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PREFACE

TH1s book has grown from lectures delivered before and during the war
at Delft, and after the war at Amsterdam. The tensor algebra in E,
and R, is developed in Chapters I and II, and the tensor analysis in
X, and L, in Chapters 1V and V. Chapter III belongs to the algebra
and deals with the identifications of quantities in E, after the intro-
duction of a sub-group of the affine group. These five chapters contain
as much of the theory of the calculus as is necessary for physical
purposes.

Immediately after Chapter V there is a brief summary of the salient
points of the theory. This was specially asked for by physicists and should
prove valuable to experimentalists and others whose interests lie chiefly
in the topics dealt with in the later chapters and by its means can avoid
actually working through the whole of the earlier part.

In the next four chapters we give applications. Since there are suffi-
cient topics to fill more than one book of this size, a selection had to
be made. We have, of course, chosen only those applications that are
both interesting in themselves and also good examples of the use and
advantages of the calculus. In Chapter VI, intimately connected with
Chapter I1I, we have shown that the dimensions of physical quantities
depend on the choice of the underlying group. From the days of Voigt,
who introduced the term ‘tensor’, some kind of tensor calculus has
~ always been the best instrument for dealing with the properties of
anisotropic media. In Chapter VII modern tensor calculus is applied
both to some old and also some modern problems of elasticity and
piezo-electricity. 1t is not so well known that olassical dynamics can
be treated in a very elegant way by using tensor calculus. In Chapter
VIII we give some examples concerning anholonomic systems and the
homogeneous treatment of the equations of Lagrange and Hamilton.
The development of tensor calculus from its original form given by Ricci
to the most modern form used here has been influenced strongly by
the development of the theory of relativity. In Chapter IX we deal
first with relativistic kinematics and dynamics and then give in the last
section an exposition of modern treatment of relativistic hydrodynamics.
None of these four chapters is meant to be a small text-book on its
particular subject, but we have endeavoured to avoid an incoherent
enumeration of interesting facts, and have tried to make each chapter
a short but systematic introduction to some branch of theoretical
physios.
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Matrix calculus and tensor calculus are so intimately related that it
is not possible in a book like this to say nothing about the former. In
Chapter II we do the usual thing and give a brief sketch of the relations
between both disciplines. But in view of the latest developments in
matrix calculus for quantum mechanics due to Dirac we thought it
necessary to give in Chapter X an exposition of his beautiful methods.

At the end of each chapter there are some exercises. Many of them
are formulated as proofs in order to give the answer in advance. In
nearly all the others sufficient references to literature are given.

The index at the end of the book should prove useful.

I owe many thanks to Prof. E. T. Davies and the officials of the
Clarendon Press who did much to improve my English and also made
other very valuable suggestions. My collaboration with the Clarendon
Press has been most agreeable, and I wish to express my sincere thanks
for all they have done.

EPE, HOLLAND J. AL S,
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I
SPACES DEFINED BY LINEAR GROUPSt
1. The Group G,. Affine geometry

WE consider an n-dimensional space with coordinates x*, subject to
transformations of the form

¢ = Az +a*; A Det(4X) #~ 01§ (1.1a)
with constant coefficients A%, a<. The set of these transformations
forms a group, i.e.
(1) the result of two transformations of the set applied after each
other is a transformation of the set;
(2) the inverse of every transformation of the set belongs to the set;
(3) the set contains the identical transformation.

This group is called the affine group G,. The coordinates are called
rectilinear.

The inverse transformation of (1.1)
x* = A¥X x¥'-ax (1.1b)

contains constant coefficients A%, a* connected with a* and A¥ by the
relations

,~K_ Ifork =X « g _ |1 for k=2
Ax A%, = :0 oy, Avdy = {0 A (L.2)
Akax = —ax, A ax = —a~. (1.3)

To determine A% for some definitely given values of « and A’ (e.g.
= 1; X' = 3') we write out the matrix|| of A%,

Ar ...oAY
: (1.4)
AL ... Av

and form the minor of the element A} by striking out the «th row and

1 General references: R.K. 1924. 1; Veblen and Whitehead 1932. 1; Ex. 1935. 1;
Lichnerowicz 1947. 1.

1 he indices «, A, p, v, p, 0, 7 (and somotimes w) always take the values 1,..., n (italic),
the indices «’, X', p’, v/, p’, ¢’, v/ (and sometimes w’) the values 1',..., n’ (italic),
etc. 2 means: is defined to be. Det( ) stands for determinant of ( ).

§ If an index occurs twice in any one term, once as an upper and once as a lower
index, summation has to be effected. The summation sign X is omitted (Einstein con-
vention).

|| In dealing with expressions with two indices and their corresponding matrices we
agree that the first index numbers the columns and the second the rows and that if the
two indices are vertical, one above the other, the upper index is considered as first.

5128 B



2 SPACES DEFINED BY LINEAR GROUPS [Chap.

the Ath column and multiplying by (—1)<+A. Then A% is equal to th
determinant of this minor divided by A. If Det(A4¥) is written out th.
minor is the coefficient of the element A). Hence

oA  ologA
o4 — o4) -

Every coordinate system z* that can be formed from the z* by means
of a transformation of G, is called an allowable coordinate system and
the space provided with all allowable coordinate systems an affine space
or E,. The theory of all properties of figures in K, which are invariant
under the group G, is called affine geometry.

In all formulae we have kernel letters like A, x, running indices like
k, k', and fixed indices like 1,..., n; I',..., n’. Running indices can also
be taken from another alphabet and fixed indices can also be taken
from the row 1, 2, 3,... instead of 1, 2, 3,.... For example, a transforma-
tion of coordinates could be denoted by passing from x*; k = 1,..., n to
z*; b = 1,..., n. Then there is of course a difference between x’ and x!
just as between x! and 2. Using roman running indices we generally
use vertical figures for the corresponding fixed indices. A set of fixed
indices always belongs to one and only one set of running indices.
Every set of running or fixed indices belongs to one definite coordinate
system, and this coordinate system is denoted by one of its running
indices in round brackets, for instance («), («’), (), (h'). Points and
kernel letters do not change with a coordinate transformation. The
change of coordinates is indicated by a new set of running, and a corre-
sponding new set of rixed, indices. With a point transformation, how-
ever, the coordinate system, and consequently also the running and the
fixed indices, do not change while the points and the kernel letters
are changed as in the following example:

y* = pe+ P2, (1.6)
which, for constant p* and P*, represents an affine point transforma-
tion.}

It is not always convenient, however, to use a new letter when a
change of kernel letter is indicated. We shall indicate a change of
kernel letter by

(1) changing the letter itself;

(2) adjoining an accent or asterisk, preferably to the left of the kernel

letter;

A:\(, = A"I (1.5

+ This is the principle of the kernel-index method used in this book and in many modern
publications on differential geometry and partial differential equations.
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(3) adding an index directly above or below the kernel letter since
the upper and lower places to the right of the kernel letter are
generally reserved for running and fixed indices;

(4) by the use of undisplaced ‘strangled’ indices as will be explained
later.

2. Sub-groups of G,

Particular cases of affine geometry arise if we use a sub-group of G,
instead of G,. The following cases occur later in this book:

1. Group Gy, of all linear homogeneous transformations with A = 0.
The origin or centre x< —= 0 is invariant and the space is called a centred
E,. Allowable coordinate systems are the allowable systems of E, with
the same origin.

2. Group G, of all equivoluminar linear homogeneous transformations,
i.e. transformations with A = 4-1. The space is called a centred E, with
a given unit volume. Allowable coordinate systems are the allowable
systems of B, with the same origin and the same unit volume. For
the geometry of G, volumes can be compared.

3. Group G, of all special affine transformations, i.e. the linear homo-
geneous transformations with A = +1. The space is called an oriented
centred E, with a given unit volume and a given screw sense. Allowable
coordinate systems are the allowable systems of £, with the same origin,
the same unit volume, and the same orientation (in E, only right-handed
systems or only left-handed systems). An n-dimensional orientation or
screw-sense is fixed by n directions with sense (agrow) which are not
contained in any K, _; and which are given in a definite order.t For
n = 2 we call the screw-sense sense of rotation and for n = 1 sense.
Two such sets fix the same screw-sense if they can be transformed into
each other by an affine point transformation with A positive. It follows
from this that every coordinate system in E, fixes a definite screw-
sense by its n axes, their positive senses, and the order 7,..., n. This
screw-sense changes under coordinate transformations if and only if A
is negative.

4. Group G, of all orthogonal homogeneous transformations (rotations
and reflections). The space is called an B,. A = 4-1. Allowable co-
ordinate systems are the orthogonal systems with the same origin and
the same unit volume. In an R, the notions length and angle exist.

t Instead of n directions a part of a curve not contained in any E,_, and provided
with a sense (arrow) can be taken. If /n(n+ 1) is even (e.g. for n = 3) the sense can
be omitted.
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5. Group G,, of all rotations. A = +1. The space is called an oriented
R,. Allowable coordinate systems are the orthogonal systems with the
same origin, the same unit volume, and the same orientation.

To every group there belongs a geometry, viz. the theory of all those
properties of figures that are invariant for all transformations of the
given group.

The geometry of a group and the geometries of its sub-groups aro
connected in the following way (principle of ¥. Kleint).

If G is a group and G’ the sub-group of @ consisting of all transforma-
tions of G that leave a set of figures A tnvariant, the geometry of a figure
with respect to G’ is identical with the geometry of this figure together with
A with respect to Q.

In the preceding cases we can always take for the set A the set of
all allowable coordinate systems or the figure from which they can be
derived, for instance, the origin if we pass from G, to G,, or the unit
hypersphere if we pass from G, to G,,.

3. Flat sub-manifolds in £,

In this section we give a brief account of the most important pro-
perties of flat sub-manifolds in an £,.

We consider a system of n—p linear equations

C5a2+C* =0 (x = p+1,..,n) (8.1)

with constant coefficients Cf, C* and suppose that the matrix of the C%
gt o

: (3.2)
cr+t . (OB

has the highest possible rank n—p.f Then the equations (3.1) are
linearly independent and n—p of the variables 2% can be solved from
them as functions of the remaining ones. Hence these p variables can
be used as coordinates in the sub-manifold of E, consisting of all points
satisfying (3.1). Since these variables are subject to the group of all
transformations of 3, leaving the other n—p variables invariant, the
sub-manifold is an ,. We call it the null manifold of (3.1) and (3.1)
a null form of E,. More generally the solution of (3.1) can be written
in the form

a* = Bgqt+ B (b= 1,..,p) (3.3)

t 1872.1.

t The rank of a matrix is 7 if there exists a non-vanishing r-rowed sub-determinant
but no non-vanishing sub-determinant with more than » rows.
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with constant coefficionts Bf, Bx, containing p arbitrary parameters 7.
(3.3) is called a parametric form of E,. Substituting (3.3) in (3.1) we get
O4B) =05 C{BM (=0 (b= l,,p; o= ptl.,n). (3.4)
A point transformation of the form
'.'EK — xk+ck (3 5)
(in which the change of the kernel letter is indicated by an accent to
the left of the letter x) with constant c* is called a translation Tf we
subject (3.5) to the transformation (1.1) of the group @, we have

2% = ¥ AX cx, (3.6)
Hence translation in an E, is invariant for allowable coordinate trans-
formations. Two £,’sin K, are called parailel if they can be transformed
into each other by means of a translation. Parallel E,’s are said to have
the same p-direction. A I-direction is called direction. This direction
has not yet got a sense. Only if it is provided with a sense (e.g. an
arrow) does it become identical with the direction in every-day language.
In a centred K, to every E, there belongs one and only one parallel E,

through O whose null form can be derived from (3.1) by omitting C-:

2l = 0 (x = p+1,...,n). (3.7)
Now consider an £, and an £, through O with the equations

1
Cixt == 0
R (¢ —= p+1,..,n; y = q+1,...,n). (3.8)
(/’K.’UA = ()

If the rank of the combined matrix
&5
) A A
is n—s, therc are just n—s linearly independent equations in the set
(3.8) and they therefore define an E,, the sectiont of E, and E,. Hence
an K, and an E, through O always intersect in an E;; 0 < s < p;
8 K ¢; 8 = p+¢—n. This can easily be generalized for an arbitrary E,
and E, if we consider the points of £, ‘at infinity’ as an improper E,_,
(or E,_, ‘at infinity’). Then two parallel £,’s intersect in an improper
E,_;, and from this we sec that an improper E,_, may be considered
as a p-direction.
Using this expression, we may formulate the proposition
An E, and an E, in E, either intersect in an E; p4+q—n < 8 < p;
0 < 8 < q or they have no point in common (s = —1I).

‘ (3.9)

1 Somo authors use the torms intersection and meet.
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L.2. If(3.8) are the cquations of an £, and an E, through O in point coordinates,
the parametric equations in hyperplane coordinates have the form

1 2
uy = C¥{,, uy = Y0, (r=p+1,.,n;y=q+l,..,n). (2a)
Since the rank of (3.9) is n—s the 2 cquations

1 2
cst,—C¥9, -0 (v -=p+1l,.,n; y-:q41,.,n), 2p
have n—p—g+s# linearly independent sets of solutions ¢, 8,, and the join of

vy Y
E,and Ejisan K, ,_,.

L3. An E, and an E, through O can be given by the paramotric equations

1 2
xe = Bigb, gk Bfy® (b= lu.,p; ¢ = lu.,q) (3a)
in point coordinates and by the equations

1 2
Bfu, =0, Biu, -0 (b- l,.,p;e=—1,..,q) (38)
in hyperplane coordinates. 1f E; is the section of £, and E, the equations
1 2
Bin®—Bix" =0 (b= 1,..,p; ¢ =- l,...,q) (39y)

have s lincarly independent scts of solutions 7?, ¥° and the rank of the matrix
(cf. (3.9))

“«——N—>
I &

ptq . (3 8)
I

isptg—s.

1.4. An E, and an E, in E, which have no direction in common, and each of
which has an inner orientation, always determine an inner orientation in the join
E,,, for pq even. For pg odd they only determine an inner orientation in the
join if they are given in & definite order.

[.5. An E, and an K, in E, which have an £, in common, and each of which
has an inner orientation, always determine an inner orientation in the join E,,,_,
for each choice of an inner orientation in K, when (p—s)(q—s) is even but only
do this for (p—s)(g—s) odd if they are given in a definite order.



II

GEOMETRIC OBJECTS IN E,f

1. Definitions

If there is a correspondence between ordered sets of N numbers

o, (A=1,.,N)

and the allowable coordinate systems () in E, such that

(1) to every (x) there corresponds one and only one set @, ;

(2) the set ®,. corresponding to (') can be expressed in terms of ®,,

AX, and a¥ only,

then the @, are said to be the components of a geometric object with respect
to (x) in E,,.

Geometric objects in K, are classified according to the laws of trans-
formation of their components. If in the condition (2) above the ex-
pression for the @, is linear and homogeneous in the @, is algebraically
homogeneous in the 4%, and does not involve the a*, then the ®, are
the components of a geometric quantity in E,,.

A simple example of a geometric object which is not a quantity is
a point, for which the components ®, are the z*, whose law of trans-
formation involves the a< (cf. I. 1.1a).

Besides coordinate transformations and point transformations we
may consider more general object transformations. An object trans-
formation is a transformation by which an object is transformed into
another object of the same kind, i.e. with the samre law of transforma-
tion. Also with an object transformation the coordinate system, and
consequently the running and the fixed indices, do not change while
the kernel letters are changed.

In sections 2-8 of this chapter many examples of geometric objects
will be dealt with.

2. Scalars and vectors
(@) Scalars. A scalar has one component, invariant for (I. 1.1).
(b) Contravariant vectors. A contravariant vector has n components
v* with the transformation
v = 4K oK, (2.1)
Hence v* transforms like the difference of two radii vectores, and from
this it follows that v* can be represented by a set of two points with

t General references: R.K. 1924. 1; Eisenhart 1926. 1; Levi Civita 1927. 2; Thomas
1931. 1; Veblen and Whitohoad 1932. 1; E1. 1935. 1; Brillouin 1938.1; Lichnerowicz
1947. 1; Brandt 1947, 2; Michal 1947, 3.
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a sense fixing the order of these points. This sense can be given by an
arrow (not necessarily straight) or by a positive and a negative sign or
by the numbers I and 2, etc. The point set is determined to within
translations. The components with respect to («) are the projections
on the axes, measured by the corresponding units on these axes. In a
centred E, a contravariant vector can be represented by a point. Here
the radlus vector x* is a quantity, viz. a contravariant vector. Hence
if G, defining an E, is replaced by its sub-group G, defining a centred
E,, certain geometric objects which differ in their law of transforma-
tion with respect to the main group may have the same law of trans-
formation with respect to the sub-group.

Addition of contravariant vectors is the process known in mechanics
as the ‘parallelogram of forces’. By multiplication of »* by a scalar p
we get a vector pv* that has |p| times the magnitude of »* and the
same or the opposite sense according as p is greater or less than zero.

(c) Covariant vectors. A covariant vector has n components w) with

he transformation
b wy = ANy, (2.2)

In order to give a geometrical interpretation to the covariant vector,
let us take two parallel hyperplanes with the equations

mar =1, vt =1  v)=au, (2.3)
With the transformation (I.1.1) these equations transform into
u,\A:},xX = I—uya?, mA:\‘,x)" = [—mnyal. (2.4)

Hence the transformation of u,, v), and « is
e

u,\ Aﬁ,

v vy A4} , I-——uAa)‘
1—uya®’ ¥ I—vpa¥’

o -
l-—cxu;\(l/\

£\

Uy = (2.
The hyperplanes cut off intercepts of 7/u, and I/au, on the I-axis.
Hence the segment cut out from the /-axis measured by the unit on
that axis is //ou,— 1/u; and the inverse is

5)

3

au,ul x

2.6
Uy — o, =1L (26)

Calling these inverses w) we have

w) = ]-9-‘ uy, (2.7)
and accordingly
W — o Y = a(l—uyat) uy A}
A OV 1—auyar —a(l—uyar) I—uyar

, auA AX = w,\ Ai'. (2.8)
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Consequently the w), can be represented by a set of two parallel hyper-
planes provided with a sense fixing the order of these hyperplanes.
This sense can be given by an arrow (preferably not straight)t or a
positive and a negative sign, or by painting one hyperplane white and
the other black, etc. The set of hyperplanes is determined to within
translations. The components with respect to (x) are the inverses of

my

Fie. 1.

the segments cut out on the axes, measured by the corresponding units
on these axes. In a centred E, a covariant vector can be represented
by one E,_,.

From (2.5) we see that a hyperplane is a geometric object in E, but
not a quantity because the law of transformation of the u, involves
ax = —Akax.

Addition of covariant vectors is illustrated geometrically in Fig. 1,
in which is shown the section of v), w'y, and vy-{-wy with some E,.

On multiplying 'y by a real scalar p we get another covariant vector
pwy whose magnitude is | p|~? times the magnitude of u'y and which has
the same or the opposite sense to w, according as p is positive or
negative.

T A straight arrow could suggest that some direction was given.
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p linearly independent contravariant vectors determine a p-direction,
and the directions of all contravariant vectors linearly dependent on
them are contained in this p-direction. Such a system of co? contra-
variant vectors is called a contravariant domain and the p-direction its
support. In a centred E,, an E, through the origin can be used as
support instead. p is called the dimension of the domain. A contra-
variant domain and its support determine each other uniquely, and they
are said to be spanned by the p vectors.

p linearly independent covariant vectors determine an (n— p)-direc-
tion, and the (n— I)-directions of all covariant vectors linearly depen-
dent on them contain this (n—p)-direction. Such a system of oo?
covariant vectors is called a covariant domain and the (n— p)-direction
its support. In a centred E,, an E,_, through the origin can be used
as support instead. p is called the dimension of the domain. A covariant
domain and its support determine each other uniquely, and they are
said to be spanned by the p vectors.

To each allowable coordinate system («) in K, there belong n contra-
variant vectors f,"‘ ; A = 1,..., n with the components

el=1, =0, .., e =0,
1

el == =1 .. er=10, (2.9)

el=0, -0, .. e —1,
n @ n

where ¢ is the kernel and « the running index. In the same way n co-

variant vectors g,\; k = 1,..., n belong to (x). These have the com-
ponents

1 1 1

e,=1, e,==0, .. e,=0,

2 2 2

e,=0, e,=1, .. e,=:0, (2.10)
n n n

e, =0, e, =0, .. e,==1

Here e is the kernel and X the running index. g," and gA are called the

contravariant and covariant measuring vectors of («). For every value

of u, the vector e has a direction contained in the (n—I)-direction of
I
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every vector e A (v # p) and fits between the two E,_,’s of é‘)‘. In Fig. 2

K
the vectors e and e) are shown for n — 3,
A

2

3

Fia. 2.
If another coordinate system («’) is introduced the components of
K
f\z" and ¢, with respect to («') are
(:\x' — A: (:\x’
K K
ex — Al ey (2.11)
Of course these components are no longer 7 or 0. In the transformation
(2.11) we remark that the complete kernel consists of the letter e
K
together with an index directly below (as ¢) or above (as e) in accordance
A

with the convention (3) mentioned in I, § 1. Such indices, forming part
of the kernel, are called dead, and indices subjected to the transforma-
tions of the underlying group living.
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»
The measuring vectors belonging to («’) are f"', ey. Their components

with respect to («’) are one or zero, and their components e¥, ¢, with
AI

respect to (x) can have any other values.
The combination v*w) is an invariant because of

v¥wy, = AN A, w, = vhey, (2.12)
This invariant is zero if and only if the direction of ¢* is contained in
the (rn— I)-direction of ') and 1 if v fits between the E,_,’s of w') and
if the senses of v* and w) correspond. We call »*w, the transvection of

v* and w,.
If » linearly independent contravariant vectors ¢ (i — 1....,n) are
i

given (v is the kernel and ¢ a dead index) a parallelepiped is determined

by these vectors to within translations. The n pairs of parallel E,_,’s
of this parallelepiped, each having the sense of the only vector among

the v* whose direction is not contained in their (n— I)-direction, repre-
i

h
sent n covariant vectors w, (b = 1,...,n) satisfying the conditions

U Iforh =1
) Y = h h poead 2,
b, = 8 (8, { Vit 2 i)‘T (2.13)

l
h
The two systems ¢* and w) are called reciprocal. Hence the co- and
1
contravariant measuring vectors belonging to the same coordinate
system are reciprocal ;;ystoms.

Co- and contravariant measuring vectors can be used to form the
components of a given vector or to construct a vector from its given
components. Take, for instance, a vector »* and form the » scalars

K K

v = rle). (2.14)
Oiwiously these n scalars are numerically equal to the v<. But with
respect to the system («'), the equation (2.14) takes the form

K 1K
» = v¥e,, (2.15)

K
The v* are transformed while the » remain invariant. This means that

t 8} is the so-called Kronecker symbol. Its indices are dead ones and it would be more
»
consistent to write . But we profer to avoid, as much as possible, the tower-like con-

‘
structions arising if indices directly below and above a central letter are used at the same
time.
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K
we cannot write v = » because the left-hand side is a vector and the

right-hand side consists of n scalars. We therefore write
K

o = g, (2.16)
The sign £ will always be used if we wish to express the fact that an
equation 18 valid with respect to the coordinate system or the systems used
in the equation but is not necessartly valid with respect to all other coordinate
systems.

In (2.14) we get a dead index from a living one. This process occurs
very often and will be called strangling of an index. When an index
has been strangled it then belongs to the kernel, and the fact must be
indicated either by putting the strangled index directly above or below
the central letter or by putting a round bracket around it to show that
the coordinate transformations of the underlying group no longer apply
to it.

K
Conversely the vector »* can be constructed from the scalars v by
using the contravariant measuring vectors:

A
o= ?‘g", (2.17)

or, with respe;:t to («'), A
w = rc;"'. (2.18)

This process is the inverse of the process of strangling. In the system
(«) the equations (2.14) and (2.17) mean the same thing numerically.
In view of the restricted nature of the equality sign in (2.16), however,
this is not true in any other system («’). The two equations have of
course a different geometrical significance. (2.14) gives the construc-
tion of the components of a vector by means of the covariant measuring
vectors and (2.17) gives the construction of a vector from its components
by means of the contravariant measuring vectors.

K
Because of the numerical identity of v* and » we get from (2.15) and
(2.18)

(2.19)

and from this we get for the transformation of the measuring vectors
of («) to those of («'):

e £ Adex,

x X2

« x (2.20)
(Y A A:’CA.
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We give an example for » = 3. Suppose that
ex = ex —2eX,
r 2 3
ex — ek +eK’
2 1 3
ex == eK{-ek|
3 1 2
as illustrated in Fig. 3.
/7
““““““““““““ P '7/,' 3
-7 - /
- - /
- !
-7 / ’,
I E i s 2
.7 =
L
- /’ - -— ‘;l////
1
/
/ /
id ¥ia. 3.
Then the matrix A% is
NEERE
rjyo 1 -2 l
2wl 0 1 | (Det(Ax) = —1).
3|1 1 0 |

[Chap. 1T

(2.21)

(2.22)

By the algebraic process described in I, § 1, we get the matrix of A%

}&l o2 3
L)1 2 —1l
2 -1 -2 2
3| -1 —1 1|

and from this it follows that
P

1 2 3

€\ = ex—er—eéy

2 1 2
€)= 26,\-—26)‘—6,\,

3 1 2 3
ex= —ex+2,+ey

(2.23)

(2.24)
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Now this can be verified in Fig. 3. For instance, the plane through the
end-point of e¥ parallel to ex and e« has the equation
2 I 3

! —2x°—a? = 1, (2.25)
and this plane cuts off segments 7, —I, —71 on the axes. Hence the
o
components of e, with respect to («) are 2, —2, —1.
From the matrices (2.22) and (2.23) we get for the old measuring
vectors in terms of the new ones

exX = eX{-2ex—eX,

1 roo» oy
e = —eK—2ex | 2ok,
k4 I 2 3’
X —= —eK—eKfex, (2.26)
3 roor oy
and 1 » g
e\ == extey,
2 I 3
ex = ey +en, (2.27)
3 I 2
e\ == ——2e,\+e;\.
3. Affinors

A geometric quantity Pl ), Which has p upper indices and ¢
lower indices and the law of transformation

K’ ..K . AKKp XL R
Py gy = A de e press, 4 (3.1)

Kgeeekp Ny,
is said to be an affinor of contravariant valence ];, covariant valence q,
and valence p-+q.

If ¢ = 0 the affinor is called contravariant, if p = 0 covariant and in
the general case mixed; p = 0, ¢ = 0 gives a scalar; p == 1, ¢ = 0 a
contravariant and p = 0, ¢ = 1 a covariant vector. The place of the
indices is important, so we must not write the same quantity some-
times as P*,) and at other times as Px\

If an affinor has more than one index there exist intermediate com-

ponents, i.e. components belonging to two or more different coordinate
systems, for example,

P¥)y = ASP*) = A\ P~ (3.2)
The indices of a quantity need not all belong to the same space. In

t A stands for A.apay. Al

Kpeeskp A
} Apart from a few exceptions co- and contravariant indices are never written in the
same vertical line because this may easily lead to mistakes.
5128 o
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this case the quantity is called a connecting quantity. Bf and C% in
(I1.3.3) and (I.3.1) are examples of such connecting quantities.
A mixed affinor with valence 2 represents a homogeneous linear
transformation of contravariant vectors
ok = Py, (3.3)

If Det(P*,) # 0, the inverse transformation exists:
-1
< = PX, "], (3.4)

~1
P¥) is called the inverse of P¥) and can be derived from P¥) in the
-1
same way as A%, from Af in I, § 1. Hence, for instance, P?; is equal
to the minor of P%, in the matrix of the P*) divided by Det(P¥)).
The affinor belonging to the identical transformation is called the
unity affinor and is written A%:
v = A5 (3.5)
Obviously A5 28, Ak =, (3.6)
where the sign = has to be used because the left-hand side is an affinor

and the right-hand side is a system of n? scalars. Transforming « in

(3.5) we get
v = AKX, (3.7)

where the AX are intermediate components of the unity affinor. This
justifies the use of the same kernel 4 in (1.1.1) and (11.3.5).

,

K
Obviously A5 E ey = e, AL E ey = v, (3.8)
Al

Because these equations state that the n* components of an affinor
with respect to a certain coordinate system happen to be equal to the
n? components of n vectors with respect to this same system, the sign
£ cannot be replaced by =.

—1
For the affinors P*, and P*, defined above, the relation

—~1
Px, Py = A% (3.9)
holds. In the same way inverses can be formed from a contra- or co-
variant affinor of valence 2 whose matrix has rank =, e.g.:

-1
@ Qur = 45, (3.10)

—-1
R/\F Rrx = Aj.
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4. Algebraic processes for quantities
Addition. Only affinors with the same valences can be added, e.g.:
R,;)"K = P,'“;K-i- Q,;'fk (4.1)

Multiplication. Affinors can always be multiplied. The valences of
the product are the sums of the corresponding valences of the factors,

e.g.: Sw\xpaf — P,},,'\KQPORT' (4.2)
This multiplication is not commutative, e.g.:
kA = pryh £ wod = TR, (4.3)

Here S« is a product of two vectors. In general an affinor is not a
E g
product of vectors. Lt is, however, always a sum of products of vectors,

eg.:

Y 14 B Y
P = Aglr Pro, = ‘i";““ﬂ(% e €T PP?,) = Py, ey
Y

a B
F?X?)(}') = P’.’?'repeoeT (a, B,y = I,...,m). (4.4)
Y

1 n
The affinor T, & (15"8 At Fevey, (4.5)
’ e

transforms the contravariant measuring vectors of («) into the contra-
variant measuring vectors of («’). Its intermediate components 7y are

OorI: . o .
T, = 8.1 (4.6)

Transvection. The combination
Rrp = P,i;l"QAp" . (4.7)

is an affinor and called the transvection of P, and Q*~ over A and p.
Transvections can be made up in different ways, but every summation
must be effected with respect to an upper and a lower index. For
instance, the expression El\jv,\ P¥, is not invariant and accordingly is

not a vector.

Contraction. Tf the summation is effected with respect to indices
belonging to the same affinor we get a contraction, e.g.:

Q< = P)-‘Kk.i

The indices used in the summations in transvections and contractions
are called saturated, the others free indices.§

t 8§ is tho generalized Kronocker symbol. 85 = 1 if «’ and A take corresponding
values from the rows 1’,..., n’ and I,..., n and == 0 in all other cases.

t In the classical theory of invariants a process of this kind was originally called

‘Faltung’ (folding up). Physicists later introduced the name ‘Verjungung’ (rejuvenation).
§ Kisenhart vses the term ‘dummy indices’ for saturated indices.
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Building an isomer. An isomer is formed by interchanging upper or
lower indices, e.g.:
Q= P (4.8)
Mizing. The process of mixing is always applied to a number of
upper or lower indices. In order to mix over p indices we form p!
isomers by permuting these indices in all possible ways and take the
sum of these isomers divided by p!. The mixing is always denoted by
a pair of round brackets (). Indices to which the mixing process is not
to apply can be isolated by drawing vertical bars on each side of them.
For example:

Pjkpipio) — I(Pixpua_y. Pipapx | Pioxup_| Ppxic | Dok | P kapp)
(1.9)

If an affinor is invariant for mixing over p indices it is called symmetrical
with respect to these indices. Then it is invariant for every interchang-
ing of these indices. For instance

Pixiv — Piun — Py — Pivise, cte, (4.10)

Alternation. The process of alternation is effected in the same way
as the process of mixing, but the ! isomers are taken with the positive
sign if the permutation is even and with the negative sign if it is odd.
The alternation is denoted by a pair of square brackets [ |. Indices to
which the process of alternation is not to apply can be isolated by
vertical bars. For example:

Pilkplﬂlvl =¥ P)-"ww-{- I’j\P"F"—}- P{"PP— I’me_— Pyopre— Pimmp),
(4.11)
Alternating over more than » indices always leads to zero. If an affinor
is invariant for alternating over p indices it is called alternating with

respect to these indices. Then if two of these indices are interchanged
it only changes sign. For instance,

Pty = PycB] = — Pi#KY = |- PiBvE = — PievE, (4.12)

All these processes are invariant with allowable coordinate trans-
formations.

Strangling; rank with respect to certain indices. Transvection of an
affinor with the measuring vectors leads to strangling of one or more
indices. So we may obtain from P'ff‘ﬂ,,, for instance, a system of n?®
affinors of valence 2:

-lk;).‘p. = -P('.‘)'}y(v) = gpfcp'%pa' (4'13)

v



§ 4] ALGEBRAIC PROCESSES FOR QUANTITIES 21

According to § 2 the strangled indices are put here above or below the
central letter or are marked in their own places by round brackets.
The latter is more convenient if a large number of indices, or both upper
and lower indices are strangled.

If the same indices are strangled on both sides of an invariant
equation, the equation remains invariant. But if the strangled indices
are not the same on both sides, the sign = has to be introduced. For
example:

AFE A9 =y = A =8 = 4% = ?\K. (4.14)

The rank of an affinor with respect to certain indices is the number of
linearly independent quantities that are obtained if all other indices are
strangled. The indices concerned need not be all upper or all, lower
indices nor need they belong to the same system of coordinates. 7The
rank 18 invariant for all allowable coordinate transformations. From the
definition it follows immediately that the rank with respect to some
indices is the same as the rank with respect to all other indices, and
that the rank with respect to all indices is 1. In fact, suppose that the
rank of an affinor of valence s-+¢ with respect to s indices is r. Then
this affinor can be written as the sum of r linearly independent affinors
of valence s each multiplied by an affinor of valence t. But from this
it follows that the rank »* with respect to the ¢ other indices can never
be greater than r. The same reasoning holds if we start from these ¢
indices and the rank 7’. Hence r = 7.

An affinor with valence 2 has only one non-trivial rank and this is equal
to the rank: of its matrix.

If 7 is the rank of an aftinor with respect to an index g, by strangling
all other indices exactly r linearly independent co- or contravariant
vectors are obtained. The domain of these vectors (cf. IT, § 2) is called
the p-domain of the affinor.

As an example we consider an K, and an E, (p+¢ = n) through the
origin, which have no direction in common. We wish to determine an
affinor B of rank p which has E, as support of the x-domain and E,
as support of the A-domain (cf. II, § 2) and which satisfies the condition

By By = Bs. (4.15)

Let the coordinate system be taken in such a way that ex,..., ex span
1 P

E, and that the other contravariant measuring vectors span E,. Then

. 1 p . .
E, is also sparned by e,,..., ¢, and E, by the other covariant measuring
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vectors. From this we see that Bf must have the form
By = wfy) g,\e" (@B = L,....p). (4.16)

The matrix of the unknown coefficients w§§§ cannot have a rank less
than p because the rank of Bf must be p. From (4.15) we get

wig w wl =wl) (vBy = 1,....p)- (4.17)
Now this is only possible if w}gg = 8%; hence
N = e,\e". (4.18)
In the same way Y
7
o5 = e)‘z" (p =p+1,..,n) (4.19)
is the only affinor that has E, as support of the x-domain, E, as sup-
port of the A-domain, and that satisfies the condition
Cy O = CX. (4.20)
From (4.18, 19) it follows that
Bx_', '; = Ai, Bﬁ =P, Cﬁ = n—p;
By Oy =0, By Cy = 0.
The affinors B and C% split up a contravariant vector »* into two parts

in E, and in E, and a covariant vector w) into two parts through K,
and E,;:

(4.21)

P v = Bx ”'\""Oﬁ L‘A’ (4 29)
wy = B{w, -} Ciw,.

5. Tensors

A co- or contravariant affinor that is symmetrical in all indices is

called a tensor:t
Wh 2, = WD) (5.1)

Among the n? components of a tensor there arc exactly (nulw;:_ l)
independent ones. In a centred E, the equation

wy, »,xNah = 1(0) (5.2)
represents a hypersurface (cone) of degree p. C('onversely the tensor
w),...», is uniquely determined by its hypersurface and to within a scalar
factor by its cone. In the same way a contravariant tensor »-*» in

+ Many authors use the word ‘tensor’ for all affinors and introduco the term ‘sym-
metric tensor’ for what we call a tensor.
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a centred E,, is connected with a hypersurface (cone) of class p with the

equations <o, ., = 1(0) (5.3)

in the £, _,-coordinates u, If the tensor can be written as the mixed
product of p vectors the cone degenerates into p hyperplanes or p
straight lines through O.

The rank of a tensor is the same with respect to all indices. The
support of the domain of a covariant tensor w), ,, of rank r is the E,

n-—r
with the equations w2, v = 0. (5.4)

The hypersurface of w), ) is a cylinder consisting of oo™~ parallel £, _,’s.
Its cone consists of co** K, _.,,’s, all of which contain the E, _, (5.4).

6. Multivectors
A co- or contravariant affinor of valence p which is alternating in all
indices is called a p-vector}
pK1Kp —— lKpnkpl, (61)

p must be < ». Among the »? components of a p-vector there are
exactly (;) independent ones. All components of a p-vector which

have two equal inidices are zero. An n-vector has only one independent
component, for instance, »-". But since v’-" is not invariant, an n-
vector is by no means the same as a scalar.

If a p-vector can be written as the alternated product of p-vectors

[ B s
1 1,
PKieKp — p!v[x,umxp] — . . (6 2)
1 P . ’ )
v .. Uk
P 4

it is called simple, and every factor of the product a divisor of vx--<»,
We prove that a vector »* is a divisor of v<=*» if and only if

pKskppi] — (), (6.3)

The necessity of the condition is obvious. To prove the sufficiency let
us take any vector w, satisfying the equation

A
wyvt = 1. 6.4
Then A (6.4)
0 — ( P + l)v[K,...xva] ”‘K - vx,...xpvxuyx YKLk x"v"z'w,‘— ee— vKK,»...Kp”K,wK
— vk,...x,__pwk vx[x,‘..vax,], (6‘5)

and this proves the proposition.

t Also multivector, if tho valence is not mentioned. Some authors use the term ‘anti-
symmetric tensor’.
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A p-vector v<»-*» is simple if and only if
Pkl dp 0. (6 6)

The necessity of the condition is obvious. To prove the sufficiency we
remark that we can always interchange the indices so that v/-» -« 0.
It then follows from (6.6) that the p separate vectors pk®-», pIx3. P,
vi-®-1x obtained by keeping all the indices fixed except one, are all
d1v1sors of p*i-*»,  Moreover, these vectors must be linearly independent
because the first component of the first vector is »™? s 0 and the first
components of all other vectors are zero, and so on. Hence v*:*» hag
p linearly independent divisors and is therefore simple.
A less stringent necessary and sufficient condition

v[K,...KmAJA:]-"AD = 0 (6 7)

was proved by Weitzenbock.t Givens} proved the theorem, already
announced by Weitzenbock§ that for s odd we have

plkskppAnddedy — () (6.8)
if and only if
vekpphedpdeds = 0 (of, Ex. I1.9). (6.9)
Now take a simple contravariant 2-vector v*} in K,
VA = ol (6.10)
Here v
lv’vﬁ'——vzvll (6.11)

2

is the area of the projection of the parallelogram of v* and < on the
1
12-plane, measured by the area of the parallelogram of e" ex. The sign
of v!v*—v%! is positive or negative according as the sense from o o ox
12 12 1
corresponds to the sense from 7 to 2 in the 12-plane or not. Hence v""
is represented geometrically by a part of a plane with a definite area
(but an arbitrary form) with an inner orientation, the whole figure being
fixed only to within translations (Fig. 4).
The geometrical representation of a simple contravariant p-vector
v*-* in E, can be obtained in the same way. We take an arbitrary E,
which has the p-direction of v*:-*» and in this E, we take a p- dlmensmnal

region whose projection in the (n—p)- dlrectlon of elr+s,..¢% on the E,
p+1 n

t 1908. 1 for p = 5, n — 3; 1923. 3, p. 87, for tho general case.
1 1937. 1, p. 364.
§ 1923. 3, p. 87.
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of ex,..., e measured by the parallelotopet of these latter p vectors has
1 »

exactly the volume |o7-?|. If this region has an inner orientation corre-

sponding to the screw-sense of ex,..., e% in this order for »’-? >- 0 and
1 »
in the opposite order for v’-» < ), we obtain the geometrical representa-

tion of v*e-*», If !-» — (), another non-vanishing component can be
2

. vl\',/‘-

3

| TERE

chosen from the v<~#». Obviously the result is independent of the set
of p measuring vectors chosen. The whole figure is fixed to within
translations. We see that every simple contravariant p-vector provides
its p-direction with an inner orientation.

If we take a simple covariant 2-vector w), in E;

1 2
Wy == UWZW,, (6.12)
. 1 2 I
the expression |w, w,—w, w,| (6.13)

1 2
is the reciprocal of the area of the section of the tube of w) and w) with
the 12-plane, measured by the area of the parallelogram of e, ex. The
1z

1 We use the term parallelotopo instead of parallelepipod for dimensions > 3.
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1 2 1 2
sign of w,w,—w,w, is positive if the sense fixed around the tube by
1 2
the order of w) and w) corresponds to the sense from [ to 2 in the 12-
plane. Hence ), can be represented geometrically by a cylinder with
a definite direction, a definite section (but an arbitrary form), and an
outer orientation, the whole figure being fixed to within translations
(Fig. 5).

FiG. 5.

The geometrical representation of a simple covariant p-vector wy,
in £, can be obtained in the same way. We take an arbitrary n-dimen-
sional cylinder, whose (n— I)-dimensional boundary consists of coP-!
E,_,’s having the (n—p)-direction of w,,_, and whose section with the
E, of (12",..., z“ has the volume 1:|w,_,|if measured with the parallelotope

of these p vectors. If this cylinder has an outer orientation correspond-

ing to the screw-sense of e,..., e« in this order for w, , > 0 and in the
1 »

opposite order for w, , << 0, we obtain the geometric representation of

1..p
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w),.», If w;_, = 0 another set of p measuring vectors can be chosen
from the e/z\". Obviously the result is independent of the set of p measur-

ing vectors chosen. The whole figure is fixed to within translations.
We see that every simple covariant p-vector provides its (n—p)-direc-
tion with an outer orientation.

If a p-vector is not simple it is always the sum of a finite number
of simple p-vectors because it is always possible to write the p-vector
as a sum of simple p-vectors in the coordinate-E,’s or through the
coordinate-E,_,’s (cf. 1, § 3) of an arbitrary coordinate system. We call
this a decomposition of a p-vector into blades. The smallest number of
blades into which a given p-vector can be decomposed is an invariant
of the p-vector. For 2 < p» << n—2not much isknown about thisinvariant.
But for p = 2 and p == n—2 a decomposition into a minimum number
of blades can be obtained casily.

We prove this for n = 4. Let F*X be a bivector and

Furdpuy £, (6.14)
From this it follows that
F12Fsty Fesp1iy P3Lpee £ Q, (6.15)
Hence (cf. (6.7))
FidFev) o (), (6.16)

Now take an arbitrary simple bivector {f"‘" satisfying the condition
Fw{fw # 0. (6.17)
Then we try to determine a simple bivector (:"‘)‘ stich that
FeX m{«"d-l-{«"«‘. ‘ (6.18)

Since F** must be simple we have the necessary and sufficient condition
13

<

FU2F3__ 20 U2 R — (), (6.19)
1

and from this equation « can be solved uniquely. Hence, when F*? is
1
chosen, F*A is uniquely determined. It can be proved in the same way
)

that every bivector with rank 2p can be decomposed into p, and not less
than p, simple bivectors. The decomposition is not uniquely determined.
The decomposition of (n—2)-vectors can be reduced to the decomposi-
tion of bivectors as will be shown in § 7.

The rank of a p-vector is the same with respect to all its indices.
Obviously the only p-vectors with rank p are the simple p-vectors.
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7. n-vectors
An n-vector is represented by a volume of the E, provided with an
n-dimensional screw-sense. Its component - ("'1...") is this volume
(the reciprocal volume), measured by the parallelotope of the measuring
vectors and provided with a positive (negative) sign if the screw-sense
is the same as (opposite to) the 1, 2,..., n-sense. From this we see that
two arbitrary co-(contra-)variant n-vectors differ only by a scalar factor.
Because

plet’ — A,I(, . ,vx, K
== n! Al 0 vl-n (7.1)
—— Avl...n,
the component v~ is not a scalar. In the same way we can prove that
Wy w = A__lu‘l...)r (72)
To every coordinate system there belong, for every value of p < »,

( contravariant and covariant p-vectors, for instance, p!elc, . .e<l,
p 2) 1 »
The two n-vectors belonging to («) are written

E'ﬁ---"n ‘:l;f ’n! e["l...(""",

(x) 1 n
7.
(x) def ’l n ( 3)
e,\l_“hn = n! ?[A‘...(’Anl.
(x)
Obviousl Llen - ], e, , = 1. 7.4
y ) L..n

Both n-vectors are represented by the parallclotope of the measuring
vectors with the /, 2,..., n-sense.

By means of these n-vectors a one-to-one correspondence can be
established between contravariant p-vectors and covariant (n--p)-
vectors. If we define

w et 1 (K) vRpt1eKn (7.5)
I\,...A,. (n ]))' [:Ky 1e0sKn 4 -
it is easily proved that
PRprekn — _] w/\ A F A Apip y sonten, (7.6)
»! O
Both equations express the fact that
X pprepin
Wy, pp = VPPHIH (1.7)

if ..., is an even permutation of I1..n. But this correspondence is
not invariant because it depends on the choice of the system («). If (x)
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is changed w), ,, can acquire a scalar factor. The correspondence can
be used to prove that an (n—2)-vector can always be decomposed into

at most fn blades. To do this we have only to decompose the corre-
sponding bivector.

8. Densitiest

As we have seen, the difference hetween »7+? and a scalar is that in
the transformation formula of »** a factor A occurs. We define a
scalar-A-density of weight ¥ as a quantity with one component § and the
transformation ) 0

Blc'] — A M[x] or §—=ATHY (8.1)
Then a contravariant n-vector can be considered as a scalar-A-density of
weight- -7 and a covariant n-vector as a scalar-A-density of weight + 1.
This is not a new geometrical coneeption, only a new notation enabling
us to get rid of a lot of indices.

Since an n-vector has a screw-sense, every scalar-A-density with an
odd positive or negative weight also has a screw-sense. This is the
screw-sense of some coordinate system with respect to which the com-
ponent is positive.

Any scalar, tensor, multivector, or affinor can be multiplied by a
scalar-A-density of weight ¥. Then we get a scalar-, tensor-, multivector-,
or affinor-A-density of weight ¥. Hence an affinor-A-density of weight 2,
contravariant valence p, and covariant valence ¢ has co? *¢ components
U A, 8nd the transformation

Py = A-ALTE B, (8.2)
We shall gencrally use a gothic letter with a sign ~ over it for the kernel
of these densities.

All that has been said about indices, addition, isomers, multiplica-
tion, contraction, transvection, mixing, alternating, rank, domain, and
support holds mutatis mutandis for affinor-A-densities (and also for
affinor densities to be defined hereafter). Addition is only possible if
the quantities have the same valences and the same weight.

The equations G- =1, §.,.=1, (8.3)
valid with respect to every coordinate system, define two n-vector-A-
densities of weight +1 and — I respectively. In fact,

Gr.n A-14L-n @x, *n = n) A~1A; ni@L..n = @ln = 1, (8.4)

T Cf. also for literature Schouten 1938. 2; Schouten and v. Dantzig 1940, 1: Dorgelo
and Schouten 1946. 1.

1 Sincoe a .calar density has no index, the coordinate system used has to be indicated
in some other way.
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These n-vector-A-densities are independent of the choice of the coordi-
nate system. They can be used to establish an invariant one-to-one
correspondence between contra-(co-)variant p-vectors and co-(contra-)
variant (n—p)-vector-A-densities of weight —1 (+47) by means of the
formulae

~ 1)
((‘) nl\,...Ap ((n ;)’ Ao dp Kp t 1ekn VKp § 1Kn
(b) o protin — ;’) —ap "8, (L
, (8.5)
(¢) WHetrmkn = ( 1'){3‘. W), @A..../\,,k,+,...xn’
p

oo (=D s

(d) uA""AI' ('"/ p)_’ /\ A p Kp - 100K mKl'+ ol )

or, according to the values of the components of &+ and &),

[ = (—1 Cpptptivbn
oty = (—1) 86)

Wiretin = (—Dfow,

where p,...u, is an even permutation of 1..n. The coefficients o, and
B, can be chosen arbitrarily. The choice will be postponed so that it
can be made to agree with the identifications of quantities, made
possible after introduction of a sub-group of G,. As we shall see in
Chapter III, it is only possible to obtain these identifications in the
right way by choosing suitable values for o, and g8,. But if no sub-
group of @, is introduced we may take o, = B, = 0 for all values of p.

(8.6) shows that the components of a contra-(co-)variant vector may
also be considered as components of a co-(contra-)variant (n—p)-vector-
A-density of weight —1I (+41). Hence the geometrical meanings of
corresponding quantities do not differ. There is only a difference in
notation. &~ and §,,_, correspond to the scalar +7. The use of
A-densities is sometimes convenient; for instance, if a trivector v** in
E, is written 8, the formulae contain less indices.

We can also prove in a direct way that the v*+» transform like com-
ponents of a covariant (n —p)-vector-A-density of weight — /1. Take for
example »*%, v3 and v’# in an K,. We know that

0¥ = ALATX = (AT AT — AL AL )23 (A5 AT — AT A1
(AT AT — AT AT (8.7)
Now A5 A5 — A5 A7 is the minor of the element 4} in the matrix of A%

Hence W AY A AR
AFAF—ATA3

1 _ - 8.8
Al A (8.8)
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Working out 4% and A7} in the same way we get the equation
v = AAL v+ AAL 03+ AAL 02, (8.9)
which proves the proposition.

The following table gives a summary of the quantities dealt with so
far in K.

Ordinary | Second Relations Number of | Orienta-
A Figure | notation | notation Weight (cycl.) components tion
P { B -1 Pros = (—=1)p } /
e 1| (=1
/ vk Dac -1 B,y = (-1)r=! 3 (proj.) inner
KA aog 1
w, i 41 W — (=1, | 3 — outer
sect.
@ frA fa -1 o= (—=1af® | 3 (proj.) inner
~ .,1 1
hiea b= 41 B = (—1)Beh,, | 3|-— outer
soct.
I‘:Mu ﬁ .y | ﬁ = (—1)*op'3| | (VOI.) .
{ - 1 } inner
\ Duax q 1 = (—1)Bsg,y, ](_ __)
R vol.
(8.10)

If we replace A by |A] in the transformation formulae of A-densities,
we get another kind of density. These new densities are called ordinary
densities or briefly densities. If only coordinate transformations with
positive A are used, the difference between A-densities and ordinary
densities vanishes. This is another example of the identification of
quantities after replacing G, by a sub-group. Generally a Gothic letter
without ~ is used for the kernel of ordinary densities. But there are
exceptions. For instance, a mass density, i.e. the mass per parallelepiped
of the measuring vectors, is always denoted by a Greek letter.

In order to find the geometrical representation of contra- and co-
variant ordinary p-vector densities of weight +/ and — I respectively
we form the transvection of a contravariant vector-A-density ot weight
+1 and a covariant ordinary vector density of weight — 1. This trans-
vection has one component and the transformation

) = 25, ®.11)

Such a quantity is called a W-scalar.t A W-scalar changes its sign if

1 In physical publications it is sometimes called pseudoscalar.
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the coordinate system is transformed into a system with the opposite
screw-sense. The product of an affinor with a W-scalar is called a W-
affinor. Take, for example, a simple contravariant p-vector v<*» repre-
senting a part of an K, with an inner orientation. Then this inner
orientation together w1th the /...n sense of the coordinate system defines
an ouler orientation of the K, uniquely. This latter orientation changes
if a coordinate transformation with negative A is applied. From w*-x»
and a ¥ -scalar we can form a new quantity
DK1eukp gﬁv""“'ﬁ'; p[KJ — 7 (8.12)

called a W-p-vector. This quantity has the same components as v<i-»
with respect to every coordinate system which has the same screw-sense
as (k) but has the same components as —»*~#» with respect to all other
coordinate systems. This means that the oufer orientation constructed
above is invariant for all coordinate transformations. Hence #-*» is
represented by the same part of an K, as v*:~*» but with an outer orienta-
tion instead of an inner one. If we start from a covariant p-vector
(outer orientation) we get in the same way a covariant W-p-vector with
an inner orientation. All these W-quantities transform like the corre-
sponding ordinary quantities but with an extra factor |A|/A. Generally
a Roman letter with the sign ~ is used for the kernel letter of W-
quantities.

The quantities <*» and €, can be used to establish a one-to-one
correspondence between contra-(co-)variant W-p-vectors and co-
(contra-)variant ({rdinary (n—p)-vector densities.

1)r» 3
(a) A, '\P - Z(;L _;))_)' A pr“ Kn l)Kp)h..Kn,
(b) L L _(____]_)‘)il_’n,\ @h,...),x,,umk,"
p!
(C) WK+ 1K — '(—1)"’10) A @X, ApKp i g Kn, (8'13)
) — 1y
(d) QUAI---AF = En ;))' /\1 Apk,. | 1e0eKn w'fplz-..K,,’

or, according to the values of the components of &< -+» and (SN

Oy = (—I)Vpé‘};}‘pi sl (8.14)

Wi Hivbin == (—1 )S'wn,...y,,’
where p;...u1,, is an even permutation of /..n. The coefficients y, and
8, can be chosen arbitrarily. The choice will be postponed so that it
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can be made to agree with the identifications made possible after intro-
duction of a sub-group of G,. This is to be discussed in Chapter III.
If no sub-group of G, is introduced we may take y, =8, == 0 for all
values of p.

(8.14) shows that the components of a contra-(co-)variant W-p-
vector may also be considered as components of a co-(contra-)variant
(n—p)-vector density of weight —7(+ 7). Hence the geometrical mean-
ings of corresponding quantities do not differ. There is only a difference
in notation.

The following table gives a summary of these quantities:

Second Ordinary Relations Number of | Orienta-
Figure | notation notation Weight (cycl.) components tion
P { P —1 Proy = (=17 } 7
pm\u +1 pl?.‘ - (_1)801')
% o V) —1 By = (—1)¥:8" | 3 (proj.) outer
,,7.A wxA +1 w2 — (__1)011231 3( 1 ) inner
sect.
g{) fo A —1 1 = (=1)v:f23 | 3 (proj.) outer
W « 1 D (— 1y, | 3(-L i
A ‘) e j) _= (_1) thy s p—s mner
PreAn P —1 P = (—=1)7episs 1 (vol.)
1 outer
\ e |0 | e e, (L)
° vol.
(8.15)

An ordinary scalar density has no screw-sense. This is the kind of
density occurring in physics. For instance a mass density is an ordinary
scalar density of weight 7. Fig. 6 shows models of the quantities
occurring in (8.10) and (8.15).

9. Quantities of valence 2 and matrices
It is easily proved that
Det(P)) = n! P, . PMy = ! PU PP, — n! PL. P (9.1)
and that the components of the quantity
s! P['_"[,\I...PK.']M = 3! 1)['_“,\‘...1)".‘],\' == gl PK.'[)«,'"P'S‘AJ (9.2)
are the s-rowed sub-determinants in the matrix of P*,. From this it
follows that the rank of P, is » if and only if

Plksy ... PRy, { #0 forssr,

=0 fors>r.
5128 D

(9.3)
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The same holds mutatis mutandis for all quantities of valence 2 and
their matrices.
It can be proved for a bivector v** that
1\2
(2p)! virilAs,, praplAep) = (%’—2!3) vlriks | pksp-ikaphpfAds | pdap—idal 1 (9 .4)
and from this it follows that for n = 2p

2p)! 1 2
Det(v*d) = {%% v“~...v""-"1} ) (9.5)
and that v<* has rank r (always even) if and only if
f #0 for2p=r,
\=0 for2p >r.

")[KIK). . _'vkap—l":p)

(9.6)

For every definite choice of «;,..., x,, the expression
(Zp)! 2-p(p!)~Tolxixs,, psp—1¥sp) (9.7)
is a ‘Pfaff aggregate’ of order 2p;} viz. the sum of all essentially different
terms of the form v*#n¥»-#»..., where v,,..., v,, is an even permutation of
Kyseees Kgpe All terms which are equal according to v*d = —pM« are con-
sidered as not being essentially different. The number of all essentially
different terms is (2p)!2-*(p!)~?, for instance 3 for p = 2:
VKiKapKsKa + PK2KspKiKa + VKsKipKaKe (9 8)

The same holds mutatis mutandis for all alternating quantities of

valence 2.
If we are dealing with general quantities of valence 2, for instance p*,

we may ask whetler it is possible to choose P¥) in such a way that the
matrix P, P2 pre takes a simple form. The answer to this question is
given fully in the theory of elementary divisors.§ In the two following
sections we only give the results for symmetrical and alternating
quantities.

10. Normal forms of tensor of valence 2
If a tensor A, is given in a centred E, the equation of its surface

(cf. II, § 5) is By xiee = 1. (10.1)

If the rank of k), is 3, the same surface can be represented by the

equation 1
Ay uy =1 (10.2)

t In expressions of this kind alternation has to be effected separately over the indices
x and over the indices A.

} Cf. v. Weber 1900. 1, p. 21.

§ Cf. for literature Schouten and Struik 1935, 1, pp. 39 ff.
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in plane coordinates. Now if h,, is real it is well known from analytic
geometry that there always exists a real coordinate transformation such
that the only non-vanishing components k),,. are

hyp = +1; hyy == 41 o0r 0; hyy=4Tor0. (10.3)
The index, that is the number of negative signs in (10.3), is an invariant

of hy,.

The same holds for » > 3. If r is the rank of &), and if h), is real,
a real coordinate transformation (k) - («’) always exists such that the
matrix of Ay, takes the form

A =8 e P § — — rd e P —P — — »

W=7 o oo 0 0o .. 0

(10.4)

0 ... .. .. 0 0o .. 0

This can be stated in another way. If k), is real there is always a
real affinor ) such that the matrix of 7y P°,_h,, has the form (10.4).
We call the sequence —-...—+ ...4- oceurring in (10.4) the signature and
the number s the index of h),. s is an invariant for real coordinate
transformations. The signature is said to be even if s is even and odd

if' s is odd.

If r := n the signatures of &), and II'I"‘ are the same. In this case h), and
h¥X are said to be positive definite if s = 0, negative definite if s == n,
and 7ndefinite in all other cases.

Signature and index of a real contravariant tensor of valence 2 are
defined in the same way.

11. Normal forms of a bivector

A bivector f<} in E, is always simple and accordingly its rank r is 2.
If f=A is real and if FeA = 2yt (1L.1)
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we may choose a real coordinate system in such a way that

er = wx, ex = ok, (11.2)
11 W

Then the matrix of the f«'X takes the form

0 1 0
—1 0 0 (11.3)
0 0 0

Using the decomposition of a real bivector f*A in E,, of rank 2p, into
p real blades (cf. 11, § 6) it can be proved in the same way that there
is always a real coordinate system («’) such that the matrix of f*'¥ takes
the form

- 0 ety s
0 1 .. 0 0 .. 0
10

0 1
0 .. -1 0 0 .. 0 (11.4)
0 0 0 0
S R

This can be stated in another way. If f* is real there is always a
real affinor P¥) such that the matrix of P%, P2, f7@ has the form (11.4).
The same holds mutatis mutandrs for covariant bivectors.

12. The fundamental tensor

In E, we introduce a real tensor g,, of rank n with constant com-
ponents. Let the inverse of g), be denoted by g*A:

g"ngA = Ax (12.1)

. and g<* are called the covariant and contravariant fundamental tensor.
An E, with a fundamental tensor is called an R,. The scalar

I V0% (12.2)
is an invariant of the vector v in R,. The invariant

| g A 0% | (12.3)



§12] THE FUNDAMENTAL TENSOR 37

is called the length of v<.t+ If 9 is indefinite and »* real, g,, v** can
be positive, negative, or zero. A vector of zero length is called a null
vector and a vector of length 7 a unit vector. The null vectors fill the
null cone with the equation

Iaetrax = 0. (12.4)
The null cone is real if and only if g,, is indefinite. In this case the
centred R, is split up into two parts, the positive region filled by the
real vectors with g, v*v% - 0 and the negative region filled by the real
vectors with g, vhvx < 0.

The hypersphere It = T 1 (12.5)

is called the wunit hypersphere in the negative and positive region
respectively.

Two vectors w* and »? satisfying the condition

I WAV == 0 (12.6)
are said to be mutually perpendicular. Hence a null vector is perpen-
dicular to itself and only null vectors have this property.

Using a normal form of g,, (cf. II, § 10) a coordinate system z*
(b = 1,...,n) may be introduced such that the non-vanishing components
Jin» 9" are

gu=—1, .., I = —1, Gorre1 = +1, .., Jon = +1,
gl = —1, .., g¥= —1, gtstl= 4] . go= 4],
A coordinate system of this kind is called a Cartesian system in R,.

For the indices of Cartesian systems we always usé roman letters and
vertical figures. The measuring vectors of a Cartesian system will be

(12.7)

A
denoted by 4, z‘, Accordingly the * are mutually perpendicular unit
4 2

vectors.

In an analogous way to the definition in ordinary space we define
the angle between two vectors u* and v*, both lying in the negative
region or both in the positive region by

F e uhor
|N{(@0p wuP) (g or 0707}
The fundamental tensor establishes a one-to-one correspondence
between co- and contravariant vectors:

cos¢ = (-F region). (12.8)

VGd =Wy, Wyt = oK, (12.9)

t In the special theory of relativity space-time is considered as an R, with signature
———+. If g wMv* > 0 the term duration is used here mstead of length.
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From this it follows that «* and v, can be considered as two different
representations of’ the same quantity which can be represented geo-
metrically equally well by an arrow or by a system of two parallel
hyperplanes. Tn these representations the distance between the two
hyperplanes of w, is equal to the inverse of the length of »*. In both
cases we will use the same kernel letter for this quantity. For example,

VG = 1) TAG = oK, (12.10)
This process is called the raising and lowering of indices. The equation
Tae = 90 Fro 9°° (12.11)

justifies the use of the same kernel letter in g), and ™. By using this
process, different kinds of components can be formed for every aftinor
or affinor density, e.g. I’.,",
DL - — DR ) - . op .
Pryy o gk prar, IKA,:, = I’Kh‘ym. (12.12)
All these components have the same kernel letter.
The relations between the co- and contravariant measuring vectors
belonging to the same orthogonal coordinate system are
. 1 . L Atl . n
V= =%, L, wKes —gK, K e g, L K e gk (12.13)
1 b s+1 n
and for the orthogonal components of a vector we have

- {_"" (h =1,...5), (12.14)
+v, (b =s+41,..,n).
The length of a vector v~ in orthogonal components is
I\/(—:v‘v‘—...-4-13“0"—{—17“11)““—{—...—l—v“v“)|, (12.15)
and the equation of the null cone is
—zlel—.. —ases - s . i = 0. (12.16)
In ordinary space we use the signature --4-+ or ———-. The latter

signature is preferred in physical investigations if the relativistic point
of view has to be considered.

After introducing a fundamental tensor a unit volume is fixed, viz.
the volume of the parallelotop of » mutually perpendicular unit vectors.

The n-vectors
def

(u) [Kiekn 2= ) i[KI.__iKnl, Jen _|_]’
(h) 1 n h) (12 17)
Wy R A :
() Dy — BN tyon = 1

with the volume -/ are invariant for orthogonal transformations of
the orthogonal coordinate system with A = 4/ and change sign
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®)
for A = —1. A scalar A-density of weight -1 corresponds to AR

h) (k)
(] =ty 0 = +1. (12.18)

)
The A-density I: 1 of weight — I corresponds to [**s, Hence the com-
(03]

(h)
ponent of T is 1 with respect to all orthogonal coordinate systems
with the same screw-sense as (h) and —1 with respect to all other

)
orthogonal systems. Accordingly g,, fixes i only to within a factor 41,
and this means that g,, fixes a unit volume only and not a screw-sense.

(h)
If @ is a W-scalar with the component -1 with respect to all coordi-
nate systems with the same screw-sense as (k) and — 1 with respect to
all other systems, the quantity

i¥ o (12.19)

is an ordinary density of weight + 1 with a component +- 1 with respect
to all orthogonal systems. This density is closely connected with g,,.

In f: t, if e
ack 1 o] < [Det(gr)| = n! gtz Goul (12.20)
’ A,... n Ki...Kn
we have  g[k’] = nllgip Gunar = BUAYTA S Gor ey T
= (VA7 E 9t Gl
= A-2g[«]. (12.21)
Hence g is an ordinary scalar density of weight 2 with a component -+ 1
with respect to every orthogonal system and accordingly
»

i= |gi|, (12.22)

from which equation we see that i is a concomitant of g.

13. Matrix calculus in £, and R,

The equations P, Qr) = R¥), (13.1)
can also be written in the abbreviated form
PQ =R, (13.2)

in which P, @, and R may be considered as symbols independent of
any system of coordinates for the three affinors occurring in (13.1).
But we may look upon P, @, and R also as symbols for the matrices
of the components of these affinors with respect to some arbitrarily but
definitely given coordinate system, e.g. (x). Then (13.2) defines a multi-
plication of matrices, provided that we agree about the connexion
between the indices and the rows and columns. In what follows we
always assume that the left index numbers the rows and the right index



40 GEOMETRIC OBJECTS IN E, [Chap. II

the columns and that if a lower index stands directly under the upper
index, the upper is to be considered as left and the lower as right. Then
the element in the «th row and the Ath column of the product is found
by multiplying, for all values of p, the element in the «th row and the
pth column of the left factor with the element in the pth row and the
. Ath column of the right factor and taking the sum of these » products.

Multiplication and addition of matrices are the constituents of the
matrix calculus. The calculus can be extended by writing the equations

ok = Py e wy = w, P*,, p = wyt (13.3)
in the abbreviated form
'v = P, ‘w = wp, P = wv = vw (13.4)

and looking on v, ‘v as symbols for matrices with one column and on
w, ‘w as symbols for matrices with one row.

Tensor calculus of quantities of valences up to 2 and matrix calculus
are not quite the same. In tensor calculus the group G, is given from
the beginning and we are only interested in properties and operations
which are invariant for this group. For example, we know of every
quantity whether it is covariant, contravariant, mixed %, or mixed j¥,
and multiplications are only effected if a transvection can be formed
over one upper and one lower index. Also the properties of being sym-
metric or alternating have a sense only for co- or for contravariant
quantities. On the other hand in matrix calculus no transformation
group is given at first. Hence a matrix is a more general conception,
and it is not necessary to consider it always as a set of components of
some co- or contravariant or mixed quantity. Of course at any moment
homogeneous linear transformations of rows and of columns, either co-
or contravariant with respect to each other or just quite arbitrary, may
be introduced and their invariants may be investigated. But in the
matrix calculus as it was developed by (‘ayley and many others long
before the discovery of tensor calculus, there are great parts of the
theory and many applications where transformation of rows and
columns is not discussed at all.T

By introducing the isomers

Pix ¥ Py, Qir Qe Rir M Rx, (13.5)

t Cf. W. Givens, Math. Rev. 9 (1948), p. 324, in his review of Duschek 1947. 6. The
reviewer criticizes the ‘failure’ of many authors ‘to consider matrices other than those
introduced to describe linear transformations of ono set of variables into a covariant set’
and the ‘similar failure to note the effectiveness of the tonsor notation and algebra in
dealing with a number of variables, quite apart from tho prior presenco of a group of
transformations’.
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corresponding to the transposed matrices of P, ¢, and R, in (13.2) and
(13.4) we get

(:)ll’ — 1;?, - vl", ‘w = I-l’w.T (13.6)
When this notation is used we always have to remember whether a
symbol like P has contravariant character to the left and covariant
character to the right or vice versa, and whether a symbol like » stands
for a co- or contravariant veetor. For example, »P and Pw do not
make sense.
The abbreviated notation can be extended further by introducing
symbols for co- and contravariant quantities of valence 2. For example,
denoting &), and f*A by h and f we get

ho or wh for by v%;
PG QP for  PX, QM fro, PAQ%, £ (13.7)
hf,fiz for hy, frx, fr<hy,; ete.
For the inverses of P, 4, and f, which only exist if their rank is n,
we write P L h 1 and f 1. Then
rp-1 - pP-1Pp = 4,

hh-' — h1h = A, (13.8)

Ht =5 = 4,

and from (13.1) we may derive
Qv = P-!Ry, !
v = Q-'P-'Rw,
R-1PQuv = v.
When this extension is used the covariant and contravariant character
of all unmixed quantities of valence 2 must always be memorized.

All this memory-work is very inconvenient, and this causes the
abbreviated method to be in general less fool-proof than a notation with
indices. But there are two exceptions. In an R, the difference between
co- and contravariant quantifies vanishes, and there are no longer any

]

t+ Many authors write P’ or P* mstead of P. The accent or asterisk to the right 1s
inconvenient if we wish to go back at some time to the notation with indices. So in
this case it would be better to use "/? or *I°. But the vertical bar directly above the

central lotter has the advantagoe that if we use tho notation P for tho complox conjugate

+
of P tho two bars can be combined and give the notation P for the frequently occurring
conjugate of tho transposed, for which other authors had to introduce a new symbol

B or P,



42 GEOMETRIC OBJECTS IN E, |Chap. 11

operations of matrix calculus that are not invariant for the group G,,,.
If, moreover, the fundamental tensor is positive definite and if only
orthogonal (‘artesian coordinate systems are used, there is no longer
any difference between co- and contravariant components. Here, matrix
calculus is really the ideal method in all cases where only quantities of
valences up to 2 are concerned and abbreviation is required.

The other exception where matrix calculus can be (still more) recom-
mended is the U, i.e. the K, with the group G, of all unitary trans-

formations, especially if the (hermitian) fundamental tensor is positive
definite and the coordinate system is (unitary) orthogonal.}

14. Orthogonal normal forms of tensors and bivectors of
valence 2
If a quantity 7'%, is given we may require a vector ¢ satisfying the

equation L —— (14.1)
where o is a suitable scalar factor. o is one of the roots of the equation
Det(T*)—aA%) = 0 (14.2)

of degree n. The equation
w, T\ = ouw, (14.3)

leads to the same equation (14.2). Every root of (14.2) is called an
eigenvalue of T%). A vector v (w,) satisfying (14.1 (3)) for this value
of o is called a contravariant (covariant) eigenvector belonging to this
eigenvalue.

Here we are especially interested in the case when there is a definite
fundamental tensor g,, and when 7, is real and symmetric. In this
case (14.2) can be written

Det(TL)‘—oyw\) = 0, (14.4)
and it can be proved that the roots of this equation are always real.}

1 2
If o and o are two unequal roots of this equation and v* and v* two

1 2
1 2
solutions of (14.4) for 0 = ¢ and o = o, we have
1 2
TP = BT ovtg 0, (14.5)

and this is only possible if the two eigenvectors »* and v* are perpen-
. 1 2
dicular to each other and
zI)FTMg" = 0. (14.6)

t Cf. Chapter X dealing with Dirac’s matrix caleulus.
1 We omit the proof as a more general proposition is proved in Chaptor X,
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1
If o is an m-fold root of (14.4) it can be proved that the cigenvectors

belonging to :; are the vectors of a definite real R,,. In this R,, we can
always choose s mutually perpendicular real eigenvectors. Dealing in
this way with all roots we get in the end » different mutually perpen-
dicular real eigenvectors of 7). If the unit vectors of these eigen-

vectors arc i"‘ (¢ — 1,...,m), and if these vectors are chosen as measuring
t
veetors we get
T; £ T, =0 (i = L..,n; j #1). (14.7)
J
Hence:

THEOREM OF PRINCIPAL ANES OF A TENSOR OF VALENCE 2. [f the

[undamental tensor is definite and if T, is « real tensor, it is always possible
to find @ real orthogonal system (h) such that

T, =0 (i,j = 1,..,n; j#~1).
There is a corresponding theorem for bivectors:

THEOREM OF PRINCIPAL BLADES OF A BIVECTOR. If the fundamental
lensor 18 definile and if f, is a real bivector of rank 2p it is always possible
to decompose [, into p mutually perpendicular real blades.

Note that neither the theorem of principal axes nor the theorem of
principal blades holds if the fundamental tensor is indefinite. This is
due to the fact that in this case a real tensor or bivector may have a
singular position with respect to the null cone. The theorem holds how-
ever for tensors and bivectors that are not in such a singular position.

EXERCISES
LL1 IE P %0Q s ¢ - py 15 an affinor for overy choice of the affinor Qo
then Pre % iy an affinor.
112, If oy, is an aftinor and af the equation
ary +-bog, -0
holds with respeet to a coordinate system (k), the same equation holds with
respeet to every other coordmatoe system. If vy, -2 0, cithera == bora = —b.
11.3. Prove that

AT T R LUV L DR LN
» it [r 7l

lh, &1 1, wpl . gk A
PR — Polan = Pl
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I1.4. Prove that
(x)
ey = W) AR

and that the same equation holds for @<+ and e, _»,

IL.5. If p is the rank of P¥, and g the rank of %, the rank r of e, QY is
::pand - q. If g — n, r is equal to p.

I1.6. Tf +% is a unit veetor in the — region and % & unit vector in the + region
L 2

of an R,, perpendicular to each other, i* |-/* and /* -i* are null vectors,
1 2 1 2

i« & jcoshd 4 isinh
1 1 2
is & unit vector in the — region and
ix +isinhg+7coshd
2 1 2
a unit vector in the 4 region perpendicular to ~.
v
1L.7. 1f g,, PP, and g,,@", are symmetric, prove that after lowering the first

index PQ+ QP is symmetric and PQ— QP altcrnating.

IL.8. The covariant vector v, has the same or the opposite orientation as the
contravariant vector v* according as v* lics in the + region or in the — region.

IL.9. Prove that vix:xspMiMds — 0 is a consequence of vikicxaphidids -2 0 by
writing out VKKK pradslAs _ pliegkarg A AslAg,
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IDENTIFICATIONS OF QUANTITIES IN E
AFTER INTRODUCING A SUB-GROUP
OF G.t

1. Introduction of a unit volume (sub-group G,,)
A uNIT volume, represented by an ordinary scalar deusity q of weight
+1, establishes a one-to-one correspondence between contra-(co-)

variant p-vectors (W -p-vectors) and contra-(co-)variant p-vector densi-
ties (p-vector-A-densities) of weight +1 and — 1 respectively.

PHrKp =— qu,...Kp, 0 Keekp — qﬁK....Kp’
Wy = 07wy, By = 07, (1.1)
(af«] = £1).

For example, for n = 3:

) )
— * — * o = qur

w) = q~Tuy
flc/\ — qfx)«

C ) <D
, —>* —t X? D = Q7 'Ry,

Fia. 7.

1 Cf. E1, p. 30, 50; Givens 1937, 1; Schouten 1938. 2; Schouten and v. Dantzig 1940.
1; Dorgele and Schouten, 1946. 1.
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From (II1.1.1), (I1.8.6), and (I1.8.14) it follows that

Yp = —B, (mod2), 8, = —u, (mod2). I (L.2)

If the unit volume belongs to a fundamental tensor g, we have
q == i, and accordingly in orthogonal components

phip X Pl Pl X ey,

w = 1) £, (1.3)

.
[ {pdp? {pdp {renip

(hppeishy,@ppenyi, = 1,..,m).

2. Introduction of a fundamental tensor (sub-group @,,)

or
A fundamental tensor g), establishes a onc-to-one correspondence
between contra-(co-)variant and co-(contra-)variant p-vectors, I-p-
vectors, p-vector densities, and p-vector-A-densities

PKiKp — gK’A""ngAP?’UA,.../\‘,’ PK1Kp — g"lh’...‘(]Kl"\l’w)hm)‘l,s

X A (2.1)
v = ggrd gty B = gge grhiby )

or in orthogonal coordinates, if ¢, is the number of negative signs in
the first p signs of the signature

PP = (—1)rw, P = (— 1Yoy,
pl-P — (—I)I”ml...p’ L - (—1)’1!131“.1,.

From (II1.2.1) or (IT1.2.2) and (I1.8.6), (I1.8.14) it follows that for
odd/even signature

(2.2)

Q- p—PB, = pln—p) {:}_(l) (mod 2),
1 (2.3)
yI)—Sn—p = ])(n_j)) _:_:0 (nlOd 2)

The congruences (1.2) hold in this case also because a fundamental
tensor fixes a unit volume i.

3. Introduction of a screw-sense

A screw-sense, represented by a IW-scalar @, establishes a one-to-one
correspondence between contra-(co-)variant p-vectors and contra-(co-)
variant W-p-vectors and also between contra-(co)-variant p-veetor
densities of weight + 7 (— 7) and contra-(co-)variant p-vector-A-densities
of weight +1 (—1)

DK Kp — QUKrKp, KKy — d")nkl...l(l,’

- N . . . (3.1)
W),..A, = GWy,_ 2, W), = 0w, _,, (96 = +1).
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From (I11.3.1), (11.8.6), and (II.8.14) it follows that

L Yp = o, (mod 2), 8, = B, (mod 2). l (3.2)

4. Simultaneous identifications (sub-group G,,)

If all identifications are performed simultaneously we have the
diagram

/"’_—_—'i'—\
1P (——1)" .-w/+\ N \

W, p--(—1)s - - pt>,

7 \. 4 .
./ \ / \'\
/ 1 (— 1)en-p+pin-p) l (—1)8» ,‘ T (= 1y T (_])8.‘—,+D(n-v)
il Vo \
Vpprn - F(=Db - BPHDe o @R F(—Dbg,,, |
i + \NF_'-_M____,_//M\ [
/ ..
i T+ v
. H | LI
+ 4+ + + + 4 + +
Lo L1yl 1 !
I I\ I
\ l/'f"\\ ! i
Wy,1.n - F(—1)t - pPH1- nI | PO T I)t,,_prIn I
\ ]\ /
\ (-- 1)rn-ptpin—p ’ 3, \ .
i TR N (= Ipnstrn=s)
\ / \, 7
WY (=) . By Y6, - ( oo -@t v

T~

and accordingly the following twelve congruences mod 2 hold

Y» = —Bp % 7= Vs W-p—Py = pln— p)\ +0
Vn-p = —Bu-p)  %up = Vu-w oy —Bu-p = z'(n-p){-w
8, = —ap, By = 8, (7,.—3"-1, = P(”“P)‘ig)
Snp = —0ppy  (Buep = Sup)s (y..-p—sp = P(n—p){i{))
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for the eight unknowns «,,, a,_y,, Bps Bups Vi V- Op» 8,,_p for odd/even
signature. Seven of these congruences are independent (the others are
put in round brackets). Expressing all unknowns in «, we get

a, = oy, By = —ay,
Wy = —ap+p(n~p){i£ Bu-n = a,,+p(n—p){ig
(+.3)
Yp = % Op = —ay,
Ya-p = —op+p(n—p) :[é 8y-p = —a,,+p(n——p){ i,])
There are four cases:
(1) » odd, p(n—p) = 0, odd signature:
=P = v 0 (4.4)
Upp = —Pucp = Ynop = —8,p = —a,+1.
(2) » odd, p(n—p) = 0, even signature:
ap = —B, =y, = =3, (05
Unp = —Bpop = VYnp = —8,p = —ap.
(3) » even, p(n—p) = p, odd signature:
a = —f, =y, = -8, (4.6)
e = —PBucp = Vup = —8,, = —op+p+1.
(4) n even, p(n—p) =: p, even signature:
ap = =B, =yp = 9, (4.7)

Qpyop = _:Bu-; = Yu-p _Sn-p — —Cxp“}"p'
For n odd, p and n—p are always different (mod2). The simplest
solutions are

(1) » odd, p(n—p) = 0, odd signature:

a =P, =y, = —8,=0p,

(4.8)
On—p = —'B"—p = Yn-p = _81l-]) =n—p.
(2) m odd, p(n—p) = 0, even signature:
0= —Bp=ryp=—8 =0, (4.9)

Op—p = —Bn—p = Yn-p = _8n—p = 0.

Forn = 2v we get 2a, = v—l—l for odd/even signature, and from this we
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see that we get imaginary coefficients for » even/odd. The simplest
solutions are

(3) m even, p(n—p) = p, odd signature:

_ pn=p)+1

Cp =y = ¥Yp = Yu-p 2
oot (4.10)
n —_—
Bp == ﬁn—-p = 81; = Bn—p = P __2})___,
(4) n even, p(n—p) — p, even signature:
P\n—
Op =7 Xy—p = Yp = Yu—p = ILzﬂ’
(4.11)

Bp = ﬁn—p = Sp = Sn—-p = —QL%_'Z)“'

The fractional values in (4.10) for even values of p and in (4.11) for
odd values of p are sometimes inconvenient because they give rise to
imaginary coefficients. The only way to get rid of them is to return
to the sub-group G, that is, to give up the identification of quantities
which only differ by their orientation (second column in (4.2)). Then
the identifications marked with ---- in (4.1) drop out. Instead of
v1-P = 1P ete. we now have v1-P = 4@'P?, and the sign depends
on the orientation of the coordinate system. The remaining six con-
gruences are

— N
Yy = _Bp, a)r})_Bp == p{+0.
Yu-p = —Bu-p> (4.12)
1
8, = —a,, oty—By-p = p{io
sax—p = oy

The simplest solutions are

1
oy =, , =8, =28, ,= {0

Igp = Bn—p =¥Yp = Yn-p = P- (4013)
These solutions are most convenient for use in the theory of relativity.
But the solutions (4.10, 11) of the full congruences (+4.2) are interesting
because of their connexion with the theory of spinors. For p = v;

2v = n we get from them the following diagram for G,,:
5128 E
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+
+
CREEINEN . S LIS wl...v\/—— W"" see (=D wty
/. vl i—v—z\. ./. e i'*’\ \
/’ g id \' / v W '\
. \ : \
. ) \
/ BDy1n--F(=1)p--rtin ;| @tn T (=D By
. / o ; // 1 4 (
i NN N
i ! T - Vo
+ + + + + -+ +
| L1 1 ol
. . . . 0 . '
i — /i, i\ Ao
'\ W,y .n - F(—1)f - prHl-n I \ vthn (=)0, 0 |
.\ 1-v+! vl .I \ el W 1 ',
4 ._ ¥ . v
. T - I - ./ \ l Y l v,
\ 4 \ /
Mgty (=D e 8 ] Solv (= De- - - B,

\\\\\\ \\—t#/);»/////

for odd/even signature. Accordingly we have for » = 4 and signature

———t
+
//+ — \
v el ey, Lt + vl
/ N \
/’l_, » l*“ /T_z T+L
\ \
! Byg - - — - --- B r ] DM — e Ty '\
| \\_\tl:_l// N
P — .
+ + + o4+ + + 4
|1 )11 o
\ . 4 . .
\ \' /’_'L’*' 'l.\\ / / /
\ o e A G du
\s I—z T {i./' \, l—z l +L./.
/ \ /
DWe--ee Fe--- B1g NBip--- - - LIRS o2

(4.15)
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For @,, the identifications marked with ----- drop out. Instead of 4
we get 4+ according to the orientation of the coordinate system. From
(4.15) we sec that v, 31, 12, 914 924 934 transform in the same way
as —wl, —a¥, —aM, w2 38l w12 Accordingly the six sums
(differences)
(a) 1023:&@'/014’ v31:t1:v24, ;U12:L_iv34;
(b) P23 P 3L, M1

transform with G, as the components v23, ¢31, v12, 914, v24, ¢34, But the
components (+.16 ) only differ from the components (4.16 ¢) by a factor
7 and from this it follows that cach of the sets of three sums (differences)

B4t 314 g™, v124- g™ (4.17)

(4.16)

form a geometric quantity with three components with respect to the

group G,,. We call these quantities special bivectors of the first and second
kind.

The same holds for » = 2y. In this case we have according to (4.1)
and (.10, 11)

ol¥ = (—1)Wwils" '+ (for odd/even signature), (4.18)
and from this we see that among the (n) sums
14
Py (—I)vils “pv+1-n (for odd/even signature) (4.19)

there are exactly é(n) linearly independent ones which form a geo-
4

L]
metric quantity, viz. a special v-vector of the first kind, with _é(n) com-
4
n

ponents with respect to G,,. The same holds for the ( ) differences
14

vV — (— 1)l v 11 (for odd/even signature). (4.20)

They form a special v-vector of the second kind.

Every v-vector can be split up in one and only one way into two
special v-vectors of different kinds.

For n - 2v-|-1 we have #n-+2 different quantities for G,:

Scalar contr. vector contr. bivector contr. n-vector
cov. veetor cov. bivector " cov. n-vector
coatr. W-vector contr. W-bivector contr. W-n-vector

W -scalar ;e ,
cov. W-vector cov. W-bivector cov. W-n-vector.

The first row can also be interpreted as A-densities and the second as
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ordinary densities. For G, (introduction of a unit volume) we have
only 2n different quantities:

contr. vector contr. v-vector
Scalar
cov. vector cov. v-vector
. contr. W-vector contr. W-v-vector
I -scalar . e .
cov. W-vector cov. W-v-vector.

For G,

» (introduction of a fundamental tensor) we have only

42— nt1
different quantities:
Scalar vector ... v-vector
W-scalar IW-vector ... IW-p-vector.
For G,, (introduction of a fundamental tensor and a screw-sense) we
have only v+ 1 different quantities:
Scalar vector ... wv-vector.

As an example we take vectors and bivectors in E,. For signature
FFF we have, using the values (4.8) (cf. 4.1),

/Solie b

TP Thyg (0 T ih h
Ty 0¥ A HE . Ot i 0y Bt
¢ Fic. 8.
According to (4.1) we have the diagram (4.21) shown opposite, for the

signature FF .
After introduction of the unit volume q we get (group G)

The four quantities each have four different notations, and two
different geometrical representations. In agreement with their simplest
representation they are often called polar vector, polar bivector, axial
bivector, and axial vector.
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3 ¥ ¥ i
= I —_:J'x T T ‘—%‘
L w7 w Va3
~. \l_f/\
/ \ )
b+ bt
—— — ‘ \
- -

\ / i~ \ /
LI i 2 1‘-—__ f Wa,
T T 7 il
a R 5 @

e
|

. (4.21)

After introduction of the fundamental tensor g, we get (group G,,)

Fia. 10,

We now Fave two quantities each with eight different notations and
four different geometrical representations. In agreement with their
simplest representation they are often called polar vector and axial
veclor.
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If a unit volume and a screw- sense are introduced instead of a funda-
mental tensor we get (group G,

/2@%#35@'

I swy=3f = [f¥ = ¥
IOy = +7‘23 =1ih = Tﬁl = (9% = fzs =3h = 7@,
1*1(,. 11.

We now have two quantities each with eight diffcrent notations and
four different geometrical representations. In agreement with their
simplest representation they are often called vector and bivector.

After introduction of a fundamental tensor and a screw-sense (group
(,,) there remains only one quantity, the vector with sixteen different
notations and eight different geometric representations:

4ol — +Rl - — - .t FE3 _ dgmen | .
w=1p =Jw - f f w thay (0 ==
- S 4 43323 Fas . -~ TRU - bl
= {0y = jhy — 1 . h o= FUy iht = o
Tia. 12

Of course, the terms polar vector, polar bivector, etc., originally only
have a sense with respect to the transformation group used in their
definition. But we may also, when using only orthogonal right-handed
systems, employ these terms to indicate the special geometrical repre-
sentation we prefer. In this case we always use the same letter with
or without ~ or the corresponding gothic letter for the kernel:

’l)"’, vi’ ,vhi’ Vins ,;}h’ 1’51_’ 7“}'hi, ,l")'ih’

By, O, B, B vy, oM, b, Wb (h,i-=1,23).
This is also convenient if we wish to introduce more general coordinate
systems during the investigation.

Fig. 13 illustrates the different kinds of identification in Aj:

In the theory of relativity we have n = 4 and the odd signature

———+. After introducing the fundamental tensor we get for G, (cf.
(4.13))

(4.22)

0‘1"_—:31:’}’1:81:]’
@y =8, = 1, By =y, =0, (4.23)
aazlgd:')’a: s = 1,
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! w, f¥ hyg '3 Si23 Oipy w3y, e, s!

R + —

11
+ + - +

&
R I I S O O SN B

‘!IJ‘ u "’ 34 e 5”‘
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Writing down the right-hand side of this table for &1, @, f2, hy,,
7123, and §,,, we get

it W, f12 hyy 7122 S12
CCrTrT

Ll A (4.25)
I L+J

Vasq w3 fy, | Sl A st

and comparing this with the left-hand side of (4.24) we see that by
introducing a screw-sense (group G,,) further identifications can only
be obtained for vectors and trivectors but not for bivectors.

Hencein an R, with signature — — — 4 we have, for G, three different
quantities:

(1) Vectors with four different geometrical representations and eight
different kinds of components:

Il
6&

ol = v, =M= —p, =M =9l =7
L S e ATV =Y Yl oyl 1, 2, 3.
v 0123 = Uy = D = ” =7 = P* = '_?)123

(4.26)
(2) Bivectors with four different geometrical representations and

eight different kinds of components:

fm" ‘—f34'—f12“—74=f2—f34—712—‘ —f.:u

l ) -”
fh=—Ffu=—fu=—F=—fu= 2= - —f%}cyc !
(4.27)

(3) Trivectors with four different geometrical representations and
eight different kinds of components:

— o 2

== Bggq = — T
= —Pp3 =1

- ’234} oyel. 1, 2, 3.

B S =B P s
(4.28)

The simplest geometrical representations are

vector bivector trivector

#

Fic. 14,



§ 4] SIMULTANEOUS IDENTIFICATIONS 57

If a screw-sense is introduced (group ,,) a trivector can also be repre-
sented by an arrow and we have only two quantities, the vector and
the bhivector. KEvery biveetor can be split up into one special bivector
of the first kind and one of the second kind.

5. Ordinary vector algebra in E,

In ordinary vector algebra in E; all possible identifications are carried
out. If we leave aside densities and W-quantities we have only four
different notations for the components of a vector:

Ul = q:?'l - 1)23 === v23- (5‘1)
Using these we can go back to the different affine invariant forms of the
scalar product 7.# and the vector product @ = oX# of two vectors.

5 .
For the scalar product we get ( o) expressions:

F0 == vy vy 101y w3 == vyl = vy
2= Ty uBF oy wt Foppw'? — Flogud = Fioy, wie
= FoBuwlF 3w Fol2ud = F i, vl = ZF—zliKMv")‘u'i‘
== Vgg 10y 13y Wyt vy wy == MMy w5 == 1Ny w,
= Foul FoutFvdud = g, viwh — gy, vhwx
= Fryw, Foyw,Frywy = ghiv,w; = g*h, wy, (5.2)
== FoPuB Tt Fol2uel? = Flgy gy 0w = T g, g5, vhwn
= gy oy vy Wy TF g e == :F.?’.’lhi(.]ik”hi Wy, = 5 q:flgkﬂghvvm\wp,v
= FrggwtFog ot Fogud = HMg, e uk < JIMg, g0
— 0B 3y ety — T g etey < :F‘,’im\“gw'r""u',,
123
I - Gieiditd, gy - Gyt Loy = Fiy,
o (h,i.§. k = 1,2,3).
The upper sign holds for the signature ———, the lower for 4 4-4-.
We get forty expressions for the vector product. These can all be
derived from the following six by raising and lowering of indices:

u® = v2ud—vdu?

3 3 2 .. iy g
uB = vy wl—ru? = — I 0
u = P12 i3l — Frg, oty (5.3)
J.
ul == — 3wy 12w, = vliw;

ul == vy —rqu, = v, w;

wl — Pt — 23t —Ji etk (6, k= 1,2, 3),
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or in general coordinates
ukd = Zylepd

WA = — ¥y,
WA = 2, vikiHlpAl (5.4)
ux = v*hw, )
— JxA
ux = I o) w,
w = —Ji,, oM
EXERCISES
I1L.1. What is the geometric meaning of the following equations in K% -
bef - 1 li f 2 == 2
b K
(a) !zhg]hc - _«_}_'.')’ ( ) sxfx - 1. (l a)

IIL2. Suppose that a contravariant vector be given by an arrow in an K.
How can the other geometrical representations be constructed after the intro-
duction of:

(1) a unit volume (one other representation),

(2) a fundamental tensor (three other representations),

(3) a unit volume and a screw-sensoe (threo other representations),

(4) a fundamental tensor and a screw-sense (seven other representations).

111.3. In the E; of all hivectors in R, the simple bivectors fill a quadratic cone.
What is the cquation of this cone if tho six expressions (4.16 @) aro used as
coordinates in K, ?

1114, Loty Boasimplo p-vector and v, & simplo (n--p)-veetor both
with the p-direction of a given E,; lot w*e %2 he a simplo g-veetor and Wadn—q
a simple (n—gq)-vector both with the g-direction of a given E; all theso quantities
being determined to within a scalar factor.

Form the transvections

3K geesMzhtz | ooty ‘qpy
’ P Wy ) 4 btphp gz b 1oh

for all possiblo values of z. 1f s is the minimum value of z (including 0!) for
which this transvection is not zero, E, and E; interscct in an E; and

K geesKglig 4 100ty /-
viefafet ety wl‘c+1-'-“p"p|¢~l+r'~ln

is the product of a contravariant s-vector with the s-direction of K, and a co-
variant (n—p—g+s8)-veetor with the (p+g—8)-dircction of the join of E, and K,
IIL.5. If

ukikp = glks,, eKpl (5 a)
1 ?
and if v*:-*q iy & simplo g-veetor (p+g—n = r) such that
Lot (P+1)..0 # 0' ( 5 p)

the K, of u*r*» and the E, of v*+-*e intersect cxactly in an E.}

+ Givens 1937. 1, p. 360.
1 P.P. 1949. 1, p. 27,



IV
GEOMETRIC OBJECTS IN X,
1. The X, }

WE consider all sets of n values of n variables & (kx = 1,...,n) and call
each set a point. Instead of the £+ another set of m variables ¢~
(k' = [I',...,m’) can be introduced by the equations

£ = £¥(¢) (1.1)

together with the conditions that the functions ¢« are analytic§ in some
region and that the matrix of

AR = ogx Jage (1.2)
has rank » in that region. Then the inverse transformation
£ == £4(¢¥) (1.3)

exists in some region and the functions ¢ are analytic in that region.
Now the manifold of all the points considered is provided with the
original coordinates £ and with all coordinate systems that can be
derived from the £« in the way described. This manifold is called an X,,.
The difference between an X, and an E, is that in an E, the only
coordinate systems that are allowable are those that can be derived
from ecach other by linear transformations, but in an X, all invertible
analytic transformations are allowed. Naturally the notions straight
line, plane, ete., do not exist in an X,. Accordingly the coordinates in
an X, are called currilinear.

2. Definition of geometric objects in X, ||

1f at a definite point £« of X, there is a correspondence between ordered
sets of N numbers ®, (A — 1,...,N) and the allowable coordinate systems
(«) n a neighbourhood of & such that
(1) to every (k) there corresponds one and only one set @ ;
(2) the set ®,. corresponding to (k') can be expressed in terms of ®, and
the values of AY, 9y A¥, 9,0, A%,..., in £ only

t Genoral references: R.K. 1924. 1; Eisenhart 1926. 1; Levi Civita 1927. 2; Veblen
and Whitchead 1932. 1; E 1. 1935. 1; Brillouin 1938. 1; Lichnerowicz 1947. 1; Brandt
1947. 2; Michal 1947. 3; P.P. 1949. 1; Schouten 1951. 1.

1 For a more elaborate exposition cf. P.I. Ch. IT, 1951. 1 § 1, 2.

§ Instead it is possible to assume only that the functions have continuous derivatives
up to a certain order.

|| Cf. 11, § 1 and, also for litorature, Veblen and Whitchead 1932, 1; E 1. 1935. 1.
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then the @, are said to be the components with respect to («) of a geometric
object at the point £

Geometric objects in X, are classified according to the laws of trans-
formation of their components. If in the condition (2) the expression
for ®,. is linear and homogeneous in the ®,, is algebraically homo-
geneous in the A%, and does not involve the derivatives of the 4%, then
the @, are the components of a geometric quantity at £~

If the object is defined for each point of a definite region of X, we
have a field of objects in that region.

A point £ is an object with the transformation

£ = £,  Det(dy) # 0, (2.1)

but this object is not a quantity because the transformation is not linear
homogeneous in £~.
By differentiation of (2.1) we get

dgx = Axdgx, (2.2)

From this equation we see that the components of the linear element
déx always undergo a linear homogeneous transformation. Hence the
transformation («) — (x’) in X, induces a linear homogeneous trans-
formation in every point of the region considered, and this means that
to every point of this region there belongs a centred E,. We call this
E, the local E, of the point ¢< and identify the centre with the point £x.
The X,, and a local £, have no other point in common. But in ¢~ the
directions in X, ate in one-to-one correspondence with the directions
in the local E, of £&<. Two local E,’s belonging to different points of X,
are entirely independent. Note particularly that they have no points in
common. If an X, happens to be embedded in an E, (v > n), it may
sometimes be useful to identify the local E,’s with the tangent E,’s of
X, in E,. But if this is done the sections of two tangent K,’s must be
left out of consideration. Often the local E, in £ is identified with an
‘infinitesimal neighbourhood’ of ¢« in X,. Though not correct, this
identification may sometimes have some heuristic value. Of course
consideration of common points of ‘neighbouring infinitesimal neigh-
bourhoods’ is not permitted.

From the definition of a geometric quantity at a point £« we see that
such a quantity may be considered as a geometric quantity in the local
E, of ¢ as defined in Chapter I, § 1. Hence we have vectors, bivectors,
densities, ete., in each local E, and consequently vector fields, bivector
fields, etec., in X,. Two quantities in two different local £,’s cannot be
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handled as quantities in the same E,. They cannot be added, multi-
plied, or transvected.

If for some reason or other a set of coordinate systems in an X, is
privileged, transforming into each other for all transformations of G,,
the X, may be considered as an £,. In this case all quantities at
different points of this K, can be added, multiplied, transvected, etc.,
in the way described in Chapter II, provided that no components are
used other than those with respect to these privileged coordinate
systems.

In order to find the measuring vectors at each point of the X, we

K
consider the n scalars ¢ defined by the equations

£ L g, (2.3)
Then by differentiation we get the following quantities:

(1) The contravariant and covariant measuring vectors belonging
to (x)

A K
e 2 ogejog, ey ™ objog?. (2.4)

These vectors have the components I and 0 with respect to («).

(2) The unity affinor
A% & agx o, (2.5)

(3) The n? scalars of the Kronecker symbol
k A
8% = of/o€. (2.6)

. T} . A .
We now give an example of curvilinear coordinates 1n an ordinary R,.
The equation

22 y? o

AT T
represents a system of co? ellipses and hyperbolas with the foci at the
points x = +c; y = 0. For different values of A we have

(¢ = constant) (2.7)

A > i ellipse
A= 4¢*: y =0 degenerate ellipse or hyperbola
—icf <A < f¢? hyperbola (2.8)
A = —jc¢*: x = 0 degenerate hyperbola
A< —4¢* imaginary curve.

(2.7) is an equation of degree 2 in A. Its roots are

A,

2

)"} — @yt A/{"”"-E-”'-’f —fc*'(x‘-’—y'-'—gc%}, (2.9)
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and x and y can be expressed in terms of A, and A,:

= (A1+26')(26“+A )
c?
oo ( c‘if ("—-Ao) (2.10)

We now introduce A; and A, as new coordinates in R,. Then to every

A=k

Fia. 15.

general set of values A; and A, there belong four points, one in each
quadrant. The points on the z-axis have A, = Jc° if they lic between
the foci and A, = Jc? if they belong to the outer segments. At the foci
A; = A, = j¢®. The points on the y-axis have A, == —J¢*. A, takes the
values from -+co to -J¢* and A, the values from -+J¢* to -—Jc®. The
parametric curves of A; are the hyperbolas

o o
x* ”* ; )
A =k =const. or - 4 7 =1, R e s )
‘ i +k o k—Jc

(2.11)
and the parametric curves of A, are the ellipses

yk_ . > 1.2 9
;’c*+l+l =1, =i (2.12)

The positive sense on these parametric curves is indicated in Fig. 15.

A; =1 = const. or
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We need this sense to determine the right sign of ox/éA,, ete., in the
functiona,l ma.trix derived from (2.10):

or ()( —I—fcz) or 1 J ()«,J,—l(w) first, a
5)‘“ 2 2 n —2 A 1.2 second,

1 wEeN Wotdet i ¢ +ie in the { third,
Gy _ X1 =X, oy 1 [[A—jc? fourth
a, 72N\N=2E) A, T2 \IF=), quadrant,.

(2.13)
From (2.13) we get the functional determinant
o ox
AT — R R _‘,”5‘4. (2.14)
9 oy Acxy
oA, (JA
Inversely we get from (2.9)
oA, A—de®, oA, e+,
o : oM __ 9,°
il vl v B TR B
oA, Fct—A, oA, ;lc +2A,
o " A=Ay’ oy )\, A’ (2.15)
oA, A,
ox oy 4ciry
and consequentl A= = —- -, 2.16
dnenty o, A, =2, (*16)
o oy

which is in agreement with (2.14),

The parametric curves of A, and A, form in the second and fourth
quadrants a system with the same sense as z, ¥ and in the first and third
quadrant a system with the opposite sense. The z-axis and the y-axis
are singular lines. On the y-axis we have A = 0 and on the z-axis
A = 0 for x # 4-c¢ and A == 0/0 for x = +c.

If we write x = £, y = £°, A, = ¢7, A, = £ from (2.13, 15) we get
for the measuring vectors

! +1 A+l 1 i1 +Je?
= ,1 == AI. == - 2 2 ar == ,, = ‘41, — ! - _I—_-2
ey i 2M/ ( 1+10') Ty ; TZCA/ ( »+16')

2 9 —
- 2 0 g(“'"“A ~ o 2 — l A ——-—C"
e], = ;" = All == ‘)(IJ(A -2(‘ ) 02' == i:' = 442, S ! 7)(:,\/(10—/\ ’
. T . A—4c? o . Je? -,
eI = €y — AI = 2;12-__—.1 ___} M eJ = @y = A2 == 2y2 +
1 1 2 2 1 1 A A
1 1 g 1
I 102 2 1
. . Je?—2A o o fe A,
cl =e2= .19 = 2x3 2; e"’ 263::14:-: == ——2J +_.
2 X—A, . A=A,

(2.17)
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From (2.17) we may easily deduce that e and e~ are perpendicular
r w
to each other and that the length of these measuring vectors is

Ve +ee) = /( )
x/(elel—} e~e~ = A/ (i-l#-i%:)

The points where the rectangle of e and e¥ is a square lie on the curve
I " l

(2.18)

of degree 4
@y =yt ef) = Je! (2.19)
through the foci.

3. Invariant differential operators I: Grad, Div, and Rot

The derivatives of an aftinor or aftinor density with a valence different

from zero do not form a geometrical object. For instance
8, P<) = A8, A} P
= AN 0, P'f,\+A#~ P<\8, AL+ AP\ P06, AS T (3.1)

This is due to the fact that the A% are not in general constants. Only in
an E, are the 4% constants and is ¢, P*) an affinor. Now in an X,
there are invariant differential operators for scalars, W -scalars, co-
variant p-vectors and W-p-vectors, and contravariant p-vector densities
and p-vector-A-densities of weight + 1.

The derivatives of a scalar p or a W-scalar § are the components of
a covariant vectot or W-vector respectively:

Opp = AL.9,p, P = Al 0, P. (3.2)
This vector is called the natural derivative} or gradient and we write for
brevity
Dp = Grad p, Djp = Grad p. (3.3)
If the (n—I)-direction of a field w) is at every point tangent to an
X, of a system of 0! X, _,’s with the equation ¢ == const. we call w),
X, _,building. In this case an equation of the form

w) = ad 29 (3.4)
exists. Hence every gradient vector is X, _,-building and every vector
that is X, _,-building is the product of a gradient vector and a scalar.

t The 9, P, together with the P*, form a geometric object but not a geometric
quantity.

1 We use this term in order to have a general expression for the three invariant
differential operations.
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If wy = &)q the X,,_,’s with the equations ¢ = const. are called the
equiscalar X,,_,’s of the field q. Consider two of these X, _,’s

q=-c, q = ct+de (3.5)
and a point o.f" on the first of them. In this point we have
dq = w)dgA, (3.6)
and the equation
de = w)dgA (3.7)
expresses the fact that £<4-d¢x lies on the second X, _,. Hence the
vector w)/de is represented by the two tangent E,_,’s at the points £«
and £<4-d¢x. Now let X be an arbitrary constant and consider the equi-
scalar X, _,’s ¢ == ¢, ¢ == ¢+k, ¢ == ¢+2%k, etc. Then we sec that in
any point of the field on one of these X,_,’s the tangent E,_,; at this
point and the tangent E,_, at the neighbouring point on the next X,,_,
together represent approximately the vector wy/k and this approxima-
tion tends to an exact representation if % tends to zero. Hence a
gradient field is not only X, _,-building but on an ‘infinitesimal scale’
its double-E, _,’s fit together and build double-X, _,’s filling the whole
X, without gaps.
The alternated derivatives of a covariant g-vector are components
of a covariant (g-}1)-vector:

. AL, A, A
O wy,. Xy = Apx N 8wy, a0t (AN AX) ).,

ArenA
= AN, U 0n,0 . (3.8)
This is due to the fact that
A Al = Oy Opif* = 0. (3.9)

The (g+-1)-vector (g+1),w), a1 is called the natural derivalive or
rotation of w), » and we write for brevity

(@+1)Dw = Rotuw. (3.10)

The same holds mutatis mutandis for a covariant W-g-vector.
From these definitions it follows immediately that

Rot Gradp = 0, Rot Gradp = 0,
Rot Rotw = 0, Rot Rotw = 0.
If w**» is a contravariant p-vector density of weight +I it can be

proved that 8, we«+*» is a contravariant (p— I)-vector density of weight
+1. The same holds mutatis mutandis for a contravariant p-vector-A-

(3.11)

t Cf. Ch. V, § 1, where Rot w is written with the covariant operator V,.
5128 ¥

»
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density of weight +1. In order to prove this we take 8, = 0 for all
values of p and ¢ = n—p in (I1.8.13):

" 1.,

TR W, (3.12)
Then

. +1., "
(p+1) ut),..00 = Z—)"r‘ DN, Aplicyennicyl Opu) W10

q:

= ? LY T ay. ke —

11,

q' z L0 VD VTS WD WO an)“mxl...xq

(3.13)

and because an alternation over n-I indices vanishes identically

. 11.p,
(p+1) a[l‘ W .2 = '_| f L5 YO0, WP VR WP s a/\, L ARE o
q: ‘s

+ 15 Kk
2 €.\ ApK gt — 1JAKE 4 10 xqamm =

17 Kk

q' e)‘l s it Ast 1o ApK 1ecskq a)‘uw B

11
q| z e/\; )pK‘.. Kt~ K4 2e0sK aK[ wK'qu

— ( ])p wxe x,,-'

1
( 1)| ;M, Apk e ey € K,
(3.14)

From this we see that 9, w<»++-x i3 a (¢— I)-vector density of weight
+1 adjoint to (—I)? Rot®.] This quantity is called the natural deriva-
tive or divergence of w¥:-» and we write for brevity Divw.§ The same
holds mutatis mutandis for p-vector-A-densities of weight +7. From
the definitions it follows immediately that

DivDiviw = 0, Div Divid =0 (3.15)

for g = 2.
It can be proved that no other invariant differential operators exist
in X, if no auxiliary fields are given.

t For §,,# 0 we get a factor (—1)?-% instead of (—1)? in (3.14).
1 For §,, # 0 we get a factor (—1)?~% ! %+ instead of (—1)P.
§ Cf. Ch. V, § 1, where Rot @& and Div® are written with the covariant operator /8
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We will prove directly that 9, W is a scalar A-density of weight 7
if ®# is a vector A-density of weight +1. For 9, B we get
8,1 — A} 0, A~TAR B = A-10, Bk Bro, AT BrA-14), o) A¥
= A~19, @k |k (9, A~T+A-142.0) A%). (3.16)
Now from the definition of AI’}, it follows that (cf. I.1.5)

1 @A dlogA

A _ L 92 dlga
Aw = Koar oAk (3.17)
or 9,01 = —A-14% 0, AY. (3.18)
Hence 0 WH == A1 0, W (3.19)

The operator div in ordinary vector analysis corresponds to the
operator Div if # is considered as a contravariant vector density

dive — 0,81 49,v24030% — 9" (b = 1,2,3), (3.20)
and to the operator Rot if ¥ is considered as a covariant bivector
div ¥ = 0y 1930, V3, + 03015 == 30 Vpq. (3.21)

The operator rot in ordinary vector analysis corresponds to the
operator F-Rot if ¥ is considered as a covariant vector

Wyy = F-0y034-051, = F20,1y; cycl. 1,2,3 (3.22)

and to the operator — Div if @ is considered as a contravariant bivector
density

wl = 8,112 —9 9% = —g,M; cycl. 1,2,3 (b =1,2,3).

4. Invariant differential operators, II: The Theorem of Stokes

In X, we consider a simply connected part Ty+1 ol an X q+11 and its
boundary X, 7,. Let the g-dimensional element of X ¢ With some nner
orientation, fixed for the whole X, be df “ and the (g4-1)-dimensional
element of X, ,, with some inner orientation, fixed for the whole D. G
be df**i 1. Let the orientations be chosen in such a way that the
dircction from a point of 7,,, towards the boundary followed by the
orientation of df**« gives the orientation of df«w-«e+1, Now let Uady
be an m-vector field in r,,,. Then we have

_f A 0r,. 20 df N = [y dfhe-deg (4.1)

Taiz Tq
t A simply connected part of an X, , is a part of X, that can be transformed by a
bicontinuous point transformation into the part fixed by the relations

0< &< 1 =0
0< 84 < 1 =0
with respect to some allowable coordinate system.
1 Cf. also for hterature R.K. 1924. 1, pp. 95 ff.; P.P. 1949. 1, pp. 67 ff.
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if the following conditions are satisfied:
(1) vy, is continuous in 7,,, and on 7,;
(2) the derivatives of v, which oceur in g, ), ,, exist in all points
of 74,3
(3) these derivatives are continuous in all points of 7,,, with the
exception of the points of a finite number of X ’s.
We prove this for the case when the form of 7, satisfies certain condi-
tions specified below.
Let the coordinate system be chosen in such a way that the equations

of 7., are ga4t =, .. =0, (4.2)
and let the form of r, be such that the curves on 7.,
¢? = constant, ..., £+ = constant (4.3)

each intersect 7, in at most two points. Let the inner orientation on
7,4+ be fixed by €X,..., e« in this order. Then df %« may be written
1 q+1

in the form df kekers = (1) dgier... d Exar, (4.4)
1 qtl
If the vectors dé¢,..., d &< are chosen in such a way that
1 q+1

dél =d¢, dE =0, .. dé =0,

1 1 1

dél =0, d¢® =d¢, d& =0, .. dér =0,

2 2 2 2

d{" =0, .., df1=0, d¢! —=dg+l d? =0, .., dér =0,
q+1 q+1 q+1 q+1 qt1

‘ (4.5)

we have df 1-a+l = dgl,, dga+t, (4.6)

and all components of df %+« which have an index ¢-+2,..., n vanish.

Now we choose one of the curves (4.3) which intersects 7, in the points
P, and P,:

P ¢l = §1 g = -:, vy UM s gan D

0
F: ¢ =¢, &= f I S S
2
The points of 7,,, which satisfy the equations
<<, <o <etde (a=2,..,9+4]),
1 2 [ 0

£=0 (1=g+2..n)
constitute a (¢-+I)-dimensional tube in 7,,, and this tube cuts a g-
dimensional element from 7, in each of the points P, and P,. Fig. 16
illustrates the case n = 3, ¢ = 2. Ifin accordance with our presumptions

g > ¢ (4.7)

(4.8)
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we fix the orientation on 7, in P, by e,..., e in this order, then the

2 qi-1

orientation in P, is opposite to the orientation fixed by ex,..., e in

2 qtl

P,. Accordingly we have for the g-dimensional element of 7, in P,
df -1+l = qgz.. dgn+l, (4.9)

and in P, 2
df?-a+l — _qgz. qga+, (4.10)
2
/1 |
3
Fia. 16.
Now we consider the integral over 7,,,

f 0; s, qi18f 104 = ( 010y, g+ BEL...AETHT, (4.11)

Tegi1 Tgi1

The part of this integral over the tube is
2 1 2 2 1 1
(Vs Vo) AE  AET = 0y g df T oy oy df -4 (4,12)
2 1
where v, ,,, and v, ,,, are the values of ¢, ,,, in P, and P, respectively.
Hence
f 8y Vg, g Af 1 1H = J. Vg, q+r Of 4. (4.13)
Te

Tt
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By using other sets of curves instead of (4.3) we can get in the same
way equations with d,,..., 9,,, instead of 8,. Adding them together and
multiplying by a suitable factor we get (4.1). Now we still have to get
rid of the condition of intersection imposed on the form of 7, Let it
be possible to split up 7, into a finite number of Tg+, 8 such that the
condition of intersection holds for the boundary 7, of each of them,
Then (4.1) holds for each 7,,, and by summation of the integrals on
the left-hand side all integrals over boundaries between two adjacent
Tq+1'8 cancel each other out because the orientations in the common
boundary are opposite. This finishes the proof for the case when Tg+1
can be split up into a finite number of parts, each of which satisfies the
condition of intersection.

(4.1) is a form of the generalized theorem of Stokes (in (lermany also
named after Gauss and in France after Ostrogradski). Many other forms
can be deduced from it. First <+, 5 , , a.a (p = n—g) can be
introduced instead of wy ), fd-d, fA-A Then we get the four

formulae E
T p f a[p. v/\,...)tq dfx,...x,_,] = J. ’U[A,...A, dfx,...x,_,p,]» (414)
Tqiz Tq
P f 9, oMM dfy = f ohedo dfy, (4.15)
Tgi1 Tq
n—q - -
9 DA Ap_dpl JF Aprernicg — f 0. 9AeAp df lnlicricql
q+1 # / # /
Tarz Ta+a
= f A df krral, (4.16)
Tq

which all have the same geometrical significance.

If the elements of 7, and 7,,, have outer orientation (this is the case
that occurs most frequently in physics), and if these orientations are
chosen in such a way that the orientation of r,,, followed by the
direction from a point of 7,,, towards the boundary gives the orienta-
tion of 7, we get the following five formulae:

f O B, Af PARe = f Dp g2, (4.17)
Taia Tq

P J a[p. ﬁA,...Agdfx,...x,,_,,] == ( ’F[/\,...qufk,...x,,‘,u]’ (4. 18)
Tyt Tq

p J‘ a}l. ”A,...A,,__,[l. df);-uxp—x e J‘”ADNAP de;...Ap’ (4.19)
Tgl: Tq

t Cf. R.K. 1924. 1, p. 97; Weyssonhoff 1937. 2; Schouten and v. Dantzig 1940. 1,
p. 471. In this latter paper the sign ~ is used in a different and less efficient way.
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D | o o do il GF ApKirg) A
i f dp.ol p— il dj‘ pKankg] a”o[ pdflplx Kg)

Tgi Tg+1

— j ey I Kik] (4.20)
Te

which all have the same geometrical significance.t If one of the ten
formulae is proved the other nine can be derived from it.

In X; we have the following cases:

(1) ¢=2.

() Integral of a covariant bivector over a surface with inner orienta-
tion:

[ A vradfem = [vpedf™, (4.21)

j A Vradf = f U s (4.22)

[ 9, 84 df = f o+ df, (4 23)

L[ 0,8 dfre _ [ o8 dfl’mx.xﬂ = [avdfee  (429)

(b) Integral of a contravariant vector density of weight -1 over a
surface with outer orientation:

f a[# Ty dfl‘-)“‘ = J' 5,\de)"‘, (4.25)
Ts T
f O Opa df == f T Wy (4.26)
Ts T:
J' 9, o0 df = J' ok df,, (4.27)
T3 Tz
;[ 3“ V& dfvess — J‘ 3F olv df!ulmxgl — f ol dfexd, (4.28)
Ts Ts Ty
(2) g =1
(a) Integral of a covariant vector over a curve with inner orientation:
[ dondfer = [ ords?, (4.29)
T2 Ti1
2 f a[p. VA dfx] = f 9] df:q‘.]’ (4.30)
Ts T

t Cf. Weyssonhoff 1937. 2; Schouten and v. Dantzig 1940. 1, p. 472.
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2 [ 9, 0N dfy = [ 5™ dfy, (4.31)

k]

J‘ 9,, BN g = f 0, B df il — J' 5 df . (4.32)
Ts Ts T1

(b) Integral of a contravariant bivector density of weight 41 over
a curve with outer orientation:

[ & ondfer = [ srdf, (4.33)

2 [ Gy oadfa = [ fadiqa, (4.34)

2 f 0, 0¥ dfy = [0 dfy, (4.35)
J' 9, ONKI g7 — J' 9, O el — f o g, (4.36)
Ts T, T2

The most important formulae are (4.21), (4.27), (4.29), and (4.35). The
integrals occurring in (4.27) can be interpreted hydrodynamically. Let
v* be the velocity of a motion of a fluid and p its mass density, i.e. the
mass per parallelepiped of the measuring vectors. Then v* == uv* is
the vector density of the current and v#df, is the total mass flowing
through the element df,, in unit time in the direction of the orientation
of df,. If this orientation is directed towards the outside of 7,, the
integral f ¥ df, is the total mass flowing through 7, in unit time to the

Ts

outside. The equation of continuity}

6Av“+%’; — 0, (4.37)

expresses the fact that the divergence of the current density equals the
decrease of mass density in unit time. Hence

f o0 df = — f‘.’lﬁ d (4.38)
dt

is the total loss of mass in 7; in unit time. Obviously this loss has to

be equal to the total mass flowing through 7, in unit time f o df,.

T2
If 8, v = 0 the total mass in every ; is constant. If k is a small
constant the whole space can be split up into tubes with impenetrable
walls such that the mass k flows through each section of each tube in

1 In an X, no unit of volume exists, and two infinitesimal volumes at difforent points
cannot be compared. Hence in an X, it is nonsense to speak of an ‘incompressible’ fluid.
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unit time. The tube at a point £« represents approximately the vector

density v*/k and this approximation tends to an exact representation

if k tends to zero. Hence the equation 9, v# = 0 expresses the fact that

the tubes of v on an ‘infinitesimal scale’ fill the whole X ; without gaps.

We will prove that w) is always a gradient if Rotw = 0. To do this

we take a fixed point £« and a variable point £« in the region considered.
0

If these points are connected by two different curves s and s’ we have,
according to the theorem of Stokes,

& 5

[ worder+ f wydgN = f & wadfrr = 0, (4.39)
g'( fl( T

0

provided that the surface 7, bounded by s and s’ lies wholly in the
region where Rotw = . Hence

p= iw)‘dg’\ = iw,\df" (4.40)
& 5
is a function of ¢« which is independent of the choice of s and
wy = Oyp. (4.41)

Starting from this theorem the following more general theorem can
be proved by induction:

THEOREM. If the rotation of a covariant q-vector (W-g-vector) vanishes
in some region of X, there always exists a region where the g-vector (W-g-
vector) can be expressed as the rotation of a covariant (q—I)-vector

(W-(g—1I)-vector).

This theorem can of course also be expressed in terms of contravariant
p-vector densities (p-vector-A-densities) of weight +1. Then we get:

THEOREM. If the divergence of a conmtravariant p-vector density (p-
vector-A-density) of weight + 1 vanishes in some region of X, there always
exists a region where it can be expressed as the divergence of a contravariant
(p—+1)-vector density ((p+1)-vector-A-density) of weight +1 (p << n).

All integrals that have occurred in this section up till now have been
scalars or n-vector-A-densities. This is due to the fact that in an X,
these are *he only quantities that can be added if they belong to
different points. But if we restrict ourselves to more special transforma-
tions of coordinates, other forms of the theorem of Stokes arise. For
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instance, if we only allow coordinate transformations with A > 0, W-
scalars can be added and besides (4.1) we have the formula

[ o gdftdede = [ 5, g df bt (4.42)

Tg+1 Tq
If only transformations of G, are allowed, that is, if we are in an E,,
all quantities that belong to different points with the same manner of
transformation can be added. Accordingly the following formulae hold
in B,

f dfddg, 0 Q = [dfi-h ©Q, (4.43)
Tgtr Te
P f Airy, g © Q= f dfr,.a, ©Q, (4.44)
Tgt1 Tq
[ dfwredia, ©Q = [ dfrede 00, (4.45)
Tgt1 ’:«
p [ s, 00y 0 Q= [dfy,., 00, (4.46)
Tyt Te

where Q is a symbol with suppressed indices standing for any quantity
and where -0 symbolizes any operation performed on the indices A 1Ay
or A,...A, and the indices of Q, which is composed of alternation, mixing,
or transvection.

For example, if v) = 9, Bk, (4.47)

we have in E,

<+

[ oadf = [ i, (4.48)
but this equation does not hold in an Xj.

5. Invariant differential operators, III: The Lie derivativet
Let the points of a region R of X, be subject to the point transforma-

tion e X LR, (5.1)

The functions f* are supposed to be analytic in B with a non-vanishing
functional determinant
of«

P2
and to be chosen in such a way that the); determine a one-to-one corre-
spondence between the points of R and the points of another region R’'.
Now we introduce another coordinate system («’) such that each point

# 0, (5.2)

1 Cf. Slebodzinski 1931. 2; Schouten and v. Kampen 1933.1; E1 1935. 1; P.P.
1949. 1,
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o

in R has the same coordinates with respect to («) as its image in R’ has
with respect to («’). Let ¢« and £« be the coordinates of a point of R’
with respect to («) and («) respectively. The £ must be equal to the
coordinates with respect to («) of the corresponding point of R. Hence, if

£ = gr(n?) (5.3)
is the inversion of (5.1), the £ must be equal to the ¢<(£1) and accord-
ingly the transformation of («) into («’) and viee versa is given by the

equations £ BIPEY), = fr(EN). (5.4)

This process we call the dragging alongt of the coordinate system (k) by
the point transformation (5.1).

Now let some field, for example P'_‘%‘H, be given in R. We form a
1
second field in R’, whose components P'f')_",, with respect to (x) in any
point of R’ are equal to the componeﬁts P p Of the first field in the
1

corresponding point of R. This process we call the dragging alongt of
the field P‘f)_‘l,. by the point transformation (5.1) and we call P*A p the field
1 ) 2

dragged along. If R and R’ have some region in common, the fields P

1
and P can be compared. If then P = P, the field P is called invariant
2 1 2 1

for the point transformation (5.1).
We consider a system of n ordinary differential equations of the form
I — i), (5.5)

dt .
with the independent variables £« and ¢ and the unknown variables 7%,

with functions ¢ analytic in the region considered and with the
initial conditions

n* = ¢ for t=0. (5.6)
If the solution of these equations is expanded into a power series in ¢
wo getb 7 = E PN s
&F = pR— ().
These equations represent a point transformation. For this point trans-

formation the coordinate system which is dragged along («') is given
by the equations (cf. (5.4))

£ = 8 £ (4o
£ = B —SEPR(ENt+ ..

1 ‘Mitschleppen’ in 1933, 1 and 1935. 1.

(5.7)

(5.8)
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Differentiation gives, writing v* &L yr(gx):
A% L S\ (A5+Hto v +..),
& £ K (A5 —toyvi-...).
If we now neglect all higher powers of ¢ and accordingly write d¢ instead
of ¢, we get what is called an ‘infinitesimal point transformation v*dt’.
The one-parameter group of transformations (5.7) is said to be generated
by the infinitesimal transformation v<dt. All points of X, undergo a
displacement v* dt. 1f a coordinate system or a field is dragged along by
the infinitesimal transformation v*dt we call this process the dragging
along over v<dt. The system which is dragged along («’) is given by the
equations

(5.9)

g 2 3 g poeds,
g X Srge_gKuedt.
Now since v~ is given we may require the components with respect
to (x) of a field, for instance P¥,, dragged along over v<dt. The com-
ponents of the field dragged along at &<+~ dt with respect to (') are
equal to the components P*) in £<. Hence the components of this field
in &xvxdt with respect to («) are
AR%.86.85P7, £ (Af—8 vPdt)(AS+2,v<dt) P7,
= P<\—P*,8,vPdt-+P%) 9, v dt. (5.11)
To get the components of the field dragged along in ¢* with respect to
() we have to subtract v#9, P*)dt; hence these components are
Pry—#d, P*ydt— Px,0,vPdi+ Py 0, 0% dt. (5.12)
The expression  (v#9, P*)+ P, 0)vP— P70, v*)dt (5.13)
is called the Lie differential of P*) with respect to v<dt. Hence, if a field
is dragged along over v* dt the increase of the field in the fixed point £* is
equal to the negative Lie differential in £~
The expressionf

DPY), & y#9, PXy+ P<, 0y vP— P39, v (5.14)

(5.10)

is called the Lie derivative of P with respect to v<. From its definition
it is olear that it is an affinor with the same valences as P¥). This can
be verified by a direct calculation of the manner of transformation.
For an affinor field of higher valence, the Lie derivative is constructed
in the same way. Each upper (lower) index gives rise to a term with
a negative (positive) sign.

t Cf. Ch. V, § 1, whore tho Lie derivative is written with tho covariant operator V,,.
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Obviously the following rules are valid:

(1) the Lie derivative of a sum is the sum of the Lie derivatives of
the summands;

(2) the Lie derivative of a contraction is the contraction of the Lie
derivative;

(3) the rule of Leibniz holds for the Lie derivative of products and
transvections.

The Lie derivative of v* with respect to v« is zero. The Lie derivative

of A is zero for every choice of v.
For a scalar field we have

Ds = vk, s, (5.15)
L
for a vector field
(a) Dy = vho, ux—urd, v,
L (5.16)
() lL)w,\ = vhO, w)+w, 0) vk,
and for a p-vector field,
a Dufekp == prg qKieKp __ gyyilKs.kpg vk.]’
z g ! * (5.17)
’ ()-
(») ?wx,...a,, == U wy, 2, TP, D20

To obtain the Lie derivative of a scalar density or A-density of weight
¥ we start from (5.17b) for p = n:
Dw = Ho, w nw Oy ot = Mo, w w 0, rH
D1 02,2, 00, 2, O 2,0 O
== 3# ’U”w,\b”,\“. (513)

Now w,_, may be considered as the component of a scalar A-density
of weight +17. Hence for a scalar A-density of weight - [ we have

D§ - o, §er <= Div(ge). (5.19)

1.
Since every scalar density q of weight +/ is the product of & (cf. III,
§ 3) with a scalar A-density of weight +1 we have

lgq —: 0, qut = Div(qu). (5.20)
From this we get for a scalar density s of weight ¥

Ds = vk, 510, vH, (5.21)

L

and for an affinor density of weight ¥, for example $*A,
DB, = vk, B+ B, 0,00 — B, 0,00 — P17, 2,01+ 1B, 5, o0
(5.22)
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Similar formulae hold for affinor-A-densities. It may easily be
verified that the Lie derivatives of €<-*» and e, ) vanish.

If the Lie derivative with respect to v* of some field vanishes in all
points, the field is said to be absolutely invariant with respect to the field v~.
An absolutely invariant field has the following properties:

(1) The field value in any fixed point does not change if the field is
dragged along by any one of the point transformations of the one-
parameter group generated by v*dt;

(2) the components of the field in any point &< with respect to (k) are
equal to the components in the point £<+v*dt with respect to the
coordinate system («’) that arises from (k) by dragging along over
vedt.

Obviously sums, products, and transvections of absolutely invariant
fields are absolutely invariant.

The invariance of a field with respect to v is generally lost if v* is
replaced by ov*. This means that the field is not invariant for all point
transformations which leave the streamlines of the field v* invariant,
but only for those generated by v*d¢. If the Lic derivative of a field
vanishes for all values of o, the field is said to be absolutely invariant
with respect to the streamlines of v<. It follows from (5.17b) that for a
covariant p-vector w,_,, the additional condition for this invariance is

w0, = 0. (5.23)

The same holds for a covariant W-p-vector. In the same way we get
the additional condition for a p-vector density (or p-vector-A-density)
of weight 4 1: lKesopk] — ). (5.24)
From this we see that a scalar or an n-vector density of weight +1,
which is absolutely invariant with respect to v%, is always absolutely
invariant with respect to the streamlines of »* and that a covariant
n-vector or a scalar density of weight -/ can never have this stronger
invariance.}

6. Invariant differential operators, IV: The Lagrange derivative

Let @, (A = 1,...,N) be a set of functions of the coordinates £«. The
®, may be scalars or components of a geometric object, for instance an
affinor P, or they may be quite arbitrary. At first we do not consider
the manner of transformation of the ®, and accordingly the &* will

1 Cf. for more particulars on absolutely and relatively invariant fields P.P. 1949, 1
pp. 73 fi.
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not be transformed. Let the index A be suppressed and the derivatives
of the ® with respect to (&« be denoted by @,, @,,,, etc.

Now let € be a function of the ©, ®,, etc., up to a certain definite
order. Then in a certain region of X, £ is a function of the £, but we
do not know anything about its manner of transformation. We con-
sider the integral

[ gaer..dgn (6.1)

over an arbitrary region 7, of X, where the ® are analytic in the ¢~.

v
Let the field ® be subjected to a variation d® such that the variations
of ® and of all its derivatives occurring in £ vanish at the boundary
7,-; of 7,. Then for the variation of £ we have

dg = a—(ﬁdtb—]—-—#d(b e (6.2)
and consequently

d f £ g, g - f (8" dq>+_dq> )d§1 g (6.3)

Tn

By integration by parts we get, using Stokes's theorem (4.16) for p = 1,
i gae.aer = [ (Raor 2 o dor..)aer. den
70 i, » .

32 D 1 n
_f(aq) mp o0z )(I(I)df g (6.4)

L[]
Henee, if we wrlte

def 3’3 oL 2 B
[L] /1. aq) + v ,u 3(1) eery (60)
we have d f gagl.den = [ [2] dOdEL...dén. (6.6)

™
Now here is a dlfhculty. In (4.16) v~ was a vector density of weight
+1. But we know nothing about the manner of transformation of

%dvcb for example. This difficulty clears itself when we notice that
®

(4.16) holds for every coordinate system, and thus for the coordinate
system («) used here, and also that we have made the condition that
the coordinates should not be transformed. Hence the transformation

og v . .
of de) is not important.

M
[8] is called the Lagrange derivative of 8. If [f] = 0 the variation
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(6.3) vanishes for every choice of 7, provided that the variation of ®
satisfies the boundary conditions.

The equation [2] = 0 is called the Lagrange equation. Equations of
this form occur in classical dynamics. The £* reduce to one variable ¢
and this variable is not transformed.

Now let us suppose that @ is an affinor, e.g. P, and that £ is a scalar
A-density of weight + 1, depending on Py, &, P),.... Then the integral
(6.1) is a scalar and the building of the Lagrange derivative is invariant
for all coordinate transformations. The equation [8] = 0 is now also
invariant. If® has the valences p, ¢, [2]is an affinor-A-density of weight
+ 1 with the valences ¢, p. If we only consider coordinate transforma-
tions with A > 0 a scalar density of weight 1 can be taken for £, and
[2] is then an affinor density of weight {1 with the valences g, p.

If @ is an aftinor and £ a scalar A-density of weight +/ a very im-
portant relation exists between ®, [€] and their first derivatives. In

order to obtain this relation we suppose that the variation jfb is due
to the dragging along of the field over v*dt, where v~ is an arbitrary
field such that v, 9, v%, 9, 9xv*,... are zero on 7,_;. We avoid compli-
cated formulae by taking ® = P,,.. No extra difficulties arise for higher
valences. We then have (cf. (5.12))

dPy, = —v#8, Py dt—P, 0 vrdi—Py, 0, o0 dt, (6.7)
and the field dragged along is
‘P, = P\ —v#9, Py dt—F,, 0 vt dt—P), 0, vkdt. (6.8)

Accordingly we have
8,/ Py, = 8, P\,—(9,v*)d,, Py dt—v*9,0, P dt— (8, F,, )0 vt di—
— B, 9,0\ dt—- (0, P, )0, vt di—Fy 0,0, 1+ dt, (6.9)
and from this we see that 31’)\,( and d 9, P, are zero on 7,_;. For higher
derivatives of P, the same holds, provided that sufficiently high deriva-

tives of v* vanish on 7,_,.
If (6.7) is now substituted into (6.4) we get, on using (6.5) and Stokes’s

theorem,
d [Bag..agn

= — [ [§]*@ro, P+ P, 0)vF+ P, 0, v*) didEl.. . dEm
[z “ o
Ta - (6.10)
= — [ {[B1*(@, Prc—0) Buc— 8, Pr)— P X[ B —

—P,,, 0,[8]}or didg!...d¢n,
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But this variation has to be zero, because the field dragged along
over »*dt has exactly the same components with respect to («') as the
original field with respect to («). Hence

[Q]'\K(ay. P/\n_a/\ P,uk—ax Ii\p)—"ch a)\[QJ/\K—'PI\u 3K[§])\K = OT (6° 1 l)
As we shall see later, this identity is of special importance in the theory

of relativity. If we only consider those coordinate transformations for

which A > 0, a scalar density of weight -1 can be taken for . Then
[8] is an affinor density.

7. Anholonomic coordinate systems in X 21
Starting from any system of allowable coordinates &< we always get

covariant measuring vectors e 2 Whose rotations vanish. It is often con-
venient to introduce systems of measuring vectors in every local E,
of X, which are not connected with any system of allowable coordinates
but which have some other desirable property.
If we introduce # arbitrary contravariant vector fields e (1 = 1,..,n)
1

: h
and the reciprocal system (cf. II, § 2) ey (h = 1,...,n), we have

h h
e et = d%; e,\?" = A5 (h,i = 1,..,n), (7.1)
13 A

h
and in general the e, are not gradient vectors.
We call such a system of measuring vectors an ankolonomic coordinate

systemn in X, and the components of an object with respect to this
system anholonomic components. If

i h
AK def Qh ex; Af (l_.e__f;:xei (h,i = 1,...,11), (72)
i

the anholonomic components of, for example, P'f{‘M are

Pri; = AP (h,i,§ == 1,..,n), (7.3)
and the anholonomic components of d¢~ are
(déP = ABdgx (b = 1,...,n). (7.4)

We must not write d¢* because in general A* d¢~ is not a total differential
and accordingly no variable £* exists.
Using anholonomic coordinates the operator

A#d, (j=1,.,n) (1.5)
1 Cf. Ch. V, § 1, where this identity is written with the covariant operator V,.

} For references to literature cf. E 1. 1935. 1, p. 94.
5128

def
3j ==
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must be introduced instead of 9,. Then the gradient of a scalar p can
be written in anholonomic components

w,; == 3,,;1) ('i == l,..., n). (7.6)

But the rotation of a vector w) and 29w, are connected in a more
complicated way.

dywy = Af 0, AJwy = A8 8, wy+(A4f0,, AY) w)

= AI}’} A wn—Qjtw,  (hy3,5 = 1,...,m),
where Qjih = A oy, AY (hy4,5 = 1,...,m). (7.8)
We call Q;;* the object of anholonomity of the system (k). The com-

(1.7)

h
ponents Q;;* vanish if and only if all vectors e, are gradient vectors,
that is if the system (&) is holonomic.
In the same way we can prove that for a contravariant vector density
of weight +1
0;07 = A~19, o+ —2Q ;v A = Det(4%) (i,j = 1,...,n).T
(7.9)

EXERCISES
IV.1. Prove that in R, in orthogonal Cartesian coordinates
Viwg, o E w4, = Hp-+1)0 w0+ P0G, P,
(erperripp = Lywyn; p > 1), (la)

or in short, ¢ V2w = Div Rotw+Rot Divw; p > 1. (1B)
1V.2. If an X,, in X, is given in the parametric form
& = f*n*) (a = l,.,m), (2 w)
with the condition that the rank of the connecting quantity
By = 0,6 2 = 2fon® (2B)

in the region considered is m, and if a vector field w, is given in X, the vector
field in X, defined by

‘wy = Blw, (2y)
is called the section of the field w, with the X,,. Prove that the rotation of the
field w, in X, is equal to the section

2B5‘B;,‘8|“wu (2 8)
of the rotation of w, with the X,,.}
IV.3. Prove that D?wh_"lp = EDw'\"""” (3a)

t A very short proof of (7.7) and (7.9) will be found in Ch. V, § 7.
1 Cf. E1. 1923.'1, pp. 18, 92 fi.; P.P. 1949. 1, pp. 3, 52.
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IV.4. If w stands for wy _, g > 1, and the operator T' for the transveetion
of v* over the first index, prove thatt

TDw+DTw = Dw. (4 o)
L

IV.56. Prove the identity (6.11) for Py, = g, & = gl'f; A > 0. Cf. Ch.V,§5.
IV.6. If the components of an affinor ficld, for instance, P, aro expressed
as functions of the ¢¢ and the components of another affinor field, for instance

‘p
Qs P',a,\“ = f’.(/\u(gf’ Q%) (6 a)
~ P
we have AP, = (3, PR )dEo - 3 Q;,;’: Q) ps, (6 B)

whore 3, denotes the partial derivation with respect to £¢ (w = 1,..., n) consider-
ing the @,%, as constants. Provo that

Ay o e aPM
RIJ-VP T anp: (6 y)

is an affinor.

IV.7. If @, is an affinor @«* and £ a scalar A-density of weight + 1, the identity
mentioned in 1V, § 8, takes the form

(#1123 QM+ (81,10 @+ (8,02 @+ @0, [£] 12 + Q03] = 0.

t Cf. P.P. 1949. 1, p. 77.
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GEOMETRY OF MANIFOLDS WHICH
HAVE A GIVEN DISPLACEMENTY

1. Displacements

The local E,’s of different points of an X, are entirely independent.
So far the quantities in neighbouring local £,’s have not been connected
in any way. It is, however, possible to define a process for the trans-
plantation of the quantities from the local £, of a point £ to the local
E, of a point ¢<+dgx. This process, valid for all points in the region
considered and for all directions in these points, is called a displacement.
A quantity and the displaced quantity are called pseudo-parallel. Tn
an E, a displacement is given a priort, viz. the ordinary parallel dis-
placement. But in an X, no ordinary parallelism cxists.

If a contravariant vector field »* be given, the value of the field in

%k
Eet-dgx is v -dv* = v*+-dérd, v*. Let v*+dv< be the displaced vector
in ¢¥4-d¢x. Then we have

%
o der = (AX+AAS) (o< 4dv)

) (1.1)
= AXv<+4AK dv<+ov<dAY;
* *
hence dv< = A¥X dv<tv<dA¥. (1.2)
Now we know that
dv< = d(AXv*) = AX dve-vedA%, (1.3)
* *
and accordingly dv< —dv< = A¥ (dv<—dv"). (1.4)

*
From this we see that, although neither dv* nor dv* transforms like a
vector, the difference
*

Svre & gy —dox (1.5)
is a vector. We call v* the covariant differential of the field v* with respect
to the given displacement.

If the coordinate system in that local E, of £ which belongs to (x)
is displaced pseudo-parallelly to £<4-déx, dv* is the differential of * with
respect to this displaced coordinate system. This can be expressed in
another way by saying that dv* is the differential of the field from the

1 General references: Levi Civita 1917. 2; Schouten 1918. 1; R.K. 1924. 1; Eisenhart
1926. 1, 1927. 3; Levi Civita 1927. 2; E 1. 1936. 1.
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point of view of un observer whose local system of reference is subjected to
a pseudo-parallel displacemnent.

Now it would he possible to definc independently of each other dis-
placements for all kinds of quantities, but this would not be a sensible
thing to do. Hence we introduce a set of axioms in order to connect
the displacements of different kinds of quantities. The displacements
satisfying these axioms will be called linear displacements:

(1) if @ is a quantity (indices suppressed), 8® is a quantity of the

same kind;

(2) 8(P+Y) = 3D4-8Y;

(3) (DY) == (®)¥'+D Y (Leibniz’s rule);

(4) 8 is linear and homogeneous in the d¢x;

(5) Leibniz’s rule holds for transvections;

(6) the covariant differential of a scalar is identical with the ordinary

differential.
An X, with a general linear displacement is called an L,,.

From (1), (2), and (4) it follows that the covariant differential of a
contravariant vector has the form

dv¢ = dv*+- T, A dér
= (9, v+ T, v dér,
in which the #® parameters I'f, are arbitrary functions of the ¢x. If
I'f:)- are the parameters with respect to («’) we have
v = dv¥ +I‘;§wv" dgw. (1.7)
From (1.6) and (1.7) it follows that *
AX dv"—{—A"'I"‘ VA dgr = AX dv< +eed AX +F % wXdégr  (1.8)
for every choice of »* and d¢x. Hence
= A:#Q Aﬁ)« 3;“43'
= A )\+AA Oy A

and from this we see that the I}, constitute a geometric object which
is not a geometric quantity because the derivatives of the 4% occur in
its transformation formula.

If w) is a covariant vector we have, according to (5) and (6),

d(vh)) == §(vhw)) = w) Svr+vMdw,
== wydvAwy TR, v* dér+ o)
tor every choice of »*. Hence
dwy = dwy—1I'}, w, dér. (1.11)

(1.6)

(1.9)

(1.10)
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From (1.6), (1.11), and (2, 3) for an affinor, for instance P*A,, we get
8P, = AP, 4T, PP, dgu4- T, Pre,dgr—Tg, P, dé.
(1.12)
For every upper (lower) index there is a term with a positive (negative)
sign.
If we write l"“d—i-f I‘,f‘)‘, we have according to (1.9) and (I 1.5)
— A ’
[, =ALT,—A450, A%
= Aﬁ' P“—ap'l log A.
Hence I, is a geometric object but not a geometric quantity. I, plays
an important role in the covariant differentiation of densities. If w),, ),
is a covariant n-vector the covariant differential is

(1.13)

dwy, .2, = dwy, a,—ILH W, 2, A — ... =T 0y, 2, AE* (1.14)
= dw,),—nLh, wr,. 0, TEH '
and this implies that
%k
dwy ., = nP;f[n wl...n—l]vdfp' = Pp. Wy.n dg. (1.15)

Now w;,_, can be considered as the component of a scalar-A-density of
weight 1, hence, if § is such a density we have

8q = dj—1I, Gdér. (1.16)
If only those transformations with A > 0 are allowed, ordinary densities
and A-densities transform in the same way. Since the displacement is
independent of the choice of the coordinate system, for an ordinary
scalar density we have the formula

3q = dq—1}, qd¢r. (1.17)

From this it follows for the covariant differential of an aftinor-density
of weight t, for instance P*,, that

3Py = AP\ -+ I BUader—Dn P, dér-- 1P L, der. (1.18)

If there are more indices, there is a term with a positive (negative)
sign for every upper (lower) index and an extra term containing %
and I},.

The same formula holds for affinor-A-densities, and consequently the
covariant differential of a W-scalar is identical with the ordinary
differential.

Every covariant differential is the transvection of dé* with another
quantity. This latter quantity is called the covariant derivative and is
symbolized by V, in connexion with the quantity differentiated:

30 = dgrV, @ (indices of @ suppressed). (1.19)



§1] DISPLACEMENTS 87

So we have, for instance,
Vuv* = 9, v+ 104 v,
Vowy = 9, wy—T{w,.
Obviously the covariant derivatives of A%, % and €, A, aTe zero.
From (1.9) it follows that

(1.20)

Ly = AN T (1.21)
hence Ij},; is an affinor. We write
oo di

RAMGE- v i (1.22)

If 8, = 0, the displacement is called symmetrical. An X, with a
symmetrical displacement is called an 4,,. If S, has the form

S =8, A%, (1.23)
the displacement is called semi-symmetrical.

dER TR deMdEN
1 4 /1/{2 cd 1 rd

Fia. 17.

If two linear elements d¢* and d¢x in the same point are displaced
1 2

pseudo-parallelly along each other we get a pentagon. The closing vector
is 2d¢rdgrS " . (1.24)
12

This implies that only in an 4, do infinitesimal parallelograms exist in
all 2-directions. If the displacement in an X, is semi-symmetrical the

closing vector is
28, dgndgn, (1.25)
12

Hence infinitesimal parallelograms only exist in the (n— I)-direction of
the vector 8.
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In an A, the symbol 9, can be replaced by V. in all invariant
differential operators defined in IV, § 3. This can be proved by writing
out the expressions with V. All terms with I vanish because S;;< = 0.

pA =

For instance, if w) is a covariant vector and v* a contravariant vector-
density of weight -1, we have

(a) V(p.wz\l = a[“’lDM——I‘[;‘,_M W, = a[p.wz\l:

(6) Vuo# = 8, v¢+-Tf 02—t 02 = 9, v~

The same holds for the Lie derivative defined in 1V, § 5; for instance

‘Q!B‘.{/\ = U"VF “BKA+$Kp V/\QJP-——%?I\ Va vK+t"B'.‘A Vy, vk, (l°27)
and also for identities of the form (IV. (6.11)), for instance
[BP*(V, Pr—Va Bu— Vi P)— B, ViR — Py, V[ 8] —

(1.26)

(1.28)
2. Geodesics
Let £ = ¢x(2) (2.1)
be the parametric form of a curve in an L, with the parameter z.
d¢~/dz is a contravariant vector tangent to the curve. A curve in L, is
called a geodesic if it is ‘as straight as possible’, that is, if the tangent
vector remains tangent under pseudo-parallel displacement along the
curve. The necessary and sufficient condition is
8 d¢x dagx
= dz (2) &z’
where «(z) is some function of z. If another parameter ¢ == {(z) is intro-
duced instead of z we have

(2.2)

8 (dgxdt)  dexdt ,
z;('d‘z a;:) A (2:3)
d1\? & dgx | dtdgx  dg< dt
or (a;) PRI = i Tl A (2-4)
0‘clt dt
S déx  Tdz da? dgx o
or -d—-t E— = -—'d——t-z—— 7{. (2.0)
dz

The right-hand side of this equation will only vanish if ¢ is a solution
of the differential equation

a’ dt
@—a(z)a—z = 0. (2.6)
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The general solution of this equation is
t=(, J e ez gy 4}, (2.7)

From this we see that on every geodesic in L, there is a parameter ¢

such that the equation (2.2) takes the form
bdex _dgs p, dgrdf) _
dt dt — de UM dt dt

Such a parameter is called a natural parameter of the geodesic. If ¢ is
0

0. (2.8)

a natural parameter of a geodesic, every other natural parameter on
the same geodesic can be written in the form

t = C,t+C, (2.9)
0

where (; (# 0) and C, are arbitrary constants. Hence the natural para-
meter on a geodesic is determined to within affine transformations with
constant cocfficients. Changing C, displaces the null point and changing
C; means changing the ‘affine measure’ on the geodesic. Segments of
a geodesic in L, have no ‘length’ in the ordinary sense, but two different
segments on the same geodesic have a definite ratio that can be
determined by using an arbitrary natural parameter. According to
(2.8) geodesics in L, depend on I'), only and are independent of S~

3. Normal coordinatest

We will prove that in an 4, there is always a coordinate system (x’)
such that I}¥). = 0 in some previously given point of':. Let
lt’K :fx(al""’an—l) (31)
be a parametric representation of co0”~7 contravariant vectors in the
local E, of ¢*, one and only one in each direction. On each geodesic
0

through £< we choose a natural parameter z such that = = 0 in ¢« and
0 0

dgx
= > 3.2
0 dz (3.2)
in &% on every geodesic. Now on each geodesic the equation
0
2eK A
4 | pe A dE (3.3)

dz2 TNy dz
holds and by differentiation of this equation we get an infinite series
of equations from which the values of all derivatives of ¢ with respect
t Cf. E1.1923. 1, pp. 100 ff., 122 f.
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to z for z = 0 can be solved. When this has been done £+ can be
expanded into a series

g _‘g ‘( )= "+ ((lz,d,)z“o'«—*..-

dz[,-o
= {rfrz— gF,fA(§V)t#thz2+...,
0 0 0o 00

(3.4)

of which only the first three terms are interesting for our present

purpose.

If now we introduce the ¢z as new coordinates £,
[/

gh 2 Shpey (B = 1,...,1n), (3.5)
we have
g = gﬁ{(fx__gx)+:;[‘PKG(§V)(§;’—§P)(§"—§")—}—...} (b ==1,..,n),
(3.6)

and by differentiation it follows that
Ay = 84 +3 1‘;&(?’)(5”-—5”)4—---,

(3.7)

0, A% = 8% ,;;(5")-1-... (¢ = 1,...,n),
h Ax=2 | forgr—ge h=L.m.  (39)

ence or &x = = 1,...,n), .
0,4} = R THE) ;
Now, according to (1.9) and (3.8) it follows that, in &%,
0
A K A 3

I‘fﬁ = Aﬁ’;i #A "A‘fli alz Ai (3.9)

o SMA T UMK — 0 (hi,j — 1,.,m).

The coordinates derived in this way arve called normal coordinates for
the point €< in 4,.1 They depend only on the choice of ¢%, the choice
0 o

of the co™~1 vectors t~ in & and the choice of (k). If €< and the ¢~ are left
0 0 0 0

unchanged and if («) is transformed into an arbitrary new system («')
we get new normal coordinates £+

& = Bty = B A (E)
0 0 0
= SUf A,
0

and this equation shows that the normal coordinates are subjected to
a linear homogeneous transformation with constant coefficients. Hence,

(3.10)

1 Normal coordinates were first introduced by Veblen 1922. 1. For referonces to
literature cf. E 1. 1935. 1, p. 100.
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if £« and the t* are fixed, the normal coordinafes are determined to
0 0

within linear homogeneous transformations.

It is also possible to define normal coordinates such that the 1% vanish
in every point of a given curve and in special cases also in all points
of a given X T in 4,,.

Normal coordinates are very convenient because by using them it
is often possible to avoid long calculations.

4. The V,

If a real tensor gy, of rank n is introduced in an X, the X, is called
a ¥, and g), its fundamental tensor.] Every local E, of a ¥, contains
a fundamental tensor g), and is accordingly an R,. In a ¥, the raising
and lowering of indices will be affected by means of g, and its inverse
¢ in the same way as in an R,,.

The expression v | (gre ™) (4.1)

is called the length of the vector v*. The term duration is used instead
of length in the theory of relativity if g),v*v* > 0. If v = 0, v~ is said
to be a null vector and its direction is called a null direction. Null vectors
can only be real if g, is indefinite.

We write ds for the length of the linear element dé* defined by

ds® = |g, dEMEX. (4.2)

If ds = 0 in every point of a curve the curve is called a null curve of V,,.

[n a ¥, every segment of a curve has a length f.ds. The most im-

portant property of a ¥, is that its fundamental tensor determines

uniquely a symmetric displacement that leaves the length of a vector
invariant. Lt therefore satisfies the equations

V;l.g/\x =0. (4.3)
If this equation is written out we get
ay, I 9px F;fA_gz\c P;Zc = 0. (4-4)

By permutation of the indices we get the equivalent equations

a/\glql,—gpy. P)()K_gxo I‘Aay. =0, (4.5)
—akgpk_{'gpkrlfp‘*'gpa P:A = 0;

+ K 1. 1975, 1, pp. 1086 ff., also for references to literature.

t In a V, orthogonal curvilinear coordinate systems in all directions are possible for
n < 3. They are possible for n > 3 if and only if & scalar o exists such that & V, with
the fundamental tensor ag,, is an B,. Cf. Schouten 1921. 5, p. 84, 1927. 4, p. 719; R.K.
1924. 1, p. 196; Bisenhart 1926. 1, p. 122; K11, 1938. 3, p. 204.
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hence, by addition, since I‘,;‘,\ = F,\“,,,

,,Lg)ur "'a/\gxy. Kg/l,/\ = 2(ka [‘pf)u (4.6)
or = = & gen(d (09202 Gup—p Gpua)- (4.7)
The symbol {M\} is called the Christoffel symbol after its discoverer.

It was originally written {2}, but this is not in agrecment with modern
practice for the position of indices.

From (4.7) we get TN = g% 0,9, (4.8)
Now from the definition of g** it follows that (cf. (I.1.5))

128
KA __9_. 4.9
7 8 99,2 ®9)
hence L\ = #9,logg, (4.10)
and consequently V.8 =9,8--2gT = 0. (4.11)

This formula can be used to write the covariant derivative of a contra-
variant p-vector V, v#*=*» in a form containing d, only and not the
parameters I5}:

V[L tv’LK’u.KP — g-—} V# g,ivll.K'...Kp — g—;’-a"' g%v}lK)...Kp (4. 12)

(cf. (1.26)).
The geodesics in a ¥, are not only the straightest curves but are also
the shortest or longest curves between two of their points. In order to

prove this we consider a curve s connecting the two points £« and £«
0 1

whose tangent does not have a null direction anywhere. Besides s we
consider all curves*that can be derived from s by an infinitesimal point
transformation v*dt, v* being an arbitrary vector field defined in all
points of a neighbourhood of s. Then we wish to establish the relations
between the length of s and the length of such a neighbouring curve s’

between §" +v" dt and §"+v"dt where v~ and v" are the values of v* in
0

f" and f" To do thls we have to determine the length of the linear

element of 8’ in some point & ++v*dt. In £<+v<dt we have to use the
value g),+v#9, g), dt of the fundamental tensor in that point. Now this
gets rather complicated and it can be done in a more elegant way.

If ¢¢ - y*(£) is any point transformation in ¥, and if the curve s and
the field g,, are both dragged along by this transformation, the length
of the curve dragged along measured by means of the fundamental
tensor dragged along is obviously the same as the length of the original
curve. This is due to the fact that the coordinates of a point of s
dragged along and the components of the fundamental tensor dragged
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along, both with respect to (x’), which is the coordinate-system dragged
along, are just the same as the original coordinates and components
with respect to (x). Now we consider the point transformation
& > gx—oxdt. 1If 8 is dragged along by this transformation it becomes
s and if g, is dragged along, this field becomes g,\K—II)gAKdt. Hence,

instead of measuring s’ by means of ¢ 0, g dt we may just as well
measure 8§ by means of

yAK-—]l)g,\K(It == g)m—}—nl‘a“gAKdt—}—ypKf’AvPrIt—}—g,\PE)KwPrlt. (4.13)

Hence, if 7 is an arbitrary parameter on s, the variation of the length
of the linear element d¢x of ¢ is

» A Jéx
dds -«z(m"g ‘If) dr

dr dr
1 dEN dgx\— d§l‘ df
- —2(9)“‘ dr (11') Dq’“ dr dr drdt (+.14)
dér dgv
— 4 (vP 09 Yyt 9oy 0p V790 0, v°) i a” dsdt

Now we have
vP 6pg,“,+gm, 8,‘ V4G40, 0°
=z P Vpgy,v_*'vp I‘;"gav‘i’vp P;)Iv gpo+gav (] +g}LG
= Gov Vu? +y,wV,v =2V, (415)

hence &ds — (Y, ',,) d§ d£ dsdt = §z—(—l§ dsdt. (4.16)
ds ds
f" g«
1 1 )
. ° d¢r
This gives (lfds =dt f T dv, (4.17)
éx éx
for the variation of the length of s between £¢ and £*, and from this
0 1
formula by means of integration by parts we get
ix A A glx A
dfds - dt{(’,‘df.) ( € ) } dtfz’AS(l{-. (4.18)
ds & i" (18 & e ; ds
0 ]

If now »* is zero in & and in §" the first term to the right drops out
]

and we get gx ¢
1

1
v A
df ds = -—dtfv)ﬁ%, (4.19)
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and this proves that the variation is zero for every choice of v if and
only if

Yy daer ’

=0 (4.20)

that is if s is a geodesic. Hence a geodesic between two points is a curve
of extreme length and s is a natural parameter.

If, in one of its points, a geodesic s has a linear element with length
zero it can be proved that s is a null curve. Let s* be a tangent vector
of s satisfying the condition

Ssx = 0. (4.21)

Then the length of s* in the point considered is zero. Now the length
of a vector does not change under pseudo-parallel displacements, and
accordingly s* has length zero in every point of s. But the converse is
not true. A curve with zero length is not necessarily a geodesic.

5. Curvature of the V, and the 4,
We consider a sphere with radius I in ordinary space. In spherical
coordinates its linear element is

ds? = sin?0d¢?+d6°. (5.1)

Hence, if we write ¢! = ¢, £2 = 6, the components of the fundamental
tensor are
91 = sin®f, 912 =0, 9oz = 1,

(5.2)
g!! = sin~26, g2 =0, g% = 1,
and the I} are
I =0, I} = cot 4, 'L =0,
11 12 2 ( 5. 3)
I'?, = —sinfcos¥, Iy, =0, Iz = 0.
From this we get for the covariant differentiation
! = dv'4-v!cot §dO-+v° cot 0dg,
8v? = dv*—v'sinf cos0dg;
(5.4)

dw, = dw,—w, cot 0 df-w,sin 0 cos 0 de,
Sw, = dw,—w, cot 0 d¢.
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Consequently the necessary and sufficient conditions for the pseudo-
parallel displacement of v»* and w, arc

dv? = —v!cot §df—v? cot 6 d,

dv? = vlsinfcosd; (5.5)

dw, = w, cot 0 d0—w,sin 0 cos 0 d¢,

dw, = w, cot 0 dé.

2

Fia. 18.

On a meridian we have d¢ = 0 and accordingly the pseudo-parallel
displacement becomes
(@) dv! = —vlcotfde, (¢) dw, = w,cotdd,
() dv® =0, (d) dw,=0.
v! is the component in the direction of a parallel and v* the component
in the direction of a meridian. Hence by (5.6 (a)) a meridian is a geodesic
On a parallel we have df == 0 and accordingly the pseudo-parallel
displacement becomes
(@) dv! = —v*cotfdd, (¢) dw; = —w,sinfcosfddg,
(b) dv® = v’sinfcosfdg, (d) dw, = w,cotfds.

(5.6)

(5.7)
Hence a parallel is only a geodesic for 6 = #/2.
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If a vector v~ is given in the tangent at the point ¢ = 0, § = 6, of
the parallel 6§ = 0, we have v»* = 0 in that point. The length of this
vector is v?8inf,. If this vector now undergoes a pscudo-parallel dis-
placement of an amount d¢ along the parallel, the components of the
displaced vector in d¢, 6, are v?, v»'sinf,cos8,dé. The length of the
vector 0, v'sin 6§, cosd,d¢ perpendicular to the parallel is

v?sin 6, cos 0, dé.

Consequently the angle between the displaced vector and the parallel
is cos0,d$. A pseudo-parallel displacement turns all vectors through
the same angle, hence every vector in a point of the parallel § = 6,
turns through an angle cos 8,d¢ with respect to the parallel if it is dis-
placed pseudo-parallelly along the parallel through dé. If the vector is
displaced along the whole parallel till it returns to the starting-point
the total angle is 27 cos@, This implies that the angle between the
original position and the end position is 27(I—cos@,). This is exactly
the area of the segment of the sphere bounded by the parallel. It can be
proved that this is also true for every closed curve on a sphere with
radius 1.

If a vector is displaced parallel along a closed curve in a plane the
angle between the original position and the end position is always zero.
Hence the geometry on a sphere is not the same as the gecometry in
a plane. We shall see that this has something to do with the ‘curvature’
of the surface.

If we construct a cone which is tangent at the parallel § — 6, to the
sphere, this cone can be developed on a plane. Hence the gcometry on
a cone is the same as the geometry in a plane. An arc of a circle of
radius tanf, with length 27sin 6, (Fig. 19) corresponds to the parallel
0 = 6,. Hence, if a vector, tangent to the arc in one end point, is dis-
placed in this plane parallel along the arc to the other end point, the
angle between the displaced vector and the arc at this latter point is
2mcosf, This proves that the pseudo-parallel displacement on the
sphere along a parallel is just the same as the parallel displacement on
the cone which is tangent to the sphere in this parallel.

If an arbitrary curve is given on an arbitrary surface, the tangent
planes in the points of this curve envelop a developable surface. In this
developable surface we have an ordinary plane geometry, and it can
be proved that the pseudo-parallel displacement on the surface along
the curve is just the same as the parallel displacement on this develop-
able surface along the same curve. This property can be used for
the construction of the pseudo-parallel displacements on an arbitrary



Fra. 20

Fia. 21
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surface. Figs. 20 and 21 show the pseudo-parallel displacement on a

sphere, a hyperbolic paraboloid, and a surface of constant negative
curvature.

2msin8,
Fic. 19.

In order to investigate the behaviour of a vector in an 4, under
pseudo-parallel displacement along a closed curve we consider an in-
finitesimal parallelogram at a point 4. Let a vector ¢ in 4 be displaced
pseudo-parallel first from A via B to D and then from 4 via C to D.
The value of the displaced vector at B is

o< —dgrT X oA, (5.8)

dgr
1

A

Fia. 22,
Now this vector has to be displaced from B to D. But at B the values
of the parameters of the displacement are no longer I} but

T -+d8a, T (5.9)

5128 H
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Hence the displaced vector at D which has come via B is
v} —dgrT vl —(dép—Tif d&" df")(f"‘a-l-df" 9, o) (v* —dEéTIT, v*)
2 1 2

= or—dgrT, v"—dff‘ v“+d§”d§"(l‘v"p L —2, T4 Tg Tt

(5.10)
if all terms of third order are neglected. For the vector at D that has
been displaced via C' we find a similar expression that can be derived
from (5.10) by interchanging d¢* and d¢*. Hence the difference between

1 2

the two displaced vectors at D is
1115" dgr{20, T+ 2175 o Do, (5.11)

This expression must be a vector because it has a geometric meaning
independent of the choice of the coordinate system, viz. the difference
of two displaced vectors. This implies that the expression in curly
brackets in (5.11) is an affinor. This affinor
RV#A d—ef‘?afv MIA+2nleI (5.12)

is called the curvature affinor of the A,. The A, is an E, if and only if
R, .\ vanishes at every point.

R, 5 also occurs if the process of covariant differentiation is applied
twice in succession and if the result is alternated over the indices of
differentiation:

V[vvp]v = a[v( ]U ) v,u] ’D +P[’ISIA|
= q,9, Mk —}—3[,, y])\v +Ilv|)«| Mg +r;vl/\| l;tlp (5.13)
= {a, i+ I Dot = 4R, xed
In the same way we find
Vi, Vawy = — B, \w,, (5.14)
and for a general affinor, for instance, P*),:
V[VV}L]P Ap - Z‘RV’u? P Ap Z'RV[,LA P ,RV#P P .o (5.15)
For every upper (lower) index there is a term w1th a positive (negative)
sign.
For a scalar density q of weight 41 we get
V[p. V/\] q= a[p, V/\] q—I?p, VM q
= 0,00 9—0, Tyq—T,0na+T, Tua (5.16)
(3r,¢ P)J) q
= 21 )uc q’
and accordingly for a general affinor density of weight ¥, for instance

pUSY

ll

Vi VB = 4R, BOr— IR, \ "B, — R, P ). (5.17)
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For every upper (lower) index there is a term with a positive (negative)
sign and there is an additional term containing R,',,")'\" and a factor f.
The curvature aftinor satisfies a number of identities. The first identity

follows from the definition. The second identity

R — o_J (5.19)

follows immediately from (5.12).
In a V, we write K, ,,~ for the curvature affinor. For K,.\* we have
the third identity

er( o = 0. (5.20)

In fact
0= V(m Vy,] Txe — _'le"w,u.Apng_Zinprg/\p = _Kw;l.(Ax)' (5'21)
From the sccond and third identities the fourth identity follows:

K = Koy (5.22)

From the third identity we see that A,,,” = 0. Hence the displace-
ment in a V, is integrable for scalar densities. In fact a field g exists
whose covariant derivative vanishes.

The curvature affinor K, of a ¥, is alternating in vu and A« and
symmetric in the sets vyu and Ax. Hence this quantity plays the same
role for bivectors as a tensor does for vectors. It may be called a
birvector-tensor. A general bivector has fn(n —1) independent com-
ponents and consequently a general bivector tensor has

Iinm—D{#n(n— 141} = n*—n)n’—n+2)
independent components. But we have only used the first, third, and

fourth identity. It is easily shown that as a result of these three
identitics the second identity is equivalent to

Kiypra =0 (5.23)
n

and these are exactly ( ) equations. Hence the number of independent

4

componems of K, ), is
g(n-"—n)(n"—n+2)——(:) = Ln*(n*—1). (6.24)
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For n = 2 this number is equal to /, for n = 3 equal to 6, and for
n = 4 to 20.
There is another identity, containing the first derivatives of R, \~:

Viw B} e = 0. (5.25)

This identity is named after Bianchi although it was earlier found by
Ricei.t
To prove this identity for a certain point ¢, for («) we take a system
of normal coordinates belonging to that point (cf. V, §3). Then we
know that the I}, are zero in ¢* and consequently
Viw Bopn® = 80 Byt = 20,{8, TS+ T, T8 = 0. (5.26)

From R,.,*, by transvection over vk, we get the affinor of Ricci

R, E R, (5.27)
In a ¥, this affinor is a tensor, the Ricci tensor, and is written K,):

K, =K, (5.28)
A scalar can be derived from K,,. This is

K = K, (5.29)
*(—I_T) K is called the scalar curvature of the V,. For a sphere with
n(n—

radius one, K, has only one independent component (cf. (5.3))
Kiors = 292,40, TS 4T TS

= Goo{ —0, T71+ I} Ty — T .} (5.30)
= c0s°0—sin’0—sin 6 cos 6 cot § — —sin?4.
Hence K,, = sin%, K, =0, K,, — 1, (5.31)
and iK = JgK,\ = 1. (5.32)

Hence the scalar curvature of the sphere is /, as it should be.
From Bianchi’s identity (5.25) we get, by contraction over wx,

Va BV, Rich @V, Riso = 0, (5.33)
or Vo By @42V, R,y = 0. (5.34)
In a V,, this identity can be transvected with g, and this gives
VK-V, K = 0. (5.35)
Hence, if we introduce the tensor
G/\x =] K/\K"'%Kglm (5.36)

t Cf. for literature R.K. 1924. 1, p. 91. According to Okaya, 1925. 1, the identity
was originally found by Voss, 1880, 1.
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the identity (5.35) takes the form

V, Gy = 0. (5.37)

The tensor G), or rather the tensor density

6)0( = Q%G/\K (538)
plays a very important role in the theory of relativity. This is due to
the fact that G is the Lagrange derivative of —g+K as a function

of gre 992> and 0, 9 (cf. IV, § 6):
[¢:K]d - —@ . (5.39)
A direct proof of (5.39) is rather long, but Palatini gave a very short
and elegant proof by using a system of normal coordinates for (x),

which belonged to a definitely chosen point £<.+ Then we know that
the I}y vanish in ¢«. Consequently the 9,9 also vanish at £¢. But the

v
derivatives of I}y do not vanish in that point. If dg,, is the variation

of g, the variations of I}f, are not zero at £ because the normal system
0

v
is not a normal system for the new displacement. But the dIi are the

differences of the parameters of two different displacements and accord-
ingly are components of an affinor. Now we have

K = 29:Mo, Tia+ Tk D) (5.40)
and consequently, at £,

v 1 ¥ 1 v A 1 A v 3 1

d(g:K) = 2g:(dg*") o, Iia+-2gi g 8, AT\ + K dgi
L giK,\dgh\+ g0, g# AT, — 40, g} ALY + $ K gidlog g
L g K, \dgi -+ gi0, (g7 ALY, — gk T, — 19t Ko, dged

v v v
= g%Gw\dgM—kV“ g: (9" dTH, —grAdTy)), (5.41)
where the sign * can at last be dropped because the equation is now in
the invariant form.

Now if 7, is a region of ¥V, on whose boundary the variations of g,,,

"
OpIre and 8,8, gy, vanish, the dI must vanish there too and accord-
ingly we have, using the theorem of Stokes for the last term of (5.41),

d [ gKdgt..dgn — — [ stGdgy dgt...agr, (5.42)

t Cf. K1, 1935, 1, pp. 147 £., also for reforoncos to literature.



102 GEOMETRY OF MANIFOLDS [Chap. V

and this proves (5.39). If and only if @), vanishes does the variation
of the integral of g: K’ over =, vanish for every variation of g,, which
satisfies the boundary conditions.

The identity (IV.6.11) now takes the form

6™(9 Ire— OGP I0) — Ty 2 O — 4, 0,6 = 0 (5.43)
or ViGN = 0, M+ Ty, 6 = 0, (5.44)

in accordance with (5.37).

6. Curvature of a V, with a positive definite fundamental tensor

In an &, two bivectors can only differ by a scalar factor. Hence in
a ¥, the curvature affinor A, can only differ by a scalar factor from
giaguna: 1t follows immediately from (5.28) and (5.29) that this factor
is —K:
I(V;MK = _K!]M/\gu]xb ]";M TE I?IK.'/;M’ G;u\ = 0. (6.1)
If I is a bivector which has the unit area and /<*do the biveetor of
a V;-element with the area do, a vector »« after pseudo-parallel displace-
ment along the boundary of I*do shows the difference

dv¢ —= I"FK,',,;}"‘M do (6.2)
between the original position and the end position. Now taking ortho-

gonal local coordinates and »! = 1, »? = 0 in the original position, we
have I'? = — 2! = ] and K,,,, = —#K, and accordingly

dvt = 0, dv? = 1K do. (6.3)
Hence the vector is turned through the angle K do.

If v~ is displaced pseudo-parallel along the boundary of a region r,
we get the integral f #K do, that is the integral of the scalar curvature
over 7, for the angle hetween the original position and the end position.
In Figs. 20, 21 we sce that a displacement in the clockwise direction gives
a turn in the clockwise direction on a surface with positive curvature
and in the counter clockwise direction if the curvature is negative.

7. Anholonomic coordinate systemst

For an anholonomic system (&) (cf. TV, § 7) the equations (1.9) remain
valid:

4 = AMA TS — AR o, AL (h,i,j — 1,...,m), (7.1)
and from this it follows that we have (cf. 1V.7.8)
Lk == S —Qub (hy4,5 =: 1,...,m) (7.2)

1 Cf. K 1. 1935. 1, pp. 68, 94, also for references to literaturo.,
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instead of (1.22). Consequently in an A4, we get

I‘{}lﬂ = —-Qﬁh (h,'&.,j = l,...,n) (7.3)
and (cf. (1.26))
(@) Viywa = 8wyt Qjitw,
. h,i,j = 1,...,n). 7.4
) Vo =g upepe 0 ") 74)

From these equations the equations (IV.7.7) and (IV.7.9) can be derived
immediately.

According to (7.2) get we in V,
I = {3 — Qi+ 9" Qi+ 99!
{13 & 290, 9+ 2, 91— 01.950) (7.5)

(h,2,5,k,0 = 1,...,mn)
instead of (4.7).

If the anholonomic system consists at every point of n mutually

h
perpendicular unit vectors ¥, 1) kb, t = 1,..., n, we have {}}} = 0 and
1

I)’:. = —'Q,;'.;Zh_l_gjlghkg;l'\:l_*_gilghkSl;I;l (h: i’js k7l = l:--')n)' (7‘6)
From (7.5) we get
i = {3 — Qi+ 9™ Q-+ Qi
= {ji} = 4o;logg (6,4, k,1 = 1,...,n)

n V, (cf. (4.10, 11)). Hence (4.10) holds for anholonomic coordinate
systems also.

In 4, we get from (5.12) -
Rl.,nh = 2a[k PJ]’;+2III’L‘II Jll+2gk1 I11 (k’i’j’ k1= L..,n) (7.8)
for the curvature affinor in the anholonomic case.
Of course all equations which only contain quantities and signs V
are invariant under transformations into anholonomic coordinates. But
equations which contain I}}} or 9, do not generally have this invariance.

It is often convenient to use the sign & instead of = in equations that
are only valid in holonomic coordinates.

(7.7)

8. Integral formulae in ¥, and R, }
In a ¥, we apply (IV.4.15) for p = [/

[ ordf, = [V, ordf (8.1)

1 General referencos: Kroneckor 1894, 1; Burkhardt and Meyer 1900. 2; Wilson
1913. 1.
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(cf. V, § 1) to the special case when v# has the form

o= ggivrg, VR gy (8:2)
Then we get Green’s first identity for the V,
[ o°vep df, = [ ¢ (VupIVep di+ [ g'V,Vrpdf.  (8.3)

By interchanging ¢ and ¢ and subtracting we get Green’s second identity
for the V,

[ 8 @Vrp—yvEg)df, = [ @V, VHI—yV, VE)df.  (8.4)
Tn—1 Tn
¢ and ¢ have of course to be chosen in such a way that ¢V~p and
Ve satisfy the conditions of Ch. IV, § 4.

Now we consider an R, with a positive definite fundamental tensor
and introduce Cartesian coordinates z* (b = 1,..,n). If n > 2 we
choose ) so that

Y= n-—-l—za‘"“, a ¥ Hgi(@i—"zi)(@"—"2*)} (h,5 = 1,..,n) (8.5)
where ‘2P is a variable point. Then ¢ is a function of z* and ‘a* and
3{‘/} == -—-'3,-!/1 == ——a"”ai, '31- (-'l—i-f 3/3 ’xi, ai g xi_x'i = aaia,

v & ghig, 0,4 = 0. (8.6)
Hence, if 7,, does not contain the point ‘x* we get, from (8.4),

f w-”aidftj-?—béé f a-n+%ip df, = 'n—f——.—é J AV df. (8.7)
Tn—3 Tn—1 Tn

If however 7, contains the point ‘z* the integration on the right-hand

side of (8.7) cannot be effected directly because a-"+? - oo for z* — 'z,

Therefore we consider this integral as the limit of an integral over the

space 7,—e between 7,_, and a hypersphere e with a small radius R

around the point ‘z*. Then the left-hand side of (8.7) becomes

im [ (gt 4 g o)

— f (¢ R-n+lpi 4. 77_1:212-"%' aiqb) dfi} (¢ =1,.,n), (8.8)

where 7' is a unit vector and df; = n,dr,_;. Now

f nidf; = wR*! (i = 1,..,n), (8.9)

€
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with

.o
) ——— for n even,
det 2m™? (In)!
o et 2 (8.10)
n F(Zn) 25 ) pin-1) fo dd
S —- orn o
1.3....n—2 f

is the (n— I)-dimensional area of the hypersphere e. The last term in
the second integral of (8.8) vanishes for R > 0. Hence

wh = — ;i—z f a-rreyeg df-}-n-i—é f o291 dfy+ | anatdj,.

Tn Tn—1 Ta—1
(8.11)

In the integrals on the right-hand side of this equation the variables
are the a* and ¢ is considered as a function of the x*, but on the left-
hand side ¢ appears as a function of the "t*. (8.11) is Green’s theorem
for an R, with a positive definite fundamental tensor.

If in (8.11) we take the hypersphere ¢ = p for 7, it is possible that
the last two integrals in (8.11) vanish when p —co. In this case (8.11)
takes the form -~

1
—_ -n+2\72 8.12
wp =~y [amvpar, (8.12)
or ¢ = Pot V%4, (8.13)
where Pot is an integral operator defined by
1
Pot & — _— _ | ..a-n+2df, 8.14
© (n—2)wf @ df - ( )
n w

A function ¢ satisfying (8.12) is called a potential function. Sufficient
conditions are:}
(1) ¢ and its first and second derivatives are finite everywhere;

(2) the average value of ¢ on a sphere with radius p tends to zero
for p > 0;

(3) lim f P~V df = 0. (8.15)
A function is always a potential function if the first condition is satis-
fied and if the function is zero at all points outside some finite sphere.
A function f(«") is said to be harmonic in a region if its first and
second derivatives are finite and continuous, except on a finite number
of hypersurfaces where a finite discontinuity is allowed, and if VZf = 0

1 Cf. Kronoecker 1894. 1, p. 266 ; Jahnke and Emde, 1933. 3, p. 87f.
1 Cf. Kronocker 1894. 1, p. 309; necessary and sufficient conditions on p. 307.
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in that region. If we put ¢y = I in (8.4) it follows that for every function
¢ which is harmonic in =,

f oip df; = 0. (8.16)

Now, if for 7,_, we take the hypersphere @ = p, it follows from (8.11)
and (8.16) that

wd = [ p=n1ignldf,, (8.17)
n Tn. 1
or wp1¢p = j $nidy,, (8.18)
n
T

and this equation expresses the fact that the value of ¢ at ‘a® is the
mean of its values on any sphere with centre at ‘+”, provided that ¢
is harmonic at all points inside the sphere and on its boundary.
¢ at an inner point of 7, can be expressed in terms of the values of
V24 in 7, and the values of ¢ and 7%9;¢ on 7,_, by means of (8.11). But
obviously we have given too much here. If we take ¢ = ¢ in (8.3) in
R, we get
[ $no. g dr,_, = f (9, $)(014) df + f PVBdf.  (8.19)
Tn—1
Hence, if V*¢ = 0 in 7, and if cither ¢ or n#9,¢ vanish on 7,_,, the
first integral on the right-hand side must vanish, and, since g, is
positive definite, this is only possib]e if ¢ is constant in 7,. Now let

2 1 2
qS and ¢ be two fields such that V? ¢ V¢ in 7, and either ¢ =¢ on

Tp_; OF NP0 q’> nko </> on 7,_;. Then it follows that d) ¢>+consta.nt
in 7,. Note that thxs holds not only in an R, but also in a ¥, provided
that g), is positive definite.

As an example in R; we consider the flow of heat in an isotropic
medium. If 7' is the temperature, ¢!7 is proportional to the heat
current vector density and V7' is proportional to the heat input per
unit volume and per unit time. Now it is well known for the steady
case that 7' is determined in 7, if 7' is given on 7, and V?7 is given in
7; and that 7' is determined to within a constant if #%9; T is given onr,
and V°T is given in r,. These two cases are known as the first and
second boundary value problems (Randwertproblem). There is a third
boundary value problem where hn‘o;, T+ T is given on 7, and V*T in 7,
h being a given positive constant.

The first boundary value problem can be solved in R, by taking the
function ¢ in (8.4) in such a way that it is harmonic in 7, and takes



§ 8] INTEGRAL FORMULAE IN V, AND R, 107

the value _L a~"+ on ,_,. Then (8.4) takes the form
n—2

f (¢»o'¢-— g o) i + f Wpdf =0,  (8.20)

and from this cquation and (8.11) it follows that

wh = (¢-— e vt f 2 (- e,
(8.21)
exprcssing o;b in ‘2% in terms of V*¢ and ¢ over 7, and ¢ and 29, over

o1 x/;—;'—i-ga 42 is called a Green's function. So the first problem

is reduced to the problem of the construction of a Gireen’s function.
(ireen’s functions can also be constructed for the other boundary value
problems of this kind.

If (8.11) is applied to all orthogonal components of any quantity
Phe-lo; 4 (suppreqsing the indices of P), we get
ol = ._n_l_ anievep gL J a9 P df; -+ f a-nPal d.
" ™ T T (8.22
If we take a p-vector w; ;, p =1 for P, we get according to (IV,
Ex. 1)

W == — _1_2 a—"+(Div Rot-}Rot Div)wdf +
n

n—=2

-
+ -5 f a~"+2olw df ;4 j a"watdf;, (8.23)
Tn 1 Tn—a
where the indices i,...7,, are suppressed.
If the components w;,_; are potential functions (8.23) takes the form

(cf. (8.13)) w == Pot Div Rot w+Pot Rot Divw. (8.24)
If w;, ;, and its first derivatives are finite everywhere and if w; ; is
zero in all points outside some finite sphere it can be proved that, besides
(8.24), there is an identity
= Div Pot Rot w - Rot Pot Div w. (8.25)
The conditions arc suﬁlcmnt but not necessary. We use (8.25) toderivean
integral expression for a field wy,. 1, which only satisfies the condition that
its first derivatives in 7, and on 7, _, are finite. By cutting off the part
of the field outside 7,_, we get a field which is discontinuous on 7,_,.
But the continuity can be restored by introducing a small layer of
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thickness 4 over ,_,, in which the field changes uniformly from the

inside value to zero. Let 2* = 0 be chosen in a point of ,_,, w;, ; be

the field value in that point and #* be chosen in the direction perpen-
1

dicular to 7,_, from inside to outside. Then the field value on the
zl-axis between 2! = 0 and 2! = h is

1
w, . = w, T w, (8.26)

Trndp ”1,...1',_ I 01,...:’,,

and the field value vanishes for 2! > h. Now if A is small enough the
changes of w;, ; in directions perpendicular to :* can be neglected, and
1

consequently the values of Div w and Rot u on the x! axis are

(a) ai‘wi,...i = “'Zii'wi )
» hl 0 1olp
; (8.27)
®) (p+1)o, ws, .40 = —ﬁ(P‘I’])liw, Wil

Now for the df of the layer we have to take df = hn‘df,. Hence, by
applying (8.25) to the field with the layer and proceeding to the limit
h — 0, we get the identity

—(n—2)wwy, ;, = Div [ a=*+*Rotw dj+Rot [ a-"+*Divw df—

Tn

—oh [ am(ptIwy, 4, A=, [ a-wyy, o df, (8.28)
Tn—1 Tn—1
expressing w in "z* in terms of Divw and Rotw in T, and wy, g Ny,
and niwy, ;. onT,_;.

The identity (8.11) that has been derived here by means of Green'’s
identities could also have been obtained in the same way as (8.28).
Then we should have had to start from the equation (8.12) that had to
be proved first, but only for fields with finite values of field and first
and second derivatives and field values zero in all points at the outside
of some finite sphere. After cutting off the field outside =,_, finiteness
of the first derivative could be restored by introducing one layer, and
after that the second derivatives could be made finite by two other
layers at the inside and at the outside of the first one (a so-called double
layer). After this the process (8.12) could be applied. The second term to
the right of (8.11) then comes from the first layer, and in fact it has the
same form as the correcting terms in (8.28). The third term to the right
is due to the double layer.
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EXERCISES
V.1. Prove that in ¥,

Viwa,.a = VEVawy,.a, = VEP 1)V w,, a0+000 VEwp,. a0t
+EKp, Wi, .2 50— DER AW, (1)

for p > 1 and that the last term on tho right-hand side disappears for p = 7.
V.2. For every vector ficld w, in a V, with vanishing &, we have

Viw == Div Rot w4 Grad Div w. (2a)
V.3. @), vanishes for n = 2.
V.4. A Woyl displacement is defined by
Vadae = —Quro S = 0. (4a)
Prove that i = 10,8+inQ,. (48)
V.5. Prove that for a Weyl displacement,

'Vn ,gAK == = ,Qu Ig/\K
if ‘U = a0 Qi =T Qu—0d)logo. (58
V.6. If T, and ‘T%, are the parameters of two linear displacements, the
differences ‘I{,—I', aro components of an affinor.
V.7. If a V, suffers a conformal transformation, i.e. if g,, is replaced by ogy.
K, ¢ transforms as follows:
Ky = Kyid*+9u1a 8,009
where L 4 2V, 8)—38,8)+18,8°,.s (7B)
det
8, = d,logo.
V.8. Prove that, for an anholonomic coordinate system (h)
j00p = —Qhopp, (8a)

d(dé — Q) (dEY(dE). - (88)
12 n 2 1
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SUMMARY

OF CHAPTERS I-V

Principles of the kernel-index method

To every coordinate system there belongs a set of running indices and
a corresponding set of fived indices. These running and fixed indices
are used for this coordinate system only. Every geometric object has
its own kernel letter. If the coordinates are transformed the running
and fixed indices change but the kernel letters remain unchanged. If
an object is transformed the kernel letter changes but the running and
fixed indices remain the same. We agree to use italic fixed indices with
Greek running indices, e.g. k, A = 1,...,n and vertical fixed indices with
Roman running ones, e.g. &, = 1,...,n.

In this book we always use

K, A, i, v, p, o, 7 and sometimes w . - . .
28 ¥y Py 0 for curvilinear coordinates in

= L, .
St r T4 X, and B, and rectilinear co-
K, N, ', v, p', o', 7" and sometimes w . .
\ , |ordinates in R,.
=1,.,n
h,4,5, k1 =1,.,n (for anholonomic coordinates in X, and

B, 5k, =1,..,n" |Cartesian coordinates in E,.
Other sets of running indices are, for instance, @, b, ¢, d, ¢; z, ¥, 2, 4, v;
0B,y 8 €m0, ;a b, ¢, 0, e and so on. A special set of fixed
indices has to be chosen to go with each set of running indices.
For kernel letters we prefer:
Latin letters for scalars and aftinors,
Gothic letters for densities and A-densities,
Capital Greek letters for more general geometric objects,
¢ for the coordinates in X,
a for rectilinear coordinates in E,,
but we do not keep strictly to these rules. In physics there are often
other considerations which govern the choice of a kernel.
A coordinate system is denoted by one of its running indices in round
brackets, for instance («).
Components of a quantity with indices belonging to different coordi-
nate systems are called intermediate (1I, § 3). Quantities with indices
belonging to different spaces are called connecting quantities (LL, § 3).

Manifolds
An X, is an n-dimensional manifold with coordinates ¢« and the
convertible transformations

& = £ (Iv.L1)
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with functions that are analytic in the region considered or that have,
in this region, a certain number of continuous derivatives. The coordi-
nates are called curvilinear. To each coordinate system in X » there

. n
belong n sets of co*~! coordinate-X,’s (curves), ( 9

nate-X,’s (surfaces), ..., and n sets of w! coordinate-X, _,’s (hyper-
surfaces).

An E, is an X, in which certain coordinate systems are preferred
which transform into each other by the invertible transformations of
the linear group G,

K’ = AXxx+ax’; AX and ax’ constants. (I.1.1a,b)
These coordinates are called rectilinear. Curvilinear coordinates, how-
ever, can be used also. To each system of rectilinear coordinates in

) sets of co™~? coordi-

E,, there belong n sets of 00 -1 coordinate-E,’s (straight lines), (g) sets

of co™* coordinate-E,’s (planes),..., and » sets of 0! coordinate-E,_,’s
(hyperplanes).

A cenired B, is an E, with a fixed origin. Its group is the group G,

of all invertible linear homogeneous transformations
' = A¥xx; AX constants.

A7V, is an X, with a real fundamental tensor g,,, Det(g,,) # 0. In
a ¥, we only consider real coordinate transformations.

In a ¥, orthogonal curvilinear coordinate systems exist always for
n < 3 and in special cases also for n > 3 (V, § 4).

An R, is an K, with a rcal fundamental tensor with constant com-
ponents with respect to rectilinear coordinates. In an R, orthogonal
rectilinear coordinate systems exist. They are called Cartesian. Curvi-
linear and general rectilinear coordinates can, however, be used also.

An oriented E, is an F, with a fixed screw-sense. Every coordinate
system fixes a screw-sense by the order of the coordinates.

Because of the linear transformation of the d¢«

dé< = A déx,  Ax o g, 9 X 52; (Iv.2.2)
to every point of an X, there belongs a centred E,, the local E, of that
point. In a V, the local K, is a centred R,.

Flat sub-spaces in an E, (I, § 3)

n—p independent linear equations in rectilinear coordinates define
a proper E, if they have finite solutions and an improper E, (or K, at
infinity) if this is not so. Animproper E, is also called a (p+ 1)-direction.
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An E, and an E, in E, either intersect in an K, or they have no E,
in common (s = —I). E; is called the section of E, and E,. The join
of B, and E, is the E; with smallest dimension containing E, and E,.
The relations between p, q, s, and ¢ are

—I<s<p, pHg—n<s<y
t = p+q—s.
If a proper E, and an (n—p)-direction, that has no direction in
common with E,, are given in ¥,, the following processes are possible:

(1) Section of a figure with H,,;
(2) Reduction of a figure with respect to the (n—p)-direction;
(3) Projection of a figure on the K, in the (n—p)-direction.

An E, in E, can have an inner orientation, i.e. a p-dimensional screw-
sense n it and an oufer orientation, i.e. an (n—p)-dimensional screw-
sense around it.

Numbers necessary to fix

an Ep in En. (P+1)(n—P)
an E, through a given B, in B, (p—q)(n—p)
an E, through O in a centred E, p(n—p).

p linear independent contravariant (covariant) vectors are said to
span a contravariant (covariant) domain consisting of all vectors linearly
dependent on them. They fix a p-direction ((n—p)-direction) called the
support of the domain, which is said to be spanned by the p vectors.
p is called the dimension of the domain.

Geometric objects

Geometric objects are distinguished by the law of transformation of
their components with coordinate transformations. If the new com-
ponents are linear homogeneous in the old components, homogeneous
algebraical in the 45" and do not depend on the derivatives of the AY,
the object is called a geometric quantity (II, § 1; IV, § 2). A quantity
in a point of an X, may always be considered as a quantity in the local
E,, of this point (IV, § 2).

Transformation of an affinor of valence p+q, contravariant valence p,
and covariant valence q:

Pty x, = AfieA g Py . (I1.3.1)

An affinor is a scalar if its valence is 0, a vector if its valence is 1, contra-
variant (covariant) if it has only upper (lower) indices, and mixed in all
other cases.
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An affinor A-density (density) of weight ¥ acquires an extra factor
At (JAF) (IL § 8).

A W-affinor acquires an extra factor A/|A| (II, § 8).

Apart from a few exceptions upper and lower indices are never
written in the same vertical line.

Algebraic processes for quantities (I1, § 4):

Addition: Py +Quxn = By«
e A . prA
Multiplication: P Qe —= B
Transvection: PR Q. = R,
Building of an isomer: P, = QM.

Mising: Py L (Pt Pyt Bt Port Prut Bon).
A tensor is symmetric in all indices:
Py = B
Alternation: By, = glj,(Pm\# + Pt Booa—Pepr—Pr— Puri)-

A maultivector is alternating in all indices:

F, kdp = Lledul
Mixed product of p vectors: vKe-kp = gk k),
1 p
Alternating product of p vectors:

v¥eKp == plis ],
1

A multivector is called simple if it is the alternating product of vectors.
Necessary and sufficient conditions are

lkskppAiddy — () (II.6.6)
and also vikikppAihiddp — (), (I1.6.7)

Strangling of an index by transvection with a measuring vector:
Pr = Por, o per
Running indices which do not transform with coordinate transforma-
tions are called dead. They are written right over or right under the
central letter or marked in their own place by round brackets. Dead
indices belong to the kernel. The other indices, called living, are always
written to the right of the central letter.

If all indices of an affinor are strangled except, for example, the

index «, and if there are exactly r linearly independent vectors among
5128 1

-
»
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those that come from this process, r is called the «-rank of the quantity.
These vectors span the x-domain. The support of the k-domain is an
E, (E,_,) if « is an upper (lower) index.

Quantities of valence 2 (II, § 9, 10, 11, 12)
To every quantity of valence 2 there always belongs a matrix. We
agree that the first index numbers the columns and the second the rows
and that if the two indices are vertically one above the other, the upper
index is considered as to be the first. A matrix has rank r if it contains
non-zero sub-determinants with » rows but none with r4-7 rows. The
rank of an affinor of valence 2 is equal to the rank of its matrix. The
rank of P, is r if and only if
# 0 fors =r

L0
= (0 fors >r. (IT.9.3)

8! P['_“[A‘...P'f'll\‘] {

The components of the quantity on the left-hand side are the s-rowed
sub-determinants of the matrix of P¥) and we have

Det(P*)) = n! P, .PM = n! PU . . PY, = n!Py,..P",

(11.9.1)

A bivector, e.g. v*3, has the rank r (always even) if and only if
# 0for 2p =r .

[Kakcs K2p—1K3p] (
vikiks, | yKzp—iKap { — Ofor2p >r (I1.9.6)
and for r = n we have

Ay — nl e gneam |’ 5
. Det(v*4) { 2%11(2,”)!0 W . (11.9.5)

If the rank is n there is an inverse. The inverse of P¥,, for example,

is written Pl’f A For every value of « and A, the element PI'_‘ a is equal
to the minor of the element P2, divided by Det(P%)) (II, § 3). The
same holds mutatis mutandis for all quantities of valence 2 and their
madtrices.

If r is the rank of a real tensor (symmetric affinor) of valence 2 there
is always a real coordinate system with respect to which the matrix
takes the normal form consisting of s elements —1 and r—s elements
+1 in the main diagonal and all other elements zero. The signature
———...4+++... is called even (odd) if the index s is even (odd).
Signature and index are invariant for real coordinate transformations
(11, § 10).

If r is the rank of a real bivector there is always a real coordinate
system with respect to which the matrix takes the normal form with
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Jr matrices _9) along the main diagonal and all other elements zero
(IL, § 10).

If T\ v* = ov< (I1.14.1)
v* is called an eigenvector of 7%, and o an eigenvalue. The eigenvalues
are the roots of the equation

Det(Ty—oAf) = 0, (I1.14.2)
or Det(T,y—0g,2) —= 0 (IL.14.4)

if there is a fundamental tensor. If g, is definite and T, real and sym-
metric the eigenvalues are always real. In this case there is always a real
(‘artesian coordinate system (k) such that (theorem of principal axes)

Ty=-0 (§#1; 6,j=1,.,n). (11.14.7)
If f,) is & real bivector of rank r and g, definite it is always possible
to decompose f,) into Jr mutually perpendicular real blades (theorem

of principal blades) (11, § 14.)

Special quantities

A5, Exxn and €),..), exist @ priori in X, (II, § 8)

X sk
AT Px

Grn =41, &= +1 (I1.8.3)
@w-xn and €, _,, establish one-to-one correspondences between alternat-
ing quantities, expressed in the simplest way by the equations

nl‘-t---}l.p = ("‘ 1)“?1,‘!’7  drebin,

ﬁ”"”’xmﬂ" = (ﬁl)ﬁyw’u...llp’ (TT.S, 6’ 14)

Opspty = (—1)sttp+stim,

WHp+1tin — (——1)8){(")’“”. o
Ky---itn = €ven permutation of 1...n, where o, B, v,, 8, can be taken
zero if we do not wish to introduce sub-groups of G, and to identify
quantities by means of the invariant quantities.
The most frequently used sub-groups of G, and the invariant

quantities belonging to them are (I, § 2; III, §§ 1-4)
G, (homogeneous): the origin a* = 0;
G, (equivoluminar, A — 4-7): the origin; a unit volume (density) q:

olx] = +1;
G, (special affine, A = 4-1): the origin; q and a screw-sense (-

(x)
scalar) @; @[x] = +1; Ex-*n, ¢y ... ;
(x)
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G, (orthogonal, A = 4-1): the origin; a fundamental tensor
Ire 85
G,, (rotational, A = 4 1): the origin; g,,; a screw-sense &;

g; i; IK""Kn; i/\,...k,.'

By means of these invariants, quantities, different by G,, can be identi-
fied (I1I, §§ 1-4). When n = 2v+41 there remain from the 4n-2
different quantities:

contr. vector contr. n-vector
scalar
cov. vector cov. n-vector
contr. W-vector contr. W-n-vector
W -scalar .
cov. W-vector cov. W-n-vector
exactly 2n for G,:
Scalar contr. vector contr. v-vector each with 2 dif-
cov. vector cov. v-vector .
ferent geometric
contr. W-vector contr. W-v-vector .
W-scalar ... representations
cov. W-vector cov. W-v-vector
n+1 for G .:
Scalar vector v-vector } each with 4 different geo-
W-scalar | W-vector =~~~ W-v-vector | metric representations,
and v+1 for G,:
Scalar { vector ... v-vector } each.mth 8 d1ﬁ'ere.nt geo-
metric representations

For n» = 2v we can only introduce identifications down to G, if
imaginary components are to be avoided. So we have for n = 4:
Group G,:

Scalar contr. vector contr. 4£-vector
cov. vector cov. 4-vector
W-scalar contr. W-vector contr. W-4-vector
cov. W-vector cov. W-4-vector
Group G,,:
each with 2
Scalar | contr. vector ... contr. 4-vector | differentgeo-
W-scalar | cov. vector ... cov.4-vector | metric inter-
pretations
Group G.:
Scalar {vector 4-vector} ea,ch.wi.th 4 diﬁere.nt geo-
W-scalar metric interpretations.
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For n = 3 we have only scalars and vectors for the group @,,. This is
the point of view of ordinary vector analysis. For the theory of elasticity
(Ch. VI11) it is best not to go farther than ¢,. Then we have scalars,
W-scalars (pseudo-sealars), vectors, and W-vectors (pseudo-vectors).
The fundamental tensor g,, (11, § 12):
Components with respect to Cartesian coordinates
gn=—1, .., s = —1, Forsn = +1, ., Jon = +1;
gt =—1, .. ¢=—1 g5l = 41 ., ¢g"= -1
(I1.12.7)
Length of vector v*:

[W(Gre VA%)| == |\(= ool — ... o). (11.12.3, 15)
Null vector = vector of length zecro.

Null cone in R,:

Irehee = 0, —alel— .. a2 = 0. (1[.12.4.16)
+ region: ] Tre 22X Z 0.
Unit hypersphere:

DreT2* = 41, —xlel—... 4af® = 1.

Angle between two vectors in the same region:

F g uhex . .
— . A . . in the F region. I1.12.8
@, W) gy 57} T reglon. (IL12.8)

Co- and contravariant orthogonal components:

cosg =

a_ [~ (b =1,..,8) 12.14
Y {+z*h (h == s+1,...,n). (1L.12.14)
Concomitants of g,, are
9["] = IDet(g/\x)l’ i= l\/gl: (11'12°203 22)
and if a screw-sense is given by a coordinate system (h)
. @) 1 =n
Tresin = qplalio, gl gy 5= nlif .. (I1.12.17)
(h) 1 n

Matrix calculus is an autonomous discipline which is not necessarily
connected wivh covariant, contravariant, or mixed quantities of valence
2. But if we apply matrix calculus to these quantities in an E,, we have
to distinguish the matrices of these three kinds of quantities. If only
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mixed affinors and vectors are used we have the translation table (cf.

1L.313) PQ =R P, Q) = BTy
"= Po & = PRy}
‘w=wkP "wy = w, P,

P Py = Py

QP =R QirPx == Ry,

This calculus is very efficient in an R, with a positive definite funda-
mental tensor because here there is no difference between co- and
contravariant orthogonal components. Butif co- and contravariant affi-
nors of valence 2 also occur in an E,, we have the additional translation
table (cf. IT, § 13)

£ f fr\, frd = fe

h, h Pye }a,\K = fop
hv = vh hy v< = v"llbk;\
wf = fw wy f3 = frdy,

If this calculus is used the co- or contravariant character of all quanti-
ties must be memorized.

Invariant differential operators in X,
1. The natural derivatives (IV, § 3):
* Dp=Gradp: 0,p
Dp = Gradp: 0,
(@+1)Dw == Rotw:  (g4-1)3, wy,.ag
(@+ 1) D% = Rot®:  (q+1)o, ®),.2,

M . 2 K2eenK,
e e
Rot Gradp = 0; Rot Gradp = 0,
Rot Rotw = 0; Rot Rot @ = 0,
Div Divw == 0; DivDivéd = 0.

The operator div in div# in ordinary vector analysis corresponds to
the operator Div (Rot) if ¥ is considered as a contravariant vector
density (covariant bivector). The operator rot in rot# in ordinary
vector analysis corresponds for odd (even) signature to the operator
FRot (--Div) if 7 is considered as a covariant vector (contravariant
bivector density).
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If the rotation of a covariant g-vector (W-g-vector) vanishes in some
region of X, there is always a region where the g-vector (W-g-vector)
for g == I can be expressed as the gradient of a scalar (W-scalar) and
for ¢ > 1 as the rotation of a covariant (¢— I)-vector (W-(q— I)-vector).
This theorem can also be expressed in terms of contravariant multi-
vector densities (A-densities) of weight -1 (IV, § 4).

2. Stokes’s theorem (IV, § 4):

f Ap V). 23 Ay = f A g, (Iv.4.1)

Tg+: Tq

There are 9 other forms of this theorem. In an X, the most important
formulae of this kind are

f O Van dfte = f% df, (Iv.4.21)
f o, otdf = f vedf,, (IV.4.27)

f D ondfrr = f vpdf?, (IV .4.29)
2 f 9, oM dfy = f vMdf),, (IV.4.35)

each of which occurs in four other forms also.

3. The Lie derivative with respect to a field v< (IV, § 5):

DR, = o), AP, 0,00 BN 00—

— B, 0, 1P 9,00, (IV.5.22)
The Lie derivatives of v*, 4%, €<, and e, _,, are zero. If a field is
dragged along over v*dt the increase of the field at the fixed point &~
is equal to the negative Lie differential at this point.

A field is called absolutely invariant with respect to the field v~ if its
Lie derivative with respect to v* vanishes. Its field value does not
change if it is dragged along by any one of the point transformations
of the group generated by the infinitesimal point transformation v~ dt.
Its components in ¢ with respect to (k) are equal to the components
of the field dragged along over v*dt in %o~ dt with respect to («'), if
(«") arises from («) by dragging along over v dt.

A field that is absolutely invariant with respect to ov* for every
scalar field o is called absolutely invariant with respect to the streamlines
of v¢. Tt is invariant for all point transformations which leave the
streamlines of »¥ invariant. The additional condition for this stronger
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invariance for a covariant p-vector w,_», or a p-vector density of weight

+1is Wy, = 0, (IV.5.23)
wikr-kppkl = (), (IV.5.24)

4. The Lagrange derivative (I1V, § 6)

If®, (A = 1,...,N) are N functions of ¢« and if @ is a function of the
®, and their derivatives ®, = 9,®, ®,, = 9,0,D,... (indices A sup-
pressed) with respect to the £ up to a certain order, the expression

. 0’8
[2] = %—3“6()-7“—}—3,3“5@—”‘ T e (IV.6.5)

is called the Lagrange derivative of €. If ® is subject to a variation d®
such that the variation of @ and all its derivatives occurring in £ vanish
at the boundary of =, for this derivative the following equation holds

d [pag..dgn = [ [2]dbag!..dgn. (IV.6.6)

If @, is an affinor with the valences p, ¢ and if £ is a scalar A-density
of weight + 1, [€] is an affinor A-density of weight + 1 with the valences
7 P

In this case there is a relation between the @,, [£], and their first
derivatives. If @, is the affinor P, this identity has the form

[8]™(8, Pa—23 Py— 8, Pop) — B 0)[81 — P, 0, [ 8] =
. (IV.6.11)

If the field @, is subjected to a variation o » such that the variation
of the ®, and all their derivatives which occur in € vanish at the
boundary ,_; of a region 7, of X,, and if [€] is zero in that region,
we have

d[gag..dgn =0,
Anholonomic coordinates (IV, § 7)

h
If an arbitrary set of measuring vectors e, e (k,7 = 1,...,n) is intro-
i

duced in every local E, in a region of X, and if g, g,\] does not vanish
for every value of A, there is no ordinary coordinate system with these
measuring vectors in this region. In this case the system of all these
measuring vectors is called the anholonomic coordinate system (k) in
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the region considered. The necessary and sufficient condition is that
the components of the object of anholonomity with respect to (h)
i A
Qi — Anrg, A%, AR e,\%", Ax &t eec (IV.7.8)
do not all vanish. Instead of dé* we must now write
(dE) &£ AR g (IV.7.4)

because there are no variables £*.

Equations with respect to anholonomic coordinates nearly always
contain correction terms with Q;;%, for instance

Ao wy = 8w+ QP w,, 8% Ao, av.n.m
A-Ta, 0t = 9,094 2Q; 107, A = Det(A4%); weight -+1.
(1V.7.9)

Manifolds with a given linear displacement (Ch. V)

A linear displacement or pseudo-parallelism in X, is given by a geo-
metric object 1)}, with the transformation

o ’ A A ’
— ‘nA ' A
== Aﬁl‘t‘;A' PJ,\'}"AZ 3F:AX.

l"l‘ def 1‘}/\ is a geometric object with the transformation

(V.1.9)

L= AlT,—A4}0, AY = ALT,—a,logA. (V.1.13)
The covariant derivative and the covariant differentigl of a quantity, for
instance P~ of weight t, are
Vp. %K)\ . ap. “B'.‘/H‘ F[fv “.BVA—_ F}Lv/\ %Kv—tmkh Fp’
0Py = APIN+ L B adEr— T, B, dér—R<) T, dén.
(V.1.18)

There is a term with a positive (negative) sign for every upper (lower)
index and an extra term, containing I, and a factor ¥.

If a quantity is displaced in such a way that its covariant differential
vanishes the displacement is called pseudo-parallel.

An X, with a linear displacement is called L,. If the affinor

S E Ly (V.1.22)
is zero the displacement is said to be symmetric and the X, is called 4.

In an 4, infinitesimal parallelograms are possible in all 2-directions.
The natural derivatives and the Lie derivative can be written in an
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4, with VM instead of s for instance

V.p = 9,p,
V[p. wy = a[p. W), (V.1.26 a)
Vuo# = 9,0 (weight -|-1), (V.1.26 b)

DBy = viV, PO+P, Varr—PBOV, v+ IP1 V, v
L (V.1.27)

A curve in L, is a geodesic if its tangent vector remains tangent under
pseudo-parallel displacements along the curve. On every geodesic there
exists a natural parameter ¢, determined to within affine transformations
with constant coefficients, such that the equation of the geodesic takes

the form §dge  dege | . dérdgh
dtdt  dft "Mt dt
In an 4, the coordinates can be chosen in such a way that the I}
vanish in some given point £+. Certain coordinates of this kind are
called normal coordinates with respect to £<. Normal coordinates can also
be defined with respect to a given curve and in special cases also with
respect to a given X, in 4, (V, § 3).
A7, is an 4, because the equation V, g,, = 0 fixes a symmetric dis-
placement

—0. (V.2.8)

P}l’.‘A = {ux)\} = ?ngp(ap, y/\p"l'ahg,u,p_apgy))' (V'4'7)

{3} is the Christoffel symbol. For this displacement the following equa-
tion holds: P;Z‘A = igh 2,90, = 49, logg, (V.4.8, 10)
V.g=10. (V.4.11)

The geodesics in a ¥, are not only the straightest curves but also the
longest or shortest ones. The length s is a natural parameter and
accordingly the equation of the geodesic is

d&x
7‘{; =0. (V.4.20)
The curvature affinor of an A, is
Byix % 20, Ty 42151, Ty (V.5.12)
The following identities hold:
Vi, Vo = R, 5 0%, (V.5.13)
Vi, Vawy = —3 R, 3 w,, (V.5.14)

For every upper (lower) index there is a term with a positive (negative)
sign and there is an extra term, containing R,),* and a factor .
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In a ¥, we write K, )< instead of B, ). K,,\* has ;,n°(n°—1) inde-
pendent components. Identities for the curvature affinor are

I Ryup*—0. (V.5.18)
Il. Ry~ = 0 can be replaced in ¥, by Kyuaa=-0. (V.5.19,23)
. K,p0—0. (V.5.20)
1v. Kvp.)uc = kavp' (V.5.22)
Bianchi’s identity: Viw By == 0. (V.5.25)
If
Rp.X = R;(;.:,}‘K’ I"p.)& = K:q‘:,ix: G,M = Kp)«"'?l]\’gp.)u K = gIMK[.M
we have Y, R)30+2V, By == 0, (V.5.34)
V.G = 0. (V.5.37)

The tensor density of weight {1
@KA 9=ef g% GKA
is the Lagrange derivative of —g? K as a function of g, and its deriva-
tives up to the second order

—[g:KT* = G\ (V.5.39)

For anholonomic coordinates (k) in L, we have
T = Ak I‘ —Ar o, A%, (V.7.1)
== S; "—Q,, , (V.7.2)
and in A, Iy = —Q, (V.7.3)
Viywy = 9 wy-+Qjlwy, (V.7.4a)
V0l - - 2,09 4-2Q507, ° (V.7.4b)
Ryt — 20, O+ 200y Tiki--2Q); T (V.1.8)

In ¥, we have

Ot = (M} —Q -0, 9" Qi g g™ Qi (V.7.5)
i == (i} = 19;l0gg, (V.7.7)

and in the special case when the anholonomic system consists ot
mutually perpendicular unit vectors at every point
I = — Qg 9" Qul+ga 9" Q31 (V.7.6)
T = 0.
Integral formulae in ¥, and R, (V, § 8)

Green’s first identity for V,

[ 8¢V i, fo( BV i+ [ g4V, Vepdf. (V.8.3)

Tn-
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Green’s second identity for V,

[ 8t @VEb—gVrp) df, = [ @Y, ViV, Vi) df.  (V.8.4)

Tn -2

In an R, with a positive definite fundamental tensor we have

wp= 1 j anewp i L [ame o aty f a-natdf;.

(V.8.11)

On the right-hand side ¢ is considered as a function of the z*, on the

left-hand side ¢ appears as a function of the ‘2" and a is the length of

the vectora* = z*— 2%, w is the (n— I)-dimensional area of a sphere with
n

radius R divided by R*-! (V.8.10).

¢ is a potential function if (conditions only sufficient):

(1) ¢ and its first and second derivatives are finite everywhere;

(2) the average value of ¢ on a sphere with radius p tends to zero

for p - o0;
3) lim j p-+2VES dff = 0. (V.8.15)
p—>oo

The conditions (2) and (3) are always satisfied if (1) holds and if the
function is zero in all points outside some finite sphere. For a potential

function we have é = Pot VZ4, (V.8.13)
where Pot is the integral operator
def -Z n+2
= e— e - - LaTt Ay, .8.14
Pot (n—2)w f “ o v )

n o

For a harmonic function ¢, i.e. a function with finite first and second
derivatives satifying certain conditions of continuity and V¢ -= 0, we

have
wpn-ig = [ gnidf, (V.8.18)

Tn—-1

expressing the fact that the value of ¢ at "z is the mean of its values
on any sphere with centre at ‘2* and radius p.
The first boundary value problem is solved by the equation

wh= [ (b= Lyamr)vsars j gt (o L yamne)
™ (V.8.21)
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expressing ¢ in ‘2% in terms of V¢ and ¢ over 7, and %9,y over 7, _,.

. 1 . . . -
Green’s function x/;—--——z- a~"*? ig a function that is harmonic in 7,

and takes the value zero on 7,_,.
If the components of the p-vector w;, ,, are potential functions, we

have w — Pot Div Rob w-+Pot Rot Div w. (V.8.24)

If w;, ;, and its first derivatives are finite everywhere and if w; ; is
zero in all points outside some finite sphere we have

1 = Div Pot Rot w4- Rot Pot Div w. (V.8.25)



VI

PHYSICAL OBJECTS AND THEIR
DIMENSIONSt

1. Physical objects

QuaANTITIES such as scalars, vectors, densities, ete., occurring in physics
are not by any means identical with the quantities introduced in
Chapter I1. For instance, though a velocity may be represented by
an arrow, it is not true that it is simply a contravariant vector. In
order to draw the vector belonging to a velocity it is necessary to intro-
duce a unit of time and if this unit is changed the figure of the velocity
changes. From this we see that quantities in physics have a property
that geometric quantities do not have. Their components change not
only with transformations of coordinates but also with transformations
of certain units.

As to these units we remark that there are always certain fundamental
units and that all other units, the derived units, can be derived from
them. The choice of the fundamental units is free; sometimes three
fundamental units are chosen and sometimes four, five, or six. For
illustrative purposes in this chapter we use four fundamental units of
mass, length, time, and electric charge (M, L, T, and Q). The results
can, however, be interpreted immediately if any other choice of funda-
mental units is preferred.

The fundamental units are always supposed to be subject to trans-
formations of the form

M =m"M, L'=I'L T =tT, Q =q'Q, (L.1)

where m, [, ¢, and ¢ are arbitrary constants. All systems which can be
derived in this way from one system which is given originally will be
called allowable systems of fundamental units.

We now define physical objects in a V, (n = 3, V; = R, in ordinary
space and n = 4 in the space of general relativity) as follows (cf. 11,
§1and IV, § 2):

If at a definite point £« of V, there is a correspondence between ordered sels
of N numbers ®, (A = 1,...,N) on the one hand and the allowable coordi-
nate systems («) in a neighbourhood of &€« and the allowable systems of
SJundamental units M, L, T, Q on the other hand, such that

1 Cf. Dorgelo and Schouten 1946. 1, also for references to literature.
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(1) to every («) and every allowable system of fundamental units there

corresponds one and only one set D ,;

(2) the set ®,. corresponding to («'), M', L', T', @' can be expressed

in terms of @, the values of A, 0y A¥, 0,0\ A¥,... in & and m, I,
t, and q only;
(3) in these expressions, m, l, t, and q occur only in the form of a
Jactor m*1Ptrg® which is the same for each @ . ;T
then the @, are said to be the components of a physical ohject with respect
lo (x), M, L, T, Q at the point £~.

If the @, are linear and homogeneous in the ®,, are homogeneous
algebraical in the 4%, and do not involve the derivatives of the A¥,
then the ®, are the components of a physical quantity at &~

If the physical object is defined for each point of a definite region
of ¥, we have a field of physical objects in that region.

A set of components may constitute a physical object with respect
to certain coordinate transformations and not with respect to other
coordinate transformations. ¥or instance, the three components of
the electric field strength form a physical quantity with respect to
orthogonal transformations in 2, y, z. But these three components have
to be taken together with the three components of magnetic induction
to form a physical quantity with respect to the Lorentz transforma-
tions in z, ¢, 2, ¢.

If p, g, and r are components of a physical object, then log p, ¢°, and
cosr, for example, are also components, although they transform in
quite another way. This freedom in the choice qf the components
enables us to choose them in such a way that their transformation is
as simple as possible.

If M, L, T, and @ are fixed, only the transformations of coordinates
remain, and this means that for every definite choice of M, L, 7', and
@ one and only one geometric object belongs to every physical object
(ef. IV, § 2). This object acquires (i.e. all its components acquire) a
factor m°IBtrg® if another set of allowable fundamental units is intro-
duced. We call this geometric object the geometric image of the physical
object and the symbol m*Iftrq® the dimension] of the geometric image and
also the absolute dimension of the physical object. A dimension is usually
written in the form [mIftvgd).

The absolute dimension is defined with respect to the set of all trans-

t The case when the factors differ for different components (e.g. a velocity in polar
coordinates) can always be reduced to the case mentioned here.
$ This notion has nothing to do with the dimension of a space used in Ch. I.
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formations of the form (IV.1.1) or with respect to the group @, if we
work with rectilinear coordinates in an E,. This dimension is not the
dimension usually mentioned in physics. Take, for example, a velocity
in R,;. Its geometric image is a segment of a straight line described by
a point moving uniformly in unit time and is provided with an arrow
in the direction of motion. If 7' changes, this contravariant vector v*
acquires a factor ¢~Z. Hence the absolute dimension of a velocity is
[¢-?]. But the components »* with respect to a Cartesian coordinate
system (k) in R,, based on the unit of length L, acquire the factor ¢~
if the fundamental units are changed. This leads us to the definition

If the components of a physical object with respect to a local Cartesian
coordinate system based on the unit of length have to be multiplied by the
factor m*1Btrg® if the fundamental units are changed, we call [m*1Btrg®) the
RELATIVE DIMENSION or briefly DIMENSION of the physical object.t

This is the dimension generally used in physics. Obviously the dif-
ference between absolute and relative dimension is due to the fact that
a general coordinate system is not connccted in any way with the unit
of length and that a local Cartesian coordinate system changes if another
unit of length is introduced. Consequently the relation between the
relative dimension and the absolute dimension of a physical object
depends only on the transformation of the components under coordinate
transformations. In fact, the transformation of general components of
a quantity into orthogonal components and vice versa is effected by

transvection with A% & z,\ and A¥ = z" (h,% = 1,...,n). Now with a

change of the unit of length the unit vectors z" acquire a factor /-7 and

the unit vectors "i‘)‘ a factor !. Hence the relative dimension acquires
a factor I-? for every factor A¥ and a factor ! for every factor A%
occurring in the formulae of transformation of general components into
orthogonal components. Accordingly, in order to derive the relative
dimensions of a quantity from the absolute ones we have to add a factor
l for every contravariant index, a factor I-? for every covariant index,
and a factor I-"* for a weight 1.

This leads to the table on p. 129 for the quantities in E; introduced
in Ch. I, § 8.

In a ¥}, the linear element dé* has the absolute dimension [1]. Hence

t If, for example, the velocity vector in R; is fixed by two angles and its length,
two components have a dimension [I] and the third a dimension [LT-']. But for the

physical objects which usually occur it is always possible to find components which all
have the same dimension. In what follows we make use of components of this kind only.
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9 and g*A have the absolute dimension [I?] and [I-?] respectively. This
is in accordance with the fact that the relative dimensions of g,, and
gt (which take only the values +1, —1, or 0) are [7]. Differcntiation
with respect to the £« does not change the absolute dimension. Hence
the absolute dimension of I}¥ is [7] and the absolute dimension of the
covariant derivative of a quantity, for instance V, P, is the same as
the absolute dimension of PX,).

Absolute and Relative Dimensions in R,.

’_.;lbsolute - Relative o Absolute T Relative
8 8 [[)J 511/\'(' ;u)\x [I)J
SrAn, Erau D]
o, [ Vro B (D1
w,, W, L1 WA, fxA [1L-1]
~ D D
pa e | P we1 | e b [ [wee]
"/\K’ /’z\x I[)l_2] bK’ 6" [Dl—el
PR, rAn [ p. ¥ [DF]
G T ) | e (D]
(1.2)

From (V.5.12), (V.5.28), (V.5.29), and (V.5.36) we see that the absolute
dimension of K3, K, and G, is [/]. But the absolute dimension
of the scalar curvature ﬁ@il-- 7 K is [I-*] because of (V.5.29), and the
relative dimension has the same value.

If 8 is a scalar density of weight 4/ and absolute dimension [d,]
and @ is an affinor (indices suppressed) of absolutg dimension [d,] we
see from (IV.6.6) that the absolute dimension of the Lagrange derivative
is [d,/d,]. For example, we have the following dimensions for g: K and
its Lagrange derivative G~ (cf. (V.5.38))

Absolute Relative
g:K [in—2] [-2]
G = 8:U 1% [
OKA f— [s';IL’]Kﬁ llﬂ—l] e [lll-!/l!] [l—!]
Iae ’ [7]

(1.3)

In fact, according to (I1.12.20), g has the absolute dimension [I*"]

and the relative dimension [/] because the component of g with respect
to an orthogonal coordinate system is always - 1.

We see from IV, § 5, that the absolute dimensions of a quantity and its

Lie derivative are equal. The relative dimensions are also equal because

a quantity and its Lie derivative have the same law of transformation.
5128 K
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We give below some examples of dimensions of mechanical quantities
in R,:

Absolute Relative

Velocity ve: [ M,

vy [81] 'u;}' 1]
Forco K*: [mt—] KM .

K,: [mlt] Ki}' [mlt™]
Momentum 1% — mvx: [int—1] Vh: [nle-1)
Moment of force DA = 2pI KN g2 D, Dh: [mizt—]
Energy P: |ml*t*) P: [mi*t2)
Mass density plrl: ] plh]: [ml=2]
Material current density % uve: [mt!) vt [mi—#-1]

(1.4)

2. The absolute dimension and the construction of the geometric

image

Absolute dimensions are simpler in some ways than relative ones
because factors occur in the relative dimensions which only arise because
an orthogonal coordinate system itself depends on the choice of the
unit of length. But there is still another reason which makes them
useful. An absolute dimension is the dimension of the geometric image
and accordingly it always contains just those fundamental units that
are necessary for the construction of this image. On the other hand,
the relative dimension contains just those fundamental units that are
necessary for the determination of the orthogonal components. We
give a number of examples.

(1) Let v« be the velocity of a fluid and u its density. p is a scalar
density of weight +-1. Its general component u[x] is the mass per
measuring parallel(;pipcd (parallelepiped of the measuring vectors )(‘3")

and its orthogonal component u[/]is the mass per unit volume. Accord-
ingly its absolute dimension is [m] and its relative dimension is [ml-3].
The contravariant vector density v* = pv* is the current density of the
fluid. Its geometric image is a cylinder with an inner orientation. If at
any point, q is the mass of the fluid pumped in from outside per measur-
ing parallelepiped and per unit time, the equation of continuity for the
most general case

9, v*+9,u[x] = q[x] (absolute dimension [mt=7]) (2.1)

expresses the fact that the divergence of the current density equals the
sum of the decrease of mass density per unit time and the mass pumped
in per measuring parallelepiped and per unit time. In orthogonal co-
ordinates the equation has the form

V;0/+8,ulh] = q[h] (relative dimension [ml-3-1]). (2.2)
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The geometric image of v* is a cylinder carrying exactly unit mass in
unit time. The geometric image of p is the volume that would contain
unit mass. The geometric image of q is the volume into which unit
mass would be pumped in unit time. Hence the geometric images of
v* and q can be constructed by using the fundamental units M and 7,
Only the unit M is needed for the gcometric image of u.

(2) Maxwell’s equations, written in ordinary vector analysis, aret

(a) VxF+B =0,
(b) V.B =0,

D-VxH = —
(¢) VX pu, (2.3)
(d) V.D = p,
(e) D = ¢F,

*
(f) B- uH,
where

F — electric field strength,
D -= dielectric displacement,
H — magnetic field strength,
B — magnetic induction,

p — electric charge density,

e — dielectric constant (e = ¢, in vacuum),

* * ok
w -- permeability (u = p, in vacuum).

If these equations are written in orthogonal compenents we have

(a) o, P a B o, B - 0, o, % _CI_ 'o%

) o Blyo, B2 48,83 = 0, ¢ % velocity of light,

(c) o, DV —8, I13+-0, H? = —pu?, o4
(d) o DVa, D2 o, D3 = p,

() D' = P,

() B! == :H‘, ceyel. 1, 2, 3.

In the equations (2.3) and (2.4) F, D, H, and B are ‘vectors’ in the
sense of Ch. IIT, § 4, after the introduction of a fundamental tensor
and a screw-sense (cf. (I11.4.21) and Fig. 12).

+ This is the form of the equations in the electromagnetic system, the electrostatic
system, and the system of Giorgi if these systems are rationalized (cf. Dorgelo and

Schouten 1946. 1). We use here the signature — — — in space, corresponding to the
signature — — — + in space-time.
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Now we try to bring the equations (2.4) into a form which is invariant
for affine transformations. The only affine invariant derivatives avail-
able are the gradient of a scalar or W-scalar, the rotation of a covariant
g-vector or W-g-vector, and the divergence of a contravariant p-vector
density or W-p-vector density of weight 7. Hence we see from (2.4a)
that F can only be a covariant vector or W-vector and B only a covariant
bivector or W-bivector. But since the orientation in an electric field is
along the streamlines and not around them, F must be a covariant
vector and B a covariant bivector. This is in agreement with (2.4 ).
We see from (2.4d) that D must be an ordinary contravariant vector
density or A-vector density of weight +7 and p an ordinary scalar
density or scalar A-density of weight 1. But since an electric charge
has no screw-sense,} D must be an ordinary vector density and p an
ordinary scalar density. Hence it follows from (2.4¢) that H is an
ordinary bivector density of weight 1.

Now that this is settled we get the following form of the equations
(2.4) (cf. Ch. III, Fig. 8):

(a) — 0y F3+03 Fy+c0y Byg = 0,
(b) 0y Byy+0, By, +03 By, = 0,
(0) 00y D12, 9140, 9B — —pu',
(2.5)
(@) 0, D +0, D+, D — p,
(e) ml = '—EFI,
*
() © By =p9®,  cyel1,2,3;
or
2

(@) =g % F,+0, By, = 0,
(b) e Bba] =0,

a 1 ¢ ha __ Pa
(e) 9, D +;J‘)b$) ==, (2.6)
(d) D" —=p,
(e) ma = —Gﬂ!fg"me

*

(f) Bcb = ’“"n—;gcagbdbad (a,b’ c:d = l, 2, 3):

which contain only affine invariant operations, and obviously this is the
only way to do it. Since the equations (2.6) have the affine invariant

1 A spinning electron has no screw-sense either!
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form they can be written in general coordinates:

2
(2) —-Ealylv}g,-}-a‘ Bg =0,
(2] &, Bgoy == 0,
1
’ 9, D*+ - 9g P = _Pyo
©) ok +c 89 Pl (2.7
() 2,D = p,
(€) "= —egigPhp,
3

(f) By = pg :0,a 98 9% (2,8, 78 = 1,2,3).
If the medium is not isotropic we get equations of the form
((l) ® = e"‘ﬂFp,

* 5 (2.8)
) Byg = pypas H*

instead of (2.7¢, f), where ¢*# and leﬂas are affinor densities of weight
+1 and — 1 respectively, and are characteristic for the electromagnetic
properties of the medium.

The geometric images of F, D, H, and B are

) O
% /] @
Py > 59 By,

Fia. 23.

Also, from these figures, it is obvious that the relations between F
and D and those between H and B in an isotropic medium can only
be established by means of the fundamental tensor, because they require
the notion ‘perpendicular’.

In order to derive the dimensions of F, D, H, and B we make use
of the fact that eF is the force acting on a charge e in the field. Now
the relative dimension of a force is [ml¢-?] and consequently the relative
dimension of F is [mlt-%¢~?]. Accordingly the covariant vector Fg has
the absolute dimension [ml*t-*¢~1] or [ht-1g~7] if [h] denotes the dimen-
sion (absolute and relative) of the quantum. From (2.7 a) it follows that
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B,g has the absolute dimension [kg~!] and the relative dimension
[Al-%q~1] = [mt~'g~1]. The absolute dimension of pis [¢]. Hence, accord-
ing to (2.7¢), D* has the absolute dimension [¢] and $»* the absolute
dimension [t-1q].

We give a table of dimensions

Absoluite ’ _Ii;e;lati1'c
electric charge Q [q] Q [7]
electric density P [9] P [ql-4]
electric field strength Fg  [ht-1g-1] Fy o W11 < [mlt-2q)
dielectric displacement D gl ol [1-%q]
magnetic field strength HB [t-1q] H [-1t-1q]
magnetic induction B,g |hq™] B, [RI-2q=1] = [mt-'q -]
magnetic flux (] [hg=1] (] Lhq=1] -- [ml?t-'q-1|
dielectric constant € [h="1-"tq*] € [h="-"tq?] - [m-11 ‘t%q°]
* *
permeability n LAl-1tq2] M [hl-1tq=2] = [mlq *]
dielectric affinor density B |h-ltg?] N R A I A A A
* *
affinor donsity of permeability | ug,g, [Ftq=*] Backa  1M'tg2) = [mlg?)
quantum [h] [h] == [ml*t-1]

(2.9)

In order to prove that for the construction of the geometric image
of Fg with the absolute dimension [A¢-7q~1] we only need the units of
quantum, time, and electric charge, we consider an electron (charge e)
at rest at O in a field F), in a gas with a radiation frequency v (dimension
[¢-1]). The radiation begins at all those places where the energy of the
electron is Av. If a slowly variable magnetic field is applied, this field
does not change thie energy of the electron because the force due to it
is always perpendicular to the velocity. Only the path of the clectron
changes. Hence the locus of the points where radiation sets in is exactly
the second plane of the covariant vector ’—:’; Fp if the first plane is taken
through 0. This means that the radiation itself draws the covariant vector
e
hv
and charge are known.

Since the absolute dimension of B,g is [hg~'] we only need here the
units of quantum and electric charge. A moving electron in a magnetic
field is subjected to the force

K =evxB (2.10)

Fginspace. Fgcanbederived from thisvectorif the units of quantum, time,

perpendicular to the velocity v. According to the theorem of Huygens
this force is (mv?)/R if R is the radius of curvature of the path. This
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implies that the electron describes a helical curve with an axis in the
direction of B.

e N \Y /

n

Fra. 24,

If the y-axis is this axis and if p is the radius of. the cylinder of the
curve, ¢ the angle between v and the xz-plane, and M the centre of
curvature belonging to the point of the curve on the z-axis, it is well
known that

=P 2.11
cos’e (211)
It follows from (2.10) that

erBeosd =: me_m "j_(_'0$~¢>. (2.12)

R p

Hence the moment of momentum with respect to the y-axis is
mpv cos p = e Bp? = -l-eBO, 0¥ wp°. (2.13)
m

Now according to the quantum theory this moment of momentum must
be ¢ times h/2m if ¢ is the quantum number of the motion. Hence

2e BO = Y, (2.14)
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and this implies that the cylinder represents the covariant bivector
i; B,g. Hence the moving electron itself draws in space the bivector B,g
provided with a factor that can be computed if the quantum number of the
motion and the unit of quantum and charge are known.

If we write [r] for the dimension [hg-*] of a resistance, the absolute
dimension of B,g can be written in the form [rq] and this implies that
the bivector B,g can be constructed if the units of resistance and electric
charge are known. Suppose we have a flat coil connected with a ballistic
galvanometer. The sense indicating the positive sense of the galvano-
meter makes this coil into a contravariant bivector f*f. The scalar

area of coil

1IfefB , — N -
i Bag area of section of B, with plane of coil

(2.15)

is the magnetic flux through the coil. This flux is positive if the orienta-
tion of f *8 is the same as the orientation of B,g and negative otherwise.
If R is the resistance of the coil, N its number of turns, and I the
current in the coil we have

.R 1 ﬂ )
- l d = f® H 2 .16
V f t f aﬁ ( )

if the coil is withdrawn suddenly from the field. Accordingly

N area of coil

area of section of B,g with plane of coil = B f1dt

Hence this method, enables us to construct the section of the cylinder
of B,g with any plane. In fact it requires only the units of resistance and
electric charge.

H and D are merely quantities used for calculation and they cannot
be measured directly because a moving charge is only subjected to
forces depending on F and B. Hence the determination of H and D
has always to be done by measuring some directly measurable quantities
such as mass, length, time, charge, F and B, and calculating H and D
from the results of these measurements. Despite this the construction
of the geometric images of H and D only requires the units occurring in
their absolute dimensions.

For the construction of the vector density D* (absolute dimension [g])
at a point of the electric field of a condenser of any form we need only
measure the charge ¥ of the condenser by means of a ballistic galvano-
meter. The lines of force can now be determined by calculation and
this only requires knowledge of the form of the condenser and not of
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its absolute size. Hence no unit of length is needed. 1f a small tube
in this diagram corresponds to the charge AY, a little piece of this tube

represents the vector density —A{I} D%, with better and better accuracy

as AV is reduced. Of course for the determination of the orthogonal
components of D the unit of length is also required. This agrees with

the relative dimension [ %¢| of D.

Similarly the construction of the geometric image of $*f of a given
current only requires the unit of electric current (dimension [¢ !g]) and
this is in accordance with the absolute dimension [¢-7g] of H.

EXERCISES

VI.1. Usually [1] is chosen for the dimension of a temperature. But since it
is possible to define temperature as ‘heat per particle’ it is also possible to choose
Check the following dimensional formulae for the
quantitics in Chapter V11, §§ 1-3, writing [8] for the dimension of & temperature.

[ml*t-*] as its duncension.

Absolute Relative
un 11 1]
“ (] Ul
S ] (1
fado 1 I
prdo [me=2] [mit—2]
A [mt=2] [mil=1t—2]
TS, [mize-2| Lml-1t—2]
dr [1] L2%]
erAuv [ml—2t2] [ml-"4-2]
S anv |m=11%%) [m 1e2)
T, 0 10] 10]
(G} [mlit—20-1) [ml—1¢26-1)
Q |mlt 2] [ml -1t 2]
P [m] |ml-3]
C 12e—26-1] [1zt—26-1]
y -] 1]
% [16-1] 16-1]

(Dead indices omitted.)
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VI1.2. Check the following dimensional formulae for the quantities in Chapter

VIL, § 4:

IX.

h;‘xh
Br\/-t
P
d'.‘Au
GKA
pK
exu

gw\x

Absolute
[mt=2q~1]
[ml*t—2q~*%]
lg~7]
[m~'¢%q]
[m—11-2t%¢%]
(g6~
[~*q]
(P*q~']

Quantities in three dimensions:

8’!

P

"

sm

fedo

Edo

prdo

ea

ToB

mt

CGCoyp
0

na

Absolute
[e~']
(q]
[m]
[tq]
(1]
[mize—3]
[mt=2]
[mi2t—2]
[met=2]
[me=1]
[mi2t-2]

[mlzt—]

Quantities in four timensions:

Ax
3"'\

sK

Absolute

(mlft~'q~"]—=[hq™']

[q]
[q]
[Zq]

[mize—2]
(=1
[ml*t=2]
[mlt—2]
[mi]
[mlit—2]
[m1]
[m-l lJ ‘—2]
(=]
[me~1]

Relative
[inlt—2q—]
[mlt—2q%]
[g"]
lm~1-1¢%q]
L= 11—3t2¢%]
[0 2q6~"]
[-*q]
L#g]

(Dead indices omitted.)
VI1.3. Check the following dimensional formulao for the quantities in Chapter

Relative
[1e71])
11-%q]
[mi—3]
[I-3q]
(Z]
|mi2e—3]
[mit—2]
[mt 3]
[ml=1t-2)
[mi—2t—1|
[mlit-2]

[me—4]

(-

Relative
[mt~1qg~']
[I%q]
[%q]
[I%q]

[nlt—2]
7]
|ml—2t-2]
[ml—2¢-2)
[mi=*]
[mi—1t-2]
[m~11]
[m-l lJ t—l]
[¥e]
[mit—1]

1,2,3)



VII

APPLICATIONS TO THE THEORY OF
ELASTICITYt

1. Deformation and strain

LET the particles of a piece of matter which occupy a region of ordinary
space having the Cartesian coordinates z* (A = 1,2,3) and the curvi-
linear or general rectilinear coordinates £« (« = 1,2, 3), undergo a small
displacement u*. Let v* be an infinitesimal vector at a point ¢, which
is fixed in the matter. Then if («’) is the coordinate system arising from
(«) by dragging along over the infinitesimal vector u*, the coordinates
&< of the displaced point ¢ and the components »< of the displaced
vector v¢ in that displaced point have the same values as £ and v
respectively. Now we know that (cf. (IV.5.9))

A £ Sh(Af4-a w), (L.1)
and consequently the displaced vector v~ in £+ u* has the components
VX020, uk (1.2)

with respect to («).
[f the veetor »* in €% is displaced parallel} to <4 déx the components of
the displaced vector are (cf. V, § 1)
v —Tg vdur, (1.3)
Hence the variation of the vector v«, seen from the point of view of an
observer whose system of reference undergoes parallel displacement, is

Y
dve = 0y u I wor = oV, ux, (1.4)

This variation can be split up into two parts

o< — vrgAT, wy-or gAY, uy, (1.5)
The first part represents a rotation with Vi, uy as bivector of rotation.
If the second part is zero, an infinitesimal piece of matter in ¢ only
undergoes a translation over u* and a rotation without deformation.
The second part represents a pure deformation without rotation.
Accordingly we call

Sy/\ = :Fv(y.u)\) or Sji = :Fa(jui) (7')] = 1,2, 3)§ (16)

1 General references: Voigt 1898. 1; Tedone 1907. 1; Brillouin 1938. 1; Love 1944. 1;
Cady 1946. 2.

1 As weo are working in an R; ‘parallel displacement’ has the ordinary sense here.

§ The components S,,, Sy, aro often written x,, jr, = ly,.
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for signature FFF, the strain tensor of the deformation.t Every
tensor can be split up into a scalar part and a deviator, i.c. a scalar-

free tensor: ‘ . .
“ bp,)t = ;vagpk'*‘(*yy)\_;'svvgph)' (1.7)

The scalar of S, is the divergence V, u# or 9; w/. If this scalar is zero
there is no change in the volume of an infinitesimal piece of matter.

2. Forces and stress

Every two-dimensional element or facet in B; with an outer orienta-
tion is a covariant vector density of weight — 1. If do is the area (in
m.?) we may denote it by fydo. Then f, represents a facet with area 1.
Let the two sides of §, be called front and back, the arrow of the orienta-
tion being directed from back to front. Now in matter under deforma-
tion the matter at the front of fydo will exert a force on the matter
at the back. If this force be denoted by p*da, p* stands for a force per
unit of area.

1 1 2 2 3 3
If §ydo, f)do, frdo, and fpdo are the facets of an infinitesimal tetra-
hedron with their fronts to the outside we have the identity

1 1 2 2 3 3
f,\do = —-—fI\IlO“f,\(IO'——f)‘(IO’. (21)

1 2 3

If pxdo, p<da, p*da, and p*do are the forces exerted through these
1 2 3

facets by the outside matter on the inside matter, the sum of these forces

is equal to the total mass of the inside matter multiplied by the accelera-
tion of its centre of gravity. But since this mass is of the third order in
the differentials d¢«<“and the forces are only of second order, we have

1 2 3
p¥do == —p*de—p*do—p*do. (2.2)
1 2 3

1 2 3
Hence, since f, f), and f, are linearly independent, there is one and
only one affinor density Z** of weight + 7, which satisfies the equations

1 2 3
Pe= Ikhfb P zkafh pr = z“f/\* 2 zKAfA'I (2.3)
1 2 3

Now let o be a closed surface in the region occupied by the matter,
 the space bounded by o, 2" the radius vector of a point in Cartesian
coordinates, f;do an element of o with its front to the outside, p the
mass density, p”do the force exerted through §;do by the outside matter

+ In this chapter, from § 2 onwards, we use the signature -+ -|--}-.
t The components T'!, T2 are often written as — X, —X ;5 +X,-t X or ap, 74y
There are many other notations.
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on the inside matter and ¥#dr the resultant of some other external
forces acting on the matter in the volume element dr. Then the total
force acting on the matter within o is

Kt X [ phdot [#dr — [ B dot [ tedr.t (2.4)

a

Using the theorem of Stokes we get
Kn X f @, T+ dr. (2.5)

This force must be equal to the resultant of all first time derivatives of
the momenta of all particles in 0. Hence

K X f pil dr. (2.6)

Since (2.5) and (2.6) are valid for every choice of = we get
pih X 0, Thi 4 * V, T L, (2.7)
But since this equation has the invariant form, it can be written in
general coordinates pkx — V, T, 2.8)

The total moment about the origin of all forces acting on the matter
in o is ok a T ) .
ME % 2 [ dhpitdot 2 [ 20 i

* 2 [ athgiif,dot-2 [ i dr
’ ! . (2.9)
£ 2 [ (02T fathth) dr

T .

[l

9 [ (T alhd; T 4-alh) dr.

T

This moment must be equal to the resultant of all first time derivatives
of the moments of momentum of all particles within . Hence

Mhi X 9 f palhil dr., (2.10)

T

From (2.9) and (2.10) we get, using (2.7),
[ Tmdr 2 0, (2.11)

T

+ These equations are only valid in rectilinear coordinates. They are not valid in
curvilinear coordinates because in general it is not then possible to sum vectors
at different points. We therefore use the sign % (cf. IT, § 2).
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which is valid for every choice of . Hence
A — @ (2.12)
at all points. Consequently T<X is a tensor density of weight +1. T< is
called the stress tensor density and
ek def g T (2.13)
the stress tensor of the deformation. If we use Cartesian coordinates
the difference between tensors and tensor densities vanishes.

The expression 8, T XV, hi — V, Tit (2.14)

is the force per unit volume due to the internal forces. In general
coordinates, V, Z+« is the force per measuring parallelepiped due to the
internal forces. A force per measuring parallelepiped is a vector density
of weight 1.

3. The elastic coefficients}

If we consider a piece of matter at rest which undergoes an in-
finitesimal deformation du* and if there are no thermal processes, the
energy dué to all the forces acting on the matter in ¢ will be equal to
the increase of the elastic potential energy. According to (2.3) this
increase of energy is

[ prduydot [ tdu,dr —~ [ T, duydot [ #du,dry  (3.1)
g T [+ T
Hence, using the theorem of Stokes and the relations (1.6) and (2.8),
we get

f {(V, Tr) duydr+- T2 AV, up -t du,) dr = f A, \dr (3.2)

for this increase of energy, and this proves that T#A dS, ) is the increase
of the potential energy per measuring parallelepiped and 7/ dS;; is the
increase of the potential energy per unit volume.

If there are thermal processes the increase of the total energy per
measuring parallelepiped is

AW = THAdS,\+ T d€ = T+ dS, -+, (3.3)
where 7' is the temperature, € the entropy per measuring parallelepiped,
and dQ = T dE the increase of heat energy per measuring parallelepiped.

We suppose now that

(1) the matter is a homogeneous crystal;
(2) originally 3 = 0,8,,=0,T =T, € = €;
0 0

1 Cf. Voigt 1898. 1; Tedone 1907. 1; Love 1944. 1; Mason 1947. 4.
1 Since the integrand is a scalar this equation can be written in general coordinates.
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(3) we consider a state with I}, 8,), T = T+6, € = €+n when
0 [

3%, 8,5, 0 and 7 (a density) are small;
(4) T<* and 0 are uniquely determined by S, and 7 and vice versa;
(5) the process is reversible and only rectilinear coordinates (either

affine or Cartesian) are used, hence
AW = T dS, )| ’5‘ dy
is a total differential.

Since we use rectilinear coordinates only, the equations in this and
in the following section are valid only for this kind of coordinates. The
only exceptions are the equations that have the invariant form and
are marked with an asterisk.

If T%* and 6 are expressed in terms of S, and 7 we have

AT KA A
(a) AT — drz' (IS’W—{—a,zK dy,

0 " (3.4)
) a = % o0 4ISW+ (17,

®v
The term gg dy in (3.4 b) represents the change of the temperature at
Y

constant strain. Hence, if C (a density) is the heat capacity per unit
S

mass at constant strain we have

?". L = d9)p, (3.5)

and this expression is a total dlﬂ'erentlal if C is constant.
N

To a first approximation we may now suppose that 82""/88# 2 0F*A /B,
and 00/aS,, in (3.4) are constant (Hooke’s Taw) and that C is constant
s

(we remember that only rectilinear coordinates are used). Then d28
is a total differential if and only if

(@) oTA _ o
EX w P . A
¢ (3.6)
®) o _ o
aS KA a a") )
If these conditions are satisfied and if we write
KA pgw
xApy def 25 A
(@) : @, By’
3.7)

rc\ def def 1 a:'d _1__2@_
(©) X T o  Tas,’
0
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the equations (3.4) take the form

! ((7/) Ikz\ _ tKX;wS __.ym\An
S
3.8%
® 0= —Tws o8 G-
p

S

which is valid for small deformations S,) and small amounts of heat
flow. With respect to rectilinear coordinates the ¢<* are the adiabatic

]
elastic constants and —y*A is the stress per unit of heat necessary to
Ag

prevent deformation.
If S, and 7 are expressed in terms of I"" and ¢ we get
(@) I'lS ();KA IIK/\_}_ ,uv de,
(3.9)

(b) dn = )I ,\(II""—#
The expression d g 146 in (3.9b) is the change of entropy at constant

T
stress. Hence, if C is the heat capacity per unit mass at constant
stress we have

1
AN G 1
0 ?’0 e (3.10)
z
and the expression d;’ df = 510 pC (3.11)

L) T
is a total differential if C is a constant.

Now we suppose for a fitst approximation that o l,/82"" a8,,,/00,
97/6T~A, and C’ are constants. Then d¥8 is a total differential if and

only if 8,2 AT+ d8 (3.12)
is a total differential, and this is the case if and only if
a8, _ 98,
oFxA "~ oxm’
oy %, (3.13)
oTA 80

Hence, if we write
8 &8, oS
def O — A e A
(a) 5;()&;“1 — az,‘)‘ aI';“, s
def 3S' )( 31’
® %A ap” T oger’

(3.14)
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the equations (3.9) take the form

[4 b A
(a) Syv = Siduv IK/\_'—O‘;w 9,

, : (3.15%)
() AR = Ta,\T*+pC0,
0

which is valid for small deformations and small changes of temperature.
0
With respect to rectilinear coordinates the s,),, are isothermal elastic

T
constants and the o, ) are the temperature coefficients of strain without
stress.

[/
We see from (3.7a) and (3.14a) that ¢ and s are not only

kApv
symmetrical in the first two and the lastntwo indices but are also in-
variant for the interchange of the first two with the last two indices.
Hence these quantities have, apart from their density character, the
properties of a tensor-tensor, that is a quantity that plays the same role

for tensors of valeﬁcc 2 as a tensor does for vectors and so has g—g =21

independent components. (Cf. the bivector-tensor in V, § 5.)

0 A
To get the relations between ¢<M, yxA (' and S % ¢ We intro-
s s

7
duce the inverse of ¢*A (as a tensor-tensor) by means of the equation
n

Sy 7P = AP, A, (3.16%)
U] n

Then (3.8 @) can be written in the form

Sp,v == ?’m\pv zKA__l_sK)\':v?;m\An. (3.17*)
# can be climinated from (3.15%):
0 TT 2 T I
S;w = skkpvzka‘_(%"/f)())auv aKAzKA_t_(I/PO)O‘p.v An’ (318*)

and from this and (3.17*) we see that

[/ ITT T
(a) Siduv 7= Sicduy ™ (%/PC)O‘;LV Xgeds
K . x (3.19%)
— KA
() Oy = pC:KA}ng .
In the same way, by writing (3.15* @) in the form
0 6, T
IKA —_ CK'\”‘VSF,,—CKA’W(!FV 0, (3.20*)

5128 T
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0 0
by introducing the inverse ¢ of s, (as a tensor-tensor), and
eliminating AQ from (3.8*) we get

TA = t")‘f“‘SW—pC"Ty""yi“’SFv—pC'y"‘A@, (3.21%)
7 S0S S S
and from this and (3.20*)
[}
(@) Ay — ck)\pv___ pCT.yK)\.yp.v
Sos S (3.22%)
b CyxA — ‘K/\p,v
(b) PCY ay,
It follows from (3.19* b) that
T T
POyt — c“"f‘"a,‘,, (3.23%)
z T
hence p(C— C)y"" 4 p( "l’y")‘yi"' (3.24%)
or, using (3.22*b),
[/ T 2
0 C = CT‘yl“’ = (1/p)TexMv Xy (3.25%)
s Soks 0

0
The differences between s<** and s<* are very small. For instance,
7

T
the values of «,) for a-quartz, with respect to the usual system of
orthogonal axes, measured in °K. (degrees Kelvin), and the values

T
of p and C are

z z p:4
oy = 14:3X 1075,  ay = 14:3X10-%, g — 7-8x 10~ (1°K.),
z T z
Qo — gy = gy = 0, (3.26)

z

p = 2,650 kg./m.?, C = 7-35x 105 joule/kg.
Hence according to (3.19*a) only the values of §,;;; = Sy909, $1120
$1133 = Spo3, aNd S3355 show any difference. For the values of s,,, % given

by Masont in m.?/newton:

S11p = 127-9 X 1013, S1100 — — 1535 10-13,
K , ! i (3.27)
15]1133 = —11-0x10-1%, §3333 = 95-6x 10-13,

this gives
9 0
s].1.11 = 128‘2X 10—13’ 51122 = — 15'04 X 10—13, (3.28)

) 0
S113 = —10:83 X 10-13, 4433 = 95-7 X 1013,
t 1947. 4.
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0
for s,;j,. The differences are probably smaller than the accuracy of
measurement. {

4. Dielectric and piezo-electric constantsi

Now we suppose that there is also an electric field F) and a dielectric
displacement ¥, both originally zero, which take small values during
the process. We also suppose that £<A, 6, and F) are uniquely determined
by S, 7, and D~ and vice versa, and that the process is reversible.

[/
The difference between ¢«** and ¢«* will be neglected.

1
The increase of the total energy per measuring parallelepiped is now

AW = TrA dS,+F\dD+ T dn. (4.1)
If T<A, 0, and F) are expressed in terms of M’ 7, and D we have

A dz__ Suv o3~ I
z &, A5t o 4P + d"’
7, — ;F 2 svw+"F 2 dm»+aF 2 (4.2)

,u.
00 o0
= - Suv L dodmr L~
dé aswd +3® dd + d

For a first approximation we may suppose that all derivatives, except
00/0n, that occur in (4.2) are constants, and that the heat capacity C
8.9

per unit mass at constant strain and constant diefectric displacement
is a constant. (We remember that only rectilinear coordinates are used.)

Then 20
~——d17 = dD/pC (4.3)

is a total differential. d2B is a total differential if and only if

0T g oA oF
e = b)) S =K,
oTA 0 oF, oF
= = d) ——A=_F 4.4
© S =a @ = @4
6FA o0
() 877 39’\.

1 Mason 1947. 4.
t Cf. Voigt 1898, 1; Cady 1946. 2; Mason 1947. 4.
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If these conditions are satisfied and if we write
def ?th _ T

KAy — U
& > 88, a8y
KA oF
b Joxh der 0T oK,
( ) 17# 69"' 'dSK,\’
ader  1oTX 1 a0 5
() % T oy T®y (4.5)
0
aIf’ oF
d def 27 _n
@) sé,)\"’ D+ o)’
def 1 3]’1)\ 1 o6
(€) g/\ o T o T T eV
0

the equations (4.2) take the form

(@) zx)« — ‘K/\p _ h K)\mp,__.yx)tAg

b F=—hu h—q,AQ,
(b) F, i AHV+S€1;\y® 9 el (4.6%)

AR
0= —TywsS T 3,
(©) 0% M og"g T pC

which is valid for small deformations, small electric fields, and small

amounts of heat flow. With respect to rectilinear coordinates ¢<*+» are
?

the elastic constants at constant dielectric displacement, the <X are

adiabatic piezo-electric constants, the y<* are thermo-elastic constants
?

at constant dielectric displacement, the q A are pyro-electric constants

at constant strain, and the By are adlabatlc dielectric constants at

S
constant strain.

If S,), 7, and D~ are expressed in terms of T*A, 6, and F), we have

d <Ay B dF, '“’dﬂ
Sr = azm\ AL + aF +
0D
D« = 2T + dFH- (4.7)
dy = bxz“\dw+ _LdF +~--

For a first approximation we suppose tha.t the partial derivatives,
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§ 4]
except d7/00, that occur in (4.7) are constants and that the heat capacity

Z!F
C at constant stress and constant electric field defined by

o ,
T .
o 08 PO (4.8)
is constant. Then the expression
o _ d0
5 0d0 . C (4.9)
o
is a total differential. d¥B is a total differential if and only if
‘S‘Mdzw\—{—‘b" (lF,\-}-‘r'(lo (4.10)
is a total differential. This is so if and only if
o8 oS oS oD
(2 wy O
@) aTA  agm’ ®) oF, — oxw’
as, ] oD oDH
by o 20 = 4.11
oDA on
© a6 = am,
If these conditions are satisfied and if we write
def aS r’)S
Sidpw = ,\ =
" oxx azp,v
O 488, _ oD
L aFA oTm’
def aS a‘T]
o S = 2L, (4.12)
K)( det‘ 6@" 3@)‘
oF, ~ oF,’
prler 8D 0n
o0 — oF’
the equations (4.7) take the form
o A 0)‘ ¥
(@) Sp.v = sx)tp,vzx +d-p,vF/\+°‘y,v0
0 7.0 T
(b) D* = d*,\ T exAFy+pb, (4.13%)

F T I,F
(€) AR = Tay T+ Tp F)+pC0,
0 0

which is valid for small deformations, small electric fields, and small
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changes of temperature. With respect to rectilinear coordinates theg
are elastic constants at constant electric field, the fl’},w are isothermal
piezo-electric constants, thef‘x’w are thermo-elastic constants at constant
electric field, the :ég" are isothermal diclectric constants at constant

stress, and the ;" are pyro-electric constants at constant stress.

Now in problems concerning vibrations in crystals we may assume
that there is no interchange of heat between adjacent elements. Hence
the equations (4.6*) reduce to

(a) T — gKA[LVS'“’__hI"KAm[L,
(b) F)\ = '"'hi“vSy.v"l"Ez\p. D, (414*)
(¢) 0 = _;j'gw’Sw- (:I'gumlb,

where the subscript 7 has been dropped because we are only considering
adiabatic processes. In (4.13* ¢) we have AR = 0, hence 6 can be solved
from (4.13* ¢) and substituted in (4.13*a, b). This leads to equations
of the form

— 2, A
(a) Sp.v - skf\,u.vz +d~p.v F, (4.15%)

z
(6) D= A TR,

F L . F N 0.
where $,),,, d’.‘#,,, and e differ slightly from s,,,,, d%,,, and <A in

(4.13*%). (4.14*a, b) and (4.16*a, b) are the equations, free from 6 and
n, which are to be used for vibrations in crystals.
In order to get the relations between the coefficients in (4.14*) and

Tz
(4.15*) we introduce the inverses €< of B, and B, of e<*. Then (4.14*b)
s s

and (4.15* b) can be written in the form

(a) D = AP+ hivS,,,
o 5. (4.16%)
) Fy = B D —Brcd%,, T
Substituting this in (4.14*a) and (4.156*% @) we get
A — (;xhp.v__h;)xhgpah&pv)sﬂv_héx)«gpplil'u
(4.17%)

F z N N T
Sp.v = (skﬁpv—depvﬂpud?xh)zk +d.pvﬁz\xmk'
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. - - F F
Now by introducing the inverses gx)w of ;""I‘" and ¢« of ), we get
from (4.14*a) and (4.15*a)

Sy.v = ;KA;LV IKA'JF;’KMW h;;KAmP’

» » (4.18*)
TA . cm\p,vS#v_cx)tpvdg’w _F;”
and it follows from (4.17*) and (4.18%) that
F
(@) KAy — cKA}LV_h'KAepUh‘;MV — cx)kp,v_epm\h‘p.v’
by P s D P
F T F
(b) gk)\pw - sxhyv—deyvﬁpod?x)\ - sx)&;.w—gp;wd’.)x)\’
” (4.19%)
(e) PY) def h;)xhgpy — C"Apvd"‘p,,,
T
def .
() Gpy = d}.\yv BAK = gp)qw hKP)"
By substituting (4.14*a) and (4.15%a) in (4.16*) we get
I
D = (;KA'{’ f:Kph;)“vd).‘;w)FA+§K'\hi'wspap,v gre,
(4.20%)

| T T T
A (BAK'*"B)\p d'.)vy. h"(vu)gK_B/\K(l'fVngvypqua’
and this gives because of (4.14*b) and (4.15*b)

T
XA == ;KA‘l—gKPh;)de).‘y.v — gx)\_i_ekp.va).«ﬂv,
(4.21*)

T oz ' T .
B)«x = ﬁ)\x"‘l_ﬁkpd,.)vp. hxv“ = ﬁAK"“'gAvy. hxv”"

3

With the abridged notations (4.19%c, d) the equations (4.16*) and
(4.18*) take the form

(@) D= e Fyters,,

i1
(b) F)« = B)«x mK_GA;w’z'w’ (4 22%)
(c) S’LV = g;dp.v z'd"l_ L Y D,

@ = fx"#"sw——ewf"ﬁ;,.

These are the equations generally used.
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We give a table of results:

F z
(a) ¢ = cm\uv_,epx/\/,‘;uv (e) eixA - ";)KA PH — (i) €A = oA |- grIY ,p.\m
? S >
F F F T I
®) ¢ 5y, = AGAD | () =edl, (/) € Bur — A%
» z z _
(c) gm\;w = 5;(;\,;.,—9”.,‘1‘.',()\ (9) Brpy — d/.\;w ﬁm\ = (I‘.) g/\K - BAK | Bavu th‘
A = A = . =
(@) £ Spoy = AL 4}, ) = Son B (@) & Bur = 4%
(4.23%)

5. Crystal classest

The chief property of a crystal is that it is invariant for a finite
number of orthogonal point transformations. These transformations
form a finite group, the group of the crystal. As an illustration of a
finite group we consider the group of all orthogonal transformations in

Yy

Fia. 25.

the xy-plane which leave the square 4 BCD invariant. Writing z for a
4
rotation through 90° from z to y, z for a rotation through 180°, and I
2

for the identical transformation, we have first the transformations z,
4

+ Cf. Voigt 1898. 1; Tedone 1907. 1; Love 1944. 1; Cady 1946. 2.
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2?=z2, 23 =121 2zt = I. All these transformations have A = 1.
4 2 4 4 4

The reflections £ at the y-axis and the reflection K at the z-axis have
x v
A == --1, and the same holds for the reflection F at the line BD and
4

F at the line AC. We give a table for multiplication:
B

S z z? 28 K K r r
- ‘“« 4 x v A B
4 1 z 2? 2! K E a r
4 4 4 xr v A1 B
E z =? 2t ) F r K K
4 4 4 4 B A &£ v
2? z? P I F K I ¥ F
] 4 4 4 [ x B A
2 24 4 H = F r I K
4 ¢ ] 4 A B v -,
K K F K r 1 2? z 2
&£ - A u B 4 4
I K r r r 22 T 27 z
] v B x A 4 4 4
r F 0l P E 2! H 1 2
A A v B z ‘ 4 4
il F A r 7 z F 2? I
B B ax A [} 4 4 4
(5.1)
This table is easily deduced from the schemes:
X 1 xr x 1 o)
I: J, 2: y, 2% '/, 23 '/,
xYy « Yy —r 4 —L —Y ‘ —Yyx
(5.2)
X 1, x ] x x
E: Y g* Y F vy F Y,
s —xY v X —Y R B yx

We see from the table that the eight transformations form a group and
that every transformation of the group cgn be obtained, for instance,

from z and K or from z and F or from K and F. Accordingly we call
4 x 4 R T A

z and E a generating set of transformations. This is not the only generat-
4 i

ing set, z and F or K and F also form generating sets.
4 A x B

In order to investigate crystals in space it has been found that it is
sufficient to consider the following twenty-one transformations:

I: z,y,2—>z,y, 2; identical transformation. A = 1.

XX, Y, 2 >X, —Y, —2

L

x, ¥y, 2 > ¥, —y+ 12v3, — Jyv3— 4z | cycl.; rotationsabout thex-,
y-, and z-axis over 180°,
120°, 90°, and 60°. A = 1.

“8

Z,Y,2>%,2, —Y

%, y, 2 >, fy+J2N3, —Iyv3+-1z

o.gi. mﬁ
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S:z,y,2>y,2,x

Sz, y,z>z,x,9

C: z,y,2—> —x, —y, —z; reflection at the origin. A = —1.

F z, Y,z > —2, Y, z cycl.; reflections at the yz-, zz-, and zy-planes.
A= —1.

8 = Ex = Cx~1: 2, y, 2> —=x, 2, —y cycl.; reflexotations (Dreh-
x x 4 4
spiegelungen), being rotations about the 2-, -, and z-axis over

90° followed by a reflection at the plane perpendicular to the

axis. A= —1. (5.3)

By using these transformations it has been proved that exactly
thirty-two different groups exist and that there are thirty-two different
crystal classes corresponding to them. We now set out a table of all
classes w1th their groups given by a generatmg set of transformations.

cyclical permutations of the axes. A = +1.

o s
'§. 2le 3
Generating I I
set with g s g § §
regard to | £ | g3 8
central Elsls|8]8
symmetric = f f E é
System Generating set properties R
1. (2)  holohedral C No trans- < X
Triclinic { 2.(1)  hemihedral No transformations |§ formations | > | > | =~ | x | X
3.(5)  holohedral c, z =, E =z E x X
2 2z
Monoclinic 4. ()  hemihedral ]‘" > ~ | x| x
5.(3)  hemimorphic z x | % X | X | %
2
6. (8) holohedral Cze=0C2E X
2 2 2z
Rhombic 7.(6) hanuihedral i’ ,2-‘ (,’,)1 z, ’ (1/) w < | x
8.(7) hemimorphic 2, E x X | %
x
B 2
9. (20) holohedral C, f, z X
a
10. (18) enantiomorphous 2,z X x | x
Trigonal 1 hemihedral vz %
11, (19) hemimorphic 2, E X < X
hemihedral e
12, (17) paramorphic C, f x X
hemihedral
Trigonal IT { 3.(16) tetartohedral z } x| x| x| x
4. (15) holohedral C,z,z=0C,z E X
4 3 4 X
15, (12) enantiomorphous 2,z X X X
hemihedral “r
Tetragonal 1§ 76 (14) hemimorphic 2, E 5,z x x | x
hemihedral “z
19, (11) hemihedral with S,z X X
inversion axis z

+ The transformations in parentheses belong to the group, but it is not necessary to
take them in the generating set because z = axyz~! ; § = §~2 §~% §~! SS z = 2y.

v z

v
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e P g — T —
2 < 3
Glenerating g 2§ b
set wnth R S| 513
regardto | 2| | 2| g
central AR IERE $
3 N ~ kv
symmetric S| S| S| 3|2
System Generating set properties RO A AR A
17. (13) paramorphic ¢,z x x
hemihedral ‘
Tetragonal 11 18. (10) tetartohedral f f S < | A - X
20.(9) tetartohedral with S Ve 5| >
inversion axis 2
21.(27) holohedral Cozr b
6 2
22,(24) enantiomorphous 2, r « . X
henuhedral 6 2
Hexagonal 1Y 23, (26) hemimorphic 2, K nr . w |
hemthedral 6
26. (22) hemthedral with 2, r, E . b
threefold axis 322 )
24.(25) paramorphie C,z - £
henuhedral °
o (0 \ v *
Hexagonal 11 25, (23) tetartohedral f f A 7| A X
27.(21) tetartohedral with 2, E X | x|~
threefold axis vz
28.(32) holohedral o, x, y, (2
‘6 4 €
29.(29) enantiomorphous x, ¥, (2)
Cubic 1 hemihedral ‘e ny (i)
30. (31) henumorphic S, S, (9T x
hemthedral <V 2
1. (30) paramorphic C, r,u, (2, St X
Cut hemthedral 22 2 <
ubie 11 32, (28) tetartohedral 1372 ), S Y (f)' . O I
2
. (5.4)

The classes are indicated by their number as given by Voigt, with the
number assigned to them by Cady in parentheses. There are seven
systems, four of which contain two sub-systems. A transformation T
is equivalent to C'T for any property with central symmetry. Conse-
quently the generating set for these properties is much simpler. The
systems are sub-divided by these simpler generating sets into sub-
systems. A class is called enantiomorphous if it can contain crystals
that can be transformed into each other by a reflection but not by a
rotation. The necessary and sufficient condition for this case to arise
is that the generating set does not contain a transformation with
A = —1. The enantiomorphous classes are 2, 5, 7, 10, 13, 15, 18, 22,
25, 29, and 32.

1 See note opposite.



156 APPLICATIONS TO THE THEORY OF ELASTICITY [Chap. VIL

The principle of Neumann connects the crystal classes with the pos-
sible physical properties. According to this principle the symmetry that
characterizes the outward appearance of the crystal, i.e. the generating
set of its group, also fixes the symmetry of all its physical properties.
So a physical quantity without central symmetry, for instance a vector,
can never occur in the eleven classes whose groups contain C: 1, 3, 6, 9,
12, 14, 17, 21, 24, 28, 31. But a W-vector, since it has central sym-
metry, may occur in these classes if nothing clse prevents its doing so.

In order to investigate whether certain quantities may occur in the
different classes we have only to find out which quantities are invariant
for the transformations (5.3). For instance a vector »,, v,, v, is trans-
formed by E into —wv,, »,, v;3; hence only a vector 0, v,, v, is invariant

x

for E. But a IW-vector #,, #,, #; is transformed into &,, —@,, —&,, hence
x

an invariant W-vector has the form #,, 0, 0.

An affinor of valence 2 can be split up into a tensor and a bivector.
A tensor can be split up into a scalar and a deviator, and a bivector is
equivalent to a W-vector for the group of rotations and reflections.
Hence the decomposition is

scalar+ W-vectort+deviator (9 = [+34-9) (5.5)
and all these parts are centro-symmetric. For a W-affinor of valence 2
we get W-scalar-vector-- W-deviator (5.6)

and none of these parts are centro-symmetric.

An affinor P4 of valence 3 contains a trivector P, which is
equivalent to a W -scalar, and a tensor P%i) (10 components). A vector
Ph = piig,. can be formedifrom P®*') and P%i) can be split up into
two quantities

Pij) — 2 Plhgid) | { Phid) 3 Plhgii}, (5.7)
The first one has 3 components, the components of P%, and the second
one is a tensor, without a vector part, with 7 components, called a
septor. If the scalar part, the vector part, and the septor part are taken
out of P, we still have a quantity R/ with 27—1—3—7 = 16 com-
ponents which satisfies the condition

Rt Riih | Riki — (. (5.8)
Hence RN — 2( R | Rikdl) | 2( RRUG | Rilkdl), (5.9)

and this equation expresses the fact that R"¥ can be split up into two
parts, which only depend on R and R respectively. Now here
a bivector is equivalent to a W-vector, hence R is equivalent to a
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W-affinor of valence 2 whose scalar part is zero. This means that R
can be split up into two vector parts and two IV -deviator parts. Hence
the decomposition of P is

W-scalar+3 vectors+2 W-deviators-+-septor (27 = 14+94-10+-7),
(5.10)
and all these parts are centro-symmetric. All other decompositions can
be found in the same way.
We give a table of decompositions:

Com-

Affinor with | i * ; |
valence ‘ ponents | Scalar . Vector | Deviator ' Septor Nonort
|.__.- —_— | PR -
1 note.s. | 3 ! ; 1 :
2 cs. I 9 | 1 i 1w 1 '
3 notes. 27 ' 1w i 3 2 1 :
4 es bosro 3 6w 6 3w 1
(5.11)
W-affinor with | Com- o
valence i ponents ' Scalar Vector ' Deviator Septor ' Nonor
1 cs. ! 3 ) ‘
2 mnotes. 9 mw 1 w
3 s o2y 1 3w 2 LW
4 notes. | & , 3W 6 6w 3 1w
(5.12)
Tensor with ' Com-
valence . ponents ' Scalar . Vector Derviator  ® Septor Nonor
not ¢.s. 3 ‘ ' 1 ’
2 eas 6 1 . ¢ 1
3 noteas. | 10 . ' 1 1 .
4 ec.s. | 15 | 1 ! ‘ 1 1
(5.13)
W-tensor with | Com- | ! i
valence ponents ‘ Scalar l Vector | Deviator | Septor Nonor
I cs. 3 | o : |
2 not cas. 6 1w | mw ’
3 ecas. 10 ‘ mw i mw
4 not c.s. ‘ 15 1w , i 1w i ! 1w
(5.14)

+ A nonor is an affinor of valence 4 with 9 components and no scalar, vector, deviator,
or scptor parts. The terms deviator, septor, and nonor were introduced by the author
in 1914, the last two for want of better expressions.
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Com-
ponents Scalar Vector Deviator Septor Nonor

Tensor-tensor 21 2 2 1

MV s o,
XMV — @iV 18 2 1w 1

not c.s.
fitewr = fiion;t 18 W 1 w

c.s. !

P L DS B -

(5.15)

All parts of a (not) centro-symmetric quantity are (not) centro-sym-
metric. f

We give a table for W-scalars, vectors and W-vectors and tensors,
and W-tensors of valence 2 which are invariant for the transforma-
tions (5.3):

Trans- Not centro-symmetric Centro-symmetric
Sformation W-scalar | Vector W-tensor W-vector] Tensor
f 3 00 0Py Doz DsaPas 0 0 ||Dy 0 0| Dy DagPaaPas 0 0 )
y ] 00, 0Py Baa Pas 0 Py 0 || 035 0| D13 PraDas 0 Py 0
f & 000 |Pn Paa Das 0 0 Diaf| 0 08| Dy PaaPas 0 0 Pua
LIz 3 0,00 Py Paa Paa 0 0 0 |[B0 0 |DyyPyaPan 0 0 0 pA=+1
v.v.9 8 0vs 0 Py Pax Pru 0 0 0 || 0 30 Dy PeaPiy 0 0 0
%22 ¥ 00v,|(Pyy Pu Das 0 0 0 || 00D |pyPuPs 0 0 0
R N ¥ v 00| P Pu ﬁ}l D2z Pas Daus || &1 81 01 | D1y PuPn P23 Pas Pas
C 0 *looo|o 0 0 0 0 0 | 90D D11 Paa Pas Pas Va1 P12 )
E -z 0 0v05| 0 0 0 0 PpyPra| 810 0[Py PaalssPs 0 0
? = C’gl 0 v,0v,1 0 0 0 Pyg 0 Pis|| 0% 0| D11 PaaDas 0 Py 0
?=(’f 0 v v0] 0 0 0 PaaBar 0 [| 0 00| DuDuaPss 0 0 Pal y .
'3' = Cf—' = f‘t 0 0000 Poa—PuaPaa 0 0 ||0,00P3PaaPa 0 0 0
:t' = U‘y_' = {"J? 0 000|Hy 0 —P 0 Py 0 || 030 |DyuPeaPn 0 0 0
;'s'=c‘z—‘=§‘z 0 000 fu—Pu 0 0 0 Pyl 0 08 |PuPubu 0 0 0 |

(5.16)

By using this table we get the following quantities which exist in
the thirty-two different classes:

t fit* is the quantity in the piezo-magnetic effect which corresponds to ¢«#” in the
piezo-electric effect.

1 A general theory of the splitting up of quantities is developed in R.K. 1924. 1,
ch. VII. A more modern treatment for the orthogonal group in 3 and 4 variables based
on the theory of spin space is to be found in Littlewood 1945.1.
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Not centro-symmetric quantities Centro-symmelric quantities

Generating | W- Generating w-
Class set scalar| Vector W-tensor set vector Tensor
1.2 ¢ - - } -
-— By By B3 | D11 Das Das Pas Pax Pra
2.(1) - 3 03| P Bus Pas Bas B Pre
3. (5) C,z — - - —-
2
4. () ;‘ 0 nmv, 0| 0 0 0 PuPa 0 f 0 0 By | PruPunPas 0 0 Py
5.(3) f 3 00 v\ Py PPy 0 0 Py
6. (8) C,z,z —_ — —
E A '
7.(6) zx § |000!p, Pubs 0 0 0 2,z 000 |PuPnupPu 0 0 0
8.(7) 2, K 0 |oov,l 0 0 0 0 0 p,
2z
9.(200| €, zz — — i
¥ 2 '
1.9 zs 3100015 Bubuo 0 0 |lzx "00 0 Pupupn 0 0 0
| i ! |
11.(19)| .z, E 0o looe,J O 0 0 0 0 0] [ |
s E | | i
12.(17) ¢z — . :‘ ; | oo
' z 00 & Pubud
13. (16) z § 00 l‘.:i;n Pubs 0 0 0 ," ‘ l‘! T
3 i
|
14.(15)| € zz i - | l
4 2 . |
15. (12) z F 1000(Pn Pubuo 0 0 } | » o
i 2, x 00 P Pas 0
16.(19)| zE 0 100v,, 0 0 0 0 0 o[ ! 0ipu e
¢ £ ] i
19.(11) N, e 0 [000ipy -Ppu 0 0 0 0 i |
z 2 |
!
17 (13) o,z - Sy | ) !
* '
18 (10) z 00 niPn Pubu 0 0 0|z Lo s,!p,, Pubn 0 0 0
i ]
20.(9) N 0 1000 py P 0 0 0 Py | |
z . N
I ! , |
227 Oz | - | — N
R . ! |
22.(24) i,.}‘ E] 000 Ii"n Dufa 0 0 0 i i 0 0
92, T 1000 0
23.008) 2 K 0o loowi o o0 00 0| ; | P1 Prs Pas
6 4 |
2.0 zr kK 0 looo,0 00 0 0 0 | !
3 2z ; | |
]
21, (25) O,z - - ~ i !
L] 1 | .
25.(23) f 3 00 "all’u Pubss 0 0 0 f ; 00 By | PuPubas 0 0 0
i
27, (21) 2, B 0 loooiro 0 0 0 0 0
3 2z
28.(32)| O, x,9,@) | — — -
46 & 4
29.(29) 2,9, () § 1000 )Pu Pubu 0 0 0 3r v @ 1o00!pupapn0 0 0
30.(31)| N, 8, (8) 0 (o000 0 0 0 0
) 2z
31. (30) C,":‘J'I,(f),s - — - @.8looo 0 0 0
r, 9, 2), 8 Pupnp
32.28)| 2,0, @8 | 3 |000(pu BuBuo 0 0 |(FFN o
2 2

(5.17)
Tables for all kinds of quantities can be constructed in the same way.
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If a crystal connects two physical quantities, e.g. temperature and
electric or magnetic field, electric field and strain, or stress and strain,
we call this an effect. If the connexion is linear it is called a linear effect.
The effect is given quantitatively by a quantity, for instance in the
cases mentioned (using the group G, and identifying densities and non-
densities) a vector, a W-vector, an affinor of valence 3, and an affinor
of valence 4 respectively. We give a table of some linear effects:

Effect Connected quantities Quantity connecting them
pyro-electric scalar, vector vector
pyro-magnetic sealar, W-vector W-voctor
thermo-elastic scalar, tensor val. 2 tensor val. 2
dielectric vector, vector tensor val. 2
magnetic W-vector, W-vector tonsor val. 2
piezo-electric vector, tensor val. 2| affinor val. 3, symmetr. in 2 indices
piezo-magnetic W-vector, tensor val. 2|  W-affinor val. 3, symmetr. in 2 indices
elastic tensor, tensor val. 2 tensor-tensor val. £

(5.18)

In all these cases the effect can only exist in a certain crystal class
if there is a quantity, giving the connexion, which is invariant for the
group of this class. Hence it follows from table (5.17) that a pyro-
electric effect only exists in the 10 classes 2, 4, 4, 8, 11, 13, 16, 18, 23, 25
and a pyro-magnetic effect only in the 5 sub-systems containing the 13
classes 1,2, 3, 4, 5, 12, 13, 17, 18, 20, 24, 25, 27. The dielectric and the
magnetic effect exist in all classes.

For the elastic effect the quantities giving the connexion for the

¥
adiabatic process ase ¥ and s, ,,, (cf. (4.14%, 15%)) related by (4.23* a-d).
)

Using the group G,, and identifying densities and non-densities we
write c'* and s, for them, dropping the affixes D and F. In the
same way we write 7" and §;; for stress and strain. Now it is not
pleasant to have to use four indices in this work. So an abbreviated
notation is usually introduced. In 7™ and c¢"¥* the combinations of
indices 11, 22, 33, 23, 31, 12 are replaced by 1, 2, 3, 4, 5, 6. Then T
and ¢k can be written

T4 (A,B=1,..,6), (5.19)

c4B = ¢B4; 11-=1; 23=4; cycl. 1,2, 3and4,5,86.

T4 is not a vector and ¢4B not a tensor of valence 2 because the com-
ponents transform in a more complicated way that can be derived from
the transformation of 7! and ¢ *. An abbreviated notation for §;
and 8, can be introduced in the same way. But we must do this in
such a way that 748, means the same as T"iS,;, and 7'1s,, the same
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as T™s,;,. These conditions are satisfied if we write

Sl = P
8y = 28,3,
S = S1n S2033 = Sa3s (6.20)
281103 = 8145 281131 = 8155 281112 = 8165
4893953 == 844, 489331 == 845, 489310 = 84q,

cycl. 1, 2, 3 and 4, 5, 6.
Then we have in fact
T48;; = TY8,;,+2T%8,5+cyel. 1, 2, 3
= T18,+T%S,+cycl. 1,2, 3;4,5,6 (4,5 = 1,2,3). (5.21)
The transformation of indices for S;; and s is just the same as for T™"*
and ¢k except that a factor 2 has to be added for every set 23, 31, 12.
This is a bit artificial and it is not pleasant to find that 7'4, ¢4B, S,
and 8, , transform in a rather complicated way. (Never use this trans-
formation and always go back to the transformation with 2 and 4
indices!) The abbreviated notation, however, is very satisfactory and
we have to pay for that.
In order to find the possible tensor-tensors in the thirty-two classes
we write out the tensor-tensors that are invariant for those transforma-
tions z, 2, 2, 2, @, z, ¥, ¥, S which form the generating sets with respect

to centro-symmetric properties. Since a tensor-tensor is centro-sym-
metric we do not have to consider other transformations:{

f: e € €y 0 0 ¢y ;'” €11 €2 Ci3 C1a , O 0
Ci €3 0 0 cy €1 Cis —Cpg cys 0
€z 0 0 ¢y ®ss 0 0 0
Ca Cis 0 Ca 0 cys
e 0 Cas Cua
Ces ilenn—cys)
2T €y Cp Cg 0 0 ¢y 21 €y €y €G3 0 0 0
‘ ]
¢y €3 0 0 —cy ¢ 63 0 0 0
s 0 0 0 cgs 0 0 0
€ 0 0 cge 0 0
cu 0 € 0
Ces $(Ci1—¢1a)

1 Since the fundamental tensor is positive definite the indices can be written as upper
or as lower indices. In the tables we have chosen lower indices because these
are used in other publications.

5128 M
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LI €y Cp Cg Cy 0 0 X €y Cpp Cpe 0 0 0
2 ‘ .
Cag Cyy Cq 0 0 Cay Cog g 0 0
Cy3 € 0 0 Cog —Coy 0 0
cg 0 0 g 0 0
Cs5 Csg s U
Cgq Cs5
Y €y g Gy 0 ¢ Y ¥ ey iy ¢y 0 €5 0
2
Cys Cys 0 ¢35 0 Cas €y 0 0 0
gz 0 ey 0 en 0 —ey 0
sy 0 ¢y Cy4 0 0
css 0 [
Cee Cay
S: 0 Gy €y €4 €5 Cgg
Cnn Cip Cg Cq Cyp
i G5 Cg Cig
Cip Cy5 Cyg5
C43 Cgs
Cyq
(5.22)
From these tables we get for the eleven sub-systems:
Trielinie, 1, 2: Full table 21 constantst
Monoclini¢, 3, 4, 5; z: Cn Cp Gy 0 0 e
2

Caz

g 0 0 ey
g 0 0 cy
Cyy Cyy 0

Cgs 0
Cee
- 13 constantst
Rhombic, 6, 7, 8; z, a: ;1 € €3 0O 0 0
2 2
‘ Con Cy O 0 0
e 00 0
ey 0 0
czs 0
Cqq
9 constants
Trigonal 1, 9, 10, 11; z, a: € Cpp Oy ey 000
3 ¢
¢y g —cy 00
C33 0o 0 0
gy 0 0
Cig Cig

i(ey1—cyp)
6 constants

t The number of constants could be reduced to 18 and 12 respectively.

No reduction
is possible in the other systems.



§ 5] CRYSTAL CLASSES 163

Trigonal 11, 12, 13; 2: €1 Cg Cy3 Cig —Coy 0
3
Cnn Gz —Cyg Cys 0
Cy3 0 0 0
Cyy 0 ¢y
C4a Cia
H YR PY)
7 constants
Tetragonal I, 14, 15, 16, 19; z, a: €y €y €3 0 0 0
4 2
¢ 63 0 0 0
g 0 0 0
cyq 0 0
¢y 0
Cee
6 constants
Tetragonal II, 17, 18, 20; z: Ch Cp €3 0 0 Ce
4
p g 0 0 —cy
3 0 0 0
¢y 0 0
Cas 0

7 constants

Hexagonal I, 21, 22, 23, 26; z, x and
6 2

Hexagonal II, 24, 25, 27; z: €y Cp €3 0
6

(v}

RS

=

y

@

S
S S
S oSS S o

Caa

{(ern—¢p)

b constants
Cubic I, 28, 29, 30; a, y, (z) and
4 4 4
Cubic 11, 31, 32; x, y, (z), S: Cp Cgp € 0O 0 0
2 2 2
ey, ¢y 0 0 0
¢, 0 0 0
c,e 0 0
ce 0
Cu

3 constants
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Isotropic medium; group G,,: €y Cg Cg O 0 0
ckA — \giAgiv t 2y, gixluighiy €y Ca 0 0 0
A= f“ , constants of Lamé en 0 0 0
g = ilen—ecgy) ilen—cp) 0 0
A2u =¢;, ilen—ey) 0

H Rt IPY)
2 constants
(5.23)
These tables are valid in the triclinic and isotropic case for all Car-
tesian systems and in the other cases for Cartesian systems which are
chosen as follows with respect to the crystallographic axes:
Monoclinic: the z-axis is the one crystallographic axis that is per-
pendicular to the other axes and the z-axis is one of those other
axes;
Rhombic: the z-, -, and z-axis are the crystallographic axes;
Trigonal: the z-axis has threefold symmetry, the x-axis is one of the
other axes;
Hexagonal: the z-axis has sixfold symmetry, the z-axis is one of the
other axes;
Cubic: the z-, y-, and z-axis are the crystallographic axes.
As an example we take a-quartz (class 10). The axes for the right-
hand case are shown in Fig. 26.1 According to Voigt, Mason, and Cady
the values of c4% and s, are in Giorgi units:

Voigt Mason Cady
€1y = Cgq 85-46 86-05 87-(5)
Cas . 105-62 1071 107-(7)
Cea = Csp 5712 5865 57-(3)
C1a 7:25 505 7-6(2) ) X 10° newton/m.2
Cys = Cag 14:3% 10-45 15(1)
€1 = —Coq = Csq 1682 1825 17:(2)
Cgs = 3(C11—Cq3) 39-10 40-5 39-(9)
Mason Cady
81y = 8y 1-279 1-26(9)
833 0-956 0-97(1)
e = 855 1978 2-00(5)
82 —0-1535 —0-16(9) X 10~1! (m.2/newton)
3 = 855 —0-110 —0-15(4)
By = —8yq = 1854 —0-446 —0-43(1)
845 = 2(81,—835) 2-865 2-8(8)

(5.24)

t This figure is taken from Lack, Willard, and Fair 1934. 2, p. 7563, with kind consent
of the Bell Telephone Group.



§ 6]

CRYSTAL CLASSES 165
Z .
optic axis
I\\
IR\
(BN
Pl
L’ <
o= \\
1 ™ mechanical
N &S
- -—qdL
o el EeRE .
I . electric
b ! ax/s
S
// | T
-\1/ i /}‘
| ,
|
|
I
F1a. 26.

6. Piezo-electric and piezo-magnetic effect

The piezo-electric
(4.22%), (4.23%))

effect is expressed by the formulae (cf. (4.15%),

a DK == ¢S

Eb)) D — dx, ;M } (field zero),

(c) T} = —ewAF,  (strain zero), (6.1)
(@) 8., = d).‘,“,FA (stress zero), ¢

(e) errd — fm\pvd{tpv. .

Using orthogonal coordinate systems and identifying densities and

non-densities we get

(a)
(b)
(c)
(d)
(e)

Dt = (hijSij
Dh = d’-‘i)' Tij
Tii — —ehiiF, (strain zero), (6.2)
S;; = d"; F,, (stress zero),

et = chitk@l,  (h,1,5,k,1 = 1,2,3).

} (field zero),

el jg an affinor which is symmetrical in the last two indices. Accord-
ingly it has 18 independent components. As we have seen in § 5 it can
be split up into two vectors (2 x 3), one W-deviator (5), and one septor
(7). Since € is not centro-symmetric we can only have the 21 classes

2,4,56,7, 8, 10, 11,

13, 15, 16, 19, 18, 20, 22, 23, 26, 25, 27, 29, 30,

and 32. In these classes the vector parts exist in the 10 classes 2, 4, 5,
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8,11, 13, 16, 18, 23, 25 only and the W-deviator in the 13 classes 2, 4,
5,7,8,10, 13, 15, 19, 18, 20, 22, and 25 only (cf. (5.17)). As we have
here only a table of the possible tensors of the valences up to 2 and not
of valence 3, we are only able to conclude that piezo-electricity occurs
for certain in the 16 classes 2, 4, 4, 7, 8, 10, 11, 13, 15, 16, 19, 18, 20,
22, 23, and 25. The five classes 26, 27, 29, 30, and 32 have still to be
investigated.

For the piezo-magnetic effect we have equations similar to (6.2) con-
taining magnetic instead of electric quantities. Instead of et they
contain a W-affinor #* which is symmetric in the last two indices.
This quantity is centro-symmetric and can be split up into two W-
vectors (2% 3), one deviator (9), and one W-septor (7). Since central
symmetry exists, we have only to look at the sub-systems. In all
systems except the cubic system either the deviator or the W-vectors
exist (cf. (5.17)). Hence all these systems are piezo-magnetic and we
have still to investigate the cubic system.

We use the abbreviated notations

ehl — ghll eht — gh23

mhl = k11, mhd = A3 cyel. 1,2,3; 4,5,6 (6.3)
o gh o — Oph

d’l_d'll’ 9,4-——-26,23

for ehii, fiwhii, and d* ;. In order to find the possible form of e and !’
in all classes we write out the values of e*/ which are invariant for the
transformations occurring in (5.4):

zz 0 0 0 vy, €5 0 2: ey —ey 0 €14 €5 —e€y
2 3
0o 0 0 ey €5 , 0 — €y e 0 €5 —€y —é€n
€31 €32 €3 0 0 €3¢ €31 €31 €33 0 0 0
z and z:
¢ 6
0 0 0 e, e 0  x: e €3 €3 €14 0 0
2
0 0 0 e5 —ey 0 0 0o 0 0 €5 €36
€3 €3 e 0 0 0 0 0 0 0 €55 €36
‘:’7: €11 €2 ey 0 0 0 S: e €z €3 14 €15 €18
0 0 0 0 €25 €2 €13 €11 €52 €16 €14 €15
0o 0 0 0 €28 —€35 €12 63 €5 €15 €18 €14
E: 0 0 0 0 e e H: ey €13 €3 0 0 €
x 2z
€31 €2 €3 Cyy 0 0 €21 €22 €93 0 0 €y

Ca1 €3 €33 €3 0 0 0 0 0 €34 €35 0
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8: 0 ey —ey ey 0 0 S: 0 0 0

€14 €15

[ ] 2
0o o0 0o 0 Cy5 Ca 0 0 0 —ey €
0 0 0 0 --ey g5 ey —ey 0 0 0

From these tables we get for the remaining twenty-one classes:

2.(1): F¥ull table

4.(4); E: 5.(3); =:
z 2
en €y 03 0 0 Cg 0 0 0 C14 €15
€21 € €3 0 0 Caq 0 9 0 €24 €25
0 0 0 ey [ 0 €3 €33 €33 0 0
7.(6); =, @ 8.(7); =, E:
z
0 0 0 ey ] 0 0 0 0 0 55
0 0o 0 0 ey5 0 0 0o 0 oy 0
0 o 0 0 0 C8 €3, €3, Cgy 0 0
10.(18); =, @ 11.(19); =, K-
4 2 4
ey -6y 0 ey 0 0 0 0 0 0 e
N n 0 0 —ey —ey — ez.. ey, 0 15 0
0 0o 0 0 0 0 €31 €33 0 0
15.(12); = & x
2 .
13.(16), =: 22.(24); 2, x| °
3 6 2
n e 0 ey €15 €an 0 0 0 €14 0
—Ca; ee 0 €5 —ey —ey 0 0o 0, 0 —ey
e ey Oy O 0 0 0 0 0 0 0
16.(14); =z, K 18. (10),
¢ x|,
23.(26); =, K|~ 25. (23). z
6
0 0 0 0 €5 0 0 0 0 €14 €15
0 0 0 e 0 0 0 0 0 €5 —ejy
€31 €31 34 0 0 €31 €31 €33 0 0
19.(11); S, a: 20.(9): S:
z 2 z
0 0 0 ey ] 0 0 0o 0 €1 s
0 0 0 0 €4 0 0 0 0 — €15 €4
0 0o 0 0 0 [ ey, —ey 0 0 0
26.(22); 2, x, E: 27.(21); 2, E
42z 3z
ey —ey 0 0 0 0 e —ey 0 0 0
0 0o 0 0 0 - e, = Oug ey 0 0 0

0 0o 0 0 0 0 0 0o 0 0 0

167
0

0
€3¢

(6.4)

€3¢

)

SO

SO

)

€3¢

— €3
—én
0
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30.(31) S, S, (S)
T v z .
29.(29); =, y,(z): All zero 32.(28) x, v, (2), S|’
46 4 4 2 3 2
0 0 0 e 0 0

0 0o 0 0 €4 0
0 0 0 0 0 €54

6.5
el s a septor in the classes 26, 27, 30, and 32. (©6-5)
The piezo-magnetic quantity 7,5 behaves just like e;; with respect
to all transformations with A == +1. Since ;5 is centro-symmetric
these are the only transformations that count and consequently we have
the following possibilities for 7,,:
Triclinic, 1, 2: Full table.

Monoclinic, 3, 4, §; z: 0 0 [/ My 0
2
0 0 0 iy, Mgs 0
gy Mgy gy 0 0 1bgq
Rhombie, 6, 7, 8; z, x: 0 0 0 1y, 0 0
2 2
0 0 0 0 Migg 0
0 0o o0 o0 0 Thgg
Trigonal 1, 9, 10, 11; 2, x: My —myy 0 My, 0 0
3 2
0 0 0 — My, —Miyy
0 0 0 0 0 0
Trigonal 11, 12, 13; z: My, —Myy, 0 1y, Wyy —1hgy
3
. — Mgy Mgy 0 My —0yy —iy
msl mal "Tlsa 0 0 0
Totragonal I, 14, 15, 16, 19; 23 x} 0 0 0 iy 0 0
K 0 0 0 0 —m 0
27. 99 93 9. 14
Hexagonal 1, 21, 22, 23, 26; z‘, f 0 0 0 0 0 0
Tetragonal 11, 17, 18, 20; z} 0 0 0 1y, My 0
g 0 0 0 1y —1hy, 0
Hexagonal II, 24, 25, 27; i 1iiay gy gy O 0 0
Cubic I, 28, 29, 30; =, y, (2): All zero
4 4 4
Cubic 11, 31, 32; x, y, (2), S: 0 0 [/ 0 0
2 ¢ 2
0 0 0 0 My 0
0 0 0 0 0 Miyq
(6.8)

mh is a W-septor in the classes 31 and 32.
As an example of piezo-electric constants we take a-quartz (class 10).
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According to Cady the values of e, and d,p are in electrostatic c.g.s.
units and in Giorgi units:

ey T ey == —eyg 477X 104 } dyno  477x10°[c } newton
e = —ey 1-23x 10¢ | 103 volt em. — 1-23x 10°/c | volt m.
dy = —dyp = —idy  6:9x107° } em. 69X 10—2/0} m.

Ay = —dys —2:0x10-%) 10~%c volt = —2:0x 102/c| volt~

7. Waves in a homogeneous anisotropic mediumt

We use Cartesian coordinates for the deduction of the wave equation
in crystals. The form of the theory is due to Christoffel. The general
equation of motion in an anisotropic medium in orthogonal coordinates
is (cf. (2.7))

o%uk e (s
p[h] '_ét‘—.l = asz (j)k = 1:2, 3)) (7.1)

where u* is the displacement vector.

For a flat wave, the points with the same displacements lie at any
fixed time in parallel planes. If the distance of such a plane from the
origin is denoted by s and if the unit vector perpendicular to the planes
in the direction of increasing s is n"* we have

ok

Tk =m = (k=123 (1.2)
and accordingly
o%uk ok ..
P“‘az‘ = n‘j ~a:s-‘ (J,k == l, 2, &. (7.3)

Since the process is adiabatic we get, usihg (1.6) and (4.22*d)

o%uk 0, ,. .
= n;— (ch*S),;— €'k )

P o 2s

o (hyisj, k= 1,2,3), (7.4)
= nj n;, chijk —é;}—e"jkajﬂ

dropping the subscript 5 and writing ¢/, e'i* instead of ¢*/k, ¢/* ag in
§§ 5and 6. Now if the crystal plate is used as a resonator for frequency
control the field F; depends only on time and is, at each moment,
constant in space; hence

o’uk 0%u;

p—a—iz— = n:fnhchijk 28° (h’i:j’k = 1,2,3). (7.5)

1 Cf. Christoffel 1877. 1; Voigt 1898. 1; Brillouin 1938. 1; Love 1944. 1; Cady 1946. 2.
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Hence, if p* is the unit vector of »* and u” = up* we get the equation

peipk = nym;chiikp, | (h,d,5,k = 1,2,3) (7.6)
for p*, and the linear partial differential equation of the second order
*u o*u
A 7.7
e (7.7)
for u. In these equations ¢* is one of the three eigenvalues of the tensor
(L/pm, my ik,

The general monochromatic solution of (7.7) with a frequency v has
the form

W == ue:.’ﬂi(vl—s/).)_*_u(,—‘.’nf(vbslz\)w*‘ue:.’ni(vl|s/)«)+ue—‘:rri(vl+sl)«), (7.8)
1 2 3 4

where A == ¢/v is the wave-length and w, u, », and » are integra-
1 Y 3 1

tion constants. This shows that ¢ is the velocity of propagation in
the direction of »*. The first two terms represent a wave moving in
the direction of increasing s and the last two a wave in the opposite
direction.

If the three eigenvalues are different, a definite unit vector p* belongs
to each of them; and these vectors are mutually perpendicular.

We now consider the possibility of free vibrations in a plate which
is cut from a crystal and is bounded by two parallel planes s — 0 and
s = a perpendicular to »". We suppose that the plate has an infinite
area and that the same motion is shared by all particles which are at
the same distance fsom the plane s = 0. These vibrations are often
called ‘thickness vibrations’. No stress occurs at the boundary planes,
hence, according to (6.2d) °

ou .. .
Sl'j = -3—8-n(jp') = dh” EL (h, 'lr,.),k - 1, 2, 3). (7.9)

F; = 0 for free vibrations, hence % _ 0 for s — 0 and 5 — a. Intro-

.
<

ducing these boundary conditions into the equation

6_1{' — ?’_Tl'(_uez'rrc‘(vl-s/k)_j‘_ we—2miwt -s/A)+uezni(vl+sIA)___ ue--:.'ni(vl+s/A))

08 A 1 2 3 4

t (7.10)
we ge

0 = (_u+u)e21rivl+ (u_u)e-—’.’nivl,
1 3 2 4

0= e2ﬂivl(__ue——i’nialk_l,_uet."rria/))_+4e—:.’1rivl(ue‘.’ﬂia/)__ue :.’ﬂiulx\)’ (7'11)
3 ] 4
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or u = u, w = U,
1 3 2 4
(7.12)
sin2x? . 0
Hence A 2a, v (7.13)
n 2a

where 7 is an integer, and the solution takes the form

U = 2(ue‘~’”""‘+ue‘9”"")coswgs (7.14)
1 2

or in another form
U = (Ccosw@t—}—(} sin n@t) cosmos (7.15)
1 a 2 a a

with two integration constants. We see from (7.9) that it is possible to
generate this free vibration by a small pulsating electric field ¥ in the
direction of n* if and only if

npdlnipt £ 0 (h,4,5 = 1,2,3) (7.16)
and if the frequency of F; is nc/2a. Of course in practice the expression
(7.16) must have a sufficiently large value because in our theoretical
considerations we have neglected all kinds of resistance and losses of
energy.

For general waves we get from (7.1), (1.6), and (4.22*d) for ¢; F; = 0
Ul nisg, o (h,i,j, kb =1,2,3 7.17
atz_ 1) Yk s ”)° (')

This is a linear partial differential equation of second order. We use
the method developed by Lorentz} for e, wave function satisfying an

arbitrary linear partial differential equation of arbitrary order and
write the solution in the form

b = gihelmix, qh e [ut| (b = 1,2,3). (7.18)

The factor e*ix expresses the wave character. Its partial derivatives

are omi . omi def
QetTX = Zmiy, €T, ¥ = & x,

. X . . 7.19
3,- e2mix — 27"’Xj e’mix, X; def X ( )
The wave fronts, i.e. the surfaces of equal phase at any fixed time, are
qual p Yy
given by the equation
x = constant. (7.20)

x" is the vector perpendicular to the wave front and the inverse of the

1 Cf. Fokker 1939. 1, 2.
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length of this vector is the wave-length, i.e. the distance between two
neighbouring wave-fronts which have equal phase. Hence, if n” is the
unit vector of x* we have

o= e (h = 1,2,3). (7.21)

The wave-fronts travel in time and at some fixed point the phase is the
same as for # = 0 if y has suffered a change 1. Hence y, is the frequency
v of the wave.

By differentiation of (7.18) we get

Qul = (04" 2midlx,)e X,

o ut = (6] a"—4m*ihxi +dmix, 0,40 + 2midhey y)e mix,

0wy, = (0 g+ 2midly x;)e*™X, (7.22)
0,0,y — (0, 0ty — iy, X X+ 4mix O W+ 2ty X)e X Xy © 0,05 x

(b,2,5,k = 1,2,3)

and this gives by substitution in (7.17)

(@) pdyit—dm*pilyi = chiik(9; ;1 — 4m iy, X; X;)

) 2px 0y ut+plhdx —= cMiF(2x ;) i x15) (7.23)

(by, §, k = 1,2,3).

We suppose now that the amplitude 4", the frequency v, the wave-
length A, and the direction of n* undergo only small changes in space
and time for displacements of the order of A in space and for intervals

of the order of 1/y in time. This can be expressed mathematically by
the inequalities:

o < dry;, T 0;0;x < XiXj>
gput < dhyy, 9;0,x < XiXv
9;0;ah < x; x; 0", % x < xixe (7.24)

ot < xti,
6i8,12h <X,:Xt12h (h, 'l:,j == l, 2, 3).
If these inequalities hold, (7.23a) takes the simple form

PcL’ph — chijkninjpk (h’ i’j,k = l, 2, 3). (7.25)

where p* is the unit vector of u* and ¢ = Av. This equation gives the
relation between the direction of the displacement and the normal to
the wave-front. It is the same as the relation (7.6) for flat waves.

+ < means small with respect to.
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We now discuss how the energy travels in a wave. The sum of the
kinetic and the elastic energy in a volume 7 is

W= { f pti; U drr - f ¢, ;) (0, ) d. (7.26)
Hence ’ ’

W= [ pigiidrt [ c™(;0,)@u) dr
T T

= f p’di ’iiid-r—}- f Cijklaj('l;ialuk) d‘r——— J. Ci‘ikl/lii(aj 81 uk) d‘T
T T

(.7, k1 == 1,2,3). (1.27)
The first and the third term cancel out because of the relation (7.17)
and consequently, using the theorem of Stokes, we get

W f M (0w fido (3,5, k,1 = 1,2,3), (7.28)

where f” is the unit vector perpendicular to the boundary o. Hence
the vector density of the flow of energy is

© — ik, du, (i, k1 == 1,2,3). (7.29)
Writing the wave in the real form
u* = Ap"cos2my = Atcosny (h=1,2,3) (7.30)

we have
Oyu; = (0, A4;)cos 2my—2mA;vsin 2wy,

o,u;, = (9, A;)cos 27rx—-—2x7IAkn,sin 21rx‘ (7.31)
(4, k1=123).

From (7.24), the first terms on the right-hand side of these equations
can be neglected. Hence

¢ = 4n2§AZcﬂkl (e sin®2ry  (4,5,k,0 =1,2,3).  (7.32)

With the same approximation it follows from (7.26) and (7.31) that
the total energy per unit volume is

2
W = 2n’p’A? sin®2my + %?2—— pc’A?sin®*my = 4n’pr®A” sin’2my.

(7.33)
Hence the velocity of the energy flow is

oh = /28 — %c"”"pinjpk (higk=1,23).  (7.34)
P
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Transvecting with n, we get

ot =c (h=1,23).
e
Hence the projection of v* on n* is the wave velocity cn”.
[

For a flat wave in the direction of decreasing s we have x — ;+vl.

Hence the mean value of @ and 9B from ¢ -— 0 to t = lis
14

1y
€ = vir® :—}\A"’c"""’pi DPrMy f sin’2n (; + vt) dt
0

- 2,,‘:; A2y, p o, (7.35)

W = 2r2p’A? (6,4, k0 = 1,2,3).

It is interesting to work out €’ and B for the case of a free vibration
of a plate cut perpendicular to n*. Here we have from (7.15), taking
the null point of the time conveniently

s ct )
uh = Cp"cosnw” cosnm- = Cp”cosZn 5 cos 2mvt
a a

(h - 1,2,3)  (7.36)
and consequently

o, ut = —2mvCp" cos 21r;sin 2mut, (7.37)

e
o;ul = _?/\Z(,’p"njsin Zw;cos 2mvt  (h,j-:1,2,3). (7.38)
.

Hence
T > . s . ..
¢ = Tc” D Py C~s1n417)—\sm41rvt (¢, k,1 — 1,2,3),
W — 74 pC* (]—cos 411-;003 4m»t). (7.39)

The mean value of € between ¢ — 0 and ¢ = I/v is zero in this case
because the standing wave is a composition of two travelling waves
with the same magnitude and opposite directions. But the mean value
of B is #°pv? (2.

We call the density

= def

¢ = Cijklpi njpk n (i,j, k,l = 1, 2, 3) (7.40)

the energy function belonging to two arbitrary directions n* and ph.
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From (7.25) we see that this function has an extreme value for varia-
tions of p* if n® is left constant. The direction of p* belonging to such
an extreme value is the direction of one of the possible displacement
vectors for a wave-front perpendicular to »* and ,/(€/p) is the velocity
of the wave belonging to this displacement.

Now we require extreme values of € for independent variations of
n" and p". Since these vectors are unit vectors we have n, dn' = 0,
P dp" — 0. Hence the variational equations are

d€ = 2™ dp; n; ppmy+2ci*p dn; .y = 0,
nydn® = 0, ppdpt =0 (7.41)
(h,9,5,k,1 = 1,2,3).
These equations are equivalent to the equations
d€ = 2(ctikin, p;wy- -, m;pymy pi) dp; {-
+2(cT¥p; pymy- - ™ pymy, pr pynd) diy == 0
(iaj’ ]‘)l = 1’2’3) (7'42)

without additional conditions. Hence € is extreme if and only if the
two equations

(@) €pt = clikn, p,.m,
(b) €n - cHp, p.m

(0,5, k1 = 1,2,3) (7.43)

are satisfied. The first equation is identical with (7.25), hence p* is
one of the directions of the displacement vector b&longing to a wave-
front perpendicular to n”, and € =: pc”. From (7.32) the second equa-
tion expresses the fact that the flow of energy is perpendicular to the
wave-front.

If two directions n* and p” satisfy both equations (7.43) we call them
reciprocal. If two directions are reciprocal, then belonging to a wave-
front perpendicular to one of them there is an energy flow in that same
direction and a displacement vector in the other direction and vice
versa. € is extreme for frec variations of n* and p* and the extreme
value is € = pc2.

If n* — p* the direction of n” is called self-reciprocal. The necessary
and sufficient condition is that

ctikinn;my == pen! (4,5, k,1 = 1,2,3). (7.44)
If n* = ai*4Bi*+yi" is substituted into (7.44) we get three equations
1 2 3
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of the third degree in a, B, y, and ¢ with the coefficients (in abbreviated
notation)

o cu C1s C15
B Cae Cag Caq
Y Css Cas Caa
B ey 13+ 2cqq C1at 2056
By: Co5+2Ce4 3¢y Cagt 2044
yla: Cq1-+2¢55 Cg6-+2C45 3ess
aff’: Cya-t2qq 3cge Cas-1- 204 (7.45)
By':  cset s Cag+ 244 degq
yo?:s  deyy Crat2cge 51+ 2c55
afy:  dest2ey degq+2cgs deg5t2c5
o —pc? 0 0
B: 0 —pc? 0
Vi 0 0 —pc?

and one equation o?4pB?+y? = 1. As there are four equations and
four unknowns, in general, solutions exist. The necessary and sufficient
conditions that all solutions of the fourth equation satisfy the other
equations are
€1 = Cyp = g3 = Cag+ 2044 = €51+ 2055 = €154,
Ci5 = Cig = Cyq = Cgg = Cgq = C35 = 0,  Cp5+204 = 0, c3e+2¢45 =0,
C1at205 == 0. (7.46)

Hence the table of constants must have the form

) ) 0,
€11 Cl—2Ce €y —NCs  — Cse 0 0
5) )
Cyy C — ¢y, 0 —2cgy 0
c 0 0 —2¢,45
n 5 (7.47)
Cqq Cy5 Cyg
Css Cse
Ces

If ¢y5 = cs4 = Cgy = 0 the medium belongs to the rhombic system and
is called a Green medium.t In a Green medium, for every form of the
wave-front, one of the possible displacement vectors is perpendicular
to the front and the other two lie in the tangent plane. pc? = ¢y, for the
longitudinal waves. For the two transverse waves the values of pc? are
the two other solutions of the equation (cf. (7.6))

ocyy+Bcgetyss—pc®  (C11—Ces)B (€11—Cs5)y
(C11—Ceq)Bx o’ceg+B20y; +yC—pC? (c11—Caa)By = 0.
(C1—Cs5)ye (cyy—Caa)yB  oPcgs+-BCay+yicu—pc?
(7.48)

1 Cf. Tedone 1907. 1, p. 119,
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By an elementary transformation of this determinant we see that these
are the solutions of the equation

Cee+ VI (—Cog+Caq) —pC® Cg5—Caq)t
667’ (—CegtCag)—p 255 MY , =0, (7.49)
(ces—-Caa)By Cs5+B*(—C55+Caa) —pC
or, in another form,
2 2 2
o __ _B 14 (7.50)

Clu—pC®  Cs5—pe®  Cog—pct
These are the well-known equations of Fresnel. Hence in a Green
medium the transverse waves satisfy the equations of Fresnel. An iso-
tropic medium is a special case of a Green medium with ¢y, = 55 = cgq
(cf. (5.22)). Hence in an isotropic medium all longitudinal waves have
pc® = ¢y; and all transverse waves have pc? = #(c;;—cy5)-
In a crystal of the trigonal system I, for instance a-quartz (10) or
tourmaline (11), the equations (7.45) take the form (cf. (5.22))
11 a+(C3y+204—cyy)ay®+ 601,08y = pca;
€11 B+ (C31+2¢44—C11)By°+ 314 Y(F —B7) = pc?B;
—Cya P+ (Ca3—C31—2040)y* + 314 0B+ (C31+2¢40)y = pCy;
Byt = 1, (7.51)
from which we see that the x-axis is self-reciprocal with pc* = ¢;; and
the z-axis self-reciprocal with pc® = c33.1 There are other solutions.
In a crystal of the cubic system the equations take the form (cf. (5.22))
(e11—C1a—2040)a" = (pC*—C13—2C40),
(en—C12—204)B° = (pc®—c1a—2c4)B, (7.52)
(c11—C12—2¢43)y* = (pC’—€15—2¢44),
with the solutions
a=1 B=0, y=0, pc?=cy,
o = '\/5” B - \/%’ Y = 0: ch = 21(011+012+2644),
a=4} B=4, v=45 p*=icnt2,st40m) (7.53)
The conditions for the self reciprocity of the z-, y-, and z-axis or for
the reciprocity of y, «; 2, z; and z, y are

} cycl. o, B, v,

®: €5 = € =0 Yy 21 Cyp = Cg3 = Cg5 = Cgg = 0

Y Cyg = Coq =10 2, X Cgy = Cgy = C5 = G54 = 0

Z: Cyy=C35 =10 X, Y: Cg = Cop = Cgq = Cg5 = 0.
(7.54)

t Cf. Koga 1933. 2.
5128 N



178 APPLICATIONS TO THE THEORY OF ELASTICITY [Chap. V1l

From the tables (5.22) we see that the following reciprocities exist:

Self-

reciprocal Reciprocal
Triclinie, 1, 2 . . . -— —_—
Monoclinic, 3, 4, 5 . . z —
Rhombic, 6, 7, 8§ . . XY R Y B33, 050, Y
Trigonal I, 9, 10, 11 . @,z z, (7,55)
Trigonal 11, 12, 13 . . z —
Tetragonal I, 14, 15,16,19 «, y, = Y, B3, T3 X, Y
Tetragonal II, 17, 18, 20 . P Yy 252,
Hoexagonal, 21-27 . . XY R Y232, 50, Y
Cubic, 28-32 . . .o, Y2 Yy 25 2, X5 X, Y

If in a general homogeneous anisotropic medium we write
Nik — (1]p)chiikn, n;,
then to every direction n” there belong the values of ¢* which satisty
the equation
Ny—¢® Ny Nys

Ny Npy—¢® Ny =0; Ny=DN; (i,j = 1,2,3).

Ny, N;, Nyg—¢? (7.56)
This equation always has three positive solutions. If the solutions are
different, one value of p* belongs to each of them. If two solutions are
equal, a pencil of possible values of p" all of which are perpendicular to
the p” of the third solution, belongs to these two. If all solutions are
equal, N,; is equal to g;; to within a scalar factor and p” can have every
direction A plane wave, with the velocity ¢ and planes perpendicular
to n*, which starts from a plane through the origin, reaches the plane
through the point c¢n® or —cn® after unit time. The points en" and
—cn fill the wave velocity surface, which consists of three sheets. Hence
the parametric equation in point coordinates of the wave velocity
surface is

ah = L J{(Ip)chn, pnypdnt  (hdng k== 1,2,3)  (1.57)
in which p; is one of the possible displacement unit vectors belonging

to n,. The covariant vector perpendicular to n” which has its first plane
through the origin and its second plane through the point en” is

+1 C g
w, = mc—,ﬁk;i;p—iﬁj—-ﬁk}nh (2,5, k, 1 =-1,2,3). (7.58)
Hence (7.58) is, in plane coordinates, the parametric equation of the
surface enveloped by these planes. This surface is called the wave
surface belonging to the origin. It also consists of three sheets. In order
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to find the parametric equation of the wave surface in point coordinates
we require the radius vector 7 of the point of this surface where the
tangent plane is perpendicular to »*. This point is the intersection of

the plane é n;, and its ‘neighbouring’ tangent planes. Hence

ir"n,, =, r”(l(in,,) — 0, n'dn, — 0 (h-=1,2,3), (7.59)

and consequently

1 , (aéc | ac op;\ 1, A ..
— g --4-— —r't = ¢ h =1 .
el ('dn,, + o, (’m,,) + o7 Ant (b, 1, ,2,3)  (7.60)

where A is a suitable scalar factor. Now we know that c is extreme for

e . ac
variations of p* and constant »n”, hence | -- = 0 and

op;
1o 1 1 1
o, -{—-r:r" == ic 1.(2[p)chkp m;py -+ —c—r” = An’
(h,2,5,k = 1,2,3). (7.61)
Transvection with n, gives A= 10, (7.62)

and consequently

rh = 'C’é:./. = Plcv’”""'pl n, P = s" (h.i,5,k = 1,2,3) (cf. (7.34)).
(7.63)

Hence " is equal to the velocity vector of the energy flow. This shows
why the projection of v* on ' is exactly the wave velocity vector cn®.
e

We collect results in the statement: *

The wave velocity surface is the locus of the end-points of the wave velocity
vectors and the wave surface is the locus of the end-points of the energy
velocity vectors.

In a Green medium that shect of the wave surface which belongs to
the longitudinal waves coincides with one of the sheets of the wave
velocity surface. In an isotropic medium the two surfaces coincide and
consist of two spheres, one for the longitudinal waves and one for the
transverse ones.

8. The quartz resonatorf

Crystals are used for stabilization of frequency in an electric circuit.
Plates of a-quartz (trigonal 10) are often connected with the circuit in

t Cf. Cady 1946. 2; Mason 1947. 4.
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such a way that the electric field is perpendicular to the plate. A plate
perpendicular to the z-axis is called an z-cut, and so on. We see from
the table (6.5) that the only non-zero constants are d'y,, d'p, = —d'y;,
dlyg, d?3; = —dly, and d?, = —d';;. Accordingly the piezo-electric
effect is expressed by the equations (cf. (6.1d)):

Sp=dy K =dy, B,

Sy = —d'y By = —d I,

833 = 0,

Spg = dlgy By = $dy B,

Sy = —dly By = —Jdy By,

S = —dip b = —dy K,
Hence a field parallel to the z-axis cannot produce a piezo-electric effect,
a field in the z-direction gives rise to the strains S},, S,,, and Sy, and a
field in the y-direction to the strains S;; and S,.

For an z-cut the equation for p* is
clitkp, = pc*p* (3, = 1,2,3) (8.2)

where pc? is one of the solutions of

(8.1)

| €1—pc? 0 0
0 Ceg—pC” Cs6 = 0. (8.3)
0 Cs6 Cs5—pc’

The first solution is pc? = ¢, belonging to p* = 4. The unit vectors
a1 a1 1

Pt — " cos —ih gin O

x2 2 0o 3 0 h —=1.2.83 8.4
p" = " sin 04" cos 0 ( 23) (84)
x3 2 0 3 0

belong to the other solutions pc® and pc?® (Fig. 27).
x2 x3
From (8.3) and (8.4) it follows that
tan 20 = _Pess , (8.5)
0 Cs—Ceg
hence, according to (5.23),
30° 55" (Voigt),
0 = { 31° 33’ (Cady), (8.6)
0 31° 30’ (Mason).
For a y-cut the equation is
Cgg—pC? 0 0
0 Cap—pC? Ca4 = 0; €y = €11} Cpg = —Cyy (8.7)
0 Cas C4a—pc®
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z

. T
1
: '
1 [}
1 I
' |
| U GO U VS SGLDS  PU RIG,
ax
Fia. 27,
with the solutions pc? = cgq, pc?, pc* and the unit vectors
vl v2 v3
ph — ih’ [ ]
noo1
bk o s . 2cq4
p" == t" cosp—itsin, tan 2¢ = .
2 2 3 Csa—Co2
h o ol gy h
= t"sin ¢+"* cos
b= yenetiiess (h=1,23). (©8)
For a z-cut the equation is
0 Caq—pc? 0 == 0; €55 = Caa» (8.9)
0 0 C33—pC’
with the solution pc® = pc? = ¢,,, pc* = ¢33 and the unit vectors
z1 22 23
Pt = thcos—isiny
=1 1o 2 J arbitrary
ph = itsinyg4i* cosyp
22 1 2
h_. gk

573 (h=1,2,3). (8.10)
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The waves belonging to these directions of p* are

x-cut y-cut
uh = i*cos -—x @t uh - ik cm——y f@)
o1 1 v1 1

nr . - n
ub == (i*cos@—itsin 0)(,0~:——.L f(t) wh - (iPcosd— z"squ)(-.os my.f(t)
z2 2 0o 3 a vz 2 o
wh = (iPwin6-5h cosf)cos 2 v, f(2) uh (I sing |- l"co-4¢)u)s Ty f()
a3 2 0o 3 0 a v3
z-cut

u" = (L"Loq«//—a," sm«/a)cos— f(2)

ul == (L"suu/v-{—t"(om/;)cos - f(t)

22

wh = z"cox ’— J(t) (h = 1,2,3).

’ (8.11)

By differentiation of (8.11) with respect to x, y, and z we find in the
end that the only components of S;; occurring in these waves are

T-cut y-cut z-cut
1st wavo Sy Sie Sy1, 33
2nd wave  Sy5,S3; Sy, Sy { S315 33
3rd wave  Si5,8;; Spe Sy Sa3

(8.12)

From (8.1) we see that in an z-cut only the first wave can be generated
piezo-electrically. The lowest harmonic requires a field with the fre-

4

quency 21 In a y-cut only the first wave can be generated and its

lowest harmonic requires a field with the frequency :2{—; c. For the direc-
1
tion of the energy flow we find

z-cut: i for all waves
1

y-cut: 1st wave: cgqth+cseih
2nd wave: (c,: cos’p j- Cqy8in’d— Zey, sing cos P)ih |-
+(Cq4 cozs’qS — (€441 Cg3)singpcos )it
3rd wave: (cyy8in’d-+ ¢y, cos’d + 2cyy sin g cos ¢);3" + '

+ (Caq 8in® + (€ -+ C33)8in P cOS P )iP
3

+ In (8.11) the periodic functions of ¢ denoted by f(t) are not all equal.
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z-cut: Ist wave: —(czetcq)vingcosyh z;" b (Cpe CONY+ Cpq sinZefs)it
2
+(e55costp | ey sin”t/;)i" R z;" sin 2 4 ¢y ;ﬁ" cos N tcyy it
3
2ud wave: (czq | eyq)singcosyh i - (cze 8N+ 0y cosp)ih+
1 2
-| (eg55inf-t-cy, vus’z/;)p:‘ N Ll" s 2f— ey if cos 2f+-c,, i
2 3
3rd wave: M (b= 1,2,3).

3

(8.13)

n

y

Fia. 28,

Since the energy flow for an z-cut is always perpendicular to the

plate, it follows that p* and p" are each reciprocal to i*. For a y-cut the
x2 xr3 1

energy flow is always in the yz-plane and for a z-cut it is perpendicular
to the plate for the third wave.

Up till now we have been supposing that the plates have had an
infinite area. But for practical use a plate has to be finite. Consider
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for instance, a rectangular y-cut with side faces parallel to the z- and
z-axis (Fig. 28). If we try to generate the first wave by meansof a field F;
parallel to the y-axis it is clear that we shall never succeed exactly,
because in the first wave there is a strain S;, all over the plate. But
if the plate is entirely free, S, has to be zero in the side faces. Now a
plate is never entirely free; there is the surrounding air in which sound
waves can be generated, or the plate may be clamped and waves will
be generated in the clamping material. This means that there will always
be a possibility of stresses 2% in the side faces. Now we know that

31 __

T3 = 555314056125
12

312 = ¢56831+Cg6 Sy2s

because cg;, Cg9, €53, C541 Co1» Co2» Co3, ANA Cgq Vanish, and accordingly S;,
induces a strain S, in the side faces. This effect is called the mechanical
coupling of 8;, and S, and it is due to the non-vanishing constant c,.
This has led to the name coupling constants for the constants which
do not occur in the main diagonal. Now the whole process is highly
complicated and could only be determined exactly by rather difficult
integrations which take all the boundary conditions into account. But,
since the plate is thin, we see without integrations that the solu-
tion will be a vibration consisting for the most part, of a first wave,
and for the rest, of supplementary waves due to the boundary distur-
bances, adjusted in such a way that the correct values of S, and S,
in the side faces result. It is also possible to detect the most im-
portant of these supplementary waves without integration. The plate
is a y-cut, but it can also be looked upon as a rather thick z-cut or z-cut.
Now the second and the third waves in an z-cut can both be generated
by 8;, and S;;. Since the plate is thick its main frequencies are far too

(8.14)

small to be excited by a field with a frequency 9171 ¢, but some very
Y1

high harmonic may lie sufficiently near to this frequency to be excited.
It is highly probable that this occurs because high harmonics of a low
main frequency are very near to each other. The same can be said for
the plate looked upon as a very thick z-cut. Here S;, has no effect,
but the induced strain S;; will generate some higher harmonic wave in
the xy-plane. These parasitic higher harmonics are very troublesome.
If the plate has to be used as a resonator we wish to have one resonance
frequency with no near neighbours. But since parasitic waves are
possible, several resonance frequencies may exist near to each other,
and this makes the resonator unfit for practical use because it may
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jump from one frequency to another while in use. There are many ways
of diminishing the influence of parasitic waves, for instance, rotating the
plate in its own plane, chosing length and breadth in a suitable way,
rounding the edges, clamping in the right way, etc. All these things
have to be found out by experiments, because the processes are too
complicated for exact mathematical treatment. But there is one source
of trouble that can be dealt with mathematically and that is the
coupling constant c;.

Lack, Willard, and Fairt gave two examples of very bad frequency
curves of y-cuts which were due to parasitical waves. They proposed
to use a plate that could be got from a y-cut by rotating it about the
x-axis through an angle 6 from z to y and they proved that for the
new z'y'z’ system arising from that rotation the constant cy; vanishes
if 8 = 30° 55’ or —59°5" (using the values of Voigt). But this gives
exactly the directions of p* and p*! Now, as van Dyl} pointed out, this

x2

xl
is not accidental because it follows immediately from (8.3, 4) that p*
zl

and p* are the principal axes of the ellipse
x2
Cos Y’ + 2es6y2tC552° = 1, (8.15)

and that the term with 3’2’ vanishes if these principal axes are taken
as ' and 2. For these new axes the table of constants takes the form

e Oy Cpy Cpp 0 0
Cyy Cyy Cop 0 0
Cgge Cyoge 0 0 (8.16)
Cyy 0 0 o
Cosr 0
. Coq’

the constants ¢,z C¢s Cogs Congrs Cxgrs Cxgrs Cagrs Coee (DUL NOE €34.!) TEmMain-
ing zero. Of course the equalities existing between the c,p of a-quartz
do not hold for the c,,. Using this coordinate system we get the
equations for pc®

&£-cut (- xr-cut) Yy -cut

¢y —pC? 0 0 —— 0 0
0 Cog —pC? 0 0 0 Caygr—pCt Coyr -0
0 0 Cyr5—pCt 0 Cyy Cyp—pct
z’-cut
Cyrgr— p02 0 0
0 Cyg—pC* Cyy 0.
0 Cygqe Cyy—pC’

(8.17)
t 1934. 2. 1 1936. 1
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The directions of " are

x'-cut y' -cut 2'-cut
1st wave ih it it
1 1 1
2nd wave ih heosd’— itsing’ iheosy’ — P singy’
2 2 3 2 3
3rd wave it hsing’ t feosg’ singl’ 4 ifcos
3 2 3 2 3
oA Zeyy , Zeyy
tan2g’ . T EL | tan 2 - .
Cyqr —Corr Corgr— Cyoyr

(h‘ -1, 2’ 3) (8.18)

a’-cut
(  a-cut) Y -cut z'-cut
Ist wave Syy Sy Syye
2nd wave Spogr Syys Sy Sygs Syge
3rd wave Sy Sargrr Sarge Siyrygry Syrge

(8.19)
For an z-cut the direction of the energy flow is perpendicular to the
plate for all waves. The same is true for the first wave in a y’-cut and
in a 2’-cut. For the other waves in a y'-cut or a 2’-cut the energy flow
lies in the y'z’-plane.

A y'-cut is called an AC-cut and a z’-cut a BC-cut. For the AC-cut,
only d¥,., is important:
d¥ 1.y = d?,c08°0—d? gcos Osin 0 — —d,; cos*04 d,cosOsin
0 0 0 0 0 0

—5-96; 0 = 30° 55" (Voigt),
0

—5-92; 6 = 31° 30’ (Mason). (8.20)
0

For the BC-cut, only d¥,.4 is important:
d¥ 1y = d?py asinle—l—(Jl?13 sin 2) cos lz = —dy, sin"lZ——d 14 8I0 00 cosg

+0-700; 6 == 30° 55" (Voigt),
0

+0-703; 8 = 31° 30’ (Mason). (8.21)
0

Hence the AC-cut is preferable from the point of view of activity.

The elastic constants are functions of the temperature and from this
it follows that the frequency of a resonator is a function of temperature.
This function is strongly influenced by the parasitic waves. For low
frequencies these waves have even been utilized to produce a low
temperature coefficient for a limited temperature range. But the trouble
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is that the parasitic waves cause discontinuities in the characteristic
frequency-temperature and frequency-thickness curves of the plate.
‘In practice the plates are adjusted in such a way that there are no
discontinuities in the frequency-temperature characteristic in the region
where they are expected to operate, but at high frequencies it is difficult
to eliminate all these discontinuities over a wide temperature range.’t
This requires close temperature regulation. z-cut plates have many
coupling constants and are notorious for their bad frequency curves.}

Lack, Willard, and Fairt found out that the temperature coefficient
of cgg is zero for 6 = 35° 15" at 45° C. and for 0 = —49° at 25° C.
These cuts are called the AT-cut and the BT-cut respectively. They
are 50 near the AC-cut and the BC-cut that they partake of the ad-
vantages of the latter though c;, does not vanish absolutely.

Post§ has answered the question whether the conditions for the ',
y', 2’ axes with 0 = 30° 55" and cy¢ == 0 are due to accidental properties
of a-quartz. In the crystal class (10) of a-quartz the x’-axis is self-
reciprocal and reciprocal to the y’-axis and to the z'-axis. Now, taking
the axes x, y, z arbitrarily in any crystal, the conditions for self-
reciprocity of the z-axis are

616 =5 0, 615 = 0. (8.22)

The additional conditions for the reciprocity of x- and y-axis and z-
and z-axis are
Cosg =10, C6—=0, c4g=10, 5 =10, c35=0. (8.23)
Hence the table of constants with respect to the coordinate system
chosen, which does not need to coincide with the cry%taﬂographic axes,
has the form .
e €2 €3 ¢y 0 0

Ciz Co3 Czq Cpy 0
€33 €y 0 ¢y

e (8.24)
css 0
Cee

In a y-cut with side faces parallel to the z- and z-axis there exists a wave
with p* = * and pc? = cgq, and only the strain S, occurs in this wave.
1

But §,, is mechanically coupled with S;3 and this strain can set up a
parasitic wave in the plate (considered as a z-cut). In the same way

t Lack, Willard, and Fair, 1934. 2.

1 Cf. Cady 1946. 2, where a very bad frequency curve, published by Bedmann in
1937, is reprinted

§ 1948, 1.
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in a z-cut 8,5 is mechanically coupled with Sy, and this strain can set
up a parasitic wave in the plate (considered as a y-cut). It is a special
property of a-quartz that c,; and cgg vanish.

Post also considered a more special case where the three axes are
all self-reciprocal and mutually reciprocal. The additional conditions

are €y =0, €34 = 0, (8.25)

and the table becomes

€y €1 Gz €y 0 0
Caa Cog 0 ¢y 0

gz 0 0 c3
¢y 0 0 (8.26)
s 0
Cge

We now have the following directions of displacement, strains, and
values of pc*:

r-cut g/-cu_l z-cut
P = ih» Sy en » = ‘;h’ S Cos " "‘;:': S35 €55 N
= :i;h, Siar  Cos v ’:’ Spes Cpp » ;"' Ngas €4
P = :@;h’ Sias  Css »h= g"v Sags  Caq = :’;"» S33s  Cag

(8.27)

with mechanical coupling of S,; and Sy, S3; and S,,, S, and Sz;. All
flow of energy is perpendlcula,r to the plate. The case when c,,, c,5, and
€3¢ all vanish seems very advantageous. This occurs for the crystallo-
graphic axes in the rhombic system (7, 8), in the tetragonal system I
(15, 16, 19), in the hexagonal system (22, 23, 25, 26, 27), and in the
cubic system (30, 32).t Now for generation of one of the transverse
waves we need Sy, Sy;, or S, and this means that one of the constants

d15’ dlﬂ’ d24’ d26’ d34’ d35 (828)

must be other than zero. This precludes the use of the classes 7, 15, 19,
22, 30, and 32. For the generation of longitudinal waves we need S,,,
8,5, or Sy3, and hence one of the constants

dll, d22’ d33 (829)
This precludes the use of the same classes. So only the rhombic class 8,

the tetragonal class 16, the hexagonal classes 23 and 25 all with d,;,
dyy, and dyy and the hexagonal classes 26 with d;; and d,q and 27 with

 We only mention the classes that are piezo-electric.



§ 8] THE QUARTZ RESONATOR 189

dy1, dyg, dgy, and dyg, remain for plates parallel to two of the erystallo-
graphic axes. The first four classes seem excellent for longitudinal
waves in z-cuts because they have no coupling effects whatever. Of
course it is possible that full reciprocity of three axes which are not
crystallographic can exist in any of these or other classes. But we must
remember that for practical use as a resonator there are many other
properties to be considered apart from the possibility of generation and
the freedom from coupling effects. For instance low temperature coeffi-
cients, mechanical strength, and chemical indifference of the material,
the possibility of finding or making pure crystals of a suitable size, etc.,
are important. The construction of a resonator is a technical problem
that cannot be solved by theoretical investigations alone. They must
be supplemented by much research work in the laboratory.

EXERCISES
VIIL.1. Prove that Ex — Ca—!

and draw a figure of the transformation S.

x

VII.2. Prove the identities in tho footnote on page 154.



VIII
CLASSICAL DYNAMICSY

1. Holonomic systems
WE consider a set of particles with mass m, Cartesian coordinates z, ¥, 2,

L )

and forces X, Y, Z acting on these particles, such that the z, y, z can
[} T o1 i 0 i

be expressed in terms of n variables g, the coordinates of the system,
and the time £. Then there are two possible cases:
(a) Scleronomic: the z, y, z depend only on the ¢*:
i

a — x(g*): eycl. 2, y, 2. (1.1)

Example: a point moving on a fixed surface; n — 2.
(b) Rheonomic: the z, y, z depend on the ¢« and ¢:
i

x — x(g¢,t); cycl. 2, y, 2. (1.2)
i
Example: a point moving on a surface whose transformation in time

is given; n = 2.
In the scleronomic case the kinetic energy of the system has the form

T = 3gada")d g, (1.3)
and in the rheonomic case we have
T = laydg, )¢ +-b,lg", i< +-c(g" 1) (1.4)
In both cases it is easy to deduce the equations
« OT-—(,T = Xy (L.5)
dt egh  og?
where the XMy ( ot ’i'f’wﬂza)«f) (1.6)

are called the components of the ‘generalized force’.

A displacement dzx, dy, dz is called virtual if it satisfies the conditions
ii i

of the motion of the system, that is, if values of dg* and d¢ exist which
give dz, dy, dz exactly if substituted in (1.1) or (1.2). Now
i i i

X)dg* = 3 (X dz+ Y dy+Z dz) (1.7)
is the work done by the forces X, Y, Z if all particles undergo a virtual
i i

t General references: Whittaker 1917. 1; Birkhoff 1927. 1; Prange 1934. 1: Synge
1936. 2, this paper contains a very extensive list of literature.
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displacement in a time zero. Hence X, depends only on those forces
that actually do work in a displacement of this kind. All other forces,
as for example molecular forces between particles of a rigid body or
reactions of fixed or moving smooth surfaces with which parts of the
system remain in contact, drop out.
In a scleronomic system we have (cf. V, § 4)
, .
ot DT A G - LG

dg* | I’Z#(}P(lql‘ . 8¢~

) 0 =g g0 Tin =, (1.8)
1K
hence 8;1{ = X*, (1.9)
4

This equation expresses the fact that, for X, — 0, the trajectories of

the force-free motion in the X, of the ¢~ is a geodesic in a ¥, with the

fundamental tensor g, and that { is a natural parameter on this geodesic.
Now we know that

s = [ ds = [ 1{gacdq g, (1.10)
is extreme on a geodesic (cf. V, § 4). But we know also that
f Tdl f,l.s-""' (L11)
dt

is extreme (cf. IV, § 6). How is this possible? The answer lies in the
fact that in the variation of ’ T dt only the g,, suffer a variation but
t is left constant (cf. TV, § 6). This means that the variation is effected
in such a way that corresponding points on neighbouring trajectories
are reached at the same time. Now s and ¢ are both natural parameters
on the geodesic, hence, according to (V.2.9) ds/dt is a constant for every
geodesic.  Consequently

r ds o ds ds o [ ds s ds [ © ds® [
g . - =2 " dE = 2 lds =2 "d | d
d f o f d ar™ fd{ =" J =0 J @

(1.12)

and this proves that f T dt is extreme if f ds is extreme and vice versa.

If a trajectory is such that any other trajectory, which is sufficiently
near to the first one in an M(¢*), will remain near to it all over, it is
0

called stable. In order to find the necessary and sufficient condition for
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stability in the scleronomic case, we write the equation of a trajectory

in the form
0 T = X (1.13)

and consider a displacement v*de which transforms the trajectory into
another one. Now we use the same device as in V, § 4, and drag along
the transformed curve and the fields I'x) and X* over —v*de. Then
I'yy and X* transform into I;{,\—DI’ Ade and X*— DX" de. From

(IV.5.16) and (V.1.27) we have
DX¥x = ’L""VFX"——X”'VF’U", (1.14)
L

and it is easily proved thatt
Drx A = V, V)\’UK {‘Z‘ "I")‘ (1.15)
L

This leads to the differential equation
- «—}—{I a— (Y, Voo K, a<)de}grg = X< (e#V, X*— XKV, v¥) de.

(1.16)
From (1.13) and (1.16) it follows that
(V, Vaor 407K ;3K )gHgh = vrV, Xx—Xr V), v* (1.17)
or
GV, PVAOA-07K GG = oY, X5 (T, )V e — X o
(1.18)
Hence, according to (1.13)
38 A
77 vt 00K 3% — oV, XX (1.19)

This is the differential equation which v¢ has to satisfy along the
trajectory. If this equation has solutions that remain small for all values
of ¢, the trajectory is stable.

Quite apart from any mechanical problem we may ask whether a
finite displacement v* de can be found which transforms a given geodesic
in a ¥, into another geodesic. If s is used as a parameter on the first
geodesic, the ds on the second geodesic transforms into (cf. V.4.16)

ds’ — (1+‘{38 ;827 de)ds (1.20)

with the dragging along over —v*de, and in the same way as above,
but taking into account this new value ds’, it can be proved that
8 8 dg* dg*  dX dg~ dequ 3
Y Uk K A —=0: —- 1.21
d8 ds,v +v Gp,A d d8 d8 d8 H A ,UA ( )
t Cf. E1. 1935. 1, pp. 142, 150.
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In this equation the last term on the left-hand side reduces to zero if

v* is always perpendicular to the geodesic, because in that case
_dgrd 8 [dgr o dgt N

A_%%vp‘_%(i{vp) Fds.a;_o —0=20. (1.22)

(1.21) is the famous equation for ‘I’écart géodésique’ of Levi Civita,

a generalization of an equation of Gauss which was only valid forn = 2.

For n = 2 a unit vector n* perpendicular to a geodesic is displaced

pseudo-parallel along the geodesic; hence 8n* = 0. Hence, if v* = vn«

. d
and * = %, we have

— = —vn"i“i"n"K,,MK = +vKn"i#i"n"g[,,{Ag”,,d = —Ev (1.23)

2
for surfaces in ordinary space (signature +-+-). This is the equation
of Gauss, from which it follows immediately that on surfaces with a
constant positive curvature a given geodesic has neighbouring geodesics,
but that if the constant curvature is negative this is not so.

The equation (1.4) of a rheonomic system can be written in the form

T = E’g¢¢q.¢q'¢ (¢,¢ == 0’ 1’,,,, n), (1.24)

Lt gaTan  ga=00Zb, g 2. (1.2
With this notation we have

doT oT .. . . .
(Tt@—a—qj—xl\ = grg 8P +34(04929)4% — 4029 py)dPG¢ — X )

= GG+ 3@u 92194 9ry—02 94400 0¥ — X §°4° = 0.

(1.26)
Now if g<? is the inverse of g,, and if we write
LGS0, Ty = 200, gay+0y 00— 02Gyy) — 5% 8 X*
(1.27)
the last # equations of
8¢ gt d_‘lf T4 g = 0t (1.28)

dt

are equivalent to (1.26) and the first equation is an identity. Hence
in the X, ,, of the ¢ and ¢ (film-space) we have found a symmetric
displacement depending on a,,, b,, ¢, and X, which makes from this
X,+; an A,.,. Those geodesics in this 4, ,, on which ¢° is a natural
parameter are the world-lines of the system in film-space. If the 4, is

1 Wundheiler 1932, 2. Cf. for other displacements Synge 1936. 2.
5128 o
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reduced with respect to the curves with the equations ¢ = constant,
that is if we consider each of these curves as a point of an X, (cf. Ch. I,
§ 3), we get the X, 'of the ¢g* and the world-lines become the trajectories.
If X, is fixed, there are co?" world-lines, but if

ge=rf@, =t (1.29)
is a world-line, then according to (1.28)
g< = fx(1), q° == ct+tc, ¢, ¢ = constants (1.30)
1 2 1 2

is also a world line, belonging to the same trajectory. This agrees with
the number of trajectories (co%n-2),

2. Anholonomic coordinates and anholonomic mechanical
systemst
If a holonomic mechanical system is given, in the X, ,, of the ¢ and
q° = t, anholonomic coordinates (cf. IV, § 7) can be introduced by
means of the formulae

(dq)» = A3dg? = ARdg+A}dg°
dg? = Af (dg)» = Af (dq)"+-A¢ (dq)°; Det(ds) # 0
(p=0,1,..,n; h=1,..,n; ¢ =0,1,..,n). (2.1)
Now it is convenient to do this in such a way that (dgq)° — d¢P, i.e. so
that A2 =0, A9 1,
Af =0, Af = 1.

Then ¢° remains holonomic so that we may write (dg)° — d¢° = dg¢’
and the transformation formulae take the form

(dg)* = Aldg<+ A} dt
« = AXdg)+A5dt; Det (4%) £0 (h==1,.,n). (2.3)
The object of anholonomity (cf. IV, § 7)
Qp = Agga[xAg, (2,7 = 0,1,..,m; b,x =0,1,...,n) (2.4)
satisfies the conditions

(2.2)

Q=0 (gr=0,1,.,n). (2.5)
If we write
w S0 _ o — apgerdy; o =1

(p=0,1,..,n; ¢ =0,1,....,m) (2.8)

1 Cf. Whittaker 1917. 1; Vranceanu 1926. 3; Hotdk 1928. 1; Prange 1934. 1; E. 1.,
1935. 1; Synge 1936. 2, this paper contains a number of titles of other papers of Hotak
and Vranceanu.
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the v are the anholonomic components of the generalized velocity
vector, which depends on ¢~ and I in the same way as the (dg)? depend
on dg* and dt. 7' is a function of ¢*, ¢, ¢* and can now be considered
as a function of ¢, ¢, and v* also:

T*(Q", A 'vh) = T(Q", 2 qK) (2'7)
Then the left-hand side of (1.5) takes the form
doT o7 d (6T*A,-) oT* oT*ovt
2= 72 =

diog og* — di\ ot ar oot og*
¢ doT* ;OT* | oT* i i i i
)dt ot AA @E)Q'I“a—vi—(a,Ah—{—qﬂaﬂAh—qP al\A“_a)‘Ao),

* *

(0g)* og ot
If this expression is transvected with the inverse 4% of 4§ we get the
equationt

doT* oT* T or* . ..
JZ 607 (dq)]+2 h £2h1+2 Q:i} = X} (h, ,) = 1,...,n), (2.9)

and all the non-vanishing components of QF, occur in this equation.
In the special case when the A§ and A? are independent of ¢ and
when A% = 0, A§ = 0:

(dq)h = Aﬁdq",
dgc = Af(dq)* (h = 1,...,n),
all QJ; vanish and (2.9) takes the simpler form

doT* oT* oT* ..
Ez—é;j-—(?q?-{-.? v th X; (hi,j=1,.,n). (2.11)

By means of anholonomic coordinates it is possible to treat an an-
holonomic mechanical system very satisfactorily. If the coordinates g*
have to satisfy certain kinematical conditions expressed by n—m
ordinary independent equations between the g~ and f, n—m of the ¢*
can be eliminated and a system with m degrees of freedom remains.
If the system was scleronomic, it may happen that the new system is
rheonomic, but there are no further difficulties. Another case arises,
however, if the kinematical conditions can only be expressed by means
of n—m linearly independent linear relations between the differentials

qu and dt¢ Cﬁdqx+0£dt =0 (x = nl+1,...,n) (2'12)

(i =1,.,n). (2.8)

(2.10)

t Hamel 1904. 1.
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with coefficients C= and C% depending on ¢~ and ¢. In this case we call
the system rheonomic anholonomic. The geometrical meaning is that
an E,, , is fixed in every point of the X, ,, of the ¢* and ¢, and that the
direction of each world-line must at every one of its points lie in the
local E,,,,. As an example we mention the case of a sphere moving
without sliding along a surface whose motion is prescribed (n = 9,
m = 3).

If we start from a scleronomic system and if the conditions are such
that the C% do not depend on ¢ and that C% = 0, we get a scleronomic
anholonomic system. In this case an E,, is fixed in every point of the
X, of the ¢~, and the direction of each of the trajectories must at every
one of its points lie in the local E,. As an example we mention the
case of a sphere moving without sliding along a fixed surface (n = 5,
m = 3).

Anholonomic coordinates can now be used in a very elegant way to
get rid of superfluous equations. To do this the coordinates g~ are
rearranged in such a way that dg’,..., dg™ are linearly independent of
the n—m expressions in (2.12).f Then the anholonomic coordinate
system is defined as follows:

=t (dg) = dg = dt,
¢ ENe (dgr = dgt = 8dg,
(dg)* & Crdge+Cjdt
(@=1,..,m; a = I,...,m; x =m+1,...,n)
from which we see that the (dg)¢ (¢ = 0, 1,...,n) are linearly indepen-
dent. The coordirates ¢° ¢%; ¢ = 1,...,m, remain holonomic because
they are numerically equal to ¢ = 1, ¢* (x = I,...,m). The components
v# of the generalized velocity
W=1  v®=28q¢, v =C%+Cj
(@ = 1,...,m; x == m+4-1,...,n)
belong to the anholonomic coordinate system, and we have for Q ;?/:
Q =0, Q) =0,
Q% =0, Qf =0, (2.15)
(@ =1,...,m; 2,5 = 1,..,n).
The conditions (2.12) take the form
(dgf =0 (z= m+1,..,n). (2.16)
Since the system has to satisfy these conditions it is necessary that
besides X; there should be still another generalized force X and that

(2.13)

(2.14)
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this force (often called moving constraint) should not do any work in
displacements which satisfy (2.16). Hence

X,=0 (a=1,.,m). (2.17)
The equations (2.9) now take the form

doT* oT*  , oT* . ,oT* . o
i o7 gyt e St g XX

(2.18)
(h,2,5 = 1,.. ,n).
From (2.15) and (2.16) and v* == 0, the first m equations of (2.18) can be
writtent
aorT* or*
dt o®  (Aq)

oT* oT*
e QT 2TQE = X
I a2 b (2.19)
(byc = 1,..,m; x = m+41,...,n).

In these equations we have to put »* = §?¢* and +* = 0 after the first
differentiation. Then exactly m differential equations of second order
in the ¢~ arise, and from these m equations and the n—m differential
equations (2.12) of first order in the ¢* we must determine the ¢* as
functions of 2.

The other n—m equations (2.18) are not necessary for the process
of integration, it is just the merit of the method described above that
they drop out automatically. One can, however, use them after the
integration if it is desirable to know the components X', of the moving
constraint.

*
3. Homogenization of the equations of Lagrange and of Hamil-
tonj

If the forces X, Y, Z depend on a potential, a function V of ¢« and ¢
i

exists such that X, = —a,V. (3.1)

A more general case is when X, depends in the following way on a
potential V which itself depends on g¢*, ¢, and ¢~ (kinetic potential)
doV av
X)= o~ 3.2
1= i agh " ogr (3:2)
In both cases we may introduce the function L of Lagrange, defined by
LE7r_vy. (3.3)

t Hamel 1904. 1.
} Cf. Dirac 1933. 4; v. Dantzig 1934. 5.
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Then the equations of motion take the form

doL oL
T = 4
dtogh  ogA 0, (34)
which are known as the Lagrangian equations of the system.
If we write P
py 2 2L (3.5)

the p, are called the momente belonging to the coordinates ¢~. We
always assume that the ¢« can be found from (3.5) as functions of p,,
g%, and t. If we write H % py g —L, (3.6)

the Hamiltonian function, H, can be considered as a function of p), ¢*,
and ¢.
Now, according to (3.4, 5) we have

— b
(3.7)
= ﬁx@“-&-l’adqﬂ-i--a—tdt
and consequently
. g . oL
dH = ¢ dpy+pydg*—prdg*—py gt ——-dt. (3.8)
But, on the other hand, we also have
“ dH = H =t A+ ® ag + (3.9)
hence '
oH .. 6H
(a) 5“ =q% aq ph’
(3.10)
ot dt’ ot o’

The Hamiltonian equations (3.10a) of the system are 2n differential
equations of first order in p,, ¢*, equivalent to the n Lagrangian
equations of second order. (3.10b) is a consequence of (3.10a). Notice
that the function  can never be homogeneous of first degree in the p,
because in that case the problem would vanish since

H
A __ —_—
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The Lagrangian equations (3.4) are a special case of the more general
Lagrangian equations of IV, § 6. Here the one variable ¢ plays the role
of the £« in 1V, § 6, and the g% must be considered as scalars in ¢-space
because they do not undergo a transformation which depends on a
transformation of ¢£. Up till now ¢ has not been transformed at all.
But if we transform ¢ in the same way as the £~ in IV, § 6, that is, if
we introduce a new variable , depending only on ¢,

T = 7(¢), t = t(7), (3.11)
we know that L transforms with A1, A = % Writing £ for the

transformed L belonging to =, we have

* *
g L pordt (3.12)
dr
* *
£ is really a function of ¢, ¢, g%, and ¢, if we denote the differentiation
with respect to = by *. Because

* * %k
£ = tL(g~, g t~1,¢t) (3.13)

* *
this function is homogeneous of first degree in g%, t. As we have seen
in 1V, § 6, the Lagrangian equation is invariant for the transformation
t—> 7, L > 2, hence

dog o
& 0. (3.14)

But this can also be demonstrated directly.t If the Lagrangian equa-

tion in L and ¢t is written in the form .

oLdt oLdt
d'a_dq)‘ _-.__an =0, (3.15)
from Ldt = Rdr it follows that
oRdr oRdr
oo .1

and this is equivalent to (3.14). Notice that the invariance of the
equations (3.4) and (3.14) for transformations of the ¢* and fixed ¢ has
nothing to do with the invariance dealt with in IV, § 6.

We will prove now that there exists yet another equation

dog o
—_ .1
dr a’; ot 0, (3.17)

t Cf. v. Dantzig 1934. 5.
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besides (3.14). If we write
de .
€ _H = L—p)g*,
Dy - Prq (3.18)
qo =1,
we have
Ldr = Ldt = pydg*+p,dq° = pgdg® ($ = 0,1,...,n), (3.19)

and consequently

2 =pygb (=0,1,.,m) (3.20)

*
Now we have seen that £ is homogeneous of degree I in g#. This does
not follow from (3.20) because in that equation £ is not expressed in

%k
and ¢?. From (3.20) it only follows that pg, expressed in ¢? and
y D¢, €xXp

% *
¢? has to be homogeneous of degree zero in g#. But from (3.13) by
differentiation we get immediately

o
_;2* =ps (¢=01,..,n), (3.21)

oq*
hence for ¢ = 0, according to (3.10b,c) and (3.13),
dog dp, dH__’t"QI_{_“’t"?lj_é)ﬂ

E—?g—ﬁ - dr dt a ot

(3.22)

Taking (3.14) and (3.17) together we get the homogeneous Lagrangian
equations

ed 8 8 0 1
Tyt (¢ =0,1,...,n), (3.23)

and these equations are invariant for transformations of the n--1
coordinates ¢, ¢’,..., ¢® and for transformations of the parameter .
With these latter transformations, £ transforms as a scalar density of
weight +1 in one-dimensional r-space.

In order to make the Hamiltonian equations homogeneous we intro-
duce the function

* * *
b q__l_q'p¢q¢_2 — t(p)‘q')‘-i'l’o—L) = t{p0+H(p/\, 9%, t)}
($=0,1,..,n). (3.24)

Then instead of a Hamiltonian function H (which is now called —p,)
we get a Hamiltonian relation
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In fact $ may be considered as a function of the p, and q? because the

%*
¢* can be expressed in terms of p, and ¢# by means of (3.21).
By differentiating (3.24) and taking (3.25) into account we get

(a) —g]% = ;¢, (b) :—qbl/-l = —I)*./, (¢;|/’ = 0’ 1""””‘)7

(3.26)

the homogeneous Hamiltonian equations. Notice that $ can never be
homogeneous in the p, because then, from (3.25), £ would vanish:

* 17
L= —9ipyqt = —5+])¢51% —0+0=0. (3.27)
$ is not the only function which satisfies (3.25) and (3.26). Instead of

9 we may take any function F($), provided that F($) = 0 and %g =
are consequences of § = 0.
The ¢# arc arbitrary coordinates in film-space. If a world-line is given

through a point q# we know ;4' at that point and consequently also
Ldr = pydg? and the covariant vector p,. This means that to every
point of a world-line there belongs not only a direction but also a co-
variant vector and its n-direction. Conversely, if an n-direction is given
at any point of film-space, that is, if we have a covariant vector pp,
defined to within an arbitrary scalar factor p, this factor can be
determined by means of (3.25), and a world-line through the point
belongs to each value of p. A point with an n-direction in this point
is called an element. Hence a world-ling is a row of elements, and it
can be determined by one point and one direction at this point but not
by one of its elements because a finite number of world-lines may belong
to one element. If an element is given and one of the possible values
of p is chosen, the first Hamiltonian equation (3.10a) gives g*, that is, the
direction of the world-line. Then the second Hamiltonian equation
(3.10b) gives the value of p, in the ‘succeeding’ point of the world-line.
Hence the Hamiltonian equations represent a process by which the
world-line could be approximated step by step if the steps were chosen
sufficiently small.

Through each point of film-space there are co™ world-lines. Hence
the total is co®®. Accordingly the solution of the problem must depend
on 2n parameters, for instance, the values of ¢* and ¢~ for £ = 0. In
the non-homogeneous treatment the solution gives ¢* as functions of ¢
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and the 2n parameters. But, using the homogeneous method, we get
n equations between the ¢g# and the 2n parameters, and n of the q*

can be solved from these as functions of the one remaining ¢# and the
parameters.

4. Theory of integrationf
If we have two points ¢% and g? of film-space there is always a finite
0

number of world-lines going through them. On each of these world-
lines the integral

R(g?, g = [Rdr (¢ =01.m) (4.1)

[4
has an extreme value in accordance with the results of IV, § 6. R is
a function of two points and may be called the special eiconal function.

We consider a variation 5q¢ of a world-line between ¢# and g%. Then
0

from (3.21, 23) we have

(4.2)

f dq¢+p¢dq¢)dr - f d(pyda?)

= (p(ﬁ)‘r:‘r dq¢—(p¢)1—7.dg¢ (d’ =0, 1,...,m),

0
from which we see once more that R takes an extreme value. Now, on
the other hand, we have

v0
dR aq¢d¢+ dq'* (¢ =0,1,..,n), (4.3)
hence 0
oR oR
3qu5 = Py, (b) &arﬁ = _%;¢ (¢ =0,1,.,n). (4.4)

t+ Cf. Whittaker 1917. 1.
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0
If ¢% is now fixed, R is a function of the ¢% only and consequently,
0

from the Hamiltonian relation (3.25) we get

0
ok
5’(aq¢’ q¢) —0 (¢4 =0,1,.,n). (4.5)
The equation
ok .
9 (o ) =0 G =01m) (+6)

where R denotes some unknown function of the ¢%, is called the equation
of Hamilton-Jacobi in film-space. The general solution of such an equa-
tion depends on arbitrary functions. A special solution is one of the

0
solutions contained in the general one. Now R is neither the general nor
a special solution, it is a solution depending on n-+1 parameters g*
0

(complete solution). But we will prove that every solution of (4.6) can

0
be obtained if R is known. Let R(q%) be a special solution of (4.6) and
q? a point chosen on the X, with the equation
0

Rg¥)=c ($=0,1,..,n) (4.7)
in film-space. Then 0, R has the n-direction tangent to this X,,. Because
of the relation (4.6), 9, R in g® is a possible value of py- The world-line

0

through g% which belongs to this value has the equation
0
X — = “ee . .
q 3(3¢ R) (¢:4.x=0, 1" D) (4.8)
By moving ¢# on the X,,, we get in this way a congruence of c0” world-
0
lines in film-space, one through every point of film-space sufficiently
near to X,,. From (4.8) and (4.6) it follows that
d _ __ 290y R, ¢*)
E;axR_qwawaxR_ 20, B) 0,0, R o

= BCRD) gpxw=0,1.m),

hence, along the world-line, 9, R satisfies the second Hamiltonian equa-
tion, and this means that the relation p, = 9, R holds not only in ¢*
0

but also in every point of the world-line. Accordingly we have

oR
dR = quﬂﬁ = pydg? = Rdr (4.10)
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along this line, and consequently
0 7 )
R(g,g%) = [ 8dt = Righ)—R(g?). (4.11)

This proves that R(¢#) is known to within a constant if the X, (4.7)
is given and if the special eiconal function is known. Hence every
solution of (4.6) can be constructed by chosing an X, constructing the
world-lines belonging to all elements of X,, and finally adjoining to
every point g%, lying on a world-line through a point q of X, the value

R(q¢’ q¢) plus an arbitrary constant.

The general solution of (4.6) is an X, -point function, that is, it ad-
joins a value to every combination of an X, and a point of film-space.
This solution may be called the general eiconal function. If the X,
degenerates to a point it degenerates into the special eiconal function.
Hence the general eiconal function contains the special one, but integra-
tions are necessary if we wish to obtain the general one from the special
one.

If, starting from the X, (4.7), the world-lines are constructed, the
elements of these world-lines are at each of their points tangent to one
of the X,,’s with an equation (4.7) where ¢ has now an arbitrary value.
This proves the proposition:

If we take an arbitrary congruence of o™ rows from the co*" rows of
elements in film-space and if one X, exists whose tangent E, at every
point coincides with an element of one of these rows, all co™+! elements of
these oo™ rows form a set of 0! X, ’s.

If we know the special eicanal function, the problem can be solved
without integrations. Two of the 2n-+2 parameters %),,,, gg‘?‘ can be

eliminated from the equations (4.45) and (3.25) for py = p,, ¢* = ¢%.
0 0

Then we get n equations between the g# and 2n parameters from which
n of the g% can be solved as functions of the one remaining g% and the

0
parameters. It is not, however, easy to find R because dr is not a
complete differential and the integration in (4.1) cannot be effected.

It is not necessary to know Bo’ for our present purpose. We only need
a solution R of (4.6), provided that this solution contains » parameters
c). If the c) take all possible values the equation B = const. represents
for every set of values co? X ,’s in film-space to which one congruence
of o™ world-lines belongs. Hence we get all co?® world-lines in the end.
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In order to obtain the solution of the problem we prove that the a.R/ac),
are constant. In the first place we have from (3.26a)

doR_ ¥R 5y R 09 _ 09 opy

dr '06,\ - 6q4’8c,\ - 6q¢6c,\ bp¢ - "d_pq; é_c_;
where py is to be considered as a function of ¢¢ and ¢). Now § = 0
for every point g# and every possible value of Py in that point. Hence

(¢ =0,1,.,n), (4.12)

9'(a%,0) & 9{pylat,00). 4%} = 0 @)
for every choice of ¢, and
d oR 09’
ol = 0. 4.
drocy dc, 0 (4.14)
Consequently, if we put
@%@ = b* (= constants) (¢ =0,1,...,n) (4.15)
A

we have n equations in the ¢# and the 2n parameters bx, c), from which
n of the g# can be solved as functions of the remaining ¢# and the
parameters. This solves the problem.

The equation (4.10) can only be used for the determination of R if
Ldr = pydq? is a complete differential. A first integral of the equations
(3.23) or (3.26) is a relation between p,, and ¢#

F(py,q?®) = c (constant) (¢,4 = 0,1,...,n) (4.186)

from which we know that it will be satisfied by all solutions of (3.23)
or (3.26). If » independent first integrals are knpwn from which the
Py can be solved (having regard to (3.25)) as functions of the g% and n
integration constants c,, we get equations of the form

Py =f¢(€l¢: C/\) (¢)¢' = 0: 17"':”')’ (4'17)
and these equations represent n--1 first integrals of a special form.

One of these integrals depends on the others because of (3.25). If the
Py from (4.17) are substituted in (4.10) we get

dR =f¢(9¢» C,\)dq'/’ (¢:¢ =0, 1»--"”) (418)

and this expression is a complete differential if and only if
0[x .f:/zl =0 (Xr‘)b =0,1,.., n)' (4'19)

This condition is over-severe because it can be proved that
8o fu =0 (4.20)

is a consequence of oy fa=0. (4.21)
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In fact, from (3.26) and (4.17) we have
s _F _ 09Uy _ 09Upa oy _ sl

q“-’ ogx o af‘p ogX ogx
¢, xo 0 = 0,1,...,n) (+.22)
* *
or O futd% fa=0 (x=10,1..n), (4.23)

which proves the proposition
If we write ¢.,, = pl"—fd‘ q¢ CA =0 (¢,l/l =0, 1,...,77,) (424)
the equations (4.19) can be written in the form

af Oy Oy 0y O
Bo b = 5 o "o ap, =0 Bhx = O Lem), (420)
and in the same way as above it can be proved, for instance, that
(¢1,¢y) = 0 is a consequence of those other equations that do not
contain ¢,.

(¢y» by) is called the Poisson bracket of the two functions ¢, and ¢,.
Two functions are said to be in involution if their Poisson bracket
vanishes. If a system of equations ¢, = 0 is equivalent to another
system i, = 0 and if the ¢, are in involution, it can be proved easily
that the i, are also in involution. The equations ¢, = 0 are also said
to be in involution.

The condition of integrability of (4.18) can now be expressed in a
more convenient way.

In order that dR should be a complete differential it is necessary and
sufficient that there should be n first integrals with n integration conslants

[

F\(py,q?) = cx (b4 = 0,1,...,n) (4.26)
in tnvolution and this is the tase if and only if the functions F) are in
involution.

If this condition is satisfied the function R(¢?%,c)) can be determined
by means of one quadrature.

The method of integration explained here is an application of the
following theorem from the theory of partial differential equations.

If a system of equations of the first order with n+7 independent
variables and one unknown function

x(—gg—ﬁ, q‘f’) = ¢, (constants) (¢,$,x = 0,1,...,n) (4.27)

satisfies the condition that the functions K, are in involution, and if
the p,, are solved from the auxiliary equations

F(py, ¢%) = X ¢, x=10,1,..,n) (4.28)
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as functions of the ¢¢ and ¢, and substituted in the differential form
pydg¥, this expression is a complete differential and

R= j pydgt (= 0,1,.,m) (4.29)

18 a solution of (4.27) which depends on n+-1 constants c,.
In fact in the case of clagsical mechanics we have the equation (4.6)

oR
, %) =0 (b4 =0,1,.,n (4.30)
9 (5 2) =0 @ )
and in the most favourable case also n first integrals
FA(P¢»Q¢) =C) (¢,¢ =0, 13"'an) (4'31)

from which we know that the F) are in involution. Hence it is only
necessary to prove that the F) are in involution with $(py, ¢®). In fact
we have
33 3_17)‘ @9 3F/\_;¢?F/\ * 3F/\ dlf’,\__dc,\__
pg 0q*  oqP opy L ogb " Pbopt T dr T d@r
(¢ =0,1,..,n). (4.32)
But now we also see the way that can be followed in order to get
a solution of (4.30) which depends on n integration constants if no first
integrals are known. First we have to look for a solution of the auxiliary
equation
($(p¢,q¢’), F(]),/,, q¢)) =0 (?Sf'/’ =0, 1’""”)‘ (4-33)
Then, if such a solution F, has been chosen, a solution of the system
(9, F) =0, (F, F)=10 (4.34)
has to be determined, etc. After n steps we arrire at the system in
involution $=10 Fy =y, (4.35)

and from this system a solution of (4.30) depending on the ¢, can be
found by means of a quadrature. If m first integrals in involution were
known from the beginning, the first m steps would drop out. Also,
during the process described it may happen that (of one of the systems
to be solved) more solutions than one are known. Then some very im-
portant short cuts are possible. A complete theory is given by S. Lie.t

5. Special cases of first integralsj
It may happen that the function £ does not depend on one of the

coordinates, for instance ¢* (it may, however, contain q”') Then,

t See Schouten and v. d. Kulk 1949. 1 for an elaborate treatment and references to
literature.
} Cf. Whittaker 1917. 1.
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according to (3.24), $ is independent of ¢” too. In this case we get

iog *
L =0 (5.1)

*
dr oq"

from the homogeneous Lagrangian equations, and this also follows from
the second set of homogeneous Hamiltonian equations

* P 3
Hence we have a first integral
Pp = Cps (5.3)
and if this is substituted in the other Hamiltonian equations we get

9" (P19 _ %, o9 (pig") X
= =gk, T = —py,

apy; og* (5.4)
920" € 91 cnd) (hik =0,1,.,n—1),
k
and 35(10;»6%,9 ) _ ;n @6,k =0,1,..,n—1). (6.5)
n

(5.4) is a set of Hamiltonian equations in the X, that arises if film-
space is reduced with respect to the congruence of the coordinate curves
of g™, that is, if we consider these curves as points of an X, by ignoring
the coordinate g™ (cf. Ch. I, § 3). This is the reason why in dynamics
a coordinate which does not occur in £ (though its derivative may
occur) is often called ‘ignorable’.

The equations (5.4) are the homogeneous Hamiltonian equations of
a dynamical problem in this X, and the corresponding Lagrangian
equations are

d o' of

w t " (5.6)
L =p,¢t—9 = L") —c, "
(hyi k= 0,1,...,n—1)

* %*
if ¢" is expressed as a function of ¢*, ¢*, and ¢, by means of (5.5) and
(3.21).

For each value of ¢, we now have exactly co%"-? world-lines in the
X, hence altogether we have co?n-1, If

¢ = f#(r) ($=0,1,..,n) (5.7)
is one of the world-lines in X, ,,, the equations
¢ =fM7) (h=0,1,..,n—1) (5.8)
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represent a world-line in the X, and it follows from (5.5) that the
equations
(a) ¢ =fMr) (h=0,1,.,n—1),
(®) 9" = f™(7)+e,
where ¢ is an arbitrary constant, represent another world-line in X, ,.

Hence to every world-line in X, there belong co! world-lines in X, ,, and
this agrees with the total number c0?® of world-lines in X,,,,. More-

(5.9)

world-fines 1n X, ,

coordinate curves of g7
q"-constant; h-01. n-1

—

Fia. 29.

over we see that two world-linesin X, , , which belong to the same world-
line in X, cut off segments from the intersecting parametric curves
of g*, that have the same ‘length’ if measured with ¢».

The process of integration is now simplified by reducing from n--1
to n. If the world-lines in X, are known, the world-lines in X, can
be found by means of a quadrature. To do this the p; have to be ex-

*
pressed in ¢* and ¢* by means of the equation

p=% (i=01..,1n-1) (5.10)
oqt
If then these values and the values of ¢* from (5.9a) are substituted
5128 P
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in (5.5) we get an equation of the form

;" = F(7), (5.11)

from which ¢ can be found by means of a quadrature.
If there are more ignorable coordinates, e.g. ¢%,..., g™ the problem can
be reduced in the same way to a problem in an X, _,..,. The trans-
formation of £ into £’ is called the transformation of Routh—Helmholtz.

¢

Lwor/d-lines

ql
trajectory

~
I

2
q i
Fia. 30.

It may happen that (f] = ¢ is an ignorable coordinate. In that case
we may also return to the non-homogeneous treatment. Then 7 =@
and £ = L and L only depends on g~ and ¢*. It follows from (3.10b,¢)
that dH/dt = 0 or H = constant. Because

Ldt = —I dt+p)dg (5.12)
the variational equation of the trajectories now takes the form
8 f Ldt=3$ fmdqh = 0. (5.13)

This equation is known as the variational equation of Maupertuis (estab-
lished by Euler and Lagrange) or the principle of least action. In fact
p)dg? has the dimension [mi?%-1] of an action (quantum). To every
trajectory there now belong co? world-lines and these transform into
each other by a translation in the ¢-direction.
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EXERCISES
VIIL.1. Tho position of a homogencous sphere is given by the coordinates o,
¥, z of tho centre and the Kulerian angles ¢, 8, i chosen in the way shown in
Fig. 31. If w,, w,, and w; are the components of the angular velocity about axes

Yy Yy’

Fia. 31.

through the centre parallel to the -, y-, and z-axes, prove that

wy —= —0cosd—yisinBxing
wy - = -—¢ —z/;co.s'O . (la)
wy == —95in¢—]‘z/;sin000s¢.
Now let =z ¢=y ¢=nz q‘=¢,' ¢ =0, ¢ =1, (1B)
and introduce the non-holonomic system (k) (b - 1,...,6)
=2 ¢=y ¢=z §=uw, ¢° = wy, ¢° = ws (1y)
Prove that the only non-vanishing components of Q) are
9362034 = Qf == —2!‘ (18)

and write out the Lagrangian equations for the non-holonomic system.t
VIII.2. If we impose on the sphere of Ex. 1 the condition that it moves on

the perfectly rough plane ¥ - — R, then there are three equations
y =20, 4wy B — 0, —w R - 0. (2a)
Holonomic coordinates are now
=2 ¢ =z 9’==¢» Q‘=0» Q"-——‘l/l- (2ﬂ)
Introduce the non-holonomic system g¢* (h == 1,...,5)
=% ¢=2 ¢=d¢ ¢E=dtwR, ¢ =i-wk, (2y)

1 Cf. Whittaker 1917. 1, p. 44.
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and prove that the only non-vanishing components of Q} are

—cosfcose 1
Y=~ ping s = —5
+ __cosfcos¢ « __cosfcoséd
Qs = Rsinf Y=~ Rsinf
Qfy — 1 Qf, = —cosfeoid
2 Rsinf
. (26)
Q, .. ._confsing (p, . _cosfsing
T Rsing #7 7 Rsing
. 1 5 1
Qg = 3 QF = 3
(. _ cosfsing 0 cosfsing
7 Rsing 77 Rsing
Write out the Lagrangian equations for the non-holonomic system.t
VIIL.3. The equations of classical electrodynamics (cf. VI, § 2)
mV = eF+evx B (3a)
or mi = —eF,—eyB,—eiBy,; cycl. 1,2,3 (38)
can be derived from the Lagrangian function
L = jm(@ ' +2)+Sdr 3+ b+ da?)Hedy (37)
provided that P
Fy o 81— 21¢s 34=ga—t
(39)

By = ~ (‘)2¢3 03¢2): cyel. 1,2,3

(cf. the notations cFy; and an in IX, § 2). The corresponding Hamiltonian func-
tion is P

*H =5 (p—24) +oyel.—edy. (3¢)
By homogenization according tb VIII, § 3, and taking

dr = L (e det—dut — dyt— dat) 30

we get e — Lt- Em(a:’-l—y + z’)/t+ (¢1r+¢2y+¢3z+¢o,ct) (37)

(* denotes differentiation with respect to )

for the homogeneous Lagrangian function.

From a relativistic point of view (ef. Ch. IX, § 4) the form (3 ) is rather dis-
appointing, since the first term on the right-hand side does not have four-
dimensional invariance. But this is quite natural because we started from

L
classical mechanics and considered m as a constant and not as mt, that is, as a
o

function of the velocity. So it is clear that it is impossible to get a relativistic
form of € merely by the formal process of homogenization described in VIII, § 3.

f Cf. for more difficult exercises Whittaker 1917. 1, pp. 214 ff.
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Prove that the four-dimensional form of £
g —chu-z (b2 o4 Ba2 +bach), (36)

where Q “=“.cl-¢(ceif gzt (= 1) (30)

gives the right equations and that tho fourth of these equations cxpresses the
conservation of encrgy (cf. 1X. 4.19b). From this £ we get

P = f)-.g = mz -{-2951; cyel. 1,2,3,

0.
’ (35)
Lree . té
Py = i +c I
Derivo the Hamiltonian relation
H = —L4p bpyt Pyt pyct =0 (33)

and prove in addition that

2 1 2 2 1 2 1 ¢ o e ¢
$ = — jomett-gmet = gmot—L{_(p—24,) —oyel. 4 (p—S4) | = 0

[

is also a suitable form of the Hamiltonian relation.

VIIL.4. If tho é‘f’ are considered as functions of the g¥, the p, are also functions
of the g¥. If now ~

S a D g% D

= — o — sy - 0,1,..,n 4o
prove that the Lagrangian equations (3.23) arc cquivalent to
'?qw;)ld’pﬂ = 0 (¢,¢l == 0, 1,...,%) (43)
or Dpy =0 (¢ =01,.,n) (4y)
x [ ]

where D is the symbol of the Lic derivative with respect to the field q¥/8.t If
L
. L[]
the q% are unknown functions of the g%, (4y) represents a systom of n independent

differential cquations for the n ratios of tho q:ﬁ.

t Cf. v. Dantzig 1934. 5, p. 645 f.



IX
RELATIVITYY

1. Introduction

TENSOR calculus would not exist in its modern form if there had never
been a theory of relativity. The ties between these two branches of
mathematics and physics are so many that they would fill a big text-
book. So we have had to make a selection. After some necessary pre-
liminaries we give, in the last section, a short introduction to relativistic
thermo-hydrodynamics, since this is a subject which demands a certain
amount of ability in tensor calculations. This treatment is based wholly
on the work of van Dantzig. Although the affine invariant form of the
electromagnetic equations was not unknown to preceding authors,} van
Dantzig was the first to develop in a long series of publications a con-
sistent theory of relativity which was independent of metrical geometry.
In the later publications of this series he dealt with thermo-hydro-
dynamics. It is not possible to give a survey of the whole theory here.
We have therefore restricted ourselves to the phenomenological point
of view, and have simplified the assumptions in such a way that an
elementary introduction could be set out. This method has had the
disadvantage that nothing has remained of van Dantzig’s original idea
of the independence of metrical geometry, and that most of his results
have not been mentioned at all. But we hope that our last section
short and insufficiént though it may be, will induce many readers to
study the very interesting, though rather difficult, original papers of
van Dantzig, Synge, and other authors.§

2. Four-dimensional invariant electromagnetic equations||

In order to get the four-dimensional form of the electromagnetic
equations (VI. 2.5 a—f) in wacuo in (lartesian coordinates, we first
introduce the following change of notation.

t General references: Einstein 1916. 1; v. Laue 1920. 1; Pauli 1921. 1; Eddington
1923. 1; Fokker 1929. 1; v. Dantzig 1934. 3, 4, 5, 6.

1 Cf. e.g. Weyl 1921. 2, p. 118.

§ Cf. for a list of literature v. Dantzig 1940. 2, p. 401.

|| In this chapter we use k, 4, j, k, I == 1,..., 4 for Cartesian coordinates and «, A, g, v,
ps 9, 7= 1, 2, 3, 4 for general rectilinear or curvilinear coordinates in space time. In
space we use a, b, ¢, d = 1,..., 3 for Cartesian coordinates and «, B, y = 1, 2, 3 for general
rectilinear or curvilinear coordinates.
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(a’) x4 d=ef ct,
) B B, ln, 5,5,
() Fho = —F E o, b 2 _(13 >,
(@) g % 89, 8o 2 ya st &)
- . (@,b,c = 1,2,3). (2.1)
en we ge
(@) 0y Fyy+-03 Fjy+-0, Fyy = 0,
6) 0y Fy3+0, Fyy +03 1y, = 0,
(c) 0y F 40, T2, F = —s,
(@) 0y FU+-0, F 40, F —= —s, (2.2)
(e) g = ——:clrju,
*
(f) & = *ina; ep = 1/¢?; cycl. 1, 2, 3.

e
0
Let the fundamental tensor g,;, (i,k = 1,..., 4) whose space component
is the fundamental tensor g, (2,0 = 1,2, 3):
gu=—1, goo=—1, gun=—1 gu=+1I (2.3)

be introduced in the E, of z! =z, 2?2 =y, 2® =2, 2 = ct. Then
(2.2) takes the form

() o B = 0,
(b) aj %ih o —5"', (]

* . 2.4
© P = gigg ™y g & |detiga) &4

(hy3,5,k = 1,...,4).
These equations have the four-dimensional invariant form if F, is
considered as a covariant bivector in R,, §* as a contravariant bivector
density and s" as a contravariant vector density, both of weight +1,
and accordingly they can be written in general rectilinear or curvilinear
coordinates:

(a) afp. F)(x] =0,
(b) ap. %FK = —s%

* , N (2.5)
) peg = g grgF,,

(=, A, pyv = 1,..., 4).
E,) is composed of F and B, & of D and H, and s~ of p and u.
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3. Relativistic kinematics

The equations (2.4) are invariant for all orthogonal transformations
in the R, of z, y, 2, and c¢f. Such a transformation leaves the null cone

—at—y? 22 = 0 (3.1)

invariant. If the two blades of this cone are not interchanged it is
called a Lorentz transformation. A Lorentz transformation leaves the
relation past-future invariant. Now it can be proved that every Lorentz
transformation can be obtained by an ordinary rotation or rotation
with reflection in space followed by a so-called special Lorentz trans-
formation, that is a transformation of the form

x' = xcosh¢d—ctsinh ¢, x = z' cosh ¢+-ct’'sinh ¢,
¥y =9 y=1,
2 =2z, z =12, (3.2)

ct’ = —zxsinhé-tct cosh ¢, ct = ' sinh ¢-ct’ cosh ¢,
cosh®$—sinh% = 1.

The first transformation is not important because we know quite well
that we are allowed to pass from one orthogonal coordinate system at
rest in space to another one equally at rest. So we have only to consider
the special Lorentz transformation (3.2).

From Fig. 32 we see that a point that is at rest with respect to the

new coordinate systém, x' = 0, has a velocity v = czﬁ;};(i with respect
to the original system. Hende
. 1 o
sinh¢ = V(IE—BZ); cosh ¢ = ;/.(_1.__3?); BE . (3.3)

From the reciprocity of the formulae (3.2) it follows that a point that
is at rest with respect to the original coordinate system, x = 0, has
sinh ¢
cosh ¢
system the units of length and ¢ X time are the segments 04 and OB
cut out by the two unit hyperbolas. The geometry in the (z, ct)-plane
is not an ordinary one but a Minkowski geometry with a fundamental
tensor g,; = —1, g4y = +1. The linear element in this geometry is

cds = |J(c?dtf —da?) = cdt(I—p?). (3.4)

a velocity —c with respect to the new system. But in this new
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The transformations (3.2) can now be written in the form

= _Bet . ' + BCt
C Y- Ja—py A= T Iy
b xB B t . _ x'B t _
V= —ga—p Ty = ou—p T Ja—p
(3.5)
ct ot
Q

-5-1

A

b

Iy

I

[ p

P! /

co.rhq:} a’

| |

| . I‘H

o | v sinh

X ¢ A ¢

vy Z Ly

[/} Y R x
|'< ''''' Z“o.slzgx T "“:L>'
Fia. 32

Length and time are measured with a ruler and a clock. Since the
electromagnetic equations are invariant for Lorentz transformations, a
ruler and a clock, based on electromagnetic principles only, would mark
x and ¢t if at rest in the original system but 2’ and ¢’ if at rest in the
new system. Hence, measuring only in an electromagnetic way, =
and ¢’ would be the real distance and the real time for the moving
observer and not only auxiliary variables. From this point of view
consider novr a point with a velocity » with respect to the original
system. Then this point describes a straight world-line OP (Fig. 32)
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and at the time I for the (z, t)-observer it is at the point P with the
coordinates p! = u/c, p* = 1 with respect to (z, cf). The coordinates of
P with respect to (x’, t') are

v LU R | v B
P=Ja=s?t TIa=pr T yi—e  Ja—py

v U B 1 1 4__ _ B :lf 1
L 2 N - 2 ¥ e e PRI

(3.6)

Hence for the (', ¢')-observer (using electromagnetic measuring instru-
ments only) the moving point has a velocity

f . u/c—B __u—v

—B(ufc)+1 — T—uwfc?

This is the relativistic composition of velocities. If uv <’ ¢? the relative

velocity with respect to (', ¢') tends to the classical value u—v. But if

% = ¢ we find 4’ = ¢ and this means that light has the same velocity
with respect to both observers (Michelson-Morley experiment).

A velocity v% is a three-dimensional vector, but if v < ¢ it is uniquely

U (3.7)

determined by the four-dimensional unit vector in its world-line v* = fi';
I
with the components
1 vl 2 v? 2 v® . 1
N=—e o, V= = =
1 oJI—F) 1 o JU—F) 1 o JU—F) 1 \/(1—3(2 9

This vector is called the four-dimensional velocity wvector (‘Vierer-
geschwindigkeit’). *

If a bar with length 1 is at rest with respect to (, t) the world-lines
of its end-points cut out a segment OB on the z'-axis (Fig. 33). But
since the unit of length on the z'-axis is OA’, the length of the bar from

. . YY) : 1 — _—R2
the point of view of the (x’,t')-observer is oo g = J(I—pB?). In the

same way, if a bar with length 1 is at rest with respect to (x’,¢') the
segment cut out from the z-axis is OB’ and consequently the length
from the point of view of the (z,t)-observer is

OB' _ coshé—sinhé(sinhg/coshd) 1 e
04 = i = coshg — VUI—F). (39)

From this it follows that a parallelepiped between the planes z = 0,
x=a,y=0,y=>b,z=0,2z=c at rest with respect to (, t), is seen
by the (2',¢')-observer as a parallelepiped with the dimensions a./(1—p2),
b, ¢ and the volume abe,/(/—pB?). 1f this parallelepiped is filled with
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electricity which has a density p for the (z,t)-observer, the density for
the (2, t')-observer is p/,/(/—B*). Hence a charge that has a density p
0

(proper density) at some point of it, with respect to an observer moving
with the same velocity, has a density

p = p[VI—F") (3.10)

at that same point for an observer who has a velocity v with respect
to the charge.
Let the (x,t)-observer put a row of (electromagnetic) clocks, all at

ct

B/

P S G

Fic. 33.

rest from his point of view, on the z-axis and all marking the time zero,
and let the (x',t')-observer do the same thing on the x’-axis. Then the
(x,t)-clocks will mark the time I/c on the line CD and the (z’,t')-clocks
will mark this same time on the line "D’ (Fig. 33). If now the (x,t)-
observer observes both the (z’,t')-clock whose world-line passes through
O and also his own (z, t)-clocks, he will find no difference at O, because
both clocks in that point will mark the time zero. But at D one of
the (x,t)-clocks marks the time 1/c and the (z’,#’)-clock marks

10D 1 1 1 2

c00 ~ ¢ oohg — VIR
In the same way the («,¢')-observer observing the (x,t)-clock whose
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world-line passes through O and his own (', ¢')-clocks, finds no difference
at O, but at D’ the (z,t)-clock marks

10D 1 )
200 = “c‘x/(7~/33)

and the (x',¢')-clock marks I/c. Hence both observers find that the
clocks of the other observer are going too slow in the ratio ,/(1—f2).

Now in the experiments with electromagnetic rulers and clocks just
described there is still no theory of relativity. The statement that the
electromagnetic equations in vacuo are invariant for Lorentz trans-
formations is not a theory, it expresses only a well-established physical
fact that was discovered by Lorentz long before Einstein published his
special relativity postulate. But from the point of view of Lorentz z’
and ¢’ were artificial auxiliary variables, not a real distance or a real
time. Mechanical rulers and clocks were supposed to satisfy the laws of
classical mechanics, and classical mechanics are not invariant for
Lorentz transformations but for the Galilei group, consisting of rota-
tions of a coordinate system at rest and translations without accelera-
tion. According to classical mechanics rulers and clocks will single out
the one real distance x and the one real time ¢ from all artificial distances
and times that are equivalent for electromagnetic phenomena. Hence
there are two possibilities. Either there are two different kinds of
physical phenomena, one invariant for the Lorentz group and one for
the (ialilei group and there is no general invariance at all, or else all
phenomena are invariant for the Lorentz group and classical mechanics
is only valid approximately for velocities that are small with respect
to c. Now this latter assumption is the special relativity postulate of
Einstein. Experiments in all branches of physics have since made this
postulate one of the best established physical laws.

4. Relativistic dynamics

If we accept this postulate we have now to look for another kind of
dynamics, different from classical dynamics and converging to classical
dynamics if v/c tends to zero. We must of course start from the electro-

dynamical equations K — cF+evx B (4.1)

where e is the charge, v the velocity of the charge, and K the force
exerted by the field on the charge. If we introduce the notation (2.1b)
in the equations of the components

K! = cF'4o(v? B3 —3BY); cyel. 1, 2, 3 (4.2)
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[ ]
w0
—

we get the relations

K, = —ecl ;—e(v2F,--v3Fy)); cycl. 1,2, 3, (4.3)
which must be the constituent parts of a four-dimensional invariant
relation. It is clear that, in this invariant relation, ;)"' has to appear

instead of v*. Eliminating v* by means of (3.8) we get

K, - ~L«, = ecv®Fy, +ecv®Fy, +ecvtly,; cyel. 1, 2, 3. (4.4)
NUI—F) 1 1 1
Now, if we introduce K, by the equation
1
Ky—" _ = eco'F,-| ecv? 3F, 4.
4«/(1‘—133) ec; byt eml; F’24+eclz, Fy, (4.5)
we get the invariant equation
4
K, = ecv'Fy; (h,i = 1,2,3,4), (4.6)
I
4
where K; is a four-dimensional vector with the components
1
vy
: 1 1 (4.7)
K, == ecv*F, — — T 5 K, v = — T B0 Koy
R N B NV ) Z
(@,b == 1,2,8).

> K¢ is the energy lost by the fields F and B and gained by the charge
a

e in unit time. Hence the force K, and I/c X this energy are not, as they
stand, components of a four-dimensional vector but can be made so if
we multiply them by 1/,/(1—pB?).

Since (4.6) has the invariant form it can be written in general
rectilinear or curvilinear coordinates !

4
K, = ecv<F,,. (4.8)
I

Now suppose that we have not just one charge but a distribution of
charges with the density p for an observer with respect to whom the
charge has a velocity ». The force per measuring parallelepiped t is
a vector density of weight -7 and it satisfies the equations

1, = —pch—p(e3F, —3Fy)): cyel. 1,2, 3 (4.9)
or, according to (3.8) and (3.10)
1, = pcv"Fyy; eyel. 1,2,3 (h=1,2,3,4). (4.10)
01

Here we have to introduce a fourth component

def

) AN
by 2 poth, = —-t - th“v“ (@=1,2,3)  (411)
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in order to get the invariant equations
ti = pC’vh.F;,i (h I/ == .l, iy J 4) (4.12)
oI

or, in general rectilinear or curvilinear coordinates,
1= pcv"F (4.120)

t) is a four-dimensional vector dens1ty of weight 41 and ct, is the

energy lost by the field and gained by the charges per unit volume and

per unit time. Hence, unlike the three-dimensional force K, the three-

dimensional force density ¥, is itself a component of a four-dimensional

quantity. p is a four-dimensional scalar density of weight 1. This
0

also appears from (2.1d) if we write this equation in the invariant form

s =pst (h=1,234) (4.13)
01 .
or, in general rectilinear or curvilinear coordinates,
§% = ps, (4.14)
o1
where s« is the four-dimensional velocity vector of the charge.
I
We are now able to find the relativistic equation that has to replace
the equation d2ze
Ka = m—d?- (a/ = l, 2, 3) (4.15)

of classical mechanics. Instead of K¢ this equation must contain 14(",
and dt has to be replaced by an invariant differential. Now the only
invariant differential is ds. Further, the new equation has to reduce
to (4.15) for B = 0, that is for a particle at rest with respect to z, y, 2
Let us try the four-dimensional invariant equation

sy diah

K mes (h=1,2,3,4), (4.16)

where m is a suitable factor that must be connected in some way with
0

the mass. This equation splits up into

1 4  dao
Ka —_ Ka —
x/(l B «/(1 B?) dt dt/(1—p?)’
Ko — 1 g d T4 1,2,3).

cJ(I B dt o\/(l—ﬁf) dt \J(1—B?)
(4.17)

The first equation reduces to (4.15) for B = 0 and m = m and the
0

second equation reduces then to the identity 0 = 0. If we now write
m

m — J(Tf?pzy (4.18)
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(4.17) can be written in the form

(@) Ko — ;md;:

e o (@=1,2,3). (4.19)
b a2t e
() 2 K = a™

Since these equations are valid for a coordinate system which is at rest

with respect to the moving particle, they must be valid, because of

their four-dimensional invariance, for all coordinate systems with con-

stant velocities. This proves that (4.19) are the equations of relativistic

mechanics required. o is the rest mass or proper mass, that is the mass
0

with respect to an observer moving with the same velocity, and m is
no longer a constant but depends on the rest mass and the velocity
with respect to the observer. As in classical mechanics the force is the
first time derivative of the momentum vector mv?, but we are no longer
allowed to bring m to the left side of d/dt. The second equation brings
a surprise; the left-hand side is the work done by the applied force,
but the right-hand side is no longer #mu? as in classical mechanics but
mc®. If v <€ ¢ we. have

m02

{I— =

me? =

mc 1+ (v%[c?)}: = me?+Fmv?+-...,
0
(4.20)

and this is in accordance with the classical formula except for the
presence of the term mc'~ Hence it appears that in a mass w an

energy m02 is always stored up. In these days of atomic bombs thls is

common l\nowledge, but in the early days of relativity it was a very
important discovery. From the fact that m -> oo for » — ¢, it follows
immediately that no mass can ever move with the velocity of light
with respect to any observer.

. . dah .
The four-dimensional vector m =5 s called the momentum energy
0o ds

vector. Its orthogonal components are

X 0 Ve a &
m-- mcv = MC —————— = MV* = momentum
o ds o o J(I—p%) ’

dx‘ 1 ener,
= mevt = MC ——~—— = MC == energy
Wds T 9T T J(1—B?) c

(@=1,23). (421)
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Hence 1 1
a 29 -
momentum == mv" = -; mc*v* = ", X energy flow.
c? ¢

If the matter is distributed continuously and ¢ is the force per
measuring parallelepiped, and if p is the mass density and dr the volume
element, both for an observer with respect to whom the mass in dr
has the velocity »¢, we have according to (4.19)

(@) tedr = Edi’wa dr,
(@=1,2,3). (4.22)
() > dr = iy,c"’ dr
a dt

1f now p is the mass density and 7 the volume, both with respect to
0 0

the observer moving with the same velocity, we have

dr = dTJ(I—,Bz),

pdr = pdr(I1—PB?) (4.23)
00

and consequently p = p(1—p%. (4.24)
0

This transformation differs from the transformation of the charge
density (3.10) because in the case of a mass density there are two
different causes for a change, firstly the change of the mass and secondly
the change of volume. Introducing p, and ds in (4.22) we get

a d dx®
o bdsds
; 4 dnt (@=1,2,3). (4.25)
x
4 __ Ay — g
v= c T hds ds
d da
h= 2 =1,2,3,4). 4.2
or t B3 ds ( ) (4.26)
This equation can be written in another form if we introduce the
tensor density da dat
mo— 2T (= 1,2,3,4
’;ﬁ bs ds (h,o = 1,2,3,4). (4.27)
The divergence of this tensor density is
dat dx" dz*,  dz dxi

hi . 5 R — 3 —
(h,z =1,2, 3, 4). (4.28)
Now it can be proved that the second term on the right-hand side of
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(4.28) vanishes. The number of particles in the volume element is
proportional to pdr, hence, for the observer moving with the same
0

velocity, u not only gives the mass density but also the matter density.
0

But, for the observer at rest, dr = dr,/(I—p?), hence for him the matter
0
density is p & p/\/(1—B?) = p/(I—p?), and this is different from the
%* [
mass density u. As the matter does not vanish, the equation of con-
tinuity must hold for this matter density n. This equation is
E 3

5 d2®
0 = Bupo -y = 0 (1 —F*) -+ 0 (1—F)

d

f vl d4
=0, u—+0
al:ds+_4";

x dxt (4.29)
2 o, u
ds ’l; ds

, def O .
= — = 3: = l 2 4
=5 (a 1,2,3; ¢ »2,3,4),
and this proves that in fact
o= o, P = V,PY (h,i = 1,2,3,4). (4.30)
m m

Since this equation has the invariant form it can be written in general
rectilinear or curvilinear coordinates

e = V)P~ (4.31)

B is called the momentum-energy tensor density of continuous matter.
m
Its orthogonal components are

]

a Jpb
(@) Pab — "J%% % = pva? (a.,b =1,2,3),
m
) Pz — Pat = p,c;i‘l ‘.?f = cuv? = ¢ X momentum per unit
m mn 0 @8 a5 volume, (4.32)
1 ,, 1
= Zpuc®v® = = x energy flow,
c c
4 ot

(c) 1344 = ’:% % = pc® = energy per unit volume.

We see from (4.32b) that in relativistic mechanics not only a moving

mass but also moving energy has a momentum.
In an electromagnetic ficld we have, according to (2.4a),
Fity, Fy, = —Fito; F,,— F"d, Fy; = —2F"0; B,

(4.33)
(h,3,j = 1,2,3,4).

5138 Q
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Hence, since ¥ is the force per measuring parallelepiped exerted on the
charges, we get according to (2.4, 4.12, 13)

t, = cs"F); = —c(9; ") By,
= —c% gf(@, th)F;bi
0

f

__..a] 025 g%F]hEIi_*__cz: g-:-FJhajlﬂhi (4.34)
= “31'{62: giFi hf‘;u’l'a’czof g+ A} F* Fpp}
= —0;o{§" By +14] §"Fia}
= —9; P, = -V, P,
(4 (4
or, in general rectilinear or curvilinear coordinates,
where Bre oA, 9 +IF A0 9m) (4.36)

is called the momentum-energy tensor density of the electromagnetic field,
Its orthogonal components are (cf. 2.1, c)

P — — oy —oF Ly —F Fu—

— §o§ Ry Jo g Fpy— 1§y —
— 4o By — JoH Fyy— JoF L
— (—H!B'-+ H2B*+ H3B%)+ {(— D'F'+ D*F* 4+ D*F?),
P = P =GB —cFH iy = —HB D

— _Ilpp _ammp,
0
3
P = oy —o§Fyy = — HOF L H
[4

1
= 5 (BF*—B°F?),
cp
0
P = —cF2Fy —cFORy = —cD*B+cD*B
= ce(B2F3— B3F?) = BY,
0 e
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By — F it oGt oF By,

OG- o By - §O B
T FUE A JoF By +-dcF
—}(DLF'+ D2F? D3F3) |- J(BMH! - B2H?4- BYHP),
(4.37)
"?M is the Poynting vector of the field and ?M the energy of the field

per unit volume. The fourth component of

th=—0,P* (h,i=1,23,4) (4.38)
e
multiplied by —c is
P40, P4 = —c (b =1,2,3), (4.39)
and this equation has the form of the equation of continuity of a fluid
(cf. VI.2.2) oottopu—gq (b=123), (4.40)

where v® is the current vector density, u the density, and § the mass

put in from the outside per unit volume and per unit time. Now, as

we have seen, —ct! is the energy per unit volume and per unit time

gained by the field, and % is the energy density. Hence cB%* is the
4 e

vector density of the energy current. Now, taking one of the other com-

ponents, 1

8‘) ‘Bbl—{—atg $41 = —tl (b == ]., 2, 3), (4.41)
e [

we see that this equation has the same form. A force,is always the first
time derivative of a momentum, hence —1! represents the z-component
of the momentum per unit volume and per unft time gained by the field.

Accordingly (%‘B“ = é!]}“ is the xz-component of the momentum of the
[ [

field per unit volume and P! is the vector density of the flow of the
[

z-component of the momentum. From this it follows once more that
momentum = 1/c?X flow of energy.
From (4.30) and (4.38) it follows that, for continuous matter,
V,(BH+PBM) =0 (h,i=1,2,3,4), (4.42)
m (4

and this means that the divergence of the total momentum-energy
tensor density of matter and field vanishes. This equation expresses
the conservativn of momentum and energy for the special case of con-
tinuously distributed matter. In fact, according to (4.30) and (4.38)
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the momentum and energy lost by the matter is gained by the field and
vice versa.
(4.42) can be written in the invariant form
V, B = 0, (4.43)
where P+ is the total momentum-energy tensor density of matter and
electromagnetic field. (4.43) is valid in general rectilinear or curvilinear
coordinates. This equation is the bridge to general relativity.

5. Gravitation
In classical mechanicy the gravitational force acting on a point with
mass I can be derived from a potential ® (cf. VIIL.3.1)

dxe

= 9, ® (a,b = 1,2,3), (5.1)
and this potential satisfies the differential equations
AD & —g5.0,0 = dnfu  (b,c = 1,2,3), (5.2)
where p is the mass density and
f=67x10-% gm.~? cm.? sec.~* (5.3)

is Newton’s gravitational constant. Now the idea of general relativity
is that space-time is not an R, but a ¥, and that a mass, influenced
only by gravitational forces, always moves in such a way that its world-
line is a geodesic in V. Since gravitational forces depend on the distribu-
tion of matter, this is only possible if the fundamental tensor g, of V
is wholly dependent on this distribution.

In order to see if we get the equation (5.1) of classical dynamics for
small gravitationdi forces and small velocities, we assume that for some
coordinate system («) theg,, have values which are slightly different
from 7 and 0:

* 0 0 *
I = It €re Iae = Sﬁ! an < L (5.4)
We also suppose that the velocity of the mass is small with respect to
¢ and that the 9,¢), are small with respect to the o0,¢), (y = [,2,3).
Then we have, neglecting all terms that are small of second order,

Iy = ggxp(a“ep)‘q-a,\epﬂ-—ap%) (6.5)
and

df“ dfh * de‘ df‘ 2Tk K 3
F,'fh—d; Fr FME; g5 G h = —E'ng 70,94 (y=1,2,3). (5.6)

Substituting these values in the equations of the geodesics

@ _ i dgm dg
ds? P s ds

(5.7)
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we geb (¢4 = cf):

2£a
O = i Poag, (@B = 1,2,9) (5.8)
But this is in fact an equation of the form (5.1) with jc?g,, playing the
role of the potential.

We have now to look for a relation between the g,, and the distri-
bution of masses, which will replace the equation (5.2) of classical
mechanics. Since mass is a form of energy and since energy and
momentum are components of the momentum-energy tensor density
P+, this tensor density, whose divergence vanishes, must come in
instead of the mass density u. Hence we have to look for a tensor
density of weight -1, whose divergence vanishes, and which is a
differential concomitant of the field g,, containing derivatives of the
g up to the second order. According to (V.5.44) the simplest tensor
density with these properties is

G *4-ag: g<*, (5.9)

where o is an arbitrary constant. If *? equals gi g** to within a scalar
factor the ¥, is called an Einstein space. It can be proved that the
scalar curvature is constant in such a space. The constant « in (5.9)
only plays a part in investigations concerning the properties of the V,
of space-time in the large. It proves to be very small, and it can be
put equal to zero if movements of bodies of our solar system only are
concerned. Then we get the equation

6 = S per, (5.10)
c* .
where « is a new gravitational constant.
In order to compute this constant we assume that there is no electro-
magnetic field and that P~ is given by the equation (4.27). Further,
m

we return to the case where g,, differs only slightly from ;,\K (5.4) and
where we have small velocities and small derivatives of ¢, in the time
direction. Then all components of P«A can be neglected when com-
pared with B4 = uc’. Now it follows from (5.10) and (V.5.36) that

K“)‘ = %(P’L)\-—%Pg”)‘). P P,\Kg"“, (5.11)
K 1k .
hence K= 5 Fu—1Pgy) = 55Pu = inp. (5.12)
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But we have on the other hand according to (V.5.28),
K, = 2, Pﬁ4+2P[’fdpl Thi=0.Tf = ay Iy
= —z‘gﬁ’ayapy« = #g, (By=123), (5.13)

hence Adc?g, = Fxc?p, (5.14)
and, according to (5.2)

= 86_’;f - z_j 67X 10— 1-87% 10~ gm.~Tom.  (5.15)

By integration of (5.10) it is possible to find the linear element of
space-time in the neighbourhood of the world-line of a central mass,
e.g. the sun. As there is no matter except on this world-line, &), and
K), vanish at all points outside the world-line. Hence space-time is not
a general ¥, but a ¥, with a vanishing Ricci tensor (cf. V, § 5).

Since space-time is not euclidean in the neighbourhood of the world-
line of the sun, slight corrections arise in the movements of planets
and light rays. As far as these corrections are measurable, they agree
fairly well with astronomical observations.

6. Relativistic hydrodynamicst

We consider matter consisting of particles of the same size and mass
and neglect effects of radiation. Let dr be a part of space and do an
infinitesimal part of its boundary surface. dr is supposed to be small
but to contain a great number of particles. If, at any moment, this
number is N9 and if N9* —= Rdr, R may be considered, from a macro-
scopic point of view, as the particle density of matter. If the velocity
v™ of each particle is known we may compute the mean velocity %* of
the particles in dr.J Then Ru* is the mean particle current density. We
write €dr for the total energy, kinetic and potential, of all particles
in dr. We suppose that the potential energy does not depend on the
velocities but only on the coordinates of the particles in space. € is the
mean energy per measuring parallelepiped. Tn the same way we write
M>dr for the total momentum of all particles in dr. Then M= is the
mean momenlum per measuring parallelepiped. Obviously € and > are
a scalar density and a vector density both of weight 1.

1 Cf. also for literature Synge 1934. 7; 1937. 3; v. Dantzig 1934. 3, 4, 5, 6; 1939. 5;
1940. 2.

lu® . .
1 We write e = (_du;_ heoro in order to have the same notation as in Chapter VII,

Then u* may bo considered as a small displacement.
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Now consider an infinitesimal tetrahedron which is at rest and is

1 1 2 2 3 3
bounded by fgdo, fgda, fgdo, and fgdo with an orientation from inside
to outside. Then we have the identity (cf. VII.2.1)

1 1 2 2 3 3
—fgdo = fgdo+fgdo+fgde (B = 1,2,3). (6.1)
If the energy and momentum passing from the outside through the

1 2 3
boundary in unit time is denoted by Edo, Edo, Edo, Ede and p*do,
1 2 3

1 2 3
p*do, p*do, p*do respectively, the changes of energy and of momentum
1 2 3

of the matter in dr can be neglected because they are of third order in
the differentials of the coordinates. Hence it follows from the law of
conservation of energy and momentum that (cf. VIL.2.2)

1 2
—Edo = Edo+Eda+t Ede,
1 2 3

—prdo = prdo+prdotpide (« = 1,2,3) (6.2)
1 2 3

for every choice of the boundary. Hence (cf. VII.2.3) a vector density G
exists such that E — —G, (6.3)

and there is an affinor density T8 such that
p* =3I (0,8 =1,2,3). (6.4)

€> is the mean energy current density. It isthe sum of energy X velocity
of all particles in a small volume per unit volume and accordingly is
not equal to €%, which is a product of two mean,values. —3°F is the
mean momentum current density. It is not equal to M>if which is a
product of two mean values. p*do is the force that the outside matter
exerts on the inside matter on fgdo. Here is an essential difference from
continuous matter. If the matter is distributed continuously we can
go to the limit dr — 0. Then %*—> v®* € —> puc?, €*—> uc’v* = o,
Me > pv, T > uv2f = M*B (cf. §2). But in our case dr must
always have a reasonable size and contain a sufficiently great number
of particles.

Up till now we have considered a boundary at rest. Now take a
boundary whose points have a velocity w®, that may depend on z, y,
and z. The flow of energy and momentum through the moving element
fgdo in a sense opposite to its orientation per unit of time is

p*do = (T4 Mow)fgdo,
Edo = (—€P4+-Guh)fgdo (x,8=1,2,3). (6.5)
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As before p*do is the force exerted in fgdo on the matter at the back
of fgdo by the matter at the front. Instead of the stress tensor T*# we
get a stress affinor %84 Mowh which, in general, is not symmetric.

In order to write (6.5) in a four-dimensional invariant form we take
orthogonal coordinates in space time. We remember that p*dedt is a

momentum and g E dodt an energy divided by ¢, and that consequently

these quantities may be considered as components of a momentum-
energy vector. The covariant vector density f,do, which is a part of
a plane with an outer orientation, describes in the time d¢ in space-
time a part of an R,, and its orientation induces an outer orientation
in this R,. Hence the figure described is a four-dimensional covariant
vector density B;dw in R,. Now {,do is the section of 8;dw with space,

hence B,dw = f,dodt (b= 1,2,3). (6.6)
The direction of the four-dimensional velocity vector w* lies in B;dw,
I
hence
(w?/c)B,dw—+Bydw = (w/c) f,dodt+Bydw =0 (a =1,2,3), (6.7)
and consequently
B,dw = —(wc)f,dodt (a = 1,2,3). (6.8)
We have used the notation of Chapter VII here for the surface
element f,do where do is the area measured in m.? But in relativity
the length of a bar or the area of a part of an R, are not the same for
observers with different velocities. Hence, if f, and B; are to have any
sense there must be! some agreement about how do and dw are to be
measured. We agree that dg shall be the proper area, that is the area
measured by an observer at rest with respect to the surface element

and that dw shall be measured by an observer whose world-line lies in
B,. The duration of the world-line described by a point of f,ds in the

time dt is ds = dt\J(1—w?[c?). (6.9)

This is the time measured by the observer at rest with respect to the
surface element. It is called the proper time, and we have

dw = dods = dodty(1—w?/c?). (6.10)

The difficulty can be avoided by always using the expressions f,do
and B;dw and never f, or B; by themselves. Then no agreement is
necessary, but only the full expressions f,do and 8B;dw have any sense
and f,, B;do or dw alone have no sense at all. Van Dantzig follows this
path and marks the fact that only f, do and 8;dw have a sense by writing
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fi° and Bf«. This notation is certainly very good because for many
purposes it does not matter how do and dw are measured, but we will
not use it here because we wish to have the same notation in this
chapter as in the others.

Introducing the values (6.6, 8) into (6.5) we get, for Cartesian
coordinates,

pedodt — TOB, deo— oMM, doo,
C-I-Edodl — (—f-(ﬁ"ﬁ)brlw—(ﬂl},,dw (@b=1,23). (6.1

Now if we write

B g, Medw £ prdodt,
as 4 ana 4 “__"fl ?

B cme, Midw p Edodt, (6.12)
45 ‘.‘_&fz b

B P

pu €, (a,b =1,2,3)

the equations (6.11) take the form
Midw = —PB4B,dw  (h,i = 1,2,3,4). (6.13)

Here M"dw is the momentum-energy vector whose orthogonal com-
ponents represent the momentum and the energy flowing through f,de
from the outside to the inside in the time dt.

In order to determine the flow of heat by conduction through a surface
element we take w® = 4®. Then the total amount of matter flowing
through f,do is zero and there is no flow of heat by convection, only by
conduction. The energy passing in the time dt through f,do in a sense
opposite to its orientation is

(—€*+Cud)f,dodt (b =1,2,3). (6.14)
But part of this energy is the work done by the force p2do in the time
dt. This part is
—p*i,dodt = (—IT%u,— M4, w0)f, dodt (a,b = 1,2,3). (6.15)
The remaining part is

(— @+ Guid + T, + Meai, i0)f, dodt
= (o Rtis — b, 4 L ot i), dods

(@,b =1,2,3), (6.16)
and this is the flow of heat in the time d¢ by conduction through f,do
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in a sense opposite to its orientation. Hence the current density vector
of heat is

g0 = c!B‘“—!B“d“-{—!B"“db—é!B“ubd“ @b=1,23). (6.17)

In order to draw further conclusions from (6.17) we go back to the
equations (6.5) that can now be written in the form

prdo = — (B — et do,
1 1
ZEdO' = — m‘b’—zm44u7b fbdo (a,b = ], 2, 3). (6.18)

According to the theorem of Stokes we have

fp"'da = — f (3,,!3“"—%3,, EB""wb) dr

éfEda: —f(a,,qs4b_§a,,qs44wb)d7 (@,b=1,2,3). (6.19)

Now the integrals on the left-hand side represent the increase in r of
momentum and energy divided by ¢ per unit time

fpadg=ifmadf=f(;tm(z)d +fm‘___d1_’
(., d 7
Efﬂd _~~f(e f(dt )d+f<edtdf

(@=1,2,3), (6.20)

and 7 d~r = g, wtdr. (6.21)
Hence
f prdo = J' ( + (8, M2yud + M2, )d
1
= f (34!]3“4-{-;6,,5[3“410") d‘T
1 1 [ [0€
Ef Edo — Ef (at (2, ©)ub+ €9, )
= | (9, B+, PHut)dr

T

(@.b=1,2,3). (6.22)
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Comparing (6.19) and (6.22) we see that

0, B -+0, B = 0

9P+, PL =0 (a,b=1,2,3), (6.23)
or ;P =10 (hi=1,2734). (6.24)

If there are external influences (for instance from an electromagnetic
field), instead of (6.20) we get

f «da+ftad-f=£“_fzmadr
fﬁ,daJrfvdf— -—j&df @=1,23), (625

where 12 represents the increase of momentum and ¢t the increase of

energy per unit volume and per unit time due to external causes. Then
instead of (6.24) we have

=0, P (hi=1,2,3,4), (6.26)
and this is the ‘equation (4.30) which we had already found for the
special case of continuous distribution of matter.

In (6.22) a differentiation appears which occurs very often in investi-

gations of this kind. Tt is convenient to introduce a special symbol for
it. If fis a function of «, y, z, t we write

1f aec f .. g,
:11;1}_!+ b@bf‘*‘fab“’b:%—i-fdbwb f+3bfwb

(b=1,23). (8.27)

L]

Then we always have g?( fdr) = g{dr. (6.28)

Taking w® once more equal to ¢, that is, taking the boundary o in
such a way that the total amount of matter passing through each of
its elements is zero, the only energy passing through the boundary is
heat and the total amount of heat passing through o from the outside
is (cf. (6.23))

— f nbfbda' = — f 3bﬂ" d‘r

= — [ (o, Btin-o, B, — S0, Bt ) o
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= [ [omeameie] oot~ +5 @B+

T

LA CERTEEL R

AP 1dpH R
== f(%“ '(T ?t Uq $abab ’“’a+(_:ma4ubah u’a) dT

= J‘ g& ($44 d‘r) ’l' Z % (‘3"4 d‘l‘) liu '*— (—q3"" + (—1: ‘B“"li") ((’)b ’l},") dr

= .f 7 (€dr)+tu ua—— (Medr)+ (T2 -+ ML) (0, u,) dr
(@,b=1,2,3). (6.29)

Hence, if Q is the heat per unit volume, this integral has to be equal to
2 j Qi = f (Bdr). (6.30)

It follows from (6.29) and (6.30) that
d(Rdr) = d(€dr)+ui,d(Medr)+ (T4 Mid) (0, du,) dr

(@,b=1,2,3) (6.31)

or d(€dr) = —u,d(Mdr)+(T?®+ M) (— 0, du,) dr+-d(Rd7)
(@,b=1,2,3) (6.32)

for a small displacement %, and this equation expresses the fact that

the increase of total energy in dr is the sum of the increase of the kinetic

energy of the matter in ydr moving as a whole with the momentum M2 dr,

the increase of the potential eMstic energy, and the increase of heat due
to the heat flowing in from outside. If 4® = 0, we get the expression
—8%(0, du,)dr = T?®dSdr  (a,b =1,2,3) (6.33)
for the increase of the elastic energy in accordance with (VII.1.6),
upper sign, and (VIL.3.2).
Q°f, dodt is the heat flowing through f,do in the time df. In order to

obtain the transformation formula for an amount of heat we start from
(6.17) and use the equations (6.6, 8):

dQ = R, dodt = BB, dw+cPUB, dw -+ P, B, dw+PB i, By dw
= cP4B,; dw P, B, dw
= c(I—p%) (313‘*1144+9B“‘ya)ﬁ3¢ dw '
(@, =1,2,3), (6.34)
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where u" is the four-dimensional velocity belonging to 4* and

I
B202 — __.,,)‘ada;
d .
hence J_(I"_?_——pe) == c!B"‘cILh B,dw (h,7=1,2,3,4). (6.35)
The right-hand side of this equation is a scalar. Hence
dQ = d()QJ(I-B‘*’), (6.36)

where d() is the amount of heat from the point of view of an observer
0
moving with the velocity %2 Because dr = dr.(I—p?) it follows that
[

an amount of heat per unit volume is an invariant.

The temperature is the heat energy per particle multiplied by a scalar
factor depending on the choice of the temperature scale. Now all
observers agree about the average amount of particles in 7, and this
proves that the transformation formulae of dQ and 7' are the same, i.e.

T = TJ(I—p), (6.37)
It follows immediately from this that the entropy S defined by

‘}1;? - ;% — 48 (6.38)
is an invariant and that the entro;o)y per unit volume & transforms in
the following way % = SJ(1—p?), (6.39)
Since ds = dt,J(1—p*) the product Z‘ ds = Tdt is an invariant and
the expression !

™ = 1 dot _ 147, k =*Boltzmann constant

kT ds — kT dt’
0
(h=1,2,3,4) (6.40)
is a four-dimensional vector, the temperature vector.

A fluid is called perfect if p®de is always perpendicular to f,do, and
this is the case if and only if (cf. (6.5, 18))

— ey Dot = pgen, (a0 = 1,2,3) (6.41)
where p is a suitable scalar density. Then
ptdo = pf?de (a = 1,2,3). (6.42)

Now if f,do is perpendicular to the z-axis and has an orientation in its
+-directiun, f* is negative and the force is directed towards the inside.
Hence p is the pressure.
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If the definition of a perfect fluid is to have a meaning which is
independent of the coordinate system, (6.41) and the equation for the
flow of heat that follows from (6.17) and (6.41)

‘ Q= Plo—Pi*—pi® (@ = 1,2,3)
must be invariant. The equations of the principal directions of " are
Brin—Aghiy, =0 (b1 =1,2,3,4)
and the eigenvalues are the roots of the equation

1,_,_1 Plal ) 1%3“122 Zq;uda
c ¢ c
1 e, 1 e, )
> Pyt » _|_z P24\ S P23
g Raey ;(Z_ B4 » +_Z_ DETEEDY

1 1 1 1 1 1 1 1 1
—— QI TP gl Q2 DR a2 - QI3 P —Z pud P~
cﬁ-{-c!Bu cpu CD-}-c!Bu c‘)u CQ-{C‘,B w Cpu B A

or, by elementary transformations,

or

p+A 0 0 B
0 p+A 0 L U
0 0 p-+A B3

_1 1 _1 2 ,1_ 3 a4 1 ady;
cQ CD, —CD, B —|--E§B Ug—A

=10

A0+, )|+, -0

(a,b == 1,2,3).

(6.43)

(6.44)

mll

mﬂd

mM

(6.45)

(6.46)

(6.47)

Since this equation is invariant, a direction in space-time belongs to
each root. These directions must have a physical meaning. Now the
only invariant direction in space-time in this case is the direction of "

1

This implies firstly that the first three roots have to be equal and the
corresponding R, must be perpendicular to «* and secondly that the
I

direction corresponding to the fourth root must be the direction of w*.
I
Hence Q¢ = 0 and P* has the form

Pl = oo —pghi,
11

It follows from (6.48), (6.41), and (6.43) that

and

cmaa_muwz'_pda — 0
7 = (I—B)(€+9).

(6.48)

(6.49)
(6.50)
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Consequently, if € is the mean energy per measuring parallelepiped for
an observer movil;g with the same velocity we have

m=(€+p) (6.51)
and P = (@i —pg™. (6.52)

If Q2 = 0 v. Dantzig calls the fluid perfectly perfect. Hence a rela-
tivistically perfect fluid is always perfectly perfect as was pointed out
by v. Dantzig.}

EXERCISES
IX.1. If an Einstein-V,, n > 3, can bo transformed into an R, by a conformal
transformation (cf. V, Ex. 7) it is a space of constant curvature, i.c. its curvature

affinor has the forin
0

Koune =~ —«17(7;_—15 Kgiiadaa-1 (la)

It follows from (1 «) that K is constant.

IX.2. AV, which cannot be transformed into an R, by a conformal transforma-
tion (cf. V, Ex. 7) can be mapped conformally on at most one Einstein space,
and the mapping can be accomplished (if at all) in one way only, provided we
neglect a change of scale.§ This means physically that the linear element of the
empty part of space-timo is known if the world-lines of the light rays are known.||

1X.3. In a homogeneous medium moving with a constant velocity v® with
respect to any rectilinear coordinate system the following equations hold:

(m—ecFM)}ﬂ‘ =0, (3a)
(3tm\_i F[«A)vm = 0.1t (38)
pe 1
I1X.4. If LY 1G L FL g (A p,v = 1,2,3,4)
is considered as a function of the g,,, prove that
(2] = B (4o)
e
1 1939. 3, p. 688. 1 Schouten and Struik 1921. 3. § Brinkmann 1923. 2.

|| Cf. Kasnor 1921. 4; 1922, 2. 11 Pauli 1921. 1, p. 658.
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DIRAC’S MATRIX CALCULUSY}

1. Introduction
THE great difficulty in matrix calculus when applied to quantum
mechanics is to find an efficient system of labelling the quantities
because every label must contain a lot of information. Our chief aim in
this chapter is to show clearly the great merits of Dirac’s methods.
Therefore we develop in § 2 and § 3 the tensor calculus in U, and in
§§ 4 and 5 a matrix calculus in U, based on the classical methods
described in II, § 13. After considering the algebra of general vector-
like sets it is then possible to show that Dirac’s bra~ket symbolism is
just what we need for labelling purposes. But in order to find the most
satisfactory way of labelling, it is necessary to consider the physical
interpretation and to find out what kinds of quantities really occur.
It appears that we have to deal with states and with observables and
that in order to be able to represent each quantity by a set of numbers,
it is necessary to start from a complete set of commuting observables
and to construct the set of simultaneous eigenstates. These eigenstates
can all be labelled by the eigenvalues to which they belong, and to
every state or observable there now belongs a ‘representation’, i.e. a set
of numbers analogous to the orthogonal components in U,. A symbolism
arises that is closely analogous to matrix calculus in U,. Moreover, the
orthogonal components are intimately connected with the probabilities
of finding certain redults if an observable is measured in a certain state.
When a complete set of cpmmuting observables has been given it is
possible to define functions of these observables that are observables
themselves. Using this new conception it is possible to fix every state
uniquely by such a function, and this has a consequence that this
function can be used for labelling states. After the introduction of some
abbreviations this second method of labelling leads immediately to the
equations known as wave equations.

2. Quantities of the second kind and hybrid quantities}

If the group G, of an E, (cf. I, § 1) is supposed to contain not only
real but also complex transformations, besides the 2¢ we have also the
complex conjugates g def % 2.1)

t General references: Jordan 1936. 4; Kramers 1937. 4; Dirac 1947. 5.
$ Cf. E. 1, 1935. 1, p. 8 f.
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subject to the transformations
T = A¥gk, A% g, (2.2)

Using these transformations we may define vectors, affinors, etc., of the
second kind, for instance,

% = AEo*,

_ TR 2.3)

WXI = A X WA-
Since the complex conjugates of the components of any ordinary
quantity (e.g. P¥)) are the components of a quantity of the second kind, ¥
we have not introduced something really new but only emphasized the
fact that these conjugates transform in a different way. But something

new does arise if we consider quantities with indices of both kinds, e.g.
Q%) with the transformation

Q%) = AZA) Q%) (2.4)
Such quantities we call hybrid quantities. The complex conjugates of
the components of a hybrid quantity Q%) are components of another
hybrid quantity @*; called the complex conjugate of the first one.

A co- or contravariant hybrid quantity with a valence > 2, e.g. PA2,
cannot be subjected to the operation of mixing or alternation because
P& has no meaning. But if the valence is 2 the analogues of the tensor
and the bivector exist. We call a quantity P which satisfies the

condition PoA _ P (2.5)
hermitian (symmetric) or a hermitian tensor. It would be possible to
define a hermitian bivector Q% in the same way by means of the equation

QW = QM= (2.6)
But, as ¢Q*% is hermitian symmetric, wé need only to consider the
symmetric case.

For co- or contravariant hermitian tensors the following theorem
holds. It is analogous to the theorem for ordinary tensors of valence 2
(ef. II, § 10).

If r is the rank of P, = P);, the coordinate system («) can always
be chosen in such a way that

—Ifore=A<s
Py={ tlfors<ux=A<r (2.7)
0 for r < k = A and for k + A,

11 8 8 s+1s+1 ror
or Py = —ezey—...—ezeyte; eyt...teze. (2.8)
t Written PS5,

5128 R
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Here is another form of the same theorem:

If r is the rank of P, = P);, there is always a transformation 7%,
such that the components with respect to («) of T%, T\ F;, satisfy
conditions of the form (2.7).

s is an invariant of P, called the inder. F;) is said to be positive
definite if s = 0, negative definite if s = n, and indefinite if 0 < s < n.
The sequence —— —...++-+... in (2.8) is called the signature of P).
The signature is said to be even if s is even and odd if s is odd.

-1 -1
If r = n an inverse PX — P« exists. It has the same index and the
same signature as P as can be seen from the formula
—1
PrA — _ergh__ ——e"e"—i—e" 6X+ _i_exex
11 s 8 stls+l
In a centred E, a hermitian tensor is represented by one of the
figures P = +1
that can be considered as a hypersurface in the E,, in which the a*

and Z% and also, for instance, the real and imaginary parts of the a2 are
2n independent coordinates.t

3. The fundamental tensor; the U,

If a hermitian tensor aj, = @, of rank » is introduced in an E, the
E, is called a U, and aj, its fundamental tensor. According to § 2 there
is at least one coordinate system (&) (b = 1,..., n) with measuring vectors

h
'i", i) such that .
11, 8 8 BTistl
ag,e = — U5l —05 015 Tt +z;\z (3.1)
Let the inverse of ay, be written a* (cf. II, § 12).
The fundamental tensor establishes a one-to-one correspondence be-

tween co-(contra-)variant vectors of the first kind and contra-(co-)
variant vectors of the second kind

v & ag, 0%, D), = DRag). (3.2)

In the same way as in an R,, corresponding quantities are given the
same kernel. Then v* and vg, and in the same way @, and @~, are two
different sets of components for the same quantity. But, unlike in the
R,, in a U, two different kinds of vectors remain. They cannot be
distinguished either by the names first and second kind or by the

t Cf. E 1, p. 60.
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adjectives co- and contravariant. Therefore, anticipating§ 7 we introduce
here the names proposed by Diract for a much more general case:

ket = contravariant vector of the first kind = covariant vector of
the second kind: v*, vy,

bra = covariant vector of the first kind -— contravariant vector of
the second kind: @,, @~,

and remark that the conjugate complex of a ket is a bra and vice versa.
[t is convenient to write the kernel of a ket without a bar and that of
a bra with a bar. Then the kernel and the upper index both have a bar
or both have no bar. Applying the raising and lowering of indices to
AX, ambiguity can only be avoided by writing A%, (which is incon-
venient) or by making the rule that the upper index is first and the
lower second. Then

A =ag, AR =g (3.3)
After the introduction of ajs, to every set of two kets u*, v* or two

bras #,, 7) belong a number and its complex conjugate and we have the
formulac By vt = @ragyv) — VA AR = v ik, (3.4
uy o = u"d,‘;ﬁj‘ = 'xa;,(u" = D, uX. )
i, v? is called the scalar product of u* and v« in this order. If the order
18 reversed the product is replaced by its complex: conjugate. This product
depends linearly on the second factor and antilinearly (i.e. with com-
plex conjugate coefficients) on the first one. The scalar product of a
vector with itself is called its norm. The norm is always real.

Two vectors are said to be unitary orthogonal of orthogonal (if no am-
biguity can arise). A vector with norm zgro is orthogonal to itself and
is called a (unitary) null vector. All null vectors fill the (unitary) null
cone with the equation A ) (3.5)

If 0 < s < m, vectors exist which have positive or negative norms, just
as in an R,. But if the index is 0 or # no null cone exists. As in an
R,, an E, in U, is a U, if and only if the E,, is not in a singular position
with respect to the null cone.

A vector is called a unit vector (unit ket, unit bra) if its norm is +1 or
—1. It remains a unit vector if it is multiplied by a scalar of the form
€' (phase factor). Obviously the measuring vectors 1 in (3.1) are unit

1

B
kets and the ¢) are unit bras. They form a (unitary) orthogonal system.

1 1947. 5, p. 18 ff.
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Orthogonal systems are transformed into each other by all unitary
transformations, i.e. the transformations which leave aj, invariant.
U¥, is a unitary transformation if and only if

Ux, U a5 = a, (3.6)

_ -1
or in another form U = U, (3.7)

The geometry in U, is based on the unitary group G,,, consisting of
all unitary transformations.

If the fundamental tensor ay, is definite (s = 0 or s = n) the following
theorem holds for hermitian tensors in U, (cf. 11, § 14):

THEOREM OF PRINCIPAL AXES OF A HERMITIAN TENSOR.
If the hermitian fundamental tensor is definite and if T;) s a hermitian
tensor, it is always possible to find a unitary orthogonal system (h) such

that To=0 (ij = Loon; j#9). (3.8)

If the fundamental tensor is not definite the theorem of principal
axes holds only for those tensors that are not in a singular position with
respect to the null cone (3.5).

4. Matrix calculus in E, and U,

An abbreviated calculus could be constructed in E, (cf. II, § 13) so
that it contained not only quantities of the first but also of the second
kind and also hybrid quantities. Now since there are four kinds of
vectors and sixteen kinds of quantities of valence 2, such an abbrevia-
tion cannot be considered seriously. But in a U, we have only two
kinds of vectors, kets and bras, and four different kinds of quantities
of valence 2 that can be distiwguished by their characters: ket-ket (f**),
ket-bra (P*,), bra-ket (@,*), and bra-bra (k,,). Moreover, the complex
conjugate of a ket is a bra and this reduces to three the number of
quantities required for purposes of symbolization. Every vector has
two kinds of components and every quantity of valence 2 has four,
e.g. f*X, £ 5, [, fex. But if the fundamental tensor is positive definite
and if only unitary orthogonal systems of coordinates are used all those
different components are numerically equal.

Asin II, § 13, we use the sign | to denote the isomer. It will appear
convenient to use it also for scalars and vectors although the isomer of
a scalar or vector is of course the quantity itself. By — we indicate
the operation of forming the complex conjugate, i.e. the quantity
with the complex conjugate components. The new sign + may
symbolize the combination of these two (always commuting) operations.
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The scalar product of a bra % and a ket v is written v or »i. Hence

@ and v stand for @) v* = @*vg, (4.1)

but if we wish to consider this product as the scalar product of the
kets u, v or of the bras #, ¥ we use a dot as the multiplication sign:

u.v=ﬁv=w=5ﬁ=ﬁ,
o L —_ — (4.2)
W0 = ub = du = vl = 7.4.

In writing out products without multiplication signs we have to take
care that every factor with ket-(bra-)character to the right is followed
by a factor with bra-(ket-)character to the left. Hence the characters
of all quantities concerned must be memorized. To help their memory
beginners may at first take different sets of kernels for quantities of
different kinds, e.g. p, q, 7, s, t for scalars, a, b, ¢, u, v, w for vectors,
capitals for quantities with bra-ket or ket-bra character, and f, g, &, £,
for those with ket-ket or bra-bra character. But when some skill has
been obtainedt such devices should be dropped because in physical
applications there is not much freedom left for the choice of letters.
Besides, as we will sce in Dirac’s calculus, there are still other ways to
aid the memory.

We have the following rules for the application of [, —, and 4 on
products:

| is effected by applying | to every factor and reversing the order of
the factors, for instance

(Pv)' = oP = oP = Pr.,
(PQ)' = QP, . (4.3)
1 l" 1
(aPv)' = vPu - P8 = WP
- is effected by applying — to every factor and leaving the order
of the factors unchanged.

+ is effected by applying + to every factor and reversing the order
of the factors, e.g.

4+t +
(aPQv)t = vQPu = 5QP
+ +
(hu)* = uh = @h = h
'
(hf)* = w
++1 + 4+ + -—
(Phfu)* = ufhP = afhP = Phfa.
1 In goneral physicists get this skill much sooner than pure mathematicians, perhaps

bocause they are eager to get physical results and are not at all interested in the formal
side of the calculus.

(4.4)
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The simplicity of the rules for | and + is of course due to our agree-
ment about the application of | to scalars and vectors.

5. Linear operators

There are two kinds of linear operators, the ket-bra operators 7%,
and their complex conjugate bra-ket operators T%y. Eigenvalues and
eigenvectors (kets and bras) are defined as in 11, § 14. But here we are
especially interested in the case when there is a positive definite hermi-
tian fundamental tensor and when the operator is hermitian, i.e. when
Tz is a hermitian tensor (cf. (2.5))

T =T, (5.1)
In this case the eigenvalues are the roots of the equation
Det(TﬁA-—oam) = 0. (5.2)
If o is an eigenvalue there exists a ket v such that
1
Tv = ot. (5.3)
1
Applying the operator + we get
o1 — 1 — &5, (5.4)
1
hence ?Tv = abv = Giv, (5.5)
1 1

and this is only possible if ¢ — 6. Hence the cigenvalues of a hermitian
11

operator are all real.

If o and o are twp different eigenvalues and o and » are cigenkets
1 2

belongmg to them, we have,

' = gbv — obv, (5.6)
Y N T

and this is only possible if v and v are unitary orthogonal.

According to the theorem of prmupa,l axes there exists a unitary
orthogonal coordinate system (k) such that

Ty 2 Tyt o Toyigito t T 31 (5.7)
from which we see that the components 7},,..., T5, are all cigenvalues.
They need not be different and some of them may be zero. If R,
belongs to a set of z equal eigenvalues, for instance,

by =..=F, (5.8)
the vectors ':"‘,..., ¥ span an E; in which each vector is an eigenvector
4
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belonging to the same eigenvalue F;,. Since z" . 1," form a unitary

orthogonal set this ¥, is a U,. In this way a set of flat subspaces
U,1; Ug,... (25+2,+... = n) can be found, orthogonal to each other and
each belonging to one definite eigenvalue. Just z linearly independent
eigenkets (and bras) belong to an eigenvalue if its corresponding
subspace is z-dimensional.

Let P and @ be two hermitian operators. We wish to know whether
the product P@ is hermitian as well. From

-+
PQ = (PQ)* = QP = QP (8.9)

we see that the necessary and sufficient condition is that P and @
commule.

The following theorem holds for commuting operators:

A set of hermitian operators P, Q,... commutes, if and only if they
have at least one set of n linearly independent eigenkets (bras) in common.

Proovr.7

We give the proof here for two commuting operators. The generaliza-
tion is obvious. Tet P and @ be commuting and let v be an eigenket
of @ belonging to the eigenvalue - Now v can be expressed linearly in

eigenkets of P. Let this expression be
v = av+...Fav, (5.10)
11 sz

v,..., v being eigenkets of P belonging to the eigenvalues A,..., A of P,
1 z 1 z

Without loss of generality we may now assume that all these eigen-

values are different. Then we have d
(@—p)(ar-f oood an) =0 (5.11)
1 11 zz
and, for every choice of a (@ — 1,...,2),
P(Q—p)ow = (Q—pu)Par = NQ—pa)ae (5.12)
1 aa 1" aa a 1'aa

Hence the z kets (@ —p)av are all eigenkets of P. But then (5.11) ex-
1 aa

presses the fact that a sum of z eigenkets of P, belonging to z different
eigenvalues is zero. This is only possible if every one of these eigenkets

is zero, hence Qu==pv (a=1,..,2), (5.13)
a 1a
and this means that every v (a = 1,...,2) is a simultaneous eigenket
a

of P and . We have now proved that every eigenket of @ can be
expressed linearly in simultaneous eigenkets of P and ¢. Accordingly,
1 Cf. Dirac 1947. 5, p. 49.
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since there are n linearly independent eigenkets of @, there must be
n linearly independent simultaneous eigenkets of P and Q. It follows
immediately from (5.7) that P and @ commute if they have n linearly
independent simultaneous eigenkets.

A set of # linearly independent simultaneous eigenkets (bras) of the
commuting hermitian operators P, @,... is called a complete set belonging
to these operators. Every ket (bra) of a complete set belongs to one
definite combination of eigenvalues of P, @,.... Conversely to every
combination of eigenvalues of P, @,... there belongs at least one ket (bra)
of the complete set. As we will see later, this is important for the
labelling of the kets (bras) of a complete set.

Any operator P is transformed into 7PT-! by any other (not
necessarily hermitian) operator 7. If P is hermitian, we may wish to

know whether the transform is hermitian too for every choice of P.
From a4 N .
TPT-! = (TPT-)+ = T-1PT == T-1PT (5.14)

it follows that TTP = PTT. (5.15)

Hence T'T commutes with every hermitian operator and accordingly

with every operator. But this is only possible if T is equal to the
identical operator to within a scalar factor. This factor must be real
because

TT = (TT)* (5.16)
Hence the necessary and sufficient condition is that 7' is a unitary
transformation (7' = 7-1 , cf. (3.7)) to within a scalar factor.

6. The algebra of vector-Jike sets

Consider a set of elements A, B,... subjected to the three operations
of the addition and subtraction of elements and the multiplication of
an element with a complex number. Suppose that the operations satisfy
the following conditions:

A+B = B+A
(A+B)+C = A+(B+0)
B=C—4 if A4+B=C
(a-+B)4 = ad+BA (6.1)
o(A+B) = ad+aB
o(BA4) = (aB)A
1.4A4=A4
(o, B = complex numbers).
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Such a set may be called vector-like because the set of all contravariant
vectors in E, satisfies the conditions. But all affinors in E, with the
same valences and the same places for the indices also form a vector-
like set. Now in all these special sets all elements can be expressed
linearly in a finite number out of them. We do not, however, make this
assumption for the more general sets considered here.

Let a, b,... be another vector-like set. Then we may consider a linear
correspondence between the two sets such that to every element A
there corresponds just one element a

a = F(4), (6.2)
and that for every choice of the elements 4 and B
F(A+B) = F(A)+F(B), F(ed)=aF(4) (6.3)

holds. Such a correspondence may be called a linear transformation of
the type A — a. Let G(A) be another linear transformation of the type
A —a. Then we may define another transformation oF +B@G, of the
same type, by the equation

(«F+BG)A) & «F(4)+BG(A), (6.4)

and from this it follows that all these linear transformations form a
new vector-like set. Hence

If two vector-like sets A and a are given, all linear transformations of
the type A -> a form another vector-like set and this also holds for all linear
transformations of the type a — A.

As an example we take all tensors A+ in E, for the set 4 and all
vectors w) for the set a. Then the transformations of the type 4 — a
correspond to the affinors P, which are symmetrfc in «A and the trans-
formations of the type @ —~ 4 to the affinurs @< which are symmetric
in «A.

Obviously the complex numbers form a vector-like set by themselves.
If for any correspondence
a ='F(4) (6.5)
and if
'F(A+B) = 'F(A)+'F(B), 'F(ad)=a{'F(4)}  (6.6)
holds instead of (6.3), this correspondence is called an antilinear trans-
formation of the type A — a. If o' F+B'G is defined by
(«'F+B'G)(A) = &' F(A}+P{F(B)} = 'F(«d)+'G(BB), (8.7)
the antilinear transformations form another vector-like set.
In the special case of complex numbers an antilinear transformation
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is given a priori, viz. « - a. Now if a, b,... is any vector-like set and
a, B,... the set of complex numbers, let us consider simultaneously the
linear and the antilinear transformations of the type « - a. Every one
of these transformations can be determined by giving only the trans-
form of 1. Let T}, T, and 'T}, ‘T, be the transformations for which

T: 1-a; a—>oaa; Ty: 1->a, o->aa, 6.8

T,: 1->a, o->oaa, Ty 1->a, o->aa, (6.8)
then we have

MNT AT 1-5>2a,+Ma,; a—>2Ajaa,HA00, = oA a,+A,a,),

MNTAHMT,: 1->Mat+da; o> aa,+Aa0, = ada,12,a,)

(6.9)
for the transformations A, T,4-A, T, and A,/T,+A,'T,, where A, and 2,
are complex numbers. Hence there exists a linear one-to-one corre-
spondence between the set a, b,... and the set T}, T},.... In fact T, and
T, could be identified with a, and a,, etc. But between the set a, b,...
and the set 'T}, ‘T, there exists an antilinear one-to-one correspondence.
We write @ for the transformation a—aa and call G, b,... the conjugates
of a, b,... and vice versa. The term complex conjugate would be decep-
tive because @ and @ cannot be added, and accordingly a cannot be
split up into a real and an imaginary part.t It is easily verified that
Xd+jib and Aa+-ub are conjugate to each other.

In this way, by starting from one given vector-like set, a whole system
of vector-like sets can be constructed. If the first set is the set of all
contravariant vectors in £, we find not only all covariant, contra-
variant, and mixed affinors of the first kind but also those of the second
kind and all hybrid quantities. The general process is quite analogous
to this but much less special because here we do not assume anywhere
that in any set all elements can be expressed linearly in a finite number
of them.

7. Dirac’s kets and bras}

Following Dirac we start from one given vector-like set and call its
elements kefs. These kets are not yet analogous to the kets of § 3 in U,
but only to contra-(co-)variant vectors in E,. Vectors in E, can be
denoted by their components, for instance v<. But this notation is
intimately connected with the possibility of expressing a vector linearly

1 For the same reason Dirac uses the expression ‘conjugate imaginary’ instead of

‘conjugate complex’ in a similar case (1947. 5, p. 21).
} Cf. Dirac 1947. 5, p. 18 fi.
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in terms of a finite number of measuring vectors. Since this is no longer
possible we have to look for another method of labelling kets. This
labelling is no simple matter because, as we shall see later, the label must
contain a lot of information. So, labelling by one kernel letter as in the
matrix calculus of § 4 would not be satisfactory. Hence the only way
is to give a ket a symbol in the form of a box into which all information
can be put. This is just what Dirac does. For a ket he writes a box of
the form | ) with a label within which consists of as many letters and
ciphers as are necessary to express all necessary information. Accord-
ing to § 6 a new vector-like set can be deduced from kets and complex
numbers. This set is called bra and denoted by a box of the form ( |
with a label within. They do not correspond yet to the bras of § 3 in U,
but only to co-(contra-)variant vectors in E,. According to § 6, to every
bra (4| and ket |B) there belongs one and only one complex number,
which will be called the scalar product of (4| and |B) and be denoted
by the bra-c-ket symbol (A|B). This unveils the mystery of the names
bra and ket and shows in the most pleasant way that there is still some
humour in mathematics!

In many cases some restrictions are necessary. If we take, for
instance, the functions of a variable z in a certain interval as kets the
bras are so-called interval functions, that is a certain kind of additive
set functions.t They arc best symbolized by FX where X denotes an
interval. The meaning of such a function is that to every interval X
there belongs a number FX such that FX+¥Y — FX L FY always if X
and Y have no point in common and if X+ is the interval consisting
of all points that are either in X or in Y. The product of a bra FX and
a ket f(x) is then the integral

[ #ief(a) (7.1)
taken over some definitely chosen interval. Hence the restriction has
to be made that only such functions and interval functions may occur
for which these integrals exist.

Every integrable function f(x) may be looked upon as an interval
function because to every interval where f(x) is integrable it makes the
integral f f(@) dx over the interval correspond. But not every interval
function corresponds to some function of x. As an example we men-

tion the interval function 8(z—a) defined by
1 if the interval contains z = a,
f Sa—a)dw = { 0 , ,  doesnot contain z = a. (7.2)

1 Cf. v. Dantag 1936. 3.
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This function could be approximated by some function taking very high
positive values in the neighbourhood of # = @ and values very near to
zero in all other points. But no function of  exists that could replace
3(x—a) exactly. The interval function 8(x—a) satisfies a number of
elementary equations, for instance

(a) §(—z) = 8(),

() z 3(z) =0,

(c) d(ax) = a~18(x) (a > 0), (7.3)
) f 8(a—x) da S(x—b) = 8(a—b),

() f@) 3(x—a) = fla) 3(x—a),

(f) [ f@) 8(z—a) = fla),

that can be proved easily.7 Instead of 8(x—a), v. Dantzig] introduces
a point-interval function defined by the equation

1if z is in the interval X
X ’
E“—{OifwisnotinX, (74)
and gets the equations
(@ [Bof,=f0 1.2, -
() [ Fovpx = px '

in strict analogy to the symbolism of transvection in tensor calculus.
(7.5a) replaces the fundamental relation (7.3f).

In order to make the kets and bras defined here correspond to the
kets and bras of § 3 We could now introduce as in § 6 the vector-like sets
corresponding to the vectors of the second kind o%, @y, after that the
set corresponding to the hybrid quantities Px), and finally one of the
elements of this last set could be proclaimed a fundamental tensor.
But if we only have in mind the construction of an abbreviated calculus
for the group G, with a positive definite fundamental tensor it can
be done in a shorter way by introducing immediately one definite anti-
linear one-to-one correspondence between kets and bras. Dirac uses
this opportunity. He denotes the conjugate bra of the ket |4) by (4],
hence if |4) corresponds to v*, (4| corresponds to ¥y = #*ag). The
changing of | ) into ( | making sufficiently clear what is meant, it is

1 Cf. Dirac 1947. 5, p. 60.

1 1936. 3. This point of view is more general as his point functions are functions
defined on a general separable topological space. Then the FX aro absolutely additive
set functions which determino a real or complex number with respect to each Borel’s
subset.
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not necessary to write (4|.1 The properties of the fundamental tensor

a3, that it is hermitian and positive definite are expressed here in the
axioms:

(@) (41B) = (Bl4) (@yv* = 5)u), 6
(®) (A|A) = O only if |[A) = 0 (F)v* = 0). (7.6)

After these steps the kets and bras correspond to the kets and bras
of § 3, but they are much more general. So we see that, following the
methods of § 6, we first get four kinds of quantities that have to be
identified two by two after the introduction of the fundamental tensor.
Using Dirac’s short cut we immediately get only two kinds of quantities
whilst the fundamental tensor does not yet appear explicitly.
The length of a ket (bra) can now be defined as the square root of
(4|A) and orthogonality of kets (bras) by the equation
(4|B) = 0. (7.7)
The method of § 6 applied to the linear transformations ket — ket or
bra — bra leads to two different kinds of linear operators, the ket-bra
and the bra-ket type. Now, returning to the notation of § 4, a product
of the form %7'v can be written in the forms
11+ |
4Ty = vT'u = vT4a, (7.8)
and from this we see that such an expression can also be written with

the bra-ket operator Tl’ instead of the ket-bra operator T' by merely
changing the order of the factors. This fact can be used to simplify the
notation again by only using ket-bra operators and denoting them by
some letter without any brackets. The following is a list of some
products and some of their corresponding forms in kernel-index nota-

tion ald):  afy A2, a"xAj, ot%XAj\;
(Bla:  ByoX), Bfag,, B;"ozg;
(Bla|d): B,a*)AX = BRagy A} = B, o5 — Bra A3
(BlaB|A): B, a*,BP)AN (7.9)
If the ket-bra operator a has been given we may require the operator
B such that o4y — (4 I (7.10)

corresponding to 3 AX = A, pp\a = AMg5%. (7.11)

+ l
Hence B corresponds to the « of § 4. But in Dirac’s calculus, «, that is

t But we have an objection here that will be dealt with in § 12.
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o, since it is a bra-ket operator, never occurs. Hence it is practical

to denote by a what was written ; in § 4 and to call & the conjugatet
of . From the rule for the application of + to products we get the
rule:

The conjugate of a product is the product of the conjugate of the factors
in the reversed order. -

The identical operator, corresponding to Af and also to ay, and a~A
in§ 3 is now merely the number /. Here the fundamental tensor appears
at last!

Vector-like sets corresponding to co- ov contravariant aflinors of any
given valence could be derived by the methods of § 6. Now every
quantity of this kind is a sum of general products of co- or contra-
variant vectors. Hence expressions

IAI> ,A2>"'|Au> (7'12)
and sums of these expressions may be considered as symbols for
elements of a vector-like set corresponding to (ket-)affinors of valence u.
This also holds for bras. If no ambiguity can arise the abbreviation
|4;...4,) may be used. This development of the calculus is of great
importance for dealing with complicated dynamical systems such as
systems of particles with Bose statistics (corresponding to tensors) or
Fermi statistics (corresponding to multivectors).

Eigenvalues of an operator are defined as in § 5. If we have

ald) = o’ |A) (7.13)
for some operator o, where o' is a scalar, then o’ is called a right-hand
eigenvalue of o and Y4) an eigenket belonging to this eigenvaluc. Left-
hand eigenvalues and eigenbras are defined in the same way. If « is
hermitian, « = &, (7.13) can be written

(Ala = &{A4]. (7.14)
But it follows from (7.13) and (7.14) that
(Ala]ld) = o = &, (7.15)

and this proves that every eigenvalue is real and at the same time right-
hand and left-hand, and that the conjugate of every cigenket (bra) is
an eigenbra (ket) belonging to the same eigenvalue.

If o’ and o” are two different eigenvalues of «, and [A) and |B) are
two eigenkets belonging to them, we have

(4|«|B) = o(4|B) = o"(4|B), (7.16)

T Dirac uses the expressions ‘adjoint’ and ‘conjugate complex’. We prefer to use the
term ‘conjugate complex’ for numbers only and the term ‘conjugate’ for all other objects.
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and consequently (4]|B) = 0. (7.17)

Hence eigenkets (bras) belonging to different eigenvalues of a hermitian
operator are mutually orthogonal.

If | 4) is an eigenket, every product of |4) with a scalar is an eigenket
as well, belonging to the same eigenvalue. This can be used to normalize
the eigenket (bra) by choosing the scalar factor in such a way that the
norm takes any suitable value . We call this ‘normalizing to r’.1 r can
take any real value, for instance, 1 or co (of some kind). The scalar
factor necessary for the normalization of a ket (bra) is only fixed to
within a scalar factor of the form e (phase factor). But we assume
that the process of normalization includes the choice of the phase factor.
So a normalized ket (bra) is absolutely fixed.

8. Physical interpretation}

In order to understand the necessity of the further developments we
need to know something about the physical interpretation of kets, bras,
and linear operators. According to quantum mechanics a dynamical
system can be in different states, and the result of the measurement of
some dynamical variable (viz. a component of some physical quantity)
depends on the state the system is in. But, contrary to classical
mechanics, if the system is in an arbitrary state the result of the
measurement cannot be predicted. If a dynamical variable can be
measured at all, it is only possible to predict the set of possible values
and for each of them the probability that it may be the result of the
measurement. After the measurement it looks just as if the system had
‘jumped’ into a state of special kind with respect to this variable,
because in this new state the result of a gecond measurement of the
same variable will always be the same as that of the first measurement.
For example, in classical mechanics, the place of a point on the z-axis
is given by one dynamical variable  and there are as many states as
there are possible values of x. If the point is in the state x = 3 every
measurement in this state gives with certainty the result x = 3. But
in quantum mechanics other states exist (and we know how to produce
them) where there is only a certain probability for z, to be found by
measurement for instance between 3 and 331.

Now in matrix calculus every linear operator is connected with a series
of numerical values, its eigenvalues. Dynamical variables are always

1 Wo use tho term ‘normalize’ in & more general sense than Dirac. His normalizing
is always normalizing to 1.
{ Cf. Dirac 1947. 5, p. 46 ff.
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real, and we know that hermitian operators have real eigenvalues only.
Hence it seems opportune to connect every dynamical variable with
a hermitian operator (also called real operator) and to assume that the
result of a measurement (if possible at all) can only be one of the eigen-
values. This leads to the assumption that every state corresponds to
a ket (and its conjugate bra), determined to within a scalar factor. As
we know that every eigenvalue corresponds to an eigenket or a set of
eigenkets, we may expect that the eigenstates, i.e. the states correspond-
ing to these eigenkets, are the states in which the result of the measure-
ment is, with certainty, this eigenvalue. As to any other state, it will
be necessary to assume that its corresponding ket can be expressed
linearly in terms of those eigenkets whose eigenvalues can be possible
results of a measurement in this state. But since this holds for every
other state, this means that the operator must have so many eigenkets
that every ket can be expressed linearly in them. A dynamical variable
corresponding to such a hermitian operator is called an observable.
Hence every measurable dynamical variable is an observable. The states
of an observable and also the corresponding kets (bras) are said to form
a complete set.

As we have seen in § 5, a hermitian operator in U, has always just n
mutually orthogonal eigenkets. But in the general case the number of
eigenvalues may be enumerable or non-enumerable infinite and these
values may be discrete, i.e. distributed discretely, or continuous, i.e.
consisting of all numbers in one or more intervals. So we have the
following possibilities:

only discrete:
only continuous: ¢

discrete and continuous:

If ¢ is a hermitian operator we denote the discrete eigenvalues by &7
(r=1,2,...). If we happen to use for some purpose from the continuous
eigenvalues an enumerable set only, we denote the eigenvalues of this
set by £ (s = 1,2,...). Finally &', ¢”,..., each denote a real variable that
can take all the values of the range of continuous eigenvalues.t The
eigenkets corresponding to them are denoted by |£7), |¢°d), |€c), |€"C),... .
This is an example of Dirac’s putting information into the boxes.}

Now suppose ¢ to be an observable. Then every ket |P) can be ex-
pressed as a sum of discrete eigenkets, together with an enumerable set

t We differ slightly here from Dirac, 8o as to clarify things for the beginner.
$ o and d are not factors but stand for ‘continuous’ and ‘discrete’.
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of eigenkets from the range of continuous eigenkets and an integral of
continuous eigenkets. Hence there is an equation of the form

|P) = TZ crlén—+- g c*|&dy+- f c(&')|Ec)de’, (8.1)

where the integral has to be taken over the range, where ¢, ¢, and c(¢')
are finite, |{") and |¢*d) are normalized to I and where |€'c) has to be
normalized in some suitable way.

If two kets |P) and |@Q) can both be written as an integral over the
range of the same continuous eigenvalues ¢, i.e.

Py = [o@)grde, 1@ = [ c(€)lEe)ag, (8.2)
P Q
we have (PIQ) = [[ e xg"elg') dg'de". (8.3)
P Q
Now in the single integral
[ s e rereigorag (8.4)

|§"c) is orthogonal to |£'c) over the whole range except at the point
£ = ¢ and ¢ and c are finite. But this means that the integral would
P Q

be zero if (¢'c|¢’c) were finite. Now (P|Q) cannot be zero always, and
accordingly |£'c) cannot be normalized to any finite number r. The
integral (8.4) can be written

o(&)e(&) [ Eelgeyag”, (8.5)
r Q

and this integral can only be finite if (£”c|¢’c) is equal to §(£"—¢') to
within a finite scalar factor. Hence the finite scalars ¢(£’) and ¢(¢’) can
P Q

always be transformed in such a way that

(€"c|€'c) = 3(§" -£). (8.6)
This we call normalizing to 3. Tt is an infinite normalization (r .= o0)
but a very special one.

It can be proved that the expansion (8.1) of |P) is unique provided
that mo two terms of the sums belong to the same eigenvalue.t This will
always be the case if to every eigenvalue of ¢ there belongs only one
eigenstate (i.e. co! eigenkets differing only by a scalar factor).

9. Functions of observables}

By a function f(£) of an observable, we understand an observable
such that the measurement of f(¢) in any state gives for certain the
result f(¢') if and only if the measurement of £ in that same state gives

T Cf. Dirac 1947. 5, p. 40, 1 Ibid. pp. 41 fi.
6128 ]
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for certain the result £’, where {' now denotes any eigenvalue. This
leads to the mathematical definition

f@I€) = f(€)1€" (9.1)
which is valid for every eigenvalue £ under the condition that the
function f(x) of a real variable z is defined in a domain containing all
eigenvalues of ¢ and that for each of these eigenvalues f(x) is single-
valued. From this we see that the values of f(x) for values of x which
are not eigenvalues of ¢ do not affect the function f(¢). It can be proved
that a sum and a product of functions of £ and a function of a function
of £ are all functions of £.

The physiral interpretation of a result of a measurement must now
be completed by an expression for the probability of such a result. We
assume that for any state |X), the real number (X|£|X) represents the
average value of the result of measuring ¢ for this state, provided that | X)
ts normalized to 1: (X|X) = 1. This can be said in another way. Let
3., be the function of # which takes the value I for x = a and the value
0 for x # a. Then we can form the function 8;, of the observable ¢
and the scalar variable a. For all values of « which are not eigenvalues
of £ the values of 3,, do not affect the function J;,. Hence, if a is not
an eigenvalue of ¢ we have 8, = 0, but if a is an eigenvalue of ¢ the
result of the measurement of 8, is zero for all states that are not eigen-
states belonging to the eigenvalue a and is 1 for an eigenstate belonging
to a. Now, according to our assumption, for every value of a,

P, & (X [8,1X) (9-2)
is the average value ¢f the result of the measurement of 8;, in the state
|X). P, = 0if a is not an eigenvalue of £, because §;, vanishes.

If a is an eigenvalue of ¢, which does not lie in a range of eigenvalues,
every time that the measurement of ¢ gives a (not a), the measurement
of &;, gives one (zero). If now a great number N of measurements of
¢ and §;, is made, and if the measurement of ¢ gives the value a
N’ times and another eigenvalue N—N'’ times, the measurement of
8¢, gives one N’ times and zero N—N' times. Hence the average value
P, =}’1$o N’|N is the probability that ¢ has the value a in the state X.

If a happens to lie in a range of eigenvalues, the probability of finding
a exactly is of course zero. But here we are interested in the probability
P(a)da that ¢ has a value between a and a-t+da. P(a)da is really
an interval function. Now let E% be the point-interval function of
v. Dantzig which takes the value 1 if z lies in the interval between a
and a+da and zero otherwise (cf. § 7). Then E§” is the corresponding
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observable-interval function.t If the interval da does not contain an
eigenvalue of ¢ we have E%® = 0. But if the interval contains one or
more eigenvalues, the result of the measurement of E?“ is zero for all
states that are not eigenstates belonging to an eigenvalue of § lying in
the interval and is I for an eigenstate whose eigenvalue lies in the
interval. With the same reasoning as above we see that now

P(a)da = (X|EF|X) (9.3)
provided that |X) is normalized to 1.

If | X) is not normalized to one, P, and P(a)da will still be proportional
to the probability that £ has the value a and lies in the interval respec-
tively.

Obviously we have

) for ¢’ = a

8§al£,> = 8{’a!£’> = { 0 §I ;ﬁ a

because |¢') is an cigenstate of 3, belonging to the eigenvalue zero and
in the same way

Efgy = B = {

(9.4)

|€"y for ¢’ lying between a and a+da,

C
0 for ¢ not lying between a and a-+da. (9.5)

10. Representations and matrices

As we have seen in § 5, every set of hermitian operators in E, has
at least one complete set of simultaneous eigenvalues if and only if it
is commuting. It can be proved that in the general case this is also
true for observables:

A set of observables has at least one complete set of simultaneous eigen-
states if and only if it is commuting.} °

But in order to get representations we need something more. The
expansion (8.1) is unique if and only if no fwo terms belong to the same
eigenvalue, and this can be made certain only by the assumption that
the comiplete set of eigenstates of the observable is such that to every
eigenvalue there belongs one and only one eigenstate. If an observable
or a set of commuting observables satisfies this condition it is said to
form a complete commuting set. In general an observable or a commut-
ing set of observables does not form a complete set but there is a very
remarkable theorem:

Every set of commuting observables can be made into a complete com-
muting set by adding certain observables to it.§

t We diff rr slightly here from Dirac (1947. 5, p. 48) because he does not mention
interval functions explicitly.

1 Cf. for the proof Dirac 1947. 5, p. 49 f.

§ Ibid. pp. 63 ff.
5128 s2
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When a complete commuting set is given, we call the eigenkets (bras)
belonging to the simultaneous eigenvalues, normalized in some suitable
way, asystem of (always orthogonal) basic kets (bras). A convenient way
of labelling them is by means of the eigenvalues belonging to them. Let
€5-r, £, be the complete commuting set of observables and let ¢&,..., £,
be the eigenvalues (discrete or continuous) belonging to some eigen-
ket. Then this ket (normalized in some suitable way) will be denoted
by |£;...£,) and the conjugate bra by (¢)...£,|. The basic kets are a kind
of measuring kets like the orthogonal measuring vectors :’" of tensor

calculus, and the systems of numbers £)...¢;, are marks to distinguish
them from other kets and from each other, just as the kernel i serves

1
to distinguish the measuring vectors i from other vectors and from

1

each other. But it would not be satisfactory always to mark our more
general kets by a kernel containing one index because we often want
a notation showing clearly the eigenvalues to which the basic ket
belongs. Here is the reason why in this special case, where only observ-
ables are concerned and basic kets are always derived from complete
commuting sets, and where there are moreover enumerable or non-
enumerable infinite basic kets, it is so efficient to introduce a notation
with boxes ( |, | ) in which all this valuable information can be stored.

Having thus introduced a set of orthogonal basic kets and their con-
jugate bras, an orthogonal representation can be set up, i.e. every ket,
bra, or linear operator can be represented by a set of real or complex
numbers. For a ket | P) or a bra (Q| we get the representations

TEEIP),  (QIE £, (10.1)
and for an operator « the representation
(€1 Eulalél..£0). (10.2)

The numbers of a representation correspond to the orthogonal com-
ponents in U, and there is no reason why we should not call them
orthogonal components with respect to the given set of orthogonal basic kets.

Conversely we wish now to work out | P), (@|, and « if their orthogonal
components are given. Let us suppose first that there is only one ob-
servable ¢ forming a complete set. Then the expression (8.1)

|P) = ; cléN+ g c*|édy+ f c(t')|€cydt’ (10.3)

is unique if |¢), |¢é:d), and |€'c) are normalized. The representation of
P consists of the orthogonal components (¢7|P) and (¢'c|P). Let |¢7)
and |£°d) be normalized to I and |£'c) to p—!8 where p is a function of
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¢, £, called the weight function of the representation. Now the second
term on the right-hand side of (10.3) can be written

Solgd) =3 [ cwde—¢) € 0)de (10.4)
where the o are scalar factors such that
of| ¥y = |€4ay, (10.5)

where |£%d) is normalized to 1 and |¢°d) is normalized to p~78. Hence
| Py can be written in the form

Py = S erlén+ [ e@)igrdg (10.6)

where |¢') is now written instead of |£'c) and c(£’) is no longer a finite
ordinary function but a sum of a finite ordinary function and an interval
function connected with a 8-function. Multiplying (10.6) by (¢7| and
by p"(¢’| we get

@ &Py =,

(8) pETIP) = [ €& 1) dE = cl€"),
and if these values are substituted into (10.6) we get |P) expressed in
terms of its orthogonal components

(10.7)

IP) =3 N |Py+ [ 1€ d'E'|P. (10.8)
This can be expressed also in the formula
Sexel+ [ €' dgE =1 (10.9)

If there is a complete set of commuting observables ¢,,..., £, we will
deal here with the case where £,,..., £, have discrete eigenvalues only
and &,, ..., &, continuous ones only. Them the general simultaneous
eigenket |£)...£,) can be normalized by the equation

€1 Eul€1E0) = p' 18,1 Bgigi8(€pa o bag) D€L —EL), (10.10)
and instead of (10.8) and (10.9) we get

Py =3 [ 160 Ep’ Ay 1o B8 G- £ P (10.11)
and o 3 | 16 g ey B B = 1. (10.12)

In this equation we see that by using p’ we introduce some kind of
measuring volume in the space which has coordinates &,,;,..., £,.

The genural case when all observables have both discrete and con-
tinuous eigenvalues can be treated in the same way.

If there is only one observable and a finite number of eigenstates the
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orthogonal components (10.2) of an operator form an ordinary matrix.
First we consider now the case of a complete set of commuting ob-
servables £,,..., £, and an enumerable infinite number of simultaneous
eigenstates, hence only discrete eigenvalues. Then the orthogonal com-
ponents (10.2) may again be looked upon as elements of a matrix
although it is an infinite one. Numbering the eigenvalues ¢/, £,..., every
element of the matrix is of the form (¢r|a|€8); r, s = 1,2,.... We see
immediately that £,,..., £, and all observables that are functions of
them are represented by diagonal matrices, i.e. matrices with non-zero
elements only in the main diagonal. The identical operator is repre-
sented by the unit matriz, i.e. the diagonal matrix with elements 41
only.
If « is hermitian, o« = &, it follows that

&L lal€r E0) = (EfErlalEr £, (10.13)
Hence the matrix of a hermitian operator is a hermitian matrix.
From (10.10) it follows for normalization to I that
o EulaBIES£0) = 3 (€] EUNEL . £ BIELED, (10.14)
and this means that the matrix of a product can be derived from the

matrices of the factors by the ordinary rules of matrix multiplication.
We see in the same way from

€ bulal Py = 3 (€l EONEL £L P) (10.15)
that, if |P) is considered as a matrix with an enumerable infinite
number of rows and one column, the ordinary rules of matrix multi-
plication hold.

Now we consider®the more general case when §,,..., £, have discrete
eigenvalues only and £,,,,., £, continuous ones only. Again we have
a set of orthogonal components of « but this set is non-enumerable
infinite. Nevertheless the whole set of numbers is considered as a matrix
representing «. Instead of (10.14) we get according to (10.12) for p’ = 1

o EuloBIEL £ = 3 [ Er bl £V AL, . AEET.. 0 1BIE)..£0)

(10.16)

as a rule for the multiplication of these generalized matrices. Instead
of (10.15) we get

CorbilelP) = 5[ (o bulalfr £ 8L, 1 AELEL £LIP),

(10.17)

showing that P may be considered as a generalized matrix with a non-
enumerable infinite number of rows and one column.
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For o = ¢, and p’ = 1 we get
Er-Eul€rl€r-£0) = E18g170-8,158(60s s —Era)- 86, — 1),
(10.18)
and this means that non-zero elements only are in the main diagonal
and that these elements have a very particular form, containing a
product of u—wv 8-functions.

Now let « be an operator commuting with ¢,. Then we have accord-
ing to (10.16) and (10.18)

[ € Elalgr £ AES, 1 AL €841 g1 Bpgrd(EL 1 —Eprr).. S(EL—EL)

= [ E8ggir BB Ersr—Ery ) DE— &) AEL 1o BELEL LN £
(10.19)
or, making use of the properties of the 3-functions,

(€1 Eulelél. £0) = 0. (10.20)
£, has only discrete eigenvalues. Hence it follows from (10.20) that
(o |a]€]...&,,) must have 8;;,; as a factor. But if we take £, instead
of ¢,, the same reasoning leads to the conclusion that (¢)...£, |«|£]...€0)
contains 8(¢,,,—&,.;) as a factor. Hence, if « commutes with all ob-
servables £,,..., £, all elements outside the main diagonal vanish and
the elements in the main diagonal have the same particular form as
the matrices of £,,..., £,. All matrices with this particular form of
elements commute. Now commuting is a very important property of
matrices and therefore, for matrices with a non-enumerable number
of rows and columns, we use the term diagonal matriz only if the
elements have this particular form. Non-diagonal matrices with a non-
enumerable number of rows and columns can ha%e the property that
all elements outside the main diagonal vasish. They occur frequently
in quantum mechanics but they do not commute with the diagonal
matrices.

11. Probabilities and orthogonal componentst

If, from the complete set of commuting observables £,,..., £, the first
v have only discrete eigenvalues and the other u—wv only continuous
ones, we wish to know the probability that the result of a measurement
of all these observables in a state |S) is £},..., &, for the first v observables
and lies in the intervals §,,, to &,,,+d&,,;,..., &, to &,+dE, for the other
u—v observables. According to our assumptions in § 9 this probability

" By, 6,860 A€, = (818¢,4;--O¢.¢: Edf”' E‘;f'“ 1S) (11.1)

if |8) is normalized to 1.
1 Cf. Dirac 1947. 5, pp. 45 ff., 72 ff.
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Taking » = 2, v = I for convenience and making use of (10.12) for
p' = 1 we get according to (9.4, 5)

Pegd; =3 [ IS IAAACTAN
= (SIE EXE IS a8 = [ &I g, (11.2)

In the same way we get in the more general case (11.1)

By, 5. d€, A€, == [(€7 £ul )P Ay ryodE, (11.3)
and this means that the probability distribution for the measurement
of the complete set of observables ¢,,..., £, is given by the squares of
the absolute values of the orthogonal components of the state con-
cerned with respect to the complete set of simultaneous eigenstates.

The orthogonal components (£}...£,|S) need not be real but they
may contain a factor of the form e#. They are called the probability
amplitudes and the factor is called the phase factor. The phase factor
does not affect the probability.

If |S) is not normalized to I but to 3, the |(£)...£,|8)|*dé,.,...d¢, are
not probabilities but they are proportional to probabilities. In this case
the orthogonal components (¢; ..£,|S) are called the relative probability
amplitudes.

We are often interested in two different representations of the same
dynamical system. Let 7;,,..., 7,, be another complete set of commuting
observables (in general not commuting with the ¢) and let »,,..., 7,
have only discrete eigenvalues and 7,,,..., 1,, only continuous ones.
Then, from (10.12) and the corresponding formula in 7, we get the
equations N

ol Py = 5, [ ool ) Qo AELE £ P, (10.4)

/

NNz

which express the orthogonal components of P with respect to the set
of simultaneous eigenstates of ¢,,..., £, and those with respect to the
set of simultaneous eigenstates of 7,,..., 7,, in terms of each other.
We have seen in § 5 that transformations which transform a complete
orthogonal set of unit kets into a system of the same kind are unitary
transformations. Now here we have complete sets consisting of an
infinite number of kets and kets normalized to 8 instead of unit kets.
Nevertheless, (11.4) and (11.5) are unitary transformations, as is to be
seen from (cf. (3.7) and (7.6a))

(el == (Epe bl o) (11.6)

EbulPy= 32 f E Bl M) Oz g B0 | P), - (11.5)
.
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The coefficients (n...n,|£;...£,) may be looked upon as a kind of proba-
bilities. If the £’s and 7’s all have discrete eigenvalues only, all eigen-
kets are normalized to 1. Then (n}...n,|£7...£,) is one of the orthogonal
components of the ket |£)...£,) with respect to the complete set of
simultaneous eigenkets of 7,,..., ,, and thus its absolute value represents
the probability that the measurement of 7 ,..., 1,, leads to 7,..., 7, if this
measurement is done in the state |£}...£,,), that is, in the state in which the
meagurement of £,...., £, leads for certain to theresult £,..., £&,. From this
point of view, (11.6) can be interpreted as a theorem of reciprocity.

12. The labelling by means of functionst

In § 9 we have seen that a function of the complete set of commuting
observables £,,..., €, is a correspondence between the simultaneous
cigenstates and the complex numbers such that to every one of these
ecigenstates there belongs one and only one number. Hence the repre-
sentatives (£...£,|P) of any ket form a function of ¢,,..., £, according
to this definition. Let (¢,,...,§,), or ¢(¢£) for short, be this function

E P = Pl E) = YE). (12.1)
Then we may use (¢) to label the ket | P):
[P) = [{(€)). (12.2)

In order to see what is really going on from the point of view of
tensor calculus, let us suppose that the number of simultaneous eigen-
values is # and that ¢¥,..., ¢¥ are the orthogonal simultaneous eigenkets

1 n
normalized to 1. Let |I’) be the ket v*, v3. Then the representatives
are the orthogonal components v!,.... ¢", which are numerically equal
to vg,..., vz. But the function (£) is now the operator

11 n

L S N L (12.3)
This is not a concomitant of the vector v*. But it is a concomitant of
v* and the set of operators corresponding to £,,..., £,, because this set
is complete and determines uniquely the eigenstates corresponding to
ey 05,
1 n
Using this new method of labelling, every ket is labelled with a func-

tion of ¢,,..., £,. Now consider the ket |P) = |i}(£)) and another function
f(€). Then we wish to determine the label of the product f(¢)|P) (note
that f(£) is an observable, not a scalar!). If £)...§;,, or shortly ¢', is a
simultaneous eigenvalue we have

€116 = €'IfE€) (12.4)

+ Cf. Dirac 1947. 5, pp. 79 fi.
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and E1f@)IP) = fENE|P) = fEWE), (12.5)
hence JENE)) = IFEW(E)). (12.6)

But this equation shows that with this new labelling the vertical bar
is superfluous and that we may write

|P) = (&) (12.7)
When we have done this we may look upon (£)) as the product of the
observable (¢) and the ket I) or shortly ). ) is called the standard ket.
Obviously it always belongs to a definitely chosen complete set of com-
muting observables, and its representative numbers or orthogonal
components are all equal to 4 1. In tensor calculus it corresponds to
the ket with n orthogonal components all equal to 1:

LN By (12.8)
1 n

Transvection of (12.8) with (12.3) gives the vector v*.
The same can be done with bras. If

(QI€1--£) = $(Epens &) = S(E), (12.9)
the bra (Q| can be written (¢(£)| or (#(¢) and can be looked upon as the
product of the observable ¢(£) and the basic bra (, corresponding to

the bra },\-}—...—]—!z!,\ in tensor calculus. Obviously (P| must be written
@)t

Now kets and bras are both labelled by functions of £,,..., £, and the
only difference exists in the signs ) and (, denoting the multiplication
of a ket (bra) by any operator on the left (right). We may even drop these
signs and leave it to rgemory to remember whether a function f(¢) stands
for a ket or for a bra or for an operator. This is, in fact, what many
authors have done from the very beginning of quantum mechanics.
They work with some hermitian operator, for instance H, which is a
function of a set of commuting observables and a wave function, for
instance i, of the same observables. This wave function can be multi-
plied by H from the left: Hy, standing for H|y). Then the conjugate
can only be multiplied from the right: JH, standing for (J|H. The
product i) stands for (f(£)[H(£))-

Using these abbreviations Dirac returns to a well-known form of
wave calculus. But the abbreviations are now not introduced ad hoc
but form a part of a theoretically well-established calculus that can be

t According to the abbreviation introduced in § 7 Dirac writes (P| for the conjugate
of |P), but with this new labelling we have to write (| for the conjugate of |[¢>. Here
is an inconsequence in the notation that could only be avoided by always writing (P|
for the conjugate of |P) independent of the kind of labelling used.
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used in all cases, even in those cases where too much abbreviation
would lead to ambiguity. With this last finishing touch Dirac’s calculus
is a highly adapted instrument and a very good illustration of the thesis
that mathematical methods which are really good for practical use
cannot be found by theoretical considerations only but by collaboration
between theoretical and practical investigators.

EXERCISES

X.1. If P and Q arc hermitian, prove that PQ+QP and 1PQ—1QP are both
hermitian,

X.2. If U is a unitary operator, prove that
(Uun).(Uv) - u.v. (2a)
X.3. Let £ bo a linear operator, m a positive integer, and ¢™ |P) = 0. Prove
that ¢|P) — 0.1
X.4. Prove that 4 logx = 1—i778(x)
dx x
holds for all real values of z.1

X.5. A linear operator that commutes with an observable £ also commutes
with any function of ¢.§

X.6. A lincar operator that commutes with cach of a complete set of com-
muting observables is a funetion of these observables.||

t Cf. Dirac 1947. 5, p. 29. 1 Ibid. p. 61.
§ Ibud. p. 77. i| Ibid. p. 78.



1872.

1877.

1880.

1894.

1898.

1900.
1900.

1901.

1904.
1904.
1907.
1908.
1913.
1916.

1917.
1917.

1918.

1920.
1921.

1921.
1921.

1921.

1921.

1922.

1

1

1

1

1

DO

(=1

DO -

ot

w N

5

1

BIBLIOGRAPHY

. F. KiLEIN, Vergleichende Betrachtungen tiber mewere geometrische For-
schungen. FErlangen. Reprinted Math. Ann. 43 (1893), 63-100.

. L. B. CHRISTOFFEL, ‘Ueber die Fortpflanzung von Stéssen durch elastische
feste Korper.” Ann. di Mat. 11 8, 193-243.

. A. Voss, ‘Zur Theorie der Transformation quadratischer Differential-
ausdriicke und der Kriimmung hoherer Mannigfaltigkeiten.” Math.
Ann. 16, 129-78.

. L. KRONECKER, Vorlesungen iiber die Theorie der einfachen und der
vielfachen Integrale. lLeipzig, Toubner.

. W. Voiet, Die fundamentalen physikalischen Eigenschaften der Kristalle.
Leipzig, Teubner.

. E.v. WEBER, Vorlesungen iiber das Pfaffsche Problem. Leipzig, Teubner.

. H. BurgHARDT and W. F. MEYER, ‘Potentialtheoric.” Knc. d. m. Wiss.
ii A. 7b. Leipzig, Teubner.

. G. Riccr and T. Lev: Civita, ‘Méthodes de calcul différentiel absolu et
leurs applications.” Math. Ann. 54, 125-201 ; errata, p. 608 ; reprinted
1923 Paris, Blanchard.

. G. Hamer, ‘Dic Lagrange—Eulerschen Gleichungen der Mechanik’,
Z. Math. Phys. 50, 1.

. A. E. H. Lovg, ‘Wave Motions with Discontinuities at Wave Fronts.’
Proc. Lond. Math. Soc. ii. 1, 37-62.

. O.TEDONE, ‘ Aligemeine Theoreme der mathematischen Elastizititslohre.’
Enc. d. m. Wiss. iv. 24. Leipzig, Teubner.

. R. WEITZENBGCK, Komplex-Symbolik. Leipzig, 1908.

. E. B. WiLsoN, Vector Analysis. New Haven, Yale University Press.

. A. EINSTEIN, Die Qrundlagen der allgemeinen Relativititstheorie. Leipzig,
Barth.

. E. T. WHITTAKER, Analytical Dynamics. (‘ambridge University Press.

. T. Levi Civira) ‘Nozione di parallelismo in una varictd qualunque.’
Rend. Circ. Mat. Pal. 42, 173-205.

. J. A. ScHOUTEN, ‘Dic direkte Analysis zur neueren Relativititstheoric.’
Verh. Kon. Akad. v. Wet. 12, No. 6, 95 pp.

. M. v. LAUE, Die Relativititstheorie, 4th edition. Braunschweig, Viewcg.

. W. Paull, ‘Relativitiitstheorie’. Enc. d. m. Wiss. v. 12. Leipzig-Berlin,
Teubner.

. H. WEYL, Raum, Zeit, Materie, 4th edition. Berlin, Springer.

. J. A. ScrouTEN and D. J. STRUIK, ‘On somo Properties of general
Manifolds relating to Einstein’s theory of Gravitation.” Am. J. of
Math. 43, 213-16.

. E. KASNER, ‘Geometrical Theorems on Einstein’s Cosmological Equa-
tions.” Ibid. p. 217-21.

. J. A. ScHOUTEN, ‘Uber die konforme Abbhildung n-dimensionaler Mannig-
faltigkeiten mit quadratischer Massbestimmung, auf eine Mannig-
faltigkeit mit euklidischer Massbestimmung.’ Math. Zeitschr.11, 58-88.

. 0. VeBLEN, ‘Normal Coordinates for the Geometry of Paths.” Proc.
Nat. Acad. 8, 192--7.



1922.

1923.

1923.

1923. 3

1924,

1925.

1926.

1926.

1926.

1927,

1927.
1927.

1927.

1928.

1929.
1931.

1931.

1932.

1932,

1933.

1933.

1933.

1933.

1934.

1934.

2.

BIBLIOGRAPHY 269

- K. Kasneg, ‘The Solar Gravitational Field completely determined hy

its Light Rays.” Math. Ann. 85, 227-36.

- A. 8. EppinaToN, The Mathematical Theory of Relativity. Cambridge

University Pross.

. H. W. BRINKMANN, ‘On Riemann Spaces conformal to Einstein Spaces.’

Proc. Nat. Acad. 9, 172-4.

. R. WrrrzENBOGCK, Invariantentheorie. Groningen, Noordhoff.
. J. A. ScHOUTEN, Der Ricei-Kalkul. Berlin, Springer. Here referred to as

R.K. Second unrevised edition N.Y. KEdward Bros. Third revised
edition in preparation.

. L. T. Oxrava, ‘L’extrémal dans un champ gravifiquo & pscudo-

orthogonalité.” Proc. Physicomath. Soc. Tokyo, 3, 51-8.

. L. P. KBisenuarr, Riemannian Geometry. Princeton University Press,

Oxford University Press. Second odition 1949.

. J. L. SyNGE, ‘On the Geometry of Dynamics.” Trans. Roy. Soc. London

A 226, 31-106.

. (. VRANCEANU, ‘Sopra le equazioni del moto di un sistema anolonome.’

Rend. Acc. Line. (6) 4, 508~-11.

. G. D. BirknOFF, ‘Dynamical Systems.” Amer. Math. Soc. Coll. Publ.

New York.

. T.LeviCivita, The Absolute Differential Calculus. London, Blackie & Son.
.- L. P. E1sENHART, ‘Non-Ricmannian Geometry.’ Amer. Math. Soc. Coll.

Publ. New York.

. J. A. ScroutEN, ‘Uber n-fache Orthogonalsysteme in V,." Math.

Zeitschr. 26, 706-30.

. 7. HoRAx, ‘Sur les systémes non holonomes.” Bull. Int. Ac. Sec. de

Bohéme, 29, 1-18.

. A. D. ForkeRr, Relativiteitstheorie. Groningen, Noordhoff.
. T. Y. Tuomas, The Elementary Theory of Tensors. New York—London.

McGraw-Hill.

. W. SLEBODZzINSKI, ‘Sur les équations de Hamilton.” Bull. Acad. Roy.

Belg. (5) 17, 86470

. O. VEBLEN and J. H (. WHITEHEAD, The Foundatwns of Differential

Geometry. Cambridge Tracts No. 29, 96 pp.

. A. WUNDHEILER, ‘Rhconome Geometrie.” Absolute Mechanik. Prac.

Matematyczno-Fizyczrnych Warszawa, 40, 97-142.

. J. A. ScnouTeN and E. R. v. KampEN, ‘Beitrige zur Theorie der

Deformation.”  Prac. Matematyczno-Fizycznych Warszawa, 41, 1-19.

. I. Koca, ‘Vibrations of Piezo-electric Oscillating Crystals.” London,

Edinburgh, and Dublin Phil. Mag. and J. of Se. (7) 12, 275-83.

. K. JanNkE and F. EMDE, Funktionentafeln. Leipzig-Berlin, Teubner.

New York, Dover Publications.

. P. A. M. Dirac, ‘Homogencous Variables in (lassical Dynamics.” Proc.

Cambr. Phil. Soc. 29, 389-400.

. G. Pranag, ‘Die allgemneinen Integrationsmethoden der analytischen

Mechanik.” Kne. d. m. Wiss. iv. 12, 13. Leipzig, Teubner.
k. R. Lack, G. W. WiLLARD, and J. E. FaIr, ‘Some Improvements in

Quartz Crystad Circuit Elements.” Bell System Techn. Journ. 13,
453-63.



270 BIBLIOGRAPHY

1934. 3. 4, 5, 6. D. v. Danrzic, ‘Electromagnetism, independent of metrical
geometry.” Proc. Kon. Ned. Akad. v. Wet. 37, 521-5, 526-31. 644-52,
825-36.

1934. 7. J. L. SY~NGE, ‘The Energy Tensor of a Continuous Medium.’ T'rans.
Roy. Soc. of Canada, 3, 28, 127-71.
1935. 1. J. A. ScrouTEN and D. J. STRUIK, Einfiihrung in die neueren Methoden
der Differentialgeometrie, 1. Groningen—Batavia, Noordhoff. Here re-
ferred to as E 1.
. B. v. Dy, ‘The Applications of Ricei Calculus to the Solutions of
Vibrational Equations of Piezo-electric Quartz.’ Physica, 3, 317-26.
1936. 2. J. L. S¥NGE, Tensorial Methods in Dynamics. Toronto University Press.
1936. 3. D. v. DanTzic, ‘Ricei Calculus and Functional Analysis.” Proc. Kon.
Ned. Akad. v. Wet. 39, 785-94.

1936. 4. P. JORDAN, Anschauliche Quantentheorie. Berlin, Springer.

1937. 1. J. W. GIvens, ‘Tensor Coordinates of Linear Spaces.” Ann. of Math.
38, 355-85.

1937. 2. J. v. WEYSSENHOFF, ‘Duale Gréssen, Grossrotation, Grossdivergenz
und die Stokes-Gaussischen Sétze in allgemeinen Réaumen.’ Ann. Soc.
Pol. de Math. 16, 127—-44.

1937. 3. J. L. SyNeE, ‘Relativistic Hydrodynamics.” Proc. Lond. Math. Soc. (2)
43, 376-416.

1937. 4. H. A. KraMERs, Die Grundlagen der Quantentheorie. Teipzig. Akad.
Verl. Ges.

1938. 1. L. BRILLOUIN, Les T'enseurs en Mécaniquc et en Elasticité. Paris, Masson.

1938. 2. J. A. ScHouTEN, ‘Uber dic geometrische Deutung von gewdéhnlichen
p-Vektoren und W-p-Vektoren und den korrespondierenden Dichten.’
Proc. Kon. Ned. Akad. v. Wet. 41, 709--16.

1938. 3. J. A. ScHOUTEN and D. J. STRUIK, Einfiihrung in die neueren Methoden
der Differentialgeometrie 11. Groningen-Batavia, Noordhoff. Here re-
ferred to as E 11.

1939. 1. A. FokkER, ‘De beweging van golfgrocpen volgens de kanonischoe ver-
gelijkingen van Hamilton. Hand. 27ste Ned. Nat. Gen. Congr. 1-4.

1939. 2. A. FOKKER, ‘Hathilton’s Canonical equations for the Motion of Wave
(iroups.” Physica, 6, 785-90.

1939. 3. D. v. DaNTz1¢, ‘On the Phenomenological Thermodynamics of Moving
Matter.” Physica, 6, 673-704.

1939. 4. D. v. Dantzig, ‘On Relativistic Thermodynamics.” Proc. Kon. Ned.
Akad. v. Wet. 42, 601-7.

1939. 5. D. v. DanTzIG, ‘Stress Tensor and Particle Density in special Relativity
Theory.” Nature, 143, 855.

1939. 6. D. v. DanTziG, ‘On Relativistic CGtas Theory.” Proc. Kon. Ned. Akad.
v. Wet. 42, 608--25.

1940. 1. J. A. ScHOUTEN and D. v. DANTzI¢, ‘On Ordinary Quantities and W-
quantities.” Comp. Math. 7, 447-73.

1940. 2. D. v. DanTzIiG, ‘On the Thermo-hydrodynamics of Perfectly Perfect
Fluids.” Proc. Kon. Ned. Akad. v. Wet. 43, 387-402, 609-18.

1944. 1. A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity.
New York, Dover Publications.

1945. 1. D. E. LirtLewoob, ‘Invariant Theory under Orthogonal Groups.’ Proc.
Lond. Math. Soc. (2) 50, 349-79.

1936.

=

w



1946.

1946.

1947.
1947,

1947,

1947,

1947.

1947.
1948.

1949.

1951.

1

3

4

BIBLIOGRAPHY 271

. H. Doruero and J. A. ScHOUTEN, ‘On Units and Dimensions.” Proc.
Kon. Ned. Akad. v. Wet. 48, 124-31, 282-91, 393-403.

. W. (. Capy, Piczo-electricity. Intern. Ser. in Pure and Applied Physics.
New York-London, McGraw-Hill.

. A. LicuNEROWICZ, Algébre et Analyse Linéuire. Paris, Masson.

. L. Branpr, Vector and Tensor Analysis. New York, Wiley & Sons;
London, Chapman & Hall.

. A, D. MicHAL, Matriz and Tensor Caleulus. Galcit Aeronautic Series.
New York, John Wiley & Sons; London, Chapman & Hall.

. W. P. Mason, ‘First and Second Order Equations for Piezo-electric
Crystals expressed in Tensor Form.” Bell System Techn. Journal, 26,
80-138.

. P. A. M. Dirac, The Principles of Quantum Mechanics. Oxford, Claren-
don Press.

. A. DuscHEK, ‘Matrizen, Vektoren und Tensoren.” Ing. Arch. 1, 371-82.

. E. J. Posr, ‘Reciprocal Propertics of Elastic Waves in Anisotropic
Media.” Proc. Kon. Ned. Akad. v. Wet. 51, 65-72. ,

. J. A, ScaouteN and W. v. p. KuLk, Pfaff’s Problem and its Generaliza-
tions. Oxford, Clarendon Press. Here referred to as P.P.

. J. A. ScHOUTEN, Regular Systems of Equations and Supernumerary
Coordinates. Neriptum 6 of the Mathematical Centre, Amsterdam.



INDEX

A¥%, 61, 115.

A, A%, 1.

absolute dimension, 127, 130 ff.

absolute invariant, 78, 119.

addition, 19, 113.

affine geometry, 2.

affine group, 1.

affine space, 2.

affinor, 17, 112.

allowable coordinate systems, 2, 59.

allowable systems of fundamental units,
126.

alternating product, 113.

alternation, 20, 113.

angle, 39, 117.

anholonomic components, 81.

anholonomic coordinate systems, 81, 102,
123, 194.

anholonomic mechanical systems, 194.

antilinear transformation, 249.

antisymmetric tensor, 23.

axial bivector, 52.

axial vector, 52 f.

basic bra, 266.

Bianchi, identity of, 100, 123.
bibliography, 268.

Birkhoff, G. D., 190.

bivector, 54, 56.

bivector-tensor, 99.

Bose statistics, 254.

boundary value problems, 106, 124.
bra, 243, 250 ff.

Brandt, L., 9, 59.

Brillouin, L., 9, 59, 139, 169
Brinkman, H. W., 239.

Burkhardt, H., 103. T .

Cady, W. G., 139, 147, 152, 164, 169, 179.
180, 187.

Cartesian coordinate systems, 37.

Cayley’s matrix calculus, 40.

centre, 3.

centred E,, 3, 111.

Christoffel, L. B., 169.

Christoffel symbol, 92, 102.

commuting operators, 247.

commuting set, 259.

complete set of eigenkets (bras), 248, 256.

conservation of momentum and energy,
227,

contraction, 19.

contravariant, 9.

coordinate-E’s, 6

coordinates: allowa.ble, 2, 59; rectilinear,
1, 111; curvilinear, 59, 110.

coordinate transformations, 2.
coupling constants, 184.

covariant vector. 10.

crystal classes, 152 ff.

curvature affinor, 98 f., 103, 122 f,
curvature of V;, 102; of 1;, 94 fi.
curvilinear coordinates, 59, 110.

8, 84 ff., 121.

D, 9+, 131, 133, 215

3%, 8%, 8%, 14, 19, 61.

Al

A-density, 29, 113.

d-function, 251.

v. Dantzig, D., 45, 70. 71,
214, 230, "'32, 239, 251,

dead indices, 13, 113.

decomposition of p-vector into blades, 27.

definite, positive, negative, 35, 242,

deformation, 139.

densities, 31, 13.

derived units, 126.

deviator, 156.

diagonal matrix, 262 f.

dimension of domain, 12, 112,

197, 199, 213,

2532 258,

—y -

Dirac, P. A. M., 197, 240, 243, 247, 250,
252, 253, 255, 256, 259, 263, 265, 266,
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direction, 5.

displacement, 84.

Div, divergence, 66, 118.

div, 67, 118.

divergence, principal theorem of, 73.
domain, contravariant, covariant, 12, 112,
domain with respect to an index, 21.
Dorgelo, H., 29, 45, 127, 131.
duration, 37, 91.

Duschek, A., 40.
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E"r'"‘n, ',‘;/\ Ay 28.
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F’" (v Dantug), 252, 257.
, e,\, 12, 6l.
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iddington, A. 8., 214.

offect, linear, 160.

eiconal functions, 202, 203.

eigenket (bra), 246, 254.
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eigenvalue, 42, 115, 254, 256.
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disenhart, L. P., 9, 19, 59, 84, 91.
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thermal, 145.
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Emde, ¥., 105.
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energy function, 174, 178.
equiscalar X _ s, 65.
equivoluminar, 3.
Euler, 210.
dulerian angles, 211.

F, Fg, 131, 133, 135,

Fair, J. K., 164, 185, 187.

Fermi statistics, 254.

field invariant for point transformations,
75.

field in X, 60.

field of physical objects, 127.

film-space, 193.

first integral, 205, 207.

fixed indices, 2, 110.

Yokker, A., 171, 214.

four-dimensional velocity vector, 218, 222,

free indices, 19.

Fresnol equations, 177.

functions in involution, 206.

functions of observables, 257 ff.

fundamental tensor, 36, 42, 91, 92, 117,
242,

fundamental units, 126,

G 1, 1155 Gy, 3. 115; G, 3, 115; G,
3, 116; Uy, 4, 116; G, 3, 115; ¢, 42,
244,

G5 100, 123,

e 95, 91, 92,

®,,, 101, 123, 229,

g, 39, 92, 117.

I, 85, 121, 123,

Galilei group, 220.

Gauss, oquation of, 193 ; theorem of, 70.

genorating sot of transformations, 153.

geodosic, 88, 122,

geometric image, 127, 130 1,

geometric object, quantity, 9, 60, 112,

Giorgi, system of, 131.

Givens, J. W., 24, 40, 45, 58.

Grad, gradient, 64, 118.

gravitation, 229 ff.

Green’s function, 107, 125.

Green's idertities, 104, 123 f.

Green’s medium, 176.

Green’s theorem, 105, 124,

group, 1.
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Hamiltonian equation, 198, 201.

Hamiltonian function, 198.
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Hamilton-Jacobi equations, 203.

hermitian bivector, 241.

hermitian tensor, 241.

Hotak, 7., 194.
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hyperplane, coordinates, 6.
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W » A0y 90 .
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indefinite, 35, 242.
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K, 100, 123.
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Klein, principle of, 4.
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Lagrange, 210.
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v. Laue, M., 214.
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length, 37, 91, 117, 252.
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Lie derivative, 76 ff., 114.
Lie differential, 74 ff., 119.
linear displacement, 85, 121.
lowering of indices, 38.

Mason, W. P., 142, 147, 164, 179, 180.
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114.

matrix calculus in E, and R, 39, 117.

matter density, 225.

Maupertuis equation, 210.
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mean momentum-current density FoF,
231.
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Meyer, W. F., 103.

Michal, A. D., 9.

Michelson-Morley experiment, 218.

Minkowski geometry, 216.

minor, 1.

Mitschleppen, 75.
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mixed product, 113.

mixing, 20, 113.

momentum-energy tensor density, 225 f.

momentum-energy vector, 223.

multiplication, 19, 113.

multiplication of matrices, 39.

multivector, 23 ff., 113.

nabla, 86.

natural derivative, 64, 66, 118.

natural parameter, 89, 122¢

Neumann, principle of, 156.

Newton’s gravitational constan®, 388.

nonor, 157.

norm, 243.

normal forms of bivector, 35.

normal forms of tensor of valence two, 34.
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255, 267.

normal coordinates, 89 ff., 122,

null cone, 37, 117.

null curve, 91, 94.

null direction, 91.

null form, 4.

null manifold, 4.

null vector, 3, 24, 37, 91, 117.

n-vectors, 28.

Q;*, 82, 121, 144,

object of anholonomity, 82, 120.
object transformations, 9.
observable, 256.
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oriented centred E,, 3.

oriented R, 4.
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orthogonal normal forms, 42.
orthogonal transformation, 3.
orthogonality (kots and bras), 252.
Ostrogradski, theorem of, 70.

parallel, 5.

parallelepiped, 25.

parallelogram of forces, 10.

parallelotope, 25.

parametric form, 5.

particle density R, 230.

Pauli, W., 214, 239.

perfect fluid, 237.

perfectly perfoect fluid, 239.

phase factor, 243, 255.

piezo-electric effect, 160, 165 ff.

piezo-electric constants: adiabatic, 148;
isothermal, 158.

piozo-magnetic effect, 158, 160, 168 ff.

physical object, 126.

physical quantity, 127.

plane, 6.

point, 59.

point-interval function, 252.

point transformation, 2.

Poisson bracket, 206.

polar bivector, 52, 54.

polar vector, 52 ff.

Post, E. J., 187, 188.

Pot, 105, 124,

potential function, 105, 124.

Prange, G., 190, 194.

principal axes, theorem of, 43, 115.

principal blades, theorem of, 43, 115.

principle of least action, 210.

probability amplitudes, 264.

projection, 7, 112.

proper mass, 223.

pseudo-parallel displacement, 84, 97, 121.

pseudo-vector, 31.

quantities of second kind, 240.
quartz resonator, 179 ff.

R,, 111,

Ry, 100, 123.

B3, 98, 122.

radius vector, 9.

raising of indices, 38.

rank of a matrix, 4.

rank with respect to indices, 21.
reciprocal directions, 175, 178.
reciprocal vector systems, 14,
reduction, 7, 112.
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region, positive, negative, 37.
relative dimension, 128.
relativistic dynamics, 220 ff.
relativistic hydrodynamics, 230 fi.
representations, 259 ff.

rest mass, 223.

rheonomic anholonomic system, 196.
rheonomic holonomic system, 190.
Rieei tensor, 100, 230.

rot, 67, 118.

Rot, rotation, 65, 118,

rotation, principal theorom of, 73.
running indices, 2, 110.

Sy 139.

Spy, 87, 121,

saturated indices, 19.

scalar, 9.

scalar curvature, 100.

scalar product, 57, 243, 251.

Schouten, J. A., 6, 9, 29, 34, 45, 58, 59,
617, 70, 71, 74, 75, 78, 81, 82, 83, 84, 89,
90, 91, 102, 127, 131, 158, 192, 194, 207,
239, 240, 242.

scleronomic anholanomic system, 196.

scleronomic holonomic system, 190.

screw-sense, 3.

section, §, 7, 112,

self-reciprocal diroctions, 175.

semi-symmetric displacement, 87.

sense of rotation, 3.

septor, 156.

signature, 35, 114, 242.

simple multivector, 23, 113.

simultaneous eigenkets (bras), 247.

Slebodzinski, W., 74.

spanned domain, 12, 112.

spanned support, 12, 112,

special affine, 3.

special bivector, 51.

special v-vector, 51.

stable trajectory, 191.

standard ket, 266.

states, 255.

Stokes, theorem of, 67 ff., 119.

straight line, 6.

strain tensor, 140.

strangling of indices, 15, 20, 113.

stress tensor, -density, 142.

Struik, D. J., 59, 74, 75, 81, 82, 84, 89,
90, 91, 102, 192, 194, 239, 242, 246.

support of domain, 12, 112, 114.

symmetrical displacement, 87, 121.

TN, FeA 142,
Tedone, 0., 139, 142, 152, 176.
temperaturo vector, 237.

275

tensor, 22, 113.
tensor-tensor, 145.
Thomas, T. Y., 9.
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transvection, 14, 19.
trivector, 55, 56.

U,, 42, 240.

unit hypersphere, 37, 117.
unit ket (bra), 243.

unit matrix, 202.

unit vector, 37.

unitary group, 244.

unitary orthogonal, 42, 243.
unitary transformations, 42.
unity affinor, 18, 61, 115.
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valence, 17, 112.

Veblen, O., 1, 9, 59, 90.

vector, 9, 10, 54, 56.

vector algebra in R;, 57.

vector-like sets, 248 ff.

vector product, 57.

Voigt, W., 139, 142, 147, 152, 164, 169,
180, 185.

Vranceanu, G., 194,

W -affinor, 32, 113.

wave function, 266.

waves in anisotropic medium, 169.
wave surface, 178 f.

wave velocity surface, 178 f.
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Waoeissenhoff, J. v., 70, 71.
‘Weitzenbéck, R., 24.

Weyl, H., 24.
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Whittakey, E. T., 9, 194, 201, 202, 207.
Willard, G. W., 164, 185, 187.
Wilson, E. B., 105.
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W-scalar, 31.

weight, 29, 113.

world line, 6, 193.
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X,, 59, 110.
X, _,-building covariant vector fields, 64.
x-cut, 180.
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