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PREFACE

In April, 1893, Professor A. E. Kennelly, of Harvard and Massa-
chusetts, published a paper entitled *“ Impedance ”’ (T'rans. 4.1.E.E.,
April, 1893, Vol. X., pp. 175-216) in which he stated :—

‘““Any combination of resistances, non-ferric inductances, and
capacities, carrying harmonically alternating currents, may be
treated by the laws of unvarying currents, if the inductances are

considered as resistances of the form pl\/ — 1, and the capacities of

1
the form — ip v/ — 1, the algebraic operations being then performed

according to the laws controlling ‘ complex quantities.’ ”

This was the first publication dealing with the subject. The
operator 4/ — 1 and complex quantities were, of course, well known
to mathematicians as a branch of pure mathematics, and the
operator 4/ — 1 had previously been named j, but Kennelly first
applied these quantities to the problems of alternate current electrical
engineering. The method was adopted and applied very extensively
by Dr. C. P. Steinmetz, and to-day all communication engineers are
well versed in it. This is not so, however, with power engineers.
The last chapter in several text-books on Electrical Engineering
deals with the application of Complex Quantities, but throughout
the text no use is made of this powerful method of solving problems.

The present book is the result of an attempt on the part of the
Author to apply the methods of complex quantities generally. No
great originality can be claimed for the book, as the same problems
were dealt with by Steinmetz many years ago by quite similar
methods. There is, however, as far as the author is aware, no book
which contains the whole subject, from an elementary exposition of
the methods and manipulation of complex algebra to its application
to such diverse engineering problems as bridge networks, trans-
formers, electrical machinery and power transmission.

v



PREFACE

The underlying idea in the treatment is the close association of
the vector diagram with the complex algebra. Thus in some
problems the vector diagram is drawn first and the algebraic
expressions derived from it, while in others it is more convenient to
find the algebraic expressions first, and to draw the vector diagrams
from them. The fundamental principles of electricity and
magnetism are assumed to be known, as well as the constructional
details of the apparatus and machinery dealt with.

One small note on nomenclature in connection with the process of
inversion. The mathematician describes the process which through-
out the text has been called inversion, as inversion and reflection.
Thus in Fig. 18, p. 17, the circle OD'P’ would be called by the
mathematician the invert of the line p,Rp,, and the circle ODP;
would be called the reflection of the circle OD'P’. It is, however,
more convenient to call the circle ODP,, the invert of the line p, Rp,,
and this has been done throughout.

To Mr. H. E. Lowry, Head of the Department of Mathematics at
the Woolwich Polytechnic, I am indebted for assistance in the work
on pp. 106 and 107, and for the circular locus proof under (iii.), p. 145.
The diagrams are the work of Mr. D. W. Hopkins of the City and
Guilds (Eng.) College. For the reading of the proofs and for
working out the examples I am indebted to Mr. D. Connelly of the
Electrical Engineering Department of the Woolwich Polytechnic.

E. M.

WoorLwicH POLYTECHNIC,
S.E.18.
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VECTORS FOR ELECTRICAL
ENGINEERS

CHAPTER I

VECTOR DIAGRAMS AND VECTOR ALGEBRA

(1) Vector Diagrams

ALTHOUGH it is assumed that the reader knows the fundamental
principles of electricity and magnetism and their applications both
to direct and alternating current problems, it is thought desirable to
start from the most elementary consideration of the production of
an alternating electromotive force, in order to make quite clear the
conncction between alternating quantities, vectors and complex
quantitics.

Imagine a rectangular single-turn coil of wire AA’B’B rotating
in a uniform magnetic field B lines per sq. cm. about an axis 00’
through the centre of AB and A’B’ at a speed of n revolutions per
second. Let the length of the coil (AA’ = BB’) be ! cms., and the
radius (OA = OB = O’A’ = O’B’) be r cms. The coil is shown
at a particular instant in Fig. 1, where (@) is a side view, and (b) a
sectional end view, and the horizontal lines in (a) and the dots in
(b) indicate the magnetic field, the direction being vertically up-
wards through the paper. In (a) take rectangular co-ordinates
OX and OY, and let the angle AOX be 0 radians. From A draw
a perpendicular Az to OX.

Then the magnetic flux @ through the coil at the position drawn
1s given by

$ =2Azl.B
= 2rIBsin 6,

and the electromotive force induced in the coil by its rotation in
the field is

e=—%=—2rleSin0

V.E.E. 1 B



VECTORS FOR ELECTRICAL ENGINEERS

in absolute electromagnetic units

or e= — 2B dsin §

% 1078 volts

in practical units.

If time is measured from the instant when OA is in the direction
0X, and if w is the angular velocity of OA in radians per second,
then 0 = wt, and

e = — 2rlBw cos wt X 1078 volts.

In the position shown the flux through the coil is increasing,
and by Lenz’s law the direction of the e.m.f. induced is such that

Y
b—2—

L\\v>\ AI ..... lA
waar . ra v e
NP Al
P R | R |
—& )

@) (b)

Fia. 1.—Induced electromotive force.

the current which would flow would cause flux to go downwards
through the paper (Fig. 1 (b)), 7.e., would be in the direction
A’ABB’. AA’B’B is the positive direction.

If, however, A’ABB’ is called the positive direction, the negative
sign disappears from the equations, and the instantaneous electro-
motive force is

e = 2r1Bw cos wt X 1078 volts.

Instead of looking upon the e.m.f. as being produced by the
alteration of flux through the coil, it can be looked upon as being
produced by the cutting of the lines of flux by the coil sides.
Evidently the sides AB and A’B’ cut no lines. Suppose 8 changes
by d6 (Fig. 2). The distance moved by AA’ is 7df, and the lines
cut number Bl. 7df cos . The time taken for the movement is
d0/w, and hence the rate of cutting lines is Brid6 cos 6/(df/w) =

2



VECTOR DIAGRAMS AND VECTOR ALGEBRA

Brlw cos 6. BB’ cuts the same number and hence the e.m.f.
produced is
e = 2rlBw cos 6 x 1078 volts.

From this expression the electromotive force in the direction

o
iy

Fic. 2. Fia. 3.

ABB’A’ round the coil as the coil is rotated is plotted in Fig. 3
against the position of the coil, as determined by 8, t.e., wt.

It should be noted that since there are n revolutions per second,
the frequency f of the e.m.f. is given by

f=n

and the angular velocity by
w = 2mn = 2f.

Now imagine (Fig. 4) a line OP of length 2rlBw x 107 rotating
in a counter-clockwise direction with angular velocity w. Drop
a perpendicular Pz from P on to a
reference line OX, chosen so that time
is counted from the instant when OP ‘P\
coincides with 0X.

}
|
Then Oz = OP cos wt wt |
= 2Bw cos wt X 1078 } }
e 6 x X
Fic. 4.

The length Oz gives, therefore, the
value of the electromotive force induced in the coil at any instant,
and it is found at once when the length of the rotating line OP,
its angular velocity, and the reference line are known.

Suppose now (Fig. 5) that another rectangular single turn coil
CDD'(’ is fixed to the same axis as the coil ABB’A’ and rotated with
it in the uniform magnetic field. The angle between the two
coils is ¢ radians, the radius OC is 7', and the length CC’is /'.  The

3 B2
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coils are connected together, and to slip rings, as is indicated in
Fig. 5 (b).

By the same reasoning as before, reckoning time from the reference
line OX, with the coil ABB’A’ in the same position, at an angle
0 = wt, the c.m.f. ¢’ in the new coil is

¢ = 2r'l'Bw cos (wt + ¢) X 107 volts,

so that the e.m.f. in the two coils together, or the potential differ-
ence of the slip rings, is

| 2rlBw cos wt + 2'U'B cos (wt 4 ¢) } X 1078 volts,

C c
A A
«——] ——
1 X J
! P! \n
B’ B
() D (b) D

F16. 5.—Multiple turn coil in uniform field.

or writing 2r1Bw X 10® = E;, and 2/''B X 10® = E,, and the total
instantaneous e.m.f. as e,

e = E, cos wt + E, cos (wt + ).

In Fig. 6 OP, is drawn equal in length to E, and OP, to E, and
the angle P,OP; = ¢, and the two lines OP, and OP, are supposed
to rotate together with angular velocity w. Then, if P,z; and Pz,
are perpendiculars dropped on to OX, Oz, is the e.m.f. in the first
coil at the instant for which the diagram is drawn, and Oz, is the
e.m.f. in the second coil, and the total e.m.f. is Oz, + Oz,.

Draw P,Q parallel to OP, and P,Q parallel to OP,. Drop a per-
pendicular Qz; on to OX and another P, on to Qzs. Clearly by

4



YECTOR DIAGRAMS AND VECTOR ALGEBRA

the construction the triangles OP,r, and P,Qq are equal in all
respects, hence Oz, = Pyq = z,z,.

Hence Oz = Oz, 4+ Ox, = total instantaneous e.m.f. in the
two coils.

Join 0Q. The projection of OQ on OX gives the instantaneous
value of the combined e.m.f. in the two coils, and OQ is obtained
from OP; and OP, by the same construction as that used to find
the resultant of two forces (the parallelogram of forces) or of two
velocities ; or in fact of any two vector quantities.

A third coil could be added in Fig. 5, and a third line OP; found
for it in Fig. 6, and OP; added to OQ by the parallelogram law to
give a new line, the projection of
which would give the instantaneous
e.m.f. in the three coils together, and
the process could be continued inde-
finitely. The final resultant line would
be found from all the other lines by
a construction similar to that used in
the polygon of forces.

Moreover, the process is not in the
least limited to the very artificial case
of coils rotated in a uniform magnetic
field. Evidently the only requirement for the process to be valid
is that the e.m.f. induced in a circuit shall be sinusoidal and of
the same frequency. They can then be expressed in the form
E cos(wt + ¢), and a line OP can be drawn for cach. Nor is the
process limited to e.m.f.’s in a circuit. It can apply equally well to
currents. Lines, some representing currents and some electromotive
forces, can be drawn on the same diagram and supposed to rotate
together. The lengths of the projections of these lines on a fixed
reference line give the instantaneous values of the individual
quantities represented.

Such lines are commonly called vector electromotive forces, or
vector currents, although they are not really vectors at all, and
the drawing in which they are made is known as a vector diagram.

F1a. 6.—Addition of e.m.f.’s.

(2) Vector Algebra and Geometry

A scalar quantity is a quantity having magnitude and sense only.
A vector quantity is a quantity which has magnitude, direction
and sense, and can be represented geometrically by a line of a

5
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certain length drawn in a certain direction with an arrow-head upon
it to indicate the sense ; this line is called a vector. Examples of
vector quantities are force, displacement, velocity and acceleration.

. Vectors are added by the parallelogram construction. The lines
drawn in a ““ vector ”’ diagram to represent currents and voltages,
have also magnitude direction and sense, and are added by the
parallelogram construction, and they are called vectors by electrical
engineers.

It should be borne in mind, however, that the actual (instan-
taneous) values of the current or voltage in these diagrams are given
by the projections of the lines on to the reference line, wherein they
differ from the true vectors of physics and mathematics.

(.) A vector OP (Fig. 7) can be drawn in either of two ways. In

the first a length OA = a is drawn

P horizontally to the right, and a

NN length AP = b is drawn vertically

1 3 \ \ upwards; that is, the vector OP

? \l \l. is looked upon as the sum of two

S ) A p. " p " vectors, OA in the direction of the

abscissa, and AP in the direction
of the ordinate. The construction
may be carried out in a slightly different manner. Ap, = b may be
marked off in the horizontal direction from A, and Ap, rotated
through a right angle in a counter-clockwise direction to give AP.
This geometrical construction can be written algebraically

OP = a + jb,

if by jb is understood a rotation of b counter-clockwise through one
right angle. That is, an algebraic multiplication by j implies a

F1a. 7.—Construction of a vector.

geometric rotation through g . This being so, a further multiplication

by j must mean a further rotation through =/2, that is, multiplying
twice by j rotates OB (Fig. 8) to OB,, and similarly if again multi-
plied by 7, a further rotation through 7/2 takes place to OB, and
if again, to OB.
These successive steps can be expressed as

OBI = Jb’

0B, =jOB, = j(5b) = 5% = — b,

OB = jOB, = j(5%) = 5% = — jb,

OB, = j(OBs) =j(j%) = j*b =b.

6



VECTOR DIAGRAMS AND VECTOR ALGEBRA

Thus algebraically j must be identified with 4/ —1; geometrically
j indicates that the quantity it multiplies in the algebraic expression
is to be rotated counter-clockwise through 90°. Multiplication
by — j indicates a clockwise rotation (i.e., in the negative direction)
through 90°, or a positive rotation through
three right angles. The identification of By
j with 4/— 1 is obvious for the simple case 76
considered ; and is found by experience to
lead to no inconsistent result, however com- 5§ 7% | 0 & R
plicated the expression and construction.
(i.) The second method of drawing the J
vector OP is to mark off a length Op, equal
to r along the abscissa, and rotate the line
Op, through an angle ¢ to give OP. The
algebraic expression corresponding to this construction is formed
as follows :—

OA =a =rcosé¢,
AP = jb = jrsin g,
OP =a + jb =rcos¢ + jrsing,
= r(cos ¢ + jsing).
Making use of the identity of j and v/ “— 1, the mathematicians
show that

7% -B,
Bs

Fia. 8.—Use of
operator j.

id —j¢ b _ it
cosqS:E» te ; sinqS:f——_e—
2 2
Henc: cos ¢ +jsind = €
and OP = ref*.

Thus €/ indicates that the quantity it multiplies is rotated counter-
clockwise through an angle ¢. €* is usually abbreviated to /¢
for a positive (counter-clockwise) rotation, and the vector is written

OP =r/¢.

For a negative (clockwise) rotation, OP = a — jb = re~7¢, and
the abbreviation used to indicate this clockwise rotation through
an angle ¢ is \ ¢.

(iii.) There are, therefore, two algebraic methods of expressing
the vector OP,

OP =a +jb
and OP=re?*=r /g,
7
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and these may readily be converted from onc to the other by the

relations
a=rcos¢ b=rsing

I b ;.
r = Va2 + b? tangb:a

When expressed in the form a + jb, a is frequently called the real
part of the vector, and b the imaginary part.

When expressed in the form r/ ¢, r is called the magnitude,
modulus or size, and ¢ the angle or argument.

When it is required to refer only to the magnitude of say a vector
voltage, V, it is usual to write for this magnitude | V|, or for a
current, similarly, | I|.

It is clear that two vectors @ + 7b and ¢ + jd can only be equal if
a = c and b = d, for only in that case will the line OP, representing
one, coincide with the line OP’, representing the other. Xxpressed
in the form 7,/ ¢; and ry/ ¢,, the vectors can only be equal if
r, = ry and <f:1 = q§2, although the addition of any integral
multiple of 27 to either ¢, or ¢, does not disturb the geometric
equality.

(iv.) It is of interest, at this point, to indicate how the stationary
vectors which have been already discussed are given rotation, so that
they may be completely representative of a quantity which varies
sinusoidally, such as the e.m.f. induced in the coils of Figs. 1 and 5.

Let the vector r/_¢ = re’® be represented by R, where | R | = r.
If R rotates with an angular velocity w radians per second, its
projection on the reference line gives at all instants the value of
the quantity represented, and so fulfils the above requirement.
With this angular velocity, the angle which R makes with its
original position after time ¢ secs. is wt radians, and in this position
the vector is represented by Re/!. It should be noted that

Relet — I R ]€j¢€jwl = | R [e“‘”'”’)
but that if ¢ = 0, the vector is not represented by | R |€/*, but by
Rel“t = (| R | %),

(v.) Graphically, the addition of a number of vectors is illustrated
in Fig. 9, and is so well known as to need no long description. Clearly
the vector resulting from the addition of a, + ja,, by + 7b,, ¢1 + jc,,
dy+gdy . . .18

@+b+e+di+ ... )+tjl@at+bytogtdy .. L)

8



VECTOR DIAGRAMS AND VECTOR ALGEBRA

Hence the rule for the algebraic addition of vectors is “add the
real parts and the imaginary parts separately.” To subtract
vectors, multiply the vectors to be subtracted by — 1 (or reverse
their directions) and add.

If the vectors are in the
form 7/ ¢ the graphical
construction is unaltered ;
but the algebra is carried
out by first converting to
the form a + jb.

(vi.) Mathematicians
have two vector products,
the “dot” product and
the ““ cross " product.

The “dot” product of
two vectors r; / ¢, and 7, /¢, is a scalar quantity, and has the
magnitude 7,7, cos (¢; — ¢5). The “cross’ product is a vector
having a magnitude r,7, sin (¢; — ¢5), and a direction perpendicular
to the plane containing the two vectors.

Neither of these products is, however, used by the engineer in
manipulating his algebra for the purpose of constructing vector
diagrams ; but, instead, a straightforward algebraic multiplication.

For instance, the product of (¢ + jb) and (c + jd) is found as
follows :—

(a + 3b) (¢ + jd) = ac — bd + 7 (bc + ad).
The size of the product is
V(ac — bd)2 + (bc + ad)?
= V/(a®* — 2abed + b?d?) + (b%® + 2abed + a2d?)
=/(a® + b?) (¢ + d?)

= the product of the sizes of the two vectors.

Fra. 9.—Addition of vectors.

The angle is given by b d
bc+ad= E+z
ac — bd ‘l_é‘_i
ac

tan ¢ =

__ tand, 4 tan ¢,
T 1—tang, tan g,
= tan ($; + 4,),
where ¢, and ¢, are the angles of the two vectors.

9
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Thus the angle of the product is the sum of the angles of the two
vectors.

This result is more simply arrived at by writing the vectors in
the form r/ ¢.

(r1l¢1) X (roldby) = re® X ro€’®
— 7'17' e](¢l+¢l)

=11y /(B11 S)-
Similarly for divisions, or finding ratios :—
nléy _ net _n i($i—82)

72L¢’2 roe’t 7'2
/ (b1 — ¢o)-

Divide the sizes and subtract the angles.
Taking powers and extracting roots are simply special cases.
For instance,
(7‘L¢>)2 — 7.2(61'(#)2 — r2el2 — g2 Lg(ﬁ

b
NVl d=Ar e =4/r/t.
It is sometimes desirable to express a ratio such as (a + jb)/
(¢ + gd) in the form A + jB. This is done by multiplying numera-
tor and denominator by (¢ — jd). Thus

a+jb__ (a+jb)(c—jd)___ac+bd_|_.bc—ad
CHjd Cetihe—g FErd Tt

This process is known as “ rationalising the denominator.”

By the above rules, the reciprocal of 7/ ¢ is 1\—4). Expressed in
r

a . b
@re e

the algebraic form, the reciprocal of (a - 5b) is

. . 1
which has a magnitude VT T B

(vii.) The ratio of a ““ vector voltage ”’ to a “ vector current ” is
called a “ vector impedance,” or simply an impedance, and the ratio
of a ““ vector current ” to a “ vector voltage ” is called a * vector
admittance,” or simply an admittance; but impedances and
admittances differ from the current and voltage lines in the vector
diagrams in that they are constant with regard to time for a given
circuit, and there is no question of dropping perpendiculars in
order to obtain instantaneous values. They are, however, algebrai-

10



VECTOR DIAGRAMS AND VECTOR ALGEBRA

cally of the same vector form as the current and voltage lines,
and obey the same laws with regard to addition, multiplication, and
division. Their essential difference can be emphasised by calling
them complex quantities. Then if the voltage and current lines are
called engineers’ vectors, or simply vectors, and the true vectors of
the mathematicians real vectors, there should be no confusion.

Engineers’ vectors as well as impedances and admittances are
represented by complex quantities.

(viii.) It is of interest to examine the exponential expressions for
cosine and sine.

It is known that cos¢ =} &® + § €7,

In Fig. 10, OA=1é*
OA' =1} e,
and OB = the vector sum of OA and OA’
= cos ¢,
and this is a scalar, since it has no angle, .e., it is drawn along the
P
A
02
)ﬁ
0\'¢\A B
A
Fia. 10.—Cos ¢. Fic. 11.— Sin ¢.

abscissa. That OB has a length equal to cos ¢ is made obvious by
continuing OA to P, making AP =3}. PB is evidently perpen
dicular to OB, and OB is evidently equal to cos ¢.
. b — ¢—id
Also, sin ¢ = —2.7_—
Multiplying numerator and denominator by — j gives
d eI
sing = —3j 53 )
In Fig. 11, OA=1} €%, OA’ =} ¢, and OA" = — } ¢
AB is drawn equal to and parallel with OA”, so that

OB — (ew -J¢)
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Finally, OB is multiplied by — j, by a negative (clockwise)

rotation through 90°, and OB, results. This is obviously sin ¢.
(ix.) A meaning can readily be found for the trigomometrical

functions of complex quantities, whether circular or hyperbolic.
For instance,

cos (a + jb) = et Hb)_; e Jadb)

— et et 4 Jeb e,

The first term is drawn (Fig. 12) as OA with a length je~®at a

F1a. 12.—Cos (a + jb).

positive angle a ; the second as OB, length }¢” and negative angle a.
The sum is found to be OC by drawing AC equal and parallel to
OB. Thus the complex OC is cos (a - 7b).

. i L laib) =it i)
Again, sin (a 4 jb) = 5
<]
:_‘7(% —b e]a__l_eb 'Ja)
¢ In this case (Fig. 13) OA and OB

arc drawn as in Fig. 12, but AC’ is
drawn equal and parallel to OB,
but in the opposite direction to give
OA — OB. Finally, OC’' is rotated
clockwise through 90° to give OC, which
is sin (a 4-7b). The remaining functions
are formed from the cosine and sine by
taking ratios and reciprocals.

Similarly for the hyperbolic functions,
B cosh (a + jb) = }(e* ™ + e_(“‘“b’)
F1a. 13.—S8in (a + jb). — %e &b + %e

In Fig. 14, OA is drawn with a length }¢” at an angle b, and OB
12
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with a length 3e~* at an angle — b. OB is added to OA by drawing
AC equal and parallel to OB ; OC is cosh (a 4+ b).
sinh (a 4 jb) = } (e*H® — = (@+i%)
= }ene® — Je.T e,
In this case (Fig. 14), AC’ is drawn in the opposite direction to
OB, and OC’ is sinh (a + 7b).

F1a. 14.—Cosh (a + jb) and Sinh (a 4 jb).

The relationship between the circular and hyperbolic functions
is as follows,

cos (@ + jb) = cosh j (a 4 7b)
J sin (@ + 7b) = sinh 7 (a@ + 7).
for cos (@ + jb) = }e~ b 4 Lebe™ie
— _%Eja——b + %e—(ju—b)
= L@t | feitatin
= cosh j(a + jb).
and similarly for the other expression.

These relationships can also be deduced from the geometric
constructions.

(x.) Rotating vectors can readily be differentiated and integrated.
Let the vector R have length r, and be rotating with an angular
velocity w radians per second. Then

R = ré*,
and by the usual rules
dR .
dt

= jore = jwR.

13
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This result is obtained geometrically from Fig. 15, where OP is R,
drawn with length  and angle wt. In a small increment of time 8¢,
P moves to P’, and the angle POP’ is §(wt). The increment (vector)
of OP is PP’ (=3R), having a length 78(wt) and an angle

wt + g Thus, 3R is written

SR = r8(wt) . €l(++5)

N = rw.8t . je*t
P, sR J
/ since T = cos— 4 j sin=j
P J% = cos J sin 7
\ €” 2 2
“Nt \ .
N \ whence 8—8 = jwre* = jwR
e o
0 !
¥16. 15.—Vector " and in the limit dl{ = jwR
differentiation. dt
It follows that det _R
Jw
da2R 0
i = — w?’R
and so on.

(xi.) If one engineers’ vector V = a + b represents the voltage
across the terminals of some apparatus, and another I = ¢ + jd
represents the current into the apparatus, then it is well known that
the power into the circuit is |V|.{I| cos 6, where 8 is the angle
between the two vectors. This may be identified with the mathe-
matical dot or scalar product. It may sometimes be conveniently
read off a diagram as the quantity (ac + db), due regard being
paid to the sign of the quantity. If ¢, ¢, are the angles of the
two vectors, then the power

= Va2 + b2/ c® + d2 cos ($; — b,)
= V/(a® + b%)(c? + d2). (cos p, cos py + sin ¢, sin ¢,)

= 2 2\ ( 2 2 a4 . ‘ : '
\/(a +b)(c +d) \/a2+b2 \/62+d2+\/“2+b2
2
Vet + d
= ac -I— bd-

14
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(3) Vector Loci

The path traced by the extremity P of the complex quantity OP
as the quantity is varied in any specified manner, is known as the
locus of the quantity, and such locii are of great importance in
engineering vector diagrams. They can indicate in a graphic manner
current or potential changes resulting from changes of frequency,
load or other circuit conditions.

(i.) If the imaginary part b of the complex (a - jb) varies from
— o to 4+ oo, the locus of (@ 4 jb)
is the vertical straight line drawn AP
through R distant @ horizontally
from the pole O (Fig. 16). Then any
line OP drawn from O to meet the
line in P represents (e -+ jb) for
the particular value of b =RP. Asb
increases from — oo to -+ oo the point
P travels up the vertical line, as is
indicated by the arrow head, from
Py %0 Py

The locus of 1/(@ -+ jb) can be
found by drawing OP’ at an angle
POR = — PAOR _ d,, and of Iength Fia. lb'.—Inv'crsion. of a vertical
1/4/a2 + 5%, and by repeating this straight line.
process for successive positions of the point P. R will give D also
in the axis, and (OD) = 1/a.

Now OP"_ 2

0D  +a* + b2

cos ¢ = ‘
Ve
OoP’

5P = é.

Hence the angle OP’D must be a right angle, and the locus of P’
is a circle with diameter OD. A little consideration will show that
the circle is described in the clockwise direction from O as b increases
from — o to 4 o , that is as P moves from p, to p,.

This process of obtaining the circle from the straight line is known
as “inverting ”’ the line. If the circle be ““inverted ”’ with a pole
on the circumference, a straight line results. If instead of 1/(a -+ 7b),

15
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by construction, and since tan¢ =-,
a
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the locus of &/(a + jb) had been found, the process would still have
been called “inversion,” and %k would be called the “ constant of
inversion.”

(ii.) If the real part a of (a + jb) varies from — o to -+ o, the
locus of (a + jb) is p;Rp, with pole O as drawn in Fig. 17, where
OR = jb and RP = a for a particular value.

To find a point on the locus of 1/(a -+ jb), draw OP’ at an angle ¢

below the axis OX equal to POX and of length 1/4/a2 4 p2.

D

F16. 17.—Inversion of a horizontal straight line.

By the same construction the length of OD drawn vertically down-
wards is 1/b, and
10)
0D Ve o?
b op’ .
%ﬁ and op = in é.

And hence, since the angle ODP’ is also ¢, the angle OP'D is a
right angle, and the locus of P’ a circle with diameter OD. The
circle is described clockwise from O. If a is limited to positive
values, the locus of (a + jb) will be Rp,, and that of 1/(a + jb) the
semi-circle OP’D, drawn in heavy lines.

Fig. 18 illustrates a more general case of inversion from a straight
line p,Rp, (pole O). OR is drawn perpendicular to p,p,, making
an angle 6 with the abscissa. ORis produced to D’, so that OD’ =
k/OR, and a circle (dotted) is drawn on OD".

Then it may readily be proved as before that if any ray OPP’ is

16

but since tan ¢ = f’, sin ¢ =
a
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drawn to cut the line in P and the circle in P’, OP’ = k/OP. If

the direction of describing the line
is from p’ to p,, that of describing
the circle is counter-clockwise.
Finally the “ image > of the dotted
circle in the axis Oz is formed by
drawing OD at an angle 6 below
the axis, and drawing the circle
ODP, with OD as diameter. This
circle is the inverted straight line,
and is described in the clockwise

A\ AN
direction. If P’OX = P,0X, then
P,, P’ and P are corresponding
points.

A circle with a pole not on its
circumference inverts to another
circle. Let APB (Fig. 19) be the
circle, and O the pole. Draw OAB
through the centre C of the circle,
and continue to B’ and A’, making

F1a. 18.—Inversion of any straight

line.

OB" = /OB and OA" = k/OA. Through O draw any other
line to meet the circle in P, and continue to P’, making

Fia. 19.—Inversion of any circle.

V.E.E. 1 7

OP" = k/OP. Then P’ lies
on the circle drawn on A'B’
as diameter. Join PA, PB,
P’A’ and P'B’. Now, since
by construction OB.OB'=k
and OP . OP' = £k, the
points PP'B’ and B are con-
cyclic, and it follows that

AN N
OPB = P'B'B.

Similarly, since OA . OA’
=k = OP . OF’, the points
APP'A’ are concylic, and

N\ N\
OPA = P'A’B.
N N
Hence ' OPB — OPA =
N P
P'B'B — P'A’B’.
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S N N . N
But OPB — OPA = APB is a right angle, and, since P’'B'B =
PN s VAN
B'P’A’ -+ P’A’B’, B'P'A’ is also a right angle, and P’ lies on the
circle drawn on A’B’ as diameter. Finally the image of A'P'B’ is
found as A,P,B, by drawing OB,A, at an angle below the axis

equal to the angle of OB’A” above the axis.
The expression for the first circle is of the form

. k
d 4+ -1,
¢+ yd + P
where OA is the complex ¢ -+ jd, and that of the inverted circle is
ky
¢+ jd -1
a + gb-
(iii.) If « and B are constants and b varies, the locus of (¢ + Job)
(¢ + jBb) is a parabola.
J Multiplying out gives the complex

|
= l , ac — afb?® 4 j (ac -+ Pa) b, which,
expressed in cartesian co-ordinates,
i . 8ives
OT ¢ z = ac — af3b?
'A y = (x¢ + Ba)b,
_ i whence o -
2 . \* " (ae —
Fia. 20. ¥y =" «B (ac — ).
This parabola is drawn in Fig. 20; OC == ac, and OA = OA’ =
(e + ,Ba)\/ ac
of

Ifa=canda=f=1, OC=a? and OA = 0A’ =2a% O is
now at the focus of the parabola, which is the locus of (a 4- jb)%
If the origin is moved to the vertex C, the parabola is expressed
2
by the relation y? = p(— x), where p = M.
[+3
As b increases from — o to 4 o, the parabola is described in
the counter-clockwise direction, as indicated by the arrows.
(iv.) Similarly, the locus of (a + jub)/(c + jBb) is a circle. For
a+jeb_ (a -+ jub)(c — jBb) __ ac + afb® 4 j(ac — Ba)b
¢+ jBb ¢ + B%* ¢ + B%?
18
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_ac -}-aﬁbz

and =3 +sz2

_x—pa

y= 02+sz2' )
If
=o,x=gandy=o. ca ¥E5)
‘ I
If i .
b=oo,w=ix—andy=o, <
Fia. 21.

move the origin along the abscissa a distance é(? + %), z.e.,
c

write =z — 1(‘1’ + g)
(e
G5

: _1fa _ x\(c — B
=it B) T oy

(ac — Pa)?
MCEa oy

__—1 Cf _ _OE 2 (CZ _ B2b2)2 _+_ 402/32[)2
- 4(0 B) '

(8 + P
G-

Hence the locus is a circle of radius l((i — E), and centre on the

Then

2

axis distance — ( ) from the pole, as indicated in Fig. 21.

(v.) The locus of cosh (a + jb) when b is varied, is an ellipse.
For cosh (@ + jb) = cosh a cos b + 7 sinh a sin b.

19 02
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Whence
z = cosh a cos b
y = sinh a sin b,
and
11)2 y2 . l
cosh2a sinha =

the equation of an ellipse with horizontal major axis 2 cosh @ and
vertical minor axis 2 sinh a (A’A and BB’ in Fig. 22).

If a is varied, elimination gives

2 e
cos?b  sin?%

This is the equation of a hyperbola (Fig. 22) in which OC = OC’
= cos b, and the angle 6 of the
asymptotes is tan b.

Similarly, sinh (a 4 jb) gives
sinh (@ + 7b) = sinh a cos b 4

4 cosh @ sin b.

z = sinh a cos b
y = cosh a sin b.

With b varied
22 92

- =1
sinh 2a + cosh 2a ’
and with a varied
) x? 2
F1g. 22.—Loci of Cosh (a + jb) and -2 + Yy =1.
Sinh (@ + jb). cos?b sin2b

The equations are again those of an ellipse and hyperbola, but,
compared with those for the cosh, with x and y interchanged. If
Fig. 22 be rotated counter-clockwise through 90°, the loci will be
those of the sinh.

EXERCISES
(1) Draw the vectors (i.) 3 + j4, (i.) — 2 + 56, (iii.) —4—j1,
(iv.) 2 — 72, (v.) 455, (vi.) —3¢2, (vii.) 26742,

(2) Express the vectors of question (1), (i.) to (iv.) in the form
7/ ¢, (v.) to (vil.) in the form a - 3b.

20
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(3.) Add vectors (i.) and (iv.) and (ii.) and (v.). Subtract vector
(iii.) from (iv.).

(4) Multiply vector (i.) by (ii.), and (i.) by (iv.). Divide vectors
(ii.) by (iii.), and (v.) by (vii.).

(5) Find the reciprocals of (iii.) and (iv.), in each case algebraically
and graphically.

(6) Find the square root of (ii.) and (iii.) and the square of (iv.).

(7) Simplify the following expressions :—

A6 2—j4 3458 . (44522 3
(1.) 3 —j4’ (1.) 6 7 X 7 , (21L.) 5= X T

(8) Find the values of the sin, cos, sinh and cosh of (i.) (0-7-4-50-6),
(ii.) (07 — §0-6), (iii.) (—0-7-+j0-6), (iv.) (—0-T—j0-6).

(9) Draw the locus of @ + jb and of 1/(a + 5b) :—

(i.) When @ is constant and equal to 0-5, and b varies from
— b to 4+ 5. Mark on each locus the values of b = — 5, — 4, — 3,
— 2, —1,0, + 1, etc.

(ii.) When a varies from 0 to 5 and b remains constant and equal
to 2. Mark on each locus the values of a = 0, 1, 2, 3, 4 and 5.

1
(10) Draw the locus of (2 i3+ 12 _) and find from the
4+ 9z
diagram the values of the expression when x = — 2, 4 and 5.

(11) Draw the locus of cosh (a -+ jb) :—

(i.) With a constant at 0, 0-25, 0-5, 0-75 and 1, and b varying.
(ii.) With b constant at 0, 0-25, 0-5, 0-75 and 1-0, and a varying.
From the drawing read off the values of :—

cosh (0-25 + 52-0), cosh (—0-75 4 50-5),
sinh (0-5 + j4-2), sinh (—0-25 — 51-5)

21



CHAPTER II
VECTOR DIAGRAMS OF SOME SIMPLE CIRCUITS

Ix applying the principles of the previous chapter to the circuit
problems of the electrical engineer, it is desirable to have a clear
understanding of the various terms and symbols to be adopted.

An alternating voltage of pure sine wave form is represented by
the expressions v = v, sin (wt + @) or v = v,, cos (wt + ¢), where
v,, 18 the maximum instantaneous value of the voltage v. Now it
has been shown previously that any quantity which varies sinu;
soidally may be represented vectorially by the expression Re*!,
where w is the same as in the previous notation. Then if | V| is
the magnitude of the vector, | V| and v, will be synonymous;
R will be replaced by V where V== | V|, and | V |/ T9) = Vvt
will be completely representative of the alternating voltage v.

The symbols to be used may be summarised as follows :—

| V| is a voltage magnitude synonymous with the v,, adopted in the
algebraic treatment of alternating voltages, and is equal to the
maximum instantaneous value of the voltage.

V is a voltage vector ; it represents the magnitude and position or
phase of the *“ vector voltage ”” at a certain instant of time, and
is given algebraically by | V |e/* where

¢ is the angle which V makes with the reference line when ¢ = 0.
This instant (¢ = 0) is chosen quite arbitrarily, but usually for
convenience it is chosen so that the angle ¢ is zero for either the
voltage or the current.

Vel is a rotating voltage vector, the projection of which on the
reference line or axis gives at all instants the actual value of the
voltage represented.

If in the expression | V |/“!+4) ¢ is zero, it should be remembered
that the vector representation is Ve and not | V |, When the
reference line is the z axis, instantanecous values are given alge-
braically by the real part of the rotating vector at the instant
considered.
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Thus |V |/t =o, | cos (wt+ ¢)+J sin (wt + ¢) }
the real part of which is v,, cos (wt 4 ¢), the instantaneous value.

Everything that has been said with regard to voltages applies
also to currents, and in fact to any other sinusoidally varying
quantity, such as flux and flux density ; and displacement, velocity
and acceleration in simple harmonic motion.

One further note. Electrical engineers almost invariably usec
root-mean-square values of voltages and currents instead of maxi-
mum values, and draw their voltage and current vectors of lengths
equal to the R.M.S. values, i.e., 1/4/9 times the maximum values.
If this is done it is obviously necessary to multiply the projections
by /2 to obtain instantaneous values.

(i.) If an alternating P.D. v, sin (wt + ¢) is established across
a non-inductive resistance R

(Fig. 23 (a)), the current which LR

passes is found from the equality —m— 0 I V
1, R sin (wt +¢) = v,, sin (wt + ). (a) (@)
Similarly, if the instantaneous Fia. 23.—Pure resistance.

values of current and voltage are v, cos (wt 4 ¢) and 7, cos

(wt + ¢)’ imR €08 (wt + 9‘*‘) = Un, COS(wt+¢).
It is possible, therefore, by multiplying the first equation by 7 and
adding to the second, to write

v,, {cos (wt+¢)+7 sin (wi+¢)} =1, R {cos (wt-+¢)+j sin (wi+@)}
ve., | V]eltt®) — | T|RW 9
| V|t = | T|Reb.e

giving the rotating vector equation

V' = IRe"
and the stationary vector equation
V =1R.

R is a pure number ; it is not complex, since it does not contain j
and there is no angle between V and I ; i.e., they are in phase.

The above merely indicates how the vector representation can
be arrived at algebraically from the expression for the instantaneous
values.

The vector diagram is drawn in Fig. 23 (b), when the reference line
is taken along the z axis, and when ¢ = 0 and ¢ = 0, the length of
the vector V being R times the length of the vector I.
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(i1.) Suppose now that the voltage V is established across a non-
inductive resistance R and a pure inductance L in series (Fig. 24 (a) ).
For instantaneous values the differential equation in this case is

. di
= L.
v=R 4+ %

Write as a solution 7 = 1,, cos wt, giving
v; = Ri,, cos wt — wla,, sin wt.
Now write as a solution ¢ = 1,, sin wt, giving

w SIN wt 4 wli,, cos wt.

Multiplying the second solution throughout by j, and adding to
the first, gives

vy + jv, = Ra,,(cos wt 4 7 sin wt) + jwlit,(cos wt 4 j sin wi)

= (R + joL) 4,,e,
which can be written as the vector relationship
V=R + jwL)l.
If the differential equation had been written as the vector
differential
dlI
V=RI4| L 7

this vector solution
would have followed at

once, since d_ jwl
’ a I

In fact there is, in
general, no need to
write the differential
equation at all; the solution can be written down from an inspec-
tion of the circuit ; but the above may serve as an indication of
what is involved in so doing.

The vector diagram is drawn in Fig. 24 (b). Ab is drawn hori-
zontally, length equal to R, and bc vertically, length equal to wL.
AC is Z, the complex impedance between A and C. If V is drawn

horizontally as AC, I is drawn at an angle below V equal to cAAb,
and the length of Iis IVI/\/R2 + w?l2 Al is, in fact, Z inverted
with a factor |V|. Drop a perpendicular from C to AI meeting it
inB. Then ABis RIand BCisjwLI ; s.e., AB and BCin Fig. 24 (b)

24
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are the voltage vectors of the voltages between the corresponding
points in Fig. 24 (a), together adding to V.

(iii.) Next take the case of a resistance and condenser in series
(Fig. 25 (a) ). The vector differential equation may be written

V—=RI+ éjw,

which, since IIdt = ,l, gives
Jw

1 I

V=RI+} . —

+ C* o

Drawing Ab horizontal = R (Fig. 25 (b)), and bc vertically
downwards = — j/wC,
Ac is the impedance
of the resistance and
capacity 1n series.

Drawing V horizontally —=,\,\1\ "

(= AC), T is drawn A, 7B c vV C
above the horizontal V—r Z\ [#cC

at an angle equal to (a) N\, (@)

ci\Ab, and of length Fia. 25.—Resistance and capacity.

|V]| /\/ R? +_51(§5' Dropping from C a perpendicular to meet
w

Al in B, AB =1RI, and BC = — l@ I are the voltages between

w

the corresponding points in Fig. 25 (a), together adding to V.

(iv.) The case of series resistance, inductance and capacity
may be regarded as cases (ii.) and (ili.) combined, and the
following vector relationship can be written down :—

V= (R +jol =T
wC

In this expression the term (R + jwL — lC) represents the
w

impedance of the circuit, R is the resistance, <wL — LC) is
w
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known as the reactance, and the total impedance

| CE _1_) ?
( R 4 j(wL o0 |
is usually denoted by Z.

A little consideration of the identities already given will show
that the same rules apply to the complex impedance Z, when in
parallel or series, as are used for pure resistance in the same circum-
stances.

For if a voltage V be established across two impedances

Z, =R, + joL, — ;%1 and Z, = R, -+ jwL, — ;%.2
in series, then the total resistance of the circuit is R; + R,, the total
inductance is L, + L, and the total capacity is given by (%1 + Clz ,
whence the total impedance is

\

‘, - - _i(l 1 ) |
{0 1) ol + L) = 2 (0 ) |
which is obviously Z; + Z,, and the current I is found from the
equation V = (Z; + Z,)I.

Similarly, if the voltage V is established across two impedances
Z, and Z, in parallel, if I, and I, are the currents in each, and I the
total current, then V = ZI where Z is the equivalent impedance of

the circuit, and I, = ,X and I, = X, but since I =T1; + I,,

V.V, V 1

1 1 . . .
==+ or .. =-_ 4 — which corresponds with the similar
ARA + z, " 777 =+ p
expression for pure resistances.

Z,

(v.) In the case of series resistance inductance and capacity
(Fig. 26 (a) ), the vector relationship is

_ L — I
v (R+ng wC)I

In Fig. 26 (b), Ab = R, bc = jwL, ed = — LC and Ad = Z the

w'

series impedance between A and D (Fig. 26 (a) ).
AD =V drawn horizontally, Al = I, and is the inverse of Ad
with factor | V|. DB is drawn perpendicular to AI, and con-
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tinued in the direction BD to C, making BC = jwLI, when CD =
—--%I, and AB = RIL

'

If [ be | =| cd|, ie., if wL= i@ or w = 1/y/LC, d falls on b,
w

F1a. 26.-—Resistance, inductance and capacity.

and I as well as V is horizontal, and V = RI. This is the case of
resonance.

If|be| <|ecd|, te, if L < —16, I leads the voltage.
w'
Suppose that the circuit remains the same, but that w varies
from a very small to a very large value. j (wL — _1(_)) then varies
w

from — o to 4 o and the point d travels up the vertical line

L I
9 '
AR T D '
- w, —_—
4 (@) (b)

Fia. 27.—Simple resonance curve.

distant R horizontally from A, as is indicated in Fig. 27. Invert-
ing this line with a factor | V| gives the circle AI,D, with
diameter = | V |/R which is the locus of the current vector. Thus,
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if the magnitude of the current is plotted against w (as determined
by the position of d) the resonance curve of Fig. 27 (b) results.

1 AN N
In the figure, | rd, | = w,L — — LAr =7rAd, = ¢, and w,I' =
wy
| AL |

A R
If the values of L and C are such that a small change of w produces

an appreciable change of wL — -}(—J, and R is small, then tan ¢
w

will change rapidly with w, the circle will be described with a small
change of w, and a sharp resonance curve will be obtained.

dtang L 1 L ( 1
EE S —_— = 1
dw R + «0RC R + w?LC/"
Writing Ilc = w,?, where w, is the resonance value of w,
dtané L ( w 2)
=2 (119
dw R T w?
and at the resonance value
dtang 2L
dw R
or o _ R
dtané 2L

QI% is known as the decay factor of the circuit ; the smaller the

decay factor the sharper the resonance curve. It is an important
quantity in wireless circuits, and can be obtained from an experi-
mentally drawn resonance curve, such as Fig. 27 (b), by a con-
struction depending upon the derivation of the curve from a circle,
and from the above relationship. In Fig. 28 the circle OD is drawn
with diameter equal to the maximum value of the current w,P.
Any point p on the resonance curve is projected to p’ on the diameter
OD, and this is rotated to p” on the circle with O as centre. Op” is
evidently the vector current corresponding to p at an angular
velocity w, and the angle DOp” is ¢. Draw a horizontal line
through s distant unity from O to meet Op” in ¢. Then st is tan ¢.
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Mark off wt' vertically = st. Then the curve through the points

¢’ is the curve of tan ¢ plotted against w, and the slope at w, is

dw
ang’
i.e., tan i is the decay factor R/2L.
Since in most circuits of interest the resonance is sharp, a large
part of the circle is described with only a small change in w, w,2/w?,

remains very nearly one, dtan ¢ is nearly constant = 2L/R, and
w

the curve joining the points ¢’ is nearly a straight line.

(vi.) Fig. 29 shows two coils coupled by a mutual inductance M.
The coils are imagined to be wound on the same core in the same

P

Fic. 28.—Determination of decay factor.

sense, and the positive directions of the currents I, I, are taken
as shown in the same direction through the two coils. R, L, are
the resistance and inductance of the first coil, and R, L, are the
total resistance and inductance of the second circuit, which is
closed. An alternating p.d. V is maintained across the first coil.
The following vector relationship may be written down :—

V=R, +J:wL1)Il ‘|".7:le2 = Z,1; + joMI,
0 = (Ry + jwLy)I, + joMI, = Z,1, + jwMI,,

where Z; and Z, are written for the series impedances R; 4 jwl,
and R, 4 jwL, respectively.

In Fig. 29 (b) OI, is drawn horizontally to represent I,, OA = R,I,,
AB = jwL,I,, and OB = (R, 4 jwLy)I, = Z,I,. OC is drawn
equal and opposite to OB to represent jwMI, in agreement with
the second equation. Hence, OI, to represent I, must be drawn
at right-angles to COB as shown. OD along OI, is R,I;, DF =
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JoLyI; and OF = (R, 4 jwL,)I; = Z,I,. Finally, FG = jwMI,,
and OG =V the applied voltage by the first equation, and the
voltage required to give any desired secondary current is found.
Algebraically, substitution from the second equation into the
first gives
\ \'

M2 VA
1+

Ilz

2
_ JwMV . Y
2.2, + M2 77

(@)

F1a. 29.—Simple coupled coils.

where Z’ and Z" are effective impedances determining the currents
I; and I, from the applied voltage.

—7Z, + ﬂz
2
=R, +joly + 5 Z:Mq , (Ry — joLy)
=Rt g g B e

This expression shows how the effective resistance of the first
coil is increased, and the effective inductance is decreased by the
presence of the second coil. With the arrangement shown the
effective inductance can never become negative. Even if R, = O,

the effective inductance is (L — I\i) The greatest possible

value of M (when there is no leakage) is 4/L;Ly which would
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make the effective inductance zero. Thus, I, always lags behind
V, though the lag is smaller the smaller the value of R, and
the better the coupling.

If R, and R, were both zero, it is clear from the vector diagram
that I; and I, would be in exact phase opposition ; if in addition
there were no leakage, no voltage would be required to maintain
the currents.

(vii.) If the secondary circuit contains a series condenser C,

O (c) @Wo —w
F16. 30.—Resonance of oscillatory circuit.

(Fig. 30) the expressions are the same cxcept that Z, = R, -+
JlwbLy — —IC- ),and the vector diagram is drawn in the same manner,
Wb
although AB may be drawn vertically downwards, depending upon
the relative values of wli; and 1/wC,. The locus of Z' is interesting.
g g L oM
=2, + Z
The vertical line a p 7 b is the locus of Z,, with pole O, and
horizontal distance Or = R,; this is inverted with a factor
w?M? to give the circle OPD, any ray Op to the line becoming OP
to the circle. Thus the circle is the locus (pole O) of wM?/Z,.
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Then Z, is added by finding a new pole O, such that 0,0 = Z, =
R, + jwL,, and the circle with pole O, is the locus of Z’. O,Pis Z’
for the particular w value at which Op was drawn.

It has been assumed in this construction that w*M? and wl);
are constants, whereas, of course, they also vary with the frequency.
But generally the resonance is sharp enough to make these variations
quite insignificant.

If Z' is plotted against w the “ wiggle ” type of curve of Fig. 30
is obtained, and this is also the shape of the curve of the observed
voltage across the first coil when the current through the coil is
kept constant but the frequency is varied.

This observed curve can be used to find the resonance frequency
and decay factor of the secondary circuit. Draw a horizontal line
through the extremities of the curve to meet a vertical line in O.
This horizontal line is distant | Z, | from the axis, which meets the
vertical line in O;. If there is any doubt about the position of this
horizontal line, it can be determined by observation by open
circuiting the secondary. Project the top and bottom points of the
curve to the vertical to meet it in @, and a,, and bisect a,a, in c;,
and with centre O, draw arcs through @, a, and ¢;. With centre O
and radius a,c,, draw an arc to meet the arc through ¢, in C. With
centre C and radius CO = a,¢, = a,¢, draw a circle. This passes
through O, touches the arcs through @, and a,, and is in fact the
circle of Fig. 30 (b). To find the resonant frequency, with centre O,
and radius O,D (D is the extremity of the diameter of the circle),
draw an arc to meet O,a, in d, and project it to p, on the curve.
The vertical through p, meets the horizontal in w,, which is the
resonance value.

In the same way the w values for various points on the circle can
be found, and a curve of w/tan ¢ constructed from which the decay
factor of the secondary circuit can be found, as in case (v.).

(viii.) The “ paralle] resonance ”’ case of Fig. 31 is of considerable
importance as illustrating the principle of power-factor correction.
The circuit consists of a series inductance L and resistance R (the
load) in parallel with a condenser of capacity C across a supply of
voltage V. I is the current supplied, made up of a current I, into
the load and a current I, into the condenser.

V= (R + joL)l, = ~(j—c I,

I=I,+1,
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are the vector relationships. From these the diagram Fig. 31 (b) is
drawn.

Oa =R, ab = jwL, 0b =R 4 jwL, Ob is inverted with a factor
V to give OA =1,, AB=1,=jwCV and OB=0A + AB=1L
ProducAe AB to meet the axis in C. The original load phase angle
#, = COA has been reduced by the presence of the condenser to

¢ = COB, and the original current | I, | has been reduced to | I|.
By suitable choice of the value of C, the angle ¢ may be made as

Fic. 31.—Power factor improvement,

small asis desired. If ¢ is to be reduced to zero (unity power factor),
it is necessary that

|12|:]AC|=|11|sin¢1

) oV — vV L wL oLV

r.e., wlV = VRE L ol . VR2 + w?l2  R2 + w2l
L

or C= R? + 212

This is the case of resonance, when I and V are in phase.
More generally,

1 .
I=1 I,=V{ —
1+ 1s (R T ol ‘{‘ch)

R . wlL c o)
(B o ) e T

If ¢, is to be reduced to any desired value ¢, generally given by
the power factor cos ¢, then C is determined from

tan ¢ == ai:g (R2 + szz) — ERIT‘

V.E.E. 33 D
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EXERCISES

(1) If the voltage across a circuit is (4 + j5) volts and the current
through it is (10 + 52) amperes, find the resistance and reactance
of the circuit.

(2) A potential difference of 223 volts, frequency 50 cycles per
second, is established across :—

(i.) An inductance of 0-5 henry having a resistance of 90 ohms.

(ii.) A condenser of 20 microfarads in series with a resistance of
50 ohms.

(ii1.) The circuits of (i.) and (ii.) in series.

(iv.) The circuits of (i.) and (ii.) in parallel.

Find in each case the current flowing and its phase angle with the
applied voltage, and find also the values of the voltage and the
current at a time ¢ after the voltage is a ‘maximum and decreasing,
giving ¢ the values 0-002, 0-005, 0-010 and 0-015 second.

(3) A resistance of 10 ohms, an inductance of 5 millihenries and
a condenser of 800 micro microfarads are connected in series across
a voltage of b volts whose frequency is varied through the resonance
value.

Find the current locus and from it draw a resonance curve.

(4) Two coils, A and B, A having an inductance of 0-2 henry
and a resistance of 50 ohms, and B an inductance of 0-5 henry and
a resistance of 200 ohms, are coupled by a mutual inductance of
0-25 henry. B is connected to a resistance of 100 ohms. Find the
voltage, at an w value of 1,000, that must be maintained across A
in order that a current of 10 milliamperes may flow in B.

Draw a vector diagram to scale showing the currents and voltages
in the coils.

(5) A single-phase 10 h.p. induction motor has an efficiency of
83 per cent., and is run off a 2,000-volt 50-cycle supply at a power
factor of 0-79. What shunting condenser would be required to
increase the power factor to 0-95 ?

Draw a vector diagram both with and without the condenser, and
find the reduction of current effected.
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CHAPTER III
BRIDGE NETWORKS

(i.) THE well-known Wheatstone bridge network of Fig. 32 (a) may
be operated by alternating current if the usual primary cell is
replaced by an alternating current supply of voltage V, and the
usual D.C. galvanometer by a vibration galvanometer or telephone
receiver. When the bridge is balanced B is at the same potential as
D, and if P, Q, R and S arc the resistances of the arms AB, BC, CD
and DA in order, and if I, is the current through ABC and I, the
current through ADC,

Fia. 32.—The Wheatstone Bridge.

I — \ I — A%
1 P + Q ’ 2 S + R’
P =18 and I,Q = LR,
whence PR = SQ and the potential vector diagram is drawn as in
Fig. 32 (b), where the lettering corresponds to that in Fig. 32 (a).

(ii.) Maxwell’s inductance bridge (Fig. 33) can be treated in
exactly the same manner. The balance conditions are most readily
obtained by equating the products of the impedances of the opposite
links of the bridge ; t.e., by writing

Zyy . Lpe= Zyc .« Zyps
where Z,p is written for the impedance (complex) between A and
B, ete.
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This gives (R, + joL)Q = Ry + joL,)P,

whence R,Q = R,P and L,Q = L,P
or B_L_F
R2 - L2 Q.

The vector diagram is drawn in Fig. 33 (b). Evidently from the

| Pl BD Ql |

;I

L —V («) (6)

D
(&
Fia. 33.—Maxwell's Inductance Bridge.
balance conditions the impedances Z,, and Zy; must have the

same angle, and the current I, through them is drawn as Al, at this
angle behind the voltage AC.  Aa = R.I;, aB = jwliiI;, Bb =R,l,,

Fi¢. 34.—De Sauty's Capacity Bridge.

and bC = jwL,I;. The current I, through P and Q is in phase with
V, and AD (D is the same point as B) = PI, and DC = QI,,.

(iii.) The corresponding capacity bridge is due to De Sauty, and
is shown in Fig. 34. The balance condition is

r— I YYo= (r, -
(rl wCl) Q (rz wCz) P
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n_C P

T2 C1 -

and the vector diagram is obtained in the same manner as before.
With air condensers the resistances r; and 7, are usually negligibly
small and a measurement of C, in terms of C, can be made simply
by adjusting P or Q.

or

(iv.) The Schering bridge is arranged as shown in Fig. 35. C, is
the unknown capacity and r, its equivalent series resistance. Thls
may be a short length of cable or an insulator to be tested at high
voltages. C, is a standard condenser. P and Q are non-inductive
resistances and C, a variable condenser usually very much larger

[

(@) B-D (b)

Fia. 35.—Schering’s Capacity Bridge.

than C; or C,. The impedance from A to B or D is usually enor-
mously greater than that between B or D and C, so that even
though V is a high voltage, if C be earthed, the voltages on the
DBC half of the bridge are quite small and there is no danger in
manipulating P, Q and C,.

The impedances are

J
Diw =1y — 2
AR —T1 wCl’
ZBC = P’ .
Zap=—
7 ¢ ( wC ) Q
pe = 1 +.7‘°CSQ
wL
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and the balance condition

IN(_Q \__ 7
(’1 wCl) (1 T jaC,Q) = T ol P,
9 oo Cop
or Qry JJC;m ;@P—}—@Q,
.. _CaP
giving 7‘1——(—3— ’
2

The loss angle of the capacity C,, i.e., the departure of the angle
of its impedance from 90 degrees, is given by
tan 0 = 7;11—- = wCr; = wQC,,
wCy
and since 6 is always small, wQC; is very nearly the loss angle and
the power factor.

The vector diagram is drawn in Fig. 35 (b), though for the sake of
clearness no attempt has been made to indicate the great differences
in the voltages between A and B = D and between B =D and C.
The currents through the arms ABC and ADC are called I, and I, as
before, while I, divides into I, through Q and I,” through Cj.
Evidently

12 == 12, "+' 12”.
Also, since QI =PI,
P
Iy ==>1
2=t
and equating the voltage across C; to that across Q, gives
Y
I," = jwCyQLy
= jwC3PI,.

I, leads the voltage V = AC by an angle determined by r,, P and
Cy, (tan ¢ = 1/!wCy(r; + P)}), Aa =11, is the voltage across the

resistance 7,, aB = — J_ I, is that across the condenser C; and
W
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BC = PI, thav across P. Since D must coincide with B on the
diagram, AB is the voltage across (, = — JCT I,. Hence I,=
JwCy(AB), and is drawn as AG at right an;)le: to AB. Drop a
perpendicular GF on to AI,. Then AF =1, = g I, and FG =
JwCPI; =1,".

(v.) Inductance may be balanced by capacity in the opposite

Fre. 36, —Maxwell's Capacity Bridge.

arm by two arrangements, one due to Maxwell, shown in Fig. 36,
and the other due to Hay, shown in Fig. 37.
The balance condition for Fig. 36 is

. S
(R + joli) (m) = PQ,

t.e., RS 4 jwLS = PQ + jwCSPQ,
whence R = ]%Q
and L = PQC.

In the vector diagram, I, is drawn lagging behind V(= A() by
an angle ¢ =tan™' wL/(R + P), A« =RI;, aB =jwLI, and

BC = PI,. Since B =D, DC must also be SI,’ and — —% L“"; ie,
w
PI, =8I, = — :fc I,
80 that

I/ =21, and I,” = juCPI,.
g

<39
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AF is drawn perpendicular to AI; and of length (P |I;]| to
give I,”. FG is drawn parallel to AI; to meet AB in G. Then
FG =1, and AG = AF + FG =1," + 1,) =T, Also AB = QI,.

(vi.) Hay’s bridge is similar, but the balancing capacity and
resistance are in series instead of in parallel (Fig. 37).

Fia. 37.—Hay’s Capacity Bridge.

The balance conditions are obtained from
R + jol) (S _ i) — PQ
wC

RS 4+ jols —j 1 = pg,

w(C
RS + F = PQ
’ C ’
R
LS — — =0.
@ wC
From these = _EQL
1 4 w2C2S2
and = _ﬂi(_}iS_P_@_ .
1 + 20282

It is seen that w occurs in the expressions for finding the unknown
quantities from the bridge constants. Unlike the previous cases,
the bridge balance depends upon the frequency of the alternating
supply, and this must be free from harmonics if silence is to be
obtained at balance where telephone receivers are used instead of a
vibration galvanometer. The bridge may be balanced on the
fundamental, but the harmonics will be heard in the receivers.
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The vector diagram is drawn in Fig. 37 (b), and is so straight-
forward as to need no comment.

(vii.) Anderson’s method for the measurement of inductance
involves a more complicated network, drawn in Fig. 38 (a). The
inductance L, resistance R, constitutes the arm AB, while non-
inductive resistances P and Q constitute the arms BC and AD.
Between D and C are (i.) a non-inductive resistance S; and (ii.) a
non-inductive resistance r in series with a capacity C. The vibration
galvanometer is connected between B and the point D’ at the
junction of r and C. When balance is obtained, B and D’ are always

F I;’ 7']';1 B-D’
Q G /5D
c. A c
i
RI, /ijI,
a
—OD—— () )

Fic. 38.—Anderson’s Inductance Bridge.

at the same potential. Let the currents be I, through ABC, I,
from A to D, I’ through DD’C and I,” from D to C through S. Then

[ %
1 5 v
R+ jol. +P
12 V )
S(““Ja)
Q+ “’j
s J
" wC
121= S ‘7 ‘Iz
§—J
TS =G
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And the balance condition necessitates

(R + jowl)I; = QI, + I,

z.e.,
R + jwl, _ Q
R +jwl+P S(r— _7, Q(1+§—— C)"‘S( )
Q+ —
r—]—S—— =

w(

Q(r 4N — } ) + S
_ Y
Cese Y rs(- 1Y
Q(' + w(‘) 2 (' w(

Multiplying across

@+ jola{Q(r+8 = 2) +5(r = 2}
—{r gt pp{o(r s - 1) s

. _ _i_“ — ., g S _l-
(R + JwL)( wCS) P(Q:+()S+)S wCQ)

1.e.,

or
RS L \ - PQ
—J -+ ZS=PQr 4 QS +18) — PQ

wC  C

w(
whence PQ

and L=CP|: (1+Q)+Q]

The vector diagram at balance is drawn in Fig. 38 (b). AC is the
voltage V, Aa = RI,, aB = jwLI,, and BC = PI,. B = D/,

hence BC = D'C = — L I, = PI,.
wC
I, = jwCPI,.

I, is drawn therefore at right angles to I, i.e., in the same direction
as aB, and since DD’ = rI,’, D must lie between @ and D’ = B.
Join AD and DC. Then AD = QI, and DC = SI,". Draw AF =
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I, parallel to DD’ and FG to meet AD in G parallel to DC. Then
FG = 1," and AG = L,.

(viii.) Self and mutual inductance may be compared by the
arrangement of Fig. 39, due to Maxwell. The two coils of the
mutual inductance are supposed to be wound on the same core in
the same sense. Then if I, and I, are the currents through ABC
and ADC respectively, that through the other coil of the inducto-

Fia. 39.—Maxwell’s Self and Mutual Inductance Bridge.

meter is I; 4 I, in the direction indicated. If V is the voltage
established across A and (,

= (R 4 jowL + S)I; — JoM(Iy + Ty)
and V= (P + Q)I,,

and from these

. . . \
I(R L+4+8S—juM)=V M
(R - jwli 4 JoM) +Jw P+Q
and, since at balance the voltages at B and D are equal,
SI, = QI,,
1.e.,
M
s(1 @
( rre) e
R + 8 + jwlL — juM P4 Q

(P + Q + jwM)S = QR + § + joL — jw),

whence R= PS

Q
and L= M(l +_Z).
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Evidently, in order that a balance may be obtained, I. must be
greater than M. If L is actually less than M, a balance may be
obtained by adding a known inductance L R, to the arm AB, and
subtracting it from the values obtained. Or an unknown impedance
L,R, may be added to the arm AB and a fresh balance obtained,

when

PS
R+ R, ==
TR

and L—{—LI:M(I + S)

and R, and L, are found by subtraction.

The vector diagram is the very simple one drawn in Fig. 39 (b).
jwLI; = joM(I; + I,), and the currents I; and I, are in phase
with the voltage V. The bridge in its balanced condition is very
similar to an ordinary Wheatstone bridge, the mutual inductance
injecting into the arm AB a voltage which just counterbalances the
self-inductive voltage developed across L.

(ix.) Campbell’s modification of this last bridge consists in
inserting an inductance in the arm AD.

Let the resistances and inductances be as shown in Fig. 40 ().
The balance conditions may be derived from the vector diagram,
Fig. 40 (b).

Aa is drawn = R,I;, ¢F = jwl,;I;, and FB = — juM (I, +1,).
I, must be in phase with I, since SI; = QI, = BC = D(. And
since AB = AD = R,I, + jwlL,l,, Aa = R,I, and aD = jwl.,l,.

Thus R,I; = R,I,
SI; = QI,,
S
whence R; =R, -
1 2 Q)
Jwlyl, = jwliI; — joM(I,

LSII_LI M(1+ )Il,

whence L; = a L2 + M(l + g)

Suppose now that the unknown impedance R,L, is inserted in the
arm AB and the mutual inductance and R, adjusted to M’ and R,
so that a balance is again obtained.
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Then R, +R,=R, g,
and Li+1 =_SL +M'(1+_S)
1 xz Q 2 Q b

and R, and L, are obtained by subtraction.

If L, is made equal to % L,,

L, = M’(l + 2)

The three coils comprising L; L, and the variable mutual are
mounted together in Campbell’s standard inductometer, and

(<)

Fic. 40.—Campbell's modification of Maxwell's Bridge.

tapping points are arranged so that% L, can be made as nearly as

possible equal to L;. S/Q is conveniently made equal to 1, 9 and
99, so that L, = 2M’, 10 M’ and 100 M’. The first balance (with
LR, shorted) then gives a very small value for M which is
used to correct for any departure from the exact relationship

L, = LS/Q.

(x.) In the Heaviside-Campbell equal ratio bridge, there is mutual
inductance to both arms AB and AD, as shown in Fig. 41, and the
inductances LR in the two arms are equal, as well as the resistances
Q in the arms BC and DC. For balance therefore the currents
through ABC and ADC must be equal, and equating the voltage
drops in the resistances and the voltage drops due to the inductances
gives

45



VECTORS ¥FOR ELECTRICAL ENGINEERS

R,=r
and I,(jwL; — 2jwM; 4 jwL,) = I,(jwl; + 2jwM,),
i.e. L, =2(M,; + M,),

and M, 4 M, is the reading of the inductometer. It may be noticed
that the result will be unaffected
if there is mutual inductance
between the two coils L in the
arms AB and AD, as the voltages
induced in the two arms will be
equal.

(xi.) As a final example the
modified Carey-Foster bridge is
drawn in Fig. 42 (a). In this the
capacity C is measured in terms of

F1g. 41.—Heaviside-Campbell the mutual M.

" Inductance Bridge. Since A and B are shorted, when

) balance 1is obtained, the three

points AB and D on the vector diagram (Fig. 42 (b) ) coincide. I, 1is
evidently in phase with V, and AC =V = QI,. I, must lead V,

4
—jwM]l
wLl,
C -
h % y
- I ;
oML 7L

A a, L ve
(@) “B-D (3

F1c. 42.—Carey-Foster Inductance and (apacity Bridge.

since DC = (S — ;7(—?)12 = V. Ad is drawn = SI, and dC per-

pendicular to Ad = — LC I,. The voltage drops in AD must add
w
up to zero. They are Af = (R + 7)1, fg = jwLl,, gh = — jwMI,
and AA = — jwMI,. Hence it is clear that
QI, =8I, — ;JE I,
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Substituting I, from the first in the second equation gives

. . Coar D M
L —joM —joM = . — - =0
R4 7+ jw Jw Jw ) aQ ,
M
whence C=__—
QR + )
S
and L= M(] + '—).

Q

In this treatment of some alternating current bridges, the only
point of view that has been in mind is that of the vector algebra and
vector diagrams involved. For practical details as to the arrange-
ment of the bridges, for the choice of the best bridge for a par-
ticular measurement, for the relative accuracy of the various bridges
and for the effect on the accuracy of the imperfections of the “ non-
inductive ” resistances and “ pure” mutual inductances, the
reader is referred to ““ A.C. Bridge Methods,” by B. Hague.

EXERCISES

1. In making measurements on a condenser by the Schering bridge
(Fig. 35) at 20 kilovolts, 50 cycles, balance was obtained with
Cy = 0-055 uF, C3 = 1-75 uF, P = 200 ohms and Q = 700 ohms.

Find the capacity, the equivalent series resistance and the power
factor of the condenser, and find the voltage across the variable
condenser.

2. The arms of a balanced alternating-current bridge ABCD are
as follows :—

AB. A resistance of 1,250 ohms in parallel with a condenser of a
capacity 0-30 microfarad.

B('. A non-inductive resistance of 1,000 ohms.

AD. A non-inductive resistance of 500 ohms.

DC. An unknown inductive resistance.

Find the values of the inductance and resistance in the arnt DC.
Draw a vector diagram to scale showing the currents and
potentials in the bridge when a potential difference of 2-5 volts,

frequency 796 cycles per second, is established between the points
A and C.
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3. An alternating-current bridge ABCD has the following
constants :—

Between A & B. A non-inductive resistance P ohms.
’ B & C. A capacitance C farads in series with a resist-
ance r ohms.
’ C & D. A non-inductive resistance QQ ohms.
” D & A. An inductance L henries in series with a
resistance R ohms.

Find the conditions necessary for balance.

If a voltage of 10 volts r.m.s. at w = 5,000 is maintained across
A and C, and P = 2,000 ohms, Q = 1,000 ohms, ¢ = 0-1 micro-
farad and » = 900 ohms when the bridge is balanced, find the values
of L and R, and draw a vector diagram to scale showing the voltages
and currents in each part of the network.

4. In Anderson’s bridge for measuring the inductance L and
resistance R of an unknown impedance between the points A and B
(Fig. 38), find R and L if balance is obtained when Q = S == 1,000
ohms, P = 500 ohms, » == 200 ohms and C = 2 uF.

Draw a vector diagram showing the voltage and current at every
point of the network when the voltage across AC is 10 volts and the
frequency is 100 cycles per second.
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CHAPTER IV
THE TRANSFORMER

(1) Air Core

THE simple case of two coupled coils has already been dealt
with in Chapter II., and Fig. 29 shows the vector diagram.
Consider the case of Fig. 43. The primary coil has an impedance
Z, = R, + jwli; ; the secondary coil has an unpedance Zo=Ry +
ij 9, and the mutual inductance between
the two coils is M. Let the primary M
voltage be V,, the secondary load Z, the

r
secondary voltage (across the load Z) V,, \'/ l L %Z
1
|
f

and the primary and secondary currents
I, and I, respectively, considered positive
as shown, when the coils are wound in Z, Z,
the same sense on the same core. (The Fra. 43.—Air core

s . . . . transformer.
positive direction for I, is opposite to
that taken in Fig. 29, and this accounts for the slight difference
between the following equations and those of p. 30.) The vector
equations are

0 = (Zy + )1, — joMI,

whence
L= V1"
1 M2 7
Zy + ——; 777
JoMV, A

L= M2+ Z, (Zy+ 2) 2"

where Z’' and Z" are effective impedances determining I, and I,
respectively in terms of V.
2M2
. Z,+7Z ]
0= — I M4 7
oM {w + Zy(2 2t Z) J

2 =174 2

V.E.E. 49 B
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(i.) Voltage Ratio.
The voltage ratio of the transformer is found as follows,

V,=1,2=1. 7

ryn

"V, JoM Z
.M . ZZ, .7

Tz oz T o
If the reactances wlyy and wli, are great compared with the
resistances R; and R,, and the latter are neglected, the ratio

becomes
Viily je (M _ Ll“z)
V, M Z M
L, . LL, Mz )
=1 p ey - T )
AT/ L1,
o
or V, = i 1 e
1+ jw 22 (1 —
7 L,
M2 . : y C
If 1 — —— is written as o, o is a “ leakage coefficient,” and
12
Y 35 SavE B . "Lz .
M =vILL, (I - o), ML, = \'/L_1 (1 — o)
1
anc %2 0 — o)
V, = ——I-T—“Vr
1+ jw —Z3 o

If there is no leakage, i.e., if o = 0 (M2 = L,L,),

V,= \/jL_z Vy
41

and if the coils are of the same dimensions and shape, or have
the same magnetic circuit, and the number of turns of wire are
T, and T, respectively, then

T

V2 == T-f Vl'
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The voltage is “ stepped up ” (or stepped down) in the ratio of
the number of turns.

However, there always is leakage, and then with no load (Z = « )

Vv, \/Lz
—2=4/22(1 — o),
v, LJ o)

and the greater the load (the smaller Z) the greater the departure
of the voltage ratio from this value.

In this connection is should be noticed that the influence of
the inductance of the load on the voltage ratio is far greater than
that of the resistance.

For writing Z =R + jwL
R — ij
1 20 =14 jwlyo —— 2"~

2,0 Jwlyo
=1 WLy N 2
+R2+w2]2 l_Rz_*_

The second term, depending upon L, is added in the same straight
line to 1, but the third, depending upon R is added at right-angles.

These results are of importance in the potential transformer.

In an alternative method of presentation M?/L,L, is written as
72, where 7 is a “ coupling coefficient,” of maximum value unity
with complete coupling, 7.e., with no leakage. In this method

M - TVLIL ¢L

L,
and V,= L V.
1 +Jw 2 (1 — 7).

(i1.) Current Ratio.
The current ratio is found in a similar manner.

I e !
_I_l__Z:___wM{wM +Z1(Z2+Z))
L~7 =
2 Z1+7w2M2r'

7 7

— 2+ 2)
51 E2
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]_:_1_:‘
I, - a)M

ey iy
o \/L 1—0) wM
= Z
\/Ll l~o ( ij) Ll wM
45
T¢Ll +j?/,)112

It is only when Z is zero, u.e., when the secondary is short cir-
cuited, and when in addition there is no leakage, that the current

(jwLg + Z), neglecting resistances in Z; and Z,

ratio has the ideal value \/ %g’ or in the case of coils of identical

magnetic circuits, the inverse ratio of the numbers of turns. This
is of importance in the current transformer.

The flux linkages (/,) through the primary coil are made up
of two parts, L;1;, due to the current in the primary, and — MI,,
due to the current in the secondary. Thus

Ay =L, — MI,

v, LV
_1 Vi_yW
1ZI Z”
(L M
ZVliy 4 oS i lew gz, +/')
T 2+ 7 oM ( ”

(Ly (Zg + Z) — jwM?)
" w®ME ¥ Z; (Zy + 2))
_Vy {02 + joly (Zy + Z)
jo | ®ME A+ Z; (Zy + Z) |

If the primary resistance R, is neglected, Z, = jwL,, and

A1=‘—,71 or V,=jwd,,
Jw
a result which could have been expected, since the e.m.f. produced
by the alternating flux in the primary coil must, if the primary
resistance is neglected, equal the supply voltage whatever the
secondary load. Thus, with constant supply voltage, whatever
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primary and secondary currents are flowing they must so adjust
themselves as to produce the same flux through the primary.
(This conclusion will, however, be modified if it is necessary to take
the primary resistance into account.)

This must be true also at no load, i.e., when Z = « or I, =0,
when the primary current is I,. Thus

Ay =141, — MI, = L1,
or .[1::10 —{-——I\;IAlz
L

=Io+\/-1£—2(l—cr).12
1

=Iy+ 7 \/ L I,.
L, *
Iy can be looked upon as the “magnetising ” current, or the

primary current necessary to produce the flux, while Tv/iiz I, is
i

the primary current which is necessary to provide the *load.”
The total primary current is the vector sum of these two. If there
18 no leakage, and if the coils have identical magnetic circuits
this equation becomes

T
IIZIO+IT:IZ'

(1ii.) Equivalent Networks.

The transformer may be replaced
for calculations by an equivalent
T-circuit, as in Fig. 44, in which
impedances Z,, Z, and Z, can be
found such that if the primary
voltage V, is applied to A and C,
and the sccondary load Z s
connected between B and C, the ¥1a. 44.—Equivalent T-circuit.
currents into and out of the T will be the same as the primary
and secondary currents respectively.

For the T

Vl = (Za + Zc) Il - ZcIZ
0=(Z,+ 2, + Z) I, — 21,
b3
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Comparing these with the transformer equations, it is seen that
they become identical if

Au i— Z = Ll

JjoM =17,

and 2, + 272, =17,
ie.,if Z,=17, — joM =R, + jw (L; — M)
Zy = Ly — joM = Ry + jor (Ly — M)

and 7, = jwM.
Another equivalent network* can be obtained from the equation
M
L=I,+—1,
1=1lo+ I, ®

Remembering that this equation was obtained on the assumption

A\
J = L
° ijl
MoV,
L1 2—ElZ”
M
L0 lef g . )
-1 = -y M2 L, (Z -
MZ M2 lw + JooLiy( 2+Z)j

2
= — joly + P—%(Rz + jwLs + Z)
= — L) + 35 (R, +2)

= (.7“’L20 + Rz + Z) 'Ml—z
If, therefore, as in Fig. 45, two impedance branches are drawn
between B and C, the upper consisting of a pure inductance

2
%I—Lzo, a pure resistance i{ R, and the impedance Il\;[1‘~’ Z in series,

and the lower a pure inductance L, and if a voltage V, is applied

across B and C, the currents flowing will be Ll\glz in the upper
1

* A. Russell : ** Alternating Currents.”
b4
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branch and I, in the lower branch. The vector sum of these two
currents is I;, and if a series resistance R, is added to the network
at AB, and the voltage V,
applied across A and C, the L L r

ot A %L =R =Z
representation of the trans MeLe” MR e
former is complete. If there
is no leakage o =0 and the ,

i

L2
. A .
inductance o Lo disappears,

2
and 1—1\% :%;. If in addition L_ L, —
the inductance L, is very

large, and [, can be neglected

Fra. 45. —Kquivalent network.

. . 2 M o . .
in comparison with — I,, the circuit reduces to the simple series
4
1
one indicated in Fig. 46. The current is

Ly,
ey
1 ‘l‘l -

If, further, R; = R, = 0, the transformer behaves simply as if
the primary voltage were applied

L .
— —’\/E.‘ Ie to an 1mpedance le—IZ, and the

P

. L,
secondary current 1s L
2

current flowing. This is the case of
the ideal transformer; no resistance,
no leakage, and no magnetising current.

AW ANV —— T AW
| & —%;R. %:z |
b ——Y

Fra. 46,

times the

(iv.) Vector locus
Returning to the equation

M
Il=10+i—12
1

and substituting the value of %E I, from the above, gives
1

vy
- L2

55
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R AR

L
IR, 4 el -7
Ll—o) (2T 2 T 4

If the sccondary load is non-inductive, say Z = R, and R is
varied from O to oo, the loci of the current vectors I, and I, are
circles., The cquation is now

L
S A < M
P70 TR, + R A jwligo)
and the vector diagram of this equation is constructed in Fig. 47.

V, is drawn horizontally as OV,. Oa = R,, ab = jwlL,s, and
bp = R. p travels along the horizontal from b to o as R increases

indefinitely. Inverting Op with a factor of inversion, VlIfz(l — 0)
1

gives the arc OPB of the semi-circle OPBD, with vertical diameter
OoD.

L 1 l—o 1
OD|=21—-0)V;, — =__ "V, __,
‘ l L, ( %) lwbzo o 1 wkL;
N\ N\ PN PN
and V,0b = V,0B, and V,0p = V,0P.
M
Th OP = -1
us L, 2
v
I =—~"1'—o
° ijl
v . A%
Dra 00, =—-1 ,4e, 0,0=_"1L =1,
raw 1 Jwliy we ! Jokby 0
when 0,P = 0,0+ 0P =T, + .11‘15 =1,
1
It should be noted that
l—o0 1
.V,
o _ o "ar
| To| vy
1=
-0'
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If 0,0 and O,P are obtained experimentally, by an open circuit
test and a test with a resistance load, and 0,0 is produced to meet
the perpendicular from P on OP in D, then the value of ¢ is found.
If the secondary is short circuited, I, is equal to O,B.

All the constants of the transformer may be found from open and
short circuit tests. If the secondary is open circuited, an impedance
measurement of the primary gives
R, and L;. If the primary is open 0,) & P
circuited, the impedance of the
secondary gives R, and L,. If the
secondary 1is short circuited, the [ I,
effective impedance of the primary is 0

22
Z, +(£Zl\£’ whence M is obtained.

2

As a check the primary may be

short circuited when the effective P

impedance of the secondary should /
w?M?

be Zy + T /

(2) Iron Core

The effects of introducing an iron /
core into the transformer are :—

(i.) The inductances of the wind-
ings are enormously increased
owing to the very much greater flux
associated with a given current.

(ii.) For the same reason the magnetising current is very much
reduced.

(iii.) The leakage flux is very much reduced, owing to the far
lower reluctance of the iron path than any air paths. What leakage
flux there is has a “ circuit ” which is partly in air, and the reluct-
ance of the leakage path is mainly due to the air.

(iv.) All reactances (wlL;, wl, and wM) will have values which
depend upon the values of the currents flowing, since the per-
meability of the iron is a function of the current. The reactances
due to the leakage fluxes, however, will be constant, as their reluct-
ances are mainly air reluctances which are constant.

(v.) Although the supply voltage is sinusoidal, the magnetising

67
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current is no longer sinusoidal owing to the shape of the hysteresis
loop. The flux is, however, sinusoidal (neglecting the primary
resistance voltage drop).

(vi.) The presence of the iron involves hysteresis and eddy current
losses. Magnetisation no longer takes place without expenditure
of energy.

(vii.) Since the inductances L and L, arise from fluxes which
have practically the same path, 7.e., the iron core, their ratio is
equal to the square of the ratio of the numbers of turns of wire in
the two windings ; d.e., Li;/Ly = T%/T,2

(1.) Equivalent Circwits.

The first three items involve no modification of the theory of the
air core transformer to make it applicable to the iron core trans-
former. Item (iv.) can be dealt with in this way : Let the total
inductance of the primary winding be separated into two parts:
(a) that which is due to flux which also links the secondary winding
—call this L, ; and (b) that which is due to flux which does not
link the secondary winding-—call this I;. This is the leakage flux
inductance, which as has been stated is a constant.

Similarly, let the secondary inductance be separated into two
parts Ly and ly; L, due to flux
which also links the primary and
Iy due to the leakage flux with a
path whose reluctance is mainly
air. It follows from these
definitions that L,L,=M? a
relation which holds whatever
the particular values of L, and
L, corresponding to the currents
flowing. It is further true that L, > >1{, and L,> >1,, and
L,/Ly = T,3/T,%

The transformer is now drawn as in Fig. 48,

Under these circumstances

Z, =R, +jf“ll + joly
Z2 = R2 +jwl2 +ijJ2,

I4
perfect transformer

Fia. 48.—Iron core transformer.

and with a load Z

2)M2
2 =17, 4 L
1+Za+z,
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w?M?
Ry + jwly + joliy + Z’

— R, + jool, + jol, + WM
=1 1 1T -
ijz(l + E‘ﬁlﬂ%ﬂ)
Jooliy
. onrs .
= R, + joly + jol, — 220 (1- Ry o+ jols + Z),
whiy Jwliy
on expansion by the Binomial Theorem, wl, being much greater
than R, wl, or Z at any but very small loads. Writing M2 = L,L,,
this gives

. : L :
Z =R1+le1+f(R2+]wl2+Z)’
2

=R, + jol; + job, +

. T,? .
= R; 4 jol; + T% (Rg + jowly +Z). . .
2
Similarly

2= — 1 2M2 - (2, + 7)

JwM? 4 (R + jol; 4 jwliy)
Ry + joly + joliy + Z) I
= — —‘ilv—[ "(UJ2M2 + ijl(R2 +jwl2 + Z)

wM

+ jeolia(Ry + jol) + (Ry + jol )Ry + joly + Z) — wLyLy|

and neglecting the product (R, + jwl (R, + jwl, + Z) as being
small compared with the other terms,

n _— ”-I‘;_z‘ . il .
2= \J 22 By ol + \/L—2 (R, + joly + Z),

. T .
= 12 (R ol + g2 (Ry o+ jaly + 2)
1 2

The quantities L, L, and M which were awkward on account of
their lack of constancy, have disappeared from the expressions for
Z' and Z".

The only reactance terms that appear in connection with the
transformer windings are the leakage flux terms wl; and wl,. It is
probably for this reason that these reactances are sometimes referred
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to as though they were the total reactances of the windings, and I,
and [, are sometimes referred to as though they were the total
inductances of the windings; similarly z; = R, + jol; and z, =
Ry + jwly are called the impedances of the windings.

The approximations made in deriving the expressions for Z’ and
Z" involve ignoring the magnetising current. This is made evident
by putting Z = o (i.e., open circuiting the secondary), when the
expression for Z’ also becomes =« and in consequence the primary
current is zero. Actually, however, the primary current is

I, =V, {Rl + jw(l, + Ll)}. This is, however, very small, and

the error involved, except at very small loads, is quite insignificant.

Since I, = }AL'I and I, = Z}
: T .
k) - Ly
Lz Ratieht ! <R2+sz2+z)
I, 7z . T, .
2 (Rl +le1) +'fl2 (Rz +lez+z)
2
_ T
T,

The e.m.fs. E, and E, induced in the two windings by the flux
alternations must be proportlonal to the number of turns. That is

E,_T,
L, T,
but the terminal potential differences depend to some extent on the
currents flowing.

R, &4 I:R-}:l 'Ir}Z From the expression for
Z' the equivalent circuit of

— L =-PL | the transformer can be drawn
—o - — asin Fig. 49. The voltage

F1a. 49.—Equivalent circuit. V1 is &pplied ACTOSS a simple

series circuit containing R,

1, and !‘— times R,, I, and the load impedance Z. The latter terms
Tq?
are called the secondary and load impedance referred to the primary

circuit. The current flowing through the circuit is I, = i‘—‘? I,.
1
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Comparing this circuit with that of Fig. 45, it is clear that the
magnetising current has been ignored, since the coil L, is omitted.
Otherwise the circuits are practically the same, when notice is taken
of the new nomenclature. For writing the new symbols in Fig. 45,
v.e., for L, write Ly + [,

forLy, ,, Ly+41,

for M ,, VL,L,
o becomes
M2 R T S TR )
(Ll +1 )(1‘2 -+ ]'2) (1‘1 +1 )(1‘2 +1 )

g=1—

Ly
and the inductance M— Lzo becomes

(Ly 4 L) <J,2+z)”‘“* Lol Ll

L, L, -

(g 4 L) (Lig 1 1)

L ly
TTF U (T 4 Ly ),
‘172
1,
==l 4 11, very nearly,
L,
T,?
=1, T L,.
L R PPN B
Also, since ME must be written =2 — X which is very nearly
iplig
Ly T2
I= T, o, the remainder of the circuit 1s identical. It may be
2
noted that very nearly
L, b
L Ly

An equivalent circuit may also be drawn in which the imped-
ances are referred to the secondary circuit.

For I, =—?/77}

TN e e e v___Yl."______‘ ———— e e —

TaRy 1 juoly) + | 1<R + joly + 7)
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T
T,
I, = 1 :

2 2
ARy o)+ (Ry -+ joly + 2)
1

The equivalent circuit is drawn in Fig. 50. The applied voltage

1s %‘—WI, and the primary resistance and leakage inductance are
1
“referred ” by multiplication by T,2/T,2.

(11.) Regulation.

These expressions and equivalent circuits indicate how the
“regulation ” of the transformer, 7.e., the drop of voltage for a
given load, can be estimated

]
%‘.R, %l, R, L Z from short circuit tests. If
the effective impedance of
| 21, — -1, 1 the primary is measured with
|._, %\{ — | the secondary short circuited

(in carrying out the test only
just sufficient primary volts
are applied to cause full load currents to flow), say Z,, then Z, is
found from Z’ by putting Z = o ; t.e.,

. . T2 .
Z,= Ry + jol; + T%(Rz + jwly)
2

F1a. 50.—C'ircuit referred to secondary.

Tyy
T, !
and I,= i R
2V Z +Z
<T1> -+
T T,\2,
or T2 = Vi (T_:) 71,

1,Z is the voltage across the load, ,%Vl is the no-load voltage,
1

and the difference of these two is the regulation, generally expressed
as a percentage of the no-load voltage.

This expression is drawn in Fig. 51 for an inductive load. OI, is
drawn horizontally, OA = I,Z, the angle I,0A = ¢ being that of

2
the load, and OB = (%) Z,1, the angle I,0B being that of Z,.

1
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BC is drawn equal and parallel to OA. Thus OC = ;izvl, and the
1

regulation
_10C|—]04A|
~joc]
And if BD is drawn perpendicular to OC, this very nearly equals
| OD/OC|.
Writing (%) 2Z,, = r, + jz,, and referring to Fig. 51 (b), which is

1
an enlargement of the foot of Fig. 51 (a), Oa = r1,, aB =z,

X 100 9%,.

,:)]2 a
(a) (6)
F1i. 51.—Regulation diageam.
Since OB is generally very much smaller than BC, the angle XOD
will be very nearly ¢. Drop ab perpendicular to OD and continue
it to d, to meet Bd drawn parallel to DO. Then the angle daB is
also very nearly ¢, and, considering only lengths,
OD = Ob + bD
= 0b + dB
=r,I,cos¢ 4 z,]I,sin .
and since BC is not very different from OC, the regulation

. Ob 1
—BC |7
If the load is non-inductive, ¢ = o and the regulation depends
upon 7, and not at all upon x,. On the other hand, if the load is
very inductive, ¢ is large, sin ¢ is large and cos ¢ small, and the
regulation depends more upon «, than upon 7,. If the load is
63
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capacitative, ¢ is negative, sin ¢ is negative and the regulation may
be negative ; i.e., the voltage may rise as the load comes on.

These differences are brought out in the diagram of Fig. 52.
OB is drawn as before equal to (T,/T,)?Z,I,. With radius equal to
(T4/T,)V, two circles are drawn, one (C,C,C;) with centre O, and
one (C,'C,'Cy’) with centre B.

Three cases are drawn. In the first the load is inductive with an
angle ¢,. BC; =1,Z, = the terminal voltage and OC; = the
secondary e.m.f. = (T,/T,)V,. BC, is continued to meet the circle
with centre B in C,’. Evidently since BC,’ = OC,, C,C,’" is the fall
of voltage. In the sccond case the
load is non-inductive, BC, is the
terminal voltage and the drop is
C,Cy'. In the third case the load is
capacitative with a negative angle ¢.,.
BCj; is the terminal voltage, and C4C4
the rise of voltage when the load
comes on.

This is Kapp’s regulation diagram.
As drawn, the regulation is very
much greater than would be the case
in practice.

The diagram could equally well
have been drawn from Fig. 51, z.e.,

Fic. 52.—Kapp's Regulation  referring all quantities to the

Diagram. primary side. The practical quantities
are such that the result obtained would be nearly identical.
Moreover, it does not matter from which side of the transformer
the short circuit test is made. If the primary winding is short
circuited the effective impedance Z," of the secondary is

, . T,? :
2/ =Ry + joly + T_zz (R + joly)
1
_ T
and the construction proceeds as before.

It is clear that if transformers are to be connected in parallel
they must have the same regulation, otherwise they would develop
unequal terminal voltages or load if they were equally loaded ;
which results in their sharing the load unequally since the terminal
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voltages are the same. This is true both of the magnitude and
phase angle of the regulation, although the phase angle differences
are so small as not to matter in single phase transformers. The
point must, however, be borne in mind when considering the parallel
connection of three phase transformers.

(iii.) Magnetising Current.

Item (v.) of the differences noted between the air core and iron
core transformer has now been disposed of. The magnetising
current in a power transformer is so small as not to affect appreciably
the vector diagram of the loaded transformer. Since this is so its
lack of sine wave shape is of no importance.

On no load, however, the magnetising current is the only current
flowing, and here the iron losses noted in item (vi.) are of importance.
If a no-load test is carried out in which the current I, into the
transformer at the supply voltage V; is measured, and the power
in watts W, supplied is also measured, then the power factor cos ¢
of the unloaded transformer can be found from

cos ¢ = E"-.
IUVI

It is then possible to imagine the magnetising current replaced

by an equivalent sine wave current,

whose r.m.s. value is the same, and I R
which lags behind the voltage by an 0 ¢ v
angle ¢ determined from the above | !
expression. If now this current is |
resolved (Fig. 53) into two com- y | II

. . m —— o
ponents OI, in phase with V; and Fic. 53

OI,, at right-angles, I, is the power
component of the no-load current, and I, the magnetising
component.

In the same way as with the air core transformer it can be shown
that neglecting the primary resistance the magnetising current is
a constant at all loads, since the flux must be constant. It follows
that the iron losses are constant.

(iv.) Flux Equation.

Neglecting R, the flux and the supply voltage are related by the
expression

Vl =ij1 =jw¢T1 o o « e . (P. 52)
V.E.E, 65 )
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If, as is usual, the equation is written in terms of the maximum
value of the flux (®,,) the root mean square value of the voltage
and the frequency, it becomes

()
V| =2af 2T
I 1| ”"'f\/2 1

- 4'44f¢,"T1
and if V is in volts and @, as usual in c.g.s. units,
| V| =444 f®,T, x 108,

This equation is of importance in the design of the iron core, as
it gives the value of the flux
required.

The equivalent circuit
diagram of the transformer
can now be modified as in
Fig. 54 to take account
of the magnetising and iron
loss currents. An inductance
L, and a resistance R, are
connected in parallel across the supply. Since

F1c. 54.—Equivalent network.

Vi | Vil
= 1 L —1'1

mn Lua v wl Im ‘

and since I,= ;{Ll, R, = lr\%
° P

These would be more correctly connected as shown by the dotted
line (compare Fig. 45), but the error involved in the simpler con-
nection shown is small.

The total losses at any load are made up of the constant iron
losses W,, and the copper losses which vary as the square of the
load current.

Since at no load the currents are very small, the power required
at the supply voltage is practically the iron loss. And since in
the short circuit test the applied voltage is very small for full load
currents to flow, the flux also is very small, and hence also the iron
losses. Thus the power required for the short circuit test is practi-
cally the copper loss. In this way the open circuit and short
circuit tests give all the information required to find the efficiency
of the transformer at any load.
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(3) Instrument Transformers

In transformers to be used in conjunction with voltmeters and
ammeters in high voltage or large current circuits, the important
consideration is that the ratio of transformation shall remain
constant, while when the transformers are to be used with watt-
meters, the phase angle departures are also of importance.

(i.) Potential Transformer

Instrument transformers are divided into two classes—potential
transformers and current transformers. The theory of the potential
transformer is the same as that of the power transformer already
considered, and the regulation diagram will give the transformation
ratio and the phasc angle difference, neglecting magnetising current.
This is not always justified, however, since the impedances of the
voltmeter and wattmeter coils used in the secondary circuit are
high, and the potential transformer is in consequence always very
“lightly loaded.”

The accurate expression for the voltage ratio is, (p. 50)

M2 Z(Z, + Z)
. jwMZ '

==

. Writing Z, = z; + jol; = Ry 4 jol; + joli;
Zy = 25 + jwly = Ry + jwly + jwliy
and M = V/Li;L,.
This gives
‘Ll - WLy Ly + (21 + jowliy)(z, 4 joly + Z)
Ve jovV L, Z

~ Sl 1<\/‘13'; \/II )+ (142)
\/L2+Z L1‘21+ 172.22 jor/ Lk, +Z .
If Z, is the short circuit impedance measured from the primary

side,

Zo =12+ -—zz, and \/ i Z0 = \/L
i

L ( 25\ )
| __\/ A (1 3)
ane +\/L1 7 T \'T7)

Expressed in the form r/_¢, r gives the ratio of transformation,
and ¢ the phase angle between V, and V.
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If Z is large, 2,/Z can be neglected. The term z,/jwL, depends
upon the magnetising current, and the remainder of the expression
has been obtained in the power transformer case.

Arranged in the form

Vo /Ly m \/L L HB > )
V, Vil JwL 0t T |

the importance of having a large instrument impedance Z in order

that the voltage ratio shall remain constant, is made clearer. This

expression should be compared with the corresponding air core

expression on p. 50, which was obtained on the assumption of no

primary resistance.

(11.) Current Transformer.

In the case of the current transformer the current ratio is found
(p. 51) from

I, J
A=Y (7 Z
I, wM( s+ Z)
7 .
= — —— (2, + jwL Z
w\/Lle(2 Jeoba o+ 4)
= ——2~__—_:z + 7
vLl w\/Lle( 2+ %)
L2 |
1~—»—~ Z
\/Ll( wliy (2 2);
If Z =R jwl,
\/L2 (Ll R b R)
Ll Lo (.UL )

The leakage mductance and inductance of the instrument affect
the ratio chiefly, while the influence of the resistances (of secondary
and load) is chiefly on the phase angle difference. All quantities
I, L Ry and R should be kept small for the best results.

The primary current through the current transformer is quite
independent of the secondary load. The magnetising ampere turns
therefore, if the secondary were open circuited, would increase
enormously, resulting in iron saturation and overheating through
increased iron losses. The precaution should always be taken of
shorting either the primary or the secondary terminals of the trans-
former before disconnecting the instrument.
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(4) Transformers in Parallel

If two transformers are connected in parallel to the same supply
voltage on the primary side and to the same load on the secondary
side, the circuit diagram can be drawn as in Fig. 55. If the sub-
scripts 1 and 2 refer to the primary and secondary respectively of
the first transformer, and the subscripts 3 and 4 to the primary
and secondary of the second transformer, and if M;, and My, are
the mutual inductances between the windings of the first and
second transformers respectively, the circuital equations can be
written as :—

V=l —joMyl, . . ()
0= — joMpl, + ZI, + Z(I, +1,) . . . (i)
Vo= Zaly, — joMgd, . . . . . . (ii)
0= — joMyl; + 2,0, - Z(0, +1,) . . . (iv)
b Me My I
V § tIz Il Z I4T V
- Z 7 24 23 -

2
Fia. 55. Transformers in parallel.

Eliminating I, from (i) and (ii) gives
JoMyV = {w®My? + Zy(Zy + 7)1, + 2471,
Approximating as before,

w®My.? + Zy(Z, + 7)

= w®M,? + (R + jol, —f—j:le)(R? + jwly 4 jwL,) +
o . (R! + jwl; + jwL,)Z

= jwLy(R, + jwly) + jowL, (R, + jowly) + joL,Z

and 2,7 = jol,,Z

L, .
whence V= f \/I—Ji(R2 + jwly + Z) +

T \ r
L o L
\/L—:(R1 + joly) | I, + \/IT: 21,
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or V= K(Ry+jwl,+2Z)+ Ky (R, +j‘”l ) Iz + K2 21, . (v)

.
‘

where K,, = L—i =1 \/ L]
Writing also,

K, = \/%—3 = Ta and K 3 = }%:%
and eliminating I; from (iii) and (iv) gives in the same way
V= Kgy(Ry +jowly + Z) + KRy + jools) ) T, + Kyl (vi)
ertlng Ka(Ry + jooly) + hll(R‘ + joly) = Zyy]
and Kgo(Ry + joly) -+ Kyg(Ry - jwls) = Zyy”

Z,," and Zs," are the impedances of the transformers for deter-
mining their secondary currents, and (v) and (vi) become
V= 7,,"T, 4+ K Z(1 + 1)
and V =731, + K321, + 1)
giving for I, and I,
L:n” |- (K34 “" hlz)é

= o K v o (i)
A34 Ll" +(K12Z34 +K34Z12 )Z
PR Ui (Km K2 gV o (i)

Zm"Za" + (K34Z15" "+ K12 Y
and the total load current is

) Z12” + Z34Il o V
Zns'lay" + (KgaZiyy" + KygZgy")7,
If the transformers are identical, Z;," = Z3," and K;, = K3, and

Iy =1, = V/[(Zy," -+ 2Ky,7)
I

L+1,=

and I=1L,+1,=2I

as would be expected.
If, without having identical impedances, the turns ratios of the
transformers are the same, so that K, = K34

I, = V/ ¥. Zyy" + sz(l + 2 )

43411
and I,=V / \ Zot” + K34z(1 4 Za’) ]
( lell ’
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The primary currents are readily found by substitution from
(vii) and (viil) in (i) and (iii) respectively.
Thus the primary current of the first transformer is found to be

11 _ \i + ijMlz oo '434" + (1(34__ Kla)z'
Z1 Zy Z34”Z12” + (K12Z34” + K34Z12”)Z

Writing  7Z;," = R, +.7:‘”l1 + K2Ry + joly) = KypZy,”
and 23y = Ry + julg -+ K3(Ry + joly) = Kj4Z3,"

and neglecting the first term X,, which is the magnetising current,
1
and writing
JoMypp/Zy = Myp[Ly = VLy/Ly = Ky
the expression becomes

Z34’ -+' (K342 — K12K34)Z

L[ =V_*2 . — (ix)
' Z34 Z12 + (K122Z34 + K342Z12 )Z
and similarly
13 =V 412 + (K122 K34K12)Z (X)

Lyl -+ (Kl + K25, V2
The total current taken from the supply is
Ly 2y + (K — K3,)*Z )
Lyg'lyy + (Ko™, + K324, ) 2
If the transformers are identical,

I,=1;

I+ I, =

-V
 Zyy -+ 2K
and the total supply current is

\%
L+1L=

Z12’ + K 2Z

as would be expected.
If only the ratio of turns is identical,

I, = v
12 + K12 Z(l +
v
Z34, + K342Z(1 + 3341
12
7

Zs4
and I,=
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If there is no load there will still in general be a primary and
secondary current in addition to the primary magnetising current.
These currents are found by putting Z = o in equations (viii) to
(x), and are

o — 1 K=KV
2Z34” + K34Z12”
and Il — (1 - K12K43)V

Zys' + K"Ky,
_ K34Kg1)v )
o Z3y' + KK %2y,

With a knowledge of the currents flowing obtained from the
above expressions, it is a simple matter by finding the dot products
with the voltages concerned to determine the power expended in
various parts of the circuit. The problem of most general interest
in this connection is the manner in which the load is shared by the
two transformers.

Exkrcises

(1) An air-core transformer has a primary inductance of 500 micro-
henries and a secondary inductance of 100 microhenries, and the
ratio of resistance to inductance 1s 20,000 in each case at an w
value of 105, If the leakage coefficient is 0-2, find the voltage ratio
of the transformer with the following loads :—

(1.) Open circuit.
(ii.) A non-inductive resistance of 10 ohms.

(iii.) A non-inductive resistance of 1 ohm.

(iv.) An inductive resistance with L = 50 x 10~° henry,
R = 2 ohms.
(v.) A condenser of 0-05 uF.

(vi.) A condenser of 0-2 uF.

Find also in each case the secondary current for a primary
potential difference of 10 volts, and the current ratio.

(2) Find the various equivalent networks of the above trans-
former.

(3) Draw the vector locus of the transformer of Q. 1 with varying
non-inductive load.

(4) The turns-ratio of a 50-cycle transformer is 6, and the primary
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and secondary resistances are 1-0 and 0-04 ohms respectively, and
the reactances are 6 ohms and 0-15 ohms respectively. Find

(i.) The voltage necessary on the high voltage side to produce
200 amps. in the short-circuited low-voltage winding.

(11.) The power factor on short circuit.

(5) A 10kVA, 400/800-volt, 50-cycle transformer tested from the
low-voltage side, took 120 watts with 0-8 ampere and 400 volts on
no load, and tested from the high-voltage side, took 50 watts with
6 amperes and 9 volts on short circuit.

Find (i.) the magnetising current and the iron loss current at
normal voltage and frequency.

(ii.) The efficiency on full load at unity power factor.

(iii.) The secondary terminal voltage on full load current at power
factors of unity, 0-7 lagging and 0-7 leading.

(6) A transformer has resistance and reactance drops of 3-0 per
cent. and 6 per cent. respectively. Plot a curve showing how the
voltage regulation on full load varies as the power factor changes
from zero lagging to zero leading.

(7) Two 50-kVA transformers each having a voltage ratio of 4 are
connected in parallel to supply loads of

(1.) 90 kW. at 0-9 lagging p.f.
(1.) 60 kW. at 0-7 lagging p.f.
(iii.) 100 kW. at unity p.f.
Find in each case how the load will be shared.

One transformer has a resistance drop of 0-5 per cent. and a
reactance drop of 8 per cent., and the other a resistance drop of
0-75 per cent. and a reactance drop of 4 per cent., all on full load.

(8) A 500-kVA transformer and a 250-kVA transformer are
connected in parallel.

The 500-kVA transformer has a resistance drop of 1 per cent.
and a reactance drop of 4 per cent., and an open circuit secondary
potential difference of 500 volts. The corresponding figures for the
250-kVA transformer are 1-5 per cent., 6 per cent. and 510 volts.

Find (i.) the cross current in the secondaries on no load.

(ii.) The secondary currents in each transformer when the load is
700 watts at unity power factor.
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CHAPTER V
THREE-PHASE CURRENTS

(1) Three Phase Circuits

IN the first chapter the use of a rotating vector to represent an
alternating current was developed from the generation of an alter-
nating electro-motive force in a coil of wire rotated in a uniform
magnetic field (Fig. 1). Suppose now that there are three equal

—> time

-V
F1c. 56.—Three-phase generator.

coils of wire rigidly fixed to the same axle in such a manner that the
coil sides are equally distributed round the circumference of the
cylinder traced by each when they are revolved ; in other words,
the angle between the planes of adjacent coils is 60° (Fig. 56).

Let the positive directions for induced e.m.fs. be A;A;"A,'A,,
B,B,'B,'B, and C,C,'C,'C,, where the letters have the significance
indicated in the diagram drawn at a particular instant. It will
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be seen that the whole arrangement must rotate through 120°
before the next coil occupies the place (both with regard to position
and direction of induced e.m.f.) of the coil ahead of it in the diagram.
Thus after rotation through 120°, B, lies where A; now lies, C, lies
where B, now lies and A, lies where C; now lies. It follows that if
OV,, Fig. 59, represents the e.m.f. induced by the field in the A coil,
OV, must represent the e.m.f. in the B coil and OV, the e.m.f. in
the C coil, the positive directions being as defined above, and the
angles V,0V,, V,0V; and V0V, each being equal to 120°. Re-
membering that multiplying a vector by ¢/ rotates it through an
angle @ in the positive direction, it is clear that the three e.m.f.
vectors are related by the expressions :

Vl - Vze]un” — Vaéj:m'
V, = Vet
V, =V,
If the terminals of the three coils are brought out to six slip rings
as shown in Fig. 56, the connections being such that the coil sides

a=6' I
J2) I
=c’
a’ I
=c
F1a. §7.—Star connection. Fic. 58.—Mesh connection.

A,B,C, are connected to the slip rings a, b, ¢, while the coil sides
A,, B, and C, are connected to separate slip rings, a’, ¥’ and ¢/,
then OV, represents the voltage between a and a’, OV, the voltage
between b and b’, and OV, the voltage between ¢ and ¢’. The three
coils are said to be ‘“ star ”’ connected, when a’, b’ and ¢’ are con-
nected together, and ““ mesh ’’ connected when &’ is connected to a,
¢’ to b and a’ to c. Each coil is referred to as a ‘‘ phase,” and the
whole arrangement is a very elementary ¢ three-phase generator,”
or generator of three-phase currents.

The star and mesh connections are indicated in Figs. 57 and 58
respectively. In each case a lead is taken from each of the slip
rings @, b and c, and these three wires together are known as ‘‘ the
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line ” across which loads may be connected. The voltage between
two of the wires is known as the line voltage, and the current in
the wires as the line current. It is at once evident that in the star-
connected arrangement the line current is the same as the phase
current, and in the mesh-connected arrangement the line voltage
is the same as the phase voltage, but that the line and phase
voltages are different in the star arrangement, and the line and
phase currents are different in the mesh arrangement.

In addition to the threc wires in the star arrangement, a wire
may also be taken out from the connected slip rings o’ =b" =¢';
this is generally earthed and called the neutral. The voltage from
any wire to the neutral is the phase voltage.

The line voltages in the star arrangement are readily found in
terms of the phase voltages.

The voltage from a to ¢’ is V,, and from b to b’ = a’ is V,. The
voltage therefore from a to b is V, — V,, and this is the voltage
from Line I to Line II, say V,.

Thus Vie=V,—V,
— Ve —V,
o V ( j120 __ 1)

== Vy(cos 120° +j sin 120° — 1)

RQ
)

= \/3V2 (cos 150° +- 4 sin 150°)
== 4/3V €150

Hence V,, is drawn as OV, (Fig. 59), having a length equal to

/3 times the length of OV,, OV, or OV, and at an angle 150° in
front of V, or 30° in front of V.

Similarly V3 = V3V,
and V,, = V§V1€jlso

As actually drawn in Fig. 59, if | V| is the phase voltage magnitude
(i.e., V is taken as reference phase),
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V, =4V =Vei3

V2 _ Vle—jmo" _ Vej(—120°+f:§) — Vi3

Va — Vlejlzo — Vi120+90) V2o — Ve'jl50°
V,, = \/§V2€j150 — ngej(lnt)—3()) — \/gvejlw
Vy5 = \/gvgejlso = 4/3VJ150-150) V3V

Vg = \/3"V1€j150 — \/§V€(150+9u) _ \/5\755240

Vie

V31
Fi¢. 59.—Phase and line voltages—star connection.
Note that V,+Vy+Vy=0
and Vi -+ Vg + V3 =0

These results are easily obtained geometrically, as indicated in
Fig. 59 (b) for Vi, OA = V;,AB = — V,,and OB = OA +AB =

Draw AD perpendicular to OB. Since BA is drawn at an angle

A\
30° below the horizontal, BAO = 90 + 30 = 120°.  Also since
N\ N
| AB| =| AO|, ABD = AOD = }(180 — 120) = 30°.
| BD| =|DO| =[AB|00330=\_§§1V|

| OB| = /3| V | and OB is drawn at an angle 30 to the vertical,
or 120 to the horizontal.

Hence V;, = OB = 1/3V e ag before.

In the mesh-connected generator (which is rarely met with in
practice, largely owing to the danger of circulating currents in case
of inequality of the phase voltages) the line currents will be the
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differences of the phase currents. Thus if in Fig. 58 the current
from a’ to a is I, within the generator, (the current flows from
a to @’ in the external circuit) and that from &’ to b is I,, the current
out to line I is clearly I, — I,; and similarly the current to line II
is I, — I, and that to line TIT is I, — I,. If the phase currents are
balanced, ¢.e., if they have the same magnitude and their vectors
are displaced by angles of 120°,
then the same geometrical
conclusions come to with
regard to line and phase volt-
ages in the star case hold
with regard to line and phase
currents in the mesh case.
Similar considerations hold
in the case of a balanced
mesh connected load on a star-
connected alternator, indi-
cated in Fig. 60 (a). Here the
line currents are indicated by
I, I, and I, with positive
directions into the load, and
the currents in the three
phases of the load are I,, I,
and I, in sequence round the
mesh, the positive directions
¥1a. 60.—Balanced mesh-connected agreeing with the positive
load. directions of the line-to-line
voltages. The vector diagram is drawn in Fig. 60 (b) for a load
having an impedance | Z|/¢. |I,| =] Vy|/|Z], and I;, is
drawn as shown, lagging by an angle ¢° behind V,,. Similarly
I,; lags ¢° behind V,; and I;; ¢° behind V.
If V,is the magnitude of the line voltage, in the diagram as drawn,

V23 = Vz
Ilo — ! ejlzn — Vl J(120 - )
B VA Z
%
Iy = e
| Z]

1., = Vl E7'(2~10—~1))
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The line currents are found as follows :—
I1 = I12 - I31

— Vl (J(l’() ¢)_e(14o d)))

M

— e—j(l» (ejl‘_’o _ €j24())

| 2]
I L ¢~ I (cos 120 + j sin 120—cos 240—y sin 240)
A\

|_,~4,‘( l+“' ( ‘)) ( \/&)\

2| <

I

=_—| | i J\/~5
= \/3 _\;_l £i00—9)

Similarly

12 = 123 -— 112 = \/3 l%‘ /330 $)

2 Vi -
Ip=Tg — Tpg — /3 Y

The line current vectors are each equal in magnitude to v/3V,/| Z |,
i.e., to 4/3 times the phase current magnitude, and displaced from
cach other by angles of 120°, and lag behind the line voltage vectors
by angles of (30° 4- ).

Geometrically it is scen that the simplest way in which to obtain
the line currents is to join the extremity of Ol3; to that of OI,,
to obtain I, the extremity of I, to that of I, to obtain I,, and
the extremity of I, to that of I, to obtain I;.

The general argument and construction hold even when the loads
are not equal. If Zy, = | Zjo |/ b1q, Z
| Z3, | L3, are the load, then
Vlejl"“ N V[

I, =~ 1 o=
/41? |L]2|
L= Vi Vi
8 T 7] <
23'240' 23 |
L= V0 _ Vi eio—g
n=T T g €
n | Zal
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And I1 = Ilz - I31
Iz = Iza - I12
Iy = I — I
as before.

If the load is star connected (Fig. 61) the neutral wire may or
may not be brought to the load. If it is, the voltage across each

phase of the load is the
phase voltage and the current
into each phase of the load
is the line current. Kach
phase can be treated as
a single-phase circuit. The
only question at issue is the
value of the current in the
neutral wire. If the load is
balanced this is obviously
zero ; in any case, taking the

I
T ',
Vi
| o In
f 1 Iz
vV, —=7%
m —>
I
FiG. 61.-—Star-connected Load.

positive direction outwards, the current in the neutral wire is

=T +1, 1,

If the neutral wire is not taken to the load and the load is balanced,

Fia. 62.--Star-connected Load,
without Neutral.

exactly the same considera-
tions hold as before. Butif the
load is not balanced the con-
ditions are more complicated.
In this case (Fig. 62) :—

117y — 142y = Vi

1yZiy — IgZg == Vg

L2y — 1iZ, = Vg

Vie+ Vaz+ V3 =0.

also

These equation% are readily simpliﬁed to

V12 _Vy
A AA
_ Ve Vi
Z2Z3 Z1Z2
_ Va1 _ Vs
Ly Lol
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The power expended in the load is the sum of the powers expended
in the three phases, and is readily found when the vector diagram
has been drawn as %(V,I, cos ¢), or algebraically as the sum of the
dot products of the phase voltages and currents: ie. S (V, L)
(see p. 14).

The power in a three-phase system is usually measured by the
two-wattmeter method, in which the current coils of the two watt-
meters are connected in two of the lines and the voltage coils are
connected across these lines and the third. The total power is then
given as the sum of the readings of the two wattmeters. While this
is true whatever the wave form of the load, it can be proved by
vector methods as follows.

Let the load be star connected and let W, be the reading of the
wattmeter whose current coil carries the line current I, and whose
voltage coil is across lines 1 and 2 and therefore has a current
determined by V,,. Similarly let W, be the reading of the watt-
meter having a current I3 and voltage V,y. = —V,,.

The wattmeters indicate the dot products of the currents through
them and the voltages across them. Thus

W, =1,V and Wy =1,.V,,
Now the power P into the three phases of the star load is
P=1,-V,+1,-V,+ L,V
and V) — V=V, V, — V3=V, and V, — V, =V,
and —L=1L+1
P=I-V,— I+ 1) Vo 4+ 14 Vs
=L (Vi—= V) + 13- (V3 = Vy)
=L Vi1 Vi =W, + W,

If the load is balanced the power factor can be determined from
the readings W, and W,. For using the values obtained above
from Fig. 59

I, = Vi_1V] 90~ ¢)

Z 7]

Vs _1V]
L= .3 ="1"1_i(-150~¢)
AR

V12 = ’\/3V67120
Vip= — V= — V3V = V3Ve'S,
V.E.E. 81 a
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The angle between I; and V,, is therefore (30 + ¢) and between
I; and Vg, is (30 — @),

[V]®

and W,=1,- 12_\/3[6] cos (30 4 )
g1 VI
W2=I3-V52=-—\/3—7| cos (30 — ¢)
|V
whence W, +W,=3 - cos ¢

as would be expected,
W,  cos (30 + ¢)

and RAR Il L 4
W, cos (30 — ¢)
~W,— W,
ivi t 3
giving ang =V W, LW,
1
o S s (T ey
Wl _}“ W2 }

It should be noted that if ¢ is greater than 60° W, is negative.
The connections of one of the coils must be reversed in order to
obtain a positive reading, and this reading subtracted from W, to
obtain the power.

A similar proof holds in the case of a mesh-connected load.

(2) Rotating and Travelling Fields

One of the most important of the applications of three-phase
currents is in the production of rotating fields.

Let there be three equal coils I, IT and III arranged with their
axes meeting in a point O and making angles of 120° with each other
(Figs. 63 and 64). Let the flux densities produced at O by currents
in the coils be B;, B, and B;, as shown. The flux densities are true
vector quantities ; they have magnitude sense and direction, and
can be represented by real vectors. If B is the resultant flux density
at O, then

=lBll +|B2|e‘j”°-{—lB3|€+ﬂz".
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If equal currents flow in series through the three coils, then
| B;| =|By| =] B;|, and B =0. But if the current supply to
the three coils is from
the three phases of a 1
three-phase supply, say
L=1 I, = L1

I, = I/, then taking T ® O
real instantaneous values, O ! 0
BXi |-
zl = 1,, COS wt N o
iy = 1, €08 (wt -~ 120) - N/ s
13 = 1,, €08 (wt — 240) > ’:1: :\ :B-
—z,,,cos (wt + 120) ¢ ) Y
where Z ~
/ ’B. i [N
Uy = I I ] it O 1 1
I
Jij
—T 0999
I .
B,
m
\
Fia. 63.- -Production of rotating field. Fia. 64,

Hence if | B, | = Ki,, cos wt, at a particular instant,
at the same instant
| By | = Ki,, cos (wt — 120)
and | B3| = K, cos (wt + 120).
Hence at that instant
B = Ki,, cos wt + Ki,, cos (wt — 120)e=7'*"
+ Ki,, cos (wt 4 120)e 120
= Ki,, cos wt + Ki,, cos (wt — 120)| cos 120 — 7 sin 120}
+ Ki,, cos (wt - 120) { ! cos 120 -} 5 sin 120'
=Kz, [ | cos wt -+ cos(wt— 120°) cos 120° + cos(wt+120°) cos 120
— j|eos (wt — 120°) sin 120° — cos (wt + 120°) 8in 120°) ]
83 a2
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= Ki,,{cos wt + 2 cos wt cos? 120° — 52 sin wt sin? 120°}

m

= sz(3 cos wt — %sm wt)

- ng (cos ot — j sin wl)

=-g-|B1 eI,

The flux density at the point O therefore has a constant magnitude
one and a half times as great as the maximum flux due to one of the
coils, and rotates in a clockwise direction with an angular velocity w.
It may be completely represented by a real rotating vector, which
gives the actual flux density both in magnitude and direction, at
any instant.

If a compass needle were placed at O, it would always try to point
in the direction of the resultant flux, and would therefore try to
rotate in a clockwise direction with an angular velocity w. If a
copper disc were pivoted at O, currents would be induced in it by
the rotating field, and by Lenz’s law the disc would try to move
so as to prevent this; that is, it would try to rotate clockwise with
an angular velocity w. These are the first considerations towards
an understanding of the action of the induction motor and of
armature reaction in alternators.

If the connections of any two coils are interchanged, the direction
of rotation is reversed. For instance, if coil II is connected to phase
IIT and coil III to phase II, the instantaneous currents in the three
coils are

1y =1, COS wt
1 = 1,, €08 (wt — 240) = 1, cos (wt 4 120)
i3 = 1, 08 (wt — 120)
and
B =Ki,, cos wt + K, cos (wt -+ 120)e 7120 | Kz, cos (wt —120)e 120
= ?Kim et
2
The rotation is now counter-clockwise.

The subject may also, and perhaps better for the purpose of
alternatmg current machinery, be approached from the point of
view of travelling fields.
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Let there be an arrangement of flattened coils as indicated in
Fig. 65 (a), and let it be required to find the flux distribution along
the line wz. The conductors mainly concerned in producing this
flux are shown in section at (b), and a current is supposed to be
flowing in the direction shown by the arrow heads in (a) and by the
dots and crosses in (b). Klementary consideration of the field
(indicated by dotted lines in (b)), produced by the current. show
that if ordinates proportional to the flux density arc erected at
points along x, the curve joining their extremities will be somewhat
as shown at (¢). In fact, it would not be difficult, by increasing

-
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Fia. 65.—Field produced by flattened coils.

the number of turns in each coil and spacing the conductors judi-
ciously, to make the flux density curve approximate very closely
to a sine wave.

If this is done, and distances are measured to the right from O,
the equation to the curve (c) is

b=1"b,, cos (; : 277)

where A is the distance from the position of one maximum flux
density to the position of the next maximum of the same sense,
i.€., the coil pitch, and b, is the maximum value of the flux density.

If the current through the coils is alternating, the flux at each
point alternates, having the maximum value indicated by the
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curve or by the above equation. If the current is ¢, cos wt, the

flux density at any point 2 and any time ¢ will be given by
b=b, cos (;‘Zn) cos wt

where b,, depends upon ,,.

Suppose now that two other sets of coils are superposed upon the
first at distances apart equal to 3A as indicated in Fig. 66 (@), where
the circles represent the coil sides, and where I, I’, I, I’ is the
original coil system, and II, IT’, II, II" and III, IIT’, III, III’ those
added. If direct currents are passed through the three systems in

(6)

Fia. 66.—Fields produced by three coils.

the same direction, the flux densities established along zz by the
different coils will be

b, =09, cos (; ‘ 277)

2\
(2 +7)
by =b,, cos < \* 3 ) = b, cos (2—;—x+§n)

A

= b, cos (2_719_0 — %‘r)
m A 3
<27r (z + 5) oms 2
b, =b,, cos 3 =b,, cos (— + ——-)

as indicated in Fig. 66 (b), and the resultant flux at all points will
be zero. The same will hold if an alternating current is passed in
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series through the three systems. But if one of the systems is fed
from the first phase, the second from the second phase, and the third
from the third phase of a three-phase supply, a very different state
of affairs will hold.

For the instantaneous values of the currents in the three-coil
system, write

?,, COS wi

i, cos (wt — 120) = 4, cos (wt _ %g)

?,, €08 (wt — 240) = 7, cos (wt + 2”)

Then the instantaneous value of the total flux density at any point
will be given by

b=0y+by+ by
=b, cos (2_7/{3_5) cos wt

+ b, cos (? - -2:-;) cos (wt — 27T>

3
+ b, cos (%Z_x + 2%) cos (wt —1—%77)
where b,, depends upon ¢,,. Hence
b=1b, cos (?) cos wt
‘)
+b, : cos %;\Tf cos 22; + sin 2_;_ sin "; : :\cos wt cos %’-’
-+ sin wt singg ;
' 2mrx 2m 2nx . 2m) | 2m
b, ' cos 2% cos < — sin “™ gin <7 | t cos ="
+0u 5 3 sin X sin 3 | zcosw cos
— sin w? sin& |
3 )

=b,, cos (?_;_x) cos wt

+bm{20082%xcoswtc032%71+ 2sing;fsinwt sin2%r ' .
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And this, since cos? E; = 1and sin? 2£ = 2
gives

b=b, : g cos gz—x,cos wt + g sin 2ma sin wt :

This expression shows that the flux distribution is travelling
from left to right, since for any increase in ¢, an increase in z can be

found which will leave (2/\133 — wt) , and therefore b, unchanged.

Moreover if z is increased by A the distribution is unchanged,
and if ¢ is increased by 27/w the distribution is unchanged. Hence
the flux travels a distance A in a time 27/w, and its velocity ¢ is
therefore

C=§=)\f

where f is the frequency of the currents. Thus b may be written

b= :Eb,”cosw (t — ?).
2 c

These expressions are of the same form as those of wave motions ;
A is identified with the wavelength and ¢ with the velocity of
propagation.

If there is another system of coils producing another travelling
sinusoidal field of the same wavelength and velocity, but displaced
from the first either in space or in time (or both), the resultant
travelling field may be obtained by vector addition.

Suppose that the first field is

by =104, cosw <t — Z0)

c
and the second is

)
b, =1b,,cosw <t—i—t’—z+x)
c

=bmzcos=\w<t——§) —}—wt’—w: ;
=b cos‘w(t-—f>+¢+¢'
m2 ' P t x)
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where ¢, = phase angle due to time displacement

= wt’

#, = phase angle due to distance displacement

wx’

c

The second travelling field could be produced by currents in a
system of coils displaced a distance a’ from the first, the currents
lagging by a phase angle ¢, behind the corresponding currents in the
first system.

Then, since b at any position is an alternating quantity, it may be
found at any instant by projection from a rotating veetor. Thus b,
at a certain point may be represented by the engineers’ vector
OB, (Fig. 67), drawn below the horizontal at an angle ¢ = a_;_x
The horizontal is taken as the reference line (¢ = 0) and the vector
is projected on to this horizontal to
obtain instantaneous values. b, will
be drawn as OB,, making an angle
with B, = (¢, + ¢,), and the resultant
of the two will be OB, found in the
usual manner.

Evidently the maximum positive
value of the wave b; has not yet
reached the point considered, the
maximum positive value of the wave
b, has already passed the point, while the maximum positive value
of the resultant has only just passed the point. Corresponding
values at other points may be obtained either by (i) a suitable
(positive) rotation of the reference line OX, ¢.c., through an angle
wzfe, or by (il.) a suitable negative rotation of the vector itself
through an angle wzfc. The latter is the more useful method, and
has been adopted in drawing the vector diagram of Fig. 67. If
the rotating vector and the reference line rotate with the same
angular velocity, the instantaneous values of the fluxes are
always the same. This happens when wz/c =wt, or z/t =c;
i.e., when x is moving with the velocity of translation of the
travelling flux.

If the systems of coils are arranged in a circle (Fig. 68), the
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circumference of which is an exact multiple p of the coil pitch A,
then

/\-——Ezr
P

and x = 0r

where 7 is the radius of the circle and 6 is the angle at the centre

F1a. 68.—Production of rotating field.

subtended by the arc #’. The travelling field becomes a rotating
field with an equation

Or .2
b=§bmcosw (t— % )
2 —rw

p

=%bm cos (wt — pb).

The angular velocity is

A displacement y in position of the travelling field becomes an
angular displacement y where y = yr. The corresponding phase
angle ¢ becomes
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¢=?-)/‘—.277= 2

Y
2
—_-r
r
=Py

Thus in the equations for the rotating field, and in the vector
diagrams, the actual positional angles are multiplied by p. p6 and
py are frequently referred to as *‘ electrical angles.”

p will be recognised as the number of pairs of poles produced by
one phase.

ExXERCISES

(1) A star-connected alternator has a line potential difference of
2,500 volts and supplies a balanced load taking a line current of
100 amperes at a power factor of 0-95. Draw a vector diagram to
scale, show phase and line voltages and currents when the load is
connected (@) in mesh, () in star.

(2) The three phases of a star-connected load are: (i.) A resist-
ance of 20 ohms. (ii.) A resistance of 5 ohms in series with an
inductance of 16 millihenries. (iii.) A resistance of 10 ohms in series
with a condenser of 53 uF.

Find the phase voltages and currents and the total power absorbed
when the load is connected to a 440-volt 50 cycle supply,

(a) With the neutral wire connected, in which case find also the
current in the neutral wire.

(b) With no neutral wire.

(3) Find the currents and the power absorbed when the load of
Q. 2 is connected in mesh to the same supply.

(4) Find in Q. 1, 2 and 3 the readings of two watt-meters
connected in circuit to measure the power, if the current coils are
connected in lines I. and III., and there is no neutral wire.

(6) Prove that the readings of two wattmeters give the power in a
three-phase circuit in the case of a mesh-connected load and prove
also the formula for tan ¢.
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CHAPTER VI
THE SYNCHRONOUS MACHINE

MopERN alternators have generally a rotating system of con-
ductors excited by direct current, and a stationary system of
conductors in which alternating electromotive forces are induced.
The first system is known variously as the field system, the field
or the rotor, and the second as the armature or the stator. In what
follows the terms rotor and stator are used. The change over of
terms necessary in the few special cases (generally very small
machines) in which the  armature > rotates and the ¢ field ” is
stationary will be obvious.

(1) The Electromotive Forces

(i) Let it be assumed that the field produced in the air gap of an
alternator by the direct current through the coils of the stationary
rotor has a sinusoidal distribution in space ; that the flux density
can in fact be represented by an expression of the form

b =b,, cos pb

as in the last chapter, where 6 is the angle from some reference
radius. p then is obviously the number of ““ pole pairs ” the rotor
produces.

The assumption of a sinusoidal field distribution is not by any
means unjustified. In the non-salient pole type of rotor the field
winding is purposely so arranged in the slots as to produce as nearly
as possible this distribution of field, and even in the salient pole
types the pole shoes are shaped to vary the air gap length with the
same end in view. Further, whatever the actual distribution, it
may be analysed into a number of sinusoidal fields by Fourier’s
analysis, having pitches of ratios 1, 3, 5, etc. The fundamental
pitch is the one considered here, but similar considerations apply to
the others, which cause induced e.m.f. of higher frequencies.

When the rotor is rotated clockwise with an angular velocity
w/p, the field rotates with it and is in every way the same as that
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produced by the three-phase coil system of the last chapter, 1.e.,
it is the same as would be caused if a stationary three-phase rotor
replaced the rotating rotor excited by direct currents. The equation
for the field at any angle 6 and any time ¢ can therefore be written

b =b,, cos (wt — pb).

Let 8 =0 at time ¢ = 0, when the flux distribution for the
existing rotor position will be
as indicated by the dotted
lines in Fig. 69. Let ABC ...
be conductors in the stator,
and let the angles AOB,
BOC, etc., be 2y/p (i.c., the
electrical angle between A

and B, B and C, ete., is 2y). B. E.
The fluxes at ABC' . . . are E.

represented in the vector 2y B, E,
diagram of Fig. 69 (b) by OB, 5.l .0

OB,, OB, . . . at time ¢t = 0. ° @ = Ea (o)
Let | be the length of the

stator and 7 the radius If Fra. 69.—E.m.f. induced in distributed
) tator winding.
the rotor moves through an srator inding
angle 80 the flux cutting any conductor is 7860lb, and if the time
taken is &8¢, the e.m.f. induced is

50

=7lb. —
e =1 5

= rlci)bm cos (wt — pb)
p

since 80/3¢ is the angular velocity of the rotor, and b is found from
the above equation, putting in the correct value of 6 for the
conductor considered.

Thus for the conductors A, B, C, . . ., writing I = e, the
P

induced e.m.f.s are represented by OE,, OE,, OE, etc., each of
length e, in the vector diagram.

Vectorially, these e.m.f.s are E,, E, = E ', E, = E e, etc.

If there are n conductors per pole for each phase of the stator
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winding, the total vector em.f. E is the vector sum of these
vectors, 7.e.,

E=E(14 4+ dv4..)
_ E 1— €j2-yn= (e——jyn _ ejyn)ejyn
“1 — ™ “ (eI — €M) el

—E gin ny =),
“ siny
The addition is indicated graphically in Fig. 69 (c).

The magnitude of the e.m.f. produced per coil side is thus
E,sin ny/sin y. If all the conductors of the coil side were in the
same slot, the e.m.f. would be nE,. The ratio of these two quantities
is known as the breadth or distribution factor, and is

sin ny
n sin y

In practice there may be more than one conductor represented by
A, B, C, etc., and in this case E, must be multiplied by this number.
Also the winding may not be symmetrically disposed as shown, in
which case there will be a winding factor arrived at in a similar

manner.
(ii) The magnitude of the e.m.f. per conductor has been found

above to be

This is more usually expressed in terms of the total flux per pole, @.
Evidently

and
o
Hence D = 1lb,, [ cos podo
— 2 rlb”l
P
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Thus e= %2 c.g.s. units.

The e.m.f. per coil will be twice this, the r.m.s. value will be found
by dividing by 4/2, and w may be written 27f. Thus
_ 2nf®
rms ~ —»\72_
= 444 f® x 10~* volts.
Since each coil is repeated p times round the stator, the total

phase e.m.f. is
sin ny

= 4-44 pn( i )f(D x 1078 volts.

n 8in y

The complete stator winding of a three-phase alternator is
equivalent to the coil system of Fig. 69 ; although there are various
methods of connecting the conductors,
the result as far as the total e.m.f. pro-
duced is concerned is the same in all.
It is therefore at once apparent that
the e.m.f.s appearing at the different
phase terminals will have the same
vector diagram (Fig. 59 (a)) as the
elementary three-phase alternator of
Fig. 56.

(i1.) In Fig. 70 (¢) the dotted lines
represent the flux distribution for the
rotor position for which the diagram
is drawn, and the circles I I’, II II’,
IIT IIT" represent the coil sides. The
rotor is rotating in a clockwise direc-
tion at an angular velocity w/p (f/p
revs. per second). OB, in Fig. 70 (b)
is the flux vector for the rotor position
of Fig. 70 (a). The flux cutting the
conductors I and I’ is zero at this Fe. 70.—E.m.f.’s induced in
instant ¢the flux through the coil I I’ three-phase winding.
is a maximum). The e.m.f. induced in phase I is therefore zero,
and the rotating vector of the e.m.f. is drawn as OE,, at right
angles to OB, lagging. The coil II II" is 27/3 electrical degrees
ahead (with regard to the rotating flux) of the coil I I’, hence the
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flux with regard to it is represented by the vector OB,, and
similarly OB, represents the flux distribution with regard to the
coil IIIIIT". The em.f. vectors OE, and OE, are drawn 90°
behind OB, and OB; respectively.

It should be borne in mind that the diagram is drawn at a certain
time instant, that indicated by the rotor position of Fig. 70 (2). The
projections of the various vectors on to the horizontal represent the
various flux values and e.m.f. values at that instant. When the
whole diagram is rotated counter clockwise through an angle wt the
projections on to the horizontal give the instantancous values of the
various quantities at a time ¢ after the instant considered. This
counter-clockwise rotation of the vector diagram is necessitated

by a clockwise movement of the rotor through an angle 2
p

OB;, OB, and OB; really represent one and the same flux
distribution, but with three different reference points, viz., the
mid-points of the coils I I’, IT II" and 1IT III". In a consideration
of the effects of loading the alternator with a balanced load, only
one vector need be considered.

(2) Alternator Regulation

(i.) When the alternator is loaded (with a balanced load) two causes
may be distinguished in the alteration of the terminal voltage of
the machine.

(a) There is a fall of voltage owing to the resistance and “‘in-
ductance ” of the stator winding.

(b) The currents in the stator windings produce a rotating field
which is combined with the rotating field of the rotor in producing
the electromotive force. This is called ‘‘ stator reaction ”’ (or more
generally ‘‘ armature reaction ).

In the same way that, in the transformer, the ““inductance ” of
the winding producing voltage drop at the terminals was found to
be only that part due to leakage fluxes, so in the alternator, the
‘““inductance ” referred to in (@) is in reality only the leakage
inductance ; that part due to flux accompanying the currents in
the end connections and due to other fluxes not entering the air
gap. It appears later that the part played by the main inductance
is dealt with under (b).

It would, under (b), be more correct to say that the stator currents
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produce a rotating magneto-motive force. If the rotor is cylindrical
and uniformly slotted round the circumference, this rotating
magneto-motive force can safely be regarded as producing a sinu-
soidal rotating field of the type considered in the last chapter. The
same holds approximately for all non-salient pole rotors. But the
approximation is only rough in the case of salient pole machines,
owing to the considerable variation of the length of the air gap
across which the m.m.f. has to create the flux.

Effects due to partial saturation of the iron, and variations of
reluctance round the circumference due to the slots and teeth, are also
neglected in the present outline, which only holds rigidly for a
perfectly smooth rotor and smooth stator constructed of iron
whose magnetisation has a linear relationship with the m.m.f.

With this understood, the vector diagram for the alternator on
load is drawn in Fig. 71.

OV is the terminal voltage, and OI the load current (determined
by the impedance) lagging by an angle ¢ and determined by the
load power factor. (Voltage and current are for one phase.) Vr
drawn parallel to OI is the phase resistance drop rI, and rE drawn
perpendicular to OI is the reactance drop jwll. VE is thus the
in*ernal impedance or stator impedance drop.

OE is the e.m.f. generated by the resultant rotating field, and the
latter is in consequence drawn as OB perpendicular to OE, and
leading. The rotating field due to the stator currents is drawn as
OB, along OI, and the rotor field OB,, found by drawing B,B
parallel and equal to OB,. The developed fields at the instant
considered are drawn in Fig. 72. In the absence of a load the
generated e.m.f. would be OE, drawn perpendicular to OB, and
coinciding with OE. Since the e.m.f.’s generated must be propor-
tional to the fluxes generating them, the ratio of OE, to OB, must
be the same as the ratio of OE to OB. It follows that the triangles
OB,B and OE,E are similar and that E,E is perpendicular to B,B,
1.¢.,to OI, and that ,E and E, lie on the samestraight line. E E=0E,
is in fact the e.m.f. that would be produced by the stator flux OB,
acting alone.

The effect of the stator reaction may therefore be regarded as
increasing the reactance drop from rE to rE,, and the impedance
drop from VE to VE, and for this reason 7E,/I is called the
synchronous reactance and VE /I is called the synchronous im-
pedance of the alternator.
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The regulation may in fact be found from the synchronous
impedance by means of a Kapp diagram in exactly the same manner

F1e. 71.—Vector diagram—alternator on load.

as the regulation of the transformer is found from the effective
impedance. It will moreover show the same characteristics; a

O 0O 0O o 0O 0O 0O 0 o0

Fic. 72.—Component and resultant air-gap fluxes.

maximum for inductive loads, becoming smaller and even negative
as the load angle is reduced through zero to a negative value.

(ii.) Vector equations may readily be written down from Fig. 71, or
from the considerations upon which Fig. 71 was drawn. Denoting
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the vectors OB,, OE, etc., by B,, E, etec. ; the stator impedance by
Z; and the load impedance by Z,

I=V/Z

E=V+4+ZI

B =jK,E, B, =jK,E, and B, = jK;E,
also B, =K,I
and B,+B,=B
v.e. B, =jK,E — K,I

— KLV + Z]) — K,

Hence JKLE, = K(V + Z1) — K,I

E,=V—{—Z,.I+j%l
1

ie. E —V+ (z‘. + j%)l
1

K, and K, are defined by the above equations. K, is the flux
density per unit e.m.f. produced, and K, is the flux density produced
by unit stator current. The ratio K,/K,; has evidently the dimen-
sions of an impedance, and is measured in ohms. It is in fact that
portion of the synchronous reactance due to stator reaction,

while Z; 4 j % is the synchronous impedance, denoted by Z,.
1

Further, since the flux linkages A of one phase winding (z.e., the
linkages of that part of the air-gap flux due to the stator current) is
proportional to B,, it may be written mB,. It is also written LI,
where L is the effective inductance of one phase of the three-phase
system due to the main flux.

Thus A =mB,=LI
and in writing B, = K,I
the value of K, is evidently
KL
m
The e.m.f. induced in the winding by this alternating flux is
dA
E =—"__
’ dt
= — jwmB,.
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But this has been written as

B, = 2,
8 Kl
1
Hence K,=—-
wm
and the ratio K, wL.
K,
Thus the synchronous impedance is
K
Z =17 2
s i+ K,

= R + jwl + jwL = R + jw(l 4 L)

i.e., it is simply the fotal effective impedance of the phase of the
stator winding, including reactances due to both the leakage and
the main fluxes. It is to be compared with the open circuit im-
pedance of the transformer.

With the ideal iron considered, it is possible to write

B .,=K;l,
where I, is the rotor current, and the vector equation

B =B, + B,
may be written

K,I/ = K,I, + K,I”

where K,I, = B and K;I,” = B, = K,L
That is I;=1+4+1"
or I =1I-1".

The direct current in the rotating rotor is in this way regarded
as being divided (vectorially) into two parts ; one part I, provides
the flux from which the stator e.m.f. E is derived, and the other part,
— 1" provides flux to neutralise the stator reaction flux; I,’ = B/K,4
and I,” = K,I/K,. This division is indicated in Fig. 71 (a).

If the constants K;, K, and K; can be determined, and the
division of the rotor current can be carried out, then E may be
found from I/, and if further Z; can be determined, the regulation
for any current at any power factor is found, since
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On open circuit, I =0 and I,”” =0,

.B K
V=E=Er=-—]—r=—j—?1,;
K, K,
an open circuit test determines K,/K,.
If the stator is short-circuited, V = 0 and
E=27ZI
K
but 1’ =4_1E,
r JK8
K
]’II — ___21
r I{3
and IL=1'-1"
Hence I = jI&E — »I&I
Ky K
K, K,
S/ ) |
K, K,
.Kl( K,
—— A 21
JK3 it K,
K,
=917 1
JK3 4
whence II,|=EI-IZ¢;|X!I|
K,

| I,|, Ky/Kz and | I| are all known, and hence the magnitude of the
synchronous impedance is found.
If the open circuit test and the short circuit test are carried out
with the same value of exciting current I,, then
71—Vl
Z | ="'"_1!
2
where | V| is the terminal voltage produced in the open circuit test
and | I| is the phase current produced in the short circuit test.

Since Z,=17,+ j-l%
: K
R ! __2)
+ J(w + K,
the angle of the synchronous impedance can be found if the resist-

ance of the winding is measured separately.
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(iii.) Passing on from the machine with ideal iron to a considera-
tion of the actual machine, the most notable difference is the curva-
ture of the curve connecting the open circuit e.m.f. with the rotor
current (Fig. 73) caused by partial saturation of the iron. The
factor K3 which has been taken as constant, decreases with increase
of I,. The electromotive forces generated, however, will be strictly
proportional to the fluxes causing them, so that K; remains a
constant. Experiments appear to show also that the stator reaction
flux remains proportional to the stator current ; K, remains constant.

Volts E/T”
Open'circutt
/ Volts
,/
r'd
//
el
/’,
y
Stator
Current rcuit
full load (ainps)
0 @ b O Rotor
Current (DC)

F16. 73.—Open and short circuit characteristics of alternator.

Another practical departure from the ideal diagram may be
noticed. The flux distribution B, is drawn (Fig. 71) in phase with
the current I producing it. Owing, however, to eddy current and
hysteresis effects, B, will actually lag behind I; the angle VOB,
will be larger, and in consequence the angles VOB, and VOE less.
Thus the synchronous impedance will be less than would be calcu-
lated from the ideal vector diagram.

(iv.) There are three well-known methods of determining the
regulation without actually loading the machine. For each the ex-
perimental results required are the no-load (voltage) characteristic,
i.e., the open-circuit stator voltage with the rotor run at constant
(normal) speed but with variable excitation current, and the short-
circuit (current) characteristic, giving the stator current with the
rotor running at constant (normal) speed, with the stator windings
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short-circuited, and with excitation current varied up to the value
required to give full-load stator current. The former curve has
the well-known shape of a magnetisation curve, the latter is very
nearly a straight line (Fig. 73).

(@) In the first curve I = 0 and the measured voltage is E pro-
portional to B, which in turn is a function of the magneto motive
force or amperc turns or simply the current of the rotor.

In the second curve V = 0 and

K
E =| (Zi +JR3) | I
1
7|1

Thus ordinates on the curves having the same valuc of exciting
current are related by the expression

where | Z, | is the magnitude of the synchronous impedance at that
value (Oa) of the exciting current. It is commonly assumed that
the short-circuit curve continues in a straight line to the full value
of the exciting current (00,), and that
0,E,
0,L,
This value of the synchronous impedance is then used to determine
the regulation as in the case of the transformer. The method is
due to Behn-Eschenberg, leads to too E

. . . -
high a value of the regulation, and is
in consequence called the ‘‘ pessimistic
method.”

The vector diagram for the short-
circuit condition is drawn in Fig. 74,
and it will be noticed that the
reaction flux OB, = B,B is nearly in g, B
phase opposition to the excitation === o1
flux OB,. The resultant OB produces < " B,
the em.f. OE required for the Fic.74.—Vector diagram—short-
internal impcdancc Z£~ circuit condition.

(b) The second method (Rothert’s) neglects the internal im-
pedance and assumes that all the excitation flux in the short-circuit
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test is required to overcome the stator flux. The method thus
gives an optimistic value for the regulation.
Fluxes are all measured in terms of rotor m.m.f.’s, or simply

B

(0] ’¢ i

Bs N\ I
F1e. 75.—Vector diagram—short-
circuit excitaticn.

rotor currents. Thus in Fig. 73, if
ai is the full-load current on the
short - circuit characteristic, it 1is
assumed that Oa 1is the rotor
current required to overcome arma-
ture reaction. Then, Fig. 75,
OV(= OE) is drawn horizontally, and

OI i1s the stator current drawn at

- the phase angle ¢ determined by the

load impedance. OB must be drawn
as shown at right angles to OV, and
OB, of length = Oa is drawn along
OI. With centre B, and radius 00,
equal to full exciting current (Fig. 73),

draw an arc to cut OB in B. Then OB is the resulting exciting
current, and the corresponding voltage is found from Fig. 73 by

marking off Ob horizontally equal
to OB, and erecting an ordinate bV
to the open-circuit curve.

(¢) In the third method (Potier’s)
the effects of internal impedance and
stator reaction are separated out
and duly allowed for, and better
results are accordingly obtained.

A third test is made. The machine
is loaded with a highly inductive
load so that full current flows at as
nearly as possible zero power factor
and the exciting currents required to
give various terminal voltages are
found. The vector diagram for the
case of ¢ = 90° is drawn in Fig. 76,
and it is apparent that, very nearly

4 B.
A'B
v
” E
Bs
L F1a.76.—Vector diagram
I —zero power-factor.

indeed, the reactance voltage rE; is in phase with the terminal
voltage OV and is therefore added numerically, and the
reaction flux OB, is in phase opposition with the resultant flux
OB, and is therefore subtracted numerically to find the rotor
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flux. This latter relation also holds at short circuit, as is clear
from Fig. 74.

The two characteristics, open-circuit OE, and full-load current
at ¢ == 90° O,V are drawn in Fig. 77. Evidently OO, is the short-
circuit excitation for full-load current, can be determined from
Fig. 73, and is made up of two parts, that required to provide the
reactance drop (the resistance drop is neglected) and that required to
overcome the armature reaction. These two effects may be assumed
to be constant throughout the zero power factor characteristic.

At any value of the exciting current OC draw a perpendicular to
n cireutt volt/

Volts E. Op= :

V. Volts - full load
current
99 = 90*

|
1
!
]
I
1
1
[}
|
1
1
]
1
)
)
1
]
|
|
]
1
!
1
C

0 D 0, Rotor

Current

F16. 77.—Determination of regulation—Potter’s method.

meet the curve O,V in V,. Through V, draw V A equal and parallel
to 0,0, and through A draw AE, parallel to the curve OE at O
to meet OE in E. From E, drop a perpendicular ED to meet
AV, in D. Through O, draw O,E, parallel and equal to V K, and
drop E,D, perpendicular to 00;. It is now clear that any point E
on the OE curve can be transferred to the point V on the O,V curve
by drawing EV equal to and parallel with E;0,. It is evident also
that at the excitation OC, DV, is the exciting current required to
overcome the armature reaction, AD is the exciting current to
provide the voltage for the reactance drop, and E.D is the reactance
drop itself. The same triangle EDV appears all the way down the
curves, and there is no necessity to obtain more than one point on
the O,V curve.
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Having now found the reactance drop and the exciting current for
the armature reaction, the regulation at any power factor can be
found by drawing the complete vector diagram, or by calculation.

(3) Electromotive Force and Regulations—Alternative Treatment

It has been supposed that the rotor flux has a sinusoidal distribu-
tion round the rotor circumference, and it has been seen that an
ideal three-phase system of conductors produces a rotating sinu-
soidal field. As far as the clectromotive forces produced in the
stator conductors are concerned, therefore, the rotating rotor can
be imagined to be replaced by a three-phase system as indicated in
Fig. 78, the two systems, rotor and stator, constituting a stationary

Stator
00002222

Rotor

Fra. 73.—TkLree-phase winding on stator and rotor.

three-phase transformer. It should be possible to arrive at the
results already obtained by a consideration of this transformer,
without any further reference to rotating fields.

(1.) A slight simplification is obtained if the two systems are
imagined to be exzctly opposite each other, and in the figure phase I
is indicated by the blank circles, phase II by the crossed circles, and
phase III by the black circles. Taking the origin in the middle of a
coil side of the first phase, let the rotor flux density of the phase be
b, sin 6. It is required to find the linkages with each of the stator
phases. Calling the angular (electrical) displacement of the wires
2v as before, let o be the displacement from the origin of the first
wire of the coil side of the phase considered.

Then the value of the linkages A for any stator phase is given
by the expression

l mtat+(2n—-2)y wtat(2n—4)y T+a ]\
="p, fsin@df)—l— sin 6d6 4 . . . . (sin()d@
P a a+2y J a+(2n—2)y J
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in which successive turns give the total flux through the successive
turns of the phase winding, the first turn consisting of the two

outer wires, the second of the next two wires, and so on, and the
last of the two inner wires.

The series within the brackets

=2(cosa 4 cos(a+2y)+ ... .+ cos (a + 2n — 2y)!
= Real part of B
2:€]a+61(a+27)+ . e}(a+2n—27);

— ]_{[267'4: 1 + 2y + . 6;277:2,,]

iy ny — ¢—iny
= RI| 2¢ ja € = R %€ jla Fn— ly) - ;
9 1 et — e

—9 —-———1~ sin ny
=2cos (a - n—1ly). sny
For the first phase a = — (n — 1)y, and the linkages
A‘ll =2 - rl bm wz
4 sy
For the second phase a = (n — 1)y + 2ny 4 2y = (3n 4- 1)y
and the linkages A;, = — 2! b , cos dny ﬁ_@'
p sin v

For the third phase a =7 4 (n — 1)y + 2y=m+ (n+41)y

and the linkages A3 = — 2- lb ,cos 2ny = —2 sin.ny
P

sin y
As the wires are uniformly distributed round the stator,

3n X 2y = m, y = m/6n, and

All = Z.‘l"bm/Sin Y
p

rl . 1
Ay = — Ebmﬂ siny = — IjAll

rl . 1
A13= -—;bm/2sm‘y= —'éAll.

From symmetry it follows that a sinusoidal flux distribution of
the same maximum value b,, due to the second rotor phase produces

linkages A 5,= — rl b,,/2 sin y in the first stator phase and similarly
P
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Agy = — rl b, /2 siny are the linkages produced in the first stator
p

phase by a sinusoidal flux due to the third rotor phase.

In finding the total e.m.f. produced in any stator phase by the
fluxes caused by the currents in the three rotor phases, due regard
must be had to the time phase differences of these currents and
fluxes. Thus if b,,, b,,, and b,,; represent the instantaneous values
of the maximum fluxes (maximum with regard to space) of the three

phases, and
b,1 =Db,, coswt
then b,.2 = b, cos (wt — 120°)

and b,.3 = b, cos (wt + 120°)

and the total instantaneous linkages through phase I of the stator
are

A = Ay, cos wt + Ay, cos (wt — 120) + A3, cos (wt + 120)
= Ay, gcos wt — % cos (wt — 120) — %cos (wt 4 120)}
3
=3 Ay, cos wt

The e.m.f. produced is d/1/dt and has therefore a maximum value

3
€n = '2"w|All|
= 3p,0 050
2 p s8iny

3
Now - b, is the maximum value of the rotating rotor field and @

¢ m

the flux per pole is 2rl(;bm) [/p. Thus for one coil

sin n
d Y

e, = -
sin y

m

and for p coils, the r.m.s. value is

s = 444 P10 (sm. ny)f@ x 1078 volts
nsin y

as before,
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(ii.) These results lead to some interesting considerations with
regard to the effective inductance of a phase winding of a sym-
metrical three-phase system. The flux threading any phase winding
will not be due to the current in that phase alone; there will be
fluxes due to the currents in the other two phases, and in conse-
quence the back e.m.f. produced will not be jwLI, where L is the
inductance of the winding, but some other quantity jwL'I, where
L’ takes account of the mutual inductances between the phases
and has been referred to above as the effective inductance. Because
of the phase differences (time) between the different phase currents,
L’ is not necessarily a numeric but may be complex, but in a
symmetrical system it 4s a numeric.

For in any symmetrical three-phase system, such as that of
Fig. 63, let L be the self inductance of each coil and M the mutual
inductance between each pair of coils.

The flux linkages through coil I are then

A = LI, — MI, — MI,
= La,, cos wt — Mg, cos (wt — 120) — Mz, cos (wt + 120)

= (L 4+ M)i,, cos wt . = (L ++ M)I,.

m

The effective inductance of the phase winding is thus simply (L+M),
and once allowance has been made for this increase of the inductance,
the presence of the coils of the remaining phases may be ignored i
any calculations that are made, provided, of course, that the whole
system is symmetrical, which necessarily involves a balanced load.
If the flux from the current in each stator phase winding of an
alternator is assumed to be sinusoidal, it follows from the work of

the preceding section that M = -;-L for the main flux of the stator.

Similar considerations apply to the leakage flux and to the alter-
nating current resistance of the winding (in so far as this A.C.
resistance is due to iron losses). So that if total stator impedance
is written

r 4+ jo(l + L)

it must be remembered that r and I are both somewhat greater than
they would be for the phase winding alone, and that L is of the order
3/2 times the inductance of the winding alone. The synchronous
impedance is the total effective tmpedance, and is greater than the
isolated phase impedance for these reasons.
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(iii.) With these considerations the three-phase transformer of
Fig. 78 can be replaced by a single-phase transformer, the primary
current of which is constant whatever the load conditions on the
secondary, and the secondary impedance of which is the effective
or synchronous impedance. The regulation diagram OV7EE, of
Fig. 71 follows at once.

(4) Parallel Operation of Alternators and the Synchronous Motor

(i.) Machine connected to constant voltage bus-bars.

Let a constant potential difference V be maintained between
bus-bars AB by a number of large alternators running in parallel,
and let E; be the total electromotive force (E, of the last section)
of another alternator running in parallel, the synchronous impedance

Ac:I'I

VT 2 f Déé

DB o

F1a. 79.—Alternator on constant voltage bus-bars.

1

of which is Z;. Let the current supplied to the load Z be I, of which
I — I, comes from the bus-bars and I, from the alternator under
consideration. The circuit diagram is given in Fig. 79.

Evidently V=17
and V=E, -1Z
or I, = -V
1 Z1

I, thus depends very largely on the phase angle between E, and V,
as is shown in the three vector diagrams of Fig. 80. (a) shows E,
and V in phase, (b) E; leading V, and (c) E, lagging behind V. The
total electrical power supplied by the prime mover of the alternator

N\
is given by | E; | x | I; | x cos E,OI,. This power is evidently
greater in (b) than in (a), and is negative in (c), in which case the
alternator is taking power from the bus-bars and running as a
synchronous motor. Clearly then, if the prime mover gives a little
more power, the alternator will tend to be driven a little faster, but
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immediately this starts E, is advanced on V, more electrical power
is absorbed, and the prime mover slows down. Alternatively, if the
prime mover gives a little less power, the alternator tends to slow
down, E, lags behind V and the electrical power absorbed is reduced
and the prime mover speeds up again. In this way the alternator is
held in synchronism with the other alternators operating on the
bus-bars.

It should be noted (by drawing out the corresponding vector
diagrams) that if Z, were a pure resistance there would be no
such synchronising action.

Taking V as the reference vector, let E, be advanced by an angle ¢,

F1c. 80.—Vector Diagrams, Alternator e.m.f. (a) in phase with (b) leading and
(c) lagging bus-bar voltage.

so that B, = | E,|¢/%, and let the angle of Z, be ¢, so that
Z,=|Z, |

Thus '
I =|E1|€N—.|VI
1 Zl l 6]4‘1

— El_ Jo—d) _ _Y eIt

1 1
(| E v )
= : le cos (¢ — ¢;) — i—Z; 0059515
Byl V).
+J {]—Zi— sin (¢ — ¢,) +|‘ZT smdn}

and

E,=|E; | cos¢p+j | By | sing.
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The total electrical power therefore supplied by the prime mover
of the alternator is the dot product of I, and E, ; 1.e.,
P,=(ac+bd) ... (secp. 14)

{I/jl Ilz cos (Y — ¢,) cos P — ,———‘ X | By |cos¢cos b,
]I L f sin (¢ — ¢,) X | By | sin ¢ sin ¢,
YRR TIPINI
A b1 — A ¥ + ¢1)

and the net power, P,, delivered by the alternator to the load is
1,V (dot product), i.e.,

V2

cos (Y — ¢y) —

VE,
P, = i oS ¢;.

The first term in P, is constant, and disappears if ¢, = 2’ ve., if
the stator resistance is neglected. Itisinany casesmall. The second
term varies as ¢ is varied, but here again it may be noted that if
é, = 0, i.e., if the stator reactance is neglected, an increase of ¢
from zero makes the same alteration to P, as an equal decrease, and
there is no synchronisation.

The changes in P, are well exhibited by the diagram of Fig. 81.
OV is drawn horizontally as before. A line D,0D, is drawn making
the angle VOD, equal to —¢,. On this line two circles are drawn as
shown, with diameters OD, = OD, = | V| x | E{|/|Z;|. The
tangent to the two circles at O is the dotted line making an angle
(m/2 — ¢,) with OV. Set outany value of E;, E,’ say, at an angle
¢ with V and let OE;" cut one of the circles in p,". Join D;p,’.

AN

Then since D@’O is a right angle, and (in upper circle) D,0p,’
= {(m— (b + P,
N
cos D,0p," = Op,’/OD; = — cos (¢, + ¥)
. Op," = — OD; cos (¢, + ¥)
Vix|E
LT AP

= (the second term of the expression for P;).
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N\
In the lower circle, D,Op," = (¢, + ¥) ( is now negative) and
” Vix |E
LTEIT A
= (the second term of the expression for P,).

Thus, wherever the vector E, is drawn, the chord cut off on a
circle represents the second term of the power supplied from the

Generator

-

Unstable

Fic. 81.—Power supplied to generator and delivered by motor.

prime mover, being read 4" in the upper circle and —* in the lower
circle. The constant term |E, |?cos¢,/| Z, | is allowed for by
increasing each chord by this amount in the upper circle and
reducing each chord by this amount in the lower circle. The
heavily lined curves, approximating to circles, result.

Chords on the upper circle will be cut when ¢ is 4+ and exceeds

(g — qSl) . Consider OE/’, cutting the heavy curve in P,". If ¢

is increased OP,’ also increases, and vice versa, giving the synchro-
nising action previously remarked upon. This is true as y increases

V.E.E. : 1 13 I
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to V6D1. Beyond this, a further increase of i results in a lower
power supplied to the load, and a still further increase in . The
machine speed goes on increasing, heavy currents flow owing to the
phase opposition of F, and V, and the circuit breakers come out.
The part of the curve to the left of OD; represents an unstable

condition.
Take now the lower circle. The alternator will receive power

from the bus-bars when i < (g—— 5 ) When the e.m.f. is OE;”

the machine is running as a synchronous motor, with power OP,”
available for conversion to mechanical power. If the mechanical
load increases the motor will slow down a little and ¢ will be
increased, 7.e., B,” lags a little more behind V. This results in an
increase in OP,”, the power drawn from the bus-bars, and the
machine speed increases. Similarly, if the load decreases the power
supplied also decreases. But if the mechanical load causes OE,” to
lag behind OD,, a further load increase will result in a decrease of
power supplied, and the machine will slow right down, or fall out of
step.

The whole region therefore to the left of D,0D, represents an
unstable condition, and the region to the right of D,0D, a stable
condition, in the upper part generating and in the lower part
motoring.

When the machine is switched on to the bus-bars s is zero, and
the ability to run in synchronism depends upon the change of P,
with . dP,/di is called the synchromising power.

apP, | VE,]| .
W 7 sin (¢ -+ ).

1f ¢, = 0 and ¢ = O there is no synchronising power.
When ¢ = 0,
-6%1—1 = YAE:] sin ¢,
= wly
U RE el
where L, is the effective inductance and R, the effective resistance of
the stator winding.

_3_—1 is easily seen to be a maximum when R; = wL,.
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A diagram for P,, the net power delivered by the alternator to
the line, is drawn in Fig. 82.

cos (¢ — ) — |

2
! 2y
and the line D,0D, is drawn with the angle D,0V = ¢,. The
circles are drawn as before with diameter | VE,/Z, |, and the chord

By Ccos ¢y

P2=

Gendrator
Power to line

—_—
—_—

Unstable ] a —

Motor
Power from
line

Fic. 82.—Power delivered by generator and supplied to motor.

OP, cut off by OF,, is evidently the first term of P,, and is positive
in the upper circle and negative in the lower. The constant term
V2/Z, | cos ¢, is consequently subtracted in the upper circle and
added in the lower to give the heavily lined curves. The rays to
these curves give the power delivered to line by the generator (upper
curve), and the gross power taken by the motor (lower curve).

The manner in which the stator current varies with the rotor
(field) current when the generator or motor is working under condi-
tions of constant load is of considerable interest.
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Neglecting losses, i.e., putting ¢, = g, the expressions for P, and
P, both give
sin 4,

VE
P= 1
' Z,

and this is to be constant.
V and Z, are in any case considered to be constant, so the condition
is that
E, | sin ¢ is constant.
Consider first the case of the generator, when i is positive
(Fig. 83), i.e., OE, leads OV by an angle 4. Drop E,d perpendicular
to OV. Then E,d = | OE, | sin ¢, which is constant. Hence the

— E; —_— l I, Cos g
- : E.
|
i ¢4 A"
i
e | % \i
(s} d \Y% I

.0 I Ejorlp
_ (a)>\

F1a. 83.—Generator excitation at constant load.

locus of E, is the horizontal straight line, and this is traversed from
left to right as E,, .e., as the rotor current is increased.
The current out of the stator is
E, -V
I,=21 .
1 7

Now E, — V=VE,,
and if a new pole O, is taken at V, then O,E; = (E; — V) and the
locus of (E, — V) is the same horizontal straight line. Since losses
are being ignored, Z; may be written jwL,, and division by jwlL,
rotates O,E; clockwise through 90° to give O,I;. Similarly, for all
other points on the horizontal line ; the locus of I, is a vertical line
with pole O,, traversed downwards as E, is increased. Let the
vertical through O; meet the horizontal locus in E,, and 00,
continued meet the vertical locus in I,. OE, can be looked upon
as the em.f. produced by the normal excitation, and O,I, as the
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resulting current, in phase with the bus-bar potential difference.
The angle E,OE, = the angle I,0,1,, is the phase angle for any other
emf. E,.

The power output = | V | | I, | cos ¢, and this is constant.

With an excitation below the normal, I, leads V and is greater
than the normal. As the excitation is increased, I is reduced and
the phase angle with it. As the excitation is increased beyond
normal, I, again increases and lags behind V by an increasing angle.

If these changes are plotted against E; or the rotor current, the
curves of Fig. 83a are obtained. The similarity in shape to simple
resonance curves of series inductance capacity and resistance
circuits plotted against w will be noted; I, corresponds to the
impedance, cos ¢ to the current and ¢ to the phase angle between
the current and the terminal potential difference.

- OB, | _ | B, |siny
Since 0,1, —_—| 15 | 1
o1, | = [OEel _ B
_ P
|V

it is seen that the curves are sharper, i.e., are described with a
smaller change of the exciting current, the smaller the constant load
P at which they are taken.
| BBy | = | V| — | Ey]cosd.
If ¢ is small (the load small), cos ¢ will not be very different from
one, and

_|V|—IE1|
L1 | = =L

1

The curves of Fig. 83 (a), when plotted against E,, are of the same
form as the ‘‘ resonance " curves.

Similar considerations hold for the synchronous motor, except
that the phase changes are reversed, and the current leads for an
over-excitation.

The vector diagram in this case is drawn in Fig. 84. i is negative

where I, is the current from the mains into the motor. The locus of
E, is a horizontal straight line as before, and V — E, = E,V, which
drawn from O is OE’. The horizontal line through E’ is the locus
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with pole O of V — E,, and is traversed from right to left as E, is
increased. Dividing by Z, = jwL, gives a vertical locus for I,,
traversed upwards as E; is increased, and so yielding leading
currents when the excitation is greater than normal. The resulting
curves are shown in Fig. 84 (a).

The ease with which synchronous motors may be caused to take

e —
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E—~ (a)

F1d. 84.—Synchronous motor excitation at constant load.

leading currents by simply increasing the excitation is of consider-
able importance practically, as motors so run may be used in power
factor correction.

If the losses are taken into consideration the curves will be modi-
fied without altering their general shape. The conclusions arrived
at are substantially unaltered.

(ii.) Parallel Operation of Two Alternators.

Suppose that two alternators are running in parallel to supply a
load of impedance Z. Let V be the common terminal potential

Z, Z,

1,22
El TII ’ Ez hz

Fia. 85.—Two gencerators in parallel.

difference, and E; and E, the electromotive forces of the alter-
nators and Z; and Z, their synchronous impedances. If I, and I,
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are the alternator currents as shown in Fig. 85, and I = I, 4 I, is
the load current, then

By — By =T1,Z, — I,Z,
By =12, + 1Z = 1y(Zy 4+ Z) + 1, Z
E, =172, + 12 =1,(%, + Z) + L,Z.
Eliminating T, from the first and second equations gives

(B~ By)Z+ B Z,
Y ULyt L) + Ly

and eliminating I, from the first and third equations gives

L = By — E)7Z -+ E2Z1'
2 Uy A Ly) + Loy

The load current I is the sum of I, and I,, and is
_ Bz, + E,7,
ULy + Ly) + LnZy

and the terminal potential difference is

EyZy 4 Byl

V=12 = S
Z1+Z2+,Z_1_éz
Z
E, -V E,—V
1 I, =12 I,==-2

These results can be arrived at in a somewhat different manner
by considering the currents due to each alternator separately, and
finally adding these currents in each branch of the network to find
the total current flowing.

In Fig. 86 («) the currents due to the e.m.f. of the first alternator
are shown ; I,; through the alternator itself, I, in the negative
direction through the second alternator, and I, through the load.
Fig. 86 (b) shows in a similar manner tbe currents due to the e.m.f.
of the second alternator, I,,, I,, and I,, through the second alter-
nator, the first alternator and the load in order.

From an elementary consideration of the circuit impedances it is
found from Fig. 86 (a) that
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E
1+ +Z
I Z I E.,Z
BT L+ 2T Lyl + 4) + LT
Z E,Z
Ill= 2 12

z2+zIll (Zy + Z)Z + 7,2,

Z,

E1 n (a)

Z‘% I, éh WPz

(%)
f ] }
I=1;sL, L=1.— =1+ Igl
I " ~« hel

1 Is ) ér le 1 1 Ia

L . ¥ I
t T rm Ia t t (C )

F1a. 86.—Two generators in parallel (alternative treatment).

and similarly from Fig. 85 (b),

122 =
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I,—_ P
21 = 77
2y + 2y + =52
EyZ,
Izl = [7 [7 7 °*
(Zy + 29)2 + 2,2,

The total or net alternator and load currents are evidently given
by

I1 = Iu - I21
Iy =I5 — I
and I=1,; 41,

and the values found from these expressions are identical with those
found previously.

A further division may be made which is perhaps illuminating.
The current I;; due to the em.f. of the first alternator may be
regarded as being divided into two parts, I, through the load and
I,, through the second alternator, and the current I,, is similarly
regarded as made up of I, through the load and I, through the
first alternator. These currents are all indicated in Fig. 86 (c), and
it appears that besides the load currents I, and I,, contributed by
the first and second alternators respectively, there is a current
(I, — I,,) which circulates round the two alternators in a clockwise
direction. It is this circulating current which provides the synchro-
nisation.

From this point of view the load current is

I=T,+1Iy
E,\Z, + E,Z,
(Zy+ Z,)2 + 7,7,
and the synchronising current is
L =1I,—1Iy
E, — B,

Zy+ Ly + 222

Z
and I, =1,+1,I,=1,— L.
The total loads on the alternators (including losses) are given by
the dot products I,*E; and I,*E, respectively, while the contribu-
tions to the external load are given by I,-V and I,V respectively.
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Alternatively the powers contributed to the load may be looked
upon as being 1,,°V and I,,'V respectively, but then in addition
the first alternator must be looked upon as supplying a power I,-V
to the second, or the second alternator as receiving a power I,-V
fiom the first.

Vector diagrams for a particular case are drawn in Fig. 87, in
which (a) is the impedance diagram, (b) the voltage diagram and
(c) the current diagram. E, is taken as the reference vector and

F16. 87.—Vector diagrams for two generators in parallel.

E, = 3,000 volts; E; = 2500 volts, leading E, by 30°. The
synchronous impedances are taken as Z;, =2 4 515 ohms and
Zy = 4 + 720 ohms, and the load impedance as 10 -+ 35 ohms.

In Fig. 87 (a), Oa = Z, Ob = Z,, Oc = Z,, Od = Z,Z,, O¢ =
Z,74[7 and Og = Z; + Zy + 7, Z,/Z.

In Fig. 87(b), Ok =E,, Ok =E, Ol =E,Z, Om = EZ,
On = Om + Ol = E,Z, + E,Z; and Op = On/Og = V. It should
be noted that hk = E;, — E,, pk = E, — V and ph = E, — V.

In Fig. 87 (¢), Og=0p/0a=V/|Z=1, Or=pk/Oc=(E,—V)/Z,=1,
Os = ph/Ob = (B, — V)/Z; =1, =1rq, Ot = kk/Og = (E,; — E,)/
(Zy+2y+2,2o]2) =1, =ur, Ou=0r —ur=1;, — I, =1, and
wg=wur+rqg=1I+4+1,=1,.

From the diagrams, V = 1,670 volts, I=150 amps, I,=102 amps,
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I, = 68 amps and I,=26-7 amps, and taking dot products (or the
length of one vector multiplied by the length of the projection of
the other upon it),

Power (I1 E ) = 192 kW,

(Iy-E,y) = 71 kW.

(I1 V) =171 kW.

(I,V) = b3 kW.

Total load = I,V + I,V = 224 kW.
(IB'V) = 40 kW.

(I,V) = 131 kW.

(Iy'V) = 93 kW.
Thus the first machine supplies 171 kW. and the second 53 kW. to
the load.

Or, alternatively, the first machine supplies 131 kW. to the load
and 40 kW. to the second machine, and the second machine supplies
93 kW. to the load but receives 40 kW. from the first machine.

The total load is 224 kW., which agrees quite well with the value
of I2R = 1502 x 10 = 225 kW.

These results can be obtained algebraically as follows :—

E, = 3,000, E; = 2,500 /.30 = 2,160 + 51,250.
Z =10+ 45, Z; = 2 + j15, Zy = 4 + 520.
v (2,160 4+ J1,250)(4 F §20) 4 3,000(2 + §15)
(2 +415) + (4 + j20) + (2 + j15)(4 + j20)
10 + 55
= 1,660 — 5216 l V| = 1,670 volts.
V (1,660 — 5216)

| I | = 150 amps.
E,—V (2,160 + 51,250) — (1,660 — 5216 .
_E _ (2,160 +41,250) — ( J216) 1004 — 720,

7 9+ 515
| I, | = 102 amps.
I,=1— I, = (124 — j83-5) — (100-4 — ;20)
— 93:6 — 7635 | I, | = 68 amps.
E,—E, 2,160 -+ 51,250 — 3,000
* T I+ Ly 4242y (2+515) + (44 520) + (2 +515)(4+4520)
7 10 + 55
— 9252 + 93

I,| = 26-7 amps.
The powers are obtained as the dot products (see p. 14).
123



VECTORS FOR ELECTRICAL ENGINEERS

Total power given by prime mover of first alternator

= (I;'E,) = 1004 x 2,160 — 20 x 1,250 = 192 kW.
Power given to load

= (I;'V) = 100-4 x 1,660 + 20 x 216 = 171-3 kW.

fency — L-3 _ 89-30
Efficiency = 199 = 89-3%.

Total power of second alternator

= (I,'E,) = 236 x 3,000 = 708 kW.
Power given to load

= (I,'V) = 23-6 x 1,660 + 635 x 216 = 52-9 kW.
Total power to load

= (I'V) =124 x 1,660 4 83-5 x 216 = 224 kW.
Synchronising power
= (I,V) =252 x 1,660 — 9-3 x 216 = 399 kW,
ExErcises

(1) A 3-phase 16-pole alternator has a star-connected winding with
144 slots and 10 conductors per slot. Find the speed if the frequency
is to be 50 cycles per second. If the rotor flux is sinusoidally dis-
tributed and has a total value per pole of 5 X 10¢ lines, find the
phase and line voltages.

(2) A 3-phase star-connected alternator rated at 2,000 kVA,
12,000 V has a synchronous impedance per phase of 1-5 - 530
ohms. Find the percentage regulation for a load of 1,800 kW at
power-factors of (i.) 0-8 leading, (ii.) unity, (iii.) 0-8 lagging.

(3) Two 3-phase star-connected alternators have each a syn-
chronous impedance of 1-2 4 25 ohms, and run in parallel to share
equally a load 750 kW at 3,000 volts and 0-8 power factor. If the
stator current of the first alternator is 140 amps. and lags behind the
terminal voltage, find (i.) the stator current of the second alternator,
(11.) the power factor at which each machine is operating, (iii.) the
e.m.f. of each machine, (iv.) the synchronising current.

(4) A 5,000 kVA alternator with a synchronous impedance of
1 -+ 710 ohms is running in parallel with 10,000-volt bus-bars, and
develops an e.m.f. of 11,000 volts. Find the maximum external
_ load that the machine can supply.

(5) A 1,000-volt 3-phase star-connected synchronous motor with
a synchronous impedance of 0-2 4-j2:2 ohms per phase takes
250 kW and develops a line e.m.f. of 1,250 volts. Find the line
current and the power factor.
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CHAPTER VII

THE INDUCTION MACHINE

(1) The Induction Motor

(i.) The most usual form of large induction motor, and the
simplest from the point of view of the treatment by vector analysis,
is the type having both stator and rotor wound with a three-phase
system of coils. The stator is exactly similar to that of the alternator
considered in the last chapter and the rotor is similarly wound, so
that when the rotor is stationary, the induction motor is simply the
rather special three-phase transformer of Fig. 78. It is again
assumed that currents in each phase of the system give rise to a
flux in the air gap which has a sinusoidal distribution round the
circumference, and it follows as before that when the three phases
are excited from a three-phase supply a rotating flux is produced.
The angular velocity of this flux is w/p and its revolutions per
second n; = f/p, where f is the supply frequency, w = 2xf and 2p
18 the number of poles developed by each phase.

In consequence of the transformer action, currents are produced
in the rotor by the rotating flux, and these currents experience a
torque which, by Lenz’s law, tends to rotate the rotor in the same
direction as the flux. If the rotor rotates in consequence with a
speed 7, revs. per second, the speed with which the stator flux
now cuts the rotor conductors is reduced from n; to (n, — n,)
revs. per second and the frequency (f;) of the induced rotor currents
is accordingly (ny — n,)p.

ny—ny f
Let s = it S —_ 2
51 f
so that s =sf
and ny = ny(1 — ).

s is called the slip and n, the synchronous speed.

[ is the synchronous frequency, and f, = sf the frequency of the
currents in the rotor.

The currents of frequency sf in the rotor produce a rotating field
of speed n, = sf/p with regard to the rotor itself. With regard to
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the stator, the speed of the field is n, plus the speed of the rotor n,.
The actual speed of the rotor flux with regard to the stator is thus

n, + ny = of[p + ny(l — 5)

= sn; + nqy(l — s) =ny,

or the frequency of the e.m.f. induced in the stator by the currents
in the rotating rotor is f, the synchronous, ¢.e., the supply frequency.

It follows that the reaction of the rotor on the stator is exactly
the same as it would be if the currents in the rotor were of frequency
S instead of sf and the rotor were stationary ; in fact, that the rotor
reaction is independent of the rotor speed. Under these circum-
stances the induction motor can be looked upon as a static trans-
former. The e.m.f. acting in the rotor due to the stator currents
will, however, be only s times that which would be acting were
the rotor stationary, and the reactance of the rotor windings to
the currents of frequency sf flowing in them will of course be only s
times that at a frequency f.

If these points are borne in mind and Z; and Z, are the effective
phase impedances of the stator and rotor windings respectively,
and M is the effective mutual inductance between a stator and a
rotor phase winding, and if V is the phase supply voltage, and I,
and I, are the phase currents in the stator and rotor respectively,
the following equations can be written down :—

V =71, — jwMI, j

0 = — jswMI, 4 Z,I, )
where Zy =Ry + jwl, |

Zy = Ry + jswly |

R, and R, being the stator and rotor effective phase resistances and
L, and L, the stator and rotor effective phase inductances.
These equations give the following solutions for I, and I, :—

1 \% v
1= sw?M2 . 2M2
Zy + 7 Ry + jwL, +R_‘g’——‘
2 2, .
s + jwL,
I — JoMV JwMV
2_ ZyZy

- . R :
w®M? 4+ (R, 4 jwL,) (-8—2 + jWLz)
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The power taken by the motor can be regarded as being used
in three ways :—

(i.) In losses in the stator = | I, |?*R,.

(11.) In losses in the rotor = | I,

(iii.) In mechanical power supplied to the load, and in windage
and friction.

The total power supplied to the motor is the dot product (V-Iy),
and the power supplied to the rotor (i.e., items (ii.) and (iii.) ) 18 :—

P, = (V1) — |T; R,

I, can be written, by rationalising w?M?/(R,/s 4 jwLs,),
\'

I, = ——

T w?MER s
Ry +

w? M2
R2 4wl 77 )

(le T
and, rationalising the denominator, to find the in-phase part of I,
and multiplying by V gives

2 2 ]
Ry 4 s
(V’I)“—“V2~r Rz/b ~}—w s
w*M2R,[s \ 2 L w?M? I 2
( 1+R*2'273“2+w2L;) + (‘” 17 R 2+ wtLg2” 2)
Further
2R V2R1
[Ty PRy = = wM2Ry/s 2 w*M? 2
<R1+ R_zz'/fg:l_szzz) + (“’Ll R2/s?fw?L, g, e wle )
and
w?M? Rz
- R,%[52 + 0L, s
F=V R MR, /s \ 2 L w22 2
( 171 Rzz/sé +w2L22> + (w 17 Rs? +w2L22wL2)
B JwMV
NOW s = A (R, + juLy)(Rfs + L)
—V JwM/(Ry/s + jewlis)
o ) w?M?
ot gols 4 R T oL,
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and
w?M?
R,2/s? + w?L,?
I|2=V2 2 2
|5 R WMRyfs \2 w?M? L)
( 1+R22/32+w2L22> —I—(w 1—R22/sz+w2L22w 2)
R
Thus P,=|L> 2
s

When the rotor is stationary s = 1 and the whole of the power
supplied to the rotor is used in heating the rotor. But as the rotor
speeds up and the slip becomes smaller and smaller, the power used
in heating the rotor is still given by | I, |?R,, and the remaining
power, i.c.

1—s

R
|1, |2 (—s?—R2> = |L PR, —,

is used mechanically.

(ii.) The vector diagrams for the stator and rotor currents can
be drawn from the equations for I, and I,. If the stator losses are
neglected, a considerable simplification results, and the diagrams
will first be drawn under this condition. Putting R; = 0 in the
equations, the following result :—

I — \4 B \'
1= M2 w?L,Ly(1 — o)
Jobly + ——  jwl, —r
wL, + R, R,/s + jwL,
Jwlig = ¢
jwMV
I, = i

R
w*M? — w?L;L, + jwLy ?2
M

EV
= M2 R
JWLz"Jw'I‘I‘I-i-?z
My Y21 —0)
L L, v
- R, jwL R,/s
ijza_’__;‘_z J(U 2U+ 2/8
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where o is a leakage factor defined by
M2
T LiL,
as in the case of the transformer (p. 50).
The loci of I, and I, as R,/s varies with the load are both
circular.
(a) The locus of I, is drawn in Fig. 88 from

M
ITIV

PR N—

, R,
Jwliyo + e

c=1

Taking OV == V as the reference vector, OA is drawn = jwL,o
and AB = R,/s. As R,/s increases from O to o, B moves hori-
zontally to the right from
A, and inverting AB with a Re
factor of inversion MV/L,, B, /
the semi-circle OI,D s .
obtained, described from D J®% 2™ v

. 0 >
counter-clockwise as R,/s
increases from zero. Rays l2
drawn from O to the circle
give the rotor currents for
various values of Ry/s. The j
diameter OD is the value
the rotor current would have
if the resistance R, were
zero or the slip o, and

. . D
cannot be realised practi- .

11 If th tor is at Fra. 88.—Rotor current locus
cally. 1€ rovor 1s at a (simplitied diagram).
standstill, s = 1 and the
rotor resistance has a value which can be drawn as AB,, giving a
rotor current Ol,,. This is the largest value the rotor current can
have. As the rotor speeds up and load is taken, the extremity of
the current vector travels round the circle from I,, to O. At O
the rotor is rotating at synchronous speed (s = O and R,/s = « ),
again an ideal case because of the rotor losses, such as windage
friction, copper and iron. Actually when running light the rotor
current will have some such value as OI,, and the portion of the
locus realisable in practice is from I, to I,.

V.E.E. 129 K
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MV VLL o)

wl Lo wL;Lyo

v

R 4 1

. — .V
o wvLL,

(b) The vector diagram of the stator current is drawn from the

A
ol

D,

Fic. 89.—Stator current locus
(simplified diagram).

equation
= 2\12 L
ju, - el )
JwL, + Tz
in Fig. 89.

OA = jwL,, AB = R,/s and
OB = jwL, + R,/s. As R,/s increases
from zero to o« , B moves horizontally
to the right from A. AB inverted
with a factor of inversion w?L,Ly(1 — o)
gives the locus of

w?L,Ly(1 — 0)/(jwLy + Ryfs),
that is the circle DB,O of diameter

| OD | = w?L,Ly(1 — 0)/wL, =
wLy(1 - o)

jwL, is added by using a new pole O,
on OD produced, 0,0 being made
equal to jwL;,.

Finally the locus of I, is obtained by
inverting the circle DB,O from the
pole O;, with a factor V to give the
circle D;I;A,, where

| 0,D;] = V/| 0,D | = V/| 0,0 | — | DO | = VjwL, — wLy(1—o0)

= V/wlL,o

| 0,4,] = VjwL,.

The diameter | A,D; | = | 0,D; | — | 044, |

Y (e
o\ ¢

0,A, is the stator current I, with Ry/s = 0, i.e., at no load,
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0,A, = V/jwL;, as would be expected ; the rotor would have no
effect on the stator current, as it would be rotating at synchronous
speed and so would have no currents induced in it.

0,D; is the stator current with infinite slip.

0,D; = V/jwL,0o, and again the rotor has no effect.

0,1, is the stator current with the rotor at standstill, determined
by marking AB, = the rotor resistance and inverting OB, to OB,
and 0,B,” to O,I,.

0,1, corresponds to the magnetising current of the transformer.

Vectorially OI, — OI, = I I,, with locus the circle I,I,D; with

pole I,
Algebraically,
f 1 -]
I, -1, =V jol; + ch_lEE(l_;_o) Joliy
]\ Joliy -+ -2
s
= V'l (ijz + %) (— w?l?) 4 jwL2Ly(1 — o)
i
_yv I
- + ij20'
V\/L_z(l — o)
L,
and I, e
=2 4 jwlyo
s
Thus bl \/Iﬁ(l — 0), a constant.
I, L,

It follows that by a suitable adjustment of scale the rotor currents
can be read off the circle I,I;D, in the vector diagram of the stator
currents.

Thus the rotor current is

L

/
II 1
DXV T
131 K2
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when the stator current is O,I,. Fig. 89 should be compared with
Fig. 88 in this respect. OI, and OI,, in Fig. 88 correspond to I,I,
and I I, in Fig. 89.
(c) Considerable information with regard to the running of the
induction motor can readily be obtained from the circle diagram.
In Fig. 90 the primary current
v I locus is redrawn turned through 90°
in the positive direction, 7.e., taking
the diameter of the circle as the
reference vector, and omitting the
A magnetising current. If R is the
D effective copper resistance referred
to the stator the heat losses for
any current Ol are I2R. Draw
IN and IM perpendicular to OD
and let OI, cut the first perpendicular at n. Then, considering
lengths only.

F1a. 90. —Power diagram for
induction motor.

OI? = ON-OD by a well known property of the circle,

r.e., 2R = ON'OD'R = %k x ON, where } is some constant, and
the heat losses can be found from ON.

aN MI
B ny M,
ut ON ~ OM
ON
N = N ML
oM T

__ losses with current I

losses at standstill X M

8

Now MI, is the power component of the standstill current OI,,
t.e., the component in phase with V. Thus if the length MI, is
taken to represent the losses at standstill to a certain scale, then to
the same scale nN gives the losses with the current I. The total
power with the current I is represented to the same scale by NI,
and it follows, since other losses are being ignored, that the length
nl represents the output power of the motor.

The efficiency is the ratio of the output power to the total power,
i.e., the ratio In/IN.

In exactly the same way it is readily shown that if a point m’
is found in I,M so as to divide the heat losses at standstill into
two portions, I,m’, due to onc part of the circuit and »'M due to
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another part, and if m’ is joined to O, cutting nN in %/, then, with
current I flowing, nn’ represents the heat loss in the first part of the
circuit and #n'N the heat loss in the second part of the circuit. This
construction is useful when the stator losses are taken into account,

(iii.) If the stator losses are not neglected, the vector diagram
for the primary current can be drawn

from the expression Ry
v N/
I, = M2 sole
R1+ijl+____R“’M 0 -V
-?2 +ij2
In Fig. 91, V is taken as the refer-
ence vector, Ou — jwl,, ab — R,/s 2,

and Ob inverted with factor w2M? gives

the circle Db,0 on the vertical diameter &
0D, described counter-clockwise from
D as R,/s increases from 0 to o .

A new pole O, is found by making
0,0 = R; + jwL,, and rays 0,b, give
the values of the denominator of the
above expression.

Finally, inversion of the circle D60
with pole O; and a factor V gives the
circle G'6'0" with diameter O'D’, also
described in the counter-clockwise
direction as R,/s increases, and this is
the locus of I,.

0,0" = V/(R; + jwL,) = I, the
no-load current, 1.e., the current that
would flow if the rotor were rotating .. 91 nduction motor
at synchronous speed. vector diagram.

A . A
R1+ijl+ (1)2M2 Rl ‘1“7le
2+ jwL,
s
Vw?M2
] . R, . onre | p
( (R1+JwL1) (_s_ +.7sz) + w?M \ (R1+J‘“L1)
133
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and I, = f{wMV .
(Rl —1-ij1) (__2 4- _ijz) + w*M?
$
jwM
Th L—T,= 20 1,
= e R, + joly *

If R, is much less than wl,, this expression becomes
IL—-I,= Ig\/%_:(l — o)

as before, and the circle D’’’ can represent the rotor current
approximately. Actually (R; 4 wL;)/jwM has a small negative

Fia. 92.—Induction motor circle diagram.

angle, and the chief effect of R, is to bring the diameter of the I,
circle a little nearer the vertical than is the diameter of the (I,—1,)
circle.

Fig. 92 shows the approximate circle diagram of the induction
motor as it is usually drawn. The voltage vector OV is drawn
vertically and Oa = the no-load current I, and Ob = the standstill
current I,. The circle is drawn to pass through « and & with
diameter ad and its centre on the horizontal through a. The
points on this diagram should be compared with the corresponding
points Oy, 0%, &', D’ of Fig. 91.

If the no-load current is written V/(R; + jwL;) as before, the
resistance R, includes components to account for such losses as
eddy current, hysteresis, friction and windage in the rotor, as well
as the no-load copper and iron losses in the stator.

If 1 is any point of the circle between a and b, OI is the primary

N\
current and VOI the phase angle ¢. The power factor is cos ¢,
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and is a maximum when I is at f, where the tangent to the circle

N\
from O touches the circle. cos VOfis the maximum power factor.
al represents the rotor current and approximately the current
scales are in the ratio I,/T, = VL,(I — o)/L;, or again approxi-
mately = (T,/T,)V'1 — o, where T, and T, are the turns on the
rotor and stator respectively.

ab is the ““ power line.” 1If the vertical through I cuts ab in n,
the diameter ad in n,, and the horizontal axis Oz in N, In is the
output power to the same scale that IN is the total input power,
and nn, is the total copper loss and n,N the no-load loss regarded as
constant. If a tangent to the circle is drawn parallel to ab to touch
the circle at p, then Op is the current at which the induction motor
gives its maximum output pn’, where pn’ is a vertical cutting b inn'.

The overall efficiency of the motor is the ratio In/IN.

If a vertical 1s drawn through b to meet the circle diameter in m,,
and the axis in M, m;M is the no-load loss, and bm; the heat
losses at standstill, 7.e., the heat losses in addition to the no-load
heat losses. If a point m, i1s found in bm, so that the ratio
bmgy/mym, equals the ratio, rotor heat losses/stator heat losses,

L PRy Ly R,
LRy Lyl —0) Ry Tl —o) Ry
and am, meets IN in n,, then nn, = rotor heat loss and nyn, =: stator
heat loss at the current I.
It should be noted that approximately
{_8_3_}:0 .. .. (p. 130)
which enables the leakage coefficient to be found.
Also approximately (accurately if O, a, d, were in one straight line),
VOf = Ocf
and the maximum power factor is given by
cos ¢ = fc/Oc = }(ad)/(Oa + 3(ad))
_"}(0d — Oa)
~ Oa + $(0d — Oa)
~0d — Oa _ 0d — o0d
" 0d+0a  Od+a0d
_1—0
1l+4a
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Since In, « power to rotor = | I, |2Ry/s and nn, « heat loss in
rotor = | I, |?R,, the slip is found from the ratio
nny
In,

And since output « In, and torque

¢-2)
__output o In _ Ing—mmy _In,, In,
speed (1 —s)n  n(l —s) n 1—s

In
= 2o In,,
n

since n the synchronous speed is constant.

Thus In, represents the torque to some scale, and bm, represents
the standstill or starting torque to the same scale.

If a tangent to the circle parallel to am, touches the circle at ¢ and
a vertical is drawn cutting am, in #”/, tn”’ is the maximum torque
the motor can develop. If Tis to the left of ¢ an increase of load
with consequent increase of current gives an increase of torque
and the running of the motor is stable. If Iis to the right of ¢ the
reverse is the case. An increase of load results in a decrease of
torque, and the conditions are unstable. The working part of the
circle is therefore from a to t.

(iv.) The manner in which the torque varies with the rotor
resistance is of some importance. It has been seen (p. 128) that the
mechanical output of the rotor is | I, [PRy(1 — s)/s, the angular
velocity of the rotor is w(l — s), and that if the small primary

resistance is neglected,
—
Ly
Vit —o)

1

=" V.,
P gwoly + Ryfs
The torque developed is therefore

__ mechanical power
angular velocity
— [ I |2R2(1 —8)/s —_ I I, Isz
w(l —s) ws
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%—?(1 —a)
and | L, 2= _——1—-——2V2.
202L,2 + R
Thus writing woL, = X, the rotor reactance,
and A= }3(1 — o)V,
wly
Ast
then R R X
o Ra=X, R.=0-5X; R.=02X. R 01X,
pEah \
G o
Gom \

\

—

\

\
LT \\\Q

o2

(o]
10 09 o8 o7 06 5105 o4 03 o2 531 o
. <«—— Slip S nchronous
Standstill Spp 3 Speed

Fia. 93.—Torque-speed curves at various values of rotor resistance.

For G to be a maximum at any given value of s, (R,% + s2X,2)/R,s
must be a minimum, s.e.,

d 1 X,?
() -1- -

dR, s R,
or R2 = 8X2,
and the maximum torque @, is

G, = A/2X,
and G _ 2sRo X,

G, RgZ+ X
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Fig. 93 gives some curves plotted from this expression showing
how the ratio (¢/G,, varies with s and the speed for various values of
R,/X,. When R, == X, maximum torque is obtained at standstill ;
this explaing why, since R, is usually much less than X,, a
large starting torque can be obtained by the insertion of rotor
resistance by bringing the terminals of the rotor winding to slip
rings.

(2) The Induction Generator

The manner in which the torque developed by the rotor as the
speed increases from standstill has been studied in the preceding
pages. The maximum speed attained is a little below the synchro-
nous speed owing to the inherent power losses in the rotor. But if
the rotor is driven by supplying the machine with mechanical
power, the rotor speed can be raised to synchronism and beyond,
i.e., the slip can be given a zero value and negative values. A
negative slip implies an cffective negative resistance (R,/s) in
calculating the mechanical power (I,2R,/s) developed by the
machine ; or what comes to the same thing, I,?R,/s, with negative
values of s, is a measure of the mechanical power given to the
machine, and largely converted into electrical power. The electrical
power is drawn from the stator ; the frequency by the same consi-
derations as before is f, and energy is pumped back to the supply as
in regenerative braking.

All the formulae developed above apply to the case of negative
slip ; the vector diagrams apply also with suitably extended loci.
For instance, in the diagram of Fig. 91, it has been seen that b moves
horizontally from a to the right as the slip (positive) decreases from
o to O, reaching + o astheslipreaches +0O. Asthespeed isincreased
through synchronism, the slip changes from 40 to —O, and b
moves from +ow to —oo . With further increases in the speed the
numerical value of the negative slip increases, the numerical value
of R,/s decreases and b moves along the horizontal from — o, to the
right towards . While this happens, the circle, Db,0 is continued
from O counter-clockwise and the circle D’6’0’ is continued from
O’ counter-clockwise. When &' lies to the left of the dotted vertical
through O, the product I, -V is negative, and power is supplied
from the machine to the bus-bars.

Fig. 92 extended in this way gives Fig. 94, in which the points
a, b, M, m, and m, are fixed as before, and in which OI indicates the
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stator current flowing with a negative slip. I, N, ny, n,, nis drawn
perpendicular to Oz, and
OV == bus-bar voltage.

OI = stator current,

Ie = rotor current (to another scale).

In = total mechanioal power supplied to the rotor.
nyn = rotor heat losses.

nyny = stator heat losses.

Nn, = “constant ” losses.

IN = electrical power delivered to bus-bars.

Slip = nny/In,.
Asin the case of the motor there is a region of stability and one of
instability. If the speed is increased beyond a certain value, the

I\V4
mz
n
- = <
1 1 x
0 N v

I
F16. 94.—Induction generator circle diagram.

torque required decreases and the machine races, delivering less and
less power as the rotor speeds up. This is made clear by a considera-
tion of the changes in the various quantities involved as T describes
the circle in the counter-clockwise direction.

EXERCISES

(1) A 3-phase induction motor with a star-connected rotor has a
voltage of 60 volts between slip-rings when normal voltage is applied
to the stator and the rotor is at a standstill and open-circuited.
The standstill impedance of the rotor winding per phase is 0-6 +-
j4:0 ohms. Find the rotor current (i.) when at standstill, the slip-

139



VECTORS FOR ELECTRICAL ENGINEERS

rings being connected to a star-connected resistance of 5 ohms per
phase ; (ii.) when running with 4 per cent. slip with the slip-rings
short circuited.

(2) A 3-phase 4-pole 50-cycle induction motor has a rotor (star-
connected) impedance (at standstill) of 0-04 4 j0-20 ohms per phase.
Plot the torque/speed curve, and find (i.) the speed at which maxi-
mum torque is developed, (ii.) the resistance to be added to obtain
maximum torque at starting. Find also the percentage by which
the insertion of this resistance will reduce the starting current.

(3) A 6-pole induction motor operates on a 3-phase supply at
50 cycles per sec. The maximum torque obtainable is 100 lbs. ft.,
and this occurs when the speed is 880 r.p.m. Find the torque
developed when the slip is 5 per cent. The rotor resistance per
phase is 0-6 ohm.

(4) Draw the circle diagram for a 5 h.p. 200-volt, 50-cycle, 4-pole,
3-phase, star-connected induction motor from the following test
data :—

No load : line voltage = 200 volts; line current = 5 amps. ;
input = 350 watts.

Short circuit : line voltage = 100 volts, line current = 26 amps. ;
input = 1,700 watts.

Estimate from the diagram the line current, power factor, slip,
efficiency, torque and speed at full load. The stator and rotor
copper losses at standstill are equal.
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CHAPTER VIII
SINGLE-PHASE MOTORS

(1) Induction Motors

ALTHOUGH a single-phase stator winding produces a pulsating and
not a rotating field, yet the pulsating field can be regarded as being
made up of two equal fields rotating in opposite directions. Each
field will produce currents in the rotor and tend to rotate it in
opposite directions. The machine, therefore, will not start up from
standstill, but if it is started in some way, the forward torque
produced by the field rotating in the same direction as the rotor is
greater than the backward torque produced by the field rotating in
the opposite direction, and the rotor will continue to rotate, and can
take a load.

The two rotating ficlds can be regarded as being produced by
separate windings. In Fig. 95 the single-phase stator winding of the
machine is regarded as being
divided into two equal windings,
a, and by, and there are added,
geometrically at angles of 120°,
two other windings anb, and
ash;, each divided into two
equal halves carrying oppositely
directed currents as indicated
by the arrows. These additional

windings are purely imaginary, < N
but would have no influence on as a

. . . z
the working of t:he ma?th if Fic. 95.—Single-phase motor.
they actually existed, since the Equivalent field system.

combined effect of the currents in them is zero.

Now imagine that the currents in a, and b, are 120° out of phase
with those in @, and b,, and the currents in a, and b, are 240° out of
phase with those in a; and ;. Then the currents in coils @, @, and
ag are ‘ three-phase ” and produce a field rotating in, say, a clock-
wise direction, and the currents in b,, b, and b, are also  three-
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phase,” and since two of the phases are reversed, produce a field
rotating in a counter-clockwise direction.

Let the rotor rotate in a clockwise direction with a speed n, and
let the synchronous speed be n,. Then with regard to the “a”
field, the slip is
1"
nS nB

and with regard to the “ b ” field, the slip is

n, — n
s:s—_r

s n"+n’=l+ﬁi=2—s.
'8 U

The rotor currents produced in virtuc of these slips may be

regarded as having a separate existence in the rotor, or the machine

may be regarded as divided into two separate machines with the two

rotors fixed to the same shaft as indicated in Fig. 96, and the stator

windings, a,, @,, a3 for one machine and b, b,, b, for the other,

supplied in series from a three-phase supply of phase voltage V.

- — /) —

as

[ N

F1a. 96.—Single-phase motor. Equivalent field system.

The problem is now reduced to that of two three-phase machines in
series, the ¢ machine developing a forward, and the b machine a
backward torque, and can be solved by the methods developed in the
preceding chapter.

Although the frequency of the currents in the a rotor is sf and
that of the currents in the b rotor is (2 — s)f, the frequency of the
reaction currents in the stator is in each case f, by the same reasoning
as before (p. 125). The circle diagram for constant voltage V,
across the first machine is readily found as before, but the diagram
for constant voltage V, across the second machine involves a slight
modification. In this case b (Fig. 91) moves to the left from the
standstill value as s decreases from unity, and the parts of the circles
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described are those below the standstill points. Fig. 92 is modified
as shown in Fig. 97. 1lies to the right of b and » lies on ab produced

n
AV,
6 3

I

|2
2
o a 1 y
M N
F1u. 97.—Three-phase induction motor circle diagram —driven reversed.

to cut the vertical through I.  The heat losses are increased to nn,
and of the power required In, comes from the stator and »I from the
rotor. This power nI is mechanical power from the rotor of the a
machine.

The voltages V, and V,, however, are not constant. But if Z, is
the impedance of each of the windings @ and b and M the mutual
inductance of each with the rotor winding, the cffective stator-phase
impedances Z, and Z, of the two machines are given by

2M2
ly =Ty 4 o
" U Ryfs + joly
2M2
and 7y, =7+ —— 2 :
’ ! R,/(2 — s) + jwl,

as before (p. 126), where R, and L, are the rotor resistance and
inductance, and the equations

LYY

17z, %,

V:Vu+vb
A%

I, = ——

! Zu+Zb

enable all these quantities to be found, and hence the two rotor
currents I,, and I,, by the formula on p. 128.
The mechanical power developed by the first rotor is

| Ioq 2Ry (1 — s)/s.
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From the same formula that for the second rotor (replacing s by
2 —5) 18 —| Iy |?Ry(l — 5)/(2 — 5), and this power must be
supplied by the first rotor. Thus the net mechanical power available
for the external load is

| Toq ["Ro (1 — )fs — | I, 2Ry (1 — 8)/(2 — 3).
(ii.) If the resistances of the stator windings are neglected
I — MV, /L, MV,/L,
® T Ryfs+jolg T YT Ry@ —s) +julo

as on p. 128, and a further simplification results if the magnetising
current is neglected in each case. Write I, = V,[jwL,.

Then

L
L -I=V, ]wI ; + w?M2 ijl‘[
R,/s +]wL
= / M2 2 +‘7w0112)

and similarly

L2 R, . )
Il_IO:V/Mz( -l—ijLz’.

Thus neglecting T,, and using these expressions in those for 1
and I, it appears that

2a

L,

Izu"'Izb'—“MIl
. L2(R .
and !Juzlwfl—‘{??—{-jwoLz:
L2{ R, .
bzﬁli(2 +]w°Lz)
\Y
and Ilz
L*yR, , Ry | . }
= (8—+2~s+ﬂwOL2)

with a circular locus.

Since I,, = I,, = I,, say, the power available for the external
load is

| Ta PRy {(1 — 8)fs — (L — 8)/(2 — 5)}
and if an approximate circle diagram is drawn for the two three-
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phase motors together (i.e., for the single-phase motor), as in Fig. 92
this power is represented by In.
The total rotor power is
| L I2R, {1s +1/2—s)} . . . (p.128).
and this is represented by In,.

Thus
In (1 —5s)s—(1—29))(2—25s)
In, s + 1/(2 — 9)
= (1 —s)?
In
and s =1— I_n—z

Also the torque __ mechanical output
1 speed

In
l1—s

= \/In.Inzl

It is not literally correct to write, as has been done above, I, = T,
since the frequency of the first current is sf and that of the second is
(2 — s)f. Itis, however, true of the effects of these currents on the
stator winding, since the reaction in each case is of frequency f.

(ii)) Even if the simplifying assumptions of negligible stator
resistance and magnetising current are not made, the stator current
has a circular locus. For

Il = V/(Za + Zb)
1 1 )
=V/{2Z 2M2 .
o+ o (g ot T R )|
. 1 1 .
Writing Rofs + jwL, * Ry/(2 — s) +jwL, =y

it is clear that if # 4 jy is a circle, then I, has a circular locus.
This equation gives

o

R, R, . _{R;_zz (R, R, } .
_s—+2ts+‘72wL2— w?Liy +]Q’Lz<?+2—_—s) (z+ Jy)

s(2—s)
and putting Ry/s + Ry/(2 —s) =2
R;2/s(2 — s) = Rp\2

V.E.E. 145 L
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and A+ j20L, = (RA2 — wLg? + joL) (@ + )
— (R2 — oL?) © — wlyly
4 1(RMN2 — L)y + wLgka).
Equating real and imaginary parts gives
A= (R/2 — w?p?)  — wlAy

and 2wliy, = wl Az + (RpA2 — wiLp?)y
whence A (1 — Ryz/2 4+ wlyy) = — w?Ly2x
and A (wLyz 4+ Ryy/2) = 2wL, + w2y

and climinating A,
— wlr(wl, 7 + Rey/2) = (2 + wlyy) (1 — Ryz/2 + wlyy),
giving
LY 2% + ¥?) + 3wligy — Ry 4+ 2 =0,
the equation of a circle which can be written
(@ — Ry/20%L3%)2 + (y + 3[20Lp)* = (R,? + ’Lp?)/ /4L,
showing that the centre of the circle is
z = Ry[2w?L,2, y = — 3/2wL, and that the radius is

VR 2 + w22 w?l,?).

(2) Commutator Motors

The single-phase induction motor is not inherently self-starting
and is essentially a constant speed machine ; good starting torque
and easy speed control are, however, possible with commutator
motors and many forms have been devised for use where these
considerations are important. The natural approach to an under-
standing of these machines is from the direct current series motor,
in which the supply voltage V is related to the current I and the
sum of the armature and field resistances R by the expression

V=RI+E.

Here E is the back e.m.f. generated by the armature rotating
with a speed n, revs. per sec. in the field of @ lines produced by the
poles, and if 2p = the number of poles, 2¢ = the number of armature
paths and N = the total number of armature conductors.

E = (p/a)Nn, D X 1078,
Let n be the angular (electrical) velocity of rotation, z.e., n =
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2mn,p, and let the flux @ be related to the current I by which it is
produced by the expression @ = kI, then
E= 2K X 108 2m,p .1 = nMI
2ma

where M = Nk X 1078/(27a) can be regarded as the effective mutual
inductance between the field winding system and the armature.
M is not constant as k varies with the current, owing to the non-
linear shape of the magnetisation. curve of the iron, but in A.C.
commutator motors the fluxes are kept low to minimise commutation
difficulties and the variation of M with I is not serious.

In this way the D.C. series motor equation can be written

V =RI 4 »MI = (R 4 nM)I

or VI = RI2 4 nMI2

from which it appears (a) that part (RI%) of the power VI given to
the motor is used in heating the conductors, and part nMI? is used
in rotating the armature against the torque of the load. Further,
since V is constant the smaller the load the smaller I and the larger
n must be. (b) That in consequence of the mechanical load the
effective resistance of the machine may be regarded as increased by
an amount nM ohms.

If the direction of the current through the armature is reversed,
the direction of the flux through the armature is also reversed, and
the direction of the torque is in consequence unchanged. Thus there
is no fundamental reason why a D.C. series motor should not be
run off an A.C. supply. It is necessary to laminate the field system
to minimise eddy current effects, and the difficulties of commutation
make special arrangements essential except for the very smallest
machines. The voltage V applied to the machine and hence the
speed can readily be varied without loss by means of multiple
tappings on the secondary winding of a transformer, and the
starting torque is high.

A.C. commutator motors usually have no salient poles in the
field system; the field winding is arranged on a stator similar to
that of an induction motor. The stator slots can easily accommo-
date the compensating windings used in some designs.

(i.) Svmple Series Motor

Consider first the simple series machine indicated in Fig. 98.
Let Z, = R; + jwL,; be the impedance of the field winding and
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Zy = R, + jwli, be the impedance of the armature winding from

brush to brush.

There will be no brush to brush electromotive force owing to

Fig. 98.-—Simple series
motor.

f

transformer action from the alternating
field, as the e.m.f.’s induced in the armature
conductors cancel each other with the
symmetrical disposition of the brushes
shown. This is made clear by a consider-
ation of the e.m.f.’s induced in each turn of
the gramme ring armature of Fig. 99, and
is true in all cases. The light arrows show
the direction of the e.m.f.’s induced when
the field is increasing in the direction
indicated. The same diagram also shows
that there will be an induced current in
the coils short-circuited by the brushes,
and this leads to difficulty in commutation.

There will, however, be a brush to brush e.m.f. owing to the

rotation of the armature in the
field ; the individual coil em.f.’s
are shown by the heavy arrows.
This can be taken account of as
above by an increase in the effective
armature resistance of nM;,, where
M,, is the effective mutual induc-
tance between field and armature,
and n is the angular (electrical)
veloeity of rotation of the armature.
Here it may be noted that although
the armature rotates, the field
associated with the armature cur-
rents is stationary because of the
fixed position of the brushes. In
consequence the frequency of all
currents and electromotive forces
is the supply frequency f.

The vector equation for the
motor can now be written

Fia. 99.—Gramme-ring armature.

V =21+ Z,0 4 nM,,I
= {Ry + Ry + nMy; + jo(L; + Lz)}I
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From this the locus of the current for varying load is readily
drawn in Fig. 100, friction losses being included in the mechanical
load. OA = jw(L; 4 L), AB = R, + R; and BC = aM,;,. C

moves horizontally to the right from
B as the speed increases. The line
OC inverted with O as pole and
with factor V gives the circle DSIO,
the portion SIO of which is the locus
of the current I. OB inverted gives
the standstill current OS and OC
inverted gives the current OI of
phase angle @ with OV. In exactly
the same way as with the induction
motor diagram, if perpendiculars
SM, InN are dropped from S and 1
on to OD, SM = the standstill heat
losses, nN = the heat losses with
current OI and In = the mechanical
output. BC is evidently propor-
tional to the speed, and the torque
is proportional to In/BC.

(ii.) Compensated Serves Motor.

A R*R. B "M\z C

D

Fru. 100.—Series motor vector
diagram.

In Fig. 99 the currents in the armature produce a field with an

Z3

Fia. 101.—Compensated series motor.

7

axis along the brush axis, and
this field in combination with
the field of the stator winding
produces a resultant field
whose axis is not along the
brush axis, and in consequence
sparking at the brushes results,
as in a direct current machine.
This effect may be overcome by
winding a compensating wind-
ing on the stator to produce a
field along the brush axis equal
and oppositely directed to that

produced by the armature, as is indicated in Figs. 101 and 102.
From a consideration of Fig. 102 it will be clear that the e.m.f.’s in
the armature conductors produced by the alternations of flux along
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the brush axis due to the compensating winding do not cancel out,
but have a resultant tending to produce a current from brush to brush
through any external circuit. In other words, there is a mutual
inductance My, between the compensating winding and the arma-
ture winding, and if the current in the former is I3, the e.m.f.
induced in the latter is jwM,,I;. There is, however, no net rota-
tional e.m.f. due to the compensating winding.

I J

(a)
Fra. 102.—Compensated series motor.

The fluxes produced by the currents in the different windings
are indicated in Fig. 102 (a¢). @, is the main or exciting field,
@, the armature field, and @; the compensating field. Each, of
course, is alternating with a frequency f. If I,, I, and I,
are the currents, then, as far as the effect on the armature is
concerned,
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@, gives rise to the rotational e.m.f. nM,I;
@, to the transformer e.m.f. joMysl3, and
D, to the reaction c.m.f. jwL,I,.

In the motor under consideration, I; = I, = I, and if the
impedance of the compensating winding is Z3 = Ry 4 jwlis, the
motor equation 18

V= (Z; + Zy + Z,) T + nM;,I — 2jwMyl
= (R; + Ry + Ry + nMy,) I + jw (Ly + Ly + Ly—2My)LL

If there is no leakage and L, = Ly, L, 4+ Ly — 2M,5 = O. In
any case the main effect on the circle diagram is greatly to
decrease the length OA and in

consequence to increase the P ?
circle diameter, and as the -_
lengths of OS and OI are not 7 S
altered to the same extent, a e

considerable improvement in
power factor results.

The compensating coil need
not be connected in the main
circuit ; it may simply be
shorted as shown in Fig. 103. Z

. . 3

The effect is exactly the same in
annulling the cross field of the
armature and improving the power factor. The cffective im-
pedance of the armature is now (see p. 30) :

2 2
w M23~

F1a. 103.—Compensated series motor.

Zy =1, +

T RZ + oL ?
The general effect is seen by neglecting R,y* in comparison with
w?Lg?, and taking the casc of no leakage, i.e., Mys® = LiyLi;, when
the expression becomes

, L
Z2 =R2+I—:-:R3.

2 2 2
=R2+.ﬂﬁ———R3+jw{L2 L‘V{@LL}
3 Wl

(iii.) Repulsion Motors.
Instead of short-circuiting the compensating coil the winding of
the armature may be made to act as the secondary of a transformer
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by short-circuiting the brushes, as shown in Fig. 104. No direct-
connection is now made to the armature from the supply and the
machine is known as a repulsion
motor. The winding of impe-
dance Z, giving a field at right
angles to the brush axis and
1 causing no armature currents
by transformer action is called
the field winding, while the
winding of impedance Z,, pro-
ducing a field along the brush
axis which causes currents to
be induced in the armature
winding is called the trans-
Sformer winding.

Let the current in Z; and
Zy; be I, and that in the
armature of impedance Z, be I,. The armature back e.m.f. is
nM;,l, as before and the voltage equations are :—

V=@, +2Z2)1 — JorMasl,
0 = Z,1, + (nMy, — jwMy),
whence the equation for the supply current is
Z,
and the equation for the armature current is
. Z,+ Z,)Z
V= (_ M,, + 1t Za)2s )1 _
Joles ¥ Mgy — nM;p/ *

While the vector locus diagrams can readily be drawn from these
expressions by the methods used before, a considerable simplification
results if resistances are neglected. Putting R; = R, = Ry = O,
and writing also

o =1 — My?/(LisLg) and 0" = 1 — M,,3/(Li;Ly)
the equation for I; becomes

V=1, f jwLy + jwLg—jeo(1—o)Ly + \/ i_‘s(l —on \/ (1—o")L,L, %
. 2

=1, {jw(L, + oLg) + nV/(1—0) (1—0") L;Ly} .
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In Fig. 105, 0A = jw(L, + oLjg), AC = nv/(1—0) (1—¢') L;Ly,
and the line OC inverted gives the circular locus of I;,. The phase

N\
angle ¢ between OV and OI, is equal to the OCA, and

cot d = n \/(1—0') (1—0") LyLyg Are T;z increasing
@ Ll + 0L3 Jw@\*'La)
and if leakage is neglected, v = o’ 0 >V
= 0 and
n /Ly =nT
tp=-,/ 3-8
cotp wVL T,

which fixes the scale to which the
speed is read off from AC. For a
given load the power factor is fixed
by the position of I, on the circle,
and the speed is proportional to the
turns ratio T;/T}.

With the same assumptions the

expression for the armature current Fie. 105.—Repulsion motor vector
diagram of field current.

gives
v — —@%lsLy — oL,Ly 4 jonL, \/(1—3’)_(1—0')L1L3 I
jo V/ (1=0)LyLy — n4/(1—0')LyL, :
whence
12=V( \/(I—U)La/Lz
ljeo(Ly + oLig) + v/ (1 — 0) (1 — ') Lyl

+ . \/(1 — 0’)L1/L2
Ly + oLg) — jo V(T — 0) (1 — &)Ly [

If the two terms of this expression are written as I,’ and | P
respectively, it is clear that the locus of each is a circle, and since

L' _jo [/l—c L,
Iz” n 1 -_— 0', ) Ll
it appears that the vectors I," and I,” are always at right angles.
It follows that the locus of I, is also a circle.
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These circles are drawn in Fig. 106. OA’ = jw(L; 4 oLy),
AC =nvV(1—0)(1—0)LL,,
and C’ moves to the right as »
increases. The line A’C’ inverted
with  factor V(1 — o)Lig/Ly
gives the semicircle D'I,’O as the
locus of I,’. Similarly, OA" = —
jwV/ (1 —0) (1 — o)LLy, A”C”
= w¥(Li; + olg)/n, C"” moves to
the left as n increases, and the
line C"A" inverted with factor
V(1 — &')Liy/L, gives the semi-
circle OI,”D” as the locus of
I,”. Since OI,” and OI,” are
always at right angles, their sum
is found as the diagonal OI, of
the rectangle OI,"I,I,", and
since the angle D”I,D’ is a
right angle, I, lies in the semi-
circle with D'D” as diameter.
Thus OI, is the armature
current.

F1a. 106.—Repulsion motor vector
diagram of armature current. Tt may also be noted that

I, = V(I — o)lg/Ly. T, and T, :%’ VI =) gfly. 1, ;

I, is the component of the current induced by the transformer field.
It is in phase with I, and the exciting field, and the torque is due
to this component. I,” is the component produced by the rotation
of the armature. At synchronous speed w = n, and with equal
leakage the ratio of the sizes of the two components is the ratio of
the turns on the transformer and field windings. The component
I,” is in quadrature with the stator current, and the fluxes produced
are 90° apart in space. Together therefore they produce a rotating
field which is constant in magnitude only when

wln=4/(1 —¢')L,/L,.

The two stator windings of Fig. 104 produce fields threading the
armature conductors, and these fields are in reality combined and
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have no separate existence. The operation of the machine will
therefore be unaffected if the windings themselves are continued in
a single winding whose
axis makes an angle y
with the brush axis as is
indicated in Fig. 107. If
Mis the mutual inductance
between stator and arma-
ture windings wheny =0,
then the mutuals M,
and M,; of the previous
work become M sin y and
M cos y respectively, the vector equations are

V=121 —joMcosy. I,

0 = Z,I, + (nM siny — jwM cos y)I;
and the analysis is exactly as before.

The chief point of interest is that as y can readily be altered by
rocking the brush axis, and as the speed depends upon the ratio
L,/L, in the two winding machines, and therefore upon tan y in
the present single winding machine, a second easy means of speed
adjustment and reversal of the direction of rotation is obtained.

There are many other modifications of the circuit arrangements of
commutator motors, but the principle involved in all is covered
by the considerations examined above, and the analysis for any
particular type can readily be carried out in the same manner.
The analysis is illustrative rather than exact. Apart from the
effect of the shape of the magnetisation curve on the values of the
inductances, it has been assumed throughout that the flux arising
from any current is in phase with that current, whereas, owing to
eddy current and hysteresis losses, the flux will lag bchind the
current. The values of the resistance and the inductance of the
circuit can be considered to be suitably modified to take account of
this effect on the circuit itself, but in order to take account of its
effect on other circuits, it would be necessary to imagine the mutual
inductance to be a complex quantity with a negative angle, instead
of a scalar quantity.

Fia. 107.—Repulsion motor.
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CHAPTER IX

TRANSMISSION
(1) Line Equations

THE propagation of electromagnetic waves along any line is
determined by the four primary constants of the line—resistance,
inductance, leakance and capacity.

Considering a single-phase line consisting of a pair of wires, go
and return, let these constants per mile of loop be R ohms,
L henries, G mhos and C farads in order. Then in a short length,

8z of the line AB, A’B’ (Fig. 108) the
B resistance of the wires AB and B'A’ is
Réz, and the inductance is Lz, and
the leakance between the wires AB
and A'B’ is G3z and the capacity
between them is C8z. If the propaga-
tion is taking place from left to right
I A B’ and the potential difference between
fp—82x — A and A’ is V volts and the current

Fia. 108.—Element of single- at A and A’ is I amperes, then the

phase line. potential difference between B and
B’ will be V — (R 4 jwL)dzI and the current at B and B’ will be
I — (G + jwC)32V, on the assumption that in estimating the changes
of voltage and current the current and voltage respectively can be
assumed to be constant over the length 8z, which is more and more
nearly justified as x is taken smaller and smaller, and is quite
correct in the limit when 6z is indefinitely small. Thus if 8V and
3I are written for the changes of potential difference and current
between AA’ and BB’
8V = — (R + jwL)d2I
8I = — (G + jwC)ézV

1 Al

>~

|
i
|
|

and in the limit

N CR4jelI ... @

X
dI . .o
Z=—G+jeOV . .. @)
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Differentiating the first and substituting from the second gives
d?v

= R + joL)(G + jC)V . . . . . (i)
and similarly
in R+ jwL)G 4+ juCO)I . . . . . (iv)
These equations are solved by the expressions
V=AcoshPzx 4+ BsinhPz . . . . (v)
I =CcoshPz+DsinhPx . . . . (vi)
where P = V(R + jwL)(G + jwC)

as may be verified by substitution. The constants A, B, C and D
are determined by the terminal conditions of the line, but they are
not all independent. For differentiating (v),

g—V = AP sinh Pz 4 BP cosh Px

z
= — (R 4 jwL)I Coe .. . .« by()
= — (R + jwL)C cosh Pz — (R -f-ng)D sinh Pz . by (vi)

Since this must be true for any value of z, the coefficients of the
cosh and the sinh terms must be equal, z.e.,

AP = — (R + jwL)D

and BP = — (R + jwl)C
BP G + jC
Thus C=— m = — R_-f—j;(:f:
AP G + jwC
D=— R L™ "AVR{juL
Writing
/R4 jwL
V@G + jwC
= — B/Z,, D = — A/Z,, and equations (v) and (vi) become
V=AcoshPxr+4 BsinhPzx . . . . . (vi)
B A
I=— -Z~ocosh Pz — —Z—osthx .o e (vidd)

P is termed the propagation constant of the line, and Z, its charac-
teristic impedance, or alternatively its surge or natural impedance.
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(i.) If the line is tnfinstely long, both V and I must vanish when

x = oo, which is only possible when A = — B for as z—
sinh £ — cosh z. When z =0, V =V, the sending-end voltage,
and V, = A,

Then in this case
(cosh Pz — sinh Pz)
€

(ix)
Zo“..........(x)

From these equations it appears that, whatever the value of z,
the ratio V/I =Z, which explains the terms characteristic or
natural impedance.

P is in general complex, and so may be written

P=a+jB,

V=V, @t -y o b
The factor e~*” determines the diminution in size or attenuation
of the vector voltage as z is increased ; the factor e /% determines
the change of phase angle. Since the wavelength A is given by the
value of  which corresponds to a phase angle change of 2,

=V,
=V,
v,
I=;'e

and (ix) gives

BA = 2=
or A=,
B

o is called the attenuation constant of the line, and B the wave-
length constant, and these, together with the propagation constant
P and the characteristic impedance Z,, are known as the four secon-
dary constants of the line.

(x) gives similarly

Vv,

I=; e, iF2
(4]
=™, P

where I, = V,/Z, is evidently the value of the current at the sending
end.
If V, is taken as reference vector, in Fig. 109, OV, = V,, OI, =1,

N\
where V,0I, = — ¢, where ¢ is the angle of Z,; OV =V, where

|OV|=]|V,|]e*" and V:(\)V = — Bx and OI = I, where
l 0OI l = I Va/zo le—az = l I, |€—az
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2\ a
and VOI = — ¢, [,OI = — Bx. The lociof I and V as x varies are
evidently logarithmic spirals.

It has been seen that at any point in the line the ratio of V to I
is Z,. If therefore the line is cut at any point and closed with an
impedance equal to Z,, the potential and current distribution in
the now finite line will be unaffected. That is, a line closed with

Is

Fia. 109.—Vector diagram for infinitely long line.

its characteristic impedance behaves as though it were infinitely
long.
(ii.) If the line is not enfinitely long, let it have a length [, and let
the voltage and current at the receiving end be V, and I, respectively.
Then when 2 =0, V=V, = A and I =1, = — B/Z, and when
z=1,V=7V,and I =1, and equations (vii) and (viii) become

V,—V,coshPl — IZ,sinhPl . . . . (xi)

V
I,=1,cosh Pl — Z’ sithPl . . . . . (xii)

which enable the receiving end potential and current to be deter-
mined in terms of the sending end potential and current.

Similarly if distances are measured from the receiving end of the
line, when =0, V=V, = A and 1 =1, = — B/Z,, and when

z = —1, V=1V, and I = I,, and equations (vii) and (viii) become
V,=V,coshPl 4 I.Z,sinhPl . . . . (xia)
I, =1, cosh Pl + ‘_Z’tsmh Pl . . . . . (xiia)
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which enable the sending end potential and current to be determined
in terms of the potential and current required at the receiving end.

The values cosh Pl and sinh P! can be found from Kennelly’s
tables or chart atlas of the hyperbolic functions of complex numbers,*
or may be expanded in the form (cosh « cos 8 + j sinh « sin 8) and
(sinh & cos B + j sinh B cosa) respectively and thence found, or
they may be found graphically as indicated on p. 13.

The manner in which a typical problem can be solved graphically

P
A

(o] L G

a
A4
b
-’
P 18 (0] ¢ ﬁA x
74 x \{‘
a os~d Z

(a) 7 (8) F
‘s NB

F1a. 110.—Vector diagram for line of finite length.

is indicated in Fig. 110, where the sending end voltage and current
are found when the receiving end values are known.
Pl, and hence ol and I, and Z, are found in Fig. 110 (a). Neglect-

ing G,
Pl = WjwCR — w?LC

and in the figure 0 = — w?LC, ab = jwCR, 0b = (jwCR — w2LC),
| Oc| = W] Ob], wac =1} 20b and hence Oc — PI =o+ =
Od + jdec. Thus | Od| =a and | dc| =B.

Zy = V(R + joL)[joC = VL/C — jR/wC, Of = L/C — jR/C,
and | Og | = v/| Of |, z(/)} = %x(/)\fand Og = Z,.

* See E. Mallett, ¢ Telegraphy and Telephony,” p. 394.
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In Fig. 110 (b) the values of cosh Pl and sinh P/ are found as in

N\

Fig. 14, p.13. | Oa| = }e*,20a =fl, | ab| =] ac| = 4, and
the angle cab makes with the horizontal = — Bl. Then Ob = cosh P!
and Oc = sinh PI.

OA =V, taken as reference vector, and OB = I,.

OC =V, cosh Pl, CD = I,Z, sinh P, and OD =V, by equation
(xi.a).

OF =1, cosh Pl, OG’ = FG = V,sinh P{/Z,, and OG =1, by
cquation (xii.a).

If I, = O, then I, =V, sinh Pl/Z,. OG’ therefore is the charging
current of the cable.

Powers are readily obtained from the diagram as the dot products
of the voltages and corresponding currents.

If greater accuracy is required, cosh Pl and sinh P/ can be
expanded in scries, and their valiies obtained by vector algebra.
If the total serics impedance of the line is written

and the total shunting admittance is written
= (G + )l
Then Z, = V'Z/Y and
Y - 72Y?
CO‘ihPl——COSh\/ZY——l—l—2| e
ZY)?
sinh Pl = sinh V/2Y = \//Y%-(—\i-— }- \/r),) 4+ ...
- _ Y | 72Y?
Z,sinh Pl = v/Z/Y sinh VZY :Z(l + 31 + w1 )
ZY 72Y?
sinh Pl/Z, —\/Y/quh\//Y Y(I -+ 31 +*5~r 4 .. )
and equations (xi) and (xii) become
v.=v,( 7Y Z2Y2 . .)_
2y2
(1 + 20 +§% + . ) ... (xib)
ZY | 72Y?
L=L(1+% . ) -
r=1L\1+ 3 + 91 +

z2y? )
VY(1+ +E ) ... (xiib)

and equations (xi.a) and (xii.a) become
V.E.E. 161
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V,=V(1+ +@?_+ )+I,Z (1+ZY+ZY2 ,r)

=1, (1+ +Z2Y2+ y ) +VY (1+ +zl?(z)2+ . )

For short lines, the first terms only of the series need be included,
and it is rare in power problems at ordinary frequencies that more
than the first two terms are necessary. In any case the summation
of the series may be made graphically.

(iii.) The line can alternatively be replaced for the purposes of cal-

() (6)

Fra. 111.—Equivalent T and 1 networks.

culation by an equivalent T or by an equivalent I1, as indicated in
Fig. 111 (a) and Fig. 111 (b) respectively.
The equations for the T are
Vo=1LZ,+2,)—12Z, . . . . . (xin)
0 =0L(Z,+2)—-L2,+V, . . . (xv)
(xiii) rearranged is
,=1/+t%_ YV

CZ, I
and this is identical with (xii) if
Zl + r Z
h Pl,and Z, = —>—
—g, —cobPlandZ= i
t.e., if Z,
= (cosh Pl — 1)
= Z,tanh Bl $ (xv)
Z,
%= SR T
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Eliminating I, from (xiii) and (xiv) gives
Z,+Z Z2
V=VJ—~LJ«A-2Z)
r 8 Z2 Z2 + 1
and this is identical with (xi) if

Lty cosh Pl, and sinh PU__
Z2 o
which lead again to the values in (xiv).
Thus equations (xv) give the values Z; and Z, for the equivalent
T of the line.
The equations for the 11 (Fig. 111 (b) ) are
V,= (I, — 1)z,
0 =I(Z, + 22,) — LZ, — 1,Z,
O =17Z,—1Z,+V,
which, eliminating I, give

=1 2Z
Z, + 24,

' Z,+7, V, . .
I,=L_1%;__2-722(z1+242). L. (xvi)
V,— =V, 4 12— L7 . . . . . . (xvi]

and these are readily shown to be identical with (xi) and (xii) if
Z, = Zysinh Pl

—_ ZO
Zo=gqp oA D T )

2

Equations (xviii) therefore give the values of the impedances in
the equivalent IT of the line.

(iv.) Nominal T and [1.

With the comparatively short lines usually met with in power
transmission, expressions for the impedances and the equivalent
T and IT networks can be considerably simplified. In the equivalent
T expressions (xv), if Pl is small, Pl/2 can be written for tanh Pl/2
and Pl for sinh Pl, and
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where Z = (R 4 jwL)l and Y = (G 4 jwC)l as before. Referring
to Fig. 111 (a), Z, is now half the total series impedance of the loop,
and 1/Z, the total shunting admittance from line to line.

Similarly the equivalent IT expressions (xviii) give

Z1=Z

and in Fig. 111 (b), Z, is the total series impedance, and 1/Z, half the
total shunting admittance.

These simplified networks are known as the nominal T and IT
respectively.

The extent of the approximations made in these nominal networks
is indicated by solving them for the terminal currents and potentials.
For the nominal T, equations (xiii) and (xiv) become

Z 1 1
—1(~ _>_ 1
V=L(3+g) —Ly

7 1 1
=1<_ ~)—],,_ v
O=L{;+¢ vV

which give
zZY zZY
—v.(1 _)—Lz@ ._)
v (+2 +t3
I, — 18(1 + %) — VY.

These should be compared with (xi.b) and (xii.b).

Similarly, the equations for the nominal [1, from equations (xvi)
and (xvii), are

Z4+oY V, .
L= I"_Z/T - 47@(4 + 4/Y)

V,=—V,+2LJY — 2 )Y

which give
zZY
W:V,L+?>—LZ
/A A
L=L(1 ) ~VX<] ._>
+5) +3
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(v.) The formule for the determination of the current at the
sending end and at the receiving end of a line of length I, when an
em.f. E, is applied to
the line at the sending
end through an impedance
Z,, and the line is closed
at the receiving end by
an impedance Z,, can now
be determined by the use
of either the equivalent T
or [1. Using the equivalent
T, the circuit diagram is as shown in Fig. 112, and

En = Is(zs + Zl + Z2) - Irz2
0= Ir(zl + Z;?. + Zr) - IsZ2

which give, on substitution from (xv) and simplification,

F1u. 112.—Equivalent T network.

3

I, — U
(Z, + Z,) cosh Pl + (zo + 4_,72, )sinh Pl
Z,cosh Pl + Z_sinh Pl
L—E

*2(Z, + Z,) cosh Pl + (2,2 + Z,7,) sinh PI’

(2) Resonance
If a transmission line is open-circuited or very lightly loaded and
is long enough, the voltage at the receiving end may quite readily
be larger than that at the sending end. This fact is often referred
to as the Ferranti effect.
If the line is open-circuited I,=0, and from (xii) I,Z,=V, tanh P,
which inserted in (xi) gives
V, = V,/cosh Pl
= V,/(cosh al cos Bl + j sinh «l sin BIl)
and | V,/V,| = (cosh? ! cos? Bl 4 sinh?«l sin? BI)}
= (cosh2al — sin2gl)}
Thus | V,/V, | is a minimum when

;% (cosh?al — sin?Bl) = 0,

i.e., when sin 2Bl = ; sinh 2 al.
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This expression may be solved graphically, and if « is much less
than B, may give several possible values of I. If « = B there is no
solution. This is the case of a line with no inductance and no
leakance. The phenomenon depends upon the line having induct-
ance.

Generally speaking, power lines are shorter than even the first
resonance length for the fundamental frequency. As an example
consider an open line with resistance 0-406 ohms per mile, inductance

4

2.4

22

NmE
/
/
/

1-8

1-6

o

12 /
10 \i
08 AN
06 r ™~

04 _

0-2

°© 1000 2000 3000

Lengt,h of line
Fic. 113.—Variation of receiving to sending voltage ratio, with length of line.

Mlle:wo

2-13 millihenries per mile, capacitance 0-014 microfarads per mile
and negligible leakance. At 50 cycles per second, wL = 0-67 and
wC =44 x 10" %and
P = V/(0-406 4 jO-67)j4-4 x 108
= 10"3V41-79 — 2:95 = (0-5 4 51-8)10~3
Thuso = 0-5 X 1073 and B = 1-8 x 10783,
The curve of Fig. 113 was calculated from the expression
| V.| _ 1
| Vol  +/cosh?al — sin2 gl

using these values.
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It is seen that only on a length of 800 miles of the line is the full
resonance effect found, and then the ratio | V,/V,| is about 2-3.
But even with a 200-mile line the effect will be noticed, as the ratio
is then 1-06.

(3) Three-phase Lines

(i.) Equivalent Star Network.—A symmetrical balanced three-
phase line can be regarded as made up of three individual loops, Aa,
Bb and Ce, as indicated in Fig. 114. For

the sum of the currents in the conductors A
a, b and ¢ is at any instant nil, and if o
these conductors are regarded as having

zero resistance and as being infinitely close a
to each other without contact, their b“.c

presence will not affect the eclectrical
conditions in the conductors A, B and C. B. .c
Since the system 1is supposed to be Fic. 114.—Equivalent star
balanced, a knowledge of the electrical I'}lclz‘_’"“k—thmc‘ph“s"'
conditions in one loop, say Aa, is sufficient
for a complete knowledge of the conditions in the three-phase line.
The resistance per mile of the loop Aa is evidently R, the conductor
resistance per mile.
In finding the effective inductance of the loop, account must be
taken of the loop-to-loop mutual inductance. Let

L, = the inductance per mile of cach loop such as Aa when
1solated.

M = the mutual inductance per mile between each pair of loops,
i.e., Aa to Cc, Cc to Bb, and Bb to Aa.

L = the effective inductance per mile of each loop such as Aa when
forming part of the three-phase system.

Then, by exactly the same considerations as those examined on
p- 109,

L=L;+ M.

Now consider the effective inductance L, of any two loops, such
as Aa and ¢C when supplied in series from a single-phase source.
Imagine current to flow down A, up a, down ¢ and up C. Clearly
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and since the currents in @ and ¢ mutually cancel each other’s
effect, 1., = the inductance of the loop AC when isolated. Thus

L =L, + M= }L,,

or the inductance to be ascribed to the loop Aa is half the inductance
of the loop AC when isolated, or as it is often put, is the inductance
per wire of the loop AC.

Analogous considerations with regard to the capacity to be
ascribed to the loop Aa leads to a similar result; the effective
capacity is twice that of the isolated loop AC, or is equal to that of
a single isolated wire to earth.

The leakance also can be regarded as that of a single isolated wire
to earth.

The system Aa, Bb, Cc can be regarded as an equivalent star
network of the three-phase line, and from the foregoing considera-
tions the four primary constants R, L, C and G for each phase of the
star can be found, and the symmetrical three-phase transmission
line with balanced load can be dealt with by a consideration of one
phase only of the equivalent star. The problem has been reduced
to a single-phase one, and can be dealt with by the formule and
networks of the preceding section.

The following formule are useful in calculating the inductance and
capacity of overhead conductors :—

The inductance per mile of loop of conductors of radius r inches,
distance apart d inches is given in millihenries by

r

and the capacity between the two conductors per mile is given in

microfarads by

C— 0-0194

1 ._
0810 .

provided. in each case that d is much greater than r.

The leakance is usually negligible. For instance, if d = 100" and
r = 0-2", logyy djr =2-7 and L = 4:160 mH per mile and C =
0-00719 uF per mile. In the equivalent star therefore, L = 2-:08 mH
and C = 0-01438 uF. In the equivalent nominal T at 50 cycles per
second the series reactance 2-08 X 27 X 50 X 1073 [ = 0:65 [ ohms
and the shunting reactance is 108/(27 x 50 X 0-01438 1) = 222,000/l
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ohms, and on short lines the inductance effect predominates and the
shunting impedance can be ignored without serious error.
Calculation therefore on short overhead lines can be made by
replacing the line by its resistance and equivalent inductance, and
the problem becomes the same as that of the regulation of a trans-
former (Figs. 51 and 52, pp. 63 and 64), considering r, as the resist-
ance of the line, z, its reactance, I, the load current and cos ¢ its
power factor. The magnitude of the voltage difference between the
sending and recciving ends of the line is given approximately by

I,y cos ¢ + Iyzysing

(ii.) Cable Capacities. In a three-core cable the capacity effects
are more complicated owing to earth capacities between the con-
ductors and the sheath. In this case Maxwell’s capacity coefficient
equations are :—

g0 = koo + ko101 + Koz -t Kog?s

g1 = kygvo + k1101 + k1a0p + kigvs

gz = kagly + koy01 + Kooy + kg0

g3 = kagvy + k101 + Fg10p + kggvg
where the ¢’s are charges on the conductors and the v’s are potentials
above earths, and the subscripts are ( for the sheath and ; , 3 for

the three conductors.
By the mutual nature of the phenomenon

k12 == k21, etc.,
and by symmetry

kg = kay = kg

kyg = k23 = kg,

Koy = kg = kog
and since 7o =0 and v; =0
and vy + vy +vg =

the equations give
@1 = k1101 + kya(vs + v5)
= (ky3 — kq2)v1, cte.

If vy = v, = vy, = vy there will be no charge on the internal
conductors ; and the equations give

kox + kn + 2k12 =0
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The ““ charging current ™ is
. d dv
= d_z = (k11 — k1) d—tl

and it is necessary to find (ky; — kq5).
If ¢, =¢ and ¢y, = — ¢ and there are no other charges the
equations give

g = kyg + kyy0y + yavp + Eygvs
—q = kg + ka1 + ks + kqqv5

29 = (kyy — hp2)(vg — ©9)

and the capacity C,, between conductors 1 and 2 is

Crp = 7 - (kg = Fya)-
V1 — 0

Thus if the capacity be-
tween any two conductors is
measured with the others
insulated, the equivalent star
capacity is twice the value
found.

A model of the capacities
of the cable can be drawn as
in Fig. 115, where C, and
C, are partial capacities, C,
between conductors, and C,

Fic. 113.—Equivalent capacities of
3-phase cable. P between conductors and

sheath.
The capacity C,, between conductors 1 and 2 with the others
insulated is evidently

¢, C

C.,=0C e 4 o

12 c + B + 9
= 3$(3C, + C,)

The capacity C,, between conductor 1 and all the others earthed
is from the second of Maxwell’s equations, putting v, = v, = v = 0

Clo = kn
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and for the model of Fig. 115 is

Cyo=2C, 4+ C,
Thus ky,=2C, + C,
also ko + k1 + 2k1, =0
Thus ky, =2C, +C, ]
- km = Cc
— k=0, J

give the relationships between the partial capacities of Fig. 115 and
Maxwell’s capacity coefficients.
The charging current is
. dv
= (kyy — kyo) -2
i = (kn 12) o

dv
(35 + €)%

or vectorially, if V is the line voltage, remembering that v, is
voltage above earth,

I=M&+%%§

The equivalent star capacity is evidently k;; — k3 = 3C, + C,.

In the case of the overhead line the earth capacities were neglected,
and it was stated that the equivalent star capacity was twice that
of the isolated wire to wire capacity. From the above it appears
that when the wires are arranged in a three-phase system, the
partial capacity between conductors is two-thirds the capacity
between the conductors when isolated.

The accurate calculation of the capacities of underground cables
is very complicated, and it is usual to obtain the required values
by measurement as indicated above. On short cables the capacity
effects predominate, and the inductance can be neglected without
serious error.

EXERCISES

(1) A three-phase overhead transmission line has copper con-
ductors of diameter 0-324 in. spaced b ft. apart.

Find the resistance, inductance and capacity of the equivalent
star, and, neglecting leakance, find the propagation constant, the
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attenuation and wave-length constants, and the characteristic
impedance at 50 cycles.

Take p = 1'594 x 10°® ohms/cm./cm.2

(2) If a 500-mile length of the line of Q. 1 is closed with its
characteristic impedance, find the voltage distribution along the
line when 50 kilovolts 50 cycles is applied at the sending end.

(3) Find the length of the line of Q. 1 which would show the
maximum Ferranti effect. Plot a curve showing the ratio V,/V, for
an open-circuited line of various lengths.

(4) Find the charging current in a 60-mile length of the line of
Q. 1 when open-circuited, and when 50 kilovolts, 50 cycles is the
sending end voltage. .

(5) A three-core cable 120 miles long has the following equivalent
star constants :—

R = 0-17 ohms, L = 0-7 mH, C = 0-32 uF, all per mile.

The three-phase load at the receiving end is 40,000 kilowatts at a
power factor of 0-9 lagging and a voltage of 66,000 volts, 50 cycles.
Find the voltage and current at the sending end, the charging current
and the power lost in the line.
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SOLUTIONS TO EXERCISES

Cuaprer I. pp. 20-21

2. (i) 5/53° 8. (i) 6:325,/108° 26". (iii.) 4-123\165° 58",
(iv.) 2:828N45°. (v.) 3236 4 j2:351. (vi) — 2:941 — j0-596.
(vii.) 0-273 + j1-981.

3. (i) b4j2. (ii.) 1236 + j8351. (iii.) 6 — j1.

4, (i) — 30 4 510. (ii.) 14 + 2. (iii.) 0 118 — §1-530.
(iv.) 2¢713:37,

5. (i.) 0-235 +50-059. (ii.) 0-25 4 50-25.
6. (i) 1471 4 j2:04. (ii.) 0-248 — j2-016. (iii.) 0 — j8.
7. (i) — 0-48 4 j1-76. (ii.) 1-423 — j1-505. (iii.) 2-662 — ;0-214.

8. (i) 0764 + 50-487 (i) 0764 — j0-487
(iii.) — 0-764 + j0-487 (iv.) — 0-764 — j0-487
(v.)  0-907 — j0-410 (vi)  0-907 + j0-410

(vii)  0-907 - j0-410 (viii.)  0-907 — j0-410
(ix)  0-626 + j0-709 (x.)  0-626 — 50-709

(xi.) — 0-626 -+ j0-709 (xii.) — 0626 — j0-709
(xiii.)  1-031 + j0-428 (xiv.) 1031 — 50-428
(xv.)  1-031 — j0-428 (xvi)  1-031 4 j0-428

10. (i.)0-119 — jO-113. (ii.) 0-241 — j0-103. (iii.) 0-255 — jO-124.

11. (i) 0-431 + j0-229 (i) 1134 — j0-396
(ifi.) 0-251 + j0-987 (iv.) — 0-178 — 51-029
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VECTORS FOR ELECTRICAL ENGINEERS

Cuarrer II. p. 34

1. Resistance 0-481 ohms. Reactance 0-404 ohms.
2. (i.) 0-834 amps. (R.M.S.). ¢é = — 60°11".

Instantaneous values: (a) 180 volts, 4 1-08 amps.
(b) 0 volts, 4+ 1-02 amps. (c) — 223 volts, — 0-59 amps.
(d) 0 volts, — 1-02 amps.
(ii.) 0-928 amps. (R.M.S.). ¢ = -+ 72° 34",
Instantaneous values: (@) 180 volts, — 0-416 amps.
() Ovolts, — 1-24amps. (c) — 223 volts, — 0-392amps.’
(d) 0 volts, + 1-24 amps.
(i) 1-23 amps. (R.M.S.). ¢ = + 0° 54",

Instantaneous values: (a) 180 volts, 4 1-27 amps.
(b) Ovolts, — 0-025amps. (c) — 223 velts, — 1-59 amps.
(d) Ovolts, + 0-025 amps.

(iv.) 0-699 amps. (R.M.S.). ¢ =11°4".

Instantaneous values: (a) 180 volts,4-0-675amps.
(b) Ovolts, — 0-189amps. (c) — 223 volts,—0-972 amps.
(d) Ovolts, + 0-189 amps.

4. 3-48 volts.
5. 1,560 uF, 0-96 amps.

Cuaprer III. pp. 47-48

1. C;=0-1925 uF. 7; = 6,364 ohms. cos$ = 0-933.
V = 224-7 volts.

2. L = 0-15 henry. R = 400 ohms.

PQu?r(? PQC
3. R=—F— =__ -7
1 + w??%C? L 1 + w?2C?
R = 374 ohms. L = 0-1662 henry.
4. R = 500 ohms. L = 1-4 henry.
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SOLUTIONS TO EXERCISES

Cuapter IV. pp. 72-73

v 1
1. Section VA —V-:— ﬁ 1, 11,1
(1) o 0-392 0 0 0
(ii.) 10 0-286 128 0-286 - j0-0082 0-286
(iii.) 1 0077 192 0742 — 0208 0-770
(iv.) 2+ jb 0-095 1-29 032  —j0-284 0-429
v.) —3200 | 0275 0-105 — 00032 -+ j0-0178 0-018
(vi)) — 350 0-374 0-50 — 0-0014 4- j0-097 0-097
4. V, = 388 volts. Power-factor 0-209.
5. (i) I,,=0-742 amps. I, = 0-3 amps.
(ii.) Efficiency = 96-7 per cent.
(i1i.) (a) 731 volts. (b) 731 volts. (c) 775 volts.
Cuaprer V. p. 91
Phase Z Phase Volts Phase Current Current in neutral a{;:(:’,;;;d
. I. 20 | v 440 1, = 22
2(0). 0 | 5 135 | Ve 2204381 |1y - =601 —j161 | 1 - 1401863 | 20.557
1. [ 10=J60 | Vg = —220 G381 |1, - — 677—) 254 | "
¢ I. 20|V, o= 22051272 [T, - 185 —j 842
20). 41 | 5 1J5 | Va = —530-7127:2 |1y —13-8445 0-149 Ni 8,365
N {10-360| v, = 2543 |1, -~ 4-66 17 328
3 1. 20 | Vis= 440 La= 22
. 1. | 5445 | Vaa=—220—j381 |Is5=—00-1 —j16:1 Nil 20,557
11, | 10760 | Vypo=—220 +7381 [Ig—— 6-77—j 2:54

1(a) W, =23T-5kW. W, = 186-4 kW.

b) W, =237-5kW. W, = 1864 kW.
b) W, = 8,140 watts W, = 225 (without neutral).
W, = 36,124 watts W, = — 6567 watts.

CrapTER VI. p. 124

. Speed 375 r.p.m. V, = 4,430 volts. V, = 17,670 volts.

(i.) — 32-1 per cent. (ii.) 5-1 per cent. (iii.) 21-2 per cent.
(i.) 176-5 amps. (ii.) (a) 0-893. (b) 0-708.

(iii.) 4,725 4 53,049,(5,000|volts, 6,262 -+ 52,976, 6,933 |volts.

(iv.) 7-12 4 512-94 amps.

4. 9,790 kW.

5. 557-5 amps. at p.f. 0-949 leading.
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VECTORS FOR ELECTRICAL ENGINEERS

CuapTer VII. pp. 139-140
1. (1.) 503 amps. (i1.) 2-23 amps.
2. (i.) 1,200 r.p.m. (ii.) 0-16 ohms. (iii.) 27-8 per cent.
3. 71 Ibs. ft.

4. (i.) 296 amps. (ii.) 0-86 lagging. (iii.) 0-256. (iv.) 546 per
cent. (v.) 201 lbs. ft. (vi.) 1,120 r.p.m.

CuaprEr IX. pp. 171-172
1. R =0-482 ohms/mile. L ==2-483 mH/mile. C=0-0151 '
pF/mile. P = (0566 4 j2:02)107. o = 0-566 x 10, B = 2:02
X 107, 7, = (234 — j31-1)108.

2.
Length ’ 0 ’ 100 200 \ 300 400 500
I
VoltagekV | 50/0 | 47-26\11° 35’ 4;~65V23°10'l4225?34%5' 50-265 46° 21” | 37-68X 57° 65’

3. Value of [ for V,,,, = 715 miles.

4. I, = — 1-27 4 j5-14 amps. | I, | = 529 amps.

5. V, = (7442 + j17-87)10° volts. |V, | = 7656 k. volts.
I, =507 4 5579 amps. |I,| = 7696 amps.
I, = — 1509 ;1,042 amps. | I;|= 1,053 amps.
Power lost = 8,090 kW.
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INDEX

IR-CORE transformer, 49

A Alternator, electro-motive
force, 92

Alternator, equivalent transformer, 106

Alternator on constant voltage bus-bars,

110

Alternator regulation, 96, 110

Alternator rotating fields, 97

Alternator vector equations, 98

Alternators in parallel, 118

Anderson’s inductance bridge, 41

Angle, electrical, 93

Angle of vector, 8

Angle, phase, 22

Angular velocity, 3

Argumnment of vector, 8

Armature reaction, Y6

Attenuation constant, 158

Breadth factor, 94

Bridge, Campbell, 45
Bridge, capacity, De Sauty’s, 36
Bridge, capacity, Hay’s, 40
Bridge, capacity, Maxwell’s, 39
Bridge, capacity, Schering’s, 37
Bridge, Carey-Foster, 46
Bridge, inductance, Anderson’s, 41
Bridge, inductance, Maxwell’s, 35
Bridge, mutual inductance, 43, 44
Bridge, Heaviside-Campbell, 46
Bridge, Wheatstone, 35

ABLE capacities, 169
‘ Campbell’s mutual inductance
bridge, 45

Capacity and resistance, 26

Capacity bridges, De Sauty’s, 36

Capacity bridges, Hay’s, 40

Capacity bridges, Maxwell’s, 39

Capacity bridges, Schering’s, 37

Carey-Foster bridge, 46

Characteristic impedance, 157

Charging current, 161, 170

Circle diagram, induction generator, 139

Circle diagram, induction motor, 129,
130, 133, 134

Circle diagram, repulsion motor, 153

Circle diagram, series motor, 149

Circle diagram, simple resonance, 27

BEHN-ESCH ENBERG, 103

Circle diagram, three-phase induction
motor driven reversed, 143

Circle diagram, transformer, 56

Commutator motors, 146

Compensated series motor, 149

Complex quantities, 11

Copper losses in transformers, 66

Cos (a -}- jb), 12

Cosh (a + 3b), 13, 19

Cosine, geometrical representation, 11

Coupled coils, 29

Coupled coils, resonance in secondary,
31

Coupling coefticient 7, 51

Cross product, 9

Current transformer, 68

ECAY factor, 28
D De Sauty capacity bridge, 36
Differentiation of rotating

vector, 13
Distribution factor, 94
Dot product, 9, 14

LECTRICAL angle, 93
E Engineer’s vectors, 11
Equivalent star network of
three-phase line, 167, 171
Equivalent T and 11 networks of line,
162
Equivalent transformer networks, 53,
58, 60, 61, 66
Exciting current, alternator, 100
Exciting current, repulsion motor, 1564

ERRANTI effect, 165
Field system, generator, 92
Flux linkages, transformer, 52

Flux, transformer, 65
Frequency, 3

ENERATOR, induction, 138
G Generator, three-phase, 75

AY'’S capacity bridge, 40
H Heaviside-Campbell  bridge,
46
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INDEX

Induced e.m.{. in coil, 2
Inductance and resistance, 24
Inductance bridges, 35, 4146
Induction generator, 138
Induction motor, circle diagram, 134
Induction motor, losses in, 132
Induction motor, power, 127
Induction motor, power diagram, 132
Induction motor, rotor and stator
currents, 128
Induction motor, single-phase, 141
Induction motor, three-phase, 125
Induction motor, torque, 136
Induction motor, vector equations, 126
Instrument transformers, 67
Integration of rotating vector, 14
Inversion, 15
Iron core transformer, 57

IMPEDANCE, 10

]..6

APP'S regulation diagram, alter-
K nator, 98

Kapp’s regulation diagram,
transformer, 64

EAKAGE coefficient o, 50
I Lenz’s law, 84, 125
Line equations, 156
Line problem, graphical solution, 160
Line voltage and current, 76

Loci, vector, 15

AGNETISING current, induc-
tion motor, 131
Magnetising current, trans-

former, 60, 65
Maxwell’s capacity bridge, 39
Maxwell’s capacity cquations, 169
Maxwell’s inductance bridge, 35
Maxwell’s mutual inductance bridge, 43
Mesh connection, 75
Modulus of vector, 8
Motor, commutator, 146
Motor, induction, single-phase, 141
Motor, induction, three-phase, 125
Motor, series, 147
Motor, synchronous, 110
Mutual inductance, 29
Mutual inductance bridge, 43

ATURAL impedance, 157
Nominal T and M networks
of line, 163
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on bus-bars, 110
Parallel operation transformers,
69

Parallel operation, two alternators, 118

Parallel resonance, 32

Partial capacities, 170

Phase angle, 22

Phase voltage and current, 77

Potential transformer, 67

Poticr’s method, 104

Power as dot product, 14

Power, alternator, 112

Power factor improvement by con-
densers, 32

Power factor improvement by syn-
chronous motor, 118

Power factor measurement by Schering
bridge, 38

Power, synchronous motor, 121

Power, three-phase system, 81

Primary constants, of single-phase line,
156

Primary constants, of three-phase line,
168

Propagation constant, 157

EAL vectors, 11
Regulation, alternator, 96

Regulation transformer, 62
Repulsion motor, 151
Resistance, 23
Resistance and capacity, 25
Resistance and inductance, 24
Resistance, inductance and capacity, 26
Resonance, line, 165
Resonance, parallel, 32
Resonance, series, 26
Root mean square value, 23
Rotating fields, 82
Rotating fields, alternator, 97
Rotating ficlds, induction motor, 125
Rothert, 103
Rotor current, induction motor, 128

CALAR quantity, 5
S Schering bridge, 37
Secondary constants of line, 158
Series motor, 147
Series resonance, 26
Simple resonance, 27
Sin (a + jb), 12
Sine, geometrical representation, 11
Sinh (@ + jb), 13, 19
Slip, 125
Star connection, 75
Stator current, induction motor, 128
Stator, effective inductance, 109

PARALLEL operation alternators



INDEX

Surge impedence, 157

Synchronising current .121

Synchronising power, 114

Synchronous impedance, 97, 101

Synchronous machine, 92

Synchronous motor, 110

Synchronous motor in power factor
improvement, 118

Synchronous speed, 125

HREE-PHASE circuits, 74
I Three-phase generator, 75
Three-phase induction motor,
125
Three-phase systems, power, 81
Torque in series motor, 149
Torque in three-phase induction motor,
36

Transformer, 49

Transformer, current ratio, 51

Transformer, equivalent impedances, 59

Trapsformer, equivalent networks, 53,
58, 60, 61, 66

Transformer, flux equation, 65

Transformer in parallel, 69

Transformer, instrument, current, 68

Transformer, instrument, potential, 67

Transformer, iron core, 57

Transformer, magnetising current, 60,
65

Transformer, perfect, 58

Transformer, regulation, 62

Transformer, vector locus, 55

Transiormer, voltage ratio, 50

Travelling fields, 85

Two-wattmeter power measurement, 81

-CURVES, alternator and syn-

chronous motor, 116
‘ Vector, addition, 5, 8

Vector division, 10

Vector, drawing a, 6

Vector loci, }5

Vector multiplication, 9

Vector nomenclature, 22

Vector quantity, 5

AVELENGTH constant, 158
Wheatstone bridge, 35
Wiggle curve, 32
Winding factor, 94
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