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TRANSLATOR'S PREFACE

For a number of years there has been a feeling among many
teachers of mathematics that students would accomplish more
if they had an introductory treatise on the Theory of Functions
of a Complex Variable written in English and adapted in other,
ways to the use of students beginning their graduate Wwork.
Professor Burkhardt’s book Einfiihrung in die Theorie der ana-
lytischen Funktionen einer komplexen Verinderlichen has seemed
admirably suited to this purpose both in the matter of material
and arrangement. The translation of this text into English
was undertaken at the suggestion and encouragement of promi-
nent American mathematicians, since there is no book in the
English language treating the subject from the point of view
adopted here.

The translation preserves the same arrangement of material
as the original book, even to the numbering of sections and
theorems. Footnotes not in the original text are always signed.
All of the exercises, which include a number of additional fig-
ures and which follow various sections and each of the chap-
ters, are added by the translator. It is hoped that they will
prove of assistance not only in illustrating and fixing the ideas
contained in the text but as well in stimulating the reader to
independent attack and further study in larger treatises. It
seemed best not to give the sources from which many of these
exercises were obtained —some of them being original, some

the results of courses with the late Professor Maschke of the
.
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v TRANSLATOR’S PREFACE

University of Chicago, some furnished by Professor Osgood of
Harvard University, and others seeming by this time to have
become common property.

In any case, the aim has been to place at the disposal of
students such a book as will be of greater service in obtain-
ing a knowledge of the fundamental principles underlying the
theory of functions.

I wish to acknowledge my indebtedness and gratitude to
Professor N. J. Lennes of the University of Montana for his
interest and help in reading much of the manuscript; to Pro-
fessor E. G. Bill and Dr. F. M. Morgan of Dartmouth College
for reading the proof-sheets and making use of them in class-
work; and especially to Professor J. W. Young of Dartmouth
College for valuable counsel and criticism.

In the second edition, minor corrections have been made in
the text and a few changes, rearrangements, and minor additions
made in the lists of examples.

S. E. RASOR.

THE OHIO STATE UNIVERSITY,
April, 1920.



FROM THE PREFACE TO THE FIRST EDITION

NEARLY all* of the numerous present German textbooks on the
theory of functions treat the subject from a single point of view —
either that of WEIERSTRASS or that of RIEMANN. More recent French
and English textbooks (PICARD, FORSYTH, HARKNESS and MORLEY)
have endeavored to close the gap between the two methods; in Ger-
many, too, lectures and scientific works have gradually sought to unify
the two theories. But we are yet in need of a book of moderate extent
. . . suitable to introduce beginning students to both methods. I ap-
preciated very much the need of such a book as I undertook to write

. this introduction to the theory of functions. RIEMANN'S geo-
metrical methods are given a prominent place throughout the book;
but at the same time an attempt is made to obtain, under suitable
limitations of the hypotheses, that rigor in the demonstrations which
can no longer be dispensed with when once the methods of WEIER-
STRASS are known.

The extended account of the theory of functions from RIEMANN’S
standpoint is in reality a preparation for his theory of integrals of alge-
braic functions. This was entirely relevant while this theory was the
only part of RIEMANN's plans concerning the theory of functions which
had been carried out. In the meantime the linear differential equa-
tions and the automorphic functions have come into prominence
through the work of POINCARE and KLEIN. In an elementary book
we must consider this most important changei the conception of the
Sfundamental region must have a prominent place in such a book and
must be fully explained in connection with the simplest examples, such
as s and ¢¢. To make room for this I have omitted a part of the
usual material, the first of which is the general analysis situs of the
RIEMANN's surface with a finite number of sheets.

# A possible exception is HARNACK'S Outlines of the Differential and Integral
Calculus ; but this cannot be recommended to beginners.

v
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vl FROM THE PREFACE TO THE FIRST EDITION

The details in the arrangement of the material may be seen from
the table of contents; however, we mention the following particulars.

In the first chapter, I have introduced the algebra of complex num-
bers as an algebra of number-pairs without giving a general theory of
number systems of two (or more) units; I have rather assumed with-
out discussion the hypotheses characteristic of the theory of “ordinary
complex numbers.”

The second chapter contains a detailed geometrical theory of the
elementary rational functions of a complex variable and the conformal
representations determined by them. The transition from the plane
to the sphere by stereographic projection is also considered ; it is used
at various places in the follbwing chapters. The chapter closes with
a discussion of the symmetric invariants of four points as a function
of their double ratio; this takes the place of an example (in itself
unimportant) of a rational function of a more general character.

The fourth chapter gives the theory of single-valued functions of
a complex argument essentially according to CAUCHY and RIEMANN.
After deriving the properties of such functions in domains in which
they are regular, a special discussion of the sine and the cosine and
the exponential functions is added. Then follows the theory of
isolated singular points in connection with LAURENT’S theorem;
FOURIER's series are studied at the same time. The discussion of
MITTAG-LEFFLER'S theorem is limited to the simple case for which
the degree of the additional polynomial does not become infinite.
The chapter closes with the applications of this theorem to singly
periodic functions.

In the fiftA chapter, which treats of many-valued functions, I have
ventured a change in the usual arrangement which may not meet with
general approval: I have put the logarithm and the infinitely-sheeted
RIEMANN’s surface accompanying it first and then used its properties
in the investigation of even the simplest irrationalities. It is possible
to do this without in any way making use of transcendental functions;
but to be consistent we must then avoid the trigonometric form of a
complex number, which is nothing else than introducing its logarithm,
and prove the existence of the » roots of complex numbers by the fun-
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damental theorem of algebra. This appeared to be too cumbersome
for an elementary book. Moreover, the general theory of algebraic
functions is entirely omitted from this chapter and in its place a de-
tailed discussion of the simplest cases is given. At the close of the
chapter the properties of the logarithm are used to obtain the repre-
sentation of a transcendental integral function by means of an infinite
product from the division into partial fractions of its logarithmic
derivative.

I have named the szx#% and last chapter « General Theory of Func-
tions.” The general conception of analytic continuation, the analytic
function, the RIEMANN’S surface, the natural boundary, are first treated.
Besides this the chapter contains a discussion of the principle of
reflection.

Statements as to the authorities for the definitions and theorems are
omitted. At particular places as they happen to occur in the text I
have given references to the literature for such readers as wish to
study any of the questions further; in this, original sources have not
always been named but where possible just such references have been
given as seem suitable for the beginner. . . .

ANSBACH, March 26, 1897.

PREFACE TO THE SECOND EDITION

SINCE the first two and the last three chapters have met with general
approval outside of the strict disciples of WEIERSTRASS, I have no occa-
sion to make essential changes in these chapters. I have given the
proof of CAUCHY’s fundamental theorem in the simple form made pos-
sible by the researches of PRINGSHEIM, GOURSAT, and MOORE; this
necessitated a few other changes and rearrangements. Besides, I hope
to have gained in clearness at a few places by minor additions.

On the contrary, the third chapter is entirely remodeled: elementary
things are put in my algebraic analysis which has appeared in the
meantime as part one of these lectures, while a few other theorems
which were not in their place there but which are needed here now
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appear with proofs. Since the idea of the double integral is no longer
required in the proof of CAUCHY's theorem, the space thus required is
kept within moderate bounds. . . .

ZuRriIcH, October 12, 1903.

PREFACE TO THE THIRD AND FOURTH EDITTONS

IN the third edition I have further added a few examples of con-
formal representation and in connection with them a discussion of the
cyclometric functions of a complex argument. . . . In the fourth edi-
tion the theorem of MORERA (XIII, § 38) and the proof of the theorem
of WEIERSTRASS (§ 50) based upon it are added, besides many im-

provements in details. .

H. BURKHARDT,
MunIcH, May 11, 1912,
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THEORY OF FUNCTIONS OF A
COMPLEX VARIABLE

CHAPTER 1

COMPLEX NUMBERS AND THEIR GEOMETRICAL
REPRESENTATION

§ 1. On the General Arithmetic of Real Numbers

ELEMENTARY ARITHMETIC is concerned with integers as its
primary elements or objects. It shows how a third number
can be found by simple combirmtions (addition, subtraction, mul-
tiplication, etc.) of any two numbers. It then derives Jaws by
which the result of a certain series of combinations taken in
order, for example a (4 + ¢), can also be found by another series
of combinations, in this example by @b+ ac. It finally makes
ase of these laws to determine how a quantity, which is to be
combined in definite ways with other quantities, must be chosen,
so that the result of these combinations shall be a value pre-
viously determined. The proofs of these laws and rules given
in arithmetic are of two entirely different kinds (cf. A. A.* § 1).
In deducing the fundamental laws it makes use of the real sig-
nificance of these objects (or numbers) and the operations
to which they are to be subjected. Farther on this real sig-
nificance is not considered, but manipulations are performed

* In this way BURKHARDT'S Algebraic Analysis (2d edition) will be desig-

nated. It is the first part of Vol. I of BURKHARDT'S (1908) Vorlesungen iiber
Funktionentheorie.



2 1. COMPLEX NUMBERS

merely with the symbols for the objects and the operations on
the basis of the doctrines of formal logic and those laws of
arithmetic already deduced. This distinction is later of much
importance. Originally the name »umber was given only to
“ positive integers.”’ But the needs of geometry require that still
other elements be regarded as numbers (negative, fractional,
irrational) and as objects of the ‘ general arithmetic.” For these
more general numbers combinatory operations are then defined.
They are quite analogous to the operations with integers and
receive the names applied to the latter operations. It is shown
on the basis of the definitions that these operations with the more
general numbers satisfy the fundamental laws mentioned above ;
hence it follows at once that the derived theorems are also true
for them. The earlier proofs given only for positive integers are
valid here word for word, since we no longer make use of the
properfiés of the objects, but rely only upon the characteristics
of the operations already established (A. A. § 1, § 9).

That it is permissible to introduce these more general numbers
is based upon the freedom of scientific thought to choose its own
objects ; that it is desirable to introduce such numbers is shown
by the result. The negative and fractional numbers represent
relations between objects of daily experience in a broader sense
than can be done by the exclusive use of positive integers. The
irrational numbers arise from the desire to conceive, for scientific
purposes, as absolutely exact those laws of space which enter
only approximately into our experience. This desire cannot be
satisfied by relations between integers alone.

In what follows, we shall suppose the negative and the frac-
tional numbers to be introduced ; on the contrary, the irrational
number will be used at only a few places in the first two
chapters.
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§2. Introduction of Number-pairs; their Addition and Subtraction

From the algebra of the simple number we pass next to an al-
gebra of the number-pair — the so-called ““double algebra.” It
deduces a new number from two number-pairs and seeks the
laws which underlie these combinations of number-pairs. The
algebra of simple numbers finds its counterpart in the geometry
of one-dimensional configurations in so far as it is possible to
assign a definite number to each point of such configurations, a
straight line for example, and one definite point to each number.*
We shall see that the double algebra is represented geometri.
cally by the relations between the points of two-dimensional con-
figurations or surfaces, and in particular upon the simplest of
these, the plane and the sphere.

What kind of combinations of number-pairs we are to consider
is arbitrary with us; whether the choice we make is adapted to
our purposes is a question which can be answered in the affirma-
tive when and only when results have been obtained which could
not be cbtained at all by other methods, or at least not so easily.
But we have two requirements to govern our choice. We shall
seek first those combinations which obey the same or nearly
the same laws as those of simple numbers ; and besides, we shall
always keep in mind the relations to geometrical configurations.
We shall not raise the question as to what might be the most
general combinations which satisfy the first requirement and
are also adapted to the second ; but we shall begin with the defi-
nition of the combinations to be considered and then prove that
they obey the above laws and show how they are represented
geometrically. In this manner we follow the historical de-
velopment. Number-pairs first appear in the form of *“im-

* Known as the CANTOR-DEDEKIND axiom; cf. PIERPONT, The Theory of
Functions of Real Variables, Vol. 1, p. 79,—S. E. R.
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aginary” numbers @ + 4/ —1 in the solution of algebraic equa-
tions of the second, third, and fourth degrees. Any hesitation
on first using these ““imaginary” numbers was easily overcome
by being able to operate with them as with real numbers, even
without justifying the process or without knowing what such
an imaginary symbol in general signified. . The following defini-
tions are all given with the understanding that we operate with
the imaginary number @ + 4/ as with a real binomial and reduce
higher powers of 7 to the first power by the relation 7241 =o.

To operate with number-pairs it is necessary to define when
two number-pairs are equal to each other. Definition:

1. Two number-pairs (a, b) and (¢, d) are equal to each other
when and only when -
a=cand b=d

(but not when e =7 and 6 =¢). One equation between number-
pairs therefore represents #e0 equations between simple numbers.
The concepts “larger” and ‘““smaller” are not immediately
applicable to number-pairs.
I1. From the two number-pairs (a, d) and (¢, d) a third number-
pair
(a4c b +4d)

can be formed in the simplest manner. A name and a symbol
are needed for this operation. We shall not introduce new ones,
but we shall borrow the name addition with its symbol 4 from
the algebra of simple numbers. Adcordingly the third number-
pair is called the sum of the other two and is written :

(1) (@ 8)+( D)y=(a+¢ 6 +4).

A new meaning is thus attached to these terms and symbols
(addition, sum, +, =), .
This combination of number-pairs is a definite operation,
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posstble and wunigue in every case. Moreover, this operation
obeys the commutative law (A. A. IV, § 2):

(2) (2, )+ (¢, d)=(c, d)+(a, b);
and the associative law (A. A. I1I, § 2):

3) [(a, 8)+ (¢, D] +(e, /) =(a, &)+ [(¢c, &) +(e, /)]

The first of these laws is proved by applying definition (II)
to the operations indicated by each side of equation (2). The
resulting number-pairs (¢ +¢, & + &) and (c + @, 4+ 6) are equal
to each other according to definition (I), since @ + ¢=¢+ a and
b+ d=d+ b according to the commutative law for the addition
of simple numbers. Equation (3) is proved in a similar manner.

The further theorems in elementary algebra about the rear-
rangement of the terms in a sum of three or more summands,
can be proved by purely logical deduction from the commutative
and associative laws without returning to the fundamental mean-
ing of the operation of addition. It therefore follows that these
extended theorems are valid for the operations with number-
pairs just as.for ordinary numbers (cf. the general remarks of
§ 1). Hence we may state the following general theorem of
which equations (2) and (3) are special cases:

II1. 71 a sum o any number of number-pairs, the separate sum-
mands may be combined into a smaller number. of other summands
by an arbitrary selection and arrangement.

We define further:

IV. The number-pair (— a, — b) is called the opposite of thi
number-pair (a, b).

V. The a’g’f?rem‘? of two number-pairs is that number-pair
which, when added to the subtrakend, gives the minuend.

From this definition, the definition of sum (II), and the prop-
erties of addition and subtraction of simple numbers we obtain
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Theorem V1, which is expressed by the equation:
(4) @ 0)—(d)y=(@—¢b—d);

also Zheorem VI11: Subtraction of a number-pair is the same as
addition of the opposite number-pair, and hence is a definite opera-
tion, possible and unigue in every case.'

In elementary algebra the sum of (m) (a positive integer)
equal summands &

1 2 3 m-1 m

at+ae+a+ -a+a
is called ¢ the product of the number a by the positive integer m.”
This definition has a definite meaning in consequence of Theorem
IIT when applied to number-pairs ; we say:

VIIL. ke product of an integer m and a number-pair (a, b) is
the sum of m equal number-pairs (a, b).

If we form this sum according to definition II and Theorem
III we obtain a .

Theorem 1X, which is expressed by the equation :

Q) m(a, b)=(ma, mb).

X. In case m is a negative number, equation (5) is the definition
of the product of m and the number-pair (a, b).

X1. Division of a number-pair by an integer is defined as the in-
verse of multiplication. ‘Therefore, in consequence of equa-
tion (s5):

6) (@ 0) _ (a b)

m mm

XI1. Multiplication of a number-pair by a fraction is defined
as, “ Multiplication by the numerator and division by the denomina-

tor” (A. A. § 15); and thus, from the equations (5) and (6), it
follows that:

) ' 2 @, b)=<%‘ a2 b).
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« XIIL. On the basis of the definitions IT and X11, every number-
patr can be represented in the form

(8) (a, b)=ae, + be,

as the algebraic sum of multiples of the two special number-pairs :
6= (1 ’ 0)1
€ = (09 1 )’

which are accordingly named UNITS.

§ 3. Multiplication of Number-pairs ; Number-pairs as Complex
Numbers

In elementary arithmetic multiplication is considered, after
addition, as a second kind of combination of two numbers to
produce a third number. Among the properties characteristic
of this operation are the commutative law (A. A. 1II, § 4) ex-
pressed by the equality

(1) ab = ba,

and its distributive relation with respect to addition (A.A. VI,
§ 4) expressed by the equality

(2) " a(b+c)=ab+ac

We nowy inquire whether there exists also a combination of
number-pairs which obeys both of these laws,.that is, which is in
itself commutative and which obeys the distributive law for
addition of number-pairs stated in § 2. If such a combination
exists, we name it multiplication and designate it by juxtaposition
of the factors, with or without the point to connect them.

In accordance with the representation of number-pairs given
by equation (8), § 2 and in accordance with the requirements
of the commutative and the associative laws, the result of the
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multiplication of any two number-pairs is determined when we
have determined the product of the two units each by itself and
each by the other (the result being, of course, a number-pair).
We shall not attempt to answer the questions as to what are the
most general assumptions we are here able to make consistent
with the above hypotheses or which of these different assump-
tions lead to essentially different “double algebras’; but we
shall introduce directly those hypotheses which characterize the
theory of the so-called “ ordinary complex numbers.”

1. The products of the units are accordingly defined by the equa-
tions :

(3) (1,0) - (1, 0)=(1, 0),
(4 (0, 1) - (1, 0)=(1, 0) - (0, 1)=(0, 1),
(5) (0, 1)+ (0, 1)=(—1, 0).

The meanings of these equations must be made clear.

From equation (3) and from the results of the previous para-
graphs it follows that all computation with number-pairs, whose
second elements are equal to o, is to be performed just as if the
second elements were entirely absent and that therefore we are
to operate only with the first elements just as with simple num-
bers. Equation (4) and the distributive law tell us that the
number-pair (g, o) is to be treated as a simple number when
multiplying it by another number-pair. We identify these
special number-pairs directly with simple numbers as follows :

II. Since we may put
(6) (1,0)=1,
it follows according to equation (5), § 2, #hat in general

(7) (a, H=xa.
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Finally, equation (5), on account of equation (7), can be
written

(3) (0, 1) - (0, 1) =—1.

Accordingly, it follows that :

ILI. While there does not exist a simple number which mul-
tiplied by itself gives — I, there is a number-pair, viz. (0, 1) which
has this property.

The problem, to find a number which multiplied by itself
produces a given number, is called in elementary algebra
“Extraction of the square root” and is designated by -/
(A. A. §46). If we apply this symbol (provisionally without
further discussion) to operatiops with number-pairs we can
formulate Theorem III as follows:

IV. The operation indicated by N — I is impossible in the field
of simple numbers, but has (0, I) for a solution with number-pairs.
(Whether there are other number-pairs which satisfy this
operation, remains temporarily undecided; but cf. § 58.)
Moreover, we shall put

(9) (0, 1) =V —1=4
thus using the symbol generally accepted since the time of
Gauss.

V. Therefore according to equation (8), § 2, cvery number-pair
can be written in the form

(10) (a, b)=a+ bi.
We shall henceforth use a different terminology as follows :
V1. What was heretofore named merely “a number” wili
hereafter be called “a real number”; and what we heretofore
called a number-pair will henceforth be named “a number,” or
where a more explicit statement is desired, “ @ complex number’
(e complex quantity).
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We therefore enlarge the custom of representing an indeter-
minate number by a letter, by designating an arbitrary complex
number by a letter when the limitation to real numbers (or any
other limitation) is not expressly stated or is not evident from
the context.

VIL. 7n the complex number a+bi, a is called the real part and
bi the imaginary part. A complex number whose real part is o
is called a pure imaginary number.

One must not be led to a wrong conception by this zame; as
we shall soon see, complex numbers are very well suited to
represent definite relations between real objects.

The symbols thus introduced will be used at once to state
explicitly the following result:

VIII. For the multiplication of any two complex numbers we
have, by applying formulas (1) to (5):

(x1) (a4 bi)(c+ di) =ac— bd + i (ad + bc).

The multiplication of complex numbers defined by this equa-
tion is thus possible in every case and the result is unique.
That the methods for the multiplication of real numbers hold
for these complex numbers is not self-evident, but must be
proved (just as we proved the corresponding property for addi-
tion). In this it is sufficient to prove that the fundamental laws
are valid permanently, in order to show that the laws derived
from them remain valid; this has been so completely discussed
in A. A. §§ 1,9 as well as here, §§ 1, 2, that further discussion
is not now necessary. Multiplication possesses three such fun-
damental laws, viz., the two stated at the beginning of this
paragraph and the following: '

(12) (ad)c= a(b),
which is called the associative law (A. A. IV, § 4). To verify
the fact that these three laws hold also for the multiplication of
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complex numbers as defined by equation (11), it is only neces-
sary to carry out the indicated operations; this is left to the
reader, and we state at once the theorem:

IX. TZhe three laws (1), (2), (12), as well as all the laws de-
duced from them, hold for multiplication as defined by equation (171).

All deductions from equations are naturally again equations.
But there is another important property of multiplication of real
numbers which is not expressed by an equation, but by an -
equality, and on this account cannot be deduced from the above
three fundamental laws alone. We refer to the theorem that
a product cannot be zero unless one of the factors is zero
(A.A. § 13). We must then show in particular that this same
theorem holds for complex numbers. If the right side of equa-
tion (11) is to be equal to zero, then, according to the definition
of equality of two complex numbers given in I, § 2, we must

have ac—dbd=o0

ad+bc=0

¢
d

— ([’
‘.

It follows from these equations by multiplying by the adjoining

factors that
d(£2 + 4 2) =0,
(13) b+ d)=o.

The equation (¢*+ @%)=o can be satisfied by real values of
¢, d, only when ¢c=o0 and d=o. Bytif 2+ d*s o0 then it fol-
lows from equations (13) that @ must =o and 4 must =o, since
the theorem just cited holds for real numbers. If therefore

(@ +0i)(c+ di)=o0,

either ¢ 4+ 47 must = o or ¢4 7/ must = o, that is, the following
theorem holds for complex numbers :
X. A product cannot be sero unless one of the factors is zero.
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§ 4. Geometrical Representation of Complex Numbers by the
Points of the Plane

At the beginning of our investigation (in § 2) we recalled a
one-to-one correspondence between the totality of real numbers
and the totality of points of a straight line, that is, an arrange-
ment such that to each point there corresponds a definite num-
ber (the “abscissa” of the point) and to each number there
corresponds a definite point. We have likewise pointed out
that number-pairs can be arranged in correspondence with the
points of a surface as a two-dimensional configuration, The
simplest arrangement of this kind for the points of the plane
is the following one due to DESCARTES: let us draw through a
given point, the “origin” of codrdinates, two straight lines,
“the x- and the y-axis,” perpendicular to each other ; drop per-
pendiculars from any point of the plane on these axes, and
designate the lengths cut off on the axes by these perpendicu-
lars, measured from the origin and taken with the proper sign,*
as the “ coordinates ” «x, y of the given point (Fig. 1). In this
representation we need only to replace the number-pair (x, y)
by the complex number x4 iy; we have thus the relation of
the complex numbers to the points of the plane due to Gauss
and ARGAND:

L. We associate with each complex number x + iy that point of
the plane whick has, in reference to a fixed rectangular system, the
cobrdinales x, y; and conversely, to eack point with the codrdinaltes
x, y we associate the complex number x + iy.

* In general we shall take the positive x-axis to the right and the positive y-axis
in front of the observer. But in any case let us think of the positive. directions of
the axes as so chosen that they can be brought into the position just indigaved by
mere turning in the plane without reflection. Whether we use this or the opposite
arrangement is entirely immaterial. However, it is often convenient for the form

of certain expressions to use a particular arrangement and at times, when the desig-
nation of signs is important, to use the usual arrangement. (Cf. A.A.§§ 11, 14)
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In this way there corresponds to each complex number one
and only one point of the plane; and conversely, to each point
of the plane there corresponds one and only one complex num-
ber. Accordingly, to each definite relation between points of
the plane there must be a '
corresponding definite re- |
lation between complex
numbers, and conversely.
From each theorem about
complex numbers there
follows a  geometrical r
theorem about points
of the plane; and con-
versely, to each geo- |
metrical theorem concern- FIG. 1
ing points of the plane
there is a corresponding theorem about complex numbers. Of
course, every such theorem must be proved ¢ purely ”” by methods
which belong only to each particular case; but powerful aids to
investigation are furnished us by the application of known geo-
metrical theorems to our function theory. This procedure is
justifiable from the standpoint of rigor, whenever we are certain
of the one-to-one correspondence between the objects analytically
related and the geometrical picture, and whenever we use only
rigorous geometrical theorems.

In particular, the points of the x-axis correspond to the real
numbers (VI, § 3). It will therefore be called the axis of real
numbers ; to the pure imaginary numbers (VII, § 3) cotrespond
the points of the y-axis (axis of pure imaginary numbers).*

From the rectangular coérdinates of a point we obtain its well-
known polar codrdinates, radius vector » and polar angle ¢, by

* Also called “real axis" and " imaginary axis.”
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the equations (cf. Fig. 1):

() X =7 COS ¢,
y=rsin ¢,
whose solution is:

(2) r—\/x2+_y qs—tan“y

The formulas (1) are also correct in sign if the positive direction
of the angle be so chosen that the positive y-axis makes an

angle of + 7 with the positive x-axis * and if » is always taken
2

as; positive The foundation for these statements from the theory
of ifngonometrlc functions of a real angle (A. A. § 76) is sup-
posed to be known here.

11. On the basis of equations (1) ecvery complex number can be
writlen in the form :

(3) z=x+iy=7r(cos ¢ + sin ¢).
II1I. Here r is the positive square root
VAP

it is called the ABSOLUTE VALUE Y of the complex number
z=x+ 7y and is designated by

|

The square of the absolute value is called the NORM.

The absolute value of a positive real number is the number
itself. The absolute value of a negative real number is the
same number with the opposite sign (A. A. § 10).

-
* And thus with the usual arrangement for positive direction of axes, * counter-
cleckwise " (A. A. § 11).
“ Also called * modulus"; but this word has also other meanings.
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IV. There is no definite name for the angle ¢. We find it
“designated as argument, declination, arcus, anomalie, amplitude.*
We shall use the last-named term.

V. The factor cos ¢ +isin ¢

‘(direction factor of the complex number) kas the property that
its absolute value = 1.

VI. Al the points corresponding to the numbers of absolute
value I lie upon the unit circle, that is, upon the circle whose center
is at the origin and whose radius is unity.

Whether it is possible to put a complex number in the form
(3) in only one way is quite an essential question. We notice
in this connection that:

VIL. The absolute value r is uniquely defined, but there ts an
infinite number of values of ¢ (as shown in goniometry) whick
satisfy the conditions; all these values can be obtained from any
one of them by the addition and subtraction of arbitrary integral
multiples of 2w (A. A. § 76). We must continually give atten-
tion to this many-valued character of the amplitude when using
complex numbers in the form (3). It will be discussed again
more completely in § 54.

VIIL. Zhe number
(4) a—bdi=r[cos(— ¢)+7sin(— ¢)] =r(cos ¢ —7sin ¢)

ts called the complex number conjugate fo a + bi. Its geometrical
representation is (cf. Fig. 2) the reflection of the point @+ 47 on
the real axis. The number conjugate to the conjugate is the
original number. The conjugate of the opposite (IV, § 2) is
the opposite of the conjugate.

® Amplitude is used by the translator instead of arcus and is denoted when com-
venient by am.— S.E.R.
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§ 6. Geometrical Representation of Addition and Subtraction
of Complex Numbers

From the points which represent geometrically the two com-
plex numbers e + 47 and ¢ + &7, we construct as follows the point
which represents their sum :

1. Connect the two given points with the ovigin by straight lines
and complete the parallelogram thus determined ; the fourth vertex
is the point required.

The proof is obtained from Fig. 3, in which the necessary
auxiliary lines are drawn. That it also holds when the points
do not both lie in the first quadrant follows from the agreements
made in § 4 about the signs.

Another form of the rule is the following :

1I. Draw a line sgment from the point a + bi in the same di-
rection, of the same length, and paralle! to the one from o to ¢+ di ;
its end point is then (a + bi )+ (c + dF).

The commutative law for addition, the properties of which
were discussed in § 2, follows from the first form of the above
rule and the associative law from the second form. Moreover



§ 5. REPRESENTATION OF ADDITION AND SUBTRACTION 17

we obtain from this the first example of using a geometrical
theorem for the purposes of analysis. We refer to the elementary
geometrical theorem that in any triangle any side is not greater *
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than the sum (and not less than the difference) of the other two
sides. The following important theorem having particular appli-
cation in convergence proofs is obtained from this on the basis
of definition III, § 4:

II1. Z%e absolute value.of the sum of two complex numbers is
not greater than the sum (and not less than the difference) of their
absolute values.t ’

* This form of expressing the theorem brings to mind a limiting case which
must not be excluded here, viz. where the triangle degenerates to a straight line.
t An algebraic proof of this theorem is the following :

Since |a+6bi|=Vad + 8, |c+di|=VE+d?,
la+éi+c+dilt=(a+c)2+ (b4 d)3,
(la+6i|+|c+dil)2—|a+bi +c+dif?
=2V (a?+ 2) (2 +dé) —2ac—2bd
=2[Va2? + B¢ + a%d% + 24 —Va%? + 2 abed + 6347,

then
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Repeated application of the first half of this theorem gives
the following more general one:

IV. The absolute value of the sum of an arbitrary number of
complex numbers is not greater than the sum of thetr absolute values.

The geometrical representation of subtraction is obtained by
reversing the construction given in Fig. 3:

V. To construct geometrically the point which represents the
difference (@ + bi) — (¢ + di), connect the points (a+&i) and
— (¢ + i) with the origin by straight lines and complete the paral.
lelogram thus determined ; its fourth vertex is the point required.

Or: .

Let a + 4/ be the origin of a line segment w/hich is parallel and
equal in length but oppositely divected to the one drawn from o to
c+di; ils end point is then the required point.

§ 6. Geometrical Representation of Multxphcatlon of Complex
Numbers

The definition of the product of two complex numbers given
in § 3, equation (11) may,' according to the results of § 4, be
put in a form by means of which the product can be con-
structed geometrically. Let

a+bi = r(cos ¢ + 7 sin ¢,), ,
v ¢+ di = ry(cos ¢, + 7 sin ¢y),

But
(ad — bc)2 20,
a?d? + 8232 2> 2 abcd ;

therefore the expression in [ ] is not negative since the first root is to be taken as
positive (the second root miglit be taken positive or negative).
Hence

and accordingly

la+ 8|+ |c+di|2|at+bi+ ¢+ di|. Q.E.D,
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and therefore
(a4 6i)(c + di) = r - r[(cos ¢, cos ¢, — sin ¢, sin ¢,)
+ i (sin ¢, cos ¢, + cos ¢, sin ¢y)].

But by the addition theorem for trigonometric functions (A. A.
§ 74) this is

(r) = n7[cos (1 + $,) +isin (¢b; + ¢2) ]-

The following theorem is thus evident:

1. The absolute value of a product is equal to the product of the
absolute values of the factors, the amplitude is equal to the sum of
the amplitudes of the factors.

We have seen in § 3 that the product of two complex num-
bers is single-valued ; then the value of this product must be
the same whichever ones of the infinitely many values of the
amplitude of the separate factors (VII, § 4) we select. In fact
this is evident directly : if we increase the amplitude of a factor
by an arbitrary multiple of 2 =, the amplitude of the product in-
creases by the same multiple of 2 #.and hence the value of the
product itself is not changed.

A special case worthy of notice is that for which 7,=7r; and
b= — 4"1) viz., .

(2) . (a+ bi)(a—bi)y=a*+ ¥,
in other words:

11. The product of two conjugate complex numbers is real and
equal to their common norm.

That the associative and the commutative laws hold for a
~product is at once evident from equation (r). Furthermore,
this equation enables us to construct a product geometrically.
In Fig. 4, let ¢ be the point which represents the product a4
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geometrically ; and if

Y 31‘””—"1’1,
X 100 = ¢y,

l;l-l="n

;Z-:"z)

then, in accordance with
equation (1),

;10“=4’1+¢27

0c=17ry * ¥y,
and thus
X boc = =X 10a;
FIG. 4 and of 1 0a=0b: oc.

Hence the triangles oza and obc are similar to each other
in all respects and the required construction is the following:

111. If a, b are the points which represent geometrically the
numbers to be multiplied, construct the triangle obc similar in
all respects to the triangle ora; the third vertex ¢ of this triangle
represents the product ab.

In this construction we use in addition to the origin the unit
point on the x-axis; this was not the case for the construc-
tion of a sum in Fig. 3.

§ 7. Division of Complex Numbers

1. The quotient of two complex numbers a: b is defined as that
complex number ¢ which, when multiplicd by b, gives a.

Following the method of representing a product as given in
1, § 6, the solution of the problem indicated by this definition is
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at once evident; thus

(1) g = 9[005 ($1 — ¢2) + #sin (¢ — 1)),
and hence *

11. The absolute value of the quotient of two complex numbers is
equal to the quotient of their absolute values ; its amplitude is equal
to the difference of their amplitudes (equal to the angle doa).

Here also the many-valuedness of the amplitude has no effect
upon the result. For, if we increase the value first selected for
the amplitude of the dividend or of the divisor by 2=, the
amplitude of the quotient increases or decreases, respectively,
by 2 = according to the above rule for determining the amplitude
of a quotient. Neither the one nor the other changes the value
of the result. Therefore,

III. The division of two complex numbers is always a possible,
single-valued, definite operation excepting the case where the divisor
is equal to zero.

Returning now from this trigonometrical representation of
complex numbers to the original, we find
( @+ Bi _ (ay+B8) +(—ad+ By)
(2) C . 2 2 ’

v+ & Y+ 8

On investigation of the special case where 7, = 7,, ¢y = — ¢,
we find that )
J IN. The quotient of two conjugate complex numébers is @ number
whose absolute value is 1.
J V. The quotient of 1 by a complex number a is called (as with
real numbers) Zke reciprocal of a.

If a=a+ fi=r(cos ¢+ 7sin ¢)

then
1_a—fi 1 L
3) ;—a2+,3’—r<cos¢ 7 sin ).
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From these formulas it is evident that, as with real numbers,
the following theorem holds :

VY. A complex number is divided by another when it is multi-
Dlied by the reciprocal of the latter.

It therefore follows for division of complex numbers, that
all the rules for manipulating are valid just as with real num-
bers. This result and the results of the precedmg paragraphs
are stated in the following theorem:

VIL. 7n the field of the four fundamental operations we may
operate with complex numbers as with real numbers.

It is important that we make the meaning of this state-
ment entirely clear. It contains at once the proposition that
there a»e combinations of number-pairs, which obey the
same rules as the combinations of single, real numbers
designated by the names addition, subtraction, etc. It
contains further the conzventional agreement that we shall
retain for these combinations the same name and the same
symbol which are already used for such combinations of single
numbers.

There are no corresponding theorems for triple numbers,
quadruple numbers, etc. It is possible to give combina-
tions of these —and indeed in many ways — which obey
nearly all the laws for operating with real numbers;
but there are no such numbers which can be combined
according to @/ of these laws. The proof of this theorem
is not within the scope of this book.* We cannot even
discuss the question whether or not mf is desirable from
certain points of view to introduce such hlgher complex

® Cf. D. HILBERT, Gdtt. Nack., 18¢6, or O. STOLZ and A. GMEINER, Thkeo-
retische Arithmetik, 1.pz. 1902, Chap. X.
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numbers ”’* and whether they would at once obey the laws of
general arithmetic.f

If the order in elementary algebra is to be followed in the
development of these numbers, we should take up next the so-
called operations of the third grade, raising to powers, extrac-
tion of roots, and the finding of logarithms ; but we shall postpone
the discussion of them to later chapters (§§ 18, 56, 63) and at
present seek new results in the field of the four fundamental
operations by applying to the conceptions of algebra the notions
of a variable quantity and of function belonging to analysis
(A. A. § 19).

EXAMPLES

1. Show that (cos @ + ¢ sin 6)* = cos 78 + ¢ sin #0 for » posi-
tive or negative, integral or fractional.

2. Put the following expressions in the form 7 (cos 8 + #sin §):
. 1+iV3, sS4 (cosd+isind)t
t+ z 1+ V2t (cos B + #sin B)®’
(1 + sin @ 4 ¢ cos 0)"

1 +sin@ — icoséd
8. Find all the values of
@ @ =oh @ (V3-nl;
¢ & @ a+ivah () s

Find the values of V/7 in the form x + 7y, x and y real, and
represent them graphically.

4. Find and represent graphically the cube roots of unity.
Show that their sum is zero and that they form a geometrical series.
Show also that the # nth roots of unity form a geometrical series.

* An article by CHAPMAN, Bulletin N. V., Math, Society, Vol. 1, p. 150, entitled
“Weierstrass and Dedekind on higher complex Numbers,' may be of interest to
the reader from the point of view of the general theory.— S. E. R.

+ Cf. H. HANKEL, Theorie der complexen Zahlensysteme, Lpz. 1867; also
S. LIE, Kontinuierliche Gruppen, edited by G. Scheffers, Lpz. 1893, chap, 21,
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5. Show that the two lines joining the points z2=a, =14
and z = ¢, z = 4 will be perpendicular if

a—606\_ . =
an(e=0)o s

that is, if (‘-’——_—(é{) is purely imaginary. Find the condition that

these two lines shall be parallel. (Cf. I, § 9 and following.)

6. Show that if A/ is the middle point of CD, OM =
4 (OC + OD) in which O is the origin in the complex plane.

7. Let A and B be any two points in the complex plane; we
wish to find the complex quantity represented by 45. Connect
each point with the origin 0. Then, according to the definition
and construction of the difference of two complex quantities,
AB is equal to OB — OA (where 4B means from A to B).

8. Given four points 4, B, C, D on the axes at unit distance
from the origin. Find the complex quantities which represent
the distances 4B, BC, CD, DA.

9. What complex quantities represent the vertices of the
hexagon inscribed in the unit circle about the origin? What
complex quantities represent the sides of this hexagon?

10. Given any three points 4, B, C in the plane such that
0A, OB, OC are non-collinear. To prove that it is always
possible to express the relation between them in the form

OC=a-04 + 4. OB (a and 4 are real);
and further that this representation is #nigue.

PROOF, — Draw M C parallel to OB. In the triangle OMC, OM + MC =
OC by addition, But OM = a. OA since OM and OA differ only in abso-
lute value ; likewise M/ C = 4. OB. It follows that

OC=a-04+46.08.
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Next, suppose a second rep-
resentation

OC=a' - 0A+¥ - OB,
Therefore
(a—a')- 04+ (6-¥)-0B=o0:

but this means that O, 4, B are

. o
collinear, contrary to the hy-
pothesis, since then OA is equal to a constant times OB. Hence the repre-
sentation is unique.

11. Construct w=1/3,ie. w:1=1: 2

12, Multiply 2 times 3 graphically. Illustrate WEIERSTRASS’
definition of multiplication that to multiply & by 4, operate on &
as was done on unity to get a.

13. Prove geometrically that | % + ’:b
a

)

14. Find the points which divide the line segment from o to
I in the ratios + (1 + ¢).

15. Show by expanding (cos 8 + ¢sin§)" and equating reals
and imaginaries that

cos 7 = cos® @ — 22" 1 cos*29sin2 6 + -
2

. _. . n-n—1n7—2 o .
sinm@=ncos*'fsin ———— """ = cos"?Gsin® G+ <.,
1-2-3

16. Show that
(@) sin36=3sinfcos?d—sin*@ = 3sinf — 4 sin*f;
() cos 30 = cos*@ — 3 cosfsin?d = 4cos®d — 3cosb;
(¢) cos 40 = cos*6 — 6 cos?fsin?f 4 sin* 6.

Find similar expressions for sin 46, cos 56, cos 66, sin7 6.

17. If cos@+:sin@=x, show that zcosn0=x"+£;,
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24 sin 76 = x™ — —l; . Show also that

(2 cos ) = <x+i)"=<x"+;‘;>+ n< P n_z).;_...

=2cosnf +2ncos(n—2)0+---.

Derive a similar expression for sin® §, discussing the cases for
n even and odd.

18. Expand cos®6 in a series of cosines of multiples of 6.
— 1\5_ 1
HiNT. — Put (2 cos 6)5 = (x + :t) = (xs + ;;) +
’ =2co850 + ...
Expand similarly the following expressions:
sin®@, cos’ @, sin®#h, cosbd.sin’ 6.
19. Show that
(* + yos + 20g?) (x + yoi + z03) = a2+ P + 2 — yz — 28 — xp.

20. Prove that (a* — 2ax"@"cos 0 + %) = <x2 —zxacos- 0 + a2>
(x’—z .xacositl +a2> (xz- 2xa cos—+—2(—:'—'—l)—’5 + a2> .

HINT. — Make use of the formula
(¥ — 2 x%a"cos 0 + a?*) = {x" —a"™ (cos 0+ isin 6)} {x™ —a" (cos §—isinb)},
resolving each of the last two expressions into . factors.

21. Show that the triangle xyz is equilateral if

224 24 22— xy—ys—2x =0,

HINT. —If ABC be the triangle, the line segment CA is BC turned

through an angle 33! ; and, since cos 2% isin2% = w; and cos2T
2%

— #sin 3 =X =w? we have r—z=(3—y)ws or (x—3)=(z—y)ws
w3

Hence x + yw3 + sw3? = 0, etc., and the result follows from Ex. 19.

22. Show that |a+ 52+ |a—b62=2|e{*+|4[*}. How is
this related to the geometrical theorem that, if M is the middle
point of PQand O is the origin, OP*+ 0Q®=2 OM" + 2 MP'?
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23, Show that the roots of 8 4% — 4x*—4x+1=o0are

ko
cos™, cosd™, cosT,
7

HiINT. — Put (cos 8 4 #sin )7 =— 1, 7.. cos 70 = — 1. From this

p—T 3T ST IT 9r 1w 13T
7 7 7 7 7 7 7
Expand (cos 6 + #sin )7 = — 1 by the binomial theorem and equate the
real parts on each side. This gives

cos? § — 21 cosB0sin? @ + 35 cosdfsintf — 7cosfsinéfd + 1 =0, f.e
(1) 64 cos’ @ — 112 c08%6 + 56 cos¥f — 7cos8 + 1 =0,
and its roots are

cos™, cos3T, cosiT, cos7 T, cos 2T, cos I, cos 13T,
7 7 7 7
since (1) is the original equation cos 70 =— 1. But

cos L™ =—_1, cos 2™ = cos 3T, cos T = cos 3T, cos 13T = cos T,
7 7 7 7 7

The roots of (1) are thus: —1, and cos T, cos 3_;’-' , cos 2. repeated twice.
7

Now put x = cos 8 and (1) becomes
(x+1)(8a3—4a2—3gx+1)2=0.

Thus cos ™, cos 37—", cos 5—7—’—’ are the roots of .

7
8x3 —4ax—4x+1=0.

24, Show that the two sets of points a, 4, ¢ and x, y, 7 in the
complex plane form similar triangles if

a x, 1
b, Yy, I|=0,
¢ %, 1

25. If the points x, y, z are collinear, show that 7ea/ numbers
2, ¢, r can be found such that
p+g9+r=o0and px+gy+rz=o.

HINT, — Use the condition for the similarity of the triangle xyz and a
certain other triangle on the real axis.



CHAPTER II

RATIONAL FUNCTIONS OF A COMPLEX VARIABLE AND THE
CONFORMAL REPRESENTATIONS DETERMINED BY THEM

§ 8. General Introduction; the Function z + q and the Parallel
Translation

In this and the following paragraphs we discuss the case
where one of the two complex mumbers to be combined by our
elementary operations is regarded as fixed (constant), the other
as variable, that is, as a symbol which is supposed to take differ-
ent values throughout the course of the investigation. We state
more definitely that we consider this variable as a number of
unlimited variation, that is, as a symbol which may be regarded
as representing azy complex quantity whatever.* .We exhibit
this distinction in the notation in that we follow the usual custom
of designating constant quantities by the first and variables by
the last letters of the alphabet.

This difference between constants and variables is clearly
displayed in the form of an equation between two different
variables. To begin with the simplest example, let us put

() d=2+a;

thus z and 2' are both quantities which vary together. The
variation of 2, however, depends in a definite way upon the
variation of 7 according to the equation (1); ongthis account it

* Thus a variadle is a symbol which represents any one of a set of numbers
while a comstant is a special case of a variable where the set consists of but one
number. For this and the definition and history of a funqtion, f. VEBLEN and
LENNES, Infinitesimal Analysis (Wiley and Sons), p. 44.—S.E.R.

28
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is called a function* of z and in fact a rational function. We
define as follows :

1. A4 complex variable 5' is called a RATIONAL FUNCTION of
another variable, z, when it is possible to deduce it from z and con-
stants by a finite number of additions, subtractions, multiplications,
and divisions.

I1. If there arve no quotients¥ in this function it is called a
rational INTEGRAL function,

If we represent z and z' geometrically in two different planes,
then an equation of the form :

(2) #'=/(2)

determines a representationt (a map) of the z-plane on the
#'-plane in such a manner that to each point z of the first plane,
there corresponds a point z' of the second. If, however, we
represent z and z' on the same plane and refer them to the same
axes, then by such an equation each point z-of the plane is set
in correspondence with a definite point 7' of the same plane. It
represents, as we say, a fransformation of the plane into itself.

In regard to equation (1) in particular, it is shown in Fig. 3
that each point z' is obtained from the corresponding point z
by moving the whole plane parallel to itself in the direction
and the length of the line segment oa :

* We shall later (in § 33) define the phrase “ Function of a Complex Variable ”
in a sense more restricted than the one given here, It will then be shown that the
rational functions to be treated in this chapter are also in that restricted sense
“ Functions " of their arguments. For this reason it is allowable to define ** Rational
Function of 3" without giving a previous formal definition of what is in general
understood by “ Function of z.”

+ Only such divisions are to be excluded for which the denominator depends
upon 3. Division by a constant is multiplication by its reciprocal, #taf zs, by a con-
stant (A. A. § 20).

1 This idea of the geometrical representation of the dependence of s’ onzasa
transformation or a mapping of the 2’-plane on the z-plane is due to RIEMANN,
Grundlagen fir eine allgemeine Theorie der Funktionen, Werke, p. 5.—S.E.R.
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I11. The transformation of the plane into itself determined by
equation (1) is a parallel displacement (a translation) in direction
and distance equal to oa.

In particular,

IV. When the relation between z and z' is represented by equa-
tion (1), any figure formed by 3'-points is congruent to the one
Jormed by the corresponding z-points.

§ 9. The Function az

The next simple rational function of z to be considered is the
product of z and a constant a, viz. :

() 3' = az.

We ask now what kind of transformations of the plane into itself,
that is, what kind of mappings of the z-plane on the z'-plane,
are possible by means of this equation? We exclude first of

all the case
a=o,

since in this case z' = o whatever the value of z may be, and
consequently there is no proper transformation. We now con-
sider two important special cases:

First: let @ be a number whose absolute value is 1; then

(V,§49)

(2) @ = cos ¢+ ¢sin a,

in which « is a real angle. The graphical construction of a
product given in Fig. 4, § 6, shows that the line segment oz’ is
equal in length to the line segment oz, but that it makes with
the x-axis an angle increased by the constant . Each point z'
will then be obtained from its corresponding point z by rotating
the whole plane about the origin through the angle a; in other
words:
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L. The transformation of the plane into itself by means of the

equaton ' = (cos & + 7 sin @)z (« real)

is effected by rotating it about the origin through the angle a.

(In particular, s' = 7z determines a rotation through a right
angle, 2’ = — z a rotation through two right angles.)

Moreover,

I1. 7n this case (as in § 8), the figures formed from the 3'-points
are congruent lo the ones formed by the corresponding z-points.

Second : let a be a real positive number ». Then any point z
and its corresponding point z' lie on a straight line through the
origin (cf. Fig. 4) and are so related that the length of the line
segment oz’ has a constant ratio to that of 0z. We say:

I11. Zhe transformation of the plane into itself by means of the

equation f

. 2 =7z

(in which r is real and positive) is ¢ffected by stretching it from the
origin.

(If »< 1, the distance from the origin is skorsened instead of
lengthened; the word “ stretching” will include both cases.)

IN. Any figure formed by the 2'-points by means of this trans-
Jormation is not congruent to the one formed by the corresponding
z-points, but is similar fo it.

Having thus disposed of these two special cases, let us con-
sider the general case of the transformation (1). Multiplication

by @, a=r(cos @ + ¢ sin a),

obeys the associative law for products (equation (12), § 3); we
may therefore first multiply by » and then by (cos « + ¢ sin «).
Consequently,
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V. The general transformation (1) is effected by a rotation
about the origin through the angle o (= the amplitude of a) and a
stretching from this point in the ratio |a|: 1. 1Itis a“ similarity”
transformation with the origin as center of the similarity (that is,
Jigures are transformed into similar figures).*

Moreover, from the commutative law for multiplication we
have the theorem that the result is independent of the order of
the operations of stretching and rotating. It is customary to
express it in this way:

V1. Stretching from a point and rotating about it are permut-
able operations.

§ 10. The Linear Integral Function and the General « Similarity ” ¢
Transformation

1. If a complex variable 3' depends upon another, z, according
o the relation

(1) Z'=az+ 9,

in which a, b are arbitrary complex constants, then we say that 3'
is a linear integral function of z.

As in § g we exclude the case a=o; for, in this case equa-
tion (1) represents no proper transformation of the plane into
itself, since the fixed point 2' =4 corresponds to an arbitrary
point z (that is, the z-plane is transformed into the fixed point
Z'=6)* Butif
(2) a=+o,

transformation (1) can be compounded in various ways from
the simpler transformations already discussed. We can, for

* Words in the parenthesis inserted by the translator,
+Cf.V,§{9,and V, § 10.—8S. E.R.
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example, introduce the auxiliary variable z” by the equation

) o' =az;
it then follows that
4) d=7"+b

11. 7he transformation determined by (1) is therefore obtained
by stretching from the origin and rotating about it (equation 3), fol-
lowing with a translation (equation 4).

But we might also introduce first an auxiliary variable 5"’
(always assuming equation 2) by the equation

®) =1t
a

in consequence of this

(6) 7 =as".

111. Zherefore, the general transformation (1) is also performed
by first displacing the plane parallel to itself, then stretching and
rolating.

In this connection we notice that the coefficient of stretching
and rotating in (6) is the same as in (3), but that the coefficients
of the parallel translations in (4) and (5) agree only for a=1,
that is, when there is no stretching and rotating. We now state
this explicitly as follows (cf. Theorem VI, § g):

IV. Parallel translation on the one hand, stretching and rotat-
ing on the other, are not permutable operations.

We come now to a third important representation of the
transformation of the plane into itself by means of (1) by dis-
cussing the question whether there are definite points which
remain fixed for this transformation, that is, expressed analyti-
cally, whether there are values z which coincide with the values
%' corresponding to them according to (1). For every such value,

6] z=az+b;
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for a # 1, this equation has one and only one root; denote it
by { and we obtain:

8) (=t 4 ira

By substituting the value of 4 from equation (8) in equation
(1), it becomes :

9 d—{=a(z-).

Transformation (1) can therefore be performed by applying
successively the three simpler transformations :

L z—¢, zm___azn’ o=z +¢;

in other words, we so translate the plane parallel to itself that
the fixed point z=¢ coincides with the origin; we then apply
a stretching from this point and a rotation about it; and
finally return this point to its first position z=¢. But, as is
evident geometrically, we obtain the same result if we stretch
from the point z={ and rotate about it. Hence the following
theorem ;

V. If a+ 1 the transformation of the plane into itself accord-

ing lo (1) is performed by rotating through the amplitude of a
about the point: 5

Z= y
1I—a

and stretching from this point in the ratio |a|:1. In this way
each figure is transformed into a similar one. R

We can also obtain the same result in a somewhat different
manner. An equation of the form

(10) Z=/(2)
can be given a different interpretation from that in § 8. In-

stead of regarding Z and z as complex numbets which belong
to fwo different points of the plane in reference to the same sys-
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tem of cobrdinates, we can look upon this equation as assigning
another complex number Z to that point which, for a definite sys-
tem of codrdinates, represents the complex number z. For a
particular form

(11) Z=z—-¢

of equation (10), this number Z can be defined as follows: By
making the point called { in the old system the origin of a new
system of coOrdinates, whose axes are parallel to the old and
whose unit of length is the same as in the old system, we obtain
the point which is called z in the old [Z in the new] system of
coordinates. The point called 7' in the old coordinates is, in
the new system, assigned to the number:

(12) Z'=3—{

The relation between the points z and 2, expressed in the old
system of coordinates by equations (1), (9), is expressed in the
new system by the equation :

(13) Z'=alZ,

that is, it is a “ similarity ”’ transformation whose center of simi-
larity is called o in the new system and ¢ in the old. We have
thus deduced Theorem V in a new way.

But we can also prove the converse of this theorem. For, a
“direct” similarity transformation of the plane is determined
whenever the points z', 2z’ corresponding to two different
points z, z, are given; every third point z; then has its corre-
sponding point z;' fixed uniquely from the fact that the tri-
angles 222 and 2,'z'z' must be similar throughout, including
the sense of corresponding angles. But we can always deter-
mine a transformation of the form (1) which transforms z, 2
respectively into 2/, z,'. For this purpose it is only necessary
that ¢ and & satisfy the equations:

(14) w'=an+b, n'=an+b;
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but from these equations the values:

' ' ' '
% — 2 _ A% — %5
(15) a="2_"1 jp=2272_"27
Q—5 Hh— 7z

are finite and determinate providing 2z, + z,; we can say:

V1. Euvery transformation of the plane into itself, which trans-
Jorms any figure of the plane into a similar one, including the sense
of corresponding angles, is expressed in the form (1).*

For the purposes of later applications we express the condi-
tions for the similarity of two triangles, including the sense of
corresponding angles, in terms of the complex numbers repre-
senting their vertices. If the triangles 222, and z/'z'z are
similar, then the values of ¢ and 4 in (15) must also satisfy the

equation :
d 3 = az+6;
this is true if and only if

(16) ik Yk W
B— 5 Z— 2

1n this equation we can put the letters with primes on one side

and those without primes on the other side of the equality sign

imd formulate the theorem as follows :

VII. The necessary and sufficient condition for the similarity in
all of their parts of two triangles 32,3, and 32z is, that the
quotient '

!

Z— % 3% — 3
I = .
(7) =5 % —z

We can obtain the same result geometrically. For, the abso-
lute value of the difference z, — z, is, according to V, § s, equal

* As an example of how geometrical theorems result from operations with com-
plex numbers, we cite the theorem following from V and VI :

Every direct similarity transformation of the plane which is not merely a paral-
lel translation can be considered as a rotation about a point which is fixed by the
transformation, and a stretching from this point.
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to the length of the line segment from z, to 2, its amplitude is
equal to the angle which this segment makes with the positive
half of the real axes; and similarly for the difference z, — z,.
The absolute value of the quotient on the left side of equation
(17) is then equal to the ratio of the lengths of two sides of the
triangle 222, its amplitude is equal to the angle inclosed by
these lengths; and since corresponding interpretations can be
made for the right side of (17), the equation expresses the sim-
ilarity of the two triangles 22,3 and z,'z,/s'. That the sense of
corresponding angles is also the same follows from the fact that,
in this kind of investigation, the amplitude of a complex number
has a definite sign.
Occasionally equation (17) is used in the determinant form :
2!, 2, 1
(18) 2, 2, 1|=o0.

'
23y 23 1

EXAMPLES

1. Given 7' =7z: Determine the change effected by this
transformation in the following figures (#iat is, determine the
figure in the z'-plane which corresponds by this transformation
to the following figures in the z-plane, the two planes regarded
either as coincident or as separate).

(a) The square whose vertices are the points + 1 + 7}

(6) The unit circle whose center is at thie origin ;

(¢) The triangle whose vertices -are the points o, 1 47, 1 +27.

2. Apply each of the following transformations to the con-
figurations of Ex. 1 and note the change:

(@) ! =3+1;
() #d=z+34;
© 7=z+ 0 +V3)d
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3. Discuss the transformation z' = z + (1 +V/3 #) by putting
=z +iyand z2=x + iy
4. Regarding the sz'-plane and the sz-plane as coincident,

determine the configuration corresponding to each of the con-
figurations of Ex. 1 for each of the following transformations :

(@) 2’ =23;
@) & = (i/2)z;
() 2= (1 +d)z;
@ 2= (4 s+ (1 +V39).
5. Determine the linear integral transformations of the form
2'= az 4+ 4 which transform:
(a) The point — 1 into the point o and the point o into the
point + 2z
(6) The point — 1 into the point o and the point o into the
point — 2
(¢) The points / and — 7 respectively into the points + 2 and
—2;
6. Perform ge;)mem'cally the transformations in Ex. 5.

7. Perform the transformation
=0+ z+ (1 +V3i).
1st. By stretching and turning and then rotating.
2d. By translating and then stretching and turning.
3d. By reducing the equation to the form z' — G =2 (z — G),
G being the invariant point, transferring the origin to the point
G, stretching and rotating, etc.

§11. The Function % and the Transfotmation by Reciprocal Radii

The investigation of the quotient, considered as a function of
the dividend, resolves itself, on account of theorem VI, § 7,
into the investigation of a product discussed in § 9; considered
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as a function of the divisor its investigation may be referred, on
account of the same theorem, to the case in which the numera-
tor is 1. The question then is: What transformation of the
plane into itself is determined by the function:

(1) 7=
To investigate this, put
z=x+1iy=7r(cos ¢ +7 sin ¢),
3'=x'+ 4y =+ (cos ¢' 4 sin ¢') ;
according to equation (3), § 7, we therefore obtain :
(2) A=, ¢=—¢

!

?

AR

and therefore x yY=-)_.

x
- m’ &t + yz

The transformation determined by these equations may be re-
garded as compounded from two simpler geometric transforma-
tions, each of which considered by itself is not determined by
rational functions of a complex variable. Let us first introduce
the auxiliary transformation :

(4) r=r, ¢=—¢,

or

(5) X=x, y=—J

And therefore to obtain transformation (1), we must after this put
(6) ’=1/r, ¢'=¢,

or

) A=ty d

L A
L. Egquations (4), (5) (¢ VIII, § g) effect the transition from

any complex number to its conjugae, thus determining geometrically
a reflection on the axis of reals.
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I1. Thé transformation determined by equations (6) is called
(on account of the first one of them) the transformation by recipro-
cal radii with refevence fo the unit circle— also called reflection *
on the unit circle. It is important that we investigate its most
essential properties.

IIL.  Transformation (6) is involutoric; that is, by means of it
pairs of points correspond mutually to eack other ; (or more ex-
plicitly, if 2 be transformed into 2’ and by the same transfor-
mation P’ goes into P, the transformation is involutoric).t
Equations (6) are unchanged if #' is interchanged with 7 and ¢’
with ¢. This same property does not follow so directly from

@3 equations (7), but'is
easily deduced.

IV. If the point

(7, @) lies outside of

the wunit circle, the
point (¥, ¢") is the
intersection  of the
chord of contact of
tangents from (r, ¢)
lo the wunit circle
with the diameter
FiG. §

prolonged  through

(r, ¢) (cf. Fig. 3).

The point which corresponds to a point lying inside of the unit

circle is obtained (on account of III) by reversing this construc-
tion. Every point on the unit circle corresponds to itself.

A further important property of this-transformation is that

® In an applied sense the law of reflection in opti¢s is different. On the other

hand, the transformation treated here is important in electrostatics, When used

there it is spoken of as “ The Principle of the Thomson Images."
+ Words in the parenthesis added by the translator.
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circles transform into circles, that is, all the points on a given
circle are transformed into points which lie again on a circle.
For if the coordinates x, y of a point satisfy the equation :

(8) a(+ )+ bx +cy+d=o,

which represents any arbitrary circle for suitably chosen coeffi-
cients, then, according to (7), x', ' satisfy the equation:

(9) dx"+ Y +ox'+ o' +a=o,

which in general again represents a circle except for 7=o0 when
it is a straight line. The above statement is therefore correct
if a straight line is regarded as a special case of a circle. The
following ‘are more precise statements of these facts :

V. 70 a circle which does not go through the origin (a + o,
d+0) there corresponds a circle which does not go through the
origing to a circle through the origin (a0, d=0) there corre-
sponds a straight line which dozs not go through the origin; a
straight line through the origin (a =0, d=0) corr'espomz’s to itself.

We also add:

Va. 70 parallel straight lines correspond circles with a com-
mon tangent at the origin.

Further, the transformation by reciprocal radii has the prop-
erty that angles are preserved, that is, that the angle of inter-
section of two curves is equal to the angle of intersection of the
corresponding curves. The correctness of this statement can
be shown best by considering first the special case in which one
of the two curves is a straight line through the origin. Thus if
PP and QQ' are two pairs of corresponding points (Fig. 6), it
then follows accortling to equation (6) that

OP.OP'=00Q-0Q'=1;
and hence AOPQ~AOQPF,;
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and in particulgr:
(10) X OPQ=X0QP.

If we allow the point Q to approach the point 2 along a given
curve, then the point Q' approaches the point 2' upon the cor-

Q'

0 o

responding curve; PQ, P'Q' become the directions of the tan-
gents to the curves, X OQ'7' in the limit will be equal to
X O'P'Q', and it therefore follows that in the limit

(11) XOPQ=XO0PQ. Q.E.D.

We notice further in this connection that the equality sign refers
only to the absolute value of the angle; the two angles corre-
sponding to each other are opposite in sense, and the resulting
theorem is completely formulated as follows :

Two curves corresponding to each other form with any
straight line corresponding to itself, angles which are equal but
of opposite sense. - -

Moreover, since the angle between any two lines is equal to
the sum (difference respectively) of the two angles which the
two lines make with a third, it follows that :

V1. Zhe angle in whick any two curves intersect is equal in the
oppostle sense to the angle of intersection of the two curves which
corvespond 1o the first two by the transformation by reciprocal radii.
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Since this transformation is of frequent occurrence, a name is
given to it as in the following definition :

VIL. A transformation, under whick the angle between any two
curves is equal lo the angle between the corvesponding curves, is
called a conformal representation* (also isogonal representation, or
a mapping with preservation of angles, or one * similar in infini-
tesimal parts ).

Therefore, according as the sense of the angle obtained is
preserved or changed, we speak of the representation as con-
formal “without” or “with inversion of angles.” With this
terminology Theorem VI is stated as follows:

VIIL. T7he transformation by reciprocal radii is a conformal
representation with inversion of angles.

Reflection on the x-axis determined by equations (4) or (5) is
a representation of the same kind. If we now combine trans-
formations (4) and (6) in order to obtain the original transfor-
mation (1), the two changes in the sense of the angie, being
opposites, mutually disappear. We can then say —and it is the
most important result of this paragraph:

IX. T7he transformation effected by 2'=1/zis a co;g/ormal repre-
sentation without inversion of angles.

EXAMPLES
1. Prove analyfically that every circle which cuts the unit cir-
cle orthogonally is transformed into itself by the transformation
by reciprocal radii.
2. Prove Ex. 1 geometrically.

* Konforme Abbildung was the term used by GAUSS, Ges. Werke, Vol. 1V, p. 262,
and adopted universally by German mathematicians. CAYLEY used the term
orthomorphosis or orthomorphic transformation. In general it is the process of
establishing the infinitesimal similarity of two planes by means of a functional
relation between the variables of the planes, Cf. also § 34.—S.E.R.
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8. Prove the converse of Ex, 1 for the same transformation,

4. Transform by reciprocal radii a given system of parallel
straight lines. Do the same for the system of straight lines
orthogonal to the given system. Compare the two systems of
circles obtained.

5. Transform by reciprocal radii the system of straight lines
through a fixed point (¢ + 47). Discuss four cases according as
this fixed point is ‘

(a) At the origin;

(4) On the unit circle ;

(©) Inside of the unit circle;
(@) Outside of the unit circle.

6. Transform by reciprocal radii the system of circles with
their centers at (¢ 4 &47) and orthogonal to the system of Ex. s,
discussing the same four cases as in Ex. 5. Draw carefully the
accompanying diagrams for both Exs. 5 and 6.

HINT. —The lines through P (a + 4z) transform into circles through the
origin and through P/(the transform of P), while the circles with their centers
at (a + 4¢) are transformed into circles orthogonal to the first set.
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§ 12. Division by Zero; Infinite Value of a Complex Variable

While addition, subtraction, and multiplication in the field
of complex numbers are, as we have seen, without exception
possible operations, this is not the case with division. Among
the numbers introduced by us so far there are none which, when
multiplied by zero, give a definite number « different from zero,
and hence none which could be the result of the division indi-
cated by @

o

as this operation is defined in § 7. The function z' = 1/z dis-
cussed in the above paragraph is accordingly not defined for
z=o0. We may express it otherwise in this way: when the
z-plane is represented conformally upon the z'-plane, the origin
Jin the z-plane is an exceptional point in the representation since
there is no point in the z'-plane which corresponds to it.

" But it is customary in mathematics to remove such exceptions
by suitable agreements. We make such an agreement here in
the following definition :

1. /n addition to the complex numbers and their symbols already
introduced we introduce now a new one, *‘ infinity,” with the symbol
oo , which is to be regarded as the result of the division 1/o.

This analytic definition is parallel to the following geometrical
one:

11. 7n addition to the points of the plane at finite distances from
the origin let us assign to the plane an infinitely distant point which
may be regarded as the one corresponding to the origin in the trans-
Sormation by reciprocal radit.

It is necessary now to determine the application of these
terms and symbols. Analytically, we state the following
definitions:
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(1) III. a4+ 0o =0 +ea=w,
(2) IV. a.0=00 a=0w, (a+o0),
from which it is evident that the fundamental laws of addition

and multiplication spoken of in §§ 2 and 3 are satisfied. From
these we get the following definitions for the inverse operations :

3) ©—a=o0,
(4) a4 — 0 = 0,
(5) L=,
(6) L =, (a+o0).
a
The symbols wtow, 0r0, 2, 2
[0} 0

remain completely undetermined, inasmuch as any number satis-
fies the operations demanded by them. Thus it is evident that
the desire to remove by these definitions the exceptions to the
theorems has been very imperfectly attained. For, while we
have no additional case for which one of our operations would
be impossible, yet we now have five indeterminate forms instead
of the one, o/o.

Geometrically, we shall be content for the present to observe
that the expression *“ A circle through two points in the finite
part of the plane and the point at infinity ” signifies the same
thing as ¢ A straight line through these two points.” Thus Theo-
rem V, § 11 takes the following simple form: A cirle through
three points corresponds to the civcle through the three corresponding
points ; further details are postponed to later paragraphs.

According to conventions of this kind, certain words gnd
symbols previously defined are assigned a wider meaning. That
this procedure is permissible we have repeatedly statedin the
first chapter; that it is useful is justified by results. We can-
not object to this on the ground that in another province of
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plane geometry, the projective, another convention (infinitely
many infinitely distant points, which lie on a straight line at
infinity) proves to be of practical value; we cannot expect that
one and the same convention will suffice for all our purposes.

In elementary analysis the word “infinite”” is used only in
theorems in a qualified sense (cf. A. A. § 63). We speak here of
infinite as a fixed value. The relation of these two ideas will
be determined at our convenience (§ 31) after we have fixed
upon the elementary meaning of infinity as applied to complex
numbers. '

§18. Transition from the Plane to the Sphere by Stereographic
Projection

Up to this time we have represented the complex numbers by
the points of the plane, but in introducing this representation
(in § 4) we called attention to the fact that any surface could be
used. In particular, the spkere lends itself readily to this pur-
pose. We therefore wish to apply to it the representation of
complex numbers by the points in the plane, which we have
already introduced. We proceed as follows :

L. Place a sphere* of unit diameter on the xy-plane (considered
horizontal) so that it touches the plane at the origin O. The highest
point of the sphere— that one whick lies diametrically opposite to
O —will be called O'.  From this point O', project the points of the
Dlane on the sphere by straight lines.

This kind of projection has been used since the earliest times
in cartography under the name of stereographic projection. Its
most important properties are the following :

* This sphere is called NEUMANN's sphere. In following out one of RIEMANN'S
ideas Neumann chose the sphere instead of the plane as the field of the complex
variable. It is used by Neumann throughout his treatise, Vorlesungen iiber
Riemann's Theorie der Abelschen Integrale (Leipzig, Teubner, 2d ed., 1884).
—S.E.R,
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I1. 7% each point of the plane there corvesponds one and only
one point of the sphere, since each projector cuts the sphere in
only one point besides the point O'.

III. Conversely, to each point of the sphere there corresponds one
point of the plare. The point O' is apparently an exception;
however, the theorem is made general by supposing as in pre-
vious paragraphs that the plane has one infinitely distant point
and assigning this point to correspond to O'.

IV. 7o eatlfstngr/zt line of the plane theve corresponds a circle
of the spheve passing through O'; and conversely.

V. Two such circles of the sphere intersect in the same angle as
the two corresponding straight lines of the plane.

To prove this theorem, let us pass the plane of reference,
Fig. 7, through the vertices 2, = of both angles. The angle at

0 P makes with O'P
a solid angle. The
planes tangent to

P the sphere at O

/ and at 7 cut this
/ solid angle in two

angles, the first

[7) T P of which is the
FiG.7 angle between the
straight lines of the plane, while the second is equal to the angle
between the corresponding circles on the sphere, since its sides
are tangents to these circles. But both of these planes are
normal to the plane of reference, and their intersections =7
PT make with =2 oppositely equal angles. (That is, X #PO
=X »00', each being complementary to the angle #0'0; and
X PrT = X0'Or, being measured by half of the same arc
O'z.) Moreover, the two tangent planes with reference to the
edge of the solid angle are antiparallel (equally inclined to
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#P)* and cut it accordingly in the same angle. Hence, thi |
angles under comparison are equal. Q.E.D. L

In this projection, points of the plane indefinitely near each
other are transformed into points indefinitely near each other
on the sphere, and hence curves in the plane tangent to each
other are transformed into curves tangent to each other on
the sphere. Consequently, the following generalization of
Theorem V is at once possible: '

V1. Any two curves of the sphere cut each other at each of
their points of inlersection in the same angle as the corresponding
curves of the plane at the corresponding points of intersection.

We deduce further theorems with the aid of analytical geom-
etry. We introduce the £, 7, { rectangular space codrdinates of
which the - and the y-axes coincide respectively with the x- and
the y-axes of the (x -4 7y)-plane, while the positive direction of
the {-axis is that of OO'. In this system of coordinates the
equation of the sphere is
(1) £+ ={1~0.

The point (£, 5, {) of the sphere corresponds to the point
of the plane whose coordinates are x, y and radius vector
r=Vax'+3*. To obtain the {-coordinate of this point on the
sphere and its distance p from the {-axis, the similar triangles
O'¢r, 7$0O, O'OP in Fig. 7 furnish the following double pro-

portion : .(1—£):p=P=§=“"

From this it follows that

(2) p=bo_p
p 1—¢
and from these further:
- ¢ 2 I
r=—, =
(3) I __z 1 + r 1 _c’

* Words in the parenthesis added by the translator.
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and conversely :

e _ 7
(@) t=T0 p=r

By construction it follows that
x:yir=€in:p
We find therefore that
VII. The covrdinates of a point of the sphere are expressed as
Jollows in terms of the cobrdinates of the corresponding poini of the
plane :

(s) f=—7 =2 ¢= ~
r

VIILI. Conversely, the cosrdinates and radius vector of a point of
the plane are expressed as follows in terms of the covrdinates of the
corresponding point of the spheve :

6 =% = e ¢

© v T T T

The following theorem is obtained at once from these
formulas :

IX. 70 any circle of the plane there corresponds a circle of the
sphere, and conversely.

For, to the points of the plane satisfying the equation of the
circle

€)) ar*4bx+cy+d=o,

there correspond the points of the sphere whose coordinates
satisfy the equation

(8) al+o+ep+d(i—¢§) =o.

But this is the equation of a plane and it cuts the sphete in a
circle. This converse theorem, however, supposes the word
“circle” (in the plane) to be taken, as in the previous para-
graph, in its extended sense to include the straight line.
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We now transfer the geometrical representation of complex
numbers from the plane to the sphere:

X. We assign to each point of the sphere the same complex num-
ber 3= x + iy which heretofore belonged to its stereographic projec-
tion on the plane.

Thus to the real numbers and the pure imaginaries, for ex-
ample, there correspond on the sphere the points on the
‘““meridians ” n= o and { = o respectively; to the points of ab-
solute value 1, there correspond the points on the “equator”’
{=1/2. To opposite complex numbers (IV, § 2) correspond
points of the sphere which are symmetrical to the {-axis, and to
conjugate complex numbers (VIII, § 4) correspond points
symmetrical to the ¢{-plane. To the number o introduced in
§ 12 there corresponds on the sphere, just as to any other com-
plex number, one and only one point, viz. O".

By means of this interpretation of complex numbers on the
sphere we can now answer the question as to what transforma-
tions of the sphere (instead of the plane) into itself are repre-
sented by the functions heretofore investigated. The functions
discussed in §§ 8—r10 furnish nothing simpler for the sphere than

for the plane. However, it is different with the function z'= . of
‘ 2z

§ 11. Let (x, y) and (2', ') be two points of the plane which
correspond to each other by the transformation by reciprocal
radii in reference to the unit circle; and let (¢, 3, {) and (¢, v/, {")
be respectively their stereographic projections on the sphere.
Then substitute in equations (2), § 11, the values of x, y, #*and
x', y', ¥* respectively from equations (6) of the present para-
graph and from the corresponding equations with accented
lettérs, and we obtain:
¢ _¢ 4 _nm _U _1-¢

A e AR T A
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from these it follows that
(9) E=bn'=9l—-3=-(-9),
that is:

X1. The transformation by reciprocal radii in reference to the
unit circle in the plane corresponds, by stereographic projection on the
sphere, to a reflection on the equatorial plane { — 1/2 = o.

The transformation of the plane into itself by means of 2'=3"1
is performed by first transforming by reciprocal radii in refer-
ence to the unit circle and then reflecting on the axis of real
numbers. The corresponding transformation of the sphere into
itself is thus performed by two reflections, one on the equatorial
plane and the other on the meridian plane y=o0. Now these
two reflections on the two planes perpendicular to each other
are compounded by merely “ Reflecting on the line of intersec-
tion of the two planes,” that is, by taking for each point another
one symmetrical to the first in reference to the line of intersec-
tion. This transformation is performed also by rotating the
sphere through 180° about this line of intersection as an axis.
Hence, we state the following theorem ;

XIL. T7he transformation 3' = z~' determines a rotation of the
sphere through 180° about the diameter passing through the points
g=Iand z=—1.

In the plane the origin was an exception to the transforma-
tion in that there was no proper point corresponding to it. On
the sphere, as we have seen, it is different, since the origin cor-
responds to its opposite pole O'. Hence we say:

XIIL. The transformation 2' = 27 is reversibly unique for all
points of the sphere; to any point z there corresponds one and only
one point 7', and conversely.

From the geometrical representation given in XII we infer
further that:



§13. TRANSITION FROM PLANE TO SPHERE 53

XIV. For the transformations = 27! there are two and only two
poinls z which coincide with their corrvesponding points ', vis.
2=1Iand 3 =—1,

We return now to the question postponed in a previous para-
graph: as to how the theorems of plane geometry appear in refer-
ence to the convention introduced there; it is evident that this
convention amounts to regarding the plane as an infinitely large
sphere and transforming the theorems of ordinary spherical
geometry to the plane. We shall not go into further details here
except to remark that the circles of the plane corresponding to
great circles of the sphere are then characterized by the prop-
erty that they cut the unit circle in the end points of a diameter.

Further: If we combine with the transformation (XII) that
reflection on the p{-plane perpendicular to the diameter, which
puts x + 7y into — x 4 7y, we find:

XV. The transformation, which replaces every point of the sphere
by the one lying diametrically opposite to it, is expressed analytically
by the equation :

x' + l:y' = — ———I—j‘-
X — 1y
or,

(10) x! =-=J

=% p=_=J

x? 4 yz’ J At 4 92

Two complex numbers having the relation to each other
expressed in equations (10) are called diametral.

EXAMPLES

1. The sphere may be projected s#reographically upon a plane
as follows : Let the center of the sphere be taken as the origin
of coordinates ¢, », { of a point on the sphere. Let the points
of the sphere be projected from the south pole (whose co-
ordinates are o, 0, — 1) upon the tangent plane at the north
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pole and take the Cartesian axes ox and oy on the tangent plane,
parallel to the axes ¢ and 7 respectively. Show that the co-
ordinates of the projected point are

and that x 4 fy= 2 tan g (cos ¢ + 7sin ¢), where ¢ is the longi-
tude measured from the plane » = o and 6 the north polar dis-
tance of the point on the sphere.

2. Acircle 4x* 4 43)* — 4x — 4y + 1 = o is projected upon
the sphere as in Ex. 1; find the equation of the plane whose
intersection with the spheré represents this projection.

8. A circle, the equation of whose plane of intersection with

the sphere is E+qp+l—5/a=o0,
is projected upon the plane as in Ex. 1; find the equation of
the projection. P

" 4. Solve Ex.2 according to the method of pro;ectxoiﬁ inI,§13.

5. Find the equation of the projected circle of Ex. 4 for the
plane and sphere as in I, § 13.

§ 14. The General Linear Fractional Function and the Circle
Transformation*

In the process of investigating rational functions of a com-
plex variable by proceeding from simpler to more complicated

forms we consider next the general linear fractional functiap :
(1) g =2t0
ca+d
>

* The transformation determined by the linear fractional function, that is, by the
linear substitution, is called dilinear by some authors. On Kreisverwandlschaft,
that is, circle transformation between the planes, see MUBIUS: Abdhandiung der
Sdchs. Geselisch, der Wissensch., 1855, and earlier notices on the same subject in
Gesammelte Werke, Vol. 11, p. 243.— S.E, R,
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We take up first the case
(2) . ad — bc=o*

or ) a:b=c:d

In this case the transformation becomes

(3) sttt

(24 6/a)
all points z, except z = — 4/a, correspond then to the one point
7' = a/c, and all points 7', except z' = a/¢, correspond to the one
point z=—4/a. We are thus dealing with a degenerate trans-

formation ; this case is therefore excluded in what follows, We
shall discuss two additional cases:

1. 7ncase ¢=o0, d+o,
3' reduces to the linear integral function

T
(4) #=5 z+d.

Yince the discussion of this case is already disposed of in § 10,
we omit it here.

I1I. 7n case
(5) ¢+ o0,

transformation (1) can be compounded from the following three
simpler ones ; we first put

(6) =3+ :—i,
then
(7) =
2,n’
and finally
(8) F=2 + bc -—zaa’ LM
¢ ¢

* That is, the determinant of the transformation equals zero. — S.E.R.

15133
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The second of these is disposed of in § 11, while the first
and third are similarity transformations (§ 10). A All three of
these relations have the property that they transform circles
into circles. Hence the same property must belong to the
transformation (1) compounded from them. By definition,
therefore :

111. Zwo planes having a one-to-one correspondence are said to
be circularly transformed into eack other if every circle of one plane
corresponds to a circle of the other

and hence the theorem :

IV. The s-plane is transformed circularly into the z'-plane by
the linear fractional function (I).

Since each of the three transformations (6)-(8) preserves
angles, the same will be true for the transformation resulting
from their combination. We therefore add (cf. VII, § 11):

V. The representation is conformal without inversion of the
angle.

We shall call the circle transformation “direct” or “in-
verted ” according as the sense of the angle remains the same
or is changed. In the present case we are dealing wighy a direct
circle transformation.  An inverted circle transform4tiéh between
: e z'-planes is obtained by putting z' equal to a linear
value 2z conjugate to z.

\all transformations (1) possesses an important
property which must be discussed. If in addition to (1) we
put also g

n_as +
(9) z = S+ d’

it follows that "
a'z+ 8"
(10) z"=‘.uz+du’ ‘



§ 14. THE GENERAL LINEAR FRACTIONAL FUNCTION §7

where the doubly accented coefficients are related as follows to
the unaccented and singly accented ones :

(11) ' =ad + b b =ba + d¥
N =al +cd d'=bc + dd’.
The conclusion therefore is that

VI. A4 lincar function of a linear function is itself a linear
Sunction. But it is desirable to formulate this theorem somewhat
differently by making use of an important general concept stated
in the following definition :

VIL. A set of transformations is called A GROUP when the com-
bination of any two transformations selected from the set gives
always a transformation whick is itself contained in the set*

Theorem VI therefore reads :
VIII. The set of all linear transformations forms a group.

(The special sets of linear transformations treated in §§ 8,9, 1o
each form a group. All these groups are contained as  swé-
groups” in the group of all linear transformations.)

It is to be noticed too that the transformation (1) can be
compounded in various other ways from simpler transformations.
(Cf. the corresponding results of § ro.) Considering the z
and the z'-planes coincident, let us next inquire about the fixed
points of transformation (1), that is, those points which corre-

* Present usage insists firtker that the set must also contain the inverse of every
transformation of the set in order that it may be a group. (3'= 3+ a, areal and
> o, satisfies the definition according to VII, but is not a group.) The inverse
transformation is defined as follows: Given a transformation 4 and suppose A4’
another transformation such that when 4 and A’ are performed successively eack
point is transformed into itself, that is, the identical transformation is obtained, tken
A’ is called the inverse of A. This is denoted symbolicallyby 4 - A7 1=4"1. A =1
where 1 is the identical and 4-1is the inverse transformation of 4, Cf. Ila, § 22,
—S.E.R.
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spond to themselves by this transformation and in the determi-
nation of which we put z=2. We thus obtain the following
equation of the second degree :

(12) B+ (d—a)z—b=o.

If the roots of this equation, {,, {,, are different, we form the
following linear function of 2’ :

7 — 7 =&
(13) Z=T"
According to VI this is a linear function of z which can be com-
puted. We shall effect our purpose more directly, however, as
follows: For z=¢,, we have = ¢, and Z=o; for z ={,, 7/=¢(,
and Z= 0. But a linear function of z which becomes zero for
2z = {; and infinite for z = {, must be of the form

Z=4h. z—¢&

z‘(z

where 4 is a factor to be determined. This may be done by
noticing that for z = o, ' = 4/4* and therefore

b—dt _, b
5—1122 C2
hence
(14) k= zz &—ﬂ'& a"“tx

b b — a,{z a— "Cz‘
(The last form of this result is obtaine_d from the fact that ¢, and
{; both satisfy equation (12).) We_kgge thus found that

IX. If the roots of equation (_.
tween z and 2 may be put in '

’ z/ zl ““t Z—C %
(15) £= gﬁ_d;,z_t; .

A

¥ unequal, relation (I) be-

* Any other pair of correspondmg @lues of z and 2’ mt natq‘rally give the same
result; thus for s=—d/c, 8’ =0, "
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But if the roots of equation (12) are equal, both .= ¢, we form
the function

_ I
(16) Z—z/_c.

This is then a linear function of z which is infinite for z = ¢ and
hence must be of the form:

ez + B

z—¢

The coefficients a, 8 may be determined from the fact that the

equation : (@54 B —1)(E—0) = o,
resulting from 27_1_.2 = ‘L‘:;ff‘ f

for 7 = z, must be identical with equation (12), and likewise
that £ must be a double root ; therefore

(@ +B—1)=0,
I

z—¢

Here again « is determined from any two corresponding values
of z and ¢’, the simplest of which are z = w0, 2 =a/c. Thus

and Z takes the form:

+ a.

c
€= —m,
a—ct
or, since { = e—4d;, this case,
2¢ .
(x7) a=-20 7
a+d
* o may also be obtained as follows:
€ 44 d_
LI ! el a—c{; but this is of the form (—“—tﬁ,
2 —¢ az+b___s. Y] 5—¢
cs+d a—cS

. 6—d¢ ¢ 2¢
since =—¢ from (12). It follows that ¢ = = .—S.E.R.
a—cg ¢ (x2) ° a—c a+td
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Therefore,

X. If the roots of equation (12) are equal, both = {, the relation
(1) between z and 2 may be put in the form

I=I 2¢'.
(x8) 7—¢ z—§+a+d

The equations (15) and (18) permit of a simple geometrical
interpretation. To interpret equation (15), put

£ 2= ?—p(cos¢+zsm¢)

z—
2 j Z = p'(cos ¢'+ 7sin ¢')

%k =m(cosy + 7siny).
It therefore follows from equa-
: s tion (15) that
Fic. 8 (19) ¢ =mp, d=¢p+
Now (cf. II, § 7) p is the ratio of the two lengths 2z¢, and 2,

¢ is the angle £3{,. From elementary geometry, the geometri-
cal locus of the points for which

(20) p = const.
-

is a circle whose center lies on the line connecting ¢ and ¢, and
which bas the property that ¢ and { can be obtained from
each other by the transformation by reciprossl radii in reference
to this circle. The locus of the points fd

(21) -¢ = const.
is a circle through ¢ and {,. Therefore,

XI. Transformation (15) transforms, each of the two systems of
tircles (20) and (21) tnto itself. Al %ﬂs of a circle p=a(or of
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a circle $ = ) are transformed respectively into points of the circle
p' =ma (or ¢' = o+ ) belonging to the same system.

Let us notice the two special cases 7 =1 (that is, | 2| =1)
and y = o or = # (that is, £ real).

XIL. 7n the first of these special cases cack circle of the first sys-
tem is transformed into itself, and in the second case eack circle of the
second system is transformed into itself.

An important property of the two systems (20) and (21) is
that

XIIL. Every circle of the one system cuts every circle of the
other system at right angles.

This is proved either by elementary geometry or as follows:

The two given systems are transformed respectively by the
linear transformation

7=%= & ,
z2—&
into the system | Z | = const., that is, into the system of concentric
circles about the origin, and into the system amZ = const., that
is, into the system of straight lines through the origin. But both
of these systems are orthogonal to each other; and since by (V)
a linear transformation leaves angles unchanged, the two first-
named systems are also orthogonal to each other.

The special case (X) follows from the general one (IX) by a
suitable limiting process. If we allow the point ¢, to approach
the point {, in a given direction, then the system of circles
through ¢ and ¢, goes over into the system of circles through £,
and having at this point the given direction for the direction of
the tangents ; the system of circles which have their centers on
the line &¢; and divide the line segment &&, harmonically are
transformed into the system of circles which pass through ¢, and
whose centers lie on the common tangent of the circles of the
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first system, and which have also at {; a common tangent per-
pendicular to the common tangent of the first system.
Analytically, this limit is determined as follows: put
L=¢ L=¢-9, - ¢ =0
a—cd
equation (15) now takes the form:
(22) 1 +;'—?8:Z=(I +u8)(1 +;§_i). .
Multiply out, cancel 1 on each side, divide by 8, and then let 8
approach zero; equation (18) is the result. In this process the
direction in which ¢, approaches ¢, is left entirely undetermined.
Therefore (as an indirect result from the first geometrical process)
we always obtain the same special transformation (18) from the
general one (15) in whatever direction ¢, approaches {, Itis
to be noticed also that while we found for each such limit pro-
cess just two systems of circles which are transformed into
themselves by (18), there are others having this property; in
fact the conclusion is evident that every system of circles
through { having a ‘common tangent is transformed into itself
by (18). )
To show this analytically let us again put

L —Z=X4+1Y,
z_.

I

z'_z=Z'=X'+iY',
a=p+ ’.73
so that equation (18) reduces to the two following ones :
(23) X'=X+8 YV=Y+y;

from these it follows that

(24) AX'+pY)=AX+pY)+ A8+ py),
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that is, every system of straight lines
(25) AX 4 p Y = const.

is transformed into itself by (18). But, in the Z-plane, equa-
tion (25) represents a system of parallel straight lines; by the
transformation L

22— { =
Z
this system is transformed, according to Vg, § 11, into circles
with a common tangent at the point {. Consequently all sys-
tems of this kind are transformed into themselves by (18). It

follows therefore that:

XIV. There are infinitely many systems of circles each of which
is transformed into itself by the special transformation (18): that is,
every system of circles through { with a common ftangent has this

property.

However:

XV. Among these systems theve is one such that any circle belong-
ing lo it is transformed info itself.

We obtain this last system by choosing A and p in (24) so
that AB +F‘Y=°'

EXAMPLES

1. Prove that the general linear fractional transformation
transforms circles into circles starting from the fact that
(z— @)/(z— p) = A is the z-circle and then substituting for s its
value in terms of z'.

2. What is the condition that the transformation
y_az+b
Catd
transforms the unit circle in the z-plane into a straight line?

- Ans. |a|=|cl.

2
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3. If the invariant points for the transformation

z,=az+é
z+d

are «, 3 show that it can be put in the form

- z—a
=k .
—-B z—B

4. Find the invariant points for the transformation

=1tz
1—35
Put it in the form given in Ex. 3.

Z'

5. Prove the statement in the text which says that the geo-
metrical locus of the points for which p = const. (equation 20,
§ 14) is a circle.

6. Discuss the transformation (1) by putting it in the form

=t

¢ c? z+(—{)
¢

Transform the origins in the z- and the z-planes into the
points @/c and — d/c respectively. A z'-locus is therefore ob-
tained from a z-locus by transferring the origin to — /¢, turn-
ing the plane through two right angles about the line z=

Fam (bc—ad), inverting the locus in the new position with

)
bc — ad
2

a constant of inversion equal to , and finally moving

the origin to the point —a/c.

7. Show by the process in Ex. 6 that a circle is transformed
into a circle by the transformation ().

8. Show from the particular form used in Ex. 6 that the
bilinear transformation is equivalent to two inversions in space.
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9. Show geometrically that the bilinear transformation is
equivalent to two inversions in space.

[HARKNESS AND MORLEY, /ntroduction, etc. p. 42.]

10. Prove that the determinant of the product of two linear
transformations equals the product of the determinants of the
two transformations (understanding the product of two trans-
formations to be the result of performing them succgssively).

§ 16. The Double Ratio Invariant under the Linear Trans-
formation

In § 10 we saw that two given z-points can be transformed
into two given z-points by a “similarity” transformation
7'=az+ b; the two constants @, & at our disposal are deter-
mined according to the conditions of the problem.

The general type of linear fractional transformation (1, § 14)
appears at first to contain four arbitrary constants, but there
are really only three. For,

L Zf we multiply the four cocfficients a, b, ¢, d by the same
Jactor m, the lincar transformation remains unchanged; it depends
therefore not upon four, but upon three arbitrary constants inde-
pendent of cach other.

(If we put m equal to the reciprocal of one of the coefficients,
unity takes the place of this coefficient, and the formula appears
with only three constants in it. But in so doing we must ex-
clude that transformation for which this coefficient is equal to
zero.) '

It is therefore always possible to determine the coefficients
of a linear transformation to satisfy three given conditions. In
particular cases we should investigate whether or not these
conditions are contradictory among themselves. If, for ex-
ample, it is required to determine the linear transformation
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which transforms three given distinct points 2, 2, 2 into three
other given points, we have the three equations

(1) z‘-'=f—:“T+$, ((=1,z2,3),
or, etz ds! —az,—b=o0, (i=1,2,3).

These three equations are sufficient to determine the three
ratios of the four coefficients. As shown in the theory of de-
terminants (A. A. § 31) it is always possible to determine these
ratios for equations (1), and in fact in only one way, provided
that not all of the four third order determinants of the matrix :
a7, &', @ 1

Bty %, By I

22, %', oz, 1

are zero. But, according to equation (18), § 10,
zl" 2y I

! —
%, %y I1I[=0,

means that the triangles (2,2,2;) and (2,'2,'s,) are similar to each
other; and if

! [
%%, %, I 2y, I, 1/ %
] — " p—
%%, %, 1|=o0 or |z, 1, 1/3|=o0,
] [}
%383, %3 1 z', 1, 1/

then the A (2/'z'z') ~ A(—I— L 3—). If both are true the

I 1
A (_ 1 _) ~ A (22%) and therefore
5 % %
1/2, %, 1 I, % %

=0
l/zz,zz»l =o0 or I, % % ’

1/33, 23 1 I, 532? %3
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that is, (21— 2)(32 — 23) (% — 2) = 0

in other words, two of the z-points then coincide:* The follow-
ing theorem is therefore true:

II. TZhere is always one and only one linear transformation
which transforms three given distinct points z into three given
points 2.

Of course, if the transformation is not degenerate ((2), § 14),
the three z'-points must be distinct.

As an example of theorem II we will treat the problem to map
the inside of the unit circle of the z-plane conformally upon that
half of the 2'-plane whose points represent complex numbers
with the coefficients of 7 positive. For this purpose let us asso-
ciate three arbitrary points of the unit circle of the z-plane with
three arbitrary real values of z'; it then follows that if, in
passing over the series of values z, 2, z; upon the unit circle,
we have the area of this circle to our left, then in passing over
the corresponding series of values z/, z,, 25’ upon the real axis
the given half-plane (called briefly the ¢ positive half-plane ’’)
lies also to our left. This, for example, is the case when we
set the points .

HZ=1, 5y=1 Z=—1
respectively in correspondence with the points

z2'=o0, z/=1, z'=o.

We thus obtain the equations:

a+é6__ at+éb_  ea—b_
(2) c+a’—°’ c+d b c—d s
or, (e+8)=o0, (6—d)=i(c—a), (c=d)=o.

* In this discussion z;, 59, 23 are understood to be different from zero, The
N

case where one of these numbers = o can be brought under thé general case by an
auxiliary transformation of some such simple form as s’ =z +/.
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Since we may put Z=1, it follows that a=—1, b=/, c=1,
that is, '
(3) #=:¢.2=% andhence z =g:—z'_

143 1+ 2

We investigate further the mapping of the z-plane upon the z'-
plane by means of these formulas. To the values

z2=o0, 1, ¢ —1, —i, ©
correspond the values
g'=i o, 1, 0 —1, —1i
To the z-axis of real numbers corresponds the z-axis of pure

imaginaries ; to the s-axis of pure imaginaries corresponds the
unit circle of the z'-plane (cf. IV, § 7). By means of these

z-plare z'-plane
A !
+~ v I Le 171
~
/)l 1%
I S N W _
o 0 17 =) 1
\m | v/
vit >~_|_~"vin  vu " vr
4 . =2
Y
FI1G. 9

given lines the two planes are each divided into eight regions
(to which the octants of the sphere correspond). These regions
correspond to each other as in Fig. g.

But if four, instead of three, given z-points are to be trans-
formed into four given z’-points by a linear substitution, an
additional condition must be satisfied. This condition is found
briefly as follows; The function of three points (2,— 2,)/(2;,—2)
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already considered in § 10, equation (16), becomes, by the linear
transformation (1),

Z"—Zlg__fz;g“"(l, Z!—ZQ'

ds—12dy cm+d z—z,

that is, it is in its original form multiplied by a factor which
does not contain z. If we now form the quotient of this func-
tion and a corresponding one in which z, is used instead of z,
this factor disappears. We thus find :

2'/1 - le Z’l - Z’ 2L — % % — %
. 1 _ %5 Zy 5 24
@ e :

dy— 7y oy — 2,4_2'3 - Zfis"‘ 5
The following definition enables us to state this result more
conveniently :

111, The double ratio of four points (3, 3, 2, 2,) — taken in this
order — is understood to be the quotient :

(5) 5 — % 5 — 2

: = (Zn %9y %3y 24)3
Z3 - ZZ 23 b Z4

therefore,

IV. The condition for the existence of a linear transformation
which transforms four given z-points into four given 7 -points is, that
the double ratio of the z-points shall be equal to the double ratio of
the 5-points taken in the same order.

And further:

V. This condition is necessary and sufficient providing the four
given points are distinct.

For, when that linear transformation which puts the points
2y, %, 23 respectively into #,, 7, #/; is found by II, it has the
property of transforming the point z, into 7/, providing the
double ratios (2, 2., 2, 2,) and (), /, 2/, 2) are equal. But there
is only one such point since equation (4) is of the first degree in
74 It must therefore be the given one, Q.E.D.
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The double ratio of four complex points is of course in gen-
eral complex; but more precisely :

V1. The double ratio of four points is real when, and only when,
the four points lie on a circle.

The amplitude of (2, — 2,)/(2; — 2,) is the angle 22,2, and the
amplitude of (2, — 2,)/(2 — 3,) is the angle z2,2,. If the quad-
rilateral 22,252, is inscribable in a circle, then these two angles
are inscribed angles measured by the same arc or by arcs whose
sum is a whole circumference. In the first case these angles
have the same sense, in the second case opposite sense, More-
over, in the first case X 222 = X 222, in the second case it
= X %275 — m. Therefore the amplitude of the double ratio is
zero in the first case and = in the second, and the double ratio
itself is real in both cases. But if the four points do not lie on
a circle, then X 22,3 is different from X 22,2, and from X zz2,z
— =, and therefore the double ratio is not real *

If, in particular, 2, = o0, 2, =1, 2, = %, we find that

(21,0, 1, 0 ) =2, o
that is :

VII. The double ratio of an arbitrary point z with the three
points 0, I, o0 is equal to 3, itself.

As already stated, the double ratio of four points depends upon
the order in which the points are taken. But four points can
be arranged in twenty-four different ways. Of these the fol-
lowing four

(zlv 29, 23y 34)» (zz, 21y 24 zx), (Za, Z4 21y Zz)y (Z4a 23y By Zl)

* To students acquainted with projective geometry we remark, without proving,
that the double ratio of four points of a circle as here defined is exactly equal to the
double ratio of four such points as defined in projective geometry : the complex
double ratio defined here for four given points of the plane is equal to their double
ratio upon that imaginary conic section determined by them and one of the * cir-
cular points at infinity.”



§ 15. THE DOUBLE RATIO INVARIANT 7t

give the same double ratio, as a glance at formula (5) shows;
thus only six different double ratios can be formed from the
same four points. However, there are simple relations connect-
ing these six ratios. If we put

(6) (21 23y 23 2) = A

it follows at once that

(7) (Zn 24y 23 Zz) = 1/)\.

Simple calculation shows further that

(8) (217 %3 22 24) = 1—Q;

and, by combination of these two results,

(9) (%15 28 20 %) = 1 — (21 %y 23, %) = 1T — i=h ; ! ’
(x0) (@ 2 2y 20) = (2, zs,l Z4 %) T i '

(11) (21 20 B0y 23) = 1 — (2, 22y B4y 23) = ;—_—1-_5\

It thus follows that:

VIII. Each of the six double ratios which can be formed from
Sour points is a linear function of eack of the others.

The six values (6)-(11) are in general all different from each
other. Two or more of them can be made equal only for par-
ticular values of A. Closer investigation shows that all the
possible cases can be made to depend upon the two following
types by a change of symbol:

1 A 1 A—1

(12) A=f=—x omg=gTy =A==

d —

an . A=t _A—1_14iV3

(13) 1—2A A 2

3 :
i'——_l_)‘: A =1—iv3

A—1 2
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IX. In case (12) we call the four points ‘“ harmonic,” in (13)
they are called * equianharmonic.” *

For example, — 1,0, 1, © are four harmonic points; also the
four vertices of a square; the three vertices of an equilateral
triangle and the center of its circumscribed circle are four
equianharmonic points (or upon the sphere, the vertices of a
regular tetraedron).t

Equation (4) may now be expressed by means of a term
which is important in other respects. For this purpose we
define :

X 4 fu)za‘z'on of one or more points whick remains unchanged
when one and the same arbitrary transformation of a given group
is applied 1o all of the points is called an invariant of the group.

Thus equation (4) expresses the fact that

X1. The double ratio of four points is an invariant of the group
of linear transformations.}

We can assert further that it is the on/y invariant of this
group. This is to be understood as follows: Z%zee points can
have no invariant of this group on account of theorem II. The
equality of the double ratio of two sets of four points each is
a sufficient condition for the existence of a linear transformation
which transforms the one set into the other. Any other func-
tion of four points, invariant under the linear transformation,
must therefore have for all sets the same value for the same
double ratio. Hence it is expressed only by this double ratio

* That is, if A = 1 the six ratios reduce to 1, 0, 0 ; if A =— 1 they reduce to —1,
1/2,2; if A = o they reduce to w or w2 where » is a primitive cube root of unity.

if'l;l:the four points OPQR are harmonic when made by any chord of a coni-

coid drawn through a point O to intersect the surface in £ and Q and the polar plane
of Oin R.—S.E.R.

1 The theorem that a double ratio is unchanged by a bilinear transformation
was stated by MOBIUS, Ges. Werke, Vol 11.—S.E.R.
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and accordingly is not counted as a new invariant. But there is
no new invariant for more than four points. That is, suppose
F (2, 2, +++ 3,) to be a function of # (2 4) points invariant under
the group of linear transformations. In place of # — 3 points,
Z4 %y *** 3, let us put the » — 3 double ratios which are formed
by the remaining three points, z, 2, 2;, with each of these 7 — 3
points. £ is then a function of the » — 3 double ratios and of
%y, %, 2. If now it is an invariant, it must take on the same
value for pairs of sets of 7 points: z, 2, ...z, and 2/, 2,, - 5,
which are set in correspondence by the linear transformation
(r). But since the » — 3 double ratios take on the same value'
for every pair of sets, either a relation between gz, 2, 2; and 2/,
%', 3 must remain or & must be a function of the » — 3 double
ratios alone. The first is impossible 6n account of theorem II,
and hence F'is expressed by the » — 3 double ratios.

EXAMPLES
1. What is the most general algebraic relation between z

and z' which gives a one-to-one correspondence between the
points of the z- and the 2'-planes?

2. Determine the linear fractional transformation which
puts the points z=— 1, o, 2 respectively into the points z' =o,
1, o0, :

3. Determine as in Ex. 2 the relation which transforms 1, 7, 3
respectively into o, 1, co.

4. What relation between z and z' will transform the cube
roots of unity 1, 0, o? respectively into o, 1, «?

5. Where is the point 2' corresponding to z=—d/c by the
transformation 2' = (ez +8)/(¢cz + 4)?

6. Let 2'=(22+3)/(32—2). Show that the center of the
7-circle passing through the points corresponding, by this trans-
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formation, to the points z=o0, 7, —7 is at the point 2’ =—
and its radius is }§. Find also the center and radius of the
g'circle corresponding to the points z=o, 24, —2¢; also to
2=, —1i, 214

7. Determine the function z'=/(z) which maps the recti-
linear triangle whose vertices are z=o0, 2=1, 2=147 on the
half-plane, these three points going over respectively into the
points z' =0, 3’ =0, 2'=1. To which half-plane does this tri-
angle correspond ?

8. Determine the linear fractional transformation which
transforms the points z=1, 2=— 1, 2=/ respectively into the
points 2' =2, ' =0, 3' = 0.

9. A circle of radius » and center (%, #Z) in the zplane is
transformed into a circle in the z'-plane by the substitution

2= (az+46)/(cz+d);
show that the radius of the new circle is

ad — be
"2

,

A

where A= (p cos 04 %)’ + (p sin 0+ £)? — »* and p, 9 are the

modulus and the amplitude respectively of @/c. Find also the
codrdinates of the center of this new circle.

The equation of a circle whose center is at (%, £) and radius

r can be put in the form (z — % — £{)(z — % + %) = »? or 2z + Az

+A.-z+y=owhereA=—/+Ak,A=—/k—kiand y=A.A

—7* and dashes indicate conjugate imaginaries. This equation,

conversely, represents a circle when A, A are conjugate imagi-

naries and y ig real. Its center is [ —(@a+3) R z'(A = A)] and
: 2 2

, -

its radius is (AZ—-y)*. Now subject this circle to the trans-
formation = (az+b)/(cz + d)
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oi, z=(—ds' +0)/(cs' — a) and z= (— d2' + ) /(c7 ~ a)
and we get the relation

% + A7 + A%y =0, .
Determine these coefficients &', A’ A', and ' and show that A’, A’

are conjugate imaginaries and that &, 4’ are real. It therefore
represents a circle whose center and radius can be determined.

10. Divide the zplane into eight regions by means of the
axes and the unit circle. Find the regions in the z-plane which
correspond by the transformation z' = (1 + 3)/(1 — 2) to each of
these regions. Is this transformation involutoric? Compare
the unit circle and the axis of imaginaries.

11. In VI, § 15 it is shown that four points lie upon a circle
when and only when their double ratio is real. Another form

of this condition is that it is possible to choose real quantities
a, b, ¢ such that

213t %025 B% + 531, B+ 5%

Observe that the transformation z'=1/(z — 2) is equivalent
to an inversion with respect to the point z, together with a cer-
tain reflection. If z, 3, 2 lie on a circle through z, the cor-
responding points z,'=1/(z — 2,), %' = 1/(2, —3,), %'=1/(23—2,)
lie on a straight line. Hence, by Ex. 23, Chap. I, we can find
real quantities o', 4', ¢/ such that ' +4' + ¢ = 0 and

a' + 8 ¢
W% % B3

and it follows easily that this is the given condition,

=0,

12. The set of all linear fractional transformations forms a
group, since the compound of any two of them is again one of
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the same kind. What is the relation between this group and
the set of all the transformations represented by 7' =z+4 8
where B has all positive and negative values? Discuss in the
same way z' =z, and z' = az + 8.

13. Find the six double ratios of the points o, 1, 0, 2.

14. If the double ratio of 2, 2, %, s3=—w, find z (0 is a
primitive cube root of unity).

15. Prove the theorem that in inversion in space /Zngths of
double ratios are preserved, that is, that the length (4, B, C, D) or

[y !
%g . % is equal to the length (4', B', C", D") or ‘% . %

Invert the points with reference to a sphere. Since 04 - 04’
= OB - OB, the triangles are similar and hence O4 : OB : AB
=0B8': 04': A'B'. Therefore

OB OA'- OB'
A'B' =AB .- 22 —y4p. Y2 YO |
0A OA - OA'= r*

pat

Similarly for 4'D', C'B', and C'D'; then substitute these
values in the expression for the length (4', B', C', D'), reducing
finally to the expression for the length (4, B, C, D).
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16. Prove that any rotation of NEUMANN’s sphere about any
diameter as an axis corresponds to a linear fractional transfor-
mation in the plane tangent at the origin.

Consider four points projected stereographically before and
after the rotation; consider also the double ratio of these four
points, using the theorem of Ex. 15. Let the points g, 4, ¢, 5 pro-
ject into d', &', ¢, 3" and 4, B, C, Z into 4', B', C', Z'; at the
conclusion solve for z' as a linear fractional function of z.

17. In IX, § 135, the double ratio of four points z, 2,, z, 3, is
called “ harmonic ” when it is equal to — 1. Show that in this

case 2/(z —z)=1/(21— 2)+1/(21 —2). Why is it called
“ harmonic ”?

§ 16. Significance of the Linear Transformation on the Sphere ;
Collineations of Space Corresponding to It

We will interpret the results of § 14 further by stereographic
projection on the sphere. The circles of the plane which pass
through the points {;, {, correspond to the circles through the
corresponding points on the sphere, or otherwise expressed:
they correspond to the curves of intersection made by the planes
of a sheaf of planes whose axis cuts the sphere in these two
points. But there are also circles on the sphere cut out by a
sheaf of planes that correspond to the.system of circles repre-
sented by equation (20), § 14 (the difference being merely that
in this case the axis of the sheaf does not cut the sphere). This
is evident from the following :

Let us draw planes tangent to the sphere at all points of a
circle of the sphere; they thus envelop a right circular cone;
the vertex of this cone is called the pole of the plane of this
circle with respect to the sphere. Any element of the cone is
at right angles to the tangent to this circle at its point of contact
and thus coincides with the tangent to those circles of the
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sphere which cut the first at right angles at this point. Thus
the plane of each such circle must contain this element of the
cone and thus, too, the vertex of the cone, the pole of the first
circle. The plane of every circle which cuts two given circles
of the sphere at right angles contains accordingly the poles
of the planes of both circles and thus, too, the line connecting
them. The proof thus follows in consideration of XIII, § 14.
Hence we may say :

L. Every linear transformation whose fixed points are distinct
transforms into themselves two systems of circles on the sphere, each

of which results from the intersection of a sheaf of planes with the
sphere.

We can now think of a definite transformation of space into
itself as corresponding to every such transformation of the
sphere into itself, by which every plane which intersects the
sphere (of course in a circle) is transformed into another plane
which intersects the sphere in the circle corresponding to the
first. Since all the circles.through two points z, 2 correspond
to the circles through the corresponding points z/, z,, it follows
that: to all the planes which intersect in a straight line cutting
the sphere, correspond the planes of a second such sheaf.
Further, since all the circles which intersect two given circles at
right angles correspond to circles which intersect the two corre-
sponding circles at right angles (from V, § 14), it follows also
as was just proved that: to all the planes of a sheaf whose axis
does not intersect the sphere, correspond the planes of a second
such sheaf In this way, therefore, all the straight lines in
space are arranged in pairs. And since the theorem holds that,
when several straight lines not all in the same plane are arranged
in pairs, they all go through the same point, it follows that all
straight lines through a point correspond again to straight lines
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through a point. By this transformation the planes of space,
and thus the points of space as well, are set in a correspondence
reversibly unique. A transformation of this kind is called a
collineation ; accordingly, we can write :

II. 7o cack linear transformation of the complex variable's on
the sphere there corresponds a collineation of space, which trans-
Jorms the points of the sphere precisely in the same way.

According to theorem I, this collineation in the general case
belongs to that particular kind which transforms into themselves
two straight lines, two real points of one of these straight lines
(viz. its points of intersection with the sphere), and two real
planes through the other straight line (the planes through it tan-
gent to the sphere). In the special case (XIV, XV, § 14) a real
point of the sphere, each tangent at this point and each plane
through a definite one of these tangents, is transformed into itself.

On the basis of the formulas of §§ 13 and 14 it would not be
difficult (even though cumbersome), to carry out this process
analytically and thus to find the equations of the corresponding
collineation for each linear transformation of z.  We will do this
only for that transformation which corresponds to a translation
in the plane parallel to the x-axis. For this

7=z40a(eis real), thatis, .x'=x+0‘;]'=}’-

Accordingly we have the following results from the formulas (6),
§ 13, and those which are obtained from (5) by accenting all the
letters :

(¢ = % _ X+« e t+a(r—9
1+ 7?2 1474 z2ax+ @ 2aé+(1+@)(1—@+¢
(I) 1”= }/ - T 4 = 1 ’
1+77 1474 z2ax+ 02 zaf+(1+a)(1—-¢)+¢
y " Przax+ed  2ebf+ (1= +¢ )
¢ T4 it At zac+ ot 2+ (1 + a1 —0)+L
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(There are of course an infinite number of transformations of
space which transform the points of the sphere as desired.
The process shows that we obtain the required collineation if
we do not make explicit use of the equations of the sphere,
but use the formulas of § 13 exactly as found there.)

A particular case of collineation is found in the ¢ Motions in
Space,” that is, in those transformations which transform each
figure into one congruent to it. If we take for granted at the
outset that any movement which puts a sphere into itself can be
replaced, so far as the result is concerned, by a rotation of the
sphere on a diameter as an axis, we can then easily determine
all such movements and the linear transformations correspond-
ing to them. To this end we return to equation (15), § 14. If
this is to represent a rotation of the sphere about a diameter as
an axis then first, {; and {; must be dZametral points (XV, § 13);
and second, if each of the circles p = const. from equation (20),
§ 14, which in this case are parallel circles, are to be trans-
formed into themselves, it follows that 7 must = 1, that is, Z
must be an expression of absolute value 1. Hence if ¢ and A
are quantities of absolute value 1 and » a positive real number,

we can put
L=ra, &=—7r", and2=A.

The solution of equation (15), § r4 for 2 thus takes the form:
z(m + 77tad?) 4 «¥(x — MY,

(1 — A+ (e + rah”) ;

or, by multiplying numerator and denominator by e~I\-1:

(PN ) (A=)

Z AT SN F N A

Here the coefficients, apart from the sign of one of them, are
conjugate to each other in pairs (for A~ is conjugate to A, «™!
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to a«, and 7 is real); if 4, B, C, D are real numbers, we can
therefore write :

2) z,__(A+z'B)z—C+z'D

( T (C+iD)s+ A—iB

II1. Zherefore a lincar transformation of z can always be put in

the general form (2) when it represents a rotation of the sphere
about its center.*

* EULER'S representation of rotation about a fixed point is obtained from equa-
tion (2) of the text by introducing the space codrdinates ¢, 9, ¢, and &, ', ¢’ by
means of formulas (5) and (6) of § 13. We thus obtain ;

wrpiy = (Ax=By—C) +iBx+ Ay + D),
(Cx—Dy+A)+i(Dx+ Gy— B)
(@) =Lt B2+ 2(—ACt BD)x +2(BC+AD)y + C2 4 I?
(C2+ D272+ 2(AC— BD)x + 2(—AD - BC)y+ A2+ B2’
142 = (A2+BQ+C‘2+D2)(I+14) .
(€% D222+ 2(AC— BD)x + 2(— AD — BC)y+ (42 + B?2)

If we put

®) A+ B+ CI4 D= A,
it follows that

*'+iy _ [(Ax—By—C)+i(Bx +Ay+D)][(Cx — Dy + A) +i(— Dx —Cy+ B)]
I+ 2 N(1+12)
The numerator on the right-hand side is:
[(AC+ BD) +i(BC— AD)]»2 + [(A2 — B2 — C3+ D?) +24(AB + CD)]»
+[2(—AB+ CD) + i(A2 — B2+ C2— DY)y
+[— AC—BD+ {— BC+ AD)].

Now introduce the codrdinates £, 7, { and we obtain :
N(¢ +in') = [(AC+ BD)+i(BC— AD)](a¢—1)

+ [(A42— B2 — C23+4 D?) +2i(AB + CD)}¢

+[2(— AB+ CD) +i(A2 — B2+ (23— D?)],
and by dividing into real and imaginary parts:
(v) N¢ = (42— B2— C% + D) §+2(— AB+ CD)n+2(AC+ BD)(§—1/2),
(®) Nn' =2(AB+ CD)¢ + (A2 — B2+ C2— D2)n+2(BC— AD)($— 1/2).
And from (a) it then follows that

1—7%_ (424 B2— C2— D2) (1 — 7))+ 4(AC— BD)x — 4(AD + BC)y
1472 N(1+72)
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§ 17. The Function 22

In the preceding paragraphs we investigated in detail linear
functions of z. We now turn our attention to the function

(I) ' W=12-+3=2%

We express  and z first in rectangular and then in polar coor-
dinates ; accordingly :

(2) z2=x+1iy=r(cos ¢+ ¢ sin ¢),
(3) w=u+iv=p(cos Y + ¢ siny),
and therefore from (11), § 3, we obtain:

(4) u=x'—)% v=2uxy,

and from (1), § 6,

(5) p=7% y=24¢.

The formulas (4) determine one and only one pair of real
values (%, v) for each pair of real values (¥, y); we say:

I 7he function w=2* is hence said to be single-valued over
the entive plane.

The construction of a point @ corresponding to a definite
point z is most conveniently obtained by using formulas (5);
the radius vector of such a point = is to the radius vector of z
as that of z is to unity, while the amplitude of w is double the
amplitude of z. '

To each circle (»=const.) about the origin of the zplane
corresponds a circle (p = const.) about the origin of the z-plane.

and then A
() NE'—1/2)=—2(AC—BD)t + 2(AD+BC)n+ (A2 + B2—C2—D% ({ —1/2).
The formulas (8)-(¢) are precisely those due to EULER.

It is sufficient to say without proving that every linear transformation of x +iy
determines a movement in space considered not from the standpoint of Euclidean

geometry but from that non-Euclidean geometry for which the sphere is the fun-
damental surface,
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If the radius of the first circle increases continuously from o to
oo, then the radius of the w-circle takes on all values continu-
ously increasing from o to oo (as is known from the real func-
tion 72 of the real variable 7, A. A. §§ 46, 61). To each straight
line ¢ = const. through the origin of the z-plane, there corre-
sponds a straight line ¢ = const. through the origin of the zo-
plane. But the amplitude of the latter line (on account of the
second one of equatipns (5)) takes on all values from o to 2z =
continuously, while the amplitude of the first takes on only the
values from o to m. These two results are stated in the follow-
ing theorem :

1. The positive half of the z-plane (that is, that part of the
Dlane which includes the points z= x + iy where y is positive) is
mapped continuously and uniguely upon the w-plane by means of
the function w = 7%

And this mapping is reversely unique. For, p=172 and y =
2 ¢ take on each of the above pair of values, p between o and
+ 0, y between o and 2 x, only once while » increases from o
to 4+ o and ¢ from o to =. On the contrary, the continuity in

w-plarne z-plare
C”Et;ﬁ;a;a%"o PRSI v
=2TT
FIG. 10

this case is interrupted along the positive half of the real axis
of the w-plane, inasmuch as the two sides of this positive half-
axis correspond to the positive and negative parts of the real
axis in the positive half of the z-plane as indicated in Fig. 1o0.

If ¢ increases further from = to 2, then  takes on the
values from 2 = to 4 =; that is, the ray y = const. sweeps over
the whole plane again so that the negative z-half-plane is also
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mapped continuously and uniquely upon the w-plane. From
this we therefore conclude that:

III. TZhe function w = 2° lakes on each complex value w differ-
ent from 0 and o, in two and only two points of the z-plane.

Moreover, two such points are connected by the relation
2,=— 2, ; this follows easily from the left side of the equation
%0 — 2,2 = o, the factors of which are z, — 3 and 2, + 2. We are
interested in this relation particularly because it is Zinear,; we
define as follows :

IV. A function w=f(z) which remains unaltered when we
substitute in it @ definite lincar function of z in place of z is called
a function with a linear transformation into itself or an automor-
phic function®

Part of theorem III may thus be stated more precisely :

V. The function w = 3 is an automorphic function. It remains
unchanged when subjected o the linear transformation of the
variable :
) ' =—3z

Further, let us now introduce the following definition :

V1. A region in whick a single-valued function w of z takes on
all of its values once and only once is called a 't fundamental region
Jor this function.

It therefore follows from the definition of an automorphic
function and of a fundamental region that:

VIL. If a fundamental region of an automorphic funchon is
knoton and if it is mapped on a second region by one of the trans-
Jormations of the function into itself, then this second region can

* A special kind of automorphic functions are the periodic functions. Cf. § 41,

also Ex. 4 at the end of § 18, and Ex. 31 at the end of Chap. IV.—S. E.R.
+ Not however “ the.”
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nowhere overlap the first; it is also a fundamental region of the
aulomorphic function.

Thus each of the two half-planes separated by the axis of
real numbers are fundamental regions for the function 22

We shall continue somewhat in detail the mapping of the
z-plane on the w-plane by the function w =32 For this pur-
pose let us determine what curves of the w-plane correspond
to the lines parallel to the axes of the z-plane. If we put y=g¢,
equations (4) express # and z in terms of the auxiliary variable
x, the elimination of which gives

) ue=(2Y

! =59

For every definite value of ¢ this is the equation of a parabola
which has the #»-axis for major axis and the line # = — (2 for the
tangent af the vertex. Putting the equation in the form

€)) w4 vt = (u+2 )2

we see that the origin is the focus and the line #+22=o01is
the directrix. Since ¢ is essentially real and & therefore posi-
tive, the directrix crosses the negative half of the -axis, and
the parabola stretches to infinity toward the right. The focus
and the major axis are independent of ¢. Parabolas with the
same focus and the same major axis are called confocal. We
put these results in the following form:

VIIL. T7%e straight lines of the z-plane parallel to the x-axis are
transformed by the function w = 2* into a system of confocal parab-
olas which have the origin for focus and the w-axis for major axis
and which open in the direction of positive u.

Moreover, if we put x =¢ in equations (4) and eliminate y,
we obtain :

() (c*—u) = —”—)’

’
2¢
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or,
(10) W+ = (u — 2 %)},
thatis:

IX. The parallels to the y-axis are transformed into parabolas

which have the same focus and the same major axis as those in
VIII, but which open in the direction of negative u.

In general, it can be shown that any straight line of the z-
plane which does not go through the origin is transformed into
a parabola of the w-plane which has the origin for focus.

The converse question: What curves of the s-plane map into
straight lines of the w-plane ? — will be answered as follows:
Let the equation of such a straight line be

(11) au+dbv+c=o;

replace # and z in this equation by their values from (4); we
thus obtain :

(12) a(x*— ) +2bxy+c=o.

X. Tis is the equation of a conic section, and in fact an equi-
lateral hyperbola (since the coefficients of x? and y? are equal
but opposite in sign) whose center is at the origin (since the
terms of first degree in » and y are absent).

Parallel straight lines (whose equations differ only in the value
of ¢) thus correspond to hyperbolas with the same asymptotes.
Parallels to the #-axis (z-axis) correspond to hyperbolas which
are asymptotic to the codrdinate axes (to the bisectors of the
angle between the codrdinate axes, resp.).

It is important also to notice that the map determined by the
function 2 =2* is conformal (VII, § 11). We shall prove this
most easily by using the equations (5). If

é=/(r)

is the equation of a curve in the z-plane in polar codrdinates,
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then the tangent of the angle between the curve and the radius
vector is
» 2.
dr

For the corresponding curve of the w-plane we obtain

A, 2db 4P

(13) P ap 2 rdr ar’

from equations (5). Thus the two angles are equal to each
other *; we conclude from this, as in VI, § 11, that the angles
between any two corresponding curves are equal to each other,
We say:

X1. The function w=2* just as the linear functions investi-
gated in §8§ 8—16, determines a conformal representation without
tnversion of the angle.

However, there is one exception to be made. Equation (13)
proves nothing for the corresponding origins of the two planes,
since the expressions lose their meaning at these points. As a
matter of fact, we have seen at the beginning of this paragraph
that the angle at the origin is doubled. Hence we must supple-
ment theorem XI by the following corollary :

XI1. TZhe representation is not conformal at the origin, since to
each angle which has its vertex at the origin in the z-plane there
corresponds an angle twice as large at the origin in the w-plane.

§ 18. The Function w = 2", n a Positive Integer

After the detailed discussion of the function 22 the investiga-
tion of powers with arbitrary integral exponents presents no
new difficulties. Let such a function be represented by

(1) w=3"

# Equation (13) shows only that tan ¢ = tan ¢.—S.E.R.
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As in elementary algebra this is understood.to be #ke product of
n factors each equal fo z. Introduction of rectangular coordi:
nates furnishes convenient formulas only for small values of 7.
We may conclude at once from the method of formation with-
out actual calculation that :

L. The function w=13" is by definitton single-valued over the
entire plane.

Retaining the notation of § 17, we obtain by repeated appli-
cation of (1), § 6, in polar coordinates:

(2) p=7r" Yy=une,

To each circle about the origin of the z-plane (7= const.)
there corresponds a circle about the origin of the w-plane
(p=const.). If we allow the radius of the former circle to
increase continuously from o to oo, then the radius of the latter
takes on all values, continuously increasing from o to . To
each straight line ¢ = const. through the origin of the z-plane,
there corresponds a straight line ¢ = const. through the origin
of the w-plane; but the amplitude of the latter line runs con-
tinuously through all values from o to 2 = while that of the
former takes on only the values from o to 2 =/2#. It therefore
follows that:

II. 7he sector of the z-plane limited by the rays ¢ =0 and
=27 js mapped continuously and uniquely upon the w-plane by
n
the function w= 3",

This mapping is also reversely unique; but in this case the
continuity is interrupted along the positive real axis of the w-
plane in that the two sides of this axis correspond to the two
lines which delimit the sector (Fig. 11).

If we let ¢ further increase from 2 /7 to 4 «/n, from 4 w/n
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to 6 w/n, -, finally from (3—'5;;12->1r to 2 , then the correspond-

ing positive half of the straight line ¢ = const. sweeps over the
w-plane the second, third, ..+, nth time. The z-plane can then

\ C
2 -plare w-plare
FIG, 11

be divided into sectors, each of which is mapped continuously
and uniquely on the whole w-plane. It therefore follows that:

II1. The function w = z" takes on ecach complex value w at
exactly n points of the s-plane.

The values w=o0 and w= o form the only exceptions;
each has an exception at just one point, viz. z=0 and z= oo
respectively. All the sectors of the z-plane have these two
points in common.

There is a simple relation connecting the different points z
which give the same value of w. To exhibit this relation, let
us designate by e the (definite) complex number

(3) €= cos(2z w/n) 4 ¢ sin(z = /n),
which has the property (cf. I, § 6) that
(4) =1,

while the lower powers ¢, ¢, &, -+, €' are all different from
each other and from 1. It then follows from the commutative
law of multiplication that :

(5) (¢ 2)r=2"
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in which £=1, 2, ---, 7— 1. This result, on the basis of defi-
nition IV, § 17 is stated as follows: '

IV. The function w = 3" is an automorphic function ; it remains
unchanged when subjected to the lincar transformations of the
variable :

(6) d=¢.2 wherek=1,2, -, n.

Since the following theorem, resulting directly from the defi-
nition of an automorphic function, is entirely general, we can
find relations connecting these 7 transformations :

V. When an automorphic function f(z) remains unchanged
under two linear transformations of the variable, z' = $,(s) and
3 = ¢y(2), it also remains unchanged under the linear transforma-
tions 7' = ¢, [u(3)] and 3' = b,[b(2)] compounded from them.

By means of the definition of a group of transformations
(VII, § 14), this theorem is stated as follows :

V1. The linear transformations of the variable under whickh an
automorphic function remains unchanged always form a group.

The application of this to our example is simple: If we put
Z=¢.z and 2""=¢.7, it follows that 2" =€+ . z, which like-
wise comes under (6) on account of (4). Moreover, we can
make a still more precise statement about the structure of this
group; we see that all the linear transformations belonging to
the group can be obtained by repetition of the first transforma-
tion. Hence the definition:

VIL. A4 group, all of whose operations can be formed by repeti-
tion of a definite one of them, is called cyclic ; *
and we have thus tﬁe theorem:

VIIL. The function w= 3" determines a cyclic group of linear
transformations.

* A cyclic group of transformations is a transformation with all of its powers,
positive and negative.— S, E. R,
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Theorem II may also be stated as follows :

IX. The sector of the z-plane limited by the rays ¢ =0 and
o=2m/n is a fundamental region for the w-plane.

We shall next take up the question passed by in the above
paragraphs as to how far such a fundamental region is really
arbitrary. Evidently we can take away an arbitrary section
from one of its borders, providing we add the corresponding
section to the other bordér. The origin must always remain
on the boundary since each transformation of the group trans-
forms it into itself and thus the » fundamental regions have this
point in common in whatever way
the first fundamental region is
chosen. Moreover, the fundamen-
tal region must always extend to
infinity. But we can bound it on
one side by an arbitrary curve run-
ning from the origin to infinity pro-
viding this curve is not intersected
by the curve obtained from the first one by turning it about the
origin through the angle 2 »/z (cf. Fig. 12). Among all such
curves which ones shall we now choose as the best suited to
bound the fundamental region?

Fi1G. 12

There is in fact no general answer to this question for all
automorphic functions. But the function z = 2" belongs to a
special class of such functions for which this question can be
definitely answered. It has the property that #wo conjugate
complex values of the function belong to every pair of conjugate
complex values of the argument; in particular, real values of the
Junction belong to real values of the argument. Thus, when we
take a region in the z-plane which is mapped by the function
@ = z" on that w-half-plane with imaginary part positive, or * the



02 1. RATIONAL FUNCTIONS

positive w-half-plane,” then a region symmetrical to that one
with reference to the x-axis is mapped on ¢ the negative w-half-
plane.” Hence we can construct a fundamental region in the
following manner: locate first all those lines to which the parts
of the w-axis of reals correspond; for the present case they are
the 27 rays ¢=~4xr/n (where k=o, 1, 2, :--, 22— 1); these
lines divide the z-plane into a certain number of regions. In
each such region the sign of the

imaginary part of w is constant. é\ é
For, on account of the con-

tinuity,* it can only change its
sign when it passes through
zero, and this according to hy-
pothesis is the case only on the
boundary of the region. More-
over, every such region for which,
for example, the imaginary part
of w is positive, is mapped on
the whole positive half-plane of w. For, if it were mapped on
only a part of this half-plane, its boundaries, on account of the
continuity, would have to be mapped on the boundaries of this
part, which is contrary to the hypothesis. The z-plane, then, is
divided into 2# half-regions. In the case at hand these are
alternately congruent and symmetrical; in more general cases
direct and inverted circle transformation is used resp. in place
of congruent and symmetrical. Any two of these regions adja-
cent to each other make up a fundamental region answering all
of the conditions. Acc¢ordingly :

FIG. 13

X. An automorphic function which takes on conjugate values of
the function at conjugate points is called a symmetric automorphic
Junction.

* The question of continuity is taken up again in detail in § 31,



§ 18. THE FUNCTION = z» 93

X1. 70 a symmetric aulomorphic function corresponds a division
of the zplane into alternate regions determined resp. by direct and
inverted circle transformations. These regions are such that any
two of them adjacent to each other form a fundamental region Jor
the function.

XIL. 7n the case of the function w = ", these half-regions are
sectors bounded by straight lines making angles of n/n with each
other.

EXAMPLES

1. The function f(3) = (22— 2+ 1)*/(z> — 5)? is unaltered by
any of the transformations of its variable given by the six sub-
stitutions of the group 2, 1/z, 1—3, 1/(1—13), (3—1)/3, 3/(1—2).
It is therefore an automorphic function. This group is also
finite discontinuous (cf. § 22).

2. Show that 1, A(3) =w(s), B(z) =w*2) (where o is a
primitive cube root of unity) form a cyclic group of order 3
(where the order of the group is defined as the number of trans-
formations contained in the group).

3. Show that the following transformations form a group:
‘A(2) =244k AR =242k AX)=z+34%,
ooy, A7(3) = 24 nk, etc.,
where n=o0, + 1, + 2, ++, %+ o0. '
Is this group cyclic and what is its order?
4. A transformation is called periodic with the period » if the

identical transformation is obtained after applying the transfor-
mation # (but not less than #) times.

5. If a linear transformation is of the form

w'—C1=,',w, Z—CI’
w — CQ Z— Zz
where ¢, {; are the fixed points of the substitution, it is periodic.
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If the fixed points of the linear substitution coincide, it is
called parabolic. If the fixed points are distinct, there are three
classes of substitution as follows : when the multiplier

:—:—Zﬁi:k (cf. 14, 15, § 14)

is a real positive quantity, the substitution is called Ayperdolic.
When this multiplier has its modulus equal to unity and its
amplitude different from zero, it is called e/ipsc. If the multi-
plier has its modulus different from unity and its amplitude not
zero, it is called loxodromic. For the substitutions with real
coefficients only the first three classes occur. These substi-
tutions are often called rea’.

The quadratic equation (12), § 14, which determines the com-
mon points of a real substitution has real coefficients ; according
as the roots of this quadratic are rea/, egual, or imaginary the
real substitution is found to be Ayperdolic, parabolic, or elliptic.
(These names are due to KLEIN, Math. Ann., Vol. XIV, p. 122.)

In discussing the different cases we put (¢ —d)*+ 4 be=M
from the solution of (12), § 14. Thus

k=a—ccl=a+d-—-\/ﬁ
a—y g+ d+VM
and take ad — &c = 1 (without loss of generality).
For real elliptic substitutions, ¢ and ¢, are conjugate imagin-
aries; hence M=(a—d)% + 4bc <o or
(¢ +2) < 4(ad — &) < 4.
Therefore £, using ad — éc = 1, becomes
k=(a+ad)—2—ia+d)V4— (a+d)]
The amplitude of % is thus cos'[}(¢+d)*—1] and |&|=1;
denoting this angle by « we now obtain
k= ¢,




§ 18, THE FUNCTION w = z* 95

If then w, be the variable after p applications of this substi-
tution, we have,
Wo=bi_ .24,
w,— & z—&

When 0 is commensurable with 2 = so that

0 _s

27 7
we have, taking p = 7,
w,—b_21=4.
w,—§ 51— zz,

that is, w,=132;

that is, the substitution is periodic.

But if 6 is not commensurable with 2 =, then, by a proper
choice of p, the amplitude pf can be made to differ from an
integral multiple of 2 = by a very small quantity and leads to
an infinitesimal substitution.

6. It is now evident that for the elliptic substitution a 2-
circle through ¢ and {; and its center therefore on the x-axis
transforms into a w-circle through ¢ and ¢, cutting the z-circle
at an angle a.

7. As an illustration of the
periodic character of the elliptic A4
transformation let us take the
unit circle ACBDA having its
center at the origin. Draw the

diameter 48 along the jy-axis. C’\ D

Then the semi-circle 4CA can
be regarded as a plane crescent
of angle /2 and the semi-circle
ABD as another of the same




96 II. RATIONAL FUNCTIONS

angle. Hence they can be transformed into each other accord-
ing to a result due to KIRCHHOFF, Vorlesungen iiber mathematische
Physik, Vol. 1, p. 286.

The transformation can be most simply performed by taking
A(=7) and B(=—7) as the fixed points of the substitution,
which then takes the form

wHi o+ )
The line 4B for the w-curve is transformed from the z-circular
arc ACB; these curves cut at an angle x/2, which is therefore
the amplitude of 2 Considerations of symmetry show that the
z-point C on the x-axis can be transformed into the w-origin
so that

w—1 s—1
_.k,

:l—'i

oy
— 1+

-—I—_—

giving £= 7 and the substitution

w"i—ﬂ_d.
w4+t z417

It is periodic of order 4 as expected: it takes the simple form
z+1
—z41 )

Four applications of the transformation must now give the
original région. The first application changes the interior of
ACBA into the interior of 4BDA; a second application
changes this latter region into the region on the positive side of
the jy-axis outside of the semi-circle 408 ; a third application
transforms this latter region into the region on the negative
side of the jy-axis outside of the semi-circle 4CB; a fourth
transformation completes the period and changes the latter
region into the interior 'of the semi-circle 4CB — the initial
region.

W =
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8. Show that, if the plane crescent of the preceding exam-
ple has an angle of T instead of T and 4/ and — 7 for its
n 2

angular points, then the substitution

z+tan1—
2n
w = —

1—ztan-T-
2n
is periodic of order 2 #, and if it be applied through a period
to the region of the crescent, will divide the plane into 2 #
regions all but two of which must be crescent in form.

9. For real parabolic substitutions the quadratic (12), § 14
has equal roots ; the fixed points of the substitution, { say, thus
necessarily coincide on the x-axis. Thus M above is zero and
(@+a)=4 and d+a=2 without loss of generality. Now
move both origins to ¢, and zero becomes a double root of the
quadratic so that é=o0 and ¢ —d=0. Hence e=4d=1 and
we obtain

&
2+ 1
I I
or, =
w 3z

If the origins are not moved to the point {, then the substitu-
tion is .
I I
=———4c
w— z—(
Show that the equations of transformation in real coordinates
are

S S Y. e 5 oSS S
u—c(@l®+v%) v w40 (1 —cu) 40t

10. Show that a z-circle passing through the origin is trans-
formed by a real parabolic substitution with the origin for its
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fixed point into a w-circle passing through the origin and touch-
ing the z-circle; and a s-circle touching the x-axis at the origin
is transformed into itself. '

11. For real hyperbolic substitutions the quadratic has real
and unequal roots ; the fixed points for the transformation are
thus two different points on the x-axis; A/ is thus positive and
(¢ +4)* > 4 and we may take (¢ +4) > 2. Thus £ is real and
positive and the substitution is hyperbolic.

Take the origin as one of the fixed points and g the distance
of the other; o and g are then the roots of (12), § 14 with the
conditions that (¢4 — &)=1 and (¢ + &) > 2. Therefore é=o,
a—d=cg, ad=1, k=a/d, and % is greater or less than 1 ac-
cording as ¢¢ is positive or negative. Take %2> 1 and we

obtain az

w= ,
a+d
wherea > 1 > d, (e+4d) > 2,and ad=1.

12. Show, therefore, that a s-curve, drawn through either of
the fixed points of a real hyperbolic substitution, touches the
w-curve into which it is transformed by the substitution.

13. Hence show from Ex. 12 that any z-circle through the
two fixed points of the hyperbolic substitution is transformed
into itself.

NoOTE. — The above results and many others are due to POINCARE, Acta
Matk., Vol, 1, p. 1 and following.

14. Discuss the transformation
w=_2tT1,
z
§ 19, Raﬁ((nal Integral Functions

We have already defined at the begiqp_ing of this chapter
(1I, § 8) what is in general to be understood by a rational
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integral function of a complex variable. If, in the general ex-
pression for such a function of a complex variable, we carry out
the indicated multiplication of sums or differences according to
the distributive law ((2), § 3), and finally collect into one ex-
pression all the terms which contain the same power of z multi-
plied by a constant, the result may be stated as in analysis of
real numbers (A. A. § 20) in the following theorem :

1. Every rational integral function of z can be put in the form :
(1) J(@) =ap" + a2+ a5t o ta, 154 a,.
The integer n is called the degree of the function, provided ay+ o.

By using such rational integral functions the following
theorem (A. A. § 24) in the field of real numbers may be proved
by means of elementary operations :

1I. An equation of the nth degree has no more than n roots —
unless it is an identity, that is, unless all of the co¢fficients are each
equal to zero. A v-fold root is counted as v simple roots in this
theorem.

Since all of the theorems used in the proof of this theorem
are valid for complex numbers as well as for real, it follows that
Theorem 11 is also valid if we extend it to include complex as well
as real roots. But the explicit theorem that every equation of
the #th degree in the field of complex numbers has # roots is
not proved in such a simple manner. We shall obtain it later
(VIIL, § 44, and VIII, § 46) in other ways.

But it is possible to assign limits between which the zeros*
of f(3) are included. Let /M be a number for which

(2)

am
2}

S Mform=1, 2, -, n;

* Cf. the paragraph following II, § 20,—S. E.R.
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it then follows that

A= < rflaf= (sl o [P L2l 1,
0

Z"—1

that is, SMl |
z|—1

For all values of z whose absolute value is < M+ 1, this last
fraction is £ |z|*— 1 < |z|*; it therefore follows that for all
such values of z

(3) |/(2) — ag" | < |aw"|.
In other words it is true that:

111. The absolute value of the term of highest degree in the
rational integral function f(z) is greater than the absolute value of
the sum of all the remaining terms, for all values of z whose abso-
lute value is greater by at least 1 than the number M determined
by the inequalities (2).

In particular, it therefore follows that:

IV. No root of the equation f(2) = 0 can lie outside of the circle
described about the origin with the radius M + 1.

If, on the other hand, a,_,* is the term of lowest degree in
the rational integral function f(z) which has one coefficient dif-
ferent from zero, we can put

@) s@==-9(%)
in which

© o) By

is a rational integral function of (1/2) of degree (»—v). If we
wish to apply Theorem III to this, we )miét define a number
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by the inequality:

@
an_,

Smiork=o0,1,2, cen—vy—r1.

When z and f are again introduced it follows that:

V. The absolute value of the term of lowest degree in the
rational integral function f(2) is greater than the absolute value of
the sum of all the remaining terms, for all values of 5 different*
Jrom zero whose absolute value is less than (14 m)™\.

Just as we obtained IV from III, we have here from V:

V1. No root, except possibly z=o0, of the equation f(3) =0 can
lie inside of the circle described about the ovigin with a radius equal

fo (74 m)™.
EXAMPLES
1. Find the limits of the roots of

M—xt—7 a2+ 152 =0,

by making use of Theorems III-VL.

Take M =15; the greatest ratio preceding and up to this
one is 7/15. Therefore take m =%/15. Hence there is no
root outside of the circle of radius #+ 1= 16, and no root
inside the circle of radius 1/(x1+7/15)=15/22. This is
correct since the roots are — 3, 2 +i, 2—1, o.

2. Find the limits of the roots as in Ex. 1 for the equation
at—328 -4+ 48x—32=0.

3. Show that 4 cos*(r/7) is a root of 2 —g52*4+6z2—1=0
and find the other roots. (Math. Trip. 1898.)

* This limitation is necessary since, in going from ¢ to f (equation (4)), we
multiply by s,
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§ 20. Rational Fractional Functions

If adj the terms of a rational, fractional function (I, § 8) are
reduced to a common denommator, we obtain the following
theorem :

I. Every rational fractional function of z can be represented as
the quotient of two rational integral functions :

(1) (@) =E@ e ta + o taeta,
h(z) bym+ b5+ oo by izt b

II. TZhe larger of the two numbers m, n, or their common value
when they are equal to each other,is called the degree of the
rational function r(3).

At a point z at which g(2) and %(2) are different from zero,
7(z) has a definite finite value different from zero. At a point z
at which 4(z) is different from zero but g(z)=o, »(3) is also zero;
and in this case when z, is a v-fold zero * of g(z) we say also that
3, is a vfold zero of 7(z). At a point at which g(2) is not zero
and A(z) = o, 7(2) = 0 in the sense of § 12. We define further:

II1. A point 2 whick is a v-fold zero of h(z) and not at the
same time a zero of g(z) is called a v-fold infinity (a v-fold pole) 1
of 7(2).

It is sometimes convenient to use the following form of ex-
pression instead of II and III:

IV. When »(2) can be put in the form
(2) . 7(2) = (z— )" - n(3),

in which r, denotes a function whick is finite and different from
2e70 for 3 =23, then v is called the order of ¥(2) at the point 3.

I
* Or sero point of the function, that is, such a value of the variable which makes
the function vanish, —S.E.R.

+ There are other infinities besides’ poles “Poles are the simplest infinities,
Cf. also § 43.—S.E.R.
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Accordingly, at a pole the order is negative, at a zero it is
positive ; if the function at a point is finite and dlfferent from
zero, then its order at that point is o.

We have finally to consider an additional case, viz. where
&4(2) and /(z) have a common zero; it may occur after the re-
ductions indicated in Theorem 1. A¢ suck a point the value of
the rational function itself is completely undetermined (§ 12). But,
by rational operations which do not necessitate a knowledge of
the zeros of ¢ and 4 (A. A. § 23), we can find the greatest com-
mon divisor 4(z) pf £(z) and %(z) and thus put 7(%) in the form

=X2) - &(2)
(3) 7(3) Hz) - n(s)’
in which g, and /%, designate rational integral functions which
have no common divisor and therefore (A. A. VI, § 22) have no
common zero. If therefore we put

O =)
the equation
(5) #(2) = n(2)

is true for all points except the zeros of £(z). Moreover, it is
now permissible to add as a definition that:

V. The function r(3) takes on the values of r(3) even at the zeros
of k(z) which values may be sero or .
With this understanding we state the following theorem :

V1. The order (IV) of a rational function at any point is equal
to the difference of the orders of the numerator and denominator at
this point.

It follows further from II, § 19 that:

VII. A rational fractional function takes on no value oftener
than its degree indicates.
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EXAMPLES
1. If we divide

F(z, w) = (az + dw)(cz + dw) + ew? +/fw+g
by G(2, w) = (az + bw), (la] > o, |&]| > o),

both considered as functions of z, we obtain of course as quo-
tient and remainder

Q(2) = (cz+ dw), G\(2)=ew*+fw +g.

If F(z, w) and G(3, w) are both considered as functions of ),
what are the quotient and remainder for this division?

2. Perform the division as in Ex. 1 for the functions

F(z, w) = azw + bw* + cw + d,
G(z, w) = 2w +e.

3. When the real axis is transformed into itself by a linear
transformation, it is sufficient that the coefficients of the trans-
formation are all real. Is this condition always necessary ?

§ 21. Behavior of Rational Functions at Infinity

There are two meanings to be attached to the equation
7' =f(2). We have usually regarded it as establishing a rela-
tion between two different points of the same or different
planes. But another interpretation was made in (10), § 10,
according to which such an equation is used to attach another
complex number to the same point.

We shall make particular use of this latter idea to investigate
the behavior of any proposed function at infinity. We put:

(1) "\z’=1z and thus z=£—,,

so that the new complex number z' =o corresponds to that
point of the sphere to which-the complex number z= o intro-
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duced in § 12 has been heretofore attached. Thus when a
definite value is attached to every point of the sphere by the
function f(z), we can interpret these values as a function of 2’
and as such designate them by ¢(z'). If f(z) be rational, we
need only to replace z by its value as a function of ' from (x).
We thus obtain a rational function of 2':

(2) OETIOF

this can be represented according to I, § 20 as the quotient of
two rational integral functions. The necessary multiplication
of numerator and denominator by a power of ' presupposes of
course z's 0. But since f(z) for z = o appears in the undeter-
mined form /e, we may write as a definition (cf. V, § 20) that:

1. The value of the rational function f(2) for 2= co shall be
understood to be the value of the function f(1/3') = ¢(3') for 3' = o.

This leads to the following result:
If the numerator of a rational function

a2+ - +a,
)= —n
(3) @)= o

is of higher degree than the denominator, then will

. N @2+ o tay
(4‘) ¢(Z) bmz'“_'_ vee + bozfn—m’

and z'=o is an (2 — m)fold pole of ¢(z'); and therefore, ac-
cording to the definition I, /(o) = 0 and we say that z= o0 is
an (n — m)-fold pole of f(z).
If m =n, then '
= %22t e ta
) ¢(z)_b,,z"'+ v by

and f(e0) = ¢(0) = @,/4, which is finite and different from zero.
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If, finally, m > n, then
'm 'm—n

6 N =Bt e+ ae
( ) ¢(Z) bmzl""‘i" soe +bo
and /() = ¢(0) = o; and since in this case z' = o is an (m—n)-
fold zero of ¢(z'), we say also that z' =0 is an (m — z)-fold
zero of f(3).

By extending the definition of order of a function (IV, § 20)
to z= o0, we find in all three cases that:

I1. The rational function (3) is of order m — n at 2= ;

and further (granting the existence of the fundamental theorem
of algebra, §§ 44, 46) ¢

1II. 7he sum of all the orders of any rational function is equal
Yo zero.

§ 21a. The Function w = %(z +2z7)

As the first example of a rational fractional function we con-
sider the function:
2
(1) w=1(z+—l—>=z+l.

2 Z 22z

Since it is of the second degree, it takes on each value at two
and only two points of the plane. The relation between any
pair of points at which w takes on the same value can be easily
determined here — just as for any function of the second de-
gree: if

if, 1 1 1
2 =45 )==(s+=
(2) 2( +z') z( +z)’
it follows readily that either 2'=zor s'=2"" The function w

therefore vemains unchanged when subjected to the linear transfor-
mation of the variable :

3) | i=1/3z;
it 1s an aulomorphic function.
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This transformation is reducible to a normal form by the
methods of § 14. For this purpose it is only necessary to put

a=d=o0, b=c=1.
Equation (12), § 14 thus reduces to
(4) #—1=o0;

its roots are + 1, the multiplier % takes the value — 1, and the
transformation (3) can be written in the normal form

(s) =

An auxiliary variable Z may therefore be introduced by the
following equations :

© el
Therefore

) G A i
and conversely : i

(®) A=

Moreover if we put

©) w=""" w=lt T

we obtain : et l

(10) W=z

Relation (1) between 10 and 3 can thercfore be replaced by the three
simpler ones (6), (10), (9), all of which are functions which we
have already investigated.

Since all of these representations are in general conformal, it
follows further that:

The z-plane is mapped conformally on the w-plane by the relation
(1), particular points excepted.
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We obtain most easily a conception of the conformal repre-
sentation determined by the function w by starting with the
relation between the Z-plane and the /#-plane defined by equa-
tion (10). The mapping on the z-plane is then effected by
means of equation (6) and on the w-plane by means of equation
(9). We sawin § 17 that the two half-planes of Z separated
by the real axis may be regarded as fundamental regions of the
function W=2Z2% Each of these regions is mapped by this
function on the entire W-plane. If we divide the W-plane into
two half-planes by its real axis, the positive half then corre-
sponds to the first and third quadrants of the Z-plane and the
negative half to the second and fourth quadrants.

Moreover, equation (6) in connection with § 15 shows that
real values of Z correspond to real values of zand that pure
imaginary values of Z correspond to those values of z whose
absolute value is equal to 1; and from equation (g) it is evident
that the W-axis of reals corresponds to the w-axis of reals.
The corresponding relation of the four planes to each other is
therefore shown in the following figures; each plane is divided
by the given curves into a number of regions, and those regions
which correspond to each other are designated by the same
letters. Hence the regions of the H-plane and of the w-plane
must each contain two letters, since each of these regions corre-
sponds to two different regions of the z-plane and the Z-plane.

To carry out the representation more in detail, we map other
lines of the s-plane, according to previous theorems, in turn
upon the Z-plane, the #-plane, and finally upon the w-plane.
Thus, for exasmple, to the axis of pure imaginaries in the z-plane
corresponds the unit circle of the Z-plane, to this corresponds
the unit circle of the W-plane, and to this the axis of pure
imaginaries of the w-plane. Accordingly, each of the regions
already mentioned are again divided into two subregions which
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must correspond separately to each other. In order to deter-
mine which regions correspond to each other, we need only to
consider that moving along a curve, in the z-plane, for example,
in a certain direction on that curve corresponds to moving
along the corresponding curve in the w-plane in a fixed direc-
tion on that curve; and then, since the sense of the angle re-
mains unchanged in this representation, a region which lies to
the left when moving along a curve in a certain direction must

Z-plare W-p/arne
Jl -_A_.L_.).
B D
z~plone B | 4 c
ﬂ y [ w-plare
(o} D A ©
DL B D
A B D
FI1G. 13 a-d

‘espond to a region which lies to the left when moving along
the corresponding curve in a definite direction. If, therefore,
the correspondence is found for a pair of subregions, no choice
remains for the remaining ones, since neighboring regions must
have neighboring regions corresponding to them. If the cor-
respondence for all the regions up fo the last is determined in
this way, we obtain a final check on the problem, since the last
one must again border on a preceding one. In this way we
obtain the accompanying Figs. 13 e-4.

To go still further into details, let us choose a definite system
of curves of one plane such that a curve goes through each
point of the plane, and find the corresponding system of curves
of the other plane. We might fix in mind, for instance, the
straight lines through the origin in the zplane and, at the same
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2~plare Z-plare
4, A A B A A,
ah A
> ' '
3B NI
D, D, q n,
- o \
—pane -plane
4, £ c A w-p
4, G - A G| A C -
B D, B D | B D
B, D,
G H
FIG. 13 e-4

time, the circles about the origin perpendicular to them. The
relations appear simplest by using polar coordinates in the z-
plane and cartesian coordinates in the w-plane. Accordingly,

(r1)  z=7(cos ¢ +17sin ¢), z7'=7r"cos ¢ — 7 sin ¢),
and

(12) w=u+ 1,
and therefore
(13) u=14(r+r"cos ¢p; v=4r—r ')sin ¢.

If, in these equations, ¢ is regarded as a constant and 7 is
allowed to take on all values from o to o, we obtain the para-
metric representation of that curve of the w-plane which corre-
sponds to the rays of amplitude ¢ through the origin of the
z-plane. )The equation of this curve is obtained by eliminating
the variable parameter » by squaring and subtracting; we find
in this way:
% v?

cos’¢p sin’¢p
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This is the equation of an hyperbola which has the w-axis as
major axis and the »-axis as minor axis. Its foci are the two
points +1 and — 1.

But if we now regard 7 in equation (13) as constant and let
¢ take on all values from o to z =, we obtain the parametric
representation of that curve of the z-plane which corresponds
to the circle of radius » about the origin of the z-plane. By

eliminating ¢, we obtain the equation of this curve in the stand-
ard form:
42t 40?
I
(15) ) (=)

=1I.

This is the equation of an ellipse which has its center, foci, and
direction of axes in common with the hyperbola (14). Ellipses

and hyperbolas with the same focn are called confocal (cf. VIII,
§ 17); therefore:

The circles about the origin and the straight lines through the

origin of the s-plane correspond in the w-plane to confocal ellipses
and lyperbolas with foci at the points + 1 and — r.

The length of the real semi-axis of the hyperbola (14) is
equal to

(16) |cos ¢|.

As ¢ increases from o to m, | cos ¢ | first decreases from 1 to o
and then increases from o to 1. Each of the hyperbolas above
thus corresponds in the z-plane to two different straight lines
symmetrical about the y-axis.

The length of the semi-major axis of the ellipse (15) is
equal to

an For+ 7Y

each of these ellipses corresponds, therefore, to two different
circles of the z-plane whose radii are reciprocals of each other.
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For r =1, v==0. But it is not to be inferred from this that
the unit circle of the z-plane corresponds to the entire real axis
of the w-plane; for, it follows from the first of equations (13)
that for » =1 there can be only such values of # whose absolute
value is not greater than 1. The portion of the axis between
the common foci of these ellipses and hyperbolas corresponds,
therefore, to the unit circle of the z-plane; it can be regarded as
a degenerate ellipse.

But 7=o0 when ¢ =0; the corresponding values of # are
positive and at least equal to 1, as is shown by an examination
of the real function # = 1/2(» 4+ ™) of the real positive variable
7. The positive half of the real axis of the z-plane corresponds,
then, to that part of the positive half of the real axis of the -
plane from the point w =1 to . Likewise, the negative half
of the real z-axis (¢ =) corresponds to that part of the nega-
tive real w-axis which extends from the point w=—1 to .
These two parts of the real w-axis can together be regarded as
a degenerate hyperbola.

For ¢ =+ n/2, u=o0; v takes on 4ll real values from — oo
to + o (+ o to — oo resp.) when » takes on the real positive
values from o to + o : the w-axis of imaginaries corresponds
to the two z-half-axes of positive and negative imaginaries; it
can also be regarded as a degenerate hyperbola.

Since the mapping is conformal, it follows that these ellipses
and hyperbolas always intersect in the same angle as the corre-
sponding circles and straight lines of the z-plane; that is, in a
right angle. We have therefore proved the geometrical theorem
that an ellipse and an hyperbola with common foci intersect at
right angles.

However, the mapping is not conformal at the points z= 11 to
which the points 7 = + 1 resp. correspond. An angle 2 = of the
w-plane corresponds at these points to an angle = of the z-plane.
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§ 22. A Somewhat More Complicated Example of an Automorphic
Rational Function

We have already defined an automorphic function in IV,
§ 17. If the function is to be rafional also, then the group of
transformations under which the function remains unchanged
(VI, § 18) can have only a’ finite number of transformations
(VII, § 20).

Definition :

1. A group whick is composed of only a finite number of trans-
Jormations is called a finite discontinuous* group.

Let 2' = A(2) be a transformation of such a group; then the
transformations:

(1) N(z) =AM)], N(z) = AAN)), -
compounded from it also belong to the group according to V,

§ 18. If it is to be finite and discontinuous, then the transforma-
tions (1) cannot all be different from each other; by putting,

therefore, AMHE(2) = A¥(2),

or, what is the same thing,
NN (5)] = MH(3),

we introduce a new variable Z by the equation
N()=/Z.
If A(z) is a linear transformation, then A*(z) is also a linear
transformation according to VI, § 14; hence for any value of Z
there is a corresponding value of z, and it follows that the re-
sulting equation NAEYA
* The term *“ discontinuous " is necessary here, since we speak of ‘ finite con-

tinuous ™ groups in which the word “finite” does not refer to the number of
transformations.
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is true for all values of Z; in other words, it follows that:

II. Every transformation of a finite discontinuous group of
linear transformations has the property that it gives the original
transformation afler a finite number of repetitions.

If, for example (cf. (8), § 15),
)\(Z) = (I - z),

it follows that A(2)=1 —A(2)=1— (1 —2) = 3,

and therefore # = 2 in this case. But if (cf. (9), § 15)

)‘(z)=z—-l’

it follows that
AM)—1_(2—1)—2 I
A.z = = —_—— e —
(@) A(2) Z2—1 I—3

b

and N =NE—-1_1=(=9_,

A%(3) 1 -
and therefore 7z = 3.
Writing the resulting equation in one of the forms

ANA(2) ] =2 or AA*TN(2)] =3,
shows further that:

11a. For eack transformation ' = N(2) of a finite discontinuous
group of lincar transformations there is another 3" = p(z) having
the property that

2) u[M=)] = and A[u()] =5

or, in other words, such that z=p(z') is the solution of 3' = \(3)
Jor 5. \We call p the transformation inverst to \ and designate it
by A7

Suppose now that

(3) AM(2) =2 M(2), Ae(2), o+ Aya(2)
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are the /V different linear transformations of a finite discontin-
uous group. If A,(z) be any one of them, then the 2V values

(4) M1 M()], - Ava[A(2)]

are all, on account of the character of the group, contained
among the AV values (3). But otherwise they are all different
from each other. For if, for example, A,[A(2)] = A,[Ai(2)], this
relation must remain true if we substitute the value u,(2) in
place of zin it, understanding u, to be the transformation in-
verse to A,. From the equation

MiLm(2) 18 = A fMLin(2) 13
thus formed, it would then follow that

A(2) = Ay(2),

since A,[p(2)] = 2z according to the definition of the transforina-
tion inverse to a given one. But that would be a contradiction
of the hypothesis that the /V transformations (3) are all differ-
ent from each other. The /V values (4) are therefore all differ-
ent from each other; and since they are all contained among
the &V values (3), as already shown, we can distinguish them
from these /V values only by their arrangement. Let us now
form any rational symmetric function of the XV values (3), for
example, the sum 3\,(2) or the product II,)\,(2), and apply to it
a transformation of the group (3); that is, replace z in it by
A(z). It is transformed in this way into the corresponding
function of the NV values (4). But since these N values, as
proved above, are different from the &V values (3) only in their
arrangement, and since the function is symmetric, it follows that
it is entirely unchanged by this transformation; and since this
is equally true for every transformation of the group, it follows
that it is an automorphic function belonging to the group. We
have therefore proved the theorem:
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II1. Every symmetric function of the N values (3) is an auto-
morphic function belonging to the group (3), except when it re-
duces to a constant. This exception might arise for some
known symmetric functions, but not in general (since the values
(3) must then be constant). Zhus actual automorphic rational
Sunctions belong to every finite discontinuous group of lincar trans-
Sormations.

Such particularly simple functions are obtained as follows:

Let z, be a fixed point of one or more (% say) of the transforma-
tions (3); that is, let

(5) 29 = Ag(%0) = Mi(20) = Aa(20) *+ = Mioa(20) 5
it then follows that
(6) M(z) = M[M(20)] = - = A [ Neaa(20)]-

Since A,, A\, ¢+, AA_; themselves belong to the transforma-
tions of the group, these equations tell us that the points into
which z is transformed by the transformations of the group are
coincident for eac% £ (from which it also follows that Z must be
a divisor of V). If now ¢(2) is a linear function of z for which
% is a zero, then A,7(z,) is a zero of ¢[A,(%)]; and since by (II)
the set of all the transformations inverse to the transformations
of the group is identical with this group itself, it follows that
the zeros of

40 (5)]

are coincident for each 4, and that the numerator of this func-
tion is the Zth power of an integral function of degree (V/4).*
If ¢(3) is furthen determined so that also its pole coincides with
a fixed point (different from 2z, and its transformed points) of

* We set aside the case where one of the points Ar(2) lies at infinity; in that
case the degree would be depressed. Cf, the example following.
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one of the substitutions (1), then the denominator of the prod-
uct is a power of an integral function.

Let us now apply this to the special case of the group of six
transformations which transforms one value of the double ratio
of four points into the other five. The substitution 2’ = 1/ has
zy=—1 for a fixed point; the substitution z' = z— 1 has one at
infinity. A linear function for which the first is a zero and the
latter a pole is z4-1. It is transformed by the substitutions of
the group into

241 23—1 22—1 2—3
(1) ;o oz—z; ; .

z Z2—1 I—2

The product of the six values, viz.

o -(eEey

is therefore a function of the double ratio of four z points which
remains unchanged for any permutation of the four points.

To construct a fundamental region for this function, we start
from the fact that it is a symmetric automorphic function. We
determine, as in XI, § 18, those curves along which F(2) is real.
The z-axis of reals is of course one of these; but besides there
are those curves along which two and therefore every pair of
the six factors are complex conjugates. Now z+ 1 is conjugate
to 2 — z along the line x =1/2;
to (24 1)/z along the unit circle;
to (22—1)/(z— 1) along the circle with its center at 1 and
radius 1; on the contrary, it is conjugate to each of the two
remaining factors at only certain points. But these three
curves and the real axis divide the zplane into twelve regions;
it is sufficient to use any adjacent pair of these regions on
which to map the w-plane, and since the function % can take
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no value more than six times, further division lines are unnec-
essary; and thus, as shown in Fig. 14, we have the complete
division of the
z-plane into funda-
mental regions for
the  automorphic
function w. It
takes on each com-
plex value once and
only once in each

P ———— such region, as will

———— be shown in later

h .

Fic. 14 theorems  (§ 38;
§ 46).

This figure appears -parti«cxilarly obvious if we transform it
stereographically upon the sphere so that the points of inter-
section of the two circles fall on two points of the sphere dia-
metrically opposite to each other. If we take these points as
poles of a system of spherical coordinates, the two circles and
their common chord transform into three meridians of the
sphere, and since the angle of intersection is unchanged in this
transformation (cf. § 34), these three meridians intersect in
equal angles. Moreover, the transform of the axis of real num-
bers must cut these three meridians at right angles; we can so
determine the constants at our disposal in the function deter-
mining this transformation that this transform becomes the
equator of the sphere. The twelve subregions thus become
alternately congruent and symmetrical.

To perform \analytically the process indicated above, we find
the substitution z = ¢({) which determines this transformation
on the sphere, then replace A by ¢({) and the new variable \'
by $(¢') in the equations (7)—(11) of § 15, and finally solve the
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resulting equations for {'. Very simple formulas thus deter-
mine the group; the invariant function (8) also takes on a
simple form,

The scope of this book does not permit of a more detailed
investigation of finite discontinuous groups of linear sub-
stitutions.*

§ 22a. An Example of a Rational Integral Function which is not
Linear Automorphic

As an example of a simple rational integral function which
is not transformed into itself by any linear transformation, we
shall treat the following :

(1) w=(9—32) = s(a—V3)(s+V3).
By dividing the function and the independent variable into real
and imaginary parts:

s=x+1y, w=u+1iv,
we obtain :

(2) u=x'—3x)—3x=u(x—33"—3),
v=32% -y —3y=y3 -y —3)

Let us now give to z the values on the axis of real numbers;
that is, put y = o and let x take on all values from — o to + co.
For such values = is also real, since y=o gives v=o0. The
variable w, however, takes on some of the values on the real z-
axis more than once, since for y = o, the following equation :

3) 3wy =g(r = 1) +1)

shows that = is an increasing function for z increasing only

* For a detailed account of this theory, see F. KLEIN, Vorl. #ber das Ikosacder,
Lpz., 1884,
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while —1>35>1. For 2=—1, w=+2, and for z=+ 1,
w = — 2 ; therefore:

If z increases for real values from — o through —2 to — 1,
then the real values of w run, continuously increasing, from — oo
through — 2 to +2. And if z increases again from —1 to + 1,
w remains real, but decreases to — 2. Finally, if z increases fr&m
+ 1 through + 2 to + o, w increases from — 2 through 42 to
+ 0.

Therefore, only one real value of z belongs to each real value
of  whose absolute value is greater than +2; on the contrary,
for each real value of 2 between — 2 and + 2, there are three
different real values of z which belong respectively to the three
intervals (— 2, — 1), (—1, + 1), (+1, +2).

But there are real values of w for other values of 2. For,
according to the second of equations (2), 7 is equal to o if
(4) 3xt—)—3=o0;
and this means geometrically that z lies on the curve repre-
sented by this equation. This curve is an hyperbola whose
vertices are the points x = — 1 and x =+ 1, and whose asymp-
totes cut the x-axis at angles of +60°. To study the points
of this hyperbola, # may be expressed in terms of x alone; to
find this expression we merely take the value of y from equation

(4) and introduce it in the first of equations (2), avoiding in
this way the extraction of roots. We obtain:

(s) u=x(x—ga'+9—3)=—2x(4 4" —3).

Two points of the hyperbola with the same abscissa furnish the
same real . The equation also shows that when z takes on
the values on the left branch of the hyperbola from infinity to
its intersection with the «x-axis, w or # decreases from -+ o to
4+ 2; but if 5 takes on the values on the right branch of the
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hyperbola from infinity to the vertex, 2 increases from — oo to
— 2. Thus for any real value of w for which equation (1) has
only one real root, there are also two conjugate complex roots,
But this exhausts all the values of z which furnish real values
of w. Hence equation (1) has either three real or one real and
two complex roots for real values of w excepting — 2 or + 2.
The z-plane is divided into six regions, shown in Fig. 144, by
the three curves whose points furnish real values of . All the
points z belonging to one of these
regions have corresponding values
of = for which the imaginary part
/v has the same .sign; or briefly:
the positive or the negative w-half-
plane corresponds to each of these
regions.* For, v as a continuous
function of x and y cannot pass
from positive to negative values
without going through zero. But,
as we have seen, it is zero only
when z crosses one of the curves
which bound adjacent regions. To

#-plane

FIG. 14a

determine whether a certain region corresponds to the positive
or to the negative w-half-plane, we consider merely the corre-
sponding directions in which we move along the curves that
bound this region and the corresponding half-plane. For ex-
ample, if we move along the boundary of the region designated
by C from z =— » along the z real axis to s=—1 and then
return to infinity along the hyperbola, the region C thus re-

* From the preceding it has been proved only that one of the given regions of
the z-plane corresponds to a region lying entirely in the positive or entirely in the
negative w-half-plane. That this region covers the corresponding w-half-plane com-
pletely will be first taken up in a later theorem (VIII, § 38).
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mains on our /f?; the region corresponding to it in the w-plane
must then also remain on our left when we move along the cor-
responding curve. But this corresponding curve runs from
— 0 to + 2 and then from there to + . On the left of this
path lies that z-half-plane for which the imaginary part of w is
positive. This therefore corre-

w-plone . .
sponds to the region C and is
ACE ac,jcordmgly designated by C in
» Tig. 140
BDF We can treat in the same way
F1G. 146

each of the six regions into which
the z-plane is divided ; but this is not necessary, since # changes
sign in crossing either the real z-axis or the hyperbola ; and thus
any two regions adjacent to each other in the z-plane correspond
to the two different w-half-planes. Therefore, whenever the
region corresponding to C is found, the w-half-planes corre-
sponding to the remaining regions can be determined success-
ively; we obtain a check on the result when at the conclusion
we shall have returned to C.

Further details are obtained by dividing each of the z-half-
planes into two quadrants by the w-axis of pure imaginaries.
We inquire as to what curves of the z-plane correspond to this
line of division; that is, for those values of z for which w is
pure imaginary, in other words, for which #=o0. The first of
equations (2) shows that this is true for x = o, that is, for pure
imaginaries in the z-plane, and also for

(6) 2*—3y—3=o0,

that is, for the points of a second hyperbola whose vertices are
the points x = + V/3 and whose asymptotes are inclined at angles
of + 30° to the x-axis. These curves divide each of the six first-
mentioned regions of the z-plane into two subregions, each of
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which corresponds to a quadrant of the w-plane. To determine
the quadrant to which each subregion belongs we consider
merely the bounding curve and use results already obtained.
For example, if the region designated by A, borders upon a
part of the positive real axis of the z-plane to which the positive
real axis of the w-plane corresponds, then the region 4, can
only correspond to the first quadrant of the w-plane. When

2~ plare
I

- B, | B, >

\\C, : A, //

N Ve

I [ A

b / | NC
- E, i E, ~

FIG. 14¢

this one is determined we can find, as before, the quadrant to
which each of the remaining regions of the z-plane belongs; we
have here, too, several checks on the process, inasmuch as regions
with which we end border on some already considered.

To find the curves of the w-plane which correspond to other
curves of the z-plane, it is found best to express x and y in the
equation of the curve as functions of a parameter (eventually
one of the coordinates itself might be taken as a parameter).
If this expression is then introduced in equations (2), we ob-
tain a parametric representation of the corresponding curve in
the w-plane.

Conversely, to find the curve of the z-plane corresponding to
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a given curve of the w-plane, we merely substitute the express-
ions (2) for # and v in the equation of the first curve given in
cartesian coordinates; the equation of the desired curve in x
and yis thus obtained. But we
must also investigate whether a//
points on this curve have corre-
sponding points on the given
curve in the w-plane.

But, very little information con-
cerning the map of one plane
upon the other is obtained by
the study of such curves. For,
apart from the above examples
discussed in detail, we obtain in
the simplest cases curves whose
properties are not known from elementary analytical geometry.
On the contrary, the map determined by the function can be
used to facilitate the study of the properties of such curves. It
gives direct information as to how a curve of one plane behaves
with respect to the regions indicated by letters in our figures
just as soon as we know the curve of the other plane corre-
sponding to it.

At this point we discontinue the investigation of rational func-
tions of a complex variable.and take up the study of the tran-
scendental functions. Just as in the first chapter the elementary
operations on real numbers were applied to complex quanti-
ties, we now inquire whether there are not also functions of a
complex variable which share the fundamental properties of the
elementary transcendental functions of a real variable. The fol-
lowing chapter will serve as a preparation for the answer to this
question.

w-plane
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MISCELLANEOUS EXAMPLES

1. Determine the linear fractional transformation which
maps the points z= 3, 2, %, respectively, into the points z' =o,
I, oo

B
2. By means of the
accompanying figure in
which 4 and A4, etc., are
corresponding points, show
that angles are inverted in
the transformation by re-
ciprocal radii.

3. What are the invari-
ant circles for the transfor-

mation z'=1/2? Discuss this example both analytically and
geometrically.

[Consider circles with their centers on the y-axis and through the points +1;
also circles with their centers on the x-axis and orthogonal to the unit circle.]

4. Discuss the effect on the systems of straight lines &'
= const., »'=const., by the transformation

' I
g = .
z2—{

5. Show that the system of real numbers forms a group with

respect to addition.

6. If 2%+ 2?= 1, show that z, 2w are ends of conjugate radii
of an ellipse whose foci are + 1.

7. Show that two fixed points on a circle subtend at any two
inverse points angles whose sum is constant.

8. Into what curves is the unit circle z-z =1 (where z and
Z are conjugates) transformed by the successive application of
the substitution 7' = (z— 1)/3?
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9. Determine the general form of the transformation that
transforms z -Z=1 into itself (where z and Zzare related as in
Ex. 8).

10. Describe two kinds of maps of the earth’s surface which
are conformal.

11. Show that the function % = 1/2 has a simpler geometric
interpretation on the sphere than in the plane.

12. The equation
a2y
= + e I,
which represents an ellipse with semi-axes a, 4, is satisfied iden-
tically by »' = a cos ¢, ' = 4 sin ¢ in which ¢ is the eccentric
angle. Show that if #, ' are focal radii of an ellipse having x,
» as rectangular coordinates, ¢ and 4 semi-major and semi-minor
V&=
a
scribed in the positive sense, is represented by the equation

axes resp., and e= its eccentricity, this ellipse, de-

!
z=’+’}+r—r-(acos¢+z'ésin¢), S¢S
2 ze
If we put
‘f=.l.(p+.l_>, é=1( —l>,cos¢+z'sin¢=t,
e 2\ p)e 2\ »p

p is > 1 and the last equation takes the form

z=f_-l:._”:+r_.___7_'.'(pt+ _I..>.
2 4 p?

13. Find the equations for the hyperbola corresponding to
those for the ellipse in Ex. 12.



CHAPTER III

DEFINITIONS AND THEOREMS ON THE THEORY OF REAL
VARIABLES AND THEIR FUNCTIONS

Ir the elements of the theory of one real variable and its
functions are regarded as known, as in particular the concep-
tion of irrational numbers and limits (A. A. chap. VI) and also
the idea of continuity (A. A. chap. IX), we can then apply this
theory in various ways and show the transition to functions of
two real variables.

§ 28. Sets of Points on a Straight Line; their Upper and Lower
Bounds and their Limit Points

It frequently happens that a finite or an infinite number of
the real numbers (points)* of a finite interval{ are distin-
guished by some property not belonging to the others. We
then say: A set of numbers (points) is defined on that inlerval.
Such a set of points is then, and only then, regarded as defined
when it can be determined whether or not any point on the
interval belongs to the points of the set; it is not necessary
that we should be in possession of methods to determine for
each point on the interval whether or not it belongs to the set.}

* The numbers being, of course, simply a notation for points. This notation is
complete in view of the scheme by which the system of real numbers is set into
one-to-one correspondence with the points of a straight line. Cf. VI, § 3 and I,
{ 4.—S.E.R.

+ We call attention here to the usual distinction between inferval and segment.
A segment (a, b), for example, is understood to be the set of all numbers greater
than a and less than 4; that is, exclusive of the end-points a and 4; and an inferval
(@, &) is the segment (a, &) together with ¢ and 6. —S. E. R,

1 The terms class, collection, aggregate, assemblage, etc., are synonyms of set,
—S.E.R.

127
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L. Zhe number o is said to be the upper bound of a set of num-
bers (points) if the number a has the property that every number
o — € but no number o+ € (€ > 0) is exceeded by a number of the
set* TFor example, Vz1 is the upper bound of all positive
numbers whose square is < 2, and 1 is the upper bound of
proper fractions, Similarly, for the lower bound of the set.
Then we have the theorem:

I1. A set of points belonging to an interval always has an upper
and a lower bound.

For, we can divide the rational numbers on the interval into
two classes such that every number  of the one class will be
exceeded by at least one number of the set and every number
A4 of the other class will be exceeded by no number of the set.
If there is a smallest one in class 4 or a largest one in class a
it is the upper bound, the existence of which has been affirmed.
If neither of these is true, then the division { @| 4 defines an
irrational number « (A. A. § 33), and this is then the upper
bound.

If, among the numbers of the set, there is a largest one (as
is always the case with a finite set), it is then the upper bound.
Otherwise the upper bound does not belong to the set.

For the lower bound, corresponding statements hold.

We shall also make use of the following expression :

II1. A pointa is called a limit point§ of a set of points if points ||
of the set always lie between o — € and o + € for every posifive e.

* Of course, as thus defined a is the Jeas# upper bound; that is, the least num-
ber which is an upper bound.— S, E. R.

1 With the understanding that v/2 is a number, — S, E. R.

} Known as the DEDEKIND Cut or the DEDEKIND Partition, Cf, PIERPONT,
The Theory of Funcﬁt;t} of Real Variables,Vol. 1, p. 82. —S.E. R,

§ Synonyms of limit point are accumulation point, cluster point, limiting point,
condensation point. —S. E.R.

|l The plural is essential here.
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For example, the limiting value of a convergent sequence of
numbers is a limit point' for the numbers belonging to the
sequence. As this example shows, a limit point of a set of
points may or may not belong to the set.

A set of points is not necessarily arranged as a convergent
sequence of numbers (A. A. § 37); but if it contains a limit
point «, there are then contained in the set sequences which
converge to « and whose numbers all belong to the set.

We now introduce the theorem of WEIERSTRASS :

IV. Adn infinite set of points on a finite interval has at least one
limit point on this interval.

The proof of this theorem depends simply upon the definition
of an irrational number by a partition in the system of rational
numbers. We can divide the rational numbers on the interval
into two classes such that every a of the one class is exceeded
by an infinite number of the set, every 4 of the other class by
only a finite number or by none. The lower end-point certainly
belongs to the class @, the upper end-point without doubt to the
class 4, and thus both classes really exist. There is then a
number e, rational or irrational, such that every number smaller
than it belongs to @, every number larger than it belongs to A.
For any positive number ¢, therefore, @« — ¢ is exceeded by an
infinitude of numbers of the set, @ 4 ¢ by only a finite number,
and hence infinitely many numbers of the set lie between & — ¢
and @+ ¢; in other words, « is a limit point of the set.

Of course, the limit point, the existence of which is proved
above, is not necessarily the only limit point of the set; it may
have more than one, in fact an infinite number of them; and
each point on the interval may be a limit point of the set. This
latter, for example, is the case for the set composed of all
rational numbers and also for the set made up of all the finite
decimal fractions on the interval.
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Moreover, as a consequence of the above proof no limit point
of the set can be larger than « designated above. We there-
fore state the theorem: A

V. Among all the limit points of the set there is always a largest
one (and likewise a smallest one); we call that largest one the
upper limit (superior limit or Z), the smallest one the lower limit
(inferior limit or Z) for the numbers of the set.

The theorem that a sequence of numbers, which increase
continually but not beyond every bound, must be convergent
(A.A. § 40) is a special case of the one proved here. The
proof of the latter theorem — as also Theorem II — shares with
that special case the property that it presents no means to actu-
ally specify the numbers whose existence is proved.

If the upper bound of an infinite set does not belong to the
set, it is a limit point of the set and is then of course the
superior limit Z. If however it belongs to the set, it is not
necessarily a limit point, and if it is not a limit point, then the
superior limit is different from the upper bound.

EXAMPLES

1. Recall carefully now the precise definitions of upper
(lower) bound, limit point, superior (inferior) limit Z (Z).
Illustrate each by using the following sets of numbers :

(1) 1,2, 3.

(2) 1, 1/2, 1/3, =+ 1/n.

(3) 1,0,1/2,1/4,1/8, +++, 1/2™2

(4) 2, 4,6, -, 24

(5) All rational numbers less than unity.

(6) All rational numbers whose square is less than 2.

2. Given th)a set P=|::;+;l], m and 7z positive integers.

The limit points of this set form the infinite set o, 1, 1/2, 1/3, «+,
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1/m; determine which of these limit points belong to the orig-
inal set. This new set, that is, all the limit points of 2, is called
the derived set of P and is denoted by 2. (The notion of the
derived set was introduced by CANTOR, Math. Annalen, Vol. V

(1872), p. 128.)

3. Consider the set of all positive proper fractions, that is,
the set 2 =[g], g < r. What are its limit points? Its upper
(lower) bound? Determine the derived set 2.

4. Write a set of points whose limit points do not belong to
the set.

5. Has every infinite set of points a limit point? An upper
(lower) bound ?

§ 24. Applications of the preceding Theorems ; Continuity on an
Interval

A function of a variable is called con#inuous at a point x, if to
every assigned number ¢ > o, there exists another, 8, such that

(1) | /(#) = /(%) | < € whenever |2 —x,| < §,
(A. A. § 62); or otherwise expressed (A. A. § 61), if
(2) lim * f(a) = f().

If this condition is satisfied for all points x, on the interval, we
consider the question: Is it possible for an assigned ¢ > o, to
determine a & so that the inequality

) | fo) = (x| < e

* That is, as ¥ agproaches x,, and denoted here by the symbol ¥ = x,. Cf. also
VEBLEN and LENNES, /n#roduction to Infinitesimal Analysis (Wiley and Sons,
New York), (1907), p. 60.—S. E.R.
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is true for a// pairs of numbers x,, x, of the interval which
satisfy the inequality
(4) | 2 — x| < 82

When attention was first called to the concept of uniform ap-
proach to a limit of a function (A. A. § 66), it was thought nec-
essary to distinguish between ¢ continuity at each point on the
interval ” and “ uniform continuity on the entire interval.” But
it soon became evident that a distinction of that kind is not
necessary here; rather, the following theorem holds:

L. When an cquation of the special kind (2) is valid for all
points on the interval, it necessarily holds uniformly for the entive
interval *

Assuming that it were not the case, we could then choose
any sequence of numbers converging to zero as

(5) 81’ 82? 83, 3 lim 8n= o,

L #
and, for each number of the sequence, find two points x,,, x,,
on the interval such that

(6) If(xm) —f(xno) I > eand lxm - x,.,,l < 8,,.

Two possibilities would then arise :

Either there would be only a finite number of the points x,,
which are different from each other. In this case then at least
one of these points — call it X —is such that the inequality (6)
is valid for infinitely many values of #. Since by hypothesis

* That is, Every function continuous on an interval is uniformly continuous on
that interval. This is the so-called uniform continuity theorem and is due to E.
HEINE, Crelle, Vol. 74 (1872), p. 188. Notice also that this theorem does not
hold if “ segment” is substituted for * interval,” as is shown by the function 1/x on
the segment (o, 1), which 15 continuous but not uniformly so. The function is de-
fined and continuous for every value of & on this segment, but not for every value
of x on the interyal (0,1).~S. E.R.
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the 3, converge to zero, we can, for the given value of e and for
each §, so assign another point x,, that

(7) lf(xm) —"f(X) I >eand | Fny — XI <.

But this is contrary to the hypothesis that f(x) is continuous
for each value on the interval and hence for X.

Or there would be infinitely many of the points x,, which are
different from each other. They must then have at least one
limit point according to IV, § 23. Let X be such a point and
then for the given ¢ we can find a point x,, of this kind and
with it another point x,, such that

(®) /(%) =S (%0 | = & | Fn— ¥y | < 8/2, | 20— X | < /2,

and | 2, — X | <8
4
But on that account the two inequalities:

(9) 1) —A(X) | < ¢/2 and | f(xu) —F(X) | < ¢/2

cannot be true at the same time, and this means that f(x) for
x = X is not continuous, contrary to the hypothesis.

Since there is a contradiction in each case Theorem I is
proved.

A second application of the theorem on limit points is the
proof of the following theorem :

II. A function f(x) which is continuous on an interval actually
assumes the value of its upper (lower) bound* at least once on that
interval.

Let Y be this upper bound. Assuming that Y itself does not
belong to the numbers of the set considered here (that is, to the
values taken by the function), then, by the latter part of § 23,

* As defined in [, § 23.—S.E.R.
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it must be a limit point of the set. We can then assign an in-
finite sequence of values of the function

(10) S (x0)s S(%1), S (%), ++°
such that
)y lim /(%) = ¥.

The corresponding values of the arguments &y, &,, %y, ++ need
not form a convergent sequence. But we can form from them

an infinite sequence &), &, ¢, --- which converges to a limit point
X of the set composed of these arguments. Then the functions
(12) S&), S8, f(&), +

would also have at least one limit point; but since they are all
contained among the numbers (10) and these have only the one
limit point ¥, it must follow that

(13) lim /(&)= ¥.

But on account of the assumed continuity of the fundin S(x),
it then follows that

(14) fX)=7. Q.E.D.

Finally, the theorems of the previous paragraphs can b@,“i i@ﬁ
as follows to free from the assumption of monotony the thedsemr
“ A continuous and monotonic function takes on each value
lying between its initial and final values” (A. A. I, § 65). If
Sf(a) < o, f(4) > o, and if it is to be shown that the function
actually takes on the intermediate value o, we reason as follows :
among the values of the argument for which f(x) is negative,
there can be no largest one; for, if /() < o, 8 can be chosen
so small that also /(¢ +8) < o (cf. A. A. IV, § 64). The upper
bound « of the values «, for which f(x) < o, must then be nec-
essarily a limit point for them, since it does not itself belong to
these values ; there are then, among the numbers between & — ¢
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and « where ¢ is arbitrarily small, always numbers for which
/(%) < o, while for all larger numbers f(x) > o. The first, in
view of the assumed continuity, makes it impossible (cf. A. A.
III, § 39) that /(@) be > o; the second in view of the continu-
ity makes it impossible that f(«) be < o. Therefore f(«) must
=o0. Q.E.D.

We have accordingly the theorem .

II1. A function f(x) continuous on an interval (a, 6) takes on
every value lying between f(a) and f(8) at least once for some value
of x lying between a and b,

even without the limitation of monotony.
We may also mention here a theorem valid under the results
of § 20 (cf. A. A. 1, §64):

IV. A4 rational function is everywhere continuous where it is
Sinite,
. EXAMPLES
1, Cg;'{xsider the function y=x? on the.segment (o, 1). What
is the upper (lower) bound, the superior (inferior) limit of y on
this segment? Are these points also limit points for the set of

vaw’pf y?

2 Consider the function y=lim

n=o X"

¥ where 0 < x < 2.
Here y=xforo £ x < 1; '

y=1/2forx=1; and y==o0 for 1 < x £ 2. Answer, for this
function, the questions of Ex. 1.

§ 26. Sets of Points in the Plane

In considering two independent real variables (A. A. § 19) the
most convenient geometrical interpretation is to regard them as
the rectangular cartesian coordinates of a variable point in the
plane. Restrictions on the variation of the two variables are
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suitably imposed geometrically ; thus, for example, we speak of
the point representing the variable as situated on a suz/ace or on
a curve. And too, for example, instead of saying: ‘“ We consider
only values of x and y for which (x? 4 3?) < 1,” we say: “ We
consider only those points within the circle of radius 1 about the
origin.”

But then it is essential that we define exactly what we mean
by the words curve, surface, in order that there may be no un-
certainty about the region of validity for the theorems; as we
already have the conception of a point as the representative of a
number-pair, we must necessarily proceed from that point of
view (and not, whatever else might also be possible, from solid
to surface and from this to the curve and to the point). We
therefore define at present regions * and curves as sets of points.

The theorems can be stated more briefly by means of the fol-
lowing terminology : T

1. AU of the points whose distance from a given point A is less
than a given number 8 is called a neighborhood of this point.

Instead of saying: “ We can so determine & that all points in
the neighborhood of 4 determined by 8 have a given property,”
we say more briefly: ¢ All points in the neighborhood (Ql’ig a
sufficiently small neighborhood) of A4 have this property.” Thus,
for example, the statement: “ All points of the neighborhood
of the point (e, &) belong to a given set of points” means the
same as: “ We can so determine & that all points (x, y) for which

(1) V(x—a)+ (y—8)*< 8
belong to that set of points.”

* In German “ Flidchenstiicke.” — S, E. R.

+ For bibliography and an exposition in English, the reader is referred to the
treatise by W. H. Young and G. C. Young, Tke Theory of Sets of Points, Cambridge,
The University Press.—S. E. R,
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We define also a “ rectangular neighborhood of (e, 8)” by the
two inequalities :

(2) lx—a|<$, |y—b|<s.

It is evident then geometrically as well as analytically that all
points which satisfy inequality (1) also satisfy inequalities (2);
and conversely, all points which satisfy (2) also satisfy the in-
equality -

(3) V(¥ —a)+(y—P<8vz,

which differs from (1) only in having 8§ vz in place of §. Thus,
whenever certain properties apply to all the points of a circular
neighborhood of (e, 4), they belong also to all the points of a
rectangular nelghborhood and conversely. On that account,
this difference is immaterial in many cases; we can use that one
of the two ideas which is the more convenient.

By means of this idea of neighborhood, we can now apply the
concept, limit point of a set of points, to sets of points in the
plane as follows :

IL. A point is called a limit point of a set of points if, in any
neighborhood of it (arbitrarily small), there are always other points *

III A point is called an inner point of a set if a neighborhood of
the' Dpoint belongs entirely to the set.

IV. A point is called a boundary point of a set if, in every
neighborhood of the point, there are points of the set and also at
least one point whick does not belong to the set. (It is thus unde-
termined whether or not the point itself belongs to the set.)
Every limit point of the set, which does not belong to it, is a
boundary point of the set.

V. A point of a set of points, whick is not a limit point of the set,
is called an isolated point of the set.

* The plural is essential here as in III, § 23.
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V1. A set of points which contains no isolated points (that is, a
set whose points are all limit points) is called dense in itself*

VIIL. A set of points may have the following property: Grven
any two points A, B of the set and a number « (arbitrarily small);
tf we can always select a finite number of other points OF THE SET
so that each of the distances. '

AAI’ A1A2) tee An—lAu’ AAB
is smaller than e, the set is then said to be connected.

Examples of such connected sets of points are the lines and
surfaces of elementary geometry. But the set is also connected
if particular points are excluded from all the points of the set,
for example, from all the points inclosed by a circle; and too
we obtain connected sets by considering only those points of
such a surface whose coordinates are rational numbers, or only
those whose coordinates are finite decimal fractions. To pass
therefore from the conception of sets of points to that of the
curve or the surface, we must exclude such possibilities. For
this purpose we define as follows :

VIIL. A set of points whick includes all of its boundary points is
called closed.

v

For “closed and dense,” the one word perfect is sometimes
used.

The two last-named properties — that of being connected and
closed — belong to those sets of points which, in elementary
geometry, we call curves and also to those which we call sur-
faces (for example, to the set of points on the circumference of
a circle, as also to a:2.11e set of points inclosed by this, the cir-
cumference being paft of the last set; without the circumfer-
ence the interior is not a closed set). The difference is, that

* In German “ in sich dicht."— S, E. R,
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the curve contains no inner points in the sense of definition III.
From this point of view, we therefore give the following most
general definitions of curves and surfaces: T

IX. A connected and closed set of points is called a region if ir
contains inner points, an arc of a curve if it contains no inner
points (composed only of boundary points).

And too, there are sets of points containing boundary points
whose separation from the set leaves it open (that is, not closed)
and others having boundary points which may be separated
from it and still leave it closed (as, for example, a set consisting
of a circular surface with one radius extended). In such cases
it is usual, when possible, to so change the definition of a set of
points that such points are excluded.

On the other hand, there are points which are naturally inner
points but which for special reasons we discuss not as such but
as boundary points ; for example, a circular surface * cut open ”
along a radius. This must be considered separately.

But these previous definitions are much too broad for our
purpose: not all sets of points which come under the one or
the other of these definitions, have for every curve and surface
those properties which we have been accustomed all along to
attribute to the curves and surfaces ‘of elementary geometry.
We must therefore add further suitable limitations.

For this purpose we start from an entirely different point of
view. The curves of elementary geometry can be determined
by a so-called pgarametric representation ; that is, if such a curve
or an arc of it is given,two continuous functions ¢(#), ¥(#) of a
third variable # can be chosen in many ways so that all the
points of this arc of the curve and only these are obtained when
we put

(4) x=¢(), y=y(?),
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and allow the variable # to take on the values on a given in-
terval. And too, this representation may always be so arranged
that each simple point of the curve is obtained only once.

X. We can therefore in general regard any set of points defined
by two equations with these properties as a curve.

This definition of a curve is, in one sense narrower, in
another, broader than the one given in IX. For, while a set
of points defined by equations of this form may have inner points
if no further limitations are applied to the functions ¢ and y, yet
such a pair of functions is not always sufficient to represent a
connected and closed set of points without inner points.

But a formulation at least sufficient for our next purpose is
the following :

XL In the following, only those sefs of points which sa#isfy at
the same time both definitions IX and'X are designated as curves.

XI1I. In particular, we designate as a simple curve that one
which has no double points, that is, one on which there are always
distinct Dpoints corresponding to different values of the parameter in
cquation (4).

Analogous to this we stipulate further :

XIIL. 7/n what follows we designate as surfaces only those sets
of points whick satisfy definition IX, and whose boundary points form
one or a finite number of simple curves (X1) not intersecting in pairs.

Further limitations, while not essential, are at all events use-
ful for most of the theorems deduced later. We therefore define
further :

XIV. If the functions $(¥), y(?) are continuous and partitively

monotonic,® the curve is)called a path; and a surface bounded by a
path is called a domain.

* In German * abteilungsweise monoton. " In this connection cf. VEBLEN and
LENNES, /.c., p. 50.—S. E.R.
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In the discussion of later theorems we will be limited mostly
to paths and domains. To be sure, we thus exclude a number
of cases which are of interest in the theory of functions. In
many cases it is possible to discuss such curves and surfaces by
regarding them as the limiting cases of paths and domains, resp.
But the mere assumption of the limiting process is not usually
sufficient; on the contrary, it is necessary in drawing conclu-
sions to pass uniformly to the limit (A. A. §66). Hence the
following definition :

XV. If the functions $,(2), @, (£) satisfy the conditions of XIV
Jor every value of n, and further, if

(s) lim ,(¢) = $(2), im y,(1) =y (4)

UNIFORMLY for all values of ¢ under consideration inclusive of the
end-valucs, then the curve represented by equations (4) is called an

improper path, and a surface bounded by a finite number of such
curves is called an improper domain.

XVL. The theorem on limit points (1V, § 23) is valid also for
sets of points in the plane. For, if we disregard the second coor-
dinate of the points of the set, the results are as in § 2 3 that is,
a number « can always be found such that infinitely many points
of the set have a first coordinate lying between ¢ — € and « + ¢
for e arbitrarily small. Let us now keep in mind only these
points, and consider their second coordinate: there is then at
least one number B8 such that infinitely many of the points just
determined have a second coodrdinate lying between 8 — e and
B +e.  Together these two statements tell us that infinitely many
points lie in every neighborhood of the point (a, g). Q.E.D.

The conclusion in this form assumes that not only the number
of points themselves but also the number of different values of
their first or their second coordinate is infinite. But this is always
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the case excepting only when infinitely many of the points have
the same first or the same second codrdinate ; but in this excep-
tional case they must lie on a straight line and then the ex1stence
of a limit point follows at once from § 23.

XVIL. A domain is called simply connected when any closed curve
in it can be contracted to a point by continuous deformation without,
in so doing, going outside of the domain* For example, the sur-
face of a circle or of a square is simply connected ; but not the
surface between two concentric circles, since a circle on this sur-
face concentric to the two bounding circles cannot be contracted
to a point without going outside of the surface.

' EXAMPLES
1. Is the surface of a sphere, considered as the stereographic
projection of the points of the plane, simply connected? Do two
non-intersecting spheres, not bound or joined together in any
way, make up a connected surface?

2. Let us consider the area in-
closed between and completely
bounded by two concentric circles.
It is connected but not simply. We
can make it simply connected by
setting an impassable barrier. The
most effective way to do this is to
suppose the surface actually cut
along the line of the barrier as 4B in the adjoining figure.
The surface is now a simply connected one.

8. Again, the surface of an anchor ring, not simply con-
nected, can be made so b)y two barriers. As actual cuts they
* *For a more complete treatment of connectivity see OSGOOD, Lekrbuck der

Funktionentheorie, Vol. 1, p. 144, and FORSYTH, Theory of Functions, p. 313, —
S.E.R.
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would appear as in the accompanying
figure. ‘

[This method of resolving surfaces into
simply connected ones by the establishment
of barriers is that adopted by RIEMANN,
Gesammelte Werke, pp. 9—-12 and 84-89.]

4. Consider the set of points
P = [o1], that is, all the points on
the interval (o, 1). What are its
limit points, upper (lower) bounds? Is it dense; closed? Is the
set of Ex. 3 at the end of § 23 dense, closed ?
5. Are the following sets dense in itself, closed, perfect ?
(@) A segment not including its end-points.
(6) A segment with its end-points.
(¢) The set of rational numbers.

§ 26. Continuity of Functions of two Real Variables
I. (Definition.) An equation of the form

(1) lim lim f(x, y) =¢
ra  y=b
signifies the same as  lim {lim f(x, y)}=¢,
2=a y=b

in other words, the inner limit is to be evaluated first.

The order of evaluating two successive limits of a function
of two real variables is not interchangeable even in simple
cases; for example, since

2 4 .2 i 2
(2) im 2 FIFXHP 1+ g i im P HYHA P
'a)x—.y—xz‘*’}’z I—Xx 20 ya)x——y.—xﬂ.‘.}ﬁ
but -
2 2
(3) lim lim X2+«
y&0 a0 x—y_.x2+y2&

* It is interesting to note that (¥ +y)/(¥ —y) would be sufficient here, viz.
lim ‘E:'_‘.X:f and lim £= I, but lim lim x-‘t!:._. 1.—S.E.R.
yHr—y x 20 X 0 20 X —y

N
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II. (Definition.) Z%e equation
(4) lim f(x,y)=¢
2 yb

means that for every assigned number € > 0, there exists another,
8, such that

(5) |f(x, ) —cl<e

Jor EVERY pair of numbers x, y which are different from a, b and
which salisfy the inequality

(6) V(x—a)+ (y— )2 <é.

According to the terminalogy of § 25, this definition is stated
as follows: equation (4) signifies that f(x, y) is infinitesimally
different from ¢ in the neighborhood of (a, 4) — the point itself
excepted.

If equation (4) holds, equation (1) also holds, and too the
equation
() limf(a+ 46+ M) =¢

for every A. But the converse is not true; for example, while

PERTI:  n a _
© N AT
the following

P el itk AN Be®
1 = ,
(9) '201‘1 t2+kzt2+hit4 1 + A"

which is a function of A. This would not be the case if we had
here an equation like (4).

III. (Definition.) Jf #he ¢quation
(10) © lim f(x, ) =f(a, b)
x*=g y=b

holils for a function of two vanﬁb/es, then f(x, y) is a continuous
Junction of x and y at the point (4, b).
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As the example above shows, a function of x and y may be a
continuous function of x and also a continuous function of y for
every value of x and y, and yet not necessarily be a continuous
function of x and y in the sense of definition III.

On the contrary, the following theorem holds as for functions
of a single variable (§ 24):

IV. If a function of two wvariables is a continuous function of
 these two variables at every point of a finite domain, it is also
(uniformly) continuous in the entive domain; that is, for every
assigned € > o, there exists another, §, such that,

(11) [ Sf(xay 32) =S (21, 1) | < €

for every pair of points (xy, 3,), (%, ) of the domain which
satisfies the inequality

(12) V(x, =2+ (3 — ) < &
From this it follows further that:

V. If x, y are continuous functions of u, v, and if z is a contin-
uous function of x, y, then z is a continuous function of u, v.
If

(13) u=$(x,), v =y(x, ¥)

are defined as (single-valued) functions of x and y in a domain B
of the xy-plane, we can interpret #, » as coordinates of points of
another plane. Each point (x, y) of B will then have a definite
point of the »z-plane corresponding to it by equation (13); the
set of all the points ‘which correspond in this manner to the
points of B, determine a set of points in the #z-plane. But
whether this set of points also determines a region is known only
when more details concerning the functions ¢, ¢ are given. It
is sufficient here to investigate cases where ¢, y are not merely
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continuous functions of the two variables x and y but have other
limitations given in the course of the investigation.

We proceed indirectly from (x, y) to (%, v) by introducing an
auxiliary plane (£, ) whose points have for coordinates one of
the old and one of the new variables ; thus:

(14) §=x, n=v=y(x ).

We now give to x a definite value a (found in B); geometrically,
this amounts to considering a line parallel to the y-axis. If this
parallel has only one closed and connected segment (3o, )
(VII, § 25) in common with the domain 2, then 5 is defined on
the corresponding interval as a continuous function of y by
equation (14); for, if ¢ is a continuous function of both vari-
ables, it is a continuous function of each separately. Moreover,
if y as a function of y is monotonic on this interval, then to
the interval (y, ) there corresponds an interval (y(a, ),
¥(a, 7)) such that on it, conversely, y can be regarded as a con-
tinuous and monotonic function of ». The interval we are con-
sidering on the line parallel to the y-axis then has a reversibly
unigue correspondence with a definite interval on a line parallel
to the n-axis, that is, such that not merely one and only one
point (¢, n) corresponds to each point (x, y) but, conversely,
one and only one point (x, y) corresponds to each point (£, 7).

But if the straight line has two different intervals (y,, »,) and
(72 ¥5) in common with B, and if, for example, ¢ is monotonic
increasing on each of these intervals, it does not follow from this
alone that y(a, y,) must be > y(a, »). For, each of these in-
tervals has an interval on a line parallel to the y-axis correspond-
ing to it in a reversibly 9nique manner ; but these two_ latter
intervals may overlap so that a part of the interval thus deter-
mined is “ dowbly covered.” There are therefore fwo points of
the xy-plane corresponding to each point of this last part.
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But under the first supposition let us now consider a neighbor-
ing straight line x = a + 4. If this too has only one interval in
common with 7, there is then an interval on the straight line
§ =a + % corresponding to it. The end-points Yo, 0 of this
interval take on values for x =@ + % other than those of the
corresponding interval for x = 2. But since B is by supposition
a domain, yy(a + %) and y(a + %) differ infinitesimally from
‘% (a) and y,(e) respectively, for % sufficiently small; and, on ac-
count of the prescribed continuity, y[(a + %), y,(a + 4)] and
y[(a + %), »(a + 4)] differ infinitesimally from y[e, yy(a)] and
y[a, n(a)] respectively.

We suppose that these hypotheses hold for e/ values of x
under consideration. Then two confinuous functions of ¢ and
thus two curves in the {y-plane are defined, according to the last
proof, by the equations:

(15) 0 =YL& 1], m = y[{ n(@].

These curves have no point in common, when we suppose ¢,
as above, to be a monotonic function of its second argument,
since for every ¢

Jo(€) < n(é).
The set of all the points (£, ) for which
(16) 70(¢) < 7 < n(é)

forms in the ép-plane a region C which has a reversibly unique
correspondence with the domain.B. Moreover, the function

(x7) y=6(¢ 1) = 6(x, v)

obtained by reverting the second equation in (14) is, for all & of
this region, a continuous function of its two variables and, for x
fixed, is a monotonic function of ». (The continuity with refer-
ence to the two variables is deduced from the corresponding
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property of y, as for functions of one variable (A. A. III,
§ 65))-

If we pass now from the ¢y-plane to the #z-plane by means
of the equations:

(8)  w=o(x y)=$[é 6& ] =S ), v="n

we can draw corresponding conclusions if the functions satisfy
corresponding hypotheses. In doing so it is only necessary to
notice the following conditions: When any parallel to the x-axis
has only one connected interval in common with the domain
B, corresponding conclusions for the {x-plane cannot be drawn,
since there may be in common with the region C several dis-
tinct intervals on a line parallel to the -axis. Parts of the wo-
plane could then be multiply covered by the points defined by
(13). This possibility must be excluded, and we have then the
following formulation of the results:

VI. If the functions (13) are continuous in the domain B and
such that to two different points (x, y) of this domain there are
always two different pairs of values (u, v); if, further, §, for a
glven x, is a monolonic function of y and if the function f defined by
(18) is, for a given vy, a monolonic function of & : then the points of
the uv-plane corresponding to the points of B by (13) cover a region
C of this plane wuniquely without gaps; and, conversely, in this
region x, ¥ are also continuous functions of' u, v.

We thus say: Zhe domain B is mapped continuously on the
region C by means of the functions (13).

§ 27. Derivatives

L The derivative of a function f(x) at a given point x is defined
by the equation :

z_iz___. fx+74)—f(x
® o=,
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provided, of course, that this limit exists. 1If it exists for every
value of x, at least on a given interval, then its values on this
interval form a definite function of x, f'(x), which is called the
dertved function or the derivative of f(x).

If f(x) is a rational function of x, then the function on the
right side of equation (1) is a rational function of both the
variables x and 4. Then, according to IV, § 24, for a given
value of x, only two cases can arise, viz.: either the function
increases beyond all bounds as % approaches zero, or the limit
exists; but the first case as shown in elementary differential
calculus occurs only when the given value of x makes the
denominator of f(x) zero. Hence the theorem:

I1. A4 rational function of a real variable always has a definite
dertvative wherever the function is finite.

It is not always necessary to apply the definition I directly
to the function in order to find its derivative, since, as in the
differential calculus, the differentiation of more complicated
functions can be made to depend upon the differentiation of
simpler ones. Methods for this purpose and the derivatives of
the simplest functions are supposed to be known here.

We suppose it known too that a function of a real variable
represented by a power series has a definite derivative at each
inner point on its interval of convergence and that this deriva-
tive can be found by differentiation of the given series term by
term (A. A. § 81).

Finally, we also suppose it to be known that the deriva-
tive, provided it exists at an inner point on the interval, can-
not be negative (positive), if the function at that point is
increasing (decreasing) for x increasing, and that it must be
equal to zero if the function has at that point a maximum or a
minimum.
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1I1. Z%he partial derivative of a function f(x, y) with respect to
x, for y constant, is defined by the equation :

(2) Y i E 20— (2, 9),
A

X h=0

Two things are necessary for its complete determination, viz. :
the determination of the variable with respect to which it is to
be differentiated and the variables which are for the process
regarded as constant.

Rules for transforming such partial derivatives when passing
to new variables are easily established arithmetically, provided
we grant the existence and the continuity of the partial deriva-
tives which occur in the process. Under these conditions we
suppose such rules to be known.

The hypotheses of Theorem V1, § 26, in which the occurrence
of the unknown function £ is somewhat troublesome, can be re-
placed by simpler but less general ones. For, according to
those rules, we have,

9u =92\ Ou (2
(8& 7=const. - (ax /y=comt. +<8 }’>z=c0nut. (a£>q=conlt. ’

: 4 —o=(% % (Y
dnd af)"momt. =o= (ax)ym:.,mt. + ) y);;zcon\t. (af)naomt.’

an_d therefore

() 9 (9% =9 v _ v Ou
ay r==const. aé r=const. ox 6y ox ay’

providing y is regarded as constant on differentiating with re-
spect to x, and x constant on differentiating with respect to y on
the right-hand side of the equations. But since continuous
functions can change sign only in passing through zero, it fol-
lows that, if the “functional determinant” on the right-hand
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side of (3) is different from zero in the entire domain B, then
y for x constant is a monotonic function of y, and f for 5 con-
stant is a monotonic function of ¢. From VI, § 26, it therefore
follows :

IV, If u,vin the domain B are continuous functions of x and
y with continuous first partial derivatives and if the functional
determinant (3) is different from zero cverywhere in B, then this
domain is mapped continuously by u, v on a region C of the uv-plane ;
in fact, this region of the #z-plane is thus covered everywhere
uniquely, providing that different points of B always corre-
spond to different pairs of values #, v.

Conversely, x, y inside of C are therefore continuous func-
tions of #, v with continuous first partial derivatives which are
found by known rules.

§ 28. Integration

We must go somewhat more into detail concerning the arith-
metical definition of the definite integral of a function of a real
variable. Let (@, 4) be an interval, and let a function f(x) be
given on it. Divide this interval into any number of subinter-
vals by the points x,, x,, .-+ x,,* let A/, represent the upper
bound of the values of the function belongmg to each of these
subintervals, and form the sum:

(1) M(xl“a)‘l'/)[x(xz—xl)+-’l[2(903—x2)+ voe
+ Mn-—l(‘xu - xn-l) + M\(b - xn)'
This sum has different values according to the choice of the

points determining the partition. But when the values which
the function takes on on the given interval all lie between two

* That is, let xy = a, 2y, ¥y, ++ ¥, = & be a set of points lying in order from @
to 4. Such a set of points is called a partition of the interval (a, ). The intervals
¥y, %p41) (£=1, 2, «++ #) are intervals of (g, ). —S.E.R.
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finite limits 7 and A/, then all possible values of the sum (1)
lie on the finite interval [m(6 —a), M (5 —a)] and therefore
have a Jower bound according to 1I, § 23.

Y. This lower bound of the values of the sum (1) is called the
upper integral* of the function f(x) between the limits @ and é.

Under the same assumptions there is an #ppe» bound to the
values of the sum

(2) (X1 — @) + i (xy — %) + my(5 — x) + oo
+ ”ln—l(‘xn - xn—l) + ”’"(b - x")’

in which 7, designates the lower bound of the values of the
function on the interval (x,, x,.,).

IL. Zhis upper bound is called the lower integral of f(x) be-
tween the limits a and b.

No value of (z) is greater than any value of (1) even when
intermediate points are used for the formation of (2) other than
those used for (1); we see this by further partitioning every
subinterval used for (1) by the points used for (2). Thus the
lower integral cannot be greater than the upper integral, but at
most equal to it.

II1. When the upper integral is equal to the lower, we call their
common value simply the integral of f(x) between a and b, and the
Junction f(x) is then said o be integrable on the interval (a, b).

But this is always the case if /(x) is continuous on the inter-
val. For then according to I, § 24, for every assigned number
e > o another, §, can be so determined that, for any two points

“g“hg terms upper integral (oberes integral) and lower integral (unteves inte-
gral) were introduced by DARBOUX, Annales de Iécole normale, ser. 2, Vol. 1V,
and alto by THOMAE, Einleitung, etc., p.13. JORDAN, Cours d’Analyse, Vol. 1,
P- 34, called them *lintégrale par excés' and *l'intégrale par défaut.' — S. E. R.
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%y, %, of the interval,

£ () —f () | < b_i—a whenever | x, — x| < 8.
But then
(3) | M, —m, | £ ——,

b—a

whenever | x,,, — x,| < 8. If the points of partition are there-
fore chosen so that these inequalities hold for each subinterval,
we obtain two values of the sums (1) and (2) which are differ-
ent from each other by ¢ at most. But that would not be possi-
ble if the upper bound of the smaller sum was different from
the lower bound of the larger sum by more than e. Since this
is true for any value of ¢, these two bounds must be equal to

each other (A. A. Cor. to II, § 39). We have thus proved the
theorem ;

IV. A4 function is integrable on every interval on whick it is
continuous.

It may be mentioned here without proving, that the converse
of this theorem does not hold.
The following theorem also arises from the same proof :

V. If f(x) is integrable on the interval (a, b), then for each
assigned degree of approximation € we can determine another, 8, so
that the difference between the value of the sum

(4)  (\m—a)f(&) + (xa—2)f(&) + = + (0 —x)/(£)
and the value of the integral .

®) - S

is less than (b — a), however the subintervals (x,, x,,,) and on
them the intermediate values &, may be chosen, provided only that
each of these subintervals is smaller than 8.
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There arises thus the possibility of computing the integral
of a continuous function to an arbitrary approximation pre-
assigned.

The elementary theorems about the integral of a sum, etc.,
about partitions of the interval of integration, about the intro-
duction of a new variable of integration all follow without fun-
damental difficulties from the definition of an integral used
here.

If @, one of the two limits of integration of a continuous
function, is kept fixed, while the other, 4, is considered as a
variable and as such denoted by x, then the value of the in-
tegral appears as a function of this variable; let this function
be denoted by #(x). If m and A/ are upper and lower bounds
of the values of the function f on the interval (x, x + %), then

F(x -{-‘/l) — F(x) =‘£z+':f($)a’£ lies between m4 and M7 ; hence

(6) me FEEN =L <y,
and from this it follows in any case that
Q) lim F(x + 4) = F(x)

and also, on account of A. A. IV, § 39 when f(x) is in addition
to this continuous, that

®) tim ZEEA =T _ )
that is,

VI. The value of the integral of a continuous function is a con-
tinuous and, when the integrand is continuous, also a differentiable
Sfunction of its upper limit; and, in fact, its derivative is in the
latter case equal to the given function itself.
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Differentiation and integration are thus reciprocal operations.

Therefore methods for the integration of rational integral
functions or of functions represented by convergent power
series are deduced by reversing the corresponding formulas for
differentiation ; these too are supposed to be known here.

The following theorem now enables us to obtain the integrals
of more complicated functions. '

VIL. If on the interval (a, b)

(9) lim £, (x) = f(x) uniformly as to x,
then is = . ,
(10) 112 J‘ Si(x)dx = j‘: S(x)dx.

For, hypothesis (9) about the uniformity of approaching the
limit means that, for every ¢ we can find an AV such that for
every x on the interval

(11) | /(%) —f(x) |< e where n > NV,

But by one of the elementary methods concerning integration
just mentioned, the integral of a difference is equal to the differ-
ence of the integrals of minuend and subtrahend and the abso-
lute value of an integral is at most equal to the integral of the
absolute value of the integrand ; it follows therefore from (1r)
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