alternatively we can sum the
power series defining ¢(A) by appealing to the theorem of Cayley
and Hamilton. As a simple example of the latter procedure con-
sider a matrix A of order 4 whose characteristic roots are =, —r, 0, 0.
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Then A satisfies the equation A*—7?A2 = O, and we have *

sinA = A—-—A3+”A5 A7+...

— el 3__1_ 4A3

= A— 3 + 7 A3

—A+( g 4+. ) l&~{_51n7r——-1r1‘3
= A—7—2A3

In this case, then, sin A is equal to a polynomial in A. We shall see
in § 11.3 that this is not due to the specific circumstances of the
problem but illustrates a general result on matrix functions.

The question to which we must now turn is whether functional
equations of scalar analysis continue to remain valid when the
scalar variable =z is replaced by a matrix A. The next theorem
furnishes us with most of the information we need.

Theorem 11.2.6. Let ¢(z), (2), x(z) be sums of power series
convergent for |z| < R and suppose that

P(2)(z) = x(z) (2] < R).

If all characteristic roots of A are less than R in modulus, then

P(A)s(A) = x(A).

Write
(}S(Z) = 2 a,, 2™, l/’(z) = z bmzm’ X(Z) = 2 Cn 2™,
m=0 m=0 m=0
so that

Cp = @b, +a,b, _1+...4a,b, (m = 0,1,2,...).
Let dp = 3 (a,|[bpy.
v=0

Then 3: d,, 2™ is convergent for |2| << R and therefore, by Theorem
m=0

11.2.4 (i), i d,, A™ is absolutely convergent. Hence, by Theorem
m=0
11.2.1,

3 (3,16 )T = 3 fd, A7

m=0

is convergent. Since this is a series of non-negative terms, we see

that o m o
3 2 el | IAM = 3 3 lla,by, A

RRRO ”
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is cortvergent. Hence, again by Theorem 11.2.1, the matrix series
m
z al’ bm—v A'm
m=0v=0
is absolutely convergent and may therefore be rearranged. Accord-
ingly, we have

0

= i Cp A™ = 20(; avbm—v)A z za by A™

m=0 m= m=0v=0

—Sa, 5, An=Sa, S, A =S a,Ar S b, A
v=0 u=0 v=0 m=0

v=0 m=v

= ¢(A)H(A).
EXERCISE 11.2.4. Prove Theorem 11.2.6 for the case of & matrix A which

is similar to a diagonal matrix.

Exgercisk 11.2.5. Let ¢(z), {(z), x(z) be sums of power series convergent
for |z| < R, and suppose that ¢(2)+)(z) = x(2). Show that if all charac-
teristic Toots of A are less than R in modulus, then ¢(A)-+i(A) = x(A).

By means of Theorem 11.2.6 and Exercise 11.2.5 we can derive
functional equations for matrices from corresponding scalar results.
Thus, since expz.exp (—z) = 1, it follows that, for all A,

expA.exp(—A) =1L
This equation shows that exp A is non-singular for all A, and that
(exp A)~1 = exp(—A). (11.2.8)
Again, we have cos 2z = cos*z—sin%. Hence, for all A,
cos 2A = (cos A)2—(sin A)?,
and it is clear how other relations of the same type may be obtained.

The principal result expressing the behaviour of the scalar

exponential function is the addition theorem

expx.expy = exp(x+y).
We are naturally interested to know whether the analogous result
is true for matrices, i.e. whether the identity
expA.exp B = exp(A+B) (11.2.9)

is valid. It is easy to see that this is not the case. Indeed, the
validity of (11.2.9) for all A and B would imply that exp A and
exp B always commute, which in general they do not. Consider,
for example, the matrices

sy meb Y
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By the theorem of Cayley and Hamilton we have A2 = A, B? = B,
and it is therefore easily verified that

expA = I+(e—1)A = (f) e—l—l)’

expB = I4+(e—1)B = (((3) l—l—e).

Hence

— (e — 2 . AV
expA.expB — <e2 (e—1)2 ez (e—1) )’

o 1 ), expB.expA = (0 1
and this suffices to show that (11.2.9) is not generally valid. In the
particular case under consideration we have, moreover,

2 0
A+B:(0 0)’

so that (A+B)? = 2(A+B). Therefore

exp(A+B) = I+}(*—1)(A+B) = (eg (1))

The fact that so fundamental a law as the addition theorem for
the exponential function is not valid for matrices shows that
matrix analysis does not follow a course analogous to that of scalar
analysis but diverges from it almost at the start.

There exists, however, a valid modification of the addition
theorem. To obtain it, we shall consider rectangular matrices
whose elements are functions of a single variable, say ¢. We shall
denote matrices of this type by symbols such as A(t) = (a,(?)).

DeriNITION 11.2.4. The matriz A(t) = (a;(t)) is said to be
differentiable if all its elements a;(t) are differentiable. Its derivative
is then defined by the formula

A(t) = %A(t) = (g‘z aﬁ(t)).

ExEeRrcisg 11.2.6. Let A(t), B(t) be rectangular differentiable matrices,
for which the product A(¢)B(?) is defined. Show that

2 (A@B@) = AOBO+AWBO.
TaEOREM 11.2.7. For any matriz A we have

g—texp(tA) = Aexp(tA).
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T6 prove this identity, we observe that

el

{exp(tA)y = > - tn(Am),.

m=0
Now the power series in ¢ on the right-hand side converges for all
values of {. It may, therefore, be differentiated term by term, and so

d w 1 m-—. m
d—t[{eXP(tA)}ij] = z mt 1(A™),,.

Hence

d — < 1 m—1Am
d—texp(tA)mglmﬂ—l)—!t A

S 1 -1 -1
— m m —_ e tA .
= A E 1) l)!t Am-1 = Aexp(tA)

TrEOREM 11.2.8. If A and B commute, then
expA.expB = expB.exp A = exp(A+B).

We first observe that if A and B commute, then exp(tA) and B
commute also. For, using Exercise 11.2.1 (p. 331), we have

e

<>, NV N L
exp(tA). B = (Z A )B — Z_O@A B — z —_BA

m=0 m=0
[=¢] tm
=B ZO%A"‘ = B.exp(tA).
m=

We next employ an argument which is modelled on the proof of
the scalar functional equation expz.expy = exp(x-+y). Writing

C(t) = exp{t(A+B)}.exp(—tA).exp(—tB)
and using Exercise 11.2.6 and Theorem 11.2.7, we obtain
C(t) = (A+B)exp{t(A+B)}.exp(—tA).exp(—tB)+
+exp{t(A+B)}.(—A).exp(—tA).exp(—tB)+
+exp{t(A+B)}.exp(—tA).(—B).exp(—iB).
Hence, in view of the preceding remarks, C(t) = O, and so C(t) is
independent of ¢. Thus C(1) = C(0) = 1, i.e.

exp(A+B).exp(—A).exp(—B) =1,
and so, by (11.2.8),
exp(A+B) = expB.expA.
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Hence, by symmetry,
exp(A+B) = expA.expB.

From Theorem 11.2.8 and the identities (11.2.7) on p. 336, we can
easily deduce the addition theorems for trigonometric functions of
a matrix variable. Thus, if A and B commute, then

cos(A+B) = cos A cos B—sin Asin B,

and so on. Broadly speaking, we may say that functional equations
in a single scalar variable retain their validity for matrices, but
functional equations in two variables remain true in matrix
algebra only for pairs of commuting matrices.

11.3. The relation between matrix functions and matrix
polynomials
Every term of a power series in A is equal to a polynomial in A
whose degree is less than that of the minimum polynomial of A.
This suggests that the sum of every power series in A is also equal
.to a polynomial in A. To prove this is the object of the present
section.

THEOREM 11.3.1. Let C,,..., C,, be linearly independent matrices,
Ly (m =151 = 1,..., k) given numbers, and

k
I,=3t:C; (m>=1). (11.3.1)
i=1

If lim T, exists, then lim ,,; exists for every i in the range 1 <1 < k.

m—>o0 m—»0

For r,s = 1,...,m, we denote by I"® the matrix whose (r,s)th
element is equal to 1 and all of whose remaining elements are equal
to 0. Writing

(rnz)rs = Yrsm (r,s =1,..,n;m > 1)

n
we have T,= 3 Ynl® (m > 1). (11.3.2)
8=
The existence of lim I',, means that
m—»0
lim y,,, exists for all r,s = 1,...,n. (11.3.3)
m-—0

By Theorem 2.3.5 (p. 54) we know that matrices Cy,,,..., G, can
be found such that C,,..., C,. constitute a basis of the linear mani-
fold of all » X n matrices. Every matrix can then be represented
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as a unique linear combination of C,...,C .. In particular, we

write 3

109 = > u,., C; (r,s = 1,...,m).
i=1

Hence, by (11.3.2),

r,=3(3 2 Yimtg)Ci (=),

1=1

and therefore, by (11.3.1),
n

bt = z 1‘)’rsm Upss (m>=1;1=1, k)

r,8=
The assertion now follows at once by (11.3.3).

Theorem 11.3.2. Every function ¢(A) of a matriz A is equal to
a polynomial in A whose degree s less than the degree of the mintmum
polynomial of A.

This result may come as a disappointment to the reader, but it
must not be taken to imply that the terms ‘matrix function’ and
‘matrix polynomial’ are synonymous and that the former may
therefore be discarded. Indeed, if $(A) = p(A), where p is a poly-
nomial, it does not follow that ¢(B) = p(B) since the relation
between ¢ and p is not one of identity but depends on A.}

To prove the theorem we write

HB) =3 e, A ga(A) =5 o A

If k is the degree of the minimum polynomial of A, then every
polynomial in A is equal to a suitable polynomial in A of degree not
exceeding k—1; and in particular we can write

k-1
AY = z pviAi (v =0).
i=0
Putting
nn E CyDPvi (m > O; 1= O, 1,...,k—l)

Jo—
we obtain ¢, (A) = thm-A

i=0
Now lim ¢,,(A) = ¢(A); furthermore, the matrices I, A,..., A*-1
are linearly independent by the definition of k. Hence, by Theorem

11.3.1, there exist numbers ¢,,...,#,_, such that

m—>o

and therefore 2 t; At

1=0
t Cf. Theorem 7.4.3 (p. 204), of which Theorem 11.3.2 is a generalization.,
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The assertion is therefore established, and it is interesting t¢' note
that we have actually proved a little more than Theorem 11.3.2.
For in the argument above we used only the fact that ¢(A) is the
sum of a convergent power series without relying on the stronger
assumption that ¢(A) is a matrix function in the sense of Definition
11.2.3.

11.4. Systems of linear differential equations

11.4.1. In the present section we shall be concerned, as we
were in the latter part of § 11.2.4, with rectangular matrices whose
elements are functions of a single variable. We begin with a few
definitions.

The derivative of A(t) = (a;(t)) has already been defined.

Analogously, we denote by JqA(t) dt the matrix whose (i,j)th
P

q

element is J a,(t) dt. The matrix A(t) is called integrable, con-
I

tinuous, or bounded respectively if all its elements have the

property in question.
In conformity with Definition 11.1.3 (p. 328), we write
|A@)] = max [{A(t)};]-
1<i,j<n

If A(t) is continuous, then ||A(?)|| is continuous and therefore
integrable.

Exgercise 11.4.1. Let f(u), g(u) be continuous functions such that
Su) < g(u) for 0 < Ju| < ]t] Show that

<

ff(u) du
0

f g() du),
0

and deduce that, if C(¢) is continuous, then

.ftC(u) dul|l <

For r > 0 we define
m(r; A) = bd [A@)].

o<itI<r
If P(t), Q(¢) are n X n matrices, then obviously
IP@)Q@) < n|[P@)|.1Q®),

and therefore

[P@)Q)|| < nl[P(u).m(r; Q) (0 < [|u] <7). (11.4.1)
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It will be recalled that the series

é ALt) (11.4.2)

is said to converge if each of the series

I:io {Ak(t)}w (,’/7] = 1>--': n)

is convergent. If, in addition, all these series converge uniformly
in{; <t < t, wesay that the series (11.4.2) converges uniformly
in that interval. This is certainly the case if, for k£ > 0,

Al < ¢ (B <ES )
3
and ¥ ¢, is a convergent series.
k=0

11.4.2. We propose to discuss systems of linear differential
equations of the form

%‘xt—l = all(t)x1+.-.+a1n(t)xn+b1(t)

(11.4.3)
dx
%’ = anl(t)x1+~--+ann(t)xn+bn(t)

Here the a,,(t) and b,(t) are given functions and we wish to determine
whether there exist functions x,(¢),..., 2, () satisfying (11.4.3) and
also some set of initial conditions and, if so, whether these functions
are unique. The result we shall establish is as follows.

TrEOREM 11.4.1. If ay(t), by(t) (¢, = 1,..,n) are continuous
Sunctions of t, and c,,..., ¢, are any constants, then there cxists one and
only ome set of functions x,(t),...,x,(t) satisfying the system (11.4.3)
with the initial conditions

z2y(0) =¢;, ..., 2,00)=c¢,. (11.4.4)

We begin by restating the problem in terms of matrices.] Let

A(t) = (ay(t)),  b(t) = (by(t),.., b, (1),
X = X(t) = (2,(t),..., 2, (t)) 7.

t We intend here to do no more than consider an isolated problem. For a
systematic treatment of differential equations by the methods of matrix algebra
see Frazer, Duncan, and Collar, 16, chaps. v-vii, and Lefschetz, Lectures on
Differential Equations. The reader’s attention is also drawn to the remarks in

Porlis, 6, 138-42 and 165-6.
1 I am indebted to Professor H. A. Heilbronn for the proof given below.
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With this notation (11.4.3) and (11.4.4) become respectively »

= A()x-+b(1), (11.4.5)

X(0) = (Cqyeees Cp) T (11.4.6)

We have, therefore, to show that there exists a unique vector x(t)
which satisfies (11.4.5) and for which x(0) is prescribed.
Assume, for the moment, that there exists an nXn matrix

M(¢) such that Ny — MA@ (all 8), (11.4.7)
IM(t)] # 0 (all ¢). (11.4.8)

If (11.4.5) possesses a solution X, then

—{M H)x} = M(t)x-+M(t)x
= —M()A(@t)x+M(){A(t)x+Db(t)} = M(t)b(t),
and therefore

M(f)x = f M ()b (u) du --M(0)x(0),

x() = {M(t)}*l{ f M (w)b(u) du +M(O)x(0)}. (11.4.9)
0

Thus, if (11.4.5) is soluble subject to (11.4.6), then the solution is
given by (11.4.9) and so is unique. On the other hand, it can be
verified at once that the vector x(¢) defined by (11.4.9) satisfies
(11.4.5) and (11.4.6). The proof of the theorem will therefore be
complete if we can establish the existence of a matrix M(t) satis-
fying (11.4.7) and (11.4.8). We recognize, of course, that M(t)
plays the part of an ‘integrating factor’ of the equation (11.4.5).
We write

t
Myt) =1, M, ()= f M, (w)A@) du (k= 0,1,2,...).
0

These recurrence relations define a sequence {M,(f)} of matrices.
Each of these matrices is continuous and, indeed, differentiable;

and we have
Mk+l(t) == Mk(t)A(t) (k = 0, 1,2,..-). (11.4.10)

We now assert, for all » > 0, the inequality

M) < m{n.ltl.m(r:A)}" (] <mk=0,1,2,..).
(11.4.11)
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For & = 0 this is true trivially. Assume that the inequality holds
for some k£ > 0. Using Exercise 11.4.1, we have

t

| IMy(u)A(w)|| du
0

Now in the integral on the right-hand side 0 < Ju] < |t] < r and
80, by (11.4.1),

My ()l <

My ()l <

t
[ 7liMya)pmir; A) du

0
Hence, by the induction hypothesis,

f [l du

0

IMys (O] < (0. m(r; AYe

= (k—_’-l_T)—' {n.|t].m(r; A)}F+1,

The inequality (11.4.11) is therefore proved, and it follows that
Ml < ¢ (t] <75 k=0,1,2,.),

1
where Cp = zA-'{nr.m(r; A)}x.

(> ¢}
Now 3 ¢, is an exponential series and so is convergent. Therefore,
i=o

for any » > 0, the series
M (1) — My (1) + My (1) — My (t) +..

converges uniformly in the interval |¢| < ». Denoting the sum of
this series by M(t), differentiating formally term by term, and
using (11.4.10), we obtain

M(t) = —{My(t)—M,(1)+ My(t) —..}JA(1).  (11.4.12)

Now since A(t) is bounded for |¢| < 7, it follows that the series
(11.4.12) is uniformly convergent in that interval. Hence M(#) is
differentiable for [¢| < 7, and its derivative is given by (11.4.12).
But r can be chosen arbitrarily large; hence M(z) is everywhere
differentiable and satisfies (11.4.7).

We next consider the sequence {N,(t)} defined by the relations

t
Not) =1I; Ny, () = f A@)Ny(w) du (k= 0,1,2,...).
° (11.4.13)
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By an argument analogous to that just used it follows that the
matrix N(t) = No(t) - N, (¢) -+ Ny(t)+ ... (11.4.14)
satisfies the relation

N(@) = A()N(#), N(0) =1L
Hence

2 MEON@) = MONO-+MON©
= —M(@)A(t). N(t)+M(). A()N(@) = O,
and therefore M(t)N(t) = M(0)N(0) = 1.
Thus M(¢) possesses an inverse for all values of ¢, and (11.4.8) is

satisfied. The theorem is therefore proved.

The solution of the system of differential equations (11.4.3)
reduces to a particularly simple form when all a,(?) are constants
and all b,(t) vanish. In this case we have the following result.

THEOREM 11.4.2. The system of differential equations

dx
Fd~tl = @y & +...}+ay, 2,
, (11.4.15)
dx
Et—" = Qp1 1+ ... -, T,

subject to the initial conditions (11.4.4), possesses a unique solution
given by x(f) = exp(tA).x(0), (11.4.16)
where A = (a;), X(t) = (24(2),..., 2,(1))T, X(0) = (Cqyeees €,)T.

The uniqueness of the solution is guaranteed by Theorem 11.4.1.
Moreover, we infer from (11.4.9) that this solution is given by
x(t) = {M(#)}'x(0) = N()x(0),
where N(¢) is defined by (11.4.14). From (11.4.13) we obtain at
once N (t) = tkA*/k! (k = 0,1,2,...). Hence N(¢) = exp(tA), and
(11.4.16) follows.

Itiseven easier to verify directly that x(t), as defined by (11.4.16),
satisfies (11.4.15). For we have, by Theorem 11.2.7,

X(¢) = Aexp(tA)x(0) = A.x(t),
and this is equivalent to (11.4.15).
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Exmrcise 11.4.2. State the case n = 1 of Theorem 11.4.2.

Exercise 11.4.3. Obtain a proof of Theorem 11.4.2, independent of
Theorem 11.4.1, for the case when A is similar to a diagonal matrix.

PROBLEMS ON CHAPTER XI

1. Let ¢(A) be a matrix function. Show that (AT) = {$(A)}T.

2. Show that, for every matrix A, |expA| = exp(trA). Deduce that,
for a skew-symmetric matrix A, |expA| = 1.

3. Let A,,..., A, be the characteristic roots of A, and let ¢(A) be a function
of A. Show that the characteristic roots of $(A) are ¢(A,),..., p(A,).

4. If 01 0
A= (0 0 l),
1 0 O
show that I m n
exp A = %(n l m),
m n 1
where I = e+eP4-eP*, m = e+p2eP+pef’, n = e+ peP+p%f® and p = e2mP3,
5. If
x x—])
A = 7)),

where x is any complex number, show that
exp{A(x)} = eA(e* ).

6. If 01 o
A:202),
01 0

show that a? ab b2
cxp A = (Qab a?+4b? 2ab>,
b? ab a?

where @ = cosh 1, b == sinh 1.

7. Show that if A is a rcal skew-symmetric matrix (skew-hermitian
matrix), then exp A is orthogonal (unitary).

8. Prove that if A is hermitian, then exp(¢A) is unitary; and interpret
this result for the case n = 1.

9. Show that, in general, the relation

LAy = mA@IAQ)

is not valid. Under what conditions is it valid ?
10. Show that every unitary matrix U can be represented in the form
U = exp(¢H), where H is hermitian.
11. For any complex matrix A = (a,), let N(A) denote the positive
n o0
square root of Y |a,[®. Show that the matrix series 3 A, converges
m=0

r,8=1

0
absolutely if and only if 3 N(A,,) converges.
m=0
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12. By differentiating the matrix exp(fA) exp(—tA) with respect to ¢
establish the identity (exp A)™! = exp(—A).

13. Let A = (a,,), B = (b,,) be n X n matrices. Show that the inequalities
[@rs] < [bry] (7,8 = 1,...,n) do not imply that p(A) < p(B).

14. Let ¢)(z) be a power series and A the n X n matrix

A1 00 . . . 0
‘0)\10...0]

0021 . . . 0Of
loooo...)J

Show that the matrix power series ¢(A) converges if and only if the scalar
power series ¢(z), ¢’(2),...,$"1(z) all converge for z =
15. Evaluate exp A, when A is the matrix given in the preceding question.

16. Show that, if 0 v —pu
S = (-—v 0o A
’ poo—A 0

then expS = I—{rﬂl—iu—S—f—}—cgsws2
w w
and sinS = 1+(§5“£~“*_1)s,

where w? = A2 uZ+v2. How arc these results to be interpreted whenw = 0 ?
17. Assuming that A, - A (m — o), where |A| s 0, show that A,, is
non-singular for all sufficiently large values of m and that (A,)"! > A~
18. The characteristic roots of & matrix A of order 3 are 3m, m, —m.
Prove, by induction with respect to n, that

A2n+2 — %ﬂgn(‘l— 2—2n)A2_ §W2"+2( 1— 2—2n)1_

. 4 4
Deduce that sinA = 3 I —§~1~T—2A2.
19. If the characteristic roots of A are the nth roots of unity, prove that
n—1
2n~k—1(3n_ 1)— 3n—k—1(2n_ 1)
2.5 —~1 — k
(A'-5A+6I) E @ —1)(3"—1) A%

k=0
20. The characteristic roots of a matrix A are the nth roots of unity.
Prove that, for |c] < 1,
n—1
(I=cA)2 = (1—c)2 3 cF{(k+ 1)+ (n—k—1)c"A¥,
k=0
21. Deduce the first inequahty in Theorem 7.5.3 (p. 211) from Theorem
11.1.2 (p. 329).

22. Show that if lim A¥ exists, then it is equal to a polynomial in A.

N—cw
23. Show that, if k is a positive integer and A is a matrix all of whose
characteristic roots are less than 1 in modulus, then
o]

o 3 e

y=0
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24.+ All elements above the diagonal of the matrix A are equal to 1 and
all other elements are equal to 0. Show that

s—r—1
@ = (1))
where (Zq) ) is interpreted as 0 when p < gq.

25. Determine all skew-symmetric matrices S which satisfy the equation
expS = A, where A is a given proper orthogonal 2 X 2 matrix.
26. Show that, if A is a proper orthogonal 3 X 3 matrix, then there exists

a skew-symmetric matrix B such that A = exp B.
27. Let fi(2),....fn(2), g(x) be continuous functions. Show that there
exists one and only one function y of z, with prescribed values for

dy drly
Y Gz dzn1

when z = 0, and satisfying the differential equation

an n+f1( g T ,,_—+ +f,._1(x) +f,.(x)y = g(a).

28. Show that the solution of the differential equation

dny dn=1y
den T G-

Ut Do,y = Q)

(ay,...,a, constants; @Q(z) a continuous function), subject to the initial

conditions dy_dvy
Y= 4z ="~ dant

=0 (x=0)

can be written in the form

y = [ (exp(tA))i, Qz—0) di,
0

where
0 1 0 0 Ce 0
0 0 1 0 0
0 0 0 0 e e 1
—Qp —Q0py —Qupg —0Ayu_3 - . . —ay

29. Let a, b, ¢,d be real numbers, and suppose that b, ¢ are not both zero.
Prove that all solutions of the system

i = ax+by, Yy = cx+dy

b) are negative and

are bounded if and only if the characteristic roots of (Z d

distinct.
30. Show that there exists one and only one set of functions x,(t),..., ()
satisfying the system of differential equations

B0 = 3 ayz(t) (i = Lu,n)
I=1
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and having prescribed values for z,(0),..., 2,(0), £,(0),..., %,(0). Show fusther
that these functions are specified by the identity

x(¢) = $(PAIX(0)+t(12A)%(0),
where x(t) = (xl(t)r'--yxn(t))Ts A = (@)

zm < 2m
=D e 4O = 2 gy
m=0 m=0
If the characteristic roots of A are distinct negative numbers, prove that
all solutions of the given system of differential equations are bounded.
31. Use the preceding question to find the solution of the equations

d*u d% d*w
Eﬁ+-2u+v+w =0, d—ﬁ+u+2v+w = 0, d7+u+v+2w =0,

such that u = v = w = 0,‘%’:%% :b,%:cwhent:&

32. Show that the general solution of the equation expX = I, can be
written in the form

X = S.dg(2nki, 27l{)S1,

where S1san arbitrary non-singular 2 x 2matrix and k, lare arbitrary integers,

33. Let ay,...,a, be complex and b,,..., b, real non-ncgative numbers, and
'suppose that |a;| < by (k = 1,...,n). Using Theorem 11.1.2 (p. 329) and
Problem VII, 32 show that, 1f A denotes a root of greatest modulus of the
equation " +a, "1+ ...+a, = 0 and p denotes a root of greatest modulus
of the equation a®—b;a"~1—...—b, = 0, then |A| < |u|.

o0
34. Let f(A) = 3 ¢, A™be a convergent power series in the matrix A.
m=0

Show that, for 0 < ¢t < 1,
f(A; ) = § c,, tmPA™
m=0
is again a convergent power serics in A, and that
lim f(A3 1) = F(A).

35. A is a matrix with positive elements and characteristic roots

1, wgy...,wy, Where |wg| < 1,..., |w,| < 1. Show that there exists a non-
singular matrix T such that T-2AT is of the form

(o »

0 B/’

where b is a row vector of order n—1 and B is an (n—1) X (n—1) matrix.
Prove that, for m - oo,

Am —>T((1) b(I "OB)_I)T—I.

By considering the vector x = ( lim A™)y, where y is any vector with
m—»0

positive components, show that A possesses a characteristic vector with
positive components associated with the characteristic root 1.



352 MATRIX ANALYSIS XI

36. The characteristic roots of the matrix A are w,, ws,..., w,, and

|| > |wi] (k = 2,...,n). Show that lim (wi™A™) exists and is non-zero;
m—>o

and deduce that, for a suitable vector x, lim (wi™A™X) is a characteristic
m—»00

vector of A associated with w,.

37. A is a real matrix with positive determinant. Show that there exists

a matrix A(t), continuous for 0 < ¢ < 1, and such that

A(0) = A, A(l) =1, |A@)] 0 (0 <t < 1)
Show further that the matrix A(¢f) = (1—¢)A +¢I has the required properties
if and only if no characteristic root of A is real and negative.

38. Let A be a proper orthogonal matrix. Show, by using Problem 25 and
Problem X, 44, that there exists a real skew-symmetric matrix S such
that A = expS.

39. Let &k > 1 and suppose that the characteristic roots w;,...,w, of a
matrix A satisfy the conditions

o, =1 (¢ = 1,..,k), Jw,] <1 (& =k+1,.,n).
Show, by using Problem IX, 32, that, as m - o0, all elements of A™ are of
the form O(mk-1).



PART III
QUADRATIC FORMS

XII

BILINEAR, QUADRATIC, AND
HERMITIAN FORMS

WE have now carried the discussion of matrices as far as we intend
to, and in this chapter and the next we shall apply the results
previously obtained to the study of quadratic forms and related
topics.

12.1. Operators and forms of the bilinear and quadratic
types
12.1.1. It is necessary at this stage to make use of some of the
properties of linear manifolds derived in Chapters II and IV.

DEeriNtTION 12.1.1. Let M and N be two linear manifolds over a
field F.t Let $(X,Y) be a function of two variables X, Y which are
elements of M, N respectively, and suppose that the functional values
of $(X,Y) are numbers of . If $(X,Y) is linear in both variables,
te. if forallaec F X, X' eM, Y,Y' € N we have

$(aX,Y) = a(X,¥) = $(X, oY)
¢(X+X'7Y) = ¢(X7Y)+¢(XI:Y) ’ (12'1'1)
X, Y +Y') = (X, Y)+¢(X,Y)
then $(X, Y) is called @ BILINEAR OPERATOR on M and N.
Exercise 12.1.1. Show that the relation
$aX + o’ X', BY +BY’)
= aBp(X,Y)+of'd(X, Y)+aBHX, Y)+o/B'H(X", YY)
holds for all o, /,8,8’ € §, X, X’ € M, ¥,Y’ € N if and only if (12.1.1)is
satisfied.
In the discussion below we shall write
d(M) = m, dM) = n.

Since linear operators on linear manifolds possess matrix repre-
sentations, it is natural to seek some such representation for
bilinear operators.

+ The possibility that Yt and N are identical is not, of course, excluded.

5682 A8
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TrroreM 12.1.1. Let B = {&,,..., E,)}, € = {F},..., F,} be bases
of M, N respectively. If $(X, Y) is a bilinear operator on M and

RBandif  x—X;B), y=aA;0),
then #(X,Y) = xTAy,
where the m X n matrix A = (a,,) is defined by the relations
s = DB, L) (r=1,..,m;s=1,.n). (12.1.2)
The assertion is virtually obvious. Writing

X = (xl’""xm)T: y= (yl’“" yn)T
we have X = in z, E, Y = f ys
r=1 s=1
and so, by (12.1.1),

m n m n
¢(X’ Y) = 2 Z xrys‘ﬁ(Er’]Fs) = z Z Qps X Ys = XTAy-
r=1s8=1 r=1s8=1

Matrix products of the type x”Ay will clearly play a prominent
role in the theory of bilinear operators.

DEFINITION 12.1.2. Any polynomial
3 i @y %, Yy = XTAy, (12.1.3)
r=18=1
where A = (a,;), X = (Xy,eer, )T, ¥ = Y150-05 y,)T s called a
BILINEAR FORM in the two sets of variables z,,..., %, and Yy,..., Y.
The mxn matriz A is called the matrix of this bilinear form.

There is thus clearly a biunique correspondence between rect-
angular matrices and bilinear forms.

DeriNtTION 12.1.3. If, with the notation of Theorem 12.1.1,
#(X, Y) = xTAy, then the bilinear form xTAy (or alternatively the
matriz A) is said to REPRESENT the bilinear operator ¢(X,Y) with
respect to the bases B, C.

If M and N are the same manifold and B and € the same basis,
we say that xTAy represents ¢(X, Y) with respect to B.

THEOREM 12.1.2. For any fized choice of bases B, € in M, N respec-
tively, there is a biunique correspondence between bilinear operators (on
M and N) and their representing matrices.

This result is implicit in our previous remarks. For to a given
bilinear operator ¢(X,Y) corresponds the representing matrix A
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defined by (12.1.2). On the other hand, if A is given, theh the
bilinear operator ¢ which it represents with respect to 8, € is
uniquely determined by (12.1.2) and (12.1.1).

The representation of a bilinear operator by a bilinear form (or
by a matrix) depends, of course, on the arbitrary choice of bases
in M and N. The relation between bilinear operators and bilinear
forms is in this respect analogous to that between the elements of
a linear manifold and vectors, or that between linear operators and
matrices.

TaEOREM 12.1.3. The m X n matrices A and B represent the same
bilinear operator with respect to suitable pairs of bases if and only if
there exist non-singular matrices P, Q, of order m, n respectively,

such that B — PTAQ. (12.1.4)
Suppose, in the first place, that A represents the bilinear operator

¢ with respect to 8, € and B represents the same operator with
respect to B’, €. Then

$(X,Y) = xTAy, (12.1.5)
where X = %(X; B), y = £(Y; ). (12.1.6)
Write x' = %X; B), y = A7Y; ). (12.1.7)

Then, by Theorem 4.1.2 (i) (p. 112), there exist non-singular
matrices P, Q, of order m, n respectively, and independent of

X, Y, such that x — Px’, y = Qy'. (12.1.8)

Hence, by (12.1.5),
$(X,Y) = (Px')TA(Qy’) = xT(PTAQ)Y’,

and so PTAQ represents ¢ with respect to 8’, €. Hence (12.1.4)
follows.

On the other hand, let A and B be given matrices connected by
the relation (12.1.4), where P and Q are non-singular. Let B, €
be any bases in 9, N respectively. By Theorem 4.1.2 (ii), there
exist bases B’, €’ in M, N respectively such that, if X, y are defined
by (12.1.6) and X', y' by (12.1.7), then (12.1.8) is valid. Let now ¢
be the (uniquely determined) bilinear operator represented by A
with respect to 8, €. Then, by (12.1.8),

$(X,Y) = xTAy = x'TBy’,
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and therefore B represents the same operator ¢ with respect to
B, €.

DerinITION 12.1.4. If P, Q are non-singular matrices, then the
substitutions x = Px', y = QY for the variables in the bilinear form
(12.1.3) are joinily called a non-singular linear transformation of
the bilinear form.

Exercise 12.1.2. Show that, with the obvious definition of the rule of
composition, the non-singular linear transformations of a bilinear form
constitute a group.

Our preceding remarks show that if ¢ is a given bilinear operator
on M and N, then a change of bases in M, N induces a non-singular
linear transformation of the representing bilinear form, and
conversely.

For many purposes the notion of a bilinear operator is best set
aside in favour of the notion of a bilinear form, since matrix theory
provides us with a ready technique for handling such forms. It
should, nevertheless, be realized that our concern is not so much
with bilinear forms as with the underlying bilinear operators.
For this reason properties common to all bilinear forms represent-
ing the same bilinear operator are of particular interest since they
express intrinsic features of that operator. One such property is
that of rank.

DeriNiTION 12.1.5. The RANK of the bilinear form xTAy is the
rank of A.

By Theorems 12.1.3 and 5.6.3 (p. 160) it follows that any two
bilinear forms representing the same bilinear operator have equal
rank.} We may therefore introduce the following definition.

DeriNiTION 12.1.6. The RANK of a bilinear operator is the rank
of any bilinear form which represents it.1

12.1.2. The most important subclass of bilinear operators is
that of quadratic operators.

t By virtue of the theorem on the equivalence of matrices (Theorem 6.2.3,
p. 176), the converse is also true, and two m X n matrices of equal rank represent
the same bilinear operator with respect to suitable pairs of bases.

} For further discussion of bilinear operators and bilinear forms, see Jacobson,
20, chap. v, and Julia, 25, 110-16.
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DeriNITION 12.1.7. Let $(X, Y) be a bilinear operator in ®hich
both variables belong to the same linear manifold M. If the variables
are taken equal to each other, then the resulting function $(X, X) s
called @ QUADRATIC OPERATOR on .

The dimensionality of M will be denoted by ». As an immediate
consequence of Theorem 12.1.1 we see that if B = {&,,...,E,} isa
basis of M and x = Z(X; B), then

¢(X’X) = xTAx = i Qg Xy Zgy
r,8=1

where X = (z,,...,2,)T and A = (a,,) is the » X n matrix defined by
the equations a,, = ¢(&,, E,) (r,s = 1,...,n).
If, by analogy with the usage of § 12.1.1, we were now to say

n
that the quadratic function > a,x,z, represents the quadratic
r,8=

operator ¢(X, X) we would be setting up a correspondence between
quadratic operators and quadratic functions which is not biunique
(even for a fixed choice of basis in M), since if

by t+by = a,,+ag, (r,8 =1,...,n)
and B = (b,,), then xTAx = xTBx, and so #(X,X) can be re-
presented equally well by xTAx and xTBx. We can overcome the
difficulty by insisting that the matrix A should be symmetric.
There is no loss of generality in making this assumption, for if

a;'s = %(ars_’f—asr) (rys = 1,...,m),
then A’ = (a;,) is symmetric and ¢(X,X) = xTA'x. We shall,
accordingly, always represent quadratic operators by expressions
such as xTA’x, where A’issymmetric. The insistence on symmetry
enables us to set up a biunique correspondence between quad-
ratic operators, quadratic forms (defined below), and symmetric
matrices.

DEriniTION 12.1.8. Any polynomial

n
95(1‘1,...,:6") = z Qs T, Tg
rs=1

= 0y, X3+ Ay X220, 2 Xyt A28y, Ty X,

= XT AX,
where X = (2y,..., 2,)T and A = (a,,) 8 a symmetric matriz, is
called a QUADRATIC FORM in the variables x,,..., Z,. A 18 the matriz
of this form and the numbers a,, are its coefficients.
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It “is clear that there is a biunique correspondence between
quadratic forms and their matrices.

Quadratic forms in 2,3,4,..,n variables are called binary,
ternary, quaternary,..., n-ary respectively.

DEFinITION 12.1.9. If (X, X) is a quadratic operator on M and
&(X, X) = xTAX, where A is symmetric and X is the vector represent-
ing X with respect to some basis B of M, then the quadratic form
xTAX (or, alternatively, the matrix A) is said to REPRESENT the
quadratic operator ¢(X, X) with respect to B.T

We leave it to the reader to prove the next statement.

THEOREM 12.1.4. For every given basis B of M there is a biunique
correspondence between quadratic operators on M and the quadratic
forms representing them.

The problem concerning the relation between different represen-
tations arises here as it does in the case of linear and bilinear opera-
tors.

THEOREM 12.1.5. Two symmetric nxXn matrices A and B
represent the same quadratic operator with respect to suitable bases in
M if and only if they are congruent, i.e. B = PTAP, where P s
non-singular.

Suppose that the matrices A and B represent the same quadratic
operator ¢(X, X) with respect to bases B and B’ (of M) respec-
tively. Thus, if

x = Z(X; B), x' = Z(X; B),
then (X, X) = xTAx = x'TBx'.
Butx = Px’, where P is a non-singular n X n matrix, and so
xTAx = x'T(PTAP)x’.
Thus the symmetric matrix P7AP represents ¢(X, X) with respect
to B’, i.e. B = PTAP. We leave it to the reader to complete the
proof of the theorem by establishing the converse.

Theorem 12.1.5 shows that when the basis in I is changed, the
matrix representing a quadratic operator is subjected to a congruence
transformation. By way of contrast we recall that a change of

+ It is a common practice to designate quadratic operators and quadratic forms
(and similarly bilinear operators and bilinear forms) by the same term. However,

the distinction of name may serve to remind us of the difference of status of the
two concepts.
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basisin M induces a similarity transformation in matrices represent-
ing linear operators.

One of the main reasons for studying quadratic forms is their
usefulness in the geometry of conics and quadrics; and the relation
between quadratic operators and quadratic forms can, indeed, be
aptly illustrated in this context. If @ is a given quadric, then, with
respect to a system S of projective coordinates x,, x,, ,, %3, its
equation assumes the form

i a,,x,x, = XTAX = 0,
r,8=0
where A = AT = (a,,) and X = (%, Z;, %5, ¥3)7. If any new system
S’ of coordinates is taken, then vectors X, X’ representing the same
point with respect to the two systems are connected by a linear
relation x = Px’, where |P| £ 0; and so the equation of @, with
respect to S, has the form
x'T(PTAP)x' = 0.

We may thus think of the quadric @ as being associated with a
quadratic operator, and then its various equations (with respect to
different systems of coordinates) will represent this operator in
terms of quadratic forms.t We are, of course, interested primarily
in the intrinsic (i.e. the geometrical) properties of @ rather than
in the pecularities of any particular equation reresenting it.
Similarly, in our discussion of quadratic forms in n variables we
shall be primarily concerned with those properties which are
common to all quadratic forms representing the same quadratic
operator, i.e. properties invariant under congruence transforma-
tions.

DrFiNiTION 12.1.10. A4 quadratic form is real (complex) if its
coefficients belong to the real (complex) field.

In future, unless the contrary is stated, all quadratic forms will
be assumed to be real, and this will be taken to imply that the
variables are also real-valued.

DreriNiTiON 12.1.11. The determinant |A| of the matriz A
associated with a quadratic form ¢ is called the determinant of ¢. A
quadratic form is said to be singular or non-singular according as its
determinant vanishes or does not vanish.

t This statement requires some qualification owing to the fact that, for any
k # 0, the equations xTAx = 0 and xT(kA)x = 0 represent the same quadric.
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DrriNirioN 12.1.12. (i) The rank R($) of a quadratic form ¢ is
the rank of the matriz of ¢. (ii) The rank of a quadratic operator is
the rank of any quadratic form representing that operator.

In view of Theorem 12.1.5, the second part of this definition is
unambiguous.

DerintTION 12.1.13. The substitution X" = Px for the variables
of a quadratic form XTAX s called a linear transformation of the
quadratic form. This transformation is satd to be real or complex
according as the matriz P of the transformation is real or complex;
it s sard to be singular or non-singular according as the determinant
|P| of the transformation vanishes or does not vanish.

We shall, generally speakiug, be concerned with real non-singular
linear transformations.

ExEercise 12.1.3. Show that a binary quadratic form in the variables
x, ¥ may be written as ax?+2bxy +cy®. What is the result of applying the
substitutions z = ax’+By’, ¥ = y2’4-8y’ to the vanables?

We collect below a number of almost obvious results which are
implicit in our previous discussion, the proof of which may be
regarded as an exercise.

THEOREM 12.1.6. (i) The substitution X = PX' changes the
quadratic form associated with the matriz A into that associated with
the matriz PTAP.

(ii) A linear transformation has the effect of multiplying the
determinant of a quadratic form by the square of the determinant of
the transformation.

(iii) The rank of a quadratic form is invariant under non-singular
linear transformations.

Finally, it may be observed that non-singular linear (real or
complex) transformations of a quadratic form constitute a group.

ExErcisE 12.1.4. Show that if a quadratic form is subjected to a linear
transformation specified by the matrix P and the resulting quadratic form
is then subjected to a linear transformation specified by Q, then the total
effect of the two transformations is the same as if the original quadratic form
were transformed by PQ.

12.1.3. The algebraic treatment of the projective geometry of
conics and quadrics, which is based ultimately on Joachimsthal’s
equation, makes extensive use of a procedure whereby every
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quadratic form gives rise unambiguously to a symmetric bilinear
form, i.e. to a bilinear form whose matrix is symmetric. The neces-
sary process of symmetrization was, in effect, carried out on p. 357,
but the relation just mentioned between quadratic forms and the
associated bilinear forms has an invariant character and is best
described in terms of operators.

Let M be a linear manifold of dimensionality » and let ¢(X, X)
be a quadratic operator on M. If $(X,Y) is a bilinear operator
which gives rise to the quadratic operator ¢(X,X) when the
substitution ¥ = X is made, then, in general, $(X,Y) # (¥, X).
It is, however, eagy to symmetrize ¢(X,Y). By definition 12.1.1
(p. 353) the operator (X,Y), defined by the equation

WX, Y) = H(X, V) +4(¥, X)), (12.1.9)

is again bilinear; and it evidently satisfies the relations
(X, Y) = (¥, X), (12.1.10)
HX, X) = ¢(X, X), (12.1.11)

for all X,Y € M. We express the identity (12.1.10) by calling
H(X,Y) a symmetric bilinear operator. 1t is, in fact, the only
symmetric bilinear operator which gives rise to ¢(X, X), i.e. which
satisfies (12.1.11). For, by Definition 12.1.1 and (12.1.9), we at
once obtain the identity
HXAHAY, X4AY) = (X, X)+20(X, Y)+A%(Y, Y).
(12.1.12)

If, now, §/'(X,Y) denotes a bilinear operator such that
‘/’I(X:Y):l/‘,(Y’X): ¢,(X’X):¢(X7X)’
then, similarly,
HXHAY, XHAY) = J'(X4-AY, X +2Y)
= $(X, X)+2M/(X, V)+ 24T, T), (12.1.13)
and it follows by (12.1.12) and (12.1.13) that J'(X,Y) = (X, Y).
The unique bilinear operator (X ,Y) associated with the given
quadratic form ¢(X, X) is called the polarized operator of $(X, X).
Its representation by a bilinear form is easily obtained. Let the
quadratic form x7Ax represent ¢(X,X) with respect to a basis

B of M and denote by x(X, Y) the bilinear operator represented by
the bilinear form xTAy with respect to 8. Then clearly

x(X, X) = xTAx = ¢(X, X).
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Morsover, since A is symmetric,
x(X,Y) = xTAy = yTAx = (¥, X).

Hence x(X,Y) s, in fact, the polarized operator (X, Y) of (X, X).
Thus, if the quadratic operator ¢(X,X) is represented by the
quadratic form x7Ax, its polarized operator (X, Y) is represented,
withrespecttothesame basis, by the bilinear form x7Ay. The bilinear
form xT Ay is called the polarized form of the quadratic form x”Ax.

The geometrical significance of polarized operators depends
primarily on the identity (12.1.12). In terms of the representing
forms we have the corresponding identity

(X+AY)TA(x+-Ay) = XTAX+22xTAy+A2yTAy. (12.1.14)

If the right-hand side of (12.1.14) is equated to zero we obtain a quad-
ratic equation in A, which is known as Joachimsthal’s equation.{

12.2. Orthogonal reduction to diagonal form

12.2.1. Instudying problems of euclidean geometry by algebraic
methods, we normally employ a non-homogeneous, rectangular, ,
cartesian frame of reference. It is often desirable to change this
frame while preserving the origin. The resulting transformation of
coordinates is then, as we know, represented by an orthogonal
matrix. The purpose of changing the frame of reference is to
simplify the equations of the curves or surfaces we are investigating.
Since these are frequently conics or quadrics we are led to inquire
in what way the quadratic form x7Ax can be simplified as the result
of the substitution x = Px’, where P is orthogonal. The answer
to this question turns out to be particularly simple and satisfactory.

DEFINITION 12.2.1. A DIAGONAL (UNIT) QUADRATIC FORM 18 @
quadratic form associated with a diagonal (unit) matriz.

Thus the quadratic form associated with the matrix dg(a,,..., @,)
is the diagonal quadratic form a, 3+...+a, #3. In particular, the
n-ary unit quadratic form is 23+...4a} = xTx.

Before proceeding further let us agree on a useful convention.
If the quadratic form x7Ax is subjected to the linear transforma-
tion x = Px’, it becomes x'7(PTAP)x’ = x'TBx’, say. Now
generally it does not matter what symbols are used for the variables

+ For its use in geometry see Semple and Kneebone, Algebraic Projective
Geometry, 107.
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of a quadratic form, since the quadratic form is completely charac-
terized by its matrix. We may therefore say that the transforma-
tion x = Px’ changes the quadratic form x7Ax into x7Bx; and
we shall employ this mode of expression whenever we find it con-
venient to do so.

Exegcise 12.2.1. Show that the linear transformation X = Px’ is
orthogonal if and only if it transforms the unit quadratic form into itself.

In preparation for the next theorem let us note that if A is real
and symmetric and R(A) = r, then, by Theorem 10.3.4 (p. 302)
and the corollary to Theorem 10.2.3 (p. 296), the number of non-
vanishing characteristic roots of A is r.

Theorem 12.2.1. (Orthogonal reduction of quadratic forms)

Let XTAx be a real quadratic form of rank r. Then there exists an
orthogonal transformation which transforms it into the diagonal form

A 232l
where A,,..., A, are the non-vanishing characteristic roots of A.

This result is essentially a restatement of the theorem on the
orthogonal reduction of real symmetric matrices (Theorem 10.3.4).
For by virtue of that theorem there exists an orthogonal matrix P
such thatt

PTAP = P-1AP = dg(A,,...,A,,0,...,0),

where the expression on the right-hand side contains n—r zeros.
Hence the orthogonal transformation x = Px’ carries the given
quadratic form xTAX into

x'(PTAP)X’ = x'7.dg(A,..., A, 0,..., 0). X" = A, 2124, A, 2,2

The process of transforming a given quadratic form into a dia-
gonal quadratic form is known as reduction to diagonal form. If the
transformation is orthogonal, we speak of an orthogonal reduction.

12.2.2. One of the most important applications of the trans-
formation theory of quadratic forms occurs in the reduction of
central quadrics (or conics) to principal axes.

+ It should be remembered that ‘orthogonal similarity transformation’ and
‘orthogonal congruence transformation’ are identical notions.
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TurorEM 12.2.2. Let the equation of a central quadric Q, with
it centre at the origin, be
gy O3+ Qo X5+ Qg TF + 2095 T, X3+ 2005 X5 Xy + 201, 2, %, = 1,
where x,, ¥, T3 are non-homogeneous rectangular coordinates. Let
Ay, Ay, Ag be the characteristic roots of the real symmetric 3 X 3 matriz
A = (a,,) and let §;, E,, E; be any set of orthonormal characteristic
vectors of A associated with Ay, Ay, A; respectively.T Then the directions

specified by €, §,, E51 are the directions of a set of principal axes of Q;
and with respect to these axes as coordinate axes the equation of @

assumes the form A 224 A, a8 A ad = 1. (12.2.1)

Let P denote the (orthogonal) matrix having §,, §,, E; as its
columns. Then, by Theorem 10.2.1 (p. 293),

PTAP = dg(A,, Ay, Ay)- (12.2.2)

The original equation of @ is given by xTAx =1, where
X = (1, T, x3)7. 1f S denotes the original system of coordinates and
8’ the system for which §,, §,, €, specify the directions of the axes,
then, by Theorem 8.4.4 (p. 238), X = PX’, where X' = (), 23, 23)7
and ], &y, x5 are the coordinates, with respect to S’, of a point whose
coordinates with respect to S are z;, ,, ;. Hence, with respect to
S’, the equation of ¢ assumes the form

(Px')TA(Px) =1,
and in view of (12.2.2) this is equivalent to
A 2 2 A o2 Agag? = 1.

It follows that §;, §,, &, specify the directions of a set of principal
axes of @, and the theorem is therefore proved.

In examining the reduction of central quadrics to principal axes
we must distinguish between three cases that may arise.

Case I. (A, Ay, Ag distinet.)
In view of the corollary to Theorem 7.6.1 (p. 215), each of the
three vectors §,, §,, ; is, in this case, uniquely determined to

1 The existence of such a set of vectors is guaranteed by Theorem 10.3.5 (p.
304).

t IfE is the vector (p, g, r) then by ‘the direction specified by E’ we mean, of
course, the direction of the straight line joining the origin to the point (p, g, r).
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within a scalar factor 4+-1. Hence @ has a unique set of printipal
axes. This conclusion is confirmed by the equation (12.2.1) which
shows that @ is an ellipsoid or a hyperboloid, but not a quadric of
revolution.

Case I1. (Precisely twc of A;, A,, A; are equal.)

To fix our ideas, let us assume that A; £ A, = A;. In that case §;
is determined to within a factor 1. Now §,, &,, &, constitute a
basis of B,, and therefore any vector n may be expressed in the

f
orm n=tE+tE+1E.
If v is orthogonal to §,, then

0= (E,m) =46, &) =1y,

and therefore = t,E, 115 &5,

An = t, AB,+13 ABy = 1,0, 8+ A, 85 = Ao,
Hence any non-zero vector n orthogonal to §; is necessarily a
characteristic vector of A associated with A,. Thus to choose
€, we may take any unit vector in the plane
through O perpendicular to §;,. Finally &, d
must be at right angles to both §; and &,, and
so, for any given §, and E,, it is fixed to within
a scalar factor 4-1.

One principal axis of @ (that corresponding
to E,) is therefore uniquely determined; the
remaining two may be chosen arbitrarily
(subject to their being at right angles) in
the plane through O perpendicular to the
first axis. This is borne out by the equation
(12.2.1) from which we can infer that @ is an ellipsoid of revolution
(but not a sphere) or a hyperboloid of revolution.

Case II1. (A, Ay, A all equal.)
By (12.2.2) we have in this case
PTAP = dg(’\l’AI:)\l) = A1 I,
and so A = A I. Since (A, I)§ = A E, we see that every non-zero
vector is a characteristic vector of A. It follows that any three
mutually perpendicular lines through the origin may be taken as

principal axes of @. The equation (12.2.1) leads to the same con-
clusion since it tells us that @ is a sphere.
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T& carry out the reduction to principal axes in a numerical case
we have to effect an orthogonal reduction of a symmetric matrix,
and we do this by using the procedure described on p. 303.
Consider the central quadric ¢ given by the equation

3y?+ 322 —2yz—4zx—4xy = 1. (12.2.3)
The associated matrix is

0 —2 =2
A=|-2 3 —1},
—2 —1 3

and the characteristic roots of A are found to be —2,4,4. Hence,
referred to a set of principal axes, the equation of @ assumes the
form 2t Ayt 4 = 1, (12.2.4)

and @ is therefore seen to be a hyperboloid of revolution of one
sheet. Let us next determine the formulae of transformation. If
(p,q,7)7 is a characteristic vector of A associated with the charac-
teristic root A, then

—29—2r = Ap
—2p+3qg—r = Mg . (12.2.5)
—2p—q+3r = Ar

When A = —2 this system of equations gives us p = 2¢, r =g,
and therefore a unit characteristic vector associated with the
characteristic root —2 may be taken as (2/v6, 1/v6, 1/v6)T. Again,
when A = 4 the system (12.2.5) reduces to the single equation
2p-+q+r = 0. We have to choose two unit characteristic vectors,
say (p,q,7)T and (p’,¢’,7’)7, both of which are associated with the
characteristic root 4 and the same time are orthogonal to each
other. Hence

2p+q+r=0, 2p'4q¢+r =0, pp'+qq+r' =0.

The two vectors in question can be chosen in an infinity of ways and
one possible choice is (1/+/3, —1/4/3, —1/¥3)7, (0, 1/v2, —1/v2)7.1
The orthogonal matrix P whose columns are the three characteristic
vectors just found is then given by

26 1/43 0

P= (1/«/6 —1/¥3 1/42),

176 —1/¥3 —1/v2

and we have PTAP = dg(—2,4,4).

The two vectors are, of course, automatically orthogonal to the vector
(2/+86, 1/48, 1/8)T chosen earher.
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The substitution x = Px’, where x = (z,¥,2)T, X’ = (2/,y'¢2")T,
thus reduces the equation (12.2.3) to the form (12.2.4). This sub-
stitution can be written, more explicitly, as

2 . 1.,

1,01, 1.,
y_%x—%y+@z,

]' ! 1 7 ]' 14
2= —2

AR LR

The three characteristic vectors specify the direction ratios of a set
of principal axes. The equations of these axes are therefore given

by =2y = 2z; —r =Y = 2; r=0y=—=z.

12.2.3. The relation between the principal axes of a quadric @,
given by the equation xTAx = 1, and the characteristic vectors
of A was established above by means of the transformation theory
of quadratic forms (i.e. of symmetric matrices.) A more direct

» derivation proceeds as follows. Ifx is the position vector of a point
P, then the direction ratios of the normal to the polar plane = of P
with respect to @ are given by the components of the vector Ax.
Hence the line OP is perpendicular to = if and only if Ax = Ax for
some (non-zero) value of \. But OP is perpendicular to = if and only
if P lies on one of the principal axes of ). Thus each principal axis
of @ is specified by a characteristic vector of A.

12.3. General reduction to diagonal form

In the preceding section we studied the reduction of quadratic
forms to diagonal form by means of orthogonal transformations,
In the geometrical context the insistence on orthogonality is
necessary only when we investigate metrical properties of figures
and it loses its significance in affine and projective geometry.
We propose, therefore, to consider next reductions to diagonal
form effected by non-singular linear transformations which are
not subject to further restrictions. An analogous problem arises
for bilinear forms and we shall deal with it before turning again to
quadratic forms.

12.3.1. A bilinear operator can be represented in many different
ways by a bilinear form, and we are therefore confronted by the
problem of determining representations which shall be as simple
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as pussible. The next theorem shows that a ‘diagonal representa-
tion’ can always be found.

THEOREM 12.3.1. Any bilinear form of rank r can be changed into
the bilinear form 2 Yyt 2, Y, (12.3.1)

by means of a non-singular linear transformation.

This result states, in fact, that if 4 is a bilinear operator, of rank r,
on the linear manifolds M and N, then bases in P and N can be
found with respect to which ¢ is represented by the bilinear form
(12.3.1).

To prove the theorem denote the given bilinear form by x”Ay,
where A is an m X n matrix and R(A) = r. Then, by Theorem 6.2.3
(p. 176), there exist non-singular matrices P, Q (of order m,n
respectively) such that

PTAO —_ N,(_m,n),
where N(™™ is the m X n matrix
I O
o o)

Hence the non-singular linear transformation x = P§, y = Qn
changes the bilinear form xTAy into
ET(PTAQ)n = E'N™™q = & my+- 46y

where € = (£,,...,€,)T, 1 = (9,-.,m,) 7. This proves the theorem.
We may, at the same time, note that if the original bilinear form is
real, then it can be reduced to (12.3.1) by a real transformation.

DerINITION 12.8.1. T'wo bilinear forms are EQUIVALENT if one of
them can be transformed into the other by a mon-singular linear
transformation.

Thus equivalence of bilinear forms means equivalence with
respect to the group of non-singular linear transformations.

ExercisE 12.3.1. Show that the relation between bilinear forms specified
in Definition 12.3.1 is an equivalence relation in the sense of Definition

6.5.1 (p. 186).
TuroreM 12.3.2. Each of the following three conditions relating
to the bilinear forms ¢, s implies the other two.
(i) ¢ and ¢ are equivalent.
(ii) ¢ and  represent the same bilinear operator.
(iii) ¢ and ¢ have the same rank.
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Let the matrices associated with ¢, i be denoted by A, B
respectively. Statement (i) then means simply that there exist
non-singular matrices P, Q such that

B = PTAQ, (12.3.2)

and, by Theorem 12.1.3 (p. 355), this implies and is implied by (ii).
Again, by Theorem 6.2.3, (12.3.2) implies and is implied by (iii).
The assertion is therefore proved.
Exrrcise 12.3.2. Show that two bilinear forms are equivalent if and
only if their matrices are equivalent in the sense of Definition 6.2.2 (p. 176).
12.3.2. Turning now to quadratic forms we observe at once the
following result.

TaEOREM 12.3.3. 4 real quadratic form of rank r can be trans-
formed by a real non-singular linear transformation into the diagonal

orm
f o 224+, 2
where «y,..., o, are all non-zero.

This is, of course, a weakened version of Theorem 12.2.1. Alter-
natively it follows immediately by Exercise 6.4.3 (p. 185) since
non-singular linear transformations of quadratic forms correspond
to real congruence transformations of the associated matrix.

Theorem 12.3.3 shows, in fact, that every quadratic operator on
a linear manifold 9 possesses a ‘diagonal representation’ for an
appropriate choice of basis in M. The theorem is also important
in projective geometry since it shows that, with respect to a suitable
coordinate system, the equation of a conic or a quadric assumes a
form involving only the squares of the coordinates.

ExEercisE 12.3.3. Show that the transformation in Theorem 12.3.3 can
be chosen in such a way that each o has the value +1.

ExEercise 12.3.4. Show that Theorem 12.3.3 remains valid for complex
quadratic forms, provided that complex transformations are admitted. By
using the additional transformation
_ Y/ Nou (k= 1,.,7),

Yr (k = r+1,..., n),
show also that in this case all a’s can be made equal to 1.

As a consequence of Theorem 12.3.3 we have the following
corollary.

Tx

CoRrOLLARY. An n-ary real singular quadratic form can be reduced
by a real non-singular linear transformation to the form

2 2
W Xt 0g g Ty
5682 Bb



370 BILINEAR, QUADRATIC, AND HERMITIAN FORMS XII, § 12.3

In view of Theorem 12.3.3 it may be asked whether it is possible
to reduce a quadratic form of rank r to diagonal form in which the
number of non-vanishing coefficients is not equal to r. It is,
however, almost obvious that such a reduction is not possible.

TrEOREM 12.3.4. If a quadratic form of rank r is reduced by a
non-singular linear transformation to diagonal form, then the latter
must have precisely r non-vanishing coefficients.

For, by Theorem 12.1.6 (iii) (p. 360), the rank of a quadratic
form is invariant under non-singular linear transformations, and
the rank of a diagonal quadratic form is equal to the number of its
non-vanishing coefficients.

The theory of linear transformations of quadratic forms may be
stated in a language slightly different from that used so far. Con-
sider, for instance, the binary quadratic form

ax®+2bxy+cy?, (12.3.3)

and suppose that a change of variables, specified by the equations

' = ax+PBy, y' = yx-+38y,
transforms it into a'x'?+20'c"y" +c'y'2 (12.3.4)
Instead of regarding the transition from (12.3.3) to (12.3.4) as a
result of the transformation of variables, we can suppress all refer-
ence to the introduction of new variables 2’, ¥’ and exhibit the

relation between the original and the resulting quadratic form as
an identity, namely,

ax?+2bxy+cy? = a’(ax+By)?+2b" (o +-By) (v +38y)+¢’ (yz+8y)*.

By adopting, as we obviously can, the same point of view in the
case of n-ary quadratic forms we are led to the following conclusion.

Theorem 12.3.5. A4 quadratic form in &,..., %,, of rank r, can be
expressed as a linear combination, with non-zero coefficients, of the
squares of r linearly independent linear forms in ..., .

This result is implied by Theorem 12.3.3. Let
@y, T,) = XTAX,

where x = (2,,...,%,)T, be the given quadratic form. Then a
suitable non-singular linear transformation x = Py changes it to

o 24t y? (e, a, # 0), where y = (yy,...,4,)7. We may
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think of each y; as a linear form in ..., %, determined by the rela-
tion y = P-x, and we then have, identically in &;,...,Z,,

B(Lyyes Tp) = Yo+t YR

Moreover, since [P-1| 5 0, it follows by Theorem 5.5.2 (p. 153)
that not only ¥,,..., 4, but, indeed, ..., ¥, are linearly independent
linear forms.

Exercise 12.3.5. Express 3x2-+2zy+7y® as a lincar combination of
two squares.

12.3.3. Theorems 12.3.3 and 12.3.5 are pure existence theorems
and do not provide a procedure for carrying out the reduction of a
given quadratic form to diagonal form. Such a reduction can, of
course, be always effected by an orthogonal transformation.
However, the amount of computation involved in this process
is often prohibitive; and when orthogonality is not essential,
Lagrange’s method of reduction, explained below, is preferable.
In addition to its practical utility this method (which was devised
&by Lagrange in 1759 and rediscovered by Gauss in 1823) provides,
in conjunction with Theorem 12.3.4, a new proof of Theorems
12.3.3 and 12.3.5, and so makes them independent of the relatively
difficult Theorems 6.4.1 and 10.3.4.

Lagrange’s method is a process of successive reduction by means
of which we eventually remove all mixed terms a,,, %, (r # s) from
the initial quadratic form

n
¢ = ‘}I)(xl""’xn) = E Qs Tp X
7=
= Ay B3Oy X220 Ty Xp 20y 5 Ty T

If at least one of a,y,..., @,, is not zero we may assume, without loss
of generality, that a;; % 0.1 Then

n
— 2
95 = Gy X320, %, Xp+- ...+ 20y, @, X, z Qpg X0 Tg
§=

a a
=a11(x§+25—1—2x1x2+...+2511‘x1xn +¢(Tosens T,),  BAY.
11 11

1 Cf. the numerical example in § 12.2.2.
t For, if a;; = 0 and a,, # 0 for some r > 1, we may first apply the non-
singular Iinear transformation

Ty=¢, =4, =4 (s#1,8#7)
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Hence
2
Q1o A \2 [212\2 2 Ain\” 2
¢=au{(x1+-—-xz+...+—-—xn — (2] 2a—...— 2] p—
an an a4 ay
(yo
—2 2 By 2, — .}—}-cﬁl(xz,...,x,,)
a3,

ay, a 2
= all(xl"‘a—' Ty +?"1—n xn) + o(@a,-s Z)s
11 11

say, where ¢, is a quadratic form in z,,...,z,. We now see that the
(obviously non-singular) linear transformation

a
Y= x1+ x2+ + g Yo =Ty 0y Y =12,

changes ¢ into the form

¢ = o yi+do(¥ases ¥n) (12.3.5)
(where actually oy = a,).

However, the above procedure breaks downifa,; = ... = a,,, = 0,
and in that case an additional step is required. We still havea,, 5= 0
for some r, s such that r # s, for otherwise the quadratic form would
vanish identically. Assume, then, without loss of generality, that
a,, # 0 and use the transformation

z; = &4-6,, xy = &, —§,, Ty =&, oy Xy =&y
This transformation has determinant —2 and so is non-singular.
It carries ¢ into a quadratic formin &,,..., ¢, in which the term in £
is present; to this new quadratic form we now apply the method
described earlier and obtain ¢ in the form (12.3.5).

It is thus in every case possible to change the given quadratic
form ¢ into (12.3.5) by a non-singular linear transformation. The
reduction to diagonal form may now be completed by repeating
the process as often as it is necessary. Treating ¢, in the same way
as we treated ¢ above, we observe that there exists a real non-
singular transformation of y,,...,¥, into 2,,...,z, such that

¢2 = “223+¢3(z3’---:2n),
where ¢, is a quadratic form in z,...,2,. If the equations connecting
Yzse-s Yy With z,,...,2, are supplemented by the equation y, = z,,
then the transformation from w,,...,y, to 2,,...,2, is again non-
singular; and ¢ is seen to assume the form

¢ = o | z%+°‘2 zg+¢8(z3r"rzn)»
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the change being effected by a non-singular transformation from
Tyyeees Ty $O 24500052y,

We continue this process of reduction as long as any mixed terms
are left, and ultimately obtain ¢ in the form

¢ = alw%_l"""}"o‘rw%

where r = R(¢). The reduction has been effected by a succession of
real non-singular linear transformations whose resultant is there-
fore again a real non-singular linear transformation. It is clear,
moreover, that the procedure applies equally well to complex
quadratic forms. We conclude, therefore, that any quadratic
form, real or complex, can be reduced to diagonal form by means
of a non-singular linear transformation.

To illustrate Lagrange’s method of reduction in a numerical
case, let us consider the quaternary quadratic form

¢ = 20, Xy — X T3+ Xy Xy— Ty Xy + X Ty — 223 74,
Putting
T =YY V=YY Tz =1VYs T4=VYs (12.3.6)
we obtain

¢ = 2yi—2y3— 2y, Y3 +24 Ys—2Y3 Ys

= 2(y1—¥s+ 1" — 23— 38— dvi— % e

Next, putting

=4t =Y B=Ys Z=VY (12.3.7)
we obtain

¢ = 24— 203 —daf—hef 22y = 22} — 24— (2 +2,)"
Hence, writing

Wy =2, W, =2, W;=23+2, W;=2, (12.3.8)

we have ¢ = 2wh—2uwi—Lwi. (12.3.9)

Moreover, we see by (12.3.6), (12.3.7), and (12.3.8) that the trans-
formation effecting the reduction of ¢ to the diagonal form (12.3.9)
s given by @y = w4 W, hwy—wy,
Ty = Wy —Wy+ Jws—w,,
Xy = Wy— Wy,

x4 == 'w4.
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Alternatively, we may write

wy = a2 +3x,— 3y +1,

wy, = 32—,

Wy = T3+ 4

Wy = Ty,
and (12.3.9) may be expressed in the form of the identity

22, Xy — 21 T3++2y Xy — Xy X3+ 2, T, — 225 7,
= 2(30; H4@,— Jas 4 12)°— 2(3, — §,) P — (25 -+ 24) 2

We recognize, incidentally, that E(¢) = 3.

12.3.4. The next theorem shows in what circumstances a given
quadratic form can be expressed as a product of two linear forms.

THEOREM 12.3.6. Let ¢ be a complex quadratic form. (i) ¢ is
the square of a non-vanishing linear form if and only if R($) = 1.
(ii) ¢ us the product of two linearly independent linear forms if and’
only if R(¢) = 2.

If ¢ = (qay+...+a,2,)? and o 2,+...+a, 7, does not vanish
identically we may assume, without loss of generality, that o, 0.
The non-singular linear transformation

Y1 = q ¥y, Xy, Yo = Loy vy Yp = Ty

carries ¢ into y§. Hence R(¢) = 1. On the other hand, if R(¢) = 1,
then, by virtue of Theorem 12.3.5 (as applied to complex quadratic
forms), it is possible to write ¢ in the form ¢ = a, %%, where o, 5« 0
and y, is a (non-vanishing) linear form in z,,...,z,. Thus

¢ = {‘/0‘1- (P11 AP0 )13
and (i) is proved.
Next, let
B = (gt 2,) Byt By,

where the two linear forms on the right-hand side are linearly

independent, i.e. are not multiples of each other. We may then
assume that
G Qg

Bi B

0,



XII,§12.3 GENERAL REDUCTION TO DIAGONAL FORM 375

since at least one such minor is not zero. The non-singular ljnear
transformation

Y = g T+ Tyt Ty

Yo = 1@ Pyt A BTy,

Ys = Z3
.
Yn = Zny
carries ¢ into y,; ¥,, and the non-singular linear transformation
Y1 =212, Yo =212, Ys=23 - Yo =2,

carries y, ¥, into z3—z%. Hence R(¢) = 2. On the other hand,
if R(¢) = 2, then, by Theorem 12.3.5, ¢ can be written as
¢ = a, Y3+ y: (o # 0, ay # 0), where y,,y, are linearly inde-
pendent linear forms in z,...,z,. Hence

¢ = (Vo yy + iV yp) (Vo 4, — iV U5),
and the expressions in brackets are again linearly independent
linear forms in z,,...,z,. The proof is therefore complete.

COROLLARY. A complex ternary quadratic form is the product of
two linear factors if and only if it is singular.

This corollary provides us with a criterion for the degeneracy of
conics. If in homogeneous (cartesian, affine, or projective)
coordinates z, ¥, z the equation of the conic C is of the form
xTAXx = 0, where x = (x,9,2)T, then C is degenerate (i.e. breaks
up into two distinct lines or a repeated line) if and only if the
determinant |A| vanishes.

12.4. The problem of equivalence. Rank and signature

12.4.1. Consider a system S(z, y, z) of projective coordinates in
the plane. With respect to this system any conic C will have an
equation of the form

d(z,y,2) = 0, (12.4.1)

where ¢ is a ternary quadratic form. If S'(2',y’,2') is a second
system of projective coordinates, then the two systems are con-
nected by a relation (z’,¥’,2")T = A(z,y,2)T, where A is a non-
singular 3x 3 matrix. This linear transformation changes the
equation (12.4.1) of C into

‘/’(x’ay”z,) =0,
where i is again a ternary quadratic form. The new equation still
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represents the same conic; and consequently, from the point of
view of geometrical interpretation, what is important is not an
individual quadratic form ¢ but the entire class of quadratic forms
that can be obtained from ¢ by non-singular linear transformations.
All these quadratic forms will represent, when equated to 0, the
same conic C, referred in each case to a suitable system of projective
coordinates. '

It is principally for this reason that we are interested in quadratic
forms which can be obtained from each other by non-singular linear
transformations. Accordingly we introduce the following definition
which is, in point of fact, implicit in our previous terminology.

DerINiTION 12.4.1. If a quadratic form ¢ is obtained from the
quadratic form ¢ by a complex (real) non-singular linear transforma-
tion, then i ts said to be EQUIVALENT fo ¢ under the group of complex
(real) non-singular linear transformations.

The two groups of transformations mentioned here will be
denoted, for brevity, by 7t and T%. The two relations between ¢
and ¢ are clearly equivalence relations. We can express these
relations in terms of the matrices A, B of ¢,  respectively by
saying that there exists a non-singular matrix P such that
B = P7AP. Here P is complex in the case of equivalence with
respect to T and real in the case of equivalence with respect to 77%,.

Our problem is to determine all equivalence classes defined by the
groups 7, and T}; and for 7, the solution of this problem is very
simple indeed.

THEOREM 12.4.1. Two complex quadratic forms are equivalent
with respect to the group of complex non-singular linear transforma-
tions if and only if they have the same rank.t

If the two quadratic forms are equivalent (in the sense stated),
then their ranks are obviously equal. Consider next two quadratic
forms &, ¢, both of rank 7. In view of Exercise 12.3.4 (p. 369) both
these forms are equivalent to a4-...42%; hence they are equi-
valent to each other.

ExEercisE 12.4.1. Show that an n-ary quadratic form is non-singular if
and only if it is equivalent, under the group 7}, to the n-ary unit form.

12.4.2. Theorem 12.4.1 settles the problem of equivalence with
respect to 7y, since it shows that each equivalence class consists

t Cf. Theorem 12.3.2 (p. 368).
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simply of all n-ary quadratic forms having the same rank.» For
real transformations the problem is more difficult and more
interesting. The basis of our discussion is a result found by
Sylvester in 1852.
Theorem 12.4.2. (Sylvester’s law of inertia)
If a real quadratic form in @;,..., 2,, of rank r, is reduced by two real
non-singular linear transformations to the diagonal forms
aly%—}_""{“ary?’ (12-4'2)
B2 +... B, 22, (12.4.3)
respectively, then the number of positive o’s is equal to the number of
positive B’s.T
Let the numbers of positive a’s and positive 8’s be denoted by
s, trespectively. The y’s and z’s may be assumed to be so numbered
that the positive a’s and positive B’s come first. Since the forms
(12.4.2) and (12.4.3) are obtained by transformations of the same
initial quadratic form, we have
oy Yot o Y — g |91 — o Lo Y7
= BB+ B — Bralaf i — - — B l2E (12.4.4)
This relation is an identity in x,...,2,, since the y’s and z’s are
linear forms in the x’s.
Suppose that s > ¢. Then the system of n—s4¢ < n linear
homogeneous equations

Yss1 =0, ..y ¥, =0, 2,=0, .., =0 (124.5)
in the unknowns a;,..., x,, possesses a solution
2y =&, e Xy, =&, (12.4.6)

in which §&,,..., ¢, are not all zero.

Denote by y¥, 25 (k = 1,...,n) the values assumed by the linear
forms y,, 2, respectively when the substitution (12.4.6) has been
made. Then, by (12.4.4) and (12.4.5),

o Y5t oy = — Bl — . — 1B, (2%
and therefore
Y= =yf=2f,=..=2=0. (12.4.7)
Hence, by (12.4.5) and (12.4.7),
H==t=tn==0=0,

1 In view of Theorem 12.3.4 (p. 370) all &’s and B’s are non-zero.
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and so the system of n linear homogeneous equations y, = 0,...,
Y, = 0 in the unknowns z,,...,,, possesses a non-trivial solution
(12.4.6). Hence the determinant of the linear forms y,,...,¥,
vanishes, and this is incompatible with our hypothesis that the
original quadratic form is transformed into (12.4.2) by a non-
stngular linear transformation. Thus the assumption s > ¢ leads
to a contradiction; and by symmetry so does the assumption s < ¢.
Hence s = ¢, and the theorem is proved. It follows at once, of
course, that the number of negative o’s is equal to the number of
negative f’s.

It is convenient to introduce the following definition.

DEeriNtTION 12.4.2. If @ quadratic form ¢ is transformed by a real
non-singular linear transformation into a diagonal quadratic form
&1, then ¢, is said to be @ CANONICAL FORM of ¢.

ExEercise 12.4.2. Show that two real quadratic forms are equivalent
with respect to T’ if and only 1f they possess a common canonical form.

Sylvester’s law of inertia asserts that if ¢;, ¢, are any two
canonical forms of a quadratic form ¢, then the number of positive
coefficients in ¢, is equal to the number of positive coefficients in ¢,,
and similarly for negative coefficients. We are therefore entitled
to introduce the following notation.

DeriniTION 12.4.3. The number of positive and negative co-
effictents in any canonical form of the quadratic form XTAX will be
denoted by P = P(A) and N = N(A) respectively.

The numbers P and N so defined can casily be related to the
characteristic roots of A.

TaeEOREM 12.4.3. If A is a real symmetric matriz, then P(A) is
equal to the number of positive and N(A) to the number of negative
characteristic roots of A.

If R(A) = r and A,,..., A, are the non-zero characteristic roots of
A, then, by the theorem on orthogonal reduction of quadratic
forms (p. 363), we know that xTAX possesses the canonical form
Ay 224 ...+A.22. The assertion therefore follows.

DErintTION 12.4.4. The number s = P(A)—N(A) is called the
SIGNATURE of the quadratic form XTAX (or of the symmetric matrix
A).
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Since P+N = r, P—N = g, any two of r, s, P, N determine the
other two. The evaluation of r, s, P, N is carried out particularly
easily by the use of Lagrange’s method of reduction.

EXERCISE 12.4.3. Determine the values of P, N, r, s for the quaternary
quadratic form 2x,x,—x, x5+, x4 —x, 23+ T, ¢, — 2232, considered on p.
373.

Weé are now able to formulate the solution of our principal
problem.

Theorem 12.4.4. (Equivalence theorem for quadratic forms)

Two real quadratic forms are equivalent with respect to the group
of real non-singular linear transformations if and only if they have
the same rank and the same signature.

This result should be compared with Theorem 12.4.1 where a
less restrictive condition (i.e. equality of rank) suffices to charac-
terize a less restrictive definition of equivalence (i.e. equivalence
with respect to 7}).

To prove Theorem 12.4.4 we first observe that if two quadratic
forms are equivalent (with respect to 7%;), then, by Exercise 12.4.2,
they possess a common canonical form and so have the same rank
and the same signature.

Next, letxTAx be a quadratic form of rank », and write P(A) = P.
We know that xTAx is equivalent to

. Foaprh—ap 25, — . —, T2, (12.4.8)
where all o’s are positive. The additional non-singular linear trans-
formation . {?/k/V/ak (k=1,..,7)

k Y (k=r+1,..,n)
carries (12.4.8) into

Yit.tyb—yba——Y (12.4.9)
and xTAx is therefore equivalent to (12.4.9). If now a second
quadratic form x7Bx has the same rank and the same signature as
xTAx, then P(B) = P(A) and soxTBx is also equivalent to (12.4.9).
Hence x”Ax and xTBx are equivalent to each other, and the proof
is complete. Thus each equivalence class with respect to the group
T, consists of all n-ary quadratic forms having the same rank and
the same signature.

ExERrcise 12.4.4. Show that there are altogether n + 1 equivalence classes
with respect to 7, and §(n -+ 1)(n-+2) equivalence classes with respect to 7.
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ExEgcrsE 12.4.5. Show that an n-ary quadratic form is equivalent (with
respect to T) to the n-ary unit form if and only if its rank and its signature
are both equal to n.

12.4.3. In conclusion we mention, without proof, two further results
in which rank and signature play a part. Let

" +a, 2" 4. +a, =0 (12.4.10)

be an equation with complex coefficients, and let s, denote the sum of the
rth powers of its roots. Then the rank of the (symmetric) matrix

Son—2 Sep3z - .+ .+ Spgy
A — [%2n-3 Seng - . - Spoo
Suci Sps - - - &

is equal to the number of distinet roots of (12.4.10). Thisimplies,inparticular,
that (12.4.10) has at least two coincident roots if and only if A is singular—a
result with which we are alrcady familiar from § 1.4.1. If the coefficients of
(12.4.10) are real, then A is real and symmetric and its signature is equal
to the number of distinct real roots of (12.4.10).1

12.5. Classification of quadrics

The equivalence theory of quadratic forms plays an important
part in geometry and enables us, in particular, to classify quadrics
with respect to various groups of transformations. We shall briefly
discuss some of the principal modes of classification.

(i) Projective classification
Let the equation of a quadric be written as

xTAx = 0, (12.5.1)

where A is a symmetric 4X 4 matrix, x = (z,, 2y, %, 23)7, and
%y, Ty, ¥y, T3 are projective coordinates. Two quadrics are said to
be projectively equivalent if the equation of one of them can be
transformed into that of the other by a (complex) projective collinea-
tion, i.e. by a transformation

x' = Px, (12.5.2)

where P is a non-singular complex 4 X 4 matrix. Thus projective
equivalence of quadrics means equivalence of the associated
quadratic forms with respect to the group 7. Two quadrics are
therefore projectively equivalent if and only if the associated
quadratic forms have the same rank. Accordingly there are just

1 For a proof of these and related results see Perron, 12, ii, 2-5.
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four equivalence classes; and these are exhibited in the following
table, where r denotes the rank of A.

Type of quadric

r Standard equation
4 |ad+altaltal=0
3 |ai4aitai=0
2 |zi+at=0

. 1 |[«2=0

Proper quadric
Quadric cone

Pair of distinct planes
Repeated plane

(il) Complex affine classification

Suppose that (12.5.1) is again the equation of a quadric, but that
now Z,, &;, &, ¥; denote homogeneous affine coordinates, with
z, = 0 as the equation of the plane at infinity. Write, moreover,

Qo1 Qg2

Ay Ao @
11 %12 %3
A—[%0 % G2 O3 Al —
= > =|{Qa Q2 Qqg3]),
Aoy Aoy Qoo G
20 T21 Qg Qo
ad @ a a a3 QAgp gy
30 @31 Q32 Qa3

so that A’ is a matrix specifying the conic of intersection of the
quadric (12.5.1) and the plane at infinity. A complex affine collinea-
tton is a complex non-singular linear transformation of coordinates
which transforms the plane at infinity into itself, i.e. a non-singular
transformation of the type

xg) = Poo%o
X = P1o%otP11 L1+ P12 T2+ P13 %3
Xy = Pgo Xt P21 X1+ Doz Lo+ Pa3 s
Xy = P39 Lo+ P31 X1+ P32 Tat P33 X3
In matrix form this may be written as (12.5.2), where

(12.5.3)

Poo O 0
Pn
y 25
P30 Par

is a complex non-singular matrix.

P=

0

Pis
DPos
P33

shall discuss equivalence

with respect to the group of complex affine collineations, and shall
determine all equivalence classes and the corresponding standard
forms of the equations of quadrics.

Write R(A) = r, R(A’) = p. We know, by virtue of Exercise
12.3.4 (p. 869), that there exists a non-singular transformation

/
Zy = Xy, Ty = Cpy Ty +CroeatCa 3 (k= 1,2,3)



382 BILINEAR, QUADRATIC, AND HERMITIAN FORMS XII, § 12.5
which, reduces the quadratic form xTAx to
(oo X2 2By To @1+ 2bp Tg g+ 2bog Xo Ty 23+ .. 425,

and this quadratic form may be written as

(@op—bF1— - —b5,)2 + 200,511 Zo Tp 1+

+ 25 T T3+ (1 +bog 70)2 -+ (2, bop To)*-
Applying the transformation '
xr . {xk“,-bokxo (k = 1,...,P)
e =
x, (k= 0, p+1,...,3)
and writing ag,— b3, —...—b§, = b, we obtain the quadratic form
bxg+2bg 11 xoxp+1+...—|-2b03x0x3—|—m'f+...+x§. (12.5.4)

This last expression can be simplified still further; and we need to

consider three cases, each of which gives rise to a distinct type of
quadratic form.

(i) When by, ,; = ... = by = 0 and b =0 (or when p = 3
and b = 0) (12.5.4) becomes
7 O
(i) When by ,,; = ... = bz =10 (or p=3) and b % 0, then

(12.5.4) can be transformed into
3+ai+..+ag.

(iii) When b ,,..-, b3 are not all zero we may assume, without

loss of generality, that b, ,,, # 0. Putting
iy = b2g+2bg piy Tpiy oo +2bg5 24

and leaving the other z’s unchanged in (12.5.4), we obtain the
quadratic form Zoy a2+ e

Since all transformations concerned are complex affine collinea-

tions, it follows that the original quadratic formx7Axisequivalent,
with respect to the group of these collineations, to one or the other

of the forms 2. a2, (12.5.5)
a3+ad+... 422, (12.5.6)
2%y 4q+25+ . 425 (12.5.7)

Moreover, no two of these quadratic forms are equivalent to each
other, for r is invariant under collineations and we have r = p,
r = p+1, r = p-+2 for the forms (12.5.5), (12.5.6), (12.5.7) respec-
tively. It follows that two quadrics X7Ax = 0 and X”Bx = 0 are
equivalent with respect to the group of complex affine collineations
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if and only if the values of » and p are the same for A as for B.
The equivalence classes are thus completely specified by the valués
of r and p, and each class has a representative of the form (12.5.5),
(12.5.6), or (12.5.7). These classes are exhibited in the following
table.

r| p Standard equation Type of quadric
4 | 8 | ai+ai+ai+al =0 | Central quadric

4 | 2 | aftaiiaga, =0 Paraboloid

3| 3| 2italqai=0 Quadric cone

3|2 | aftai+ai=0 Central cylinder

3 |1 2itzgry = 0 Parabolic cylinder

2 |2 i tai =0 Parr of intersecting planes

2 |1 ai4-a? =0 Pair of parallel planes

2 0 zox; = 0 A plane together with the plane at infinity
1 1| at=0 Repeated plane

1 0 2t =0 Plane at infinity repeated

(iii) Real affine classification

So far we have been considering complex quadrics, i.e. quadrics
specified by complex matrices. We shall now confine our attention
to real quadrics. We shall continue to write the equation of a
quadric in the form (12.5.1), where A is a real 4 x4 matrix and
X9, Xy, T,, ¥4 denote homogeneous affine coordinates, with z, = 0
again as the equation of the plane at infinity. A real affine collinea-
tion is a real non-singular linear transformation of the type (12.5.3).
Our object is to find all equivalence classes with respect to the group
of real affine collineations.

Projective classification and complex affine classification depend
on complex transformations, and considerations of rank are
sufficient for determining all equivalence classes. In the case of
real affine classification, however, account must be taken of the
signs of the various terms which appear in the equations of the
quadrics; and use must be made, therefore, of the notion of signa-
ture. We shall denote by s, o the moduli of the signatures of A, A’
respectively. The symbols r, p will have the same significance as
before.

Arguing as in (ii), we see that any quadratic form xTAx can be
transformed, by a real affine collineation, into a quadratic form of
one of the following types:

ele—{—...—kepr,;
€yt eai4... e, 23;

Xy Tyt a4+, 2.
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Here each ¢ has the value 1 or —1. We do not need to consider all
possible combinations of values of the €’s, since our main concern
is with the equation X”AX = 0 rather than with the quadratic
form xTAx, and any choice of values of €, ¢;,..., €, leads to the
same equation as the choice —e;, —e¢y,..., —¢,. Bearing this in
mind, we can write out the table of standard equations. In this
table we note down in each case the values of r, p, s, and o:

rlplé|o Standard equation Type of quadric

4131413 22 4o} 42l 422 = 0| Virtual quadric

43|28 |—at+altaltal= 0| Elpsod

41321 a}+at+ai—af = 0| Hyperboloid of two sheets

413|0]|1]|—a2+alt+ai—al= 0| Hyperboloid of one sheet

41222 22422 +zy2; = 0 | Elliptic paraboloid

4(2|10]0 x?—ai+x,2, = 0 | Hyperbolic paraboloid

31333 zitaital =0 Virtual quadric with a single real point

313(1/1 2 4ai—x2 =0 Quadric cone

312382 i taital=0 Virtual cylinder

32|12 —ai+al+al=0 Elliptic cylinder

32|10 xital—axi =0 Hyperbolic cylinder

311{1|1 224-zoxy, = 0 Parabolic cylinder

212|122 xitai =0 Pair of virtual planes intersecting in &
real line

21200 2i—a =0 Pair of intersecting planes

211121 xit+a? =0 Pair of parallel virtual planes

2(1(0|1|—ait+at=0 Pair of parallel planos

2{0(0]0 Zoxy = 0 A plane together with the plane at infinity

1{1]1]1 =0 Repeatod plane

1{0]1]0 3 =0 Plane at infinity repeated

It is clear that the numbers 7, p, s, o are invariant under the
group of real affine collineations. The above table therefore shows
that no two quadrics having different standard equations are
equivalent with respect to this group. Thus each equivalence class
is specified by the set of values of 7, p, s, o; and the table gives one
representative for each class.

The different types of equivalence we have discussed give rise
to a hierarchy of classifications. Thus all proper quadrics are
projectively equivalent, but with respect to the group of complex
affine collineations they separate into central quadrics and para-
boloids. Again, with respect to the group of real affine collineations,
central quadrics separate into ellipsoids, hyperboloids of one sheet,
and hyperboloids of two sheets, while paraboloids separate into
those of the elliptic and those of the hyperbolic type.
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ExEercise 12.5.1. Discuss the projective and affine classification of cgnics.

Exprcisk 12.5.2. Extend to n-ary quadratic forms the reduction Of
quaternary forms carried out in (ii) and (iii).

(iv) Metric classtfication

By specializing further the group of transformations, we are led
to refinements of the previous systems of classification. By far
the madst important system that arises in this way is that of ‘metric
classification’.

Let (12.5.1) again be the equation of the quadric, with z,, z,, x,, 3
now interpreted as homogeneous rectangular coordinates, and with
x, = 0 as the equation of the plane at infinity. A euclidean collinea-
tion (i.e. a combination of translations, rotations, and reflections)
can be shown to be a transformation of the type

Xy = Ty = Pro@o~+Pp1 Ty +Pra®atPirss (k= 1,2,3),
where

P11 P12 Pis
P21 Poe Pos
P31 P32 Pss

is an orthogonal matrix. Two quadrics are said to be metrically
equivalent if they are equivalent with respect to the group of
euclidean collineations. The number of equivalence classes is, of
course, infinite, and the individual classes cannot now be specified
by means of ‘arithmetic’ invariants, such as rank or signature.
The problem of classification involves the study of ‘algebraic’
invariants, which are polynomials in the coefficients a;; of the
quadric x”Ax = 0. Thus |A|, |A’], a;;-+0a,,+a3,, and

Qgp Agy+-Agy Ay +-0yy Bop— o3 Ugp— Ay A13— By gy
are all invariant under the group of euclidean collineations. The
systematic discussion of such invariants falls, however, outside the
scope of the present treatment.t

12.6. Hermitian forms

12.6.1. The reason why in the preceding sections we confined
ourselves largely to the discussion of real quadratic forms is that
the most significant generalization of a real quadratic form is not
a complex quadratic form but a ‘hermitian form’. The theory of
hermitian forms (initiated by Hermite in 1854) closely resembles

1 For further information see Sommerville, Analytical Geometry of Three
Dimensions, 171-3 and 321-2.
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that, of quadratic forms and we shall therefore deal with it rather
summarily.

DEFINITION 12.6.1. An n-ary HERMITIAN FORM ¢ in the (complex-
valued) variables z,,...,z, ts @ function of the type

n
¢ = $(xy,..., 2,) =rsz—1a”j'x’ = XTAx,

where A = (a,,) is a hermitian matriz and X = (2y,..., z,)7T.

There is therefore a biunique correspondence between n-ary
hermitian forms and » X » hermitian matrices.

The value which a hermitian form assumes for any values of its
variables is necessarily real, for

(XTAX) = xTA% = (xTA%)T = RTATx = XTAX.

If the matrix A of a hermitian form is real (and so symmetric),
then %TAX is called a real hermitian form. If, in addition, its
variables are restricted to the real field, then the hermitian form
becomes, in fact, the quadratic form xTAx. A quadratic form may
therefore be regarded as a special case of a hermitian form.

A substitution x = Px’ (12.6.1)

for the variables of the hermitian form ¢ = XTAX is called a
linear transformation of ¢, and it is said to be singular or non-
singular according as [P| =0 or [P| # 0. If P is unitary, the
substitution is called unitary. Unless the contrary is stated, all
transformations of hermitian forms are understood to be complex.
The transformation (12.6.1) changes the hermitian form X7Ax to

(PX)TA(Px’) = X' 7(PTAP)X'.
Since PTAP is a hermitian matrix, the new function is again a

hermitian form. We observe that the matrix A associated with
the original hermitian form is changed to

B = P7AP.

A matrix transformation of this type is known as a conjunctive
transformation if |P| # 0. When P is unitary this transformation
becomes, of course, a unitary similarity transformation. Con-
junctive transformations clearly form a group.

The rank of a hermitian form is defined as the rank of the
associated (hermitian) matrix. It is plainly invariant with respect
to non-singular linear transformations of the hermitian form.
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A hermitian form of type o, %, 2, +...+a, &, 2, is called diagonal.
Here the coefficients a,..., «, are necessarily real since they are the
diagonal elements of a hermitian matrix. The form &, 4. 42T, x,
is known as the unit n-ary hermitian form.

Exgrcise 12.6.1. Express Theorem 8.2.5 (p. 230) in terms of hermitian
forms.

As i the theory of quadratic forms it is interesting to investigate
reduction to diagonal form. Here the essential tool is Theorem
10.3.7 which states that every hermitian matrix is unitarily similar
to a diagonal matrix. This leads at once to the following result
which is analogous to the orthogonal reduction theorem for
quadratic forms (Theorem 12.2.1).

TrEOREM 12.6.1. (Unitary reduction of hermitian forms)

Let XTAX be a hermitian form of rank r. Then there exists a unitary
transformation which reduces XTAX to the diagonal form

A & 2+ A £,
where Ay,..., A, are the non-vanishing characteristic roots of A.t

If we do not insist that the reducing matrix should be unitary,
then the coefficients in the resulting diagonal form will not neces-
sarily be equal to the characteristic roots of A, but the non-
vanishing coefficients will still be r in number, and they will all be
real. The question as to their sign therefore arises just as in the
case of quadratic forms, and we are led to a result analogous to
Sylvester’s law of inertia (Theorem 12.4.2).

THEOREM 12.6.2. (Law of inertia for hermitian forms)

If a hermitian form of rank r is reduced by two complex non-singular
linear transformations to the diagonal forms

& X+ o, £, 2, By %%y +...+B, &, 2,
respectively, then the number of positive o’s is equal to the number of
positive B’s.

The proof is virtually the same as that of the law of inertia for
quadratic forms, and the details may be left to the reader.

The signature of & hermitian form is defined in precisely the same
way as the signature of a quadratic form. It is then seen that rank
and signature characterize completely all equivalence classes of
hermitian forms.

T The number of non-vanishing characteristic roots is equal to r by virtue of
Theorem 10.8.7 and the corollary to Theorem 10.2.3 (p. 296).
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, TeeorEM 12.6.3. (Equivalence theorem for hermitian forms)

Two hermitian forms are equivalent with respect to the group of
complex non-singular linear transformations if and only if they have
the same rank and the same signature.

The connexion between rank, signature, and the signs of the
characteristic roots of the associated matrix is the same for
hermitian as for quadratic forms. We state the analogue of Theorem
12.4.3 (p. 378).

THEOREM 12.6.4. (i) The rank of a hermitian form ¢ = XTAX s
equal to the number of non-vanishing characteristic roots of A. (ii) The
signature of ¢ is equal to the difference between the number of positive
and the number of negative characteristic roots of A.

Exercise 12.6.2. Give detailed proofs of all assertions made above.

Exgercise 12.6.3. Show that the following statement is false. ‘Every
hermitian form of rank r can be reduced to the diagonal form &, z, +... +Z, z,
by a suitable complex non-singular linear transformation.’

ExEercise 12.6.4. Extend Lagrange’s method of reduction to hermitian
forms.

12.6.2. The theory of hermitian forms can be used to narrow
the bounds, previously obtained in § 7.5, for the real and imaginary
parts of the characteristic roots of an arbitrary matrix. We first
deduce a preliminary inequality for the values assumed by hermi-
tian forms.

THEOREM 12.6.5. If A and A are the least and greatest characteristic
roots of the hermitian matriz A, then, for all X,

AXTx < XTAx < AXTX.

Denote the characteristic roots of A by A,,...,A,, and write
D =dg(},,...,A,). By Theorem 10.3.7 there exists a unitary matrix
U such that UTAU = D. Let x be any (complex) vector and put
y = UZx. Since obviously

A§Ty < §7Dy < ATy,

the assertion follows at once.

TFrom Theorem 12.6.5 we derive important inequalities due to
Bromwich (1906).
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THEOREM 12.6.6. Let A be any complex matrixz. Let p, M be the
least and greatest characteristic roots of the hermitian matriz 3(A+AT)
and v, N the least and greatest characteristic roots of the hermitian

matriz %(A—-KT ). If X is any characteristic root of A, then
. < RIAL M, y < IMALKN
Let x be a unit vector such that Ax = Ax. Then
A = AXTx = XTAX,
A = xTAx = (xTAX)T = xTATx.
Hence RIA — J(A+X) = &7.3(A+A7).x,

ImA = L=y = L(A—A7) x
21

l@!._;

and the required inequalities follow by Theorem 12.6.5.

Bromwich’s bounds for RIA and Im A are narrower than those
of Hirsch and of Bendixon given in Theorems 7.5.2 and 7.5.3
(pp. 210-11). For, applying the first inequality of Theorem 7.5.3

to the matrices 3(A+AT) and — (A AT) respectively, we obtain

k| <mo, |M|<mo, pl<nr, [N|<nr
Hence —no < p < RN M < no,
—nr < v<3IMAK N < nr,

and Theorem 12.6.6 is therefore sharper than Theorem 7.5.3.
Next, let A be real and denote the characteristic roots of

EIE(A—AT) by v,,...,v,. The characteristic roots of
B = }(A—AT) = (b,)

and then ivy,...,iv,, and since the non-vanishing ones among them
occur in conjugate pairs, we have

v+..4v, =0,
Bttt =—2 3 .
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Now#by Theorem 7.1.3 (p. 198),

.. b,. b
W, v, = " b”’ ,
ler<ssa 1<r<ssn! 78" 88
. a,..—a,
ie. — 3 = Z (T) .
1<rls<sn 1<roe<n
H 2 2 9 Aps— Qg 2 < 1)a2
ence  vi+4..}vi = -5 S n(n—1)a?,
1<r<s<n
where a = max }la,,—a,|.
1<rs<n

Now the value of any non-vanishing v} occurs at least twice among
vi,...,v2, and therefore

il < onf(m(n—1)/2) (k=1,...,n).

—af(n(n—1)/2) < v < ImA < N < af(n(n—1)/2),

Thus

and these inequalities demonstrate the superiority of Theorem
12.6.6 over Theorem 7.5.2. Nevertheless the bounds given by
Theorems 7.5.2 and 7.5.3 are still useful, since u, M, v, N are not
known directly.

PROBLEMS ON CHAPTER XII

1. Determine the rank and signature of the ternary quadratic forms
(i) 2y?—22 4y +xz; (il) 20y —x2—Y2.

2. Determine the rank and signature of the following quaternary quadratic
forms.

(i) yz+zetxy+at-+yt4-zt;
(ii) 24 4y?+422— 124 dyz— 2ex -+ 2xy -+ 2t -+ 2yt — 22t

(iii)  3(x?+y2+22+12) + 2oy + 222+ 22t — 2yz — 2yt — 22t.

3. Suppose that ¢(zy,...,2,) = y3+...+42, where y,,...,y, are linearly
independent linear forms in x,...,z,. Show that R(¢) = 7.

4. Let ¢ be a quadratic form in 2,,...,z,, of rank r and signature s, and
let ¢ be a quadratic form in %, ,..., Ty, of rank 7’ and signature &’. Show
that the (m+n)-ary quadratic form ¢+ has rank 7+’ and signature s--¢’.

5. Obtain an orthogonal reduction of the quadratic form

2245yt —224 442 2.

6. The equation, in rectangular non-homogeneous coordinates, of a
central quadric @ is given by 4yz-+4zx—2xy-+22 = 1. Find the equations
of the principal axes and the equation of @ referred to these axes as co-
ordinate axes.
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7. Determine the principal axes of the quadric @ given by R

2x24 22— N2 yz+ 222+ 4y = 1,
and obtain the equation of @ referred to its principal axes as coordinate axes.

8. Lot A be the matrix of the quadratic form Q(z,,...,z,), and let A be a
characteristic root of A. Show that there exist values of z,...,Z,, not all
zero, which satisfy the equation Q(2y,...,2,) = A(a}+...+23).

9. An n-ary quadratic form ¢ vanishes only when all its variables are
zero. Show that the rank of ¢ is n and that its signature isn or —n.

10. Show that the maximum (minimum) value of the hermitian form
%TAX, subject to the condition XTx = 1, is equal to the greatest (least)
characteristic root of A. Obtain the analogous result for quadratic forms.

11. Find an orthogonal matrix P such that P~*AP is diagonal, where

2 11
A=(1 > 1).
1 1 2

What are the maximum and minimum values of x2+y?*+2*+4yz+42x 42y,
subject to the condition #?+y%+2%2 =11

12. Let A = ((1)
form xTATAX, subject to the condition xTx = 1, is (9—+65)/2.

13. Let A be a characteristic root of the complex matrix A, and let M
and m be the greatest and least characteristic roots of ATA. Show that

mt < [A| < M1,

14. Show that, given a bilinear form ¢ in the variables @,..., Tps Y1seees Yo
substitutions of the type

z) . Show that the least value assumed by the quadratic

x = PE, y = Pnq, P unitary,
can be found which turn ¢ into a bilinear form with a triangular matrix.

15. Two quadratic forms are said to be inverse if their matrices are
inverscs of each other. Show that if the inverse of a quadratic form ¢ exists,
then it has the same signature as ¢.

16. Deduce from Theorem 6.4.1 (p. 183) that a quadratic form of rank 2
is the product of two linearly independent linear forms.

17. Show that a non-vanishing bilinear form i in the two sets of variables
Tyyeees Ty 80 Y1,.05 Yy IS equal to the product of a linear form in z,,..., Z, and
a linear form in #,,...,¥y, if and only if the rank of ¢ is 1.

18. Let A be symmetric, S skew-symmetric, and A+S non-singular.
Prove that the matrix T = (A +S)~}(A—T) satisfies the relations

TT(A+S)T = A+S, TT(A—S)T = A—S.
Deduce that the quadratic form xTAx is left invariant by the transformation
of variables x = Ty.
Prove that all real transformations of this type which leave invariant the
form z?—x3 may be expressed as
2, = Ay, —kAys, Ty = — kY1 +AYs
where A = +1/{/(1—k?).
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19. SSuppose that the principal axes of the quadric xTAx = 1 come into
cdincidence with the coordinate axes when the quadric is rotated about the
line specified by the vector §. Show that ETBE = 0, where

B = A"‘dg()‘vkw’\a)v
and A, Ay, A are the characteristic roots of A.
20. Determine the rank and signature of the (2n)-ary quadratic form

Xy Ly F X3 Tyt e+ Loy Tope
21. Show that the rank and signature of the quadratic form

n
S (Ars+r-s)x,x,
7.8=1

are independent of A.

29. Determine the rank and signature of the ternary quadratic form
ayz+bzx+-cxy.
23. (i) Find the rank and signature of the quadratic form
(@2 oo %) + 2b(xy Ty + X, Ty oo F X1 Ty
(ii) Show that there exist real, linearly independent, linear forms ¥y,..0s Yn

in x,,...,z, such that, identically,

— a2 2
Ty Xy T X+ e+ T Ty = Y1 =Yoo " Yne

Express this result in terms of matriccs.
24. Determine the rank and signature of the n-ary quadratic form

z (a‘r_xs)2~
TH#S
25. A is a real symmetric matrix with a ncgative determinant. Show

that there exists a real vector X such that xTAx < 0.
Find real values of z, ¥, z for which

224 2y%+ 322+ 2yz— 2z 4- 27y < 0.
26. Show that, if [A] =|lﬁ |Ax|, then [A]> = X and [A] > |w]|, where A
X|=1
is the greatest characteristic root of ATA and w is a characteristic root,

greatest in modulus, of A.
27. Write m(A) = ;nax |A|, where & denotes the set of characteristic
e

roots of A. Show that, for every normal matrix A,
m(A) = bd |Ax|.
Ix|=1

Deduce that, if A, B, and A+ B are normal, then
m(A+B) < m(A)+m(B);
and that, if A, B, and AB are normal, then
m(AB) < m(A)m(B).

28. Let A = (a,,) be & hermitian matrix of order n, and let A and A" be its
greatest and least characteristic roots. Show thatd’ < @, < A (r = 1,...,n).

29. Let A beahermitiann X n matrix, and let B be the submatrix obtained
when the last row and last column of A are deleted. Show that, if u denotes

any characteristic root of B and A, X’ denote the greatest and least character-
istic roots of A, then X’ < p < A
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30. Let A = (a,,) be a hermitian matrix of order n;and let, for 1 < < n,
), and )/ denote the greatest and least characteristic roots of the submatrix

(au ... al,)
Ay - - - O
Show that
MmEAa> 2>l =023 250>

31. Let (a,,) be a real symmetric n X n matrix, and write

a . . . Qi

my, = (k = 1,...,n).

[27%% . . . (2799
Show that, if no m;, vanishes, then there exist linearly independent linear
fOorms yy..v, Yy I Zyye.., Ty, such that

n 1, my Mpy_1 o
f.?.::lars Tp Xy = m, Y1 +;2y2+--- +‘m‘ Yn-
Deduce that the signature of (a,,) is equal to n— 2¢, where ¢ is the number of
changes of sign in the sequence 1, my, Mg,..., My.

32. Let Ly,..., Ly, Ay,..., Ay be lincar forms in zy,..., Z,, and let

f(@pyeery) = Ly Ayt o+ L Ag

be a non-singular n-ary quadratic form. Show that among Lyy..y Ly,
Ayyeens Ay there must be a set of n lincarly independent lincar forms.

33. The real non-singular quadratic form f (2y,..., #,) inn (> 2k) variables
vamshes if xy,; = T, = ... = &, = 0. Show that, by a real non-singular
Iinear transformation, f can be reduced to the form

N Y1t Y2 Yrgot oo Yk Yok +¢(Yart1ses Yn)s
where ¢ is non-singular; and deduce that the signature s of f satisfies the
inequality |s| < n—2k.

34. Show that, if xTAx is a quadratic form of rank r and signature s, then
there cxists a subspace U of B, such that d(U) = }(r—s) and xTAx < 0 for
every non-zcro vector X € .

35. Lot s, denote the sum of kth powers of the roots of the equation
x"+a, z" 1+ ...4+a, = 0 having complex coefficients. Show that the number
of distinct roots is equal to the rank of the matrix

San—2  S2n—3 . . . 8p-1
Sgn-3 Sen—a - - - Sn-2]
Sp1 Sp_z - - - 8

36. Show that a real n-ary quadratic form is equal to the product of
two real, linearly independent, linear forms if and only if its rank is 2 and
its signature 0.



XIII
DEFINITE AND INDEFINITE FORMS

IN the previous chapter quadratic and hermitian forms were
classified according to rank and signature. We shall now introduce
another classification, which is based on the values that the forms
in questions are capable of assuming.t Though this new classifica-
tion is cruder than the former (in the sense that each class will now
consist of one or more of the former classes) it is, for some purposes,
of even greater importance.

13.1. The value classes

13.1.1. DeriNiTION 13.1.1. Let ¢ be a hermitian or a quadratic
form in the variables x,,..., .

(i) & is POSITIVE DEFINITE (NEGATIVE DEFINITE) if ¢ > 0 (¢ < 0)
except when ®, = ... =z, = 0. A form which is positive definite
or negative definite is called DEFINITE.

(ii) ¢ s POSITIVE SEMI-DEFINITE (NEGATIVE SEMI-DEFINITE) if
¢ = 0 (¢ < 0) for all values of x,,..., x, and ¢ = 0 for some values of
Z),.e, T, ot all zero. A form which is positive semi-definite or
negative semi-definite 18 called SEMI-DEFINITE.

(iii) ¢ ¢s INDEFINITE if it is capable of assuming both positive and
negative values.

DEFINITION 13.1.2. The five classes of hermitian (or quadratic)
forms specified in the preceding definition will be called the VALUE
CLASSES.]

It is evident that the subdivision of hermitian or quadratic forms
into the five value classes is exhaustive and also (if the trivial case
of the identically vanishing form is ignored) exclusive.

The following binary quadratic forms illustrate the five possible
cases.

+ In speaking of the values of a quadratic (hermitian) form we mean, of course,
the values it assumes when the variables range over all real (complex) numbers.
‘We may also remind the reader that a hermitian form assumes real values only.

1 The separation of quadratic forms into value classes has an important
application in the study of maxima and minima of functions of several variables.
See Stoll, 7, 127, Ex. 5.7.
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Positive definite: x2-y? Positive semi-definite: (x4 y)#

Negative definite: —x2—y? Negative semi-definite: — (z-4y)?
Indefinite: 22—y?

If ¢ is positive definite (positive semi-definite), then —¢ is
negative definite (negative semi-definite). If ¢ is indefinite, then
80 is - ¢.

A real symmetric matrix, say A, is associated with two forms—
the hermitian form XTAx and the quadratic form xTAx. Each of
these forms belongs, of course, to a certain value class, but there is
fortunately no possibility of confusion since the two forms belong,
in fact, to the same value class.

TrEoREM 13.1.1. If A is a real symmetric matriz, then the her-
mitian form ¢ = XTAX and the quadratic form = XTAx belong to
the same value class.

If ¢ is positive definite, then (since the set of values assumed by
¢ is contained in the set of values assumed by ¢) i is also positive
definite. If, on the other hand, i is positive definite, we write
x = E-+in (where g, v} are real) and obtain

XTAx = ETAE-+nTAy. (13.1.1)
Hence XTAx > 0 except for § = n = 0, i.e. except for x = 0.
Thus ¢ is positive definite. In the same way it is shown that ¢ and
s are negative definite together.

Next, let iy be positive semi-definite. Then, by (13.1.1),
XTAx > 0 for all x. Now, in view of the previous result, ¢ cannot
be positive definite; hence it is positive semi-definite. Again, if ¢
is positive semi-definite, then a fortiori xXTAx > 0 for all real x,
and so ¢ is positive semi-definite. Negative semi-definiteness is,
of course, dealt with in exactly the same way.

Again, if ¢ is indefinite, then ¢ is obviously indefinite, too. On
the other hand, if ¢ is indefinite, then so is ¢ in view of the previous
results.

It is sometimes convenient to transform the terms ‘positive
definite’ and so on from forms to matrices.

DEerINITION 13.1.3. A hermitian matriz A i8 said to belong to the
same value class as the associated hermitian form.

Thus we may speak of positive definite matrices, indefinite
matrices, and so on. When A is real and symmetric, the terms
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‘hermitian matrix’ and ‘hermitian form’ in the above definition
may, in view of Theorem 13.1.1, be replaced by ‘real symmetric
matrix’ and ‘quadratic form’.

ExEgrcisk 13.1.1. Let (a,,) be a positive definite hermitian matrix and let

b,,..., b, be real non-zero numbers. Show that the (hermitian) matrix
(@,4b, b,) is again positive definite.

13.1.2. In order to devise tests for distinguishing between her-
mitian (or quadratic) forms belonging to different value classes
it is useful to note in the first place that non-singular linear trans-
formations do not affect the set of values assumed by a form.
This is expressed more precisely in the next theorem.

THEOREM 13.1.2. Let ¢, ¢ be two hermitian (quadratic) forms such
that one can be transformed into the other by a complex (real) non-
singular linear transformation. If S(¢), S() denote the sets of
values assumed by ¢, J respectively as their variables take all complex
(real) values, not all zero, then S(¢) = S(P).

We shall state the proof in the language of hermitian forms. Let
¢ = XTAXx, Y = XTBx.

By hypothesis there exists a non-singular matrix P such that
PTAP = B. Suppose that o € S(¢), i.e. for some complex vector
E £ 0, ETBE = o. Hence (PE)TA(PE) = o, and since PE # 0 it
follows that o€ &(¢). Thus GS(¥)c S(¢). By symmetry
S(¢) ¢ S(), and the theorem is therefore proved.

TaEOREM 13.1.3. The value class of a hermitian (quadratic) form
is invariant under complex (real) non-singular linear transformations.

This result follows at once from Theorem 13.1.2 since a hermitian,
or quadratic, form ¢ is positive definite (negative definite) precisely
when G(4) contains only positive (negative) numbers, positive
semi-definite (negative semi-definite) precisely when &(¢) contains
only positive (negative) numbers and 0, and indefinite precisely
when G(¢) contains both positive and negative numbers.

Alternatively, we may express Theorem 13.1.3 by saying that
two hermitian (quadratic) forms which are equivalent with respect
to the group of complex (real) non-singular linear transformations
belong to the same value class. The converse need not be true, and
this fact bears out our earlier remark about the relative crudity of
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the distribution of hermitian forms into value classes, as compared
with their classification by rank and signature.

We shall next assign each hermitian or quadratic form to its
value class by means of the characteristic roots of the associated
matrix.

THEOREM 13.1.4. Let ¢ be the hermitian form assoctated with the
(hermi.tian) matrix A.

(i) ¢ is positive definite (negative definite) if and only if all
characteristic roots of A are positive (negative).

(il) ¢ s positive semi-definite (negative semi-definite) if and only
if all characteristic roots of A are non-negative (non-positive) and at
least one root 1s equal to zero.

(iii) ¢ s indefinite of and only if A has at least one positive and at
least one negative root.

When A is real and symmetric this result enables us (in view of
Theorem 13.1.1) to distinguish between value classes of quadratic
forms.

By Theorems 12.6.1 (p. 387) and Theorem 13.1.3 we see that it
suffices to consider the hermitian form

b= ANT, 2+ A, T, 2y,
where,,..., A, are the characteristicrootsof A. IfA,,...,A, > 0,then

¢ > Oexcept whenz, = ... = x, = 0, and s0 ¢ is positive definite.
Next, let ¢ be positive definite and assume that A,..., A, are not
all positive, say A, << 0. Then, for z;, = 1,2, = ... = 2, = 0, we

have ¢ = A; < 0; and this contradicts our hypothesis. Hence
Ap,..y A, > 0, and (i) is established, since the case of negative
definite forms is treated similarly.

Again, suppose that all A; are non-negative and that at least one
of them vanishes, say A; = 0; A,,...,A, = 0. Then ¢ > 0 for all
Zyye Xy, and ¢ =0 for x; =1, , = ... =2, = 0. Hence ¢ is
positive semi-definite. If, on the other hand, ¢ is known to be
positive semi-definite, then A,,...,A, > 0, for otherwise ¢ would be
capable of assuming negative values. If now we had A,,...,A, > 0,
then ¢ would be positive definite; hence at least one A; must vanish.
This proves (ii), since the case of negative semi-definite forms is
treated similarly.

In view of (i) and (ii), the third part of the assertion now follows
automatically.
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EXERCISE 13.1.2. Show that a definite form is non-singular, a semi-
efinite form singular, and that an indefinite form can be either.

Theorem 13.1.4 can easily be restated in terms of rank and
signature.

TaEOREM 13.1.5. Let ¢ be an n-ary hermitian form of rank r and
signature 8.

(i) ¢ s positive definite (negative definite) if and only if r ='s = n
(r= —s=mn).

(ii) ¢ is positive semi-definite (negative semi-definite) if and only
ifr=s<n(r=—s<mn)

(iii) ¢ is indefinite if and only if |s| < r.

This result follows as an immediate consequence of Theorems
12.6.4 (p. 388) and 13.1.4. Itisof greater practical importance than
Theorem 13.1.4, for while the location of characteristic roots may
be troublesome, rank and signature can be computed fairly easily
by means of Lagrange’s method of reduction.

Exercise 13.1.3. Show that two quadratic forms which belong to the

same value class need not be equivalent (with respect to ) unless both are
positive definite or both negative definite.

13.2. Transformations of positive definite forms

We know by Theorem 12.6.1 that every hermitian matrix can be
reduced to diagonal form. The proof of this fact depends on the
comparatively difficult Theorem 10.3.7 (p. 304), but for the special
case of positive definite forms a particularly simple proof indepen-
dent of earlier results can be given. The proof below not only
establishes the existence of a canonical form for every positive
definite hermitian form but also enables us to obtain more precise
information about the reducing matrix than could be extracted
from earlier, and more general, arguments.

TeporEM 13.2.1. If ¢ = (2y,...,x,) is a positive definite
hermitian (quadratic) form, then there exists a complex: (real) linear
transformation of determinant 1, specified by the equations

Y= Trt ettt o, 2,
Y, = Tytopa ¥yt gy,
, (13.2.1)
Yna = Tp1t0p g0y
Yn

Zn
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which changes ¢ into the diagonal form :

clg1y1+"‘+cngnyn (Clyi++cny$¢)’ (13'2'2)
where c,,...,c, > 0.

We state the proof for hermitian forms. For quadratic forms the
reasoning is exactly the same except that each symbol ¢ must be
replaced by 2. The argument below depends effectively on
Lagrange’s method of reduction.

n
Write b = b(x,..., 2,) :rzlarsa'c,xs.
8=
Then a,; = ¢(1,0,...,0) > 0,
and so

n n
H(@y5es Ty) = @1 Ty 21+ Z (@4, Ty 2,4, T 20) 22%35,353

——‘“11{(x1+ 1Ey ...+ m_)(

n

a, a @y Q) -
=0y x1+—_2x2+ + td (ars—‘%)xrxs (13.2.3)
r,8=2

= ¢y ¥t Tyt+... oy, xn( +ib(x,,..., 2,,),

say, where ¢, = a,,; > 0 and (x,,...,x,,) is a hermitian form since
1 11 2 n

Apg— Ay als/all = Qgp—0Ag a/lr/a’ll‘
Moreover, y)(z,,..., x,) is positive definite. For otherwise there exist
numbers §,,..., £, not all zero, such that (£,,...,£,) < 0. In that
case let ¢; be defined by the equation
EitopbotFogn €y = 0.
Then ¢(&;, €0 €n) = P(€pse., €,) < O, and this contradicts the
hypothesis that ¢ is positive definite.

Since, then, (2,,..., z,) is positive definite we may apply to it the
same process that has just been applied to ¢. Carrying out this
process repeatedly, we ultimately obtain
B(@1see0s By) = €473 Fp Tyt oy, 7, [P

+62 |x2+a23 x3+ eee +°‘2n xﬂ‘2+ "'+cn—1 |xn-—1+an—1,n xn|2+cn |xﬂ |2’
wherec,,...,c, > 0. The transformation specified by (13.2.1) is now
seen to change ¢ into the diagonal form (13.2.2).
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,Ase immediate consequences of Theorem 13.2.1 we have the
following results which are also implicit in our earlier discussion.

CorOLLARY 1. (i) Every positive definite n-ary hermitian form
can be changed into &, x,+...+&, z, by a complex non-singular linear
transformation.

(ii) Any two positive definite n-ary hermitian forms are equivalent
with respect to the group of complex non-singular linear transforma-
tions.

CorOLLARY 2. (i) Every positive definite n-ary quadratic form
can be changed into x3+...4-22 by a real non-singular linear trans-
formation.

(ii) Any two positive definite n-ary quadratic forms are equivalent
with respect to the group of real non-singular linear transformations.

A further useful result which can be derived from the above
discussion is as follows.

TaEOREM 13.2.2. The determinant of any positive definite hermi-
tian matriz s positive.

Let A be the matrix associated with a positive definite hermitian
form. Then, by Corollary 1 (i), we know that there exists a matrix
P such that PTAP = 1. Hence |P||P||A| = 1, and so |A| > 0.

13.3. Determinantal criteria

13.3.1. In § 13.1.2 the value classes were discussed in relation
to the characteristic roots and to rank and signature. We shall
now approach the question from a different point of view and
derive methods for deciding the value class of a hermitian or quad-
ratic form in terms of the principal minors of its matrix. Our first
and most fundamental result, which was discovered by Frobenius
in 1894, relates to positive definite forms.

Theorem 13.3.1. A necessary and sufficient condition for the

hermitian form n
¢ = ¢(x1"":xn) = Z a’rsxrxa
r,8=1
to be positive definite is that
all . . . aln
a,, a
a, >0, |1 >0 ., . . . . .| >0
(g1 Coo a a
nl n

(13.3.1)
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To prove the necessity of (13.3.1), suppose that ¢(zy,...,,) 8
positive definite and consider, for 1 < m < n, the hermitian form

m

B(Xpyeres Ty 0,000, 0) = X @, &, 2,
rs=1

in the variables z;,...,%,,. This form is positive definite, for other-
wise we should have ¢(z,..., Ty, 0,...,0) < 0 for some values of
,,..., %, not all 0; and this would be contrary to the hypothesis

»mo

that ¢(,,..., %,,) is positive definite. Hence, by Theorem 13.2.2,

Ay - - - Gy
> 0.

a a

ml mm

This holds for m = 1,...,n, and (13.3.1) is therefore satisfied.
Next, we use induction with respect to n to prove the sufficiency
of (13.3.1). Forn = 1 the assertion is trivial. Assume that it holds
for n— 1, where n > 2. We have to show that if (13.3.1) is satisfied,
then ¢ is positive definite.
Since a,, > 0 we can, by virtue of (13.2.3), write

1
@y, 2,) = o |y Xy oo T 22,5 2,),  (13.3.2)
11

n
where Y(Lyyenns X)) = 221),3 T, %,
r,8=
is a hermitian form and
a,a
— 1 Y1 J—
b,, = ars__—gfa s (r,s = 2,...,m).

11

Now, for m = 2,...,n, we have
A e, @y - - . Oy
a5
T /. Ay - - - Opm
This identity follows immediately on subtracting (for s = 2,...,m)
@,,/a,; times the first column from the sth column in the determinant
on the right-hand side. Hence, by (13.3.1),
bye . . . by,
e e e e >0 (m = 2,...,m),
bm2 bmm
and so, by the induction hypothesis, $)(,,..., ,) is positive definite.
Suppose now that, for some values «,,..., %,, we have

é(xy,...,2,) < 0.
5582 pd
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Then, using (13.3.2), the fact that y(z,,..., %,) is positive definite,
and the inequality a,; > 0, we infer the relations

Y(Zgyeeny 2,) = 0, (13.3.3)
Ay X1+t a, 7, = 0, (13.3.4)
for these values of zy,..., 2,. Now (13.3.3)impliesz, = ... = 2, = 0.

Hence, by (13.3.4), 2, = 0. It follows that ¢(,,...,2,) is positive
definite. The proof of the theorem is therefore complete.

In the formulation of the theorem just proved we considered the
variables in the order of their suffixes, and our selection of minors
in A was dependent on that order. But the value class of a hermitian
or quadratic form is obviously unaffected by the labelling of the
variables, and the theorem will therefore continue to hold if the
variables are relabelled in any manner. Thus, for example, we
know by Theorem 13.3.1 that the ternary hermitian form

3

¢ = E aTS if mﬂ

r,8=
is positive definite if and only if
Q1 G2 Oy3
>0, Qgy Gy Goy | > 0.
a3 QAgp dgg

(TR

a;,, > 0,
Qo1 Qo

Let us now write y,, ¥3, ¥, for x;, z,, ;3 respectively. Then ¢ assumes
the form Y= a5 71 Y1+ 5, 1 Yo+ 71Ys
+013 G2 Y1211 G2 Yo t212 G2 Ys
+ 93 P Y1101 F3 Y2123 T3 Y-
The matrix associated with ¢ is therefore given by
(aaa @3 aaz)
@13 A3 Gya)-
Qog gy oy
Hence ¢, and so ¢, is positive definite if and only if

Az QA3 Qa3
>0, Q3 @y @y | >0,
Qa3 Qg1 Qg

Qg3 Qg3
Q13 A

as; > 0,
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i.e. if and only if R
Qi A2 Gy

>0, Gy Gy Gy | > 0.
Az A3z Az

an Qi3

Qqq > 0
s ’ Q3 Qgg

In the same way we obtain other sets of conditions necessary and
sufficiént to ensure that ¢ should be positive definite, and we can
readily satisfy ourselves that ¢ is positive definite if and only if all
principal minors of the matrix of ¢ are positive. In the general case
the situation is analogous, as is shown by the next theorem which,
for convenience, we state in terms of matrices.

THEOREM 13.3.2. A hermitian matrix is positive definite if and
only if all its principal minors are positive.

The proof of this result is implicit in the preceding illustration.
Let the matrix in question be A = (a,,). If all its principal minors
are positive, then (13.3.1) is satisfied a fortiori and A is then
positive definite by Theorem 13.3.1.

Assume next that A is positive definite and consider the principal
minor

Ay, iy . e Qs Iem
A= . . . . . . .
Qe Ty . 7

where 1< m<n, 1<k <..<k,<n Let the numbers
kp i1y by e defined by the condltlons

1<k < oo <lp<my  (Bypeons k) = & (Lyrny ).

The hermitian form ¢ = 2 [ %, ,is positive definite by hypothesis.

r,8=1
Changing the order of its terms we can rewrite this form as

n
¢ ='. glak'k‘ xk' zk'.

Now let the variables x; ..., z; bereplaced by y,,..., y, respectively.
The resulting hermitian form

Y= 2_ Ok, 1o, Jr Yo

is again positive definite and therefore, by Theorem 13.3.1, A > 0.
The proof is thus complete.
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Exgeroise 138.3.1. Prove Theorem 13.3.2 by equating to zero selected «’s
<

n
in the form Y a,,&,,.

r,8=1
ExgRrcisk 13.3.2. Show that the hermitian n X n matrix (a,,) is positive
definite if and only if
Y A
app > 0, On-tn-1 Gn-in| 5 o ce e > 0.
Apn—1 Ann
anl * © * ann

13.3.2. From Frobenius’s basic result on positive definite forms
it is easy to deduce determinantal criteria for the remaining value
classes. We note in the first place that since a hermitian form ¢ is
negative definite if and only if —¢ is positive definite, Theorem
13.3.1 leads at once to conditions for negative definiteness.

THEOREM 13.3.3. A mnecessary and sufficient condition for the

n
hermitian form Y a, &, to be negative definite is that

r,8=1
0y Gy, Ay G2 O3
a; <0, >0, lay ay ay| <0,
Aoy Ggo

O3 O3 O
As in the case of positive definite forms, this result can be re-
formulated in such a way as to become independent of any par-
ticular labelling of the variables. Indeed, Theorem 13.3.2 implies
immediately our next theorem.

THEOREM 13.3.4. A4 hermitian matriz is negative definite if and
only if all its principal minors of even order are positive and all its
principal minors of odd order are negative.

One of the advantages of the determinantal criteria is the ease
with which they can be applied. To illustrate their use consider
the ternary quadratic form

¢ = 1022—2y2-|- 32242242y,

whose matrix is 10 2 2
2 —=2 0].
2 0 3
We have
10 9 10 2 2
10 > 0; ' 9 _2|=—24<0; 2 -2 0|=—64<0.
2 0 3
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Hence ¢ is neither positive definite nor negative definite. Moreoves,
it is non-singular and so cannot be semi-definite. Hence ¢ is
indefinite.

We next turn to semi-definite forms and matrices.

THEOREM 13.3.5. A hermitian matriz is positive semi-definite if
and only if it is singular and all its principal minors are non-negative.

Denote the matrix in question by A = (a,,) and suppose that it
is positive semi-definite. Then, by Theorem 13.1.4 (ii) (p. 397), at
least one of its characteristic roots vanishes and the matrix is
therefore singular. Moreover, by hypothesis,

b(@g,...,7,) = XTAX > 0

forallx. Let 1 <m <mn, 1<k <..<k, <nand denote by
J(xg,s.., 2,) the m-ary hermitian form obtained from ¢(xy,...,7,)
on equating to zero every x; whose suffix is not equal to one of the
k;. Then clearly (xy,...,2;,) = 0 for all z,...,2; , and so the

matrix
(akl kl . - . akl kﬂl)
akm kl . . . akm km

is either positive definite or positive semi-definite. Its characteristic
roots are therefore all non-negative and consequently its deter-
minant is also non-negative. Thus all principal minors of A are
non-negative.

Assume next that A is singular and that all its principal minors
are non-negative. Writing

(“11 I “1m)
A, = e (m = 1,..,m) (13.3.5)

ml - . . Qo

we have
[thnt+Apl = "D P APy Do

where, by Theorem 7.1.2 (p. 197), p, is equal to the sum of all ¢-rowed
principal minors of A,,. Hence, by hypothesis,
L +A,|>0 (m=1,.,n)

when ¢t > 0. It follows by Theorem 13.3.1 that tI+4 A is positive
definite for every ¢ > 0. Now assume that, for some x 5% 0 and
some 7 > 0, RTAX — —1.
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Writing ¢ = 7/%Tx, we then have XT(tI+A)x = 0, and this
is not possible in view of our earlier conclusion. Hence XTAx = 0
for all x, and since A is singular it must be positive semi-definite.

As an immediate consequence of the theorem just proved we
have the following result for negative semi-definite matrices.

THEOREM 13.3.6. A hermitian matriz is negative semi-definite if
and only if it is singular and all its principal minors of even order are
non-negative, while all those of odd order are mon-posttive.

In view of Theorem 13.3.1 it is plausible to conjecture that the
hermitian matrix A = (a,,) is positive semi-definite if and only if
[A| =0 and [A,| >0 (m = 1,..,n—1), where A, is defined by
(13.3.5). This conjecture is, however, false as is demonstrated, for

example, by the matrix (g (1)) We have, on the other hand,

the following correct (though incomplete) analogy with Theorem
13.3.1.

TaeorEM 13.3.7. Let A = (a,,) be a hermitian matriz. If
]All >0, |A2| >0, .., IAn-—ll > Os IAnI =0,
where A, is defined by (13.3.5), then A is positive semi-definite.

Since A is singular it cannot be positive definite and it suffices,
therefore, to show that ¢(z,,...,z,) = XTAX is non-negative for
all x. Assume, on the contrary, that for some x 5 0 and some
7 > 0 we have XTAx = —7. Then z, 5 0, for

¢(x1""’xn—1: 0) = }_’TAn—-ly’

where y = (24,...,%,-;)7, i8 & positive definite form in z,,..., 7, _,
by virtue of Theorem 13.3.1. Writing ¢ = 7/%,x,, we therefore
have XTAx+t%,x, = 0, i.e.

%TBx = 0, (13.3.6)
where X % 0 and

@y - . @y
B=| . . . . . . ]
Bpy o o o OGpp+t

Now ¢t > 0, and therefore
IB| = |A[+£|A,| > 0.
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Hence, again by Theorem 13.3.1, B is a positive definite matrix
and therefore (13.3.6) implies x = 0. We thus arrive at a contré-
diction, and it follows that XTAx > 0 for all x.

Exgrcise 13.3.3. Suppose that A is a singular hermitian matrix and that

’ T
>0 (m = 2,..., n).
P

Show that A is positive semi-definite.

A criterion for indefinite matrices can be obtained without
difficulty from Theorems 13.3.2, 13.3.4, 13.3.5, and 13.3.6.

THEOREM 13.3.8. A4 hermitian matriz A i indefinite if and only if
it satisfies at least one of the following two conditions.

(i) A possesses a negative principal minor of even order.
(ii) A possesses a positive principal minor of odd order and also @
negative principal minor of odd order.

It is, in the first place, obvious that if A satisfies either of the
two stated conditions, then it is indefinite. It remains, therefore,
to show that if A is indefinite and does not satisfy (i), it must satisfy
(ii). Since A is indefinite it possesses at least one negative principal
minor, and by hypothesis all its negative principal minors are of
odd order. Now if all principal minors of odd order were non-
positive, then A would be negative definite or negative semi-definite
Hence at least one principal minor of odd order is positive and (ii)
is therefore satisfied.

It should be noted that conditions (i) and (ii) are not incompatible
but that neither of them implies the other. Thus, of the three
indefinite real symmetric matrices

1 0 1 2 4 2 2 1 1
0 —1 1), 4 2 2), 1 2 —1),
1 11 2 2 1 1 —1 1

the first satisfies both (i) and (ii), the second (i) only, and the third
(ii) only.

ExErciseE 13.3.4. Use Theorem 13.3.8 to show that the ternary quadratic
form mentioned on p. 404 is indefinite. :
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13.4., Simultaneous reduction of two quadratic forms

13.4.1. In §12.2 and § 12.3 we considered the reduction of a
given quadratic form to diagonal form. There are occasions,
however, when we wish to go a step further and to effect a simul-
taneous reduction of two quadratic forms. This notion is explained
more precisely in the next definition.

DEFINITION 13.4.1. The quadratic forms XTAX, XTBX are said to
be SIMULTANEOUSLY REDUCIBLE (to diagonal forms) if there exists
a non-singular linear substitution x = Uy which transforms both the
given quadratic forms into diagonal forms.

The need for simultaneous reduction arises, for example, in
geometrical problems when we attempt to choose a system of
coordinates in such a way that the equations of two given conics
both assume diagonal form. Now it is not possible to carry out in
every case a simultaneous reduction of two quadratic forms, and
the aim of the present section is to obtain certain conditions which
ensure the existence of such a reduction. Of the two cases discussed
below the first might, in fact, have been disposed of in Chapter
X1II, but it is more convenient to treat both cases together.t

If A and B are given matrices we shall need to consider the
equation |A—AB| = 0 in the unknown A. If B is non-singular,
this equation is of degree n» and so has n roots. When B = I the
equation becomes simply the characteristic equation of A.

13.4.2. It does not matter greatly whether the discussion in this
paragraph is concerned with real or with complex matrices. We
choose the latter alternative since it enables us to formulate the
main result (Theorem 13.4.2) in a slightly neater form.

TaEOREM 13.4.1. If A, B are complex symmetric matrices, u. and
v distinct roots of the equation |A—AB| = 0, and X, y vectors such

that (A—pB)x =0, (A—B)y =0,
then xTAy = 0, xTBy = 0.
We have

pxTBy = uyTBx = yTAx = xTAy = vx7By.
Since p # v, this implies XTBy = 0, and hence XTAy = vxTBy = 0.

t+ For a treatment of simultaneous reductions of two quadratic forms which
makes no use of matrix algebra see Bécher, 11, 167-73.
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THEOREM 13.4.2. If A, B are complex symmetric matrices, B s
non-singular, and the roots Ay,..., A, of the equation |A—AB| = 0 are
distinct, then the quadratic forms XTAX, XTBx can be reduced simul-
taneously to the diagonal forms

Myt tAyn ity
respectively.

Let x,,...,x,, be any non-zero (complex) vectors such that, for
r=1,.,n, (A=AB)x, =0, ie.

Ax, = A, Bx, (r =1,...,n). (13.4.1)

Assume that Xx,,...,X,, are linearly dependent. Then there exists a
number k in the range 2 << k¥ < n such that x,,..., X;_, are linearly
independent while X,,...,X;_;,X; are linearly dependent. There
exist, therefore, numbers a,..., oy, not all zero, such that

0 = oy X;+... o, Xy (13.4.2)
Now ay,...,a;_; cannot all be zero, and we may assume without
loss of generality that «; 5= 0. Using (13.4.1) we obtain

0 = 04 AXI—I—...—I—akAXk = B(alAlxl-{—...—l—ak)\ka).

But |B| # 0, and so

0 = o A X+ oo A Xy (13.4.3)
By (13.4.2) and 13.4.3) we have

0 = oy (A —Ap)X; +... oy (Ao —Ap) Xy,

and since «; # 0 and all A; are distinct, this implies that, contrary
to our assumption, X,,...,X;_; are linearly dependent. Thus we
arrive at a contradiction and it follows that x,,...,X,, are, in fact,

linearly independent. Hence the matrix U defined by the relations
U,, = x, (r = 1,...,n) is non-singular. Writing

x7 Bx, = pu, (r =1,...,n),
we have xTAx, = A, p, (r=1,..,n).
Hence, by Theorem 13.4.1,
XFAX, = 8\ b XTBX, =8, (rs=1,.,m),
and therefore
(UTAU),, = (U),,AU,, = (U,)"AU,, = xTAX, = 8,4 p,.
Thus UTAU = dg(A; ptyseees Ap ),
and similarly UTBU = dg(uy,..., p)-
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Since B and U are both non-singular, it follows from the last
eduation that u; # 0,...,u, 7 0. Hence X;,,...,X, can be chosen in
such a way that g, = ... = p, = 1, and we then have

UTAU = dg(A,,...,A,), UTBU = L
This proves our assertion.

ExErcisE 13.4.1. Interpret Theorems 13.4.1 and 13.4.2 for thg case
B=1I

A result analogous to Theorem 13.4.2 can, of course, be
established for real quadratic forms and real transformations by
precisely the same argument as used above. Indeed, if xTAx,
xTBx are real quadratic forms, B is non-singular, and all roots of
|A—AB| = 0 are real and distinct, then there exists a real non-
singular linear transformation x = Uy which carries the two given
quadratic forms into o y2+...+a, ¥2 and B, yi+...-+B, y5 respec-
tively.

13.4.3. We shall now assume that all matrices and quadratic
forms under consideration are real and that one of the two given
quadratic forms, say x7BX, is positive definite. Two vectors
x, y will be said to be B-orthogonal if

xTBy = 0.

EXERCISE 13.4.2. What is the meaning of the term ‘I-orthogonal’?

TaroreM 13.4.3. If A, B are real symmetric matrices and B is
positive definite, then there exists a real non-singular linear transforma-
tion x = Uy which changes the quadratic forms xTAx, XTBx into

D A ' S
respectively, where A,,..., A, are the roots of the equation |A—AB| = 0.

This theorem is due to Weierstrass (1858). The special case when
Ap,..» A, are distinct had been discussed earlier by Cauchy and by
Jacobi.

We apply, in succession, two real non-singular linear transforma-
tions toxTAx and xX”Bx. The first is chosen so as to carry x”Bx into
the unit form.t It carries xTAX into some new quadratic form
which we call 4. The second transformation is orthogonal and
chosen so as to carry ¢ into a diagonal form;} it will, of course,
leave the unit form unchanged. The product of the two transforma-

+ This is possible by virtue of Corollary 2 (i) to Theorem 13.2.1 (p. 400).

t This is possible by virtue of the theorem on the orthogonal reduction of
quadratic forms (p. 363).



XIII, § 134 REDUCTION OF TWO QUADRATIC FORMS 411

tions is a real non-singular transformation x = Uy which carnes
xTBx into y3+...+%2 and xTAx into some diagonal qua,dra,tlc
form, say w,y3+...4w, y2. Then

UTAU = dg(w,,...,w,), UTBU =1,

and so UT(A—AB)U = dg(w,—A,..., w,—A).
Henee JUT(A—AB)U| = (w;—A) ... (w,—A),
and |[A—AB| = cA—w,) ... A—w,) (¢ # 0).

Hence wy,..., w, are the roots of |A—AB| = 0, and the theorem is
proved.

Theorem 13.4.3 is mainly valuable as an existence theorem, for
the actual construction of the reducing matrix U as described in
the proof above is extremely tedious in all but the simplest
numerical cases. The reason for this is that to obtain the required
transformation we have first to determine the two auxiliary
transformations and then to compute their product. It is therefore
desirable to devise a method which effects the simultaneous reduc-
tionin a single step. Such a method will be found in Theorem 13.4.7,
but before we can prove this result we shall have to consider
certain preliminary questions.

In each of the next three theorems it is assumed that A, B are
real and symmetric and that B is positive definite.

THEOREM 13.4.4. Al roots of the equation |A—AB| = 0 are real.

This result, which is a generalization of the real case of Theorem
7.5.1 (p. 209), is almost obvious. For Theorem 13.4.3 establishes
the existence of a real matrix U such that UTAU = dg(},,...,A,),
where A,,..., A, are the roots of |]A—AB| = 0. Hence all these roots
are real.

We may also note an alternative proof depending on the same idea as

that used in the proof of Theorem 7.5.1. Let w be any root of |A—AB| = 0
and let x be any (possibly complex) non-zero vector satisfying

Ax = wBx. (13.4.4)

The quadratic form xTBx and the hermitian form 7Bx belong, by Theorem
13.1.1 (p. 395), to the same value class. Hence the hermitian form ¥7Bx is
positive definite, and so the vector x in (13.4.4) may be chosen so as to
satisfy the additional relation XTBx = 1. We then have

w = w%TBx = RTAx,
@ = XTAX = (xTAR)T = XTAX = w;
hence w = @, and the theorem is proved once again.
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TaeoreEM 13.4.5. If w is an m-fold root of the equation
|A—XB| = 0, then the wvector space of wvectors X such that
(A—wB)x = 0 has dimensionality m.

Let A,,...,A, be the roots of [A—AB| = 0, and write

A =dg(a,,...,A,).
The value w occurs exactly m times among A,,...,A,, and there-
fore R(A—wl) = n—m.

By Theorem 13.4.3 there exists a non-singular matrix U such that
UTAU = A, UTBU = 1.
Hence
R(A—wB) = R{UT(A—wB)U} = R(A—wl) = n—m,
and the theorem follows.

THEOREM 13.4.6. Letm > 1. If w is an m-fold root of the equation
|A—AB| = 0, then there exist m real non-zero vectors which satisfy
(A—wB)x = 0 and are B-orthogonal in pairs.

Let x, be any non-zero vector satisfying

(A—wB)x; = 0.
Next choose, in succession, non-zero vectors X,,...,X,, such that,
fork = 2,..,m, (A—wB)x; = 0, (13.4.5)
xIBx, =0, .., xBx,_,=0. (13.4.6)

This choice is possible for every value of k. For suppose that
X;, Xy,...,X;,_; have been already chosen. By Theorem 13.4.5 the
space of vectors x satisfying (A—wB)x = 0 has dimensionality m.
Let the vectors ;,..., §,, constitute a basis of this space. Then x,
satisfies (13.4.5) if and only if it is of the form

X = o E1 ot B
Writing, for brevity, Bx;, = y; (+ = 1,...,k—1) we see that (13.4.6)
means that (x, y;) = 0 for i = 1,...,k—1, i.e.
oy (8, Vo) a8 Vi) = 0 (¢ =1,.,k—1).

This is a system of k—1 < m—1 < m linear homogeneous equa-
tions in the m unknowns «,...,«,,. Hence values of a,..., a,,, not
all zero, can be found satisfying these equations. There exists,
therefore, a vector x; 7 0 satisfying (13.4.5) and (13.4.6). The
theorem now follows by induction with respect to k.
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Theorem 13.4.7. Let A, B be real symmetric n X n matric_gs,’and
et B be positive definite. Let, moreover, w,,..., w; be the distinct valles
of the roots of the equation |A—AB| = 0 and denote their multiplicities
by my,...,m;, respectively (so that my~+...4+my, = n). Corresponding
to each root w, let m, real mon-zero vectors be chosen which satisfy the
equation (A—w,B)x = 0 and are B-orthogonal in pairs.t The
vectors X,,...,X,, so obtained may, furthermore, be assumed to satisfy
the relations xT Bx, = 1 (r=1,.,n).

The (real) matriz U having X,,...,X, as its columns is then non-
singular, and the substitution x = Uy transforms xTAx, xTBX into

M+t yn vitetun
respectively, where A,,..., A, are the roots of |A—AB| = 0 (with their
correct multiplicities).§

We note that, for r, s = 1,...,n,
x7 Bx, = 6, (13.4.7)
For, when r # s but X,, X, are associated with the same root of
|A—AB| = 0, then (13.4.7) is satisfied by construction; while
when x,, X, are associated with different roots, (13.4.7) is satisfied
by virtue of Theorem 13.4.1. The proof is now completed in
precisely the same way as the proof of Theorem 13.4.2.
Exercise 13.4.3. Supply the details of the proof given above in outline.

The simultaneous transformation described by Theorem 13.4.7
is effected in a single step and its matrix can therefore be computed
without too much trouble in numerical cases. Consider, for example,
the two quadratic forms

Y2+ 222 —2yz+ 22— 2y, 2224 9y24- 222 — 2yz+2zx+- By,
Their matrices are

0 —1 1 2 3 1
A=[|—-1 1 —1), B={3 9 -1},
1 —1 2 1 —1 2

and it is easily verified (say by Theorem 13.3.1) that B is positive
definite.

1+ When m, > 1, this is possible by Theorem 13.4.6; and when m, = 1 the
condition of B-orthogonality is, of course, inoperative.

1 This is possible since B is positive definite.

§ The construction of the matrix U should be compared with the construction
of amatrix effecting the orthogonal reduction of a single symmetric matrix (p. 303).
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—20 —1-31  1-A
A—AB =|—1-3A 1—92 —14A
I—A  —14x  2-—2)

and the roots of |A—AB| = 0 are found to be A = —1, 1, 1. Let
(p, ¢, 7)T be a vector associated with the root A, so that

—2X —1=81 1-)\/p
—1—3% 1—9 —142 q)=0.
1—A  —14x 22X/ \r

NOW
. 3

Simplifying this we obtain

2p+(3\+1)g+(A—1)r = 0
(BA+1)p+(A—1)g—A—1)r = 0}. (13.4.8)
(1=A)(p—g+2r) =0
For A = —1 this reduces to
p+g+r=0, p+5¢—r=0, p—q+2r=20,
and so (p,q,7) = (3a, —a, —2a).

For A =1 (13.4.8) reduces to p+2¢ = 0. We need to find two
vectors, say (p’,¢’,7')T, (p”,q",r")T, satisfying this equation and
B-orthogonal to each other. If we take

(®,q,7") = (2b,—b,0), (13.4.9)
then p"+2¢" =0, (p".¢",7")B(p,¢,")" =0,
and in view of (13.4.9) this means

p"+2¢" =0, p"—3¢"+3r" =0.

Hence (p",q",7") = (—6c, 3c, 5c).
The three vectors now chosen must each be made to satisfy the
condition (7,¢,7)B(p, 0, )T = 1,
ie. 2p2+9¢g%+2r2—2qr--2rp+6pg = 1.

This gives a = 1, b = 1/45, ¢ = 1/45, and the required reducing
matrix is therefore given by

3 25 —6/45
U=(—l —1/45 3/«/5).
—2 0 V5
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The substitution 9 8

1 3

2= —2f 45,

therefore reduces the two given quadratic forms to —£&24-92+4(?,
&2 9242 respectively.

When hermitian forms are considered in place of quadratic forms
the theory of simultaneous reduction remains virtually unchanged,
and we leave it to the reader to supply the details.

Exerocise 13.4.4. Let A, B be hermitian matrices and suppose that B is
positive definite. Show that all roots of the equation |A —AB| = 0 are real.

Exgrcise 13.4.5. Let XxTAx, XTBx be hermitian forms of which the
second is positive definite. Show that there exists a non-singular matrix U
such that the substitution X = Uy transforms the given hermitian forms
into A Gy %1+ +Ap Tn Yns G2 Y1+ +Tn Yn Tespectively, where Ay,..., A, are
the roots of [A—AB| = 0.

Deduce that if ®TAx is also positive definite, then all roots of [A —AB| = 0
are real and positive.

Exgrcise 13.4.6. Let 2TAx, X7Bx be hermitian forms of which the
second is positive definite. Show that there exists a matrix P, satisfying
|det P| = 1, such that the substitution x = Py transforms both the given
hermitian forms into diagonal hermitian forms.

13.4.4. One of the most important applications of the theory of
simultaneous reduction of quadratic forms arises in the study of
small vibrations, and was noted by Weierstrass in 1858. The con-
figuration of a dynamical system can be specified by means of a
set of Lagrangian coordinates g;,..., ¢,; and if the ¢’s are measured
from zero at a certain configuration of stable equilibrium, then
(to the first order) the kinetic energy 7' is a quadratic form in
Gyy-+» G, Which is necessarily positive definite; and the potential
energy V is a quadratic form (also positive definite) in g;,...,¢y.
Now, by applying a suitable non-singular linear transformation

n
Uy = 2 Crs s (r = 1,...,m), (13.4.10)
8m=1
which implies, of course, that

n
%, =a§10,,j, (r =1,...,n), i
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we can reduce both 7' and V to diagonal forms. Suppose, therefore,
that n n
2T = o, uZ, 2V = B.ui,

r=1 r=1
where all coefficients are positive. Lagrange’s equations
a(on\_er ov_,
dt\ou,] ou, ou, ‘
then take the simple form

o, +Bu, = 0 (r = 1,...,m),

each equation involving only one of the coordinates. These equa-
tions for u,,..., u,, can be solved at once in terms of trigonometric

functions and the original coordinates ¢,,...,q, then obtained
from (13.4.10).F

13.5. The inequalities of Hadamard, Minkowski, Fischer,
and Oppenheim

The theory of positive definite hermitian forms gives rise to a
number of striking inequalities, some of which we propose to discuss
below. In our discussion we follow substantially the treatment
given by A. Oppenheim.}

If A = (a,,) is a given n X n matrix then 4,, will denote, as usual,
the determinant of the matrix obtained from A by deleting the
first row and the first column. When A is a positive definite
hermitian matrix, then 4,; > 0 and we define

o= |A|/4y.
If A is positive semi-definite, we put o = 0; so that in either case
|A| = ad,,. (13.5.1)
The matrix A’ is defined as
y—o . . . Gy,
A =
Oy Qun

Our subsequent discussion rests on the following preliminary
remark.

TaEOREM 13.5.1. If A is positive definite or positive semi-definite,
then A’ is positive semi-definite.

1 For further discussion of the theory see Whittaker, Analytical Dynamics

(3rd edition), chap. vii.
} J. London Math. Soc. 5 (1930), 114-19.
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When A is positive semi-definite, then A’ = A and there is
nothing to prove. When A is positive definite we have

|A"] = |A|—ad;; = 0.
Moreover, we know by Theorem 13.3.2 (p. 403), that

. L
>0 (m = 2,...,n).

a a

nm nn

The assertion now follows by Exercise 13.3.3 (p. 407).

THEOREM 13.5.2. If A = (a,,) ts a positive definite hermitian

n X n matrixz, then A] < ay,ay,...a,, (13.5.2)

with equality in (13.5.2) if and only if A is diagonal.

The proof is by induction with respect to n. For » = 1 the
theorem is true trivially. Assume, then, that it holds for n—1,
where n > 2. Since A is positive definite we know, by Theorem
13.5.1, that A’ is positive semi-definite. Hence, by Theorem 13.3.5
(p 405), all diagonal elements of A’ are non-negative, and so

< ayy. Therefore, by (13.5.1) and Theorem 13.3.5,

Al < ay Aqy. (13.5.3)

Now A4,; is the determinant of a hermitian positive definite matrix
of order n—1. Hence, by the induction hypothesis,

Ay < gy ...y, (13.5.4)
and (13.5.2) follows from (13.5.3) and (13.5.4).
Next, suppose that
[A| = ay; a4 ... Q- (13.5.5)

Then, by (13.5.3) and (13.5.4), 4,; = ay, ... a,,,, and by virtue of
the induction hypothesis this implies that a,, = 0forr,s = 2,...,n,
r # s. Hence, by (13.5.5),

Ay G @3 - . . Oy

Ay Ay O . . . O

(1/31 0 a33 . . . 0 = au a22 oo (Ix,m.
a,, 0 0 . . . a,,

5582 Ee
®
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Subtracting, for r = 2,...,n, a,,/a,, times the rth row from the first
row we obtain

|asp|? |21 ?
12 in —
(au-———— ..... A gy e By = Ay gy . Q.
P Apn
This implies that a,, = ... = a;, = 0. The matrix A is therefore

diagonal.

An alternative proof can be made to depend on the inequality of
the arithmetic and geometric means.t The characteristic roots,
8ay Ay,..., A, of a positive definite hermitian matrix C are positive

and satisfy, therefore, the relation

A, < (élj_‘._ni’\zt)n

ie. IC| < (;L tr c)". (13.5.6)

Here the sign of equality holds if and only if all A’s are equal; by
Exercise 10.1.1 (p. 292) this occurs if and only if Cis a scalar matrix.
If A = (a,,) is positive definite, then

Ors ) (13.5.7)

(’\/(aﬂ‘ a/ss)
is also positive definite by Exercise 13.1.1 (p. 396); and for this
matrix ICl = |A|(@y ... ayy)Y,  tr G =n.
Hence (13.5.2) follows by (13.5.6). Moreover, we have equality in
(13.5.2) if and only if the matrix C, given by (13.5.7), is scalar, i.e.
if and only if A is diagonal.}

Theorem 13.5.2 enables us to derive a celebrated result proved by
Hadamard in 1893.

Theorem 13.5.3. (Hadamard’s inequality)
If A = (a,,) ts any complex non-singular n X n matrix, then§

|det A |2 <E{|al,[2+...+(an,[2}. (13.5.8)

To prove the theorem we consider the Gram matrix
B = ATA = (b,) of A. Since XTBx = |Ax|%, it follows that
XTBx > 0 for all x and X7Bx = 0 if and only if Ax = 0, i.e. if

1 This proof is taken from Hardy, Littlewood, and Pélya, Inequalities, 34—35.

$ For yet another proof of Theorem 13.5.2 see Schwerdtfeger, 5, 149-50.

§ For a geometrical interpretation of this inequality see Hardy, Littlewood,
and Pélya, op. cit. 34.

C =
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and only if x = 0. The hermitian matrix B is therefore positlve
definite, and applying to it the inequality (13.5.2) we obtain® e

IKTA.I < bll (XX bnn,
where, for r = 1,...,n,
n
by = (ATA), = 3 (o, ["

The assertion therefore follows.

The inequality (13.5.8) may clearly be restated in the form
ldet A| < Ayl oo [Ayal,
and in view of the symmetry between rows and columns this implies
ldet A < [Aqy] .o [Apyl

CoroLLARY. If A = (a,) is any complex nXn matrix and

p = max |a,l, then
1<rs<n |det A| < pmnin.

This inequality is an immediate consequence of Theorem 13.5.3.
It will be recalled that it was derived from a different source in
§10.4.2.

The next result we prove is due to Minkowski.

TurorEM 13.5.4. If A and B are positive definite hermitian
matrices of order n, then

A [Bjn < [A4B|tm, (13.5.9)
with equality in (13.5.9) if and only if B is a scalar multiple of A.

In the proof of this theorem we shall use a special case of Holder’s
inequalityt which states that if «,...,o,, B,...,B8, are positive
numbers, then

(g or )V (By won B < {(0g+By) ov (an+Ba) 17,

(13.5.10)
with equality if and only if there exists a number « such that
B, =rxa; (B=1,.,n). (13.5.11)

We know that the positive definite hermitian forms XTAXx,
XTBx can be reduced simultaneously to diagonal form. In fact,

1 See Hardy, Littlewood, and Pélya, op. cit. 21-24,
5682 Ee2
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by’ Exercise 13.4.6 (p. 415), there exists a matrix P such that
|6et B| = 1 and

PTAP = dg(ay,..., o), PTBP = dg(B,,..-, Bn),

where all «’s and B’s are, of course, positive. This implies that

PT(A-I-B)P = dg(oq+PB1ees 0 +By)-
Now

Al = oy o, Bl =81... 8, [A+B| = (q+pB) ... (o 1+By),

and the inequality (13.5.9) now follows by (13.5.10). Moreover,
there is equality in (13.5.9) if and only if (13.5.11) is satisfied,
i.e. if and only if dg(8;,...,8,) = «dg(x,...,«,). This means that
PTBP = «P7TAP,ie. B = KA.

CoroLLARY. If A and B are positive definite hermitian matrices
of order greater than 1, then

Al+B| < |A+B].

ExErcise 13.5.1. Show that the inequality (13.5.9) still holds when the
matrices A and B are either positive definite or positive semi-definite.

We next deduce an inequality discovered by E. Fischer in 1908.

THEOREM 13.5.5. If A = (a,,) is a positive definite hermitian
n X n matriz, then, for r = 1,...,n—1,

P

r Cpi1p41 - : - O

a, . . . a,| |a

n,r+1

R

> . (13.5.12)

Q Qa,

nl nn

Denote by B the matrix obtained from A when the first » rows
and then the first » columns of the latter are multiplied by —1. Then
B is again positive definite by Exercise 13.1.1 (p. 396), and
|B| = |A|. Moreover |IA+B| = 27A,

where A denotes the value of the left-hand side in (13.5.12).
Substituting in (13.5.9), we obtain |A| < A, which is the required
inequality.

ExEeRrcise 13.5.2. Deduce the inequality of Theorem 13.5.2 from Theorem
13.5.5.
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IfA = (a,), B = (b,,) are two given matrices, we shall denote by
A X B the matrix whose (r, s)th element is a,;b,,. '

THEOREM 13.5.6. If A, B are positive definite or positive semi-
definite hermitian n X n matrices, then the (hermitian) matriz A X B
is also positive definite or positive semi-definite, and

. [AXB| = by ... by |AlL (13.5.13)

The fact that A X B is positive definite or positive semi-definite
was noted by Schur, while the inequality (13.5.13) is due to
Oppenheim.

We know that there exists a non-singular matrix P = (p,,) such
that B = PAP?, where A = dg(B,,....8,) and B,...,B, are non-
negative numbers. Writing B = (b,,), ¢(z;,...,2,) = XTAX, we

have

brs :kzlﬂkﬁrkpsk (r,8 = 1"",”‘)’

and therefore
)-(T(A X B)X = z (O brs ir Ly = z Qs Bk ﬁrkpsk ir Lg

r,8= r,8,Kk=

n
:kglﬁk ¢(p1kxl"'°’pnk xn)
Hence X7(A X B)x > 0 for all x, and the first part of the theorem
is proved. We have shown, in particular, that
|[AxB| > 0. (13.5.14)

To prove (13.5.13), we write C = A X B and use induction with
respect to n. For n = 1 the assertion is true trivially. Assuming
that it holds for n—1, where n > 2, we have

Cy = by ... by Ay (13.5.15)
Now the matrix A’ (defined on p. 416) is positive semi-definite by
Theorem 13.5.1. Hence, by (13.5.14), |A’xXB| > 0, i.e.
|AXB|—ab;, C;; =0,
and so, by (13.5.15),
[AXB| = aby byy ... by Ay = byy o by |A

From Theorems 13.5.6 and 13.5.2 we deduce at once a further
consequence.
CoroLLARY. If A and B are positive definite or positive semi-
definite hermitian matrices, then
[AxBI > IAIIBI.
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Exercise 13.5.3. Interpret this corollary for the case B = I.
£xERcISE 13.56.4. Show that, under the same conditions as in Theorem

13.5.6, [AXB| > ay... apy|Bl-

ExEroise 13.56.5. Show that if A and B are positive definite, then so ig
A XxB.

Schur sharpened Theorem 13.5.6 by showing that, under the
same conditions, '

JAXB|+[A] [B] 3 by ... by |A| 4y ... 4, |Bl.
In view of Theorem 13.5.2 this inequality clearly implies (13.5.13).

PROBLEMS ON CHAPTER XIII

1. Show that, if A is a positive definite hermitian matrix, then so is A*,

2. Let A and B be positive definite or positive semi-definite hermitian
matrices. Show that [A+B| > 0.

3. Determine from first principles the value class of the binary quadratic
form ax?+ 2bxy+cy?.

4. Let (a;;), (b,,) be two real symmetric » X n matrices and, for 1 < r < n,

write Aay4pby . . . Aaytupby,
AApwy=| . . . . . . . . L

Ay +pby . . o AGptpb,,

Show that, if A,(1,0) > 0and A,(0,1) > Oforallr = 1,...,n, then A,(A, 1) > 0

forallr = 1,..,nand allA > 0, p > 0.

5. Let G be the Gram matrix of the m X n matrix A. Show that G is a
hermitian positive definite or a hermitian positive semi-definite matrix
according as R(A) = n or R(A) < n.

6. Show that a real symmetric matrix A is positive dofinite if and only if
it can be written in the form A = PTP, where P is some non-singular matrix.

7. Show that, if the real symmetric matrix A is either semi-definite or
indefinite, then the region specified by the inequality xTAx < 1isunbounded.

8. A and B are positive definite hermitian matrices. Show that all roots
of the equation |[A—AB| = 0 are positive. Show further that all roots are
equal to 1 if and only if A = B.

9. Let A be a hermitian matrix and write

AI—A] = Ar—d AP 14-d, A2+ (—1)"d,,.
Show that A is positive definite if and only if d;, > 0,...,d, > 0.
10. If d is the value of the determinant

cosasina cosa sina 1
cosfBsinf cosf sinf 1
cosysiny cosy siny 1|
cosdsind cosd sind 1

show, by Hadamard’s inequality, that |d| < 81/16.
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11. Show that the quadratic form
n(@d+...4+23)— (2 + ... +2,)?

is positive semi-definite, and that it vanishes if and only if 2; = ... = Zp.
12. Determine the range of values of A for which the quaternary quadratic
form A2+ y?+22) 4 2xy — 2yz+ 222 412

is positive definite. Also discuss the case A=2.
13" Determine therank, signature, and value class of the ternary quadratic

form caz?+by?+cz?+ayz+bzr4-cxy,
where a, b, ¢ are real numbers, not all zero.

14. Determine, for every (real) value of A, the value class of the ternary

quadratic form
(BA+3)22 4 (1224 5)y® + 522+ (8A + 2)yz+ (44 + 6)zx — 22y.

15. Show that Theorem 13.4.5 (p. 412) becomes false if either the condition
of reality or of positive definiteness is omitted.

16. Show that Hadamard’s inequality (Theorem 13.5.3, p. 418) reduces
to an equality if and only if the columns of A form an orthogonal set of
vectors. Also find necessary and sufficient conditions for the equality

. [det Af = Ay ... [An]
to be valid.

17. (i) Show that the inequality given by the corollary to Theorem 13.5.3
(p- 419) is best possible for every value of n.

(1) Show that this inequality becomes an equality if and only if the
columns of A form an orthogonal set and the elements of A are all equal, in
modulus, to p.

18. Lot appyeres Gpy (7 = 1,...,m) bem given sets of n complex numbers each.

By considering the norm of the vector
m

2 (@pgyenes Opn)ls
r=1
where t,,...,t,, are arbitrary complex numbers, obtain Gram’s inequality:
I T S A L Ty
A1 @+ oo+ 0@ -+« G Omit et 0pn Omn

Show also that equality occurs if and only if the vectors (..., @),
r = 1,...,m are linearly dependent.
Prove the samo result by considering the Gram matrix of

(au o e e am:)
Ay« -« . Oy

Discuss, in particular, the case m = 2 of Gram's inequality.

19. Find a real linear non-singular transformation which reduces one of
the two quadratic forms

3x?+ by + 523+ 2yz + 6z — 2y, b2+ 12y2+ 8yz -+ 4zx

to £24-984{2 and the other to A£2+un2+wl? where A, u, v are suitable
constants.
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<
20. Find a real linear non-singular transformation which reduces one of
thé two quadratic forms
6224 6y? - 6224 82z + 4y, 322} 3y?+ 322 — 2yz -+ 22+ 2xy
to £24-n2+{? and the other to AE24un?-+v{2
21. Prove Theorem 13.5.2 (p. 417) by writing the positive definite
hermitian matrix A in the form
A, b )
A= (ET Cpn!
(where A, is a square matrix of order n— 1) and using the result of Problem
1, 16.
22. Show that the quadratic form Q(z,...,x,) is positive definito if and
only if it can be written as
Q(zyyeees CIJ") =0 y‘f'i' ey yﬁ’
where ¢,,..., ¢, are positive numbers and, for 1 £ k < n, y; is a lincar form
in Zg, Ty q,..., Ty, with 1 as the cocfficient of ay.
If Q(z,,...,x,) is expressible in the above form and if

Q(xl""’mn) < w%+"'-+r’i
for all values of @,...,%,, show that ¢, < 1 (1 < k£ < n), and deduce that the
determinant of Q(x;,...,x,) docs not exceed 1.

23. Using Theorem 13.2.1 (p. 398), show that any positive definite
hermitian matrix A = (a,,) can be represented mn the form A = QTQ,
where Q is triangular. Deduce that [A| < ay; @y, ... @yy.

24. A = (a,,) and B = (b,)) are symmetric nxXn matrices, and the
equation |AA —B| = 0 has » distinct roots A,,..., A,. Prove that there exists
an nxXn matrix T = (¢,,) such that, for all ¢, j = 1,...,n,

n n
A3 aytyy = 2 bty
<1 ¥

and such that T has no column of zeros.

Prove that the matrices TTAT, TTBT are both diagonal.

25. Lot the non-singular quadratic forms XTAx and xTBx be simul-
taneously reducible to diagonal forms a, 2}+...+a, 22 and b, 2}+4-...4+b, 22
respectively. Show that the n roots of the equation |[A—AB| = 0 are
a,/by,...,a,/b,.

Show that the quadratic forms 2?4 2zy and 2xy are not simultaneously
reducible to diagonal form.

26. Let A be a real positive definite matrix. Show that the region R of
(real) n-dimensional space specified by the inequality xTAx < 1, where
X = (Z3,...,2,)T, is bounded, i.e. there exists a positive constant K such
that, for every point (;,...,2,) € R, we have |z;]| < K,..., |2;| < K.

If the volume V of R is defined as the n-fold integral

V= f dz,...dz,,

xTAX< 1

how that V = A
how gn +1>' =

Hence obtain the area enclosed by the ellipse ax? - 2hxy+by? = 1.
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27. Let Q be a real, positive definite matrix, and let a real matrix & be
called Q-arthogonal if the substitution x = Ay leaves the quadrati® fomm
xTQx invariant. Show that the most general form of an -orthogonal matrix
is A = M~'PM, where M is a certain fixed matrix and P an arbitrary
orthogonal matrix. N

Find the most general Q-orthogonal matrix when = dg(a,,...,a,) and
a, > 0,...,a, > 0.

28.¢Let Q-orthogonality be defined as in the preceding question. Show
that the characteristic roots of any Q-orthogonal matrix are all of unit
modulus. Does this sfatement remain true if the positive definiteness of
Q is not insisted on?

29. Show that, if H, K are positive definite hermitian matrices and
H? = K2, then H = K.

30. Show that, if A is a non-singular matrix, then there exist positive
definite hermitian matrices H;, H, and a unitary matrix U such that

A =UH, = H,U.

Verify that this representation of A is unique. (It is known as the polar
representation of A.) Show further that H, = H, if and only if A is normal.

31. Show that a matrix A is similar to a diagonal matrix if and only if
there exists a positive definite hermitian matrix H such that H-1AH is
normal.

32. A and B arc positive definite hermitian matrices, and « is & number
such that 0 < o < 1. Show that

|eA+(1—a)B| > |A[*[BJ,
and that there is equality if and only if A = B. Extend this result to any
number of matrices.

33. Show that, if A,,...,A; are positive definite hermitian matrices of
order n, then [Ag 4 FALYP > A Un L ALY,
with equality if and only if A,,..,A; are all scalar multiples of a single
matrix.

34. From the result of Problem VIII, 34 deduce that every positive
definite hermitian matrix H can be expressed in the form H = ATA, where
A is triangular.

2]
35. By considering the integral [ F(w,e~t,z,e72!,..,z,e~?)dt for a
0
suitable quadratic form F(xy,...,2,), prove that the determinant |a;|, is
oositive, where a;, = 1/(+7).
Show further that, if the matrix (a,;) is positive definite, then (a,,/(r+8))
s also positive definite.
n
36. Let F(xy,...,2,) = 3 a;;2;; be a quadratic form, and denote by 4,
45=1

he determinant formed by the first » rows and » columns of the matrix
a;,). Show that, if 4,_, # 0, there exists a transformation z; = y;+¢y,
¢ = 1,...,m) such that

Py =3y yits+ 0l
R P U Wy

Jeduce that, if 4, > 0 (r = 1,...,n), then F(a,,...,2,) is positive definite.
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37. IfxTAxisa positive definite quadratic form and xTAx < x7x for all
retl véctors X, show that |A| < 1. Show further that, if xTBx and xTCx are
positive definite quadratic forms such that ¥TRx < xTCx for all real X, then
[B| < |C].

If xTAx i¢ a positive definite quadratic form and

(A V)

A= (VT A/’

find a real matrix T of determinant 1 such that
A O)
TAT — (1
TIAT (O Ay’
where A; = A,—VTAT1V. Deduce Fischer’s inequality (Theorem 13.5.5).
38. Let s;, denote thoe sum of the kth powers of the roots of an algebraic

equation of degree n with real coefficients. Show that the nroots are real and
distinct if and only if the real symmetric matrix

Sen3 Sanz -+ - - Sp1
8n-3 Sn—a - - - Spo3g
8,1 8pa - - - 89

is positive definite.
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INDEX

Abelian groups, 254.

Adjugate: determinant, 24-27 ; matrix,
88-90.

Affine classification of quadrics, 381-4.

Algebraic complement, see Cofactor.

Alternating group, 287.

Angle of an orthogonal aatrix, 236.

Arrangements, 2-5.

Augmented matrix, 140.

Automorphisms of a linear manifold,
125-6, 268-9.

Axis of rotation, 240.

Basis: basis theorems, 51-53; change
of basis 1n a linear mamfold, 111-13;
completion, 54 ; orthogonal and ortho-
normal, 65-68, 155-6.

Bendixon’s inequality, 210.

Bossel’s inequality, 70.

Bilinear: forms, 354-6, 368-9; opera-
tors, 353-6; symmetric bilinear
oporators, 361.

Biunique correspondence, 4.

Bromwich’s inequality, 388-9.

Canonical form(s): classical, 312; of
matrices, 290-316; of quadratic
forms, 378.

Cayloy and Hamilton, theorem of, 206.

Characteristic: equation, 195 ; inequali-
ties for characteristic roots, 210-12,
309-11, 388-90; polynomial, 195,
197-208; regular characteristic roots,
294; roots, 195; roots of rational
functions of matrices, 201-2; vectors,
214.

Circulant, 36.

Classical canonical form, 312.

Classification of quadrics, 380-5.

Cofactor: of an element, 14; of a
minor, 21.

Collineations, 123, 196, 256, 380-5.

Column : matrix, 77; rank, 137 ; vector,
71.

Commuting matrices, 81.

Complements, 5457 ; orthogonal, 68—
69.

Completion of basis, 54.

Congruence transformations,
266, 358-60.

Congruent matrices, 182,

182-5,

Consistency of systems of linear equa-
tions, 132, 140-1.

Convergence: of matrix sequences, 327—
9; of matrix series, 330-2.

Cramer’s rule, 134.

Critical minor, 136.

Definite hermitian and quadratic forms,
394, 398-404.

Determinant(s): adjugate, 24-27 ; axio-
matic characterization, 189-92; defi-
nition, 6; dominated by diagonal
elements, 32-33; expansions by rows
and columns, 15; Gram determinant,
155 ; mmequalities, 33, 212-13, 416-22;
of a matrix, 87; multiplication, 12—
13; Vandermonde determinant, 17—
18.

Determinant rank, 136.

Determinantal criteria for value classes,
400-7.

Diagonal: canonical forms, 290-306;
matrix, 76.

Differential: equations, 343-8; opera-
tors, 126-7, 133—4.

Dafferentiation: of determinants, 36;
of matrices, 339.

Dimensionality: of a linear manifold,
50; theorem for homogeneous
systems, 149.

Discriminant, 18-19.

Disposable unknowns, 142.

Duvisors of zero, 95-96, 153—4.

Elementary: divisors, 194; matrices
(E-matrices), 170; operations (E-
operations), 168-78.

Equivalence: of bilinear forms, 368;
class, 187; of matrices, 176; w.r.t.
operators, 189, 267; of quadratic
forms, 376-9; relation, 186; of
systems of linear equations, 142;
transformations, 177.

Euler: equations of transformation,
242 ; theorem on rigid motion, 246.

Exponential function of a matrix, 336—
41.

Field, 39; real and complex, 40.
Finite groups, 254, 270-1.
Fischer’s inequality, 420.
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Forms: bilinear, 3564—6, 368-9; hermi-
eian® 386-8, 415; polarized, 362;
quadratic, 357-60.

Frobenius: determinantal criterion for
positive definite forms, 400 ; theorem
on non-n'egative matrices, 329;
theorem on rank, 162.

Full linear group, 263, 268-9.

Functions of matrices, 336, 342-3.

Fundamental sets of solutions, 151.

Generators: of a linear manifold, 45;
of a vector space, 43.

Gram: determmant and matrix, 155;
mequality, 423.

Group(s); abehan, 254; alternating,
287 ; axioms, 252; centre, 254; con-
gruence group, 266 ; finite, 254, 270—
1; full linear, 263, 268-9; group
matrix, 273; 1somorphism, 259; of
matrices, 261-5 ; multiplication table,
260-1; order, 254; orthogonal, 263 ;
orthogonal similarity group, 266; of
permutations, 257-8, 271-2; pro-
jective, 263; representation by ma-
trices, 267-72; rotation group, 263;
similarity group, 266; of singular
matrices, 272-6; symmetric, 257.

Hadamard’s inequality, 418-19.

Hamuilton, see Cayloy.

Hermitian : forms, 3868, 415 ; matrices,
209, 301, 304 ; positive definite forms,
394, 398-404.

Hirsch’s inequality, 211.

Homogeneous linear equations, 27-30,
131, 148-52 ; dimensionality theorem,
149 ; fundamental sets of solutions,
151.

Idempotent matrix, 107.

Image space, 277.

Indefinite hermitian and quadratic
forms, 394, 407.

Index laws for matrices, 83, 93-94.

Inequality(ies): of Bendixon, 210; of
Bessel, 70; of Bromwich, 388-9; for
characteristic roots, 210-12, 309-11,
388-90 ; for determinants, 33, 212-13;
of Fischer, 420; of Gram, 423; of
Hadamard, 418-19; of Hirsch, 211;
of Minkowski, 419-20 ; of Oppenheim,
421 ; of Ostrowski, 212-13; for posi-
tive definite matrices, 416-22; of
Schur, 309-11, 422; triangle, 64.

INDEX

Inertia, law of: for hermitian forms,
387; for quadratic formss 377.

Infinitesimal rotation, 249.

Inner product, 62.

Interpolation formula of Sylvester, 221.

Invariance, 169.

Invariant: properties of matrices, 122;
spaces, 277-86.

Inverse matnx, 91, 178-9. ¢

Isomorphism: between groups, 259;
between limear manifolds, 58-59,
123-4.

Jacobi’s theorem, 25.
Joachimsthal’s equation, 360-2.

Klein four-group, 261.
Kronecker delta, 20.

Lagrange’s method of reduction, 3714,

Laplace’s expansion theorem, 21.

Latent roots, see Characteristic roots.

Latent vectors, see Characteristic vec-
tors.

Leading element, 173 (footnote).

Length of a vector, 63.

Lincar: combination of vectors, 42;
dependence, 48, 152-3; equations,
27-30, 131-52, 180-1; forms, 153;
full linear group, 263, 268-9; homo-
geneous equations, 27-30, 131, 148—
52; operators (operations, trans-
formations), 114-22, 277; substitu-
tions, 74, 85-87 ; transformations of a
bilinear form, 356; transformations
of a quadratic form, 360.

Linear manifold(s): automorphism,
125-6, 268-9; basis, 49-54; change
of basis, 111-13; definition, 44;

dimensionality, 50; generators, 45;
isomorphism, 58-59, 123—4 ; of matri-
ces, 80; ropresentation by a vector
space, 60 ; spanned by given elements,
45 ; zero element, 45.

Majorization of matrices, 328.

Mapping, 113; into, 116; onto, 124.

Matrix (matrices): addition, 78-79;
adjugate, 88-90; augmented, 140;
of coefficients, 140 ; column type and
row type, 77; commuting, 81; con-
gruent, 182; definition, 74; deter-
minant of, 87; diagonal, 76 ; elemen-
tary, 170; elementary divisors, 194 ;
equations, 298-300; equivalence,
176; functions, 336, 342-3; Gram,



INDEX

Matrix (cont.)

155; greup matrix, 273; groups,
261-5; hermitian, 209, 301, 304;
idempotent, 107; index laws, 83,
93-94; invariant properties, 122;
inverse, 91, 178-9; lLinear manifold
of, 80; multiplication, 80-85; multi-
plication by scalars, 78; normal,
305¢6, 309-10; orthogonal, 222-9;
partitioned, 100-6; periodic, 298;
permutation matrices, 271; poly-
nomials, 97-99, 201-8, 342-3 ; power
sories, 332—-43 ; rank, 136—40, 158-63;
rational functions, 99-100, 201-2,
204-5, 335 ; representations of groups
by matrices, 267-72; scalar, 76;
sequences, 327-9; series, 330-2;
similar, 119; singular and non-
singular, 87; skew-hermitian, 209,
232; skew-symmetric, 208, 227, 243—
5; square, 75; symmetric, 183, 209,
301-4 ; transposed, 76,97 ; triangular,
76; unit, 75; unitary, 229-32; zero,
75.

Maximal invariant space: of a linear
transformation, 277-82; of a group
of transformations, 282-6.

Metric classification of quadrics, 385.

Mmimum polynomial, 203-4, 207-8,
297-8.

Minkowski: inequality for positive
defimte matrices, 419-20; theorem
on dominated determinants, 31-32.

Minor: critical, 136; cofactor of, 21;
of a determinant, 20; of a matrix,
136; principal, 197.

Monic polynomial, 203.

Motion: proper and improper, 246;
rigid, 246-7.

Multiplication table for groups, 260-1.

Non-commutativity of matrix multi-
plication, 81.

Non-negative matrix, 328-30.

Non-singular matrix, 87.

Norm of a vector, 63.

Normal form, reduction of a matrix to,
173-6.

Normal matrix, 305-6, 309-10.

Normalization of a vector, 64.

Nullity, Sylvester’s law of, 162.

Operations, elementary, 168-78.
Operators: bilinear, 3536 ; differential,
126-7, 133—4; linear, 114-22, 277;
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multiplication, 172; polarized, .’&61;
quadratic, 357-9, 361-2. )

Oppenheim’s inequality, 421.

Orthogonal : basis, 65-68 ; complement,
68-69; congruence group and trans-
formation, 266; group,® 263; reduc-
tion of quadratic forms, 362-3;
reduction of symmetric matrices,
302—4 ; set, 65-67; similarity, 266;

)
vectors, 64.

Orthogonal matrices, 222-9 ; angle, 236 ;
principal vector, 237; proper and
improper, 233.

Orthogonalization process of Schmidt,
67-68.

Orthonormal bases and sets,
155-6.

Ostrowsk1’s inequality, 212-13.

65-68,

Partitioned matrices, 100-6.

Periodic matrices, 298.

Permutation matrices, 271.

Permutations, 2569 ; groups of, 257-8,
271-2.

Polar representation, 425.

Polarized: form, 362; operator, 361.

Polynomial: characteristic, 195, 197—
208; identity and formal equality,
24 ; in a matrix, 97-99, 201-8, 342-3;
minimum, 203-4, 207-8, 297-8;
monic, 203.

Positive definite forms, 394, 398-404.

Power series of matrices, 332—-43.

Premultiplication and postmultiplica-
tion, 81,

Principal: minor, 197; vector, 237.

Principal axes, reduction of quadrics
to, 364-7.

Projection, 130.

Projective: classification of quadrics,
380-1; group, 263.

Quadratic form(s): canonical forms,
378; definite and indefinite, 394;
definition, 357; determinant, 359;
diagonal forms, 362; equivalence,
376-9; general reduction, 369-74;
law of inertia, 377; orthogonal re-
duction, 362-3; positive definite
forms, 394, 398-404; as product of
two linear forms, 374-5; rank, 360;
simultaneous reduction, 408-15; sin-
gular and non-singular, 359; unit
forms, 362.
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Quadratic operators, 357-9, 361-2.
Quadrfes: classification, 380-5; re-

duction to principal axes, 364-7.
Quaternions, 265.

L]

Rank: of a bilincar form, 356; of a
linear transformation, 277; of a
matrix, 136-40; properties, 158-63,
169; of a quadratic form, 360; rank
theorem, 139 ; rank-multiplicity theo-
rem, 214.

Rational: functions of matrices, 99—
100, 201-2, 204-5, 335; reduction,
185.

Reduction: of bilinear forms, 368-9;
of hermmitian forms, 387 ; Lagrange’s
method, 371-4; of matrices to
normal form, 173-6; orthogonal
reduction of quadratic forms, 362-3;
orthogonal reduction of symmetric
matrices, 302—4 ; of quadratic forms,
369-74 ; of quadrics to principal axes,
364~7; rational, 185; sumultaneous
reduction of two hermitian forms,
415; simultaneous reduction of two
quadratic forms, 408-15.

Redundant equations, 131.

Reference field, 40.

Regular characteristic roots, 294.

Replacement theorem of Steinitz, 53
(footnote).

Representation: of bilinear operators
by bilinear forms, 354 ; of groups by
matrices, 26772 ; of linear manifolds
by vector spaces, 60; of lnear
operators by matrices, 114-22 ; polar,
425; of quadratic forms as sums of
squares, 370-1; of quadratic opera-
tors by quadratic forms, 358; of
rotations by orthogonal matrices,
233-43, 246-7; of rotations by skow-
symmetric matrices, 243-5.

Rigid motion, 246-7.

Rotation: axis, 240; infinitesimal,
249 ;1n the plane, 233-6 ; representa-
tion by orthogonal matrices, 233—43,
246-7; representation by skew-
symmetric matrices, 243-5 ; rotation
group, 263; in space, 236-47.

Row: matrices and vectors, 77; rank,
137.

Scalar: matrix, 76; product, see Inner
product.
Scalars, 40.

INDEX

Schmidt’s orthogonalization process,
67-68. .

Schur: inequality for characteristic
roots, 309-11; inequality for positive
definite matrices, 422; theorem on
triangular canonical forms, 307.

Schur and Toeplitz, theorem on normal
matrices, 305.

Secular equation, 196.

Semi-definite forms, 394, 405-7.

Separation, 63.

Signature, 378-80, 387-8, 398.

Signum, 3.

Similar matrices, 119.

Similarity : group, 266 ; orthogonal and
unitary, 266 ; transformation, 119.
Simultaneous: equations, see Linear
equations ; reduction of two hermitian
forms, 415; reduction of two quad-
ratic forms, 408-15 ; similarity trans-

formations, 316-22.

Singular and non-singular matrices, 87.

Singular matrices, groups of, 272-6.

Skew-hermitian matrices, 209, 232.

Skew-symmetric matrices, 208, 227,
243-5.

Small vibrations, 415-16.

Square matrices, 75.

Steinitz’s replacement theorem, 53
(footnote).

Sub-: group, 254 ; mamfold, 45 ; matrix,
136; space, 45.

Sylvester, interpolation formula, 221;
law of inertia, 377 ; law of nullity, 162.

Symmetric: bilinear operators, 361;
group, 257 ; matrix, 183.

Toeplitz, see Schur.

Total vector space, 42.

Trace, 198.

Transformations: congruence, 182-5,
266, 358—60 ; definition, 113 ; equiva-
lence, 177; linear, 114-22, 277, 356,
360 ; similarity, 119.

Transposition: of arrangements, 3,
258 ; of matrices, 76, 97.

Triangle inequality, 64.

Triangular: canonical forms, 306-9;
matrices, 76.

Unit: matrix, 75 ; quadratic form, 362;
vector, 64.

Unitary : group, 263 ; matrices, 229-32;
reduction of hermitian forms, 387;
similarity, 266.



INDEX

Value classes: definition, 394; deter-
minantg) criteria, 400-7.

Vandermonde determinant, 17-18.

Vector(s): addition, 41; characteristic,
214; column type and row type, 77;
definition, 40; length, 63, linear
combination, 42; linear dependence,
48, 152-3; multiplication by scalars,
409 norm, 63; normalization, 64;
orthogonal and orthonormal, 65;
principal, 237; zero, 40.

Vector space: basis theorem, 52 ; defini-

433

tion, 42; generators, 43 ; spantiou by
given vectors, 43.

Weierstrass’s theorem on simultaneous
reduction of two formg, 410.

Weyr’'s theorem on matrix power
series, 332.

Zero: divisors of, 95-96, 153—4 ; element
of a linear manifold, 45 ; matrix, 75;
vector, 40.
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