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What we call objective reality is, in the last analysis, what is common

to many thinking beings and could be common to all; this common

part . . . can only be the harmony expressed by mathematical laws.
—H. PoINCARE






PREFACE

This book with additional exercises and formulas for ref-
erence is an abridgment and re-arrangement of the text of
Applied Calculus, published in 1919.

It is iifmed to supply the demand for a shorter course —
to provide without omissions a text book better adapted to
the time available for the subject in the usual college course.

Comprised in pages about one hundred less in number
than thoge of the original edition, it is believed that it may
without omissions be a suitable text for an academic year.

Designed as a first course in the calculus, it is sufficiently
advanced for use in colleges and technical schools, pre-
senting some features not usually found in a first course.
While designed too to precede a course in technical me-
chanics, the illustrations involve the fundamentals of that
subject, and it may prove a helpful introduction to that
study. The applications and concrete illustrations form
a considerable part of the subject matter, but they have
been chosen to enforoe the essential principles of the cal-
culus, and while they have been taken from geometry and
mechanics as well as from general physics and astronomy,
for their understanding and for the solution of the related
problems, no special knowledge is required of the student.
Although the text has been prepared primarily for technical
students and for engineers, the effort has been to present
in their unity the essential principles of Differential and
Integral Calculus, and thus to provide a text book suited
for classes in non-technical colleges also.

In the order of the treatment no rigid separation has
been made between the theory and the applications, but
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iv KREFACE

the latter are interspersed through the text,— not reserved
for the end where, generally from lack of time, they get
scant attention. The intention has been to produce a text
in line with modern ideas — to meet the recent demand for
the presentation of mechanical principles and their applica~
tion in engineering practice at an early period of the
student’s course.

The essential integration processes are given, but the

space, usually taken up by algebraic reductions and trans-
formations, is saved for more profitable discussicas. To
conserve their unity the original plan of treating the two
parts of the Calculus separately has been adhered to. The
method of rates and the method of limits, involving the
use of infinitesimals, are both employed, and the advantages
of each method made apparent.
° Attention is invited to the geometric deduction of the
derivative as a limit, the fundamental conception of the
Differential Calculus. This deduction may be admitted as
valid even by those writers who with emphasis tell the
reader to regard as only a symbol what undoubtedly appears
to be more, and what they later are constrained to explain
may be just that which it appears to be.

Attention is called to the easy way in which Taylor’s
Theorem results by induction and integration — the reason
for having the Theorem in Part II rather than in Part I,
where it is usually found by a laborious deduction.

What has been omitted from the original edition does
not break the continuity of the treatment of the principles
of the calculus. The subjects omitted are: Moment of
Inertia, Center of Gravity, Infinite Series, Differential Equa-
tions and Central Forces — only a few special applications
being omitted. The title of this edition implies that it is
not as complete as the original, but the opinions of instruc-
tors of the calculus, expressed to the publishers, have led to
the preparation and publication of this volume. The origi-



PREFACE v

nal book is more adapted to the needs of practicing engi-
neers, and copies are still available.

In addition to the referencesin the text and in foot notes,
acknowledgment is here made of suggestive ideas found in
the books on the Calculus by Gibson, by Taylor, by Davis,
and by Townsend and Goodenough; also in Hedrick’s paper
on the Caleulus without Symbols.

The introduction to this book ends with a reference to
the discoverer of the Calculus. It is deemed not unfitting
that t{le,book should close with Newton’s Verification.

RoBerT GIBBES THOMAS.
CoLuMmsla, 8. C.,

Sept. 15, 1924,






PREFACE TO APPLIED CALCULUS, 1919

This book as a first course in the Caleulus is not desiguvu
to be a complete exposition of the Calculus in either its
principjes or its applications. It is an effort to make clear
the basic principles and to show that fundamental ideas are
involved in familiar problems. While formulas and alge-
braic methods are necessary aids to concise and formal
presentation, they are not essential to the expression of the
principles and underlying ideas of the Calculus. These can
be expressed in plain language without the use of symbols
— one writer challenging the citing of a single instance
where it cannot be done.

The practice is common, at least with “thoughtless think-
ers,” of blindly using formulas without any true conception
of the ideas for which they are but the symbolic expres-
sion. The formulas of the Calculus are an invaluable aid in
economy of thought, but their effective use is dependent
upon an adequate knowledge of their derivation. The
object of this book is to set forth the methods of the Cal-
culus in such a way as to lead to a working and fruitful
knowledge of its elements, to exhibit something of its power,
and to induce its use as an efficient tool. No claim is made
for absolute rigor in all the deductions, but confidence is
invited in the soundness of the reasoning employed and in
the logical ‘conclusions obtained.

There are students, and engineers also, who when con
strained to use the Calculus look upon it as a necessary evil
This attitude is without doubt due to their minds having
never had a firm grasp upon its principles nor a full realiza-

vil



viii PREFACE

tion of the efficiency of its methods. A student while tak-
ing a course in the Calculus usually spends at least one-half
his effort in reviewing previous mathematics. In fact, a
course in the Calculus is held to involve an excellent review
of geometry, algebra, and especially of trigonometry; hence,
at the end of a term it is too much to expect of the average
student that he have an adequate knowledge of the Calculus.

If a choice must be made between the ability to solve
equations (including integration processes) and the far more
rare ability to set up equations to represent established facts
and laws, there can be little question as to which type of
ability should be cultivated. The latter is of higher order
and is likely to include the former. Engineers, physicists,
inventors and men of science generally find it difficult to
translate their observations into language which the pure
mathematician can understand. In fact, such translation
usually involves the writing of the equation: an undertaking
beyond the capacity equally of the non-mathematical scientist
and the pure mathematician. Integration of the equation,
once set up, the mathematician will undertake; conceiv-
ably, so might a machine. Fruitful deductions and rules
of practice result. The difficulty of realizing these results
arises not from difficulties in moving about the symbols, but
from inability on the part of nearly all persons to state facts
in terms of symbols. It is as if no harmonist knew a melody
and no melodist knew a note. This book aims to keep fact
and symbol in close association, so that the student will
never use the latter without being conscious of the former.
It may then be expected that he will ultimately be able to
visualize the symbolic expression when the fact is known.

Apart from the references in the text and in footnotes,
acknowledgment is here made of the clarifying and logical
ideas embodied in the books on the Calculus by Gibson, by
Taylor, and by Townsend and Goodenough; also in Hedrick’s
paper on the Calculus without Symbols.
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The introduction to this book ends with a reference to
the discoverer of the Calculus. It is deemed not unfitting
that the book should close with the Central Forces of the
Principia. '

RoBeERT GIBBES THOMAS.

Tue Crraper, CHARLESTON, S. C.
FEBRUARY 1st, $919.
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APPLIED CALCULUS.

INTRODUCTION.

THE Calculus treats of the rates of change of related
variables. The factors of life are ever changing, acting and
reacting upon each other. The quantities with which we
have to deal in ordinary affairs are for the most part in a
state of change. Hence the field in which the principles of
the Calculus are directly involved is a wide one.

In observing the changes about us we note that they také
place at various rates, and the determination of the rapidity
of the change may be the controlling factor in many investi-
gations. Whenever the rapidity of the change of anything
is in question, the thethods of the Calculus have appropriate
application.

In the case of velocity or speed, there is rate of change of
distance and time; in a thermometer we have rate of change
of length and tempergture; while in the barometer there is
rate of change of height and density; in the slope of ground
or grade of a road we have rate of change of vertical height
and horizontal distance; and in the case of a curve, rate of
change of ordinate and abscissa, or slope of: the curve.

In the case of a body in variable motion, it becomes
desirable to determine its velocity at some point of its path
or at some instant of time, that is, the instantaneous velocity.
This notion of rate of change at an instant is common even
to untrained minds.

When one says of a train in variable motion, that it is

now going at the rate of sixty miles an hour, one means that
1



2 APPLIED CALCULUS

at the instant considered the rate is such that, if it were
maintained, the train would go sixty miles in an  hour, that
being the instantaneous velocity.

The method of the Calculus in getting the rate of change
of a variable at any instant is in accordance with natural
procedure: measure the amount of change in a short period
of time, then the average rate of change during that period
is the ratio of amount of change to length of period; the
limit approached by this ratio, as the period of time is
diminished towards zero as a hmlt is the rate of change at
the instant the period began.

In determining the greatest and least values of a variable
quantity, they are found where the rate of change of the
variable is zero. For instance, at the maximum and mini-
mum temperature during a day, the rate of change of the
temperature is zero. There is a difference, however, in that
before the hottest moment the temperature was rising and
then afterwards falling, while at the coldest moment the
reverse was the case. In both cases the temperature’s rate
of change was momentarily zero. Here is to he seen the
method of the Calculus as to maxima and mimina.

A distinguishing feature of the Calculus is that in addition
to real sensible quantities it uses <deal hypothetical concepts,
which are quantities that exist if «certain conditions are
maintained. The Calculus connects these two classes of
quantities. Passing from the real to the ideal is Differentia-
tion, from the ideal to the real is Integration. The advantage
of introducing ideal quantities is that in many problems an
expression for the ideal is readily formed and from this
expression the real quantity is obtained by Integration. In
other cases the real quantity being given, the problem is
solved by the ideal quantity, obtained from the real by
Differentiation.

The might of the invisible and intangible forces in Nature,
predicated upon a concept (the aether), is generally recognized
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in this day and generation. Therefore, it is not to be
wondered at, that in dealing with material things and in
seeking the inner law by which they act and react upon each
other, we should call to our aid ¢deal concepts. The exclu-
sive realist in his passion for facts is prone to overlook the
fact that 4deas are the first of facts.

It is acknowledged that science is useless unless it teaches
us something about reality. Let it be acknowledged that
the aim of science is not things themselves, but the relations
between things, and the fruitfulness of the ideal quantities
of the Caleulus is recognized. The differentials employed,
when properly defined, are not “ghosts of departed quan-
tities,” even if in some cases ideal in character. “Ary,”
perhaps, but never “nothing,”’ they give to the creation of
the mind “a local habitation and a name.”

While the ratio of some real quantities may never equal
the ratio of the ideal quantities, nevertheless the former
ratio may approach so closely the latter as a limit that the
exact value of the ideal ratio can be discerned. So the
differentiation of any real variable quantity is possible. On
the other hand, the exact integration of every ideal quantity
is not possible, and in some cases no corresponding real
quantity exists.

In this respect there®is an analogy with Involution and
Evolution. Any number may be raised to a power; but
the exact root of every number cannot be found, and no real
root exists for some numbers.

Differential Calculus deals with the rates of change of
continuous variables when the relation of the variables 18
known.

Integral Calculus is concerned with the inverse problem of
finding the relation of the variables themselves when their
relative rates are known.

‘While some problems to which the Calculus is applied may
be solved by other methods, it often furnishes the simplest
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solution; and there are cases in which the Calculus alone
gives the solution. The Calculus is a tool for the efficient
worker, and in the hands of skillful investigators the Cal-
culus has proved to be a powerful instrument in bringing to
light the truths of Nature.

In reference to the mighty intellect that conceived it, there
is pardonable hyperbole in the lines of thé Poet: —

“ Nature and Nature’s laws lay hid in night,
God said, ¢ Let Newton be,” and all was light.”’



PART 1.
DIFFERENTIAL CALCULUS.

CHAPTER 1.
FUNCTIONS. DIFFERENTIALS. RATES.

1. Variables and Constants. — A variable is a quantity
that changes in value. It is said to vary continuously when,
in changing from one value to another, it takes successively
each intermediate value once at least. If at any value
it ceases to vary continuously, it is said to be discontinuous
at that value.

A constant is a quantity whose value is fixed. If its value
is always the same In every discussion, it is an absolute
constant. If the fixed value may be different in different
discussions, it is an arbitrary constant.

In the equation of the circle, 2 + y2 = 72, £ and y are
variables that vary continuously from 0 to =r; while r is an
arbitrary constant, as its value is fixed only for any one circle.

In the ordinary affairs of life we have to deal with con-
tinuous variables, such as time; the distance of an object in
continuous motion from any point on its path; and witk
discontinuous variables, such as the amount of a sum of
money at interest compounded periodically; the price of
cotton; the cost of money orders, etc.

In nature we have constants, such as: the mass of a body,
which is an absolute constant; the weight of a body, which

is an arbitrary constant. as it is fixed according to latitude
5
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and elevation; in mathematics, the ratio of the circum-
ference of a circle to its diameter and the base of Naperian
logarithms are absolute constants.

Variables are represented usually by the last letters of the
alphabet; as z, y, 2, or p, 6, ¢, etc. The letter A, however,
often represents a variable area.
< Absolute constants are denoted by nurmmber symbols, and
there are some absolute constants represented by letters, as
m, e, for the ratio and base just mentioned, each transcen-
dental but the most important in mathematics.

Arbitrary constants are represented usually by the first
letters of the alphabet; as a, b, ¢, a, B, v, etc. Particular
values of variables are constants and are denoted by z;, ¥,
21y X2y Yo, 22, etc.

2. Functions. Dependent and Independent Vari-
ables. — When two variables are so related that the value
of one of them depends upon the value of the other, the first
is the dependent variable and is said to be a function of the
second, and the second is the ¢ndependent variable, which in
connection with the function is usually called simply the
variable, or sometimes the argument.

The area of a square is a function of the length of a side.
The area or the circumference of a circle is a function of its
radius. The square, or the square root, or the logarithm of
a number, is a function of the number.

Any function of x is represented by f (z), F (x), ¢ (z}, ete.,
and the symbol f(z) denotes any expression involving z,
whose value depends upon the value of z. In any discussion
involving z, f (a) means the value of f (z) when z is replaced
by a throughout the expression. In y = f(z), z is the
independent variable and y is the function or dependent
variable. In the equation 22 4 32 =72, y = V2 — 2% or
z=Vrt—y s0y=f(z) orz=f(y). If one variable is
expressed directly in terms of another, the first is said to be
an explicit function of the second. If the relation between
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the two variables is given by an equation containing them
but not solved for either, then either variable is said to be
an implicit function of the other. So in 22 4+ 42 =12 y is
an implicit function of x and x is an implicit function of y;
but in y = Vr? — 22, y is an explicit function of z, and in
z = V2 — 4, z is, an explicit function of y.

A variable may be a function of more than one variable;
thus in 22 = 22 + 4?2, orin z = zy, 2 is a function of z and y;
the notation being 2z = f (z, y). The area of a rectangle
is a function of its base and altitude. The volume of a
solid is a function of its three dimensions; so in V = xyz,
V=F(y2).

3. Function — Continuous or Discontinuous. — A func-
tion as f (x) is said to be continuous betweenz = aand z = b,
if when z varies continuously from a to b, f (x) varies con-
tinuously from f(a) to f(b). In other words, f(x) is con-
tinuous between z = @ and r = b when the locus of y =
7 (x) between the points (a, f(a)) and (b, f (b)) is an un-
broken line, straight or curved.

A function is said to be discontinuous at any value when
it ceases to vary continuously at that value, even though its
variable may be continuous.

Some functions are continuous for all values of their
variables; others are ‘continuous only betwcen certain
limits. For example, sinf and cos6 are continuous for
all values of 9; tan 8 is continuous from 6 = 0 to § = =/2
and from 6 = w/2 to 6 = $ =, but when @ passes through
x/2 or § , tan @ changes from + » to — o, hence tan 8
is discontinuous for 8 = =/2 or § .

The Calculus treats of continuous variables and functions,
or of variables and functions only between their limits of
continuity.

4. Representation of Functional Relation. — Often the
relation between the function and the argument can be
expressed by a simple formula. For example, if s is the
distance fallen from rest in time ¢, then s = f () = § gt*
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In such cases, the value of the function for any value
taken for the variable can be found by simply substituting
in the formula; thus,

a=f(1)=1%g9 =2 =43g-2"=2y,
and so for any value.

A function is tabulated when values of the argument, as
many and as near together as desired, are set down in one
column and the corresponding values of the function are set
down opposite in another column. For example, in a table
of sines, the angle in degrees and minutes is the argument,
and the sine of the angle is the function.

A function is graphed or exhibited graphically by laying
off the values of the argument as abscissas along a horizontal
axis, and at the end of each abscissa erecting an ordinate
whose length will represent the corresponding value of the
function; a curve drawn through the tops (or bottoms) of
the ordinates is called the curve, or the graph of the function.

If y = f(x), the curve is the locus of the equation; but
it is the length of the ordinate up (or down) to the curve,
rather than the curve itself, that represents the function.

If p = f(8), the function may be graphed by laying off at
a point on a line as axis the various angles, — values of the
argument 6, and along the terminal sides of the angles the
corresponding values of the function p; a curve through the
ends of the vectorial radii will be the graph of the function,
and will be a polar curve. Here, too, it is the length of the
radius to the curve, rather than the curve itself, that repre-
sents the function. The area under a curve may be taken
to represent a function while the ordinate or radius repre-
sents some other function. (See Art. 139.)

6. Function — Increasing or Decreasing. — An increas-
ing function is one that increases when its variable increases,
hence, it decreases when its variable decreases. A decreasing
function is one that decreases when its variable increases,
hence it increases when its variable decreases. Thus az and
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o® are increasing, and a/x and a — z are decreasing functions
of .

6. Classes of Functions. — An algebraic function is one
that without the use of infinite series can be expressed by the
operations of addition, subtraction, multiplication, division
and the operations denoted by constant exponents.

The common forms are: (a =+ bx), (a & bz*), az, a/z, z*,
including 22, 23, Vz, 1/V'z, etc.

All functions which are not algebraic are called trams:
cendental. Of these, the most important are:

The ezpdnential functions, y = a* or b%, and y = €%, and
their inverse forms, the logarithmic functions,

z =log,y or logyy and z = log,y.

The trigonometric functions, y = sin 6,z = cos 6, y = tan 6,
and the inverse trigonometric functions, § = arc sin y or sin~1 3,
6 = arc cos x or cos™ z, § = arc tan y or tan~! y.

The hyperbolic functions, sinhz = (e* — ¢7%)/2, coshz =
(e + €7)/2, tanh z = (¢ — %) /(e* + e~%);and the inverse
hyperbolic functions,

sinhl 2z =y = log (z + V2t + 1),
cosh™l g = y = log (x &= V22 — 1),
tanh~'z =y = } log [(1 + z)/(1 — 2)].

Note. — The phenomena of change in Nature have been
held to be generally in accordance with one or the other
of three fundamental laws. These have been stated * to be
the parabolic law, expressed by the power function y = az,
where n is constant, positive or negative; the harmonic law,
expressed by the periodic function y = asin (mz); and the
law of organic growth, or the compound interest law, expressed
by the exponential function y = ae*>. It is to be noted that

as r increases in arithmetic progression, y of the exponential
function increases in geometrical progression; while, as z

* In Elementary Mathematical Analysis, by Charles S. Slichter.
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increases in geometrical progression, y of the power function
increases in geometrical progression also.

Examples in Nature of the working of these three laws
will be given later.

EMPIRICAL EQUATIONS.

Very often the form of a function is given only empirically;
vhat is, the values of the function for certain values of the
variable are known from experiment or observation, and the
intermediate values are not given; for example, the height
of the tide read from a gauge every hour.

In such cases the Calculus is not of much use unless some
known mathematical law can be found which represents the
function sufficiently accurately.

This problem of finding a mathematical function whose
graph shall pass through a series of empirically given points is
of great practical importance.

The known values of the function and of the variable are
plotted on cross-section paper, ‘logarithmic squared paper”
greatly facilitating the solution, and a smooth curve being
drawn ‘“to fit”’ the determined points, the equation of this
curve is required. The curve suggested by the plotted
points may have for its equation one of the following forms:

(straight line) y = a + bz, or y = mz;
(parabola) y=a-+bxr+cx? ory=a-+ cx?
(hyperbola) y=a+c/(x+0b),y =1z or

zy = bx + ay;
(sine curve) y = asin (bx + ¢), or y = asin (mx);
(power function) y = az" (n any number);

(exponential function) y = aeb=.

If the curve suggested by the plotted points is a straight
line, determine the values of ¢ and b, or of m, from the
observed data. The straight line is not likely to pass
through all the points plotted, even when the straight-line
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law is the correct expression of the relation to be determined;
for the experimental data are subject to error. If the line
fits the points within the limits of accuracy of the experiment,
it may be drawn through two of the plotted points, and a
and b, or m, may be evaluated from their coérdinates.

By appropriate treatment of the data many of the laws
can be transformed into a linear relation. Thus, when the
points plotted suggest a vertical parabola with its vertex on
the y-axis, the required equation will be of the form,

y = a + cxt. (¢))
If ¢ is put for 22 in (1) , and the values of ¢ and y plotted,

these values satisfy the relation y = a + ct, that is, a straight-
line law. The power function y = az™ may be expressed:

logy = loga + nlogz, (2)
that is, the logarithms of the given data satisfy a straight-line
law. The straight-line law to fit the logarithms can be
determined and compared with (2) to find @ and n, which
are substituted in y = az”.

The hyperbolic law and the exponential function also can
be transformed to the straight-line law, and the constants
evaluated. Whether the experimental data can be expressed
by a power function or by an exponential function can be
determined by a test. When the data show that, as the
argument changes by a constant factor, the function also
changes by a constant factor, then, the relation can be
expressed by a power function.

When, however, it is found that a change of the argument
by a constant ¢ncrement changes the function by a constant
factor, then the relation can be expressed by an equation of
the exponential type. (See Note, Art. 6.)

A full discussion of this problem of finding the expression
of the relation between a function and its argument from
limited experimental data involves the theory of least

squares, and is out of place in a first course in the Calculus.
3
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This necessarily inadequate treatment of the subject here is
warranted by the importance of the problem.

* Example. — The amount of water @, in cu. ft. that flows
through 100 feet of pipe of diameter d, in inches, with initial
pressure of 50 lbs. per sq. in. is given by the following:

d 1 1.5 2 3 4 6
Q 488 1343 2750 7513 15251 409.54

Find a relation between @ and d.
Let z = log d, y = log Q; then the values of z and y are:

z=logd 0000 0.176 0.301 0477 0.602 0.788
y=1log® 0.688 1.128 1439 1.876 2.183 2.612

These values plotted give points in the xy plane very nearly
on a straight line; therefore, taking y = a + bz, a and b can
be evaluated by measurement on the figure;

a = 0.688 = log 4.88, b = 2.473.
Hence, logQ = log4.88 + 2.473log d = log (4.88 d24);
whence Q = 4.88 42473, * (Ziwet and Hopkins.)

7. Increments. — The amount of change in the value of
a variable is called an increment. If the variable is increas-
ing, its increment is positive; if it is decreasing, its increment
is negative and is really a decrement.

An increment of a variable is denoted by putting the letter
A before it; thus Az, Ay and A(z?) denote the increments
of z, ¥, and x?, respectively. If y = f(z), Az and Ay denote
corresponding increments of z and y, and

Ay = Af (z) = f(z + Az) — f(2),
Ay _Af@) _f@+A2) —f(x)
Az Az Az !

2 denoting any value of z.
In the figure, let OP; . . . B be the locus of y = f(x)
referred to the rectangular axes OX and OY. If when z =
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OM, Az = M\M,, then Ay = M,P; — M\P, = DP,; if
when z ==0M3, Az = M3M4, then Ay=M4P4"'M3P3 = —-EP;,.

Y
E/“\P
2 D z )23
()
X
0o M, X A A

In the last case Ay is negative and is what algebraically
added to M;P; gives M,P,. When
z=0M, =z, f(x) = M\P,=f(z);
when
z=0M; =z + Az, f(x)= M)P,=f(x:+ Az);
hence when
z=ux, Af(x)=MP;— M\P,=f(z:+ Az) — f ().

EXERCISE L

1. One side of a rectangle is 10 feet. Express the variable area 4
a8 a function of the other side z.

2. Express the circumference of a circle as a function of its radius
r; of its diameter d.

3. Express the area of a circle as a function of its radius r; of its
diameter d.

4, Express the diagonal d of a square as a function of a side z.

6. The base of a triangle is 10 feet. Express the variable area A
as a function of the altitude y.

6 If y=f(), y+ Ay =f(z+ Az);

S Ay = Af(z) = f(z + Az)— f (2),

ay _Af@@) _f@@+an) —f(@),
Az Ax Ax

and hence,

If y = mz + b, find value of Ay and of %—z
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Ay

7. If y = 22, find value of Ay and of ==

8. If y = 23, find value of Ay and of vy

Ax
Ay

9. If y = z™ find value of Ay and of %%, assuming the binomial

theorem.

‘10. If y = f (x) = ma + b, write values of

11.
12.
13.
14,
15.

16.

17.
18.
19,

20.

8.

5O, F, F(-1), f(%’)

If f() = 28 — 6a% + 11z — 1, find f(1) = f(2) = f(3).

If ¢(z) = 23 — 922 4 262 — 14, find ¢(2) = ¢(3) = ¢(4) = 16(5).
If f(x) = 25 — 42® + =, find f(— ) = — f(x).

If f(x) = 2t — 622 + 1, find f(— z) = f(z).

If f(6) = sin 8 + cos 0, find f(=/3)f(27/3) = 3.

f(6) — f(s)

If f(6) = tan 6, find value of {275 -

If f(z) = log. @, find f(x) — f(y) = f(z/y) and f(z) + f(y) = f(zy).
If f(x) = e, find f(x)-f(y) = f(z +y).

If f(x) = 4(e* + ¢7), find f(0) and f(1).

Ify = f(z) = i tzandz =fy) = flf@)], find 2z = — 1/z.
Uniform and Non-uniform Change. — When the ratio

of the corresponding increments of two variables is constant,
either variable is said to change uniformly with respect to
the other.

When y = mz + b, A—Z = m (constant). (6, Exercise 1.)

It follows that any linear function of z changes uni-
formly with respect to x; that is, y changes uniformly with
respect to x when the point (z, y) moves along any straight

line.

When the ratio of the corresponding inerements of two
variables is variable, either variable is said to change non-
uniformly with respect to the other,
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When y = 2?2, _A__g = 2z + Az (variable). (7, Exercise 1.)

Thus the area of a square changes non-uniformly with
respect to a side. Any non-linear function of z changes
non-uniformly with respect to z, for evidently y changes non-
uniformly with respect to x when the point (z, ¥) moves
along any curved line.

Since time changes uniformly, any variable will change
uniformly when it receives equal increments in equal times;
and it will change non-uniformly when it receives unequal
increments in equal times.

Thus in s = vt, where s is the space passed over in time ¢
by an object moving with constant velocity v, s changes
uniformly.

In s = } ¢gt?, where the object moves with constant accel-
eration g, s changes non-uniformly.

9. Differentials. — The differentials of wvariables that
change uniformly with respect to each other are their corre-
sponding increments; that is, their actual changes.

The differentials of variables that change non-uniformly
with respect to each other are what would be their corre-
sponding increments if, at the corresponding values con-
sidered, the change of each became and continued uniform.

As with increments, ‘the differentials will be positive or
negative according as the variables are increasing or de-
creasing,

The differential of a variable is denoted by putting the
letter d before it; thus, dz, read “differential z,” is the
symbol for the differential of . The differential of a vari-
able or function consisting of more than a single letter is
indicated by the letter d before a parenthesis enclosing the
variable or function; thus, d(z?), d(mz +b), d(f()),
denote the differentials of z2, ma + b, and f (x), respectively.

10. Illustrations of Differentials. — (a) Suppose a rec-
tangle, with constant altitude, is changing by the base in-
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creasing. If when the base is

AB its increase is BM, then 2 A v
d (base) = BM, and d (rectangle)
= BMNC.

Here the variables change uni-
formly with respect to each other,
hence their differentials are their 4 Z u
corresponding increments.

(b) Conceive a right triangle, with variable base and
altitude, is changing by the altitude moving uniformly to
the right. If when the base is AB its increment is BM, then
the increment of the triangle will be BMDC. But if the
increase of the triangle became uniform at the value ABC,
the increment of the triangle in the same time would evi-
dently be BMNC; hence, BMNC and BM may be taken as
the differentials of the triangle and
of the base, where the base is AB.

In this case the triangle changes
c ¥ non-uniformly with respect to its
base, so its differential is what would
be its increment if, at the value con-
sidered, the change became uniform.
Since the base changes uniformly, its
differential is its actual increment.
Here increment of triangle ABC =
d (triangle ABC) + triangle CND,
while A (base) = d (base). If the
change of a variable be uniform, any actual increment may
be taken as its differential. If time be considered, the in-
terval of time, though arbitrary, must be the same for a
function as for its variable.

(¢c) Let the curve OPn be the locus of y = f(x), referred
to the axes OX and OY. Conceive the area between 0X

D

A B M
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and the curve as traced by
the ordinate of the curve Y] n
moving uniformly to the
right. Let z denote this
area, and let MM, be Az
reckoned from the value y
OM = z; then MM,P,P 2z dz
= Az. Butif the increase
of # became uniform at
the value DMP, its incre- o z M iﬁ X
ment in the same interval
would be MM,DP; hence MM, and MM;DP may be
taken as the differentials of x and 2z respectively, when
z=0M.

Hence dz = MM,DP = MPdx = ydz,

which shows that area z is changing y timesas much as 2
Here Az = dz + area PDP,.

It is seen here that while the actual change in the area
does not admit of an exact geometrical expression, the
differential of the area, being a rectangle, is exactly and
simply expressed. It will be shown further on how by
Integration an exact expression for the area itself is obtained
from this expression for the differential.

Note. — Historically the Calculus originated through the
efforts to obtain the exact area of figures bounded by curves,
mathematics up to that time having furnished no method
applicable to all curves whose equations were known,

It is true too that historically the method of Integration
was discovered before the method of Differentiation was
developed. The Differential Calculus arose through the
problem of determining the direction of the tangent at any
point of a curve. (See Note, Art. 75.)

(d) Let OPn be the locus of y = f(z) and s the length
from O along the curve. Suppose the point (z, ) to move

5
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along the curve to P and thence

along the tangent at that point. |

Then at the value z = OM, the :

change of z and y would become A |

uniform with respect to each . i

other, as the point (x, y) would ‘ /= ;y _iD

be moving along a straight line. dr|

The change of s would become

uniform also with respect to both s/ y

zand y. Aszistheindependent

variable it may be taken to vary Y laxr|
0 x M M

uniformly, making PD or dx =
Az or MM, the actual change in x as the point moves along
the curve from P to P,. Then dy is DT, the corresponding
uniform change of y, and ds is PT, the corresponding uniform
change of s. It is evident that while dr = Az, dy is not
equal to Ay and ds is not equal to As. When, and only when,
the locus is a straight line will dy = Ay and ds = As, after dx
has been taken equal to Ax.

It should be noted that it is not essential that dx should be
made equal to Az, for dr may be taken as any value other
than zero, and then dy will be the perpendicular distance
from the end of dx to the tangent and ds will be the distance
from the point (z, y) along the tangent to end of dy. From
figure, (ds)? = (dz)? 4 (dy)2.

11. Rate, Slope, and Velocity. — The differential triangle

PDT in figure for (d) Art. 10, givesg—l—g = tan ¢ = slope of the

curve y= f(x) at point (z, y), and g—g is the ratio of the

change of y to the change of z at the point (z, y), or for any
corresponding values of # and y; and Z—:% is called the rate
of y with respect to x.

Ay

Az is the average slope or the average rate of change of y
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with respect to x, while the point (z, ¥) moves over As on
the curve or while z and y take successive values over any
range.

If s = f(t), where s denotes distance from some origin,

and ¢, the time elapsed, then ds is the rate of change of s

dt
with respect to f, what is called velocity, speed, or rate of
ds
motion: v = hTH
In the cage of uniform motion in a straight or curved path,
s As ds :
v=r=A T o constant. In the case of non-uniform
or variable motion, v = ds _ a variable.

dt
In figure for (d) Art. 10, it is seen that (ds)? = (dz)? + (dy)?;

e ds\? dx\? dy\?

2 — ={—-— —_— M

dividing by (dt)?, (dt) (dt) + (dt) ;
o velocity of a point in its path is resultant velocity,

~ L V(& + () - e

z-component is v, = %ag = velocity parallel to z-axis,

¢

y-component is v, = %lt/ = velocity parallel to y-axis;

dy _dy d:t: . dy dr
tan ¢ = de = di N Tl tan ¢, or v, = v, tan ¢;
. _dy _dy /ds . dy _ds
sin ¢ =ds dt/ it aca@ sin ¢, or v, = v sin ¢;
_de_du /s, . do_
cosqb——ds—dt/dt, U cos¢,orvz-—vcos¢

It appears that d , the rate of y with respect to z, is the ratio

of the time rate of y to the time rate of z.
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These expressions for velocity and their relations include
the case in which the motion is uniform or variable along a
straight line.

12. Rate, Speed, and Acceleration. — Acceleration is
rate of change of speed or velocity. Hence, if the speed is

changing, dv , the time rate of change of. speed, is called the
dt

acceleration along the path, or the tangentlal acceleration,
and will be denoted by a.. The total acceleration a is equal
to a;, when the path is a straight line; otherwise, they are
not equal. It is desirable to distinguish between speed and
velocity. A body is in motion relative to some other body
when its position is changing with respect to that other.
Change of position involves change of distance or of direction
or of both distance and direction. If a point moves con-
tinuously in the same direction, the path is a straight line;
if the direction is continuously changing, the path is a curved
line. The direction of motion at any point of a curvilinear
path is the direction of the tangent at that point, and from
one point to another the direction of motion changes through
the angle between the two tan-
gents. Thus from P, to P; the
direction changes through angle
¢. When the position of a point
changes the displacement takes
place along some continuous
path, straight or curved, and a
certain time elapses. The rate at which the change of posi-
tion takes place is the velocity of the point.

If the point moves so that equal distances are passed over
in equal intervals of time, the motion is uniform and the
point has constant speed, whether the path is straight or
curved. If the direction also is constant, that is, if the
path is a straight line, the point has constant velocity. Thus
there is uniform motion with constant speed either in a

Y. P

=y



ILLUSTRATIONS 21

straight line or in a curved line, but there is uniform or
constant velocity in a straight line only.

The extremity of either hand of a clock moves in a circular
path over equal distances in equal intervals of time, but its
direction is continuously changing. The motion is uniform
and the speed constant, but the velocity is not constant since
the direction is variable. Hence, a body may move in a
circle with constant speed and yet its velocity is variable.
In this case the acceleration a, along the tangent is zero,
while the total acceleration a, the rate of change of the
velocity, is normal directed towards the center, and has a
constant value depending upon the speed and radius. (This
value will be derived later.)

The term speed thus denotes the magnitude of a velocity.
However, the term velocity itself is ordinarily used in the
sense of speed as well as in the strict sense of speed and
direction. In the great majority of cases the direction is
assumed to be known, and the magnitude of the velocity is
what is in question.

Note. — A velocity having both magnitude and direction
is what is called a vector quantity and can be represented by
a straight line having the direction of the velocity and a
length denoting its magnitude. Hence the sides of the tri-
angle PTD in figure for (d) Art. 10, may be taken to repre-
sent the resultant velocity v and its components v, and v,.

13. Rate and Flexion. — Flexion has been adopted by
some writers as a term for the rate of change of slope. Hence,
when the slope changes, and it always does except for a

straight line, %7—:, the rate of change of the slope with respect

to x will be called the flexion of the curve and will be denoted
by b, from the word bend. When the velocity and the slope
are uniform, there is no acceleration and no flexion; that is,

dv dm
&—_0 and —— = 0.
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14, Illustrations. — Consider the established equations
of motion:
8.
s=vl or v= i
v = gt = 32¢ (a, = g = 32ft. persec. persec. approximately);
s=41gt2 =164

When the motion is uniform the velocity or speed is the
whole distance divided by the whole time; or any increment
of the distance divided by the corresponding increment of
the time is the velocity at any point, and it is the same as
at any other point, since it is constant.

ds
V= - = — = — = g constant.

In the case of variable motion the whole distance divided
by the whole time gives the average velocity over the whole
distance; or any increment of the distance divided by the
corresponding increment of the time gives the average
velocity over that increment of the distance. The velocity
at any point is now given by the distance that would be gone
over in any time divided by that time, if at the point the
motion became and continued uniform or the velocity
became constant.

Thus »= g—: = 321t gives v = 32 ft. per sec. at the end
of the first second; and means that the distance in the next
second would be 32 ft., if at the end of the first second the
velocity became constant.

As a matter of fact, s = 16 2 gives 16 feet for the distance
in the first second, and 48 feet for the distance actually
passed over in the next second. This variation of distance
is of course due to the velocity being constantly accelerated.
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So when it is said that a train at any point is moving at
sixty miles per hour, it is not asserted that it will actually go
sixty miles in the next hour; but what is implied is, that the
train would go sixty miles in any hour if from that point it
continued to move with unchanged velocity.

Therefore, in ordinary language, variable velocity is ex-
pressed by the differential of the distance divided by the

differential of the time; that is, by %

In the case above,

ds _ 60 miles 1 mile _ 88 feet.
dt ~ 1hour 1min. 1sec.

thus dt may be taken as any value other than zero, if the
corresponding value of ds is taken.

EXERCISE II

1. u = 2 z. Show graphically the change in » when z is given an
increment, by taking z as the base of a variable rectangle of altitude 2,
and u as the area. Is the change uniform for » ?

2. u =z (a) Show graphically the change in « when z is given an
increment, by taking z as the side of a variable square, and  as the
area. Show graphically the change in w if the change became uniform.
(b) Show same when z is taken as the base of a variable right triangle of
altitude 2 z, and u as the area. Show the change in u if the change
became uniform.

8. V = z3. Show graphically the change in ¥V when z is given an
increment, if the change in V became uniform; z being the side of a
variable cube, and V the volume of the cube.

4. If a body is moving with uniform velocity and passes over 1000
feet in 10 seconds, what is its velocity at any point? If distance is
taken as axis of ordinates and time as axis of abscissas, what would the
slope of the graph be?

6. s = 162 Compute the valuesof swhent = 1, 2, 1.1, 1.01, 1.001.

Get the average velocity between ¢ = 1 and ¢ = 2, between ¢ = 1
and t = 1.1, between ¢t = 1 and ¢ = 1.01, between ¢t = 1 and ¢ = 1,001,

From v = 32 ¢, get the velocity at ¢ = 1 and compare average
velocities with it. What would be the distance passed over in the
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second second, if at the end of the first the velocity became uniform?
What is the actual distance passed over in the second second? Which
is the increment? Which is the differential ?

6. If a ship is sailing northeast at 10 knots, what is its northerly
rate of motion? What is its easterly rate?

If it is sailing S. 30° W. at 10 knots, what is its southerly rate? What
is its westerly rate?

7. If the grade of a road is such that the rise is 52.8 feet in a%{y
mile, what is the slope?

8. If the grade of a road is continuously changing, the average slope
is given by what? The slope at any point would be the slope of what ?



CHAPTER 1II.
bIFFERENTIATION. DERIVATIVES. LIMITS.

15. Derivative. — The ratio of the differential of a
function of a single variable to that of the variable is called

the derivative of the function. Thus g‘l—; denotes the deriva-

tive of y as a function of . Since the derivative may vary
with z, as the slope of a curve varies from point to point, it
is, in general, itself a function of x; hence, the derivative of
f(z) is appropriately denoted by f’ (z), and is often called
the derived function. So

YO = p@),
If y=f(),
X~ @)
© dy=f'(x)dz.
Since dy = f’ (x) dz, the derivative is also called the differ-
ential coefficient. The derivative g—% is sometimes denoted

by Dzy.

In the case of a curve the derivative is the slope, in the case
of motion it is the velocity, speed, or rate of motion; in every
case it is the rate of change of the function with respect to the
argument or variable.

Ezamples. —
If y = f(x) = mx + b, the derivative Z—Z =" (z) = m.
25
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If s =f(¢) = vt, the derivative g—f = f'(t) = ».

If v = f(t) = gt, the derivative (%= @ =g.

Here m, v, and g are constants.

16. Differentiation. — The operation of finding the
differential of the function in terms of the differential of the
argument, or the equivalent operation of finding the deriva-
tive, is called differentiation. The sign of differentiation is
the letter d; thus d in the expression d (z%) indicates the

operation of finding the differential of 2% and in% (x?), that of

finding the derivative. D,y, %’ and f’(z) each denote the

derivative of y as a function of z.

The general method of getting the derivative of y = f (x)
is by finding the limit of the ratio of the increments of y and
z as they are diminished towards zero as a limit; for the
limit which the ratio approaches, when defined to be the
derivative, can be shown to be g—xq

17. Limits, — The student has been made acquainted
in Geometry with the notion and use of limits; for exam-
ple, the area or the circumference of the circle, as the
limit of the area or the perimeter of the inscribed and cir-
cumscribed polygons, when the number of sides increases
without limit, or when the length of the side approaches zero
as a limit. A precise statement of a limit as used in the
Calculus is as follows:

W hen the difference between a variable and a constant becomes
and remains less, in absolute value, than any assigned positive
quantity, however small, then the constant is the limit of the
variable.

If z is the variable and @ is the limit, the notation is
limz=a, orz=a,orlim (¢ —2) =0, or (a —2) =0;
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in which = is the symbol for approaches as a limit. When
the limit of a variable is zero, the variable is an infinitesimal.
The difference between any variable and its limit is always
an infinitesimal.

18. Theorems of Limits. — The elementary theorems of
limits are:

1. If two variables are equal, their limits are equal.

2. The limit of the sum or product of a constant and a
variable is the sum or product of the constant and the limit
of the variable.

3. The l'mit of the variable sum or product of two or
more variables is the sum or product of their limits.

4. The limit of the variable fquotient of two variables is
the quotient of their limits, except when the limit of the divisor
is zero. (See Note, Art. 20, for proof.)

Note. — The Differential Calculus solves such limits as
the exceptional case just stated.

19. Derivative as a Limit. — The limit of a variable, as
2, is often written It (2).

Lim [ﬁ—i], or It %'%, denotes Ut (é}.!

Az&=0 Aa:

) when Az = 0.

In defining Z—g as a rate (Art. 11), it is stated that %—g is the

average slope, or average rate of change of y with respect to
z, over the range Az. As has been given (Art. 7),

Ay _Af@) _f@@+Ax) —f(x)

Az Az Az
where y = f (z) and z is any value of z. It remains to be
shown that

o [Ay] . f(x+Ax) —f(x) dy _
i [ 2] = i LB =0 - - .

(a) By rates without the aid of a locus. Let time rates be

used and let £, x, and y denote any corresponding values of
4
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t, z, and y, from which At, Az, and Ay are reckoned. Since

[%%/ is the average rate of y over interval Ay, % is the time

rate of y at a value of y between y and y + Ay;

I t Ay time rate of y at the value of y 0
from which Ay is reckoned. §
Al It éﬁc time rate of z at the value of z @
S0 At from which Az is reckoned.

Dividing (1) by (2), there results,
lim [Ay] _ the time-rate of y _ dy /dx _dy
Ax the time-rateof x  dt/ dt dx
(Compare Art. 11.)

Thus in showing the derivative as a limit, it appears that the
derivative of a function expresses the ratio of the rate of
change of the function to that of its variable. It is evident
that a function is an increasing or a decreasing function
according as its derivative is positive or negative.

In the above derivation in place of time-rates, the rate of
any other variable of which « and y are functions could be
used.

Remarks. Function of a Function. — It should be
noted that x and y being taken as functions of a third
variable ¢, to every value of this auxiliary variable there
corresponds a pair of values of z and y, so y is indirectly
determined as a function of x. The derivative of y as a
function of x mediately through ¢ is, as shown;

Az=0

dy _dy d:c.
dr ~ dt
. . dy _ dy dx
Solving gives U= ds d

and this gives the formula for the derivative of the func-
tion of a function. For if y is directly given as a
function of z, and z as a function of ¢, then y is said to
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be a function of a function of t, as it is given as a
function of ¢ mediately through z. If y is a given function
of 2, and z a given function of z, then y is a function of a
function of z, and the formula for the derivative of y is

dy _dy dz
dz =~ dz " dz’

Functions of functions often occur and there may be
several intermediate variables such as 2z in above case. A
function, as f (x), is defined to be continuous for the value a
of x, or, moge simply, continuo 1s at a, if f (@) is a definite
finite number, and if lim f(z) = f(a); that is, if lim f(z) =

f(lim z). By this definition the elementary functions of a
single variable are continuous for all values of the variable
except those for which a function becomes infinite.

A conerete case in everyday experience of a function of a
function is the change in length of a metal bar as the tem-
perature changes with time. Here the length is a function
of the temperature, and the temperature is a function of the
time; henece the length is a function of a function of the time.
The length, being directly a function of the temperature, is
indirectly a function of the time through the temperature,
which is directly a function of the time.

The rate of change of length per second is equal to the
product of the rate of change of length per degree and the
rate of change of temperature per second. If I, T, and ¢
denote the length, temperature, and time, respectively, then,
in accordance with the formula,

d_dl dT
. dt dT dt
If the length and temperature are taken as changing each
directly with the time, then the rate of change of the length

per degree is equal to the rate of change of length per second
divided by the rate of change of temperature per.second.
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The formula would be

dl _dl /dT

dT ~ di/ “dt’
which may be obtained from the other formula by solving;
or the first may be obtained from this. As all variables
change with time, that is, are functions of time, time rates
are most common.

() To show geometrically ¥
. Ayl _dy _
}:13) [ Ax] == slope of curve.

Let OPn be the locus of y = f (x), PP\S a secant, and PT
a tangent at P. If arc OP = s, arc PP, = As. Let

OM =1x, MM, = Az, then MP =y, DP,=Ay.

Hence
Ay _DP, _
A= PD - slope of sccant PP,S.

Conceive the secant PP,S to be re-
volved about P so that arc PP,
(= As) = 0; then Az = 0, Ay = 0, and
the slope of the secant = the slope
of the tangent at P.

. A d
Hence }ig{] [A—Z] = d—z = slope of the curve y = f(x) at
point (z, y).
The limit is thus shown to be the derivative, whether(—ig

dx
i.s regarded as only a symbol for the limit of the ratio of the
increments of y and z, or as that limit and also a definite
ratio itself of the differentials of y and .

Corollary. — If when Az = 0, %g varies, the locus of

Y = f (z) is a curved line; otherwise, if % is constant, the
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locus is a straight line coincident with the tangent, and
Ay _ dy
Az dx’
of y and x, being constant, does not approach a limit as Ax
approaches zero, and the derivative is the constant ratio
Ay _dy

Az dr

In general, A_:;/: will agproach a finite limit except where the

So for a straight line, the ratio of the increments

locus 18 perpendicular or parallel to the z-axis, when the
slope is infinite or zero. On special curves where there are
two tangents at a point, the limit is not definite. (See Note,
Art. 80.)

Note. — This definition of the derivative as the limit of
the ratio of the increments of y and z as they converge
towards zero is the fundamental conception of the Differential
Calculus by the method of limits.

In this method since Ay and Az are variables each approach-
ing zero as a limit, they are infinitesimals, for any variable
with zero as a limit is defined to be an infinitesimal. If dz
is taken as always equal to Az, then, except when the locus
is a straight line, dy will always differ from Ay; and dzx, dy,
Ay and (Ay — dy) are infinitesimals when Az approaches
zero, for they each approach zero as Az approaches zero.
However, dz may be taken as any increment of z and, when
z is the independent variable, may be made a finite constant,
for x may be considered as changing uniformly by finite
increments; but then, except for a straight line, dy is variable
though finite. When Az is infinitesimal any particular value
of Ar may be taken as constant, for any particular val ue of
an infinitesimal is a fixed finite quantity, small or large as the
case may be. Whether dy and dz are infinitesimals or finite
quantities, their ratio for any particular value of the variable
is, in general, constant; and it is their ratio that is important.

Both ways of regarding differentials are useful. Finite
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differentials are desirable for their simplicity, especially to
make the differential of the independent variable constant.
But when Integration is regarded as finding the limit of a
sum, as will be shown later, differentials are necessarily
infinitesimal.

One advantage in making dz infinitesimal and taking it
very small is that Ay is then very nearly equal to dy, and so
instead of computing Ay in some investigation the simpler
and easily found dy may be taken for it. In practical work
dz and dy are usually taken very small quantities, but it is
their ratio that is of importance. In this connection it should
be borne in mind that, however small a quantity may be,
it is not an infinitesimal as defined in the Calculus, unless
it is a variable approaching zero as a limit.

20. Illustrative Examples.— In these examples, as
elsewhere, the letter symbol for the argument in general is
used as the symbol also for some particular value of the
argument; this double use of the symbol making for con-
ciseness and generality.

Example 1. — Let the function to be differentiated be

y =% 1
y+Ay = (z+Az)? = 22+ 2z Az + Az, 2)
Ay = 2zAz + K;, 3)

Ay _
Ap = 2z + Az, 4)

-y Ay -

m dx_},ﬂ[Ax] —Alitfl 2z + Azx) = 2x; (5)
dy = 2z dx. (6)

The actual change of y corresponding to any change of z is
given by (3). The average rate of change of y from any
value of z to 2 + Az, or the average slope of the curve over
that range, is given by (4). The rate of change of y with
respect t0  at any value of z, or the slope of the curve at
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any point (z, y), is given by (5). What would be the change
of y for any change of z, if at any value of z the change of y
became uniform, is given by (6); and it shows that, at any
point (x, ¥), y is changing 2 times as much as z is changing.
Example 2. — Let the function to be differentiated be

s =168 \ (1)
s+As=16(+ A0 =16(2+2tAt+ A1), ()
As = 32t AL + 16 AL, 3)
As
.Kf =32t + 16 A¢, 4
ds . As
I)-—-ai -—213)[17]—-32t, (5)
ds = 32tdt. (6)
Let the function to be differentiated be
v = 321. (5)
v+ Av =32 (t + At), )
Av = 32 At @)
Av
AL = 32 9)
dv Av
(l-—a:—-az=m=32. (10)

The distance s passed over by a body falling from rest in any
time ¢ is given by (1). The actual distance passed over in
time At, after any time ¢, is given by (3). The average time-
rate of the distance, or the average velocity from s to s + As,
is given by (4). The time-rate of the distance, or the
velocity at end of any time ¢, is given by (5). What would
be the distance passed over in time dt (= At), if at end of
time ¢ the body moved on with unchanged velocity, is given
by (6). The actual change of the velocity in time At is given
by (8). That the velocity is changing uniformly is shown
by (9), since the ratio of the two increments is constant.
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The rate of change of the velocity or speed, the acceleration
a or a, is given and shown to be constant by (10).

It is to be noted that ﬁ 7

does not approach a limit; hence, the derivative %}

to % and is therefore constant acceleration. (See Corollary,
(b), Art. 19. )

Note. — If s = 16 £ be represented graphically by a curve,

being a constant ratio by (9),

is equal

25 32t = #, the veloc-

d
dt
ity; and the flexion of the curve is b = (Zl glt’ =32 =

then the slope of the curve is m =

the acceleration.
Example 3. — Let the function to be differentiated be:

y = mz +b. 1)
y+Ay=m(@+Az) +b=mzr+m-Az+b, (2)
Ay =m. Az, 3)

A
o =m, (4)
dy _ Ay _ N
(E Az =m, (5)
dy = mdz. (6)

Here again the ratio of the increments, being shown by (4)
to be a constant m, does not approach a limit; hence, as
shown by (5) the derivative % = %—z = m, the constant
slope of the line y = mz + b.

That the ordinate is changing m times as much as the
abscissa is shown by (6).

It is evident that for a linear function not only is the ratio
of the increments the derivative, but the increments are the

differentials as defined.



ILLUSTRATIVE EXAMPLES 35
Ezample 4. — Let the function to be differentiated be
1
y=2 or zy = 1. 0))

(x+Az) (y+Ay) =zy+zAy+ydz+AzAy =1, (2)
zAy +yAr+AzAy=0, or (x+Ax)Ay = —yAr, (3)

A
A_g ==z + 71 A ,averageslope over Az, (4)
dy _ . [Ay] _ ( Y y
dr ~ }i’i’o [Ax - 1?2) x+ A:c) == tang,
Y + slope at any point (z, y); (5)
dy = — ¥ dg, )
showing that the dez-r:a:z of y is ytnmes the
zY) increase .
decrease of z, at any point (z, y).

0 . .
z Example 5. — In compressing air, if the

temperature of the air is kept con-
stant, the pressure and the volume »
are connected by the relation pV =
constant. To find the rate of change

of the pressure with respect to the

(Yp)
P
Let pV = K, (1) OVHM Vv

(p+Ap)(V+AV)=pV+pAV +VAp+ApAV =K, (2)
pAV+VAp+ApAV =0, or (V4 AV)Ap=—pAV; '(3)

volume, that is, the derivative c%/

Ap _ p
AV = VHAV’ @
average rate of change from V to V + AV,

ap Ap ] i (_ _P__ ) -2,
av = e, [AV =im(~v3av)= v ©
rate of change for any corresponding values of p and V;
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__DP . decrease .

dp = VdV’ showing that the increase of pressure is

P .. increase . lues
7 times the decrease of volume at any f:orrespondmg values

of pressure and volume.
Example 6. — Let M be the mass of a body, V its volume,
and p its density; then,

AM _ M _
AV -V P
the density at any point, when the body is of uniform
density; o
AM dM

Im AV = av =P
the density at any point, when the density varies from point
to point. Here when the body is not homogeneous, the

density being variable, %—Ag is the average density of the

portion of mass, AM; while the derivative, %, expresses

the density at a point of the body whether the density is
variable or uniform.
Note. — In r.egard to lim [M] Y the derivative of y
’ azzo| Az dx’
as a function of z, it is important to note that, since the
limit of the divisor is zero, it is wrong to write
. [Ay]l _limAy 0
}ifi‘o I:Ki] “lmAz 0
This case is specially excepted in Theorem 4, Art. 18. To
prove the Theorem 4, Art. 18:

Since Y= 'g .,

limy = lim g .lim &, by Theorem 3,

.

. Yy limy .. .
. hmx Tma’ of lim x s not zero.
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When lim z is zero, division by it is inadmissible by the laws
of Algebra. If lim z were zero and lim y not zero, then ;—I
is infinite and has no limit-; hence the exception in Theorem

4. The notation lim ¥ = if so written, means that, as x
r=(
approaches zero as a limit, g increases without limit; that is,

the limit is non-existent.
Infinity or an infinite quantity is not a limit, and the
symbol oo means a variable increasing without limst.
1 1 .
In Example 4, where y = = §—£= ot Here where lim z

18 zero and lim y is not zero, Z is infinite, having no limit.
In Example 5, the limit — ‘—p, is finite for finite values of p

% V= {/{é,p-:ooasV—*-(); hence

as lim V is zero and lim p is not zero, ‘VB is infinite;

Ap _ _ p .
AV = VAV is infinite as V = 0,

and V. From p = K and £ =

and lim [ ] is non-existent when V is infinitesimal.
av=ol AV

In Example 3, where y = mz + b, Ay = m Az, and %—g =m.

If Az =0, Ay = 0, but their ratio is constant and ap-
proaches no limit. Since Ay = mAz, the law of change of
the variables is known and the ratio of two infinitesimals is
a finite constant.

In Example 1, where y = 2,

Ay = 2z Az + A, %— =2z + Az, .. ll;ilo[ix] 2z.

Here the limit of the ratio of two infinitesimals is a finite
constant for any particular finite value of z; but, as z may
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have any value, the limit of the ratio may be zero, finite, or
non-existent.

Thus it is seen that, no matter how small two quantities
may be, their ratio may be either small or large; and that, if
the two quantities are variables both with zero as their limit,
the limit of their ratio may be either finite, zero, or non-
existent, but is not 0/0. (See Art. 160.)

To ﬁnd}in}) [%], as in the illustrative examples, the limit

z=

of an equal variable is found; which limit is, in general,
determinate and not identical with the indeterminate expres-
sion 0/0. In certain cases the limit of the ratio of two
infinitesimals is found by finding the limit of some other
variable which, though not equal to the ratio, has the same
limit. Examples of such cases will be given further on.
(See Art. 70, Art. 77.)

21. Replacement Theorem. — The limit of the ratio of
two variables ¢s the same when either variable is replaced by any
other variable the limat of whose ratio to the one replaced is unity.

Let 6, 6., ¢, and ¢y, be any four variables, so that

b _ ¢ _ 0 _
it 0 1, lt S 1, and lt¢ c. (1)
9_0 6 &_06 6 4.
¢ ¢ 6 & ¢ 6 o
0 0, 0 b 0,
. —=U -ttt 2=l
lt¢ It by Itﬁ’1 l s l & by (1)

in which 6 is replaced by 6;, and ¢ by ¢:, but the limit of the
two variables is the same.

22. Limit of Infinitesimal Arc and Chord. — The limit of
the ratio of an infinitesimal arc of any plane curve to its chord
18 unity.

Since s (Art. 19 (b), figure) is a function of z,

As _ds.

o it ZE = dz (1)



EXERCISE 11, 39

chord PP, _ e _ds.
But U T' = [t sec DPP1 = sec DPT = dr (2)
- . As
Dividing (1) by (2), ‘lllxrllo [_chor 3PP, ] =1 3

It follows from Art. 21 that in a limit an infinitesimal arc
may be replaced by its chord.

EXERCISE II,.
Differentiate by the general method.

Zyouit vy -ty
-
ig;;ﬂﬁ-% M’s=i—i't'2'
5“‘*‘%,‘ 1s.y=§__‘£%.
6 y="5- 16, y =522,
A 1.y =241,
135222-_'::3 18.y=;2—"1—1-.
ll.y=xil. 19‘7/:%_:%_‘1'
12.y=1—2_—-t- 20'1:1%'

21. Suppose that the air contained n a cylinder has an initial volume
of 100 cu. in. and an initial pressure of 30 lbs. per square inch. Assum-
ing that the air expands according to the law expressed by pV = con-

stant, compute the value of i—f—, for AV =2, 1, 0.1, 0.01. Show that

as AV = 0, the ratio of the increments has — 0.3 for a limit.
22. Let y =sm@. Take 6 = 30°, and let A9 have the values,
1°, 30", 5'.  Make a table of the values of sin (6 4+ Af), Ay, an —i—g .
Ay

See if the value of the ratio 3p Seems to approach a limit, as Ag is de-

creased towards zero.
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ALGEBRAIC FUNCTIONS.

23. Formulas and Rules for Differentiation. — By the
general method any function can be differentiated, but it is
usually more directly done by formulas or rules established
by the general method or by other methods.

In the following formulas u, v, ¥, and z denote variable
quantities, functions of z; and a, ¢, and n, constant quan-

[13 »”

tities. If in the formulas a5 or “D,” be substituted for

“d,” and in the rules “derivative”’ be substituted for differ-
ential, they are still valid.

(I] If y = x, dy = dx.

The differentials of equals are equal.
(11] d(a)=0.

The differential of a constant is zero.

(] dw+y+-++—z3+c)=dv+dy+.- . —ds.

The differential of a polynomial is the sum of the differentials
of its terms.

[IV] d(ax) = adx.

The differential of the product of a constant and a variable s
the product of the constant and the differential of the variable.
[Vd] d(uy) = ydu + udy.

The differential of the product of two variables is the sum of
the products of each variable by the differential of the other.
V)] d(uyz . . . )=(yz ... )du + (us ... )dy

+(uy ...)ds+ -«

The differential of the product of any number of variables
18 the sum of the products of the differential of each by all the
rest.

(V1]

02

D

d(N) D.dN — N.dD
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The differential of a fraction ts the denominator by the
differential of the numerator minus the numerator by the
differential of the denominator, divided by the square of the
denomanator.

[VIT] d(x") = nx"'dx.

The differential of a variable with a constant exponent is the
product of the exponent and the variable with the exponent less
one by the differential of the variable.

24. Derivation of [I]. — If y is continuously equal to z,

it is evident tlmt y and 2 must change at equal rates;
that is,

dy dx

dz = dz’ dy = da.
Since i = 1, the rate of z 1s the unit Y 4

dz ) 2"y
rate, so in gencral the rate of a variable 7%
with respect to itself is unity, or the y
derivative of f (z), when f (x) is z, is X f + a’rﬂx
1

one.
Geometrically the locus of y = z is the straight line

through origin making angle ¢ = —Z with z-axis.

_Yy_Ay_
tan ¢ = x Ar
Ay . Ay dq _ . _
and sirce Ar is constant, Az = da 1, .~ dy=dz.

For examples of [I], if y> = 2pz, d(y?) = d(2 pz); or if
24+ypr=a,d@@+y?) =d@) =0

26. Derivation of [II]. — By decfinition the value of a
constant is fixed, therefore the rate of a constant is zero;
that is,
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If y = a, a change in 2 makes no change in y, hence
Ay . Ay

Ay =0, . Az = 0, and since As is constant,

Ay _dy _ . o

Az dr= =0, o~ dy=da=0
Geometrically the slope of ¥y = a (a line parallel to z-axis)
is at every point zero.

26. Derivation of [III]. — It is manifest that the rate of

the sum of v +y + - - - —2z 4 ¢ is equal to the sum of
the rates of its parts, v, y, . . . —z and ¢; that is,
dv+y+---—z2+0 _ dz
dx + + Tdx " dx

Multiplying by dzx, since de = 0, the result is [III]. The
rule shows that differentials are summed like any other
algebraic quantities. For example,

d (b2 £ a?y? — a??) = d (b%x?) £ d (a2y?) — d (a2b?).

27. Derivation of [IV]. — Since A (az) = aAz, the ratio
of the increments is constant and ax changes uniformly
with respect to z. Hence by definition

¥ 24 of differentials d(ax) = adr. If y = az,
r z-ax a|dz

= a, slope of line. Geometrically, if

0 x Mdx M, dx

z = ax be area of a rectangle of base x and
altitude @ then the rectangle MPP.M, is the change of z
made by a change Az (= dx) of z, and being a uniform change
is the differential of 2, .

dz = d (az) = adz.
For examples:
1

z
d(2pz) = 2pdzx, and d(-d) = d<€—bw)—

[V.] will be seen to include [IV] as a special case.

de
a
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28. Derivation of [V,]. — Let z = uy; then 2, a function
of u is a function of y also. Geometrically, let u and y be
the base and altitude of a variable rectangle conceived as
generated by the side y moving
to the right and the upper base
uw moving upward; then z = uy Ndy % )
is" the area. If at the value zeuy ; v
OMPN, du = MM, and dy = Z
NNI, the differential of the area 0 T,

1‘[1 DP + NPBNl, as that
sum would be the change of the area of the rectangle duc to
the change of wand y, if at the value OMPN the change of
its area became uniform. Hence dz = d (uy) = y du + u dy.
Here Az = A (uy) = d(uy) + P DP,B, since that sum is the
actual change of the area due to the change of « and y.

It is to be noted that if y = w, then the rectangle is a square
and area z = u?,

d(@w?) = udu +udu = 2udu.

If y=a, z=au, dz=adu + uda = adu, since da = 0.
Hence [IV] is a special case of [V,].

29. Derivation of [V,]. — To prove d (uyz) = yzdu +
uzdy + uydz. If in [V,], y2 is put for y;

d (uyz) = yzdu + ud (y2)

= yzdu + u (2dy + y dz)
= yzdu + uzdy + uy dz.

2__4

By repeating this process the rule is proved for any number
of variables. If y =2z = v,

then d(uyz) = d(W?) = w¥du + w?du+ w?du = 3 u?du.

To derive d(uyz) geometrically, let V = zyz = uyz.
If 2, y, and 2z be the edges of a variable right parallelopiped
conceived as generated by the face yz moving to the right,

the 'face zz moving to the front, and the face xy moving
5
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upward, then the volume is
the product of the three
edges; that is, V = xyz.

If at the value OP, dz =
AAl, dy =BBl, and dz = CC],
the differential of the volume
is PA; + PB; 4+ P(,; as that
sum would be the change of
the volume of the parallel-
opiped due to the change of
x, y, and z, if at the value OP

the change of its volume became uniform. Hence
dV = d (xyz) = yzdz + zz dy + zy dz.

Here

AV=dV+PN1+PL1+PM1+PP1,

since that sum is the actual change of the volume due to the

change of z, y, and z.
is a cube and V = 78,

If y = 2 = =, then the parallelopiped

d(z®) = x?dr + 2?dx + 22 dz = 3 22 dx.

30. Derivation of [VI]. — Let 2 =g (z and y indepen-

dent), then zzx = .

d(zx) = xdz + 2dx = dy, by [V.].

x z
Y
d(y)_d_q_g_ﬂ‘c)ix_xdy—ydx
z/ z x?
Corollary. —
adz,
a(z) = -
for d(—)—a—:—di;—}-%c= —%‘?, since da = 0.
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d (’—”) -4,
a/ a
for d(—-)— ________ad.v —zda _ @» since da = 0;
a* a
hence, for a fraction with constant denominator, use
[IV]. For another derivation of [VI], see Corollary of next
Art. 31.
31. Derivation of [VII. — 1. When the exponent is a
postitve inleger.
(@) Ifnis a positive integer, 2* = z - x - x+ {o n factors;
hence,
d(z") = d(x-z -2 to n factors)
=g tde 42 Vde + 2 de 4 - - -
to n terms, by [Vs)],
= nx" ! dz.

(b) By the general method. Let y = .
¥+ Ay=(x + Az)"= z"+ nz*1 Az + (terms

with common factor Az’), by

Ay = nz"' Az + (terms with factor Az") | Binomial
%y« = nz"! 4 (terms with factor Az), Thearem.
dy _ A'y]_ N = pgnl
i EIIEO[ACC =nz*l, o dy = ne*ldz.

II. When the exponent is a positive fraction.

Let Yy = x:,

then yr = ",

d(y") = d (™),
ny*1dy = mz™1dz,
m ! maxmly

dy =~ de=——2
ny n oy
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m

m —1 o m

—~ mx™ T m —-1
d(x")=% dx=%x" dw.

zm
III. When the exponent is negative.

Let y = 27", n being integral or fractional; then y = E};x

n—1
dy = d(&—l,.) = — " ds, by VI, Cor., Art. 30,
dy=d (@) = — nz—1dz.
Corollary. — d@) =d(xy )=y tdx — xy?dy

=y ¢ - ¢ o M
Note. — A general proof of [VII] by logarithms, given
further on (Art. 37), includes the case where the exponent is
incommensurable. So the Formula or Rule is valid for any
constant exponent. It is called the Power Formula and is
of most frequent application.

Ezxzamples. —
Vo) =dh) = Lotge = 9%
d(Vz) = d(z}) 5% dx SV
RGP N S S S

d(zV?) = V2"#1dz (= 1.414 24 dz, approximately).
d(2™) = wam1 dz (= 3.1416 22141 dz, approximately).
d((az +b)") = n (ax + b)"1d (ax + b) = na (ax +b)"dz,

d% ((ax + b)) = na (ax 4 b)1.

Note. — The last example may be seen to be an application
of the formula for the derivative of a function of a function.
For let y = (ax + b)" and put 2 = ax + b, then y = 2zn;
now y is a function of z, and 2 is a function of z; that is, y is
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a function of a function of x. The formula given in Remarks,
Art. 19, is dy _dy dz,

..____._____,

dr  dz dx’

—'—-(( +b)")—d(2) d(a;:—b) nz* 1. a

= na (ax + b)" L.

In applying Rule [VII], if all within the parenthesis, as
(ax + b), is regarded as the variable, the actual substitution
of z may be dispensed with in getting the derivative of such
functions.

EXERCISE 11l

By one or more of the formulas I-VII differentiate:

2.3,

\/‘ z oz
dy=d6z!) +d(4zx¥) —d(2z) +dBz).
dy_ 4 6 2 12,

2 y=32—41*—2.
dy =d(32%) —d(4z?) —d(2).
dy*gx’dx—Sxdx——O

a——Qx’—Sx—(ﬂx—S)z,

that is, ¥ changes (9 £ — 8) « times as much as z.

1. J—ﬁx/z=+

When z = —1, y is increasing at the rate of 17 to 1 of z;
= §, y is neither increasing nor decreasing;
z = 0, y is neither increasing nor decreasing;
z = }, y is decreasing at the rate of § to 1 of x;
2 = 1, y is changing at the same rate as z;
z = —1}, yis changing at the same rate as z;
z = 2, yis increasing at the rate of 20 to 1 of z.
Note. — In this way the meaning of each differential equation may
be shown.
=(14+222)(1+42%). dy=4z(1+3z+ 102%dx.
dy=01+4+22)d(1+42)+ A +42)d (1 +23%);
or dy =d(1+22* + 42 4 82°).
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4, y=(@+1¥ 2z —1)3 =16z + 1) (x + 1) (2x — 1)2dz.
_ T (ly. - a—3z
6. y=(a+2) Va—u. &
6. y=(1—-322462) (14223, dy =605 (1 + 22)2dzx.
3 1)3
= (& —ab)t dy _ 4(zt —at)’
T v (=t —at)*. iz P .
8 z + a? (_lg b—a?
'y“x+b de = @ or
_@+bda+ta)—(@+a)d(z+b),
(x + b)*
_2z—-1 dy _ 2z
S y=G- Rl g y©
10 y =z (& + 5L, o s@+1) @+t
11 _ 22 dy _8a%® — 4ab
g g de~ (@t — 2
NS dy _ 2ax +b
12, y = Vazt + bz -+ c. I =TT = Vs Ths s
—\/Ltz= y_ Y
13‘”“\/1—x e~ U - Vi-z
x dy _ a?
14- = e—mtoooe— - e m—————
y Vi =2 dr Vi{a® = %) zz)s
- dy _ __ma"
1. vy = g5n dr = 0 f o)
16 _ 2t 4 1. dr _ 2 nxt1
i | Ay~ T @ =1
_ z . dy _1Ta+2x*
e S R - Vat e 2’”]‘
Rationalize the denominator before differentiating,.
n—1 n—3
18 z=t(+a?)2 . =2 +a)(+a?) 2.

19. A vessel is sailing due north 20 miles per hour. Another vessel,
40 miles north of the first, is sailing due east 15 miles per hour. At
what rate are they approaching each other after one hour? After 2
hours? Ans. Approaching 7 mi. per hr.; separating 15 mi. per hr.
When will they cease to approach each other, and what is then their

distance apart?

Ans. After 1 hr. 16 m. 48 sec.; 24 mi.
20. If a body moves so that s

= Vi, show that the acceleration is

negative and proportional to the cube of the velocity. Negative sign
shows what ?
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- -1 Y nd 9.
21, fz=atandy =0t 2ct2, find I and dy

dy _dy jdz _b—ct  dr_dv /dy_ _a g ayoy00))

dz ~ dt/ dt a dy~di/dt " b=c
or g=tE_let. dy b e b el b
r Y=4 7 2@ " dr e @ o« @ a

22. If p = Viand 0 = 2 — 10, find %\

do_do fd0_ 1 [y 1
6=/ @ 3, =1 (By Art. 19, Remarks.)
10 1
Or p=t=@+10)) & 2pdp=—F- =
=1 (0 +10) pdp 5o+ 104 "4

23. The cquation pV = C expresses Boyle's law, C being a constant.

7
Find (—i" and av, (See Ex. 5, Art. 20.)

dv dp
24. The heat H requued to raise a unit weight of water from 0° C,
to a temperature T' is given by the equation,
I =T 4 000002 T2 4 0.0000003 7.

(«) Find %I, (b) Compute the numerical value of the rate for

T = 35°. Ans. (b) 1.0025025.

26. A vessel in the form of an inverted cireular cone of semi-vertical
angle 30°, is being filled with water at the uniform rate of one cubice foot
per minute At what rate 18 the surface of the water rising when the
depth 1s 6 inches? When 1 foot? When 2 feet?

Ans. 0.76 in.; 0.19 in.; 0.05 in, per sec.

28. Show that the slope of the tangent to the curve y = 2% 4 4 is
never negative.  Find the slope for £ = 0, for x = 2. For what values
of « does the slope decrease as  increases?

LOGARITHMIC AND EXPONENTIAL FUNCTIONS.
32. Formulas and Rules for Differentiation. —
[VIIL] d (logsx) = ? dx (z positive).
(m =logre = 0.434 . . . , for b = 10).
[VIIL] d (log, ) = 3 d (z positive).
(m=1loge=1,e=2718 .. .).
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The differential of the logarithm of a variable is the product
of the modulus of the system and the reciprocal of the variable
by the differential of the variable.

[IX,] d (b®) = b”log, bdx (b positive).
[IX3) d(e®) = e®dx.

The differential of an exponential function with constant base
and variable exponent is the product of the function and the
Napierian logarithm of the base by the differential of the
exponent.

[X] d (y") = y*log,y dx +xy™" dy,
(y positive and independent of ).

The differential of an exponential function with base and
exponent variable is the sum of the results obtained by differen
tiating as though the base were constant and then as though the
exponent were constant.

33. Derivation of [VIII,] and [VIIL,]. —

(i) Takingn an arbitrary constant, let

z = ny. 1)
logy = logy (ny) = logyy + logs n. (2)
d (logz z) = d (logs y) [+ d (logen) = 0]. 3
Differentiating (1) and dividing result by (1),
dr d_y
z -y 4)
Dividing (3) by (4) gives as result,
d(ogsa) /% = dogoy) /L. (%)

It is manifest that the equal ratios in (5) are constant for
any particular value of y. Let m denote the constant value
of the ratio when y = y;; then

d (logyz) = %d:v, (6)
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when x = ny,; and, as n is.an arbitrary constant, ny, denotes
any positive number. Hence (6) or [VIIL,] holds true for
all positive values of z, m being a constant. The constant
m is called the modulus of the system of logarithms, whose
base is denoted by b in this derivation. The general base is
often denoted by a.

The system whose madulus.is unity is called the Napierian
or natural system. The gymbol for the base of this system
is e, called the Napierian base from the name of the dis-
coverer of logarithms.

Hence " d(log.x) = ;;dx. [VIIL]
(ii) By the general method of limits. (z positive.) Let
y =logyz. y+ Ay = log, (z + Az),
Ay = logy (x + Ax) — logyz = log, (1 +%§>,

bav = <] +%§)

Raising each member to Ay Power gives

::é! Ax KI’_’
Az — —_—
b (1+ x)

The limit of each member as Az = 0 gives

Ay
limb“3* = lim (1 + —Af) = lim (1 +- > , putting -Af = l,

Az=0 Azr=0 n=00 n
so that (if z is not zero), as Az = 0, n = o

zé! I‘i’f 1 n
limb 4 =} %= lim <1+—) =
Az 0 n=w n
(denoting the limit by that letter);
logb e _

dy _ dy _
T, = log e, or -

(m = logs e = the modulus);

x
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dy = d(logsz) = Zdz.  [VIIL,]
Hence,
d(log.x) = i—dx, since log. ¢ = 1 = the modulus. [VIIT;]
The limit of (1 + %)n as n is increased without limit is e,
the Napierian base. (See next Art. 34.)
3. Lim (1 + ,ll)” - e (See Ex. 7, Art. 162.)

When n is a positive integer, by the Binomial Theorem,

e
e ) 006D

In the expansion there are (n + 1) terms in all, and every
term after the second can be written in the form given to the

3rd and 4th terms. Asn = o, ;ll = 0,

lim (1 +%)"= 1 +1+—%+£~3+

n=00

1
5-‘37-—41-'_ R

=¢=27182818 . . ..

Note 1. — The limit is denoted by e, which is an irrational
number, and was proved by Hermite, in 1874, to be trans-
cendental or non-algebraic. The number e was the first
number to be proved transcendental. Not until 1882 was
the attempt to prove the number = transcendental successful.
This was finally done by Lindemann. The proofs consist in
showing that neither of the two numbers is the root of an
algebraic equation with integers for coefficients. Algebraic
real numbers are defined as those real numbers which are
roots of such an equation. The importance of these two
numbers, considered the most important in mathematics,
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warrants some notice. They are connected by the remark-
able relation, er V-1 = 1. (See Ex. 10, Exercise XXX.)

Note 2. — The above derivation of the limit is not com-
plete, for the result is true not only when n is ‘“‘a positive
integer,” but also for n positive or negative, integral, frac-
tional, or incommensurable. The value of the limit, e, can
be easily computed to any desired degree of precision by
taking a sufficient number of terms of the scries. Twelve
terms gives the result correct to seven decimals; that is,
e= 27182818 . . .

By comnaring the sum of (n + 1) terms of the series with
the sum, 1 41 +%+‘2]—é
the othor, and cqual to 3 — 11, it is manifest that no matter
hew great n may be, the sumn of the (n 4 1) terms is certainly
finite and less than 3. The

. 1,1 1
]‘!2(1+1+20+3i+ s+ )

n!

+ - —2~—,}_-~-1, whichis greater than

may be considered as », or as usually written,
1 1
e=l+1+2i+3'!+ s
to infinity. (See Ex. 5, Art. 154.)
Without expanding, the lim (1 + %) can be computed to

now
any desired number of decimals by giving increasing values

to n; thus,
(1 4+ )10 = 2.59374.

(1.01)1% = 2.70481.
(1.001)1%0 = 271692,

(1.000001)! w00 = 271828,
The last number agrees with the value of e, the required
limit, to five decimals.

1
Corollary.——Lerl (1 +n)* =e. (Sce Ex. 8, Art. 162.)
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35. Derivation of [IX,] and [IX;]. —
(i) Let y = b*, then log.y = zlog.b.
d(log.y) = d (zlog.b), or ‘%y = log bdz,

dy = d (b*) = b=log.bdz (b being positive). [I1X,]
Hence, d (%) = e*dx (since log.e = 1). [IX}]

(i) Ify=0b0=logy do=d(ogy)= nge.‘ly.

1
log di = belog, b do (smce Pos = Lo ) [1X.]

dy =

Hence, d(e®) = evdx. [IX)
(iii) By the general method of limits. Let
Y = ¢~ y + Ay = ex+b7,
Ay = er+ir — % = 7 (eA* — 1).
Ay _¢€ (edr — 1)
Ax Az

. Ay _ /e“" -1\ _ .. (e“’ -1
im[34]= g = [ ()] = 1 ()
oo . fetr —1\ .
=¢ (smce l;g})( Az )— 1) (Cor., Art. 36);
dy = d(¢®) = erdx. [IXp]

Corollary.— d (b*) = b*log.bdz. [IX.]

z 1
For if 717" = log.b, b* = e™, since b = ¢™;

2= dl ),

sde _ . dz.
dt) = en ="

d (b®) = b*log. b dz.
36. Lim (1 + ﬁ)" = e
n=@ n
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In lim(l +%)", if 0, by putting n = Nz, when

n=oo

n = o so0is N = o ; hence

R )

. z\" \¥]= (. 1\M)=
11511(1 +ﬁ) =I},lm [(1—}-7\?) } =[I$"n (1 +TV> } =ex’

since lim f (z) = f (lim x), the casc of a function of a function.
(See Remarks, Art. 19.)
By exactly the same method as in Art. 34, it may be
shown that
. z? | a? z"
e? = lim (1+x+§i+;3~!+ e >,

n=uw n!

by expanding <l + %) " for positive integrai values of n.

It can be shown that the limit of this series is a finite
number for all finite values of z no matter how great » may
be. (Sec Art. 152 and Ex. 5, Art. 154.)

Corollary. — Lim (e,; 1) = 1, which may be put in the

z=0

form, lim (‘3“ - 1) -1

Az Az
37. Derivation of [X], —

Let z = y*, then log.z = zlog.y. (y positive and inde-
pendent of x.)
d(log.:) = d(zlog.y),

dz _ dy .
5= logeydx + = v
© dz = d(y*) = y*log.y dx 4+ zy* 1 dy (y positive). [X]

Note. — Formulas [VII], [IX,], [IXs] are seen to result
from [X] as special cases.
10417
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Let y = z*, then log.y = nlog.x,

d (log.y) = d(nlog.z),
dy _,ds.
Y z
dy = d(z*) = nx"1de. [V1i]

If z were negative, to avoid logarithms of negative num-
bers, both members of y = 2 are squared before differ-
entiating.

This derivation of [VII] includes the case where n is
incommensurable.

38. Modulus. — In Art. 33 (ii), it appears that log, e is
the modulus of the system of logarithms whose base is b.
Honee, when the base is 10, as in the common system, and
the value of e is known, a table of logarithms will give the
value of the modulus of the common system to as many
dzacimals as the table gives. The modulus of the common
system, denoted by M, is logwe = 0.43429 . . . If this
value of M is deduced independently of any knowledge of
the value of e, which can be done; then the value of e can be
gotten from a table of logarithms; for, since M = logy e,
then e = 10M; that is, e is the number whose common

logarithm is 0.43429. . . .
In Art. 35 (i) and (ii), it appears that log. b is 2qual to
1 . 1 1 _
fogb 3’ loge 10 = 103106 - 434 . .. = 2.3026

approximately. (See Ex. 6, Art. 154.)

To get these results independently, let x be any number
whose logarithm in the system with base 10 is [, and in that
vrith base e is I’; then 10! = z and &' = z;

10t = ¢, (§))
Let 10M = ¢; 2

106=109; . l=MUor =M, @
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and since 10 and e are constant, so also is M. From (2),
M = logpe, or from (1)1 = logwe’ = U logye;

% = logiwe = M; or in general, logse = m.
Since { = MU', or logiyx = M log, z, it follows that the com-
mon logarithm of any number is equal to M times the
Napicrian logarithm of that number.

= ~ d(logzx) _
Now d(logiox) = Md (log.z) o d(log,z) = M
or m for base b, and dividing [VIIL,] by [VIIIL,] gives
%835’3 = m, the modulus;

M = log;; e = modulus of common system (b = 10),

and m = log, ¢ = 1, modulus of natural system (b = ¢).

~. c10=lor Lo 1o .

From (1) above, ! log, 10 = I’ or 7= log, 10~ M, by (3);

1 - 1 1 .

logm e = E—é;Td, or l()ga 10 = M = 6"4‘34*“—:—: = 2.3026,
approximately.

To summarize 1n two equations:

Common log = 0.434 times natural log.
Natural log = 2.3026 times common log.

Note. — Since the modulus of the natural system is unity
the differentials of logarithms are simpler when the logarithms
are in that system; hence, in the Calculus and in most
analytic work, Napierian logarithms are cmployed for the
most part. Any finite number except one could be made
the base of a system of logarithms. For computation the
common logarithms are the best, as having the base 10
affords rules for the integral part of the logarithms and
obviates the necessity of that part appearing in the tables.
It is usual in writing log for logarithm to omit the subscript
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indicating the base, when no ambiguity results. Hereafter,
when no subscript to log appears, e will be understood.

39. Logarithmic Differentiation. — Exponential func-
tions and also those involving products and quotients are
often more easily differentiated by first taking logarithms.
This method which is used in the last two derivations (Art.
35 and Art. 37) is called logarithmic differentiation.

To derive [Va], let z = uy, then log z = log u + log ¥,

dlog?) =% = 2+ Y — 4ogu) +d (log )

dz = d(uy) = ydu + u dy.
To derive [Vs), let

V = uyz, then logV =logu + logy + logz,
V_d
dogv) =4~ W %,
av = d(yz) = yzdu + uz dy + uy da.
To derive [VI], let z = y/x, then log z = logy — log x,

d (log z) = = —(—1-— = d (logy) — d (logx);

dz:d(y)zf_lg_yﬂ=ﬂiy;y_d£.

40. Relative Rate. Percentage Rate. — The logarithmic
derivative of a function may be defined as the relative rate
of increase of the function. Thus, when y = f (z),

d_y
[’ (z) .
f( y is the relative rate of y.
Hence, when z = zy and therefore: log z = log z + log y;
dz dx dy
dx

+—,

Z
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that is, the relative rate of increase of a product is the sum of
the relative rates of increase of the factors. If the logarithmic
derivative is multiplied 100 times, the product expresses the
percentage rate of increase. Thus when

dy
dy _ (_{g _ ion
=Ky, 100—==100K

is the percentage rate of incrnase, and is here constant.

EXERCISE 1IV.

By one or more of the formulas [I] to [X], differentiate:*

1. y=logs =3logs. , W= 3lowe _3m

de~  x xr

2. y = (logw z)% :ﬁ/; “()gml (logw z)? = ——————'Joi - (logyo z)?.
3. y=crloge. ZJ logz + 1.

R dy _ _1+loge
4y= zlog.r “dr” T (rlogz)?’

—log®=b - dy  _2ab
6. y =log Py log (ax — b) — log (az + ). e

Ve ~

6. y = log1 —t-v; =log (1 + Vz) — log (1 — V).

- o dy _ 228 +1
7. y =logz Vi+z. = A iw
8. y = ber. W = (1 4 10gb) brem,

dy _a*loga + b‘logb.

9. Yy = lOg ((J/z + bz)' (_lx = @ + b

10. y = 2 5%, B o 25t (5 + zlog 5).

11, y =2~ %=x‘(logx+l).
et d dy _ e.l+tzlogz

12. y =z, dz xe e ps .

* Insome of the examples logarithmic differentiation is employed to
advantage; that is, take logarithms first and then differentiate.

6 -
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Here logy =¢e*logz . d—;’ = e’%—x + log ze® dx.

13, y = zlogz, dy = 22lo8*log x - dx.
= dy _ _1 |

14. y =log (log z). . 3z = 7oz

16. zlo8e = glogz, (Differentiate both members and verify results.)
16. (z + )4 = 2t + 4 2%° + 6 2%+ 4 2e3® + ¢4, (Do as in 15.)
17. (e +e )2 ="+ 2+ ¢2% (Doasin 15.)

_C— ay _ 4 |
18. y = & te* dr (&% + e?)?
= log —& . y _ 1 |
9. y=log 7 = 1T+é&
20. y = (logx)®. ZL; = (log x)* (10; p + log log x) .

21. Find the slope of the curve y = logw z, or z = 10Y, showing that
the results are identical. What is the value of the slope at (1, 0)?
What is the slope of the curve y = loge 2, or = ¢, and its value at
107

22. Find the slope of the curve x = log, y, or y = ¢%; and note that
the slope at any point has the valug of the ordinate at that point. Value
of theslopeat z =0? Atz =1? Atz = —?

x z
28. Find the slope of the curve y = cé'(ea + e—';) at z = 0.
Ans. 0.
What is the abscissa of the point where the curve is inclined 45° to

the z-axis? B
Ans. z = alog, (1 + V2).

24.* Find the value of z when log, z increases at the same rate as z.
Ans. x = logiwe = 0.4343 . . .

* Since d (logwz) = logpe- (if;
— d (lOglo I) _ .
dz =z “Togoe 2.3026  + d (logw );
hence, any number N increases about 2.3 N times as fast as logw N.
When
N =04343 . . . ,dN = 0.4343 X 2.3026 d (logi N) = d (log N).

Find how much faster z is increasing than logy z for z = 1.
Ans. 2.3026 z = 2.3026 . . .
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25. When the space passed over by a moving point is given by
s = aet 4 be~!, find the velocity and the acceleration, showing that the
acceleration is equal to the space.
z T
26. Find the slope of the curve y = g(e'; —e 3) atz =0,
Ans. 1,

27. Find the slope of the curve y =

z I
ed+4¢ o
28. Find the derivative of the implicit function y in ¥4V = zy.
Passing to loganthms:
- dy _y(l—2)
2y =logz + logy. - ry=D

29. 2V = y*. DPassing to logarithms:

dy _y = xylogy,
dr x*—uxyloge
30. Find the slope of the probability curve y = =22,

ylogz = rlogy.

Ans, — 2 xe~=*,
What is the value of the slope at £ = 0?
Ans. 0.
2
Atz =17 . Ans, -~ P

41. Relative Error. — Since when y = f(z), the relative
rate of increase of y is
dy df(z)
e _ dx _f (2)

v @ f@’

where dy = f' (z) dx;

hence, Ay = f (z) Az, (1)
: dy _f@

and '—y"‘ = f(x) Axy (2)

are approximate relations. The relation (1) is useful in
finding the error in the result of a computation due to a small
error in the observed data upon which the computation is
based. The relation (2) gives approximately the relative

error Ay,
y
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1. Thus, to find an expression for the relative error in the
volume of a sphere calculated from a measurement of the
diameter when there is an error in the measurement. Here
V=gl AV /1 AD AD

v <2 D ) D3]
Hence, an error of one per cent in the measurement of the
diameter gives approximately an error of three per cent in
the calculated volume.

2. Again, from the formula for kinetic energy K = § m?,
to show that a small change in v involves approximately
twice as great a relative change in K. Here

AK v Ay Av

K" 2

3. If a square is laid out 100 ft. on a side and the tape is

0.01 ft. too long, an crror of | §, of one per cent, the relative
crror in the area is, approximately,

AA Ax (.o1)

= =2z — = 200~ ooy =

or 1&4 of one per cent.

42. The Compound Interest Law. — The limit (1 + )

n=00

= .0002,

= ¢%, in Art. 36, arises in a variety of problems. When a
function has the general form

y = ae, (1)
Y _ e =
then p bae by;

that is, the rate of change of the function is proportional to
the function itself. Many of the changes that occur in
nature are in accordance with this law, called by Lord Kelvin
the compound interest law. It is so called because of the fact
that the amount of a sum of money at compound interest
has a rate of change at any value proportional to that value,
when the change is continuous.
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Let A = amount, » = rate per cent, P = principal, and ¢
number of years; then,

A = P(1 + r)!, when interest is compounded yearly;

nt
A=P (1 + 11;) , at m equal intervals each year;

A=1lmP [(1 + ;f)]‘ — Pert (by Art. 36) @)

n=a0

is the amount when the interest is compounded continuously.
Here A = Pert and %‘1} = rl%" = rA, hence, the rate of
change of the A4 is proportional to the value of A, the factor
of proportionality being the rate per cent at which the
interest is reckoned.  As a comparison, it may be noted that
$1.00 will amount to $2.594, in ten years with interest at 10
per cent, compounded ycarly; while the amount will be
$2.718 when compounded continuously.

If in A = Pe, ¢ increase in any arithmetical progression,
whose common difference is h, A will inerease in a geometrical
progression whose common ratio is e™; for if ¢t become ¢ 4 4,
A will become Perth, that is, Ae’t. Hcence A is a quantity
which is equally multiplied in equal times.

The density of the air towards the sea level from an eleva-
tion is a quantity which is equally multiplied in equal
distances of descent, for the increase in density per foot of
descent is due to the weight of that layer of air which is itself
proportional to the density. Many other instances occur
in physics.

When bacteria grow freely the increase per second in the
number in a cubic inch of culture is proportional to the
number present. The relation between the number N and
the time ¢ is expressed by the equation,

dN

N = Ceé*; .. o kCe*t = kN, 3
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where N is the number of thousand per cubic inch, and &
is the rate of increase shown by a colony of one thousand per
cubic inch. So many instances of this kind are found in
organic growth — where the rate of growth grows as the
total grows — that the law is called the law of organic growth,
as well as the compound interest law.

When a quantity has a rate of change which is proportional
to the quantity itself, if the functional relation is expressed
by an equation, it must be of the form (1).

In the case of the density of the air, the relation (see Art.
226)*between the density p and the height & %bove the sea
level is expressed by

d,
p = poe~*h, .- d—z = — kpoe ™t = — kp, @

where p, is the density at the sea level and & is a constant to
be determined by experiment. From barometric observa-
tions at different altitudes, it has been found that at the
height of 31 miles above the earth’s surface, the air is about
one-half as densc as it is at the surface. Hence, to deter-
mine %,

P a5k 1;
Po € 2
—3.5k =10g0.5, or k= »1‘-’_»’%0—;,? = 0.198;
s p = poe*198* where A is in miles. ®)

Here, as h increases in arithmetical progression, p decreases
in geometrical progression, the force of gravity and the
temperature being taken constant. The varying density at
different heights is found by giving values to k; thus, making

h = 35, gives ;’3 =0.001; hence, according to this law at the
0

height of 35 miles the density of the air is about one-thou-
sandth of the density at the sea level. As the pressure p is
* Applied Calculus.
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proportional to the density, p = k’p; and the same law holds
for the pressure of the air; hence,

p=pe %=—@W“:%% (6)
where k' is a constant to be found by experiment.

Knowing the pressure at the sea level and observing the
pressure at some height, k' is determined; ar it can be
determined from the value of the pressure at any two differing
heights. When the pressure is expressed in inches of mercury
in a barometes, the pressure in lbs, per square inch = 0.4908
X barometer reading in inches. Taking p, = 30" when
h = 0,and p = 24", say, when h = 5830 ft., k' is readily
computed. In millimeters the equation is p = 760 e~4/800,
where h is in meters.

The relation between the decomposition of radium and
time is expressed by the equation

dg _

g=qe™; o = —hee ™ = —kg, (7)

where g is the original quantity and ¢ is the quantity remain-
ing after a time ¢. The constant k& can be found from the
fact that half the original quantity disappears in 1800 years.

The relation between the varying difference of tempera-
ture of a body and that of the surrounding medium and the
time of cooling is expressed, according to Newton’s Law, by

6= 87y (t—iié = —kbe~* = —ks, (8)
¢
where 8 = 7 — 7o, the difference in the temperature of the
body and that of the medium, § = r, — 7o, the difference
when t =0, k a constant; that is, r = 7o + (r, — 7)) ¥,
where ~kt indicates the body is cooling.
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TRIGONOMETRIC FUNCTIONS.

43. Circular or Radian Measure. — The formulas for
differentiation of trigonometric functions are simpler when
the angle is measured in radians than in degrees. Hence,
in the formulas that follow, the angle will be in radians.

A radian, the unit of circular measure, is an angle which
when placed at the center of a circle intercepts an arc equal
in length to the radius.

o

180 , or 57.3°
™

Since 2 #r is arc of 360° a radian equals

nearly. In circular or radian measure, an ahgle in radians
is equal to the length of the intercepted arc divided by the

. s . . . .
radius; 6 = . where 0 is angle in radians, s is number of

units in arc, and r is the number of units in radius. Hence,
s = rf; that is, in any circle the length of an arc equals the
product of the measure of its subtended central angle in
radians and the length of the radius. If r = 1, then s = 6;
that is, the arc and the angle have the same numerical
measure. Trigonometric functions are called circular func-
tions.

44. Formulas and Rules for Differentiation. —
[X1] d*sin O = cos 0 d6.

The differential of the sine of an angle is the cosine of the
angle by the differential of the angle.
[XII] dcos® = — sin 0 d6.

The differential of the cosine of an angle is minus the sine of
the angle by the differential of the angle.

[XIII] dtan 6 = sec? 0 d.

The differential of the tangent of an angle is the secant
squared of the angle by the differential of the angle.

[XIV] dcot® = — cosec® 6 db.
* Parenthesis after d omitted when no ambiguity results.
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The differential of the cotangent of an angle is minus the
cosecant squared of the angle by the differential of the angle.
[XV] dsec 0 = sec 0 tan 6 d6.

The differential of the secant of an angle is the secant of the
angle by the tangent of the angle by the differential of the angle.
[XVI] dcosec ® = ~ cosec 6 cot 6 d6.

The differential of the cosecant of an angle is minus the cose-
cant of the angle by the cotangent of the angle by the differential
of the angle.

45. Derivation of [XI] and [XII], —

I. Let the point P(z, y) move along the arc XPY of a unit
circle. Denote the number of lincar units in the arc XP by
s, and the number of radians in angle XOP by 9.

Then 0 =s, 1y = sin@, T = cosb;
do =ds, dy=dsing, dr = dcosd.
Angle DTP equals 6, and dz is nega-

tive; hence, from the triangle DTP, v, 2 ds
by (d) Art. 10, . a4
D -ax

dy = dsind = cos0df, since ds = df;
dxr = dcosf = — sinfdb,
gince —dz =sinfds and ds = db.

It is seen that dy and dx in the figure 4 b
are what the changes of the sine and £ X
cosine of 8 would be if, at the value XOP of 6, the changes
were to become uniform.

II. By the general method of limits.

Let y =sin6, then y 4 Ay =sin (04 Af);
Ay = sin (0 + Af) — sinf = 2sin %cos(o + %), by Trig.;

A sin%—o Af sin—A—o [(Art. 46).
E=—Fcos(6+—§-)- As g | =L a8 Ag = 0;

2 2
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sinAo
dy _ Ay] im | —2. ( é€)= :
7 g-o[AO —};0120 Y] cos 0+2 cos6;
2

dy = dsin@ = cos 9 df.
Corollary. — d covers = d (1 — sinf) = — cos 6 d6.

2

N
dx=dcose—dsm(§——0)—cos(2 0)d<2 0),

dcosf = — siné db.
Corollary.— dvers6 = d (1 — cos8) = sinddd.
46. Lim (ﬂ) =1.
0=0 0

Let 8 be the number of radians in the angle NOA, where
the-angle is taken acute; by Ge-
ometry, if AT and BT are tan-

gents at A and B,
\ then,
‘V, chord AB < arc AB < AT + BT,

and therefore
MA <arcNA < AT.

Now let T = cosf = sin (— — )

Hence
MA < are NA < AT,
04 0A 0):
that is,
sinf < 6 < tang;
dividing by sin 6,
1<_§_<__1__ or 1>§i—rlg> cos 6
sin@ " cosd 0 ‘

Thus the ratio 510_1}(2 lies between 1 and cos 6.
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When 6 approaches 0 as its limit, cos 8 approaches 1 as its
limit; therefore, also sin 8/6 approaches 1 as its limit. (See
Art. 154, Ex. 1.)

Corollary. — Since lim sin 0 =1,

=0

2MA . chord AB

];r:(l) SNA = ILIBO AR = 1. (Art. 22, also.)

It may be noted that,

MA sinég
AT ~ tang
sin @ and tan 6 approach equality; and, since the arc 9 is
intermediate in value between sin  and tan 6, the three
functions approach cquality as the angle 6 nears zero. So

lim (Sm 0)- 1 and lim (Fﬁll?—)* 1, as well as lim ( lp——9>=1.
o=p \tan g o=y \ @ oo \ 0

since = cosf, when 6 =0 and cosé = 1,

These are fundamental examples of the ratio of infini-
tesimals approaching a constant valuc as a limit. Con-
sider again the equality of ratios MA _OM Suppose the

" AT ~ 04~

points A and B approach N; so long as A and B are not
coincident, that is, so long as AB is really a chord, the
equality still exists. The ratio MA : AT may be considered
a function of OM, or equally well a function of the angle
NOA. As OM approaches ON as its limit, or as the angle
NOA approaches zero as a limit, the ratio MA : AT ap-
proaches 1 as its limit. The nearer OM gets to ON, or the
nearer A gets to N, the nearer does the ratio MA : AT get
to unity. The crucial fact is that the reasoning is vitiated
if OM becomes actually equal to ON; for then the triangles
will cease to exist, the terms of the one ratio will be zero and
those of the other will be identical, and the equation on
which the reasoning is based could not be established.
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47, Derivation of [XIII]. —

) sin @ sin
Since tang = o5’ dtan()—d(@),
dtanf = cosfdsing -;smf)dcoso
cos?
2 2
_ (cos? +Sln 8)do _ sec? 0 do.
cos? §

48. Derivation of [XIV]. —

Since  cotd = tan (7—r - 0) ; .

2
= T _p) = qoe2 (T T_
dcotd = dtan (2 0) sec (2 O)d (2 0)
= —cosec?f df.
49. Derivation of [XV]. —
. 1
Since sech = cosd
1\ *+sin6do
dsect =d ((;;)s‘i) = cos’d
="*sec 9 tan 9 df.
60. Derivation of [XVI]. —
Since cosec = sec (g - 0);
™ ™ ™ LT
dcosec = dsec(§ — 0) = sec<§ — 0) tan (é — 0) d<§ - 0)
= — cosec 6 cot 6 df.

Note. — In the derivations of the formulas for the cosine,
cotangent, and cosecant, as given, it may be noted that, as
in the last example of Art. 31, the formula for the derivative
of the function of a function has appropriate application.

(s ™

Thus for cos6, let = = cosd = sin(Q — 0> and ¢ = 56
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th (_lg: dz d¢
en, do ~ do do’
d d
or @cose = a¢un ¢ X da(—-—- ) — OS¢ = — v()s(% - 0);
@ cosf = —sing or dcosd = —sin @ do.

do

In practice the actual substitution of the auxiliary symbol ¢
may be dispensed with.
The formula applics to such functions as y = sin (az + b).
Thus put z = axr + b, making y = sin z; then
L]

dy ([7/ dz
de ~ dz dr

or d sin (ax + ) = d sin 2 X C;i (ax 4+ b) = cosza;

dx dz
(;Ix sin (ar + b) = a cos (ax +b)
or dsin (ax 4 b) = a cos (ax + b) dzx.

Again, let the function be y = sin? (ar +0) and put z =
sie (ax + b); then
(% sin? (ax 4+ 0) = ((z’lz (&%) - (;’; sin (ar + b)
22z X acos (ax + b)
2 asin (ax + b) cos (ux + b);
dsin? (ax + b) = 2asin (ax + D) cos (azx + b) dz.

1l

61. Note on [XI]. — If the angle is measured in degrees,

. T . .oomh .
then dsing = %0 cos 0 46, since 0 degrees is {80 radiang
and sin §° = sm( 8())

dsin6° = dsin (180>

T T °
= 180 o8 (180) de = 1800 6° de.
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It is thus seen that the formulas for differentiation of the
trigonometric functions are simpler when the angle is
measured in radians than when measured in degrees. For
the same reason that Napierian or natural logarithms arc
employed in differentiation, radian or circular measure is
used for angles of the trigonometric functions, when differ-
entiation is to be donc.

52. Remarks on [XI]. — The fundamental limit of Art.

46, 11m <SIZ 0) = 1 mecans that when 6 is a small number

sin § is approximately cqual to 6. TFor angle of 1°, § = TQ(_)

=0.0174533 . . . ,sind = 0.0174524 . . . ; so they arc
equal to five decimals.  Of course for angle of 1’ or 17, they
arc equal to a great many more decimals, but they are never
exactly equal however small the angle may be, since the sine
is always less than the are.

Since d sin 8 = cos 0 df, if the value 0° is taken for  and

1( 1’30) for do (= AG),
dsinf

», o e - = . =
dsing = cos 0 180 .0174533 . o1 ) 1,

Asing = sin (0° 4 Af) — sin0° = 0174524 . . . =sin 1°;

A'sin 0 _ 0174524 . < 1, lim Asing _ dsing _ 1].
N0 0174533 . .. =0 A0 de

0=0°

From di(;;g = cosf= cos0° = 1, it is seen that, at 0 = 0°,
the sine of 6 is changing at the same rate as 6 is changing; so
the slope of the curve y = sin 6 is unity at the origin, and the
tangent to the curve at that point makes an angle of 45° with

dsin @

f-axis. The conditions are the same at 8 = 2. As ~30

= cosf = cos 90° = 0, at 6 = 3, the sine of 4 is not changmg,

2)
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the rate being zero, and the tangent to the curve at that
point is parallel to -axis. At 6 = m, cos 180° = —1, so the
sine of @ is decreasing, at that value of 8, at the same rate as
0 is increasing, and the tangent to the curve at that point
makes angle of 135° with #-axis. Thus the rate of change of
the sine of 9, at any value of 6, can be found; and the differen-

tial of the sine, the change if the change beecame uniform,
will always differ from the increment, the actual change of
the sine, when the angle is given an increment. In taking
sines or other functions from tables by interpolation, the
changes are assumed as- uniform within allowable limits of
error.

EXERCISE V.

1. y =sinz2 dy = 2z cos 22 dzx.

2. y =sin?y. dy = 2sinz cos xdr = sin 2xdr.

3. y =cosac. dy = —asmazder.

4. y =7(9) = tan™9. ;;g = f'(6) = m tan™"10 gec? 0.

6. f(6) =tan30 +sec30. f (6) = 3scc230 + 3sec30tan 30,
6. f(z) = sin (log ax). S (z) = 1/x cos (log az).

7. f(x) = log (sinaz). S (x) = acotar.

8 = sinz 4 cos dy _ _ 2sinz

’ & dr — ¢*
9. £(6) = log (tan a0). FO) = 2 1
2 sin (af) cos (a6)  sin (2 a)

10. f(8) = log (cot 00). [ (0) = — 2a/sin (2a0).
11. 7(6) = tan (logé). S (0) = 1/88ec? (log#).
12. £(8) = log (sect). f o) = Softand oo,

sec 6
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13. f(z) = atinz, f' (x) = "% (sinz/z + log - cos ).
14. f(z) = (sinx)*. [ (x) = (sinz)® (z cot x + log sin ).
15. f(6) = (sing)tan?, S’ (8) =(sin@)tan 8 (1 4-sec? 6 log sin 6).
16. f(9) = 3 tan®0—tand+406. f'(9) = tan'é.
17. f(#) =tan V1 — z. @)= =(sec V1 — o).

S 2vVi—z
18 70) =log\/ 17220 1) = esco.

By differentiation derive each of the following pairs of identities
from the other:
19. sin260 = 2sin6 cosh, cos 20 = cos?6 — sin?4.
— tan?
20. sin20 = 2tan 6 1 — tan?6

Trare 2% = T Ttane
21, sin36 = 3sinf — 4sin%0,
cos360 = 4cos*d — 3 coso.

22. sin (m 4 n) 6 = s mé cos nf 4+ cos mo sin o,
¢os (m =+ n) @ = cos mb cos nd — sin me sin nd
23, If 6 vary uniformly, so that 360° is described 1n = seconds, show
that the rates of increase of sin 8, when 0 = 0°, 30°, 45°, 60°, 90°, are
tespeetively, 2, V3, V2, 1, 0, per second.  (See figure, Art 52.)

63. The Sine Curve or Wave Curve. — The locus of the

equation
y = sinz, 1)

where z is an angle in radians, is called the sine curve, from its
equation, or the wave curve, from its shape. The maximum
value of y is called the amplitude, being unity in (1); and,
since the curve is unchanged when x + 2 7 is substituted for
z, the curve y = sin z is a periodic curve with a period equal
to 2m. (See figure, Art. 52, and figure, Art. 73.) '

The more general form of the equation is

Yy = asinmz, 2)
where a is the amplitude and 2771,1 is the period, m a constant.

The curve is called the sinusoid also, and is of great
importance, since it is the type form of the fundamental
waves of science; such as, sound waves, vibrations of rods,
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wires, plates and bridge members, tidal ‘waves in the ocean,
and ripples on a water surface. The ordinary progressive
waves of the sea are not of this shape, as they hawve the
form of a trochoid.

64.» Damped Vibrations. — When a body vibrates in a
meaium like a gas or liquid, the amplitude of the swings get
smaller and smaller, or the motion slowly (or rapidly in some
cases) dies out. Thus, when a pendulum vibrates in the air
the rate of decay of the amplitude is quite slow; but when
in oil the rate is rapid. The ratio between the lengths of the
successive amplitudes of vibration is called the damping
Jactor or the modulus of decay.

In all sueh cases the amplitude of the swings differ by a
constant amount or the logarithmic decrement s constant.
Hence the amplitude must satisfy an equation of the form

A = ac™, (1)

where A is the amplitude and ¢ the time. The actual
motion is given by an equation of the form

. v .
¥ = ae”* sinwf, where w = - is a constant. 2
! a

(See Art. 73.)
* In plotting a curve whose equation is of this form, say,
y=elir sin~z, 3)
2
much is gained by the following considerations:

1. Since the numerical value of the sine never exceeds
unity the values of y in (3) will not exceed in numerical value
the value of the first factor e~##. As the extreme values of
sin 37z are +1 and —1, y has the extreme values e—t* and
—e~tz, Hence, if the curves

y=e¢tr and y= —etz “4)

* This illustration is given substantially in Smith and Gales’s New
Analytic Geomelry.
7



76 DIFFERENTIAL CALCULUS

ar> drawn, tha locus of (8) will lie entirely between these
curves. They are called boundary curves, and they are
plotted by three or more points, the second being symmetri-
cal to the first with respect to the z-axis.

2. When sin } 7z = 0, then in (3) y = 0, since the first
factor is always finite. Hence, the locus of (3) meets the
z-axis in the same points as the sine curve

= sin 3 7x. (5)

3. The required curve is tangent to the boundary curves
when the second factor, sin § 7z, is +1 or —1; that is, when
the ordinates of the curve (5) have a maximum or a minimum
value. The tangency is proven by finding the derivative of
y in (3) and noting that, when sin 3 7z is 4+1 or — 1, it will be
the same as the derivatives of y in (4). Hence, the slopes of
the curves and the ordinates being equal for the same values
of z, the required curve is tangent to one or the other of the
boundary curves for those values of x that make sin } 7z =
~+1 or —1. Thus, differentiating (3) and (4) gives

d 1 .1 1
3% = —Ze*“smémz +7§re—“cos§1rx
= —le¢¥z whensininz =1,
= tetz, whensininmr = —1.

H 2

For the sine curve (5) the period is 4 and the amplitude is 1.
This curve is the broken line of the figure.
The locus of (3) crosses the x-axis at x = 0, +2, +4, +6,
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cte., and s langenl lo the boundary curves (4) at x = £1, £3,
+5, ete. The discussion having disclosed these facts, the
curve is readily sketched, as in the figure; that is, the wind-
ing curve between the boundary curves (4).
A more general form of the equation of a damped vibration
is
y = ae™® sin (wt — a), where a = o:fo is constant.  (3')

This cquation may be written cither (see Art. 73)
Ly = et (Asinkt + Beoskt),
where A and B are constants,
or y = Asin (ol — @), where A = ae™, 3"

Here A is a variable decreasing amplitude, whose relative
rate of decrease is —dA/dx + A = b; that is, the relative
rate of decrease of A s constant.
The successive derivatives from (3') are (by Art. 68):
dy ., "
g = [— bsin (ot — @) + wcos (wt — )],

(l2y ~bt [h2, .2 o}
qE = e [b2w? sin (wt — @) — 2 bw cos (Wt — a)],

whence it follows that

@y Wy e gy y = /
?i?+2brlt+(b +u)y=0. (4)

Equations which contain derivatives or differentials are
called differential equations. The equation (4’) is the funda-

mental differential equation for damped vibrations. The
term in %, or v, proportional to the velocity, oceurs in equa-

tions for vibration only when damping is considered. Vibra-
tions are cascs of simple harmonic motion — damping being
caused by resistances, such as friction, cte. Simple har-
monic motion is treated in Art. 73.
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INVERSE TRIGONOMETRIC FUNCTIONS.

66. Formulas and Rules for Differentiation. — The
direct trigonometric functions arc single-valued but the
angle has to be restricted to a certain range in order that
the inverse functions may be single valued. To make
the inverse functions single-valued, the angle denoted by
sin~! z, cosec~! x, tan™! x, cot™l x, covers! x, is taken to lie
between — g and g, and the angle denoted by cos™! x, sec™! z,

vers™! z, to lic between 0 and . Thus

sin~! (—1—) =T = cos! (@) sin~1 (— Do _m

2/ 6 2/’ 2 6’
\/§> 5w . T
A VO _ 92T, .o 1, =T,
coS ( 5 g sinT'z +coslzx 5

tan~lz + cotlzx = g, if x be positive,

= -7§r, if = be negative.
These restrictions will be assumed in the following formulas,
and all will be expressed in terms of the letter x. While the
symbols sin~! z and arc sin z are both used to denote the
angle whose sine ts x, in writing the formulas the notation
sin! z is preferable.
dx

XVII dsin™'x = ——0m——.

[ ] V1= x?

The differential of an angle in terms of its sine is the differen-
tial of the sine divided by the square root of one minus the square
of the sine.

(X VIII] deosx = — —25 .
V1—&®

The differential of an angle in terms of its cosine is minus

he differential of the angle in terms of its sine.

[XIX] dtan~'x =

dx
144
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The differential of an angle in terms of its tangent is the
differential of the tangent divided by one plus the square of the
tangent.

. _ dx
[XX] deot™x = -2 e

The differential of an angle in terms of its cotangent 1s minus

the differential of the angle in terms of its tangent.

- -1 _ dr
[XXI] dseclx = Pave:

The differential of an angle in terms of ils secant is the differ-
ential of the secant divided by the secant and the square oot of
the square of the secant minus one.

dx
PRV

The differential of an angle in terms of its cosecant i3 minus

the differential of the angle in terms of ils sccant.

(XXII] dcosec'x = —

dx
V2z -
The differential of an angle in terms of its versine is the
differential of the versine divided by the square root of twice the
versine minus the square of the versine.

. _ dx
(XXIV] dcovers' x ———_—\/Zx —
The differential of an angle in terms of its coversine is minus
the differential of the angle in terms of its versine.
66. Derivation of (XVII] and [XVIII]. —
Let 0 = sin~! z; then sin# = x, the differential of which
by [X1] is cos 8 df = dx;

[(XXIII] dvers™'x =

* d0 = d$ = »dx == (~lx~——-
o co8d V1 _sin?d VI1-—a?
. dz
d ~1 =d(£_sn—'l ):_.__:.._._.,
Now cos™lz 5~ sinlz Vi
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67. Derivation of [XIX] and [XX]. —

Let = tan~ z; then tan @ = z, the differential of which
by [XI1II]is sec?8df = dx;

o= dv _ doe _ dx
** T sec? 1+ tan?0 14z
1 = d(" — tan-1 =__dx_.
Now deotlzx d( 3 tan :c) Tt

68. Derivation of [XXI] and [XXII]. —

Let = sec~! z; then sec 6 = x, the differential of which
by [XV] is sec 6 tan 8 df =dz;

do = 9% _ _ 4z
T secOtan®  z/see?f — 1
- dr
TVt~ 1
A= AT — cpe=lp) = __,__@#__.
Now dcoseclx d(2 sec x) POV i

69. Derivation of [XXIII] and [XXIV]. —
Let 0 = vers—! z; then vers § = =z, the differential of which
by Cor., Art. 45, is sin 8 d§ = dz;

o = dx _ dx _ dx
sinfd 1 —cost0 V1 — (1 — versd)?

_ dx _ dx )

Vi—(1-2? V2z—2a2
1= (T _ g\ dr
Now d covers'zx d(2 vers x) Voo

EXERCISE VI
z d (z/a) dx

1 deintZ o -
R e R T

% _ __—dz . aZ_ _adz .

2. dcos Vo g d tan oy Y
42 _ —adr, Lz _ __adz
d cot a= g dsec™ o Y

—adzx x dx
dcsc"‘£=——%__-—‘ dvers7! = = ———.
Ve —a’ ¢ V2uz -1

Note. — These may be considered standard formulas.
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dy tan z
= -1 = -1
y = tanztan™r. sec® z tan z+1+z,
2z dJ 2(1 — %)
= -1 . [, SRS A
y=tanyos dr T+ 68 2
4z +1 dy 1
=sinm T I e
v V2 de V1 —-2r -2
= aresin N ST (_1!=_\_/_1+(:R('r,
y = arcsin Vsinr. ar —5
- dy , fsinTt log x
AL P LN sk
y =X A ( - + Vi =)
_ - (Iy=____ n__
y = tan .(n tan r). dr = o T + i mini
= are cos . dy _ _—2
Iy = arc ()hcx ‘I‘ P d.L‘ & +L—I
rC Vers - 2r dy - 2
y =arevermy, o de 1422
3z — 1t dy _ 3
y =aretany—ry o dz ~ 1+
= arcxin ! T % dy . _—2 |
1 _‘lr(m[ll-i—x” de " T2
_ r+a dy b
y = are mll1 —ar dr 14z
4y
dy
¢ = arc tan dr’
y = tan™! ———
V1 — .t*
y = arcsin —; 2. dy -2
B dr = f +¢*
_ dy _ 1,
y = arctan (secz + tan z). =3
= arcsin sinz — COAT), dy—=l
y=n V3 dr *
3z 3z-12, dy
= tan-! 5 -1 o =
y =tan 2 oot 6z 41 d
i dy _ 2a
y = arecob g dr ~ €% 4 ¢29%
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21. What is the slope of the curve y = sinz? Its inclination lies
between what values? What is its inclination at # = 0?7 What at
z=x/27

The slope = cos z; hence, at any point, it must have a value between
—1and +1, inclusive. Hence, the inclination of the curve at any point
is between 0 and =/4 or between 3 #/4 and =, inclusive. (See figure,
Art. 52.)

~ 60. Hyperbolic Functions. — These are certain functions,
recognized as far back as 1757, that have been introduced in
recent years, and that are coming more and more into use.

As the trigonometric functions are called circular because
of their relation to the circle, the hyperboliz are so called
because of their relation to the rectangular hyperbola, the
relations being in some respects the same. The functions
are analogous to the trigonometric functions and their names
are the same. They are the hyperbolic sine, cosine, tangent,
etc., and they are defined as follows:

1 1 —z — 1_
81nhx—§(e — €%, cschx = .
1 1
h — - —Z = e——
coshz 2(e=+e ), sechz coshz’
tanhz = <. e:z, cothz = & I e:z-
e* + ez er — ¢~ °

61. General Relations. — Besides the reciprocal rela-
tions given above, the same as those between the circular
functions, there are analogous relations:

cosh’z — sinh?z = 1; 1 — tanh?x = sech?z;

coth’z — 1 = csch?z; sinh 2z = 2sinh z cosh z;

cosh2z = cosh?x + sinh?z = 2cosh? — 1 = 1 + 2sinh? z.

62. Numerical Values. Graphs. — The sine may have
any value from —oo to o ; the cosine any value from 1 to

7 X
ir ¥= tanhx
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o0 ; the tangent any value between —1 and 1, and the lines
whose equations are y = =1 are asymptotes to the graph of
tanh x. The grapbs of the sine and cosine are both asymp-
totic to the graph of y = } e-.

63. Derivatives. — Since 4 e = ¢ and 4 €= —e

dr dz

by differentiating the hyperbolic functions as functions of z,
the several derivatives are readily found to be as follows:

d . d .
- -sinhz = coshx, --coshz = sinhz;
dz dr

d ) d

—tanhz = sech*z; ;- cothx = — cosech®z;
dx dr

d

<-cosechz = -- cosech xr coth x;
dr

d
—sechzr = —sech ztanh .
dz

The differentials are given at once by the derivatives, or
vice versa; thus, d sinh x = cosh z di, and so for the others,
64. The Catenary. — The curve y = coshz = } (e*+¢72)
is called the catenary and is important because it is the
curve of a perfectly flexible and inextensible cord between
two points, and is the curve that a material cable when hung
between two supports is assumed to take.
Since icosh x = sinh z, dy _ l(e* — ¢ *)= ginh r
dx de 2
is the slope of the catenary. The general equation of the
catenary 18

x x
y = a cosh 2 = g(e“ +c~;i),
where a is the distance from the origin to the lowest point
of the curve. (See Art. 146, Applied Calculus.)
66. Inverse Functions. — The inverse functions are
useful when expressed as logarithms.
If y = sinh~! z, the logarithmic form of y is found from
z =sinhy = } (v — ¢7),
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which is reduced to
v —2zer —1=0;
solving as a quadratic gives
ev=z+V xT_ﬁ;
but as ev is always positive,
ev=x+Vz2+1; . sinhlz=y=1log(z+VZ+1).

In the same way is found, cosh™' z = log (x & Vz? — 1).

1
. _ PR - — ;
Since (x vV 1) (z + \/xT—:“i)
log(z — Ve —1) = —log(z + Va2 = 1).
For each value of z greater than 1 there are two values of
cosh™ z, equal numerically but of opposite sign.
In the same way again is found,

1 142z .,
_l — — & .
tanh x—2log1~——x, if 2 < 1;
1, 41 .
-1 —_ = DL ) 2
coth x——2logx 1 if 22> 1.

66. Derivatives of Inverse Functions. — The derivatives
of the inverse functions are found by differentiating their

logarithmic forms, using formula a%log T = :!é

The derivatives, taking 2 instead of z, are:

4 np &=L

dx ¢ Vrta

4 cosh™ = = + S S

dr T Ve-—a’

d z a

7z tanh™ = = —— pt (2* < a?);
d
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Since the inverse cosine is not single-valued, for the positive
. x . x
ordinate of cosh! s the + sign must be taken. When a

1s used instead of z,
sinh-1 % = log gtﬂfff
a a
= log (z + \/.c-‘ﬁ——(—zi) - loga,
so the derivative of sinh ’i is the same as that of log
x+Ve+ Ez) since d (log a) = 0. The divisor a occurs in
the logarithiic form of cosh1Z a also, so its presence should

be borne in mind when comparing the same result expressed
in logarithms and in inverse hyperbolie sines or cosines.

The relation of the inverse hyperbolic sine to the equi-
lateral hyperbola is shown in Art. 137, and the inverse func-
tions are again considered in Art. 120.

Expansion of cosh x/a and sinh x/a. — Expanding
e and ¢*/* in series and taking the sum of the two series
tern by term gives

z z1
acosh~~—-a[1 +a‘2'+b4—4-!+“']

+oee (10)

y
- a+3; +24a3

Taking the difference of the two secries gives

. T z z? z8
asxnha—a[a+;——+-——+ ]

8= 731 T a5l
=zttt (1)

men [t ]
= bt e (12)

For these expansions, put g for z in Examples 8 and 7 of Exercise
XXX.



CHAPTER III.

SUCCESSIVE DIFFERENTIATION. ACCELERATION.
CURVILINEAR MOTION.

67. Successive Differentials. — It is often desired to
differentiate the differential of a variable or to get the deriv-
ative of a derivative. For, while the differential of the in-
dependent variable, being arbitrary, is usually supposed to
have the same value at all values of the variable and hence to
be a constant, the differential of the dependent variable,
except when the function is linear, is a variable, subject to
differentiafion.

The differential of dy is called the second differential of y;
the differential of the sccond differential of y is called the
third differential of y; and so on. d(dy) is written d2y;
d(d*y) or dd dy, is written d*y; and soon. The figure written
like an exponent to d denotes how many times in succession
the operation of differentiation has been performed. dy,

d%y, d*, . . . d"y are called the successive differentials of y.
Example. — The successive differentials of y when y = ax?:
dy = 3ax?dx;

d?y = 3adz-d(x?) = 6arda?;

d*y = 6ada?.dr = 6 ads?

diy = d(6adz?) = 0.
The independent variable being x, dx is treated as a constant.
Note that according to the notation adopted d?*y = d dy;
dy’ = (dy)*; d(¥°) = 2ydy.

68. Successive Derivatives. — The derivative of the

first derivative of a function is called the second derivative of
the function; the derivative of the second derivative is

called the third derivative; and so on.
86
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When z is independent,
d (_iﬂ__giy d dy _dy d dly _dvy

drde” dr¥ dedr?” d2d’ " dr odgl dx".
The successive derivatives of f (z) are denoted by
J@, f'@, @), 7@, ..., @)
Thusif  f(x) =24 f(z) =4 f'(z)=122,
f”,(x) =24z, fv (@) = 24, f7 (JJ) =0
Hence, if y = f(z) and z is independent,
dJ % ‘ﬁ_/ Yy ey n
f ( ): dl}z_f (x)v L ] dx"_f ()
The nth derivative of some functions can be easily found by
inspection of a few of the derivatives.
Example 1.—f(z) = &, ['(x) = &, f' () = ¢, [I" (z) = €7,
.y, S () = em
This function e? is remarkable in that its rate of change, or

derivative, is equal to the function itself.
Example 2.—f(8) = sin6, f' (6) = cos 6, f(9) = —sin 6,

" (6) = —cos6, fv(6) = sind. J'(6) = cosf = sin (a +1’),
(9) = cos (o + —) — sin (e +2. ) 77(0) = cos (8 + )
= sin <0+3-;~r> R i () =sin(0+n-§)-

Each of the successive derivatives of f (x) equals the x-rate of
the preceding derivative, for f»(x) = dﬂl:[; f*1(x) = the z-rate

of f»1 (x).

Corollary. — f*1 (z) is an increasing or a decreasing
function of x according as f» (z) is positive or negative, and
conversely.

Note. — The tangential acceleration is,

G = dv _d ds _ d’
‘T dt T didt T a
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and the flexion is

b= dm _ d dy _ dy.
dz ~ dz dz  dz?*

(Sce Art. 12 and Art. 13.) Hence, the speed g'i is increasing

or decreasing according as the acccleratlon d is positive or

t2
negative, and the slope is increasing or decreasing according
as the flexion :ii—z is plus or minus.

When the second derivatives are equal to zero, the first
derivatives are constant, or conversely. (See Art. 13.)

69. Resolution of Acceleration. — An acceleration, like
a velocity, being a quantity which has magnitude and
direction, may be represented by a straight line, that is, by
a vector.

In general the acceleration a at any point (z, y) of a curvi-
linear path may be resolved into two
components in given directions. The
directions usually taken are along the
tangent and normal at the point, and
in directions parallel to rectangular
axes 0X, OY. With the notation of
the figure for (d), Art. 10, the com-
ponents parallel to the axes being the
rates of change of dz/dt and dy/dt will be denoted by d2x/dt?
and d%y/dt, respectively. The rate of change of the velocity
is the resultant acceleration

_ — _ d2x 2 d?y 2
a=Val+al= \/<W) + (a-t—z) .

To find the component acceleration a. along the tangent
at P;resolve the axial accelerations along the tangent, giving
for the sum of tangential components,

dty . dx dz | dYy dy _ d’s
dt2 7 €08+ quaing = Gl GGl =

Q=
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ds dz dy\? .
() - () + G
2
a= gtf = (jl” rate of change of the speed.

by differentiating,

Hence, the tangential component is the same as for recti-
linear motion.

EXERCISE VIL
Find dy, d*y, d’y, when:

1. y=25-822+203 - 522+ 2.
d*y =120 (2 — x + 1) d2®.

= 12 — 3 2@,:3@ +3)
2. y =atlog (r —1). dy = = 1P dzs.
3. y=(2—6zx+412)¢% By = x2%" dad.
4. y = logsinz. d®y = 2 cos z sin™? xda?.
6. y =tanz. d*y = (6sectx — 4sec? z) dad.

Find the successive derivatives:
6. f(@) =2 +4p+32+2  [YI@) =[6, [V (z) =0.
7. f (r) = log (1 + 2); find nth derivative.
@) =042 @) =(-D1+27
J"@ = (=122 0+ @O =(-1)PB 0+ ...
) =(=D"t =10+
8. f(x) = 2*logz. SV (x) =621
s d3y et —e*
9. y =log(e® +e¢7). v m'
10. Find formula, known as Leibnitz’s theorem, for d” (uv).
Let w and v be functions of z; then

d (w) = du+v+ udp, (1)
@2 (w) = du-v +dudv + dudo +ud®

= d*u+v + 2dudv 4 ud; (2)
d3 (w) = d*u~v + 3dudv + 3dud® + u d*. 3)

The coefficients and ezponents of differentiation are according to the
Binomial theorem, however far the differentiation is continued;
-1
d" (w) =d"u+v + nd* ' udv + &@L )d"'zudzv+

+ udud* 1y + ud®v.
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2 g Su__@ 2= dy _ _ P
11, If 2+ 92 = a?, azt e 12, If 2 = 2pz, b "
R ¥ day _ _ b ey, dy_ b
13. 1 dTp=b g aty’ 4. 1f @ b I at?

70. Circular Motion. — When a point describes a circle
of radius r with constant speed v, it has a constant accelera-
tion »2/r directed towards the center of the circle.

Let PT be the velocity at P,
and P,T, that at P;. A velocity
being a directed quantity may be
represented by 4 wvector; that is,
by a straight line whose length
denotes magnitude and whose

N

2 ., direction is the given direction.

Hence from a common origin o,

'7\ ¢ the vectors op and op, are drawn

v \ equal to the vectors PT and

0 —— P,T,, respectively. Sinee the

speed is constant cach vector is

v, and pp, is the vector increment, denoted by Av. The

average acceleration for the interval of time A¢ is %—I;
directed along pp;, and is laid off as pm.

As At approaches zero, P, approaches P, and p, approaches

p along the circular arc indicated by the dotted line; pm

approaches a vector pt dirceted along the tangent to the arc

pp1at p.  This vector, the hm [A ] represents the accelera-

At
tion g{ of the point P moving in the circle of radius r; and
since the direction is at right angles with the tangent at P,
the acceleration is directed towards the center O, is normal
acceleration, therefore, denoted by a,. To find the magni-
tude of the normal acceleration a,: since the sectors pop,
and POP, are similar, the angles at o and O being cqual,
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arc pp; _ arc PP, or 2CPP_ As,
_— - =

op opP "’ v r
arcppi _ v As . [arc pp1]= v [As]
~ar ~rap 2nd lm [ At 7 Um | 7
replacing the arc pp, by its chord, (Art. 22.)
. [chordpp,| _dv _wvds
Ll\',gf)[ At ]‘dt =ra’
dv v?
“E=a Ty W

Otherwise, it may be seen that while the point P describes
the circle of radius r, the point p describes the circle of radius
v, the velocity of p in its path being the acceleration of P in
its path. Since the circles are described in the same time,
the velocitics are to each other as the paths of the two points,
or as the radii of the circles.

velocity of p _ velocity of P,
- = ’
v r

velocity of pis ((ii P rate of change of velocity v of P,
v2

) QA = —-

QAn
v

N

Since the speed is constant, the rate of change a, is zero,
a=Vat+ar=a,= Z;— ; that is, the total acceleration

is the normal acceleration, the change of velocity being change
of direction only. Since
2,
s = 27r = vt; a=éq"_12f’ 2
where T is time of a revolution.
Note. — By Newton’s Second Law the measure of the
force on a moving body is % a (Art. 71); hence, the force

acting on a body weighing W lbs. revolving in a circle of
8



92 DIFFERENTIAL CALCULUS

2
radius r is v-ZTv pounds of force, is directed towards the

center of the circle, and is called centripetal force. The
reaction of the body to this force is by the Third Law equal
in magnitude and opposite in direction. It acts upon the
azxts or upon whatever deflects the body from its otherwise
rectilinear path, and has been called the centrifugal force,
although a misnomer. The centripetal force is the active
force, the other is the equal and opposite reaction and should
be called the centrifugal reaction, since it is the resistance
which the inertia of the body opposes to the force acting
upon it.

71. The Second Law of Motion. —— According to New-
ton’s Second Law of Motion the rate of change of momentum
of a body is proportional to the resultant of the impressed
forces acting on the body.

Let a body of standard weight W be moving with velocity
v, then Wv = momentum of the body;

d dv d’s
Zi—t (WU) . W(—iz = }Vaﬁ = Wat.
Hence, if F be the resultant force and a the acceleration, by

the Law,
WaxF or Wa = kF; (1)

that is, the product of the numbers representing the weight
and the acceleration is proportional to the number represent-
ing the force. The value of the factor k depends upon the
units used for the other factors. When these are the usual
units, foot, pound (weight), second, pound (force), it is
found by experiment that & has the value 32, approximately.
Experiment shows that, while the value varies slightly for
different localities, it is the same for all bodies in any one
locality. This value is denoted by ¢ and is called the accei-
eration of gravity; for when a body falls freely, gravity being
the only force acting, the acceleration is found to be about
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32 feet per sec. per sec. The locality in which g = go =
32.1740 ft./sec.? has been adopted as the “standard locality”’
and the weight of the body in that locality is called the
standard weight of the body. Putting ¢ for k in equation (1)
it becomes

Wa = gF or F=—Ig—/a. (2)
If the force F is the force of gravity acting on W, then
dv
a=0=0

the acceleration of gravity; for the weight W is the force of
gravity acting on the body denoted by the letter W.

Since for any given body the ratio of the force to the
acceleration produced is constant, the value of this ratio,
F/a or W/g, is a characteristic of the body, called its inertia
and the ratio may be denoted by the letter m; then the
equation (2) may be written

F = ma. 3)

In using equation (3) for the solution of problems, with the
usual units, m must be replaced by W/g.

Some writers use the word “mass’’ to denote the inertia,
while others use it for standard weight; consequently, there
are some who avoid the use of the word on account of the
resulting confusion.

In Physics the equation (3) is used, the unit of force, called
the absolute unit, being that unit which in equation (1)
makes & = 1, the other units remaining the same, and,
therefore, m measured in pounds the same numerically as
the standard weight W.

Accordingly, if the number g be the number of absolute
units of force with which gravity attracts the unit mass (or
weight), the Law becomes

d——-v = hence dv =
ma =™ d

;= 0 the acceleration of gravity.

-
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The absolute unit of force is thus, that force, which acting on
the unit of mass (or weight) for the unit of time, generates the
unit of velocity. The absolute unit of force is thus 1/g of a
pound avoirdupois, about § of an ounce, and F is given in
this unit when in
F = ma,

m is expressed in pounds, the unit being a pound. The
ordinary unit of force, sometimes called the Engincer’s unit,
is one pound and is g times the absolute unit used in Physics.

Newton’s Second Law of Motion gives as a definition of
force: force is the time-rate of change of momentum. Using
the much abused term ‘“mass,” the definition is: the force
is the product of the mass times the acceleration. From

) w
o Wb s
Fo= o det’ F. = gr’
7 2 7 g2
F;=u d’x F,,=-W~d"/—

g e’
the tangential, normal, and axial components of a force F,

corresponding to the accelerations, a, a,, @ a, Since
kinetic energy of a moving body is E = } me?,

dE
—— = Y,
dv

that is, the v-rate of £ is momentuin;

dE dv ,
A= Fv,
that is, the time-rate of E is product of force and velocity.
72. Angular Velocity and Acceleration. — When a body
is rotating about an axis thc¢ amount of rotation depends
upon the time; so if 6 is the angle through which any line in
the body, intersecting the axis at right angles, turns, then 6
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gives the amount of rotation and is a function of the time ¢.
Thus in the case of a wheel the rotation is measured by the
angle 8 through which a spoke turns in a time ¢. The rota-
tion is uniform if the body rotates through equal angles in
equal intervals of time. The rate of rotation or the rate of
change of the angle is the angular velocity or speed and is
denoted by w.

If the rotation is uniform, the angular velocity is constant
:

and w = ;, 6 being in radians; hence, if the uniform rate of

rotation is w radians per second, the body rotates through wt
radians in ¢ seconds of time.

If the rotation is not uniform the rate at which the body
is rotating at any instant is the angular velocity at that time,
and = lim A0 _ do,

: “= At=0) At dt

This expression for angular velocity is general and is applic-
able when the rotation is uniform also; for then,

6 A0 df

w == e I e—— = ———’

t At dt

although, the ratios being constant, no limit is involved.

e . . w .
Similarly, the angular acceleration is a = 7 for constant

acceleration; and
_de_di0y_a9
*T@ T a\at) " ae
is, in general, the time-rate of change of angular velocity,
or the angular acceleration.

If a particle is at a distance » from the axis of rotation, the
relation between the angular velocity of the particle and its
linear velocity follows at once, whether the rotation is uni-
form or not.
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Since in circle As = r. A6,
A 1 As
At " r A
lim 20 = 1. jjpy A8
At*oAt r AtéoAt.
w=B_1d_v
’ dt r dt 7’

the relation sought. Hence, since
the angular velocity of every point
of a rotating body has the same
value at any instant, and the direc-
tion of motion of a particle at any
point is along the tangent at the
point,
tangential velocity v = rw,

if w is the angular velocity of the
particle about axis at 0.
Since dv _ d(ro) or @ _ r(ﬂ»
dt dt ’ d? dt:
tangential acceleration a, = re,
the relation between tangential acceleration and angular
acceleration when a is the angular acceleration of a particle
at a distance r from the axis of rotation.
_dv v %,
@ e T

normal acceleration a, = rw?.

Since Ay

73. Simple Harmonic Motion. — If a point move uni-
formly on a circle and the point be projected on any straight
line in the plane of the circle, the back-and-forth motion of
the projected point on the given straight line is called simple
harmonic motion. It is denoted by the letters S. H. M.
Let the point P move upon the circumference of a circle of
radius a with the uniform velocity of v feet per second, so
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that the radius OP rotates with uniform angular velocity at
the rate of % = o radians per second. The projection, P/,

of P on the vertical diameter, moves B

up and down. Let 6 be the angle that &

the radius makes with the z-axis, then ,

if the point P was at 4 when ¢ = 0, the “ &/

displacement OP’ = y is given by ‘.
Y = asinfd = asin wf. B’

If the point P-was at Py when ¢ = 0, and at A when ¢ = ¢,

then Yy =asin (vt — @), where a = wly = %ﬁ—"- (1)
When the displacement at time ¢ is given by (1) the motion
is 8. H. M. Hence, the point P’ describes S. H. M.
The velocity of a point deseribing S. H. M. is, from (1),
dy

qp = awcos (wt — @), (2)
and the acceleration is
d*y g
Jp = —a’sin (wt— ) (3)
= —?y, from (1), )
d? ,
or a—g + %y = 0. 5)

It should be noted that equation (1) may be written in the
form
y = asin (ot — &) = a [sin wt cos @ — cos wt sin a]
or y = A sin kt 4 B cos kt,

where A =acosa and B = —asina are constants. This

equation and y = asin (kt — a) are the general formulas
for S. H. M.

The acceleration of a particle describing S. H. M., as
shown by (4), is proportional to the displacement and
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oppositely directed. It is oppositely directed since the
motion is one of oscillation about a position of equilibrium.
When the body is above this position the force is directed
downward, and when it is below, the force is upward. In the
figure the point P’ has a negative acceleration when above 0
and a positive acceleration when below 0. The acceleration
is zero at O, a maximum at B’ and a minimum at B; while
the corresponding velocity, as given by (2), has its maximum
numerical value as P’ passes through O in either direction,
and is zero at B and B’, the ends of the vertical diameter.
The factor of proportionality «? is connected ‘with the period

T by the relation 7' = »25, where the period of the S. H. M.
y. = @ sin wt is the time T required for a complete revolution
of the point P; that is, wT = 2. The time ¢ = g to

make part of a revolution is called the phase, « being epoch
angle. The number of complete perivds per unit of time
isN = —IT = é—";, where N is the frequency of the S. H. M.
Let P’ be a tracing point capable of describing a curve on a
uniformly translated sheet of paper, SS’, then if the sheet be

b B B S’
P}—~7F71< LY LT YA
PRA\8 /4 ol P PRO/IPT A PIIN_/JP

_____ 1 _ L/ N LD _pr

S BI BI R/

P

moved with the same speed as the point P moves on the
circumference of the circle of radius a, P’ describing S. H. M.
on the vertical diameter will trace the sinusoid P’BP’B’ on
the moving paper. The sinusoid will have as its equation

= asinvt = as'nx
Yy a 1 a’

where z is the abscissa of any point of the sinusoid referred
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to an origin (as 0’) moving with the paper. The circle is
shown in the figure in several positions corresponding to the
different angles through which the radius OP has revolved,
or the different positions of the projected point P’ on the
vertical diameter BOB’. The amplitude of the S. H. M. is
the same as that of the sinusoid; that is, the radius a of the
circle. The period of the sinusoid is 2 wa, corresponding to

the period, T = gwlr, of the S. H. M. of the point P’ on the

vertical diameter.

T4. Self-registering Tide Gauge. — The principle by
which the up-and-down motion of a point is represented by
a curve is utilized in the self-registering tide gauge for record-
ing the rise and fall of the tide. Such a gauge consists
essentially of a float protected by a surrounding house o1
tube, and attached by suitable mechanism to a pencil that
has a motion proportional to the vertical rise and fall of the
float. The pencil bears against a piece of graduated paper
fastened to a drum that is revolved by clockwork. There
will thus be drawn on the paper a curve where the horizontal
units are time, and the vertical units are feet of rise and fall.
The stage of the tide is given for any time.

EXERCISE VIIIL.

1. The angle (in radians) through which a rotating body turns,
starting from rest, is given by the equation

0=§a12+wot+ﬂo,

where a, wo, 6 are constants; find the formulas for angular velocity and
angular acceleration after any time ¢.

w = g—:’ = at 4 wy, which gives the angular velocity;
(2—‘: = 3—:—? = a, which gives the angular acceleration.

2. A flywheel is brought from rest up to a speed of 60 revolutions
per minute in 3 minute. Find the average angular acceleration «, and
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the number of revolutions required. Find the velocity at the end of
15 seconds.

@ = 60r.p.m. = 60 X 2r _ 2w radians per sec.

60
at =a+30 =27 or a——z—0—02094rad/secz
lop =127 g
0 = 3 al =330 (30)2 = 15 X 27 = 15 revolutions.
w=al= §0X15—7r—314rad per sec.

8. If the flywheel of Ex. 2 is 12 feet in diameter, find the tangential
velocity and acceleration of a point on the rim., Find the normal
acceleration at the instant full speed is attained.

v=rw=0X2r = 37.7ft. per sec.

at=7ra =0 >< 30 = 6 X 0.2094 = 1.256 ft./sec?.

Illustrative Example.

Assuming that the moon’s orbit is circular, its acceleration
towards the earth is (by Art. 70 (2)),
¥ 4R

a=R———T~——00089ft/sec“

where R = 238,800 miles and T = 27.32 days.
From the law of inverse squares:

a_n___mn _ 1

g R (60.267r)* 3632’
. __g___32089 2
S0 = g = aeme = (0.0088 ft./sec?.,

where 32.089 is the value of g on the earth at the equator,
and R is 60.267 times r, the radius of the earth.

As these results differ by only E—%(Tdth of a foot, the

conclusion is that the centripetal force on the moon in its
orbit is due to the earth’s attraction, acting according to
the law of inverse squares. (See Art. 198.)



CHAPTER 1V.
GEOMETRICAL AND MECHANICAL APPLICATIONS.

75. (a) Tangents and Normals. — Since the derivative
dy
dx
point (z, ¥),

dy’] _ _ —
[%]l = slope of P\T = tan ¢ = m,,

= f’(x) represents the slope of the curve y = f(x) at any

where ¢ is the angle XTQ, measured from the positive
direction of the z-axis to the tangent TP, and m, is the
slope of the curve at the point P (z1, y1)-

Hence from the equation of a line through a given point
(@1, Y1), ¥ — y1 = m(x — x;); the equation of the tangent
at the point P; (x;, y1) isy — 1 = [%]1 (x — 1), in which the
subscript denotes that the quan-
tity is taken with the value Y
which it has at the point P;.
Since the sign of the derivative
of a function indicates whether
the function is increasing or
decreasing, when m, is positive
the curve is rising at P, and
when m, is negative the curve
is falling there. If m, is zero
the tangent is horizontal, parallel to, or coincident with the
z-axis; and if m; is infinite, the tangent is vertical, parallel
to, or coincident with y-axis.

Points where the slope has any desired value can be found

101
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by setting the derivative equal to .the given number and
solving the resulting equation for x.

The slope of the normal NP;, being the negative reciprocal
of the slope of the tangent TP, is

1 dx
= e — = — Ot =) - — 1.
ny m CcO ¢ [ dy]l

Hence, the equation of the normal is
d d
y—y1=[——d—§]l(x—x1) or x—x1+ (y— yl)[ y] = 0.

(b) Subtangents and Subnormals. — The subtangent
and the subnormal are the projections on the z-axis of the
part of the tangent and normal, respectively, between the
point of tangency and the x-axis.

From the figure:

Subtangent TM = y, cot ¢ = 3, [;_%] .

Subnormal MN = y, tan ¢ = 4, [ZZJC]

Tangent TP, =V MP +TM' = \/.%2 +od [Z_ﬂf
12
—yl\/1+ ZZ = ¥ COsCC ¢.

Normal NP, =V MP; + MN = \/ y2 + g [Zy]z

x
[dy |2
\/1+ |2z = Y sec ¢.

If the subtangent is reckoned from the point 7', and the
subnormal from the point M, each will be positive or nega-
tive according as it extends to the right or to the left. For
any given curve the signs will depend upon the codrdinates
of the point of tangency.

Note. — As mentioned before, the problem of tangents
directly led to the Differential Calculus.
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76. Illustrative Examples. — 1. The circle 22 + y? = a2,
Differentiating, 2zxdr+2ydy =0,
by _ _z,

dx  y
[aiy] _
dx |, Y1

x
y—h= *171(70"331)

Equation of tangent,

or zxy + yy. = a?, after reducing.
Equation of normal,

1
y—?/1=:;;~i(x—x1)

or yx, — ywz = 0, after reducing.

The final form of the last equation shows that the normal
at any point on the circle passes through the center.

The subtangent

_ ) wyo _wl_ _at =
TM_y‘[dy]l_y‘( 1131)— o m

The subnormal MN =y, [%]1 = yl( - ;%) = —1I.

Since dy = — g dx, the ordinate of the circle changes — g

times as fast as the abscissa; and since dy = — v dz is nega-

tive, unless « and y have different signs, y is a decreasing
function of z in the first and third quadrants; while dy being
positive when the moving point is generating the second and
fourth quadrants, y is an increasing function of x in those
quadrants.

2. The parabola 32 = 2 pz.

Differentiating, 2y dy = 2 pdz,

.. @ _p . [43]4.
Yodr oy ) dz |, wn
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Equation of tangent, y — y, = —3 (x—z) oryys = p (x + ),
1

after reducing.

Equation of normal, y — y; = — %l (x — z1).
2
The subtangent TM =y, <@> - 2 py =27
p p P

The subnormal MT = y, (5]) = p.

Hence, for any point on the parabola the subtangent is
bisected at the vertex and the subnormal is constantly equal
to p, the semi-latus rectum. These two characteristics of
the parabola afford ready methods of accurately drawing a
tangent at any point on the curve.

Since dy = gdx, the rate of y = § times rate of xz. To

dy _p_4
,

find where the rates are the same, put A~y . Yy=p

p.
2 )
point where the rates of y and x are equal. Hence the tan-
gents at the extremities of the latus rectum make angles of
45° and 135° with z-axis and meet at right angles with each
other at intersection of directrix and z-axis. It is evident

and z = that is, the extremity of the latus rectum is the

that at the origin where y = 0 dy _ o0 ; that is, the y-axis

ay
" dx
Is tangent at the vertex. It is seen also that, as y increases
without limit, the tangent at its extremity becomes more
and more ncarly parallel to the r-axis.

3. On the circle 22 + 32 = 1, to find the points where the
slope is 1, 0, or oo.

dyl _ & _ . .
[(E]l— —Zz— 1, oY1= —n,
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substituting in x2 + =15 = +% V2 and y, = F§ V2.

dy . - -
[dx] y1 =0, .~ x=0 and y = =1,

by substituting in 2% 4+ 2 = 1.
[@] =2 w, < =0 and z = *1,
1

by substituting in 2% + ¢* = 1.

4. To find at what angle the circle 22 + 4% = 8 and the
parabola y? = 2 x interscet.

Making the two equations simultaneous, the points of
intersection arc found to be (2, 2) and (2, —2).

. _[dy Ty 2
For circle, m, = [d.c] il F1.
o N ) N
For parabola, m;, = [ﬁ.v']l = = ks
FFor angle of intersection,
2 _ 1
m—my __ E2 2
ang = = i1 S

or ¢ = tan™! (F3), and from table of tangents, ¢ = 108° 26’
or 71° 34’

5. The path of a point is the arc of a parabola ¥ = 2 pz,
and its velocity is »; find its velocity parallel to each axis.

Let s denote the length of the path measured from any
point on it; then Z—ilf = .

From 4 = 2 pz,

dy _pdr

. dt y dt
Substituting these values in

Cl%s)z _ (%c)z + (ﬁidit/) (Art. 11),
#= () + (@)
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(@)2 =t L or dr _ w__
dt 1 l); Y2+ p?’ dt \/y2+p
Y
dy pdr _ PV

&TYyE VT
6. A comet’s orbit is a parabola, and its velocity is v; find
its rate of approach to the sun, which is at the focus of its
orbit.
Let p denote the distance from the focus to any point on
y? = 2 px; thenp = z + } p, from point to directrix;
dp dx
dt — dt’

p being constant. Hence, the comet approaches or recedes
from the sun just as fast as it moves parallel to the axis of
its orbit;

dp de Y

== W;”—_f;,z v. (Example 5.)

At the vertex, y = 0; hence, at the vertex do ; is zero. When

dt
Yy=n q )
“w _ 13
=5 V2.
dp _ da . Y
u o di <wv, since \/QT_;—AEZ < 1.
dy _ v
¥ \/y » (Example 5)
. pv
a:nd llm e = () *
y= V. y? + p? 0;
de . ds _ . ds\* _ (dx\ | [(dy\
T a T snee (dt) = (’d_t) "'(E)
dp dx .
Hence — TS d s always less than » and approaches ¢ as a

limit as y increases without limit.
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7. To compare the velocity of a train moving along a
horizontal tangent with the velocity of a point on the flange
of one of the wheels, and to compare also the horizontal and
vertical components of the flange point.

Let a wheel whose radius is a roll along a horizontal line
with a velocity »; find the velocity of any point P on its rim,
also the velocity of P horizontally and vertically.

oMy 0 P
The path of P is a eycloid whose equations are:
x = a (0 — sinb), ;
y = a(l — cosf) = aversh,

¢y

where 8 denotes the variable angle DCP, and a the radius
CD.
Since the center of the wheel is vertically over D,

= the time-rate of 0D

_d(ad) _ e do
Ta T Ta
g v
i~ a @
Differentiating equations (1) gives, by (2),
dz de do
z=0 (1 — cos®) = averseaz = pversf
= the velocity horizontally, 3)
ind
dy _ asiné 4 _ vsin @ = the velocity vertically. (4)

dt dt
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ds _  [{dz\* | [dy\? S 2y
di _\/(EZ>+(EZ> =vV2(1 = cosh) =v o

= velocity of P along its path. (5)

The velocity of P may be considered as the resultant of two
velocities each = v, one along PT tangent to the circle and
the other along PH parallel to the path of C. The resultant
PB must bisect the angle HPT; .. DPB = 90° and PB is
tangent to the cycloid, the path of P, making PD the
normal.

) do _dy _ds _
At 0, §=0, and dt_dt_dt—o'
T de 1, dy_ 1. s ds_
At P, 0=5 a=30 a3tV g
T dr _dy _ ds _ /5
AtP;,@-——z-; -CTt‘——--(%‘—v, dt—v\/Z.
_ dz _ds_ ., dy _
At Py, 0 =, dt_dt_zv’ %—O.
From (5) is obtained
ds:v=\/2a-y:a.

di

Hence, the velocity of P is to that of C' as the chord DP is
to the radius DC; that is, P and C are momentarily moving
about D with equal angular velocities. (See Art. 72.)

When 6 = 60° their lincar velocities also are equal, as
shown above.

8. Find the equation of the tangent and the values of the
subnormal and normal of the cycloid.

Dividing (4) by (3), Example 7, gives

dy _ sinf _ \/(2a—y)y/a=\/(2a—y),
dr ~ vers§ y/a Y

PH <~HB:.:DH

. . Y
= e = = 1 H
since sin@ CP 4 and versd 2 from (1);
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[Z—z]l=\/(—2—gi-—@> and y—y1=\/@—9—y:1——y-ll(x—xl)

is the equation of the tangent at point (i, y1).

The subnormal = d = ﬂt—lﬁ* =y sing =asind=PH=MD.
Yz =Yverso y/a

Thus the normal at P passes through the foot of the per-
pendicular to OX from C. Hence, to draw a tangent and
normal at P, locate C, draw the perpendicular DCB equal
to 2 a, and join P with B and D; then PB and PD will be
respectively the ¢angent and normal at P.

Normal = DP = VDB-DH = V2a-y.

9. Eliminating 6 in equations (1) of Example 7, equation
of cycloid is

z=a-arcversy/a=F\/2ay—y—‘2,

since 6 = arcversy/a and a-sinf = &= V' (2a — v) a.

EXERCISE IX.

Deduce the following equations of the tangent and the normal:
1. Theellipse, 2?/a? + 32/ =1, mz/a® + yiy/b* =1,

a’
U‘“y1=b;i;(1i“1fl)-

2. The hyperbola, 22/a? — y?/b? = zix/a? — gy /0 =1,
yom= bfzul (& = @),
3. The hyperbola, 2zy = @}, 2y +yx =a? yy—nr=y2—u
4, The circle, 22 + 32 = 2az, y—yp =@ —x1) (a — ) /y,
y—yp=&—z) /(@ —r).
6. Find the equations of the tangent and normal at (3/2a, 3/2a):
2 + 3 = 3axy. Ans. x +y = 3a, z=y.
6. z+y=2¢Yat (1, 1)
Ans. 3y =2+2,3z+y =4.
7. (/)" + (y/b)" = 2, at (a,b).
Ans. xz/a 4+ y/b =2, ax — by = a* — B2
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8. Show that the sum of the intercepts of the tangent to the para-
bola 2} + ¥* = ¢}, is equal to a.
9. Show that the area of the triangle intercepted from the co-
ordinate axes by the tangent to the hyperbola, 2 2y = a?, is equal to a2.
10. Show that the part of the tangent to the hypocycloid gt =d},
intercepted between the axes, is equal to a.
11. Find the slope of the logarithmic curve x = logs y. The slope
varies as what? What is the slope of the curve z = log y?
12. Find the normal, subnormal, tangent, and subtangent of the
catenary y = a/2 (¢*/* 4 ¢=%/%),
2
: /6 _ g-23/a). y__, % .
Ans. y2/a; a4 (e2%/® — 2%/%); V= =i Vi —a
13. At what angles does the line 3 y — 2 — 8 = 0 cut the parabola
=8z? Ans. arc tan 0.2; arc tan 0.125,

77. Polar Subtangent, Subnormal, Tangent, Normal. —
Let arc mP = s, and arc PQ = As; then / POQ = A4,

A

circular arc PM = pAd, and MQ = Ap. The chords PM

and PQ, the tangents RPH and TPZ, are drawn; and ZH

is drawn perpendicular to PH, Z being any point on the

tangent PZ.

When As = 0, the limiting positions of the secants PM

and PQ) are the tangents RPH and TPZ, respectively; hence,
It(£ PMQ) = 1 RPK =7/2= 4 PHZ,
It(£0QP) = 4 OPT =y = 4 HZP,

and It 4« MPQ = £HPZ.
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Now in a problem of limits the chord of an infinitesimal arc
can be substituted for the arc, since the limit of their ratio is
unity (Art. 22 and Cor., Art. 46); so

ltAp It MQ s?n MPQ

As chord PQ sin PMQ’
3_ =gsin HPZ = gg (1)

o, P o
% = sin HZP = 2. @)

From (1) and (2), it follows that, if PZ is taken as ds,
ds=PZ, dp=HZ, and pdf = HP.

Drawing OT perpendicular to OP, and PA and ON perpen-

dicular to the tangent TP, the length PT is the polar tan-

gent; PA, the polar normal; OA, the polar subnormal; and

OT, the polar subtangent.
From the right-angled HPZ

ds? = dp* + p*de?; 3)
ing=P% gy = 9P L

sm¢—~d—s—, cosw—ds, tany = & 4)

Polar subt. = OT = OP tany = p*d8/dp. (5)

Polar subn. = OA = OP coty = dp/db. (6)

e 2
Polar tan. = PT = VOPF ¥ OT° = p\/l +p2%- )

S — 2
Polar norm. = AP = VOP? + 0A? = \/,,2 + %. (8)

p =ON = OPsiny = p*db/ds
N
" Vo ¥ (dp/doy ®
¢ =y+o. (10)
Corollary. — If PZ represents the velocity at P of a moving
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point (p, 8) along its path, PK (= HZ) and PH will repre-
sent its component velocities at P along the radius vector
and a line perpendicular to it.

If the path is a circle with center at 0, ¢ is 90°; and
o sng0 = 1 = 2% ds_ db
siny =sin90° =1= N , from (4), or TSP V=T

that is, the linear velocity = radius times angular velocity.
(See Art. 72.)

EXERCISE X,

1. Find the subtangent, subnormal, tangent, normal, and p of the
spiral of Archimedes p = aé.
Ans. subt. = p?/a; subn. = a; normal = Vol ¥ a3
tangent = p V1 p?/a%; p = pt/ (s + a®)}.
2. In the spiral of Archimedes show that tan ¢ = 0; thence find the

values of ¥, when 8 = 27 and 4.
Ans. 80° 57" and 85° 27'.

3. Find the subtangent, subnormal, tangent, and normal of the
logarithmic spiral p = af.
Ans. subt. = p/loga; subn. = ploga; tan. = p V1 ¥ (log a)7%;
norm. = p V1 + (log a)*
4. Show why the logarithmic spiral is called the equiangular spiral,
by finding that y is constant.
If a = ¢, ¢ = x/4, subt. = subn., and tan. = norm.
6. Find the subtangent, subnormal, and p of the Lemniscate of
Bernouilli p? = a%cos 26.
Ans. subt. = — p/a?sin 20; subn. = ~a?sin 26/p;
P =p8/ Vot + atsin? 26 = p/at.
8. In the circle p = asin, find ¢ and ¢.
Ans. ¢y =0,and ¢ = 20.
The angle between two polar curves is found as for the other curves.
7. Find the angle of intersection between the circle p = 2 a cosd,

and the cissoid p = 2 a sin 8 tan 6.
Ans. arc tan 2.



CHAPTER V.
MAXIMA AND MINIMA. INFLEXION POINTS.

78. Maxima and Minima. — One of the principal uses
of derivatives is to find out under what conditions the value
of the function differentiated becomes a maximum or a
minimuin. '

This is often very important in engincering questions,
when it is most desirable to know what conditions will make
the cost of labor and material a minimum, or will make
efficiency and output a maximum.

A maximum value of a function or variable is defincd to
be a value greater than thosc values immediately before and
after it, and a minimum value to bc one less than thosc
immediately before and after it. It follows that the function
is increasing before, and decreasing after reaching a maxi-
mum value; while it is decreasing before, and increasing
after reaching a minimum value.

The points on the graph of y = f (z) at which the function
ceasecs to increase and begins to decrease, or ceases to de-
crease and begins to increase, are maxima or minima points;
and the values of the function at those points are maxima
or minima values.

It is to be noted that a maximum value is not necessarily
the greatest value the function can have nor a minimum the
least; f (a) is a maximum if it be greater than any other value
of f (x) near f (a) and on either side of it; and f (a) is a mini-
mum if it be less than any other value of f (z) near f (a) and
on either side of it.

79. The Condition for a Maximum or a Minimum Value.

— If f (z) is a function of an increasing variable z; then
113
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for f (a) to be a maximum, f (x) must be increasing just
before f (a) and therefore f’ (x) must be positive; on the
other hand f(x) must be decreasing just after f (a) and
therefore f’ () must be negative. Hence, as z increases
through the value a, f’ (z) must change from a positive to a
negative value. Conversely, if as z increases through the
value a, f’ (x) changes from a positive to a negative value,
f (a) will be a maximum value of f (x).

Hence f (a) will be a maximum value of f (z) if, and only
if, f' (z) changes from a positive to a negative value as z
increases through the value a. .

In the same way it may be seen that f (a) will be a minimum
value of f(z) if, and only if, f* () changes from a negative to
a positive value as z increases through the value a.

This condition has been called the fundamental condition
or lest.

For the cases of most frequent occurrence; when f (a) 1s a
maxtmum or a minimum, f’ (@) = 0. In most cases it is a
necessary condition for a maximum or a minimum value of
a function that the first derivative at that value shall be
zero. For in most cases the first derivative f' (z) is con-
tinuous; and, when continuous, it changes sign by passing
through the value zero only. But if f/ (z) is not continuous,
as is the case for some functions, then it may change sign by
becoming infinite for some finite value of x; for if f’ (z) is
a fraction whose denominator becomes zero for some finite
value of z, /' () changes sign as x increases through that

value. For example, when f’(z) = ;—_c:—é, for x = a = 2,

' (a) = 2——_6_—§ = o0; here f’ (z) is negative before, and

positive after x increases through the value 2; hence, f (2)
is a minimum according to the fundamental test. Again,
there are exceptional non-algebraic functions for which f’ (z),
as z increases through some finite value a, changes sign
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without becoming either zero or infinite. (See Note,
Art. 80.)

Excepting such rare functions, a theorem may be stated
thus:

For all algebraic functions any value of x which makes f (x)
a maximum or a minimum 1s a root of f' (x) = 0 or f' () = .

The converse of this theorein is not true; that is, any root
of f'(z) = 0 or f' (x) = 0 does not necessarily make f (x)
either a maximum or a minimum. These roots are called
critical values of x, and each root may be tested by rule.

80. Graphica} Illustration. ——-Let P . . . P; . . . P; be
the locus of y = f (x). Then f (z) will be represented by the
ordinate of the point (z, y), and f’ (z) by the slope of the
locus at the point (z, ). By definition, the ordinates MP,
M,P;, and M,P4 represent maxima of f (¢); while O, M,P,,
M,P;, and M;P; represent minima. (Art. 78.)
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The slope f’ (x) is positive immediately before a maximum
ordinate, and negative immediately after; while the slope is
negative immediately before a minimum ordinate and posi-
tive after. The slope f/ () is 0 or o at any point whose
ordinate f (z) is either a maximum or a minimum. The
slope f’ (x) is discontinuous at the points P; and Pjs, where
it changes sign by becoming infinite as x increases through
the values OM, and OM;; that is, f’ () = o0,
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The slope f’ (z) is 0 at Ps and o at P;; but it does not
change sign at either point, and neither MePs nor M;P; is a
maximum or a minimum ordinate; it does, however, change
in value at each point, Ps being a point where the slope f' (z) is
a minimum and P; one where it is a maximum. The points
Ps and P; are inflexion points, at which the curve changes
from being concave downward to upward, or vice versa.

Note. — Points such as Ps and Ps occur on railroad “Y’s,”
and such points where branches of a curve end tangent to
each other are called cusps.
At a point one a non-algebraic
curve where branches end and
are not tangent to each other,
called a shooting point, f' (x)
may change abruptly from a
vy positive finite value to a nega-

tive value, or vice versa; hence,
f (@) would be a maximum or a minimum without f’ ()
becoming either zero or infinite. The supplementary figure
shows a shooting point at which f (@) is a minimum; f' (z)
becoming —1 as z increases to @, and +1 as z decrcases to
the same value a, thus changing from a negative to a positive
value as z increases through the valuc a.

It is to be noted that, while on an exceptional curve like
the one shown the tangents at a maximum or a minimum
point may have various directions, on any algebraic curve
the tangent is parallel to one or other of the two rectangular
axes; that is, the tangent at a maximum or a minimum point
is horizontal, the slope being continuous; otherwise it is
vertical; and on only exceptional non-algebraic curves will it
have any other direction.

It may be noted also, as in the graphical illustration
given, that maxima and minima occur alternately; that is,
a minimum between any two consecutive maxima and vice
versa. It may be seen that a maximum may be less than

Y

0
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some minimum not consecutive, since by definition it is
necessarily greater than those values only immediately before
and after it. It may be seen also that when the slope is
continuous at least one inflexion point must occur between
a maximum and a minimum point. The only inflexion
points marked on the curve are Py and Py, occurring where
f (@) =0 and o, but f/ (r) may have any value at an
inflexion point, although its rate, f”/ (), must change sign
there, becoming 0 or . Hence, at any inflexion point, a
point where the slope f' (x) is a maximum or a minimum,
/" (z) = 0 or o*. The converse is not true, for f” (x) may
be 0 or o at other points.

81. Rule for Applying Fundamental Test. — Lef a be a
critical value given by either f' (x) = 0 or ' (x) = o, or, in
general, any value of x to be tested, and Ax a small positive
number; then:

If f' (a — Ax) 1s positive and f' (a + Ax) is negative,

f (a) is a maximum of f (z). (Art. 79.)
If f’ (a — Ax) is negative and f' (a + Azx) is positive,
f (a) is a minimum of f (x). (Art. 79.)

If f' (@ — Az) and f(a + Ax) are both positive or both
negative, f (a) is neither a marimum mnor a minimum of
[ (@).

This rule is general and is valid for all functions that are
continuous one-valued functions, which comprise all those
usually encountered in this connection.

82. While the rule just stated applies in every case;
when f’ (z), as well as f (), is continuous and therefore the
critical values of z are roots of f (z) = 0, a rule usually easier
to apply may be deduced from the fundamental test or
condition.

Let a be a critical value of z given by f’ (z) = 0. If f (a)
is a maximum value of f (z), f’ (z) changes from a positive
to a negative value as z increases through a; therefore, near
a,f’ (z) is a decreasing function, and therefore, its derivative,
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J" (z), must be negative near a. But if f”/ (a) is not zero,
then near o the sign of f” (x) is that of f (a). Hence
" (a), if it is not zero, will be negative when f (a) is a maxi-
mum value of f (z).

In the same way it is seen that f*/ (a), if it is not zero, will
be positive when f (a) is a minimum value of f ().

Conversely, f (a) will be a maximum or a minimum value
of f (x) according as f’ (a) is negative or positive.

Hence this rule for determining the maxima and minima
values of f (x) when f (z), f’ (z) are continuous:

The roots of the equation f' (x) = 0 are, in most cases, the
values of x which make f (x) a maximum or a minimum.

If a be a root of f (x) = 0; then f (a) will be a maximum
value of f (x), if f” (a) is negative, but a minimum, if f” (a) is
posttive.

Illustrative Examples.

Example 1. Examine the function (z 4+ 2)?(x — 1)3 for

maximum and minimum values.
[ @) = (z+ 2)*zx — 1),
f@=2(@+2)(=—-17+3(+ 2z — 1)
=5 (x + 2)(x — 1)z + 4/5).
Putting (z + 2)(x — 1)3(x + 4/5) = 0, the critical values
are found to be the roots, z = — 2, + 1, — 4/5, which are
to be examined. The value x = — 2 may be tested by the
original function; thus
f(=2)=(=24+2(-2-12=0,
f(—2—A2) =A2? (— 2 — Az — 1)2 < 0,
f(—2+Az) = Ax3(— 2+ Az —1)3 < 0.
Although the function is 0 for x = — 2, it is greater than
the values just before and after, since the values gotten by
taking « a little before and a little after — 2 come out
negative.

It follows that for 2 = — 2 the function has a maximum
value, which is 0.

In the same way the value z = 1 may be tested; thus
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M =0, f(l—-4r)=—-(@1-A4ac+2?248°<0,
f@ +Az) = (1 + Az + 2)2 A28 > 0.
Although f’ (x) = 0 for z = 1, the function is neither a
maximum nor a minimum for z = 1; since f (1) = 0, while
greater than the value before, is not greater than the value

just after. For the critical value x = — 4/5, apply the
Sfundamental test; thus, for x = — 4/5 — Az, f’ (x) is nega-
tive, and for ¢ = — 5/4 - Az, f’ (x) is positive. Since

f' (x) changes from a negative to a positive value as «
increases through the value — 4/5, the function has a
minimum value for that value of x.

Example 2.

fl@)=*—422+5z— 2.
fl@x)=322—82x+5=@8z—5)(x—1),
(@) =6z — 8.

Putting ' (x) = 3z — 5)(z — 1) = 0, the roots z = 5/3
and z = 1 are found to be the critical values, which in
I (x) give

f”(5/3) =6 X53—8=2 7)) =6—-8=—2.
Since f'' (x) is positive for = = 5/3, f(5/3) = — 4 is a
minimum value of the function; and since f”’ (x) is negative
forz = 1, f (1) = 0 is a maximum value of the function.
Ezxample 3.

f @ = (z + 1)*(z — 5)
f(2) = 2 (z + 1)z — 5) + 2/3 (& + 1)~z — 5)?
=(z+ 1)@ — 5)[2 @+ 1) + 2/3 (x — 5)]
= @-’i_ﬁ%ﬁ(s;/:s z — 4/3).
Putting f’ (z) = 0 gives the roots z = 5 and r = 1/2, and
putting f’ (z) = « gives the root z = — 1. Since

f(—Ar) >0 and f(5+ Az) >0, f(5) = 0 is a mini-
mum, and since f (— 1 — Ar) > 0 and f (— 1 + Az) >0,
f(=1) =0 is a minimum. Since f' (} — Az) is positive
and f* (3 + Ax) is negative, f (}) is a maximum.
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EXERCISE X..

Examine the following functions for maxima or minima. After
finding the critical values of the variable, use that method which
appears most applicable. When the second derivative is readily
found, its use is advisable; otherwise apply the fundamental test, or
test by substitution in the original function.

1. f(z) =zt — 8z + 222 — 24x + 12.

2. f(x) = (z — 4)*(x — 3)% 10. f(z) = &= + €=,

3. f(x) = 2t — 622 4+ 10. 11. f(z) = 2 —¢®.

4 f(x) =z + 4 o

oy fg) = o _/xl) 12. f(z) = ”T“ VI F 2.

6. f(z) = 22(x — 1). )

7. f(@) = 22 + 1/z. 13. f(o) = (;la- ;2 :

8. f(x) = x/Vxr — 1. 14, f(x) = (x — 1)'(z + 2)%.
9. f(8) = 2 tan 0§ + sec? 8. 15. f(z) = (x — 2)5%(2x + 1)

83. While the above rule * (Art. 82) is all that is needed
in most cases, it does not provide for the case when the
critical value a makes f”’ (x) become zero. When f’ (a) = 0,
f (a) may be either a maximum or a minimum, or it may be
neither, and the point on the graph of f (x) may, or may not,
be a point of inflexion; so an extension of the rule is needed
to provide for cases where f”” (z) and the succeeding deriva-
tives may in turn become zero for the value, a.

If no derivative is found that does not become zero when
a is substituted for z, then recourse may be had to the funda-
mental test, that rule applying in every case. But if f’ (a),
/7" (@), ..., 1 (a) all are found to be zero, and f*(a) not
zero; then the following rule, inclusive of the preceding,
applies. Let a be a critical value of z given by f' (x) = 0,
and let a be substituted for x in the successive derivatives
of [ (2).

If the order n of the first of the derivatives that is not zero 1s
an even integer, f (a) will be @ mazimum or a mintmum of f (x)
according as this dertvative is negaiive or posttive.

If the order n of the first of the derivatives that is not zero is

* Page 118, Art. 82.
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an odd integer, f (a) will be neither a mazimum nor a minimum
of f (x) regardless of the sign of this derivative.

Note. — This conclusion can be deduced by examining
the signs of the derivatives near a; thus, as follows:

If /' (a) and f” (a) be zero but f”’ (a) not zero; since
""" (x), the rate of f” (x), has when z is @ a value not zero;
f (), the rate of f’ (z), is then increasing or decreasing
according as f’ (a) is positive or negative, and, since it is
zero when z is g, it must change sign as x increases through a;
therefore, f’ (x), the rate of f (), must be either decrcasing
before and increasing after, or increasing before and decreas-
ing after z is a, and so, continuing to be positive or negative
according as '’ (a) is positive or negative, docs not change
sign as z increases through a; hence f () is neither a maxi-
mum nor & minimum of f (x) regardless of the sign of /"' (a).

Now if f” (a) also is zero but fv (a) not zcro; since f'v (),
the rate of f”” (z), has when z is a a value not zero, f””’ (2),
the rate of 7 (x), is then decreasing or increasing according
as fIv (x) is negative or positive and, since it is zero when
is @, it must change sign as x increases through a; therefore,
f” (z), the rate of [’ (), must be cither incrcasing before and
decreasing after, or decreasing before and increasing after x
is a, and so, continuing negative or positive according as
fv (a) is negative or positive, does not change sign as z
increases through a; f’ (z), the rate of f (x), must then be
either decreasing, or increasing before and after z is a, and,
as it is zero when z is q, it changes from a positive to a nega-
tive value, or from a negative to a positive value, as z in-
creases through a, according as f1 (a) is negative or positive;
hence f (a¢) is a maximum or a minimum of f (z) according
as fv (a), the first of the derivatives that is not zero, is neg-
alive or positive.

In the same way it follows that, if f¥ (a) is the first of the
derivatives that is not zecro, f (a) is neither a maximum nor
a minimum of f (%) regardless of the sign of f¥ (a); and that,
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if 1 (@) is the first, f (@) is a maximum or a minimum of f (x)
according as f¥* (a) is negative or positive; and so on for the
succeeding derivatives: hence the inclusive rule given.
(For proof by Taylor’s Theorem, see Art. 158.)

y=11x)=4x3 y=flx)=xé
fla)=r1o)=0, neithera max noraminoffix)  fla)=f(o)=0,amin.of (x)
Y] Y]

y* 25t =04 y'~ 2 Flr)=22
20t flx)=24x 20 £)=24x
15r 15t

Y\ p Flo=12ze K Fla)=I220

s Lx) =2t Flaj=das
-7 B flx)=x4
[) 1 1 o 2 1 ud
¥
yll
M ¥
¥
Iy “_ 1 x
7 flx)=-x4
fx) ==4x3 flx)=4x*
I/
Y Fla)=-122? £(e)=d2x?
20 £lx)=-24x 20 flo)=242
4 4

- 3t A2 yY———pz £e)=-24

y=£(x)=~4x’ =flx)=-21

f{a)=F(0)=0,nerthera mazx. nora Mo £(x)

84. Typical Illustrations. — The

fta)=flo)=0,a max of f(x)

foregoing deductions
may be verified by the graphs of the successive derivatives
of 23, —a3, ¢, and — x4, referred to the same axes as those of
the graphs of the functions. The usual case when f' (a) is
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zero and f”’ (a) not zero, is well illustrated by the graphs of
the function sin 8 and its derivatives.

f(Q)=sin€

1
!
7 ¥
i
]
|
1
'

1
’ ; i ;
Fl)=Cos 6 LN : /(fﬂw
| | Wﬂmﬁx
i ‘
£18)=-5in 8 ] ! ‘ '

f(0) = sin@; where 0 isinradians.
f76) =cos®=0; .. 0=m/28%m,...,m/2+nr);
J" () = —sinb, f"(r/2) = —;
f(x/2) = 1is a maximum value of f (z).

" @Gm)y=+4; -~ f(37)= —1isa minimum value of { ().
f7@) = —sin6d=0; . 6=0mx ... nr;
(0,0), (r,0), . . . are points of inflexion.

J"(6) = — cosb; [ (0) = —;
f’ (0) = 1 is a maximum slope.

f" (@) =+; -~ f (&)= — 1isaminimum slope.
The graphs make manifest that for a maximum or a mini-

mum value of the function the first derivative passes through
zero; being + before and — after for a max., and — before and

10
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+ after for a min.; and that hence the second derivative is
— for a max. and + for a min.; also that at an inflexion point
the second derivative is zero. The graph of sin 6 makes
manifest at once the maxima and minima values of the
function and the value of the angle in radians that makes the
function a maximum or a minimum.

The graph of the first derivative shows that the first
derivative of any continuous function when continuous itself,
changes sign by passing through zero only, for the ordinate
changes sign by becoming zero only, as the graph crosses the
axie of #; and it shows that in passing through zero the
ordinate changes from plus to minus, or from minus to plus
according as the abscissa of the point of crossing corresponds
to a maximum or a minimum ordinate of the graph of the
function; and that as it crosses the axis the ordinate is cither
decreasing or increasing. The graph of the second derivative
shows by the direction or sign of its ordinate at or near the
point where the graph of the first derivative crosses the axis
whether the first derivative is decreasing or increasing as it
passes through zero at that point, the sign being minus or
plus according as the first derivative is decreasing or increas-
ing; that is, according as the abscissa of the point corre-
sponds to a maximum or a minimum ordinate of the graph
of the function.

Auxiliary Theorems. — By use of the following theorems,
which are obvious, the solutions of problems in maxima
and minima are often simplified:

(i) Any value of z which makes ¢ + f () a maximum or a
minimum makes f(z) a maximum or a minimum; and
conversely.

(ii) Any value of x which makes ¢« f (z), ¢ being positive,
a maximum or a minimum makes f(z) a maxXimum or a
minimum; and conversely. If ¢ is negative and f (a) is a
maximum, ¢« f (@) is a minimum.

(iii) Any value of x which makes f(z) positive, and a



EXERCISE XI 125

maximum or a minimum, makes [ f (x)]* a maximum or a
minimum, n being any positive whole number.

(iv) Since f () and log f (z) increase and decrease to-
gether, any value which makes f () a maximum or a mini-
mum makes log f (z) a maximum or a minimum; and con-
versely.

(v) Since when f (x) increases its reciprocal decreascs, any
value of z which makes f (x) a maximum or a minimum
makes its reciprocal a minimum or a maximum.

EXERCISE XI.

Examine f (z) for maxima and minima when:
1. f@)=a8—-5at+5x3—1.
ff@)=56xt—2034+ 1522 =522 (a2 =4z +3)
=52@x—-—1(@x—-3)=0;, . x2=013.
S/ (@) =202 — 6022+ 30x; f” (x) = 60x* — 120 .r + 30.
J70) =0, f(0) =30; .~ [f(0)=—1
is ncither a max. nor a min.
S7(1) =20 —060+430=—10; . f(1)=01isamax.
f7(3) =540 — 540490 = 90; .. f(3) = —28isa min.
By plotting the graph of f (x) thesc results may be verified.
2, f@)=23—=32+3x+7.
ffx)=3x2—-06r+3=3@—-2r+1)
=3@x—-12=0; .~ z=1,1
@ =6x—6=6@=1); ") =6.
fP@)=0;/0)=6; .~ f(1)=8 1sneither amax. nor a min.
3. f(x)=3xt—428+1.,
F@) =120 —-122 =122 —1)=0; . 2=0,1.
@) =3622—24x =122QBx —2); [ (x) = T22 — 24,
J7O)=0; f7(0) = -24; .~ f(0)=1
is neither a max. nor & min.
J71) =12; .~ f(1) =0is a min,
4, f(x) =325 — 1252% + 2160 x.
[l (@) =154 — 37522 4 2160 = 15 (x* — 2522 + 144) = 0;
Soox = 43, 4.
S’ () =15(428 = 50z); [’ (3)isneg.; .~ f(3)ismax.
" (4) is positive; .. f (4) ismin.; f”’ (—3) is positive; .. f(—3)
is min.; f (—4) is negative; .. f(—4) 1s max.
6. f(x) =at—322+6x+47.
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f' (@) =822 —6x+4+6=3a"—2x+2)=0; .. z=1x+V-1
Hence no real value of x makes f () a max. or a min.
6. Examine ¢ + V4 a%z? — 2 az? for max. and min.
Let f () = 2ax? — 3 (by Art. 87).
f’(x)-—4ax—-3x’—4(4a—3x)-—0 :c—4/3a,0
f' (@) =4a—6z;f” (0) =4a; .. f(0) =cisa min.
f”(4/3a)—4a—-8a= —4a;
j'(4/3a)—-c+8a2\/3/915amax
7. y*a-—b(at:—c)g zmdy—a—b(z—c)*

e 2 —ow; .. z=canditcan beseenthatg—i!

changes from + to — when z passes through the value ¢, hence f (¢) = a

is 2 max. i .
When f(z) =a —b(z —c); a%: —m=oo; sz =g

here it can be seen that f' (z) or Z% does not change sign as z passes

through ¢, and, therefore, the function has neither max. nor min,
8. Examme (z — 1)* (z + 2)* for max. and min.

@ =@E—-1pE+22@c+5) =0 .~ z=1,-2 -3
ffa—az)is —, f (1 +Az)is +; .. f(1) =0isamin
F (=2 =Ar)is +, f (=% + Ar) is —; .~ f(—%) is a max.

f' (=2 — Ax) and f' (=2 + Az) are both +; hence f (—2) is
neither max. nor min.

9. Examine (a = z)°
a—2z

f @) =(a—z2@r—a)/(a—22)? f(z) =0givesr = a, a/4;

f (x) = o gives (a — 22)? =0, or z = a/2.

f' (a/4) changes from — to + as z passes through a/4; . f(a/4)
is min. When z = q, or a/2, f’ (z) does not change sign; .. f(a) and
f (a/2) are neither max. nor min.

10. When f(z) = (= 1) (z —2) (z —3), f (2 —1/8) = $ \3
is a max., andf()—f—l/\ld) — 2 Y3 is a min.

11. Show that the maximum value of sin 8 + cos 6 is v 2.

12. Show that the maximum value of ¢ sin 8 + b cos 8 is ¥ @ + b

13. Show that e is a minimum of z/log .

14. Show that 1/ne is a maximum of log x/z".

15. Show that e!/¢ is a maximum of z!/=.

16. Show that 1 is a maximum of 2 tan 6 — tan? .

17. Find the maximum value of tan~!z — tan~! z/4, the angles
being taken in the first quadrant. Ans. tan™! §.

18. Show that 2 is a maximum ordinate and — 26 is a minimum
ordinate of the curve y = 2% — 6z¢ + 52% + 1.

for max. and min.
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PROBLEMS IN MAXIMA AND MINIMA.

1. Find the maximum rectangle that can be inscribed in a circle of
radius @. Let 2 2 = base and 2 y = altitude; then

area A = 4 gy =4z Va? — 22

7w
x

Take  f(z) =22 (e — o) = a%? — z* [by Art. 87];
@) =2a% —403 =22 (a?—212) =0; . z=0,a/V?2;
(@) =2a— 1222 7 (0) = 2a2; . f(0) = 0is min,
7" (a/V2) =22 — 602 = —4a; - f{a/V2) =at/4.
A=4Va/s =20

is the area of the maximum rectangle, which is a square.
Note. — By Geometry without the Calculus method:

A=2ay= 2a\/u,"——_xi],=o = 2a?,

since the radical quantity is evidently greatest when z = 0.

b

N\,
~

N Y
N ,b‘b
~o A

2. The strength of a beam of rectangular cross section varies as the
breadth b and as d?, the square of the depth. Find the dimensions of
the section of the strongest beam that can be cut from a cylindrical
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log whose diameter is 2 a. Strength oc bd?; .. strength = kbd?, where
k is a constant; let

f(b)=b(4a2—b2)=4a2b_b3; ,
f0)=4a=3b=0; o b=->2 d=\/§(2a).

V3
_2a(, . 40 _20 2, . 16a
10 =2t (40 = 4E) - 22 2w - 222

Hence, the rectangle may be laid off on the end of the log by drawing
a diameter and dividing it into three equal parts; from the points of
division drawing perpendiculars in opposite directions to the circum-
ference and joining the points of intersection with the ends of the
diameter, as in the figure., The strength of the beam is about 0.65 of
that of the log, but it is the strongest beam of rectangular section.

3. The stiffness of a rectangular beam varies as the breadth b and as
d?, the cube of the depth. Find the dimensions of the stiffest beam that
can be cut from the log.

avs

Stiffness o« bd%; .. stiffness = kbd® (k constant); let stiffness
=b (402 — )L Take
7 ) = 4apt — b%; 1 b) = § (a0~ — b¥) = 0;
B=a or b=qa; .. d=@4a —a)}=0aV3

To draw the rectangle, lay off from ends of a diameter chords at angles
of 30° with diameter and join ends of chords with ends of diameter.

4, A square piece of pasteboard is to be made into a box by cutting
out a square at each corner. Find the side of the square cut out, so
that the remainder of the sheet will form a vessel of maximum capacity.
Let a be side of square sheet and z side of square cut out; then
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f@) =z(@—22) .
ff@)=—42@—-22)+(@a—-2z)2=(a—62z2) (a —22) =0;
a=1/6a,1/2a.

f(1/6a) =1/6a(a — 1/3 a)? = 2/27 a3, maximum capacity.
f(1/2a) =1/2a(a — a) = 0, minimum.

6. A rectangular sheet of tin 15" X 8 has a square cut out at each
corner. Find the side of the square so that the remainder of the sheet

may form a box of maximum contents.
Ans. 13",

6. - A channel rectangular in section, carrying a given volume of
water, is to be so proportioned as to have a mini-
mum wetted perimeter. Find the proportions of
the channel.

Let z be the width of the bottom, and y the =
height of the water surface. Since the given -~
volume is proportional to the cross section,

SN

a2y =V, where V is constant. 1)
p=x+2y=m+—2?V, from (1);
dp _y_2V o . o=VEV=Vizm;

that is,
2V =22=2zy, or = =2y.

To show that this makes p a minimum; note that for 22 < 2V, % is

negative, and for a2 > 2V dp is positive, therefore for z? = 2V, or
) y dx

¢ = 2y, pis & minimum,
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7. Find the dimensions of a conical tent that for a given volume will
require the least cloth.

= 3arth; .. h=3V /ur? whererisradius of base and 4 altitude. (1)
S =mr ViE+ I = (12 9 V2 /i) = (n2rt 49 V2/r2),
S denoting lateral surface; let
5 @) =7 4+ 9V2/r2 (by Art. 87),

jup—
S =4 w-—lsv =0, . r=1/—§ \/ﬂ’;
2 T
1" (r) = 127%2 4 54 V2/r4, positive for any r;
8
hence r= —‘/—é \/ %_Z makes S a minimum.
6 6V
From (1), k= =T v/2; and slant height = r V3,

8. From a given circular sheet of tin, find the sector to be cut out so
that the remainder may form a conical vessel of maximum capacity.
Ans. Angle of sector = (1= V3 2x = 66°14".
9. The work of propelling a steamer through the water varies as the
cube of her speed; show that her most economical rate per hour against
a current running n miles per hour is 3 /2 miles per hour.

Let v = speed of the steamer in miles per hour;
then c® = work per hour, ¢ being a constant;
and v — n = the actual distance advanced per hour.

Hence, ¢’/v — n = the work per mile of actual advance.

Find the most economical speed against a current of 4 miles per hour.

10. The cost of fuel consumed by a steamer, varies as the cube of her
speed, and is $25.00 per hour when the speed is 10 miles per hour. The
other expenses are $100 per hour. Find the most economical speed.
Let C = cost per hour for fuel at speed of » miles per hour;
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then C:$25 =08: (103 .. C = $254/(10);
3
f = %(5))“3 . l-j + 3-5—1%2(-1 ; where d is distance and % is hours.
50 _100d

f’ (1)) (10)3 = 0;

v
¥ = 2000, or v = V2000 = 12,6 miles per hr.
f(12.6) = $12d (approximately);

hence cost for one hour about $150; cost for running 10 miles at 12.6
miles per hour about $120, while the cost for running the 10 miles at
10 miles per hour is $125, and at 15 miles per hour the cost for running
10 miles is about $123.

11, The amount of fuel consumed by a steamer varies as the cube of
her speed. When her speed is 15 miles per hour she burns 43 tons of
coal per hour at $4.00 per ton. The other expenses are $12.00 per hour.
Find her most economical speed and the minimum cost of a voyage of
2080 mules. Ans. 10.4 m1. per hr.; $3600.

12. A vessel is anchored 3 miles off shore. Opposite a point 5 miles
farther along the shore, another vessel is anchored 9 miles from the
shore. A boat from the first vessel is to land a passenger on the shore
and then proceed to the other vessel. Find the shortest course of the
boat.

Let hy be the distance the boat goes from first vessel to shore and hq
the distance from the shore to the other vessel; then

f@ =h+h =3+ + [+ 6 -2
5b—x

U il G
whence T =4 b4k =244+ 4= 13 miles.

13. Find the number of equal parts into which a given number n
must be divided that their continued product may be a maximum.

Let
1@ =) r@=(%) (mgg 1) =0;

n
-=¢ and z=
z

®l3

n
log; =1;

hence the number of parts is n/e, and each part is e.
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85. Inflexion Points. — Where the slope of the graph of
the function is a maximum or a minimum is at the points
where the ordinate of the first derivative has its greatest
positive or negative value, and those points are precisely
where the ordinate of the second derivative is zero, those
values of 6 that make the slope of the function a maximum
or a minimum being those that make s derivative, the
second, zero. These points are inflexion points on the graph
of the function, where the curve changes from being concave
upward to downward, or downward to upward. When a
curve as mn is concave upward its slope evidently increases
as the abscissa of the generating point increases; hence its
derivative, the second (the flexion), is positive. When a
curve as st is concave downward its slope evidently decreases
as the abscissa increases; hence the second derivative is
negative. At a point of inflexion, as P on mt or sn, the tan-
gent crosses the curve at the point of contact, and on opposite

£ n
z P
0'— re
m 4

sides the curve is concave in opposite directions, therefore,
the second derivative has opposite signs. Hence, at a point
of inflexion the first derivative, the slope of the curve, has a
maximum or a minimum value. To test a curve for points
of inflexion is to test its slope for maxima and minima. In
the case of roads or paths that change direction of curvature



INFLEXION POINTS 133

in a horizontal plane the inflexion point is usually called the
point of reverse curvature, and when the curved grade
changes direction of curvature in a vertical plane the inflexion
point is where the grade is greatest or least on that part of
the road. The roots of the second derivative = 0 or oo are
the critical values to be tested for points of inflexion, and
the sign of the third derivative, when the critical value is
given by the second derivative = 0, indicates whether the
second derivative, the flexion, is decreasing or increasing as
the critical value is passed, the sign being minus or plus
according as the second derivative is decreasing or increas-
ing; that is, according as at the critical value the slope is a
maximum or a minimum, or as the curve is concave upward
before and downward after or the reverse. These conclu-
sions are verified by the graphs of sin 8 and its successive
derivatives.

When the critical value is given by the second derivative
= o0, or, in general, when any value is to be tested, the
fundamental test may be applied to determine the sign of
the second derivative before and after the value to be tested,
and thus to determine the concavity and existence or non-
existence of inflexion.

It is cvident that at a maximum point on a curve the
curve is concave downward both sides of the horizontal
tangent point and concave upward both sides of a vertical
tangent point, while the reverse is the case at a minimum

point.
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Tangents drawn at successive points on a curve that has
maxima and minima points show that as the abscissa of the
moving point increases the tangent turns clockwise through
zero angle at a maximum point until an inflexion point is
reached when it turns in the opposite direction through zero
angle again at a minimum point; and then it may without
any inflexion point turn through a right angle at a maximum
point, continuing to turn anti-clockwise until possibly at an
inflexion point it turns back clockwise through a minimum
point when the angle is a right angle again, becoming less as
the tangent continues to turn clockwise. The points on a
graph at which the ordinate ceases to increase and begins to
decrease, or else ceases to decrease and begins to increase are
sometimes called turning points of the graph, and the corre-
sponding values of the function turning values. The turning
values are evidently maxima and minima values and the
turning points maxima and minima points. While the tan-
gent at an inflexion point turns in opposite directions, the
curve is either rising or falling on both sides of the point; but
at a turning point the curve is rising at a maximum and then
falling, or falling at a minimum and then rising. These
considerations make it obvious that at a maximum, the
angle made by the tangent decreasing, its rate, the second
derivative of the function, is negative, and that at a mini-
mum, the angle increasing, the second derivative is positive.

86. Polar Curves. — A polar curve is concave or convex
to the pole at a point, according as the tangent to the curve
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at the point does not, or does lie on the same side of the
curve as the pole. It may be seen from the figure that
when a polar curve, as mn, is concave to the pole, p or ON
increases as p increases; hence, the rate of change of p with

respect to p, g%) is positive.

When a curve, as st, is convex to the pole, p decreases as
. dp . .

p increases; hence, dp & negative.
It follows that a polar curve is concave or conver to the pole

at a point according as Z—f 18 positive or negative.

At a point of inflexion on a polar curve, as P on mt,

d
changes sign, and therefore p is a maximum or a minimum;
and conversely. Henee to test a polar curve for points of
inflexion, p is tested for maxima and minima.
Ezample. — Examine the Lituus for points of inflexion.
P . 2a
Vo F (dp/d0):  Via + pt’
ip 2000
dp (+a* 4 ph)?
Hence, p = a V2 makes p a maximum; and (a V2, 1) is a
point of inflexion.

Here p=

. . . . . dp .
The spiral p = a’ has no point of inflexion, since (TE is

always positive.
DETERMINATION OF POINTS OF INFLEXION.
1. Examine y = r* — 3 — 9x 4+ 9; for points of inflexion.
dy
dr
dy
dx?
is abscissa of an inflexion point. The point is (1, —2), to the right of
which the curve is coneave upward.

=3 —-06xr -9,

=6r—6=06(~-1)=0, .~ z=1,
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2. Examine z* — 3 bz? + a% = 0, for points of inflexion.
Ans. (b, 2 b%/a?) is a point of inflexion, or of maximum slope,
to the right of which the curve is concave downward.
3. Examine y = ¢ sin z for points of inflexion.
Ans. (0,0), (£m 0), (£27,0) .. ..

4. Examine the Witch of Agnesi, y = for inflexion points

3 @ Fda”
Ans. (£2a/V'3,3a/2); concave downward between these points
concave upwards outside of them.

Find the points of inflexion of the following curves:

5. (z/a)? + (y/b)t =1. Ans. r = xa/V2.
6. y=(+x)e Ans. z =0and x = 3.
T y = 05 — b2, Ans 2(loga — log b)

a—b
8. y =23/a® + 22
Ans. (0,0), (aVv3,3a Vi), (—a V3 —3a V).

87. The Centrifugal Railway. — The centrifugal rail
way is an example of a simple circular pendulum where the
cord of suspension is replaced by a track.

Neglecting the resistance of
friction and of the air, the forces
acting on the car are the force of
gravity and the normal reaction
of the track. If A’ is the diam-
eter of the circular track and A
the height from which the car
starts from rest, find the relation
between h and A’, so that the car
will make a complete revolution without leaving the track.
The centrifugal reaction at the highest point of the track
must be great enough 1o overbalance the weight of the car
The velocity at B is v = V2gh; at T, v = V2g (h — ');
whence (Note Art. 70),

V]
5‘%’,’;-2=ﬁf,z/-2-2g(h—h') - W, [(2) Art. 184]
giving 4 (R — k') = k’; hence h = }A’, to balance; and,
therefore, 2 should be greater than § A/, for the car to com-
plete the revolution without leaving the track.
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CURVATURE. EVOLUTES.

88. Curvature. — The flexion (Art. 13), b = 9% = 7Y

dr dz?

being the rate of change of the tangent of the angle made

with the z-axis by the tangent to a curve, is one measure of

the bending of the curve at the point of tangency. This

measure, however, is dependent upon the position of the
axes and would change if the axes were rotated.

There is a measure of the bending called the curvature,
which does not depend upon the choice of the axes, as it is
expressed in terms that arc the same after the axes are
rotated, or even before any axes are drawn. The curvature

15 denoted by K = %, the rate of change of the angle of

inclination ¢ = tan~! m, with

respect to the length of arc s. ¥ )lf—'r
Thus, let P and P, be two

points on a plane curve, ¢ and
¢ + A¢ the angles which the
tangents at P and P; make with
the z-axis, s the arc AP meas-
ured from some fixed point A
on the curve up to P, and As
the arc PP,. The angle ¢ is in radians, and A¢ is evidently
the angle between the two tangents.

The angle A¢ is the total curvature of the arc As, as it is a
measure of the deviation from a straight line of that portion
of the curve between the points P and P;. The sharper the

137
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bending of the curve between the two points the greater is
A¢ for equal values of As.

A¢
IS—’
is, therefore, the average change per unit length of arc in
the inclination of the tangent line.

The limit of A¢

The average curvature of the arc As is defined as and

when P, approaches P as its limiting

B_S"
position, is called the curvature of the curve at P; that is,
the curvature at a point on a curve is K = lim 4¢ _dg,
As=0 As ds

Otherwise, by rates, the curvature of any curve, as APP,
at any point, as P, is the s-rate at which the curve bends at
P, or the s-rate at which the tangent revolves, where s de-
notes the length of the variable arec AP. If ¢ denotes (in
radians) the variable angle XTP as P moves along the curve
APP;, then, evidently, the curvature of APP, at P equals

de

the s-rate of ¢; that is, K = ds’

89. Curvature of a Circle. — FFor a circle of radius R,
As = RA¢ and therefore,

since the ratio of the increments is con-
stant; that is, the average curvature of
any arc of a circle is equal to the curva-
ture at any point of that circle. In
other words, a circle i a curve of constant curvature and its
curvature is equal to the reciprocal of its radius; that is,
the curvature of a circle equals 1/R radians to a unit of
arc. )

For example, if R = 2, the circle bends uniformly at the
rate of 4 radian to a unit of arc.
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If R = 4, the curvature of the circle is 2 radians per unit
of arc.

If R =1, for the circle of unit radius the curvature is
evidently a radian per unit of arc.

90. Circle, Radius, and Center of Curvature. — The
curvature of any curve except the circle varies from one
point to another. A circle tangent to a curve and having
the same curvature as the curve at the point of contact,
therefore, having a.radius equal to the reciprocal of the
curvature at that point, is called the circle of curvature at
that point; its radius is called the radius of curvature; and
its center, the center of curvature.

If R denotes the radius of the circle of curvature at any

dé

point of a curve, then, since the curvature of the curve is -

ds
and equals the curvature of the eircle, it follows that,
de _ 1 ds
ds R’ do

If at P (Art. 72, figure) the direction of the path of (z, y)
became constant, (x, y) would trace the tangent at P, and ds
might be represented by a length on the tangent; while if at
P the change of direction of the path became uniform with
respect to s, (z, y) would trace the circle of curvature at P,
and ds would represent an arc of the circle, since it equals
R d¢, where d¢ = A¢ would be the constant change of angle
at center of the circle of curvature.

Thus it is that the curvature is uniform when, as the
moving point passes over equal arcs, the tangent turns
through equal angles; or conversely; and, as this is the case
with the circle only, it is the only curve of uniform curvature.

For any curve the measure of the curvature at a point is
the limit of the ratio between the angle described by the
tangent and the arc described by the point of contact, as

and R =

that arc approaches zero; and this limit % equals the
11
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reciprocal of the radius of curvature at the point; hence,
the radius of curvature is ;% and equals the reciprocal of the

curvature. The figure shows the circle of curvature for the
point P (x, y) of the cllipse; C is the center of curvature,
and CP the radius of curvature. It is to be noticed that the

B

44

2

circle of curvature crosses the ellipse at P, and this must be
so; for at P the circle and ellipse have the same curvature,
but towards A the curvature of the ellipse increases, while
that of the circle remains the same, being constant. Hence
on the side of P towards the vertex A the circle is outside of
the ellipse. From P towards B the curvature of the ellipse
decreases, and, therefore, on the side of P towards the vertex
B the circle is inside of the ellipse.

So, in general, the circle of curvature crosses the curve at the
point of contact.

The only exceptions to this rule are at points of maximum
and minimum curvature, as the vertices of the ellipse. From
A along the curve in either direction, the curvature of the
ellipse decreases; hence the circle of curvature at A lies
entirely within the ellipse. From B the curvature of the
ellipse increases in each direction and so the circle of curva-
ture at B lies entirely without the ellipse.
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91. Radius of Curvature in Rectangular Coérdinates, —
Since ¢ = tan~! m, and since ds* = da? + dy?;

d¢=l—+% and ds = V1 +m?dx, where m—-g—i,

hence the radius of curvature

ds _Vitmidz (14+md)}

k= do dm - dm
1+m? dz
dy\* B
_ (L4 m)? [1 +(ﬁ)] m
b d*y
dx?
&y .

R will be positive or negative according as == is positive or

d 2
negative, if ¢ is always taken as the acute angle which the
tangent makes with the z-axis; for then, whether ¢ is posi-

tive or negative, [1 + (du ) ]i = sec®¢ will be positive and

the sign of R will be that of d—; Hence the sign of R will be
plus or minus according as the curve at the point is concave
secaqb.

b

If the reciprocals of the members of (1) are taken, then

dp _ d%y / ((jg)g % . ) .

K= ds ~ dz*/ 14 i) [ which may be in the form
b cos? ¢

upward or downward. R may be in the form

1.
If e lb zero at any point of a curve, then K = R—ls 7ero

and R is infinite. Thus at a point of inflexion R is infinite.
It may be noted that as a curve approaches being a straight
line, its curvature approaches zero and its radius of curvature
becomes infinite, that is, it increases in length without limit.
So a straight line is the line that the arc of a circle of curva-
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ture approaches as the radius of the circle increases without
limit. On the contrary as the radius of curvature at a point
approaches zero, the curvature at the point becomes infinite
and the curve will approach a mere point, since the circle of
curvature will diminish with zero as a limit for its radius.
92. Approximate Formula for Radius of Curvature. —

Since K= ——ﬂ—l—;,

[ )

it is seen that the flexion when multiplied by the factor

1/(1 + m?)? gives a measure of the bending of a curve
independent of the position of the axes.

The flexion is the rate of change of the tangent of the inclina-
tion of the curve at a point with respect to the abscissa, while
the curvature is the rate of change of the inclination of the
curve at a point with respect to the arc, where the inclination
of the curve is that of the tangent line at the point.

However, when the curve deviates but slightly from a
horizontal straight line, the curvature is approximately the

2
same as the flexion, since the slope m = % being small, (%)

is very small compared with 1, and therefore the formula
becomes approximately
=Ty,

K= dz?

This approximation for the curvature is used to advantage
in the flexure of beams and columns. The approximate
formula for the radius of curvature is consequently

1
R=g

da?
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EXERCISE XII

2
1. To find R and the curvature of the ellipse :—:+ % =1,

dy_ Ve &y _ v
dz ~ oy’ dzt T ap

Substituting these values in (1), Art. 91, gives
R = (1 +b‘x’)i( a"’y“) _ _ (% + b‘xz)i;

aty? bt

ds R B (aty? + biz2)t

The maximum curvature is a/b?, at A (a,0), where R = b?*/a is a
minimum, and the mmimum curvature is b/a?, at B (0, b), where
R = @?/bis a maximum. (See Art. 90, figure; Art. 97, figure.)

2. To find R and the curvature of the parabola 3 = 4 px.

dy _2p dy _ _ 49

dr  y ' dx? 7
Substituting these values in (1) of Art. 91 gives

R = (’+41)-)( __2a+pt
41)2 p* ’

At the vertex (0, 0), R = 2 p, the minimum radius; and the maxi-
mum curvature is (1/2 p) radian to a umt of arc. (See Example 1,
Art. 97.)

Since &y = _Ap is negative for positive values of y and posi-

dzx? P
tive for negative values, the curve is concave downward at points
whose ordinates are positive, and concave upward at points whose

ordinates are ncgative. The sign of B may be neglected, since the
sign of g; will indicate whether the curve is concave upward or down-

ward at any point.
8. Tofind R of the cycloid x = a vers™ (y/a) F vV2ay —
dy _V2ay—y* dy_ _a,
¥

L e—— — =

dz Yy da?
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Substituting these values in (1) of Art. 75 gives

R=(l+2ay—J3)i( Jz) (za)a( ﬁ)_~2\/2“y

At the highest point, y = 2 q, and, therefore, B = 4 ¢, the maximum of
R. At the vertex (0, 0), B = 0, and also at other points where y is
zero; therefore, R being zero, at those points, which are cusps, the
curvature is infinite. (See Example 3, Art. 97, figure.)

Find R and the curvature of each of the following curves.

4. The equilateral hyperbola 2 xy = a®. R = (2 + /e

4
6. The cubical parabola y* = a’z. K = do _ __Baly
ds (9 p + ah)l
6. The logarithmic curve y = b*. do _ __my
ds (2 4 )}
_ ‘_‘ /G T /G ii? = (l
7. The catenary y 5 (e*/8 4 e7%/9), ds
8. The hypocycloid Syt = ol R = 3 (axy)t.
3
9. The curve & + y} = al. k=%__a
ds g (r + p)t

93. Radius of Curvature in Polar Coordinates. — Fromn
(4) and (10) of Art. 67,

= -1 __F
¢p=0+y, ¥ =tan /d0’
de _ 1 +(g¢ (lt// (dp/(10) — p-d’p/d6*

do — do’ do ot + (dp/dB):

(_li; _ p* 4+ 2 (dp/d)? — p- d?p/db*,

do p* + (dp/df)? '

i 2 21}

_ ds/df [0* + (dp/d6)?] Art. 77 (3)

T dg/d0 " ¥+ 2 (dp/dB)s — p- d%p)dB>
Corollary. — Since R = o at a point of inflexion,

2
o + 2 (dp/d6)? — p- ‘é_og -0

is a necessary condition for such a point.
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Ezample. — To find R for the curve p = sind. Here

dp 2 .
35 = cos 4, Z-ég = —sinf;
(p* + cos? 0)3 (sin2@ + cos?6): 1

k= p?+2cos?0—p(—sin ) ~ sin?0+2 cos?6+sin?f =

5"

This curve p = sin 8, a circle with
unit diameter, in connection with the
formula for polar curves, tan ¢ =

E;J_,}(E’ furnishes a derivation of the
d (sin §). Since for circle
- =P
¥y =0, tané dp/dﬂ,
dp = 2l _ Snf df = cos6do;

tand tané

that is, d (sin @) = cosf dp.
Also from figure:

or p
tanb =51 = cos’
and since
P
tan @ dp/d6’
dp
b= cos § = subnormal O4;

so again, d (sinf) = cos@do.
This curve serves as an illustration of maxima and minima
in polar coordinates. Thus, p = sin 8 will be a maximum

. . d . ™
or a minimum when d—g =cosf =0, .. when 6= i
3 . d% . . . T
5 and since i —sin 8, is negative when 6 = 3
. T . . . " . . .
p=siny = 1 is a maximum, while d—é; = —sin 0 is posi-
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tive when 6 = 3—2'5, Sop= sin'i.)’—zlr = —1 i8 a minimum

As the denominator of the fractional value of R is 2 for anj
value of 6, there is no inflexion point, R not being infinit
at any point.

EXERCISE XIII.

Find R in each of the following curves:

1. The Cardioid p = a (1 — cos6). R =2V2ap/3.
2. The Lemniscate p* = a? cos 20. R = a?/3p.

Where is an inflexion point?

. . _ _ @+
3. The Spiral of Archimedes p =a8. R=a )

4. The Logarithmic Spiral p = af. R =pV1 + (loga)?.

94. Coordinates of Center of Curvature. — Let P (z, y
be any point on the curve ab, and C («, 8) the corresponding

Y
(4
b
-ﬁ’
D ‘],3 dy

a B dx
.

A

0 T A V.4 X

center of curvature. Then PC is R and is perpendicular tc
the tangent PT. Hence

£ BCP = £ XTP = ¢,
OA = OM — BP, AC = MP + BC;
that is, a=z— Rsing, B=y+ Rcosg; 1

d dz
or a=x—Ra%’, B=y+RZ: @)
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Substituting in (2),the values of R and ds, gives

91_?!2]@?_/ dyy
a=x—-[-1—-i£;->——@, 3=y+1__2i(5f_>.. @)
dr? dz?

95. Evolutes and Involutes. — Every point of a curve, as
7n, has a corresponding center of curvature. As the point
(z, y) moves along the curve in, by equation (3) above, the

DI G e

S

point (a, B) will trace another curve, as ev. The curve ev,
which is the locus of the centers of curvature of ¢n, is called
the evolute of in.

To express the inverse relation, in is called an involule of
ev. The figure shows an arc of an involute of a circle.

96. Properties of the Involute and Evolute. —I. Since

dr/ds = cos¢, dy/ds=sing, and ds= Rds,
dz = cos¢pds = R cos ¢ do, )]
and dy = sin ¢ ds = Rsin ¢ do. @

Differentiating equations (1) of Art. 94, and using the
relations given in (1) and (2), there results

da =dz — Rcospdp — singpdR = — sin¢dR, 3)
dﬂ=dy—Rsin¢d¢+cos¢dR=cos¢dR. 4)



148 DIFFERENTIAL CALCULUS

Dividing (4) by (3) gives
dB/da = — cot ¢ = — dx/dy.

That is, the normal to the tnvolute at (x, y), as P (Art. 95, figure),
is tangent to the evolute at the corresponding point (a, 8), as C.
II. Squaring and adding (3) and (4) gives
do? + dB? = dR2.
Let s denote the length of an arc of the evolute; then,
do? + dp? = ds.
Hence, ds=+dR; .. As= % AR.

That is, the difference between two radii of curvature, as
C;P; and C, P, (Art. 95, figure), is equal to the corresponding
arc of the evolute, C,Cs.

These two properties show that the involute in can be
described by a point in a string unwound from the evolute
ev. From this property the evolute receives its name.

It may be noted that a curve has only one evolute, but
an unlimited number of involutes, as each point on the string
which is unwound would describe an involute.

97. To Find the Equation of the Evolute of a Given
Curve. — Differentiating the equation of the given curve and
using equations (3) of Art. 94, a and 8 will be expressed in
terms of z and y. These two equations and that of the given
curve furnish three equations between a, 8, z and y. Elimi-
nating z and y from these equations, a relation between a
and 8 is obtained, and this relation is the equation of the
evolute of the given curve, which would itself be an ¢nvolute of
the curve found.

Examples. — Find the equation of the evolute of the
following curves:

1. The parabola y* = 4pz. (1)
dy _2p d&y_ 4p

dz y’' dr ¥
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Substituting these values in (3) of Art. 94 gives
a=3z+2p; B=—9/4p%
z=(x—2p)/3, y=— V4pp

Substituting these values of z and y in (1) gives

B =4(a—2p)°/27p, )]

as the equation of the evolute of y* = 4 pz.
Thelocusof (2) isthe semi-
cubical parabola. Thus, if
10n is the locus of (1), F
being the focus, then eAv is
the locus of (2), where 04 =
2 p = 2 OF is the minimum 2
radius of curvature at O, the
pointof maximum curvature .7 —
on the parabola. (Example

2, Exercise X11.)

2. The ellipse
aty? + b = @’ (1)

dy bx d*y bt

]

dr = @y’ drrT T o e
Substituting these values in
(3) of Art. 94 gives

(a* — b) 2® (> =) P,
a= ", BEo

o (G \b o < b4§w_>§
:c —<&—‘r—“l;~' I A VP gy

Hence, the equation of the evolute of the ellipse a%? + b%? =
a’b? is

(aa)} + (08)} = (a2 — ).

The evolute is C,C2Cy'Cy’. C\ is center of curvature for
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4A; Cfor P; C;for B; Cy for A’; Cy' for B’. In the figure
shown ¢ = 2b; when a = b V2, then the center of curvature

for B is at B’ and for B’ at B. When a < b V2, the centers

for B and B’ are within
; the ellipse. The points C,
C;, CY, and C;’ are cusps.
The length of the evolute
is evidently four times the
" difference between R at
p B (a, b), and R at A (a, 0);
that is, (1, Exercise XII),
4(a?/b—-b*/a) = 4(a® — b
/ab.

Corollary. — Fo1r circle,
since a = b, the evolute is
a point, the center of the
circle.

LY
)

The involute of the circle is
given by the equations,

z = a (cosf + 6sin@),

y=a(sing — 6cosb).

AP is the are of an involute of the circle.
3. The cycloid z = a vers~! (y/a) F V2ay — ¢
dy_V2wy—y dy_ _a
dx v ’ dx? y?
Substituting these valaes in (3) of Art. 94:
y=—8, z=a=2V —2a8 - 6%
a=avers™ (—8/a) = vV — 208 — A~ (1)

The locus of (1) is another cycloid equal to the given one, the



EQUATION OF THE EVOLUTE 151

highest point being at the origin; that is, the evolute of a
cycloid is an equal cycloid. Thus, the evolute of the arc OP,
is the arc OC,, which equals P.x; and the evolute of Py is
Cix, which equals OP;.

Since R = 2 V'2ay (3, Exercise XII), C,P, = 4a. Then

OP1X=2'001=2‘01P1=801.

Hence, the length of one branch of the cycloid is eight times
the radius of the generating circle. (See Example 3, Art.
141.)

y P
2
|
o ,
- X
r

If the figure shown be inverted, the principle of the cy-
cloidal pendulum may be perceived. A weight, suspended
from C, by a flexible cord, may be made to oscillate in the
arc OP,X, by means of some surface shaped like the ares
C,0 and C,X causing a continuous change in the length of the
cord as it comes in contact with the surface. The cycloidal
pendulum is isochronal, as the time of an oscillation is
independent of the length of the arc. (See Art. 185.)

4. The hyperbola b%2* — a*y® = a®*.

(ac)t — (b8)} = (@ + )}
5. The equilateral hyperbola 2xy = a®
(a+8)} — (@ =Bt =2dt

6. Find the length of an arc of the evolute of the parabola
¥® = 4 pz in terms of the abscissas of its extremities.
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Arc AC =CP — A0 = 2 (:v\-/l—__p)_ — 2p (Example 1, figure)
14

2 <a + p)%
= —F=\"a - 2 .

Vp\ 3 P

z _r
7. Show that in the catenary y = a/2 (e“ +e "),
a=z—ylaVy—a, B=2y.

8. Find the equation of the evolute of the hypocycloid

m% + y% = a%.

(@+8)} + (a — B)} = 2ab.



CHAPTER VIIL.

CHANGE OF THE INDEPENDENT VARIABLE.
FUNCTIONS OF TWO OR MORE VARIABLES.

98. Different Forms of Successive Derivatives. — As
given in Arts. 67, 68, where x is indepcndent dz may be
taken as having always the same value and is accordingly
treated as a constant; hence,

ddy dy d ddy d%

de do ~ da?’ dv drdr de’ T "
When neither z nor y is independent, % is a fraction with

both numerator and denominator variable, and d dz = d?z,
etc., hence,

d dy dxdy—dy de

Tdw A M
d d (_lg da? d*y — da (I}/_djfn_f 3dxdxd*y +3dy (d2.7:)2 o)
dz dx dx dad
When y is independent, d?2y = 0, d®y = 0, . . . ; hence,
ddy  dydx ,
Tde~ ~ d "
d d dy _3dy(dx)’ — dvdyd’z @)
dr dz dz dx® !

99. Change of the Independent Variable. — In some ap-
plications of the Calculus it is necessary to make a differen-
tial equation depend on a new independent variable in place
of the one originally selected; that is, there is need to change

the independent variable.
153
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When z = ¢ (2) and it is desired to change the independent
2 3

variable from z to z; for grv%’ g—xya’ . . . , respectively, the
second members of (1), (2), . . . , above, are substituted;
and in the resulting equation, for z, dr, d%, . . ., their
values gotten from the equation z = ¢ () are substituted.

Example 1. — Given y d*%y + dy* + da® = 0, in which z is
independent, to find the transformed equation in which
neither z nor y is independent; also the one in which y is
independent.

2
Dividing both members by dz?, substituting for % the

second member of (1) Art. 98, and multiplying both mem-
bers by dz?, gives

y (dPydx — d’x dy) + (dy?dx + da?) = 0,

in which neither z nor y is independent.
Putting d?y = 0, and dividing by —dy?, gives

in which the position of dy indicates that y is independent.
Example 2. — To change the independent variable from
z to fin
p = L+ @y/dnt
@ H
dax?
given £ = pcosf,y = psin, p being a function of 6.
From the data,
dy = sin6dp + p cos 6 df,
dx = cosfdp — psinf db,
d? = sinfd?% + 2 cos 6 do dp — psin 8 de?,
and
d*z = cos0d%® — 2sin@dfdp — p cos b d6?.
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Substituting these values in value of R and simplifying, gives
[0* + (dp/do)1}

2 2 2 d2 )
+ (de) ~ v g
To change the independent variable from z to y; for

d?y/da?, d*%y/dx3, . . . , respectively, the second members of

1%, @2, . .., above, are substituted; or in the general

result, as in example 1, make d*y = 0, d*y = 0, ete.
Ezample 3. — Change the independent variable from z to

y in
(d2y> dy d*y d% (dy)

da? _Ez%“%—? dz,

R = the value of R in Art. 93.

Substituting for - and 7 x3’ respectively, the second mem-

d 2
bers of (1) and (2') gives after reduction
&z | d’x
dp T ap =0

in which the position of dy shows that y is independent.

EXERCISE XIV.

1. Given z = cos 6, change the independent variable from z to 6 in

dy __z dy y
dz? 1 -2 dxr;—*-l—x’_o~

d2
Ans. d—og +y=0.

2. Given z = %, change the independent variable from z to z in

d’y d J a?
ot +2 + FY= 0. Ans. dz’ + a?y = 0.
3. Given 22 = 4z, change the independent, variable from ztozin
1dy
d:a:2 + z dz v Ans. zdz" + + =0

4, vaen z = cos 2, change the independent variable from z to z in
o L. &y _
1-z ) z Ans. 73 =0.
12
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6. Change the independent variable from z to y in

@Y (éﬁ)”= & W

352+(e z) Iz 0. Ans, dy2+x_e,
6. Given z = %g—l%g—;, to find the transformed cquation when

2 = pcosf, y = psind, and p is independent. Ans. 2 = pg_z.

100. Function of Several Variables. — A function may
depend upon two or more variables having no mutual rela-
tion, that is, independent of each other. Thus the volume
of a gas depends upon the temperature and also upon the
pressure to which it is subjected, and the temperature and
the pressure may vary independently.

A variable z is a function of the independent variables z,
y, . . . when for each set of values of these variables there
is determined a definite value or values of 2.

A function of two variables

z = f (z,y), where z and y are independent,

is represented geometrically by a surface, plane or curved
according to the form of the functional relation; and to each
pair of values of (z, y) there corresponds a point on this
surface. When z and y vary, the point takes another posi-
tion, and it will take the new position either by z and y
varying simultaneously or by one remaining constant while
the other changes.

101. Partial Differentials. — A partial differential of a
function of two or more variables is the differential when
only one of the variables is supposed to change. Let z =
f (z, y) be the surface shown in the figure, and P(z, y, z) the
moving point; then if y is constant while z changes, P will
move on the plane curve PA and dz may be represented by
PM or P'M’; on the other hand, if z is constant while y
changes, P will move on the plane curve PB and dy may be
represented by PN or P'N’. The differential of 2z as a
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function of z, y being regarded as a constant, is denoted by
d.2; and the differential of z when y alone is variable is
denoted by 9,2. These differentials are the partial differ-
entials of z with respect to x and y, respectively.

Note. — The partial 9.2z may in the figure be represented
by the distance on the ordinate from the point M to the
tangent TP, and so too, the partial 8,2 may be represented
by the distance from N to the tangent TP, both being
negative in this case as z is decreasing. The A,z and the
A,z are the distances from the points M and N to the surface
curves through P».

102. Partial Derivatives. — The partial derivatives of 2

7] ad .
with respect to x and y are denoted by e and E;/ , respectively,

and they may be represented by the equivalent notation,
[ (x, y) and f,/(z, ¥).

In the figure of Art. 101, consider P as the intersection of
the curves CPA and C'PB, cut from the surface by the
planes y = b and x = a, respectively; then the slope of the
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curve CPA is given by the partial derivative g%, and that of

the curve C'PB by the partial derivative g%; that is, the
partial derivatives are the tangents of the inclination of the
tangent lines at P to the axes of X and Y, respectively. The
values of the slopes for some definite point P on the surface

are gotten by substituting in the expressions for (%% and Z—;,

respectively, the corresponding values of x and y. Thus in
this case (a, b), or P, being the projection of P on the zy-
plane, a is substituted for x and b for y.

103. Tangent Plane. Angles with Coordinate Planes.
— In the figure of Art. 101, let P be the point (z;, ¥, 21);
PT, the tangent to CPA in the planc y = yi; and PT’, the
tangent to C’PB in the planc ¢ = .

The equations of PT are

a
z—a= [(ch]l(” —x), Y=, (1)
and of PT", 4
z—2a = [@] Wy —w), ©=u1. (2)

The plane tangent to the surface at P has for its equation,
a
imaz[Zle-m+[Elo-w @

ince it is determined by the two intersecting tangents, is
@he first degree with respect to z, y, 2, and is satisfied by
and (2).
The equations of the normal through P are those of a line
through (21, 41, 1) perpendicular to (3). Its equations are

o= f[%] =v-u/[E] - -c-w @

The angles made by the tangent plane with the coordinate planes
are equal to the inclinations of the normal to the axes.
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The direction cosines of the line perpendicular to (3) are

. 0z 0z
proportional to [@1’ [@]1’ —1.
Hence, if a, 8, v, are the inclinations of the normal to OX,

0Y, OZ, respectively,

gz | _ QE _ _ .
cos a/[%]l = cosﬁ/[dy]1 = cosy/— 1. (5)
Also cos’ a + cos? 8 + costy = 1. (6)

From (5) and (6), in general, at any point (z, ¥, 2),

e 3] /1) 43

o5 /14 () + ()

/ <6z)‘2 (dz>2
a2 - il _— .
coz-,'y-—l/l—{—dx +dy )
For the inclination of the tangent plane to XV, from (7),
0z \? 9z\?
sec’y = 1+ (Eg}) + (@> ) ®
9z\? 92\?
2 = _— — Cad
and tan? y ( dx> + ( dy) 9)

From (9), calling the tangent of the angle made by the
tangent plane with the plane XY the slope,

dz\* 9z \?
2 2
the slope = \/<d_x> + (@) .

Example. — Find the equations of the tangent plane and
normal, to the sphere 22 + y2 + 22 = a?, at (3, ¥y, 21).

0z z 0z v,

dr ~ 2’ dy 2’

[Qﬁ]__ﬂ [‘3’{]=_1ﬂ.
dz |, 2’ Ldylh 2

N
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Substituting in (3),
z—a=—2@=—z) -2 -y),
1 2
2+ Yy + 2o = 12 + Y + 2% = @ Ans.
From (4) for the normal:

2 AN R
(z ) = w% z—2z,
T_o1=Y¥_1=2_3 Z_Y_Z2 pps
& %N 2 T N &

EXERCISE XV.

1. Find the equation of the tangent plane and its slope, for the
ellipsoid, 2% + 242 4 322 = 20, at (3, 2, +21).
Ans. 3z + 4y + 32 = 20; 3.
2. Find the equation of the tangent plane to the elliptic paraboloid,
z = 3 2% + 297, at the point (1, 2, 11).
Ans. 6z + 8y —z = 11.
3. Find the equations of the tangent plane and normal to the cone,
322 — 24+ 222 =0, at (21, 1, 21).
Tt _Y—-h_2— 2,
32 - -1 n 22z

Ans. 3xxy — yy1 + 222 = 0; z

Note. — The equations of the tangent plane and normal
are illusory if formed for the origin. Every tangent plane
to the cone goes through the origin and there is no definite
normal at the origin. When at special points on a surface
the three partial derivatives of the function with respect to
each of the three variables are all zero, there is no definite
tangent plane or normal at the point. Such points are
called conical points, the vertex of a cone being the typical
case.

104. Total Differentials. — When z = f (x, y) is differ-
entiated, both = and y varying, the total differential dz or
df (z, y) is gotten.

The derivations of the formulas for differentiation of al-
gebraic, logarithmic and exponential functions, given in
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Chapter II, hold when u, », y, and 2z denote functions of two

or more independent variables; hence the total differential

of f(z, y) may be gotten by the principles established in

those derivations. The total differential of a function of two

or more variables is equal to the sum of its partial differentials.
If 2= f(x, y), then

_ om0
dz = 3,2 + 92 = dxdx+dydy’
and if » = f (x, y, 2), then,
av av av
v = 0 + 3 + 6w = P dw + o dy + 7 da,

where the last form of the partial differentials is another
convenient notation. In the figure of Art. 101, dz is repre-
sented by the distance on the ordinate from D to the tan-
gent plane at P and is there negative, Az being DP,, which
is negative.

The truth of this theorem has been illustrated geometrically
in the derivations of d(uy) and d(xyz) in Arts. 28 and 29, and
the theorem is readily established analytically. Thus, it has
been found that all the terms of d(f(z, y)) are of the first
degree in dx and dy; hence, if z = f (z, y),

dz = ¢(z,9) dz + ¢:(z, y) dy, 1)

where ¢(x, ) and ¢:(z, y) denote, respectively, the sums of
the coecfficients of dr and dy in the several terms of dz.
When z alone varies, (1) becomes

3.2 = ¢ (z,y) dz. 2
When y alone varies, (1) becomes
82 = ¢1(x,y) dy. 6)]

Hence, from (1), (2) and (3),
9z

0z
dz=axz+6,,z—d—xdx+dy

dy.
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d 0z/d
106. If z = f(z,9) = ¢, d—Z aZd; M

for d + dy dz=4d(c) =0, @)

which solved for Z—g gives (1).

This formula for the derivative of an implicit function is
useful in many cases.
Example. — Given 2* — a’zry + b*y? = ¢ = 2, to find dy/dz.
a_z o— 3 . 2 _a_z_ —_— — 2 277
Here dx—4x a?y and = a’x + 2 bYy;
dy 42°—a%y
dr = m Ans. by (])

EXERCISE XVI.

1. u = 2%/a® + /b
ou 2z ou 2y

dr  a*’ dy b?

zou, you v
2ds T2 dy " +b2‘“'
2. u=>bXy +cr®+ eys.
du = b2 ow 2
iz by? + 2cx, d = 2bxy + 3eyl.
- o, %u
3.u-x+y xdx+y u.
ou
4. u =y~ —+(z) dy =u(logy + 1).
= ou | du _
6. u = log (¢* + ¢¥). %+dy_l'
6. u=">bxy?+ca?+eyt. du=(by?+ 2cx)dzr +(2bxy + 3 ey?) dy.
T u=y. du = y*log ydz + zy* ' dy.
8. u = ysinz, du = ysinz log y cos xdx + ysn*1 gin x dy.
By Art. 105, find dy/dx when:
- - dy _ 2 —ay,
9 2+ —3ary =0. iz = az =g
10. 2% — 7 = 0. 9 _ Y —zylogy,

dr a®—zaylogz



TOTAL DERIVATIVES 163

dy _y zlogy —y
dr 2z ylogz —2z
_ .- dy _ 4zy—b
12, P —-22%y+br=a=u L= 3p—32
106. Total Derivatives. —If u = f (z, y, 2), ¥y = ¢ (%),
and z = ¢,(x), u is directly a function of z and indirectly a

function of z through y and 2. The total differential,

11, zlogy — ylogz = 0.

_duy O du
du = iz dr + Qy dy + v dz (by Art. 104)
becomes by dividing by dx,
du du  dudy , du dz
R Al i F P W
where Z—: is the total derivative of u as a function of z.
Corollary 1. — If uw = f (y,2), y = ¢(x), and z = ¢,(z),
du_oudy | u dz
dz _ dy dc ' d» dx @)
Corollary 2. — If u = f (y) and y = ¢(x),
du _du dy
where du is the derivative of a function of a function, and

dz
(3) is the formula that is the subject of Remarks in Art. 19.
Corollary 3. — If u = f (x, y, 2) and z, y and z are inde-
pendent of each other, they may be regarded as functions
of time ¢; hence, the expression for the total differential du
above becomes by dividing by dt,

du_ouds  oudy  oude
G- Tgd T ea @)

where %’—; is the total time-derivative or rate of change of u.

Similarly, when z = f (z, y), « and y being functions of t,

dz _ 0z dv | 9z dy
A= dodt Ty & ®)
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If y is a function of z, as y = ¢(x), putting z for ¢ in (5),
gives
dz 9z | 02 dy
dr  dz Ta dy dz’ ©)
107. Illustrative Examples. — Example 1. — The edges
of a right parallelopiped are 6, 8 and 10 feet. They are
increasing at the rate of 0.02 foot per second, 0.03 foot per
second and 0.04 foot per second, respectively. Show at

what rate the volume is increasing,
Let volume = u = xyz, then by (4), Art. 106:

du +uﬁ+w

a
= 80 >< 0.02 + 60 X 0.03 + 48 X 0.04
= 1.60 + 1.80 + 1.92 = 5.32 cubic feet per second.

See Art. 29 where du (= dV) is shown geometrically by
figure.

Example 2.— Given the formula for gas, pV = KT,
where p is pressure, V is volume, T is temperature, and K is
a constant. Let K = 50, and let the volume and tempera-
ture at a given time be V, = 5 cu. ft. and Ty = 250°. The
corresponding pressure 1is

Do = 50 ><525_Q = 2500 1b. per sq. ft.
If in this state the temperature is rising at the rate of 0.5
degree per minute and the volume is increasing at the rate
of 0.2 cu. ft. per minute, required the rate at which the

pressure is changing. Here p = 50 %,

X ap _ 50 o T
whence TV av - -50 7
Hence, in the given state,

op| _ 50 _
Hl=F-1

T=T,
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op 50 X 250 _
and dV] — =57 = —500.
V=V,

; aT av
Given = 0.5 and A 0.2,
Then

dp _dp dT | 3p dV _ ~ B

B B S+ Ih G =10 X 05— 500 X 0.2 = =95,

by (5) Art. 106; that is, the pressure is decreasing at the
rate of 95 1b. per sq. ft. per min.

Ezxample 3. — A point on an elhps01d —I— o5 + 9= 1,
in the position £ = 3, y = — 4, moves so that Z increases

at the rate of two units per second, while y decreases at the
rate of three units per second. Find the rate of change of z.

Here

92 _ _ 9z _
dr \/ dy ~ 0 \/1
36 % % Sy 1- :3{6 - %

dr _ dy _

@ @ =%
dz _ 14z 21 y (by (5)
at 2y \/ » Art. 106)

36\/1_56_55 Y 1-35 25 3, —4
dz _ 679

units per sec., the rate of change of z.

dt - 15V11

EXERCISE XVIL

1 u=22+y+zy z=sinz, y=¢; find Z_Z

Ans. du = 3 ¢8% 4 €% (sin x + cos z) + sin 2 .

dzx
NI T u= du _ (1+m¥)z+me
2 u=VEty, y=mete dz = Vg ¥ (mz + of
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. du 3
f -1 — = = —_— O ———
8o u=sinl(y—2), y=3z, z=42%. &V
= tan-1Y 2 2 — g2 du_ 1 |
4. u = tan O +y2 =1 iz Vi
6. u=logz+y), y=V2+a (!1—4=———~—— _1____-
! ’ dr V3 f ¢

6. With the same data as in 1llustrative Ex. 2, when the pressure of
the gas is increasing at the rate of 40 lb. per sq. ft. per scc. and the
temperature is falling at the rate of 1 degree per sec., find the rate of
change of the volume.

Ans, % = —0.1 cu. ft. per sec.
7. A point on a elliptic paraboloid z = 2 2* 4+ 542 in the position
z = —3,y = 1, moves so that the rate of change of x is 3 units per sec.,
and that of y is 2 units per sce. TFind the rate of change of z.
Ans. (5% = —16 units per sec.

108. Approximate Relative Rates and Errors. — The
method of Art. 41 for finding the errors or small differences
in a function, due to slight variations or inaccuracies in the
independent variable, is applicable to a function of two or
more variables. Since when an area A = f (z, y), the rela-
tive rate of increase of 4 is

c')A dA
+ dy _ 1 @,v) 45 @) _fa(4)
A A A A
hence, AA = %I:% Az -I— 94 Ay 1)
AA 94 Ax aA Ay

and A& AtTay 4 @
are approximate relations. When, for example, the area of
2 rectangle is given by A = zy, and therefore, dA = xdy +
ydz, when z and y are the measurements and dx and dy the
errors or inaccuracies, then dA gives the approximate error
in area due to the errors dz and dy.
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If a rectangle is laid out 1000 ft. on one side and 100 ft.
on the other, and the tape is 0.01 ft. too long; then by (1)

AA =y-Az +2-Ay =100 X 0.1 + 1000 X 0.01
= 10.00 + 10.00 = 20 sq. ft.

is the approximate error and the exact error is 20.001 sq. ft.,
found by more laborious computation. The approximate
relative crror is by (2)

AA 20 1

AT 100,000 ~ 5000’

making the percentage error

100 AA 1
Y il or 0.02 of 1 per cent.

EXERCISE XVIIIL

1. In the llustrative Example 1 of Art. 107, suppose the error in
measuring the edges was 0.02 ft., 0.03 ft., and 0.04 ft., respectively, find
the approximate error in the volume computed with 6, 8 and 10 ft. as
the edges. Ans. 5.32 cu. ft.

(Exact error, AV = 5.339624 cu. ft.)

2. The total surface of a cylinder with diameter equal to altitude is
to be gilded at a cost of 10 cents per square inch. If the altitude is
measured as 24 1n., find the maximum crror m cost, measurement being
accurate to 3 1n.

3. The period of a pendulum is 7 = 2« \/;—J Find the greatest

error in the period if there is an crror of 41 ft. in measuring a 10 ft.
L, and g, taken as 32 ft./sec?, may be in crror 3 ft. per sec?. Find
the percentage error.
Ans. 0.0204 sec., $7 per cent.

4. In estimating the number of bricks in a pile, if the pile is measured
to be 8 X 50 X 5 ft., and the count is 12 bricks to the cubic foot, find the
cost of the crror when the tape is stretched 2 per cent beyond the
standard length, bricks being sold at $10 per thousand.

6. If the side ¢ of a triangle ABC is determined by mmsurmg the
sides @ and b and the included angle C, show that the error Ac, due to
inaccurate measurements, is given approximately by the equation,

Ac = Aacos B + Ab cos A + aAC sin B.
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6. If the horse power of a steamship is given by the formula H =
Kv® DY, show that the increase in horse power, due to an increase Av
in the speed and an increase AD in the displacement, is given approxi-
mately by the equation,

AH =3K»D¥. pv 43 Kb D7H. AD.

7. Show that the relative error in the area of the ellipse due to
inaccurate measurements of the semi-axes a and b is given approxi-
mately by A4 _b-aata-db

A ab

8. The equation for the length L and the period T of a pendulum
being 4 m2L = T?g, if L is calculated taking 7’ = 1 and g = 32 ft./sec?,
while the true values are 7 = 1.02 and g = 32.01 ft./sec?, show that
the approximate error in L is AL = 0.0326 . . ft., and the pcrcentage
error about 4 per cent.

9. In determining specific gravity by the formula s = A/A — W,
where A is the weight in air and W the weight, find (a¢) approximately
the maximum error in s if A can be read within 0.01 1b. and W to 0.02 Ib.,
the actual readings being A = 9 1b.,, W = 5 lb., find (b) the maximum
relative error.

Ans. (a) As = 0.0144;
(b) %‘? = ﬁ—g—o = %%per cent.

109. Partial Differentials and Derivatives of Higher
Orders. — If only one of the independent variables is
supposed to vary at the same time, by successive differen-
tiations there are formed the successive partial differentials

LU, 2, d%u, 9%u, . . . or

’u ou Bu Pu
;i;i dxz, dTyE dyzy Eigdxa, EE dy‘*, « v e
For example, if u =z + 2 + 9, 1)
a’u = (zx + y2) dx) azgu = 2dx2, azau = 0;

du= Q2ry+2y)dy, 0u=Qr+2)dy? 9’u=0.

If u is differentiated with respect to x, then the result with

respect to y, there is gotten the second partial differential,
a

E % d
U Or Mxy.
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For example, if u = 2% + a%?, ?)
au = (32 + 2xy?) de, 09;°u = 4xydxdy.
3

Similarly, the third partial differential 9,,%u or a% dy da?

denotes the result gotten by differentiating u once with
respect to y, then this result twice successively with respect
to z.
The symbols for the partial derivatives are:
Fu  Pu Pu Pu Fu
d?’ dedy’ dy?’ dat’ dydx?’ "

In getting the successive partial differentials and deriva-
tives of u or f(x, y), dr and dy are treated as constants,
since z and y are independent variables, varying by uniform
increments. The cquivalent symbols for the higher partial
derivatives by another notation are for f (z, y),

fx”(x) y): fru”(x; y); fu”(x) y)) fx,”(xy Z/), fur“”,(x) y); O
110. Interchange of Order of Differentiation. —

Pu _

If u = f(x,y), drdy — dyds’ (1
Fu _ Pu _ Pu
de?dy ~ dxdydx ~ dydz?’ ete-; &

that is, if u is differentiated successively m times with respect
to x and n times with respect to y, the result is independent of
the order of these differentiations.

It can be shown that the order is always a matter of
indifference if f.'(z, y), f«'" (x, ¥) or f,/(x, y), fu."’ (z, y) are
continuous functions of the two variables (x, y) taken
together.

In most cases that call for the application of the methods
of the Calculus to physical problems the partial derivatives
give the same result in whatever order the differention is
done.
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For example, to verify the theorem in some cases:

Example 1. — Given u = e*cos y;

ou d [ou u .
ou_ _ o 3 (ou\ _ O _ .
d—y——esmy, ;ﬁ(@) dzdy — e*sin y.
Example 2. — Given u = zlogz,
du _logz ou 1
dz— y dedz ~ y2'
ou_z Pu 1
dz  yz’ dedz ~ yz’
du _  zlogz 9u _ logz,
dy y dedy y
du _ logz u _ logz,
dz oy’ dydz ~ e’
du_ *u z .
dz e’ dy dz vz’
du _  xzlogz Pu
dJ y? dzdy Y’z

EXERCISE XIX.

Verify the identities (1) and (2) of Art. 110 in cach of the following
nine examples:

1.
4.

7.

10.

11.

12.

u = cos ( + ¥). 2. u = c¢"siny. 3. u = cosay.

w = z%y? + ay. 6. u =log (z* + 3?). 6. u =y"

w=zxycos(x+y). 8 u =tan‘1§. 9. u = sin2z cos y.
a u Ou _ o,

Ifu=(+y* dx’ +ty d:cd/ e

I u = (22 + 4} A A

’ ’ dJc dy dy?
1 6211, Ru | 0*u
Wu=Grprmy  deaptae =
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Bu
= pTyZ — 29,2
13. If u = ™2, dw——xdydz—(l+3:cyz+xyz’)u.
Pu 1 4 2 z2%y%2

= gin™! =
14, If u = sin™! (wye), dedydz ~ (1 — g2t

111. Exact Differentials. — An expression of the form,
Mdx 4+ N dy, 1)

where M and N are functions of z and y, may or may not be
the differential of some function of x and y; if it is, it is called
an exact differenttal. Somec simple expressions may be seen
at once to be exact differentials; thus, y dr + x dy is an exact
differential, for it is recognized as the total differential of
xy.

If Mdxz+ Ndy is an inexact differential, no function
F (x,y) can be found the differentiation of which will give
this differential; thus y dz — x dy is an inexact differential.

In applying the Calculus to problems in physics and
mechanics expressions like (1) frequently arise and some
test is needed to determine whether the expression can be
gotten by the differentiation of any function of the variables
involved.

As an example, the work W of moving a particle in the
XY plane gives rise to the expression

dW = X dz + Y dy, 2)
where X and Y arc respectively the z- and y-components of

the force acting on the particle. Since work is the product
of force by distance,

oW _ oW
X = *El? and Y= “——dy ’
and (2) takes the form
W ow
dW = — d + = dy dy. 3)

Here (3) was not gotten by diffcrentiation of any function
W = f(z,y) and the question is whether it could be so
13
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gotten. In general, if M and N are any chosen functions of
z and y, does a function of the independent variables (z, y)
exist that will upon differentiation give M dx + N dy?

If there is such a function u = F (z, y), then

u u
du = dz dz + d_y- dy. 4)

Now if the differentiation of the given function gives
M dx + N dy, 1)

a comparison with the exact differential given n (4) gives

u u.
M= i N = & (5)
that is, M and N must be the partial derivatives of the
function u with respect to z and y, respectively.
According to the theorem of Art. 110, differcntiating (5)

gives

oM _ du _ dN

dy " dedy  dx

Hence, if M = Ju and N = du , it is manifest that
dz dy

oM oN

" (6)
is the necessary condition that M dx 4+ N dy may be gotten
by the differentiation of a function F (z, y), and it may be
shown that it is a sufficient condition.

When the condition (6) is satisfied, M dxz 4 N dy is an
exact differential; when the condition is not satisfied, M dx +
N dy is an inexact differential. )

Ezample 1. — Given M dz + N dy = ydz + zdy.

Here M=y, N=u, %Ay—l—= 1, %Z—;—f= 1.

The condition (6) is satisfied and ydx + zdy is an exact
differential. The test is hardly needed in this simple case,
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as it may be seen at once that the function sought is xy+C,
where C is a constant, positive or negative, or zero.
Ezxample 2. — Given M dx + N dy = ydz — x dy.

Here, since oM = 1and %JL—[ = — 1, the condition (6) is

dy
not satisfied; hence, y der — x dy is an inexact differential,
and no function of (z, y) exists, the differentiation of which
will give this differential.

Note. — If the equation ydx — xdy = 0 is given, it may
be changed to an exact differential equation; M dx + Ndy =
0, being called an exact differential equation when M dr +
N dy is an exact differential.

Thus, multiplying by 32, the equation given becomes

ydex —xdy
v
which is exact, and the function F (z, y) is given by z/y = C.
Again, multiplied by 1/zy, the equation given becomes
do_dy _
r Y
which is exact, and the function F (x, y) is given by log z/y =
log C. Either of these results evidently implies the other.
Multiplying the equation given by —z~2 gives F (z, y) by
y/ z = Ci.

Example 3. — Given M dx + Ndy = gdx + log x dy.
M 1 9N 1

W A a
The condition (6) is satisfied and the differential is exact.
It is easy to recognize that F (z, y) is in this case y log x.

Example 4. — Given M dx + N dy = siny dr + x cos y dy.

0,

Here M = %, N = log z,

. oM _ N _
Here M =siny, N =2xzcosy, —dg—cosy, Tp = 08 Y

The condition (6) is satisfied and the differential is exact.
The function F (z, y) may be seen to be z sin y.
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Ezample 5. — Given zdy — ydz. Change to value in
polar codrdinates, by x = pcos 8,y = psind; xdy — ydr =
p2df. Dividing by 22,

zdy —yde _ p*do
x? " ptcos?d

= sec?6 db,

where the differentials are exact, and the function F (z, y) is
y/x = tand. (Sce Note Example 2.)

EXERCISE XX.

Determine which of the following differentials are exact, and for
such as are exact find the functions that differentiated would give them:

1. ysin2zdx + sin?zdy. Ans. ysin® z.
2. (ye® + e¥) dx + (¢ + ze¥) dy. Ans. ye® + zev.
3. ( — 2xy)dx + (3 zy® — 2?) dy. Ans. yix — 2%.
4. v"dp + npo™1dv. Ans. pon,
b. e®sinydz + ¢ cos y dy. Ans. €Fsiny.
2
6. y; dr + zlog x dy. Ans. Inecxact.
T. (22 —y)dx — zdy. Ans. } 23 — xy.
8. ¢ (x2 + 2 + 22)dz + 2¢€%ydy. Ans. € (22 + 12).

112. Exact Differential Equations. — Equations of the

form

. Mdx +Ndy =0,

are called exact differential equations when M dx + N dy is
an exact differential, the total differential of some function
of (z, y), M and N being functions of z and y. The solving
of differential equations involves the Integral Calculus, and
the preceding Article with the Examples and Exercise are
introductory to the subject.

The finding of the function from which an exact differen-
tial may be gotten by differentiation is essentially Integra-
tion, the inverse process to Differentiation.

In Applied Calculus, Part II, on the Integral Calculus,
the subject of differential equations is given further treat-
ment.



PART II.
INTEGRAL CALCULUS.

CHAPTER 1.
INTEGRATION. STANDARD FORMS.

113. Inverse of Differentiation. — It has been shown
that, when a function is given and its rate of change is
required, the derivative, which expresses the rate of change,
is gotten by the differentiation of the function.

It often occurs that the rate of change of a function is
known and the value of the function is desired. In many
problems in pure and applied mathematics the derivative or
the differential of some function is given and the function
itself is required.

The derivative or the differential of a function being given,
it is a natural inference that an inverse operation to differen-
tiation should yield the function. This inverse operation,
the opposite of differentiation, is called integration and to
tntegrate any given function (which when continuous is
always the derivative of some other function) means to find
that other function whose derivative is the gien function.
The function to be found is called an integral of the given
function, which is called the integrand; that is, a function
is an integral of its differential. The process of finding an
integral of a given function is <¢nfegration, the inverse of
differentiation; that is, integration is anti-differentiation and

an integral is an anti-differential.
175
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When dy=d(f(z)); d'(dy) =d1(df(z)), (read ‘“the
anti-differential of dy equals the anti-differential of d (f (x))” is
the inverse expression, reducing to y = f (z), as the two
symbols neutralize each other. The sign of integration is,

however, f , an elongated S; and this symbol indicates

that the differential expression before which it appears is
to be integrated, the whole expression denoting the integral
itself.

Thus f dy=d1(dy) and f d(f (x)) = d1(df (x));

the sign of integration and the symbol of differentiation
indicating inverse operations here neutralize cach other, so

Jav@) =s@.

There is here a close analogy with the algebraic signs of
evolution and involution; for example, V2? = z, the two
symbols indicating inverse operations neutralizing each
other. The analogy cxtends further to the fact that, while
the operation of raising a given number to the second or
other power is a direct operation and involves no difficulty
in any case, the inverse operation of extracting a root may
not be done so directly and in many cases can be done
approximately only. While it has been shown that every
continuous function has an integral * this integral may not
be expressible in terms of the elementary functions. In
such cases, however, an approximate expression for the
integral may be obtained by infinite series or by the measure-
ment of an area representing the integral. Most of the
functions that occur in practice can be integrated in terms
of elementary functions, either directly by the knowledge
acquired from differentiation, by reversing the rules of
differentiation, or by reference to a table of integrals.

* By Picard, in Traité d’ Analyse.
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Except for simple differential expressions the process of
integration is less simple and easy than the process of differ-
entiation. Just as any finite number can be raised to a
power, so can any finite continucus function be differentiated;
and as the roots of some numbers can be expressed approxi-
mately only, so the integrals of some functions can be
expressed approximately only.

There is one function whose integral is not some other
function but is the function itself. This is the function ez,

whose derivative is e®. As f edr = e2, 80 V1 = 1; the

particular analogy in this exceptional case is manifest.
114. Indefinite Integral. — When

Z“;‘Jﬁf'(x) or dy = f' («) dw, ?J=ff’(x)dx,

read ““y 1s equal to an integral of f’ (x) dz.”” An integral of
dy is evidently y, and f(x) is an integral of its differential
J (x) dx.

Thus integrals of many simple differential expressions are
known directly, by merely recalling the function which
differentiated results in the given expression.

However, since the differential of any constant term of
a function is zero, the function sought may contain a con-
stant or constants no indication of which appears in the given
differential or derivative.

Hence, the integral of a differential expression is in
general indefinite, owing to the lack of knowledge as to
the existence or value, if existent, of constant terms of the
function sought.

If F(x) is a function whose derivative is f(z), then

f f(x)dz = F (x) + C, is the indefinite integral, where C

is a general constant, called the constant of integration, de-
noting a value either positive or negative or zero.
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116, Illustrative Examples. — Example 1, — When
dy
dz

then y = f mdr = mx + C. The result is indefinite be-

= J' (x) = m, is given as the constant slope of y = f(z);

cause %= m, is the slope of y = mx + C, y = mz — C, or

y = mz. The constant C added to right member of the
equation includes all constant terms, if any, of the function;
for if the result be written y + C' = ma + C”, then y =
me+C" —C' =mzx+C. The letter C, often omitted,
should be written as part of the result of the integration.

Data may be available in some cases to make the value of
C known, or to eliminate it, and thus to make the result
determinate.

In this example, if it is known that the function has the
value b when x is zero, then y = mzx + b, since C is equal to
b when z is zero. If yis —b, orif y = 0, when z = 0; then
y = mx — b, or y = max.

Y

+b
/
B ¢1ﬂf b
/ 41"1'3:
¥ ; 9

= - X
i

As shown in the figure the function is a straight line
making an angle ¢ (= tan™! m) with the X-axis, the con-
stant of integration being the Y-intercept. The indefinite
or general integral is y = mx + C, any straight line with
slope m.
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Note. — When the value of C is determined the integral
is called a particular integral.

Ezample 2. — When g—% =2z is given as the rate of

change of y with respect to z, then y = f 2zdx = 22+ C,

where 2® + C is the general integral of 2 z dr, since the
differential of (22 + C) is 2xdr. Here 22 + C is a function
whose rate of change is 2 z, and

if the rate of change is that of Y|
the ordinate to the abscissa, or ¢
the slope of a curve, then the &
integral, y = 22 4+ C, is the cqua-
tion of the curve. The locus of \ A

#C,

-~

the equation is a parabola with
its vertex at a distance C above

or below the origin, or at the _f. / *
origin, according as the value |

of C is positive, negative, or A

Zero.

If y is known for some value of x, then the value of C is
casily determined. For instance, if it is known that the
point (a, b) lies on the curve, then y = 22 4+ C, must be satis-
fied by the cooérdinates (a, b), giving b = a? + C, and, there-
fore, C = b — a2. Hence, the particular parabolaisy = a? +
b — a2 If the curve is known to pass through the origin,
then, since C is zero, y = «* is the parabola with vertex at
the origin.

Example 3. — If a given derivative % = 2z represents
the rate of change of an area A to a length z, then 4 =
f 2xds = 2 + C, is an area where z? may represent the

area of a variable triangle formed by the straight liney = 2,
the ordinate at any value of z, and X-axis. In the figure
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shown the area A is zero when z is zero, and therefore C is
zero. The area of any triangle being one-half the product
of base and altitude, the result of the integration, 4 = x?,
is seen to be true. The area A = 2?2 4+ C may represent a
square of side  and some additional area represented by C,
undetermined, as it might be positive, negative, or zero —
the derivative of the area in either case being the given
rate 2 x.

Y Y

Ezample 4. —If the given derivative is %g— = z2, then

A=fx2dx=x§3+0, since d<%3+0)=x2dx.

xS
3
y = 2%, the ordinate at any value of z, and the X-axis. In
the figure shown the area A4 is zero when z is zero, and there-
fore C is zero.

It is seen that the area OPM is exactly one-third of the
area of the circumscribed rectangle. Hence, the area OPN
between the curve, the abscissa at the end of any ordinate,
and the Y-axis, is two-thirds the area of the same rectangle.

Here the area =7 is that bounded by the curve, a parabola
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Ezample 5. — The acceleration of a falling body being
nearly constant near the earth’s surface, it is required to
find the velocity and the distance after any time. If s
denotes the distance along a straight line positive upward

2
and ¢ the time, then Z——; is the acceleration.
0
dv _d’ _ “\dt ds
A dr = "dr =—9 or d([{ﬁ>= —gdt. (1)
Integrating gives velocity,
ds
v=gp= —gt+(C=uw) 2

where v, is the initial velocity, when ¢ = 0; then,
ds= —gtdt 4+ vy dt.
Integrating gives distance,

s= =gt +ul+(C =), 3)
where $, is the initial distance, when ¢t = 0. If the body falls
from rest, v, and s, are zero, hence; v = —gt; s = —%gi?;

and 12 = —2gs, by climinating {. (See Art. 14.)

Ezample 6. — Determine v and s in terms of ¢ for a bullet
shot vertically upward with a velocity of 2000 feet per
second, neglecting air resistance.

do_ s
dt — de
d?s
i —32.2dt = —32.2t +(C = v, = 2000),
v=1, whent=0.
§= fds = f—32.2tdt + 2000dt = —16.1 2+ 2000¢
+({C=8=0), s=8=0, whent=0.
To find the time of rising, make v = 0 = —32.2¢ + 2000;
t = 62.1 sec.

= —32.2ft. per sec. per sec.

v—-a—
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To find the height it will rise, s
(62.1) = 62,112 ft.

To find the time of flight, s =0 = —16.1#* + 2000 ¢;

t=1242sec. and t=0.

Hence, the time of falling is the same as that of rising,
since the time of flight is twice that of rising. The height it
will rise may be found, by making v = 0 in

v® _ (2000)*

2 = 9.2 — . . = — = = {
=02 —2¢gs; . 8 24 644 62,112 ft.,

—16.1(62.1)% + 200C

the same as above.

Remarks. — These examples illustrate the important fact
that the knowledge of the rate of change of a quantity to-
gether with the knowledge of its original value, makes
possible the complete determination of the valuc of that
quantity at any time. This must be so, since two different
quantities with the same rate of change always have a con-
stant difference, the rate of change of their difference being
zero. 'This is in accordance with the undoubted fact that
if the rate of change of a quantity decrcases to zero and
remains zero, the quantity ceases to change at all, being
then constant. The fact is formulated in principle (iv) of
Art. 116, and is the converse of the fact that if a quantity is
constant, its rate is zero.

116. Elementary Principles. — While there is a gencral
method of differentiation, for the inverse process of integra-
tion no general method has been devised. For the integra-
tion of the various differential expressions, rules have been
formulated and special methods have been found, one or
more of which provide for every case in which integration
is possible.

These rules or formulas are derived or disclosed through
knowledge of the rules of differentiation; in fact, the rules
most used are merely directions for retracing the steps taken
in differentiation.
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Elementary principles that apply in integration may be
expressed as follows:

Q) ff(x)deF(x)+C, i dF(x) = £ (x) dx.

This principle furnishes the most direct proof of formulas
for indefinite integration, and provides a decisive test of the
corrcetness of the result of any integration. Thus,

mn“-].

"y = C . d CI)"'H
fx x=m+ ,  since (n-H

f% =logz + C, since d(logx)E(—?;

z —__b.z_.. me _Iﬁ_ = hHZ
fb dz = fogb +C, since d(log b) = b= dzx.

In this manner the test can be applied to prove any formula,
or to verify the result of the integration of any expression.
(ii) A constant factor can be transposed from one side of the
sign of integration to the other, and a constant factor can be
wntroduced on one side, if its reciprocal ts introduced on the
other, without changing the value of the integral.
For, if a is a constant,

[aydxzafydx,

since the differentiation of the equation gives, ay dx = ay dz.

Hence,
_1r —_, (1
fydx =(—l-/ aydx = afaydx.

(i) The integral of a polynomial is equal to the sum of the
integrals of its several terms. For

‘/.(a—l—x—-x?)dxsfadx—i—fxd:c—fx?dx,

since the differentiation of the equation gives
adx + zdx — 2¥dx = adr + zdz — 2* da.

)E zdx;
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i [o=c, snce dc=o0.
The integral of zero vs a constant.

Thus, if ds _ v, where v is constant velocity,

dt

d’s dv . . S

B d 0; that is, acceleration is zero,
hence, %)=f0=0=v.

117. Standard Forms and Formulas*— There follows a
list of standard integrable forms, that is, differential functions
whose integrals can be expressed in finite forms involving
no other than algebraic, trigonometric, inverse trigonometric,
exponential, or logarithmic functions. To integrate a func-
tion that is not expressed in terms of an immediately inte-
grable form, it is reduced if possible to one or more of such
forms and the formula applied.

The formulas in general are gotten by merely reversing
the formulas for differentiation, and each can be proved by
the principle (i) of Art. 116.

The list will be found to contain the one or more than one
integral to which every integrable form is reducible. These
forms may, therefore, be called fundamental although only
the first three are really fundamental, since each of the others
by substitutions can be reduced to one of the three. While
the list is of standard integrable forms, it may be supple-
mented by other integrable forms; but no list of forms is
exhaustive, even when extended into tables of integrals.
After the acquirement of familiarity with the rules of differ-
entiation, and the common methods of reduction with the
standard integrals, the use of tables of integrals for the com-
plicated forms is recommended; much time otherwise given
to formal work in integration being thereby saved.

* See Appendix.
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different forms, but upon reduction they will always be found
to differ (if at all) only by a constant, in accordance with the
statement above.

Formula I is the standard formula for the Power Form.
It is of most frequent application, and it may be expressed
in words as follows:

The integral of the product of a variable base with any con-
stant exponent (except —1) and the differential of the base is
the base, with its exponent increased by 1, divided by the in-
creased exponent, and a constant.

The proof has been given in (i), Art. 116; it may be derived
thus: since

f2xdx=x:+(), f3x2dx=x3+0,etc.,

f(n + Darde =zt 4+ C;
hence, in general,

xn+1 '
fa: dx—n_i_l—i—(,.

When a given integrand is a fraction with denominator
to a power, it may become this form by bringing up the
variable quantity with change of exponent’s sign; but, since
the variable quantity is represented by « in the formula, it
is essential that the differential of the variable quantity, and
not, merely dz, be present in the integrand before the formula
is applicable.

If a constant factor is lacking, it may be supplied in ac-
cordance with (i), Art. 116; but it should be noted that the
principle is only for constant factors.

The value of an integral is changed when a variable factor

is transferred from one side of the sign f to the other; thus,

fxgd:c=~‘3-x“+0, but mf.ndx=-§-x3+0.
14
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When a change of sign is needed, the constant factor —1
effects the change Thus, for an example,

xzdx 2___ (@ — a2t~} (—2zde)= —Vaa—22 + C.
Vat—z
To verify:
Java=F+0 = [-j@ -t (200
_xdx_ as given

When a variable factor is lacking, resort may be had to
expansion and then application of the formula to cach term
of the polynomial. Thus, for an example:

f2(1+x2)2dx= 2f(1+2x2+x4)dx — 2(o+ 229+ } 2% +C.

When the numerator is of higher power than denominator,
reduce by division and then apply formula or formulas, thus:

e [y
f poun 1 +1 + dx
= 2:cz—}—alc—l-2log(x—- 1) +C.
If n = — 1, formula I gives a result that is not finite; but

whenn = — 1, the form reduces to form II and that formula
applies. Thus,

f:c“dx=fd§=logx+0.

Formula II may be stated in words as follows:

The integral of a fraction whose numerator is the differential
of its denominator is the Napierian logarithm of the denomina-
tor, and a constant. The result will be real only when z is
positive. When )

d
x> a, fx_xa=log(x—a)+0;
but, if
z<a, f e _ —T—d—x-—log(a—x)+0

r—a a—
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Formula I11 may be stated in words as follows:

The integral of the product of a constant base with a variable ]
exponent and the differential of the exponent is the base, with
exponent unchanged, divided by the Napierian logarithm of the
base, and a constant.

Herc the base b must be positive and not unity.

Formula IV is the special case of ILI, the Napierian
logarithm of base e being unity.

In applying these two formulas to given integrands, it
is essential that the differential of the variable quantity,
and not merely dz, be present. Thus, for examples:

1 bx‘
ty8 oy = o Sy = —e
fb x dx 410gbfb logb4 2®dx 4logb+c'
fe’/" dr = nfef/"(% = ne*/*4 C.

1
3z —_— 3z . .
f7r dx ThogrJ * logr:3dx = 31 e +C.

The following are cxamples of integration by one or more
of the first four standard formulas.

EXERCISE XXI.

In these examples the results may be verified by (i), Art. 116, and
the verification should be made where the result is not given.

g2 2}, 88 a4 1o
1. f(x .c3+'v5 p dx 5 3 9 2log xz + C.

b+
f(ax +b0)*dr = (l;f((“: +b)"adr = gzx(:_;)l) +C.

2
f@a+3bods 4. f(a:ﬁ;)i'

(1+ 4) de. 6. fﬁ(z—za)adt.
f 21ry(—‘;)—2+1) dy. 8. f Vs F1ds.
f\/2pxdx = \/Z—ﬁfx%dx =:Vapd(= -§-:B\/2_1—)x) +C.

1 n n (az™4-b)P+t
f(a.c"-i—b)”,v”“ dr=-- f(ax +b)? naz"'dz= W-FC

L

od

o

=

©

10.

o
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11. fsx\/i—"zzzdx=—gfcl—zxz)*(-4zdx)= —3(1-22914C.
12. f\/_l —Fetdr = — fa - (=e?da) = =2 (1 -t 0.
13. fax‘,if = ajx"‘dz: S 5 +C

dz
u [ 16. f 7 (1 — 2?) da.

"1 nbx™! n
16. fa+bx" = nbfa—}-bx ;Elog(a+b:c)+C.

—(2azx — 2?)dxr _ —(3ax? — oL
17. f (3ax? — 29} - 5 +C.
18. ff:zlx di = %fff:f &z 'log (et 22) + C.

19, [2RLZTN gy~ 5(— 20 ol - F) + .

niy
20. f (og &)™ == 2 (l(l)bp:’i)l

22. fo -—§+§—log(x+l)+0.

+ C. 21, f (log )3 (%

dx
23. fﬂog == log (log x) + C.

. (320 =stlor@Ge- DG
dx ~Zdr
2. fe’(3+e:’_)— 3te
sin2zr cot
26. 14+ qm”a:dx' . f log sln:z:

x ___6—21)

28. f(ex~e—x)2dx=(ﬁ—2——2x+c. 29. f(e5+c_a)dx

30. ",__T_—gdx_f(—dx+2f;d; = 2log (¢* +2) — z + C.
a1 [ ‘:1 3. faZb*dx=BEai}?ilo—g—b+c.
33. (:l":gzdx Z

B [ = f_zi——%%df

36. dx dr/1 + &

(1 4 a2) arc tan z tan~lz
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119. Derivation of Formulas XI, XII, XIII, and XIV. —
By the application of Formula II the following results:

‘tan z sec 2 d
j tanzdy = [-—nrSeCTaT
T secxz

= logsecx 4+ C = —logcosz +C. (XI)

fcot:cdx = fLosx

= logsinz + C = —logescz + C. (XII)
f dz
cscxdr = [ ——
sin x

_ T
- ./ 2 sin2/2 cos x/2

ec’z/2dx/2
_ f 5 t:n/x /;/ — logtanz/2 +C. (XIII)

Or
fcscxdx
cscx — cotx
= log (esc x — cotx) + C.

fsecxdx = fcsc (x +7/2)dx

o = log tan (x/2 +=/4) + C. (XIV)
r
fserdx = fsecx (tan x + sce x) de

secr + tanx
_ j‘secxtanxdm + sec’x dzx
secx + tanzx

= log (secz + tanz) + C.

fcsc z(—cotzx + cscx)de

EXERCISE XXIIL
By Art. 116, and one or more of the standard formulas I to XIV.

1. f(sin3:c+cos5x-—sin:£)dx= co%3a:+811155x+2 cos3 +C’

Slll xr

+C.

cos? ZD+O

2. fsin:ccos:cdx =

3. fcos:csin:cd = -
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4, f(smo cos o)do— —fcos‘?o( sm0d0)+fsm'20(:osod0.

cos?f ' sin?g

fcos*O f(l = sin?0) o _ f(csco — sin 6) df.

sin @ sin 9

o

fsinzode = fl—:—c-g-s—(-z-o—)do = %a — 750 (20) +C.

fcos’0d0= f—l—+cgs—(20—)-d9 = %9 +—Esin (20) 4+ C.

=

®

fsirﬁﬂdﬂ = f(l — cos?0) sinfdf= —cos@ 4+ 3 cos’9 + C.

©

fsin30 cos*0d = fsinﬂo (1—sin20) dsin 6 =1 sint6— % sin804-C.
10. ftan%:dx = f(seczx —1)dx =tanz — z + C.
11, fcot’zdz = f(csc’x —1)dz = —cotz — 2+ C.

12. ftaxr"odo = ftano(secz() —1)d6 = } tan26 — logsecd + C
= }tan?6 + logcos6 + C.

13. fsec2 (ax?) xdx = -21—0‘ tan (az?) + C.

zdr= 2—1-fsec (ax?) tan (ax?)d (ax?) = ;Esec (ax?)+C.

2dzx
16. fsmxcos:z: fsm 2z) fcsc(Zx)d(2x)
= log tan z + C, by XIII.

tan (azx?)

4. (cos (ax?)

'Y

16. f‘ﬁ@— fcqcxsoczdx—f sect xdz log tan z+C, by II. |
17. fsecQOcsczodo = f(sec”ﬂ + csc?0) df = tand — cot 6 + C.

cot§ +tand _ 1 s
18. fc_oto — tanodo = fseczodo = logtan (0 + 4) + C.
19. 1 T :i::g f(l 60:2130) do =2 (tan6 — secd) — 6 + C.
20. f €807 00g 7 dz. 1. f &% %gin zdz.

22. f ptan (42) gec? (az) da.

120. Derivation of Formulas XVI, XVII, XIX, and XX. —
By the application of Formula II, the following results:
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For XVI, put
1 1 1 1
a*—mz_ft_z<a+x+a—x)’
. f e _ 1 dx —dr
°* -2 2a) atz 2a a—-z

=ilog(a—|—x)————log(a-—:t)+0
2a

=_ a-l—:z:_l_C
- étanh”la FO. (<) (XVI)
or
dzx _f —dr _ 1 de. 1 dz
-z Jr—a 2aJ 2+a 2aJ z—0a

_ 1 z+a 1 4T y
= =—log _a-I-C—;z—coth 15+C' (22> a?)
The first or second of these results is used according as
@ —z or x — a is positive; that is, the form of the result
which is real is to be taken.

For XVII, put

dx 1 (de 1 dz
z2 — a? “%aJr—a 2aJ z+a

=——log(x-—a) —Qla—log(x+a)+0

rT—a

r+a
=—= coth‘1 +C, @>a) (XVII)

log +C

or
dx —de 1 (—=de 1 [ dz
- Ja—22 2¢Ja-z 2aJa+tz
loga—x+C=—-1-tanh‘1:—c+C’. (a? < a?)
2¢ “a+tvw a a
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The first or second of these results is used according as x — a
or a — z is positive.
For XIX, let
Vitat=z—z; or z=z+Va+ad 1)
a2 =2 — 2zz.
d(@?) =0=2zdz —2xdz — 22dz;
(2 — x)dz = zdzx;
dz dx dx
;=z_x= \/2—+“—77 by (1)

«/'\/xl — f;-—logz—l—C log(z +Va2+a®)+C,

or sinh~! 5 + . (XIX)
For XX, similarly, on letting V2? — @2 = z — =,

= —a) 4O 2% o
f\/?f, log (z+ Va*—a?) +C, or cosh +C (XX)

The logarithmic form of cosh—lc—tis log <w>,
a
but its derivative or differential is the same as that of log

(x + Va2 — a?), the constant a disappearing in the differ-
entiation; and so too with the sinh—! g. (See Art. 66.)

121. Derivation of Formulas XV, XVIII, XXI, and XXII.
— These formulas are merely the reverse of the differential
forms given in Examples 1 and 2, Exercise VI.

They may be derived from the forms for the inverse trigo-
nometric functions of z. Thus:

o a(?)
dv 1 a_ 1 a/ 1.z
fa2+x2_a 1+z—;_a 1+<—(-xl>2—'ata'n +C

. — tand
since f1+x2 tan~lz + C.
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Since
tan1Z =T —cot1%, 4 (tan—l 2) = d(— cot™? E)
a 2 a a, a,
Hence
Yde 1, 7w 1z ,
m—atan a+C’ or acot 5+C' XxXV)

In the same way the second forms follow for formulas X VIII,
XXI, and XXII.

The standard forms are given in terms of g, because they

are of more use than those in terms of z; the latter, being
special cases where @ = 1, are often given as the standard
forms. Integrals may be obtained by reduction to cither
form.

EXERCISE XXIIL

_ 1 d (cx) _ 1
f b + clx" TeJ b+ (cx)? be tan™ + c.

dce) _ 1 b—l—cx
2. f ___chg_ sz_(cx)2"‘2bclo —|—C (C$2<l);

-

=b—1€tanh—l~+0'
;%f—(;;f(_cxl)ﬁ ol T
= Zlacot}rl + .
s fz2+gf+12= <x+’§§z+3 Jgt"‘“ x:/L—3+C
. fx‘z+(égic+5= (.n+(?):2—4=%l° Eﬁ—i%rﬁc
- HloeZ s +c.
5 5T 1°g:c3+1+c 6. f9x2—4
7. ﬂxi'vu‘-z—la—ztan‘l—+0 8. f m
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% f cia?—b? 2bc g;—z +C=—écoth“%§+0’. (¢ta > b
o i +0= - htanht £ 40 (@<
10. f&x‘z+d—_lfx+c=2f(2ax+b2)?ix4ac—bz
— Vhe —
e e et O (e <)
[ s = SEAAR s T
=log (&* + 4z +5) + 3tan (z + 2) + C.
v (- fCine - foty
=log @+ 1) + s+
R bfv(;c—bd—xT‘;)—f%sm“‘,%“”
or ——%cos"‘—-i—C’
u [ m blog (bz+ ViZ T @) +C, or th-l—.+0'.
16. fm=5 log (bz + Vbt — a?¢?) + C, or cosh‘l—-+(7’.
16. %:%fﬁ% ——sm“x\/ L.
1. fw_(_l;————%=—\;§sin‘lx\/g+0. 18. fx/ﬁ“:ﬁ
19. fvl_z_ﬂ—f\/i (x+%)z_“i“ 2Jv\/+01+0.
20. f\/2+2x_xz—sm'1\/ +C.
2. f\/ax2+bx+c \—%E_f\/(mwc+2b()12d-T-4:ow—b2
—-:/—_log(2ax+b+2\/a,\/ax2+bx+c)+0
22. f\/x2+——2-;;—log(x+a+V:v?+2aa:)+C



23.

24.

26.

26.

27.

28.

29.

30.

31.

32.

33.

34.

36.

36.
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S 7=

= VIZIOg (x Va+ Vazr —b) +C.

2adx

x 1
f\/—a:c’+b:c+c_ VaY Viac + bt — (2az — b)?

= —gin!

2ar —b

Vo \/4ac+b2

dx = ———dz =

AV4 Vioe v 22

+ f(l — 22 Yada.

=sm"1x—-\/1—:c~+C.

Vx+1dx_ (x+ Ddr _ - VD
Vr—1 Vi —1

2—1+1log (x+ vVaz—1)+C.

1 )

f dx _ f cdx
z Vet — a?b? cx Vv (cz)? — (ab)? = w®

f 5dx .
zV322—5

f zta de= f vta —dr= sec‘l——l— log (z+4V z2—a?)+C.

zVi—a z Vai—a?

f .’152—112 f 2% — a? _f zdx f a*dx
V= a* Vi —a? xVat—a?

= Va2 — d — asec”

Z24c

dr 23 dx _ 1,
— = = -1 3dx = i
f(l ok f(:c‘2 -1t f(” D) e = \/l—x +C

__ﬂ____f..__b_(lx___
Voae — b ) Vzaa) — Gap b

o—mdr 1 ¥
V8bz — bt b 4
dx 2z
— = vers—! — + C.
Vaz — o v a

=1 vers~1 + C.

—zdr fa—zx-—a f(a—Zx)dx a dzx

Var — 2 2 Vazr — o 2
= Vaz — 1t — 3 Vers“
dx

IVE%?=fV@M?E?UW

= gin™! (gf - 1) +C.

Var — ¢ 2 vVar —
+C

f2x—a
=sm1(————a )+C’
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Note. — It may be noticed that the result for Example 34 differs
from the last result for Example 36, The difference is accounted for
by the values of the constants of inte-
gration. Asmay bescen in the figure,

. 2z T 2x
~1f = - = -1 =
sin (a 1)+2—vers o

that is,
arc BP +7§r = arc OBP.

,,-z,,f,'d,,,s» ! Each result may be verified by dif-
ferentiation according to (i) Art. 116,
These results illustrate the statement at the end of Art. 117.

122. Reduction Formulas. — A formula by which a
differential expression not directly intcgrable can be re-
duced to a standard form or a form easier to integrate than
the original function, is called a reduction formula.

A general reduction formula that has a wide application
and is most useful in the reduction of an integral to a known
form is the formula for integration by parts.

Many special formulas of reduction are obtained by apply-
ing this general formula to particular forms.

123, Integration by Parts. — Differentiation gives

d (w) = udv + vdu.
Integrating,

uv='[d(uv) =fudv+fvdu;

transposing,
fudv=uv—fvdu. 1)

The formula (1) may be used for integrating u dv when
the integral of v du can be found. This method of integra-
tion by parts may be adopted when f (x) dz is not directly
integrable but can be resolved into two factors; one, as dv,
directly integrable; and the other, as v du, a standard form
or a form less difficult than v dv.
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No rule can be given for choosing the factors u and dv
other than the general direction that the factor of f (z) dx
taken as dv is first chosen as that part directly integrable,
and then what remains whether one or more factors must be
taken as w.

When the function given to be integrated contains more
than one factor that is directly integrable, there is some
choice to be exercised in selecting the factor dv; and in some
cases a different choice may be necessary, if the first choice
results in v du being non-integrable. It may be that one or

more applications of the formula to f v du will be effective.

The use of the formula is illustrated in the following
cxamples, the formula being written,

ff(x)dx=‘/1udv
= up — fvdu. (1)

Loz - s
Example 1. —j sin~1 ad:c = zsin~! a + Va — 2+ C.

. X
Let dv = dx; then wu =sin! pt
dx
v =z, du = —mmmeees
VvV — g

Substituting in (1):
T e % [ rde
j sin™ — dr = xsin 7 Voo
= lvsin—lg—l— Va—224+C.
(Compare example in Art. 118.)
Ezample 2.—fx-cosxdx =g-sinx — fsinxdx

= zsinz + cosz + C.
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Example 3. —
fx2 sinzdr = 2xsinx — (22 — 2) cosz + C

fx2-sinxdx= m*(—cosx)+2fcosx-xdx

= 22 (—cosz)+ 2 (zsinz+cosx)+ C, by Ex. 2,
=2zxsinz — (2> — 2)cosz + C.
Example 4. —

log zde = 2 (1 c.

fx og x x—n_*_l(ogx-—-—_r—l)—i—

fl nd $"+1 1 xn-H dx
ogxr- I a:—n+1~ ng—jﬂ’I' ?

xn—H l xn—}-l
“nt1 %% f( Fiet

xrtl
=g 1(ose - +1)+C

Example 5. --—j‘aveI dx = ze* — e* 4 C.

fe’-xdx=e”-%x2—--%/‘x2-ezdx.
L}

The last form is not so simple as the original,‘;ndicating
that a different choice of factors should be made. Another
choice gives

/‘a;-e’”dx=x-e’—fe”-dx.

= ge* — e* + C.

Example 6. —
f\/de=%x\/a2——;2+g2—2sin-1§+C. (1)
fVa2—x2-dx=Va2—x2~x+fL_dL

Vat — g2
2 2 2
—ovaE—gy [T v;f_xﬁdx

=g Va? — 1 +a’sin“1§+0'— f\/EQ_:—x-z da.
Transposing the last term and dividing by 2 gives (1).
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Ezxample 7.* —
[VEF@ia= jaVETE+ jelog GHVETAC @)
= Lo VaTa+ arsinh 1 40, @)

Example 8.* —
f\/i_'-’—_(ﬁdx= —%x rP—a?— %a‘l,log (z+Var—a)+C (3)

—_1_ 2 __ 2_12.‘—12 ! ’
—290\/:0 a*= 5 a cosh a+C' 3"

Note. — The integrals of the three last examples are of
sufficient importance to be considered as standard forms.

Example 9. —

fx (”‘26_’)(195: fx-sinhxdx = z coshz — sinhz + C.

jw-sinhxdx=x-coshx— fcoshx-dx

R . = g coshz — sinhz + C.

EXERCISE XXIV.
Verify the following by fu dv = uv — fv du.
1 fcos‘l zdaz = xcos“z —Var =22 +C.
2. ftan“gdx = xtan“(—f - %alog (a® + 22) + C.
3. fcot,"z-d:c = x cot™! 2 + %a log (a? + 2?) 4+ C.
4. flogxda: =x (logz — 1) + C.
b. fxlog:cd:c =322 (logz — %) +C.
6. f.c’logxd.v =lzt(logz—1) +C.

* By same method as in Example 6.
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7. f © (6% 4 ¢—9%) dx = ‘_z_ (e — ¢=o%) — (% (6% + e=9%) + C.
8. fa’smxda; =1e®(sinz — cosz) + C.

Take u = ¢ and apply the formula, then take w = sin z, apply
formula; add results.

9. fx’cosa:dz =2zcosz + (22 — 2)sinzx + C.

10. f(log z)dr =z [(log )2 —2logzr +2] +C.

2
11. fx" (log x)*dx = [(log ) — logx + — wFIe +C
12. f lxzfz stan™ly = (x - % tan™! x) tan~t c— log (V1 + z2) + C.

124. Reduction Formulas for Binomials. — By applying
the formula for parts to [ z™ (@ + bx™)? dx that integral may

be made to depend upon a similar integral, with either m or
p numerically diminished.

There are four such formulas, which are useful for refer-
ence, but there is no need that they should be memorized.

” R _ pm—=n+l ((l + bxn)p-{-l
fx (a + bx™)Pdx = ACTETESS)

a(m—n+1) m—n n\p
or
™1 (a 4 bx)P m OLe
np+m+1 +np+m+1fx (@ + ber)»tdx, (B)
or
T (atber) bwptmtntl) o,
a(m+1) a(m+1) e atbenrdn, (©)
or
_ @™ (a4br")r | np+m4n+1 m n)»
anpFD) T an(prn) J Frlatbenrtidz. (D)

Formulas (A) and (B) are used when the exponent to be
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reduced, m or p, is positive; (A) changing m into m — n,
and (B) changing p into p — 1.

Formulas (C) and (D) are used when the exponent to be
reduced, m or p, is negative; (C) changing m into m + n,
and (D) changing p into p + 1.

When any denominator becomes zero the formula is in-
applicable, and the integral can be obtained by some method
without the use of reduction formulas.

Formulas (A) and (B) fail when np +m 41 = 0.
Formula (C) failswhenm 4+ 1 = 0.
Formula (D) fails when p +1 = 0.

EXERCISE XXV.

mdr . 4z _
1. f Voo sin~! = + C, whenm = 0, Standard Form XVIII.

% =f(a2——x2)_3xd.r= ~Va@—2+C, whenm=1. (1)
a?—x

x"dr ma oo} ____x"‘—‘\/a’—:ﬁ
vm—fx (@@ —a) ?dr = —m

(m — 1) a? ™ 2dr
+ S ww.

wdr f.z: (@2 — ) e = —§Va2-—x2

Va_—g
+%sm”‘ + C, when m = 2. 2)
_Zdr 2 _ w2y} =______\/2_z
Vg f r3(a? — x2) " *dx 3 Vat —7
2 a? xdx
+3 \/az—x,whenm——3

- g Ve - §a2 V@ =2 4+C, by 1). (3)
‘”til‘f_ = fr‘ (a? — )V p= — “%: Vat =zt

Vg
3 2 dr _
+Za2f\/ ,whenm—4,

= _(f: ia’;)\/ _x”'i‘*sm-! -+C by (2). (4)

15



204 INTEGRAL CALCULUS

2 forvapa- TS, )
f\/a,2 x’dx=—\/a2—x’+2 \/a:lx , when m =0,
R vy

fxwaz—:‘ﬁdz=“”"“4— +¢;‘ \/zfd_x _s,

_ (%3 @z )\/a___xi 4+ — gln + C, by (2)of Ex.1.

s. J‘\/;(faz x\/x2+a2———108(1?+ Vai +a) +C, by (A),
L , Compare Ex.
o +a - Esmh e 7, Art. 123.

z
3
¢ f ods =§\/x2—a2+‘§1og(x+\/z2—a2)+c, by (A),
xr
2

2 — ot
2
BV tat o 2t dx,
22Vt tatdr = " :i:—~ Voo by (B),
= (%3 ) +a? ——log (z+ Vaixa?)+C, by Exs. 3, 4.
™M V2 + a? ™
V2 2 dyp =
6. fx"‘ 22 +atdx P :tm+2f\/x2j;a2'bY(B)'
B VEEE
7 fxz\/xzzhcﬁ::': + C.
- 21 (zz + )}
fx“" (x* & a?) bag = —Fa
-1- 1 -
L2 A o sy as, by (©
dx \/a — 2
8. fxwaT__xz_— +cC.
-1 (g2 — 22)}
f 2 (a? — xz)"'i dx = %l
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dz _Vrt—a? _
9 fxwm— s +ﬁ seot 2 + C.
- JEPEAS ;
fx—a (a?—a?) ] dx__-%ﬂ_}. 2_2_5 f 21 (:c’-—a’)—;d:c, by (C),

- ‘ﬁz—'(;z—;‘;)— + 50671 £ 4 €, by Standard Form XXL.

. | —Lgeen®
10. f:c(zz—aﬁ)*“ o @ sec +C

f (@ —a?) Hdz = — 2 (@ ~a?

a2
~ L i@ -y an, by ),
L
== —— e T + (.
dr T
1. f @ - @va -z +C

f(az — )z = — (@ ~ o)

20 ()
-34+04+241
+ 22 EEEL (@ —mhas, by O

— — S— 2 —_—
12. f\/2ax—:c2dx =£—§~a\/2ax—z2+%sin'lx a+C,

or

T—a. o o @ -2 4
5 2ax x+2vers a+C'

f\/2 ar — x2dr = f.v* 2a - )} dx. Apply (A) ar.1d (B)
in succession.

Or
f\/2az —a2dr =f\/a2 — (x —a)?dx

—-——2~\/2ax x? +—sm'l +C by Ex. 2,

_r—a See Ex. 36,

Exercise XXIII.

s O 1% ’
V2ax a* + 3 vers a+C.

,,,,, . — )
18. 2" V2az — atdx = fx"‘+}\/2a —zde = — " (2az — )

m+ 2
@2m+1a

+ mEe f:c""l\/Zax—zzdx, by (A).
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W [Zd __ #mVie-d
V2az — 7 m
_ .
;o Daf T by ),
o f - e
tamnad v MO
16, fxz\/‘if___}_z - - \/;2‘127+—2—1(l—310g\/—mv——_~_x_ﬁ~_|:—;+a
f:c“‘ (a2 — 22)~tdx = “fc;—?;*_(ti—%——-t_ﬁ)*
it (—1:23(12-!— 2+ 1D (4 (@ — 2~} dz, by (C),
__V ;7“;7 2 b ;____\/;”_ = See Bx. 18,
7. fﬁvg”r&= - ”;2;:2“2—%Mlog;::/%ﬁ+c
Jo @ aytan = T k)

_1(=1-3+4+2+41)
—oa?
Vi + a? 1 dx

=— g — 5 Vs +_;- See Ex. 19.

dz 1 T
18. f———————m=alog ===+

Here m + 1 = 0, therefore Formula (C) fails.
Leta? —a? =2, .. —zxdr=2zdz 22 =a?—2%

&7l (22 +a?)~Hdz, by (O),

Va—p JZE—a _l a+ +C

1 a—Va =z

a +\/az..xz
+C.

fx dz _ dz 1 a—z

+C

a+\/a’—:c2
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_dr Ly, T

cVEtad ot Vatata
Again m 4+ 1 = 0, and Formula (C) fails.
Leta®+ a2 =22, . xdr=2zdz, 22 =22 —at.

19, +C

f dx _ dz -——l —a
:t\/z2+a2~ 2 —a? +a

=Llog Vit 4a2—a

20 "V fa+ta
g —2
_a \/1:2+a2+a

Note. — The integrals of Examples 18 and 19 may be considered as
additional standard forms.

By (B) and
Ex. 18,

20. f\/az_zzd =vVa =z +alog +\/a——‘—+



CHAPTER II.

DEFINITE INTEGRALS. AREAS.
INTEGRAL CURVES. LENGTH OF CURVES.

125. Geometric Meaning of f J (x) dx. — As the repre-

sentation of an integral by an area between a curve and an
axis is of fundamental significance, and as the effort to find
an expression for the area of plane figures bounded by
curved lines gave rise
to the Integral Calcu-
lus, such representa-
tion will be given
further treatment
than illustrated in the
examples of Art. 115.

Let P;OP; be the
locus of y = f (x), and
let the area between
. the curve and the
dx . .

M, 0 M,  Mazl X g-axis be conceived as

generated by the va-

riable ordinate MP or y, as the point (x, y) moves along the

curve and x increases. Let A denote the area bounded by

the z-axis, ¥y = f (z), some undetermined fixed ordinate as
MP, or M,P,, and the moving ordinate MP.

Let Ax = dxr be MM;; then, while AA the actual incre-
ment of the area A is MPP,M,, dA is MP DM,, the incre-
ment that A would get if, at the value M,P,PM, the change
of A became uniform and so continued while x increased
uniformly from the value OM to OM;. Hence

Y]
B
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dA = MP DM, = ydzx = f (z) dz,

A=fydx=jf(x)dx,

where A is indeterminate so long as the fixed ordinate MoPy
or MsP; is indeterminate.

126. Derivative of an Area. — Since d4 = y dz, %% =y;

that is, the derivative of the area with respect to x ts the ordinate
of the bounding curve.

This important result may be obtained by the method of
limits also, taking the increments infinitesimal. Thus,

AA = MPPlMl,
AA >yAzx, and AA < (y+ Ay) Az,
yAz < AA < (y + Ay) Az,

AA
y<H<(y+Ay),

dA _ lim AA
dz ~ oy Az Y
since
A11m(y—|—Ay) =y, Ay=0 as Az =0
s
In case y decrcases as z increases,
the curve falls from P to P;, and the
inequality signs are rcversed, but the
result is the same.
Let A be the area between the y-axis 3
and the curve; then,

dA AA _
e lyOA =z, or dA = zdy,

A=fxdy. , :

Here, the derivative of the area with respect to y vs the abscissa
of the bounding curies 1ss 119159« o ot oty depodile

Y]
N— _.-aqﬁflv'

Y
NS
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127. The Area under a Curve. — Let the curve y = f ()
of Art. 125 be y = a2
Let OM, = a and OM, = b; then

3
MWWM=A=fﬁM=%+&
As the area is measured from z = a,

3 3
A=0=5+0, C=-%,
3 3
=% -5 (1)
where A, is the variable arca M,Py, PM. Making z = b in
(1) gives

¥ oad
M0P0P1M1 = AI, = ";3‘ - ‘g (2)
The usual notation is
(] 3716 3 3
a= [waw-5]-5-% @)

128. Definite Integral. — In general, when b > a the
increment produced in the indefinite integral F (z) + C by
the increase of x from a to b is '

Fb)4+C— (F(a)+C)=F@®) —F (a).

This increment of the indefinite integral of f(x) dx is called
‘““the definite integral of f (z) dx between the limits a and b,”

b
and is denoted by f f(x)dz. Hence,

fbf(x) dz = F (b) — F (a).

The operation is that of finding the increment of the indefinite
integral of f (x) dx from « = a to x = b, where b is called the
upper or superior limit, and a the lower or inferior limit,
although they are more precisely termed ‘“end values” of
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the variable, as they are not “limits’ in the usual sense of
the word. If the upper end value is variable, then

fa @) de=F (x)]: - F(z) — F(a).

When the lower end value a is arbitrary, —F (a) may be
represented by an arbitrary constant C, hence

fa“’f(x)dx =F@) +C.
Since

ff(x)dx=F(x)+C,

an indefinite integral is an integral whose upper end value
is the variable and whose lower end value is arbitrary.

Hence, when the integral is represented by an area and
the arca is known for some value a of z,

A= ff(x) dz = F (z) — F (a),

where C is —F (a), and the area A is determinate.
If the area under the curve y = 22 (Art. 127) be reckoned
from x = 0; when z is zero, A is zero, therefore, C is zero

and A, = %3, the area of OPM. 3)
(See Example 4, Art. 115.)
4, = fy% dy = 2y = 223, the arca of OPN. 3"
Making x = a in (3) gives
A, = %3 , the area of OPyM,, 4)

and making x = b, gives

3
Ay = %, the arca of OPM,. (5)
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As definite integrals,

P _ b
2 —_ _
A= f z2dx = :L 3 or 3]0 3

If, in Example 3 of Art. 115, the area A is from z = a to

z = b; then \
b
A=f2xdx=x2] = b — a?,

the area of a trapezoid. It may be noted that, when the
integral is ‘“between limits,” it is not customary to write
the constant, as it will be eliminated.

129. Positive or Negative Areas. — The area under or
above a curve y = f (z), from 2 = a to x = b, will be posi-
tive or negative according as y is positive or negative from
z = a to x = b; hence, when the curve crosses the z-axis,
the areas are gotten separately, otherwise the result will be
the algebraic sum of the areas and may be zero, since the
areas above and below the axis may for some curves be equal.
For example, the areas for the curve of sines or of cosines
as shown in Art. 140 illustrate the principle.

130. Finite or Infinite Areas — ‘‘Limits ” Infinite. —
From the geometrical meaning of an integral it follows that
f (x) dz has an integral whenever f (z) is continuous, hence
v the end values a and b are in
general taken so that f (z) will be
finite, continuous, and have the
same sign, from r = a to z = b.

Ifx = b = o0, then

j () da = lim izbf(x) dx,

2 where the limit may, or may not,
exist. When the limit of the in-
tegral is finite the total area is found; but if as b becomes
infinite the integral becomes infinite, then no limit exists and
the area up to # = b becomes infinite as b becomes infinite.

x2y=l

e <7 0 17
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Ezxample 1. —
b 1 172
A= f -—dx—-llm --dx-hm[-—:l=1.
1 2? b= xh1
Limit exists although as x approaches zero, f(z) =;12 be-
comes infinite.

b
A= f dr = hm dx=]1m[ l],
o 2% b= Z Jo

b=o0

which does not exist, since — ﬂ = o0 ; that is, the area
0

up to x = b becomes infinite as b becomes infinite.

1 1
A= f—dx—hm dx—hm[ ],
x? a=( T fa

. . . 1] .
which does not exist, since — Sl = the area becoming
0

infinite as x approaches zero.

y Pflxy)

(re)

.

2 X
30 a5 a0 o5 o o5 10 1
1
Example 2. —
T . z . z
A =f et dr = lim edx = lim [e’ = e*
-0 a=—0 Va a=-—00 a

is total area under curve up to ordinate at P (z, y).
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Area to right of y-axis
=0MPB =A = fe’dz= e’]r=e”— 1.
0 0

Area to left of y-axis

0 . 0 . 0
= f etdxr = lim e¢dx = lim [e”] = 1.
- a=-—w a a=—® a
Note. — When y = f (z) = ¢%, y, the function, is the ordi-
nate, equals the slope at the end of the ordinate, and may
represent the total area under the curve up to the ordinate.

(See Art. 138.)
131. Interchange of Limits. — Since the definite integral

S i@dn=F0) - F@;

[ bf(x)'dx -~ (1@,

since the second member is — [F (a)— F (b)]= F(b) — F(a).
It follows also that the definite integral is a function of its
limaits, not of its variable; thus

j bf (y) dy has the same value as f ’ J(z) dz,

each being F(b) — F(a).

The algebraic sign of a definite integral is changed by an
interchange of the limits of integration, and conversely.

132. Separation into Parts. — A definite integral may be
separated into parts with other limits or end values. Thus,

[roe=[@at+ [1@e o

Let the curve y = f (x) be drawn and the ordinates AP,
BP,, CP;,, be erected at the points for which x = a, z = b,
z=c

it follows that
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Since area APP,B = area APP,C + area CP,P,B, (D
follows.

g

X
0 A c B

If OC" = ¢/, and C'Py is the corresponding ordinate, then,
area APP\B = arca APP;C’ — area BP,P,(’;
and hence

‘£7@¢mi£ﬁ@wx—lfﬂ@m

= fcf(:w dx + fbf(x) dz, by Art. 131.
Note. — It may be seen that

Jr@i= [0z,
for each is F(a) — F(0). Thus,

- [ra-wd@-a

If

—F(a— x)]o = F (a)~ F (o)
I (@) da.

0

133. Mean Value of a Function. — The mean value of
f (x) between the values f (a) and f (b) is

*b
[1@)
b—a
Let area A PP\B represent the definite integral f ' f (x) de.
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Then
f ’ f (z) de = area APP,B

= area of a rectangle with base AB and height
greater than AP but less than BP;

= AB.CP’
= (b — a) f(c), where OC = c.
S r@a
Hence fe) = R —

where f (c) is the mean value of f (x) for values of z that vary
continuously from a to b.

"

——— e

0 A

The mean value may be defined to be the height of a
rectangle which has a base equal to b — a and an area equi-
valent to the value of the integral.

Ezample 1. — To find the mean value of the function vz
from z = 1 to 2 = 4. Let OPP; be the locus of

y=Vz, OA=1 and OB =4.

4 4
fx%dx %x*] 14

= 1§ = 1.55§ = CP’, mean value.
Soe=a = ()2 = Jft = 242 = OC.
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Exzample 2. — To find the mean value of sin 8 as 6 varies
from 0 to r/2, or from 0 to =.

\% z
J sinfdd — cos 0]
0

2
/2—-0  #/2 #/2 =® 0.6366
frsinodo —cosB]w 9
0 = 0 = 2 =0.6366.
r—0 T T

Exzample 3. — To find the mean length of the ordinates of
a semi-circle of radius a, the ordinates for equidistant in-
tervals on the are.

fvasinod() —acos6:|7r 24
u - o — = 0.6366a.

r—0 T

Ezample 4. — To find the mean length of the ordinates of
a semi-circle of radius a, the ordinates for equidistant inter-
vals along the diamecter.

f" & —atdg 1 _— a? xle wa? 1
e = 2 2 o ain—12 —_— il
a—(—a) 2x\/a x+2sm a]_., 2 ><2a
: 2a
™
—Za—0.7854a

134. Evaluation of Definite Integrals.

EXERCISE XXVI,

b b pr g
n = = .
L .Lxdx—n-}-la n+4+1

f24x3dx=a:‘]z=16—1=15

f‘(dx S x) log 7 + log (2 — x)] =log (22 — xz)_]

=log (2z — 2?).
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)

0 1 1
—~ar —_ —p—ar = =
4, j; e dy = a¢ ]0 a

s

T H E: -
3 f smod0=f cos‘zasi110d0=scct9] =v2-1.
0 0 0

cos? @

a dr . 2]
6. —~—— = aresin- | ==
o Vg =17 ale 2

e dy 1 z]* =«
7. Jo g iy (—larc tana:lo =1a

256 71
—_ — 4 =
S f 3 (U = Wy =gy

?:d.l: N
10. f i+ = arctanx]o =3

2 e®dx

T e
H 1 — oos
12. f sint0de = f !——%05—2—0@ = Z
0 0

z z
13. f cos? 9 df =j; 1+020320d0 .—.E.
0

Note. — Considering the areas between the axes and the graphs:

2

™

11, = arc tan e"] = arc tan ¢* — i
0

™ T

2 2
f sin"z dz = f cos™ x dz, where n is positive,
0 0
m
o . E . . o,
f sin"zdr = 2 f sin” z dz, where n is positive,
0 0

m
T z
f cos"zdxr = 2 f cos™ z dz, if n is an even integer,
0 0

but = 0, if n is an odd integer.

136. Areas of Curves.— As has been shown, the formu-
las in rectangular coérdinates are

A=fydx and A=fxdy.
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(a) Let A denote the area between the curves y = f (x)
and y = F(x); let £ = OM, dx = PE; then, the variable
area A = P,P'P and dA = PP'DE = (f (z) — F (x)) dz;

area PoP'P\P = A = jx " (f (x) — F (z)) dz,

where the points of intersection are (x,, %) and (z1, y1).
If the locus of y = F (x) is the z-axis and x, and z; are a
and b, this formula reduces to

A= J;bf(x) dx.

. Y=Flx)
y=Sx)
|
2, p|l
[
p‘—Wl
i 1!
AN
N
oy
7] I Il al X
wH K,

() In polar coordinates,

A=%fp2d0.

For let P, be any fixed point (po, 6) and P (p, 6) any variable

point.
Consider the area POP to be generated by the radius
vector p as @ increases from 6o, and denote it by 4. With

OP as a radius draw the arc PD and let d§ = £ POP;; then
dA = OPD = %p-pdf = % p*df,
the increment of 4, if uniform, as in a circle.
2 A=y [wd, o 4 =1 [, ito=0.
60 Y
16
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By method of limits, increments infinitesimal ;
12A0 < AA <L(po+ Ap)2 Af, where AA = OPP,,

AA
292< 20 <3 (p+Ap),

. dA AA 1 -
S Alovo 2p,smceA,o—-Oa,bA(i'

&

EXERCISE XXVII

1. Find the area between the parabola y? = 4 z, the z-axis, and the
ordinate at any value of z; from z = 1 to 2 = 4.

2. Find the area between the parabola 22 = 4 y, the y-axis, and the
abscissa at any value of y; fromy = 1toy = 9.

3. Find the area between the two curves 2 = 4z and 22 = 4.

4. Find the area between the cubical parabola 4y = 23 and the
z-axis from £ = 0 to 2 = 2; from z = 0tox = — 2; fromz = —2to
T =2

6. Find the area of the semi-cubical parabola 4 32 = 27, bounded by
the double ordinate at z = 4.

6. Find the area between the line y = z, and the curve 4 y? = 3,
in the first quadrant.

7. Find the area included between the parabola 2! 4 ¥ =d}, and
the axes of X and Y. Ans. %2-

8. Find the area bounded by the curve y (1 + 2?) = z, and the line
y=1%a Ans. log 4 — 3.

9. Find the area included between the parabola x? = 4 ay, and the
witch y (22 + 4a?) = 8ad. Ans. 27 — §) a2

10. Find the area bounded by the witch y (22 4+ 4 a?) = 8a® and
its asymptote y = 0.

0
Area = 2}:0 a% = 8 a?arc tan 23&]0 = 4ra

11. Find the area bounded by the hyperbola zy = 1, its asymptote
y = 0,and thelinesz = landz = n. Ans. log n.

When n = o, logn = »; hence the limit does not exist, and the
area between the hyperbola and an asymptote is infinite. Since the
area is the Napierian logarithm of the superior limit, Napierian loga-
rithms are sometimes called hyperbolic logarithms.
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12. Find the area of the lemniscate p? = a? cos 2 9.

”
_4a® =2
Area = o) j; cos20d6 = a2

13. Find the area of the cardioid p = 2a (1 — cos 6).
27
Area = 2¢? f (1 — cos8)2ds = 6wal.
0
14. Find the area of the circle p = 2asin#.
Area = 2a? fw:sitl2 0d6 = mal.
0
16. Find the area of the circle p = 2a cos#.

Area = 2a? frcoszo df = ma?.
0
16. Show that the difference between the areas of the two circles
above, from 6 = 0 to 6 = 7/4, is «?; also that the area of one circle
intercepted by the other is twice the area of the first circle from 6 = 0
to = /4.
17. Find the area of the part of the circle
p=asinf 4+ bcosh, fromd =0tod =x/2.
2
Ans. 7'—((1———8_*_ ) + ab

2
18. Find the area of one loop of the curve p = asin 26.

1 0%, . a? H wa?
—— 2 oin2 =% —- Ta,
Area 2]; a?sin? 26 d J; (1 — cos 46) do. Ans. 3

.
19. Find the area between the first and second spire of the spiral of
Archimedes ¢ = a9.
a2 idr

az 2w
== 2 —_—— 2 o 2,
Area,—2 2w0d0 2](: 02 d = 8 an®.

20. Find the area of one arch of the cycloid z = a (§ — sin9),
y =a (1l — cosb).

2w 2
Area = _£ ayd:c = azj; 1r(1 — cos 6)2do,

(when =0, 6 =0; and when £ = 2#a, 6 =2, and dz =a (1 —
cos 6) df)
2w
= azf (1 — 2cos6 + cos?8) d§ = 3wa?;
0

that is, the area is three times that of the generating circle.
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21, Determine the area of the circle 22 + 32 = a2
a a
= = Vg — g2
Arca 4}; ydx 4]; o — atdz.
Using the parametric equations of the circle, x = a cos 9, y = a sin g,
where 6 is the variable parameter, gives dr = —a sin6df. Sub-

stituting the values of y and dx gives:

a ——— 0

Area = 4f Va = zide = —4f a?sin? 6 do,
0 ™
T

(whenx=a, 6 =0; ,1;=0,o=;r)

3
1 J atsm:0 do, by Art. 131
0

3 1 —cos26
2 bty
4q Jo ( o) )do

m
—da [Q __sin 20:|f Compare Ex. 14 above
- 2 4 o \ and Ex. 12, Art. 134.

]

= 7a?.
To get f\/a2 — 2% dr, the indefinite integral; let £ =asing; dr=a
cos ¢ do; then,
f Vot = 2dz = a? f cos? ¢ do, where ¢ is the complement of 9 above,
a? .
= Ef(l + cos 2 ¢) dé
a? 1. . ,_a? . '
=3 ¢+ §st¢ +C = 3 (¢ + sin ¢ cos ¢)+ C
a . T

sin

=S IvET R 4,

the indefinite integral. Compare Ex. 6, Art. 123.

a 2 a
Area =4 j(: Vai—at dz=4 [% sin™t 2"’; \/a2——x2+(7]“ = ma? as above.

a 2
Corollary. — Area of Ellipse = 4% j; Vat = gids = 4% 7—%‘— = mab.
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136. To find an Integral from an Area. — An integral
may be found from an area, when it can be gotten geomet-
rically from the figure.

Ezample 1. — Find f Va2 = 22 dx from the figure of the
circle y = Va2 — z2.

Area = BOMP = BOP + OMP = 1a% + y

at. T X
=2 6n 1242V — 22
sin + az — x%
2 a 2

0

If the initial ordinate is not OB and is undetermined, then,

X

N 2
Area =.f\/a2 —atde = %\/aZ — +‘;~sin“la+ c,

as above, C being independent of z and indefinite when the
initial ordinate is undetermined.

Ezample 2. —Find f V2ax — z*dz, using circle

y=V2az — 2%
Area = OBPM = OBPC + PCM

_1., £t—a
—2a¢+ 5 Y

2 - _
a T, rT—a
== -1 Var — 12
= s vers~l-—-+ axr — x
2 a 2 ’
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or Area = CBPM = BPC + PCM

B
|
|
|
r

1

=
\I
\

\

<~
N————
\,

X

If the initial ordinate from which area is reckoned is
undetermined, then

j‘/éax_x2dx=x;2a\/2ax—m“-{—%a?sin"‘z-d———(—l—}-(f,

2
WhereC=%,if Area = 0, when z = 0;
zT—a
2

where ' = 0, if Area = 0, when z = 0.
As may be seen in the figure,

or \/2ax——x2+%a“’vers‘1§+0’,

. r—a ™ X
-1 —_ — —1
sin == 0CP = vers!1=;
a + 2 a
that is,
a?f. .x—a a . . x—a  m? a® z
-1 - -1 = —1
—(sin s)=5sinl1=— 44— = —vyers—1=.
2 ( a + 2) 2 a + 4 2 a

(See Note at end of Exercise XXIII.)
Either result gives

2a ——
f V'2ax — 2 dx = } ma? = area of OBA.
0
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Ezample 3.— Find f (mz + b) dzx, by means of line

y =mx +b.
Area = OMPB

BDP + OMDB
=3x-mx+z-b

ma?
=g + bzx.

If the initial ordinate is not OB, and is undetermined, then
2
f(ma:-{—b)d:c =m2—x+bx+0.

¥

X

;

/

137. Area under Equilateral Hyperbola. — As in the
figure of the circle y = Va* — 22,

fx\/az——ﬁdx = %x\/dZ— 2 —l—%aﬁsin—lg
0

expresses the area BOMP and a?sin! 2 is represented by
twice the area of the circular sector BOP; so

j; VA TRde = %xm—x—? +%a2sinh‘1  (Bx. 7, Art. 123)
may be shown to express the area AOMP under the equi-
lateral hyperbola y = Va? + 22, and a? sinh‘lg to be repre-
sented by twice the area of the hyperbolic sector AOP.
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To get
j(:z\/m dz; let xz =asinh¢, dr = acosheds;
then,
‘/:m dzx = a*fcosh2¢d¢ = %2 (¢ + sinh ¢ cosh ¢)
= %x Va2 + 2t + %aﬁsinh‘lg,

as also in Ex. 7, Art. 123,

7
/
/
/
4 ,//
/
/
//
/ Y
/
/
/
/
/ v
0 X
If £ =acoshe¢ and dr = asinh ¢ d¢ be substituted in
J Va? — atdz;

then,
z — — 2
f VE—ddr= e VE—a — L cosh1Z
0 2 2 a

(as in Ex. 8, Art. 123), and %az cosh"lg will be represented
by the area of a sector of the equilateral hyperbola

y='\/x2_a2.
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138. Significance of Area as an Integral. — The units of
the number represented by A as the measure of an area will
depend upon the units chosen for the abscissa and the
ordinate. If the unit for 2 be one inch and that for y be ten
inches, then a unit of A would represent ten square inches;
if on the graph the unit of x is one-tenth of an inch and the
unit of y is one inch, these representing one and ten inches
respectively, an area on the graph of one-tenth of a square
inch will represent the area of ten square inches.

The integrals represented by areas may be functions of
various kinds, such as lengths, surfaces, volumes, velocities,
accelerations, weights, forces, work, etc. Hence, the physi-
cal interpretation of the area will depend upon the nature
of the quantities represented by abscissa and ordinate.

(a) If, in the figure of Art. 125, the ordinate represents
velocity and the abscissa represents time, then the area
represents distance; and, since velocity

v = d—s = al
Tdt
where a is acceleration,
% =p=af
» dt

Hence, A= fatdt = yat?* + C = MP,PM,

and since s = 1 at? 4+ s, C is s, initial distance or area; and
the number of square units of 4 (= MPoPM) will equal the
number of linear units of distance passed over by a moving
point in the time { = MM.

(b) If the ordinate represents acceleration and the ab-
scissa still represents time, then the area represents velocity;
and since acceleration

dv dA

a=—) —=—=a=

dt i

RS
<
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Hence,

A=fdv=fadt=at+C=MoPoPM,

where a is constant acceleration, and since v = at + v, C is
v, initial velocity or area; and the number of square units
of A will equal the number of units of velocity acquired by a
moving point in the time ¢ = M M.

(c) If the ordinate represents a force acting in a constant
direction, and if the abscissa represents the distance through
which the force has acted, then the area A = M,P,PM
will represent the work done by the force acting through the
distance represented by M,M. If the force is constant in
magnitude as well as in direction, the area will be a rectangle,
since %% = F, constant, gives 4 = IF ds = Fs 4+ C.

Whether the force is constant or variable the arca

A= f F ds represents the work done, the area being that

under the graph of the equation y = f (F), representing the
force. If the force is not constant in direction, the arca will
still represent the work, provided the ordinate represents
the component of the force along the tangent to the path of
its point of application. ’

By means of certain contrivances the curve y = f (F) may
be plotted mechanically by the force itself, as, for cxample,
in the steam engine by means of the indicator. Having the
curve, the mean force may be easily found; it is given

by f Fds / MM, the area divided by the distance through

which the force acts.

The area may be read off at once by the polar planimeter,
and the work done found directly.

It is manifest that a function may be represented graphi-
cally either by the ordinate of a curve or by the area under a
curve; if the ordinate is made to represent the function, the
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slope of the curve is the derivative of the function; if the
area under a curve is taken to represent the function, then
the derivative of the function is the ordinate of the curve,
since the ordinate is the derivative of the area.

It is usually preferable to represent by the ordinate * that
which in the investigation is mainly under examination;
therefore, if this is the derivative, the latter method, where
the area is the function and the ordinate is the derivative,
should be used rather than the former method, which is to
be used when the function is mainly under consideration.
The function e® is exceptional, in that the ordinate repre-
sents the function, the slope of the curve, and the area under
the curve. (See Example 2, Art. 130.)

139. Areas under Derived Curves. — It has been shown
(Art. 84, figures) by drawing the graphs of a function and
its successive derivatives that the variation of the function
is exhibited to advantage.
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It may now be seen that the area under any derived curve
is represented by the ordinate of its primitive curve. Thus
the area under the graph of y = f’ (z) is represented by the
ordinate of y = f (z), that under the graph of y = f/ (z) by

* Irving Fisher, A Brief Introduction to the Infinitesimal Calculus.
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the ordinate of y = f’ (), and so on for the successive derived
curves. \

Drawing the graphs of y = f (z) = %and y=1"(z) =2
together with those of ¥y = f/(z) = 2?andy = " (2) = 22
(shown in Examples 3 and 4, Art. 115), it is seen that the
areas are represented as stated.

3
It may be seen also that [f’(x)dx= fﬁdx = % =4,

3
being represented by the ordinate of y = %, is an integral

function of z? and the graph an integral curve of z2.
If y = 2 be the fundamental curve, then y = 2 z is the

first integral curve; y = a2, the second; y = 163—3, the third;

4
Yy = ]%, the fourth; and so on.

140. Integral Curves. — If F (z) has f (z) for its deriva-
tive, then F(x) is called an Integral Function or simply an

Integral of f(x). The General Integral is f f @) dx = F ()
+ C, called also the Indefinite Integral.
The graph of an integral function is called an integral
curve. If the original or fundamental function is
y=f(), (1
then y=F(z) 2
is the first integral curve of the curve (1), where F (z) is thdt
integral of f (x) which is zero when z is zero. In the general
figure of Art. 125, F (z) is the area OPM under the curve
y = f (z); in the figure of Art. 139, if y = f (z) = 2?, then
F(z) is the area under y = 2? and is the ordinate of the

: x?
integral curve y = 3

It is manifest that for the same abscissa z, the number
that indicates the length of the ordinate of the first integral
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curve is the same as the number that represets the area
between the original curve, the axis (or axes fof some func-
tions), and the ordinate for this same abscissa.)f Hence, the
ordinates of the first integral curve may repre gnt the areas
of the original curve bounded as stated.

It may be seen also that for the same abscissa F¢1e number
that expresses the slope of the first integra cur .. the same
as the number that measures the leyy %+7 vhe ordinate of
the original curve. Hence the (] |+dtes of the original
curve may represent the slopes o w'e irst integral curve.

The integral curve of the curve of equation (2) is called
the second integral curve of *he oviginal curve of equation
(1). The integral curve of th:” second is called the third

integral curve of the original “urve (1), and so on. Thus
for any given curve tncre is a series of successive integral

curves. ¥

Y
1

7z 4 372 27

* Thes tatements in the three paragraphs above with some difference
of words 81e given in Murray’s Integral Calculus, where a fuller treat-

ment will se found in the Appendix.
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232 .
" ?’\\on cos 8 and the first and second integral curves
The fun tith their graphs.
are shown ! s 0 be the fundamental function, then

_ \g the g.¢
Lety = 8 € _ f .
s boy= ] cosfdf =sinf + C
fith the . 6
| Examy™® a8 § is zero when 0 is zero; and
H Al
where C 18 fepresen & %og (%v") 6d = —cosd + C,

engn also that gwhen g is zero. Hence,
where C is one, 88 Y " ad y=1—cosf = versd
Y= sin@ av Y

wap u}tegra‘. curves of the curve y=cos§.
are the first and second > ent o', of the first integral curve at
It is seen that the ordi™ or being the same number that
g = /20 +L, that numbt the yindamental curve for the same
measures the area under t_he : 9 at 6 = = indicates that the
abscissa; the ordinate being fzil fr mental curve is zero
algebraic sum of the areas of 1 1€ has f (z,0m 0=m/2toris

and hence that the ared below " the ) . 7/2; the ordi
bove frotom g = unction ™/ £ e ordinate
exactly equal to that a  ndicates ‘he areas of the
being zero again at 0 = 2w 1{d g,ates»s f J @ are exactly
fundamental curve above ar; clow

equal up to g =2 [ Ve il integral
. . , or'dinate; # .
It is manifest that thenoim J ?lfmrm ¢ secor st integral

curve indicate the 7, osponding areas for the fii 2 -2 =0
curve, the DU per being +2 from 6 = 0 to = and
up ‘tof = 2m. al curves
# In the case of this function the series of integr
can be extended indefinitcly without any difficulty 1t on the
It is manifest also that the ordinate at any poii ‘sponding
fundamental curve gives the slope at the corres the first
point on the first integral curve, the ordinate for@
gives the slope of the second, and so on. ful appli-
The subject of suceessive integral curves has use
cation to problems in mechanics and engineering.
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141. Lengths of Curves. — Rectangular coérdinates. — It
has been shown in Art. 10, (d) that ds* = da? + dy?; now let s
denote the length of the arc whose ends are the points

(20, %0) and (z, y), then ds = Vdz? + dy?; whence
N
z dx ’
Y de\*
- Sl @) T @

according as ds is expressed in terms of z or of y.
In getting the length of any curve, that formula which
gives the simpler expression to integrate is the preferable one

to use.
/

or

EXERCISE XXVIII

1. Find s of the circle 22 4 y* = a?, and the circumference. Here
dy _ _ =, dy J) x?,

dr~ y’ \dr '—y?’

2 2)1
hence s = f [1 + = I @ + 2 +x) “——“~dz, using (1),
zo

dr

= f —_— = asm“x]x =a sm'lf - asxn“x0
0V — 12 alz, a a
. A A T
Circumference, s = 4asin™ 6]0 = 450, = 2ra.
2. Find s of the semi-cubical parabola ay? = 2%, Here
-
dz 4a’
s = f (1 + = hn ) dx, using (1),
8 a 3
(1+ a) —(1+4a)]
.. #
From the origin, s = —27 [(1 + ZZ) - 1].

8. Find s of the cycloid & = a arc vers % F V2ay — y2.  Here

dg)*__._;/_
dy 2a-y
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s = V2afy(2a - y)'*dy, using (2),
Yo
=2VZa[2a -y} — 2o -y}l

Making % = 0 and y = 2 a and taking twice the result gives 8 a for
the length of one arch. (See Ex. 3, Art. 97.)

Note. — Finding the length of a curve is called rectifying the curve,
since it is getting a straight line of the same length as the curve, The
semi-cubical parabola was rectified by William Neil and by Van Heu-
raet also, and it is the first curve that was absolutely rectified. The
second rectification, that of the cycloid, was by Sir Christopher Wren
and by Fermat also, and the third was of the cissoid by Huygens.
These rectifications were effected before the development of the
Calculus.

4. Find s of the parabola 2? = 2 py, (o, ) being the origin. Here

dj) _
dx p2’
2713 1 1
= i = == 2 2) 3
s j;[1+p2 dx pj;(l’-l—:c)dx

— 2 S x
=1 l:% Vprtar4 % log (x + \/7)2+.z2)]0 [Ex. 7,Art. 123.]

ARV +x2+p10gm+\/7’ + 2
2p p
6. Tind s of the catenary y = acosh-— = § e“ +e “) Here
2z 2r

L3 '); (ZZ)—% oT -2t "),
= [T e
=f01[}(e7 +2+e-2_'f—)]*dx
=j;zﬁ(e§+e—§)dx=c—2‘(eg—e—‘g').

6. Find s of the ellipse 3> = (1 — ¢®) (a? — 2?), and the length of
the curve, e being the eccentricity. Here

dy _ -1 — etz gdi/)“’:(l—c’)x?‘

dx Vat — 22 dz a? -t ’

z d
8= f}o (0,2 d (‘)2:132)i —\'/‘_2:“_1.:._"_; (l)

a? — x?
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hence, the length of the elliptic quadrant s, is

- ?_ gy 0T
3q f(a €%r?) Voo

For the integration of (1) and (2), see Ex. 5, Art. 159 and Note.
7. Find s of the circle, and the circumference, using the parametric
equations z = a cos 8, y = asing. Here

d:c) sin? 6
dy cos? 9’

s = ( [1+( )z]*d —f [ zi)nzg a cos 0df
=a_£nd0=a(0—00)]0 = 2ma.

More directly;
0 27
ds =adf; . s =aj;°d0 =a( -—00)]0 = 27a.

2

dy = a cos0dy;

8. Find s of the involute of the circle, and length of the arc between
6 = 0 and 6 = =, using the equations

z =a(cosf 4+ 0sinf), y =a(sing — 6 cosh).
(See Cor. Ex. 2, Art. 97.) Ans. } a6?; % an?.

9. Find s of the cycloid, and the length of one arch, using the para-
metric equations z = a (0 — sin6), y = a (1 — cos ). Here
dr=a (1 —cos0)df; dy=asindds;

z — 7
s j;o dz2 +dy)? =a V2 j;“ (1 —cos0)?do

=8Qa j;osin%dﬁ, since V1 — cos @ = \/Qsling
0

2
= o) - % _ cos? ]2".
= —4:acos§]l,ﬂ—4a(cos.2 cosz) )

l = 8a, for one arch.
10. Find s of the parabola y? = 2 pz, (o, ys) being the origin, and
the length of the arc from the vertex to the end of the latus rectum.

Ans, s = ——\/—+plogy+ :’-{-y’;

l=p/2[V2 +1og (1 + Vv2)l.
11. (a) Find s of the hypoeycloid z! + ¥ = af, and the length of
the curve. (a) Ans. § a* (a! — z}); 6.

(b) When z=a sin30, y=a cos?6.

17 () Ans. 4 [% a sin? e]’ -
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142. Lengths of Polar Curves. — It has been shown in
Art. 77, (3), that for a polar curve ds? = p?d6® + dp?. Now
let s denote the length of the arc whose ends are (pq, 6) and

(o, 6), then ds = Vo2 d6® + dp?*; whence
9 S, (4 —_—
s =f \/p2d02+dp2 or s=f \/p2d02+(lp9, 1)
[N Po

according as ds is expressed in terms of § or of p.

If the formulas of the preceding Article for lengths of
curves be transformed to polar codrdinates by making
T = pcosfand y = psin g, (1) of this Article results.

EXERCISE XXIX,

1. (a) Find s of the circle p = 2 a cos 6, and the circumference.

s=j:\/4a2c0520+4a’sin26d0=2aj:d0
0 0

=2a (0 —00)]” = 27a.
0
(b) For the circle p = a;
9 ] 2
S=J;opd0=aj;o(l0—a(0—00)]o = 2xa.

2. Find s of the cardioid p = 2a (1 — cos6), and total length.
Here dp = 2asin 0df;

s = fo [4a2 (1 — cos6)? + 4a2sin?6]} dh
[}
o .0
= V92 (1 — 490 - 4
2an° 2 (1 — cos6)t do 4afao sin 5 d9

6o 0 21r_
—8a[cos§ cos§]0 = 16a.

8. Find s of the spiral of Archimedes p = a6, and the length of the
first spire. Here

ds = Va8 + a?dé = o V1 + 62 df;
“os=a [VITRa® =§[ax/1+oz+log(a+x/_““1+ez)]
=alr VI+4n 4 }log @ + VIF4m).
4. Find s of the logarithmic spiral p = ¢* from py t0 p, and the length

=27

Bp=0
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from the pole (p = 0) to p = 1.
dp'

a I

V1 2
s_.f\/ +d2=-—ﬂ- podp

vVit+a + a2 )] \/—_a,2

=logp; .- ad@—‘z— or

6. Find s of the conchold p = asec, and the length of the arc from
9 =0to0 =n/4. Here
dp = asec6 tan 0 df;

0 )
s=j; \/a2sec’0+a’sec20tan20dd=a£ sec? 6 df
{] (]
m

) H
= atan 0]9 = q (tan 6 — tan 00)] =
0 1]



CHAPTER III.

TAYLOR’S THEOREM — EXPANSION OF FUNC-
TIONS. INTEGRATION BY SERIES.
INDETERMINATE FORMS.

143. Law of the Mean. — The mean value of f ()
between the values f (a) and f (b) is, by Art. 133,

f f () dz
£ = ,

—a

where c is some value between a and b.
If the function of z is ¢ () = f’ (x) and z,; is some constant
value between a and z, then

[r@a 1@ — 1@

¢ @) =f'(z) = 7 —a T —a

or J@=f@+f @ @-a, )

the Law of the Mean, or Theorem of Mean Value.

If the curve in the figure be the graph of y = f'(z); then
the ordinate at P; will be f’(x:), the mean value of f'(x)
between f'(a) at P, and f'(x) at any value z, the integral being
represented by the area under the curve fromz = atox = z.

If the curve is y = f (z), it may be seen that there must be
at least one point P, between the points (a, f (a¢)) and (z,
f (x)) at which the slope of the tangent is equal to the slope
of the secant through those points; that is

f (@) = f(x) — f(a) 27/

r—a

and hence (1).
238
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This may be put in the form,

w-g] e

which may be used to determine increments approximately,
and is the Theorem of Finite Differences.

g

The theorem may be extended so as to express in terms of
the second derivative the difference made in using the first
derivative at ¢ = a in place of its value at * = z;. Thuyg,
if the funcgion of z is ¢ (x) = f (z), and x, is some constant
value between @ and z, then,

f P 0 g
1 () — _J'@ —f'(a) (by mean value,
I ) ~a z—a < Art. 133, )

or I (@) =1 @) +f" (@) (z — a).

Integrating this equation between the limits z = ¢ and
= z, f’ (a) and f”’ (x;) being constants, gives

J@ =@+ @ -+ @S @

a second Theorem of Mean Value, or the Law of the Mean.
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If the tangent at P, meet the ordinate M P produced at R,
then, MR =f(a)+f (a) (x—a); MP =f(x),
and, therefore, both in sign and in magnitude,

RP = MP — MR = " (z») (x_‘zi)z

Here the deviation of the curve at P is below the tangent at
P,, f" (x2) being negative, and, measured along the line of
2
(@ —;a) . When the
curve is above the tangent, /' (x;) will be positive and RP
upward.
144. Other Forms of the Law of the Mean. — The
theorems (1) and (2) may be given in the following forms.
In the theorems x, the symbol for the argument in general
has been used for any value of the argument, a definite value
but not constant. Now, if x; be any number between a and
z, then 2; — a and z — a are of the same sign whether a is
less or greater than x; therefore, (x; — a)/(z — a) is a posi-
tive proper fraction, 6 say, and z, = a + 6 (x — a) will
denote any number between a and z.
‘ Letting x =a+h, x — a = h; then thcorem (1) will
become ‘

the ordinate MP, is equal to f'' (x2)

fla+h) =f(a)+ hf' (a+06h), (1a)
and theorem (2) will become

J@+h) =@+ @+ 5 @roh. (@)

The 6, of (2,) is not necessarily the same as the 6 of (1,).
If a is replaced by z, the forms become

f@+8) =1@) + 4 o+ b, (1
J@+H =@+ @ + 5/ @ on. (@)
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If a is made zero and then z is put for h, the forms are
S @) =f(0) + zf (6z), (1o)
1(@) =10 +af 0)+ 5" Oa). (22

Example 1. — To find the value of 6, if f(z) = z2 Here
(@) =2z; f(a+06h)=2(a+06h);
and (a+Rh)2=a+2ah+hR=0a+h-2(a+3h);
also, by (1a),
(a+h)?=f(a) + hf' (a+06h) = a®+ h-2(a+06h);
hence in this case 6 = 3.
To find at what point on the parabola y = 22, the tangent

is parallel to the secant through the points where x = 1 and
z = 3. By theorem (1),

oy g @ =@ _9—-1_,.
Fllo)=2m ="y " =320~ 4

x, = 2; or by theorem (1o), m=a+0h=1+3(2) =2,
since 6 = 3.
Ezample 2. — To find at what point on the curve y =
sin z, the tangent is parallel to the sccant through the points
where = =.30° and z = 31°. Here ®

' () = cos = sin31° — sin30° _ 0.51504 — 0.5
Ji@) = coso=""g1s 550 = T (01745

x; = cos™1 0.86177 = 30° 29';
hence Yy = sin 30° 29’ = 0.50729, 6 = 3.
Example 3. — To show that sinz is less than z but is
greater than z — 3 2
f(z) = sinz; f (x) =cosz; [’ (x) =— sin x;
F(0)=0; f(0)=1; f'(6x)= —sin(6:x).
By theorem (1),
sinz = 0 + z cos (§z), <z, since cos (0z) < 1.

= 0.86177;
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By theorem (2.),

2 2
sint=0+z — %—sin (0ix) >z — E—, since |sin (6iz) | < 1.

Example 4. — To show that cos z is greater than 1 — § 2

f(x) =cosz; f'(x) = —sinz; f”(z) = — cosz;
fO) =1; f(0)=0; f’"(0:z) = — cos (6:2).

By theorem (2.),
cosz =1 — 1a%cos (fixr) > 1 — 322 since |cos (Bi2) | < 1.

145. Extended Law of the Mean. — The law of the
mean or the theorem of mean value in its several forms may
be used to obtain approximate expressions for a given
function in the neighborhood of a given point x = a. Still
closer approximations may be obtained from the law when
extended in the form of a series arranged according to ascend-
ing powers of x — a with the successive derivatives as con-
stant coefficients.

For values of  near to a, the higher powers of * — a may
then become negligible. The most convenient theorem for
this purpose is the one which follows.

* 146. Taylor’s Theorem. — If f (x) is continuous, and has
derivatives through the nth, in the neighborhood of a given point
x = a, then, for any value of x in this neighborhood,

1@ =@+ 2 -0y + D @ —ap s -

-+{,:—_1_(‘f§,<x o+ @ g )

where X is some unknown quantity between a and x.
The last term

Ra(e) =0 (g e

is the error in stopping the series with the nth term, the term
in (zx — a)*1; and the formula is of practical use only when
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this error becomes smaller and smaller as the number of
terms is increased.

The form of the remainder R.(x) is seen to differ from the
general term of the series only in that the derivative in the
coefficient of the power of (x — @) is taken for £ = X instead
of for z = a.

The simplest proof of this theorem is the extension by
integration of the law of the mean — a further extension
than already used for the theorems of mean value.

Thus, if the function of z is ¢ (z) = "' (z), and X is some
unknown constant value between a and z, then,

j.rf”’ @) dzx=f"(X)(x—a) (bymean value, Art. 133)
=f"(x) =" (a) = f" (X) (z — a).

Integrating this cquation between the limits # = a and
z =z,

J'@ = (@) =" (@) (& —a) =" (X)

T (a) and " (X) being constants.
Integrating again, f’ (a) also being constant, gives

1@ = 1@ +1 @ @ = a) +7" @ S5 O ) g (x) &2

(xz — a)*
2 M

As this process can be continued to include the nth deriv-
ative, by induction Taylor’s Theorem results.

147. Another Form of Taylor’s Theorem. — If in the
form (1) z is put for a and (x + &) for x, it becomes

sy oy
J@+h) =1@) +f (x)—+f (@) g+
@ Gt et s @
where the last term is the remainder after n terms, and 6 is

some positive proper fraction. In (1), (a + 6 (x — a)) may
be used in place of X; and in (2), it becomes (x - 6h)
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Another form of the remainder called Cauchy’s is

—_ n — n—1

R, (z) = fr(a+0(x— a)) L ?,)L _(11)! Jhas
Note. — Taylor's Theorem is the discovery of Dr. Brook
Taylor, and was first published by him in 1715. He gave it
as a corollary to a theorem in Finite Differences and there was
no reference to a remainder. It was Lagrange who, in 1772,
called attention to its great valuc and found for the remainder

fla +0(x a)](

the expression, ———————=

— a)", since called by his

name. It has become to be regarded as the most important
formula in the Calculus.

The formula known as Maclaurin’s Theorem, after Colin
Maclaurin, was published by him in 1742, but he recognized
it as a special case of Taylor’s Theorem. The two theorems
are virtually identical as cither can be deduced from the
other.

148. Maclaurin’s Theorem. — If, in the form (1), a is

made 0; ) .
OEFIOREAUPER LI
+<fn"—1 B e S

where X = 6r is some unknown quantity between 0 and z.
Another form of Maclaurin’s Theorem is

7@ =7+ Dy

f"‘l 0) z~1 f" (6x) 20
+- (n— 1)1 + n 4)
where the last term is the remainder after » terms, and 6 is
some positive proper fraction.
Cauchy’s form of the remainder is

— f)»1
Ra(a) = 1 02) =D
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149. Expansion of Functions in Series. — It has been
shown in examples on Infinite Series how useful it is to be
able to represent a function by means of a series. Apart
from the purpose of computation such representation may
be an aid to an understanding of the properties of functions.
Taylor's Theorem and Maclaurin’s Theorem furnish a
general method of expanding or developing any one of a
numerous class of functions into a power series.

For when the error term in Taylor’s and in Maclaurin’s
Theorem approaches zero as n increases, each becomes a
convergent infinite series, called Taylor’s series and Mac-
laurin’s series for the given function, about the given point
z = a.

Some functions may be expanded by division, some by
the binomial theorem, others by the logarithmic or the
exponential series. All of these series are but particular
cases of Taylor’s Theorem.

150. Another Method of Deriving Taylor’s and Mac-
laurin’s Series. — 1. Maclaurin’s Series. — If a function
of a single variable is expanded or developed into a series
of terms arranged according to the ascending integral powers
of that variable, and the constant coefficients found, the
development will be the form of Maclaurin’s Theorem with-
out the remainder. Thus, let f (x) and its successive deriv-
atives be continuous in the neighborhood of z = 0, say

from x = —a to r = a, and assume that for values of =z
within that interval,
f@x) =A+ Bzx+ Ca?+ D2* + Ex* + - - - 1)

If equation (1) is identically true, then the equation
resulting from differentiating both its members, viz.,

f@=B+2Cx+3D*+4Es+ - - -,

also is identically true for values of z in some interval that
includes zero. For similar values of z, the following equa-
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tions resulting from successive differentiations are identically
true:
() =2C+2-3Dzx +3-4E22 + « - + .
f"@x)=2-3D+2-3-4Ex4 - - -.
@) =2-3-4E4+ - - -.

Putting z = 0 in each of these equations gives:

A=£(0), B=/(0), C =ﬁ'é(%), D =f";(!°), E =fw4(!°), etc.

Hence, on substituting these values in equation (1),

1@ =10+ @+ OZ L ITOL,

+f"_(2)!_x_'f+ - 2)

which is Maclaurin’s series as in (3), Art. 148, without the
remainder.

If f(x) is not continuous, no development according to
powers of z is possible. Thus if f(x) = logx, f(0) = — 0.

A power series represents a continuous function, hence no
rower series in z can be expected to develop log .

It is evident that, whenever the function or aiy one of its
derivatives is discontinuous for x = 0, the function cannot
be developed in a Maclaurin’s series.

2. Taylor’'s Series. — Let f (z) and its successive deriva-
tives be continuous in the neighborhood of z = a, say from
z=a—htox=a-4h and assume that for values of =
near z = @,

f@)=A+B@x—a)+Cx—a)?+D@x—a)
+E@—a)i+..., 3)
is an identically true equation.

Then the following equations resulting from successive
differentiations are identically true for values of z near z = a.
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f'@)=B+2C(x—a)+3D(x—a)?+4E@—a)}+-+-,
f'(@)=2C+23D(x—a)+3-4E(x—a)?+ ---.
f"@)=4+23D+2-3.4E(x—a)+ - - -

@)= +2-34E+ - - -

Putting = a in each of these equations gives

A=f(@), B=f'@,c=L10 pS"@ 5= e,

o

Hence, on substituting these values in equation (3),
1@ =@+ 2@ -0 + 72— a4

(a
+’iml<x —art e, @
which is Taylor’s series as in (1), Art. 146, without the

remainder.
If in (4) z is put for @ and (z + h) for z, it becomes

F@+h) =1@ +7 @+ @) o+

@),

+ = Rl oy, (5)
which is Taylor’s series as in (2), Art. 147, without the
remainder.

Here the development is not according to powers of z, but
of some value (x — a) or & near to the value ¢ = a. Hence,
when the values of the function and all its derivatives are
known or can be found for some one value of z, saya, then
the value of the function for # = a@ 4 & can be found from
the development. Thus, when f(x) =logz; f(1) =0,
FO=1, 11 =—1, Q=2 ... f®(1)= (=1
(n — 1)!; and the series will be

R, R A
log(1+h)=h—§+§—z+ )

which agrees with (1), Ex. 1, Art. 159.
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151. Expansion by Maclaurin’s and Taylor’s Theorems.
— If, on applying to a given function any one of these
formulas, the last term becomes 0, or approaches 0 as a limit
when n becomes infinite, the formula develops this function;
if not, the formula fails for this function. That is, if R, (z)
= (0 when n = o0, Maclaurin’s or Taylor’s series is the devel-
opment of f(z) or f (x + h), respectively.

If f» (x) increases (or decreases) from f7(0) to f* (x), and the
sum of the first » terms in Maclaurin’s series is taken as the

value of f(x), the error, being f~ (6x) g;, lies between
FO5 and ;@)

If f(x) increases (or decreases) from f*(x) to f*(x + h), and
the sum of the first n terms in Taylor’s series is taken as the

value of f (x + h), the error, being f* (x 4 6h) g, lies between

r@% amd pern

.
v

. I T T x r oz
152. Since A=1'33  a—e a1
%éOwhenxisﬁniteandn=oo,

for last factor approaches zero.
Hence, Rn.-»(z) =0 when f*(fz) is finite, or when
f*(x + 6h) is finite, in Maclaurin’s or Taylor’s Theorems,

respectively.
153. If f () = f (—x), the expansion of f (z) will contain
only even poters of z; while if f (x£) = —f (—z) the expan-

sion of f (z) will involve only odd powers of . For examples,
see the expansions of sin z and of cos z following.
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154. Examples. — 1. Sin x. — Expansion by Maclaurin’s
Theorem:

f(x) = sinz, f(0) =sin0 =0,
[ (@) = cosz, =1,

[’ (x) = —sinz, 1"(0) =0,

" (@) = — cosz, f70) = -1,

S (x) = sinz, S (0) =0,

p@=sin(o+),  po=si(),
f*(6x) =sin (0:1: + %r)

Since sin < 5 ) is 0 or =1 according as n is even or odd, the

coefficients of the even powers of 2 will be zero, and only odd

powers of x will occur, the terms being alternately positive

and negative. Thus,
a7

3'+5! 7

sinx = —

S R +x s1n(0x+ )
n!
Here, R, (x) = sm (ox + )

not numerically greater than m, which has zero for limit;

R (x) = 0. Hence the series

) ¥ 2 2" 2
TR TR TR W
is absolutely convergent for every finite value of x.
The series converges rapidly and may be used for comput-

ing the natural sine of any angle expressed in radians.
Thus, for the sin (5°43’46".5 = {% radian),

LD @1
3! 5!

sinz = —

sin (0.1 radian) = + —...=0.09983....
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For the sin (1° = - radian = 0.017453 . . . )

180
sin1° = sm( ) S <—Zr—>3 1
180, 180 180/ 3!
+(l)5—1——~-—0017452 ;
180/ 5! e o

sin 1°= arc 1°, to five places of decimals. (See Art. 40.)

2. Cos x. — Expansion may be made by Maclaurin’s

Theorem as is done for the sin z, or the differentiation of the
sine series term by term gives the series
x8

Atn-atE- @

which is absolutely convergent for every finite value of z.
For the cos (5°43'46".5 = ¢ radian),

2 4
cos (0.1 ra,dian)=1—(02‘—l,)+(0;) — -+ -=0.995007 . . ..

For the cos (l = mradlan = 0.017453 . )

°o_ "Ny (w1 (m\1
cos 1” = c"S(lso) =1 <180) 51 +(180) Py
— 0999847 . . . :

cos1°=1—0.00015 . . .
3. Sin (x + h).— Expansion by Taylor’s Theorem. Here
S(x+h) =sin(x+h);

cosr =1 —

f@) =sinz, f'(z) =cosz, f"”(z)= — sinz, ete.
Hence,
. . 13 4
sin (z+h) =sinx+hcosz — 2'smx 3,cosac—l— sinz 4 -
. h* RS
=s1nx< 2'+4' 6'+ )

hs W
+cosx< 3,+5! 7,+ ) 1)

= sinz cosh 4 cosxzsin h, (hfor zin Exs.1 and 2)
the well-known relation true for all values of x and h.
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. . h5 AT
When z =0 in (1), sinh =h 3'+5, 7‘+
as in Ex. 1 for x. The serics (1) is rapidly convergent for
small valucs of . Thus, let ¢ = 5 Tand h = (1)0 of a radian
= 34’ 22".65; then,
oofr 1y _ o/ (001  (0.01)*
s (6 + 100) = sig (1 ar T a4 )
o (0.01% | (0.01) ,
+c0.56<().01 - S ),
sin 30° 34’ 22"7.65 = 0.5 (0.99995 . . . )+ 0.86603 . . .
(0.00999 . . . )=0.50863 ... = 0.5+ 0.00863 . . .

4. Cos (x + h). — Ixpansion may be made in the samec
way as for sin (z + h), or the differentiation of the series (1),
h being constant, gives

h* Rt RS
cos (x + h) = cosx(l _§+Zﬂ_ 6_'.1_ .. )
. hs R
——smx(h 3'—{—,_! 7!4— ) (2)
= €0s r cos h — sin z sin A, the well-known relation.
hr  ht K8
When =0 in (2), cosh=1— 2i+2ﬂ_ gitT L
as in IEx. 2 for z.
When z = 7[ and h = ofam(h'm = 34’ 22".65, in (2);
then cos 60° 34' 22".6 5 = 0.5 (0.99995 . ..) — 0.86603 . ..
(0.00999 . ..)=049132 ... =0.5—0.00868 .
5. a®and e®*.—Expansion by Maclaurin’s Theorem. Here
f(x) = a7, f(0) =a® =1,
J (x) = a*loga, J'(0) = loga,
[ (x) = a* (log a)?, J7(0) = (log a)?,
f”’ (x) =0a° (log a)“ f”' (0) = (log 0)3
f" (x) =0a° (log a)" f” (0) = (log a)"

fr(6z) = a* (log a)™.
18
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3
1+xloga (xlcga) _l_(:vl(:)ﬁa) R

(x log a)"
+— Tl
Since f* (z) = a* (log a)*, when a is positive, f(z) and all its
successive derivatives are continuous for all values of .
zloga)”
Ra (@) = (0) 2 = P18 o
. C 1 n
When z is finite, a®* is finite. By Art. 152, (z (:ﬁﬂ)— = (),
when n = o and zloga is finite. Hence R, (z) = 0 when
n = oo’ and z is finite. Therefore, the exponential series

Py n—1
- +(xl(;%a) +oen +(jz;ll£¥§_‘ll)7'_+... 1)

is the development of a* when a is positive and z is finite,
being then absolutely convergent.
Value of e=. — Putting a=ein (1), gives (since log ¢ = 1)

xloga

1:"—1
e=142 +2,+ +4,+ +( 1),+ 2
Value of e. — Puttmg z = 1in (2), gives
1
e—1+1+ + + + +ZE‘_**1')L+

= 2.718281 ce . (See Art. 34.)

6. Log, (1 + x). — Expansion by Maclaurin’s Thcorem.
Here

f(@) = loga(l +2), f(0) =log.1 =0,
@) =10 ro =
f// (x) = — m, f”(O) -

f%)—aqu 1" 0 = 2m,
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" (=D 1(n—-1)!m
N (e
(=Dt —1)!m,

b

[ 0) = (=Dt (n—1)!m,

f’l (0:1;) = (1 + ox)n
log. (1 + z)

= ._Z;_z 1_?"__.’{4 xr — 0r ". (_l)lz—l-

_m<x 2+3 4+ +<1+0.1;) <1_0)

When z < —1, log, (I + x) has no real value.
When ¢ = —1, the odd derivatives are discontinuous.
When z > —1, f(x) and all its successive derivatives are

continuous.
Cauchy’s form of remainder,

xn (1 —_ o)n—l
T R

. _ r — Ox\™ (__l)n—-l
gives R, (x) = (I, +6x> T m,
in which the second factor is finite, and the first factor = 0,
whenn = 0w ande > —land < lorz = 1.

Hence the logarithmic series

log, (1 4+ )

] 2 K 3 o} _1 n—2 xu*l .

=77L<x—?~+~?-—£+"‘+(~""‘L')"_"r"—+“'> 1)

" 23 4
is the expansion of log, (1 + x) when * > — 1 and <1 or
=1
Putting —=z for z in (1), gives
22 x
log,,(l—x)=m<—x——2~—§—74—+ ) 2)

Subtracting (2) from (1), gives
142 a2t Compare (3),>
log, 2 =2'"(”+ gtstaT <Ex.1, Art.159.) @
1 14c_2z+1
Let b PER Y =z~ 2 )

S~—
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Substituting in (3) the values in (4), gives

z+1 1 1 .
log.— ‘2m<2z+1+3(2z+‘1“55+"')’ ®)

log, (z—{—l)=log‘,z+2m<2zh_1 +3 (2z1+1)3+ ... ) (6)
When z > 0, 0 < ¢ < 1; hence the series in (6) is conver-
gent for all positive values of z.

When 1 is put for 2, log, 2 is found; then 2 for z, and log, 3
is found; thus log, (2 + 1) can be readily computed when
log, z is known. (See Ex. 1, Art. 159.)

Whenm = 1,a = ¢, the Napierian basc; thus (5) becomes

z+1 1 1 o
log=— ‘2(2z+1+3(2z+1)3+ ) @)
Dividing (5) by (7) and denoting ? j 1 by N, gives

log. N/log N = m; that is, log, N = mlogN. (8)
Value of m. — Putting N = a in (8), gives
1 = mloga; that is, m = 1/loga, 9
ol N = ¢, gives, log,e = m;
1/loga = logse, or 1= loga-log.e. (10)

Value of M.— Denoting the modulus of the common
system whose base is 10 by M; from (9) and (10),

1

M= Jog 10 = 108w
1
= 5302585 0.434294 . . . . (Compare Art. 38.)

Note.— When a = 10 and m = M, or when a = ¢ and
m = 1, all the series in this example become common loga-
rithmic series, or Napierian logarithmic series, respectively.

‘
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EXERCISE XXX.

1, tanz=z+x3+2x5+137lf+..., (|$l<g).
2 secx=1+4+% +5“°4 (:’712§+ (gx!<"_2")'
3 7 9

3. tan“:c=:c—'% %5—9—;—4-:;
; -
4, sm“x-x-|———+ ix“_,r_ ig?-i- ..

5
. F=ltz+g + z!+

6. 0"=1~—x+———x3 Z' -+ +, byreplacingzby —zin 5.
. €= by combining terms
7. sinhz = 2 + + + of 5 and 6. )
8. coshz = -e —;c + + + +, by combining terms
of 5 and 6, or by dlfferentlatlng terms of 7.
sinh 2 2'5 17 27
9. tanhz = oshz = ‘|‘ 15 315
10. From 5 and (1) and (2) of L‘xamples 1 and 2, making
z=V—-1l-z =1z
get e = cosr + ¢sinx, (1)
and €% = cosxT — ¢ sin T. %2)

Note.— Futting = for z in (1) gives the remarkable relation, e = —1;
while putting — 27 for z in (2) or 2« for z in (1) gives e»* = 1, whence
¢™ = 4+ 1, hence ¢x is an imaginary value of log 1, the real value
being zero.

11. From (1) and (2) of 10, by subtraction and by addition get

1T o 1T ez | ¢—iz

. e
sin g = -~ (3), Cos T = —5—— 4)

x z
12. Bvaluate | e?dz= [ (1-at+iat—fa+ - )an
0

Get result when end value is 1. When end value is 0 the value of
the integral is % Vz.* This integral is important in the theory of
probability.

* Williamson’s Integral Calculus, Ex. 4, Art. 116, also Gibson’s
Calculus, Ex. 3, Art. 136,
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155. The Binomial Theorem.—1I. The binomial theorem
is seen to be a special case of Taylor’s Theorem by expanding
(x 4+ h)™ in a power series in & by Taylor’s formula. Thus,

f@+h)=@+nm s f@) =am
[ (x) = mam, f" (@ =m(m— 1)z,
(@) =m@m— 1) (m — 2) z3,
f@y=mm—1) ... (m—n+2)zmrH,
Substituting these values in Taylor’s series (5), of Art. 150,

m(m — 1)

(x+ h)™ =am 4+ mxm1h 4 o1 zm2h?
+m(m - ;)'(m - Z)xm"'"h“-}- e
camm =1 ... (m—n+2)
+ =11 gl pn—l 4 (1)
is the resulting Binomial Theorem.
Here f*(x)=mm—1) ... (m—n-+1)gm™n

Hence, f () and all its successive derivatives are continu-
ous for all values of x.

Cauchy’s form of remainder, R, (z)=f"(x-+0h @(%393? ,
gives
Ra(2) _mm—=1). .. (m—n+1).(h—0h>".(x+0h)'".
m (n — 1! x + 6h 1—9

When |z | > hand n = o, the product of the first and
second factors = 0, and the last factor is finite; hence,
R(x) = 0.

Hence, the binomial theorem holds true when the first
term of the binomial is greater absolutely than the second.

When m is a positive integer, the series (1) stops with the
(m + 1)th term, since f* () = 0 when n > m, and is therefore
a finite series of m + 1 terms,
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If | h | > x, the expansion may be a power series in z; thus,
—_ m—2
(h+ z)m = hm+mhm—1x+"£_(m~2_'1_)ﬁ__x2+ .
) +m(m— 1)...(m—n+42)mrt
(n—1)!
is a true expansion when |k |> z.
II. (1 + x)™ may be expanded in a power series in z by
Maclaurin’s Theorem, giving

4. .. (2

(l-I—x)'"—l—l—m:c—I—m(m 1) 2_‘_m(m—-13)'(m—2)xs_}_- .
m(m —1) . (’n',“"+2)xn—1_|_..,_(3)

T (n=1)!

As in case I, when m is a positive integer, the series (3)
stops with the (m + 1)th term and is therefore a finite series
of m + 1 terms. If m is negative or fractional, the series is
infinite. The ratio test shows that the infinite series con-
verges absolutely when |z | < 1 and diverges when |z |> 1;
therefore R, (x) needs examination only for | z |= 1.

Here fr(x)=mm—1)...(m—-—n+1)1 4+ 2)"™,

frlry=mm-1)...m—n4+1)1 + x)m—n>
L]
. z" (1 —g)»1

Cauchy’s form of remainder, R, (x)=f"(0z) ECES
gives
R.(x)= (m D(n (ﬁ) n+1)x"‘1 (11+00> «mzx (14-0x)™1,

For values of z between 0 and =1, the last factor is finite
for every n; the second factor is always positive and cannot
exceed unity; the first factor approaches zero as a limit as
n increases without limit, since it is the expression for the
nth term of the convergent series

1+(m—1)x+-(—n—t—:——})—2§ux2+ e
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Hence, R (z) = 0, and the infinite series converges to

(1 + z)™ for every value of m, when|z | < 1.

For z = +1, the following results may be found
proved in Chrystal’s Algebra. These cases are not so
important.

When z = +1, the series converges absolutely if m > 0,
but conditionally if 0 > m > —1, oscillates if m = —1,
and diverges if m < —1.

When z = —1, the serics converges absolutely if m > 0,
and diverges if m < 0.

If a>0b, (a+b)™ can be written a™(1 + b/a)™ and
expanded by Maclaurin’s formula, since b/a < 1 may take
the place of z in (1 + z)™. Hence, in this case,

(a+b)m_am+mam—lb+,’£_(_m_.1_).am—2b2+. ce, @)

which agrees with (1) and is the Binomial Theorem, proved
true for ¢ > b whether m is positive or negative, whole or
fractional.

If a < b, interchange them in (4) and the result will agree
with (2) and be a true expansion of (b 4 a)™.

'156. Approximation Formulas. — Often a function may
be replaced by another having approximately the same
numerical value but a form better adapted for computation.
In such cases the given function may be expanded in a series
and a certain number of terms, beginning with the first,
taken as an approximate value of the function; the number
of the terms taken being according to the precision desired
for the result.

The binomial theorem furnishes one of the most useful of
the approximation formulas. Thus, if m denotes a small
fraction, expanding (1 & m)" gives

n_<n_>m2i..

(L m)" =1 £nm + 250 .,
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where, since m is small, neglecting powers higher than the
first, the approximate relation,

(LEm)"=1%nm (1)
results. For the special case n = 1,
Viem=1x}m. @)
For b small in comparison with a, the general form is
7 b
2 = ———— e
Va+b a(l :|:2a2> 3)
For examples: V1+ez =143z — - - ;
1 1 1
——1+x——1——x+ e —\/l_i__—x-—l—éx-l— .

For extraction of roots in general,
1

L n L
(a® £ b)" = a<] :1:(%) =a(l £z), 4)

1
where 2 = ;%. Expanding (1 & z)* gives

1
= 1 (n=D2* (n—=1)2n—1)a )
(1xx) -—l:i:ﬁx T " B (5)

Ezample, — ~/T000 = ¥/1024 — 24 = 4 (1 — 135"
Substituting 133 for x in the series
¢ 42 4928
5 510 51015 ’
gives to six figures 0.995268; hence,

V1000 = 4 X 0.995268 = 3.981072.

1-—2)¥=1-

3

2
Since e = 1+x+£2c_'+g_’+ + + + , when z is small
=14z 6)

is the approximate relation.
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From the series for sin z, cos z, and log (1 + z),

sinz =2 (1 — §a?), ©)
cosx =1-— 12 (8)
log(14+2z) =x— %a2, 9)

are the approximate relations when z is small.
When z is small compared with q,

sin (e & z) = sina + x cos q, (10)
z oz
log(a+2) = loga-l—a ~5g (11)
1 1__x  a?
ixz o @ @ (12)

are approximate relations when succeeding terms of the
respective series are neglected.

In all these cases the error made in taking the approxima-
tion for the value of the function may be
closely cstimated from the value of R, (x),
the error term, for the particular series em-
ployed.

157. Example. — In considering the length
of a circular arc and its corresponding chord
in, railway surveying, use may be made of the
approximate relation (7). Thus, letting s
denote length of the are, r the radius, ¢ the

. . . a
chord, a the angle in radians; s = ra and ¢ = 2rsin 5

When « is small,
. a a 1 [a\?
c——2run§—2r§[1—6<§>]
=ra—q3rad; . §—c=ggrad,

or for a in degrees, s — ¢ = e Since
’ 4514180°

B.(z) = 2r 1;()(“)5

olb
the error of the approximation cannot exceed - 920
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EXERCISE XXXI.

1, Expand (z 4+ y)™. 2. Expand (z + y)°.
3. Expand &+, 4. Expandlogsmn (z 4 h).
6. Expand sin™! (z + h). 6. Expand esn=,

7. Given f(z) =2 —4z 47, find f(x +3) and f(z — 2) by
Taylor’s series. Then find f (z + 3) and f (z — 2) by usual algebraic
method and thus verify results.

8. Using the approximation formula (12) compute the reciprocal
of 101; and of 99. Compare results with those obtained by division.

9, Find the length of the chord of an arc of radius 5729.65 feet
subtending an angle of 1°: (a) by trigonometric methods; (b) by the
approximation formula (7). Find results when the radius is 5729.58
feet. Compare results and find error of approximation.

10. Find the length along the slope of a road that rises 5 ft. in a
horizontal distance of 100 ft. by the approximation formula (3). Deter-
mine to how many places of decimals is the result correct.

158. Application of Taylor’s Theorem to Maxima and
Minima. — This Article is supplementary to Art. 83, being
an additional proof of the rule given in that Article for the
determination of whether a critical value z = a, a root of
f' () = 0, makes f (z) a maximum, a minimum, or neither.

Let f (z) be a function of x such that f(a + h) and
f(a—h) can be expanded in Taylor’s series, and let f (a) Pe
the value t0 be tested.

Developing f (a — k) and f (a + k) by formula (2), Art.
147:

Ja=—h)=f@) i @ + o " @) = " @+ - -
+ W -0y, @
F@+m) = @) + 1 @) + i (@) + oif" @) + - -

+ Ot @

in which 6, and 6. are between 0 and 1 in value.
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When the first n — 1 derivatives of f (x) are zero for z = a
and the nth derivative is not zero for z = a, then,

fa=n-f@="Lpa—0h, @
J@+h) = f(a) =" (0 + ). @

Since f(x) and its successive derivatives are assumed to
be continuous at and near x = a, the signs of f*(a — 6ih)
and f7 (a + 6:h), for very small values of A, are the same as
the sign of f* (a).

It is manifest that if » is an even integer, f (a) will be a
maximum or a minimum according as f*(a) is negative or
positive; and if n is odd, f (a) will be neither a maximum nor
a minimum whether the sign of f* (a) is negative or positive.

These conclusions are manifest because when n is even and
f*(a) is negative, the left members of (3) and (4) are both
negative, and hence f(a) > f(a — k), f(a) > f(a + h);
that is, f (@) is a maximum.

When 7 is even and f» (a) is positive, the left members are
both positive, and hence f (a) < f (a — h),f (a) < f (a + h);
that is, f (a) is a minimum.

“When n is odd, whether f (a) is negative or positive, the
left members have different signs, and hence f (a)'= f (a — k),
f(a) =1 (a + h); thatis, f (a) is neither a maximum nor a
minimum regardless of the sign of f (a).

159. Integration and Differentiation of Series. — A
power series has the important property that, when the
variable of the function is restricted to the interval of con-
vergence, it is possible to get the integral or the derivative of
the function by integrating or differentiating term by term
the series which defines the function. Hence, if f (z) is
defined by the power series, ,

f@=at+aurtal+ - taar+ -5 (1)
then
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f f(x)dﬁ—i‘:laodx+£jlalxdx+- . '+./:1a,.x"dx+- ..,

and

df (x) d(ao) d (ax) d (a.x™)
dx dx+dx +”'+T+”"

when the restriction necessary to insure convergence is placed
upon the value of z.
Example 1. —Tor —1 <z < 1,
1
-1 — 2 __ 3 I
1z 1—z+2?— 2%+ . (2)
Hence,

1—|—x [dx—— fxdx—{— x2da:~‘[0.zx3dx+ ceey,

2 oz xt

—§+§—‘Z+"'. 1)

thatis, log(l+4+=z)==x

This is the logarithmic series with base e, and is true for
—1 <z = 1; that is, it is true for values of x within the
original interval of convergence, including the end value 1;
but for the other end value —1, it decreases without limit.

On putting z = 1 in (1),
log2=1—-g+1i—14---=069....

On putting x = —1in (1),
log0= —(1+3+3+1+ )= —w.

In the same way, for —1 < & < 1, the integration of

1

gives log(l—2)=—2z— 32t —3§a8—fat—---, (2
which may be gotten by putting —x for x in (1).

This logarithmic series is true for —1 = z < 1; that is,
it is true for values of z within the interval of convergence,
including the end value —1; but for the other end value 1,
it decreases without limit.
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For z = — 1, (2) gives log 2 as above, and for z = 1
log 0 as above. Hence by neither series can the logarithm of
a number greater than 2 be found. By a combination of
the two series the logarithm of any number can be found.

By subtracting (2) from (1),

log(14+2z) —log(l —x) = log1+x

=2(x+§+%—+- . -), for|z] < 1. (3)

For z =},
1+3 1 1 1 1 . .)__ \
log $=log2= 2(3+3 33-{—5.35-{-7——_37-!- =0.6931.
Forz =1,
+2_
log1 - =log3= 2( +57 23—!-5 2r+7 27+ ) 1.0986 .

This series (3) converges very much more rapidly for
values of z less than 1 than the series (1), which converges
so slowly that 100 terms give only the first two decimals
correctly for the log 2, while (3) gives four decimals correctly
taking only four terms of the series. Any number may be

i t i, but it is necessary to calculate directly

the logarithms of the prime numbers 2, 3, 5, 7 only, as the
others can be expressed in terms of these. Thus,

put in the form

log 1 + £ logg—, and then log5 = logg + log 3;
and again,
1
10g 1+ —* = 10557—, and then log7 = log g + log 5.

2

To get the common logarithms whose base is 10, multiply
these natural logarithms by 0.4343 . . ., the modulus of
the common system. (See Art. 38 and Ex. 6, Art. 154.)
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Ezxample 2. —For — 1 <z < 1,
1

-1——_——=1+x+x2+x3+--~. (1)
By differentiation,
1 _ 2 o
By differentiation again,

EF%W=%GQ+23x+&4ﬁ+-H) 3)

Hence, the general series,

(1__1x)m l—z)™=14+m +7"(m+l) ,
+mm+3m+m N )

Ezample 3. — For —1 <z < 1, by (4) of Ex. 2, or by
division,

L S S
s 1—a2?4zt— @)
, v dz — 2 f Sy — + . .
Hence, ‘/01_’_“;2 fdz fxdx+ ztdz ,
that is,
x5
arctanx-—x——+———---. (2)

This is Gregory’s series, named after its discoverer, James
Gregory.

Although series (1) oscillates when 2 = 1, series (2) is
convergent and defines arctanz even when z = 1. On
putting z = 1,

arctan 1l =
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While the value of = may be found approximately from this
series, the series converges so slowly that it is better to use
other more rapidly convergent series, such as,

T 1
i 4 arctan g —arc tan ; 239 (Machin’s Series),

and

T = arctan % -+ arc tan 1 (Euler’s Series.)

1 3
Example 4. — For —1 <z < 1, by (4) of Ex. 2,
1 1.3:5 5

1 1-3
[ — _— 2_%= 2 1 LI
hence,
1:3 25 1:3:5 a7
fm—arcsmx x—{— -{—2 7 5+2 16 7+

This series, due to Newton and used by him to compute the
value of = approximately, converges rapidly for x < 1.
When z = 4, this series gives
1.3
2.4.5.20"2.4

1-3.5
16721

1
arcsin g =G 2+2 3 i

To ten places, = = 3.1415926536 . .
By means of series the valuc of = has been carried to 700
decimal places.

27

Example 5. — Given f (a? — e2x2)f%- This can-
— x?
not be integrated directly, but on expanding (a? — e22?)} by
the binomial theorem the terms of the resulting convergent
series can be integrated separately. Thus,

22 404
(a2~e2x2)5=a—e—£—g—£— -+-, wheree <1, (1)

a dx
2 gy 0T
j; (@ = @2 === (See Ex. 1, Exercise XXV.)
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_af e xdx et [ xidx
\/az_xz \/a2__xz 83 Jo Vai—xz2

=Tl ¢ _ (L:3Ye' (1-3-5\¢8
‘2(1 2 (2-4)3"(2-4-6)3_"") &)

When z = asiné,
f“ (@ — eat)t —E__ _ af;(l — sin0) dp;
0 \/aZ——x2 0 !
5
af (1 — e?sin?6)% dg
0

3 . . See Ex. 6, Exer-
= — 12 20— 1 odaindfh— . . . )
aj(: (1—%e*sin?0— } esinf )d0< viso XXIL. )

2 .3.5\2e8
-3(-Q)e- G s-Gras- ) @
Ezxample 6. — Given

f" 2adx ~ (See Art. 236,
V2g(h—z) (2ar — 2%)  Applied Calculus.)

This does not admit of direct integration, but on expanding
it into a power series in /2 a the integral can be evaluated
approximately. Thus,

f;h\/zg (h —2Z)d(g.v‘2ax — x?) N \é]:?%(l B zx—a)—%’

by (4) of Ex. 2,

Ve[ [+ 336+ o=

by integrating,

il O+ ()

19 +<; Z 2) <2ha> o ] W
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When A is small in comparison with g, all terms containing

5}% may be neglected, and the approximate value is = \/ a,
g

If the given integral is put in the form

T aF
2\/g‘/ | — Kesin? )~} dg; [Art. 236,
gJo ( sin’ ¢)™% dg Applied Calculus.]

then,

2\/{/'2(1 ~ kesin?g)~t dg
gJo [by (4) of Ex. 2.]
= 2\/9‘/.2<1 +lk2sin2¢ —{-1 . §lc4sin4¢ + ... ) do
gJo 2 2 4 !
By integrating,

=7r\/%[1+(%)2k2+(§—§)2k4+(§—j—2{-g)2k6+ . ] @)

When k is small, the approximate value of the integral is

again r\/g '
g ]

Note. — The integral forms in Examples 5 and 6 are called
elliptic integrals.

Tho forms [~ ——%— and [ VI wwgd
e forms j; VT?”IEW an j(: €°sIn’ ¢ do

are known respectively as “elliptic integrals of the first and

the second kind.”
In the first kind £k = sing-; and, in Ex. 6, o is the angle
each side of the vertical through which a pendulum of length

a vibrates, the approximate time of a vibration being = \/g,

as found. (See Art. 236, Applied Calculus.) Tables give
values for varying values of a.
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In Ex. 5, e is the eccentricity of an ellipse and 6 is the
complement of the eccentric angle. By taking a few terms
of the final series, when e is small, an approximate value of an
elliptic arc of a quadrant’s length is obtained. When e = 0
the result is the length of a quadrant of the circumference of
a circle.

160. Indeterminate Forms. — It was noted at the end
of Art. 20 that the derivative of f (z),

lim & = W _ (),

ar=0 Az dx
may be finite, zero, or non-existent, but not 0/0.

The symbol 0/0 is called an indeterminate form, and
when f (z) takes that form for some value of z, say a, then
f () is really undefined for z = a, although it may be defined
for any other value of z. It is possible, however, that f(z)
may have a definite limit A when z converges to a; it is
customary then to call f (a) = 0/0 an indeterminate form,
and to define A as the value of f(z) when z = a, calling it
the true value of f (x) for x = a.

The advantage of having this “truc value” assigned by
definition is that f (x), being in general continuous, thercby
becomes coatinuous up to and including the value a.

2
Take, for example, the function y = a; 5 For every

value of z other than z = 2, the function has a definite value,

but for z = 2 it bccomes%—:—% = g Since the function has

no definite value when z = 2, the limit which the function
approaches as x converges to the value 2 is assigned as the
value of the function when z = 2. If

2+n—

z=2+4h, Llnol S h= hm 44+h) =
x?—4
EQ?“§*4
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Thus the true or limiting value of this function which takes
the indeterminate form 0/0 is 4.
For values of z other than 2,

x2—4
Y=g =°*t%
22— 4 .
x—2:lx=2_1:£(x+2)_—4'

On the graph of y = x 4+ 2, the ordinates of points for
values of z other than 2 represent the values of the function,
but for x = 2, the function having no definite value may be
represented by any ordinate lying along the line z = 2. Of
the values that may be assigned to the function for z = 2,
there is one value represented by MP = 4, which is the
limit of the values represented by the ordinates of points on
y = « 4+ 2 as x approaches 2; and it is desirable to select
this value of y as the value of the function when z = 2.

By this selection the function is defined for x = 2 and thus
becomes continuous through that value of the variable z.
| Ve

P(2.4)

In general, lim f (z) defines the value of the function when

T=qa
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f () is indeterminate for z = a. The expression f ()].
denotes the value of f(z) when 2z = a.
The value of a funciion of x for x = a usually means the
result obtained by substituting a for z in the function.
When, however, the substitution results in any one of the
indeterminate forms,

0/0, o/, 0.0, o — o0, 0° o° 1%,

the definition must be enlarged; thus, the value of a function
for any particular value of its variable is the limit which
the function approaches when the variable approaches this
particular value as its limit.

This definition need be used only when the ordinary
method of getting the valuc of the function gives rise to an
indeterminate form.

161. Evaluation of Indeterminate Forms. — In many
cases the limits desired are easily found by simple algebraic
transformations or by the use of series. When the function
that assumes the indeterminate form is the quotient of two
polynomials, or can be put in that form, the following direc-
tions may be of service.

1. If the function is of the form i g; and becomes 0/0 for
z =0, divide both numerator and denominator by the lowest
power of x that occurs in cither. If the fraction becomes
/o0 forx = oo, divide both terms of the fraction by the
highest power of z in cither.

2. If the function has the form %%% and becomes 0/0 for
2 = a, divide both terms by the highest power of (x — a)

common to both.
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EXAMPLES
23+ 3% — 5:c'L 5

"8t —213 462 6

When z = 0, this fraction takes the indeterminate form
0/0. Hence to evaluate it for x = 0, its limit when z =0

must be found. For values of z other than 0,
»+322—-5z 224+3r—5

37— 22 +6x 3a2—2x2+6’

lim 2+ 32— 52 — lim 224+32—-5 _ 5
1;0391:“—29:3-1—6:6_zﬁ03x3—-2x2+6_ 6
?+3a* -5z | _
2. 3x4—2x3+6x] 0.
1.3 5
P?+3rP -5z _5+;‘2—§5,
32— 223+ 62 2 6’
3=ztm
1,35
l'm~¢3+3—x2—5x lmx x? x"__Q_O
M S OB 168 gem g 2,0 3
« 3 _+”§
T
3. \/1+x——\/1—x]=1.
x 0

By rationalizing numerator,

)

Vitz— x/l—x=<xﬁ1+x—x/1—x) (\/1+x+\/1—x

z z Vifetvi-z
2 .
= Vitet+vVi-z

lim[\/l—l—x—\/l-—-x]_hm 2 ]
220 x w20 V14+z+V1—2z
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4. Vi+z— x/E] = 0.
By changing form,

VITi-Vi= (ViFs-ve) Ytz Vo)

(V1i+z+Va)
_ 14tz —2z
Vitz+ Ve’
. _ . 1
im (VITs — =11m[~—————o—~—7]=0
la:"=ncx>( 1+x \/x) =00 \/1 +x+\/x
T —sinx 1
5 - z? ]0_6
By expanding sin z in series,
T —ginz 1 b
Tw[ﬂc‘( “3‘!*‘5"'“)]
1 22 2 .
6 —5—'-‘-7*'— ,1fx?£0,
T —sinx 1T x| at 1
lm =0 =i [ -S4 =
g, Sinz — zcos x] =L
’ 3 0_3
By expandihg sin z and cos z in series,
sinx —xcosxr 1 »  ab
“r:@[(x‘éﬁgz"“)
x* ]
“”(1"'2“!+2ﬁ_"'>'

il

—

. [Isinx — xcoscx . 1/ 2
e R BT FICEE RN |

[ a? 1 1
162. Method of the Calculus. — For the form 0/0, to

which all other indeterminate forms may be reduced, Tay-

lor’s Theorem furnishes a general method of evaluation.
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I. When f (x) and ¢ (z) are continuous functions of z and

I (@) reduces to the form 0/0 for z = a, the value of

¢ ()
lim M] is desired.

z=u L0 (2)
w [Jal-on e [S5L-[6@) o

That is, if the ratio of two functions of z takes the form 0/0
when x = a, then the ratio of these functions when x = a s
equal to the ratio of their derivatives when x = a.

If f(x + h) and ¢ (x 4+ h) can be cxpanded by Taylor's
formula in the neighborhood of x = a, it is seen that

f(a +h)] f' (@) . [f(x)] [f’ (x)]

1 - ==L thatis, [—=| = .

2‘)[¢<a-+-h> v " ewl T el ©

By Taylor’'s Theorem [Art. 147, formula (2)], putting
a for z,

fla+h) _ f(a) +hf' (a+6:h) _ f’(a +0h)
dlat+h)  ¢(a)+he' (a+8h) ¢ (atoh)
since f (a) = 0, ¢(a) = 0; [Sec also (1,), Art. 144]
fla+h fa+om]_ 1)
s R P e PR RO

If f’(a) and ¢’ (a) are both zero, then [(2,), Art. 144]

fadn @O+ @+ 50 @ o)

¢lath)

_ I (ath)
¢N (a + 04h) )

2
#(@) + 1o’ @) + 59" (a + 01

fla+h 7@+ _ 1" (a)
9¥bm+m]¥ﬂ&%mwm] ¢ (a)

In this way it is seen that if, for x = a, f (x) and ¢ (x) and
their successive derivatives, including their nth derivatives,
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wre zero, while /7t (a) and ¢! (a) are not both zero, then
f@ . [ (@) . [f (@) S (2)
in[ 565 |- [y s e[S ] =[] @

If the function G (( )) takes the form 0/0 when z is infinite,

oy putting z = %the problem is reduced to the evaluation

of the limit for z = 0, and hence the method applies to this
zase also.

f (@)
¢ (2)

w /o0, it can be reduced to the form 0/0, by writing it in

II. Form oo /oo.— When the function takes the form

the form —— This form can be evaluated as before.

/ 1
¢( )/ [ @)’
Thus, let f(a) = o and ¢ (a) = o, a being finite or in-

finite; to show l:i—((%] [i ' ((“;)):I

f@ 1 /1 . R
Now (I)Ta) = (‘bm/ f‘—(aj, which is in the form 0/0 Ap-

plying formula (1),

_d@ .
& .- "?(&)’)]] -] e-lel e L
f (@)
15" [@J -[FaL
[ (@) Ja

If ra) is indeterminate, continue according to formula (2)

¢’ (a)

until two derivatives are obtained whose ratio is deter-
minate, which ratio is the limiting value sought for the

function.
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II1. Other Forms. — The evaluation of the other indeter-
minate forms may be made to depend upon the preceding.

(a) Form 0-o.— When a function f (z) - ¢ (z) takes the
form 0. o for x = a, it may be reduced to the form 0/0 or
o0 /0 ; thus,

@@ =L o 22
(x) 7@
(b) Form oo — oo .— By some transformation and simpli-

fication, a function taking the form o0 — oo may be reduced
to a definite value, or to one of the preceding indeterminate
forms.

(¢) Forms 0° ©0°, 1°,— These forms arise from a func-
tion of the form [f(z)]¢®. This function may be reduced
to the form §. Thus let y = [f (2)]*®, whence

log y = ¢ (2) - log [f ()]. ©)

Since for each of the given forms, (3) takes the form 0.c0,
the evaluation is effected as in (a), the value of y being
found from log .

EXAMPLES. .
x?2—4
1 r — 2]2 4
?2 —4 0 2 —4 2x
z— 2]2 0 };"":Q"L = —T]z =4. (Asin Art. 160.)
T —sinx 1
2. 2= ]0 -1
w—smx] _0. z —sinz 1— cosz
z o 0’ z® 0 3 x?
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T —a

x"-_a_’i]=9- LoEn—a _mer 'y
r—a | O, .o T —a a— 1 a—-na .
az_ba: a

4 xr :Io_logl_)‘

az — b* 0. el .

H";—“]O—a, s p ]n—loga-a logb-b’]0

=loga — logb = log %-

e—e*—2zx 0. e—e*—2x] e€4+e*—2
T —sinz ]0 0’ z—sinr ]0'“ 1—coszx ]o
=e‘—e—’] ___e’-l—e"] -9

sinz o cosx o

a .
6. xlog(l +9_c jL—a.

. a _log(1+az)] @ ]= _1
le[xlog(l—l—x)]-— A , a, wherez—‘z

T=00 2 - l-l—az

7. (1 +%::|w = g% . (1 —+ %)I:L = e.

= mlog(l —i-g)] = a (by Ex. 6);

| . IR Compare
(eaf] e o (e e (RR5)

1 71 1
(L] =17 o togli7] =3 tog (4 | =] =1
1
¢! +x)5:| = ¢. (Compare Cor., Art. 34.)
0

or el

|

9. (1- :z:)’l‘]o =
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1—=z

: 1 -1
log(1—z)*| ==-log(1—2)| = = -1
0 X 0 0
1 . 1
—_ T | = o1 .
1-x ]0 et or -

EXERCISE XXXII.

Evaluate the following indeterminate forms:

1—cosz] _ 1 z—1 1
1. —= |, 7 9. =1l
2. secz — tan .v::l! = 0. 10. sin m:) :I =n",
2
tanz —sinz] 1 logzT] _
3. BRI Hn ]0_ : 1 %2] -y,
z _ ,—T
4 (sinz)to I],, -1 12. ¢ ] =2
2 sSinx 0
5 xsinz] =1 13 x — sin™! :1:] — 1
* 0 : ‘ sind 0 6
6. sinzlogzl = 0. 14. "”“-L.*—x] -2
T — Sz _jo
7. 2z =1. 16. (log )%}y = 1.
1 1
8 (1+ 11:2)’?]o =1, 16. :4515‘“‘]l =¢,

163. Evaluation of Derivatives of Implicit Functions. —
*1. Find the slope of 2* — a?xy + b%% = 0 at (0,0). Here
L ]

3 . 2
ég] =i£_2_y.] =% (Art. 105).
0,0 ,

delp a*x- 2b% e O

d

120 — 2% =4

dy dx dx

Hence 2| =
dz oo 2 2 4y 2 : 4y
- 22 - 202 =%
dx Joo dx oo

dy 2 Y] _ . _d_y] = @
dx( —-2b )+a Ia 0'0—0, whence e 0’0—0 or 75

2. Find the slope of 23 — 3 azy + y* = 0at (0,0).

Ans. @] =0 or .
dx 0,0



CHAPTER 1V.

INTEGRATION AS THE LIMIT OF A SUM. SUR-
FACES AND VOLUMES.

164. Limit of a Sum. — A definite integral has been
defined (Art. 128) as an increment of an indefinite integral.

It will now be shown that a definite integral equals the limit
of the sum of an infinite number of infinitesimal increments or
differentials.

Many problems in pure and applied mathematics can be
brought under the following form:

Given a continuous function, y = f (z), from = = a to
x = b. Divide the interval from x = a to x = b into n equal
parts, of length Ax = (b — a)/n. Let x1, T2, 23, . . . Tn be
values of x, one in each interval; take the value of the function
at each of these points, and muliiply by Ax; then form the sum:

J @) Az +f (@) Az + - - - +f(2n) Da. M)

Required, the limit of this sum, as n increases indefinitely and
Ax approaches zero.

This problem may be interpreted geometrically as the
problem of finding the area under the curve y = f (x),
between the ordinates z = a and £ = b; each term of the
sum representing the area of a rectangle whose base is Az
and whose altitude is the height of the curve at one of the
points selected.

Let the area M P,BX be denoted by A; let OM, = a,
OX = b, and P:B be the locus of y = f ().

Let Az be one of the equal parts of M:X, although the
parts need not be made equal provided the largest of them

approaches zero when n is made to increase indefinitely.
279
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It is easily seen that the difference between the sum of the
rectangles as formed and the area A is less than a rectangle
whose base is Az and whose altitude is a constant, f (b) —
f (a). Since this difference approaches zero as Az = 0, the
sum of either set of rectangles approaches the area 4 as a

Y|

—_— et ] —

1

A4x

0 M M, M, M, M, M, X

limit. It is evident that the sum of the rectangles which

are partly above the curve is greater than A, while the sum

of those which are wholly under the curve is less than A.
By the notation of a sum, letting 7' be the difference,

A=3 f@Bs£T, where T, <f(b)Az, =0, as Az = 0;

limit 3¢ 7 (2) Az = 4 = j Yt (@)

Az =0

The equation (2) is true, for it has been already shown that

A= f "t (@) de = f 1) dx]zzb— f 1 () dx]ha:F(b)-—F(a),
where f f(@)dx = F(x). It follows that the limit of (1) is

Jim [ F(e0 Az+f @) Azt - - - +(z2) Ax]=F(b>—F<a>, @

where a and b are end values of z and f f(@)de = F(x)
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The theorem of this Article summarized in equation (2) may
be said to be the fundamental thgorem
of the Integral Calculus.

As a simple example of the determi-
nation of an area by getting the limit
of a sum of an indefinite number of in-
finitesimal elements of area, let a circle
of radius a be divided into concentric
rings of width Az; then for the area
4,

A = limit EchAz =27 fax dr = 21rac2/2]a= mTal.
0 0

Ar=)

r=0

Here AA =27 (x + 3Ax) Az and dA = 2wz dzx.

165. The Summation Process. — On account of the
frequency of the occurrence of the summation process, it
may be said that an integral means the limit of a sum, the
limit being in most cases most easily found as an anti-
differential or anti-derivative; that is, by the inverse process
to differentiation, namely, by integration.

The symbol f for integration, the elongated S, is deriv.ed

from the intial letter of summa, the integral being originally
conceived as a definite integral, the limit of a sum. Accord-
ing to Art. 128, the indefinite integral also may be regarded
as the limit of a sum.

The fact that the summation of an indefinitely large
number of indefinitely small terms is in most cases easily
effected by a comparatively simple process is of the highest
importance. Thus integration replaces the tedious and often
difficult process of direct summation and gives an exact
result, while the other often gives but an approximation at
the best.

While the process of summation has been illustrated
geometrically by the determination of an area, the reason
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of the process by no means depends upon geometrical con-
siderations. The method ,is applicable to the determination
of the limit of the sum of small magnitudes of all kinds —
volumes, masses, velocities, pressures, heat, work, etc. For
an example of finding the limit of the sum of small volumes,
consider the volume V generated by revolving the area
M,P,BX of the figure of Art. 164, about OX as an axis.
Each of the rectangles Pi\M,, . . ., P,X will generate a
cylinder whose volume will be expressed by = (f (z))? Ax;
hence,

V=3 @raz+T,

where T, <x(f())*Az, =0, as Az = 0;

b b
limit 3, 7 (f (2))2 Az =V = f T (f(x)2dz. (1)

Ar=( a a
Ezample. — Find volume of a sphere by revolution of

Y=a—22:V= avr(az—aﬂ)dx = 4 mrad.
For another example of finding the limit of the sum of
small volumes, find the volume of the sphere considered as
made up of concentric shells of thickness Ap.

V =lim 241rp2-Ap = 41rf p*dp =3 mad.
Ap=0 0

166. Approximate and Exact Summations. — When the
rate of change (or the derivative) of a variable quantity is
given, the total amount (or the integral of the rate) can be
obtained approximately by direct summation, and exactly
by finding the limit of a sum; that is, by integration.

For example, suppose the speed of a train is increasing
uniformly from zero to 60 miles per hour, in 88 seconds;
that is, from zero to 88 ft. per sec. in 88 seconds, the increase
in speed each second (the acceleration) is 1 foot per second.
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Hence the speeds at the beginnings of each of the seconds
are0, 1,2, 3, ..., etec

Taking the speeds as approximately the same during each
second as at the beginnings, the total distance,

s=04+14+2+3+ - - . +86+87=§-7’28§=3828ft.,

which is evidently less than the true distance.
Taking the speed at the end of a second as that during
the second,

88-89
s=142434+44 - +87+88=T=3916ft.,
which is evidently greater than the true distance. These
values for the distance differ by 88 ft. and it is certain that
the true distance is between 3828 ft. and 3916 ft. When the
length of the interval during which the speed is taken as
constant is reduced more and more, the result will be more
and more accurate, nearer and nearer to the true distance.
Manifestly, the exact distance is the limit approached by
this summation of small distances as the interval of time

At approaches zero:

=88 =88 (=88 271=88
sT =, lim 2 v At = f tdt = t—} = 3872ft.
’ t=0

1=0 At=0 3 2 Ji=0

In general,

t t
s = limitz vAt = f atdt = % at?,
t=0

At=) =0

a being constant acceleration.

In mechanics, the determinations of centers of gravity,
centers of pressure, moments of inertia, varying stress, etc.,
involve the summation principle; and the greater number
of the integrations in practice appear more naturally as
limits of sums than as reversed rates, anti-derivatives, or
anti-differentials.

The summation of an infinite number of terms is always

20
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involved when one of the factors entering into the problem
varies continuously. For example, in the problem of finding
the mass of a body, defined as the product of density and
volume; when the density p varies continuously,

m = limit 3 p AV = fpdV,

AV=0

where the integral taken between ““limits,” that is, with
end values for the independent variable, is the limit required.
Hence the mass is given by a definite integral, which can be
evaluated when the density p is a known function of the
volume V, that is, of the variables z, y, z or r, 8, ¢, in terms
of which the volume may be expressed. When the density
p 1s constant, it is evident that the mass is

m=2pAV=pde=pV.

Thus, when the body is composed of different liquids of
varying densities in the layers or strata, the total mass is
found by the addition of a finite number of terms. For if
Vi, Vo, Vi, ... V. denote the volumes of the separate
parts, and py, p2, p3, . - . pa the corresponding densities, then

m=pV,+ P2V2 +psVs+ - - - + p»Vn,

where the summation is made without integration.

The above will give an approximate result even when the
density varies throughout the whole mass. When, however,
the density varies continuously as in the atmosphere, the
total volume is divided into n parts each equal to AV and
each part is multiplied by the density at that part of the
body. There are then n elements of the form p AV, and
when 7 is finite their summation will be an approximation
to the mass of the whole; but to get the ecxact value, the
limit of the sum, as n becomes infinite and AV = 0, must be
found, and hence the exact value of the whole mass is deter-
mined by the process of integration.
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Example 1.—1If y = a2, find 21 2% Az for different values

2 * 1
of Az, and get lim 2 22 Az.  Get lim 2 % Az,
1 0

Ar=(0 Ar=0

When Az = 0.2,
2 o -8 g  ——  ——

S wrAz= (12 + 1.2+ 14 + 16"+ 18") 0.2 = 2.04.
1

When Az = 0.1,
2 9y TTIZ TR a2

> atAx = (411412 + - - - +1.990.1 = 2.18.
1

When Az = 0.05,

22:& Ar= (124105 + 1.1+ - - - +1.059 0.05 = 2.26.
1

2 2 3712 —_
Lim21x2Ax=fx2dx:§.] =§3_1
1

Ax=0 1

= 2.33% square units in M, PP M,.

1 1 271

. 2 Ay — ddp = 2| = =
Lim on Az /(:x dx 3] 3

0
= 0.33}% = } of rectangle OM P, N.
Y] Y|

M——-—-—l

My M, X
Ezxample 2. —If y = slv’ find E:Ex for different values of

4 1A .
Az, and get lim 21 —Af Get zo—x—x as Az = 0.

Ax=0
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When Az =1,

‘Az (1 11 _
217‘<I+2+§> (1) = 1.833.

4
When Az = 0.5, 21%’5 = 1.593.
' 4
When Az = 0.1, 3, Az _ ) 496
1 X

4 4
Lim 24A_x = f dz logx] = log4 — log1 = log4
1 X 1
= 1.386 = Area M,P,P.M,.

1 1 1
Limz éﬂ—c=f d?x=logx] =logl—loga= —loga] =0;

a=0
1

hence, when a = 0, the limit does not exist, as 2 %a_:] =00,
0

Az=)
(Compare Ex. 11, Art. 135.)
* Note. — For examples of application see Art. 189.

EXERCISE XXXIII.
7
1 If y =2, find zsan:, when Az = 1; when Az = 0.5; when

Az'=0.2. Getlim 27 x Az, Ans, 18; 19; 19.6.
Az “=/3
Ans. 20.
2. If y=tane, find zxtanOM, when A0 = .=; when A9 = =
) ﬂ;_ 36 ’ 60 1
when A9 = {55, Get lim :tan 040, Ans. 0.316; 0.328; 0.340.
400 g Ans. log, V2 = 0.346.
Determine the following quantities (@) approximately by summation
of a limited number of terms; (b) exactly by finding the limit of the sum
of an infinite number of terms by integration.
8. The area under the curve y = 23, from z = 0 to z = 2; from
rz=~1tox =1
4. The distance passed over by a body falling with constant accelera-
tion g = 32.2 per sec?, from ¢t = 1 to ¢t = 4, v = gt beiug the relation
of v and ¢.
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8. The increase in speed of a body falling with acceleration of
g = 32.2 per sec.?, from ¢t = Otot = 3.

6. The number of revolutions made’in 5 minutes by a wheel which
revolves with angular speed @ = {2/1000 radians per second.

7. The time required by the wheel of Ex. 6 to make the first ten
revolutions.

167. Volumes. — The volumes of most solids may be
found approximately by the summation of a finite number of
parts and exactly by finding the limit of the sum of an infinite
number of terms by integration.

Ezxample. — To find the volume of the right circular cone
whose altitude is h and the radius of whose base is ¢. Divid-
ing the volume into parts, each AV, by passing planes Az
apart parallel to the base A;, and denoting a section at a
distance z from the vertex at the origin by 4., then, since
A./A, = a/h?, V is given approximately by

h h xZ
2AV=20AxAx= EOA,, iAo (1)
and exactly by

h
= 2 2
121102 A Z B Am /(: 2t dx (2)
_ 4B _1
-4 §]0 = 34wk @)

While AV is a frustum of the cone, dV may be represented
by the cylinder PMM, = 4, Ax = my*dz.

It is to be noted that the equations all apply to a pyramid
with any plane base 4, as well as to the cone.
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For.another example: to find the volume of a sphere with
radius a, divide by planes perpendicular to OX; then, since

4. _ v
4"

AV =3 4.800=34,%
[_JN
V=lm 2 Ao“z“”2 =%§[‘ (@2 — 2%) dw

Az=() —a

— 2
— Az;

_ 4 2 _xaa —14_9.4s_é 3 = ra?
—E—[ax -—]_a—az 3a—31ra,wherer—1ra.

Otherwise;
2 AV = EA,Ax = sz Az, where A, = my?;

v -Alirzl() 21ry2A:L‘ = w./: (a® — 2?) dx = %m’.

168. Representation of a Volume by an Area. — In Art.
138 on the significance of an area as an integral it was stated
that the integrals represented by areas might be functions
of various kinds. To show an example of a volume as an
integral represented by an area under a curve, let the volume
of the paraboloid of revolution, between 2 = 0 and z = 4,
be first found as the limit of the sum of the parts between
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the parallel planes Az apart, as Az = 0 and the number
of the parts increases without limit. The equation of the
generating parabola being 32 = 1 z,
=4 4
= limi 2 = I =
V = limit Y my?Az 4./; zdx

Ar=0 z=0

]t . .
—] = 27 cubic units.
2

A

75

N T

To repreéent this volume graphically by an area, the line OP’
™
1
which was integrated to get the volume of the solid P;OP’,.

Producing the ordinate M,P, to P, the area OM.P”
graphically represents the volume of the solid P;OP’;. For,

2

4 4
AreaOMzP”=f4ydx=7—rf xdw="f§—] = 27 square units,
0 4J, 4 2§

is drawn by the equation y = -z, this being the function
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The last result may be verified by noting that the ordinate
M,P", for x = 4, being , the area of the triangle is 2 .

In the same way it may be seen that any part of the area,
as OMP’, represents the corresponding part of the volume
of the solid; that is, there is the same number of square units
in the one as there are cubic units in the other.

If OP'P'", the first integral curve of OP'P" whose equa-
tion is .

y= zzxdx = (see Art. 140)
0
be drawn, its ordinates will represent both the areas of the
parts of OM,P" and the volumes of the parts of the parab-
oloid measured from O; that is, the measure of the ordinates
in linear units will be the same as that of the areas in square
units and that of the volumes in cubic units.

2
Length of MoP"' =y = ;

Note. — The volume of the cone of Art.167,may be graphi-

r=4
] = 2 linear units.

cally represented by the area under the parabola y = :2 a2,

and the volume of the sphere by the area under the parabola
y = (a® — 2?). If the first integral curves,
4, 7% and y= ( 2y — 2
Y=37 y=x{ax 3),
be drawn, their ordinates will represent both the areas and the
volumes in the two cases, respectively.

169. Surface and Volume of Any Frustum. — A solid
bounded by two parallel planes is, in general, called a
frustum. One or both of the truncating planes may in
special cases, as in the sphere, touch the frustum in only
one point and be tangent planes.

The method of dividing the solid into thin slices and taking
the sum of the approximate expressions for the small parts
as an approximate expression for the whole, and taking the
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limit of the sum as an exact expression for the whole, may be
applied to any solid even when the solid is not regular and
the sections not regular plane curves.

bg

Let the solid represented in the figure be divided into
slices by planes perpendicular to an axis OX; then, taking
A.Az as an approximate expression for the volume of the
slice P — N1M/'R,, A: being the area of the section PNMR
at a distance z from plane ZOY, the approximate expression
is .

z=h
* DAV =3 A.Az,
=0

where k(= OA) is the distance bctween the truncating or
bounding planes. The exact expression is

z=h z=h
V=1lim Y A.Az= f . A, dz. (1)

Az=0 3
When the area of a section is a function of the distance z
from one of the bounding planes and hence A, can be ex-
pressed in terms of , the limit may be found by integration.
The frustum formula for volumes is, therefore,
r=h 2= ho
V= F(x)de or V= F(z)dz, (1)

z=0 =R
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where A, is F(x), some function of z; the one form giving
the whole volume and the other a segment or any part
thereof. ¢

To get expressions for the area of the surface S, let P be
the curve NPR, then AS = NPRR,P'N,, and the approxi-
mate expression is

3=y

> AS= EPAs,

8=0

where As = NN, and s is the length of CN.
The exact expression for the surface is

8=g 353,
S=limit2PAs=f Pds. (2)
As=0 g0 8=0
When the curve P is a function of s, the bounding curve in
XZ plane, and can be expressed in terms of s, or when ds
can be expressed in terms of P, with change of end values,
the limit can be found by integration. If the surface S is
conceived as generated by the curve NPR as it moves with
its plane always perpendicular to OX, when its plane is in
the position as shown, at a distance « from plane YZ, let
NJY’, be drawn equal to ds but parallel to OX; then since the
surface is cylindrical, the increase of S, if the incgease became
uniform, is

dS = Pds, the surface NPRR'P'N/;

8= a?”Pds. @)

If the curve NPR is a circle, as in solids of revolution, with

the center at M on the z-axis, then P = 27y and 4, = my?,
(2) and (1) becoming

s=2r [ yds ®)

=0

and V=ma f =t y*dz, 4)

-=(
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where dV = ry? dx is the volume of the cylinder generated
by the area of the circle 732, as it moves uniformly through
Az = dzx.

Note. — In deriving (1) and (4), in the figure, NN, = Az =
dz; while in deriving (2) and (3), ds, the uniform change of
s along a tangent to the curve CN at the point N, is drawn
parallel to OX and represented in length by NN/, although
it is not the same as Az = dx but is really longer.

Example 1. — To find the lateral surface of the cone of
Art. 167: by (3),

Sh 8=l
S=21rf yds=21rf £Lsds,wheres=£y=OP,
JO 0 l a

2

l
=275 7 2] = wal, where | = OP;, an element.

Again,

2 w=a ] . l l
S=21rﬁ yds=21rjo 'yady, since ds = d(ay)—ady,

l 277a
27r& %—] = 7al,

limit or end walue being changed from I to a.

Ezxzample 2. — To find the surface of the paraboloid of
Art. 168:

S=27r£'yds=21rf [1+(d”) ]%dy

=21rfly[l+64y2]%dy, from y’=éx,
1]

o RENCL ERFAUOIESY

= §1r—6 (65 V65 — 1) square units.
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Example 3. — To find the surface of the sphere of Art. 167,
or any part of it, as a zone.
For a change take origin at A’ on the circumference,

making y = V2azx — 2? and 27y the curve P bounding the
section A;; then by (2) or (3),

S=faths=21rfshyds=27rf:adx
(1] 0 Io

(where y ds = adx, from similar triangles, OMP and PDT)

z 2a
= 21rax] =27a(r — x) or 21rax] = 4 7a?,
xy o

Ddx_ T

(A

P a
y‘k‘,\’
“"yuliLo
S

D’ —pr

Drawing PT = ds from P parallel to z-axis, 2 =y ds is the
lateral surface of the cylinder PT”, which is equal in area
to that of the cylinder DT”, which is 2 wa dz.

The volume is again, with origin at A’, by (4),

2a a 2 372a
V=1rf y’dx=1rj‘1 (2ax——:c2)dx=7r[—2—%—£] =é1ra3.
0 0 2 3 0 3

Example 4 — To find the lateral surface of a quadrangular
pyramid. Let P, = perimeter of base and | = OP = slant
height. Let PMN be the position of the generating perim-
eter P when s = OP. Since P and P, are similar,
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P OP by .
B =op, = hence, P=-li'8,1n(2);

S des_P},f sds = P}.Sz] Phl’

that is, the convex surface of any pyramid or cone (Ex. 1)
is measured by half the product of perimeter of base and
slant height.

-]

For the volume,
V= f A dr = —h?./‘ 22 dz, smce i hz’ A.=area PMN,
A}. X ] 1
, h 3 3
that is, the volume of any pyramid or cone ((3), Art. 167) is
measured by one-third the product of its base and altitude.
Note. — The foregoing, for the purpose of illustration, have
been for the most part examples of elementary solids whose
surfaces and volumes are known from solid geometry. The
fruitfulness of the method is seen in the determination of the
surfaces and volumes of the frusta of unfamiliar and complex
solids.
The following are some examples:
Example 5. A monument is to be built in horizontal rec-

tangular sections, one side of a section to vary as the dis-
tanee below the top and the other as the square of this

Ahh; (]
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distance. The base is to be a square 30 feet on a side, and
the height of the monument is to be 20 feet. Find the vol-
ume when it is made up of rectangular blocks with vertical
sides; and also the volume when the sections vary contin-
uously from top to base.

Taking origin at top and z positive downward, let A, =
4y, 2y=az, 20 =02% 2y=20a=30; .. a=%; 2z =
400b=30; .. b=4%; . y=3g forlinc OB; z = ¢, 2,
for curve OA. A, =4y = ab?® = 5 2%,

2=20

V= 2 zsAz] =55 [0+ 5 + 10° + 15° + 20%]
—7031;}cu ft.

2—20

2) z4
3 _
= lim 280 Az= 80. | 2dz 80[ ] = 4500 cu. ft.

Az=) ,
‘Hence, as Az, the thickness
o} y X of the blocks, is made less
; and less, the volume will
_ approach 4500 cu. ft., the
volume when sections vary
continuously. The plan is
/ A shown on reduced scale.
/1 The projectior of OD, the

V7 o curve of intersection of the
i / |
L / /| 30
' ==
' | E=4 \ /
) fwa 7
=== / : ol
20 7.
Y, 15 So=—=T= T
!
IE ; - 75
= v '
i /B JD I
B et (LLR 5 B 15 D

plane surface OBD and the curved surface OAD, is O'D
on plane parallel to XY plane. The equation of O'D is
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y? = 15z, by eliminating z from y = 32z and z = 2%
The plan shows the corners of the blocks on this curve.

Ezample 6. Find the lateral suiface of the monument of
Ex. 5. When built of rectangular blocks, the sum of the
rectangular areas gives the area of the surface. When the
stone is shaped to make sections vary continuously, or when
this is effected by using concrete in shaped forms, find the
areas of the surfaces OBD and OAD separately.

s-oun= fra o3 i 4(8)]

_3 b3 1600 2 1P
SRR DICES & [l

=é99|:1~§\/1“3_1:|
9 0

1600 46.8 — 8] 200
-8 9

Pds = nog 2ds = —~ fm d
S=0BD—f s = . z $ =25 [ )] 2

_3 (", 9P, _ 3.5 (", =§[i"]”
=80 z[1+16]dz‘8040”z 643,

Y

4 (OBD) = 4 X 125 = 500 8q. ft. Total surface = 1362 sq. ft.

Note. — Since OBD is a plane surface, its area may be
found by.

" 3 eds= 3 .S = 1258q. 1.,
A=.£ xds=\j;=0 ﬁ—ss 125 3] sq.

as above. Here © = 135 s? is the equation of curve OD in
the oblique plane of sz, for since OB = 25, y = § s, and
y? = 15 2 becomes 5 s* = 15 x,ory = 185 8%

In Ex. 5 above, 3* = 15 z is given as equation of pro-
jection of OD on zy plane, or any plane parallel thereto.

4(0AD) = X 38.8 = 862 sq. ft.
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While OD is given as a line in space by two equations, by
rotating axis OY about OX through tan—! $§ = cos™! 3, it is
given by one equation, s?'= 13% z, in plane of sz.

Example 7. Find the volume common to two right circular

cylinders of equal radius a, whose axes intersect at right
angles.

Tet the two cylinders be 2? 4 22 = a? and 32 + 22 = a2
then A, = LMPN = zy = o* — 2%, and ¢

V=8faA,dz=Sfa(a"—z2)dz=8[a2z—z—3:|a= 1.6_03.
0 0 3 3

The total volume common, being 8 times Z — OACB, is M a?.

Ezample 8. A dome has the shape of the figure of Ex. 7,
find the area of the curved surface.

The surface ZBC is equal in area to the surface ZAC, and
is one-eighth part of the surface of the dome, which surface
is the upper half of the surface of the common volume of
Ex. 7.

Hence the surface of the dome of eight equal parts is
given by
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S =8ZBC = sf"”Pds= sf”'NPds
0 0

= 8]:::;[1 +<—g—g)2]%dz
= 8£aa:[1 +Z—22]%dz

=8afa§dz=8afadz=8a2.
o Y 0

The result shows that each of the curved surfaces of the solid

Z — OACB is equal in area to
its base OACB; the surface of
the dome being just twice that
of its base.

Note. — Another determina-
tion of the area of ZBC may
be made by developing the
curved surface upon a plane
and finding the area as a plane
area. Thus, developing ZBC

as the plane area Z'BC, with B as origin;

iR

N - R

N

~

=

n
2

= f a cos 0d (af) = a?sin
0

12(E
area Z'BC = area ZBC =f x' d7’,
0

wherex = 2’ = acosd, and 2’ = af

x

3
0] = a2,
)

Ezample 9. Given a right cylinder
of altitude h, and radius of base a.
Through a diameter of the upper base

two planes are passed, touching the
lower base on opposite sides. Find the volume included

between the planes.
21
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h a e
V=£ A,d:c=4f (MNPR)d:c=4fyzdx
0 0

.—.4f"(a2—x2)%@(a-x)dz
0 a

_h aa(a2—-x2)*dx—-4—h-fa(a2—- )t rde
a Jo a Jo

= T s P 2] 4_"2__2%]“
4h[2\/a x+2s1n a]0+3a(a x?) .

=na*h— % ath = (vol. of cylinder) — (vol. outside the planes).

Here
- MR =07.MA, I R
NP—MR—OZ-OA, NP—z-a(a z);
MN =RP =y = (a2 — ).

¥ It may be noted that, when
h is equal to a, the volume
outside of the planes being %
a3, is one-fourth of the volume
common to the two cylinders of
Ex. 7.

Ezample 10. Two cylinders
of equal altitud® A have a
circle of radius @, for their
common upper base. Their
lower bases are tangent to each
other. Find the volume com:
mon to the two cylinders.

/’/%

//////\ A
AN

he a a
V=Jh‘ A,dy = (PMM')dy=fxzdy

a h a h a
=J:a:vgxdy= Ej:ax2dy=&[a(a2— %) dy

N, ¥ 4
= E,[ 2y 3]_5—-3(12}&.
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Here, PM M’ being similar to ZAA’,
NP = QZT)'AMI, or z= g'x, where 2? = a? — 32,

P is on curve of intersection of the cylinders.

It is seen that the volume found is equal to the volume
outside the planes of Ex. 9.

Ezxample 11. A torus is generated by a circle of radius b
revolving about an axis in its plane, a being the distance
of the center of the circle from the axis.

Find the volume by means of sections perpendicular to
the axis.

V=ﬁ“Audy =‘f:iz;[1r(a+x)2—1r(a—-x)2]dy
y=b
= [ VP - = VE Py

b
=1rfb4a\/52—:§2dy
— 1 . b
= 41ra[~g Vi = y2+§b2 sin—1 ’!5/]—

= 41ra[7-r2£2] = 2rx2ab? = 27a - wb?
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Note. — The last form of the result shows that the volume
s the product of the area of the cross section and the length
»f the circumference described by the center of the revolving
sircle, radius a being mean of @ + b and a — b.

EXERCISE XXXIV.
1. Find the volume of tie right conoid whose

1l base is a circle of radius a, and whose altitude
}z is A.
: (a) With origin at 0, on the circumference;
! y? = 2ar — 22
-0 (b) With origin at C, center; 32 = a2 — 22
A wath
ns g

2. An isosceles triangle moves perpendicular to the plane of the
ellipse z2/a? 4 32/b%= 1, its base is the double ordinate of the ellipse,
and the vertical angle 2 A4 is constant. Find the volume gencrated by
the triangle. 4 ab?cot A

Ans. ——3—-—

2
8. Find the volume of the ellipsoid & + v +Z2 =1 by considering
et b

the volume generated by moving a variable ellipse along the axis of X.
Area of ellipse = wab. From result get volume of a sphere.
Ans. % mabc.
4. A football is 16 inches long and a plane section containing a seam
is an ellipse the minor axis of which is 8 inches in length. Find the
volume (a) if the leather is so stiff that every cross section is a square;
(b) if the cross section is a circle. Ans. (a) 341% cu. in.

) 51; T cu. in.

6. To fell a tree 2 a feet in diameter, a cut is made halfway through
from each side. The lower face of each cut is horizontal; the inclined
face makes an angle of 45° with the horizontal. Find the volume of
the wood cut out. Compare Ex. 9 of illustrative examples.

Ans. $ a® cu. ft.

8. Find the volume of the elliptic paraboloid 2z = % +%2 cut off
by the plane = h. Ans. = Vpy k3.

7. Find the volume of Ex. 9 by moving the trapezoidal section along
the Y-axis. Note that the triangular section of the volume outside the
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cutting planes will at the same time generate that volume, the same as
the volume of 5 above, when # = q.

8. A cap for a post is a solid of which every horizontal section is a
square, and the corners of the square lie in the surface of a sphere 12
inches in diameter with its center in the upper face of the cap. The
depth of the cap is 4 inches. Find the volume of the cap. Compare
Ex. 7 of illustrative examples.

Ans. 490% cu. in.

9. Find the surface of the cap of 8, above. Compare Ex. 8 of
illustrative examples.

Ans. Curved surface = 192 sq. in.; surface of top = 72sq. in.

10. Show that the volume of the frustum of any pyramid or cone is
equal to g (4o + Ap + VAGAL) where Ao and Ay are the bases, and &

is its height.

170. Prismoid Formula.* —If two solids contained
between the same two parallel planes have all their corre-
sponding sections parallel to these planes equal, that is, if
the area A,’ of the one is the same as the area A,” of the other,
then their total volumes are equal, since the two volumes
are given by the same integral. Let the distance between
the bounding planes be, in general, s = z, or y, or 2.

If the area A, is a section of a solid included between two
parallel planes and is a quadratic function of s,

» A, = as® +bs +¢, .(1)

where s is the distance of the section 4, from one of the two
parallel planes, then the volume is given by

V]8=h7=‘£8=h(as2+bs+c)ds=[a§+b'§+cs]:

0 =0

=]

=0
ah® | bh?
=73 + 95 + ch, (2)

where % is the distance of the terminal plane from the initial
plane of reference; that is, the height, or length, of the solid,
as the case may be.

* This derivation of the formula is substantially that given in Davis’s
Calculus.
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TheareaAo=A,] o=as'*’+bs+c = ¢;

8= 8=
«

the area A, =A,] =as?+bs+c = gh? + bh +¢;

s=h s=h

ah? | bh
=z tzto

and the area A,,.=A.]

8=

=as’+bs+c

3 do=}
where A,, is the area of a section midway between the end
sections, Ao and A;.

The average of Ao, A, and 4 times A, is
1 ah? | bh
6(A0+Ah+4Am) = —3—‘}‘—2"'{'6,

and this average section multiplied by & is the total volume:

V]F,. _ AvtAitadn

ah®  bh? .
» 6 Xh—?+—2—+ch,asm(2). o (8

This is the Prismoid Formula, so called because it holds
not only for every solid whose volume s given in elementary
geomelry but for any prismoid, that is, for a solid with any end
sections whatever, with sides formed by straight lines joining
points of one end section with points of the other end section.

171. Application of the Prismoid Formula. — The for-
mula holds even for many solids that are not prismoids, for
example, spheres and paraboloids. It holds for all solids
defined by equation (1), Art. 170, and even for all cases
where A, is any cubic function of s:

A, = as® +bs? +¢s 4+ d. 1)

When f (x) is a quadratic or a cubic function of z; then,
in general,

i@e -1+ HeF @

in accordance with the prismoid formula. The practical
application of the formula is mainly for the close approxi-
mation it gives to the volume of objects in nature; for any
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elevation or irregularity of the crust of the earth can be
approximated to quite closely, either by the frustum of a
cone, sphere, cylinder, pyramid, paraboloid, wedge, or prism;
and as the formula holds for these solids as well as for any
combination of them, it can be applied without determining
which of the solids actually approximates most nearly to
the object whose volume is desired. While it is thus used
to approximate to the volumes of irregular solids, it is to
be remembered that it gives the exact volume, when the area
of a section A, is either a quadratic or a cubic function of s,
including of course a linear function as a special case of the
quadratic or cubic function.

Ezample 1. — In the case of the cone or pyramid, Art. 167,

2
it is seen that A4, = A;.;% is a quadratic function of x, and

hence =é(O+A,.+4‘-i—">h=%Ahh.
Ezample 2. — In the case of the sphere,
a‘l —_ x2
A, = A, = w (a2 — 2?),
hence, V=2(0+0+44,)2a = %A = $ma®, where A,
= A, = ma. .

Ezxample 3. — In the case
of the paraboloid of revolu-
tion, about the axis OY, of
the curve y = 2%;

V=%(0+A;.-|—4Am)h
2
= é (‘lrh2 +4zr_2}i> = éwhz.

Here A, = my is a linear
function of the distance y,
for by (1), Art. 170, a = 0,

=, c¢=0; hence the
formula holds.
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Ezxample 4. — The prismoid shown in figure is composed
of a prism, a wedge, and two pyramids. Let A4, be the
smaller end section Ay thé larger, and A,, the mid section.

V = Aoh =3 (Ao + Ao + 4 Ay), for prism,

V= A,,’-‘_l‘(o+Ah+4 )forwedge,

V=452 h_ 1‘(0 + AL+ _A_> for pyramid.

1",

The formula is seen to hold for the three forms of solids
composing the prismoid.

//‘4 ”
I

As a practical case, let the figure represent a section of a
railway embankment 100 feet in length.
A fill of 10 ft. with side slopes 1} to 1, makes A, = 250 sq. ft.
A fill of 20 ft. with side slopes 1} to 1, makes 4, = 800
sq. ft.
A fill of 15 ft. with side slopes 1} to 1, makes 4 A, = 1950
sq. ft. .
Hence, V= 1§2 (250 + 800 + 1950) = 50,000 cu. ft.
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Here V = h/2 (Ao + Ax) = 142 (250 + 800) = 52,500 cu. ft.,
by average end areas.

V = hA, = 100 X 487.5 = 48,750 cu. ft., by mean area.
It is seen that the error of the approximation by the average
end areas is twice that by mean area and of opposite sign.
Since the errors vary as the square of the difference in dimen-
sions of the two end areas, when the end areas are very
different, the true prismoid formula should be used, but
when the end areas are alike, or nearly so, the approximate
formulas may give results as nearly exact as may be desired.

EXERCISE XXXV.

1. Get the volume of a frustum of a solid included between the
planes s = 0 and s = h, when the area A, of a parallel cross section is a
cubic function, as® + bs? + ¢s + d, of the distance s from one of the
bounding planes; first by direct integration using the frustum formula,
then by the prismoid formula. Thus prove the statement at the
beginning of Art. 171,

2. Show according to (2) Art. 171, as in the case of volumes, that the
area under any curve y = f (x), where f (z) is any quadratic or cubic
function of z, between z = a and z ‘= b, is

2 ot o+ 4ym), M
where ya, b, ym Tepresent the values of y at 2 =a, z = b, and 7 =
3@+b). *

3. Find, first by direct integration, and then by (1) of Ex. 2, the
areas under each of the following curves.

(a) y =22 between £ = 0 and z = 2.

®) y=2*+4+2zx+ 3, betweenz =1and z = 5.

4. Show that, when (1) of Ex. 2 is used to get area under the curve
y = 2! between ¢ = 1 and « = 3, the error is about 4.2 per cent.

6. Find the volume made by revolving the area between the curve
y = «? and the z-axis about the z-axis, between ¢ = 0 and z = 2. See
Ex. 3, Art. 171. Find first by (1) of Art. 165; then by the prismoid
formula show that the result by that formula is in error about 4.2
per cent.

Note. — The prismoid formula is not applicable for exact results,
when 4, is given by a higher function than a cubic; in that case, it and
the general formula (2), Art, 171, for f (z), give approximations.
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172. Surfaces and Solids of Revolution. —To get an
expression for the area of a surface made by the revolution
of a curve y = f(x)
about the axis OX, let
Py (z0, ¥0) be a fixed
point and P (z, y) a va-
riable point on the curve
OP,P.: Let P,P = s,
and PP’ = As, and let
PD and P'R be drawn
each parallel to OX and
equal in length to As.
Let S denote the surface generated by the revolution of P,P
about the z-axis; then AS equals the surface generated by
PP’. 1t is evident that

\ surface PD < AS < surface P'R;
that is,- 27y As < AS < 27 (y + Ay) As;

dividing by As, 27y < a8 < 2w (y + Ay);

As
AS dsS

hence, lggtt [_A_s] i 27y, since Ay = 0, as As = 0;

. dS=2myds or S=2r j; "yds. (See(3)Art.169.) (1)

Here dS = 2 7y ds may be represented by the lateral surface
of a cylinder MPT’, the circumference of whose base is 2 7y
and whose length is PT’, drawn parallel to OX and equal to
PT, which represents ds along the tangent at P, This is so,
for this surface is what the change of S would be, if at P the
change became uniform, ds being the uniform change of s
as z increases uniformly from that point. The surface S
may be considered as generated by the circumference of a
circle of varying radius y and hence the point P moving on
the curve according to the law expressed by its equation
y =f(x). Since
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3 t
ds = (dz? + dy?)} = [1 + (g%)z:[ dz or K%)z + 1] dy,
(1) becomes '

_ z [ (}ﬂ bt
S-—21r‘£°y-1+(dx>] dz, P
- (dx\? ¥
ol S=2 f (——) 1] dy.
r i Y yL dy + y (3)
Similarly, when the y-axis is the axis of revolution,
z [ dy\2 3’
s=2wfnx_1+(a?x!>] da, @)
- ]
or S=2Trf"x (33)24-1] dy. )
Y L y

These formulas may be derived as the limits of sums; thus,

= tf =1 '
S E (surfaces As) }\1:120 20 (surfaces chord As),
( arcAs 1)
chord As
v 8 o T Ay 2 %
=im 22t im 3 21+ (T ae

= 27r.j:y[1+ (%)2]%113‘). »(2)

The other forms may be derived in the same way, which is
an abbreviation of a rigorous derivation.
In any particular example to which these formulas are

applicable, use that form which involves the simpler inte-
gration.

For volumes of solids of revolution;
Ver f “ds = j; * (f (@) da, (See (4), Art. 169) (6)

when the revolution is about the z-axis; and

ver [Tod=x [T G@ra @

when the y-axis is the axis of revolution.
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A derivation as the limit of a sum has been given in Art.
165. In the figure of this Art. 172, if V is the volume made
by the revolution of the‘area MoPPM about OX, then dV
is the volume of the cylinder M PN, whose base is =y? and
whose length is PN = dz. This is so, for this volume is
what the change of the volume V would be, if at P the change
became uniform, as z increased uniformly by Az = dx from
that point. As in the case of the surface S the volume V
may be considered as being generated by a circle of varying
radius y, the center of the moving circle always on the z-axis
and the point P moving on the curve according to its equation.

By the method of limits, it is evident that, if P'R = As,

volume MM'P’ > AV > M'MP;
that is, 7 (y + Ay)2 Az >AV > my? Ax;

dividingby Az, = (y + Ay)* > —Ai, > 7yl

hence, lim [AV] v = my?, since Ay = 0, as Ax = 0;

az=o0| Az dx
dV = mpdz or V=1rj:y‘2dx. ®)
If ;:he revolution is made about a line y = b, theh
V=wf:(y-b)2dx, @®)
and when the revolution is about a line z = a, then
V= T«/: (x — a)?dy. 9)

Note. — It may be noted that the cone and the sphere of
Art. 167 and the paraboloids of Art. 168 and Art. 171 are all
solids of revolution, and hence the formulas of this Art. 172
are applicable to the determination of their surfaces and
volumes.
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Ezample 1. — Find the volume generated by the revolu-
tion of the area of the equxlateral hyperbola zy = 1 about

- -nfyzdx=wf dx=—1r[1:L [~———]

ry=0
V=1r~———- = o0;
Lo T =00

hence, the entire volume has no limit.

1 17==t . .
V=rn|l——= = 7 cubic units;
To x

=00

hence the limit of the volume, from the section at x, = OM,
= 1, extending indefinitely to the right, is the same as the
volume of the cylinder generated by the revolution of NP,
the abscissa of P,, about OX. Thus, while the area under
the curve y = 1/z, from the ordinate M,P, at = 1, in-
definitely to the right, is unlimited (as shown in Ex. 11, Art.
135), the volume made by its revolution about OX has a
definite limit. According to Art. 168, if the curve y’=n/z
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is drawn, any one of its ordinates in linear units will represent
the volume of the solid extending indefinitely to the right of
that ordinate; thus, in the figure the ordinate MPy"’ = =
represents the volume to the right of PoM,P,/, and the
ordinate M,P," = }m, the volume to the right of P,M,P,’.
In general, the ordinate MP" at x = OM represents the
volume of the solid to the right of the section at any distance
2 from the origin, and it represents also tlie area under the
curve ¥ = m/a? to the right of the ordinate to that curve.

Ezxample 2. — Find the volume to the left of the y-axis of
the solid generated by the revolution of the exponential curve
y = e* about the z-axis.

y=1 *z=0 T 0 . .
V=m yde =1 J et dr= éez’] = = cubic units.

™
y=0 r=—o —00 2

(Seg Ex. 2, Art. 130, for figure.)

EXERCISE XXXVI.

In these examples, a segment of a solid of revolution means the
portion included between two planes perpendicular to its axis, the solid
or its segment being, in general, a frustum; and a zone means the convex
surface of a segment.

L. Find the area of a zone of the paraboloid of revolution about the

€
z-axis. y?=2pz,theplane curve. Ans. g—;—: [+ - @ +y2)].

See Ex. 2, Art. 157, where p = %, yo = 0.
2. Find the area of a zone of the ellipsoid of revolution about the
z-axis; that is, a zone of the prolate spheroid. Get entire surface.

y = Z—i (a® — 2?) = (1 — ¢?) (a? — 2%), where ¢ is the eccentricity.
yds =2 V@ =@ d.
§=2¢2 [ VF— TR
=7rg [x\/a?——e;;:—’+-z—2sin‘lf§ : .

[]

The entire surface = 2xb [b 4 (a/e) sin~1e].
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The surface of asphere =limit 2xb[b+(a/e) sin"te]=2ra[a4-a]=4ra?

since for circle e = 0, limit [sm ] [—0—] =1,a=0
e=0 o-o sin 6,

8. Find the area of the surface generated by the revolution of the
cycloid about its base.

Taking the parametric equations of the cycloid

z=a( —sinb), y=a(l —cosd);
=a(l —cosf)dd, dy =asineds;
ds = Vda? + di = a V2 (1 — cos0) db.

S=2 1rfy ds=2 1ra2f V2 (1—cos0)3d= 161ra2fsm3(2)d(2) = —-—1ra2

4, Find the surface generated by revolving the catenary about the
y-axis, from z = 0 to £ = a. Also about the z-axis.

Here y——(e“+e ") ds = (e“+e “)dx
S =21rfxds =1rfux(e‘_‘ -I-e—‘;)d:c
=1r[x-a(e“—e “)—afa(c“-—e ")dx],byparts
—w[ax(e“-—e “)—-a’( —g)] =2ma? (1 —e™);
About z-axis: fyds ——27rf (e“+e “) dz
_,,['i’ k- +ax]o=——(e’—e"’+4)

6. Find the entire surface generated by revolving the hypocycloid
about the z-axis.

<o

RIH

+ yi = ol is the equation of the curve.
o o\t 3 5% 12
S = 21rfyds = 2-21r_£ y(g) dy = 41ra*~5y’]0 =-§7ra’.

6. Find the area of a zone of the surface generated by the tractrix
revolving about the z-axis. (See Art. 150, Applied Calculus.)

v
S=21rfyds=21rj;my( ady) 2wa y] = 2ma (Yo — ¥).
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7. A quadrant of a circle is revolved about a tangent at one extrem-
ity. Find the area of the curved surface generated.

S=2rf(a—x)ds=21rj;a.(a—x)(1+§;)*dx,

when tangent to 22 4+ y® = a? is perpendicular to z-axis,
[ f _aldr % gpdx
=2 Ve—2 N Ve—zn
— "o
=27 [a’sin"‘g +aVa = x’] =ra? (r — 2).
0

8. Find the volume of a segment of the prolate spheroid, and the
entire volume. Find the latter to be two-thirds the volume of the cir-
cumscribed cylinder of revolution.

Ans. ———[a’(x—xo)——(:c“—xo*)]

9. Find the volume of the oblate spheroid, that is, the cllipsoid of
revolution about the minor axis which is on the y-axis.
Find the volume to be two-thirds of that of the circumscribed cyl-

inder of revolution.
10. Find the volume of the paraboloid made by 2? = 2 py about the

y-axis. (Compare Ex. 3, Art. 171.)
Find the volume to be one-half that of the circumscribed cylinder of

revolution.

11. Find that the volume of the solid generated by revolving an
arch ‘of the cycloid about its base is five-eighths of the (circumscribed
cylinder.

2a 3
Here V =2n f _Ydy or V= wa’f“ (1 — cos 9)3ds.
NorEe ay — 2 0

12. Find the volume generated by the catenary revolving about
the z-axis, from 2 = a to * = —a. Also find the volume by the area
with the same arc revolving about the y-axis.

x 2270
Here —wf (c“+e “)dx——[ es +2x——§ “]

-a

= ’%(ez +4 —e?) = 8.83a%.

o .o (2 -1
And V=1rj; z’dy=-2-j; 22\e* —e 9)dz.
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Integrating by parts gives

= g[ax’ (ez +e_5) - 2a% (e" —e @ + 2a (eaf +e'f)]:

=T e+ 56— 4) = 08784

138, Find the volume of the solid generated by the revolution of the
tractrix about the z-axis.

® —_— 3
V=1rj; yrdx = —r}:\/az—-y’ydy=r—§--

14. Find the volume generated by the revolution of the hypocycloid
about the z-axis.

_wfyzd:c—wf (at — 2¥)3dz = -~—1ra3

16. Find the volume gencrated by the revolution about the y-axis
of the equilateral hyperbola zy = 1, fromz = 0toz = 1.

V=mn fx_ ! 2?dy =7 filw dy% = - %']:o = 7 cubic units.
(Compare Ex. 1, Art. 172.)

16. Find the volume of the segment of the solid generated by the
revolution of the equilateral hyperbola 22 — 32 = a? about the z-axis,
the altitude of the segment being a, measured from the vertex.

Ans. §wad.

17. Find the volume generated by revolving about either axis the
part of the parabola ot + y a! intercepted by the axes.

Ans. {5 wad.

18. Find the volume of the solid generated by the quadrant of a
circle revolved about a tangent at one extremity.

-1rf (a—x)‘dy—‘)rf (a—\/aﬁ—y’) dy = wad §—§)

19, Find the volume generated by the revolution of the cissoid

Y= 3 a:c’— o about the z-axis, from the origin to z = a.
Ans. §wad (3log 2 — 2).
20. Find the volume generated by the revolution of the cissoid about
its asymptote z = 2a. Ans. 2n%ad,

22



CHAPTER V.

SUCCESSIVE INTEGRATION. MULTIPLE
INTEGRALS. SURFACES AND VOLUMES.

173. Successive Integration. — As the inverse of succes-
sive differentiation there is successive integration. If a
start is made with a function y = f (z), considered as an nth
derived function, a single integration gives another function,
the integral; the integration of this function gives a second
integral, and so on. The result of n integrations is the nth
integral of the given function.

In Art. 140 on Integral Curves successive integration was
indicated, and in Art. 141* the process was employed in
application to beams. For successive integration with
respect to a single independent variable, in general; let

1@ = 1@, W

1@ = [1@dz, @

£@ = [h@ ds. ®
Since 1@ = [ 1h@lds,

it follows from (1) that

J2 (%) =f[ff(x) dx] dz; )

and sinee fi(@) = f If2 ()] dz,
* Applied Calculus. 316
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it follows from (4) that

fa(x)=fgfl;ff(x)dx]dx§dx. ®)

The integral in (4) is called a double integral and is written

f f(x) dx?.

Similarly, the integral in (5) is called a triple integral and is

written
f f f f(x) da?.

If an integral is evaluated by two or more successive in-
tegrations, it is called a multiple ¢ntegral.

For example, to evaluate the multiple integral f f f e* dad;

¢* + (| is the first integral, '
e’ + Cix + C, is the second integral,

e + glf + Cax + Cj is the third integral.

Hence fffex de® = e* + Céxz + Cox + C.

If limits- are given for each successive integration, the
integral is definite; if limits are not given, it is indefinite.

Example 1. — Given the acceleration = &s _ —g to find s.

de
This is Ex. 5 of Art. 115, and may be written thus:

s =f —gde,

s = f (—gt + vo) dt, where v, is the constant of integration,
§ = — 4§ gt + vt + so, where s is the constant of integration.

Ezample 2. — Determine the curve for every point of
which the rate of change of the slope is 2.
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dy _d (dy) dm — 9.
d? ~ dz\dz/  dx ’

y=ff2dx2,

y= f 2z +C,) dx, where 2z + C, is the first integral,

y = 2 + C1x + Cs, the second integral.

This is the equation of any parabola that has its axis parallel
to the y-axis and drawn upwards, and its latus rectum equal
to 1. All such parabolas may be gotten by giving all possible
values to C; and C;, the arbitrary constants of integration.

Here

2,
Example 3. — Determine the locus of the equation Ty _ 0.

d2
y=jf0dx2,

Y = f m dz, where m is the constant of integration,
y = mx + b, where b is the constant of integration.

The locus is the system of straight lines, the arbitrary con-
gtants m and b representing the slope and y-intercept,
respectlvely

Ewample 4. — In the theory of flexure of beams

dy 1
& = BI [M tRe—= ]
where E, I, M, R, and w are constants. Get an expression for

y and determine the constants of integration from the con-
ditions, y = 0 when z = 0, and y = O when z = [.

y=El,7ff[M+Rx—1—lg'—2]dx2,
1 Ra?  wa?
v (e + 5 E ~TF o)

2
Y= EI[Mx +— 6 ~274—+ng+02] =0; .. C;=0,

z=0
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2 3
0=E}IFMl +h:,)l wit +Cl] whenx=l;l
cio L[_Ml_BE_ wf)
YT EIL 2 6 ' 24

1 [Ma? RxS_qgg_A_@_Rz? wzs]
Y=FIl 2 7% 24

Ezxample 5. — Evaluate f f f 28 da?.

Letting I denote the integral and making the integrations
in order from right to left;

1o [ L[ a0 e
=60°/0 [x]ldw=l20‘/;dx=240.

Example 6.— A point has an acceleration expressed by
the equation a; = — rw* sin wt, where r and w are constants.
Get expressions for the velocity and the distance or space
passed over.

Here a;= @ _ _ patsinat and s = f f — rw?sin gt di?

de !

* az .
v =ld£'—:= dtjdt— —Tw fsmwtdt=m coswt+ Cy,

s=f3—:dt=mfcoswtdt+f01dt,

g = rsinwt 4+ Cit + Cy,
which is the law of simple harmonic motion. (See Art. 73.)

EXERCISE XXXVIIL

1. Evaluate j'ff (x2 — 1) dz®.  Ans. g—:) + g—‘?— + Caz + Cs.

2. Evaluate f f ff%‘dz‘.

Ans. —3logz + 3 2 + 3 Cox? 4 Caz + Co
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3. Eva)a'ate f f f f sin azx dzt.

Ans. 1/atsin az + } Cie® + 3 Caa® + Csz + C.
4 3 2
4. Evaluate j; fl fo 2 dad. Ans. 16. .

5. Evaluite f| ) f. ? f. * 2 dat. Ans. 80.

6. Find the curve at each of whose points the rate of change of the
slope is four times the abscissa, and which passes through the origin
and the point (2, 4). Ans. 3y =2z (2 — 1).

T8 v
7. Evaluate j; fa j; sin 0 ds. Ans. 7 (8 — ).

8. The differential equation of falling bodies is 3—2'3 = —g; show

lﬂ
2
that s = -92i +Cit + Cy; and find C; and Cy, if 8 = 0 and » = 100,
when ¢ = 0.
9. A point has an acceleration expressed by the equation a; =
—rw? co8 wt, where r and w are constants. Find expressions for the
velocity and the distance passed over. Find C: and C,, if s = r and

v =0, whent = 0.
Ans. v = —rwsinwt 4+ C1; 8 = rcoswt 4+ Cit + C:

174. Successive Integration with Respect to Two or
More. Independent Variables. — In the preceding Article
successive integration was of functions with reapect to a
single independent variable. Successive integration of
functions of several independent variables are now to be
considered. Suppose there is given a function f (z, y, 2) of
three independent variables.

Let 1w a = [16@y 9, (1)
A u o= [Hay @
5w 9 = 16y 2, ®

where in (1) the integration is with respect to 2, that is, as if
v and y were constants. Likewise in (2) it is with respect
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to y, as if z and 2 were constants, and in (3) with respect to
z, as if ¥ and 2z were constants.
Equation (2), by substitution from (1), becomes

pauo=[| f1euaala @

and equation (3), by substitution from (4), becomes

iz, y, z)=f%f[f(x,y,z)dz]dy§dx. (5)

The integral in (5) is called a triple integral and is written

f f f f(z, y, 2) de dy dz, (6)

where the order of the integrations is from right fo left; that
is, the differential coefficient f (x, y, 2) is to be integrated
with respect to z, that result to be integrated with respect to
y, and finally the last result is to be integrated with respect
to x.

Similarly, the double integral in (4) is written:

fff(x, y, 2) dy dz.

As to the mtegratzon signs, the first on the right is to be taken
with the first differential on the right, which is dz in (6), the
second sign from the right with the second differential from
the right, and so on.

If when limits of integration are given, they are constant
limits, the order of the integrations may be reversed without
affecting the result, but when the definite integral has variable
limits the order of the integrations can be changed only by
new limits adapted to the new order. In practical problems
the limits for one variable are often functions of one or more
of the other variables.

175. The Constant of Integration. — The evaluation of
an indefinite multiple integral differs from that of an indefi-
nite single integral in the form of the constant of integration.
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Thus f f4 zy dz dy being given, to find a function u of

«

and y such that

dx dy ——drdy =4y

is the problem. It is evident the operations represented by

% . :
Tz dy dz dy must be reversed in order to get u.

That is, ffdzdydxdy=ff4xydxdy, (1)

which indicates two successive integrations, the first with
respect to y, r and dz regarded as constants, and the second
with respect to z, y being regarded as constant. Hence the
first integration gives

ou

7z = 2xy? + constant of integration.

Since x was regarded as constant during the integration,
the constant of integration may depend upon z, that is, it
may be some function ¢(z), or it may be simply C. This is
so, Since differentiating either 2 xy* + C, or 2 gy* + ¢ (2),
with respect to y gives the same result, 4 xy. Hence,

du 2
iz = 2y + ¢ (2),
where ¢ () is an arbitrary function of £ and may be a con-
stant C.
Integrating this result, with y constant, gives

u=oy+ [o@)d +F @), @

where, since y was regarded as constant during the integra-
tion, the integration constant is an arbitrary function of y
and may be C with a constant value, possibly zero.
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By referring to Art. 109, (2), it will be seen that if

u = 1 + x?y? dd dz dy = 4 xy dz dy;

that is, ¢ () = 32? and F (y) = 0, for that function u of
(=, y).
The indefiniteness of the result in (2) is manifest, for

U =ff4:cydmdy = 1%?,

if both constants of integration are zero, that is, ¢ (x) = 0
and F (y) = 0. The indefiniteness is removed when limits
for the variables are given, the integral being then a definite
integral.

Ezample. —

2¢ [z [z 2 [z 27
f ffxyzda:dydz=j fxydxdy[§]
a 0 v a 0 Y
“2a z
A R
a 0

(20 x5 21 .
= % = 769"
. 8
© EXERCISE XXXVIIL.
Evaluate the following integrals:
1 f f 2%y d dy. Ans. }z32 + F (@) + £ ().
dvata
a3b?
2 f f 2%y dz dy. : Ans. i
8. j; fo ptsin0dpdd = &
b e
b
4 fb fo pdpdd = 3 b,
3

5. j;bj:_vaydydz = 3i bt
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.
T r2acosd P
6 f [ ododp =5 @ — ).

bcosd
T j;bj;"p"sinodpdﬁ =b3;aa(cosﬂ — co8 7).
8. J;bﬁlo‘\/mmds=6b3.
9. j:jl‘zj:xy’dmdydz=l7i.

10. fffzy’dzdydx = 24},

1 f:ff’ﬂy’ dedydz = 17}.

1 fab fo f:b"”y”z dzdydz = § a¥b2(b* — o).

13, f: j;xj;”""ﬁ"’“d:vdydz _ ea_s_._g ~ %e_, e

b ok —
. N = 2v37 (hd — hd) b,
14]0 fh 2gydedy =3V2g (hat — mi) b

k.
T pa _ a? (8 _..,,.)
16. j; j‘a(l—coso)pdﬂdp_ 8
2
16. j:aj;a (w4 2v) dvdw = 3t ad.

1 i j;wj;zﬁizzzyzdxdydz =32d.

o
176. Plane Areas by Double Integration — Rectangular
coordinates. — It has been shown in Art. 135, that the area
between two curves y = f(x) and y = F(x) is given by

A= [Tu@-Fe) i, )
where the points of intersection are (2o, %) and (21, y1). The
area is thus given not by a single integral but by the differ-
ence between two integrals, " f(x)dzx — f xIF (x) de. The

Ty Z

result is gotten also by double integration, finding the limit
of two sums. Let the element of area be Ay Az, (z, y) being
any point P of the area. If the elements are summed

<3
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up with respect to y, with the limits MD and MN, or F(x)
and f (x), « being constant, the.area of the strip DN’ is
gotten. If the strips are sumamed up with the limits a and
b for z, then

z=b f(i b f(z

Az |Ay = Az A

zga [F (z) ] Y 2" F(2) Y

is the expression for the sums. Taking the limits of the

sums, first as Ay = 0 and then as Az = 0, the area ADBN
is given by the double integral

b [/ (2) .
A= f dx dy, 2
a JF ()
which integrated first with respect to y gives
b
4= ["0@ - r@) d. M

If the elements are summed up in reverse order, first with
respect to x with the limits H’H and H’S, or f1(y) and
F-1(y), y being constant, and then with respect to y with
limits ¢ and d, there results

d F-1(y)
A= f dy ds, @)
¢ Jfi(y)
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where f-1 (y) and F-! (y) are the inverse functions of f(x) and
F (z), respectively. .
Integrating (3) the area ADBN is gotten, as given by (2).

Hence, in general,
A= f f dx dy “)

is the formula for area by double integration, the limits being
taken so as to include the required area. The order of
integration is indifferent provided the limits be adapted to
the order taken.

Corollary. -— 0,24 = dx dy and 9,,2A = dy dx.

Ezample 1. — Find the area bounded by the parabolas
Y = 2pzr and 2% = 2 py.

The parabolas intersect at the points (0, 0) and (2 p, 2 p).

2p vV2px
A= f f dz dy = % p%, by formula (2).
0 z?

4

2
2p  (*V2py
A= f f dy dx = % p?, by formula (3).
0
2

yi

4
Ezample 2. — Find the area bounded by the circle z? + 32
= 12, the parabola y* = 4 x, and the
parabola 2? = 4 y. *
For the part OPP, the limits for z are
0 and 2, while for the part PP\P;, they

are 2 and V'8, the point P being (2, V'8)
+—x and the point P, (V'8, 2). For both parts
B the lower limit for y is the ordinate of
22 = 4 y; for OPP; the upper limit for y is the ordinate of
12 = 4 2, and for PP,Ps, that of 22 + 32 = 12.

2 [V
A = OPP,P, = OPP; + PP,P; = Jo‘ f dz dy

22

4
v8 Viz—a
+ f f dzxdy = 3.92.
2 22
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Example 3. — Find the area between the parabola y? = ax
and the circle 2 = 2 ax — 22

a 2ar—12
A=2 f f dz dy
0 JVaz

- zfo“(«/m_ Vaz) dp="% 22,
Note. — It may be seen that in finding some areas there is
no advantage in using double integration, as after the first
integration with the limits substituted, the remaining in-
tegral is what might have been formed at first. There are,
however, cases where double integration furnishes the only
method of solution; hence the need for some practice in its
application.

EXERCISE XXXIX.

1. Find the area between the circle z? 4 y? = a? and the line y =

a — .
_(? o= L T—=2 ,
A-f0 J;_, dody =" o,

2. Find by double integration the area between the parabolas
¥ =8zrand 2? = 8y. ?
2 Ans. 213,
8. Find the area bounded by the circle 22 + y? = 25, the parabola
y® = A8 z, and the parabola y = & 2.
Ans. 755. ¥

4. Find by double integration the area of the
2 2 .
ellipse 25 +%§ =1,

double integration.

A
5. Find the area of any right triangle, using f, 5 X
Lb X

i a
b b7 ba a1
A=J; j; dzdy=j; 5wd:c=5- ;.‘-‘,-Jo—éab. 0

A=fbf—sz+adxdy=.‘;b(—%x+a)dx=—%§+ax]:=%ab.
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177. Plane Areas by Double Integration — Polar codr-

dinates. — As has been shown in Art. 135(b), the area in

: polar coordinates of P;OP,,

generated by the radius

vector p as 8 increases from
6, to 8; is given by

a=3 ["ea @
6

To find the area between
two polar curves by double
integration, let the element
of area be PDD’P’, bound-
ed by the two radii OP/,
OD’, and the two circular arcs, concentric at 0.

Let the coordinates of P be (p, 6); then from geometry,

sector POD = } p* A9,
sector P’OD’ = 1 (p + Ap)? A6.
Hence, AA = PDD'P' =} (o + Ap)2 A0 — § p* AD
= (p + % 8p) A0 Ap.
Keeping A6 constant and summing the elements of area
with respect to p gives an area AA'B’B, expressed by

OA .OA'
86-1im > (o +30) 80 = 80 [ " pdp.
OA’

4p=0 04"

Making the summation now with respect to 6, the sum of
the radial slices is gotten, and the limit of this sum is

02 0A (] 04
A=lm 3 Ao-f pdp=f f pdp do.
Ag=0 0, A0’ 6, 04’
Replacing OA’ and O4 by F(6) and f () respectively, the
formula is

A '/ (8)
A= f ’ pdodp. . @)
0,

F ()

When F (6) = 0, the area P,OP, between the curve p = f (6)
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and the radii is (1), 4 = } fa ™ 2 db, where (2) has been in-

tegrated as to p. ,

If the summing of the elements of area be made first with
respect to 6, keeping Ap constant, RSDP, a segment of a
circular ring, is gotten. A second summation with respect
to p gives the sum of such ring segments, the limit of which
sum is the area A. The resulting formula is

(23 f-1(p)
a= """ dpa0 ®)
P F-1(p)

where F-1(p) and f~1(p) are the inverse functions of F(§) and
f (), respectively.

Corollary.— 9¢,2A = pd6dp and 93,4 = pdpdfd are rec-
tangles with sides p df and dp.

Example 1.— A simple case of the application of the
formulas is in finding the area of the circle p = a.

N

i
0

S
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In (2) the sectors are summed, while in (3) the rings are
summed. In this case of the circle it is to be noted that no

«

limit need be invoked,
since the integral is the
sum in each case, the in-
crements being the differ-
entials, the variables all
increasing uniformly.

Ezxample 2. — Find the
area between the two tan-
gent circles p = 2acosf
and p = 2bcosf, where
a>b.

; acosf ?I-
A=2f f pd0dp=4(a2—b"’)f cos? 0 do
0 2bcos 6 0

=7 (a2 — b?).

Exdmple 3. — Find the areas between the cardioid p =
2a (1 — cos ) and the circle p = 2a.

T 2a
a=osap=2 [ [ pa0dp
0 2a (1—cosf)

= 4a2‘/:[1 — (1 — cos8)?]de

3
= 4a‘*jo‘ (2cos 6 — cos?6)df = 8a? — wal.



AREA OF ANY SURFACE BY DOUBLE INTEGRATION 331

‘.a(l-coso)
A =0BCD =2 j J; dp

= 4a2f [a —coso)z— 1]d8

= 4a2fr(—2 cos 0 + cos?6) df = 8 a? + wa?.

]

EXERCISE XL.

1. Find by double integration the entire arca of the cardioid p =
2a (1 — cosé). Ans. 6mal.
2. Find the area (1) between the first and the second spire of the
spiral of Archimedes p = a8; (2) between any two consecutive spires;
(3) the area described by the radius vector in one revolution from 6 = 0,
.and the area added by the nth revolution.
Ans. (1) #427%?; (2) N2+ 2n+ $) w%a?; (3) $7%a % (n® — 1) x%a.
3. Find by double integration the area of one loop of the lemniscate
p? = a?cos 20. Ans. % a®.
4. Find by double integration the arca between the circle p = cos 6
and one loop of the lemniscate p? = cos 26. Get the area between the
circle and the line 8= r/4 and then between that line, the lemniscate,
and the circle. “Ans 1r—2=1r—-2+1r—2.
’ 4 8 8
178. Area of any Surface by Double Integration. — Let
the surface he given by an equation between the rectangular
coordinates, z, y, 2. Let the equation of the given surface

be
z=f(z,y).

Passing two series of planes parallel, respectively, to XZ
and YZ, will divide the given surface into elements. These
planes will at the same time divide the plane XY into ele-
mentary rectangles, one of which is P’P;’, the projection
upon the plane XY of the corresponding element of the
surface PP,.

Let z, y, 2 be the coérdinates of P and = + Az, y + Ay,
2 4+ Az, those of Py, x and y being independent; then P’M’ =
Az and P'N’ = Ay. The planes which cut the element PP,

23
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from the surface will cut a parallelogram from the tangent
plane at P, the projection of which on the plane XY is P'P,’
= Az Ay, the same as the projection of the element PP,
The projection is the product of the area of the parallelogram

5
zZ

PN
<

3 7 X'

and the cosine of the angle made by the tangent plane with
the plane XY; hence, denoting the angle by y and the
parillelogram cut from the tangent plane by PT,
area PT = area P'P,’ - sec v
= Az Aysecry.

As Az and Ay approach zero, the point P, approaches the
point P, and the areas PT and PP, approach equality; that
is, the element of surface approaches coincidence with the
parallelogram, a portion of the tangent plane at P; hence,

area PP; = A.,*S = Az Aysec v, approximately;
that is, .
area PP, = A28 = Az Aysecy; lim [AA Af/] secy; (‘;?)

28 = sec-y dzx dy. ¢))]

Azﬁ
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H
From Art. 103 (8), secy = [H' (d:v) + (62) ] ; ((iezrfgrg:)

hence from (1),

=[S+ @+ en

the limits being so taken as to include the desired surface.

Let S denote that part of the surface z = f(z, y), 2 being
a one-valued function, which is included by the cylindrical
surfaces y = ¢o (x), ¥y = ¢ (¢), and the planes z = a, y = b;

w8 [ L[ E G e @

In finding the area of the given surface a more convenient
form of the equation of the surface may be either z =
f(y, 2), or y = f (2 z). The formula for the area will be
then either

S+ G +@Tae  ©
or fj [1+( ) ( )]*dxdz, > @)

with the proper limits of integration.

In applying the formulas, the values of the partial deriva-
tives are gotten from the equation of the surface the area of
which is sought; hence, when there are two surfaces each of
which intercepts a portion of the other, the partial derivatives
in each case are taken from the equation of that surface
whose partial area is being sought. This will be illustrated
in the following examples.

Example 1.— To find the surface of the sphere whose
equation is

2+ + & = ak
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Let 0 — ABC of the figure (Art. 178). be one-eighth of
the sphere.

B\ (N 2 g _a &
1+ (3 +(F) - 145+ -2

z 22 22 a2 — 32 — y2

Aren=5=84BC=8a [ [ LW __ 4y
oo Va—z—g VY

a y Vai—gt
=8 af sin~l —— —~] dx
0 Vi =z,

a Compare Ex. 2
= - 2 )
41ra./; de = dwd?, (Exercise XXXVI. )

Here the integration was over the region OAB, the projec-
tion of the curved surface ABC on XY plane. The first
integration with respect to y summed all the elements in a
strip LL’K'K, y varying from zero to NL’, that is, between

limits 0 and Va? — 22, the equation of the intersection of the
surface with the XY plane being 22 4+ 42 = @?. Integrating
next with respect to z, the surface ABC is gotten by sum-
ming all the strips fromz = 0to z = a. .

Example 2. — Find the area of the portion of the surface
of a sphere which is intercepted by a right cylinder, one of
whose edges passes through the center of the sphere, and
the radius of whose base is half that of the sphere.

Note. — This is the celebrated Florentine enigma, pro-
posed by Vincent Viviani as a challenge to the mathemati-
cians of his time. (Williamson’s Integral Calculus.)

Taking the origin at the center of the sphere, an element
of the cylinder for the z-axis and a diameter of a right section
of the cylinder for the z-axis, the equation of the sphere will
be 2? + y* + 2* = a? and the equation of the cylinder,

2?4y = ax.
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The area of APCD is one-fourth of the area sought, and since
this surfaceis a portion of the surface of the sphere, the par-

tial derivatives 3 ' &y must be taken from 2%+ 3% + 2 = a@?,
giving, as in Ex. 1, using formula (2),
S = f f adx dy
Var =zt —

to be integrated over the region OP’A. Hence,

Area =S = 4‘/‘[“” _odedy = (27 — 4) a2
_._x2._y

B

The limits for y are from 2 + y? = ax, the equation of the
curve OP’A, the boundary of the projection of the surface
APCD on the XY plane.

Example 3. — Find the surface of the cylinder of Ex. 2,
intercepted by the sphere.

The area of APCOP’ is one-fourth of the area sought,
and since it is a part of the lateral surface of the cylinder
#? + y* = ax, the partial derivatives in formula (2) must be
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taken from this equation. But from this equation g% = 00,
92

rie o0, and formula (2) "does not apply, which is, more-

over, evident since the element of surface is dx dz in the strip
P'P, and the area of the surface APCOP’ cannot be found
from its projection on the XY plane, for this projection is the
arc AP’0O. The projection is made on the . XZ plane and
formula (4) used.
The partial derivatives are found to be

dy __a—2z 9y _ 0

de ™ y ' dz
Since P is on the sphere,

PP =g=q— @+ 9y = a® — ax,

- gince P is on the cylinder. Hence,

s (*Vai—az —_
Area=S=4ff [1+(a 2;x)2:|%dxdz

_2affv“““x dedz  _ o, (Ve —az,
Vaz — z? o Vaz — z?

‘ =2afa\/§dx=4a2.
. y Vz \

Here the integration is over the region OAP"'C, AP''C being
the projection of APC on XZ plane. The first integration
sums up the elements of surface in the strip P’P and the
next integration sums up the strips from z = 0 to z = a.

By eliminating y from z? 4+ %? + 22 = a*and 2? + 3 = az,
2 = a® — ar (as found above), which is the equation of
AP"C, from which the limits of z are taken.

EXERCISE XLI.
Find by double integration the areas of the surfaces given in the
following examples:

1. The zone of the sphere, 2* + 2 4 22 = 3, included between the
planes z = g and z = b. Ans. 277 (b — a).
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2. The surface of the right cylinder 22 4 22 = a? intercepted by the
right cylinder 2? + 3* = a2. Compare Ex. 8, Art. 169, Amns. 8a%.

8. The part of the plane 2-}- % +‘£’ = 1, in the first octant, inter-

cepted by the coordinate planes. Ans. V@l ¥ aic + bic.
4. The surface of the cylinder 22 4 ? = a?, included between the
plane z = mz and the XY plane. Find by both formula (3) and
formula (4), and show why formula (2) does not apply.
ns. 4 ma?,
6. The surface of the paraboloid of revolution 3 4 22 = 4 az,
intercepted by the parabolic cylinder y* = azx and the plane z = 3 a.
3a \/a_z 2
s=af [ g wa =G

8. The surface of the cylinder of Ex. 5, intercepted by the parabo-
loid of revolution and the given plane.

3a AV3az[4 42 213 _ p3a
Ans. s=4j; fu “[—?inyi”—dxdz=2\/3j: (4az + o)} do

=(13\/1_3—1)“—2§.

179. Volumes by Triple Integration — Rectangular Co-
drdinates. — Let the volume be that of a solid bounded by
the cotdrdinate planes and any surface given by an equation
between the codrdinates x, y, and 2.

Let P be any point (z, y, 2) within the solid O — AB(, the
surface behg given by z = f (z, y), where f (z, y) is a con-
tinuous function. Let K’ be the point (x 4 Az, y + Ay,
z + Az), the diagonally opposite corner of the rectangular
parallelopiped formed by passing planes through P and K’,
the planes being parallel to the codrdinate planes. Let more
planes be passed. Taking first the sum of the elementary
parallelopipeds whose edges lie along the line N7, the limit
of this sum, as Az is made to approach zero, is the volume of
the prism whose base is Az Ay and whose altitude is N7,
z, y, Az, and Ay remaining constant during the summation.
Next with z and Az constant, sum the prisms between the
planes MHL and SDR. The limit of this sum as Ay is made
to approach zero is the volume of the cylindrical slice
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LR'D’HMS. TFinally, when taking the sum of the slices
parallel to the YZ plane, as Az approaches zero, the volume
of the cylindrical slice approaches that of the actual slice
LRDHMS; hence, the limit of the sum of the slices, as Az
approaches zero, is the volume of the solid.

C

V,
B

1D
¥ H D
.

A ("MH [NT .
Hence, V= fc f dz dy dz,
o Jo 0

where V is the volume of O — ABC. Let V denote the
volume bounded by the curved surfaces z = fo(z, ¥), 2 =
f(z, y); the cylindrical surfaces ¥ = ¢o(z), ¥y = ¢(x); and
the planes x = a, x = b; then

b o) [f(zv)
V= f f f da dy dz. (1)
a Vo) Vip(z,y)

Corollary. — 8,8V = dady dz, 8,V = dydzdx, . . .
If z is expressed in terms of 2 and y, and f, (z, y) = 0;

b (z)
V= f f zdz dy.
& Jpo(z)
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Note. — The formula, V = f f f dz dy dz, may be de-

rived from the figure by the definition of differentials.

Thus, the variables z, y, 2, being independent, dz, dy, dz
may be taken as finite constants, the parallelopiped PK’ being
dx dy dz. When z and y are regarded constant, PK’ is the
differential of the prism NK. Hence, integrating dzx dy dz
between the limits 2z =0 and 2z = NT gives the prism
NT dz dy, which is the differential of the solid MSR'L — T.
Integrating NT dz dy between the limits y = Oandy = MH
gives the cylinder MLH — D’,or MLH dzx, which is the differ-
ential of the solid OBC — M. Integrating MLH dx between
the limits ¢ = 0 and x = OA gives the volume OBC — A, or

V. Hence, V = f f f dx dy dz, the limits being so chosen

as to include the volume sought.
Ezample. — Find the volume of the ellipsoid

Sthtse

The entire volume is eight times that in the first octant,
where the limits are:

2="0, z=cV1—aa+ /b

y=0, y=bV1—aa

z=0, z=aq;
bV 1—zt/at  [*cV1—-x2/a—y2/b?
V= gff “f Y xdd—4’rabc‘
3
Corollary. — For sphere, a =b=¢; . V= 4m

V1-y2/bt V1—zt/at—y2 /b2
Also, V= f f f dydx dz
Vicala [bVI—ztai-a1/d
= f ‘fﬂ e f dz dx dy.
0 0 0




340 INTEGRAL CALCULUS

EXERCISE XLIL

Find by triple integration the volumes required:
1. The tetrahedron bounded by the cotérdinate planes and by the
plane N
T, Y, 2 _ abe.
See Ex. 3, Exercise XLI, for the surface of the plane.
2. The volume bounded by the cylinder 22 4 3* = a? and the planes
' 4 mad
z=0and z = ma. Ans. 5
8. A cylindrical vessel with a height of 12 inches and a base diam-
eter of 8 inches is tipped and the contained liquid is poured out until
the surface of the remaining liquid coincides with a diameter of the
base. Find the volume remaining in the vessel. Ans. 128 cu. in.
Note that the volume is one-half that given by Ex. 2, above.
4, The volume included between the paraboloid of revolution
y® + 2* = 4 az, the parabolic cylinder * = az and the plane z = 3a.
See Exs. 5 and 6, Exercise XLI, for the surfaces.

3¢ ~Vazr pdaz—y?)t —
Ans. V=4j; j; j; dzdydz = (67 + 9 V3) as,

6. The volume included between the paraboloid of revolution
2? 4+ 3 = az, the cylinder 2? + 3? = 2az, and the XY plane.
2+

. Ans. V = 2j;2a£\/m£ ¢ dzdydz = §wad.

6. The entire volume bounded by the surface e

z AU /Zo
\/a+\/;+\/;.—l'

a (1-Vzja)! rc(1-Vzja—Vis)? abe
Ans. V_fo J, fo dudydz = 35
7. The entire volume bounded by the surface
I B B 4ra
o +y + 2 =adl, Angs. 35

8. The volume of the part of the cylinder intercepted by the sphere.
The radius of the sphere is a and it has its center on the surface of a
right cylinder, the radius of whose base is a/2. See Exs. 2 and 3,
Art. 178,

Ans. V = 4fofo‘/“7'_fo Y i dyde =g r — ) o,
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180. Solids of Revolution by Double Integration. — In
the figure of Art. 176, where P(z, y) is any point in the area
ADBN, z and y being independent, Az Ay is the element
of area. Conceive the area ADBN to revolve through 6
radians about OX as an axis; then

Oy Az Ay < A2V <0 (y + Ay) - Az Ay;

A2V _
CTARV] eV
hence, A},‘j{,‘*o [Ax Ay] T dxdy by;

02V = 6y dx dy;
vy [ ()
V=0 f [ yazay. 1
s e V0T 1)
Similarly, about OY,

v (W)
V=26 f z dydz. (2)
yo YF1(y)

Putting § = 2 =, the formulas give the volumes generated
by a complete revolution of the area.

Corollary. — If the axis of revolution cuts the area, (1)
or (2) will give the difference between the volumes generated
by the two parts. Hence V = 0, when these two parts
generate equal volumes. Integrating (1) first with respect
to y, and (2) first with respect to x, the upper limits being
the variables y or z and the lower limits zero, gives

V=r f “yrdw 1)
and V=mn f m:l:2 dy, 2"
Yo

the formulas for solids of revolution, single integration.

181. Volumes by Triple Integration — Polar Coérdinates.
— Let the point P (p, 0, ¢) be any point within a por-
tion of a solid bounded by a surface and the rectangular
planes. As usual, p is the distance OP from the pole at the
origin, 6 is the angle ZOP which OP makes with the z-axis,
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and ¢ is the angle XOP’ which the projection of OP on the
XY plane makes with the z-axis. Let the solid be divided
into elementary volumes' like PDD,Q; by the following
means.

Y

(1) Through the z-axis pass a series of consecutive planes,
dividing the solid into wedge-shaped slices such %s COAB.

(2) Round the z-axis describe a series of right cones with
their vertices at O, thus dividing each slice into elementary
pyramids like 0 — RSTV.

(3) With O as a center describe a series of consecutive
spheres. Thus the solid is divided into elementary solids
like PDD;Q;, whose volume is given approximately by the
product of three of its edges, PP, PP,, and PQ.

Let edge PQ = Ap, angle POP; = A6, angle AOB = angle
PO'P, = A¢; then edge PP, = psin 6 A, and edge PP; =
p Ab. ‘

Hence, the volume of the elementary solid is given ap-
proximately by p?sin6A6A¢pAp. It can be expressed
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exactly but the additional terms vanish when the three in-
crements are made to approach zero. Therefore, the volume
of the solid is given by the limit df

2 p?sinf A Ag Ap;

A0=0 Ap=0 Ap=0

V=fffp2sin0d0d¢dp, 0))

each integral to be taken between the limits required to find
the volume sought. The summation can be made in any
order so long as the volume is continuous.

For a solid of revolution with the z-axis as the axis of
revolution, the formula (1) for the volume becomes

V=27rffp28in0d0dp, 2)

since the limits for ¢ are then evidently 0 and 2 ». The
limits for p and @ are then the same as are used in getting
the area of the plane figure revolved.

Corollary. — 9,0,°V = p? sin 6 df d¢ dp is an elementary
rectangular parallelopiped; and 9,*V = 27p® sin 0dfdp is a
circular ring with rectangular section.

Example’l — Find the volume of a sphere of radlus a,
using polar coérdinates, pole at end of a diameter.

By formula (1); or by (2), if the volume is considered as
generated by revolving the semicircle about the initial line,
the line from which 6 is measured,

3 *2acosd
V=21rf j p?sin@dé dp
0 0

3 NI
16;‘1‘[ cos® 6 sin 6 df
0

_167a*[ _ cos* 9];_51,.03
T3 4 L 37
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Ezample 2. — Find the volume generated by revolving the
cardioid, p = 2 a (1 — cos §) about the initial line.

24 (1=c080)
V=21r£f p*sin 0 df dp
o

3 [('r
- 167a j (1 — cos@)3sinfdo = 94ivraﬁ.
3 0 3

Ezample 3. — Find the volume made by revolving the
lemniscate p? = a? cos 2 6 about the initial line.

T [a Vs
V=21r£ j)‘ p*sin6db dp

7
o 47dd (cos20)*sin0d0 4mf(200329 1)¥singdg

3
ol

182. Volumes by Double Integration — Cylindrical Co-
ordinates. — In finding the volume of some solids the
integration is performed more
readily with the use of cylin-
drical codrdinates.

In this system of coordi-
nates the position of a point
is given by the cylindrical co-
ordinates (r, ¢, z), where (r, ¢)
are the polar codrdinates of
the projection (z, y, 0), on the
XY plane, of the point (z, y, 2).

It is evident that the equa-
tions of transformation from
¥ rectangular to cylindrical co-

ordinates are:

z
3

P2

&
"_"L";@"’

]

N A
R

~

]
A

=rcos¢d, Y=reing, 2z=z; (¢))]
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and those from cylindrical to rectangular,
r= Va4 y ¢—cos‘1’7—s1n-1y—tan‘1y z=2 (2

To derive a formula for volume the differential element of
area in the XY plane may be taken as the rectangular base
of an elementary right prism with altitude z, the base of the
actual prisms into which the solid may be divided being
bounded by lines two only of which are right lines, the other
two being circular arcs, and the altitude of possibly only one
edge being 2, since the surface of the solid may be curved,
or not parallel to the XY plane, even when plane.
The expression for the volume of the solid is

V=ffzrd¢dr, 1)

where z must be expressed in terms of r or ¢ in order to effect
the integration, and where the limits are to be such as will
give the volume sought.

Corollary. — 3,52V =2r d¢ dr is a right prism with rectangu-
lar base. The double integral in (1) is the limit of the sum of
the elementary solids into which the given solid is conceived
to be dividgd, or it is to be considered simply as the’anti-
differential of a second partial differential, when the differ-
entials are taken as finite constants. Either way of regard-
ing the differentials leads to the same result.

Example 1. — To find the volume of a sphere of radius a.
Taking the pole at the center of the sphere, by (1),

27 a —
= 2 __ 2
14 2]; J;\/a rrdedr
=%a3‘£2'd¢=7§1ra3.

Exzample 2. — A cylindrical core with b as the radius of a
right section is cut from a sphere of radius a. Find the
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volume of the remaining portion of the sphere, when b < a
and the axis of the core includes a diameter of the sphere.

V=2j:£\/a2—r2rd¢dr
= 2‘/:*d¢[— }(a*— r’)*]:
= gr (@ - W}
Vol. of core = %I (a3 — (a2 — b)),

Ezample 3. — Find the volume in first crtant cut from a
right cylinder, with its base of radius 7, on XY plane and axis

the z-axis, by the plane z + y + Z—1. Here
a b ¢

z=c(1 —-Z—%)=c(1—£cos¢—%sin¢)-

1 r r .
V=c‘/:jo‘ (l—acos¢—b—sm¢>rd¢dr

K % n? rdfcos¢ , sing N LY 1) .

=<, [z ‘3( a +T)]d¢-"10[4*‘§(5+b

Example 4. — Find the volume of Ex. 8, Exercise XLII,
by using formula (1), which will give the volume sought

more easily than by f f f dx dy dz.

; a cos N—
V=4./o‘ ¢\/a2—r2rd¢dr=§(1r-§)a3.
0

Ezample 5. — Find the volume of the segment of the right
cylinder which has its base a loop of the lemniscate r? =
a’cos 2 ¢ in the XY plane and its upper surface a plane
which intersects the XY plane in the y-axis at an angle of 45°,
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Here 2= =TC08¢;
T (aVeosts ,
V=2£j; 7 cos ¢r de dr
2a®

T
= Tf cost2¢cospdo
0

. o
=%“—£ (1 — 2sin ¢)¥ cos ¢ do

_r\/éa"
T 16

183. Mass. Mean Density. — As stated in Art. 166,
the mass of a body, being defined as the product of density
and volume, when the density * varies continuously,

m=limitz'yAV=f'de, )

AV=0

which becomes m = f f f v dx dy dz, (2)
or m=fff’yp2sin0d0d¢dp, 3)

»
according ‘a,s rectangular or polar elements of volume are
used. In these expressions v denotes the varying density
at the different points within the body. The mean density
of the body, denoted by 7, is given by the equation

R @

When the mass is considered as distributed continuously
over a surface, the element of volume dV is replaced by
dA = dx dy or pdd dp; and when the mass is considered as

* Density will now be denoted by 7, instead of p used in Art. 166.
24 ’
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distributed along a line, straight or curved, dV is replaced
by ds, the element of length.

When the integral is considered as an anti-differential the
elements are expressed directly in terms of the finite differen-
tials; when, however, the integral is considered as the limit
of a sum or sums, the elements are expressed in terms of the
infinitesimal increments, the differentials appearing under
the integral sign.

Ezample 1. — Find the mean density of a sphere in which
the density varies as the square of the distance from the
center.

Here the distance p of a volume element determining its
density, the polar element should be used.

Taking the density at a distance p from the center as
ko?, k being a constant, and the volume element as
p2sin 0 A Aé Ap, from (4),

fffkpsmodedd;dp 3

= ka?.
$ral =5

Again, since the density is the same for all points at the same
distange p from the center, taking for the volume element
a spherical shell of thickness Ap, AV = 4 mp? Ap, whence

41rf kp* dp

% T %$7a® 5 ka2

The mean density is thus shown to be three-fifths the
density at the surface of the sphere.

[The mean density of the earth according to the best
determinations is very nearly 5.527 times that of water,
while the average density of rocks at or near the surface
is only about two and a half times that of water; hence,
the mean density of the earth is about twice the average
density at the surface.] See Corollary at end of Art. 190,



MASS 349

Ezample 2. — Find the mass and mean density of a semi-
circular plate of radius a, whose density varies as the distance
from the bounding diameter. Here v = ky,

o (WVa—gi
m=ff kydxdy = % ka?;

2ka® 4 ka

b} 7ra2

Or m = ffkp sin 6 df dp = % ka?,

where ky = krsin 6.
By a single integration, the element of area being

@Ay = Vai — ¢ Ay,

m = 2falcx/a2—- yrydy = % kad.
0

Y=

Ezample 3. — Find the mean density of a straight wire of
length I, the density of which varies as the distance from
one end.

Example 4. — Find the mass and mean density of a hemi-
spherical solid, radius a, the density varying as the distance
from the base.

m = fakzwxz dz = fukw (a? — 2%) zdz = ;nka;
0 0

Here the element of volume is a spherical segment, 722 Az =
7 (a® — 2?) Az, at a distance z from the base.
Example 5. — Find the mean density of a right circular
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cone of height &, in which the density varies as the distance
from a plane through the, vertex perpendicular to the axis.

f kewz?de  km 35 f 2dz

= "Irath = Irah ‘"’“h

Here origin is taken at the vertex and element of volume is

a being radius of base; v = kz.
184. Curvilinear Motion. — Let a body slide without
friction down any curve ab. The
acceleration caused by gravity
at any point P is ¢ sin «a, where
a = PTD, PT being a tangent
to the curve.
Let PT = ds; then —PD =
dy; hence,
0 b —x d?s
ar
Let 3, be the ordinate of the initial point on the curve; then
v =0 when y = yo.
Integrating (1) gives

=2 = VagG—w. (@)

YCt

=gsina = —-gzg 1)

It follows from (2) that the velocity of a body acquired
by moving freely down any frictionless path is the same,
and is what it would acquire in falling freely through the
vertical height between the initial and terminal points.

Since ¢ = [ fdf the time will depend upon the path.

* Simple Circular Pendulum. — Consider the motion of
a particle on a smooth circular arc under the action of

gravity as the only force. The value 7 \/5 is the expres-
* See Art. 236, Applied Calculus.
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sion usually taken as the time of a vibration; 2= \/% being

the value taken for a complete oseillation back and forth.
185. Cycloidal Pendulum. — A particle moves along the
arc of a cycloid; find the time of descent.

Y|
c
N /
N
\\ 2a
A’ 4
2a /
7 X
From (2) of Art. 184
= V2g(yo—y). 1)

The equation of the cyclmd referred to OX and OY is
z=aversty/a+ V2ay — &
Hence, ds = —V'2a/y dy, which substituted in (1), gives

— — ’
® Yo
t= \/ . \/9 vers™ gﬂ]l = \/2 [7r—vers"1 ?_?1]’
g Yo g9 Yo

v Vyy—19 v

t=1r\/g, when y =0, and 2t=T=27r\/g,

the time of one oscillation of a pendulum if it swings in the
arc of a cycloid.

The time of an oscillation being independent of the length
of the arc, the cycloidal pendulum is isochronal.

The pendulum is described in Art. 97, Ex. 3.

The cycloid is the curve of quickest descent, the Brachysto-
chrone; that is, the curve down which without friction
gravity will cause a particle to fall in the shortest time.
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APPLICATIONS.

186. Rectilinear Motion. — I. When the acceleratxon is
constant,
da _d’s . d's_  _ds_ .
a—t='d—ts'—-0, W—a, 1}—dt-—at+i}0,
s = jat? + vt + so

For bodies falling freely towards the earth from moderate
heights, the acceleration g being taken constant,
v=10o—gt, s=uvt— g2+ so;
from rest,
v=—gt, s=—%gt% (Ex.5, Art. 115.)

Projected outward from rest, h = vt — % g2 (Ex. 6, Art.
115), where & is height from point of projection.

II. When the acceleration varies as the distance. Let
2

a= Z? = —ks, where k, a constant, is the acceleration at

a unit’s distance from the origin; and let the body be of unit

mass at an initial distance r; then,

ds ds
., 2(%)(;((”) —2ksds;

2
2= (Ei) = €y — ks® = r® — ks?, where kr? = Cy;

- ds - 48 _
t= }f\/ 2=k%0051;(+02—0),

12 — ¢
t =0, when s = r;
whence

s =rcos (}) = rsin (Ic%t + 1—2':)»

where the last result is gotten if the positive sign of the radical
is taken in integrating.
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Putting s = 0, gives v = r V%, the velocity at the origin,
and t =n/2k7}, 37k7h § k3, e aOrs=", givest = 0,
2x/kY, 4n/k}, ... Hence the motion is periodic, the
period being 2/k}, which is independent of the initial
distance.

Differentiating s = r cos (k}f), gives

- V= fj%s = —k¥rsin (k¥),
which expresses the velocity in terms of the time that the
body has been moving.

It is seen that this is a case of simple harmonic motion.
(Art. 73 and Art. 226, Applied Calculus.)

It has been shown in Art. 190, Cor., that the attraction of
a sphere of uniform density for an internal particle varies as
the distance from the center. Hence, a particular case of
the periodic motion just considered would be that of a body
which could pass freely through the earth, taken as a homo-
geneous sphere. Such a body would vibrate through the
center from surface to surface. To find the time of this
half period:

t = =k} = 3.1416 v/20900000/32.17 sec. ,

® = 42 min. about.

III. When the acceleration varies inversely as the square
of the distance.

Let %k be the acceleration at unit distance from origin;

then, o="5= @

where s is to be taken always positive; multiplying by 2 ds,

ds\ . (ds\ _ o1 -3 qc.
2(32)(1(&_5)_ 2ks*ds;

ds\2 1 1
3 1 2= (=) = =y
integrating, v (dz) 2k (s r) )
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where s = r, when v = 0, which gives the velocity of a
particle at any distance s.

For the time,
—38ds
V dt
Virs— st

negative, since s decreases as ¢ increases,

__[1 r—2s r 1 ]dsl
2vrs— 8 2Vrs—gsl ]

integrating between limits corresponding to ¢ =% and
t = 0, gives

t=\/§[\/rs—-s2

When the particle arrives at the origin, s = 0, therefore, the
time to the origin from the point where s = r is

. _"_(Z)%.
VE\2

It is seen from (1) that the velocity = 0 when s = 7, and
= o when s = 0; hence the particle approaches the origin
with increasing velocity. While the attractive foree causing
the acceleration is very great near the origin, there can be
no attraction af the origin itself; therefore, the particle
must pass through the origin; and the conditions being the
same on either side of the origin the motion must be retarded
as rapidly as it was accelerated; hence, the particle will go
to a point at a distance r equal to that from which it started
and the motion will continue oscillatory.

An illustration of this general case has been given in
Art. 193, where the attraction of the Earth for an external
particle was considered as the cause of motion.

IV.* When the acceleration varies as the distance and the
motion is away from the origin.

* See Art. 234, Applied Calculus.

T vers 28 4
5 vers r+2]' 2
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187. Discharge from an Orifice. — The coefficient of
actual velocity
theoretical velocity
ity for a small sharp edge orifice is 0.98; and, for a short
tube, it is about 0.82. If a is the area of a small orifice,
then the theoretical discharge, or the quantity of liquid

issuing in a unit of time, is

Q=av=aV2gh. ¢))

On account of the contraction of the jet at the orifice and the
diminution of the velocity the actual discharge is

Q =ccav=06a \/2_g7t, 2

where ¢; = ¢.c, = 0.62 X 0.98 = 0.6 about, for a standard
orifice; for a standard short tube, ¢; = 0.82, the coefficient
of contraction being unity.

velocity ¢, = ;3 the coefficient of veloc-

For a small orifice the head is taken as constant and as
that on the center, and for heads greater than twice the
height of the orifice that gives the discharge almost exactly.
For large orifices under low heads the variation of head over
the orifice, causing a variation in the velocity of the jet and
therefore in the discharge, makes the formulas above in-
applicable for exact results.

Let h be the head on the center of a rectangular orifice of
breadth b and depth d; and let the rectangle be supposed
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to be divided into horizontal strips of area b Az, x being the
distance from the center line of the rectangle The quantity

Q = lim szxV'z'g(h—x'—bﬂf (h — o)} da;

Az=0

NoT) z _# by expand-
Q=90 2ghj ( T 2h 8R )dx (ing in series)
d? 1 dt
=bd\/2gh<1—-m—§0T8hz_...>. @)

It is seen that the quantity in the parenthesis is less than
unity, and the discharge is therefore less than that given
by (1).

For h = 2d, the value of the parenthesis factor is 0.997,
so for heads greater than twice the height of the rectangle
the discharge may be figured from Q = caV'2 gh, where ¢ is
the coefficient of discharge.

Integrating without expanding (h — z)¥ gives

d

@=bv2; [(-atd=svE[- 10— 9]

M 2

e} e

If the orifice extends to the surface and the bottom is &
below,

.

Q=bvE[-1G-2t| = 30hvEE, )

which is just 3 the quantity that would flow through an orifice
of equal area placed horizontally at the depth h, the vessel being
kept constantly full.

The mean velocity v, is seen in (5) to be 2 V2 gh.

For any vertical orifice formed by a plane curve whose
vertex 0 is at the depth &; below the surface of the liquid in
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a vessel of height h, kept constantly full, the formula for dis-
charge is

o= "2y Vet T o) da. ©)

To get the time of emptying the vessel; let the surface be
z below the top at the end of the time
t, z = 0 when ¢ = 0; then the quantity
discharged in an element of time is

L [hh -—
dQ=|:2\/2gj(: y\/x+h1—zdx]dt,

2z being constant during this integration;
and since in the same time the quantity
discharged through the orifice must be
A dz, A being the area of the section of the vessel at depth
2, it follows that

[2\/2gfy\/x+h1——zdx dt = A dz;

Adz )
2\/2g j” Vs T ade

Ezample. — Water is ﬂowxng from an orifice in the side
of a cylifirical tank whose cross section is 100 sq. ft.
The velocity of the jet is V2 gz, & being the height of the
surface above the orifice; and the cross section of the jet is
0.01 sq. ft. Find the time it will take for the water to fall
from 100 ft. to 81 ft. above the orifice.

For this example the formula becomes

hy
t=— 4__ f ¢ ¥dx (where z is height of surface
cav2gJn

above orifice and a is area of the orifice)

100 fﬂl S 10000 é] (taking)
= TV Je® ® 2k g =32

= 2500 (10 — 9) = 2500 sec. = 413; min,




CHAPTER VI.

APPLICATIONS. PRESSURE. STRESS
ATTRACTION.

188. Intensity of a Distributed Force. — A distributed
force is one that acts on a surface, such as the pressure of
water against the surface of contact, the pressure of a weight
upon the surface of its support; or, one that acts through a
given volume, such as the attraction of the earth on a body.

All forces are really distributed forces since no finite force
can act at a point of no area; although this is true, in some
cases it is convenient to regard a force, whose place of appli-
cation is small, as though it were applied at a point. Such
a force is called a concentrated force. A distributed force is
conceived as ‘“‘equivalent to”” a concentrated force called
the resultant force, when the force of gravity acting on every
particle of a body is taken as acting at a point within the
body, called the center of gravity. A distributed force is
regarded as the limiting case of a system of c%ncentrated
forces whose number becomes larger as their individual
magnitudes become smaller. It is thus that a force is re-
garded as having a definite point of application and a definite
line of action: when so regarded it is a localized vector quantity.
When a force is distributed over an area, the intensity of the
force at a point is the number of units of force actlng on a
unit of area including that point.

Briefly the intensity is defined as the force per unit of
area. If the force is uniformly distributed, the intensity p
will be equal to the force P, acting on the entire area, divided
by the area A; that is,

p=y 1)
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If the force is not uniformly distributed, the intensity at
any point of the area will be given by

AP7 dP
p = lim [‘A‘A] A’ @

the limit of the ratio of the force, acting on a small element
of the area, to that element as it approaches zero as a limit.
When the intensity varies from point to point over any area,
the force on that area divided by that area gives the average
intensity on the area. In any case the entire force is given

by
P= [pa4, @3

where p, if variable, must be expressed in the same terms as
dA in order to get P by integration.
If p is constant,

P=pfdA=pA, and p=f—Z- )]

189, Pressure of Liquids. — The pressure of a liquid
on g surface is normal to the surface, and the intensity of
pressure varies as the depth of the pomt below the free
surface ofthe liquid. The intensity is given by

p = wh, (1)

where w is the weight of a cubic unit of the liquid and &,
called the head, is the depth of the point below the free
surface.

If w is expressed in pounds per cubic foot, h should be in
feet, and p will then result in pounds per square foot. For
water w is usually taken as 62} lbs. per cubic foot, and the
intensity of pressure given in pounds per square foot. When
the intensity p is .constant on any horizontally immersed
.plane surface the total pressure P is, by (1) Art. 188,

P = Awh = 62.5 Ahlbs. 2
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When the surface under pressure is not horizontai, by (3),
Art. 188,

P= A w:t dA, ®3)

1

where the limits of z are the least and greatest heads on the
area. When the area extends to the surface of the liquid,
the lower limit becomes zero and the upper may be taken
as h.

- -, by (@), Art. 175,
dA =7A, A ’
Since in (3), f r x (Applied Calculus.)

pP= f wrdA = AwF = 62.5 A% Ibs.

Hence, the total pressure on an tmmersed area is the product of
that area, the wetght of a cubic unit of water, and the head upon
its center of gravity.

In general the pressure of any liquid upon an area is equal
lo the wezght of a column of liquid whose base is the area pressed
and whose height is the depth of the center of gravity of the area
below the surface.

Ezxample 1. — The vertical face of a dam subjected to the
pressuye of water is h ft. in height and b ft. in breadth. The
pressure of the water varies as the depth; the iftensity at
a depth z is wz, w being the constant weight of a cubic unit
of water. Required the total pressure on the face of the
dam, and the location of the center of pressure.

Let the area of pressure be divided into strips of width Az
and length b, then wzx + b Az is approximately the pressure on
the element of area — for wzx is the intensity of pressure at
the top of the strip.

The sum of a finite number of terms of the form wbx Az
would give a result for the total pressure less than the actual
value; but the exact value is

27\»
= lim 2 wbex=wb£ rdx= 2IE] wbh® wh

5 | =T~ =" bk (1)
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The intensity of pressure is a uniformly varying force having
zero value at the surface of the water and value wh at the
bottom. The center of pressure, Being the point of applica-
tion of the resultant pressure, is given by taking the moment

b
//’
r 2\ 7]
W
3 s
pe) wx
IRt 9% 4
[P ¢
HERYS g
J_"z/_]ll ::} // // - \\ y:]
L TN N
/ g AN

of P about the surface line equal to the limit of the sum of
the moments of the elementary pressures about that line:

— h wha? Ih wbh?
. = 2 = _ —— .
zP j(: wba? dx 3 = 3 ’

h
2
. er—‘fowbx dx_'wbh"'/3__g
v j.hwbxdx T wbh?/2 3
0

In general, the center of pressure of a rectangle with a
side at the surface is two-thirds the height of the rectangle
below the surface. When the top of the area is h; below the
surface and the bottom is h; below, the total pressure is

ha
P= wb‘/h. rdr = %l—)(h»z2 - k),

1

h. °(2)

and

w—h @
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It may be noted that the second moment in the numerator
is the moment of inertia of the area, and the first moment in
the denominator is the statical moment.

Note. — That P = f wbz dr in (1) is the reversal of a

rate may be seen by considering the rate of change of the
total pressure when the depth z is increased by Az, for then
the pressure P on the area is increased by AP= wzx - b Az,
approximately, and AP/Az= wbx (nearly).

AP _dP _

Hence lim =wbz,

Azs.o—A—a—:- - dx

h
the rate of change of P; and P = ﬁ wbz dz asin (1); so

the total pressure is a function of k and its rate of change
is wbx = pb, where p = wz is the pressure on a unit of
area.

Note. — Whenever an external force acts on a body it
induces a resisting force within the body. This is in accord-
ance with Newton’s third
law of motion. This in-
ternal resistance is due to
the ‘molecular forces or
stresses within the body.
A stress is a distributed
force acting on a surface

Ezample 2. — A verti-
cal rectangular section
ABBA; of a beam of
breadth b and depth d is
subjected to a stress of
tension and compression uniformly varying in intensity from
zero at the middle fiber to S;and 8. at the outside fibers, at
the distance, 41 = % d, from the neutral axis or middle fiber
of the section.
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Find the total tensile and compressive stresses and the
centers of stress on each half of the section.

The intensity of stress at the distance y from the neutral
axis is (S/y1)y, hence (S/y1)yb Ay is approximately the stress
on a strip Ay in depth—the intensity at the edge of the
strip being taken. The sum of a finite number of such
terms would give a result less than the total stress on the
half section; but the exact value is given by

n
P=1l
ilurilozo 0N U
_&QT_@JEQQ
b - 29| T7

=% 9
For the center of stress, the point of application of the total

stress,

d
- YARE 4
0 ylydy"y13o"3y‘ T 12

—_ Sbd* /Sbd _ 1
v=13/ 1 ~3%
When S = S: = 8., P = P1; hence, the total tensilg and
compressive stresses form a couple with arm % d, the moment
being

j-P=

2
Sbd gd o St , called the section modulus.
4 3 6

By the mechanics of beams, if M denote the moment of the
external forces acting on the beam, M = ——-——Szdz-

Example 3. — A vertical circular section of a beam is
subjected to a stress of tension and compression uniformly
varying in intensity from zero at the horizontal diameter
2 a of the section to S; and S, at the top and bottom fibers,
respectively.

25
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Find the total stresses on the upper and lower semicircles
and the centers of stress on the semicircles.

Denoting by P the total stress on either semicircle, and
taking S, = S. = §;

P=lim 2 A 2z Ay = —Sfa\/aﬂ—gfydy

Ay=0
2_'8__ 2 2%]_2_*3 200 _1gon.
_a[ @ =t =359~ Sa—GSd’

@-P=7£QVa2—y2y2dy

281 0,0 v/ P 1Y “(SeeEx.2,Exer-)
- [(21/ @)Va YgsnT o\ cise XXV

28 wa*_ Smd® Swd® |

__ Srd /S& _3wd.
Y="%1 /76 " 32

Hence the couple formed by the forces P has an arm,
2y = Yy nd, and
‘ 1 3 Swd?
M= 5Sd2 . ngrd =35 the section modulus.

Example 4. — Find the total water pressure upon the end
of a circular right cylinder immersed lengthwise, one element
of the cylinder just at the surface of the water. Find the
center of pressure of the circular area.



PRESSURE OF LIQUIDS 365

The intensity of pressure at a depth y being wy, the
approximate pressure on a strip is wy -2z Ay.

2a
The wua: pressure is P = lim Y, 2way Ay;
0

Ay=0
2a 2a
P= 2wﬁ 2ay — P iydy = 2waj; (2ay — ) dy
2
=2wa- %i = wrad; (Ex. 13, Exercise XXV.)
A 2a 2a 1
_ 2wa 2ay—y)y*dy %a-2wj; Cay—y’)*ydy
vy= P - wrad
5 4
= th:zz = ga = gd. (Ex. 13, Exercise XXV.)

EXERCISE XLIIL

1. (b) Thg pressure upon one side of the gate of a dry dofk, the
wetted area being a rectangle 80 ft. long and 30 ft. deep, is to be found
exactly. Take w = 62} lb. for the weight of a cubic foot of water.

(¢) Find the depth of the center of pressure. Ans. (c) 20 ft.

(a) Find the pressure approximately by a limited number of terms.
(See Art. 154.) Ans. (b) 112} tons.

2. The pressure on the gate that closes
5 a water main half full of water, the diam-
i t eter of the main being 8 ft. Get the

1 1y exact (b) pressure only. (c) Find the
i center of pressure.
ay /////////// b Ans. (b) P =142 wlbs. (c)y =§=ft.
2

b - 8. Find the exact pressure on a cir-
cular disk 10 ft. in diameter, submerged
below water with its plane vertical and
its center 10 ft. below the surface. Here
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Pmuf’~" (0-y2zdy=20f"" (10-4)@-sidy
=0uf @ -y —2uf @ -y

=200 e +i@ -] =20m0
= 2507 - 621 b.

4. Find the pressure on the face of a temporary bulkhead 4 ft. in
diameter closing an unfinished water main, when water is let in from
the reservoir. The center of bulkhead is 40 ft. below the surface of the
water in the reservoir. Ans, Nearly 16 tons.

5. Find the pressure on the end of a parabolic trough when it is full
of water. The parabola has its vertex downward, the latus rectum is
in the surface and is 4 ft. long. Here

1 1
= i — = — }
P Al;glozo?:w(l y) z Ay 2wj; 2(1 —y)y*dy

1 1
=4wj; y*dy—fo vy

= 4w [1g —éy’]: ~ } w = 66§ Ibs.

Y
[ S E
S | 1,
Iy
4y 1
7] ’ D -X

@

8. A horizontal cylindrical tank is half full of oil weighing 50 lb. per
cubic foot. The diameter of each end is 4 ft. Find the pressure on
each end. Find the pressure when the tank is full also.

Ans. 2663 1b.; 1256 1b.

190. * Attraction. Law of Gravitation. — Every portion
of matter acts on every other portion of matter with forces
of attraction or repulsion. According to Newton’s Law of
Universal Gravitation, every particle of matter attracts
avery other such particle with a force which acts along the
ine joining the two particles, and whose magnitude is pro-

* This article is based on & discussion in Fuller and Johnston’s
Applied Mechanics.
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portional directly to the product of their masses and in-
versely to the square of the distance between them.

If the masses of the particles art m and m, and the distance
between them is r, the law may be expressed algebraically by

F= ’—”r%’ 1)
where F is the attractive force between the particles and
K is a constant, determined by experiment, its numerical
value depending on the units in which F, m, m; and r are
expressed. The value of K having been determined in one
case is then known for all cases.

While formula (1) expresses the law of gravitation, the
general algebraic expression for the law of attraction would
be

mny

F=EKZrs ()
where ¢ (r) is some function of the distance between the
particles, depending on the nature of the attractive force,
K is a constant, and m and m, other quantities than the
masses of particles.

In interpreting formula (1), it is to be noted that it gpplies
strictly orfly to particles; for the particles having finite
masses must have finite dimensions and hence, as the distance
between them is diminished, » cannot be less than a certain
finite quantity and the maximum value of F, when the
particles are in contact, will be a finite quantity. If r were
taken to be zero in any case, F for finite values of m and m,
would become o0 which would be impossible under the
conditions.

The formula, while applying strictly only to particles,
gives, to a close approximation, the attraction between two
bodies of finite size, whose linear dimensions are small
compared to the distance between them. In the application
of the law the attraction of one particle on another may be
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regarded as acting at a point. It will be shown that any
sphere attracts any outside particle as if the whole attraction
was towards a point at the center of the sphere, but, in
general, the attraction of bodies on exterior particles is not
always towards the center of gravity of the attracting body.

Attraction of gravitation is a mufual action between two
particles or bodies; that is, each exerts an attractive force
upon the other, the two forces being equal in ‘magnitude and
opposite in direction. This is implied in the Law, -and it is
also in accordance with the law of ‘“action and reaction,”
Newton’s third law of motion.

It is evident that, in formula (1), K is equal to the force
with which two particles of unit mass at a unit distance
apart attract each other.

If the equation is divided by m, then

—=a=K;—; (3)

where a is the acceleration which would be produced in the
mass m; by the attraction of the mass m at a distance r.

The quantity K 2: would also equal the force of attraction
r

exerted by the mass m on a mass unity at a distance r.
Briefly this is called the attraction at the point, at which the
unit mass is situated, exerted by the mass m.

The attraction at a point exerted by any mass is called the
strength of the field of force, or briefly, the strength of field, by
which the space through which the attraction of the mass is
exerted is expressed.

Electrostatic and magnetic attraction and repulsion are
other examples of forces, which are governed by laws similar
to that of gravitation.

The following examples are based on the law

F=K§,
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where F is the attraction of a particle of mass m for a par-
ticle of unit mass, the body being taken as homogeneous, of
unform density; that is, each

Y // ? cubic unit having the same
sy weight.

pd /‘,\*2’5, I Ezxample 1. — Attraction of a

S ’ ‘&//’/5‘,59//7’\‘ Rod of Uniform Section. — (a)

/Bé//); b s pet the rod of smal! section be

4] S in the form of a circular arc;

0P i 7 X to find the attraction at the
N /" center of the circle.

N Let r be the radius, a the

\\ angle subtended at the center,

A { and m the mass of a unit length

AN of the rod. Take the axis OX

Npr bisecting the angle «, and let 8

be the angle which the radius
to any point P makes with OX. The attraction at O of a
particle at P is

AF = Km As - Km Ag

e - )

Since all the elementary forces of attraction are directed
to the pdint O, the resultant R is found from the sum of the
components of the elementary forces.

Km . «
EX——*‘/‘ 0d0— sm§,

EY=T sm0d0=0,

the attractions being neutralized.
Hence R=V (2, x)+ S v)y= 2Km ;@ @)
! r 2

2Km
2 3)

Whena=m, R=
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When @ = 27, R = 0; since the arc being a circumfer-
ence of a circle, the attractions neutralize each other.

(b) Let the rod be straight; to find the attraction at a
point. Let r be the shortest distance from a point O to the
rod. Taking O as origin, the equation of the rod isx=r
(constant).

When the rod is B’AB the angles may be ta.ken as in (a)
for the circular arc. The attraction at O of a particle at P’
on the rod is :

AF = Km Ay Km cos? 4 A

7 Y. ")
(OP )2 7?2
The resultant attraction is found as in (a); since y = r tan 6,
dy = rds
Y= Costa’
3
ZX = I—gmfcos”ody = E—@f cosddd
A r” rd
= 2Kmsm as in (a). '
Ty 2’

3
2Y=I—{T2ﬁz-fcos‘~’0sin0dy=%@f ginfdf = 0.

3
Hence, R = 2Ifm sin 2 5 88 in (a). o ()

It is thus shown that if the straight rod B’AB is of the
same mass per unit length as P.P;, the resultant attraction
of B’AB at O is the same as the attraction of P,P;, since the
sum of the attractions of the elementary masses m Ay and
the sum of the attractions of the elementary masses m As
have the same limit.

(0') Let the rod be still straight but A,B, the angles with
OX of the lines from O to the ends bemg a; and oe; then,

EX-——m—f "‘—-—(Slllaz-Slnd]),
EY-=— sm0d0=£—(cosa1—-cosaz).
T Ju r
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Hence,
=B T e = el = P2 o, (@)
and 2
Y COS @y — COS o s+
tanf, = EX T T sina; —sine; g
_ ot o .
0, = —5
the line of action of R bisecting the angle 4,0B, subtended
by A.B at O.

(") Let the point O be at A, making r = 0 and (3')
indeterminate. Then,

AF = Kr;z dy
y1 y2 yzyl yz?/l

where M = the entire mass of the rod.

If the point O is taken at the end of the rod, y, = 0 and
equation (4) gives R = . This is impossible; for, as
stated in Art. 190, r cannot be zero for finite particles. If,
however, y: = ©,

. _Km .
N
making R a finite quantity for any length from A,.
If the point O were taken on the rod between A, and B,
with lower limit, —y,,
1
R=—Km (y1 + yz)
and, if O were taken at the middle point of the rod, it is
evident that R = 0.

Ezample 2. — Atiraction of a Spherical Shell at a Point. —
Find the resultant attraction of a spherical shell of uniform
density and small uniform thickness on a particle of unit
mass, M’ being the mass of the shell.
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(a) Let the point P outside the shell be the position of
the particle.

Let v be the density and'¢ the thickness of the shell, O its
center, and a the radius ON; let NP = r and OP = d. If
the circle be revolved about OP as an axis through an angle
2, a thin spherical shell of thickness ¢ will be generated, and
an elementary volume will be generated by the elementary
area at N, whose mass will be AM' = ~t*2=a?sin g Ag,
approximately.

(

Y

R/,
1,

7,

777
'y
i
y_ﬁ

N

LTSV TR

The attraction of the elementary mass at N for the particle

of unit mass at P is

AF = K'Yt; Ad, . 1)

This attraction may be resolved at P into a component X
along PO and a component Y perpendicular to PO. To
every elementary mass at N there is a corresponding mass
at N’, whose attraction at P is X along PO, and —Y per-
pendicular, which neutralizes Y. Hence the attraction of
AM’ is along PO, and is given approximately by

1] 2 1
AF = Knt 2w;z2 sin 6 A6

cOS ¢. @)

From the geometry of the figure,
2 = a? + d? — 2ad cos d,
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which differentiated gives

rdr

rdr=adsinfdf; .. Smo:ad~d0;

d— acosf

and from the figure, cos¢ = »

Substituting these values in (2) gives exactly,

2 — 2 2
dF = Kyr Z_ﬁ(‘-”—-—;‘z—ti) dr; @)
at [*e(d? — o +1?
hence, F = K’Yﬂ' (ﬁ ‘[d—a (——;‘2————) dr
4 Kyra®t KM’
== & @

It follows from (4) that the attraction is the same as
though the mass of the shell were concentrated at its center.
It follows also that a sphere, which is either homogeneous or
consists of concentric shells of uniform density, attracts a
particle without the sphere as if the mass of the sphere were
concentrated at its center. This law holds almost exactly,
for bodies slightly flattened at the poles, if the particle is not
too close, to the attracting body. Since both these con-
ditions exist in the case of the Earth and other members of
the Solar System, this law has important applications.

(b) Let the point P’ inside the shell be the position of the
particle. The equation (3) in case (a) is true for this case
too, but the limits for r are now a — d and a + d. Hence,

Fe Kyrat [a2 : d? + r]“"*’ -0; )

d2 a—d
that is, the resultant of all the attractions of the elementary
masses of the spherical shell on a particle within the shell

is zero.
(¢) Let the point where the particle is be on the surface

of the shell.
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In (4) making d = a gives,

F = 4K'y1rt = "'&J"—l— (6)

Corollary. — If a particle be inside a homogeneous sphere
at a distance d from its center, all that portion of the sphere
at a greater distance from the center than the particle has
no effect on the particle, while the remaining portion attracts
the particle in the same way as if the mass of the remain-
ing portion were concentrated at the center of the sphere.
Thus the attraction of the sphere on the particle is

Knyd® 4 Knvyd
p=3200 20, @)
that is, within a homogeneous sphere the attraction varies
as the distance from the center. The attraction of a sphere
of mass M on a particle at the surface is from (7), making
d=a,

*4 KM
F = :—;Kr’Ya = “‘&r (8)
Hence, the attraction for an external particle is
. KM
F= 3 ¢ ()]

where d is the distance from the particle to center of sphere.

Note. — The propositions respecting the attraction of a
uniform spherical shell on an external or internal particle
were given by Newton (Principia, Lib. I, Prop. 70, 71).

It was in 1685, nineteen years after he had concelved the
theory of universal grawtatlon, that he completed the"veri-
fication of the theory, by proving that a sphere in which the
density depends only upon the distance from the center
attracts an external particle as if the mass of the sphere were
concentrated at its center. Thus was the great induction
by this supplementary proposition finally established.

* See Art. 198,
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Ezample 3.— Attraction of the Earth* —1. Find the
relation between the attraction of the Earth on a body at
the surface and at a point & feeteabove the surface.

Taking the Earth as a sphere whose density is a function
of the distance from the center, R as the radius, and F and F’
as the Earth’s attraction upon the body at the surface and
at h feet above the surface,

F/F' = (R +h?/R* (byEx.2,(8)and (9)),

or . F’' = FR?/(R + h) 1)
If h is a small fraction of R, then approximately,
FF=F(1+h/R)2=F( —2h/R). (2)

Since the “weight’’ of a body is the force with which the
Earth attracts it, the equations (1) and (2) give the relation
between the weight of a body at the surface and at a height
h feet above the surface. And, if g and ¢’ are the values of
the acceleration of gravity at the surface and at the point h
feet above the surface, since F/F’ = g/g’, the equations give
the relation between g and ¢’ also. *

(a) Find approximately at what height above the surface
will the weight of a body be % of one per cent less than at
the surface.

Takingshe mean radius of the Earth as 20,902,000 ¥t.,

F'/F=1-2h/R =1-—1/1000;
R 20,902,000
h= 3000 = 2000 10,451 feet.
Corollary. — A mass which at the surface weighs one pound
at 10,451 ft. will weigh 0.999 1b.

(b) Find how much the value of g is changed by a change
of elevation of one foot above the surface.

FFog__2h_, 2 1— 0.0000000957.

F g B~ © 7 20,902,000

* This example is based on examples in Hoskins's Theoretical Me-
chanics.
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The value of g for different latitudes and elevations is given
by the following formula, in ‘which g is in feet per second, !
is the latitude, and h the elevation in feet above sea level:

g = 32.0894 (1 + 0.005243 sin?I) (1 — 0.0000000957 h).
This gives

g = 32.0894 at the equator at sea level, and

g = 32.774 at 45° latitude at sea level;

this latter value, g = 32.174 ft. per sec. per sec. is the
standard value.

II. Find the relation between the attraction of the Earth
on a body at the surface and at a point h below the surface.
(@) Taking the Earth as a sphere of uniform density of radius
R,

F'/F=(R—-h)/R=1—-h/R (by Cor. Ex. 2), (3)

where F and F’’ denote the attraction at the surface and at
h below the surface.

Corollary. — Under thege conditions, the weight of a body
and the value of g would decrease with the depth h below the
surface.

(b) Taking the Earth as a sphere whose density is a
function of the distance from the center, let v denote the
mean density of the whole Earth and v, the mean density
of the outer shell of thickness h.

Let M be the mass of the whole Earth, M’ that of the
inner sphere of radius R — h, m the mass of the attracted
body, F and F"’ the attraction at the surface and at & below
the surface. Then F is equal to the attraction between two
particles of masses M and m whose distance apart is R, and
F" is equal to the attraction between two particles of masses
M'" and m whose distance apart is R — h. That is,

F = KMm/R*, F" =KM"m/(R — h)?;

" " P !
hence, I;, AJ{I ( RR h) 4)
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Now M =4$xRy; M —M" =47y (R — (R — h)*;

M" 'Yo[ (R = h)“] ( 70) 'Yo(R — hy?

—=1—=1—(——] |1 —~F AL B

S 7 P o R ) PO
which substituted in equation (1), gives

F” . _’YQ R 2 ’)’o(R—'h
P DEm) 3CE) o
If h is.a small fraction of R, equation (6) may be reduced
to the approximate formula,
F " _ Yo h
F-1+(2 3-7>R @
Corollary. — If the mean density of the outer layer of the
Earth is less than two-thirds the mean density of the whole
Earth, the weight of a body increases as it is taken below
the surface of the Earth. (See Ex. 1, Art. 183.)
The mean density of the Earth being taken as 5.52 and

that of the layer near the surface as 2.76, about the density
of the rocks, makes vo/y = % and equation (7),

F'/F =W"/W=y¢"/g=1+h/2R. ®)

That the v.veight of a body increases as it is taken below the

surface has been shown by actual trial. From (8), the depth

to which a body must be taken in order that it gain 134 of

one per cent in weight is approximately,

b= 2 X 20,902,000
10,000

that is, a mass weighing a pound at the surface will weigh
1.0001 1b. at a depth of 4180 ft. below the surface.

Compared with case I, it may be seen that, under the
conditions, for the same value of k, the gain in weight is one-
fourth as much as the loss in weight when the body is above
the surface, the same ratio of change applying to the value
of g also.

= 4180 ft.;
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191. Value of the Constant of Gravitation.* — From the
foregoing as to the attraction of a sphere, it follows that the
formula for the attraction of two particles,

F=K75 (1) Art. 190]

will apply to two spheres, which are either homogeneous
throughout or composed of a series of concentiic shells, each
one of which is of uniform density, m and m’ being the masses
of the spheres and r the distance between their centers.

By measuring the force of attraction between two spheres
of known mass and distance apart, the value of K the constant
of gravitation has been found. . As stated in Art. 190, its
numerical value will depend on the units used for the other
quantities in the equation. The relation between the
constant K and the mass of the Earth, taking the Earth as a
sphere whose density is a function of the distance from the
center may be shown as follows.

Let the units be the British gravitation units, and let R
be the radius of the Earth in feet, M its mass, v its mean
density. Consider the attraction of the Earth on a body of
mass m at the surface. By the formula (1) of Art. 190, the
value of the attraction is KMm/R?; but (since the®unit force
is the weight of a pound mass) expressed in pounds force,
its measure is m. Hence, m = KMm/R? or

KM = R, )

Since the value of R is known, either K or M can be found
when the other is known. Putting for M its value in terms
of v,

K- -4xRy=R? or K7=Z§-R-- (2

* "Arts. 191 and 192 are based on Articles in Hoskins's’ Theoretical
Mechanics.
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Taking v = 345 lbs. per cu. ft. and R = 20,900,000 ft. gives

K = E?}e? = 3/(4x X 20,900,000 X 345) = 3.31 X 10-11,
Otherwise, if the value of K, found by direct measurement
of the attraction of two spherical bodies, is substituted in (2)
the value of v, the mean density of the Earth is found to
be 5.527. The density of water being unity, and i? weight
62.4 1bs. per cu. ft., the mean density of the Earth is about
345 lbs. per cu. ft., as used above.

192. Value of the Gravitation Unit of Mass.* — As
stated in Art. 190, the force with which two particles of unit
mass at a unit distance apart attract each other is equal
to I, the constant of gravitation; this is evident from the
equation,

mm’

F=K7}

[(1) Art. 190.]

7
Let m pounds be the mass of each of two particles which,
when one foot apart, attract each otRer with one pound force.
Substituting K = 3.31 X 10711, as given above, putting
F=1m=m/,andr = 1; gives

m=1/VK = 173,800 Ib. ,

L ]
If a mass equal to 173,800 pounds be taken as the unit
mass, the constant K becomes unity and the formula for

attraction is then
mm' .

F = <

The gravitation unit of mass is thus shown to be a mass equal
to about 173,800 pounds, distance being in feet and force in
pounds-force.

. 193. Vertical Motion under the Attraction of the Earth.
—Let the Earth be taken as in Example 3, Art. 190, » as
the radius and s the distance of the moving particle from

* See Footnote on page 378.
26
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the center O. Taking distance, velocity, and acceleration
as positive outward, then, as in (1) Ex. 3,

F'_g'_’r’ (‘1__97‘2: =
F-g~® o ¢=% |
5
Since gg = a and %8 = v, eliminating dt ‘
gives vde = ads.
2
Hence, a = —¢' = — Q:T, neglecting air re-
sistance, which gives
f vdy —f — gris—ids;

; : LAl Y4 B AN
integrating, 5 = gr’s :I. gr (r 5)
then, v = 2gr? (1 - ‘—gl-> (1)

gives the velocity of a partlcle towards the Earth from any
distance s.

For the velocity acquired by a body in falling to the surface
from a height &, put s = r 4 & in (1), giving,

* v = 2gr2(% - ~—_—'_1——’;) o aan
_2gh(r+h) @

= 2gh, approximately,
if b is small, which is the formula when g is constant, as it is

taken near the surface. When ? is small, putting

() 1= G-+ o

(2) becomes
=2¢h[1 — (/1) + (R/r2 = R/ + - - - 1. (3)
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By taking any number of terms of this series, an approxi-
mate result may be gotten as nearly correct as desired. If,
in (1), s =0, = V2¢r; so ifsa body fell toward the Earth
from an infinite distance, its velocity, neglecting air resist~
ance, would be V2 gr = 6.95 miles per second, for r = 3960
miles. If falling from a finite distance s, the velocity must
be less than this. Hence, a body can never reach the earth
with this velocity; and if air resistance is consrdered, the
velocity for s = oo is less than V2¢gr. If projected outward
with velocity V2 gr and air resistance be neglected, the body
would go an infinite distance. This velocity is called the
critical velocity or velocity of escape, for under the conditions
it is supposed that certain particles of the atmosphere may
escape from the attraction of the Earth.

In this connection, it is to be recalled that due to the
Earth’s rotation, there is at its surface a centrifugal force
mg/289, exerted by a particle of mass m, which lessens the
value that g would otherwise have.

194.* Necessary Limit to the Meight of the Atmosphere.
— The centrifugal force of a particle of mass m on the surface

of the Earth is mw? = §§§’ and at a distance s from the
center it’would be mw?s = ;ggs . The Earth’s attraction at

mg

that distance being —5—, in order that the particle be re-

tained in its path these two forces must equal each other;

mgs _ mgr?
289r &
or 8 = 28913,
hence s=V289r =667

= 26,000 miles approximately;

that is, a height above the surface of about 22,000 miles. Th
actual height of the atmosphere is probably much less thai

* Bowser’s Hydromechanics.
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this. The estimates of the height by various scientists have
been very divergent — from 40 miles to 216 miles; but the
latter appears to be the most likely, for meteors have been
observed at an altitude of more than 200 miles and, as they
become luminous only when they are heated by contact with
the air, this is evidence that some atmosphere exists at that
height. It is supposed that at a height much less than 5.6 r,
the air mdfy be liquefied by extreme cold.

196.* Motion in Resisting Medium. — Consider the
motion of a body near the surface of the Earth under the
action of gravity taken as a constant force and the air taken
as a resisting medium of uniform density, the resistance
varying as the square of the velocity.

Let a particle be supposed to descend towards the Earth
from rest, and let s be the distance of the particle from the
starting point at any time ¢, gk? the resistance of the air on
a particle for a unit of velocity — gk? being the coefficient
of resistance. The resistance of the air at the distance s from

dt
downwards, the mass being a unit.
The equation of motion is

2
the origin will be gk? (d ), acting upwards, while ¢ acts

2 d’ 2 .
ds
a (d7)
or gat = ————s
=
dt
Integrating,
1 + k
2% —k Q?
dt

t=0,v=0,giving C = 0.
* Bowser's Analytic Mechanios.
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Passing to exponentials,

. ds 1 ekt — g~kat
di = & e g o @

which gives the velocity in terms of the time. To get it in
terms of the space, from (1),

ds ?
2
kd(dt)

SN il A 2gk2ds'
d }
—
1—k (dt)

log[l - k2(3§> ] = —2gk%,s=0,0=0;C, =0, (3)

ds\? 1 2 ahts
or &) -, @

which gives the velocity in terms of the distance. Also,
integrating (2);

gk?s = log (e*9t + es*9t) — log 2;

2eakza —_ ekyt + e—kgt’ (5)
which gives the relation between the distance and the time
of falling through it.

As th® time increases the term e~*o diminishes and from
(5) the space increases, becoming infinite when the time is
infinite; but from (2) as the time increases the velocity
becomes more nearly uniform, and when ¢ = o, the velocity
= 1/k; and although this state is never reached, yet it is
that to which the motion approaches.

196. Motion of a Projectile. — If a body be projected
with a given velocity in a direction not vertical and be acted
on by gravity only, neglecting the resistance of the air, it is
called a projectile. The path, called the trajectory, will result
from a combination of the motions due to the velocity of.
projection and to g, the vertical acceleration of gravity.
Let the plane in which a particle is projected with a velocity
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v be the plane of XY, and let the line of projection be inclined
at an angle o to the z-axis, making v cos o and v sin « the
resolved parts of the velocity of projection along the axes of
z and y. :

¥ 5 2 o
[4
17 / P
#ld
W2 s X

Let (z, y) be the position of the particle P at the time ¢;
then, since the horizontal acceleration is zero and the vertical
acceleration negative,

d*z d¥y

Et-z— = O’ —(EE = —g.
Taking the first and second integrals of these equations,
determining the value of the constants of integration corre-
sponding tot = 0 and ¢ = ¢, gives

dz _ LYy .
g1~ veosa; oo =vsina gt; . (1)
z=vcosal; y=uvsinat— }gi2 (2)

Equations (1) and (2) give the coordinates of the particle
and its velocity parallel to either axis at any time ¢.

Eliminating ¢ between equations (2), gives

2
y=xtana—-§—v;%%——%, @)

which is the equation of the trajectory, and shows that the
path of the particle is a parabola. .

Putting equation (3) in the form
_ 2v’sina005ax = _2vcosa

g g

2 4
& H
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or

(x_vzsinacosay_ _2v2cos’a( _‘_v’sin’a) @)
STV YT/

and comparing this with the equation of a parabola,

. (@—=hr=-2p@y—FK),

it is seen that:

the abscissa of the vertex = fﬂ%—%; (5)

v?sin’a

the ordinate of the vertex = T (6)
the latus rectum = — gﬁcgiza- )]

By transferring the origin to the vertex, (4) becomes
2= — 2v2coszay’ ®)

g
which is the equation of a parabola with its axis vertical and
the vertex the highest point of the curve.
The distance between the point 8f projection and the point
where the projectile strikes the horizontal plane, called the
Range, is

_v'sin2a

OB =z ’ (O)

when y = 0, from (3), which is evident geometrically, since
OB = 2 OC; that is, the range is equal to twice the abscissa
of the vertex.

It follows from (9) that the range is greatest for a given
velocity of projection, when o = 45° in which ease the

range = %2 It appears from (9) that the range is the same

for the complement of a as for a. The greatest height CA
is given by (6) which, when a = 45°, becomes #*/4g.
The height of the directrix,

vsin®a , 12v2cos?a o3
CD=CA+AD = T +Z p —57
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Hence, when a = 45° the focus of the parabola is in the
horizontal line through the point of projection, for then
CA = }CD.

To find the velocity V at any point of the pa,th, from (1),

= (Y @)’
v=(G) + (@
= v¥cosa + (v?sin?a — 2vsin agt + ¢%?)

2 2
v Y, MS— MP=PS.

=9y —2gy, or 2—!3 29

2
Since g——g is the height through which a particle must fall

from rest to acquire a velocity V, it follows that the velocity
at any point P on the curve is that which the particle
falling freely through the vertical height SP would acquire;
that is, in falling from the directrix to the curve; and the
velocity of projection at O is that which the particle would
acquire in falling freely through the height CD.

For the time of flight, put ¥y = 0 in (3) and solve for

= M, which divided by v cos « gives, time of

2vsina

flight = ; orin (2) put y = 0 and solve fog ¢, giving

t=0 and ¢ = 2y S;lna as before.

197. Motion of Projectile in Resisting Medium. — If
the resistance of the air is taken to vary as the square of the
velocity and the angle of projection is very small, the pro-
jectile rising but a very little above the horizontal, the
equation of the trajectory above the horizontal line can be
found. Thus the equation

gzt _gk?® .
2v*costa 3vicos’a !

may be derived under such conditions; where the first two

y=zxtana —
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terms represent the trajectory neglecting air resistance, as
found in @), Art. 196.

For the high velocities of #annon-balls the trajectory is
found to be very different from the parabolic path and the
range much less than that deduced for it.

Experiments show that the angle of projection for greatest
range is about 34°, rather than 45°, as deduced for the para-
bolic path.

The simplest formila for making out a range table is

Hélie’s:
- _gz* (1 k_x)
y=cztana — 2 cos? o (vo2 + v/’

where k = 0.0000000458 — d , d being the diameter of the

projectile in inches, and w lts weight in pounds.

In addition to the resistance of the air, allowance has to
be made in firing for the drift, that is, the tendency for most
projectiles to bear to the right upon leaving the gun, due to
the right-handed rotation given fo the projectile.

198. Newton’s Verification. — The greatest of Newton’s
achievements is considered an achievement of the ‘magina-
tton, his conception of the universality of natural law At an
early ade he (in 1666) conceived with his far-reaching mind
the then daring idea that the sublime, inscrutable, central
force was nothing but commonplace gravity, known to exist
on and near the carth. He verified his idea first in the case
of the moon. He discovered that the same acceleration that
controls the motion of an object near the earth also pre-
vented the moon from moving away in a rectilinear path
from the earth, and that its tangential velocity prevented
it from falling to the earth.

Owing to an inaccurate value of the earth’s radius which
was in use at the time Newton first made the computation,*
the result then obtained seemed to show that the law of
attraction was not that of inverse squares.

* See Illustrative Example, page 100.
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Records show that Newton, although unshaken in his
belief, laid aside his calculations; and it was not until
thirteen years afterwards that, a new determinat'lon of the
radius having been made, he repeated the investigation and
found the verification sought for.

Five years later (in 1684) he.was induced to consider the
whole sub]ect of gravitation; and then he solved the supple-
mentary problems in regard to the attraction of a sphere
for an external particle, which established his theory —
now known as Newton's Law of Universal Gravitation.

226" The Need and Fruitfulness of the Solution of
Differential Equations. — Attention has heretofore been
called to the need of finding the inverse of a rate, in solving
many problems that arise in everyday life as well as in science.
In fact the inverse problem is more often the real question
demanding solution. It has been shown (Ex. 5, Art. 115)
how, when the acceleration, the rate of change of the speed
of a moving body, is known, the velocity and the distance for
any time are found by the®solving of a differential equation.
(Ex. 1, Art. 173.)

It has been shown (Art. 42), that when a function has the
general form y = ae*®, the rate of change is proportional to
the funciion itself, and that so many changes ins Nature
occur in this way that the law of change, known as the
Compound Interest Law, is also called the Law of Organic
Growth. Now, if it is known that some function changes at
a rate proportional to itself, expressing this by the differen-
tial equation,
dy
y’

dy _
a—x—ky, or kdzx =

then, kx=f%=logay+c, or y = et~ = Ceke,

where C = ¢~ is an arbitrary constant.
* Applied Calculus.
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The only function whose rate of change is proportional to
itself is thus shown to be of the form Ce** (or ae®), where C
and k (or P apd b) are arbitraly, and k (or b) is the factor
of proportionality. This may be expressed also by the
statement, that the only function, whose relative rate of
change (logarithmic derivative) is constant, is Ce** (or ae®).

It has been shown (Art. 73), that when a point] has simple
harmonic motion its relative acceleration is a negatlve con-
stant. ' Thus, when the displacement of a point is given by
the equation y = a sin (wt — a), there results the differential

equation (;%/ = —w%), where w is constant, and hence the

relative acceleration is %i% / Yy = —at

Conversely, when the motion, as in a vibration, is due to
a force that increases with the distance from the central
position, the acceleration, being according to Newton’s
second law of motion proportional to the force, is
]
d%

(W = k’s,

where, a.sothe force acts towards the origin, the acceleration
is negative when s is positive and positive when s is negative.
From the relation v dv = a.ds, gotten by eliminating dt in
dv/dt = a and ds/dt = v;

fvdv =j — ksds; . v*=C)— ks
putting C, = ka?,

v—-m_-lc\/az—s2 f\/ = flcdt

whence sin™! (a) kt + C,
or s = asin (k¢ + Cy) = A sinkt + B coskt,
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wnere A =a cos Cz and B = a sin Cp are arbitrary con-
stants. This equation for s is the characteristic equation of
stmple harmonic motion; tht amplitude of the motion is a,
the period is 2 7/k, and the phase is — Cy/k.

Thus, it is found that, when the acceleration along a
straight line is a negative constant times the distance from
a fixed p«gint, the only motion resulting is the simple har-
monic motion.

In general, it has been shown that, whenever the rate of
change of a function of a single independent variable is
known and also the value of the function for some one value
of the variable, it is possible to find oy integration the value
of the function for any value of the variable.
. Hence it has followed that the solution of a differential

equation gives the area under any curve whose equation is
known, thus solving the problem that had baffled the
mathemsticians of the ages before the discovery of this
general method of eﬁ'ectmg the quadrature of curves of any
degree.

When it is recalled that the magnitude of any quantity
whatever, whether of volume, mass, weight, force, work,
ete., may be represented by an area under a curve, the fruit-
fulness* of the solution of many differential equations is
recognized.
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Discontinuous function, 7
variables, 5
Divergency of series, 391*
Double integration, 324, 328, 344

E, modulus of elasticity, 230*, 254*
¢, Napierian base, 6, 52, 255
Eccentricity, 268, 475*
Elastic curve, 230*
Elasticity, modulus of, 230*, 254*
Elementary principles, 182
Elements, 331*, 281 ¢
Ellipse, area of, 222

length of quadrant, 233, 266
Ellipsoid, 312, 314
Elliptic Mtegral, 462* 463*, 268
Empirical equations, 10
Energy integral, 453*

kinetic, 94
Equation of evolute, 148-152

of involute of circle, 150

of involute of cycloid, 150

of normal, 102

of tangent, 101
Equations, differential, 436*

exact differential, 444*

homogeneous, 446*

linear, 448*

of first order, 449*

of order above first, 449*
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Equilateral hyperbola,144,151,225
Error term, 260
Errors, percentage, 167, 168

® Euler’s series, 265

Evaluation of definite integrals,
217
of derivatives of implicit func-
tions, 278
of indeterminate forms,
Evolute, 147, 148, 256*
Evolution, 3
Exact differential equations, 173,
o 174, 444*
Examples, illustrative, 15-17, 32,
103, 164, 178, 249
Expansion by Maclaurin’s and by
Taylor’s Theorems, 248
of cosh z/a and sinh z/a, 85
of functions in series, 245
Explicit function, 6
Exponential functfon, 9, 49
Extended law of the mean,*242
.
Factor, integrating, 445*
Falling bodies, 22, 181, 317
First moment, 331*
Flexion, 21, 137
Force, central, 472*
centrifugal, 92, 381
centripetal, 92
concentrated, 358
definition of, 94
distributed, 358
variable, 472*
Forms, indeterminate, 269, 272
standard, 184-187, 207
Formula, prismoid, 303
projectile, Hélie’s, 387
Formulas, 40, 49, 66
approximation, 258
reduction, 198, 202
reference, 391-399

272



404

Frustum, surface and volume of
any, 290
Function, 6
algebraic, 9, 40
continuous, 7
discontinuous, 7
exponential, 9, 49
hyperbolic, 9, 82
inverse, 78, 84
logarithmic, 9, 49 "
of a function, 28
power, 9, 10
transcendental, 9
trigonometric, 9, 66
several variables, 156
Functional relation, 7
Fundamental conception, 31
condition or test, 114
rule for applying test, 117
theorem, 281 .

g, accéleration of gravity, 92, 376
Gas, formula for, 164 v
Gauge, self-registering, 99
Geometric meaning of integral,
208
Geometric progression, 9, 10
series, 385*
Grade, 1, 24
Graphical illustration, 115
Graphs, 8, 82, 122
cosine, 122, 231
cycloid, 107
sine, 73, 122
versine, 231
Gravitation, law of, 366, 374, 387
unit of mass, 379
Gravity, acceleration of, 92, 93
center of, 332*, 333*, 334*, 358
Gregory’s series, 265
Guldin’s theorems, 336*
Gyration, radius of, 345*

INDEX

Harmonic law, 9
motion, 96, 353, 442*
series, 389*, 392*

* Hélie’s formula, 387
Homogeneous equations, 446*
Hyperbola, equilateral, 144, 225
Hyperbolic functions, 9, 82

+ " logarithms, 220
Hypocyecloid, 144, 152

Ideal quantity, 2

Ideas, 2

Illustrations, 22
typical, 122

1llustrative examples, 32, 103, 164,

178, 249

Implicit function, 7

Increasing function, 8

Increment, 12

Indefinite constant, 177, 321
integral, 177, 321

Independent variable, 6, 153

Indeterminate forms, 269

Inertia, 93
moment of, 230* 345*% 346%,

349*, 350*, 352*
product of, 348*

Inexact differential, 172

Infinite series, 385*

Infinitesimal, 31, 37, 38
arc and chord, 38

Infinity, 37

Inflexion, point of, 116, 132, 135,

144 )

Integral, complete, 437*%, 453*
Caleulus, 3, 175, 281
definite, 210
energy, 453*
from an area, 223
general, 230
indefinite, 177, 321
multiple, 317



INDEX

Integral, particular, 179, 453*
Integrals, elliptic, 268, 462*, 463*
Integrand, W5
Integrating facter, 445*
Integration, 2, 17, 174, 175
double, 324-331, 344
constant of, 177, 321
parts, 198
series, 262
successive, 316-323
triple’ 337, 341
Intensity, 358
Interchange of limits, 214
of order of differentiation, 169
of order of integration, 319, 321,
326
Interest, compound, law of, 9, 62
Inverse functions, 9
hyperbolic functions, 83, 84
of differentiation, 175
trigonometric functions, 78
Involute, 147, 150
of the catenary, 248*
Involution, 3

Jet, liquid, path of, 467*

Kepler’s laws, 477*
Kinetic energy, 94

Lagrange’s remainder, 244
Law, compound interest, 9, 62,
442*
extended, of the mean, 242
of organic growth, 9, 64, 388,
442*
of the mean, 238-240
of motion, 92, 362, 365, 368
parabolic, 9
planetary motion, 477*
universal gravitation, 366, 374,
387
Lemniscate, 112, 146, 221, 346

405

Lengths of curves, 233, 236
Limit of a sum, 32, 279
of height of atmosphere, 381
of infinitesimal are, 38
Limits, 26, 27, 31, 210, 212, 214
Linear equations, 448*, 453*
Liquid jet, 467*
pressure, 359
wituus, 134
Ibcus, 8
Logarithmie differentiation, 58
curve, 144
functions, 49
series, 263
spiral, 146
Logarithms, 56, 57
common, 57
hyperbolic, 220
natural, 57

Machin’s series, 285
Maclaurin’s theorem, 244
%eries, 245
Mass, 93, 347
unit of, 379
Maxima and minima, 113, 117
application of Taylor;s theorem,
to, 261
problems, 127
Maximum and minimum, 113
Mean density, 347, 377
law of the, 238-240
value of a function, 215
Method of the Calculus, 274
of limits, of rates, iv, 31
Modulus, 56
of elasticity, 230*%, 254*
Moment, 331*, 345* 353*
of inertia, 230*, 350*
least moment of inertia, 349*
of inertia for parallel axes, 346*
principal moment of inertia,348*
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Moments of area, 333*, 352*
first,331*
of line, 334*
second, 344*
of volume, 333*

Momentum, 94

Motion, circular, 90
curvilinear, 350
in resxstmg‘medxum, 382, 386

450*

planetary, 477*
rectilinear, 352
second law of, 92
simple harmonic, 66, 353, 388
third law of, 92, 362, 368

L]

Napierian or natural base, 51, 52,
56
loganthms 55, 72, 220
Newton, 4, 92, 362 366, 374, 387,
480‘
Normhl accelemtlon, 21, 91, 96
Normal, 101
polar, 111
Notation for functions, 6
Number e, 6, 52, 255
x, 6, 52,.266, 255

=

Orbit, 472*, 475*
Order above the first, 449*

first, 449*

of a differential equation, 436*
Ordinary differential equation,

436*, 444*

Organic growth, 9, 64, 388, 442*
Orifice, discharge from, 355
Oscillating series, 385*, 265

=, 6, 52, 266, 255

Pappus, theorem of, 336*

Parabolic cable or cord, 241*
law, 9

INDEX

Partial derivatives, 157, 168
differentials, 156, 168
PBarticular integral, 199, 453*
values, 6 .
Parts, integration by, 198
Path of a projectile, 384
of a liquid jet, 467*

"Pendulum, simple circular, 350,

461* .
cycloidal, 351
Percentage rate, 58
error, 167
Period, 98, 99
Periodic time, 477*
Plane, tangent, 158
Plane areas, 324, 328
Planetary motion, 477*, 478*
Points of inflexion, 116, 132, 135,
144
Polar curve, 8, 134
moment of inertia, 345*
subtangent, subnormal, 110
Power form, 187
formula, 46
function, 9, 10
series, 386*, 393*
Pressure of air, 64
liquid, 359
Primitive of differential equation,
437*
Principles, iii, iv, 374, 387
Prismoid formula, 303, 304
Probability integral, 255
Problems, maximaand minima, 127
Process, summation, 281
Product of inertia, 348*
Progression, 9, 10
Projectile, path of, 384

Quadrature of curves, i’?, 390
Quotient, differential .of, 41, 44
limit of, 27, 36
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Radian, 66, 72
Radium, 65 ,
Radius of curvature, 139, 141,
144
of gyration, 345* .
Railway, centrifugal, 136
Range formula, Hélie’s, 387
Rate, 19, 20, 21
of change, 1, 2
percentage, 58
relative, 58, 166
Rectification of curves, 233
Rectilinear motion, 352
Relative error, 61, 168
rate, 58, 166
Remainder, Cauchy’s 253, 256
Lagrange’s, 244
Remarks, 28, 72
Replacement theorem, 38
Representation of functional re-
lation, 7
volume by area, 289
Resisting medium, 382, 386, 459*
Rotation, 94

Secant, 30, 66, 69
Second defivative, 86, 88
moments, 344*
Semi-cubical parabola, 149, 233
Separable variable, 446*
‘Separated differential equation,
444#
Separation into parts, 212
Series, infinite, 385*
absolutely convergent, 388*
convergent, 385*, 393*
divergent, 385*
Euler’s, 265
for ¢, 52
Gregory’s, 265
geometric, 385*
harmonic, 389*, 392*
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Series, integration and differen-
tiation of, 262
logarithmic, 263
Machin’s, 265
Maclaurin’s, 245
Newton’s, 265
ostillating, 385*, 265
power, 386*, 393*
Jaylor’s, 246
Shear, 229*
Shooting point, 116
Significance of area, 227
Simple circular pendulum, 350,
461*
harmonic motion, 96, 353, 388
Sine curve, 74
differential of, 66, 67
graph of, 73, 122, 231
ratio to arc, 68, 69 °
Slope, 18, 24, 101 ¢
rate of change of, 21
SoMds of revolution, 308
by double integration, 341
Solution of a differential equation,
436*, 388, 390
of 8 = a sinh z/a, 250*
Speed, 1, 18, 20 o
Sphere, 288, 294, 305, 333, 343
Spherical shell, 371, 374
Spheroid, 314
Spiral of Archimedes, 112, 146
logarithmic, 112, 146
Standard forms, 184, 188, 207
Statical moment, 345*, 362
Stiffness of beams, 128
Strength of beams, 127
Subnormal, 102, 110
Subtangent, 102, 110
Successive derivatives, 86, 1563
differentials, 86
differentiation, 86
integration, 316, 320
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Summation process, 281
Summation process, approximate
and exact, 282
Surface of any frustum, 290
of revolution, 308
Suspension bridge, 244*

Tangent, equation of, 101
plane, 158
polar, 111

Tangential acceleration, 20, 88,

96

Taylor’s theorem, 242-244
series, 240

Test, comparison, 391*
for convergence, 390*
ratio, 391*

Theorem, replacement, 38
binomial, 256
finite d.iﬂ'erelfces, 239
Maclaurin’s, 244
Taylor’s, 242-244

Theorems, auxiliary, 124
of limits, 27
of mean value, 238, 239

Theorems of Pappus and Guldin,

336* ©

Tide gauge, 99

Time, periodic, 477*
rate of change, 20

Total derivative, 161
differential, 158

Tractrix, 254*

Transcendental functions, 9
numbers, 6, 52

Trapezoid, 343*

Trigonometric functions, 9, 66

L]

Triple integration, 321, 337, 341

INDEX

Typieal illustrations, 122
Uriform change, 14

speed or velocity, 21
Unit of force, 93

of mass, 93, 379
Universal gravitation, 366, 374
' 387
Use of standard formulas, 186

Value, mean, 215
Variable, 5
continuous, 5
dependent, 6
discontinuous, 5
independent, 6, 153
separable, 446*
Vector quantity, 22, 358
Velocity, 18
angular, 94
average 23, 24
constant, 21
'instantaneous, 1
on a curve, 96
tangential, 96
uniform, 21
Verification, Newton’s, 387, 480*
Vibrations, damped, 75"
Volume by an area, 288
of frustum, 290
Volumes, 287
by double integration, 344
by triple integration, 337, 341

Water pressure, 360
Wave curve, 74
Wetted perimeter, 129

~Witch of Agnesi, 135

‘Work, 171
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