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INTRODUCTION

The fact that actuarial science is fundamentally
a branch of biology rather than of mathematics is
overlooked far more generally than ought o-be the
case. Most people, even those ofiieducdation and wide
culture, are inclined to look upon an actuary as a
particularly crabbed, narrow, and intellectually dusty
kind of mathematician. In reality his subject is one
of the liveliest in the whole domain of biology, and
none surpasses it in its practical interest and import-
ance to mankind. Because, what the actuary is, or
at least should be, trying always {o formulate more
and more definilely are the laws which determine
the duration of human life. Why the actuary in fact
is too often intellectually but little more than a sort
of glorified computer, is really only the Tresult of a
defect in the teaching of biology in our colleges and
universities. It has only lately come to be recognized
anywhere that a biologist needed a substantial founda-
tion in mathemalics in order successfully to practice
a biological profession. It is not too rash a prediction
to say that presently the time is coming when no
important actuarial post will be held by a mathe-
matician who knows little or no biology. The vigor
and originality of his biological outlook will be valued
as highly as the rigidity of his mathematical sub-
structure now is.
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The thing which chiefly makes this book by my
friend Arne Fisher notable, lies, in a broad sense,
in the fact that it is a highly original and absolutely
novel essay in general biology. The language is to a
considerable extént mathematical, to be sure, but the
subject matter, the mode of logical approach, and the
significant conclusion — all these are pure biology.
Unfortunately many biologists will not be able to
appreciate its significance, or even to read it intel-
ligently. But this is their loss, and at the same time
an exposure of the dire poverty of their intellectual
equipment for dealing with the problems of their
science,

There are two broad features of Fisher’s work
which want emphasis. The first is the successful
construction of a life table from a knowledge of deaths
alone. That the construction is successful his results
set forth in this book abundantly demonstrate. To
have done this is a mathematical and actuarial
achievement of the first rank. It may fairly be
regarded as fundamentally the most significant ad-
vance in actuarial theory since Halley. 1t opens out
wonderful possibilities of research on the laws of
mortality, in directions which have hitherto been
wholly impossible of attack. The criterion by which
the significance of a new technique in any branch of
science is evaluated, is just this of the degree to which
it opens up new fields of research. By this criterion
Fisher's work stands in a high and secure position.

But of vastly more significance considered purely
as an intellectual achievement is his discovery of
the fundamental biological law relating the several
causes of death to each other, which made the tech-
nical accomplishment possible. More than one accepted
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text book on vital statistics has scornfully instructed
its readers that no good whatever could come from
any tabulation or study of death ratios; that they must
be avoided as the pestilence by any statistician who
would be orthodox. But orthodoxy and discovery are
as incompatible intellectually as oil and water are
physically, a cosmic law often overlooked by our
“safe and sane” scientific gentry. This book is an
outstanding demonstration that this law is still in
operation. Fisher has had the temerity to study the
ratios of deaths from one cause or group of causes
to those from another group, or to all causes together,
and has discovered that there abides a real and
hitherto unsuspected lawfulness in these ratios. Here
again his pioneer work opens out alluring vistas to
the thoughtful biometrican.

Altogether we of America are to be warmly
congratulated that this brilliant Danish mathematical
biologist has chosen to come and live with us.

Baltimore, November 1921.

Raymond Pearl.



AUTHOR’S PREFACE

The classical method of measuring mortality rests
essentially upon the fundamental principles first
enunciated by the British astronomer, Halley, in his
construction of the famous Breslau Life Table. Since
the time of Halley this method has been so thoroughly
investigated and has been perfected to such an extent
that new developments along this line cannot be
expected. Any improvements on the original printiples
of Halley are after all nothing but refinerents in
graduating methods; and even in this line it appears
that the limit of further perfection -has been reached.

Halley’s method, which is purely empirical in
scope and principle, rests primarily upon the know-
ledge of the number of persons exposed to risk at
various ages and the correlated number of deaths
among such exposures. In all cases where such
information is at hand the old and tried method meets
all requirements to our full satisfaction; and it would
appear superfluous to try to supplant it with fun-
damentally different principles.

In presenting the new method outlined in this
little book I wish to state most emphatically that it
has never been my intention to try to supersede the
conventional methods of constructon of mortality
tables wherever such methods are applicable. My
proposed method is only a supplement to the former
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tools of statisticians and actuaries, and aims to
utilize numerous statistical materials to which the
older system of Halley is not applicable. The idea,
whether it is new or not, meets in reality a very
frequent need in mortality investigations. It is a well
known fact that in the determination of certain
statistical ratios, it is easier to determine the nume-
rator than the denominator, as for instance in life
or sickness assurance, where the losses can be
ascertained with a very close degree of accuracy,
while the colleclion of persons exposed to risk at
verious ages is often difficult to obtain. Similar
remarks hold true in the case of numerous statistical
summaries of mortuary records as published in most
government reports on vital statistics. The desire to
utilize this enormous statistical material was what
led me to try the proposed method.

In principle the plan is fundamentally different
from that of the empirical method of Halley, inasmuch
as I have attempted to substitute the inductive
principle for that of pure empiricism.

In the first place, I consider the 4, curve, or the
number of deaths by attained ages among the
survivors of an original cohort of say 1,000,000
entrants at age 10, as being generated as a compound
curve of a limited number (say 8 or less) of subsidiary
component curves of either the Laplacean-Charlier or
Poisson-Charlier type.

The method of induction now consists in deter-
mining the constants or parameters of these sub-
sidiary curves. These parameters fall into two
separate categories:—

A. The statistical characteristics or semi-invari-
ants which determine the relative frequency distribu-
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tion by attained age at death, as expressed by the
mean, the dispersion, the skewness and the excess
of each subsidiary or component curve.

B. The areas of each subsidiary or component
curve,

The working hypothesis which I have put forward
is that the relative frequency distribution of deaths by at-
tained ages, classified according to a limited number of
groups (generally 8 or less) of causes of death among the
survivors of the original cohort of entrants, tend to cluster
around certain ages in such a way that it is possible from
biological considerations to estimate in practice with a
sufficiently close degree of approximation the statistical
characteristics or semi-invariants of the relative frequency
distributions of the component curves, corresponding to a
previously chosen classification of causes of death (into 8
or less subsidiary groups).

This implies briefly that I suppose it is possible
from biological considerations to select a priori the
gstatistical characteristics of the category as mentioned
above under A.

Once this hypothesis is accepted as a true supposi-
tion, the areas of each of the component curves can
be determined by purely deduclive methods (as for
instance the method of least squares) from the
observed values of the proportionate death ratios
Rp(x) (x=10, 11, 12, ........ 100; B =1, II, III,
......... ) corresponding to the groups of causes
of death.

Thus the parameters as determined in this
manner exhaust the given statistical material, i.e.
the observed proportionate death ratios Rg(z). A
mere addition of the subsidiary or component curves
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gives us then the compound 4, curve from which it
is an easy task to find the functions, I, and g,.

The scheme as we have briefly outlined it above
is, therefore, not a cut-and-dried doctrine or a sort
of “mathematical alchemy” as some of my critics
have implied. Nor is it an authoritative or infallible
dogma. The keystone upon which its success depends
is merely a working hypothesis; i.e. a temporary or
preliminary supposition. I suppose something to be
true and iry to ascertain whether, in the light of that
supposed truth, certain facts fit together hetter than
they do with any other supposition hitherto tried.

The validity of the working hypothesis must, in
my opinion, be proved or disproved either by
independent methods and principles of construction
of mortality tables, such as for instance the empirical
principle of Halley, hitherto exclusively used by the
actuaries, or through additional biological studies.®

! The biological basis of Mr Fisher's working hypothesis, which is
of far greater importance than the purely ancillary mathematical deduc-
tion, has apparently been overlooked by many of his American critics,
such as Little, Thompson and Carver. Dr. Carver in the Proceedings
of the Casualty Actuarial Society of America (Vol. VI, page 357)
remarks that “‘if we can construct a table from death alone as in Proe.
Vol. IV, and by dividing these deaths by ¢,, determine the unenumer-
ated population — why not the converse””

The answer to this remark is obvious. In the case of mortuary
records, Fisher considered two different and distinct attributes, namely
1) the purely quantitative attribute of attained age at death, and 2) the
purely biological attribute of cause of death, which in conjunction with
the working hypothesis to a certain extent aims to replace the unknown
exposures. If we were to follow Dr. Carver's facetious suggestion and, to
use his phrase, ‘‘go the proposed plan one better by using enumerated
populations only”, we should, however, encounter a statistical series with
the single attribute of attained age only, but no second attribute corres-
ponding to that of the biological factor of the cause of death. Criticisms
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In the meantime I feel justified in presenting to
my readers the practical results obtained by this
method, which although perhaps not unimpeachable
in respect to mathematical rigour, neverthelees in my
opinion offers a means to attack a vast bulk of
collected statistical data against which our former
actuarial tools proved useless. The celebrated Russian
mathematician Tchebycheff, once made a remark to
the effect that in the antique past the Gods proposed
certain problems to be solved by man, later on the
problems were presented by halfgods and great men,
while now dire necessity forces us to seek some
solution to numerous practical problems connected
with our daily conduct. The problem towards which
I have made an attempt to offer a sort of solution in
the present little essay is one of these numerous
problems of dire necessity mentioned by Tchebycheft,
and T hope that my work along this line, imperfect
as it is, may nevertheless prove a beginning towards
more improved methods in the same direction.

In conclusion I wish to -extend my thanks to a
number of friends and colleagues both in America
and Europe and Japan who have kept on encouraging
me in my work along these lines in spite of much
adverse criticism from certain statistical and actuarial
circles. I wish in this connection to thank Mr. F. L.
Hoffman, Statistician of the Prudential Insurance
Company, for permitting me to apply the method to
various collections of mortuary records while working
as a computer in his department. My thanks are also

of the sort of Dr. Carver's brings to light the fundamentally different

principles applied by Mr. Fisher in sharp contradistinction to the purely

empirical methods of the orthodox actuary and statistician.
T'ranslator.
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due to Mr. E. A. Vigfusson for making the trans-
lation from my rough Danish notes. If the resulting
English is perhaps open to criticsm, I beg to remind
the reader that my original manuscript was written
in Danish and iranslated into English by an Icelander,
while the composition and proof reading was done
by a Copenhagen firm.

To Professor Glover of the University of Michigan
I also wish to extend my thanks for inviting me to
deliver a series of lectures on the construction of
mortality tables before his classes in actuarial:
methods during the month of March 1919. This
invitation afforded me the first opportunity to bring
the proposed method before a professional body of
statistical readers.

Last but not least I desire to acknowledge my
obligations to Professor Pearl whose introductory
note I consider the strongest part of the book. In
these departments of knowledge the appreciation of
one’s peers is after all the only real reward one can
possibly expect. The fact that this eminent biologist
has recognized that the nucleus of the whole problem
is of a purely biological nature, and that the
mathematical analysis is merely ancillary, is
particularly pleasing to me, because it represents my
own view in this particular matter.

p. t. Newark, U.S. A., November 1921.

Arne Fisher.



TRANSLATOR’S PREFACE

During the spring of 1919 the attention of the
present writer was called to a brief paper entitled
Note on the Construction of Mortality Tables by means of
Compound Frequency Curves by the Danish statisticican,
Mr. Arne Fisher. The novelty and originality of this
paper impressed me to such an extent that I became
desirous of obtaining more detailed information about
the process than that which necessarily was contained
in the above summary note, originally printed in the
Proceedings of the Casualty and Acturial Society of
America.

I wrote therefore to Mr. Fisher and inquired
whether he intended to publish any further studies
on this subject. From his reply I learned that he had
delivered a series of lectures on this very topic before
Professor Glover's insurance classes at the University
of Michigan during the month of March 1919, but that
the proposed method had been met with such captious
opposition in certain actuarial circles that he had
decided to abandon the plan of publishing anything
further on the subject and had even destroyed the
English notes prepared for the Michigan lectures.

In the meantime the proposed scheme had
received considerable attention in actuarial circles in
Europe and Japan and several highly commendatory
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reviews had appeared in the English and Continental
insurance periodicals and various scientific journals,
notably the Journal of the Royal Statistical Society and
the Bulletin de I’ Association des Actuaires Suisses. The
proposed method seemed indeed so novel and unique
that I could not help feeling that it deserved a
better fate than that of being forgotten. I sug-
gested therefore to Mr. Fisher that he prepare a
new manuscript. But unfortunalely his time did not
allow this. He consented, however, to turn over to
me his original Danish notes on the subject from
which he had prepared his Michigan lectures and
permitted me to make an English translation for the
Scandinavian Insurance Magazine. 1 gladly availed
myself of this opportunity to bring this fundamental
work before an international body of readers and
started on the translation in the summer of 1919.

At the same time Mr. Fisher decided to put the
proposed method and working hypothesis to a very
severe test, which would meet even the most stringent
requirements of some of his critics and their conten-
tion that the method would fail in the case of a
rapidly changing population group. For this purpose
he selected a series of statistical dala contained in the
annual reports and statements of a number of the
leading Japanese Life Assurance Offices, relating to
their mortuary records for the four year period from
1914—1917. More than 35,000 records of male lives,
arranged according to the Japanese list of causes of
death and grouped in quinquennial age intervals
formed the basis for the construction of the final
life table which was completed in November 1919.
This table, which like Mr. Fisher’s other tables was
derived without any information of the number of
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lives exposed to risk at various ages, is shown in the
addenda of this treatise.

Immediately after its construction Mr. Fisher sent
this table to the well known Japanese actuary, Mr.
T. Yano, and asked him for an opinion regarding the
trustworthiness of the final death rates of ¢, as
derived by his new method. The Japanese actuary’s
answer arrived in April 1920. Mr. Yano had after
the receipt of Mr. TFisher's letter ascertained the
exposures and deaths among male lives at each
seperate age for about 40 Japanese life offices during
the period 1914—1917 and constructed by means of
the conventional methods a complete series of ¢, by
integral ages from age 10 to 90. These ungraduated
data are shown as a broken line polygon in the
appended diagram (Figure 1). In spite of the fact that
Mr. Fisher had no information whatever about the
exposed to risk the agreement of the continuous curve
of ¢, as determined by the frequency curve method
with Mr. Yano's ungraduated data is so close that
I think further comments superfluous. The slight
differences in younger ages might indeed rise from
the fact that Mr. Yano had access to all the experience
(containing more than 45,000 deaths) of all the Ja-
penese companies, whereas Fisher only used the
mortuary records as published by some of the leading
Japanese companies.

Like all scientific methods of induction Mr. Fi-
sher’s proposed plan rests upon a working hypothesis,
namely that it is possible from &iological considera-
tions to group the deaths among the survivors at
various ages in any mortality table according to
causes in such a manner that their percentage or
relative frequency distribution according to attained



Translator's Preface. XIII

age at death will conform to a previously selected
system or family of Laplacean-Charlier or Poisson-

Rooq,
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Fig. 1.

Charlier frequency curves. Mr. Fisher himself is very
frank in stating that this is a working hypothesis
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upon which hinges the success of ithe whole method.
One of the main objections of his critics is that it
seems impossible to prove the truth of this working
hypothesis. Naturally its truth cannot be proved by
mathematics or logic any more that we can prove
or disprove the existence of Euclidean space, which
in itself constitutes a working hypothesis for most
of our applied mathematics. Mr. Fisher’s critics might
as well be asked to prove or disprove Newton’s
hypothetical laws of motion and attraction as
extended by Maxwell and Hertz, or the newer
hypothesis recently put forwards by the relativists,
or the Lorentz hypothesis of contraclion. It would
indeed be a terriffic blow to science and the extension
af knowledge if it was required that no working
hypothesis would be alloved in scientific work unless
such hypothesis could be proved to be true. What
position would biology occupy to-day if biologists had
insisted that Darwin's great hypothesis be proved
before it could be allowed as a foundation in the study
of evolution?

The most convincing answer to Mr. Fisher’s
caplious critics among the old school of actuaries
and statisticians is, however, the undisputed fact that
his working hypothesis as such really does work.
As pointed out by Dr. Pearl in the introductory note
of this book the results set forth in the present
treatise abundantly demonstrate this fact. The 6
widely different mortality tables as shown in the
addends stand as mute and yet as the most eloquent
evidence to the fact that the method works. It might
indeed not appear impertinent to suggest that Mr.
Fisher's actuarial critics would render a greater
service to their profession by proving that these six
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mortality tables cannot be considered as reasonable
approximatons to tables derived by orthodox means
from lhe same population groups than by starting
to poohpooh and ridicule his proposed method.

Winnipeg, Canada, November 1921.

E. A. Vigfusson.



“Nothing is less warranted in science than an uninqui-
ring and unhoping spirit. In matters of this kind, those
who despair are almost invariably those who have never
tried to succeed.”

W. Stanley Jevons.



CHAPTER 1

(TRANSLATED BY MISS DICKSON)

AN INTRODUCTION TO THE THEORY OF
FREQUENCY CURVES

1. iINTrRopuction The following method of con-
structing mortality tables from
mortuary records by sex, age

and cause of death rests essentially upon the

theory of frequency curves originally introduced
by the great Laplace and of recent years further
developed and extended through the elegant and
far reaching researches of the Scandinavian school
of statisticians under the leadership of Gram,
Sharlier and Thiele and their disciples. This
method is, however, comparatively little known
and unfortunately not always fully appreciated
by the majority of English statisticians and ac-
tuaries, who prefer to apply the well known
methods of the eminent English biometrician,
Karl Pearson. For this reason it may be advisable
to give a preliminary sketch of Charlier’s methods
so as to obtain a better understanding of the
1
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following chapters dealing with the more specific
problem of mortality tables. The treatment must
necessarily be brief and represents essentially an
outline of the more detailed theory which I hope
to present in my forthcoming second volume of
the Mathematical Theory of Probabilities.

By the method of Charlier any frequency
function is expressed as an infinite series rather
than as a closed and compact algebraic or tran-
scendental expression by the Pearsonian methods.
By power series the thoughts of the majority of
students are associated with the famous series
which bear the names of Taylor and Maclaurin.
In these series the function is derived as an in-
finite series of ascending powers of the inde-
pendent variable whose coefficients are expressed
by means of the correlated successive derivatives
of the function for specific values of f(z). Thus
for instance we know that the Maclaurin series
may be written as follows:

f(z) = f(0)+&f'(0)+§f“(0)+...é—"fn(on

where f(0) is the symbol for the value of the n
derivative when z = Qandn =1,2,8,4 ... .n.

There are, however, contrary to the belief of
many immature students, only comparatively few
functions which allow a rigorous expansion by this
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method, in which the derived functions and the
differential calculus play the leading roles.

But on the other hand there are other methods
of expansions in infinite series which are more
general and by which the coefficients of the in-
dependent variable are expressed by operations
other than those of differentiation. One of these
methods is to express the coefficients as definite
integrals either of the unknown function itself or
some auxiliary function.

The range of practical problems which lay
themselves open to a successful attack along those
lines is much wider than the corresponding range
of practical problems to which we may apply the
Taylor series.

Speaking generally as a layman (who continu-
ously has to face practical rather than abstract
problems) and specifically as a mathematical
novice (who considers mathematics as a means
rather than as an end) this fact appears to me
quite obvious from a purely philosophical point of
view. In nature and in all practical observations
we encounter finite and not infinitesimal quantit-
ies. In other words, what we actually observe are
finite sums or definite integrals, i. e. the limit of
a sum of infinitely small component parts.

The definite integral rather than the derivative
and the differential seems, therefore, to be the

1*
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more elementary and primitive operation and the
one which suggests itself first hand. History of
Mathematics indeed proves this contention. Ar-
chimedes had (as shown by the researches of the
Danish scholar, Heiberg) laid the essential foun-
dation for an integral calculus about 500 B. C.
And nearly 25 centuries later, almost simultane-
ously with the historical discovery of Heiberg an-
other Scandinavian, the Swedish mathematician
and actuary, Fredholm, gave to the world his
epochmaking work on integral equations. Fred-
holm’s monumental memoir “Sur une nouvelle
methode pour la resolution du problems de Dirich-
let’” was first published in the “Ofversigt af aka-
demiens forhandlinglar’” (Stockholm 1900). Mea-
sured by time the subject of integral equations is
thus a mere infant in the history of mathematical
discoveries. Measured by its importance it has
already become a classic. Its application to a
steadily increasing number of essentially practical
problems in almost every branch of science has
placed it in a central position of modern mathe-
matical research and it bids fair to become the
most important branch of mathematics.
Fredholm in introducing his now famous in-
finite determinants, known as the Fredholmean
determinants, had a forerunner in the Danish
actuary, Gram, whose Doctor’s dissertation “Om
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Reekkeudviklinger ved de mindste Kvadraters Me-
tode’’ (Copenhagen 1879) gave prominence to a
certain class of functions which later on have
become known as orthogonal functions, and by
which Gram actually gave the first expansion of
a frequency distribution or frequency curve in
an infinite series. Scandinavians in general and
Scandinavian actuaries in particular may, there-
fore, feel proud of their share of imparting know-
ledge on this important subject, which makes a
strong bid to place mathematics on a higher plane
than ever before, not alone as an abstract but
equally well as an applied science. The genius
of the Italian renaissance Leonardo da Vinci, as
early as 1479 proclaimed “that no part of human
knowledge could lay claim to the title of science
before it had passed through the stage of mathe-
matical demonstration’’. Comparatively few bran-
ches of learning measure up to the standard of
Leonardo da Vinci, and our learned friends among
the economists and sociologists have a long road
to travel before they succeed in placing their
methods in the coveted niche of science. But the
new vistas of possibilities opened up to them by
means of M. Fredholm’s discovery ought to
furnish them a powerful tool towards the attain-
ment of the high standard set by the great Italian.

The principal theorems of integral equations
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are bound to be especially fruitful in their ap-
plication to mathematical statistics and the pro-
blems of frequency curves and frequency surfaces
together with the associated problems of mathe-
matical correlation.

2. FRequEncy 1f N successive observations
DISTRIBUTIONS  iriginating from the same es-
FUNCTIONS  gential circumstances or the
same source of causes are made in respect to a
certain statistical variate, z, and if the individual
observations o, (i=1, 2,8, ... . N) are permuted
in an ascending order then this particular per-
mutation is said to form a frequency distribution
of  and is denoted by the symbol F(z).

The relative frequencies of this specific per-
mutation, that is the ratio which each absolute
frequency or group of frequencies bear to the
total number of observations, is called a relative
frequency function or probability function and is
denoted by the symbol ¢(z).

If the statistical variate is continuous or a
graduated variate, such as heights of soldiers,
ages at death of assured lives, physical and astro-
nomical precision measurements, etc., then

dz¢(2)

is the probability that the variate z satisfies the
following relation
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1 1
b—?dz <r< s+ '2—d:..

or that z falls between the above limits.

If the statistical variate assumes integral (dis-
crete) values only such as the number of alpha
particles radiated from certain metals and radio-
active gases as polonium and helium, number of
fin rays in fishes, or number of petal flowers in
plants, then @(z) is the probability that  assumes
the value z. From the above definitions it follows
a fortiori that

(a) F(2)=No(2) (Integral variates)
(b) dz F(2) =N¢(2)dz (Integrated variates)

Interpreting the above results graphically we
find that (a) will be represented by a series of
disconnected or discrete points while (b) will be
represented by a continuous curve.

As to the function @ (z) we make for the
present no other assumptions than those follow-
ing immediately from the customary definition of
s mathematical probability. That is to say the
function ¢ (2) must be real and positive.

Moreover it must also satisfy the relation

4
Vo@dz =1,

— 0

or in the case of discrete variates:
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Z== 0

2e@=1
z=—®

which is but the mathematical way of expressing
the simple hypothetical disjunctive judgment that
the variate is sure to assume some one or several
values in the interval from — o to + oo. The
zero point is arbitrarily chosen and need not coin-
cide with the natural zero of the number scale.
Thus for instance if we in the case of height of
recruits choose the zero point of the frequency
curve at 170 centimeters an observation of 180
centimeters would be recorded as +10 and an
observation of 160 centimeters as — 10.

3. PROPERTY oF In regard to a frequency func-
CONSTANTSRS tion we may assume a priori
that it will depend only upon

the variate © and certain mathematical relations

into which this variate enters with a number of

constants Aj, Ay, Ay, Ay . . . . L. , symbolically ex-
pressed by the notation
Fz, A\, Aoy Ay Ay 000D

where the \’s are the constants and = the variate.

All these constants or parameters are naturally
independent of = and represent some peculiar pro-
perties or characteristic essentials of the frequency
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function as expressed in the original observations
0, (1=1,2,8,..... N). We may, therefore,
say that each constant or statistical parameter
entering into the final mathematical form for the
frequency function is a function of the observa-
tions o,. This fact may be expressed in the follow-
ing symbolic form :—

A =8, (0, 0,y 0;,...0y)

.............

But from purely a priori considerations we
are able to tell something else about the function
§,3G=1,2,8....N). It is only when per-
muting the various o’s in an ascending magnitude
according to the natural number scale that we
obtain a frequency function. This arrangement
itself has, however, no influence upon any one
of the 0’s which were generated before this purely
arbitrary permutation took place. The ultimate
and previously measured effects of the causes as
reflected in each individual numerical observa-
tions, o, depend only upon the origin of causes
which form the fundamental basis for the stati-
stical object under investigation and do not depend
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upon the order in which the individual o’s occur
in the series of observations.

Suppose for instance that the observations
occurred in the following order

0y, Ogy Ogy - « o v . - 0,.

By permuting these elements in their natural or-
der we obtain the frequency distribution F(z).
But the very same distribution could have been
obtained if the observations had occurred in any
other order as for instance

0, 09, Oy 5 - -« Oy « o . . 0.

so long as all of the individual o’'s were retained
in the original records. Or to take a concrete ex-
ample as the study of the number of policyholders
according to attained ages in a life assurance
office. We write the age of each individual policy-
holder on a small card. When all the ages have
been written on individual cards they may be per-
muted according to attained age and the resulting
series is a frequency function of the age z. We
may now mix these cards just as we mix ordinary
playing cards in a game of whist, and we get an-
other permutation—in general different from the
order in which we originally recorded the ages on
the cards. But this new permutation can equally
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well be used to produce the frequency function if
we are only sure to retain all the cards and do
not add any new cards.

«. PARAMETERs- The various functions § (o,,

VIEWED AS
SYMMETRIC 0p, 05 . . . .. ON) are there-

FUNCTIONS  fore, symmetric functions, that
is functions which are left unaltered by arbitrarily
permuting the N elements o, and no interchange
whatever of the values of the various o’s in those
symmetric functions can have any influence upon
the final form of the frequency function 