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PREFACE

In view of its dominant place in the development of scientific thought,
theoretical mechanics should be a part of the educational background
of every serious student of physics and engineering. In physics, particu-
larly, modern ideas of quantum mechanics can be more thoroughly
assimilated if the student is conversant with the essential contributions
of past masters such as Newton, Lagrange, D’Alembert, Hamilton, Jacobi,
and many others.

The purpose of this introductory book is to familiarize advanced under-
graduate students in science and mathematics with a few of the ideas of
classical dynamics not ordinarily treated in their courses in elementary
mechanies. Its aim is to bridge the gap between the undergraduate study
of mechanics and the work normally covered in the first semester of grad-
uate study in theoretical physiecs. The book does not treat exhaustively
any one topie nor many topics in advanced dynamics. Nor has the aim
been to present a wide variety of applications The emphasis is on the
underlying prineiples and a few simple and familiar applications for
illustrative purposes only.

A one-semester course covering the material presented here has been
given for several years to senior students in physics. Emphasis has been
placed to a large extent upon student participation in solving and dis-
cussing the problems Only by such individual activity will the student
learn thoroughly the dynamical concepts involved. Students who have
taken the course have been prepared in differential equations and in
advanced calculus, including some vector analysis. A knowledge of
matrix algebra has not been assumed; therefore the discussion of rigid-
body motion and oscillatory systems is somewhat more cumbersome than
would be the case in matrix notation. In general, the mathematical
tools used have not been elaborated upon. If the student is forced to seek
some supplementary mathematics, so much the better.

It is a pleasure to acknowledge the many helpful discussions with my
colleagues and students at Case during the preparation of this material.
In particular I wish to thank Dr. L. L. FFoldy and Dr. I¥. J. Milford, who
read parts of the manuscript in detail and made many valuable suggestions.

October 1958 S. WM.
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CHAPTER 1
FUNDAMENTALS OF NEWTONIAN DYNAMICS

Mechanics is one of the oldest of the sciences. Problems of a mechanical
nature have led to the invention of some of the most elegant parts of
mathematics. One need only mention, for example, the works of New-
ton, Laplace, and Lagrange and their efforts to create the mathematical
analysis appropriate for describing the movements of the planets. Long
before them, practical mechanical problems attracted the attention of
Archimedes and of Galileo.

That part of mechanics which treats of systems in equilibrium is called
statics. 'The part which deals with motion, and the interplay of forces
that produce motion, is called dynamics. Today it is necessary to dis-
tinguish between those ideas which have been influential in explaining
the mechanical behavior of systems of macroscopic size and those which
are appropriate to describe systems of atomic dimensions. The former
comprise classical mechanics; the latter comprise quantum mechanics.
Needless to say, many of the ideas and techniques of classical mechanies
are also of value in quantum mechanics. In this book we shall discuss
only certain aspects of the classical dynamies of particle and of rigid-
body motion.

1-1 Kinematical preliminaries. Consider the motion of a single point
which describes a curve in space, whose equation in vector form may be
written r = f(¢), where ¢ is the time reckoned from an arbitrary instant.
Suppose the particle starts at Py, Iig. 1- 1, and in Af seec moves along the
curve r == f(f) to P. Its radius vector changes by an amount Ar =
r — 1y. We therefore define its velocity as

? lin —A—r—(—i—l—.—
a0 AL dt T

v’
P, y, 2)
where the necessary continuity con-
ditions are assumed for f(¢).

We may write Ar/At = (Ar/As)

As

0 - i ——y  (As/At), where As is the arc length
from Py to P along the curve. In
r = f(0) the limit, we have
b
Fic. 1-1. Vector representation of . Ar . As ds
space curve. A]:'_T,lo As AI:TO A Yar
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where u, is a unit vector tangent to the curve and ds/dt is the speed of the
particle, which we designate by ». Thus the velocity is a vector of magni-
tude v tangent to the curve along which the point moves.

v = uu,. (1-1)

As P moves along the curve, the velocity vector changes direction as
well as magnitude. If, in time Af, the vector v changes by an amount Av,
the acceleration is lima,_,o (Av/Af) = a. Insight into the nature of a
may be gained by differentiating Fq. (1-1), bearing in mind that u,
changes in direction as the point moves along the curve. We have

_dv v

a av Y - SIUT.
Todt T dt T

b-o dr (1-2)

The first term on the right in I5q. (1-2) is a vector tangent to the curve.
To interpret the second term, we use the fact that u, is a vector of con-
stant unit magnitude and hence u,-u, = 1. Therefore

du. |

u, Qo du
Todt

a, = .(IUr
a7

dt:O’

0, or 2u,

This implies that u, and du,/dt are mutually perpendicular vectors. We
swrite, therefore,

du, _ (glu_,) (@) oy
dt " \ds/\at) 7 Vas T

where u,, is a unit vector normal to the curve and |du./ds|, the scalar
magnitude of du,/ds, is the curvature of r = f(t). The reciprocal of the
curvature is defined to be the radius of curvature, p. Hence we interpret
the second term on the right in Iq. (1-2) to be a vector normal to the
curve and of magnitude v2/p. The acceleration expressed in tangential
and normal components is, therefore,

du,

ds Up, (1'3)

dv v?
a = (_lt‘ u, + '5 u,. (1‘4)

In plane motion under the action of a force directed toward or away
from a fixed center, it is convenient to resolve the acceleration and the
velocity vectors into components along the radius vector r and perpen-
dicular to it. In I'ig. 1-2 let the motion be in a plane and let the point P
have polar coordinates (r, 8) at time ¢. The vector joining O to P may
be written r = ru,, where u, is a unit vector in the radial direction. I‘rom
the definition of velocity,
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I)/

Fig. 1-2. Veetor resolution mto radial and transverse components.,

g dr o du,
Tdt T dt T dt

(1-5)
Since u, is a unit vector and du,/dt is perpendicular to u,, we shall define
a unit vector ug to specify this direction. From Iig. 1-2 it is evident
that as the particle moves from P to I/, the unit vector u, changes direc-
tion by an amount d#, the tip of u, moving on a cirele of unit radius. This
implies that (du,/dt) = (d6/d()u,, so that

v = ’!Zu —I-r(—{gu
Todt T at "
or
vV = /u, -|- réu,. (1-6)

To obtain the acceleration, we differentiate once more.
a == iu, -{- 7"1:1, -1 ’I"GUo -+ 1'0'00 ’ Taﬁo. (1‘7)

This involves an interpretation of 1y which we may obtain by an inspec-
tion of Iig. 1-2. As the unit vector u, changes direction by an amount
d8, so does the unit vector us. Hence, 01y = -—(d8/dt)u,. We have, by
grouping terms,

a = [f — r6%u, + [270 -+ rOJu,. (1-8)
This is the resolution of a into radial and transverse components.

1-2 Mass and force. Basic to any study of dynamies are the defini-
tions of mass and force. We usually associate the former with a loosely
conceived notion of “inertia,” or the resistance of a body to being set in
motion. Our subjective idea of a force is a push or a pull which sets a
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body in motion. These are not satisfactory definitions in the scientific
sense. We shall lay down certain more precise definitions and postulates
and build upon them.

We first define as a dimensionless entity a particle which has the prop-
erties of (a) position in space and time, (b) a quality called <nertia,
measured by its mass, so far an undefined term, and (¢) certain relations
or interactions with other particles. What follows will be restricted to
particles.

Consider two particles, 1 and 2, isolated in space from all others. This
is an idealized situation, but at least it may be imagined. We assume
that these particles interact upon each other somehow, and accelerated
motion results. The acceleration of particle 1 relative to an arbitrary
coordinate system we designate by a;,, the subscript 2 denoting the
accelerating agency. Similarly a,; denotes the acceleration of particle
2 due to the presence of 1. Then we lay down

Posturate 1. The ratio a;o/—as; is a positwe scalar which is invariant
with respect to the relative position and the relative velocity (small compared
with the velocity of light) of the particles, and with respect to time and space.
We designate this constant ratio by ua;.

Consider now a third particle, 3, and let it be associated first with
particle 1, and then independently with particle 2. We obtain two other
scalar constants:

@13 a23
= uy and 22 = gy, (1-9)
—aszy —ase

These lead us to

PosturaTe 2. The ratios, Igs. (1-9), are not independent constants,
but are related by the equation

pap = E81 (1-10)
M21

for any three particles whatever. This is not a randomly selected postulate.
It is founded on experience. As nearly as experimental procedures can
fulfill the definitions laid down for particles and for isolation, we observe

this to be true.
By combining ILqs. (1-9) and (1-10) we have, in vector form,

K21823 = —u31832. (1-11)

This expresses the interaction of particles 2 and 3, but we observe that
the constants involved, ug, and uz;, are expressed in terms of the be-
havior of particle 1, which otherwise does not enter. Particle 1 may be
designated as a standard particle in terms of whose behavior the inter-
action of particles 2 and 3 is described. We define, therefore, the con-
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stant s, to be the mass of 2 relative to 1. Similarly us; is the mass of
particle 3 relative to 1.

It should be emphasized that this definition of mass is quite arbitrary.
When so defined, the mass of a particle satisties our “push-pull” sense
by measuring the resistance of the particle to being set in motion. The
latter property of the particle we have deseribed by the term “inertia.”
Henceforth we shall designate the masses of particles by my, mq, m3 .. .,
understanding that we refer to masses relative to some standard.

In terms of the mass and acceleration, we now define force. We ob-
serve that the product of mass and acceleration in the interaction of two
particles is a quantity which is the same in magnitude for both but op-
posite in sign. This leads to

PosturLaTE 3. The quantity ma for a given interaction between two
particles depends only on the relative position of the two, or on the relative
veloctty, or on the time, or upon all three. This quantity is called the force
exerted by one particle on another. I‘rom experience, we form

Posturate 4. When several forces act upon a particle, each acts inde-
pendently of the others.

The definitions of mass and force given here, together with the postu-~
lates, are adequate to formulate the differential equations defining the
motion of a particle.

1-3 Newton’s laws of motion. The fundamental physical laws upon
which the analysis of dynamical problems rest are those enunciated by
Isaac Newton in the Principia (1686). These are three in number.

First Law. A particle of constant mass remains at rest, or moves with
constant velocity in a straight line, unless acted upon by a force.

Second Law. A particle acted upon by a force moves so that the time
rate of change of its linear momentum equals the force.

Third Law. If two particles act on each other, the force exerted by
the first on the second is equal in magnitude and opposite in direction
to the force exerted by the second on the first.

To represent these mathematically, it is convenient to use vector
notation, as we have done in Section 1-1. We first define the linear mo-
mentum of a particle to be p = mv. Then Newton’s Second Law becomes

d(mv) B
G = F, (1-12)

where, according to Postulates 3 and 4, F is, in general, a vector function
of position, velocity, and the time, and is also the vector sum of all ex-
ternal forces acting on the particle.
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In many physical problems, the mass remains constant and Eq. (1-12)

becomes the familiar
m (}%’ = ma = F. (1-13)

But in rocket propulsion where the projectile is losing mass, or in rela-
tivistic mechanics where mass is a function of the velocity, variations in
mass are important.

If F = 0 in Eq. (1-13), we see that v is a constant and the Second
Law of motion reduces to the First Law.

The Third Law of Newton is embodied in Eq. (1-11). For two particles
of masses m, and m,, we have

mia;; = —madsy, (1-14)

and, by definition, m a5 = F,, the force on m; due to my, while mya,; =
F,,, the force on my due to my;. Hence

F12 = “le, (1 15)

as Newton’s Third Law asserts.

This approach to a dynamical problem is by no means the only one.
D’Alembert, Lagrange, and Hamilton have formulated other methods for
setting up the equations of motion that are based on the kinetic and
potential energies of the particles. These methods lead ultimately to the
same differential equations obtainable from Newton’s laws. In many
cases, however, the Lagrange-Hamilton formulation is more easily applied.
In succeeding chapters we shall discuss these methods at some length.

In cartesian coordinates, the differential equations expressing Newton’s
Second Law of motion become

dmd) _ o dlmp) _ o dond) _

dt

dt ’ dt (1-16)

where X, Y, and Z are the components of force in the three coordinate
directions.

To illustrate the application of Newton’s Second Law, consider the
following examples.

ExamprLeE 1. A particle of unit mass moves along the x-axis of a
cartesian coordinate system under the action of a force F(r, &) = —z —
I -+ 4. Let its position at time ¢ be x(t) and let 2(0) = x4, &(0) = v.
Then Newton’s Second Law results in the initial value problem

= —a—it4 20 =  i0) = ro



1-3] NEWTON’S LAWS OF MOTION 7
The differential equation, solved by standard methods, yields
z(t) = e "?[c; cos V'3/4 ¢ + ca sin V3/4 ] + 4,

and, applying the initial conditions, we find, for the constants of inte-
gration,

¢, = a9 — 4, ¢ = V4/3 (o + }xo — 2),
so that

z(t) = e "*[(xo — 4) cos V3/Et+ VI3 (vg -+ dro — 2) sinV3/4 ] + 4.

The motion in this case is oscillatory, as indicated by the trigonometric
functions. However, as t — o, ™2 — 0, and hence the oscillation
dies out, leaving the particle ultimately at rest at + = 4.

Exampre 2. A particle of mass m moves in a vertical plane under the
action of gravity and of a force whose components are X = —kz and
Y = —ky, where k is a constant. Let x(¢) and y(t) denote the coordi-
nates of the particle at time &. Let 2(0) = xo, y(0) = 0, £(0) = 0,
and 3(0) = vo. Then, by Eq. (1-16), we have to solve the system of
equations

mé = —kx, mj = —ky — mg,
together with the given initial conditions. We find

() = cicosat + casinat (a = Vi/m),

y(t) = c3cos at + c4 sin af — !_n_g,

k
and, using the initial values, we have

mg v
€1 = Xy, c2 = 0, 03=T’ €4 =

=]

so that the path of the particle is given by
z(t) = g cos at (e = Vik/m),
y(t) = ng (cosat — 1) 4+ 0 gin at.
k a
ExampLe 3. Let a particle of mass m be projected from the origin of a
cartesian coordinate system with a velocity
Vo = vp c0s ad 4 vg cos Bj + vg cos VK,

where i, j and k are unit vectors along the -, y-, and z-axes respectively,
and «, 8, ¥ are the direction angles which v, makes with the coordinate
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axes. The particle moves under z

gravity and is subjected to a force

—av, where v is its velocity (Fig. m ‘<_"v

1-3). Then the vector equation of vy

motion is
dv - mgk

ol = — — 0
m av mgk, (1-17)

and the initial conditions are
r(0) =0, v(0) = vo, (1-18)
Fi¢. 1-3. Particle moving under
where r = xi -+ yj + zk denotes gravity and a resisting force.
the position and v = ii + jj + 2k
denotes the velocity of the particle at any time. If we convert the vector
equation (1-17) to scalar form, we have the system

mi = —ai, mj = —aj, mi = -a¢ — mg. (1-19)

These correspond to Newton’s Second Law in the form of Eqgs. (1-16)
The corresponding initial conditions are
x(0) = 0, £(0) = vg cos a,
y(0) = 0,  §(0) = v cos B, (1 20)
2(0) = 0, 2(0) = vgcos .

Solving the system (1-19), we find
() = ¢q + coe™™,
y() = c5 + cque™, (1-21)
—at/m mgt

2(t) = c5 -+ cee g

and applying the initial conditions (1-20), we have

. . mvg COS o
1 = — =
2 a
mvg COS
€3 = —C4q4 = ——OT—B‘;

i

m [ m
cs —Ce = (Tg -+ vy cos ‘Y)-
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Therefore the position of the particle at any time ¢t > 0 is given by

a(t) = TOIEE (1 — gmIm),
a
muvg COS 6 —at/m
yt) = TOZER (1 — pmetim,
_ﬂ _@ h _ p,—atim ___ﬂg_t
z(t)—a(a +L0cos7)(1 e ) 4

It is left for the reader to show that as a — 0, the last equation be-
comes z(t) = vt cos ¥ — 3gt2.

1-4 Moment of a force; angular momentum. Suppose a force F acts
at a point P (Fig. 1-4) whose position vector relative to a given origin is r.
The moment of F about O is defined to be

N=rxF, (1-22)

where x denotes the cross product r
of the vectors r and F. By defini- N
tion, N is a vector perpendicular to N .
the plane of r and F. Its magni- >
tude is rF sin 6, where 0 < § < 7
is the angle from r to F. The vec- Fig. 1-4. Moment of a force.
tor N points in the direction of ad-
vance of a right-threaded screw turned from r to F. I'rom Fig. 1-4 it is
evident that the magnitude of N is Fp, the product of F and the perpen-
dicular drawn from O to the line of action of F.

In cartesian coordinates r = ai 4 yj + ¢k and F = Xi 4 Yj + Zk
and

i j k
N=rxF=|x y 2z|=Wl—=z2Y)i+ X — 22)j + (Y — yX)k.
X Y Z (1-23)

The moment of F about O will at times be referred to as the torque of F
about 0. We note that the vector product is not commutative. That is,
in this case

rx F= —F xr, (1-24)
and care must be exercised in maintaining the proper order of the factors.

The vector product, however, is distributive, that is, r X (F; + F,) =
r X Fl +r X F2.
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In discussing Newton’s laws of motion (Section 1-3), we defined the
linear momentum of a particle by p = mv. Its angular momentum, or
moment of momentum, about an origin O is

L=rxmv=rXp. (1-25)

This vector is perpendicular to the instantaneous plane of r and p. As
we shall see, L and N are related through the rotational dynamics of
the mechanical system.

1-5 Newton’s Second Law applied to rotational motion. The funda-
mental law for linear motion expressed by Eq. (1-12) has its counterpart
in rotational motion. To obtain it we differentiate kq. (1-25) with re-
spect to the time:

L—txmvetrx % (mv). (1-26)

Since t = v, the first term on the right vanishes, and by Iiq. (1-12)
the second term becomes r X F = N. Hence we have for Newton’s
Second Law applied to rotational motion: the time rate of change of the
angular momentum equals the torque, or

F—rxF=N (1-27)

When the mass m is moving on a circular are about some axis in such

a way that the angular speed is d8/dt, we have the relation r(d6/dt) = v
(see Tig. 1-5). Then L = mr%(d8/dt). We define the quantity mr? to
be the moment of inertia of the mass about the axis of rotation. Ilence,
calling this I, we write Eq. (1-27) as

v = rfus

d?o
I55 =N, (1-28)

where d20/dt? denotes the angular
acceleration of the moving mass.
This equation plays the same part
in pure rotational motion that Iiq.
(1-13) plays in linear motion. We
shall consider the calculation of I
Fia. 1-5. Particle moving on circle.  in more detail in Chapter 4.
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1-6 Work and energy. The concepts of the work done by a force, and
of the potential and kinetic energies, are important in many dynamical
problems. Suppose that F, the force acting on a particle, is a function
of the particle’s position in space. This means that X, Y, Z are functions
of x, y, 2. We call F a vector point function and its components X, Y, Z
scalar point functions. Tor the present we shall ignore the possibility
that these functions may involve the time explicitly.

Let a particle move along a curve r = f(f) in the direction of increasing
arc s, as shown in Fig. 1-6, under the influence of a force F. Then the
work done by F as the particle moves
from P to P’ is defined by

AW = F.Ar, (1-29)

where the dot denotes the scalar prod-
uct of F and Ar. Since

Ar = (Ar/As)As,
we have

AW = F.(Ar/As)As,

and in the limit as Ar 0
and in the imit as Ar = 0, Fic. 1-6. Work done by a force

dW = F-u,ds (1-30) in curvilinear motion.
T (s,

where u, = lima;—o (Ar/As) is a unit vector tangent to the curve at .
If ¢ is the angle between u, and F, we may write Eq. (1-30) in the form

dW = F cos ¢ ds, (1-31)

and we note that the work done is the product of the component of F
tangent to the path and the infinitesimal displacement along the path.

The total work done by F in a displacement of the particle along the
arc C fromr = ator = b is given by the line integral

W= / F-u, ds. (1-32)
C

If, in terms of cartesian coordinates, F = Xi + Yj 4+ Zk and u, =
cos ai + cos Bj + cos 7k, Iq. (1-32) becomes

W = / (Xcosa+ YcosB+ Zcosv)ds
c

= /CXdJ:+ Y dy 4 Z dz, (1-33)
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where C denotes the curve along which the integration is to be taken
and a, B, ¥ are the direction angles made by u, with the coordinate axes.
It should be noted that, in general, the value of W depends upon the path
of integration.

An important relationship links the work done by F along the curve
and the change in kinetic energy of the particle. By the kinetic energy
we mean the quantity 3mv?, where v is the instantaneous speed of the
particle. From Eq. (1-32) and v = (ds/dt)u,, we have

W=/F~u,ds=/F-vdt=/@v—)-vdt= m/ vedv, (1-34)
C C [od dt lod

where the mass of the particle is assumed to be constant and C represents
the curve over which the integration takes place. Now we recall that
d(v-v) = d(»?) = 2vdv. Thus the work

W = m/ vdv = ymoi — tmol (1-35)
¢

if v4, vy are the speeds at the endpoints of C. This fundamental equation
states that the work done by F in a displacement along C equals the change
in the kinetic energy of the particle from the beginning to the end of the path.

As an example, consider the force F = 2ryi + 3r%j moving a mass m
in the plane curve x2 = 9y from the point (0, 0) to (3, 1). The applica-
tion of Eq. (1-32) or Eq. (1-33) yields

(3.1
W = / 2ry dr + 3z% dy.
(0,0)

To evaluate this, replace y by 22/9 and dy by (2z dr)/9. Then

: 2z 62®
W = / (—6— + ——) dr = 18 units.
0 9

If the force is in dynes and the displacement is in centimeters, the unit
of W will be dyne-cm or ergs.
If the particle was initially at rest at (0,0), its speed at (3,1) is given by

2 X 18 1/2 36 1/2
v = po = Tn> cm/sec.

1-7 Conservative force fields. If, and only if, the work done by F
between two points r = a and r = b is independent of the path of inte-
gration C' (and hence the integral depends only upon the endpoints of C),
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we say that the force is conservative and that the totality of points where
this takes place constitutes a conservative force field. In these circum-
stances the integrand in W, as given in Eq. (1-33), is the exact differential
of some function V(x,y,2). It is customary to take dV = —dW. Then
we have

dW = —dV = Xdx + Y dy + Z d-. (1-36)

It follows from the definition of an exact differential that

av v . Vv
———_5.—2)—’ Y = o—y‘! = EP (137)
The function V(zx,y,2) that occurs here is called the potential energy of
the mass point. The change in V between points a and b is the amount
of work done on the mass point by some external force in changing its
position. In a conservative force field, therefore, by definition

Wb — Wa = / F-u,ds = Va — Vb, (1-38)
c

where V, and V, denote the potential energies at r = a and r = b
respectively.

If V(r,y,2) is a function having continuous first and second partial
derivatives in a given region, we have, from Eq. (1-37),

Z_ IV _ oy
oy oydz oz
oX v oz
9X _ 9V _ oY,
dy  dyéx  ox

It would appear, then, that it will be possible to obtain a potential func-
tion V(x,y,z2) if
0Z Y Z X _ Y oX

= — =0, = — =0, and % oy

Yy 9z ar 9z 0. (1-40)

These are both necessary and sufficient conditions for the existence of
the function V(z,y,2).* They may be expressed compactly by the equiva-
lent vector statement

curlF =V x F=0. (1-41)

* The reader is referred to any book on advanced calculus for a proof of this
statement. See, for example, W. Kaplan, Advanced Calculus. Reading, Massa-
chusetts: Addison-Wesley Publishing Company, Inc., 1952, p. 279.
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1-8 Conservation laws. The laws of motion expressed in Eqgs. (1-12)
and (1-27) lead, in special circumstances, to two important properties of
motion. These are the laws of conservation of linear and of angular mo-
mentum.

If the sum of the forces acting on a particle is zero, then by Lig. (1-12)
the linear momentum s constant in time. Also, if the sum of the external
torques acting on a particle vanishes, we observe from Iq. (1-27) that
the angular momentum 1is constant in time.

Consider, for example, a planet moving about the sun. Newton has
shown that such a body behaves dynamically as if all its mass were con-
centrated at its center. Hence, for practical purposes, it approximates a
point mass. No external torque acts on this mass particle. We anticipate,
therefore, that the angular momentum L is constant in time. This means
that the motion takes place in a plane, the vector L being always per-
pendicular to the plane defined by r and mv. Furthermore, since the
magnitude of L is directly proportional to r and to v, its constancy de-
mands an increase in v when a decrease in r occurs.

A third important conservation law is that of energy in a conservative
field of force. Taking the scalar product of each side of Lig. (1-13) and v,
we find

dv

mve o= F.v,

and integrating with respect to the time, we obtain

Vi t) 81
m/ vedv = / F.vdt = / F-u, ds, (1-12)
Yo to 80

where vy and vy are the velocities of the particle at times ¢y and ¢;, re-
spectively, and so and s; are the corresponding are positions (Ifig. 1-6).
The last integral in Fq. (1-42) is the work done by F in the displacement
from s to ;. By Eq. (1-38), if the force field is conservative, this is the
change in potential energy during the motion. Hence we may write, upon
integration of the left side of Eq. (1-42),

Imvi — dmvi = Vo — V,, (1-43)

where V and V; denote the potential energies of the particle at s and s,
respectively. Equation (1-43) may be written in the form
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ymo} + V= m§ + Vo = constant. (1-44)

Equation (1-44) expresses the law of conservation of energy: the sum of
the kinetic and potential energies of the particle remains constant during
the motzon.

If the force field is nonconservative, Iiq. (1-44) is no longer valid.
Trictional forces, or other types which depend upon velocity or time,
are examples of nonconservative forces. Suppose that the total force
acting upon a particle is composed of a conservative part Fi(r) and a
nonconservative part Fy(r,v,l). By Eq. (1-42), we have

131

im(vi — vo) = / (F1 -+ Fy)-v dt,
to
or, by Eq. (1-43),

ty
Im@: —vg) = Vo — Vi + / Fy-vdl. (1-45)
to

Let By = $mv? + Vy and Eo = ¥mv] + Vo denote the total energies,
as represented by the conservative part of the force field, at times ¢,
and {,. Then Eq. (1-45) states that the difference in total energy,

51
Lvl — ]’JO = / FQ’V dt, (1"46)
t

0

equals the work done by the nonconservative force Iy between the same
two times. This may also be expressed by the statement that the time
rate of change of K is the rate of working of the nonconservative force.
That is,

% = Fy-v. (1—47)

1-9 Energy diagrams. In many physical problems an analysis of the
motion may be carried out qualitatively, and sometimes quantitatively,
by using an energy diagram and the theorem on conservation of energy.
As an illustration, we consider a simple harmonic oscillator.

A mass m is displaced from an origin O and thereafter moves on a hori-
zontal line under the action of a force directed toward O (Iig. 1-7).
Assume that the motion takes place without friction and that the force
acting on m is —kx. Then, by Newton’s Second Law,

mi& = —k. (1-48)
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Fig. 1-7. Energy diagram for simple harmonic oscillator.

Multiplying by . and integrating both sides yields

mid = —kxk,
d(1 -.2> _ g dx
dt<2 mi” ) = —ke g
.2
pmit = — 54 g, (1-49)

where we have written E for the constant of integration. This is simply
the law of conservation of energy for the particle, £ being the total energy.
The potential energy, V(x) = 3kz?, has been plotted in the lower part
of Fig. 1-7. This is the energy diagram for the motion. Equation (1-49),
solved for the velocity, yields

i = £V @2/m)(E — dka2) = £V 2/m)E — V).  (1-50)

It is clear from this equation that £ = 0 when E = V; that & is real and
hence motion can take place when E > V; that & is imaginary and
hence there can be no motion when E < V. In Fig. 1-7, therefore, we
have drawn a horizontal line to represent the total energy of the particle.
Where this is drawn depends upon the initial conditions under which the
motion is started. Motion is possible only within that range in x where
the line E = constant is above the curve V(r). At any point such as x,
the velocity of the particle is proportional to the square root of £ — V.

The particle comes to rest at £t = a, and + = —a and has its greatest
velocity at * = 0. The particle cannot move to the right of x+ = a nor
to the left of x = —a. At the point x = x,, the particle may be travel-

ing either to the right or to the left, depending upon the sign chosen
for the /(2/m)(E — V).
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The period P of the motion in this case is given by the time required
for m to travel from * = —a to +a and back. We have

Lo [ d_sf N )
2 —a & 0 V(@2/m)(E — %kx?)

The value of a must be given by the positive root of the equation
E — (3ka?) = 0; hence @ = V/2E/k.
Integrating Eq. (1-51), we have

\/ZE/k o
= V' m/k, (1-52)

% P = 2vm/ksin! ( L
2k /k

0

and the period is 2mv/m/k. This could have been obtained directly from
the equation of motion. Writing Eq. (1-48) as & + (k/m)x = 0, and solv-
ing for x, we find that the quantity k/m is the square of the angular
frequency w. Hence, since P = 2m/w, we obtain P = 2m/m/k as
before.

To summarize, if we plot V(r) against x and establish a total energy
F for the particle, motion is possible for those ranges in & where ¥ — V(x)
is positive. The idea may be visualized to a first approximation by con-
sidering a small ball rolling under the action of gravity on a track, as in
Fig. 1-8. If we start it at a level y,, its total energy is fixed at F,. Neg-
lecting frictional losses and the energy of rotation, we observe that the
ball will move rapidly at the depths of the track and slowly at the maxima,
and will continue indefinitely to the left. On the other hand, if we start
it at a level y; so that its total energy is K, it will oscillate if caught
in region a or move indefinitely far to the left if in region b. Motion is
not possible in region ¢. Once we plot V(x) for a given problem, we can
obtain a qualitative idea of the motion under assumed boundary condi-
tions.

£y

b c

Fig. 1-8. Encrgy diagram for a ball on a vertical track.



18 FUNDAMENTALS OF NEWTONIAN DYNAMICS [cHap. 1

1-10 Impulsive motion. In the preceding sections on work and energy
we have been concerned with the effect of a force acting through a dis-
tance. In this section we shall discuss the time effect of a force. We define
for this purpose the integral

t
1 :/ Fdt (1-53)
t

0

to be the impulse of the force during the time interval (to,t;). Substitut-
ing for F its value according to Newton’s Second Law of motion, we have

ty
I— / (‘il—t (mv) dt = mv(ty) — mv(to). (1-54)

to

The vector I, therefore, is the change in the linear momentum of the
particle in the interval (to,t1).

Equation (1-54) is particularly useful in analyzing the result of apply-
ing a large force to the particle for a brief interval of time. The ensuing
motion is called ¢mpulsive motion. An example will serve to illustrate the
point.

Consider the motion that will occur if a force F() = art — at® is
applied to a mass m for a time interval 7. The mass will be assumed
to move in a straight line. The parameter a is arbitrary and positive.
We shall denote the displacement at time ¢ by x, and set x = O at ¢ = 0.
Figure 1-9 shows the force function. During the interval in which the
force acts, we have

mé = art — at?, (1-55)
and by integration
2 37" 3
mi(r) — mi(0) = a[%— - %]0 =a T()— (1-56)
The left side is the change in momentum A(mi) that occurs in the time
interval (0,7). We see that the change in velocity will be
ard

. _ ar’ T
At = om (1-57)

F)

A second integration, performed on
Eq. (1-56), yields the change in z,

a1'4

Ar = 1_27L

(1-58)

. i —
t=10 t=r Over the time interval concerned,

Fig. 1-9. Impulsive force. the average force acting on m is
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2
) (1-59)

_1 ’ 2 _ar
Fav—-r/o(a-rt at®) dt = 6

and if we express the changes in velocity and displacement in terms of
Fqv, we have
TF oy

2
Ar = —% and Ar = T Fuy

m 2m (1-60)

Let us now suppose that F is allowed to increase; that is, we increase a,
while at the same time 7 is allowed to decrease. If this takes place in such
a way that 7F,, remains constant, or at least approaches a definite limit,
it is apparent from Iiq. (1-60) that

constant
._) —
m

A% and Ax — 0 as T — 0. (1-61)

In the limit, therefore, we have an instantancous change of velocity but
no change in the position of the particle during the time in which F acts.
Immediately after F' acts, or ceases to act, the particle moves with its
new velocity uniformly.

From Eq. (1-54) and from a similar integrated form of Newton’s
Second Law of rotational motion, Eq. (1-27), the changes in the linear
and the angular momentum of a particle in a time interval ({o,¢;) are

21 21
A(mv) = / F dt and AL = / N dat. (1-62)
t to

0

These integrals represent the total linear and angular impulses with re-
spect to the origin of reference. It should be emphasized that A(mv)
and AL are vectors.

The impulsive motion in one dimension illustrated in the example may
now be generalized to three dimensions. If r is the position vector of the
particle to which an impulsive force

ty

F; = lim Fdt

t1—to Y to

is applied, r does not change appreciably in the vanishing time interval
(to,t;). Hence we may write

t 4

lim Ndt = lim r x Fdt
ti—to Vv to t1—to J to t
=r X lim / Fdt =r x F,. (1-63)
t

t1—>to Jto
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This quantity is the impulsive torque, or moment, created by F;. Tor
three-dimensional impulsive motion, therefore, we may write

A(mv) = F, and AL = N,, (1-64)

where N, is the total impulsive torque and F, is the total impulsive force
acting on the particle.

1-11 Impact and collision. An example of an impulsive motion is that
produced by an impact or collision. Consider the impact of an elastic
ball when it strikes a fixed wall as shown in Figs. 1-10 and 1-11. Before
it strikes the wall, the ball has a velocity of magnitude v; to the right
and consequently a momentum mv,. We assume that the wall is rigid
and hence has zero velocity at all times.

At the interface (Iig. 1-11), when the ball strikes the wall, there will
be an impulse I on the wall and, by Newton’s Third Law, an impulse —I
on the ball. During the time of contact, the ball will be compressed
for a time interval { = 0 to ¢ = 7;. On the rebound there will be an
impulse of restitution due to expansion of the compressed portion of
the ball. Let this take place from ¢t = 7; to t = 7. Both the impulse
of compression and of expansion act in the same direction. At time ¢t = T,
the contact between ball and wall is broken. Figure 1-12 shows sche-
matically these two parts of the impulse as the areas under the force-time

— S

Fia. 1-10. Ball moving toward a wall. Fig. 1-11. Ball striking a wall.

!
|
I
|
|
|
L

Fig. 1-12. Relation between impulse and force.
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curve, I, being the magnitude of the compression impulse and I, that
of the impulse of restitution. F(¢) is the magnitude of the force acting on
the ball during the collision.

During the period of compression, the speed of the ball is reduced
to zero. Hence, by the impulse-momentum theorem, Eq. (1-54), we have

A(mvl) = —mv; = Il. (1—65)

Likewise, in the ensuing expansion during which I, acts on the ball, we
have
A(mV2) = MVy = IQ, (1-66)

where v, is the final velocity of the ball as it leaves the wall on the re-
bound.

If no loss of energy occurred in this collision, the two impulses would
be equal in magnitude as well as in direction, and as a consequence

mv; = —mvsy. (1-67)

Thus the momenta before and after impact are equal in magnitude but
opposite in direction.

On the other hand, we should consider that during the compression
and expansion the internal eclastic forces have done some work at the
expense of the kinetic energy of the ball. To measure this, we introduce
a coeflicient of restitution e, defined by the equation

12 = 8[1, (1—68)

where I, and I, are the magnitudes of the compression and expansion
impulses, both of which act in the same direction. This definition is
consistent with the experimentally established fact that the ratio of
speed of the ball after impact to that before impact is e. Experiment
indicates that e depends upon the materials of the objects in collision as
well as on their sizes and shapes, and by its definition 0 < e < 1. If
e = 0, the collision is tnelastic; if e = 1, the collision is perfectly elastic.
From Eqgs. (1-67) and (1-68),

myy = —emvy, (1-69)
and hence the loss of kinetic energy during the impact is
AT = 3m[? — v3) = dmoi(1 — €?). (1-70)

When ¢ = 0, we observe that all the kinetic energy is lost; in a perfectly
elastic collision, when e = 1, no kinetic energy is lost.
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When two spheres having different velocities collide, the foregoing
results may be extended to a calculation of the velocities of the spheres
after collision. This we leave as a problem for the reader. It should be
emphasized that we have discussed here normal impact; that is, the
impulses and velocities involved have been normal to the surfaces in
contact. If oblique collisions are considered, the normal velocity com-
ponents and normal components of the impulses still follow the laws
discussed above.

1-12 Systems of particles. ILet a group of n particles be described by
their position vectors r,(j = 1,2,...,n) relative to a fixed origin O,
as shown in I'ig. 1-13. The masses of the particles will be denoted by
m,(j = 1,2,...,n). The center of mass of the system, denoted by R,
is defined to be

] n
R = > myr,, (1-71)

1=1

where M = Z;L-=1 m, is the total mass of the system.

The force acting on each particle consists of an external part, F,, and
an internal part, > f,; (k # j), due to the action of the other particles
on it. Hence, for the jth particle, Newton’s Second Law becomes

d’r
m, -at—; = F, 4 Zk: i k = 7), (1-72)

the summation extending over n — 1 particles of the system. Summing
over all particles, we have

n erJ n
ijm?=§F1+

=1

S fe =R (1-73)
k=1

J

Now we assume that the force on the jth particle due to the kth is equal
in magnitude and opposite in direction to the force on the kth due to the

P RUS

oMy

Fi1c. 1-13. Position vectors for a particle system.
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Jth and is directed along the line joining the two. That is, by Newton’s
Third Law,

fro = —fg,. (1-74)
With these restrictions,
n
> fx=0. (1-75)
2.k=1

It is evident also that, by Eq. (1-71),

n
>, mi, = MR, (1-76)
j=1
so that
MR =Y F, =F, (1-77)

1=1

where F = ZJ"=1 F, 1s by definition the resultant of all the external
forces.

Equation (1-77) states that the motion of the center of mass 1s the same
as if all the mass were concentrated at that point and were acted upon by the
resultant of all the external forces.

Two equally important theorems are concerned with the rotational
properties of such a system of particles. Let Lo denote the angular mo-
mentum of the system about the origin O, and let L, be the angular
momentum about the center of mass. By definition,

Ly = 2 1, x mit,, (1-78) M
J=1 r/
J
and R
n *m
Lo= Y 1, x mi, (1-79 '
c ];1 J Pl ( ) I
0
If, in Eq. (1-78), we substitute for Fia. 1-14. Relation between center

r, its value R - r; (see I'ig. 1-14), of mass and a particle.
we have

Lo= Y m®XR+1, x R+Rxi 471 xt) (1-80)

1=1

In Eq. (1-80), Z;;l m,R X R (=R x MR) is the angular momentum
about O of the entire mass considered as concentrated at the center of
mass. By the definition of the center of mass

n n
E my, =0, and Z m,t, = 0.

1=1 1=1
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Hence the second and third terms in Eq. (1-80) vanish. Thus we are
left with

Lo =R x MR + > 1; x mt). (1-81)

=1

But the last term is the angular momentum of the system L, about the
center of .mass. Hence we find that the angular momentum about a fired
origin O 1s equal to that of a particle whose mass is the entire mass of the
system situated at and moving with the center of mass, together with the
angular momentum of the particle system about the center of mass.

We now differentiate 1iq. (1-81) with respect to the time to obtain

Lo _ p % MR +R x MR +%ﬁ- (1-82)

By the collinearity of the vectors involved, R x MR = 0. TFurthermore
R=r, —rjand MR = ¥)_, F,, and hence

dly <& L.
Sl > nxF, =5 -3 O xF, (1-83)
=1 =1
or
dL dL
T — Ny = - N, (1-84)

where Ny and N, are the torques about O and the center of mass respec-
tively. By Newton’s Second Law for rotational motion, the left side
of Lq. (1-84) is zero. Hence we find that the time rate of change of the
angular momentum, for motion relative to the center of mass, equals the
torque about the center of mass. This s true even if the center of mass has a
translational motion relative to a fired coordinate system.

This is a very important theorem when applied to rigid-body motion.
It means that when studying its rotational motion, we may ignore the
translational motion of the center of mass of the body provided we refer
all torques and angular momenta to the center of mass as origin. It is
well to emphasize again, however, that the theorem is general and holds
equally well for a swarm of particles in motion relative to one another.

It may be shown that the conservation laws for linear and for angular
momentum (Section 1-8) hold also for a system of particles.

As an illustration of the theorems stated here, consider the two masses
m; and ms linked by a rigid rod, as shown in I'ig. 1-15. We shall assume
that the rod has a mass which is negligible compared with m; and m,.
Let ¢ denote the center of mass of the system. At ¢ = 0, m; is at the
origin and my is rotating in the ry-plane, as shown by the arrow, with an
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y ¥ .
‘O%n, (t=0) c Qm_,/ *

Fiac. 1-15. Motion of two linked masses.

angular velocity 6,. Let 6 be the angle which the rod makes with the
horizontal at some later time ¢ when the masses have reached the upper
position shown. Let m = m; -+ m, denote the entire mass of the system,
and let (v.y.) denote the coordinates of the center of mass at any time
t > 0.

Then, by Eq. (1-77), we have as equations of motion for the cenfer
of mass

mi, = 0, mije = — my,

subject to the initial conditions

x.(0) = b, &.(0) = 0,
Y.(0) = 0, 7:(0) = bby.

The solution of this initial value problem is
xC(t) = b: yC(t) = —%gﬁ + boOtr

and we have shown that the center of mass moves in a path which is
identical with that of a single particle of mass m placed at the center of
mass and acted upon there by the sum total of the forces on the system.
The total moment N, of the forces m;g and myg about the center of
mass vanishes for ¢ > 0. Hence by Newton’s Second Law for rotational
motion, Eq. (1-27), the angular momentum L. is given by the system of

equations
dL,

= Ne=0, L(0) = (mb® + maa®)bo.

We observe that L, is constant in time and equal to L.(0). Furthermore,
the angular velocity 6§ = 6, for all ¢ > 0.
In a similar way, the total moment about the origin O is found to be

No = —migry — mogry = —mgr. = —mgb,
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a constant. Therefore the angular momentum about O is given by

L
(—id—t‘-) = —mgb,  Lo(0) = mgy(a + b)26,,

and
Lo(t) = —mgbt + ma(a + b)26,.

Since m b = moa, we may write the last equation in the form

Lo = —mgbt + m2a200 + 2m1b200 -{- m2b260
= L. — mgbt + mb26,.

But if all the mass m = m; + mgy were concentrated at the center of
mass, its angular momentum about O would be

mbjj, = —mgbt + mb?é,.

We see that this is precisely the last pair of terms in the expression for L
above. Hence in this simple example we have a verification of the theorem
expressed by Eq. (1-81). The reader may verify also that Eq. (1-84) is
valid here.

1-13 The energy of a particle system. The kinetic energy of the system
of particles discussed in the preceding section is defined to be

n
7= % 3 miil, (1-85)

J=1

But r, = R -} r} (Fig. 1-14}, and hence

1< N
T = 51221 m,[R+r,]2

(1-86)
— IS @R 4 LY w2 m) R,

=1 1=1 1=1

By the definition of the center of mass, Z?=1 m,t) vanishes and Iq.
(1-86) reduces to

T = % MERR) + 5 3 myt; 8. (1-87)

=1

The first term above is the kinetic energy of translation of the mass of
the system considered as concentrated at the center of mass. The second
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term is the kinetic energy of the system of particles in their relative
motion about the center of mass.

Again, let the jth particle be subjected to an external force F; and
an internal force f,;, due to the kth particle. Suppose the particle is given
a displacement dr,. Then the work done on it by the external force is

AW, = F,-dr,. (1-88)

But since, by Eq. (1-72), F, = m,t; — 2_; f,i for the system of particles,
we may write

AW, = 3 mf,-dr, — > fedr, (5 # k). (1-89)
=

=1 7 1
However, since dr, = t, dt, the first term on the right may be rewritten as

LS~ 82 g — ar, (1-90)
i |2 o

=1

where T is the kinetic energy.
The reduction of the sccond term in Eq. (1-89) is a little more com-
plicated. Writing out several terms of this sum, we have

f12~dr1 + f21~dr2 ~+- f13'dl'1 -+ f31 'dl'3 —+ f14-dr1 + f41'dl'4 “+ ... y

from which it is evident that the scalar products may be grouped in pairs.
By Newton’s Third Law, Eq. (1-74), this sum reduces to
f12'((ll'1 — dl'2) —+ f13'(dl'1 -— (11'3) + f14-(dr1 - dl'4) + ...
or
fio+d(ry — 13) + f13-d(ry — 13) + f14-d(ry —14) .. ..
But r; — r, is the vector from r, to r; and similarly, in general, r, — 1y

is the vector joining the kth to the jth point. Call it r,x. Then the second
sum in Eq. (1-89) becomes

“ 1 < .
— Y fpedy = — 5 ) fedtu (GER. (1-9D)
Jik=1 j. k=1

This quantity is the ¢nternal potential energy of the system. Call it dV.
Let us assume that the external forces are conservative and define the
external potential energy by

AV, = —dW.. (1-92)
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Then from Eqs. (1-89), (1-90), and (1-92) we have

dT 4 dV;+dV. = 0, (1-93)
or

T+ V,+ V., = constant, (1-94)

which expresses the law of conservation of energy for the system. Ior the
case of a rigid body where the particles are fixed relative to one another,
dV; = 0 and the internal potential energy is constant.

As an example, consider again the two-mass system shown in Fig.
1-15. The kinetic energy of the system is

T = ¥mi(&} + #3) + ma(@3 + §3)],

where (x1,5;) and (x3,y2) are the positions of m; and mg at time £ > 0.
But here

z, = 2, — bcosé, Tg = X -+ acosb,
Y1 = Yo — bsin b, Yo = Y + asin 6.

Differentiating with respect to time, substituting in the expression for T,
and simplifying, we find

T = dm(z2 + 92 -+ 3(mib® + mqa®)é>

The first term is the kinetic energy of translation of the center of mass;
the second term is the rotational kinetic energy of the masses m; and ms,
about the center of mass. This result exemplifies Eq. (1-87).

1-14 Motion in a moving reference frame. In our discussion of motion
in the preceding sections, we have assumed the existence of a coordinate
system in which Newton’s laws of motion are valid. Such a frame of
reference is called a primary inertial system. By definition, according
to Newton’s First Law, in such a system a body subject to no forces moves
in a straight line with constant velocity, and in accordance with its in-
ertial characteristics only. Such a reference frame is difficult to realize
in practice. One that seems to meet the requirements closely is a system
of axes whose origin is the centroid of the fixed stars in the neighborhood
of the sun. This we know is only an approximation, because these “fixed”
stars are moving systematically with respect to the center of the galaxy.
But the effect of this motion is so small and the motion is so uniform that
its importance for dynamical studies on the surface of the earth is neg-
ligible.

A reference frame on the earth’s surface, however, experiences a rota-
tion about the earth’s axis, and shares the earth’s motion about the sun
and the sun’s motion relative to the fixed stars. In this section we shall
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see what modification of the laws of motion is necessary because of the
motion of a reference frame on the earth relative to a primary inertial
system.

In describing rotational motion, we shall define more fully the concept
of angular velocity. We shall show that the angular velocity may be
represented vectorially and, further, that angular velocities may be com-
pounded by vector algebra.

In Fig. 1-16 let P be a point whose position vector relative to an origin
O is r. Let the unit vector u, define the direction of an axis through O
about which P moves, on a circle, to P’. The radius of the arc described
by P is r sin . Let the angle subtended by the arc PP’ be Af. Then, for
small A6, we have, approximately,

|t/ — r|=]Ar |2 rsin a A6,
but rsine = |u, X r.| Hence
r —r = Ar == Abu, X r. (1-95)

If At is the time interval during
which P moves to P/, we may write

B _ 80,

At T AL !

and in the limit as At — 0
Z_: — %Lj u, X I. (1-96) Fic. 1-16. Infinitesimal rotation.

We define the scalar d6/dt to be the angular speed of rotation of P about
the axis defined by u,. Furthermore, Eq. (1-96) suggests that the vector
(d8/dt) u,, be called the angular velocity of P. It has a direction defined
by u, and is localized through the fixed point O.

If the axis of rotation is the x-axis of a cartesian system, the unit vector
defining the direction_of the angular velocity vector is i. Then Eq. (1-96)
may be written

o = wixr, (1-97)
where w, is the angular speed of rotation about Ozx.

Suppose successive rotations of P relative to a fixed origin are per-
formed about the coordinate axes as follows:

P — P’ about Ox through angle Ad,,

P’ — P about Oy through angle A8,
P’” — P’ about Oz through angle Af,.



30 FUNDAMENTALS OF NEWTONIAN DYNAMICS [cHAP. 1

Then, by Eq. (1-95), we have successively, for initial radius vector r,

' =1+ AGi X1, (1-98)
" =1 + Af,j X1, (1-99)
= 1" + Afk X 1. (1-100)

Substitution of Eqs. (1-98) and (1-99) into Eq. (1-100) and subsequent
neglect of higher-order terms such as A6, A8,, A8, Ab, A8, yields

'’ —r = Ar = (A6,i + A6,j + A6.k) X 1. (1-101)

Had we performed the rotations in any other order, we would have
obtained the same value for Ar. Dividing by At and proceeding to the
limit as Af — 0, we have

B (k0w X1, (1-102)
where w, = (df,/dl), v, = (d6,/dl), w, = (df,/dt) are the angular speeds
which the particle would have had if rotation had taken place about the
Ox-, Oy-, or Oz-axes separately. Since Iiq. (1-101) does not depend upon
the order of addition, it is clear that the infinitesimal rotations and hence,
by Eq. (1-102), the angular velocities may be added vectorially. The
angular velocity o = w,i -+ w,j + wk is localized along the axis of ro-
tation through O and has for positive direction the sense of advance of a
right-threaded screw.

For simplicity, we consider next two cartesian reference frames whose
z-axes and origins coincide. Let the (xg,y0,2¢9) axes be fixed in space and
be such that the Newtonian equations of motion are valid. Let the
(x,y,2) system, on the other hand, rotate with angular speed w about the
zp axis. The situation is shown in Ifig. 1-17, where i, j, k are unit vectors
along Ox, Oy, Oz in the moving system. Then r = xi + yj + 2k, where,
in general, as P moves, all the x, y, 2, i, j change with the time.

(a) Suppose, first, that P is fired in the (x,y,2) system. An observer in
the system (x,y0,20) would say that P revolves about the 2z, axis with a
linear velocity rwsin «. But vectorially this is @ X r, as shown in Eq.
(1-102). An observer in the (x,y,2) system would say that P was
stationary.

(b) Suppose, now, that P moves in the (r,y,2) system with a velocity
v = ai + yj + 2k. This would be the velocity measured by an observer
rotating with this system. But to an outsider, that is, one in the (xg,y,20)
system, P would appear to have two motions, one described by v and one
due to the rotating axes » X r. To this observer, P would be moving
with a velocity

Vo=V -+ w XTI (1-103)
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R o

Fig. 1-17. Rotating reference frame. ¥i1g. 1-18. Translating and rotating
reference frame.

To generalize the case above, we remove the restriction that the z-axes
of the two systems coincide. At any instant let the angular velocity
vector, referred to the moving axes, be o = w i + w,j + wk. By defini-
tion, the velocity relative to the fixed system will be

L +ék+x%+y%+z%‘;- (1-104)
But the first three terms of Eq. (1-104) comprise the velocity as observed
in the (r,y,2) system. We have called it v. Let us examine the last three
terms.

The point r = i in the (v,y,2) system is fixed relative to that system.
Hence to an observer in (ro,50,20) it behaves as described in (a) above.
Thus (di/dt) = e X i. In a similar way, (dj/dl) = o X jand (dk/dt) =
o X k. We conclude that

dk

0= X (vi+ yj-+2k) =0 X1 (1-105)

di c_il
‘vﬁ+ydt+z

When this is substituted in Eq. (1-104), we see the correspondence with
the velocity vo derived intuitively in Eq. (1-103).
If the (x,y,2) axes expericnce a translation relative to the (xo,%0,20)
system, the origins (Fig. 1-18) no longer coincide, and we have for P
g = R +r.
Hence for its velocity we obtain
to = R+ 1
and, from LEq. (1-103),
Vo=R-+viexr (1-106)
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Thus the linear velocity in the primary inertial system (x¢,y0,20) is made
up of three parts: (1) the velocity of transport of the moving origin 0’,
(2) the velocity of the point as observed in the moving system, and
(3) the velocity due to the rotation of the (x,y,2) axes.

The acceleration relative to the fixed axes is obtained by differentiat-
ing Eq. (1-106) with respect to the time. We obtain

ao=D0—Rivtroxrtoxt (1-107)
But

e d o dj | dk

V=it gty iy

Denoting i + §j + 2k by a, we have

V=a-+w XV,

and, sincet = v+4 o X 1,

ao=R+tatoXv+oxXxr+oxX|{vitexr]
or

ao=R+at20xvitoxrtox(xr), (1-108)
where:

ag is the acceleration as observed in the (xg,y0,20) system.

R is the acceleration of the moving origin 0.

a is the apparent acceleration for an observer in the (x,y,2) system
who shares in the motion of that system.

2w X v is the so-called Coriolis acceleration. Obviously for a particle
at rest in the (x,y,2) system this term vanishes.

& X r is the acceleration due to the rotational acceleration of the
moving system. Since o = w;i + w,j + wk, its derivative

dk

d k.
dt

‘9=w.v1+“’y1+wzk+wxdt+wy"‘i%+wz

But, by analogy with Eqs. (1-104) and (1-105), the last three terms
may be written © X © = 0. Hence

6 = i+ &, + @k, (1-109)

and & may be taken either as the time rate of increase of w relative to
the moving system or as the angular acceleration of the rotating system
relative to the fixed system.

© X (0 X r) is the centripetal acceleration. Since o X r is per-
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pendicular to the plane of w and r, the product v X (0 X r) is a vector
lying in the plane of w and r. In expanded form,

X (0 Xr1) = (0T — (0 0)r. (1-110)

Factoring the scalar, —w-w, or —w?, out of Eq. (1-110), we have

—w2{r — (“’7’> 3} (1-111)

Since w/w is a unit vector in the o direction, and the term in the braces
is a vector in the o direction of magnitude r cos 8, where 6 is the angle
between r and o, then r — (u,:r)u, is a vector perpendicular to «
and of magnitude 7 sin 6. Let u, be the unit vector perpendicular to
@ and in the outward direction. Then

o X (o0 X 1) = —w?rsin fu,. (1-112)

This is the centripetal acceleration. It is directed inward toward the
instantaneous axis of rotation.

Since Newton’s Second Law of motion is valid within the fixed refer-
ence frame, we have, for a particle of constant mass,

mag = mR + ma + 2mw X v+ mod X+ mo X (w X 1) = F,

where F is the resultant force on the particle. To an observer in the
moving reference frame, the apparent equation of motion would be

ma=F —mR — 2mo X v — mod x1r — mo x (0 xr). (1-113)

To him the mass would appear to move under the action of the entire
force on the right of Eq. (1-113). Most of these terms are small. Some
are automatically incorporated into a force measurement, as on the sur-
face of the earth. We shall develop this more fully in the next section.

1-15 Motion on the rotating earth. Consider a particle moving on
the surface of the earth. Let O be the center of the earth (Fig. 1-19),
and let O’ be the origin of a coordinate system fixed on the surface of the
earth. The line NS designates the earth’s axis. We neglect the transla-
tional acceleration of O due to the earth’s motion about the sun and to
the solar motion in space. In other words, we consider O and NS to
define a reference frame with respect to which Newton’s laws of motion
are valid. Choose the z-axis to be the upward direction of the plumb line.



34 FUNDAMENTALS OF NEWTONIAN DYNAMICS [crap. 1

?

Fia. 1-19. Reference frame on the earth.

The r-axis points south; the y-axis points east. Let i, j, k be unit vectors
in this system, which rotates about NS with angular velocity o, assumed
constant. We shall designate the latitude of 0’ by ¢.

As in Section 1-14, let r and v be the position and velocity as observed
in the (r,y,2) system. The position of O’ relative to O is R. Any point
P is accelerated relative to O due to (1) the acceleration of O’ about NS,
(2) the rotation of the (x,y,2) axes about NS, and (3) the intrinsic ac-
celeration of P in the (v,5,2) system. I‘rom Eq. (1-107),

ap,=R4atl20XVv/|oX(@Xr (1-114)
=wX(XR)+at2 XVt o X(oxr). (1-115)

Suppose the external force acting at P is F = Xi -|- Yj 4 Zk, and let
the force exerted by the earth be G. Then, by Eq. (1-113), we have

ma=F+G — mlo X (0 X R)] — 2me X v — mle X (0 X 1)],
(1-116)
which yields the acceleration as observed on the earth’s surface.

The acceleration due to gravity, as measured by a pendulum, refers to
the attraction of the earth and to the centrifugal force due to the earth’s
rotation. That is, the plumb line has a direction defined by the vector
G — mlw X (0 X R)]. In our coordinate system, therefore, the “force
of gravity” is given by —mgk.

Furthermore, since w is 7.3 X 107° radians/sec, the term o X (o X 1)
is of the order of magnitude of 107!, and we shall neglect it in comparison
with the term 20 X v. Also,
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i j k i i k
OXV=w, w | =|—wcos¢ 0 wsing|, (1-117)

and a = # + §j + Zk.
Finally, as scalar equations of motion appropriate in a reference frame
on the surface of the earth, we obtain

mi = X + 2muwj sin ¢,
mjj =Y — 2mw(isin ¢ + 2 cos ¢), (1-118)

mi = 7 — mg + 2mwj cos ¢.

As an application of Kq. (1-118), consider a long Foucault pendulum
whose point of support is on the z-axis at (0,0,L.) so that the bob, when at
rest, is at the origin of the coordinate system (Fig. 1-20). The point of
support is such that the pendulum can rotate freely about the z-axis,
The length of the pendulum is L, the tension in the supporting wire is 7.
We assume that the mass of the wire is negligible in comparison with the
mass m of the bob.

When the bob is at P(x,y,2), the components of 7' in the coordinate
directions are

X = -

x L — 2
L

T, Y=-YL1 7=

7 7= T. (1-119)

These, together with the force of gravity, are the forces acting on the bob.
We shall study the motion under the following assumptions: (1) Oscilla-
tions of the bob are so small that terms of second order and higher in

z

0,0, L)

I

MePP(r, y, 2)

s
Fia. 1-20. Foucault pendulum.
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coordinates and velocities may be neglected. (2) Oscillation in z will be
neglected; i.e.,, the motion takes place approximately in the zy-plane;
this means that 2 and # are zero. (3) The angular velocity of the earth’s
rotation is so small (7.3 X 10~% radians/sec) that squares and higher
powers of » are negligible compared with the angular velocity of swing
of the pendulum in its plane. (4) Frictional torques produced by the
support mechanism are negligible.
The equations of motion are

mi = — % T + 2mey sin ¢, (1-120)

mj = — % T — 2mw(isin ¢ - 2 cos ¢), (1-121)
. L —2 .

mi = ——— T — mg + 2mwyj cos ¢. (1-122)

From Eq. (1-122), by virtue of assumption (2) and the fact that z/L < 1,
we have

T = mg — 2mwj cos ¢. (1-123)
Substitution of this value for 7' in Eqs. (1-120) and (1-121) yields

X

mi = — T [mg — 2mwy cos ¢] + 2mwy sin ¢,
mj = — % [mg — 2moy cos ¢] — 2mwli sin ¢ + 2 cos ¢),

and by using assumptions (1) and (2) these may be simplified to

mi = — % mg -+ 2mwj sin ¢, (1-124)
mj = — g mg — 2mewi sin ¢. (1-125)

Let a® = g/L; then Eqs. (1-124) and (1-125) become

4 a’x = 2wy sin ¢, (1-126)
§ + o®y = —2wisin ¢. (1-127)

These are the equations for two-dimensional simple harmonic motion with
the addition of a driving force in each coordinate proportional to the
velocity in the mutually orthogonal direction. There is a dynamic coupling
between the z- and y-components of the motion.

The behavior of the bob may be described concisely by using the no-
tion of complex numbers. Multiplying Eq. (1-127) by ¢, where 2 = —1,
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and adding the result to Eq. (1-126), we have
(& + 1) + o*(@ + @y) = 2w(y — iE) sin ¢, (1-128)
or, factoring out the 7 on the right,
(& + i) + %@ + @y) = —2wi(t + if) sin . (1-129)

But this may be written
i + ou = —2wiu sin ¢, (1-130)
where w = x -+ 7y, which we solve in' a conventional way by writing

u = Ae, where A and A are to be determined. Substituting in Eq.
(1-130), we find that

A 4 2hsing + a2 =0 (1-131)

is a solution. This characteristic equation yields

A= 3[—2wsin ¢ + vV —4w?sin2 ¢ — 4a?|

= —jwsin ¢ + Vw?sinZ ¢ + a2

2

But by assumption (3), w?sin? ¢ < a? and may be neglected. Hence

A= —iwsin¢ =+ ‘a. (1-132)
The general solution of the equation of motion then becomes
u = {Aezat + Be—iat }e——iut sin ¢’ (1_133)

where A and B are constants that must be fixed by the initial conditions
under which the pendulum is started.

In Eq. (1-133) let the quantity Ae** + Be ™! = u,. By Euler’s
relations e*®* = cos at -+ 7 sin af and e™*** = cos af — % sin af; therefore
we may write ug = C; cos at + ¢Cy sin af, where C; = A + Band Cy; =
A — B. The complex number ug = ¢ + 7yo then has real and imag-
inary parts which change with time; that is,

xg = C cos o, yo = C3 sin of. (1-134)

But these are the parametric equations of an ellipse in the zy-plane.
If we consider ¢ fixed, the bob is describing an ellipse instantaneously.

The second factor in Eq. (1-133), e™*¢®*"? describes a rotation of
the axes of the ellipse by an amount proportional to the time. To sum-
marize the results of our analysis:
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(1) The position of the bob at any instant is specified by the complex
number u = uge @ "2,

(2) The modulus u, is periodic, with period 2m/a, so that the bob
oscillates about the origin ecither in elliptic motion or in plane motion
depending upon the initial conditions.

(3) The radius vector corresponding to the complex number u is ro-
tating steadily in the ay-plane so as to make one rotation about the
z-axis in 2m/wsin ¢ seconds. This is a rotation toward the x-axis and
hence toward the west when the bob is south of the z-axis. The plane of
the motion or, if the elliptical path is being followed, the axis of the
ellipse, appears to rotate clockwise about the vertical as seen by an ob-
server in the northern hemisphere.



PROBLEMS

1-1. A projectile is shot vertically upward from the earth’s surface with
an initial velocity vo ft/sec. The air resistance is proportional to the velocity.
(a) If the projectile weighs W 1b, write the differential equation of motion.
(b) Find an expression for the height to which the projectile will rise and for
the time at which it will strike the ground. (¢) Compute this time and the
height if vg = 100 ft/sec, g = 32 ft/sec?, k = 10731, where k is the coefficient
of resistance. (Section 1-3)

1-2. A small particle of constant mass m is projected with velocity v from
the carth’s surface at an angle o with the hoiizontal, as shown in Fig. 1-21.
It is acted upon by gravity and by a resisting force —mky, where k& is constant.
At any point P of its path, the tangent makes an angle 6 with the horizontal.
Using Kq. (1-4), (a) write the equations of motion for the particle in terms
of the speed v and the angle 8. (b) Solve for ¥(6) and the velocity components
£(0) and $(6). (c) Find 6 as a function of ¢ and hence the time at which the
particle attains its maximum height. (Section 1-3)

Figure 1-21

1-3. Suppose a rocket with its fuel has a mass m at time t. When fired verti-
cally from the ecarth, the rocket itself had a mass m, and its fuel a mass m;,.
The mass of fuel consumed is proportional to the time. The rocket has an
initial veloeity vg. Gravity is assumed to be the only foree acting on the rocket
other than the reaction due to the loss of fuel. Show that the differential equa-
tion of motion is

where v/ is the absolute value of the velocity of the exhaust gas relative to the
rocket. Solve the equation for v as a function of m, under the assumption that
v’ is constant. (Section 1-3)

1-4. A ramndrop of initial mass mo gm falls from rest through a cloud whose
thickness is a em.  As it falls, the drop gains mass at the rate of b gm/sec.
The droplets of the cloud are at rest relative to the ground. The motion of
the drop is resisted by a force proportional to the velocity. (a) Write the dif-
ferential equation for the motion. (b) Find the velocity of the drop as it emerges
from the cloud if, during the passage, its mass has been doubled. (¢) What
will be the limiting velocity of the drop after it leaves the cloud on the assump-
tion that the air resistance outside the cloud is the same as within? (Section 1-3)
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1-5. .\ particle whose mass is m = mo(l + ¢f) moves in a horizontal line
subject to a force of attraction proportional to the distance of the particle
from an origin 0. Write the differential equation for its motion and solve it,
subject to the initial conditions, x = xro, &£ = 0 at ¢ = 0. Hint: The resulting
cquation is reducible to a Bessel equation. (Section 1-3)

1-6. .\ bead of mass m slides without friction along a rod, one end of which
is pivoted in such a way that the rod can be revolved about the z-axis at a
constant angle «, as shown in Fig. 1-22. The rod is driven with constant
angular velocity w about Oz. Discuss the motion of the bead. In what cir-
cumstances will the bead be in equilibrium on the rod? (Sections 1-3 and 1-5)

>

myg

\a

0

Ficure 1-22

1-7. Show that for a constant mass Newton’s Second Law of motion is valid
in a coordinate system which is being uniformly translated in space. Does this
result hold if the mass 1s a function of the time? (Section 1-3)

1-8. Determine whether each of the following forces is conservative and,
if so, find a potential function. (Section 1-7)

@) F=—"—j— j.
V- y2 V2 4 y2

(b) F = zf(r)i + yf(r)j, where f(r) is an arbitrary function of the distance
from the origin.

v I
OF =gl agph

(d) F 2xy3z4i + 3x2y224j + 412y3z3k.

1-9. Rectilinear motion of a mass m takes place in a potential energy field
given by V(z) = —1/x+ 1/2% (a) Write the cnergy equation and draw
an energy diagram for the system. Discuss the motion by means of the diagram.
(b) Compute the period of oscillation for a given fixed total energy E. (c) For
what value of k£, and corresponding x, will the particle remain at rest? What is
the force on the particle at this point? (Section 1-9)
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1-10. A mass m describes straight-line motion in a potential field V(s) =
2as? — as?, where a is a positive constant and s is the displacement of the
particle at time {. Discuss the motion by means of an cnergy diagram and
compute the period of small oscillations about points of lowest potential energy.
(Section 1-9)

1-11. Suppose a mass m oscillates according to the cquation mi + ai -
br = 0. Describe the characteristics of its motion by means of an energy
diagram. (Section 1-9)

1-12. A pendulum bob, mounted on a light stiff rod, is supported on a rotat-
ing table, as shown in Fig. 1-23. The planc of the pendulum motion is always

I

@y

Figurr 1-23

perpendicular to the plane of the supporting framework. Let the mass of the
bob be m, length of pendulum I, moment of inertia of turntable about its axis 1.
Let 6 be the angular displacement of the pendulum from the vertical at time &.
The rod supporting the bob has negligible mass compared with m. The mo-
ment of inertia I 18 large compared with the moment of inertia of the bob
about the vertical.

Initially @ = 0, v = vg for the bob, where v is the velocity of the bob, and
w = wo, where w is the angular velocity of the turntable at time ¢.

From the laws for conservation of energy and conservation of angular mo-
mentum, together with an energy diagram, discuss the motion of the system.
(Hint: Expand sin 6 and cos 8 where necessary into Maclaurin series and retain
ultimately terms to the fourth order in 6.) Distinguish between the situations
when 6 is small and when 6 is large. Investigate the critical angular velocity
wo = +/g/l; i.c., state what happens when wo < 4/g/l and when wo > 4/g/l.
(Sections 1-8 and 1-9)

1-13. A mass m of 1000 gm hangs at the end of a vertical stiff rod whose
mass is negligible compared with m. The rod is 100 ¢m long and is pivoted
at a point 25 cm from its upper end. What is the magnitude of the smallest
horizontal blow on the mass at the lower end of the rod which will make it
describe a complete rotation about the pivot? (Scctions 1-10 and 1-11)

1-14. A particle of mass 3m gm explodes into three equal picees. Two of
the pieces fly off at right angles to cach other, one with a speed of 2a em/sec,
the other with a speed of 3a em/see. What is the magnitude and direction
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of the momentum of the third fragment? The explosion takes place in 1075 scc.
Find the average force acting on cach picce during the explosion. (Sections
1-10 and 1-11)

1-15. A ping-pong ball is dropped from a height of 5 ft onto a hard, smooth,
fixed tabletop. It bounces to a height of 4.05 ft. Compute the coefficient of
restitution of the ball and the kinetic energy lost after 5 bounces of the ball.
(Section 1-11)

1-16. A block whose coefficicnt of restitution is e slides without friction
along a horizontal groove at a speed of vy em/see. It strikes a slower moving
block of equal mass whose velocity is v2 em/sec in the same direction as the
first. Compute the direction and magnitude of the velocities of the two
blocks after the collision. How much kinetic energy is lost in the collision?
(Section 1-11)

1-17. The foree on an clectron of mass m, moving with a velocity vy in
an electric field E and magnetic field B, is given by F = ¢[E + vo X B|. The
velocity vo refers to a fixed coordinate system. Write the differential equation
for the motion of the clectron in (a) the fixed system, and (b) a system rotat-
ing with constant angular velocity o relative to the fixed system and having
the same origin as the latter. Show that if @ = —eB/2m, the Coriolis force
vanishes and that ma =2 ¢E if terms of second order in B arc neglected.
The angular frequency w, thus found, is called the “Larmor frequency.”
(Section 1-14)

1-18. A mass m falls from height 4 to the surface of the earth. Neglecting
frictional forces but taking into account the carth’s rotation, find by how much
and in what direction the particle will have been deflected from the vertical
when it strikes the carth. Neglect terms in the square of the earth’s angular
speed of rotation. (Section 1-15)

1-19. A hurricane wind of veloeity 100 mi/hr due north in latitude 45° N
will be deflected by how much and in what direction due to the Coriolis foree
upon it? (Section 1-15)

1-20. A jet plane of weight 117 Ib flying at 600 mi/hr in latitude 60° north
is on a course N 45° K. (a) What is the magnitude and direction of the Coriolis
force on the plane? (b) If the navigator, using a bubble sextant, is pointing
to a star at right angles to the track of the plane, by how much will the bubble
of his sextant deviate from a true indication of the vertical due to the Coriolis
force? (Section 1-15)

1-21. A bullet of mass m is fired horizontally on the carth’s surface with
initial velocity components &9, Jo. The velocity in the z-direction is zero.
Assume the motion to start at £ = 0 and y = 0. The velocity is very large,
so that terms containing 4o and go arc large compared with terms not con-
taining them. Find the parametric equations, that is, z and y in terms of ¢,
of the path of the bullet in the zy-plane. Show that the trajectory may be
represented by the complex variable

u = (ugt)e *@em eV
where ge'? is the complex representation of the initial velocity. Describe
the motion of the bullet in terms of u. (Section 1-15)



CHAPTER 2
HAMILTON’S PRINCIPLE AND LAGRANGE’S EQUATIONS

In the preceding chapter we formulated the equations of motion by
using the interplay of forces and masses, representing this interplay by
Newton’s laws. One may approach the same problem, however, by a
consideration of the energy of the mechanical system. This requires a
new postulational viewpoint of dynamics, which forms the content of
this chapter.

Lagrange, in his famous treatise Méchanique Analytique (1788), derived
cquations equivalent to those based on Newton’s laws but involving
ideas of work and energy. Johann Bernoulli and D’Alembert had previ-
ously introduced the concepts of virtual work and wnertial forces, by which
dynamies and statics could be reduced to a common denominator, but
Lagrange, and later Hamilton, cast these ideas into a form especially
applicable in dynamical problems.

2-1 The principle of virtual work. In 1717 Johann Bernoulli enunciated
his principle of virtual work, which is essentially a definition of equilibrium
for the mechanical system. We shall confine our attention first to a single
mass particle m, understanding that a summation over many particles
or clements of a system may be made if required.

Let r be the position vector (I'ig. 2-1) of the particle referred to an
arbitrary origin. Secveral forces Fy ... F, may act on the particle. These
may be external applied forees, interactions between particles if the
system is complex, or reactions due to the constraints of the system, i.e.,
the supports, strings, and so forth, which preclude complete freedom of

motion of the particle.. .
We define by ér any small imag-
ined displacement arbitrarily im-
posed upon the mass. This quantity
or dr does not necessarily have to be the
actual displacement of the particle
under the acting force system. We
do assume, however, that ér is con-
sistent with the constraints of the

Fig. 2-1. Virtual displacement un- ~ System. For example, if the particle

der a force system. rests upon an inclined plane, the
43

F,
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imagined, or virtual, displacement must be such that the particle remains
on the plane. Otherwise ér is arbitrary.
The work done by the system of forces in such a displacement is

F,-or + Fy:0r 4 .-+ + F,-0r = oW, (2-1)

but since the scalar product is distributive and commutative, we may
write

n
ey F, = sW. (2-2)

1=1

This is called the virtual work performed by the force system upon the
particle. The principle of virtual work then states that: ¢f, and only if,
Sfor any arbitrary virtual displacement 8t the virtual work W = 0 under
the action of the forces F,, the particle is in equilibrium. An examination
of Eq. (2-2) shows that 8W = 0 for nonzero ér either if ér is perpendic-
ular to Z;;l F, or if

i F, = 0. (2-3)

1=1

Since Eq. (2-2) must hold for any ér, the first possibility is ruled out.
The second possibility, Eq. (2-3), expresses the condition that the vector
resultant of the forces acting on the particle is zero, which is the well- -
known condition for equilibrium as formulated in elementary statics.
In what follows we shall use the condition for equilibrium in the form

sW = or-F = 0, (2-4)

where F is the resultant of all forces acting on the particle.

If there are several particles in the system and we assume that the
interaction forces between particles obcy Newton’s Third Law, the
principle of virtual work remains valid. Suppose there are n particles in
the system and that F, represents the resultant force acting on the jth
particle. Then the principle of virtual work states that the system will
be in equilibrium when

D> F,.8r, = 0. (2-5)

J==1 i

Here ér, is the virtual displacement of the jth particle and is arbitrary
except for the constraint conditions.\i .

A simple example will suffice to fix the ideas outlined above. Two
masses rest on smooth inclined planes, as shown in Fig. 2-2, and are
connected by an inextensible string running over a smooth disk D. By
virtue of the constraints, a displacement |ér;| of the mass m; must be



2-1] THE PRINCIPLE OF VIRTUAL WORK 45

accompanied by an equal displace-
ment |drp| of the mass my. If |or,|is
taken arbitrarily up the first plane,
|6ro| = |6ry] will be down the second
plane. Also by virtue of the smooth
planes and disk, the tension [T| is
the same on both sides of D. Hence,
IT\| = [T| = [T|. Applying the
principle of virtual work, we have  Fie. 2-2. Blocks on inclined planes.
for the equilibrium condition

W = (mig + Ry + Ty)-ér; + (mog + Ry + Ty)-0ry = 0. (2 6)

If we take the indicated scalar products and make use of the constraint
conditions, there results

(mlg sin 0, — mog sin 02)]61'1' = 0. (2“7)

We observe also that R;-ér; and R,-68ry vanish since the vectors are
mutually perpendicular. Hence the reaction forces do not influence the
virtual work. I'or equilibrium, therefore, m;gsin 6; = myg sin 6,, a
result we could have predicted from elementary considerations.

As a second example, consider a single mass particle in a conservative
force field of potential V(xr,y,2). The components of the force are

A4 _ 9V g . 9V
X=—-% = ey 2=
and we write
_ Jev., [ av, av]
F—’[6?1+6y]+azk

The virtual displacement ér = idx -+ joy + kéz. Then

14 14 14
6W——F-6r——&—8¢——-‘—3-y-6y~—-a—z—6z—0 (2"‘8)

for equilibrium. If ér, 8y, 8z are independent, we may choose them at
will, and if equilibrium is to occur, all the partial derivatives must be
zero. This is a necessary condition for an extremum of the function
V(x,y,2). It may be a maximum value of V, or a minimum value, or
simply a point where V has a stationary value of another type.

Suppose, however, that the particle is constrained to move on a smooth
surface f(r,y,2) = c¢. Then the constraint imposes the condition that
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(8f/dx)éx -+ (af/dy)dy + (8f/8z)6z = 0, so that only two of ar, sy, oz
are independent. If we eliminate 8z from Eq. (2-8) by means of this
constraint condition, we find as criteria for equilibrium

av.of avef av.of _av.of _ _
oxr 9z 9z ox 0, dy 9z 0z 6]/—0' (2-9)

But these are just the conditions for an extremum of V(x,y,2) subject to
the constraint. :

Let us examine this point further. Suppose we displace the particle
from its position of equilibrium by a small amount and give it a small
initial velocity. If, in its subsequent motion, the particle does not depart
far from the equilibrium position and does not attain a high velocity,
we classify the equilibrium as stable. The initial disturbance must be
entirely arbitrary but small. For example, a small mass resting at the
bottom of a spherical cup and subjected to the carth’s gravitational field
is in stable equilibrium. [If it is displaced slightly and released from
rest, it will oscillate about the bottom of the cup. On the other hand, if
a mass rests on top of a spherc under similar circumstances, a small dis-
placement will cause it to slide off, that is, depart from the equilibrium
position. In this case the equilibrium is said to be unstable. A third type
of equilibrium is represented by a sphere resting on a horizontal plane.
Here a small displacement of the sphere in any direction on the plane,
and subsequent release, leaves the sphere at rest. This is called neutral
equilibrium.

To distinguish between stable and unstable equilibrium points in a
conservative force field, we rely on a thecorem due to the German mathe-
matician Dirichlet; namely, a position of equilibrium is stable if, and only
if, the potential energy is @ minimum in the equilibrium position.

We shall not prove this theorem* but will illustrate its meaning by an
example. Consider the one-dimensional motion of a particle of mass m
in a conservative field for which the potential energy is represented by
the diagram in Iig. 2-3. Let its displacement at time ¢ be x. Consider
the minimum in V(xr) at + = x4. In the neighborhood of x4 we have
V(x) — V(xa) > 0. Suppose initially the particle is started from rest
at the point & = x4/, very near the minimum. Then its energy there-
after will be ££ = V(r4-). As it gains velocity, we have

bl = V2/m[V(za) — V(@)] < V2/m[V(xa) — V(za)l. (2-10)
If A’ is taken sufficiently close to A, the velocity can be made as small

* A proof will be found in G. Hamel, Theoretische Mechanik. Berlin: Springer-
Verlag, 1949, pp. 268 ff.
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V(z)

Fia. 2-3. Points of stable and unstable equilibrium.

as we please. The displacement cannot exceed ey - w4| under the
imposed conditions. The equilibrium in position A is stable A similar
situation exists at B.

On the other hand, consider the neighborhood of the point O at which
8V = 0 and V(x) has a maximum. Suppose initially that the particle
is started from rest at + = ¢, where 0’ is near 0. This is not an equilib-
riumn point, and the particle will begin to move. Its total energy K =
V(xo:) thereafter, and since its kinetic energy increases, its potential
energy V(x) will decrease. The particle can move only toward the right
in the figure and away from the equilibrium point O. The point O is a
position of unstable equilibrium.

We conclude that for one-dimensional motion of this type the possible
equilibrium positions are given by values of « for which dV/dr = 0,
but that the equilibrium will be stable only if d?V/dt? > 0. Ior three-
dimensional motion, the former condition is replaced by the three con-
ditions (aV/ox) = 0, (aV/ay) = 0, (aV/dz) = 0, as indicated by Eq.
(2-8). The conditions on the higher derivatives, sufficient for determining
the stability of the equilibrium, are more complex and are omitted here.*
By examining the function in the neighborhood of the critical point at
which the three first partial derivatives vanish, one can sometimes tell
the nature of the extremum.

2-2 D’Alembert’s principle. In his 7Traité de Dynamique in 1743,
D’Alembert proposed a principle which would reduce a problem in dy-
namics to an equivalent one in statics. By introducing so-called “inertial
forces” he was able to apply Bernoulli’s principle of virtual work to a
system in which motion results from the action of the applied forces.

The inertial force acting on the jth particle of a system is —m,¥,, where
i, is the actual acceleration under the forces acting on it. Let the re-
sultant force on the particle be F,. D’Alembert’s principle then states
that the applied forces together with the forces of inertia form a system in
equilibrium. Ixpressed vectorially for a set of virtual displacements ér,,

* See, for example, D. V. Widder, .1dvanced Calculus. New York: Prentice-
Hall, 1947, pp. 110-112.
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the principle becomes

z"j (F, — myf,) {or, = 0. (2-11)

=1

Take as an example a free particle moving in space. Then F = Xi 4
Yj + Zk, & = &i + §jj + #k, and ér = idx + jéy + kéz, so that we have
from Eq. (2-11)

(X — m¥) o + (Y — my) by + (Z — mz) 6z = 0. (2-12)

Since ér, 8y, 6z may be chosen arbitrarily and independently, this equa-
tion will be true if

X = mi, Y = mj, 7 = ms, (2-13)

which are the familiar Newtonian equations of motion for the particle.

We count the string tensions, surface- supports, and other reactive
forces as part of the applied forces in I)’Alembert’s principle. For ex-
ample, if a block is being pushed along a smooth horizontal plane under
the action of an oblique force F, as
in Fig. 2-4, there will be a reactive
force R as well as F acting on the
block. The block will be accelerated
toward the right, and we observe
that the applied force F -+ R is not
collinear with the inertial force
—mf. In general, the F, and m,f,
will not be collinear. The vector
difference F, — m,,, which enters
D’Alembert’s principle, represents a
“lost force.” In the example above,
this would be F + R — mf. The negatives of the inertial forces are some-
times called the “effective forces.”

To illustrate ID’Alembert’s principle, we shall use the masses on in-
clined planes shown in Fig. 2-2. The inertial forces are —mja, and
—mqas. We assume a;, the acceleration produced in m,, to be positive
upward on plane 1. Likewise aj, the acceleration of mg, is assumed posi-
tive downward on plane 2. Then by virtue of the constraints |a;| =
lag] = a, where we denote by a the acceleration of the system.

D’Alembert’s principle yields

Fic. 2-4. Block moving under an
oblique force.

(mlg + T] + Rl — mlal)-érl -+ (MQg -+ T2 -+ R2 — mzag)'arz = 0.
(2-14)
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Carrying out the scalar multiplications and substituting the constraint
conditions, we have

[mig sin 8; — moyg sin 6, — (m; + my)al|éry| = 0. (2-15)
Since |ér,| is arbitrary, Eq. (2-15) will be satisfied if

myg sin §; — mag sin 0,
my + mq

a = (2-16)
The numerator is the net force acting on the total mass which appears
in the denominator. In our succeeding discussion we will use D’Alembert’s
principle in the formulation of Hamilton’s principle, which in turn will
lead us to Lagrange’s equations of motion.

2-3 Variational principles. We now make a slight digression to intro-
duce briefly a few of the fundamental ideas of the calculus of variations.
Consider, first, an example. We ask, “What will be the curve in a vertical
ry-plane assumed by a perfectly flexible cable of length L hanging between
points (a,b) and (—a,b)?” The situation is shown in Ilig. 2-5. Although
we shall not solve the problem completely, we will indicate what is
involved.

Since the cable is in stable equilibrium, its potential energy is a mini-
mum. If x is its mass per unit length, assumed constant, the potential
energy for an element will be ugy ds, and for equilibrium the integral

B )
_ #g/yds @17y C oD (a,b)

will be 2 minimum. Integration here
is along the curve from (—a, b) to L ")
(a, b). Smce ds is V1 -+ (y)2dx, d’:]l
we may write Eq. (3-17) as Ey

V = ug / W1+ ()2 de, 0 *
—a
(2-18) Fia. 2-5. Hanging cable.

y’ standing, as usual, for the derivative of y with respect to .xr. Our problem,
then, is to find y as a function of x such that V takes on its least value.
This is a problem in the calculus of variations. We shall summarize the
basic ideas needed to solve it and refer the reader to other sources* for
the mathematical details. No attempt at rigor will be made here.

* See, for example, P. Franklin, Methods of .1dvanced Calculus. New York:
McGraw-Hill Book Company, Inc., 1944, Chapter XII.
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Consider that the integral

c
I= /, Joyy') de (2-19) (e, d
is to be maximized or minimized.
This is to be done by choosing a par-
ticular curve y(r) among all curves
joining (a,b) and (¢,d). Two such
curves are shown in Fig. 2-6. We
define the variation in y, labeled 8y, Fic. 2-6. Varied curves.
to be ya(x) — y,(x), that is, to be
the change in y from curve to curve at the same value of x. The slope
of the curves, in gencral, also is different for the same x. The variation
in slope is 8y’ = yy(¥) — yp(v).

It is evident from the figure that as @ changes from a to ¢, 8y will
change and hence is a function of & which we will assume to be contin-
uous at all points between + = a and « = ¢. If we differentiate it with
respect to x, we have

l 14 ’ ’ ¢
(-;; (8y) = ya(e) — yi(er) = oy’ (2-20)

We shall have constant occasion to use this fundamental relation permit-
ting interchange of the operations of differentiation and variation.

In a similar way it may be shown that the operations of variation and
integration commute; that is,

b b
6/ yde :/ 8y du. (2-21)

Basically, if we vary y and hence y’ in I, we produce a variation 81.
If I is to have a maximum or a minimum value, the calculus of variations
indicates that 6/ = 0 for every arbitrary change, 8y, that we may make
in y. The distinction between 8y and the usual differential dy should be
kept clearly in mind: 8y refers to a variation from curve to curve at a given x;
dy refers to a differential change along a given curve for a change in z.
We find from the calculus of variations that I will have a stationary
value, usually a maximum or minimum, if y(x) satisfies the Euler-Lagrange

differential equation,
| d (&) o y
dr (ay’ ay 0. (2-22)

This second order equation enables us to solve the minimum problem
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posed at the beginning of this section. I'or the hanging cable, we have

feyy) = yW1+ )2 (2-23)
Hence

of _ w T _
AV s OF] 3y V1+ ()3, (2-24)

and the Kuler-Lagrange equation becomes

_i __lli, - o \/‘1“_*‘*73,“‘ -0 g
dr <\/-17(17’ﬁ> + (4% } (2-25)

The solution of Iiq. (2-25) subject to the given boundary conditions
yields the equation of a catenary.

2-4 Hamilton’s principle. We may interpret the virtual displacements
used in discussing D’Alembert’s principle as the small variations intro-
duced in the preceding section. A particle in its motion will take a certain
path described by r = f(¢) under the action of external forces. Varied
paths described in the same time between two points in space may be
imagined by changing the actual path by small variations ér for corre-
sponding times. If we look upon the ér in this way, we are led to a funda-
mental variational postulate that serves as a basis for dynamics and which
starts from energy concepts.

For simplicity, consider again n particles of masses m,, located at
points r;, and acted upon by resultant external forces F,. By 1)’Alembert’s
principle, we write

n
> (mji, — F)-ér, = 0. (2-26)

1=1
This is the dynamical condition to be satisfied by the impressed forces
and the inertial forces for arbitrary or, consistent with the constraints.
We observe first that 3, F,-ér, is the virtual work done by the

forces. Call it W. IFurthermore,

4, o) =1, Lior)) + 1,1, (2-27)

dt 7 AR 7
But by interchange of the derivative and variational operators,

d .
32(51']) = 0f,.

This permits us also to conclude that t,:ét, = a(gtf) = §(3v?), where
v, is the speed of the jth particle. This last expression, however, when the
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mass m, is included as a factor, is the variation in the kinetic energy of the
particle. Thus we may write

> b, = S5 moby o, — o, (2-28)

=1 1=1

where T = the total kinetic energy = 3_)_, Fmp2.
Putting all these results together, we have

&%Z myt,-or, = 6T + &W. (2-29)

=1

Consider two times, to and ¢;, at which we assume ér, = 0, that is, two
times at which the dynamical path and all imagined variations of this
path coincide. Integrating Kq. (2-29) between ¢y and ¢;, we have

t t
t

> m,f,.ar,] = /, (8T -+ 8W) dt. (2-30)

=1

But the first term is zero by virtue of our restrictions on ér,. Hence

ty
[ (8T + W) dt = 0. (2-31)
to

We have assumed that variations in T and W arise from variations in the
coordinates and velocitics between the dynamical path and the varied
path when these variations are taken at the same time. Thus throughout
we have assumed 8¢ = 0. If we assume further that W is a work function
arising from a potential energy so that W = —V(r,), Eq. (2-31) becomes

ty t
6/ T+ W)ydt = 6/ (T — V)ydt = 0. (2-32)
to to

The function T — V = L is called the kinetic potential, or the Lagrangian
function, or simply the Lagrangian, of the system.

Equation (2-32) is a mathematical statement of Hamilton’s principle
for a conservative dynamical system. We may state it thus: of all paths
in time which the coordinates r, may be imagined to take between two in-
stants ty and ty, the dynamical path actually taken by the system will be that
for which f{1 (T — V) dt will have a stationary value.

Let us make perfectly clear what “dynamical path” means in this
sense. We imagine all r, varying with the time. Corresponding to a
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given instant, we imagine a “representative point” whose coordinates
are the n values r; located in this n-dimensional space. By the “dynamical
path” we mean the path of the representative point in the n-dimensional
space.

As we shall sce later, Hamilton’s principle also holds for certain non-
conservative systems in which a work function depending on the velocities
as well as the coordinates is involved.

We shall illustrate by an example how Hamilton’s principle leads to
the differential equation of motion for a system with one degree of free-
dom, that is, a system completely specified by one coordinate. Con-
sider a simple pendulum of length I with a bob of mass m. Its angular
displacement from the vertical at any time ¢ we shall take as 6, and we
shall neglect the mass of the supporting wire. The kinetic energy of the
system and its potential energy are

T = ml®60®>, V= mgl(1 — cos 9), (2-33)

so that
L=1T—V = imi®6®* — mgl(1 — cos 6). (2-34)

Hamilton’s principle then states that the dynamical path will be ob-
tained if

13}
/ 8[dml*6® — mgl(1 — cos 0)] dt = 0. (2-35)
t

[

Carrying out the variation, we have

"
/ [mi®6 66 — mgl sin 6 86) dt = 0. (2-36)
to

The integral f,'ol ml%0 56 dt may be written as ffo‘ mi%6[d(86) /dt]dt by
virtue of the operator interchange exhibited in Iq. (2-20). Integration
by parts yields

¢ 1t t
/ mi2é % (86) dt = ml®6 soJ — mi? [ 4 56 dt. (2-37)
t t

0 to 0

But 86 is a variation which by definition is zero at ¢, and ¢t;. Hence the
first term on the right side of Eq. (2-37) vanishes. Combining Eq. (2-37)
with Eq. (2-36), we have

ty
/ — [mi?§ + mgl sin 6] 56 dt = 0. (2-38)

to
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This must be true for an arbitrary assignment of 8. Therefore, we are
led to
6+ ‘Z’ sing = 0 (2-39)

as the equation to be satisfied by 8 for the dynamical path. Equation
(2-39) is the familiar differential equation for the pendulum.

The Fuler-Lagrange equation (2-22) applied here would have yielded
the same result. We would have from Eq. (2-34)

oL _
a6
and hence by Eq. (2-22),

oL _ —mgl sin 6,

mi®e, 20—

% (ml*6) + mglsin = 0,

which reduces to Eq. (2-39).

In general, as we shall show, it is not necessary to use Hamilton’s
principle directly in the solution of dynamical problems. From it we
derive equations equivalent to Eq. (2-22) for finding the stationary
value of f{! Ldt. These arc called Lagrange’s equations. Their applica-
tion is greatly facilitated by the use of generalized coordinates.

' 2-5 Generalized coordinates. In the example of the simple pendulum
discussed above, we might have specified the position of the bob by giv-
ing its x- and y-coordinates. These are not independent coordinates,
however, and we used, instead, the angle 6, which is a single parameter
that suffices to specify the position of the bob at any time ¢. We say
that the system has one degree of freedom. 6 plays the part of a so-called
generalized coordinate. In any physical system there will be just as many
generalized coordinates as there are degrees of freedom. Or we may put
it in another way: the generalized coordinates for a given system are the
least number of variables required to specify the positions of the elements
of the system at any given time.

As a second example, refer to the double pendulum illustrated in TFig.
2-7. Motion is confined to the xry-plane. Although we may give the z-
and y-coordinates of m; and my as functions of the time to describe the
motion of the system, it will be more economical, however, to give the
angles 6; and 8,. These serve as the generalized coordinates. The carte-
sian coordinates of m; and ms can be expressed readily in terms of 6,
and 6,.

In general, let r, be the position vector of a mass point m, in cartesian
space. Then we may write

I, = rJ(Qly qzy, ..., qrn)» (2-40)
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where the g, are the generalized co-
ordinates for the system, one for 0
each degree of freedom. We shall
ignore for the moment a possible de-
pendence of r, explicitly on the time. o \/,
Equation (2-40) is equivalent to
the statement r, = x,(q1 ... qm),
Yi=Y(q1---qm), 2, = 2,(q1 - - . @m),
where z,, y,, z, are the cartesian co-
ordinates of the mass point.

Iror the double pendulum, we
have Frc. 2-7. Double pendulum.

my

|
.
i

m,

Xy = [y sin 8y, ro = [y sin 8y + Iy sin 6y,
(241)

Y1 = —lj cos 0y, Yo == —ljcos 8; — lycos 0,.

It is important to note that the g may be any independent parameters
that specify uniquely the dynamical situation at a given time. They may
be angles, areas, lengths, or any other set of numbers. Since they are
independent, there can be no functional relation between them and
hence no integrable linear relation between the values of the 8q,. By this
we mean no relation f(qq, gz, . . ., ¢n) = 0, and hence no relation such as
Si=1 (3f/dqk) 8qx = 0. There may, however, be nonintegrable relations
connecting the &g, such as 3 y—; ax 8z = 0, where the coefficients ag
are not the partial derivatives of some function with respect to the g;.
We shall use generalized coordinates in much of our analysis henceforth.

2-6 Lagrange’s equations. Consider a dynamical system composed of
n mass points located by the vectors r,(j = 1,2,...,n) with respect
to some origin. The resultant external force acting on the jth mass will
be denoted by F,. We shall designate by qi(k = 1,2,..., m) the
generalized coordinates necessary to describe the system, and we seck
equations that will provide the ¢, as functions of ¢.

From Eq. (2-40) we have

o~ Jr, o~ Or
— 0 and t, = g 2-42
&= 3Qk, qk J k;l 6(]1: qk! ( )

or, =
where f, is the velocity of the jth mass.

We shall confine our attention here to holonomic dynamical systems
that is, systems in which the 8¢, are independent. Nonholonomic systeng€
those in which there are nonintegrable relations between the g, we, adl
discuss later.
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The kinetic energy of the n particles is

1 3 1 3 . N . 3
T=g3 mi;=52m, :Z > (Z—;-’; - %)} dols.  (2-43)

1=1 1=1 p=1 =1
The quantity in the brace comes from squaring the f, of Eq. (2-42) and
summing. We may rewrite q. (2-43) as

n

=133 (> m, B g, (2-44)
2p=l §=]1 jaqp aq:; P

where the parentheses enclose a quantity that we shall designate as a,.
It depends entirely upon the generalized coordinates and not upon the
velocities. This expression for T', namely,

] m m
T = 3 Z Z Aps (p(s, (2-45)

p=1 s=1

is called a homogeneous quadratic form in the velocities ¢y.
Let us now examine the work done by the forces F,. We write for the
virtual work, as usual,

§W = Y F,-ir, (2-46)
=1

and by Eq. (2-42)

n m ar m n ar
W = F,. =L sqib = F, 2% éqx. 2-47
Z b {I;l gk 'Ik} ; {] 3 aqk} Qk ( )

=1

The quantity

is defined as the generalized force, Qy, associated with the coordinate g;.
Hence the work done on the system becomes

W =3 Qb (2-48)

k=1

Now by Hamilton’s principle we know that the dynamical path will
be that for which

t
/ (8T + sW) dt = 0. (2-49)
to
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But 7 is a function of ¢ and ¢k, say T'(qx, ¢x), and hence

- aT
8T = E (aq 34 + aqk)

Therefore, we may write

ty m

)3 {‘” b+ 5o o+ Qs aq,.} dt = 0. (2-50)

to k=1

Consider [/ (0T/d4x) 8Gx dt for a given gr. This we integrate by parts
[as we did for the simple pendulum, Eq. (2-37)] to obtain

ty t
aT d aT d .
/ 3q di (8qr) dt = 7 5qk]lo - / i (aq ) oqr dt.  (2-51)

By virtue of the restrictions that at ¢, and ¢, all 8¢, = O, the first term on
the right side of Kq. (2-51) vanishes. Thus Eq. (2-50) becomes

ty m d (6T> l
- = dqr dt = 0. 2-5:
/{0 ’;{ AT + == + Qr [ dqx dt (2-52)

For this to be true for any arbitrarily assigned values of the 8¢, we find

d (oT aT . .
a((_@) ~ Q. (h=1,2,...,m). (2-53)

These m equations, one for each degree of freedom, are the celebrated
Lagrange’s equations of motion. They are second order differential
equations which may be solved for the coordinates ¢; as functions of the
time. The quantity 47/d¢x in Eq. (2-53) is the momentum associated
with the coordinate ¢.

If the force field is conservative, 8 W = - 8V, where 1" is a function of
the ¢ only. Hence

m EX4
—8V = ). < aqk) 8, (2-54)

k=1
and we observe by comparing this with Eq. (2-48) that

av

e k=12 ...,m). (2-55)

%= —
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Thus Lagrange’s equations become

d(aT) _ o =V) _ _ .
dt <6qk> Aqk =0 (k =12..., m) (2 «)6)

But T — V = L, the Lagrangian function, and since 7' is the only part
of this which contains ¢, we have (37/d¢x) = (8L/dq¢x). This yields

the form
d aL) oL o o
d-t' <aa —'—aqk—- 0 (Iv——— 1,2,...,m) (2 07)

for Lagrange’s equations in the case of a conservative field.
We shall now apply Lagrange’s equations to the solution of the double

pendulum problem shown in Ifig. 2-7. The potential energy of the system,
reckoned from the point of support, is

V= —(m; | ma)glicos b, - magly cos 05, (2-58)
while the kinetic energy is
T = }(my + mu)l367 + §mol363 4 malil260165 cos (61 — 02) (2-59)
and the Lagrangian function is

L = %(ml + ﬂlg)l%éf '}— %mzlféﬁ ‘f‘ m211l20192 Ccos (01 - 02)

-+ (my -+ ma)gly cos 8, + magls cos Os. (2-60)
I‘'rom L, we compute

aL 2 Iy .

30, (my + mo)li; -I- malyla8s cos (8, — 62), (2-61)
1

L

50— == mglzzég }- ”12111291 o8 (01 - 02), (2—62)
2

oL . .

50—1 = —m211l20102 sin (01 — 02) - (m1 + mg)gll S 01, (2—63)

aL s .

56; = m2l1129102 sin (01 — 02) - 7n2gl2 s 02. (2"64)

Then the Lagrangian equations of motion are

(my + m3)l18, + malabs cos (8; — 65)
+ mal2b3 sin (8; — 82) + (my + mg)gsin 6; = 0, (2-65)

o8y + 1,8, cos (6; — 63) — 1,67 sin (6, — 6s) -+ gsin §2 = 0. (2-66)
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These simultaneous differential equations are to be solved for the co-
ordinates 6; and 0, as functions of the time. The reader should examine
for himself the physical significance of the terms in Eqgs. (2-65) and
(2-66) and, furthermore, he should try to obtain these equations by
applying Newton’s laws of motion directly. The advantages of the ap-
proach through Lagrange’s equations become quite impressive.

We observe in the kinetic energy terms, Eq. (2-59), that not only the
squares of the generalized velocities occur but also a cross-product term
in 8,6,. This is an instance of dynamic coupling between the two degrees
of freedom of the system. I‘urthermore, we see that T is homogeneous
of degree 2 in the velocities, as it should be according to Eq. (2-45),
and that the coeflicients of the quadratic velocity terms are functions of
the coordinates.

The pulley and mass system shown in I'ig. 2-8 serves as a second
illustration of Lagrange’s equations. We shall assume that the pulleys
have negligible mass, turn without friction, and hence do not enter
dynamically into the problem. Let r be the radius of each pulley, I;
the length of the upper cord, I the length of the lower cord. For gen-
cralized coordinates we choose ¢; and ¢,. Then at any instant the masses
my, my, mg arc at distances Iy — 7r — q1, ¢q1 -+ lg — T — @2, and
q1 + qs, respectively, below the axis of the upper fixed pulley which we
take as the origin of our coordinate
system. The velocities are:

formy,  —qi;
for mo, 1 — qz2;

for mg, g1 + qa.

Therefore the kinetic energy is

T = %{(ml + ma + ma)dd
+ (mg + mg)g3
+ 2(mg — ma)dida}. (2-67)

For the potential energy, we find

V= —g{ml(ll — T — qp)
+ me(qr + 12 — 71 — ¢2)
+ malgr + a2)}, (2-68)

my

and hence a Lagrangian function
L=7T-17. Fic. 2-8. Mass and pulley system.
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Taking partial derivatives, we have

oL . .

30, = (my + mg 4 m3)qy + (m3z — ma)ga,
d1

oL . ,

3y = (mg + m3)ge 4 (mg — ma)qy,

oL

— = (—m my + m3)g,

an ( 1+ ma + mg)g

oL

(3(_]2 = (m3 — mz)g

From these, and using Eq. (2-57), we obtain the Lagrangian equations of
motion:

(my + mg + m3)iy + (mzg — ma)ie -+ (my — my — mz)g = 0, (2-69)
(mg — ma)Gy + (my + m3)js + (mg — mz)g = 0,  (2-70)

which may be solved simultaneously for the accelerations §; and §s.
Again, the reader should interpret physically the terms in these equa-
tions and relate them to the physical system.

As a third example of the application of Lagrange’s equations, we shall
formulate the equations of motion for the governor shown in Fig. 2-9.
The rods are pivoted at the origin and at each mass in such a way that,
as the masses m move outward, the mass A can move smoothly in the
vertical direction along the rod Oy. Let the cartesian reference frame,

Fic. 2-9. Governor.



2-6) LAGRANGE’S EQUATIONS 61

as shown, rotate about Oy so that at any instant its position is given
by the angle ¢; with respect to some arbitrary initial plane. Then the
angular velocity of rotation is ¢; about Oy.

Let g2 denote the angle at the origin which one of the bars makes
with Oy (Fig. 2-9). The numbers ¢; and ¢,, as functions of the time,
are adequate to fix the positions of all three masses, and hence they
serve as the generalized coordinates for the problem.

If I denotes the moment of inertia of M about the Oy axis and we
consider the masses m as essentially particles, we have for the rotational
kinetic energy about Oy

T, = %{I 4+ 2mi? sin? ngcﬁ.
Ior the kinetic energy of motion in the xy-plane, we have
T, = %{2ml2qg + 4M12 sin? ¢, (13},
and hence the total kinetic energy is
T = (I 4 2mi® sin? ¢2)¢2 + @mi® + 4M1%sin? ¢2)¢2}.  (2-71)
The potential energy may be written immediately as
V = —2mgl cos g3 — 20 gl cos g = —2gl(m -+ M) cos qo.  (2-72)

From L = T — V, we find the partial derivatives

oL 2 .2 .

L — (I + 2ml ,

i (I + 2ml” sin” ¢2)q,

OL _ (2mi® + 4MP? sin g3)da,

42

oL

=~ o,

a1

g-f— = 20% sin g4 cos qa(mg: + 2M¢3) — 2¢l sin go(m -+ M).
2

Lagrange’s equations for the system are
7 [+ 2mi® sin® g2)q] = 0, (2-73)

2mi® + 4M1? sin? q3){a + 4M1% sin g4 cos g2 G5
—2mi® sin g, cos gs @+ 2¢glsin go(m + M) = 0. (2-74)
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These may be solved for §, and §; to complete the problem. One fact is
apparent immediately, namely,

(I + 2mi%sin? q5)§; = constant.

This quantity is the angular momentum of the system about Oy. The
acceleration fjp with which A7 moves along Oy can be found from §, by
using the relation y) = 2 cos ¢,.

Two important properties of the Lagrangian equations of motion should
be mentioned. Suppose the coordinates ¢, arc changed to another co-
ordinate system by some point transformation. To be specific, this might
be a change from cartesian to spherical coordinates, or from cartesian
to eyiindrical coordinates. When the Lagrangian equations are also
transformed to the new coordinate system, they still express the condi-
tion for the vanishing of [t (87 -- §W) dt in the new coordinates. In
the second place, when using Lagrange’s equations, one does not need to
calculate the inertial forces acting on each part of the mechanical system,
as when applying D’Alembert’s principle. The scalar function L(q, ¢x)
is sufficient to yicld the differential equations for the dynamical system.

2-7 Nonholonomic and nonconservative systems. In deriving La-
grange’s equations from Hamilton’s principle, we assumed in obtaining
Eqs. (2-53) from Eq. (2-52) that the ¢ were independently assignable.
We made no stipulation, however, that the generalized forces Q. should
be conservative. Igs. (2-53) are, therefore, applicable to nonconserva-
tive systems. The independence of the &g, which is the condition for a
holonomic system, can be removed to a certain extent so that some
types of nonholonomic systems can be included in this type of analysis.

We assume that in establishing the ¢;’s for a given system all integrable
constraint conditions have been applied, i.e., any functional relationship
between the ¢’s has been taken into account. If a particle moves on the
surface 2% + y? = 4z, for example, we can eliminate one of (r,y,2) as
generalized coordinates of the particle. All three of the virtual displace-
ments éx, 8y, 6z are not independent, since 2x éx + 2y dy — 46z = 0
by the constraint condition. Two degrees of freedom are all the particle
possesses.

If the constraint condition is nonintegrable but yet is in the form
k=1 ai 8qx = 0, we may reduce the number of degrees of freedom and
solve the problem by use of Lagrange’s multipliers. An example of such
4 nonintegrable constraint is furnished by the pure rolling motion of a
ball on a horizontal plane along a curve C as pictured in Fig. 2-10. The
position and orientation of the ball at any time are specified by the x-
and y-coordinates of its center (hence the point of contact with the planc)
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¢

Fia. 2-10. Sphere rolling on a plane.

together with the angles 6 and ¢. The angle 8 gives the orientation of the
plane PBI’’ relative to the yz-plane, while ¢ gives the rotational orienta-
tion of the plane ABA" about A A’. The velocity of the center of the sphere
then is given instantancously by

& = r¢ cos 6, = —rdsin b, (2-75)
where 7 is the radius of the sphere The constraint conditions are
dr — rcos 6 d¢ = 0, Sy + rsin 0 6¢ = 0. (2-76)

These cannot be obtained from a functional relation between the co-
ordinates r, y, 6, and ¢. We speak of Eqs. (2-76) as nonintegrable con-
straint conditions.

At first we shall assume only one condition of constraint of the form

Z Qg qu = 0. (2-77)
k=1

Equation (2-77) will still be true if we multiply by an unknown parameter
A, whose value will be determined in the course of the solution. This
parameter is called Lagrange’s undetermined multiplier. X may be a func-
tion of the time, but for our discussion we shall assume it is not.

Multiplying Eq. (2-77) by X and by dt and integrating between times
to and ¢, as we did in discussing Hamilton’s principle, yields
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ty m

D Ny bqy dt = (2-78)

to k=1

If the system is conservative, we may combine Egs. (2-78) and (2-52)

to yield
ty
uNFY d(aL) }
o _ 2 Aax{ dqi dt = 0. 2-79
/M;aqk () + et (2-79)

We cannot assign values independently and arbitrarily to all the &gy
in this expression. However, we may rewrite 1iq. (2-79) as

t oy ‘
oL d(aL) l
A oqr, dt
/:o ,_Z; Aqr  dt \9gx T Ay 8gi ¢

t
+ f laq,,, (aqm> + Aam’ 0qm dt = 0. (2-80)

Now suppose we choose A so that the second integral vanishes; that is,

oL d aL> _ o
This is necessary since 8¢, is not independent but is restricted according
to Eq. (2-77). Having done this, we are free to choose 8qy, 8qa, . . ., 8qm—1
in the first integral arbitrarily, and if this integral is to vanish, we must
have

oL aL) o .

g dt( + N =0 k=1,2,...,m —1). (2-82)
Equations (2-81) and (2-82) give us m equations to solve for the values
q1, 92, - - -, @m, but we also must obtain X. For this we adjoin to Egs.
(2-81) and (2-82) the constraint condition, Kq. (2-77), rewritten in the
form

Z ag Qk = 0. (2—83)

k=1
This can be done since the constraint condition is essentially a linear
differential form %=1ardgr, and hence remains so if each term is
y Ak,
divided by dt.

- Since a holonomic constraint ¢(q1, g2, ..., qn) = 0 is equivalent to
a differential cquation
m

(2-84)

Ql.e.



2-7] NONHOLONOMIC AND NONCONSERVATIVE SYSTEMS 65

we may treat holonomic systems by the undetermined multiplier method.
Here the (3¢/dqx) play the part of the a; in Eq. (2-77). If there are
several conditions of constraint, such as

i Gk dgr =0, Y axndqp=0,...) amdp =0,  (2-85)

k=1 k=1 k=1

this procedure can be modified appropriately by introducing as many
undetermined multipliers as we have conditions. In this case the equa-
tions to be solved are

d aL) oL & _ o
;17(295 ‘Tq,c“;*’“fk‘o (k=1,2,...,m), (2-86)

together with Eq. (2-85) modified to

Z (2173 qk =0 (] = 1) 2’ ceey p) (2—'87)
k=1

To illustrate the method of undetermined multipliers, we shall con-
sider a mass m sliding under gravity without friction on the inner surface
of a paraboloid r? = cz. In cylindrical coordinates, we have

T = im[i? + r26* + 37,
V = mge,
L=T-1YV,

and the constraint condition, derived from the equation of the paraboloid,
is 2r 60 — ¢ 82 = 0. There will be only one N needed here: a, = 2r,
as = 0, a, = —c. The equations of motion will be

mi — mré? — 2rx = 0,
mr2§ + 2mior = 0,
mi -+ mg+cA=0

Furthermore, 2r# — ¢z = 0. These are the equations that correspond
to Egs. (2-82) and (2-83). Irom them we obtain r, 8, 2z, and .

We may naturally inquire into the physical significance of the X, in
the equations of motion. If there were no constraints on the system but
generalized forces were applied so as to keep the motion of the system
the same as that described by Eqs. (2-86), these generalized forces would
have to be identical with the quantities 37—, a,s\;. Thus when we find
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the A;, the constraint forces are supplied automatically as part of the
answer to our problem.

If the force field is nonconservative, Lagrange’s equations are still valid
in the form given in Eqs. (2-53). We can define in some cases a generalized
potential V(q«,qx), dependent upon both velocities and coordinates, in

such a way that
avV d (dV ]
U="a5 " (@) ' (2-88)

Then Lagrange’s equations in the homogencous form, Eq. (2-57), still
represent the system. The function V(q,q) is called a velocity-dependent

potential.
Suppose, in the example just given, the mass m sliding on the surface
r?2 = cz is resisted by a force proportional to the velocity, F = av. This

force would have components a#, arf, and a2 in the cylindrical coordinate
system. If we remove the constraint dircetly by using the equation of
the surface, we have

_1 47'2>,2 22]
T—im[<1+-07 R o Al

y - mr

)

for the conservative part of the field. In addition to the conservative
forces, we have the frictional forces cntering the Q, and @4, so that
Lagrange’s equations (2-53) become

d . 4r2)] 4mr 9, 2mgr .
7 [mr <1 to )| T e e T = ek, (2-89)

a
dt

[mr?6] = aré, (2-90)

in terms of the generalized coordinates r, 8. The nonconservative parts
of the force are exhibited on the right sides of Eqs. (2-89) and (2-90).

2-8 Impulsive motion. In Section 1-10 we examined the effect of
impulsive forces on the particles of a mechanical system. The result on
a particle was a change in its velocity without a corresponding change in
its position during the time the impulsive force was acting. Let us now
see how impulsive forces may be brought within the framework of
Lagrange’s equations.

For each degree of freedom of the system, we have

d (aT aT .
a(a_q.;>~_=Q,, k=1,2...,m. (2-91)
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We multiply through by dt, integrate from ¢, to ¢; as we did in discussing
Hamilton’s principle, and take the limit as ¢; — {;. The result is

31

ty 4
(92) — lim / oT dt = lim Q. dt. (2-92)
ti—to Jt

Iqr/ 1o o Ok ti—to J to

But (07/dqx) remains finite during this time interval. Hence the second
integral on the left side of Eq. (2-92) vanishes as t; — ;. Furthermore,
we define

4y
lim/ Qr dt
t1—to J to

to be the generalized impulse associated with the coordinate g;. We
will designate it by Q.. Thus the Lagrangian equations appropriate to
impulsive motion are

GT) (07’) ’
gl — = _____..Q k=12 ....m). 2-93
<a.k y 0(1k . k ( ) ) ) ) ( )

Observe that the left side of Kqs. (2-93) is the change in the momentum
(0T /3qx) from the initial to the final time of action of the impulse. These
cquations are not differential equations, but simply algebraic relations
which are satisfied by the momenta under the action of the impulses.

The quantities @/ are found in a manner analogous to the generalized
forces Q. The virtual work done on a single particle during the action

of an impulse F, will be % Lk 24

m ar ’ FL
W = k; <Faq;> dqr,  (2-94) (.
a)

and we identify the quantity
F,:(dr/dqx) as the generalized im-
pulse Q4. Ioxtension of the defini-
tion to a system of n particles leads
to a relation for Q} analogous to that
for Qi in Eq. (2-47).

As an illustration of these equa- 0
tions, we consider the effect of a blow (b)
on one end of a linked pair of rods, as Fig. 2-11. Linked rods.
shown in Iig. 2-11. Two bars, each
of length 2a, lie on a smooth horizontal plane in a straight line, as shown
in Fig. 2-11(a). A sharp blow F, is struck at the right end of the system.
We are to find the velocities imparted to the bars by this impulse. The
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position of the system at any time after the impulse may be specified
by the angles 8, and 8, and the coordinates z, y of the link, as indicated
in Fig. 2-11(b). These we shall take as the generalized coordinates.

The kinetic energy of a rod due to its rotation about an axis through
the center of mass will be shown in Chapter 4 to be $Iw?, where I,
is its moment of inertia about the axis and w is the angular velocity.
Furthermore, it can be shown that there is a point in the rod at distance
k from the axis where a point mass m can be placed and produce the same
moment of inertia as that produced by the distributed mass of the rod.
Hence we have I, = mk?2, where m is the mass of the rod. The distance
k is called the radius of gyration. The moment of inertia about the end
of the rod is then

I = Iy + ma?= m@a? + k?), (2-95)

where 2q is the length of the rod.

Using Eq. (2-95), together with the equations for the translational
motion of the center of mass of each rod, we find that the kinetic energy
at any time ¢ will be

T = 3mi2i® -+ 257 -+ (a® + K2)(83 - 63) + 2ai(by sin 6, — 6, sin 6;)
+ 2aj(8, cos 8; — 6, cos 02)}. (2-96)

The momenta are

6—7.—7 _— ‘ﬂ {4.& + 2a(fy sin 8, — 6, sin 8,) }, (2-97)

o. 2

ar . |

- % {4 + 2a(6; cos 6; — 65 cos )}, (2-98)

géz = % {2(a® -+ k%8, — 2aisin 6, + 2ajcos 8.},  (2-99)
1

g—g— = % {2(a® + k)6, + 2ai sin 0, — 2aj cos 82).  (2-100)
2

We are interested in the change in these quantities during impact, and
we bear in mind that initially 6, = 6, = 0, ; = 6, = 0, £ = § = 0.
The velocities change during the impact, but the coordinates do not.
Hence we have, from Eq. (2-93),

3T . 12
A <_6.L> = 2mi = Q, (2-101)
oT )
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T\ 4 e .
A<£;> = may + 3 ma 6, = Qiy, (2-103)
A (£> = —may + i ma®d; = Qjs, (2-104)

362 3

where we have used k? = 4a? for the rods. Here A stands for the change
in momentum during the action of the impulse.

To evaluate the generalized impulses Q;, we use the fact that the
virtual work 6W must be the same whether expressed in terms of the
actual forces or in terms of the generalized forces. Thus we may write

W = Q4 8z + Q) 8y -+ Q, 801 + Qi 80, = F, dy.,  (2-105)

where 8y, is the virtual displacement of the right end of the right bar.
But
8y, = 8y -+ 2a 46,. (2-106)

Comparing coeflicients in Eq. (2-105), after replacing dy. by Eq. (2-106),
we obtain

Q;=0, Q,=F, Q= 2dF, Qs, = 0. (2-107)

With these values substituted into FKgs. (2-101), (2-102), (2-103), and
(2-104), we can solve simultaneously to obtain

F, . YF,

. , 3F
JJ=0, Yy = ——, 0,-—m, !

These are the velocities resulting from the impact. To study the sub-
sequent motion of the system, we would use Eqgs. (2-108) as initial con-
ditions.

2-9 Relativistic dynamics. The fundamental dynamical laws of Newton
(Chapter 1) imply that the reference system used for their specification
is fixed with respect to the average position of the stars in the solar neigh-
borhood. This so-called primary inertial system is realizable only to a
certain degree of approximation on a moving rigid body such as the
earth (Sections 1-14 and 1-15). On the other hand, we can readily show
that a reference system moving with constant velocity relative to a
primary system is itself an inertial system according to Newtonian dy-
namics (see Problem 1-7), provided that the mass is a constant.

These conclusions, verifiable experimentally by astronomical observa-
tions and by laboratory experiments on the earth, are questionable when
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the magnitude of the velocity involved approaches the speed of light. In
particular, an observer in a primary inertial system observes a spherical
wave front emanating from a source of light at the origin with velocity c,
but the same velocity would not be assigned to the wave front by an
observer moving with respect to the primary inertial system. Suppose, for
example, that with respect to a fixed origin O a point on the wave front
is given by r = clu,, where u, is a unit normal to the wave. Then the
velocity of the wave front as observed in the fixed system would be =
cu,. But to an observer in a system moving with velocity v relative to O,
the wave front would appear to advance with velocity cu, — v, and the
waves would not appear spherical to him since the velocity of advance
depends on the direction.

Iixperiments of an optical nature, such as the Michelson-Morley ex-
periment, indicated that the velocity of light is independent of such
relative motions of source and observer. This possibility led Einstein,
following the work of Lorentz,* to replace the postulates of Newtonian
dynamics with new concepts of time and simultaneity and with these
postulates: (1) The laws by which the states of physical systems undergo
change arc the same whether these changes of state are referred to one or
the other of two systems of coordinates moving uniformly in translation
with respect to one another. This is the postulate of equwvalence. (2) The
velocity of light is constant and the same in all systems of coordinates
and is independent of the relative motion of source and observer.

The consequences of these postulates were far reaching; from them
developed Einstein’s special theory of relativity. We shall not dwell
in detail upon the transformation theory underlying the differences be-
tween the Newtonian formulation of dynamical laws and those of rela-
tivistic dynamies, but shall indicate only the changes in the equations of
motion resulting from the viewpoint of the special theory of relativity.

The special theory indicates that if the mass of a particle, instead
of being a scalar constant, is taken as

mo

"t V= e

(2-109)

then the Newtonian form of the equations of motion is preserved. Here
my is called the rest mass of the particle, m is the relativistic mass, and the
constant ¢ is the velocity of light. It is apparent from Eq. (2-109) that
m is meaningless if v > ¢. This fact is confirmed by experiment; no
observed particle velocity has ever been found to be greater than the
speed of light. We have, then, the equation of motion,

* Sce, for example, an interesting series of translations of the original papers
entitled The Principle of Relativity. New York: Dover Publications, Inc.
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d myv
2T )\ F, 9
dt <\/T~—W> (2-110)

As in the Newtonian dynamics, we define the kinetic energy T to be
that function of the velocity which satisfies the equation

T =Fv (2-111)

dT d myv
2-112
dt dt <\/1 —(/e): z> ( )

Let u, be a unit vector defining the direction of the velocity, and let
B = v/c. Then L. (2-112) becomes

ar d{ Bu,
ar = moc”BuL <\/1_~——;32>

= moc%BB(1 — 32

— (1 _ m()('
Vi~ g2

But by Eq. (2-110),

Integrating, we have

mo('
T = — w“: + constant. (2-113)
V-
If T is to vanish for v = 0, as in the nonrelativistic case, the constant
must be —mgc?. Hence
1
T = mye e — 1} (2-114)
[w — (v/c)? ]

We note that by using Eq. (2-109) this may be written as T =
(m —- mg)c®. 1f there are two particles with velocities v; and vy, and hence
masses my and mg, the difference in their kinetic energies is 7'y — Ty =
(my — my)c®. Hence there is an equivalence between mass and energy
in the relativistic formulation of dynamics.

When g is small, the expression for 7' (2-114) can be expanded by the
binomial theorem to yield

T=m()c2 1{‘-2—Ez‘+ ll

Asv/c — 0, T — $mg?, the nonrelativistic kinetic energy.
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In the discussion of Lagrange’s equations for constant mass and for
a potential which was not velocity-dependent (Section 2-6), we found
that L = T — V was related to the momenta mgx by the definition
aL Y Dp—
é—(];—-m(]k (k-—l,2,...,m).
In the relativistic case for a single particle in a potential field that does
not depend on the velocity, we demand a similar relationship between L
and the relativistic momentum:

moV
P= —(— (2-115)
V1 = (v/c)?
Thus the part of L which is velocity-dependent is given by the equation
373 mov

W VT (vje)E
which may be integrated directly to yield
T* = —moe*V/1 — (v/c)2 + constant.

By analogy with the nonrelativistic case, it is customary to choose the
constant so that 7™ is zero when v = 0. With this choice, we have T* =
moc?[1 — /1 — (v/c)?], and hence the Lagrangian function,

L = myc’ [l — V1 — (v/c)2] — V, (2-116)

where V is not velocity-dependent. Notice here that L = T — V,
where T is the kinetic cnergy defined by FEq. (2-114). As in the non-
relativistic case, L may be expressed in terms of generalized coordinates,
and Lagrange’s equations follow. The essential difference between them
and those arising in the nonrelativistic dynamics is in the use of the
relativistic mass m = mg(1 — 82)~V2 where 8 = v/c.

As a simple example, consider the motion of a particle of rest mass mg
on a horizontal line under the action of a linear restoring force —kur,
where z is the displacement from the origin. In the nonrelativistic case,
this would be simple harmonic motion with period P = 2mv/mo/k. We
shall find the period of the relativistic oscillator for comparison.

By Eq. (2-116) we have

L = moc’[l — V1 — (v/0)?] — i»k.vz,

oL mov

o s ———
W VT = /o2
L _ —ka,

ax
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and hence the Lagrangian equation of motion is

d moV
A L L — kr = 0. _
& < - (v/c)2> +kxr=0 (2-117)

This could, of course, be written directly by use of Eq. (2-110).
By writing Eq. (2-117) in the form

d mov dx
dx [\/1 = (v/c)2] dt
and setting dx/df = v, we can integrate directly to obtain

m002 1

— = kx? E, 2-118
V1 — (v/c)? 2 ™t + ( )

where E is a constant to be determined. Suppose the maximum excursion
of the oscillator is = a. At this point ¥ = 0. Hence, from Eq. (2-118),
E = moc® 4 3ka®. (2-119)

From Eqs. (2-118) and (2-119), we find

(1 + a(a® — 22)]2 — 1
(1 + a(a? — 22)]?

v=c ) (2-120)
where o = k/2myc?. Since c? is very large, « is very small, in general.
The period of the relativistic oscillator is

p—af %, (2-121)
o V

or, using Kq. (2-120),

_ f/a-_‘!:?[l +a(e® — o))
¢Jo VI + ala? — 232 — 1

This may be written

(2-122)

_ 4 [ del + ala® — &7)] .
V2a Jo Va2 = 22 V1 + ka(az — 12)

By using the binomial expansion, since « is small, and retaining terms
to the first power in «, we have
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4 * dx i 3a , 2 2
P = _/ ___[1~{——(a——.v)+--- - (2-123)
eV2a /0 Va2 — x2 4

But v2a = (1/¢)Vk/mg, and direct integration of Eq. (2-123) yields,
to terms of first order in «,

P = 21V mo/k [1 + 3aa®]. (2-124)

This is, to a high degree of approximation, the period of the oscillator.
We observe that if a were set equal to zero we would have the period I’
for the nonrelativistic oscillator.

The reader will note that we have considered here only particle motion.
In the study of electrodynamics particularly, the Lagrangian formula-
tion of the equations of motion of an eclectron or other charged particle
is useful. This is brought out in Problem 2-21. In general, the parts of
nonrelativistic dynamics such as rigid body rotations and the like have
no analog in the framework of relativistic dynamies.
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ProsrLuMs

2-1. An I-beam is hoisted by a sling composed of a cable of length equal to
twice the distance between the sling supports, as in Fig. 2-12. The cable can
slip freely over the hoisting hook, and we assume that the center of gravity of
the I-beam is midway between sling supports. The beam weighs 1 1b. Discuss
the equilibrium of the system by the use of Bernoulli’s prineiple of virtual work.
Verify your conclusion by computing the potential energy of the bar and find-
ing its maximum or minimum value. (Section 2-1)

Figure 2-12

2-2. A rod of length a is placed on the inside of a spherical bowl of radius a.
The ends of the rod slide smoothly on the interior of the bowl. Discuss the
cquilibtium of the rod by Bernoulli’s principle. (Section 2-1)

2-3. A block of weight By 1b rests on a smooth table as shown in Fig. 2-13
and is connected by an inextensible string to a freely hanging weight 112, The
pulley has a moment of inertia I about its axis. Its radius is a. By use of
D’Alembert’s principle, find the acceleration of the system. (Section 2-1)

2-4. A block of mass M rests on a horizontal tabletop and is connected
by inextensible cords to masses my and mg, as shown in Fig. 2-14. The system
can move without friction, the cords sliding smoothly over pegs. Take m; > mao.
Discuss the motion of the system by D’Alembert’s principle and verify by
writing Newton’s equation of motion directly. (Section 2-2)

! o
B 7

Frgure 2-13 Figure 2-14
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2-5. Verify the equation of motion for a simple pendulum of length ! and
mass of bob m by using D’Alembert’s principle. (Section 2-2)

2-6. A particle of mass m describes simple harmonic motion according to
the law £ = A sin wt under the action of a restoring force —mw?z. Compute
T and V and show directly that f,t:gls"’ (T — V) dt has a value zero for the
prescribed dynamical path. (Section 2-4)

2-7. Suppose we choose a varied path for the simple harmonic oscillator of
Problem 2-6, say z = .l1{sinwt+ csin 8wt}, which has the same endpoints
in time as the path £ = A sin wt of Problem 2-6. (a) Compute ftt:g I —vydt
for this varied path and (b) show that the integral is greater for either positive
or negative ¢ than the integral computed in Problem 2-6. (Section 2-4)

2-8. The force acting on a mass m has components X = —kz, ¥ = —ly,
where k and [ are positive constants. (a) By applying Hamilton’s principle di-
rectly, find the equations of motion for-the particle. (b) Describe the resulting
path of the particle. (Section 2-4)

2-9. Write the Lagrangian equations of motion for the pendulum and turn-
table in Problem 1-12. (Section 2-6)

_J410. A spherical pendulum consisting of a large mass m suspended at the
end of a light rod of length  is free to swing in any dircction subject to the
constraints. Write the Lagrangian equations of motion of the bob in appropri-
ate generalized coordinates. Neglect the mass of the rod in comparison with
the mass of thesbob. (Section 2-6)

2<11. A pendulum of length ! and bob m is suspended from a stiff spring,
as shown in Fig. 2-15. The spring constant is k. We neglect the mass of the
support wire and of the spring in comparison with m. The point of support of
the pendulum is restricted to vertical motion. (a) Write Lagrange’s equa-
tions of motion for the system. (b) Interpret physically the terms in these
equations. (Section 2-6)
{2—12. A bead of mass 3m is free to slide horizontally without friction on a

ire, as shown in Fig. 2-16. Attached to the bead is a double pendulum. If
the system is released from rest in a position near its equilibrium position, the
masses oscillate, in the plane of the figure, about the vertical. (a) Write

FiGure 2-15 Figure 2-16
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Lagrange’s equations of motion for the system. (b) Find the accelerations
when the displacements and velocities are small. (Section 2-6)

2=13. Two spheres each of mass m and bearing an electrostatic charge +Q
are suspended as pendulums, as shown in Fig. 2-17. The electrostatic force
of repulsion between the spheres varies directly as the product of their charges
and inversely as the square of the distance between their centers. Assuming
that the displacements from equilibrium arc small, so that the motion of the
bobs vertically may be neglected, write the Lagrangian equations of motion
for the pendulums. (Section 2-6)

b

%

* m

Figure 2-17 Ficure 2-18

A14. The point of support of a simple pendulum moves on a vertical circle
of radius @, as shown in Fig. 2-18, with constant angular velocity w. Write the
cquation of motion for the pendulum by Lagrange’s method. (Section 2-6)

2-15. A mass m rests under the force of gravity at the vertex of the parab-
oloid z2 4 y2 = 4(4 — 2). If displaced slightly, it will slide without friction
on the surface. (a) Wnte the Lagrangian equations of motion, using the method
of undetermined multipliers to represent the constraints. (b) What are the
constraint forces? (¢) At what height will the mass leave the paraboloid?
(Section 2-7)

2-16. A wire hoop of radius b and mass m; per unit arc rolls without slipping
over the curved cylindrical surface of radius a, as shown in Fig. 2-19. (a) Write
the Lagrangian equations of motion, using the method of undetermined multi-
pliers to represent the constraints. (b) At what angle @ will the hoop leave the
cylinder? (Section 2-7)

7

Freurr 2-19
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2-17. A bead of mass m slides under gravity along a wire bent into the form
of the parabola y = 1+ z2. The coeflicient of friction between bead and
wire is u; hence the frictional force acting on the bead is uN, where N is the
total force normal to the curve, and this force tends to oppose the motion.
At the same time the plane of the wire rotates about Oy at constant angular
speed w. Discuss the motion of the bead by Lagrange’s equations. (Section 2-7)

2-18. A horizontal rod of mass m and length 2! falls under gravity and
strikes a knife-edge located one half of the way from center to end of the rod
(see Fig. 2-20). Its velocity just before impact is v. The coefficient of restitu-
tion between rod and knife-edge is e. Using Lagrange’s cquations, calculate
(a) the velocity of the center of mass and (b) the angular veloeity immedi-
ately after the rod strikes the obstruction. (Section 2-8)

Fiqgure 2-20

2-19. By writing v = vu,, where u, is a umt veetor in the direction of v,
show from Iiq. (2-110) that the acceleration component in the u, direction
has an associated mass mo[l — (v/c¢)?]~3/2, while the acceleration component
perpendicular to u, has an associated mass mo[l — (v/¢)?]=1/2, These have
been called the longitudinal and transverse masses respectively.  (Section 2-9)

2-20. A particle of mass m = mo[l — (v/c)?]~1/2 moves on the z-axis
under the action of a constant force /. (a) Find its velocity and its displace-
ment at time ¢ > 0 if the particle starts from rest at the origin. (b) How does
the displacement compare with the value it would have if the nonrelativistic
mass were used”? (Section 2-9)

2-21. If mg is the rest mass of a particle, the mass given by the theory of
relativity for a speed v is m = mo[l — v?/c?]~12, where ¢ is the velocity of
light. Let A be a vector function of position such that B = curl A = the
magnetic induction. A is called the vector potential and is a function of position
and time. The appropriate Lagrangian function here 1s L = moc?[1 — (1 —
v2/¢2)1/2] 4 ¢(v-A) — eV, where e is the charge on the particle and V is the
clectrostatic potential. (a) Write the equations of motion for the particle
in zyz-coordinates. (b) Compare these with the equations of motion obtained
vectorially under the force law F = ¢[—VV — 0A/dt + v X B)]. (Scction 2-9)



CHAPTER 3
CENTRAL FORCE MOTION

Central force motion is motion which takes place under the action of a
force always directed toward or away from a point. Perhaps the first
example of this type of motion to be recognized was that of the planets
about the sun. A more modern example is the motion of the electrons in
the accelerating device known as the betatron. Nuclear forces binding
electrons to an atom undoubtedly have a central character. The im-
portance of this kind of motion warrants a detailed study, which we shall
undertake in this chapter. We shall use the method of Lagrange’s equa-
tions to establish the equations of motion. The use of vector methods
simplifies the discussion in certain aspects. To illustrate the economy of
description by vector analysis, we shall also employ it in a supplemental
way.

3-1 General properties of central force motiole/Many characteristic
features of the movement of a mass particle under the action of a central
force do not depend specifically upon the force law. The only restriction
is that the foree be a central one.

Fic. 3-1. Mass particle in central foree motion.

Consider a mass particle at distance r from the force center O (Fig. 3-1).
Let the force acting on this mass be F(r) in magnitude and directed
along the line OF. Suppose O to be fixed and the coordinate system
to be a primary inertial system. Let the spherical coordinates r, 6, ¢ be
chosen as generalized coordinates. Then the position vector of m is

79
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r = rsin 0 cos ¢i + 7 sin 8 sin ¢j + 7 cos 6 k; the velocity is

v = Z—I= (7 sin 6 cos ¢ + 7 cos 8 cos ¢ § — r sin 4 sin ¢ $)i

+ (7 sin @ sin ¢ + r cos @ sin ¢ §-+r sin 8 cos ¢ ¢)j
~+ (7 cos 8 — rsin 80)k.
The kinetic energy, 3mv?, becomes
T = }m[#* + r%sin? 6 2 + r267).

If V(r) is the potential energy of the mass derivable from the force F(r)
when the latter is specified, then we form the Lagrangian function,
L = T — V, which here becomes

L = ¥m[i® + r?*sin® 0 % + r26%) — V(r). (3-1)

To form Lagrange’s equations (Section 2-6), we take the partial deriva-
tives from Eq. (3-1) and use them in Eq. (2-57). We have

oL

% = mt, :—{; = mr?sin? 9 ¢, i mr2é, (3-2)
J‘Z—I; = mrsin? 0 2+ mré? — %Z’

=0, (3-3)

%= mr? sin 6 cos 6 ¢

Hence Lagrange’s equations (2-57) are

(%t (m#) — mrsin® 6 ¢ — mré® — F(r) = 0, (3-4)
2 (mr” sin? 04) = 0, (3-5)
g—t (mr?6) — mr®$?sin 6 cos 6 = 0, (3-6)

where for dV /dr we have written —F(r) (see Section 1-7).
Equation (3-5) exhibits the first property of central force motion which
we wish to note. From it we see that

mr? sin® 6 = constant = k. 3-7)
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Here k denotes the angular momentum associated with the coordinate ¢.
Substituting ¢ from Eq. (3-7) into Eqs. (3—4) and (3-6), we find

4 (m#) — K mré® — F(r) = 0 (3-8)
dt mr3 sin2 6 !

d 24 k2 cos 6 . g
dt (mr=0) mr2sind 9 (3-9)

These equations are entirely independent of ¢. Hence there remain only
two generalized coordinates, r and 8. The problem has been reduced from
one of three degrees of freedom to one of only two degrees of freedom.
The mass m moves in a plane, and its position at any time is given by
the polar coordinates (r,6).

This result is evident from physical considerations. Suppose the parti-
cle is projected initially in a plane perpendicular to the xy-plane. There-
after the force F points toward O and hence lies in the plane determined
by OP and Oz. There is no force component, and hence no motion, per-
pendicular to this plane.

Suppose the particle is projected so that it lies thereafter in the plane
¢ = constant (a plane P0Oz). Then ¢ = 0 and hence &k = 0. Irom
Eq. (3-9),

4 nr?e) — 3
di (mr¢6) = 0, (3-10)
and
mr?0 = | = constant. (3-11)

The quantity mr26 is the angular momentum associated with the co-
ordinate 8. We call it the orbital angular momentum.

IIad the particle been projected in such a way that the initial plane
of motion did not contain the z-axis, we would have k £ 0 in Eq. (3-7).
The ensuing equations of motion, Egs. (3-8) and (3-9), become more
difficult to solve. We shall assume for simplicity that the orbit or path
of the particle lies in a planc ¢ = constant.

We conclude from our analysis that: (1) the particle in central force
motion moves in a plane; (2) the orbital angular momentum remains
constant in time. These properties may be shown very simply by the
use of vector analysis. Let r = f(¢) be the path of the particle as indi-
cated in Fig. 3-2. The force is F(r)u,, where u, is a unit vector along the
radius vector. By definition (Section 1-4), the angular momentum is
L = r x mv, and hence

—‘—i?—_—er:er(r)u,=0.
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mv

Fia. 3-2. Linear momentum of a mass in central force motion.

Therefore L is a constant vector. This implies constancy of direction
(which means that the particle moves in a plane whose normal is parallel
to L) as well as magnitude.

As a consequence of the motion being restricted to the plane ¢ =
constant, the equations of motion, (3-8) and (3-9), become

}(1% (mi) — mré® — F(r), (3-12)
d 2
y7 (mr®6) = 0. (3-13)

The second of these has a geometric interpretation quite apart from
the dynamical one of constant angular momentum. We recall that the
element of area in polar coordinates is 3r2df. Hence, since Eq. (3-13)
may be integrated to yield mr26 = [, we have
e
grj%? = ; % = constant. (3-14)
But this is the time rate at which the arca of the orbit is swept out by the
radius vector. We see that the rate is constant. This is the areal velocity
law expressed by Johannes Kepler in 1609, who obtained it by a study
of the motion of Mars,

The angular velocity § may be eliminated from Lq. (3-12) by means of
the integrated form of Eq. (3-13) to yield

2

d . l
;I—t (7717‘) =

= PO, (3-15)

Multiplying through by #, we have

(1 ~,z>__li9’£_, dr
i <2 mi meer s Tl F(r) Tk (3-16)
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which may be integrated to yield

1 ) o0 1=

5 mr? + Zmrs — | F(r)ydr = E. (3-17)
This is the energy equation for the motion. By noting that the second
term is equivalent to imr262, we identify the first and second terms
combined as the kinetic energy, while the third is the potential energy,
and E is the total energy. Since F(r) is derivable from a potential 1'(r),
Eq. (3-17) may be written

1 . 1’ ,

5 M+ 5+ V() = E. (3-18)

Solving Eq. (3-18) for , we find

F= 4+ V2/mE — V() — (Iz/zm?a){.\\ (3-19)

The third property of central force motion becomes apparent from this
cquation; namely, the velocity of the mass particle depends only upon the
radius vector. In fact,

b = BTl = VOl (3-20)

where v is the speed in the orbit.

Equations (3-19) and (3-11) formally define r and 6 as functions of
the time, and hence yield the parametric equations of the orbit. That is,
from Eq. (3-19),

g dr
. — to, 3-21
/ro \/Z/m[b — V() — (12/2mr2)] ST 02D

and, with r as a funetion of ¢ from this, Iiq. (3-11) yields

t
/ Ldt_ g4, (3-22)

10m7'2

which gives 8 as a function of ¢.
The equation of the orbit in polar coordinates can be found directly
from Eq. (3-19). We write

Fo= QC 0 = __L (_15
T de’ T mrzde’
so that 13q. (3-19) becomes
dr _ mr? sl V) = (@) (3-23)
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Integrating, we have

i/ - =g g (3-20)
M Jro v 2/m{ll — V(r) — (12/2mr?)]

This yields the equation of the orbit in polar coordinates.

The integral in Eq. (3-24) can be put in a more standard form by
changing the variable of integration. Let u = 1/r, du = (—1/r?) dr.
Then Eq. (3-24) becomes

! /“ —du .
p— = 0 — 6. 3-25
VemJuNE V(1 /u) — (12/2m)u2 ° (3-25)

Particular interest attaches to the case in which the central force varies
as a power of the distance, such as F(r) = ar™, where o and n are con-
stants. In such cases

/ art!
Vir) = — | F(r)dr = e
and hence V(1/u) = —[a/(n -+ 1)Ju™"'.  Substituting this into Eq.
(3-25), we have

l /u —du
—— = 6 — 8, 3-27
V2m JuNVE ¥ (au—n—1/n + 1) — (2/2m)u? o (320

(3-26)

except when n = —1. In this case a logarithm in u replaces the power
of win V(1/u). The integral in Eq. (3-27) is in the form

/{a +bu? + w2 gy,

and it may be seen from a table of integrals that trigonometric functions
will result from it as long as the radicand is no higher than the second
degree in u. This means that

-n —1=20,1,0r2
or
n = —1, -2, —3.

But » = —1 was excluded above. Furthermore, we observe that when
n = 1, the integral becomes

f (c + au® + but)~V2y du, (3-28)
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or, with v = u? and dv = 2u du,

3 / (@ + cv 4- bv?®) 712 Qo (3-29)

which is integrable in terms of circular functions.
We conclude that motion under a central force varying as r”, where

no= 41, —2, —3, (3-30)

results in an equation for the orbit which may be expressed in terms of
trigonometric functions. It may be shown also that when n = +5, 43,
0, —4, —5, —7, the integral on the left in Kq. (3-27) may be evaluated
in terms of elliptic functions.

3-2 Inverse square forces. A most important type of central force
motion arises in the case of two mutually attracting masses m; and m.
Newton’s law of gravitation states that they will attract each other
according to the equation *

F(r) = — Tz, (3-31)

where r is their distance apart and ¢ is a constant which, in the cgs sys-
tem, is 6.67 X 10™® gm™! em? sec ™2 If one mass is placed at the origin
and is considered fixed, the other moves according to the laws of motion
discussed in Section 3-1, with n = —2. Before applying the results
found in Section 3-1, let us consider the two masses moving in space
under their mutual attraction.

In Fig 3-3 the position vectors of the two are shown as r; and ry re-
ferred to a fixed origin. The equations of motion are

my
Gmymor

r, r=r mify = N (3-32)
T G
. Tmymer B
oM, Moly = — ———7%5——2~1 (3—33)

where r = ry — r; is the vector
from m; to mo. Adding Egs. (3-32)
0 and (3-33), we have
Fr1a. 3-3. Relative position vectors
in the two-body problem. miE; + mafs = 0, (3-34)
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and integration yields

myty -+ moty = ¢4

and
miry -+ mory = €1t + Ca. (3-35)

Since the center of mass m; and m, is defined by Eq. (1-71) as R =
(miry + mar2)/(m; 4+ ms), we may write Eq. (3-33) as

(mq -+ m2)R = 1t + ¢y, (3-36)

and conclude that the center of mass of the system moves uniformly with
the time, a result that conforms with the analysis of particle systems
discussed in Section 1-12. Therefore we may treat the rotational motion
of the particles about the center of mass as though the latter were at rest.

Let r{ and r; denote the position vectors of the two masses m; and ms
relative to the center of mass R. Then r, = r; +R,and ry = rj + R,
and mr{ 4 myr; = 0. Using these relations together with R = 0 and
Eqgs. (3-32) and (3-33), we find

_ Gmy(my + my)

mli”l = 3 -1
) Gmg(m m
maty — - Gmalmifma)
r
or, writing G(m;  my) = p,

. [ R
f1 = — 73 I, (3-37)
. [
i = — 73 I3 (3-38)

These are the equations of motion of m; and m. relative to the center of
mass. By subtraction,

or
— Lok
= T (3-39)

is the equation of motion of m; relative to m,.

A similar procedure will show that by appropriate choice of u any cen-
tral force problem involving two bodies may be reduced to the equivalent
relative motion of one about the other. We shall now consider the rela-
tive motion of one mass about the other.
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With one mass considered stationary at the origin, we may apply
Egs. (3-12) and (3-13) directly to obtain the scalar equations of relative
motion equivalent to the vector Lq. (3-39), namely,

F—rf? = — r% and r’e = k, (3-40)
where k is a constant which contains the mass factor and is proportional

to the angular momentum.
We find that the energy equation (3-18) in this instance yields

= £V2AE — (k2/2r2) + (u/r)). (3-41)

From this a number of properties of the motion can be deduced. To
show these we shall employ an energy diagram such as that discussed in
Section 1-9. Note the similarity between Igs. (3-41) and (1-50), where
the velocity in straight line motion was expressed in terms of the total
energy I and the potential cnergy V. As evident from LKq. (3—-41), the
radial velocity # is real only when £ — (k2/2r%) + (u/r) > 0. Hence
motion is restricted to those values of r for which this inequality holds.

In order to analyze the énsuing motion by means of an energy diagram,
we define a fictitious potential energy by

Vi(r) =

M (3-42)
We call this a fictitious potential because it includes not only the true
potential —u/r due to the force field but also the term k2/2r2. Referring
to Egs. (3-12), (3-15), and (3-18), we observe that this arises from the
term mré? in Eq. (3-12). This is called the centrifugal force acting on the
particle. It is a fictitious force arising from the curvilinear motion.

We now plot V’(r) against r in an energy diagram, as in I'ig. 3—4. The
behavior of the mass point in the radial coordinate will be similar to that
under a potential V’(r) in rectilincar motion. Dotted curves show the
centrifugal barrier, k2/2r2, and the true potential, -—-u/r. The heavy line
curve is the sum of these two. The velocity # of the particle at any value
of r is proportional to the difference between a constant energy level
E and the heavy curve. This follows from q. (3—41). At any value of
r, the value of # may be positive or negative.

The type of motion arising for various values of the constant total
energy I becomes evident from a study of I'ig. 3—4.

(a) £ > 0. When the total energy is positive, the particle comes in
from an infinite distance at the right, stops at the value of r where the
V’'(r) curve is intersected by the E-line, reverses direction, and then re-
turns to larger and larger values of r.
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Fia. 3-4. Energy diagram for motion under an inverse square force.

(b) E = 0. The motion is much the same as in (a), but the velocities
are considerably less. Asr — o, # — 0 and 6 — 0, so that the particle
is at rest at infinity. In both (a) and (b) the maximum velocity occurs
at r = ro, where V'(r) has a minimum.

() E < 0. When E is negative, the particle oscillates between a
minimum radius vector r; and a maximum ry. At these values of r, the
derivative # = 0. Hence, by Eq. (3-41), r; and rp are the roots of the
equation

2Er% + 2ur — k% = 0. (3-43)

Furthermore, the period of the motion in 7 is

(3-44)

r2 d
P 2/ rdr .
o V2Er2 + 2ur — k2

We recall in carrying out this integration that I is negative. At the lowest
values of £ < 0, r; and 7, coincide, and the closed path becomes a circle
of radius ro. The total energy for motion in the circular orbit is —u2/2k?,
while the radius of this orbit is 7o = —u/2E.

To find the equation of the orbit in polar coordinates, we use Eq. (3-27)
withn = —2, a = —u, l = k, and m = 1. These values are obtained
by direct comparison of iq. (3-40) with Eqgs. (3-12) and (3-13). We
find u

—du
k f = 0 — 0, 3-45
wo /2B + 2pu — kZul 0 (3-45)

and upon integration,

. 1 k2u — M 1 k2u ]
sin~ m ]‘;2 — sin™ —‘;m = 00 — 0. (3_46)
I Vi 4
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Now suppose we arbitrarily choose 6, = 0 when the radius vector r
is the smallest or when u is the greatest. At this point (r; in Fig. 3-4)
the radial velocity # = 0, and by Eq. (3—41) with u = 1/r,

u+\/;5+2Ek2'

U= uy = 2 (3-47)
With this value of u¢ in the second term of Iq. (3—46), we have
sin™? M =T _
- V2 2Ek2| 2
Solving for u, we find
V2 4 2Ek?
u=f o YEEEE s, (3-48)

We recall from analytic geometry that the equation of a conic sec-
tion in polar coordinates with one focus at the pole is

- ep ,
=1 + ecos (6 — 6g) (3-49)

where for convenience we may set 6, = 0. Inverting this, we have

1 14 ecos@ 1
—_—_—— = ——m— = —

1
p p p + » cos 4. (3-50)

Comparison with Eq. (3-48) shows that the orbit of one mass particle
about the other, resulting from an inverse square force, will be a conic
section* in which

V2 + 2Bk 1

e = (3-51)
k1 _
B (3-52)

From Eq. (3-52), 1/p = ue/k?, and hence Eq. (3-51) becomes
Vu2 + 2Ek?2 = pe
e = V1 + (2Ek2/u2). (3-53)

or

* Johannes Kepler, in 1609, deduced from his studies of Mars that the plane-
tary orbits were ellipses with the sun at one focus.
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If £ = 0, the eccentricity e = 1, and the orbit is a parabola; if £ > 0,
the ¢ > 1, and the orbit is a hyperbola; if ¥ < 0, the ¢ < 1, and the
orbit is an ellipse. Thus the paths in space are related to the total energy
of the system.

Suppose the mass m is moving in an ellipse of major axis 2a. This will
be the sum r; + ry, which we obtain from Iiq. (3-43), and hence we find

E=-—L1 (3-54)

for the total energy as a function of the length of the major axis. With
this value for K substituted in Iq. (3—41), and with the transverse speed
r6 = k/r, we find that the relative speed in the orbit is given by

2 1
2 _ .2 242 2 1} 3_5¢
v =7 —l—ré—p[r a] (3-55)
The period P for motion in an elliptic orbit can be found from Eq.

(3-44). Substituting ¥ = —u/2a, we have

r2 ‘
P =2 / __rdr =2 (3o56)
I NV —(u/a)r? 4 2ur — k2 A p

This is Kepler’s Third Law of planetary motion, the so-called harmonic¢
law. It may be deduced equally well from the areal velocity law,

3r%0 = k.

3-3 Stability of circular orbits. The energy diagram, Ifig. 3-4, shows
that, for the lowest possible total energy F, motion under an inverse square
force takes place in a circle of radius ro. That is, the radii r; and r, for
elliptic motion coincide. This will be true for all central forces such
that the function V’'(r), the fictitious potential, has a minimum. Sup-
pose that the force law is F(r) = —ar", where a is a positive constant.
Then, in place of Eq. (3-42), in the special case of an inverse square
force, we would have for V'(r)
+1 12

n
ar
o 5s

2mr?

Vi) = 7

(3-57)

as is evident from Eq. (3-19). This will have a minimum at some value
r = ro provided (dV'/dr),, = 0 and (sz’/drz),o > 0. From the first,
‘we find
12
ary — — =0,
mr
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which yields

while from the second,

n—1
nar — > 0,
0 + mr4

or, by using the value of ry from
Eq. (3-58),

(n + 3)arg™" > 0. (3-59)
Fic. 3-5. Motion of a mass particle
In order that Eq. (3-59) hold, n is on a cone.
restricted to values greater than —3.
We may expect, therefore, that central forces of attraction of the form
F(r) = -—ar™ for n > —3 can produce motion in a circular orbit.

If a particle moving in a circular orbit of radius 7o under a central
force is disturbed slightly from this path, will it return to the circular
path, or possibly oscillate about it? Or will the particle, if disturbed,
deviate from the circular path more and more with increasing time?
If the former situation prevails, the circular orbit is said to be stable.
If the particle recedes farther and farther from the circular path, the
orbit is unstable. We shall discuss a simplified method of deciding whether
a circular orbit is stable or unstable.

As an example, let a particle of mass m be constrained to slide without
friction under gravity on the inside of a cone of half angle a. Figure

-5 shows the particle, whose cylindrical coordinates are (r, 6, z). The
Lagrangian function for the motion is

= fm[i® + r20® + 3| — mge.

But since the particle stays on the surface of the cone at all times,
2z = rcot . We have, therefore, two degrees of freedom, the remaining
generalized coordinates being r and . Hence

L = 3m[#* esc® a -|- r26%] — mgr cot a. (3-60)

From Eq. (3-60) we derive Lagrange’s equations of motion,

(% (m# esc? a) — mré* + mg cot o« = 0, (3-61)

% (mr?6) = 0. (3-62)
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These simplify to

F— rsin® a8® - gsinacosa = 0, (3-63)

= —=k (constant). (3-64)

Observe that the last term in Eq. 3-60, mgr cot «, is a potential energy
proportional to the radial distance from the z-axis. This gives rise to
the force —g sin a cos a which is directed toward the z-axis. At any
instant, therefore, there is a central force directed toward that point on
the z-axis on the same horizontal line with the particle.

Suppose we assume that the particle has been projected initially in
such a direction and with such an energy that it moves in a horizontal
circle on the cone. Let ro be the radius of this orbit. Then Eq. (3-64)
yields the circular angular velocity,

bo = ’z (3-65)
o
Substituting this into Iq. (3-63), we have, at r = r,
k2
re = 7 tan a (3-66)

because #9 = 0. The reader may verify this result by noting that the
horizontal orbit results when the component of gravity downward along
an element of the cone just balances the component of the centrifugal
force upward along the element.

Let the particle be disturbed slightly from its circular orbit. We wish
to study its subsequent motion to see if the orbit is stable. To do this
let r = ro + 2 and 6 = 6y + ¢, where x and ¢ are small changes or
perturbations in ry and 6, respectively. We substitute these for » and 6
in Eqs. (3-63) and (3-64) and neglect all terms involving products and
powers higher than the first in x and . The resulting equations are

fo — 7o sin® a 0% + ¢ sin a cos «
+ & — 2sin® arfoy — wsin® 2 =0, (3-67)

rébo - 2rorby + ray = k. (3-68)

But the first three terms of Eq. (3-67) add to zero, since r, satisfies Eq.
(3-63). Furthermore, by Eq. (3-64), the first term in Eq. (3-68) is k.
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Hence these equations simplify to
& — sin® a (2rofbo + 26%) = 0,
2u80 + ro¢ = 0.
Elimination of § between them leaves
£+ (3sin®a 8d)r = 0. (3-69)

This is a linear differential equation with constant coefficients which
defines the perturbation z(f). The theory of such equations* indicates
that when the coefficient of x is positive the solution z(t) is bounded and
is in fact o linear combination of a sine and a cosine. In the present case,
x = ¢y sin (3 sin® « 63)'2t - ¢, cos (3 sin? « 63) V%,
where ¢; and ¢, are constants. We conclude that when the particle is
disturbed from the circle, it oscillates about the circular orbit with small
amplitude and with frequency w = 4/3 sin a 8y radians per unit time.
Therefore, the motion in the circular orbit is stable.

The method we have used in this example can be applied in the general
case represented by Eqs. (3-12) and (3-13) when F(r) is an appropriate
force of attraction. We shall take this force to be —mf(r), where f(r) > 0
for all . Then, from Eqs. (3-12) and (3-13),

P — r6® = —f(r), (3-70)

0 = — = k. (3-71)

L
m
Let ro be the radius of the circular orbit in which the particle is assumed
to be moving. ILet r = ro 4+ x and § = 6y + ¢, where, as in our first
example, r and ¢ are small perturbations in 7 and 6 respectively. For the
circular orbit
7‘00(2) = f(?’o), 7'(2)é0 = k;
and hence
k
3
ro = 77—
* 7 f(ro)

(3-72)

*Sec, for example, W. T. Martin and E. Reissner, Elementary Differential
Equaltions. Reading, Massachusetts: Addison-Wesley Publishing Company,
Inc., 1956, pp. 84-85.
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T'or the perturbed orbit, upon eliminating 42 from Eq. (3-70) by means of
Eq. (3-71), we have

&= kiro+ )7 = —f(ro + 2). (3-73)

Now we assume that f(r) can be expanded into a Taylor’s series about the
value r = ry. We find

(r — 7‘0)2

f(r) = f(ro) -+ (r = ro)f'(ro) + - o1 f(ro) + - -
= f(ro) -+ af'(ro) + ---. (3-74)

Also,
N\ -3 .
(ro + )72 = 15? (1 + ;;) =1y’ (1 — —:-;— + ) (3-75)

Substituting from Iigs. (3-74) and (3-73) into Eq. (3-73), and retaming
only linear terms in xr, we have

B — k%3 <l — ‘3_x> = —f(ro) — af'(r0),

To

but by Liq. (3-72) we can simplify this to

5+ [if;f:i) n f’(ro)] v =0 (3-76)
Let
« = ['}'&1"2 + f’(ro)] '
To

Then

if a? > 0, r = ¢ sin af 4 ¢ cos at;

if a2 = 0, r = ¢yl -}~ Co;

ifa? <0, r = ¢; sinh af + ¢35 cosh at.

We see that when a? > 0, periodic motion in r of frequency o radians
per unit time ensues. In these circumstances the circular orbit is stable.
We have, therefore, linearized the problem for small perturbations, and
we find as a general condition for the stability of a circular orbit in a
central force field
rof'(ro)
f(ro)

where f'(rq) is the derivative of f(r) with respect to r evaluated at rg.

> -3, 3-77)
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Fic. 3-6. Orbit under a central force of repulsion.

3—4 Repulsive forces: scattering. Suppose that a particle of mass m
is propelled into a force field centered at O (Iig. 3-6) in which it is re-
pelled. A deflection of the particle will take place as shown. If the force
center had not been active, the particle would have passed by O at a
distance p. The quantity p is called the empact parameter. For the present
we assume that O is fixed and that the force field diminishes to zero
at large distances from 0.

Let the initial speed of the particle be vg. Then it is clear that (1)
the initial kinetic energy imo? is the total energy £ of the system
and remains constant because the force field is conservative; (2) the
initial moment of momentum about the origin is [ = mvep and is con-
stant during the motion because the force is a central one.

For definiteness, let the force field produced by O be an inverse square
field; that is, let F(r) = ar~2, where @ > 0. Then the orbit will be given
by Eq. (3-27) with n = —2. We find

% + 11; Va2 -+ (2E1Z/m) cos 6, (3-78)

U= —
where, as in Eq. (3—46), we have chosen the polar axis so that 6 is measured
from the line where u has its maximum, or r its minimum, value.
Equation (3-78) represents a conic section. We relate the parameters
to those in the standard form r = eq/(1 — e cos 6) by the equations
12
eq = — % ’
(3-79)

e = V1 (Kl2/ma2),



96 CENTRAL FORCE MOTION [cuap. 3

where e is the eccentricity of the conic. We note that e > 0, and hence
the orbit is a hyperbola. The parameter ¢ is the distance from focus to
directrix of the conic and does not concern us here.

Since I = mvop and E = 3mw?, we may express the equation of the
conic in terms of the dynamical parameters a, E, p. We find

—(2Ep*/e)

r = —— ) (3—80)
1 — V14 (4E2p2/a2) cos 8
or
_ —(QEp*/a) o
"= 1 " ecosf (3-81)

In Eq. (3-81) it is apparent that as cos § — 1/e the radius vector
r — 0. The orbit, therefore, has an asymptote at the value of 6 given by

6, = cos™! (%) . (3-82)

The angle between asymptotes is then 26,,.

Generally it is customary to measure the deflection angle between
the initial direction of the particle motion and the final direction. This
angle, designated by © in Iig. 3-6, is called the scattering angle. From
the figure it is clear that ® = & — 26,. By using Lqgs. (3-79), (3-80),
and (3-82), we may express the angle 6, in terms of the dynamical
parameters I, p, «. We find

tan 6, = 2—? (3-83)
Tor the scattering angle ©, therefore,
O <7r ) - __2Ep
cot 5 = cot 5~ 6,) = tan 4, = o (3-84)

Suppose that a beam of particles moves toward the scattering center
O, their original paths being parallel to the particle path shown in Iig.
3-6. Each particle is characterized by a different value of p. What we
wish to compute is a measure of the number of particles deflected into a
given direction. Ior example, consider a beam of charged particles pro-
pelled into a thin metallic foil. They emerge in different directions,
scattered by the atomic nuclei of the foil. The nuclei serve as centers of
the force field, one nucleus for each particle. A knowledge of the angular
distribution of the emerging particles leads to a knowledge of the field
characteristics of the nuclei in the foil . *

*See, for example, R. S. Shankland, Atomic and Nuclear Physics. New
York: Macmillan Company, 1955, pp. 59 ff.
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Fie. 3-7. Flux density of particles due to scattering.

The number of particles per unit time passing unit area normal to the
beam is called the intensity, or flux density, and will be denoted by I.
The total flux, therefore, through a ring of width dp (Fig. 3-7) at dis-
tance p from the axis of symmetry will be

2mIp dp. (3-85)

These particles will be deflected into a ring of angular width d© on the
spherical surface surrounding 0. The solid angle subtended at O by this
surface ring will be

dQ = 2w sin © dO. (3-86)

Now we define the differential scattering cross section, a(2), for a given
direction by the ratio

o(Q) do = number of particles scattered into solid angle dQ per unit time )
incident intensity

From Eqs. (3-85) and (3-86), therefore, we may write
2rlpdp = —2ma(0)I sin O dO,

the minus sign implying that as p increases, © decreases. Since p is a
function of ©® by Eq. (3-84), we may write

_ _ _pdp . _
°©) = — Sredo (3-87)

If we wish the total scattering cross section, we integrate Eq. (3-87)
over the complete solid angle about O and obtain

o= 2rm [o 0(0) sin © dO. (3-88)
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If the force field in which the particles move does not vanish even at
large distances, o will be infinite. If the force field is zero beyond a cer-
tain distance, ¢ will be finite. To illustrate the first case, let the force
field be an inverse square field so that the scattering angle is given by
Eq. (3-84). Then

p= 51%?3if?, (3-89)
and, by Eq. (3-87),
2 =]
a(0) = i (;1‘;) eset (g) (3-90)

Then the total scattering cross section is

1) e @) o
0'—-27r/0 1(-27) - 28in 5 ) cos\5 d 5 (3-91)

Integration of Eq. (3-91) yields

2 m
— T ,.2@] 3
7= 2@&“*20’ (3-92)

which indicates that ¢ becomes infinite when © = 0.

If the force field is not infinite in extent, contrary to the case with the
inverse square field, the total scattering cross section remains finite. Sup-
pose that the force field vanishes beyond a critical distance r = ry from
the force center. Then all particles with impact parameter p > rq will
be undeflected in passing by the center of force. By Lgs. (3-87) and
(3-88) we may write

r p=0
o = 27r/ g(0) sin ® dO = —-27rf p dp, (3-93)
Jog p=ro

=1

where 0 is the deflection angle experienced by a particle whose impact
parameter is the greatest, namely ro. Thus in this case, ¢ = mr3. Prob-
lem 3-13 will illustrate & simple case in which the potential energy
V = —V4y (constant) for r < rg and V = 0 for r > ry. In this in-
stance a deflecting force is exerted on the particle only at the boundaries
of the region in which V vanishes.

We have regarded O in our discussion as a fixed point. In an actual
scattering experiment, however, two movable bodies are involved. The
recoil of the second body must be taken into account in any laboratory
measurement of scattering angles. What we have calculated above is
the angle m — © between the initial and final position vectors of the
incident particle as seen from the scattering center at 0. If O moves
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m,

Fig. 3-8. Deflection of a particle in a N
laboratory coordinate system. ~0’

during the collision, this angle is quite different from the angle between
the incident and final directions relative to a fixed laboratory system of
coordinates. This is illustrated in Fig. 3-8. The particle originally at O
will move so that after the collision it will recede along an asymptote as
indicated by O’ in the figure. In the laboratory system of coordinates
we can measure the angle ¢, while the analysis given in the preceding
paragraphs yields the angle ®. We will now find a relationship between
these two.

Let the incident particle in Fig. 3-8 have a mass m, and an initial
velocity v, directed toward the right. Let m; be the mass of the particle
mitially at O, and let it be at rest. Furthermore, let r; and r, denote the
position vectors of the two masses relative to some origin which is fixed
in the laboratory. Then by the analysis of the two-body problem given
in Section 3-2, we would have

myty + moty = ¢, (a constant),

and by use of the initial conditions we find ¢; = myvy. Hence, in the
laboratory system of coordinates,

miVvy + MmaoVy = M2aVy. (3_94)

But the center of mass R = (mr; + mgry)/(m; + ms), and hence its
velocity is

R=v — myVy 1+ MaVy  M2Ve 3-95

¢ my + mg my + my ( )
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Thus we conclude that the center of mass continues to move in the same
direction as that given by the initial velocity vector.

Since the center of mass always lies on the line joining m; and m,, the
point at mg as seen from the center of mass would appear to be on a
line making the angle ® with the direction of v.. Relative to R, the two
masses would have position vectors

pr = r1; — R, p2 =13 — R,
and hence velocities
p1 = Vi — Vg P2 = Vy — V. (3-96)

Multiplying these by m; and m,, respectively, and adding, we find that
the total momentum
mipy + maops = 0,

and hence that the momentum vectors as seen from the center of mass
are always in opposite directions. The velocity vectors must, therefore,
lie along the line joining the particles. This relation holds as the particles
recede along their respective final paths.

From these results we may form a vector diagram that yields a rela-
tion between the angle ©® and the angle ¢, for ¢ is the angle which the
final velocity vector v, makes with the initial vector vy, and © is the
angle which the final vector p, makes with vo. The diagram in Fig. 3-9
makes this clear. The second of Eqs. (3-96) together with Eq. (3-95)
yields

— — ma
Vz—ﬁ2+Vc~ﬁ2+ml+m2V0-
From this parallelogram we find
. ﬁz sin © N
tan ¢ = 550050 o, . (3-97)

Vo =my/(my + my)vy

where g is the final magnitude of .

the velocity vector po. This may be FI.G' 3-8. RCl.a tion betweeq de-
A i flection angles in two coordinate

put into more usable form. Since gystems.

pz = (mr)/(my + my), we have

p2 = (mv)/(m; + my), where v is the relative velocity of m, with

respect to m;. Hence, if v, is the final magnitude of this relative velocity,

and since v, = (mgvg)/(Mm; + ms), we have

sin ©

tan ¢ = cos O + (mgvo/mlzy).

(3-98)



3-4] REPULSIVE FORCES: SCATTERING 101

If there is no energy loss in the collision, v; = vy, and Eq. (3-98) is in-
dependent of the velocities. Suppose this is the case, and suppose also
that m; > my. Then ¢ — O and we have the case of a fixed center of
force. An interesting result also arises if m; = mo. Then

sin © (S
tan ¢ = m = tan <-2‘> . (3"99)

The cross section for scattering in terms of ® may be expressed readily
in terms of ¢. The number of particles within a given solid angle must
be the same no matter which system of reference we use. Hence

2mlo(0) sin® dO = 2rloL(¢) sin ¢ do, (3-100)
from which we have
sin © dO
or(¢) = 0(0) Snede’ (3-101)

where a1,(¢) is the cross section in the laboratory system of coordinates
and where d®/d¢ can be calculated from Eq. (3-98).

While the total kinetic energy remains the same during such a close
approach of two masses, the speeds of the particles in the laboratory
system do change. Mass m,; was initially at rest in this system, while mq
had a speed vo. As the approach took place, m; acquired a velocity and
hence a kinetic energy. The mass m; must have lost an equal amount in
order that the total energy remain constant. We can calculate this
amount directly. Referring to Fig. 3-9, we sce that

p3 = v3 + 2 — 200, cos ¢. (3-102)

But after the scattering has taken place, under the assumption of an elastic
collision, the relative velocity will be py = myve/(m; + ms), and,
since v, = mavo/(my + my), we have from Eq. (3-102)

2
V2 V2 ) me my — ma) __ _
(%> — 2 <l—)3> 3 Cos b — <——M ) = 0, (3-103)

where M = m; + m,. From Eq. (3-103) we may find both the ratio
of the speed of m; after scattering to the speed before scattering and the
ratio of the kinetic energy of m, after collision to that before collision.

In case m; = my, Eq. (3-103) yields v3 = vg cos ¢, and the loss in
kinetic energy by the incident particle mo will be

AE = E; — E; = 3mq? sin? ¢. (3-104)
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It is interesting that when ¢ = 90° the mass my loses all its kinetic energy.

Experiments on the scattering of particles played an important part
in the accumulation of knowledge about the atom. The scattering of
alpha particles by thin metallic foils led Rutherford* to advance a theory
of scattering in which the differential seattering cross section ¢(0) is that
given in Iiq. (3-90). Further experiments by Geiger and Marsdent
confirmed Rutherford’s formula for o(®) over a wide range of the angle ©
and hence showed that the atomic nucleus, in this case gold or silver,
acted as a center of force producing very closely an inverse square field.
In these experiments the nuelei serving as force centers are so massive
compared with the masses of the alpha particles being seattered that
they remuain relatively stationary. The laboratory system of coordinates
coincides closely with the fixed system.

The energy transfer m multiple seattering, such as that exhibited in
L. (3-104), has important application in the atomic pile. In order
that fission be produced in an atom of U?*5) for example, slow neutrons
are most efficient. The energies possessed by the neutrons produced by
this fission process, however, are too high to cause fission effectively in
other atoms of U2*3 Therefore a moderator is used to slow them down
to thermal energies so that a chain reaction can take place. The most
important process in slowing down the neutrons is elastic scattering by
other nuclei. Graphite frequently is used for the moderator.§

3-5 The virial theorem. I[n concluding the work on central force
motion, we shall consider a statistical result of considerable importance.
Let r, denote the position vector of a mass particle m, relative to an
origin 0. Let us define the second moment of the particle about O by
m,r,-t,. If there are n particles altogether, we have for the total second
moment of the system

S = Y myr,er, (3-105)

1=1

Differentiating this twice with respect to the time yields

(121\5' - . - . "
P E 2t,-p, -+ E 2r,p,> (3-106)
=1

1=1

where p, = m,(dr,/dt) is the momentum of the jth particle. The first

* K. Rutherford, Phil. Mag., 21, 669 (1911).

t H. Geiger and E. Marsden, Phil. Mag., 25, 604 (1913).

I8ee, for example, R. 8. Shankland, .ltomic and Nuclear Physics. New
York: Macmillan Company, 1955, pp. 411 ff.
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summation in Eq. (3-106), however, is four times the kinetic energy of
the system. Furthermore, p, = F,, the resultant force on the jth
particle. Hence

d*S , 2 ,

g =T+ 2 > r1,-F, (3-107)

=1

Now we calculate the time average of (d2S/dt?) over the interval (0,7)
in the usual way as the integral

1 ["azs = : ,
— STy dt = 4T + 2 Z rj'F]y ('; ‘108)

=1

the bars standing for time averages of the quantities on the right side
of the equation. I'rom this equation we have

1 dS (lbv by B < . g
= [(?ﬁ), - (}zz>o] =T 20 R (309

J=1

We assume that the velocities of the particles and their coordinates
never become infinite. Then there must be an upper bound to the func-
tion (dS/dt), and by choosing 7 large enough, the left side of I5q. (3-109)
can be made as small as we please. Hence, we obtain

n
T—=—4>r,F, (3-110)

=1

which is called the virial theorem. The right side was called the virial
by Clausius.

Let us apply this theorem to a single particle moving in central force
motion. Let F = —ar"u,, where a is a positive constant. Then the
virial is

n41 n -1

1 noy 1 _nA1 a0
5 (r-ar"u,) = 5 ar =" v, (3-111)

where V is the potential energy. By Eq. (3-110)

7="11y (3-112)
2
If n = —2, the case of the inverse square force

T= -1V (3-113)
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Hence the kinetic energy is, on the average, one half the average po-
tential energy.

The virial theorem assumes considerable importance in the kinetic
theory of gases. By its use one finds, for example, that the pressure of
a gas may be expressed in terms of the time average of the squares of the
molecular velocities. One may also derive the well-known relation pV =
nkT (where p is the pressure, V is the volume, T is the absolute tempera-
ture, n is the number of molecules in V, and k is Boltzmann’s constant).
For discussion of these applications, we refer the reader to other
sources on the kinetic theory.*

* See, for example, L. B. Locb, The Kinetic Theory of Gases, New York:
McGraw-Hill Book Company, Inc., 1927. A brief account is given by R. B.
Lindsay, Physical Mechanics. New York: D. Van Nostrand Company, Inc.,
1933.
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ProBLEMS

3-1. A particle of mass m moves under an attractive force whose components
are X = —ar, ¥ = —ay. (a) Write the Lagrangian equations of motion.
Compare them with those derived from the vector differential equation of
motion. (b) By an energy diagram.analysis, study the motion of the particle,
compute the period for the motion, and find the polar equation of the orbit.
(¢) Are the periods in 7 and @ the same for this motion? (Secction 3-1)

3-2. (a) Deduce from the analysis in Section 3-2 the differential equations
in r; and rg for the individual masses in the two-body problem. (b) Show
directly from the differential equations that the period of circular motion is
proportional to a3/2, where a is the radius of the orbit of one mass relative to
the other. (Section 3-2)

3-3. (Section 3-1) By letting 1/r = u, show that the equations mr20 = I
and d(m#)/dt — (1?/mr3) = F(r) may be combined to yicld for the orbit
under a central force the differential equation

du o mP/
dg2 122

3—-4. A particle describes the path r = a(l 4 cos ) under the action of a
central force directed toward the origin of coordinates. By use of Eq. (3-114)
find the law of central force. (Section 3-1)

3-5. A particle is projected from the point (r9,0) with a velocity vo per-
pendicular to the z-axis. It is acted upon by a force —(m/r3)u,, where u, is
a unit vector along the radius vector. Find the equation of its path, studying
all possible cases that arise. (Section 3-1)

3-6. Discuss the stability of small radial perturbations from the circular
orbit under an inverse square force whose fictitious potential is shown in Fig.
3—4. How does the frequency of these radial oscillations compare with the
angular frequency in the orbit? (Section 3-3)

3-7. A particle describes a circular path under a law of force F(r) =
—ar—2¢=f where « > 0 and 8 > 0. Investigate the stability of small radial
perturbations from the circular orbit. (Section 3-3)

3-8. A particle of mass m slides under gravity on the inside of a smooth parab-
oloid of revolution whose axis is vertical. (a) Write the Lagrangian equations
of motion in cylindrical coordinates. (b) For what angular velocity will the
particle move in a circular orbit? (c) Show that a slight disturbance of the
particle from this circular orbit will cause the particle to oscillate about the
circle, and (d) find the period of this perturbed motion. (Section 3-3)

3-9. The velocity of escape of a mass in a central force field is that velocity
which would just send the particle to an infinite distance and leave it there with
zero velocity, or we may define it as the velocity acquired in falling from zero
velocity at an infinite value of r to a given point. (a) What is the velocity of
escape at distance a from the sun? (b) How does this compare with the velocity
in a circular orbit of radius @ about the sun? (Section 3-2)

3-10. A small satellite of mass m, negligible compared to that of the earth,
is projected with a speed v parallel to the earth’s surface at a height of 320 km.

(3-114)
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Assuming that the mass of the ecarth is 5.98 X 1027 gm, that its radius is
6.38 X 108 cm, and that the constant of gravitation is 6.67 X 10~® cgs units,
(a) calculate the value of v required to put the satellite into a circular orbit.
(b) What is the escape veloeity of the satellite? If the satellite projected at a
height of 320 kin, as above, is observed later at a height of 1000 km when
farthest from the earth’s suirface, (¢) what is the eccentricity of its orbit (d)
what was its velocity of projection, and (e) what is the total energy of the satellite
in its elliptical orbit? (Section 3-2)

3-11. Suppose a particle of mass m moves about the origin under the force
law F(r) = —(a/r?) + (8/r3), where 8 is small compared to e, and both are
positive constants. (a) Show that the resulting motion takes place in a curve
whose equation has the form r = constant/(1 |- e cos k). This may be re-
garded as an orbit with a preeessing axis of symmetry. (b) Determine the
rate of precession as a function of k and sketeh the resulting orbit.  (Sections
3-1 and 3-2)

3-12. A beam of particles of energy F and initial velocity v is projected
into the field of a force center which repels them according to the law F(r) =
ar~3(a > 0). Compute the differential cross section for scattering  (Section 3—4)

3-13. A beam of particles of energy K is inaident on a foree center for which
the potential is given by the function V = 0 for r > rg and V = —Vq for
r < ro. (a) Plot the energy diagram for this force center. (b) Find the paths
of incident and seattered particles. (¢) What happens when the impact param-
eter p is greater than ro? (d) Show that the ratio of the veloeity mside the
force field to that outside 1s n = V(E + Vg)/E, where £ is the total energy
of the particle. (¢) Show that the total deviation of a particle of impact param-
eter p in passing through the field is © = 2{sin~! (p/rg) — sin~! (p/nrg)}.
Henee, (f) find the differential cross section for seattering to be

n%ﬁ(cos_:}(ﬁ) — n)(ncos 30 — 1)
4 cos 3O(1 + n2 — 2n cos 30)2

() Calculate the total cross seetion ¢ to show that 1t is finite.  (Section 3-4)

3-14. .\ particle moves under the foree law F(r) = —kr(k > 0). (a) Show
that the average kinctic energy equals the average potential energy. (b) Does
this result agree with that of Problem 2-6? (Section 3-5)

3-15. Find an expression for the average kinetie energy of a particle moving
in a force field given by F(r) = —ar=2%# (a > 0, # > 0). (Scction 3-5)

3-16. An eclectron moves in an axially symmetric magnetic field which changes
with the time as in the betation. The position of the electron is given at any
time ¢ by the cylindrical coordinates (r, 6, z), where the axis of symmetry of the
system is the z-axis. The magnetic induction B = curl A, where A is the vector
potential with components .1, = 0, .15(r,z,t), .1, = 0. The mass of the clec-
tron is m = mg[l — v2/c%]~/2 ¢ being the velocity of light, v being the speed
of the electron. No electrostatic field is present.

The components of curl A in cylindrieal coordinates are

(zzm . fm) (a“'_f“1> (1 @<rf1o>__1%).
r 96 /)’ a9z ar /)’ r or r a6

a(0) =
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(a) If the force on the electron is F = e(v X B) — ¢(dA/dt), write the
vector equation of motion and from it the equations of motion in cylindrical
coordinates. It is convenient to leave the equations in terms of the relativistic
mass, m, and its derivative, dm/dt.

(b) Using the Lagrangian I, = moc?[l — (1 — v2/¢2)V2] |- erf 4,, write the
Lagrangian equations of motion 1 (r, 8, 2) and compare with the cquations
found m (a) above.

(¢) From the results of (a) or (b), write the equations of motion for a cir-
cular orbit of radius a.

(d) If .1y = at+ B (@ > 0), compute from (¢) the period of the cireular
motion. Show that as ¢ — o, this period P — (2mra)/ec.

(¢) If in the neighborhood of the civeular orbit B, = B(a/r)", show that
the angular frequency w in the circular orbit is given by w = —(eB/m), where
m is the relativistic mass.

(f) Setr =a-f p,0 = w-+ ¢, and measure z from the plane of the circular
orbit. Here p and ¢ are small perturbations in @ and w. With B, as given in
(¢), and on the assumption that (dB./dr) = (dB,/dz), investigate the stability
of the circular motion in the neighborhood of the circular orbit. Negleet squares
and products of p, ¢, ete. That is: (1) Show that the perturbation frequency
in the radial direction is w, = [(¢2B%/m%)(1 — n)]'/2, and henee n < 1 for
stability. (The perturbations are assumed to be slow so that terms of the type
pdm/dt may be neglected.) (2) By neglecting time effects in L14(r,2,t) and letting
dm/dt = 0, show that the perturbation frequency in the z-direction is w, =
[nw?]1/2) and hence for stability n > 0. (3) Hence, show that wf + w? = w?
and that complete stability demands 0 < n < 1.

(g) 1f ® 1s the total magnetic flux linking the cireular orbit of radius a, show
that circular motion requires that d®/dt equals twice the area of the cirele
times the z-component of the magnetic induction B at the orbit.  (Stokes’
theorem is useful here.)



CHAPTER 4
DYNAMICS OF A RIGID BODY

General theorems relating to systems of particles in motion were dis-
cussed in Sections 1-12 and 1-13. If, in such a system, the positions
of the particles relative to one another do not change with the time,
the system is called a rigid body. In this chapter we shall discuss the
basic concepts of rigid-body motion and apply them to a torque-free
system, to the motion of a symmetrical top, and to the motion of a spin-
ning projectile.

4-1 Rigid-body motion. Consider three noncollinear points of a rigid
body. If the coordinates of these three are specified relative to fixed
coordinate axes, the position of the body is fixed in space. If these three
points are denoted by ry, I, r3 relative to an origin O, not all the nine
components of these three vectors are independent. Since the body
is rigid, there are relations |r, — ry| = constant, [r3 — r,| = constant,
|[r3 — ry| = constant, which express the fact that the distances between
the points are invariant. Hence there remain only six independent
coordinates in three-space required to specify uniquely the position and
orientation of the body. We may, for example, give the cartesian coordi-
nates of the center of mass together with three angles that orient the
body relative to three axes of fixed direction passing through the center
of mass. These six independent scalar quantities are the components of
R and L. obtainable by solving the fundamental vector equations of
motion, iL

__°=Nc’

MR = F, 5

that is, by Iq. (1-77) and Newton’s Second Law for rotational motion
together with appropriate initial conditions. It is clear by Eq. (1-84)
that the second of these may be replaced by

where Lo and N, are the angular momentum and torque, respectively,
about any fixed point O.

Let a force F (Fig. 4-1) act at a point of the rigid body whose position
is r relative to a fixed arbitrary point O in the body. The result, in general,
will be a translation of the body in space and a rotation of the body
about 0. Clearly the translation will be unaffected if we introduce forces
F and —F at 0. A pair of noncollinear forces such as F and —F acting
at two points in the rigid body is known as a couple. Its moment about

108
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F «

A/

r/

Q

“F{ 0

Fic. 4-1. Couple acting on a rigid Fig. 4-2. Rotational and transla-
body. tional velocities of a rigid body.

any point in the body is the same and equal to r X F in the present
case. By introducing equal and opposite forces at O, we have formed an
equivalent system of forces under which the motion of the body will be
the same as if only F were present. But we have now a force F at O com-
bined with a couple whose moment is r X F about O. What we have
shown here may be extended to an entirc system of forces. We have,
then, the fundamental theorem that any system of n forces acting on a
rigid body may be reduced to a single resultant force s ;=1 F, acting at an
arbitrary point togethcr with a total moment Y =17, X F, about the point.

Let Fy = Z, 1 F;, be the resultant of the forces (onsldered as acting
at 0, and let N, = Z] 1T, X F, be their total moment about 0. In
general Fy and Ny will not be Lollmear As O is moved about in the
body, Fy will not change, but Ny will vary because of its dependence
upon r,. Let O be moved to O’, whose position vector relative to O is a.
Then an equivalent force system would be F at O’ together with a couple
—a X F, and the resulting total moment about O’ would be Ny =
No — (a X Fp). This change in moment with change in position of O
in the rigid body is of importance, for example, in the analysis of the
motion of a projectile under gravity and under the aerodynamic forces
due to the atmosphere.

We shall now show that in the motion of a rigid body there is a locus
of points that are instantaneously at rest. This locus is called the in-
stantaneous axis of rotation. Let the motion be described by the velocity v
of some point P together with an angular velocity o which describes the
instantaneous rotation of the body about an axis through P. Let the
position vector of any other point @ in the body be designated by r rela-
tive to an origin O fixed in space, as shown in Fig. 4-2. Then by Eq.
(1-103), the instantaneous velocity of @ relative to the fixed point O
will be

t=v+oeoXxr. (4-1)
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We seek those points in the body, if any, such that f = 0, excluding the
trivial case where 0 = 0.

Case [. Suppose that v = 0, so that the motion is entirely rotational
about an axis through P. Then t will be zero if @ X r' = 0. But this
means that ' is coincident with o, and hence we may write

r = ko (4-2)

This is a straight line through P.
Case II. 1f v ## 0, we have, for i = 0,

0 X1 = —v, (4-3)

which implies that v is perpendicular to both w and r’ since it is per-
pendicular to their plane. Hence we may write r’ as a linear function of o
and a veetor perpendicular to the plane of © and v, say o X v (see
IYig. 4-3),

r = aw |- blo X V). +-41)

Then, by Iiq. (4-3),

V= XTI =aw X o+ be X (0 X V)
= (Vo - (0+w)V|
= —wlby, (4-5)

and we find that b = 1/w? so that
bo X V) — - (0 x v) = (-’i) ., (4-6)
w*“ w

where 4, is a unit veetor in the direction of © X v.
From Lgs. (4-4) and (4-6) it follows that

r = ae | (’;) u,. (4-7)

This is & locus of points (Iig. 4-4) parallel to the vector o and at a dis-
tance (v/w) from it. This locus is the instantancous axis of rotation.

As an example, consider a disk rolling down an inclined plane, as
shown in Ifig. 4-5. The angular velocity vector o through its center
is perpendicular to the paper and toward the reader. The vectors v and
r’ remain in the planc of the motion. By the preceding analysis, the
instantaneous axis of rotation is also perpendicular to the paper, parallel
to , and passes through the point of contact R. The distance of the
instantancous axis of rotation from the vector o is r/w, which is the
radius of the disk.
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clined plane.

4-2 Moments and products of inertia. We found in Section 1-12 that
the motion of a system of particles may be resolved into a translation
of the center of mass and a rotation about that center, a result known
to Kuler in 1749. In studying the motion of a rigid body in this section,
we shall concentrate our attention entirely upon rotation about a fixed
point.

Let a rigidly connected system of masses rotate with angular velocity
» about an axis passing through O (Iig. 4-6). The angular velocity
veetor o is not fixed in magnitude or in direction but is localized through
0. At any instant the linear velocity of a particle at r,, relative to O,
will be @ X% r,. Its angular momentum is

L=r1,xmyv,=mr X (0 X 1,)]. (+-8)
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By the expansion formula for a triple vector product, we have
L = m)[(r,1,)0 — (1;-0)1,]. (4-9)

Hence for the whole assemblage of points constituting the body,

n

L=oy mri — D m o). (4-10)

)=1 =1

Now place the origin of a right-handed cartesian coordinate system
at 0. In this system r = zi + yj + 2k, 0 = w,i + w,j + w.k, and
L = L,i + L,j + L.k. Then we have, from Eq. (4-10),

n n n
L, = w, Z m,(y? + 22) — w, Z mT,Y; — w, Z m,x,z,,  (4-11)

1=1 1=1 1=1

n n n
Ly= —w; Z myy,x; + wy E m](xJZ +2)) — w, Z myy,2;, (4-12)

=1 =1 =1

n n n
L:= —uw; Z mz;T; — Wy z my2;Y; + w; Z my(z] + ;). (4-13)

1=1 1=1 1=1

The quantities

n n n
E mJ(sz + zyz)r Z m;(x? + 212); and Z m](sz + y12)

1=1 =1 1=1

are defined to be the moments of inertia of the system about the z-, y-,
and z-axes respectively. We shall designate them by I.;, I, and I...
They play a role in rotational motion similar to that of the mass in
translational motion.

The other summations are called products of inertia. We shall designate
them by

n n n
I, = z m,x,Y,, I, = E m,y,2,, I,,= Z myz,x;.  (4-14)
=1

=1 1=1

Thus we have the following fundamental relations between the angular
momentum components and the moments and products of inertia:

Lz = Iz:wz - Izywu - Izz“’z;
Ly = —Iyw, + Iyywy — Iy, (4-15)
L,= _Izz"’:c - Izywy + Izz"-‘z-
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It is important to observe that, in general, L and o are not collinear
vectors. Furthermore, if L is used directly in Newton’s Second Law,
(dL/dt) = N, not only do the components of » change with the time
but so do the moments and products of inertia. These have been defined
with respect to fixed axes. As the system of particles rotates, and hence
as the orientation changes, thesé moments and products vary. We shall
see later how this situation may be avoided by computing the moments
and products of inertia with respect to appropriate axes fixed in the
rigid system and rotating with it. The array of nine quantities

Ixz _I;ty ‘"Izz
‘Ivr qu _'qu
“sz —Izy Izz

is called a tensor, and here, in particular, the momental or inertial tensor
of the system. We shall refer to these quantities collectively as the in-
ertial parameters of the system.

Suppose the system of particles is a bounded, continuous, solid medium
of density p at any point. Then we modify the definitions of the inertial
parameters I, I,,, and so forth, by writing the summations as integrals
over the space considered. That is,

In=/v(y2+z2)pdv, Iw=/;(z2+-v2)pdv, I, = /V(x2+y2)p v,

(4-16)
with similar integrals for the products of inertia.

4-3 Computation of inertial moments. Since specification of the iner-
tial parameters is a prerequisite to the study of the motion of the rigid
body, we shall consider their evaluation. The methods of elementary
calculus enable us to compute moments of inertia about any arbitrary
axes in a rigid body. The calculations are usually quite straightforward
if the axes are chosen to conform to the symmetry axes of the body. We shall
restrict ourselves to the regular solids, or combinations of regular solids,
for which the integrals such as those of Eq. (4-16) are more or less readily
evaluated. Furthermore, we assume that the reader is familiar with the
parallel-axis theorem by which the moment of inertia about any axis
can be found if the mass and the moment of inertia about a parallel axis
through the center of mass are known.

Let A, u, v be the direction cosines of a line [ in space (Fig. 4-7) which
passes through the origin of a fixed cartesian system of coordinates. Let
r, be the position vector of a mass point m,, and let d; be the perpendic-
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ular distance from m, to the line. By definition, the moment of inertia
about the line [ is

L= Y md, (4-17)

1=1

where n particles comprise the system.
Since the unit vector in the direction of ! is u; = M + uj -+ vk, we
may write d> = [r, X w;]? and hence

n

In= 37 mlr, x wp?, (+-18)
1=1
but
i j k
I Xwy=\x, y, z (4-19)
) TR

and the square of the magnitude of this vector is
(yv — z}l-‘)z + (z\ — 'T]V)z + (e — 1/1)\)2~ (4-20)

Grouping coefficients of A2, 42, »2, and so forth, and using the definitions
of moments and products of inertia, we obtain

I = N + W21y, + v, — 2uM,, — 2\0],, — 2uv],,. (4-21)

I'rom this relation we may caleulate the moment of inertia about any
line through O if the inertial parameters with respect to the coordinate
axes are known. These are readily calculated if the coordinate axes are
chosen so as to coincide with the symmetry axes of the body.

N g,y v)

m

T

Fic. 4-7. Moment of inertia of a Fia. 4-8. Axes for moments of in-
mass particle. ertia of a cone.
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As an example of the application of Eq. (4-21), we shall calculate the
moments of inertia about an element of a cone and a line perpendicular
to it at the vertex. Choose the x-axis to be the symmetry axis of the
cone whose semivertical angle is « (Fig. 4-8). By direct integration we
find I, = (3/10)ML? sin? a, where L is the slant height of the cone and
M is its mass. Similarly,

I, = I..= (3/5ML*(cos® a + 1/45sin? a).

Our choice of axes makes all the products of inertia vanish.
The element I; of the cone in the xz-plane has direction cosines

= cos a, u=0, v = sin a. 4-22)

Hence Eq. (4-21) yields

I, = I;cos?a+ I..sin’
= (3/10)ML? sin? & cos? a + (3/5)M L2(cos® @ -} 1/4 sin® &) sin®
= (3/4)M L2 sin® afcos? a + 1/5] (4-23)

for the moment of inertia about an element of the cone.
Similarly for the moment of inertia about a line I; in the az-plane per-
pendicular to the clement /;, we have

A= —sina, u=0, v = cos a. (4-24)
From this,

I, = ML?[(3/4) sin* & — (21/20) sin® a -+ 3/5]. (4-25)

4-4 Principal axes. It is clear from Eq. (4-21) that as we allow X, g,
v to vary, we find moments of inertia about all lines through the origin O.
Suppose we write for one of these lines X = £/p, u = 9/p, v = {/p and
substitute into Eq. (4-21). Here §, n, ¢ are the coordinates of a point
on the line and p is the distance of the point from the origin. There
results

I:xfz + Iyy’lz -+ Izz§'2 - 2Eﬂ11y - 28‘1“ - 2773'114: = P2Il' (4‘26)

This equation, a familiar one from solid analytic geometry, represents a
quadric surface provided we set p?I; = 1. For a given set of quantities
Loz, Iy, 1.2y Ioy, Iss, Iy, one can construct a quadric surface with center
at the origin such that the distance from O to a point P on the surface is
related to the moment of inertia about the line OP by the relation p =
1/4/I,. For any physical body, I; cannot be zero. Hence none of the
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values of p can be infinite, and the surface must be a closed surface, that
is, an ellipsoid. It is called the momental ellipsoid or inertial ellipsoid
for the rigid body.

We know that an ellipsoid has three axes of symmetry. Had we chosen
the cartesian coordinate system so as to eliminate the cross-product terms
in Eq. (4-26), the equation of the momental ellipsoid would have been
in the symmetric form

Iiz? + Iy + I32% = 1, (4-27)

where I, I,, I3 are the moments of inertia about the coordinate axes
which now coincide with the axes of symmetry. These are the principal
moments of inertia of the body, and the new axes are called the principal
ares of the ellipsoid.

The problem of finding the directions of the principal axes of inertia
in a given situation is one of rotating the coordinate system so as to
eliminate the products of inertia. Suppose this has been done so that the
i, j, k unit vectors used in deriving Eqgs. (4-11), (4-12), and (4-13) coin-
cide with the principal axes of inertia. Suppose the body is rotating
about the z-axis so that © = w;i(wy, = w, = 0). Then, since the products
of inertia vanish, we see by Eq. (4-15) that L, = I,,w;, and hence L =
I..0.i. The angular momentum vector and the angular velocity vector
coincide in direction. In a similar way one may show that if the body
rotates about the j- or k-axes, the angular momenta are L = w,[l,,j
and L = w,[,.k respectively. Hence, in general, if the body is rotating
about a principal axis, L = lw, where I is a proportionality constant
to be determined.

Let us assume that we have selected arbitrarily a set of xyz-axes and
have computed the inertial parameters with respect to them. Then in
order that L and o be collinear, we must have, from Eq. (4-15),

L, = I0, — Iywy — I 0, = Tw,,
Ly = —Iw, + Iywy — T0, = Tw, (4-28)
Lz = _Izzwx - Izuwy + Izzwz = I‘-"zr
or
(Izz - I)w; - Izywy — Iu“‘z = 0,

—Iyew: + (Tyy — DNwy — ITyw, = 0, (4-29)
— I zwy — Izywy + (Izz - I)wz = 0.

These equations will have a nontrivial solution for the ratios w;:w,: w, if

(Ixx - I) _'Izy —IJ:Z
—1yz Tyy — 1) —I,, |=0. (4-30)
_"Izz _Izy (Izz - I)
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This is a cubic equation in I, whose three roots we shall denote by I,
I, and Is. These are the principal moments of inertia. It may be shewn
that I, I, and I3 are always real.*

The direction of the principal axis associated with each of these mo-
ments of inertia may now be found from Egs. (4-29). The components
wg, wy, and w, define a direction with respect to the coordinate axes,
namely, that of the angular velocity vector. Since, for rotation about a
principal axis, the angular velocity vector coincides with this axis, the
set of numbers w,, w,, w, which satisfy FEqs. (4-29) are the direction
numbers of the axis. For example, to find the direction of the principal
axis corresponding to I, we have

(I:x - Il)w(l) - I:ty ;11) - Ixzw(zl) == 0;
—Iyzw.(tl) + (Iyy - Il)w(l) - Iyzw(zl) = 0’
Tl — Ly’ + (Iee — Iel” = 0,

where o{”, !V, (" are the direction numbers of this axis. These equa-
tions can be solved for the ratios 0P and the axis associated
with I, is thereby defined relative to the original coordinate system. In
a similar way, by using Is and I3 in Egs. (4-29), we may find the ratios

20?0 and 0wy 10 for the axes associated with I and I3
respectlvely

An example will serve to illustrate the method. Figure 4-9 shows a
homogeneous solid cube of edge a and density p situated with its edges
along the axes of a cartesian coordinate system. By direct integration

Fia. 4-9. Homogeneous solid cube.

* See, for example, A. G. Webster, The Dynamics of Particles and of Rigid,
Elastic, and Fluid Bodies. New York: Hafner Publishing Company, 1949,
pp. 567 ff.
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we find the moments and products of inertia to be

Too = Iy = I.i = 2 Md?,

Ma?
4

)

Ixu = Iyz = Iz.r =

where MM is the mass of the cube. Then, from Iiq. (4-30), we have

2 3ra? ) _ Ma? _ Ma?
(3 Ma™ — 1 4 )
Ma? (2 ) ) Ma* |
Ma? Ma? (2 2 )
-3 -3 g Mam — 1
I'or convenience, set N = (2/3)Ma? ~ [, 8 == —Ma?/4, so that Eq.
(4-31) becomes
N B B A B8 g
B N Bl=|B—x rx—8 0/=0, (4-32)
BB A B B A

from which we find

(A — B)2(\ +28) = 0. (4-33)
The three roots of Eq. (4-33) are

L= DM, L= M, I, = Md (439

These are the principal moments of inertia for the block. Note that
there is a degeneracy in the sense that two of these are the same. This
means that the momental ellipsoid at O is a prolate spheroid with its
longest axis along the direction in which the moment of inertia is I3.

To find the direction of the principal axis (3), associated with I3,
we write Eqgs. (4-29) in the form

2 2
<§ Ma* — ¢ Ma“’) o _Ma® o M e

4 Y 4
2 2
A @ Ma® — ¢ Ma2> o — M ®= 0, (4-35)

2 2
M @ ]—”745‘— w4+ <§ Md® — % Ma2> WP = 0,
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2(%2)3 B (Z_—Z s
)2
@t @=2

I'rom the first two of these we find the direction ratios

which simplify to

0Pl 0l = 1:1:1. (4-30)

Thus the principal axis associated with I3 passes through O and coincides
with the body diagonal of the cube.

We may try using I; = (11/12)Ma? in Eqs. (4-29) in a similar way to
obtain the principal axis associated with 7,. But we find upon simplifying
equations analogous to Eqs. (4-35) that, because of the double root
which appeared in Eq. (4-33) by virtue of the symmetry of the cube,
there remains only one independent relation, namely,

WD WD WD = 0,

Hence we may choose axes (1) and (2) to be any two mutually perpen-
dicular lines through O and perpendicular to axis (3). Ifor example, we
may choose axis (1), associated with [, to lie in the xy-plane and have
direction ratios

o iV i = 1:--1:0.
Then axis (2), associated with I, would be designated by the ratios

wﬁf’:w?’:w‘f’ = —1:—1:2.

When the cube is rotating about axis (3), the angular momentum vector
lies along this axis and has the value Ly = (1/6)Ma%w, where o is the
angular velocity. Similar statements may be made with regard to axes (1)
and (2).

Any rigid body has three mutually perpendicular axes that serve as
the principal axes of inertia for the body. The general treatment of
transformations to reduce the momental ellipsoid to its symmetric form
is an interesting part of analysis, but we shall not go into the topic in
this book.*

* See, for example, A. G. Webster, Dynamics of Particles and of Rigid, Elastic,
and Fluid Bodies. New York: Hafner Publishing Company, 1949, pp. 567 ff.
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4-5 Euler’s equations of motion. The preceding sections have dealt
with the inertial properties of a rigid body. We turn now to the dynamics
of its rotational motion about a fixed point. We have seen in Section
1-12, however, that if we choose the center of mass as the origin of refer-
ence, the same theory will hold even if the origin is being translated.

In general, if we refer the angular momentum L and the angular veloc-
ity @ to a fixed coordinate system, a computation of dL/dt involves the
time rate of change of the inertial parameters as well as the rate of change
of . However, if we choose the principal axes of the body as the refer-
ence system, the moments of inertia with respect to these axes are fixed.
Since Newton’s Second Law for rotational motion is valid only for a
fixed system, we must make due allowance for the rotation of the new
system in our analysis. The basic equations are those of Section 1-14.

X

Fra. 4-10. Angular velocity and momentum in rotating system.

Let i, j, k (¥Fig. 4-10) be a triad of unit vectors along the principal axes
(1), (@), (3) of the rigid body. For simplicity we picture the angular
velocity vector along Oz. The analysis that follows, however, is inde-
pendent of this assumption.

The zyz-system is fixed in space but, as the body rotates, i, j, k par-
take of the rotation. Furthermore, in general, » changes with the time.
Let N be the torque. Then, from Newton’s Second Law, in the ryz-system

%=L1i+ﬂzj+L3k+me=N (4-37)
by analogy to Eqs. (1-104) and (1-105). Here L;, Ly, L3 are the com-
ponents of L in the rotating system of axes. Similarly, we have for the

angular velocity

W = wli + ng + wgk, (4—38)
so that
i j k
o XL=|m w2 w3 |- (4-39)
L Lo La
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Hence we may write

dL N .
5 = L+ 2Ly — w3Lo)i
~+ (L2'—+— w3L1 - wlL3)j
-+ (L3 + wiLy — woLy)k

= Nii + Njj + Nzk. (4-40)

But, since L and o are propor:tional for the principal axes, L; = I, w,
L2 = 120)2, L3 = 130)3, and L1 = Iltbl, L2 = 126)2, I/3 = Iad)3. Sub-
stituting for the components of L and L, we have

Loy + waws(l3 — I3) = Ny,
Inwy -+ wgwy (I1 — I3) = Ny, (4-41)
I363 + wiwe(loy — 1) = Nj.

These are the Euler equations of motion. The principal restriction on their
use is that the origin of coordinates be fixed, or, if in translational motion,
that the center of mass be taken as 0. It is well to emphasize that w,,
wg, wz are not angular velocity components in the ordinary sense of
being derivatives of some spatial coordinates which describe the position
of the body at time ¢.

While Euler’s equations have been derived on the assumption that
i, j, k are fixed in the body, there are occasions when this condition may
be relaxed with profit. If, for example, the body has rotational symmetry
so that two of its moments of inertia are the same, we may wish to fix
only one of the triad vectors, say k, in the body and allow the others to
rotate in a plane perpendicular to k but at a different velocity from the
body axes. In this more general case, if we denote the angular velocity
of the triad i, j, k by

ax = ali + agj + a3k,
we have

% = Lyi+ Loj + Lsk + (e x L) = N. (4-42)

Hence, in terms of components,

1oy + aswals — azwals = Ny,
Ioop + agw Iy — aywsls = Ny, (4-43)

I3(b3 + a1w2I2 - azwlll = N3.
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These are obviously similar to Eq. (4-41) and reduce to the latter when
a = .

As an application of Euler’s equations, consider a uniform bar of cylin-
drical cross section, mounted as shown in Fig. 4-11(a), rotating about a
horizontal shaft. The supports for the shaft are mounted on a turntable
that revolves about a vertical axis. We shall consider the mass of the
shaft to be negligible compared to the mass of the bar. Let the angular
speed of the bar about the horizontal axis be constant and equal to s.
Let @ denote the constant angular speed of rotation of the turntable.

By inspection we choose the principal axes of the bar as shown by
(1), (2), and (3) in Fig. 4-11(b). We choose the triad of unit vectors
i, j, k to be along the principal axes and, as the bar rotates, these rotate
with it. We denote the moments of inertia about the principal axes by
I, I, and I3. By virtue of the symmetry and shape of the bar, I, = I3
and these are larger than I,.

At any instant let the bar make an angle o with a horizontal y-axis
in its plane of rotation, as shown in Fig. 4-11(b). As the turntable rotates,
the z-axis remains vertical while the y-axis moves into the plane of the
paper. The x-axis points toward the reader, and we may represent the
angular velocities at any instant by the vectors Q and s, as shown in
Fig. 4-11(c).

Q (1)
@

x=(3)
®) (c)

Fic. 4-11. Rotating bar on revolving turntable.
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By direct projection of Q and s on the principal axes of the bar, we find

the angular velocity components

wy; = Osin q,
wa = Qcos a, (+-44)
w3z = §,

where @ and s are constant. From these equations we obtain the accelera-
tions
w; = Qcos aax = s cos a,

Wy = —0sinad = —Qs sin a, (4-45)
wg = 07
since @ = s. Hence, by Kqgs. (4—41), Euler’s equations are
I,Qscosa + Qs cos a(ls — I,) = Ny,
—I,Qssin o + Qssin a(l; — I3) = No, (4-46)
Q%sinacosa(ls — I,) = Nj.
These simplify to
1,Qscosa = Ny,
(11 — 2[2)93 sin @ = N2, (4—47)

Iy — I)Q%sinacosa = Nj.

Hence it is apparent that the torque components relative to the principal
axes are periodic functions. If @ is very small compared to s, we note that
N3 is the smallest of these torques.

We are more interested, however, in the resulting moments about the
x-, y-, and z-axes shown in Iig. 4-11(¢). They are

N; = N3
N, = N,cosa — Nysin o,
N, = N;sina + Njcos a.

(4+-48)

Substituting from Eqs. (4-47) into Egs. (4-48) and simplifying, we have

N, = 3(I; — I,)9?sin 2q,
N, = I,Qs + (I, — I,)Qscos 2a,
N, = (11 - Ig)stin2a.

(4-49)
(4-50)
(4-51)
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Note that these are all periodic functions with period one half that of
the rotation of the bar. The physical interprefation of these equations
is the following. The term I3Qs in Eq. (4-50) represents a constant
moment tending to depress the positive z-axis, i.e., the k direction of the
rotational axis. Since I; < I3, the second term in Eq. (4-50) represents
an uplifting moment on the positive z-axis when cos 2a > 0 and a de-
pressing moment when cos 2« < 0. This action results in a periodic
thrust downward on the left bearing in Fig. 4-11(a). Similarly, Eq.
(4-51) represents a moment tending to rotate the shaft in a periodic
way horizontally, and consequently can be used to calculate the side
thrust on the bearings. Lastly, Eq. (4-49) represents the torque about
the shaft axis itself. We call the moments N, N,, N, the rolling, pitching,
and yawing moments of the system.

4~6 Rotational kinetic energy of a rigid body. Let the jth particle of
a rigid body have a position vector r, with respect to a fixed origin and
system of axes. Then its linear velocity due to the rotationisv, = @ X r,,
and we may write for the kinetic energy

T = % 3 mye X 1)+ (0 X 1). (4-52)

=1

Expanding the scalar product and using the definitions of moments and
products of inertia, we have

T = %[I”wz + Iwwz + I, ,02 — 21 wyw, — 21 pww, — 210wy
(4-53)
Thus we see that T is a quadratic form in the angular velocity components.
Furthermore, since
o X 1,] = wr,sin b, = wd,,

where 6; is the angle between r, and o, Eq. (4-52) may be written as

S U 2 1.9
T=350 > myd; =5 Iv”
=1
Here I is the moment of inertia about the instantaneous direction of the
vector o.
By a transformation of axes to the principal axes in the body, Eq. (4-53)
becomes
T = I} + I0} + I3w3). (4-54)

This is a convenient form for discussions of rigid-body motion because
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I,, I, I; are constants. Since L = I wji + Iowsj + Iswsk, in terms
of a coordinate system coincident with the principal axes such as that
in Fig. 4-10, we observe that the kinetic energy may be written

T = iL-o. (4-55)

One further relation of fundamental importance may be deduced from
Euler’s equations (4-41). Multiply the first of these by w;, the second by
wg, the third by ws, and add. There results

% ‘% (I} + Iwd + T3wd){ = Nyw; + Naws + Naws. (4-56)

The left side of Eq. (4-56) is the time rate of change of the kinetic energy.
The right side is the rate of working of the applied torque. Thus we are
led to the theorem: the time rate of change of the kinetic energy equals the
rate of working of the applied torque.

4-7 Euler’s angles. In the preceding discussion, the angular velocities
w1, we, w3 are not quantities that, when integrated with respect to the
time, describe the orientation of the rigid body in space. Nor do the
components of » in a fixed (x¢,Y¢,20) system yield, when integrated, angles
that are satisfactory as coordinates. To meet the need for such a set of
coordinates, we introduce Euler’s angles. These do not refer to mutually
perpendicular directions, but they are adequate to express the orientation
of the rigid body at any time. Iigure 4-12 serves to define these angles.
The principal axes of the body are shown as (1), (2), (3); Oxo, Oyo, Oz
are axes fixed in space. We shall assume first that axis (3) is a symmetry
axis of the body, and hence that I; = Iy # I3. The line ON, where the
equatorial plane containing the (1)-

(2)-axes intersects the (zo,y0) plane, “ ¢
is called the line of nodes.

Euler's angles are those desig- 3
nated by ¢, ¢, 6 in Fig. 4-12. An-
gular velocity vectors associated P
with these angles are indicated by
the arrows. The angles ¢, ¥, 6 serve

. . 0 7 Yo
as generalized coordinates for a s
Lagrangian approach to the equa- b (l)/
tions of motion. i

We now relate the angular veloc- 0
ities ¢, ¥, 6 to wy, wg, w3. By in- N
spection, we find Fig. 4-12. Euler’s angles.

2

-
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w; = §cosy + ¢sin siny,
wg = —Osiny + ¢ sin 6 cos y, (4-57)
w3 = ¢cos b+ .

IFurthermore, in terms of Kuler’s angles, the kinetic energy, Eq. (4-54),
becomes

T = 3{1{6? + ¢%sin® 6} + I3{y + ¢ cos 6}2]. (4-58)

From Eq. (4-58) we may obtain the Lagrangian equations of motion
for the rigid body. We have

T

— = Ié

a9 !

%g = I¢sin? 6 - T3¢ + ¢ cos 6) cos 6,
aT ;

o I3 + ¢ cos 0),

oT P . .
% = I$° sin @ cos @ — I3(y + ¢ cos 6) sin 6,
oT

Er

oT

°= — 0.

oy

Hence, by Eq. (2-53), the equations of motion are
% (I6) — I¢$%sin 6 cos O+ I3p(y -+ ¢ cos 6) sin § = Ny, (4-59)
(% (I$sin® 6 ++ I3(y + ¢ cos 6) cos 6] = N, (4-60)

LU + cos )] = N, (4-61)

where we have assumed I # I3. In Egs. (4-59), (4-60), and (4-61)
the quantities Ny, N4, and Ny are the generalized torques corresponding
to the coordinates 6, ¢, y. Note that the quantities to be differentiated
with respect to the time in the Lagrangian equations are the angular
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momentum components associated with the generalized coordinates,
namely,

Lo = I6,
Ly = I¢sin? 0 + I3(¢ + ¢ cos 6) cos 6, (4-62)
LW = IS(\L + ¢ ¢os 0),

where I = I, = I, is the moment of inertia about an axis in the (1)-
(2)-plane. These may be derived by projecting the components L, =
Iwy, Ly = Iywy, and L3z = Izw3 onto the line of nodes, the zy-axis
and the (3)-axis respectively, and using Egs. (4-57).

The torque components appearing on the right in Eqgs. (4-59), (4-60),
and (4-61) are likewise obtainable from the components N;, N,, N3
by projection. We have

Ny = Njcosy — Nasiny,
Ny = (Nysiny + Nycosy)sin 8 + Njcos 6, (4-63)
Ny = N,.

Consider the Lagrangian equation for ¥, namely,

d (8T T

() - G) =
Since T is a function of wy, wg, and w3 [by Iq. (4-54)], and w;, ws, w3
are in turn functions of 9, ¢, ¥ [by Egs. (4-57)], we may write

= = o— = I3wy,

9T _ 8T dwy | OT dwy , 9T duws

WY dw; oY dwg Y dwz Y
But

9wy

£

9wz

EY)

dwg

E

= —fsiny + $sinfcosy = woy,

= —fcosy — $sinfsiny = —wy,

Hence
aT

EY e Il‘*’lw2 - 12“’2‘91 = (Il - I2)w1‘4’2‘

Y
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Therefore the Lagrangian equation for ¢ becomes
I3wg + (I — I))wwy = Ny = N3.

This is precisely the third of the Kuler equations exhibited in Eqs. (4-41).
It is the only one that can be deduced directly by the Lagrangian method.
To show further the equivalence between Kuler’s equations and the
Lagrangian equations in 6, ¢, ¥, we proceed in the following way. Since
I, = I, = I # Ij we have from Eqgs. (4-41),

le + (13 - I)w2w3 = Nl,

1(.;)2 + ([ - 13)(.030)1 = N2.

We multiply the first of these by cos ¢, the second by sin ¢, and subtract
to obtain, after some simplification and by using the first of Eqs. (4-63),

Iwy cos Y — wosiny — wz(wg cos ¥ + w; sin y)]

-+ 13w3(w2 CcOs \ﬁ -+ w1 sin \&) = No. (4—64)
But from Kqs. (4-57),

wg COSY + wy siny = ¢ sin 0,
@1 cosy — Gy siny = § — $Zsin 6 cos 6,
w3 = ¢ + ¢ cos 6.

Hence Eq. (4-64) becomes
16 — 1$%sin 0 cos 8 + I3¢(¥ + & cos 6) sin § = N,,

which is the Lagrangian equation (4-59). In a similar way, we can show
that Eq. (4-60) is also derivable from Euler’s equations. Hence the
Lagrangian equations in 6, ¢, ¥ are simply the Euler equations trans-
formed into a more useful coordinate system.

In the general case where I, ¢ I, % I3, the expression for the kinetic
energy becomes more complex. Again, using Eqs. (4-57) together with
Eq. (4-54), we find

T = ${(I; — I;)(6cosy + ¢sin Osiny)? + I,(8% + $2sin? §)
+ I3(dcos 6 + ¥)%}. (4-65)
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From Eq. (4-65) we derive the general Lagrangian equations for

0) ¢) ¢’

% {(I, — I)(6cosy + ¢sin@siny) cosy + 26}
— (Iy — I3)(6cosy+ ¢ sin 6 siny)é cos 0 sin
— I$®sin 6 cos 6 + I3(¢ cos § + ¥)é sin § = N,, (4-66)

% {(Iy — I)(cosy + ¢ sinfsiny)sin §siny + I sin® 6
+ I3(¢ cos 8 + ) cos 6} = N, (4-67)

4 (I cos 0+ )}

+ (Iy — I3)(6cosy + $sin@siny)(@singy — ésinbcosy) = Ny.
(4-68)
It is apparent that when I; = I, these equations reduce, respectively,
to Egs. (4-59), (4-60), and (4-61).

As an illustration, let us consider again the rotating bar shown in
Fig. 4-11(a). We take fixed axes Oxg, Oyg, Ozy as shown in Fig. 4-13.
Then the Eulerian angle 6 is 90° and does not change with the time.
Furthermore ¢ = s, and ¢ = Q, and
both are constants. With these re- 20
strictions on 8, 4, ¥, and ¢, Egs.
(4-66), (4-67), and (4-68) become,
respectively,

No = 1389-‘[‘(11 —*12)980032%,
N¢ = (Il - 12)98 sin 2’#,
Ny, = —3(I, — I,)Q%sin2y.

—\—
o \4\
/

Line of nodes

These are identical with Eqgs.
(4-50), (4-51), and (4-49), which
we deduced directly from Euler’s
equations. Fia. 4-13. Rotating bar.

4-8 Motion of a torque-free system. Suppose that a symmetric rigid
body is rotating about a fixed point but that the resultant torque acting
upon it is zero. The external torques acting upon the earth, for example,
are so weak that its rotational motion can be considered to a first ap-
proximation as relatively torque-free.

An immediate consequence of the ahsence of external torques is that
the angular momentum vector is constant in space and time. This fol-
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lows from Newton’s Second Law for rotational motion, Eq. (1-27). The
line defined by this vector is called the invariable line. It is shown by the
direction of L in I'ig. 4-14. A further consequence of the freedom from
torque is that the kinetic energy is constant, as evident from Eq. (4-56).

We observe also from Eq. (4-55) that, since T' is constant, L-w re-
mains so. This implies that during the motion o must change in such
a way that its projection on L is always the same. Hence the tip of
describes a plane that is called the invariable plane. The origin O is the
fixed point in the rigid body, and all forces acting on the system have
no torque about O.

An analytical treatment of Kuler’s equations for torque-free motion
in the general casec where I, = [, ¢ I3 is quite complicated and in-
volves finding w, wy, w3, or 6, ¢, ¥, as functions of the time by the use
of elliptic integrals.* We shall discuss here, however, only the case where
axial symmetry allows a simplification and direct integration of the
Tuler equations (4-41).

We assume that the axis of symmetry is the (3)-axis, so that I, =
I, # I3 As before, we shall designate by I(= I, or I,) the moment
of inertia about either the (1)- or (2)-axis.

Euler’s equations then become

Iéy + wows(fy — I) = 0,
I(bg + wgwl(l - [3) = 0, (4—69)
Ig(b;; = 0

Invarable hine

o~

/

[nvanable plane

@2

—(2)

0 (6V]
Fia. 4-14. Invariable line and plane. Fia. 4-15. Angular velocity in free
rotation.

* For a sketch of this solution, sce J. L. Synge and B. A. Griffith, Principles
of Mechanics. New York: McGraw-Hill Book Company, Inc., 1942, pp. 408 ff.
Sce also E. T. Whittaker, Analytical Dynamics. Cambridge, England: Cam-
bridge University Press, 1937, pp. 144 ff.
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We note immediately that wj is constant in time. Furthermore, we may
write the first two of Eqgs. (4-69) in the form

wy -+ wy ‘(% — l)w;;} =0 and Wy — Wy [(1?3 — 1)"’3 = 0.

(4-70)

Let k = (I3/I — 1)ws, which is constant. We then differentiate the
first of KEqgs. (4-70) and substitute for w, its value from the second equa-
tion to obtain

w; + I\'d’g = w; |- k2w1 = 0. (4—7])
This has the solution w; = asin (bt + b); and, since wy; = —(1/k)wy,
we have ws = —acos(kt + 0). But these expressions for w; and wg

are the parametric equations for a cirele of radius a in the plane of the
(1)- (2)-axes. The projection of the » vector on this equatorial plane
rotates about the (3)-axis with an angular speed k radians per unit time.
Since w? -+ w? = a? it is evident that |o| = Vo? + w? + «f is con-
stant during the motion.

IFigure 4-15 illustrates the relative position of the w vector in the
(1)- (2)- (3)-system. It should be noted that » does not in general coin-
cide with the axis of mass symmetry. If it does, the problem becomes
essentially trivial, the motion being a steady spin about the axis of sym-
metry.

As an illustration of rigid-body motion of the type discussed above,
consider the rotation of the earth. Its axis of figure departs slightly
from its axis of rotation. We would expect to find, as the period of rota-

tion of w about wj,
2r 2w 1
P=5=3 [7;,,—:7]'

To a first approximation, I /(I3 — I) is equal to 300, the inverse of the
earth’s oblateness. The angular velocity w3z = 2w radians per day. Hence
P ~ 300 days. This periodic motion of the w vector about the earth’s
axis of symmetry is known observationally as the variation of latitude.
The fact that the earth is not a perfectly rigid body accounts for the
difference between the observed period of about 433 days and the 300-
day period computed above.

The angular momentum vector in this case of axial symmetry becomes

L = I(wyi + wgj) + I3wsk, (4-72)

and hence is in the plane of w3 and . Its position relative to o depends
upon the values of I3 and I.
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(a) (b)

Fic. 4-16. Angular veloeity and momentum for (a) oblate spheroid, (b) pro-
late spheroid.

In Fig. 4-16(a), let the angle between w3 and o be «; that between
w3z and L is 8. Let a be the projection of » on the (1)- (2)-plane, as shown
in Fig. 4-15. Then
L—g‘?‘—) - 1%3; - 71; tan a, (4-73)
where @ = Vw? + w2. If I < I3, we see that 8 < «, and L lies between
w3 and o, as in Fig. 4-16(a). This would be the case for an oblate sphe-
roid such as the earth. If 7 > I3, then 8 > o, and L lies farther from w3
than does o, as in Fig. 4-16(b). A prolate spheroid illustrates this case.

Motion of the type discussed here may be represented geometrically
by the rolling of one cone on another, as illustrated in I'ig. 4-17. The
cone of semivertical angle a — B is considered fixed in space, its axis
being along L. This is called the space cone. The second cone, whose axis
is along w3, rolls on the space cone in such a way that their common
element is . The cone centered on w3 is the body cone and is considered
fixed in the body. To an observer fixed in space, » would appear to trace
out the space cone; to an observer on the body, o would appear to trace
out the body cone. In either event, w3, L, and w remain coplanar as one
cone rolls on the other. The situation pictured in Fig. 4-17 is that in which
I; > I. This method of describing the motion of a rigid body is due to
Poinsot (1834). A more detailed description of it may be found in any
of the references listed at the end of this book.

To complete the discussion of motion under no torque, we shall find
the Eulerian angles ¢, ¢, 6 from the values of w;, wz, and w3. For con-
venience we choose the invariable line to be the z-axis of the fixed co-
ordinate system, as shown in Fig. 4-18. Then, by direct projection,

Ly = Iw; = Lsin#siny,
Ly, = Iwy; = Lsin 6 cos ¢, (4-74)
L3 = Izw3 = Lcos 6,

tan 8 =
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Frg. 4-17. Space and body cones. Fig. 4-18. Eulerian angles for mo-
tion under no torque.

where
L? = I*(0? 4 wd) + I303 = I%® + Tiwi.

The quantity L is the constant magnitude of the angular momentum
vector. From the last of these equations, we find

139)3
L

cos § = —=—= = constant. (4-75)

From the first two and the solution of Iq. (4-71),

tany = — 1~ _tan (kt + b),
w2
so that
v = —(kt +b) or 180° — (kt + b). (4-76)

Which of these angles we take depends on the fact that, by the first of
Egs. (4-74), sin ¢ must have the same sign as w;, hence the same sign
as a. If we choose a to be positive, then ¢ = 180° — (kt + b); if a is
negative, ¢y = —(kt + b).

Finally, from the first two of Eqs. (4-57), we have

ésin § = w; siny + wy cos Y.
Therefore

_ asin (kt 4+ b) siny — a cos (kt + b) cosy

sin
a

T VI = Twea/D)?
= ¢o  (aconstant). (4-77)
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And, hence,
¢ = ot -+ constant.

We conclude from our study of the motion of an axially symmetric
rigid body under no torque that: (a) the kinetic energy is constant;
(b) the angular momentum is constant; (¢) the axis of symmetry (3)
maintains a constant angle 6 with respect to L but precesses around L
at a constant rate given by IBq. (4-77); (d) the axis (1) moves in the
equatorial plane of the body in the negative ¢ direction at a uniform
rate, completing one cycle in time 2w {{((I3 — I)/I]wg} ~"2; (e) the magni-
tude of w remains constant but its direction changes, o, L, and axis (3)
being always coplanar.

4-9 The motion of a top under gravity\./A top or gyroscope consists of
an axially symmetrical rigid body spinning about its axis of symmetry.
Some point on the axis of spin is fixed. We assume this to be different
from the center of mass. The torque acting on the top is due to the force
of gravity acting through the center of mass of the body. At any given
instant, let the orientation of the top be given by Fuler’s angles.

In Fig. 4-19, ON is the line of nodes, and [ is the distance from the
fixed point O to the center of gravity of the top. The torque on the top
is mgl sin 6, and this tends to cause a rotation about the line of nodes.
The spin velocity of the top about its axis is . Axes (1) and (2), there-
fore, are attached to the top and rotate at this speed about (3).

Fic. 4-19. Top spinning under gravity.

If I is the moment of inertia about any axis in the (1)- (2)-plane and
I3 is the moment of inertia about axis (3), the equations of motion are
Egs. (4-59), (4-60), and (4-61) with Ny = mglsin 8, N, = 0, Ny = 0.
We observe at once that, since d/dt[I3(} -+ é cos 8)] = 0,

Y + ¢ cos § = wz = constant. (4-78)
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Ihen! l)) Lq‘ (1 [)0)7
- | [¢ S 0 + 1'; S 6] h (L ) = 0 (4"‘; 9)
't 3w3 CO (1! ¢ ’

where Ly is the component of angular momentum along the z-axis. Hence,
Lg is constant in time. Therefore, we may write

; — Lo — Iawgcos -
¢ = Isin2 0 ' (4-80)

which shows that ¢ is a function only of 6.

Substituting from Eqs. (4-78) and (4-80) into Eq. (4-59), we obtain
the differential equation for 6,

1§ — éi%g[]—?—g%(ﬁs—gl (Lg cos 8§ — I3zwz) — mglsin g = 0. (4-81)

In principle we may solve 1iq. (4-81) for 8 as a function of the time.
Then from the value of 6 so found, Eqs. (4-80) and (4-78) yield the
angles ¢ and ¥ respectively as functions of time. In certain circumstances,
when 6 is small and remains so, Iiq. (4-81) can be simplified by an ap-
proximate linearization. But, in general, the detailed integration of
Eq. (4-81) involves elliptic integrals.* A qualitative knowledge of the
motion may be obtained by other means.

We return to a consideration of the energy of the top. The potential
energy at any instant is mgl cos 6, so that, from Eqs. (4-58) and (4-80),
we have

—_— B 2 P
1 [1{92 + (~L°’—-—I"w3 cosj) sin? 0} -+ Igwﬁ] + mgl cos 6 = K,

)
2 Isinz g (4-82)
and hence,
N P 1 2 1(L¢——Igwacoso)2}. .
6 = \/I [E mgl cos 6 3 I3ws — 3 Tsin2 @ (4-83)
This is o first integral of Eq. (4-81).
Let

1 (Ly — I3w3cos 6)2
2 I sin2 ¢

V'(0) = mgl cos 0 + % T30} +

* For a detailed integration of these equations, see W. D. MacMillan, Theo-
retical Mechanics, Vol. 3 (“Dynamics of Rigid Bodics”). New York: McGraw-
Hill Book Company, Inc., 1936, pp. 216 ff.
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17(6)
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1 T
0 6, 90° 180°

Frc. 4-20. Energy diagram for the top.

be a fictitious potential, whose terms have the following physical sig-
nificance: Term 1 is the gravitational potential energy, decreasing as 6
increases. Its maximum is at § = 0. Term 2 is the kinetic energy of spin,
plus a contribution from the precessional energy, and is constant. Term
3 is analogous to the energy involved in the centrifugal force contribu-
tion to particle dynamics. This term is infinite at § = 0 and 6 = .
If we then plot V’(8) against 6, as in Fig. 4-20, we have an energy
diagram of the kind discussed in Chapter 1. For a given total and con-
stant energy E, depending upon the initial conditions, motion will be
limited to the range in 8 for which 6 is real, that is, where E — V’(8) > 0.
The energy diagram exhibits a single minimum at § = 64, which may
be found by setting (dV’/d6) = 0. If we do this, we find 6y to be given

by
$[Ia¢ + (I3 — I)¢ cos 6] = mgl. (4-84)

The motion of the top, then, in the 6 direction is an oscillation about
6o. This is called nutation, and the period can be computed for a given
energy E from the relation

2
P—2/ db ,
o V' (2/DE — V'(6)]

(4-85)

where 6; and 6, are the roots of the equation £ — V'(9) = 0.

If the total energy is just at the minimum of V’(6), the angle 8 re-
mains fixed at 6y, and a steady precession results. This is evident be-
cause in these circumstances, by Eq. (4-80),

¢ = L, — II:;?; caos bo _ constant. (4-86)
0
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In the general case where 8 oscillates in time, ¢ will also oscillate in time.
When the spin velocity, ¢, of the top is very large compared with ¢,
Eq. (4-84) indicates that ¢I3) = mgl, so that

p o 1 (4-87)

This is the usual precessional velocity quoted in elementary discussions
of the top. It is implied that the term I3y is so nearly the total angular
momentum of the system that the L vector coincides approximately
with the axis of symmetry of the top.

Equation (4-84) shows that, in general, there will be two values of
steady precession since this equation is quadratic in ¢. Since ¢ must be
real, in any actual motion the discriminant of this quadratic equation
must be positive. That is, for a given ), any initial value assigned to
¥ must satisfy the inequality,

I3® + 4mgl(Is — 1) cos 6 > 0. (4-88)

Kurthermore, while ¢ may be zero initially, it cannot remain so for a
finite spin velocity ¥; hence to obtain a uniform precession, the top must
always receive an initial push to start it precessing. The two values of
¢ obtained in the general case are known as the fast and the slow preces-
sion.

We consider now the case of the rapidly spinning top started in such
a way that at t = 0, 6 = 6;, ¢ = 0, and § = 0. We assume that the
rotational energy about axis (3) is much greater than any possible maxi-
mum change in the potential energy. That is,

11505 > 2mgl. (4-89)
With the initial conditions as given, there results

Ly = I3w3cos 8, (4-90)
and hence at any time,

_ I3wz(cos §; — cos 6)

Isin26 (+-91)

é

Furthermore, since 6 must vanish at 6 = 6, £ = mgl cos 6, + #1303,
by Eq. (4-83). Thus, at any later time ¢,

6 = V/(2/I){mgl(cos 8; — cos 8) — %(I2w3/I sin2 §)(cos 6, — cos )2},

or

6= b]—:l—é V/(2/1)(cos 8; — cos 8) {mgl(sin? 6) — (I3w2/2I)(cos 0; —cos 0)}. (4-92)
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Now we assume that sin? 6, in the brace, may be approximated by its
value initially, that is, sin® 6,, since it is multiplied by a factor which is
much less than (1/2)I3w%. Then, writing

a = sin” 6, and (cos §; — cos 8) = x,
3

we have, from Eq. (4-92),

dr _ I3wy — _
&= T (e — x), (4-93)

which may be integrated directly to yield

z=2 [1 — cos (53;—3) t]- (4-94)

This equation tells us two things. First, the angular frequency of nuta-
tion is (/3w3)/I and hence is greater, the greater the initial spin. Sec-
ondly, the range in the value of z is given by « = 2mgl(I sin® 6,)/(13w2),
which decreases rapidly with increasing spin.

Returning to Eq. (4-91), we see that

.__130)3 x . mgl( . wIg}(‘v);g ) _or
=TT Snze, T Iaws \I T OS¢ (4-95)

Thus the precession is not uniform but has a periodic variation of the
same frequency as the nutation. If we compute the time average of ¢
over one cycle, we find

. mgl

Pav = Taws’ (4-96)
so that the precession becomes less pronounced as the spin is increased.

The picture we have obtained of the motion of the top started from rest
with its axis at an angle 6; from the vertical may be summarized as
follows: (a) immediately upon being released the center of mass falls
under gravity; (b) the change in 8 so produced gives the axis a preces-
sional velocity ¢ which is directly proportional to the vertical drop z in
the center of mass; (¢c) these two effects combine to produce a nutational
velocity 6; (d) the greater the initial spin, the higher the nutational
frequency and the smaller the range in the nutation angle.

A top, started in the manner indicated with a very high spin velocity,
may appear to precess steadily with no evident nutation. This is illusory.
Actually, the friction in the pivot damps out the very high frequency
wobble so that it is not apparent. The top must always fall as it is re-
leased, and then it begins to precess.
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4-10 Motion of a spinning projectile. We shall consider in this section
the motion of an axially symmetric projectile, such as an artillery shell,
in the earth’s atmosphere. The forces acting on it are the aerodynamic
force due to the air resistance together with the torques created by this
resistance. We shall not discuss this force and torque system in detail.*
Basically, the effects of the atmosphere on the projectile result in a drag,
which tends to retard its motion in the trajectory, a moment, which creates
an overturning tendency, and a lift on the shell. For our purposes we shall
assume that the aerodynamic force on the shell acts at a point on the
axis of the shell somewhat ahead of the center of mass. This point is
called the center of pressure. The force, indicated in Fig. 4-21 by the
vector F, not only retards the shell but creates a torque about the center
of mass which tends to deflect the shell axis from the trajectory. Hence,
by the analysis given in Section 1-12, we may consider the motion of the
center of mass in the fixed (r4,y0,29) system independently of the rotation
of the shell about its center of mass.

Let O be the center of mass and have coordinates x¢, ¥o, 2o in the fixed
system. The axial moment of inertia of the shell is I3, the transverse
moment of inertia is I, both calculated with respect to the mass center.
The mass of the shell is m. We take Eulerian angles ¢, ¢, 6 as shown in
Fig. 4-22 to define the orientation of the shell with respect to a set of
cartesian axes (r,y,2) parallel to (xo,y0,20) but through O. Principal axis
(3) coincides with the axis of symmetry of the shell, and we assume that
the latter is spinning about it with angular speed . Then by Egs. (1-87)
and (4-58) we have for the kinetic energy

T = $mlif + g8 + 23] -+ HI(8® + 6° sin® ) + I5(4 + ¢ cos 6)°],  (4-97)

2

~
~
~

o

Fie. 4-21. Projectile moving in space. Fig. 4-22. FEulerian angles for ro-
tating projectile.

* See, for example, K. L. Nielsen and J. L. Synge, Quarterly of Applied Math-
ematics, Vol. 4, pp. 201 ff. (1946), for a discussion of this problem.
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and for the potential energy, V' = mgz,. Hence the equations of motion
are
mi‘o = X,

mjo =Y, (4-98)

méy, = Z — my,
gz [16] — I$®sin 6 cos 6 + I3 + é cos 6) sin § = N,
% (I sin® 6 + I3y + ¢ cos 6) cos 6] = N, (4-99)
d
i [(I3(J -4~ ¢ cos 8)] = Ny,

where X, Y, Z are the nonconservative aerodynamic forces considered as
acting at O, and N4, N4, Ny are the torque components resulting from the
fact that the aerodynamic force acts through the point 0, a distance r
from O (see Fig. 4-21).

We shall assume for our discussion here that the force F is coplanar
with the velocity vector v and the shell axis (3). Then the rotational
motion about O will be similar to that of the top since the torque due to
F will be perpendicular to the plane of v and (3), that is, in the 6 direction.
I'urthermore, we shall assume that the force is proportional to the square
of the speed of the projectile in its path and has the direction opposite
to v. We have then

F = —Kuvu,, (4-100)

where K is a function of the air density and the diameter of the shell

and contains an aerodynamic coefficient that has been determined ex-

perimetally. The vector u, is the unit vector in the direction of the

velocity of O, and hence is tangent to the trajectory at all points.
Under the above assumptions, the force components are

X = "—Kl).i'(),
Y = —Kuy,, (4-101)
Z = —Kl)f;‘o.

Let 6, be the angle between the z-axis (IFig. 4-23) and the velocity vector
at any time; hence it is the angle from the z-axis to the tangent to the
path. Then the torque components in the 6, ¢, ¢ directions will be
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Ng = —szr sin (00 — 0), E:
N¢ = O’ (4"‘102) F
Ny = 0. o

\00 7 v
The motion of the mass ceriter O B/ L
will then be given by 0 |

~
~

1
1
|
!

=

miyg = —Kok N
0 0 ® 90° T~ 1
mijo = —Kuvyo, (4-103) \\‘\\l
t
méy, = —Kvéy — mg.

Fic. 4-23. Force-veloeity relation-
Since K is a function of the air ships for the projectile.
density, which in turn depends upon
the height of O above the earth’s surface, these equations are very complex
and must be solved by numerical integration when the appropriate aero-
dynamic coefficients and functional relationships are known. However,
we may draw certain qualitative conclusions about the motion by writing
Fgs. (4-103) in terms of the speed v and the angles 8y and ¢. 1'rom I'ig.
4-23 we see that
o = v sin 6y sin @,

Yo = —uvsin g cos ¢, (4-104)
29 = v cos by.

If these arc differentiated with respect to the time and the results sub-
stituted in Eqs. (4-103), we may eliminate in turn ¢, 8y, or 5 and obtain

. Kv®
b= — = g cos B,
fo — gi‘z’)‘ﬁ (4-105)

é=0.

The first of Egs. (4-105) yields the speed in the trajectory; the second
states that 6, increases with the time so that the trajectory is concave
downward; the third implies that ¢ is constant in time and, hence, that
the trajectory is a plane curve.

Let us return now to Eqs. (4-99) and apply the values for the torque,
Egs. (4-102). We shall assume that the axis of the shell does not deviate
much from the tangent to the path. In other words, the angle (6o — 6)
is small, and first order deviations in angle and in velocity in the 6 or ¢



142 DYNAMICS OF A RIGID BODY [cHAP. 4

directions are the only significant ones. We seek the condition for sta-
bility, that is, the conditions relating to axial spin and torque under
which slight deviations of the instantaneous axis of spin from the vector v
will not turn the shell sideways.

If the axis of the shell coincides with the velocity vector v, all torques
are zero and § = 6y. In this circumstance we have from Eqgs. (4-99),

& (185) — 193 sin 09 cos By + Tago( + bo cos 0) sin 8y = 0,  (4-106)
& 1o sin® 0y + Io( + go cos 60)] = 0, (4-107)
L1 + @0 cos 00)] = 0. (4-108)

Hence, from the last of these,

I3( + docosby) = Ly = a (constant),

where L, is the component of the angular momentum about axis (3).
Then from Eq. (4-107),

I$osin?8y + acosy = L, =b  (constant),
where Ly is the angular momentum about the z-axis. Hence

b — acos
Tsinz6, (4-109)

bo =

Both L, and L, are conserved under the conditions we have assumed.

To the approximation we are using here, by the last of Eqs. (4-105),
¢o = 0. Hence b = acos 8y. And from Eq. (4-106) we find that 6, =
constant or §, = O.

Now let § — 8p = a be a small angular deviation of the axis of spin
from the tangent to the path. Let ¢ = ¢, + 8, where g is the perturba-
tion in the angular velocity about the vertical. Then, since cos 6§ =
cos g — asin 6y and sin § = a cos g + sin 6 to a first approximation
in B, we have by use of the second of Eqs. (4-99) together with Eq. (4-109),

_ ao . Islhl .
" Isinf,  Isin 6,

B

(4-110)

Unless the spin is unduly large, 8 will be small when « is small. Further-
more, if @ > 0 so that the nose of the shell dips below the trajectory,
B > O for positive spin and the projectile has a tendency to turn left
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as seen from behind. If @ < 0 so that the nose points upward with re-
spect to the path of the mass center, 8 < 0 and the projectile has a
tendency to deviate to the right.

From the first of Eqs. (4-99) together with Eqs. (4-106), (4-109),
and (4-110), we may find an equation for the determination of a. We
have ’

I8 — Ié%sin 6 cos 6 + dasin 6 = Kvra,

I§y — 142 sin 6, cos 6y + doa sin 6, = 0,
so that, subtracting and using ¢9 = 0,

Iaé — IB%(sin 6, cos 8y + a cos? 8, — asin? 6g)

+ Ba(a cos 8y + sin 8p) = Kv?ra,
or, if we neglect terms of higher order than the first in 8 and «,
Iq + Basin g — Kv?ra = 0. (4-111)
But 8 sin 8 = (aa)/I; hence we have

a? szr} -0

a+ «a {7—2 - 1 (4—112)

The angular perturbation « will be periodic, and hence the shell will be
stable if
2 2
a Kv*r
IEE

)
or, since a = I3y, if

Y>> == (4-113)

As indicated in the introductory paragraph of this section, we may
anticipate in reality a far more complicated state of motion than we have
analyzed here. Not only does the air resistance tend to overturn the shell;
it retards its spin as well. If ¢ diminishes, then the angular deviation
with respect to the horizontal changes also. These complications, which
introduce nonlinearities into the equations of motion, are usually treated
by tabular and numerical techniques that form part of the study of
exterior ballistics.*

* See, for example, E. J. McShane, J. L. Kelley, and F. V. Reno, Exrterior
Ballistics. Denver, Colorado: University of Denver Press, 1953.
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4-11 Motion of a rocket. As a final example of rigid-body motion, we
shall study the motion of a rocket in the short time interval during which
its fuel is being consumed. This time is of the order of 0.1 to 2.0 seconds
for a small rocket. During the time of propellant action, the aerodynamic
drag is of minor importance compared with the force due to the rocket
motor. The angular orientation of the missile, however, is important
because the propellant force acts along the axis of the projectile and not
along the tangent to the trajectory. We consider first the rocket as a
particle losing mass.

Let m be the mass of the rocket and its unburned fuel at time . Its
velocity at this time relative to a fixed coordinate system will be taken
as v. In a time interval At, a small amount of mass Am will be ejected and
the resultant change in linear momentum provides the thrust to drive
the rocket forward. Suppose v; is the velocity of the ejected mass Am
relative to the fixed coordinate system. Then, ignoring for the moment
the action of gravity on the rocket, we find that the conservation of
linear momentum requires that

(m — Am)(v -+ Av) -+ vy Am — mv = 0. (4-114)

Here Av is the change in velocity in the interval A¢, and Am is the ejected
mass.

If we let v, be the velocity of the exhaust gases as they leave the rocket,
relative to the rocket, we have

Ve = V; — V. (4-115)
Then Eq. (4-114) becomes

mAv + v, Am — AvAm = 0.

Dividing by At and proceeding to the limit as At — 0, we obtain
dv dm
my + v, v 0. (4-116)

Hence the rocket moves as though subjected to a force —v,dm/dt. The
quantity Am is the ejected mass; hence dm/d¢t > 0 and, since v, is oppo-
site in direction to v, the force —v, (dm/dt) tends to increase v. It is the
thrust on the rocket due to the exhaust gases.

Equation (4-116) may be solved easily to obtain v as a function of m.
We write it as

avo_ e, (4-117)
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and hence, by direct integration, find
v = —v,log m -} constant,

where v, has been considered constant during the burning of the fuel. If
Vo is the initial velocity of the rocket and A is its initial mass, we have

v = vy -+ v, log (:“[), (1-118)

When the fuel is exhausted, the velocity will attain the value

Vimax = Vo -+ Ve ]()g (—3}) ) (4-1 ]9)

r

where m, 1s the mass of the rocket alone.
If an external body force F acts on the rocket, the equation of motion
(4-116) becomes

dv dm
moaa = F ey

(4-120)
This would be the case, for example, when gravity acts on the missile.
Problem 1-3 illustrates this case.

The discussion above treats the rocket as if it were a particle of variable
mass m. We turn now to the more realistic situation in which the rocket
is considered as a rigid body. We shall set up the equations of motion
for a rocket projectile that has symmetry about its longitudinal axis
and that is stabilized in flight by a system of longitudinal fins. Its
motion is determined by the thrust provided by the motor, by gravity,
and by the restoring torque due to the aerodynamic forces acting on
the fins. We shall not consider the flight of the rocket after its fuel is
exhausted, since it then hehaves as an ordinary projectile.

At any given instant let the rocket be oriented as shown in Iig. 4-24.
Its center of mass deseribes a curve in space while at the same time the
axis of the rocket rotates with respect to the tangent to the path. From
our general theorems on rigid-body motion (Section 1-12) we know that
the motion of the center of mass and the rotation about this point may
be studied as if the latter were independent of the former.

Let the following quantities describe the rotational motion:

6 is the angle made with the horizontal axis by the tangent to the
trajectory;

¢ is the angle which the axis of the rocket makes with the horizontal;

6 is the angle between the tangent to the curve and the rocket axis;

¢ = —(v./m)(dm/dt) is the acceleration of the rocket due to the
motor and will be considered constant.
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I
Fig. 4-24. Orientation of a rocket. I'ic. 4-25. Angular relationships for

a rocket.

These quantities are shown in I1g. 4-25. To define the position of
the center of mass, we choose the coordinates ¢; and ¢y shown in Fig.
4-24.

If ¢ is the speed of the rocket along its trajectory at any time, we have
the acceleration along the tangent,

0= ccosd - ¢gsinb, (4-121)
and along the normal,
1 = csin & — gcos 6. (4-122)

I'urthermore, the restoring torque about the center of mass due to the
forces on the fins is
N = — Kv?sin 6, (4-123)

where K contains the air density, the diameter of the projectile, and an
experimentally determined coefficient.*  IFor our purposes, we shall
consider K constant. It has the dimensions of mass. The rotational
motion is then given by

I¢$ = —Kv?s (4-124)

if we make the approximation, valid for small angle of yaw, that
sin 8 = 8. For purposes of simplification, let us define a constant A =
2r\/I/K which has the dimensions of length and may be termed the
wavelength of yaw. Then Eq. (4-124) becomes

" 4mv?s
¢ = — T (4-125)
* For a detailed account of the torque acting on the rocket, see J. B. Rosser,
R. R. Newton, and G. L. Gross, Mathematical Theory of Rocket Flight. New
York: McGraw-Hill Book Company, Inc., 1947.
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Consider, now, the quantity vsin §, which is the projection of the
velocity of the center of mass on a line perpendicular to the axis of the
rocket. By differentiation with respect to ¢, we have

9 8in & + vd cos 6 = i sin & + v(¢ — 6) cos 3,
and substitution from Eqs. (4-121) and (4-122) yields

v cos & + g cos (0 + 8).
Hence

dit (vsin 8) = v cos & + g cos ¢. (4-126)

Suppose that the trajectory is relatively flat and that & is small. Then
we may replace Eq. (4-126) by the relation

ad—t (v8) = vé + g cos 8, (4-127)

where 6 is the angle made with the horizontal by the initial tangent to
the trajectory (Ifig. 4-24). Furthermore, Eq. (4-121) becomes

V=c¢—gsinf = a, (4-128;

which we take as a constant. Equations (4-125), (4-127), and (4-128)
describe the motion.

These equations are most readily solved by the introduction of a new
independent variable 7 defined by

T = 1V2/al. (4-129)
Since ¢ = (d¢/dr)(dr/dt) and & = «, we have, in place of Eq. (4-125),

&9
dr2

and in place of Eq. (4-127),

+ 72725 = 0, (4-130)

4 s = 790 gcosbo, -
o () = 7 ar -+ - (4-131)
IFrom Eq. (4-130) we have 76 = —(1/w21)(d?¢/d7?), and substituting

in Eq. (4-131) we obtain

1d 1 d’¢\ _ d¢ , gcosby
;a?<“ﬁ;zﬁ &t (4-132)
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For convenience let (d¢/dr) = ¢, (d%¢/dr?) = ¢, and 72 = p. Then

Eq. (4-132) becomes
2, 2,7 2 .
%;;d;‘ T —mgcos by, (4-133)

) 4 7 4apli/z

This is a linear differential equation with constant coefficients that has
a complementary function,

¢ = A cos (g’—)) -+ Bsin (Zg—)) .

The particular integral may be found by the method of variation of
parameters so that the complete solution for ¢’ as a function of p is

¢’'(p) = ¢y cos (I)E> -+ ¢2 sin <1£28>
S (ﬂ))/ Yy (252) i
A v sin | 75 dp (4-134)
) ()

g Tgcoslo
do

where

To complete the solution, let us preseribe the initial conditions

t:()y ¢ = wo, T = To,

U= 1y, 6 = 607

and rewrite the integrals in &g (4-134) in terms of 7. These may be

written as
T
. . (ms?
2] sin\-5)ds,
70 2
i 2
s
2 / cos <—;5- ds,
T0 -

where s is & dummy variable. Combining the trigonometric functions in
Eq. (4-134) with those under the integrals (4-135), we have as a solution

(4-135)

o'(T) = ¢4 cosg (T2 — 13 1 e sing (r* — 73

4 Eﬁ(ﬁ%/ sin® (s> — %) ds. (4-136)
a 70 Z
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Applying the initial conditions, we see that since ¢’ = ¢/7 and ¢¢g = wy,

d)’(‘r()) = €] = woV )\/‘Za (4‘137)
Differentiating Eq. (4-136) with respect to 7 and using the initial condi-
tions together with the fact ‘that by Kq. (4-130) ¢f = —w?r2s,, we
find co = —wdoTo. With these values of ¢; and c¢o substituted in

Eq. (4-136), the function ¢’(7) is known. This substituted for (d¢/dt)
in Eq. (4-131) allows us to solve for 74 as o function of 7 and hence for
6 as a function of 7. We shall not solve for these functions explicitly.

Consider, finally, the position of the center of mass as specified by the
coordinates (q,q2) in I'ig. 4-24. Clearly

q1 = x sec fy, qe = Xxtan 0y -- y,
Gy = v cos 8 sec 8, (G2 = vsin (6y — 6) see 8.
FFor a flat trajectory such as we have been considering, we have approx-

imately
(]1 =, (ig = 1‘(00 - 0) see 00, (4—138)

where 6 is in radians.
Now we have, by the first of Igs. (4-138) and by Eq. (4-128),

.o dqy . dq
T T T @

Ience
1 .
n= @ - ). (4-139)
Similarly, we may write

. dgy dr _ dqe 2 \/RZ_: o
G2= 0 G = dr *Nra = T\ (6o — 0)secbo,

from which we obtain

2 _ ™X (9, — ) sec 6o, (4-140)
This may be integrated to yield

q2 = -A-—————-S(;c 00/ 8(00 - 0) ds, (4—'141)
o

where 6 is considered a function of 79 and of s, the dummy variable.
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Our analysis of the motion of the rocket in a flat trajectory may be
summarized in the following way:

(a) The fundamental differential equation, (d/dt)(v8) = vé(v) +
g cos o, relating the angle of yaw & with the speed of the projectile v
and the time, has been solved by eliminating the time and by first finding
the function ¢(v). This function ¢(v) = av/(2/ar)¢’'(v), where ¢'(v) is
given in terms of the initial conditions by Eq. (4-136). The function
¢'(v) is a bounded periodic function of v. Hence ¢(v) is bounded and
periodic. This represents the angular velocity of the rocket about a
horizontal axis through its center of gravity. Under the assumptions made
here, therefore, the yawing motion of the rocket consists of an oscillatory
rotation about a horizontal axis through its center of gravity.

(b) The position of the center of gravity in its trajectory is given by
the coordinates

1 _ Aseccd
=5, @* — }), q2 c 0/ s(Bo — 0) ds,

which are defined by means of Iig. (4-24).
To find 8, ¢, and g2 as functions of the time, we may use the rela-
tion, Eq. (4-128),

V=¢—gsinf = a (constant),

where ¢ is the driving acceleration due to the exhaust gases. Hence both
the position and the orientation of the rocket are known at any time
during its propelled flight.



ProBLEMS

4-1. Prove that the moment of a couple about any point in a rigid body is
the same. (Section 4-1)

4-2. Let the moment of inertia about an axis through the center of mass of
a homogencous solid be Iy. Show that the moment of inertia about any parallel
axisis I = Io -+ Md?, where M is the mass of the solid and d is the perpendic-
ular distance between the axes. (Secction 4-2)

4-3. Given a triangular plate of mass m, as shown in Fig. 4-26, (a) show
that the moment of inertia of the plate about any line /. through vertex .1
and in the plane of the triangle is the same as the moment of inertia about I
of three point masses, each m/3, placed at the midpomts of (B, BC, and C.1.
(b) Show that a similar relationship holds with respect to a line parallel to L
but passing through the center of mass of the triangle. (¢) Find the principal
axes of the plate at the center of mass. (Sections 4-3 and 4-4)

B

Figurr 4-26 Ficure 4-27

4-4. An L-shaped metal plate 1 em thick has the dimensions shown in Fig.
4-27. (a) Compute in as simple a way as possible moments and products of
inertia for this plate. (b) Find from them the directions of the principal axes
of the plate. (¢) Suppose the plate is rotating about the line BB with an angular
speed of 50 radians/sec. Find the direction and magnitude of the angular
momentum vector. (Sections 4-3 and 4-4)

4-5. A thin uniform rectangular plate of mass 400 gm originally and dimen-
sions 20 X 40 em has 2 X 2 e¢m squares cut out at two diagonally opposite cor-
ners. (a) Find the moments and products of inertia about axes through the center
of mass, one axis being perpendicular to the plane of the plate, the other two
being in the plane of the plate and parallel to its edges. (b) Locate the prin-
cipal axes through the center of mass and find the principal moments of inertia.
(¢) Find the total angular momentum vector if the plate spins with angular
speed w about an axis in its plane through the center of mass and parallel to
the longer edge of the plate. (Sections 4-3 and 4-4)

4-6. Three equal masses are mounted on rigid weightless rods making angles
of 120°, as shown in Fig. 4-28. The system rotates with constant angular
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veloeity w = @ about the z-axis, which is perpendicular to the plane of the
saper and toward the reader. The direction of rotation is indicated by the
wrow. At the same time, the system turns about the z-axis in such a way
that the y-axis moves out of the page, as shown. This rotation is with con-
stant angular veloaity Q(<Kw). (a) Establish principal axes for the system,
ind (b) by means of Euler’s equations compute the torques about Ox, Oy,
and 0z, (¢) Would the same analysis be valid if the origin O were deseribing
a curve m space? (Section 4-5)

2

Figure 4-28 Figure 4-29

4-7. A\ gyro-wheel mounted in gimbals rotates about the positive z-axis
(perpendicular to the paper in Fig. 4-29) with constant angular velocity wz = 6.
[ts axial moment of inertia 15 I3; the moment of inertia about any axis in the
(1)- (2)-planc is I. Initially the wheel is vertical, as shown. A weight 1V is
hung on the gyvro-axis, Oz, at a distance d from the origin. By Euler’s equa-
tions, (a) establish in as simple a form as possible the differential equations
for w, and w, in terms of § and constants. (b) Solve these for w, and w, and dis-
cuss the motion of the system. (¢) What motion ensues 1if w, is forced to be
zero?  (Section 4-5)

4-8. When the motor armature of an electric locomotive is carried around
a curve, it experiences a gyroscopic torque in addition to the centrifugal force
due to its motion. The shaft of the armature is always perpendicular to the

Inside track

Ficure 4-30
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rails of the track (Fig. 4-30). Let the weight of the armature be B = 10,000 b,
its radius of gyration 15 inches, its angular speed of rotation 700 rpm, and the
distance between bearings 5 ft. The curve around which the armature is being
carried has a radius of 2000 ft, and the locomotive has a speed of 40 mi/hr. If
the armature spins on its axis in the same direction that the locomotive’s wheels
rotate, find the forces P and @ (Fig. 4-30) acting on the bearings during the loco-
motive’s motion around the curve, neglecting frictional forces. (Section 4-5)

4-9. A tuning fork supported vertically has a frequency of vibration €,
the amplitude of vibration being maintained constant. The fork is turned
about the vertical axis at constant angular speed w, and w < Q. The mass
of each tine of the fork is m; the amplitude of lateral vibration is a; the moment
of inertia of the fork about its vertical axis, when the tines are in the equilibrium
position, is Io. (a) Find an expression for the torque on the vertical axis dur-
ing rotation of the fork. (b) Suggest a practical application for such a device.
(Section 4-5)

4-10. (a) Show by the use of Euler’s equations that when a rigid body ro-
tates about its axes of greatest or least moment of inertia, the rotational mo-
tion is stable; that is, slight perturbations of the axis of rotation will not cause
the body to deviate markedly in its motion. (b) Show also that rotation about
the axis of intermediate moment of inertia is unstable. Hint: For axis (1),
assume w; constant, and wg, wg very small, and neglect their product; write the
simultaneous cquations for wg and w; set we = A€M, wg = BeM, and find the
condition for A to be imaginary. (Section 4-5)

4-11. (a) Solve Problem 4-7 by using the Eulerian angles ¢, ¢, 6 and La-
grange’s equations. (b) Show that the solution so obtained is identical with
that found previously from Euler’s equations. (Section 4-7)

4-12. A symmetrical disk of axial moment of inertia I3 and transverse mo-
ment of inertia I rotates with angular speed s on a shaft of length [, as shown
in Fig. 4-31. The axis of symmetry of the disk makes a small angle a with the
shaft. The disk is mounted at the middle of the shaft. By use of Euler’s angles,
¢, ¥, 0, and Lagrange’s equations, (a) find the torque on the shaft and the
forces exerted on the bearings. (b) Investigate, also, the torques and forces
if the entire support system rotates with angular speed Q@ about the vertical.
(Section 4-7)

Ficure 4-31
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4-13. A right circular cone spins rapidly in such a way that its vertex re-
mains fixed. The axis of the cone, inclined to the vertical by a constant amount,
makes one rotation about the vertical in T seconds. The axis is a ¢cm long and
the radius of its base is /2 cm. Deduce an approximate expression for the
spin velocity of the cone. (Section 4-8)

4-14. (Section 4-9) A symmetrical top of axial moment of inertia I3 is
started with its axis vertical, that is, 8 = 0 and § = 0. (a) Establish the
fictitious potential V’(8) for this case. (b) Show that if w} > (4mgll)/I3, the
angle 8 will remain zero. (c) Show also that if w3 is less than the value quoted,
the top will, after a slight disturbance, oscillate between 8 nearly equal to

zero and
¢ 2mgll

4-15. A symmetrical top of axial moment of inertia I3 1s set in motion at
t =0, with § =0, 8 = 7/2, and ¢ = (Isw3)/I. Investigate the behavior
of the top for ¢ > 0 if w3 = (2Imgl)/I3. (Section 4-9)

4-16. A solid right circular cone whose vertex angle is 2a rolls without slip-
ping on a plane inclined at an angle 8 to the horizontal. The cone has a mass
M and a slant height . (a) Write the Lagrangian equation of motion for the
cone, using, as generalized coordinate, the angle 6 between its line of contact
with the plane and the line of steepest descent. (b) What is the frequency of
small oscillations about this equilibrium position? Hint: Use the line of contact
as the instantaneous axis of rotation.

4-17. A vertical engine is shown schematically in Fig. 4-32. The physical
quantities involved are:

//,

/ Ld P
A
2 |

! = length of connecting rod,
r = length of crank,
A = area of piston,
p = pressure on piston head,
n = number of revolutions of flywheel
per unit time,
s = distance of crosshead pivot from its
highest position at any time ¢,
0 = angle between crank and line of
action of piston at time ¢,
I = moment of inertia of flywheel, shaft,
and crank about O,
m = mass of connecting rod, assumed uni-
formly distributed along the rod,
M = mass of the piston, rod, and cross-
head,
N = torque applied to flywheel.

Piston

Assume that r <<, choose an appropriate gen-
eralized coordinate, and write the Lagrangian
equation of motion for the mechanism. Figure 4-32



CHAPTER 5
OSCILLATORY MOTION

Oscillatory motion plays an important part in many physical problems.
In this chapter we shall discuss motion in which the forces are linear
functions of the displacements and the velocities. The oscillations occur-
ring under this restriction will be assumed to take place in the neighbor-
hood of a position of stable equilibrium. Such a position has been identi-
fied in Section 2-1 with a minimum of the potential energy. In the case
of simple oscillatory motion in one dimension, for example, the potential
energy is V(z) = %kx%, and an oscillatory motion in the neighbor-
hood of x = 0 results when the total energy F is very small. The velocity
is =1/ (2/m)(E — V) in this case. Hence for small E and small V(x),
the resulting velocity will be small. The force in this example is F(x) =
—(dV/dr) = —kx, and we observe that it is a linear function of the
displacement.

5-1 The equations of motion. Let us assume a system described at
time ¢t by the generalized coordinates ¢y, ¢z, ..., g, where these are
measured from a stable equilibrium position. This means that when
q1, q2, - - -, Gn are zero the generalized forces Q, = —(8V/dq,)o = 0.

We assume, first, that the system is conservative with a potential energy
function V(qy, q2, ..., g»). IExpanding V into a Taylor’s series about
the equilibrium configuration, we have, to terms of the second degree,

Vs m) = Vot 3 < > ta 23D (aqlaq; s

=1 \o¢: 1=1 y=1

(5 1)

No generality will be lost by taking Vo = 0. Iurthermore, the second
sum vanishes, since (dV/dq;)9 = 0 for all 2. Hence we are left with

1 n n

The second partial derivatives, however, are evaluated at the equilibrium

position and hence are constants. We shall denote them by k,;. Further-

more, since the order of differentiation is immaterial under our assump-

tions, k,; = k,,. The expression, Eq. (5-2), for V is called a quadratic

form. If, as in the present case, the ¢; are measured from a position of

minimum V, and this minimum is zero, then for all combinations of the
155
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ki;, @i, and g, V is positive. It is then called a positive definite quadratic
form.

In Section 2-6 we found that the kinetic energy 7' can be written as a
homogeneous quadratic form in the velocities, namely,

1 n n
T = 5 Z Z a,G:4;, (5-3)

1=1 j=1

where the a,, are in general functions of the generalized coordinates and
contain the masses, or other inertial parameters, of the system. We
may expand the quantities a,, into a Taylor’s series about the equilibrium
values of the ¢, in a manner similar to that shown in Eq. (5-1). Since
the ¢, are assumed to be small, we shall take the constant values of a;,
at the equilibrium position as an approximation and neglect all the higher
order terms in the expansion. Call these constants m,,. Then the quadratic
form, Eq. (5-3), becomes

=50 M (5-4)

1=1 =1

where m,, = m,,. Since T = %ZL, m,t% is inherently positive and
cannot vanish unless each velocity vanishes, it is a positive definite
quadratic form.

Lagrange’s equations follow from the Lagrangian function,

n

1 ..
L=T-V= 5 Z (mydidy — kuqaq)), (5-5)

1,7=1

and we obtain as the equations of motion

2omuly = = Y ke, (=12, ). (5-6)

1=1 J=1

As an example, consider a system with two degrees of freedom. The
analysis may be extended readily to more dimensions. In this case the
equations of motion are

Mgy + mizde = —kiugr — kizgz, N
i i (-7
moy s + maafds = —k21q1 — ka2qs.

We may interpret the quantity kj;s = ko; as a spring constant which
couples the displacement in one coordinate with the restoring force due
to displacement in the other coordinate. The terms k;2q2 and ko1q; are
called static coupling terms. The terms m; 3G, and my;§; are called dy-
namic coupling terms. They represent the influence of acceleration in
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one coordinate on the motion in the other. These differential equations,
solved simultaneously, yield q; and ¢2 as functions of the time.

Since we are interested in oscillatory motion in each of the coordinates,
we shall assume solutions of Eq. (5-6) of the form

Y
= A",

where A, and N are complex constants to be determined. Substituting in
Eq. (5-6) we have, in expanded form,

(miA2 + ki) Ay + (miah? + k) A 4 -+ 4 (muA? -k k) A, = 0,
(Mo A2 + ko) Ay + (Mmoo + kag) Ay + -+ (M2 A2 + ko)A, = 0,

(7’"%1)\2 ”}‘ ,\'nl)Al '{" (mn‘2>\2 'i" l\'u2)A2 "{‘ c e + (mnn)\2 + ]\'nn)An -

(5-8)
These will have a nontrivial solution for the A, if the determinant
muN® + kg D SIS SPRERE I LIy
Mo A% + MoaN? + koo -+ - mauA? -k Koy
‘ ' ’ =0. (59
7"711)\2 ‘l“ "'nl 777'12)\2 + kn2 tre "’lrlre)\2 '|’" l\'nn

The parameter A, therefore, is given by this determinantal equation.
To show the character of the roots of Eqs. (5-9), we shall proceed in
the following way. Any one of Eqgs. (5-8) can be written in the form

A2 Z my,A, -} Z kA, = 0.
=1
If we multiply through the 2th equation by A, and sum over 7, we have

A2 Z Z my,AA, -+ Z Z ky,A,4, = 0. (5-10)

=1 j= =1 j=1

But the double sum in the first term is the function 27 of Eq. (5-4)
with A, and 4, replacing ¢, and ¢;. The double sum in the second term
is the function 2V of Eq. (5-2) with the ¢, and ¢, replaced by A4, and 4;.
Therefore Eq. (5-10) may be written

NT(A) + V(4) = 0,
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where T and V are positive by definition for all sets of values of the
variables. Hence
V(4) 2 2

A= — ) = 2w (@2 = —1), (5-11)

and A is a pure imaginary, iw. The degree of the determinantal equa-
tion (5-9) is 2n in A, and hence its roots will be iw;, iws, ..., £iw,.
We shall assume that the roots are all distinct and nonzero. We have,
then, the particular integrals for the g,,

twyt +rwat +rwnt
Ao Ajge sy Aot

and, since the differential equations (5-6) are linear, we may write

qj = Z (A]Telwrt + Z]Te_iwrl) (j = 1’ 2’ e ’n)?

r=1

where 4 is the complex conjugate of A. This restriction on the complex
coefficients is required in order to make g, real. The constants A,, and
A,, are determined from the initial conditions of the problem. By means
of the well-known Euler relations, e** = cos § = < sin §, we may com-
bine the pairs of conjugate complex numbers to write

@ =2, Cprsin(wt+¥:) (G=12...,n), (5-12)

r=1

where the C,, are now real amplitudes and ¢, are the phase angles corre-
sponding to the given w,.

The quantities w, are the natural frequencies of oscillation, one for
each degree of freedom of the system. For each w,, there is a correspond-
ing principal mode of oscillation in the coordinates ¢, Having determined
the values of w,, we may rewrite Eq. (5-8) in the form

Doy — myedAdy =0  (GE=12...,n), (5-13)

=1

Sor each value of r. These equations permit us to calculate the ratios of
the coefficients corresponding to a given frequency. It is left for the reader
to show that the constants C,, may replace 4,, in Iq. (5-13).

5-2 An example: two statically coupled masses. An illustration of
the foregoing theory is furnished by the simple mass and spring system
shown in Fig. 5-1. Two equal masses are coupled by springs to each
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(Il
Fia. 5-1. Statically coupled masses.

other and to fixed walls. Let the coordinates ¢; and g3, which describe
the positions of the masses at time ¢, be measured from equilibrium.
The masses are assumed to slide with negligible friction on a flat table.
All springs have the same constant k.

The potential energy of the system is

V = 3klef + 63 + (1 — 27, (5-14)
and its kinetic energy is
T = $mlg + 43). (5-15)
Hence the equations of motion (5-6) are
m{; = —2kq; + kqq, m{s = kq; — 2kq,. (5-16)

Since we have shown in Section 5-1 that periodic motion results from
a system in which 7" and V are positive definite, we may go directly to
principal modes of the form ¢, = C, sin (wt + ;). Hence, substituting
in Eqgs. (5-16) the values

q1 = Cysin (wt + ¥) and qo = Cysin (wt -i- ¥a),
we find that C; and C'; must satisfy the equations
2k — mw?)C; — kCy = 0, —kCy + 2k — mw*)Cy = 0. (5-17)
These correspond to Eq. (5-13) in our general analysis when the ap-

propriate values of w have been determined.
Ifor Eqs. (5-17) to have a nontrivial solution,

2k — mw?) —k
= 0. (5-18)
—k 2k — mw?)
Hence
w? = k or Bk (5-19)
m m
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The natural frequencies of oscillation are therefore
w, = Vk/m and ws = V3k/m.
Isquations (5-17) then yield

gz_l_ . 2k — mwf 1 022 _ 2k — mw% - 1. (5_20)

Cii k =Y U k

These equations imply that, at the lower of the natural frequencies,
the masses oscillate in phase as a unit. At the higher frequency, ws, they
oscillate toward or away from one another, that is, 180° out of phase.

The oscillations in the coordinates ¢; and ¢ are given by Eq. (5-12),
namely,

q1 = Cypysin (w1t + 1) -+ Crzsin (wat -+ ¢2),

. . (5-21)
g2 = Cyysin (wit + ¢1) + Cgz sin (wat -+ ¥o),

or, by use of Eqgs. (5-20),

q1 = Cyysin (wit + ¢y) + Crosin (wat -+ ¢¥2),
g2 = Cyysin (et + ¢1) — Crgsin (wat + ¢3).

The evaluation of Cy,, Cys, ¥1, and ¢¥o from the initial conditions we
shall defer for the moment.

5-3 Orthogonality and normalizing conditions. In this section we shall
investigate certain fundamental properties of the (7, that are important
in determining their values from the initial conditions. Ior clarity, the
discussion will be restricted to a system with two degrees of freedom.
The results may be generalized to an n-dimensional system.

We first write Eqgs. (5-21) in a different form by separating C,, into a
scale factor ¢, appropriate to the particular mode of oscillation, and a
second factor a,,, whose properties will be defined. Thus,

g1 = 1017 sin (wit -+ ¥1) -+ 212 sin (wot + ¥2), (5-22)
5-
g2 = €102; sin (w1t + ¥1) + c2a92 sin (wat + ¥3),

where ¢; and ¢, are the scale factors.
By writing C,, = c,a,, in Eq. (5-13) separately for each frequency,
we are led to the equations

(ki1 — mpwhar + (k2 — migedag = 0, (5-23)

(k21 — ma1wh)ar; + (k22 — magwi)az; = 0, (5-24)
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(k11 — mllwg)alz + (k12 — m12¢0§)¢122 = 0, (5-25)
(k2l - m2lwg)al2 -+ (k22 — mzzwg)azg = 0. (5~26)

Multiplying Eq. (5-23) by a;2 and Eq. (5-24) by ass, and adding, we
obtain

(k1111012 + Ki2a21a12 + ko1411022 + kazaz1a99)
— wi(my1011012 + M12021a12 + M21a11a22 + Ma2as1a2) = 0.
(5-27)
Similarly, we multiply Eq. (5-25) by a;; and Eq. (5-26) by as;, and add
to obtain

(kr1a11012 + k12a11022 + k21012021 + k22a21a02)
— w3(my1a11a12 + M12a21022 + M21a12a21 + Maa21a22) = 0.
(5-28)
Remembering that k,, = k;, and that m,, = m,,, we now subtract Eq.
(5-27) from Eq. (5-28) and simplify the result to

(w“; - w%)[muauam + myaay1822 + Ma1a12a0;, - Ma2az1a22] = 0.
(5-29)

By hypothesis, w; # ws. Hence Eq. (5-29) will be true only if the sum
in the bracket vanishes. We write it as

2 2
Z Z My;0,0,s = 0 (r £ 3), (5-30)

=1 =1
andr, s = 1, 2.
The relation expressed by Eq. (5-30) is called an orthogonality relation.
If there are more than two degrees of freedom, say n, it may be generalized
to

n n
DY myana, =0 (r ), (5-31)
1=1 jy=1
and r, s = 1,2,...,n. The factors a,, which appear here are called the

amplitude ratio factors. As we shall see, the orthogonality relation will
prove useful in establishing the constants resulting from the initial con-
ditions.

A second condition customarily imposed upon the amplitude ratio
factors is a normalizing condition. Equations (5-23), (5-24), (5-25),
and (5-26) establish the ratios of these factors but do not fix their abso-
lute values. To accomplish this, we arbitrarily set

Xn: i MyyQarjy = 1 r=12,...,n). (5-32)

1=]1 j=1
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As an example, consider the two-dimensional system in Section 5-2
(Fig. 5-1). In that example, dynamic coupling terms are absent. Hence
myz = mg; = 0. Furthermore m;; = mgys = m, and the frequencies
are w; = Vk/m, wg = v/3k/m. The equations corresponding to Egs.
(5-23), (5-24), (5-25), and (5-26) are

(2’C - mw%)a” - ka21 = 0,
—kayy + (2k — mawd)az, = 0,
(2,\7 — mwg)alg - ’C(122 - O,
—kays 4+ (2k — mwd)ase = 0.
Hence
ag; = ayg, and Aoy — —Qaj2. (5—33)

That the orthogonality condition is satisfied is evident by substitution
in Eq. (5-30). We find, by using Eqgs. (5-33),

@118y + agiaze = 0. (5-34)

The normalizing conditions prescribed by Eq. (5-32) are
ma?; + mal; = 1, (5-35)
maty 4+ ma3y = 1. (5-36)

By use of Eqs. (5-33) we have, therefore,
azy = a1 = \/_lm, a2 = —ag2 = \/m (6-37)
Substituting for the C,, in Iigs. (5-21) leads to the displacements

g1 = 1V (1/2m) sin (w1t + ¢1) + c2V/(1/2m) sin (wat -+ ¥, (5-38)
g2 = 1V (1/2m) sin (w3t + ¢1) — coV/(1/2m) sin (wat + ¥a).

Under the normalizing conditions, Eqs. (5-35) and (5-36), the quanti-
ties v/ma;; and v/ma,; have the properties of the sine and cosine of an
angle. Suppose we considered these the components of a unit vector.
Similarly, v/ma;2 and v/maz, could be interpreted as the components of
a second unit vector. Then the orthogonality condition expressed by
Eq. (5-30) or Eq. (5-34) is precisely the condition for these unit vectors
to be mutually perpendicular. It is this similarity between the behavior
of the amplitude ratio factors a,, and the geometrical concepts expressed
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vectorially which gives rise to the concept of orthogonality in the more
general sense as applied to a multidimensional space.

The scale factors ¢; and cp as well as the phase angles ¥, and ¢, ap-
pearing in Egs. (5-38) may be evaluated in terms of the initial conditions.
Let us consider the general two-dimensional case with static coupling
where the masses are different. "If m; and m, are the masses, the orthog-
onality and normalizing conditions are

miay1ar2 + Maaziaz22 = 0,
myad, + maad, = 1,

mialy + moajs = 1.

Suppose that initially, at ¢t = 0,
q1(0) = Qy, q2(0) = Qy,
(11(0) - er 42(0) = Q2v

where Q1, Qs, 1, and ), are the known displacements and velocities of
the two masses Then from Eqs. (5-22) we have

¢1811 SIn Y1 -+ coaqg sin g = Qy, (5-39)
C1a1101 €OS ¥y - €2a1202 08 Y2 = Q1 (5-10)
€121 8in Y1 + Coazg Sin Yy = @, (5-41)
C1a21w1 COS Yy + C2090wp COS Y2 = Q. (5-42)

Multiplying Eq. (5-39) by mjai1 and Eq. (5-41) by maaz;, and adding
the resulting equations, we obtain

(mya?; + maadi)er sin gy -+ (Miania12 + Maaziaz2)ce sin o
= ma11Q1 + m2a21Q2. (5-43)

By the normalizing and orthogonality conditions, the coefficient of ¢, sin ¥
is 1 and that of c5 sin ¥ is 0. Therefore,

¢y sinyy; = ma1Q; + maa21Qe. (6-44)
In a similar way, from Egs. (5-40) and (5-42) we find

crwy cos Y1 = mian@r + mea21Qz. (5-45)
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Solving Egs. (5-44) and (5-45) simultaneously, we have

) o2
c1 = |[manQy -+ meaz,Qq)® + wl? [mia11Qy -+ m2a21Q2]2, , (6-16)

¥, = tan

—1 jwilmia11Q, + m2021Q2]}.

[m1a11Q1 + maaz,Q2)

Proceeding in an analogous fashion with multipliers m;a;2 and Malgs,
we obtain

1 . . olt?
c2 = |[mia12Q + meazsQ,)* + o] [mya;2Q: + m2022Q2]2, ,  (5-48)

¥ = tan~! lwz[mxale + m2022Q2]} . (5-49)

[(Mm1a12Q1 + maazsQs]

The orthogonality and normalizing relations are seen to be very useful
in solving for the scale factors and the phase angles.

In the two-mass system whose motion is described by Igs. (5-38),
let the 1nitial conditions be

Q1 = q1(0) = 5 cm, Q2 = q2(0) = 10 cm,

Q1 = ¢:(0) = 0, Q2 = ¢2(0) = 0.

Following the analysis terminating in Eqs. (5-46), (5-47), (5-48), and
(5-49), we find

c = 15\/%_”;) ‘/’l = %7"’
ez = —5VEm, Yy = b

The displacements are, therefore,

q1 = 7.5 cos wit — 2.5 cos wot,

q2 = 7.5 cos wit + 2.5 cos wat.

5—4 Normal coordinates. A problem in small oscillations like that dis-
cussed in the foregoing sections is one of multiple periodicity. In general,
a given coordinate, say ¢,, will depend upon the a,, and the frequencies
of all modes of oscillation at the same time. Only in certain special cir-
cumstances will the system oscillate at one of the natural frequencies alone
while all other principal modes are zero. When it does and when the Cr
of such an oscillation is unity in each coordinate, we speak of a normal



5-4] NORMAL COORDINATES 165

mode of oscillation. For example, in the two-dimensional system, which
we shall discuss for simplicity, one normal mode is specified by

g1 = apysin (w1t 4 ¢y), g2 = agy sin (wit 4 ¥y). (5-50)

A similar set of equations denotes the normal mode for frequency ws,
namely,

q1 = a1z sin (wat -+ ¥s), g2 = agz sin (wat + ¥s). (5-51)

In general, the displacements g; and q5 consist of a linear combination of
normal modes, as shown in Eqs. (5-22).

We shall now consider a coordinate system n which the sine functions
in Egs. (5-50) and (5-51) serve as coordinates. Let & = sin (wit + y;)
and ¢, = sin (wat + ¥5) denote these new coordinates. Then Fqs. (3-22)
with all ¢, = 1 become

71 = aiiér + a2ée, g2 = a1 + agaéy, (9-52)
and

G1 = aniéy + arafs, G2 = agié1 + agzaés. (5-53)
These define a linear transformation of the original space of the ¢’s into
a new space of £s. The coordinates £; and &, are called normal coordi-
nates. In general, for & system with n degrees of freedom, the normal
coordinates, £, are defined by the linear equations

@1 = @ + arpde + -0+ anby,

G2 = @211 + aggbe + -+ + agéy,
. . . . (5-51)

o = Au11 + apaba + -+ -+ annés,
with corresponding equations for the velocities ¢,.

An important theorem in the theory of matrices* states that if two
quadratic forms such as

n n
2T = Z May4.4; and 2V = Z k.;9.9,
i,=1 1,7=1

* For a further discussion, see E. T. Whittaker, Analytical Dynamics. Cam-
bridge: Cambridge University Press, 1937, pp. 178 ff.
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have real coefficients with m,, = m,, and k,, = k;,, and the first of these
forms is positive definite, a linear transformation

szzazrgr t=12...,n)

r=1
can be found such that
n n o
2T =Y &  and 2V =) aff, (5-55)
r=1 r=1
where the quantities oy, as,..., @, are roots of the determinantal
cquation
amyy — kyy amyy — kyg- - amy, — kin
amg; — kg amag — kag + - amo, — ko
) ’ =0 (5-56)
amyy, — l“nl ampa — kn2 oMy — knn

In terms of the normal coordinates, the Lagrangian function is

1K,
L = 52 (E? - arzr?))

r=1

and hence the equations of motion become
ér + a8 =0 (r=1,2,...,n). (5-57)

The solutions of these equations will be periodic if the values of a, are
positive. Putting a, = w? and assuming a unit amplitude, we have as
solutions of Eqs. (5-57),

£ = sin (wrd + ¢,) (r=1,2,...,n). (5-58)

The reader should note that when « is replaced by w? the determinantal
equation (5-56) is the same as Eq. (5-9) with A2 = —w?2,

We shall find the transformation from the g¢-coordinates to the
¢-coordinates useful in discussing the forced vibrations of a system.

In a two-dimensional system, the transformation from the (g,q2) co-
ordinates into the (£1,£,) space can be portrayed geometrically. Consider
such a system with no dynamic coupling in which the kinetic and poten-
tial energies are, respectively,

T = ¥(mygf + mag3), V= 3(kog? + k10102 + k203).
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A curve 2T = m ¢} + mygZ, for constant 7T, in a (g1,§2) coordinate
system is an ellipse with principal axes along the coordinate axes. Like-
wise the curve 2V = kog? + kig1g2 + k22, for constant V, is an ellipse
in a (g1,¢2) coordinate system. Here, however, the axes of the ellipse are
askew to the coordinate axes, but the center of the ellipse is at the origin.

Now let n; = v/mig; and 12 = V/maqq; also 4; = vV/m¢; and #y =
v/msge. Then the ellipse of constant kinetic energy becomes

2T = 7} + 3

in the (51,72) plane. This is a circle. Furthermore, the curve of constant
potential energy in the (%;,72) plane becomes

ko o kyn1m2 ky
oy — Fo 2 Fimmz | Ko
my n1 -t myms F mo 2,

which is still an ellipse with center at the origin. The cross-product term
(k1/v/mims)nne can be removed by rotating the (n1,72) axes according
to the standard equations,

ny = £1cos 8 — £gsin b, ng = £18in 0 4 £3c086, (5-59)

where 6 is given by tan 20 = (k;vmma)/(moky — miks) .
The corresponding transformation in the velocity space,

1 = £ cos § — £55in 6, fo = £ sin @ -+ 5 cos 6,
leaves the circle of constant kinetic energy unchanged. That is,
2T = 4i + 93 = & + &,
as the reader may easily verify.

Thus successive transformations from the (¢1,q92) plane into the (£4,£2)
plane of the form

q1 = N (£1 cos 6 — £5sin 6),
gz = Q%T; (&1 sin @ -+ &5 cos 6),

lead to the forms
oT = £ + £, 2V = wit] + wits,

for curves of constant T and V respectively.
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For illustration consider the double mass and spring problem of Sec-
tion 5-2. Here m; = my = m and ko = k; = ko = k. Hence

2T = ml@} + ¢3), 2V = 2k[¢} — qug2 + @3l.

Setting 71 = vV/mq1, 12 = Vmqa, 11 = Vmqy, 12 = V/mgs, we have
. 2, .2 2k [ o 2 -
2T = 91 + 13, 2V = o (71 — num2 + n3l. (5-60)

The curve 2T = constant is a circle of radius v/27. We have only
effected a change of scale by the transformation here. The curve 2V =
constant in the original (q,,q2) plane is the ellipse shown in Fig. 5-2.
In the (n1,m2) plane, this ellipse has the same form and orientation.

Now we rotate the axes in the (n1,72) plane so as to remove the cross-
product term (ny92). The required angle is given by

tan 20 = 4,
or § = 45°. Hence, by Igs. (5-39), the transformation equations are
m = 0.707[§ — &, ng = 0.707[¢; + &2
Substitution of these in Eqgs. (5-60) yields
2v = (22 1 a
m 1 2l
which may be put in the form

£
(2mV/k)

£3

mV/3k) —

+ 1.

This is the standard form for an ellipse with principal axes coincident
with the coordinate axes.

Fia. 5-2. Ellipse in displacement and normal coordinate systems.
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We find that the curve of constant kinetic energy in the (£,,£2) plane is
2T = £ + &.

Since, by the analysis in Section 5-2, w? = k/m or w® = 3I:/m, we
see that the potential energy curve becomes

2V = wit] + it

in conformity with Eqs. (5-55) with a, = «?.

With T and V as given, Lagrange’s equations in normal coordinates are
B+ oit =0, Er 4 w3ty = 0,
where w? = k/m and wZ = 3k/m. Hence the solutions of unit amplitude
are
£ = sin (w1t -+ ¢1), £2 = sin (wat -+ ¢2).

5-5 An example of dynamic coupling. The double pendulum, discussed
in general in Section 2-6, is a simple example of a dynamically coupled
system. We shall restrict the motion to small amplitudes and for con-
venience take the masses of the bobs and the lengths of the supports to
be the same for each pendulum, as shown in Fig. 5-3. To terms of the
second order, we have

T = 3ml®1247 + ¢5 + 2¢142),
V = Imgl[2¢} + ¢3).

From L =T — V we obtain the
Lagrangian equations

2 +2% g+ =0, (5-61)

" 4 P 1c , 3
i - s gl g2 = 0. (5-62) pc:ulli.]u‘:]g: Dynamically coupled
Therefore this is a system with no static coupling and with dynamic
coupling represented by the term §, in Iiq. (5-61) and the term §; in
Eq. (6-62). These obviously result from the term ¢;§2 in the kinetic
energy. We shall show that it is possible to reduce the system to one
with static coupling only.

Let
g1 = MTy + u1Zy, g2 = Aoy -+ uagly, (5-63)

where x; and x, are new generalized coordinates and M\j, Ng, uy, pg are
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constants to be determined. Substituting for ¢; and ¢2 in the expression
for T, we have

T = 3ml®[(2A] + A} + 2 0N0)df + 2uf + 3 + 2w1m2)d3
4+ 22N 1p1 + Aape + Nipa + Nepr)dibal.

If the term in £,25 is to vanish, we must choose the constants so that its
coefficient is zero. Hence we may take

M ﬂ,l‘bitl‘&l‘y, Ao = —A\y, My = 0, pe =1

as one possible set. IFurthermore, we may arbitrarily set Ay = 1. Then
Eqgs. (5-63) become

7 = 2, g2 = —Xy + Iy,

and we find
T = Iml®(&% | &3).

With this choice of coordinates, the potential energy reduces to
= Imgl[322 + 25 — 2z 29,
and we have the Lagrangian equations

fl:—“*l“xl—%xz, .32:—%1'2'{"%231.

These exhibit static coupling between the coordinates x; and z5. From
this point on, the problem is identical with that of the coupled masses
discussed in Section 5-2. We leave the solution as an exercise for the
reader. The method exhibited here may be extended to systems with
more than two degrees of freedom.

5-6 Forced oscillations. Consider a mass-spring system, as shown in
I'ig. 5-4, whose motion is one-dimensional. An impressed force @ is
applied to the mass, and we seek the displacement ¢(f) due to the action
of Q. We assume that @ has the form Qg sin wt, where w is the driving
frequency.

The equation of motion is

m{ + kq = Qg sin wt. (5-64)

Its general solution consists of the free vibration, ¢ = C sin (wot + ¥),
and the particular integral ¢,, which we assume to be of the form ¢, =
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A sin wt + B cos wt. The quantities 4 and
B are to be determined so that ¢, satisfies
Eq. (5-64). Substituting and collecting
terms, we find

A= Qo B = 0.

= =
k — mw?

Since the frequency of free vibration is
wo = Vk/m, A becomes Qo/m(w? — w?).
Thus the amplitude of the forced oscilla-
tion is larger as the driving frequency Fic. 5-4. Oscillating mass
approaches the natural frequency of the under an external force.
system. When w = wy, the phenomenon of

resonance occurs, and we would expect the value of ¢, to become infi-
nite. However, our restriction to small oscillations and the presence
of frictional damping preclude this. [For the moment, we assume no
damping and restrict » to values different from wo. The steady-state
oscillation ¢, = {Qo/m(wd — w?)} sin wt is called the forced oscillation
of the system.

These basic ideas for a one-dimensional system may be employed in
analyzing a multiply periodic system.  Let generalized forces @y,
Qs, - . ., @, act on the component masses of the system. Then, by virtue
of the linearity of the system, the work done by these in displacements
q1, 2, - - -, qn Will be Y1_1 Q.q,, and this must be the same as the work

Q q

done by a corresponding set of forces Ry, Ry, ..., R, in the normal co-
ordinate system during displacements £, £, ..., £,. Hence
n n
2 Q= 2 Rie. (5-65)
1=1 r=1

Substituting for each ¢, its value in terms of the a,, and £, from Iigs.
(5-54) and equating terms in £,, we have

R, = Z aler (7’ = ]r 2; BRI n) (5’66)
1==1
for the rth mode of oscillation.

In the normal coordinates, each mode of oscillation is independent of
the others. Furthermore, Eq. (5-66) implies that if Q, is periodic with
frequency w, the forces R, will also be periodic and of the same frequency.
Suppose that Q; = Qq; cos (wt + ¢). Then

R, = 3 a,/Qo, cos (wt + ¥) = Ro, cos (wt + ¥).

=1
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If the equations
.E.r + wrz'Er = Ror cos (wt + ¥) r=12..., n) (5_67)

are solved for the steady-state oscillations, we have by analogy with the
solution of Eq. (5-64),

7 Ii)rwz cos (ot +¥)  (r=1,2...,n), (5-68)

Ers =

where the subscript s denotes the solution due to the forced motion.
By the linear transformation, Eqs. (5-54), relating the ¢, with the ¢,
we obtain

=3 2R sty G=1,2.,m). (5-69)

2
r=1 Wy
Tor the two-dimensional oscillator, as an example,

q1s = [a“ laHQm + aonz} ta la12Q01 + azonzl] cos (wt + ),

w? — w2 w2 — w2
(5-70)
a11Qo1 + a21Q a12Qo1 -+ asQ
G20 = [a21 '———~*—” et 02} + a2 {“‘*féf;%g—ﬂ cos (wt + ¥).

The introduction of normal coordinates simplifies the analysis of forced
motion. We solve the simplified normal coordinate equations first, and
then by making use of the a,, transform the steady-state normal co-
ordinate solution back to the displacement coordinates.

Suppose the mass-spring system shown in Fig. 5-1 is subjected to the
forces @, = 0, Q2 = 10 cos wt. The steady-state solution for normal

coordinates is
f1s = (—1-91——> 1 cos w!f,

d— o Vm
7.07 1
§2, = Faﬂ \/—ﬁ cos wi,

and for the displacement coordinates

g = [0.707 (7.07) 0707 (7.07)2] cos o,

2 _ o2 2
m w}—w m w3

o — [0.707 (7.07) , 0.707 (7.07)2] cos .

2 — 2 2
m o} —w m  w}
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5-7 Nonconservative systems. In the preceding sections it was as-
sumed that the generalized forces acting on the system were derivable
from a potential function; that is,

av 2 .
Qi= —_— g =] -—-Z I\f”qj (’L = 1, 2,...,n). (5"71)
1 ]"31

The total work W; done by such a force in a complete cycle of the respec-
tive coordinate ¢, is given by a line integral such as

W, = fQi dg, = f <— i k,,q,) dq, i=12,...,n). (5-72)

1=1

To obtain the total work done by all the forces, we sum the integrals
for the degrees of freedom 7 = 1,2,...,n. Ior example, in the case
n = 3, we have

W= % Q1 dq1 + Q2 dge + Q3 dys) (5-73)

or

W= 7{ {lk11q1 + k12q2 -+ k13gs) dg1 + (k2191 + k2292 + k23qs] dg2
+ lk31q1 + k32q2 + k3aqs] dgs}. (5-74)

If the force field is conservative, the line integral in Eq. (5-73) is inde-
pendent of the path of integration. A necessary and sufficient condition*
for this is that

‘9Q_2__'2Q_3_0 ‘ZQE__QQ_I_O Qs 8Q2_0

dgs gz dqr  9q3 ’ dqs 91
But from Eq. (5-74) this implies
kag = k3o, k31 = kys, kiz = kay. (5-75)

These are precisely the restrictions placed upon the k., in the discussion
in the preceding sections. If one of the conditions k,, = k,, is not fulfilled,
the system is nonconservative.

A common type of nonconservative system is one in which the forces
are proportional to the first power of the velocities. Such systems are
called dissipative systems. Irictional forces in viscous damping problems

* See, for example, W. Kaplan, .1dvanced Calculus. Reading, Massachusetts:
Addison-Wesley Publishing Company, Inc., 1952, p. 280.
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are examples of this type. Suppose the generalized forces acting on the
system are linear combinations of the velocities; that is,

—Q1 = fuuqr + Si2g2 F Si3gs -0+ findn,

- Q2 = fargr -+ fa2dg2 + fasgsz + - o+ Sanln,
. . . . : (5-76)

“‘Qn = .fnl‘)l + fn2(1'2 -+ fr13q3 +oe + fnn’}n’

where the cocfficients f,; are, in general, constants.
The total work done by the forces (), per unit time may be written
qul 4 0202 S Qn(]n or, by l‘;(lS. (5_76)y

W=~ 372 fulds (5-77)

=1 j=1
We distinguish two cases:
Case 1. Suppose f,, = f,,.  Then the corresponding cross-product
terms ¢,¢, combine, and we find that

aw

o, = I Jui=200 G=12..,m. (578

J=1

Observe that (81 /d4,) bears the same relationship to the nonconservative
force Q, that (31 /dq,) does in the conservative case. Hence we introduce
a function

1 1SN,
D= ~5W=3g 3 > fuii (5-79)

v=1 3=1

called the dissipation function, such that

i —Q, @=12...,n). (5-80)
D plays the same part with respect to the velocities in the dissipative
system that V plays relative to the coordinates in the conservative
system.
By the introduction of the augmented Lagrangian function, L = T +-
D — V, we obtain the equations of motion

d aT) aD T 3V _ . -
dt(a(j, +5q—l—5—q—l+5é—l—0 (1—1,2,...,71). (581)
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For the oscillatory system, these become

S muis+ Do fub+ Do k=0  (=1,2...,n). (582

=1 =1 =1

Case II. Suppose f,, = —f, for every ¢ and j in Eq. (5-77). This
implics that fi1; = fos = f3z = +++ = fan = 0. Hence W = 0, and
the forces in this case do no work. Forces of this type are called gyro-
scopic forces. A force of this type is perpendicular to the velocity vector
at the point upon which it acts. The Coriolis force, —2m(w X v), dis-
cussed in Chapter 1, is perpendicular to v (that is, to the plane of » and v).
Hence this is an example of a gyroscopic force. The equations of motion,
(1-126) and (1-127), for the Foucault pendulum show this. The forces are
207 sin ¢ and —2wk sin ¢, so that Q = Qi + Q2j = 2w(yi — %j) sin ¢.
The velocity veetor is v = ii + yj. Hence Q-v = 2w (yi — 4j) -
(# -+ ¢j) sin ¢ = 0, so that Q and v are perpendicular.

The differential equations of motion are

E my,i,; + Z July, + Z kg, =0 ¢t=1,2,...,n). (5-83)

=1 (]=l 1==1
17

Two examples will suffice to illustrate Cases I and II.

ExampLE 1. A damped oscillatory two-mass system is shown in Iig.
5-5. We have discussed the undamped system in Sections 5-2 and 5-4.
There we found that the introduction of normal coordinates & and &,
by the equations

Q1 = (%n_z (&1 — &2), (5-84)
G2 = 0‘\‘/7‘%—7 (&1 -F &2), (5-85)

led to the following expressions for the kinetic and potential cnergies:
T = 3 + &), (5-86)
V = Holt + witl), (5-87)

where w; and w; are the frequencies of oscillation.
The dissipation function in the system shown here is

D = 341 + @3,
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Fia. 5-5. Coupled damped oscillator.

or, in terms of the normal coordinates.
= %;’% (€] + £ (5-88)

Hence the modified Lagrangian function, L = 7" -{- D — V, becomes

L= 48+ 8+ 318+ 81— sl + i)

and Lagrange’s equations are
4

B Le ruln = g, (5-89)

CARNEA NN I (5-90)

where R; and R, are the generalized driving forces associated with the
normal coordinates.

Suppose, first, that B, and R, are zero; then the substitutions &, =
cie’tand £ = coe™?t yield

f

Malanrei=o Mrlnrad-o

The values A\; and A, are

M= o LV Tm e,
N = — gk L V(TmE A

The values of Ay and Ap are complex and hence yield periodic values of
& and & if (f/m)? < 40? and (f/m)? < 4w2. We assume this to be
the case and write
N RN Sy 7 o
M=ok We? — (f/2m)?,
f

Np = — 5o & Ve — (f2m)2 (F = —1).
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Let
ay = Vi — (f/2m)3, (5-91)
as = Vi — (f/2m)2. (5-92)

Then the values of ¢, and £ with unit initial amplitude become
g = e/"* sin (art + B), (6-93)

£2 = ¢7/¥" sin (agt + B2), (5-94)

where 8; and 8, are constants.

The values of £ and £, found here are similar to those found in Eq.
(5-58) for the undamped case. They differ, however, in two important
respects: (a) as t — oo, the exponential factors approach zero, and hence
g — 0, &, — 0; (b) the frequencies of oscillation a; and ay are less
than the frequencies w; and wp. These solutions for £; and £; are called
the transient solutions of the problem.

Having found £, and £,, we write the transient solutions for q; and ¢
as

o = 0-727 e ¢, sin (anl -+ ¥1) — cg 8in (agt + ¥2)],
V'm

Go = 0.707 e ey sin (agt + ¥1) + cg sin (aat + ¥2),
Vm

where the scale factors ¢; and cq together with the phase angles ¥, and ¢,
are to be obtained from the initial conditions.

Suppose the left-hand mass in Fig. 5-5 is driven by a force Q; =
qo cos wt, while no external force is applied to the right-hand mass. Then
by Eqs. (5-65), (5-84), and (5-85) we find

0.707 0.707
R, = Vm qo cos wt, Ry, = — Vm go cos wl.

Applying these values in Eqs. (5-89) and (5-90), we obtain the particular
integrals
0.707q¢

f1p = NV sin (wt + ¢1), (5-95)

0. 707q0

Eop = VW AL sin (wt -+ ¢2), (5-96)
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where

A

i
| e
~~
G
[ 8] &)
1
|
€
~N
p—
™~
+
=~
3¢
N—"

¢ = tan™! [——-—f;—r——] y
|

¢2 = tan~! [-whfw——

Hence, by Eqgs. (5-84) and (5-85),

Ty = 2—,‘,’;"5; sin (wt -|- ¢1) + Q%EA_?, sin (wt | ¢2), (5-97)

:{;’A? sin (wf + ¢3). (5-98)

Gzp = 5o sin (@l + 1) — 5
These solutions represent the steady-state motion of the system, that is,
the motion, due to the external driving force, which persists after the
transient displacements die out. Note that the steady-state oscillations
have the same frequency w as the driving force but differ in phase angle.
The quantities A; and Ay, which appear in the steady-state values for
¢1 and g2, are called the force-displacement impedances. They play a role
similar to the impedance Z = V[wl. — (1/wC)]2 + R2 in a series clectri-
cal circuit.

ExampLe 2. To illustrate Case II, we shall consider again the rotating
top whose motion was discussed in Section 4-9. The kinetic and potential
energies are

T = I6* + ¢?sin?0) + [,(0 + ¢ cos )2}, (5-99)

V = mgl cos 9, (5-100)

where 6, ¢, ¢ are the llulerian angles.
TFquation (4-78) shows that

I3 + dcos8) = Ly (a constant).
Hence we may write

T = ${I1(0% |- $%sin?0) + Ly(y + ¢ cos 6)}. (5-101)
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29

o

~7 Line of nodes

Fic. 5-6. Coordinate system for a top.

Let the projection of the center of gravity of the top on the (rg,y0) plane
(Fig. 5-6) be the point (x,y). We shall now limit our discussion to motion
in which @ and y arc so small that powers higher than two in x, y, #, and
§ in the kinetic and potential energies may be neglected. That is, the
motion of the top is such that its axis of spin is in the vicinity of the
2o-axis.

From the figure 1t is apparent that

r = [sin 6 sin ¢, y = —Isin 0 cos ¢. (5-102)

From these we find that

0 — Ising — jcos ¢
- lcos 6

Lcos ¢+ 1 sin ¢ .
I sin 6 ' (5-103)

¢ =

2sin?0 = 1 + yz,

and hence

eost = i — 0 (s — )
¢pcosf = (ry Y PP TP ’

6% + ¢2sin? 0 = llz (&% 4 2.

Therefore we have for the kinetic energy

117 . 1 1
T= 5\ @+ 0%+ Lz — yd) (—— zrz> + w],

x2 2
(5-104)
and similarly

V = mgl{l — 3@+ y?). (5-105)



180 OSCILLATORY MOTION [cuaP. &
In terms of = and y, then, the Lagrangian equations are
It — mgle + Lyy = 0, Ij — mgly — Lyt = 0.

These may be written

# = a?x — By, (5-106)
§ = o®y + B, (5-107)
where
2 _ mygl _ L.
a = I ’ ,B = I

Equations (5-106) and (5-107) are equivalent to those of a unit mass
moving in the ry-plane under a repelling force F = a®(zi + yj) and a
gyroscopic force G = B(—gyi + #j). These equations are the two-
dimensional equivalents to Eq. (5-83). Since the velocity v = & + #j,
we observe that

G.v = B(—yi + &j)-(di + gj) = 0.

The gyroscopic forces do no work.

Suppose the top is spinning with its axis vertical and is disturbed
slightly. Equations (5-106) and (5-107) show that the departure of the
center of gravity projection tends to increase, and at the same time it
swings about the origin either clockwise or counterclockwise, depending
on the sign of 8. In other words, the top starts to precess.

We ask, then, whether the motion is stable, that is, whether the axis
will remain in the neighborhood of the zg-axis if the top is disturbed.
Letz = Ae* and y = Be* and substitute in Eqs. (5-106) and (5-107) to
obtain

A2 — a?) + BAg = 0, — AN 4+ B(\%2 — a?) = 0.
These will have a nontrivial solution for A and B if
A2 — a? BN
= 0.
—BA A2 — a?

From this we find
A= 38 = ViaZ — B2). (5-108)
If 82 > 402, the values of A will be pure imaginary and the values of z

and y periodic with constant amplitude. In this case the motion of the
top is said to be stable. Expressed in terms of the angular momentum
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L, and the other physical constants, the condition for stability is
L > 4Imgl.

In the case under discussion, Ly is very nearly I3y, where y is the constant
spin velocity. Hence for  large enough, the axis of the top remains per-
manently in the neighborhood of the z,-axis.

If 82 < 4a® in Eq. (5-108), there are two pairs of conjugate complex
roots. In one of these the real part is positive; in the other the real part
is negative. The motion in this case is said to be unstable.

Suppose B2 > 4a? so that the motion is stable. Let the roots of
Eq. (5-108) be

A = i<g+%\/b‘2 —-4a2> = iy,

o= i(= 8- LvEr—ia) = —in

(5-109)
Ag = i(g — %\/62 — 4?) = 1,
. 1l .
Ay = 1,<— —g—l—E\/ﬁ? — 4a2> = —iv.
Then the solutions of Egs. {(5-106) and (5-107) for x and y are
= Alef“‘ 4 Age ™t Age”! - Age™™, (5-110)
y = Blewt + B2e—ml __}_ Baezvt + B4e—nt’
where
2 2
B, = Akl = M) o 3y, (5-111)
BAk

By using the values of N from Egs. (5-109) together with Eq. (5-111),
the solutions for x and y can be put in the form

x = Cysin (ut + ¢1) + Cgsin (vt 4 ¥2), (5-112)

o + 4’ a4
y=C, ST (ut + 1) +C2 gy ) €8 (vt + ¥2),
K (5-113)

where the constants Cy, Cg, ¥, ¥2 are to be determined from the initial
conditions. The motion of the projection of the center of gravity of the
top on the xy-plane consists, therefore, of the superposition of two elliptic
harmonic motions. One has a frequency u and the other a frequency .



182 OSCILLATORY MOTION [cHAP. 5

5-8 Stability of oscillatory motion. Consider an oscillating mass m
moving under a restoring force —kq and a dissipative force —b¢, where
g is the displacement at time ¢. The differential equation of motion is

m§ + bg + kg = 0. (5-114)
Assuming ¢ = AeM as a solution, we find the characteristic equation

m % b -k = 0, (5-115)
from which we find

—b + Vb2 — 4km
A= S . (5-116)

If m, b, and k are such that X\ is nonpositive, the oscillatory motion is said
to be stable. 'We observe that this will be the case if b > 0 and k > 0,
since m is always positive. Stability of the motion implies that, following
the initial disturbance or state of motion, the mass either oscillates in-
definitely at constant amplitude or its amplitude diminishes with the
time.

For systems with several degrees of freedom, the question of stability
is answered by a study of the characteristic equation in A resulting from
the differential equations. We assume here that these are linear, that is,
all forces are linear functions of the displacements or of the velocities.
Examples 1 and 2 of the previous section illustrate such systems.

The linear system is saud to be stable, if and only if, the roots of the char-
acteristic equalion

SO = a\" +a N e fagN" T e, =0 (5-117)

have negative real parts. This is a strong criterion. If, for example, some
of the roots of f(A\) = 0 are pure imaginary, periodic solutions with
constant amplitude result, and these are stable in a sense. However, if
the physical constants are altered only slightly, instability may set in.
If b = 0 in the simple one-dimensional example at the beginning of this
section, the solution is ¢ = A sin (v/k/m t + ¢), and this is stable in
a weaker sense than is the solution ¢ = Ae~®?™? gin (wt -+ ¢), which
represents the transient.

Questions concerning the stability of dynamical systems led Routh*
to study extensively the conditions on the coefficients of f(A\) = 0, Eq.
(5-117), and to devise methods of determining the stability of a linear

*8ee E. J. Routh, .ldvanced Dynamics of a System of Rigid Bodies (6th
edition, 1905). New York: Dover Publications, Inc., 1955. Chapter VI.
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system. These investigations were preceded by another by A. Hurwitz*
who, in 1895, published necessary and sufficient conditions that f(A) ==
have roots with negative real parts only. We shall consider the Routh-
Hurwitz criterion briefly here, but will refer the reader to other sources
for its proof.t

Routh-Hurwitz criterion. Let the characteristic equation for a linear
system be

fO) = ao\" +a NP e\ P g A Fa, =0,  (5-118)

and assume ao > 0. This can be done without any loss of generality.
Form the determinants

Ay = ay Ay = ay Qo
asz az
ay ag O a, ag 0 O
Az = |az a2 a Ay — az az a; Qo
as a4 ag as a4 azg a2
az Qg a5 Qg4
ay ao -+ 0
as az -0
An = Qa5 ag -0
Agpn—1 QA2p—2° " Qn (5‘119)

where in A, all letters with suffix greater than n and all letters with nega-
tive suffix are replaced by zero. Then all roots of 15q. (5-118) will have
negative real parts if, and only if, all A, > 0 (¢ = 1,2,...,n).

Consider the following four examples:

ExamprLE 1. The relation mg + bg -+ kq = 0 yields the characteristic
equation mA2 - bx + k = 0. Ilere
b m
Al == l) Ag == = bk
0k

For stability, £ > 0, b > 0, and m > 0, as we can deduce directly by
solving the quadratic equation.

* A. Hurwitz, “Uber die Bedingungen unter welchen eine Gleichung nur
Wurzeln mit negativen reellen Theilen besitat,” Math. Ann., Vol. 46, pp. 273-
284 (1895).

T See, for example, J. V. Uspensky, Theory of Equations. New York: MceGraw-
Hill Book Company, Inc., 1948, pp. 304 ff.
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ExampLE 2. Suppose the characteristic equation is the cubic A3 +
aN2 4+ b+ ¢ = 0.

Then
a 1
AL =a Ay = =ab — ¢
c b
a 1 0
Az =|c b a|= (ab — ¢)c.
0 0 ¢

Hence by the Routh-Hurwitz criterion, the roots A will have negative real
partsif a > 0, ab > ¢, and ¢ > 0. This implies also that b > 0. Hence
all coefficients of the cubic should have like signs if the stability criterion
is to be satisfied. This, however, is not a sufficient condition for stability.

Note that A, and Az in Example 2 are related. This will occur in general.
That is,

Ay = a, An_y, (6-120)

and we may write the criterion as ao > 0, Ay > 0,...,4,—; > 0,
a, > 0.

A consequence of the stability criterion, as stated above, is that the
coefficients occurring in f(A) for a stable linear system all have the same

sign and none of them are zero. For, suppose —ry, —ry, —r3, ..., —7;
and —s; == 9y, —sg = iy, ..., —8 £ il (J + k = n) are the roots
of f(\) = 0, where multiple roots have been included individually and
where ry, 72,...,7, and Sy, Sp,...,8 and ¢y, t3, ..., are all real

Then f(A\) = 0 can be represented by the product of factors ag(\ 4 ry)
ANFr) o M)A 25N 521 (NP2 A+ 524 12) = 0.
If the product is expanded, we obtain a polynomial equation,

ao(\* + b A" boN T2 o b)) = 0, (5-121)

in which all the coefficients by, bo, ..., b, are positive and nonzero be-
cause they are formed of the sums and products of positive quantities.
Hence if ag > 0, all coefficients in Eq. (5-121) will be positive; if ag < 0,
all coefficients will be negative.

This necessary criterion is sometimes useful in determining stability.
For instance, if f(A) = A3 4+ A% + 2 = 0, we note that the coefficient
by = 0, so the system, of which f(A\) = 0 is the characteristic equation,
is unstable.

On the other hand, the condition above is not sufficient. Suppose the
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characteristic equation is A% + A% + X 4+ 2 = 0. Here all coefficients
are positive but, by Example 2, ab < ¢. Hence the system is unstable.
An alternative to the Routh-Hurwitz criterion has been given by Wall. *
We simply illustrate the method without proof.
Let the characteristic equation under consideration be

fO) = ao\* + a N7k gy = 0, (5-122)
and let

g\ = a N7t 4 agN" TP 4 e\ T (5-123)
be a polynomial which consists of the alternate terms of f(A). The last

term in g(\) will be a, if n is odd, or a,—;\ if n is even.
Dividing f by g, we find

{; po)\+l+fl—p0)\+l+

9/fv)’
where f; is a polynomial of degree n — 2.
Again dividing f; into g, we have
g f2
= = P1A A
Fe = et
where f; is a polynomial of degree n — 3.
Once more, dividing f; into fy, we obtain
N e
L — pax A
7= P = P

where f3 is a polynomial of degree n — 4. We continue this process until
the remainder is zero. What we have done arithmetically is to develop
g/f in a continued fraction expansion, namely

1

poh + 1 4 —— s
Pih + — 1 (5-124)

~iQ
—

+ Prn—1A '

* See H. S. Wall, “Polynomials whose zeros have negative real parts,” .imer.
Math. Monthly, Vol. 52, pp. 308-322 (1945).
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Suppose this process is applied to f(\) and g(\) as given in Eqgs. (5-122)
and (5-123). We find that

2
% _ -
Po = ay | A Ps = A2A4’
A ’ - 1on
P = A2, (5-125)
_ A _ A6
bz Ay Ay PE= Ay Ay

where the Ag(k = 1,2,...,n — 1) are the determinants in the Routh-
Hurwitz eriterion, Eq. (3-119). If all Ay > 0, then all p; > 0, and
conversely. IFor we may set ag > O arbitrarily, and hence, if po > 0,
sois A,. If py > 0, since A2 > 0, A, > 0, and so forth. The conditions
that all Ax > 0 in the Routh-Ilurwitz criterion, or all p > 0 in the
continued fraction expansion, are equivalent criteria for stability.

If any of the Ap = 0, the cocfficients pi are undefined. This will occur
in the algorithm if, in the division of one polynomial of degree m by
another, the divisor is of degree less than m — 1. Or, if any of the p; = 0,
the continued fraction expansion does not exist.

Ixamrre 3. Let the characteristic equation of a linear system be
A aX® + b b= 0.
Applying the technique just desceribed, we have

fO) = AN+ ar® { b+ ¢ =0,
g\) = ar? | ¢,

NI I R0 (-9
g(N) _a>‘ H1 ar? ¢ and  fi(\) = \b - A

g\ a . c
A T 0= M

A0 _ 0 — o/
f2(N) c

Hence

and  fa(N) = ¢,

0.

a a® ab — ¢

pl:b——c/a:(—ib—c’ P2 = g

’

Po =

=

Therefore we conclude that the system is stable if a > 0, ab > ¢, ¢ > 0.
The second of these implies b > 0. We find the same conditions for
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stability as in Example 2. By means of Egs. (5-125) the reader may
compare the relations between the px found here and the A found in
Example 2.

ExaMpLE 4. As a final illustration, consider the coupled two-dimen-
sional spring-mass system discussed in Section 5-7, Example 1. The
differential equations of motion in terms of the displacement coordinates
q1 and ¢q3 are

mgy = —2kqy + kqs — fau,

mis = —2kqe + kq1 — fg2.
Substituting q; = Ae and g5 = Be™, we find the characteristic equation
mA2 4 f\ 4 2k —k Y
—k mA% + f\ + 2k
This may be written f(A) = A* + a3 + A2 + e+ d = 0, where
a = 2(f/m), b = (f/m)* + 4(k/m), ¢ = 4(kf/m?),d = 3(k/m)®. Apply-

ing the continued fraction technique to determine the conditions of
stability with g(\) = aA\® + ¢\, we find

o0 _ 1
™ T

1

a? X+ 1
(ab —c (ab — c)2\ + 1
alabe — c® — a2d) (abc — 2 — a2d> '
——

and hence the conditions for stability are a > 0, ab — ¢ > 0, abc —
¢2 —a%d > 0, and d > 0. These are fulfilled if (1) f > 0, m > 0,
E>0,0r (2 f<0, m<0, k> (—f%2m) > 0. The second set of
conditions obviously cannot be realized physically.

Let us check the conclusions directly. The characteristic equation
(mA2% + N + 2k)2 — k% = 0 yields

__f NV — dkm
A 2m

(5-126)
and

_ . VE—1%km

2m 2m

Under conditions (1), the roots X in Eqs. (5-126) and (5-127) are ob-
viously either real and negative or complex with negative real parts.
The latter case arises when f2 < 4km. In this case the motion is oscilla-
tory and damped.

A = (6-127)
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5-9 The vibrating string. The theory of small oscillations for discrete
mass particles may be extended to the study of a continuous mass dis-
tribution.  Ior simplicity, we shall consider an approximately one-
dimensional distribution, the vibrating string.

Consider N equal masses situated on a string of negligible mass, as
shown in I'ig. 5-7. Let the total length of the string be L. If we displace
the masses and allow them to vibrate in a plane, say vertically, we have
a set of coupled oscillators. The effect of gravity will be neglected. Sup-
pose that T'; is the tension in the string and that the displacements are
small compared with the distance d between particles. Let the vertical
displacements of the particles at any time be yy1, y2, ..., ¥n.

As in the two-dimensional oscillator discussed in Section 5-2, there
will be as many natural frequencies as there are mass particles. These
are given by

z_?_&[ iy M] _ i
Wn = g 1 €os 7 | 7 n=1,2,...,N). (5-128)

Similarly, the displacement of any one mass will be a linear function
of the displacements due to the N modes of oscillation. Hence we have

N
Y1 = E B, sin Zt—%ﬂ 08 (wnt -+ ¥n),

n=1

N
. nmwr
Yo = Z B, sin -I:—z c0s (wnt -+ ¥n),
n=1

(5-129)

N -
Yn = E B, sin -n-z%‘\— cos (wpt -+ ¥n),
n=1
where 2; = d/2, x5 = 3d/2, x3 = 5d/2,...,x, = (2N — 1)d/2. These
equations* show that the envelope of displacements for any given fre-

Fic. 5-7. Masses on a string.

* See Problem 5-19 for a derivation of Eqs. (5-128) and (5-129).
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quency w, is a sine curve. The amplitude factors B, are to be determined
from the initial conditions. They may be separated into two parts; scale
factors C, similar to the ¢, of Section 5-3, and amplitude ratio factors a,,
which are defined in the following paragraph.

In Section 5-4 we introduced normal coordinates &, &,, ... such that
the actual displacements were linear combinations of the &, and the
resultant scale factors were all unity. In an analogous fashion, we intro-
duce here £, &, ..., £y by the equations

al Lommry
Y = E an SIN 5= &,

n=1
N
P (7))
Y2 = Z : G SIN =5 n,
4
n=1

(5-130)

Il
™
8
P

=
gre

Y

where £, = cos (wal + ¥a).

Since the &, are normal coordinates, their cocfficients are to satisfy
orthogonality and normalizing conditions. This restricts the a,. These
conditions are

N

E Antlm S0 22 sin T (n = m),
i=1 L L
(5-131)
y . o MAX
Z a,2, s1n2 = =1 (n — m),
1=1 L

forn,m=1,2,...,N.

The first of these is the analog of Eq. (5-31) for N equal masses;
the second is equivalent to Eq. (5-32). The normalizing condition serves
to determine the a,. The proof of the orthogonality condition is left as a
problem for the reader.

Having found the values of a, from the normalizing conditions, we ob-
tain by Eqs. (5-130) the linear transformation from the normal coordi-
nates into the actual displacements. Associated with each normal
coordinate &, is a frequency w, given by Eq. (5-128). If we calculate the
potential energy of the system in terms of the normal coordinates, we find
V expressed as the sum of squares of the £,. This is in accord with the
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analysis in Section 5-4. The kinetic energy, too, will be expressed as the
sum of squares of the velocities £,. Each normal coordinate satisfies the
equation £, + w2f, = 0. The analysis is directly analogous to that
of the simple two-dimensional oscillator already discussed.

Let us use as an example two equal masses on the string. For N = 2
we have frequencies given by

2 _ 2Ty ( _ L') _ 2T _

w] = 1 cos N/ = , (5-132)
2 _ 2T, ( _ g_") _ 4Ty 5

wy = 1 cos 57 ) = (5-133)

The displacements are, by Eqs. (5-129) with B, = C,a,,

y1 = Cia, sin 1—'—- cos (wit + ¢1) + Caag sin %Z—r cos (wat -+ ¥2), (5-134)
3w L

y2 = C1a; sin == cos (wit + ¥1) + Caas sin T cos (wot + ¥2), (5-135)

4

and the velocities are

.171 = ——C’lalwl sin 14'5 sin (wlt + ‘l‘l) — CQasz sin 2’215 sin (wgt + ¢2),
(5-136)
, . 3r . v . Om .
Y2 = —Cia 1wy sin 4 sin (w1t + ¢1) — Caagws sin 3 sin (wat + ¥2).
(6-137)
By Egs. (6-131) we have for orthogonality and normalizing conditions,
aa sin"—rsingl-—l—a sin3—7rs'n§1£— 0
142 4 4 102 4 1 4 — Y

1,

. b . 3
af sin? <Z) -+ af sin? (—475)

2 .2 f2m 2 . 2 6_71')__
a3 sin <4>+a2s1n (4 = 1.

From the last two equations, a; = 1, as = (1/4/2). Hence, by Egs.
(5-130), the transformation from normal coordinates to displacement
coordinates is given by

y1 = 0.707(¢, + &), Yo = 0.707(¢; — &). (5-138)
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We observe from Igs. (5-138), or Lgs. (5-134) and (5-135), that if
the masses are vibrating with frequency w; only, the displacements are
equal, that is, the string and masses move up and down as a unit. If the
string is vibrating with the frequency w; only, the displacements y,
and y, are always numerically equal but opposite in direction.

To find the scale factors €, in Eqs. (5-134) and (5-133), we apply
the technique used in Section 5-3 when the initial displacements and
velocities are known. Suppose, for instance, that at ¢t = 0, y; = 2 em,
y2 = lem, ; = jj2 = 0. Then we have initially

2 = \()2 cosy; + S—% cos Yo,

b Vt o x(/zi o (5-139)
0= — (L—'/% sinyg, — E\_z/w_z sin ¥,

0= - (\1/_—1 siny, -+ (;2/%2 sin ¥

From the first two of Iigs. (5-139), upon multiplying each by a; = 1
or by a; = (1/4/2) and adding, we find

Cycosy; = i\/~ and Cycosyy = }/é
2 2
Likewise, from the second pair of [gs. (5-139), we have
Cisinyg; =0 and (ysinygs = 0

Solving these, we find

. B3V2 L V2
Y1r=0, ¥Y2=0, Ci=-—75- (C2=-5

so that the displacements are

Y1 = 3 cos wyt + % cos wat,
Yo = 3 cos wit — % cos wal.
If a periodic driving force were applied to one or both of the masses,

the resulting analysis would follow exactly that discussed in Section 5-6
for the two-dimensional oscillator.
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The transition from the weighted string to a continuous mass distribu-
tion may be considered as a limiting process in which we allow N to be-
come indefinitely large, d to approach zero, and the mass particle m
to decrease in such a way that m/d approaches u, the mass per unit length
of string. Equation (5-128) yields for the frequencies, as N — oo,

2 2T1| _ ( _ n21r2 d2 )} _& ﬁ?ﬁ
W = 1 57 -+ higher order terms L2

or
on = T N/T\ /. (5-140)

The energy of the continuous mass distribution may be found in the
following way. Consider the string to be deformed as shown, exaggerated,
in Fig. 5-8. The net force on the mass particle at 1, for instance, is
T(sin 8, — sin 8;), where 7'y is the tension in the cord. If the angles
are small, this will be T'y(tan 8, — tan ;) or

T
- ‘a'l' 2y, — (y2 — Yyl

Forces on the other particles may be found in a similar way. Since they
are proportional to the relative displacements, the potential energy of
each mass will be proportional to the square of the displacement. Hence

T, 2J1 (2 — y)? (ys — y2)° 2‘1/_12!}
V=5le* @ t a4 totTal

(5-141)

As N — w0 and d — 0, each fraction (y,+1 — y.)/d approaches dy/dx
at the point concerned. The sum then becomes an integral

L
_ Iy / (92)2
v="3) (%) an G

In a similar way, the kinetic
energy for the N particles,

1 N
T=g2mh G149

/2 d d becomes

L
tiol:llc. 5-8. Detalil of string deforma- . / 112 dr.  (5-144)
. 2 Jo
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Then the expressions for the displacements, Egs. (5-129), are
y(x,t) = E B, sin 2% cos wpl, (5-145)
n=1

where we have arbitrarily set ¥, = 0. Now suppose we separate B, into
a part C,, to be found from the initial conditions and a part a,, as in Egs.
(5-130), and introduce normal coordinates £, by writing

y(z,b) = E an sin “T° .

n=1

The normalizing condition, Egs. (5-131), is

L
. g NAX
/ alsin® == dr = 1,
0

L
so that
an = V2/L
and
y(x,§) = Z \/2/L sin za{_x £ (5-146)
n=1

With this expression for y(x, ), we are in a position to carry Egs. (5-142)
and (5-144) further. We have

% _ n;l \/2/L-%r-cos ﬁ? £,

and hence

V= %lfo {Z \/Z/L T E,.cos dx

n=1

We assume that the order of the operations of integration and sum-
mation may be reversed. Then, when the integration is performed, all
integrals involving cos (nmx/L) cos (mmx/L) (n # m) will vanish by virtue
of orthogonality conditions analogous to Egs. (5-131). There remains

(3 2.2
V=TLAZ{QZ’;_5;{/ s? BT }—-TIZ 25,, (5-147)
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because

L
2 ML .__Ii.
/(; cos” — dx——2

Substituting in Kq. (5-144) for j, we have
L. 9
T = g/o |Z V/2/L sin p—}j—x £ dr,
n=1
which, upon simplification, becomes

T =

¢

[ 1R S

i & (5-148)
n=1

Both V and 7T are sums of squares in the normal coordinates and
velocities respectively. Lagrange’s equations are easily formed from
Bgs. (5-147) and (5-148). We find

. 2 27v
£, -+ n_;ll;rl £ =0, n=12...), (5-149)

so that the angular frequency of the nth normal mode is w, = (nw/L)N/T1/p
in accord with Eq. (5-140).

We shall not discuss in detail the forced motion of the continuous string.
The theory is analogous to the theory of motion for several particles.
If ®, is the gencralized force corresponding to the nth normal coordinate,
we append it to the appropriate 18q. (5-149) and obtain a particular
solution for £,. The various ®, must be so chosen that the work done by
them equals the work done by the actual applied forces in the actual dis-
placements.

To illustrate, let f(x,f) be an external force per unit length of string
at any time. Then the work done in a vertical displacement dy at point
x will be f(rt)dxdy for an element of the string. But dy =
\V2/L sin (nwx/L) d¢, for the mth normal coordinate. Hence for the
whole string we will have

L
&, dt, = df, / V2/L f(a,t) sin ﬁzi dr,
0

from which the value of
L

&, = V2/L fla,t) sin '—"}l du. (5-150)
0 4
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As an illustration, suppose f(x,t) = F sin wt. Then

dy

L
®,(t) = FV2/L sin wt/ sin n}rx
0 4

= !’—g V2/L (1 — cos nrr) sin wt

= 2L V2/L sin wt (n odd)

=0 (n even).
Hence for n odd, we seck a particular solution of the equation

En + wlt, = %P-IL \/2/L sin wt.

We find

2LFV2/L

pnﬂ'(w2 ) sin wt (n odd).

fnp =

Hence, by liq. (5-146), the particular solution is

yo(f) — Z"’: 4F sin wt sin [(nwx) /L] (n odd).

2 2
=~ (w2 w)nw

In conclusion, we consider the motion of the continuous string subject
to certain initial conditions. By combining Eqs. (6-145), (5-146), and
the solution of the fundamental iq. (5-149), we may write

y(xt) = E C.V2/L sin Zl%% cos (wut + ¥n). (5-151)
n=1

Here €, are the scale factors and ¢, are the phase angles that must be
determined by applying the initial conditions.

Suppose at ¢ = 0 that y(r,0) = ¢(x) and H(x,0) = 0, that is, the
string is released from rest. Then from Eq. (5-151),

y(z,0) = Z C.N2/L sin % cos ¥ = (1), (5-152)
n=1
and, by differentiation with respect to the time,
y(x,0) = Z C.V2/L w, sin 7 in Yo = 0. (5-153)

n=1
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Equation (5-153) is satisfied only if ¥, = 0 or some integral multiple
of m. We choose the former.

With ¢, = 0, we multiply through Eq. (5-152) by sin (mmx/L) dx
and integrate the resulting series term by term from 0 to L. We have

L L
¢(x) sin L’%rf dr = ; C,,\/‘-Z—/—LL sin 7% sin m—;:& dx.
But
L ‘
/0 sinn—Z—x—sinﬂgid.vzo ifm # n
= g if m = n.

Hence all terms in the summation vanish except that for which m = n.
We are left with

L
C, = V2/L / ¢(x) sin p%r.g dr.
0 g

We have employed here the standard method for obtaining the coefficients
of a Fourier series representation of the function ¢(r).*

Having found the C, appropriate to a specific function ¢(x), the dis-
placement is given by Eq. (5-151). It should be emphasized once more
that we have carried over to the continuous string the same analysis
as that used in earlier sections for a discrete system of masses. The
continuous string problem may be solved equally well by establishing
the partial differential equation representing the motion together with
the boundary conditions, and separating the variables in a well-known
way. We have attempted here to emphasize the extension of the analysis
of coupled lumped mass systems and normal coordinates to the con-
tinuously distributed mass system.

* The reader will find details in any book on advanced calculus, such as
W. Kaplan, .1dvanced Calculus. Reading, Massachusetts: Addison-Wesley Pub-
lishing Company, Inc., 1952, pp. 388 ff.
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PRroBLEMS

5-1. A mass m hangs on the end of a spring whose spring constant is k£ and
whose mass per unit length is u. The natural length of the spring is . Each
point of the spring oscillates vertically by an amount proportional to the dis-
tance of the point below the fixed support. (a) Find the kinetic energy of the
system, including the mass of the spring. (b) Write the Lagrangian equation of
motion, solve it, and show that the period of oscillation is P = 27/ (@m -+ ul)/3%.
(Section 5-1)

5-2. A bar of weight T rests on top of two wheels whose centers are a dis-
tance 2! apart and which are driven with constant angular velocities, «, equal
but in opposite dircctions, as shown in Fig. 5-9. The coeflicient of friction
between wheel and plank is . The bar is set in motion from equilibrium by a
slight push with initial velocity »vg. Write the differential equation for its sub-
sequent motion and solve it. (Scction 5-1)

[ ]

NN |

W

Ficure 5-9 Ficure 5-10

5-3. A uniform bar 8 ft long rests on confined vertical springs, as shown in
Fig. 5-10. The bar weighs 4 1b/ft, and the moment of inertia with respect to a
perpendicular axis through its center is (16/3)m, where m is its mass. The spring
constants are k; = 16 lb/ft and ke = 4 1b/ft. If the left end of the bar is de-
pressed slightly and released from rest, (a) write the differential equations of
motion, and (b) find the frequencies of the resulting oscillations. (Sections
5-1 and 5-2)

5-4. Three disks are mounted on an clastic horizontal shaft at equal inter-
vals, as shown in Fig. 5-11. The torsional stiffness (equivalent to spring con-
stants) between disks is k. Two disks have moments of inertia I and the other
21. The left end of the shaft is held rigid. (a) Write the Lagrangian equations
of motion for the system, and (b) find the approximate frequencies of oscilla-
tion. (¢) Solve the equations of motion with the initial conditions that the

Figure 5-11
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right-hand disk is turned 6y, the others are fixed, and the system is released
from rest. (d) Discuss the principal modes of oscillation. (e¢) Find the ampli-
tude ratio factors, a,,, and verify the orthogonality relation between them.
(Section 5-3)

5-5. A double oscillator, shown in Fig. 5-12, is driven by a force
F = Fosinwt applicd at the upper mass. The constants of the system are:
my = 9/g, me = 10/g, k1 = 216 1b/ft, ke = 1801b/ft. Mecasure the co-
ordinates ¢; and g2 from cquilibrium and downward.

(a) Obtain by Lagrange’s method the equations of motion for m; and mo.

(b) Find the natural frequencies of free vibration of the system.

(¢) Write the amplitude ratios for the modes of free vibration and find the
numerical values of a,; by use of equations similar to Eqs. (5-31) and (5-32).

(d) Express the values of g1 and g2 in terms of normal coordinates.

(e) Verify that T and V become sums of squares of normal velocities and
coordinates respectively.

(f) Solve for the steady-state forced oscillation of the system under the
driving forece F' = Fysmwt. (Sections 5-1 through 5- 6)

m=, 3
I
A |
|
|

n m = " —
|
b i
I
\ i

my |---9- mo=, 1
|
A I

92 V. 7, 00

Figune 5-12 Freure 5-13

5-6. Three masses, §, 1, 4, are mounted on a vertieal stiff rod, as shown in
Fig. 5-13. The stiffness coefficient between masses is k. Choose lateral dis-
placements qi1, g2, q3, which are positive as indicated in the figure.

(a) Show that the potential energy of the system is V = %k12qf -+ 2(1§ -+
qg — 2q192 — 2q2q3}, and with T' = %‘%lﬁ ~}- gqg -+ ;}q‘;}, write the equations
of motion for the system.

(b) Find the natural frequencies of vibration in terms of k.

(¢) Compute the ratio of amplitudes and show the relative positions of
the masses for each mode of vibration.

(d) Find the coefficients a,; and wiite the equations for gy, g2, ¢3 in terms
of normal coordinates.
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(e) If initially q1 = 2, g2 = 2, ¢3 = 0, and ¢ = §2 = ¢3 = 0, express
subsequent values for q1, g2, ¢3 in terms of the time.

(f) If, instead of conditions (e), the masses arce initially on a vertical line
and at rest, and the base of the rod is given the lateral displacement Qo sin wt,
express the subsequent qp, g2, and ¢3 as functions of the time. (Sections 5-1
through 5-6)

5-7. Show that the total energy of a system of 3 degrees of freedom, oscillat-
ing about its equilibrium configuration, is equal to the sum of the energies of
its principal modes of oscillation. (Section 5-1)

5-8. Show that the time average of the kinetic energy of a principal mode of
oscillation is equal to the average potential energy when the averages are
taken over a long interval of time. (Section 5-1)

. Pivot

Damper - ;/

N 77 70
Figure 5-14

5-9. A mass m is suspended from a pivot on a disk as shown i Fig. 5-14.
The disk, in a vertical plane, 1s free to rotate about its axis but is 1estrained
by two springs. Attached to the mass is a damper which resists the motion
with a force —f¢, where ¢ is the displacement of the mass from cquilibrium.
The moment of inertia of the disk is I. (a) Write the expressions for the kinetic
and potential encrgies and the dissipation function on the assumption that the
displacements and velocities are small.  (b) Set up the Lagrangian equation
of motion for m and solve it under the initial conditions: ¢ = qo, ¢ = 0 at
t = 0. (¢) Distinguish among the three cases that may arise depending on the
value of f. (Section 5-7)

5-10. The masses used as an illustration in Scection 5-2 (Fig. 5-1) are coupled
together through a damper as shown in Fig. 5-15. The left-hand mass is driven
with a force ¢ = qo cos wt. Displacements from equilibrium are qp and g2.

(a) Write the kinetic energy, the potential energy, and the dissipation func-
tion for the system under the assumption that the frictional force is propor-
tional to the difference in velocity between the two masses.

(b) Set up the equations of motion for ¢; and g2, write the characteristic
equation, and solve it for the frequencies of free vibration. How do these com-
pare with those of the undamped motion in Section 5-2?
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Ficure 5-15

(¢) Find the steady-state motion of the system under the driving force
qo cos wt. (Section 5-7)

5-11. Three masses are connected by springs, as shown in Fig. 5-16, with
dampers of coefficient f between them.

(a) Set up the values of T, V, and D for this system, and write the equations
of motion.

(b) Using solutions of the form ¢; = .1e, g2 = BeM, g3 = CeM, write the
characteristic equation of the system.

(c) Show that the characteristic equation can be written in the form
mA2(mA2 + X + k)(mA2 + 3f\ -+ 3k) = 0. If this system is to have non-
oscillatory motion, the discrimmant of cach of the last two quadratic factors
must be 2 0. Show that f > 2v/mk will satisfy the condition for critical damp-
ing, that is, nonoscillatory motion. (Section 5-7)

k k
m PP m m
[ S
LB L
f f
| e e [ e
3l q2 q3

FIiGUure 5-16

5-12. An automobile on shock absorbers and rubber tires can be repre-
sented schematically as in Fig. 5-17. The mass m; represents the body; the
mass mg represents the axles, transmission, and so forth. The shock absorbers
have a damping coefficient fi and the tires a cocfficient fo. Assuming coordi-
nates q1 and g2, measured from equilibrium, write the Lagrangian function
and Lagrange’s equations for the system. (Section 5-7)

5-13. Four equal masses are mounted at the ends of a perpendicular cross
of rods as shown in Fig. 5-18. The masses of the rods are negligible compared
with the masses on their ends. The cross rests on a frictionless pivot at O and
is rotating about OP with constant angular velocity w. The axis OP is per-
pendicular to the plane of the cross. As the cross rotates, its axis is displaced
slightly through an angle  from the vertical. Discuss the motion of the system
and particularly its stability. (Section 5-8)
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5-14. A wheel of weight 1" whose axial moment of inertia is I3 and whose
moment of inertia about any axis in its plane is I is mounted in a spring suspen-
sion as shown in Fig. 5-19. Its axis is free to pivot about the lower end. The
wheel is rotating with constant angular velocity w about 1ts axis. If the upper
support is displaced slightly from its equilibrium position, write the differential
equations, by the Lagrangian method, for the ensuing motion. Discuss the
stability of the system. (Section 5-8)

5-15. Discuss the stability or instability of the systems whose characteristic
equations are:  (a) A%+ 3A* 4 8A3 + 14A% + 3N+ 2 = 0; (b) A — 224
5 =0;(c) M-+ 4N+ 82+ 32 =0;(d) 33 4 5N2 4 1IN+ 12 = 0.
(Section 5-8)
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5-16. The equations that define the rotational motion of an airplane about
a horizontal axis through its center of gravity perpendicular to its longitudinal

axis are
4% ( d¢>
s B \g Tt
e dé
iz = Bt e — Yo

where a and Y are positive constants, ¢ is a time parameter, and 8 is a constant
which is to be chosen so that the motion is stable. (a) Show that the character-
istic equation of the system is A 4 (o -+ VA3 4+ (2-F 8 + a¥V)AZ 4 2\ +
28 = 0, and (b) find the value of 8 which will insure stability of the system.
(Section 5-8)

5-17. A particle of mass m and charge ¢ moves in a uniform electric field E
and magnetic field H. Its equation of motion is mf = ¢E -+ ev X H, where r
is the position veetor of the particle. Taking the z-axis to be parallel to H,
(a) show that the cartesiun equations of motion are: mi = ek, - elly;
mj = ell, — ellir; mé = elf.. (b) Discuss the stability of its motion if the
particle is disturbed from its path shghtly so that x = xo -+ q1, ¥ = yo + o2,
z = 20 -+ g3, where ¢y, g2, g3 are small. (Seetion 5-8)

5-18. Prove Eq. (5-131), the orthogonality relation, by using the trigono-
metrical identities of the form cos .1 — cos B = —2sin 1/2(.1 + B) sin
1/2(.1 — B). (Scction 5-9)

5-19. Consider N masses on a string of length L, as shown in Fig. 5-7. Neg-
leet the action of gravity on the system and consider only the tension T in the
string to act upon cach mass. (a) f T = $m>_ o1 §5 and V = (T1/2d){2y% +
(y2 — y)*+. . .+ 2.:/",4\,}, write the equations of motion for the mass
particles.  (b) Choose y, = Ce®t () = 1,2,..., N) as a solution for each
mass, and substitute in the equations of motion to obtain the equations to be
satisfied by the C,. This set of equations could be solved only if the determinant
of the coefficients vanishes, as we have already seen, but this involves finding
the roots of a characteristic equation of high degree.  Another way is to let
C, = ¢’ or ¢7¥* and so determine k that the equations will be satisfied and
the string displacement at the ends will be zero. (¢) Perform this substitution
and show that all cquations except the first and last become (T;/d)(e* +
e %) + [mw? — (2T1/d)] = 0, and hence mw? = (2T1/d)(1 — cos k). For
the first equation we may write

27
—_a+0w—790+—@=
This equation falls into the pattern of the others if we set —Cp = Cp in the
first term, where Co is the hypothetical amplitude of a mass at © = —4d.
In a similar way,
T, 27T, T

-d——C\_l ~l—<mw ~—7—>C\ -—l~—C’\ =0
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falls into line if we postulate —Cy = Cy+1 in the last term, where Cy+ is
a fictitious displacement at x = $(2N -+ 1) d. This is similar to the condition
for an indefinitely long string where we hold stationary the midpoint of the
string between two masses. This restriction, that at = 0 and x = L the
value of y must be zero, implies that our quantities €, must take the form
sin k(j — 1/2), which obviously vanishes at j = 1/2 and will vanish at
j =N+ 1/2:f kN = nm, where n is an integer. Thus k = (nx/N), and
for each integer n we have a frequency w,. The number n can vary from 1 to N.
(d) Show that this leads to a solution for the y, as given in Eq. (5-129) and to
the frequency relation, Eq. (5-128). (Section 5-9)

5-20. Four unit masses are placed on a string at distances 12.5 em, 37.5 em,
62.5 cm, 87.5 cm from the left end. The string is of negligible mass and is
100 cm long. It is pulled with a tension T; = 10°dynes. (1) Find the fre-
quencies of oscillation of the system. (b) Find the numerical cocfficients a,
that are necessary to express the displacements in terms of normal coordinates.
(¢) Prove the orthogonality of the a,. (d) Write the potential energy in terms
of the normal coordinates, and from it check the frequencies already found.
(Section 5-9)

5-21. A string 100 em long has a mass of 0.04 gm/cm and is pulled with a
tension of 10% dynes. At ¢ = 0 the conter of the string is displaced 5 em and
released from rest.  (a) Solve for the displacement y(x,t). (b) State the fre-
quencies of vibration for the string and show their harmonic relationship.
(¢) Compare the first four frequencies with the four frequencies of the weighted
string in Problem 5-20. (Scction 5-9)



CHAPTER 6
HAMILTON’S EQUATIONS AND PHASE SPACE

The formulation of dynamical problems in terms of Lagrange’s equa-
tions has been shown to be elegant and straightforward. There is, how-
ever, another mathematical description that sometimes yields more in-
sight into the behavior of complex systems. This is the Hamiltonian
formulation in which momenta as well as coordinates, in the generalized
sense, are emphasized. In this chapter we shall treat briefly the Hamil-
tonian equations of motion which are particularly useful in statistical
mechanics and in the study of nonlinear oscillations. These lead naturally
to a consideration of phase space which is helpful in the analysis of non-
linear problems in dynamics.

6-1 Hamilton’s equations. ILet the mechanical system be represented
at any instant by the m generalized coordinates qx(k = 1,2,...,m),
and let its Lagrangian function contain the time explicitly. Then

L = L(qk; qk; t) (k = 17 2; <y m)y (6_1)

and we define the generalized, or conjugate, momentum py associated with

the coordinate ¢, to be
aL
Pr = a0 k=1,2,...,m). (6-2)

dk
It is apparent that, since the coordinates gx may be lengths, angles, or of
other dimensions, the p; need not have dimensions MLT™!. On the
assumption that the potential energy does not contain terms in the
velocities, we also note that (3L/d¢x) = (8T /d¢x).

By Eq. (2-45) the kinetic energy is a quadratic form in the generalized

velocities, namely
m m
2 2 ardsn,
J==1 k=1

where the a,, depend upon the coordinates and possibly on the time.
Therefore,

T =

DO =

Pr = Z aak‘L (k = 1’ 2) L) m)y (6—3)

=1

a linear form in the velocities. These m equations may be solved for
the ¢x in terms of the momenta, py.
204
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For example, in the double pendulum problem discussed in Section 2-6,
the momenta are

P = (ml + mz)lf(?, + m2l1l2 Ccos (01 — 02)02,
P2 = malilz cos (8, — 62)8; + mol3hy,
and these yield

b, — lopy — i cos (8; — 602)ps ’
1T Blymy + mesin? (6, — 65)]

—myly cos (81 — 02)p1 + (my + ma)lipe
molil3[m, + my sin2 (6; — 6,)]

b =

In further discussion of the Hamiltonian formulation of dynamical prob-
lems, we shall assume that the velocities can be so found explicitly in
terms of the momenta. It is shown in more advanced treatises that the
transformation from the ¢, to the py is always possible.*

In the place of the Lagrangian function, Hamilton introduced a related
quantity, now called the Hamiltonian, by the definition

H = Z DrGe — L. (6-4)
=1

Since L is a function of gk, ¢, and ¢, and since the m equations defining
the pr can be solved explicitly for the ¢ in terms of the pg, qi, and ¢, H
can be expressed as a function of the pg, ¢x, and ¢.

Assume for the moment that I. is a function only of the ¢; and the
gr; that is, L is independent of the time, and the potential energy V is
not velocity dependent. Then from ¥Eq. (6-4)

S . o 2\ oL m oL .
dH = Z Dk ddk + E gr dpx — Z — dgx — ~dgr.  (6-5)
k=1 k=1 k=1 gk k=1 Oqy

But, by the definition of py, the first and last terms of Eq. (6-5) disappear,
and we observe that, since H is a function of the p; and gy,

oH _ . ) ) _
5]7,‘-—— Qk,y 5{]—;— aqk—— Pk (k— ],2,...,m). (6—6)

The last of Eqs. (6-6) follows from Lagrange’s equation for .

* See, for example, W. D. MacMillan, Theoretical Mechanics— Dynamics
of Rigid Bodies. New York: McGraw-Hill Book Company, 1936, pp. 358 ff.
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Equations (6-6) are the canonical Hamiltonian equations of motion.
Note that there are two equations for each degree of freedom. They are
first order differential equations, whereas the Lagrangian ones were
second order equations. Note, also, the symmetry in this formulation.

If H does contain the time explicitly, that is,

H(pr, g ) = D, pre — Llqi, G, 0, (6-7)
k=1

Eq. (6-5) becomes

dH = ZPdek+Zdepk~an (]k_z dk—-—-—dt

k=1
o~ OH o dH oH
— —d -— dt,
E EPR qk+;apk Plc+at
and we see that

ol . ol L, , oH oL
T — (]k’ —_— = . m—— = Ap,” = e (6"8)
Pk

gk aqy at at
The inclusion of ¢ as an explicit independent variable simply adds the
last of Iiqs. (6-8) to the Hamiltonian equations, (6--6).

The nature of the function H, and in particular its physical significance
when the time is not an explicit variable, is readily demonstrated. Since
H = H(px, qx, t), we have

. GH 6H
Z 6Pk Pe -+ E 3(1k ’

and, by Iigs. (6-8), the first and second terms in this expression vanish.
We are left with

dH  8H oL

so that, if H is independent of ¢ explicitly, H = constant.

Now T is a homogeneous quadratic function of the velocities ¢x, and
no velocity dependent potentials are present. Hence, by Iuler’s theorem
on homogencous functions, we have
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But, under the conditions stated, (37/d¢x) = (8./3¢x) = pr. Hence

m
27 = D prd,
k=1
and

m
H=Y ppn —L=2T- (T —V)="T-+ V=18 (6-10)

k=1

the total energy of the system expressed in terms of coordinates and
momenta.

6-2 An example: electron in motion. .As an illustration of the Hamil-
tonian formulation, consider an electron of charge -¢ moving in the
field of a nucleus of charge Ze, where 7 is the atomic number. We choose
for generalized coordinates the usual spherical coordinates r, 8, ¢, as
shown in Ilig. 6-1. Let the mass of the electron be m. Then

z
T = %m[i-2 -}- * sin® 9 (132 - T202],
. /(' :
Vo— et (6-11)
L — T — V.
-— -y Hence
pr = mi,

P = mr? sin? 6 &,

Fia. 6-1. Coordinate system for the — mr2d
electron. Py =
The Hamiltonian function by definition 1s
1 p3 po Ze?
= o - _— 6-12
H om P F r3 sin26 r (6-12)
Applying Eqgs. (6-6), we have
o PhowZ D
Pr= s sinz2 @ ' mr3 r? m
- ;. Ps 1
ps =0, ® = 2 singg (6-13)
p?_gos 0 g — Po_.

g = ! 5
P mr? sin3 @ mr?
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These are the Hamiltonian equations of motion of the system. We might
readily have written the expressions for #, 6, ¢ directly from the defini-
tions of p,, ps, Ps since the coordinate system is orthogonal and hence I
contains no cross-product terms in the momenta.

That these equations reduce to the Lagrangian equations of motion
may be shown readily. We observe that p, = 0, and hence p, is constant
in time. Call it ¢. Then ¢ = ¢/(mr?sin? ), and from the first pair of
Eqgs. (6-13) we have

" 2 3 .2 s | Zé?
mi — ¢”/mr® sin® § — mré* + = 0. (6-14)
From the last pair we have
% (mr?6) = ¢? cos 8/mr® sin® 6. (6-15)

Equations (6-14) and (6-15) do not involve ¢ in any way. Hence we
conclude that the motion takes place in a plane. This we would expect
since we are dealing with central force motion. If we arbitrarily choose
this plane to be ¢ = 0, then ¢ = 0, ¢ = 0, and we have the familiar
equations for plane motion,

ry 2
mi — mrd® + % — 0, (;—lt (mr6) = 0. (6-16)

The results of this analysis are identical with those of Section 3-1.

The Hamiltonian description of a system is of no particular advantage
in actually solving for the ¢, as functions of the time. Its value lies in
exhibiting clearly and simultaneously the behavior of the momenta as
well as thgscoordinates.

6~y Ignorable or cyclic coordinates. Consider a dynamical system
repfesentable by the coordinates ¢, ¢z, - . ., ¢, and assume that the La-
grangian is independent of the time. If one or more of the coordinates ¢
does not appear in the Lagrangian, the coordinate is called cyclic or ig-
norable. The velocity corresponding to the cyclic coordinate, however,
remains in L.

Reference to Eqs. (6-6) shows that in this case (0L/dqx) = pr = 0,
and hence the corresponding momentum is a constant. lfurthermore, by
the same equations (dH /dqx) = 0, and ¢, does not appear in the Hamil-
tonian.

Suppose q1, gz, - . -, ¢ (r < m) are cyclic coordinates and are, there-
fore, absent from the Hamiltonian. Let the corresponding constant mo-
menta be a;, ay, ..., a,. Then the Hamiltonian is

H(pr+1; Pr42y -« oy P Qra1y Qr42y « -y @y A1, 02y o oy ar).
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There thus remain m — r coordinates and momenta, and the problem is
essentially one with m — r degrees of freedom. Hamiltonian equations
corresponding to each of the m — r degrees of freedom may be obtained
while ignoring the r cyclic coordinates. Then q,, qo, . . ., g- can be found
from the equations

w=2 =120, (6-17)
which are the Hamiltonian equations corresponding to the constant
momenta.

In the electron problem described in Section 6-2, the coordinate ¢
does not appear in the Hamiltonian, Eq. (6-12). Consequently we ob-
serve that ps = 0 in Eqgs. (6-13). The coordinate ¢ is therefore cyclic.
We note further that

oH De

dps  mrZsinzg’
which corresponds to Eq. (6-17) with p, as the constant momentum.
Routh has devised a procedure that combines the Lagrangian and the
Hamiltonian formulations and which is useful particularly in treating
problems in oscillatory motion. Suppose qq, gz, ..., g, are cyclic co-
ordinates and, hence, are absent from the Lagrangian. Let p; = e,
P2 = ag, ..., Pr = a, be the corresponding conjugate momenta. Then
we define a new function, called the Routhian, by

— 2 adk. (6-18)
“— k=1
By means of the relations .
oL ™~
@=pk=ak (1621,2,.. ,7‘),

we can find the ¢, for the ignorable coordinates in terms of the o) and the
remaining coordinates and velocities. Hence we may write

R(Gri1, Gra2y o -y G Gty rg2y - ooy Gmy @1y @2y .oy @) (6-19)

Now, from Eq. (6-18),

Z aqk qu + Z a(Jk qu

k=r+1 k=r+1

-+ Z i, Qe — Z oy djy — Z G dow,  (6-20)

k—l k=1
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and, from Eq. (6-19),

m aR m ()R r aR
dR = — dqr + — dg -+ -— day. (6-21)
k=¥+1 9k k«:zr;l 9k kz:'n dag
Comparison of corresponding terms in Iqgs. (6 20) and (6-21) yields

oR _ AL

= o p=r- 2. o
dqr I ( rob 2 , m), (6-22)
IR ol

T A o= - 42, _o:
G Gy, (I T l’ rtz2 y m); (6 25)
o= — g(g (k= 1,2,...,7). (6-29)

Hence the Lagrangian equations of motion become

d ak) aR

—— - ) — — = = 1'2 . —-25
i <3(]k o 0 (K rof- L 2 , m) (6-25)
Using the Routhian in place of the Lagrangian, we have essentially a
problem in m -- r degrees of freedom. Having solved this problem in
the usual way, we may then find the coordinates which have been ignored

by solving Iq. (6-24). That is,

R . >
= / et dt k=1,2,...,7). (6- 26)
The process deseribed here is sometimes called the ignoration of coordinates.

Two examples will serve to illustrate Routh’s procedure.

ExampLE 1. In the electron problem discussed in Section 6-2, ¢ is an
ignorable coordinate, and hence
2

R = gm0 1 sin® 047 Zf— —ap, (627
where
oL 22 .
@ =53 = mre sin® 6 é. (6-28)

Eliminating ¢ from Eq. (6 -27) by means of Eq. (6-28), we have

2 7 2
m[r’"" Rl e— ] ze,

R = S
m2r2 sin2 @ r
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which we observe is a function of r, 6, 7, # and «. The problem has been
reduced to one of two degrees of freedom.
Applying Eq. (6-25), we find

S o’ Ze?
mi = mrb® — et = O
(6-29)
d 2 a? cos 0
dt (mr76) — mr2sin3 0

Since a is a constant, fixed by the initial conditions, let us set it arbi-
trarily equal to zero. Then Eqs. (6-29) are identical with 15q. (6-16).
The third coordinate, ¢, may be obtained from

¢
o dt

=2 G-
¢ m Ji 28102 0 (6-30)

when 7 and 8 have been found as functions of ¢ from Eqs. (6-29). Of

course, when « has been arbitrarily set at zero, ¢ vanishes also.

IxampLe 2. In Section 5-7, Example 2, we considered the gyroscopice
forces acting on a rapidly spinning top whose axis was nearly vertical.
Let us use the Routhian procedure to obtain similar results. There we
found the equations of motion

i=d% — By, §= oyt B (6-31)
where
2 mg_l Ly

and x and y are small displacements of the center of gravity of the top
in a plane perpendicular to the vertical.
Here,

L = 3[1(62 -+ ¢2sin6) + I3(y + ¢ cos 8)2] — mgl cos 6, (6-32)

and we note that there are two ignorable coordinates, ¢ and ¢. Since
we are interested in the two-dimensional motion of the center of gravity,
we shall ignore only the ¢. The Routhian, therefore, is

R = IJ - LW ¢,
where the constant
oL

Ly = YV I3(4 + ¢ cos 6).
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This plays the part of the o in Eq. (6-18). We find

16% I<i>2 sin? 0 + Ly cos § — mglcos § — = L"'~ (6-33)

k= 271,

N —

As in the previous discussion of this problem, let the projection of the
center of gravity on the xy-plane be given by

X = lsin @sin ¢, y = —Isin 8 cos ¢.

Then, retaining only terms to the second order in z, y, &, and g, we find

.2 .2
62 + ¢%sin? 9 = x—?;—y—,
heos 0 = — o3 (2 — i)
$eos b = — 55 (zj — yi),
cos =1 — 2l2($ + %),
so that
I . ,
R =55 @+ — 2“ L — yd) + g L (@® + %) + constant.
(6-34)
Hence
R I, L, R Ly . @ mg
- ettat G T oawltT
(6-35)
Ok _ 1, Ly R _ Ly ., mg
5y BV oY TtttV
The equations of motion are
1(@1)_@_@_0 i(éﬁ)Jﬁ_o
dt \oi dx — ' dt \dy ay
or
" _mgl Ly, mgl
x+ Ix—O, i 72 IJ——O (6-36)

These are identical with Eqs. (6-31). By comparing the Routhian,
Eq. (6-34), with the Lagrangian formed from Egs. (5-104) and (5-105),
the reader will note the simplification in form that results when the
former is used.
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6—4 Phase space. Ior each degree of freedom of the mechanical system
there are now two quantities that assume independent roles, the ¢; and
the p;. Imagine a space of 2m dimensions in which py, pa, ..., Pm,
q1, g2, - - -, Qm are the “coordinates” associated with a point called the
representative point. As the g and the pi change in physical space with
the time, the representative point moves in this 2m dimensional phase
space.

The simple pendulum will serve to illustrate the concept of phase space.
We may write, for small angular deflections, L = #mi%§% — 3mgl6®
and ps = mi®d. Hence

2 2
I A
H=g Bt 5mg= %

since the system is conservative. Here py and 6 are the coordinates in
phase space. Figure 6-2 illustrates the simple two-dimensional space in
this instance. Tor a given E, fixed by the initial circumstances of the
motion, the representative point P is restricted to move on an ellipse,
as shown in the figure. At any instant the velocity of the representative

) point in phase space is given by the
- P, ps) Canonical equations
\N2mEL
\lz\ﬁ/"lgl\ 0 o = — O _ —mgll
po - EY) - g 3
\ (6-37)
_ oH .
T 3pe  mi?

Fic. 6-2. Phase space for the
simple pendulum. The differential equation of the
representative curve in the two-
dimensional phase space is given by the ratio ps/8 obtained from Egs.
(6-37). In general,

dp _  (8H/dq) \
i = (H/ap) (6-38)

where we make the assumption that the partial derivatives do not vanish
simultaneously. In the case of the problem just discussed,

dps _ _ _mglo
8 = " Gpo/mi)’ (6-39)
so that, by integration,
2 2
P ml g (6-40)

2ml2? 2
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which is the equation of an ellipse. This idea may be extended to the
general case where p and ¢ are functions of both p and ¢q. The two-
dimensional phase space is commonly referred to as the phase plane.

As a second example, consider the phase space for the electron motion
discussed in Section 6-2. We would expect a six-dimensional space, but
due to the fact that the motion takes place in a plane and that in this
plane the angular momentum ps is constant, we need use only three di-
mensions, p,, r, 8. Ior this system

2 2 7%
P P e ~
=545 =1L (6-41)

Suppose F is fixed by the initial conditions of motion. Then Iq. (6-41)
represents a cylindrical surface in the phase space illustrated in Iig.
6-3. Solving for p,, we have

pr = £V2m{E + (Ze2/r) — (p3/2mr?)], (6-42)

which implies that the surface H = constant is symmetrical with respect
to the (r,6) plane.

As the electron moves in its orbit about the nucleus, the representative
point in phase space moves on the surface. Its path will be a spiral since
6 increases by 2w radians for each complete cycle in ». Its velocity in the
6 direction varies with 7, however, since § = (ps/mr?) and py is constant.

For the purely inverse square force considered here, the successive
portions of the spiral in which 6 varies by 2 radians are identical. Hence
each successive segment may be superposed on the portion having § = 0
to 2m, and only one curve results. In this instance the representative
point moves in a one-dimensional region in the three-dimensional phase
space.

On the other hand, if there is a precessional drift in the physical orbit
due to some perturbing force, successive portions of the spiral will not
coincide if superposed. In this case the sections of spiral, when collapsed
onto the region § = 0 to 2w, fill the surface uniformly densely, and the

14

Fic. 6-3. Phase space for electron motion.
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representative point moves in a two-dimensional region in the three-
dimensional phase space.

In case the phase space is multidimensional, it is convenient to use
partial phase space diagrams. Ior example, we might plot p, against r
and pe against 6 in the preceding example. Diagrams of this kind assist
in understanding the behavior of a complex system. In many applications
where linear momenta are involved and the moving mass remains con-
stant, the phase space (or phase plane in two dimensions) is deseribed by
the coordinates ¢ (velocity) and ¢ (displacement).

6-5 Liouville’s theorem. An important property of the 2m-dimensional
phase space for statistical physical applications is desceribed by Liouville’s
theorem. In the previous section we have shown that the motion of a
pendulum, a system with one degree of freedom, may be desceribed by
the trajectory of a representative pomnt in a two-dimensional (p,q) space.
In that space, the equations representing the motion of the point are

. eH . oH .
p = Pl and qg = (6 43)

|

Suppose, now, that a large number of identical one-dimensional systems
are present. Iach has a representative point in the (p,q) plane, tracing
out a curve such as the ellipse shown in Iig. 6 2. Obviously the energies
of the different mass particles may be different, and hence the shapes and
positions of the ellipses will differ. But the trajectory corresponding to
each energy can be found from Eqs. (6-43), since H = K.

At a given point in the (p,q) plane and withm an area element dp dq,
there will be many representative points at any instant. Suppose the
density of such points is p(p,q,t). By the density we mean the number
of pomts divided by the elemental area as the latter approaches zero.
We consider the totality of points as moving i much the same way
that an element of a fluid would flow over the plane. Consider a fixed

clement of area as shown in Fig.
p 6- 4. The number of representative

G p o+ dp) Gt dup tdp) points moving into dp dg on its left
v e edge will he
- pg dp (6-44)
@ PR} @+ dg o ,
) per unit time. The lxu.m})e}' moving
out of dpdq through its right edge
3 q will be

Fic. 6-4. Element of area in phase , a,
o ment of area in phasc ‘pq 4 %(pq) dql dp. (6-45)
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Hence the net increase in p in the element is
a, ..
~ 3PP dpda. (6-46)

In a similar way we find the net gain due to flow in the vertical direction
to be

a. .
- %(pp) dp dq. (6-47)

The total increase in density in the element is, therefore,

= [ —(pp) + (pq),dp dq (6-48)

per unit time. But this equals (dp/dt) dp dq. Hence we find

‘;’;’ + {%(pm + ;(;(pfz)l = 0. (6-49)

Iixpanding the derivatives in the brace, we have

Qe__{-a_P -Qe}_ [6:» aq} )
az’ paerqaq Fp —+ (6-50)

However, p and ¢ satisfy Igs. (6-43). Therefore the last brace vanishes,
and there remains

+ TR aq = 0. (6-51)

This is Liouville’s theorem for the system with one degree of freedom.
It has a simple physical intepretation. Written in the form

"" dt + 2 9 £ p i + q dt = 0, (6-52)

the first term is an increment in p in time d¢ at a fixed point in the (p,q)
plane. The second and third terms are increments in p due to changes
in p and ¢ respectively with the time. Thus Eq. (6-52) states that the
total increment in p, as the state of the system (the phase) varies, is zero.
Iixpressed in other terms, Liouville’s theorem states that the density of an
element of phase space corresponding to the motion of a system of particles
remains constant during the motion.



6-5] LIOUVILLE’S THEOREM 217

The result deduced above for a system with one degree of freedom
may be generalized readily for a system with m degrees of freedom. If
the representative point in phase space is defined by the coordinates

q1, 92y - -+ s Qm, P1, P2, - - - , Pm, Liouville’s theorem becomes
+ Z [c')pk Prt G qk} =0, (6-53)
or, by Egs. (6-43),
ap <6p oH  ap 0H> ,
= T — 0. 6-54
a Z 5x 3pr  Opx Ouc (G55

Liouville’s theorem is a conservation theorem that attains considerable
importance in statistical mechanics, where the physical particles concerned
may be the molecules of a gas.* It is also useful in studying the distribu-
tion of stars in the field of the galaxy,t where the problem may be in-
verted; that is, given the observed distribution function p, we may find
the potential field V (in H = T 4 V) which will yield the observed p.

As an illustration of the application of Liouville’s theorem, consider
a large number of simple pendulums each of length I and mass m, which
possess energies lying between £, and K,. The Hamiltonian for each is

2

2
_ P _h g o<p<B
H=olnt ahay =¥ (B <K <B).

The representative points in phase space occupy the area between the
two ellipses shown in Fig. 6-5. At a given time, say ¢y, the area A will
contain a number of the points. As time advances, these points will move
to an adjoining area. Liouville’s theorem states that the area occupied
by the points is a time invariant. This may be shown in an elementary
way. We have

p2(?)
A= / J(p) dp, (6-55)
p1(d)
where
2E 1/2 2 1/2 2E 1/2 2 1/2
1p) = (7@) (‘ - 'zr’z’wz) - (w) (‘ - zn%lz;) )
(6-56)

* See, for example, R. B. Lindsay, Physical Statistics. New York: John Wiley
and Sons, Inc., 1941, Chapter VI.

t S. Chandrasekhar, Principles of Stellar Dynamics. Chicago: University of
Chicago Press, 1942, Chapter II1.
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Fra. 6-5. Area i phase space of simple pendulum.

and, since f(p) does not depend upon the time explicitly,

pa(t)
diA dLf()p) .
dt /p.m dp p. (6-57)

But the integrand is a simplified form of Liouville’s theorem in which
f(p) replaces the density p - Hence the integrand vanishes and (44 /dt) = 0,
which shows the constancy of the area in phase space occupied by the
cluster of representative points  The same result may be achieved by
writing Eq. (6-57) in the form

palt)
1A .
= .f(p)p] :

pict)

and using the Hamiltonan equation p =  mglg, together with f(p)
expressed in terms of ¢, to show formally that (dA/dt) = 0.

The result obtained here may be generalized for a multidimensional
phase space to show that an arbitrary volume

" = /(Iql, dgay oo, dgu;dpy, dpe, . .., dpy
remains invariant with respect to the time.

6-6 Phase plane analysis. Complex motion in one dimension, and
particularly periodic motion under nonlincar restoring forces, is most
efficiently studied by use of the phase planc. We shall indicate in this
secetion the elements of such an analysis.

Consider first a damped linear oscillator whose equation of motion is

mg 4 aq -- bg = 0, (6--58)
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where ¢ is the displacement from cquilibrium. By writing p = mg, we
obtain the two Hamiltonian equations

g = 7%’ p= —bq — ﬁn’l-’. (6-59)
Hence, by Eq. (6-38), the curve traced by the representative point in
the phase plane is given by the solution of

dp mbq .

g = e (6-60)
We need not solve Eq. (6-60) in order to visualize the character of the
curve. We shall use the method of 7soclines and also a construction due
to Liénard.

Let us set the right side of 1iq. (6-60) equal to a parameter k. The
parameter k then represents the slope of an integral curve of 15q. (6-60).
If we plot the curves

mbq

— = =k,

we have for each value of & a locus which is crossed by all integral curves
of Kq. (6-60) at the same slope. Such a locus is called an 7socline. The
isoclines for 15q. (6-60) are shown in I'ig. 6-6. They are straight lines
through the origin. The arrows indicate the direction at which the integral
curves cross the isoclines. These curves are spirals toward the origin.

Path of 1epresentative
, point

\
X \=— [soclines
J \

F1a. 6-6. Phase plane curve for damped oscillator.
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Wherever a spiral crosses the g-axis, the velocity of the moving particle
is zero. The excursions in ¢ obviously diminish with each successive
oscillation. Similarly, when the particle moves through the position
g = 0, its velocity, or momentum, at each succeeding pass is diminished
becausc the spiral intersects the p-axis closer and closer to the origin.
The nature of the damped motion may, therefore, be deduced by a study
of the path of the representative point in the phase plane.

In some instances, the construction due to Liénard is useful in sketching
the integral curves in the phase plane. This is particularly true when the
restoring force is a linear function of the displacement but the dissipative
forces are nonlinear functions of the velocity, hence of the momentum.
Suppose the motion of a particle of unit mass is described by p + ¢(p) +
g = 0. Then the Hamiltonian equations of motion are

p=—¢( —q¢ ¢=0p,

so that the differential equation of the curve in the phase plane traced
by the representative point is »

- ¢ (p)

dp  —o(p) — ¢ \ ™
bl L Y S 6-61
dq » (6-61)

By Liénard’s construction, we seek
the direction of the integral curves
of Eq. (6-61) at any point of the
phase plane. We first plot the curve

/

|
|
|
|
|
|
i
|
—t v

0 P !

q= —¢([), Fic. 6-7. Liénard’s construction.

as shown in Fig. 6-7. Then at any point P(q,p) where we desire the
direction of an integral curve, we project horizontally to the curve
q¢ = —¢(p) at P’; thence vertically to P”’. An integral curve through P
will be orthogonal to the line P”P. This is evident from the fact that
the slope of PP is p/[¢ + ¢(p)], which is the negative reciprocal of the
slope dp/dq of the integral curve [Eq. (6-61)]. Hence PP is normal to
the integral curve.

As an illustration, consider the damped oscillator for which Fig. 6-6
represents the phase plane. Here

—ap — mb
%:—“’lp—mq— (@>0,b> 0).
The resulting construction is shown in Fig. 6-8, where for convenience we
have taken mb = 1. The integral curve has been approximated by a
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14

N
qg=-—-ap =
izl L _q
o\ TN

F1c. 6-8. Liénard’s construction for the damped oscillator.

sequence of chords. Its spiral nature is evident, and the result of the pre-
vious analysis (Fig. 6-6) is duplicated.

6~7 Nonlinear oscillatory motion. As a final example of the phase
plane analysis of motion, we shall discuss an undamped spring-mass
oscillator in which the restoring force is nonlinear, that is, not proportional
to the displacement. The potential energy function in this case contains
terms of degree higher than two in the displacement. Let the displace-
ment be ¢(t) and the velocity ¢(f). Then let us assume the potential
energy to be V(q) = aq® + B¢*, where « > 0. The restoring force,
therefore, is —2aq — 48¢3. If 8 = 0, the restoring force is linear; if
B > 0, we have what is called a “hard” spring; if 8 < 0, we have a
“soft” spring. If the spring is hard, the restoring force increases more
rapidly with large displacements than it would in the linear spring. If
the spring is soft, the restoring force at large displacements is less than
that of a linear spring.

The Hamiltonian for the system is

2
H=2-+a +8¢' =8 (a>0) (6-62)
where E is the total energy. Hence the Hamiltonian equations of motion

are
¢ = % and p = —2aq — 48¢°. (6-63)
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The energy curves in the (p,q) phase plane are given by Eq. (6-62) with
E held constant.

When the oscillations are limited to small values of g, the term ag?
dominates 8q*, and to a first approximation the energy curves are ellipti-
cal in shape and symmetric about both the p- and g-axes. For small
oscillations ¥ > 0 by Eq. (6-62). These energy curves are closed with

QIZIIIIX = a2 = = + \/222 + 4E6 (6—64)

which we obtain by setting p = 0 and taking the sign for the radical
which makes a? small and positive. If 8 > 0 in Eq. (6-64), the radical
dominates —a and a2 > 0; if 8 < 0, —a dominates the radical but the
denominator provides the change in sign to make a2 > 0. Iigure 6-9
indicates the phase paths for two values of /.

P

Fia. 6-9. Phase plane diagram for small oscillations of hard spring

Iror the hard spring, 8 > 0, all the cnergy curves are closed, and the
motion is periodic regardless of the assumption of small amplitude. We
may compute the period of the oscillation by the expression

dq m dq
b
\/ VE = (ag® + g (6-65)

where a is given by Eq. (6-64).
Since a® is a root of £ — ag® — Bg* = 0, we may write the radicand
in Eq. (6-65) as 8(a® — ¢2)(b? -+ ¢?), where

24 % and K = a%38.
Therefore

— 4\/(‘"1./23) L \/(az — q2)(b2 + q2) ’
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which may be rewritten in trigonometric form by use of the substitution

q = asin ¢. We obtain
*/2

P=wimps | -, .
o Vb2 faZsin2 ¢
and, upon writing ¢ = (w/2) — 6, cos ¢ = sin 6,

x/2

P == 4\/‘_*2“‘ o LI ;_#_([o - — h— -
(m/26) o Va2 + b2 V1 — (a?sin? 6)/(a? + b2)

i

/2
NV m/(4Baz + 2a) /“ - g (6 -66)

p——
V1 - kZsinZ

where k2 = [a%/(a® + b?)] = [Ba?/(28a® - a)]. The last integral is a
complete elliptic integral of the first kind whose value may be found in
any standard mathematical table. In the case 8 > 0, P is always given
by Eq. (6-66), and as the amplitude of oscillation increases, I decreases
or the frequency increases.

Referring to the phase plane diagram (Fig. 6-9) and to Eq. (6-63), we
see that when p and ¢ are positive, p < 0 and ¢ > 0, so that the repre-
sentative point in phase space moves in the direction indicated by the
arrows in Iig. 6-9.

For the soft spring, 8 < 0, the energy curves in the (p,q) plane may
or may not be closed about the origin. If they are, 1iq. (6-66) gives the
period of the motion. This obviously occurs only when 2« -{- 48a? > 0.
If 2a -}- 48a%? < 0, the period is meaningless. In contrast to the hard
spring, the period of oscillation for the soft spring increases as a? increases.
We shall examine more fully the situation for 8 < 0 when the oscilla-
tions are not small.

In the expression for II, Iiq. (6-62), let us write 8 = --8% and solve
for p to obtain

p = £{2m(l — aq® + 8%¢*)} "2 (6-67)

Obviously the curves of constant energy in the (p,q) plane will cross
the g-axis at points for which
2 ek VaT IEF

¢ = 55 (6-68)

There are then three cases to consider.

Casc 1. E = (a?/46%). Here ¢ = («/262), and upon using this value
of I in Iq. (6-67), we find that the cnergy curves are parabolas as shown
in Fig. 6-10 at I. They intersect the ¢g-axis at the values ¢ = =+ (1/6)Va/2
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P

Fig. 6-10. Phase plane diagram for nonlinecar spring.

and the p-axis at p = +(a/8)v/m/2. An analysis of the derivatives P
and ¢ indicates that the representative point in phase space moves along
the curves in the directions indicated by the arrows. The points P,
and P, are points of unstable equilibrium. We note, also, that the origin
is a point of stable equilibrium since the force vanishes there. When the
representative point reaches P or Py, its velocity is zero and it may take
off on either branch of the parabolic paths.

Case II. E < (a?/45%). By Eq. (6-68), ¢? is real. The energy curves
intersect the g-axis at values

v = i!ai\/&‘f:m"”.
1= = 262

If the negative sign is chosen for the interior radical, the energy curves
are closed about the origiu. If the positive sign is chosen, the curves are
open. Typical curves of these two types are shown at II in Fig. 6-10.
In one instance, stable oscillatory motion results; in the other, the repre-
sentative point moves continuously along an open-branched curve.

Case III. E > (a?/48%). In this case, by Eq. (6-68), ¢ is complex
and the energy curves do not intersect the g-axis. They are shown at
IIT in Fig. 6-10.

To summarize the results of the analysis, we conclude that oscillatory
motion of the nonlinear spring and mass system will result when (a) 8 > 0,
that is, for the hard spring, and (b) 8 < 0, that is, for the soft spring, and
E < —(a?/48) where 8 is the factor introducing the nonlinearity into the
system. The phase plane analysis aids materially in studying the motion.
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6-8 Stability of periodic motion. In Section 5-8 we discussed the
stability of oscillatory motion by an examination of the roots of the char-
acteristic equation of a system of linear differential equations. A phase
plane analysis lends itself to the establishment of stability criteria for more
general types of periodic motions. We shall discuss here briefly the
Poincaré stability criterion as applied to a system having one degree of
freedom. The general theory for multidimensional systems may be
found elsewhere.*

Consider a particle of mass m whose displacement and momentum are,
respectively, ¢(t) and p(t). Then, in general, the Hamiltonian equations
will be

i = f(g,p), p = g(q,p). (6-69)

We shall assume that f(q,p) and ¢(¢,p) have continuous second deriva-
tives with respect to ¢ and p. KEquations (6-69) define the velocity of
a representative point in the phase plane.

Suppose that the system has a periodic motion of period P. Its repre-
sentative point then moves in the phase plane on a closed curve C. We
shall assume that this is a curve at all points of which p and ¢ do not
vanish simultaneously. A typical curve is shown in I'ig. 6-11, where for
convenience the origin of time has been chosen as the point where the
curve crosses the positive g-axis. We shall assume also that this curve
is normal to the g-axis at ¢o. If this were not the case, a rotation of axes
would make it so. The coordinates ¢(¢), p(t) of any point on C satisfy
the differential Eqs. (6-69). Suppose an alternative set of initial condi-
tions used in conjunction with Eqs. (6-69) results in another path C(\)

N

T 7

C(N)

Fig. 6-11. Representative and varied phase plane curves for periodic motion.

* See E. T. Whittaker, .inalytical Dynamics. Cambridge: Cambridge Uni-
versity Press, 1937, pp. 397 ff.
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lying very close to the original but starting at (¢;,0). This path will be
assumed sufficiently close to C' that at some later time it again returns to
the g-axis at a point (¢2,0). The quantity \ is a parameter defining any
one of a family of paths close to C.

Then orbital stability in the given periodic motion represented by €
may be defined as follows: the motion is stable if any solution curve C(\)
originating in a sufficiently small neighborhood of (qy,0) is euther a closed
curve or a spiral that approaches asymptotically the curve C as t — .

This may be expressed in a more quantitative way. Let ¢(t), p(t) be
a point on C, and q(t,\), p(t,\) be a point on C(A\). We assume that the
curves C'(\) arise by a continuous variation of X such that the curve ¢
corresponds to X = 0. It is convenient to take as initial conditions

¢(0) = quo, q(ON) = qo + A,

(6-70)
p(0) =0,  pON =0,
so that the curve C(X) begins (¢ = 0) on the ¢-axis, and \ is the distance
q1 — qo (I'ig. 6-11). The coordinates ¢(t,\) and p(t,\) are assumed to
have continuous second partial derivatives with respect to N.  Let the
first return of the solution curve C'(\) to the positive g-axis be (g2,0),
as indicated in Ilig. 6-11. Then the solution curve C represents a stable
orbital motion if the first returns of all curves C(\) to the positive g-aris for
t > 0 are such that |q2 — qol < IN. If lg2 — qol > |\, C represents an
unstable periodic motion. This criterion will now be expressed in terms of
a single stabulity index.
Refer to the curve " and an adjacent varied path C(\), as shown in
Iig. 6-12. We introduce variations

8q(t) = q(at ) - q(t),  &p(t) = p(at,\) — p(), (6-71)

where the parameter a has been introduced into the time scale so as to
make the curve C'(A) return to the positive g-axis at the end of the period
P. Obviously this need not occur in general since the time required for
the representative point to traverse ('(\) might be different from the
time required for the cycle . By this restriction (I'ig. 6-12),

op(P’) =0,  8q(P) = q2 — qo,  8q(0) = X. (6-72)
The scale factor @ will be small, in general, and will depend upon A.

From Fig. 6-12 and the definitions above, it is apparent that s¢q(P)
is some multiple of A. Thus we may write

8q(P) = B\, (6-73)
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N

q(at, N), plat, \)

R |
W\
PO 5(P)

v‘}x a0
¢

Fia. 6-12. Variations in the phase plane.

5]

where g is a function of X. Then the stability criterion may be expressed
as follows for sufficiently small A: (a) if |8] < 1, the cycle C represents
stable motion; (b) if |8] > 1, the cycle C represents unstable motion.

When A = 0 the cycle C and the solution curve C()) coincide and a = 1.
FFor small A, therefore, we assume that

a()) = 1 -} agX + higher order terms in X, (6-74)
Similarly we assume that
B(\) = Bo -+ By: + higher order terms in A, (6-75)

In these cxpansions, 8 is the value approached by B(\) as A — 0; 8}
and «; are the derivatives of 8 and a with respect to A evaluated at
A = 0. We shall call 8y the stability index and will show that as A — 0
there is a B9 > 0. If By < 1, the motion will be stable; if 8y > 1, it
will be unstable.

For small X and «, we have

g(at, \) = q(t, 0) + (a?gt)>a-] (¢ — 1)t + (g)%)x=o)\ + e (6-76)

But at « = 1, [8¢g/d(at)] = ¢q;, where the subscript denotes a partial
derivative. Hence, if we neglect terms of the second order and higher in
A, by Egs. (6-71), (6-74), and (6-76) we have

8q(t) = apthg.(t, 0) + Aqr(t, 0). (6-77)
Similarly,
8p(t) = apthpi(t, 0) + Apa(¢, 0). (6-78)
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But when ¢ = P, by Eqgs. (6-72) and (6-73),
5q(P) = BN = apPAq(P, 0) + (P, 0), (6-79)
p(P) = 0 = aoPAp(P, 0) + Apr(P, 0), (6-80)
and, to terms of the first order in X, from Eq. (6-75),
Bo = aoPqu(P, 0) + (P, 0), (6-81)
0 = apPp:(P, 0) + pr(P, 0). (6-82)

Eliminating o from these, we obtain

By = 1 (P, 0) quP,0)| (6-83)
pt(Py 0) p)‘([)’ 0) Pt(P, 0)
Now we define in general a function W(¢,\) by the relation
W(l A) — q)\(t) >‘) qt(t; >‘) , (6_84)
oG, N ot N)

where we are assured of the continuity of W by virtue of the continuity
conditions imposed on the partial derivatives. At ¢ = 0, we have

W(O, )\) — qk(oy )\) qt(Oy 7\) . (6—85)
m(O0, ) p.(0, )
By virtue of the initial conditions, Eqs. (6-70),
aON =1,  mON = 0. (6-86)

Furthermore, since the curve C has been taken normal to the g-axis and
since p(t,\) is a continuous function of A, we have p,(0,0) > 0 and,
therefore, p,(0,\) = 0 if \ is sufficiently small. Substitution in Eq. (6-85)
yields

W(0, A) = p,0, \) = 0. (6-87)
Now the cycle C = C(0) is closed and, therefore, by Eq. (6-87),

p«(P,0) = p,(0,0) = W(0,0) = 0, (6-88)
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so that
_ w0

Bo = 7@, 0) (6-89)

The coordinate axes have been so chosen that these functions W(P,0)
and W(0,0) have the same sign when evaluated along C. Therefore
Bo > 0.

To evaluate the functions defining 8y, we note from Eq. (6-84) that

Wit, M) = @pie + e — D2t — @D (6-90)
But from Egs. (6-69),

Qe = foq:¢ + fopo, P = Gqqt + goPts
e = foqn + Fopr, Pre = G -+ goDr,

and, substituting in Iiq. (6-90), we obtain
Wit, N) = (fa + gp)W(t, N). (6-91)

Integration with respect to ¢ then yields

t
waN _ / y
log wo,n ~ Jo (fa + 9p) at. (6-92)
Hence, from Eq. (6-89),
P
log Bo = /(; (f2 + gp) dt. (6-93)

This line integral, evaluated along the cycle C in the sense of advancing t,
indicates the stability or instability of the motion. If log B8y < 0, the
motion is stable; if log 8o > 0, the motion is unstable. The caselog By = 0
will not be discussed. TFor the cases discussed here, the cycle C is isolated
in the sense that within a sufficiently small neighborhood of it there are
no other closed solution curves. Equation (6-93) and the deductions
above constitute the Poincaré stability criterion.

As an illustration, consider a unit mass moving under the action of a
spring in a resisting medium in which the coefficient of resistance de-
pends upon the displacement. To be specific, let the equation of motion be

i+ e@® — g+ q=0, (6-94)

where € is a parameter and ¢ is the displacement from equilibrium.
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If e = 0, Eq. (6-94) is simply that of an undamped simple harmonic
oscillator. The solution is ¢ = A sin (¢ + ¢). In the phase plane the
representative point would move on the circle ¢ = Asin (t + ¢), p =
A cos (t + ¢). The constants A and ¥ depend upon the initial conditions.

If € ¢ 0 but is very small, it can be shown that there exist periodic
solutions of the nonlinear equation whose representative points move
in the phase plane in the neighborhood of the circle ¢ = 2sint, p =
2 cos t.* The actual phase plane trajectory for one of these is very nearly
a circle of radius 2. This curve was called by Poincaré a limit cycle. If
the parameter e is large, the curve becomes more nearly a parallelogram.
We shall assume here that e is small and investigate the stability of the
limit cycle.

Here Eqgs. (6-69) become

i=flgp) =p, P=g@p)=—q— e¢’>— p. (6-95)
Hence
fqe =0, gp = ‘“5((12 — 1),

and inserting these in Eq. (6-93), we have

P
log 8o = ——e/(; (¢ — 1) at.

The integral is to be evaluated over the
limit cycle, which in this case we shall
approximate by the circle

. Fig. 6-13. Limit cycle and
q = 2sin ¢, p = 2cost. asymptotic spirals.

We find R
log 8o = ~e/ [4sin®t — 1] dt = —4me. (6-96)
0

Henceif € > 0,log 8o < 0, and the motion is stable. If ¢ < 0,log 8y > 0,
and the motion is unstable. Figure 6-13 illustrates the stable situation.
The curve C, nearly circular, is the limit cycle. Motion under initial
conditions such that the trajectory in phase space starts at P, is repre-
sented by a spiral which, as time goes on, approaches C' asymptotically.
Similarly, if the representative point starts at P,, its path spirals toward
C. The cycle C represents stable periodic motion.

* See, for example, A. A. Andronow and C. E. Chaikin, Theory of Oscillations.
Princeton, New Jersey: Princeton University Press, 1949, pp. 315 ff.
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PPrROBLEMS

6-1. Derive the Hamiltonian equations of motion [ligs. (6-6)] directly from
Hamilton’s principle. (Section 6-1)

6-2. (a) Deduce the Hamiltonian function and Hamilton’s equations for the
spinning top discussed in Section 4-9. (b) Show that these equations reduce
to those found in Section 4-9. (Section 6-1)

6-3. An clectron moves in a central foree field —(Ze2?/r2). Its relativistic
mass is mo[l — (v/¢)?]~2. (a) Set up the Hamiltonian function and write
the Hamiltonian equations of motion in rectangular cartesian coordinates.
(b) Does the Hamiltonian equal the total energy T -+ V? (¢) Compute the
quantity ¥mo[p2 + pi + P2, where p., p,, p: are the momenta, and (d) com-
pare it with the nonrelativistic expression. (Sections 6-1 and 6-2)

6-4. In Problem 2-21 the Lagrangian function for relativistic motion of a
particle was given. (a) Write the expressions for the momenta and for the
Hamiltonian function. (b) Is the kinetic energy a homogencous function of
the velocities in this case? (¢) If /f = T -+ Vin this problem,is L. = T — V?
(Sections 61 and 6-2)

6-5. Use Routh’s procedure to climinate both ¢ and ¢ from the Lagrangian
for the spinning top. Show that the resulting cquations of motion are the
same as those obtained in Section 4-9. (Section 6-3)

6-6. A mass m slides under gravity on the inside of the surface z = z% + y2.
(a) Use Routh’s procedure to reduce the problem in cylindrical coordinates to
one degree of freedom. (b) Find the equations of motion. (Section 6-3)

6-7. A dynamical system has kinetie energy

1l2 i }
T=alnt oo

and potential energy V = v‘g(kl(ff—}— k2), where a, b, ki, k2 are constants. (a)
Use Routh’s procedure to reduce the problem to onc degree of freedom. (b)
Write the equations of motion and find ¢1 and g2 as functions of the time. (Sec-
tion 6-3)

6-8. A particle of mass m moves in a conservative foree field which is sym-
metrical about the Z-axis of a fixed inertial system, OXYZ. A second system
of axes, OX'Y'Z’, rotates about OZ with constant angular velocity Q. (a) What
is the Hamiltonian function in terms of the rotating coordinates? (b) Does
this H remain constant during the motion? (Sections 6-1 and 6-2)

6-9. A mass m is acted upon by a force whose z- and y-components are —kr
and —ly. It moves accordingly in the ry-plane. The constants k and [ are
clastic constants. (a) Derive the Hamiltonian for the system and write Hamil-
ton’s cquations. (b) Draw phase space diagrams and determine the character
of the motion. (Section 6-4)

6-10. A spherical pendulum, consisting of a large mass m suspended on a
long light rod of length R, is free to move under gravity in any direction subject
to the constraints. (a) Write the Hamiltonian function and Hamilton’s equa-
tions for the motion. (b) Construct phase space diagrams to obtain a qualita-
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tive insight into the motion. (¢) Is I the total energy of the system? (d) What
are the differential equations for the curves of constant energy in the phase
space diagrams? (Section 6-4)

6-11. Suppose that the bob of the pendulum of Problem 6-10 moves in a
medium which resists the motion with a force proportional to the velocity.
(a) Write the Hamiltonian equations in this case. (b) Can the variables in the
equations of motion now be separated? (¢) Show that ps decreases exponentially
with the time if 6 is the angle which the plane of the pendulum makes with
the ry-plane. (Section 6-4)

6-12. The simple pendulum used in Section 6-4 to illustrate the concept of
phase space was restricted to small amplitudes so that sin 8 = 6. (a) Remove
this restriction and write the Hamiltonian equations for its motion in general.
(b) Sketch the phase space diagram and distinguish between the types of motion
that may arise. (Section 6-4)

6-13. (a) Analyze by means of Hamilton’s equations the motion of a projec-
tile of mass m fired at an angle a with the horizontal at speed vo. (b) Sketch
the phase space diagrams for the motion. (¢) What is the differential equation
of the curve traced by the representative point in phase space? (Section 6-4)

6-14. An clectron of mass m and charge —e moves in a uniform clectric field
F parallel to the ¢-axis. (a) Write the Hamiltonian equations of motion on the
assumption that the mass of the eleetron remains constant. (b) Display the
phase space diagram for a total energy F. (c¢) Show that an area of the phase
plane bounded by horizontal lines p; = constant and p2 = constant and by
curves F; and E2 remains invariant when, as the phase changes with time, p;
becomes p] and p2 becomes ph. (Section 6-5)

6-15. A mass m moves on a straight line subject to the restoring force —kg
and to a resisting force —a¢?, where q is the displacement from cquilibrium.
(a) Write the Hamiltonian equations of motion. (b) Display the differential
equation for a representative curve in phase space. Sketch such a curve by
using Liénard’s construction. Assume that a is positive and small and that
k > 0. Discuss the character of the motion. (Sections 6-6 and 6-7)

6-16. A unit mass moves on a straight line under the action of a force —kq
in a medium which resists the motion with a force ag 4 b§3, where ¢ is the
displacement and @ > 0, b < 0 are constants. (a) Write the Hamiltonian
equations of motion and the differential equation for the trajectory of the
representative point in phase space. (b) Plot the curves in phase space fora = 1,
b = —1% starting from scveral initial points on the ¢-axis. (Sections 6-6 and
6-7)



CHAPTER 7
THE HAMILTON-JACOBI EQUATION

In Section 6-2 we found that when a coordinate was missing from the
Hamiltonian, the corresponding momentum was a constant. The Hamil-
tonian equations were simplified thereby, and the number of degrees of
freedom was reduced by one. Similarly in studying the spinning top by
Routh’s procedure in Section 6 3, we observed that there were two ig-
norable coordinates and that the integrals of the Hamiltonian equations
were directly obtained.

Whether a system possesses ignorable coordinates obviously depends
upon the generalized coordinates chosen for its representation. In this
chapter we shall sec how the Hamiltonian approach to dynamies may be
extended by so transforming the coordinate system that ignorable coordi-
nates are the only ones appearing in H (pg,qx,t).

7-1 Canonical transformations. We recall first the famihar point
transformation in the change from cartesian to polar coordinates in the
plane. If, for example, a pendulum bob has, at any instant, coordinates
(r,y) referred to an origin at the point of support, its kinetic energy will
be T = im(i? + p?) and its potential energy will be V = —mgy. If
these are transformed by the relations © = [sin 6, y = [l cos §, we have
T = 1ml?6? and V = —mgl cos 6, where 6 is the angle between the bob
and the vertical. Thus the Lagrangian function, and hence the IHamil-
tonian, is simplified to depend upon a single coordinate. The number of
Hamiltonian equations for the system is reduced from four to two by the
transformation to polar coordinates.

In the Hamiltonian formulation of mechanics, however, the momenta
as well as the coordinates are to be transformed since they play equal
roles. The transformation is to be such that the new momenta and co-
ordinates satisfy the same form of canonical equations that are satisfied
by the original coordinates (p,q). The transformation is one in phase
space. Such a transformation is called a contact or canonical transformation
because surfaces in contact in the original (p,q) space will remain so after
being transformed.

Let pr and ¢ denote one set of variables and Pk, Qr denote another

sct where k = 1,2,...,m. Then if the two sets satisfy a differential
form,
S = 37 qrdpe — D, QudPy, (7-1)
k=1 k=1

233
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where dS is an exact differential, the transformation from the set (px, qi)
to (P, Q) is a contact or canonical transformation.

For example, suppose the motion is one-dimensional and is represented
in phase space by a point with the coordinates (p,g). Then if @ = p
and P = —gq, we have dQ = dp, dP = —dg, so that Eq. (7-1) becomes

qdp — QdP = —PdQ — QdP = —d(PQ),

which is an exact differential. Hence the transformation Q = p, P = —¢
is a contact transformation.
The equations of transformation, in general, are

Py = I)k((Ik, Pk, t)y Qr = Qk(q/c) Pk, t) (k = 1’ 2) RIS m); (7—2)

where Py and Qy, are the new canonical coordinates. If the form of Hamil-
ton’s equations is to be preserved, there must exist a new function
K (P4, Q, t) such that

. oK ; oK
Qr = 5]3;: ’ P, = — 5Q_k (7'3)

The function K plays the part of the Hamiltonian in the new coordinate
system. ‘

According to Hamilton’s principle, Eq. (2-32), the Lagrangian function
L satisfies the variational equation

ty
5 [ Ldt = 0. (7-4)
to

But since L = Y req1 pax — H,

i/ {i s — H} a—o, (1-5)

k=1

with H a function of p, gk, and ¢.
In a similar manner the new Hamiltonian, K (P, Qx, 1), is to satisfy the

equation l
1{m
% — K = 0. 7-6
5/: {Z PyQy }dt 0 (7-6)

0 |k=1

For a given dynamical system, Eqs. (7-5) and (7-6) must be satisfied
simultaneously. This does not mean, however, that the two integrands
are equal. They may differ by the total time derivative of an arbitrary
function 8, which is called the generating function of the transformation.
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In the particular context in which we shall use S, it has been called by
Jacobi the substitution function. It links, in general, the old coordinate
system with the new. The introduction of S leads, then, to the equation

L S = .
L=2 ka“K+-(;t—=,;Pk¢]k~—H. N )

k=1

-Multiplying I2q. (7-7) by dt and rewriting it, we have

dS = 3" prdge - Y PedQx + (K — H) dt. (7-8)
k=1

k=1

The similarity between this and q. (7-1), defining the general contact
transformation, is apparent.

To a certain extent the choice of the independent variables in S is
arbitrary. If we take S to be a function of the original coordinates ¢,
the new coordinates Q, and the time, we have S = S(qk, Qx, ) and

f 2 g+ Z o Qe+ (7-9)

Comparing Eq. (7-9) with 15q. (7-8), we see that

as EN _as
pk—(ﬁk, _k—éé—};’ K—H——at

(7-10)

These equations link the new coordinates (Py, Qi) with the original coor-
dinates (pk, gx) through the function S in such a way that

Qr = %’ Py = — gOKI (7-11)
The proof of this we leave as an exercise for the reader. If S does not
depend upon the time explicitly, we note from Kqs. (7-10) that K = H;
the Hamiltonian functions in the two systems are the same.

Had we chosen S = S(gk, Pi, t) instead of S = S(gx, @x, ), an equally
valid transformation would result. The theory of contact transforma-
tions* indicates that if S; = S;(gx, Pk, ) is the new generating function,
the relation between S(qx, Qk, t) and S; will be

=3 Pl (7-12)
k=1

* See, for example, H. Goldstein, Classical Mechanics. Reading, Massachu-
setts: Addison-Wesley Publishing Company, Inc., 1950, Chapters 8 and 9.
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From KEq. (7-12),

s, = Z [(Pk + 30 ) dQi + Qr dPy + ko] + %A—tg-'dt' (7-13)
=1
But,
ds, = E [aS'dk+"S‘ ]+a-‘§ (7-14)

Hence, comparing Eq. (7-14) with I£q. (7-13) and using Egs. (7- 10), we
find
a8, S s, aS; 48

S = 3 = Pk é‘ﬁ; Qk; _at_ = _ét_ =K - H. (7_15)

Similarly, by a substitution for S in Kq. (7-7),
aSl
= Z prie — H = — Z QPy — K + 51 (7-16)

Use of the right side of Eq. (7-16) in Hamilton’s principle will indicate
that the canonical Hamiltonian equations (7-3) are preserved in the
transformation generated by the function Sy(q, Py, t).

The transformations generated by S and S, are the two most important
for our purposes. By their use it is possible to transform the canonical
variables in a dynamical problem so that either the new momenta or the
new coordinates or both are constant in time. This is the objective of the
transformation theory.

7-2 The Hamilton-Jacobi equation. Obviously the applicability of
the transformation theory hinges on the possibility of finding an appro-
priate generating function. This is done by solving a first order partial
differential equation, known as the Hamilton-Jacobi equation.

Consider first a simple example. Let the displacement of a mass m
moving in simple harmoni¢ motion be ¢ and let its momentum be p.
Its energy, and consequently the Hamiltonian function, will be

_ P’ ke’ _ _
H= -+ =& (7-17)

where k is the restoring force constant.
By either Eqgs. (7-10) or Eqgs. (7-15), p = (88/dq), so that substitution

in Eq. (7-17) yields
1 (88\?* | k¢® o
2m (6(1) 2 " (7-18)
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This is a first order partial differential equation for S. By integration,
S = / V2m(E — %kg?) dq + C. (7-19)

If S is chosen to be S(g, P), by analogy with S, of the preceding section,
then by Egs. (7-15) we can compute § and, since H is independent of
time, K = H. In future discussion, we shall drop the subscript for S,
and call the generating function S regardless of whether the independent
variables are qx, Qx, and ¢ or gk, Py, and t.

Let us arbitrarily select E to be the new momentum. Since the force field
is conservative, K will be constant. Then we have, by Egs. (7-15),

. aAS —_ ﬁ _ S N . dq . ¢
Q=3p=g5=Vim VE = Thg (7-20)

Integrating and solving for ¢, we find
P /—T— M _T.‘__ D
q = V' E/k) sin vV (k/m) Q, (7-21)

where the constant of integration has been set equal to zero.
Substitution of this value of ¢ in Eq. (7-17) yields

p = V2mE cos V (k/m) Q. (7-22)

Equations (7-21) and (7-22) express the original coordinate ¢ and mo-
mentum p in terms of the new coordinate ¢ and new momentum E, which
now is constant. Attention again is directed to the fact that we have
forced the latter condition.

The transformation from the (p,q) phase plane to the (P,Q) plane,
defined by Iigs. (7-21) and (7--22), is shown in Iig. 7-1. For a given E,

14
a
If = const
\2mE ¢ Py b 14 4 a’
d - !
q I = const |
|
|
I
|
1
c Y 2r \m/k

() (b)

Fia. 7-1. Phase plane transformation for the harmonic oscillator.
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fixed by the initial conditions, the representative point in the (p,q) plane
moves on an ellipse. The corresponding point in the (P, Q) plane moves
on the line P = K = constant. Successive passages of the point around
the ellipse are imaged into successive sections of the line of length 2rv/m/k
in the (P, Q) plane. I'igure 7-1(a) shows one cycle of the motion of the
representative point denoted by the letters a, b, ¢, d, a, and Fig. 7-1 (b)
shows their images a’, b/, ¢/, d’, a’

Suppose we carry the example one step further. It is clear by Eqgs.
(7-3) or (7-11) that if the transformation is such that K(P,Q,t) = 0,
we shall have Q = 0, P = 0, and hence the representative point in the
new (P, Q) phase plane will be fixed at one point. Referring to Eqs.
(7-15), we see that if K = 0, H 4 (8S/dt) = 0, where H = H(p, q, 1),
the original Hamiltonian. Furthermore, since (88/dq) = p, we may

write, by Iiq. (7-17),
1 (aS)? lcq aS
5m (54) tyta=o (7-23)

This is a first order partial differential equation to be solved for the
function S. We assume a trial solution, S(g, t) = Si(¢) + S2(f), and
substitute in Eq. (7-23). There results

() 4

2m (dq + 2 dt 0,

which may be written
1 ﬁ) ke dS, _
Zm(dq T 2 de (7-24)

The left side is a function of ¢q alone, and the right side is a function of ¢
alone. Hence for the equation to be true, both sides must equal a con-
stant, say «;. Then upon integration there results

Si = [V/Fmlar — ) dg
S2 = —alt,

where the constants of integration have been omitted. The substitution
function is, therefore,

S(q, 01,0 = [ VZm{ar = Fh®) dg — et (7-25)
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Now we choose, arbitrarily, «; = P, the new momentum which is
constant. Then by Egs. (7-15),

oS _
Q= / —9__ (7-26)
Ga \/al — 2.k-q? ;

But by choosing K(P, Q,t) = 0 we have forced Q to be a constant, say B;.
Hence

o de _
\/%m/x/&l’:‘% t = B. (7-27)

Solving for ¢ as a function of ¢, we have

¢ = V(2ar/k) sin V' (k/m) (¢ + B1). (7-28)

This is the solution to the dynamical problem with «; and 8; to be de-
termined by the initial conditions. In the phase plane, the representative
point, now at (ay, 8;), does not vary with the time. This simple example
illustrates the transformation theory of dynamics as applied through
the method developed by Hamilton and Jacobi. We now generalize the
ideas to a multidimensional dynamical system.

Let the original dynamical system be described by the Hamiltonian
H(pk, qx, t), where k=1, 2,...,m. And let the transformed Hamiltonian
be K(Pi,Qk t). Then by arbitrarily setting K = 0, we are assured
by the transformation theory that Qr = 0 and Pr = 0 for all k. Hence
Qr and Py are constants in time. If we know their valuesat { = 0and have
a transformation linking them with the ¢, and ps, the problem is solved.

By Eqgs. (7-10) or (7-15) with K = 0, we have

H(gq, pr, 8) + ‘% =0 (k=12...,m), (7-29)

and substituting (8S/dqx) for pr in H,

H lqk, ’ l} + == k=12,...,m). (7-30)

This first order partial differential equation f i i
the Hamilton-Jacobe equation.

*—Since there arc m independent variables ¢; plus the time in the
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Hamilton-Jacobi equation and since the function S enters only in the
form of its derivatives, the solution* will be of the form

S = S(qu q2, - - -y Qmy O, @2y ...y Oy t)) (7—31)

where the oy are constants. There will be an additive constant of inte-
gration that we shall ignore because we are interested only in the partial
derivatives of S.

Suppose we have found S and know the initial values of the momenta
pr and coordinates g, at ¢t = 0. Then by Kqgs. (7-15) we have m
equations

p = Blwand g e (7-32)
9qx
from which to solve for the ay.

Now we arbitrarily choose the new momenta of the system, Py, to be the

constants, ay, resulting from the integration. Then by Kqs. (7-15),

6S(qk’ [o3) t)
day

Qk = = B (k = 17 2: D) m); (7'_33)
where the By are constants. Recall that in our solution we have forced
Qx to be constant in time. Since the oy and gx are known from Eq. (7-32)
and the initial conditions, we can solve Eq. (7-33) for the g;. Having
found the values of 8x, we may invert the solution of Eq. (7-33) to find
the g; as functions of ag, 8k, and ¢, and the problem is solved.

The steps outlined above may be visualized by consideration of the
electron moving in a central force field, a problem discussed in Section
6-2 by means of Hamilton’s equations. There we found the Hamiltonian

_vla . pE 2?.}~?£. -
It = 2m lp’ + 72 sin2 6 + r2 r (7-34)

Substituting in Eq. (7-34) the momenta

_ 98 _ 98 _ 9
Pr="5r’ Pe= 5y P07 %’

we have by Eq. (7-29) the Hamilton-Jacobi equation,

1 [(aS)? 1 (as) 1 (as)2' Ze® _
2m (:9—7‘) T sz ¢ rz2\ae/ ) 1 + a0 (7-35)

a0
* An equation of this type is discussed, for example, in M. Morris and O. E.
Brown, Differential Equations, 3rd edition. New York: Prentice-Hall, Inc.,
1952, p. 225.
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We assume a separable function,

S = Si(r) + S2(¢) + S5(8) — axt,
and substitute in Eq. (7-35) to obtain

Lf(asy L () L ()2t
K dr) +r2sin20<d¢ AW ;T o (7-36)

Multiplying Eq. (7-36) by 2 and regrouping the terms, we have

2 d_S_1>2 o LR T (d_S_z) (ng)
r (dr Zmaqr ImZe’r = — Ghe 8\ d¢ a6/

(7-37)
But the left side of Eq. (7-37) is a function of r alone, and the right side
is a function of ¢ and 6. This can be true only if both equal some constant,
say ay. Hence to determine Sy, we have the equation

% = % Vag 4+ 2mZe2r + 2ma;r2. (7-38)

In a similar way the right side of Eq. (7-37) can be separated by writing

2 2
(dd—iz> = —aysin® 6 — sin 0((?03) = az. (7-39)
Therefore,
‘fl-i? = Vas, (7-40)
% = b"ll 7 vV —az — as sin? 6. (7-41)

Equations (7-38), (7-40), and (7-41) yield the components of the sub-
stitution function, so that

= /l Vg + 2mZe?r + 2mayr2 dr -+ \/Z;/(hp
-+ / ey vV —az — agsin2 §df — ayt. (7-42)

We need not evaluate these integrals since we are interested only in the
partial derivatives of S with respect to the ar. Applying Eq. (7-33),
we have
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-ﬁzf mr dr — =8, (7-43)

day Vg + 2mZe2r + 2mayr2
S / dr / sin 6 do
o= - —— = g,
day 2V ay -+ 2mZe2r + 2mayr2 2V —az — agsin2 6

(7-44)
aS 1 do
— =0 — | — - = f3. (7-45)
6(13 2\/a3 2 sin 0\/-‘—0(3 — Qg sin2 6 ’

Equation (7-43) provides the functional relationship between r and ¢;
Eq. (7-44) gives r as a function of 6 and hence is the equation of the
orbit. I‘rom this equation, knowing r as a function of ¢, we could obtain
6 as a function of ¢{. Kquation (7-45) gives ¢ as a function of 8 or, if de-
sired, ¢ as a function of the time. The constants ay, as, a3 and 8, 8, 83
are determined by the initial circumstances of the motion. We leave this
as a problem for the reader. The constant «; is, of course, the total energy
of the system.

This example illustrates the general procedure for solving a multi-
dimensional dynamical problem by the Hamilton-Jacobi method. When-
ever the Hamiltonian H does not contain the time explicitly, as in the
example just discussed, a separation of S into the sum of functions,
S = Si(q1) + Sa2(g2) + -+ 4+ Swu(gn), is possible. Then a complete
solution of the Hamilton-Jacobi equation is

S = 8qe, o) —art (k=12 ...,m), (7-46)

where the function 8'(qx, ax) is the sum of functions, each of which con-
tains only one of the ¢, and at least one of the constants a.

Since (8S/8t) = —a; in this case, the Hamilton-Jacobi equation may
be written as

H(qk, ‘;§-) —ar (k=1,2,...,m). (7-47)
'3

The assumption of separability in S implies that the part of H con-
taining ¢, (88’/dq;) may be segregated, leaving all other ¢ and (8S’/dqs)
grouped. Thus,

s’ B a8 8y >
H1 <q1, é)q; ’ a1> = 112 ((I2 Qmy (7(12 66 ryoy ) (7—48)

But this equation can be true only if both sides cqual some constant,
say as. We have then two equations,
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as’
H, <(11, 3, al) = a, (7-49)
as’ as’
Ifz(Qz“’Qm,@"'éq—m’al>=Otz- (7-50)

Iquation (7-49) can be solved as an ordinary differential equation
for S{(q1, @1, @2). In similar fashion Eq. (7-50) can be separated to
yield

s’ s  as
H2 q2, 37— a1, 2 =H3 g3 Qmy 77T 0y, Qg ) = Qag,
992 gz 9qm (7-51)

and Hylqs, (38'/9¢s), ay, @] = az may be solved for Si(gz, ay, ag, a3).
As a result of this separation repeated m - 1 times, we find ultimately

S = S1(qu, a1, az) + Sh(qs, a1, az, az) + S3(gs, a1, az, a3, ag) + - -
(7-52)

This is the substitution function for the problem. It is the time-
independent part of S.

Ilaving found S’ by this separation technique, we may then choose
the ar to be either the new coordinates or the new momenta, as we did
in the examples above. The concluding analysis follows.

Case 1. ap = Q. By Eqgs. (7-10) we have, since 8’ is independent of ¢,

as’ as’
Pr = 77— _Pk:é;/:, K =H=a (I‘.:l)zy""m):

d
I (7-53)

where K’ is the new Hamiltonian and is independent of the time. Then
the Hamiltonian equations (7-11) yield

5 S
Pr= o=,

IK’
Vg — — =
Py = das 0,

(7-54)
r/

I)m = oK = Oy
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so that
Pl = —1 ——ﬁly
P2 = _62)
(7-55)
Pp = —Bm,

where the g8; are constants of integration.
Combining the second of Egs. (7-53) with Eqgs. (7-55), we have

as’
(Wl =1 + ﬁlr
as’
60:2 - BZ;
(7-56)
s’
dom Bm.

These equations may be solved for the coordinates g as functions of the
time, and hence they constitute a solution to the dynamical problem.
Case 1I. oy = Pi. By Egs. (7-15) we have

I !
p,,=‘3—s—, Qk=g%, K—H=a (k=12...,m).
qk k (7-57)
The Hamiltonian equations yield
: dK’ . dK’
Ql—-aa—l-—l, Qk—E—O (k—2,3,...,m), (7—58)
so that

Ql =1+ ﬁl, Qk = Bk (k = 2, 3, . eey M) (7—‘59)
Combining the second of Eqgs. (7-57) with Eqgs. (7-59), we have

%Z‘Jrﬁh 0 g (k=23...,m. (7-60)
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These equations, solved for the g, as functions of the time, constitute a
solution of the problem. Both examples, discussed previously in this
section, illustrate the procedure.

As a final example, consider again the spinning top discussed in Sec-
tion 4-9. Using the values of 7 and V in terms of the Eulerian angles,
we find

1 Po (Ps — py cos 6)* p_il
H = 3 + T Tenze -+ T, + mgl cos 6, (7-61)

where py, ps, py are the momenta conjugate to the angles 9, ¢, ¥ (see
Fig. 4-19). Since H is independent of the time, we shall assume S =
S'(8, ¢, ¥) — a;t as the form of the substitution function. We have

ey oy o
po-’ao’ p¢—a¢’ pw“alp’

and the Hamilton-Jacobi equation is, by Eq. (7-47),

g(ﬁy+_¢_@§“ﬁ “y
27 \ 30 2Tsinz 6 \3¢ oy ©

1 aS'>2
-+ 273‘ (W -+ mgl cos f = aj. (7—62)
Since this equation does not contain the variables ¢ or y explicitly, we
assume the function

S = 81(6) + az¢ + azy, (7-63)

where a; and as are constants. Whenever cyclic or ignorable coordinates
such as y or ¢ occur, the corresponding part of S’ can be taken as a linear
function of these coordinates. Then, substituting in Eq. (7-62), we have

1 dSl> 1 _ 2, 1 o _
2I<d0 +21s_—in20(a2 ag cos 6) —|—213 a3 + mglcos 6§ = aj.

(7-64)
Therefore,

ds,

I 1 172
= {2Ia1 T a3 — 2Imgl cos 6 — e (ag — a3 cos 6) l

Hence,

1/2
ag — ag COS G)Zl dé.

S =/{2[al — Il;ag — 2Imgl cos 6 — Ei—nl?T?(
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Let the quantity in the brace be denoted by F(6). Then we have for
the substitution function,

— [VFG) 48 + az6 + ap: (7-65)

If for sake of variety we choose the constants o to be the new coordinates,
Qr, we have by Case I, Eqgs. (7-56),

as’ Ide
Eotb b= | e
Ot VF@©) (7-66)
as’ / (as — ajcos 0) db

= fomnd _— ) 7"‘67
day P20 sin? 0v/F (6) (7-67)

as’ 1 / / (@s — as cos 6) cos § do
— B =y — 6)cos6db 7 58
dag ~ P VF(@©) sin? 0v/F(6) (7-G8)

Equation (7-66) gives 0 as a function of the time. The function F(8)
is equivalent to that appearing under the radical in q. (4-83) if we set

= E, ag = 13w3, ay = L¢.

These are all constants of the motion determined by the initial conditions.

Equations (7-67) and (7-68) give the functional relationships between
6, ¢, ¥. Once 8 has been determined as a function of ¢, the other variables
may also be expressed in terms of {. These three equations constitute
the solution of the problem.

The Hamilton-Jacobi theory, here discussed briefly, has been applied
extensively in studies of planetary motion and in the development of
quantum mechanics. The interested reader will find detailed studies of
the method in the references listed at the end of the hook.

7-3 Action and angle variables. Many physical problems are of a
multiply periodic nature. For example, in the electron problem discussed
in Section 7-2, the radius vector r goes through a cycle from minimum
to maximum to minimum again as the angle ¢ varies from 0 to 2r. In
the harmonic oscillator, the position coordinate is a periodic function of
the time. In the latter case the momentum, too, oscillates between
minimum and maximum values.

The Hamilton-Jacobi theory is particularly effective in handling such
periodic systems. By a periodic motion of the system we mean that the



7-3] ACTION AND ANGLE VARIABLES 247

projection of the representative point in phase space on any (pk, qx)
plane is simply periodic in a one-dimensional sense. That is, the path
in the (p, ¢) plane is a closed curve.

In order to study this cyclic motion, we introduce a special type of
variable called the action variable or phase integral. This is defined by the
equation

Jk=fpkqu k=1,2,...,m), (7-69)

where the integration is to be performed over one complete cycle of the
g involved. This amounts to defining J; for each degree of freedom as
the area in its partial phase space bounded by the path of the representa-
tive point.

Let us use as an example the simple harmonic oscillator discussed in
Section 7-2. There we found the momentum to be

p = V2m(E — }kq2) = V2m(a; — 4kq?),

where the constant «; corresponds physically to the total energy of the
system. Hence the action variable for this oscillator is

%0
J = 4/ V2m(a; — tkq?) dg. (7-70)
0

The upper limit ¢¢ in Iiq. (7-70) is obtained by setting the integrand
equal to zero. Thus go = v/2a;/k. The phase integral, Eq. (7-70),
represents the area of the ellipse shown in Fig. 7-1.  When the coordinate
involved is an angle, such as the angle @ in the electron problem of the
preceding section, the integration extends from 0 to 2m.

Since, by definition,
_ 8w an)

Dk 9 qk

we can write for the phase integral associated with the coordinate gy

Jr = f 7 dqx. (7-71)

But g is only the variable of integration and does not appear in the final
result. Hence each J; is a function of the «, the constants in the solution
of the Hamilton-Jacobi equation. Kach set (pi, gx) of momenta and
coordinates is independent. Therefore the various Jj are independent,
and we have m equations from which to solve for the a;. Thus
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ay = al(Jl; J2r ] Jm))
ag = a2(J1;J2y"-;Jm);
(7-72)

Ay, == am(JI;JZy ey dm).

S’ can then be written as a function of the coordinates and of these
new quantities, the action variables. That is,

= 81 Gm 1) (7-73)

Now we choose the J, to be the new momenta in the canonical transformation.
Then, by Eqgs. (7-15),

a8’ s
Qk == a’T]'; = Wg, (7—74)

where we introduce the notation wy to designate the new coordinate.
Furthermore, by Eqs. (7-47) and (7-57),

K'(JyJa oy dm) = HU oy ooy Jn) = ar. (7-75)

Hamilton’s equations then become

joo 0K L _ 0K
k= awk’ k aJk

k=1,2,...,m). (7-76)
Since K’ is a function of the Ji alone, (dK'/owx) = 0, and Ji is constant
in time. But then (0K’/dJ}) is constant in time, and we may write

wi = vt + B, (7-77)

where vy is a constant, thus far undefined physically, and B; is a constant
of integration. The quantities wy are called angle variables. The constants
v will depend upon the Jj through the partial derivatives (0K’/dJ%).

Let us now examine the physical significance of the v,. We compute
first the change in a given angle variable, say w;, due to a complete cycle
of variation in any one coordinate, say gk, while all the other coordinates
are fixed. This will be

Awy = 7{ LI (7-78)
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But, by Eqgs. (7-74), w; = (88’/3J,). Hence

%8
Awy = f FPEY dgr, (7-79)

or, reversing the order of the integration and partial differentiation,

o gy, o4 y
Aw; = v, f 7 dgx = 3, I P dgp. (7-80)
We note, however, that the last integral in Eq. (7-80) is Jx. Therefore

Aw1=1 if k=l,

. (7-81)
Aw, = 0 if k=23, ...,m,

so that w; increases by unity when ¢; goes through a complete cycle but
is not changed by the variation in any other coordinate.

From Eq. (7-77) it follows that Aw; = v,;(At), where At is the time
required for g, to complete its cycle. Hence v; must be interpreted as
the frequency of the motion in the usual reciprocal time sense. In a similar
way, each v, is found to be the frequency of the motion in the corre-
sponding gy.

The power of this method of analysis now becomes apparent. We
can compute the frequencies of the periodic motions directly without
finding the variations of the coordinates with time. We need only express
a; = H = K' in terms of Jy,Js,...,Jn. Then the frequency v, =
(6K'/3Jy) for each k.

Consider again the simple harmonic oscillator. We have from Eq.
(7-70)

0
=4 /0 V2m(a; — 3kq?) dg = 2may,V'm/k. (7-82)
Solving for ay, we find
J -
ar = oo Vk/m = K'. (7-83)
Hence, by Egs. (7-76),
2i Vim = v, (7-84)

the frequency of the oscillation.
The Bohr theory of the hydrogen atom pictures the electron moving
about the nucleus in prescribed closed orbits. Phase integrals, or action
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variables, play an important part in this mathematical model. If the
electron moves in a plane curve represented by the coordinates r and 6,

re 2
Jr = 2/ Pr dT, Jo = / Pe da; (7—85)
r 0

1
where 7, is the minimum and r; is the maximum value of r during a cycle.
We have treated the motion of the electron in Section 64 and have found
pr = Vom|E + (Ze?/r) — (p3/2mr?)}, ps = constant = a,. In this

treatment, £ and what we have termed a; in Section 7-2 are the same.
Hence

r2
J, = 2[ N2m{E F (Ze2/r) — (a}/2mr2)} dr, Jy = 2may, (7-86)
Jry

where 7; and r; are the roots of I/ + (Ze2/r) — (a%/2mr?) = 0.
Integration yields

J, = V(2r2mZ2et) /(—E) — 2ma, = V (2r2mZ2et)/(—E) — J.

(7-87)
Solving for E, we have
, , 2 2 VA 4
E=H=K =—(7%- (7-88)
Thus the frequencies are
4rimZ2e
VT == ]/0 = (Jr + Jo):i . (7—89)

In this case, where the frequencies are the same in the two coordinates,
the system is said to be degenerate.

By the Bohr postulates, the phase integrals are quantized; that is,
they can be only integral multiples of Planck’s constant h. Hence we write

Jr = kh and Js = Ih, (7-90)

where k and [ are integers. IFFrom Eq. (7-89) we see that the frequencies
are also quantized, depending on the total quantum number n = k + [,
or

am’mZ2e*
The energy likewise is quantized,
2.2 4
= — ?1'_”@_6_ , (7-92)

h2n?2
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Fig. 7-2. Phase plane for radial Fia. 7-3. Phase plane for trans-
motion of the electron. verse motion of the electron.

where n takes on positive integral values. The energy changes in every
atomic transition by discrete amounts, depending on the values of n.

The quantization of the phase integrals means that the areas in the
partial phase spaces of the system are limited to certain values. In
I'igs. 7-2 and 7-3 these spaces are shown for the electron. Kach successive
curve corresponds to an integer n. The representative point must move
on a curve defined by a specific value of n. Ior it to change from one
curve to another requires an addition or subtraction of a discrete amount
of energy in the atomic system. In such a transition from one excited
state to another, the J, and Jy change by integral multiples of h.

An important property of the canonical transformation is the invariance
of the phase integrals. The magnitudes of the variables Jj remain the
same in any system of canonical coordinates we choose to use. In the
case of the simple harmonic oscillator, for example, we found J =
2ma;\/m/k, the area of the ellipse in Fig. 7-1. Taking the new momentum
to be E(=ay), as in Fig. 7-1(b), we find the phase integral in the (P, Q)
plane to be 2rE\/m/k, which agrees with J above. In the (P, Q) plane
this is the area of the rectangle from Q = 0 to Q = 2mv/m/k.
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ProBLEMS

7-1. Show directly that the use of L = Y j; Py — K + (dS/dt) in
Hamilton’s principle leads to the canonical equations {, = (0K/3P:) and
Py = —(3K/3Qs). (Section 7-1)

7-2. Show that L from Eq. (7-16) in conjunction with Hamilton’s principle
yields the canonical equations of Hamilton. (Section 7-1)

7-3. Show that the transformation

Q1 = anq1 + ai202,
Q2 = a21q1 + az202,
Py = biip1 + biz2pe,
Py = bz1p1 + baope,

is a contact transformation provided that b,, = (A,,/A) for all ¢, j where

ailr a2
A =

azy @22

and A;, is the cofactor of a,, in A. All the a,, and b, are constants. (Sec-
tion 7-1)

7-4. Solve Egs. (7-43), (7-44), and (7-45) for (a) r as a function of ¢, (b) r as
a function of §, and (c¢) ¢ as a function of 8 under the initial conditions ¢ = 0,
0 = n/2, r = ro when t = 0. Here r¢ is the minimum value of r. (d) What
additional data would be required in order to fix the remaining values of the
ar? (Section 7-2)

7-5. A single particle of mass m moves in a field where the potential energy
is V(z,y,2). (a) Write the Hamiltonian function for the motion, (b) find
the momenta and the Hamilton-Jacobi equation. (¢) Apply the Hamilton-
Jacobi theory to find the motion of the particle when ¥V = 0 and when V =
mgz. The initial conditions are: for V= 0,z =y = 0,2 = 29, & = § = v,
t=0att=0;for V=mge, c=y=02=2,2=v,7=2=0 at
t = 0. (Section 7-2)

7-6. A projectile fired with a speed vy at an angle ¢o with the horizontal
moves thereafter under the action of gravity. By means of the Hamilton-
Jacobi theory, find the equation of its path and verify by elementary analysis.
(Section 7-2)

7-7. A small mass m slides smoothly on the interior of the surface z = 22 4
y%. Assume that the mass is acted upon by the force of gravity and that the
motion is restricted to a small region near the bottom of the surface. (a) Dis-
cuss the motion of m by means of the Hamilton-Jacobi theory. (b) Set up the
phase integrals and find the frequencies of oscillation about the lowest point of
the surface. Neglect the motion in the z-direction. (¢) Compute the z- and y-
displacements as functions of the action and angle variables. (Section 7-3)

7-8. Find the phase integrals for the electron problem discussed in Sec-
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tion 7-2. Express the new Hamiltonian in terms of J,, Jg, J4, and calculate
the frequencies for the motion. (Section 7-3)

7-9. A pendulum with bob of mass m has an elastic supporting cord whose
length is ! when the bob hangs in equilibrium. At any time ¢ > 0, let the
elastic cord have a length ! 4 r and spring constant k, and let § denote the
angular displacement of the supporting cord from its equilibrium position.
Assume that the oscillations are small so that r/l << 1 and take place in a
plane. (a) Solve the problem by means of the Hamilton-Jacobi theory using
S'(r, 8, J+, Jo) as the substitution function. (b) Find the frequencies of oscilla-
tion and check the results by any other method. (Section 7-3)

7-10. (a) Solve by the Hamilton-Jacobi method the problem in Section 5-2
of two statically coupled masses. (b) Exhibit the canonical equations of motion.
(c) Show that the Hamilton-Jacobi equation is not separable in the original
coordinates. (d) Find a point transformation which will yield a separable equa-
tion. (e) Exhibit the transformed Hamiltonian in terms of the phase integrals
and calculate the frequencies of oscillation. (Section 7-3)

7-11. A particle of mass m moves in the zy-plane in a field created by force
centers at (1,0) and (—1,0). The potential energy V = kri’! + k'r3’}, where
r1 and rg are the distances from the respective force centers to the particle;
k and &’ are constants. (a) Under what force law does the particle move? (b) In
terms of elliptic coordinates (q1, g2) given by # = cosh ¢; cos g2 and y = sinh ¢y
sin g2, write the expressions for the kinetic and potential energies. (c) Write
the Hamilton-Jacobi equation and show that it is separable in the (qi, q2) sys-
tem. (d) Exhibit the substitution function in terms of integrals and derive the
equations of motion of the particle. (Section 7-2)

7-12. An electron is moving in a field
produced by a nucleus of charge Z, and
is subjceted to an external electric field
of intensity E = FEi, where i is a unit
vector along the z-axis shown in Fig.
7-4. The potential energy is V = —
(Ze2/r) + Eexr. The motion of the elec-
tron may be treated by the Hamilton-

y Jacobi theory if parabolic coordinates are
used. Let z = §(§2 —n?), p = &n, p? =
y? 4+ 2%
(a) Show that

1 4 4 2
Figure 7-4 V = HEF 19 {eE(£" — n°) — 4Z¢"}.

(b) Show that an element of arc can be written ds? = (§2 4 92)(dg2 +
dn?) + £252 d¢?, and hence find the kinetic energy in terms of £, 7, ¢ and the
corresponding velocities.

(c) Set up the Hamiltonian, compute the momenta, and hence write the
Hamilton-Jacobi equation and show that it is separable.

(d) Write the phase integrals but do not evaluate them.
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INDEX

Acceleration, apparent, in a moving
coordinate system, 32
centripetal, 33
Coriolis, 32
definition of, 2
intrinsic, 34
normal, 2
radial, 3
of rocket, 145
tangential, 2
transverse, 3
Action variable, 247
for simple harmonic oscillator, 247
Aecrodynamic coefficient, 140
Acrodynamic force, 139
Alpha particles, 102
Amplitude ratio factors, 161
Andronow, A. A.; 230
Angle of yaw, 146, 150
Angle variables, definition of, 248
Angular momentum, central force
motion, 81
definition of, 10
for the governor, 62
laws of conservation of, 14
orbital, 81
system of particles, 24
Angular perturbation for artillery
shell, 143
Angular speed of rotation, 29
Angular velocity, definition of, 29
of the earth, 131
mass on circular cone, 92
of rocket, 150
Angular velocities, addition of, 30
Applied forces of D’Alembert, 47
Archimedes, 1
Areal velocity law, 82
Artillery shell, 139
Asymptote, 96
Atomic nuclei, 96

Bernoulli, Johann, 43
Betatron, 79, 106
Body cone, 132
Bohr, N., 250
theory of hydrogen atom, 249
Brown, O. E., 240

Calculus of variations, 49
Canonical equations of Hamilton, 206
Canonical transformation, 233
Center of mass, in laboratory coordi-
nates, 100
for a system of particles, 22
two-body problem, 86
Center of pressure, 139
Central force motion, 79
Centrifugal barrier, two-body problem,
87
Centrifugal force, two-body problem,
87
Chaikin, C. E., 230
Chandrasckhar, S., 217
Circular orbit, frequency of motion in,
94
Clausius, R. J. E., 103
Coefficient of restitution, definition of,
21
Collision, 20
inelastic, 21
perfectly elastic, 21
Complex numbers, 36
Conditions for stability for two-mass
system, 187
Conic section, equation of, 89
Conjugate momentum, 204
Conservation of energy, system of par-
ticles, 28
Constraint, 44
holonomic, 64
Constraint condition, nonintegrable,
62

257
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Constraint conditions, nonintegrable,
for rolling sphere, 63
Contact transformation, 233
Continued fraction, 185
Coordinates, displacement in forced
oscillatory motion, 172
gencralized, 54
definition of, 54
for double pendulum, 54
for simple pendulum, 54
ignorable or cyclic, 208
ignoration of, 210
normal, 165
in forced oscillatory motion, 171
for vibrating string, 189
Coriolis force, 175
Couple, 108
Coupling, dynamic, 36, 59, 156
Cross section for scattering, laboratory
coordinates, 101
Curl in cylindrical coordinates, 106

D’Alembert, Jean, 6, 43, 47

D’Alembert’s principle, 47

Damped linear oscillator, phase plane
for, 218

Deflection angle, 96

Degeneracy, 118

Determinantal equation for small os-
cillations, 157

Differential scattering cross section,
97

Direction numbers of principal axis,
117

Direction ratios for principal axes of
cube, 119

Dirichlet, P. G. L., 46

Displacement, virtual, definition of,
44

Displacement coordinates in forced os-
cillatory motion, 172

Dissipation function, 174

for two-mass system, 175

Dissipative systems, 173

Double pendulum, 54

Drag on artillery shell, 139

Dynamic coupling, 59, 156

INDEX

Dynamical parameters, 96
Dynamical path, 52

definition of, 53
Dynamics, 1

Effective forces, 48
Einstein, A., 70
Electron, 106
Ellipse, 90
Ellipsoid, inertial, 116
Energy, law of conservation of, 15
for the top, 135
Energy, potential, central force mo-
tion, 80
definition of, 13
Energy diagram, for oscillator, 16
two-body problem, 87
Energy equation, central foree motion,
83
two-body problem, 87
Energy of spin for the top, 136
Engine, vertical, 154
Equation of motion, in relativistic dy-
namies, 70
for relativistic oscillator, 73
rotating coordinate system, 33
vector form, 1
Equations of motion, for dissipative
systems, 174
for gyroscopic forces, 175
in normal coordinates, 166
spring and two-mass system, 159
Equatorial plane, 131
Equilibrium, necutral, 46
by principle of virtual work, 44
stable, 46
unstable, 46
Equivalence between mass and energy,
71
Euler, L., 111
Eulerian angles, for artillery shell, 139
definition of, 125
for torque-free motion, 132
Euler-Lagrange differential equation,

50
Euler-Lagrange cquation, for hanging
cable, 51



INDEX

Euler’s equations, of rigid body, 121
for torque-free system, 130
Culer’s relation, 37
Kuler’s theorem, on homogencous fune-
tions, 206
Extremum of a potential function,
45

Fictitious potential encrgy, two-body
problem, 87
Fictitious potential for the top, 136
Flux density of a particle beam, 97
Force, 3
aerodynamic, 139
average, in impulsive motion, 18
centrifugal, on rotating earth, 34
two-body problem, 87
conservative, 12
Coriolis, 175
generalized, 56
of gravity, 34
inertial, 43, 47
repulsive, 95
Force-displacement impedances, 178
Force field, conservative, 12
Forced oscillations, 170, 171
Forces, generalized, in oscillatory sys-
tem, 171
gyroscopic, 175
inverse square, 85
Foucault pendulum, 35
Franklin, P., 49
Frequencies for continuous vibrating
string, 192
Frequency, mass on circular cone, 93
perturbation, for the betatron, 107
Frictional forces, on paraboloid, 66
Function, scalar point, 11

Galileo, 1
Geiger, H., 102
Generalized coordinate for simple pen-
dulum, 54
Generalized coordinates, 54
definition of, 54
for double pendulum, 54
Generalized force, 56
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Generalized forces in oscillatory sys-
tem, 171

Gencralized momentum, 204

Generalized torques for rigid body, 126

Generating function, 234

Goldstein, H., 235

Governor, 60

Griffith, B. A., 130

Gross, G. L., 146

Gyro-axis, 152

Gyroscopic forces, 175

Gyroscopice torque, 152

Gyro-wheel, 152

Hamel, G., 46
Hamilton, W. R., 6, 43, 239
Hamiltonian, 205
for nonlinear spring, 221
Hamiltonian equations, for electron in
motion, 208
Hamiltonian function, for eleetron in
motion, 207
Hamilton-Jacobi equation, 236, 239
complete solution of, 242
for moving electron, 240
for top, 245
Hamilton’s equations, 204
Hamilton’s principle, 49, 52
for particle system, 56
for simple pendulum, 53
in transformation theory, 234
Hanging cable, 49
“Hard” spring, 221
Harmonie law, 90
Holonomic constraint, 64
Holonomic dynamical systems, 55
Homogeneous quadratic form in gen-
eralized velocitics, 56
Hurwitz, A., 183
Hyperbola, 90
under repulsive force, 96

Impact parameter, 95
Impulse, angular, 19
compression, 20
expansion, 20
of a force, 18
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linear, 19 Lagrange’s equations, 54, 57
of restitution, 20 central foree motion, 80
Impulse-momentum theorem, 21 for conservative field, 58
Inertia, 3 double pendulum, 58
Inertial ellipsoid, 116 dynamic coupling, 169
Inertial force, 43, 47 for the governor, 61
Inertial parameters, continuous for impulsive motion, 66
medium, 113 mass on circular cone, 91
particle system, 113 pulley system, 60
Inertial system, primary, 28 for rigid body, 126
Instantancous axis of rotation, 109 for small oscillations, 156
Integrable relation, 55 Lagrange’s multipliers, 62
Intensity of particle beam, 97 Lagrange’s undetermined multiplier,
Invariable line, 130 63
Invariable plane, 130 Lagrangian, 52
Invariance of phase integrals, 251 for the betatron, 107
Inverse square forces, 85 Lagrangian function, 52
Isocline, 219 for dissipative systems, 174
double pendulum, 58
Jacobi, C. G. J., 235, 239 mass on a cone, 91
in normal coordinates, 166
Kaplan, W., 13, 173, 196 in relativistic dynamics, 72
Kelley, J. L., 143 for small oscillations, 156
Kepler, Johannes, 82, 89 Laplace, P. 8., 1
Kepler’s Third Law of planetary mo- Law of gravitation, 85
tion, 90 Liénard, A., 220
Kinetic energy, for artillery shell, 139 Lift on artillery shell, 139
about center of mass, 27 Limit cycle, 230
definition of, 12 Lindsay, R. B., 104, 217
double pendulum, 58 Line of nodes, 125
in Euler’s angles, 126 Linear differential form, 64
for governor, 61 Linear momentum, definition of, 5
of linked rods, 68 laws of conservation of, 14
pulley system, 59 for rocket, 144
in relativistic dynamies, 71 Lincar transformation, 165
of rigid body, 124 Linked rods, 67
of simple pendulum, 53 Liouville’s theorem, 215
spherical coordinates, 80 Loceb, L. B, 104
of spring and two-mass system, Lorentz, H. A., 70
159 “Lost’ force, 48
system of particles, 26
of translation, 26 MacMillan, W. D., 135, 205
Kinetic potential, 52 Magnetic flux, 107
Kinetic theory of gases, 104 Magnetic induction, 78, 106
Mars, 82, 89

Laboratory system of coordinates, 99 Marsden, E., 102
Lagrange, J. L., 1, 6, 43 Martin, W. T., 93
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Mass, 3
of the earth, 106
longitudinal, 78
relativistic, 70, 107
sliding on a cone, 91
on surface of paraboloid, 65
transverse, 78
McShane, E. J., 143
Mechanics, classical, 1
quantum, 1
Méchanique Analytique, 43
Michelson-Morley experiment, 70
Moderator, 102
Moment, on artillery shell, 139
of a couple, 109
definition of, 9
pitching, 124
rolling, 124
yawing, 124
Moment of inertia, 112
of a cone, 115
of a cube, 118
definition of, 10
about a line, 114
Moment of momentum, definition of, 10
Momental ellipsoid, 116
Momentum
angular
central force motion, 81
definition of, 10
for the governor, 62
laws of conservation of, 14
orbital, 81
system of particles, 24
conjugate, 204
for coordinate qx, 57
generalized, 204
moment of, definition of, 10
relativistic, 72
Morris, M., 240
Motion, central force, 79
impulsive, 18
of a rocket, 144
on rotating earth, 33
of spinning projectile, 139
of top, 134
torque-free, 129
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Motor armature of electric locomotive,
152

Multiple scattering, 102

Multipliers, Lagrange’s, 62

Natural frequencies, for particles on a
string, 188
of two-mass system, 160
n-dimensional space, 53
Neutral equilibrium, 46
Neutrons, 102
Newton, I., 1
laws of motion, 5
Second Law
for rotational motion, 10
scalar form, 6
vector form, 5
Newton, R. R., 146
Newtonian equations for a free particle,
48
Nielsen, K. L., 139
Nonconservative system, 62, 173
definition of, 173
Nonholonomic system, 55
Nonintegrable relation, 55
Normal coordinates, 165
in forced oscillatory motion, 171
for vibrating string, 189
Normal mode, 164
Normalizing condition, 161
for vibrating string, 189
Nutation, 136
Nutational frequency of the top, 138

Oblate spheroid, 132

Oblateness of the earth, 131

Orbit, central force motion, 83

Orthogonality condition for vibrating
string, 189

Orthogonality relation, 161

Oscillator, relativistic, 72

Parabola, 90
Parabolic coordinates, 253
Pendulum, differential equation for,
54
spherical, 76
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Perturbation, angular, for artillery
shell, 143
mass on circular cone, 93
Phase integral, 247
Phase plane analysis, 218
for nonlinear spring, 221
Phase space, 204, 213
for electron in motion, 214
for simple pendulum, 213
Plumb line, direction of, 33
Poincaré, H., 225, 230
stability criterion, 229
Poinsot, L., 132
Postulate of equivalence, 70
Potential, in a conservative forcee field,
45
fictitious, for the top, 136
vector, 78, 106
velocity dependent, 66
Potential energy, for artillery shell, 140
central force motion, 80
definition of, 13
double pendulum, 58
for the governor, 61
internal, 27
pulley system, 59
of simple pendulum, 53
for small oscillations, 155
of spring and two-mass system, 159
Precessional velocity of the top, 137
Pressure, center of, 139
Primary inertial system, 28
Principal axes, definition of, 116
Principal moments of inertia, 116
Product of inertia, 112
of a cube, 118
Prolate spheroid, 132
Pulley and mass system, 59

Quadratic form, 155
positive definite, 155
Quadric surface, 115
Quantization of phase integrals, 251

Radius of the carth, 106
Reissner, E., 93
Relative speed, two-body problem, 90

INDEX

Relativistic dynamics, 69
Relativistic mass, 70, 107
Relativistic momentum, 72
Relativistic oscillator, 72
Reno, F. V., 143
Representative point, 53, 213
Repulsive force, 95
Resonance, 171
Rest mass, 70
Resultant, definition of, 23
Right circular cone, 154
Rigid body, definition of, 108
Rocket, motion of, 39, 144
Rosser, J. B., 146
Rotating bar, 122

Euler’s angles for, 129
Rotating top, small oscillations of,

178

Routh, E. J., 182, 209
Routh-Hurwitz criterion, 183
Routhian, 209

procedure, for motion of top, 211
Rutherford, k., 102

Satellite, 105
Scalar point function, 11
Scale factor, 160
Scattering, 95
Scattering angle, 96
for inverse square field, 98
Scattering center, 96
Scattering experiment, two movable
bodies, 98
Second moment of system of particles,
102
Shankland, R. S., 96, 102
Simple harmonic oscillator, 15
Simple pendulum, 53
“Soft” spring, 221
Solid angle, 97
Space cone, 132
Speeial theory of relativity, 70
Speed, definition of, 2
in laboratory coordinates, 101
Spherical pendulum, 76
Stability, of circular orbit, 90, 94
of periodie motion, 225
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Stability index, 226, 227
Stable motion of the top, 180
Stable oscillatory motion, 182
Static coupling, 156

Statics, 1

Steady precession, 137
Steady-state motion, 178
Steady-state oscillations, 172
Stokes, Sir G., 107
Substitution function, 235
Synge, J. L., 130, 139

Taylor’s series for potential encrgy, 155
Tensor, inertial, 113
momental, 113
Thrust on a rocket, 144
Torque, definition of, 9
generalized, for rigid body, 126
gyroscopic, 152
impulsive, 20
Torque-free motion, 129
Total energy, two-body problem, 90
Total momentum in scattering, 100
Total scattering cross section, 97
for inverse square field, 98
Total work in nonconservative
system, 173
Transformation, contact, 233
Transformation theory of dynamies,
239
Transient solutions, 177
Translation of coordinate system, 31
Tuning fork, 153
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Unstable motion of the top, 181
Uspensky, J. V., 183

Variation, 50
in kinetic energy, 52
of latitude, 131
Varied path, 52
Vector point function, 11
Vector potential, 78, 106
Velocity
angular, of earth’s rotation, 36
central force motion, 83
definition of, 1
of escape, 105
rotating coordinate system, 30
Vertical engine, 154
Vibrating string, 188
Virial, definition of 103
Virial theorem, 102, 103
Virtual displacement, definition of, 44
Virtual work, 43
impulsive motion, 67
for particle system, 56
principle of, 43

Wall, H. 8., 185
Wavelength of yaw, 146
Webster, A. G., 117, 119
Whittaker, E. T., 130, 165, 225
Widder, D. V., 47
Work, definition of, 11

virtual, 43
Work function, 53
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