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DECOMPOSITIONS OF OPERATOR ALGEBRAS. I
By
I. E. Segal
of the
University of Chicago

1. Introduction. We show that an algebra of operators on a
Hilbert space can be decomposed relative to a Boolean algebra of invariant
subspaces as & kind of direct integral, simlilar to the decomposition as a
direct sum of algebras of linear transformations on finite-dimensional
spaces. Thls decomposition results from an interesting decomposition
formula, for the "states" of operator algebras which we have treated in
[8]. 1If the Boolean algebra is maximal, and with a certain separability
restriction, the constituents in the direct integral are almost everywhere
irreducible. It tollows that in the case of a separable Hilbert space, a
weakly closed self-adjoint algebra is a direct integral of factors. Any
continuous unitary representation of a separable locally compact group G
is a direct integral of irreducible such representations. If G 1is uni-
modular, then its two-slded regular representation is a direct integral of
irreducible two-sided representations. Any measure on a compact metric
space which is invariant under a group of homeomorphisms of the space 1s a
direct integral of ergodic measures.

Our basic results are closely related to results of von Neumann in

[16]. The decompositions obtained by von Neumann are from a formal view=-
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2 I. E. Segal

point nearly identical with ours, but there are important technical differ-
ences in the approaches as well as in the results which allow us to give
consideradbly simpler proofs of the key theorems, and which yleld a theory
better adapted to the study of group representations than that of von
Neumann. These differences are notably, first, the use of states, and
second, the use of perfect measure spaces, rather than a measure space over
the field of Borel subsets of the reals. Each of these features simplifies
the serious measurability problems involved in obtaining decompositions.
The concept of direct integral of Hilbert spaces 1s awkward because the
Hilvert spaces may vary in dimensionality, and it 1s unclear to begin with
how a measurable function to such Hilbert spaces should be defined. As a
state 1s a numerical-valued function, there 1s no such awkwardness about
direct integrals of states, and by virtue of the known correspondence
between states and representation Hilbert spaces, a decomposition of a
state as such an integral induces a decomposition of the Hilbert space into
"differential" Hilbert spaces, so to speak. The utilization ot perfect
measure spaces (on which every bounded measurable function is equivalent to
a continuous function) eliminates the need for various kinds of sets of
measure zero which occur in von Neumann's theory, and greatly facilitates
the reduction of group representations. Our theorem concerning maximal
decompositions bears the same formal relation to a theorem of Mautner [5]
that our decompositlion theory does to that of von Neumann, but the logical
roles of these two theorems are very different, as we use our result to de=-
compose & general algebra of operators into factors, while Mautner's result
is derived directly from von Neumann's decomposition theory for general
operator algebras. By virtue of the difference between our basic tech-
niques (some of which apply to inseparable spaces) and those of von Neumann,
our proofs are for the most part necessarily of a different character from

those of von Neumann, and in particular no use is made of the theory of
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analytic sets.

2¢ Definitions and notations. We introduce here a number of

terms and symbols which we shall use without further reference in the re-

mainder of the paper.

Definition 2.1. A W#-algebra (or C#-algebra) is a weakly (or unie-

formly) closed self-adjoint (SA) algebra of (bounded linear) operators on a
Hilvert space., The term “operator" will always mean "bounded linear oper-
ator". For any algebra (1 of operators on a Hilbert space, the set of all
operators which commute with every element of Q 1s called the commutor

of Q. and denoted by Qf. A W#-algebra Q. which contains the identity
operator, always designated by I, and is such that Q " Q' consists

(only) of scalar multiples of I 1is called a factor. The term Hilbert
8pace will be used in the present paper to denote a complex (generalized)

Hilbert space of arbitrary dimension (> 0).

Definition 2.2. A measure space 1s the system composed of a set

R, a O-ring /{ of subsets of R, and a countably-additive non-negative-
valued function »r on 7{’. Such a space is finite if R € # and r(R)

is finite. Such a space, denoted as (R, /£, r), is called regular if R
is a locally compact topological space, 7Z 1is the G-ring generated by
r(s)

Kcs
= G.L.B.w=,sr(w), where K varies over the compact and W over the open

the compact subsets of R, and if for every S e, r(S) = L.U.B.

sets in 7/ . We denote such a space as (R, r), and a countably-additive
complex-valued function on 7€ 1s called regular if the positive and nega-
tive constituents of its real and imaginary parts are such that the corres-

ponding measure spaces are regular (i. e. are regular measures). A finite

measure space (R, 72, r) 4s called perfect if it is regular, and 1if,
furthermore, for every bounded measurable function on the space there is

a unique continuous function on R equal almost everywhere to the given
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functione

Definitions 2.3. A state of a C#-algebrs Q 1s a linear func-

tional <« on (@ such that w (U#U) > 0 and o (U#) = O(U) for

Ue O (a bar over a numerical-valued function denotes the complex-con-
ugate function), and with L.U.B. W (UxU) =1 The associ-
o ’ vl =1, vea B
ated representation @ of (Q , Hilbert space 7+, canonical mapping 7

of Q 1into M, and wave function 2z, are the essentially unique objects
with the properties: 1) @ 1s a representation of Q on M (i.e. it is
a mapping on (Q to the operators on /¥ which preserves algebraic opera-
tions, including that of adjunction); 2) %7 1is continuous and linear on

A to M, 7((2) is dense in /# , and (7 (U), 7(V)) = w(V#U) for any
U and V in Q ; 3) P (U) (V) =y(U0V) for any U and V in a ;

4) z 1s an element of 74 of unit norm such that & (U) = ((U)z, z) and
q(U) = Uz for U€Q. (For further properties and an existence proof, see
[8]+) A representation ¢ of Q on 74 1s called cyclic if there
exists an element z in /4 such that #(Q)z 1s dense in # ; such an

element 2z 1s called a cyclic vector.

Definitions 2.4. The spectrum of a commutative (complex) Banach

algebra 1s the topologlcal space whose set 1s the collection of all con-
tinuous homomorphisms of the algebra into the complex numbers which are not
identically zero, and whose topology 1s the weak topology in the conjugate
space of the algebra. If N 1is a locally compact Hausdorff space,
C(IM)or R (7)) denotes the Banach algebra of all continuous complex-
valued (or real-valued) functions on " which vanish at infinity on T‘
(a function f on |' vanishes at oo if for every positive number £ ,
the set [y||f(¥)] =2 €] 1s compact), with the norm of a function taken

to be the maximum of its absolute value.

Definition 2.5, If M 1s a measure space, L (M) denotes the
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Banach space of o&th-power Integrable complex-valued functions on M, with
the usual norm, where 1 5 ® < o, Loo(M) designating the Banach algebra
of all essentially bounded measurable functions on M. Two functions on a

measure space agree nearly everywhere (n. e.) if on every measurable set of

finite measure, they agree a. e., and a set in a measure space consists of
nearly all points of the space 1f the Intersection of its complement with
any measurable set of finite measure has measure zero. If G 1s a locsally

compact group, L (G) denotes L (G, m), where m 1s Haar measure on G.

3« Decomposition of a state relative to a commutative algebra.

We show in this section that any state of a C¥-algebra Q. can be repre-
sented as ar integral of more elementary states, over a measure space bullt
on the spectrum of a given commutative W#-algebra in Q'« By virtue of the
known correspondence between states and representations of C#-algebras
this shows, roughly speaking, that every cyclic representation (and hence
every representation) of (. 1s a kind of direct integral of more ele-
mentary representations, in such a way that the integrals of the elementary
representation spaces are the invariant subspaces of the original repre-
sentation space. Thus the present section could be described as an investi-
gation of the decomposition ot a representation relative to a Boolean alge-
bra of invariant subspaces.

In a later section the present decomposition, which involves no
measurability problems, as states are numerical-velued functions, 1a used
to treat direct integrals of Hilbert spaces (where the dimensionallty may
vary from point to point) and of operator algebras (which vary similarly),
and thereby we avold the measurability complications inherent in a direct
attack on such integrals. It will alsc be shown later that under suitable
hypotheses regarding Q and the commutative algebra in question, the ele-
mentary representations which occur are almost everywhere irreducible.

In view of the correspondence between states and representations,
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it suffices to consider states W of the form W(T) = (Tz, z), where 2

1s a cyclic vector for (Q . We mention also, as is pertinent to the decom-
position of an algebra of the form C', whers C 1s a commutative Wit-
algebra, that it is known that for any such algebra there exists a family
{Pﬂ} of mutually disjoint projections in C such that the contraction of
(the operators in) C' to P/J'P has a cyclic vector; and that, moreover,
if 7 1s separable, then there always exists a cyclic vector for a 1t-
self.

THEOREM 1. Let C( Dbe a commutative W#-algebra on a Hilbert

space J+ , let (}; Dbe a C#-algebra in c', and let z be a normalized
cyclic vector for (L » Then there exists a weakly continuous map

7 —> Wy on the spectrum N of C to the conjugate space of (. sand

8 perfect measure M on ' such that: 1) for any XeQ and seC,
(sXz, z) =[S( 7) W,(X) d/d 7), where the mapping S =—=> S(*) 1s an iso-

— —

morphism of C onto the algebra of all complex-valued continuous functions

on [132) W, 1s almost everywhere (relative to (T',/.L)) a state, and

in case (Q contains the identity operator, everywhere a state.

The proof is based on a series of lemmas, mostly of a measure-

theoretic character,

LEMMA 1l.1. Let (T‘./L) be a regular compact measure space, and

let ) be a continuous linear functional on C(T'). Then if V 1s the

regular countably-additive set function on r corresponding to ¥ (1i.e.

y(£) 'ﬁ(?’) av(¥) for feC([")), then for any Borel subset I3 1in

I"» the variation of v over B 1is

LBy o (1), Hel =1 | A EEVED |

We recall the definition of the variation of ¥ , which i1s & numer-

ical function on the Borel subsets of |' denoted by Var V:
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(varv)(B) = L.U.B. Zi
collection of mutually disjoint Borel subsets of B . Now if ff({)d}t( N,
with fe€ C(["), is approximated by sums Zk £( fk)).((A ), then as the
absolute value of this sum is bounded, when |[[f| £ 1, by : /J.(A ),
it rollows that (Varm)(B) Z L.U.B. [feC(T), |Ifls 1] | /(%)d/u(:f)l.

On the other hand, in a regular locally compact measure space, it is plain

[v(4 )] where {A} is an arbitrary finite

that Var s can be defined by the equation (Var/.L)(B) = L.U.B.

Zi l}A(Ki) |, where {Ki} is an arbitrary tinite collection of mutually
disjoint compact subsets of B. Now let & be an arbitrary positive
number, let Kl' ***, K, be mutually disjoint compact subsets of B
such that (Var/u)(B) fzi | p( Ki” + £, let .(11 (1 =1, *+, n) be
mutually disjoint open subsets of r such that ﬂi po) Ki , and with
(Varu ) (), = Ky) < €n"1, and let £, be an element of C(T") which
i1s 1 on Ki’ 0 outside of ﬂi‘ and has values between O and 1
elsewhers. Setting f£(7) -Z ({);5171_(7(_1—), then |/f||< 1 and

Lt auce) =5, / £ EETE p(7) +

£, (Nsgapu(K ap(¥) .
ZiAﬂ(ﬁi- Kp LS Kper
Now
/Ki £4(¥)sen p(Kp) ap() = | w(KI

and

I/};ﬂ(Qi - Ky £, (Vsgnp (K ap(¥)] S (Varpd(€), - Ky

by the inequality obtained at the beginning of the proof. It results that
<

) '/*(Ki)l - 'A/B‘f({)d)*( Y) | + €, and hence that

(Varpu)(B) = IA £7(7) d/.t({) | + 2€, which shows that (Var/.x)(m <

L.U.B. Bf(/)d/A(z’)l.

gec(T), ey =1 !
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LEMMA 1.2. Let P be a compact Hausdorff space, and let '

and &' be continuous linear functionals on C(TV) such that ﬂ' is

real and non-negative on non-negative functions, and |[¢'(f)]| = o o' (If])

for all feC([') and some fixed « . If p and G are the regular

countably-additive set functions on r corresponding to _/')' and ¢',

then G 1is absolutely continuous with respect to . Moreover, if in

accordance with the Radon-Nikodym theorem we set G (B) = */B'k( f)dﬁ( 7)),

where [3 1s an arbitrary Borel subset of ", end x is s p-integrable

function, then [k(7 )] £ a almost everywhere with respect to P

Let /0 Dbe a compact subset of T‘ on which f‘) vanishes and let
n= SO *Varco. Then A 1s a regular measure on T‘ and hence there
exists a sequence {ﬂn} of open sets in " such that O =24,

n

be an element of C ()

Q= Q4 » end X(Qn) —> A(A). Now let f

with values between O and 1, which s 1 on A and O outside of
Q‘n . If XA is the characteristic function of A, it results that
fn( Y) =—> ,‘)LA( ¥ ) a.e. with respect to A , and hence a.e. with respect
to © and Var o also. By the Lebesgue convergence theorem, c(A) =
limm/;n( ¥Y)do(¥) and |[c(A)] = 1im lc-'(fn)l = O(limsupnfjo'(fn)l =
o lmsup | /£ (¥) dp(¥)| =ap(A) =0,

Thus G vanishes on any compact set on which f) vanishes., Now
let B be an arbitrary Borel subset of T‘ for which f)( B) =o. By the
regularity of G  there exists a sequence {Ki} of compact subsets of r‘
such that Kic B and o( Ki) —>¢(B). But G(K,;) =0 as P(Ki) s
p(B) =0, so ¢(B) =o0.

It remains to show that [k( X')[ fOk a.e, with respect to 0O. By
Lemma 1.1, (Varc )(B) = L.U.B.p. (™), el s1 [Af( f)d'p( 7).
Fixing B , let {K n} and {Qn} be sequences of compact and open sub-
sets of P , respectively, such that Knc BC_()n and k(ﬂn - Kn) —> 0.
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Then if hn 1s a continuous function on [|' which is 1 on Kn' 0 out-
side of _Q_n, and between O and 1 elsewhers, h (7) —> ')( (7)) a.e.
with respect to A and we have l/i(f)m(f) A0 (Y )| ==>
l/f(zf) do(¥)]. Now j/f(%’)h({) do (¥)] = la(rh )| <
o(Jo(lfhnl) = a/lf(a’)ln (¥) ap(d) —=> |r(o’)| dp(¥)e It
follows that 1f fe C ([') and I £l S 1, then | Bf(a() dg(¥)| =
o p(B), and hence (var @) (B) fQJO(B). Now it 1s immedlate from a well-
known result that (Varc )(B) = Alk(f)ldp( ¥), and setting PC =
[7] Ix(¥)] 2 o+ €], where & 1is a positive number, 1t results that
(vara)(Pg) 2 (ax + €) ﬁ(Pe )e On the other hand, by the preceding
argument, (VarG )(F) S&xp(P.), so (X+E& )P(Pc ) S (VSI‘C’)(PC ) <
@ﬁ(Pe )+ Hence P(PC ) = 0, and noting that [ ]| |[h(¥ )| > «] =

©

Un-‘-l Pn'l » 1t follows that |k(d )| £ & a.e. with respect to /2.

LEMMA 1.3. Let (r:ﬂ) be a compact regular measure space with

—

the following properties: 1) 1if {fn} is a monotone decreasing sequence of

non-negative continuous functions on r ,» then there exists s greatest low=-

er bound f of the sequence in T (['), and limnffn( ) ap(d) =
/;‘( ) a pl ¥); 2) the measure of any nonvoid open set 1s positive. Then

(]_‘,P) 1s a perfect measure space.

Let K be a compact subset of \" « Then there exlsts a seguence
{fn} of non-negative-valued continuous functions on P such that f z
— e >
'X_K PR ) —-> X ¥) ace. with respect to P s and £ ( 7) 2
£l 7)), where XK is the characteristic function of K (such a sequence
is readily constructed by induction, using the regular character of L )e
Now let f be the G.L.B. of the f; In R(IM). As £ ({) —> A (7¥)
a.e., f(7) S XK( 7) a.e. On the other hand, /r( %) d/J({) =
li%ﬂn( 7) d/o( 7)) = ﬁk( ) dJo( Y), so that
( ’X_K( {) = £(7)) dJo( ¥) =0, from which it follows without difficulty



10 I. E. Segal

that K ( ) = £( ) a.e.
Now let P be any Borel subset of [" and 1let {Ki} be a mono-
tone increasing sequence of compact subsets of I3 such that P ( Ki) -—>

p(B). Let f,€ R(T') ve such that fi(b/) = 'XK () a.e. Now it is
1

easy to see from the fact that a nonvold open subset of P has positive
measure that the complement of a null set 1s dense., It follows that as

(£, (402 = (X (4N% = A, () = 107 suen, for a1l & (£3(7))7 =

fi( ¥), so that fi( ¥) 1is everywhere either 1 or O, Similarly, if

1 < §, then ’XKi 'X_KJ = in , and 1t results that fi(z()fj(b/) = fi(‘()

a.e. 8o that rifj = fi. Hence the sequence {ri} is monotone 1increasing,
and applying the first condition in the hypothesis of the lemma to the
sequence  {Xp- £,} , 1t follows that the {f,} have a L.U.B. f 1n
AT, and that /2,(5) ap(¥) —> J6(¢) ap(d). Since £(4) 2

fi(b’), £(¥) 2 X, () a.e., which implies that f£( %) 2 X (7)
4 U Ky

a.e., or (&) 2 Ay( ¥) a.e. On the other hand, ﬁ( ) ap(d) =
11mnﬁn({) ap ¥) = lim ol Kn) = p(B) = /:XB( 7) a pl ¥), and 1t
follows as in the preceding paragraph that f( i) = XB( ) a.e.

Next let f be a bounded measurable function on (T‘,/a). To
prove the existence of an element of ( (r) which is equal a.e. to f 1t
ia clearly sufficlent to consider the case in which f 4is-real and non-
negative. If f 1s such, say 0 S £(d) S & for ¥el' , then defining

+
Mi,n to be the set [ |o(l - gin') >f(¥) > (1 -1;,%) ] (1 =01,
2, *°° ), M is a measurable set, and 1if ’X.1 is the character=-
n

1,n »
istic function of Mi and if f, = 1s In RUTY) and equal a.e. to
» »
1
Xi,n » then putting f =§:1=0 ol - Eﬁ)ri,n » f € R(T"), -and
o
1£(7) - £, )] < 2%‘, a.e. and also 'fn+1(°/) - £ ( ¥)] £ o a.e. As the

complement of & null set is dense, and as fn+l -f, 1s1in C(T‘), the
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last inequallity holds for all 2 . It follows that :::]_(fnﬂ(ﬂ'rn(“)

is uniformly convergent, so that fn converges uniformly, say to t", an
element of K (). It is plain that f' = f a.,e. If there were two
elements of C(I") equal a.e. to f, then we would have a continuous
function (their difference) equal a.e. to zero, and by an earlier remark

zero everywhere.

LEMMA l.4. With the notation of the theorem, let J- Dbe the

. ——————— — — S—

regular measure on |' such that (Tz, z) = /]-:T(n’) d}i(b’) tor TeC,

Then (P./.A) is a perfect measure space.

Obse:rve first that the measure of a nonvoid open subset of T" is
positive. For 1if L) 1s a nonvoid open set of measure zero, let K be
any nonvold compact subset, and let f be an element of (') which 1s
1 on K, O outside Q , and between O and 1 elsewhere. Then f2
vanishes outside () , so that ﬁr({ ))2 dp( Y) = 0. It follows that if
F 1is the operator in C wnich corresponds to f, then (Fzz, z) =0 =
Il le[z, and hence Fz = 0. Now if X 1is an arbitrary element of & , we
have XFz = 0 = FXz. Now [ Xz| X¢Q ] 1s dense in /4, and thus F
vanishes on a dense set; being continuous, it must vanish ildentically.

Hence f = 0, a contradiction.

It remains only to show that the hypothesis of Lemma 1,3 regarding
monotone sequences of functions in X (]') 1is valid. Let (fn} be a mono-
tone decreasing sequence of non-negative continuous functions on T‘ , and
let Fn be the operator in C which corresponds to fn. As C 1s
algebraically isomorphic to C(]') (in an adjoint-preserving fashion),
its subring f of self-adjoint elements is order-isomorphic to 72(['),
and we have F, 2 F . , F, 2 0. Obviously tho F, commute with each
other and by a known result in the theory of Hilbert space, the strong
1limit of the seqience {Fn} exists, say lim an =Fx for x€ 4. If
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f 18 the element of C(P) corresponding to F, from the inequality

Fy, 2 F we have £ 2 f. Now if hef(') and f 2 h for all n, then
F_ 2 H for all n, where H 1s the element of ¢ corresponding to h.
This would imply that (an, x) 2 (Hx, x) for =xci4, and taking 1im on
both sides of this inequality ylelds the inequality (Fx, x) 2 (Hx, x).
This means that F 2 H, so that f 2 h, and hence f 1s the G.L.B. of the

f . Moreover, we have lim ﬁn( 7) d/.x(a’) = lim (F z, z) = (Fz, z) =
ﬁ( 1) ap( ).

LEMMA 1.5 If & 1is a state of a C#-glgebra containing a normal

operator S, then |«(S)| Sw(]|S])e

We explain that |S| 1s the absolute-value function, applied to
S by the usual operational calculus. The Ci#-algebra generated by S 1is
isomorphlic to the algebra of all continuous complex-valued functions
vanishing at infinity on some locally compact Hausdorff space Z ¢ By the
Riesz-Markoff theorem, W (T) = /S:t(g) dg(€), for all T in that
algebra, t(g) being the corresponding element of C(E) and O Dbeing
a regular measure on :__‘:: e Putting 8 for the element of C(E)
corresponding to S, we have  (S) = /E s(§ ) d¢ (€ ) and hence
lwi(s)| = éls(g)ldc(§)=w(lsl)-

PROOF OF THEOKREM. We first prove the theorem for the case in
which ( contains the identity operator I. Let « be the state of /2
defined by the equation w (X) = (Xz, z), X€ Q. Then «W(SX), as a
function of 8 € C for fixed X €@, 1s clearly linear, and it is bounded
for |w(SX)] S )Isx|)l £ ISl Xl « This linear functional induces, via
the correspondence between C and O ( r‘) a bounded linear functional on

C(T‘), and by the known form for such a linear functional we have

w(sX) = %S( 7) apm ( b/), for some unigue countably-additive regular
X

set function on [ , /ux. We observe next that |w (SX)] S« W(|S]) for
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xeld and se€C, where Ocm I X0l + I Xgh, X =X, +4X, , X, and X,
being SA. For [W(SX)] = | (SX)) + 10(8X))] 2 [D(8X )] + |2(8X,)];
since the XJ (] =1, 2), S, and their adjoints mutuslly commute, XJS
is normal so by Lemma 1.5 l“)(SXj)l < U(ISXJI). Now the C#-algebra

generated by Xj and S 1s algebraically isomorphic to C(E':j) for

At

some locally compact Hausdorff space ./, J' and it is easy to deduce from
this that |st| = |S] lle < xJ" IS|]e It follows that ’u)(SXJ)’ <
S XJ” |S]), and the stated inequality follows.

Hence Lemma 1.2 appllies and asserts that /ux is absolutely con-
tinuous with respect to A4 ’/“(I’ and that if we write (by the Radon-Niko-
dym theorem) /ux(B) = Akx( 7) ap( ¥Y), B veing an arbitrary Borel
subset of P , then kx is essentially bounded with respect to/at « Now
by Lemma 1.4, (P,}A) is perfect and hence there exists a unique continu-
ous function k)'(( ¥) on T'  which colncides a.e. with respect to M,
with ky(¥ ). Defining <y as the tunctional on Q glven by the
equation Wy(X) = k;(( {), then for each Xe Q, Wy (X) 1s a continuous
function of ¥ . Now as « (SX) 1s linear in X for fixed 8, Mx is a
linear function of X, and 1t follows that k;“y (¥) = k'x( 7) + \g}( 7)
a.e. on (r',/u) for any X and Y 1in Q. Hence k)'HY (%) =
k)'((l’) + k&(?f) a.e., but as both sides of this equation represent con-
tinuous functions of , by a familliar argument we have equality every-
where. In a similar fashion 1t follows that for any complex number (3 ,
k'(}x (%) = /Jk)'( (¥) for all Y€ [' . These results mean that for each

Y, u)( 1s a linear functional on ( . Since the product of two com-
muting SA nonegative operators 1s a SA nonegative operator, ) (SX) 1is
a positive linear functional, of S, for fixed SA non-negative X, and hence
M-y 1s then a measure. It follows that for such X, ky(¥) 1s a.e.
nonegative, so ki(/) is everywhere nonegative, and the same is true of

Wy (X). To show that @y 1is for each ¥ a state of (2 1t remains
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only to show that «)y(I) =1 for all ¢ . Now (Sz, z) 8‘/Sv(2/)d/4(/) =
fs.(a’)w,(x) ap(?), so /s‘(a’) {1~ 9v(m)} ap(d) =0, for a11 seC.
As S ranges over C » 8(.) ranges over all continuous, and so, as
(r,}x) is perfect, all bounded measurable, complex-valued functions on

T‘, and therefore wy(I) =1 a.e., but as «y(I) 1s a continuous func-
tion of ¥ we have equality everywhere. This completes the proof for the
case Ie€Q@, for the continuity of «Wy as a function of ¥ with values
in the conjugate space of (. 1s equivalent to the continuity of &y(X)
as a function of ¥ for all Xel.

Now suppose that I 18 not necessarily in (. , and let 0_1 be
the algebra obtained by adjoining I to Q ; it is not difficult to see
that Ql is a C#-algebra. Then 01 cC' and by what has just been
proved there exists a continuous map = a)f, on ]—' to the state space
of Ql (1.e. the collection of all states of al topologized by the
weak topology on 1its conjugate space) such that for X € 01 and seC,
(SXz, z) 8‘/11,8( 7) u).'(()L) d/x( Y)e 1t remains only to show that the con=-
traction Wy of OJ;/ to (Q 1is a.e. a state, for it is clear that the
mapping ¥ —> 0)( is continuous on T to the conjugate space of 0—.
Let {VF} be an "approximate identity" for ( (cf. [8]), l.e.y “y‘ﬂ 1
for all m, Vu€Q, and VuX =>X for all X €d. Then for any X
and Y in Q , (Vy Xz, VuYz) —> (Xz, Yz). Thus the equation
(Vy x, Vy ) =—> (x, y) holds for a dense set of x and y in /¢, and
as "V,.]l 18 bounded, it must consequently hold for all x and y in .
In particular (Vu 2z, Vuz) =—> (z, z), and so there exists a sequence {Un}
in Q ( a subsequence of the V,L) such that ||, || €1 and
(Uy2, Uyz) => 1. It follows from an equation above that

w‘(U:Un) dp({)’/—> 1, or ‘/p‘(l - u){(U:U)) ap( {) —> 0.  As
1 - Wy(URU) > 0, the sequence of functions of 7, {1 - a){(U':Un)} con-
verges to zero in Ll( P,/*). Ir {Uni} is a subsequence such that
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l- c.){(U;i Uni) ~-=> 0 a.e. On (r',/*). then we have L.U.B.iu){(ugiuni) =
1 a.e., which shows that Wy 1is a state a.e.

4. Direct integrals of Eilbert spaces. In this section we define

and treat direct integrals of Hilbert spaces, and show that every state
decomposition such as that of the preceding section gives rise to this kind
of direct integral. In this way an arbitrary C#-algebra A can be de-
composed with respect to any commutative W#-algebra in Q' (or alter-
natively, with respect to any Boolean algebra of closed invariant subspaces).
Our definition of direct integral is somewhat similar to that given by von
Neumann [16], but we find it necessary to consider two types of integrals,

a "strong" and a "weak" type, whose relationship is analogous to that of

strong and weak integrals of vector-valued functions.

Definition 4.1. Let (R, R, r) be a measure space M, and

suppose that for each point peR there 1s a Hilbert space Hp. A

Hilbert space H- 1s called a direct integral of the ‘H/p over M (sym-
bolically s =‘/R’Hi’ dr(p) ) if for each x €M™ there 1s a function x(p)
on R ¢to Upe R f/*p , such that x(p)e 7+p, and with the following prope-
erties (1) and either 2a) or 2b)): 1) 4f x and y are in % and if
g =0x + 3y, then (x(p), y(p)) 1s integrable on M, (x, y) =

g (%(P), ¥(p)) ar(p), and z(p) =&x(p) + By(p) for almost all p€ER;
2) 1f z(p)eﬂp for all p, if (x(p), z(p)) is measurable for all xe A
and if (z(p), z(p)) 1is integrable on M, then there exists an element 2!
of M such that

a) 2'(p) = z(p) almost everywhere on M, or

b) (z'p), x(p)) = (z(p), x(p)) almost everywhere on M, xeH.
The integral is called strong or weak according as 2a) or 2b) holds, The

function x(p) 1s called the decomposition of x, ard we use the following
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notation for this: x =‘/g,x(p) dr (p).
A linear operator T on 7#L 1s said to be decomposable with re-

spect to the preceding direct integral if there 1s a function T(p) on R

to LJ

pER
tors on 7+b, such that T(p) € 13p for all p and with the property that

23p. where 15p 1s the collection of all bounded linear opera-

for all x and y in 'ff, (T(p) x(p), y(p)) 1is integrable on M and
o/g‘(T(p) x(p), y(p)) dr(p) = (Tx, y)e The function T(p) is then called

the decomposition of T, and we symbolize this situation by the notation
T = ;R T(p) dr(p)e If T(p) 41is almost everywhere a scalar operator, T

18 called diagonalizable.

The basic theorem of this section asserts that a state decomposi-
tion such as that of the preceding section induces a decomposition of the
Hilbert space as a direct integral, in which every element of (] 1is de-
composable, and in which the diagonalizable elements are exactly those in

C}. Before giving a precise statement of this theorem we make two remarks.
First, it 1s not difficult to show that in case 14 1s separable, a weak di-
rect integral becomes an essentially equivalent strong one when the 14b are
replaced by appropriate closed linear subspaces of themselves. Second, the
analog, of condition 2b for direct integrals of spaces, in the case of
direct integration of operators, 1s valid without further assumption: 1if
T(p)e 73 for all p, if | T(p)|l 1s essentially bounded on M, and if
the 1nte:ral u/; (T(p) x(p), y(p)) dr(p) exists for all x and y 1in

ﬁP, then there exists an (obviously unique) bounded linear operator T
such that (Tx, y) =‘/QT(p) x(p), y(p)) dr(p) for all x and y in 7+’.
For setting Q(x, y) SU/QT(p) x(p), y(p)) dr(p), it is clear that Q 1is
conjugate-bilinear (linear in x and conjugate-linear in y), and that,
setting & = ess sup, p Il T(p) s I_(x, ¥)| fﬁ(’r(p) x(p), y(p))| dar(p)
< ﬁxn x(p) ] 1 7o) Il ar(p) £ & /Il x(p) 11® ar(p)) (ﬁ e 1% ar(en} M2
= Ol x)l llyll, 8o Q 1is bounded. It follows readily from the Riesz rep-



DECOMPOSITIONS OF OPERATOR ALGEBRAS. I 17

resentation theorem for linear functionals on 7=¢ that an operator T

with the stated property exists.

THEOREM 2., Let 0, C » and 2z Dbe as in Theorem 1, and let

M= (R, X, r) be a measure space with the properties: 1) ( 1s alge-

braically isomorphic (in a fashion taking adjoints into complex conjugates)

with the algebra of all complex-valued bounded measurable on M, the ele-

ment S of (7 corresponding to the function S(.); 2) for each peR

there 1s a state @ of Q, and for Tel, u)p(T) 1s measurable on M;
3) for Teld anda se C, (sTz, z) =/pr('r) S(p) dr(p).

Then 1if hff » 30 » 7 , 8&and =z are the representation space,
p p p p

representation of ( , canonical map of (Q into #p' and wave function,

respectively, assocliated with u)p, we have weakly, and in case Q 1is

separable in the uniform topology, strongly, 7‘+ -‘/;{ 1‘+ dar(p) in such a
way that for ved, U= /l"{ ?p(U) dr(p), and Uz = /g ‘qp(U) dr(p).

Every operator decomposable with respect to this direct integral is in c',

and an operator 1s diagonalizable if and only if it 1s in C.

We begin by defining x(p) (more precisely, a residue class of
the space of functions on R to U H’p, with =x(p)€ 7°Ii, for all p,
modulo the linear subspace of functio:a a.e. zero), for x of the form Uz,
by the equation x(p) = 7(p(U). To see that x(p) 1is single-valued,
suppose that Uz = Vz, with U and V in 0. Then Wz = 0, where W =
U -V, so (Wz, Wz) = 0, but by 3) in the hypothesis, (Wz, Wz) = (W#Wz, z)
= Jr u)p(w*w) dr(p) = 0. Now a)p(w*w) > 0 for all p, so that the last
equation implies on(W*w) = 0 a.es, This means that (‘7p(W), )(p(w)) =
0 a.e., or J(p(w) =0 a.e., on R, and hence x(.) 1a unique (modulo
the subspace mentioned).

Now let x be arbitrary in 7+ and let {Un} be a sequence in

Q. such that Upz —> xo Then [ Uyz - Uzl —=> 0 as m, n —> @, and
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[z - Uz I® = (U - Up)#(Uy = Tg)z,2) = fon((Un = Up)#(Ug = U)) dr(p)
= ji' "(pmn) - 7Z (U IR dr(p) —> 0, ‘e now apply the procedure utilized
in the proof of the "lesz-Fischer theorem to the selection of a subsequence
of {Y(p(Un)} whose limit exists a., e, and defines the function which we
shall designate as x(p). Let {ni} be a subsequence of the positive inte=-
gers such that ny,, > ny, and with Ilr(p(Un) - 7(p(Um)|2 dr(p) < 8L for n
and m greater than n,. The set of p's for which || 7(p(Uni) - 7(p(Uni+l)||
> C is, for €> 0, clenarly of measure less thun C"z 8"1, and taking
€ = 2=l it presults that Hﬂp(Uni) - ‘)(p(Uni+l)|l < 2-1 except on a set of
measure less than 2°1, Therefore the inequalities ||;7p(Uni) - )(p(Uni+l)|l
< 2"1 hold simultaneously for all 1 > j except on a set Dj of measure less
than Zi>32-1 = 273*1 It follows that the series

?;1 {np(Uni) - 7(p(Uni+l)} is uniformly c mvergent for p # Dy, and
hence that limy ?(p(Uni) exists uniformly for p ¢ Dj' Putting x(p) for
that 1imit, 1t is clear from the fact that r(DJ)——->O as j—> o that the
linit exists a., e, so that x(p) is defined a. e. (and nay be defined arbi-
trarily on the null set on which tle limit fails to exist).

From the equation 6/1;" »(p(um) - yp(Unj)lfadr(p) <81 for m and

ny > ny, it results that R-Dk“ P{p(Um) - l(p(Unj)IFdr(p) <g™1

ny greater than ny, and for any k. Now 7(p(UnJ) converges unifzrmly to

for m and
x(p) as § = ®, on R=D, so A'-Dkll 3{p(Um) - x(p)|l2 dr(p) < 8™~ for m > ny,
2
and for any k. Letting kX —> ®, it follows that RH)(p(Um) - x(p) || ar(p)
-1 / 2
<87 if m >ny so Rufp(qn)-x(p)ll dr(p)—>0 as m —>» 00,

We show next that the function x(p) 1s independent of the se-
quence {Un} utilized., Suppose that {U:)} is a sequence in Q such that
U"lz —> x, and let x'(p) be a function obtained from {Ux'x} in the same
fashion as that in which x(p) was obtained from {Un}. Then
\/;1 Il 7p(U,:,) - Jt'(p)ll2 dr(p) —> 0 a8 m =—> . Thus both
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{" '7p(0m) - x(p)lla} and {n *;(p(U;n) - x'(p) "2} converge to zero Ll(l).
2
Now /;,,Vp(um)' 7(p(U"n)ﬂ ar(p) = | Uz - Ul;lz”2 >0 as m => ®, 80
that {Il;(p(Um) - 7(p(Ul;:) I 2} also converges to zero in L,(M). Choosing

a common subsequence {ml} such that the corresponding subsequences of all

three sequences converge a.e., we have || x(p) - x'(p)] £

Ix(p) = (U Il + (U ) = WU+ W (U ) = 1 (P)I| 8o that

Il x(p) = x'(p)|l =0 a.0., L.0.y x(p) = x'(p) a.o.
If y 1s any element in 7 and if Viz—>y with V € Q,

let {Vni} be a subsequence such that Vp(vmi) —-—> y(p) a.e. Then a.e.
we have (x(p), y(p)) = 1ixn1.j (7(p(0n1), 7(p(VmJ)). and
(1(p(Un1). Hp(VmJ” = wp(v;juni), which 1s a measurable function of p.

Thus (x(p), y(p)) 1s a.e. the limit of a sequence of measurable functions,
and 18 hence itself measurable. Moreover, (x(p), y(p)) 1s integrable

and has (x, y) for its integral. To show the integrability, it suffices
to show that (x(p), y(p)) 1is the limit in Ll(M) of the integrable

functions (-;(p(Uni), )Zp(vmj))’ as 1, J =—> oo« Now (x(p), y(p)) =

(%p(Ta,)s 7plVa ) = {txters 3ton) = Gy ptm, 0, o0}

(;(p(Uni), yi(p)) = ( 7p(Uni)' ;(p(vmj))}, 8o that the left side of this
equation is bounded by || x(p) - )(p(Uni) Nl gip)ll + Hi(p(Uni)ll I y(p) -
%p(Un )|| « Hence, applying Schwarz' inequality,

b]

ﬁ(x(p). y(p)) - (YP(U‘H)' 7gp(ij)l ar(p) 2
1l/2
{ fi o - ¥ p{U M I % ax(p) Sy} .
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1/2

2 2 - _
{ﬁ7p(Un1)II ar(p) /Il y(p) - 7p(Unj)H dr(p)} + Now y(p) =
y(p) - 7p(UmJ) + )7P(Umj)’ so Iy IS Il y(p) - ’Yp(UmJ)” +

Il ;(p(U )|l « By Minkowski's ineguality, ﬁy(p) sz!‘(p) <

1/2
{/y(p) = 750, 1% ar(p) | Ve, Myp(UnJ)szr(p)} /2, wnten shows

that || y(p)” is integrable. Also, ﬁ;z (U )szr(p) =

p N,
ﬁp(UgiUni) dr(p) = (UgiUnlz, z) = || Unlzllz, which i1s bounded as 1 ——>
e It is easy to conclude that Lﬁ'(x(p), y(p)) = (?p(Uni), 7p(vm )

dr(p) => 0 as 1, § —> . This shows that (x(p), y(p)) 1is Integrable

and that 1ts integral is limi,j ﬁ’zp(Uni), )(p(VmJ)) dr(p) =

limi.ﬂ Q)p(V;JUni) dr(p) = 1lim (U 2, V_2) =(x, y)e That x(.) 1s

1, 1 mj
a linear function of x 1s clear from the fact that O(.)zp(Un ) +
i

(g;zp(vm ) on the one hand converges a.e., as 1 —=> o to « x(p) *(Jy(p),

]
and on the other, equals (U + AV_ ), of which a subsequence con-

To' ™ oy my

€ 28 -—

verges a.e. to (ax + Ay)(p) (for (OLUni + pvmj)z > &cx + By as

1, § =—> o).

Before concluding the proof that /A 1s the direct integral of
the #p’ we consider the decomposition of operators. Let T, U, and V Dbe
arbitrary in @, Then (TUz, Vz) = (V#TUz, z) = /3 (V#TU) dr(p) =

/)Z (TU), 7p(v)) dr(p) = /;0 (T) ;( (v), 7 (V)) dr(p)e This shows

that the equation (Tx, ¥y) ( 77p(T) x(p), y(p)) dr(p) holds for x and

y of the forms x =Uz, y = Vz. Now let x Dbe arbitrary in /SL and let

X, —> x, where {xn} i3 a sequence in Qz. Then if y = Vz, we have

(Txy, 3) = /A 2,(1) x,(p), 3(p)) ar(p) ena
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lﬁ¢p(T) x (p), y(p)) ar(p) - ﬁ?p(T) x(p), y(p)) dr(p)| =
| g (1) . (8) = x(p), 3(p)) AR(P)], =D say. Now
H‘PP(T)(IH(P) - x(p)), y(pN) | S |l ‘Pp(T)H = (p) = x(p) Il Ny(p)ll , and
"(pp(’l‘)“ S I T|l, as this is true for any representation, so D <
Nl 1= (p) = x(p) |l Il y(p) I dr(p) 2 |l Tl (/ﬁ x (p) - x(p)flzdr(p)} M
{‘A‘] y(p)"zdr(p)}l/z, which has the limit zero as n —> . On the
other hand, 1t 1s plain that (Tx,, y) =—> (Tx, y), so in this case we like-
wise have (Tx, y) = /?p(T) x(p), y(p)) dr(p). Next let y be arbi-
trary in 7)", let {yn} be a sequence in Az witn Y, —> Ve Then esti-
mating |/9’p(T) x(p), y,(p)) dr(p) - f?op('l‘) x(p), y(p)) dr(p)| as in
the case of a similar expression above, it results that the present expres-
sion has the 1limit zero as n —> wm. It follows that the preceding
formula for (Tx, y) 1is valid for arbitrary x and y 1in 7¥#.

Now suppose that T € and S e C. We shall show that (STx, y)
=ﬁ(p) (?F(T) x(p), y(p)) dr(p) and that (Sx, y) =
/é(p) (x(p), y(p)) dr(p), for all x and y 1in M+ For x =Uz and
y = Vz, the equation (STx, y) = /S(p) (‘FP(T) x(p), y(p)) dr(p) follows
trivially from the hypothesis. Now if x and y are arbitrary in /Jff,
and 1f {xn} and {yn} are sequences in Qz which converge respectively
to x and to y, then (STx, y) = lim, (STxn, yn) =
limn/.':(p) (CPP(T) xn(p), ¥,(p)) dr(p). Now S(p) 1s bounded as a func-
tion of p, and this observation together with an argument used above 1n a
similar situation shows that ‘/;(p) (*PP(T) x,(p), yp(p)) dr(p) =—>
/é(p) (?p(T) x(p), y(p)) dr(p), a8 n => . Again, if x = Uz with
Ue Q and y eM and putting {W/‘} for an approximate 1dentity for
(A, we have (sw, x, y) =ﬁ(p) (¢p(w/“) x(p), y(p)) dr(p) = (S, Uz, y)
'/;(p) (gop(wﬂ U) z(p), y(p)) dr(p)e Since ?p(wﬂ U) —=> <pp(u)
uniformly, relative to 4, 1.e., IICPP(Wf U) = ¢p(U)“ -=> 0 uniformly

on R, so that a sequence (/U.l} exists such that <pp(w,*iu) -_—> cpp(U)
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uniformly relative to 1, the last expression converges to
,/é(p) ( ¢,(0) z(p), y(p)) dr(p) = /é(p) (x(p), y(p)) dr(p)e Now, 1if x
and y are both arbitrary in /¥, let (x ] be a sequence in Qz which
converges to x. Then (Sx, y) = lim, (Sx , ¥) = imn
Js‘(p) (x (p), y(p)) dr(p), which last expression is readily seen to equal
Jé(p) (x(p), y(p)) dr(p). We observe finally that (Sx)(p) = s(p) x(p)
ace., for /((5x) (p) - 8(p) x(p),(Sx)(p) - 2(p) x(p)) dr(p) =
{k(Sx)(p). (sx)(p)) - (s(p) x(p), (8x)(p)) - ((sx)(p), S(p) x(p)) +

(3(p) x(p), S(p) x(p))} ar(p) = (Sx, 8x) - (Sx, Sx) - (se(sx), x) +
((s#8)x, x) = 0 (the assumption that the integral exists being justified
by the given expansion of the integrand).

We now conclude the proof that 7+ 1is a direct integral of the
f/'p. Suppose that w'(p) 1s a function on R such that w'(p)€ #p for
PER, (W'(p), w'(p)) 1is integrable on M, and with (x(p), w'(p)) measur-
able on M for all x€ A. Then (x(p), w'(p)) 1is integrable on N, for
by two applications of Schwarz' inequality we have
/(x(p). w'(p)) |ar(p) = ﬁx(p) ([ W'(p)ll ar(p) <

{fix@12axte) fiiw (o)1 2axte) } /2

The same inequality shows that setting L(x) = /(x(p), w'(p)) dr(p), then
L 1s a continuous linear functional on 7"". Hence there exists an element
w € A such that L(x) = (x, w). It is obvious that

\/Zx(p), w'(p) - w(p)) dr(p) = 0 for all x e M Putting x = Sy with
se C and recalling that (Sy)(p) = S(p) y(p) a.e., there results the
equation /S:(p) (y(p), w'(p) - w(p)) = 0. As S ranges over C, s(.)
ranges over the space of all bounded measurable functions on M, and it
follows that (y(p), w'(p) = w(p)) =0 a.e., or (w'(p), y(p)) =

(w(p), y(p)) a.e., 1.e.,condition 2b) in the definition of a direct
integral of Hilbert spaces 1s valid. If Q 1s separable, say with

{Ui; i=1,2,...,{dense, then the 77p(Ui) are dense in H—p, and as
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(w'(p), ‘7p(Ui)) = (w(p), )(p(Ui)) simultaneously for all 1, a.e., it
results that w'(p) = w(p) a.e. so that the integral is strong.

It remains to show that if an operator T 1is decomposable or dia=-
gonallzable, then 1t is, respectively, in C' or C. Now suppose that
T 1s decompossble, so that (Tx, y) = ﬁT(p) x(p), y(p)) ar(p) for all
x and y 1in 7'7(’, and some function T(p) such that T(p) is an oper=-
ator on Hp for peR, and with || T(p)|| essentially bounded on M. If
S 1s arbitrary in C , we have (TSx, y) = 'ﬁT(p)(Sx)(p), y(p)) dr(p) =
ﬁT(p)S(p)x(p). y(p)) dr(p) = ﬁT(p)x(p). S(p)y(p)) ar(p) =

J(T(p)x(p), (s%y)(p)) dr(p) = (Tx, Sey) = (STx, ¥).
Hence ST =TS or Te C'. It is trivial to show from the fact that C
is isomorphic with the algebra of all bounded measurable functions on M,
that a diagonalizable operator must be in C.
The proof of Theorem 2 1is thereby concluded, and we have incidental-

ly established the following corollaries.

COROLLARY 2.1. If 8€C, Ted, xe M, and 1f x(p) 1is the de-

composition of x, then the decomposition of Sx 1is S(p)x(p) and the de-

composition of Tx 4is CPp(T)x(p).

COROLLARY 242, If X, € #(1=1,2, ...) and x, —> x, then there

1
exists a subsequence {ni} of the positive integers such that X (p) —=>
1

x(p) a.0.

We close this section by obtaining a result which will be useful in

the treatment of separable Hilbert spaces.

THEOHEM 3. With the notation of Theorem 2, let (3 Dbe separable

(in the unitorm topology). Then every strong limit of a sequence of oper-

ators in (2 1s decomposable relative to the decomposition of A des-

cribed in Theorem 2.
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Let {Tn} be a sequence of operators on (} which converges
strongly to an operator T; 1t must be shown that T 1s decomposable. Let
{Ui} be a ccuntable dense subset of (Q , and set x1 = Uiz; then {xi}
is dense in /f. By Corollary 2.2, there exists a subsequence {ni i} of

2

the integers such thkat Tni 1(p) xl(p) converges a.,e. to (Tx1Xp). Next,

’

there exists a subsequence {"1,2} ot the n such that Tni 2(p)xz(p)

1,1 ,
converges a.e. to (sz)(p). Proceeding in this fashion by induction, and
employing the Cantor diagonal process, 1t follows that there exists a sub-

sequence {n } of the integers such that T, (p)x (p) converges a.e. as
i ni J

1 —> o to (ij)(p). Now as the Uj are dense in CZ, the 77p(Uj)

are, for each pe€R, dense in ﬁ%, Moreover, fan[f is bounded because

{Tn} 1s strongly convergent, and hence | T, (p)ll 1s bounded for peR
i

and 1 =1, 2, ... + A bounded sequence of operatorc which converge on a

dense set 1s strongly convergent, and hence {Tn (p)} has a.e. a strong
i

limit T(p).

It 1s clear that T(p) xj(p) = (ij)(p) a.e., It follows easily
that (Tx, y) = u/?T(p) x(p), y(p)) dr(p) 1in the special case in which x
is one of the x and y 1is arbitrary in M. Now if x 1is arbitrary in
ff’ and 1if {x&} 1s a subsequence of the xJ such that xs —> x, then
clearly (Tx', y) =-—> (Tx, y) and on the other hand
/fl x3(p) - x(p) H2 ar(p) —> 0. Now || T(p)]l S limsup, | Tni(p)ll e,

so that (noting that (T(p) x(p), y(p)) 1s measurable on M, being a.e.

equal to limi(Tn (p) x(p), y(p)) )
1
(T(p) x'(p), y(p)) dr(p) - (T(p) x(p), y(p)) dr(p)| = °
lfpjpyp /pxpyp r(p) |

/f(T(p) x}(p) - x(p), y(p))| ar(p) 2 /Ii T |l x"j(p) - x(p) I Il 3(p) Il dr(p)
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STyl 15 - x|l | yIl => 0. It follows that the preceding equation for
(Tx, y) holds for arbitrary x and y in M.

Definition 4.2. If T 1is the strong limit of a sequence {Tn}

in (@ such that {Tn(p) = <Pp('rn)} converges strongly for almost all

PER tv T(p), then T(.) 1is called the canonical decomposition of T

(with respect to @, C, and z).

Remark 4.1l To justify the preceding definition it should be

shown that the canonical decomposition of T is unique. Suppose now that
{T;x} is a sequence in ( which converges strongly to T and that a.e.
on M, T;l(p) converges strongly to T'(p). Then a.e., for all Uy in the
dense subset of (2 which occurs in the proof of the preceding theorem,
7,00 7,(0,) = T(p) o (Ul => 0, and || Ty(p) % (V) -
THp) W (U —~> 0. Now [T - T;l)uizu2 =

Il (T,(p) - Tx'l(p)) )(p(Ui)szr(p), and so there exists a subsequence {nj}
of the integers such that || Tnj(p) 77P(U1) - Tl'aj 7p(U1)l| -—> 0 as

jJ ==> oo, a.e. simultaneously in 1. By Minkowski's inequality,

() 5 (Ug) = TH(p) (U DS I TR) 3 (Uy) - TnJ‘P) 100+

I Tnj(p) 7o) - T"‘j(p) (U R T"‘j(p) pUs) -

T'(p) ’pri)“ and it results that || T(p) »(Uy) = T'(p) % (Ul =0
a.0. simultaneously in 1. As for each pe€R, the 17p(U1) are dense in
H'p, it follows that a.e. T(p) = T'(p).

COROLLARY 3.1 If T and U are strong limits of sequences in

(1, if xeM, and if o 1s a complex number, then the following equa-

tions hold s.e.: (T +U)(p) = T(p) + U(p); (TU)(p) = T(p)U(p);
(0«T)(p) = %T(p); (Tx)(p) = T(p)x(p). Here T(.) and U(.) are the

canonical decompositions of T and U and =x(.) and (Tx)(.) are the
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decompositions of x and Tx, respectively.

Let {Tn} and {Un} be sequences in ( which converge to T and
U respectively, and such that {Tn(p)} and {ﬁn(p)} a.e. converge to
T(p) and U(p) respectively. Then {Tn + Un} converges strongly to
T + U, and a.e. {Tn(p) + Un(p)} converges strongly to T(p) + U(p),
which shows that (T + U)(p) = T(p) + U(p) (ae.e.)e Similarly, it follows
that (TU)(p) = T(p)U(p) and (xT)(p) = ®T(p).

If x 1s arbitrary in 7, [[(Tx)(p) - T(p)x(p)|| 1is a.e. equal
to 1lim I (Tx)(p) - Tn(p)x(p)” « On the other hand,
d&i(Tl)(p) - Tn(p)x(p)llzdr(p) = || Tx - Tnxllz-> 0, and so by Corollary
2.2 there exlists a subsequence {ni} of the integers such that

I (Tx)(p) - T, (p)x(p)|] =—> O a.e. It follows that || (Tx)(p) -
1
T, (p)x(p)|| =0 a.e., 1.0., (Tx)(p) = T(p)x(p) a.e.
1

Remark 4.3. A slight modification of the proof of Theorem 3 shows
that every strong limit of a sequence of decomposable operators 1s itself
decomposabfé. For as a, is separable, 522 is separable, so that K
is separable. If {xi; 1 =1, 2, ...} 18 a countable dense subset of /M ,
then {ki(i/); 1=1,2, ...} 1is a.e. dense in ?fyf, for by Corollary 2.2,
if {kij} is a subsequence of {xi} which converges to UJz, there 1is a
subsequence of this subsequence whose decomposition function converges a.e.
to 7,(01), and the 7,(UJ) are dense 1in 7ﬁ/. The remainder of the
proof 1is the same. We note finally that as a weak limit of a sequence of
operators is a strong limit of a sequence of finite linear combinations of
the operators (cf. [18]), the set ol all decomposable operators i1s closed

in the weak sequentlial topology, when Q 1s separable.

5 Maximal decompositions. The complete reduction of an algebra

of linear transformations on a finite-dimensional linear space is determined

by the selection of a maximal Boolean algebra of invariant subspaces under
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the algebra. Such a selection 1s likewise possible in the case of Hilbert
space. In fact, 1t 1s not difficult to show that if (! 1s a Cs-algebra
on a Hilbert space ‘7}, and if C 1s any maximal abelian self-adjoint
subalgebra of (', then the ranges of the projections in C constitute

a maximal Boolean algebra of closed invariant subspaces under 4. (Actual-
ly, the Zorn principle shows that such a selection 1s possible on any linear
space, but in the case of Hilbert space, it can be made in the foregoing
way, with complementation in the Boolean algebra coinciding with orthogonal
complementation.) The main purpose of this section i1s to show that if &
is separable, then the components in the reduction of d relative to such
an algebra C as in the preceding sections, are a.e. irreducible. That
is, the 7¥p are a.e6. lrreducible under the 90p(62). A similar result,
based on the von Neumann reduction theory, is due to Mautner [6]. In the
next section we apply our result here to obtain a decomposition into factors
of an arbltrary Wi#-algebra, similar to that obtained by von Neumann, for

"rings" with respect to their centers,

THEOREM 4. With the notations of Theorems 1 and 2, let the

state decomposition hypothesized in Theorem 2 be that obtained in Theorem

l, so M= (r‘,/u) and let (C be maximal abelian in ('« Then (f),

is almost everywhere irreducible.

We first prove a lemma on inverses of continuous maps of com=-
pact spaces which plays a role somewhat similar to that of a lemma of von
Neumann [16, Lemma 5] concerning inverses of continuous functions on analy-

tic sets.

LEMMA 4.1 let f be a continuous function from a compact

motric space C to a compact metric space D. If E 1g an open subset

of C, there exists a Borel function g on f(E) to C, such that g(yle

£1(y) "E for yeL(E).
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We shall present the proof in stages, first considering the case
E = C, then the case in which E 1is closed rather than open, and finally
the general case. This arrangement of the proof is not logically necessary,

but seems to clarify its structure.

SUBLEMMA 4.l.1. The Lemma is valid in case E = C.

Let {xn} be a countable dense set in C such that X # Xn if
n#m (n=1, 2, ...) (we shall assume that C 1s nct finite, as the re-
sult 1s obvious for the tinite case). Let Se(x) denote the set of all
points x'e€ C such that d(x, x') < e, where d(x, x') denotes the dis-
tance from x to x', and e > O, We define a function gl(y) on D as
follows: gl(y) = that x  which has the least index n among the m such
that Sl(xm) # f'l(y), where A # B means that the sets A and B inter-
sect. It 1s clear that such points Xy exist, for otherwise there would
exist points in C whose distance from the x, was > 1, Now gl is a
Borel functions To show this it suffices, in view of the circumstance that
g, is (at most) countably-valued with values among the X » to show that
for any n, gll(xn) is a Borel set. Clearly 5il(xh) is the set of all
y such that a) sl(xn)#r'l(y), and b) n 1s the least m such that
Sl(xm)#f'l(y). Since the assertion Sl(xm)#f-l(y) is equivalent to the
assertion y'ef(Sl(xm)), it follows that gil(xn) = f(sl(xn)) -

L} £f(S,(x ))e Now S (x) 1s a countable union of closed suvsets, and
p<n 17p e

hence a countable union of compact subsets. By the compactness of a con-
tinuous image of a compact set, f(se(x)) is a countable union of compact
sets, and so 1is a Borel set. It results that gil(xh) is Borel,

Next we define gz(y) as that X, which has the least index m

among m for which S (xm)#f-l(y) n Sl(gl(y)). By the same argument as

1/2

before, gz(y) exlsts, and its values are among the X e Now ggl(xh) =



DECOMPOSITIONS OF OPERATOK ALGEBRAS. I 29

b1 e,ly) =x] = Upl5l gy(3) = x5 &,(3) = x,] =

ij[yln i1s least p such that Sl/g(xp) ~rly) o Sy (x)) # o]
fylgl(y) = x;]. Since g, 1s Borel, so is [&lgl(y) = xm]. Moreover,
[yIn 1is least p such that Sl/z(xp) n ey o S,(x,) #0] =

[In 1s least p such that y ef(Sl/z(xp) A Sl(xm))] =

f(Sl/z(xn) n Sl(xn)) - LJp<n f(Sl/z(xp) N Sl(xm)), which 1s easily seen

to be Borel. We note also that d(gl(y), gz(y)) < 3/2, for if g, (y) = X

then Sl/z(xn)#sl(sl(y)).

Now we define z, by induction as follows: g (y) 1is thnt
by

x which bas the lerst index p such thit

n

S -1 (p) # (£ Hy) » 5 ar-2 Ui (VD))

Then clenrly g;l(xn) = [vl gr(y) = xn] = L&Jyln is least p such that

-1
(x )#(£ ()" s (xg)] "~ [718,_1(3) = x_]o Now

S
1/21“'1 1/21‘-2
[Ylsr_l(y) = xn] is Borel by the induction hypothesis, and the other set

involved in the intersection behind LJ is [y]n is least p such that

m
= N -
y'ef(sl/zr-l (xp)ﬂ Sl/gr—z (xm)] f(sl/gr-l (xn) Sl/zr-z (xm))
-1
Ljp<n f(sl/zr'l (xp)r\sl/zr_2 (xm)), which is Borel. Thus g, (xn) is

Borel, and hence so is g,. Finally, d(g,(y), gr-l(y)) <@/2% 1) «
(1/2F-2), since a sphere of radius 1/2%1 around gp(y) meets a sphere
of raaius 1/21"'2 around g _,(y).
oo
Clearly the series §::r=1 d(gr+l (y), gr(y)) 18 convergent, and

henice the sequence {gn(y)} converges uniformly to a Borel function g.
Now gn(y) is of distance less than 1/2“'1 from the closed set f-l(y),

and hence g(y)e f’l(y), concluding the proof of the sublemma,
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SUBLEMMA 4.1.2. With the notation of Lemma 4.1, let G Dbe a

closed subset of C, and let g, be a Borel function on F = f(G) to G

such that go(y)e f-l(y), for y€F. Then there exists a Borel function g

on D to C which coincides on F with g, and such that g(y)ef'l(y)
for ye€D.

Let {xn} be dense In C - G (which we may assume to be infinite).
We define a function g on D as follows: gl(y) = go(y) if yeF, and
if y¢ F, then gl(y) 1s that x  such that n 1is the least p for
which Sl(xp)#f-l(y). Then 8 is Borel, for if K 1s any closed set in
c, gil(x) = g‘ll(x nG)v gil(K - G). Now g;l(K“G) = g;l(K NG), which is
a Borel subset of F and hence a Borel subset of D. To show that
g;l(K = G) 1is Borel, it suffices to show that gll(xn) is Borel, and this

can be done just as in the proof of the tirst sublemma. The proof may now

be completed by constructing a sequence {gn} by induction, again just as
in the proof of Sublemma 1.

PROOF OF LEMMA. Let E = UG , where o 50 and the ©

n+l n
are compact, and let F, = f(Gn). By Sublemma 2 and induction there exists
-1

a sequence {hn} of Borel functions hn on Fn to Gn such that h (y)e
f’l(y) and l%ﬂ agrees with hn on F . Let 2z Dbe an arbitrary fixed
point in C, and define g, on f(E) Dby setting g, (y) = h (y) for
yan, and gn(y) =2z for y ¢ Fn' Then 1t is easily seen that g, 1s
Borel. Now for any fixed vy e f(E), yE€F, for sufficiently large n, so
that gn(y) converges, say to g(y), with g(y)ef-l(y). It is plain that
g 1s a function satisfying the conclusion of the lemma.

The following lemma shows roughly that the 73/ are irreducible

"on the average".

LEMMA 4.2. With the notation of the present theorem, suppose that
Wy = OL(I/)‘,O{ +p(~{)<r{, where O(7) and (3¢ ¥) are measurable
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functions on P to the interval (O, 1) such that a(7) + (3({) =1

for all ¥, and where for each Ue Q, O, (U) and Gy(U) are measurable

functions of ¥, Py &and O, being in the conjugate space of (@ and
8.e. states of (L . Then a.e. Py = @y,

Ir «(¥) 21/2 we put py =2(ax(¥)p, + (p(7) - 1/2)6y)
and G} = Gy; if a(¥) >1/2 we put P, = P, and Gy =2(a(d) -
1/2)p, + B(¥)cy)e Then Wy = (1/2)(py +0y), py(U) ed O NAV)
are measurable functions of ¥ for U€ @, and /o'( and G, are states
a.e. Hence 1t suffices to consider the case in which o(d) = g(7) =
1/2.

As proved in [8, page 80] (though not stated formally as a theorem)
the equation 2y = P, + ¢, 1implies that PAU) = (Ty PyWzy, 2y/)
for Ue @ , where T{e(CP((a))' and || T, |l 2. Nowif U and V
are in Q , (Tyn, (U), nAV)) = (T, CP),(U)Z/ , CP',(V)Z/) =
(Ty @, (V#0)z, , 20 ) = /C)((V{U), and so 1s a measurable function of ¥ .
It follows readily that for arbitrary x and y in %, (T, x(¥),y(7))
is a measurable function of 7 « Hence there exists an operator T on M
such that (Tx, y) = /}T/J‘(f), y(7) a f) for all x and y 4in M.

As T 1is decomposable, T € C. on the other hand, Te€ Q, for if
U, V, and W are in Q, (TUVz, Wz) = (T, 7, (UV), 7, (W) du(7¥) =

‘/(T{ P, (u) 7{‘/(V). A, (W) ap( 7) = ﬂ‘?{(U)T, Ny V), My (W)) d/l(v/)
- S, N V), P(0m) o, (W) ap (V) = (T 7, (V), 7, (Ush) apu( ) =
(TVz, UsWz) = (UTVz, Wz). A8 V and W range over (2 , Vz and Wz
range over dense subsets of A, and trom this it follows that (TUx, y)
= (UTx, y) for all x and y 4in 7, so that TU = UT,

Thus T e Q'" C, but by assumption, a'" ¢ = C, Now let T(7)
be the continuous function on r corresponding to T and let S be
arbitrary in C . Then (STx, y) = (Tx, Suy) = ﬁT( x(¥), s(Ny(7))
ap ¥) (by Corollary 2.1) = /S(/)('r/ x(¥), (7)) apu(d). on the
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other hand, (STx, y) = ./;( DTN x(T), 7)) du( 7). From the arbi-
trary character of S 1t results that (T, x(F), y(¥)) =) (x(Y),
y(¢)) a.e. In particular (T, 7,(U), N, (V) = ) (7, (0, 7,(V))
a.e. If U and V are in & , and 1f {Ui} is any sequence of elements
of @, (7 7y (Uy)s Ny (Ug)) = T £) (7)), 7,(Uy)) holds simulten-
eously for all 1 and J a.e. Now assuming the Uy to constitute a
dense subset of (Q , the 77/(U1) are dense in Ay , and hence a.,e.

(Ty Xy, ¥y ) =T(¥) (x,, y, ) for all x, and y, in A, . There-
fore Ty =T(¥) a.e. so that a.e. Py 1s proporticnal to Wy , and as
Py and Wy are both states, Wy = P, a.e.

PROOF OF THEOKEM. Let N be a Borel set of measure zero which
contains the set of ¥'s for which Wy 1s not a state. Let 0 be
the state space of the Ci#-algebra 0‘1 generated by ( and the identity
I. Then Ql consists of all operators of the form oI + U, with UelQ,
and so 1s separable. It follows that {2 1s ccmpact metric (if {Ui} is
a dense sequence in 01’ a( p,c) =Zi o-1 I Ulll-l 'P(Ui) - G’(Ui)l
is a metric inducing the weak topology). For any state « of & , let
w' denote the extension to 01 defined by the equation w'(OI + U) =
&+ w(U); then ' 1s a state of Ql and 1s pure if and only if « 1s
pure. That ' 1s a state 1s clear with the exception of the requirement
that w'(aI +U) 20 If oI +U2 0. Now I +U 2> 0 means
AI +U = (/31 + V)2 with V €  and pI +V self-adjoint. We can
suppose that ﬂ is real and V = Vi#, for otherwise the equation /SI +V =
(BI +V)* implies that I = (@8 =/ )(V - V¥) so that I € (] and
al = Q. Plainly o.)'(/&I +V) = ﬂz + 2ﬂu)(v) + u)(v2), which is non-
negative for real p by the fact that the geometric mean 1is domlnated by
the arithmetic mean. It is immediate that w 1s pure if ' 1s pure,

and the converse 1s proved in [8], p. 87.
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Now let C Dbe the product space ﬂ X Q, D the space D-,

the mapping ((0', ¢") —> (1/2)( p'+ '), and E the subset of C con-
isting of all elements of the form (p',c") with 0'# G Now C-E
s the diagonal set of all (ﬁ',/&') with f)'e ﬂ; as () 1is compact and
he mapping ﬂ' —_ (f)',/.)') continuous, C - E 4is compact and hence E
s open. It follows that Lemma 4.1 applies and states that there exists a
orel mapping V on the set .(10 of non-extreme points of 0 to
X% () such that 1f Y () = (/J‘,cr‘), then ' = (1/2)(ﬂ'+c“). For
n extreme point u).' of L) we extend )U by defining \/r(w') = W
¥ 1is then defined on ()L, and is Borel. To show that Y 1is Borel
ctually, let K be any closed subset of L x -ﬂ and K, the set of
11 elements of K which are diagmal, Then )0-1(!() = }0-1(}{1)u Y/"l

- = n - N I_ [ 1
K Kl). Now K KN (C E) and hence 1s compact; as P > (_p,/))

1

s & homeomorphism on ) to C - E, and as "Y/-l on C - E takes

p',ﬂ') into /)', y-l(Kl) is compact and hence Borel in _Q. e Now

- Kl 1s the Intersection of E with a closed set and so 18 closed

elative to E; as )ﬂ before extenslon was Borel, ')0‘1(1{ - Kl) must

e Borel. Finally )b‘l(K) 1s Borel, being the union of two Borel sets,
We put W(w’) = (£ (W, 2%(w')), and then g and ‘X are like-

1se Borel, being compositions of Borel with continuous functions. Let J

e the mapping W' -—> w of states of Ql into the contlinuous linear

unctionals on @ 5 then it 1is clear from the definition of the weak topol-

gy that J 1s continuous. Now let ,PY = Jg( uJ,'/ ) and 0;/=

Y u.);/) for {¢ N, so that ﬁ{ and G are states of Q. when

Wy 1s a state, and (1/2)(ﬁ{+ oy) = Wy, For any Ue€(], S AU)  and

¢ (U) are measurable functions on r‘ - N, for taking the case of

04(U), 1t is the product of the successive maps (a) Y - Wy, on

" = N to the state space of (2 ; (b) @ —> w' on the state space of

A to ) s (c) W' - g(w') on () to .().; (d) W' -_> Jw,
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on {1 to the state space of A; (e) W —=> w (U) on the state space

of (@ to the complex numbers. Now (c) is a Borel map, (b) is easily seen
to be continuous, and the other maps are obviously continuous. Therefore,
1f G 1s any closed set of complex numbers, [ 7| /)‘(U)e G, 'b/¢ N] 1is

a Borel supbset of P - N , and as N is a Borel set, a Borel subset of
r‘ « Hence Lemma 4.2 applies and shows that /)y =&, a.e. It follows that

W, 1s extreme, 1.e. pure, a.e., so trhat by [8] ¢{ is irreducible,
PART II. APPLICATIONS

6. Decomposition of a Wi#-algebra into factors. We show in this

section that any Wst-algebra with an identity (= ring in the sense of von
Neumann) on a separable Hilbert space csn be decomposed into a kind of di-
rect integral of factors. A similar deccmposition of a Wi#-algebra into more
elementary Wi#-alpebras 1s valid also for Inseparable spaces, but we are

not then able to assert that these elementar) algebras are factors. We
begin by stating just what 1s meant by such a decomposition.

Definition 6.1. Let the Hilbert space /< be the direct integral

of the Hilbert spaces 14p, as in Definition 4.1. An algebra (] of oper-

ators on 79 1s sald to be the direct integral of algebras (Zp of oper-

ators on 14;)' with respect to the given decomposition of & as a direct
integral, if: a) every T €@ has a decomposition T(p) with T(p)e Qp
a.68.; b) every decomposable operatcr T on 7 such that T(p) € Qp 8.6,
is in Q « We then write symbolically Q = /Qp dr(p).

THEOKEM 5. Let () be a weakly closed self-adjoint algebra of

overators on a Hllbert space H« , which contains the identity and has center

C. Then (] 1is a direct integral of factors, relative to a decomposition

77" as a strong direct integral whose algebra of diagonalizable operators
Cc

l= 12
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TEMMA. (A contains a C#-subalgebra [ which is separable (in

the uniform topology), whose strong sequential closure is Q , and which

contains the identity operatore.

This lemma fcllows at once from vcn Neumann's theorem that (2
contains a countable subset dense in the strong sequential topology [1'7

p. 386.]

’

PKOOF OF THEOKEM. Let I and & be separable Ci#-algebras con-
talning I which are dense in ( and @' respectively, in the strong
sequentlal topology, and let F be the Ci#-algebra generated by J[J and
€ . Then F 1is separable, for rational linear ccmbinations of monomials
in the elements of a dense subset of 4J and a dense subset of (4 yield
a countable dense subset of ¥ . It is not difficult to see that [y' =

Q', that £ = Q" = A -(by a well-known theorem of von Neumann), and
that F' = g N £ = @ rn@ = C. As C 1s avelian, C' contains
every self-sdjoint maximal abelian subalgebra of 8 which contains ¢/ .
Now such a maximal abelian subalgebra is krown to have a cyclic element,
say z, which we can take to be ncrmalized. A fortiori, (C'z 1s dense in
W. Now F'" = C' clearly, but %" 1is the strong closure of F , by
the theorem of von Neuman:. just cited. [hus Fois strongly uvense in (!
and it tollows that Fz 1s dense in M.

We are now in a position to apply Theorems 2 and 3 with (Q re-
placed by ¥ . Let Q{be the strcng closure ol (P/(.D'). If Te€Q, then
T 1s the strong 1limit of a sequence {Tn} in &Y, but [Jc “F, so that T
is decomposable by Theorem 3. Putting TI(¥) for its caronical decomposi-
tion, so that a.e. T( &) = stroug 1im, T,( ¥) 1f the sequence {_Tn} is
sultably chosen in ), then for almost all ¥, T(¥) 1s the strong
limit of a sequence in a, , and herce 1is itselt in a,. On the other hand,
if T 1s a decomposable operator with decomoosition T(.) such that a.e,

N7 )e Oy, so that (Tx, y) = SN 4)x(7), 3(7)) au(¥) for a1l x
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and y 1in 74, we shall show that Te . If Ue (', then by the argu=-
ment just made U 1s decomposable with a canonical decomposition U(.)
such that U(¥) 1s a.e. in the strong closure of ?}(é:). By Corollary
3.1, UT and TU are both decomposable, with decompositions U(.)T(.)
and T(.)U(.) respectively. As each element of [ commutes with each
element of &€, each element of P, (L) also commutes with each element
of ?&(éf). It tcllows easily (using the identity of the strong and weak
closures of SA algebras) that each element of the strong closure of
®,(L) commutes with each element of the strong closure of ¢, (&). In
particular, a.e. U(¥) and T(#) commute. It results that UT = TU,
or Te OQ", 1.6., Te Q.

Thus (1. is the direct integral of the a,/. It remains to show
that a.e. 0,/ 1s a factor. By Theorem 4, F*/ is a.e. irreducible under
¢f('f). An equivalent way of stating this is as follows: (?{(7))' =
‘Ji 8.€., where ,J{ 1s the algebra of all scalar operatcrs on /¥, . Now
?f is generated as a Ci#-algebra by J) and é:, and it follows readily
that P, (F) 1s likewlse so generated by ¥, (L) and <77{(6). It
follows that ( ¢r(?))' = (PO (P (E))'. Putting M, ftor the
strong closure ot ?%,(é:), as noted earlier ( Q',)' = ( q;(lj))', so
(Qp)r (M) = ,J, a.e. Now each element of Or, commutes with each
element of W, , 1.e., (M)'5Q,, so (Q, )", c(Q)' () = §,.
It follows that (Q,)'"Qy = 4, a.e., for as I €, both Q, and

(Qg)' contain §, , so that (@, 1is a factor a.e.

7. Decomposition of & group representation into irreducible

representationse We show next that every measurable unitary representation

of a separable locally compact group is a kind of direct integral of irre-
duclble cortinuous unitary reprecentations. This generalizes well-known
results of Stcne and Ambrose concerning locally compact abelian grcups (but

its application to the specisl case yields a result which is considerably
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less sharp than either that of Stone or that of Ambrose), and similarly
generalizes a well-known analogous theorem for compact groups. In view of
the known correspondence between positive definite functlons on groups and
ccntinuous unitary representations of groups [4], our result generalizes
the representation theorem for positive definite functlons on locally
compact avelian groups by showing that on a separ.ble locally compact
group, every measurable positive definite functlon can be represented as

an integral of "elementary" positive definite function, where an "ele-
mentary" functlon 1s defined as one which is not a nontrivial cunvex linear
combination of two other such functions (or alternatively, as one for which
the associated group representation is irreducible). A result closely
resembling that presented in this sectlion has been snncunced by F. Mautner
[5] and 18 proved by him apparently witn the use of hls result resembling
our theorem on maximal decompositions (see Sectilon 5), which ;e use in the
following.

Definition 7.1« Let U Dbe a unltary representation of the topo-

loglical group G on a lillbert space A . We say that U s decomposed

into irreducible recpresentations by the (strong or weak) decomposition

M = U/[%g dr(p) 1if for every aeG, U(a) 1s decomposable, and if for
nearly all pe€ K, there 1s an irreducible unltary representation Up of G
such that U(a) 1s the decomposition of U(a). We then sav that U 1s the
(strong or weak) direct integral of the Up, or symbolically, U = J/hpdr(p).
If G 1s locally compact, U 1s called measurable if (U(a)x, y) 1s
measuratle on G relative to Haar measure for all x and y in 7WL (actu-
ally, if G 1s separable such a representation 1s necessarily strongly
continuous; cf. [12]).

The regularity conditions which the method of proof of the follow-
ing theorem could be used to establish are significantly stronger than those

implied by the theorem, In particular it 1s possible to define in a natural
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"ashion, in case the recpresentation has a cyclic vector, for all p 1n the
serfect measure space M, a continuous unitary representation Up, such that
(Up(a)x(p), y(p)) 1is jointly continuoas in p and a for x and y rang-
lng over a certain dense subset of [+, as well as with Up irreducivle

1.6, and U = ﬁp dr(p)e The method ot proof also ylelds a decomposition
‘or strongly continuous representations of inseparable groups, in which

she constituents are irreducible in a kind of average sense (as in Lemma

“e2, but with continuous fuictions of D/.

THEOREM 6. Every measurable unitary representation of a separable

locally compact group G 1s a direct integral of strongly continuous

lrreducible unitar) representations of G.

Let U be a given strongly continuocus unitary representation of
} on the hilbert space M. We put O’o for the collection (actually,
1s is readily shown, a SA algebra; cf. [9]) of all operators on A of the
‘orm ﬁ(a)f(a)da with feLl(G), where as in [9], ﬁ(a)f(a)da designa-
:es the operator which takes an arbitrary element x e into the strong
Integral ﬁ(a)xf(a)da. (For a proof of the exlstence of this integral
ind for other facts concerning the operator thereby defined, cf. [9],and
[8), esp. p. 83, and 84.) Let Q be the uniform closure of Q,, so
Q 1sa C#-algebra., Now the mapping f —> ﬁ(a)f(a)da is continuous
m  L(G) to QO, and Ll(G) is separable, for the topological separabi-
L1ty of G 1implies the separability of G as a measure space {(relative to
1 regular measure) wnich in turn implies the separability of Ll(G). It
*esults that ao is separable, and hence (} 1s separable.

If =2 is ah arbitrar: nonzero element of H’, the closure of

1
Qzl is a closed linear manifold 'H(l) which is invariant under the U(a)
\recalling that (@ 1s invariant under multiplication by U(a)) for a eG.,

[t zZ, is an arbitrury nonzero element in the orthogonal complement 7{(1)
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of 7'/(1) in 7, then the closure of 0z2 is a closed linear manifold
M(2) 1n M which is invariant under the U(a) and orthogonal to

774'(1). It follows readily by transfinite induction that there exists

a collection 7#(§ ) (é € E) of closed linear subsnaces of » , mutaally
orthogonal, with direct sum equal to /4, and each Invariant under the

U(a) and containing an element ZS such that C)zg 1s dense in 77‘('; ).
This shows that it is sufficient to consider the case in which @ 1is cyclic
on 7'/'. For suppose the result has been established in this case. Then

ir U(g) is the contraction of U to H(g ), for each é there 1is a
measure space T_{: and decompositions H'( £) 3/;/{(5) d/.l.g( Y) and

U(‘g) = U)(,é) d/..t ('o/). Let r be the measure space whose set of
points 1s U e rsg (we can and shall require that the r_; are mutually
disjoint), in w;;;ch a G =-finite measurable set 1s one which meets at most
countably many r“ , and meets each T; in a measurable set, and in which
the measure M of such a measurable set is the sum of the /u.-‘ -measures
of 1ts Intersections with the T; e It is not difficult to verify that

5} 1s the direct integral of the 74;5 ), over ( ]—1, M), the only
condition which is not trivially verifiable being 2a) (note that as ( 1is
separable, so 1s Qz for any 2, so that the 7¢(5) are separable, and
we can take the direct integrals of the 14',(5 ) to be strong). This
follows from the fact that if 2z satisfies the condition in 2a), then
(z(p), 2z(p)) = O, except on a G -finite set of p's, say for

©
and we can set 2! = z', where 2z' 1s such that
re U_ T2, =, :

zi(p) = z(p) a.e. for pe r; , and z'i(p) = Q for other values of p,
1

the sum which defines z' being convergent because (zi, z') =

J
jzi(p). z'J(p))d,u(p) =0 when 1 # J, and Zi Il z;llz =

Zi ¢/l"'“ zl(P)uzdjlgi (p) = ﬁ“z(p)”z d/u(p). It is clear that
nearly all the Ub’( ) are irreducible and that U = ﬁ(rg ) d/d.(p).
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Suppose now that Cl has the normalized cyclic element 2z 1in

f%; and let C ve a Wi-algebra which 1s maximal abelian and self-adjoint
in (', C exists by Zorn's principle. We can now apply Theorems 1, 2,
3, ana 4. Utilizing the notations of these theorems, q;((l) is a.e.
irreducible. Now every (uniformly) continuous self-adjoint representation

?’ of [2 induces a urnique continuous unitary representation V of G
such that ¢ (/U(a)f(a)da) = ﬁ(a)f(a)da for feLl(G) and with the
property that @ 1s irreducidle if and only if V 1is (see [8] and [9]).
If we put Uy for the representation of G 1nduced by ¢ , 1t follows
that U, 1s irreducible a.e. and that U =(j/83§)d t/).

8. Decomposition of an invariant measure into ergodic parts.

We show in thls section that a regular measure on a compact metric space
which is invariant under a group of homeomorphisms can be represented as

a kind of direct integral of ergodic measures on the space. We recall that
an ergodic measure is one relative to which every invariasnt measurable set
1s elther of measure zero or has complement of measure zero.

Definition 8.1. A finite measure m on a g -ring F 1s saild to

be a direct Integral of measures mp, where p rarges over the set R of
a measure space M = (k, /2, r), if for each pe€R m, 1s & finite
measure on i;’, ana if also for each EE€ if, mp(E) is integrable on M
and dﬂ;p(E)dr(p) = m(E).

The proof of the 1ollowlng theorem yields a kind of maximal decom-
positlion of invariant measures into invariant submeasures in the inseparable
(compuct) as well as separ.ole (compact metric) case, but we are unable at
precent to establish ergodicity of the submeasures except in the separable
case. A number of similar decompositions have been obtained by quite
different methods, for the cases of one-parameter and infinite cyclic
groups, the t'irst such result being due to von Neumann, and the most general

one being that in [2a] which applies to a class of separable measure spaces
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including the one considered here.

THEOREM 7. A regular measure on a compact metric space M which

1s invariant under a group G f homeomorphisms of M 1s a direct integral

M.

Is |

of G-erpodic regular measures

There 1s clearly no loss of renerality in assuming that m(M) =1,
where m 1s the measure in guestion. We call a bounded measurable func-
tion f on M 1invariant if f(a(x)) = f(x) a.e. on M tor all ae€G,

Let M be the Hilbert spece ! all complex-vel- rd functions square-
integrable relstive to m, the inner product of two elements f and g of
Jo+ being defiued as u/nf(x)Z(x)dm(x). Let (@ be the algebra of all
operators Q  on 7+ ofMthe form f(x) => k(x)f(x), I‘eL?(M, m), where
k 1is a cuntinuous complex-valued function on M, and let C Dbe the
algebra of all Qk with k complex-valued, bounded, measurable, and
invariant. We show next that a 1is separ:ble 1n the uniform topology

and that C 1s a Ws-slgebra.

Let {Ni; i=1, 2 ...} be a basis for the oven sets in M, and
let {?1n; n=1, 2, ...} be for each 1 a sequence cof continuous fanc-~
tions on M which are uniformly bounded and converge (»cirtwise) to the
characteristic function of Ni‘ (Eege, if {pin} 1s a mcnotone increasing
seauence of closed subsets of N1 such that Ny = LJ Cin' then rin can
be taken to be a continuous tunction with values in 13, 1] which is 1
on Cy, and O outside of Ni’ such a function exicting by Urysohn's
lemma and the normallity of a compact Hausdortf space). Then the rational
linear combinations of the f, ~ are deuse In C(i#)es For otherwise, o) the
Eahn-Banach trecrem there would exist a nonzero contiruous linear functional

q} on C (M) which vanishes on the fyne Now 1t is known that every such
functional has the form éé(f) = ‘/: f(x)dn(x), for some regular countably-
i

additive set functicn n on Me It fcllows easlly that 1lim, d§(f1n)
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It is not

/;‘ dn(x) = n(Ni), so that n vanishes on all the Ni .
i

difficult to show that any finite union of the N1 differs by a set on
which Var n 1is arbitrarily small from a finite disjoint union of Ni's,
which implies that n vanishes on all finite unions of the Ni’ and hence
on all open sets, and so by regularity vanishes identically. Thus the rin
are fundamental in C(M). It follows that C(M) 4is separable, and as
the map k —> Qk is continuous on C(M) to the operators on A 1in the
uniform topology (in fact | k|| llel ), the image ( must be separable.
For a€G, let U, Dbe the operator on 7+ defined by the equation
(Uaf)(x) = f(a(x)), £€ 7% Then it is easily seen that a bounded measurable
complex-valued function k on M 1is invariant 1f and only 1f Ug,Qy =
QU, for all a€l. It follows that 1if M 1s the algebra of all Q
with bounded measurable k, then C = )}( n [UalaeG ]'. Now it is known
[15] that % = »', so that in particular 7/ 1s weakly closed, and as it
is easily verified that Qp = (Ok)” ¥ 1s SA and so a W#-algebra.
Plainly, [Ua' a€G ]' 1s weakly closed, and it 1s easily seen that U,
is unitary, so that (U, )# = Ua'l showing that [U, | aeG ] 1s SA.
Hence [Ual a€G ]' is a Wi#-algebra. Thus C 1is a Wi#-algebra containing
the identity.
Now let 2z be the function which is identically unity on M. Then
0.2 consists of all continuous functions on M, and so, by virtue of the
regularity of m, (dz 1s dense in M . It follows that the conditions of

Theorem 1 are satisfied, and hence for any Te€ Q sand Se C,

(182, z) = /S({) WAT) d/.:.(f) R
with r‘ » Wy, and M as in Theorem 1. Now the states of (1 are well
known; for each w, there 1s a regular measure m, on M such that
a){(o,k) = ﬁ(x)dml (x) for all k€ C(M). We show next that for almost

all ¥, m, 1s an invariant G-ergodic measure.
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It is easily seen that UaG,kIJa_1 = Q‘U K’ so that UaTUa~l e Q
1r Te l, and (UaTUa’l"’ z) = ﬁ({) WATLTU,-1)d Ju( 7). On the other
hand, if T =¢Q  and S = Qp with Te€eQ and Se¢(C, then (TSz, z) =
/; k(x)p(x)dm(x) and (UaTUa_]_Sz, z) = /;(a(x))p(x) dm(x) =
fk(x)p(x)dm(x) (for m and p are invariant) = (TSz, z). It results
that ﬁ( 7) Wy(UaTU,-2)d (o) = ﬁ(() Wy(T) dpu(d)e It follows from
the arbitrary character of S (every bounded measurable function on T‘|
being an S(.)) that w,«(UaTUa_l) = Wy(T) for almost all ¥ , and since
both sides represent continuous functions, the equality for all ¥ follows,
But if T =4q,, Wp(T) = ‘/;!(x)dmf(x) and “‘){(ana-l) = /;(a(x))dmx(x),
so for all continuous functions k on M, k(x)dm( (x) = ﬁ(a(x))dm{(x).
It follows that my, 1s invariant for all 7.

We have for any k ¢ C(M), putting T = Q and S =1 in the
above formula, that /k(x)dm(x) = «/T:EA k(x)am, (x) ] au(¥). Now
ir 7{ 1s the set of all bounded Baire functions k on M for which this
equation holds, 1t is easily seen that 7{ is closed under bounded point-
wise convergence, and as 7{ contains all continuous functions, it consists
of all bounded Baire functions. Now i1f E 1s any Borel measurable set,
its characteristic function i1s Baire and so m(E) = T m , (E) d)J.( T)e
Thus m 1s the direct integral of the m, over ( ,/.,L).

It remains only to show that m, 18 a.e. ergodic (in fact the
preceding decomposition of m into inveariant sub-measures 1s valld without
the separability assumption on M). Now the ergodic invariant regular proba-
billity measures on a compact space are precisely the extreme points of the
set of all invariant regular probability measures on the space (the proof
of this in [9] is for the group of reals under addition, but applies to an
arbitrary group with trivial modifications). The set of invariant regular
probability measures n on M 1is also known to be in one-to-one convex

linear correspondence with the set S  of all invariant states v on Q
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(Vv being invariant if v(UaTUa-l) = P(T) for TeA and a €G), where
n and 7V correspond if V(Qk) = k(x)dn(x) for all ke C(M)e. Now
Z is a convex set which is compact in the weak topology (recalling that
the state space of a Ce-algebra with an 1dentit) 1s compact). Moreover,
$~ 1s metrizable, for if {Ti (1 =1, 2, )} is a countable dense sub-
set of Q , with no ']?1 = 0, the metric d(n, p) =212-1 Il Till-l [n(Ty) =
p(Ti)l is easlly seen to induce a topology on > identical with the weak
topologye.

It follows, by an argument used in the proof of Theorem 4, that
if my 1is not ergodic a.e., then there exist for each ¥ invariant stat
P, and o, such that 1) «y=(1/2)( 0 + G, ) for all ¥ ; 2) If
T€qd, O (T) and G, (T) are Borel functions on r 3 3) AR, # Oy for
a measurable set of ¥ 's of positive measure. As before, there exists for
each ¥ an operator S, in ( CP‘,(A))' such that ﬁ{(’l‘) =
(Sy P (D2(F), 2(7)) and IS, IS 2. Now (5, %.(X), 7,(¥)) =
(s, P (¥X)z(¥), z( 7)) = 2,(Y#X), and 1s a measurable function of 7.
It follows that (S, x(¥), y(¥)) 1s a measurable function of ¥ for x
and y 1in 54, and this function 1s integrable for [(S, x(¥), y(&))| <
2l x()| ]l y(7 )]l , which bound 1s integrable by Schwarz' inequallty.
Hence there 1s a decomposable operator S on M for which /ér apm( ¥)
i1s a decomposition. By Theorem 2, S € (', We show next that Q' = )}(,
so that S 1s a multiplication by a bounded measurable function on M,
Now if {rn} is a sequence of bounded measurable functions on M which are
uniformly bounded and which converge a.e. to a function f, then an con=
verges weakly to Qf, by a simple computation. On any finite regular
measure space, every bounded measurable function 1s a 1imit a.e. of a
bounded sequence of continuous functions. It follows that the weak closure
Q, of (] contains 7/ . Hence Qe w,vut Q= Q" so0
O'I = a|’ and Q'C )(v = 71(-
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Thus S€M and so S =Q,. Moreover, S€ C, for if a 1is
arbitrary in G and T arbitrary in Q , then by the invariance of O,,
(s, ?/(UaTUa_l)z( ¥), z(7)) = (S P (T)2(¥), z(¥)). Integration over
T‘ of this eguation shows that (SUaTUa-lz, z) = (STz, z) (noting that
(UaTUa_lz)( Y) = q;(UaTUa_l)z(d’), by Corollary 2.1 )e If S =Q  and
T = Q,, this means that u/;((x)p(a(x))dm(x) = u/lz(x)p(x)dm(x), which
implies that u/'k(s.'l(x))p(x)dm(x) = d/;(x)p(x)dm(x), from which i1t follows
readily that k(a~l(x)) = k(x) a.e. for each aeG. That is, Se C, so
Sy 1s a.e. a scalar multiple of the identity, and ‘/O, = G0y = Wy a,e.,

a contradiction. Hence m, is a.e. ergodice.

9« The Fourler transform for separable unimodular groups. We

show in the present section how the Fourier transform as defined in [11]
can be correlated with the Fourier transform as an Integral whose kernel
1s an irreducible group representation. If f 1is an Integrable function
on the locally compact abelian group G, its Fourier transform is usually
defined as the function F on the character grcup G# of G, defined by
the equation F(x#) = u/:x*(x)f(x)dx. The generalized (Weil-Krein)
Plancherel theorem then asserts that U/(; }F(x*)]zdx* = “/1 lf(x)}2 dx,
for fe LB(G)‘ The Fourier transform cag be extended to cogpact (not
necessarily abellan) groups by replacing G+ by the collection of continuous
irreducible unitary representations of G (which is simply the character
group when G 1s abelilan); one has then F(f)) = U/;/o(x)f(x)dx and the
generalized Plancherel theorem (usually called the Peter-Weyl theorem in
this context) asserts that t/g lf(x)|2 dx =:E:/)tr((F(/9))*F(/o))d(/o).
where d(/o) is the degree of P tr denotes the usual trace, and the
sum is over any collection of representatives of equivalence classes of
irreducible representations of G.

In the case of an arbitrary separsble unimodular group, it turns

out that the same formal relations are valid, provided "irreducible
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unitary representation” 1s replaced by "two-sided irreducible unitary
representation™, As indicated in [10], this does not materially affect the
situation in groups which are either compact or abeliasn. More specifically,
in [11] 1t is shown that if the Fourler transform is defined through the
use of the von Neumann reduction theory, then the Plancherel formula for a
separable unimodular group holds, the trace now being that defined by
Murray and von Neumann for factors, and the integration belng over a measure-
theoretic analog of G#. As it can be verified that the reduction obtained
in Theorem 2 satisfies von Neumann's conditions (cf. the last theorem in
this paper), the Plancherel transform F(2') of a function fe€ Ll(G)"
LZ(G) can also be defined through the use of the present decomposition
theory. We shall show in thils section that the Plancherel transform of ¢
can also be obtalned as follows: for each ¥ e r , where (r, /J.) is
the perfect measure space on which the decomposition is built, there is a
two-sided continuous unitary representation {L(, R,} , where L, and
Ry are respectively the left and right ordinary representations of which
the two-sided representation i1s composed, which 1s a.e. irreducible, and
such that F(¥ ) = /L{ (a)f(a)da.

We begin by c:onsiclarilng the decomposition of conjugations in
sultable situations. We recall that a function J on a Hilbert space
1°f’ to itself 1s called a conjugation if it satisfies the conditions:
1) J° = I, 2) (Jx, Jy) = (y, x) for all x and y in A¢ ; and that 1t
has the properties J(x +y) = Jx + Jy, and J(o.x) = &x for all x and
y in H and complex CL .+ It follows that the map W —> JWJ 1s a ring
automorphism of the set of all operators on 74 , and that (JWJ)® = Jw#J.
J

~
We denote JWJ Dby WJ, and designate the automorphism W —> W by J.

THEOREM 8. With the notation of Theorem 1, let J De a conjuga-
tion of 74 such that SY =S* for all Se C, and Jz = z. Then there

exists for each Y € P &8 conjugation J’( on 'H", such that for any
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xoamd oy i W, (x5 3) = LG5 x04), 30 Napld).

We first cefine J; on 7 ,(A) as follows: J, 7/ T) = 7,(’1‘.“’).
To see that this definition is single-valued, observe that 1if 7(,,('1‘) =
7(’,(W), then ( 0 (T) = n.(W), 7({(1‘) - 7,(W)) =0, so that
W ((T - W)#(T = W)) = 0. Now w 1s transformed into @ by (31)"’ 80
that W (J(T = W)#(T = W)J) =0 = W ((I(T = W)J)#(I(T = W)J)) =
(m(TJ) -y w9, (1) - r(,(wJ)). so that 7[,(TJ) = ).

We show next that for all ¥ and for Te Q, u)((TJ) = Wy(T).
Let S be an arbitrary self-adjoint operator in C . Then w (STJ) =
/é(() WUT)a (¥ ). on the other hand, w (sTV) = w(s’t) (for a sA
element of (C 1is invariant under J) = w((ST)J) = W(ST) =
/é( ¥) w(T)du (). As S = 5%, 1t results that /s;( Y) {w,(TJ) -

(T),(T)} d/.J.( ¥) =0. As S(.) can then be an arbitrar, real-valued

bounded measurable function on | ' , it results that u),(TJ) - @1 =0
a.e., and since the left side 1s a continuous tunctlion on r' , We have
wy(r?) = A1),

Now for any T and W in (Q we have (J¢ ATy 3 m,(W)) =
(70 (1), 7, W9)) = wewP®17) = wyelr?) = wy(en)T) = Gy (weT) =

(7¢(1), 21,(W)). In particuler, Il 3y 7 TS |l ATl , so that J,
is bounded on Ny (Q), end therefore has a unique continuous extension to

the closure 74, of r(/(a ); we denote this extension also by J,/ »

From the equatlon (J, »,(T), I 7, (W) = ( »,(T), »,(W)) 1t follows by
continuity that for arbitrary x, eand y, in ¥, , (J, x,, 3, y,) =
(g > 37 )e Fow 32 1) = 3, (3 M) = 3, q, (1)) = 5(D), so that
J? is the identity on 7(,(0.), and hence also, by continuity, on 1-/'( .
Thus J; 1s a conjugation,

It remains to show that for arbitrarr x and y in v ’

(Ix, y) = ‘/,.‘u, x(¥), y(¥))au( ). Now if x =Tz and y =Wz with
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P and W in @, (Jx, y) = (JTz, Wz) = (W#JTz, z) = (W*TJz, z) (using
the fact that Jz = z) = /:),(W*TJ)d/.L(a’) = /Z 13,(1"1), 7 (W)Ap(7) =
/sz 7‘({(’1‘), n,(w))d/u( Y ). Thus the equation is valid for a dense set
of x and y's, and it follows as in the first part of the paper that it
is valid for all x and y in 7. When Wy 18 not a state, J, can
of course be defined arbitrarily.

The next theorem asserts that the conditions of the preceding
theorem are satisfied (with a sultable choice for z) in the case of a

certain conjugation on L2(G) for a unimodular group G.

THEOREM 9. Let G be a separable unimodular locally compact

roup, and let ( Dbe the C#-algebra generated by all operators on 77‘ =

g
are respectively left convolution by f and right convolution by g. Let

L2(G) of the form Lng, with f and g 1in Ll(G)’ where L, and R

C be the center of the weak closure of (} « Then if J 1is the conjuga-

tion on A defined by the equation Jf = f# for f e 7+, where f#(x) =

T(x'l), every self-adjoint element of (C 1s invariant under the auto-

morphism induced by J (i.e. JSJ =S* if Se C); there exists an element

z in 79 such that Qz 1s dense in 7# and Jz = z; and Q' = C .

We show to begin with that C = (' and that the weak closure of
@ 1s the Wi-algebra generated by L and R, where L and R are respec-
tively the Wit-algebras generated by the La and Ra’ these operators be-
ing defined by the equations (L, f)(x) = f(a‘lx) and (R f)(x) = f(xa),

fe’ and aeG. Clearly Te Q' 1if and only if TLgR, = LeR,T for

8 g

all f and g in Ll(G)' l.oe.,1f TLrRsh=LngTh for such f and g

and all he A. Now if {gn} is a sequence in Ll(G) such that

h = 8, —> h and (Th) = g, —> Th, it results from the equation TLngnh =
I.fR8 Th that TL h = LfTh. Hence TL, = LfT, and as Z 1s generated by
the L, (cf. [10]), this shows that T€ Z', Similarly T€ R', and so we
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nave Q'C £'NR'. It is shown in [10] that L' = K, so Q'c R "R',
which shows that (' 1s abelian. It follows that the center of Q" is
Q', and as (Q 1s SA, its weak closure is Q", so that C = @'. On
the other hand, Lg € L and R, € X for all feL (6) (loc. eit.),
which implies that £ €L " K. Hence (' 'V R' and it follows that
Q' =20 R or a"=4 VR,

Next we show that for an arbltrary element S of C', SJ

= S#,
The mapping T w=> '.I.‘J is easily seen to be continuous in the strong
operator topology. As the finite linear combinations of projections in

C are strongly dense in c , 1t therefore suffices to prove :’;‘I

= S
for the case when S 1is such a linear combination. As 7 is conjugate
linear, it 1s enough tc show that PJ = P for every projection P in C.
Now let »{ bve the range of such a projection P. It is shown in [11]
that 7/ 1s then a two-sided ideal in the Lz-system of G in the sense
of Ambrose [2]. According to a theorem of Ambrose (loc. cit. Th. 7),
every such ideal is invariant under J. Hence for xe¢ X, JPxe 71{, l.e.,
P(JPx) = JPx, or PJP = JPs Multiplying the last equation on the left by
J shows that PJP = Po Now P 1s SA, so (P'P)# =P and PPJ = P,
Applying /54 to both sides of the last equation shows that P‘TP = PJ, 80
P =pJ,

It remains to show that there exists an element z of H such
that (z 1s dense in A and Jz = z. Let {zi} be a family of elements
of ™ which 1s maximal with respect to the properties 1) Jzg = 24 and

z, #0, 2) (22.1 is orthogonal to (dz, if 1 # j. Then the index set

b}

over which 1 ranges is at most countable, for the closures of the azi

constitute a family of mutually orthogonal closed linear subspaces of ,

which by the separability of /¢ must be at most countable. We assume that
-2 -1

1=1,2, ... and put z =5 n ] zn" z,e Plainly Jz =z, and we

show finally that (z 1s dense In /.
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Assume on the contrary that Az 1s not dense in 7¥. Then there
exists a nonzero element x in 7 which is orthogonal to (dz. Let 7/,

be the closure of azi and P the projection operator on 74+ witn range

1
# . We have (Tz, x) =0 for Te€l, so (S#Tz, x) =0 for S and T

in 10, , or (Tz, Sx) =0 for such S and T. It is easy to deduce that
the last equation is valid for all S and T 1in the weak closure of a.
Now it is easlly verified that »{1 is invariant under (2, so that
Pie ar = C, and hence Pie 4" ., Hence we have in particular, for
Teq, (TP,z, Pyx) =0 or (Tz,, P,x) = 0. Now P x 671; but the Tz,
span 7?(1, 80 Pix =0, As x#0, I -Zi P, =Q 1s a nonzero projection
i C. Putting w for any nonzero element of Q#f such that Jw # = w
(obviously such a vector exists) and z' = w + Jw, clearly Jz' = z' and
QAz' = QQz' = QAz'cQM, so that (Qz' 1s orthogonal to all the azl,
contradicting the maximallty of {zi}.

Before proving the result mentioned in the beginning of this sec-
tion we make appropriate definitions.

Definition 9.1. A two~sided representation of a group G on a8

Hilbert space 7™ 1s a pair (L, R) of one-sided representations of G
on # such that L(a)R(b) = R(b)L(a) for all a and b in G. If G
is topological, such a representation is called strongly or weakly contin-
uous if both L and R are (respectively) strongly or weakly continuouse.
If (L, R) 1s a two-sided representation of G on A, if each of L and
R 1s unitary, and if J 1is a conjugation on 7% such that JL(a)J = R(a)
for all ae€ G, then the system (L, R, J) 1s called a two-sided unitary

representation of Ge A two-sided representation (L, R) 1s called irre -

ducible if the IL(a) and R(b) (a, P€G) 1leave no closed linear subspace
of 7+ (jointly) invariant other than O and A, '
The following theorem shows the connection between the Fourler tran:

form as defined directly thru reduction theory and as defined thru the use
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of an integral whose kernel is a representation,

THEOKEM 10. let G, 74, 2, C, J, and 2z be as in the preceding
theorem, and let |, Mo and W, be &8s In Theorem 1. For every f ¢
Ll(G), the left and right convolution operators Lf and Rf are decom=

posable with respect to the reduction of # described in Theorem 2, with

M= (P,/u )e For almost all ¥ € [ there is 8 two-sided strongly con-
tinuous unitary irreducible representation {L,« » Ry, J,} of G on Ay

which 1s almost everywhere on (r‘. }*) irreducible, and such that the

decompositions of Lr and Rf are A‘L,(a)f(a)da and AR((a)f(a)da
respectivelye.

We observe to begin with that for any aeG and Xe a, Lax and
Rax are in (. For let ao be the algebra generated by the Lng with
commutes with every R

f and g in Ll(G); as every L this algebra

consists simply of all finite aum: of such operators. Nowgit is easily veri-
flied by direct computatlon that LaI"f = Lra and R&Rg = Rse. , where

fa(x) = f(a-lx) and ga(x) = g(xa)e It follows that ao is invariant
under left multiplication by the La and the Ra’ and 1t 1s not difficult

to deduce by an approximation argument that so also 1s Q invariant

(cf. [8], p- 80)s A trivial modification of a proof in loc. cit. shows

also that Rax and L‘X are continuous functions on G to { , in the
uniform topology on a.

The remainder of the procedure for obtaining the L, and the Ry,
is also similar to that used in loc. cit., and we shall merely outline it.
We define 'I\., (a) on 7,(a) by the equation /ﬂ,(a) NAT) = 7, (LT)e
It 18 easily verified thst ,I\‘i (a) 7(1(1‘) is single-valued and that for
each a€G, 'f,( (a) 1s an isometry on y,(a). It can therefore be unjque-
1y extended to an 1sometry, denoted by L ,(a), of 7, into 7#,. The

o)
mapping & =—> L, (a) 1s a representation, and hence so is the mapping
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a —> L, (a). Plainly L ,(e) =L, (where e 1s the group identity and
I, the ldentity operator on M,), so L, (a)L ,(a'l) = L((a'l)Lf(a) =
Iy, which shows that L ,(a) 1s unitary. Now the map a --> L X 1is con-
tinuous on G to & , and %y 1is continuous on A  to 73‘,, so
Ly, (a) )({(X) 1s a contlnuous function on G to 7¥,, for any fixed Xxel.
It follows by continuity that L y(a)x, 1s continuous as a function on
G to 7\‘, for each fixed xy € 7'/‘(. Similerly for the definition and
properties of Ry« (These definitions are for the Y such that W, 1is
a state; for the null set of other ¥ we take L, and R, to be the
identity representation and Jy to be an arbltrary conjugation on H,
Now L,RX =RLX for any Xe Q, which implies that
Ly (8)Ry (b) 7 (X) = Ry (b)Ly (8) 3 (X), and as L ,(a) and R ,(b) are
bounded and »7,((Q) 1s dense in 7¥,, it follows that L (a)R,(b)xy =
Ry (b)Ly (8)x, for all x,€ ,, 1.e., L, (a) and R,(b) commute for
all a and b in G. Next, it is easily verified that JLaJ = Ra' and it
follows that for Xe€ &, JLXJ = RaJ'XJ, or (LaX)J = RaXJ. Hence
){i((L‘X)J) = V(t(RaXJ), and by the definition of J, 1n the proof of
Theorem 8, Jy 7, (LX) = Ry () 7,(X7), or T, L, (&) y(X) = Ry(a)dy Zy(X).
Thus the bounded linear operators L ,(a) and Jy Ry (a)JJ agree on the
dense set )(/( R ), and therefore colnclide.
Now if f and g are arbltrary in Ll(G) and X 1s arbitrary
in { , we have sﬁ,(Lng) M (X) = 7 (LR X). We note that
/Laﬁbx f(a)g(b)dadb exists as a strong vector-valued integral (i.e.,
relative to the uniform topology on ( ), and equals LrRB)( (cfe loce cite)e
As 7(, 1s a continuous linear operation, it results that y/(Lng() =
/7{,(L3be) f(a)g(b)dadb, but Vf(Labe) = L, (a)R, (D) 7,(X), so we have
@, (Lekg)x, = / /L, (a)R, (b)x, f(a)g(b)da db

for x, = %,/ (X). As 1{,(&) s dense in /#,, and as C}?{(Lng) and
//L; (a)Ry (b)f(a)g(b)dadb are bounded linear operators, it follows that
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the preceding equation 1s valid for all x, € /¥,. Now if {gn} is a se-~
quence in Ll(G) such that g,n(a) >0, /gn(n)da =1, and g  vanishes
outside of wn, where ﬂnwn = {o} , then LfRSn is easily seen to con-
verge strongly to Lf’ so that Lf is deccmposable, and similarly R is

3
decomposable. Qn the other hand, by the Fubini theorem for vector integra-

tion //L,« (a)R, (b)x, f(a)g,(b)dadb =/;i, (b) [/r:, (a)xy f(a)da]g, (b)db,
which expression is easily seen, by virtue of the strong continuity of
Ry , to converge strongly as n => o, to ﬁ, (a)x, f(a)da. Thus the
decomposition of Lr is as stated, and similarly for that of Rf.
It remains only to show the irreducibility a.e. of 7ﬂ‘, under the
combined action of the L ,(a) and the R,(b), a and b being arbitrary
in G. Now if a closed linear manifold in 7+, 1is invariant under the
L,(a) and the R,(b) 1t 1s also invariant under (P’,(LfRs) for al1l f
and g in Ll(G) (cf+ loc. cit.), and hence 1is invariant under ¢((ﬂ).
Now as shown at the end of the proof of the preceding theorem, C = (Qw)"
where a' 18 the weak closure of (1, and 1t follows that C = @'. This
shows that € 1is maximal abelian in '« The separability of Ll(G)
together with the continuity of the maps f —> Lf and f =—> R on

f

Ll(G) to Q , implies the separability of (I _, from which the separability

o?
of (Q follows. Hence Theorem 4 implies that (Pa’(a) is irreducible a.e.
Remark 9.1l In the special case (for semi-simple Lie groups, con=
jecturally the general case) that oﬁ is a direct integral of factors of
type I, the situation can be further reduced, in that the corresponding two=-
sided irreducible representations of the group G arise in an obvious fash=-
ion from one-sided representations. Specifically, for almost all ¥,
there is a Hilbert space 7{’, , & strongly continuous irreducible (one-sided)
representation U, of G on ‘/{,, and a conjugation Cy, of 7'(,, such
that the foregoing two-sided representation {L, » Ry J,} is unitarily

equivalent to the representation {L; » R}, J;,} of G on the Kronecker
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product 74} = 1{1#7{’, where L! , Ry, and J} are determined by the
equations LY (a)(x#y) = (U, (a)x)#y, R'y(a)(x#y) = x#(Cy U, (a)C, y), and
I\, (x#y) = (C, y#Cy x), for all x and y in 7, and acG. If 7{‘, is
taken as I.g(lt) for a measure space M = (R, X, r), then 7‘/;, can be
taken as Lz(uxu) and JY cen then be defined by the equation

(3p £)(x, y) =T(3, x), fe My .

To see this, let i{ and 7?, be respectively the W#-algebras
generated by the L ,(a) and the R ,(a), a €G, and observe that Z =
/{,d,u(z’). For 1f S e/ird/l-(z{), say 8 = /;s, d/.[( d), then Sy €
(ﬁt), for a1l ¥ . Now if W = R, with feL,(G), then W = /1‘u, am(d),
where Wy = /Ry, (a)f(a)da, and 1t can be seen that W, € Ry (cf. [xo.
Hence S; and W, commute, and 1t follows that S and W commute,
which implies Se{Rf}' or SeX' =. Thus Z Dﬂzf, d/.&( Y¥). On the
other hand, 1t follows from [10] that every element of L 15 a strong
sequential 1limit of (bounded) operators of the form Lg, with feLz(G).
Every such operator in turn is a weak sequential 1imit of operators of the
form Ly with feL (G), for if h and g are arbitrary in L (G), the
integral ﬁ(y)g(y'lx)dy exists and by virtue of the boundedness of Lg,
equals (Lrg)(x) (see [11]), and by Fubini's theorem the integral
/ f(y)g(y']'x)h(x) dxdy exists. It follows from the Lebesgue convergence
theorem that if {Kn} is a sequence of compact subsets of G such that
K41 2K, and f vanishes nearly everywhere outside of UnKn' and 1f
fn is the product of f with the characteristic function of K,, then
{I'fn} converges weakly to Lg. As weak and strong sequential limits of
decomposable operators are likewise decomposable, it follows that every
operator in L 1is decomposable, 1.e., Zz C/i.,d/u( Y), and hence L =
/-f, du(d)e

Now by the irreducibility a.e., of {L,«, Ry J,} we have a.e.
.,Z, v ﬁ,a B,/, where 73, is the algebra of all operators on 7'/, e Clearly
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I'{ o) ﬁ(. It follows readily as in the proof of Theorem 5 that aﬁ‘, and

f(’, are factors. Now assuming that I/ is of type I, we shall show that
{L, s Ry J,} has the special form given above, For this it 1s evident-
ly sufficient to establish the following lemma, which includes a result

recently announced by Godement [ 4a ].

LEMMA. Let {L, R, J} be a two-sided irreducible strongly cone

tinuous unitary representation of a topological group G on a Hilbert

space 7+, and let the W#-algebra . generated by the L(a), a €G, be
of type I. Then there exists a one-sided irreducible strongly continuous

representation U of G on a Hilbert space 7/, and & conjugation C of
%, such that {L, R, J,%} 1is unitarily equivalent to the system

{t', r', J', 7'} where ¥ = K#X, J' 1is the conjugation of r4' de-
fined by the equation J'(x#y) = Cy#Cx, for all x and y in 7, and

Z' snd #X' are the representations of G defined by the equations
L'(a)(x#y) = (U(a)x)#y end K'(a)(x#y) = (x#CU(a)Cy) for all x and y
in ~.

By [7 , pp. 138-9 and 174], /¥ 1s unitarily equivalent to /¥' =
1~(1# Ka for suitable Hilbert spaces 7(1 and 7{2 in such a way that L
is mapped into the set ail of all operators of the form S#I with S an
operator on 7‘(1, and the Ws-algebra 7/ generated by the R(a) 1is mapped
into the set 7?1 of all operators of the form I#T with T an operator
on 7(2. Now J maps into a conjugation J' of /¢' with the property
that J'-ilJ' = ﬂl. As the dimension of a Hilbert space is the maximal
number of mutually orthogonal minimal projections in the algebra of all
operators on the space, and as the mapping X => J'XJ' 1s a ring iso~

morphism preserving adjoints, # and 7(2 have the same dimension and

1
we can set f{; = 7(2 = %, Plainly L(a) 1s mapped by the foregoing

equivalence into a unitary operator L'(a) on A # 7C of the form
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L"(a)#I, where the Wi#-algebra generated by the L'(a), a €G, 1is 'il‘ Now
1t 1is easily seen that the map T#I —> T from ‘Zl to the operators on 4
is strongly continuous. It follows readily that the map a —> L"(a) is a
strongly continuous unitary representation of G on 7, and that the strong
closure of the algebra generated by the L"(a) 1s the algebra 723 of all
operators on A. The latter feature implies that L" is an irreducible
representation. Similarly R(a) is mapped by the foregoing equivalence into
I#R"(a), where R" 1s an irreducible strongly continuous irreducible unitary

representation of G on 7.

For any T € B8 we have clearly J'(T4I)J' = I# ¥(T), for some func-
tion ¥ on B. 1t is readily verified that P 1s an (adjoint-preserving)
ring automorphism of 3 of period 2, and with the property that P(a T) =

a?)(T) for complex oL and T € 73 . It is not difficult to deduce that
there exists a conjugation J" of A such that @(T) = J'TJ" for T € & .
Now let C' be the conjugation of 7¢' determined by the equation C'(x#y) =
J"y#Jd"x, for x and y in KA. It 1s easily seen that J'C' is a unitary op-
erator U' on H' with the property that U's —CIU' = Ll' As oi,l 1s algeb-
ralcally lsomorphic to 5, every automorphism 1s inner, and so there exlsts
a unitary operator V' in ’61 such that U'ST'U' = V's+T'V' for all T € &"Jl.
It follows from the last equation that urvrl e AC'I, so that UY=V'W! with W!
a unitary operator in 7{1. Evidently V' = V#I and W' = I#W, where V and W

are unitary operators on A, and it results that J' = (V§W)C'.

Now J'(T#I)(x#y) = (I# ¢(T)JI' (x#y) for all x and y in A4/, and sub-
stituting the above expressicns for J' and for ¢, it is found that
(VI"y)#(WI"Tx) = (VI"y)#(J"TI"WJ"x). It results that WJ"T = J"TJ"WJ", and
multiplying on the left by J", it follows that J"WJ" commutes with T. As
‘T 1s arbitrary in U, this implles that J"WJ" = I and hence % = I. The
2

.
equation J'2 = I implies that J'®(x£#y) = x#y for all x and y in fd, and
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substituting J' = (VH#I)C' there results the equation (Vx)#J"VJI"y) = x#y.
Hence V = I and J' = C'. The proof of the lemma 1s concluded by the observ-
ation that as JL(a)J = n(a), a € G, we have K"(A) = P(L"(a)) so that k"(a)
= J"L"(a)J".

10. Deflation of decompositions. In this section we consider the

problem of replacing the regular measure space ( Tw, }L) which has figured
in the preceding decompositions by spaces which are measure-theoretically
equivalent, but which have different topological properties. Our first
result asserts roughly that under appropriate, but fairly general, circum-
stances, ( T’, M ) may be replaced by a regular measure space ( A , V),
which is a kind of "deflation" of ( |, M) which arises naturally in
certain circumstances. For example, in the case of the reduction of the
regular representation of a locally compact separable abellan group G, the
measure ring of ( Tﬂ, /4) is identical with that of the character group G#
of G under Haar measure; but Tﬁ is topologically much "larger" than G+,
roughly speaking. The general process described in the next theorem could

be used to replace T‘ in this situation by G,

of the algebra generated by all functions on r of the form Wy(T), with

TeQ . Let A be the (unique) compact Hausdorff space such that £ 1is

1somorphic to C( A ), and let @ be the continuous map of [' onto A such

that if f € €, and if f corresponds to Fe€ C ( A) in the isomorphism of £

with C(A ), then £(¥) =F(P(y)) for all z € [ . Then setting

Ts = wy when O= P(¥) , there 1s a regular measure v on A such that
(1) Jowdm au(v) = At av(d) s (2) & # &, implies that
Tb‘;é téz ;3 (3) the mapping (S-—>Té 1s continuous on A to the

state space of (1; (4) if the hypothesis of Theorem 4 is satisfied, then
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Ty is pure for almost all O relative to (A, v ); (5) if Q 1s dense

in (C' in the weak sequential topology, then there is an algebraic_isomorph-

ism S ~——> S'(.) of C onto the algebra of complex-valued bounded measurable

functions on (A, V) such that (STz,z) = ls'( S ) Ts(T) av( o) for
al1seC and T € A .

The existence of the 4 and ® described in the theorem is assured by
known results [ 14 ] . We define v on Borel subsets E of /A by the
equation: VP(E) = }A(q)'l(E)); then it 1s readily seen that V 1is a regular
measure on /A . If f is an arbitrary real-valued element of 8, then
[f(z{)a/«(a’) = (/:7\6/.;[ 18 )<n] = ‘/:xdv[ SIF(d) <],
where F( P ( ¥ )) = £( ¥ ), F being in C( A ), and so ‘/r.‘f( .4 )d//.( ) =
[l;'( é yav ( ) ). Now defining Ty as above, (1) and (3) are obvious, and
(2) follows readily from the fact that ¢ ( Xl) = @ Xz) if and only if
£( {1) = £( (2) forall f € £ . To see (4), observe that the inverse
image under P of the Borel set [ ~:§|t‘(5 1s not pure] 1s the set [ ¥ |wy
is not pure ] , which by Theorem 4 has measure zero. To establish (5) we
need the following lemma. Our method of proof here could be used to give

a simple demonstration of a theorem of Dieudonné [ 3 ] .

LEMMA 11.1. Let ([ » M) be a compact perfect measure space, and &

a uniformly closed SA subalgebra of C([" ) which is dense in C(] ) in the

weak topology on C([") as the conjugate space of L ( T, ). Let A be

the spectrum of € and let ¢ be a continuous map of [ onto A . Then

there exists a regular measure P on /A and an algebraic isomorphism A of
C(I" ) onto the algebra of all complex-valued bounded measurable functions
on (A, v) such that: (1) if f e & , then (A )P (¥ )) =£( 7 ),
(@ irrec (T, tmen /o ¢rap(d)= JADCSav(O).

Let f be arbitrary in C ( r‘ ). Then there exists a sequence {fn} in
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€ which converges weakly to f, so that in particular
/;n( gl )au(y) — ﬁ( €)g( ¥ Jau (d) for g e € . Defining 1 as
above it results that ‘(i‘n( ¥)g(d Japu(d) = ‘[(Aofn)( é)(Aog)( d)av (),
where A is defined by the equation (th)(q> (¥)) = n(¥), 7e m
forhe & . Now llf Il 1s necessarily bounded by a theorem about weakly
convergent sequences of linear functionals on Banach spaces, and as by reg-
ularity C(A) 1s dense tn L, (4,V) 1t follows that {Aofn} 1s
weakly convergent in L (A, vV ). As this latter space 1s weakly sequen-
tially complete, there exists a bounded measurable function F on &4 to
which the sequence {Aorn} is weakly convergent, and defining A by the
equation Af = F, 4t is clear that for f € &, one of the values of Af
1s A f and that /;‘( gl d)ap(y) = ﬁu)(é)(ns)( S)av(9o), ir
re C (]—1) and g € £. Fixing f, g, and a selection of Ag, it is
clear that Af 1s determined as an element of L. (A, V), so that A 1is
single-valued. Thus Af = Aor if £ € £, so that (1) in the conclu-
sion of the lemma is satisfied. It 1s obvious that for arbitrary
r e C(M), Jfr(auis) = Jflan(dav(d).

It 1s easily seen that A 1is linear. To show that A preserves
products, let £ be in C(]') and g in €, and let  be the weak
limit of the sequence {rn} in €. Then Af 1s the weak limit of the

sequence {Afn} , and as multiplication is continuous in each factor sepa-

rately in the weak topology, we have fg = weak 111:51 rng, 80
A(fg) = weak lim A(f g) and A(f g) = A(f )A(g) —> A(f)A(g), so that
A(rfg) = A(f)A(g). By a repetition of the procedure just utilized, it

follows that the last equation is valid for arbitrary f and g in cm.

Now A is univalent, for if Af = O, then from the fact that for all
ge &, ﬁ(i)s(l)dp(l) = ﬂu)(é)(Ag)(é)dv(é), 1t results
that ﬁ( ¥)g(7)apm( ¥) = 0 forall g € €. From this last equa-

tion it is easy to deduce that f = 0.
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It remains only to show that A 1s onto. If F 1s a bounded
measurable function on (4, vV ), by regularity there exists a sequence
{Fn} in C(4A) which converges weakly to F., Now if fn = A"l(l«"n),
from the equation /i"n(é Y(ag)(d)av(d) = »/}n( el a’)d/J( ¥) for
g € & , 1t results that the sequence {/;‘n( 7 )gl¥)apm(¥ )} has a
1limit for all g € € . Now "F‘n" is bounded by the theorem mentioned
above, so that "fn" is bounded (for an algebraic isomorphism of a
C(T") 1into an algebra of essentially bounded measurable functions pre-
serves norms), and it follows readily that the foregoing limit exists for
all g € Ll( r, M). Making use again of the weak sequential complete-
ness of the conjugate space of an Ll-spa.ce over a finite measure space, it
results that there is an element f in C([]') such that
/;'n( gl X)apm(y) "—’/}-'( Ylg( d)ap(s) for all g € £. Clearly
Jae)(5)mg)(9)av(d) = fF(S)ag)(O)av(d) for all g € &,
from which it 1s easy to conclude that F = Af.

The validity of conclusion (5) of the theorem follows directly

from the preceding lemma together with Theorem 1.

Example. As an illustration of the use of the preceding result,
consider the situation described in Section 8; the invariant measure m
is expressed in the form L[m, dm( o), where the m, are ergodic in-
variant measures. Taking a, C, and 2z as in that section, it results
that we can also write, for sny continuocus function f on M,
/Hf(x)dm(x) = A Ty (Q)av (0), where Q. 1s the operation of multi-
plication by f, which by the same argument as in that section, leads to
the equation m(E) = / m's (E)dv(é) for any Borel set E in M.
Here m} 1s the measure assoclated with the state 13 » and is ergodic
a. e, on (A, v), for the inverse image of [é | m's not ergodic] is

[b’ | m, not ergodic] » which has measurs zero by Theorem 4 . We note
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also that my # my ir O F S, .

We conclude by showing that the measure space (F‘, M) which
occurs in our decompositions can be replaced not only by any equivalent
regular compact measure space, as in the preceding theorem, but, under a
separability restriction, by any equivalent measure space (not necessarily
bearing a topology), two measure spaces being regarded as equivalent if
there is an algebralc isomorphism between their measure rings. In particu-
lar, if separable as a measure space, (T‘, /u) could be replaced by a
measure space over the Borel subsets of the reals, and the decomposition of

von Neumann thereby obtained.

THEOREM 12. Let (1, C, and z be as in Theorem 1, and suppose

—_———— e ——_—_—,—_——_—

that ( is separable (in the uniform topology) and contains the identity

operator. Let M = (R, ®,r) be a measure space such that ( 1is alge-

braically isomorphic (with preservation of adjoints) to the algebra of all

complex-valued bounded measurable functions on M. Then there exists a

measure r' on R, an r-null set R,, and a map p —w, °n R-R =~ to

the state space of A such that: (1) r and r' are absolutely continu-

ous with respect to each other; (2) for T e Q, wp(T) is a measurable
function of p on M; (3) for T € and S € C,

(182, z) = /;2 u)p(T)U(p)dr'(p), where U(.) 1is the function on R
corresponding to U.

Certaln parts of the proof of this theorem closely rese.ible the
proof of Theorem 1, = we shall merely sketch these portionas, For any
fixed T , (STz, z) can in un obvious fashion be regurded us a continu-
ous linear functional on Ly (M) (in its norm topology). loreover, if

Snle) is a sequence of elements of L (1) such that 1 > Sn(p) > 0 and
Sn(p) > 8, ,1(p) for all n, and lim, S,(p) = 0, all these conditions
holdirg for almost all p 11, then 1lim F(S ) = O, where we set

F =F, To sce this, observe thut from the given algebraic 1isomorphism
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of C with Ly (M) 41t results that if S, 1is the element of C corre-

sponding to Sn(p), then I =2 S, 2 Sp+1 = 0. It is known that in

this situation there exists an operator S to which the sequence {Sn}

converges strongly, so that FT(Sn) = (SnTz, z) —>(STz, z). On the
other hand, as an algebraic isomorphism preserves order among the self-
adjoint elements, S (p) 2 S(p) = O a. e., which shows that S(p) = 0O
a. 8, and S = 0, so that (8Tz, z) = O.

‘Ne next show that for any continuous linear functional % on

LOJM) with the foregoing property, there exists an element reL (M) such

that (k) /k(p)f(p)dr(p) for k € L_(M). Let s be the func-
tion on R defined by the equation s(E) = @ ('X.E), where ’X,E is the
characteristic function of E (E € R). Now if E = UiEi' with E1 ek

and the Ei mutually disjoint (L = 1,2,...), then /X'E - L U1<n 1 is a
sequence of functions converging monotonely to zero. So

DX Zi 1 ) —» 0. It follows that s(E) = Zi s(Ei). Thus s
1s counta.bly-additive; it vanishes on sets of r-measure zero; and it is
bounded by H CI’ ” o« It results from the Radon-Nikodym theorem that

s(E) = E f(p)dr(p) for some f € Ll(M). We have

cf)(k) = /R k(p)f(p)dr(p) when k 1is a finite linear combination of
characteristic functions of sets in #. Now if k 4is an arbitrary non-
negative-valued element of L., (M), there exists a sequence {kn} of such
linear combinations such that kn(x) increases monotonely to k a. e., and
with kn(x) > 0 a. e. It follows that the same formula holds for such a
k, and hence for all k € Ly (M),

Next we show that if r‘i is the element of L (M) defined by the
equation (STz, z) /é(P)f'(p)dr(p), then f'(p) > 0 a.e. Forif
f]':(p) = O on the set E in 7f, and if S 13 the element of C corre-
sponding to the characteristic function of E, then (Sz, z) = O clearly,

but S = S as (%E)2 = 'XE s 80 (Sz, z) = ﬂSzH2 and Sz = O.
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This implies TS, = 0 for T € (& or S(Tz) = 0, from which, by the
density of Qz 1in H, it follows that S = 0, so that E nust be of
measure zero. Now it is easily seen that 1f P(h) > 0 whenever h 1is
non-negative-valued, then the corresponding function f is a. e. non-nega-
tive-valued. Therefore fi(p) 2 O a. e.

This shows that »r can be replaced in the integration over R
by the measure r' defined by the equation r'(E) = /éfi(p)dr(p),
E € €. Let fT now be defined for T € & by the equation
(sST2, 2) = ‘/é(p)rT(p)dr'(p), S € ¢c. If T>O0, (sTz, z) 1is a positive
linear functional on ( s SO fT(p) >0a. e, If T and U are arbitrary
in (Q and if O 1is an arbitrary complex number, then it is easlly seen
that fT+U(p) = fT(p) + fU(p) and raT(p) = OLfT(p) a. o, We now
partially normalize fT(p) by breaking Loo (M) 1into equivalence classes,
two (residue classes of) 'functions' (modulo the subspace of null functions)
being equivalent if they are proportional (relative to constants), then se-
lecting one 'function' from each equivalence class and then choosing any
representative from the corresponding residue class, in an arbitrary fash-
ion except for the following restrictions: 1) the representative of a
'function!' which 1s proportional to a 'function’ which 1is non-negative a. e.
shall be everywhere proportional to a non-negative function; 2) the abso-
Jute value of the representative at any point shall not exceed the norm of
the 'function' in L, (M); 3) the 'functions' which are zero and one a. e.
shall have the representatives which are respectively everywhere zero and
one; 4) a 'function' which is a. e. proportional to a real-valued function
shall have a representative which is everywhere proportional to a real-val-
ued function. It 1s clear that a choice of representative can be made sub-
ject to these restrictions, and that if g 1is any representative, assign-
ing og as the representative of the 'function' a. e. equal to «ag ylelds

a representative for each element of L, (M). We now assume that fo is a
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representative, for all T € @ .

We have now qu(p) = OLfT(p) and rT*T(p) >0 for allp €R
and T € @ . Roughly speaking, it remains only to obtain a null set Ry
such that for all p € R-R,, and T and U 1in a, fr.glP) = fT(p)+
fy(p). To do this, let Q, be a countable SA subring of Q, which is
dense in (Q , contains I, and which admits multiplication by rationals and
by 1; such a subring exists because Q. is separable. Then the set of
all pairs (U, T), with U and T 1in ao is countable, and hence there
is a null set R, such that fU+T(p) = fU(p) + fT(p) for all p € R-Ry
and all U and T in (. We define w (T) = f.(p) for T e &
and p € R-Ry. Now if T is arbitrary in Q , we define u)p(T) as

follows: 1let {’I‘n} be a sequence in (I, such that T, —> T, and set

WGp(T) = 1lim, aJp(Tn). As lg(p) | <lgll for g € L, (M) by virtue
of our normalization, lwp(Tn -1 < T, - T,ll » and clearly

T -T = f = f - f - - T th
Wp(Ty = T,) Tn“Tm(p) Tn(p) Trrl(p) = wp(Ty) -wy (T ), so the

foregoing limit exists; and it is easily seen to be independent of the
sequences used to approximate T, i. e., wp(T) is single-valued. It is
readily deduced from the additivity of wp on Qo that for arbitrary
Tand U in Q@Q, wp(U+ T) = wp(U) o-u)p(T) for p ¢ Ro. Now u)p(T)
is real if T is SA and p ¢ R,, for if T, —> T with the T  in 0,0,
1 -— 3 1 . 1

then T! = (1/2)('1‘n + Tn) € O‘o and Tn —> T; and as u)p(’I‘n) is real
for p ¢ Ry, so also is u)p(T). Moreover, &)p(T*T) >0 for T € & and
P ¢ R,, for if T, —> T with the T € Q,» then T%T, —> T*T, and as
TET, € Qg wp(T;:iTn) > 0.

If O 1is real and rational, then plainly u)p(aT) = d.u)p('l‘)
for T € Ay and p ¢ R,. If O is any real number and {O’-n} a
sequence of rationals converging to ., then o(nT ~—> 0T g6 that
a)p( anT)-—>wp(aT) and hence qu(OLT) = cLu)p(T) for p ¢ R,. As

u)p(iT) = 10-)p(’1‘) for all p and T € Oo, it follows that
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L«)p(ot.T) = @wy(T) for all complex o and T € Q, (p ¢ R)). It
1s not difficult to conclude from this by the method just used that the
same equation holds for all T € O . It is obvious that wp(I) = 1, and
it follows from the fact that cdp is real on SA operators that a)p(T*)=
c:-)p(T) for any T € Q. Thus wp is a state of Q (p ¢ Ry). To
conclude the proof it is sufficient to show that wp(T) = fqo(p) a. e.
This is true by definition for T € Q,. We recall that HrT I < |l

o
such that T, —> T, then fT —> fT in Ly (M), and so fT(p) is a. e.

for T € Q. Hence if T € I and if {Tn} is a sequence in

n
the 1imit of an(p). As an’,p) = wp(Tn) (p {:Ro), this shows that
u)p(T) = i‘T(p) a. €.
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DECONPOSITIONS OF OPERATOR ALGEBRAS. II:
MULTIPLICITY THEORY
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1. Introduction. We determine the most general commutative W::-
algebra ( = weakly closed self-adjoint algebra of bounded linear opera-
tors on a Hilbert space) within unitary equivalence. Every such algebra 1is
a direct sum of Wi-algebras of "uniform nultiplicity" and an algebra of the
latter type of multiplicity n is unitarily equivalent to an n-fold copy
(roughly speaking) of a maximal abelian Wi-algebra. This last algebra is
unitarily equivalent to the algebra of all nmltiplications by bounded meas-
urable functions, of the elements in L2 over a suitable measure space, and
is determined within unitary equivalence by the Boolean ring of measurable
subsets modulo the ideal of null sets in the measure space. Thus to each
commutative algebra, there is for each multiplicity (cardinal number) n, a
Boolean algebra B(n), and this function B determines the algebra within
unitary equivalence; conversely, if B is any such function (vanishing on
sufficiently large cardinals), then there exists a commtative Wii-algebra
whose multiplicity function is B. The classification by Maharam of Boolean
measure rings shows that the measure spaces in question here can be taken
to be unions of spaces measure-theoretically identical with the product
measure spaces IP, where I is the unit interval under Lebesgue measure and
p i3 a cardinal number (with Io defined as a one-point space), and allows
the replacement of B(n) as a complete unitary invariant by a cardinal-num-

ber-valued function F(p, n) of two arbitrary cardinals giving the number of
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copies of IP whose measure ring is a constituent of B(n); and corresponding
to any such function there is a commutative Wx-algebra.

Similar but more limited results are obtained for Wik-algebras
which are not necessarily commutative. As in the commutative case, every
Wir-algebra is a direct sum of Wi-algebras of "uniform multiplicity", and an
algebra of the latter type of finite multiplicity n is unitarily equivalent
to an n-fold copy of an algebra of uniform multiplicity one. When n is in-
finite the last conclusion is invalid except in special cases, notably in
that of algebras of "type I". These are algebras which, roughly speaking,
are direct integrals of factors of type I, and for them we give a complete
structure theory and set of unitary invariants. Specifically, such alge-
bras are characterized by the feature that their part of uniform multiplic-
ity n 1s unitarily equivalent to an n-fold copy of a W:-algebra éfn of uni-
form multiplicity one; and are determined within unitary equivalence by the
knowledge for each n of the unitary-equivalence class of the commutative
algebra assoclated with &, by virtue of the fact that the set of operators
commting with an algebra of uniform multiplicity one is commutative.

Most known results in commutative spectral theory either follow
readily from the foregoing classification of commtative Wit-algebras, or
are seen thereby to be equivalent to questions in pure measure theory. Di-
rect consequences of our classification (together with the known structure
of separable measure spaces) include von Neumann's theorem that on a separ-
able Hilbert space, any commutative Wi:-algebra consists of functions of
some operator in the algebra, and the fact that such an algebra is maximal
abelian if and only if it has a cyclic vector. Any commtative Wi-algebra
is algebraically isomorphic to a maximal abelian Wi-algebra via a mapping
which is weakly bicontinuous and which preserves the operational calculus.

The theorem that the Wir-algebra generated by a self-adjolnt operator on a

separable space consists of all bounded Baire functions of the operator is
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extended to arbitrary spaces, and a brief derivation is given of the Wecken-
Plessner-Rokhlin unitary invariants of a self-adjoint operator.

Our approach has significant contacts with both the Nakano and
Wecken-Plessner-Rokhlin treatments of the multiplicity theory of an indivi-
dual operator, as indicated below in the specific instances. In particular,
the present definition of algebra of uniform multiplicity for the commuta-
tive case 1s essentially due to Wecken, and the definition which we use in
the not necessarily commutative case (while commutative algebras could be
treated in terms of this latter definition, which we show to be equivalent
to the former definition in the commutative case, it has seemed desirable
in view of the central rtle of commtative algebras to treat this case sep-~
arately) is a variation of that of Nakano for abelian rings of projections.

Much of the present material (notably Theorems 1-3 and 5-6) was
given in a course on spectral theory at the University of Chicago in the
Spring term of 1949. We are indebted to members of the course and especial-

ly to L. Nachbin for valuable criticisms and suggestions.

PART II. COMMUTATIVE ALGEBRAS

2. Definitions and technical preliminaries.
Definitions 2.1. A Wi-algebra 1s a weakly closed self-adjoint

algebra of (bounded linear) operators (on a Hilbert space). Thruout this
paper "operator" will mean "bounded linear operator on a Hilbert space”,
"Hilbert space” 1s complex and of arbitrary dimension, and I denotes the
identity operator on a Hilbert space which will be clear from the context.
An algebrs of operators @ on a Hilbert space #H 1s called an n-fold
copy of an algebra 19 of operators on a Hilbert space K , n being a car-
dinal number greater than O, if (1) there is a set S of cardinal number
n such that AY consists of all functions f on S to K for which the
series szx € S“f(x)”2 is convergent, with (f, g) defined as
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z:xe,s(f(x)’ g(x)), and (2) @ consists of all operators A of the form
(Af)(x) = Bf(x), for some B in [3 . (We make the usual convention about
infinite sums of complex numbers: they exist only if all but a denumerable
number of terms vanish, and if the sum of this denumerable collection
exists in the sense of being absolutely convergent). A masa algebra of
operators is one which is maximal abelian in the algebra of all operators
and self-adjoint (1. e. closed under the operation of adjunction). A

commutative W:it~algebra 17 # 0 13 said to have uniform multiplicity n,

where n is a cardinal number > O, if it is unitarily equivalent to an n-

’
fold copy of a masa algebra; the algebra consisting of the zero operator

only 1s said to be of uniform multiplicity zero.

Definitions £.2. A measure s»ace is the system composed of a set

—————

R, a ring #  of subsets of R, and a real non-negative-valued function r
on R such that if {Ei} is a sequence of mutually dis joint elements
of K for which the series E:ir(Ei) is convergent, then kJi E1 € 1&
and r(U1 Ei)-: §:1 r(Ei), and with the further property that r van-
ishes on the void set. If M = (R, R, r) is a measure space, a subset

W of R 1is called measurable if WN"E € A whenever E € R, and W
is sald to be eguivalent to zero if W"E is a null set for all E € R .
A measure space is localizable if the lattice of all measurable sets modulo
the ideal of sets equivalent to zero is complete. A function on R to a
topological space 1s called measurable if the inverse image of every open
set 1s a measurable set, and two functions are called equivalent 1if they
are equal except on a set equivalent to zero. The Banach space of all com-
plex-valued « th-power integrable (complex-valued) functions on M (mod-
ulo the subspace of functions equivalent to zero), with the usual norm, is
denoted by Lg (M) (1< o < ®); LC‘o (M) 41is the space of bounded meas-
urable functions, the norm of a function being defined as its essential

least upper bound. The Banach algebra whose space is Loo(M) and in which
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multiplication is defined in the usual way is denoted as B(M). The alge-
bra of all operations on L2(M) (wvhich denotes the usual Hilbert space, as
well as its Banach space) which consist of multiplication by an element of

B(M) 1is denoted by M (M) and called the multiplication algebra of M.

The central results of the part of this paper which deals with

commutative algebras can now be stated.

THEOREM 1. A maximal abelian self-adjoint algebra of operators

on a Hilbert space is unitarily eguivalent to the algebra of all multipli-

cations by bounded measurable functions on the Hilbert space of complex-

valued square-integrable functions over an appropriate localizable measurs

space.

e show in a paper [ 10] on measure theory to be published
separately from the present paper that two masa algebras are unitarily
equivalent if and only if they are algebraically isomorphic (in an adjoint-
preserving fashion) which in turn is true if and only if the measure rings
of the corresponding measure spaces are algebraically isomorphic. By
virtue of the Maharam classification of measure rings, the last is the case
if and only if the measure spaces have the same cardinal number invariants
naturally induced by that classification. Conversely, the rultiplication
algebra of a localizable measure space is masa (in fact is masa only if the
space is localizable). We mention finally that a direct sum of finite meas-

ure spaces (see below) 1s always localizable.

THEOREM 2. For any commutative W:i-algebra (@ and each cardingl

number n > O there exists a projection P, in (@ such that the least

upper bound of the P, (in the lattice of projections) is the identity

operator, and with the contraction of (2 to the range of P, of uniform

multiplicity n. There 1s a unique such function on the cardinals to the
projections in @ , and the Pn are (necessarily) mutually orthogonal.
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Before turning to the proof of these theorems we make some fur-
ther definitions and remarks.

Definition 2.3. A measure space (R, %, r) 1is called (strict-

1y) finite (in the present paper) if R € T2 ., It is said to be a regular
(locally compact) space if R 4is a locally compact Hausdorff space, R is
contained in the O’-ring generated by the compact subsets of R and con-
tains all compact subsets, and if for any E € 0 , P(E) = G.L.B.w:Er(w)
= L.U.B.CcEr(C), where W and C range respectively over the open and
the compact subsets of R, which are also in £ . For any compact space
T, C(T") denotes the Banach spaces of complex-valued continuous functions
on [ , with the usual norm. A finite measurs space M = (R, R, r) 1is
called perfect if it 1s regular compact and if for every element of B(M)
there is a unique equivalent element of C(R). The system constituted of a
complete Boolean ring and a non-negative-valued countably-additive function

on the ring is called a complete measure ring if every element of the ring

is the least upper bound of elements of the ring on which the function 1s
finite, If M = (Rx » QA s Ty ) are measure spaces depending on an
index A , and if the R, are mutually disjoint (as can be assumed with-
out essential loss of generality), then the direct sum of the M, (over
the index set) is the space (R, R, r), where R = Ux Ra » R 1s the
set of all subsets E of R such that (a) E meets only (at most) count-
ably many of the R, , (b) ENR, € ‘R,\ for all A, (e) Zhr(E"Rk)<ax;
and for any such set E, r(E) = Z—;\r(E ARy ).

For a discussion of many of the foregoing and related concepts,
we refer to [10] .

Definitlons 2.4. The spectrum of a commtative complex Banach

algebra (L 1is the topological space consisting of the set of all contin-
uous homomorphisms of @ onto the complex numbers, topologized as a rela-

tive space of the conjugate space of @ , in its weak topology. An
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"algebraic isomorphism" between two Wi-algebras is a correspondence which
is an algebraic isomorphism in the usual sense, and with the further prop-
erty that if two operators correspond, then so do their adjoints., (In
other words, we take the "algebra" of a Wi-algebra to be an algebra with a
distinguished involutory antiautomorphism, viz. that of adjunction).

An element 2z of a Hilbert space 7 1is called a cyclic vector
for a set . of operators on A if the set of all Sz, with se_.d ,
spans H (1. o. 74 is the smallest closed linear manifold containing
those elements). If 7 1is a closed linear subspace of &/ which is in-

variant under A » 2 1s called a relative cyclic vector when the Sz,

s € § , span 7 . The contraction of P to M , denoted as P, y» 18 the
collection of all operators on 7% of the form x —> Sx, with S € 4
(x € ). The set of all operators on A  which commte with each element
of 3 1s called the commtor of 4 and denoted . '.

If T 1is a SA (self-adjoint) operator on a Hilbert space st
with corresponding resolution of the identity {EK} (so that T
:‘/ldE,\ ), the spectral measure associated with T is the function E(.)

on the Borel subsets of the reals to the projections on 7 determined by
the condition that it be countably-additive, regular, and that if B 1is
the closed interval (-oo,A], then E(B) = E, . If P, 1is any family
of projections on 74 indexed by M 5 then U/u P),. denotes the least
upper bound and n)‘ P), the greatest lower bound of the P/* in the
lattice of all projections on M.

3. Structure of maximal abelian Wi-algebras. We prove Theorem 1

in this section and obtain some incidental results which may be noteworthy.
In particular, it is clear from the proof that the measure space in ques-
tion in that theorem can be taken to be a direct sum of finite perfect

spaces.
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LEMMA 1.1. If (@ 1is a SA algebra of operators on a Hilbert

space 14*, then # is a discrete direct sum of subspaces each of which is

invariant under (3. and has a relative cyclic vector for & .

It is clear from Zorn's formulation of transfinite induction that
there exists a collection Z of mutually orthogonal closed linear sub-
spaces of /&, each of which is invariant under 2 and has a relative
cyclic vector for Q@ , and which is maximal with respect to these proper-
ties, If 7(, is the discrete direct sum of the elements of:”: s then
7,( = ]c;l', for 1f x 1s a nonzero element of the orthogonal complement of
A 1in Jf , the closure of Ax 1is easily seen to be invariant under (&,
to have the relative cyclic vector x, and to be orthogonal to all the

Any

slements of .~ .

LEMMA 1.2. A commutative Wi-algebra with a cyclic vector is uni-

tarily equivalent to the algebra of all multiplications by bounded measur-

ible functions on Lo over a finite perfect measure space.

Let (? be a Wi-algebra on /9 with eyclic vector z. It
follows from any of a number of representation theorems (see e. g. [11] s
M. 1) that ( 1s isomorphic as a Banach algebra to C’(P), where P
s the spectrum of (. For T € @ , let T(.) denote the corresponding
function on | . Let « be the functional on (@ defined by the equa-
tion w (T) = (Tz, z), T € 2, and let W' be the naturally induced
functional on C(]'), so that '(T(.)) =  (T). Then by the Riesz-
darkoff theorem there 1s a unique regular measure M on r such that
W' (T(.)) = ‘/P'T()’)d/.A(f), T € Q. It follows from [9] , Theorem 1,
that (r‘, /b() is a perfect measure space. .

Now let U, be the function on Qz to Lg(r,/.i) defined as
follows: Uy(Tz) = T(.), - T(.) is a continuous function on the finite
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regular compact measure space (P, /U), and hence square-integrable. Now

U, preserves norms, for HTzH2 = (Tz, Tz) = (T%Tz, z) = w (T«T)
3%(T-::-T)(2/)d/u()’) = 4|T(i)l2d/u(z(). This shows that U, 1is
single-valued, for if Sz = Tz with S and T in Q, then (S-T)z
=0, and so (S-T)(.) = 0 1in LZ(P,/u), 1.e. S(Y)-T(¥) = 0 a.e.,
or S(¥) = T(Y) a.e. As (Az 1is dense in M, and by regularity

C(I") 1s (subject to an obvious identification) dense in LZ(P,/LL R
U, can be uniquely extended to a unitary transformation U on T+ to
(I, ).

We show next that U takes @ onto M (]', u), the multiplica-
tion algebra of (P,/,L/). This means that the map T —> UTU-1 on Q
will be shown to be onto M (T‘, /.L). We show actually that vru-l = Mqp,
where My is the operation of multiplication of elements of LQ(T‘,/A)
by T(.). The onto character of the map is then an immediate consequence
of the fact that (I, },t) is perfect. Now as UTU-1 and M; are both
bounded operators on L2(r1, /u), it suffices to show that UTU=lx = MTI
for x ranging over a dense subset of Lg(r‘, M )y ®. g., OVer cam.
Now if x ¢ C(I'), then x = S(.) for some S € @& and U~lx = sz,
so UTU=1x = (TS)(.). Obviously Mpx = T(.)S(.), which equals (TS)(.)

as the map T —> T(.) 1s an algebraic isomorphism.

COROLLARY 1l.1. A commutative Wi-algebra which has a cyclic

vector is maximal abelian.

For the multiplication algebra of a finite measure space is

maximal abelian (see e.g. [10] ).

PROOF OF THEOREM. Let (Q be a masa algebra on /o , and let Tof

P
be the direct sum of the closed linear subspaces 74 ’ § e ., , each of

§

which is invariant under ( and has a cyclic vector for (7 , - these
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exist by Lemma 1l.1l. The contraction of Q to 7+§, is by Lerma 1.2 uni-

tarily equivalent, say via the unitary transformation US s to the multi-

plication algebra of the finite perfect measure space Mg = (P » M )
and it is clearly no loss of generality to take r; n P y = O fc;r
g/# g'. Now let M = (R, 'f?, r) be the direct sum of the MS , g €

—

—ve He define a unitary transformation U on 7‘4—’ to LQ(M) as follows:

iIf x €A, let x = de: xg with xg € Hg , and set Ux
§€’U§ XS (this sum exi:ts in the sense of unconditional convergence

for the U x are mutually orthogonal and Z§ ” U§ xg ” 2 =

Zg ||x5 Il2 = [Ix]]2). It is easily verified that U dis, actually,

unitary.

It remains only to show that the map on the operators in & to
those on L,(M) takes (2 onto 7 (M), 1. e. that 2 (M) = UaU-l. Let
T be arbitrary in 4., let Tg be the contraction of T to 742 , and
let t be the function on R defined as follows: 1if p e]—; , then
t(p) = Tj (p) (where Tg (.) 1is the bounded measurable function on ’g
corresponding to T, 1. e., U§ T_'f I{gfl is the operation of multiplication
by Tc (.) ). It is easily seen that ¢t(.) 1s measurable on M, and

”'c(.)”00 < L.U.B. HT; ()| . Now the bound of the operation of

e~
multiplication by a%:wu;ded measurable function on a measure space, of
elements of L2 over the space, is readily seen to be identical with the
bound of the function in L,, Hence H (.), l §HU_§ TS Uﬁ-l” = HI‘g
< “T“ , 80 that t 1s bounded. To show that UTU-1 is the operation Qt
of multiplication by t it 1s enough, in view of the boundedness of these
operators, to show that they agree on a dense subset of L2(M). In parti-
cular it suffices to show that UTU"lf = Q,f ir ¢ vanishes outside of
e finite union of the G and coincides on each with a continuous
function. The foregoing equation is linear in f, and so it is sufficient

even to show that UTU=lf = Qif for f vanishing outside of E and



DECOMPOSITIONS OF OPERATOR ALGEBRAS. II 11

continuous on E; ( £¢€ Ei ). But for such an f, (Qur)(x) =

t? (x)rf(x), where té (x) = Tg (x) for x € Y; and té (x) = o0
otherwise; while (UTU=1lf)(x) = (UTI?E1 £)(x) (as U=l coincides with
Ug‘l on UI-PS ) = (Ug TUé'l r£)(x) (for Ug"l f 6745 » T leaves 74§
invariant, and U agrees with qE on 74% ), = T3 (x)f(x) for xe€l;

and vanishes for x C.I; (by the definition of Ug ), and so finally is
equal to Fé (x)f(x) also.

At this point we use, for the first time in the proof, the as-
sumption that Q. 1is masa. It follows that UQU-l 1s likewise masa. As
UQU-l has been shown to be contained in M (M), and as the latter algebra
is obviously abelian and SA, it results that UQU™l O (M), and

hence that Uau~l = Wy(M).

COROLLARY 1.2. A maximal abelian self-adjoint algebra of opera-

tors on a separable Hilbert space has a cyclic vector.

By the known classification of separable measure spaces, every
such space has its measure ring isomorphic to that of a finite measure
space. Now it 1s clear that if Lz over a measure space is separable,
then so is the measure space, and hence a masa algebra 7( on a separable
Hilbert space 7¥ is unitarily equivalent to the multiplication algebra of
a finite measure space. It is clear that the function identically unity 1is
a cyclic vector for the multiplication algebra of a finite measure space,
and hence the corresponding vector in A 1is cyclic for M.

We remark that the present corollary follows also without the use
of the classification theorem for separable measure spaces, from the
observation that any collection of mutually orthogonal projections on a
separable Hilbert space 1s at most countable, together with Lerma 2.5 and
the remark in the proof of Lemma 2.9 to the effect that a separating vector

for a masa algebra is cyclic (the proofs both of the lemma and the remark
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being independent of the corollary).

Remark 3.,l. The result established in this section essenti_ally
includes the spectral theorem, and can be used as a basis for the operation-
al calculus. The fact that a commutative Wi-algebra is algebraically iso-
morphic to a C"(P) is nearly equivalent to the spectral theorem, and the
theorem follows readily in full from Theorem 1. We illustrate the situa-
tion by considering the case of a SA operator T on a Hilbert space 1+ N
the same procedure being valid for any finite number of commuting SA oper-
ators,

By transfinite induction there exists a masa algebra /{ contain
ing T, and it follows from Theorem 1 that #( 1s unitarily equivalent to
the multiplication algebra of a localizable measure space M = (R, 72, r).
Let T correspond to the operation T' of multiplication by the real-
valued bounded measurable function k, let S, = [p € R|k(p) < 7\] ’
let =] Dbe the operation of multiplication by the characteristic function
of S) , and let E, Dbe the operator in M corresponding to E} . It is
a straightforward application of known measure theory to verify that T!
—‘fum; in the usual sense (that (T'f, g) :L/_‘gxd(ﬂ;‘ f, g) for any

£ and g in Lo(M)), and that strong lim = E,. It

€ —> OB r+E
follows that T = L/?Ld.E,\ s where {:E:k} is a resolution of the iden-
tity in the usual sense, and it 1s readily seen that E, commutes with
all operators which commte with T, and that the family {E,\} is
unique.

Now let )£ be any bounded Baire function on the reals. We shall
show that ¥ (T) can be defined simply as the operator in ¥ correspond-
ing to the operation of multiplication by ¥ (k(p)). Again measure theory
of a standard sort implies that this operation is /)ﬂ()L)dE,{ ’ and it
follows that the corresponding operator in 2 1is ‘/)}0(7L)dE,L , and so in

particular is independent of the masa algebra in which T 1is imbedded.
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4. Structure of commutative Wi-algebras. We base the proof of

Theorem 2 on a serlies of lemmas,

LEMMA 2.1. Let & be a commtative Wi-algebra of uniform

multiplicity n, on a Hilbert space 7¢. If P 1is a nonzero projection in

(L, then the contraction of @ to the range of P 1likewise has uniform
rmultiplicity n.

In proving this, there is evidently no loss of generality in tak-
ing @ to be an n-fold copy of the masa algebra 2 on 7¥ (rather than
unitarily equivalent to such a copy), so that 74 consists of all functions
f on a set 3, of cardinal number n, to 7¥ , for which the sum

ers

and g in M ; and (L consists of all operators of the form (Af)(x) =

“f(x)“2 is convergent, and (f, g) = ers(r(x), g(x)) for f

Bf(x), with B€ 7 . For Be # , let ¢(B) be the operator in @&
defined by the preceding equation. It is clear that @ 1is an algebraic
isomorphism of M onto @ , and hence there is a projection P in u_
such that @P(F) = P. Putting 7{1 for the range of P, 71(1 for the
contraction of 7 to 7'({1, and Ql for the contraction of 42 to the
range of P, it is not difficult to verify that al is an n-fold copy of
7771 onKl. It follows that it 1s sufficient to prove the lemma for the
case n = 1.

Now assuming n = 1, it must be shown that if W 1s 1in the
commtor of (@, then W € @, (it is clear that Q, 1s SA). Let W
be the operator on &} defined by the equation Wx = WPx, x e .
Then W € Q', for if T and x are arbitrary in Q@ and 79 respec-
tively, WIx = WPTx = WPTPx (for @ 1is abelilan) = WIPx (whers T
is the contraction of T to PHM) = TWPx (since W e (al)') =
TeWpx (as WPx € P™) = TPWPx (by the definition of T) = mipx

(since ¥Px € P/#) = TWx. Hence W € Q , and it follows that the
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contraction of W to P74 is in (2,, and this contraction 1is W.

LEMMA 2.2. Let ‘77?/_‘ be a masa algebra on the Hilbert space

7‘(,,,4,, where (L ranges over an index set, and let A’ be the direct sum

of the 7{/4_ . Let 7/ be the set of all operators T on 7, determined

by such an equation as Tx = Z/.J,T/A P, x, where x € x, Ppo 1is the
projection of 7 onto 7.'“//* » Ty € 7764, and with ”T/_LH bounded.
Then 7 1s a masa algebra.

In the statement of this lemma, and elsewhere when convenient, we
make the obvious identification of a summand in a direct sum of Hilbert
spaces with a closed linear manifold in the sum. It is readily verified
that the algebra /  defined in the lemma is SA. To prove the lemma we
need therefore only show that if W € 7', then W € . From the defi-
nition of 7 1t is clear that P

/-L
which implies that W 1leaves invariant the subspace P/u = 7'(,}_‘_. Now

€ 7, so that Pu and W commute,

the operation of contracting an operator to an invarliant closed linear
manifold is a homomorphiam of the algebra of all operators leaving the mani-
fold invariant, into the algebra of operators on the manifold. Hence the
contraction W, of W to 7‘(,44 commtes with the contraction to the
same manifold of each element of 7’( s and so commutes with every operator
in M,. As ‘»{/,, is maximal abelian, it results that W, € W(/M . Now
Hwall = ”P/“WH < |lwll, so that |lwull  1s bounded, ana 1t
follows that W € (.

LEwiA 2.3, If  {B,} 1is a family of mutually orthogonal pro-
jections in the commutative W#-algebra (, and if the contraction of (@
to P, /¢ has uniform multiplicity n for all A« , then the contraction

Qo of A to (U/.‘P/“ ) 7# likewise has uniform multiplicity n.

Let the contraction Q/J_ of @ to P,_hb be unitarily
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equivalent, via the unitary transformation U/,‘ on P)AH’, to an n-fold
copy, say C'}.,~ on oL, , of the masa algebra 77{/_,. on S If Su
is the set which here plays the role of the set S in Definition 2.1, all
the S/u have cardinal number n, and it is clearly no essential loss of
generality to take all the S/,b to be identical and equal, say, to S.
Let A be the direct sum of the X

pl
operators T on K of the form Tx = Z/‘Tﬂ R/ux, x 67'( » where R,.,

, and let 7)/ be the set of all

is the projection of H onto 75/‘ T,u_ € 7@“ , and such that “T/,.”
is bounded. By the preceding lemma 77[ masa, and the remainder of the

proof consists in showing that & i1s unitarily equivalent to an n-fold

o
copy of # on K.

We first define a unitary transformation U on A =
(UpBu )M to the n-rold direct sun & of A with itself. For any
x € M, Us B x 18 some element of a;‘_ » say £y (.), and ”E’/_‘xll2
:'“U/A Pu xll2 = Za €s ”f/_‘ (a)| 2. Now “xu 2 = Z/A ”P/‘xNZ, so
that the series Z/&(Za cs ”f# (a)” 2) 1s convergent, and it follows
that the series Za c SZ/" “f/,,(a)" 2 1is also convergent. Now Lu (a)
€ 7'(;“ and the 7'6,‘, are mutually orthogonal subspaces of a4 s 80 that the
convergence of Z/,L “t/*(a)” 2 implies the convergence of Z/,L 1‘/‘L (a) to
an element f(a) of 7 , where Hf(..)}/ 2 = Z/u Hr,u (a)” 2. As
Za €s ”f(a)” 2 = Za Zﬂ “f/_,, (o.)” 2, which last expression is a con-
vergent series, we have f € L . We define U by the equation Ux =
and observe that U 1is linear and isometric. To show that U is unitary
it remains only to show that it is onto Z . Now let g be arbitrary in
,i, and let g, be defined by the equation g, (a) = R, g(a). Then
Za ”8/-‘ @) 2 < Za ”g(a)” 2 so that g, € ,iﬂ_ , and as ZR/,.x =x
for all x in A, we have g = g o Lot yu = U/;lg/u and set
vy = Z/u T 5 as the Ju are in P/u#, they are mutually orthogonal,

and the sum Zf‘ “7/4" 2 1s absolutely convergent as “y/_‘“ = ”8)_‘" ’
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so that the sum defining ¥y 1s unconditionally convergent. By the defini-
U = a

ton of U, (Uy)(a) = DLW @) = 20,03, )0 = e (a)

= Z g(a = g(a), so Uy = g.
rinally we show that UA U=l is an n-fold copy of #/ on K.

We first observe that by the preceding paragraph, z is the direct sum of

the oi;u Now let T be arbitrary in Qo, let Tf‘* be the contraction

of T ¢to l;,_,(}‘/’, and let '1}, be the operator I}J u=l on e

}1
“’AI‘;*“ = “T)_(“ < “T“ , and as the OZ,/,L are mutually ortho-

gonal, there sxists a unique operator T on GC which is an extension of
~ ~
all the T/,L . By the definition of U)_L ) T)A (3 C;L , and putting (P/u_
for the map on %4 to O;. defined by the equation ( ?ju (W')f/u )(a)
= W'I}u (a), W' 67@“ » fu(a) € 7'6}* » we set T! = Sg*'l(T}u,), and
put T!' for the operator on 7'(, determined by the egquation T'x =
Z/‘ x, x € 7'( . As ?/_L is easily seen to preserve the bounds of
operators, ”T ” is bounded and so T!'! exists and is in 74’(
We show now that UTU-1 = ﬁﬂ (T*), where P is the map on
to the operators on i, given by the equation (SD(W')f)(a) = W't(a),

r el . As the oZ/L span o2, and as both UTU=l and P(T') are

bounded, it suffices to show that UTU-1lf, = P (T')f, for all f, €
i . Now (‘}”(T')f Ja) = 7T'fy (a) = T T (a). On the other hand,
(UTU-1£. ) () = (Uu Tu Uzlfy )(a) = (Tu fu )a) = (T} £ )(a). It

remains only to show that every element of M has the form (]9'1(UTU-1)
for some T € ao. Let T! be an arbitrary element of 2 and let T,L_
be the contraction of T' to K, . Let T, = Uzl QP (TL )Upu , so that
A
T)_L is an operator on l;u'l\/- in A}L, and let 'I)* be the (unique) opera-
tor on ¥ which agrees with T. on B, K, and which annihilates the
orthoronal complement of B A . Now T, 1s the contraction of some ele-
A A

ment A of (2 to Py M, and clearly PuABu = T, , 80 T, € e, as
Il = flzdl = |l Pl = g < [l7l 5 the directea set
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Z}*éF‘ f# » where F ranges over the finite subsets of the ,«'s (or-
dered by inclusion) converges strongly to an operator T on A . oObvious-

ly T € , and it is straightforward to verify that urtu-l = P (1),

LEMMA 2.4, If @ is a commtative Wi-algebra on A+ and if

{P/_(} is a family of projections in (3 such that the contraction of

Q to P/*H- is of uniform multiplicity n for each J+ » then the con-

traction of (@ to (U}-l Pu )1+ 1is likewise of uniform multiplicity n.

It is no loss of generality to assume that the index set over
which 4 varies is well-ordered. Setting Qu = P/_., (I - U

then Q)_‘ < Q (as the projections in a Wi-algebra constitute a complete

V()—l PV )’

lattice, which 13 a Boolean algebra when the Wit-algebra is commutative),
and as the contraction of @ to P## is of uniform multiplicity n,
it follows from Lemma 2.1 that the contraction of @ to Q/‘\ P/._[Hr =
Q)A'H' is also of uniform multiplicity n (assigning ail multiplicities
to an algebra of operators on a zero-dimensional space). It is readily
verified that the Q}* are mutually orthogonal, and hence the preceding
lemma implies that the contraction of (] to (U}* Qum )7 1is of uniform
miltiplicity n. Finally, it is not difficult to verify that U}.‘ Q,* =
U.s. .

The concepts described in the following definition are among
those used by Nakano in [7] , and the next lemma is due to Nakano; the
proof which we give of its non-trivial half is somewhat simpler that that
which Nakano indicates.

Definitions 4.1. A Wi#-algebra ( on K 1is called countably-

decomposable if every family of mutually orthogonal non-zero projections in
Q@ 1s at most countable. An element x 1in 74 1is called a separating
vector for (@ 1if the only projection P in Q@ for which Px = 0 1is

'
the zero projection; if R 4is a projection in Q', x is called a relative
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separating vector (for @ on R™) if x € R and x is a separating

vector for the contraction of Q to R®M.

Remark 4.1. If an element x 4is a separating vector for & ,

then the equation Tx = 0, T € Q, implies that T = 0. For if Tx =
0, then (T#T)x = O, and it follows that if W 1is any operator in the
Wit-galgebra C generated by T#T, then Wx = O. As x 1is a separating

vector for Q s which contains C » C can contain no nonzero projection.
Now any W:-algebra 1s generated by the projections it contains, so C =
(0), which means T%T = O and so finally T = O.

IEMMA 2.5. A commutative Wi-algebra is countably decomposable if

and only if it has a separating vector.

If Q@ 1is a commutative Wx-algebra on A with a separating
vector x, then (@ 1s countably decomposable, for if {P/u} is any
family of mutually orthogonal projections in Q , then ”x ”2 >
Z/M"P/4 x ”2, so that all but at most countably many of the P/‘L X are
zero, which implies that all but at most countably many of the P}_‘L are
zero,

Now let ( be a countably-decomposable commutative Wi#-algebra
on Jo , and let F be a family of projections in (@ which is maximal
with respect to the properties: 1) (? has a relative separating vector on
PM, for P 67: 3 2) the elements of 'fr are mutually orthogonal, Evi-
dently ?7 1s at most countable: 1let its elements be {Pi; i = 1,2,...}
and let x; be a relative separating vector of unit norm for Q on Pi M.
It 1s easily verified that y = Zi 2'ixi is then a relative separating
vector of (I on (Uipi)#’- Now Uipi = I, for otherwise there
exists a nonzero element 2z in (I - U1P1)7+ and 1f Q, 1is the least
upper bound of the projections ¢ in Q. which are bounded by I - UJ.Pi

and for which Qz = 0, then (] has the relative separating vector z o
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(r - Upp, - @) anda I - UiPs. - Q 1is orthogonal to all the P,
which by the fact that Qo # 0 contradicts the maximality of 7 Hence

y 1is a separating vector for & on B,

LEMMA 2,6, If N 1is a commutative nonzero countably-decompos-

able Wi-alpebra on 7, then there exists a nonzero projection P in 4

such that the contraction of (2 to PN has uniform multiplicity.

Let J Dbe a set of separating vectors for @ which is maximal
with respect to the property that if x and y are any two elements of
J, then (x 1s orthogonal to (y. Put kx for the closure of (x
and Py for the projection of 7 onto Kx. Let Qo be the least upper
bound of the projections Q in & for which Q(I - UxPx) = 0, and
let & be the closed linear subspace of M spanned by the 7ty. Then
Q # O, for if Q, = O, then I - UxPx # 0 and the contraction of
a to (I - UxPx)‘# = MO L 1is an isomorphism, by the proof of Re-
mark 4.1, and putting 2z for any relative separating vector for @ on
laz Oi, (which exists by Lemma 2.5), then 2z 1s a separating vector for Qa
such that (Qz 1s orthogonal to all the @Qx with x € J , = which con-
tradicts the maximality of 4.

Clearly Q, = Ux QoPy» and putting P} = Q,P, and ft’,;t
for the range of P!, the contraction (Q, of @ to A{J'[ has the rela-
tive separating vector Qox, and is algebraically isomorphic to the con-

traction of Q to Q.. By Corollary 1.1, (, is masa. Now we utilize

x
a result in [10] : if two masa algebras are algebraically isomorphic, then
they are unitarily equivalent. It follows that there exists a masa algebra
4 on a Hilbert space /' such that for each x < J » Qx on P} 714 1is
unitarily equivalent to #7 on A '. Now the direct sum of the PL74 is
Q#, and it follows without difficulty by a technique previously employed

that 1f n 1is the cardinal number of ,J , then the contraction of Q to
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Qo7# 1is unitarily equivalent to an n-fold copy of M on ).

LEMMA 2.7. If ( 1is a commutative Wi-algebra on A , then there

exists a family ¥ of mutually orthogonal projections in (Q whose least

upper bound is I and such that for any P € ¥ , the contraction of @

to PA 1is countably decomposable.

Let % be a family of projections in & which is maximal with
respect to the properties: 1) the elements of I are mutually orthogonal,
2) if P € ¥ , then the contraction of @ to PA 1is countably decompos-
able., We show that Upey P = 1I. For otherwise, there exists a non-
zero element 2z in (I-Q)M, where Q = UPe}’ P, and putting R, for
the least upper bound of the projections R in (& which are bounded by
I-Q and such that Rz = 0, I-Q-R, 1is orthogonal to all the elements of
?, is nonzero as z #* 0, and Q has the relative separating vector =z
on (I-Q-R )4, so that by Lemma 2.5 the contraction of @ to (I-Q-R,)#

is countably decomposable.

LEMMA 2.8. Let ( Dbe a commutative Wik-slgebra containing I.

For each cardinal rumber n > 0 let R, be the least upper bound of the

projections S in ( such that the contraction of A to SW has uni-

form multiplicity n. Then U, R, = 1.

Set Q = Un R, and as the basis of an indirect proof, assume
Q # I. Let the contraction of Q to (I-Q)A Dbve denoted as Ql, and
let P, be a nonzero projection in Ql such that the contraction Q_Z
of 01 to Pl(I-Q)‘/'P is countably-decomposable; by Lemma 2.7, P; exists,
and Pl(I-Q)H- # 0. If P, 1is the contraction to (I-Q)% of the pro-
jection P in (2 (that such a projection P exists is easily verified),
then we can write P,(I-Q)¥ = P(I-Q)%. By Lemma 2.6, there exists a

nonzero projection No in ag such that the contraction of Qg to
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NoP(I-Q)H has uniform multiplicity, say n, and obviously NoP(I-Q)¥ #~ O.
Now if Nl is a projection in Ql whose contraction to P(I-Q)¥ 1is Ny,
and if N 1is a projection in (! whose contraction to (I-Q)% 1is Ny
(the existence of these projections being clear), then the sontraction of
Q, to N,P(I-Q)¥ 1is the same as the contraction of @ to NP(I-Q)A-.
It follows that NP(I-Q) < R, or NP(I-Q)R, = NP(I-Q), which by the defi-
nitions of R, and Q 1implies that NP(I-Q) = O, a contradiction.

LEMMA 2.9. Let »f be a commutative Wit-alzebra of uniform multi-

plicity n and also of uniform multiplicity m. Then nN, = mXN, .

If P 1is a nonzero projection in the algebra of operators (&
on M such that the contraction Ql of @ to P# is countably decom-
posable, then by Lemma 2.1, 01 is of uniform multiplicities both n and
m., Hence by Lemma 2.7 it suffices to prove the present lemma under the as-
sumption (which we now make) that (Q 1is countably decomposable. Let Q@
be unitarily equivalent on the one hand to an n-fold copy of the masa alge-
bra M on K , and on the other to an m-fold copy of the masa algebra %
on £ .

Now (4 1is algebraically isomorohic to both 74 and % , and
hence both of these algebras are countably decomposable. By Lemma 2.5 there
exlst separating vectors u and v for M on /X and ¥ on #  re-
spectively. Now the closure of Mu is invariant under 7}(_ so that the
projection P on this closure commutes with each element of X . As 2
is maximal abelian, P € . Obviously (I-P)u = O, and since u 1is a
separating vector for 71{ , I-P = 0, which shows that the closure of H#{u
is ¢ , i. e., u 1s a cyclic vector for . Similarly v 1s a cyclic
vector for ¥ on <. ‘

It follows from the definition of uniform rmultiplicity that 74

is the direct sum of n mutually orthogonal subspaces 7\{/‘ (€3,
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where S 1s an index set of cardinal number n) each of which is invariant
under @ and such that the contraction of @ to 7%, 1is unitarily
equivalent to 24 on * ; and 7# 1s also the direct sum of m mutually
orthogonal subspaces .‘f,, (v e T, T being an index set of cardinal m),
where @ 1leaves each of the aﬁ,_, invariant and whose contraction to any
L, 1is unitarily equivalent to X on £ . By the preceding paragraph,
there exist vectors x. € *. and y, ¢ £, such that Rx,. 1is
dense in 7'6/,. and va 1s dense in <Z, . Now the projection Xuv
of x/u onto pﬁv vanishes, except for countably many 7V , so that the
set of all indices 7V for which Xuv #* 0 for some M has cardinal
number at most N, n., But for every <V there is a 4 such that Xuv
,t 0, for otherwise, taking A to be an index in T such that Xun =
0 for all m , then clearly x,, 1s orthogonal to ik for all M € S,
In particular, (xﬂ s Ay, ) = O forall A €Q and M € S, or
(A#x, , yx ) = O for A € Q@ and pu € S. Now the A#x, span %ﬂ
as A ranges over @ , and so it follows from the last equation that
(20 5 Y2 ) = ‘0 for all z, 1in K. . Since the ¥, span T+, it
results that (z, y» ) = O for all 2z €74 , which implies y, = O, a

contradiction. Thus the cardinal number m of T is at most N, n. By

symetry, n < N, m, and 1t follows that n N, = m N, .

LEMMA 2.10. Let 7% ©be a countably decomposable masa algebra of

operators on the Hilbert space %/ . Let x be a cyclic vector for #{ and
let {yi} ©be an arbitrary seguence of vectors in T . Then there exists

& nonzero projection P in 77( such that Py; € Mx (1= 1,2,c0e).

We note that as shown in the proof of Lemma 2.9, there does ac-
tually exist a cyclic vector for 7/ on 7 (in fact, any separating vector
is such). By Lemma 1,2, we may assume that 7#{ 1is the algebra of all

multiplications by bounded measurable functions on Lo over a finite
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measure space M = (R, #, r). It is clear from the fact that Zx is
dense in L,(M) that x(a) # 0 a. e.on M, Now setting Eij =
[o. ’ 'yi(a)l < )x(a)}] , 1t follows that Uj E1j differs from R

by a set of measure zero, and hence thers is a j; such that r(R - E )
< r(ry2~?
Zi r(R - Eiji

multiplication by the characteristic function of E, we have Pyi € 71(:(,

134
. Putting E = E , 1t results that r(R - E) <
& 1714 =

) < (1/2)r(R). Now taking P to be the operation of

for Py1 is the product of x and the function, bounded by ji’ which
equals yi(u)(x(a))'l for a € E and equals zero elsewhere.

Our proof of the next lemma utilizes a simplification of a device
employed by Nakano [6] in connection with a similar result for the case

of separable Hilbert spaces.

LEMMA 2.11. Suppose a commutative Wi-algebra has uniform multi-

plicities both n and m, where n is finite and msZ\’o . Then n = m

As in the proof of Lemma 2.9, we can confine our attention to the
case in which (@ 1s countably decomposable and obtain subspaces 1{# and
£, of the space 74 on which @ acts, and vectors x, and y, in
7¢, and Z, such that Ox/u and (y, are dense in 1(/* and 2,
respectively, and with 7% the direct sum of the 7{/‘ and also the direct
sum of the Z, (here M = 1,2,...,n and v = 1,2,...,m if m 1is
finite and Vv = 1,2,... otherwise). Putting U. for a unitary trans-
formation from /Y onto #,u  which implements the equivalence of 74 amd
the contraction of Q to k/‘ , and x' for a cyclic vector for M, we
can clearly take x

}-l
putting Top for the projection of y, onto ft’,u s we evidently have

= U x' without essential loss of generality. Now

Y, = Z,u You o+ Now setting y‘;/‘ = U;lyyﬂ_ it results from the
preceding lemma that there exists a nonzero projection P! in H  such

that P'y;l‘ € M x'. Now putting P for the projection in & which is
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mnitarily equivalent via the given transformation to the n-fold copy of P!
(1. e. the contraction of P to A, 1is U P'U;l), then P # 0. It

is easily seen from the relation P'y,'7u € M x' that Pyv/‘ € ax/‘

for all 4 and V , say Pyv/u = Tv/, X, 3 multiplying this equation
>y P shows that we can suppose Tvﬂ = PTy.
It follows that Py, = ZE___ 1 Tou X, » for all V . Now we

issume m > n and derive a contradiction., We use the fact that in an r-
1imensional module over a commutative ring with unit, any r + 1 elements

ire linearly dependent over the ring (see [4] s Th.61). We apply this to
the module over P (Q of all ordered n-tuples of elements of PQ, and in
>articular to the n 4+ 1 n-tuples (Tv1’ Tvz’ cees TVn) (V = 1,2,...,0n41).
[t results that there exist elements Sl, 82, eboy sm-l of PAa which are
10t all zero and such that 2. ;‘:i T, Sy = 0. Hence Z::i S, Py,

= 0,or ¥ :_::]L. S. yb» = O. As S, y, € &p » and since the L»

ire mutually orthogonal, we have S, y,, — O. The circumstance that 7y,

is a separating vector for (1 now implies that Sy = 0 ( V= 1,...,

1+1), a contradiction.

LEMMA 2.12, With the notation of Lemma 2.8, the R, are mutually

)rthogonal.

For if RyRy # 0, the contraction of (2 to R,74 1is of uni-
‘orm multiplicity m by Lemma 2.4, so that by Lerma 2.1, the contraction
£ A to R, (R,7+) 1likewise has uniform multiplicity m. By symmetry,
‘he same contraction also has uniform multiplicity n. It follows from
omms 2,10, that either m = n or else one of m and n 1is finite and
;he other is not greater than No. By Lemma 2.11, m = n 4in the latter

iase also,

PROOF OF THEOREM. With R, as in Lemma 2.8, we have, putting
o for I-E, where E 4s the maximal projection in @, UnRy = I by
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Lerma 2.8, and the contraction of @ to Rn1+ has uniform multiplicity
n by Lema 2.,4. Now if P, 1is for each cardinal n a projection in a
with the properties stated in the theorem, then from the definition of Rn,

it 1s clear that P, S_Rn. Now L)n Pn = 1I, but the Rn are mutually
dis joint by the preceding lemma, so that Pm n Rn = 0 for m # n, and
it results that R, = P,.

5. Unitary invariants of commtative Wi-algebras and of SA opera-

tors. In this section we first prove a theorem which gives a simple com-
plete set of unitary invariants for a commtative Wi-algebra. Assuming, in
order to avoid a trivial complication, that the identity is in the algebra,
these invariants consist of Boolean rings B(n), one such ring being attach-
ed to each cardinal number (or multiplicity) n, and vanishing for suffi-
ciently large n. These rings are (lattice-theoretically) complete measure
rings, and all such rings may occur. The classification theorem of Maharam
[ 3 ] for measure rings is stated for the G-finite case, but there is no
difficulty in extending it to an arbitrary complete measure ring. The use
of this extended classification provides a still simpler set of invariants,
consisting essentially of a function on pairs of cardinals to the cardinals,
- if f 1is this function, f(m, n) 1is the number of direct swmands of the
measure ring of the infinite product measure space IM, where I is the
unit interval under Lebesgue measure, which occur in (the direct decomposi-
tion into homogeneous parts of) B(n), but the discrete part of B(n) and
the case 1 <m< b<; must be treated separately. The validity of these
invariants, whose range is clear, follows at once from the following theo-
rem together with Msharam's theorem, and we refer to [ 3 ], from which the
mode of derivation of these tardinals is clear. Thus the most general
commuitative Wi-algebra can be regarded as completely and rather expliciﬁly

known.
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Definition 5.1. Let « be a commtative W#-algebra, and let

{Pn} be as in Theorem 2, The Boolean ring B(n) of all projections in
the contraction of @ to the range of Pn (which ring is shown below to

be a complete measure-bearing ring) is called the measure ring of Q for

the multiplicity n.

THEOREM 3., Two commutative Wit-algebras are unitarily equivalent

if and only if their measure rings for the same multiplicities are algebra-

ically isomorphic, and also the maximal (necessarily closed) linear mani-

folds which they annihilate have the same dimensions.

For any commtative Wi#-algebra @ , the contraction of a to
P ¥, where 7+ 1is the space on which & acts and Pn is as in Theorem
2, will be called the part of ( of uniform multiplicity n. Now if C

and O are unitarily equivalent Wi-algebras it is clear from Theorem 2
that their parts Cn and 'dn of uniform multiplicity n are unitarily
equivalent, and hence their measure rings for the same multiplicity are
algebralically isomorphic. It is obvious that the dimensions of the maximal
closed linear manifolds which C and s annihilate are equal.

Now suppose that C and & are commtative Wit-algebras whose
measure rings for the same miltiplicities are algebraically isomorphic, and
such that the maximal linear manifolds which they annihilate have the same
dimension. We shall show that C' and £ are unitarily equivalent, and
for this purpose we may evidently assume that both C and £ contain the
identity operators on the respective spaces on which they act. Let C’n
and I be the parts of C and J' of uniform miltiplicity n, and let
My and N, be masa algebras, to n-fold copies of which Cn and ﬂn
are respectively unitarily equivalent. Then it is clear from the de;‘ini-
tion of n-fold copy that ( n ®nd M on the one hand and O and 7,

on the other, are algebraically isomorphic. Now 7(, and X , are unique
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wlthin unitary equivalence, for taking the case of W(n, ir Cn is also

unitarily equivalent to an n-fold copy of the masa algebra d:n’ then (:n
and < n are algebraically isomorphic and so h(n and 13n are algebrai-
cally isomorphic. Now ‘h{n and 7zn are both multiplication algebras of
localizable spaces, within unitary equivalence, by Theorem 1, and it is
shown in [10] that 1f two such algebras are algebraically isomorphic,

then they are unitarily equivalent.

Let 7u'n and 7{n be respectively (unitarily equivalent to) the
multiplication algebras of the localizable measure spaces M, and Nn.

The Boolean ring of projections in CZn is plainly algebraically isomorphic
with the ring of projections in 2{n which in turn is readily seen to be
isomorphic with the measure ring of M,. Similarly the Boolean ring of pro-
jections in Ijll is algebraically isomorphic to the measure ring of N..
Hence Zyn and 7(n have algebraically isomorphic measure rings. By a
result in [10] their multiplication algebras are then unitarily equiva-
lent. Thus 7W11 and 7Ln are unitarily equivalent, and it follows that
Cn. and an are unitarily equivalent. It is straightforward to show
from this that C and L are unitarily equivalent.

Next we obtain a complete set of unitary invariants for a SA oper-
ator, this set being due to Wecken [14] and to Plessner and Rokhlin [8] »
some of whose techniques we use. Before stating the basic theorem we use
the foregoing theory to reduce the problem to the situation treated in the
theorem. If T 1s a SA operator, and if T, 1is its part of uniform multi-
plicity n ( = contraction of T to the range of P,, where P, 1is as
in Theorem 2, ( being the W#-algebra generated by T), then T, is uni-
tarily equivalent to an n-fold copy of an operator Sp with simple spec-
trum (1. e. the Wi-algebra generated by S, 1is masa). By Theorem 1, S,

can be taken to be the operation of rultiplication by some function, on
L2(Mn), for some localizable measure space M. It is easily seen that a
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complete set of unitary invariants for the S, 1is also a complete set for
T, and so the problem is reduced to the essentially measure-theoretic one
of determining when two multiplication operators, each of which has simple
spectrum, are unitarily equivalent. The classification of Maharam could be
used to reduce the problem further to the case when the measure spaces in
question are homogeneous. Naturally it is a restriction on a measure space
for it to admit a multiplication operator with simple spectrum, but we
shall not discuss the nature of this restriction, which at present is un-
clear (except for the fact, which follows from Corollary 5.3 without diffi-
culty, that the separability character of the space nust not exceed the
cardinality of the continuum).

Thus in order to obtaln a complete set of unitary invariants for
a SA operator, it is sufficient, in view of the foregoing, to obtain such a
set for SA operators with simple spectrum, and in the remainder of this
section we consider only such operators. We note that if attention is
restricted to SA operators with simple spectra which are unitarily equiva-
lent to multiplication operators on finite measure spaces (and for opera-
tors on separable Hilbert spaces this is always the case, as it means that
the W:i-algebra generated by the operator is countably decomposable), the
operator 1s determined within unitary equivalence by its spectrum together
with 1ts spectral null sets, - for separable Hilbert spaces this was proved
by Nakano [:6] « The invariants given by the following theorem for the
general case are a kind of generalization of these invariants. Another set
of invariants for the general case, more closely related to those for the
case of finite measure spaces, but in some respects more complicated than
the present ones is due to Nakano [7] .

Detinition 5.2. For an arbitrary SA operator T on a Hilbert

space % , the weighted spectrum E(T) 1s the family of all (finite regu-

lar) measures m on the reals of the form m(B) = (E(B)x, x), where B
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is an arbitrary Borel subset of the reals, E(.) 1is the spectral measure
assoclated with T and x is arbitrary in A . (It is easily seen that

m is concentrated on the spectrum of T, as this term is usually defined).

THEOREM 4. (Wecken-Plessner-Rokhlin). Two SA operators on Hilbert

spaces with simple spectra are unitarily equivalent if and only if their

weighted spectra are the same.

It is clear that if two SA operators are unitarily equivalent,
then their weighted spectra are the same. Now let T and T' be SA oper-
ators with simple spectra on Hilbert spaces 7+ and 7' respectively
whose weighted spectra & and &' are the same. To show that T and
T!' are unitarily equivalent we require two lemmas, which are essentially
contained in the work of the authors mentioned. In connection with these
lemmas we recall that two measures (on the same ring of sets) are said to
be orthogonal if the only measure absolutely continuous with respect to

both of them 1s the zero measure.

LEMMA 4.1. Let x and y be elements of 74, let (2 Dbe the

Wr-algebra generated by T, and let E(.) be the spectral measure associ-

ated with T. Then (@ x 1s orthogonal to Qy Aif and only if m, is

orthogonal to my, where for any z € ¥, m, 1is the measure on the Borel

subsets of the reals given by the equation m,(B) = (E(B)z, z).

We observe to begin with that if 2z 1is in the closure 1-(,x of
{Qx» then m, 1s absolutely continuous with respect to my. For if
{Vn} is a sequence in (Q such that Vp,x — z, then mz(B) =
le®)xll2 = 1im ||EBVxIZ = 1im, |V, E(B)x||2, anda 1f m (B) = o
we have E(B)x = O and it results that m,(B) = 0. We note also that
the projection Py of 74 onto 1(,: is in Q , for as 7'Cx is invariant
under Q, Px € Q', but Q' = Q . Similarly the projection Py of
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7% onto the closure H’y of ay is in QG . Thus Py and Py commute.

Now suppose that m, 1is orthogonal to my. By the last observa-
tion, to show that 7'tfx and 1‘Cy are orthogonal it suffices to show that
their intersection is O, Now if z € kx n Ky’ then as shown in the pre-
ceding paragraph m, is orthogonal to both m and my, s0 mz = 0,
from which it follows trivially that 2z = O.

Next we assume that (@x 1is orthogonal to &y and show that
then m, and % are orthogonal. As the basis of an indirect proof, let
n be a nonzero finite regular measure on the reals which is absolutely
continuous with respect to both m, and my. By the Radon-Nikodym theorem,
there exist m, and rr% integrable non-negative functions h; and 15,
respectively such that n(B) = /; hy ( x)dmx( A) = /B h.y( A)dm.y( A,
where B 1s an arbitrary Borel set. Putting g,(A) = min {1, hx(h)}
and gy( A) = min {1, hy(K)} » and setting ny and ny for the set
functions defined by the equations ny(B) = /B 8x ( A )dm, ( A) and ny(B)
= A gy( A)d.my( A ), then it is clear that n and n, are absolutely con-
tinuous with respect to each other, that the same is true of n and ny,
and that for any Borel set B we have both nx(B) gmx(B) and ny(B) <
m.y(B). In particular, ny and ny are absolutely continuous with respect
to each other and so by the Radon-Nikodym theorem we have ny(B) =
/B f(A)dng( A), for some n,-integrable function f. Defining m on Borel
sets B by the equation m(B) = A‘ f'(?\)dnx(h), where f'(A) =
min {1, £(A)} , 1t s evident that m(B) < ny(B), m(B) < mg(B), and m#
0. Thus m 1is a nonzero regular measure on the reals such that m(B) <
m (B) and m(B) Sm.y(B) for all B.

Applying the Radon-Nikodym theorem once more, we have m(B)=
/);fx(k)dmx(K) = /B fy(A)ame(A), where f, and fy are m, and
Ny integrable functions respectively, which are bounded by unity. As my

and my are regular measures, fx and fy can be taken to be Baire
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functions. Now f,(T) is a positive semidefinite SA operator and so has
the form V2 for some SA operator V in & . Clearly m(B) =
S5 Ex( MA(Ex x, x) = (£x(T)E(B)x, x) = (VEE(B)x, x) = (E(B)Vx, Vx)
= m,(B) where x' = Vx. Similarly m = my, for some y' € Qy.
Thus (E(B)x', x') = (E(B)y', y') for all Borel sets B. As the E(B)
generate ) Q. 1in the strong operator topology, it follows that (Sx', x')
= (Sy', y') for all operators S8 in Q. Taking S to be first the
pro jection on 7{x and next to be the projection on Hy shows that x!

= y' = 0, so m = O, a contradiction.

LEMMA 4.2. Let x be an arbitrary nonzero element of 7+. The

contraction of T to the closure of (Ix 4is unitarily equivalent to the

operation of multiplication by the coordinate function A on Lo(M,),

where My 1s the regular measure space on the reals, - < A <w, with

measure mx .

A proof of this can be given which is a straightforward adapta-
tion and simplification of the proof of Lemma 1.2 and we omit further de-
tails,

Completion of proof of theorem. Let F be a subset of the

weighted spectrum 8(T) of T which is maximal with respect to its ele-
ments being mutually orthogonal and nonzero; the existence of % is clear
from transfinite induction. For each po € F , let x (= x(p)) and
x' (= x'(L0)) Dbe elements of &/ and AL' respectively such that

w0 (B) = (E(B)x, x) = (E'(B)x', x'), where E'(.) 1is the spectral meas~
ure associated with T'. We show now that the Qx, span H, L F.
Let 7( be the closed linear manifold spsnned by the Qxﬂ s P € ?', and
let )d be its orthogonal complement in 77“. Clearly M 4is invariant
under (@, and if 2z 1is any nonzero element of S, m; € g(T) and my

is orthogonal to all the my, with p € ¥, by Lemma 4.1. Hence J = o.
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Thus 7" 1is the direct sum of the 74, (P € F), where 14,
is the closure of Qx, , and by symmetry J¢' 1is the direct sum of the
Hh (pe F), where M, 1is the closure of Q;x!, , Q, being the
Wi-algebra generated by T*. By Lemma 4.2, the contraction of T to 75,‘9
is unitarily equivalent to the operation of multiplication by the coordi-
nate function on L2(MXﬁ ) and hence equivalent to the contractio;x of T!
to ‘Hf', « It follows without difficulty that T and T' are unitarily

equivalent,

6. Applications. In this section we make a number of applica-
tions of the preceding structure theory, mainly to spectral theory. Our

basic result is as follows.

THEOREM 5. If (@ is a commtative Wi-algebra there is a maxi-

mal abelian Wit-algebra 74 to which (¢ 1is algebraically isomorphic

(with preservation of adjoints). Any such isomorphism f of Q. onto
I 1s bicontinuous In the weak topology and has the property that if f

is any bounded Baire function on the complex numbers, then for any operator

T in Q, P(£(T))= £(¢(T)). The algebra 7 1is unigue within unitary

than the corresponding dimension for Q.

I 701 and sz are algebraic isomorphisms of the Wi-algebra
Q onto a masa algebra 7, then ¥ = 7)19);1 is an algebraic isomor-
phism of M onto itself. As an algebraic isomorphism between masa alge-
bras 1s induced by some unitary transformation between the corresponding
Hilbert spaces [101 s there is a unitary operator U on the Hilbert space
7{ on which 7/ acts, such that Y(T) = U«TU, T € }7(. Hence to show
that any isomorphism of Q onto )4( is bicontinuous in the weak .topology,

and preserves the operational calculus, it suffices to show that any one
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isomorphism has these properties. Moreover, if ( 1is algebraically iso-
morphic to a masa algebra 7( s by the result just quoted )’I’( and 7 are
unitarily equivalent, i. e., 7 1is essentially unigue. Hence to conclude
the proof of the theorem it suffices to show that for the given Wi-algebra
Q , there exists an isomorphism of & onto a masa algebra 2 which is
weakly blcontinuous and preserves the operational calculus.
Let Pn be as in Theorem 2, and let the contraction of (& to

P, & (n > 0) be unitarily equivalent to an n-fold copy of the masa alge-

2
over a localizable measure space Mn = (Rn, En’ rn) and that Mn is

bra W(n an 7{n. By Theorem 1 we may assume that 7‘(n consists of L

the multiplication algebra of Mn Let the measure space M = (R, 1€, r)
be the direct sum of the Mn' for all n, so that LZ(M) can be identified
in a clear fashion with the direct sum /{ of the Kn’ and let 7/ be
the algebra on x4 corresponding to the multiplication algebra of M.
Then 74( is readily seen to consist of all operators T whose contraction
T, to %n is 4in W(n and such that ”Tn” is bounded. Now 7 is
masa, for if T € 79(', and if Qn 1s the projection of 7{, onto 7{1\’
then as plainly Q € M, TQ, = QT 80 that T leaves 7(“ invariant.
Putting T, for the contraction of T to W‘n’ then (UV)n = Unvn for
any operators U and V leaving 7, invariant, and 1t follows that
T,S, = ST for S € . Hence T € J', and as obviously Iz ll <
“T” , we have T € ). (The masa character of 7%( also follows directly
from a result in [10] )e
Next we define an isomorphism @ of (2 onto M. For any

operator T 1in Q , let Tn denote its contraction to PnH/, and for any
operator U in the contraction of (4 to PnH—, let I/fn(U) be the oper-
ator in W(n whose n-fold copy U 1s taken into by the unitary equivalence
of (] with the n-fold copy of W{n. It is easily seen that “y’n(U)“

= "U" , 8o that there exists a (clearly unique) operator @ (T) on 7¢
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whose contraction to &/, 1is Y n(T,), and evidently P(T) € K. Now
Vn is an isomorphism, and it follows without difficulty that so also is
P.

To see that P 1s weakly continuous it is sufficient, by virtue
of the linearity of ¥ , to show that it 1s weakly contimuous at O. Now
[real |, y) <€ ,1 eF],were E>0,F 1s finite, and
the Xy and y; are elements of %, is an arbitrary neighborhood of O
in Q 1in the weak topology. A general neighborhood of O in #( 1in the
weak topology is [T' €W | (T'x}, yi)] <& ,1 €F], vwhere €
and F are as hefore and the x; and y] are in 7. For any x in A
we define O (x) to be the element of Pnﬁ’ obtained as follows: let

P, M be the direct sum of the n closed linear subspaces Nn (3 € Sn’

J
where Sn is an index set of cardinal n), where (Q leaves H/nj in-

variant and has a contraction on Nnj unitarily equivalent, via the uni-
tary operator U y on T, to #nj’ to W{n on Hn (these subspaces

exist because the contraction of (¢ to Pn1+ has uniform multiplicity nj.

Let J, be any element of S, and set o (x') = Unjnx', x' € 7{n.
Now for any element x € fff we put Jo(x) = Zn /’n(xn)’ where xn is

the projection of x onto Kn. It is easily seen that for any x' and
y' in 7¢n and T'e Wn’ (T'x', y') = (W-I(T')ﬁn(x')’ ﬁn(y'))’ and
it follows that for any x' and y' in A and T' in & (Tl'lxr'l' yx'x)
= (q"l(T')ﬁn(xI;), pn(y;l)), where xr'x and yr'1 and the projections of
x' and y' on ﬁn and Tr-1 is the contraction of T' to hfn. Summing
both sides of the last equation over n shows that (T'x', y') =
(?"l(T')ﬁ(x'), ~(3')). Hence the inverse image under P of
(ew| |mx,y)<e ,1eF 1s [real [,y
<€ ,1 € FJ , and so 1s a neighborhood of 0 in Q.

Next we show that 7"1 is weakly contimuous. It is not diffi-

cult to see from the definition of uniform multiplicity that the contractim
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of (@ to P, H is unitarily equivalent, say via the unitary transforma-
tion Vn on Pn1+3 to the algebra of all multiplications by bounded meas-
urable functions on Mn, on L2(Mn X Wn), where wn 1s the measure space
whose set is Sn and 1n which each finite subset is measurable and has
measure equal to 1ts cardinal. Now if x and y are arbitrary in Pn1+3
say an = x(p, 1) and Vy = y(p, 1) (p e R, 1 esn) and T 1is
arbitrary in a » then VnTnan is the operation of multiplication by a
bounded measurable function tn(p), where T, i3 the contraction of T to
Pn#, and (Tx, y) = Ax W, tn(p)x(p, 1)y(p, 1)dr(p)di, and integrating
first with respect to 1, this equals An tn(p)w(p)dr(p), where w(p)=
Zi € s, x(p, 1)y(p, 1), so w € Ll(%). Writing w 4in the form w(p)=
x'(p)y'(p), with x' and y' 1in Lo(M,) and with "x'” 2 = “y'" 2=
”'"l’ it results that (Tx, y) = (T'x', y'), where T' = ?'1(’1‘).

Now for arbitrary x and y in 7% we write x = Zn X, and y =
Zn Vy» With x, and y  in Pn7+’ and summing both sides of the equa-
tion (Txn, yh) = (T'x&, y&) over n, then (Tx, y) = (T'x', y'),
where x'! = Zn J:l"1 and y! Zn y', these sums existing in the semnse
of unconditional convergence because ”xn” 2 = Zn ”w “1

2o Su 1 Zy w60 03,0, 0] axte) < Zn S (2aqlx (0, 1)y_(2s 1)
arlp) = 25 / Ix,,(p- 1)y, (p, 1) |ar(plar < Z (ER lly \| <
(Z "x ” ) (Z "7 “ = ”x“ “y" , which 1s finite; and s:l.milarly
when x 18 replaced by y. Hence the image under q’ of the neighborhood
[re @] [(txy, 3,)]<€,1 €F] of 0 tn @ 1sof the form
[rreml |oxy, )l < €] . with the x} and the y] in A, and
80 1s a neighborhood of O in 7/ . Thus P =1 4s weakly continuous.

It remains only to show that P(£(T)) = £(P(T)) for any

bounded Baire function £, and this we show is valid for any weakly contin-
uous algebralc homomorphism ¢ . The foregoing equation is obviously valid

when f 1s a polynomial, and it follows from the Welerstrass approximation
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theorem that it is then valid for any continuous function f (in view of
the boundedness of the spectra of T and 9P (T)). Now let F  be the
collection of all bounded Baire functions for which that equation is valid
(for all T € (A ): we show that F is closed under bounded pointwise
convergence of sequences. Let (fn } be a sequence in “F  such that

fn( «) — f(x) for all complex o« , and with \fn(. )| bounded (n =
1,25¢¢¢). It follows from the spectral theorem for normal operators to-
gether with the Lebesgue convergence theorem that the sequence (fn(T)}
converges weakly to f(T), and similarly {fn(<P(T))} converges weakly
to £(P(T)). As P 1is weakly continuous it results that P (£(T)) =
£(®P(T)), and hence F contains all bounded Baire functions, for it is
clear that all such functions are in the smallest collection of functions
containing all bounded continuous functions and closed under bounded point-
wise convergence.

The following result is due originally to von Neumann [13] .

COROLLARY 5.1. For any commutative W:-algebra (2 on a separable

Hilbert space there 1s a self-adjoint element of (7 such that every ele-

ment of (7 is a Baire function of T.

Let 7 be a masa algebra on 7/ to which (Z 1is algebraically
isomorphic. By Theorem 1, Zq is unitarily equivalent to the multiplication
algebra of some locallizable measure space M, and by the preceding theorem
LQ(M), which can be identified with A’ , is separable. By the known classi-
fication of separable measure spaces, M can be taken to be (i. e. has its
measure ring isomorphic to that of) the direct sum of a (possibly vacuous)
real bounded interval under Lebesgue measure and a (possibly vacuous) dis-
crete measure space containing at most a countable number of points, which
can be assumed to lie in some real bounded interval disjoint from the previ-

ous one, and to have finite total measure. The resulting measure space is
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finite and regular, and for every measurable function on such a space there
is a Balre function equal a. e, to it, It follows that every multiplica-
tion on L2(M) by a bounded measurable function is a bounded Baire funo-
tion of the operation of multiplying by the coordinate function x. Thus
7¢( consists of the bounded Baire functions of a single SA operator, and by
Theorem 4, (£ also is such.

The next result was pointed out to us by I. M. Singer.

COROLLARY 5.2. An slgebraic isomorphism between two commutative

Wit-algebras (not necessarily on the same space) is necessarily bicontinuous

in the weak topology and preserves the operational calculus for bounded

Baire functions.

If Y 1is an algebraic isomorphism of the Wit-algebra Lll onto
the W:-algebra Clz, and if Z%l and 212 are masa algebras algebraically
isomorphic to Q’l and Clz respectively, then clearly Z”l and 212
are algebraically isomorphic. This implies (loc. cit.) that Z(l and ZKé
are unitarily equivalent., The corollary now follows from Theorem 4.

In the case of a separable Hilbert space, the Wi-algebra generat-
ed by a SA operator consists of all bounded Baire functions of the operator.
This is no longer the case for Hilbert spaces of higher dimension. The
next corollary shows however that with an appropriate generalization of
the operational calculus, the result remains valid. We first make the
following

Definitions 6.1. A projection P on a Hilbert space is called

countably-decomposable relative to a Wi-algebra (. if every family of

mtually orthogonal projections in ( each of which is bounded by P 1is
at most countable. An operator U on a Hilbert space 79 1s called an

extended Baire function of a normal operator T on 74 1f for every

countably-decomposable projection P 1in the Wi-algebra generated by T



38 I. E. Segal

and I, U leaves P invariant, and the contraction of U to PH™ 1is
(in the usual sense) a bounded Baire function of the contraction of T to
PH-.

We mention that a very explicit development of an apparently
closely related notion of extended function is due to Plessner and Rokhlin
[8] , who deal with an operational calculus for functions on the reals

which depend also on a variable ranging over a certain Boolean algebra.

COROLLARY 5.3. The Wi-alpgebra generated by a SA operator T and

the identity consists of all (bounded) extended Baire functions of T.

Let (@ be the Wi-algebra generated by the SA operator T on lad
and I, and let S be any extended Baire function of T. To show that
S € @ 1s equivalent, by a well-known theorem of von Neumann, to showing
that S € @', or that SU = US for all U € (Q'. Now let P be a
countably-decomposable projection relative to (2 which is in (@ . Denot-
ing contractions to PMW Dby subscribing "P", it is clear that Sp 1is a
Baire function of TP’ and that O'P is generated by T and I_, so

P P
Sp € (QP)". Now TU = UT and contracting to PH yields the equation
(TU)P = (UT)P. As U leaves P/ invariant, it follows that TPUP:
] = =
UPTP, or UP e (O_P) . It results that SpUp UpSps or (SU)P (US)P,

which by virtue of Lemma 27 shows that SU = US.
Now let S ©be arbitrary in the algebra (L defined above, If
P 1s a countably-decomposable projection in (2 , then clearly Sp € Qp

and @‘P is the Wi-algebra generated by T_ and IP’ so it 1s sufficient

P
for the remainder of the proof to restrict attention to the case in which
I 1is countably decomposable relative to Q. By Theorem 4, it may also be
assumed that (2 1s masa. Hence by Theorem 1, Remark 3.1, and Lemmas 1.2
and 2,5, the proof of the corollary will be concluded by establishing the

following result.
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LEMMA 5.3.1. Let M = (R, 7{, r) be a finite perfect measure

space, and let k be a real-valued continuous function on M such that
the Wi-algebra generated by the identity and the operation on In(M) of
multiplication by k, is the multiplication algebra of M. Then for every

real-valued continuous function h on M there is a bounded Baire function

P such that h(p) = jo(k(p)) almost everywhere on M,

Let ,3 be the G-ring of all elements of 7? of the form
k~1(B), where B 1is a Borel subset of the reals. We show first that every
element of ﬂ differs by a null set from some element of J . Let %
be the set of all elements of 7Jof = L2(M) which are measurable relative
to J . By the Riesz-Fischer theorem, 7¢ 1s a closed linear manifold in
M, and it is easily seen to be invariant under the operation T of multi-
plication by k. Hence K 18 invariant under the multiplication algebra
of 7’){. It can be shown (cf. [12] ) that any such manifold consists of
all elements of Jo¢ which vanish a. e. on some set K in A . But, de-
noting the characteristic function of any set E as ‘)(,E, we have ’X‘R-K
then in 7~C , and as the function 1 which is 1dentically one on R 1is in
K, 1 'XR-K or Xy 1s also in . This implies that Xg vanishes a.
e. on K, or that K 1is a null set.

It 1s clear that adding a constant to k does not materially
affect the situation, and hence we may assume that k(p) >1 for p € R.
Now let h ©be an arbitrary real-valued bounded measurable function on M,
and let T and (0 be the functions on the Borel subsets B of the reals
defined as follows: T'(B) =fE h(p)dr(p) and «(B) = A’k(p)dr(p).
where E = k-1(B). It is easily seen that T and w are finite regu-
lar measures on the reals. We observe now that T 1s absolutely continu-
ous with respect to « , and in fact |T®)| < “h" 00 ‘/E‘dr(p) £
"h" w‘é‘k(p)dr(p) = "h" woW(B). Hence there exi;ts a bounded
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(W -measuratle real-valued function VV on the reals such that 7T(B) =
dé: Y(x)dw(x). In a finite regular measure space, any bounded measurable
function is equal a. e. to some bounded Baire function, so that \V’ can be
taken to be the latter type of function.

We conclude the proof by showing that a. e. h(p) = Wl(k(p)).
It is evidently sufficient to show that ,/; h(p)dr(p) = Jé:%%k(p))dr(p)
for all E € /¢ , but as every element of 72 differs by a null set from
an element of <J , 1t 1s sufficient to establish the last equation for E
of the form k-1(B), B being Borel. For such a set E, the equation 1is
valid by the definition of ¥ .

PART II. NON-COMMUTATIVE ALGEBRAS.

7. Decomposition theory. In this section we obtain a decomposi-

tion of an arbitrary Ws-algebra into parts of uniform multiplicity, and in
the following section we determine the structure of the general Wi-algebra
of uniform finite multiplicity. Their structure for the case of infinite
miltiplicity remains, however, obscure, except in special cases.

The present decomposition coincides in the case of a commutative
algebra with that obtained in Part I, but the method used in Part I is in-
appropriate in the non-commutative case, and the present method is not as
well adapted to the abelian case as that of Part I. The basic difficulty
in extending the method of Part I is that an algebra with a cyclic element
need not be of uniform multiplicity one, in the non-commtative case, (with
any reasonable definition of uniform multiplicity). The technique we em-
ploy here 1s in part an extension to the non-commutative case of a reformu-
lation of the technique employed in [6] .

Definitions 7.1. A Wi-algebra (! on a Hilbert space /o 1is

sald to be of minimal multipllicity n if n 1is the least upper bound of
the cardinal numbers m such that there exist m mutually disjoint
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pro jections 1;“ in the commmutor (@' of (2 such that the operation of
contracting a to P/‘ J# 1is an algebraic isomorphism. It is saild to be

of uniform multiplicity O if it consists only of the zero operator. It

is said to be of uniform multiplicity n 1if for every nonzero projection

P in the center of Q!', the contraction of (2 to P& has minimal
miltiplicity n.

THEOREM 6. For any Wk-algebra (3 and each cardinal n > O,

there exists a projection Pn in the center of Q', such that the Pj,

are matually orthogonal and have union equal to I, and with the contrac-

tion of (A to the range of Pn of uniform multiplicity n.

LEMMA 6.1. If the minimal multiplicity of a Wi-algebra (Q on

Fa is > n, and 1f P 1is a nonzero projection in the center of (', then

the contraction of (. to the range of P is likewise of minimal multi-
plicity > n.

Let {P#} be a family of mutually orthogonal projections in
Q' such that the contracting of ( to P, 1+ 1s an isomorphism, for
each M. Then the PP, are mutually orthogonal projections in (OP)',
where QP is the contraction of (@ to PW, and the contracting of Q@

to PP/,.H« 1s an isomorphism, for if TP € QP’ say TP is the contrac-

tion of T € (Q, and PP TP = 0, then it follows that Pl;u'l' = 0, 8o
PT = O and TP = 0. The lemma follows now from the definition of

minimal multiplicity.

LEMMA 6.2, Let (@ be a Wx-algebra on /¢ and {13&} be a
family of mutually orthogonal projections in (' such that the contrac-

tion of (7 to the range of P, has minimal multiplicity > n, for all

M. Then the contraction of (Q to the range of U/.L Pp  1likewise has
minimal multiplicity > n.
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If m 1s any cardinal < n, then by the definition of the minimal
multiplicity there exist projections Q}“, ,» where 1V ranges over a set
of cardinality m, in (CZ/,,)', where (lu. 1s the contraction of @ to
P),. #+, which are mutually orthogonal and such that the contracting of 0,}(_
to Qly B.7¥ 1s an isomorphism. Now let Q.y Dbe the unique projec-
tion orthogonal to I = };“ whose contraction to P/_L# is Q'ﬂv; it is
not difficult to verify that P/* Quv = Q,uv and that Q/“v e QAat.
setting Ry = Uu Qu. , then R,R,, = 0 if vV # v', for
Q/.v Q/u = (Q/,.v B)(P v;Q/“. wm) =0 1r v # v!', and 1t 1s not
difficult to verify that if {A_} end {Br} are families of projec-
tions on J9 such that A By = O forany « and T , then
( U, 200U, B¢) = oo

Thus {Rv} 13 a family of m mutually orthogonal projections
in (Q'. To conclude the proof of the lemma it suffices to show that the
contracting of al to R,7/# 1is an isomorphism, where Ql is the con-
traction of ( to the range of U}‘ P, . Now suppose that R, T = O
with T € Ql’ Multiplying the last equation by Q/_.v shows that Q/“VT
= 0, which implies that Q),_v TPu = 0. As the contracting of a/u
to Q}w P/u7+ 1s an isomorphism, it results that ’I’P/“ = O, It is easy
to deduce that T = O.

LEMMA 6.3. Let () be a We-algebra on 7o and {Bu.} fam-

a
ily of projJections in the center of (' such that the contraction of A

to the range of P/* has minimal multiplicity > n, for all Ic. Then the
contraction of (7 to the range of Uu B 1likewise has minimal milti-

plicity > n.

There 1s no essential loss of generality in assuming that the in-
dex set over which M varies is well-ordered with first element 1. De-

fining Q,/.Jl = P/,‘ - U P, , for /u >1, and Q = P, it 13 not

'P(/u.



DECOMPOSITIONS OF OPERATOR ALGEBRAS,., II 43

difficult to verify that the Q ju are mutually orthogonal, and that Q u <
P/A. It follows from Lemma 6.1 that the contraction of (@ to Q/u N
(which is the same as the contraotion to Q. A of the contraction of &
to P)u 7¢ ) has minimal multiplicity >n, and Lemma 6.2 now implies that
the contraction of @ to ( U/* Qu )™ has minimal multiplicity >n.

The lemma now follows from the observation that U/‘ Qu = U/‘P/“ .

LEMMA 6.4. If () 1s a Wi-algebra of minimal multiplieity n

on 7/, then there exist mutually orthogonal projections P and Q 4in the

genter of (' such that the contraction of ( to PM 1s of uniform

multiplicity n, the contraction of () to QA is of minimal multiplicity

greater than n, and with sum P + Q equal to the maximal projection in
a .

If (@ 1s of uniform multiplicity n, then it is obvious that the
conclusion 1s valid. Assuming that (¢ 18 not of uniform multiplicity n,
let Q be the least upper bound of all projections R in the center of
Q' such that the contraction of (2 to R™ is of minimal multiplicity

>n. Then by Lemma 6.3, the contraction of (@ to Q7% has minimal mul-
tiplicity > n, and putting P — E - Q, where E 1s the maximal pro-
jection in Q , it easily is seen that the contraction of ( to P7/¥ 1is
of uniform rmltiplieity n.

PROOF OF THEOREM. We define the P, by transfinite induction.
We first put P, for the orthocomplement of the maximal projection E in
Q. By Lerma 6.4, E = P + Q where P and Q are mutually orthogonal
projections in the center of (2, and with the contraction of (% to Q¥
of uniform mltiplicity > }1; we set Pl = P. Now suppose that P, has
been defined for m < n in such a way that these are mutually orthogonal
projections in the center of (' with the properties that the contractim
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of (Q to Pp/4 1is of uniform multiplicity m, and that the contraction
of @ to (I - Ry)A+ 1s of minimal multiplicity > m, where R, =
Ur.‘.m Pn. Putting N = Um<n Py» then I -N = men (I = Pp)=
Um<n (I - Ry), and by Lemma 6.1 the contraction of a to (I - N
has minimal multiplicity >n. If N = I we set P, = O for all n!
2 n; otherwise we take P, = P, where P and Q are mutually orthogonal
projections in the center of (' such that P + Q = N, and with the
properties that the contractions of ( to P7¢ and to Q7 are respec-
tively of uniform multiplicity n and of minimal multiplicity > n (the
existence of P and Q being assured by Lemma 6.4). It is clear that in
either case the hypothesls of the induction 1s valid at the next stage, so
that the P, are well-defined, and it 1s easily seen that they have the
properties given in Theorem 6. (We note that the minimal multiplicity of
the contraction of (@ to any invariant closed linear manifold is bounded
from above by the cardinality of a set of mutually orthogonal projections
in (@Q', and hence by the dimension of 74).

We conclude thils section by showing that the present notion of
algebra of uniform multiplicity n agrees in the case of commtative alge-

bras with the notion introduced in the first part of this paper.

THEOREM 7., A commtative Wi-algebra 1

of uniform multiplicity

n 1in the sense of Definition 2.1 if and only if it is of uniform multiplic-

ity n according to Definition 7.1.

LEMMA 7.1, If a commutative Wk-algebra () on 794 1s of unifom

multiplicity n in the sense of Definition 2.1 and of uniform multiplicity

m in the sense of Definition 7.1, then m = n.

It 18 clear from Definition 2.1 that there exist n n;utually
orthogonal projections P; 1in (1" such that the contracting of A to

P4 M 1is an 1somorphism, so m > n. Now suppose that n > z{o. Let N
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be a nonzero projection in Q such that the contraction aN of A to
N7 1is countably-decomposable, Then N 1s in the center of (@' 8o O.N
is of uniform multiplicity n 1in the sense of Definition 2.1 and of uni-
form multiplicity m 4in the sense of Definition 7.1. It 1s clear that
there exist n separating vectors {x/_,} for Qy such that Opx, 1is
orthogonal to QNx,u.v for 4 F# . Now assuming m > n, let {Qv}
be a family of m' rmutually orthogonal projections in 01’1 where m > m!
> n, such that the contracting of O‘N to Q, (N®™) is an isomorphism.
The projection x,, of x, on Q, N7 vanishes except for countably
many v , so that the set of all indices Vv for which X,y F O for
some M has cardinality at most Na n. However, for each 1V there is a
/.A such that X uv ;t 0, as otherwise, taking A to be an index such

that = 0 for all A4, then clearly x,, 1s orthogonal to QANH'

Turx =
for all X In particular (x, , Ay, ) = O for all u, all A € ON
and all y, € Q,NA. It follows as in the proof of Lemma 2.9 that 7y,
= 0, a contradiction. Hence m < b@on = n, 8O0 m = n.

To conclude the proof of the lemma it suffices to show that if n
is finite, then m < n. Let N and {Qv} be as in the preceding para-
graph., Let 7y, be a separating vector for ON in Q, N7+ The remain-
der of the proof 1is essentially identical with the proof of Lemma 2.11,

with ¥y, playing the same role in both proofs.

PROOF OF THEOREM. Suppose to begin with that (Q on 7% is of
uniform multiplicity n in the sense of Definition 2.1, where we may take
n>1, as the case n = O 1is trivial. Let {Pi} be an indexed family
of projections satisfying the conclusion of Theorem 2. Then the contrac-
tion of (] to Py % 1s of uniform multiplicity 1 in the sense of Defi-
nition 7,1 and of uniform mltiplicity n in the sense of Definition 2.1,
so Py = O for 1 # n by the preceding lemma (the algebra of all
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transformations on a zero-dimensional space being taken to have uniform
miltiplicity n, for all n) and it follows that Q 4is of uniform multi-
plicity in the sense of Definition 7.1.

Now assume that (7 on 7« is of uniform multiplicity n in
the sense of Definition 7.1, where again we may take n > 1. Let {Pi}
be projections satisfying the conclusions of Theorem 2. Then the contrac-
tion of (@ to P11+ is of uniform rmltiplicity 1 1in the sense of Def-
inition 7.1, so Py = O for 1 # n, and it follows that a4 1is of
uniform multiplicity n 1in the sense of either definition.

8. Algebras of uniform multiplicity. We show next that a Wi-

algebra (! 1is of uniform multiplicity 1 if and only if (' is com-
mutative. The classification in Part I of commutative Wi-algebras within
unitary equivalence thereby induces a similar classification of algebras

of uniform multiplicity 1. A Wi-algebra of uniform finite multiplicity

n 1s shown to be an n-fold copy of an algebra of multiplicity 1. For in-
finite n the corresponding conclusion is not valid (as is clear from con-
slderation of the case of a factor of type II) and our results as regards
this case are highly incomplete, except that a basic special case 1is given
a full treatment in the next section. The commtative case of the next

theorem 1s due to Nakano f'?] .

THEOREM 8. A W#-algebra is of uniform multiplicity one if and

only if its commutor is commutative.

Let ( be of uniform multiplicity 1 on 7+, so I € Q.
Clearly (' 1is commutative if and only if Q' C (&, and this in turn
is the case provided (¢! contains all projections in Q' Now let P
be an arbitrary projection in (', let R be the L.U.B. of 9111 projec-
tions Q in (@ such that QP = O, and let S be the L.U.B. of the
projections Q in (Q for which QP = Q. It is easily seen that
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RP = O and SP = S, s0 RS = R(PS) = (RP)S = O. Now if U 1is
an arbitrary unitary operator in (1 , the equation QP = O implies that
UsQPU = O = (UxQU)P. It follows that R = UxRU, 1. 6., R 1is in the
center of ( . Similarly S 4s in the center of Q2 .

Now I -R>P(I~-R) = P>PS = S,80 I-R>P >S. By
the definition of uniform multiplicity, with I - R - S = 0, in which

case the preceding inequality shows that P € (2, or the contraction al
of ( to the range of I - R - 8 4s of uniform mmltiplicity 1. We show
that the latter alternative is an impossibility.

We show first that the contracting of (; to P(I - R - S)M
is an isomorphism, i. e.,that if U € Q, and it P(I -R=-8)U = o0,
then (I - R - S)U = O. Now it is sufficient to show this for the case
when U is a projection. To see this, let N = P(I - R - S), so NU =
0 and NUU# = O. Clearly Nf(UU#) = O for any polynomial f such
that £(0) = 0, and hence if K 1is any projection in the Wit-algebra gen-
erated by UU%, NK = O. As this algebra is generated by the projections
it contains, the equation NK = O for all K implies that NUU# =— O
= (NU)(NU)*, so NU = O. Now taking U to be a projection in (1, sup-
pose that P(I - R ~-S)U = 0. Then (I - R - S)U € R, by the definition
of R, and multiplying this inequality by I - R - 8 (which commtes with
both sides) yields the inequality (I - R - S)U <0, so (I - R -38)U = 0.

Next we show that the contracting of & to (I - P)(I - R - S)¥
is also an isomorphism, As in the preceding paragraph, it is sufficient to
show that if U 1is a projection in (1 such that (I - P)(I = R - 8)U =
O, then (I - R - S)U = O. The equation (I - P)(I - R =-=S8S)U = 0 can
be put in the form P(I - R - 3)U = (I - R - S)U, which by the definition
of S 1implies that (I - R - S)U <S. Multiplying both sides of this in-
equality by I - R - S shows that (I - R - 8)U = 0. Now the projections
P(I -R-8S) and (I = P)(I = R - S) are obviously orthogonal, so what
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has just been proved shows that a 1 is of minimal mltiplicity at least
2, a contradiction. Hence the second alternative above was impossible.

Now suppose conversely that (' 1is commmtative, so Q' c Q.
Ir ( 1is not of uniform multiplicity 1, then for some nonzero projection
P in the center (@' of (@ , the contraction Ql of Q@ to P is of
minimal multiplicity at least 2. Suppose then that Qi and Qé are me-
tually orthogonal projections in (dl)' such that the contracting of dl
to QJP7¥ 1is an isomorphism (1 = 1,2 ). Let Q and Q, be the unique
projections on 74+ which coincide on P74 with Q_i and Q% and which
annihilate the orthogonal complement of P#». Then Ql and Q.z are in
@', for if T 1s arbitrary in (, then taking the case of Q; we have
(noting that QlP = PQ,l = Q’.L) Q,lT = (QlP)T = Ql(PT) = Ql(PTP)
(for P is in the center of Q) = (PTP)Q, (as g e (4)) =
(’I‘P)Ql = T(PQl) = 1q. Therefore Ql and Q2 are in @ , and as Q,J'_
and Qz' are mutually orthogonsal, (QlP)(Q.zP) = O, which shows that the
contracting of Ql to QlPN- annihilates O'ZP’ and so 1s not an isomor-
phism.

Algebras of uniform multiplicity 1 play a conspicuous role in
the following, and so i1t is convenient to make the following definition,
which is justified by the fact that a Wx-algebra containing I 1is of uni-
form multiplicity 1 if and only if the lattice of all closed linear sub-
spaces invariant under the algebra is a Boolean algebra.

Definition 8.1. An algebra of operators is called hyper-reducible
if it 1s a Wi#-algebra of uniform multiplicity 1.

COROLLARY 8.1. If two hyper-reducible algebras are algebraically
isomorphic, then they are unitarily equivalent.

Let the hyper-reducible algebras 0.1 and (y on Hilbert

spaces Hl and /o be algebraically isomorphic via the mp ¥ on Q 1
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to 02. Then P maps the center Ql of Ql isomorphically onto the
center 02 of dz. Let A, be any masa algebra on 7, which con-
tains Cl' As Ql is hyperreducible, Cl = (01)', 80 (C;.)' =
(01)" = al’ and hence 741 land Ql' Putting ”(2 = ¢ 71{1), then
77(2 is masa on 742, for as P is an algebraic isomorphism, 7’(2 is max-
imal abelian relative to Qe, i, e., (7(2)| n 02 - ),(2.
ors, it follows that 712 v Qé = (M), and as (Q,)' = cz < 7;{2,
it results that 7%2 = (7¢{2)', i. e., 71(2 is masa. We can now apply the

Taking commmut-

result in [10] that if two masa algebras on Hilbert spaces are algebrai-
cally isomorphic, then there 1s a unitary transformation U between the
spaces which implements the isomorphism. As Cl is carried onto cz by
the operator-isomorphism induced by U, (Cl)' is carried onto ( C;)' by
that isomorphism, 1. 0. al is mapped onto d2'

COROLLARY 8.2, A Wi#-algebra of finite uniform multiplicity n>0

is unitarily equivalent to an n-fold copy of a hyper-reducible algebra,

the latter algebra being unique within unitary equivalence.

Let ( be a Wx-algebra on 7 of finite uniform multiplicity
n, and let Pl""’Pn be an indexed set of n mutually orthogonal projec-
tions in (@' such that for each i, the contracting of @ to Pi 74 1s
an isomorphism. We show first that the contraction ({; of @ to P17’+
is hyper-reducible. Iet Q' be a nonzero projection in the center of Qi,
and let Q be the projection in (@ of which Q' 1s the contraction. As
the basis of an indirect proof suppose that the contraction B or ai
to Q'Piﬁ’ has minimal multipliclty > 2 (for some fixed i), so that
there exist projections R' and S!' on Q'Piﬁ' in 73', mtually orthog-
onal, and such that the contractings of ¥ to R'Q'P4 A and to S'Q'Piﬂf
are isomorphisms. Putting R and S for the projections on QA which
agree on Q'P17+ with R' and S' respectively, and which annihilate
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Q(I-Py)#, then 1t 1s not difficult to verify that R and S are in O,
where C 1is the contraction of (! to Q7¥, that R and S are mutuale
1y orthogonal, and that the contractings of C to RQA and to SQ7% are
both isomorphisms. Now the contractings of C to P (3 # 1) are
likewise isomorphisms and the contractions of Pj to Q& (§J # 1), R
and 8, together constitute a set of n ¢+ 1 mutually orthogonal projec-
tions in C . It follows that C 4is of minimal multiplicity at least
n+1, but Q 1is in the center of » So this 1s in contradiction with
the definition of uniform multiplicity, which requires that C be of uni-
form multiplicity n.

By Corollary 8.1, there is a hyper-reducible algebra 73 such
that each 0‘t is unitarily equivalent to 73 . It 1s straightforward to
show that ( 13 unitarily equivalent to an n-fold copy of 7.

The final theorem in this section concerns the uniqueness of

miltiplicities in the non-commtative case.

THEOREM 9. An m-fold copy of a hyper-reducible algebra [ is

unitarily equivalent to an n-fold copy of a hyper-reducible algebra & 4Aif

and only if m = n and [ and € are unitarily equivalent.

As the "if" part is clear, we assume that the W#-algebra ¢ on
79 1s unitarily equivalent to an m-fold copy of [’ and also to an n-fold
copy of & . Then Q@ 1s algebraically isomorphic to both & and &£,
s0o that U and € are algebraically isomorphic, and hence (by Corollary
8.1) unitarily equivalent. We can now assume that & = &£ ; for each
T €5, let P(T) and V(T) be the unitary transforms in & of the
m- and n-fold copies of T, respectively. Now let 7/ be a masa subalge-
bra of [ (the existence of which is shown in the proof of Co_rollary 8.1),
let P(m)= C, and let Y-1(C)= J{ . Then 7 1s maximal abelian

and SA in [, as ? and ¥  are algebraic isomorphisms, and hence masa
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(cf. the proof of Corollary 8.1). It follows that %{ and 7% are uni-
tarily equivalent [10_] . as C 1s unitarily equivalent both to an m-
fold copy of 77 and to an n-fold copy of 7{ s 1t results from Lemmas 2.9
and 2,11 that m = n.

COROLLARY 9.1. Let {Pﬁ} be a family of projections in the

center of the Wi-algebra (} on /4 indexed by cardinal numbers n, such

that for each n the contraction of (3 to the range of Pj has uniform

multiplieity n, and (J,P4 = I. Then 1f {P,} 1s a femily with the
property given in Theorem 6, for all finite n P, = P! (so that if A

1s separable, this equation is valid for all n).

LEMMA 9.1.1. If (} is a Wk-algebra on %, and if R and S

are projections in the center of A such that the contractions of () to

R/ and SA have uniform multiplicities m and n respectively, where

m # n and at least one of m and n 1is finite, then R3S = O.

Clearly the contraction of (/ to RSKH has uniform multiplici-
ties both m and n, and if these are both finite, it follows directly
from Theorem 9 and Corollary 8.2 that RS = O. Now let n be finite and
m infinite, and suppose that RS # 0. Then the contraction (, of &2
to RS 1s unitarily equivalent to an n-fold copy of a hyper-reducible
algebra [J . Let 71{ be a masa subalgebra of [, let § be the alge-
braic isomorphism of £ onto Qo induced by the map of L onto its
n-fold copy and by the unitary equivalence of this copy with Qo. and set
P(H) = Y, so that H 1s unitarily equivalent to an n-fold copy of
71{. Now as (7 1s of infinite uniform multiplicity, there exist mutually
orthogonal projections Pl' Pz. eee in A' such that for each 1 the
map T —>P4T 1s an isomorphismon . As A > ¥ , Q' < N', s0
that the Py are in 7', and clearly the map T — P4T is an isomorphimm
on X . Thus /4 1s of minimal multiplicity 2¢,. On the other hand, it
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i1s of uniform multiplicity n according to Definition 2.1, hence of uni-
form multiplicity n according to Definition 7.1, so that it cannot be of
minimal multiplicity No .

PROOF OF COROLLARY. Let Pn be the L.U.B. of all projections Q
in the center of @ such that Q has uniform multiplicity n on Q¥
by Lemma 6.3, ( has uniform multiplicity n on P,7¢ . Let P, =

t = ] T
Un > 9 b, and Pl Un > Pn. Evidently Pn < Pn for all n and

P(':o < Po;. By the preceding lemma, the P with finite n are mutually

n

orthogonal, and are also orthogonal to the P, with infinite m, and hence
1)VY pr = = i

ae (U 2ovey = 1= (U 20V R,

orthogonal to Po-
we have P! = P for n<2, and P§ = P Finslly, if 7¢ 1s

©°
separable, it 1s plain that necessarily Px'1 = 0 for n> N,.

9. Algebras of type I. We give a structure theorem for Wi-alge-
bras of "type I", where these are, roughly speaking, algebras which are
direct integrals of factors of type I. At the same time we obtain a com-
plete set of unitary Invariants for such algebras, which can be regarded as
fully known by virtue of this classification. The following definition of
algebra of type I is equivalent to a definition in [1] for certain ab-
stract algebras.

Definition 9.1. A W#-algebra is said to be of type I if every

projection in Q' 1is the least upper bound of projections of type M in

@', where a projection P in Q' 1s of type M if whenever Q 1is a pro-
Jection in (' such that Q< P, then Q = RP where R 1s a projection
m a” a.

Roughly speaking, a projection P 1is of type M if when the alge=-
bra 1s decomposed as a direct integral of factors, P decomposes into an
integral of projections each of which has a range which is of (ordinary
linear) dimension at most one, so that it is akin to a minimal projection,
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as our terminology 1s intended to suggest. The following theorem asserts
essentially that a Wit-algebra is of type I if and only if it is a direct

sum of n-fold coples of hyper-reducible algebras.

THEOREM 10, A W#-algebra (! on 79 1is of type I if and only
if there exists a family {Pn} of projections in the center of (',

indexed by cardinal numbers n, which are mutually orthogonal and have

union I, and are such that the contraction of (@ to P 1+ (n > 0) is

unitarily equivalent to an n-fold copy of a hyper-reducible algebra D’n

of uniform miltiplicity n, while I-P, 1s the maximal projection in A .

The Pn are unique as are, within unitary equivalence, the .D’n.

Conversely (2 1s determined within unitary equivalence by the knowledge

of the /5, as abstract algebras (which knowledge determines the /¥,

within unitary equivalence), or alternatively by the unitary invariants of

the commtative algebras Bl'l, together with the dimension of the range of
P

o°

Remark 9.1. Naturally a second alternative to the ﬁ’n as uni-
tary invariants are the invariants of the ﬁ’r'l as given in Part I. This
implies that a cardinal-valued function F(n,m,p) of triples of cardinal
numbers could also be used in place of the unitary-equivalence classes of
the ﬂn' Here F(n,m,p) is the cardinality of the number of summands
isomorphic to the measure ring of the product measure space Ip (where I
is the unit interval under Lebesgue measure) which occur in a decomposition
into finite homogeneous parts of the measure ring for multiplicity m of
,5,", and it 1s necessary as earlier to normalize F(n,m,p), say by setting
it equal to 1 for the case when p # O and the number F of summands
is determined only within the interval 1 <F < X, and 1° mst be suit-
ably interpreted. Clearly any cardinal-valued function F(n,m,p) which

vanishes for sufficiently large n, m, and p, then corresponds to a unique
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unitary equivalence class of Wi-algebras of type I containing the identity
operator,

The first six of the following lemmas are needed in the proof of
the "only 1f" part of the theorem, while the remaining lemmas are for the

"if" part.

LEMMA 10.1. Let T be a non-negative SA operator in the Wi-alge-

bra A , and suppose that T <P and PT = TP = T, where P 1s a pro-

Jection of type M in (. Then there exists an operator S in the center

of Q such that T = SP and 0 <S8 <1,

The W#-algebra C generated by P and T 1s obviously comm-
tative and has a unit, and so is lsomorphic to the algebra C(T") of all
continuous functions on a compact Hausdorff space M. It follows without
difficulty that there exist projections Qi 1n C and real numbers Cxin
(4,n = 1,2,...) such that for each fixed n, the Qg are mutually
orthogonal, the &in satlsfy the inequalities 0 < (xin <1, and with
T, —T uniformly where ’I‘n = Ziu.‘nQ’in and Tnf-Tna.l' Evidently
Qi S P so that Q,, = Ry P with Ry a projection in a ™ ', xud
T, = (Zi %, R )P or T, = RP with R,Z2 € Q " @'. Now let sy
be the G. L. B, of all such non-negative operatorsy R,; then clearly Tn =
Sy,P. Now Sn < Sn+1 for denoting lattice intersection in the sst of Si
elements in C by "A", we have Ty = Ty A Thel = SpP ASpqfF =
(Sp ™ Sp,1)P (noting that S P = S, A P) which shows that S, /A Spe =
S, by the minimelity of Sp, or Sp < S,,;. It follows that {S,} con-

verges strongly to an operator S in A M7 A' and T = SP; as 1t 1s eas-

i1y seen that 0 £ S, <1, we have 0 <S < 1.

LEMMA 10.2. Any projection of type M in a Wi-algebra 1s contained

in a maximal projection of type M.
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This follows at once from Zorn's principle once it is shown that
the L. U. B. of any chain of projections of type M is again of type M. Now
1f ¥ 1is such a chain in the Ww#-algebra C , and Q 1s the L. U, B. of
the elements of ¥ , suppose that A 1s a projection in € such that
A < Q. To conclude the proof of the lemma it 1s only necessary to show
that A = RQ for some R in &€ N &', Now for any P € F we have
PAP < PQP = P. It follows from the preceding lemms that PAP = RpP
for some operator Ry in C ” ' such that 0 <Ry < I. Putting S
for the G, L. B. of all such RP’ then clearly PAP = SPP’ and SP is a
monotone increasing function of P, for if Py € F (4 = 1,2) and
Py > Py, then PyP1AP1Py, = P2$P1AP2 or PoAP, = SP1P2 which implies

Sp _<_sP1. Now let S be the L. U. B. of the S, P ¢ F. Then S 1s

2
the strong limit of the {SP} where this indexed set 1s directed by the
usual ordering on the indices, and passing to the limit in the equation

PAY = SPP ylelds the equation QAQ = 8Q, or A = 3Q.

LEMMA 10.3. If P and Q are projections of type M in the Wit-
algebra C, and 1f R and S are mutually orthogonal projections in

¢ N €', then RP + SQ 1s also of type M in (.

Suppose that E 4s a projection in ¢ such that E < RP ¢ SQ.

Then ELR+S 8o E = ER+ES, and ER < RP 8o ER = R'RP with
RMe € " ¢'. Similarly ES = S'SQ with S' € £ ™ €. Thus E=
R'RP 4 S'SQ = (RR' ¢ SS')(RP + SQ).

LEMMA 10.4. If (Q 1s a Wi-algebra of type I on 7+ and if L

18 any closed linear subspace invariant under ( , then the contraction o

——— e——

QO to Z 1s again of type I.

Let Oy be the contraction of Q to Z and let P, bea
nonzero projection in (Qj)'. Let P be the projection on /o which
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extends P. and annihilates + ©XL. Then P € Q' for if Ue Q , we

1
have for x € {,, UPx = Ux = PUx, and for x ¢ ¥ ©Z, UPx = 0 =
FUx, so UP = PU. Let Q be any nonzero projection of type M in Q'

such that Q < P. Then Q annihilates ~ 6L, so it leaves Z invar-
iant; let Ql be its contraction to o . Then Q € (al)' for if

U, € Ql, say Ul is the contraction of U € ( , then we have for x €
L, @lhx = QUx = UQx = U;x. Also it is clear that Q < Py. Fi-
nally Q; 1s of type M for if S; 1s a projection in (al)" then Sl
is the contraction to oﬁ of the projection S in A" where S(# ©.L)
— 0, and the equation Sl < Ql implies that S < Q; and as Q 1is of
type M, it results that S = RQ with R € Q N Q', from which it re-
sults that S; = Rjq; with R e Qlf\ (Ol)'.

LEMMA 10.5. Let (7 be a Wi-algebra on /o of type I, and let
P be a meximal projection of type M in (7'. Then the contracting of ([

to P+ 1is an isomorphism.

It 1s sufficient, by a remark in Part I, to show that if S 1is a

projection in (. such that PS = 0, then S = O. Now let T be the
L. U. B, of all the projections S in (@ such that SP = 0. If SP=
O and U 1is unitary in (@, then Ux(SP)U = O so that (U#SU)P = O.

Thus T 1is the L. U. B, of a set of projections which is invariant under
the inner automorphisms induced by the unitary operators in & , and hence
is in the center of Q . If Q 1s a projection in Q' of type M and
such that T > Q, then by Lemma 10.3, P(I-T) + QT = P + Q 1s again of
type M. By the maximality of P, Q = O, and since T 1s the L. U. B. of
such Q, it follows that T = O.

LEMMA 10.6. If ( 1s a nonzero Wi-algebra on 7# of type I,

then there exlists a nonzero projection P in Q N Q' such that the

contraction of (1 to PH  1s unitarily equivalent to an n-fold copy of a
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hyper-reducible algebra, for some cardinal n > O.

Let 7 be an indexed family of projections P, in Q' which
is maximal with respect to the properties: 1) for each M the contracting
of (I to Bul/# is an isomorphism; 2) the P, are mutually orthogonal;
3) each Pﬂ is of type M (the existence of ’3: is clear from Lemmas 10.2
and 10.5). Let Q, be the L. U. B. of the projections Q in & for
watch Q(I - Ui Bu) = 0. Ten Q # 0, as otherwise I - UuB. #
0, and the contracting of (1 to (I - U/AP,‘ )M 1is an isomorphism. In
continuation of this argument, let Ql on 79‘1 be this contraction; by
Lemma 10.4, 01 is of type I. Let @Q; be a maximal projection in (Ql)'
of type M, and let Q be the projection on /9 (necessarily in Q')
which extends Q; and annihilates A © F4. Then the contracting of )
to QX (= Q H’l) is an isomorphism, Q 1is orthogonal to all the P, ,
and 1t follows as in the proof of Lemma 10.4 that Q 18 of type M. This
contradicts the maximality of F and so shows that Q, # O.

By an argument used in the proof of Lemma 10.5, Q 1is in the
center of ( . Putting Pl = QoP. and K, = P.74, then: (a)
leaves 7{# invariant and its contraction @u to 7. 1s of type I;
(b) the identity in (a,u)' (1.e. the contraction of PL to tu ) 18
of type M in (Qu)' (by an argument used in the proof of Lemma 10.4);

(¢) the contracting to A of the contraction of @ to QM is an
isomorphism. It is clear that the identity operator is of type M in a Wi-
algebra only if the algebra is commmutative, and hence the Qﬂ are hyper-
reducible. If n 1is the cardinality of the index set, it follows from
Corollary 8.1 that the contraction of @ to Q¥ (= U/u K,u- ) 18 uni-
tarily equivalent to an n-fold copy of any one of the 0—/.4. .

LEMMA 10.7. A commtative Wi-algebra 1s of type I.

Let (! be a commtative nonzero Wi-algebra on 7 . To show
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that (4 1s of type I it suffices to show that for any projection P in
ﬂ', there is a projection of type M in (' which is contained in P.
Let W be a countably-decomposable projection in 4 such that WP ;é 0
(ef., Lemma 2.7), let V be the maximal projection in (2 such that VWP=
0, and put Ql for the contraction of (X to H'l = (I-V)W7’¥ As d’l
is countably-decomposable and as the contracting of al to P#l is an
isomorphism, there exists a separating vector Xy for A4 in P7"/’1. Put-
ting {x/u} for an indexed family of separating vectors for 0’1 which
is maximal with respect to the properties that it contains x;, and that
ax/_., is orthogonal to Ax, for M # V , a repetition of the con-
struction at the beginning of the proof of Lemma 2.6 shows that there exists
a nonzero projection Q in (@, such that 1if 02 is the contraction of
Q, to Q ¥, and if R, 1s the projection of Q,17'/'1 onto the closure
of sz,* s then Q’.l= U).g R}* and the contraction of 02 to R/,J-/«
is masa, 02 being unitarily equivalent to an n-fold copy of this masa
algebra, where n 1is the cardinality of the index set. Putting S for
the projection of ™ onto R’.I.Qlﬁi then it 1s easily seen that S <P,
and we conclude the proof of the lemma by showing that S 1is of type M in
Q'. let Q, be a projection in (! whose contraction to #1 s Q,
and set Q = (I-V)WQ,, so Q € A and QN = Q17+1. Now < 1leaves
Ry invariant, for if U dis arbitrary in @ , U = UQ + U(I-Q), and UQ
leaves Rl'H‘ invariant because its contraction to Q7% 1is in a2 while
U(I-Q) annihilates Rl1+; therefore S € (', Finally if T 1s any pro-
Jection in (' such that T £ 8, then the contraction '1'1 of T to QW
isin Q) and T' < R« As Q_ 1s masa on Rl7+ and leaves T1°‘1#

2
invariant, T, = RjU; with Ul € 02 n (02)', end putting U, for a
projection in (I whose contraction to Q¥ 1s U, and U = QU, it is
not difficult to verify that T = UR, and U € G "M"Q', for U € Q

and (Q 1s commmutative.
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LEMMA 10.8. Let the W#-algebra (7 be an n-fold copy of & hyper-
reducible algebra. Then () 1s of type I.

It 1s easily seen that if {P,} 13 an indexed family of rutual-
1y orthogonal projections 1In the center of r W<-algebra ( such that the
contraction of ( to the range of P, 1s of type I and with UnPn =
I, then G 1s 1tself of type I. It tollows without difficulty from Theo-
rem 2 that it suffices to cnonsider the case in which the hyper-roducible
algebra {1 of which (O 1s an n-fold copy has 1ts commtor equal to an
m-fold copy of a masa algebra # on 7{.

Tet (. act on 7#, O act on <, and let {cf/u} be the
coples of £ which are (mutually orthogonal) subspaces of 7¥. If T is
any operator on A and P/u 1s the projection on ,fﬂ » then P, TP,
maps afﬂ. into <y and so induces in a natural fashion an operator
'1‘)“1, on & ; by the matrix of T we mean this matrix ({T),v )), which
i1s a function on the direct product of the index set with itself to the
operators on < . It 1s not difficult to vorify that a matrix ((S}“, ))
i1s the matrix of an operator in (' 4if and only if: (1) 1t is the matrix
of a bounded operator, i. e.,if x 1is arbitrary in ®, if x* 1s the
corresponding element of atj.a. and X the element of Z corresronding
to x* , then the sum Zﬂ S/“, X is convergent (thia is the case if and
only if || s,.vH 1s bounded for each fixed 7’ as a functlon of /¢ )
and Zv “ Z/A S/uv X0 "2 is a convergent sum; (2) S/w e B for
each /u s V. We omit the details of the verification of this. as they Ir-
volve standard methods.

Now let P be the algebraic isomorphism of J9' onto 71( which
takes each operator into the operator of which is the m-fold copy. Let 7{
on @/ be the n-fold copy of 7 on A . If S e (@', end ((8uw]))
1s the matrix of S, then S,, € £' and ((¥(8uv))) 15 a matrix
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of operators in )}/ ; we shall show that is the matrix of an operator C}(S)
in ' (relative to the decomposition of the space _& on which 7 acts
as an n-fold direct sum of copies of 7 ), and that @ is an algebraic
isomorphism onto. To show that (( ¢(S/;v ))) 1is the matrix of an opera-
tor in M, it 1s only necessary to check condition (1) above. Now each
o{/; is in a natural fashion an m-fold direct sum of copies aZ:ua, of

K. For each M let S be any index in the range of values of 0o,
and for each y in & 1let Tu be the element of 7{ corresponding to
the projection of y on the ath copy of 7 in & , and further let
7(y) be that element x 1in /¥ such that x, o, = Tn and X,, =
0 if G # O‘l, where X, is the element in #&/ corresponding to
the projection of x on the oth copy of 7C in the umth copy of Z.
Then as (1) holds and as [ g(Suw )|l = [|sus || vecause @ 1s an
algebraic 1somorphism, and ” Zﬂ Spv (¥ ” 2 -

N Z/m(s/“, ¥o H 2, it follows that the condition corresponding to (1)
holds in the case of the matrix (( #(Suwv ))), so that (( ¢(S/,4v ))) 1is
the matrix of an operator in ¥W!'.

Now if ((S}‘v )) 1is the matrix of an operator S' in W', to

show that ¢ 1s onto we need only show that ZV l Z/,gé‘l(s'/,v )x . 2
is a convergent sum. If Xpe is as in the preceding paragraph, we ob-
serve that (ﬁ'l(S}“, )x}Jl Jeo = Sy Xue , SO ” Z/;¢-1(S'/4v )X 2
= | Z» ng'/n, Xue || 2 = “Zc. Z,_. Shv Xpuc iz =

22 Zf 8L, Xue Il 2. It follows that Z M2, g2y, xu I

= 2, Z M Zustvx,o 12 = 220, 1 2, 8%y xpue 2 <
e sl Bl llxue 12 = Isll® Zc,)# llxue 2 = lsil2lxll 2.
To see that @ is a homomorphism, observe that it is a homomorphism on
the subalgebra of operators whose matrices have only a finite number of
nonzero coordinates, because ¢ 1is a homomorphism, so that by the valid-

ity of the standard rules for matrix operations and the strong density of
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that subalgebra (cf. [5] » Pe 137) it is a homomorphism on the entire
algebra.

Thus X' and Q' are algebraically isomorphic. Now M 1is of
type I, as it is commtative, so every projection in H' 1is the L. U. B.
of projections of type M. As L. U. B.s of projections and the concept of
projection of type M are preserved under algebraic isomorphisms, it follows
that every projection in (' 1is the L. U, B, of projections of type M, -
1. e., Q 13 of type I.

PROOF OF THEOREM. Let (1 be a Wi-algebra on ¥ of type I.
From Lemma 10.6 it follows readily that there exists a family {PF} of
mitually orthogonal projections in the center of Q. such that the contrac-
tion of Q& to Bu ¥ 1is unitarily equivalent to an n(u)-fold copy of a
hyper-reducible algebra, and U/u Pu is the maximal projection in &« ,
The proof of Lemma 2.2 shows that 1if {Qv} are mutually orthogonal pro-
jections in the center of a Wi-algebra € such that the contraction of
(5' to Qu M is hyper-reducible, then the contraction of € to
( W, @y )H 1s likewise hyper-reducible. Putting QY = Un(/.a)zm Pu s
1t follows that the contraction of (1 to Qn 74 is unitarily equivalent to
an m-fold copy of a hyper-reducible algebra, and clearly the Q are mutual-
1y orthogonal and Um Qn is the maximal projection in a.

Conversely, let the Wit-algebra Q' on 14 be such that there
exists a family {Pn} of projections in the center of (}' and such that
I-P, 1s the maximal projection in (2 , the contraction of A to P M
is unitarily equivalent to an n-fold copy of a hyper-reducible algebra. To
show that (1 1s of type I it suffices to show that any such n-fold copy
is of type I, and this is the statement of Lemma 10.8. Finally, the unique-

ness part of the theorem follows without difficulty from Theorem 9.

COROLLARY 10.1. If a Wi-algebra is of type I, then so is its

commutor.
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It is easily seen that 1t suffices to prove the corollary for the
case in which the algebra (! 1in question 1s an n-fold copy of a hyper-re-
ducible algebra /). To show that (' 1s of type I 1s to show that every
nonzero projection in (] contains a nonzero projection of type M. Now
' is commtative so, by Lemma 10.7, every nonzero projection in o
contains a nonzero projection of type M, and as J¥ and (@ are algebrai-

cally isomorphic, it follows that the same is true of a.

COROLLARY 10.2. A Wit-algebra of type I 1s algebraically isomor-

phic to a hyper-reducible algebra via a mapping onto the hyper-reducible

algebra that 1s weakly continuous and preserves the operational calculus

for normal operators,

The proof of this 1is a slight modification of part of the proof
of Theorem 5,
The next result is essentially equivalent to the non-trivial part

of Theorem IV of [5] .

COROLLARY 10.3. (Murray and von Neumann). A factor whose com-

mutor contains a minimal projection ‘is unitarily equivalent to an m-fold

copy of the algebra of all operators on an n-dimensional Hilbert spsce, for

unique cardinals m and n,

Let ‘# be a factor on 7¥ whose commtor contains a minimal
projJection E, and let P be an arbitrary nonzero projection in ‘% '.
Then the L. U. B. of U*EU as U ranges over the unitary operators in
F' 1is a projection in the center of ‘%', and so equals I. It follows
that the operator T = PU#EUP 1s nonzero for some U, as otherwise it is
easily deduced that P = O, but T 1is SA and non-negative so that it
can be uniformly approximated by linear combinations of projections Q sud

that «Q < T for some o > O. Now T = UEU, from which it follows
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that Q vanishes except on the range of U#EU, so Q < U#EU; and a8 E is
minimal, so also is U%EU, and it follows that Q = U#EU. It results
that T 1s a scalar multliple of U#EU and it 1s easy to see that T =
U#EU. Hence F 1s of type I in the sense of Definition 9.1,

As the center of F 1s trivial, it follows from the theorem
that it is unitarily equivalent to an m-fold copy of a hyper-reducible alge-
bra . on K . Now %' contains the corresponding copy of UJ' on K ,
and ' < [ , so F N “¥' ocontains this latter m-fold copy. It
follows that J¥' consists only of scalars, so /9 1s the algebra of all
operators on # . That m and n are unique is clear from the uniqueness
part of the theorem.

Remark 9.2. In view of the special rdle in the foregoing of com=
mtative Wi-algebras of uniform multiplicity we should mention a relatively
concrete form for such. If ( on /¢ 1is the n-fold copy of a masa alge-
bra 7’}( on f{ , then %{ can be taken as the multiplication algebra of a
measure space M = (R, ¥, r) which 1s the direct sum of the finite per-
fect measure spaces M, = (R, , ff,‘ , T, ); 74 can plainly be taken as
the collection of all indexed families £, (p) of functions on R with
M ranging over an index set (1 of cardinality n, and such that f, (.)
€ Lo(M) for all M and with the sum Zs/A Il fu |l 2 convergent; and

(. 1s then the algebra of all operators A on J¢ of the form (Ar)}‘ (p)
= k(p)f/,‘ (p), where k 18 a bounded measurable function on M. Now let
oi be a Hilbert space of dimension n. A function T(.) on M to the

(bounded) operators on Z 1s called strongly measurable if, whenever m{.)

is a strongly measurable square-integrable function on M to Z (1. e.
m is n. e, the 1limit of a sequence of simple functions, and “m(p)“ 2 is
integrable on M), then the function n defined by the equation n(p) =
T(p)m(p) 1s again a measurable function on M to -Zf; and T(.) 1s called
bounded in case [/ T(p)ll 1is bounded as p ranges over R. Now regarding
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i as the space of all complex-valued functions r. on {1 such that the
sum Z,.L if,‘ | 2 16 convergent and with (f, g)= Z}u £, E# for any
two such functions, there corresponds to any bounded strongly measurable
function T(.) on M a (unique) operator T on 7# such that for any f
and g in ¥, (Tf, g) = /f: (T(p)E (p), g, (p)) dr(p), where

(ees ")L indicates an inner product in ct s this follows readily from the
observation that the integral exists and defines a continuous function of
f and g which is linear in f and conjugate linear in g. We can now
state:

The operator T 1is in (}', and every element of (' has this form, i. e.,

for every T in (' there 1is a bounded measurable function T(.) on M
to L such that for any f in 7, (Tf) (p) = T(p)(f (p)). If S and

T are elements of (' to which correspond in this fashion the functions

S(.) and T(.), and if o 1is a complex number, then the following equa-

tions are valid n. e. on M: (S+T)(p) = S(p) + T(p), (ST)(p) = S(p)T(p),
(3)(p) = o(S(p)), and sS#(p) = (S(p))#. A simllar result is stated

for the case when ./ and & are separable in [2], qe Ve

The only point which offers any difficulty 1s the fact that every
element of (' has the stated form. Now as shown above there is a natural
correspondence between (' and appropriate n X n matrices over 74(. Let
the element T of (' correspond to the matrix ((T}“, )), where M, V
€ ) and T/Av is the operation of multiplication by k. on Lz(M),
where k}‘v can be taken to be bounded and continuous on each Mx . The
boundedness of T means that Zv “Z,. Tuw fu Il 2 < il 2 Z,‘ ”f). e
forany te# ,or S Iy 1T ukus ) e)]2) are) <
”T” 2 ‘/Z/Alf# (p) l 2 dr(p). As this equation remains valid when each
fp 1s multiplied by the characteristic function of a measurable set, it
results that n., e. on M, Zv, Z,. kuv (p)u (p) |2 <
lIr|l2 Z,. |f,.. (p) | 2. 1In particular, if £, vanishes except for a
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finite set F of M's, and if for each Mo i‘/4 is continuous on each
Ra , and if G 1s any finite set of indices we have

> vee | Z}“F Kuv (R)u ()2 < “THQZFGFHP ()%, n. e
As both sides of this inequality are continuous on each R, , and as the
complement of a null set in a finlte perfect measure 1s dense in the space,
the inequality is valid for every p € R, and since G 1s an arbitrary
finite set of indices we can conclude that

Dl X ek miu @ 12 < (ll2 X

p € R. Hence there exists a (bounded) operator T(p) on Z with matrix

2
,f}_‘(p)l for all

((kuy () (relative to the obvious basis), with Nrwe)ll < i,
and such that T(p)f.‘.(p) = (Tf).(p), for f as above. It is readily
seen that for any f € A there is a sequence {fi} in 14, each fl
being as above, - s0 that T(p)ff(p) = (Tfi)'(p), - and such that ri
converges to f in M ; for nearly all p, f{'(p)———éf.(p) in EC, and
with (Tfi).(p)—*(Tf).(p) in JZ, for nearly all p. It follows that fa
all £ in M, (Tf) (p) = T(p)f.(p) n. e. on M, and T(.) is a bound-

ed strongly measurable function on 74{ to the operators on 2z .
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