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THE EFFECT OF ROTATIONAL AND OSCILLATIONAL
MOTION OF MOLECULES IN CRYSTALS ON
THEIR BIREFRINGENCE

BY
S. SATYANARAYAN RAO

A (Non-Rotating Molecules)

OLLOWING Raman and Krishnan! the expression for the refraction of a crystal in
one direction can be proved to be

1112"1 = - }’[;ér(lzl -
1= [0 pX 2+ b,p, 07 b3/345%)
where ~;, «,, {; are the direction cosines of the principal optic axes of the molecules
with respect to the incident light vector which in the present case is supposed to act
along one of the principal optic axes of the crystal. 4,, 4, and ¢; are the moments
induced in the molecule by unit field of the light wave actually acting in the three direc-
tions and p,, p,, /5 are the field constants.

The constants p,, p,, f5, can be physically interpreted and calculated in the
following manner.

According to Lorentz the field acting on any molecuic of the medium
consists of
1. The field in the incident light wave
2. The ficld due to doublets induced in the neighbouring molecules.  This
again can be subdivided into two parts by describing a sphere large compared to the
molecule and small compared to the wave-length of Ilght Then we have
1. I“ield to the doublets inside the sphere and
. Due to the surface charge on the spherc. This can be proved to
)
be 2 in eaviside units.
9
The part due to (1) requires a close analysis.  Taking the origin of co-ordinates
at the molecule under consideration, a doublet at a point v y = whose components of
polarisation arc g, u,, u creates a field at the origin whose = component is

,_"_L’.- (,332 s }2) -+ My %" + 7,_1_‘4. 31/»:'7

g3 r? Jmr3r?  4mr3v?

If now the radius of the spherc be » and that of the molecule », the contribu-
tion to the field is given by
2'[ 13 (3 - )"' + f‘)‘ . 3~y My 3 3“‘] . (A)
4y’ 1% qmrd 2 4~rr3 »? ’
I{ we suppose that the field is along the - axis, the above reduces to

7 s 3:2 . 1,2

R TR
If now the molecules are randomly distributed around the given molecule
1 332 — 2

2~

O.
»3 ’,2

Yo
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If we now write p; -} + oy, p, =} + 95, p5 = } + o5 in crystals where we
know the exact distribution we can calculate the above field. This can be easily identi-
fied as being equal to o P.

The actual moments induced in any molecule by the incident light wave along
the three axes of the optical ellipsoid can be calculated by the method of Bragg. The
influence of similar doublets distributed in a known manner round this may be calculated
by the summation given in A.

B. A System of Rotating and Non-Rotating Molecules

Now let a fraction say, v; of the molecules rotate. Then (v — #,) are non-
rotating. ‘The rotating system will obviously contribute equal moment to the three
directions. The magnitude of this is given by

o (6 + 0, + ')

3
and the remaining non-rotating will contribute
[b’l"’(l2 + b,2°(22 + /),3°(32]72'
Hence for this direction we have
2 = | 2 /4 2 ’ 2 U),l + /)’2 + élsJ -
(”l —~l)-*P~—l{) l°(l + )2"(2 +/’3°<3 ]7’2‘*"—~—-— T 8 S 1.
o]
From this we can easily prove

rp XbyLy? vy £ é;)
(17— 1) = — 3 L IL

o N
17, (80, 01X, %) — 713 (L 3‘)

Later a generalised Bragg formula is obtained to include rotating molecules.
C. Temperature Effect on Birefringence
Differentiating I with respect to temperature we have

dity _ . dv, | dk, 1
}11 (/7‘ —.Al;ﬁ‘+ 'IiTOo-.I
and similarly for 7,
e, dv dk
12 E = A TR
sy =yt ar Y
d In dv ,
orny St =yl = B A,

We shall suppose that (¢ - £') is-independent of temperature. I we assume that in
crystals no molecules rotate then the right-hand side of the above equation is simply related

. : . / . .
to the coefficient of cubical expansion through i{; But, according to the picture propos-

ed by Pauling?® v, is decreasing due to two causes.
1. Expansion of the crystal.

2. Degree of rotation.
We shall consider the effect of both. Let S denote the degree of rotation i.e. the ratio of
non-rotating to the total molecules per unit volume. .

S = %2(2,=5v)

i
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Fowler? by a consideration of the partition functions of symmetric rigid rotator without
spin has deduced

w (1—28) -
e it
‘ ¢ --e
S =1 - a
2 (1 — B) sinh ™"
( ) sinh
or approximately
- a w
Lt
S -1 —¢ ('ZU = '(‘UO)S.
when 7 =P% =, This temperature is called the critical temperature and is the

&

temperature above which all the molecules are rotating. If S= 1, non-rotation is complete

dv, ov A
T k) 8—T+ ua_T
0.5

= -- 8o 0
L+ Var

23S ..
N Z'<aT“5°<)

B
2.5 w ok
A]SO 67‘ —= "Z: (4

If no rotation exists we should have
dn, duy o gr oy (08
Mg g =W D (- )
If rotation alone exists we should have the above equal to zero hesides 7, being equal

to n,.
D. A Generalisation of Bragg’s Formula to include
Rotating Molecules and ions

Bragg* has deduced the following expression for the refrcativity in crystals.
YNy N + (L, N2, +

1 — 3y Ny A, + ¢/, Ny, + . )

where N, NV, etc. denote the number of atoms for the first, second, etc. type and

2 —_
7y I =

¢" 1y 2r€ 3« . . are the numerical factors multiplying <E + f), when the influence of

the doublets surrounding the atom in question are taken into consideration. If there
are v molecules per unit voiume and each molecule contains @, atoms of the first kind,
a, of the second kind and so on, the above can be written

v [pay A+ pa PN, 4 ]

I—3ov [ a, @ +c,a,e2 0, + .

Now, let #, of the molecules rotate and o, be the number which do hot ratate. The
field on the atoms belonging to any molecule of this group consists of-—

])
1. The external field (£ + 3)

2 —1 =
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2. The field due to atoms in the same molecules.
3. The field due to the doublets outside the molecule.
For a rotating molecule, we can easily show that (3) is zero. When the molecule
is rotating the surrounding distribution must be spherically symmetrical. If it is not a
directional potential energy (- - w cos #) 1s operative and the rotation of the molecule
involves the vanishing of this energy. It is easy to prove that in the case of spherical
symmetry the field is zero at the origin.
The o, rotating molecules possess atoms on which fields due to only 1 and 2
act. Following Bragg let us assume that :
A SN S SN SO L (N SN S
etc. denote the constants of the field when it acts along the three directions .X, }’, Z,
for the atoms ol the type a,, a,, a,, etc., taking into consideration the influence of
doubtlets induced in the atoms in the same molecule. The /4s are obviously characteris-
tics of the molecule itself. They can easily be calculated by Bragg’s method.

These rotating molecules can be looked upon in the crystal as being equal to
“t pointing in one direction and an equal number pointing in the other two. Bearing
3

in mind the definition of the constants Bragg’s formula can le written for rotating and
non-rotating molecules as follows :—

22 A A4 1! y

P} (f'xtll ? )‘1+(’2 (2 2 )\2 + . )+ ]/1[(71( 5 I(’{ l’+/‘ 11‘,*‘/‘ 1,),',*‘ ]

.2 -1 - ) Jta, ¢ 7\2 (1 2+K' 2‘*‘1 2)”*'-, .
! 1 — 3} [the numcrator . ]

That this is identical with the one deduced on the basis of the ideas of Raman
and Krishnan can easily be seen. In Bragg’s method the field acting on any molecule

1

)
is put cqual to C (£ + /3). In Raman and Krishnan’s theory it is expressed as
£+ (4 + o) . Hence
)
(% + 1»3)(0-- 1) = o .

I can be written as

2

711_,_-,,—. [ I '—__.—'.{ [7.)_2 (', a ('2 X + (’ « (‘2 k —

m? 42w 31,(11 1 2 2 2 )
7 {al 63N (B + £ A !

svla, 2 n, (&, + 47, + 477 ,) .
= i[S (yay 2N 12N, -, )
9
*. l:::\‘{al (’2 )\1 (/é’l }' I{'”l I" A”“l) ‘l' } . II
3 ay 2N, (A, R, v B+ ]

and similar expressions for the refractive indices in the other two directions can be
deduced. The only uncertain factor in the above is § as it cannot be accurately deter-

. nr—ou1 1. .
mined. Also - 1s not constant with temperature.
122t 2 7

IFormula I for pure Rotation turns out to be
vligame Mt a et 0]
I—3[vaae? M tyc,a, e M+ 0L ]
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It is well known that ammonium nitrate changes [orm at about 120°C. and becomes
cubic in which all the degrees of freedom of the nitrate planes are excited. Application
of the above formula leads to a value of 1°'509 for the refractive index at 120°C., the
observed value being 1°525.
Refractive Index calculated from above Observed.
1°509 1'52§

Unfortunately no data is available in the range of interest to verily formula I[I. Experi-
ments are in progress in this Laboratory.

E. Oscillation of the planes containing carbonate and nitrate
ions or any symmetric plane model.

Here we shall make the tentative assumption that the oscillations can never
exceed a certain small amplitude. If they do their motion is no longer simple Harmonic

We shall first consider the effect of two planes inclined to each other on the
optical susceptibilities.

Let the electric vector (/) be perpendicular to the plane of the paper. Let also
the plane of the models cut the plane of the paper at OA4 and OB. Let the susceptibility
of the ion in its own plane be 4, and perpendicular to the plane é,. Then the moments
induced in the direction of the field is equal to 26,.

Now, let the direction of the field act in the direction bisecting the angle 40283
in the plane of the paper. The moment due to this by simple resolution along the
direction of the field can be shown to be equal to

2 4, cos?0+ 2 b, sin2g

If we now imagine the field in the direction perpendicular to the above two
directions, we get

2 0, sin?64-2 b, cos?9

If 2, of the planes are oscillating we shall have the followinz optic moments along the
above three directions respectively.

by vy, [E L’ to the plane of the paper]
T i 2 i . .
g -}3[1 + 0 X ]+é2 02[1-— SIE%] F bisecting AOB

2 2 2 2
/) U sin2°( é V] sin2 .
d 1 42 e 2 Y2 { r
an ; [I— Py ]+ P [H— 2 ]li L7 to the two above where « is the

amplitude of oscillation.

Conclusion

In conclusion the author desires to express his grateful thanks to Sir C. V.
Raman for having suggested this problem. His thanks are also due to Professor
M. Qureshi for guidance and useful discussion.
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SOME OBSERVATIONS ON THE AQUATIC VEGETATION
AND THE ZONATION OF THE NEIGHBOURING
VEGETATION IN SOME OF THE PONDS AND
LAKES OF HYDERABAD, DECCAN
BY

M. SAYEEDUDDIN
(weth 2 plates)

ON the basis of the observations made on the flora of Hyderabad during the last seven
years it is proposed to deal here in general with the aquatic vegetation and the
typical zonation of other vegetation in the neighbourhood of the tanks, ponds and
canals in Hyderabad. Although a good deal of work has been done on aquatic
vegetation, both phanerogamic and cryptogamic, in British India, very little is known
about such vegetation of Hyderabad. In the papers already published by the author
mention has been made of several aquatic plants, but, owing to the nature of those papers,
no details could be given regarding their ecology and distribution.

There is no lack of rivers, ponds, canals and artificial water reservoirs in
Hyderabad. The portion to the south and east (Telangana side) is a land of tanks.
Ience it is rich in aquatic vegetation. Although there is more or less uniformity in the
mode of growth of aquatic plants in most parts of India, there is bound to be variation in
details according to the edaphic and climatic factors prevailing in a particular locality or
region. The zonation of such vegetation in relation to nutrition, light intensity,
temperature and several other factors is a problem of great interest, and it has attracted
greater attention of the botanists in recent years.

Material for this paper has been collected from the following localities :
Neighbourhood of Adigmet (Lingumpalli Canal, Husain Sagar), Osman Sagar,
Kamareddy and its vicinity, Ramappa Tank in Mulug, Pakhal Lake, and scveral ponds
and water-ways.

Of the forms floating on the surface of water worthy of mention are Nelumnbium
specioswme Willd. (chiefly cultivated and sometimes found as an escape), Nymphaca Lotus
Linn. (photo 1), V. ste/lata Wild. (photo 2 and 3), (MNympharaceae), and Lininanthemun:
cristatum Griseb. (Gentianaceac). These are rooted plants with long stalks and large
round leaves which float on the surface of water. Associated with these are other
submerged plants which float in suspension under water. The most commonly met with
are Ceratoplhyllum demcrsume Linn. (Ceratophyllaceae); Hydrilla verticellata  Presl.,
Ilodea canadensis Michux (native of Canada and United States, which has become
naturalized in many parts of India) (/Aydroc/iaritaceac). Of the submerged rooted plants
which are found in abundance in many ponds and tanks are Vallisneria spiralis Linn ,
Ottelia alismoides Pers. (Hydrocharitaceae); Potamogefon indicus Linn., with upper
leaves floating and the lower submerged, and Aponogelorn monostackyor Linn., with
floating or submerged leaves (NVazadaceae). There are other members of the macro-phyto-
plankton which form separate or mixed associations. The Lingumpalli Canal, for
example, is infested in several spots with a dominant association of Zickhorina crassipes
Solms, the Water Hyacinth (Pontederiacear).

As has been pointed out by several workers this plant which is a native of
America has spread so rapidly in this country by means of offsets and seeds that the
question of eradicating it is not at all an easy one. It is actually choking up the water-
ways and destroying the useful indigenous vegetation. At other spots it is mixed with
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Monochoria vaginalis Presl. (of the same family), Lemna paucicostala Yegelm, 1Volffia
Michellii Schleid (Lemmnaceae), Pistia Stratioifes Linn., (Aracear), and  cAzolla pinnata
(Salviniaceae) which come into life soon after the rains. Mention must also be
made of Zrapa bispinosa Roxb. (Onagraccac) with floating and subme rged leaves, which
is extensively cultivated for its edible fruit in deep ponds and tanks. It spreads rapidly
and covers the whole area, leaving hardly any room for other vegetation.

Chara and Nitella form dense mat-like growths on the sides of lakes and ponds.
Several apparently different species were collected in fruit from the Pakhal Lake and
Osman Sagar.

Owing to great congestion in shallow ponds and canals some aquatic plants
recede towards land and thus tend to become amphibious. They occupy the marshy
land in the vicinity of the pond. Of such plants the most prominent are /pomaca
aquatica Vorsk. (Convolvulacea), Typha angustata Bory and Chaub.  (Zyplacee)
(Photo 3), and Alarsilia quadrifoliata. (Marsiliacee).

Transverse zonation of vegetation in the Lingumpalli Canal and its immediate
neighbourhood has been studied in detail. Apart from the aquatic and marsh plants
mentioned above the following is the actual zonation of vegetation near the canal.
Of the herbaceous plants which are in abundance on damp ground are Cyperus votundus
Linn., Seirpus articulatus Linn., and sp. of Frimbristylis (Cype racee),  Lriocanlon
Sicboldianuin Sieb. and Zucce. (/‘11()((1///(1(((( ), and common grasses like species of Panicim,
and Cynodon dactylon Pers.  IFurther away from these and mixed with some of these are
Stachytarpheta indica Vahl., Lippia nodiflora Michux.  (I7crbenacee), Heliotropinm
indicum Linn.  (Boraginacea), Herpestis Monnieria H. B, & K. (Scrophulariaces),
Nicotiana plumbaginifolia Viv. (Solanacee), and Xanthium Strumariwm linn. (Com-
posite). Marking the boundary of the canal are dense thickets of Pandanus (Photo 4).
Amongst the prominent shrubs and trees are Zicus Lispide Linn., (Moracea), Abulilon
indicuin G, Don.  (Malavee), Phanix syloestris Roxb., Acacias (Photo 5), Phyllantius
reticulatus Poir., Jatropha glandulifera Roxb.  (Fuphorbiacee), Cordia Myxa ILinn.
(Doraginacee), and 1n a few spots Bombav malabaricum DC. (Malvacee).

Very few workers have paid attention to the longitudinal zonation of vegetation
in a canal or river.  The author is now studying the longitudinal zonation of vegetation
in the Lingumpalli canal and the Moosi river. Preliminary observations have already
shown that the vegetation differs from place to place according to the width and depth
of the canal and the nature ot the substratum.  Not only this but the light intensity and
temperature also make a great difference. The vegetation in a shaded portion of the
canal 1s different from that in a well-exposed spot. Several associations confining
themselves to distinct zones are recognised, viz. Eichhornia association, Lemna and
Wolffia association, Azolla association, Pistia association and so on.
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Photo 4. Thicket of Pandanus on the border of the Lingumpelli Canal. In the foreground are
seen several spp. of grasses and Xanthinm strumarium Linn.  (August, 1935.)

Photo 5. A vif:w of the vegetation near the Lingumpalli Canal, Phoenix sylvestris, Ficus
hispida, Acacia arabica and Phyllanthus reticulatus are dowminant; Herpestss
Monnieria and Lippia notiflora are also in abundance. (August, 1935.)
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“SOME INEQUALITIES FOR INTEGRALS INVOLVINC
STURM-LIOUVILLE EIGENFUNCTIONS”
BY
M. RAZIUDDIN SIDDIQI

Introduction.

IEX, (=1, 2,...)are the Sturm-Liouville Eigenvalues, and ¢, (r) the corres-

ponding Eigenfunctions, and if we define the functions ¥, and #, by
m

\Pn = 03 pr ()‘, t) ¢ll (I) v ¢l, (x) (,b" (x) a’x,

ks
u, == \ b, (v ) ™ (v)... G (x) ¢>; (x)... ¢; (r) ¢ (¥)dn,
. d e,
("bn - u({.‘[‘ )’

forall w, £y, .. ., £, 4, ..., ;> 1, and all #> o, » and s being any positive integers,
then we prove that :

LY
A, LY W
oy I, | , | w3 S
2 T T BN O e g —_ M2 ) 4§
Y VRPN VS Y CYRRE VS LRV A NEBT [(r+29)(r+2 s+2)+2,
where M, N and B are absolute constants.
These inequalities have important applications in the theory of non-linear

partial differential equations, as will be shown in a separate paper.
§ 1.

< TMNBN(2t2rt2),

Let p () be an essentially positive function >1 in the interval 0 < x < 7, and

let p () and [(% be uniformly bounded in this interval :

(1) |/’(A‘) <m, Z/’r < M,

where A/ is an absolute constant (independent of ).
Let the Sturm-Liouville equation

ad | dy _
() T1p@ T ry=,
for the boundary conditions
(3) y(@ =0y =o0

have the eigenvalues ), and the eigenfunctions ¢, (), (z=1,2,...).
the set of functions ¢, (x) is orthonormal.

Finally, let the function p, (#, #) defined for o < ¥ <, o < ¢ <o, for any

positive integer » > 2, be uniformly bounded in the whole domain, along with its

d 22
?Tff’ -Sx—/;f , So that

We assume that

derivatives
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@ |4 @0 % |5N, ¥24,

dx2
where AV is a constant independent of x, ¢, ».
Consider the function

(5) \,r" (ll) o eey l, ’ t): S 2, (-t’, t) (p,‘ (1:) . . ¢’I, (1’) ¢)"(.t‘)({x,deﬁned for

all integers », /,, ..., /, > 1, and forall £ > 0. For convenience we shall denote this
function simply by v,.
We shall further write for brevity

(6) A = My N

We shall now prove that forall 4, 4, . . .,/ >1,all > 1 and all »> 2,

< N,

=N

(7 IY/{\"|<: MNB'H(;»?+ 27 + 2),

where B is an absolute constant.

In fact, from (5) we get on integrating by parts twice, when we remark that the
integrated terms vanish on account of the boundary conditions (3),

(8) ‘Pu=—l—§r{ lr (6, ) ¢, () .- .9 ()} ( Zﬁ)dr

N
- -1 fo. @A p05 A Do, @) @]

o

S«p,,(r) VATV GRS [¢>,1 @ ..., @]
F W, @ .o, ]y

—_ S ¢, (%) 3/’» (x,t)/ [/)('t) <(P’1 S l J

x,

il

R BP: d
SRALE A COARRERY
d 0p }
ol ) ¢ L .
+dx[p(,x) AR ¢‘,8x] dx
Now we have
ad r !
c (P, ... P )= %
= (% ) A R AR

so that
’ dd)lt
(x) <¢,1 ... ¢lr) =§=1p(x)(ﬁ- f.b,l . . ¢’k—l ¢’/¢ R ¢lr.

* M. R. Siddigi: ‘On the Theory of non-liear partial differential Equations of parabolic type’: Math,
Zeitschrift, vol. 40 (1935) p. 487,
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Thus we obtain :

drpind : d /%
G[P O G e) =R GG e
de
y 4l ) .
+‘2'-1 pzﬁ:—[{r<¢’1 (1’/«—1 ¢lk+] ¢/,)
J a’¢> d
(9 = <)\Il+‘”+ )\['>¢’1”'¢l +‘“l pa’x a’x<¢’1“'¢’k ’/cn -9 )

If we wish that the right-hand side of (9) be independent of /,, . .
must divide y, by A, which, on account of »,>1 (2 =1, 2, .

(8) and (9), '

- 4, we
) gives from

A
(lo)‘_f\_":’*“L +’{p( D, o0, b, dx

0

0
— 2\ A AP by ) bz

I

- g¢ S [p@p et 0w Ji

AN
0

We shall count the number of simple integrals on the right-hand side of (10).
The first line consists of » integrals ;
the second line consists of »(» — 1) integrals ;
the third line consists of » integrals;
the fourth line consists of » + 2 integrals.
Thus the whole of right-hand side consists of a total of » + »(» — 1) + » +
(r + 2)

(11) of » + 2r + 2 integrals.
FFurther we notice that each integrand contains
(@) either p(x) or % or1;
| (¢) either p, (x, 4) ora/" or %’: :
(12) ‘ ox

dao,
l (c) either ¢/, (x) or i ¢ for each L==1,2,00.,7;
¥

. \\ (({) ¢n (x)’
Now, it has been proved by the author in a previous paper,*
a constant 5, independendent of n, x, such that

(13) ¢,. (1) <8, :/%—%~'<B (n=1,2,...)

*M. R. Siddlq\. ¢On the Theory of non-linear partial differentianl Equations of parabolic type’: Math,
Zeitschrit, Vol. 40 (1935), p. 487.

that we can choose
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On account of (1), (4), (12) a?fi (13), we find that the absolute value of each
integrand in (10) is less than # NV B . Consequently, we obtain from (1o) and (11)
[ r i1
;_‘/’_(_'i<; MNB ! (r2 + 27 + 2),

which proves the desired inequality (7).
§2.

We define now another function «, as

™

(I) u,,(,(',, e ey /{’, ’ 11, o ey /x;_l)= i/’; 3 («": t) d’k] e (/J"'r (P[J T "')’lJ ‘f’” (I,’.l,

(/]

where dashes denote derivatives with respect to x, and where; Loy ouny hor, /i, ..., and
n take all integral values from 1 to oo, » and s being any positive integers > I.

2
The functions 2.s (%, £), g:l_‘,a.g%_‘ are uniformly bounded in the domain

0o <7< 0<{ so that

| K 7S 02 /’r. | -
(2) /’r,s(}’, t)<>~N, } ——gT SN, ! a‘t;i‘jl < N.
We shall establish the following result :

Forall4, ..., 2,4 ..., >1,

R oSS
(3) = O M)y, ) < \/3 M NB N (r+2)(r+25+2)+2,
1 r

r

where M, NV and Z have the same significance as in §1, and where #, has been written as
a short form for the function «, (4, . . ., £, &y « « « , Ly O).

From (1) we obtain, on integrating by parts,

d
(4) U, = -- ):—n pr. x('ri t) ¢k1 tt "/7,(.1 ‘P'[l ¢t ‘7"15 Zt(p(f"n) (l’.lf,

d d .
‘p,.(?;{ p(l’) {ﬂ[p:.:(rv t) ‘Pkl v "Pkr (p,ll st ‘f"ls]} dx.

Now, we have

!
p(x)dix[pr.s(x) t) [} kl RN ) "r q‘)’ll. .. 4)'[ ] ’:[5(1’) p" 3(-1" [)(%'_t( (IJ"l- . .d)k,)

s

PSS
l1 /

4 ,
+ p(x)pr.l (x’ t) ¢kl' ¢ '¢’k (%t<¢'11' * '¢”ls> +p(1,) p ,',(.1', 1) ‘pkl' ¢ 'qbkr ¢"ll' ¢ ‘1"1‘
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5=l

(5) =b.x10) Pyt X {‘%' % (p‘f"k,) Ph ¢’£}

+ h (0 0) g, 8 {«m---eﬁ', (/’¢',)¢',...¢',}
1 1 1 1—1 7 711 s

r o=
+ p(x)p'r. _‘(.1’, /) ‘/)k 2 (f”l b "f’ll-
1 4 1 \

We must now differentiate these expressions. Thus

(Z,[P,.s(x, /) IR i{ RRRLY </’¢ ( % R ’}]

7~—1

— "Ax’[ e ’ é . ’ .« e
o )‘7’11 * :{‘Z’k P4 l(”’k’) % m,}

,—

e

+,s.1:,/5;{,... .
br. s ( )’=1 ‘7‘,{.1 ¢k101<p¢’ k’)¢k Py

7+1 r

S ¢, eo Y, e
c=l< 2 l_ ‘f’z‘f’z ¢,

V]
—
9

>
1
&
"t
—_~
N>
‘9
\./
S-
L))
N~ o

+ ﬁr's(.t’,/) q,’l o o qs'l
1

s 1=l

+pr.s(x’t) ¢'l s ‘T)’l E {pd,k St'( (P‘.l “« .0 ¢)k[ l(f)'kc ¢t+ . ..¢k )}

s 1=y

(6) =2, by ¢ l‘,_{‘bt Crr Py

p 8 . . 2 ‘ "
ﬁ =1 {q‘)kl ¢k/——l qbk, ¢1'/’1. : [¢ll l’__l<xlc r’)lc + p¢l‘)

p’,s‘f".l ¢ ¢k7¢ll ""1’15 (Xkl + ..-+A‘kr>

+ p ;)r. .\‘d)ll LI ¢IJ S l ((pkl' L ¢k¢_-—-1¢k( q‘)k[“' o . q‘,k;—l ¢k’ d’k’+l' “ . ¢kr>.
A
We see that the number of terms on the right-hand side of (6) is
(7) =r+2wrtr+r(r—1) =7+ 2s+1).
We differentiate now the second line on the right-hand side of (5). On
account of the relation pq«,'} - ("1 ¢, + p'¢; ) this term can be written as :

@) brsty v g‘{qs,l ---qs,’_l(/w”,l)w,,“---¢’,’J¢

=1
—_— - A s 4 ’ ’
- pr :d)‘ o .. <XI ¢ll LI ¢l/-]¢,;¢ll-1-l L '¢l“)

1 /=1

No‘p,‘quﬂ k’¢ll°" 4)1;

We get therefore, on differentiating the first line on the right-hand
side of (8):

d
(9) (—z',{{ — by s ‘f’kl cee Py
= ____p'r. s¢kl. . ¢k'

e

A, D) b D, By ... b }
l< [r l! l/—l li 11+l ‘s)

-

=

W YR . b
( lr ¢11 ¢li—1 ¢[/ ¢1i+1 ¢l:)

I M-

=1
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- p;, K é A ’ ¢t ’ ' ¢ ‘1” ;‘ . ’ A [ d’
> L, fn Py Py P ‘, ...l<¢kl O K,
1= = )

—_pl.sd)kl"' 96‘.'4’[1"‘ ¢l;(xll+‘-+xl(\

g S(pﬁ. o ¢kr ‘{:’ {NII‘PII,‘E; <¢’1 o ‘q,[.—-l ¢1L¢l(01 o 'mlx)}'
The last term on the right-hand side of (9) is equal to
Prisg ¢, S {x s [tr' > (A b, L p PN ¢’
(IO) /) kl‘.. k'r:fl 1/¢llc+f 11... /c-l<lr lc+p l‘) /ul. o I‘]
We see now that the number of terms on the right-hand side of (9) is
(11) =s+ s+ s+ 25(s—1) =5 (r+F 29).
Now we differentiate the second line on the right-hand side of (8). This gives
({ ’ ’
(12) dx(—sp,._ O B b 4,,3)
— ’ ’ 4 O " ’ ’
= Sﬁ'-“”%““”/e,‘i’z,"“pz P, o P ¢l~‘1'°‘¢‘",¢‘1“.¢’;

s

=1

- S i ’ 4 e o 0 : ¢
/’r.s/’ ¢[l"'¢ls’£'] (pkl ¢1-l -1 d)kl d’d-’ 1 ¢l‘, )

. 4 s ’ ’ ™ , ,
_— 3 c oo g ' .
b5 b ‘7’&1 4’4-, Y ( ‘f’zl 1 P ‘7’1,” fﬁ,})

1=1

The last term on the right-hand side of (12) is equal to
s pr. s p, S i’ ’ ’ ’ ’
(13) . AA/;;’ >¢'('1. o ¢)kr’§1{ ¢ll. o (bl/—l <X/7¢I/ + /)’ ¢l/>¢1711' o q)zs }
Thus the number of terms on the right hand-side of (12) is
(14) = s(2 - 7r+ )
Finally we differentiate the last line on the right-hand side of (5).

7 This gives
(15) AP bty b, 8, e @, )

—-p p"“”kl. . . ‘Pkr¢ll- . ¢l,+pp"‘d)"l. -‘t (P"r<PIl. . . q‘)l

s

, ’ ’ }E( I ] Y ce e )
+ ppr.xq"ll. o rpl,t ¢k1 k—ld)k’q)kwl s

=1 7

+/ p:"q‘)"l. o d)"' Ex<¢ll T ‘P1,_1¢l’¢,, o d);s)'

ri=

The last term on the right-hand side of (15) is equal to

(16) —2,5 b4 -+ B I {‘7’1 Ty <"z Y EAKY, ff’,}
1 r /=1 1 1—1 1 ] 7 141 s

Thus the number of terms on the right-hand side of (15) is
(17) =2+7+ 25
The integrand in (4) has thus altogether s terms where on account of (7),(1 1),
(14) and (17), we get
(18) m—=r(rtasti)ts(zrt2s) ts(z+rta2s)+(2+r+23)
—r(r+25)(rt+ 25 +2) + 2.
Moreover, each term in the integrand contains

(@) either p, ( (%, ¢) or p;, s (%, ¢ or ﬁ;:s (% 2);



16 THE JOURNAL OF THE OSMANIA UNIVERSITY COLLEGE

3

(6) either p (x) or p" (x) or ‘Z or 'b/) ori1;
(c) either Ay or1 (f=1,2,...,7);
(d) citherx, or1 (=1, 2,...,5);

() cither 74 or ¢’,¢ (J=1,2,..4,7);

] ’
(f) either ¢, or <f>'/ (¢e=1,2,...,9);

(&) ¢, (x).
To make the result independent of £,, .. ., 4,, we must divide the expression by
Mg ... yasin§ 1. But now one and the same term may contain A, and ¢, together,
1 2 1

r

which case did not arise in § 1. Therefore, it is not sufficient here to divide by a; only;
we must instead divide the whole expression by (A, ...%,)%. Then each term in the
1 s

integrand will become uniformly bounded for all w, £,, ..., 4,4, ..., > 1.

For convenience we shall denote the s integrals thus arising by
f[”“), (I,‘(Z), ce e, a”(ﬁll).

From (4) we thus obtain.
'\(i‘f‘ l,_l{” , I m (2)

(19) (x N “,> (7\11 - 7\1,)“ RV v KN I

From Parseval’s theorem for the Sturm-Liouville eigenfunctions, we know that

< { (,')

2
the series = { . } 1s convergent for each 7=1, ..., u, so that

Fal OB I 2 s P2 :
(20) ) {ﬂn <m N* M PB "“’,(z:l,z,...,m).

n—1

From (19), we obtain, on summing over 7 and applying Schwarz’s inequality,
as well as the inequality 2 @b < a? + 42,

C;O g,v,,,,_"_/_x"l u,,”, 2 @ oo m 6 2
(21) nml(u—,...M,)()\/]...A/)“ =z = {2 la, | }

n=1 Ay n=1\c=1

o | m o) (4) 12
<2 X — 3 S|a

n=1 xn c=1 n=1 ”

w2

<2. ¢ m™ N2 M4 B2 U9y

where we have used the result
o 1 -2 T2
S - < 5 — = —,
= z 722 6

n==1 ” n=-1

From (21) we obtain on substituting the value of » from (18).
T Ynlml T N BT N ) ot st 2) 4 2,
n=1 (Kkl"'kr>(7\,1"'Xls>‘ 3
which is the required result (3).

PRINTED AND PUBLISHED BY V. M. PHILIP AT THE DIOCESAN PRESS, MADRAS—]1938 C3284
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veren......the treaty lately concluded between the governor-general and the
Nawab Vizier and ratified by his Lordship on the 10th Nov. 1801, we have
now to signify our approbation of the provision of that treaty. We consider
the stipulations therein contained as calculated to improve and secure the
interests of the Vizier, as well as those of the company, and to provide more
effectually here after for the good Government and prosperity of Oude, and

consequently for the happiness of its native inhabitants. (1)
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