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TRANSLATOR’S PREFACE

In this translation of the second volume of Carathéodory’s Funktiontheorie,
the translator has again aimed at a faithful rendering of the original text, except
for the elimination of a number of misprints and minor errors.

For the reader who may have bypassed the chapter on Inversion Geometry
in Volume I on a first reading, or in the customary first course on Complex
Variables, it will be advantageous to study that chapter before going too far
in the present volume.

F. Steinhardt






EDITOR’S PREFACE

As has already been mentioned in the preface to the first volume, the author
of this book lived to see the whole work through the press, so that the text of
neither volume required any changes or additions by the editor that might
otherwise have been needed. The division of the work into two volumes was
ascribed, in the above-mentioned preface, to certain extraneous reasons;
nevertheless, we might add here that the second volume, being devoted to carry-
ing the subject on further, is in part devoted to more recent results and
problems—to some, in fact, that owe a good measure of their exposition and
development to Carathéodory himself; the present volume requires, corres-
pondingly, somewhat more from the reader than does the first. In keeping
with the character of the whole work, the second volume stresses the geometric
point of view even more than does the first. Considerations of a Weierstrassian
cast are absent.

The present volume contains Parts Six and ‘Seven of the entire work. The
first of these two parts is devoted to the foundations of Geometric Function
Theory, its three chapters dealing with bounded functions and with conformal
mapping. Among the topics treated here, we mention G. Pick’s beautiful
interpretation of Schwarz’s I.emma and a rather detailed account of the theory
of the angular derivative. For the important theorem of [Fatou on the houndary
values of bounded functions, Carathéodory has chosen his own proof, which
dates back to the year 1912.

After a brief study of the elementary mappings, the exposition of the theory
of conformal mapping begins with the Riemann Mapping Theorem, which is
the core of the whole theory. The author gives a proof that applies right off
to bounded regions of any connectivity, proving the existence of the mapping
function by means of a well-known iteration method. He then proceeds on
the basis of this central theorem to study the group of congruence transforma-
tions. For reasons given by the author in his preface (see Vol. I, p. viii), no
systematic account is given of the theory of the universal covering surface nor
of the general theory of Riemann surfaces. The same goes for the general
theory of uniformization. However, the student is shown the construction
of a specific covering surface, and he acquires an important tool for uniform-
ization theory in studying the sections that deal with the simultaneous mapping
of nested annular regions. The mapping of the frontier is treated in detail,
but Carathéodory does not include here the more complicated investigations
of the frontier, nor his theory of prime ends. The proof of the Schwarz
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6 Epitor’'s PREFACE

Reflection Principle is given under quite general conditions and nonetheless
remains very simple; the boundary values are only assumed to be real, not
necessarily continuous.

The four chapter of the seventh and last part deal with the triangle func-
tions and Picard’s theorems. A solid foundation for the study of these func-
tions requires some elementary facts about functions of several variables and
differential equations. These facts are derived in the first chapter. This is
followed by a detailed exposition of the hypergeometric differential equation.
There are tables summarizing all of the fundamental solutions of this equation
and giving the exceptional cases as well as the connecting formulas. This
provides the student with all of the analytic tools required for the mapping of
circular-arc triangles. The third chapter gives a geometric study of certain
special cases, namely of the Schwarz triangle nets and the modular configura-
tion. The fourth chapter gives the most important theorems on the exceptional
values of meromorphic functions. Carathéodory begins this chapter with
l.andau’s theorem, deriving from it the theorems of Picard and Schottky.
Some more recent results on the essential singularities of meromorphic func-
tions form the conclusion of the work.

Munich, May 1950
L. Weigand
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PART SIX

FOUNDATIONS OF GEOMETRIC
FUNCTION THEORY






CHAPTER ONE

BOUNDED FUNCTIONS
Functions of Bound One (§ 281)

281. Let f(2) be a regular analytic function defined in some bounded
region G. If |f(2)| =1 holds true at every point of this region, we shall
say that f(z) is a function of bound one in G. For f(z) to be of bound one
in G, it is necessary and sufficient that the moduli of all of the houndary values
of f(2) in G be less than or equal to unity.

We shall prove the following result, which is due to Lindelof: If f(z2) is
known to be bounded in G, then to conclude that f(2) is of bound one in G
it suffices to establish the above condition at all but a finite number of points
Ciy. .., Cp of the frontier of G.

To prove this, we first note that if ¢ stands for the diameter of the region G,
then the functions

]"7:4,2 (] = 1,,?)
e

are of bound one in G. Hence so is the function

20— I R (281.1)

e

where ¢ > 0 is arbitrary. Now let f(z) be any analytic function that is bounded
in G and whose boundary values at all of the frontier points of G, with the
possible exception of the {;, are = 1 in modulus. If we set

f(2) = 1(2) @.(2), (281.2)

then all of the boundaty values of the function f,(z), including those at the
points {;, are = 1 in modulus, so that the function f,(z) is of bound one in G
for every (positive) value of €. But at every interior point z of G, we have

/() =1lim /,(2),

e=0

which proves that | f(2) | = 1 throughout G.

11



12 Part Si1x. I. Bounbpep FuNncrIONS
Unit Functions (§§ 282-285)

282. We shall now consider, in particular, functions that are analytic and
of bound one in the circular disc |2| < 1. Among these functions, those
that are continuous and have modulus unity at every point of the boundary
| 2| =1 of the disc play a special role. We shall call functions of this kind
unit functions.

If E(z) and E*(2) are any two unit functions, then it is clear that the
functions: E(2) E*(2) and E(E*(z)) are likewise unit functions.

We are now in a position to generalize the argument that was used in
§ 140, Vol. I, p. 135, to prove Schwarz’s Lemma. We note first that if
f(2) is a function of bound one in | z| < 1 that can be written in the form
f(2)=E(2)+g(2), where E(2) is a unit function and g(z) is analytic in
the disc | 2| < 1, then all of the boundary values of g(z) at the points of
the circle | 2 | = 1 are = 1 in modulus, so that g(z) must itself be of bound one.

This fact is fundamental for the theory of bounded functions. In particular,
if f(2) itself is a unit function, then g(2z) must likewise be a unit function.

283. Next we shall see how all unit functions can be calculated explicitly.
A non-constant unit function E(z) must have at least one zero in | 2| < 1,
according to the criterion at the end of § 138, Vol. I, p. 135. On the other
hand, since no point of the boundary | z | = 1 can be a point of accumulation
of zeros, E(z) has only a finite number of zeros 2,,..., 2,, where the g3,
are » not necessarily distinct numbers. Now the expression

i (283.1)
e 1—2z2

represents a unit function the zeros of which coincide with the zeros of E(2) ;
hence we may write

2y — 2

RO (283.2)

1—22

”
E(z) = g(2)
v=1
where g(2), according to the preceding section, is a unit function without

zeros and hence is a constant of modulus unity. It follows that every unit
function is of the form

”
2y —
E,(z) = ¢ 1‘_{ Ty (283.3)
and is therefore a rational function whose numerator and denominator are
polynomials of degree n. We shall call a function E,(2) of this kind a unit
function of degree n.
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If a is any point of the interior of the unit circle and if E,(z) is a unit
function of degree n, then the function

is likewise a unit function of degree n, since its numerator and denominator
clearly do not have any zeros in common. Hence E,*(s) has n zeros, pro-
vided that each zero is counted with its proper multiplicity. But these zeros
are simply those points of the disc at which E,(z)=a holds true; thus
every value a (| a| < 1) is assumed the same number of times by E,(2),
namely » times.

284. The totality of unit functions is part of a normal family the limit
functions of which are not necessarily unit functions, though they must be
functions of bound one. Thus, for example, the sequence of unit functions
f(z) =2, v=1,2,... converges to the constant zero.

We shall now assign to every function f(z) of bound one in the disc | 2 | < 1
a sequence of unit functions E,(2), E,(z), ... that converges to f(z), where
E,(2) is a unit function of degree n.

To this end, let

f(z).:ao+a1z+...+a"z"+... (284.1)

be the Taylor expansion of f(z). We define a function g(2) as follows, and
obtain its Taylor expansion:

_ 4/ .. n— -
g(x) = ;m(z)) =g+ bzt o+ by 2 (284.2)
By § 282, the function g(2) is itself of bound one in |z | < 1. Now if g*(z2)
is any function of bound one having b, by, ..., b,—, as the first n coefficients
of its Taylor series, then

. -

) = 22 E:f}i”(% (284.3)
is a function of bound one that has ao,a,,...,a, as the first (n + 1) co-
efficients of its Taylor series. Moreover, if g*(2) is a unit function then
so is f*(z).

Now if we assume we had an algorithm for assigning to every function f(2)
of bound one a unit function E,(s) of degree »n having ay,...,a,—, as the
first n coefficients of its Taylor series, then hy means of this same algorithm
we could assign to the function g(2) of bound one a unit function E,*(2)
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whose Taylor series starts off with by + 5,24 ..-4+5,_,27-1. Then the unit
function
a4y — 2 E3()

E” + ](Z) == T_“?a'—o';*E“;—(;)' (284. 4)

would be a unit function E,,(2) of degree (n + 1) belonging to f(z). But
since

ag —

E](Z) = 1 —agz
is known, we can actually determine successively, by the method just described,
all the E,(2) belonging to f(2). By the theorem of § 211 (cf. Vol. I, p. 209)
it then follows that
/(2) = lim E ,(2) (284.5)

holds at every interior point of the disc | 2| < 1. In this representation of
the functions of bound one, the approximating functions E,(z) play a role
similar to that of the polynomials that are the partial sums of a power series,
and for some problems the former are actually preferable to the latter.

285. Let w=E(2) be a unit function whose derivative E’(2) vanishes
nowhere in the disc | 2| < 1. Then by the monodromy theorem (cf. § 232,
Vol. I, p. 238), we can calculate the inverse function z = @(w) in the disc
Jw| <1, and see immediately that ¢(w) is of bound one and that its
boundary values are all of modulus unity. Hence the unit function w = E(2)
represents a one-to-one mapping of the two discs |2| <1 and |w| <1
onto each other, from which it follows that E(2) is a unit function of degree
one (cf. § 283). We therefore have the following theorem: If E(z) is a unit
function of degree higher than the first, then its derivative E’(2) must have
at least one zero in the disc | 2| < 1.

G. Pick’s Theorem (§§286-289)

286. The properties of unit functions that have been developed in the pre-
ceding sections will now enable us to derive a large number of results, of
which Schwarz’s Lemma is merely a first example. We proceed to establish
an invariant formulation of Schwarz’s Lemma, as follows.

Let f(2) be a function of bound one in the unit circle that assumes at
8 == g, the value w,. If f(2)==1, we have the relation

wo—fl8) _ %2 gla), (286.1)

1 — wy f(s) 1—2Zy2
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where g(2), by § 282 above, is itself of bound one. From this it follows that

‘ wy — f(2)

foE |
s _ (286.2)

1—22 |’

or, if we make use of the concept of pseudo-chordal distance introduced in
§ 87, Vol. I, p. 82, that

(o, ) < 2o, 2)- (286.3)

If we consider the two discs | 2| <1 and |w | < 1 as representing non-
Euclidean planes, then the non-Euclidean dlbtances E.(2,2) and E,(wo,w)
are given by the equations

1
¥lzo, 2) = tgh 5 Ealzo, 2)
(286.4)

1
y(w,, w) = tgh P E,(w,, @)

(cf. §65, Vol. I, p. 55). Since tgh u is a monotonically increasing function
(¢f. equation (243.6), Vol. I, p. 252), we can replace relation (286.3) by
the following:

Eo iy, @) = Enlzo, 2)- (286.5)

This interpretation of Schwarz’s L.emma is due to G. Pick, and may be
expressed as follows:

Any function w = f(z2) of bound one maps the non-Euclidean plane | 2z | < 1
onto itself, or onto part of itself, in such a way that the non-Euclidean distance
of two image points under the mapping never exceeds the non-Euclidean
distance between their pre-images. If these two distances are equal for even
one pair of image points and the corresponding pair of original points, then
the mapping must be a non-Euclidean motion that leaves all distances invariant.

The last part of the theorem follows immediately from equation (286.1) if
we set g(z) = €.

287. Pick’s theorem enables us to find an upper bound for | f(2) | at any
point z of the disc | 2| < 1. We note that

p(0,2) = |w|, (0, wo) = |wy|, (wy, ) < (2, 2). (287.1)
Hence if we set

]w|=tgh£2’-, |wo|=tgh—wzi, w(z,,,z)=tgh—-§-,
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then we have—observing that the triangle inequality holds in non-Euclidean
geometry, by (73.10), Vol. I, p. 64—

0 < wy+ E (0, w) < wo+ ¢ (287.2)
and hence

w., +{  tghwy/24 tgh{/2

|#| < tgh = T+ tghwy/2 tgh {2 °

This implies that

e + 9.
)] = 1+ |f(z) | 9z, 4) <L (287.3)

This inequality can not be sharpened, since f(z) can be chosen in such a way
that, 2, and 2 Being given, the equality sign will hold in (287.3).

288. Let us consider the disc | 2| = » < 1 interior to the unit circle, and
any three points 2o, 2, 2, inside this disc. For any two of these points, say
2 and 2;, we have

E (2, z) = E,(0,z) + E,.(0,2) < 2E,0,7). (288.1)
This implies (by § 87, Vol. I, p. 82) that

27

p(z, 2) < E h. (288.2)

Now if w==f(2) is any function of bound one, we may write
Yy, ©) = (2, 2) |&(2) ] (1=1,23), (288.3)

where the functions g;(2) are of bound one. We observe that by equations
(288.3),
[go(z1) | = |&1(20) |

holds true and that therefore, by the result of the preceding section,

[&o(zr) | + &
lerz) | < T e mara : ';0(21)l f (288.4)
holds. On the other hand,
18o(%0) | + A
leoz) | < 5 Jflz;l(,o), W (288.5)

Hence if |gy(zo)| =« < 1 and if we set 2h/(1 + h*)=1F, it follows that

leal)| < A =) <1 (288.6)
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We have thus proved the following theorem: If f(2) is a function of bound
one other than a unit function of the first degree, then we can assign to every
positive number r < 1 a positive number A(r) < 1 which is such that for
any two points 21,2, of the disc |z | < r, the following relation holds:

Py, wo) < A(r) (21, 29)- (288.7)

289. Let w=f(z) be a function of bound one in the disc | z| < 1 and
assume also that f(z) is neither a constant nor represents a non-Euclidean
motion (cf. §82, Vol. I, p. 76). Let y, be a (closed) arc of a rectifiable
curve without double poirts in | 2| < 1, and let us assume first that w = f(z2)
maps this arc one-to-one onto a Jordan arc y,, in the disc |w | < 1. By § 88,
Vol. I, p. 83, the non-Euclidean length of a curve equals twice the least upper
bound of the pseudo-chordal lengths of all the inscribed polygonal trains. Since
¥z is a closed point set, it lies in some disc | 2| =r» < 1. Therefore the
non-Euclidean length L, of y, is finite, so that y, is rectifiable in the non-
LEuclidean metric as well. If n, is a polygonal train inscribed in y,, and if
I1,, denotes the pseudo-chordal length of a,, then the vertices of n, are the
images of the vertices of a corresponding train n, inscribed in y,; the pseudo-
chordal length of n, we denote by II,. By the preceding section, we have

2I1,<2Mr) I, < Ar) L,. (289.1)
Since this relation holds for all polygonal trains inscribed in y,, it follows that
L, =AMr)L,. (289. 2)

The assumption that y, and y,, are one-to-one images of each other can be
dispensed with, since any rectifiable curve y, contained in |z | =7 can be
decomposed into at most denumerably many arcs each of which tan be mapped
one-to-one onto an arc of p,,. Thus we have the following theorem: If f(2)
is a function of bound one in | 2| < 1, then it maps every closed* rectifiable
arc y, onto a similar arc y, in the disc |w| < 1, and the respective non-
Euclidean lengths L, and L, of these arcs satisfy the relation

L,<L,. (289.3)

The equality sign holds in (289.3) only if the mapping w==f(2) represents
a non-Euclidean motion.

*Closed as a point set.
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The Derivative of a Bounded Function (§§290-291)

290. Equation (286.1) can be written in the form

wo — f(2) 1 —w, f(2)
ol 1B, o) 0.1
If we let z tend to 2, in (290.1), we obtain
/%zo)——‘——AJIfﬁl' 8(z0)- (290.2)

[20]?

Hence unless f(z) represents a non-Euclidean motion, we have at every point
| 2| of the interior of the unit circle that

e < ATHEE o1 (290.3)

1—|z2 = 1|z

We have thus obtained the following theorem: The modulus of the derivative
of a function of bound one in | 2| < 1 always satisfies

/ 1—|f(a?
[f'(2)| = e (290.4)
and the equality sign holds only in the case of a non-Euclidean motion. In
particular, in the disc | 2| =r < 1 we have in any case that

ICIER s (290.5)

v
These bounds are the best bounds possible.

The result of the preceding section can be derived, in the case of a con-
tinuously differentiable arc y,, directly from relation (290.4), since (290.4)
then implies that

|dw| ldz|
Towpr =) 1257 (290.6)

')/w Yz

where the integrands represent the differentials of the respective non-Euclidean
arc lengths.

Remark. From what has just been said, it follows that relation (290.6)
can be used to derive once more Pick’s theorem of § 286 above.

291. We shall next obtain a bound for | f'(2) | under the additional assump-
tion that f(z) vanishes at z=0. From this we obtain first, setting 2=20

in (290.1), that
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wy = 2, £(0). (291.1)

Furthermore, setting | g(0) | = a we obtain from formula (287.3) the relation
a + | %]

el < 15 (291.2)

If we substitute these two results into (290.2), we find that

L—a ) @+ 12 _ (1—alz)) @+ %)
|7 @)| = 1—mﬁu+u%n“ rp A e )

The numerator of the right-hand side of this inequality increases monotonically
in @ up to the point
1—|z|®
%=‘7é“. (291.4)
For sufficiently small values of |z, |, more precisely for |z,| < Y2 —1, we
have a, = 1, and the maximum of the right-hand side of (291.3) is obtained
by setting a=1. In this case,

|f'(e)| =1
holds. But if |zg| > y2—1, then we must set
— gy = LolAl
d=tb= —7]‘301

in order to obtain an upper bound for | f'(2,)|. We have thus obtained the
following theorem, which is due to Dieudonné:

If {(2) is a function of bound one in | 2z | < 1 that vanishes at 2=0, then

/ / 1+ 12072
lr@l=1 o @)=y ra—T (291.5)
according to whether |z| £ Y2 — 1= 0.4142 or |z| > Y2 — 1. These bounds
are the best bounds possible.

The equality sign holds in the first case only if g(z) = 1. In the second case
it holds, as is easy to see, only if g(2) is a unit function of degree one and
f(2) a unit function of degree two of the form

—ety Pt
@) =%z 55+ (291.6)
The determination of 4 can easily be reduced to the case of real w, and 2.
In this case,
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1—2 —a= flz) _ R+2
2 z, z, d+hz'
whence
1—3232
= air (291.7)

It is remarkable that the upper bound for |f(2)| in the disc |2| <1 is
continuous, to be sure, but not analytic.

A Distortion Theorem (§292)

292. Let f(2) be a function of bound one in | 2| < 1 for which
f(0)=>b=1—¢2

holds, where e = 0. If ¢=0, then the results of § 290 above show that
f(2)==2. We shall prove that in every disc | 2| < r < 1, the functions of
the set just described converge uniformly to 2 as ¢ tends to zero.

To this end, we set {(0) =¢ and

T35 —— g(z), (292. 1)
Where g(z) iS Of bound one. Then

1) = 280

and
zg(z) (1 —aa)
1(z) —a= T+ 3re0) (292.3)
From this we calculate
F(0)=g0)(1—aa)="1—¢2 (292.4)
Hence 1-e2<1-aa and a=2¢c, where |c|=1. It follows that
1 —¢?
¢(0) = T=sF (292. 5)

and

Ll Sl CLAP U} (292.6)

1l—e2cc =

g0)—b=
Also,



A DistortioNn THEOREM (§§ 291-292) 21

»
1-g0)b=1- =08 _ C_cDed o 28 (202.7)

N —é&dci 1—¢lcc 1—¢2”
ow we set
_ 8(0) —zh(2)
8@ = 0 e h) (292.8)
and obtain
_ g(O) —b—(1—g(0)b) zh(z)
gx) —b= 1202 5@ (292.9)

These formulas show that for |z | <7,

2 (1 —e?) + 2627

lgz) = b| = = T—e) (L—7)

(292.10)

Here we made use of the fact that h(z) is of bound one. Now we have

fo) —bz= 2TIEAZRE ;(Sflig @, (292.11)

For | 2| < r, finally,

M+ Q=] (1 —e¥)(1—7)+re?(l—e?+27)

1) — 03] 5 (0RO U 0
1+ 2 3 4 ((1+:))( i 164:) 1+27) (202.12)
R e N 4 re 4 re 4
(U ¥ pii v e N g |y gy g
This shows that in the disc |z | < 7, the expressions f(z)— bz (where

b =1 — ¢*) converge to zero uniformly as & goes to zero.!
* A slightly more general theorem can be established by means of a much shorter (though
not quite as elementary) proof for which I am indebted to Mr. Erhard Schmidt. Let the

o0
function f(2) of bound one be given by f(z) =X a,2”. Then for 0<r<1, z=r¢?
]

Zlafrir= ﬁ//(z) fln dp < 1,

whence for r =1,
o0
2lat=1
v=0
follows. Hence if for any &,
ot =11,
then
P [a’Ii g &2
v+k

and therefore, by Schwarz’s Inequality,

1) — ey AP 2 e < —
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By Rouché’s theorem (cf. § 226, Vol. I, p. 229), it follows further that for ¢
sufficiently small (independently of the choice of @), the function w=7Ff(z2)
has at least one zero in | 2| < 7, and that this function is simple (schlicht)
in some disc | 2| < ¢. To obtain the best possible bounds in this connection,
one proceeds best by reversing the problem and going after the maximum of
| £(0) | for all functions f(z) of bound one that represent a simple mapping
of a given disc | 2| =7 < 1. This problem leads to extensive calculations
but can be handled by methods similar to those used above.

Remark. The same method can be used to estimate the remainder of the
Taylor series of f(z) —a—bz in terms of ¢ and 7.

Jensen’s Theorem (§293)

293. Let f(2) be a function of bound one that is known to have zeros at
21, ...,2a, all of these numbers being assumed to be distinct from £=0.
Then we deduce just as in § 283 above that f(2) can be written in the form

n

f2) =) | [ 5

1—%,z°
y=1 v

Zy— 2

where g(2) is also a function of bound one. From this it follows that
110)| = 1g00) | |71 22 --- 24| = |21 25 -+ 7] (293.1)

This result, after re-norming the functions involved, is equivalent to the
following theorem of J. L. Jensen (1859-1925): Let F(z) be regular in the
disc |2| < R, let F(0)==1, and let z,, ..., 2, be among the non-zero zeros
of F(z2) in this disc. Then the least upper bound M of | F(z)|in |z| <R
satisfies the inequality

M= (293.2)

= 5 zg.. 2|

From (293.1) we can also derive an upper bound-for the number of zeros in
adisc | z| <7 <1 of any function f(2) of bound one in | 2| < 1 for which
F(0)=ga,. For if n is the number of these zeros, we have

lag| <7, (293.3)

whence

"< _’_llﬁol,, (293.4)
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An Application of Pick’s Theorem (§294)

294. Let f(2) be of bound one in the disc | 2] < 1. We consider an
arbitrary set of circles K(z) with non-Euclidean centers at 2z and non-
Euclidean radii ¢(2), and in the w-plane we consider the circles I'(2) with
non-Euclidean centers at w = f(2) and non-Euclidean radii ¢(2). If A4, is
any point set contained in the union of the discs K (2) and if the point set A,
of the w-plane is the image of 4, under the mapping w == f(2), then by Pick’s
theorem, A,, must be contained in the union of the discs I'(z). We shall
make use of this fact in what follows.

Let us assume that f(2) is a real function, so that it maps the points of the
real diameter of | 2 | < 1 onto points of the real diameter of |w | < 1. Now
if we consider the set of all non-Euclidean discs of (non-Euclidean) radius o
and centers on the segment AB (see Fig. 34 below), we see that these discs
cover the lens-shaped region ANBM A4 bounded on either side by a (non-
Euclidean) line of constant (non-Euclidean) distance from the segment 4 B.
Our observation above now implies that to every point of this lens there
corresponds a point w = f(2) that lies within the corresponding lens in the

disc |w| < 1.
ﬂM
A B
-1

4 7

N

Fig. 34
Julia’s Theorem (§§295-297)

295, Let us consider those non-Euclidean motions

w=e? 2% (la] <1), (295.1)

l1—az
for which z =1 is a fixed point ; they are of the form

1—a a—z

=== 1=a:"

(295.2)
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Writing i1 2
a = TIT ) 1 a = —}T-;-—I- ’ (295 . 3)
we obtain them in the form
A—1)—(A+1)z  (L+2—A(—2)
B o e e 295.4
@ A+1)—A—1)2 A+ +A1—2) ° ( )
This yields
lmwe G#D0=a g, 20+9+A=D0=2 (x5

T+ +i1—2 L+2)+4(1—2

We now set A=a + if and note that by (295.3), the condition |a| < 1
can be replaced by a > 0. We find that

1—w (1l —2)
1+w  (1+2—if(l—2" (295.6)

This formula takes on a particularly simple form if we assume the point

2=—1 to be a second fixed point of the transformation. For in this case
B =0, so that
1—w 11—z
TTe STy (295.7)
If we set
Uy €90 — 2z Uy et¥n —w
Zn= 1l W= T e (295.8)
where u, and v, are positive numbers < 1, then
W,=e¢"Z, (n=1,2,...) (295.9)

represents a non-Euclidean motion. We shall show that under the assumptions

1—v,
o= (295. 10)

lim u, ¢! = limv, ¢'¥» = 1, lim
” = 00 7 == 00 7 = 00

it is possible to determine the numbers @, in (295.9) in such a way that
(295.9) converges to (295.7). We first introduce the abbreviations

Lao=e"2 w,=enw (295.11)

Then we have

Z,=¢tn ¥n"tn (295. 12)

1—u,,"
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This implies that

—id _ Q4w) =20
=
(L) (1+ &) | (2313
~idp 7 2 T Un) L+ Gp)
l1—e Zﬂ = 1 :M” ;” .

Similar formulas hold for #,. Now the equation

1+ ei9n Z, 1+ e~ivn W,

1—enZ, 1—ectvnW,

(295. 14)

holds identically if we set W, = ¢'%» Z,, and take ¢, = y,—&,. It therefore
represents a non-Euclidean motion. If we substitute the expressions (295.13)
and the analogous expressions for the ¥, into (295.14), we obtain these
non-Euclidean motions in the form

1—aw, 1—v, 14 u, 1—{,

B i P i S S (295.15)

and these motions map the point #,, ¢ onto the point v, ¢/¥?and, by (295.10),
converge continuously to (295.7).

296. We now consider any function f(2) of bound one in |z | < 1 that
is not the constant unity, and we consider sequences of points 2z, in the
(interior of the) disc | 2| < 1 that converge to 2==1. Let us assume also
that lim f(2,)=1. For all such sequences we either have

1—|z,!

= oo, (296.1)

n = 00

or else there is a sequence of the kind specified for which the limit in (296.1)
is a finite non-negative number a. We must then even have a > 0, since
by § 287,

1£0) | + 12| 296.'2'
& = T3 77 (296.2)
whence
1—=11a1 1—4(0)] 1 —[£(0)]

11z & 1+ 1£0)] |2 =15 170y’ (296.3)

from which

11101

“2 1501 - 0 (296.4)

follows. If for a sequence {z,} the number a is finite, then with the notation

Z, =, 6, [(z,) = v, €¥" (296. 5)
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it follows that

limu#, =limv, =1, lim
7” = 00 7 = 00 7 = 00

1:2": ~a. (296.6)
Let » be a fixed point on the real diameter of the disc | 2| < 1 and let K,
be the circle that has #, ¢*?n as its non-Euclidean center and passes through
the point #. The Moebius transformation (295.15) maps this circle onto a
circle I', of the w-plane having w, = f(2,) as its non-Euclidean center and
having the same non-Euclidean radius as K,. The circles K, converge to a
circle K that is an oricycle (cf. §83, Vol. I, p. 79) of the non-Euclidean

5
B D
Z N 2
E 5t A £ 0; 7 A,
c
Fig. 35 Fig. 36

plane | 2| < 1 and passes through the point 2=1 and 2=x. Since the
Moebius transformations (295.15) converge to (295.7), the images I', of
the circles K, must converge to an oricycle I' of the non-Euclidean plane
| w | <1 that passes through the points w =1 and w==1y, where y and »
are related by

l—y  1—x

T+y  *aya
Now if 2 is a point in the interior of the oricycle K, it must be contained in
the interior of infinitely many of the circles K,; by Pick’s theorem, the point
w == f(2) must then be contained in the interior of infinitely many of the
circles I', and therefore cannot be outside the oricycle I'. Since the mapping
is neighborhood-preserving, the point w = f(2) must even lie in the interior
of I Hence any boundary point of the disc K is mapped onto an interior
point or a boundary point of I'.

297. From a study of Figures 35 and 36 above it follows that
AP Ax 1—x

‘PB T xE  1+4+x

(296.7)

and
4,P, < 4,y - 1""11
P,B, = yE, 1+y°
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Thus the result of the preceding section is expressed as follows in geometric

terms:
A,P, AP

B, =% pp

By § 158, Vol. I, p. 154, this can be written in the form

11— 1 — 22
T =T (297.1)

Thus we have obtained the first part of the following theorem, which is due
to G. Julia:

If f(2) is a function of bound one in | 2 | < 1 that is not the constant unity
and if {2,} is any sequence of points of the disc | 2| < 1 that converges to
z2=1 and for which lim f(z2,) =1, then either we have for all such sequences
that

o 1—1fzg)|
”11=n:° T =% (297.2)

or else there are finite positive real numbers a which are such that for alt
| 2| < 1, the relation

11— /@)1, 11—zI*

T =% e (297.3)
holds. If, in particular, there is among these numbers o a value a, and in
|2| <1 a point 2" for which the equality sign holds in (297.3), then the
relation

-tz _  11—2z|?

T I R S @749
holds at all points inside the unit circle and {(2) is a non-Euclidean motion
of the form

_ A+ —(m+ip 1—2)
f2) = g (a:q = (o> 0, B real). (297.5)

We shall now prove the second part of this theorem. If we denote by K’
the oricycle through z =1 and 2 = 2/, then @’ = f(2’) must lie on the image
I of K’. If 2” is any point of the non-Euclidean ray that joins z=1 and
z2=2¢", and if K” is the oricycle through z==1 and z == 2", then the image
point w” = f(z"”) lies inside or on the corresponding oricycle I'”, and the

seudo-chordal distances y(2’, 2”) and w(w/,w”) satisfy the relation
P / Yy

p(Z, 2") S pl', w"). (297.6)
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But by Pick’s theorem,
Y&, 2") 2 p(w', w"). (297.7)

Therefore the two pseudo-chordal distances are equal, and the transformation
w = f(2) is a non-Euclidean motion. This last fact also follows from Pick’s
theorem. The non-Euclidean motion has 2 =1 as a fixed point and is of the
form .(295.6), so that (297.5) is established.

The Angular Derivative (8§ 298-299)

298. Julia’s theorem has a converse. Tf there exists a finite positive
number a which is such that relation (297.3) holds at all points inside the
unit circle, then we can show that there exist in the disc | 2| < 1 sequences
of points 2, for which

lim z, = lim f(z,) = 1 (298.1)
and for which
: 1—|f(zp) ]
exists and is = a. For hy (296.7), the Euclidean radii
1—x 1—y
y = =, =5 (298.3)
of the oricycles K and I satisfy the relation
Q = ‘1'*_'*;;“({ - a)'- . (298- 4)

But (297.3) implies that the real point x == 1— 27 of K is mapped onto a
point f(#) for which the relation

[1-f(x)]| =20 (298.5)

holds. Comparing the last relations, we find that

-l  1—f)) e _ & (298.6)

1—x =3 1—x = ¢ 1—7(1—a)

Passage to the limit ynelds

l.i_l—n ___1 (X)I S hm (X)f Sa (298_7)

x=1 -1
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from which our above statement follows immediately. We are now able to
determine the smallest number a, for which the given function f(2) satisfies
relation (297.3) at every point of the disc | 2| < 1. By (298.7), a, cannot
be less than

lim LML

— 1—x

xm=]l
On the other hand, if a, stands for this expression, then there are sequences
of real numbers x, for which

lim %, = lim f(x,) = 1 (298.8)
and
o L —(f(x)|
”an:o i = % (298.9)

holds. Hence by the preceding two sections, we may also substitute the
value a, for a in relations (298.6) and (298.7), and (298.6) then implies that

= %0,

lim 2O <y L2T0L (298.10)

x=1 x=1

while a comparison of (298.10) with (298.7) yields the fact that the two
limits exist and are equal, so that

P e V(G I R TIN E ey (€ 1

lim T = lim T = % (298.11)
x=1 x=]

The non-zero number a, which we have thus determined is positive, by

(296.3) ; hence (298.11) shows that

im LA 298.12
tm =y = 1 (456,32

If we set
1— f(x) =Aé?, (298.13)

where 4 is > 0 and ¥ is real, we obtain

1—[f(#)] _ 2 cos # — A

H—fA 1+ )T1—2Acosb+ar
If » tends to unity, then (298.13) shows that 4 must go to zero, whence cos #
and therefore also ¢ must, by (298.12) and (298.14), go to unity. Since

(298.14)

1—f(x) =|1—f(x)] £

holds, we have thus obtained the following theorem :



30 Part Six. 1. Bounpep FuNcrTioNs

For all functions f(2) of the type considered in this section, and for real x,
the limits

1= El:;/_v({‘_)i, lim _11:_-:_!(.:)_ (298.15)

lim 1 s o
x=1 * x=1 ¥ x=1
exist and are equal to each other.

299, The last result can be extended from real values x of z to sets of
complex values of 7 that lie in a triangle having one of its vertices at z =1

Fig. 37

and having the opposite side 4B within | 2| < 1 and perpendicular to the

real axis (see Fig. 37).
By § 215, Vol. I, p. 215, all points z of the triangle 4 B1 satisfy the relation
i1-—

Ll M < oo,
1-—|z|

Hence if {2,} is any sequence from the triangular region that converges to
z2=1, we have

1—1(zn) | |1 —f(z)| 1 —f(2n)
e (291
Unless for all such sequences we have
lim L=/G) o, (299.2)

—

7 = 00 n

it follows from Julia’s theorem that (297.3) holds; there must then exist a
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number a, < o that equals each of the three limits corresponding to those
in (298.15).

In this latter case, we denote the altitude of triangle AB1 by h (cf. Fig. 37)
and introduce the notations

R(1—z,) Ly 7,
Ty = — 0y = uf:_;no(ln—:;;)__ (299. 3)
We also set
lez=r,(1=18), 1—/@E)=0,(l- D). (299.4)

From the geometric interpretation of Julia’s theorem (cf. § 297 above), it
follows that the functions @,(¢) are of bound one in the disc | #| < 1 and
constitute a normal family., Relations (299.3) and (299.4) imply that

@) -1~ L0 =, (1 - )], (299.5)

where t and 2 are related by equation (299.4). In particular, if ¢ is real then
for every value of n, the corresponding 2z equals a real number x,, and from
limr, =0 we obtain

lim L=l g im @, = (299.6)

n=o00 g (# —1) # = 00

Hence by Vitali’s theorem (c¢f. § 191, Vol. I, p. 189), the @,(t) converge
uniformly to ¢ on every closed point set contained in the disc |¢| < 1.
We now return to the original sequence of 2, and we define the numbers
t, by the equations
11—z, =r,(1—1t,).

Then by (299.3), all of the points ¢, lie on the side 4B of the triangle 4B1
(if we consider the triangle as lying in the disc | t | < 1). Hence it follows from
the last result above that if we set

djn(tn) = tn + 7, (299~ 7)

then lim 1, =0. Equation (299.5) yields

1 —f(zn) . Oy _ Tn
Here,
limz,=limt,=0, R(1-1¢,)=~h,

n =00 n = 00

whence
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. 1 — n
Jim _1_“/_(:”1 = . (299.8)
By (299.6) and by § 188, Vol. I, p. 187, the derivatives @, (t) likewise form
a sequence that converges uniformly to unity on the side AB of the triangle
AB1. But by differentiating equations (299.4), we obtain

D0 = 1) 2, (299.9)

so that

F(2a) = g —o Palta)

= "
=) (299. 10)
lim /' (z,) = .

7 = 00

We have thus proved the following theorem on the angular derivative :

Let f(2) be a function of bound one in the disc | z | < 1,and consider any
triangle in this disc that has ome of its vertices at 2= 1. Then for any
sequence {2} of points from the interior of the triangle that converges to
g=1, the limit

lim L)
1—1z

” =00 n

(299. 11)

exists and either always (that is, for every such sequence) equals infinity or
always equals a positive number a,. In the second case, we also have the
relation

lim f'(z,) = &g, (299.12)

”n = 00

and we refer to this number as the “angular derivative” of the function f(2)
at the point z=1.

Further Properties of the Angular Derivative (§300)

300. The following remark gives a criterion for the existence of the angular
derivative that is very convenient in many applications. From the results of
the last sections it follows that a function f(z) analytic in the disc | 2| < 1
has an angular derivative at the point z=1 if, firsty f(2) is of bound one
in | 2| < 1, second, the relation

lim f(x) = 1

Fm]
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holds for real values x of z, and third, | f(#)| < M holds for r, < x < 1,

where 7, is a suitable number between 0 and 1. The third condition may

also be replaced by lim|f(x)| <M. These conditions are sufficient, since
=1

we may write

|1—f(x)|==]/lf’(x)dx| SMI-zx), r<zx<1 (300.1)

As a first application of this criterion, we can easily show that if f,(2) and
f2(2) are two functions of bound one in | 2| < 1 and if

1(2) = h(2) fa(2), (300.2)

then each one of these three functions has an angular derivative at 2==1
provided that the two others do. In fact, from, say,

lim f(x) = lim f,(x) = 1

x=1 x=1]1
it follows that
lim fy(x) = 1.

x=1

Also,

fa(x) = L(f_)—"ff(*}(:)‘_.)lii)_ ,

so that f.’(2) is bounded in some interval r, < #'< 1. If we denote the
angular derivatives of the above functions by a, a;, and a,, then

%=y + g, (300.3)

which implies that a = ¢, and a = a,.

Next we shall prove that if {f,(2)} is a sequence of functions each of
whose terms f,(z) has an angular derivative a, at the point z=1, then any
non-constant limit function f(2) of the sequence also has an angular deriva-
tive a at 2 = 1 provided only that the sequence {a,} has a finite upper bound;
in this case,

holds.
To prove this, we note that at every point = of the disc | 2| < 1, the follow-
ing relation holds:

1L —fald)? 11— 22
T Th@F =% T8 (300.4)
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Also, in the sequence {a,} there is a subsequence a,,, %,,, ... that converges

to lim a, ; using this subsequence to pass to the limit in (300.4), we obtain
J— —_—z|2

—‘f-‘-Jﬁ(‘-)— Slmo, S22 for 2 <1, (300.5)

and our statement now follows from §§ 296 ff.

The Angular Derivative and the Zeros of a Function (§§ 301-304)

301. We consider the unit function

Efg)=— 1A, az2 (301.1)

l—z 1—% 2z

and we note that

E(l) =1,
N (301.2)
@ =13 aZny
Therefore the function E(2) has the angular derivative
o = E'(1) — - 1Al (301.3)
11—z

We now consider an analytic function f(2) that has a zero at z=2, and
an angular derivative a at z=1. If we set

f[(B)y=E()fi(2),

then f,(2) must be of bound one and has, by the preceding section, an angular
derivative a, for which a==a"+ a, holds. This together with (301.3)
yields the inequality

— 2
“ > ‘|11—|‘2:= . (301.4)
Remark. 1f 2, =0, then o’ = 1 and ¢ = 1, whence we immediately deduce
the following theorem of Liwner:
Let w==7{(2) be a function of bound one in | z| < 1 for which f(0)=0,
and assume that this function maps an arc of length s of the circle | 2| =1
onto an arc of length o of the circle |w|==1. Then we must have ¢ = s.

302, Let f(z) have the angular derivative @ and a finite or infinite number
of zeros z,. Then by the preceding section,
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1—‘[ '|2 /
"= [1_;,, =a. (302.1)

From § 158, Vol. I, p. 154 and from Fig, 38 below, we infer that

1—|zl? _ @py v _ 14 %

R N N (302.2)
This observation enables us to determine the most general distribution of
zeros z, for which

1— ].z',,l2 «
2 T (302.3)
holds. To this end, we choose any sequence of positive numbers g, for which
« =20, (302.4)

holds ; we then determine x, from the equation

1o (302.5)

11— v’

and we finally construct the oricycles (cf. § 83, Vol. I, p. 79) through z=1
and z = x,. If we now choose an arbitrary point 2z, on each of these oricycles,

9y
Pr

Fig. 38

relation (302.3) ensues. If there are infinitely many numbers g,, the points
2, can always be chosen in such a way as to make the set of their points
of accumulation coincide with any pre-assigned closed subset of the circle
| 2] = 1. In particular, the point 2= 1 may be the only point of accumula-
tion. We now introduce the unit functions
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k
1) = [[E,® (k=1,2,...), (302.6)

y=1

whose respective angular derivatives are given by

k
=)0, (302.7)

yvm]
Let {f,(2)} be a convergent subsequence of the sequence {fi(2)}, and let

¢(2) = lim £, (z) (302.8)
j=o0
be the limit of this subsequence. If G, is a subregion of the disc | 2| <1
that does not contain any of the points z,, then all of the /,(z) are =0 in G,.
Hence by Hurwitz’s theorem (cf. § 198, Vol. I, p. 194), ¢(z) is either the
constant zero or a non-constant function of bound one having its (single or
multiple) zetos at the points z,. In the latter case, ¢ (2) must have by § 300
above, an angular derivative a* for which

«* < lim o, = o
f=oa

holds. But since we can write
¢(Z) = /"’(Z) gn,(z) (7' = 11 2) .. '):

it follows that, on the other hand, «*> a,, (=1, 2,...), whence we see that
the angular derivative of ¢(2) at 2= 1 must equal o’.
If all z, + 0, then (301.1), (302.6), and (302.8) yield

l(0)] ”ﬁlEv(O)l =]7;l%l- (302.9)

Setting
l2,] =1—¢,

we obtain by our construction above that
e,=1—|z,| 142,529,

which implies that the sum J e, is finite. Hence the product on the right-
p o=

1

hand side of (302.9) is likewise finite and different from zero. In this case,
therefore, p(2) is not a constant, and this holds also in the case that a finite
number of the 2, are zero.
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Now let
40(1) = lim /mk(z)

k= 00

be a second function that fits the specifications laid down for ¢(2). Then
for every natural number j,

l9@) | = |/n@)]

holds, so that | ¢(2)| = | @(2)|. But in the same way it follows that | @(z) | < | (2)|,
and we therefore conclude, by § 144, Vol. I, p. 139, that

p(x) =e? p(z) for |z] <1,

where & is a real number. Since each of the functions ¢(2) and y(2) has
an angular derivative at 2==1, it follows that if we approach z=1 along
a straight line then

lim @(2) = lim p(z) = 1,
=1 s ]
whence €% = 1.
Using the same argument as in the proof of Vitali’s theorem (cf. § 191,

Vol. 1, p. 189), we find that the sequence {fy(2)} itself converges in the
disc | 2| < 1 and that the equation

1) = JTE.(2) (302.10)

defines a non-constant function of bound one having the angular derivative o’
and the seros z,.

303. Let 4 be a point of the disc | 2| < 1. If f(2) has an angular deriva-
tive a at z=1 and if we set

I e N Tt (N
gl2) = — 53— T 0.1
vy 1=k 1% '
=T A
then g(2) has an angular derivative
, 1— AP
B=g(l)= i—l—__l—)‘%;a. (303.2)

If we denote the zeros of g(z) by 2, —they are the points where f(2) assumes
the value A—we have by (302.1) that
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11—42 1—127
a2 T:‘Til‘; .l—i:AzTI? > (303.3)

and this inequality cannot be sharpened.

304. Let a be assigned, and let » be a point of the negative real axis that
lies inside the unit circle. For every point z, lying within the oricycle through
2==1 and 2= x, we have

—_— 2
L=lnl s tex (304.1)

Nt~ 14

If we denote by n the number of A-places of f(2) within the oricycle (i.c. points
within the oricycle at which f(s)= 1), then by (303.3),

1—1A2 1—%

n < o Tl—___—l*li . —1—’;';\7 . (304. 2)
The disc | 2| <7 < 1, where xr = —7, lies within the above oricycle. Hence
if n, is the number of A-places of f(z) in the disc | 2| < 7, then

ne <o LTIAR 17 (304.3)

oA T=r

[f in particular we set A =f(0), we must have n, =1 for all » > 0, and
we obtain

11 —f0)]?
® = "f’:‘l—‘/‘(b—;Tz—. (304 4)

iV

This inequality cannot be sharpened, and it is clearly better than (296.4).

An Application of the Poisson Integral (§§305-306)

805. Consider a real function y(Z) that is defined and sectionally con-
tinuous on the unit circle | { | = 1 and whose values lie between two positive
numbers @ and 8. We wish to construct a function that is analytic in the disc
2| <1 and whose modulus on the boundary of this disc coincides with
(L) at all those points at which y({) is continuous.

To this end, we substitute

@) = L p(e®) (305.1)

in the integral on the right-hand side of (148.11), Vol. I, p. 145, and we obtain
in this way a function g(z) whose real part is represented by a Poisson jntegral
(¢f. §151, Vol. I, p. 147) that is continuous and equal to Iy ({) at all points
of continuity of (). Then the function
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f(z) = & ' (305.2)

is regular and distinct from zero in the disc | 2| < 1, and the modulus | f(e*) |
coincides with y(e) at all points of continuity of w({). Thus we see that
within certain limits, we can assign the values of | f(2)| at will. Of course,
the function f(2) constructed above is not the only one that satisfies the re-
quirements, since every function of the form
() =f(2)E(2),
where E(2) is any unit function, will do as well.
306. The construction given in the preceding section enables us, in par-
ticular, to obtain functions f(z) of bound one devoid of zeros in | 2| < 1 and
equal in modulus to the constant u < 1 on a given arc a of the unit circle

I3

(o

0
Fig. 30

and equal to unity on the complementary arc . TFor such an f(z), the real
part of If(2) equals the product of /u by the harmonic measure (cf. § 158,
Vol. I) of the arc a. By § 158, Vol. I, p. 154, the level lines of | f(2) | are
in this case arcs of circles that connect the end points of a. If we denote
once more by d the angle between such a circular arc and the arc 8 (cf. Fig. 23,
Vol. I, p. 156), then on the circular arc we have, by (158.5), the relation

[

[£(2)] = u=. (306.1)

This particular function is used as a majorant in many proofs.

Continuity of Bounded Functions under Approach
Within a Sector (§§307-308)

307. Let f(2) be of bound one in the disc | z—i| < 1. We consider
two chords 40 and OB of equal length (see Fig. 39), and a Jordan arc y
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that joins the point O to a point E on the boundary of the disc and lies within
the sector bounded by the rays O4 and OB. Let us assume that on p,

@) =p<1 (307.1)
holds. The arc y divides the disc into two regions G, and G, each of which
is bounded by a closed Jordan curve.

Now we construct, as shown in the two preceding sections, two auxiliary
functions ¢,(2) and ¢.(z) regular and non-zero in the disc |z—i| <1

£

o
Fig. 40

which are such that | ¢;(2) | == u on the arc OB and | ¢:(2)| =1 on the
arc BEAO, while | ¢2(2)|=u on the arc 40 and | @2(2) |=1 on the
arc OBEA.

Each of these functions exceeds u, in absolute value, at every interior point
of the arc . This implies that

11@)] < |p:2)]

17| < |@a() |
in the region G,, and hence in any case

|£(z)| < max (|@u(2)], |9(z)]) (307.2)

for all points g of the disc |2 —1i| < 1.

Now let M, and M, be the midpoints of the chords 40 and OB (see
Fig. 40 above), and consider the circular arcs BNM,0 and OM,;NA. On
the first of these arcs, | ¢;(2) | is a constant and equals a number ut®  where
k(9) is between O and 1 and can easily be calculated from formula (306.1)
Similarly | @.(2) | is constant on the arc OM,N A4 and also equal to p*®

in the region G,, and
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Hence in the lens-shaped region O M,N M, 0 we have

max (|@(2)], [@a(2)]) < @,
so that by (307.2),

/@] < @, (307.3)

and thus for all sequences {z,} of points inside the sector 4 O B that converge
to the point O, we have that

i | /(2| < £,

7 == 00

308. Let us now assume that f(z) is of bound one in the disc | 2—i | < 1
and that f(2) converges to the number a as z approaches the point O along
the curve y. Given any positive &, we choose u, so small that

e < e

holds, and construct in the disc of Fig. 39 the circle | 2 —i o | = @, where we
select o sufficiently small to insure that on the intersection O E; of y and
| z—1ip | < @, the inequality

@) —a
2

< o
holds. Now we apply the results of the preceding section to the function

@) —a
2 ’

and the disc | z—ig | < o, obtaining a lens-shaped region with an angle
> nn— 29 which is such that in its interior,

[f(z2) —a]| < 2¢

holds. From this it follows that f(z) converges to e for any approach of
2 to O within the angular sector 4 OB. We have thus proved the following
theorem:

If the bounded function f(2) converges to the number a as z approaches
the boundary point O along a Jordan arc y, then f(2) converges to a also
if 2 approaches O along any other Jordan arc ¥’ ending at O and lying entirely
within the angular sector AOB.



42 Part S1x. 1. Bounpep Fuxncrions
Two Theorems of E. Lindeldf (§ 309)

309. A slight modification of the above construction yields the following
theorem, which is due to E. Lindeldf:

Let f(2) be regular and of bound one in the disc | 2—i| < 1. Let f(z)
be continuous at every point £ of an arc OCB of the boundary of the disc
(see Fig. 41 below), and assume that f({) converges to 0 as { approaches

£

o

Fig. 41

O along this arc. Then the function f(2) is continuous at O whenever =z
approaches O from within the circular segment OCBAO (where A0 is the
chord, not the arc).

To prove this theorem, let us first consider a circular arc CN O that is
tangent to the chord 40O at O and whose radius is arbitrarily small. Let
¢(2) be the non-zero analytic function in the disc |#—1| <1 whose
modulus equals the constant u on the arc O C and equals the constant unity
on the complementary arc. Within the lens-shaped region OCN O, we then
have

lp(2)| < p™

If we choose u==max | f({)| on the arc OC, then the following relation
holds everywhere in the disc |z2—i| < 1:

|fz)| < |o()]-

As C tends to O, u and u®* converge to zero. This implies that f(2) is con-
tinuous at O if z is allowed to approach O from within an arbitrary segment
OCBA’O of the circular disc, where A’ may be arbitrarily close to 4 on
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the arc 4B. But since the choice of A itself was arbitrary, we have thus
proved the theorem stated at the beginning of this section.

It is noteworthy that the conclusion of the theorem does not depend on
the behavior of the function f(2) on the arc 4 0.

If f(Z) is continuous on the arc 40 as well and if the limits of f({) for
{— 0 exist and are equal to @ and to ¥ for { on 4O and on OB respectively,
then these two limits @ and b must be equal provided only that f(2) is bounded.
For by our last result, the function f(2z) must converge along the diameter E O
to both @ and b. In this case, f(2) is continuous at O, relative to the entire
closed disc, Hence if @ == b for a function f(2) that is regularin |2 —i| < 1
and satisfies all of the above continuity conditions on the boundary, then f(2)
cannot be bounded. In fact, in this case every point w of the complex plane
must be a boundary value of f(z) at O. This is clear for w =a and w = b;
but if w is different from both a and b, then it follows from the result just
obtained that the function

fe) — o

cannot be bounded in any neighborhood of the point! O. Therefore w must

be a boundary value of f(2). Note, however, that even if ¢ = b the function

f(2) may still have an essential singularity at O. In this case, f(2) is of

course not bounded. An example of this possibility is given by the function
1

&) =e *.

These results are also due to Lindelof.

Fatou’s Theorem (§§ 310-311)

310. In this and in the next few sections we shall derive several facts that
require the use of the Lebesgue integral. The most important and remarkable
theorem of this kind is due to P. Fatou (1878-1929), which we state as follows:

Every single-valued analytic function f(2) bounded in the disc | 2| < 1 is
continuous, under approach within an angular sector (cf. § 307 above), at a
set of boundary points on | 2| =1 whose linear measure always equals 2n.

! For, any neighborhood of O contains some lens-shaped region R that is the intersection
of the disc | s—1¢| <1 and a disc | =| < & As shown in § 314 below, we can map this
region R onto the disc |#—i| <1 by means of a function z==1(u). By the result
obtained in the present section, the function g(u)=f(y(%)) cannot be bounded in
|u—1| <1, so that the function f(z) cannot be bounded in the region R.
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In other words, the exceptional points, at which

lim f(r £*%) -

=]
fails to exist, always constitute a set of linear measure zero. To be sure, for
certain functions this set of measure zero may be very complicated; it may,
for instance, be everywhere dense and non-denumerable on any arc of the
boundary | 2| =1.

Because of the result obtained in § 308 above, we need prove the theorem
only for radial approach to the boundary. Also, we may assume without loss
of generality that f(0)=0, since this can always be achieved by merely
adding a constant.

Let f(2), then, be regular in | 2| <1, and let | f(2) | < M in this disc.
We introduce the function

d i

i <,
Flo, 9) = / fo €% a8 = f 19 g, (310.1)

0 ¢
The second integral in this relation can be taken along any path that joins
the points z == g and z = g ¢'®and lies entirely within | 2 | < 1, since f(2)/iz
is regular in the disc | 2| < 1. Thus F(g,®#) is a single-valued function in
| 2] < 1, whence in particular,

F(o, — n) = F(p, m) (310.2)
follows. Now by (310.1),

(e+de Pl

etde )
|F(Q+A@,,9)—F(9,o)|g|/’7ﬂi—’dz}+ f{%’dz <2M|do| (310.3)
e Ll

e

Here we have used the fact that

fl<m

holds, by Schwarz’s Lemma. On the other hand, if we fix ¢ and let # vary
we obtain

|F(o, & + 49) ~ F(o, 9)| < M | 49/. (310.4)
From (310.3) we infer that

F(9) = lim F(p, 9 (310.5)

e=1
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exists for every ¥, and that the convergence is uniform. By (310.4), the
function F(#) satisfies the relation

| F(8+ A48) — F(9)
— s =%
from which we see that F (?) is continuous and that its difference quotients
are bounded.

We now set z = 7 ¢**and apply the Poisson integral to the circle | 2| =0 < 1,
where 7 < g, obtaining

SRS AL P L —
/(2‘25/ (e )92«2rgcos(q7—-19)+r' ?

Upon integrating by parts, we see from (310.2) that the first resulting term
(the one which is not an integral) vanishes, so that

drp 0 —~7rgcos(cp 9) + ¥

0=~ 2 [Pl g 5

The left-hand side of this equation is independent of @. Since the integrand
converges to a continuous function of ¢ as ¢ tends to unity, we may set ¢ =1
in the last formula, obtaining

l—r’

) = an (@) dw =27 cos (p—9) + 77 P (310.6)

An analogous formula holds in the case that f(2) is a constant C; for in this
case, we can write

g

1 1—7
¢= é;/c 1—27rcos(p—B)+r? 2,

-n

which after an integration by parts yields

_ C(l—-r’)____ 1 d 1 —9?
- 1+2;C0§0+r’—‘ Zn/cw dq, 1—2’C05(¢—0]-}-’2 d¢. (310.7)
-

In particular, for C=1 and # =0,

1— 2 1—»2 2

—_Z‘E;‘Zq)ﬁ Wd¢=l e r),=-—:‘r. (310.8)
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Let &% be a point of the unit circle at which F(¢@) has a finite derivative
F'(9,). We shall show that in this case,

lim f(r €%) = F'(dy) (310.9)

r=1

holds. Here it suffices to take ¥, = 0, since we can reduce the general case
to the special case #, = 0 by a rotation of the coordinate system. By (310.6)
and (310.7),

ir) = F'(0)
4 1 1—r2

L1 — r d
= FO) 1 g [ @ = 0 FO) g 1y

Now we select a positive number 4 < = and set

2
1 , a 1—r2
H(r,2) =— , / [F(p) — ¢ F'(0) dp T=2rcos g+ 49 (310.10)
-
and

-2 7
Jen==5{[+[} (310.11)
- 2
(with the same integrand), so that
f(#) — F'(0) = — F'(0) E? FHE A+ T2 (310.12)

holds. If we note that (310.1) and (310.5) imply that F(0)=0, and if
we set

F(o) = ¢ F'(0) + 9 n(p), (310.13)

and denote the 1. u.b. of | 5(¢@) | in the interval from —2 to 4 by h(1), we
find that

lim h(3) = 0. (310.14)

2=0

From (310.10) and (310.13) it follows that

A
1 d 1—r2
Hod = = 5 [ 9100 45 T=Fresigire @
2

and if we note that

TP 1T 2rcosgrrt (1—27rcosg+ 132 =
1 [ @

i 1—»2 2r(l—rYpsing - (310.15)
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holds, we obtain

B(A) d 17t
|H(”l)|’s‘__2-5i_/(p2¢; 1—2vcosg+ 7% dy
-2
h(A) F d 1 —12
<= %2 )P Toiresgin @

-

and hence finally, by (310.8),

|HE, 2| < 22 <), (310. 16)
14 -
v

In order to obtain a bound for J(r, 1), we first observe that by (310.4) and
(310.5),

|Flp)| <aM

holds in the interval of integration, and that in the same interval, we have
(cf. §152, Vol. I, p. 148)

d 1—r2 27 (1 —1? < 20=r
dp 1-—27cos@+ r? (L—27cos i+ 7?3 (1 —cos? 2)% ~
Hence (310.11) yields
27 (M + |F'(0
[T 4] < 2RRELTON (g, (310.17)

Finally, we obtain from (310.12), (310.16) and (310.17) that

|f(r) — F(0)| < h(A) + [-2--" M+ 1FO | IFOI } (1—7%. (310.18)

sint 4 (L4172

Given any positive number &, then by (310.14) we can choose 4 so small
that h(4) < &/2. It then follows from (310.17) that for sufficiently small
values of 1 — 2,

|/(r) = F(0)| < . (310.19)

We have thus derived as a first result the fact that for every ¥, where F (%)
is differentiable, the given function f(z) converges to the value F’'(d,) as
2z approaches &% radially.

To complete the proof of Fatou’s theorem, we shall now make use of the
following basic theorem of Lebesgue: If a real function is defined on anm
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interval I and if its difference quotients are bounded on I, then the function is
differentiable everywhere on I except possibly on a set of linear measure zero.*

According to this theorem, both the real and the imaginary part of F(¢)
are differentiable except at most on a set of measure zero, and this, together
with the preliminary result stated above, proves Fatou’s theorem.

Fig. 42

311. We shall prove next an important generalization of Fatou’s theorem.
We consider a function f(z) that is regular or merely meromorphic in the
disc | 2| < 1 and the boundary values of which at a certain point { of the
boundary | 2| =1 fail to cover the Riemann sphere completely. Then there
exists at least one number w, finite or infinite, that is distinct from every
boundary value at {.

If w == o then the function g(2) =f(2) is bounded in a certain neighbor-
hood of ¢ within the disc. If w is finite, the same statement holds true for
the function

1
8@ = jo—w -
In either case, g(2) is bounded in a certain lens (see Fig. 42 above). This
lens can be mapped onto the disc | # | < 1 by means of a function z=y(u)
composed of elementary transformations (cf. § 314 below). The function
g(w(u)) is also bounded in | # | < 1, so that Fatou’s theorem applies to it.
Interpreted in terms of the original function f(2), this means that the con-
clusions of Fatou’s theorem apply to f(2) in a certain neighborhood of the
point .
This means that if the boundary points for which

lim f(r ¢'?)
r=1

' Cf. C. Carathéodory, Vorlesungen iiber reclle Funktionen, 2nd =dition (Chelsea Pub-
lishing Co., New York 1948). p. 589.
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fails to exist constitute a set of positive Lebesgue measure on every boundary
arc that contains the point [, then the set of boundary values of {(2) at { must
cover the entire Riemann sphere.

Generalization of Poisson’s Integral (§312)

312. The method by which we proved Fatou’s theorem will also enable us
to greatly generalize the theory of the Poisson integral.

Let f(2) be a real function that is bounded and Lebesgue-measurable’ in
the interval —2 < @ < a. If we set z=r7¢'?, the formula

1—r2

1 Tt
ur, '9) = 2z / f((P) 1—2rcos(p—9) + r? d(p (12. 1)

defines a function that is harmonic in the disc | 2| < 1. The function
|4
F(g) = [ #(58) a8
0

is continuous and has bounded difference quotients that are subject to all of
the pertinent inequalities of § 310 above. It follows that for all ¢ for which
F (@) has a finite derivative F’(g), the equation

lim U(r, ¢) = F'(¢) (312.2)

r=1

holds. But by a theorem of Lebesgue theory,? we have

except possibly on a set of measure zero, whence we deduce that everywhere,
except possibly on a set of measure zero,

lim U(r, ¢) = /(g). (312.3)

r=1

This result should be compared with Schwarz’s theorem of § 150 ff., Vol. I,
p. 146 ff.

! Carathéodory, loc. cit. p. 374 ff.
* Loc. cit., p. 589.
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The Theorem of F. and M. Riesz (§313)

313. We shall now prove the following theorem: Let the function f(2) be
analytic and bounded in the disc | 2| < 1, say |f(2)| < M, and let ¢ be a
Lebesgue-measurable point set on the circle |z | =1 which is such that

lim f(r ¢'?)
r=1

exists and equals zero at every point of e. Then if the Lebesgue measure
m(e) of e is positive, the function f(2) must vanish identically.

To prove this, let ¢’ be the set that is the complement of e on |2 | =1,
and let us assume first that the Lebesgue measure of ¢’ is positive. Let u(r ¢'®)
be a harmonic function that assumes the constant value A/m(e) almost every-
where on e (that is, everywhere on e except possibly on a subset of measure
zero), and the value A/[m(e) — 2n] almost everywhere on ¢’. Here, A stands
for an arbitrary positive number. Then it follows from the preceding section
that

4 A
w(0) = mle) - o + (2 — m(e)] o = 0.

Let v(r ¢?) be the harmonic function conjugate to u (» ¢'?), which we can and
do choose in such a way that (0)=0 (¢j. § 150, Vol. I, p. 146 ff.). Then
the function g(2) = ¢* * v is regular inside the unit circle and satisfies g(0) =1
and |g(z)| =e*. Therefore |g(z)| is bounded in the disc | z| < 1, just as is
u(2). Also, according to the result of the preceding section, the following
relation holds almost everywhere on ¢’ for the radial limit of g(z):

A
lim |g(re'®)| =™~ 27,

r=1

The function f(2)g(z) is likewise analytic and bounded inside the unit
circle. Hence by Fatou’s theorem, we can apply the Cauchy Integral Formula
to this function not only for the circles | 2| =7 < 1 but even for the unit
circle | z| =1 itself, since by a well-known theorem of Lebesgue we can
in the case of bounded sequences interchange the two operations of taking
the limit and of integrating. In particular, by formula (135.5), Vol. I, p. 132,
we have

10) = 10) 80) = 5 [ 16 ee"*) dp = - [ fle'") gle’™) dy,

e

since the integrand is zero on the set ¢. From this it follows that
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1

[10)| =55

1

<.
=2n

4 4
[ 1) g(e) ag PR e [ 1#ee)| dgp < w2
'3 | 4

Here, A may be any positive number, as large as we please; hence f(0)=0.

Now if we set f,(2) = f(2)/z, then f,(z) is also bounded, and its boundary
values agree with those of f(z) in modulus. Therefore we may apply the above
discussion to f,(2) in place of f(2) and conclude that f,(0) =0. Similarly,
the functions f,(2)=fn1(2)/2z, (#=2,3,...) must vanish at z==0, so that
by § 143, Vol. I, p. 138, we must have f(z) = 0.

If m(¢’) =0, then it follows from well-known properties of the Lebesgue
integral that f(2) must vanish identically, and we have thus completed the
proof of the theorem of F. and M. Riesz.

At the same time, we have obtained the following result:

If f(2) is a non-constant bounded function in | 2| < 1 and a any complex
number, then the set of points on the boundary | 2 | = 1 at which f(2) assumes
the value a is of linear measure zero.

Hence for any given arc on |z| =1, the values assumed by the radial
limits—the existence of which is insured by Fatou’s theorem—form a non-
denumerable set of numbers. For, the union of denumerably many sets of
measure zero would itself amount to a set of measure zero, so that its measure
could not equal that of the given arc.



CHAPTER TWO
CONFORMAL MAPPING
Elementary Mappings (§ 314)

314. We can map certain simple regions onto the interior |z | < 1 of the
unit circle by combining Moebius transformations with the elementary con-
formal mappings that we studied in §§ 246 ff. and 254 ff. (Vol. I, p 256 ff. and

7 o

Fig. 43

p. 263 ff.). The two most important cases that we shall need in the sequel are
that of the general lens and that of the crescent of angle zero.!

Consider the region bounded by two circular arcs (see Fig. 43) that inter-
sect in the two points w, and w, at the angle n4, where 0 < 1 < 2. In order
to map this region (the “general lens,” or “general crescent”) onto the disc
| 2] <1, we first set

u=e? 2% (314.1)

w— wy

This transformation maps the lens onto an (infinite) sector bounded by two
rays emanating from = 0. Let us choose # in (314.1) in such a way that
one of these rays coincides with the positive real axis. Then if we set

v=u'=e¢" , (314.2)

*The terms lens and crescent are applied to any region bounded by two intersecting
circular arcs. (The German term is Kreisbogensweieck.)

52



ELEMENTARY MAPPINGS (§314) 53

the above sector is mapped onto the half-plane Jv >0 (cf. §235, Vol. I,
p. 264), and this half-plane can be mapped onto the disc | 2| < 1 by means
of another Moebius transformation, for instance by

v—1

Z= -
v i

(314.3)

The desired mapping function is the product of the transformations (314.1),
(314.2), and (314.3). We note that the two boundary arcs of the lens are
mapped analytically onto two complementary arcs of the circle |z | =1,
except that the analyticity of the mapping breaks down at the two “vertices”

Fig. 44

of the lens; but even at those, the mapping is still continuous.

The limiting case 1 ==2 can readily be given a meaning, as follows: It
represents the mapping of the complex plane with a cut along a circular arc,
onto the interior of a circle.

Returning to the general case, it is easy to verify that any given arc of a
circle in | 2| < 1 that connects the images on | z| =1 of w, and w, has as
its pre-image, in the above mapping, an arc of a circle through the interior of
the lens; and the latter arc forms with any one of the boundary arcs of the
lens an angle that is proportional to 1; this follows easily from § 254, Vol. I,
p. 263. At the vertices of the lens, the mapping is not conformal; it is referred
to, at these points, as a quasi-conformal mapping.

If A==0 (see Fig. 44), the two points w, and w, coincide, and with a proper
choice of a and 3, the Moebius transformation

u=22th (314.4)

w— w,

maps the given region onto an infinite strip of width n, bounded by two
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parallel lines one of which coincides with the real u-axis. This strip is
mapped by
vV==e"

onto the half-plane Jv > 0, and this in turn is mapped onto |z | < 1 by
(314.3). In this case too, there are two complementary arcs on | z | = 1 that
are the analytic images of the two boundary arcs of the given crescent.

The Riemann Mapping Theorem for
Bounded Regions (§§315-323)

315. Let a be a real number for which 0 < a < 1. The Riemann surface
of two sheets that is cut along | w | =1 and has a branch point at w=a? is
mapped by

a—w a—z \?
1—a'w (717— a z) (315.1)
conformally onto the disc | 2| < 1. From (315.1) it follows that

h—2z _ 2a dw (q_~z)( l1—az
w=zy . b= <l G =Zgiaas

g- (315.2)
Hence in the disc |z| <1 we have dw/dz==0 everywhere except at
=g, w=a*. We also know from (14.11), Vol. I, p. 13, that at every
point of this disc,

h—z h+ |z|
1~hz§i1hﬁP
where the function
Azl Q=R (1 —|z)
14 k2| U hz]

increases monotonically with |z |. Then for every { satisfying |z| <{ <1

h—2z ki) h+i
|w(z)| = l e T ¢ TFhE" (315.3)
In particular,
|w(z)]| < a? (315.4)
if we choose for { the positive root of the equation
Ll S _ . 2a_
C'fl—h_f =at, h=q A (315.5)

ie. if we set
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¢=a‘(1‘“’1)j:£2(‘+“". (315.6)
From this we obtain
C—az—‘i—q:‘;g"{—l—a'!'aa—‘as‘i"/z— +-;)}
_ a(l—a)*(14a) - a(l —a)s _
(I+a)—at(l—a)+)Z({L+a) (1o 152) p 1tat
1+ (1+a)®
Since
1—a 1+ at
l—at g <L gygaga <L
we finally have
a2> all—a) o 2a(l—a)p 315.7
¢ 1+)2 5 ( )

We have thus obtained the following result.
The function w = f(z) defined by (315.1) maps the closed disc

2| < a2y 220 (315.8)

conformally onto a point set lying in the interior of the ctrcle | w | = a.
This result remains valid if the branch point w == a? is moved to the point

w = a?¢'? by means of simultaneous rotations of the w-plane and the z-plane,

through the same angle. Instead of (315.2), we must set, in this case,

w= zi‘;}—— = ola, 9, 2), (315.9)
e
and we then have
dw 2a
e a0

316. Let G be a region in the disc | w | < 1 of any connectivity—finite or
even infinite—and let 4 be the closed complement of G in |w|=1. We
assume that the center of the disc is an interior point of G and that the
distance a? between w = 0 and the set A4 is less than unity. Then A4 contains
at least one point of the form

w* = a?e'?, (316.1)
We now introduce the unit function

i0
w=1w, ",0 % gla, 9, wy), b=ty (316.2)
wy
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where @ and # are as in (316.1), and we denote by A, the set of points of
the disc [w; | = 1 that are mapped onto points of A by (316.2). Let a2 be
the distance from w, =0 to the set 4,. Then the set 4, contains at least
one point of the form

w¥ = ale't, (316.3)
As above, we set

= e = gla S, b= e (316.4)
Now we denote by 4, the set of points of the disc | w;y | = 1 that are mapped
by (316.4) onto points of 4,, and we denote by a3 the distance from w, =0
to 4.

Continuing in this way, we obtain an infinite sequence of closed point sets
4y, 4, ... and two infinite sequences of numbers a,, 4y, ... and &, &y, ....
We note that all of the positive numbers a, (k=1,2,...) are < 1.

Now if {i is the positive root of the equation

¢ Mt = a} (hk = 12:1:;) !

then the transformation wy= @ (ay, &, wy,,) maps the disc |w;,,| <, onto
a point set of the wy-plane that contains no points of 4. Hence we always
have af,; = {i. This together with (315.7) yields

2a,(1 —a,)d
al%+1 - ﬂ,% g Ck - a;? > ~———k—»~~—i)——

5
and further, since a;,, + a, < 2,
ap > 4y + L8 (316.5)
Therefore
y<ay< ...
and .
lim a; = 1. (316.6)
k=00

317. Let us consider a sequence of unit functions
fl(z)» f2(z)v ey (317. 1)
defined successively by the equations
h) = @@ 8,2), faale) =ful@lan, 82,2) (r=1,2,...). (317.2)

Then fu(2) is a unit function of degree 2* and satisfies £,(0) = 0, f,(0) > 0.
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We also note that
w=f,(2) (317.3)

maps every point of the disc | 2| < 1 that is not in 4,—hence in particular,
every point of the disc|z| < a3—onto a point of G. At all of these points,
we have

fa(2) = 0. (317.4)

318. We shall study some further properties of the functions f,(2). ILet
0 < r <1, and denote by B,(r) the point set in the w-plane that is the
image of the closed disc | 2| = » under the mapping (317.3). A point of
B, (7) may of course have more than one pre-image in |z |=r. Since
| @(@n, B4, 2)| <|2|,it follows from (317.2) that

B,a(r) £ Ba(r). (318.1)

Hence if 4,(r) stands for the distance (which may be zero) between the
two closed sets B,(r) and 4, we must have

4 =4, =---. (318.2)

For all »n for which r < a2, the closed point set B,(r) lies in the region G,
and we therefore have
lim 4,(r) > 0. (318.3)
A second property of the function f,(2) may be regarded in a certain sense
as the converse of the first. Let w, be any point of G, and let it be connected
to w =0 by a path y,, lying in (the interior of) G. Then by (317.4), we
can find for every » a path y,') that lies in | 2 | < 1, emanates from 2==0,
and is mapped by (317.3) onto y,,. Now we can prove the following theorem:
All of these paths y,(™ lie in a fixed disc

|z| <7, (318.4)

the radius v, of which is < 1.
To prove this, we first note that for every point 2 of y,{”, we can solve
the equation w == f,(3) for z, obtaining the inverse function z = g,(w).
we denote the minimum of the distance between y,, and 4 by 4, then the
function
p(u) = g,(w + 0 %) (318.5)

is regular and of bound one in the disc | # | < 1. Hence by (290.4), we have

l9'(0)] < 1 —|9(0)]% (318.6)
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where by (318.5), we must set
, dz
1/;(0) = gn(w) =2, 1/)'(0) = 6g,,(w) = 67;0_'

But this implies that

dz
é ol =1- |22,
whence, by integrating, we obtain
|dz| 1
/"i"f_:‘l;‘l‘i‘ = -g/]dw|. (318.7)
vs(n) Yw

The first of these integrals is equal to the non-Euclidean length 4, of y.(n),
while the right-hand side represents the Euclidean length L of y, divided

by 6. Therefore,

A-n § 'F_l

and we need only set
L
7’,—‘—‘— tgh "2—6 <1

to complete the proof of the above statement.

319. We are now able to prove that the sequence {f,(2)} converges.
Since this sequence is normal in the disc | 2| < 1, it contains subsequences
{fu(®} for which

lim £,,(2) = 1(2), (319.1)
j=oo
the convergence in (319.1) being continuous.

Now let 2 be any (interior) point of the disc | z | < 1, and select a number »

for which | 2| <7 < 1. We also introduce the notation

W, = fal2)- (319.2)

Then if 8, stands for the distance from w, to 4, we have by the preceding
section that
6, = 4,(). (319.3)
Also, from (319.1),
w = f(z) = limw,,
] =00

and by (318.3) and (319.3) we have
lim 4, 2 lim 4,,(r) > 0. (319.4)

§ =00 j =00
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From this we conclude that every point w==f(2) is an interior point of G.

Let us now consider once more the paths ¥, and ¥4(#) introduced in the
preceding section, and let z® be the point of y,(») that is mapped onto the
point w, by (317.3). If 2* is a point of accumulation of the set {z™}, then

the sequence #,, n., ... contains a subsequence n,’,#,’, ... for which
2* = lim 27 (319.5)
j=o0

holds. All of the points 2™ lie in the disc |z| =< 7,. Hence

f(@*) =lim f,, (7)) = w,. (319.6)
f=00
Now let y¥%(n) be the image under w=f,(2) of the line-segment joining
2=0 and z= 2", and let y% be the image under w == f(2) of the segment
joining 2 == 0 and 2 = g*. We note that for all values of »n for which a} > 7,,
the curve pi(n) is topologically equivalent, or homotopic,' to the given curve
Yw and has the same end point w,. But since the curves y3(#n,) converge
uniformly to ¥¥', the curve y% must also be homotopic in G to the curve y,,.
We have thus obtained the following result:
Every point z of the disc | 2| < 1is mapped by w=f(2) onto an interior
point of the region G. For every pathiy,, that lies in G and joins w==0to a
point w,, there is at least one point 2* such that

wo = f(2*) (319.7)

and such that the image y¥ of the line-segment joining 2=0 and z=2* is
howmotopic in G to the given pathy,. Finally, at every point z of the disc
2] <1 we have

f'(2) 0.

The last statement is an immediate consequence of Hurwitz’s theorem
(§ 198, Vol. I, p. 194) if we only note that in every disc | 2| <r < 1, the
derivative f,’(2) is == 0 for all sufficiently large n. Therefore the function

z = g(w) = lim g, (w)

7 o 00

' Two curves y,, and y% lying in the interior of G and having the same end points
and w; are said to be homotopic in G if they can be approximated to any desired degree of
closeness by polygonal paths whose union is a sum of closed polygons lying, along with
their interiors, entirely in G. In this case, the closed curve that is obtained by taking Yy
from w, to w, and Y back from w to ww, can be shrunk to any one of its points by means
of a continuous deformation that takes place entirely within G.
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not only exists in a neighborhood of the point w =0 but can also be con-
tinued along any path y,, within G (cf. § 232, Vol. I, p. 236 ff.).

320. We shall now prove, on the basis of the properties established in the
preceding section, that the mapping function w = f(z) is uniquely determined.

To this end, let ¢ (¢) be regular in |t | < 1 and let every point t of this
disc be mapped by w =¢(t) onto a point of the region G. Assume also
that to every curve p,, in G that joins w == 0 to a second point w = w,, there
corresponds at least one curve y, in |t| < 1 that joins t =0 to t =¢t,.
Finally, let ¢/(t)==0in | t| < 1, let ¢(0)=0, and ¢’(0) > 0.

Now if ¢ is any point of | ¢ | < 1 and if y,, is the image under w = ¢ (t)
of the line-segment joining the center t+ =0 of the disc to the point ¢, then
by the theorem of § 319, the pre-image under w == f(z) of the curve p,, is a
curve y, that joins £ == 0 to a second point 2 of the disc | 2| < 1. Thus we
are led to a function z==1(#) regular in a certain neighborhood of ¢. By
the monodromy theorem, y(t) must be a single-valued regular function every-
where in | ¢ | < 1, and it satisfies (0) = 0 and y/(0) > 0. By interchanging
the roles of t and 2 in the above, we similarly obtain a function t =g (2) of
bound one in |z| < 1, which is the inverse of z==1(t) and for which
% (0)=0 and %.”(0) > 0. But by Schwarz’s Lemma we have y'(0) <1
and x "(0) = 1, which together with x’(0)y’(0)=1 yield y(¢) =¢. There-
fore ¢t = 2z and ¢(z) = f(2).

By the same method as was used in the proof of Vitali’s theorem (§ 191,
Vol. 1, p. 189), we now find that the original sequence {f,(z)} itself converges
to f(2), introduced in § 319 above merely as the limit of the subsequence {In [}

321. The function z == g(w) introduced at the end of § 319 need not be
single-valued. In other words, the mapping w=={(2) may assign to two
different points 2’ and =" the same image point w,, so that

f(Z) = f(z") = wo

holds. But in this case, the images in G of the two line-segments joining
2=0to 2=2" and to 2= 2" cannot be homotopic in G. For if they were,
then we should be able to transform the path 2" O 2" formed by the two seg-
ments by means of a continuous deformation into a curve 9, that joins 2’ to 2"
and whose image in G is a closed curve y,, passing through w, and having a
diameter (as a point-set) that is as small as we please. But since f'(2') 4= 0,
there is a neighborhood U, of the point 2’ that does not contain the point z”
and is mapped one-to-one onto a neighborhood U, of w,. This leads to a
contradiction if the diameter of set y, is so small that this curve 7y, lies
wholly within U, ; for then y, would lie wholly in U, and thus could not
join 2’ to 3”.
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322, If, in particular, the region G is simply-connected, then any two paths
yw and v, that join w==0 to w==w, are homotopic in G. In this case,
there is therefore one and only one point =, in | 5| < 1 that is mapped by
w==f(2) onto a given point w,. Hence by the monodromy theorem, the
function £ == g(w) is single-valued in G and the mapping w == f(¢) is simple
(schlicht). Cf. §200, Vol. I, p. 196.

323. Let G be a simply-connected region of the w-plane that may or may
not contain the point at infinity in its interior and whose frontier contains at
least two distinct points A4, and B, (see Fig. 45 below).

N

Fig. 45

Let w, be an interior point of G that is not at infinity. We construct the
arc A,w,B; of the circle determined by these three points (this arc may
degenerate into a line-segment or into a ray). Let A be the first frontier
point of G that is encountered on the (directed) sub-arc w,4,, and let B be
the corresponding point on the complementary sub-arc wyB,. Then all of
the interior points of the arc 4w, B are interior points of G, and its end-points
A and B are frontier points of G.

We now map the w-plane onto a u-plane, by means of a Moebius trans-
formation, in such a way that the points 4, w,, and B of the w-plane are
mapped onto the points 0, 1, and o respectively of the u-plane. The image
of the region G is then a simply-connected region G, of the u-plane that has
the points # =0 and u = o as frontier points and contains all of the points
of the positive real axis in its interior. We now set u==1*; then among
the regions of the v-plane that correspond to G,, there is one that contains the
point v = 1 in its interior. This region, which like G, itself is simply-connected,
we denote by G,. It lies entirely in the half-plane Rv > O; for if G contained
a point v* for which ®o* = 0, then G, would contain a Jordan arc joining
v=1to v*. Then let P be the first point of the imaginary axis that is en-
countered as the Jordan arc is traversed from v =1 to v =12*, and let Q
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be the last point of the real axis encountered on the sub-arc 1P. The sub-
arc PQ, which we denote by yp,, would then lie either in the first or in the
fourth quadrant of the v-plane. Under u = 2*, the arc y, would be mapped
onto a curve y, lying in G, and having its end-points on the positive real axis
of the u-plane. By adding a piece of the real axis, if necessary, to y,, we would
thus have obtained a closed Jordan curve containing the point ¥ =0 in its
interior. But such a curve cannot exist, because G, is a simply-connected
region that contains neither x =0 nor u = « as interior points.
Now if we set

_v—1
T o4 1

then the half-plane Rz > 0 is mapped onto the interior | # | < 1 of the unit
circle | t | = 1. We have thus obtained the following result:

Every simply-connected region whose frontier contains at least two distinct
points can be mapped onto a bounded region by means of elementary trans-
formations.

Combining this result with that of the preceding section, we obtain the
Riemann Mapping Theorem :

Every simply-connected region having at least two distinct frontier points
can be mapped one-to-one and conformally onto the interior of the unit circle.
The mapping function w = f(2) is determined uniquely if we assign to a given
line element® in the region G a definite line element in the disc |z | < 1.

The Koebe-Faber Distortion Theorem (§§ 324-329)

324. Let G be a simply-connected region of the w-plane that does not
contain the point at infinity in its interior. Assume that the disc | w | < 1 lies
in G and that the point w==1is a frontier point of G.

Let us consider the two-sheeted Riemann surface having its branch points
at w==1and w= o . The transformation

1 —w=u? (324.1)

maps this surface onto the simple u-plane; the two points % = - 1 correspond
to the two points of the Riemann surface that lie “over” w=0.

The transformation (324.1) maps every curve in G that emanates from
w =10 onto two curves of the u-plane. The set of all curves of the u-plane

' A line element consists of a point 3, along with a direction through z,. Thus the last
condition is met if we assign, say, the conditions we=1(%), f (8) > 0.
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that can be obtained in this way and that, in particular, emanate from w == + 1,
covers a simply-connected region that we shall denote by G,.

u-plane
Fig. 46

If uy is any complex number, then the region G, cannot contain both of
the points 4 ,. For if it did, then we could join these two points by a path y,
entirely within G,; to y, there would correspond in G a closed curve %, a
single point w, of which would correspond to the two end-points 4 #, of y,.
Since G 1s simply-connected, we could transform y, by means of a continuous
deformation into a curve passing through w, and having an arbitrarily small
diameter. But since the end-points of the image curve y, remain fixed through-
out this deformation, we would thus be led to a contradiction.

Equation (324.1) transforms the circle |w | ==1 into a lemniscate of the
u-plane whose equation in polar coordinates is

0?=2cos 29 (324.2)

This lemniscate (see Fig. 46 above) is symmetric with respect to the point
©=0, and of the two finite regions bounded by its loops, one must lie
entirely within G, while the other, by what we have just proved, cannot contain
any point of G,. The transformation

1 —wu 1—¢

t= 1 +u ) U = A]V.“-{- ; (324- 3)

maps the lemniscate (324.2) onto the closed curve C of Fig. 47 below, which
has a double point at t =1 and also consists of two loops.

The transformation (324.3) maps G, onto a simply-connected region G, that
lies wholly within one of these two loops and contains the other loop in its
interior. Also, by elimination of # from (324.1) and (324.3), we obtain the
equations

1—Vi—w _(0-yi-w} 44

P W Y=g G244
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From this it follows that for |w |=1,
e < (1 +V2) (324.5)
holds. Since the two loops of the curve C are mapped onto each other by
, 1
V=
c
e 7
\J
t-plane
Fig. 47
we also have that for |w | =1,
)] > @ +V2)™ (324.6)

From this we see that G, lies in the disc (324.5) and contains the disc com-
plementary to (324.6) in its interior. Finally, if we set

t=(1+V2) 2,

then G, is mapped onto a simply-connected region G, of the z-plane that lies
in the interior | # | < 1 of the unit circle and contains the disc |z| < (14 V2)-4
in its interior. Neither G nor G, contains the point at infinity in its interior;
therefore the point t=-—1 is not in the interior of G, and the point

= — (1 + V2)-2 is not in the interior of G..

325. Let G* be a simply-connected subregion of G that is bounded by an
analytic curve y, and contains the point w==0 in its interior. The trans-
formation (324.1) maps G* onto two separate regions of the u-plane, one of
which contains the point ¥ =1 while the other contains u =-—1. The
boundaries of these regions are likewise analytic curves, which we denote by
ys’ and y,”. If «’ is any point of y,/, then u” = — ' is a point of y,””. The
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two regions are in turn mapped by (324.3) onto two separate simply-connected
regions of the t-plane. One of these contains the point t =0 and will be
denoted by G,*; this region is the interior of a closed analytic curve »/. The
other-region is the exterior of a closed analytic curve y;”. Since these two
regions of the t-plane have no points in common, p/ must lie inside »,”.
Finally, the transformation t==1/t maps the two curves yp/ and »,” onto
each other.

326. Before proceeding along the above lines, we shall derive in this section
some properties of the function /z that will be needed in the sequel. We begin
by noting that relation (159.5) of Vol. I, p. 157, viz.

[udv=[[|t@|2dxdy >0,
y G

remains valid also in the case that G is a doubly-connected region bounded by
two curves " and »”, the function f(2) being single-valued in G. Then

[udv = [udy, (326.1)
P P

provided that the curve y’ is inside the curve y”. Also, if the point 2=0
lies in the interior of the region bounded by y’, then

lz=1lgpeY=1lg+ivyp
is regular but not single-valued in the annular region G. However, we still have

flgd]p>/l@d1p, (326.2)
Y’ Y

because the differential dy is single-valued in the region G. Assume now that
the two curves »” and »”, like those at the end of the preceding section, are
the images of each other under 2” == 1/2"; then

/'lgdzp= ——-/lgdtp,
¥ 14
so that (326.2) implies that

[ledy <o. (326.3)
]

Now let ¢ (2) be a function that is regular and non-zero in the closed disc
Jz2]=1. We set
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F(2) = 2 9(z),

F(gid) — 9(19‘) 6;",(3)' (326. 4)

By our assumptions concerning ¢(z), the function I@(z) is regular in
| 2] =1, and on the circle | 2| =1 we have

Lgp(e'®) = I[F(e) e~ ) =l o+ i (p — &) (326.5)
If we denote the circle | 2 | = 1 by it follows from (159.5), Vol. I, p. 157 that
/zgd(,,,ﬂ» 20 (326.6)

On the other hand, a use of the Mean Value Theorem yields

L|F(0)] = 1] ¢(0)] = RIg(0) ——r—/lgdﬁ (326.7)
Hence by (326.6),

F(0)] € / Lo dy. (326.8)

327. We again consider the region G introduced in § 324 above and the
mapping
w = f(2) (f0) =0, 1(0) > 0), (327.1)

which maps the disc | | < 1 onto this region G. If » is a positive number
< 1, we set

g(z) = f(r 2), (327.2)
and by (324.4) obtain

L—)1—¢s) _ g(2) :
Flg) = 1=¥V1 =8 S|/ — 327.3
(z) 1+Y1—gle) (1+)1—g@ P ( )

By § 324 above, t = F(2) maps the closed disc | 2| = 1 onto the region G*
whose properties we indicated in § 325 and whose boundary we shall now
denote by y’ (instead of by y,’ as in § 325). Since the function F (z) is simple,
@(2)==F(z)/2 is regular and nowhere equal to zero, and with the notation
(326.4), relation (326.8) holds true. But by (327.3) and (327.2).

r

F(0)= £ = 7 1(0). (327.4)

Hence by (326.8),
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—- f’(O ‘ /w(ﬁ lgdl?"‘* - /1Qd1/’ (327.5)

By § 325, y” lies inside an analytic curve p” that is the image of y’ under
t==1/t. Hence by the preceding section, the right-hand side of (327.5)
satisfies the inequality (326.3), so that

1#0)] =
and since this holds for all » < 1, we finally obtain

|170)] = 4. (327.6)

If we study the elementary mappings (324.1) and (324.3), which upon
elimination of u yield the second equation of (324.4), we see that the equation

4z
= Gy r (327.7)
represents a mapping of the disc | 2| < 1 onto the simple w-plane cut along
the positive real axis from w =1 to w = o . This region satisfies the condi-
tions imposed on the region G in § 324. Also, we note that w’(0)=4. This
shows that (327.6) gives the best possible bound.

We note furthermore that in relation (326.3), the left-hand side cannot
vanish unless y” and p” coincide, i.e. unless »" coincides with the unit circle
| 2] ==1, since the double integral in (159.5) vanishes only in this case.
From this it follows that the equality sign can hold in (327.6) only if the
region is the w-plane with the cut as described above.

328. Let G be an arbitrary simply-connected region of the w-plane that
contains the point w==0 hut does not contain w = o, and whose frontier
has at least two distinct points. Let w==7f(2) be a function that maps the
disc | 2| < 1 onto the region G and for which f(0)=0. Let 2, be any point
inside the unit circle, let w, = f(2,) be its image in G, and denote the distance
of w, from the frontier of G by a(w,). We set

pAp— 29— U
v=- o ot 7= ..IJ!.,Z;}., (328.1)
We also put
1 —
80 =5 {1({255) —o)- A

Then the function w = g(v) maps the disc | v | < 1 onto a simply-connected
region of the w-plane that does not contain the point w== w0 and whose
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frontier is at unit distance from the point w ==0. Then according to the

preceding section,
leO)] =4,

whence by (328.2),

|l < (328.3)

We summarize the results of the last two sections in the following distortion
theorem of Koebe and Faber:

Let G be a simply-connected region of the w-plane that does not contain the
point w== o0 in its interior. Let w==f(z) be a function that maps the disc

),

Fig. 48

| 2] < 1 onto G. Then if a(w) stands for the distance of the point w from
the frontier of G, we must have

|7(2)] < 4“("’) (lz] <1, w=f(z). (328.4)

T=z"’

The equality sign holds if and only if the region G is a simple plane with a
cut along a ray and the point w lies on the extension of this ray.

329. We now again make the assumption that the distance from the point
w==0 to the frontier of G is equal to unity. Then for every point w, of G,

a(wy) < 1+ |, (329.1)
and relation (328.3) implies that

|dw| 4 |dz|
1+ |w| = 1—]z)3° (329.2)

whence by integration we obtain
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L1+ lw) 20750

Therefore,
LR . A LI
ol = (1—|z|) == (329.3)
If the distance from w = 0 to the frontier of G equals ¢ and if  is a positive
number < 1, then it follows from (329.3) that the following relation holds
for |z]| < r:

4ra

1) < =

From this we deduce the following fact: Let & be a set of simply-connected
regions G each of which contains the point w==0 but does not contain the
point w = o, and assume that for none of the regions G the distance a of its
frontier from w = 0 exceeds a fixed number 7 ; then the functions w = f(2)
with f(0)==0 that map | z| < 1 onto the regions G constitute a family of
functions that is bounded in the small (cf. § 185, Vol. I, p. 184) in | 2| < 1
and is therefore normal in |z | < 1.

If we note that by the above definition of the numbers a and regions G, the
disc | w | < a always lies in the corresponding region G, and that the inverse
function s = @(w) of w=7F(2) is of bound one in the disc |w| < a, it
follows by Schwarz’s Lemma that

and hence that
[£0)| = a. (329.4)

Therefore the above condition involving M may be replaced by the condition
that

1) <M (329. 5)

hold for the functions f(z) of the family; the new condition likewise insures
that the family is normal in the disc | 2 | < 1, since it follows from (329.5)
and (329.4) that the set of numbers a is bounded.

The Mapping of Doubly-Connected Regions (§§ 330-331)

330. If G is a doubly-connected region of the w-plane, then the frontier
of G consists of two disjoint continua, C; and C,. Let us assume that at least
one of these, say C,, contains more than one point. Then the (simply-connected)
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region G, bounded by C, and containing C, in its interior can be mapped,
according to the Riemann Mapping Theorem, onto the disc |#| <1 by a
mapping function whose inverse we denote by

w = glf). (330. 1)

We must now make a distinction between the case in which C, consists
of one point and that in which it consists of more than one point. In the first
of these cases we can clearly arrange, by a proper norming of the mapping
(330.1), that the image of G will be the punctured disc

0< |t < 1. (330. 2)
We now consider the part lying inside the circle |#| =1 of the Riemann

surface having a logarithmic branch point at t =0 (cf. § 249, Vol. I, p. 258),

and we map this region by means of the transformation
w=1It¢ (330. 3)
onto the half-plane Rw < 0. We map into the z-plane by means of

241

Py

(330. 4)

and finally, using the function in (330.1) above, into the w-plane by means of

w = g(e®) = f(2). (330. 5)

We could also have obtained the function f(2) by the method of §§ 315-320,
paying due attention to normalizing it properly.

Now if

wot+ 1

Zn =
07 w—1

(330.6)

is a point of the disc | 2z | < 1 that corresponds to a point w, of the given region
G, then the points z, (v = 4 1, 4- 2,...) that are obtained from (330.6) by the
substitution of wy -+ 2v % 1 for w, will also correspond to w,. The transition
from 2, to one of the points z, can always be represented by a limiting rotation
(cf. §82, Vol. I, p. 78) of the non-Euclidean plane | 2| < 1. Hence the
function w = f(z) maps the disc | 2| < 1 conformally onto a Riemann sur-
face that has a logarithmic branch point at C, and whose frontier consists of
the continua C; and C.. This Riemann surface, being mapped continuously
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onto | 2| < 1, is simply-connected ; we call it the universal covering surface?
of G. Using the notation of § 318 above, we see that every closed path y,
corresponds under w == f(2) either to a closed path y. or to an open path
whose end-points are the images of each other under a limiting rotation of
the non-Euclidean plane |z | < 1.

331. Next we consider the case in which each of the two continua C, and C,
that constitute the frontier of G contains more than one point. We again start
by mapping the simply-connected region G, bounded by C,, and containing C,
in its interior, onto the inside of a circle C',"; then C, is mapped onto a con-
tinuum C,". We then map the simply-connected region bounded by C,’ and
containing C,” onto the inside of a circle C,” and note that the image C,” of
the circle C,” under this last mapping must be a closed analytic curve. There-
fore we can assume from the very beginning, without loss of generality, that
C, is the unit circle | w | = 1 and that C; is a closed analytic curve that lies in
|w]| <1 and loops around w==0.

In the present case, the transformation

w=Iw (331.1)

maps the covering surface of G—that is, the Riemann surface of infinitely
many sheets all lying between C, and C,—onto a kind of strip of the w-plane,
bounded by the imaginary axis C,* and an analytic curve C,* that lies in the
half-plane Rw < 0. Since the curve C,* is periodic, the strip is mapped onto
itself by the transformations

w,=w+2vai (v=0,41,+2 ..). (331.2)

Now we map the interior of this (simply-connected) strip onto the disc
2| < 1 by means of a function

o = y(2) (331.3)

and we then have in the product w==f(2) of the transformations (331.1)

and (331.3) a mapping function that has the same properties as the function

f(2) described in the result of § 319 above. To each of the congruence trans-

formations (331.2) of the strip there corresponds a non-Euclidean motion S,

of the non-Euclidean plane |z | < 1. We set S, =35 and note that S, is
obtained by iteration of S, so that we can write

S,=SS...v- times = S”.

We shall see shortly that S cannot be a rotation of the non-Euclidean plane;

! The concept of universal covering surface is discussed more fully in §§ 336 ff. below.
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meanwhile, the following reasoning shows that it cannot be a limiting rotation
either:

Let G be a doubly-connected region all of whose congruence transformations
S, are limiting rotations. Then there exists a Moebius transformation

au+ f
Z =
yu+ 68

that maps the disc | 2| < 1 onto the half-plane R« < 0, and under which
the limiting rotation S, =S of the z-plane corresponds to the Euclidean
translation #’ = u + 2ni of the u-plane. Setting ¢ = ¢* and w=@(t), we
thus arrive at a one-to-one mapping of the region G onto the punctured disc
0 <|t| < 1. The function ¢(¢) is bounded and simple. By Riemann’s theo-
rem of § 133, Vol I, p. 131, we can extend ¢ (¢) to a function regular in the
whole disc | ¢ | < 1 by setting ¢ (0)=w,. The extended function must like-
wise be simple; for if there were a non-zero t = ' for which ¢ (#') = w,, then
since ¢ (t) is neighbood-preserving there would be a point t, near t =0 and
a point £ near + for which t, == t» and @(#)=¢(t2), and @ could not he
simple in the punctured disc. But now it follows that the continuum C, would
have to consist of the single point w,.

Thus S must be a non-Euclidean translation, and as such it is a Moebius
transformation with two distinct fixed points F; and F. that lie on the unit
circle | 2| =1. We now consider in the v-plane a strip

|Ro| < &. (331.4)

We can map this strip one-to-one onto the disc | z | < 1 by means of a trans-
formation z==1wy(v), and we can norm this transformation in such a way
that the two ends (the portions near v = o) of the strip are mapped onto
neighborhoods of the two fixed points F; and Fy. If we do this, then the non-
Euclidean translation S corresponds to a Euclidean translation of the strip
onto itself. The magnitude of this translation depends on %; we can make it
equal to 277 by choosing A suitably.
We now set

v=Ilw.
Then the function
w = elWiw) — F(w)

represents a one-to-one mapping of a circular annulus onto the doubly-
connected region G. We have thus obtained the following result:

Let G be any doubly-connected region whose frontier consists of two disjoint
continua, each of them containing more than one point; then G can be mapped
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one-to-one and conformally onto a concentric circular annulus.
If R, and R, are the radii of the two concentric circles of the annulus, then

LN
Rl

and this ratio is therefore a number that is uniquely determined by the region

G ; it is called the modulus of the region G. From this we derive the following
corollary :

Two doubly-connected regions can be mapped conformally onto each other
if and only if their moduli are the same.

The Group of Congruence Transformations (§§ 332-335)

332. We return to a problem that came up briefly in § 321. We saw in
that section that the function w = f(2) of § 319 (the function that maps the
disc | 2| < 1 onto the given region G) need not be simple in |z| < 1, i.e.
that f(z) may assume the same value at different points of the disc | 2| < 1.
We shall call any two such points equivalent.

If 2, and 2, are equivalent points, let us write

S A S (332.1)

1—zu’ 1—2zyu

If we substitute the first of these expressions into w==f(2) and recall that
f'(2) does not vanish in | 2| < 1, we see that a certain neighborhood of « =0
is mapped onto a simple neighborhood of w, =f(21). The latter neighbor-
hood may in turn be considered as the image under w = f(2) of a certain
neighborhood of z» (since the points 2, and z, are equivalent), and it may
also be considered as the image of a certain neighborhood of #’ =0, in virtue
of the second relation in (332.1). Hence we have established the existence of a
one-to-one relation

W = p(u) (9(0) =0) (332.2)

in a certain neighborhood of ¥ = 0, and with the aid of the theorem in § 319,
we see that ¢ (u) can be continued analytically along every path in | u | < 1
and is therefore, by the monodromy theorem, regular and single-valued in the
whole disc | # | < 1. In this argument, the roles of u and u” are clearly inter-
changeable, so that we can produce similarly a single-valued regular function

u =), (332.3)



74 Parr Six. II. CONFORMAL MAPPING

and this must of course be the inverse of (332.2). Both ¢ (u) and y(«') are
of bound one and vanish at the origin, so that by Schwarz’s Lemma,

w =e%u;

hence by (332.1), the relation connecting z and 2’ must represent a non-
Euclidean motion S which is such that f(2) == f(2’) ; thus the motion S carries

N
o

Fig. 49 Fig. 50
every point into an equivalent point (under w==7f(z)), and in particular it
carries 2, into 2.
If §” is another non-Euclidean motion of this kind, carrying every point z
of the non-Euclidean plane | z | < 1 into an equivalent point, then the product

S” J— SIS

of the two motions S and §’ has the same property. The same holds for the
motion S~ inverse to S. Therefore the non-Euclidean motions of the kind
described constitute a group &.

Any function f(2) for which the relation

f(8)=1{(S2)

holds for every element S of the group & is called an automorphic function
of the group &.

None of the above motions S can be a non-Euclidean rotation. For if 2, is
the fixed point of such a rotation, then every neighborhood of 2, would have
to contain two equivalent points 2; and z.; but this is impossible, since there
are neighborhoods of z, that are mapped one-to-one onto a part of the region G.
Hence each of the motions S must be either a limiting rotation or a translation
along a non-Euclidean line (cf. § 82, Vol. I, p. 78).

If 2, is any point of the disc | 2| < 1 and 2, == Sz, a point equivalent to 2,
under w=f(z), we consider (resuming once more the notation of §319)
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a curve y that joints 2; and 2z;. The curve y, is mapped by w = f(z) onto a
closed curve y,, lying in the region G. Now if § is, first, a non-Euclidean
translation of the non-Euclidean plane | 2 | < 1 with fixed points F, and F,,
then the two points 2; and g2 must lie on a line of constant (non-Euclidean)
distance from the non-Euclidean line g whose end-points are F, and F». Hence
this line of constant distance from g is mapped onto itself by the translation S
(see Fig. 49).

Second, if S is a limiting rotation, then 2, and 2, both lie on the oricycle
that passes through z; and through the only fixed point F that S has in this
case (see Fig. 50). This oricycle is mapped onto itself by S. Here as in the
first case, any path p, that joints the two equivalent points 2, and 2, is mapped
by w=f(2) onto a closed curve y,, of the region G.

333. Any given curve y,, of the region G is the image of an infinite number
of curves y{ of the disc | 2| < 1, and these pre-images are permuted among
themselves by every motion of the group &. Since all of these curves p¥
have the same non-Euclidean length, we can introduce a metric in G by
assigning this common length to the image curve y,, as its length.! We shall
denote this length by Lg(y,,).

We recall (cf. § 316 above) that the region G lies in the disc |w | < 1.
Considering this disc as a non-Euclidean plane and denoting the non-Euclidean
length of y, by A(y,), we have by Pick’s theorem of § 289 that

Alyw) < Lg(yw)- (333.1)

Now let G’ be any region that lies in | w | < 1 and contains G. In accord-
ance with §§ 315-321, let

w=gu) (p(0)=0, ¢'(0) >0) (333.2)

be a function that maps the disc | # | < 1 onto the region G’. The points of
|w | < 1 that are mapped onto (interior) points of G form an open subset
of | | < 1 that can always be represented as a union of at most denumerably
many regions, and these regions are permuted among themselves by the trans-
formations T of a group ¥ of motions of the non-Euclidean plane | u | < 1.
We denote by G* that one among these regions which contains the point u =0
in its interior. Let

w=yl) (H0) =0, y'(0)>0) (333.3)
be a function that maps the disc | 2| < 1 onto the region G*.

*If the region G is multiply-connected, the concept of distance between two of its points
can be established only under certain restrictive conditions, but we shall not have to deal
with this case.
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Let p,, be a path in G that joins the point w = 0 to any other point w = w,
of G. Since this path also lies in G’, there is, among the (possibly infinitely
many) paths in | # | < 1 that correspond to y,, by (333.2), a definite path y,
emanating from u = 0. This path y, must necessarily lie in G*. Similarly,
there is in the disc | 2| < 1 a path y, emanating from 2=0 that is mapped
onto y, by (333.3). Then the function

w = f(z) = g (p(z)) (333.4)

maps the path y, onto the path y,,. This function w=f(2) has all of the
properties required of f(2) in § 319, and it must therefore coincide with the
mapping function w = f(z) of § 319.

We shall denote the non-Euclidean lengths of the curves y,, y, and y, in
the non-Euclidean planes | 2| <1, |u| <1l and |w| <1by A(y,), A@y.)
and A(y,,) respectively, as before. Then with the notation introduced earlier
in this section, we have

LG(?'W) = L(,“(yu) = A(Vz)'
Moreover,

Le(yw) = Alya),
and by Pick’s theorem,

Alya) < Leo(ya),
Alye) < L (yu)-

A comparison of these relations yields the following theorem:

and similarly

If G and G’ are two regions lying in the disc | w | < 1 which are such that
G contains the point w =0 and is itself a subregion of G’, then with the above
notation we have the following inequalities :

A) < Lelyw) < Lyy)- (333.5)

Here, G’ is assumed to coincide neither with | w | < 1 nor with G.

334. The results of the preceding section enable us to establish a criterion
for deciding whether a substitution S of the group & is a limiting rotation or
a translation of the non-Euclidean plane | 2| < 1.

Assume first that we are dealing with a translation S along a non-Euclidean
line e. Without loss of generality, we may assume e to be the real axis (see
Fig. 51 below). If 2, is any point and 2, its image under the translation S,
let 2" and 2’ be the points at which the non-Euclidean perpendiculars to e,
through 2, and 2, respectively, intersect ¢. Then S maps 2," onto 25/, and the
distance s = E (2, 23) is an invariant that indicates the magnitude of the trans-
lation. On the other hand, s may be regarded as the non-Euclidean distance
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between the above two perpendiculars, so that we certainly have E (2, z5) = s.
Every path y, that joins 2 and 2, is likewise of a non-Euclidean length = s.
Now if y,, is the image under w==f(2) of such a path y,, then y,, is a closed

Fig. 51

curve in G whose length Lg(y,,), in the metric of § 333, is = s. The same
holds for all curves y% that are homotopic to y,, in G, since any such yJ may be
regarded as the image of a path y¥ whose one end-point is mapped onto the
other by S. Therefore in the metric just mentioned, the lengths of the curves
homotopic to y, have a non-zero lower bound.

Next, assume that § is a limiting rotation and that it maps a point z; onto
a point z,. These two points then lie on an oricycle w that is tangent to the
circle | 2| =1 at the fixed point F of the limiting rotation. The two non-
Euclidean lines through F that pass through 2z; and 2. respectively are parallel.
Let z¥ and z} be their respective intersections with a second oricycle w*
emanating from F. Now as the diameter of w* is allowed to go to zero, the
non-Euclidean distance E,(z¥, 7¥) must likewise converge to zero. The easiest
way to see this is to map | # | < 1 onto a Poincaré half-plane (cf. § 84, Vol I,
p. 79) in such a way that F is mapped onto the point at infinity ; then 2, and 2,
lie on a parallel to the real axis, and so do z} and z¥; finally, if & and A* are
the respective distances of these parallels from the real axis, then E,(zf, z})
goes to zero as 1/h* does.

We have thus derived the criterion announced at the beginning of this
section, which can be stated as follows:

Let vy be a closed curve in G that is not homotopic to zero, i.e. that cannot
be shrunk to an interior point of G without having to pass over frontier points
of G. To y, there corresponds a transformation S of the group .

Then S is either a translation or a limiting rotation of the non-Euclidean
plane |z | < 1, according to whether the lengths of the curves homotopic to
Yw, in the L-metric of § 333, have a non-zero or zero greatest lower bound.
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335. Now let y, be a closed curve in the region G that is the image of a
path y, having two distinct end-points 2; and z,. Then there is in the group &
a transformation S that maps 2; onto z;. We can then find in G a closed Jordan
curve y¥ that contains all of the points of y,, in its interior and stays within a
distance ¢ of y,,; moreover, y¥ can be selected in such a way that

Li(yd) < Lg(yw) + & (335. 1)

holds. We can obtain such a Jordan curve y¥%, for instance, by constructing
small circles about certain of the double points (if any) of y, and by replacing
certain portions of y,, by suitable arcs of these circles (see Fig. 52).

v has three double points
y& is the heavier line

Fig. 52

Inside p¥ there must be at least one point that does not belong to G ; for
otherwise, y,, and y¥% could be shrunk by means of a continuous deformation
to curves that lie within an arbitrarily small disc in G, so that 2, and 2, could
not be distinct points, as they in fact are.

Let us then consider first the case that every curve 9% of the kind specified
above contains at least two distinct points P, and P, that do not belong to G.
We pass through P; and P; a non-Euclidean line ¢ of the non-Euclidean plane
| w| < 1; let the end-points of ¢ be Q; and Q, (see Fig. 53). Let R, be the
first and R; the last point of intersection of ¢ and y¥% as e is traversed from
Q1 to Qs. The points R; and R, subdivide y¥ into two Jordans arcs, and
each of these has an L-length (cf. § 333 above) that exceeds the non-Euclidean
length of the segment R, R, of ¢, and therefore also exceeds E,(Py, P2). But
by (335.1), this implies that

Ls(yw) + € > Lg(7}) > 2E,(P,, Py),

and hence also that
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Lolye) Z 2E4(Py, Py). (335.2)

Relation (335.2) holds also for every closed curve p,,’ that is homotopic in G
to 7. Therefore by the criterion of § 334, the non-Euclidean motion § must
in this case be a translation.

Next we consider the case that there exists at least one Jordan curve yJ of
the kind specified in whose interior there lies one and only one point P that
does not belong to G. Then P is an isolated point of the frontier of G, and

8z

R

Fig.53

there exists at least one punctured disc » that has its center at P and otherwise
belongs to G. By a continuous deformation within G, we can then transform
y% and p,, (which has no points exterior to %) into a pair of curves that share
all of the specified properties of y% and y,, and lie within ». If £ is an arbitrarily
small disc concentric with %, then the homotopic image of y,, just obtained
must in turn be homotopic to the boundary of # traversed » times, where # is
some non-zero integer (cf. § 330 above).
Let the radii of » and of & be ¢ and 7, respectively. By means of the function
w ==1[¢, we map the punctured disc ¥ onto the Poincaré half-plane and we
find that '
L k) =22, (335.3)

e
r

The L-length of the boundary of » traversed » times is # times the quantity
in (335.3). Since this quantity goes to zero if » does, and since by § 333,
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Lg(k) < L,(k)

holds (the punctured disc x being a subset of G), it follows that there are
curves homotopic to ¥, in G whose L-lengths are as small as we please. There-
fore by the criterion of § 334 above, § must be a limiting rotation.

We have thus shown that the group & cannot contain any limiting rotations
among its elements S unless the closed set 4 consisting of the points of
| w| =1 that do not belong to G (cf. § 316 above) contains isolated points.

The Universal Covering Surface (§§ 336-338)
336. Once more, let
w = f(2) (336. 1)

be the mapping function whose existence was demonstrated in §§ 315-320.
If the region G, is multiply-connected, then for any given point a, of the disc
| 2| < 1 there are infinitely many equivalent points

{a,}:ao,al,az,.... (336. 2)

In what follows, we shall stick to a fixed point a,, and therefore to a fixed set
(336.2). If zis-any point of | 2| < 1 that is distinct from all of the g;, then
there are at most a finite number of points of (336.2) within or on the non-
Euclidean circle with center at z that passes through a,. Among these there
is at least one point, say a,,, which has the smallest (non-Euclidean) distance
from the center g, i.e. for which E ,(a,,, 2) is a minimum. For certain positions
of 2, there may be several points of (336.2) that qualify.

Now let S, be that non-Euclidean motion of the group & (cf. § 332 above)
which maps the point @, onto ao, and let the image of 2 under this motion be
denoted by z,. Then

En(aor 20) = En(af' ZD) (336 3)

holds for j=1,2,.-.. We wish to determine the set of all those points 2,
for which (336.3) holds true, and to this end we construct the non-Euclidean
perpendicular bisector u; of the (non-Euclidean) line-segment agoa;. Then
u; divides | 2| < 1 into two non-Euclidean half-planes. One of these contains
a9, and we denote it by U;. Each of the open point sets U; is convex in the
non-Euclidean sense, that is to say that if 2’ and 2” are any two of its points,
the set U; contains the non-Euclidean line-segment joining 2’ and 2”.
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Any disc |z | <7 < | intersects only a finite number of the lines! uy.
Hence we can find an N = N (r) such that | 2 | < r lies in the interior of U,
for all j > N. The intersection of the half-planes U,, Us, - - -, Uy and the disc
| 2| < ris a convex non-Euclidean polygon with a finite number of sides and
vertices and a finite number of boundary arcs that belong to | 2| =r. The
interior region of this polygon consists of all those points of | 2| < # that are
closer to a, than to any other point of the set (336.2). If we let » tend to unity,

Fig. 64

we obtain in the limit a convex polygon with at most denumerably many vertices
and a finite or infinite number of sub-arcs of | z|=1. We shall denote the
interior of this limiting polygon by F,; it consists of all those points of
| 2] < 1 that are closer to a, than to any other point of (336.2).

Let S, be that element of the group & which carries a, into a,, and let us
denote the image of F, under §,~* by F,. Then F, consists of all those points
that are closer to a, than to any other point of (336.2). Thus for any point
z2n of F,, we have

En(an, 2) < En(ay, 2,);

therefore 2, cannot belong to F,, and it follows that the regions F,, Fy, - --
are mutually disjoint. Since the motions of & distribute the points 2,%, 25/, - - -
equivalent to a given point z," of F, into the various regions F,, we conclude
further that no two points 2’ and z” of F, can be equivalent.

Now let { be any point of | z | < 1 that is not contained in the open point-set
Fo + Fy + .. .; then the set of points a, that have the smallest possible distance
from { contains at least two distinct points, since { would otherwise have to
belong to one of the sets F;. Hence there exists a circle with ¢ as its non-
Euclidean center that passes through the points @i, ..., a5, (p 2 2) but does
not have any of the points g, in its interior. Fig. 54 illustrates this circle, under
the assumption that { is at 2 ==

* This is seen easily if we note that for a given 7, the non-Euclidean circle with center
at a, and non-Euclidean radius, ¢ contains the disc | # | < in its interior if ¢ is sufficiently
large. For every point a, that lies outside the non-Euclidean circle with center at a, and
non-Euclidean radius 2g, the corresponding #; lies entirely outside the disc | z | < 7.
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We are led in this way to a well-defined convex polygon whose vertices, in
order, are 4, ...,4,,. The perpendiculars from { onto the sides of this poly-
gon subdivide a sufficiently small neighborhood of { into p parts that are
easily seen t6 lie in the regions F;,F,,...,F, , respectively. Therefore the
point { belongs to the frontier of each of these p regions. Hence every point
of | 2| < 1 is either an interior point or a frontier point of one of the various
regions F;, and the totality of regions F; plus their frontiers may be regarded
as a kind of mosaic that covers | z | < 1 completely. Every point { that is not
contained in any of the F; is equivalent to at least one point {, of the frontier
of Fo. For our above {, we obtain such an equivalent £, by mapping any one
of the regions F,,..., F,; onto F, by means of a non-Euclidean motion belong-
ing to the group &. This yields in fact p distinct points i, ..., &, of the
frontier of F, that are equivalent to { and therefore also to each other. For
if any two of these points, say £; and {,,, coincided, then the transformation
S;, S would have { as a fixed point and would therefore have to be elliptic,
and we know this to be impossible by § 332 above. In our “tiling” of the
unitdisc | z | < 1, eachofthe {;, ..., {;, isa point at which p of the regions F;
meet. The points of the frontier of F, for which p = 3 coincide with the
vertices of the polygon that bounds F,; at every interior point of any of the
sides of this polygon, we must have p = 2. From this we infer that the sides
of the polygon must be equivalent in pairs.

337. Let us now consider the region G,. which is the image under (336.1)
of the disc | 2| < 1. By the results obtained above, we know that any two
distinct (interior) points of F, are mapped onto two distinct (interior) points
of Gy, in other words that the mapping of F, into G,, given by w==f(2) is
simple. Furthermore, every point of G, is the image of at least one interior
or frontier point of F,. The sides of the bounding polygon of F, are mapped
onto certain curves in G,, two distinct sides being mapped, in general, onto
two curves that have no interior points in common ; but whenever the two
sides of the polygon are equivalent, their image curves coincide. Every vertex
{o of the frontier of F, is mapped onto a point w, =f({,) at which p (p = 3)
of the image curves meet, since w == f(2) maps Fig. 54 one-to-one and con-
formally onto a neighborhood of w,.

Let us now cut G,, along all of the curves that correspond to the frontier of
F,. Then the residual subset G* of G, (i.e. G,, minus the above curves) is
the image under w=f(2) of the simply-connected region F,; hence G* is
itself a simply-connected region. We note that each of the regions F; is
mapped by w = f(z) onto this same region G*. Now we consider an infinite
number of specimens of G* that we denote by Go*, G*, .. ., and we assign to G *
the convex region F;. We note that because of their convexity, no two distinct
regions Fy and F; can meet along more than one of their sides; also, that any
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two of the finite number of regions that meet at a point {, must have a side
of their frontiers in common; and finally, that any given disc | 2| <7 < 1 is
covered by a finite number of the regions F;.

Now consider two regions F, and F; whose frontiers have a side s;; in com-
mon, and let G* and G* be the corresponding specimens of the image region
G*. To s there corresponds in the w-plane a certain curve oy, and every
sufficiently small neighborhood of any given point of s;; is mapped one-to-one
onto a neighborhood of the corresponding point of o;;. We now join one
of the “banks” or “sides” of ay; in the region G;* with the opposite bank of ay;
in G;*; by what has been said above, the choice of the banks to be joined
here is quite unambiguous. We first apply this process of joining to finitely
many specimens and finitely many curves, the specimens being chosen in
such a way that their pre-images in the 2z-plane cover a given disc
|2| <r<1, and we then imagine the process continued indefinitely as »
is allowed to tend to 1. In the limit, we obtain a simply-connected Riemann
surface which is the one-to-one image of | 2 |< 1. Our entire construction of
this surface seems to have depended on our initial choice of the point a, in
| 2] < 1; but the resulting surface is actually independent of this choice, as
can easily be seen by an argument like the one in § 320 above.

The Riemann surface “over” G, that we have thus obtained is called the
canonical universal covering surface of G,,. In its place we can use, whenever
it is more convenient, the subdivision or “tiling” of the disc | 2| < 1 by means
of the regions F;. The region F, can be extended, by adding a portion of its
frontier to the region itself, to a so-called fundamental region F*, i.e. to a
point set that is disjoint from every one of its equivalent sets F* and that
together with these equivalent sets covers the entire (interior of the) disc
| 2] <1 exactly once. The simplest way of obtaining such a fundamental
region is to add to F, only one of every two equivalent sides of the frontier
polygon, and to retain only one vertex from every system of p equivalent
vertices of this polygon as described in § 336. This particular construction
always yields a connected point set as a fundamental region (cf. § 100, Vol. I,
p. 96).

338. In conclusion, we wish to show that each of the regions F; has frontier
points that lie on the circle | 2| =1. To this end, we select a sequence of
distinct points

Wy, W2, Ws, .

in G, in such a way that the sequence converges to a point of the frontier of
G, or more generally, in such a-way that the points of the sequence have no
point of accumulation in (the interior of) G,. In |z | < 1, we consider any
sequence of points

2, 2,23, ... (338.1)
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for which f(z))=1w, w=1,2, ...) holds. Then the sequence (338.1) cannot
have a point of accumulation in (the interior of) | 2| < 1; for if it did have
one, say 2,’, then w,==f(z,) would be an interior point of G, that would
also be a point of accumulation of the sequence w,, we,---. Now if F* is any
fundamental region, then for every point z, of (338.1) there is an equivalent
point z, in F/*. Since all of the points of accumulation of the sequence {z,}
lie on | z| =1, it follows that the frontier of F;*, and hence also the frontier
of the open set Fj, must have points in common with | 2| =1.

Simultaneous Conformal Mapping of Nested
Annular Regions (§§339-340)

339. The following problem is of importance in the theory of uniformiza-
tion. Consider an infinite sequence of complex planes, which we shall call the
21-plane, z-plane, etc., and consider in each z,-plane two simply-connected
regions G and G{*~ Y which are such that G{ contains G{*~" and both contain
the origin 2, =0. The problem we set ourselves is to find a sequence of

() (n+1)
b bGpet
2n-plane 2n +3-plane
Fig. 55
regions GW, G!®, ... in a w-plane, and a sequence of mapping functions

w = ¢™(z,), having the following properties:

1. Each region G™ contains the origin w =0 in its interior, and is
itself contained in the next regionG®"+1);

2. For n=2,3,..., the function

w = ¢p"(z,) (@™(0) =0, "'(0) > 0)

maps the region G conformally onto the region G}, and at the same time
maps G*-1) conformally onto G-1.
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Without loss of generality, we may assume that the desired regions G\ are
circular discs of radii 7,, since we could map any other G{" onto such a disc
which must then contain the image of the region G{*-1. Assume then that
the region G coincides with the disc | 2| < 7,, and let

Zoo ="z (7,0 =0, /7 (0) >0) (339.1)

be the function that maps this disc onto the region G{},. The radius 7, being
given, f#'(0) is proportional to7,., and we can always determine 7, in
such a way that
1(0) = (339.2)

holds.

Now we set r, =1, and we stipulate that (339.2) hold for n=1,2,..-.
Then the radii 7, and the functions (339.1) are uniquely determined. We
define additional functions by setting

1 a(z,) = i (A1 (2), (339.3)
() = A0 (A0 (2,). (339.4)

The functions (339.3) can all be determined provided that we know all of the
functions in (339.1). Similarly, the functions f* 4(z,) can all be determined
once we have all of the functions (339.1) and (339.3). Continuing in this

way, we obtain all of the functions /" ,(z,). We note that all of the functions
(339.4) satisfy

£:0) =0, f17(0) = (339.5)

340. Now we observe that for fixed n, the functions (339.4) represent
conformal mappings of the disc |2, | <, onto simple, simply-connected
regions. Hence it follows from the last result of § 329 and from (339.5) that
the sequence {f)(z,)}, (k=1, 2, ...), constitutes a normal family of func-
tions. Therefore there exists a sequence of numbers k{™, k", ... which are
such that the sequence {f!") L (z)}, (p=1,2,...), converges continuously in
the disc |2, | <7.. We have a convergent subsequence of this kind for
every n, and by Cantor’s Diagonal Process (cf. § 92, Vol. I, p. 90) we can
therefore select independently of n a sequence of numbers k,, k., ... which
are such that for every », we have

lim /", (z) = ¢"(z,) (m=1,2,..). (340.1)

n+kp
p =00
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By (339.5), the limit function ¢®(z,) cannot be a constant. Being the limit
of functions f,, kp(%n) simple in the disc |z, | < 7., the function @"(z,) is
itself simple in this disc (¢f. § 200, Vol. I, p. 197) and it therefore maps
| 2o | < 7, onto a simple, simply-connected region G. The functions @™ (z,)
and the regions G, however, furnish a solution of our problem, as we shall
see presently. For upon replacing the subscript # by %, in (339.4) and then
passing to the limit. we obtain the equation

P"(z,) = @™ V(£ 1(2,)), (340.2)

which implies that the second of the two specified conditions is met.

Also, the numbers 7, are monotonically increasing with #n; for if we had
7n41 < 7x, it would follow from Schwarz’s Lemma that |f%)(0)| < 1, since
the function z,,; = f,(z,) maps the disc | 2, | < r» onto a subregion of the
disc | 2441 | < #a4:1. Hence 7, <7,,., and we must have either

lim 7, = 0o (340.3)
or ” (e}
lim#, = R. (340.4)

These two cases have to be discussed separately.

Assume first that (340.3) holds, and denote the distance of the point w =0
from the frontier of the region G™ by a,. Since ¢™’(0) = 1, the Koebe-Faber
distortion theorem (cf. § 328) implies that a, = 7,/4 and therefore that

lima, = o0,
n = 00
which means that the nested regions G™ will cover any pre-assigned disc
|w| < rif nis chosen sufficiently large.
In the second case, i.e. if (340.4) holds, we note that our construction
implies that

(") (z |<rn+k <R

”+kp
so that in the limit,
l"(z,)| <R (|2] <7,)

holds. Here, all of the nested regions G lie within the disc | w | < R, and
their union is a simply-connected region H that is likewise contained in
| w| < R. Let the conformal mapping of H onto the disc | t| < R be given
by the function t = y(w), with v(0)=0, v’(0) > 0. Then by Schwarz’s
Lemma,

y(0) 21 (340. 5)
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must hold. On the other hand, the functions

t=¥"(z) = y(@™(z,)

give the mapping of | z, | < 7, onto a subregion of | ¢ | < R. It then follows
from @’(0) = 1 that ¥"’'(0) = ’(0). But by Schwarz’s Lemma

Therefore

and by (340.4) we thus obtain y’(0) = 1. This together with (340.5) yields
v’ (0) = 1, which is possible only if (w) = w, in which case H must coincide
with the disc | w | <R. It follows from this that any given smaller disc that
is concentric with | w | < R will be covered by the regions G™ if n is large
enough.



CHAPTER THREE

THE MAPPING OF THE BOUNDARY
The Schwarz Reflection Principle (§§ 341-342)

341. Let G, be a simply-connected region of the w-plane that is its own
mirror image under a reflection in the real axis, i.e. that is symmetric with
respect to the real axis, and assume that the real point w, is an interior point

by
A 4
“9
”
L
w-plane
Fig.56

of G,. Then there is a segment A, B, of the real axis that contains the point w,
in its interior and whose end points A4, and B, are points of the frontier of Gy
(see Fig. 56).

Let the function

w=y(t) (341.1)

represent a conformal mapping of the open disc | t] < 1 onto the region Gy
under which the point ¢t = 0 is mapped onto w == w, while y’(0) > 0. We
denote the points of intersection of the circle | ¢ | =1 and the real axis of
the ¢-plane by A, and B; (see Fig. 57 below), and we denote the disc | # | < 1
by G:. Both G, and G, are transformed onto themselves by the reflections in
the segments A, B, and A, B, respectively. It follows from this that the equa-
tion w = p(f) also represents a conformal mapping of G onto Gy, for which

88
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%(0) = w, and p’(0) > 0. Since there can be only one mapping of this kind,

it follows that o
p(t) = p(d). (341. 2)

Hence if w(¢) is developed in a Taylor series, the coefficients of the series must
all be real. This implies that under the mapping (341.1), the segments A,B,
and A4, B, correspond to each other, and from this it follows further that the
regions G,/ and G/ (see Figs. 56 and 57) correspond to each other.

Now we map the disc | | < 1 onto the half-disc G/ by means of a func-
tion t==yx(2); then the function w==f(2)=vy(y(2)) maps the disc
| 2| < 1 onto the region Gy’. But the function ¢ ==y (2) can be constructed
in terms of elementary transformations (cf. § 314 above), and if we follow

c
A 8
"
%
t-plane 1/} z-plane
Fig. 57 Fig. 58

this through we find that the segment 4, B, corresponds to an arc of the circle
| 2| =1 with two (distinct) end-points 4 and B (see Fig. 58). Moreover,
the inverse function z== w(t) is regular in the whole disc |¢#| < 1 and
represents a conformal mapping of this disc onto the z-plane cut along the
arc BCA. Under this mapping, two complex conjugates ¢ and ¢ t correspond
to two points z and z* = 1/Z that are images of each other under inversion
(reflection) in the circle | #|==1. Similarly, the function w=f(2) is
regular on the arc 4D B and maps the two points z and z* that are inverses
of each other with respect to the circle, onto two points w and w that are
symmetric images of each other in the real axis of the w-plane.

The results just obtained are known as the Schwarz Reflection Principle.

342, The Schwarz Reflection Principle can be generalized considerably.
Let f(2) be a function meromorphic in the disc | | < 1 and assume that on
an arc AB of the boundary |z|==1, all of the boundary values of f(2)
(cf. §99, Vol. I, p. 95) are either real or infinite (see Fig. 59). Then the
function )

glo) = 19— (342.1)
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is meromorphic at every point of the disc | z| < 1. At every point ¢ of the
arc 4B, all of the boundary values of | g(z) | are equal to 1, since the mapping

w—s
=Wy
transforms the real axis of the w-plane onto the circle | w | =1. If { is an

interior point of the arc 4B, we can choose a natural number # so large that
the two following requirements are met: First, if the boundaries of the two
discs

2] <1, Jr—g] < (342.2)

intersect at the points C and D, then the arc CD of | 2| =1 is a subarc of
A B and second, the relation

= <le@| <2 (342.3)

holds at every point z that lies in the intersection of the two discs (342.2).

B o
0
£,
7 1
z-plane u-~plane
Fig. 59 Fig. 60

For otherwise, we should be able to assign. to every natural number # a point 2,
inside the unit circle for which

1
|z,,—C|<—h~

holds and which satisfies one of the two relations |g(22) | =2 and
| 8(2s) | = 1/2. But then | g(z) | would have at { a boundary value different



THE ScHWARz REFLECTION PrINcCIPLE (§ 342) 91

from unity, contrary to what we noted earlier.
Let us now map the shaded lens of Fig. 59 onto the disc |u | <1 (see
Fig. 60) by means of a function

2= () (342. 4)

in such a way that the arc C{D is mapped onto the semicircle C,E,D, that
lies in the half-plane Ru > 0, and let us set

h(u) = g (y(u)) - (342.3)
Then by the above,

5 < Ihw)] < 2;

therefore one of the branches of the logarithm of 4(u) is regular in |« | < 1
and has a bounded real part in this disc. We introduce the notation

Alr,9) = Rih(re? (0<r<1). (342.6)

Then if u is any point of the disc | | < 1 and if |u | <7 <1, we have by
Poisson’s Integral Formula (cf. §§ 150-152, Vol. I, p. 146 ff. and formula
(148.11), Vol. I, p. 145) that

Ph) = HHOZIHO L / Alr, 9) Loa Tt g, (342.7)

Since for 0 < & < #/2 and for 37/2< $ < 2z all of the boundary values
of | h(u)| are =1, so that

lim A(r, §) =

7wl

holds true, it follows from letting » tend to unity in (342.7) and setting
A®) = lim A(r, )
r=1

that
3 n/2

I h(OY 10
Dh) = HHOZTHOL L / A9 Sy as. (342.8)

n/2

But this representation of /A(u) shows that /A (u) is regular on the semicircle
C.1E 1D, ; the same holds true for h(u), and therefore g(z) must be regular
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at every point of the arc C{D; the same then applies to f(2). We have thus
proved the following theorem:

Let f(2) be meromorphic in the disc |u| < 1, and let all of the boundary
values of f(2) on an arc AB of | u | =1 be real or infinite. Then if { is any
point of the arc AB, the function f(2) either is regular and real at { or else
has a pole at [.

This theorem is remarkable in that it shows the regularity of the function
f(2) on the arc AB to depend only on the distribution of the boundary values;
it does not require the assumption of continuity of the function on the arc.

We note that in the above proof, we needed the given meromorphic func-
tion f(2) only in a certain neighborhood of the arc AB, so that the theorem
goe$ through whenever we can find for every interior point { of the arc 4B
a lens CDC (see Fig. 59 above) in which f(z) is meromorphic.

Conformal Mapping of the Region Inside
a Jordan Curve (§§ 343-346)

343. Let y, be a Jordan curve (simple closed curve, ¢f. § 106, Vol. I,
p. 100) and let G, be the finite region bounded by 7, (the “inside” of
Yw). Since vy, is a one-to-one continuous image of the circle ¢'%, there exist
two continuous perfodic functions x+(¢) and y(¢) for which the points of y,,
are given by

w(@) = x(p) + 7 ¥(p). (343.1)
For any two values ¢, and ¢, of ¢ that are not congruent modulo 27z, we have

2(@y) * 2(y).
Let the function
w==f(2) (343.2)

represent a one-to-one conformal mapping of the disc |2z| <1 onto the
region G,. Let A be any point of the curve v, and consider a sequence {w,}
of points of G, converging to 4. By (343.2), the points w, are the images
of (uniquely determined) points z, of the disc | 2| < 1 that have no point
of accumulation in the interior of this disc. We shall prove that the sequence
{2,} has one and only one point of accumulation A’

To this end, assume that the sequence {z,} had, besides 4’, an additional
point of accumulation B’. By Fatou'’s theorem (cf. § 310), there are two radii
O’Py and O’Py’ of the circle | z|==1 whose end-points P’ and P, are
separated by the points 4’ and B’ and along which the function (343.2) con-
verges to certain boundary values w; and ws, respectively. We also assume
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P," and P, to be chosen in such a way that no two of the w;, w;, and 4 coin-
cide (see Figs. 61 and 62).

The mapping (343.2) transforms the broken line P," O’ Py’ into a Jordan arc
@1 O w; that is a cross cut of the region G, (cf. § 113, Vol. I, p. 105). This
cross cut divides G, into two subregions G, and G,” whose pre-images
under w=f(z) are the sectors O’P,’A’Py’ and O’Py'B’P, of the disc
| 2] < 1. Now if the point A lies, say, on the frontier of G,,’, then the distance

w;

»

Fig. 61 Fig. 62

between A and the subregion G,” is not zero, so that the sequence {w,},
which converges to 4, cannot have more than finitely many of its points lying
in G,,” or on the frontier of G,””. The pre-images of these points therefore
also constitute a finite set, consisting of all those members of the sequence {z,}
that lie in the sector O'P,’B’P,’; thus B’ cannot possibly be a point of
accumulation of the sequence {z,,} . The result we have obtained may be
stated as follows:

The mapping (343.2) makes it possible to associate with every point A of
the Jordan curve yo, a point A’ of the circle z = ¢*® with the following property:
For every sequence of points {w,} that converges to A, the sequence of pre-
tmages {z,}, (under the mapping (343.2)) converges to A’'.

This correspondence between the points of y,, and the points of |z | =1
can therefore be expressed by means of a single-valued function

& = Alp) (343. 3)

that is periodic and has period 2n.

We can easily show that the function (343.3) is continuous. To this end,
consider a convergent sequence of numbers ¢, @, ... whose limit is ¢,, and
let A4, Az, ... be the points of y, that correspond to the ¢, by virtue of
(343.1); the A; converge to a point A, of p,. We must prove that if
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Ay, A,... are the points of the circle |z|==1 that correspond to
A, A:, ... under the relation (343.3) and if 4, similarly corresponds to A,,
then the sequence 4,’, 4,’,... converges to A,’. But this is almost self-

evident, because we can determine a sequence of interior points w,, s, ...
of Gy in such a way that the distance between w, and 4 ,, and the distance
between the corresponding points z, and A4;, are both less than 1/y. Then
limw, = A4,,so that by our last theorem lim z, = 4.

344. Next we wish to prove that every subarc y% of the Jordan curve y,,
contains pairs of points whose pre-images on |z |=1 under the mapping
(343.3) induced by (342.2) are two distinct points.

Let M be an interior point of the arc % (see Fig. 63 below). Then M has
a non-zero distance § from the complementary arc of the Jordan curve yp,.

*

T

Fig. 63

Let » be a circle whose center is at M and whose radius is less than é. If we
denote the outside of y,, (the region exterior to y,) by H,, then H, must
contain points that lie inside %, since M is on the frontier of H,,. Now any
two points of H,, can be joined within H,, by continuous curves; therefore
H,, must contain points of the circle » itself. Hence there is at least one arc
B of x that lies in H,, and whose end-points P and Q lie on ,,. Also, P and Q
must be distinct, since a similar reasoning shows that at least one (non-zero)
arc of » must lie in Gy.

By our construction, the two points P and Q lie on p¥. We wish to show
that the points P; and Q, of | 2|==1 that correspond to P and Q under
w==f(8) are distinct.

P and Q divide y,, into two Jordan arcs y,, and y,”. We consider the
(closed) Jordan curves 8 + y;, and B + »Z/, which bound two finite regions
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that we denote by G, and G,,”. If G,,” contains a point of G, then it must
contain all of &,,. Let us assume that G,,” is a subregion of H,,. Then every
point R of v, lies outside G,,”, and in any neighborhood of R there are points S
that belong neither to G, nor to G,,””. We can easily show that S must also lie
outside G, ; for there are points T that belong neither to G, nor to
G, nor to G,”, and if we join such a point T to S by a continuous curve
that avoids G,,, this curve can meet the frontier of G,/ only in points of
(if at all) ; we can then arrange by means of a continuous deformation of the
curve that it meets neither y,, nor 8. Hence S lies outside G, .

Since S is outside G, and R is on the frontier of G,/, all the points of
G, that lie in a sufficiently small neighborhood of R must be (interior)
points of G,,’, whence it follows that the whole region G,, must be inside the
Jordan curve 8 + y,,, i.e. that G, is a subregion of G,’". Thus we always have,
if necessary after interchanging the symbols for the above curves y,’ and y,,”
(and likewise those for G, and G,”), that G, contains G,,.

Let us now map the circular arc § onto a segment of the real axis of a
t-plane by means of a Moebius transformation, and let the image of G, under
this transformation be the region G//. We then map G, by means of t =u,
similarly as in § 323, onto the interior region G, of a Jordan curve of the
u-plane, in such a way that G, lies in the upper half-plane while the image
of B is a segment of the real axis of the u-plane. By the Schwarz Reflection
Principle it is now evident that when G,’ is mapped in turn onto |7 | <1,
the images of P and Q are two distinct points P, and Qs on |v | =1. At the
same time, the v-image of »,,” is a cross cut y,” of | v | < 1, and that of G,

is a region G, bounded by an arc of the circle | » | = 1 and by the cross cut p,”.
Finally, when G, is mapped onto | z | <1, the points P, and Q, are mapped
onto two distinct points P; and Q; on |2|==1, and we have proved the

result stated at the beginning of this section.

345. It is now easy to prove that under our original mapping (343.2),
two distinct points 4 and B of y,, always are the images (actually not under
w==f(2) but under the induced mapping (343.3)) of two distinct points
A, and B;. To this end, we shall borrow a fact that will be proved in the
next section, namely that 4 and B can always be joined by a cross cut g of G,,.
Assuming the truth of this statement, we infer from it that under the con-
formal mapping of | 2| < 1 onto G,,, the cross cut g is the image of a curve g,
that has at most two points 4, and B, in common with the circle | 2| =1 and
must therefore be a cross cut of the disc | 2| < 1. But the points 4 and B
divide the Jordan curve y,, into two arcs on each of which, by the preceding
section, there are pairs of points whose pre-images are likewise pairs of distinct
points; also, the two subregions into which g divides G,, are the images of
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two non-empty subregions into which g, divides | z| < 1; hence 4, and B,
cannot coincide.

Now if 2;, 25, . . . is a sequence of points of the disc | 2 | < 1 that converges
to a point of | z | == 1, then the images wy, wy, . . . of these points cannot have
more than one point of accumulation 4 on the curve y,,. Hence the relation
between the quantities # and ¢ of § 343 can be expressed not only by (343.3),
but also in the inverse form

@ = u(d). (345.1)

Just as we have shown A(g) to be continuous (§ 343), we can prove the
same for u(#) ; it follows further that both 1(¢) and u(#) are monotonically
increasing and cannot be constant on any interval of their domain of definition.
This implies that the order of any three points 4,, By, C; of the circle lz]=1
is preserved by the mapping (343.3)—or (345.1)—for their images 4, B, C
on the curve y,; in other words, the mapping leaves the cyclic order of any
three points intact. We have at last arrived at the following theorem:

If there exists a one-to-one and bi-continuous mapping of the frontier of a
simply-connected region onto a circle (in other words, if the frontier is the
topological image of a circle), then any conformal mapping of the region onto
an open circular disc induces a corresponding mapping, of the kind mentioned,
of the frontier of the region onto the frontier of the disc.

It clearly follows that a similar correspondence of their frontiers is induced
by any conformal mapping of one Jordan region G, (i.e., simply-connected
region whose frontier is a Jordan curve) onto another Jordan region G,. This
follows from the fact that the mapping of G, onto G, can always be accom-
plished by first mapping G, onto the disc | | < 1, and then mapping this
disc onto G,; the theorem applies at each of the two steps.

On the basis of the above theorem, we can find examples of analytic func-
tions that are regular and bounded everywhere in |z | < 1, that are not

regular at any point of | z | = 1, and which even so have just a single boundary
value at every point of | 2| =1. Thus Fatou’s theorem (cf. § 310) holds
here not only for approach within a sector to a point of |z | =1 but also

for any arbitrary approach to the point.

Remark. 1f we wish to make use of the theory of Fourier Series, we can
expand the mapping function w==f(2) of a Jordan region in a series of
the form

/(76“’) ___Za” ” ein0,

which for r == 1 becomes a trigonometric series
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f(e®)=2a,(cosn &+ isinnd).

n=0

This series need not converge, but by a well-known result of L. Fejér it is
summable. Therefore every Jordan curve can be represented by means of
a Fourier series.

346. We still have to prove a result which we have already made use of
in § 345, namely the fact that any two points 4 and B of the frontier y of a
Jordan region G can be joined by means of a cross cut of G. It clearly suffices
to show that any point O in G can be joined to any given frontier point 4 by
means of a Jordan arc all of whose points, with the exception of 4, are in G.

To this end, let the curve y be given by means of parametric equations

r=x(p), y=1y(¢),

and let 4 be any point of this curve, which we may without loss of generality
assume to correspond to the value ¢ =0 of the parameter. The function

o(@) = V(x(p) — x(0))2 + (y() — y(O))2, (346.1)

which represents the distance between the point 4 and a variable point of y,
is continuous and positive in the interval — 7z < ¢ < & and has its only zero
at ¢ = 0. 1lf 7 is a positive number that is < max ¢(¢), then there are certain
values of ¢ in the above interval for which

olp) =7 (346. 2)

holds. The lLu.b. of the moduli of these values of ¢ is a non-zero positive
number 8(r) that decreases monotonically as r does.
Let m(7) be the minimum of the function ¢(¢) in the intervals

- S —40(r)

and
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s <Sp<n

Then the number m(7) cannot exceed r; the function m(r) is positive, non-
zero, and decreases monotonically as  does. If »# () is the circle of radius »
whose center is at A, then by § 344 there is a least one cross cut of G that is
an arc of x(r). In general, there will be several or even perhaps infinitely
many arcs of'» () that are cross cuts of G, say B, f,, ... . Each of these arcs
B divides G into two subregions G,’ and G,”. We reserve the symbol G”
for that one of these two subregions whose frontier consists of the arc S
together with a part of the Jordan curve y on which |@| = 8(r) holds. Hence
the distance from the point A4 to the subregion G,” is at least equal to m(r).
From this it follows that the points P of G for which the distance A P is less
than m(r) must all lie in the subregion G;’.

Now let P and Q be two (interior) points of G whose distances from A4 are
both less than m(r) ; we join P to Q by a polygonal train ¢ wholly within G.
If there are points on ¢ whose distance from A4 exceeds 7, then o must intersect
some of the arcs f1, By, --- and must have at least two points in common with
each of the arcs that it intersects. There can be only a finite number of such
arcs B,,, since each of the finitely many segments that make up o cuts the
circle » (r) in at most two points.

Let M, be the first and N; the last of the points in which ¢ meets f,, as ¢ is
traversed from P to Q. We replace the part of o that goes from M; to
N; by the appropriate sub-arc of B,,. After doing this for each of the finitely
many j involved, we obtain a path that lies within G, joins P to Q, and has
all of its points within distance » (or less) of 4. Thus we have the following
result:

Any two points of G whose distance from A is less than m(r) can be joined
to each other by a path that lies wholly in G and has all of its points within
distance » (or less) of A.

Now let 7;,7z,... be an infinite sequence of positive numbers for which
7y > Tpyy and limr, = 0. Also, let Py, P,,... be a sequence of points of G
whose distances from A satisfy the conditions g, < m(r,), n=1,2, ..
Since m(r) decreases with », we have m(r, ) < m(r,) and hence also
0ns1 < m(r,). Now if O is any (interior) point of G, let us join O to P, by
a path wholly within G ; next we join P, to P, by a path in G that lies within
distance 7, of 4 ; then we join P, to P, by a path in G that lies within distance
r2 of 4; more generally, we join each P, to P,,, by a path in G that lies
within distance 7, of 4.

The curve OP, P, ... constructed in this way may of course have double
points ; we can avoid this by simply eliminating certain portions of the curve.
The resulting curve is then a Jordan arc that joins O to 4 and liesin G (except
for its end-point A4), and this is what we had set out to obtain.
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The Concept of Free Boundary Arc (§§ 347-348)

347. A point A4 of the frontier of a region G,, of the w-plane is said to be
accessible if it can be joined to an interior point of G,, by a Jordan arc (by a
free cut; cf. § 113, Vol. I, p. 105). There are regions not all of whose frontier
points are accessible. For example, consider a square in which we delete all
of the points of an infinite number of free cuts that accumulate toward the
segment 4 E of the side 4D (see Fig. 64). Then it is not possible to join the

0
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Fig. 64

vertex A to any interior point of the resulting region G by means of a
continuous curve lying in G.

On the other hand, the frontier of G certainly contains points that can be
joined to interior points of G by means of free cuts. In special cases, these
free cuts may even be straight-line segments.

Returning to a general region G,,, let A be a frontier point that is joined
to an interior point O by a free cut, and consider any sequence of points
Wy, Wy, . . . of the free cut that converge to the point 4. Then if G,, is mapped
conformally onto the disc | 2 | < 1, the images 21, 22, ... of wy, wy, ... must
converge to a definite point A4, of | 2| ==1; the proof of this fact, with the
aid of Fatou’s theorem (cf. §§ 310-311), is similar to the proof of the ana-
logous theorem for Jordan curves in § 343 ff. above. But in contrast to the
results for Jordan curves, it is here not necessarily true that the images of two
convergent sequences on two different free cuts joining O to A are the same
point of | z| = 1. There are even cases in which the set of points of | 2 | =1
that is obtained from a set of different cross cuts all ending at A has the
cardinality of the continuum, as is shown by the following example (see Fig. 65
below).

Consider the half-disc y > 0, #* + y* < 1, and for every rational number
p/q with 0 < p < q, where p and q are relatively prime, lay off the line-
segment of length 1/g that emanates from the origin O and forms the angle
pn/q with the positive real axis. Our region G,, will be the open half-disc
minus all of the points that lie on any of these segments. Consider any
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sequence of points converging to O that lies on a radius whose angle of in-
clination is na, where a is irrational. These points lie on a free cut of Gy,
and their images under the mapping onto | 2| < 1 lieona freecutof | 2| < 1.
But between any two such free cuts of G, there lies at least one of the above

NG

%
Fig. 65

segments, with an angle pn/q, that is part of the frontier of G,,. This implies
that the images of the points of two convergent sequences on the two free cuts
converge to two distinct points of | 2 |=1.

348. By a free (or accessible) arc of the frontier of G, we shall mean a
Jordan arc p,/ that has the following properties: 1. Every point of y,/ is an
accessible frontier point of G, (i.e. a frontier point that can be joined to an
interior point of G,, by a free cut). 2. If O is any (interior) point of G, and
if P and Q are any two points of y,,’, then we can draw two free cuts O P and
O Q in such a way that these two free cuts together with a sub-arc PQ of y,/

-
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Vw is here the line-segment AE
Fig. 66

form a (closed) Jordan curve OP QO whose interior is a subregion of G,,.
(See for instance Fig. 66.)

We now wish to prove that under a conformal mapping of the disc | 2 | < 1
onto the region G, there corresponds to any given free arc y,,” of the frontier
of Gy, with end-points 4 and B, at least one circular arc 4,B, of |z| =1,
and this correspondence between the arcs y,/ and 4,B, is one-to-one and
continuous.
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To prove this statement, let us consider the Jordan region OPQ O used in
the above definition of free arc, P and Q being any points of y,,’, and let us
denote this Jordan region by G,’. If w==7f(z) is the function that gives the
mapping of the disc | 2| < 1 onto the region Gy, then the pre-image of G
under w == f(2) is a subregion G.’ of the disc | 2| < 1. The frontier of G,/
consists of two free cuts O, P, and O, Q; of the disc |z | < 1 together with
the circular arc P;Q, (unless P; and Q; coincide). In any case, G, is a
Jordan region whose frontier, by § 345, is mapped one-to-one and continuously
onto the frontier of G, . Therefore P, and Q, cannot coincide, since their
images P and Q are distinct. We now let P and Q converge to 4 and B, and
our statement is proved.

Reflection in Analytic Curves (§ 349)

- 349. The Reflection Principle of §§ 341-342 can be generalized so as to
apply to ‘“reflections” in arbitrary analytic curves. Let a real analytic curve
in the z-plane (s==ux -+ iy) be given, either by an equation of the form

F(x,y)=0 (349. 1)
or by means of parametric equations
x=0@), v=7yp) (¢t real)  (349.2)

where the functions IF(x, y), ¢(¢) and y(¢) are assumed to be represented
in a certain neighborhood of a point of the curve by power series with real
coefficients. Throughout this neighborhood, we assume at least one of the
two partial derivatives F, and F,, or at least one of the two derivatives ¢’
and ¢/, to be non-zero.

We consider the function

z=f(t) = @(t) + 1 9() (349. 3)

as an analytic function of the complex variable ¢ defined in a neighborhood
of a real point f,. Our assumptions imply that f’(#,) == 0, so that there exists
a disc |t—t,| < r that is mapped by (349.3) one-to-one and conformally
onto a neighborhood of the point z,=7f(#). One of the diameters of this
disc is a segment of the real axis of the t-plane, and this diameter is mapped
by (349.3) onto a certain arc of the curve (349.2) in the z-plane. Now the
following definition was given by H. A. Schwarz:

Two points z and z* are said to be reflections (or inverses) of each other
relative to the curve (349.2) if they are the images under (349.3) of two
points t and T of the disc | t—to | < r that are each other’s reflections in the
real axis of the t-plane.
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Hence if 2 satisfies (349.3) then 2z* satisfies
z* = g(t) + i (). (349. 4)
Now let w be the complex conjugate of z2*. Since the ccefficients in the Taylor
expansions of ¢(¢) and y(¢) are real numbers, we can write
w=2z* = p(t) — 1 p(t). (349. 5)
From (349.3) and (349.5) we obtain

z+w z2—w

Substitution of these expressions for x and y in (349.1) yields

F(55=, %) =o. (349.7)
From this relation we can calculate w as an analytic function of 2, and it
follows in particular that the operation of reflection in the curve (349.1) is
independent of the choice of the parameter ¢. The calculation of the derivative
dw/dz from (349.7) shows that there are singular points at which dw/dz=0
or == o0, except in the case of a circle or a straight line; but we shall not
prove this here. At such points, the reflection is undefined.

Thus it should not be thought that if y is a given analytic curve, any and
all points of the complex plane can be reflected in y. As an example of this,
one might study the reflection in the ellipse—which is an analytic curve—
given by

3 2
F(%,9)= 23 + 37 —1=0.

The Mapping of the Frontier in the Neighborhood of a
Free Analytic Boundary Arc (§ 350)

350. Let the function
w==f(2) (350.1)
represent a mapping of the disc | 2| < 1 onto a simply-connected region G,,
whose frontier contains a free analytic arc y,/. If w, is an interior point of

the arc p,/, then by the preceding section there exists a subregion G, of
G, that is mapped by

w=yx(), ¢=oww (350. 2)

onto a region G, where x(¢) is regular in a neighborhood of t,= w(ws).
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Let us assume, as we may, that G, lies in the upper half-plane and that y,,’
corresponds to a segment A*B* of the real axis of the ¢-plane. If

2= p(w) (350.3)

is the inverse function of (350.1), then G, is mapped by (350.3) onto a sub-

7/
B
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Fig. 89

region G, of the disc | 2| < 1, and by § 348, the frontier of G,’ contains an
arc 4;B, of |2|=1.
Let us now apply the theorem of § 342 to the function

t= w(f() = A@z), (350. 4)

which is regular in the region G, ; this yields the fact that the function (350.4)
is regular on the arc 4,B,. Then the function f(2)= x(4(2)) is likewise
regular on the arc A4, B,, since by the preceding section the function (350.2)
is regular on the line-segment 4*B*. Hence the function f(2) can be con-
tinued analytically across the arc A, B,, everywhere along that arc. In par-
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ticular, if 2 is an interior point of G;’ and 2* = 1/Z is its reflection in | z | =1,
then f(z) is defined in the neighborhood of z*, and the two points w = f(2)
and w* == f(z*) are reflections of each other relative to the arc 7.,

The Mapping at a Corner (§§ 351-353)

351. Let G, be a simply-connected region whose frontier contains a free
Jordan arc M AN, and assume that at the point 4 the arc has two tangents
AP and AQ that form an angle na(0<a<2). Let w= f(z) represent a
conformal mapping of | 2| < 1 onto G,. Then we shall prove that every free
cut of G, that ends at 4 and has a tangent at 4 which makes an angle

Fig.70

nda (0 <8 < 1) with AQ is the image of a free cut of | z| < 1 that meets
the frontier | z | =1 of that disc at the angle ad.

This result is almost obvious in the case that the parts AM and AN of the
free Jordan arc are straight-line segments. For if we denote the point 4 by
w,, then the intersection of G, with a suitable disc | w — w, | < ¢ is mapped

by means of
1

w= (0 — wp)® ‘ (351.1)

onto a half-disc. Now

1
= (f(z) — wy)* (351.2)

maps this half-disc onto a subregion of | z| < 1, and by § 341, the diameter
of the half-disc in the u-plane corresponds to a circular arc on | z|==1 on
which the function (351.2) is regular; in particular, therefore, it is regular
at the point 2, which corresponds to #,. From this and from § 314 follows
the truth of our statement in this special case.
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352. The proof of the result in the general case requires the following
preliminary proposition. Assume that the region G, contains a subregion Hy
and that the frontiers of these two regions have the free Jordan arc 4CB in
commoén (see Fig. 70 above). We map both G,, and H,, onto the interior of
the same circle x and we norm each of these two mappings in such a way that
the end points 4 and B of the free Jordan arc ACB are mapped onto the
points A, and B, of k (see Fig. 71 below).
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Now let 7 be a cross cut of the interior of x that joins A, to B, and is itself
a circular arc. We denote the images of y in the regions G, and H, by ye
and yy, respectively. Then we shall show that yy lies in the (interior of the)
Jordan region bounded by ACB and yq.

We map the open disc bounded by x conformally onto the half-disc | ¢ | < 1,
%t > 0 of diameter A,Bs, in such a way that 4B, corresponds to the cir-
cular arc 4;C,B;. Under this mapping, y is transformed into a circular arc y’
that joins A4, to By (see Fig. 72).

The half-disc may be regarded as the image of G, ; then 3’ is the image
of y¢’ and the image of H, is a subregion H’ of the half-disc. The same
mapping transforms y, into an arc »”. What we have to prove is that
»” lies in the circular segment bounded by y’ and A2(:Bs,.

Now the function that maps H’ onto the upper half of the disc |¢| <1
and leaves the diameter 4,CsB, fixed will map y” onto the circular arc .
By the Schwarz Reflection Principle (cf. § 341 above), this mapping function
is regular on 4B, and its Taylor expansion at t =0 has real coefficients
only. Thus we may apply the theorem of § 294, and our preliminary proposition
is proved.

353. We now return to a corner of the frontier of G,, where the angle is
na, and we shall assume only one “side” 4 N of the corner A4 to be a straight-
line segment (see Fig. 73 below). We construct two regions G, and G
with the following properties: G, is to contain G, and its frontier is
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to contain two line segments AN and AM’ that form an angle n(a + &)
at A. G,” is to be a subregion of G, whose frontier shares with that of
G, the segment AN and contains a segment AM” that forms an angle
a(a—e) with AN at 4.

Now we consider three mapping functions that map the regions Gy', G,
and G,;”, respectively, onto the interior of the same circle k, each time in

Fig. 78

such a way that the common frontier segment 4N is mapped onto the same
arc Ay N, of the circle k. Let y, be a circular arc inside K that joints 4, to Ny
and meets the arc 4, N, of k at the angle a? (0 < # < 1). The inverses of
the three mapping functions map y, onto curves y’, y, and y”, respectively,
and by the preceding section y lies between ' and »”. By § 351, y” and
»” have tangents at A that form with AN the angles @& (x+ &) and
a® («x — ¢), respectively. Since ¢ >0 was arbitrary, y must also have a
tangent at 4, and this tangent must form the angle ata with AN. The result
is therefore proved in the case that one side of the corner is a straight-line
segment.

Finally, to settle the general case, let G,, have a corner M AN and let Gy’
be a region that contains G, and has the corner M AK with the straight
side A4K. If we map G, onto a half-plane, G, is transformed into a sub-
region G, of the half-plane; the frontier of G, has a corner M;4, N, where
M, A, is a straight-line segment. If G, is mapped in turn onto the interior
of the unit circle, we have constructed altogether a mapping of Gy onto | z | <1
in two steps each of which preserves the proportionality of the angles at the
corner.

Every point 4 of the frontier at which a free arc has a single ordinary
tangent can be regarded as a corner with the angle z. Our result thus implies
that in this case the mapping is isogonal at 4. Nevertheless, the mapping
function may have a singularity at 4 and need not even possess an angular
derivative at this point (cf. § 298).
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Milloux’s Theorem (§ 354)

354. We conclude this chapter with an application of the Koebe-Faber
distortion theorem (cf. § 328), an application that is actually related to the
material of the preceding chapter.

z-plane

Fig.74

t'-plane

Fig.76

We consider in the disc | 2| < 1 a Jordan arc y that joins z==0 to a point
of the frontier | z| ==1. If the image of y under the reflection (inversion)
in | 2| =1 is added to y, we obtain a Jordan arc that we denoted by y
By 2, we shall denote a point of | 2| < 1 that does not lie on .
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We now cut the z-plane along »’, and we map the resulting region onto the
disc | t | < 1 by means of a function

z=g(t), (354.1)

where we assume that g(0)==2,. By our construction, the circle | 2|=1
is a line of symmetry of the z-plane cut along »’; hence its image in the ¢-plane
is a non-Euclidean straight line if |¢| < 1 is taken to represent a non-
Euclidean plane, say the non-Euclidean line that passes through the point
— 1t (v > 0) and is perpendicular to the line joining t =0 to ¢t = —i1.

We now wish to find a lower bound for t that depends only on | 2, | and is
independent of the particular choice of the curve y. To this end, we note first
that the distance between y and any point z of | 2| < 1 never exceeds | z |,
so that we may conclude from the Koebe-Faber distortion theorem—in par-
ticular from (328.4), adapted to our present notation—that

dz
dt

4|z
= T’ (354.2)

Now if we let ¢ vary on the segment that joins t =0 to { == — i1, and denote
the image of this segment in the z-plane by y*, it follows from (354.2) that

1
t4r _ \al o [ sl
Tl = /1_:2 ST ;i,/HZI

ol (354.3)

l 2
l 0‘ Vl‘%'
and finally that
1+ L —Vlzl
> , Tzl 354.4
1=7 ”’o| 1+ V] ( )

Fig. 76 is obtained from Fig. 75 by a translation of the non-Euclidean plane
in the direction of the imaginary axis that takes E into ¥ =0. From this
it follows that

o n—0

T=tg‘_=tg 4

: (354.5)

because # =n— 2a; thus if we set }/|z| = tg§, then
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n—9 1—tgp L
tg—T—gm—tg(4 8). (354.6)
whence
“:0 g{; —arctg V| 2] (354.7)

Let w(t) be an analytic function that does not vanish anywhere in | t| < 1
and whose modulus equals u(u < 1) on the arc BD 4, equals unity on the
interior arc 4 E B, and hence equals 1/u on the arc ACB (see Fig. 75 above).
Then we have

RIp(0) = 5 {@n— ) lp—81p}
. e (354.8)
=5 "tu |pO|=n"

Hence by (354.7),

4 o v
PO (35¢.9)

Now let f(2) be any function that is of bound one and regular in the disc
| 2| <1 with a cut along y; also, let ¢ be the L.u.b. of the modulus of the
boundary values of f(2) on y. Then f(g(¢)) is regular and of bound one in
the non-Euclidean half-plane 4 EBD, and its modulus along the arc BD 4 of
the frontier of this half-plane is = u. Therefore the modulus of this function
does not exceed | y(t) |, and we can write

4 p——
-4 arctgVTal

1
[1z)| = [/(€O))| = [vO)] = p (354.10)
This is the content of Milloux’s theorem. The equality sign holds in (354.10)
if and only if the Jordan arc y coincides with a radius of the disc |z | < 1
while 2, lies on the opposite radius.






PART SEVEN

THE TRIANGLE FUNCTIONS AND
PICARD’S THEOREM






CHAPTER ONE

FUNCTIONS OF SEVERAL COMPLEX VARIABLES
Definition of an Analytic Function of Two Variables (§§ 355-356)

355. We have already used analytic functions of several variables in a few
places in this book, without bothering about a general definition of such func-
tions. Since in the sequel we shall have to define certain analytic functions
(of one complex variable) as solutions of certain differential equations, we
must now acquaint ourselves with the simplest facts about functions of two
complex variables.

Let us consider a complex function F(x,y) of two complex variables x, y.
The pair of variables x = + 122, y==1y; + iy, may be considered as
determining a point in a four-dimensional space. We define the distance
(écart) between two such points (27, y") and (#”, ¥) to be the nop-negative
real number

E(,y; 2", y") =% —2"|+ |y —y"|. (355.1)

A point (x,y) of this space will be considered an interior point of a point
set 9 if there exists a 4 > 0 which is such that, («,y) being a point of
A, A contains all those points (2',y") for which E(x,y; #',%") < é holds.
A sequence {(%,, y,)} of points of the space is said to converge to the point
(%0, ¥0) if

im E(%,, y,; %o, %o) = 0

v = 00
holds. Using (355.1), we can also formulate the concepts of point of accumula-
tion and of frontier of a point set in the usual way. A region is then defined
as an open and connected point set (cf. § 100, Vol. I, p. 97).

Among the more important types of regions of the (x,y)-space are the
bi-cylinders, defined as follows. Consider two regions G, and G,, of the
z-plane and y-plane respectively. The set of points (x,y) of our four-
dimensional space R, for which both x € G, and y € G, is then called a bi-
cylinder. Not every region of R, is a bi-cylinder ; for example, the hypersphere

B+ H+N+FYESet (F=x+i%,Y=0+1Y)

is not a bi-cylinder. A detailed study of functions of several variables, and
especially a study of their singularities, is made immensely more complicated

113
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by the necessity of dealing with general regions. For our purposes, however,
we need only the beginnings of the theory, where everything can be done in
terms of bi-cylinders.

356. We now set down a definition of analytic function that corresponds
to our definition for the case of one variable in § 128, Vol I, p. 124,

DEeFINITION: A function F(x,y) defined in a region & of the space R, is
said to be a regular analytic function in & if the partial derivatives 0F (0x and
0F |0y exist at every (interior) point of .

F. Hartogs (1874-1943) was the first to prove that if F(x,y) is a regular
analytic function in a bi-cylinder

|| =R, |y|=R,, (356. 1)

then it can be expanded in a power series

DI Y (356.2)

that converges absolutely and uniformly in every closed subregion of (356.1).

The difficulties that arise when one proceeds to prove Hartogs’ theorem
are due to the fact that the above definition only insures the continuity of
F(x,y) as a function of x, where y is held fixed, or as a function of y, where x
is held fixed ; thus one must first prove that F(x, y) is continuous as a func-
tion of the four variables xy, x2, y1, y2. This kind of difficulty does not come
up at all in the case of functions of a single complex variable. Hartogs’ proof
probably cannot be simplified much further ; at least, all attempts at simplifica-
tion have so far been unsuccessful. But in Hartogs’ own arrangement of his
proof, the main lines of thought are not brought out quite clearly ; for one thing
because—as was customary at the time (1905)—he attaches too great an
importance to the uniform convergence of certain series that are best omitted
altogether and for another, because he did not use Lebesgue measure and had
a hard time getting through the set-theoretic parts of his proof.

Proof of Hartogs’ Theorem for Bounded Functions (§§ 357-358)

357. The result of Hartogs stated in § 356 would be almost trivial if we
were given also that a relation

|F(x, y)| < M (357.1)

holds everywhere in the bi-cylinder (356.1). For by the above definition of
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analytic function, F(x,y) is a regular analytic function of y in the disc
| ¥ | = Ry, for each separate value of # involved, so that it can be expanded
in a series of the form

F(x,y) = fo®) + h(®) y + - + £,(x) ¥+ -+ (357.2)
Now if | F(x,y)| < M, then F(x,y) may be regarded within |»|=R,
as a normal family of analytic functions of & that depends on the parameter y,

whence it follows that fo(x) is analytic in the disc | # | = R,.
For every x in this disc, the function

'Ii(i&y_— fol#) _ h(x) + f®) y+ - (357.3)

is a regular analytic function of y in the disc | y | = R,. Hence the modulus
of this function attains its maximum on the circle |y | =R, and we have

F(x, y) —fo(#) [F (%, 9] + |fo(#)] M
y = R, <E

We can therefore apply the above argument to the right-hand side of (357.3)
and find that f,(x) is also a regular analytic function in |» | = R,. Con-
tinuing in this way, we find that all of the f,(x) have this property.

Now it follows from the inequality (209.3), Vol. I, p. 207, that

Ih(x) Y| <M (357.4)

holds for |y | = R,, and if we represent f,(x) by a power series

tx) =2 a,, x*, (357.5)

p=0

then it follows for the same reason that
|“uv xty | < M (357.6)

holds for |%| < R,, |y| < R,. This implies that the double series

o0
2 a5ty (357.7)
=0
converges absolutely and continuously in every closed subregion of the bi-
cylinder, and this proves Hartogs’ theorem in the case of bounded functions.
In fact, if |2| <& R,, |y| <& R,, where 0 < (#%)<1, then
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= M
""-ola“x“y'[ < -(l—m (357.8)

358. Next, we wish to prove that if F(x,y) is defined and has partial
derivatives OF[0x and O0F/0y in a closed bi-cylinder (356.1), then we can
find subregions of this bi-cylinder in which the function is bounded. In par-
ticular, we shall prove that in every neighborhood

ly] <e (358. 1)

of the origin of the y-plane, there are regions G, which are such that for
every y of G, and every x of the disc | » | = R,, the function | F(x,y) |
remains below a finite bound.

To this end, we first assign to every point y of the disc |y | = R, the
maximum u(y) of | F(x,y)| on the circle | # |= R,, and we note that
u(y) is finite at every point of (358.1).

We denote by Ny, (=1, 2,...) that part of (358.1) on which u(y) < k.
By Osgood’s theorem (cf. § 193, Vol. I, p. 191), there exists at least one
region G, and a number %, for which N, is everywhere dense in G,. For
otherwise we could find in the disc (358.1) a nested sequence of closed
discs K3, Kz, ... which are such that at every point y of X, the inequality
u(y) = n would hold; but the discs k; all have at least one point y, in com-
mon, and at this point u(y,) = o would have to hold, and this, as we noted
above, is impossible. Therefore there exists at least one disc

|y —a] < o* (358. 2)

contained in (358.1), in which N, is everywhere dense. Then for every y in
Ny, and for every xin | x | = R,, we have | F(x,y) | = ko, and since F(«, y)
is a continuous function of ¥, this inequality is also valid at all points of the
bi-cylinder

2| < R;, |y—a|<g* (|a]+e* <p). (358.3)

Thus the statement made at the beginning of this section has been proved.

Proof of Hartogs’ Theorem in the General Case (§§ 359-361)

359. The decisive steps in the proof are contained in the following lemma
of Hartogs.

Let F(x,v) be a regular analytic function in the bi-cylinder
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|2 S Re, ]3] |50l- (359.1)
Also, let | F(x,y)| < M for

x| = [Rels |yl Il (Il <Iyl). (359.2)

Then F(x,v) is bounded in every bi-cylinder
] <7, |y] <]y, (359.3)

where v is any number < Ry, and | y. | any number between | y, | and | y, |.

To prove this, we again represent F(x,y) by a series

E(x, 9) = fo(%) + h(%) ¥ + fo(%) y* + - (359. 4)

and note that by (359.2), the argument of § 357 can be used to show that the
f/,(%) are analytic functions. We can then determine a number R between
r and R, which is such that none of the (at most denumerably many) zeros
of the functions f,(¥) (v=0, 1, 2, ...) lie on the circle | » | =R.
Everything now depends on obtaining bounds for the functions

11.(%) val =0,1,2,...) (359.5)
in the disc | # | = R. We first have, by (359.2), that

14

Yo
Y1

H#

) 55| < (359.6)

Now denote by P, the set of all arcs of the circle | # | = R on which the
left-hand side of (359.6) exceeds unity. Also, let # be a fixed point on this
circle. Since the right-hand side of (359.4) converges for y =1y,, there is a
number n, for which |£,(x) ¥5| < Mfor all v > n,. This means that for all
sufficiently large values of v, the point x does not belong to the set P, and

hence does not belong to the union Q,= P, + P,,, + ---. The intersection of
all of these open sets Q, , therefore, cannot contain the point x, and since x
was an arbitrary point of the circle | # | = R, the intersection is empty. If m Q,

denotes the Lebesgue measure of Q,, then by a well-known theorem® we have

limmQ,=0

¥ = 00

and hence also

* C. Carathéodory, Vorlesungen iiber reclle Funktionen, 2nd ed. (Chelsea Pub. Co.,
New York 1948), § 265, Theorem 15.
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limm P,= 0. (359.7)
¥y = 00

360. Now we consider the functions

hore'®) = 1| B0 Ly, (s=re?, |2| <R, v=1,2,.), (360.1)

which are harmonic except for a finite number of singularities at the zeros
of f,(x), and by means of the Poisson Integral we construct non-negative
harmonic functions g,(r ¢*%) in the disc | # | < R that are equal to | yo/y: |
on the point-sets P, and that vanish at all the remaining points of the circle
|#|=R. A comparison of (359.6) with (360.1) then yields

gre'®) = h(re'?) (360.2)

everywhere in the disc | # | < R. This is the first application known to the
author of the concept of harmonic measure, which was rediscovered and used
with great success in recent times by R. Nevanlinna. Now we can find bounds
for g,(r ¢%?) as follows: First, we have by § 157, Vol. I, p. 153, that

gfré?) = g,0) 217, (360.3)

and second, we have

a0 =1 2| 52

2, (360.4)

whence it follows by (359.7) that the sequence of g,(x) converges to zero
uniformly in the disc | # | = . Thus for any given ¢ > 0, we have by (359.1)
that for all sufficiently large v, and for all x in | x | =7,

f,(x)

+ Iy <e
holds, so that

({*z)\ <M.

Finally, we can assign to every & a positive number M, which is such that for
all v=l,2,.. ’

£(%) (—:'})l <M, (360.5)

holds true. The lemma of Hartogs then follows from the fact that for every
¥z with | 2| < | 3|, we can determine & from the equation
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Yo

lyal = | 221 (360.6)

361. We now combine Hartogs’ lemma with the result of § 358 and con-
clude from this that F(z, y) is bounded in the bi-cylinder

|x| =7<R,, |y—a|<R,—2]|al, (361.1)
and hence also in the bi-cylinder
|| =7 |y| =R, —3]a]. (361.2)

But we had | e | < ¢, and ¢ was any positive number of our choice. There-
fore F(x,y) must actually be bounded in every closed bi-cylinder that lies
in|x| <R. |3| <R,. Together with the result of § 357, this finally yields
Hartogs’ theorem, which we state once more, as follows:

If the complex function F (x,y) is defined and has partial derivatives 0F[0x
and 0F |0y everywhere in the bi-cylinder | x| < Ry, |y | < Ry, then it can
be represented by a double series

F(x,y) = Zoa”, xky” (361.3)

wy=

that converges absolutely and continuously everywhere in the bi-cylinder.

Properties of the Function F(x,y) (§§ 362-363)

362. From the representation of the function F(x,y) as a double series
it follows immediately that F(x,y) is continuous as a function of its two
variables, and it follows also that all of its partial derivatives of all orders
exist. We see that each of the various partial derivatives is itself a regular
analytic function and that all of the well-known formulas of the differential
calculus, such as, for example,

03F 0%F
= (362.1)

are valid here. Also, if ¥ = @(u,v) and y=1vy(u,v) are two regular ana-
lytic functions, then

D(u, v) = F(p(u, v), p(u, v)) (362. 2)
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is itself a regular analytic function of (u,v), and the following relation (as
well as various others like it) holds true:

w2 _ oF o OF Oy
= 0% "0u T 0y ou’ (362.3)

Moreover, by § 130, Vol. I, p. 128, we have

1 [FE9) F(g,n)
F(x, ) = 7w | 5o dt = ”,// ) gt dy. (362.4)

Yz Yy

363. The theory of normal families can likewise be applied to functions of
two complex variables. The developments of §§ 174-181, Vol. I, pp. 173 ff.,
involving the concept of continuous convergence, apply to point functions
generally and can therefore be applied immediately to functions of two variables.

Let us now consider a sequence { F,(x,y) } of uniformly bounded analytic
functions defined in the bi-cylinder

|#] < Rg, |y < Ry. (363. 1)

Given &€ > 0, we can assign to every point (%o, %Y,) of this bi-cylinder a
neighborhood

|#— %] <6, |y—y <8 (363. 2)

in such a way that for all #n and for every fixed y in | y — ¥, | < 8, the func-
tions F,(x,y) have an oscillation in the disc | ¥ — x, | < 6 that .does not
exceed ¢; this follows from Schwarz’s Lemma. Since a similar statement
holds with x and v interchanged, it follows that for any two points of (363.2),
the inequality

|Fa(x', ') — Fo(x", v")| < 26 (363. 3)

holds. Therefore the limiting oscillation of the sequence { F,(x, y)} vanishes
at every point of (363.1), which implies that there exist subsequences that
converge continuously in (363.1). The limit function F(x,y) of such a
subsequence is of course analytic, since it represents, for fixed values of y
(or #), an analytic function of » (or of y, respectively).

Analytic Functions of More Than Two Variables (§§ 364-365)

364. The proof of Hartogs’ theorem in §§ 357-361 can be extended to
functions of more than two variables by means of mathematical induction ; this
yields the following theorem:
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If the function
F(zy, ..., 2y) (364.1)
is defined in the poly-cylinder
|7| S Ry, |z| S Ry .., |2 SR, (364. 2)
and has partial derivatives OF [0z, in this poly-cylinder, then the function can

be represented at every interior point of (364.2) by an absolutely and con-
tinuously convergent multiple power series

[

a 20 2t (364. 3)

Vi... ¥y
Vi oo, =0

A function of this kind is called o regular analytic function.

We shall sketch the proof of this theorem for n==3. Thus, let there be
given a function

E(x,vy,2), (364. 4)
defined in the tri-cylinder

|5 < R., 3] S R, |4 S R, (364. 5)

and having the derivatives
OF  OF  OF
ox°’' 0y’ 0z

in this tri-cylinder. By the theorem for two variables, we can expand the
function (364.4) at every point x of the disc | # | = R, into a series

2 fa® v 2 (364.6)
wy=0
If in the tri-cylinder (364.5) we have
|F(x,y,2)| < M,

then we can prove, just as in § 357 above, that all of the f,,(%) must be regular
analytic functions and that the expansion

F(% 9, 2) 2 a“,,x y 2 (364.7)

Ayv-
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has all of the required properties. We now assign to every point (¥, 2) of the
bi-cylinder |y| < R,, |z| <R, th maximum p*(y,z) of |F(#,y,2)| on
the circle | # | = R,. Using the fact that u*(y, #) assumes only finite values,
we can show as in § 358 above, with the aid of Osgood’s theorem, that in every
neighborhood of a point of (364.5) there exist six-dimensional subregions in
which F(x, ¥, 2) is bounded.

365. The lemma of Hartogs (cf. § 359 above) can be extended just as
easily. To this end we note first that we may assume, without loss of generality,
that Ry = R, in (364.5). Then if 9, and 7, < 7, are two positive numbers
less than R, (and K,), we shall assume that F(x,y,2) is analytic in the
tri-cylinder

[#| = Ray [y] =00 |2] S0 (365. 1)
and bounded in the tri-cyliﬁder

With this as a basis, we can prove that in the representation (364.6) all of
the f,,(#) are analytic, and we then choose a number R < R, which is such
that on the circle | # | =R, all of the f,,(#) are different from zero. This
entails that the following relation holds at every point of the disc |x | = R:

)

75 ,'7;4+v

< (.g:.)“”, (365. 3)

Now if P,, denotes the set of all those arcs of | # | = R on which the left-hand
side of (365.3) exceeds unity, it follows as in § 359 above that for any given
€ > 0 there are at most finitely many P,, for which

mP,,>e¢ (365. 4)
holds. :
For all u,v, we now form the harmonic functions
; 1 tare'®)
hy(re % = e l “M + I, (365.5)

and we assign to these by means of the Poisson Integral the functions
Bulr €9) Z b, r € (365.6)

that have the value lyo/x: on the point sets P,, and vanish at all other points
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of | # | = R. Then in every disc | # | < r (r < R), we have (cf. § 360) that
gpn(x) §~ €,

provided we take u + v sufficiently large. The remainder of the proof follows
the lines of §§ 360-361.

Some Theorems on Differential Equations (§§ 366-368)

366. Frequently an analytic function w==f(2) is defined as being a solu-
tion of a differential equation of the form

2~ Fz,w). (366.1)

We shall make the assumptions
F(z,w) regularin {z| S2R, |w|=<2R, (366. 2)
|F(z,w)| <M in |z|<2R, |w|<2R (366. 3)

and we shall prove that under these assumptions, equation (366.1) has a
uniquely determined solution

w = f(z,a) with f(0,a)=a (366. 4)

that depends on the parameter a. Here f(z,a) denotes a regular analytic
function of two complex variables that is defined in a bi-cylinder

2| =7, |a] =R. (366. 5)

To prove our statement, we begin by considering any analytic function
@ (2, a) of two variables that is defined in a bi-cylinder

|2l =7»<2R, |a| R (366. 6)
and satisfies the condition

lpz, a)] <2 R (366. 7)

in this bi-cylinder. Then F(z,¢(2,a)) is a regular analytic function of z
and ¢ in the bi-cylinder (366.6) and satisfies the condition

|Fla, ple, )| < M
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in the bi-cylinder, We shall now investigate the function
z
y(z,a)=a +/F(z, ®(z, a)) dz. (366. 8)
0

At every point of the bi-cylinder (366.6), the function (366.8) is regular and
satisfies the inequality

vz a)| Slal+ Mr =R+ Mr.
Now if we set

(366.9)

then we have

so that y(z, a) satisfies all of the conditions that we imposed on ¢(z,a).
Now we set, successively,

I, @) = @, fap(z @) =a+ / F(z, fa(2, a)) dz (n=0,1,2,..) (366.10)
0

and we note that with » determined by (3€6.9), all of the functions f,(2) are
regular in the closed bi-cylinder (366.6) and that

Ihea <2 (=012, (366.11)

holds in (366.6).

The sequence of functions (366.11) is normal. We shall prove that in a
certain neighborhood of the origin (2, 2)==(0, 0), the functions f,(2, ) con-
verge continuously to a limit function f(z, a).

367. To prove the last statement, we define by means of -

F(z, w) ~ F(x,&l

for
v, w * W,

Y(z, w, wy) = 67,1
367.1

for w=uw,

Wiz, w, w)) = o Fla, )

w=w,

a function of three complex variables that is seen to be defined and regular
in the tri-cylinder

|zl <2R, |w|<2R, |w|<2R
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Therefore ¥{z,w, w,) is bounded in every smaller closed tri-cylinder, so
that for, say,

el =7, ol =3F, jue s 2R (367.2)
we can write
|P(z, w, wg)| =< N. (367. 3)

But by (367.1), the identity

F(Z» fn(z» a)) - F(z’ fn—-l(z: a))

367.4
W foles @) Faa5, @) - s ) — faalt®) | OO

holds not only at the points of the bi-cylinder (366.3) at which

/.,,(2, a) * fn—-l(zr a)
but also at those where

fn(z’ a) = fn—l(z- a)-

We obtain therefore from equations (366.10) that

z

foa(2, @) — fa(z, a) ::/.FI’(z, fal2,4), fa-1(2,4)) - (fa(2, @) — fu_a(2,a)) dz. (367.5)
0

Now we set
Up = MAX |[o(2, @) — fo(z, a)| for |z| <7, |a| SR, (367.6)

and we select 7 in such a way that all of the relations (366.11) hold. Then by
(367.3) we also have
IW(Z: fn(z: a)t fﬂ—l(z' d))' § Nn
and from (367.5) we obtain
|/ﬂ+l(z' a) - fn(z: a)| é N oy,
so that
Uy = Nra,

holds. We now place an additional restriction on the size of » by setting

. R
r=min(2R, 537, 757); (367.7)

whence we obtain
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a o
Uppy S 'E'L = 2% ¢

Hence in the bi-cylinder of (367.6), with » further restricted by (367.7),
the limit function

f(z, a) = lim f,(z, a)

” =00

exists, and the convergence is uniform. The last fact, incidentally, not only
follows from the general theory but can also be gleaned directly from our
formulas, since we can write

I/n(z’ a) - f(Z, a)l g Ifn - fn+ll + Ifm-l - /n+2| + oo é 2“n+1' (367' 8)

Finally, to establish the fact that the function f(2z, @) just obtained is a solu-
tion of the differential equation (366.1), we need only observe that

foie,@) = a + [Flaf(2,a) ds + [P0 fule,a), Hea) - (halz,0) — (e, a) da,
0 0

and that the modulus of the last term on the right-hand side goes to zero
as n increases.

368. The function w == f(2, a) that we have constructed above is the only
function of z and the parameter a which satisfies both the differential equation
(366.1) and the boundary condition f(0,a)==a. To prove this, let g(z, a)
be another function that depends on the parameter ¢ and for which

%

glz,a) = a+ / F(z, g(z, @)) dz (368.1)

holds ; we do not even have to assume that g(z,a) is an analytic function of
two variables, but merely that for every value of a from the disc |a | < R,
the function g(z, a) is a regular function of | 2| in some disc |z | < . In
any case, it then follows that

1z, ) — gls, &) = [ ¥(a. 12, 0), g(z, @) - /2 @) — gla, @) ds. (368.2)

For any fixed value of g, let us now denote the maximum of | f(z, @) — g(z, a) |
in the disc | 2 | = o by w(g). This first implies, by (368.2), that
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(2, 8) — g(z,a)| < N o (o),

and hence also that

0 =< w(g) < N g w(p).

Thus if g is selected in such a way that Ng¢ < 1 holds, w(¢) must vanish.

Systems of Differential Equations (§ 369)

369. The existence and uniqueness proofs, given in §§ 366-368, for the
differential equation (366.1) with a boundary condition (366.4), carry over
without any but obvious modifications to systems of first-order differential
equations. The statement of the corresponding theorem is as follows:

If the functions
Filz; 0y, wy, ..., w,) (k==1,...,m) (369.1)

are regular analytic functions in the poly-cylinder

|z2| <R,, |w,| <R, (v=1,...,n) (369.2)
and if the point

z=2y, W, = Q, (v=1,...,n) (369.3)

lies in (the interior of) the region (369.2), then there exist a neighborhood
| 2—20 | <7 of 2y and n functions f,(z) (v=1, ..., n) regular in this neigh-
borhood that satisfy the following relations (where we set wi= fi(2),
k=1,...,n):

1420 = Q, (369. 4)

and

B~ gy, o) (h=1,..,m). (369.5)
The functions f,(z) are determined uniquely by the two conditions (369.4)
and (369.5).

The theorem and its proof can be extended to the case that the functions
(369.1) also depend on p parameters A,,...,4, and are analytic in a poly-
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cylinder of the space of the variables (z; wy, ..., wn; 44, ..., 4,). It can be
proved that in this case the solutions f,(z; a,,..., 4,5 4;, ..., 4,) are analytic
functions of @l n + p + 1 variables 2, a;, 4;. This can be done, for instance,
by showing that the approximating functions that occur in the course of the
proof are themselves analytic and bounded in the n + p + 1 variables and
therefore constitute a normal family.

As is well known, differential equations of higher orders, or systems of
such equations, can be reduced to systems of first-order differential equations
by the introduction of new variables, and to the latter systems the above results
can be applied.



CHAPTER TWO
CONFORMAL MAPPING OF CIRCULAR-ARC TRIANGLES
The Schwarzian Derivative (8§ 370-374)

370. The aim of this chapter is the study of the mapping of arbitrary
circular-arc triangles (i.e. regions whose frontier consists of three arcs of
circles). We shall develop analytic expressions for the mapping functions,
expressions that can also be used for the numerical calculation of these func-
tions. What we shall present here is one of the most complete branches of
analysis, to which many of the most outstanding mathematicians of the 19th
century have contributed.

By the Riemann Mapping Theorem (cf. § 323), every circular-arc triangle
can be mapped conformally onto the interior of a circle or onto a half-plane.
We shall norm the mapping function

u=u(z) (370.1)

in such a way that the three vertices of the triangle are the images of the
three points 2=0, 1, and «. By a proper choice of the order of these vertices,
we can also arrange for the interior of the triangle to correspond to the half-
plane Jz > 0. Now the Moebius transformation
au+b

transforms #(z) into w(z), where w(z2) also maps the half-plane J(z) > 0
onto either the interior or the exterior of a circular-arc triangle. The vertices
of this new triangle are at the points w(0), w(1), and w(« ), and these three
points can be made to coincide with any three pre-assigned points of the
w-plane by a suitable choice of the coefficients in (370.2). We know from
§§70-72, Vol. I, pp. 59 ff., that the shape of a circular-arc triangle is uniquely
determined by its angles, which we shall always denote in the sequel by
aA, au, and aw. Besides ordinary circular-arc triangles with non-zero angles
we shall also study those having one or more cusps; however, we shall not
consider triangles with re-entrant corners, although the theory can be extended
to that type as well. Thus 4, u, v will be subject to the conditions

0= (A uv<1. (370.3)

129
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H. A. Schwarz proposed and solved the problem of finding a relation among

the functions u, w, and their derivatives that is independent of the coefficients

a, b, ¢, d and hence independent of the position of the circular-arc triangle in

the plane. The calculations that lead to a solution of this problem are as follows.
From (370.2) we obtain by successive differentiations that

w = a‘_"i_“bc ’ —d~l '—il ’ 2cu
Tewrar Y @'Y T T

or, setting

a ,

Clw-U (370.5

"= +9)
that

2cu’
W=U- 25t (370. 6)

Another differentiation yields

2cu” 2c2u?
! 4 —— e e —— — - ———
U"W“ou+d (cu+d?’

Now u” =u’U, and by (370.6) we also have

cu 1
cuza — 2 WU=W).
We finally obtain
' ’ 1 1 1
U-W=UU~-W) = (U~W)= U= W2

This result may also be written as follows:

2 2 2 2
%le’——zl--(;z—lw’)=£;lu’—-§«(§;lu’). (370.7)
The two sides of this relation represent a differential invariant that is inde-
pendent of the coefficients a, b, ¢, d, that is, invariant under the transforma-
tions (370.2). The left-hand side of (370.7) is called the Schwarzian derivative
of w with respect to z, and following Cayley (1821-1895), it is usually denoted
by the symbol {w, 2} ; thus

{w,2) = 2 3w (370.8)
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371. If we substitute the mapping function w(2) of a circular-arc triangle
ABC into the formula for the Schwarzian derivative, we obtain a function

{w,z} = F(z). (371.1)

Schwarz calculated this function F(z) explicitly, and this is what we shall
now proceed to do.

To begin with, w(z) is regular at every point 2, of J(2) > 0 and satisfies
w’(20) %= 0, so that by (371.1), F(2) is likewise regular at z,. By the Schwarz

BI
C
4
B
A
o’
Fig. 77

Reflection Principle, F(2) is regular on the real axis of the z-plane, except
at the points z =0 and z==1 which correspond to two of the vertices of the
triangle. The reflections (inversions) of the circular-arc triangle ABC in its
three sides yield three new triangles A"CB, B’AC and C"BA (see Fig. 77
above). Since any two of these new triangles can be mapped onto each other
by means of two successive reflections in circles, they are also the images of
each other under a Moebius transformation (cf. § 51, Vol. 1, p. 41). The
mapping functions of the new triangles (i.e. the functions that map a half-
plane of the z-plane onto these triangles) are obtained by analytic continuation
of the function w(z) across the segment O < » < 1 and across the rays
1 < x and »# < 0, respectively. In this way, we obtain three functions which
when substituted in (371.1) always yield the same function F(z). Thus F(z2)
is a single-valued analytic function that has no singularities except possibly
at z=0 and z=1.

372. We now wish to determine the expansion of F(z) at 2==0, and to
this end we first assume that the angle n4 is > 0. We then use a Moebius
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transformation to map the vertex A4 of the triangle onto the origin and to map
the sides 4B and 4C onto two straight-line segments the first of which lies
on the real axis. This done, the mapping

1
v = w? (372.1)
c
o) /\
A B 6‘, /7/ B 7
w-plane v-plane
Fig. 78 Fig. 79

transforms Fig. 78 into Fig. 79; in the latter figure, the boundary in the
neighborhood of v ==0 (i.e. near the point 4,) coincides with a segment of
the real aixs of the v-plane. It follows that

1

wii:w-Alz-kAzzz—F“w A+ 0
so that
w=2ag+ a2+ ), ag + 0 (372.2)
and
w =2y + bzt ), by + 0, (372.3)

where the power series on the right-hand sides have a non-zero radius of
convergence.

If the triangle ABC has a cusp at A4, that is, if A=0, then we can map
the point 4 onto the point at infinity by means of a suitable Moebius trans-
formation that also takes the two sides 4B and AC into two parallel rays
whose distance from each other is #, and we can even arrange for one of these
rays to be a part of the real axis of the v-plane. Hence we can write in this case

¢ = Crz+ Coz+ -, C;+0
and
s 1 G+ 2Cz+ -

T Clz-kff,'}T-TT-':z"l (bo+byz+ ), bo*0. (372.4)
We see that equation (372.4) has the same form as equation (372.3) if we
set A==0 in the latter (but the numbers b; are of course not the same in the

two equations).
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373. We therefore have in both cases that

¢ oAl

A= gt cyzt (373.1)
2 Jw = 1=* L 2 regular function (373.2)
dz? T g ’ ’

1 /ad 2 1—
T2 (EE lw) == (“g“ﬁ‘ + 6o —;~~ + a regular function. (373. 3)
This yields

F(s) = {w, 2} = '{;r + h‘ + a regular function. (373.4)

An entirely analogous procedure shows that in a neighborhood of z==1 the
expansion of F(z) has the following form:

1 —pu? h
F(z) = 5 (1—'—:”}55 + -lv_’; + a regular function. (373.5)

Finally, to investigate the behavior of F(z) in the neighborhood of z= o,
we first note that if we set 2==1/¢, then in the neighborhood of t =0 we
have, by (373.4),

. N = 1 —p? hﬂ 1 .
{w, } =—yp t -, + aregular function. (373.6)

Now in passing from z to ¢, we have

—%(-;;lw’)zz g (l———)— tf*%(l%)«za

Hence we have
F(z) = {w, z} = t* {w, t} (373.7)

and a comparison with (373.6) yields

F@) =70+ 5+ £ 9(5). (373.8)

24 28 z
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Therefore the expression

1—-A2 hl 1-— ”2 h
F@&) = — 5 ~za—s ~ 123 (373.9)
is regular in the entire plane and converges to zero as z goes to «. Hence by
Liouville’s theorem (cf. § 167, Vol. I, p. 165), the expression (373.9) must

vanish identically, so that

Flo =+ B Tl (373.10)
It also follows from (373.8) that
limzF(z) =0, limz2F) = 17", (373.11)
1=o0 1=o0
and this together with (373.10) yields the relations
hy=hy,
T Bt (7312
the latter because of
‘} + r_lfz = .761:7-
We have thus obtained the following final result:
)= 150+ ot + e (373.13)

374. The result expressed by (373.13) is due to Schwarz and may be
stated as follows:

Let the half-plane Je > 0 be mapped conformally onto an arbitrary
circular-arc triangle whose angles at its vertices A, B, and C are ni, ap,
and nv, and let the vertices A, B, C be the images of the points 2z=20, 1, oo,
respectively. Then the mapping function w(2) must be a solution of the
third-order differential equation

w w' __3wug 122 1___,‘1 1__)"_”’+v
{w. 2} = =7a TIa—a ra—a - B4
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If wo(2) is any solution of (374.1) that satisfies w,’(2) &= 0 at all interior
points of the half-plane, then by § 370 above, the function

b
w(z) = g%((:)’.% @d—bc+0) (374.2)

is likewise a solution of (374.1). It follows from this that every solution of
the differential equation (374.1) that is regular and non-constant in the half-
plane Xz > 0 represents a mapping of this half-plane onto a circular-arc
triangle with angles al, au, and nv.

The last two results together yield a theorem that we had already obtained
in Chap. 3, Part I, Vol. I, to the effect that from any given circular-arc triangle
with angles nl, au, and nv, we can obtain all other circular-arc triangles
having the same angles by means of Moebius transformations. We have thus
reduced the conformal mapping of circular-arc triangles to a problem of pure
analysis ; what remains to be done now is to actually carry out the integration
(i.e. the solution) of the differential equation (374.1).

Reduction to the Hypergeometric Differential Equation (§§ 375-377)

375. We begin with the following observation: Every solution of a second-
order linear homogeneous differential equation

W+ pR)w +qz)u=0 (375. 1)

can be represented as a linear combination of two particular solutions u,(2)
and u,(2). For example, if 2, is any point of the z-plane at which p(2) and
q(2) are regular, we can select u,(z) and u,(2) as those solutions that satisfy
at z, the initial conditions u,(2,) = 1, #1(z) = 0, and uy(zy) = 0, uy(z,) = 1,
respectively. Then every solution of (375.1) can be written in the form

w(2) = a uy(2) + b uy(2), (a=u(z), b=1u'(z) (375 2)

where a and b are finite constants.
Now it so happens that the Schwarzian derivative of the quotient

LG L (375.3)

cuy+ d g

can be expressed in terms of the coefficients p(2) and g(z). For if we set
v == u,/u,, then we find that
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’ ’
r_ WUy — U Uy

Vv =
2 »
Ui
’ ’
AN Sl Y S
dz Uy Up — Uy U] u’

and since

it follows that

%lv’z —1:—2{‘-,
V=t 2t g2
. (.:z-.»lv')’= -2 _2p :f ~2 ’;‘;.
Therefore we finally have
va=2¢—p 2. (375.4)

376. Now if we determine the coefficients p and ¢ in (375.1) in such a
way that

, pﬂ . 1__-}:2_ 1__”2 L_12_”2+ 1,2
29—t == a toatg Y Taaay o G160

then the quotient w of two arbitrary solutions of (375.1) yields the general
solution of the differential equation (374.1). If we set, for instance,

b

a
15':7‘{‘?:;, (376.2)
where a and b are arbitrary, then we must have
_1—-1"_-2g4a? 1—p?+2b+02  1—-A2—u?+92+2ab
29= BV 2(l—2% T 22(1=) - (376.3)

The expression for g is simplified if we choose a =1—~4, —p=1 — w ; for
we find that in this case,

_1-3 l—p  1—A—2Q2—A—p)

p= r  1—z g(l—2) T
_ = A—p+v(1—-A—pu—y)

7= Ti(l—2) :

(376. 4)
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For this choice of p and ¢, equation (375.1) reduces to the celebrated hyper-
geometric differential equation

s(l—2u +y—(e+p+1) 2w —afu=0, (376.5)

the study of which even goes back to Euler and Gauss. To make the two
equations identical (with the choice (376.4)), we must also make the follow-
ing identifications:

A=1—y, u=y—e—8 r=a—p (376. 6)
and hence

°‘=‘;lz“ (I—4—u+9), ﬂ=—§- l—A—p-—», y=1-41.(376.7)
We also note that

y—B=73(1—A+u+9 (376. 8)

The hypergeometric equation (376.5) has the property of being transformed
into an equation of the same form if the independent variable 2 is replaced
by 1—+4 or by 1/{; this expresses certain symmetry properties of the three
points 0, 1, and o, which were to be foreseen from the method which we
chose for deriving the differential equation (376.5).

377. The point 2= 0 is a singular point of the hypergeometric differential
equation, and the existence theorem of § 369 therefore does not apply in the
neighborhood of this point. However, we can verify by a direct method that
(376.5) has one and only one solution that is regular in the neighborhood
of z=0 and is represented by a series of the form

w=1l4cz4c22+ - +¢,2"+ -, (377.1)
For if we form the series for 4’ and #”" on the basis of (377.1) and substitute

them (as well as (377.1)) formally into (376.5), then the coefficient of 2
in the expansion of the left-hand side of (376.5) becomes

v+ ve,,,—v@r—1ec,+y@+1c,, — (e+B+1)ve,—~ap

> (377.2)
=@+ P+, — @ty (B+)e,.

This coefficient vanishes for v==0,1, 2, ... if and only if we set
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cl=—‘;—é'

o SEED60Y

2 1:2-y(p+1) (377.3)
e 2t @ty —1)BBF+1) - (B+v—1)

v 12 v ypp+l) o prr—1) .

The series (377.1) satisfies our differential equation formally; it is known
as Gauss’s hypergeometric series

Ca) «f af@+1)f(B+1)
FawByid=1+ "2+ o oo 2+ (3774
This series makes sense only if y ==0,—1,—2,.-.. It reduces to a poly-

nomial if either a or § equals a negative integer. In all other cases we have

2 (e +v) (B+w i Gyt

ol 1 Tt (377.9)
so that we see by § 207, Vol. I, p. 204 that the radius of convergence of the
series is equal to unity. Thus we see that our formal operations were justified,
and we have the following theorem:

In all but the exceptional cases listed above, Gauss’s hypergeometric series
(377.4) is a solution of the differential equation (376.5), and it is the only
solution that is regular at the point z=0 and assumes the value unity at
this point.

The Hypergeometric Series (§§ 378-380)

378. In the problem that led us to the hypergeometric equation—the
problem of determining the mapping functions of circular-arc triangles—the
numbers y, u, v are real and satisfy 0 < (4, u,7) <1. Hence by relations
(376.7) and (376.8), it will suffice to consider values of a, 8, ¥ from the
intervals

-1<as1, -1<8=s1, 0<y<1 (378.1)

and for which, also, y — > 0.
These restrictions enable us to find a very simple estimate of the remainder
of the hypergeometric series and to give a bound for the error that is sufficiently
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ractical to serve for numerical calculations. We need merely observe that,
by (378.1), the coefficients ¢, all have the same sign and decrease mono-
tonically as v increases, because

b1 _ 2+ B+
0<_c,.-_l+v mgl. (378.2)
Hence if we set
R=c¢, 2" e, o2 24, (378. 3)
we obtain the estimate
Cppq 21
lR,[ < —1‘“—':;— (378. 4)

379. In the case u =y —a — > 0, the series for F(a, 8, y; 2) con-
verges also for z=1 and therefore converges everywhere on its circle of
convergence. We wish to derive a bound for

Rv=cv*l+cv+2+ e (379’ 1)

in this case too. To this end, we shail need a sequence of positive numbers
ct, ¢}, ... whose sum is convergent and that have the property that for v > v,,

Sr1 < SO S < b
ey Tyt ey T
holds. Then if we set
* __
RY¥=ct +chot (379.2)

and choose v > v, it follows that

‘vazlcv+l+cv+2+"'l =

Razsy Cvee
CH—I o + 642 ‘:+l'+”.
(379.3)
fva

=

R* <

y =

R*,

v

Sntr
c*

Cs1 Yo+l

For the terms ¢} of the comparison series, the numbers

1
o= e (379.4)

with ¢ > 0, will do. To verify that they have the required property, we must
show that

atv B+ yite
1+v y+v“(l+v)‘+0'
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that is, that

(1+5) st (379.5)

holds. Thus we must choose ¢ > 0 in such a way that

el(1+7) gz(1+~%>_,(1+%)~,(1+_g;)

holds, But by relation (253.2), Vol. 1, p. 262, we know that
1
ol (1+ <4

and* l(l'}"y_)“l(l“'"%)~l(1+£)>u‘:é_2y:r

v v v

Therefore it suffices to take
7,2
es=(y-a—fh-3,. (379.6)

If this inequality holds for a certain value of v, then it also holds true for all
larger values of v. Now we have assumed at the beginning of this section
that ¥ —a — 8> 0; hence if we select an integer v, for which

.},2
7 2y—a=h

=

v, v+ 1, v+ 2, ..., the relation (379.6) holds. Hence by (258.4), Vol. I,
p. 268, we have

and if » > %y, then we can determine a positive ¢ in such a way that for

o0

1 1
R* =p Z’ﬂ e < o (379.7)
and by (379.3),
Cyo+1 __1_
|R,| = e (379.8)
This implies that
lim R, = 0. (379.9)

Thus we have proved the convergence of the series

! Note that the second inequality also holds for negative values of a and g, since we

always have I(l + i) = d .
» »
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Fla,B,7;2) =1+ ciz+cgz%+ -

for |z|=1, and we have at the same time obtained an estimate for the
remainder on |z |=1.

380. Let us take a closer look at the estimate (379.8) of the remainder R,.
We note first that we can replace v, by v in (379.8). Second, we can use the
gamma function to express ¢,, by (377.3), in the form

_ Lty Ig+y IO Ty
v I'(a) reg I'l+v) I'(y+v) (380.1)

Now we use Stirling’s Formula (276.14), Vol. I, p. 293, to get bounds for
the quantities in (380.1) that depend on v, and we thus obtain

- re 1
“= rar ivveeee b (380.2)
with lim E,= 1. (380.3)

This finally yields

6, R B O R D
s | | T@I(P) 7| yr-=-A-e”

(380. 4)

By using more terms of Stirlings’ series (cf. § 277, Vol. I, p. 293), we could
of course secure still better bounds.

Calculation of F(a, g,v;1) (§ 381)

381. Two hypergeometric series F(a, f, y; 2) and F(a', §/, y’; z) are said
to represent two contiguous functions (according to Gauss) if any two of the
parameters of one function (for example, @ and f§) agree with the corres-
ponding parameters (in the example, o’ and ', respectively) of the other
function, and if their third parameters (in the example, y and y’) differ by
+ 1. Gauss proved that a hypergeometric function F always enters with"
any two of its contiguous functions F, and F_, into identities of the form

(A+Bz)F+ (C+D2z)F_,+ (E+Gz) F,=0. (381. 1)

Since a hypergeometric function F always has six contiguous functions, it
follows that F enters altogether into (6+5)/2==15 relations of the form
(381.1). For example, if we set
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=Fa, p,y;2), F,=F@.py—1;2) and, Fi=F(a,B,y+1;2)

and once more use ¢, to denote the coefficient of 2” in the expansion of F,
then we can list as follows the coefficient of z° in the expansion of

. __vykr—=1
2F: Pa+vr—1) (B+v—1)
Fr—1

F_,: c”yy:f
2F .- P y+yv—1 = vy+v—2)

-1 Yoy —1 @+v—1)(F+v—1)

Feooo .t

Y+

2 F,: . rlyta)

Yy ey v =1) Brr=1)

The coefficient of ,2” in the expansion of the left-hand side of (381.1) is then
equal to the product of ¢,/[(x + v — 1) (B + » ~ 1)]and a third-degree poly-
nomial in v, and we can determine the numbers 4, B, C, ..., G in such a
way that the second factor vanishes for all values of v. In this way we obtain

yly-1-QRy-a-f-1)2QF -y -1){1-2F.

(381.2)
+tly—a)y—fFzF =0
Under the assumption y — a — f > 1, the three numbers
Flwf,7:1), Flo By +1;1), FaBy—1;1) (381. 3)
are finite, and for 2==1 relation (381.2) takes on the form
Fapyit) _ y—lp—8 (381. 4)

Fafy+1L1) ~ ylr—e—p
But this identity continues to hold true whenever
y—a—fg2>0,

because the third of the three numbe s (381.3) does not occur in (381.4).
If we replace the parameter y in (38 .4) successively by

y+1Ly+2 ..., y+n
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and multiply the resulting equations term by term, we are led to the relation

_Feu Byl |
Fo, By +n+1;1)
by (381.5)
=) r—x+l) .. y—atn  y—f ... y—f+n !
yy+1) ... (y+mn (y—a—pf ...y —a—B+n)"

With the notation of § 271, Vol. I, p. 286, specifically (271.3), we can rewrite
(381.5) in the form

FaByil)  _ Tyy) ITnly—a—§)

FaByen il Ty—u Ly —p) (81.9)
Noting that
imF(e, B,y +n;1) =1
holds, we finally obtain
)= LTy —x—f)
Fabvi)= 5o =aro—p - (381.7)

All of the above calculations are due to Gauss.

Kummer’s Differential Equation (§§ 382-383)

382. A given circular-arc triangle with angles w4, 7 u, # » can always be
mapped by means of a Moebius transformation onto another such triangle
that has the vertex 4 at w=="0 and whose sides 4B and AC are straight-line
segments, 4B being, moreover, a segment of the positive real axis. By means
of a different Moebius transformation, we could instead make the vertex B
coincide with the origin, arrange for the sides BC and B A4 to be straight-line
segments, and have B C lying along the positive real axis.

In the first case, the mapping function in the neighborhood of 2 =0 must
be of the form

w = z% B, (2), (382.1)

and in the second case, of the form

w= (- z)';' By (1 — 2). (382.2)
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On the other hand, we have seen that w is always equal to the ratio u,/u, of
two solutions of the hypergeometric equation

(l—2u'+y—(@+p+1)z]w —afu=0. (382.3)
The above suggests that we try
u =2 (1~ 2) P(z) (382.4)

as a solution of (382.3), where p and g are any two constants and P(2) is a
suitable new function. The expression (382.4), as a possible solution of
(382.3), was first tried out by E. E. Kummer (1810-1893). Kummer did
not, however, introduce it in connection with conformal mapping, in fact, he
was interested in real values of z only. He showed that the singularities of
the solutions of (382.3) can be completely determined by setting up the solu-
tions in the form (382.4), and that the general solution of the differential
equation can then be determined by elementary calculations.

To begin with, if u is to be a solution of (382.3), then by formally substi-
tuting the right-hand side of (382.4) into (382.3) we see that P(z) must
satisfy a differential equation of the form

(-8 fa(l—2) (A~ B2) G+ LA+ Mz+N) P=0. (382.5)

Here the coefficients 4, B, L, M, N, and the quantity S=L + M + N are
constants which are related to p, q, a, 8, and y by the equations

A=2p+y
B=2p+2q+a+p+1
L=(p+g+a)(p+q+h) , (382.6)

N=p@p—-1+y)
S=L+M+N=gq(@g+a+p—7.

Now the connection between the solutions of the differential equation (382.3)
on the one hand and (382.5) on the other hand is as follows. If u is a solution
of (382.3) and if we set

Piz)=2z?(1—-2)"u,
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then P(z) is a solution of (382.5). Conversely, if P(z) is a solution of
(382.5) then the expression in (382.4) represents a solution u of (382.3),
and this holds for all values of p and ¢ provided only that these values satisfy
the equations (382.6). If we set, in particular, p = g==0, then by (382.6),

A=y, B=a+f+1, L=—M=ap, N=0, S=0. (382.7)

In this case, the differential equations (382.3) and (382.5) differ only by the
factor 2(1 —2).

Now let p’, ¢', &', B, ¥’ be any set of constants that satisfy the system
(382.6) when substituted for p, g, @, 8, and p respectively or—what is the
same—that satisfy the equivalent system

p2—(A—-1)p' +N=0
¢*—(B-4-1)q¢+S5S=0
W+gd+a)+@+9g+p)=B-1 (382. 8)
@ +g+e)P +q+B)=L
y=Ad—29p.

Then by what we noted above, the function
¥ (L= )-VFW, .74

is a solution of (382.5), and if we choose the values of 4, B, L, N, § as in
(382.7) above, this function is also a solution of (382.3). Now the system
of equations (382.8) has eight solutions, and these reduce to four solutions
if the order of a and f is considered immaterial ; these four solutions are as
follows:

{0 0 y—1 y—1

g|0]|atp—y Y at+pf—y

o|a| y—f |a+1l—y 1—a
piB| v—a |B+1—y| 1-—P
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We are thus led to the following four solutions of the hypergeometric
differential equation (382.3):

I FlB8y;2)

II A—2*PFly—a,y—§ v 2
I 27Fla+1l~p,f+1~9,2—y;2)
IV 271 -2 PFl—a1-82—7;2).

(382.9)

We see immediately that both I and II can be expanded at 2==0 in power
series whose constant term is unity. Therefore they represent one and the
same solution, the hypergeometric equation having only one solution with
the stated property. And the identity

Fla, B,y;2) = (1= 2 " Fly —a,y = 8,7:2)

shows that III represents the same function as IV.

383. Kummer's differential equation enjoys the property of being trans-
formed into an equation of the same form if the variable z is replaced by the
new variable n == 1-— 2z or by { = 1/z. In fact, the transformed equations are

a:p apP
2 _ 2 — —_ —_—
n*(L—m)? ga + 0 (1~n) (A1~ Bam) 5 (383, 1)

+ (Lyn®*+ Myn+ N) P=0
with 4,=B—- A4, B,=B,L;=L,N,=S5,S, =N, and
a:p apP
£ (1 0 BF L1~ 0) (s By0) BT

+ (L L2+ Myl + Ng) P=0

with 4,=2—- B, By=2— A4, L,=N, N,=1L, S,= S, where we have
again set S, =L, + M;+N,and S, = L, + My + N,.

Now if the quantities p;, ¢, a,, B, ¥, and p,, gs, &, B2, Y2 are solutions
of the systems of equations

PP — (A, —1)p+ N, =0
¢?— (By— A, ~1) g+ S$;=0
P+g+a)+ P+q+p)=8B~1 (383. 3)
B+eg+a)p+g+p)=1,
y=4,-29p

(383.2)
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and
pr— (4, —1)p+N,=0
g2 — (By— Ay —1) g+ S, =0
pt+g+a)+(@P+g+ph=B—1 (383.4)
p+eg+a)p+q+ph =1L,
y=A,—-29,

respectively, then we know that (383.1) and (383.2) have integrals (i.e.
solutions) of the form

7 P (L—n) ®Fla, B,y 1)

CP (1= 0" Flag, Ba 72 ).

If we replace the numbers

4,, By, L,, N, S,
in (383.3) and
A,, By, Ly, N,, S,

in (383.4) by their expressions in terms of 4, B, L, N, and S, and then

substitute for the latter quantities their expressions in terms of p, q, @, 8, ¥

from (382.6), we see that the systems (383.3) and (383.4) can be solved

rationally, and we obtain for instance, as one of the possible solutions,
Pr=9 G1=p au=a b= n=1-(—a—04§

and

br=—p—q—0% ¢=¢ wm=0 fy=1lt+a—y, yy=1+a—4f

We see, therefore, that if the differential equation (382.5) has a solution of
the form z-? (1 — 2)-? F(«, B, y; 2), then the functions

NP (L =) " F(oy, Bryuim) =2 (1 =2 "Fla, e+ +1—y;1-2)
and

(1 =) " Flag, B, v2: {)

=z‘P—a(1—z)“’F(cx,1+a~—‘y, 1+a—6; i)
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are two more solutions of (382.5). The same is true of the hypergeometric
differential equation (382.3), which is a special case of (382.5). Hence we
may apply the transformations

{p.a.0.Bv.2} >{0.p. 081~ (y—a-p).,1-2} (383.5)
and

{6.4.%8,7,7} ->{—p—q—a,q,a,1+a—y, 14+a—f, i} (383.6)

to the integrals of (382.3) and may, in fact, apply them any number of times
in succession, since each application amounts to transforming the differential
equation (382.3) into an equivalent equation.

The Twenty-Four Integrals of Kummer (§ 384)

384. We are led in this way to a large number of new integrals of the
equation (382.3). If we apply (383.5) to the integrals we have already
listed in (382.9), we obtain

V Fla,fa+f+1-y;1-2)
VI 1-2)""*PFy—ay—8y+1l—a—-p;1-2)

VII 2'7Fla+1—y,8+1—y,a+f+1—yp;1—2)
VIII 22771 —2)""*PFl—oa,1—-B,y+1—a—F;1-2).

(384.1)

If we set 1 — 2z =={ and apply the substitution (383.6) to the integrals (384.1),
we find ‘

X (1—~z)‘°‘F(y—ﬂ,°t,¢+ 1—13;1_17)

X (1~z)'”F(y—a,ﬂ.ﬂ+1—“?"1_i7)

o 6842
XI a7 (1= Fla+1-p,1-fat+1-6; 25)

XIT 277 (1= P F(f 41—y, 1 -0 f+ 1 — o 1)

1—=z

Application of (383.5) to (384.2) yields
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XII (1-2*F(y—B.ay:;55)

(384.3)
XV &7 (1= F(at 1=y, 1= 42— 95 ;)

z

XVI 277 (1= P F(f 41—y 1= 2=y 2y).

Finally, two more groups of solutions are obtained by using the transforma-
tions (383.5) and (383.6) once more, applying them this time to (384.3).
It is desirable to multiply the resulting integrals by a constant of modulus unity
so as to make their principal values real for sufficiently large negative real
values of z; in this way we obtain

XVIL (=47 (1= 2" * P Fy— 1= By +1-a—p; “77)

XVIL (=27 (1= Fly o, 1=a,y+1-a—§; * )
. (384.4)
XIX (—z)'“F(aJr1—y,a,1+ot+ﬂ—y;-~—«z:)
XX (—~z)‘”F(,B+1—y,ﬂ,1+a+ﬂ—y;i£—l>
XXI (—z)ﬁ“"(l——z)”'“‘ﬂF(y——ﬂ,l—ﬂ,a-i— 1—;9;%7) }
XXIL (~ 27 (1= P F(y— o 1-a,f+1-a; 1)
(384.5)

XXIIT (— z)‘“F(oc-i— l—y,a,a+1-6; ‘1‘)

z

XXIV (~2) " F(B+1=7.6,B+1—a; 7)-

z

It is easy to verify that Kummer’s method of algebraic transformations (i.e.,
(383.5) and (383.6)) yields no further integrals.

The Fundamental Solutions of the Hypergeometric
Differential Equation (§ 385)

385. The twenty-four integrals of Kummer do not represent as many
different functions. Thus, for example, the integrals I, II, XIII, and XIV
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all have a branch that is regular at z==0 and assumes the value unity at
this point. But we know that (382.3) has no more than one solution with
this property.

AV

Fig. 80

Hence if we take the real branches of the powers (1 — z)*"*# and (1 —z) ~*
and (1 — z)~# on the segment (0, 1), then

Fla,fy;0)=(1—2 * " Fly—o,y = b7 %)
=(1—2)"" F(a, y—B.7: z—}f) (385.1)
= (1 - 2)"’F(ﬁ,7 - y; ,—,:"f)

in the neighborhood of z==0. Therefore these four expressions represent
one and the same function, which we shall denote, for short, by ¢;.

With the aid of (385.1), we can verify that the remaining twenty integrals
can be grouped into five sets of four integrals each, the four integrals in any
given one of the sets having a branch in common. We obtain in this way the
following six functions:

g1 I, I, XII, XIV
P 1, IV, XV, XVI
s vV, VI, XIX, XX (385.2)
i VI, VI, XVII, XVIII
g XXIII, XXI, IX, XI
ge  XXIV, XXII, X, XIL
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For each of the six functions ¢; we have four distinct representations. This
is very useful, since it enables us to select in any situation that representation
which converges the most rapidly under the given circumstances.

We introduce the following notation, which will be helpful to us in writing
down the regions of convergence for the various functions under consideration :
The interiors of the circles | 2| =1 and | 1—z|=1 will be denoted by
Jo and J, respectively ; the exterior regions of the same circles, by 4, and 4,
respectively ; finally, the half-planes Rz < 1/2 and Rz > 1/2 will be denoted
by E, and E, respectively (see Fig. 80 above).

The hypergeometric series that appear in the integrals I-IV converge in J,;
those of V-VIII converge in J;; IX-XII, in 4,; XIII-XVI, in E,; XVII-XX,
in E,; and XXI-XXIV converge in 4,.

As to convergence on their circle of convergence, it takes place for

I, III, XXIII, XXIV, if yp—a—pB>0, ieby (376.6)u>0,
I, Iv, XXI, XXII, if B+a—y>0, iehy (376.6)u<0,
)

v, VI, IX, X, if 1-y>0, ieby (376.6) A>0,
VIL VIII, XI, XII, if 1—y<0, ieby (376.6)4<0,
XIII, XV, XVII, XIX, if B—a>0, iehy (376.6) »<0,
XIV, XVI, XVIII, XX, if «—B>0, ic.ly (376.6)»>0.

Since in our case (that is, in the study of the mapping of circular-arc tri-
angles) the quantities 1, u, v are never negative, we can dispense with the
solutions

I, 1V, XXI, XXII
VII, VIII, X1, XII

XIII, XV, XVII, XIX

because the remaining twelve contain everything we need.

The twelve solutions are listed in Table A below (after § 395). For each
of the six regions Jo, /4, . .., E£,, they yield two integrals of the hypergeometric
differential equation that enable us to construct the general integral (general
solution) for the region in question.

The Exceptional Cases and the Function F*(a, §,7;z)
(§§ 386-388)

386. If one or more of the angles @A, @ u, wv are zero, then certain of
the functions ¢, ..., @ will coincide, and we must therefore look around, in
this case, for new solutions of (376.5).
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Thus, for instance, recalling that our mapping problem requires that
0 < y =1, we see that the functions

@1 =F(a, B,7;2)
and
fo=2""Fla+1l—p,+1—-92-y;2)

are the same in case y =1, that is, in case A= 1—y = 0. To deal with the
case A==0, we set y=1—1 and

P2(A) = ¢:(A) + A 9E(A), (386. 1)

so that g}(4) stands for a function of 2 that is, for every 4 > 0, a solution of
the linear differential equation (376.5), being a linear combination of ¢, and
@. with constant coefficients. We shall prove that

@% = lim @}(4) (386. 2)
A=0

is a solution of equation (376.5) for the special case 4 =0. We have
gi=lim {FF+4f+41+42—Flop1-4;1)
A=0

or, expanding the expression in braces in powers of 4 and then passing to
the limit,

e¥=F(, B, 1;2)lz+ F*(, 8,1, 2), (386. 3)
where F* is defined by

oF 0. oF '
F*a, B,7:2) = 4, + ;,; +2 7,3,‘3, (F =F(a, B,7;2). (386.4)

387. The function F*(a, §, ¥; 2) can be calculated as follows. Since the
partial sums of the power series F(x, 8,;2) = Z¢, 2° are uniformly bounded
in a disc | 8| <7 < 1, they represent for every | 2| < 1, and for any fixed
values of § and p, analytic functions of a; thus we have

O _ 3%, (387.1)
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But by (377.3),

o, _ (1 1 1
=yttt ;‘+v—x)c"' (387.2)
so that we obtain
1
- 21’( a+1 ..+a+v_1)c 2" (387.3)

We can calculate 0F/0f and 0F/dy in the same way and finally obtain

Frafyiz) = g+ 95 + 290 =Y e, (387. 4)
v=1
where
=v 1< 2 )
< Ty
2'1(, : - (387. 5)
2 (v win T i
1
u+ ﬂ

The numbers e, converge to a finite limit as » - oo ; therefore their absolute
values |¢,| have a finite Lu.b. M (a, 8, 7). Hence the remainder of the series
(387.4) is certainly less than M(«, 8, ¥) - | R,|, where R, is given by (378.3).

Thus the function F*(x, 8, y;2) is regular in the disc | 2| < 1, and the
series (387.4) converges on its circle of convergence if y — a — g > 0, by § 379.

In the above calculations we have implicitly assumed that the parameters a
and f do not vanish. If one or both of them are zero, the calculations have
to be modified somewhat ; however, they lead to the same results.

388. Now it is easy to verify that ¢¥ is a solution of the equation

2(l=2)u" +1—(a+pf+1)z]u" —afu=0.
To do this, it suffices to show that the expression

20—2)F' —(a+ p) F+2z2(1—z) F*’
(388.1)
+1—(x+B+1)z] F* —a« BF*,

which represents a regular function in the neighborhood of z==0, is iden-
tically equal to zero. (We recall that F(a, §8,1;2) is a solution of the above
equation; F’, F* and F*” denote derivatives with respect to z.)
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By (377.4), (387.4) and (387.5), we have

Fo 12 =143 ¢, l
U (388.2)
F*(a,ﬂ,1;2)=2 e, c,2 l
ve=]
and
Cyt1 s (av+mﬂ +_‘V)
e e (388. 3)
1 1 2
b= e i T ey T (388.4)
For v = 1, the coefficient of z* in (388.1) equals
200+ 1) e~ [la+2)+B+2)]¢
+ @+ 12, 6,— @+ (B+r)ce,
or, if we express c,,, in terms of ¢, ,
o [ZEARCED  (oiy)— (B9 wt3) B+ ) (enn— @)

which is an expression that vanishes for every v, by (388.4). We also see
that the coefficient (2¢, — o — B + ¢, ), i.e. the term independent of z, is
likewise equal to zero.

The function ¢ admits of a second representation which we can obtain by
expressing ¢, and @, in (386.1) in terms of the integrals XIV and XVI,
respectively. This yields

. 1 2 -B-2 " z
§=lim -7 (1~ Fll—o, p+41+4
ot = lim {0 =7 F{1 - B =)
- ooz )
—(- g F(1-a= A 1=k )
or
V4

of=(1—12) ""[F(l - 1; ;-~T) I+ P (1w p 7}1)]. (388.5)

Passing to the next special case, we see similarly that the solutions ¢, and
@s coincide if 4=y — « — § vanishes. In this case, ¢, can be replaced by a
new solution that is defined by means of the equations
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@s= @3+ 1 L(u) |
@¥ = lim @} (u). ’

u=0

(388.6)

Finally if y = « — 8 = 0, then we introduce the new solution @¥ defined by

Ps= @5+ v 9§ (¥) '
@ = lim @F (v). ’

v=(

(388.7)

We can calculate ¢f and @ by the above method and prove that they
actually do satisfy the given differential equation. We are now ready to
supplement Table A at the end of this chapter (p. 168) and are thus led to
the construction of Table B.

Connecting Formulas (§§ 389-391)

389. The functions @y, ..., g defined in § 385 above give at least one pair
of linearly independent solutions of the differential equation (376.5) at any

119,
%1 %5

$51%

#r o P51 P

%1 B
0 1
Fig. 81
given point of the complex plane.!

But since the points z==0,1, «» are branch points of the functions
@2, s, @ (or of ¢, @f, @¥, if required), we cut the z-plane along its real
axis, and we consider, to begin with, the upper half-plane only. Now we
stipulate that @;, @, @3, @4 (as well as ¢}, @¥) are to be real and positive
on the segment 0,1 while @5, pg (as well as ¢§) are to be positive on the
segment — oo, O of the real axis; we are then dealing with well-defined single-
valued branches of the functions @,, ..., @ in the upper half-plane.

Now a more detailed study of our formulas reveals that at any interior point
of any one of the three regions shown in Fig. 81, the formulas always define
two pairs of functions. Since the functions @, ..., @4 all are solutions of the

! However, in the case A = u = v = 0 and in this case only, there exist two exceptional
points, namely z = ei’"/a, at which none of the series I-XXIV converges. This excep-
tional case must be treated separately (cf. § 408 below).
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same second-order differential equation, any three of a set of four functions
defined in a given region must be connected by linear relations with constant
coefficients, relations that are preserved under analytic continuation of the
functions.

390. For each of the three regions of Fig. 81, there are of course four
linear relations as described above. As far as our mapping problem is con-
cerned, it will suffice to determine explicitly the coefficients @, b, ... in the
equations

pr=a@; +bog,
Pr=1a @3+ b ¢,
Pr=CPs; +EPg
@r="C" @5 + ¢ @

(390. 1)

(and to do the same for the equations in which one or more of the functions
@2, s, g is replaced by one or more of the functions ¢F, ¥, ¢§).

We shall first deal with the case that all three of the numbers 4, u, v are
distinct from zero. If we substitute into the first equation of (390.1)

=Flo, B,y;2)
@s=Fla,fa+p+1—y;1—2) (390. 2)

Pa=(1=2"*PFly—o,y—By+1—a—pB;1—2),

as is indicated by Table A (see end of this chapter), then these formulas—
which do apply on the segment 0 = 2z = 1 of the real axis—yield for z =1 that

p1=F,B,y;1), g=1, @.=0,
hence

=F(a, ,7: 1),
and for 2 =0 that
1=1, gg=F(x, B,a+pf+1-9;1), g=Fly—a,y—B,y+1~a—4;1),

hence

l=aF@pa+p+1—-y;1)+bF(y—oy—By+1—a—p;1).

We can solve the above relations for @ and b. The resulting expressions for
a and b become especially neat if we use formula (381 7) to evaluate F; in
this way we obtain
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_Ty—a«—-pr
= ﬁ,ﬁ (390. 3)

p Ty —a—=p+1) Il —y)
Ty )

T Ly—a—f) Ta+p+1—y)I(1—y)

(390. 4)

Fy—)Tly—p TE+1—pla+i—y’

and hence, using the relation I'(x) I'(1 — %) = &/sinz x (cf. (272.5), Vol. I,
p- 288),

p Ly —e—f+1) I'1—y)
rqa—pri—o
_ sinmysinz (y —a—f) —sinzm (y — o) sinz (y — f)
sinmysina(y —« —p) )

(390. 5)

Now it follows from

2 sinm sinn = cos (m — n) — cos (m + n)
that

2sinwysinm(y —a— f) =cosm(x+ B) —cosm 2y — a — f)

2sinz (y —a)sinz (y — ) =cosmw(a— f) —cosm (29 —a — B)

and hence that
singysinzn (y —a— ) —sinn (y —a) sinz (y — )

- ; {cosn(cx—l—ﬂ) —Cosn(oc——ﬂ)}= — sinz o sin 7 f.

Passing again to the Gamma function, we obtain from (390.5) that

T Irl—y)I'y—a—p) I'le+p+1—y)

b= T Ii—a PO TU—f 5%0.6)
w_ TA=pro—a '
I'lt—y)'y—a—p+1)’
and finally, using I'(x + 1) = x I'(x), that
_ T(y) @+ pf~—y)

b=t (390.7)

Therefore the first of the relations (390.1) becomes
_ITTy—a—p y) e+ f—7)
R P s L )

An entirely analogous procedure yields the explicit form of the second of
the relations (390.1), as follows:
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= =Ty —a—p) re—y I'a+f§—y)
V2= T ri—a = T TEri-p Farioy P (909

In the third and fourth equations of (390.1), we must substitute, in accord-
ance with Table A,

m= (=9 By -y, y)

Py =2""(1— 2)’””"11"(1 —a,f+1-7y2- y;i—z—f)

@5 = (1—z)‘°‘F<a,y—-ﬂ,oc+1— ; 1{75)

%=ﬂ—dwF@#—mﬂ+l—mli),

all of which have expansions that are valid on the segment — o0,0 of the
real axis.

Because of its factor z1~7, the function @, is not real-valued on this segment
but is equal to the product of a real function by e™*®-?. Thus it is appropriate
to write . in the form

gm0 (Y (L P (L fr 1—p 2=y, )
Finally, we have
_ )-8 L2
(1—2) F(ﬂ,y—a,y, ;:—1—)
. —a 1
= c¢(l-2) F(a,y—ﬂ,a+1—ﬂ;1—:;)

+e(=2)PF(By—oB+1-a )

and
e -9 (gl (1 — z)y‘f"lF(l -, f+1—9,2-y; ;‘E‘T)
= (1 —z)‘“F(cc,y—ﬂ,Ot'i' 1-8; 1“_1__3)
+e(1— z)'ﬁF(ﬂ,'y -, f+1—a; 1};) )

and hence also
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F(By -y 1)
=c(1—z)’s““F<a,y——ﬂ,a+1—ﬂ;»1--'-1:) +eF(ﬂ,y—a,ﬂ+1—a;—z~i——1~),

ai(l-y) _z* 1-y _ _ _ "“7‘4’!““
e /(._1) F(l of+1—y2 7’z-l)

Zz
—(l—2 *Flay—foa+1-p; i)
+ e’F(ﬂ, ymaftl-a; 11)

These last equations are meaningful at 2= — o as well as at 2=0 and they
therefore enable us to evaluate the constants c, e, ¢/, ¢’ in terms of the Gamma
function. This yields

'y r'g—a

T IrE—a Ly Lle=p)
= T —a T P ? (390. 10)

e I'y—p) **
and
_ T2=—pT'B—a)  aig-v
P Ta—al@ri-n® 9
I'2—y) I'a—§)
IFa+1—y) I'1—p)

(390.11)

+ eni(l-—y) @6 -

391. In the limiting cases, that is, in the cases in which not all of the three
numbers 4, u, v are distinct from zero so that some of the functions @a, @4, @s
must be replaced by the functions from Table B (after § 395 below), the
most expedient way of obtaining the relations analogous to (390.1) is to go
back to the definitions of the functions ¢f, ¥, @¥.

Consider first the case 4= 0, u > 0, v > 0. Here, relations (390.9) and
(390.11) must be replaced by two others, of the form

@F =a* g5+ b* @, ( |
391.1
PF = c* g5 + e* @,-

Now with y =1— 4, we have

¢2¢= lim 'Pa';"”l ,

A=0

and hence by (390.1),
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a’'—a b —b

= lim b* = lim ——
im0 A im0 A
. ¢’ —c . e —e
c* = lim T e* = lim 3
=0 A=0

By (390.8) and (390.9), the first of the last four equations can be written
in the form

= lim —-
amo *

{r(1+z)r 1—x—f—3) I'(l—A I’(l——a—-ﬂ—:_ﬂ.)‘}
Tl—T1=p  TO—a—NT1—F=2

or, expanding in powers of A inside the braces and then setting =0,

rl—a—§) ry  I'i—a I'(t—§

&= =g T = (2 Ih ~ T~ Ti=8)

The coefficients b*, ¢*, and e* can be calculated in the same way, and we finally
obtain

o Tl—a—p) { I Ii-a I"(l——ﬂ)}
=i ri—p \“T0) ~ Ti—-w Tua—p % 391.2)
4 Llatp—1 {2 ray  Ire ]"(ﬂ)} '
T@ () ) T rw Te P
- rgy -« I'G) .
P = T P 2 T~ Toow = T®) +’”} ?s 90,3
_Ta—p) [, I"0)  I'i—f I'@ '
Y Ti=prw |“TM ~ Ta=p ~ Tw +’”‘"’°

Next we consider the case u =0, 4> 0, » > 0, which we deal with by
settingy = a + B + u and ¢, = @3 + u @ (p)in (390.8) and (390.9) and then
passing to the limit 4 =0. This yields first '

I+ B+ u) I'u)

T+ p+p) I'(—p)
N TET W+ p

Fal ) I'(ﬂ) (‘Pa‘*‘ﬂ?’:(ﬂ))-

@3+

Then as p is allowed to go to zero, we use the relations I'(u) = [I'(1 + u))/u
and I'(— y)= — [I"' (1 — u))/x, obtaining

_ Te+p {2 ry I P’(ﬁ)} o= LD e (391.4)

T T'@) \“TO) ~ T T@ Twrp %



ConnecTING FormuLAs (§ 391) 161

Analogous calculations lead to the relations for @,, @;, ¥ and to those for
@1, 2, @5, P¥ in the case v=0 and f==a (see Table C at the end of this
chapter).

If 4 and p both vanish at the same time, there must exist a linear relation
connecting @¥, @3, @¥; if 4 and v both vanish, there must be a relation involving
o¥, 95, p¥. To obtain, for instance, the last-mentioned relation, we set in
(391.3) B=1a—v and @g= @; + v p¥(v), which yields

Ir'l—v») Q1) Il —a) I (@—v) .
P =~ S TA—a Ta—) { ) ~ Ta—=a r(a*v’)’“"’”} Ps

I'(l1+ ) ~_{2 F’(l)_r’(l-——u%-v)A_ I (o)
vI'(1 —a+v) I'(a) I(1) 'l —a+v) I ()

+ +m’] (s + 7 95(¥).

As v is now allowed to go to zero, the coefficient of @s becomes

e ~
T T T0=w Tw

1 d [I"(oc—-v) F’(l—a+v)}
TWTi—w dv | Tix—» Tl—o0+)r0

“(1) I'l—a) 7_1(}1 + } d { (14 ) I'(l——-v)ﬂ__}
ve=0

v \ T I'I—a+9) TO—a)I(@—9)

+

which because of the identity

d

e fa=) :

WEEPI0

can be written in the form

|

1 Yy IMa I'l—a )
reTa=a 2T~ re ~ ra—a t )
ry e Mi-a)
(2 70 = Ty~ T
d (I"l —a) I'(«)
i trm=i - ral)

Now it follows from I'(x) I'(1 — &) == 7/sin 7w o that

re I'l—« _ =
T ~ T'Ql—a  tgma’

i (') _ I"(l——a)} o
E—{I’(a) I'l—a) | sinma’
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so that we finally obtain
x_ Sinmoa T’(I) I"’(a) Il —a) A\
2=y “2 r) T Tw T - T
ragy Mg M-« n?
x Q{Tm” il ‘r‘(l:—ay} ~ sintra ] P ( (391.5)
sinz o {2 (1) I (o) I"l—a) ]

P T, Tw) ~ Ta—w T7H?

These and similar results are summarized in Table C (pp. 169 ff.).

Explicit Calculation of the Mapping Function of a
Circular-Arc Triangle (§ 392)

392. If we wish to determine the mapping function w==f(2) of a given
circular-arc triangle of the w-plane having the angles x4, n u and av, we

Fig. 82

need only determine the mapping function of any circular-arc triangle having
the same angles since we can always map the latter triangle onto the former
by means of a suitable Moebius transformation. If the three angles are all
= 0, we may therefore assume our triangle to be in the special position where
the vertex with the angle a4 is at the origin w==0 while the two neighboring
sides are straight-line segments, and one of them may be taken to be a segment
of the real axis (see Fig. 82).

If we wish the upper half-plane Jz > 0 to be mapped onto the (interior
of the) triangle in such a way that the vertices O, A4, B of the triangle cor-
respond to the points 2==0, 1, o, then it follows from our previous results
that we must set



MarpING FuNcTiON OF A CIRCULAR-ARC TRIANGLE (§§ 391-392) 163

9~ Fetl—y f+l1—y 2—y; z)
w=Co =C Fa By 9 Lo (920

Here, the numbers a, §, y are given by

1 1
=5, (M=d-p+9), f=50-A-pu-v), y=1-1

in accordance with (376.7). Denoting the side O A of the triangle by s and
using the formulas (cf. § 381)

_‘NJ’)I’a-—ﬂ)
Flw fryi1) = Iy—a)I'iy—p)’

2—y) Iy —o—
F(a+1—y,ﬂ+1~—7.2—7i1)“"(7*"('1_1)70'(1};11&&’

we obtain by (392.1) that

- I’(V)VI’(I—-G F(l”‘ﬂ) 392. 2
C= pe ) Ty—a Ty—p © (392.2)

By the results of §§72-74, Vol. I, pp. 61 ff., our triangle is spherical,
Euclidean, or non-Euclidean according to whether A+u+v>1, =1lor < 1.
Since A+ p+ v=1— 2, these conditions may also be written in the form

B<0, B=0, > 0.

If in particular, A + u + v < 1, that is, if § > 0, we can norm the triangle in
such a way that the circular arc 4B is orthogonal to the circle |w|=1.
Then by the formulas of non-Euclidean trigonometry,

(41

s = tgh 5

and by (75.1), Vol. I, p. 65,

14

sinz 1—2A- y—v)sm-2~ (1—=A—pu+9)
s = - = -, (392.3)
2(1—— —v+,u)sin7(1—-}.+,u+v)
which we can also write in the form
sz___ —d)F(1+¢—?)F? BHI1+p— w (3924)

Gy rao—preli—aq
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and this together with (392.2) yields C.

The Derivative of the Mapping Function (§ 393)

393. The derivative of the mapping function is frequently of use; by
(392.1), it is given by

dw _ ~ 09— P2
= C B (393. 1)
We set
V= @2~ P2 9} (393. 2)
and hence obtain
V' =y — P2 Py (393.3)

Now since ¢, and @, both are solutions of a differential equation of the form

u' +pu +qu=0,
it follows that

v=—2pu, (393. 4)
whence
Llv=—p. (393. 5)
But in our case,
e+ B+1)z—y
—f= z(1—2)

and hence

Gy vt @t frl—y):
dz z2(l—2) ’

and an integration now yields
lv=—ylz—(+ B+ 1—9)l(z— 1)+ const. (393. 6)
Thus our final result for v is as follows:

, o A . A
PLPr— Per=Vv= V(l_x)a+ﬂ+1—y - zl—l(l_z)l-u :

(393.7)

z

To determine the constant 4, we expand the left-hand side of (393.7) in the
neighborhood of 2==0, and after a simple calculation obtain
A=l—y=1. (393.8)

Hence we finally have
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dw Ch
dz - A1

3

The Case =0 (§ 394)

i (393.9)

394. We now turn to the mapping of triangles that have at least one cusp,
ie. for which, say, A==0. In the sequel we shall only be interested in tri-

P

\ R

ﬁ» )

Fig. 83

|
1

Se-—----

angles for which A4+ u + » < 1. Every such triangle can be brought into the
position shown in Fig. 83.

Here, the sides 4B and AC lie along the imaginary axis and along the
straight line Rw==1, respectively, while the side BC is an arc of a circle
whose center is located on the real axis of the w-plane. If we denote the radius
of this circle by R, we can see from Fig, 83 that the following equations
hold true:

R(cosmu+cosmv)=1,
OB=Rsinmpy=——ntt (394.1)

smnv
1C= Rsinagv= —— .
cosn,u+cosnv

We shall prove that the mapping function under which the triangle of Fig. 83
corresponds to the half-plane Jz > 0 is of the form

w_aﬂ+b (394. 2)

with suitably chosen constants ¢ and b. In fact, the formulas of Table B
(following § 395) show that
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F. *
woa(lz+ ) +o=2 - Hoay (394. 3)
From this we see immediately that 2==0 corresponds to w==c0 and that

the intervals 0 < 2 < 1 and — o < 2 < 0 are mapped onto the sides AB
and AC, respectively, if we choose ¢ = 1/a1.

A

N

0
Fig. 84

In order to determine b we shall locate the image of the point z=1. For
this point we have @;=1 and ¢,=0, hence by y==1 from Table C
(following § 395),

Ir't—a—p

P1= P TA—p "

I'l—a—f [2 ) I't—o F(l—ﬂ)},

* . e B .| J—
Pe= i ra—p \“ 1) ~ Tal—«  TA=p

so that
i _, I Il —a) I'1—§)

g TN Tl—«o Ta—§"
From this, together with (394.1), we obtain

sin ;v 4
‘cosmp +cosmy’

1 rqgy Iri—-e« I't—§)
{Zr o

L AR
T

b=~ T ~ Tu=w T TA=p

and we finally see, going back to (394.3), that the mapping function is given by

1 [of {2 I I'l—a) I"1l-— }] ey sinm pu (394.4)

ai lgg ray  Tal—« T1-p cosmp +cosmy

If A=p==0, then the vertex B of the triangle is at w =0 (see Fig. 84
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above). We can verify easily that formula (394.4) remains valid in this case;
besides y =1, we must also set f=1—a, and we note further that the
last term on the right in (394.4) drops out because u=0. Thus (394.4)
reduces in this case to

oA e I  I'e Mo
Y [av'{ - {2 rd) ~ T Ti=x }] (394-3)
Calculation of the Derivative in the Case A—0 (§ 395)

395. Differentiation of (394.4) with respect to o yields

dw L ;e —of ol
=y MELRE, (395.1)
For 1 > 0, we again write, as in (386.1),
@ = @1 + A @F(A)

and obtain from (393.7) and (393.8) that

).. ’ ’ ’ ’
S =y gy — P 1= A @y 9F — @F P1) (395.2)

/21':")."(1 _ z)i"f;

Here we divide by 1, for 2 ==0, and then pass to the limit as 4 goes to zero.
We thus obtain from (395.2) that

dw 1 1 (395. 3)

R T

This result holds for u > 0 as well as for u==0.
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Tables for the Hypergeometric Differential Equation

Table A
I Flo, B,y: 2) Jo|u>0
XIV q":‘(1-:)"’F(ﬁ.y—a.y;z{—~1—) E [ v>0
111 ATVFu+l—p, f+1—p,2—y;2) Jolu>0
¢=
xvi| zl"’(l—z)”‘ﬂ’lF<1——a,ﬂ+1-—y,2—y;;—_z—l) Ey| »>0
v Fla,fat+p+1—y;1—2) Ji| A>0
= -1
XX & z"ﬂF(ﬁ,ﬂ+1—7,u+ﬁ+1——y;{z—~) E, | v>0
VI (I—z)"_“'ﬁF(y—a,y—-ﬂ,y-&-1——-oc——ﬂ;1~z) J.1A>0
Pa = -1
xvi| PLE A G Uy ”F(a—«, —ap+l—a—p; L—) E | v>0
1
XXIII (—2)~ “F(a+l——y,a a+1—p; 7) Ay | u>0
1
X |(1——,z “F(ay —Ba+1—p; ,,,;7) 4, | >0
1
XXIV (—2)~ ﬂf(ﬁ,ﬂ+1—y,ﬂ+1—a ) 4, | p>0
P = L
X 1—2" ﬂF( —a,ﬁ+l-~a;«-1—-:;) 4, | 1>0
Table B
Fla, B, 1;2) 124 F*«, p,1;2) Jo|u>0
ol |
=19 - A TR _ ._3_)
4 1—2 ﬁ{F(1—a,ﬂ,1,1_1)11_2+F~(1 B 1 ——5)i|Eo| v>0
Flo, f,1;1—2) 1 (1—2) + F*(a, f,1;1—2) A0
p=0 ? = .
y=a+f|® -ﬁ{p(l—a, : ;2:1)11-——~+F‘(1—u,ﬁ1 = )] E | v>0
1 1
(—-z)—ﬂ{F(m,a-i-l—y,l;7)1(—:)+F‘(¢.¢+1—y,1;—; Ag | >0
=0
:=ﬁ v = 1 1
(l—z)'“{F(,y-—a.l;T:-Z)l(l—-z)ﬁ-F'(a.y—a.l:I—_—:;)} 4,1 A>0
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TABLES FOR THE HYPERGEOMETRIC DIFFERENTIAL EQUATION (§ 395)
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TABLEs FOR THE HYPERGEOMETRIC DIFFERENTIAL EQuUATION (§ 395)
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CHAPTER THREE

THE SCHWARZ TRIANGLE FUNCTIONS AND THE
MODULAR FUNCTION

Description of the Schwarz Triangles (§§ 396-400)
396. Starting with an equilateral triangle and applying successive reflections

in its sides (and in the sides of the newly obtained triangles), we arrive at a
complete triangulation of the plane, i.e. at a complete covering of the plane by

V222277

Fig. 85 Fig. 86

Fig. 87

means of equilateral triangles, which is such that no two triangles that occur
in the triangulation have any interior points in common (see Fig. 85).
We arrive at similar triangulations if we start not with an equilateral but
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with an isosceles right triangle (see Fig. 86), or with a 30°-60°-90° triangle
(see Fig. 87).

The three above-mentioned triangles have the property that all of their
angles are of the form

k1 t Tt
£z (396.1)

where [, m, and n are natural numbers. Since the sum of the angles of a
Euclidean triangle equals n, we must have

1 1 1

T +o = 1, (396.2)

n=d
Fig. 88

and it is easy to see that the only possible solutions of (396.2) are

=2, m=n=4,
=2, m=3 n=6; (396.3)

l=m=mn=3;

these yield the three triangles that we considered at the outset.

397. Spherical triangles have angles whose sum exceeds n. Hence if we
wish the angles of such a triangle to be of the form (396.1), we are led to
the condition
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1 1 1
Telilsy (397.1)

The only possible solutions of this condition are listed in the table below. To
each of these solutions there corresponds a subdivision of the sphere into
finitely many triangles all of which can be obtained from any fixed one of
them by means of repeated reflections.

! m ”n
2 2 |arbitrary
2 3 3
2 3 4
2 3 5

If we wish to construct the subdivision that corresponds, say to the first
of the cases listed above, we can proceed by first dividing the equator into 2n

Y 3
2\

Fig. 89

equal parts and then passing meridians through the points of division. The
corresponding triangulation of the complex plane is now obtained by means
of stereographic projection. A look at this triangulation (see Fig. 88 above
for the case n = 3) immediately shows that its triangles are obtained, each
from any other, by repeated reflections in their sides. This class of triangula-
tions of the sphere is called the dikedral class.

In the remaining cases the construction proceeds as follows. We circum-
scribe one of the five regular polyhedra (tetrahedron, cube, octahedron, dodeca-
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hedron, icosahedron) about the Riemann sphere and project the edges of the
polyhedron onto the (surface of the) sphere, using central projection from
the center of the sphere. This yields a subdivision of the sphere into congruent
regular spherical polygons. We join the center of each polygon to its vertices
by arcs of great circles and we also draw the perpendiculars from the center
onto the sides of the polygon. In this way we obtain a triangulation of the
sphere which is such that any two neighboring triangles are the images of
each other under reflection in their common side.

The angles of the triangles of any such triangulation always coincide with
a triple of values as listed in the above table. For example, the surface of the

A

AT

\\\’\ &K& A
\

Fig. 90 Fig. 91

regular dodecahedron consists of twelve regular pentagons, and three of these
meet at every vertex of the dodecahedron. The projection onto the sphere and
the subsequent subdivision of the spherical pentagons, as described above,
leads to ten triangles for each pentagon, so that the sphere is triangulated into
1210 = 120 triangles each of which has the angles n/2, n/3, and a/5. The
icosahedron leads to the same triangulation; of the twenty equilateral tri-
angles that make up the surface of the icosahedron, five meet at every vertex,
so that the resulting triangulation of the sphere contains 206 = 120 triangles,
which are easily seen to be congruent to those resulting from the dodecahedron.
The triangulation is for this reason said to belong to the icosahedral class
(see Fig. 89 above).

In the same way, we find that the cube and the octahedron each leads to a
triangulation involving forty-eight spherical triangles with the angles /2, n/3,
and n/4 (octahedral class; see Fig. 91), and that the tetrahedron leads to
twenty-four triangles with the angles n/2, n/3, and n/3 (tetrahedral class;
see Fig. 90).
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We have thus seen that all possible regular subdivisions of the sphere into
congruent triangles, or more generally into sets of triangles that are symmetric
with respect to reflections .in the sides of their triangles, can be obtained
either arithmetically, from (397.1), or geometrically, with the aid of the
regular polyhedra.

398. Similar triangulations of a circular disc or of a half-plane lead to
circular-arc triangles with the angles a/l, n/m, and n/n, where [, m, and n
are three natural numbers for which

+-<1 (398.1)

1 1
Tt W

holds. In this case there are of course infinitely many admissible triples of
values. However, the proof that there exists a corresponding triangulation
of the disc or half-plane is not as simple here as for the cases of the sphere
and the Euclidean plane.

To prove this, we note first that we can always construct non-Euclidean
triangles in the disc | w | < 1 that have the given angles n/l, a/m, and n/n
(cf. §74, Vol. I, p. 64). Hence we can map the given triangle onto a triangle
with the same angles in the non-Euclidean plane |w| < 1 by means of a
Moebius transformation. Starting with the latter triangle, we then construct
non-Euclidean triangles obtained by repeated reflections in their sides. All
of the triangles constructed in this way are either congruent to the initial
non-Euclidean triangle (in the non-Euclidean metric) or else symmetric to
it with respect to reflection in one of its sides. What we wish to prove is
that this construction leads to a net of triangles that will cover the whole
non-Euclidean plane as the construction is carried out indefinitely.

To this end, we may assume without loss of generality that the vertex A4
of the initial triangle, with the angle n/!, is at w == 0, while the vertex B lies
on the positive real axis. Then the sides 4B and 4 C are straight-line segments
(in the Euclidean sense). By means of a cyclic sequence of reflections in sides
all of which are anchored at the point 4, we can cover a neighborhood of
w==0 with 2/ triangles which together form a non-Euclidean polygon »,.
We shall call the triangles constructed so far, triangles of the first order. Each
vertex of P, is a common vertex of two first-order triangles that are the images
of each other under the reflection in their common side.

The above special position of the vertex 4 was chosen only to make the
construction easier to visualize. The cyclic reflection process just described
can also be applied to the vertices other than A of the first-order triangles;
this yields an even number of new triangles no two of which have any interior
points in common unless they coincide. Also, we are led in this way to a
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polygon P, that is triangulated by means of all of the triangles that have just
been constructed. P, contains P, in its interior. The triangles of p, which do
not belong to Py will be called triangles of the second order. We shall show that
this construction can be continued indefinitely and yields at each step a set of
triangles of the next higher order, and that the totality of triangles obtainable
in this way constitutes a net that covers the non-Euclidean plane completely
and simply.

399. To prove the first part of the last statement, it suffices to show that
for every natural number k, the triangles of order %k do not overlap the tri-
angles of lower order (if any) nor each other. We shall assume first that the
numbers /, m, and n are all = 3; the case of a right angle occurring in our
circular-arc triangle will be treated separately further on.

Let us assume then, as an induction hypothesis, that the first part of the
statement is established for the triangles of all orders up to and including
(k—1). Then the triangles of order (k¥ —1) are deployed like a wreath
around the polygon Px_o. They form an annular region bounded by py_» and
Py—1. Fig. 92 below exhibits the triangles 4, 4,, ... of order (k¥ — 1) that

Fig. 92

have among their vertices two consecutive vertices L and K of px—,. Any
vertex of a triangle 4; that is not already a vertex of pP,—s will be counted
as a vertex of Py—;.

Any such vertex R of Px_, is common to a certain number r of triangles 4;.
If one of these triangles shares a side K L with the polygon Pyx_z, then » = 3.
If S, on the other hand, is a vertex of Px—; such that the triangles meeting at S
have only a vertex in common with Px_z, then » = 2. Since we are assuming
the numbers /, m, and » to be = 3, all of the angles of Py, are = a, and this
implies, just as in the Euclidean case, that p,_, is convex.

From the convexity of Py it follows that each side RS of this polygon
lies on a non-Euclidean line of support M RS M’ of the polygon (see Fig. 93).
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Therefore one of the two half-planes M M’N’ and M M’N, say the former, is
wholly exterior to px—,. Hence if RS and ST are two consecutive sides of
the polygon, then the interior of p;_; lies within the angle MSNK.

The k-th order triangles of the net that are obtained by cyclic reflections
about the point S must all lie outside the angle M SN K ; we can easily see this
with the aid of a non-Euclidean motion that moves S to the origin O and
transforms M S and NS into Euclidean straight lines, This proves the first
part of the result stated at the end of § 398 above (in case [, m, n are all = 3),
to the effect that for any & we can construct triangles of order k lying entirely
outside the region covered by the triangles of lower orders.

”/

K

Fig. 93

To show that the k-th order triangles do not overlap each other either, we
begin by subdividing the set of these triangles into two classes: The ones
having two vertices on Py_; we denote by Zy, Z, ..., the others (i.e. those
having only one vertex on Px_;) we denote by E;, s, ... (see Fig. 94). Now
we join the origin O to all of the vertices of Py, by straight-line segments.
If one of these segments leads to a vertex at which two triangles of order
(B — 1) meet, then the segment forms with each of the two adjacent sides
of Pi_1 an angle that is =< 2n/3. If a segment leads to a vertex of Px_; at
which » = 3, we assume as an induction hypothesis that this segment likewise
forms angles = 2a/3 with the two adjacent sides of ., and we refer to the
paragraph after the next for the completion of the induction proof of this
particular fact. Assuming this fact for the present, let us consider a side RS
of px_y and the triangle Z; having RS as one of its sides (see Fig. 94) ; then
it follows from I, m, n = 3 that the triangle Z, lies between the two consecutive
lines OR and O S. This in turn implies that no two of the triangles Z,, Z», . ..
can overlap.

Next we consider any two consecutive triangles Z;, say Z; and Z,, with the
common vertex R (see Fig. 95), as well as the triangles E;, Ez, ... lying
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between Z; and Z; which are obtained by continued reflections in sides issuing
from R and which are not triangles of order (k—1). All of the interior
angles of the non-Euclidean polygon OTUV ...T,0 are < =z, so that the
polygon is convex; hence all of the triangles E,, E,, ... lie between O T and
OT,. Applying these considerations to all of the k-th order triangles, we
see that these triangles form a closed wreath around Py, whose outer boundary
is the polygon Py. They cover the part of the non-Euclidean plane between
P,—1 and P, simply and completely.

It still remains to show that the above induction hypothesis on p,_; implies
the corresponding fact for p,. The triangle Z; lies wholly between the lines
OR and OS, so that the segment O T must pass through Z,. Now Z, is the
middle one of three k-th order triangles meeting at T, and hence each of the

Fig. 94

two angles between OT and the two sides of the polygon emanating from T is
=2a/3. Thus we can proceed with our construction to determine the tri-
angles of order (k£ + 1) and the polygon Py,;, and so forth.

400. Finally, we must prove that the triangular net thus obtained covers
the entire non-Euclidean plane |w | < 1. To this end, we consider any
triangle of the net, say the triangle 4B C, and the polygon P* whose interior
consists of all those triangles of the net that share a side or a vertex with the
triangle ABC. The non-Euclidean distance é between the triangle AB C and
the polygon p* is independent of the choice of the triangle A BC, because all
of the triangles of the net are either congruent or symmetric under a reflection
(in the non-Euclidean metric). Since every point w, of the net is in the
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interior or on the boundary of a triangle of the net, it follows that the net
always contains the non-Euclidean disc with center at w, and radius 4.

Now if G is the region that is the union of the interiors of all the polygons
P1,Pg,..., then by what we have just observed, G cannot have any frontier
points that lie in |w | < 1. Being entirely contained in |w | <1, G must
therefore coincide with |w | < 1, and the result announced in § 398 above
has therefore been proved for the case [, m,n = 3.

Fig. 95

Schwarz Triangles with a Right Angle (§ 401)

401. If one of the angles of a Schwarz triangle, say the angle A, equals
n/2, we must modify the construction of the sequence of polygons, and we
shall have to deal first with the case in which the two remaining angles u and v
are both = n/4. We arrange for the triangles of the first order to have their
right angles at the origin; if we did not take this precaution, it could happen
that a vertex of P, would already be common to four triangles.

Even so, it will happen for certain polygons Py, for instance already for p,,
that at least one of the triangles Z; has a right angle at the vertex 7T that
should be a vertex of py; as a consequence, P, would have a re-entrant corner
at T.

To avoid this, we add at T a new triangle H, which is the image of one of
the triangles E; or E; (under reflection in a side) ; see Fig. 96.

With this modification, we can prove just as in §§ 399-400 above that no
two of the k-th order triangles Zy,Z,, ..., Ey, E,s,...,Hy, H,, ... overlap
and that they are bounded by a convex polygon P, (in addition to Py—;).
Since both u and v are = n/4, the angle at a vertex of the polygon where
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three triangles meet is = 3a/4. This fact simplifies our earlier proof for the
present case, since it can be continued without the necessity of proving that
the segment O T of Fig. 95 cuts through the middle one of the three triangles
meeting at 7. It then follows as before that the construction of the polygons
can be continued indefinitely and that the resulting net of triangles covers
the disc | w | < 1 simply and completely.

It only remains to deal with the case where A =#/2, u = n/3, v = @t/n with

n > 6. If a triangle 4 BC with these angles is reflected in its side AC, there
is obtained a new triangle B, B C with the angles n/3, n/3, and 2a/n < a/3

./5

8,
Fig. 97

(see Fig. 97). Now we can use the method of §§ 398-400 to generate a net
of such “double” triangles, and once we have this net we need merely cut
each of the double triangles into suitable halves to obtain the net that is
actually desired. It is of no importance that the angle of the double triangle
at C is a proper fraction of 2a but not necessarily of 7, since the double triangle
is isosceles and is therefore mapped onto congruent double triangles by the
cyclic reflections about C.
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Schwarz Triangles with Cusps (§ 402)

402. The construction of the net of Schwarz triangles can also be carried
out in the cases that have thus far been excluded, namely the cases in which
the triangles have one or more cusps. In each of these cases, it is again possible
to construct, step by step, a sequence of nested convex polygons Py, Py,...
whose union covers the whole non-Euclidean plane and each of which is tri-
angulated into a finite number of triangles.

First, if 4, >0, v =0, we perform reflections cyclically in the successive
sides that issue from the vertex associated with the angle A. The interior of

£=3
Fig. 98 Fig. 99

the resulting polygon P, contains 2/ triangles of the first order, and the polygon
has [ cusps located on | w|==1, between any two of which it has another
vertex (see Fig. 98). About each vertex between two cusps we apply cyclic
reflections of the first-order triangles that meet at the vertex, obtaining in this
way a number of non-overlapping new triangles which we cail triangles of the
second order. The second-order triangles lie between p; and the convex poly-
gon Py which has /(m—1) cusps plus the same number of non-cuspidal
vertices. Continuing this process, we obtain the sequence of polygons Py, one
after the other. In the present case it is very easy to see that each polygon
is made up of mutually non-overlapping triangles.

Let us fix our attention on any triangle 4B C of the net and consider also
all neighboring triangles of the net, i.e. all those that share a side or a vertex
with the triangle ABC. Every point w, from the interior or the boundary of
triangle ABC is the center of a certain maximal non-Euclidean disc x(w,)
that is covered by the configuration just described, consisting of ABC plus its
neighbors. The radius of this disc converges to zero as w, is made to approach
the cusp of the triangle ABC; but if we confine w, to a pre-assigned disc
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|w|=r<1, then the g.lb. d(2) of the radii of the discs k(w,)—for all
possible positions of the point w, and of the triangle ABC in which w, is
chosen—is a fixed positive (non-zero) number. This implies that a finite
number of triangles of the net will suffice to cover the disc |w | =7, and
since r < 1 was arbitrary, this in turn implies that the net of triangles covers
the disc |w | < 1 completely.

Second, if 4> 0, u = » = 0, then certain sides of py—; connect two cusps
of this polygon (in other words, there will be pairs of consecutive vertices of
the polygon both of which are cusps). In this case, the (£ —1)-st order
triangle that contains the side in question must be reflected in this side as p;
is constructed (see Fig. 99). In all other respects the construction of the net
proceeds just as before.

Fig. 100

The Modular Configuration (§ 403)

403. The third case,A =u=y =0, is of particular importance. It is
studied most advantageously in the Poincaré half-plane Jw > 0 (cf. §84,
Vol. I, p. 79). We start in this half-plane with a triangle having angles 0,0, 0
at its cusps w==0,1, oo. We reflect this triangle in those two of its sides
that are parallel to the imaginary axis, and we repeat this process indefinitely
(see Fig. 100). This leads to a region G; whose frontier consists of congruent
tangent semicircles of radius 1/2. Now we reflect G, in each of these semi-
circles and obtain a new region G that contains G; in its interior and whose
frontier consists of denumerably many tangent semicircles with periodically
recurring points at which they accumulate (see Fig. 100). Then we reflect G,
in each of the new semicircles, and we continue this process indefinitely. In
this way we arrive at a net of triangles all of whose angles are zero, and this
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net covers the entire Poincaré half-plane; in fact, G, contains the half-plane
Sw > 1/2, Gy contains Jw > 1/2%, and more generally, G; contains
Sw > 172k, Hence the union of the Gy is identical with the non-Euclidean
plane.

Conformal Mapping of the Schwarz Triangle Nets (§ 404)

404. We map the half-plane 2 > 0 onto a triangle with angles /!, n/m,
a/n, retaining the norming of the preceding thapter (cf. § 392), and we recall
(¢f. (392.1)) that the mapping function in the neighborhood of z==0 is
given by

1

P T Fla+l—y f+1-y,2-y;2)

w=CI2=Cz!} . 404.1
1 F(, B, y: 2) ( )

The inverse function can be written in the form

z=ayw+ a, w1 + ... = Q(w) (ag== 0) (404.2)

and is seen to be regular at the point w==0; by the Schwarz Reflection
Principle (cf. § 341), it maps the first-order triangles of the net alternately
onto the half-planes Jz > 0 and J2 < 0. We join the appropriate specimens
of these half-planes always along those parts of the real axis that correspond
to the common sides of two neighboring triangles. We obtain in this way as
the image of the interior of P, a Riemann surface of / sheets over the z-plane,
with all of its boundary points lying on the real axis. By amalytic continuation
(cf. § 342, pp. 84-85) of (404.1), we obtain according to the formulas of the
preceding chapter a relation of the form

1
w—wp=(1—2)" (bg+ byz2+--). (404.3)

Here, wp is the value of w at the vertex B of the triangle ABC. The inverse
of (404.3),

2=1+4by(w — wg)™+ b] (1w — wg)™+14--.., (b;+ 0) (404.4)

is the analytic continuation of (404.2) and is regular at the point ws. Con-
tinuing in this way, we see that the function Q (w) of (404.2) can be continued
analytically along any path that lies in the net of triangles derived from the
initial triangle 4B C, so that by the monodromy theorem (cf. § 232, Vol. I,
p. 238), this function is single-valued and regular at every point covered by
the net. Therefore the radius of convergence of the power series (404.2) is
at least equal to unity.
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This power series maps the open disc | w | < 1 onto a so-called regular, or
canonically branched, Riemann surface over the z-plane. To every vertex of
the net there corresponds a branch point over one of the three points 0, 1, .
The multiplicity of the branch points over 2==0 is always equal to /, that of
the branch points over 2==1 is equal to m and that of the branch points over
2= oo is equal to n. The zeros of Q(w) correspond to certain vertices of
the net and have every point of |w|==1 as a point of accumulation; the
circle | w | =1 is therefore a natural boundary of the function Q(w), which
is to say that this function is not regular at any point of the circle and hence
cannot be continued anywhere beyond the circle (in the sense of § 232, Vol. I,
pp. 236-238).

These properties of the function 2= Q(w) can be used to construct a
new, analytic proof of the existence and properties of the Schwarz triangle
nets. This proof, to be sure, is shorter than the geometric proof which we
presented in §§ 396 ff. above; but the latter proof has the advantage that its
constructions can be visualized geometrically and that it utilizes exclusively
methods and results of the geometry of circles (inversive geometry) that are
cognate to the matter at hand.

The Inverse Function Q(w) as an Automorphic
Function (§ 405)

405. The regular Riemann surface of the preceding section has a certain
kinship with the Riemann surface (covering surface) which we studied in
§§ 336-337 above. In fact, of any two neighboring triangles of our net in the
w-plane, one is mapped conformally onto the upper half-plane and the other
onto the lower half-plane of the z-plane; the circular-arc quadrangle formed
by the two triangles thus constitutes a fundamental region, provided that we
omit one of each pair of sides of the quadrangle that are mapped onto the
same segment of the real axis of the z-plane.

For any pre-assigned point 2, of the z-plane, each fundamental region con-
tains one and only one point that corresponds to 2,. In this way we obtain
sets of equivalent points in the w-plane. We have in the present case, just as
we did earlier in § 332, non-Euclidean motions

wr= 220 5By +0) (405.1)

of the plane | w | < 1 that permute the points of each set but leave the sets as
such invariant.. For any such motion (405.1), we always have the relation
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Q@) - Qw*) = 2(22L5). (405.2)

The motions (405.1) constitute a group, whence it follows, by § 332, that the
function Q(w) is automorphic. The main difference between this function
and the automorphic function w = f(2) of § 332 lies in the fact that the group
of motions of § 332 contained no non-Euclidean rotations, while in the present
case the group may actually be generated by such rotations (having their fixed
points at the vertices of the net). In addition to these rotations, the group
(405.1) contains of course also motions that are not rotations. We need merely,
for instance, consider two sides of triangles of the net that lie on two non-
intersecting non-Euclidean lines; since each of these lines is an axis of sym-
metry (under reflection) of the net, the motion obtained from two consecutive
reflections in these two lines is certainly not a rotation of the group.

Similar remarks apply if the triangle has one or two cusps, except that in
this case, certain limiting rotations (cf. § 82, Vol. I, p. 78) have to be added
to the above rotations in order that a complete set of generators for the group
of congruence transformations of the net may be obtained.

The Modular Function (§§ 406-407)

406. For the mapping of a triangle with three cusps (a so-called modular
triangle) onto a half-plane, the formulas of §§ 392-395 above must be specialized
as follows. We have A = u ==v =20 in this case, hencea=f=1/2,y = 1.
If we now write F(2) as an abbreviation for the hypergeometric series F(1/2,
1/2,1; z), we have by (377.4) that

R F(h 31 - 15 (UL e g

Similarly, if we write F*(1/2,1/2, 1; 2) = F*(2) for short, then by (387.4),

F*(z) = F* (—;—, —;-, 1; z)

S (1.3 (2n—1)\2 1 1 1
- 4n2.71 (—771‘_--727[’“) (1 B I e s '27{) 2. (406.2)

In the connecting formulas (cf. § 391) for this case, the expression
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(L
2 %(11))_ - ;_((:l?)l (406.3)
2

occurs., This expression can be calculated numerically as follows: We differ-
entiate logarithmically Legendre’s identity (279.5) of Vol I, p. 297, i.e. the

identity
P(%)F( z ) 2‘1’—[ I'(#),
obtaining
r ¥ r ¥+ 1 )
7 F((;)) +3 p((xfl)) e ~12
whence for r =1,
(1
2 fﬂ—ﬂﬁ —412=116. (406.4)
s
The functions ¢,, ..., g5 become in this case
n=Fl = F()
=F(1-z)—V7F(“"1) (406.5)
po= () == s)
and
gt = F(2) Lz + F*(z) = VII_:Z (F(:25) 1:5 + P ()
@F=F(1—2)1(1—2)+F*1—2)
== ) (=) (406.6)

- i (rls) e e (1)
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The connecting formulas of Table C (pp. 169 ff.) specialize as follows in the
present case:

1
¢1= - {9116 — 9}}

1
ot = - {(016) — 2% gy — @1 116} =, 116 — 7z g,
1= {ps 116 — gt} (406.7)

1 .
9f = {(¢16 + 74) 116 — a?) g5+ oF (116 + 1)}

=@ (116 + 7 1) — 7 5.

407. In order to calculate the mapping function w == 1t(2) of the modular
triangle, the modular function, we set a =1/2 in (394.5) and obtain

() = o+ {-‘g .y 16} - {z (%) + %‘(%l} . (407.1)

After a short calculation, we find that in the neighborhood of z =1,

T(Z) = "‘_"?zi(ﬁ"' = - "1:’;‘£'1F';(*1‘:“z_)“ ’ (407- 2)
oy l("fé")' F(l—2)
while in the neighborhood of 2= 0,
1 . i
= 1116 —a¥ 116l =14+ "2 . (407.3
7(2) m[( + ®i) LA } +”6+-9£ ( )
Ps

For the derivative dt/dz, we obtain from (395.3) that

e 1.1 (407.4)

d:  mi z(l—z) et

dr/dz for z = (1 4+ i)/3)/2 (§§ 408-410)

408. We have already observed (see the footnote in § 389) that the points
z=(1 +iV3)/2 are the only points of the complex plane at which none of
our hypergeometric power series converges. Towards calculating the modular
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function in the neighborhood of one of these points, we note that certain parts
of the curves |v|=1, |[t—1|==1 and Rv=1/2 are axes of symmetry
(under reflections) of the modular triangle of the Poincaré half-plane that has
its vertices at 0, 1, o ; therefore the point of intersection 7 = ag= (1 + ¢ V?T) /2

[
3,
//[//IIIIJ..-,,
7
7-plane w -plane
Fig. 101 Fig. 102
So
2-plane u-plane
Fig. 103 Fig. Y04

of these curves must be the image point of 2 == a,.
Now the Moebius transformation

(408.1)

maps the modular triangle 0, 1, o of the T-plane (see Fig. 101) onto a triangle
inscribed in the circle | @ | =1 (see Fig. 102), in such a way that the above-
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mentioned axes of symmetry are transformed into diameters of the circle.
The axes of symmetry divide the modular triangle into six circular-arc tri-
angles with the angles n/3, 0, and #/2. Under the conformal mapping onto
the upper half of the z-plane, each of these six triangles is mapped onto a
circular-arc triangle with the angles a/3, a/2, n/2 (see Fig. 103), as can be -
seen easily by an argument involving reflections. Thus we shall obtain the
mapping function in the neighborhood of z =g, (or w =0, or T==a,) by
mapping two corresponding circular-arc triangles (of the above sets of six
in each plane) onto each other by means of series expansions that converge
as rapidly as possible at the critical point in question; in this way we shall
be able to determine dt/dz at the critical point.
The Moebius transformation

R i1 (408.2)

a, z2—a,

maps the shaded triangle of the s-plane (Fig. 103) onto the circular-arc tri-
angle of Fig. 104, in such a way that the point 2= a, corresponds to the
origin u=0. We now wish to map this triangle of the wu-plane onto the
shaded triangle of the w-plane (Fig. 102) in such a way that the vertex at
=0 corresponds to the vertex at w =0.

409. To this end, we introduce a parameter v and we map each of our
two triangles, the one in the w-plane with angles n/3, 0, n/2 and the one in
the u-plane with angles n/3, n/2, n/2, onto the upper half-plane of the v-plane
by means of the formulas developed in § 392. For the triangle in the w-plane,
we have

Relation (392.1) now yields the mapping functions w = w(v) and « = u(v)
in the form

1
w=Cv®(14+a,0v+ a0+, (409.1)

1

u=C*v® (L4 byv+byo2+t ). (409.2)
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The constants C and C* are obtained from (392.2), with s==1, as follows:

() () ()

C—_\12) \12]7\12/ (409.3)

H) () (L)

_{s_) ‘P (iz) F(’%)_ ) (409: 4)

On the other hand, since a,= (1 + ¢ V3)/2 we find with the aid of (408.1) that

dt - Yoy
Qw ung B0 T R0 Vs,
and from (408.2) that
dul A %
dz |s-a, 1+a 1V_3
so that we finally have
dr|  _ v do du . C
dz |ges, dw du dz 0 C*’
and hence
dr C ’
P o (409. 6)

Making use of the notation of § 280, Vol. I, p. 297, and of the relation
14 1 2
r(y) =< T()
we can write

C _mansmm _ 04 #11) (#3 #y0) (¥5 %3). 7
N 6 (7 %3 %7)? (%4 #s) ) (409.7)
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Now according to the formulas of § 280,

5 5 R
msm= 2 Vas= 2 Ve e
so that
1 _ 7
(%123 %)% 32, 2-:1; 8

This and relations (409.6) and (409.7), as well as § 280, finally yield the
desired result in the form

N NYACLAN
z |zwma, 2}V3 (F(;)) . (409.8)

410. By § 405, the inverse function 2= Q(t) is an automorphic function
regular in the half-plane §t > 0. It is periodic in this region with period 2.
We set 1=y + it, where s and ¢ are real and + > 0. We denote by u(%)

” - ——

-~
1Y S

Fig. 105

the maximum of the function | Q(s + it,) | of s, for a fixed value ¢, of ¢.
Because of the periodicity, we need determine this maximum only in the

interval 0 =< s < 2. We wish to prove that if v is any point of the upper
half-plane for which ¢ > t,, then

| Q)| < plto)
must hold.
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To this end, we may assume without loss of generality, on account of the
periodicity, that the real part of t lies between 0 and 2. On the boundaries
Rt=0, Rv=2, the function Q(x) assumes real values, and because of
the way in which we normed our mapping of the modular triangle, the modulus
of this function decreases monotonically as ¢ increases. As ¢ goes to infinity,
| Q(t) | converges to zero within the strip. Hence in the closed half-strip
0<Rr <2,J7 = ¢, the function | Q(t) | attains its maximum on the line-
segment Jt == t,, and this maximum is u#(¢,). This proves our statement above.



CHAPTER FOUR

THE ESSENTIAL SINGULARITIES AND PICARD’S THEOREMS

Landau’s Theorem and Picard’s First Theorem (§§411-413)

411. In § 166, Vol. I, p. 164, we proved a result that generalizes Weier-
strass’ theorem considerably, to the effect tHat those values which a function
assumes infinitely often in any given neighborhood of an essential singularity
constitute a set that is everywhere dense on the Riemann sphere. E. Picard
(1856-1941) proved in 1879 the spectacular result that this set of values is
not only everywhere dense but actually covers the entire sphere with the
exception of two points at most. We need seek no further than the exponential
function e%, which has an essential singularity at the point 2= oo, to find an

-7 0 7
1-plane
Fig. 106

example where two exceptional values occur, namely the values 0 and oo.
This remarkable state of affairs is related to the fact that the Riemann surface
of the logarithm (cf. § 249, Vol. I, p. 258) can be mapped conformally onto
the whole complex plane, while for the Riemann surface of the modular
function, whose (logarithmic) branch points lie over three base points, an
open circular disc or a half-plane will do as a conformal image. The most
convenient approach to this whole class of questions is given by a theorem of
E. Landau (1877-1938), a theorem which was discovered only in 1904 and
to the exposition of which we shall now turn our attention.

195
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We consider a power series
f) =ay+ayz+ ay2%+ - (a,%0), (411.1)

which we assume to be convergent in the disc | z| < R and which we also
assume to take on neither of the two values O and 1 in this disc. As a first
consequence, we note that g, is neither =0 nor = 1. Then the modular
function w =t (u), defined in § 407 above, has a branch for which t(a,) lies
inside or on the circular-arc quadrangle with vertices at — 1, 0, 1, o« (see
Fig. 106), since this quadrangle is a fundamental region for the inverse func-
tion of t(#). In a neighborhood of 2 =0, therefore, the function

g(2) = (f(2)) o (4112

is regular. Moreover, from the assumption that f(z) omits the values zero
and unity in the disc |2| < R, it follows that g(z) can be continued ana-
lytically along any path lying in this disc, and this in turn implies, by the
monodromy theorem, that g(z) is single-valued in the disc. We note further

that Jg(2) > 0 holds in | 2| < R. Therefore the values assumed by the
function

h(z) = gi"’Lig(i’l (411.3)

in the disc | 2 | < R must all be inside the unit circle, and Schwarz’s Lemma
applied to the function h(Rv) yields

RIK(0)| =1. | (411. 4)
Now

, 0 —g0) _,
#(0) = (é’%f))—):g%? 7'(a) 4y, (411.5)

from which it now follows that

R < 7@ —Flag)]| : (411.6)

la;] [7"(a) |

We denote the right-hand side of (411.6) by R(a,, a,) and we call this quantity
the Landau radius. It constitutes a bound for R which is the best possible,
as the following argument will show. First, relation (411.3) yields

_ B(0) k() —g(0)
g(z) = _h(z)—-l .

Now if %(2) is of bound one in the disc | 2| < R, then Jg(2) > 0, and
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(411.2) can be solved for f(2). With the notation of § 405, we obtain

fz) = Qg(z) = 2 (%@) ’

where Q denotes the inverse function of t. In particular, if

hz) = (411.7)
which entails
R|W(O)| =1,

then (411.5) implies the equality

R= 237 (411.8)

fayl 7"(@)|

We have thus proved the following theorem of Landau:

If f(2) is regular in the disc | 2| < R and omits the values zero and unity
in this disc, then the first two coefficients aq, a, and the radius of convergence R
of the expansion

fle) =0t dat oyt (ay+0) (411.9)
satisfy the inequality
_23t(a)
= a0 1760 (411.10)

There are certain functions f(2) for which the equality sign holds in (411.10),
so that the bound on R is the best bound possible.

We also restate this theorem in the following obverse formulation: If the
function

@) =ag+ a2+ a, 22+ -+ (a9 # 0,1; a, + 0)

is regular in the disc | 2| < R and if R > R(ao, a,), then f(2) must assume
one of the values zero or unity at least once in the disc | z| < R.

412. Toward the numerical calculation of the Landau radius, we substitute
the values of 1(a,) and t’(a), obtainable from § 407 above, into (411.10).
Specifically, we have

2 (e == {2116 - «‘M%%ﬂ] ] (412.1)

z-—ao
1 —
=n|ay (1 — ap)| p1 71 l (412.2)

a0 [
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This yields
R _ e (el o = e =
(ag, @) = ()] (2, @,116 — @, §F — @, 93) . (412.3)
For |a,| < 1 we find

R(ag, ay) = 2=l (2F Fl Ti; _FF*_ FF*) , z=a,. (412.4)

la,|

To find convergent series in terms of which we can express R(ao,a,) for a,
not inside the unit circle, we must make use of the connecting formulas.

In the exceptional case treated in § 408, we have 2z =}/3, so that by
(409.8),

1 6
L (-
1 /e 3.23 3 1
R( 14 ) et Wl B B0 B 2.
L (L+i)3) a,) v <V2n> ap - 546325 (412.5)

The Landau radius can also be determined very easily in case ¢, =0, i.e.
if we are dealing with a regular function

f(2) = ay 2+ ag 22 + -

that omits the values zero and unity in the punctured disc 0 < | 2| < R. In
this case we must replace the modular function 1(2) in the argument of the
preceding section by the function

Friz)

et = E T (+12.6)

This function is regular at 2 =0 and can be continued analytically along any
path that starts at 2 == 0 and subsequently avoids the points z=0and z=1.
We have v/(0)=1/16, so that the Landau radius is given in the present
case by

16
lay )

R(0, a) = (412.7)

This yields the following theorem:

If the function f(2) is regular in the disc | 2| < R, satisfies f(0) =0, but
is not equal to zero or umity at any other point of the disc, then

R<16

= &yl

(412.8)

must hold. This bound is the best bound possible.
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413. Let f(2) be any non-constant integral function. Then there must
certainly exist points 2, of the complex plane for which f(2)=0 or 1 and
f'(2,) = 0. If we set ay=/(2,), a,=f'(2), then we know from the theorem of
§ 411 that in every disc | 2— 2, | < R with R > R(a,, a,), the function f(2)
assumes one of the values 0 and 1 at least once.

Now let g(2) be a function that is meromorphic in the entire complex plane
and omits three distinct values @, b, and ¢. If we set

c—a gz —b
0=y gy =a

then f(z) is an integral function which omits the values zero and unity and
which must therefore be a constant. This leads to the following result, which
greatly generalizes Liouville’s theorem (cf. § 167, Vol. I, p. 165) and is known
as Picard’s first theorem:

If g(2) is meromorphic in the whole complex plane and omits three distinct
values a, b, and c, then g(2) is a constant.

Schottky’s Theorem (§§ 414-415)
414. Let the function

1) =ap+ a 2+ a22+ - (ag+0,1) (414.1)

be regular in the disc | 2| < 1 and assume that it omits the values zero and
unity in this disc. Then just as in § 411 above, the function

g() = 7(/(2))

is regular in |z | < 1 and assumes values whose imaginary part is > 0. If
0 <# <1, then the values assumed by g(z) in |z | =19 must by Pick’s
theorem he in a non-Euclidean disc whose non-Euclidean center is at t(ao)
and whose periphery is tangent to the straight line

1—%
by = J(ay) 159"

Here we have set t==s + it, as in § 410 above. Also by § 410, the values
which |f(z)| =|Q(g())| assumes in the closed disc | 2| =< # do not exceed a
finite number that we denoted by

plte) = p (St(ao) -}{—f,’—) = u(d, a,). (414.2)
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This result is known as Schottky’s theorem and may be stated as follows:
Assume that

f2) =ag+ ayz+ayz2+ -« (g% 0,1) (414.3)

is regular and omits the values zero and unity in the disc | z| < 1. Also, let
0< ¥ < 1. Then there exists a number u(9,a,) that depends only on 9
and a, (not on a,,a.,...) which is such that for |z | =9,

1/(2)] = (D, ay) (414.4)
holds.

415. The proof of Schottky’s theorem goes through independently of the
particular branch of the modular function t(%) into which f(2) is substituted.
To minimize the bound u(¢,), we must choose that branch for which Jt(a,)
is as large as possible, i.e. we must choose t(do) as lying in the fundamental
region shown in Fig. 106.

We now consider in the u-plane a region G (€, w) that is defined by the
relations '

[u| >e |u—1>¢, [u[<w,‘

(415.1)
£<%, 0> 2, [

If a, is a point of this region and if t(a,) lies in the fundamental region just
mentioned, there exists a number 5 > 0 for which Jz(ag) > % always holds.
For all points a, of the region G (e, w), we can use one and the same bound
#(to) in Schottky’s theorem, for we need only set

This generalization is also due to Schottky.

From Figs. 101 and 103 above we see that if the branch of t(u) is chosen
as indicated above, then '

Jr(ag) > 5 V3
holds for 0 < |a, | < 1/2. Thus we have for these values of a, a bound

u*(#) in Schottky’s theorem that is independent of ay.

If a, lies in the punctured disc 0 < |u— 1| < 1/2, then it follows from
the equation

o) —1=ay—1+ay,z2+a,22+ -
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that in | 2| =& we have
| /@) — 1] = u*(@®),

[#(z)] < p*(d) + 1. (415.2)

Now if a, is any point of the doubly punctured disc

and hence

4| <o, u+0,1, ©>2 (415. 3)

then a, lies in at least one of the three regions dealt with in this section, and
we have therefore obtained the following theorem:

Let the function

2) = ag+ ayz+ ag 224 -+ (415. 4)

be regular and == 0, 1 in the disc | 2| < 1. Also,let 0 < ¥ < land | a, | < w.
Then there exists a number u = u($, w), dependent only on ¥ and w (not on
G0, 8y, - ..) Such that for |z | =49,

16)] < & (415.5)
holds.

Montel’s Theorem (§ 416)

416. Let G be any given region of the z-plane and let {f} be a family of
regular functions in G each of which omits the values zero and unity in G.
Let 2, be a point of G and | z— 2, | = R a closed disc that lies wholly in G.

We divide {f} into two subfamilies {g} and {h}, where the former is to
contain all functions of {f} for which | g(2,)| = 1 while the latter is to con-
tain all the others, i.e. all functions of {f} for which | h(2)| > 1.

By Schottky’s theorem, the functions of the family {g} are uniformly
bounded in the small (¢f. §185, Vol. I, p. 184), since there are discs
| z— 2, | < @ within G for which R/¢ =% < 1. Moreover, it follows from
our assumptions that every function 1/h(2) is regular in G and omits the
values zero and unity, and we also have

1
T < L

This implies that each of the two families {g} and {4} is normal at the point 2.
Therefore by the criterion of § 183, Vol. I, p. 183, the union {f} of these two
normal families is itself a normal family at z,. Since z, is any point of G, it
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follows that the family {f} is normal in the whole region G. Thus we have
obtained the following theorem: The set of all functions that are regular and
omit the values gero and unity in a region G constitutes a normal family in G .

By combining this result with the theorem of § 197, Vol. I, p. 194, we
obtain the following additional result: If in a region G every function f of a
family omits three distinct values a, b, ¢ (which may depend on the function f),
then the family {f} is normal in G provided only that the product

x(b' C) ) x(c' a) : x(a' b)

of the chordal distances of these points is greater than a fixed positive number,
for all functions of the family.

Picard’s Second Theorem (§417)

417. We consider a function f(2) that is regular and omits the three values
0, 1, « in the punctured disc '

0<|z| <o (417.1)

and we define a sequence of analytic functions by means of the equations
fule) = /({,;> n=01,2). (417.2)

In the circular annulus /2 < |z| < g, each of these functions is regular and
omits the values zero and unity. Hence by the preceding section, the set of
functions (417.2) is a normal family in the annulus; it must therefore contain
a subsequence

{fa ()} (=1,2..) (417.3)

that converges continuously in the annulus. By the last theorem of § 198, Vol. I,
p. 195, the limit function is either regular in the annulus or it is the constant .

Let us assume first that the limit function is regular. In this case, the
functions of the sequence (417.3) are uniformly bounded on the circle
| 2| =3g/4. Equations (417.2) now imply that the disc |z |< ¢ contains
an infinite sequence of concentric circles whose radii converge to zero and
on which f(2) is bounded. Since f(z), by our assumptions, has no poles,
f(2) is bounded in the punctured disc (417.1) and can therefore be extended,
by Riemann’s theorem of § 133, Vol. I, p. 131, to a function that is also
regular at 2=0.
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In the second case, where the limit function of the sequence (417.3) is the
constant o, we simply replace f(2) by 1/f(z), which reduces this case to the
first case. We have thus proved a theorem that extends Riemann’s theorem
of § 133, Vol. I, p. 131 in the most remarkable way, as follows:

If in a neighborhood 0< |z— z,| < g of a point 2,, the function f(2) omits
three distinct values a, b, and c, then f(2) is continuous at 2, in the chordal
(spherical) metric and can be extended to a function analytic at 2,.

This theorem can also be restated as follows: If the function f(2) has an
essential singularity at the point 2, (which may also be the point at infinity),
then in every neighborhood of z, the function f(2) assumes every value, with
the possible exception of at most two values, an infinite number of times.

This theorem was discovered by Picard in the year 1879. The above proof
is due to P. Montel (1916).

A Corollary of Montel’s Theorem (§ 418)

418. Let {f} be a family of functi ns that are regular and omit the values
0, 1 and oo in the punctured disc 0 < | 2| < 1. Then by Montel’s theorem
of §416, the family {f} is normal in the punctured disc. According to the
theorem of the preceding section, each of the functions f(z) can be extended
to a function analytic at the point 2=0. We shall prove that the family of
extended functions is normal at 2=20.

To this end, let {f,(2)} be any sequence from the family {f}. If infinitely
many of the numbers f,(0) are distinct from all three of the values 0, 1, o,
then by Montel’s theorem we can select from the sequence {fn(2)} a sub-
sequence that is normal in the whole disc | z| < 1. Thus we need only deal
with the case that all of the f,(0) are = 0, since the remaining two cases can
be reduced to this one by introducing the functions f(z)—1 and 1/f(2),
respectively.

We can select from the sequence of the f,(2) a subsequence {f,()} that
converges continuously in the punctured interior of the unit circle. If the
limit function g(z) of this subsequence is not identically equal to infinity,
there exists a circle | z|=7 <1 on which all of the f, (z) are uniformly
bounded. They must have the same property in the disc | z | = r and therefore
constitute a normal family in this disc.

To assume that g(z) = oo would lead to a contradiction, because there would
exist in this case a disc | 2| <7 <1 on the boundary of which |f,(2)|>3
for at least one of the functions of the convergent subsequence; then for the
function @(z) =1 — f,,(?), we would have | @(2) | > 2 at every point of | 2 | =7
while at the same time ¢(0)=1, and thus by the result of § 138, Vol. I,
p. 135, @(2) would have at least one zero 2, at which f,,(z) = 1 would then
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hold, in contradiction to our assumptions. Thus we have obtained the following
result:

If F is the frontier of the normal kernel of a family of functions all of which
omit three values, then F cannot contain any isolated points.

A Generalization (§ 419)

419. The theorems of §§ 411ff. can be generalized by the substitution, in
the appropriate places in the course of their proofs, of an arbitrary Schwarz
triangle function for the modular function. Thus for instance, let [, m, n be
three natural numbers for which

holds, and let f(2) be a function that is meromorphic in the disc | 2| < 1 and
for which the multiplicity with which it assumes the values 0, 1, and o (i.e.,
the multiplicity of its zeros, “‘ones,” and poles) is always divisible by I, m
and n, respectively. Let f(2) be represented by

D) =ag+a,z+ ap 2% + - (ag+ 0,1)

in the neighborhood of 2=0. The function (404.1) maps the point a, onto
at least one point w, of the disc |w| < 1. We map w, onto the origin by
means of a non-Euclidean motion of our net of triangles, and we obtain a
function

_ a@y(u) +b gy(u)
W(u) T cpy(w) + d py(u)

which maps the upper half-plane Ju > 0 onto a triangle of the net. It is easy
to see that g(2) =¥ (f(2)) is regular and of bound one in the disc | 2 | < 1,
and vanishes at z=0. From this it follows, by Schwarz’s Lemma, that

1
o < g - (419.1)

This is the crucial inequality from which we can obtain, after a modification
of the norming, the analogue of the result on the Landau radius.
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The Essential Singularities of Meromorphic Functions (§§ 420-424)

420. We consider the function z=Q(w) introduced in § 404 and we
wish to determine the radii of the disc |w | < 1 on which

lim Q(r ') (420.1)

roms]

exists. As the point w travels along such a radius, the corresponding point
Q(w) of the z-plane traverses a path y, whose interior points do not include
2==0, 1 and . But the end point of this path, which exists by our assump-
tion, always coincides with one of the three points just mentioned; no other
point of the z-plane can be a boundary value of Q(w), because the mapping
is neighborhood-preserving.

Now if the path y, ends, say, at the point 2=0, we consider the part
of y, that lies in a circular disc having its center at 2==0 and excluding 2 =1
(say the disc | 2| < 1/2); this part of y, is the image of a curve y,, that
passes through triangles of the modular configuration all of which have a cusp
at a common vertex. Since by our assumption y, coincides with part of a
radius of |w| < 1, it follows that this radius passes only through a finite
number of triangles. This last condition however is met by no more than a
denumerable number of radii of | w | < 1, since there are only denumerably
many cusps of the modular net on |w |=1. For all other radii, therefore,
the limit (420.1) does not exist. Hence by the result of § 311, the boundary
values of Q(w) at any given point { of |w|=1 must cover the entire
Riemann sphere. Thus we see that the conclusion of Fatou’s theorem does
not hold for certain functions that omit three distinct values.

As long as we were dealing only with isolated frontier points of the domain
of definition, we were able to extend results for bounded functions to functions
that omit three values. This is one way of looking at the content of Picard’s
theorems. But our last considerations show that extensions of this kind may
no longer be possible if the singularities of a function are not isolated. How-
ever, even in the latter case it is possible to arrive at certain results without
too much difficulty.

421. Toward this end we first derive a lemma. We note that for a func-
tion f(2) regular in the disc | 2| = 1, equation (135.5), Vol. I, p. 132 can
be written in the form

2n
10) = 5= [ #e*?) a9,
7

which admits of the following geometric interpretation. The right-hand side
of this equation may be considered as representing the center of gravity of a
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certain positive mass distribution on the curve w = f(¢*®), Thus the equation
implies that f(0) must lie in the convex hull of this curve.
Now let f(2) be regular and bounded in the disc | 2| < 1, say

)] < M. (2L 1)

Let 4 be an open subset of the circle | z | =1 that consists of at most de-
numerably many subarcs whose lengths add up to ¢, and assume that at every
point £ of | z | =1 that is not on 4, the limit

lim f(r ) 0<r<1) (421.2)
y=]
exists and that the convergence in (421.2) is uniform for all { in question.
We denote the set of all limits (421.2) by I# and the convex hull of I/ by W/*.
For any given r with 0 < » < 1, we denote by A4, the projection of 4 onto
the circle | z | = r under the central projection from the origin. In addition
to the analytic function f(r ¢'%) (0 < & < 27), we introduce a continuous func-
tion @ (r €*®) that is linear in 9 on every subinterval of A4, and coincides with
H{r ¢*%) at all other points of the circle |z |=7.
Then from the relations

2n 2n 2n
10) =5 [ ey @ = [ a8+ 3 [ o) o) @2 (321.3)
0 0 0

and with the notation

2n
w, = lim / (%) dd
r=1 0
2n

(421.4)
wy=lim - [ (f(r ') = 9(9) 48
r= 0
it follows that
HO) = w; + w,. (421. 5)
Now w,; belongs to the convex hull I#7*, and
|wg] = 26 M, (421. 6)

since

[fre’?) —g @) <2M
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holds true. We shall make use of these inequalities to prove the following
lemma: :

Let f(2) be a regular and bounded function in the disc | 2| < 1. Assume
that the limit

lim f(r ¢)

rm=]

exists at every point L, except on a set e, of measure zero, of an arc AB of the
circle | 2| =1, and that these limits lic in a point set W of the w-plane.
Then every boundary value of f(2) at any interior point {, of the arc AB isa
point of the interior or the frontier of the convex hull W* of W.

To complete the proof of this lemma, let 2, be any point of the disc | z | < 1.
The Moebius transformation
. el
=7 — 20U
represents a one-to-one mapping of the two closed discs | 2| = land |u | =1
onto each other and maps the arc 4B onto an arc 4,B, whose length we
denote by

€

27—~

The set e, of measure zero on the arc 4B corresponds to a set e, of measure
zero on the arc 4,B,. We introduce the function

W = 1(1°57%)

The point set e, and the complement of the arc 4,8, on |u|=1 can be
covered by a sequence 4 of intervals of total length ¢; this set 4 then satisfies
the assumptions at the beginning of this section, so that we can write, in
accordance with (421.5),

f(z) = A(0) = w, + w,,

where w;, is a point of W* while w, satisfies the inequality

|w,| < 2eM.

The lemma now follows if we note that & goes to zero if | {,— %, | does.
Incidentally, the assumption that f(z) is bounded in the whole disc |z | <1
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can be replaced by the weaker assumption that f(z) is bounded in a neigh-
borhood of {,, with the aid of the method of § 348.

422. Next we consider an arbitrary analytic function f(z) meromorphic
in the disc | 2| < 1. We wish to derive a characterization of the set I/ of
boundary values assumed by f(z) at a point {, of the unit circle in terms of
* the radial limits

lim f(r e'?)

r=1

in the neighborhood of {, (to the extent to which these limits exist).
To this end, we cover the Riemann sphere by a normal sequence of open
discs?
K.,K,;,K,,... (422.1)

that is by a denumerable set of open discs having the property that to every
disc k on the Riemann sphere with center at P, and no matter how small, we
can assign at least one disc K, of the sequence (422.1) that lies in k and
covers P.

To each disc K, of the sequence (422.1) we now assign a subset 4, of

the circle | z | =1 consisting of all points { of the circle for which the limit
lim (r ¢) 0<r<1) (422.2)
r=1

either fails to exist or exists and coincides with a point of K, .
We also define on the circle | z | =1 a nested sequence of subarcs

P A R (422. 3)

that have a common interior point {, and whose lengths converge to zero.
For every v, we form the sequence of intersections

A,0,, 4,0, 4,0;,... (v=1,2,..)) (422.4)
and we denote by
n; (=1,2..) (422.5)

those natural numbers (if any) for which at least one of the sets
Andp 0=1,2,..)

is of linear measure zero.

' Cf. C. Carathéodory, Reelle Funktionen, Vol. I (Chelsea Publishing Co., New York
1946), § 85, p. 71.
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423. Having defined the n; in this way, we consider the open set

U=K,+ K, +Kp+ - (423.1)

and its closed complement H.

The set U may be the empty set, in which case H coincides with the whole
Riemann sphere. For example, for the function Q introduced in § 404, the
limit (422.2) exists according to § 420 only if it equals one of the three num-
bers 0, 1 and oo, and this happens only if { coincides with one of the denumer-
ably many cusps of the modular configuration that lie on the unit circle.
Therefore in this case, the linear measure of 4, 4, is positive for every v and
every p, so that the point set U is empty.

The point set H, on the other hand, cannot ever be empty. For if it were,
there would exist a finite number of K,; whose union would cover the Riemann
sphere, so that there would have to exist an arc 8, in which the points { for
which the limit (422.2) fails to exist, or exists and equals any number at
all, would constitute a set of linear measure zero; but this is absurd.

Now we shall prove that every point w of H must be a boundary value of
f(2) at the point {,. To this end, consider a disc K; of our covering sequence
(422.1) that contains w and is itself contained in a preassigned neighborhood
of w. Suppose that w were not a boundary value of f(2) at {,. Then there
would exist a neighborhood of {, in which

1

Y r g
would be bounded, and an arc d,, on which the conclusion of Fatou’s theorem
holds true. On the other hand, the number v is by assumption not a member

of the sequence (422.5). Hence every arc 8, for which p = po must contain
at least one point £, for which the limit

lim f(r ¢,)

r==1

exists and is contained in K,. Therefore there exist boundary values of f(z)
at £, whose distance from  is as small as we please. The set of boundary
values of f(2) at {, being a closed set, it would follow that the point  is itself
a boundary value at {, after all. Thus we have proved the above statement."

424. The complement U of H can always be represented as the union of
at most denumerably many mutually disjoint regions G,;. If the number a
is not a boundary value of f(2) at {,, then the point of the Riemann sphere
that corresponds to a must lie in one of the regions G, say in G;.
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Let K, be a closed disc lying in G, and having a as one of its boundary points.
Since a is not a boundary value of f(2) at {o, the function

80) = -

2) — o

is bounded in a certain neighborhood of {,; therefore Fatou’s theorem is
applicable in this neighborhood.

By assumption, every point of X, lies in one of the open discs K, of § 422,
and by the Borel Covering Theorem, a finite number of these open discs
suffice to cover k,. To each of these there corresponds, also by § 422, an
arc 9, on which the radial limits exist, except on a set of measure zero, and
are equal to values that do not belong to K,,. On the intersection d(K,) of
all of these ¢,,, the radial limits likewise exist, except on a set of measure zero,
and fall outside x,. We can therefore apply the theorem of § 421 to g(z).
The transformation

maps the disc x, onto a half-plane. The radial limits of g(z), corresponding
to those mentioned in the theorem of § 421, all lie in the complementary half-
plane, as does also the convex hull of the set of these limits. From this we
conclude that none of the boundary values of f(z) at {, lies in the interior of x,.
This result can be supplemented as follows.

If 8 is an arbitrary point of the region G;, we can always find a chain of
closed discs

Ko, K1, ..., Kp

all of which lie in G, and which are such that any two consecutive discs
overlap while the points a and § lie on the boundary of the first disc x, and
in the last disc k., respectively. This construction shows that none of the
points of the region G; can be a boundary value of the function f(2) at the
point .

We have thus proved the following theorem: Let the analytic function f(2)
be meromorphic in the disc | 2| < 1, and let L, be any point of the periphery
|2|==1. Then we can represent the Riemann sphere, by means of the con-
struction of §§ 422 ff. above, as the union of mutually disjoint sets

H+G +G, +...,
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where H is closed and non-empty while the G, (which may be absent entirely)
are regions. For each of the regions G, either every point of G, is a boundary
value of f(2) at {, or else none of the points of G, has this property. Thus the
set of boundary values of f(2) at {o consists of the closed set H plus certain of
the regions G, including in any case all those of the G; which are multiply-
connected.

The last statement, concerning the multiply-connected regions Gy, is a direct
consequence of the fact that the set /# of boundary values is always a con-
tinuum and that the complementary set of a continuum is always a union of
disjoint simply-connected regions.

We note that the above theorem bears a certain resemblance to the theorem
on isolated essential singularities of § 165, Vol. I, p. 163, if the latter is stated
in the following form: If a function f(2) is single-valued and analytic at all
points, other than 2, itself, of a certain neighborhood of z,, then the set of
boundary values of f(2) at 2, either consists of a single point or else covers
the entire Riemann sphere.

This corresponds precisely to the case that the point set H consists of a
single point.

An Application to the Reflection Principle (§ 425)

425. The result of the preceding section enables us to complement the
theorem of § 348. Let f(2) be meromorphic in the disc | 2| < 1. Assume
that to every point { of an arc AB of the periphery | z | = 1, with the excep-
tion of a fixed set ¢, of linear measure zero, we can assign at least one sequence
of points z, of the disc that converges to { and whose points lie between two
chords of the unit circle that meet at {, and which is such that lim f(z,) exists
and is real or infinite.

Now if {, is any point of the arc A B, the following two cases, and no others,
are possible. Either the set I/ of boundary values of f(2) at {, covers the
whole Riemann sphere, or Fatou’s theorem holds, by § 311, in a neighborhood
of {o. In the latter case, the radial limits must exist everywhere (except on a
set of measure zero) and must be real or infinite. This implies that the point
set H of § 423 must in the present case be a subset of the real axis. If H is
not the entire real axis, the complementary set U of H is a single region none
of whose points are boundary values of f(2) at {,. Then by § 348, the func-
tion f(2) must either be regular at {, or have a pole at this point. But if H
coincides with the entire real axis, then there are exactly two regions, G,
and G, in the complement of H. Hence the theorem of the preceding section
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applied to the function f(2) of the present section yields the following result:

For the function f(2) introduced in the first paragraph of this section, the
following three possibilities—and no others—exist at every point {, of the
circular arc AB:

1. The set W of boundary values of f(2) at o covers the entire extended
complex plane. In this case, we call {o an essential singularity of the first kind.

2. The set W covers one of the two half-planes bounded by the real axis,
including the real axis itself, and contains no interior point of the other half-
plane. In this case, we call o an essential singularity of the second kind.

3. One of the two functions f(2) and 1/f(2) is regular at the point {o,
and the Schwarz Reflection Principle can be applied in a neighborhood of {,.

Examples (§ 426)

426. We shall now consider some actual examples to illustrate the various
possibilities allowed by the last theorem. It may happen that each and every
point of the arc 4B is an essential singularity of the first kind. This is the
case, for instance, if we choose for f(z) the modular function Q(z) of § 404.
We have seen in § 420 that for this function, the radial limits exist only on a
denumerable number of radii; on any radius not belonging to that denumer-
able set we can find sequences of points that converge to the periphery of
the unit disc and on which Q(2) assumes real values. Thus the conditions
" imposed on f(2) in § 425 are satisfied here. Moreover, on each of the radii
other than those of the denumerable set, there are sequences of points that
yield boundary values of Q(z) having a positive imaginary part, as well as
sequences that yield boundary values having a negative imaginary part. There-
fore, every point o, of | 2|==1 is an essential singularity of the first kind.

It is almost as easy to find examples of functions for which all points £, of
a boundary arc 4B are essential singularities of the second kind. To this
end, let us consider a Schwarz circular-arc triangle lying in the upper half-
plane of the w-plane and having the angles n/2, n/4, n/6, say. We map this
triangle conformally onto a modular triangle of the z-plane whose three cusps
lie on the circle | z | = 1 and which lies otherwise in the interior of this circle.
The analytic continuation x(2) of the mapping function represents the con-
formal mapping of the disc | 2| < 1 onto a simply-connected regular (canon-
ically branched) Riemann surface over the w-plane (cf. § 404), a surface that
has logarithmic branch points at all of the points corresponding to the vertices
of the original triangle as well as to the vertices of all the additional triangles
obtainable by successive reflections in sides of triangles.

The circle | 2| ==1 constitutes a natural boundary for the function u(z).
All the values assumed by u(2) have a positive imaginary part. Every point
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of the unit circle is an essential singularity of the second kind, a fact that can
also be proved directly without difficulty.

To show that u(2) satisfies the conditions of § 425, we note that almost all
radii of the disc |z | < 1 are mapped by the function w = u(z) onto curves
of the w-plane that converge to some well-determined end point. Such an end
point must coincide either with the point w==0 or with a point of the real
axis or with a point that corresponds to a vertex of the net of triangles. The
last, however, is possible only if the corresponding radius of the disc | 2 | < 1
passes through no more than a finite number of triangles of the net. There
are no more than denumerably many radii having this property, which shows
that u(z) satisfies the requirements of § 425.

The functions that serve as illustrations for the theorem of § 425 may also
have isolated essential singularities. Thus, for example, the function

has an essential singularity of the first kind at the point 2=1, and the
function

1+2

1tu

1-2
w=1"1~:—1‘4, = €

has at the same point an essential singularity of the second kind. At all
other points of the circle | 2| ==1, the first of these functions is regular
while the second has poles at points of the circle for which 2==1 is a point
of accumulation.

It may also happen that all the points of the circle but one are essential
singularities of the second kind, while the exceptional (isolated) point is an
essential singularity of the first kind. To construct an example for this, we
norm the above function u(2) in such a way that it converges to a finite real
value as z approaches the point z=1 within a sector. Then the function

. 1+2

' 1-%
w=¢ + u(z)

has at 2= 1 boundary values with positive imaginary parts as well as boundary
values with negative imaginary parts; thus the point 2==1 is an essential
singularity of the first kind. At all other points of the unit circle there are
boundary values with positive imaginary part but none with negative imag-
inary part; these points are therefore essential singularities of the second kind.
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427. We consider once more a mapping function u(2) like the one of
§ 426, except that we assume it to give a mapping this time of a modular
triangle of the Poincaré half-plane 2=« + iy, y > 0 onto a Schwarz triangle
of the w-plane. Then by Fatou’s theorem, the limit

lim p(x + 1 y) = p(x) (427.1)

y=0

exists for all points » of the x-axis except for those in a certain set ¢/ of
linear measure zero. Moreover, there exists on the x-axis a denumerable
and everywhere-dense set ¢” having the property that for x € ¢” we have
Se(x) > 0.

Now let ,:a< x<bd and §,:a < u < § be arbitrary intervals on the
x-axis and the u-axis respectively. We denote by e(a, ) the subset of
8, on which a < ¢(x) < g holds. We shall prove that the linear measure
me(a, f) is > 0, by showing that the assumption me(a, 8)==0 leads to
a contradiction.

To prove this, let K, be a disc of a normal covering sequence of the w-plane
(cf. §422) that has a chord lying within the interval a < # < 8. We assign
to this disc the point set 4, introduced in § 422, which in the present case is a
subset of the s-axis. The intersection of A, and 8, is contained in the set
¢ +¢" + e(a, 8), which is of measure zero by the assumption we wish to
disprove. Hence if we apply the theorem of § 424 to any point { of 4,, we
find that the point set H (cf. §§ 423-424) is here a subset of the u-axis that
excludes at least a subinterval of 8,. Furthermore, no point of the half-plane
Jw < 0 is a boundary value of u(2) at the point {. Therefore by the theorem
of §425, u(2) is analytic at { and hence is real, except possibly for poles, at
every point of ,. But this contradicts the fact that the function ¢(#) has a
positive imaginary part at every point of the everywhere-dense set ¢”, and
the above statement is proved.

428. We now denote by f(x) the real function which is equal to zero on
the set ¢’ + ¢” of measure zero and equal to ¢(#) at all other points of the
x-axis. The function f(x) is measurable, because on the complement of
¢ + ¢” it is the limit function of a sequence of functions that are everywhere
continuous. We have thus obtained the following result:

There exist measurable real functions f(x) which are such that for any and
every given interval a < u < 8, the set of points x at which f(x) assumes
values belonging to the given interval intersects every interval of the x-axis
in @ set of positive (non-zero) measure.
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Remark. The above function should not be confused with a famous example
of Lebesgue? that lies on an entirely different plane. In Lebesgue’s case, the
problem is to construct a function A(x) that assumes every value at least once
in every interval. But this function A(x) is not required to be measurable;
also, a solution 4(x) would be considered acceptable in this problem even if the
set of all points at which 1(x) == 0, say, should be of measure zero. Our above
f(x), on the other hand, must first of all be measurable, and we also require
that the pre-image on the x-axis under u == f(«) of any interval of the u-axis
should not intersect any interval of the x-axis in a set of measure zero. Again,
f(x)—as opposed to A(x)—may omit all values belonging to some set that is
everywhere dense on the u-axis; this set of omitted values may even be such
that it intersects no interval of the u-axis in a set of measure zero.

1 C. Carathéodory, Vorlesungen iiber reelle Funktionen, 2nd ed. (Chelsea Publishing Co.,
New York 1948), § 227, p. 228.
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