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PREFACE

In view of the recent alterations in the syllabus for the actuarial
Examinations it was decided to publish separately the section of
Part IT of Mathematics for Actuarial Students relating to Finite
Differences. The present book contains thercfore the first nine
chapters of the earlicr book with only a few minor amendments.
The problems on DProbabilities and Statistics which were
originally included in the Miscellaneous Examples have been re-

placed by problems in Finite Differences.

H.F.
May 1959






NOTATION

P,(x) a polynomial (i.e., a rational integral function) of degree
nin x.
n(n—1)(n—2)...(n—r+1) a® ..
"e) (r (r —-)1() (r—)z) ( 3.2.1 ) 7 Where n may be positive
or negative, integral or fractional.

This is represented in other works by the symbols ( :1) or
n,; see J.I.A. vol. Lxu, p. 58.
n” nn-1)(n—2)...(n—7r+1).
There seems to be no recognized symbol for the more

general factorial n(n—h)(n—2h)...(n—7r—1h). It may
sometimes be convenient to represent this by the same
symbol n”, but in that case the symbol must be specially
defined and consistently used. Cf. post, p. 19.

1 I
(n+1) (n+2)...(n+r)= (n+7)™"

A different notation is employed in certain other works—
see post, p. 19.

ntn

Nu, the divided difference of order z. This notation is explained
b and reference is made to other notations in Chapter III.

Paragraphs and examples marked with an asterisk, thus *, are
intended for the advanced student only, and need not be read by
students preparing for Part I of the Institute Examinations.

REFERENCES

J.1.A. Yournal of the Institute of Actuaries.
T.F.A. Transactions of the Faculty of Actuaries.
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CHAPTER I

DEFINITIONS AND FUNDAMENTAL
FORMULAE

1. The function y=a+bx+cx®+...+kx" is a rational integral
function of the nth degree in x, where the indices are positive
integers, n being the greatest, and a, b, ¢ ... k are constants, of
which k40 but the others are unrestricted.

A rational integral function is also called a polynomial, and it
is convenient to represent a polynomial of the nth degree as
P,(x).

Consider the simple polynomial y=u,=1+x+x2 It is quite
easy to obtain the value of y corresponding to any value of x by
substituting that value of x on the right-hand side of the equation.
For example

¥x o1 2 3 4 5 6 7 8
y v 3 7 13 21 31 43 57 73

It will be found that for successive integral values of x in the
above table the values of y have interesting properties. If from
each value of y the previous value of y be subtracted, we obtain a
new set of figures:

(@) 2 4 6 8 10 12 14 16

and if the subtraction be performed on these figures in the same
way the new differences are

B 2 2 2 2 2 2 2

The sequence of 2’s in (B) is not a mere coincidence: it will be
shown later that when y has the value supposed all the terms in
(B) have the same value, 2, however far the series extends.

This leads us to another method of obtaining values of y. Sup-
pose that we write down the original table in a different form, and
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include in the table the two sets of figures («) and (8) thus:

x ¥y () B)

o 1
2

1 3 2
4

2 Vi 2

3 13 2
8

4 21 2
10

5 31 2
12

6 43 2
14

7 57 2

* 16
8 73

We can now find any further value of y by extending the columns
(«) and (B). We must however work from (f) to («) and then to
y instead of from y to («) and then to () as has already been done.
For example, to obtain the value of y when x has the value 9, i.e.
to obtain uy, a new 2 must be inserted in the (8) column: the new
value in the («) column will be 16+2=18, and the required value
of y will be 73+ 18=91. To find ;5 the process is continued. Any
value of y corresponding to an integral value of x can be obtained
in a similar manner.

2. The above is a particular instance of a far more general set of
operations. We have used the simplest possible numerical values
of x, namely the natural numbers, and we have evolved our
example from a known quadratic function y=u,=1+x+2% As
a general rule the form of the function is not known and the given
values of x are not necessarily consecutive integers.

8. Now suppose that instead of numerical values of x differing by
unity we have the following consecutive values of x:

a, a+h, a+2h, a+3h, ...,
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where the values of x differ by a quantity 4 instead of by
unity.

Then if the function be still y=u, the values of y corresponding
to the above values of x will be

Ugy Uginy Ugions Ugishy +oe-

In order to form a column similar to column («) above we shall
have to write down

Ugih—Ugs Ugion—Uginy Ugrsh—Ugions +ov o

These are called the first differences of the function y=u, and

are denoted b
y Aug, Ay, py Atigiops ...

where A is not a quantity but a symbol representing an ““operation”’.
Column (), being the differences of column (e), will be

(ua1~2h - ua+h) - (ua+h - ua)!

(as3n—Uaion) = (Ugion = Ugin)s

or, more shortly, A
Ugrh— Aua’

Aua+2h - Aua+hy

These are called the second differences of u, and are denoted by
Auyy, A%y, A%y op ooy

where, it must be emphasized, the symbol A? does not represent the
square of a quantity but denotes the repetition of the operation A.

Similarly, third, fourth, ... nth differences, formed in exactly the
same way, are denoted by

3 4 n
Au,, Atu, ... A™u,,

4. Before forming a difference table similar to that in paragraph 1,
it is convenient to introduce alternative names for x and y in our
equation y=u,. Where our ultimate object is to obtain numerical
values of x or y, the independent variable is often termed the
argument, and the corresponding value of y the entry,
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In a table of logarithms the number itself is the argument and the
logarithm the entry. The converse holds in a table of antilogarithms,
where the logarithm is the argument. Similarly in a table of sin «, « is
the argument and the sine the entry, whereas a is the entry in a table of

sin—1 o,

5. Our new difference table is therefore

Argument’

a
a+h
a+2h
a+3h
a+4h
a+sh

Entry

u,

Ugin

Ugron
Ugi3n
ua+4'ii‘

Uq 5h

First

differences

An,

Aua+h
Aua+2h
Aua+3h

Aua+4h

Second
differences

2.
A%,
-
2
A Ugin
2
A Ugtron

2
A Upt3h

Third

differcnces

Adu
3
A Harn

3
A Ug+2h

The first term in the table (u,) is called the leading term, and the
differences which stand at the head of the respective columns,
namely Au,, A%, A%u, ..., are called the leading differences.

6. Although we have expressed the terms in the difference table
by the use of A symbols, it is quite easy to obtain any difference
in terms of the function alone.

For example, A%, is the difference between A%u,,; and A%,

8y =A%y ., —A2
or Adu, =A%, ,—A%u,.

Again, A%, is the difference between Au,,; and Au,, or

and as

Aua =Ugrn— Uy

A%, =Au,, p—Aug,

3y — A2 2
we have Adu, =A%, ,— A%,

= Attgyop— 28055+ A,
= (ua+3h - a+2h) -2 (ua+2h - ua+h) + (“a+h - ua)

=Ugian— IUaront 3Ugin— U

= (Attgyon— Aty yp) — (Autg s, —Auy)
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7. Itis a simple matter to construct a difference table from a given

set of data.
Consider the following examples:

Example 1.

Construct a difference table from the following values, where y is a
function of «:

x y Ay Ay Ady
I
7
2 8 12
19 6
3 27 18
37 0
4 04 24
61 6
5 125 30
91 6
6 216 36
127
7 343
Example 2.

Show that, in the following table of annuity-values, third differences
are practically constant:

Argument x  Entry a, Aa, A%q, Ada,

35 14:298

—'I54
36 14144 — 004

—-158 + 001
37 13-986 —-003

—-101 ‘000
38 13-825 —+003

—-164 +-o01
39 13661 —+002

—-166 +-001
40 13495 —roo1

—-167
41 13°328

It will be observed that in Ex. 1 third differences are invariably the
same. In the second example, however, third differences are not quite
constant, although the error in assuming them to be so is very small.

2 FMAS
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The difference in the two examples lies in the fact that, while the
first function is y =3, the table of annuity-values from which the data
in the second example have been taken does not conform to a simple
mathematical law and, further, the values do not naturally terminate
with the third decimal place, but are rounded off at that place.

Example 3.
Assuming third differences constant, find the values of #, and u; from
the data: ,
x 4 5 6 7 8
u, 35 -88 171 2'90 451
Construct the difference table from the given values, and fill in the

vacant spaces in the A%, column with the constant third difference,
thus: :

x Uy A, 2u, Adu,
2 ~ +05

11
3 + 96 18

29 +06
4 + 35 24

‘53 -06
5 + 88 ‘30

83 -06
6 + 171 36

1'19 -06
7 +2:go 42

161
8 +4'51

8. Now it has been stated above that a convenient method for
expressing the difference between two successive values of a
function u,,, and u, is by the symbol A prefixed to u,, so that
Aug=u,,,—u, It will be seen therefore that to find Au, we per-
form two operations: we change u, to #,,; and subtract u, from
it. The new function u,,; resulting from the first of these opera-
tions is denoted symbolically by Eu,, and the double operation
may be written Auy=Euy—u,
This gives Eu,=u,+Au,.

Eu, may therefore otherwise be expressed as the sum of #, and
its first difference.
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Suppose that in either of the above relations the u, which occurs
in each of the terms be omitted. Then we can state that the two
operations denoted by “E” and “A” are connected by the
symbolic identity E=14A.

It must be distinctly understood that we have not “factorized
out” u, in the relation Eu,=u,+Au,, and that we must relate the
symbols to the functions on which they operate. If, therefore, we
were using the equivalence A=E—1, and we operated on the
function sin x, it would be wrong to say that A sin x=FE sin x—1.
The correct statement is Asinx=Esinx—sinx. When we are
dealing with symbols of operation we cannot treat any of them as
quantities, and on forming the algebraic or trigonometrical identity
the function must be included in all three terms. In other words,
in the identity E=1+A the 1 is a symbol of operation just
as are E and A, and its meaning is that the function on which it
operates is to be taken once without alteration.

9. In the same way as A? denotes, when operating on a function,
the difference of the difference of the function, i.e. the second
difference, so E? denotes the operation of repeating E. That is to

sa
y FEu,=E.Eu,=FEu, ,=u, o,

3, _
Euy=u, g,

and, generally, E™u,=u,, ;.

Care must be taken not to confuse the expression E2u, with
(Eug)® For example,

E? (x?) = (x+2h)* = a2+ ghx + 442,
but (Ex)?=(x+h)*=x2+2hx + A2

10. It is evident that the first difference of a function of the form
cx, where ¢ is a constant, is constant: for Acx=c (x+hk)—cx=ch,
which is constant.

Let us consider the effect of differencing a function of x of
higher degree than the first,

2-2
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Exatﬁple 4.
Difference successively the functions (i) y =bx? and (ii) y = ax3.
(i) Abx2=b (x + h)?*— bx?=2bhx + bh?,
A2bx?=A (2bhx + bh%) = 2bh (x + k) + bh?® — 2bhx — bh? = 2bh?,
and since 2bA? is constant all higher differences will be zero.
(ii) Aax®=a (x+h)® —ax® = 3ahx® + 3ah’c +ah?,
A%ax3'=6ah%x + 6ah?,
and A3ax®=6ah3, higher differences vanishing.

Collating the above results, we have that
the first differences of functions of the form cx are constant,
the second ", » » bx?
the third ’ ” ” ax®

It follows therefor# that third differences of ax®+ bx%+cx+d
are constant, for before we reach the third differences the terms
bx2, cx and d will have been eliminated.

11. The above considerations lead us to the following important
proposition:

If u, be a polynomial of the nth degree in x, then the nth
difference of the function is constant.

Let the function be

e =ax" +bx" " cx"i 4 L 45
then  Aw,=a(x+hA)"+b(x-+h)" 1 +c(x+h)" 24 ... +s
—ax®—bx" 1 —cx"2—.,.. —s
=anx™ Vh+b'x" 2+ xS . +7,

where b, ¢/, ... ' are coefficients involving /4 but not x.
Similarly,
Au,=an (n—1) x"2HE 4+ b"x" 3+ "m0+ 4+ ¢,
and so on.

Each time that we difference we lower the degree of the function
by unity. After differencing # times no terms after the first will
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appear, and we shall be left with

A™u,=an (n—1)(n—2) (n—3) ... 2.1.k" or an! k",

which is independent of x and is therefore constant.

As a corollary we may note that A"ty =o, a property of a
polynomial of the nth degree which is of value in the practical
application of the work.

The converse proposition is of importance: if the (n+ 1)th differ-
ence of a function is the first to become zero, the function is a
polynomial of not more than the nth degree.

12. It should be remembered that we are dealing here with a
particular form of function. Should the function be other than
a polynomial the rth difference will not vanish however great n
may be. Thus, we have

Example 5.
Find the nth difference of e®.
Ae® = g%+h — eT = ¢ (¢t —1),
A% = (P — 1) (e¥th — %) = €% (eh - 1)3,
Similarly,  A3e®=¢% (e —1)?,

Generally, Ame®=¢® (e* — 1), which is still a function of x, and is
therefore not constant.

13. Although it has been said that the symbols A and E are in no
sense algebraic quantities, our definitions, namely that A" denotes
the operation of differencing the function » times, and that E»
denotes the operation of obtaining a new function when the argu-
ment is increased by 7 unit differences, enable us to apply to these
symbols the ordinary algebraic laws. For example,

A(uz+uy)=uz+h+uy+h_uz‘“uy or 1tw+h—uz+uy+h—uw

which is Au,+ Au,. This relation is exactly similar to the ordinary
algebraic identity 3 (x+y)=3x+3y.
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The three simple algebraic laws are the laws of (i) distribution,
(ii) commutation, (iii) indices.
(1) Aug+v,+w,+...)
= ("z-’-h T Vpint Wegnt.. ) - (”x + U+ w,+ .. )
= (tppn = Ug) + (Vorn— V) + (Wpyn — W)
=Au,+Av, +Aw, +....
Similarly,
E(u,+v,+w,+...)=Eu,+Ev,+Ew,+....
(i) The symbols A and E are commutative in their operation as
regards constants. For if ¢ be a constant,
Acuy=cu, = cuy=c (g, p—1u,)=cAu,,
and Ecu,=cu, =cFku,,.
(iii) The application of indices to the symbols A and E may be
shown thus: "
If m be a positive integer, then A™ represents the operation of
differencing u, m times.
Ay, =(AAAA ... m times) u,,
A™ (Amy,) = (AAAA ... n times) (AAAA ... m times) u,

=(AAAA ... m+n times) 1,
=Amtny .
Similarly, E™uy =t ns

— — — n
En (E muz) =Ek" Upymh = Upimhinh= Emt e

14. In connection with the law of indices we must be careful to
define Am, An, Em ... when m and n are not positive integers. So
far, the symbols A™ and E™ are intelligible only when we can
actually perform the operations defined above and obtain the values
of the new functions. We have not yet defined these symbols when
the indices are negative. Consider for example the symbol A-1,
Since we have assumed that the symbol A obeys the ordinary
algebraic laws, A—1 must be such that A (A~u,) gives A, i.e. u,.

Let m be a positive integer. Then we define A—™u, as a function
such that if it be operated on by A™ the rcsult will be Am—my,,
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ie. #,. In the same way we have a meaning for E-™u,, namely,
that E™ operating on E-™u, produces u,. But if m be a positive
integer, E™ operating on u,_,,, produces #,_,, uz, i-€. . Therefore
the same result is obtained by operating with E™ on E-™u,, as on
%y mn- Inother words just as E™u, gives u,, .5 s0 E-"u, gives u, ..

The symbols £ and A may be manipulated in a manner similar
to algebraic quantities provided that it is always remembered that
they are operators and that they have no actual values. There are,
however, two important points in which algebraic precedent cannot
be safely followed. These are:

(1) Operators arc not commutative with regard to variables.

E.g., A (u,v,) does not as a rule equal u,Av,,.

(2) Itis fundamental in algebra that if a function vanishes, then
one of its factors must vanish. It is not true that if the result of a
scrics of operations c¢n #, is equivalent to o.u, (i.e. zero), then
some one of the operations on u, must produce o.%,. For example,
if x=o0, then x=o0; it does not necessarily follow, however, that
if A2=o0, then A=o.

In many problems it is convenient to use operators alone and to
omit the functions on which they operate. Where this practice is
followed the sign = (is equivalent to) should be adopted in place
of = (equals). Thus, Eu,=(1+A)u,, but E=(1+A).

For further information on the difficulties connected with the use of

operators the student may rcfer to ¥.S.S. vol. 11, pp. 237 et seq. (S. H.
Alison).

15. Proceeding from the definition of ditlerencing, it has been
shown that
W, p=1,+ANu,
Upjon=lgypt A"z:—i—h
=+ AN+ A (u,+Au,)
=, +28u,+ A,
Ugy3n = Ug o0+ Dty yop
=y + 281, + A2y + A (1, + 280, + A2u,)
=u,+30u,+ 30% -+ ANu,.
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"The coefficients of the various terms in these expansions are the
coefficients of x in the expansions of (1+x), (1+x)?, (1+x)® by
the binomial theorem. If we assume, for positive integral values of
n, that the general relation between u, 5 and u, and its differences
follows the same law, we can prove the truth of the assumption by
the method of mathematical induction.

Assume therefore that

Uy un=Up+ ) Al + 1) A2+ . Ry A+ A,
is true for the value n.
Then, since Up i (ui)n =Yg+ Dty

we have -

Ugy (e = Uz + "(I)Aux + ”(2)A2ux +...t n(r)Arux‘" ek An”x
+A (uy+nag) Ay +ne A%+ .. 41y A .+ A uy)

=u,+Auy (ng)+ 1)+ A%, (ngy+nq)+ ..

+ Aruz (”(r) +ng_, )) +o An+1ua:'

But N+ Np_gy=m+1)¢),
therefore
Upt (i 1)n = Uz + (n + I)(l)Auac + (n + I)(z)Aguz"l' -t (n+ !)(r)Arux

+ .. A

which is of the same form in (n+ 1) as was the original expression
in n.

Therefore if the assumption is true for # it is true for n+1.

But the theorem holds when n=1, 2, 3.

Therefore it is true when n=4, 5, ... and for all positive integral
values.

Therefore, for positive integral values of 7,

Uy =Uy+ ) Aty + 1) A2U, 4+ 1) AP+ ...+ AU, + ..+ A"

16. When the relation between the operators A and E was dis-
cussed it was stated that our definition of these operations enables
us to apply the ordinary algebraic laws to these symbols. We may
therefore use the equivalent relation

E=1+A,
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and if we operate on the function u, we shall have
Ugnn=E"uy=(1+A)" u,
=(1+nA+ng A+ ... +n AT+ +A) u,.

If we introduce the fact that the symbols follow the algebraic
distributive law, we may write

Uppnn =y + 1) Aty + 1) A2+ ...+ 1) ATu, + ..+ A"y,

which is the relation proved above for positive integral values of .

This result is true whatever the form of the function so long as
n is a positive integer. If n be other than a positive integer we
cannot adopt the binomial expansion without further investigation.
For the purposes of this chapter it will be sufficient to assume that
the relation E*=(1+A)*=1+n0A+neA%+neEA%+... holds
without restriction. The conditions of the validity of the expansion
will be discussed at a later stage (see Chap. II)

17. We are now in a position to state that if #+1 consecutive
values of a polynomial of the nth degree are given, then, by the
method of finite differcnces, we can obtain the actual function in
the form

U, =uy+ x(l)Auo + X @) A2110 + .. FXx, )A"uo,
or ux=A+Bx(1)+Cx(2)+...+Kx(n),

where the coefficients 4, B, C, ... K are obtained by inspection of
a table of differences.

Now if we are given n+1 corresponding values of x and u, it
does not immediately follow that u, is a polynomial of the nth
degree.

For example, suppose that we have the following data:

x o 1 2 3 4 5
u, I 4 9 16 25 36

Since six values are given there are the following possibilities:
(i) they may be actually given as values of the function (1 +x)?;

(ii) they may be given as values of a polynomial of the second
degree in x, and it may be required to find the function;
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(iif) they may be given as values of a polynomial of the nth
degree, where n is less than 6, and it may be required to find the
function;

(iv) they may be given as values of a polynomial without any
information as to degree;

(v) no information regarding the nature of the function may be
available. -

The answer to (ii) and (iii) is obviously u, = (1 +x)2.
The answer to (iv) is u,=(1 +x)2+61—! x(x—1)...(x—5) F, or

(14 %)%+ x4 F,, where F, is a polynomial in x which does not
become infinite at any of the points o, 1, 2, 3, 4, 5. The function

éi'x (x—1) ... (x—5) F,
will then obviously vanish for these values.

The answer to (v) is the same as to (iv) except that F, need not
be a polynomial.

It is of importance to realize that we can always find a value for
F, which will make the function u, = (1 + )2+ x ) I, agree with any
additional value whatever. For example, if 1,5 = 1975 the function
= (1+x)%+x(2° will agree with the given values and also with
the additional value which has been inserted at the point x=4:5.

Conversely we can say that whatever be the complete form of
the function of which the six given values are samples, the value
at any other point is the value of the function (1+)? at that point
with an error x@) F,. Whether the value is a good approximation
or not depends on the magnitude of F,, and we may or may not
have reason to suppose that F, is so small that it can be neglected.
It should be understood that we are not at liberty to say that
(1+x)? gives an approximate value at the point in question unless
we can give such a reason, based either on theory or on experience.

The matter is further investigated in later paragraphs, but it may be
said that in most practical cases F, is of the same order of magnitude
as A"+, for some value of x in the range under consideration. It may



EXPANSION FOR A™y, 15

(]
in fact be shown that F":{ii%é’ where ¢ is a quantity falling in the

range which includes x and the given valucs of u. (See Chap. III,
paragraph 17.)

18. If instead of writing E™=(1+A)" and expanding this by the
binomial theorem, we write A= (E —1)" and expand, a new series
is obtained:

Aruy=(E—1)"u,
=[Er—ngy BV 4 ngy B2 —ng) E" 34 L+ (= 1) ngy BT
+.. 4+ (—1)"]u,
Flp T DUy -DR TR Uz (n2)p ™ -
+(— I)r (O LPIRESY S PN +(— I)nu .
Just as the relation established in paragraph 15 enables us to
obtain the value of u, ,; in terms of u, and its leading differences,

so the above relation gives any required difference of the function
u, in terms of successive values of the function.

19. A few simple illustrations of the use of these two formulae are
given below.

Example 6.

Find ug, giver uy=—3, 1,=6, u,=8, u,=12; third differences
being constant.
The leading differences arc easily found to be Auy=9; A%uy= —7;

’
Auy=q.
U= (1 +A)% uy=(1+6A + 15A%2+20A3) 4,
=y + 6Auy + 15221, + 2043,
= —3+54—105+180=126.
Note. There is no need to continue the expansion beyond third differ-
ences, as further differences are zcro.
Example 7.

Find u,, given u,=o0, 15 =13, u;=9; second differences being constant.
Here the initial term of the known series is #,, so that in order to find
u, we must use the relation

Uy =1y o= E‘2u4 = (1 + A)"'?‘ Ug= (I —2A + 3A2) Uy
as far as second differences.
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Uy =uy —20ug +30%,
=0-6+9=3,
since Auy=3 and AZy=3.
Example 8.
From the following values of u,, calculate Ady,:
uy=3, wy=12, =8I, u;=200, uz=100, uz=3y.

Since we require only one value of Afx,, we do not need to form a
difference table, but may write at once

Ddug=(E- 1)° u,
=(E%— 5%+ 10L3 — 10E2 + ;E— 1) 4
= Eduy — 5 %y + 10E%uy — 10E%u, + 5 Euy— 1,
=5 — §Uy+ 10Uy — 10Uy + 51Uy — Uy
=755-

Note. Before we can find the fifth difference six terms of the series
must be given.

20. Separation of symbols.

In obtaining the value of E™u, in terms of u, and its differences
we have used the symbolic relation E=1+A and have expanded
(1+A)" by the binomial theorem without introducing the function
u, until the last stage. This method, in which in fact u, is omitted
from both sides of the identity, is known as the method of separation
of symbols, and enables many relations involving , and differences
of u, to be readily established. It must however be remembered

that the operators cannot really stand alone and that the operand
u, is always understood.

Example 9.
Show that
Uty +uy+...+u,

=(n+1)q)ty+ (n+ 1)) Aty + (n+ 1) (5, A2y + ... + Any,,
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Uyt u tuy+ ... +u,
=u,+ Euy+ E?uy+ ... + E™y,
=(1+E+E*+... + L") u,

[l — _

=Tt OF substituting 1+ A for E,
1+AyH—1

LS

=;& [1+(n+1)pA+n+1)g A2+ (n+1)5 A3 +... + A —1] 4y

=[(n+1)p+r+1)gA+(m+1)gA%+... +A"] u,
=(n+1)q U+ + 1) g Aty + (n+ 1) g A%y + ... + A"y,
Example 10,
Prove by the method of separation of symbols that
U=t +Auy g+ A2y g+ ANSuy g+...+ Ay +Aru,_,.
A\ En—An
P

} u,, since F—-A=1,

U, —A"uy_=u,~A"E""y, = {1 - (
1 (lm—Ar
TEn | E-A
=10 (Er 4 AE 2+ A3 L+ A Y g,
=(EV+AE 24+ AE-3 4.+ A1) g,
Suy AUy o+ A%y g+ A
S0 U= Uy AU o+ NPy g+ A, AT

Since this is true for all values of # we have the convenient formulae
U=ty +Au, ; (which is otherwise evident),
U=y + Dty o+ A%y,
Uy =ty s+ AUy o+ A%, g+Au, g,

and so on.

Example 11.
Obtain a formula based on wu, similar to that given by the relation

Eouy=(1+A)" u,.
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I\ E—A\"-* .
E"’“o=uau=E”'"“n=<E> u"=<T) u,, since E—A=1,

A\r—=
= (I —E> Uy,
=(1-AE1)y—2y,
=[1—(n—x)q) AL+ (n— &) A2E—2—...] u,;
o Up=Up— (” - x)(l) Auﬂ—l + (” - x)(2) Agun-z -

It will be found that this is an ordinary formula which could be
obtained by using the values in the reverse order u,, u,_y, t,_g, ... 4
There is as much justification for using one order as the other. It
should be noticed that the same numerical values appear in the table of
differences, but that they are in the reverse-order with a change of sign
for the odd differences. ‘This should be tested by a numerical example.

If x> n, we may use the general relation

(n—a)iy=(—1)'(x—n+I-1)q
and write the formula as
U=, +(x—n) Aty s+ (x—n+1)g) A%, o+ ...,
where the coefficients are positive and are those in the expansion of
(1—AE 1)y any,,

Example 12,
Find the value of

Ax™ —FAZxm + I3 Asx"" i 5 Abym 4 ... to m terms.

Since A™+1x™ and hlgher differences of a™ are zero, the sum of the
series to m terms is the same as the sum to infinity.
Onmitting the function ¥™, and working on symbols alone, we have

A—par4 i3 ps L33 a0y o (1—§A+ﬂ pr_t:3-5 ey )
2.4 2.4.6 2.4 2.4.6
% 3 % 358
=A <1—4A+-~'—2~ pr_E:E0E A3+...)
Py 3!
=A (1+A) =AEE,
The value of the given series is therefore
AEHam=A (2= 3" =(x+ )"~ (x - )",
if the interval of differencing be taken as unity.
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Further examples of the application of the method of separation

of symbols to the operators A and E and to other operators will be
found in Chapters VI and VII.

21. Factorial notation.

For many purposes it is useful to use a notation for the product
of m factors of which the first is x and the successive factors decrease
by a constant difference.

Generally,

2™ =x (x— k) (x—2h) (x—3h) ... (x —m—1h).
For convenience in working we shall take A=1. Then, if
M =x(x—1) (x*—2) (x—3) ... (x—m—1),
AxM=(x+1)x(x—1)... (x—m—2)—x(x—1) (¥ —2) ... (x—m—1)

=mx (x—1) ... (x—m—2)

= mx(m‘l).
Similarly A0 = (m — 1) £,
and, eventually, Amxm) =41,

Again, from the definition of x™,
XM = (x —m + 1) xlm=D,
. when m=o0, a@=(x+1)aD,
By convention, %0 =1,
1=(x+1) a0

or av=_T
X+1
When m= —1 A0 = (4 2)(D,
2D I
so that = = .
x+2 (x+1)(x+2)
1 1

-m) . _ —_—— s
Generally ¢ (x+1)(x+2) ... (x+m) (x+m)m*

This notation, adopted by Aitken and Milne-Thomson, differs from
that used in Boole’s Finite Differences, Steflensen’s Interpolation and
Freeman’s Actuarial Mathematics. It has the advantage that, for any
value of x, the relation ,(n (x —r)im) = glmr)
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is valid for all integral values of r and m, whether negative, zero or
positive, provided that division by zero is not involved.

By proceeding as above it can be shown that
Axtm = —pxmFD;  A2x-m) =gy (m+1) xmER)
and so on.
It should be noted that the result of differencing x¢™ is to

increase ‘the degree of the denominator, and that, as a result,
Amx(=m) js not constant.

A special case of x™ is where x is a positive integer. We have then
that
A xm =y (x—1) (x=2) ... x—m+1)=xlj(x—m)] or %P,.

It is also of interest to note that the result of differencing x™ is
analogous to that of differentiating ™. We have

Ax™ =mx™-1  and Dx™=mx""1,
Am ) = | and Dmxm=ml
Similarly we have
AT %y =2y and A™x,,=1I.

These relations are very important.

Note. In the demonstrations above Ax has been taken as unity. If
Ax=h, then Ax'™ =mhx™1 A2x™ =m (m— 1) h*x'™D and so on.
The general principles are the same.

Example 13,
Express 24% — 342+ 34 — 10 and its differences in factorial notation.
Let
U,=2x3—3x2+3x—10=Ax (x~1) (x—2)+Bx (x— 1)+ Cx + D.
Putting x =0, 1, 2 in succession, we obtain easily that
D=-10; C=2; B=3.

By equating coefficients of #° on both sides of the identity we find
that A=2.

S 288 —3x 4 30 — 10 =24 4+ 3x(D 4 251 — 10,
Any=6x2 + 63V 42,
A%y, =125V 16,
and Auy=12.
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22. An alternative method for expressing P,(x) in the factorial
notation is by use of detached coefficients. By this method any such
function can be written down in the form

Ax™ 4 Bx=D Cx(n=2)p | 4+ K
with very little trouble.
The principle can best be illustrated by an example.
Example 14.

Write down 114*+ 5x% +2x%+x — 15 in factorial notation.
Let

Uy =116+ 5a% +2x2 + 0 — 15 = Ax + Bx® 4 Cx@ 4 DxV 4 F
=Ax(x—1) (x—2) (x~3)+Bx (x—1) (x—2)

+Cx(x—1) - Dx+ L.
If we divide u, by x, the quotient will be

118+ 52+ 2x+ 1
and the remainder —15 =L,

Divide 1123+ 5%*+2x+1 by x—1:

x—1 | 1128+ §x%+ 2x+ 1| 11x%+416x+18

11x’ —r1a?
16524+ 2x
16x% — 16x
18x+ 1
18x—18
19 =D,

Divide 1142+ 16x+ 18 by x—2:

x—2 | 11224+ 16x+18 | 11x+38
1152 —22x

38x+18
38x—76
94 = C,
and so on.
The above processes may be appreciably shortened by adopting the
following procedure:
(i) omit the x4, x3, #2, ... and work on coefficients alone;
(i) change the sign of the constant term in x—1, x—2, ¥~3, ...,
so that addition takes the place of subtraction.
3 FMAS
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The required remainders can then be easily obtained. Thus:

I 11 5 2 I -15
o 11 16 18

2 11 16 18 19
o 22 76

3 | r 38 | 94

. o 33

4 I1 71

o

I
s =11at + 528 4 202+ - 15 =11 310 4946 +1gat — 15,
This short method is the method of detached coefficients and

is of particular advantage in solving certain problems in summation
of series (see Chap. VI).

28. It is often simpler, and in some cases more practically useful,
to express P,(x) in terms of x., %,y ... rather than in terms of
x®), x-1) . This can easily be done by evaluating u, u;, #,, ...,
forming a difference table and then using the formula given in
paragraph 15. Thus, using the polynomial in Example 14, we have

x Uy Au, Ay, Au, Atu,
o —15
19
1 4 188
207 426
2 211 614 264
821 690
3 1032 1304
2125
4 3157

whence u,=2064x4) + 426x+ 188x4+ 19xy—15. The arithmetic
can be made even simpler by using ...u_y, #_y, %, %, ;... and
inserting the constant difference for the purpose of obtaining the
leading differences of #,. In the case of the polynomial considered
above, the constant difference will be Atu,, and it is instructive for
the student to rework the example on these lines.
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EXAMPLES 1

By constructing difference tables, find:
1. The sixth term of the series 8, 12, 19, 29, 42, ....
2. The seventh and eighth terms of the series o, o, 2, 6, 12, 20, ....

3. The first term of the series whose second and subsequent terms
are 8, 3,0, —1,0, ....

4. The entry corresponding to the argument 3 from the table:

x (argument) 5 6 7 8 9 10

y (entry) 10°1 181 29'5 449 649 9o°I

5. The tenth term of the series 3, 14, 39, 84, 155, 258, ....

6. Given that y =% —x2 4 x + 10, verify by constructinyg a difference
table that the vaiue of y when x=10 is 920. Use the following values
of x: 1, 2, 3, 4, 5, 6 ar.d the corresponding values of y.

7. Prove that uy=uwus+ Auy + A%y + A3u,.

8. Find A%u,, where u,=ax*+bx*+cx+d and the interval of
differencing is /.

9. #,is a polynomial in x, the following values of which are known:
U, =tuy;=27; uy=78; u;=169. Find the function u,.
10. Obtain A [(1 —ax) (1 —bx?%) (1 —cx®) (1 —dx?)].

11. Find Aab®® and A2ab°*. Hence sum the first ten differences
of ab®>,

12. What are the functions whose first differences are (1) x; (2) ¢=;
(3) 92 +32

13. uy,=(sx+12)/(x*+520+6). Find Au, and A%u,.

14. #y=—(x—1)"1(x—2)"1. Find Au,.

15. yy=(12-%) (4+%); w=(5-%)(4—%); #=(x+18)(x+6);
#,=94. Obtain a value of x, assuming second differences constant.

16. Find A™u,, where u, is (1) ax™ + bx™-1, (2) e%*+0,

17. Show that wy=uy+4Au,+6A%_;+10A%_, as far as third
differences.

18. The first four terms of a series are o, 5, 16, 30. Find the sixth
term, using the relation in Qu. 17.
aZm + a4m
. o @2 +a*®
19. Find the value of A [(aﬁ— 1)2] .
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20. Obtain the function whose first difference is
x3 4+ 3%% 4+ 50+ 12.
By means of the relation u, = (1 +A)* u,, find
21. Uy given uy=3; Uy =14; Uy =40; t3=86; u,=157; u;=258.
22. Ug GIVEN Uy =25; U =25; Uy =223 Uy =18; uy=15; u;=15.
23. Ug given uy=1; Uy =11; uy=21; 1;=28; ug=29.
24. The tenth term of the series 1, 37, 61, 77, ....
25. The eleventh term of the series 1, 4, 13, 36, 81, 156, 269, ....

26. Prove that the rth difference of a polynomial of the nth degree
is a polynomial of the (n—r)th degree if 7,<n. What happens when
(1) r=n, (2) r>n?

27. Define the functions x™ and x~™), Obtain their nth differences,
distinguishing between the cases when n Z m.

28. Represent the fiinction % — 12x% + 424 — 3ox + ¢ and its succes-
sive differences in factorial notation.

29. Find A™u, where u, is
(i) (ax+d) (a.x+1+b) (a.x+2+b) ... (a.x+m+b) given m>n.
(ii) [(ax+b) (@.x+1+b) (a.x+2+b) ... (a.x+m+b)].

30. Obtain A sin x, A tan ¥ and A (% +cos x) where the interval of
differencing is a.
A2y,

Fu, and find the

2
31. Explain the difference between (%) u, and
values of these functions when u, =3,

32. u,=sin #. Show that A% =kEu, where k is constant.

33. Prove that A (tan—! x)=tan‘1{ where & is the

_h
1+xh+x%)’
interval of differencing.

Use the method of separation of symbols to prove the following
identities:

34 wyx+uyx?+ugxd ...
2

X x »® o,
—-:xul'f‘(l_x)zAul"‘(I_x)aA u1+-no

350 AMby n =y =Ny Uy + N Uy g~ Ny Up gt

36, Uy =ty + ) Aty s+ (%4 1)) A%y g+ (X +2)(35) A%y g+ veee
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37 Uo+ X Ay +x(0) A%y + x5) Ay +

=ty + Xy A2y 3+ X0 AUy o +....

x? %3
=¢° uo+xAu0+;iA2u(,+g~|A3u0+... .

1 1,
39. u‘,,—uam+ua¢+2—um+3-f'...=—2 “x—§—§A Uy g

+{§!3<3> Aty ] _3|_s_(8> A“ux_7+...],

40, Upy =My 205,y + gy 2%, o — oo+ (—2)* Uy =(—1)" (c—2an),
where u,=ax*+bx +c.

41. u,—-gA “1“8 6A4ud,,_2 g 654A6uz_3+

=ty p = 3Auy g+ AR g — Ny

42. Find the relation between «, 8, y in order that o + 8x +yx* may
be expressible in one term in factorial notation.

43. Sum to n terms
1.28%" —2.3A%7 4+ 3.4A%" — 4. 5A% + ...

44. If u, be a polynomial in x of the third degree and Ax=1, prove
that x(®
1, =1y + xA1y+ A 1y + 31 Ady,,
45. Prove that
U+ Ny Uy &+ T g) Ug X%+ Mgy g X3 .

=(14+%)" uy+ngy (1+%)*1 xAuo + 1) (1+X)"2 2 A%, + ..

46. If n be a positive integer, prove that u, is the difference between
the two series:

i)ty + (n+ 1)) A%y + (1 +2) 5 Aty + ...
and (n— 1)ty + 15 A%u_y + (4 1) 5 Atu_g+ ...



CHAPTER II

INTERPOLATION WITH EQUAL
INTERVALS

1. Interpelation may be defined as the operation of obtaining the
value of a function for any intermediate value of the argument,
being given the values of the functions for certain values of the
argument. The process has been picturesquely described by Thiele
as “the art of reading between the lines of a table”’. Where the form
of the function y=1u, is known or can be deduced from the given
values, the ordinary algebraic process of substitution can be used
and the required value obtained with little difficulty. In actuarial
work the relation cofnecting the function and the independent
variable is seldom simple or evident, and it is then that recourse
must be had to finite difference methods.

2. Before proceeding to examine the practical aspect of inter-
polation the question of negative and fractional values of # in the
expression (1 +A)"u, must be considered. The proof of the identity
Uy nn=(1+A)"u, by means of operators or by induction, as in the
previous chapter, ceases to have a meaning if z is negative or
fractional, since the reasoning assumes that the argument x advances
by steps of % at a time. The assumption that, so long as the ordinary
algebraic rules are followed, the expansion is true for all values of
the quantities involved and not only for certain specified values,
is not necessarily true, and an analogy can be drawn between the
application of the binomial theorem to algebraic quantities and to
operators. For example, the expansion (1 +x) is only convergent,
i.e. is arithmetically intelligible, for negative values of n, provided
that x is numerically less than unity.

Thus (1—x)2=1+2x+3x2+4x3+...+7rx™1+... leads to an
absurd result if we put x=2, for then we should have

(1) ?=14+4+12+32+...



EXPANSION OF (1+A)"u, 27
which is impossible, since
(=02 =1(-0P=x,
Similarly, in some cases there is no possibility of expanding
(14+A)™ u, by the use of the binomial thcorem.

Consider the two following series of corresponding values of
x and u,:

(@) x o 1 2 3 4 5
u, 1 4 9 16 23 36

Then to find the value of, say, »; we shall have

wy="hy=(1+A)} u,

=1y + HAuy+ ( -1) Ay +

The leading differznces are Auo=3 and A%uy=2, higher differ-
ences being zero.
( 5= I)

=145+

3
——-I+ 4—4,

which is otherwise evident, since #, is (1 +x)?, and, for the value

(i) x o { 2 3 4 5
A I 5 25 125 623 3125

This is evidently a geometrical progression and the function
from which the values are derived is y=u,=5%. If we attempted
to express u, as a polynomial in x so that

uy=a+bx+cx®+dxe3+

and then applied the relation E™uy=(1+A)*u, for the value
n=14}, we should obtain as above

wy=Etuy=(1+A) u,

=u0+§Auo+%—(%2—!_—l—) Alug+ ...

Here the leading differences are 1, 4, 16, 64, 256, ... and tend to
become successively larger. But ;= 5t=2-24 approximately, and
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this cannot be the same as the divergent series found by expanding
(14 Ay,

Hence unless the function is capable of being expressed as a
polynomial in ¥ we cannot use the relation E*=(1+A)" for the
value n=%.

3. Let us now consider the problem more generally. If u, be a
polynomial of degree % in x, we may write

uy=a+bx+cx*+ ... +pxk.

If we adopt the binomial expansion of (1+ A)" for expressing u,
in terms of %, and the leading differcnces of %y, namely,

w, =y + %) Mg+ %) A%+ ... + Xy AT+ ...

we have two series for u, which are equivalent for more than %
values of the variable; since they are true for all positive integral
values of x.

Hence by a well-known algebraic theorem, they are true for all
values of x, positive or negative, integral or fractional.

Therefore so long as u, is a polynomial in x the binomial expan-
sion is valid for all values of x. It is not necessarily valid for other
forms of function, and we are led to the conclusion that we can
expand u, ., in terms of Au,, A%u, ... A'u, ... for all forms of
the function if # be a positive integer, but for other values of 7z only
if #,, 3 is a polynomial. (Cf. Chap. I, paragraph 17.)

4. All finite difference formulae which are employed for the pur-
pose of interpolation are based on the hypothesis that the functions
in question can be represented by polynomials, i.e. by rational
integral functions, with sufficient accuracy for the purpose in hand.
This assumption is the justification for extending the formulae
to fractional intervals: the processes to be explained in this and
subsequent chapters are simply various methods of carrying out
the calculations based on these assumptions. One special advantage
of these methods is that it is unnecessary to fix in advance the
degree (n) of the polynomial; the interpolation formulae will be
in such a form that to increase z will merely involve the intro-
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duction of a fresh term without affecting the other terms. The
introduction of additional terms however will not necessarily im-
prove the approximation or justify the assumption, although it will
generally do so. Fortunately, in actuarial work the functions with
which we deal are usually such that the assumption is sufficiently
accurate for our purpose.

5. In applying the formula in paragraph 3 to a given set of data
the following points should be noted:

(a) If the basic curve is y=a+bx+cx2+...+kx"1 there will
be n constants, and in order to determine these constants z equa-
tions are necessary. For there to be 7 equations, values of y
corresponding to # values of x must be given. Therefore either n
points on the cuctve, or # other corresponding relations between x
and y, must be known. In that event the curve will be of degree
n—1, and nth and higher differences are zero.

(8) Our investigation has been confined to equidistant values
of the argument. If the given values are not equidistant a formula
slightly different in form from the expansion (1+A)®u, can be
developed with a modified method of differencing (see Chap. III).

With regard to the statement (a) above that for a curve of degree

n—1 there must be 7 facts given, it is not essential that z points on the
assumed curve must be known. We may have given, for example, three

. . . . u
points and two values of the differential coefficient Ex—x Here we have

five facts; we assume therefore a fourth degree curve, so that fifth and
higher differences are zero.

6. Newton’s formula.

The formula w,,,,=u,+nqAu,+neyA%,+... is known as
Newton’s formula, and is the fundamental formula for inter-
polation when the given values are at equidistant intervals. The
expansion can be applied to solve many forms of the problem of
interpolation.

The following variations of the problem may arise:

(i) Where there are n equidistant terms and it is required to find
an intermediate term.
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(ii) Where there are 7 equidistant terms of which # — 1 are known
and it is required to find the missing term.

(iii) Where there are n equidistant terms of which n—r are
known and it is required to find the r missing terms.

Note. Some modern writers have adopted the name ‘‘Newton-
Gregory formula” for the above expansion, as the first publication
appears to have occurred in a letter from James Gregory to John Collins

on 23 Nov. 1670. The letter is given and the question of Newton’s
priority is fully discussed by D. C. Fraser in ¥.I.4. vol. L11, pp. 117-35.

7. Examples of the variations referred to above are given below:
they are all solved by assuming the last difference constant.
Example 1.
The values of annuities by a certain table are given for the following
ages:
Age x ., 25 26 27 28 29
Annuity-value a, 16:195 15919 15630 15326 15°006
Determine the value of the annuity at age 273.

Five values are given: we must therefore assume that fourth differ-
ences are constant. The diflerence table is

x a, Aa, Aa, Ada, Ala,
25 16°195
~-276
26 15°919 —-013
—-289 —+002
27 15-630 —-01§ +-001
—+304 —-001
28 15-326 —-016
—+320
29 15°006

The leading differences correspond to the argument x=25 and we
require the entry for age 274. Our formula is therefore

aﬁ‘li‘:Ez* ay;=(1 +A)2* ass
= [1 +2sA+ T2 A2 BITIS XS pe

25x15>< 5x(:-__5~) ]
24
=ay5 +2°5Aa,5 + 1-875A%; + *3125A%,; — *03906A %,
=16-195 — 6900 — *0244 — *0006 — -00004
=15'480.
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Note. Since the data are given to three places of decimals, sufficient
figures have been used to give three places only in the result. Since our
interpolation is based on an assumption, namely, that fourth differences
are constant, a result to more than this number of decimal places would
be unjustifiable.

Example 2.

From the following data find the value of u,,:

e =19'2884; u3=19'5356; uy=106513; u,=19"7620.

We cannot form a difference table, since the given terms are not
equidistant. As however four terms are available we may assume that
third differences are constant, and that as a consequence fourth differ-
ences are zero.

If the function is 3 =, we assume therefore that A%y, =0 whatever
the value of x. We may write

Atug=o,
i.e. (E—1)*ug=o0,
or (Er—4JB3 4+ 6E%*—4E+ 1) uyg=o,
i.e. Uy — 4idge + Oty — 4UUgy + 1145 =0,

so that 197620 —78:6052 4+ 117°2136 — 41, + 19-2884 =0,
from which Uy = 19°4147.

Note. As mentioned above, all the given terms are not equidistant.
The method however depends upon the fact that the term required
makes up in all five equidistant terms.

Example 3.

Complcte the following table:
x 20 2°1 22 23 24 2°5 26
u, ‘135 ‘IIT  -I00 ‘082 -074

This is similar to Ex. 2. Instead of using the assumption once that
Abu, =0, we write down two cquations of the same form, thus

ASuyo=0, sothat (E-—1)°usqe=o0,
and Ay, =0, " (E—1)° up,=o0.
Our two cquations then become
Ug.5 — §lg.q+ 10Uy 3 — 10Ug.g+ Slég.q — Ug.g =0,
and Ug.q — SUg.5 -+ 10Uy 4 — I0Uy.3 + Slly.g — Up,y = O,

since the interval of differencing is o1,



32 FINITE DIFFERENCES
Inserting the known values of u, and solving, the required values are
easily found to be u,., =-123 and .4 =09o.

Note. The function in this question is y =e~* and the tabular value
of u,., is 091 correct to three decimal places. This difference is due to
the fact that our assumption that the curve y =u, is a polynomial of
the fourth degree in x is only approximately true.

8. Change of origin and scale.

If we had plotted the curve y=u, on which the values of u, in,
say, Example 2 were assumed to lie, we should have had values of y
corresponding to values of x at 46, 48, 49, 50. Precisely the same
curve would result, however, if we changed the origin of our co-
ordinates so that 46 was represented by tht value x=o0, 48 by x=2,
49 by x=3 and so on, the unit of x being unaltered. This process
of changing the origin simplifies our notation considerably. In the
examples above we could have changed the origin alone, or both
the origin and scale, and could have altered the questions to read:

Ex. 1. Origin at age 25 Given u,, uy, y, iy, 1,
Unit of differencing 1 year of age Required u,;.

Ex. 2. Origin at x=46 Given ug, uy, Uy, U,
Unit of differencing x=1 Required u,.

Ex. 3. Origin at x=20 Given uy, u,, u,, ug, ug
Unit of differencing x =1 Required %, and u,.

9. If in Newton’s formula
Upinh=Ug T n(l)Auz tne) Azua: + n(3)A3ux +...
we put ~=1, x=0, and replace # by x, we obtain the series
U, =ty + xq) Dty + X o) Ay + X q) APty + ...

This is generally called the advancing difference formula, and gives
u, in terms of u, and its leading differences, where the interval of
tabulation is treated as the unit abscissa.

If, however, we wish to obtain u, in terms of u_,, and its leading
differences, we may write the formula

Up= Uy (n ) = E" U= (1 +HAY™U_p,
=U_p+ (n+x)q) Du_y+ (M4 X)) A2u_y,+ ...
+(m+x)) ATu_p, + .



SUBDIVISION OF INTERVALS 33

It is often more convenient to use this formula than to obtain u,
in terms of #, and differences of u,, the advantage being that thereby
we can make use of values of the argument on either side of .

In some cases, particularly when dealing with the summation of
certain series, it is expedient to represent the first term by u, rather
than by ). If in Newton’s formula we put A=1, x=1 we have

Uy =1y +(%— 1)) Auy + (X — 1) ) A%y +
or Upp =t +xq) Ay +x0) A% + ...,

and these formulae can be used for the summation of the series
uyt+ug+ug+.... (See Chap. VI, paragraph 2.)

10. Subdivision of intervals.

A frequent problem in actuarial work is the interpolation for
values of u, at intervening points given every fifth or tenth value of
the function. For example, the problem may be to complete the
SEries 1, Uy, Uy, U, ... from the known values u,, ug, uy9, uy5, ... or
from w,, uy,, g, s, ...

A simple mcthod for obtaining the intervening values where
quinquennial values are known is given below.

Let du, denote the difference for unit intervals of x and Au,
denote the difference for quinquennial intervals.

Then u,,; may be expressed as either (1+8)%u, or as (1 +A) u,.

Symbolically (1+38)°=1+A,
ie. (1+38) =(1+A)%,
or d=(1+A) 1.

From this relation we can find easily that
du, =(2A—-08A%4-048A3—...) u,,
Hence 8%, =(-2A —-08A%+ 04843~ ...)% u,
= (104A%—-032A3+...) u,.
Similarly 8%, =(-008A3—...) u,.
The same principle can be adopted if decennial values are
known. In that event Au,, A%, ... will represent differences for
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decennial intervals, and the individual differences will be found
from the identity §=(1+A)% —1.

An example will show the application of the method.

Example 4.

From the following table of yearly premiums for policies maturing at
quinquennial ages, estimate the premium for policies maturing at all
ages from ‘45 to 50 inclusive:

Age x 45 50 55 60 65
Premium 2:871 2'404 2083 1-862 1712
The leading differences for quinquennial intervals are
Au, A%y, Adu, ) Aty
— 407 + 146 —-046 +-017

The formulae required are
Suy= (-2 —*88A2 + -048A% - -0336A%) 1, = — 1078592,
8%, = (-04A% — 03243 4 +0256A%) u, = + 0077472,
83u, = (-008A3% —-0096A*) u, = — 0005312,
8%u, = 0016A%, = + -0000272,

assuming fourth differences constant.
We have therefore by completing the table of differences,

Age u, Suy, 8%u,, 8u, Su,

45 2871
—-10786

46 27763 +-007747
— 10011 — 0005312

47  2°663 ++007216 + 0000272
~ 09290 — *0005040

48  2-570 +-006712 + 0000272
—-08618 —+0004768

49 2484 +°006235
—07995

50  2°404

Note. Since we require the value of the premium to the nearest
penny, three decimal places will be required in the u, column. In this
example, for results correct to three figures, four decimal places will be
needed: du, must therefore be given to five decimal places, 82u; to six
and 8%, to seven, since errors in higher differences accumulate rapidly.
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Given the following data (), find the missing term or terms (b):

I.

SRSV S

9.

(@) uy=3580, 1, =556, uy=520, u3=385; (b) %

(a) u, =386, u;=3530, u;=810; (b) u,; u,.

() uy=150, Uy =192, Uy=241, 4, =374; (b) us.

(a) uy=94, u3=265, us=415; (b) 13 uy.

(@) uy=06021, uy = 5229, U3 =4559, #,=3979; (b) 3.

(@) us50=92345, 153 =91556, ;5 =00748, 155 =88204; (b) ts3; sa-
(@) u_y=202, uy=175, u; =82, u,=55; (b) u.

(@) uy=o0,u;= 13, uy=10, tty = 34, u; =209, ug=1002; (b) uy; uy; u,.

(@) ug=192-1, u;=187'5, u,=1847, u3=1846, uy=1946,

Us=199'4, Uy =212"7, Uy=224'3; (b) tg; Ug.
10. (a) 1y=98203, u;=97843, Uy =97459, #3=97034; (b) tp.5.

11. The numbers of members of a certain Society are as given in the
following table:

Year Number

1910 845

I9IT 867

1912 Make the best estimate
1913 846 you can of the
1914 821 numbers in 1912 and
1915 772 1916

1916

1917 757

1918 761

1919 796

12. Find pgg if pgo=-98428, ps =-98335, psa=98008, pss=-97877.

13. If uy, u,, u,, ... ug be consecutive terms of a series, prove that,
if fifth differences are constant,

Ug = 05ty — *3uy + *7 5y + 75Uy — *3U5 + "O5Us.

Supply the missing term:

Uy =72795 u,=067919
%, =71631 u;=66566
Uy =70458 ug=65152,



36 FINITE DIFFERENCES

4. Ugg; =2°37107 Upyn =2"37474

) Uy =237291 g3y =2°37658.
Flnd u235‘03‘

15. Given uy= —-5, u; = — 484, u;=o0, uz=-256, find the missing
terms.

16. Given the following data: uy=o, u;y= 15, 4y, = 50; estimate u;.

If you were given in addition u;= 35, how would your estimate be
revised? Illustrate your answer by a diagram.

17. Find the value of an annuity at 53 per cent. given the following
table:

Rate per cent. Annuity-value
4 1729203
4% 16-28889
5 1537245
53 14'53375
s 6 1376483

18. Obtain approximations to the missing values:
® 50 51 52 53 54 55 56
f(x) 3684 3756 3780 3803 3:320
19. Thearea 4 of acircle diametcr d is given for the following values:
d 8o 83 90 95 100
A 5026 5674 6362 7088 7854
Find approximate values for the areas of circles of diameters 82 and
91 respectively.
20. Calculate the value of sin 33° 13’ 30" from the following table of
sines:
angle &° 30 31 32 33 34
sin #° '5000 ‘5150 ‘5299 5446 5592
21. Upy=2459; Ugpy=2018; uy;;=1180; ug=402. Calculate the
values of ug, and u,.

22. From the data in Qu. 21 complete the table for values of u,
corresponding to individual values of x from 75 to 85.

23. Four values of a function at decennial points are given. Express
du,, 8%u,, 8%, (the differences for unit intervals) in terms of the differ-
ences of the function for decennial intervals.

Find the values u, to #, inclusive, given uy=0, u;,="174, 1y, =347,
Ugo="518.
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24. ug=23"1234; ug=23"7234; #13=246834; ug=26-1330. Com-
plete the series u, to ug.

25. If you were asked at very short notice to obtain approximate
values for the complete series f (o), f (1), f(2), ... f(20), being given
that f(o)=-o013, f(10)=-248, f(15)=-578, and f(20)=-983, what
methods would you adopt, and what value would you obtain for f(9)?

26. Uy +Ug=1'9243 Uy +ug=1-9323

U+ u;=1'93590 Uy + us=1-9950.

Find u,.

27. Tables are available giving premiums at age 40 at the following
rates per cent.:

Rate per cent. 3 3% 4 4% 5 6
Py 025891 024654 ‘023517 -022470 -021509 °*0IQ8II
It is desired to obtain Py, at 5} per cent. Obtain this, using

(«) two of the above values; (B) four of the above values; (y) six of
the above values.

28. Given
10 10 10
2 f(x)=500426, & f(x) =329240, T f(¥)=175212 and [ (10) = 40365,
1 4 7
find f (1).

20. Uy =1; ty+ 1y =541; Ug+us+ug=1847;

Uy + g + 1ty + g + gy + g = 90" 30.
Find the value of u, for all values of x from 1 to 12 inclusive.
z=10
30. If you were given #, u;, 4y and X u, how would you complete

r=1
the table of u, up to u,?

31. Given uy=117'7; #,=110'§; ty=102"7; U;g="75'4, obtain the
values of u, for all integral values of x from o to 10.

32. Obtain the following relation between nine terms of the series
represented by u, u, ... Uy:

ug =4 (ug+1tg) — 3 (g +17) + 5 (ta+ts) =75 (41 + o),
and find u;, given
uy=74556; u="55938; us=-42796; u4="32788; ug='18432;
u;=+13105; wuy=-08828; wg=o.
4 FMAS
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33. It is asserted that a quantity, which varies from day to day, is a
rational and integral function of the day of the month, of less than the
fifth degree, and that its values on the first seven days of the month are

30, 30, 28, 25, 22, 20, 20.

Examine whether these assertions are consistent. If so, assume them to
be true, and find (1) the degree of the function, (2) its value on the
sixteenth of the month.

14

34. Extrapolation may be defined as the process of obtaining further
terms of a series as opposed to interpolation, which is the process of
finding intermediate terms.

The values of a certain function, corresponding to the values 4, 6, 8,
10 of the argument are 914, 742, 605, 500 respectively. Extrapolate to
calculate the value of the function corresponding to the value 11 of the
argument.

35. Given u,=1876, u; =777, u;=19, ug= —218, interpolate the
values of u,, u, and'¥;, and find the form of the function, assuming it
to be a rational integral function.

36. Show that Newton’s formula
Uy = 1t + %q) Aty + 29y A2y + 23y Aty + 24 Aty + ...
can be put into the form
Uy =ty + x Auy — xa A%uy + xab A3uy — xabc Auy + ...,
where a=1-% (x+1), b=1-%(x+1), c=1—-}(%+1)etc.

Hence show that the successive coefficients converge slowly and
tend eventually to numerical equality.



CHAPTER III

INTERPOLATION WITH UNEQUAL
INTERVALS

1. In the previous chapter formulae have been developed on the
assumption that the argument proceeded by equal intervals.
Although in actuarial problems the data are generally given at
equidistant intervals of the independent variable, it sometimes
happens that we are required to interpolate when values of the
function are known for unequal intervals. In other words, instead
of values of u, for arguments x+#4, x+2h, x+3h, ... being given,
the known values correspond to the arguments g, b, c, ..., where
a—b, b—c, ... are not necessarily equal.

2. Divided differences.

Since we cannot use the differences as hitherto defined, we
adopt a special process involving the argument as well as the entry.
The differences obtained by this process are called “‘divided”
differences, and are found in the following manner.

Let f (x) =u, be given for the values x=a, x=05, x=¢, x=d ...,
where the intervals need not be equal.

Then we have

(i) First divided differences:
Up—Ug, Uy, Uil
b—a’ ¢-b’ d-c
which may be written as
f(®,a); f(c,bd); f(d, c); ...
(ii) Second divided differences:

fle,b)-f(,a), f(dc) —fb (¢, b)

»

c—a d

.
y coo

or f(c, b,a); f(dcb); ...

42
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(iif) Third divided differences:

f(d,c,b;:];(c,b, a); ... or f(dyc,b,a); ...

3. Notation for divided differences.

There séems to be at present no universally recognized notation
for divided differences. There are objections to the many forms
in practice. For example, A'w,, representing (u,—u,)/(b—a)
(Freeman’s Actuarial Mathematics, p. 57, and Henry’s Calculus and
Probability, Chap. VIII), has the disadvantage that the dash is apt to
be confused with the index (cf. A"%u, and A'?u,). A preferable form
A (a, b), A2%(a, b, ¢) ... is clearer, but departs from the recognized
symbolical notation in that the function #, on which the divided
difference symbol opéfates is not present; this renders the notation
unsuitable for elementary work. The method adopted in paragraph 2
above is simple, and where there is no ambiguity with f (x, y),
representing a function of two variables, there is no objection to its
use. This notation does not, however, conform with the A notation
for differencing when the intervals are equal and to that extent it
is hardly satisfactory.

The following are some alternative notations that have been used:

Arguments Function Divided differences
(1) a,b,c... Ugy Uy, Ug ... A(a,b), A(d,c), A%(a,b,¢) ...
(2) a,byc... g wy, u,... (a, b), (b, ¢), (a,b,c¢) ...

(3) %o X1, Xy ve [ (%), [(%0), [ (%) oo S (o %), f (%15 %), f (%o, %1, %)
(4) %0, %y, %y.ee [ (%0), £ (1), f (w2) - [0, 1], [, %), [¥oy %1, %] -
(5) ag ay, ay... Ay Ay, 4,... 04,, 04,, 0°4, ...
(1) D. C. Fraser, (2) W. F. Sheppard, (3) J. F. Steffensen,
(4) Milne-Thomson, (5) De Morgan.

The notation that we shall adopt is due to Dr A. C. Aitken
(Proc. Roy. Soc. Edin. vol. Lvi11, pp. 169 and 175) and has all the
advantages possessed by the ordinary difference symbol.
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The convention and definition are
Bitg= (1= 1)/(a=D)

U, u,
a—b+b—a'

MNu,= A (Aw,)
be c b

1 u, u, 1 (u,  ow
Ta—c {a—b+b—a} iz {c—b+b——c}
u, u, u,
T@=5) @9 -0 —a b’
Similarly it may be shown that

Alsu —_ U, + Uy
ved & (a—=b)(a—c)(a—d) (b—c)(b—d)(b—a)
u, U,
Te—d)(c—a) (=B " [d=ad) [@-b) ([d—0)

The symmetry of these differences is apparent and suggests
that the property holds for a divided difference of any order.
This is in fact true and the general proposition may be proved in
many diffcrent ways.

It may be proved by induction, by actually arranging the co-
efficients or, incidentally, in establishing another important pro-
position, namely that if u, is of the form P, (x) then A"u, is
constant (see paragraph 6).

An elegant and succinct proof, based on the permutability of
the arguments, is due to Dr Aitken, and is given below.

*4, By definition
Auy= (1, —u,)/(x—a)
a
= (ua - ux)/(a —x) = Au,.
x
The suffix of the operator and the argument of the operand are
therefore interchangeable. Also, if #, is of the form P, (x), by the

remainder theorem x—a is a factor of u,—u, and it follows that
Au, is of the form P,_; (x).
a .
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For divided differences of higher orders the definitions are
A (Auz) = A2u:c
b a ab

A (MNug)= Hdu,,
¢ ba abe
and so on.

A divided difference of any order, e.g. A%u,, is unaltered by any
¢ abe

permutation of the arguments. For, since the suffix of any A
operator and the argument of the operand are interchangeable, we
have such interchanges as

A (L) =M (hug)= & (Aw)
6 a b a <z
=AM (Auz)= A (Aua)
a b x b
= =, ( Aub).
All permutations can be obtained by successive single inter-
changes. Thus, in the illustration above,

bax - bxa — axb — abx — xba — xab.

These interchanges are obviously possible for divided differences
of any order and it follows therefore that a divided difference is a
symmetrical function of all the arguments involved.

Note. The proof given above depends entirely on the symmetrical
property of the differences. It does not follow that if u,=v, then
Auw Ayo,, In passing from, say, A ( Auz) to 413 ( Aub) the student

should satlsfy himself that the equlvwlence holds by wntmg down

—_ Uy— lﬁ: ua"‘ub
A gm0 000

x—b a— b
Us 1,
) (= =9 6=a) @) (a5’
8 aw=5 2, {5 “;E--Z-:“-”}
u, ",

“o—w)G=a) T (= a)(x DMCEDICES
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5. The method of forming a divided difference table is best
illustrated by an actual example.

Example 1.
Take out the divided differences of u, given the following table:
x I 2 4 vi 12
u, 22 30 8 106 206
The table is
u, Au, Nu, Ny, Ny,
22
3o—22_
2—1
26—-8
30 ’Z“_*I—— 6
82-30_ ., =36=6__
4—2 7—1
E=26_ s1=(=r6) .
82 Pt 3:6 o 92
106-82_¢ r5=(=30)_ .,
7—4 12—2
106 20=8_ 1
12—4
200 — 100
2007190 o
12—7
209

Note. When the arguments and their order are fixed, we may use
the shortened notation Awu,, A%u,, Au, ... for the leading divided
differences of u,, as in the example above.

It is essential to arrange the work systematically if error is to be
avoided. The numerators and denominators must be set out, either
in parallel columns or in the form of fractions. Where there is
ample space the columnar arrangement is better, especially where
the divisors are cumbrous. It should be noted that while the
numerators are the first ordinary differences of the preceding
divided differences, the denominators are all formed directly from
the arguments, differencing first in the ordinary way, then in pairs,
then in triplets, and so on. It will also be seen that the divisor
is always the difference between the values of x for the last and
first u,, involved in the difference.
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6. Newton’s divided difference formula.
Let the given values of u, be
Uyy Upy Uy oo Uy, 17,
Then, by definition, wu,=u,+(x—a) Au,,
x

Aug= Aug+(x—b) Nug,
z b bx

‘ MNuy= Nu,+(x—c) Nug,
bx be bex

..................

A" u = A\" g+ (x—1) A",

be..lx
Hence, by successive substltutlon of each identity in the one
preceding it, we have

U, =u,+(x—a) ZII}ua+(x—a) (x—b) Nu,+ ...
be
+(x—a)(x—0b)...(x—k) A+ (x—a)(x="0)...(x=1) A" u,
be...l be...lx
ThUS Uy = Ux+Rn+1 (‘x))

where U, represents the sum of all the terms except the last and
R, ., (x) the last.
R, 4, (x) may be written as
(x—a) (x—=0)... (x=1) Ay,
abe...l
by permuting the arguments of the divided difference.

It should be noted that the term preceding R is
(x—a)(x—0)... (x—k) Ay'ua,

involving n factors in the coefficient. In R there is an addmonal
factor x—1.

If we put x equal to @, b, ¢ ... in succession, the R term vanishes and
we have the following results which are identities, analogous to those
obtained for equal intervals in Chapter I:

(Uelzmp=ttp=1s+(b—a) /{)X”a,
[U)gme=tc=us+(c—a) Aua‘*'(C—a) (c—-b) A&glla’
[Um]z-d—ud—ua+(d—a) Aua+(d a) (d b) A..u

+(d—a) (d— b) (d—o) A”ua

------------------

It is seen that R is the only term involving u,; it vanishes if x takes
any of the values g, b, ¢ ... [, or for any value of x if A*+u,=o.
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It follows therefore that U, is that polynomial of the nth degree
in x which takes the (n+1) given values u,, u, #,... %, when
x=a, b, c ...l respectively. If therefore u, is itself a polynomial
of the nth degree in x it must be the polynomial U_; i.e. R vanishes
for all values of x. We have therefore that

abe...l

U, is thus the unigue polynomial of degree n which represents
U,y U, .... Therefore the coefficient of x™ does not depend on the
order in which q, b, ¢, ... are taken. Since this coeflicient is A™u,,
it follows that the divided difference is a symmetrical function of
all the arguments involved. (See paragraph 3 above.)

If u, is not a polynomial of the nth degree in x, we have only the
relation

Au,=0 and A", is constant.
be...l

Up= U.z+Rn+1 (%),
where the R term itself involves u,, and if the expression
U,+ R, ., (x) be worked out by expanding the coefficients all that
we obtain is the identity u,=u,. Thus our results do not help us
to find u, unless we have some knowledge of or may make some
assumption with regard to the value of R,,;(x). It may be said
in fact that R, , (x) plays the same part as does F, in Chap. I,
paragraph 17. As in the case of ordinary differences it is assumed
that R, ., (x) is negligible and may be put equal to zero, giving

finally u,=U,

=u,+(x—a) L})\ua+(x—a) (x—=0) Lg“u bl
+(x—a)(x—0) ... (x~k)bm"1za,
c...l

which is Newton’s formula for interpolation with divided dif-
ferences.

For the method of obtaining the limits between which R, , (x)
lies, see paragraphs 16 and 17 below.

7. Sheppard’s rules.

If, as in the paragraph above, the arguments are x, a, bc...k 1,
where u,, is to be found and the n+1 values ug, 4y, #,... #, % are
given, we may put Newton’s formula into a more compact form
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by the use of a notation due to Mr D. C. Fraser. This notation is as
follows:

x—a=A4,

x—b=DB,

x—c=C,

.........

The aréuments a, b, c ... involved in the divided differences and
the factors 4, B, C ... are in the same order, with the exception
that the small letters are always one in advance of the capitals,
thus:

Arguments, a ab  abc abed abcde ...
Capitals, 1 A AB  ABC  ABCD ...
Newton’s formula thus reads
=ty +ANug+ AB Nuy+ ABC Nug+ ...+ ABCD ... K Aru,,.
b be bed be...1
Dr W. F. Sheppard has given very convenient rules, embodying
the same principle, and by means of these rules formulae may be
written down at sight for any intervals. As expanded by Mr G. J.
Lidstone [ ¥.I.4. vol. Lviir, p. 65 and references there given] these
rules are as follows:

“(i) We start with any tabulated value of u.

(i) We pass to the successive differences by steps, each of
which may be either upward or downward”’;

[each step involving a new % whose subscript will be numerically
the next lower/higher if the step is up/down, and the u’s are
arranged in the numerical sequence of the variables.]
“(iii) The new suffix [of «] which is introduced at each step

determines the new factor (involving x) for use in the next term.”

[That is, each divided difference of the nth order has for its
coefficient the product of # factors of the form (x—ay) where a;
represents a value of the variable, and has to be given all the n
values that were involved in the last preceding difference.

These rules apply whether the intervals are equal or unequal; if
they are equal the divided differences are of the form A™u/n!]
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These rules are familiarly known as the ‘‘zig-zag rules” for
reasons which will now be explained. If we are given a set of u’s
and their differences as in the following scheme

ua
Qe
u, ﬁzua
/ 4 "{ £ “a
o c
u, A% Mu,
cd bede
Auo d:ub/
C
Uy {‘%2“0
Auy
P3
U,

and use them to interpolate for u,, it is not necessary to use the
formula involving u, and its leading differences. We may begin
with any of the #’s and at each step move either upwards or down-
wards in proceeding to the next column in the difference table, so
that we may if we like follow a ““zig-zag” route; in fact with =
values we have a choice of 2"~ different routes. [Cf. Sheppard,
F1.A. vol. L, p. 89.]

Suppose we wish to begin with #,. The next term may be either
A, or %uc, since both of these involve u,: let us take Aw, in-
c c

volving u, and #,. We may next take either A%, or A%, since
be cd

both of these also involve . and u,: let us take A*s,. We may then
cd

move to N’u, or APu, and we select the latter. We then have no
bed cde

further choice and we move to Aw,. Our formula thus brings in
the small letters in the order e
¢, b d ea
and therefore the factors of the coefficients will enter in the order
1,C, B, D, E.
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Thus we may write down at once the required formula

uy=1u,+CAuy+ BC Nuy+ BCD Nu, + BCDE Nu,
c cd cde bede
or

Up=t,+(x—c) A+ (x—b)(x—c) %zub+(x——b)(x—c) (x—d) 4’1311,,
+(x—0) (x—c) (x—d) (x—e) Nu,.
bede

Sheppard’s rules are of the utmost importance, and a clear
understanding of them will save the student much trouble.

8. The following is an alternative proof of the property of divided
differences which was established in paragraph 6.

If u, be a polynomial of the nth degree in «, then the nth divided
difference of u, is constant.

It will be sufficient to consider the function y=x®. Then, if the
values of the argument x be 4, b, ¢ ..., the first divided difference
Aa" is )

L e (b-a)= bt ba kbt g,

This is a symmetrical function of the (z—1)th degree in @ and b,
and is the coefficient of x»~! in the expansion of

(1+bx+b%2+...) (1 +ax+a%x2+...),

1 1
1—bx'1—ax

i.e. in the expansion of

Thus Ab™is the coefficient of x*!in
< I—cx 1—bx

A2am is the coeflicient of x™1 in
be

and therefore

1 I I 1 1
c—a\1—cx'1—bx 1—-bx'1—ax/)’
1
1—cx 1—bx'1—ax

ie. in x ( ), or the coefficient of x*2 in

I 1 I
1—ax' 1—bx' 1—cx’

Proceeding in this way, we find that A’a” is the coefficient of
be...
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I 1 I
I—ax 1—bx"1—cx
product. This coefficient is evidently symmetrical in 4, b, ¢ ....

Finally, bA"a“ is the coefficient of 4° in a similar expression, and

C .0

X" in

..., where there are r factors in the

this coefficient is unity.

Thus, the nth divided difference of a polynomial of the nth degree
in x is constant and equal to the coefficient of the highest power
of x; and higher divided differences vanish. Also, it has been
proved incidentally that a divided difference is a symmetrical
function of the variables involved; for the expression obtained for

MNa™ is symmetrical in @, b, c....
bed...

9. Newton’s divided diffcrence formula is quite easy to apply in
practice, as the following example will show.

Example 2.

From the data in Ex. 1, find ug.
Assuming fourth divided differences constant, the formula gives

ug=1w;+ (8 —1) Awy+(8—-1) (8—-2) A"y
+(8-1) 8-2) (8—4) Nu;+(8~1) (8-2) 8-4) (8-7) A
=1 +7 Ay + 42 Ny + 168 AP, + 168 Aduy
=22+56+252 —208-8 +32°3
=93 to the nearest integer.

10. Relationbetween divided differences and ordinary differences.
If the arguments a, b, ¢ ... k, [ are spaced at equal intervals A,

weshall have —, , g e ik

Hence in forming Au the divisors will all be equal to 4.

Thus Aug=Au,/h etc.
b

Similarly in forming A?x the divisors c—a, d—b ... will all be
equal to 2.
: MNu, =A%, (2! k%,
be

In forming APu the divisors d—a, e—b ... will all be equal to 3A.
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A Mu,=Auy (3 B3,
bed
In general Nu,=A",/nl B".
bed ...

If therefore the common interval 4 = unity, the divided differences
will diminish much more rapidly than the ordinary differences.
In interpolation formulae this is counterbalanced by the denomi-
nators of the form 7! which appear in the coefficients of the
ordinary ‘differences but not in the coefficients of the divided
differences.

The formula for u, in terms of u, and its leading divided
differences is

Uy=u,+(x—a) Au,+(x—a) (x—b) Nu,+...
b be
+(x—a) (x—0b) ... (x—k) bcA"lua.
This becomes, on putting x—a=nh,
Ugnn="1Uq+nh Ntty+nh [nh—(b—a)] Nu,+....
b be

If now b—a=h, c—a=2h ...
nhAu, nh(nh—h) A%
ua+nh=ua+ h 4 ( 2'h2) .
nh (nh—h) (nh—2h) A3y
+ 318 “t...

from the relations proved above;
ie. Ugynn = Ug +1q) Dty + 1y A2y + 1y Aduy + ...,

which is Newton’s formula for advancing differences.
It is easily seen therefore that in order to pass from the divided
difference formula

Uy=1u,+(x—a) Ab;ua+(x—a) (x—b) é{fua+...

to the advancing difference formula (when the intervals are the
same) we may replace A by A, drop the subscripts and insert
factorial denominators thus:

(x—a) (x—a—

I) 2
2 Auy+....

uy=u,+(x—a) Au,+
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11. Lagrange’s interpolation formula.

On the same assumption as has been made hitherto, namely that
the function concerned is a polynomial in x, an interpolation
formula can be evolved which is equivalent to the process of
splitting up an algebraic fraction into its partial fractions.

Let n values of the function y=u, be given, so that u, is sup-
posed to be a polynomial of the (n—1)th degree in x, and let the
given values of x be q, b, ¢, ..., , k.

Then we may write

u,=A@x-b)(x—c)...(x—k)+B (x—a) (x—c) ... (x—k)+-...
+K (x—a) (x=Db) ... (x—j),
where there are n terms each of degree n—1 in «.
This is true for all values of x involved. Put therefore x=a.

Then u,=A(a—b) (a--c) ... (a—k),

.. A

u(l
“(a=b)(a—c)...(a—k)
Similarly, by putting x=b,

B

“(-a)(b—c) ... (b=F)
In like manner all the coeflicients can be found.
. (@b (x—0) ... (x=k) (x—a)(x—C)... (x—F)
U= T @0y (k) M (b—a) (bc) .. (b—F)
(x—a) (x=b) (x—c) ...
e R a) (h=b) (k—c) ..

or otherwise

u, _ u, 1
(x—a) (x=b) ... (x—k) (a—b)(a—c)...(a—k)'x—a

U, 1
T b-c) .. R x5

It is evident that this is exactly the same as splitting the fraction

u.‘B
(x—a) (x=b) ... (x—k)
into partial fractions.
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This alternative expression is due to Euler and was given earlier
than Lagrange’s formula.
It is interesting to note that Euler’s form, when written as

e + ta + i +..=0
(x—a) (x=0)... (a—x)(a=b)... (b—x)(b—a)... '~
is an expression for the divided difference A"u,. It follows therefore
abe...
that Euler’s formula (and consequently Lagrange’s) can be evolved
from the divided difference formula by equating the nth divided
difference to zero. Also, since the expansion is symmetrical in %, a, b, ¢

... k, the divided difference is independent of the order in which the
arguments are taken, as stated in paragraph 3 above.

12. Lagrange’s formula is usually laborious to apply in practice
and requires close attention to sign;‘it is generally simpler to
employ other finite difference methods. Where the intervals are
equal an advancing difference formula may be used, and for
unequal intervals if:is preferable to use divided differences.

The principles on which this formula has been developed are
the same as those assumed for the difference formulae, namely that
n values of the function being given, nth differences are assumed
zero. The following examples show the application of the formula:

Example 3.

Given the data in Ex. 1, obtain %, by the use of Lagrange’s formula.

ug _ u, 1
B-1E-2E-0E-NG-12) (-D(-D1-7(1-12) B-1)
iy I

TG0 (=7 G=12) (=2

+ “4 L
(4-1)(4—2) (4-7) (4—12)"8—-4) "
ie. ¥ = 22 + 3°
7.6.4.1.(—4) (=1)(=3)(=6)(—11).7 1.(=2)(—5)(—10).6
+ 82 P
3.2.(=3)(—8).4 6.5.3.(=5).1

+ 206
11.10.8.5.(—4)"
& Hg=—10666 ... +33°6—95666 ... + 158293 ... +7-805
=93 (to the nearest integer) as in Ex. 2.
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Example 4.
Find the form of the function y =u, given that
uy=8, wy;=11, 12,=68, u;=123.

By Lagrange’s formula:

. Us - 8 L 11 1
x(@-1)(x=4)(x=5) (=) (-4 (-5) 2 1(-3)(-4) %1
' 68 1 123 I
e e P S Y
4-3(-1)'x—4 5.4.1°x-5
1 11 1 68 1 123 71
_+ — —_

¥ 12'Xx—1 12'x—4 20 x—3

Il

2

5
_ 1 1I5¥+40 T syx—24
Tzox(x—5) 12(x—1)(x—4)
_ 23x+8 19x — 8
T4x(x—5) 4(x—1)(x—4)

u, =1} [(23%+8) (x* — 5% +4) — (192 —8) (¥ — 5%)]

=x%—x%+3x+8.

It is useful to work out this example by divided differences, adopting
two different orders for the values of ¥, thus illustrating the principle
that, if the same #’s are involved, the order is indifferent.

(a) x u, Au, ZNH, [Nu,
o 8
3=1=3
1 II 16 +-4=4
57+=3=19 5+5=1
4 68 36+4=9
55+1=55
5 123
U,=8+3x+4x (x—1)+1x (x—1) (x—4)=x3—x2+3x+8.
(b) > Uy Au, A’u, A&‘u,
5 123
—115+ —§=23
o 8 -8+ -1=8
+ 60+ +4=15 -4+ —4=1
4 68 +4++1=4
- 57+ -3=19
I 8¢

5 FMAS
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uy=123+23 (£ —5)+8 (1=5) 241 (1~ 5) % (x—4)
=123 +23% — 115 + 8% — 40 + 4% — gx® + 20x
=x3—x24+3x+8.
Here, for example,
A‘Vh = A}u4=19,

Nuy= MNuy= 1.
4 1,4,5 0,4,1

18. The following examples are instructive:
Example 5.
Uy= —18, u; =0, U3 =0, 5= —248, ug=0, Uy =13104.

Find the form of u,, assuming it to be a polynomial in x.

Now since u#, =0, uy3 =0, Ug=0, the function must be of the form
(2 —1) (x—3) (x — 6) ¢ (x), where ¢ (x) is a polynomial in x of the sccond
degree.

Uy

O G-3 =6 "

U,

L W =¢() .~ ¢(0)=1,sinccyy=~ 18

. = . _ L
4.2(—1) —'¢(5) .. ¢(5)—3I’ » U= 248
u
and 869.3 =¢ (9) o (l’ (9)=911 sy Ug= 13104
Whence, from the divided difference table,
* $() Dé) D)
(o] 1
6
5 31 1
15
9 91

¢ (x) = (0) +x A (*) +x (x—5) A (*)
=1+6x+x (¥—5)
=x2+x+1;
b up=(2—1) (4-3) (5=6) (2 +x+1)
=x5—gxt+ 1827 —x? + gx —18.
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Example 6.

Given uz=23, u;; =899, uy, =17315, 13,=35600, us,=68510, con-
struct a table of divided differences and extend the table to include
arguments x =3 repeated as many times as may be necessary to find
4, in powers of (x —3).

From the data we have

x u, Au, A’u, A’u,
5 23
1460
II 899 40
1026 1
27 17315 69
2613 1
34 35606 100
4113 I
42 63510 a
b 1
3 c d
e I
f
I
Now a= 100—24X1= 76
b= 4113—-31xa= 1757
c=0S510-39xb=— 13
d= a -—-31x1= 45
e= b —39xd= 2
f= d —-39x1= 6

S ty=c+(x—3)e+(x—3)2f+(x—3)°3x1
=—13+2 (x—3)+6 (x—3)*+(x—3)

14. Newton’s formula with divided differences may be considered
as the basic formula in finite differences. It has been shown that,
by making the intervals equal, the ordinary advancing difference
formula follows, and that Lagrange’s formula can be evolved from
the divided difference formula by equating the nth divided dif-
ference to zero. Moreover, by taking the limiting values when the
intervals tend to zero, Taylor’s theorem can be obtained.

The formula is of the utmost importance analytically and

5-2
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historically, and the advanced student may be recommended to
read Mr D. C. Fraser’s “Newton’s Interpolation Formulas”
(#.1.A. vol. L1, pp. 77-106 and pp. 211-32, and vol. LvI11, pp. §3-95)
and the same author’s “Newton and Interpolation” (an article
in Newton, 1727-1927, a memorial volume published by the
Mathematical Association).

*15. Adi’usted differences.

There is a system of differences which may be considered as
the connecting link between ordinary differences and divided
differences. These differences, which are called adjusted differences,
were used by Newton and re-discovered by Sheppard.

When the successive arguments are a, b, ¢ ... the relation between
adjusted differences and ordinary differences is as follows:

-~

Divisor of difference  Divisor of difference

Order of for divided for adjusted
differences differences differcnces
First a—b a-b
Second a—c % (a—c)
Third a—d 3 (a—d)
a—e

Fourth

i (aTe)

Ordinary differences are adjusted differences and both sets can
be used in the same scheme.

An interesting account of the Newton-Sheppard system of adjusted
differences will be found in ¥.I.4. vol. Lvi1, pp. 6074 (D. C. Fraser).

*16. An expression for the nth divided difference.
The results of paragraph § may be written in the form

Rn+1 (x) =Up— Uzv

where R, ., (x) vanishes for n+ 1 values of x, say a, b, ¢ ... . Hence,
by repeated application of Rolle’s Theorem, it follows that, in
the interval which includes these values, the first differential coeffi-
cient of R with respect to x vanishes at least # times, the second
differential coefficient vanishes at least n—1 times, and finally,
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the nth differential coeflicient vanishes at least once, say where

x=.
o= g Bunn )]

-| 4 (e Ux)]kg.

Now U, is of the form P, (x), and since the nth differential
coefficient of P, (x) with respect to x is #! times the coefficient ot
x™, it follows that

1[dr
01‘ _"u - — — U
bl = nl | dvm ]

for some value of x (¢£) within the range which includes a, b, ¢ ... [,
and x.

*17. Remainder term in the divided difference formula.

If in the proof above we bring in another term u,, we have

+1 dan+l !
| g [

n+4-1 n+1
where — P u; is written for Tt Y .
.

This is the divided difference involved in R, , (x).

Rn+1(x)=|:(x—a)(x——b)...(x—l);;n—iug]/(n+1)!.

When the intervals are all unity, this becomes

dn+1
Ry 1 (%) =%min 75073 dén+i L)

where ¢ is some value in the interval including all the arguments
involved, i.e. the given arguments 4, b ... I and also x.
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EXAMPLES 3

1. Given terms at unequal intetvals, explain how to apply the method
of divided differences to find an interpolated value: illustrate your
answer by finding u; given

Ugs0= 1345, Ugs5= 1470, Ugqg=2010, Ugg9=3815, u5.,5=109065.

2. 1y =43833, 14 =46568, uy=49431, ug=50912. Use divided
differences to find u,;.

3. Given the following table, find log 656:
No. 654 658 659 661
Log 28156  2-8182  2:8189  2-8202

4. Us50=16990, u55=: 17160, Uz, = I'732,;4, Uss=17404. Find ug, by
divided differences.

5. Ugsg=1175, Ugs.5=1280, ug.5=2180, us.;=2420. Obtain a
value for uy, (i) by advancing differences, (ii) by divided differences.

6. Upp= 235, Uyy = 256, Ugg= 436, Ugy = 484.. Flnd Ug.qo-

7. Find the first three divided differences of the function y =«~2 for
the arguments x =1, m, n, p.

Find by Lagrange’s formula the value of

8. wyggiven uy=1522, Uy=1399, uzp=1262, Up=1113.

9. ug given uy =17'378, uy =15-894, tyo= 14270, ;5= 12°412.

10. gy giVeN u;,=22'40, U3 =21'60, u,,=20'82, uy=1985.

IL. u; given u, = ‘400, u, = ‘128, u; = -224,u, = -376.

_12. Use Lagrange’s formula to find the form of the function y = f (x)

given . o 2 3 6
f@® 659 705 729 804

13. Values of u, are given for all integral values of x from o to 7 — 1.
Show that u, is capable of expression in the form

x| Uy, U g
(x=n)l(n—1)! [x—n+ I —(=1a Xx—n+2

u U
+(n—1)q x—';z_:;; — et (n= 1)y ;ﬂ .

Find u, given uy=4, u;=7, u3=12, u3=20, by using the above
formula.
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14. By means of Lagrange’s formula, prove that, approximately,
(1) wy=uy—3 (45— tu_g) +2 (4_g—u_g),
(2) up=4 [y +u_y] 4 [} (= ;) - § (u_y ~u_y)).

15. Four equidistant values u_y, %, #;, and u, bemg given, a value

is interpolated by Lagrange’s formula. Show that it may be written
in the form

U, = YUy + XU, FRAS L), v (5 Y 1) A%y (ﬁ:;{—x) A,
where x+y=1.

I() If f(al) ) f(al) f(au) f( a,, 1) /(OZ f(al)

, etc. be

divided differences of the ﬁrst order; f (ay, ay, ay) = I (02’ a;) _{; (@, a")
etc. divided differences of the second order and so on, find f (2 40, 9, 10),
where f (x) = (i) ® — 2, (i) x4 +x2 4 1.

17. Prove that if u, be a polynomial of the nth degree in x, and if
values u,, u,, u,, .. of u, be given, then the expressions for u, in terms
of its divided dlﬂ'erences are identically equal whatever the order of
arrangement of the u’s.

18. Apply Lagrange’s formula to find f (5) and f (6), given that
F)=2, f(2)=4, F(3)=8, £(4)=16 and f(7)=128;

and explain why the results differ from those obtained by completing
the series of powers of 2.

19. U_3,=30; U_13=34; U3=33; u;g=42. Find u,

20. Ung=7'09; Upy =7°07; ;3=678; 1,3 =6-18. Interpolate to find
uy; by divided differences,using the following orders of the argument:

(@) 70, 73, 75, 725 (i) 72, 75, 70, 73-

21. By means of divided differences, find the value of u;, from the
following table:

x 11 17 21 23 31
U, 14,646 83,526 104,486 279,846 923,526

22. Prove that A? x®=x+y+2 and that

V3
2 (1) 1
% (a) abe’
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23. If the data are u, u,, u,, 4;, u,,, and the interpolation formula is

-—u,,-i—Cl Au4+C2 Au3+C3 A u0+C4 A Uy,

3,4,7,11
find the values of C}, C,, C, and C,.
24. If the data are as in Qu. 23 above, and the formula is
) +(x—3) Aut(x=3) (*—4) Nu+(x—3) (x—4) x A
+(@=3) (x—4) x (¥=7) A'u,
find the missing suffixes of the operators and the subscripts of the u’s,



CHAPTER IV
CENTRAL DIFFERENCES

1. If a series of values of u, be given, we can interpolate to find
any intermediate value by one of the methods in the preceding
chapters. Where the values of the argument x proceed by unit
intervals it has been shown that, on certain assumptions, Newton’s
advancing difference formula can be applied to give satisfactory
results. If the value of u, were required for some value of x be-
tween x=0 and x=1, it might be considered that we should obtain
a better result if our knowledge of the shape of the curve extended
on both sides of the values of x between which we wish to inter-
polate. That is to say, where we may choose any values of u, at
unit intervals for our data, it might be of advantage if we could use
a formula involving values such as u_y, u_,, u_,, g, Uy, s, Us, ...
rather than u,, wu;, #, u w4, .... By the advancing difference
formula we expand #, in terms of a given value of u, and its leading
differences and, by giving x a suitable value, such a formula can
be made to embrace any values of u that we wish. Itis however
convenient to use special formulae called central difference formulae,
based on differences obtained from the values of u, on either side
of the origin; this is found to result in smaller coefficients and a
more rapidly converging series of terms,

2. There are various central difference formulae that are of use
in actual practice, and the development of the better-known
formulae is an exercise in the application of the fundamental
principles of finite differences which will be advantageous to the
student. These formulae apply whether the values of the function
correspond to equidistant values of the argument or to values with
unequal intervals. We shall consider first the general case and pass
from it to the simpler and more usual case of equal intervals.
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3. Gauss’s formulae.

Suppose that we are given the values ... u,,, w, #,, 4, 1, ... and
that we wish to deduce a formula for u, in terms of u,, the even
differences which fall on the line of #, and the odd differences
which fall on the line between u, and u,, as shown by the lower of
the two series of dotted lines in the following difference table:

(4

u"l
Ay,
1
u MNu
[} m
la i
/Ayl ’141}:1["‘
PN B S _-7 S
s _Nui _=MNu
>N - ab S~ - = - labo
~, - 3
a Vi Uy
b abo
uy é%zl‘a
Ay
¢
u,

The formula will thus involve in succession
Uy, Aty Nugy Nuy, Nu, ...
b ab  abe  labe

As we pass from each of these to the next, the new arguments
brought in, one at a time, are b, I, ¢, m, .... Hence, applying
rule (iii) of Chap. III, paragraph 7, namely, that each new argu-
ment gives the new factor for use in the next term, and adopting
the abbreviated notation x—a=A4, x—b=B etc., we can at once
write down the required formula.

The formula will be

tuy=u,+ AAu,+ ABANu;+ ABL Nu;+ ABCL Mu,, +...,
b ab abe labe
where the law of formation is evident.

Now let the intervals between the arguments be all equal to
unity and let a=o, so that b=1, c=2, ..., I=—1, m=—2, ....
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Then, as in Chap. III, paragraph 10, we have

Au, =Au;
b
Nuy =0%_,[21;
ab
By =0ou 31
abe
M, =Au_y/q.
labo
Further, A=x—-a=x,
B=x—-b=x—1,

L=x—1=x+1,

............

The formula for equal intervals is thus

ux=u0+xAu0+.Lx2!__I_) A2u_1+.(ﬁ.4L:l;x'(ul Aau_l

+(x+ 1)x (.7:'— 1) (x—2)

Au_y+ ...

or
uo+x(1)Au0+x(2)A2u_l+ (x+ l)(S)A3u_1+ (x+ l)(4)A4u_2+ ceoe

This is known as Gauss’s “forward” formula for equal intervals.

4. If we take the even differences as above but the odd differences
which fall on the line between u; and u, (the upper of the two series
of dotted lines in the table in the preceding paragraph) we obtain a
formula which involves in succession
Uy Ay Nugyy Nug, Nu, ...
a ab lab labe

The new arguments brought in are /, b, m, ¢, ... and, using the

rule as before, we evolve the form

wy =ty + AAuy+ AL Nouy+ ABL N+ ABLM Nty ...
a ab ladb lube
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From this we may pass at once to the formula for equal intervals of
unity:
Uy =ty +2) Att_; + (¥ + 1)) A%u_; + (% + 1)) A%y
+(x+2) g Atu_g+....
This is Gauss’s “backward” formula.

Note. It is useful to remember that, after u;, as we advance from
each term,to the next, in the forward form we alternately deduct unity
from the subscript of # and add unity to the number whose factorial
is the coefficient; while in the backward form we alternately add unity
to the number whose factorial is the coefficient and deduct unity from
the subscript of «.

-

5. ‘Stirling’s formula.

Taking the mean of the two Gauss formulae we arrive at the
following expansion:

2
=1+ x.% (Augh Au_y) + g—! A%,

x (x?

_q2 2 (42
—F}_) 3 (A% +0%.,) +% («

—_ 12
+ T—) A‘u_z +

in which we have altcrnately mean coefficients and mean differences,
falling on the line through #, in the difference table.

This is known as Stirling’s formula. In using it x should lie in
the range —% to +3, i.e. 3 on each side of the line of u,.

6. Bessel’s formula.
Transferring the origin in the Gauss backward formula from
o to 1, we have

U=t +(x—1) Auo—’rﬂa—;!:—]—) A2u0+’£—(x;13)!~(x—_—2—) A3u_

+(x+ 1)x(x—1)(x—2) Abu_+...
4!

The mean of this and the forward formula is
u,=% (g +uy) +(x—3) Auy

+x (x I) 3 (Azu_l+A2u )+_(_‘”__2)_’3xﬂ___l) A3y

(x+1)x(x—-
+ n

1) (x—2) 3 (A%_y+A%u_p)+...,
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which is Bessel’s formula. In using the formula x should lie in
the range o to 1, i.e. 4 on each side of the central line.
In this formula we have alternately mean ’s or differences, fall-
ing on the central line between u, and u,, and mean coefficients.
If we write y + % for x in Bessel’s formula, we obtain the simpler
and more symmetric form:

2_
U=ty =3 (to+uy) +yAu, +3% § (A%_y + Auy)
2_ 2_ 2_9
+y———(y3 —4) pgy_, 4 022D }lfy 2§ (Mt Aty -
the most convenient shape of the formula for practical purposes.

7. An alternative method of obtaining Gauss’s forward formula
for equal intervals is as follows:

The ordinary advancing difference expansion is
Uy = U+ Xy Aty + %9 AUy + 25 Aduy + 2 Atuy + ...
Now  Awy=A%_,;+A3u_;;
Aduy=A%u_y +A%_i; Atu_j=A0u_o+A%u_y;
Therefore we may write
Uy =ty + Xy Atk + x5y (A2u_y + A% _))
+ xg) (A3u_y + Atu_y) + xq (A%u_y + Adu_)) +...
=ty + X0y Aty + X A%u_y + (%) + X(g)) A%y
+ (¥ + %) Atu_y+...
=g+ xq) Attg + x0) A2u_y + (x + 1)g) A%u_,
+(x+ 1) (Atu_g+A%u_g)+...,
since X)X 1) = (X4 1 i

and so on.

A proof similar to the above, in which the general term is evolved,
and which depends upon the method of separation of symbols, will be
found in ¥.1.4. vol. L, pp. 31, 32.
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The backward form may be obtained similarly by grouping the
terms in a slightly different way and using the relations

Auy=Au_y +A%u_y,
A%y=A%u_, +A%u_,,
ASu_y =A%u_y+Au_y,
etc.
8. Everett’s formula.
The Gauss forward formula with interval x and initial term o,
may be written
U1 =01+ X0) A0y + %) A%y + (¥ + 1) 3) A0p + (x + 1) () A%y
T4 (xe+2) A ...
The backward formula with interval (x—1) and initial term v,
gives
V=01 + (€ — 1)y Av + ) AP0y + 2y A%0_y + (0 + 1) ) Ao,
+(x+1)5) A% _o+....
Subtract the second series from the first: then, since
V1~ V=041,
we have
Av,=x4)Avy+ (x+ 1)) A%+ (2 +2) 5) A5V + .00
— (= 1)) Av% — 25 A%_; — (2 + 1)) A% ...
Put u,, Au,, A%u,, ... for Av,, A%, Ay, ....
Then
uy=xq)t +(x+ 1) A%+ (2 +2)e) Au_y + ...
—(x—1)tyg— X A%u_y —(x+ 1) A%u_p—.cc. ... (i)
When x is less than unity a convenient form of this formula for

interpolation between %, and %, is obtained by putting ¢{=1—x;

thus
x(x%—1)

3!

2 __ 2
Ay + 2L 15)l(x DAyt

£@=1) gy, LEE-DE-8) 4,
3! -1 51 —2 T o0y

Uy =21, +

+éup+

the most common form of Everett’s formula.



EVERETT'S FORMULA 67

The above elegant proof is due to G. J. Lidstone (%.I.4. vol. Lx,
PP- 349-52). In his note on this formula Mr Lidstone shows how to
obtain another formula similar to the above for interpolation between
u-i and Uy

f we difference formula (i) bearing in mind that
Alx+7)=(x+7) ),
we have A=y + (2 + 1)) A2y + (2 +2) g A%u_, + ...
—Up— Xy A%u_y — (x4 1) Atu_y— ...,
or, writing u, for Au,, Au, for A%, and so on,
Uy =ty + (¥+ 1) g) Autg + (2 +2) g A% 4.
_x(z) Au_l - (x+ I)(‘) Aau_z— seee
The formula then becomes

2 _ 2 _ 2_ 98
uy_y=u, 4P 1 A1/0+§£_—Q~(|—p-i) Adu_y + ...

2! 4
2 __1 2_ 1 2_.9
_qurt Au‘_ _(_(Z___‘l'?:gg.__‘i_) A3u_2— ey

where p=} +x and g=} —x.

This form is gencrally known as Everett’s “second” formula. Both
formulae, perhaps more particularly the first, are specially adapted for
use in statistical work. They can be applied in the case of unequal
intervals: see Todhunter, ¥.1.4. vol. L, p. 137, and Lidstone, Proc. Edin.
Math. Soc. Series 1, vol. XL, pp. 25-0.

9. Everett’s formulae can also be obtained from Gauss’s formulae
by a simple transformation depending upon the propertics of the
binomial coefficients.
Any pair of terms of the form
Yo AT+ (Y + 1)y Ay
=¥+ Do AU+ A ) — {(y+ 1)1 —Y0r} ATy
=(¥+ 1)) A1 =Y 1) ATty
since (¥ + D040 =Y =Yesar
Taking the pairs
1-2; 3—4; §5-6 ... in Gauss’s forward formula,
and  2-3; 4-5; 6~7 ... in Gauss’s backward formula,
the two forms of Everett’s formula are at once obtained.
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*10. Itis of interest to show in a simple manner the relations be-
tween Everett’s and Bessel’s formulae. The formulae are closely
related, and the following demonstration indicates clearly the con-~
nection between corresponding coefficients in the two expansions.

In Bessel’s formula let b,, denote the coefficient of the ‘“mean”
difference 3 (AP, + A )

and b,,., the coefficient of the difference A2n+ly_,.

Then, since
) A2nu~n+1 . A2nu_n + A2"+12t_n,

the sum of the terms
b ¥ (A% U_p + AU )t by A% H Uy
may be written as
by AP u_ + (5bg + by yy) A, L (a)
Consider the exfression
e A U_p+ €3, AU, g

This is the same as

(ean+ €2n) A%u_,, + €, Ay, L. (®)
Again, by reference to Bessel’s formula, it will be seen that
i}
b2n+1 = m’i‘ b2n' ...... (C)

Equating (a) and (b), and introducing the relation (¢), we have
ont+ € = bons
and €an = $bpn + b2 11

by {3+ (x—D)/(an+ 1)}

x+n .
an+1 2

whence €30, = bon— bop

=by {4~ (x—4)/(2n+1)}
x—n—1
Tant1
from which the coefficients already given in Everett’s formula can
at once be deduced.

on s
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The same analysis applies to each pair of terms.
It should be noted that
(1) €, and e, are the same functions of x and 1 — x respectively;
[In fact, €on=(%*+7) @11
= —(*+n—1)@u1)
=(1—x+n)gn41)

(ii) the pair of terms in Everett’s formula is exactly equivalent
to the corresponding pair in Bessel’s formula. In Everett’s formv!la,
therefore, precise allowance is made for the next odd difference,
although this difference does not appear explicitly.

Similarly, by taking the pair of terms
Senv1-3 (A%, + A, )
and Sons2 A 2u_,

in Stirling’s formula, Everett’s second formula may be obtained.

11. It will be instructive to compare the results brought out by
applying first, Gauss’s forward formula, and, secondly, the ordinary
advancing difference formula, to the same set of data.

Example 1.

Interpolate by means of Gauss’s forward formula to find the present
value of an annuity of 1 p.a. for 27 years at 5 per cent. compound
interest, given the following table:

No. of years 15 20 25 30 35 40
Annuity-value 10-3797 12°4622 14'0939 153725 16:3742 17°1591

If we take 25 years as the origin and § years as the unit, the value

required will be u.,.

x Uy Au, A%, Adu, Atu, Aby,
-2 103797
20825
-1 124622 —+4508
1-6317 0977
o 140939 —°3531 —"0215
12786 -0702 *0054
I 153725 —+2769 —-0161
1-0017 0601
2 16:3742 —-2168
7849

2 17°18Q1
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The Gauss forward formula is
Uy =ty + X(q) Aty + 20) A% _; + (% + 1) (3) ABu_y + (4 1) () AMu_,
+(x+2)5) A%,
When x=-4 the successive coefficients are
4y —-I2; =—-056; -0224; ‘010752
and to four decimal places the value of u., is 14:6430, which agrees with
the tabulated value.
To apply the advancing difference formula we take 15 years as the
origin and are required to find u, when x=2-4.
In the formula
Uy =g+ X(y) Aty + X (g) A%ug + x5) Ay + %g) Aty + 2(5) A2ty
the coeflicients are .
2-4; 1-68; -224; —-0336; —-o10752.
On evaluating the expansion we obtain for u,.4 the value 14-0430 as
above.

It will be seen that the two results arc in agreement (as indeed
they must be, since the same values of « are used), and it may be
asked therefore wherein lies the advantage of using the central
difference formula. This question will be discussed in the next
paragraph.

12. Consider an approximation to a particular value of u, based on,
say, r values out of 7 available. The error in the approximation,
as measured approximately by the first neglected term, is least
when the coefficient of that term is least. It can be shown that this
happens when the values of u, upon which the interpolation is
based range round the space in which x falls, so that x is as nearly
as possible central. The central difference formulae give a systematic
method for building up the table subject to these conditions.

Again, the central difference coefficients are as a general rule
smaller and more rapidly convergent than those required for the
calculations in the advancing difference formula (as will be seen
in the Example) and, by a suitable choice of origin, the arithmetical
work may be reduced to a minimum.

It should be noted that, in the phrase “as measured approximately
by the first neglected term”, this measure is not theoretically complete;
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it is however generally sufficient in practice if the first neglected order
of differences is constant or is changing but slowly. When this is not
so it will not necessarily be true that a central difference formula
beginning with #, i3 more accurate than the advancing difference for-

mula beginning with the same term. [See p. 337 of Sheppard’s paper,
cited on p. 72.]

We may even make the result worse by introducing differences of

a higher order (cf. Chap. V, paragraph 15). In general, however, these
anomalous cases arise only rarely.

13. It should be noted that the greater accuracy of central dif-
ference formulae as compared with the advancing difference form
is not due to the formulac but to placing x in the central interval of
the range of the given values. Provided that this is done—which is
very important—it is immaterial whether we use a central dif-
ference formula or the advancing difference formula with the same
w’s. A disadvantuge of the latter form is that the coefficients are
larger and are not tabulated as, in practice, are those of the
principal central difference formulae.

14. Relative accuracy of the formulae.

The relative accuracy of the various central difference formulae
can be investigated in an elementary manner on the following lines.
The Gauss forward formula is

Uy =ty +xq) Aty +2) A%U_y + (% + 1) () A%u_y + (2 + 1) ) Atu_o+ ...

If we expand u, by Stirling’s formula as far as a certain order
of even differences we shall obtain by a simple transformation the
above formula to even differences, for the same #’s are involved in
both. Similarly, Bessel’s formula and Gauss’s formula are identical
to odd differences. Now the Gauss formula involves only ordinary
differences while the other two serics involve mean differences of
the form % (A™u,+ A™u, ;). If instead of proceeding to constant
differences the series stop short at, say, rth differences—which are
not constant—the use of any of the formulae will involve an error.
It remains to examine which of these formulae gives the best result
in different circumstances.

6-2
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The following demonstration is based on that given in greater
detail by Mr D. C. Fraser in ¥.I.4. vol. L, p. 25:

Suppose that x is not greater than -5. Then, by calculating the
coefficients in Gauss’s formula, it will be found that for positive
values of x none of the coefficients (except that multiplying Aw,)
differs greatly from +-5 times the preceding coefficient. (Sec
Table, ¥,I.A. vol. L, p. 25.) Thus the terms after that involving
the third difference are approximately equal to

(24 1)) (A*+34%) u_y,
ie. to (4 1)) & (Atu_g+Atu_y).

If therefore we substitute 4 (A%_,+ A%_,), the mean difference in
line with uy, for A%u_, in Gauss’s formula, we make the formula
very nearly correct to fifth differences, without having to calculate
the actual coefficient.of the fifth difference. The substitution there-
fore greatly improves the accuracy of the formula.

When, however, the substitution is made, it will be found to
reproduce Bessel’s formula to the fourth mean difference. There-
fore Bessel’s formula to fourth mean differences is usually more
accurate than Stirling’s to the fourth difference.

It may be shown similarly that Stirling’s formula to odd mean
differences is usually more accurate than Bessel’s to the same order
of differences.

The above demonstration is only approximate: a strict investigation
into the relative accuracy of central and advancing difference formulae
requires rather more elaborate mathematical discussion. (See Whit-
taker and Robinson, Calculus of Observations, p. 49; Lidstone, T.F.A.
vol. IX, pp. 246-57; Fraser, ¥.1.A. vol. L, pp. 25—7; Sheppard,
Proceedings of the London Mathematical Society, Series 2, vol. 1v, pp.
32041 and vol. X, pp. 139-72.)

Mr D. C. Fraser has given the following criteria summarizing
the properties of interpolation formulae:
(i) Formulae which proceed to constant differences are exact
and are true for all values of #» whether integral or fractional.
(ii) Formulae which stop short of constant differences are
approximations.
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(iii) Formulae which terminate with the same difference are
identically equal, for they involve the same ’s.

It should be noted that these rules are quite general; they apply
to all formulae based on finite differences, not ending with mean
ditferences.

15. Apart from the general superiority of central difference
formulae certain of the formulae possess distinct advantages in
special circumstances. For example, for the bisection of an
interval Bessel’s form is convenient, since the alternate terms are
zero. We have, at once,

uy=1 (o +u) = [ (A%u_y + A% + 135 [} (Mup+ A% )] - ...
Again, in using Everett’s formula for the subdivision of inter-
vals the terms are such that they may be used twice: they occur

both in an “x” expansion and in reverse order in the next “¢”
expansion. An example will make this clear.

Example 2,

Given «x 30 35 40 45 50 55 6o
u, 771 862 roor 1224 1572 2123 2983

obtain values for u, for all integral values of ¥ between ¥=40 and
X = §0.
The ditference table is

x u, A, Ay, Ay, Atu,
30 771
91
35 862 48
139 36
40 1001 84 5
223 41
45 1224 125 37
348 78
50 1572 203 28
551 106
212 399
55 3 $60

6o 2983
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Everett’s formula gives
Uy =xty + (¥ + 1)) Aty + (¥ +2) i) Aty + ...

FINITE DIFFERENCES

+Eq g+ (€ + 1)) A%y +(E+2) g Aty + .y
also  wyp=Eytp+(E+ 1)@ Ay +(E+2)5 Ay + ...
gy + (2 + 1) A%y + (¥ +2) 5 My + ..,

and the second line in %, is the same as the first line in u,.
Since the data are given at quinquennial points and we require

values at “individual points, we may write x=-2, ‘4, ‘6, ...

and

£=18, ‘6, *4, .... The first line of u., will be the same as the second line
for u,.g, but in the reverse order, and so on.

The coefficients of the terms in the first line of the formula for u,, are,
to fourth differences,

Co 4 B

-

—-032
—-086
— 064
—-048

+000336
*010752
011643
+008064

The work is best arranged in tabular form, thus:

2 2 2 ﬁ?sl;nt]hgﬁ Sumof | Inter-
x ity x (« "‘)Azuo x(x?—1) (x —4)A‘u_1 terms €l second polated
3! 5l (i) + (iif) three result
+(iv) terms | (v)+(vi)
(i) (ii) (iii) (iv) ) (vi) (vii)
2 | 2002 - 27 00 197°5
4| 4004 | = 47 o1 3958
6 | 06oo6 - 54 oI 5953
-8 | 8008 — 40 00 796-8
2 | 2448 - 40 02 2410 | 796-8 | 10378
‘4| 4896 | - 70 04 4830 | 5953 | 10783
0 | 1344 - 8o 04 7268 | 3958 | 11226
8 | 9792 | - bo 03 973'5 | 197'5 | 117170
2 | 3144 - 63 02 3081 | 9735 | 12816
4 | 6288 —11'4 03 61777 | 7268 | 1344'5
‘6 | 9432 —130 3 9305 | 4830 | 14135
-8 |1257°6 - 97 02 12481 | 2410 | 14891

The only column which needs explanation is column (vi). This
column represents the second set of three terms of the formula, correct
to fourth central differences, and is obtained by writing down in the
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reverse order the values of the previous column applicable to the sum
of the first three terms.

It should be mentioned that the values in column (vii) of the table
do not quite agree with the tabular values: the tabular values are 1038,
1081, 1122, 1172, 1281, 1345, 1415, 1490. The reason for this is that
the function upon which the original values depend is not a rational
integral function of the independent variable and that therefore a
formula based on finite differences is only an approximate representa-
tion of the function. The example is based on the rates of mortality
according to the HM Table, the data being 10° times the probability of
dying in the year of age x.

16. The following example is instructive:
Example 8.

Use an appropriate formula to obtain successive approximations to
Uggg BIVEN tgg=1038462, Uy =1037037, Upg="035714, Us="034483,
Ugy =°033333.

It should be noted that, where the data are extensive and it is
required to obtain successive approximations to a result by the use of
some or all of the data, it is more advantageous to use a central difference
formula than advancing differences.

From the data, we obtain

x 108, 10%Au, 10%A%u, 108A3%, 108A%,
26 38462
— 1425
27 37037 102
—1323 —1I0
28 35714 92 -1
—1231 -1I1I
29 34483 81
—1150
3o 33333

In its simple form, Stirling’s formula is
2
Uy =uy+%.% (Mg +Au_y) + -z—! A%y

x (x?

—12 2 __ 18
+ ——3—1—’——) 3 (A%, + A% )+ L(%TL) Aty

Taking the origin at 28 and letting x =-3 we have, as a first approxi-
mation,

uy=35714+°3 [} (— 1323 —1231)] =35331.
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For the next approximation all that we need do is to add

©9 g2 =4
S 92=414

u5=35335'14 (say 35335)-
Similarly, the next term is 3—(;—91)%( —2I)

' =-478...

u.3=35335'62... (say 35336).

The addition of the next term will not affect the last figure.
The required successive approximations are therefore

so that

035331, 035335, 035336, -035330.

*17. Sheppard’s central difference notation.

Just as A=E—1, 6r Auy,=u,,, —u,, similar symbolic identities
may be deduced from the relations existing between u, u,,3 and
u, 3. Dr Sheppard has introduced the following notation, which is
widely used by mathematicians:

Suz= uz_,_i - U —}»

and pitty =3 (Upy g+, y)-
In this notation the difference table takes the following form:

x u,
—2 1_,
Su_ 3
-1 u_y &%u_y
8u_* 83u_*
o 1, 8%u, Sy
du d%u
1 A : &2u, d
8u&
2 Uy

It is specially to be noted that the subscript corresponds to the
argument which falls on the same line as the difference.
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The relationships between E, 8 and p are quite easy to establish.
S=Et_Ei=E}[E—1]=EHA.

§2n = [-nA%n
Also p=% (E2+E?),
and wd=3 (E—E-Y)=} (AE-1+A),

Stz } [E-v-1) — E-n4D] A2n
=} (AE1+A) AE" =AM+ (E-1 4 1) E-7,
Again  z2p=2Ft-§,
or Et=p 4133,

By means of these symbols the central difference formulae can
be written down in very convenient form.
‘For example, Gauss’s forward formula is

Uy =ty + %) Oty + %) 3%y + (% + 1) g) O%uy + (0 + 1) q) O*utp+ ...,
and Stirling’s becomes

Uy =uy+ xp o1ty + $x28%uy + (X + 1) g) ud3up+ ..o

EXAMPLES 4

1. Apply a central difference formula to obtain uy;, given uy, =14,
Upg =32, Upg =35, Ug=40.

2. Given uy=10, u; =8, uy=35, u_, =10, find u3 by Gauss’s forward
formula.

3. Use Stirling’s formula to find up, given uy = 49225, uy; =48316,
g = 47236, g5 = 45926, g9 = 44300
4 Given uy=2854, tp3=3162, 1y3=3544, U =3992; find up; by

Bessel’s formula.

5. ay=184708; ap=178144; an=17"1070; a5 =16'3432;
a5 =15'5154. Find a4 by Gauss’s forward formula.

6. What are the practical advantages arising from the use of central
differences in interpolation?
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Employ Stirling’s formula to obtain successive approximations to
(102125)%, given
(1o1)0=164463; (102)®=2'69159; (1-03)*=438391;
(1r015)®=2'10524; (1°025)0=343711.

7. Find formulae true to third differences for the bisection of an
interval

(i) in terms of the two nearest values of the function and of
differences of the functions;

(ii) in terms of values of the function only.

Apply either formula to find Py, given the values of P, at 20, 30, 40,
50 to be 1313, 1727, 2392, 3493 respectively.

8. Given the table .
x 310 320 330 340 350 360
logx 24914 25052 2:5185 25315 2:5441 2:5503
find the value of log 3375 by a central difference formula.
9. Prove that if third differences are assumed to be constant

x (x%--1

6

3
U, = xuy + ) A%uy+ yu, +y—(y6~1) A%y,

where y=1—x.

Apply this formula to find the values of uy; to #;, and u,4 to u,, given
that u#y=3010, u;=2710, #y=2285, u;;=1860, Uy =1500, Uy =15I0
and wug, =1835.

10. From the table of annual net premiums given below find the
annual net premium at age 25 by means of Bessel’s formula:

Age Annual net premiums
20 ‘01427
24 01581
28 ‘01772
32 01996

11. Apply a central difference formula to find f (32), given

f(25)="2707, f(30)="3027, f(35)="3386, f(40)="3794.

12. Use Gauss’s interpolation formula to obtain the value of f (41),
given f(30)=3678-2, f(35)=2995'1, f (40)=24001, f(45)=18762,
F(50) =1416-3.

Verify your result by using Lagrange’s formula over the same figures.
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13. Prove the following formulae for the general case of unequal
intervals:

() uag=us+ A} (A + Aug) +34 (B+L) puy

+ ABL } (AU + Nouy) + ... (Stirling)
(i) uy=% (ua+u)+4% (A+B) Au,+AB } (Aou,+ Au,)
+3 (ABC+ABL) Nuy+... (Bessel)

and show how to obtain a general Everett form.

14. Show that any central difference formula can be developed
from Lagrange. Apply a central difference formula obtained thus to

find f(34), given that f(2)=2-626; f(3)=3454; f(4)=4784 and
f(5)=6986.

15. Given g, uy, uy, us, 1, ug (fifth differences constant), prove that

25 (c=b)+3 (a—c)
256

uz} = %C + )
where a=uytug; b=u+uy; c=uy+u,
16. A series is formed by the division of the terms of the two series

U, I 2 6 24 ...nl
v, 4 20 120 840..%t(n+3)l
Obtain an interpolated value for u3/v,3 of the new series by a central

difference formula and compare the result with the quotient of Usy by vy}
in the component series.

17. The following is a difference table written down in Woolhouse’s
notation:

U_g
a_y
u_y b_y
a, (8]
4o bo dy
a 1
L3 by
ay
1,

If ay=4%(a_,+a,) and co=4% (c_y +¢,), show that Stirling’s formula
(to fourth differences) can be expressed as

Uy =ty+ Ax + Bx?+ Cx® + Dx?4,
where A4, B, C, D are functions of ag, b, ¢,, dy only.
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18. Prove that in Woolhouse’s notation
Uy =ty + %) @1 + Xy by + (5 + 1)y € + (X + 1)y 4y
correct to fourth differences.

19. Show that the sum of the terms of the series u_y, u_j, ug, 1, 1,
can be expressed in the following form

Auy+ BS%uy + Cd%u,,

where 8%uyand 8%, denote the second and fourth central differences of
ty; and find 4, B and C.

20. By splitting up the fraction of the form
Uy
(%% —a?) (x%—b?) (x®wc?)

into partial fractions, show how to arrive at u, in terms of known values
of the function of which x occupies the central position.

CIfuy= Auo+B_\uo+CA U_y+ ..., 1€ a general expression for
uac in terms of central differences, prove by expressing all differcnces in
terms of advancing differences of u, that

Uy =ty + %) Aty + () A%u_y + (% + 1) ) APu_y + ...,
obtaining the general term in the expansion.

22. Show that in the general divided difference interpolation formula
any two successive terms can be reduced to a pair in Everett form.



CHAPTER V
INVERSE INTERPOLATION

1. When performing direct interpolation, values of y corresponding
to various values of the argument x are given and we are required
to find a value of the entry y corresponding to a value of x inter-
mediate between the given values. If it is required to obtain an
interpolated value of the argument corresponding to an intermediate
value of the entry, the process adopted is called “inverse inter-
polation”. In other words, for direct interpolation we assume a
curve y=u, passing through the points (x, y) and estimate the
value of y corresponding to some intermediate value x': for inverse
interpolation we have a similar curve but are required to find a
value of x corresponding to a value y’.

For certain functions we may obtain the result easily. If
y=sinx, then x=sin"1y; if y=23, then x=y}; if y=a?, then
x=log y/log a. The required values of x can be calculated im-
mediately in these examples.

On the other hand, if the data are simply corresponding numerical
values of x and y, all that we can write down is a formula such as
Newton’s or Stirling’s: we must then endeavour to obtain a value
for x by solving an equation. For example

y=u,=(1+A)" ug=uy+xq)Auy+ xg)A2uy+ ) Aduy+ ...

If second differences may be assumed constant we have a
quadratic equation which can be solved at once. Should this
assumption be inadmissible, then we are faced with an equation
of higher degree than the second and the solution of such an

equation may be very laborious. In these circumstances we resort
to approximate methods of solution of the equation.

2. Consider the problem of reversion of series. If
y=bx+cx®+dxd+ ...

and we wish to obtain an approximate value for x in terms of y,
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we may write x=By+ Cy?*+Dy3+...+ Ky"+.... The coefficients
B, C, D ... K ... may then be found by equating the coefficients
of the various powers of x in the identity

x=B (bx+cx*+..)+C (bx+cx?+ .. )2 +....

If y is numerically less than unity and we use only 7 terms in
the expansion for x in terms of y—i.e. we let

x=By+Cy*+ ...+ Ky

—we are neglecting only y"+! and higher powers. Since y is less
than unity, the neglected terms will usually be small.

If however y =u, =uy+xq) Aug+ 20y A%y + ... + x4, A"y + ... and
we wish to find ¥ from this equation, we cannot with equal safety
neglect the terms x, ;) A"y + ..., for these all contain x, x2, &3 ....

It is thus seen that the problem of inverse interpolation, although
analogous to that of reversion of series, involves considerable
difficulties. The best method of approach is from a practical point
of view.

Given a problem in direct interpolation, the results obtained by
the use of an interpolation formula are justified only on certain
assumptions. Similarly, in interpolation by differences for an
inverse function the results must be judged practically by the
progression of the differences. It may be stated however that if
interpolation to nth differences is accurate enough for f (x) it does
not follow that the same number of differences will suffice or will
be required for the inverse function.

8. The problem of inverse interpolation may be viewed in two
ways. We may, by graphic or other indication, observe that the
value of x which we require corresponding to some given value of
u, lies in a certain narrow interval. Thus, if we are given the
following table:

Rate of interest

per cent. 2} 3 33 4 43 5
Annuity-value 87521 8:5302 83166 81109 79127 77217

and we are asked to find the rate of interest for which the annuity-
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value is 8-000, we may take the interval 4—44 as the interval (o, 1)
or (—4%, +3) and write down an interpolation formula, using only
a quadratic or cubic function. As the interval and the values of
the variable are small and the differences are rapidly decreasing,
the solution of such an equation will, in general, give sufficiently
satisfactory results. If the equation is a quadratic the solution will
present no difficulty; for a cubic various methods are available,
some of which are discussed later.

4. Alternatively, we may exchange the dependent and independent
variables. That is, given a table of y=u, we may use the inverse
function x=1v,.

This method of interchanged variables is subject to very severe
restrictions on the function u, over the range of values used. In
the first place, u, must be strictly monotonic—i.e. uniformly in-
creasing or decreasing—over the range of values given and the
unknown value of x, the value of x in all practical cases lying not
outside, but within the given range and near the middle of it. If
u, is not strictly monotonic, the inverse function becomes two-
valued at least—possibly many-valued—and hence cannot be
represented by a polynomial. In these circumstances the ordinary
methods of finite difference interpolation are unsafe.

In consequence, before this method of inverse interpolation can
be attempted we must have some extraneous knowledge, graphical or
otherwise, of the nature of the function u,. We must usually, in
fact, be able to see roughly the position of x. These conditions
being premised and being generally satisfied, the necessity for a
sufficient number of values of u, and a small enough interval is
naturally seen.

5. The point here made is clearly brought out by a consideration
of the following example.

Example 1.
Obtain a value for x when u, = 19, given the following values:

x o I 2
U, o I 20
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There would seem to be two possible methods at our disposal:

(i) We might write down at once (if we think it safe to assume that
second differences are constant)

Y=ty =(1+4)" uy =1y +xq) Attg + x5 A%

i.e. 19=x+9 (x2—x),
so that gx*—8x—19 =0,
from which x=1964 ... Oor —I073....

(ii) Since we have to find an interpolated value of x corresponding

to a value of y we might treat y as the argument and x as the entry.
Let us write the data in the form

y o 1 20
x=0, o I 2
and apply the Lagrange formula to calculate vy as if for direct inter-
polation.
We shall have
___}deﬂu s = I + 2
19.18.(—1) 18.1.(-19) (—1).20.19
or 29 =28,

It will be seen therefore that we have obtained two distinct sets
of results. By adopting the first method x has the values 1:964...
or —1-075... and by adopting the second method « has the unique
value 2-8. It remains to examine the reasons for the difference and
to ascertain which result, if any, is more likely to approximate to
the true interpolated value or values.

In the first method it will be apparent that we have taken a
curve of parabolic form, y=a+bx+cx? and have obtained
values of x corresponding to y=19. This gives two values of x,
one on each side of the vertex of the parabola. In applying the
Lagrange formula inversely we have assumed that x is a quad-
ratic function of y and have given y a particular value (19) in the
equation x=a+ By+yy:. If we substitute the value of y corre-
sponding to each value of x from the data, it is easily seen that
=0, B=398/380 and y= —18/380. The Lagrange equation is
therefore 190x =199y —gy?.
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Now if the two curves

y=9x%—8x
~199,_9 .
and ¥~ 190”7 " 190”7

be plotted on the same graph, it will be secn that they take different
shapes, thus:

N Y
[ Y=9\r2-8x;
\ |
\ |
\ |
Y1 z=18y -3y
/ pd
T
X, =0 X
Y,
Fig. 1.

On the curve y=9x?—8x the abscissae of the points whose
ordinates are 19 are 1:96... and —1-07..., whereas on the other
curve there is only one point for which the ordinate is 19, namely
the point (2+8, 19). Unless therefore the two curves obtained from
the data, (i) by treating « as the argument and (ii) by treating y as
the argument, intersect at the required interpolated value, as for
example at K in the above figure, the two methods are bound to
give different results.

6. Although there would seem to be three different and possible
answers to the question above, we must be very careful before we
draw any conclusions from the results.

In the first place, we are not told, and have no right to assume,
that A%, is constant, and that consequently second difference

7 FMAS
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interpolation for y is sufficient. On the data as given the only
conclusion would be that they are inadequate either for direct or
inverse interpolation.

Secondly, even if we may assume that A%, is constant, we see
that

(a) a portion of the curve over the given range, namely from
x=otox=1, is non-monotonic and one of the essential conditions
set out in paragraph 4 is thereby infringed;

(b) notwithstanding the assumption that second differences may
be used for direct interpolation, we are not justified in assuming
that this order of differences is sufficient for inverse interpolation:
we cannot therefore safely use Lagrange’s formula.

If we make the assumption that second differences are constant,
we cannot properly use the point (o, o) for inverse interpolation,
as the given values™tlo not indicate the form of the curve between
x=o0 and x=1. By omitting the value (o, 0) and using the values
for y when x=1, 2, 3 and 4, a more satisfactory interpolated value
can be found. The student should attempt this by one of the
methods described below.

7. The formulae of direct interpolation are based on the properties
of rational integral functions of the variable, and any formula which
proceeds to nth differences gives exact results when applied to a
rational integral function of the nth degree. By stopping short of
nth differences the formula can, of course, be used to obtain
approximate results, and the success of the interpolation depends
on the magnitude of the terms omitted. Thus, if we use rth
diff