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PREFACE

This book is an outgrowth of class notes used by the author in teaching
a graduate course, “Theory of Continuous Media,” during the past seven
years at Purdue University. Several early versions of these notes were
privately distributed to students and to interested collecagues. The
growing demand at various universities for the teaching of a course
covering this subject matter and the encouragement received from col-
leagues are largely responsible for the publication of this book.

The book is written for use in graduate teaching in any school of the
type commonly called Engineering Sciences, Engincering Physics, Applied
Mathematics, or Applied Mechanics, where a definite program to culti-
vate the physical and mathematical foundations of continuum physics
exists. Prerequisites for a course based on the present book are a first
course in linear continuum mechanics covering the theory of elasticity
and fluid dynamics, and some understanding of vector and tensor cal-
culus; a separate course in tensor calculus is not mandatory, however,
since an account of this subject, adequate for our purposes, is included
in the Appendix. The author has found that approximately seven lec--
tures on tensors, covering the material in the Appendix, provide suffi-
cient background.

This book will also be valuable to research workers in this field since
it collects under one cover the results of many significant investigations.

The present book consists of eleven chapters. Chapter 1 deals with-
the concepts of deformation, strain, and rotation. It gives a thorough
study of local deformations and their various measures, from both ana-
lytical and geometrical viewpoints. Chapter 2 deals with the motion of
deformable bodies. Deformation-rate, spin, vorticity, and strain-rate
tensors are introduced and studied. The concept of mass is presented
and the global conservation laws are postulated. Chapter 3 deals with
stress vectors, couples, and tensors and the principle of the local balance
of momenta. Chapter 4 is devoted to the presentation and discussion
of some thermodynamical concepts. The principle of the local con-
servation of energy and the principle of entropy are the main topics.
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vi PREFACE

Chapter 5 is an exposition of the general ideas and principles of the
theory of constitutive equations. Simple applications are given for
illustrative purposes. In particular, the constitutive equations of the
theory of elasticity, from the viewpoints of both Green and Cauchy,
and those of the stokesian fluids are presented.

In later chapters, i.e., Chaps. 8 to 11, we find more sophisticated appli-
cations of the theory. Chapter 6 on the theory of elasticity and Chap. 7
on stokesian fluids give some simple exact solutions obtained during the
past decade. Chapter 8 deals with the theory of hypoelasticity devel-
oped in the years since 1955. Chapter 9 presents two essentially differ-
ent recent approaches to finite plasticity theory. In Chap. 10 there is
presented an account of finite viscoelasticity. Chapter 11 on electro-
elasticity is a combination and modification of Toupin’s and our work
on the elastic dielectric.

Some of the materials included in this book certainly are in their
early stages of development. The foundation on which they are laid is
solid, however, and methodologically they are so full of potential that
the gain to be realized in teaching these topics far outweighs the risk of
impermanence inherent in the teaching of any new material.

The approach and composition of the book are believed to be novel.
In addition, the book contains a number of new results in various chap-
ters, some of which are identified in the text.

It is a pleasure to thank Professor C. Truesdell and Dr. R. A. Toupin
for their kindness in lending me for inspection some of their monumental
work in the “Handbuch der Physik’’ prior to its publication, and to thank
Professor W. Noll for the use of some mimeographed material. I am
deeply indebted to Professors P. M. Naghdi and J. E. Adkins for their
generosity in reading and criticizing the whole manuscript and to Dr. R. A.
Toupin for valuable criticism of Chap. 11. Early encouragement by
Dr. Paul F. Chenea is appreciated. Without the careful reading and
checking of the whole manuseript by my students S. L. Koh and N. F.
Jordan the work would not have gone to press. To them goes my
deepest appreciation. Considerable assistance with the proofreading was
rendered by V. R. Parfitt, J. D. Ingram, and R. C. Dixon.

Valuable typing and reproduction services were provided by the
U.8. Office of Naval Research, the School of Aeronautical and Engineer-
ing Sciences, and General Technology Corporation. The burden of this
work fell upon Mrs. A. Light, Mrs. L. Schrock, Mrs. G. Fanning, and
Mrs. R. Williams. My thanks are also due to the following organizations
for permission to use the indicated figures:

Royal Society of London, Figs. 61.1, 61.2, 61.4, 61.5, 61.8 to 61.10, 70.3
to0 70.6
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Quarterly of Applied Mathematics, Fig. 68.1
Graduate Institute of Mechanics and Applied Mathematics of Indiana
University, Figs. 78.1, 78.2, 106.2, 106.3

Interscience Publishers, Inc., Figs. 70.7, 76.1
" American Society of Mechanical Engineers, Figs. 88.1 to 88.9

American Institute of Physics, Fig. 90.2

The Macmillan Company, Fig. 65.1

Oxford University Press, Fig. 61.6

North-Holland Publishing Company, Fig. 70.1
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INTRODUCTION

The theory of continuous media is a scientific discipline concerned with
the global behavior of substances (including empty space as a limit)
under the influence of external disturbances. A satisfactory training in
this field requires the study of the interrelations among (1) external
agents, (2) the constitution of the medium, and (3) the response.
External Agents. The external agents that produce changes in the state
of the medium may appear in the form of surface and body forces and/or
displacements, the initial state of the body, or the effect produced by the
changes made in the environment of the system. These changes may
appear in the form of contact forces, heat, and electrical, chemical,
mechanical, or any other type of disturbance. The nature of these
agents, the laws governing them, their mathematical characterization,
and the physical measurements of the external effects must be an integral
part of any program of study in the theory of continuous media.
Constitution of the Medium. When different substances of the same
geometry are subjected to the same external agents, the response is
generally observed to be different. This is caused mainly by differences
in the constitution of the various substances. Therefore in the descrip-
tion of physical phenomena the constitution of bodies plays an essential
role. From a continuum viewpoint, constitution must be understood in a
macroscopic sense. Although an extensive knowledge of the atomic and
molecular structure of materials is not required, some knowledge of
statistical mechanics and transport phenomena, leading to a macroscopic
description of the characteristics of the material, is useful in the under-
standing of continuum physics.
The theory of continuous media, at the outset, must define the medium
in accordance with the scope it intends to encompass. At the beginning
-of this century we find serious attempts toward a unified theory of
continuous media. As exemplified by the works of Jaumann [1911] and
Lohr [1917], these theories encompass large numbers of physical phe-
nomena. The unwieldy nature of such theories has now been recognized,
1



2 INTRODUCTION

and we are forced to restrict our attention to formulations of smaller but
no less significant scope.

It is important that the medium be a continuous one. This means
that the field quantities (e.g., displacements, stresses, electric fields, ete.)
are piecewise-continuous functions of the coordinates of the material
points and the time.

The Response. In engineering, the ultimate interest lies in predicting
the way in which a medium responds to the external agents. An engineer
cannot design and build his machine without reasonable assurance in
regard to predicted performance. In this input-output relationship, the
physical model assumed for the constitution of the body occupies a
central position. The validity of models must of course be checked by
experiment. We must therefore have recourse to experimentation
and/or statistical mechanical considerations both for the determination
of constitutive coefficients (e.g., elastic constants, viscosity, heat con-
ductivity, etc.) and for the verification of the results predicted by our
theories.

The theory of continuous media nourishes us with the strength of a
unified theory, the power of generalization, and the stimulus of aesthetic
appreciation, all essential to research. The unified approach to the study
of the global behavior of materials consists of, first, a thorough study of
basic principles common to all media and, second, a clear demonstration
of the types of media (such as the elastic solid, stokesian fluids, hygro-
steric materials, etc.) within the structure of the theory. The theory so
constructed makes available methods which are useful in the creation of
new fields of research. New and more precise descriptions of physical
phenomena are born by the introduction of special functional equations
as constitutive equations. The recent birth of hypoelasticity, non-
newtonian fluids, and electroelasticity is sufficient to illustrate this point.

Finally in the exact theories one finds not only a satisfying permanence
but also an aesthetic structure that is fundamental to all basicresearch.
Exact theories are frequently criticized for the seemingly insurmountable
mathematical difficulties they present in the treatment of nontrivial
engineering problems. This objection is balanced, however, by the
simplicity of the exact theories, and generally the basic phenomena con-
tained in the theory can be displayed by a choice of simple, but physically
meaningful, problems. Moreover exact theories provide a perpetual
source from which all approximate theories may spring.

The foregoing considerations indicate that in the design of a theory of
continuous media there exist two definite expositions constituting the
bagkbone of the theory: (1) basic principles and (2) a constitutive theory.

The Basic Principles. These are the fundamental axioms essential in
the construction of the foundations of the theory. They are considered
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to be self-evident as a result of our experience with the physical world.
The domain of applicability of these principles determines the strength
of the theory. Certainly they are not unchangeable; however, any
change in these principles must arise from the failure of the theory. The
replacement of newtonian mechanics by relativistic mechanics and by
quantum mechanics exemplifies such changes. The basic principles
upon which the theory is constructed are:

Axiom 1. Conservation of mass

Axiom 2. Balance of momentum

Axiom 3. Balance of moment of momentum
Axiom 4. Conservation of energy

Axiom 5. Principle of entropy

Axiom 6. Conservation of charge

Axiom 7. Faraday’s law of induction
Axiom 8. Ampére’s law

Constitutive Theory. The basic principles are valid for all materials
irrespective of their constitution. It is therefore expected that their
mathematical expressions generally are not sufficient to predict uniquely
the behavior of all substances under prescribed boundary and initial
conditions. In order to take account of the nature of different materials,
we must therefore find additional equations identifying the basic charac-
teristics of the body with respect to the response sought. In the theory
of continuous media this is done by introducing models appropriate to
the particular class of phenomena under scrutiny. There exist certain
rules and invariance requirements (cf. Chap. 5) which must be satisfied by
all such models. After these requirements are met, there still remain
unknown constitutive functions which must be determined through
experiments. Once this is done, the theory is fully constructed and ready
for application. It remains acceptable until such time as once again the
phenomena predicted by the theory do not agree with the experimental
results.

Alternatively, constitutive coefficients may be determined from a
molecular theory. Rich as the microscopic world may be, the nature of
molecular forces is so complicated and our knowledge so incomplete that
even a rational transport theory leading to the prediction of constitutive
coefficients is still well out of reach.

The first four chapters of the present book are devoted to a systematic
study of the first five of the basic principles listed above. The fifth
chapter is a discussion of the theory of constitutive relations. The final
six chapters are excursions in widely varied applications of these basic
principles and the constitutive theory. Very restricted forms of Axioms 6
to 8 are used in Chap. 11, '
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1. SCOPE OF THE CHAPTER

This chapter is concerned with an exposition of the geometry of
deformation. It may be considered as a discussion of differential
geometry appropriate to deformable bodies. The main purpose is to
connect the elements of a deformed body to their original locations and
measures. To describe the positions of material points, we introduce, in
Art. 2, two sets of curvilinear coordinate systems, one for the undeformed
and one for the deformed body. These coordinate systems are charac-

terized through their relations to any rectangular frame of reference.
The axioms of continuity and indestructibility of matter are discussed.

In Art. 3 base vectors, metric tensors, and shifters essential to the
representation of vectors and to their parallel transport are introduced.
The concept of deformation and its measure in terms of the deformation
tensors of Cauchy and of Green are given in Art. 4. The square of
elements of length for both deformed and undeformed bodies is obtained.

Strain tensors and the displacement vector are introduced in the
subsequent article, followed by a discussion of infinitesimal strains and
rotations in Art. 6. The geometrical significance of strains is made clear
through the study of length and angle changes in Art. 7. The strain
ellipsoid of Cauchy, which often provides a clear geometrical under-
standing of the directional dependence of deformation, is the subject of
Art. 8. In Art. 9 we give a detailed discussion of strain invariants, so
important subsequently in the characterization of isotropic tensor func-
tions in the systematic treatment of the constitutive equations of isotropic
media. Finite rotation and the fundamental theorem of local deforma-
tion are discussed in Art. 10. We give a brief account in Art. 11 of
direction-preserving fibers, and in Art. 12 of the calculation of area and
volume changes in any deformation.

Deformation tensors are second-order tensors which are expressed in
terms of gradients of the deformation vector. A question arises as to the

4
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conditions under which any second-order tensor may be a deformation
tensor. These conditions, known as the compatibility conditions, are
derived in Art.13.

In Art. 14 we give a brief account of various types of approximations
to the expressions of strain and rotation. For example, the questions of
what we mean when we speak of small deformations, small rotations,
infinitesimal deformations, etc., are briefly discussed in that article. The
final article of this chapter is written to illustrate some of the fundamental
results by means of elementary applications, physically easy to visualize
and experimentally simple to construct. Rigid deformation, pure strain,
potential deformation, isochoric deformation, uniform dilatation, simple
extension, simple shear, pure torsion of a circular cylinder, and pure
bending of a cylindrical bar are among the examples discussed in that
article.

2. COORDINATES

The material points of a continuous medium at ¢ = 0 occupy a region
B that consists of the material volume U and its surface §. The position
of & material point P in this region is denoted by a curvilinear coordinate
system X¥, (K = 1,2, 3) or by a vector P that extends from an origin O
of the coordmates to the point P. After the deformations take place, at
time ¢ the material points of U + § go into a region b consisting of a
spatial volume v and its surface s. A point p in the deformed state may
be represented by a new set of curvilinear coordinates x’° (k=1,2,3)ora
position vector p that extends from the origin o of the new coordmates to
the point p. Often it may be advantageous to select these two reference
frames to be nonidentical. For example, if a rectangular parallelepiped
becomes a circular cylinder after deformation, a rectangular coordinate
system for the undeformed block and circular cylindrical coordinates for
the deformed configuration may prove to be advantageous.

In the description of motion of a continuous body we shall find a
definite need for the use of these two types of coordinates (Fig. 2.1).
Some authors prefer the use of the so-called convected or intrinsic coordi-
nates which are obtained from the foregoing coordinates by selecting z* in
such a way that at each time ¢ the numerical value of the coordinates z*
of a given point is the same as that of XX. Therefore each motion of the
deformed configuration requires the choice of a second coordinate frame.
In this book we shall use only the more conventional two frames of
reference described above, since this practice is more general in nature
and renders itself particularly suitable in the analysis of some new prob-
lems. Moreover, as a special case, by equating the numerical values of
XX and z*, we obtain the intrinsic system.

When points of B are referred to a rectangular reference frame, often
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we use Z¥ in place of XX, and for individual components we write X = Z1,

.Y 2 7 = Z° The rectangulal reference frame employed for the
vidual components we write z =2, y = 2%, z = 2% Followmg the
durrent terminology, we shall call XX and ZX the material or lagrangian
coordmates and z* and 2* the spatial or eulerian coordinates.! '

zZ xs
B
Gy x? i
G, 3
P x2
. G,
g
13; P g3 ¥ b
x!
1
[0) 2 Y i A g,
1, 3 .
b 0 P x
i 2 Y
X x

Fia. 2.1. Coordinate system.

The motion of the body carries various material points through various
spatial positions. This is expressed by

@1 - =XK1 or XK= XX(zh1)

Thus each point p in b at time ¢ comes from a point P in B at time ¢ = 0.

We assume that the mappings (2.1) are single-valued and have con-
tinuous partial derivatives with respect to their arguments to whatever
order desired except possibly at some singular points, curves, and surfaces.
‘Moreover each member of (2.1) is the unique inverse of the other in a
neighborhood of the material point P. A unique inverse of the first of
(2.1) exists, at least in a § neighborhood of p, if and only if the jacobian
7 is not identically zero, i.e.,

2.2) L= oo — zk <8

dx*
Xk
The foregoing assumption is known as the axiom of continuity, which
expresses the indestructibility of matter. No region of positive, finite

1 Notation used here closely follows that of Truesdell and Toupin [1960].
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volume is deformed into one of zero or infinite volume. It also implies
the zmpenetmbzlzty of matter. The motion (2.1) carries every region into
a region, every surface into a surface, and every curve into a curve. One
portion of matter never penetrates into another. We assume, however,
that there exist singular surfaces, curves, and points over an interval of
time at which the axiom of continuity may be violated. To these, special
attention must be given.

The quantities associated with the undeformed body. B will be denoted
by maJuscules ‘and those associated with the deformed body b will be
denotéd by minuscules. When these quantities are referred to coordi-
nates XX, their indices will be majuscules; and when they are referred-to
z*, their mdlces will be minuscules. For example, Gxz (X) and g (x)
respectively denote metric tensors of B and b.

3. BASE VECTORS, METRIC TENSORS, SHIFTERS

The position vector P of a point P in B and p of one in b referred
respectively to rectangular coordinates ZX and 2* are given by

3.1 P=2Z5(X', X2 X% Ik p =2 (2% 2% 2% i,

where Ix and i, are the rectangular base vectors in Z¥ and 2* (Fig. 2.1).

Henceforth the usual summation conventlon is applied to every diagonally
repeated index.

- The curvilinear coordinates are usually introduced by expressing
rectangular coordinates in terms of them, i.e.,

(3.2) ZX = ZKX (X, X2, X?) 2k = ¢ (xl, 22, 2°)
Infinitesimal vectors dP in B and dp in b may be expresged as
(3.3) -dP = ;XP—K dXX = GgdXX dp ap 2 dat = g da*
where

_ 0P 9zZ™ _ O™,
(34) GK (X) = m = 6XK gk (X) axk - ox* Ln

are the base vectors at XX and z* respectively. The base vectors are
tangential to the coordinate curves XX and z*.
The squares of the lengths in B and b are respectively

(3.5)~ d82 =dP:dP = GgrdXXdXL d82 = dp - dp = gndz* dzt
where

5 AZM 9ZN

MN 9XE XL

- dzm 9z*
y»; (x) = §k ‘8= Omn oy or* oa

Gxz(X) = Gx Gy =
(3.6)
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are the covariant metric tensors of B and b respectively. The Kronecker
deltas dun, Omn, My, 8™, etc., take the value 1 or 0 depending on whether
the indices are identical or not. '

Associated with the covariant metric tensors Gxr and g. are the
contravariant metric tensors GX (X) and g* (x), which are defined by

cofactor Gkr

QXL =
@ |Grel
. M = cofactor gu
lgual

where single vertical bars enclosing the quantities repreéent a determinant,
and double vertical bars a matrix, e.g.,

711 G122 g3 gu1 g1z gz
(3.8) gk = lgn ga: g lgull = | 921 go2 g2
731 Gs2 @33 g31 §s2 (33

The metric tensors satisfy the relations

(3.9) G GFM = 6x¥  + gug™ = 6™

Metric tensors, Gx 1, GKE, are used to raise and lower indices of vectors and
tensors referred to. XX; g.; and g* are employed for this purpose in 2%, e.g.,
CKp = GEMCyy - CrF = GRMCry

CKL = QLM (K, CK, = Gpy CKM

The reciprocal base vectors GX (X) and gk (x) are defined by the
orthonormality conditions

(3.10)

(3.11) GE. G =05, geg=0k
The solutions of these equations are
(3.12) GK = GELG, gt =gig

as may be verified by substituting (3.12) into the left of (3.11) and by
using (3.9). The formalism apparent in the raising of indices in (3.12)
to get the reciprocal base vectors is in general not valid for other types of
three-vectors. .

In all of these representations the vectors and tensors referred to X%
and those expressed in z* are treated separately.

For comparison purposes it will often be necessary to shift vectors and
tensors to the same system in parallel transport. For example, by
definition, components of position vectors P and p in XX and z* are

M./'PK =P.GK ./‘pk =p-g
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Suppose now we want to shift p to the point P (X) in parallel transport.
If p¥ are the components of p in XX, then

(3.13) p=p¥Gx (X) = pFeg.(x)
or by taking inner products yvith GZL and g!, weget
(3.14) UPE = gEph P = gt
where

(3.15) P XX = GX(X) -5 @)  ¢'x X x) = g @ - Cx (%)

are the shifters required for this parallel transport. The shifters relate
components of a vector in two coordinate systems. The shifters are two-
point tensor fields; i.e., they transform as tensors with respect to the
transformation of both coordinates XX and z*. The Latin majuscule
index transforms with XX and the Latin minuscule with z*.!

We may in a fashion similar to (3.15) define

grr X, x) = gix (X, %) = g (x) - Gx (X)
g X, x) = ¢** (X, x) = g* (x) - GX (X)

It is now apparent that the lowering and raising of Latin minuscule
indices can be done with the metric tensors gi; and g%, while the Latin
majuscule indices require Gxr and GXL, For example, by writing
g = gu g and/or Gx = Gk G* in (3.16),, we see that

(3.16)

(3.17) grk = gklglx = GKLng = gkl GKLglL
Similarly one may easily verify the expressions
gkb = g gK, = GEKL gk, — ghl GKL g,
(3.18) g5 = gug'® = GEL g = gu GKL gl
g% g’k = 0% gFigtL = o%L .
of which the last line proves the reciprocity of g*x and g%;.
If we substitute (3.4) into (3.16), we get
y 0ZL 92! .
(3.19) - Kk = 7 XK 55—,; bn=1I.-1;

which not only shows the two-point tensor character of gxx, but also
indicates that when both coordinates X¥ and z* are rectangular,

(3.20) v gre = Orr g%k = 0%y

1 Michal [1927, 1947] noted the importance of two-point tensor fields in the defor-
mation of continuous media. Toupin [1956] and FEricksen and Truesdell [1958]
further developed and used these tensors. For a short account see Art. A6.
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Z ~~
\\
\\
~o
v >~
P (Z5
\\ v
\\
P ~ p(zk)
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0 Y
X
FIG. 3.1

In a rectangular frame of reference (Fig. 3.1), a vector ¢v* at 2* may be
transported to the point ZX remaining parallel to itself if we write

(3.21) VE = 5, ok

Here 8%, is the usual Kronecker delta, since the same frame of reference
is used for both ZX and z*. We see that the same thing is done in a
curvilinear frame of reference by using g% instead of 6%, i.e.,

(3.22) VR = gk,
Indeed we may show this by taking the scalar product of
v="VEGk =v'g

with GX, Hence we have the justification for the name “shifters” for
g*x, g%, etc. These tensors will find further important applications in

the course of the present study.

4, DEFORMATION GRADIENTS, DEFORMATION TENSORS
Through the equation of motion (2.1) wehave Lo e

(4.1) o dak = ka\de dXE = XK, dzb - f;;—\{ R

where indices after a (Lni%?éﬂﬁdi%% differentiation with (iegpect to XX

when they are majuscules and with respect to z* when they are minuscules.

The two sets of quantities defined by
dzk IXE

42) > I Sl
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are called deformatwn gradients. Through the chain rule of partial
differentiation it is clear that they satisfy

o
(4.3) rh g XKy = o XK, gk, = 5K,

Each of the sets is a set of nine linear equations for nine unknowns z* x or
XX,. A unique solution exists since the jacobian of the transformation is
assumed not to vanish. Using Cramer’s rule of determinants, the solu-
tion for XX, is given by
k

(4.4) XK, = Pf.f_?:ﬁﬁ?iﬁ = _1_ eKLM gy ol gm o

J 27
where e is the permutation symbol and
(4.5) J=lo* k| = }eXM e 2* kTl L 2™ M

is the jacobian. An important identity due to Jacobi follows from
differentiating j, i.e.,

_(4.6) /:9;;3 - = cofactor z* x = j XX,

»

If we substitute (4.1) into (3.5), we get

@7) - dSt = ou(x ) detdt * ds? = Cry (X, £) dXX dX*
where

(4.8) cu(x, t) = Ger (X) XX, Xy Crr (X, t) = gu(x) 2k g2’ L

which are called respectively Cauchy’s deformation tensor and Green’s
deformalion tensor. Both of these tensors are symmetrical, i.e., cu = Ccu,
Cxr = Crk, and both are positive-definite.

If at time ¢ we look upon the motion (2.1) as a coordinate transforma-
tion (imbedded coordinates), then ci (x,?) may be interpreted as the
metric tensor of B in coordinates z* at time ¢;1i.e., the metric tensor Gz, (X)
is transformed into ¢ (x, t) through the motion. An analogous interpreta-
tion is valid for Ckr in inverse motion.

Corresponding to these tensors, new base vectors ¢ (x, t) and Cx (X, ¢)
may be defined by

clc(x;t) = é}'}i = dXE gk
(4'9) o ap k
Cx (X t) = svm = a5 avr = & (X) 2k
from which it follows that

(4.10) v""'ckz = cp = C;* Ci v Cxr=Crx =Cg-Cy
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Expressions (4.9) indicate that the base vectors Gk and g, through the
motion, are transformed into ¢, and Cx respectively. From (4.9) we also
have

(4.11) "Gr =tk g = Cx XK,
The vectors c* (x, ) and CK (X, t) reciprocal to the new set ¢, and va
are defined by ‘
4.12) \c" ccp = 6% CK.Cp =
The solutions of these equations are
(4.13) \,,6’; x,t) = GEX)r* ¢ CX(X,t) = gt (x) Xk,

as may be verified by substituting (4.9) and (4.13) into (4.12). The
raising and lowering of indices in the curvilinear coordinates z* are
accomplished by the use of the metric tensors g"’ and g, and in X K by GKL
and Ggy. Hence, for example,

. o et = g™y et = gim ek,
(4.14) ! oK KM KL LM (YK
{ CEp = QXM Cyy, CEL = LM CK),

Note, however, that we cannot apply these operations to vectors ¢; and
c*. That is, in general, -
¢t # gkle

Since c* is defined by (4.13);, the question arises as to the relations of
¢k« clto . We write ‘

(4.15) 7¢M = ¢k ¢! = GKlzkxgl,  CKL = CK.CL = g4 XK, XE,

and proceed to show that these quantities are indeed the inverse matrices
to ¢xi and Ckr. For the Cauchy deformation tensor, we have

Com €™ = (Grz X% XL,) (GM¥ 27 3 o' x)
—_ GKL GLN XK,k xl,N —_ 6NK XK,k xl,N - XK,k xl,K = 6lk
Since ¢y is a nonsingular matrix, we have the proof. Proof for (4.15),
is similar.? '
By lowering the indices of “¢*™ we also get
(4.16) _é"z = Qim ~¢km _‘(17151 = Gkm —tli"'t = Gkm Jin “omn

By substituting (4.8), into (4.14),, and (4.15); into (4.16);, we obtain the
dual expressions

(4.17) c"z = XKk Xx,z _(l:"t = xk'Kzt,x
1 The tensor -6 was introduced by Piola [1833, 1836] and ¢ by Finger (1894a].
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where XKk = gkl XK, ZhK = GRL gk g,
Xk, = Grr X%, ZTik = gtk

We now have two different representations for the differential vectors
dP and dp, one in the reference frame XX and the other in 2%, i.e.,

—dP = Gx (X) dXX = cx (x, 1) do*
dp = Cg (X, t) dXX = g (x) dz*

Similarly for the square of length elements we have

" d8? = Qg (X) dXE XL = ¢ (x, t) dz* dz?
ds? = Cgr (X, 1) dXXdX* = gy (x) do* da?

5. STRAIN TENSORS, DISPLACEMENT VECTORS

(4.18)

(4.19)

The difference of the squares of the line elements containing the same
material points in B and in b implies a length change due to deformation.
If ds? = dS?for any pair of neighboring material points, then the deforma-
tion has not changed the distance of the pair. We say that a body has
undergone o rigid-body displacement whenever ds® = dS? for all material
points. Therefore the difference ds? — dS? is a measure of the deforma-
tion produced during a displacement. Subtracting expressions (4.19) of
dS? from ds? expressed in the same coordinate system, we obtain
(5.1) ‘“'ds? —dS? = 2 Egr (X, 1) dXXdXE = 2 €1 (X, 1) dat da?
where

5.2) “ QEgy = 2Eix = Crr (X,1) — Gxe X)
’ 2en = 2ey = 1%} (x) — Ckl (X, t)

are respectively called lagrangian and eulerian strain tensors. From (5.1)
we readily find

(5.3) Egr = enz*rzlL ew = Egr XX, X1,

The displacement vector u is defined as the vector that extends from a
material point in the undeformed body to the same material point in the
deformed body (Fig. 5.1)._ Thus

(5.4) “u=p—P+b

This vector will have components UX referred to XX and u* referred to
z*, ie.,

(5.5) u= UKGg=utgs
To obtain UX, we take the scalar product of (5.4) with GX, ie.,
Uk =u-GE=p:GX —P-GX¥+b-G¥
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or
(5.6) UK = pX — PK 4 BX
where pX, PX, and BX are the components of p, P, and b in XX, For p¥
we have

pK = gk, p*
which is the shift of p* from the point p to P.

The displacement vector u may also be expressed in terms of its
covariant components Ux and u:

5.7 u= UrG¥ = u g*
By scalar multiplication of this with Gx and g, we find
(5.8) Uk = gtk we we = g% Uk

of which the first is the expression for the parallel displacement of u; from
p to P, and the second is the inverse operation. Of course, at the same

z x3
B
G, z
3
dP u+du *
G,
b
P x2
G, dp
u g3 gg X2
P x! P
g,
o Y
b P x!
o
X
x
y

F16. 5.1. Displacement vector.

point XX and z* among the covariant and contravariant components of
the displacement vector we have '
UK = GKL U, Uk = GgL U™

5.9
(5.9) W= gty e = gt

We now should like to express the strain tensors in terms of the dis-
placement vector.
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THEOREM 1. The lagrangian and eulerian strain tensors are related to
the displacement vector by
2Egy = Cxr — Ggr = Ug;o+ Uik + Unig UM, ’

5.10 .
(5.10) 2en = gr — Ckt = Uk;1 + Uik — Uik U™y

where a semicolon represents covariant partial differentiation.

PROOF. From (4.18) and (5.4) for the Green and Cauchy base vectors
we have

dgp _ oP du

Cr = 3%k = 3xx T 3%%

= Gg + Uy;g G
(5.11)

where we have used the expression for the partial derivative of a vector
given by 0u/dr* = un.:g™ Now calculate the deformation tensor Cxy
by scalar multiplication of Cx by C.. Hence

Crr = Gk + Usu;x G¥) + (G + Uy, GY)
=Gkr + Uiz + Uk + Un;x UM,
which proves (5.10);. Similarly, by calculating c - ¢; with the use of
(5.11), we get (5.10)..

Two important relations that connect the deformed infinitesimal vector

dp to the undeformed vector dP are obtained through (5.11)
(5 12) dp = deXK = (G’K + UM;K GM) dXk
' dP = ¢ dz* = (g — Um;x g™) dz*

which may also be written in terms of components of dp and dP at P (X)
and p (X) as

dz; = guds* = (Gix + Urx) gl d X%
dXL = GXL dXK = (gn, - ’U,z;k) g‘de"
Here again we see the use of shifters in the transport of vectors to the
same point.

Returning to the strain tensor, we can, by raising the indices, obtain

mixed and contravariant components of the strain tensor

EXp, = GEM Eyy, ety = gFmem

ekl = g‘lm ekm = glm glm Cnm

(5.13)

(5.14)

The expressions for the components of the strain tensor in rectangular
coordinates z* and ZX simplify a great deal, since the covariant derivatives
reduce to partial derivatives and the covariant, mixed, and contravariant
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components have identical expressions. For example, the lagrangian
strain components read :

_ 59U aU\? aV\2 . /oW \?

2Exx = Cxx — 1 —2§+<57() +(5)—() +<5}T)

(5.15) _ _oU oV L 9UBU , aV oV |, oW aW
2Exy = Cxy _W+5X_+¢T—Yﬁ+g)—(§7+8_X_W

.............................

Similarly the eulerian strain components become

ou\? w\? [ow\?
ot -3 - () ()

(5.16) 2em = —c,,,,=£’i‘+i’i_§14§1‘_92_0_v_6_w@£

.............................

The rectangular components of displacement U, V, W in ZX and u, v, w
in zF have dimensions of length L. Therefore the deformation tensors
Cxx, ¢z, and the strain tensors Exx, e, are dimensionless. In curvilinear
coordinates this, in general, is not the case, since the base vectors may
have dimensions themselves. Thus, to obtain the physical components
u® of the displacement vector u*, we write

(5.17) u= 2 o

k

V/ge yuc)

Now g/ gw: is a unit vector. Hence, through
) u®

Vo

where an underscore suspends the summation, we relate the components
of the displacement vector to its physical components. Using (5.18),,
one can express the components of the strain tensor in terms of the
physical components of the displacement vector (cf. Art. A3).

6. INFINITESIMAL STRAINS AND ROTATIONS

(5.18) u® = v \Vga  u =

Various approximate theories of continuum mechanics are based on
the dropping or approximating of the nonlinear terms of (5.10). This
may be done systematically by introducing infinitesimal strain tensors
Ex:, &, and infinitesimal rotation tensors Rz, Fu:

®.1) Exr =3 (Uxie+ Ux) = Uity Cu=3% (uk i unE) = e
R k1 =3 (Ug;z — UrLig) = U,y Fu = § Wyt — Uie) = Upn
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where parentheses enclosing indices indicate the symmetric part of the
quantity and brackets the antisymmetric part. The above quantities are
the strains and rotations of the classical linear theory. From (6.1) we
clearly have :

(62) Uk;1 = %] + ﬂz- UK;L = EKL + RKL

Since the analyses for the lagrangian and eulerian quantities are identical,
we carry out the further treatment in terms of the eulerian representation
except when a specific reference to the lagrangian picture is needed.

By raising the indices, we also have the associated tensors

(6.3) v & = glm o & = glm &, = g‘zm gkn Cum

The infinitesimal strain tensor &, is a symmetric tensor, and the infini-
tesimal rotation tensor ¥ is a skew-symmetric tensor, i.e.,

(64) ékz == éu,' ﬁ;z = '—ﬁk

From a skew-symmetric tensor, in three dimensions, we can always form a
dual vector by the operation

65 2 = nf,, 2 RE = KIM By,

or explicitly

2VgF = 2F = use — Uz 247 = 2 = wy;s — Usy
24P = 2Fy = us;1 — Unye

Substituting (6.2) into (5.10), we s;hall have

Exi = Bxi + § (Bux + RBux) (B, + RM,)
ext = &1 — 5 (Gme + Fur) (8™ + ™)

(6.6)

6.7)

These expressions suggest many possibilities for various degrees of
approximations for the strain tensors. For example, in the product
terms for small &;, the products of & & may be dropped while such
products as &, 7 may be retained; or one may retain only certain
components of these product terms. !

An important conclusion that follows from (6.7) is that in general
&q = 0 does not imply e = 0; that is, vanishing infinitesimal strains (i.e.,
the linear part of the strain tensor) are not sufficient for a rigid deforma-
tion. Note that & is not a strain measure.

A geometrical interpretation of Ex; may be made as follows. Con-

1A complete systematic study does not exist. Various plate and shell theories,

however, make use of this approach. For a discussion see Novozhilov [1948]. For
a more complete treatment see Eringen [1954]. See also Art. 14.
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sider an infinitesimal vector dX at X; after deformation this vector
becomes dx at x. Now translate dx from x to X (Fig. 6.1). Let N be
the unit vector along dX. Hence

dX
=z
We now calculate elongation e, along the direction N, defined by
|dx| cos 6 — |dX|
fo = [aX]
_dx-dX 1= dx-N 1
|aX|? x|
or
dzg NX
(6.8) em = |§x -1

where, according to (5.13),
dzx = ng dze = g%k g™ (G + Un;z) dXE

or using (6.2).

6.9) dzx = (Gxz + Exi + Rgr) dXE
If we now substitute (6.9) into (6.8), we get
(6.10) ¢m = Bxr NXNE

which shows that the normal component of £ in the direction of N is the
elongation in that direction. The dual result for the tensor & may be seen’

dXx

X ———>dx

FIG. 6.1

to hold in an analogous way. If we select the directions of N to be
the direction of the X! axis in rectangular coordinates, then N! =
N? = N* = 0. Hernce ¢ = Ey; or in general ¢, = E’KK, that is, the
elongations along the coordinate axes are none other than the normal com-
ponents Eyy, By, and Fys of E in these directions.

A geometrical meaning for the infinitesimal rotation tensor Exi will
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be found in Art. 10. We shall prove that R = 0 is a necessary but not
sufficient condition for a pure strain.

7. LENGTH AND ANGLE CHANGES

A geometrical meaning of the strain tensor is obtained if we consider
the edge vectors Gg dXE of a curvilinear parallelepiped in their deforma-
tions. We have found that, referred to the same coordinate system XX
the edge vectors Gg dXX deform into Cx dX% (Fig. 7.1).

xl=x! ‘cl Xm x2 =X2
FIG. 7.1. Deformation of a curvilinear parallelepiped.

The ratio ds/dS of the lengths of vectors dx and dX is a function of the
direction of either dX or dx and is called the stretch. Let N and n be
respectively the unit vectors along dX and dx. Then the stretch
Am = A is defined by

A = gg- — \/Cri NENE

(7.1) ds 1
Mo =8 T Vogni
where
dXk dx®
K = 047 b= %
(7.2) NE = a5 n I

are the cosine directors of N and n respectively. Physically Au and
A\ are the same. We use two different expressions for the stretch to
indicate whether the directions are referred to XX at P or z* at p.

From (7.1) we see that the normal components of C and c in the directions
N and n are, respectively, the squares and inverse squares of the stretches in
those directions.

The extension Exy = e is defined by

ds — dS

(7.3) Ew=ew=Am—1=—7g
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When the direction N is tangent to the coordinate curve X ! we have
N' = dX1/dS = 1//Gun, N* = N® = 0. Therefore

Apy = VCu X, 1)/Gu (X) = V1 4+ 2 (Ewn/Gr)
E(l) = \/ 1 + 2 (En/Gn) - ].

From this it follows that

(7.4)

C 2E
(7.5) "@ﬁ = Ay Gln I+Ew2-1
If the reference frame X¥ is rectangular, these reduce to
(7.6) Cu = A}, 2Eu= QA+ Ewn)?2—1=A} —1

Hence the normal component Cy; of Cauchy’s deformation tensor is none
other than the square of the stretch in the X! direction in rectangular
coordinates, and twice the normal component E,; of the lagrangian -
strain tensor is the square of the stretch minus 1. When E;; is small
compared to unity (i.e., Ey; < 1), by expanding (7.5) and retaining only
the lowest-order terms in E;;, we find

(7.7) En=Ey

The foregoing is of course valid for all normal components Cxx and Exg.
We may similarly find relations of ¢ and ey to the stretches and exten-
sions through (5.1) and (5.2). To this end consider the extension of any
element along the z! axis. For this we have n! = dz'/ds = 1/4/, g:,
n? = n® = 0. Hence

_ Vgu@ _ e11 -
ANy = —=——==(1—-2—
Ve (x, 1) gu
ey = Ay — 1

or
=
(7.8) .
2= =1 =g =1—(1+ e
[/381

The dissymmetry of (7.8) to (7.5) arises from the definitions of stretch
and extension which were not expressed in dual forms. For small
extensmns in a rectangular frame of reference we again find

(7 9) e e

Next we proceed to show the relation between the angle changes and
the mixed components of the Cauchy and Euler tensors. Let two
elements dX; and dX; at X be deformed into the elements dx; and dx at x.
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We take N;, N; and n,, n, as the unit vectors respectively along dX,, dX,
at X, and dx, and dx,; at x. The angle O, x, between dX; and dX,
becomes 0(s, 0, between dx, and dx, (Fig. 7.2).

P(X)

FIG. 7.2. Angle change.

We have

_ X _dx
(7.10) N, = Id_X;] n, = I—(-i;a—l- (ot = 1, 2)

Now calculate the angles O,y and 6(a,ny from
dX1 b dX2 _ GKLdX1K dXzL

€08 Ox,wy = [dX,| [dXy] —  [dXy] [dXq]
or
(7.11) o8 Om,my = Gxr N1i¥ Nt
Similarly
cos 0 _ dxi-dx, _ " CgrdX XdX,t
@2 7 Jdxi[ldxs] ~ §/Cruw dX 1% dX:N \/Cro dXoF dX 10
or
(7.12) 008 Beamy =~y

The shear in the plane determined by N; and N, is defined as the decrease
tn angle:

(7-13) Twwy = Ymny = Oqnmy — 0(ayn0

Here again dual representation I' and « for the same physical quantity,
i.e., the shear, is introduced primarily to distinguish lagrangian and
eulerian representations. It is now clear that the knowledge of Cky,
K # L, is not sufficient to determine the shear I'(y,.x, ; we must in addi-
tion know the normal components Cxx so that stretches A, and A, can
be determined. If we write H for the right side of (7.12) and use this in
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(7.13), we may solve for

(7.14) sin Doy = H 8inOn,mg — /1 — H? c0S O, 1wy

which fer originally orthogonal directions, i.e., O, 5y = 7/2, reduces to

Cki N X Nt

7.15 sin Lo = H =
( ) (N1,N2) A(m) A(Nz)

Therefore, for two orthogonal directions, the vanishing of Cxr N.X Nt s
necessary and sufficient for the vanishing of the corresponding shear.

If we select the directions N; and N, along the tangents of the coordi-
nates XX, (7.11) and (7.12) reduce to

GkL

Cos G(KL) = ﬁ
KK

(7.16) o
cos sy = Ckr, Gkr + 2 EgyL

V/Crx Crz  (Gxx + 2 Bxx) Grz + 2 Erg)l

When the coordinates XX are rectangular, this simplifies to

cos Oxry = Oxr
0k + 2 EgL
V(1 + 2Fxx) (1 + 2E51)

Thus, using (7.6); in (7.17) 2, we may also write

(7.18)  2Egr=(1+ Em) (1 + Ew)sinTxyy (K # L)
When the extensions are small compared to unity, this reduces to
(7.19) 2 Exr & sin Tk (K # L)

We therefore find that the mixed component of the strain tensor for small
extensions is one-half of the sine of the shear. For small shears we may
further take sin I'(xry =< T'(x1, obtaining the classical result in the theory
of infinitesimal deformations. It is clear that the foregoing result applies
in the same way in the eulerian representation. The dual of (7.16) in
eulerian representation reads

(7.17)

cos dxry) = sin F(KL) =

grt
cos Oy =
V Gkrx gu
(7.20) o
co8 Oy = H gu — 2 en

Vemon - 1@n — 2ew) gu — Ze)]

Since eulerian and lagrangian coordinates can be chosen independently,
it is not in general possible to relate the shears T'(xzy and yuy. For
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Ok = /2 and 04y = 7/2 respectively, they are given by

. 1 C . Ck
(7.21) sinTxry = L silyen = —Aw Ao ———
Ay Awy \/GEE G££ Gk gu

From the geometrical meaning of the deformation tensors Cxz and ci;
and the strain tensors Ex; and ey, it is now clear that the necessary and
sufficient condition for the deformation to be rigid at each point is

(7-22) CKL = 3KL Crl = 81;1 or EKL = ey = 0
8. STRAIN ELLIPSOID

The state of local deformation in the neighborhood of a point P (X) in
the undeformed body or p (x) in the deformed body can be understood
more clearly by a geometrical treatment due to Cauchy. The method
presented here is applicable without change to any second-order sym-
metric tensor. .

An infinitesimal sphere! at X% swept by a vector dX¥ is given by

8.1) Grr dXE dXT = dS§? = K?

Through the motion (2.1) the material points of this sphere are carried
_ into a quadric surface at the point z* of the deformed body

(8.2) cdzt drt = dS? = K*?

The mapping (2.1) is nonsingular and Gk is positive-definite. From
(4.8), it is clear that ci is positive-definite. Consequently the quadric
surface (8.2) is an ellipsoid. This ellipsoid is called the material strain
ellipsoid. Similarly, by inverse mapping, the infinitesimal sphere

(8.3) grdat doe? = ds? = k?
at z* is carried into an ellipsoid at X*
(8.4) CrrdXXE dX": = ds? = k?

called the spatial strain ellipsoid.

It is of interest to know how an orthogonal triad of radii of the sphere
at XX deforms. To this end we have the following theorem.

THEOREM 1. (Cauchy's First Theorem) Perpendicular diameters of an
infinstesimal sphere at X are deformed into conjugate diameters of the
material ellipsoid at X. . _

PROOF. Let dX; and dX, be two orthogonal vectors at X, i.e.,

dX1' dX2 = 0

! The fact that (8.1) is a sphere can be seen by noting that in rectangular coordi-
nates Gxyz = 5xz, and hence (8.1) reads (dX)* + (dY)! + (d2)* = K*.
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Now according to (4.18),, dX; deforms into c, dx;*; hence, we get
(8.5) Crl d.’l?l" dxz’ =0

This shows that the gradient vector ¢i; dzi* of the ellipsoid at the end
point of the vector dx; is perpendicular to the vector dx. (Fig. 8.1).
Hence the proof of the theorem.

A quadric has three diameters that are each perpendicular to its
conjugate plane. These mutually orthogonal diameters are the axes
of the quadric. These axes, according to the foregoing theorem, are the
mappings of an orthogonal triad of the sphere at X. Hence we have the
following corollary.

COROLLARY 1. At a point P(X) of B there exist at least three mutually
perpendicular directions which remain orthogonal to each other after deforma-

Material ellipsoid

FIG. 8.1 FIG. 8.2. Spatial and material strain
ellipsoids.

tion and constitute the principal axes of the strain ellipsoid at p (x). A
deformation that carries the orthogonal triad of radii into the principal
semiaxes of the ellipsoid does not alter the angles between each pair of
the radii. Therefore, according to (7.20) and (7.21), we have Corollary 2.

COROLLARY 2. Referred to principal azes of the sirain ellipsoid, the
mized components cy (k # 1) of the Cauchy deformation tensor and the
eulerian strain tensor ey (k # 1) vanish. All of thesg, of course, are also
valid for the spatial strain ellipsoid. In fact, we have a dual picture as
follows. The triad at X considered as the orthogonal radii of a sphere
deforms into the triad at x which constitutes the principal semiaxes of
the material strain ellipsoid. Conversely an orthogonal triad of radiiof
the sphere at x is a triad of the principal semiaxes of the spatial ellipsoid
at X. Consequently a third corollary follows.

COROLLARY 3. The deformation rotates the principal axes of the spatial
ellipsoid at X into those of the material ellipsoid at x (Fig. 8.2).

This result is based on the assumption that the lengths of the principal
axes of the material ellipsoid at x are unequal. When any two principal
axes have equal lengths, we have an ellipsoid of rotation. In this case
there is a plane through X perpendicular to the axis of rotation. - On this
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plane every pair of orthogonal directions through X constitutes two
principal axes, the third being the axis of rotation of the ellipsoid.

When all three axes of the material ellipsoid at x are equal, the ellipsoid
~ degenerates into a sphere. In this case we have infinitely many choices
of principal directions since any orthogonal triad of radii may be selected
for this purpose.

The deformation carries the diameters of a sphere at X into the diam-
eters of an ellipsoid at x. The ratio of the diameters of the ellipsoid to the
corresponding diameters of the sphere are the stretches. Therefore the
magnitudes of the stretches in different undeformed directions at X vary
as the distance from x to the surface of the ellipsoid. The determination
of the direction of corresponding deformed and undeformed diameters
with respect to each other requires a knowledge of the local rotation.?

In an ellipsoid the lengths of principal axes may be ordered as the
largest, the middle-sized, and the smallest. Hence we have the following
theorem.

THEOREM 2. (Cauchy’s Second Theorem) At any point X there exists
at least one set of three mutually perpendicular directions for one of which
the stretch is not less than in any other direction, for another one it is not
greater than in any other direction, and for the third one it is a minimaz.
When they are ordered as Aqy = Ae) = Ay, they stand in the same ratio
AyiA@:Ap as the lengths of the axes of the strain ellipsoid. These
stretches, associated with the principal axes of strain, are called principal
stretches.

9. STRAIN INVARIANTS

In the previous article we have found that at a point X in B there
exist at least three mutually perpendicular directions which are carried
into the principal axes of an ellipsoid at x. Along these three directions
the stretches Ay take extremum values. A dual picture applies for
the inverse deformation. The analytical determination of the principal
directions may thus be effected by minimizing

dXx
(9.1) A%, = Cgro NENEL=2Eg  NEN:+1 (NK = _HF)
with respect to NX subject to the condition that N is a unit vector, i.e.,
9.2 G NENL =1

Lagrange’s method of multipliers may be utilized for this purpose. Thus

syt Al = 5o [Cxu NENE — C (GruNEN% — 1)] = 0

? For a definitive treatment see the fundamental theorem of rotation (Art. 10).
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where C' is an unknown Lagrange multiplier. This gives three linear
homogeneous equations for N¥

9.3) (Ckr — CGrr) N:E =0

Upon using Cxz = Ggr + 2 Ex, we may also write this as
(9.4) (Exkr — EGgr) Nt =0

where

(9.5) 2E=C -1

We may solve either (9.3) or (9.4). Once this is done, using the
relations of Cxr to Exy and C to E, we can always convert from the C
language to the E language or vice versa.

It is simpler to work with the following equations, which are obtained
from (9.3) by raising the index K:

9.6) (CkL, — Co% )Nl =0

A nontrivial solution of (9.6) exists if the coefficient determinant (often
called the characteristic determinant) is equal to zero, i.e.,

9.7 [CEp, — C 5L =0
Expansion of this determinant gives a cubic equation in C, i.e.,
9.8) —C*4+1cC? = 1I¢C + 1lIg =0
where
Ic = % 8%, Clg IIc = 1 6K My CLg CNy
! 21
(9.9) 1

Il = 37 KL MyPo Clg CVy C9 = det CXy

are the invariants of deformation tensor C. The symbols 65 ¥y and
8K MyPo are generalized Kronecker deltas. These tensors are defined as

1(-1) when subscripts are distinet numbers taken
. from 1,2, 3, . . . and the superscripts can be
KL MyFP:ll = brought to the same sequence of the sub-
scripts by an even (odd) permutation;
0 otherwise

It can be shown that
5KLMNPQ — GKMP erNg 5KLMN = 6KLMNPP

where ¢XMP and eyq are permutation symbols defined by (A4.18).
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The characteristic equation (9.8) possesses three roots C., (@ = 1, 2, 3)!
called proper numbers or principal values or eigenvalues. The coefficients
I¢, Il¢, and I1l¢ of the cubic equation (9.8) are the sums of products of

these roots, taken one, two, and three at a time, i.e.,
910)  Ie=Ci+Ce+C Ig=CyCs+ CsC1 + C1Ch
IIIC = C 1 C 2 Cs

Corresponding to each of C,, through (9.6) we obtain a direction NZ,.
If the proper numbers are real and distinct, corresponding to these we will
have three real and distinct proper (principal) directions. We now prove
the following lemmas.

LEMMA 1. The proper numbers are real.

PROOF. Suppose that the contrary is true; then the cubic equation (9.8)
will have two complex roots

* —
Ci=Cy+1iC; C;=Ci—iC, (@G=4+/-1)
Corresponding to these, through (9.6) we obtain a complex direction

3k
NX, and its conjugate NX, satisfying (9.3), i.e.,
* * *
CxkrNY = C1 G N4 CxiN%, = C1GrL N%

®
Now multiply the first of these by NX, and the second by NX,, and
subtract the second from the first. Remembering that Cxr = Crx, we
obtain

* *
0= (C, — Cy)GgNE NIy
Since Gz Ia\gf X, NI; > 0, we must have

¢i—Cy=2iC,=0"

which proves the theorem. Note that the crucial point in this proof is
the symmetry of the tensors Cxr and Gki.

LEMMA 2. The principal directions Ny and Ny corresponding to two
distinct proper numbers Cy and Cs are orthogonal to each other.

PROOF. Principal directions NZ; and NZ, satisfy (9.3), i.e.,

Cr NPy = CiGriN%  CriN%s = C2GriN%

Multiply the first of these by NX; and the second by N%,, and subtract
the second from the first. Hence

0 = (Cy — C2) GxL N¥1 N*

1 Greek indices are used as labels, not necessarily as tensor indices.
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Now C,; 3 C, by hypothesis. Hence
GKLleNL2=O or Nl'N2=0

which is the proof of the theorem.

The basic assumption in arriving at this result is that the roots of the
characteristic equation (9.8) are distinct. The question arises as to what
happens when (9.8) has multiple roots. In such cases the associated
directions become indeterminate. Fora double root there will be infinitely
many directions in a plane, satisfying (9.3). Any two orthogonal direc-
tions in this plane may be chosen as the proper directions, the third
one being perpendicular to this plane. The strain ellipsoid in this case
will have rotational symmetry with respect to the axis of revolution.
Two orthogonal directions in a plane through P (X) perpendicular to the
axis of rotation may be chosen at will to constitute a principal triad
together with the axis of rotation.

When all three roots of the characteristic equatlon coincide, then the
quadric surface becomes a sphere. In this case any three mutually
orthogonal directions may be selected as the principal directions.

The state of strain referred to a principal triad takes a simple form.
We have

Nt = 8L,
Hence through (9.6) we get
(9.11) CEy = Cq 8%,
Fora = 1, 2, 3 we get
Ch=C Ch=0C C(C5=C C(C5=0 (K # a)

which proves the following lemma.

LEMMA 3. Proper numbers are the normal components of the deformation
tensor (principal deformations) in the principal triad, and the shear com-
ponents in this frame of reference are zero.

We therefore see that the determination of the principal dzrectwns and the
principal deformations of a tensor CXy at a point X is simply equivalent to
finding an orthogonal triad in which CXy reduces to a diagonal form,? i.e.,

| . ¢y ¢y ¢u] e 0 o
(9.12) cy €% Cx|=[0 ¢ 0
¢y 0% ¢4) [0 0 c

The foregoing process is valid for any symmetric second-order tensor.
Clearly the principal directions N, are the principal axes of the strain

% A standard theorem in tensor analysis; cf. Sokolnikoff [1951, art. 12].
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ellipsoid at X. Referred to a principal triad, the equation of the strain
ellipsoid becomes simpler.

(9.13) ds? = k* = CxrdX¥dX% = ) Ca (dX)?

Now C1, Cas, and Cj; are positive; hence C, > 0. Therefore, in rectang-
ular coordinates, the strain ellipsoid has semiaxislengths a. = ds/A/Co =
k/A/C. (Fig. 9.1). The stretches A, = A, along

the principal axes are given by? _ : >/
= 95 _ /O = ds kACy
(9'14) Aa - dS - Ca - a:
Through the consideration of the ellipsoid at x,
we find , _ - (Y%
(9.15) ,)\é =5 —‘\/-C:a = E»_S- FI1G. 9.1

where ¢, are the proper numbers for ¢%. Since Ao = Ao, we have

9.16) Co =

=

&=

and the proof of the following theorem.

THEOREM 1. The lengths of the semiazes of the strain ellipsoid at X are
reciprocal to those at X, and the proper numbers are reciprocals of each other.
The proper numbers Co are equal to the squares of the sireiches along the
principal directions of the strain ellipsoid at X. Along the principal direc-
tions the stretches have extremal values. The foregoing also constitutes an
algebraic proof of Cauchy’s second theorem. An alternative form of
(9.16) follows from (4.8); and (4.17),:

-1
CEy = 25Ky = 2Kk

Since any two matrices AB and BA have the same characteristic determi-
nant, and hence the same proper values,* we have Co = ¢. But

-1 -1 -1
a = (ca)~!, where ¢ are the proper values of c*.. Hence

(9.17) Ca= Ca=(ca)™* =N\,
The dual of this is

(9.18) Ca = _Clva = (Ca)—l = )\;2

3 The parentheses enclosing the subscripts in stretches A@ = A are dropped for
simplicity.
4 Cf. Sokolnikoff [1951, p. 38].
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According to (9.14) and (9.15) the proper values C. and ¢, uniquely
determine the lengths of the semiaxes of the strain ellipsoids at x and X.
Finally:

LEMMA 4. The deformation rotates the principal axes of the spatial
ellipsoid at X into those of the material ellipsoid at x. This will constitute
an analytical proof of Corollary 3 of Cauchy’s first theorem. The proof
of the theorem and its other corollaries is contained in Lemmas 1 to 4
above. The present lemma finally produces the solution of equation
(9.3) for N, corresponding to each proper number C,. We shall now
show that
(9.19) N, = ke

. a '\/c_g

is the desired solution in terms of the principal directions n, of the spatial
ellipsoid at X. For this purpose we must prove that (1) NX, are mutually
orthogonal unit vectors whenever n*, are mutually orthogonal and (2)
NE,, given by (9.19), satisfy (9.3) whenever n*, satisfy the equations
dual to (9.3), i.e.,

(9.20) (cu—cgyn' =0

To prove (1), we form

Grr XX p XEankbanls
Vieacs

cunbanlp

Vieacs
Vs

= = kil nkg nl_p = 6«6

Vg

where the second line follows from the first by using (4.8); and the third
is obtained by using (9.20) in the second line.
To prove (2), we form

Gk NX Ny =

CrkLNL, = 1-— g 2* g 2t XL mnmy = 1——'91;1 ok g nly
Ce - Ca -
Ckl nlg x",x
Ca Ve
GPM XP,I, X”,;x",xnlg GKM XM'zn’_,_,
- ca V0a Ve

_ GxuN™,

Ca

~—
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In the first line we have used (4.8); for Cxz. The second line follows
from the first with the use of (9.20). By using (4.8); for ¢4 on the
second line, we get the third line. The fourth line follows from the third
with the use of (9.19). If we now compare this result with (9.3), we get
(9.16);. These results assert that the transformation (9.19) carries the
orthogonal triad of unit proper vectors n, with proper numbers ¢, to the
orthogonal unit triad of proper vectors N, with the proper numbers C..
This therefore sets a one-to-one correspondence between the principal
axes of strain ellipsoids at X and x, thus proving the lemma. The dual
of (9.19) is
xk K N Ka

(9.21) nky = ._.\_./..a‘_—. = 25 g NX. \/Ca

We may give these results the following geometrical interpretation.
The Green and Cauchy deformation tensors C and ¢ may be characterized as
the unique symmetric tensors whose principal azes are the principal azes of
the strain ellipsoids at X and x and whose proper numbers are the squares
and the rectprocals of the squares of the principal streiches respectively.
The physical lengths remain unchanged in a coordinate transformation.
Consequently C, and, by (9.10), the quantities I¢, II¢, and III¢ remain
unchanged. Hence we have the following theorem.

THEOREM 2. Quantities I¢, Il¢, and I1l¢ are tnvartant with respect to
any coordinate transformation at XX. Moreover the number of principal
axes that are needed to characterize uniquely a quadric surface is not
more than three. Hence Theorem 3 follows.

THEOREM 3. In three dimenstons the number of independent tnvariants
of a second-order tensor s not more than three.® Using (7.8), (9.17), (9.18),
(9.10), and analogous expressions to (9.10) for ¢, we may express the
invariants of C¥y and ¢ in terms of the principal stretches N\, and the
extensions ¢, by

Io=Tn=MN+MN+MN=(1+e)+ (1+e) + (1+e)?
Mg = o= NA+ MR+ NN =1 +e)2 (1 + e)?
+ (A +e)(1+e)?+ (1+e)?(l+er)?
IIle = I = MMM = 1+ €1)* (1 + €2)? (1 + €3)?

1 1 1
(9'22) Ic = IC-!. = ->\—¥ + -):g + -):-%

1 1 1
Le=Tlem =g+ gutun
1
III,, = IIIc—1 = m

& For analytical proofs of this and the previous theorems, see Eringen [1964].
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From these follow the fundamental identities® »

- e =l .
(9.23) I = T, II, = T, III, = T
Since we have 0 < A\, < =, we see that
(9.24) 0<I,IIII <

For a rigid deformation ¢; = e; = es = 0; hence
(9.25) I=1II=3 III =1

This is the necessary and sufficient condition for a rigid deformation. For
large values of stretches, I¢, II¢, and IIl¢ are large and I, II,, and III,
are small; for small values the reverse is true.

According to (9.8), once the invariants are given, the proper values are
determined in a unique fashion. Hence, given I¢, Il¢, I1l¢ satisfying
(9.24), and given any principal triad at X, we can determine a unique
deformation tensor C.

The proper numbers E, of strain tensor EX}, are related to C, through
9:5), i.e.,

(9.26) 2E, =C, — 1

Using this, we may relate the invariants of the lagrangian strain tensor
to the deformation tensor invariants. We have

9.27) Ig=E,+E;,+ E; IIg = E\E; + EE; + E E,
IIl; = E,E . E;

Substituting (9.26) into (9.10) and (9.27), we obtain

Ie=3+2I1g 21g = =3+ I¢

(9.28) IIz=344Ip+ 411, 411 = 3 — 21¢c + Il¢
III¢ = 14215 + 4115 4 8111, 81l = -1+ 1I¢

— II¢ + IIl¢

The dual expressions relating the invariants of c*; and e*; may be obtained
in a similar fashion, e.g.,

(9.29) I.=3—-2I. II. =3 — 41,4+ 41L
III, =1 — 21, + 411, — 81II,

According to a rule in the theory of matrices, the determinant of the
product of matrices is equal to the product of the determinants of the
member matrices. Hence

¢ A proof of these was given by Murnaghan [1937, appendix].
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(9.30) IlI¢ = det CX;, = (det gma) (det GBS) (det 2 £)? = %, = Je

where J = |92*/9Z%| = /g/Gj is the jacobian of the transformation
2k = 2% (ZX, 1) for fixed ¢, as can be seen from the following:

_ Vi i
VG
Consequently, for the volume elements dV in the reference state and dv
in the deformed state, we have

(9.31) dv = \/1IllcdV dV = v/IIL.dv

which provide a geometrical interpretation of III¢ and III;; namely,
III¢ and I11, are respectively the square and the inverse square of the ratio of
the deformed to the undeformed volume elements.

o
dZK

Qif dxr™ XM
dxm OXM 9gZK

axXM
LYAS

o
dx™

™
XM

10. ROTATION

After deformation a vector dX at X becomes a new vector dx at x
(Fig. 10.1). The angle 6 that dX rotated during deformation may be
calculated from

dX-dx _ GrodXXghde' _ guda® gy dX"

(10.1)  eosb = o = T aXdr  ~  dXdz

If we use the convention 0 < 0 < 7 and introduce the unit vectors

X

~ p (x)
\\\\ \
S
dx

F1G. 10.1

N and n at X and x along dX and dx respectively given by

dXK k =d_xk.

K = 2 __
(10.2) NE=S% nw=
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we obtain

(10.3) cos 0 = Grrgla NEn! = g glLn* NL

We may express this fully in terms of N¥ or n* if we write (10.1) as
Grrgliaty (AXE/dX) (dX¥/dX)

cosd = dz/dX
or
(10.4) cos 6 = K(l; Grrglxty NENM
= gug's XLnn* n™\(m)

where (10.4); follows from (10.1);. In deriving (10.4), we have also used
A = )\(n) = da:/dX

Now suppose n, is a proper vector of ¢. Then for the angle 6, through
which the deformation turns n,, we get by using (9.16) and (9.20)

(10.5) €08 0 = (Ca) g’ XZm b N

When any two of the angles 6, vanish, the third also vanishes; and we
obtain a deformation called pure strain. Thus in a state of pure strain
the principal axes of the spatial and the material ellipsoids are parallel to
each other. This, however, does not imply that the orientation of every
radius vector not lying along the principal axes will remain unchanged.
In fact, when the ratios of the corresponding principal axes of the two
ellipsoids are different, we find that radius vectors not lying on the
principal axes will in general rotate.

The measure of rotation introduced by (10.4) and (10.5) is complicated.
The measure introduced by Novozhilov [1948, art. 7] for the mean
rotation indicates the importance of the infinitesimal rotation tensors
Rki and #;. We therefore give an account of this.

Let Nz be a unit vector in the XY plane of a rectangular frame of
reference X, Y, Z at P (Fig. 10.2). After deformation Nz becomes nz
atp. Now bring nz to P and let the angle between Nz and the projection,
n}, of nz on the XY plane be denoted by 6;. From

tantI>+tan0z _dy _ yxdX + yrydY
—tan®tanf; dz zxdX +zydY

tan (® + 6z) =

after substituting dX = dScos® and dY = dSsin®, we get
yxcos?® + (yy — zx)sindcosd® — z,rsin’ @
z,xcos?® + y,ysin?® + (y,x + z,v) sin ® cos @
_ —ny+Exycos2<I>+%(EyY— EXX) gin2®
1+ % (Bxx + Eyy) — } (Byy — Exx) cos2® + Exysin2®

(10.6) tangz =
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The second line of (10.6) follows from the first by putting

Yx = Vx = EXY - ny, yyr=14+Vy=1+4 EYY; .

Expression (10.6) is periodic in & with period =. Therefore 6 subject
to 0 < 0z < m, except for the indistinguishable angles 6; = 0 and 6; = =,
is well-defined.

V4
X
n,
|
|
L4 |
|
|
|
|
|
P !z ld ’/dS d);/ds -
/
NY ¥ /
VAN 7 /
/ /
\ | Vs
I < .l /
7z {1’ I/
dX/dS f— —— N N
/s
defds f— — — — ’____Xl/n;
X
¥1G. 10.2

Novozhilov has defined the following mean as his measure of rotation:
1 2w d
(10.7) (ta,n oz) = 57[’ /; tan 6z (@) P

In performing the integration, we note that the numerator of (10.6).
excluding the term — Ry is the derivative of the denominator. Further-
more this part of the fraction integrates to zero. Thus

I

108 ——lR 27 d®
(10.8) (tan6s) = -— XY/O 1+ 3 (Exx + Bvy) + 3 (Bxx

— Eyy)cos2® + Exysin2®
~EBxy ’

- V(1 + Exx) (L + Evy) — By
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We can also express this result as

) RIZ
V14+1z+ 1z

(10.9) (tan 8z) = —

where Iz and I1,z are the two-dimensional invariants of ;B obtained from
E by suppressing all components having the index 3. In this form
Novozhilov’s measure of mean rotation has an invariant form, thus
justifying the name of mean rotation tensor for R. It is not difficult to
write expressions similar to (10.8) and (10.9) for (tan 6x) and (tan 8y)
merely by the use of a cyclic change of indices. Since R is a tensor, if it
vanishes in one coordinate system, it vanishes in all coordinates. Thus,
if the mean rotation in two perpendicular planes at a point is zero or =

N;

—>wz

P (X) N,

b}
)

m
N,
/ n,
»
N,
F1G. 10.3

radians, then the mean rotation in any plane at that point is zero or =
radians. The mean rotation is zero if and only if there exists a displace-
ment potential V such that

(10.10) Ug=Vik

Such deformations may therefore be called potential deformations.

The mean rotation is incapable of describing the state of rotation of any
fiber through a point. It gives only the average of the rotations of all
fibers through that point. For the description of the local rotation of a
given fiber we now define a rotation tensor R as follows.

Let N, be an orthogonal triad along the principal axes of strain at X.
According to Lemma 4 of the previous article, after deformation the
original triad is rotated into the orthogonal triad n, lying along the
principal axes of strain at x. If we shift N, to x, we can define a unique
orthogonal tensor R which rotates the shifted N, into n, (Fig. 10.3).
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n*, = Rk, gmg NX, = R*x N¥,
where the components
(10.12) R'x = Rtngmx

represent the translation from X to x followed by a rotation. Suppose
N« and n® are the reciprocal triads, ie.,

(10.13) Nex NL, = n% Nl = 8%

Now multiply (10.11); by Neo; and use (10.13);. Likewise multiply
(10.11) by n= and use (10.13),. This gives : .

(10.11)

(10.14) RFg = 0¥y Nog 7%’% = NX,n%,

If we write R*x = RZIg g*1in (10.11),, we also find the equivalent formulas
nky = gL R'x NX, = R*g NX,

NE, = g -jéKL nk, = }éKk Nk,

which show that R—! is the dual of R. In other vwords, R rotates the

shifted N, into n,, while R~! rotates n, back into the shifted N, a result

that is geometrically obvious.
For the rotation of the reciprocal triads we have

Neg = Rrg n%,
(10.16) n% = RBX Nog
-1
RiX = GEL guRY, = n% N%, = R%,
It is now clear that the necessary and sufficient condition for pure strain is

(10.17) R=1

(10.15)

or in coordinate notation R*,, = &, Rim = gim, R*x = ¢*x, . .
LEMMA 1. (Finger) The nth powers of the Cauchy and Green deforma—
tion tensors are related to each other byt

(10.18) Cxp = -Rlxk Ry, ¢4 = Rig 6”‘[,7%"1

To prove (10.18);, we recall that Ckr is a nonsingular symmetric
matrix. Moreover any positive, negative, or fractional power of this
matrix has the proper numbers of Cky raised to the same power, i.e.,

—n )
(10.19) CxNLy = (Ca) ™ NX,
1 This theorem, in this generality, was given by Toupin [1956, art. 4].
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From this we solve
(10.20) Cxp = Y (€)™ NX N,

Now replace N¥, and N2, by their equivalents given by (10.11), and
(10.16),1, and write C, = 1/¢c.,. Thus

—_n -1 -1 n
Ck, = Z RE, (c.)"n*on% RY, = RE, ¢ Ry
o

The last step follows from using the expression dual to (10.20) for ¢,
This proves (10.18);. The proof of (10.18), is similar to this.
We give two other important formulas which were obtained by Toupin
(1956, art. 4], as a lemma. _
LEMMA 2. The displacement gradienis, the Cauchy and the Green
deformation tensors, are related to each other by

3 -1
R, CLlg = R'g

(10.21) kg = ct
(10.22) X%, = Bx, &, = By, OX,

To prove these results, we solve for z* ¢ from (9.21), i.e.,
(10.23) 2k = ) V/Co Negnks

Now substitute n*, from (10.11), into (10.23), and use (10.20) with
n = —% Hence

¥
2tk = ) V/CoR* N2 Nk = Cig BYy

thus proving (10.21);. We get (10.21), from this by using -(10.18), with
= —31. The proof of (10.22) is similar to this. From (10.21) and
(10.22) we also have

(10.24) Rix = b, Ol BN = X5, 8
As a corollary to Lemma 2 we have
(1025)  Usiue = Res Char — Grae = Re® Cowr — Grear
To show this, we recall (5.13),, which may be put into the form
(10.26) ¥ g = g gl (G + ULk)
This may be solved for Uk to give
(10.27) Ux = gug'notx — Gix
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Substitution of (10.21), into this gives (10.25).  From this expression one
obtains the relations between the tensors E, R, and R

3 3
(10.28) Exy = Ru*Crxy — Gux Bgu = Riu*Crry

An additional result follows from using (10.21); on the left of (10.26) and
then solving for Rgu, i.e.,

-}
(10.29) Riku = (Gkz + Exi + Rg1) CEy

Formulas dual to these involving the eulerian representation are not
difficult to find.

If the deformation gradients are small, retaining only the lowest-order
terms, (10.29) gives

(10.30) Rxu — Gru = Rxy Rew =~ Ik 9" u Fim

hence the justification of the name “infinitesimal rotation” for Rxau
and 71”,,. ,

We are now ready for the fundamental theorem of rotation.

FUNDAMENTAL THEOREM. The deformation of any line element at a
point may be considered as resulting from a translation, a rigid rotation of
the principal axes of strain, and stretches along these axes. The translation,
rotation, and stretch may be applied in any order.?

Consider the vector dX¥ at X. This vector is carried by the deforma-
tion into dz* = z* g dXX. Using (10.21), we have

3 -
(10.31) do* = gy Rl CMyx dXE = & RL, gng XX
We may decompose (10.31) as follows (Fig. 10.4):
1. The vector dXX is rigidly translated in parallel displacement to dx*(ry.

(10320) dx"(T) = g"K dXx
2. The vector dx*ry is rigidly rotated into dx*(g).
(1032b) dxk(zz) = R% dx’m

3. The vector dx* (g, is strelched into da*(s = da.

(10.32¢) dzk = & datem
Successive substitution of (10.32a) and (10.32b) into (10.32c) gives

2 A proof of this theorem for infinitesimal deformations was given by Helmholtz
[1858]. It was discussed by Kelvin and Tait [1867, art. 182] and explicitly stated
by Love [1892, art. 10]. For finite deformation a clear proof may be found in Toupin
[1956]. See algo Truesdell and Toupin {1960, art. 37].
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(10. 31)2, thus proving the fundamental theorem. Note that if and only

if dXX is a proper vector of Cx. will the stretchmg not involve a further
rotation of the vector dr*(gy.

dx® \
dx (1)
\
\
\
\
\
\
: \
P .
X) P (X) > dtk(n)
dxh(s) = dxh

F1G. 10.4. The decomposition of deformation.

We can decompose (10.31) in another way as follows (Fig. 10.5):

3
dXM g = CMgdXK
(10.33) dXLm = RlydXM g
dzt = g% dX LR

According to this, the vector dX¥ is first stretched into dX%. (This
stretching as remarked above will, in general, involve a rotation éxcept

K
ax¥ X'

\

|

Px) ,' P (x)
!

K
X () @t
r1@. 10.5. The decomposition of deformation.

‘when dXX is taken along the principal axes of the strain ellipsoid at X.)
The vector dXX s, is then rigidly rotated into a vector dX%(. Finally



Art. 11 / Direction=preserving Fibers 41

dXX g is shifted to the point x in a rigid parallel displacement. We
therefore see that the order of the foregoing three operations is unim-
portant. Their tensorial measure is not independent, however, of the
order in which they are applied.

The foregoing description of the deformation concerning an infinitesimal
neighborhood of a point X, the decomposition following the former
sequence, may be summarized in terms of the strain ellipsoids as follows:
(1) An infinitesimal sphere with center at X is rigidly translated to x
carrying the principal triad of the strain ellipsoid at X to x. (2) The
sphere is then rigidly rotated about x until the transported principal
triad coincides with that of the strain ellipsoid at x. (3) Finally, all
diameters of the transported sphere are stretched, but only those lying
along the principal directions at x are stretched without further rotation.

11. DIRECTION-PRESERVING FIBERS

THEOREM. (Kelvin and Tait) In any deformation at least one direction
remains unchanged.

PROOF. Vector dX¥ at X becomes dx* at x after deformation. Now
bring dz* back to X in rigid parallel displacement. Since this latter
vector gX, dz* is to be parallel to dX¥, we must have

(11.1) gKda* = gK 2t L dXE = (A + 1) dXX¥

where A + 1 is a real factor of proportionality. Using (10.26) in this
expression, we get

(11.2) (GEL UL, — A 8Kpy)dXM =0
Using (6.2);, we may also write this as
(113) (BXy + BXy — A 65y)dX™ =0

The necessary condition for the existence of a direction-preserving fiber
dXZ is that the coefficient determinant of (11.3) must be zero.

(11.4) |EXy + BEy — A 8Ey| =0
This is a cubic equation in A.  Since it has at least one real root, we have
the proof of the theorem.
Expanding the determinant (11.4), we will have
(11.5) — A3+ Ig5 A — g g A + Iz 2 =0

where 1z.5, Ilz.% and IIIg,z are the invariants of E + R They are
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given by
Iz, = i 5KL (ELK + Rig)

(11.6) Ilg.s = My (BLg + Rix) (BNy + BVy)

_1_

2!

1
Mgz = 379 3K MyPo (Blg + Rix) (B¥y + B¥y) (Bop + RQP)
To simplify these expressions, we notice the identities that stem from the
symmetry of g, the skew symmetry of Bxy, and the properties of
Kronecker deltas, namely,

BE, = 8K My FLg RV, =
(11.7) 5KLMNPQ ELK ENMRQP =0 det RKL =0
KLM RST R\ B = KLSRMT . B
Hence
Issg =1z Uger = 1z + Iz
(118) IIIE+§ = IIIE’ + %—6KLMNPQ ELK ENM EQP

= II5 + 2 Bx, B RE

where RX is the infinitesimal rotation vector defined by (6.5)s. From
(11.8); and (11.8)4 it is clear that the last terms on the right are also
invariants.

Existence of more than one rea,l root of (11.5) depends on the dis-
criminant D of the cubic equation, i.e.,

(11.9) D=P?—Q 3P =413 — 1z — 1z
2Q = 315 (g + Ip) — &1L — IIIE — 2 Eg, RERE

Three cases can be cited:

1. When D > 0, then there extst three and only three invariant directions,

2. When D < O, there exists one and only one invariant direction.

3. When D = 0, there may be one, two, three, or an infinite number of
invariant directions.

In the last case we have multiple roots to which there may correspond
any number of directions as would be seen from the following examples.
In a simple shear (Fig. 15.2) 2 = X +SY,y =Y,2 = Z where Sis a
constant, there is a single triply repeated root A = 0. Thus the fibers
initially parallel to the (X, Z) plane remain parallel to themselves. In
the simple extension (Fig. 15.1) 2 = \X, y =Y, 2 = Z where \ is a
constant, the characteristic equation will have a double root A = 0 and a
single root A = 1 — A\. The lines parallel to the X, Y, or Z axes remain
parallel to their original directions.
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If R = 0, the characteristic cubic equation will have three real roots,
since Eyy is a symmetric tensor. Therefore for R = 0 the principal azes
of the elongations remain unaltered, and the principal axes of strain deform
into themselves. We see that the necessary and sufficient condition for
the principal axes of strain to deform into themselves 18 that the principal axes
of strain cotncide with those of the elongations.

It can be shown that if at a point the maximum Rxr are less than the
mazimum shears Exr, (K = L), then three direction-preserving fibers exist.
In general these directions are not mutually orthogonal. The proof of
this follows by showing that under these conditions D > 0.

12. AREA AND VOLUME CHANGES

In the undeformed body a surface may be represented in a parametric
form

(12.1) X& = XX (U, V)

where U and V are two parameters and equation (12.1) is the gaussian
equation of the surface. The element of area dAXZ is a bivector

D%
KL —
(12.2) AT = 2Ty Ty AUV

The surface (12.1) after deformation becomes the surface

xk = z* [X (U, V)]
with area element

dzl® dz¥ X% 9 XL

= (%
da¥ = 2 — 6U 6V —dUdV 2z K.’l: L FYij aV aUudv
dXK gX1
-—21: Kx,L aU aV dUdV
or
(12.3) da® = z* g 2! dAKL

Equivalent to the skew-symmetric area bivectors, in three dimensions we
have the covariant area vectors dAx and dax

dAg = }egLu dALM dar = } eum da'™
JALM = KLM JA ¢ da'm = " day

Substituting (12.3) into (12.4),, we get
dai = -9 €klm :Bl,L :t'" M dALM = —5- €pim €XLM gl LI™ M dAx

Using (4.4) and the fact that exm = exnm Vg and KLM = gKLM/ VG, we

(12.4)
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find the important result
(12.5) day, = J XK ,dAg
We can now calculate the square of the area .
(da)? = g¥dar day = J2g" XX, XL dAxdArL
Recalling (4.15)2 and (9.30), we obtain!

(12.6) " (da)* = TIIe CXEdAgdAy

This expression is analogous to the expression for the square of the element
of length, i.e,,
ds? = CELdXkdXy,

Thus we conclude that with respect to the measuring of the change of area the

-1
tensor 111¢ CKL plays the same role as the tensor CXL plays with respect to
change of length. We also have results that are dual to (12.5) and (12.6),
namely,

(12.7) dAx = J 'zt gda,  (dA)? = 111, ¢ da, day
The above duality of the length and area suggests that we can con-

struct an ellipsoid based on the tensor I11¢ CI'KL or III, ¢* and can then
study this ellipsoid in order to understand the area changes which take
place in going from the original to the final orientations. Clearly, all the
theorems proved in Arts. 8 and 9 have dualities here.

For example, according to (9.17) and (9.18), Cl'KL acquires its maximal
(minimal) value along a principal axis of strain c¢*; at which c¢*;, has
minimal (maximal) value. Consequently the greatest (least) area change
occurs at the plane normal to the direction of maximum (mintmum) stretch.
In fact, if the stretches are ordered as Az < N2 < Ay, in view of (9.10);
and (9.22);, we have the principal areas ANz, A2Xs;, N3N\ which are
ordered as Az A3 < A3 A1 < Ap e

The change of volume has already been calculated in Art. 9. Accord-
ing to (9.31), (9.28), and (9.29), for the ratio of the deformed volume ele-
ment dv to the undeformed volume element dV, we have

128) &y - VL - A = (L + 215 + 4105 + 8111

= (1-2L + 41I, — 81IL,)}
. 13. COMPATIBILITY CONDITIONS

In three dimensions the deformation tensor Ckr has six components
which are related to the three components Uk of the displacement vector
1 This result is due to Truesdell [1958]. '
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by (5.10),, i.e.,
(13.1) Ckr — Gkr = 2Exr = Uk, + Ur.x + GM¥ Up,x Uk

If the displacement vector U is given, then by a mere substitution in the
extreme right we can calculate Cx; and Ex;, since the metric tensor Ggz
‘of the reference frame is chosen at the outset.

If, instead, Cx1 are six prescribed functions or, what is equivalent, if
the six Exr components are given, then the determination of the dis-
placement field requires the solution of six partial differential equations
(13.1) for the three unknowns Ug. Such a system is overdetermined, and
for the existence of a single-valued continuous displacement field certain
restrictions must be imposed upon Cxi or Ex;. These conditions are
known as the compatibility conditions. Let us immediately remark that,
in a formulation in which the displacement-field components are chosen
as the basic dependent variables, the compatibility conditions are then
automatically satisfied and no further reference needs to be made to
compatibility conditions. If, however, the deformation tensors or strain
tensors are selected as the basic dependent variables without reference to
the displacement field, then the compatibility conditions constitute an
essential part of the field equations.

An obvious way of obtaining the compatibility conditions is through
the elimination of the three displacement components Uk from the six
equations of (13.1) by partial differentiation and elimination., " This,
however, is very tedious, if not hopelessly awkward.  An alternative
method makes use of a theorem of Riemann; namely, that for a symmetric
tensor aw to be a melric tensor for a euclidean space, it is mecessary and
sufficient that aw be a mnonsingular positive-definite tensor and that the
Riemann-Christoffel tensor R® ., formed from it vanish identically. We
recall that when this tensor vanishes identically, the order of covariant
differentiation of a vector or a tensor, with respect to ay;, is immaterial,
e.g., Vk;itm = Uk;m. Moreover this is also the necessary and sufficient
condition for a space to be flat. All of these are different statements of
Riemann’s theorem. We have, by definition (cf. Art. A5),

@39 8= ([), = il # il o = find )

where v
l:m} = a" [lm,s]

[lmyr] = % (alr.m + Qmr,l ‘_' alm.r)

(13.3)

are the second and the first kinds of the Christoffel symbols respectively.
Both Green and Cauchy tensors Cxyr and ¢ are nonsingular positive-
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definite tensors of the euclidean three-dimensional space. Therefore we
must have

(13.4) ROgryn =0 ROy = 0

The partial differentiation in the former is understood to be taken with
respect to XX and that in the latter with respect to z*. In a three-dimen-
sional space only six of the eighty-one components of Rim. are alge-
braically independent and nonidentically vanishing. The first of (13.4)
constitutes the compatibility conditions for Cxz and the second for cx.
In the literature the compatibility conditions are often referred to as the
conditions satisfied by the strain tensors Eky or ex. Since we have

Ckr = Ggr + 2 EgL C = gt — 2em

and since both Riemann-Christoffel tensors formed from Gkr and gu
vanish, by substituting these into the expressions (13.4), we get the
compatibility conditions for Ex; and e.. Below we give one of these.

(13.5)  exn,im + €imin — €km,in — €injiom
+ 2 gm {[kn,r]e [Im,s], + (kn,rl, [Im,s]e — 2 [kn,r]e [lm,s]e
— [km,r]. [In,s)y — [km,rl, [In,s]e + 2 [km,r]e [in,s].}
+ 2 e {[kn,r], [lm,s], — [km,r], [In,8], — 2 [kn,r]. [Im,s],
— 2 [kn,r], [lm,s]s + 4 [kn,r]e [lm,s]e + 2 [km,r]. [In,s],
+ 2 [km,r], [In,s]le — 4 [km,rl. [In,sle} = 0

where [kl;m], and [kl,m], are Christoffel symbols of the first kind based
on gy and ey respectively, as defined in (13.3)..

It is important to note that the member equations of either set of the
compatibility conditions (13.4) or (13.5) are not independent, since the
Riemann-Christoffel curvature tensor Rim. satisfies the identity of
Bianchi,

(136) Rklmn;p =+ Rklnp;m -+ Rklpm;n =0

If in (13.5) we drop the terms containing products of e and replace e by &,
we obtain the compatibility conditions valid for the infinitesimal deforma-
tion theory, namely,

(137) Ein;im + Cimikn — Eemitn — Einikm = 0

Of course, we have the duals of (13.5) to (13.7) for the strains Ex: and
Exi.  The conditions (13.7) are the integrability conditions, in euclidean
space, for the strains

(13.8) | & = U
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 If % is any solution of (13.8) and &, satisfies (13.7), then the most
general solution of (13.8) is

(13.9) up = ‘uy + Bup

where p is any vector satisfying p*, = & and R is a skew-symmetric
tensor satisfying Bu,» = 0. Physically the terms By p' represent small
rigid displacement. In the linear theory of elasticity, (13.9) is often
used as the starting point for the derivation of the compatibility condi-
tions. The literature on the subject is extensive. For an excellent
collection we refer the reader to Truesdell and Toupin [1960, footnotes,
art. 34].

14. APPROXIMATIONS

The classical linear elasticity and fluid-flow theories make/use of the
concept of small deformations at the outset. The treatment of problems
of finite deformations with full generality [excluding some simple situa-
tions (cf. Chap. 6)] represents a task presently outside the realm of
mathematical tools. Utilizing the nature of the deformation and the
geometry of the body, one can make approximations that will take into
account larger deformations than those admissible in the linear theory.

Approximations to the basic equations of continuous media, in general,
appear in two loosely connected steps. (1) The extensions may be small
while the rotations may be large. An example of this is found in a thin
bar when it is bent into a ring without large or permanent deformation.
(2) The extension may locally be large; the rotations, however, remain
small. Such situations may occur in the region of applications of loads
to bulky bodies (e.g., half space subject to concentrated load). While
the full treatment of an approximation theory is neither timely nor
possible with any acceptable rigor at this place, we feel that a small
account here is useful even at the expense of precision.

Let us remark in passing that in case (1) above often the use of 1nﬁn1—
tesimal strain in place of finite strain together with a full use of the field
equations (equations of mass, momentum, and energy conservations) is
sufficient to provide physically acceptable results. In case (2), on the
other hand, finite strain with approximate field equations referred to the
reference state may (with adequate caution!) be used. .

The following approximations are presented to provide only an intui-
tive ground in this incomplete theory.

The strain and rotation tensors and the invariants are expressible in
terms of the gradients of three displacement components. Therefore
we may speak of small displacements or any other three independent
functions that can conveniently replace them. For example, the
magnitudes of the principal extensions, the components of rotation
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vectors, etc., may be employed for approximations. Direct use of the
magnitudes of the components of the strain or the rotation tensor presents
difficulties since the compatibility conditions must be satisfied. Similarly,
caution must be taken when the deformation gradients are considered as
basic in an order of magnitude analysis.

Small Displacement Theory. In this theory the displacement com-
ponents u* are considered small. Thus any product of these components

and their various gradients may be neglected. Clearly then (5.10)
reduce to

, 2Ekr = Cgr — Ger =2 Uk, + ULk
(14.1)
2er = g — Crt = Uk + Uik

+}
Strain measures C now read

(14.2) CxI+E
Hence (10.29) gives

(14.3) Rew — Geu = Rgy = ~3,?:((]1(;”1 — Umix)
Bru = g%k g™ ut Fim
which have already been obtained in Art. 10.
The difference between U* and u* in this case disappears, and we have
the classical theory of infinitesimal strain. A systematic theory based on
perturbation series was developed by E. and F. Cosserat [1896] by taking

L

(14.4) u= Y eu,

n=0

where u, are given and kept fixed and ¢ is a small perturbation parameter.*
In this formalism the coefficient of ¢" represents the nth-order approxima-
tion. Such a scheme has limitations in that the gradients may not be
small even if the displacements are. In this theory a small physical
elongation may produce a large strain. '

Small Principal Extensions. In this case the principal extensions
@ = E(,) are assumed to be small. Hence, through such relations as
(7.5)2, (7.8)3, and (7.18), we get '

Exk =2 Exy = e = e
2ExL =[1 + Ex + Ew)sin Tk

! Signorini [1943] calculated the nth derivative at ¢ = 0 of various quantities asso0-
ciated with u. '

(14.5)
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From (9.22) and (9.23) it follows that
Ic=I.5E3+2I, I—I_1—3—-21
(14.6) II¢ = II._cl =3+41, II, = II._1 =~3 - 41,
Il = III_ﬁ ~1421I, I = III_g ~1-21,
The volume change from (12.8) in this case reduces to

dv —dV

(14.7) e

gIEEIa

. +}
Strain measures C now read

+}
(14.8) CxI+E
so that, using (10.28) and (10.29), we get
-1
(14.9) Rew = Gru + Ugrin Rew = Gem — Ukim
) Bru = Rixan Exu = Ry — Gru

Small Rotations. When the rotation 8 of every element is small, we
write tan 6z =2 6;; thus by (10.8); we see that

_RXY
\/(1 + Exx) 1 + Eyy) — By

Similar expressions being valid for 8x and 0y, we see that R is small when
the rotation is small."
The strain tensor may now be a.pproxunated by

(14.11) Exr = Exr + 3 (Bux My + Euyg B¥y, + Ryx B¥))

(14.10)

If the rotation is small, then the rotation vector 2 RX = XL B, may
be employed in place of rotation interchangeably. Therefore the theorem
of superposition of infinitesimal rotations now becomes applicable.

In some instances certain components of £% may be small as compared
to others; then Ex; may be further simplified by dropping the terms
containing these components as compared to others. Such an approxi-
mation depends on the geometry of the deformation and the shape of the
body. For example, in the bending of thin plates rotation of a plane
element about an axis normal to the median plane of the plate is small
as compared to the rotation about any axis in this plane. This is used
to obtain the second-order plate theory known as the Foppl-Kdarmén-
Timoshenko theory.2

2 Cf. Novozhilov [1948]; see also Eringen [1954].
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Small Extensions and Small Rotations. 1In this case we have Brr < 1
in addition to Rxz being small. Hence (14.10) reduces to

(14.12) 0, —Rxy = Rz
We may now approximate Exi by
(14.13) Exr = Bxr + 3 (BEux B¥y + Rux EMy)

Further simplification requires that we compare rotations and strains
and assume that they are of the same order of magnitude. This amounts
to an assumption of small displacement gradients, in which case we obtain
the theory of infinitesimal deformations

(14.14) Exr = Bx1 RX = 8%, + RX,

For the theory of infinitesimal deformations all nonlinear terms in the
displacement gradients drop out, and we have the superposition principle
applicable: In a common frame the strains of two succeeding displacements
are obtained by adding the strains corresponding to each displacement field,
provided of course that the displacement gradients are small. Mathematically

(14.15) EcExE +E =E +E

The superposition prmclple applies without change to infinitesimal
rotations.

15. SOME SPECIAL DEFORMATIONS

For illustration purposes we cite here three classes of special deforma-
tions. This division into classes is not unique and the classes overlap.

1. Deformations resulting from restrictions on strains and rotations:
these types of deformations do not make reference to any special geometry
or direction. The types of deformations that fall into this class are rigid
deformation, pure homogeneous strain, potential deformation, and tsochoric
deformation.

2. Deformations resulting from specifications of strains and rotations
in a chosen frame of reference: uniform dilatation, stmple extension, simple
shear, plane sirain, etc., fall into this class.

3. Deformations that result from an appropriate deformation of an
object having a special geometry: simple torsion, inflation of a cylinder,
expansion or twist of a sphere, etc.

" Many mterestmg combinations of these special deformatlons exist.
Below we give a brief account of some of them.

la. Rigid Deformation. Deformation is said to be ngld if the distance

between every pair of points remains unchanged. The necessary and
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sufficient condition for a rigid deformation is

(15.1) C=c=1
at each point. In this case we also have
(15.2) Co=2=1 Ie =1l¢ =3 Il =1

All of these have been given before (see Art. 9).

1b. Pure Strain. This was defined in Art. 10. In a pure strain the
principal axes of strain are not rotated. The necessary and sufficient
condition for pure strain is

(15.3) R=1

lc. Potential Deformaiion. This was defined in Art. 10 as a deforma-
tion in which the mean rotation R vanishes. The necessary and sufficient
condition for this is the existence of a scalar function V such that

(15.4) U=gradV

In this case we found that at a point there exists an orthogonal triplet
of invariant directions. The existence of the potential strain is also the
necessary and sufficient condition for the principal axes of strain to be
invariant lines.

1d. Isochoric Deformation. This is defined by the condition that the
volumes remain unaltered. The necessary. and sufficient condition
according to (12.8) is given by any one of

(16.5) J =1 Ile=1 L, =1 1-21, 4411, - 81Il, =1

Any scalar isotropic function of ¢ is in general a function of I, II., and
III,. For an isochoric deformation, a scalar isotropic function of ¢ therefore
18 a function of 1, and 11, alone.

From (9.22) we have IIl¢ = M2 A32\2 = 1. Hence from (9.23) we get

(15.6) L=Tlo=1,=24+3 4+
c M N
2. Deformations Resulting from the Specification of Strains and Rotations
in a Chosen Frame of Reference. Many of these types of deformation are
included in a homogeneous affine transformation relating the positions of

ZX and 7% of a material point before and after deformation as
- -1
(157)  #=D%ZK 2K =DXz  Dig D5 = o

—1
where D*x and the inverse DX, are constant matrices. The deformation
described by (15.7) carries straight lines into straight lines, ellipses into
ellipses, and ellipsoids into ellipsoids. Such a deformation is called
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(K X\ — 1); therefore the transverse coniraction ratio is given by

_ _Kx-1 _ 14+
The case of v = —1 or K = 1 leads to uniform dilatation. For » = 0
or K = 1/\ we obtain uniaxial strain. For » > 0 the cross section
perpendicular to the axis of stretch contracts, and for » < 0 it swells.

i 4

Y,y

FI1G. 15.2. Simple shear.

2¢. Simple Shear. Simple shear may be defined as a homogeneous
strain in which the diagonal elements of D are unity and one nondiagonal
element is nonzero, e.g.,

1 80
(15.17) , D=|010 —o <8< ®
001
where S is a constant. Through (15.17) we have
(15.18) z=X+8Y y=Y 2=17

Therefore simple shear rotates X = const planes rigidly about their lines
of intersection with the ¥ = 0 plane, in an amount equal to the angle of
shear v, given by

v = arctan S

The Y = const and Z = const planes are unchanged (Fig. 15.2). Simple
shear may be approximated by sliding the cards of a deck from its original
rectangular parallelepiped geometry to a final rectilinear parallelepiped
form. The Green and Cauchy deformation tensors, the strain tensors,
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1 S 0 5 148 =80 [ 0 8/2 0]
C=|8 1+8 0 cC=| -8 1 0l E=|8/2 8220
0 o0 1 0 01 | 0 0 0]
1 -8 0 [14+8 S 0 [0 S/2 0]
c=|-8S 1+8 0| €=| 8§ 10 e=|8/2 —8/2 0
1 o o 1 | 0 01 | 0 0 0]
(15.19)

Ie=1I¢ =34 82

III¢ =1
—Ig =1, =211z =2II, =

— Q2
=5 mp-mL=o
2

Since III¢ = 1, we see that simple shear is isochoric. The proper

numbers are obtained by solving (9.8). Hence

Ci=N=14+184+8vVIF38

Co= M=o = 1438
M

Ci=MN=1

(15.20) —84/1+18

Proper directions N and n corresponding respectively to C and ¢ are

N,
N,

n,

_ L+ @St VIFidL
Ve + 38+ SV + 18

Ns = Ia
(15.21)

- i+ (=38 +vV1+18Yi,
) Ve+iSFSVI+iS

n; = i

In the Y = 0 plane, according to (15.18) a point A (—8/2,1,0) after
deformation occupies the position a (S/2,1,0) (Fig. 15.3). We have

Y|y
N>

S/2

N
S/2.,5/2

/

>
—— 1T}
E|
1

—
s
\\\

—% 7

0

F1G. 15.3. Plane of shear.
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OA = Oa. Consequently the fibers parallel to OA making an angle
= arctan (S/2) with the Y axis do not alter their length. Now from
(15.21); we have

(15.22) tand = 38 + /1 + 1§

From Fig. 15.3 we find that 6 is the angle between OA and N;. Thus the
princtpal directions bisect the angle between the undeformed planes ZOA and
Z0X. The principal stretches can be determined by calculating the ratio
of the lengths after and before deformation for the fibers lying along N,
and N, directions. This again produces (15.20). The greatest shear is
seen to be experienced by the elements bisecting the principal ares. One
of these elements makes an angle }arctan S/2 with the X axis. The
magnitude of the maximum shear ymax is thus given by

(15.23) tan ymax = 2 —-14 | s + 1]
max S 4
It is simple to see that for a small shearing S << 1, we have

x1=1+2§+0(52) N = 1—*2§+0(sz)
tan yme = S + 0 (59)

The principal axes approach the bisectors of the coordinate axes, and the
maximum shear axes approach the coordinate axes. Finally we get the
components of the rotation tensor by substituting (15.21) into (10.14); in
the same reference frame as above.

. L+389 3SA+318) 0
(1525) R= Rl = | —28 (1 +38) (@ +382 0
: | 0 0 1

where the row index is ¥ and the column is K. Clearly the axis of rotation
is the Z axis.

2d. Plane Strain. This is characterized by having identical deforma-
tions in a family of parallel planes and zero deformation in the directions
of their normals. Thus, selecting cylindrical coordinates with Z as the
axis of the cylinders, the deformation may be expressed as

(15.26) o* = 2* (X, X?) (k= 1,2) W=z=0=X

(15.24)

Clearly the Cauchy and the rotation tensors will have matrices of the type

ciu ¢ O
ca1 ¢z O
0 0 1
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The z axis is a principal axis of strain and the stretch in this direction is
unity, i.e.,, \a = 1. Invariants of C are

(15.27) Ie=Ch+Ch+1 IIe = C4C2% — CHL,C? + CY + C2,
. Il = CLC2% — CLC% =1l —Ig + 1

Hence the roots of the characteristic cubic equation (9.8) are
(15.28) C:} =3i[le—1+ (I3 4+ 21¢ — 411 — 3)}] C;=1

These, of course, are also the squares of the stretches. The principal
directions are determined by solving three simultaneous equations of the
type (9.6) for each C = C,, (e = 1,2,3). The construction of Mohr's
circle for this case and other graphical methods are well-known through
books on strength of materials.

Since III¢ = AN = /(1 C., we see that the plane strain is isochoric if
the principal stretches are reciprocals of one another. For this case we
also get I¢ = Il¢; hence, through (9.23), I, = I¢. Therefore in a plane

isochoric strain each one of the strain tnvariants of C, c, Cl, and "¢ is equal to
the corresponding one of any other.

A generalization of the plane strain that has found application in the
theory of elasticity is the generalized plane strain which is defined by
deformations of the form

(15.29) k= 2k (X, X?) (k=1,2) z=2z(2)

3. Deformations That Result from an Appropriate Deformation of an
Object Having a Special Geometry. Finally we give a few examples for
some special types of deformation of some simple objects. The theory
of finite deformations has produced important results through its applica-
tions to such cases. _

3a. Torsion of a Circular Cylinder. The uniform twist of a circular
cylinder along its length may be represented by the deformations

(15.30) r=R 6=0+KZ z2=12

where R, 6, Z are the cylindrical coordinates of a material point before
deformation and r, 6, z are the cylindrical coordinates of the same point
after deformation, both being referred to the same system. It is clear
from (15.30) that material points of a normal cross section Z = const
remain in their original plane. The cross sections rotate with respect to
each other by angles proportional to their axial distances from some
reference plane. Also, the material points of coaxial cylinders do not
leave their respective original surfaces (Fig. 15.4).

The constant K is the twist per unit length. In cylindrical coordinates
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FIG. 15.4. Twist of a cylinder.

we have Gy = Gs3 = 1, Qo = Rz, g11 = (33 = 1, and g22 = 7‘2, and all
other Gk and gi vanish. From (4.8); and (4.15); we get

1 0 0
(15.31) |[Cxell = |0 R? K Rr?
0 KR* 1+ K?R?

1 0 0
I =0 K2+1/r2 K
0 K 1

where the first index represents the row and the second the column. The
invariants of C follow from (9.9)
(15.32) Ic=1l¢c =3+ K?R? Ilg=1

It is clear that the torsion described by (15.30) is isochoric. Physical
components C® ;, and _tl:(")a) are given by

(15.33) C(K)(L) = CK, \/GL(.’_(/G.E’.I.' _(13(")(1) = —(likl vV gfl_c/gﬁ
or explicitly

1 0 0
(15.34) |lC®@g| =10 1 KR
0 KR 14 K*R?

1 0 0
"—(l:(")(z)” =10 1 + K2r? Kr
0 Kr 1

When these are compared with the corresponding formulas (15.19) for the
case of simple shear, in which case they are also the physical components

of C and _é, we find that the simple torsion is equivalent to simple
shearing of concentric cylinders R = const with § = K R. Therefore,
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with this correspondence, all formulas of simple shear apply to the case of
simple torsion.

3b. Pure Bending of a Block. Suppose we deform a rectangular
parallelepiped in such a way that the X = const planes become circles,
the Y = const planes become radial lines, and the Z = const planes are

preserved! (Fig. 15.5). Such a deformation may be represented in two
coordinate systems by

(15.35) r = f(X) 6=g() z = h(2)

where r, 0, z are the cylindrical coordinates having the same origin as
the rectangular coordinates X, Y, Z. Wehave Ggr = dkr, 911 = g3 = 1,

Y
A
C
|
C,
\ b !
/' \ 7
/ P(r,0,0) Ar—+-—-B
/7 a \ 1(’1Y'°)
/ \\ :
Ve
2T \ |
27 Xe I| !
0 d D ~X

F16. 15.5. Bending of a block.

g = 2, and gi; = 0 (k # I). Using (4.8),, (4.15),, and (9.9), we get

e 0 0
ezl = o4l =] 0 r2g2 0
0 0 h'?

(1536) I¢ = f2+ gt + k2 Ilo= f2Rh?2 + r2g2 (f2 + 1'2)
Mo = r2 fl2g'2 b :

where a prime represents differentiation with respect to the arguments of
the functions, e.g., f' = df/dX. In the foregoing formula, equivalence
of the tensors C and ¢ implies the equivalence of the numerical values of
the components for a given particle. C as a function of X and ¢ as a
function of x are, of course, different.

Tensors C and ¢ have diagonal forms; therefore the coordinates at X
and x give the principal directions. Hence principal stretches are

(1537) M= f’ A = rg' Ns = b
1 Rivlin [1949a]. See also Signorini [1943, art. 29].
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and the principal directions N, in rectangular coordinates and n. in
cylindrical coordinates are given by

Nl = (1,0, 0) N2 = (0) 1; O) N3 = (0) 0) 1)
(1538) 1~ (1,0,0) m = (0, L o) ns = 0,0, 1)
According to (10.14) and R* = ¢%; R*x, we get
' 1 0 O cos§ —rsing O
(15.39) ||R*| =0 1/r O |RY|| = | r—'sinf cos6 O
0 0 1 0 0 1

Hence the axis of rotation is the common Z-z axis, which, of course, is
clear from Fig. 15.5.
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16. SCOPE OF THE CHAPTER

The present chapter deals with the kinematics and global kinetics of
continuous media. The material time rates of tensors, velocity, and
acceleration are defined in Art. 17. Material lines, surfaces, and volumes
are treated in Art. 18. The material derivatives of line, surface, and
volume elements and the kinematics of integrals are studied in Arts. 19
and 20. The concepts of deformation rate, spin, velocity, strain rates,
and their physical significances occupy Arts. 21 and 22. A discussion on
circulation is presented in Art. 23. Vorticity and the Helmholtz theorems .
are discussed in Art. 24. The concepts of mass, momentum, moment of
momentum, and energy, and the four basic conservation principles of
mechanics—namely, the conservation of mass, balance of momentum and
moment of momentum, and conservation of energy—are given in Arts. 25
and 26. The discussion on the principles of global kinetics is thus
completed. Article 27 is devoted to the principle of objectivity, which
plays a central role in the determination of the constitutive relations.

17. MOTION, MATERIAL DERIVATIVES OF TENSORS, VELOCITY, AND ACCELERATION

A material point X at time ¢ = 0 is carried to a spatial point x at time .
The one-parameter family of transformations

17.1) x=xX1) or ¢ = 2% (XX, 1)

that carries a fixed material point X to a spatial place x is known as the
motion. The parameter ¢ is real. The coordinate system z* is a single
fized one, and (17.1) should not be considered as a group of coordinate
transformations. Unless stated explicitly, (17.1) is not understood to
define an inirinsic or convected coordinate system.

By the axiom of continuity (17.1) and its unigue inverse,

(17.2) X=X(x{ or XK=XK()
61
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are assumed o possess continuous partial derivatives with respect to. their
arguments to whatever order needed, except possibly at some singular points,
lines, or surfaces. Generally we shall not need more than the second- or
third-order partial derivatives. Single-valuedness of (17.1) and (17.2) is
essential for the axiom of impenetrability of matter. Otherwise the body
may split or two disjoint bodies may intermingle.

In the kinematics of continuous media, time rates of vectors and tensors
associated with the material points play an important role. In the
determination of the time rate of change of field quantities carried by a
material point, one must take account not only of the change at a fixed
spatial point (local change) but also of the change in the field as observed
by the particle due solely to its motion (convective change). A common
example in hydrodynamics is encountered in the calculation of the
acceleration of a material point [see (17.15)]. Other examples are
deformation rate (19.4), stress flux (Arts. 35 and 72), etc.

DEFINITION. The material derivative of an absolute spatial vector f* (x, t)
18 defined by

(17.3) pe=lray=L+ L L p

where the partial time derivative d*/9t is taken with x held constant and
the #ntrinsic derivative 6f*/8t with ¢ held constant, i.e.,

afk afk
at at ( t) X = const
(7.9 O (AR AP
uo Do
Dt

In calculating the partial time derivative of a function, it is assumed that
all variables other than ¢ are held constant. Thus, for example,

o _ ot b OFK _ 9F* (X, 1)
ot at X = const 6t = at X =const

Similar definitions apply to material derivatives of tensors, e.g.,

17.5) Dy =Ly L gy e

If the vectors and tensors are lagrangian, then the intrinsic derivatives
vanish and we write

(17.6) D oF%

— FK =
DtF X9 = 9t
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The material derivative defined above applies equally well to the
lagrangian vectors and tensors.

LEMMA 1. The material derivative obeys the rules of ordinary dzﬁer—
entiation involving sums and products of tensors.

D 1]
Dy gy - DR D

(17.7) f
Dy =2y p 20

Proofs of these are obvious from the fact that both operators 9/9¢ and
8/6t obey these rules. An independent proof would follow from the
definition of material derivative. The proof of (17.7), is trivial; that for
(17.7), is as follows:

_D'lzt.(fkgl) a(f g)+ (fk l) im .
= (?éft_ -+ fk;m xm) gl _I_. fk (_aa_gti + gl;m xm)

Expressions similar to (17.7) for higher-order tensors are easily obtained.
LEMMA 2. The malerial derivatives of eulerian and lagrangian metric
tensors and base vectors are zero, e.g.,
Dgn _ Dg" _ Dgi _ Dg"

(17.8) Dt - D~ Dt ~Dr =0

proOF. Consider

Dgu _ dgu + du S _ agkl
Dt at ot

We have dgi;/dt = 0, since gy is a function of x alone. Also from Ricei’s
theorem gu;» = 0; hence the proof for the first of (17.8). The proof of
the rest of (17.8) follows the same line of reasoning.

The relations of the material derivative to the ordinary time derivative
is given by the following theorem.

THEOREM 1. The time rate of change of a spatial vector with material
variables held constant has the material derivatives of the components of the
vector as its components.

+ griym I™

(17.9) f (x,1) |

X =const

prOOF. Form the left side, i.e.,

i) a .
%f (x, 1) =% (f* gn) + e (f* &)

X =const
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Now ag./dt = 0, since g is a function of x alone, and in the operation
9/t spatial variables x are held constant. Moreover

0
i (fg) = ffag
Hence

d
'Jé f (x: t)

D
X = const < f +fk lxl) & = DJ; &k

DEFINITION. Velocity is the time rate of change of position of a gwen
particle, i ie.,

k k
@ =g _ Dz

(17.10) vy =2 =2 =

where X is held constant in the motion (17.1). Note that, in general, for
arbitrary spatial vectors 9/dt # D/Dt.

Since

p=P +u-b>b
where P is independent of time, we also have

. Dy

= ko= 2%

(17.11) v=1 or v D
where X is held constant, and
(17.12) o v =v(X1)
If we use (17.2) for X, we may also write (17.12) as
(17.13) v=v[X(x1),t] =v(x1i)

Hence there exist two different descriptions for the velocity vector: the

material description (17.12) and the spatial description (17.13).
DEFINITION. The acceleration vector a is defined as the time rate of

change of the velocity vector for a given particle (i.e., X held constant).

(17.14) a(x{) = T (X = const)

According to Theorem 1, for the contravariant components of the
acceleration vector, we have

Dv"__:av’“ 6 P
“'D‘;‘*'a?ﬂt o TV

(17.15) a* (x,1) =
The terms 8v*/8f = v*,;0' are called conwective terms. In the lagrangian
representation, the material particle with a given velocity is identifiable.
This scheme is an immediate extension of that of particle mechanics.
The eulerian description, however, has no counterpart in mechanics.
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Here at time ¢ the velocity vector associated with each spatial point is
known, but the particle occupying the spatial point is not. As each
particle moves through a spatial point, it acquires the velocity associated
with that point at that instant. The foregoing picture is valid for all
vector and tensor quantities used in each scheme.

Covariant components of velocity and acceleration vectors are obtained
by lowering the indices, i.e.,

(17.16) v (X, 1) = gutt (x D) = gua = 5+

A point where v = 0 is called a stagnation point. If at a spatial point
z* the velocity field does not change in time, we say that the motion at
that point is steady. In this case we have

(17.17) - v = v (x)

More generally, if a tensor field is a function of spatial coordinates alone,
then the tensor field is steady.

If two of the velocity components are zero and the third depends on the
corresponding space variable only, we have lineal motion, e.g.,

(17.18) vt = vl (2}, 1) »=0=0

If one velocity component is zero and the two others depend on
two space variables corresponding to nonzero components, we have plane
motion, e.g.,

(17.19) vl = ! (2!, 2% 1) v = v? (21, 22 1) »¥=0

Other special types of motiohs are easily constructed.
18. PATH LINES, STREAMLINES, AND STREAK LINES

A path line is a curve traversed by a particle X as time ¢ varies. Thus
(18.1) o* = ot (XX, 1) XX = fixed

is the equation of the path line of the particle initially located at XX.
Also the integral curve of the system

(18.2) : dz* = v*dit

that passes through XX at ¢ = 0 gives the path line.
The streamlines at time ¢ are the curves that are tangent to the vectors
of the velocity field. Hence the integral curves to

or
(18.3) ===

are the streamlines.
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Streak lines through a spatial point x at time ¢ are the locus of
(18.4) x=x[X (1)1 as ¢’ varies

Notice that to obtain streak lines, we put X = X (x,¢') in the motion
x = x (X, ?) for fixed &.

At a spatial point x at time ¢, the path line of the particle occupying x,
the streamline, and the streak line through x all have a common tangent.
When the motion is steady, all three types of lines coincide; in general,
however, for an unsteady motion they are distinct.

Experimentally these lines are distinguished by dropping small visible
floating objects into a fluid and taking photographs of the stream. A
long time exposure of the fluid into which a single object is dropped will
reveal a path line of a particle. A short time exposure of a fluid onto
which many small visible particles have just been dropped will show the
direction of the velocity field at all points containing the visible particles.
Mentally joining the tangent lines, we trace the streamlines. An
instantaneous exposure of a fluid onto which objects are being dropped
continuously at one place will show a portion of the streak line through
that place at that time.

Stream sheets and stream lubes are collections of streamlines that
intersect an unclosed or closed curve. Since the material particles move
in the direction of the velocity field, they cannot cross the stream sheets
or tubes. Similar to the foregoing material vector lines, one defines
other types of material lines by drawing curves tangent to vectors
associated with spatial points at time ¢, e.g., vortex lines." The sheets
and tubes are similarly defined. * :

A manifold consisting of material particles is called a material manifold.
A curve

(18.5) . Xe = X=(8)

is a material line, where S is a parameter. At time ¢ its configuration is
given by

(18.6) x (8,1 = x(X(8),7)

where x = x (X, {) is the motion.
A material surface is defined by

(18.7) Xe=Xe(L,M) or FX) =0

where L and M are parameters. The material-surface configuration at

1 For the definition of vorticity see Art. 21, and for those of vortex lines, surfaces,
or tubes see Art. 24.
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time ¢ is given by
(18.8) x=xX (L, M), or FXxt)=0
A material volume is a region of material particles. We now give the
criterion for material manifolds.

LAGRANGE'S CRITERION. A necessary and sufficient condition for the
surface f (x, t) = 0 fo be material is that

(18.9) f = z_-’; + fovk =0

The proof of this theorem is as follows. Suppose that f(x, ) = 0 is a material
surface on which a typical point is moving with a velocity v which is not
necessarily the velocity x of the material point instantaneously occupying that
point on the surface. The velocity v of this point on the surface may be
obtained from

(18.10) %th k=0

The normal component vy of v on the exterior normal to f = 0 is

k. af/at
(18.11) KV 37 I v

The normal component %y of the particle velocity is given by

it
(18.12) By = Tk
i Vg™ fifm
But now substitute 3f/d¢ from (18.11) and z*f , from (18.12) into
;0 "
f= 3 + fd
Hence
(18.13) f=Gm — vw) Vi*fefa

This asserts that at a point x on the surface f = 0, f s proportional to the normal
speed, relative to the surface, of the particle situated instantaneously at x. Con-
. sequently, if the surface consists of the same material points, we must have
#m) = 9@ and f = 0. This completes the proof for the necessary condition.

The proof of sufficiency—namely, if f = 0, then the surface f = 0 consists of
the same particles—is made as follows. Equation (18.9) is a first-order partial
differential equation with the characteristic equations

dz' _ dx® _ da?
(18.14) dt=71-=—;2-=—;§-
in which z¥ = z* (XX,1). These are the differential equations for the paths of
particles. Integrals of these have the form

(18.15) o = ot (XK, 1)
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where XX are three arbitrary constants which identify the particle. Elimination
of XX among (18.15) gives the general solution of (18.14):

(18.16) F=¢ X, X X9

where ¥ is an arbitrary function. This shows that whenever f = 0, a particle
once on the surface f = 0 remains on the surface throughout the motion.

Let us note that a rigid boundary surface f = 0 also satisfies (18.9).

HELMHOLTZ-ZORAWSKI CRITERION. A necessary and sufficient condition
for lines tangential to a vector field q to be material lines s that

(18.17) ¢ — ¢ — (¢*v'm — ¢VFm) gm =0
or
(18.18) q X [g—? + curl (@ X v) + vdiv q] =0

At time ¢ let ¢ be the curve tangent to the vector field q (x,¢). Suppose
x = x(8,¢) is the material line ¢’ that coincides with ¢ at time ¢. At
this instant q is tangent to this curve. Hence

ax , 02! 6x’°
(18.19) qX55= 0 or q 38~ as

=0
If this curve is to remain a material line, we must have the material
derivative of the foregoing expression vanish.

D az! 028\ _ . ozt v v*
(18:20) th(qk'a“S 529‘) ¢35~ aS+qb§"an 0

where we have used D(dz*/3S)/Dt = 9i*/08 = w*/dS. Equivalent to
(18.19) is
dz*

(18.21) 5= ¢ ¢

where a is a nonzero factor, not necessarily a constant.

Combining (18.20) and (18.21), we get (18.17). Equation (18.18)
is obtained by multiplying (18.17) by eim ¢™ and summing over k and I.
This completes the proof of the necessary condition.

The sufﬁciency of the criterion is shown by remembering that when the
criterion is satisfied, the quantity q X 0x/458, whlch is zero initially, will
have a zero material derivative always.

By taking q = v in (18.18), we get

ov

(18.22) VX = 0
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or equivalently

(18.23) | Y K&V
as the necessary and sufficient condition that the streamlines are material
lines. This is the proof of the following theorem.

THEOREM 1. The streamlines and the path lines coincide if and only if
the motion is steady.

19. MATERIAL DERIVATIVES OF THE ELEMENTS OF ARC LENGTH, SURFACE, AND
VOLUME

In the theory of continuous media the expressions for time rates of line,
surface, and volume integrals over the deforming body are often required.
Here we give the theorems which not only provide the necessary apparatus
for this purpose, but also introduce important new concepts essential in
the study of motion of continuous media.

FUNDAMENTAL LEMMA. The material derivative of displacement gradients
18 given by

(19.1) -1% (xF k) = v* 2tk Dgt (da*) = v*,1dat

To prove (19.1),, form the left side

2 @) = 3 @) + 3 @)

_ dx* ,K m .
T ot [(xk )i+ {lm' 'K] #

= (xk x) + {lm} "k vt
k ]C I pm
= vtk + Im VK
k

I
—
<

=4
+
r—
3
= —
<
E]
—
e&l
o]
Ii
<
. Bl
8,
A

The third line on the right follows from the second by combining the
first two terms, and the fourth line follows from this by interchanging the
order of differentiation, i.e., d(x* k)/dt = 8(¢*)/dX%. The last line is a
result of the chain rule of partial dlfferentlatlon and the definition of
covariant partial differentiation.

To prove (19.1),, multiply (19.1); by dX¥.

The following convention, which is used implicitly above, will be
agreed upon throughout this book. In the calculation of derivatives
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with respect to XX (or z*) the quantity before ,K (or ,k) will be con-
sidered as a function of XX (or 2¥). Thus, for example, z* ; is calculated
as follows: first we obtain 2* ¢ = dz* (X, £)/0XX; next z* k is considered
as a function of x and ¢ through X = X (x, {) so that

g = (0/92) [2* & (%, §)]

A corollary to the fundamental lemma is
D

(19.2) D (XE) = —XE b,

The proof of this follows from the differentiation of z* x XX; = 8%,

D ' D
['Dz (xk,x)] X&)+ ok g Di (Xx) =0
Now multiply both sides by X% ; and use (19.1) in the first term. Hence
:gt (XK,k) = —XkK, XL.kx"‘,Lv‘;m = —XK,zl)l;k

THEOREM 1. The material derivative of the square of the arc length is
given by

(19.3) D (@st) = 2dudet o’
i
where
(19.4) A = Vg = 5 Wk + vi)

is called the deformation-rate tensor of Euler.
To prove (19.3), we take the material derivative of ds?:

D D D D
Di (ds?) = Di (grda* da’) = gu dat D (dz*) + gu dat Di (dz?)
where we have used (17.8). Now substitute (19.1), for 1% (dz*¥). Hence

% (ds?) = g vk, drtde™ 4+ grv', dak dzm

= V;m Azt dz™ + Vg, m dxF dz™

Replacing the dummy index m by k in the first term of the extreme right
and by [ in the second term, we get (19.3). In the material description
we can write

(19.5) D"Dt (ds?) = 2 du2* g 2 AXE dXE
= 2 Ex,dXXdXE
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where
(19.6) Egy = -—D— (EKL) = durtra'L

which is shown in Art. 22 to be identical to the material derivative of the
lagrangian strain tensor. Therefore we have not introduced a new
symbol. :

A vanishing deformation-rate tensor implies a vanishing rate of the
square of the arc length. Consequently, the motion is a rigid-body
motion. Conversely, when D(ds?)/Dt = 0, for an arbitrary pair of
points, we must have di; = 0. Hence we have Killing’s equation in
differential geometry, which states the theorem that follows.

THEOREM 2. The necessary and sufficient condition for the motion of a
body to be rigid is dy = 0.

In the kinematics of surface and volume integrals we shall need the
following lemma.

LEMMA. The material derivative of the jacobian is given by

DJ
(197) ﬁ‘t— =J v"

To prove this, we differentiate the jacobian determinant J = +/g/Gj

and use (19.1)

\/g _ Vg 9 D@k _ Vg 9 S sl
Dt Dt V6') T Vaaws) T Dt T GaEro T
But according to (4.6) we have
8 .
(19.8) 5(75'?]—,?) =j X%,

which upon substitution on the extreme right of the previous formula
gives (19.7).
THEOREM 3. The material derivative of the area element is given by

(19.9) i% (daz) = v™.dae — v™1 dem, -
To prove this result, we calculate the material derivative of (12.5), i.e.,
[DJ

1% () = P (] X%, dAx) = R L 2 (xx, ,,)] dAx

Using (19.2) and (19.7) gives (19.9).
THEOREM 4. The material derivative of the volume element is given by

(19.10) % (dv) = vbpdv = Lody
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where I; denotes the first deformation-rate invariant, i.e., Iz = vt = d*;.
From (12.8); we have dv = JdV. Therefore

1% (dv) = (J av) = dV = vhydp

In the last step (19.7) is used.

Rivlin and Ericksen [1955] introduced higher-order rate tensors which
play an important role in the constitutive theory of materials with
memory (cf. Chap. 10). The Rivlin-Ericksen tensor of order M, A0 (x, t)
is generated by taking the M th material derivative of the square of arc
length ds?, i.e.,

(19.11) 1%; @) = AW derdet (M = 1,2, .. )
A recurrence relation for A“) is obtained as follows:
Dt]:il (ds?) = D[ Byt (95 2)] = 1y (AGP do da)
(A D) da* dxt + AGD D (dx") dat + AQD da* D% (dzb)
Using (19.11) on the left and (19.1), on the right, we obtain
(19.12) A = (A )+ AP pmy 4 AZD ™y,

An explicit expression for A can be found from

DM DM DM
Di (ds?) = Pt G dzt dz’) = gu Dikt (dz* da?)

M
M DM—K DK

K=0

where (%) is the binomial coefficient, i.e.,

(ﬂé)sw%m

As in (19.1),, we can show that

M
29‘_‘ (dz¥) = v@DF ; dyt

D
DMk

= D

(19.13)

M)k
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Using this and the definition (19.11), we therefore get

M—-1
(19.14) AgD = og0 490 4 (ﬂé ) YU (RO,
K=1
But since
DM DM
Dt @) = o (CxLdXXdX®) = C¢) dX* dX*

= CH XX, XL, dx* dot
we also have

(19.15) A = OO XX, XL,
Therefore
(19.16) AU = CUn 'm0

For a rigid motion ds? remains unchanged; hence A vanish.
20. KINEMATICS OF LINE, SURFACE, AND YOLUME INTEGRALS

LEMMA 1. The material derivative of a line integral of any field ¢ over
a material line @ is calculated by

(20.1) j Dlzqudx" = /(¢d$k+ ¢ v*, dat)
t e e

PROOF. Since a material line € has an equation X = X(8S), thé integral
on the left of (20.1) will have fixed limits in the material description.

Thus
D (D, D
B [oast = [ = [[oar +op @]

Using (19.1), on the extreme right, we get (20.1)
For a fized spatial line ¢ in place of (20.1) we would have

(20.2) —%/¢d¢c’“ =5 | sa / 99 Jut

Expression (20.1) reduces to (20.2) when the line of integration of (20.1)
is fixed in space. The difference arises from the motion of particles
constituting €.

LEMMA 2. The material derivative of an integral of any field over a
material surface § is given by

D

(20.3) i

/d)dak f[cﬁd%'i"d’( vieday + oY dax)]

PROOF. Again in a material description of the surface, the limits are
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fixed. Hence

%/;¢dm:= /sDD‘t(¢dak) = -/s?[quak-i-qbgz(dak)]

Substitution of (19.9) now gives (20.3).
For a fixed spatial surface s, (20.3) is replaced by

(20.4) - / $do = / ¢ da, = / 24 da

The difference between (20.3) and (20.4) is again due to the motion of
particles constituting the material surface §. Expression (20.3) may be
used to obtain the rate of change of the flux of the vector field q. Thus
replacing ¢ by ¢*, we have

(20.5) g /q" dak = /(qk — ¢'vk 4 ¢ vty) day
tJs Is
or
D .
(20.6) Di /da~ q= /da- (4 — q-gradv + qdivv)
tJs $

= /Sda-[g%+curl(q X V) +vdivq]

From this the following criterion results.
ZORAWSKI'S CRITERION. For the flux of a vector q across every material
surface to remain constant in time, it ts necessary and sufficient that

(20.7) q'k - ql vk;l + qul;l = O
or
(20.8) :—? + curl (q xv) + vdivg =0

LEMMA 3. The material derivative of an integral taken over a material
volume 1s given by

) 3 [ et = [ @+oram= [ [2+ m.a]a

The proof is immediately obtained by performing the operation D/Dt¢
inside the integral and using (19.10);. An alternative expression to
(20.9) is

(20.10) D-l—)t/‘J¢dv= [%‘:’dv+ﬁ¢ukda,,

which is obtained from (20.9), by taking the configuration of U instan-
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taneously the same as a fixed volume v and its surface s and then using
the Green-Gauss theorem. This form states that:

The rate of change of total ¢ over a material volume is equal to the rate of
creation of ¢ in a fized volume v instantaneously coinciding with U and the
Sz ¢ v* through the bounding surface s of v.

21. DEFORMATION RATE, SPIN, VORTICITY

The deformation-rate tensor dy; has already been introduced in Art. 19.
We define this and the spin tensor ws; below:

(21.1) dit = van = § ks + o)

(21.2) Wrt = Vg = § Wy — vi5e)
By adding (21.1) to (21.2), we get

(21.3) Vs = di + Wit

The deformation-rate tensor is a symmetric tensor, while the spin
tensor is a skew-symmetric tensor, i.e.,

(21.4) da=dup  Wa= —wy

In three dimensions, from a skew-symmetric tensor we can always build
an axial vector. The vorticity vector w* is the axial vector associated
with the spin tensor and is defined by

(21.5) wk = klm,,; = imy,, or = curlv
The associated covariant vector is obtained by lowering the index, i.e.,
(21.6) Wk = Ga W

We now proceed to show the physical significance of the deformation-
rate and the spin tensors. The deformation-rate tensor di; is a measure
of the instantaneous rates of change of the length and angle of material
elements. To see this, we calculate the streiching d(, in the direction n
by using (19.3)

(21.7) Ay = 5=~ =

where n* is the unit vector originating from the point x. If, for example,
n is taken along the z! axis of an orthogonal coordinate system, (21.7)
gives

(21.8) day = dWOy

We therefore see that the normal physical components of the deforma-
tion-rate tensor are the stretchings along the coordinate curves. Simi-
larly we may calculate the rate of angle change between two material
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elements dx; and dx; at x as follows:

Do - _ D dhdah
Dt 908 Ymmd = 75 \ 9% 357 s,

1 D :
= m Z—)—t (gkl dx’ﬁ dx’a) - [d(n]) 'I" d(n,)] Ccos 0(nl,n,)

where ds, and ds, are the magnitudes of vectors dx; and dx,, and d(,, and

d(x, are the corresponding stretchings along these vectors. Using (19.1)s,
we see that

(21.9) l‘l)zt (g daky dats) = 2 dydaky daty

Hence we get

(21.10) Zé)icos O¢arny = — Bnyny SN Oen,,np
= del nkl nk2 - [d(nl) + d(ﬁz)] cos o(nl'ﬂz)

Now consider the special case of two orthogonal material elements, i.e.,
O(nny = w/2. Hence

(21.11) —0(,,‘,,,2) = 2du n"1 n'ly

If in addition dx; and dx. are tangential to the orthogonal coordinate
curves z! and 2?2 respectively, (21.11) reduces to

(21.12) —Baz) = 2dW

This shows that d(, is one-half of the rate of shearing in the z! and 2
directions. Hence we obtain the following theorem.

THEOREM 1. The normal physical components of the deformation-rate
tensor are the rates of stretch; the off-diagonal physical components are half
the rates of shear in the orthogonal coordinate directions.

To understand the physical significance of the spin tensor, we consider
the rate at which a material element along dx is rotating about a fixed
direction v. To this end we take the material derivative of

dz*
cos ¢ = cos (X, v) = g v' -
ds
or

= d*
T ds

! These results are due to Euler [1770, arts. 9-12]; for a modern version see T ruesdell
and Toupin {1960, art. 82].

(21.13) - —8inp@ = v Nt ¥t — dycos o ne
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When ¢ = 7/2, this gives the relative spin of dx with respect to v
(21.14) —¢ = VNtV

To see this, we select v along the tangent of the coordinate curve
at (k # 1) and write o = vy, and ¢® g, for the physical components of

ow. Then

(21.15) — Wy = —kk
gu Gur

Thus the physical component of vy;; (k 5 1) is the rate at which a material

element along the x* axis of an orthogonal triad is rotating toward the «* axis

x?

p / x
22 Vs
Y m="

V&5 &1

¥1G. 21.1. Spin-tensor components.

in a counterclockwise direction (Fig. 21.1). The shearing in the z! and z?
directions is the sum of these spins, since these axes are turning away from
each other, i.e.,

—0a = —¢1 — ¢u = 2d1

This is similar to (21.12), which was obtained earlier.

As may be seen in Fig. 21.1, the rate of relative rotation in the counter-
clockwise direction of a material element lying along the z! and x?
coordinate curves is given by

@21 — Q12 = U2 — Vg1 = 2Wie

Hence half the difference of the relative spins (in the counterclockwise direc-
tion) gives the spin tensor of Cauchy. In a rectangular frame of reference
we have the same thing for the vorticity components, since

Wy = —2Wy, Wy = —2W,y W, = — W24y
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According to Killing’s theorem, the necessary and sufficient condition
for a rigid motion is dy = 0. If this holds throughout a region, we have
its general solution

(21.16) v = Fap' + b

where b, and #,; depend upon ¢ only; i is skew-symmetric; and p*;; = .
Thus p is the position vector of a material point with respect to an origin;
by is a rigid velocity of translation of the origin; and # is the rotation
tensor or #* = €™ F,; is the angular velocity about the origin. The
origin of p can be arbitrary, and ¥ is determined uniquely. From (21.16)
we find that

(21.17) W = @pl

Hence for rigid motion the spin tensor is the angular-velocity tensor.

An elegant theorem concerning the spin is the following.

THEOREM 2. The spin is the angular velocity of the principal axes of
the deformation-rate tensor.?

PROOF. The proper values d, and the proper directions n, of the
deformation-rate tensor dj; are determined in a manner similar to the
ones for the deformation tensors. In this case we must solve the system

(21.18) (@4 —dmé)nt =0
The roots of the characteristic equation _
(21.19) |d¥ — dmy 8% = 0

give the proper numbers (principal stretchings) da, and in turn for each de
through (21.18) we get a set of directions n.. Since dj; is a symmetric
tensor, everything that has been proved for the deformation tensor cu
has a dual for di;. Now take the material derivative of the unit vector
n* = dz*/ds tangent to one of the coordinate curves.

D (dx* 1 D 1 D
ke [ ) = — o kY — . k
" =i (ds s D1 %) ~ i py @) @
Using (19.1); and (21.7) gives
(21.20) nk = (dkz + wky — d(n) 5"1) nt

If now n is a proper direction for the deformation-rate tensor, then we
have (21.18), which helps to simplify (21.20) to

(21.21) nE = whn!

This is the analytical statement of Theorem 2.

2 An intuitive argument that the spin of a deforming body at each place and time
can be regarded as the local angular velocity is due to Stokes [1845, art. 2]. The
above theorem is due to Gosiewski [1890, art. 8]. See also Zorawski [1901, art. 2].
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By lowering and raising the indices, from this we also get the expressions
(21.22) fip = wpn! = wln = —whn
22. STRAIN RATE |

The lagrangian and eulerian strain rates are defined by!

DExy
22.1 =
(22.1) Egr (X, 0) Di
D
(22.2) 6 (X, 8) = _D‘it’t'
THEOREM 1. The lagrangian and eulerian strain rales are given by
(22.3) Bgr = duzt g’y
(22.4) é = du — (€™ Um;1 + €™ Um;k)
To prove (22.3), we calculate the material derivative of ds®.
D DcC D
D; (@8 = —Dtﬁ dXXdX% = 5. (2 Exz + Gxz) dX* dX*
= ,D_@ K JXL
= 2 D dX¥dX

Comparing this with (19.5), we get (22.3).
To prove (22.4), we proceed as follows:

l-% (ds?) = D% (ds? — dS?) = 2_311 (ews da* dat)

since D(dS?)/Dt = 0. Now carry out the indicated differentiation and
use (19.1); in the process:

Il))i (ds?) = 2 (6u + €™ vm;t + €™ 1Vm.) dz* dx‘

The left side of this is also given by (19.3). Thus for arbitrary dz* and
symmetric strain tensor, this implies (22.4).

From the foregoing it is also clear that
(22.5) Cxr= 2 Exy b= —26u = —(Cuk¥™;1 + Cmi¥™;x)

Expressions (22.3) and (22.4) show that the strain rates in general are
not the same as the deformation rates. At time ¢ = 0 the medium is
unstrained. Taking 2* = XX §*¢, we get

(22.6) Egr (X,0) = dud*x 8 éa(x,0) = du

1 Recently Naghdi and Wainwright [1961] have introduced a different definition
of strain rate which makes the eulerian strain rate coincide with the deformation rate.
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In the strained state, however, di; = 0 gives '
(22.7) Exkr =0 € = — (€™ Vm + €™ Vm:1)

Hence in an instantaneously rigid motion the lagrangian strain rate is
zero ; however, the eulerian strain rate is not. This latter situation stems
from the fact that in a rigid motion of a strained material, the expression
ds? — dS? = 2 euda*da’ remains constant. However, individual com-
ponents ey generally change. Thus, to an observer moving with a
material particle, the spatial coordinates appear to rotate as the spatial
points pass by.

For infinitesimal deformations the lagrangian strain rates are approxi-
mately the same as the deformation rates, i.e.,

Exp & du 8%k 8%y
However,
€ = di

requires the further restriction that the spin wy be of no greater order
than the deformation rate, since in (22.4) the velocity gradients are
expressible in terms of di; and wy [see (21.3)]. The simplest relation
of the rate of rotation tensor and those of < to the vorticity and the
deformation rate was found by Noll [1955, art. 20]. It states that the

rate of rotation tensor R and those of _é at t = 0 are the same as the spin and
the deformation rate at ¢ = 0, i.e.,

. D -
(22.8) R, = wk B-t( 3"1) o = dk

t=0

To this end we take the material derivative of (10.21),

Dov vk ar —Dop 4 P Doy

D—i(x M) = 0k aT —Dt(RM) Cr+RMm(cr)
Multiply this by X¥ ;. Hence .

kg = XM, [‘c*kr B + RTMDQ (—gk'):l
t

At the initial timet = 0, X¥; — 6M;and ¢ — I. Furthermore, according

to (10.21), Ry = g% Rxky — 67y. Consequently the preceding expres-
sion reduces to

= Pk

t=0

k
LagY

2

D -4 .
=0+D—t(c"z)

t;o
Since ¢ is symmetric and R is orthogonal and Ry = — Ry, the skew-sym-
metric and symmetric parts of this equation give (22.8).
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The calculation for the material derivatives of the proper numbers,

and hence that of the principal stretches, can be obtamed by multlplymg
(9.20) by n* and solving for c,, i.e.,

(22.9) T Ca = Cufanly
'The material derivative of this is
ba = GuNraNla + cua (Wranla + NFoily)
Upon substituting ¢ from (22.5), and 7%, from (21.21), we obtain
(22.10) e = —2cdanfenly
If we now substitute another form of (9.20), namely,
(22.11) CuNMfy = CaM's

into (22.10) and remember that c. = 1/A.% we obtain the elegant
formula

(22.12) B g S S

This states that the material derivative of the logarithm of a principal stretch
is the same as the normal stretching in that principal direction.?

We may now calculate the material derivative of the mth power of the Cauchy
deformation tensor by differentiating

(22.13) T =Y (ca)™ntany
ie.,
D (i) = T m (@) ba i+ o) (hams + i)

Now substitute é, from (22.12) and 7%, and 7% from (21.21) and (21.22). Upon
using (22.13), we get

(22.14) 'l—)D—t (‘%hl) = ’Zrl wk, — "c.kr wy—2m %ka 2 d(a) N’y %

a

which is valid for m fractional. _
To calculate the material derivative of the rotation tensor, we differentiate
(10.24),, i.e., T :

-1 D — D -
D ) = (xF) b+ X% ()

2 This and the results that follow appear to be new.
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Using (19.2) and (22.14) gives
-1 _- — -
(22.15) B (BR) = —X5, 1 E +wn 8 = 8N dwwand

From these results, by taking X ¥ and z* identical at { = 0, one may deduce (22.8).
23. CIRCULATION

The line integral of the tangential component of the velocity vector
along a curve ¢ is called the circulation. Thus

T = 95 vy, dx¥
4

is the circulation. According to Stokes’ theorem, the circulation around a

6. 23.1

elosed circust is equal to the flux of vorticity through any surface entirely
bounded by the circuit, i.e.,

(23.1) ¢c v drt = /"wk da* or ﬁ:v-dx = faw - da

The proof follows from Stokes’ theorem, which for any vector b may be
written as

(23.2) 9Scb-dx = j (curlb) - da

Now take b = v and remember that w = curl v.

A physical interpretation for vorticity is found as follows: Let w, be
the projection of w upon the normal n to the surface at x. If the area of
the surface s is denoted by a (Fig. 23.1), then

560 v dz* = aw, + 0 (a?)
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or as ¢ shrinks down to the point x, then

(23.3) w, = lim 1 vy dx®
a—00 Je¢
Thus the ratio of the circulation around a closed circuit c to the area enclosed
by ¢ in the limit as a — 0 is equal o the component of the vorticity in the
direction of the normal to s at x.
A motion is said to be irrotational if and only if the spsn, and hence the
vorticity, vanishes, i.e.,

(23.4) Wi = 0

A motion is irrotational if and only if its velocity field is lamellar; i.e.,
the velocity field is derivable from a potential ¢ such that

(23.5) Ve = — @y
For an irrotational field we therefore have
(23.6) [ e drt = — [: dé = ¢ (x) — & (X2)

If the region is simply connected, upon setting x; = x,, we find that the
circulation is zero. Hence for simply connected regions we have the
following theorem.

THEOREM 1. (Kelvin) A motion is irrotational if and only if the cir-
culation about every reducible circle is zero.

The multiply connected regions may be made simply connected by the intro-
duction of appropriate barriers. In forming circuits, the barriers must not be
crossed. With this consideration for multiply connected regions, (23.6) is
modified to

r

(23.7) - /x " ondet = ¢ (x) — ¢ (x) + z ni Ci

k=1

where r is the number of barriers and n, are integers. Then Cj are called the
cyclic constants of the motion.

In an irrotational motion,‘from (23.5) and the definition of di, we have
(23.8) - dim = — Pikm
hence
(23.9) Ii= —¢ut = —V2
Therefore an irrotational motion is isochoric if and only if

(23.10) V¢ = 0
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Finally we give a theorem concerning a circulation-preserving motion.

THEOREM 2. For a motion to be circulation-preserving, it is necessary and
sufficient that the acceleration possess a potential.

To prove this, we calculate the material time rate of the circulation
over a material curve € which according to Stokes’ theorem is

pr_ D . .
—1—)? = m¢evkdx Dt wkda

= [da-[a%v+curl (wxv)]
s t

where the second line is obtained from (20.6) by taking ¢ = w. Hence
Dr/Dt = 0 for every material surface § if and only if

(23.11)

(23.12) %’ +curl(wxXv)=curly =0

But this is satisfied if and only if the acceleration ¥ possesses a potential.
24. VORTICITY THEOREMS

The lines that are tangential to the vectors in a vorticity field are
called vortex lines. The surfaces formed by the vortex lines are called
vortex surfaces, and tubes are called vortex tubes.

"Vortex lines are the integral curves of

(24.1) ooy _ & _ 0%

HELMHOLTZ’S FIRST THEOREM. The total vorticity at a section of a vortex
tube s the same as that of any other section of the tube.
The proof follows from the Green-Gauss theorem applied to div w, i.e.,

(24.2) | /;divwdv = /;w-nda

We have divw = divecurl v = 0. Hence

(24.3) /;w ‘nda =0

By definition w is tangential to the surface of the tube (Fig. 24.1).

Hence w-n = 0 on the surface of the tube. Therefore (24.3) may be
written as

(24.4) f“w-nlda= —/”w'nzda

where s; and s, are any two sections of tube having exterior normals n,
and n, respectively. Hence we have Kelvin’s proof of Helmholtz’s first
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theorem. The foregoing proof is valid even when the vorticity w is
discontinuous; however, the velocity v must be continuous.

An important corollary of the foregoing theorem is that a vortex line
cannot begin or end at any point in the interior of the fluid. Any vortex
line must either close up or begin and end on the boundaries.

HELMHOLTZ'S SECOND THEOREM. In a circulation-preserving motion
the vortex lines are material lines.

n;

n,

F1G. 24.1. Vortex tube.

According to the Helmholtz-Zorawski criterion (18.18), by taking
q = w, we find that the necessary and sufficient condition for vortex lines
to be material is

(24.5) wx[%yt—v+curl(wxv)]=w><curlv=0

since in a circulation-preserving motion we must have curl ¥ = 0 [see
(23.12)]. Thus we have the proof.

HELMHOLTZ’S THIRD THEOREM. If in a motion the vortex lines coincide
with the material lines, then for the strengths of all vortex tubes to remain
constant, it is necessary and sufficient that the motion be circulation-preserving.

This follows by taking q = w in the Zorawski criterion (20.8). Hence

(24.6) curlv = 0

From the foregoing theorems it is clear that the circulation-preserving
motions are distinctly separated from the other motions. The study of
the manner by which the general motion departs from the circulation-
preserving motion is an important objective of classical hydrodynamics.!

! For other related theorems see Lamb [1945, chap. VII] and Truesdell [1954].
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25. MASS

In classical mechanics, with each body we associate a measure called
mass. This measure has a new dimension M independent of L and 7.
It is nonnegative and additive, and it is invariant under the motion. If this
measure is absolutely continuous, then there exists a density function p
called mass density. The total mass I of the body is then found by

. M
(25.1) m= /Updv dim p = [fi]

If the mass is not continuous throughout U, then instead of (25.1) we will
have '

(25.2) Mm = /mpdv + Zsm

where the summation is taken over the discrete masses and the integration
over V;, where the mass is continuous.
The integration over the mass is defined as the Lebesgue-Stieltjes integral

(25.3) [l dM = [ pfdo+ Y Mafa

Since there is no particular difficulty in the interpretation of the con-
tinuous part of the integrals as summations whenever discrete masses
exist, we shall henceforth assume that the mass is absolutely continuous
and carry out the theorems only on continuous mass media.

A continuous mass medium is defined as one in which a volume of
material particles has an assigned mass density. In this sense when the
volume UV — 0, then the total mass I — 0. We thus have

(254) 0<p<w

FUNDAMENTAL AXIoM 1. Principle of Mass Conservation. The axiom
of global mass conservation states that the total mass is tnvariant under the
motion. Global mass conservation when applied to an infinitestmal neigh-
borhood of a material point implies local mass conservation.

Global mass conservation is expressed by

(25.5) fv podV = /1) pdy

When the volume integrals are both expressed in terms of the lagrangian
or eulerian descriptions, we write

(25.6) fV (oo — pJ)dV =0  or /‘J (o — pod—1) dv
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One may also use (12.8), the expressions of the jacobian in terms of the
strain invariants, i.e., '

1
25.7 J =T = ——
(25.7) ¢ = A

The principle of local mass conservation follows from (25.6) as

(25.8) po = pJ = p+/T; m'p=mf4=v%r=mvﬁi
C

These expressions are the material equations of continuity. The spatial
description is obtained by expressing the global mass conservation as

D
m /;3 pdl) —vO
In (20.9) if we set ¢ = p,
(25.9) /[@+@w4@=o
ol ot
From this the local mass conservation follows:
(25.10) %t (eh)s =0
This is the spatial equation of continuity.
Note that (25.8) and (25.10) are but different expressions of the same
thing. In fact, (25.8) is the integral of (25.10). In solid mechanics

(25.8) is generally more suitable for analysis, while in fluid mechanics
(25.10) is.

26. MOMENTUM, MOMENT OF MOMENTUM, AND ENERGY

Momentum or linear momentum ® of the mass media contained tn volume
U 18 defined by

(26.1) ® = f,ovdém

The moment of momentum or angular momentum of body O about the origin
0 18 defined by

(26.2) a = /v p X vdIM
The kinetic energy K of the body U is defined by

(26.3) =3 [oradt =4 [, guvt vt am
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In order to express the momentum and moment of momentum in
component notation, we must translate all vectors acting in the element
dM to a common point X so that the sum (the integral) of these vectors
may be made at that point. This is clear if we write ® as

(26.4) ® = Ptg = [v o g (%) AN

Now g: (x) cannot be taken outside of the integral except in the special
case of cartesian coordinates. We may, however take the scalar product
of both sides by a vector GX (X), thus obtaining the components of the
momentum ®X in the coordinate system of X.

(26.5) OF (X,0) = [, g% @ x) 0* (x,0) dM
Similarly for the moment of momentum we have
(26.6) JCK = / g%k € D1 v, AIM
o v
A bivector representation of (26.6) is -
(26.7) fexE = [ g%l (p* o — plok) A

When the mass is continuous, in all these we put dI? = pdv.

To the basic principles of mass conservation we add three other impor-
tant axioms of mechanics.

FUNDAMENTAL AXIOM 2. Principle of Balance of Momentum. The

time rate of change of momentum is equal to the resultant force § acting on
the body

(26.8) e

-(E-=$ or

Di UpgKkv"dv = X
FUNDAMENTAL AXIOM 3. Principle of Balance of Moment of Momentum.

The time rate of change of moment of momentum about a fized point o is equal
to the resultant moment Mm about o.

dsc

0 D
(26.9) r m or Di /u p g%k Em pyvy dy = S)OTLK

In bivector notation the same thing reads
D
(26.10) Di ,[u pg%egh (p* o' — p'oF) dv = KL

Equations (26.8) and (26.9) embodied in the foregoing two principles,
Axioms 2 and 3, constitute Euler’s equations of motion for a body. They
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may be considered as an extension of Newton’s laws of motion for a
particle. ,

FUNDAMENTAL AXIOM 4. Principle of Conservation of Energy. Time
rate of change of the kinetic plus internal energy ts equal to the sum of the

rate of work ‘W of external forces and all other energies that enter or leave the
body per unit time.

D
(26.11) Do -w+ E L,

where & and W represent respectively the internal energy and the work of
the external forces per unit time, and U, represents the mechanical
equivalent of the ath kind of energy per unit time, e.g., heat energy,
electrical energy, chemical energy, etc. Thus the energies are assumed
to be additive. Equation (26.11), like (26.8) and (26.9), is a balance
equation. In a given physical problem generally we have sufficiently
clear ideas concerning W, U., and of course the kinetic energy is well-
defined. The remaining quantity, ie., the internal energy &, may be
looked upon as the quantity that balances this equation. However, &
has certain important characteristics that distinguish it from the rest.
It is a state function; i.e., it is independent of the process followed in
going from one state of . the body to the next. It is a function of the
constitutive variables. In classical thermostatics a large space is devoted to
the study of this function. We shall return to this point in Chap. 4.

In terms of the internal energy density per unit mass, ¢, we can write

(26.12) g = [Uedsm = [_opedv

where (26.12). is valid for continuous mass media.

The principle of energy conservation occurs as an integral of motion in
very special situations in classical mechanics. In thermostatics in its
special form, it is known as the first principle of thermostatics. The
present formulation represents an extension of both that of  classical
mechanics and that of thermostatics. It is valid for dissipative and
dynamical systems in which classical mechanics and thermostatics fail
to apply.

The deep significance of the foregoing four basic principles of con-
tinuous media may be better appreciated after the development of the
concept of stress.

27. AXIOM OF OBJECTIVITY

In the experimental determination of physical properties of materials,
it is necessary to know how the motion of the observer will affect the
measurements. It is evident that for those properties that are inde-
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pendent of the motion of the observer, measurements made in one frame
of reference are sufficient to determine their values once and for all.

In the formulation of physical laws it is desirable to employ quantities
which are independent of the observer or the frame of reference. Such
quantities are called objective. For example, location of a point will
appear different to observers located at different places, and therefore is
not objective. Similarly the velocity of a point will appear to be different
to observers moving with respect to each other. Hence again it is not
objective. On the other hand, distances and angles are objective
quantities since they are independent of the frame of reference.

Attempts to secure the invariance of the physical laws of motion from
the observer have produced one of the great triumphs of twentieth-
century physics. Newton’s laws of motion have long been known to be
valid only in a special reference frame (galilean frame of reference).
Attempts to free the principles of classical mechanics from the motion of
an observer were resolved by Einstein in his general theory of relativity
by rejecting these principles altogether and denying an objective meaning
for the concept of time and distance.

While we wish to stay in the domain of classical mechanics, we will
find that in the description of materials and dynamical processes the
axiom of objectivity plays a central role.! To formulate these physically
evident facts, let us consider a point x in a reference frame §. In another
frame of reference ' this point will appear as x’. The relation between
x and x’ must be such that the distance and the angle are preserved.
The most general transformations of space and time that satisfy these
conditions are of the form

(27.1) x¥=Qx+bDb V=t—a

where Q(¢) is an arbitrary real-valued nonsingular orthogonal trans-
formation, b(?) is an arbitrary point, and a is a constant. Both Q and b
are continuously differentiable functions of time ¢ alone. The orthogo-
nality condition for the matrix Q requires that

(27.2) QQT=QTQ =
where QT denotes the transposed Q and I is the unit matrix.

1 Historically this problem arose from the concept of stress rate. Cauchy [1829]
resolved this problem for a special case. Zaremba [1903b, 1937] gave a clearer repre-
sentation. A general mathematical statement for purely mechanical theories was
first presented by Noll [1955] in his discussions of “isotropy of space.” Later works
of Noll [1957, 1958, 1959] contain clear, rigorous statements and various 1mportant
applications of the “principle of objectivity.”’

The principle of objectivity in another form which depends on convected coordi-
nates was also given by Oldroyd [1950]. See also Lodge [1951]. A treatment similar
to the one given here, but in a rectangular frame of reference, was given by Thomas
[1955a, b]. See also Truesdell [1955a, b].
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The transformation expressed by (27.1) and (27.2) has no simple and
unambiguous coordinate representation and physical interpretation in
curvilinear coordinates. However, in rectangular coordinates (27.1)
and (27.2), read

z' = Q% (t) #* + b* () ‘=t—a
Q4 Qn' = QF Q' = &,

Since Q(¢) is a function of ¢ only, by differentiating (27.3) with respect to
t we get

(27.3)

(274) Q.kl le = - le le Qlk le = - Qlk le
If v is a vector in the original frame x, it will appear in the new frame as
o'k = Qb

Suppose z* = z* (X,t) represents the motion of the body B. Then
through (27.3) we have

a* (X, ¢) = @4 () 2 (X, 1) + b+ ()

which indicates that for ¢’ = ¢ the two frames ¥ and ¥ may move with
respect to each other in an arbitrary rigid motion.

In rectangular coordinates, @ (t) (for det @*, = 1) and b* () represent,
respectively, the rotation and the translation of one frame with respect to
the other. No such physical separation is possible for the general case
(27.1).

In the ensuing analysis and throughout the book, for the sake of
simplicity, the coordinate representation (27.3) is sometimes used. In
such instances it is understood that the proofs are carried out in rec-
tangular coordinates. However, through the tensorial character of
quantities treated, the conclusions reached are valid in general curvi-
linear coordinates.

DEFINITION 1. Two motions z* (X, t) and z'* (X, t') are called objectively
equivalent (or, simply, equivalent) if

@75 &) =QuOFE ) @B t=t—a

where QF, (£) satisfy (27.3)s. Two equivalent motions differ only relative
to the frame of reference. For a fixed frame the two motions may be
made to coincide by the superposition of an arbitrary rigid motion on one.

DEFINITION 2. Any tensorial quaniity is said to be objective if in any
two equivalent motions it obeys the appropriate tensor transformation law for
all times. 'Thus, for example, a vector v and a second-order tensor s are
objective if their values in objectively equivalent motions are respectively
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given by
(27.6) v* X, 1) = Q4 (8) ' (X, ?)
(27.7) g5 X, 1) = Q@ (t) Q" (8) s™a (X, £)

Let us note that for quantities which are independent of time,
objectivity does not come into play. For a vector which is time-inde-
pendent under a coordinate transformation of the form (27.5);, the
transformation law is precisely as given by (27.6). For time-dependent
quantities, however, the situation is different. Consider, for example,
the velocity vector v = %.

From (27.5) we have

D 4] .
T.%,_ = Qqi + lexl 4 bk
or
(27.8) o'k = @l 4+ @kt + bF

Comparing this with (27.6), we see that the velocity vector is not objec-
tive. It is not difficult to show that the acceleration vector is not
objective either. With the urge to find an example for an objective
quantity, we proceed to a demonstration in the following theorem.
THEOREM 1. The deformation rate tensor du s objective, but the spin
tensor is not. From (27.8), considering v'* = v’* (x/, t'), v* = v* (x, 1), we
will have
azr™

o o— ok gm 9T i
U.I—va.nW'FQmW

To caleulate dz"/dz"!, we solve for z*! from (27.3); by multiplying both
sides by @™ and using (27.3);. Hence

z* = QnF ('™ — b™)
whence

i oz
(27.9) ’a—:'t',—l = Q1"

Using this in the expression for »'*,;, we will have

(27.10) vy = Q4 Qo™ + @ Qi
Similarly we find
(27.11) ik = Qm Qv + Qi Qi

If we add (27.10) to (27.11) and note that the time rate of (27.3); is zero,
we get

(27.12) d* = Q4 Qrr d™,
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This proves that the deformation-rate tensor is objective.
If we subtract (27.11) from (27.10), we find

(27.13) wh = Q4 Qrwm, + Qkm Qi
Hence the spin tensor is not objective. The term
(27.14) Q4 = Q4 Qi

which is responsible for this is the relative angular velocity of the two

frames.
By multiplying both sides of (27.13) by @', we also find

(27.15) Q4 = Quuw't, — QFnwm

Two other expressions equivalent to this may be found as follows:
multiply both sides of (27.10) by @', and use (27.3);; replace the last term
on the right of (27.10) by its equivalent (27.4); afterwards multiply both
sides by @;" and use (27.4). Hence

Qo = Quu™ o — Qmvmr = —QmMv'nt + Qo™
QF = —Qutv'™ 1 + Qi vF i = Q@ 0/1™ — Q™ vm*
Extreme rights of these expressions are found by a similar procedure
applied to (27.11) and using (27.4), instead of (27.10). These expressions

may be used to evaluate higher-order time rates of @% by successive
substitutions.

(27.16)
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STRESS

28. SCOPE OF THE CHAPTER

This chapter deals with loads and the laws of the motion caused by
them. The stress hypothesis is formulated in Art. 30, and the stress
tensor and couple stress tensor are introduced in Art. 31. The principles
of local balance of momenta leading to the basic dynamical equations of
continuous media are given in Art. 32. A brief account of the stress
quadric of Cauchy, which is an analogue of the strain quadric of Cauchy,
may be found in Art. 33. Equations of motion are transformed to the
reference state in Art. 34. The last article of the chapter gives an
objective definition for stress fluz.

29. EXTERNAL AND INTERNAL LOADS

A material body under the influence of external and internal forces
undergoes a deformation. These forces may be mechanical, electrical,
chemical, or of some other origin. In the newtonian mechanics of a
particle the forces acting on a particle are assumed to be a function of
the position vector p, velocity vector v, and the time. When a continuum
is looked upon as a collection of material particles, however, we may find
that the forces may depend on various-order spatial gradients, higher-
order time rates, time and spatial integrals, and chemical and electro-
magnetic variables. Although a statistical mechanical description
throws more light onto the nature of forces, an adequate characterization
of the forces does not exist presently. As in classical mechanics, forces
are not defined. The force & and the couple 9N acting on a body are
vector quantities given by

(29.1) F = /U iF  m = fv (P X dF + dom)

These quantities are known a priori. The first of (29.1) indicates that
the resultant force & consists of the vector sum of all forces acting on the
94
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body. The second of (29.1) is the resultant moment about an origin O
which is the sum of the total moment /‘u p X dF of the individual forces

about O and the sum of all concenirated couples dON.

From a continuum viewpoint, whatever the origin may be, the forces
and couples may be divided into three categories.

1. Extrinsic Body Loads. These are the forces and couples that arise
from external effects. They act on the mass points of the body. A load
density per unit mass is assumed to exist so that the total body force is
obtained by integrating the load per unit mass over the volume of the
body. The extrinsic body force per unit volume is sometimes called the
volume force. The existence of a body moment per unit mass or per unit
volume in continuum mechanics is questioned on physical grounds.
For the sake of generality, however, we will include these couples in our
analysis. Examples of body forces are gravity and electrostatic forces.

Extrinsic body forces are not objective. The transformation of these
forces is deduced from the principles of momenta [Art. 26, (26.8)].

2. Extrinsic Surface Loads (Contact Loads). These loads arise from the
action of one body on another through the bounding surface. They are
sometimes called confact loads. The extrinsic surface force per unit area
is assumed to exist and is called the surface traction. The existence of the
surface couple per unit area, the couple stress, is also questioned in
continuum mechanics, as is that of the body moment. For the purpose
of generality we include these couples in our analysis. The surface
tractions and the surface couples depend on the orientation of the surface
on which they act. The hydrostatic pressure acting on the surface of a
submerged body and surface tractions produced by an electrostatic field
are examples of extrinsic surface loads.

Contact loads are assumed to be objective.

3. Internal Loads (Mutual Loads). These are the result of the mutual
action of pairs of particles that are located in the interior of the media.
According to Newton’s third law, the action of one particle on the other
of a pair is equal in magnitude and opposite in direction to the reaction
created by the second particle on the first. Therefore the resultant internal
force s zero.

Mutual loads are objective.

The interparticle forces appear as a surface traction on the bounding
surface of a part of the body isolated from the rest. This concept gives
rise to the stress hypothests, which is treated in the following article.

Let f be the body force per unit mass and tu) be the surface traction
acting at a point on the surface whose exterior normal is n. ~Suppose
that at isolated points p. there act concentrated forces Fo Then the
resultant force acting on the body is given by '
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(29.2)  F= 958 te da + /_desm + 254

If 1, m(y), and 9N, represent xjespectiveiy the body moment per unit mass,
the surface couple, and the concentrated couple at the position p,, then
the resultant moment about the origin O is given by

(203) M= lmw + P X twlda+ [, (1 +px 1) d

+Z(mz,,+paxs=a)

Concentrated loads are often imagined as resulting from a limiting
‘process in which the surface loads (body loads) become infinite while the
area (the volume) in which they act becomes zero, such that the resultant
load remains finite. Such limiting processes often lead to ambiguities
requiring care in their interpretation. The limiting process in this
general form is not well-defined. Further clarification requires a unique-
ness theorem.

By interpreting the volume and surface integrals in a Lebesgue-
Stieltjes sense, one can avoid writing the summation in (29.2) and (29.3).
‘To avoid the difficulties in theorems concerning local situations, e.g.,
infinities in the stress distribution in the neighborhood of a concentrated
load, the local theorems will be assumed to apply to the points where no
concentrated load acts. For global theorems there is no need for such an
assumption. With this caution we have

F = 56$t(,.,da+ ffdfm

(29.4)
M= G (mw + B X tw)da + [, A+ p x 1) d

Principles of balance of global momentum and global moment of momen-
tum now read ‘

4 Jovamt = ¢ twda+ [ ram
(29.5)
d
Ei/UPXVdg.R= ¢s(m<n)+pxt(,.))da+/,0(l+pr)d§m

These equations constitute Euler’s equations of motion. Since the
internal forces are in equilibrium among themselves, they do not appear
in these equations.

Since the extrinsic body loads are not objective, Euler’s equations of
motion (29.5) are not objective. These equations, in fact, give the laws
of transformation for the extrinsic body loads, since the transformation
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of momentum, moment of momentum, and contact loads in objectively
equivalent motions are known. The urge to replace the equations of the
particle dynamies (Newton’s equations of motion ) by an objective set led
to Einstein’s discovery of the general theory of relativity. The relativity
correction is found to be very small for most dynamical problems. Only
for very large astronomical distances and for speeds close to that of light
does this correction play an important role. Thus, for the sake of
simplicity, it is desirable to remain in the domain of classical mechanies.

30. INTERNAL LOADS, STRESS HYPOTHESIS

The state of internal loads and the connection of these to the surface
loads may be understood by applying the global momentum principle to
regions fully and partially contained in the body. First consider a small
volume » bounded by a closed surface s such that v 4 s is fully contained
in the body (Fig. 30.1). At a point p of s the interaction of v and U — v is
equipollent to a system of surface forces t(, called stress vectors and surface
couples my, called couple stresses. Both
stress vectors and couple stresses are
objective.

These loads depend not only on the
position vector p of the point on s under
consideration and the time, but also on
the exterior normal n to s at the point.
For different surfaces through the same
point at the same time, in general, the
loads have different directions and
intensities. On the external surface of
the body § they become external surface
tractions already analyzed in Art. 29. rie. 30.1. Stress vector and couple
We have therefore kept the same nota- stress.
tion, since no confusion will arise from
this duality. The momentum principles applied to» + s are identical in
form to (29.5) except that the volume integrals are now taken over v
and the surface integrals over s.

The dependence of the stress vector and the couple stress on the exterior
normal can be found by applying the principle of linear momentum to a
small tetrahedron with its vertex p in the interior of » and having three of
its faces the coordinate surfaces and the fourth face on s (Fig. 30.2).
The stress vectors! on the coordinate surfaces are denoted by —tw,.
We now apply the principle of linear momentum (29.5); to the above

1Since the exterior normal of a coordinate surface makes an angle larger than 90°
with a coordinate direction not in the coordinate surface, without loss in generality,
we take the stress vector acting on the surface as —tu, rather than ta).
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tetrahedron. Using the mean-value theorem, we can estlmate the volume
and surface mtegrals stated in (29.5). Thus

ZR (p v* At)) = t*(n) Aa — t*(k) Aa® -+ pf* Av
where v* and f* are the velocity vector and the body force respectively, at

a point within the volume Av of the tetrahedron; t*, is the stress vector
at some point of the surface Aa; and t*, are those on areas Aa® of the

x3

L]

—t(2)<€

*
=t(3)

F16. 30.2. Tetrahedron.

coordinate surfaces of the tetrahedron. Mass is assumed to be con-
tinuous so that the mass density p exists. Upon dividing both sides of
the above equation by Aa and letting Aa — 0 so that point p approaches
the surface s of v from the interior, we will have Av/Aa — 0. Hence

(301) v tm) da = tw da®

The four surfaces of the tetrahedron form a closed surface. Therefore in
the limit the vector sum of the areas on the coordinate surfaces must add
up to the area vector da, i.e.,

(30.2) da=ndg = 2 da® Bt — ggi gk
P \/ Jrk

From this we get
(30.3) da®/~/gu = da* = n*da
Substituting this into (30.1), we get

(304) ' tw = z ta Vg nt = tay n® = tynk = thn,
k
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where n® are the physical components of the exterior normal n and

‘ t. = t(k) ‘\/g;,_;i th = g"’ t:
n® = n* /g

We have therefore proved the following theorem.
THEOREM 1. The stress vector at a point of a surface with an exterior unit

normal n 7s @ linear function of the stress vectors acting on coordinate surfaces
through the same point, the coefficients being the physical components of the
cosine directors of n.

Stress vectors tu), by definition, are independent of n. Assuming that
twm s a continuous function of n, if we change the sign of n in (30.4), we
find that the stress vector changes sign, i.e.,

(30.5)

(30.6) tn = —tm

Hence the proof of the following corollary.
COROLLARY. The siress vectors acting on the opposite sides of the same
surface at a given point are equal in magnitude and opposite in sign.?
Application of a similar argument to couple stresses by use of (29.5),
leads to

(30.7)  ma = Y ma Vgunt = mena® = mnt = mtn,
k
(30.8) M) = —Me)

We may again mention that the existence of couple stresses, surface
couples, and body couples is often rejected in continuum mechanics, with
the following argument. A couple in classical mechanics is pictured
as a pair of parallel forces of equal magnitude and opposite sense, sepa-
rated by a moment arm. It is assumed that the forces are bounded. -If
we let the moment arm approach zero, keeping the forces bounded, the
moment of the couple vanishes.

Inclusion of the unbounded forces in mechanics must await experi-
mental verifications. For the sake of generality, however, we have
included surface couples, body couples, and couple stresses in some of
the developments.

31. STRESS TENSOR

The stress tensor t s the lth component of the stress vector ti. acting on the
positive side of the kth coordinate surface. The stress tensor is objective.

(31.1) = tug

" 2For an alternative proof of this based on the use of the principle of objectivity,
see Noll [1957, p. 20].
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The first index in ¢, indicates the coordinate surface on which t; acts and
the second index the direction of the component. For example, #,; is the
z® component of ts, acting on the coordinate surface 2 = const. If the
exterior normal of the coordinate surface z* = const makes an acute
angle with the positive coordinate curve z*, then the positive directions
of the stress components ¢ acting on this surface are by convention in the
positive coordinate directions of #*. If the exterior normal makes an

ty3
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ﬁ
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F16. 31.1. Stress tensor.

angle more than 90° with the positive z* coordinate curve, then the
positive directions of ¢ on this surface are in the directions of the negative
coordinate curves z!. The positive stress components are shown in
Fig. 31.1 for a rectangular coordinate system. Positive stress com-
ponents on the surface p,a;bsc; are oriented in the positive directions of
the z, y, and z axes, since the exterior normal of this plane is in the direc-
tion of the y > 0 axis. On the plane pabe, on the other hand, positive
stress components are oriented in the direction of the negative coordinate
axes, for on this plane the exterior normal is in the direction of the y < 0
axis. Similar conventions apply to the stress components acting on the
faces £ = const and z = const. In order not to crowd the figure, the
stress components acting on the x = const planes are omitted. The sign
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convention given above is not unique. It is, however, generally accepted
in the literature. The components t11, ts2, and tz; are called the normal
stresses, and the mized components such as t1z, tss, elc., are called the shearing
stresses.

Substituting (31.1) into (30.4), we get

(31.2) tw = tanfgl  or = tunt

which is the proof of the following theorem.

FUNDAMENTAL THEOREM. The stress vector acting on any plane through
a point ts fully characterized as a linear function of the stress tensor at the
point.

The tensorial character of t,; may be seen by using the quotient rule in
(31.2),. Bince f) and n* are covariant and contravariant vectors, #;
is a covariant tensor of second order.

By raising the indices, we also obtain mixed and contravariant com-
ponents of the stress tensor, i.e.,

tkl = gkm tml i = gln tkn = gkm gln t"m

(313) tzk - gkm tlm tkl - gkm tml

Equivalent to (31.2) we therefore have

t(n) = tklnkgl . tz"n’gk —_ t"‘mgk = e s

(31.4) By = Gk = tHipy, = -
by = tpnt =thm = - - -

Note also through (30.5); and (31.1) that

(31.5) th= th g = o g

Parallel to the foregoing, the couple stress m; may be expressed in terms
of its components my, the couple stress tensor, by

(31.6) m, = mug or mt=mhg =mig

The couple stress tensor is objective. The sign convention for my; is the
same as f;, since my is to be treated as an axial vector. Through (30.7)
we now write

(31.7) My = mun*g or Myt = M NF = mbyny,
Equivalent to the axial vector may; is the bivector defined by

(31.8) 2mkly = e muy M(nyk = €kpr ME7y

and equivalent to the couple stress tensor is the objective third-order tensor

(BLY) . 2mkrr = ¢drrml;  or  mh = g mtP
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Now introduce (31.8): and (31.9); into (31.7),, i.e.,

Mm)t = €1pr MILy = €1pr MEP" My,
from which it follows that
(31.10) me, = mPr oy, mERr = — gy

The foregoing analysis is applicable without change to any point on the
surface s of the body whenever the tangent plane is continuous there.
Thus, if the loading is prescribed on the surface, we have the following
boundary conditions on tractions and couples

(31.11) By = e = ¢ mhyy = mtn, = ¢

where s* and ¢' are respectively the prescribed surface traction and the
surface couple on s. The boundary conditions on couples may be written
equivalently in terms of m*r as

(3112) mP':' = mkP"nk = gr"
()

where ¢P” is a bivector equivalent to ¢, acting on the surface s of the
body, i.e.,
(31.13) 2 g7 = g,

Physical components of the stress tensor are obtained from (31.2); by
using (30.5); to express n* in terms of its physical component n® and
writing eq) = gi/V/ gie. Hence

(31.14) tem = z 4 \/V ng{cnm ew = o™ n® eq
i
kl

where

Vou

(31.15) ty® = 4.
gu

are the left physical components of the stress tensor.! Similarly for the
left physical components of the couple stress m;* we have

(31 . 16) meq *®) = m;’“ g._..k_k

gu
From the definitions of the body force f, the surface traction t(,, the

surface couple m,, the stress tensor #*, and the couple stress m;*, we see
that these quantities have the physical dimensions

! For a discussion of physical components of tensors see Appendix, Art. A3
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force M _ force
[ﬂ = 'T‘z‘ mass [t(n)] - T2~ area
_ M _ force X distance
B1.17) [m@) = T2 = area
M force M _ force X distance
®] = = = =
[t(l) ] 7T area [m(l)(k)] VE area’

where brackets [ ] indicate the dimension. Here M denotes mass, L
length, and 7 time. In the CGS system force is measured in dynes,
length in centimeters, and time in seconds. Therefore in this system
tw and {p® are measured in dynes per square centimeter. In the
English practical units they are measured in pounds per square inch.

Finally we give a short list of various notations used for the stress
tensor by various writers.

Eringen, Clebsch, Truesdell i laz ls3 tes fa1 e
Cauchy (early work) A B CDEF
Cauchy (later work), St. Venant, Maxwell Doz Pyy Pz Pyz Doz Doy
F. Neumann, Kirchhoff, Love X.Y, 2, Y,27Z, X,
K. Pearson TT Yy 2@ Y2 2% 1Y
Kelvin ‘ P Q RS TV
Karman Timoshenko Oz Oy Oz Tyz Tez Tay

Russian and German writers, Green, a,nd Zerna 711 T2z Tss T2z T31 Ti2

011 022 033 023 031 012
Some English and American writers and others 33 928
) Ozz Oyy Ozz OTyz Ozz Oay

32. PRINCIPLES OF BALANCE OF LOCAL MOMENTA

If we carry out the indicated differentiation on the left of (29.5) and
use the principle of local mass conservation D(dM)/Dt = 0, we can
express (29.5) in the forms

(32.1) f.o adit = 953 te da + fvfdgﬁ

(322) [pxadl =@ [mw+PpXtwlda+ [ A+pxf)dM

where a = ¥ is the acceleration vector. These are but another form of the
balance of global momentum and global moment of momentum. We
now take U + § as a small internal portion of the body having continuous
mass distribution and, upon using (30.4), and (30.7)4, write

(32.3) ﬁpadv = ¢at’°nkda+fvpfdv
(32.4) Lppxadv= 9§a(m’°+pxt’°)nkda+[,p(l+pxf)dv
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Applying the Green-Gauss theorem to convert the surface integrals into
volume integrals, we get

(32.5) f [ T (x/gtk)+p<f—a)]dv
©0 [ Joam Vam) +ett e x e +px| ok (Viw
+p(f-—a)]} =0

These are the mathematical expressions of the principles of the balance of
global momentum and global moment of momentum. For these to be valid
for any arbitrary volume v, the necessary and sufficient condition is the
vanishing of the integrands. Hence

(32.7) (Vgt) +p—a)=0

\/“ax”
\ifgw(\/amk)+p1+gkxtk=o

Note that to obtain (32.8), we have used (32.7) and have dropped the
bracketed expression in the integrand of (32.6) for local balance. To
obtain the equivalent form of (32.7) and (32.8) in component notation, we
replace t* by (31.5): and m* by (31.6); and employ the relations

(32.8)

19 ﬁ — r agr _)n
429 Vg rkl dak = rk} &
Hence
(32.10) Wt e (ff—a) =0
(32.11) mii; + pli + ek by = 0

These are respectively the first and second laws of motzon of Cauchy and
the proofs of the following theorems.?

THEOREM 1. A necessary and sufficient condition for the local balance of
momentum ts (32.7) or (32.10).

THEOREM 2. A necessary and sufficient condition for the local balance of
moment of momentum, when the linear momentum is locally balanced, is the
satisfaction of the second law of motion of Cauchy [either (32.8) or (32.11)].

Both laws of motion of Cauchy are not objective.

The bivector representation of Cauchy’s second law (32.11) is

(32.12) mtiy + pli + i1 = 0

1 Cauchy [1827a, b, 1828]. The second law was dlscovered by Fresnel [1868] in.
1822, but was not published until 1868. !
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where %/ is the bivector equivalent of I, i.e.,
2 l"j = 6‘% lk l,' = €ijk ljk

By eliminating the skew-symmetric part of the stress tensor from (32.10),
by use of (32.12) we get

(32.13) 1905 — mDk ;4 p (fF — Phy — @) = O
-When there are no body couples and couple stresses, (32.12) reduces to
(32.14) ti = i

which is the proof of the corollary that follows.
COROLLARY. When there are no body couples and couple stresses and

when the local linear momentum is balanced, the necessary and suflicient
condition for the balance of local moment of momentum is the symmetry of
the stress tensor.

For a mechanical medium the existence of body or surface couples is
often rejected. Therefore in such a medium we have only six independent
stress components: namely, {11 §22, 33 23 = {32 31 = {13 and {2 = 2,
Consequently the order of the two indices at the same level is unimportant,
and also the left and right mixed components of the stress tensor are the
same, i.e.,

(32.15) U P

We may therefore freely write (32.10) as

(32.16) o+ p(ff—a) =0

By lowering the indices, we get the equivalent equations
(32.17) tat+ep(fi —a) =0 tw! +p(fi —a) =0

Finally we express Cauchy’s first law of motion in terms of the physical
components of vectors and tensors involved. To do this, we expand
(32.17); to the form

l

(32.18) e + {rl

Jro—{o) e +ome-ar =0

Vectors f* and o' are related to their physical components f(”‘and a® by
expressions of the form (30.5);, while %, = &* is related to its physical
components ¢;® by (31.15). Using also the identity

(32.19) [:z} = ;z—,log\/i g = det |gil
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Eq. (32.18) may be written as

3
l \/51_1] g }
— g om VU o — g0l =0
,,,21“’""] o S| 1 DL (10 — o0

which is valid in any coordinate system and for the case where the stress
tensor is symmetric. A great deal of simplification is achieved when the
coordinates are orthogonal. In this case gi; = 0 for k& 5= [ and ¢** = 1/gux,
and the left and right components of the stress tensor are the same,? i.e.,
t® g = tn® (even for a nonsymmetric stress tensor). Thus

(k)

3 =
(32.21) Z ‘L_ 2 [tw(k) Y ] L 0V,
=1 Vi & Vou Viougn 9%

-~ = %—"i‘t%} +p[f® = a®] = 0
kk YUl

There is no particular difficulty in finding the expression corresponding
to (82.11) in terms of physical components of the vectors and tensors
involved.

33. STRESS QUADRIC OF CAUCHY AND STRESS INVARIANTS

The normal component N of the stress vector tq acting at point p of
surface s with exterior normal n (Fig. 33.1) is calculated by

(33.1) N=tg:-'n
Upon substituting the expression for ty) from (31.2),, we get
(332) N = tkz nknt

For a fixed N, upon changing the orientation of the surface at p, we see
that the stress components #; change, satisfying (33.2). The quadric
surface represented by (33.2) is called the siress quadric of Cauchy. The
variables n* of (33.2) are subject to the condition that n is a unit normal,
ie.,

(33.3) guntnt =1
2 Cf. Appendix, Art. A3. '



Art. 33 / Stress Quadric of Cauchy and Stress Invariants 107

For vanishing body couples and couple stresses the stress tensor is a
symmetric tensor. Consequently for the nonpolar case we have a com-
plete correspondence between the stress quadric of Cauchy and the strain
quadric of Cauchy. To translate the results of Arts. 8 and 9, all we need
is to notice the one-to-one correspondence between t; and e. or ¢ and

k
between n* and 0(% With this understanding we have the following

lemmas.

1. There exist at least three and generally three principal directions of
stress.

2. There are three principal stresses t. (« = 1, 2, 3) which act on the
principal planes.

71G. 33.1. Normal and tangential tractions.

3. On the principal planes the shearing stresses vanish and the normal
stresses take the stationary values f,.

4. In general there are three independent stress invariants I, 1I, and
III, whose expressions are identical in form to (9.9) and (9.10) of the strain
invariants except that everywhere CX, and C, must be replaced by t*;
and f,.

Special types of stress conditions also have one-to-one correspondence
with those of strain. For example, if two of the principal stresses are
zero, the state of stress is called simple tension or uniaxial stress; when one
of the principal stresses vanishes, it is called plane or biazial; and if no
principal stress vanishes, the state of stress is triaxial.

In a plane stress, if the two principal stresses are equal and opposite in
sign, with reference to the rectangular coordinates bisecting the two
principal axes in the plane, all normal stresses vanish. The state of stress
for this case is therefore called pure shearing stress.
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For pure shearing stress we therefore have a stress matrix of the form

0 ¢, O
(33.4) ltull = |ty O O b # 0
0 0 O
An invariant condition for pure shear is
(33.5) IL,=0 III, =0
Hence
(33.6) by =t = —ta = /=1L

Various geometrical constructions, such as Mohr’s circle, for the
determination of the principal planes and principal stresses are identical
to their counterparts for the strain.

Finally we give the following theorem which concerns the stationary
values of the shearing stresses and has found application in failure
theories.

THEOREM 1. The maximum shearing stress acts on the plane that bisects
the angle between the greatest and the smallest principal stresses. Its value
is ome-half the difference between the greatest and the smallest principal
stresses. Proof of this theorem may be found in textbooks on elasticity
(cf. Sokolnikoff [1956, art. 18]).

34. EQUATIONS OF MOTION IN THE REFERENCE STATE

The stress tensor ## and the body force f* defined above are functions
of the spatial point #* and time ¢. Cauchy’s laws of motion are eulerian
descriptions. Through the equations of motion (2.1) we can express
these quantities and the equations of motion in the reference state.

We introduce the stress vector TX at point x referred to the unde-
formed area dAg at X = X (x,t) by

(34.1) tw da = t'day, = TEdAg
But according to (12.5) we have
(34.2) day, = J XK dAg
Substituting this into (34.1),
(34.3) tt=J 1zt g TR  TK = J X5t
Clearly
1 — 1 1
= (Ve = — = (VI kTR = —= (7 e VET),
NG Yz ARV A ’
| Vi ) 1/
=G| Y= J 1 Xk TK ), = ——= (\/GTK) ;2
\/— (va K N j '\/E ('\/\— ),IG K
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since j = v/G/gJ and (j7'2* x)» = 0. Regarding T¥ = TX (X, ¢), this
becomes

Vgt = (VG TX) g

1
vy \/—
The introduction of this into (32.7) gives the expression of Cauchy’s first
law expressed in the reference state.

(34.4) (VG TR) x -+ poJ (f—a) =0

\/Zi

This result also follows by expressing the equation of global balance
of linear momentum (32.1) in material coordinates.
Piola introduced the pseudostresses TX! and TX% by!

(34.5) TK = TKig, = TKLg! o
Through (34.3); and (31.5),

(34.6) TRl = JXK, 1
(34.7) TKL = TKI XL, = J XK, XL,k

From (34.1) and (34.5) it may be seen that ||TX!|| gives the stress at x
measured per unit area at X. In terms of the components T¥!(34.4) reads
Kk _I_ TKm k xl + TKk L + p (flc —_ ak) — 0 .
K mlf *¥ LK oV
We may express this in a more concise form
(34.8) TE* g + po (f* — a*) =0

by introducing the concept of total covariant differentiation of any two-
point tensor field AX* (X, x) as defined in Appendix AG6.

A L_AKkL_l_{ lAMk+<AKkl+I }AKm)

Note that in (34.8) TX* = T&* (X).
Cauchy’s second law for zero body couples and couple stresses (non-
polar case) takes the complicated form

(34.9) TEk gm g = TEm gk g

1[1833; 1836; 1848, secs. 34-38]. See also Kirchhoff (1852, 763—764], E. and
F. Cosserat [1896, sec. 15], Trefftz [1981], and Brillouin [1925, sec. 7; 1928, 11].
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Cauchy’s laws in terms of TXZ become

(34.10) (TELgk )k + (l'ﬁl} zm 2t + [Z‘JJWK} :v'“,L) TxL
+p(ff—a*) =0

TKL — TLK

For theories of small deformations (34.8) and (34.10) may be used
to obtain approximate equations of simpler character in the reference
state. Since during the deformation the surface of the body is changing,
the boundary conditions on the deforming surface of the body constitute
a nonlinear set that depends on the unknown dependent variable, the
displacement vector u. When the boundary-value problem is formulated
in the reference state, since the surface of the body is known, this difficulty
does not arise. However, Cauchy’s laws now take more complicated
forms. It is not difficult to see that? for the linear theory (theory of
infinitesimal deformations) the difference between Cauchy’s laws expressed
in the reference state and those in eulerian forms disappears.

35. STRESS FLUX

Experiments indicate that it is quite common for the dynamical
behavior of materials to depend on the time rate of change of stress. The
stress rate, in a fashion similar to strain rate, may be defined by

Dt
Dt

The material properties, however, cannot depend on the stress rate
defined by (35.1), for the stress rate so defined is not objective. We
should now like to find an objective tensor that can replace (35.1). This
tensor will be called stress flux.

According to the axiom of objectivity defined in Art. 27, a properly
defined stress flux #; in objectively equivalent motions must transform as?

(35.2) z,kl = ka Qlﬂ Zmn or %’ = Q t QT

Now the stress tensor t*; is objective. Hence its values in equivalent
motions (27.5) are related to each other by

(35.1) i"z =

(353) i, = Q*, Qi tm,
If we take the material derivative of both sides of (35.3), we find
(35.4) Vi = dm, Qb @ + 7, Q@ + 7, @ O

2 Eringen [1963].
1The coordinate form (85.2); refers to rectangular coordinates (see Art. 27 for a
discussion of this restriction).
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From this by use of (27.15) we eliminate Q. Hence
Uy Vol — Ui = (I + s — U wm) Qo Q1
This shows that (35.2) is satisfied if we define the stress flux as
(35.5) =t + e wmy — tmawk,

This definition is not unique. It is possible to find other expressions that
satisfy the principle of objectivity. For example, four other possible
expressions for the stress flux, that are objective, are obtained by replacing
Q in (35.4) by its various expressions given by (27.16)

=+ t™opF + o™y
Zkz = ikz - t’;'z v"m — ik, v™
= th — tm b + o™y
i"; = t"z + tm™ v,,.;" — tk, L) P

(35.6)

All of these satisfy (35.2). Still other permissible expressions different
from those given above can be found.?

2 For additional discussion and references see Arts. 27 and 72. For higher-order
stress flux see Art. 93.
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ENERGY AND ENTROPY

36. SCOPE OF THE CHAPTER

The present chapter is devoted to the concepts of energy and entropy.
The principle of conservation of energy treated in Art. 37 constitutes a
fundamental postulate of physics. It generalizes the first law of thermo-
statics to include dynamical and dissipative systems. The discoveries in
modern physics (e.g., theory of relativity) have shown that this axiom is
not violated even though the principles of classical mechanics are violated.
For example, the conservation of mass at extreme velocities near the
speed of light is violated, but the energy conservation is not. Potential
energy and strain energy are defined in Art. 38, and the transition from
the energy principle to the more restricted first law of classical thermo-
dynamics is shown.

The concept of entropy is fundamentally akin to the concepts of heat
and temperature. Continuum mechanics is always darkened with
thermal clouds. While an adequate theory of thermodynamics for the
treatment of large thermal changes does not exist, nevertheless the prob-
lems and difficulties that it brings to mechanical systems cannot be
avoided. Article 39 is devoted to such concepts accompanying the
entropy as thermodynamic states, temperature, thermodynamic tensions,
thermodynamic paths, specific heat, etec. Irreversible thermodynamics
has recently found new applications to the foundations through the
concept of entropy production. Thermodynamic stress, dissipative
stress, the principle of inadmissibility of decreasing entropy, and the
Clausius-Duhem inequality are to be found in Art. 40. In the last
article we give the concept of thermodynamic and mechanical equilibrium
and show how the principle of virtual work together with the condition
of thermal equilibrium can lead to a special form of Cauchy’s first law
and to the boundary condition. In nondissipative systems this approach

often finds a convenient and unified method of formulation (cf. Chap. 11).
112 .
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37. PRINCIPLE OF CONSERVATION OF ENERGY

Global conservation of energy has already been formulated in Art. 26.
According to this the time rate of change of kinetic energy X and internal
energy & is equal to the sum of work W done upon the body by the
external forces per unit time and the sum of other energies U, per unit
time. This is expressed by (26.12), i.e.,

(37.1) RKtE=w+ Y

Among the various types of energies we may cite heat energy, chemical
energy, electrical energy, ete. To simplify the treatment here, we consider
only heat energy.

Interconvertibility of heat Q and mechanical energy was known to
Carnot [1824-1832] and was formulated clearly by Joule [1843]. In
thermodynamics the global balance of energy

(37.2) X+86=W+Q

is known as the first law. of thermodynamics.
The heat input @ in (37.2) is measured in mechanical units and has the
same dimension as the mechanical power W, namely, .

0] = [W] = force >< distance _ Zlg1 E*

time

where M is the mass unit, L is the distance, and T is the time. In CGS
units the measure of mechanical power is erg/sec = dyne cm/sec. In
English units 1b ft/sec is in common use.

For a continuous mass medium U + § for the kinetic and internal
energies, we write

(87.3) X =§/ pv,,lvpdv & =/ pedy

where e is the internal energy density per unit mass, v is the velocity vector,
and p is the mass density. The mechanical power consists of the work
done by the surface tractions, surface couples, the body force, and body
couples, i.e.,

(37.4) W = 953 (2 v, — T w,,) da, + [v p (fPv, — 1P wy,) dv

The stress tensor #» and the couple stress m ™ were defined in Art. 31,
and the body couple [7? was introduced in Art. 32. Also f# is the body
force and w,, is the spin tensor defined in Art. 21. The heat input
consists of a fluz of heat ¢¢ through the surface § into U and the supply of
energy per unit mass, h, created by distributed energy sources in the body.
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Hence

(37.5) Q= 958 ¢ da, + [U phdy

We now calculate each term of (37.2). For this we carry out the opera-
tion D/Dt inside the integrals of & and & and convert the surface integrals
of W and @ into volume integrals by use of the Green-Gauss theorem.
Hence

% = / [pa”v,dv + 1}sv”v,,—bl2 (pdv)]
v 3

&= L[pedv+e-1%(pdv)]

W= ,[U [t vp 4 EP0p, — ML Weq — MPLWpg,y

+ o (fPop — PP9wyg)l dv

(37.6)

Q= f (975 + ph) dv
Now write v,,, = dpr + Wy in the expression W. Hence
@17 w= f.v (" + pfP) vy — (D + mr2e,, + plP9) wy,
+ (P d, — mrPiw,g,,)] dv

Upon carrying these expressions into (37.2) and rearranging terms, we get
@18 [[loé = 17 dy + s = 2y = pHldo
- [ crrn = 0B 6@ + [0t o = par)ds
v ¢ v
— / Wyq (ttrad + mree,, 4+ p 179) dy
0

This is the final expression of the global conservation of energy. When
the energy is balanced for arbitrarily small volume elements, we have the
local conservation of energy. In this case the integrals of (37.8) may be
dropped. Note also that the integrand of each integral on the right
vanishes on account of local conservation of mass, balance of momentum
and moment of momentum, thus reducing (37.8) to

(37.9) pé=120dyy — mP Wy, + g5 + ph

This is the differential equation of the local energy balance.! For the

1 Surface distribution of energy is not incorporated here. For this another flux
term similar to ¢7,, may be added to (37.9).
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nonpolar case (vanishing couple stress and body couple) (37.9) further
reduces to

(37.10) pé=1"dy + ¢*p + ok
since in this case we have $»? = {r¢. Hence the mechanical energy
(37.11) & = tPdy,

is also called the stress power.
38. POTENTIAL ENERGY, STRAIN ENERGY

Global conservation of energy may be put into a more familiar form
in a special case when the external forces f, are steady and derivable
from a potential U (x), i.e.,

(381) fp = - U.p

For simplicity consider the nonpolar case. Upon substituting this into
(37.4), we get

(38.2) W = ¢s ?v, da, — /,0 pU,vPdy
If we set
(38.3) %=ApUM

then clearly

. D .
‘u=—D—t/UpUdv=/UpUdv=LpU,,,dev

Consequently (38.2) may also be written as

(38.4) w=%m%m—ﬁ

Equation (37.2) may therefore be written as

(38.5) k+&+% =@ tro,da +Q

When the right side of this equation is zero, we get a theorem of mechanical

energy conservation; namely, the sum of global kinetic, internal, and potential
energies is constant, i.e.,

X + & 4+ U = const
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Among many possibilities we see that this is valid when

1. The body is insulated, i.e., @ = 0; and
2. Either surface tractions or surface velocities are zero (more generally
when they are orthogonal to each other).

This, of course, is a special situation.
Consider now the general case of global energy conservation (37.2).
It is reasonable to assume that the stress tensor is divisible into two parts

(38.6) t= gt + pt

of which gt is the reversible part of the stress, which will be called the
hyperelastic stress, and pt is the irreversible or dissipative part. Hence
st is defined as being derivable from a potential called the strain energy
Sfunetion r (z* k) so that

(38.7) p7 = glPldy,
We now substitute (38.6) and (38.7) into (37.10) and integrate it over
the volume. Hence

Jopido = [Loido + [ ptrrdpds + [ (@i + o) do
This may also be written as

(38.8) E=5+9+Q

where & and Q are the total internal energy and the heat energy, and 3
and D are the total strain energy and the fotal dissipative power defined by

(38.9) 5= f_o prdy D= [v pt72 d,pq dv

Equation (38.8) states that the time rate of strain energy, the dissipative
power, and the heat energy produce the change in the internal energy. This
is but another form of the statement of the axiom of global conservation
of energy.

It is not difficult to show that Piola’s stress gT%, given by

i)
(38.10) eT% = po 3 x,;r -

satisfies (38.7). To see this, we recall (34.6), from which we solve for

(38.11) : w = L px 2 x
. 0
since J = po/p. Now

D
iy = gtoy = L gTRgE oy, = £ ETK¢1—)- (#".x)
po Po ¢
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where we used (19.1);. Upon substituting (38.10) into this, we get
(38.7). Through (38.10) and (38.11) we also write

a

(38.12) gtfy = pxk,x 627::1(
A special case for the strain energy is
(38.13) =r(J) = r(%)
For this case, using the dual of (19.8) for J in
ar aJ or
g = pafg o px",xb—JJXK,z

we get
(38.14) gty = —w oh
where

i)
(38.15) T(J) = —p g7

is the elastic hydrostatic pressure. Conversely (38.14) implies (38.13).
In this particular case (38.7) reduces to

(38.16) pi = —mwok,
Using (19.10);, we see that

. D
(38.17) = — /qum (dv)

In the general case the stress tensor may be divided into a pressure p
and a deviatoric part *, i.e.,

(38. 18) tkz = —ﬁ 6”1 + t-kz
where
(38.19) p=— g =0

The stress power now becomes
¢ = thdy = —pvk, + Hdy

When the deviatoric part vanishes, for the case of p = v, we see that
¢ =pr. '

Finally we may deduce the first principle of thermostatics from the
foregoing results. Classical thermostatics deals with homogeneous
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systems. It assumes that the stress consists of a purely hydrostatic
pressure p that is constant. We may generally take r = p () to be a
function of time so that more general processes can be included. From
(38.17) it now follows that

(38.20) ds = —pdy

In classical thermostatics the diséipa,tive energy ® = 0. Multiplying
both sides of (38.8) by dt, we get

(38.21) ds = —pdy + 6Q
where we have written _
(38.22) de = &dt 80 = Qdt

with the interpretations that all variations are considered time-inde-

pendent and that they are changes between neighboring states.
Equation (38.21) is the well-known expression of the first principle of

thermostatics. Its limitation is now clear from the fact that

1. The dissipative part of stress is neglected.

2. The nondissipative part of stress consists of hydrostatic pressure.}

3. The system is uniform and time-independent. This last restriction
is the most critical one.

If we try to incorporate the dissipative stress power into (38.21), we
may be forced into considering the effect of dynamical forces, since these
give rise to dissipative power. Let us multiply (37.2) by df and write an
equation of the form (38.21). The result involves an extra term, how-
ever, the change of kinetic energy, which is definitely out of the realm of
classical thermostaties. '

39. ENTROPY

The introduction of the concept of entropy into thermostatics stems
from a desire to write 8Q as a differential so that (38.21) may take a
differential form

(39.1) dg = —pdv + 0dH

where H is called total entropy and 6 is the absolute temperature. Thus one
searches for the conditions under which we are allowed to write

[.Le)
6

! This is not-essential, and a more general case of elastlc stress may be incorporated
by replacing (38.21) by d& = sw + Q.

(39.2) =dH
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That is, for what types of changes does an integration factor 176 exist so
that 6—? may be written as a total differential? This question was
elegantly answered by a theorem due to Caratheodory [1909, 1925].!
Caratheodory derived the concept of temperature and entropy by using
the concept of thermal equilibrium and the assumption that for any state
there is an arbitrarily near state that the system cannot reach without
expending work. For nonequilibrium processes, which are natural
rather than being exceptional, all attempts to define entropy immediately
face great difficulties. A careful reflection will immediately show that
the primary complications stem from trying to define a state function
called entropy from its limiting value at the state of equilibrium. Mathe-
matically it is clear that properties of a function at its limit point are
seldom adequate for its complete description. If, on the other hand, the
function is known by a linearization process, its behavior near its limit
point may be obtained clearly. Presently there is no adequate theory of
trreversible thermodynamics which yields the indicated linearizations.?
Because of these difficulties some writers start with the concept of entropy
as the primitive and build the thermodynamics from this premise.? For
the present treatment we find this approach safer than the traditional one
usually found in textbooks on thermodynamics.

Thermodynamic States. The total of n 4+ 1 independent parameters
n,va(a = 1,2, . . . ,n) that influence the internal energy density € at a
place and time is called the thermodynamic state. The parameters . have
the dimension of mechanical and electrical units, and the dimension of 7
is tndependent of those of v, and has the dimension of energy per unit
temperature per unit mass. The parameter y so singled out is called the
specific eniropy or entropy density (entropy per unit mass).

The basic assumption of thermodynamics is that the thermodynamic
state, n and »,, is sufficient to determine ¢, independent of time, place,

1In this connection see also Born [1921], Ehrenfest-Afanassjewa [1925], Mimura
[1931], and Whaples [1952]. .

2 A large class of recent studies in irreversible thermodynamics is concerned with
the linear constitutive relations between forces and fluxes. The coefficients appearing
in these relations are assumed to be symmetric tensors (Onsager relations). By use
of the classical Gibbs equatlon one then calculates the “‘entropy production.” The
literature on the subject is extensive. For a clear physical treatment of discrete
systems see De Groot [1952] and Prigogine [1947]. A comprehensive early treatment
in continuum physics is due to Jaumann [1911] and Lohr [1917]. For more recent
works see Biot [1955] and Eringen {1960). For a discussion of discrete and continuum
theories see Eringen [1963].

3 See, for instance, Gibbs [1873, p. 31], Hilbert [1907, pp. 435-438], Eckart [1940],
and Meixner [1941, art. 3; 1943, art. 2]. The present article follows the essential ideas

expressed in Truesdell and Toupin {1960, chap. E II]. For an axiomatic approach
to thermostatics see Coleman and Noll [1959a].
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motion, and stress. This is expressed by

(39.3) ‘ T e=¢e(v,X)

The parameters # and v, may depehd on time and place or motion, i.e.,
(39.4) : 7 =n(x1t) v =v(x1)

Therefore for a given motion x = x(X,¢) we will, in general, have
e = ¢(X,?). However, e according to functional form (39.3) is completely
characterized without regard to motion and time. Note that, so far, the
only distinct character of 9 is its dimensional independence from v. In
other words, mechanical and electrical parameters are not sufficient to
characterize completely the internal energy density e Hence this
additional parameter is introduced to complete the specification. The
functional form of (39.3) depends on the given substance. A system is
said to be thermodynamically homogeneous if ¢ is independent of X.

Temperature and Thermodynamic Tensions. Temperature 0 and
thermodynamic tensions r, are defined by

(39.5) 0= — T = e

Hence for any arbitrary change of thermodynamic state of a given
particle X, we have

(39.6) . de = 0dn + rdv,

This is known as the Gibbs equation, obtained by Gibbs [1873] for a special
system. When »; = 1/p is the specific volume, then —7! is the thermo-
dynamic pressure. For a mixture, if vy, v, . . . are taken as the con-
centrations of the constituents of the mixture, the corresponding tensions
7« are called chemical potentials.

For a fixed particle, X = fixed, from (39.6) we also have

(39.7) €= 09+ 70,

From the definitions (39.5) it immediately follows that

(39.8) 6= 0(qvX) 7% = 72 (9, v, X)

It is possible to select 6 as a new state variable to replace 7, i.e.,
(39.9) 7 =1(0,v,X)

Substitution of this into (39.3) gives

(39.10) . e =¢(0,v,X)
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and substitution into (39.8), gives ,
(39.11) @ = 7% (6, v, X) or va = v (0, %, X)

Equations (39.11) are known as the thermal equations of state. The
change of variables of this type and the interrelations obtained among the
differentials of various state variables occupy the whole body of classical
thermodynamics.

Thermodynamic Path. For a given particle X, 7 =17Q), v=vQ)
define a thermodynamic path in the space of thermodynamic state #, v
The paths on which 9 = const are called isentropic, and those with
6 = const are called isothermal.

Specific heat x and latent heats N\, and u, for a given particle X are
respectively defined by

8 1,. .
(39.12) = —% =5 =)
. & 1
(39.13) o= k= (6= i)
o 1
(39.14) fe = Euq: = (= 1ip)
Since X is fixed, by writing A = X (¢) on a thermodynamic path P, we

may also write

(39.15) K = (dep — Pdusp) = 0 ZZP

(39.16) A d - (dep — 2 dvgp) = Z”f
d

(39.17) ho = o (e = 72 dvpr) = 6372

where we used (39.6) to get the extreme right of these expressions. For
measurement purposes it is convenient to keep v = const or = = const.
Thus the specific heat at constant substate v follows from

(39.18) X = (gg)v

To determine the specific heat at constant tension k., we regard ¢ as a
function of § and ». Hence through (39.18) we write

(39.19) « d; {( ) dop + [( :ﬁ)o"a dvsr —fﬂdv,,p]] (@ = B)

where a subscript attached to a partial derivative indicates that the
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quantity represented by the subscript is held constant, i.e.,
(0e/80)y = (ae/aa) Veconst

If in (39.19) we hold tensions = constant, we get

3920) Kk — ik = [(gfé)m - rﬁ] (‘—3%")1 (@ # B)

where v is regarded as given by (39.11),. In the literature the ratio of
specific heats :

(39.21) y=

Ky

finds important applications. A more general definition of specific heat
and latent heat was given by Brillouin.*

40. ENTROPY PRODUCTION

A differential equation for the specific entropy is obtained if we elimi-
nate ¢ between (37.9) and (39.7).

(40.1) pO1n = 1P0dy — M Wyqr + gPip + ph — 7 b0

This may also be expressed as

(40.2)  pOh = gtV + MPeVYp + Py + ph — pT* e

where we have used (21.1), (21.2), and (31.10);. From (19.1); we have

D
Vg = XK,q"D‘t (z".x)
Using this, we may also derive an expression for v?,,,:

Ve = [—é—)t (x2.x) XK.:J].

- [Z @] X5+ e X5
= D (@) mama] X2, KR 5 + D (00 X,

where the equivalence of the third line to the second line can be shown by
expanding the first term in the third line and using (19.1); and the
commutation rule
D D(x? .
Dt [,(mq-K);m] - [ (D,t'x)];m = —(2%k);18"m
4[1888, art. 3, pp. 8-9]. A recent discussion of specific heat of an elastic solid is
given by Bordoni [1955]. ‘
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We may thus write

D
(40.3) Vip = 5 (@) XX, X5, + X";prDD-, (x%.x)
where
(404) TUEL = (xq.K);m xm,L

is the total covariant derivative of 2¢ & (X) [cf. (A6.7)]. By using (19.1),
and (40.3), Eq. (40.2) can be expressed as

(40.5) 903 = [0 69 XX + m72y X5,51] 1 (20.)
D, .
+ m?, XK.ﬂXL,rm (z%x1) + ¢®p+ ph — pria

So far the state variables », have been left unspecified. The form of
(40.5) suggests that we may select the first nine parameters v, as z? x and
the next eighteen parameters as z?.x;, in some order. This implies that
the equation of state is of the form

(40'6) =€ (77) 2% K, X7:KL, p?) (’Y = 28) L n)

The corresponding first nine 7= will be labeled 7,X and the next eighteen
7,%L 80 that according to (39.5); we have

Oe Oe Oe
K — KL = __9¢ = €
= 3@ P a@"xr) | v,

(40.7)

Equation (40.5) can now be simplified to

. D D 1
(40.8) 04 = DTQKE (z2x) + D"'qKL']_—)—t (x9.x1) + ; @t h— z 7Y by
. ¥y=28
where

p oK = gor 8P XK + mrp XK, — pr K
pDTqKI‘ = m'?, XK,,, XL" — p‘rqKL

(40.9)
From the first of these we solve for {2 and from the second! m@»,:

20 = pgrk (TkK - %m"lc X + DTkK) 2

mPy = p (1,5l 4 prKL) zP g 2’1,

(40.10)

! Note that we cannot determine ml™], since the coefficient of m'», is symmetric in
indices p and r, an important point that apparently has not been noted before.
Further discussion follows. '
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If we now substitute the second of these into the first, upon using the
identity
XK'" = _xk:LM XK,lc XL.T XM.u

i

which is obtained by taking the covariant derivative of the identity
2* x XX, = &, and upon using (40.4), we find that (40.10) reduces to the
form? :

{rD = pird) 4 pgr? (ajf g + ax‘?é xq:KL)
K KL
(40.11) '
€
me», = pmP, + p e TP g ITL
where o
(40.12) pt®® = p g (prX 2%k + pr P a%kL)

pmP, = ppr Xl aP kT,

are the dissipative parts pt and pm of the stress t and couple stress m.
Thus the stress tensor and the couple stress each have a dissipative part
and a recoverable part. The recoverable parts are derivable from a potential,
i.e., the internal energy density e.

We may now express the differential equation of the entropy in the
form

(40.13) p 87 = pt®? dgp + DMV Wygir + ¢7p + ph — p E 7% Ve
. a=28

which shows that only the dissipative parts of the stress and couple stress
contribute to the entropy.

We now proceed to show the indeterminacy of couple stress. Referring to
(32.13), we see that only the symmetric part of the stress t@ and that of
the couple stress m@d* provided by the constitutive equations (40.11) enter into
the equation of motion. Therefore the solution of (32.13) under appropriate
boundary and initial conditions can only provide ¢ and m@*. Now through
(32.12) we can calculate

{lik = —miik,; — plik = —mGdk,; — mliilk,; — plik

Therefore unless the skew-symmetric part mUilk is given, we cannot determine
¢hiil,  Conversely the determination of mUilk requires the knowledge of ti“l. No
other constitutive equations are available for either. Thus the couple stress is
not fully determinate. Note, however, that the skew-symmetric parts of stress
and couple stress are not essential in the determination of the displacement field.

? This result, which generalizes the work of E. and F. Cosserat [1909, arts. 53-55],
in essence was obtained by Hellinger [1914, art. 7b]. An analysis based on irreversible
thermodynamics was given by Eringen [1960]. ;
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The situation is further clarified if we list the eight independent components of
m P4 given by (40.11). They are

m112 m221 m331 m(28)1

m113 m223 m332 m(13)2

Since there are nine m»?" and no corresponding equation, the couple stress is not
fully determinate. It is consistent with the concept of couple stress to introduce
into mechanics a skew-symmetric second-order tensor, which may be called
intrinsic angular momentum pé or spin inertia pé, such that Cauchy’s second law
(32.12) is modified as

mksi 4 plii 4 gl = pgii
Now by using the gradients of ¢ in place of #*:xz in ¢, we should obtain nine con-

stitutive equations for m in place of (40.11);. This latter viewpoint must at
present be considered as a conjecture, awaiting future developments.

The following special cases are interesting to consider separately.
The Nonpolar Case. In this case we have the couple stress zero.
Hence

(40_14) tre) = pygr

pr g + Dt(ﬂa) ,

n
(40.15) P07 = pt®0dyy + @?p + ph—p Y 1%
. a=28

When the recoverable part of the stress is purely hydrostatic, we write

(40.16) tr, = —m o + oty T= — (a_e)
v /g

where v = 1/p is the specific volume and = is the corresponding thermo-
dynamic pressure. The stress tensor may be expressed as

(40.17) tr, = —pbr, + i,

where 7 is the mechanical pressure and f is the deviatoric stress, i.e.,

(40.18) p=—itr, P,=0 |
Substitution of (40.17) into (40.16) gives

019 oty = — (B — m) % + ¥

which shows that the excess of pressure over the thermodynamic pressure will
contribute to the dissipation. In the literature the thermodynamic and
mechanical pressures are often assumed to be the same. This in the
theory of stokesian fluids is known as the ‘“Stokes assumption.” The
validity of this is questioned on experimental grounds (cf. Art. 48).
Nondissipative Case. In this case pt = pm = 0. Hence the stress
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and couple stress are given by

%KL
KL

If, further,  is independent of z7.xz, we get the nonpolar case, i.e.,

de
(r0) = T
i(ra Pg"(ax, —’vx+
(40.20)

€
p) = P r
m q p axq:KL r K T.L

(40.21) e = pgre

Frard m?y =0

According to (34.6) and since pJ = poy, Piola’s stress is found to be

de
(4022) TqK = po (m)"

Thus for the nondissipative case a stress potential 2 exists and is given by?
% = poe. Relations of the form (40.22) are known as stress-strain
relations.

Global Entropy Production. The global entropy production is obtained
from the local entropy production (40.13) by integrating p7 over the
volume and by writing

/pndv—ll))t/pndv=fl
1 P , P,
ﬁ)b.qpmdv=./;>[(%->m+q02”] 56 0¢1"da,,+/ g =2 dv

where in the first expressions the equation of mass conservation is
employed and in the second the Green-Gauss theorem is used. The
global entropy production is therefore given by

(40.23) : g 988 %"dap = L (A + ?-g-) dv

where

n
(40.24) 6A = pt®?dy, + pmTO? Wy, + ¢P(log 8)., — p E 7% Vg
a=28

Equation (40.23) shows that the global entropy change is due to an
influx of entropy ¢?/6 and to entropy production (A/p) + (h/0) created
within the body. The entropy created within the body is nonnegative;
this can be seen as follows.

3 The existence of the stress potential for the isothermal case 6 = const is usually
argued by writing ¢ = ¢ — 64 in (39.7) after which equation (40.1) is written in terms
of ¢, which for @ = const, ¢?,, = ph = 0 leads to a stress potential. Fora dlscussmn
of these other cases see Eringen [1964, chap. VI].
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It is an experimental fact that a system at a uniform temperature and
free of heat sources will consume mechanical work; that is, the non-
recoverable part of the work is lost, not created. This means #A > 0 for
0 = const. Similarly for a system at rest the heat flows from hot to cold,
i.e., —g? 6, < 0 for the body at rest. Hence

n

pt®? dgy + pmTOP . — p 2 79, 20 (¢ =0 oré = const)
(40.25) =28

¢?0,>0 forv» =0 (body at rest)
or in any case

(40.26) 6A >0

This principle is often used as a starting point for the linear irreversible
thermodynamics. From (40.23), when § > 0 (6 is taken as the absolute

lemperature), upon using (40.24), there results the well-known Clausius-
Duhem?® inequality

- L ph
(40.27) 24 955 g dan > [ 5
This is the expression of the second principle of thermostatics. It is a
postulate of irreversibility which gives the trend that the physical system
must follow. For the adiabatic process ¢ = h = 0. This gives H > 0,
which states that in an adiabatic process the global entropy cannot decrease.

41. THERMODYNAMIC AND MECHANICAL EQUILIBRIA

A system is in mechanical equilibrium if in any inertial system the
acceleration vanishes. In this case Cauchy’s first law becomes

(41.1) i+ pff=0
and Cauchy’s second law remains unchanged, i.e.,
(41.2) m*, 4ty =0

No special thermodynamical consequences result from these laws.

A system is in global (local) thermal equilibrium if the global (local)
entropy production is zero, i.e.,

.

(41.3) H=0 (global equilibrium)
(41.4) p =0 (local equilibrium)

Since the local entropy production is nonnegative, this implies that
individual dissipative energies vanish separately. Hence the stress
4 See, for instance, De Groot [1952], Biot [1955], and Eringen [1960].

S Clausius [1854, p. 152; 1862, art. 1; 1865, art. 1, pp. 14-17] gave the case
¢ = h = 0; Duhem [1901, chap. 1, art. 6] gave the surface integral.
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tensor, couple stress, and all thermodynamic tensions are dissipation-
free. In this case according to (40.20) a stress potential = = p e exists
such that the stress tensor and couple stress are given by (40.20), i.e.,

0z 9z
5 (Pe) = P %% i
(41.5) ¢ p” g (31".1{ rx + Fre x ‘KL>
0z
(rq) =— p. q T
(41.6) M0, = S TR

We should like to show that for static deformations of a nondissipative
medium a principle of virtual work may be used to derive Cauchy’s first
law of motion as a special case of a general criterion of equilibrium.

Consider a family of deformations x = x (X, A), where ) is a parameter.
Assume that for a fixed value of \, say A\ = 0, the deformation x = x (X, 0)
is given. The first variation of deformation éx is defined by

ax

41.7 0 = — AN
( ) o A=0, X =const
For a function f = f (x*, 2* k, **.x1, . . .) the first variation of f is
defined by

of
41.8 of = = d\
( ) f oA A=0, X=const

The variation symbol & commutes with the partial derivative 9/9.X*.

(41.9) 3(fx) = (N

From the definition of variation it is clear that 8( )/d\ is similar to
material differentiation with A replacing the time ¢.

We now postulate the general criterion of equilibrium as the union of
the principle of virtual work and thermodynamic equilibrium.!

(41.10) 8 [jocds = [ tansrda+ [ pfioatds

(41.11) G/vpndv =0

subject to the condition that all variations satisfy the principle of con-
servation of mass.

(41.12) S(pdv) =0

Physically, the left of (41.10) is the variation of the total internal
energy, and the right is the work (virtual work) done by the body and
surface forces in a virtual displacement éx. Equation (41.11) is the
expression of variation of the total entropy of the body. Now we have

1 Here we treat the nonpolar case. There is no particular difficulty in extending
this to the polar case.
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¢ = € (7, va), so that (41.10) may be written as
/‘u (p86n + predv,) dv = 958 Lk 02% da + /,U o fi 6F dv
/’U pdndyv =0

where (41.12) has been used. The second condition gives n = const. In
this case or in the case 8§ = const, (41.13) reduces to

(41.14) /U p7% bvady = 953 teaye 8% da + /U pfe 62% dv

(41.13)

When v, and dz* are treated as independent variations, this gives
(41.15) =0 t(n)k =0 fk =0

If, however, we choose z* x for v,, then r= becomes d¢/dz* x so that (41.14)
reads

(41.16) / p 6:::"

By a method similar to (19.1), we can show that
(4117) &Ek,K = (512");12}1,1(
Now write

Je L de i _ de i
T ok = (p ox* v b 3l P o x vox ’) o

on the left of (41.16), and by using the Green-Gauss theorem, convert
the first term into a surface integral. Hence

(4:118) /S(t(n)k,"‘paa £ K’ﬂl) x"da—i—/ [( ax" le);l

+ pfk] SzFdv = 0

Bxkxdv—¢ tenyn OF ¢Jla+/pf;c Sz dv

If there are no kinematical constraints, the local condition of equi-
librium follows from this:

de .
(41.19) (p o x’,K);l Y ofi=0 inD
]
(41.20) P ax:x rhgn = tmr ong

Remembering the thermodynamic stresses defined by (40.21);, we
may also write

(41.21) et efe=0 in7
(4:122) tlk n = t(n)k on S
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It is now clear that it is not inconsistent with the principles of
mechanics to set

i)
ax: T = th

(41.23) p

where ¢ is the stress tensor.

While the thermodynamic equilibrium with the aid of the concept of
the principle of virtual work produces Cauchy’s first law and boundary
conditions in an elegant fashion, its limitation must not be forgotten.
First of all it applies to a static situation. Second, Cauchy’s second law
cannot be derived by such methods. In fact, symmetry of the stress
tensor requires additional considerations. Following E. and F. Cosserat
[1909, art. 51] and Toupin [1956, art. 10], we can show that the momeni
equation s salisfied identically if the internal energy function is invariant
under a rigid rotation of the deformed body. This constitutes a require-
ment of objectivity which is not included in the general thermodynamic
equilibrium stated above. The proof of this theorem is given below.
Suppose € (v, v, . . ., ».*) is a function of vector components
vo* (T =1,2, ...,n), which is invariant under the substitution

vr¥ — QFurt
where @*; is an arbitrary rotation satisfying (27.3), with
detQ% =1

An infinitesimal rotation has the form Q% = ¢4 + &%, where ¢; is an
arbitrary antisymmetric tensor. Since e is to be invariant under this
substitution, we must have ’

el . ., uE) =e(@vd, . .., @) =€(B, . .., TaF)

The necessary condition for this invariance is

Je aVr
de = 6”,candQn-—O
For an infinitesimal rotation this reads
avi"' e =0

This implies that the coefficient of the antisymmetric tensor ¢*; must be
symmetric or

(41.24) z 9 ,a=0




Art. 41 / Thermodynamic and Mechanical Equilibria 131

It can also be shown that this condition is sufficient to ensure that ¢ is
invariant to finite rotation. If we now recognize vr* as z* x, we obtain

de

(41.25) Fre g =0
or since
de p
Kl — ri ! = I gk K pl
t p g axr'K x ,K PO g T" Z K
we have
tht = {ie

which is the proof of the theorem.

Extension of this theorem to more general cases in which couple stress exists
does not present any essential difficulty. Indeed in this case

€ = €(2%,x,27:x1)
so that (41.25) must be replaced by

de de

q] q], =
adﬁ[",xx K + ax[":KLx ‘KL 0

(41.26)

As noted before, constitutive equations (40.20), for the couple stress provide
eight equations for m»4e, The remaining fen components of (40.20), provide
additional restrictions on e. These are:

grax® g2 1+ Fro. gz g 2P L+ poyr— grarga? =0

4120 5h—

In spite of all this, we still have reservations concerning the thermo-
dynamical approach to continuum. Cauchy’s laws apply to all kinds of
media under dynamical conditions. Dissipative phenomena are not
excluded from the domain of applications of the principles of momentum
balance. On the other hand, the concept of thermodynamic equilibrium
is applicable to static situations. While an additional principle such as
the Euler-D’Alembert principle may be used to drag in the inertia forces,
the inclusion of viscous stresses cannot be made without additional
fundamental assumptions.

The concept of thermodynamic equilibrium and the concept of ener-
getics in the master hands of Gibbs [1875, pp. 184-190], Duhem [1911],
Jaumann [1911, 1918], Lohr [1917], and others have achieved perfection
and elegance to perhaps an almost undeserved degree.

Finally we refer the reader to more extensive and generalized forms of
variational principles as collected by Hellinger [1914], Truesdell and
Toupin [1960, chap. D.V.], and Eringen [1963]. -
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CONSTITUTIVE EQUATIONS

42. SCOPE OF THE CHAPTER

The entire content of previous chapters is applicable to any continuous
medium.

Material bodies of the same mass and geometry respond to the same
external effects in different ways. Internal constitution of matter is
responsible for these differences. From a continuum point of view we
may develop equations which reflect the gross effects of structural differ-
ences in materials. Since instruments measuring global phenomena
automatically read the statistical averages, the continuum theory of
constitutive equations makes sense physically. Although the science
presently is far from providing a complete theory of constitutive equations
that encompasses all known phenomena, various serious attempts for
special types of media have already gained some acceptance by theore-
ticians and a small amount of successful verification by experimentalists.
The general methods available for the beginning steps of a universal
theory are collected in Art. 43. Invariance requirements are basic in the
continuum viewpoint; a set of requirements and rules is to be found in
Art. 44. The axioms of this article are used to arrive at constitutive
equations for simple media, namely, elastic solids and stokesian fluids.
The constitutive equations for an ideally elastic solid that possesses a
stress potential are developed in Art. 45. This special elastic solid with
no dissipation is called a hyperelastic solid. Elastic solids of more
general type not possessing a stress potential constitute a large class
whose constitutive equations cannot be arrived at by the approach of
Green used in Art. 45. For these solids we have the method of Cauchy in
Art. 46. We devote Art. 47 to isotropic bodies of both types because
they play an important role in the development of the theory of elasticity.
The conditions for an elastic body to become hyperelastic are given in this
article [Eq. (47.34)]. ,

To illustrate properly the methods of Art. 44, we felt the need for

132 S
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another example of a continuous medium. The stokesian fluids have
been chosen for this. The constitutive equations, the thermodynamical
and/or mechanical demands made on them, and the various types of
pressures (e.g., thermodynamical, mechanical) are studied in Art. 48.
Article 49 is devoted to polynomial approximations of constitutive
cquations. We have left to later chapters the study of constitutive
equations of various other types of continuous media that are more
complicated in nature. Hypoelasticity, plasticity, viscoelastic materlals,
and the elastic dielectric are treated in Chaps. 8 to 11.

43. METHODS AVAILABLE

The basic principles of conservation of mass, balance of momenta, con-
servation of energy, and the inadmissibility of decreasing entropy, which
were laid down at the end of Chap. 2 and studied in Chaps. 3 and 4, are
not sufficient to determine uniquely the unknowns involved. A counting
of equations and unknowns will show that we have eight equations (one
equation for conservation of mass, three for balance of linear momentum,
three for balance of moment of momentum, and one for conservation of
energy). These are collected below.

Conservation of mass:

(43.1) P =0

Balance of linear momentum:
(43.2) thit+p(ff—a) =0

Balance of moment of momentum:
(43.3) mkii,, 4 pli = — glidl

Conservation of energy:
(43.4) pé =t dy — m* wi + ¢hu + ph
The unknowns p, vi, t*, mi¥* = —-m”“f, ¢* are twenty-five in number; a*
and w; are expressible in terms of »; and f*, 1% h, and ¢ are supposed to
be given, the first three being the external agents imposed on the body and
¢ determining the character of the medium. Clearly the foregoing eight
equations are in general inadequate for a unigue determination of the

twenty-five unknowns involved. When electrical and chemical variables
are brought into play, the situation becomes much worse. Excluding



134 Chap. 5/ CONSTITUTIVE EQUATIONS

some special situations, e.g., rigid motion, the foregoing equations must
be supplemented by additional equations. The need for more equations
is clear from the following physical considerations also. The above basic
equations are valid for any type of mechanical media. No differentia-
tion has so far been made between various types of media, e.g., solids,
liquids, and gases. Two different material bodies having the same geom-
etry and mass distribution and subjected to identical external agents
respond differently. Therefore the material properties of the medium
under consideration must be brought into the mathematical scheme in
some satisfactory manner. There are many possible approaches to this
problem. -

The Statistical Mechanical Approach. This approach is based on the
concept that all materials are made of atomic and molecular units
attached to each other by intermolecular ties. Newtonian mechanics,
wave mechanics, or relativistic mechanics, and electromagnetic theory
describe the behavior of these elements. The methods of statistical
mechanics may therefore be employed to obtain the phenomenological
behavior of materials.

This pregnant idea has given birth to such important fields as kinetic
theory, transport theory, statistical mechanics, and solid-state physics.
The nature of the molecular forces, however, excluding a few ideal
situations, has turned out to be so complicated, and the collision mecha-
nism of the molecular elements and their motions so intricate, that present
advances in the statistical theories are primarily confined to dilute gases
and the electrical properties of solids. A molecular theory for rubberlike
materials has also been developed recently.!

A continuum theory even in these most advanced areas provides the
essential guidance. The mechanical properties of materials stand as an
unceasing challenge to statistical mechanics. In a continuum theory it
is a natural desire to construct all fundamental equations with the basic
unified philosophy appropriate to the theory.

A Purely Mathematical Approach. Such an approach is possible, based
on the idea already expressed above; namely, that the complete set of
equations should predict a unique outcome for the physical phenomena.
This approach very quickly leads to a dead end. On the one hand, the
mathematical conditions (e.g., boundary and initial equations) approxi-
mating the given physical phenomena cannot be predicted with reason-

!For molecular theory of gases and liquids see Chapman and Cowling [1952],
Green [1952], Hirschfelder, Curtiss, and Bird [1954], and Grad [1958]; on solid state
the works of Seitz [1940], Kittel [1956], and Born and Huang [1954]. An account of
various aspects of the theory, including an adequate bibliography of the statistical

theory of rubber elasticity, is given in the books by Treloar [1958] and Mason and
Wookey [1958].
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able certainty without logical guidance from the physical formulation.
On the other hand, the requirement for a unique outcome does not lead to
a unique formulation. At present even for very simple situations the
existence and uniqueness theorems have not been proved. The existence
and uniqueness proofs should therefore be postponed until the basic field
equations are well-established. Afterwards with the use of such theorems,
if they exist, we can distinguish the boundary and initial conditions that
yield unique solutions.

Guidance from Thermodynamics. Whenever temperature and heat are
involved, the mechanical principles must be supplemented by the thermo-
dynamical principles to provide a rational treatment for the concept of
heat. The present status of thermodynamics is inadequate for treating
grossly nonlinear and highly dissipative phenomena. Linear irreversible
thermodynamics will probably acquire the desired rigor for explaining the
linear irreversible phenomena.? For the treatment of finite deformation
and irreversibility, however, there presently exist no thermodynamical
tools. Therefore for an exact continuum theory we must revert to other
channels of continuum physics. In the end, however, we must see that
the principle of entropy is satisfied. Thermodynamics provides us with
certain prohibitions that the outcome phenomena must satisfy. For
equilibrium processes, thermodynamics may be used to obtain constitu-
tive equations. _

Continuum Physics. In continuum physics help and guidance must be
drawn from all of the foregoing disciplines. It is not possible to develop
general constitutive relations which encompass all possible special situa-
tions and materials, although some fairly general classes of materials may
be brought under one set of constitutive equations. Such wide generali-
zations, however, often cloud the fundamental physical and mathematical
ideas without making any essential contribution.” Unifications and
generalizations carry great temptations which we must overcome for the
purpose of clarity in the fundamental ideas. =We shall therefore pursue the
modest approach of building more complicated general cases gradually
after certain ideal cases have been constructed. Thus, for example, the
ideally elastic body and the stokesian fluid will be treated before hypo-
elasticity, solids having fluid characteristics, and materials with memory
are presented.

44. INVARIANCE REQUIREMENTS

A constitutive equation defines an ideal material. For the ideal mate-
rial to represent a physical material adequately, certain physical principles

2 “Theory of Continuous Media,” by the present writer [1964], is written with the
viewpoint of making use of the principles of linear irreversible thermodynarics in
determining the phenomenological relations.
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must be satisfied at the outset. We divide these principles into six
categories:

Principles of exclusion

Coordinate invartance requirements
. Spatial tnvariance requirements
Material invariance requirements
Dimensional tnvariance
Reguirements of consistency

SRS e

1. Principles of Exclusion. The general rules that may be introduced
for the selection of constitutive variables can neither define the entire set
of independent constitutive variables nor the functional forms they
acquire. They at most provide an exclusion principle by which certain
variables may be disregarded. Below we enumerate a few of these
principles.

la. The Principle of Heredity. The behavior of materials at time ¢ is
spectfied in terms of the past experience of the body up to time t. Let us
immediately remark that the principle of heredity is contrary to the
principle of classical mechanics; for in newtonian mechanics, given the
initial conditions at { = 0 and under very general continuity requirements
for the forces (the Lipschitz conditions), the future as well as the past
experience of the body is completely determined.

The principle of heredity provides an exclusion principle for the
dependence of constitutive equations on functionals in the future range of
time. Thus, for example, we may write a functional relation between the
stress and strain in the form

(44.1) & (x,1) = fijlei; (X', )]
where
(44.2) X=gXt) x=gXt (T

Accordingly it is indicated that ¢; at the point x at time ¢ depends on the
entire history of strain at all time ¢/ < ¢ (cf. Art. 94).

1b. Principle of Neighborhood. The behavior of a material point X
occupying the spatial point x at time t is specified in terms of the behavior of
an arbitrarily small neighborhood of X. This principle, together with
the principle of heredity, provides an exclusion principle for the depend-
ence on the particles that are situated far away from X at all times prior
to t. These two principles may be combined into a third principle,
which follows.

Principle of Determinism. The behavior of a material point X occupying
X at time t is determined by the past history of the motion of an arbitrarily
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small neighborhood of X.! According to this principle we may generalize
(44.1) into
t"j (x) t) = fiJ' [x, (Z, t,); t’] (tl S t)

where Z is a neighborhood of X, and x’ (Z, ¢') represents the motion of the
neighborhood of X prior to time ¢{. According to the principle of deter-
minism, therefore, the stress at a material point X at time ¢ is determined
once the motion of an arbitrary small neighborhood of X prior to time ¢
is known. Consequently if any two motions cotncide in some neighborhood
N (X) for all times V' < t, the stresses at X for these two motions are the same.

The principle of determinism is very general in scope and certainly
provides a broad principle for the mechanical constitutive equations.
It is not difficult, however, to show again that it gives no clue concerning
constitutive variables of nonmechanical origin, e.g., electromagnetic
variables. Clearly two bodies having the same geometry, mass dis-
tribution, and identical motion of a neighborhood of a material point X
at time ¢ may be subjected to different stresses on account of different
electromagnetic properties of its neighborhood. The same applies even
in the mechanical case when the body is constrained internally. For
example, the body may be rigid or incompressible. In the former case
the motions that are permitted are rigid motions for which, for example,
the stress is completely indeterminate. For incompressible bodies only
isochoric motions are admitted. This latter objection can be eliminated
by applying the foregoing principles only for a class of admissible motions.
This condition leaves a part of the stress (e.g., pressure) indeterminate.
We must, however, supply additional principles for the exclusion of the
electromagnetic variables. For this we propose the following principle.

le. Principle of Electromagnetic Constitution. The behavior of a
material point X occupying a spatial point x at the time t is influenced by the
history of the electromagnetic field prior to the time t. Notice that in
electromagnetism every point at time ¢ is influenced by the field present
at all other points prior to the time ¢.

This point distinguishes the electromagnetic field from the mechanical
field. Here the so-called concept of “far field,” or effect at a distance,
carries just as much responsibility for the physical behavior of a material
point as do its neighboring points. Rigorous investigations of electro-
mechanical constitutive equations are as yet to appear. An example of
this area is provided in Chap. 11 on electroelasticity.

In order to keep account of all variables that enter a constitutive
equation, Truesdell and Toupin [1960, art. 293] have introduced the
following principle. A

1d. Principle of Equipresence. A variable present in one constitutive

1 Noll and Truesdell introduced this principle for stress (private communication).
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equation should be present in all. This principle states that all con-
stitutive equations of the same material must contain the same inde-
pendent variables. For example, if in a thermoelastic solid the stress is a
function of the strain and of the temperature gradient, then the heat-flux
vector must be a function of the same variables, i.e., t = f(e, grad 6) implies
q = g(e, grad §). The different tensorial characters of t and q, combined
with other principles, may affect the nature of the dependence of t and q
on variables e and grad 6. For special materials and/or for approximate
theories, dependence on one or the other variable may even disappear.

In an attempt to provide a unified constitutive theory for all materials
we introduce the following principle.

le. Principle of Unification. Different constitutive variables that charac-
terize particular materials should be present tn the constitutive equations of all
materials. This principle should be interpreted as allowing the inclusion
of constitutive variables, which may be present in special situations,
into the general scheme. It does not provide means for separating
theories for various cases in which the constitutive variables may form
groups with weak or no ties. To illustrate the point, consider the
elastic solid and stokesian fluids which are respectively defined by
constitutive equations of the form t = f (e) and t = f (d). For any solid
we may, in accordance with the principle of unification, write t = f (e, d).
When we find other media in which stress is expressed as a function of
some other variables, these variables will also have to be incorporated into
the function f.

The foregoing general principles do not provide us with quick rules in
writing functional equations for the constitutive variables. Often for
simple nonhereditary systems the field quantities explicitly appearing in
the equation of energy have been taken as the fundamental constitutive
variables. We prefer to make the following proposal.

1f. Dissipative Constitutive Variables. The field quantities explicitly
present in the equation of entropy production constitute the basic dissipative
constitutive variables of a simple dissipative system. Consider, for example,
the equation of entropy production (40.24), e.g.,

n

(44.3) 6A = pi®Dd,, + pmTP? wyy., + q7 (log 6),, — p E T Py
. a=28

In this equation one set from each of the pairs (pt*9, dgp), (DM PP, Wpy;,),
(o7, ¥o), and (g?, 0,,/0) may be expressed as a tensor function of the
remaining variables, e.g.,

(44.4) pt?? = fd (d@, Wogsry Vay 0_;’)

since the nondissipative part of the stress {#? — pt®? has already been
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determined from the equation of state for ¢ [see Eq. (40.11),]. This
method supplies just an adequate number of constitutive equations in
terms of a minimum number of constitutive variables. The variables so
paired in the linear theory of irreversible processes are called forces and
fluzes. While there is no unique way of separation of forces and fluxes,
one can distinguish forces from fluxes by physical reasoning or by the
use of the extensive property (the additiveness) of forces. By considering
f®9 as a functional of its variables at all times prior to ¢ and including in
the argument of f*9 the history of the variables of neighboring points, we
can generalize (44.4) to larger classes of problems. We find the present
method more definitive than suggested by the previous principles.

In constitutive equations of the form (44.4) such variables as stress
rates do not appear explicitly ; however, if f*? is regarded as a functional
of its arguments, it is not difficult to arrive at the stress rate by differentia-
tion with respect to time.

The foregoing proposal for theories of finite deformations is new and as
yet undeveloped.

2. Coordinate Invariance. Coordinate tnvariance requires that the con-
stitutive functions be absolule temsor point functions of their variables.
Such functions are invariant with respect to coordinate transformations.
Otherwise a change of description would produce a different response in
the same material subjected to the same disturbances.

The coordinate invariance is achieved by writing the equations in
tensorial forms.

3. Spatial Invariance (Material Objectivity). Constitutive equations are
tnvariant to rigid motion of the spatial coordinates. Physically it is evident
that the constitutive equations are independent of the observer. There-
fore rigid motion of the spatial frame should leave the constitutive
equations invariant. This invariance requirement places certain restric-
tions on the constitutive equations and variables. Thus, for example, in
two objectively equivalent motions

(44.5) ¥ =x X ¢) x = x (X,i)
where

' = Q% (t) 2t + b* (t)
QQr=QuQrt=98 t=t—a

the constitutive relation
(44.7) t = fu (%, %)
should remain invariant, i.e.,

(44.8) ta = fu(x',t)

(44.6)
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where t';; is referred to coordinates z* at time ¢. In other words, the
function fi; that appears in (44.8) is the same function that appears in
(44.7). This requirement is responsible for eliminating such terms as
gX, 2* ¢ from the constitutive equations. The deep significance of the
material objectivity will become clear in the specific examples that are
given below (cf. Arts. 46 and 48).

4. Material Invariance (Material Isomorphism). Constitutive equations
tnvariant with respect to a group of transformations of the material coordinales,
which s a subgroup of a full orthogonal group, are satd to have a material
symmetry characterized by the subgroup. Let 8%, be a transformation
(rigid rotation and/or reflection) of the natural state so that XX is changed
into X'K by

X'k = Sk, XL
where
G 8%y Sty = Gun

The determinant of SX; need not be 1. In general we have det SX, = +1.
For example, we may be allowed to go from coordinates (X, X2, X?) to
(X" = X!, X2 = X2, X'3 = — X?) (the reflection of the X? axis). Invari-
ance of the constitutive equations to rigid rotations-reflections such as S¥,,
characterizes the material symmetry in the initial state. Physically, for a
given material, the material symmetry will be known at the outset. For
example, the elastic properties of a solid at a given point in two per-
pendicular directions may be the same. In this case a number of equiva-
lent coordinate systems exist such that, referred to these frames, the
stress-strain relations remain unchanged (e.g., we may have (X, Y) or
(Y,Z) or (Z,X) axes coincide with these directions). The material
symmetry determines the rigid-rotation-reflection group S¥;.

If there exists no preferred direction with respect to a certain con-
stitutive property of the material, we say that the material is isotropic
with respect to that property.? Otherwise the material is said to be
aeolotropic or anisotropic. A material that is isotropic with respect to
one property need not be isotropic with respect to other properties. For
example, a solid may be isotropic in stress and strain without being
isotropic in electric displacement.

5. Dimensional Invariance. Constitutive equations depend on the number
of dimensionally invariant moduli or material constants. This dependence
cannot be stated without the knowledge of the functional form of the
constitutive equations. However, requirements placed upon the
number of dimensionally independent moduli place restrictions on the
constitutive equations (cf. Chaps. 9 and 10).

2 For a rigorous definition of isotropy see Art. 46.
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6. Requirements of Conststency. All constitutive equations must be consist-
ent with the basic principles of mass, momentum, energy, and electromagnetism.

A constitutive functional should therefore satisfy all of the foregoing
invariance requirements.

45. CONSTITUTIVE EQUATIONS OF HYPERELASTIC BODIES: GREEN'S METHOD

An ideally elastic body is distinguished from other material systems by
its property that the stress depends upon the state of deformation only.
More specifically, (1) upon the application of external loads no electrical,
chemical or thermal phenomena take place and (2) the solid possesses a
distinguished state called the natural state. In its natural state the
body is assumed to have wuniform conditions; i.e., it is unstressed and
has a constant uniform temperature and other constant fields. Upon
the application of external loads the body deforms, subsequently reaching
different stressed states into which its motion carries it. According to
(1) the initial constant temperature and other uniform fields (e.g.,
electromagnetic fields) are not disturbed. We may therefore assume
that they are not present at all. When the external loads are released,
the natural-state assumption requires that the body resume its natural
state again. Thus the minimum energy required to produce a given
deformation is available for full recovery. The initial-state assumption
may therefore be interpreted as the zero dissipation. Consequently the
constitutive equations must be derivable from an internal energy function.
This is the method of Green,! according to which the internal energy is
assumed to be a function of the strain. Such solids are sometimes called
hyperelastic.

An alternative method due to Cauchy? is based on the assumption
that in an ideally elastic body the siress is a function of strain. This
method will be presented in Art. 46. For the infinitesimal strain these
two approaches lead to the same result. For theories of finite deforma-
tions, however, Cauchy’s method is more general and additional assump-
tions are needed to bring Cauchy’s theory into the more definitive form
of Green’s theory.

DEFINITION. A solid is said to be hyperelastic if it possesses a strain

1 Green [1839, p. 249; 1841, pp. 275-296] obtained the stress-strain relations for
the infinitesimal deformations. For theories of finite deformations we find the excel-
lent work of Finger [1894b], E. and F. Cosserat [1896, 1909] and Brillouin [1925, 1928].
Murnaghan’s [1937] treatment produced the final form. A critical appraisal of the
theory up to 1952 is found in Truesdell [1952, pp. 173-182]. For other presentations
see Doyle and Ericksen [1956] and Smith and Rivlin [1958].

2[1823, 1828, 1829]. Cauchy’s method for theories of infinitesimal deformations
produces thirty-six independent elastic constants while Green’s produces only twenty-
one constants. The positive-definite character of the strain energy is responsible for
reducing the number of constants in Green’s theory from thirty-six to twenty-one.
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energy = = poe of the form

(45~1) 2 =2 (XK) xky ng, P, GK, mk.K)
such that
(45.2) L3y = may

PO

In (45.1) XX, a* are respectively the material and spatial coordinates
and Gg is the base vector in X%, which we shall also refer to as the
malerial descriptor in its connection with the characterization of the
directional dependence of the energy e in the natural state. As we shall
see, the dependence of = on the base vector Gk is responsible for the
anisotropy, while dependence on X is responsible for the inhomogeneity.
Let us note that (45.2) is the energy equation for non-heat-conducting
media having no couple stresses. The form of (45.1) indicates that =
depends only on the local configuration at time ¢, not on the entire past
history. The elastic materials may therefore be called simple materials
with no memory other than of the natural state. The principle of
neighborhood is introduced by the displacement gradients z* x. In this
form there exist no dissipative and electromagnetic variables.

By use of the requirement of consistency we eliminate p in the following
manner. Through the continuity equation we have

(45.3) %—’ =1 (det gX;) erim eXLM x* x 2% 1 2™ M

6

We therefore see that by substituting p from (45.3) into (45.1), we may
express (45.1) in terms of the remaining variables; i.e., without loss in
generality we may take

(45'4) =2 (XK} xky ng; GK; xk;K)

Next we must see that the principle of objectivity (category 3 in
Art. 44) is satisfied.

According to the principle of objectivity, = should be invariant in’
objectively equivalent motions; i.e., if we change the spatial coordinate
rigidly,

% (X, ) = @4 (1) o (X, 8) + b* (¢)
t=t—a Q4Qn = Qu@f = n

the strain energy should remain invariant. We now consider three
special cases.
1. The Rigid Translation of the Spatial Frame. In this case we have

(45.6) Q= 8% bt = —ok a=0

(45.5)
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If in this choice of coordinates the particle X remains at the origin, we
have

(45.7) . X =x—x=0

All derivatives of x remain unchanged under this transformation. There-
fore dependence of = on z* cannot occur unless the system is spatially
inhomogeneous; i.e., strain energy changes with the translation of the
spatial frame. This, of course, is not acceptable. Hence

(45.8) 2 = 2 (XX, gk, Gk, 2* k)
2. Translation with Respect to Time. In this case we have
(45.9) QF = o b* =0 =1
and this gives
(45.10) X =x ‘=0

This means that £ cannot depend on time ¢ explicitly, but only on the
history up to time ¢. The choice of the arguments of (45.1) satisfies this
automatically, since we included neither time ¢ nor the history of various
tensors in (45.1). In more general constitutive relations this condition,
as an analogue of case 1, imposes nontrivial conditions.

3. Rigid Rotatory Motion of the Spatial Frame. In this case we have
b* =0, a = 0, and Q% is arbitrary. Under this rigid rotation of the
spatial frame of reference, various tensors take new values. Thus

oo k@4 gk — Qhg'x
Therefore (45.8) is valid for arbitrary @%, i.e.,
(45.11) = 2 (XX, Q% ¢'k, Gk, Q41 7"x)
Next we make use of an important theorem of Cauchy [1850] on
invariant functions of several vectors. If F (V*, V¥, ... ,V%) isa

single-valued function of a system of n vectors which is invariant to rigid
rotations, then F must reduce to a function of the length of vectors, the scalar
products Ira = gu V*r Via, and the determinants of the components of the
vectors taken three at a time, Drar = €xm VEr Via Vry.

For our purpose it is sufficiently general to assume that the function F
is a polynomial in its arguments. This ensures the single-valuedness of
the result. For a proof of this theorem see Weyl [1946, p. 53]. In terms
of the arguments of (45.11), = must be a function of

Ckr = duat gL
(45.12) J = 1 (det g¥%x) exim XM 2 g 2L 2™ M

Gkr = Q" QL gk 9L o'
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Since we have :
det (CEL) = J2

dependence on Ck; implies dependence on J, and dependence on gtx
implies dependence on Gg;. Thereforc we eliminate J and Gx. from
our list

(45.13) 2 = 2 (XX, g*k, Gk, Ck1)

Further (45.13) must be independent with respect to an arbitrary
transformation of either set of coordinates z* or XX (coordinate invariance,
category 2 in Art. 44). Under the transformation of coordinates z* all
quantities behave like absolute scalars except g*x. The only absolute
scalar that can be formed from this tensor is Ggz. Therefore (45.13)
now reduces to

(45.14) 2 = 2 (XX, Gx1,Gk, Ckr) = 2 (XX, Gg, CkyL)
since GkL = Gg+Gy. .

According to a well-known theorem of algebra,® by a transformation of
coordinates XX both the metric tensor G and the matrix Ck; can be
reduced to diagonal form. If Ci, C,, and C; are the diagonal entries of

the diagonalized form of Cxy in this special coordinate system, (45.14)
can be written as

(45.15) 2 = 2 (XX Gg, Cy, Cy Cs)

This completes the coordinate invariance.

Next we turn to material invariance (category 4 in Art. 44) in the
natural state. This requires invariance of = with respect to a group of
transformations determined by material symmetry. If the material is
homogeneous in the natural state, dependence on X* drops out

(45.16) 2 = 2 (Gg, Ck1) (homogeneous media)

If the material is isotropic, then the directional independence in the
natural state requires that = be independent of the material descrlptor
Ggk. Hence

(45.17) 2 =3 (XX, Cgy1) (isotropic media)

If the material has a certain rectilinear aeolotropy, by the invariance of
the material coordinates with respect to a subgroup of a full orthogonal
group, we obtain conditions to be imposed on (45.16). Thirty-two
different kinds of crystal symmetry may be shown to exist.*

3 Cf. Bocher (1952, chap. XIII].
¢ See, for instance, Love [1944 chap. VI], Voigt [1900], and Schouten [1951]). For
recent contributions see Smith and Rivlin [1957, 1958] and Pipkin and Rivlin [1959].

An account of the Smith-Rivlin theory is presented in the recent book by Green and
Adkins [1960, chap. 1].
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For a general anisotropic solid we have shown that by transforming
material coordinates XX in a special coordinate system, we may express
as given by (45.15). For an isotropic solid the dependence of = on
material descriptors Gk drops out, thus reducing it to

(4518) 2 =2 (XK, C1, Cz, 03)

Since €, are functions of the invariants I¢, II¢, and III¢, we replace
(45.18) by its equivalent

(45.19) Z = 3 (XX, 1¢, ¢, 1) (isotropic media)

where
Ic = 6K,C*x =C1 + C2+ Cs

II¢ = 21,3KMLNCMKCNL— CiCy+ C:C3 4 C5C,y

IIIc = gﬁKpLQMR CPK OQLCRM = det (CKL) = Cl C,C3

(45.20)

But now through (9.22), (9.23), (9.28), and (9.29) we may express one set
of invariants in terms of other sets. Consequently for an isotropic solid
we may equally well write '

(45.21) = = = (X% 1,11,1I1,) = = (XX I, 11, II1,) =
Thus an isotropic ideally elastic solid may be described by a strain-energy
function = which is a single-valued function of material coordinates and any

-1
one of the material or spatial variables Cxr, Exr, Ci1, €11, Cri, . . .+ -

(4522) T=2(X,C) ==X c)=2(Xe =2(X, ¢ =

Various forms of the stress-strain relations may be derived by using
(45.22) in (45.2).
Boussinesg’s Form. 1In this case Cxr, or Exy are taken as the argument
in>. Hence
02 p

gy =L 92 g 9P 9% o
(45.23) t*F di GCKL Ckr P To ¢ g 2t L du

If this relation is to hold for arbitrary di;, we must have

kl_pakl=_’_)_azkl
(45.24) ) 2p080 ok g 2t panKLx,xx,L

This form is attributed to Boussinesq [1870, 1872].5
5 See also Murnaghan [1937] and Truesdell [1952, p. 176].
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Kelvin-Cosserat’ Form. If we. recall the pseudostress of Piola intro-
duced by (34.6) and (34.7), from (45.24) we can obtain other forms:

az
\ Kl — !
(45.25) T Y
9z
KL —
(45.26) TKL = s

which may be attributed to Kelvin [1863] and the Cosserats [1896, art.
24]. » |

C. Neumann-Kirchhoff Form. We may revert to the use of 2* x as the
independent variable in £. To this end let us note that

az _ 02 9dFk;
0x* 3 0E k1 02% i

but

ggﬁi = %sz,M Gnn 2™ "1 = Cxr)
or
(45.27) gf,f: = % (8¥k xx, + M1 2i.k)
Consequently
(45.28) T %(a—g—%{ + 5—2—%) T

But from (45.24) we have

0z 02
th = 5’;70 ( + ) ¥ gz

0Eg1r ' 0Eix
Upon using (45.28), we may write

b — P k
(45.29) t*; 0 T x 'k
This is C. Neumann’s form of the stress-strain relations.® In terms of
Piola’s stress we obtain Kirchhoff’s form.?

0z
K, = 2%
(45.30) T P
The foregoing forms of the stress-strain relations are valid in a com-

pressible medium. For an.incompressible medium the deformation is

8[1860, eq. (21)]. See also Finger [1894b], E. and F. Cosserat [1896, art. 24], and
Rivlin [1948a, b, ¢; 1960a, eq. (2.12)].

7[1852]. See also Gibbs [1875], E. and F. Cosserat [1909, art. 54], and Brillouin
[1925].
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isochoric (ie., I, = 0 or J = 1). Hence we may add to the foregoing
expressions a pressure term without affecting the energy balance. Thus,
for example, (45.29) can be modified for incompressible solids to Poincaré’s
[1892, art. 33] equation

0z
_— £ k
(45.31) t p o+ arig UK

Hamel’s Spatial Form. It is not difficult to pass from the foregoing
material forms of the stress-strain relations to spatial forms by considering

—1
> as a function of X%, or C. Thus we may write (45.2) as

bt = £ 92 D vp
Pivhe = 2 9XE, Di (X%)
Using (19.2), we obtain
p 02
oty = — > XE vt

Since this must be valid for arbitrary »*;x, we must have

» £y

k) o= —
(45.32) th= — 2 ozx

XK,

This is Hamel’s [1912, art. 369] form of the stress-strain relations.
Murnaghan’s Spatial Form. Murnaghan [1937] assumed that 2 is a

-1
function of C. Hence

-1
= _ﬁ___?i_f’_CKTM XLk
Po sO0rM 0X ",
But
a_éKM 9 km YK, XM K. XM1 M_ YK,
(4533) m—;=m(ng B XM ) = 6K, XMl 4§ L X%

Hence follows Murnaghan’s spatial form

(45.34) = —9P _-("TE'— XKk XL
pPo JCKL

Another spatial form due to Murnaghan can be obtained from (45.32)
by considering = = Z (X,¢) = 2 (X,e). Thus "

o= — P 92 9dCmn
! Po ac,,.,, aXK_k

XK,
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but
xx, 9omn _ xx, O (Gyy XM, XV,)
1axk, = X gy, (Gay XM XN,
= Gxn 8 XV, XX, + Qug 8%, XY XX,
= 6km Cnl + 6kn Cml
Hence
2p 0z 2p aZ
k = —— e — TS — ——
(45‘35) t* P Clm ICim o m act,
o P59y 9%
po @ — 2e%) 5

All of the foregoing forms of the constitutive equations are valid for
anisotropic inhomogeneous ideally elastic solids, provided that 2 is
understood to depend on Gx. For isotropic solids further simplification
can be achieved. These are left to Art. 47.

46. CONSTITUTIVE EQUATIONS OF ELASTIC BODIES: CAUCHY'S METHOD

In this article we proceed to give Cauchy’s method of determining
stress-strain relations for an ideally elastic solid. This method is very
general and finds application in dissipative systems when the method of
Green fails. To make the method clear, we start with the simplest type
of constitutive assumptions. This extension to more complicated cases
pursues the same line of reasoning as we shall see in later chapters (cf.
Chaps. 8 to 10).

Consider the class of materials for which each of the stress components
is a single-valued function of the deformation gradients 2™k, i.e.,

(46.1) ¢t = f* (2™ )

Clearly for the nine functions f* not all general forms are admissible.
We have t** = ¢* (nonpolar case), which implies that f* = f*. This
reduces the number of functions from nine to six. Next we must consider
invariance requirements studied in Art. 44.

Consider first spatial invariance. A rigid motion

z'k = QF (t) 2t + b* ()
Q4 Q! = Q' QF = s

of the spatial frame should not change in the constitutive equation (46.1).
Let us calculate the stress ¢’# in the coordinates 2'*. We have

(46.3) e = QF, () QL (1) '™k = 2"k Q™ (2)
The constitutive relations in the new frame are

(46.4) R = fk (2! )

(46.2)
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Substituting (46.3) into (46.4) gives

(46.5) e Q@ (1) @4 (1) = S [@mu (1) 2" k]
From this we solve for i
(46.6) = Qw (1) Q () f4[Qm. (1) 2" ] = fr* (x™x)

which imposes conditions on the six functions f* since @*; is an arbitrary
nonsingular orthogonal matrix. Thus (46.6) must be valid for every
rigid motion of the spatial frame. Functions satisfying such conditions
as (46.6) are called hemitropic functions of their arguments.

Every form-invariant function f* must satisfy (46.6). From the
classical theory of invariants a complete table of basic invariants of the
orthogonal group is available. We have the following theorem (see
Weyl [1946, p. 53]).

THEOREM 1. Every even orthogonal polynomial invariant depending on
three vectors (having components x' g, 2, 23,k) in three-dimensional vector
space 1s expressible as a polynomial in terms of six scalar products
Cxr = gux*x 2 1. Every odd invariant is expressible as a sum of scalar
triple products f exm ¥ & ¥, 1. x™, 1 With coefficient f being an even invariant.

The basic-invariants are therefore

(46.7) Ckr = gutx @ exin VC

where C = det Cky, exou = exim VG, and G = det Gxz. Thus
= (Cxz, VC)

Since C is expressible as a function of Ckr, we mé,y finally write

(46.8) S = ¥ (Ckr)

where f* (C) is no longer a polynomial in C; however it can always be
approximated by a polynomial to any desired degree of accuracy whenever
f is continuously differentiable.

Upon bringing (46.8) into (46.6), for the general case, we obtam

(46.9) e () = Qv (&) Qr (&) f* [Cke (1)]

or simply

(46.10)  t* = Q Qr f* (Ckr) or  te = Q"Q%fu(Cxr)

Further reduction can be achieved by identifying Q%, with the rotation

-1
tensor R*,; i.e., we choose

-1 3
(46.11) QF, = R:, = ghy CMgaX,
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where the last expression follows from (10.22),. Substitution of .this
into (46.10); gives

(46.12) tre = Frs XR.r XS"
where

] 1
(46.13) Frs (C) = g*ug'n C¥r CVs f1a (C)

is a symmetric material tensor whose components are referred to the
material coordinate system.?

For materials that possess direction-dependent material properties,
Fgs is also a function of the base vectors (material descriptors) Gk, i.e.,

(46.14) Fgrs = Frs (Cx1,Gxk)

For inhomogeneous materials an additional independent variable X%
must be included.

It should be noted that with the foregoing choice of @*, not only does
the stress tensor remain spatially objective, but also the requirements of
coordinate invariance both in material and in spatial coordinates are
satisfied. Thus requirements 1, 2, and 3 of Art. 44 are satisfied.

It is possible, by transforming the coordinates XX into a special
coordinate system in which Cky is diagonalized, to have

(46.15) Frs = Fgs(Cy, Cs, Cs, Gg)

Since the C, are expressible as functions of the invariants, we may
express (46.15) also as

(46.16) Frs = Frs (I, I1¢, I11¢, Gg)

For an incompressible material, the phenomenological relations
(46.12) must be modified, since in this case ¢,, is undetermined to the
extent of a hydrostatic pressurep. In this case we replacet,, byt,. + p grs,
thus modifying (46.12) to '

(46.17) trs = _p grc + FRS XR." XSvG

The response function Fgg must now be redefined. Since det C%g = 1,
ie., Il = 1, we have

(46.18) Fgs = Fgg(I¢,11¢, Gk)
Constitutive equations (46.12) may be replaced by other equivalent

forms which employ Finger’s deformation tensor ¢. For this purpose

1 Two alternative derivations of (46.12) for materials having hereditary character-
istics were given by Green and Rivlin [1957] and Noll and Truesdell (privately).
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we make the substitution Q" = Ry* = g"x Bx*X in (46.10);. Thus

(46.19) t* = g'x 9°L Ri® Ri* f¥ (Ck1)
= g'r 9% f?S (Cxi Ri® RiY)

where the last step follows from the hemitropic character of f* as expressed
by (46.6). But from Finger’s lemma (10.18) and (10.16), we have

(46.20) : “ou = Cxr RiXRE

Thus we obtain constitutive eq’uatioxis of another type

(46.21) i = fr* ("Cu, Gx)

where the dependence on Gg is explicitly shown to take into account
possible anisotropy. Equations (46.21) take the place of (46.12).
Other forms equivalent to (46.12) and (46.21) are possible.?

The foregoing constitutive equations are valid for anisotropic ideally
elastic solids. When the material possesses certain directional symmetry
in its natural state, we must employ the principle of material isomorphism
(category 4 in Art. 44) to determine further restrictions that must be
imposed on the response functions Fzs and fr». Here, for the purpose of
illustration, we shall consider only the isotropic materials.

An elastic material is said to be isotropic in its natural state if the con-
stitutive equation (46.12) s form-invariant with respect to a full orthogonal
group of transformations of the natural state.?

To determine the mathematical restrictions implied by isotropy on the
response functions Frg and f*, we subject the body in its undeformed
configuration to a rigid rotation, i.e.,

(46.22) X'E = Sk, XEB
where
(46.23) SEp Si® = SpK 8B, = 8%,

We now permit det S¥z = +1, thus allowing the mirror image of X¥
(the right- and left-hand systems) to be included in the transformation
group describing the material symmetry. Such situations arise, for
example, when the material possesses a plane of symmetry. Constitutive
relations (46.12) in the new coordinates X'X must have the same

2 Cf. references cited in preceding footnote.

3 Such materials are sometimes called isotropic materials with center of symmetry,
or holohedral. 1f the orthogonal group is proper (reflection is not allowed), then they
are named isotropic materials with no center of symmetry, or hemshedral.
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form, i.e.,
(46.24) Fes(C) X%, X5, = F'g, (C') X'K, X'E,

where F’'ps and C’gr are respectively the response function and the
deformation tensor of the rotated medium. They obey the tensor
transformations

AXM 9xX¥ , aXM XN
F'xe = Fun 55k 3371 C'kr = Cuv 33%7x 337%

ie.,
(46.25) F'gi = Fyun Se™ SLY C'kr = Cun SgM SN
From (46.22) we have

AX'K
ax"

= SKR XR.'r

Substituting this into (46.24), we get
Frs(C) XE, X5, = F'k1 (C') S, Sts XE, X5,
This may also be written as
[Frs (C) — F'xr, (C') S¥r 8Lg] XE, X8, =0

Since this is valid for arbitrary gradients X%, and owing to the symmetries
in indices R, S, etc., we have

(46.26) Frs (C) = F'g (C') 8K Stg
Substituting (46.25); into this equation we find
(46.27) Frs(C) = Frs(C')

We have thus proved that the constitutive equalions in the original and
rotated systems X and X' will be form-invariant if and only if the response
Junction is form-invariant, i.e.,

Jrs (C) = frs (C") implies Frs (C) = Fgs (C)
or more explicitly
(46.28) Frs (Cxr) = Frs (Cun Sx™ S.¥)

This is the mathematical restriction that must be imposed on the response
function due to material symmetries as defined by the rotation group S%;.
For an isotropic medium the rotation group is the full orthogonal group.
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An elegant form of (46.28) results if we indicate explicit dependence of
Frs on the base vectors Gk and then rotate our coordinate system XX by
the same amount as the body. Upon this rotation the body and the
coordinate system take configurations identical to their initial state before
the rotation. Thus

C'k— Cxr  F'rs— Fpg

but Gk, which were the base vectors in X¥, change into

G'x = G Sk~
Consequently (46.27) or (46.28) is equivalent to
(46.29) Frs (Ckr,Gk) = Frs (Ckr, G Sk")

This result clearly indicates the role of Gg as a material descriptor.
The material symmetry group SkZ through (46.29) can determine the
response function for various types of anisotropic media.

For the isotropic solid, (46.29) must be valid for all orthogonal SgZ.
This implies that the values of Frs can only depend on the orthogonal
invariants of the vectors Gk, i.e., on the inner products Gk = Gk - Gr.
Thus for isotropic materials the response functions will have the func-
tional form

(46.30) Frs = Frs (Cki, Gkr) (isotropic medium)

The constitutive equations for the isotropic elastic solid are therefore
given by

(46.31) trs = Frs (Cxr, Gxr) X®, X5,

Let us recall a well-known theorem of algebra, already used in this
article: namely, that by a coordinate transformation it is possible to
" diagonalize simultaneously two matrices Cx. and Ggr. If the diagonal
entries of Cxy, are Cy, Cs, and C3, we can write (46.30) also as

(46.32) Fgrs = Frs(Cy,Cy, Cs)
= Fgrs (I¢, Ilc, I11¢) (isotropic medium)

where I¢, II¢, and IIl¢ are the invariants of Ckr. It is now clear that
the transition from anisotropic media to tsotropic media is-made by omitting
the dependence of the response function (46.16) of the anisotropic solid on the
material descriptor G.

Since the same thing is valid for the incompressible solid, the con-
stitutive equation (46.17) remains valid for the incompressible solid
under the provision that

(46.33) Frs = Frs (Ic,I1¢) (incompressible isotropic medium)
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The foregoing considerations are valid, without change, for the response

function jr (_clzkz, Gx). Thus for the isotropic solid we have the con-
stitutive relations

(46.34) t* = fo ("tw, Gxz)

where the form of f does not depend on the choice of the coordinate
system.

47. CONSTITUTIVE EQUATIONS OF ISO;I'I'QOP'IC" IDEALLY ELASTIC SOLIDS

Green’s Method. In Art. 45, by use of Green’s energy method, we
deduced that for an isotropic ideally elastic solid we have an elastic stress
potential

(47.1) £ =32(XK1,II,II0)

where I, II, and III m"aybbe chosen as the invariants of any one of the

material or spatial strajin measures C, c, _é, E, . . . ; whereas for the
anisotropic solid it is required that = in addition be a function of the mate-
rial descriptors G;. According to (45.35); we have

2p z
ko= — 2P . 94
But now
8% _ 92 o1 | oz all | o3 I
act, 0l dc', ' OIl dch, ' OIIIL octn

Using expressions equivalent to (9.9) for the invafiafnts of ¢, we
calculate ‘

oI, oIl,
. ™ acl, Loom —om
(47.3) GIIIm i
3 ¢ = ¢mycm — Lem + 11, 6™
Consequently
£ 9%, 9% ...
(47.4) m—ﬁzﬁ ‘+WI¢(I"6 L — ¢™)

az m N, m. . m
+GI—II¢(C 'n C"l 1001+II°51)
Substitution of this and (25.8) into (47.2) now gives |
(47.5) th = a1 + a1chi + arctnc™
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where

a0 (X, L, I, IT1,) = —2 IIT} o= am

(47.6) ay (X, L, 1L, IT1,) = —2 +/TIT, ( +1, au)
as (X, L, IL,, IT1,) = 2 4/T11, aH

In order to reduce triple products such as ¢*. c™, ¢ appearing in &;, we
have also used in (47.5) the Cayley-Hamilton theorem for the matrix
lcll. According to this theorem a matrix satisfies its characteristic
equation, i.e.,

47.7) ¢ —I,e2+ Il,c — IIL,LI=0
or in component notation

(47.8) CFmemncty — Lo cbme™ + Il cf — 111, 6% =

Upon multiplying (47.8) by ¢, we get

(47.9) twem = Lok — 11, 8% + TIL ¢4

When this is used in (47.5) to eliminate ¢*»c™, there result the elegant
stress-strain relations of Finger [1894a]:

(47.10) th, = b_y ¢k + bo o + bic

where
2 az

boa = 2101 7 = VAL o
bo = —2/1IL, (I ¢ 31T + IIL, aIII)

(47.11) 9

az
= \/III ' (H‘ oIl 1 + I ¢ OIII_ )

E)> — 82
b, = —2+/1I1, T = -2 \/111_% F)o

where the extreme rights of (47.11) are obtained from the middle parts
by using (9.22) and (9.23).

"The stress-strain relations for incompressible media are obtained from
(47.10) by setting III..; = 1 and adding a term involving the hydrostatic
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pressure. Thus

5 ko 3 ."'/r_‘) :..ﬁ'
(47.12) t*1 po,+ 2 6I_. c"1 6[1_1 c*

as derived by Ariano [1930] and Rivlin [1948¢].

Another form of stress-strain relations that is used frequently employs
the convected coordinates. In these coordinates, components of Gxr and
cu coincide. Thus, writing G = ¢, (47.10) and (47.12) may be put
into the form used by Green and Zerna [1954, eq. (2.8.8)]

(47.13) B = gt + ¥ B + pgH
where
32 2 93
= =z = = 2 /I =
ey * \/— sl Y= moen P Vi aIII

B¥ = I ¢ — g, cFmcin
where invariants I, II, and III defined by
= g ckt II = é_ (I? — Gkt Gmn ckm cln) = g'ra Cre III

(47.15) mr = %

are the values of Iy, IT_,, and I1I_; in convected coordinates. When the

body is incompressible, we have III = 1; hence 2 = Z (I, II) so that p is
undefined. The form (47.13) of the stress-strain relations remains
unchanged except that now

02 0z

(47.16) $=25F V=2%

Other Restrictions on Constitutive Equations. In the natural state the

medium is unstressed and undeformed, ie., #*; = 0, ¢& = ok = &
Upon substituting these into (47.10) and writing I_, = II_; = 3,

III_1 = 1, we obtain

£y ) i) '
(47.17) (61 ) + 2 (311_1> + (6111_1)0 =0

where subseript 0 indicates evaluation at the natural state. Equation
(47.17) is a condition that must be imposed on .

Thermodynamical considerations will in general bring additional
demands upon the stored-energy function =. Such developments, how-
ever, are not in a satisfactory state for the theories of finite deformations.
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Truesdell [1952, art. 41] and Baker and Ericksen [1954] have discovered
certain inequalities for which experimental as well as theoretically sound
verifications exist.

In terms of principal stretches A, and principal stresses t., (47.10) reads

(4718) v ta = b—l k?,‘ + bo + b1 )\a—,2

It is reasonable to assume that in an isotropic body the greatest (least)
tension occurs in the direction corresponding to the greatest (least)
stretch, i.e., analytically

(47.19) ta > g whenever A, > Ag
From (47.18) we get '

b
— g = ()\ﬁ - )\5) (b—l - E;—ﬁ)

Therefore a necessary and sufficient condition for A > Ag to imply
ta > tg is that

by

(47.20) b > 57

Since this is unaltered when X\, and Ag are mterchdnged, this inequality
must hold unless A\, = A\g (@ # ), in which case we should also consider
the possibility of the vanishing of the coefficient of A,2 — N2 Thus

(47.21) by 2 3

The invariants contained in b_y, bo, and b, are expressed in terms of A\, by
(9.22). Since II1_, = IITc = A\ \s? As? > 0, using (47.11), (47.20) and

(47.21) take the explicit forms:

[i)> .
aI- + Ao AT, >0 ifnEN (o7 %)
(47.22) oz
2 i =
aI_ + AL e aII... >0 if Ag = Ay (o, 8,7 #)

The same procedure applied to incompressible materials (47.12) also
gives (47.22).
A number of experimental results on rubber show that

oz )
(47.23) i >0 ETI:G >0
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holds for a wide range of values of I_, and II_, so that (47.22), certainly

holds in this case.! It must also be noted that for the classical theory of
elasticity, if one uses t = N\, I;I 4 2 u, & in place of (47.10), one obtains
the condition u, > 0, which is known to be valid for all materials ade-
quately described by this theory.?

Cauchy’s Method. It is possible to arrive at the stress-strain relations
for isotropic solids by employing the results obtained in Art. 46. We
may use either of the forms (46.31) and (46.34) as the starting point, i.e.,

(47.24) te = F®S (Cgz, Gxz) X%, X5,
(47.25) tre = fr* ("ew, Gxu)

The response functions F®S and f are symmetric isotropic functions.
For an isotropic analytic function b = f (a), where b and a are matrices
b*; and a*;, we have

(47.26) b = k.a®
where k, are scalar functions of a. Any analytic scalar function of a
3 by 3 matrix a is a function of three principal invariants I,, II,, and
III,. Therefore k, are functions of these three invariants only. Accord-
ing to the Cayley-Hamilton theorem we have

(47.27) ad = III,I — Il,a + I, a2

Therefore a® and all higher powers of a in (47.26) may be expressed in

terms of I, a, and a* and the invariants. Thus b is an analytic isotropic
function of a if and only if it can be expressed as

(47.28) b =gl +g.1a+ g.a2
or in index notation
(47.29) b% = go 6% + g1 0% + g2 d¥ma™

where go, g1, and g, are functions of the three invariants only.
Applying this theorem to t in (47.25), we therefore write

(47.30) t*h = god* + g1 o+ g2 Cm —tlﬁ;"z
where g. = go (I_1, I, ITI_,).

1In the experiments they performed on rubber, Rivlin and Saunders [1951] have
net observed any case where the equality in (47.22); holds.

2For a number of other theoretical implications of (47.22) see Ericksen [1955].
See also Arts. 54 and 58. Coleman and Noll [1959a], basing their work on thermo-
static considerations, recently gave a theorem leading to the above results. They
point out, however, that the results due to Baker and Ericksen are not necessarily -
valid for principal stresses measured per unit ares of the deformed body unless all
these stresses are positive. They make reference to work of Barta [1957] for
related inequalities.
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By putting a = ¢ in the Cayley-Hamilton theorem (47.27) and
multiplying both sides by c, we get

(47.31) T o = Ty ot — T1_, 8% + 1y &

[ ¢ [
Upon using this in (47.30), we may write it also as
(47.32) th = hoy ch + o 8 + hichy
where

(47.33) h_1 =0 + [} I_: ho = go — g2 II_g h1 = g2 III_%

This is of the form found by Green’s method [see (47.10)] if we recognize
he as ba.

It is now clear that both Green’s method and Cauchy’s method for the
isotropic material lead to the same form for stress-strain relations.
Notice, however, that the elastic constants b, appearing in Green’s
method are derived from a potential function =, whereas the relation of
Cauchy’s elastic constants A, to a strain-energy function Z is not clear.
In fact, the existence of such a potential function clearly imposes restric-
tions on h.. To show this, we solve for 82/91,, 9Z/d11,, and 9= /o111,
from (47.11). Upon cross differentiation we obtain the necessary and
sufficient conditions for h, to accept a representation of this form in
terms of a single function .3

oh_y ohs dhy _ dhy |, II oh_y

I = " Wlap + Mot =31 Y1 a1
(47.34) h oh oh oh
n—1 —1 —1 0
o Mg =hat gy + o

When these conditions are satisfied, then a strain-energy function =
exists so that (47.32) reduces to (47.10) obtained by Green’s method.

These results clearly indicate the restricted nature of Green’s method.
For an anisotropic solid the difference between the results of the two
theories stands clearly at the outset. For the infinitesimal strain approxi-
mation the fact that Cauchy’s method gives thirty-six elastic constants
while Green’s method gives twenty-oneis well-known. The required reduc-
tion of the number of constants by fifteen employs the positive-definite
character of the strain-energy function as an additional requirement to
Cauchy’s method.

8 Caprioli [1955] has shown that the existence of a strain-energy function is a con-
sequence of the following two assumptions: (1) stress is a function of strain tensor
only and (2) the work required to deform the body from the natural state to any other
state is nonnegative.
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* The foregoing analysis clearly applies to stress-strain relations (47.24).

Finally it is important to note that the principal axes of a* are the
same as those of a. Hence (47.26) indicates that the principal axes of b
and a coincide. The same being applicable to (47.30), we have the
theorem that follows.

THEOREM 1. In an isotropic medium any principal axis of strain in the
deformed state is also a principal axis of the stress.

Transition to the Linear Theory. Constitutive equations (47.10) are
suitable for the solution of problems in finite deformations. The transi-
tion to linear theory, however, requires substitution of the polynomial
expansion of £ in terms of strain invariants (cf. Art. 60). A quick
conversion may be made by substitutions

Ly=3+2L Ila=3441 I,=142L
(47.35) o2 xc+2ue 0 o e 4z

o, Suet L snn=-3  amn

[

=0

where \, and p. are the Lamé constants of the classical theory of elasticity.
It may be verified that when (47.35) and

(47.36) g — 28 oo 28

are substituted into (47.10) and only the linear terms in & are retained,
we obtain Hooke’s law of the classical linear theory of elasticity, i.e.,

(47.37) ty =N o% 4 2 p. 8%

In terms of the constitutive coefficients b, the foregoing substitutions
are equivalent to

(47.38) b_i=2p.+ A 1: bo =~ —p. (3 + Io) b = p. (1 + 1)

The replacements for the constitutive coefficients h_i, ho, and h; are
identical to (47.38).

48, STOKESIAN FLUIDS

The notion of fluidity was expressed by Stokes [1845] in his remarkable
paper which he gave at the age of twenty-six. Stokes states that “the
difference between the pressure on a plane in a given direction passing
through any point P of a fluid in motion and the pressure which would
exist in all directions about P if the fluid in its neighborhood were in a
state of relative equilibrium depends only on the relative motion of the
fluid immediately about P; and that the relative motion due to any
motion of rotation may be eliminated without affecting the difference of
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the pressures above-mentioned.” This somewhat vague idea contains

the essential ingredients of fluidity which is postulated below.
DEFINITION 1. (Stokesian Fluid) A stokesian fluid is a continuous

medium such that (1) it admits a constitutive equation :

(48.1) t=1£(d)

where t and d are the stress tensor and the deformation rate tensor respectively;
(2) t does not explicitly depend on the position x (spatial homogeneity);-
(3) the response function f is independent of the orientation of axes (material
objectivity); and (4) when d = 0, (48.1) reduces to

(48.2) t=—nl

where m is a scalar called the thermodynamic pressure or simply pressure
defined by (40.16),.

Let us note that the fluid medium so defined is but one example of a
large class of materials that possess more general constitutive equations.
Fluid media having constitutive equations of the form

(48.3) t+al=f(d,w) £(0,w) =0

were introduced early by Boussinesq [1868]; fluids involving higher
gradients of v of the form

(484) tkl + T 6kl = fkl (vrlﬁu vrl-*’l*z) vrlvsxszaa’ -t )

by Lévy [1869]; and other more general fluids by Reiner [1945], Rivlin
[1947a], Truesdell [1949a, b,], and later by Noll [1955]. A critical review
of the subject matter up to 1952 may be found in Truesdell [1952,
chap. V|.

In order to follow a development parallel to the ideally elastic solid,
we shall postulate the stokesian fluid as follows and subsequently prove
that this definition is equivalent to the one given above.

DEFINITION 2. (Stokestan Fluid) Stokesian fluids admit a constitutive
equation

(48.5) thy = o (™, v 07 )
subject to spatial and material objectivity, and
(48.6) th = —x &% when de =0

where t*; and d,, are the siress tensor and deformation-rate tensor and x™ and
v* are the position and velocity vectors.

We now should like to present two theorems.

THEOREM 1. Definition 2 is equivalent to Definition 1.

According to spatial objectivity, f* should be form-invariant in
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objectively equivalent motions. = Thus, if we change the rectangular spatia,l
frame of reference rigidly

(48.7) 2 = Q4 () 2 + bt (8)
{=t—a QuQu = QnQF =
then we should have
(48.8) 'y = fry (z'm o', 0" )
Applying a rigid translation in a special form,
Q= & b = —zk a=0

we obtain X’ = x — x = 0. Thus ¢ cannot depend on x.
Next we apply a constant-velocity motion

Qk = &% 't = b — vhi (v* = const)
which shows that f cannot depend on v. Thus we may write
(48.9) k= o (v')

Now consider the general rigid rotation (48.7). According to (46.3) and
(27.10) ¢, and v", change as

(4810) t'kl = Iy ri Ql‘ v,r,a = Qrm st V™ g + Qrm Q.m
Substitution of (48.10) into (48.9) gives
(48.11) Q4 Q= 5 (Qm 9™ n Q" + Qm Q™)

We can always select @*, = —&*, and Q*, equal to any antisymmetric
transformation given a priori. Thus, choosing

g ler = —&, ri = wkr
where w*, is the spin tensor, (48.11) gives
tkl = fkl (v',s - wro) = fkl (dra)

since 2wr, = v", — v,7 and 2d’, = v", + v, in rectangular coordinates.
Since t and d are tensors, this result is valid in any general coordinate
system. Hence, the proof of the theorem.

THEOREM 2. Constitutive relations for stokesian fluids are equivalent to

(48.12) = (—7 + ao) 8 + ardt + aad® dn
where
(48.13) ar = a, (I 115, 111;) 0 (0,0,0) = 0
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In an objectively equivalent motion we have
t=fa(d) = (Qmdm Q")
Substituting (48.10); into the second part of the above, we have

(4814) 48 ri Ql‘ = ft (Q'm am, an)
or
tra = ri Q,af kl (Qrm dm" Qdﬂ) = fr 8 (dmn)
Hence
(4:8.15) ri Ql’frs (dmn) = fkl (Qrm Qa” dm")

This implies that f7, is spatially isotropic. Therefore, in the same way as
in Art. 47, we can express f*; as

(48.16) foo=ad + ardy + aedtd™
where @, ai, and a, are functions of deformation-rate invariants I, IIg,
and III;. Now according to (48.6) for d*; = 0 we must have

. f"z (0) = a (0, 0, 0) 5”1 = -7 5"’:
Thus, defining

Qo (Id, IId, IIId) = o (Id, II,;, IIId) 'I" ™
we may put (48.16) into the form
= (=7 4 ao) 0 + a1dh + ardbnd™

where a(0,0,0) = 0. Hence the proof of the theorem. It is clear
from (48.12) that the stokesian fluids as defined above are isotropic.
Recently a theory on anisotropic fluids was developed by Ericksen
[1960a, b, ¢, d].

For an incompressible fluid we have

(48.17) Li=0

and = is undefined. Since = enters the constitutive equations only in the
combination —= + a0, we may without loss in generality take

—p=—T+ a
as a basic unknown instead of x. Thus the constitutive equations for an
incompressible fluid may be expressed as
(48.18) t = —p &4 + a1 (g, I114) d% + a2 (114, I1Ls) @*p d™

Inequalities Restricting Constitutive Equations. The thermodynamical
pressure , according to (40.16)s, is a well-defined quantity for the static
conditions of the fluid. The phenomenological functions must be
determined from the experiments. A question arises as to whether other
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physical restrictions have to be imposed on the forms of these functions.
At this point we need to resort to irreversible thermodynamies. Accord-
ing to the constitutive relations (48.12) the stress tensor consists of two
parts: a nondissipative part

— 6kl
and a disstpative part
(48.19) ptfi = a8 + a1 d¥; + asdF,.dn
since pt = 0 whenever d = 0. Thus we may write
(48.20) thy = —m & + pth

If we associate pt*; with the thermodynamic dissipative stress for the
nonpolar case and all other thermodynamic variables », are taken to be
zero for a nonnegative entropy production, according to (40.22) we must
have

(4821) . A = ntkz dlk Z 0

where 6 A is the so-called disstpation function. Upon substituting (48.19)
into this, we obtain

apdt + aydqdy + axdh drdy > 0
According to the defining equations of invariants we have
dy =1 dqdy = 12 — 211,
db dndy = 18 — 31,11, + 3111,
Consequently nonnegative dissipation requires that
(48.23) aoly+ a1 (12 — 211) + s (12 — 31,11, + 3111,) > 0

for any physically possible motion. When the phenomenological coeffi-
cients accept power series expansions

(48.24) a = Y Apu Le e L (k= 1,2,3)

T,8,t

(48.22)

where A, are constants, then (48.23) will impose certain restrictions on
these coefficients. It is not obvious how one finds a general inequality
that A,,., must satisfy for arbitrary ranges of r, s, and t.

When the constitutive equations are linear in d, we have

(48.25) ao = Aoroo e ar = Ay a; =0
and (48.23) in this case can be seen to imply
(48.26) A0 2> 0 3 Aoio + Are00 2 0

The implications of these will be made clear below. For higher-order
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polynomial approximations in d of the constitutive equations, the condi-
tions appear to be very complex. Further elaboration of this approach is
made in Art. 49.

An alternative nonthermodynamical approach, similar to the one given
in Art. 47 that leads to certain inequalities that must be imposed on
constitutive coefficients, is due to Baker and Ericksen [1954] and Ericksen
[1955]. A heuristic argument based on physical considerations is that
tension exerted across a plane is greatest (least) whenever the stretch-
ing in the direction of the normal to this plane is greatest (least).
Mathematically

(48.27) ta > 1g whenever d, > dg

where t, and d, are respectively the tension and stretching. Now write
constitutive equations (48.12) as

(4828) ta = -7 + Qg + o da + (2] da2

From this, by forming #, — t5, we see that for a compressible material
(48.27) is satisfied if and only if

a1+ as(da+dg) >0 if de = dp

(48.29) a1+ as (da + dp) >0 if do, = dﬁ (a = B)

For the incompressible material we have dy + d2 + ds = 0.  Hence

al—a2da>0 lfdﬂ7£d‘/ (Q,B,Y ;é)

(4830) oy — Q2 da ?_ 0 lf dp = d., (a, /3, Y ?5)

For a plane motion of an incompressible fluid d; = 0 and d» = —d.
Thus

(4831) a1>0 a1>a2d1 ¢11> —'agdl 1fd1;é0

>0 ifdy =0

TFrom this there follows

(43}
a2 d[

>0

(48.32)

except perhaps when d; = 0, in which case d» = d; = 0, so that the
motion is instantaneously rigid and the left may be indeterminate. For
the classical theory we have a; = 0, &1 = 2p, > 0, and (48.30) holds.

The rate at which the stresses do work in distorting the fluid is defined
by

(48.33) Wa = }t7,d%
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where
(48.34) do, = de, — 31,89,

is the deviatoric rate of deformation. Referred to principal directions of

stress which are also principal directions of deformation rate, (48.33)
reads ‘

(48.35) Wi = Ltad, = (@ — t2) (di — do) + (82 — t5) (ds — ds)

+ (ts — 1) (ds — dy)]
It is now clear that axiom (48.27) implies
(48.36) Wa>0

A counterexample can be constructed to show that (48.36) does not
necessarily imply (48.27). Even though we found a close tie between the
axiom (48.27) and the distortion energy, this does not readily imply that
the entropy production 6 A is nonnegative. Since

0A = Dtpqdqp = Wd +%‘Id1l

we see that for §A > 0 we must have Wy + 21,1, > 0. For incom-
pressible fluids I = 0; hence A > 0 if and only if W, > 0, so that in
this case there exists a relation between the thermodynamical requirement
of entropy production and (48.27).

Thermodynamic and Mechanical Pressure. We now show the relation
of thermodynamic pressure = to the mechanical pressure p defined by

(48.37) p= —3th = —31,

Introducing deviatoric stress #*; by

(48.38) th = —pot + Iy it =0
from (48.20) we get
(48.39) oty = (w — p) &' + %
If we set k = ! and use (48.19) and (48.22), this becomes
(48.40) 3 —pP) =3ar+ a1y + s 122 — 211y)

It is now clear that the thermodynamic pressure is in general not the same
as the mechanical pressure when the fluid is in motion. For the static
case I; = II, = II1; = 7] (0, 0, 0) =0andr = P.

If we use the power series expansion (48.24) in (48.40), we find that
the necessary and the sufficient condition for # = P in every motion is that

(48.41) BAwe + Arr-t,00+ Aors,en — 2A2,1,6-1,: = 0
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for all r, s, t. There seem to be no physical grounds for = = 3, for the
fluid in motion.

Setting k£ = [ in (48.18) and using (48.22), (48.37), and (48.17), for the
incompressible fluids we now obtain

(48.42) 3( — p) = —2a (14 I11,) 11,

Thus the necessary and sufficient condition for p = p in an isotropic
tncompressible fluid vs that the constitutive equations are quasi-linear in
dkz, i.e.,

(48.43) - as (I, IIT;) = 0

The general constitutive equations (48.18) for an incompressible fluid
contain three phenomenological functions: namely, p, a1, and as. Of
these a; and a; are to be determined through experimental measurements.
The pressure p here is left undefined. Determination of p will be effected
through the boundary conditions.

Let us note that the term “pressure’” here is used for three different
quantities: the thermodynamic pressure w, which is well-defined by
(40.16); whenever the fluid is in thermodynamic equilibrium and com-
pressible; the mechanical pressure 5, which is also well-defined through
(48.37) and is shown in general to be different from the thermodynamic
pressure unless certain conditions (48.41) among the phenomenological
constants are accidentally satisfied; finally the pressure p, introduced in
(48.18) for the incompressible fluids, which is left undefined. The pres-
sure measured in an experiment depends on the measuring instrument
and in general is a particular component of the stress tensor. In a
deforming fluid, identification of pressure with the quantities called
pressure in the theory is in general not valid.

Let us further remark that the phenomenological coefficients o, may in
addition to deformation invariants depend on thermodynamic variables,
pressure, and temperature. Truesdell [1949a, b; 1952, p. 232] has
shown that the phenomenological coefficients in a stokesian fluid must
depend on nondimensional pressure 7/# and nondimensional temperature
6/6, where # and § may respectively be taken as the critical pressure and
boiling temperature. There exist other fluids, e.g., Reiner-Rivlin fluid, in
which the response function may also contain a tZme constant. In order to
account properly for the presence of the thermodynamic variables and
the physical restrictions that accompany them, the thermodynamics of
irreversible processes must properly be used together with the mechanical
principles which have been the fundamental tool of the foregoing develop-
ments. At present, while an adequate linear theory exists,! the nonlinear

1 Cf. Eringen [1960]. For the detailed applications of the linear irreversible thermo-
dynamics to continuum mechanics, see also Eringen [1964] and the references therein.
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theory remains untouched. We therefore choose not to cloud the
rigorous mechanical foundations with the vague and inadequate theories
of irreversible thermodynamics at its present stage.

49. POLYNOMIAL APPROXIMATIONS

The constitutive equations (48.12) for compressible fluids and (48.18)
for incompressible fluids are too complicated for the solution of all but a
few nontrivial problems (cf. Chap. 7). Generally polynomial approxima-
tions of various degrees in d are used in the treatment of problems in
fluid flow.

THEOREM 1. The phenomenological coeflicients o, (1, 114, I111,) of the
most general constitutive equation

(49.1) tkz = (-—11' + Oto) 5"[ + 23] dkl + 2] dkr d'l

of degree N in d are polynomials in 14, 11,4, and 111, of degree N — «. Fora
compressible fluid ay vanishes with d, and for an incompressible fluid we put
T — Qo = P.

Now the degrees of 1, I14, and III,; in d are 1, 2, 3 respectively. Thus
for t*; to be of degree N in d, the coefficients ay, a1, and as can at most be of
degrees N, N — 1, and N — 2 respectively. The vanishing of o with d
and the fact that for incompressible flow —7 4+ a = p have already been
shown to be the case. Therefore we have the following.

1. Zeroth Approzimation. The order N = 0, i.e.,

(492) a=a=a =0
Hence
(49.3) th = —=x oty

This is the case of inviscid fluids. Here = may be a function of the
thermodynamic variables, density p and temperature 9, i.e.,

(49.4) =7 (p, 0)

Fluids in which = = = (p) are called barotropic. When the fluid is incom-
pressible, 7 = const and we have the so-called ideal fluids. Clearly for the
zeroth approximation the dissipation vanishes.

2. First-order Theory. In this case we have

(495) ) ag = N\, Id ay = 2;4., ay = 0
where \, and g, are functions of thermodynamic variables p, 8. We have

1= (—7+ N1 6% + 2u,dY (compressible)

49.6
(49.6) th = —x 4+ 2pu,d4 (incompressible)
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This is the Cauchy-Poisson law of the classical Navier-Stokes theory of
viscous flow.
The dissipation function is

49.7) 8A = pttydh = N I3+ 2 p, dhdl
= ()\v + 2#v) Igzl - 4I‘vIId

where we, used (48.22). The dissipation function must be nonnegative.
Introducing the expressions of invariants in terms of principal deforma-
tion rates d., i.e.,

(49.8) Li=di+do+dy 1Ilq = dids + dods + dsd,y
IIl; = did.d;

the dissipation function § A may be expressed as

(49.9) 30A=(BNF+2u) 24+ 24,72

where

(49.10) J)'= (di — do)? + (dy — d3)2 + (ds — dy)? = 213 — 611,

Since both I2 and .J» are nonnegative, we have:
THEOREM 2. The necessary and sufficient condition for the dissipation
Junction of a first-order compressible fluid to be nonnegative is that

(49.11) 3N+ 2820 4 >0

For an incompressible fluid I; = 0 and (49.9) is nonnegative whenever
ps = 0. Thisresult would also follow from the general inequality (48.23).

The phenomenological coefficients N\, and u, are called dilatational and
shear viscosity coefficients respectively.

It is of interest to see under what conditions the thermodynamic and
mechanical pressures coincide. From (48.40) and (49.5) we get

(49.12) 3(r—p) = B + 2m) L

We therefore see that whenever either I; = 0 or 3\, + 2, = 0, we
have » = p. Now the first case is the case of an incompressible fluid.
Recalling the general case (48.42), we see that it is only an accident of the
linear theory that for incompressible fluids = = p. For the general case
this is not valid.

The requirement 3\, + 2pu, = 0 is known as the Stokes condition.
Experimental facts are seen to contradict this condition.!

The use of the Stokes condition, however, does not lead to great dis-
crepancies in the calculations for most problems unless the problem is so

1 See the excellent discussion given by Truesdell [1952, p. 228].
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