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PREFACE

Tuose who have becen following the recent developments
of physics would probably agree that its two most vital prob-.
ems are the structure of matter and the nature of radiation.
It is true that much has been done toward the solution of both
of these problems. Matter, we find, is built up of molecules,
these of atoms, and the atoms in turn of electrons. We now
have before us the problem of finding how an atom can be
formed out of a few positive and negative electrons. X-ray
studies have enabled us to count the number of electrons in the
various atoms, and have informed us regarding their distribu-
tion and the forces that hold them in position. Perhaps no
single field of investigation has contributed more to our knowl-
edge of atomic structure than has the study of X-rays.

This is in part because of the very short wave-length of
X-rays. The theoretical limit of the microscope, using ordi-
nary light, is such that we cannot hope by its help to determine
the shape of a body much smaller than a wave-length of light,
.000¢ mm. If an X-ray microscope could be employed, this
limit might be reduced by a factor of ten thousand, and we
should then be working on a sub-atomic scale. Though such
an instrument does not exist, intesference effects are measure-
able due to X-rays traversing groups of atoms, and from them
we are able to interpret the structure of the matter giving rise
to the diffraction almost as definitely as if we were employing
an X-ray mxcroscope

Similarly in the field of radlatlon it is the high frequency
which gives significance to experiments with X-rays. Since
the magnitude of the energy quantum is proportional to the
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frequency, quantum phenomena such as the photoelectric
effect, which can be studied only statistically when light is
used, can with X-rays be considered as individual events.
That is, the effects of individual X-ray quanta can be ob-
served and measured. It is perhaps for this reason that X-ray
investigations have supplied us with our best determinations
of Planck’s fundamental constant 4. It is also the compara-
tively large energy and momentum associated with the quan-
tum of X-rays which have made possible the recent experi-
ments on the change of wave-length of scattered X-rays and
allied effects, pointing so definitely to a quantum structure ot
radiation itself.

This book has grown from lectures on X-rays which I have
given at the University of California and the University of
Chicago during the last five years. Though I have tried to
cover the whole field of the physics of X-rays with some com-
pleteness, those aspects have naturally been treated in greater
detail which are most closely allied with my own researches.
Such emphasis is perhaps the more justified by the recent
appearance of a new edition of the Braggs’ notable book
X-rays and Crystal Structure, together with treatises by
Wyckoff, Rinne, Ewald and others covering about the same
field, and Siegbahn’s excellent account of The Spectroscopy of
X-rays. In the present volume only an introduction to the
problems of crystal structure and X-ray spectroscopy has been
given. Kaye and de Broglie in their books on X-rays have
described in some detail the experimental aspects of the sub-
ject. It is rather with the interpretation of the properties
of X-rays in terms of the interaction between radiation and
electrons that the present work deals. 1 have been chiefly con-
cerned with the information X-ray studies have afforded re-
garding the structure of the atom and the nature of the X-rays
themselves.

Since Barkla’s discovery of the polarization of X-rays, it
has been generally recognized that the study of X-rays is a
branch of optics. The first half of the present book treats the
subject from this standpoint. It has been of great interest to
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me to see how, while the manuscript has been in preparation,
discoveries of the refraction and total reflection of X-rays and
of their diffraction by slits and ruled gratings have extended
all branches of optics to the very high frequencies of X-rays.
In view of the failure of the classical electrodynamics to account
for the radiation of light, it is perhaps not surprising that it
should also fail to account completely for the origin of X-rays.
It is however a matter of prime importance that the laws of
interference and diffraction, which have been found flawless in
ordinary optics, are found to fail when X-rays and y-rays
are used. This observation, resulting from the classical treat-
ment of X-ray scattering given in Chapter 11T, is the natural
(as well as historic) introduction to the quantum treatment of
the scattering problem given in Chapter IX.

The X-rays thus constitute a powerful tool for solving
physical problems. In order to give a correct impression of the
methods and reasoning employed in solving these problems,
it will be necessary to deal with many parts of the subject from
a mathematical standpoint. It is by these mathematical proc-
esses that the most important results are often first obtained,
and it would be unfair to give the impression that they can be
secured in any other way. At the same time I have tried to
keep uppermost the physical concepts, since it is these which
point out the path which the mathematics must follow.

I wish to thank Professor P. A. Ross for his generous
assistance in reading the proof, without which the publication

of the book would have been considerably delayed.
A.H.C.

CHicaco,
May 24, 1926.
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CHAPTER 1

THE DiscovERY AND PROPERTIES OF X-RAYS

1. Roentgen’s Early Experiments

It was in the course of a systematic attempt to see if any
radiation could be produced which would traverse matter
opaque to ordinary light that Roentgen discovered the X-rays.!
He was passing an electric discharge through a highly evac-
uated tube, and had been studying the ultra-violet light pro-
duced, using for its detection the fluorescence of crystals of
platinum-barium-cyanide spread on a paper screen. Having
covered his discharge tube completely with opaque paper, he
found that the screen continued to fluoresce. From the fact
that heavy objects plia¢ed between the tube and the crystal
stopped the fluorescence, it was obvious that the effect was due
to some type of radiation sent out by the discharge tube. This
radiation was named by Roentgen “X-rays,” indicating their
unknown nature. Thé discovery of these rays attracted great
interest, and experimenters the world over began to study their
characteristics.

Besides producing fluorescence in certain salts, these rays
were found to affect a photographic plate and to ionize gases,
so that three methods, the visual, the photographic and the
clectrical, could be employed in their examination. 1t was
shown also by Brandes and Dorn that X-rays produce an
effect, though a small one, directly upon the retina, giving rise
to a very faint illumination of the whole field of view. The

1W. C. Roentgen, Sitzungsber. der Wiirzburger Physik-Medic. Gesellsch. Jahrg.

1895, reprinted in Ann. der Phys. 64, 1 (1898). ‘I'ranslation by A. Stanton in Science,
3, 227 (18906).



2 . X-RAYS AND ELECTRONS

rays were not subject to refraction nor reflection like ordinary
light, nor were they bent by a magnetic field as were cathode
rays. They were, however, diffusely scattered by all substances,
and were partially absorbed by matter of all kinds. This
absorption was much stronger by elements of high than by
elements of low atomic weight.

The tube with which Roentgen made his original discovery
was of the type shown in Fig. 1. The tube was well evacuated
with a mercury pump until a potential difference of about
40,000 volts was required to produce a discharge. The cathode

TF1cG. 1.

rays, shot perpendicularly from the cathode’s surface, then
struck the broad end of the tube, producing a vivid fluorescence
and at the same time giving rise to the X-rays. It was soon
found that any substance struck by the cathode rays emitted
X-rays, but that these rays were more intense from a target of
high atomic weight. In order to obtain a point source of rays,
the cathode was made concave, so that the cathode rays were
focused on a small spot at target. This modification made
necessary the use of a target of high melting point, in order to
avoid damage due to the heat developed at the focus of the
cathode rays. Thus the type of tube shown in Fig. 2 was soon
developed, which, with minor modifications, is still widely used.
It is a characteristic of the low pressure discharge tube that the
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potential difference between the anode and the cathode re-
mains practically constant for large variations in the current
through the tube. In order to change the voltage across a.tube
of this type, therefore, it is necessary to alter the pressure of the

FiG. 2.

gas in the tube. In many of the tubes now in use, such changes
can be effected by various ingenious devices. A tube which
avoids this complication has been invented by Coolidge.!
In this tube the cathode consists of a flat spiral of tungsten

FiG. 3.

wire which is heated by a battery current to such a tempera-
ture that it emits thermoelectrons. The tube is evacuated
until there is no appreciable amount of gas remaining, so that

!W. D. Coolidge; Phys. Rev. 2, 409 (1913). See also J. E. Lilienfeld and W. J.
Rosenthal, Forts. auf d. Geb. d. Roentgenstrahlen, 18, 256 (1912).
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all of the current through the tube is carried by the thermo-
electrons. Thus the current through the tube is determined
almost completely by the temperature of the filament, and the
potential difference between the cathode and anode of the tube
can be altered at will.

2. Tonization Produced by X-rays

The manner in which ionization is produced by X-rays is
elegantly shown by C. T. R. Wilson’s remarkable photogmphq
of the passage of X-rays through air. Without entering into
the details of the methods,! it will suffice for the present to
point out that the curved lines shown in Fig. 4 consist of series
of water drops, which have been illuminated by an intense
spark. Fach drop has formed upon a scparate ion as a nucleus.
In this photograph, the X-rays passcd from left to right through
the middle of the picture. The part of the air exposed to the
X-rays differs from the rest of the air only in the fact that it is
this region in which the curved lines originate. In other words,
the action of the X-rays is to cjcct from the air high speed
particles (8-rays) which break into ions the molecules through
which they pass. Thus the process of ionization is to a large
extent an indiréct one. Whereas in the present photograph
the X- -rays have ¢jected about twenty g- -rays, these particles,
while tearing their way through the air, have produced
thousands of ions.

It is the ions thus formed which give to air and other gases
their electrical conductivity when exposed to X-rays. The
number of high speed g-particles, and hence also the total
number of ions produced, is found to be proportional to the
energy of the X-rays which traverse the air. A measurement
of this ionization by means of an electroscope or an ionization
chamber connected with an electrometer thus affords a con-
venient method of measuring the intensity of an X-ray beam.

1C. T. R. Wilson, Proc. Roy. Soc. A. 87, 277 (1912).



IONIZATION PRODUCED BY X-RAYS

‘ FiG. 4.

5
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3. Absorption of X-rays

We have noticed that X-rays are much more strongly ab-
sorbed by some substances than by others. The reduction in
intensity of X-rays as they traverse matter can be studied by
the use of such apparatus as that shown in Fig. 5. Here the
X-rays are produced in a tube §, and are measured by means of
an ionization chamber 7 which is connected to some form of
electrometer E. The ionization produced by the X-rays per-
mits the batteries to send a current through the chamber,
which is measured by the electrometer. If the potential of the

| I
N 1
| S -
A R
E

Fia. 5.

batteries is sufficiently great, practically all of the ions reach
the electrodes before they recombine, and this ionization cur-
rent is proportional to the intensity of the X-rays. Thus the
ratio of the current with an absorbing screen at A to the cur-
rent without it, measures the relative intensity of the X-ray
beam in the two cases.

In order to speak of the absorption quantitatively, it is con-
venient to define what is known as the “adsorption coefficient.”
Let us suppose that the fraction dI/1 of the intensity I of a
beam of X-rays absorbed as they pass through a thin layer of
matter is proportional to the thickness dx of this layer.

Then
(‘TJIZ = —Tﬂdx;
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where p is the constant of proportionality, and the negative
sign indicates a decrease in intensity. On integration,

log I = — px + log I,

taking log I, as the constant of integration. This may be

written,
I
IOg (T) = pX

I =TI,¢7". (r.01)

or

It 1s clear from the latter expression that 7, represents the in-
tensity of the rays when x is zero, whereas [ is the intensity
after traversing a layer of matter of thickness x. The quantity
w 1s the absorption coefficient, or linear absorption coefficient,
and 1s defined by the expression

u =—dl/1dx,

that is, it is the fractional decrease in intensity per unit path
through the absorbing medium. "

If we consider a beam of X-rays 1 cm.? in cross section, an
equivalent definition of the linear absorption coefficient is the
fraction of the energy of this beam which is absorbed per cm.?
of the matter traversed. For many purposes, instead of the
absorption per unit volume, we desire to know the fraction of
the energy absorbed when a beam of unit cross section traverses
unit mass of the material. This fraction is um = u/p, where »
is the density of the material, and is called the mass absorption
coefficient. The reason for the importance of this quantity is
that 1t is characteristic of the absorbing substance, whereas
the absorption per unit volume coefficient p is not. Thus the
linear absorption coefficient of a given beam of X-rays is much
greater in water than in steam, whereas the mass absorption
coefficient is the same in both. For in the latter case the
amount of matter, I gram, traversed by an X-ray beam of
unit cross section is independent of the density.
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For purposes of calculation, we often wish to compare the
amount of energy absorbed by an atom of each of several
different elements. Since u is the fraction of a beam of X-rays
of unit cross section which is absorbed by unit volume of
matter, the fraction of this beam absorbed by an individual
atom is pe = p/n, where # is the number of atoms per cm.?
This quantity is called the “ atomic absorption coefficient.”

The remark has just been made that the mass absorption
coeflicient of water 1s the same whether in the form of liquid or of
gas. This is an example of the experimental fact that the mass
absorption coefficient of a substance for X-rays 1s independent
of its physical state.! It is also found that the fraction of the
energy absorbed per atom or per unit mass of an clement is
independent of its state of chemical combination. This has
been tested, for example, in the recent experiments of Olson,
Dershem and Storch. From theoretical considerations it is
clear that differences due to chemical condition should be more
prominent for the lighter clements, for in these clements there
is a relatively larger number of valence clectrons.  Their most
significant experiments are thus with carbon and oxygen. The
results are summarized in the following table:

TABLE T-1

Mass ABsorpTION COEFFICIENTS OF X-RAvs or WAVE-LENG1H, 1078 cm.

Flement Form l Bmo Observer
. Graphite I1oar ! Hewlett *
Carbon............ e [ ! Aliphatic compounds | 1.18 | O.D.&S. %t
. Aromatic compounds ’ 1.21 i O.D.&S.
Oxygen........oovvvininnn.. { ; Liquid | 2.8 i Hewlett
. Organic compounds | 2.94 ! O.D.&S.

|

* C. W. Hewlett, Phys. Rev. 17, 2;:(1921).
t A. R. Olsen, Elmer Dershem and Ii. H. Storch, Phys. Rev. 21, 30 (1923). Cf.also E. G.
Taylor, Phys. Rev. 20 (Dcc., 1922).

1This is not quite true. Recent experiments by H. S. Read (Phys. Rev. Apr.,
1926) have seemed to show a small variation of up, with temperature, and J. A. Bearden
(Phys. Rev. June, 1926) has called attention to minor variations of u; with the state
of crystallization that are doubtless cannected with the reflection from the crystal
faces.
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The small differences which remain are probably within the
experimental error.

This independence of the mass and atomic absorption coeffi-
cients from the physical and chemical state of an element sharply
distinguishes X-rays from ordinary light. Thus, while liquid or
solid mercury is opaque to light, its vapor is almost perfectly
transparent. Carbon in the form of diamond is highly trans-
parent, while in the form of graphite it absorbs light very
strongly; but the mass absorption of both forms for X-rays is
the same.

The absorption coefficient of the total radiation from an
X-ray tube is found to depend chiefly upon two factors, the
potential applied to the X-ray tube, and the atomic number of
the absorbing screen. The penetration or *“ hardness” of the
X-rays increases very rapidly as the voltage rises, the absorp-
tion coefficient in most substances vary.ng inversely as the
potential raised to some power between 2 and 3. Using the
same beam of X-rays, the penetration decreases rapidly as
atomic weight, or more exactly the atomic number, of the
absorbing material increases. There are, however, certain
irregularities in the curve relating the atomic number and the
absorption coefficients, which later will be considered in detail.

In deriving our expression 1.01 for the intensity of the
X-ray beam after it has traversed a layer of matter, we assumed
that the quantity u was a constant for all values of x. Experi-
ment shows that this assumption is valid only under very
special conditions. When the direct radiation from an X-ray
tube is studied, the first layers of the absorption screen remove
a large fraction of the less penetrating, or “ soft ”’ radiations, so
that only the more penetrating, or “ hard ” portions reach the
final layers. The effective value of u is accordmgly greater for
the rays which enter an absorbing screen than for those that
leave. When, however, a ray is used which is all of the same
wave-length, its absorption coefficient rema’ns unchanged as it
traverses matter. Such a ray is said to be komageneous.
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4. Secondary Rays Produced by X-rays

When X-rays traverse matter, the matter becomes a source
of secondary X-rays.! The intensity of the secondary rays is
usually very small compared with the intensity of the primary
radiation falling on the matter. This is necessarily the case.
For in the first place, only a part of the energy of the primary
beam which 1s dissipated in the radiator reappears as X-rays,
and in the second place the reradiated X-rays spread in all
directions, so that their intensity in any one direction is small.

e

-

—h—=r

L
o]

Fia. 6.

!

The usual method of investigating secondary X-rays may
be explained by reference to IKig. 6. Radiation from the
target § of an X-ray tube, or from some other source of X-rays,
is allowed to traverse a radiator R. This radiator is then found
to emit radiation in all directions. These rays may be in-
vestigated by means of an ionization chamber I which is care-
fully screened from the primary beam.

1 Cf. M. I. Pupin, Science, 3, 538 (1896).
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If the radiator consists of a plate of matter so thin that the
X-rays are not appreciably diminished in intensity on travers-
ing it, the intensity I of the secondary beam as it enters the
ionization chamber may be written as

L=,

where I is the intensity of the primary beam at R, 7 is the
volume of the radiator, / is the distance from the radiator
to the ionization chamber, and 7, is a constant of pro-
portionality which may be called the *“ radiating coefficient for
the angle 6.” Experiment shows that this cocficient Is a
function of the wave-length or hardness of the incident rays,
their state of polarization, the composition and physical state
of the radiator, and the angle 6.

Scattered and Fluorescent X-Rays—It is found that many
materials when used as radiators give rise to two distinct types
of secondary radiations. One of these, known as ““scattered ”
rays, is very nearly identical in absorption coefficient or wave-
length with the primary beam. The other type, known jas
the ““ fluorescent >’ rays, is distinctly less penetrating, or of
greater wave-length, than the primary X-rays. Scattered
rays seem to be primary rays which have merely had their
direction altered by the matter through which they pass. The
fluorescent rays, on the other hand, are characteristic of the
radiator, and do not change in character with change in
wave-length of the primary beam as long as this beam is of
sufficiently short wave-length to excite the fluorescence. Re-
fined experiments show that the scattered rays are also some-
what less penetrating than the primary rays which produce
them, though this change in hardness or wave-length is
usually small compared with the change which occurs when
fluorescent radiation is excited. The two types of radiation
can however be distinguished by the fact that, whereas the,
wave-length of the fluorescent rays is characteristic of the;
radiator and independent of the wave-length of the primary,
rays, the wave-length of the scattered rays depends upon that|
of the primary beam and is nearly independent of the radiator.
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The origin of the scattered ray becomes at once apparent if we
think of the primary X-ray as an electromagnetic wave. When
such a wave strikes an electron, the electron is accelerated by
the electric field. But, according to electrodynamics, an
accelerated electric charge must radiate. Consequently the
electron radiates energy due to its forced oscillations under the
action of the primary beam. Since these forced oscillations
are of the same frequency as the incident wave, the rays pro-
duced by these oscillations must also be of the same frequency.
The fact that experiment shows a slightly different frequency
between the primary and the scattered ray indicates that this
explanation must be somewhat modificd. This will be done
(Chapter 1X) when we introduce the quantum theory of
X-ray scattering.

The fluorescent ray originates in the ionization and sub-
sequent recombination of the atoms of the radiator. As we
have seen, when the X-rays traverse matter, a part of their
energy is spent in ejecting B-rays, or electrons, from some of
the atoms. The remainder of the atom is in an ionized con-
dition, and when it draws to itself another electron to regain
its normal state, energy is liberated which reappears as the
fluorescent X-rays. We now have evidence that the ionized
atom returns to its normal condition usually through a series
of steps, and that at each step radiation is emitted whose fre-
quency is proportional to the energy emitted. At the halting
places, between the steps, the atom is said to be in one of its
‘“ stationary states,” of which more will be said when we
consider Bohr’s theory of the atom.

If an electron is ejected from the innermost portion of the
atom, where the energy is a minimum and the greatest amount
of energy is therefore required to liberate the electron, a large
amount of energy will correspondingly be liberated when an
electron returns to the vacated position. The frequency of the
fluorescent radiation emitted, being proportional to the energy
radiated, will accordingly have the highest value possible for
this atom.

There are two prominent types of fluorescent X-rays which
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may be excited in most of the elements, known as the K and
the L. characteristic radiations.! The former is apparently the
most penetrating type of fluorescent radiation which the ele-
ment is capable of radiating, and is thus presumably excited
when an electron is ejected from the most stable position in
the atom. The L radiation is much less penetrating, and occurs
when electrons are ejected from the next most stable position.
It is a remarkable fact that similar characteristic fluorescent
radiations are emitted from all the elements, which differ by
regular gradations in penetrating power or wave-length as one
goes from one element to another.

Spectra of these characteristic radiations, taken however
directly from the target of the X-ray tube instead of from
fluorescing matter, are shown below (p. 28) for several elements.

Photoelectrons Ejected by X-rays. According to the inter-
pretation of fluorescent radiation which we have just given,
emission of photoelectrons from matter exposed to the X-rays
should always accompany the emission of fluorescent rays.
This 1s indeed found to be the case. We can even distinguish
the photoelectrons which are ejected from the different por-
tions of the atom corresponding to the emission of a K or an
L fluorescent ray. When light falls upon the alkali metals it
has been found that photoelectrons are ejected with a kinetic
energy whose maximum value 1s

sme? = hy — w, (1.02)

where w is the work done in pulling the electron out of the
metal, » is the frequency of the light, and % is a constant of
proportionality known as *“ Planck’s constant.” When X-rays
instead of light are employed, the photoelectrons are found to
be ejected with different groups of velocities, but the energy
of the fastest electrons in each group is again given by equation
(1.02). The constant 4 keeps the same value,6.56 X 10-%7 erg
seconds; but w, the work done in removing the electron from
the atom, has a different value for the different groups of

1C, G. Barkla and C. A. Sadler, Phil. Mag. 16, 550 (1908).
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photoelectrons. If it requires an amount of energy w: to re-
move an electron from the lowest or K energy level, it is clear
from equation (1.02) that such an electron cannot be ejected
if Av < wy, i.e., if the frequency of the incident X-rays is less
than » = wx/A = n. But if the electrons are not removed
from the K level, it is impossible for any K fluorescent radiation
to be emitted. This result has been fully verified by experi-
ment, which shows that fluorescent radiation of the K or L
type is not emitted by an element unless it is traversed by
radiation whose frequency is greater than the critical value
wi/h or w/k required to eject photoelectrons from the cor-
responding energy levels.

It has been noted above that after ionization has occurred
an atom usually returns to its normal condition through a
series of steps. One of these steps may be the transition of an
electron from an L to a K energy level, in which case the amount
of energy liberated is wi — ws, which can be determined by
measuring the difference in energy of the photoelectrons ejected
from these two levels. It is interesting to note that the most
prominent line in the spectrum of the fluorescent K radiation
has the frequency v = (w: — w:)/Ah, where 4 is again Planck’s
constant. It is thus natural to suppose that if the energy lib-
erated during any change of the electron’s position in the atom
is w, the frequency of the radiation emitted during the process is
w/h. As we shall see, this is a fundamental postulate of Bohr’s
theory of spectra, and as a part of that theory has received
very strong support.

It is a consequence of this postulate that the highest fre-
quency fluorescent ray that can be excited is no greater than
the frequency of the primary ray. For the greatest amount of
energy which the primary ray can impart to an atom in ejecting
an electron is /», and this is therefore also the greatest amount
of energy that can be liberated as a fluorescent ray when the
atom returns to its normal condition. It will of course usually
happen that the frequency of the fluorescent ray is considerably
lower than that of theprimary ray. This corresponds to Stokes’
law in optics. Though the law is by no means always valid in
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the visible region, in the region of X-rays no exceptions have
been found.

5. Polarization of X-rays

According to the explanation of the scattering of X-rays
given above, we should expect the rays scattered at an angle of
9o° with the primary beam to be polarized. For the electric
vector of the primary wave is perpendicular to the direction of
propagation, and the accelerations of the scattering electrons
must therefore also be perpendicular to this plane. If we were
to look at these scattering electrons in a direction at right
angles with the primary beam, their motions would all be in a
plane which we would be seeing edge-on. Imagine, as in Fig. 7,
that the primary beam .is

. Vv V,I=0
propagated horizontally to-
ward the north when it passes N N
over the electron e. The ac- 7= max
W e 5 E

celeration of this electron will
then be in a vertical, east— S
west plane. The electric vec- &
tor of the wave which it emits
toward the east must also lie
in this plane, since there is no component of the accelera-
tion of the scattering electron in any other direction. Con-
sequently, the scattered ray reaching an electron ¢’, having its
electric vector in a vertical plane, is completely plane polarized.
This polarization may be detected by examining the rays
scattered by the electron ¢’. This is accelerated in a vertical
direction. The amplitude of the electric vector of the wave
emitted is, according to the usual electrodynamics, proportional
to the sine of the angle between the acceleration and the direc-
tion of propagation. Thus the maximum intensity of the beam
scattered by electron ¢’ is in the horizontal plane, while in the
vertical direction the intensity is zero. The polarization of the
beam scattered by electron e is thus detected by comparing the
intensity of the scattered rays from electron ¢ in the horizontal
and vertical directions.

Fic. 7.
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A test of this character was first made by C. G. Barkla! in
1906. In place of the electrons e and ¢/, he used blocks of car-
bon to produce the scattering, and he compared the ionization
produced in two chambers placed at A and 7 respectively. He
found the ionization in the chamber A much more intense than
in chamber 7, thus proving that the rays scattered by the first
radiator were strongly polarized. The fact that the scattered
rays are thus polarized in the predicted manner gives strong
evidence in favor of the view that the X-rays consist of electro-
magnetic waves or pulses.

6. Diffraction and Interference of X-rays

It was recognized early in the study of X-rays that most of
the properties of these rays might be explained if they consisted
of electromagnetic waves of wave-length much less than that of
light. Many attempts were therefore made to secure diffraction
of X-rays by passing them through a narrow slit. Haga and
Wind performed a careful series of experiments? to detect any
possible diffraction through a wedge-shaped slit a few thou-
sandths of a millimeter broad at its widest part. Photographs
were obtained which showed a broadening where the rays
passed through the narrow part. The magnitude of the broad-
ening was about that which would result® from rays of wave-
length 1.3 X 108 cm. Walter and Pohl repeated the experi-
ments by yet more refined methods,* and came to the conclusion
that if any diffraction effects were present, they were consider-
ably smaller than Haga and Wind had estimated. Later, A.
Sommerfeld® recalculated the wave-lengths from Walter and
Pohl’s plates on the basis of photometric measurements per-
formed by Koch.® He thus found from their photographs that
the effective wave-length of hard X-rays is about 4 X 10-%cm.,

1 C. G. Barkla, Proc. Roy. Soc. A. 77, 247 (1906).
? Haga and Wind, Wied. Ann. 68, 884 (1899).

3 A. Sommerfeld, Phys. Zeits. 2, §9 (1900).

4 Walter and Pohl, Ann. d. Phys. 29, 331 (1909).

5 A. Sommerfeld, Ann. d. Phys. 38, 473 (1912).
8 P. P. Koch, Ann. d. Phys. 38, 507 (1912).
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and that the wave-length of soft X-rays is measurably greater.
These values are of the correct order of magnitude as tested by
the methods of crystal spectroscopy. On account of the diffi-
culties of the experiments, however, these results did not carry
as great conviction as their accuracy would seem to have
warranted.

Recently two experimenters, Walter! and Rabinov,? have re-
peated experiments of this type, using respectively the K, lines
of copper and molybdenum. Both obtained g
definite diffraction effects and were able to
make approximate estimates of the wave-
length, which agreed within a rather large prob-
able experimental error with the wave-lengths
determined by crystal spectrometry. Walter’s
results are reproduced in Fig. 8, which shows
a definite diffraction band beside the central
image.

Diffraction by Ruled Grating. Though these
photographs obtained with narrow slits show
definite diffraction effects, they have not enabled
us to make any precise determination of the
X-ray wave-lengths. Absolute wave-lengths
of X-rays have however been measured by
means of ruled reflection grating§, similar to
those used for visible light.> Though in the early experi-
ments it was found impossible to reflect X-rays from a
polished surface, later work (described on page 40) showed that
such specular reflection does occur when the X-rays graze the
surface at a sufficiently fine angle. Within this angle, of less
than half a degree, it is thus possible to use a reflection grating.

FiG. 8.

1B, Walter, Ann. der Phys. 74, 661 (1924); 75, Sept., 1924.

21. I. Rabinov, Proc. N. A. Sci. 11, 222 (1925).

3 The possibility of securing X-ray spectra from a ruled grating in this manner was
first suggested by N. Carrara (N. Cimento, 1, 107, 1924). His efforts to secure such
spectra were, however, fruitless. R. L. Doan and the author, independently of Car-
rara, succeeded in obtaining such spectra, of which Fig. ¢ is an example (Proc. Nat.
Acad. Sci. 11, §98, 1925). Similar spectra, using a grating ruled on glass, have also
been secured by J. Thibaud (Comptes Rendus, Jan. 4, 1926).
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A spectrum thus obtained when the Ka; line from a molyb-
denum target is diffracted by a grating ruled on speculum metal
is shown in Ifig. 9. The line D is the image of the dixeel beam
obtained with the grating removed. The direery reflected
beam is at O, and the different orders of the diffracted beam

appear at — I,1,2,3. Using the

J? ’11 10: ?/3 usual grating formula,

n\ = D (sin 7 + sin7r),

where D is the grating space, i the
angle of incidence and 7 the angle
of diffraction, it is possible from
such a photograph to calculate the
absolute value of the wave-length.
In this case D was .002 cm.,and A
was calculated tobe.707 X 10-8cm.
A This very direct method of

L 1) measuring X-ray wave-lengths is’
1‘30 " ot at present as precise as the less
f1G. 9. . . X

direct method in which crystals are

used as gratings. But the fact that the two methods give, within
experimental error, identical results serves as an important
confirmation of the crystal wave-length measurements.

Diffraction of X-rays by Crystals—While these direct meth-
ods of measuring X-ray wave-lengths were being developed,
and long before they were brought to a successful conclusion,
Laue discovered the remarkable fact that crystals act as
suitable gratings for diffracting X-rays. From this discovery
has grown on the one hand a surprisingly exact knowledge of
the structure of many crystals, and on the other hand a means
of studying X-ray spectra which is comparable in precision with
our methods of studying optical spectra.

Reasoning from several different standpoints, Laue esti-
mated that the wave-length of ordinary X-rays should lie be-
tween 10-8 and 10-? cm. But knowing as he did the number of
molecules in unit volume of a substance, he noticed that the
average distance between the atoms or molecules of solids was

1 A

1
0
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between 10-7 and 10-8 cm. Now in a crystal, in order to get
the symmetry which is observed, we must suppose that there is
a unit, presumably of atomic or molecular size, which arranges
itself in a régular repeating order. It is therefore natural to
suppose that in a crystal there are layers of molecular units
which are arranged successively at uniform distances not much
greater than the wave-length of X-rays. But these conditions
are very similar to those which occur when light traverses an
optical grating—regularly spaced discontinuities separated by
distances several times the wave-length of the light. Tt there-
fore occurred to Laue that a crystal might act toward X-rays in
much the same manner as a grating acts toward light. He

Al filter

Photographic
Plate

Fia. 10.

accordingly asked Friedrich and Knipping to try the experi-
ment of passing a narrow beam of X-rays through a crystal of
zinc blende. g

The apparatus which was used in the original experiments is
shown diagrammatically in Fig. 10. X-rays from the target §,
after being collimated by two circular holes HH, passed through
the zinc blende crystal C onto the photographic plate. In Fig.
11 is shown a photograph of the type thus obtained. Around
the central spot, produced by the direct beam passing through
the crystal, appear a group of symmetrically arranged spots.
The positions of these spots changed when the orientation of
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the crystals was altered, and was different for different crystals.
They formed exactly the type of pattern which might have been
expected from a three dimensional grating.

FiG. 11.

A simple interpretation of these photographs was offered by
W. L. Bragg.! He pointed out that each of the images sur-
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rounding the central spot could be interpreted as the reflection
of the incident X-ray beam from some plane within the crystal
1W. L. Bragg, Proc. Camb. Phil. Soc. 17, 43 (1912).
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which was especially rich in atoms. Consider a two-dimensional
pattern of points as shown in Fig. 12. It will be seen that the
lines (corresponding to the planes in the three dimensional
crystal) which have many points per unit length are those
drawn at “ simple " angles. Similarly the position of the spots
to be expected in a Laue photograph with a cubic crystal can
be calculated on Bragg s assumptlon merely from the crystal
symmetry, the more intense spots being refiected from planes
drawn at simple angles with
the cubic axes. A comparison
with the position of the spots
thus calculated with the posi-
tions of the spots in Friedrich
and Knipping’s photographs
showed that the idea was
sound.

The cleavage face of a
crystal should be parallel to
these ““ simple” planes which
are rich in atoms. W. H.
Bragg therefore tried the ex-
periment of reflecting a beam
of X-rays from the cleavage
surface of a crystal, and found
on the photographic plate a
spot at the angle of reflec-
tion.! He then replaced the
photographlc plate with an Fic. 13.
lonization chamber, mounted
upon the arm of a spectrometer, and placed the crystal upon the
prism table, so that both could be conveniently oriented at any
desired angle with the primary beam. A diagrammatic plan of
the apparatus as thus employed is shown in Fig. 13. 4 and B
are slits which collimate the primary X-tay beam, C is the
crystal, D is a slit which defines the beam entering the ioniza-

11t is interesting to note that Roentgen tried a rather similar experiment in 189§
using a crystal of calcite, but with negative results.
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tion chamber 1. As the glancing angle 6 at which the X-rays
struck the crystal was varied, the angle between the ionization
chamber and the primary beam was kept equal to 26, in order
to receive the secondary beam reflected from the crystal.

A record of the intensity of ionization as the angle 6 was
varied is shown in Fig. 14. In this experiment X-rays from a
tube containing a platinum target were reflected by a crystal
of rock-salt. It will be seen that instead of varying uniformly
with the angle, the ionization rises to large values at certain
sharply defined angles.

1onization

-

F1G. 14.

An interpretation of this curve may be obtained if we
examine further the manner in which X-rays are diffracted by
a crystal. Suppose that a wave comes from a source § and
strikes a crystal, as in Fig. 15. A fraction of the wave is re-
flected by the first layer of atoms at an angle 6, equal to the
incident glancing angle, and another fraction is reflected from
the second layer. It is clear from the construction of the figure
that the difference in the length of the paths followed by these
two rays is /BC. But 4B = BC = OB sin 6, so that the differ-
ence in path is 2 OB sin 6. In order to secure co-operation be-
tween these beams, the difference between their paths must
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be an integral number of wave-lengths. It follows, writing

OB = D, that
n\ = 2D sin g, (1,03)

where 7 is an integer, and represents the order of the diffraction.

According to this equation, a change of the angle ¢ should
alter the wave-length of the rays reflected from the crystal. Itis
therefore natural to suppose that the three peaks, .71, B and
Ci represent X-ray spectrum lines. If this is the case, second
orders of these lines should appear at angles whose sines are
twice those of lines .7,, By and Cy. Such lines actually do appear

at A, B: and Cq, and not only are their angles just what they
should be according to equation (3), but their relative inten-
sities also are in the same ratio as those of the corresponding
lines in the first order.

The fact that these lines are characteristic of the target
from which the X-rays are emitted is shown by the fact that if
an X-ray tube with a nickel target is substituted for the one
with the platinum target, an entirely different type of spectrum
is observed, two lines instead of three appearing, and at differ-
ent angles. If, on the other hand, the crystal is changed, the
same lines appear with about the same relative intensity, but
the angles at which they appear is changed, indicating, accord-
ing to equation (3), that the grating space between the layers of
atoms is different for different crystals. It is therefore clear



24 X-RAYS AND ELECTRONS

that we are dealing here with true spectra of X-rays character-
istic of the target, diffracted by a crystal grating.

If the distance between the layers of atoms can be deter-
mined, we can by this means measure the wave-length of the
X-ray spectrum lines emitted by different metals used as tar-
gets. We shall show in Chapter IV that there is good reason to
believe that the atoms in a crystal of sodium chloride are
arranged alternately at the corners of a cubic
lattice, thus (Fig. 16). Now if the number
of molecules per gram molecule is N =
6.06 X 10%, the molecular weight of sodium
chloride /7 = 8.5, and its density p = 2.17,
then the number of molecules per cm.? of

O-= Cs:ldigm rock-salt is Np//#’, and the number of atoms
‘FTG I‘Sor"lrle is 2Np/W. The average volume occupied

by each atom is thus /#/2Np, and since the
atoms are arranged cubically, the distance between the adja-
cent atoms is

D = (W/2Np)%,
or when the numerical values are substituted,
D = 2.81 X 10-8 cm. (rock-salt).

In the case of calcite, the grating space calculated in a similar
manner 1s
D = 3.029 X 10-8 cm. (calcite).

Having thus determined the grating space between the
layers of atoms in rock-salt, we can now measure the absolute
wave-lengths of the X-rays. Thus in Fig. 14 the B, peak occurs
at about 11.4° Substitution this angle in equation (3), using
n = 1,and D = 2.81 X 10-8 for rock-salt, we find for the wave-

length of this line, 1.12 Angstréms, where 1 A = 108 cm.
We have seen that the wave-lengths of the X-ray spectrum
lines as thus measured agree accurately with those measured by
ruled diffraction gratings of known spacing. The values of D
calculated for the crystals are thus confirmed. This means in
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turn that we have assumed the correct fundamental structure
for the rock-salt and the calcite crystals.

7. X-ray Spectra

A systematic study of the X-ray spectra of the different
elements was first made by Moseley! in 1913-14. His experi-
ments covered a range of from 0.4 to 8 A., using 38 different
elements as targets of his X-ray tube.” He found that the spec-
trum lines emitted by these elements belonged to two very
distinct series, which were identified with the K and L types of
characteristic fluorescent radiation which had previously been
observed by Barkla and Sadler. Moseley’s photographs of the
X-ray spectra of the K or shortest wave-length series lines from
the elements of atomic weight between 40 and 65 are shown in
Fig. 17. Since in these spectra the wavglengths_are nearly
proportional to the angles, the wave-lengths can be taken as
nearly proportional to the distances of the lines from the left-
hand side of the figure.

The most striking thing in this figure is the great regularity
of the spectra. Each element exhibits a spectrum identical with
that of the other elements except that the scale of wave-lengths
is changed. It will be noticed also that as one goes from the
lighter to the heavier elements, the wave-length of the corre-
sponding lines decreases in a regular manner. Thus even if we
did not know that there is an element scandium between the
elements calcium and titanium, the large gap between the spec-
tra of these two elements would have suggested strongly that
such an element should exist. An examination of these spectra
revealed the fact that the square root of the frequency of either
of the two lines in this spectrum is nearly proportional to the
atomic number of the radiator, or more exactly, that the fre-
quency is given by

= K(N — k) (1.04)
Here K is a universal constant for all elements, NV is the atomic

number, and % is another universal constant. This is usually
1H. G. J. Moseley, Phil. Mag. 26, 1024 (1913); a7, 703 (1914).
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spoken of as Moseley’s law. It applies not only to the K series
lines as shown in Fig. 17, but also, with appropriate changes
in the values of the constants K and %, to the lines of the L
series. While precise experiments have shown that this law is
not exact, it is nevertheless sufficiently accurate for many pur-
poses, and affords, as we shall see, an important clue to the
origin of these spectrum lines.

F16G. 17.

The appearance of the L-series lines is beautifully shown by
Siegbahn’s photographs in Fig. 18. The spectra of these ele-
ments also exhibit the same regular changes that are found in
the spectra of the K series, but the spectrum has a considerably
greater number of lifies. Two series of still greater wave-length
are known, an M series and an NN series. It has’been possible to
examiney these spectroscopically only for the heavier elements.
The spectrum of the M series of tungsten, as obtained by
Stenstrom, is shown in Fig. 19. Tables of the wave-lengths of
the different X-ray spectrum lines are given in the appendix.
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The Continuous X-ray Spectrum.—The continuous portion
of the X-ray spectrum also has some very interesting features.
In Fig. 20 are shown a series of spectra obtained by Ulrey from
a tungsten target, taken with different potential differences

v BB X%
[ Y \/

FiaG. 18.

across the X-ray tube. It will be seen that for a definite poten-
tial, no radiation occurs of wave-length less than a certain
critical value. Having passed this wave-length, the intensity
rises sharply to a maximum, and then gradually falls to a rela-
tively low value.

Fi1G. 19,

Accurate measurements show that the short wave-length
limit of the spectrum is inversely proportional to the potential
applied to the tube, or that the frequency of this limiting radia-
tion is proportional to the potential. It is customary to state
this fact thus: .

Ve = hvmax. = hc/)‘min. (I 05)
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In this expression, # represents the potential across the tube
and ¢ the charge on the electron, so that 7 is the energy with
which the cathode ray strikes the target; c¢ is the velocity of
light, and 4, the constant of proportionality, is the same as
Planck’s constant which we used in discussing the photoelectric
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effect. From careful determinations of the minimum wave-
length Am corresponding to definite potentials #, Duane and
his collaborators have found!

h

Ve, /c,

6.556 X 10727 erg sec.

1 Blake and Duane, Phys. Rev. 10, 624 (1917). Duane, Palmer and Chi-Sun-Yeh,
J. Opt. Soc. Am., s, 376 (1921).
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8. Bohr's Theory of Spectra

In order to understand the significance of the remarkable
regularities observed in the X-ray spectra, we may profitably
consider at this point Bohr’s theory of the structure of the atom.
For the present we shall discuss this only in a s'mple form,
leaving till a later chapter the detailed theory which will
account more completely for the different lines observed. Bohr’s
theory ! postulates the type of atom proposed by Rutherford,
which consists of a heavy, positively charged nucleus about
which the negative electrons revolve in orbits. He proceeds, on
the basis of three principal assumptions, to calculate the posi-
tions and the energies of the electrons in their orbits and the
frequency of the radiation which they may emit.

The first of these assumptions is that an electron revolves in
a circular orbit,? its centrifugal force being balanced by the
electrostatic attraction of the nucleus modified by the forces
due to the other electrons in the atom. For a single electron
revolving about a nucleus, the mathematical statement of this

assumption is
mv?  Ee Ze

a a? a?’

where m is the mass of the electron whose charge is ¢, v is its
speed in its orbit of radius 4, and E = Ze is the charge on the
nucleus, Z being the atomic number.?

' N. Bohr, Phil. Mag. 6, 1, 476-857 (1913).

2 Bohr’s original assumption was an elliptical orbit. The assumption of a circular
orbit is made here for the sake of simplicity, since it leads to the same results regarding
frequencies and energies.

. 3 Rutherford’s experiments (Phil. Mag. 21, 669 1911) demonstrated the existence of
a small and massive nucleus within the atom which repelled alpha particles according to
an inverse square law of force. The magnitude of this force was shown to be about that
which should exist if this nucleus possessed a charge of about half the atomic weight.
More recent experiments by Chadwick (Phil. Mag. 40, 734 1920) on the scatter-
ing of alpha rays showed that, measured in electronic units, this charge is at least very
nearly equal to the atomic number. These results are supported by Barkla’s measure-
ments of the scattering of X-rays (cf. Chapter 11I), which indicate that the number
of mobile electrons in an atom is equal to about half the atomic weight. The assump-
tion that the charge on the atomic nucleus is, in electronic units, exactly equal to the
atomic number is therefore strongly supported.
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In every atom except hydrogen there exists more than 1
electron, and the forces due to the other electrons must be
considered. If these electrons could be considered as charges
uniformly distributed over the surface of spheres concentric
with the nucleus, it is clear that those electrons outside the one
whose motion is considered would have no effect, while those
inside this orbit would act as if their total charge were concen-
trated at the nucleus. The force due to the outer electrons
would thus be zero, and that due to the inner electrons would
be pe?/a®, where p is the number of inner electrons. This cor-
rection is of course only approximate, since the electrons are not
uniformly distributed over a spherical surface, and since the
electron under consideration will itself doubtless modify to some
extent the distribution of the other electrons. If the remaining
electrons at the same distance from the atomic nucleus were
similarly arranged at random on a spherical surface, a simple
clectrostatic argument shows that the force which they would
produce on the electron in question would be a repulsion of
magnitude 1(¢ — 1)e?/a?, where ¢ is the total number of
electrons in this shell. A more accurate expression for the
electric force on the electron would therefore be

Ze _pe 1 g-ne_pe

a* at 2 a* a?
where F =72 — p — (¢ — 1).

The relation between the centrifugal and the centripetal forces
is thus more nearly

:F. (1.06)

The second assumption made by Bohr states that of the
infinite variety of orbits which are possible according to equa-
tion (1.06) only those orbits will be stable for which the
angular momentum is an integral multiple of %4/2x, where 4 is
Planck’s constant, having the value 6.556 X 10-27 erg seconds.
The idea is that, whereas according to the classical electro-
dynamics an electron revolving in an orbit must radiate because
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of its centripetal acceleration, if an atom of the type postulated
by Rutherford is to exist, there must be some condition under
which the revolving electron will not radiate. It is the present
assumption which supplies that condition, assigning to the
clectron certain orbits in which radiation will not occur. The
assumption is to large extent arbitrary, its chief justification
lying in the fact that it leads to results in agreement with
experiment. The mathematical statement of this assumption is

myva = nh/2m, (1.07)
where # 1s an integer.

By combining equation (1.06) and (r.07), we can cal-
culate the radii and the energies corresponding to the different
stationary states. On solving for the radius we obtain

n2h?

a= ..., .
gr2lem

(1.08)

The total energy of the sytem is the sum of its potential and
kinetic energies. In calculating the potential energy, let us sup-
pose that initially the dimensions of all the electron orbits are
magnified by a very large factor NV, so that the potential energy
is zero, though the electrons retain their usuail relative positions.
As N is gradually reduced to unity, the clectron orbits shrink to
their normal size. At each stage of this process, the force on the
electron whose potential energy we calculate is always — Fe?/r?,
where 7 is its distance from the nucleus, and # has the value
given above. Thus the work done on the electron in bringing
it to its final position is

a 152
U=-—f ﬁedr=—Fe2/a,

72

or substituting the value of 4 from equation 1.08, the potential
energy is

4m2e4F2m

U= n2h?
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To calculate the kinetic energy, we have merely to evaluate
3mv? from equations (1.06) and (1.07), obtaining

2 21r2e#F 2m

T = jmy YT
The total energy is accordingly
2fetF2m
W=U+T=—j;7§h—2_ (1.09)

where, as before,

F=27Z-p—1ig-n.

Before proceeding with the third assumption, it will be of
value to test the theory at this point. The energy required to
remove an electron from its orbit is —/# where /# is given by
equation (1.09).! If this energy is supplied by an electron
striking the atom, in order to have acquired sufficient energy
the electron must have fallen through a potential difference /
such that ¥¢e = — /7. Thus the “ ionizing potential” of the
atom is

V=-— é’f = 22%3F, 2/ Wi,

In the simplest case, that of the hydrogen atom, F = Z = 1,
and if the atom is in its normal condition #» = 1. On substi-
tuting the usual values,

e = 4774 X 10710¢,s. u,,
m = 9.0l X 10728g,
k= 6.556 X 10727 erg sec.,
we find
V= L.o45e.s.u.
= 13.5 volts (calc.).

1 From the way in which we have calculated the potential energy, it will be seen that
this statement is only approximately true when the shielding effect of the other elec-
trons is considered. It is strictly accurate, however, for hydrogen where F = Z.
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The recent experiments of Olmstead and Compton,! how-
ever, have shown that in order that an electron may ionize an
atom of hydrogen, it must have fallen through a potential
difference

V = 13.54 volts (expt.),

in perfect accord with the theory. This suggests strongly that
we are working along the right line, especially since when Bohr
originally proposed his theory the ionization potential of hydro-
gen was considered to differ very considerably from this value.

Bohr’s third assumption enables us to predict the frequency
of the radiation emitted by the atom. He supposes that if an
electron finds itself in an outer orbit (# > 1) it may drop to an
inner orbit, and that the energy liberated in the process is
radiated with a definite frequency such that

hv=W4—WJ, (I.IO)

where /7, is the energy of the atom in its initial state and 77
its energy in the final state.2 From cquation (1.09) the fre-
quency of the emitted radiation should therefore be

FE 1
n, Ff2 n12 ’

_on?eim .,
v =TT {
where as before the subscripts f and 7 refer to the final and
initial states of the electron respectively. Since 1/72is usually
small compared with 1/72, we can without serious error put
F2/F2 = 1, and writing

2nZetm

RE—ha—',

the expression for the frequency becomes
y = R-1L7‘,2(1/n,2 — 1/n2). (1.11)

In the case of hydrogen F, = Z = 1 exactly, and substituting
the values of ¢, m and 4 gwen above, the frequencies of the

1P, S, Olmstead and K. T. Compton, Phys. Rev. 22, 559 (1923).
2 We shall see later (Chapter X) that this assumption is not independent of the sec-

ond assumption.
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various spectrum lines can be calculated. Forn, = 2and m =
3, 4 §, etc., this formula gives the frequencies of the visible
hydrogen lines and those in the ultraviolet which compose what
is known as the Balmer series. Within experimental error the
agreement is exact. Thus for example, if #, = 2 and », = 3,
the calculated wave-lengthis X = ¢/v = 6.75 X 1075 cm., while
the observed wave-length is 6.563 X 10-% cm. For #, = 1, the
frequencies are much greater, and correspond exactly with those
of the Lyman series of hydrogen. Similarly, for n, = 3,4andg,
the various values of #, give frequencies which agree accurately
with those of known lines in the infra red spectrum of hydrogen.
Thus equation (1.11) predicts accurately the position of all the
known lines of atomic hydrogen, and does not predict any lines
which do not occur under suitable conditions.

When we apply this formula to the case of X-ray spectra,
we may take the experimental value of R as 3.29 X 10'3 sec. —1,
as determined from optical spectra, instead of the value 3.19 X
1015 calculated from the measured values of e, m and 4. For the
Kaline of molybdenum, we have Z = 42, and supposing that the
K rays come from the innermost shell of electrons, we may take
2 =o0 and ¢ = 2.1 Thus F; = 41.5. Since the Ka line is the
longest of this series, we may take #, = 1 and # = 2. Sub-
stituting these quantities in equation (1-11) we find X = ¢/» =
0.70 X 10-8 cm., which agrees very satisfactorily with the
value 0.71 X 1078 cm. determined experimentally. Similarly
for the La line from tungsten, we have N = 74, p = 2 and
g = 8, whence F; = 68.55 n =2, and #n, = 3. Thus X\ =
1.40 X 10-8 cm., which again agrees acceptably with the
experimental value 1.47 X 1078 cm.

If we write

K2=R<L—L>

n2  nd

1 The assumption that there are two electrons in the inner shell is suggested by the
fact that helium has but two electrons, and that the chemical properties of lithium
indicate that it has one electron, boron two electrons, etc., which are active in chemical
reactions. This leaves two electrons in each of these atoms inert, and hence presum-
ably in aninner shell. A number of other lines of evidence lead to the same conclusion.
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and

FIEZ" 1P+§(9—1)} =Z—k:
equation (1.11) becomes

vi=K(Z — k),

which is identical with Moseley’s experimental law (1.04).
These results thus indicate that Z, the charge on the nucleus of
the atom, increases by 1 electronic unitas one passes from an
element to the element next higher in atomic weight. More-
over, since k remains constant, the number of electrons in the
inner shells must remain constant for the elements for which
the spectra are examined. These X-ray spectra, with the help
of Bohr’s theory, therefore supply very valuable evidence con-
cerning the inner structure of the atom.

9. The Refraction of X-rays

In his original examination of the properties of X-rays,
Roentgen tried unsuccessfully to obtain refraction by means of
prisms of a variety of materials such as ebonite, aluminium and
water. Previous to the use of homogeneous rays reflected from
crystals, perhaps the experiment conducted under conditions
most favorable for measurable refraction was one by Barkla.!
In this work X-rays of a wave-length which excited strongly the
characteristic K radiation from bromine were passed through a
crystal of potassium bromide. The accuracy of his experiment
was such that he was able to conclude that the refractive index
for a wave-length of 0.5A. probably differed from unity by less
than § X 10-6. A test of the refraction of homogeneous X-rays
has been made by Webster and Clark.2 They found that the
refractive index for the different K lines of rhodium, transmitted
by a rhodium prism, differed from unity by less than about
3 X 1074

Although these direct tests for the refraction of X-rays were
unsuccessful, Stenstrom has observed?® that for X-rays whose

1 C. G. Barkla, Phil. Mag. 31, 257 (1916).

2 D, I.. Webster and H. Clark, Phys. Rev. 8, 5§28 (1916).
3 W. Stenstrom, Dissertation, Lund (1919).
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wave-lengths are greater than about 3A, reflected from crys-
tals of sugar and gypsum, Bragg’s law, #\ = 2 D sin 6, does
not give accurately the angles of reflection. He interprets the
difference as due to an appreciable refraction of the X-rays as
they enter the crystal. Precise measurements by Duane?’ and
Siegbahn? have shown that the same type of discrepancies
occur, though they are very small indeed, when ordinary X-rays
are reflected from calcite.

The direction of the deviations in Stenstrém’s experiments
indicated that the index of refraction of the crystals employed
was less than 1. If this is the case also for other substances,
total reflection should occur when X-rays in air strike a plane
surface at a sufficiently sharp glancing angle, just as light in a
glass prism is totally reflected from a surface separating the
glass from the air if the light strikes the surface at a sufficiently
sharp angle. The condition for total reflection is that sin 7 =
1/nsin i > 1, where 7 is the angle of incidence, 7 is the angle of
refraction, and # = sin i/sin r is the index of refraction. For
in this case the angle of refraction is imaginary, and all of the
energy must be refracted. In terms of the glancing angle 6,
which is the complement of the angle of incidence 7, this may
be written, 1/7 cos 6 > 1, i.e., cos § > 7, or approximately,

= sing <V2V1 — 1, (r.12)

By measuring this critical angle for total reflection, we can thus
measure the index of refraction of the X-rays.

The experiment has been carried out by the author? using
the apparatus shown in Fig. 21. A very narrow sheet of
X-rays fell upon the mirror M, and was reflected onto the
crystal of a Bragg spectrometer. It was found that the beam
could be reflected from surfaces of polished glass and silver
through angles of several minutes of arc. By investigating the
spectrum of the reflected beam, it was possible to show that the
critical glancing angle is approximately proportional to the

! Duane and Patterson, Phys. Rev. 16, p. 532 (1920).

2 M. Siegbahn, Comptes Rendus, 173, p. 1350 (1921); pp. 174, 745 (1922).
3 A. H. Compton, Phil. Mag. 45, 1121 (1923).
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wave-length, which means, according to equation (1.12), that
the index of refraction differs from unity by an amount pro-
portional to the square of the wave-length. For glass and
silver, also, the quantity 1 — # for a given wave-length is
approximately proportional to the density. Kor the wave-
length 1.279A crown glass of density 2.52 was found to have
a critical angle of 6 = 11’, corresponding to an index of refrac-
tionn = 1 — § X 1076, We shall see later (Chapter VII) that
these total reflection experiments are in good accord with the
usual electron theory of dispersion,

8 =
. —¥-- Mirror Y= = _uf.:_l
W 81 Szr Ionization

FiG. 21.

More recent experiments by Von Nardroff ! and Hatley,?
using a modification of Stenstrom’s method, and by Larson,
Siegbahn and Waller,® who have finally succeeded in deviating
the X-rays by means of a prism, have confirmed these results,
obtaining meaurements of the refractive index of surprisingly
high accuracy. A more detailed account of this work is given
in Chapter VII.

2 R. Von Nardroff, Phys. Rev. 24, 143 (1924).

3 C. C. Hatley, Phys. Rev. 24, 486 (1924).
1A, Larson, M. Siegbahn and T. Waller, Phys. Rev. 25, p. 245 (1925).



CHAPTER 11
ELeEcTroOMAGNETIC THEORY OF THE ProbpuctioN ofF X-Ravs

10. Electromagnetic Pulses

The first hypothesis regarding the nature of X-rays which
led to important results was that put forward by Stokes! and
J. J. Thomson.2 On this view the X-rays consist of irregular
electromagnetic pulses due to the irregular accelerations of the
cathode particles as they traverse the atoms of the target.?

The intensity of the radiation emitted by an accelerated
electron may be calculated by an application of Maxwell’s con-
ception of displacement currents. Just as an electromotive
force is induced in a circuit toward which a magnetic pole is
moving, so a magnetomotive force is induced by the motion of
an electric charge. The use of the idea of displacement currents
may be illustrated by calculating on this basis the magnetic
field due to a moving electron.

11. Field Due to an Electron in Slow, Uniform Motion

Imagine, as in Fig. 22, an electron moving along the X-axis
with a velocity v small compared with the velocity of light ¢.
We wish to determine the magnetic field at a point P (r, 6).
If we draw through P a sphere about the electron at O as a
center, the number of unit lines of electric force, or the electric
‘“ displacement’” across the sphere is equal to the charge e. If,

1 G. Stokes, Proc. Manchester, Lit. and Phil. Soc., 1898.

2J. J. Thomson, Phil. Mag. 45, 172 (1898); “Conduction of Electricity through
Gases,” 2d Ed., 658 et seq.

3 The conception of X-rays s transverse ether waves of very short wave-length was
suggested somewhat earlier by E. Wiechert (Sitzungsber. d. phys-okon. Ges. zu K&nigs-
berg, 1894). )

38
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however, we consider the circle PSQ, perpendicular to OX, the
displacement through this circle is

Area of Zone PR(Q

D = .
% Area of whole sphere
_, MR
T 20R
= le(1 — cos0). (2.01)

Q

Fic6. 22.

The displacement current passing through the circle PSQ is
ip = dD/dt, and this is supposed to produce precisely the same
magnetic effect as if dD/dt were the rate at which electric
charge traversed the circle. The work done in carrying unit
magnetic pole about this circuit is thus

f His = 4, (2.02)
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where the magnetic field A is in e.m.u., and the displacement
current 4, is in e.s.u., or,

. d
H-2rrsin g = iclrd—t le(1 — cos )]
2me . e

— sin @ -
c dt

That is,
e do

redt

Il

dx

. . I .
Since db = dx sin 0/r, do/dt = S sin ] 7

v .
= —sin 6.
r

Thus H= e—f— sin 6. (2.03)
rec

It will be seen that this is the same magnetic field at P as one
calculates from Ampere’s rule,

ids .
dH = —- sin 6,
ric
if ev is taken as equivalent to the element of current ids.

12. Field Due to Accelerated, Slowly Moving, Electron

Referring again to Fig. 22, let us now imagine an electron
moving with a small uniform velocity év along the X axis, which
is stopped at the point O'1in a short interval of time 62. We wish
to calculate the intensity of the electromagnetic pulse at P
resulting from this change in the electron’s motion.

At the instant # = o, the electron is at the point O, and
since it has been in slow uniform motion, its field is the same
in all directions. The displacement through the circle PSQ is
now, as in equation (2.01),

1e(1 — cos ).

After the additional short time interval & the electron has
stopped close to O. But an observer at P is unawarg of this
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change in the electron’s motion until after the time /¢, required
for an electromagnetic pulse to move from O to P. At the
instant ¢ = r/c, therefore, the field at P is just as it would be
if the electron had continued to move with uniform velocity
v during this interval, reaching a point O’ at a distance éx =
év.r/c from O. The displacement through PSQ is now there-
fore 1e (1 — cos ¢’). But at the moment ¢ = r/¢ + &, and for-
ever after, the field at P is that due to an electron at rest at O,
so the displacement is again }e (1 — cos 6).

During the short interval from ¢ = r/c to ¢ = r/c + & the
displacement has accordingly changed at the average rate,

6D
i ye(cos 0" — cos 0), 8,

or
iy beos
D 2 6’
. o0
= — jesinf_-
€SI Vs
But
X . ov .
0 = —sinf = --siné,
r ¢
whence
60 ) o0 a .
-~ = -sinf - =—-snd,
ot ¢ ot ¢
where ¢ = — -Z; is the acceleration to which the electron is

subject. It follows that

. ae. .
ip = §—sin? 6.
c

As in equation (2.02) we have therefore,

. T 1ae .
H-2zrsin g = ‘—‘-———sm20,
c2c¢

ae sin 0

H=—j3: (2.04)
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When a magnetic field moves perpendicular to itself with a
velocity v, it gives rise to an clectric field of strength £ = Hé

if E is expressed in electrostatic and H in electromagnetic units.
In the present case, since the velocity of propagation of the
pulse is v = ¢, the intensity of the electric field of the pulse in
these units 1s identical with that of the magnetic field, i.e.,

ae .
E=H= 5 Sin 0. (2.0%)

It will be noticed that these electric and magnetic intensities
due to the electron’s acceleration vary inversely as the dis-
tance r at which they are observed. But the electric intensity
due to a stationary charge and the magnetic intensity (equation
2.03) due to a charge in uniform motion vary inversely as the
square of the distance. Thus the radiation from the electron
may be perceptible at distances so great that its electrostatic
field is negligible.

The energy in the electromagnetic field 1s H*/8x + E*/8x per
unit volume, where, as above, / is the magnetic intensity
expressed in e.m.u., and E is the electric intensity expressed in
e.s.u. The energy density in the pulse may thus be written,
since E and / are equal, as

E2  24%sin20
4w 4mr2cg

To obtain the total energy in the pulse, we integrate this quan
tity throughout the spherical shell of radius  and of thickness
or, thus:

w =f127r7' siné-rdo- or. ‘212—81222—0 _2da or.  (2.06)
0 - 4mrct 3 ¢t
The fact that this energy is independent of the radius of the
shell means that the total energy within the pulse remains
constant as it leaves the electron with the velocity of light.
) This therefore represents energy which is actually escaping
ifrom the electron in the form of radiation.
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The rate at which the energy is radiated while the electron is
being accelerated may be calculated by finding the rate at
which the energy in the radiated pulse traverses a fixed
spherical surface described about the electron. In equation
(2.06), if we write 67 = cét, it is clear that the energy E of the
pulse traverses any fixed concentric spherical surface in the
interval 6f, whence the rate at which the energy is radiated is

iV _ 2¢6%?
33"

(2.07)

13. Intensity of X-rays on the Pulse Theory?

Let us assume, in accord with Stokes’s idea, that an elec-
tron, when it strikes the target, is subjected to a negative
acceleration in the direction of motion, which continues until
the eclectron has been brought to rest. We wish to calculate
the intensity and encrgy of the radiation which it emits. We
are now dealing with an electric charge whose velocity 1s com-
parable with that of light, and the results which we have
obtained for low velocities will be somewhat moditied. If at any
instant the electron’s velocity is B¢, it can be shown (see
Appendix 1, equation 33) that equation (2.05) should be re-
placed by

ae sin 0
Bl = sy (2.08)
By the intensity of the radiation we mean the energy which
crosses unit area, taken perpendicular to the direction of
propagation, per unit time. Since the energy per unit volume
of the pulse is E?/47, and since this is propagated with a
velocity ¢, the intensity at any instant is

cE? a2e? sin?
= — = . 2.
1 4 47r2c3 (1 — B cos )6 ) (2.09)

1 As far as eq. 2.11, this discussion follows closely A. Sommerfeld, Phys. Zeits. 10
969 (1919); Atomic Structure and Spectral Lines, p. 33 (1923).
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The total radiated energy traversing unit area at P due to
stopping the electron is § =f[(lt, where the integral is taken

over the complete pulse. If#is the time at which the radiation
reaches P which left the electron at the instant #, then
t =1t +r/c. Thus dt =dt + dr/c where, as a glance at
Fig. 23 will show, dr = vdt’ cos 6 = Bc cos 6dt’, and hence,

FiG. 23.

dt = d'(1. — Bcosh). But a=cdg/dt',whencedt' = cdB/a,and
dt=c/a(1— B cos 6)dB.
Thus

a2e? sin2 @ c
§ =fldt = f41rr2c3 (1 — Bcos 0)“’.;1(1 ~ B cos 0)dp,

n29
41rr2c3 [ (1 - ﬁ B8 cos 6)%
ae?  sin2 0 1
[ - I:I; (2.10)

= 16772 cos 6 (1 — Bcos 9)*

or for small values of 8,

So = 22L sinz g, (2.11)
4

The result of this calculation may be tested both regarding
the spatial intensity distribution which it predicts and regard-
ing the absolute value of the predicted X-ray intensity. The
energy as a function of the angle 6 according to equation (2.10)
is plotted in Fig. 24 for different values of 8. In order to test
the theory under most favorable conditions, experiments
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using X-rays from thin targets have been performed by Kaye,!
and using targets of carbon have been done by Stark? and
Lobe.2 The reason for using carbon is that with an element of
so low an atomic number no appreciable amount of energy goes
into the line spectrum, which necessarily consists of trains of
waves, instead of pulses. Moreover the absorption of the X-
rays by the target is so small that it can be corrected for.
Stark’s results for X-rays of two different degrees of hardness
are shown in Fig. 25.

q0°

120°

F16. 24. F1G. 25.

There are marked qualitative similarities between the
theoretical curves 24 and the experimental data shown in
Fig. 25. The intensity seems to approach a minimum at o and
180 degrees, as the theory predicts, and the maximum intensity
is found to be at an angle less than go degrees. Itis true that the
shapes of the curves are not identical, in that the experimental
curve does not approach zero intensity at the angle zero. Such
departures from the theory are, however, just what one would
anticipate from the known fact that the direction of motion of
the electrons is altered as they enter the target. This is well
illustrated by the curvature of the g-ray tracks in air as shown
in Fig. 4. Moreover, not all of the X-rays are produced when
the cathode particles are moving at their maximum speed.

1 G. W. C. Kaye, Proc. Camb. Phil. Soc. 15, 269 (1909).

2 J, Stark, Phys. Zeits. 10, go2 (1909).
3 W. W. Lobe, Ann. d. Phys. 44, 1033 (1914).
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Closely associated with the fact that the intensity of the
X-rays is greater at small angles with the stream of cathode
rays, is the fact, noticed by Stark,! that the absorption co-
efficient of the X-rays is less at small than at great angles.
This is in accord with the fact that the pulse, considered in the
discussion leading to equation (2.10), is thinner in the forward
than in the backward direction. We may think of this as a
kind of Doppler effect, due to the forward motion of the radia-
ting electron. Translating pulse thickness into terms of wave-
length, this means that according to Stokes’ hypothesis the
wave-length of greatest energy should be shorter for the rays
going forward than for those going backward. Exactly this
type of phenomenon is shown in Wagner’s spectra 2 (Fig. 26) of
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the rays emitted in different directions. These experiments
show that the wave-length of maximum intensity is very appre-
ciably less for the rays proceeding forward than for those going
backward.

Polarization of Primary X-rays.—Referring again to Fig.
22 and the discussion leading to equation (2.05), it will be
seen that the magnetic field of the X-ray pulse at P is tangential
to the circle PSQ, and if the charge ¢ is negative, the electric
field at P is in the direction PE, perpendicular both to PH and
OP. The pulse is thus completely plane polarized.

17, Stark, loc. cit.

2 E. Wagner, J. d. Rad. Elek. 16, p. 212, Dec. 1919. For a full discussion of this
matter, see D. L. Webster, Bull. N, R. C., No. 7, p. 442 (1920).
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Polarization of primary X-rays was first observed by
Barkla,! using the apparatus shown diagrammatically in Fig.
27. The method consisted essentially in using for the analyzer
a screen of paper which scattered the ray at go degrees and in
observing the effect of rotating the X-ray tube. He found that
the ionization chamber which received the scattered ray pro-
ceeding at right angles to the cathode rays registered the
greater current by 10 or 20 per cent. These results have been
extended by Haga,? Herweg3 Bassler,t and Vegard.® It is
found that by filtering out the softer components of the

primary beam the polarization can be increased, though in-
creasing the speed of the cathode rays seems to diminish the
effect.

These experimental results coincide in detail with the pre-
dictions of the pulse theory if we keep in mind the fact that
most of the cathodic electrons have their direction of motion

1C. G. Barkla, Nature, Mar. 17, 19o4; Mar. 9, 1905; Phil. Trans. Roy. Soc. 204,
467 (1905).

2 H. Haga, Ann. der Phys. 23, 439 (1907).

3 J. Herweg, Ann. der Phys. 29, 398 (1909).

4 K. Bassler, Ann. der Phys. 28, 808 (1909).

8 L. Vegard, Proc. Roy. Soc. 83, 379 (1910).
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altered before they produce X-rays, and that the softer X-rays
are presumably produced by electrons near the end of their
range, and which therefore are less likely to be moving in the
initial direction.

The efficiency of the production of X-rays by this process can
be calculated if we can determine the acceleration 2 with which
the electron is brought to rest. An approximate method of
doing this is to compare the spectral energy distribution curve
for a pulse with the experimental energy distribution observed
for X-rays excited by cathode rays of definite energy. Let us
suppose, as Stokes’s theory suggests, that the pulse is uni-

M/ \lk
o ) 2 3 )

Wave-length —
FiG. 28.

Inlensity —

directional, the electric field being of strength E for a time &,
so that the pulse is of thickness / = Cé¢. It can then be shown,
by expressing the pulse as a Fourier integral (see Appendix II),
that it 1s equivalent to a continuous spectrum of radiation
whose intensity between wave-length N and X + d\ is

INN = K-sin’r é‘dx. (2.12)

A graph of this function is shown in Fig. 28. It will be seen
that the intensity is a maximum for N\ = 2/, 2/, 2/, etc.

If we neglect the smaller peaks and consider only the por-
tion of the curve for wave-lengths greater than /, this curve is
rather similar to those shown in Fig. 20, representing the
spectrum excited by a constant potential. According to the
experimental curves, the wave-length of maximum energy
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density is about 4/3 times the minimum wave-length. We may
thus say approximately that

4 he
37 2/,
or )
2 hc
/= j;**e' (2.13)

The radiated energy may now be calculated from equation
(2.06) by placing & =/, and noting that a = v/8t = vc/l,
whence

by equation (2.13). Since the energy of the electron producing
the w-rays is Ve, the efficiency of their production is

v2e?
€= ~ ;.
he®
Since }mv? = Ve (approx.), or v2 = 2V¢/m, the efficiency may
be written as

= — 2.1
€ 2 e ( 4)

An experimental investigation by Beatty,! has shown that
the efficiency of production of X-rays may be expressed by the
formula,
= 2.5 X 10744p?%

€expt.

where A is the atomic weight of the target of the X-ray tube
and e is the velocity of the electrons as they strike the target.

1R, T. Beatty, Proc. Roy. Soc. A. 89, 314 (1913).
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Writing  imv? = }mp2%? = Ve, whence @2 = 2Ve/me?, this
empirical result becomes,
Ael”

me*

€ept. = § X 1071 (2.15)
A comparison of this result with equation (2-14) shows that
experiments confirm the prediction of the pulse theory that the
efficiency of X-ray production is proportional to the potential
V applied to the X-ray tube. We find, however, that the effi-
ciency depends, through the atomic weight, upon the nature of
the target, a result not anticipated from the formula. Equating
(2.14) and (2.15) we find that if

82
L =46
2 4

2
= - X 10*

5 hc
the calculated value of the efficiency is equal to the observed
value. Our calculation is thus inadequate because it fails to
take account of the increase in efficiency with the atomic num-
ber of the radiator. It will probably be unprofitable to study
the matter further from the present standpoint, since there is
convincing evidence that the hypothesis of X-ray pulses is in-
correct. It is, however, an interesting fact that the efliciency
calculated on this basis varies in the proper manner with the
potential and that its absolute value is not far from the proper
order of magnitude.

14. Difficulties with the Pulse Hypothesis

In spite of these qualitative successes of the pulse theory of
X-rays, an examination of X-ray spectra shows that any form
of pulse hypothesis is untenable. For if such pulses are reflected
from a crystal grating, the reflection should occur over a wide
range of angles. Thus we have seen in Fig. 28 the spectral
energy distribution which is equivalent to a simple rectangular
pulse. Other forms of pulses result in different distributions,
but it can be shown that every pulse of finite length is equiv-
alent to a continuous distribution of energy over the complete
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spectrum from zero to infinite wave-lengths. This is definitely
at variance with the experimental fact that the continuous
spectrum of NX-rays has a sharp short wave-length limit.! In
order to give such a sharp limit to the spectrum, it is necessary
that a large number of waves should follow each other at
regular intervals, so that a small change in the angle of reflec-
tion from the crystal grating will make the last wave of the
train differ in phase sufficiently from the first to produce inter-
ference. [t follows that X-rays are not, as Stokes supposed,
short, irregular, electromagnetic pulses, but must consist of
comparatively long trains of waves.

When we adopt this point of view, however, new difficulties
arise in accounting for properties of the X-rays which were
described satisfactorily by the pulse hypothesis. According to
the electromagnetic theory, a long train of waves can only be

radiated by an oscillator which executes a large number of
accurately timed vibrations. There is no way in which the
cathode electron can do this as it moves at random among the
atoms of the target. We must therefore attribute the radiation
forming the continuous spectrum as well as that in the X-ray
line spectrum to electrons oscillating about atomic centers. It is
possible to suppose that the directions of such oscillations
should preponderate in the direction of motion of the exciting
cathode electron, as would be necessary to account for the
partial polarization of the X-rays. In order, however, to
account for the shorter cffective wave-length of the X-rays in
the direction of motion of the cathode rays than in the reverse
direction, and for the asymmetry of the intensity as illustrated
in Fig. 25, it is necessary to suppose that the radiating electron
is moving forward with a speed comparable with that of light.
Only a kind of Doppler effect can account for these asym-
metries of wave-length and intensity. But we cannot suppose
that oscillating atoms are moving with the required velocity,
for the energy 7% of a cathode particle, even if all imparted to
a single atom, would give to it only a negligible fraction of the
velocity of light.

1 Cf. D. L. Webster, Phys. Rev. 6, 56 (1915).
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In order to escape from this dilemma, Webster! has sug-
gested that the cathode electron carries with itself a mechanism
which is set into oscillation as it traverses matter. Thus the
cathode electrons would be moving radiators while they are
passing among the atoms of the target. At one time there
appeared to be several lines of confirmatory evidence 2 for the
view that the electron might have a suitable structure for
executing such oscillations. This auxiliary evidence has re-
cently, however, almost completely fallen to the ground,® and
one hesitates to postulate such a complex structure for the
electron for which no other use is found.

As the situation stands, therefore, the sharp limit of the
continuous X-ray spectrum means that the X-rays come in long
trains of waves. The asymmetry of wave-length and intensity
of the X-rays requires us to suppose, however, that the oscil-
lators radiating these waves are moving forward with a velocity
approaching that of light. In the absence of any known oscil-
lator which can move with such a velocity, we can only conclude
that 1t does not seem possible on the basis of the usual electron
theory and electrodynamics to account adequately for the pro-
duction of X-rays.

We shall see (Chapter XII) that it is possible to arrive at a
solution of this problem on the basis of the idea of radiation
quanta which is somewhat more satisfactory.

15. Characteristic Radiations Producing Line Spectra

From what has been said regarding the significance of the
sharp limits to the wave-length of the continuous portion of
the X-ray spectrum, it will be obvious that the line spectrum of
the characteristic part of the radiation can also be produced
only by long trains of waves. The difficulties connected with
ascribing the continuous spectrum to long wave trains do not

1D, L. Webster, Phys. Rev. 13, 303 (1919).

2 D. L. Webster, Bull. Nat. Res. Council No. 7, p. 453 (1920). A. H. Compton,
Phys. Rev. 14, 20 and 247 (1919). A. L. Parson, Smithsonian Miscellaneous Collec-
tions, 65 (1915). i}

3 A. H. Compton, Phys. Rev. a1, 483 (1923).
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apply to the characteristic radiations. For experiment shows
that this part of the radiation is unpolarized, and when correc-
tions are made for absorption in the target, is uniformly dis-
tributed in all directions. The wave-length of the lines is also
the same in all directions, showing that the oscillators producing
the radiation are not moving with appreciable velocity. There
is thus no difficulty with the view that electrons associated with
atoms of the target constitute the radiators emitting the charac-
teristic line radiations.

16. Energy and Intensity of Long }¥ave Trains

Let us then imagine that an electron in the target of the
X-ray tube is executing simple harmonic motion in such a
manner that its displacement in some direction z is z = A cos
(pt" + 5), where A is the amplitude of the oscillation, p = 2,
v being the frequency-and § the phase of the motion when
t = o. The electron’s acceleration will then be

2
a= %Zj = — Ap?cos (pt' + 9).
This motion will produce an electromagnetic
disturbance which will arrive at a point P(r, 6), P
Fig. 29, after a time r/c. The phase of the
wave at this point at a time # is accordingly

. r
that of the wave which left the electron at the ]
instant # = ¢t — r/c. But the acceleration of
the electron at that instant is 0

r
oo o lpi=D) ke T

By the equation (2.05), the electric intensity of the wave at
the time # is therefore

esin
rc?

E = Ap? cos {p<t - ;) + 5}- (2.16)

At a distance » = ¢t the phase of the disturbance expressed
by (2.16) would be constant. This means that the equation
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epresents a wave propagated from the electron with the veloc-
ty c.

The rate at which energy is radiated by the oscillating
electron, by equation (2.07), is

a2 ) ) [ 7 |
r = Ej/lp*cos -lp<t - c) + aJ-

To obtain the average rate of energy emission, we may inte-
grate this expression over a complete oscillation, thus:
t=2x/p

__ aw
S X (=R R
dt w/p 2r), 3 & ¢ |

ar 2 A3 1 ¢?
=—P—-——-~p = - —_A*pt (2.17)

ar 3 8 3¢t
The energy per unit volume of the wave is as before £2/4.
When this is averaged over a complete cyclg, since the average
value of cos? x between x = o and ¥ = 27 1s }, we obtain from

(2.%9) the average energy per unit volume of the wave as

5 \b)

e- sin2 0 2,4
872 ¢t

The energy passing unit are'1 per second is ¢ times this quantity,

being

I = _‘__p_ sin? 4. (2.18)
w33

17. Width of Spectrum Lines Due to Damping of Electron’s
Motion by Radiation

Though, as we have seen, the high degree of sharpness of
X-ray spectrum lines indicates that they come in long trains of
waves, the very fact that the radiating electron is losing energy
requires that the length of the wave-train shall be finite. If we
suppose, as has been assumed 1bove, thatitis a single electron in
simple harmonic motion which gives rise to the radiation, we can
calculate the rate at which its motion is damped by its own
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radiation. The energy (kinetic plus potential) of the oscillation
is 3mo®,., or ym.A’p* According to equation (2.17) the
fraction of the oscillator’s energy which is lost per second is thus
av._ve Apt _26p?

Wdt 36 mAdpt

On solving this differential equation, we find
W=V, (2.

where

1 ‘)2/’2 _ 47!'2 Pl 2

T 3méd 3 me

But since /7 = m.[2p*, it follows that

1‘[ = 4*/(,8‘“. (2

Thus £ 1s the rate at which the amplitude decreases per second.
The rate of decrease per wave-length is £/», » being the number
of waves per secord.

According to cquation (2.20), an oscillator should have its
amplitude reduced to 1/¢ of its initial value in the number of
vibrations given in the second column of table Il-1. It will be
seen that this number is inversely proportional to the wave-
length, so that the damping of an clectron radiating X-rays is
much more important than that of an electron radiating light.

TABLE 111
3 Damrine or Waves Due to Rapniartion
Wave-length Effective No. of Waves Effective Length of
Angstréms in T'rain, Wave-train, cm.,
v/k c/k
ot (hard y-rays).. ... 27 27X 107?
.5 (x-rays) ........... 1,350 6 75 X 1078
5000 (light) ...... .. . . 1 35 X 107 6 75 X 10% o

Unless a wave-train is of infinite length, it must appear in the
spectroscope as a continuous band which shades from a maxi-
mum intensity at the center gradually to zero at either side.
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We may define the effective breadth of the band as its breadth
where the intensity is half that in the center. It has been shown
by a Fourier analysis! that a wave damped according to equa-
tion (2.21) has a breadth of

k)2
AN = —-»
wC
or by equation (2—20),
4T 2
AN = — -
3 mc?
= .00012A.

The width due to damping is thus independent of the wave-
length.

Experiments show that X-ray spectrum lines do have a per-
ceptible width, which is, at least in some cases, greater than this
calculation would indicate.2 Itis of course possible that other
factors than damping of the electron’s oscillations due to radi-
ation contribute to the width of these lines.

18. Minimum Wave-length of a Spectral Line

It will be seen from Table II-1 that as the wave-length be-
comes shorter the oscillations become more strongly damped.
When the damping becomes so great that £ > p, oscillations of
the electron can no longer occur. Any displacement is instead
gradually reduced to zero. An approximate calculation indi-
cates that the maximum possible frequency of oscillation of an
electron which is thus damped by its own radiation is given by

3 me3
Pmax. =—-5

2 e’

which corresponds to the wave-length,
NI L
min. = 3

= .00012A.

1G. E. M. Jauncey, Phys. Rev. 19, 64 (1922).
?A. H. Compton, Phys. Rev. 19, 68 (1922).
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This minimum wave-length is not much shorter than the
wave-length .00038A estimated by Millikan! for the most
penetrating cosmic rays. For radiation of the wave-length
.00038A, we have »/k = 1, which means, as in Table II-1, that
there is effectively only 1 wave in the train.

tR. A. Millikan, Proc. Nat. Acad. 12, 48 (1926).



CHAPTER II1
THE SCATTERING OF X-RAvs

19. Thomson’s Theory of Scattering by Independent Electrons

One of the most important consequences of the electro-
magnetic theory of X-radiation is the fact that by its help we
can predict the intensity and the general characteristics of
scattered X-rays. We noticed in the first chapter that if X-rays
are electromagnetic waves they should set into forced oscillation
the electrons which they traverse, and these electrons 1n virtuc
of their accelerations should themselves radiate energy. If we
suppose that the electrons in the scattering material are not
subject to any appreciable forces of constraint, and if they are
arranged in such a random manner that no definite phase rela-
tions exist between the rays scattered by the different electrons,
we can calculate very simply the intensity of the scattered
beam.!

If a wave whose electric intensity is E traverses an electron
of charge ¢ and mass m, the acceleration of the electron is Ee/m.
According to equation (2.05) this electron will radiate a wave
whose electric intensity at a distance 7 is

esin 0 Ee Ee?sin 6
Eo= — — — 8 e =X e— . — ,,_‘_ ’

where 6 is the angle between the electron’s acceleration and the
ray which we are considering. Since the intensities of both the
primary and the secondary rays are proportional to the square
of their electric vectors, the ratio of their intensities is
I, E2 etsin?0

1 E2 rim?ct

1 This calculation follows in principle, though not in detail, that performed by J. J.
Thomson, “ Conduction of Electricity through Gases,” 2d Ed., p. 325.

58

(3.01)
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If the primary ray is unpolarized, the acceleration of the
scattering electron will be in a random direction in a plane per-
pendicular to the primary beam, O.X, Fig. 30. Let us take two
rectangular axes in this plane, OY and OZ, such that one of
them OY is in the plane POX in which lies the scattered ray
which we are studying. The electric vector of the primary ray
may be resolved into two components, E, and E., such that
Ej? + E? = E2. Since the direction of £ in the YOZ plane is

H P
Oy

Ey

E U
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0 —X
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random, E, is on the average equal to £, whence on the
average,

E2 = E2 = }F2
Thus

I, =1, =1}l,

where I, and I, represent the intensities of the Y and Z com-
ponents of the primary beam. The intensity of the scattered
beam at P due to the Y component of the incident ray is, by
equation (3.01),

7 7 etsin? @,
R i
or
1 84 2
1, = 2Ir—27’;2[4 cos? ¢, (3.02)
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where ¢ is the angle between the primary and the scattered
rays. Similarly, that due to the Z component is

e sin 6,

* rmict

I, =

2
r2m2c?

= 1
- 2

(3.03)
since 6, = =/2. Thus if the primary beam is unpolarized, the
intensity of the beam scattered by a single electron is

I = Iey+Ioz

=TI, —(1 + cos? ¢). (3.04)
2rm
If a number # of electrons are independently effective in scat-
tering, the intensity of the scattered beam is then

I, = Inet (1 + cos? ¢). (3.08)

2r2mict
The calculation of the total energy in the scattered beam is
effected most directly by integrating equation (3.05) over the
surface of a sphere of radius 7, thus:

W, =f I,-2nrsin ¢-rd¢

"I”e f (1 4 cos? ¢) sin ¢do

81r net

o3 mt
If n represents the number of electrons in a cubic centimeter,
since I is the energy in the primary beam per square centi-
meter per second, the fraction of the primary energy which is
scattered per cm. path is K

f 8‘n'ﬂe‘1

g =P— =

1 3m2c4

(3.06)

This quantity ¢ is called the scattering coefficient. .
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It is worth noting that these results have been obtained
without assuming any particular form of electromagnetic pulse.
They are thus independent of the wave-length and of the degree
of homogeneity of the N-rays. The only unknown quantity
which enters into these equations is the number of electrons #
which is eftective in the scattering. An experimental measure-
ment of the scattering coefficient o will thus enable us to deter-
mine this number.

20. Determination of the Number of Electrons per Atom

In the case of carbon, Hewlett has measured the intensity
of the scattered X-rays over angles extending almost from
¢ =0 to ¢ = 180, so that he was able to perform experi-
mentally the integration required to obtain ¢. He thus finds!
for the mass scattering coefficient o/p, the value 0.20. That is,
about 20 per cent of the primary X-rays (of effective wave-
length 0.71A in Hewlett’s experiments) are scattered as the
X-rays traverse a layer of carbon 1 c¢m.? cross section and of
mass I gram. According to equation (3.06) the number of
effective electrons per gram of carbon is

n o 3mict

p p 8met
Taking ¢/p = 0.20, and using the usual values of ¢, m and ¢

(cf. Appendix III), this gives

n
~ = 3.0 X 10® electrons per gram.
P

But the number of carbon atoms per gram is

N 1023 22

— = 6.06 X — = 5.05§ X 10?2 atoms per gram,

A 12
where N is the number of molecules per gram molecule and A is
the atomic weight of carbon. Thus the number of electrons per
atom which scatter X-rays is 3.0 X 10%/5.05 X 10?2 = 6.0,
which is the atomic number of carbon.

1C. W. Hewlett, Phys. Rev. 19, 266 (1922); 20, 688 (Dec. 1922).
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On comparing this result with the conclusions drawn from
Bohr’s theory (p.1.37), we see that this means that all of the
electrons exterior to the nucleus of the atom are effective in
scattering X-rays. The reasonableness of this result lends
strong support to the present theory of X-ray scattering.
Historically, an experiment of this type performed by Barkla
afforded our first accurate estimate of the number of mobile
electrons in the atom.!

In making this determination of the number of electrons
effective in scattering X-rays, it is fortunate that Hewlett and
Barkla used X-rays of moderately great wave-length. For,
although according to the theory just given the scattering co-
efficient should be independent of the wave-length, experiment
shows a considerable variation with wave-length of the fraction
of the X-rays that is scattered.

21. Hard X-rays Scattered Less than Predicted

A typical experiment showing this variation is that per-
formed by Hewlett on the absorption of X-rays in carbon.
Since the quantity ¢ represents energy transferred from the
primary to the scattered beam, it corresponds to a kind of
absorption coefficient. There is, of course; energy removed
from the primary beam by other processes, such as the produc-
tion of photo-electrons. We may thus write for the total
absorption coefficient,

=174 g (3.97)

where p has the same significance as in equation (1.01), ¢ repre-
sents the energy dissipated in scattering, angd r the energy lost
by other methods.

In the case of short wave-length X-rays traversing elements
of low atomic number, it is found that the quantity r becomes
small, so that an approximate estimate of the scattering co-
efficient « can be made from such absorption measurements.
Hewlett? "has measured the mass absorption coefficients of

1 C. B. Barkla, Phil. Mag. ar, 648 (1911).
2 C. W. Hewlett, Phys. Rev. 17, 284 (1921).
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carbon over a wide range of wave-lengths. His values for wave-
lengths less than 0.5A are shown in Fig. 31, which also includes
the absorption coeflicient of hard y-rays (A = .024) in carbon.
It will be seen that in the ncighborhood of 0.2 the total
absorption curve is nearly flat,-and has nearly the value .202
calculated from equation (3.06). The fact that the total ab-
sorption for greater wave-lengths exceeds this value may be
explained as due to the increasing value of the absorption 7;
but the fact that for short wave-lengths the total absorption
falls below the theoretical value of ¢,p alone has no such ex-
planation.? These experiments show that, as the wave-length
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of the X-rays becomes shorter and shorter, the intensity of the
scattered X-rays falls farther and farther below the value pre-
dicted by the present theory.

We shall see later (Chapter 1X) that this difficulty can be
removed by introducing a form of quantum theory. The intro-
duction of this change will modify considerably our present
conclusions regarding the intensity of X-rays of short wave-
length, but will alter only slightly these equations when applied
to wave-lengths greater than o.5A.

2 This inconsistency with the classical theory of scattering was first demonstrated
by Barkla and Miss White (Phil. Mag. 34, 270, 1917).
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22. Interference Effects with Heavy Scattering Elements

When X-rays of relatively great wave-length are used, the
experiments show a departure from the theory in the opposite
direction. Thus in Fig. 32 are shown data, obtained by Barkla
and his collaborators,! for the intensity of the rays scattered by
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aluminum and copper at go° with .the primary beam, when
traversed by rays of different wave-length. Whereas, over the
range of wave-lengths considered, the scattering by aluminum
is very nearly constant, the scattering by copper increases,
rapidly for wave-lengths greater than about o.4A.

The interpretation of this effect is probably that when the
wave-length is long compared with the distances between the

1C. G. Barkla and J. C. Dunlop, Phil. Mag. 31, 229 (1916). C. G. Barkla and R.
Sale, Phil. Mag. 45, 743 (1923).
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electrons in the atoms, the phases of the rays scattered from the
different electrons are nearly the same, resulting in an increased
total intensity. Indeed, if the distances between the electrons
were negligible compared with the wave-length of the X-rays,
all the electrons in the atom would act as a unit. If Z is the
number of electrons in the atom, the intensity of the ray
scattered by a single atom would then be (equation 3.04).

ro g (2ot "
L= fzr?(Zm)"’c*(I + cos? ¢)
1Z72¢ .
T 2rmict (1 + cos? ¢) = 1.2% (3.08)

whereas if the electrons scatter independently the intensity
should be (equation 3 .05)

1Z¢

T 2wt

(1 4 cos? ¢) =

According to the degree of concentration of the electrons
nea: the center of the atom, the intensity of the scattered X-
rays may thus vary by a factor of Z. The fact that for the light
elements the scattering per atom is proportional to the first
power of the atomic number, rather than to its square, thus
indicates that in these atoms the electrons are spaced at dis-
tances which are considerable when measured in terms of X-ray
wave-lengths. The fact that for the heavier elements the in-
tensity of the scattering increases more rapidly than the atomic
number indicates that in these atoms some of the electrons are
close together when measured on this scale.!

23. Approximate Validity of (1 + cos* ¢) Rule for Soft X-rays

An experimental test of equation (3.05), describing the rela-
tive intensity at different angles, leads to equally interesting
results. In order to satisfy the conditions of the theory as well

1 According to some recent absorption measurements, the atomic scattering coefhi-

cient for heavy elements is more nearly proportional to Z2 than to Z (Cf. e.g.,S. J. M.
Allen, Phys. Rev. 24, 1, 1924).
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as possible, we shall consider first the scattering by a liquid, in
which the arrangement of the molecules is nearly random, and
of low atomic number, in order that the constraining forces on
the electrons shall be small. Such a substance is mesitylene
(CsH3(CHy)3), whose scattering has been investigated by Hew-
lett,! using an approximately homogeneous beam of wave-
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length 0.714. His experimental values of the intensity at
various angles are shown in Fig. 33 as a broken line. The solid
line shows the calculated value of the intensity, according tc
equation (3.05). We shall find that the variations from the
theoretical curve between the angles 0® and 30° are explicable
as due chiefly to the fact that at these small angles interference
occurs between the rays scattered by neighboring atoms. The
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agreement between the experiments and the theory for angles
greater than 30° is however very satisfactory.
24. Departures from Theory for Hard X-ravs

If the scattering of rays of shorter wave-length is considered,
however, the theory departs widely from the experiments.
Thus Fig. 34 exhibits the intensity of the scattered radiation
from iron at different angles with a primary beam of hard y-rays

/

o Theory

® Eaperiment

/) ST S T N B T d ? &L e
/] 30 60 90 120 150 180
Scattering Angle

Fi1G. 34.

from radium C (A = .02A). Here again the broken line repre-
sents the intensity as calculated according to equation (3.05),
while the experimental point, *ere determined by the author.!
Both the theoretical curve and the experimental values are
expressed in terms of the theoretical intensity at zero scattering
angle,
Net
r2mct

I, =

1 A. H. Compton, Phil. Mag. 41, 758 (1921) and Phys. Rev. May, 483 (1923).
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calculated on the assumption that the number of electrons per
iron atom, effective in scattermg, is equal to the atomic number,
26. These experiments are quite irreconcilable with the theory,
though there appears a tendency for the scattering to approach
the calculated value at small angles. This discrepancy also
seems removable through the introduction of the idea of radia-
tion quanta (Chapter IX).

25. DPolarization of Scattered X-rays

A more satisfactory agreement between experiment and the
present theory of X-ray scattering is found in connection with
the polarization of the scattered X-rays. We notice that equa-
tion (3.02) represents the energy in the component of the
scattered ray whose electric vector lies in the plane POX (Fig.
30) including both the primary and the scattered ray. Accord-
ing to equation (3.02), the intensity of this component is zero
at right angles with the printary beam (¢ = =/2), whereas the
oppositely polarized component, equation (3.03), keeps its
normal intensity. Thus in this direction the scattered beam
should be completely plane polarized.

Such polarization can be detected by scattering again the
polarized beam, and comparing the intensity of the scattered
beam in two different directions, as already described on page
II-10. Barkla, in his classic measurement of the polarization
of X-rays,! found that at go degrees the secondary rays from
carbon were approximately 70 per cent polarized. This result
has been confirmed by several experimenters.?

There are, however, two sources of error in these experi-
ments which have the effect of making the polarization appear
incomplete. One of these, whose presence was recognized by
Barkla, is the fact that in order to secure sufficient intensity in
the beam after being twice scattered, the solid angle subtended
by the scattering blocks at the source of X-rays must be very
appreciable. The result is that most of the scattering does ot
occur at exactly go degrees, so that neither the polarization nor

1 C. G. Barkla, Proc. Roy. Soc. 77, 247 (1906).
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the analysis of the beam can be complete. The magnitude of
this “ geometrical error ”” as calculated in a typical caseis of the
order of § per cent. The second source of error is the multiple
scattering at angles other than go degrees which occurs in both
the polarizing and the analyzing radiators. Recent experiments
by Hagenow and the author ! have shown that when this mul-
tiple scattering is eliminated by using very thin radiators, and
when the geometrical error allowed for, the polarization of the
scattered X-rays is complete within an experimental error of
1 or 2 per cent. The X-rays employed were the complete radia-
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tion from a tungsten tube excited at about 130,000 volts, and
the test was made on scattering blocks of paper, carbon, alu-
minum and sulphur. These polarization experiments are there-
fore in complete accord with the electromagnetic theory of the
X-ray scattering.

26. Wave-length of Scattered X-rays

If the incident beam of X-rays consists of a train of waves
of definite frequency, as for example an X-ray spectrum line,
the electrons traversed will be set into forced oscillation with
the same frequency. Thus, in the special case of a free
electron traversed by a wave whose electric field at O is given
by

E = E,cos (pt + ¢),
1 A. H. Compton and C. F. Hagenow, J. 0. S. A. and R. S. 1. 8, p. 487 (1924).
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the acceleration of the electron is

Fe FEe
= . = - COS 74 .
“ m m cos (P + 6)

The ray scattered by this electron to a point P(r, 6) (Fig. 30)
will have an electric field given by the equation

E, = esinfg Foe cos [p<; — ;) + 5} (3.09)

et m |
= E, cos (pt + &').

The frequency of this scattered ray is thus the same, » = p,"2r,
as that of the primary ray. It can be shown that the effect of
constraints and damping on the motion of the scattering elec-
tron is to modify the amplitude and phase of the scattered ray,
but not its frequency. The present theory accordingly demands
that the two frequencies be identical.

The remark was made in the first chapter that refined
measurements show that the wave-length of the scattered X-
rays is not identical with that of the primary ray. The result
of a typical experiment is shown in Fig. 36.!

The upper curve represents the spectrum of the Ka line of
molybdenum taken direct from the target. The lower curve
represents, on a much larger scale, the spectrum of the same
line after being scattered by graphite at ¢ = 135°. A part of
the scattered beam has the same wave-length as the primary,
but the greater part is of a slightly greater wave-length.

The suggestion at first occurs that the ““ modified ” ray
represents a type of fluorescent radiation, and that only the
““unmodified ” ray is truly scattered. There are, however,
strong arguments against this view. In the first place, the
wave-length of the modified ray is determined by that of the
primary ray and not by the nature of the radiator, contrary to
the case of other fluorescent radiation. In the second place, we
have seen that the secondary radiation at go°, which includes
the modified ray, is completely polarized; but no form of

1 A. H. Compton, Phys. Rev. 22, 409 (1923).
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fluorescent radiation has ever been shown to be polarized.! And
finally, so large a part of the secondary energy is in the modified
ray that if the intensity of the scattered beam is to be at all
comparable in magnitude with that calculated from the electro-
magnetic theory the modified as well as the unmodified ray
must be considered as scattered N-rays.

Molybdenum Ka

Line, Primary

6°30' 7° 7°30'
Glancing Angle from Calcite —

Fia. 36.

We have seen that the electromagnetic theory is inconsistent
with the existence of such scattered rays of changed wave-
length. We shall, however, find their existence consistent with
a quantum theory which supposes that each individual electron,

! An apparent exception to this statement occurs in the rccent experiments of Wood
and Ellet (Phys. Rev. 24, 243, 1924) in which the resonance radiation excited in mer-
cury vapor by polarized radiation from a mercury arc is found to be partially polarized.
It is doubtful, however, whether such radiation can properly be classed as fluorescent,
since both the primary and secondary rays are ot the same wave-length.
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if it scatters at all, scatters a whole quantum of X-radiation. If
this view is correct, no interference can have occurred in scatter-
ing the modified ray, since each quantum of this ray has been
scattered by a single electron. But it is consistent with this
view to suppose that the unmodified ray is due to quanta that
are scattered simultaneously by a group of electrons. In sup-
port of this suggestion, it is found that the rays reflected by crys-
tals, which since interference is present must be rays scattered
by many electrons, have their wave-length unmodified. It ap-
pears, therefore, that the classical electromagnetic theory can
be applied to the problem of X-ray scattering only with great
caution. When interference is found to occur, it appears at the
present writing that the classical theory is applicable; but we
do not yet know how to predict under what circumstances
interference will occur.

27. Theoretical Formulas of Debye and Others

From these considerations we see that it is very important
to investigate the interference of the X-rays scattered by groups
of electrons. We wish to see in how far the classical theory of
interference can account for the experiments on the scattering
of X-rays. The simplest problem of this type, which is at the
same time representatlve of the more general problem, is that
of the scattering by 2 electrons at a distance s apart. A solu-
tion of this problem is given in Appendix IV. If the incident
rays are unpolarized, the average intensity of the ray scattered
at an angle ¢ with the primary beam, is found to be

I, = zf.( + -——) | (3.10)
where, as in equation (3.04),
Iet
I, = Py (1 + cos? ¢),
and
4ms ')

xE—S.lnE. (3-11)
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According to this result, if x is small, that is, for great wave-
lengths, small distances between the electrons, or small angles
of scattering, the intensity of the scattered ray approaches a
value 4 times that for a single electron. If, however, x is large,
sin x/x becomes small, and the intensity approaches 2 times
that due to a single electron—in other words, the electrons
scatter independently of each other. The manner in which
I,/1, varies with the value of x is shown in Fig. 37. It.will be
seen that the value of I,,/I approaches its final value of 2 by a
series of oscillations in intensity.
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If in the hydrogen and helium molecules there exist 2 elec-
trons whose distance apart remains constant,! this diagram
should represent the intensity of the scattering by these sub-
stances for different values of x. If the position of the minimum
near x = 3r/2 and the maximum near x = §r/2 could be
observed, we should be able to calculate the distance between
the electrons in the molecule. Thus, using the copper K, ray,
N = 1.54A, if the electrons in the hydrogen molecule are 1.1 X
10-% cm. apart, as predicted by an old form of Bohr’s theory,
the minimum at x = r should occur at a scattering angle of

1 According to present theories of atomic structure, the distance between the elec-
trons in helium and hydrogen does nof remain constant.
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¢ = 30° and the maximum at x = = should be at ¢ = g1°.
Experiments to test this prediction regarding the scattering by
hydrogen and helium have not been performed.

The suggestion that the electrons in the heavy elements co-
operate in their scattering seems to have been made first by
Webster,! and was first stated in a satisfactory form by Dar-
win,2 Debye3 and Thomson ¢ have solved independently the
problem of the scattering of X-rays by atoms (or groups of
atoms) consisting of electrons arranged at fixed distances from
each other, taking into account the phases of the rays scattered
by the different electrons. Their result may be put in the form,

. 4TS mn . @
7 7z Sin —)\—Sln;

Y 8 \ -~ —
I([. = Ic)-‘m-\dm (3 12)
1 1 47"'5,,,“ . ¢
- ———— 8in

Here, as before, /. is the intensity of the ray scattered at an
angle ¢ by a single clectron, Z 1s the number of electrons in
the group, and s.. is the distance from the mth to the nth
electron. It will be noticed that when Z = 2, this expression
becomes identical with equation (3.10).

The more general problem of scattering by atoms composed
of electrons in relative motion was investigated by Schott® with
unsatisfactory results.® Glocker and Kaupp,” however, have
calculated the scattering by atoms composed of two or three
coplanar circular rings of electrons revolving at different speeds.
Glocker 8 has also calculated the scattering from Lande’s pul-
sating tetrahedronal carbon atom, and finds a result practically
the same as that for Bohr’s plane carbon atom. This is in

1D. I.. Webster, Phil. 25, 234 (1913).

2 C. G. Darwin, Phil. Mag. 27, 325 (1914).

3 P. Debye, Ann. d. Phys. 46, 809 (1915).

4 J. J. Thomson, manuscript read before the Royal Institution in 1916, and loaned
to the writer.

8 G. A. Schott, Proc. Roy. Soc., 96, 695 (1920).

¢ Cf. A. H. Compton, Washington University Studies, 8, 98 (1921).

7 R. Glocker and M. Kaupp, Ann. d. Phys., 64, 531 (1921).
8 R. Glocker, Zeitschr. f. Phys., 5, 54 (May 10, 1921).
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agreement with the conclusion that the author had reached,!
that the scattering by groups of electrons in the atom depends
chiefly upon the distance of the electrons from the center of the
group and only shghtly upon their spatial distribution. I
accordingly calculated the intensity of the scattering on the
assumption that the electrons are arranged in pairs at opposite
sides of spherical shells of radii ps, the axes of the pairs of elec-
trons having random orientation. On this basis the intensity
of the beam scattered by an atom is,?

11z 4 i 2k sin? k,
o= njz SR ) ¢

1

Z/26in k 2[
\1» ;\
4(..; k. )l,(3.13)

1

where Z 1s again the number of electrons per atom, and

k, = 4red sin ¢
A 2
This formula is simpler in its application than are those of
Debye and Glocker, and it leads to equally reliable informa-
tion concerning the distances of the electrons from the centers
of the atoms. If sufhiciently refined measurements of the scat-
tering can be made, however, it may be possible to distinguish
between the spatial arrangements considered in the different
formulas. If the present conception of an atom in which elec-
trons move in approximately elliptical orbits is correct, none
of these expressions is exactly applicable, and only approxi-
mate agreement with experiment may be expected.

28. Experiments Showing Interference Effects

Variations in the intensity of the type predicted by these
expressions and illustrated in Iig. 37 have been observed by
several experimenters. Iriedrich, in connection with his early
Laue photographs, noticed that when certain liquids are
traversed by X-rays, the diffraction photographs show rings
surrounding the central spot,® and similar effects have been

1 A. H. Compton, Washington University Studies, 8, 9y (January, 1921).

2 A. H. Compton, Washington University Studies, 8, g9 (January, 1921).
3 W. Friedrich, Phys. Zeits., 14, 317 (1913).
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observed by Debye and Scherrer! and others. The phenomenon
is illustrated nicely by Hewlett’s curve of the scattering by
mesitylene, shown in Fig. 32 and in Keesom and Smedt’s photo-
graph (Fig. 38) of the scattering of the Ka ray of copper by
water.?

In these figures it will be noticed that just next to the
primary beam, where the scattering angle ¢ is small, the in-
tensity of the scattered ray is very low. According to expres-
sions (3.10), (3.12) and (3.13), however, as ¢ approaches zero
the intensity approaches a maximum. When this departure
from the theory was noticed,® it was at once obvious* that in

Fia. 38.

liquids such a departure was to be expected because of the
destructive interference at small angles between the rays
scattered from neighboring molecules. For in a liquid the
molecules are not really arranged at random, but possess a
certain regularity because they never approach closer than a
certain limiting distance from their neighbors. This results
at small angles in an interference similar to that obtained
with crystals at angles less than that given by A = 2D sin 4.
The question of the diffraction of X-rays by liquids has been

! P. Debye and P. Scherrer, Nachr. Gottingen, 1916; E. Huckel, Phys. Zeits. 22,
561 (1921); R. W. G. Wykoff, Am. Jour. Sci. s, 455 (1923).

2 W. H. Keeson and J. deSmedt, Jour. de Phys. 4, 1944 (1923).

3 C. W. Hewlett, Phys. Rev., 19, (1922).

¢ A. H. Compton, Bull. National Res. Council, No. 20, p. 14 (1922).
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examined in outline by Ehrenfest! and more thoroughly by
Raman and Ramanathan.? The rather complicated analysis by
the latter authors amounts approximately to identifying the
first maximum of the diffraction band with the peak B of
Fig. 37, the first peak A being eliminated by interference.

If this maximum occurs at an angle ¢, it follows that the
mean distance between adjacent molecules of the liquid is given,
according to equation (3-10), by

s = 7.72/"'77r sin %“ (3-14)

Using this expression, Keesom and Smedt have calculated from

their photographs the following intermolecular distances for
different liquids:

TABLE IlI-o
Substance ) s 1.33(M /p)*%
Oxygen. . ... BN e 20 4 0A 4.0A
Argon.... .. . . ... ... 27 40 41
Benzene... ..... e 18 6 og 5.9
Water........ . e 29 375 36
Ethanol. .. e 22 49 5.2
Ethyl ether. . . - 19 57 6.2
Formicacid. ..... ....... .. 24 45 4.5

These values of 24 agree so well with the distance in the last
column calculated from the closest packing of spheres that one
feels little doubt but that the observed diffraction bands are
really due to molecules.

29. Empirical Electron Distributions

In other cases, however, in order to account for the observed
intensity of the scattered X-rays, it seems necessary to consider
1 P. Ehrenfest, Versl. Kon. Akad. Wet. Amsterdam, 17, 1184 (1915).

2 C. V. Raman and K. R. Ramanathan, Proc. Indian Ass. Cultivation Sci. 8, p. 127
(1923).
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the distribution of the electrons within the atoms rather than
the molecules. Thus the writer has found! arrangements of
electrons which will give the amount of excess scattering ob-
served by Barkla and Ayers? when X-rays traverse carbon, by
Owen? for filter paper, and by Barkla and Dunlop* for alu-
minum, copper, silver, tin and lead. As an example of this
work, we may consider the data of Barkla and Dunlop.

Ihelr experimental points, shown in Iig. 39, represent the
2
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relative scattering of X-rays at 9o° per gram of various
metals as compared with that by aluminium. Supplementary
experiments indicated that the scattering by aluminium did not
change much with the wave-length, so that in the calculation it
was supposed that for this element the electrons scatter inde-
1 A. H. Compton, Washington U. Studics, 8, 109 (1921)
2 C. G. Barkla and T. Ayers, Phil. Mag. 21, 275 (1911).

3 E. A. Owen, Proc. Camb. Phil. Soc. 16, 165 (1911).
¢ C. G. Barkla and J. G. Dunlop, Phil. Mag. 31, 229 (1916).
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pendently of each other. The curves are calculated from equa-
tion (3.13), on the basis of certain arbitrary arrangements of
the electrons, and assuming, to take account of the heteroge-
neity of the N-rays employed, that the frequencies are dis-
tributed over a band an octave broad.

The numbers of electrons at different distances from their
atomic centers, as employed in these calculations, are as
follow:

Disirisriton or ELEciroNs 1N Aroms, Carcvrared rrom Excess ScArreriNg
(Distances in units of 10 ¥ ¢m.)

H: Irogen Oxygen | Carbon {Aluminium | Copper | Silver and Tin Lead
No. No.| Dist.| No.| Dist.| No.| Dist. | No.| Dist.] No. | Dist. [ No.| Dist.
1 2 26 | 2 3512 12 2 os2 2 036 | 2 022
6 42| 4 6 8 26 | 10 | 104 10 .073 | 10| .04§
3 .7 8| 24 8 .17 16 | .0go
81 42 16 .34 16 | 132
1 {1 0§ 8 51| 16 | 202

430 7 16| 31

6| .6

While the exact distributions thus assigned are of little signifi-
cance, because of the comparatively low precision of the scatter-
ing measurements on which they are based, yet as to order of
magnitude the results can hardly be wrong. In any case, these
calculations represent one of the most direct experimental deter-
minations of these distances which have so far been made.

30. Scattering by Any Grouping of Electrons

It is possible to solve formally the problem of the scattering
by electrons arranged in any grouping whatever.! Although
this solution will not be in a form which we can use to predict
the intensity of the radiation scattered by the group, we shall
nevertheless be able to arrive at some interesting deductions
from the solution. We start with Debye’s expression (3.12)

1 Cf. A. H. Compton, Phil. Mag. 41, 770, 1921.
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for the scattering by a group of Z electrons. This expression 1s
not perfectly general, since it supposes that the distances $mn
between the different electrons remain fixed. In an atom con-
sisting of electrons revolving in different orbits about the
nucleus, this condition obviously is not satisfied. In order to
take account of these motions, we may suppose that the proba-
bility that the distance s»» will lie between sm» and smn + dsma
1s pmn ds. The average value of the intensity for all possible
distances smx is then,

. [sm ¢/2

w SIn | -

VA A
=133 ——
¢ T sin ¢/ 2

s 47rjnm

A

4-7r~fmn-l
- pl’l" ([5"1"' (3 M 15)

This expression is perfectly general, as long as the forces of
constraint upon the electrons are negligible.
The interesting point regarding this expression is that ¢

and \enter only in the form —-—)‘i/q We may accordingly write

_pf @
1/[. = F <bm °/ x.) (3.16)
31. A Method of Comparing }} ave-lengths

Two applications of this result may be made. In the first
place it will be seen that it affords us a means of comparing
different wave-lengths. Ior if the value (/,/1.): 1s determined
for some particular angle and wave-length ¢; and Ay, and if for
some unknown wave-length X the angle of scattering ¢ is deter-
mined for which (Z,/1.) = ({,1.):, then according to equation

(3-16),
F(sin 1‘2’/)\> = F(sin %/M),
sing/ ‘ sin —/)\1,

LIf F(x) is a multiple valued function, it is of course possible that F(x) might equal
F(x') when x is not equal to »’. In the physical problem, however, uncertainties from
this source can be avoided.

whence !
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or
sin ¢/2

= s M.
sin ¢y /*

Thus by measuring angles ¢ and ¢, and the wave-length \,, the
unknown wave-length may be determined.

This result has been applied in the determination of the
effective wave-length of the hard y-rays from radium C.! A
measurement of the scattering of these rays by lead and copper
showed that at ¢ = 10 degrees the ratio of the intensity from
lead to that from copper was about 11 per cent greater than it
was at large angles. Barkla and Dunlop, in the experiments
shown in Fig. 39, measured the ratio of these intensities for
certain known wave-lengths scattered at go degrees. At 0.3A
their value of the ratio /,.,q// oppe; per electron is about 1.75, and
it is clear that we should have to go to a yet shorter wave-
length to obtain the rate 1.11 observed in the y-ray experiments.
We can thus say, from equation (3—26), that

(3.17)

sin (3 10°)
sin (§ go°)

< .037A.

A 3A

y-rays

From an extrapolation of Barkla and Dunlop’s data, the effect-
ive wave-length of the hard y-rays from radium C was esti-
mated by this method as about .025A.2

At the time that this result was published, the only other
method of measuring the wave-length of these y-rays, that of
crystal reflection,? had given a value of A = 0.07A for the short-
est wave-lengths emitted by radium C; but absorption meas-
urements showed that these rays could not be identical with the
penetrating vy-rays used in the scattering experiments. By a

1 A. H. Compton, Phil. Mag. 41, 770 (1921).

2 In the author’s original paper (loc. cit.) the value from 0.02§ to 0.030 was given as
the effective wave-length from these experiments. More mature consideration of the
experiments led the writer to choose the lower limit thus assigned, 0.02 A, as the more
probable value of the effective wave-length (Bulletin National Research Council No.

20. p. 31, (1922).
3 E. Rutherford and E. N. C. Andrade, Phil. Mag. 28, 263 (1914).
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variety of different methods, the effective wave-length of these
rays is now estimated as about .017A (Appendix II). This
method of estimating the wave-length from the amount of
excess scattering is thus seen to lead to results as accurate as
could be expected from the data used.

32. A Failure of the IVave Theory of Interference

The second application of the result expressed by equation
(3.16) is a test of the electromagnetic wave theory of inter-
ference. Let us choose two wave-lengths N and N and two
angles ¢ and ¢’ such that

’
sin EJS/)\ = sin ?A/)\'.
2 2

Then by equation (3.25),

1,/1,=1,/1.. (3.18)
10 B
g_
pe
I
6l
4
21
0 I 1 L ! 1 L
0 2 4+ 6 g 10110 %cm —
A/sintp
F1a. 4o.

A test of this expression,! for the wave-lengths 0.46A and
o.12A scattered at different angles by paraffin, is shown in Fig.
40. In this figure, the ratio 7,/I.is plotted against M/sin }¢,

1 A, H. Compton, Bull. Nat. Res. Council, No. 20, p. 10 (1922).
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and should by (3.18) be the same for all wave-lengths, that
is, the lines 7 and I7 should be coincident. For 7, only that
part of the secondary X-rays which is of the same wave-length
as the primary is used, since this is the only part which, accord-
ing to the classical theory, can be truly scattered. The wide
difference between curves I and /1 shows the failure of equation
(3.18). Unless we postulate the existence of strong damping
or constraining forces effective at high frequencies which are
negligible for ordinary NX-rays, such a result is inconsistent with
the classical electron theory.!

Of course this failure of equation (3.18) throws doubt on
the validity of equation (3.17) and its use for determining
wave-lengths. In view of the fact, however, that equation

. : A :
(3.17) 1s applied to cases where sin 2/)\ is comparatively

small, it is possible that this dificulty may not be as serious as
would at first sight appear.

33. Attempts to Account for the Small Scattering of Hard X-rays

Several attempts, on the basis of the classical electrody-
namics, have been made to account for the fact that for X-rays
of very short wave-length the intensity of the scattered X-rays
is considerably less than is predicted by equations (3.05) and
(3.06). We see from Iiig. 37 that though at certain angles the
intensity of the ray scattered by a pair of electrons may be less
than the sum of the rays scattered by two independent elec-
trons, on the average the effect of interference is to increase the
intensity of the scattered rays. Similarly the more general
equation (3.13) leads to a scattering coefficient greater than
that given by equation (3.06), and hence greater than the
experimental values for hard X-rays. It is therefore impos-
sible to account for this reduced scattering from considerations
of interference.

1 This is perhaps the most definite departure from the laws of diffraction which has
so far appeared.
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34. Constraining and Damping of Electrons’ Motions

Perhaps the most valiant attempt to reconcile these experi-
ments with the classical electron theory has been made by
Schott.! He has investigated the effect on the scattering of
X-rays of various types of constraining and damping forces on
the electrons. If one supposes that the constraining force is
proportional to the displacement, and that the damping force
is proportional to the velocity, the equation of motion of the
forced oscillation of the electron due to the primary wave is:

2
m(fﬂii + rmgf + ¢*mx = Ae cos pt, (3.19)
where A cos pt = E, is the electric field due to the incident
wave. The solution of this equation after the system has
reached a steady state of oscillation, is

x = — A cos (pt + 9), (3.20)
where
Ae { gH\? r2|'i
A= —; < ""?) FETRE
Vo T ) T
and

6 = tan—! {;/(I ——;;)}

The acceleration of the electron is thus

dzx

4=y = p*Ay cos (pt + 8)

_ Aecos (pt + 9) ’[< _ff'f>2 il
m /7)) T

But if the electron were free its acceleration would have been

a; = %f cos (pt. + 9).

1G. A. Schott, Proc. Roy. Soc. A. 96, 395 (1920).
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In view of the fact that the electric vector of the scattered wave
1s proportional to the acceleration of the scattering electron,
and since the intensity of the ray is proportional to the square
of the amplitude of the electric vector, we can say at once that
the ratio of the intensity of the ray scattered by the electron
under consideration to that scattered by a free electron is

{l = amax‘i _ [ _ ‘92_ 2 _’fl
-11 - almax2 B I/l<l p-5> +p2J' .(3.21)

An examination of this equation shows that if the frequency
of the X-ray is greater than the natural frequency of the elec-
tron (p > g¢) the intensity of the scattered ray will always be
greater for a bound electron than for a free electron. The in-
tensity of the scattered ray becomes smaller than that for a free
electron only if 2 p* < ¢?, that is for frequencies considerably
smaller than the natural frequency of the electron. Thus the
cffect on the scattered X-rays of constraining forces on the
scattering electrons should be greatest at comparatively low fre-
quencies, and should become negligible at very high frequencies.
Experiment, on the other hand, shows that at moderate fre-
quencies the scattering by light elements is about that antici-
pated from free electrons, while the great departure is at the
highest frequencies. Constraining forces on the electrons are
thus inadequate to account for the reduced scattering at high
frequencies.

An increase in the damping constant 7 would, as is evident
from equation (3.21), reduce the intensity of the scattered ray.
But in order that this effect should not approach zero at high
frequencies 7 must increase rapidly as p increases.

Let us suppose that this damping is due to the energy
radiated by the scattering electron. We have noticed that the
mean rate of energy loss from an oscillating electron due to its
own radiation is (equation 2.17)
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